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ABSTRACT

Polytopes O} and Qj, , which are associated with the minimum cost 2-

edge-connected subgraph problem and the minimum cost 2-node-connectied
subgraph problem respectively , are studied in this thesis, and some new
classes of facet-inducing inequalities are introduced for these polytopes.
These classes of inequalities are related to the so-called clique tree inequalities
for the travelling salesman polytope ({r), and the relationships between QF

and O, Oy are exploited in obtaining these new classes of facets.

Due to the use of problem spacific facet-inducing inequalities instead of
dominant cutting-planes , the linear programming cutting-plane method has
proven to be quite successful for solving some NP-hard combinatorial
optimization problems. We believe that our new classes of facet-inducing
inequalities can be used to further improve the cutting-plane procedure for

designing minimum cost survivable communication networks.
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Chapter 1  Introduction and Notation
1.1 Introduction

Communication networks are widely used in our world. They range from
local area networks to cross-continent networks. Some typical examples are
telephone networks and computer networks. Due to the advances in
transmission technology (such as the emergence of fiber optic technology)
and computer technology, such networks are becoming increasingly more

important.

When designing communication networks , two main issues are
economy and survivability. By economy we refer to the construction cost , and
by survivability we refer to the ability to restore service when a catastrophic
failure of a network component occurs, such as the loss of a link or the failure
of a switching node. Service could be restored by routing traffic through
other existing network links and nodes, assuming that the design of the
network has provided for this additional connectivity. Clearly, a higher level
of redundant connectivity results in greater network survivability as well as
greater overall network construction cost. Thus one aim of network design is
to minimize the construction cost while satisfying given survivability
requirecments. The structures of star, tree and ring have been used
previously. The advent of optical fibre with large bandwidth has int~nduced
some new characteristics to the design of networks. Recent work on methods
for designing survivable fibre communication networks in [5] and [20]
concludes (1} that survivability is an important issue for fibre networks , (2)
that “two-connected” topologies provide a high level of survivability in a cost-

effective manner, and (3) that good heuristic methods exist for quickly




generating “near-optimal” networks. In particular, it was determined that a
network topology should provide for at least two diverse paths between any
two offices, thus providing for protection against any single link or single
node failure for traffic between the offices. This leads naturally to the

problem of designing certain two-connected networks.

We now formalize the network design problems that are being
considered in this paper. A set V of nodes is given that represents the
locations of the switches (offices) that must be interconnected into a network
in order to provide the desired services. A collection E of edges is also
specified that represents the possible pairs of nodes between which a direct
transmission link can be placed. We let G=(V,E} be the (undirected ) graph of
possible direct link connections. We study the networks that will survive the
loss of any single link or the failure of any switching node. For simplicity, we
assume that the total construction cost of a network is the sum of the costs of
its links. The cost of a link is typically represented by its length. These
problems are known as the 2-edge-connected spanning subgraph problem
(TECSP for short), and the 2-node-connected spanning subgraph problem
(TNCSP for short) respectively , and are of interest not only practically bul

theoretically as well. Mathematically, TECSP and TNCSP can be formulated as

follows:

TECSP: Given a graph G=(V,E) and vector c € RE of edge costs, find a 2-edge-

connected spanning subgraph of G having the minimum total edge cost.

TNCSP: Given a graph G=(V,E) and vector ¢ € R® of edge costs, find a 2-node-

connected spanning subgraph of G having the minimum total edge cost.



Witiicut the loss of generality , we consider in the thesis only the
problems where G is the complete graph Kpn, since other cases can easily be
changed to the above case by assigning sufficiently large cost to the missing
edges ( with respect to the complete graph) without affecting the optimal
solution. For convenience, we will denote the two problems on n nodes by

TECSP(n) and TNCSP(n) respectively.

The two-connected problem (both TECSP and TNCSP) is closely related to
the well studied (symmetric) Traveling Salesman Problem (TSP in short}
which is the problem of finding a minimum cost Hamiltonian cycle in a given
weighted complete graph. Like TSP, TECSP and TNCSP are NP-hard, thus it is
unlikely that efficient algorithms will be found to solve these problems.
Hence heuristic methods or branch-and-bound methods are often used to

obtain solutions which may be far from optimal.

In this thesis, we study TECSP(n) and TNCSP(n) from an approach based
on polyhedral combinatorics and the linear prdgramming cutting-plane
method. This method always guarantees to provide solutions which are
optimal or provably close to optimal.  First introduced by G.Dantzig,
D.Fulkerson and S. Johnson{8], this approach has proven to be quite successful
in solving a number of large TSP problems to optimality. In M. Grétschel[10] a
120-city TSP problem is solved to optimality. In H. Crowder et al.[7] 10 TSP
problems ranging from 438 cities to 318 cities are solved to optimality. A
computation study on 74 TSP problems of size from 15 to 318 cities is conducted
in M.Padberg et al[23], whose results also lend convincing support to the
computation value of this method. In M. Padberg[27] , a 532-city problem is
solved to optimality. In M. Padberg[25], 42 TSP problems of sizes from 48 to

2392 nodes are all solved to optimality in “reasonable” times.



Since we are motivated to use the linear programming cutting-plane
method, we first associate with TECSP(n) (or TNCSP(n) ) a polytope O (or
Qy), which is the convex hull of all 0-1 incidence vectors for the edge sets of

2-edge-connected subgraphs (or 2-node-connected subgraphs ) of K, We

then try to find the linear description of the related polytope ( i.e. we try 10
find explicitly the linear constraints for the corresponding linear
programming problem). Note that it is unlikely that we could ever find a
complete description of Q7 (or Qjy) since the TECSP (and TNCSP) is NP-hard,
and thus we often have only a partial description of the polytope. Next the
linear programming cutting-plane method is applied to optimize over the
obtained feasible region. Often a commercial linear programming code is used
to optimize over the region represented by some subset of the necessary
constraints found for @y (or Q). If the “optimal solution” obtained
corresponds to a solution for TECSP(n) (or TNCSP(n}) , then it is also an optimal
solution for TECSP(n} (or TNCSP(n)) . Otherwise it provides a lower bound on
the value of an optimal solution of TECSP(n) (or TNCSP(n)). If the lower bound
obtained is sufficient for our purpose we can terminate the computation,
otherwise we can attempt to identify a constraint in the partial lincar
description known for @ (or @3y) which is violated by the “optimal
solution”, and add this constraint to our current set and repeat the process
again to obtain a better lower bound. Sometimes we cannot find such a
violated constraint in the partial description, in which case we either accept
this lower bound as it is , or we can use some other strategies such as the
branch-and-bound method in order to continue our algorithm. ( For a more
complete description of the linear programming cutting-plane method, see M.

Padberg & M.Grotschel [22] ).




In any linear description of a polytope, only some of the constraints are
necessary , or "facet-inducing” in that description. A great deal of the success
of the linear programming cutting-plane method is due to the use of facet-
inducing inequalities as cutting-planes, however finding such facet-inducing

inequalities is in general difficult.

In M. Grotschel et al. [14] , the linear cutting-plane approach proves to
be successful in solving generalized 2-connected spanning subgraph
problems of small sizes, from 28 to 39 nodes, where the underlying graph is
not complete. In this thesis, we concern ourselves with the search for such
facet-inducing inequalities for Qjg and Qjy » and use innovative new methods
introduced in [4] for proving that the inequalities we find are facet-inducing.
These methods are based on analyzing facets for a related problem (in this
case, the TSP), and extrapolating that information to derive facets for the
problems being considered. We hope that our work will facilitate the use of
the linear programming cutting-plane approach for large problems. In
Chapter 2 of this thesis we describes the relationship between TSP and two-
connect problems TECSP and TNCSP. In Chapter 3 and Chapter 4, we introduce
two new classes of facet-inducing inequalities for TECSP. In Chapter 5 and
Chapter 6, we introduce two new classes of facet-inducing inequalities for
TNCSP. In Chapter 7 we address the equivalence problem for these new classes

of inequalities. Finally, in Chapter 8, we make some concluding remarks.

We now introduce some basic concepts and terminology in graph theory

and polyhedral combinatorics.




1.2 Notation

For any finite set X we let 1 X | denote the cardinality of X. Given another

set Y, we let X\Y denote the members of X which are not members of Y.

For any finite set E we let RE denote the set of all real vectors indexed
by E. If the members in E are ordered , i.e., E={el, €2,....., enl , we sometime use

R" instead of R%- We let }j denote the unit vector in R” whose ith entry is 1

and is O elsewhere. Forany ] € Eand x€ RE, we let x(J) denote (ij: jed).

For any subset F of E, the incidence vector of F is the vector X € RE defined by

_ 1 if eeF
e = 0 otherwise.

We denote the incidence vector of Fby  x°.

A set X ¢ RE is linearly independent if whenever Y (a,xxeX)=0
xaX

for some o€R* wehave @« =0. Otherwise, X is linearly dependent.

The linear rank of aset§ < RE is the cardinality of a largest linearly
independent subset of § and is denoted by r(S) . The linear rank of a matrix A

is the cardinality of a maximal independent subset of the columns of A. We

denote the linear rank of A by r,(A).

Given a matrix AeR™F and subset JCE , we let A, represent the

(ILIx ]!} submatrix of A consisting of those columns of A indexed by J. We
abbreviated A, by A,

1.3 Graph Theory



Some standard references can be found in J.A. Bondy et al. [2]. A graph
G is an ordered pair (V,E), where Vis a finite set of members which are called
nodes and E is a finite set of elements which are called edges such that each
edge e € E corresponds to two distinct nodes in V, which are called the ends
ofe. Anedgee € E withendswand v is sometimes denoted by wv, and we say
edge e joins node w and node v. Two nodes u and v are said to be adjacent if uv
e E , and if e=uv, e is said to be incident with u and v. Here we will only
consider graphs that have no multiple edges, i.e., there is at most one edge

joining any two nodes.

Given any graph G , we let V(G) and E(G) denote the node set and edge

set of G respectively. Forany S C V(G), we use ¥(S) to denote the set of edges
in E(G) with both ends in §, and we use 5(S) to denote the set of edges in E(G)
with exactly one end in § and one end in V(G)\S. For V1,V2 < V(G}, we
denote by [V1: V2] the set of edges in E(G) with one end in Vi and the other
end in V2 . The degreeof anodev € V(G) is defined as the number of edges in

G incident with node v , and is denoted by degg(v).

A graph H is called a subgraph of G if V(H) < V(G) and E(H) < E(G)
and every edge has the same ends in H as in G . If V(H)=V(G) , then H is called a
spanning subgraph of G. Given E'cEG) and V' gV(G) , we denote by
G- E'- V' the subgraph of G whose node set s V(G)\ V' and whose edge set
is the set of edges in E(G)\ E’ with both ends in V(G)\ V'. In the case E'={e}

and V' ={v}, we write G-e-v.

A graph G is called complete if every pair of nodes is joined by exactly

one edge. The complete graph on n nodes is denoted by Kp . A cligue of G is a

subset W of the nodes such that any two nodes in W are adjacent in G.



A path in a graph G is a finite non-null sequence V,6,V:€;V;" &V, whose
terms are alternately nodes and edges such that the nodes are distinct and, for
1<i<k, the ends of e, are v,, and v,. We say path P joins v, and v,. The
length of a path is IE(P)i, and a Hamiltonian path of G is a path of length
V(G)-1.

A graph is connected if every two nodes in G are joined by a path. A
component of graph G is any maximal connected subgraph of G. A graph G is
called 2-edge-connected if G-e is connected for any ee E(G). A graph G is

called 2-node-connected if G-v is connected for any node ve V(G). A graph G

is called 2-connected if G is 2-edge-connected and 2-node-connected.

A cycle Cin a graph G is a connected subgraph of G such that cvery
node in V(C) has degree 2 in C. The length of C is |E(C)I , and a Hamiltonian
cycle of G is a cycle in G of length IV(G)I . Sometimes the 0-1 incidence vector
of a Hamiltonian cycle is also referred to as a tour. A cycle is obviously 2-

connected.

A forest is a graph containing no cycles and a tree is a connected forest,

A tree T has the property that IV(T)I=IE(T)}1.

The node-edge incidence matrix of a graph G is a matrix Ae RY(G:EQ)
such that the entry of A indexed by node v and edge e has value 1 if v is an

end of e, otherwise it has value O.
1.4 Polyhedral combinatorics

In this section we briefly discuss some basic definitions and concepts of
polyhedral combinatorics. More detailed treatments of the subject can be

found in A. Bachem et al.[1], G.L. Nemhauser et al.[21] , W.R. Pulleyblank[28].



For any X < R®, the convex hull of X, denoted by conv{X), is the

set of all ye RE such that y can be expressed as a convex combination of a
finite subset of the members of X, i.e., conv(X)={ ye REly=) (Ax|xe€ X) for

some finite set X € X and some 4 € R® such that ) (4,1x € =1, 4,20 for

cach x € X}.

A halfspaceisa set HC R® of the form {x ax Sa,} and a hyperplane
is a set Lg RE of the form { x: ax= a,} for some a eRE and a,eR. An
inequality ax Sa, is valid for some S < R® if S is contained in the halfspace

defined by ax<a,, ie. aysa, foranyyes.

A polyhedron PG R® is th. intersection of finitely many halfspaces.
Equivalently, P is the solution set of a finite system of linear equations and
inequalities, and can be expressed in the form P={ x e R | Dx=d, Ax<bhl. A
polytope is a polyhedron which is bounded . A subset F of polyhedron P is a
face of P if F is either the empty set or the polyhedron obtained by taking the
linear system which defines P and replacing some of the inequalities with the
corresponding equations.  F is called a proper face of P if F#P. AfaceFof

P isa facet of Pif Fis a proper non-empty maximal face of P.

If ax<a, is a valid inequality for P, then we say the face
F={xe€ Plax=a,} is induced by axsa,. Furthermore, ax<a, is said to be
facet-inducing if the face F induced by ax<Sa, is a facet of P. Any two valid
inequalities ax<q, and bxs b, for P are called equivalent with respect to P if

they induce the same face, i.e.,, {x€Plax=a,}= {x € Plbx = b,}.

A finite set Xc R* is affinely independent if whenever Z(a,xl
xeX

x€X)=0 and Z(a,l xeX)=0 for some e RX, we also have a=0. The

xaX

affine rank of a set Sg RF is the cardinality of a largest affinely independent




subset of S and is denoted by r(5). Itis well known that for any ScRE, it
0 e aff (S), then r,($)=r,(S)+1, otherwise r,(S) = r,(S)([28)). For any Xg RE, an
affine basis of X is a maximal set of affinely independent points in X. The
dimension of a polyhedron PQ RE is defined as r (P)—1 and denoted by
dim(P). The affine basis for any facet F of a polyhedron P will consist of
dim(?) affinely independent points. We say P is of full dimension if
dim(P)=IEl or equivalently if there does not exist some linear equation ax=a,
satisfied by all xeP. Given a linear system defining a polyhedron P, the set of
constraints which are satisfied with equality by all xeP is called an equation

system for P and is related to the dimension of P in the following way:

Theorem 1.1. Let PC RE be a non-empty polyhedron and let Ax=Db represent an

equation system for P. Thenwe have

dim(P) =|El-r,(A).

We also have the following result on the equivalence of two

inequalities:

Theorem 1.2. Given a polyhedron P with minimal equation system Dx=d, two

facet-inducing inequalities ax<a, and bx<bh, are equivalent for P if and

onlyif b=ra+AD and b, =ra,+2Ad where r>0 is a scalarand 4 is a vector.

Given any polyhedron P, a major problem in polyhedral combinatorics
is to find a finite linear system which defines P, hopefully containing as few
constraints as possible. To do this often requires finding inequalities which
induce facets of P. The following theorem describes the relationship between

facets and a minimal defining linear system for a polyhedron P.

10



Theorem 1.3. let PC R® be a polyhedron and suppose P={x € RE | Dx=d, Ax< b}.

Then this is a minimal linear system sufficient to define P if and only if

i) the rows of D are linearly independent and Dx=d forms an equation system,

and
i) each constraint of Ax < b induces a distinct facet of P.

Finding a complete minimal linear system which defines a polyhedron
P is often a difficult problem, but even a partial description can be useful for
combinatorial optimization problems. This is the case when we deal with a NP-
hard combinatorial optimization problem, since it is unlikely that we could
ever find a complete linear system. Thus the problem of identifying facet-
inducing inequalities for P is important. The following provides two basic

methods for proving an inequality is facet-inducing.

Theorem 1.4. Let F be a non-empty proper face of P={ xe Rf | Dx=d, AxsSb},
and let Dx=d be an equation system of P and let the rows of D be indexed by a

finite set V. Then the following are equivalent:
i) Fisa facetof P,
i) dim(F)=dim(P)-1;

iii) For any a,be Rf and ao,b, € R satisfying F={xe Plax=g,}='x€ Pl bx=b,).
There exists AcR’ and positive yeR such that b=m+AD and
b, = m,+Ad.

In this thesis we will use the method proposed in [4] to prove that a

valid inequality is facet-inducing. This method will allow us to exploit the

11




relationship between QF and @j;, and between Qr and O}y, thus hopefully

simplifying our proof.

12




Chapter 2 Polyhedral Background on the TSP, the TECSP and the TNCSP

Since the two-connected problem (both TECSP and TNCSP) is closely
related to the widely studied symmetric Traveling Salesman Problem TSP , we

start this section by giving a brief review of the results for TSP.
2.1 The Traveling Salesman Problem Polytope or

Let K,=(V,E) be the complete graph on n nodes. The Travelling

Salesman Polytope , denoted by Q. , is the convex hull of all incidence vectors

of Hamiltonian cycles of K, i.e.
Q7= conv(x” € R\ (V,F) is a Hamiltonian cycle of K,} .

We give a brief discussion of the currently known facets for Qr in this

section .

There has been extensive research on Qf and its facets. Here we only

mention the results which are essential for later sections.

Theorem 2.1 (M. Grotschel et al. [16]). The degree constraints
x(8()=2 forall veV,

form a minimal equation system for Qf.

Note that the set of degree constraints for Q7 can also be written as

Ax=2 where A is the node-edge incidence matrix for K,. A consequence of

Theorem 2.1 is the following:

Theorem 2.2 (M. Grotschel et al.[16]). The dimension of Qf islE-n forn 23.

13




Since Qf is not full dimensional , we may have inequalities ax<a,

and bx<b, which induce the same facets of QF and yet look quite different,

Sometimes it is difficult to tell if two inequalities are equivalent.

There are several well-known classes of facets for  Qf.

Theorem 2.3 (M. Grotschel et al.[16]). For all n25 and all eeE, the

nonnegativity constraints  x, 29 induce distinct facets of Qf.

These are also sometimes called the trivial inequalities of 7.

Since no tour can contain a subtour , i.e, the 0-1 incidence vector of a

cycle of length @<n, every x€ QF must satisfy

x(y($)) SISI-1 for all SCV where 2<ISISn-2.

These inequalities are termed the subtour elimination constraints. Note that

the subtour elimination constraints include the facet-inducing inequalities

x, <1 foreeE Dby taking ISI=2. If we take any subtour elimination constraint
x(y(5))<ISl-1 and subtract half the sum of all degree constraints for veS§
we obtain —1/2(x(8(S)))<-1. Thus the subtour elimination constraints can

equivalently be described as

x(8(S)22 forallSgV where 2<15lsn-2,

which is known as the cut form of these constraints. It is easy to see that the
subtour elimination constraints for 3 and V\S are equivalent. We have the
following theorem describing the facet-inducing properties of subtour

elimination constraints.

14



Theorem 2.4 (M. Grétschel [16]). For all n>4 and SgV satisfying
2<151S|n/2), x(8(5))22 induce distinct facets of Q.

Another well-known class of facet-inducing inequalities for Q7 are

the comb constraints , which were first introduced by Chvatal [6] and later

generalized by Grotschel and Padberg in [16] .

A comb consists of a handle HgV and mutually disjoint teeth

T, Ty T, V(k23 and odd) such that

T,AH#¢+T;\H 1S j<k

The associated comb inequality is

k k
XD + 3 T SEY 01D -5 1)

in} =] 2
Note that the coefficients on the left-hand side of this inequality are 0,1 and 2.

Figure 2.1 illustrates the left -hand side coefficients for the comb constraint

ax<8. Edges with coefficients 0 are not shown.

o—
edge with
coefficient 1

H ———0

T edge with

coefficient 2

Figure 2.1 Edge coefficients of a comb inequality.

15




A comb is called simpleif 1T,nHi=1 fori=1,2,... )k, and the associated

inequality is called a simple comb inequality. In the case I|Tl=2 for all
1<i<k, the comb inequality (2.1) simplifies to

k —
XCrHN+ Y T SH S,
iml

These inequalities are called the 2-matching constraints, and were first

introduced by Edmonds [9] .

Theorem 2.5 (M. Grotschel [16,17]). If {H.T,,T. »+T,} isacomb, then so 100
is {V\H,T,,T,,+-,T;} and the corresponding inequality induces the same
facet of Q7. In all other cases, each comb inequality induces a facet distinct

from other comb constraints, subtour elimination constraints and

nonnegativity constraints.

Proof. (We include a proof of validity for the comb inequality for

completeness.)

To prove the validity of the comb inequality we use the following

equations and inequalities which are valid for or.

1) x(6(v))=2for Vve H,

2) x(y(T)SIT)-1 i=1,2,k,
3) x(y(T,\ H))SIT, \ HI-1 i=1,2,...k,
4) x(y(T,AH)SIT, A HI- i=12,....k.

By summing these we obtain the following inequality.

& k
T x5+ Y, (T + x(r (TN )+ 2T A H) < AH2Y (T~ k.
1

vel 1
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Since x, 20 for all e€E, the left hand side of the above inequality is greater

than or equal to 2(x(y(H))+ ix('y(T,))). Thus
1
& k
2x(y(H) + Y, x(MTN S 2AH142Y (T \-1) - k.
1 1

Since for every incidence vector of a tour, the left hand side of the above is

an even integer, dividing by 2 and rounding down the right hand side gives

us

c & k+1
*(YCH) + Y, x(y(T) SIHH Y (T -1 - ——.
1 1

Thus the comb inequality is valid for Qf. 0

A class of facet-inducing inequalities for Q" which are called clique-

tree inequalities was introduced in Grotschel and Pulleyblank [18] . A clique
tree is a connected graph C whose maximal cliques partition into two sets, the

set of handles and the set of teeth, which satisfy the following properties:

(1) no two teeth intersect;

(2) no two handles intersect;

(3) Each tooth contains at least two and at most (n-2) nodes, and at least one

node belonging to no handle;

(4) The number of teeth intersecting each handle is odd and at least three;

17




(5) 1f a tooth T and a handle H have a non-empty intersection , then N T

is an articulation set of the clique tree, i.e., C\NHNT) is not

connected.

Figure 2.2 shows an example of a clique tree, where cligues are
indicated by ellipse-shaped figures. Each ellipse containing a ** is a tooth.
The *** indicates that there must be a node in the respective tooth which does

not belong to any handle.

Figure 2.2 A Clique tree.

We call a clique tree simple if any handle and any tooth have at most

one node in common.

Suppose we have a clique tree C with handles H,,H,,--,H, and teeth

T,,T,,+-,T,. Then the corresponding clique tree inequality is

3 (Y H)+ 35T S S H+ Y (T )-1) :‘12'-1- =5(C) (2.2)
il jual

=l J=1
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where for every tooth T, the integer t; denotes the number of handles

which intersect T}, j=1,2,..-, s. The right-hand side s(C) of (2.2) is called the

size of C.

Note that in the case where there is a tooth T and a handle H with IHNTI22,
the coefficients on the left-hand side of (2.2) are 0,1 and 2. The inequality
(2.2) is a 0-1 inequality only if the clique tree is simple. If W is the set of all
nodes of a clique tree, then for simple clique trees, inequality (2.2) can be

written as

3 xrH N+ STy w2, (23)
=1

jwl

Note that the subtour elimination constraint is a special case of the clique tree
inequality in which there is only one tooth and no handle, and the comb

inequality is the clique tree inequality having exactly one handle.

Theorem 2.6 ([18]). The clique tree inequality corresponding to the clique

tree {H,.Hz,---,H,.T,.T,.---,T,} with at least two handles induces a facet distinct

from all other clique trees, combs, subtour elimination constraints and

nonnegativity constraints.

In this paper we use some special classes of clique trees to derive new

classes of facet-inducing inequalities for QO and Q. First we introduce

these special classes.

The first special class of clique trees which we call Star Clique Trees

and denote by SCT is shown in Figure 2.3.
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Figure 2.3 A Star Clique Tree.

As we can see from Figure 2.3, a SCT has p22 handles H,,H,,--,H,, where

each handle H, contains g,+1 nodes and intersects g 2-matching teeth

7!, T , and one non 2-matching tooth 7;. Welet v, be the unique node in

P
T, but not in any handle. Let g¢:= Zq, . Note that q is even.
fa]

Associated with a SCT is the following clique tree inequality:

iI(Y(H.))'*' Z(x(‘y(T)):T a tooth of SCT)S p+3g/2

iml
or (if welet ax denote the left-hand side)

ax<S p+3q12. (2.4)

The second special class of clique trees which we call Path Clique Trees

and denote by PCT is shown in Figure 2.4.
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Figure 2.4 A Path Clique Tree.

As we can see from Figure 2.4, a PCT consists of p22 handles H,,H,,--,H, and

2p+1 teeth: p+2 2-matching teeth 78,72+, T?, T}, T, and p-1 non 2-matching
teeth NT,,NT,,-,NT_,. Each handle H,i=2,3,--,p-1 intersects the three
teecth NT,,.NT, and T{, H, intersects the three teeth T),T},NT, , and H,

intersects the three teeth NT,_,,T{.T;.

Associated with a PCT is the following clique tree inequality:

ix('y(H,))-i-Z(x(y(T)): T a tooth of PCT)S 4p

=l
or ( if we let ax denote the left-hand side)

ax<4p. (2.5)

2.2 The 2-Edge-Connected Spanning Subgraph Polytope Ok

The polytope associated with TECSP(n) is

@ = convix” € R¥I(V,F) is a 2-edge-connected spanning subgraph of K}
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There has been some previous research done on the polytope Q. In a much
more general form, Q7 is studied by Grotschel and Monma in [12] and by
Grotschel , Monma and Stoer in [13]. It is also studied by Mahjoub in [19] for
general graphs G, and by Boyd and Pulleyblank in [4] and Boyd and Hao in [3]

for complete graphs. Below we describe all the results pertaining to the facets
of @ from [3,4,12,13,19].

Theorem 2.7. The dimension of 0} is n(n-1)/2 forn 24.
Proof.(We include a proof for completeness.)

we will prove the result by constructing (n(n-1}/2)+1 affinely
independent points in Qj;. Without loss of generality we use ¢,&,.....,65 tO

denote the edges in E. For each edge e;,j = 1,2,.......,| El, we construct a two-edge-
connected spanning subgraph T; which includes all the edges of E except e;.

Also we construct a two-edge-connected spanning subgraph T, which

includes all the edges of E We denote the corresponding incidence vectors as

%= (L1001, ) J=12, B

Now we show that X,,X,,.......%g are affinely independent. This is equivalent to
showing that X',%'.%',....%g are linearly independent, where x;' is the
vector obtained from x; by adding a new component of value 1, for

j=0,12,......|IEl. Since

X —x'= (0.0....,},0....0) i=12,..,lE,
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clearly X' =X Xp =X e Xo' —Xip 1 X ATE linearly independent. Thus

XgyXjseesenn Xy ATE affinely independent. Since |El=n{n-1)/2, the result

follows. 0

Note that by Theorem 2.7, @} is full dimensional and hence the
equivalence problem for Q)¢ is much simpler than for Qf. Two facet-

inducing inequalities for @7, are equivalent if and only if one is a positive

multiple of the other.

Theorem 2.8. For e€ E, x,<1 is facet-inducing for Qe if n24.
Theorem 2.9. For e€ E, x,20 is facet-inducing for Q¢ if n2 5.

Theorem 2.10. Forall SgV, ¢=S#V, x(&S)=22 is facet-inducing for
Qe

Another class of inequalities called the lifted 2-cover inequalities are
introduced in M. Grétschel et al.[13] for a more general polytope (of which
Qjgis a special case), and these are shown to be facet-inducing under certain
conditions. These inequalities can be described as follows: Let HQV bea
node set, let T &(H) be an edge set such that (7123 and odd, and let

H.H, - H,p23 bea partition of H into nonempty disjoint node sets such

that no more than two edges in T intersect any H,. Then the lifted 2-cover

inequality is given by
E 1-1
X(y(H)) - Y XY (H) + 2 S(H) - 2D 2 p=— - (2.6)
iml

it is noted in [13] that the odd wheel inequalities introduced in [19] for the 2-
edge connected spanning subgraph polytope of general graphs is a special
case of the lifted 2-cover inequality.
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The polytope Q} is closely related to the polytope Qf. Itis casy to see
from a graph theoretic point of view that a 2-edge-connected graph is a

Hamiltonian cycle if and only if each node in the graph is of degree 2. Thus
QF ={xe QflAx=2} , where A is the node-edge incidence matrix for K,, i.e,,

QF is a face of Q7e. Therefore for every facet-inducing inequality for Qf,
there exists an equivalent form (with respect to @7) of that inequality which
is also facet-inducing for Qf;. It would be desirable to exploit this
relationship and somehow transform a facet-inducing inequality for QF into
an equivalent one which is facet-inducing for Q. Boyd and Pulleyblank in
[4] converted the two-matching constraint into an equivalent form which is
facet-inducing for Q. These inequalities are called complemented 2-
matching constraints, and have the form

ax 2n'/|+5;—1 2.7)

where VcV is the set of nodes not contained in H or any T, 1€isk, anda
is defined by

1 otherwise.

4 _{0 for e y(H) or e y(T)) 1Sisk,

Boyd and Hao in [3] converted the comb inequalities (2.1) into a set of

equivalent inequalities (with respect to Q}), which are called complemented

comb inequalities , and showed that these inequalities are facet-inducing for

Q7 in most cases. These can be defined as follows. Let a 2-matching tooth be

a tooth consisting of only two nodes, and let the nodes of a comb be divided

into 6 different classes:

Class 1: Nodes in the handle but not in any tooth;
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Class 2: Nodes in the handle as well as in a 2-matching tooth;
Class 3: Nodes in a 2-matching tooth but not in the handle;

Class 4: Nodes in a non-2-matching tooth but not in the handle;
Class 5: Nodes in a non-2-matching tooth as well as in the handle;

Class 6: Nodes not in the handle or in any tooth.

Let C, i=1,2,3,4,5,6 denote the node set for each class. Figure 2.5 shows a

comb with the different classes of nodes indicated.

Figure 2.5 A comb with the different classes of nodes labeled

Given a comb C, let s=IC,], r=ICl, p be the number of non-2-matching
teeth, and q be the number of 2-matching teeth. Assume 1,.T,,--,T, are the
non-2-matching teeth and TP+,,TP+2,---,T, are the 2-matching teeth , and let

T,=T,nH.and Ti=T\H for 1Sisk.

The complemented comb constraint is
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k
x(SHN+ X xETN - X xEGN+ X x(8(@)23p+2r+g+l. (2.8)

i=l va(y oely

Note that the coefficients on the left-hand side of the inequality are 0,1,2 and

3. We use the notation bx 2 b, to represent such a constraint for convenience,

where

b,=3p+2r+q+l
and b is defined by

0 ifee ¥(GUECIVITIUNTIV YT for 18iS p.p+1Sjsk
p ol vee[@:c,uc,u%f]farlsism

0
3 ifee[Tgi:CﬁuT;]forlSiSp.lSjSkandi#j;
2 otherwise.

Figure 2.6 shows the edge coefficients on the left-hand side for the

complemented comb inequality bx210. Here edges ¢ for which the

coefficients are 2 are not shown.

coefficient 0

Figure 2.6  Edge coefficients of a complemented comb inequality.
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The following theorem found in [3] characterizes the complemented

comb constraints which are facet-inducing for ~ Qj;.

Theorem 2.11. Given any comb C, the corresponding complemented comb
inequality is facet-inducing for Q7 if and only if r=0 or (q+s)21, where s

and r are the number of nodes in node classes G, and C; in C respectively ,

and q is the number of 2-matching teeth in C.

2.3 The 2-Node-Connected Spanning Subgraph Polytope Qv

The polytope associated with TNCSP(n) is

Q5 :=convi xf € REl (V,F) is a 2-node-connected spanning subgraph of KX, }1.
N n

There has been some research done on the polytope Q. In 2 much more

general form, @y is studied by Grotschel and Monma in [12] and by

Grotschel , Monma and  Stoer in [13]. It is also studied by Boyd and Pulleyblank

in [4] for complete graphs. Below we describe all the results pertaining to the
facets of (fy from [4,12,13].

Theorem 2.12. The dimension of Qfy isn(n-1)/2 forn 24.

Note that by Theorem 2.12 , the equivalence problem for Qjy is much

simpler than for Qr. Two facet-inducing inequalities for @,  are

equivalent if and only if one is a positive multiple of the other.

Theorem 2.13. For ecE, x, S1 is facet-inducing for @3y if n24.
Theorem 2.14. For e€E, x,20 is facet-inducing for Qjy if n25.

Theorem 2.15. Forall SCV, ¢ S#V, x(8(5)22 is facet-inducing for  2jy.
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Theorem 2.16. Forall SgV, x(S:V\(Su{zhz1 Iis facet-inducing for Qjy
forany zeVand SCV\{z}.

The polytope (}, is closely related to the polytope Qf. Itis easy to see

from a graph theoretic point of view that a 2-node-connected graph is a

Hamiltonian cycle if and only if each node in the graph is of degree 2. So

OF ={xe OlAx= 2} , where A is the node-edge incidence matrix for X, , i.e,
QF is a face of (. Therefore for every facet-inducing inequality for Or,
there exists an equivalent form (with respect to gr) which is also facet-
inducing for Qjy. It would be desirable to exploit this relationship and
somehow transform a facet-inducing inequality for Qf into an equivalent

one which is facet-inducing for Qf,. Boyd and Pulleyblank in [4] converted

the simple comb inequality into an equivalent form which is facet-inducing

for (}y. These inequalities are called the complemented simple comb

inequalities, and have the form (2.7).
2.4 Relating Facets of a Face to Facets of a Polyhedron

Before ending this chapter we introduce some results given in [3,4).

These results will allow us to exploit the relationship between(Q; and Qf,

thus hopefully simplifying our proofs.

Given a valid inequality axsa, for a polyhedron F, let F,; represent

the face of F induced by ax < g, i.e,
F:i={xe Fax=a,}.

Given a nonempty face F of a full dimensional polytope Pg RE, define a set

D < RE to be an independent direction set for F, if
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(i) For every de D, there exists %' € FT such that =% +deP;

(ii) Forevery de D, ad=0;

(iii)  For some minimal equation system AFx=bf for F,{A'd:deD} is

linearly independent.

Theorem 2.17.([4]) Let ax<a, be an inequality which is valid for a full

dimensional polyhedron Pe RE and facet-inducing for a nonempty face F of
P. Let Afx=b" be a minimal equation system for F. If there exists an
independent direction set for F; of size r,(AF), then ax<a, is also facet-

inducing for P.

Lemma 2.18.([3] ) Let A be the node-edge incidence matrix for the complete

graph K, =(V,E), let Ie R™" be the identity matrix whose rows and columns
are indexed by V, and let T=(V;,E;) be a subgraph of K, which is a tree.

Then the vectors in  {A,:e € E.}u{l,} arelinearly independent forany veYV.

Lemma 2.19.([4]) Let A be the node-edge incidence matrix for the complete
graph K, =(V,E), and let Jg E. Then ] indexes a set of linearly independent

columns of A if and only if each component of the graph (V,]) contains no

even cycle and at most one odd cycle.
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Chapter 3 The Complemented Star Clique Tree Constraints for Q7
3.1 Description of the CSCT1 Constraint for Q¢

We now convert (2.4) into an equivalent form (with respect to Qf)
which is valid for @}, . The method we use to convert the inequalities (2.4) is

as follows:
1. negate the inequality;
2. multiply by 2;

3. add two times the degree constraint for the nodes in handles and one time

the degree constraint for v;.

Let V be the set of nodes not in any tooth or handle, let C be all nodes in a 2-
matching tooth but not in any handle plus the nodes in v , let H be the nodes
in some handle, and let T be the set of all edges in 2-matching teeth. It is

straightforward to check that the resulting inequality converted from (2.4) is

bx22p+g+12, (3.1)

where b is defined as

if eeTLY(C)

if e e[vy:ClU(8(vy)N 7(T5))

if e e (Y(H)NSCT)U ((H:C1NSCT)
ifee[vo:H]nS—C_T_'

4 if ee y(H)NSCT.

o
n
=)

prn—

(Note that in the above definition we use SCT to represent the set of edges in

the star clique tree.)
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We call the inequality (3.1) the complemented  star clique tree

constraint 1, henceforth denoted by the CSCT 1 constraint.

Figure 3.1 shows a CSCT1 constraint br212 with the left hand
cocfficients for each edge. Note the cofficients for edges not shown are the

sum of the weights on their end nodes.

Figure 3.1 A CSCT1 constraint bx212

3.2 Validity of the CSCT1 for Q¢

In this section we give the proof of the validity of the CSCT1 constraints

for Q.

lemma 3.1 Forany xeQf;(n =I\'fl+p+2q+l) and star clique tree , the

following inequalities are valid:

(i) X8 -x(y(T) 21 forall v;= TinH,, i=12-p, =124
(ii) x(8(v)22 forall veT,\v,.
(ild) x,20 forall ee[v,:C)V(H:CINSCT).
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. x,20 —
(iv) %,20 for all ee[vg:HINSCT.

x,20

} for all ee y(H)NSCT.

™) x, 20

Furthermore, either at least two are strict inequalities for any xe€(j; or only
one is a strict inequality, and in the latter case we have x(6(v))>3 for some

veT,\v,. (Note that all the sets of nodes are as previously defined in Chapter

2).

Proof. let K,=(V,E). Forany x€Qj, we have
0<x,<1 forall ecE, and
x8(@S)z2forall SV, ¢#S=#V.

Thus (ii), (iii), (iv) and (v) are all valid for ;. Inequality (i) can be

obtained by adding the two valid constraints x(8(v;))22 and -x(y(TN2-1,

and thus (i) is valid for @5 as well.

Now we prove the second part of the lemma. without loss of generality ,

we can assume x is the incidence vector x" of G=(V,F), a 2-edge -connected

spanning subgraph of K,.

Suppose there exists x"e @, which satisfies all the inequalities (i),(ii), (iii),
(iv) and (v) with equality. Note that this implies that x7 =0 for all ¢ in SCT ,
and that x(y(T}))=1for all i=12,,p, j=12,"4;

Consider any node veT,\v,. Suppose the handle containing vis H,.

Since H,\v contains an even number of nodes, and each node reH\v is

adjacent to exactly one node in H; in the 2-edge-connected subgraph G, we
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have that v is either adjacent to 2 nodes in H, and none in T, in G, or v is

adjacent to 2 nodes in T, and none in H, in G. Thus we have only one of the

following occurs:

(3.2) x"(e,)=0 forall ueT\v.
(3.3) x"(e,)=0 forall reH,\v.

let A:={vw)ulveT;\y, such that (3.3) occurs}. Then we have

xF(8(A)=0, contradicting the fact that x' (6(A)22.

Now suppose xfe Q;; satisfies all but one of the inequalities (i),...,(V)

with equality.

Case 1.

(SN -x" (WTD)>1 for some v, eT;NH;, 1=12p, j=12,4;

Let w=H,;NT,. Clearly w is adjacent to 0, 1 or 2 nodes in H; in G. For
any other node v=H, NT,l#i, we have (3.2) or (3.3) occurs, and we let W be
the set of such nodes for which (3.3) occurs, Let A=v, UW. If w is adjacent to
0 or 1 node in H, in G, then add w to A. Then xF(8(A)) <1, contradicting the
fact that x' (8(A))22.

Case2.  x'(8(v))>2 forsome veT,\v,.

If xF(6v)>3 we are done. Now suppose

*F (SN S, e x (6()=3. Assume v isin handle H, Then either (3.3)

occurs, or x' ()N y(Ty))=1. For any other node v=H,NT,l#i, we have

(3.2) or (3.3) occurs. LetW be the set of nodes in T, \ v, for which (3.3) occurs,
and let A=v, UW. Then x"(5(A))$1, contradicting the fact that x"(8(A))22.
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e € [v,: ClU{(H:C1N SCT).

Case 3. x/ >0 for some

Suppose x>0 for some e &[v,:C]. For any node veT,\ v, we have (3.2)

or (3.3) occurs. let A:={l vis v, or veT\y, such that (3.3) occurs}. Then
x (5(A)=1, contradicting the fact that  x7(5(4))22.

Suppose x! >0 for some ee[H:C]NSCT. Let e=vw, where

veH,weC.
If veT,, then we must have (3.3) occurs. For any other node in T; \ v,
we have (3.2) or (3.3} occurs, Let Ai={vl v isy,or V€ T, \ v, such that (3.3)

aoccurs}. Then x7(8(A))=1, contradicting the fact that xF(5(AN22.

If veT;, thenlet u=T,NH,. It follows that xF ()N y(TN=1. For

any other node in T, \ v, we have (3.2) or (3.3) occurs. Let A:={vl vis v, or u

or veT, \ v, such that (3.3) occurs}. Then x"(8(A)) =1, contradicting the fact

that x7(8(A))22.

F

Cased. ° >0 for some [v,: H1NSCT
ed. elv,: .
as xF > 0 ¢ vO ]

This contradicts the fact that only one inequality in (i),...,(v) is a strict

inequality.
>0 —
} for some eey(H)NSCT.

F
CaseS.
xF>0

This contradicts the fact that only one inequality in (i),..,(v) is a strict

inequality.

This completes our proof.
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Theorem 3.2. The complemented star clique tree constraints (3.1) are valid

for Q7 (n=|€/l+p+2q+1).

Proof. Given a star clique tree , let bxzb, be the corresponding

A A
complemented star clique tree constraint, and let bx2bo be the

corresponding  valid inequality for Q5 obtained by adding all the

inequalities in (1),(i),(iii),(iv} and (v} described in Lemma 3.1. By Lemma 3.1,
at least two of these inequalities are strict inequalities or else x(&(v))>3 for

some veT;\v,. Thus bx>bet1 for all xe€ Q] . Furthermore, since 330 and

all the vertices of Qf; are integer , we have
bx2bo+2 forall xeQj. (3.4)

It is straightforward to check that b, =l;. for all ee E(K,). The right-hand
side of {3.4) is 2p+q+2=b,, and thus (3.4) gives bx2b, for all xe(Qj as

required.

This completes our proof. 1

3.3 A Characterization of the Facet-inducing CSCT1 Constraints for Q3

In this section we prove that the complemented star clique tree

constraint 1 (3.1) is a facet-inducing inequality for @), We will make use of

Lemma 3.3 below, which follows directly from the theory discussed in Section

24.

Lemma 3.3. For any star clique tree , the corresponding complemented star

clique tree inequality 1 bx2b, is facet-inducing for Qjp if there exists a set

D={d.d,,-d}c RE such that:
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(P) For each 1<isSn, there exists ;;EQ;.n{x:bx=bo} such that

x":= ;l"i' dj E Q;E;
(P,) Foreach 1Si<n, bd;=0;

(P,)  Ad.Ad,.Ad, are linearly independent where A is the node-edge

incidence matrix for the complete graph  X,.

Definition 3.4. Given a star clique tree and its corresponding complemented

star clique tree inequality 1 bx2b, =2p+q+2, we say node veV induces a

tight triangle (v,u,w) if there exists u,w e V{K,) and Hamiltoaian cycle H of K,

such that
(i) bx" =b,,

(ii) b, +b,. =b..

(iii) H contains uw, but not vw or uv.

Note that if v induces a tight triangle (v,u,w), then H' =(H \ uw) v {vw,uv)

forms a 2-edge connected graph satisfying bt = b, -

Theorem 3.5. Given any star clique tree , the corresponding complemented

star clique tree inequality 1 bx22p+q+2 s facet-inducing for O

0
(n=1V1+p+2q+1).

Proof. Let G, =(V;,,E;) be the spanning subgraph of X, =(V,E) whosc edge
set corresponds to the edges e in K, for which b, =0, i.e., Eg = {eeE:b,=0} .
The graph G, consists of p+2 components. To be specific, all nodes not in T,

are in the same component, and each node in T, forms a component by itself.
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Consider the component M of G, which does not contain any node in T,
and let J be the edge set of a spanning tree in M. Let v= T;l \ H,, and consider
the Hamiltanion cycle H shown in Figure 3.2. We have bx”"=h,. Let

w=H AT, and u=T, \ H.Then{vuwjisa tight triangle.( See Figure 3.2)

v {1
Hl
T,
2 K w
T H,
TP
T? V ™
3 T :
Tl Hg T3
T? 93

Figure 3.2 Hamiltonian Cycle H and Tight Triangle {v,u,w}.
Let d":=x"+x™ —x™,and let d:=x‘forall eeJ. We will show that
D¥:={d:ec J}u{d")

satisfies properties P,,P, and P; of Lemma 3.3.

Recall that bx22p+g+2 is equivalent to a star clique tree constraint

for Q! and thus does not induce the facet x, = 1, eeE, in ;. Hence for each
eeJ , there exists a Hamiltonian cycle H such that bx" =2p+q+2 and H does

not contain edge e. Clearly Hul{e} is a 2-edge connected subgraph of

K,,i.e., x" +d* € Q. Furthermore, using the Hamiltonian cycle H shown in
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Figure 3.2, we get a subgraph (H \ {uw}) U{uv,w} which is a 2-edge connected
subgraph of K,.i.e.,x" +d" €(Qf;. Thus D™ satisfies property P, of Lemma 3.3.
For each edge eelJ, bd*=b=0 by the definition of G,. Also,
bd® =b,, +b,,-b, =0, since (vyuw) is a tight triangle. Thus DY satisfies

property P, of Lemma 33.

Now consider {Ad:d € D¥}, where A is the node-edge incidence matrix of
K,. For each eeJ,Ad*=A, and Ad"=2], where IeR"™is the identity

matrix whose rows and columns are indexed by V. Thus by Lemma 2.18, the

vectors in {Ad: d € D¥} are linearly independent, and DY satisfies property P,

0
of Lemma 3.3. Thus D™ is an independent direction set of size 2q+ \Vi=n-(p+1)

For node v, we define d™ as follows:

de=x" +x™ +x% -x",

where u=T,NnH, y=HnT. and z=T, \H. For d* we can find a
Hamiltonian cycle H such that bx" =2p+q+2,and x" +d" € Oy, as shown in

Figure 3.3 .
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H 1
T, y >
2
; = g B
TP
A/ 2
T i
3 T l
T 3
| H, T
T 13

Figure 3.3 Hamiltonian cycle H for v,.
For each node veT,\{,} we define d" as follows:

d:=x"+x™ - x"

where u is in the same handle as v, weT,\{v,v}. For d’ we can find a

Hamiltonian cycle H such that bx" =2p+¢+2, and x" +d' e @, as shown in

Figure 3.4.
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H 1
T, >
T'Z
2 H, Hp
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T 0 N
3 T :
T 3
1 H3 T
T? 9

Figure 3.4 Hamiltonian cycle H for v.

We claim D =D u{d:ve T, \ {v}}ui{d"} is an independent direction sct
of size .. For the Hamiltonian cycle H shown in Figure 3.3 and d",
(H\ (yu))uluv,,voz,2y}  forms a 2-edge-connected subgraph of K, thus
x" +d" e Q) and d" satisfies property P, of Lemma 3.3. For the Hamiltonian
cycle H shown in Figure 3.4, (H\ {uw)) {vu,yw) forms a 2-edge-connected
subgraph of K,, thus s +d*eQ), and d’ satisfies property P, of Lemma 3.3
for all veT;\{yw}. Since bd" =b, +b,, +b,—-b,=0 and
bd'=b, +b, b, =2+2-4=0 for all veT,\{y}, it follows that
(d":ve T, \ {v,}{d"] satisfies property P, of Lemma 3.3.

Now consider {Ad:d € D}. We know that the vectors in {Ad:d e DM} are

linearly independent. Furthermore, for v, Ad"™ =21 +2[ , and for all

ve T, \ {»), Ad" =2I,. Thus Ad" is the only vector in {Ad:d € D} with a non-
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zero value in its v&* component and, for each veT,\v, , Ad" is the only

vector in [Ad:d € D} with a non-zero value in its v* component. Thus the

vectors in (Ad:d e D} are linearly independent, and D satisfies property P,.

Since IDI=n, it follows from Lemma 3.3 that bx22p+g+2 is a facet-inducing

inequality for Qpg.

This completes our proof. 0
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Chapter 4. The Complemented Path Clique Tree Constraints for Q7
4.1 Description Of the CPCT1 Constraint for Q7

We now convert {2.5) into an equivalent form ( with respect to Qf)

which is valid for @j,. The method we use to convert the inequality (2.5) is as

follows:
1. negate the inequality;
2. multiply by 2;

3. add two times the degree constraint for the nodes in handles and one time
the degree consiraint for all nodes which are in a non-2-matching tooth but

not in any handle.

Let V be the set of nodes not in any tooth or handle. let C be all nodes in a 2-

matching tooth but not in any handle plus the nodes in "/, let H be the nodes
in some handle, let T be the set of all edges in 2-matching teeth, and let NT be
the set of all non-2-matching teeth. It is straightforward to check that the

resuliing inequality obtained from (2.5) is

bx26p-2, (4.1)

where b is defined as

4

ifee y(CO)uT,

ife € (NT\ H:H}n PCT)U(INT \ H:C},

if e € (Y(H)A PCT) U((H:CINPCT)UINT \ H:NT \ H],
if e e[NT \ H:H}nPCT,

ife e y(H)APCT.

o
]
H W= O

.

(Note that in the above definition we use PCT to represent the set of edges in

the path clique tree.)
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We call inequality (4.1) the complemented path clique tree constraint

1, henceforth denoted by the CPCT1 constraint.

Figure 4.1} shows a CPCT1 constraint bx216 with the left hand

coefficients for each edge. Note that the cofficients for edges not shown are

the sum of the weights on their end nodes.

Figure 4.1 A CPCT1 constraint bx216

4.2 Validity of the CPCT1 Constraint for O,

Consider the comb C as shown in Figure 4.2 .

O 9 2 O —0

Figure 4.2 A comb consisting of 6 nodes.
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The comb inequality in this case is ax<4. One of its equivalent forms with

respect to Qf is bx24, where, letting T be all the edges in 2-matching teeth,

b is defined as follows:

{0 ifeeTuY(C),

b =
2 otherwise.

By exchanging H and i/, we see that bx24 is a complemented 2-matching

constraint, and is thus facet-inducing for @5, and @3y by results in [4]. Hence

we have the following.

0
Lemma 4.1. bx24 isvalid forany xeQj; and any xeQjy (n=6+1V1).

Theorem 4.2. The complemented path clique tree constraint (4.1) is wvalid for
0
Q;'E(n=IVl+5p+1) .

Proof. We prove this theorem by induction.

For the purposes of the induction, we will consider the CPCT1 constraint

{(4.1) for p=1 to be the inequality bx 2 4, which is valid for Q7 by Lemma 4.1.

Let p=1. Then the path clique tree becomes the comb shown in Figure
4.2, and by lemma 4.1 we know that bx24 isa valid inequality for Q..
Assume now that the conclusion is true for any integer p, thatis bx26p-2is
a valid inequality for @}, for all n25p+1. We want to show that the
conclusion is also true for p+1, that is bx26(p+1)-2 is a valid inequality for
Qs for all n25(p+1)+1. Without loss of generality we can assume Xx is the

incidence vector x" of a 2-edge connected spanning subgraph of K, with

edge set F.

Let the nodes of nonpendent tooth NT1 in the path clique tree be v,,v,

and v,, where vy €H,, and vo € H,. By removing the edges Y(NTI), we obtain
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wwo subclique trees, one with one handle, and the other with p-1 handles. To

the first add pendent tooth {vy,v¢} to obtain path clique tree PCT1, and to the

second add pendent tooth {v,,v.} to obtain path clique tree PCT2. (See Figure

4.3)

PCT1

PCT2

Figure 4.3 Path clique trees PCT1 and PCT2.

Associated with PCT1, we have complemented path clique tree constraint (4.1)
b'xF =4 , and associated with PCT2, we have complemented path clique tree

constraint {4.1) pxf26p-2.

From the definition of b' and b we get the following relation:
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bxt = b'x" +b*xF + xT(8(v,)) ~2x" (v,vp).

Suppose x7(v,v;)=0. Since b'x" 24 by Lemma 4.1 and b*xf26p-2 by

assumption and x7(8(v,))22, wehave bx’ 24+6p+2-2=6(p+1)-2.

Suppose xf(v,vy)=1, and  b'x"26. Since BxfF26p-2 by
assumption and x7(8(v,)) 22, we have bxf 26+6p-2+2-2=6(p+1)-2.

Now we consider the case where x"(v,;)=1 and b'x* <6. The only

possibility for x passing through PCT1 is as shown in Figure 4.4.

Figure 4.4 b'x’ <6 and x"(vy,)=1.
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Case 1: x"(v,v)=0.

Let F' =(F\((v,vp) W vgve)V(vve).  We claim that F' is a 2-edge
connected spanning subgraph of K, ,=(V,\ {vs},E,.,). Since among the edges
5(v;), F only includes (vpv,) and (vgvc), i.e. xF(B(vp) \ [vevavpvc)) =0, any two
nodes connected by a path passing through node B can now be replaced by a
path passing through edge v,v.. Thus x' e jand by assumption we have
b*x* 26p-2.  Therefore  b'x" =b*x" +226p-2+2=6p.  Thus
bxF = b'x’ + b xF +x"(8(v,)) —2x  (v,vp) 2 4 +6p=6(p+1)~2.

Case 2. x"(v,v)=1, xF(8(v,))24.
In this case we have  bxF 24+6p-2+4-2=6(p+1)-2.
Case 3. x"(vyvc)=1,x"(8(v,))<3.

Suppose x7(8(v,))=3.Let F'=F\(v,vpvpvc). Weclaim that F' isa2-
edge connected spanning subgraph of K, =(V,\{v}E,.). Since among the
edges in 8(vy) F only contains vgv, and  vgve, i.e., xF(Bwa)\ (vgva vve)) =0,
there exists only one node v# v,,v that is connected to v, by an edge in F, and
there exists a path from v to v, which does not pass through node v.. Since
< e 0, by assumption we have p*x" 26p-2, therefore

bxf =b*x" +226p. Thus
bxf = b'x" + bxF +xF(8(v,) —2x (vv5) 24+ 6p=6(p+1)—2.

Suppose xF(6(»,)=2. Let v#v, be any node not in PCT2. Let
F' =(F\ {v,v5,vgvch {v,v) . We claim that F' is a 2-edge connected spanning
subgraph of K,_,=(V,\{v},E,,). Since xF e Q7;', by assumption we have

bx" 2 6p-2, therefore b F=p*x" +2-026p. Thus
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bxF = b'xF + b + x5 (8(v ) —2x"(v,vy) 24+ 6p+2-2=6(p+1)-2.

This completes the proof. 0

4.3 A Characterization of the Facet-inducing CPCT1 Constraints for Qi

In this section we prove that the complemented path clique tree

constraint (4.1) is a facet-inducing inequality for Qf. We will make use of

Lemma 4.3 below, which follows directly from the theory discussed in Section

2.4.

Lemma 4.3. For any path clique tree , the corresponcing complemented path

clique tree constraint 1 bx2b, is facet-inducing for Qfy if there exists a sct

D={d,.d,,-d,} € R® such that:

(P) For each 1<i<n, there exists ;aeQ;n{x:bx=bo} such that

x;= xi+dy € Qs
(P,) Foreach 1<i<n, bd,=0;

(Py) Ad),Ad,, --,Ad, are linearly independent, where A is the node-edge

incidence matrix for the complete graph  X,.

Definition 4.4. Given a rath clique tree and its corresponding complemented

path clique tree constraint 1 bx2b, =6p-2, we say node ve V(K,) induces a

tight triangle (v,u,w) if there exists u,w € V(K,) and Hamiltonian cycle H of K,
such that
(i) bx" = b,,

Gi) b, +b, =b.
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(iii) H contains uw, but not vw or uv.

Note that if v induces a tight triangle (v,u,w) then H'=(H \ uw) L {vw,uv}

forms a 2-edge forms a 2-edge connected graph satisfying bx" = by.

Theorem 4.5. Given any path clique tree , the corresponding complemented

0
path clique tree constraint 1  bx 2 6p -2 is facet-inducing for O (n=IV1+5p+1}.

Proof. Let G, =(V,,Eg) be the spanning subgraph of K, =(V.E) whose edge
set corresponds to the edges e in K, for which b, =0, i.e., Eg:={e€ E:b, =0} .
The graph G, consists of 3p-2 components. To be specific, ail nodes not in the
non-2-matching teeth are in the same component, and each node in a non-2-

matching tooth forms a component.

Consider the component M of G, which does not contain any node in the

non-2-matching teeth, and let J be the edge set of a spanning tree in M. Let
v=T, \ H,, and consider the Hamiltonian cycle H shown in Figure 4.5. Clearly

bx" =b,. Let w=T, NH,, and ue H\ T!, then (v,u,w) is a tight triangle. ( See

Figure 4.5)

Figure 4.5 Hamiltonian Cycle H and Tight Triangle fv,u,w}.

Let d'=x"+x"—-x",andlet d“:=x‘forall eel. We will show that
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D¥:={d:ec J}u{d")
satisfies properties P,,P, and P, of Lemma 4.3.

Recall that bx26p—2 is equivalent to a path clique tree constraint for

QF and thus does not induce the facet x, =1, e€E, in Qf. Hence for each
eeJ, there exists a Hamiltonian cycle H such that bx" =6p—2 and H does not

contain edge e. Clearly Hule} is a 2-edge connected subgraph of

K,.i.e., x +d‘ € Qj;. Furthermore, using the Hamiltonian cycle H shown in
Figure 4.5, we get a subgraph (H\ {uw}) U {uv,wv} which is a 2-edge connected
subgraph of K,.i.e.,x"+d" €}, Thus D¥ satisfies property P, of Lemma 4.3.
For each edge eeJ, bd*=b =0 by the definition of G,. Also,
bd" =b, +b,,—b,, =0, since (vuw) is a tight triangle. Thus DY satisfies

property P, of Lemma 4.3.

Now consider {Ad:d € D¥}, where A is the node-edge incidence matrix of

K,. For each eeJ, Ad* =A,, and Ad' =21, where I ¢ R"*¥is the identity matrix

whose rows and columns are indexed by V. Thus by Lemma 2.18, the vectors in

{Ad: d e DY} are linearly independent, and D¥ satisfies property P; of Lemma

0
4.3. Thus DY is an independent direction set of size 2p+ IVl+4=n-3{p-1).

For each node v in a non-2-matching tooth but not in any handle we

define d' as follows:
d'=x"+x"-x"

where u is a node in the same non-2-matching teeth as v, and w is the node in
T2\ H. For each d’ we can find a Hamiltonian cycle H such that bx" =6p-2,

and x" +d" € @}, as shown in Figure 4.6.
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Figure 4.6 Hamiltonian cycle H for v.

For each node v which is in a non-2-matching tooth and in a handie, we

define d" as follows:

W

d'=x"+x"-x

where u is in the same non-2-matching tooth as v but not in any handle, w is
in the same handle as v and in a 2-matching tooth. For each 4" we can find a

Hamiltonian cycle H such that bx" =6p-2, and x* +d’ e @, as shown in
P 2E

Figure 4.7 .

Figure 4.7 Hamiltonian cyc}= H for v.
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Let K=fv: v is in a non-2-matching tooth}. We claim D= DM uld':veKk)
is an independent direction set of size n. For the Hamiltonian cycles H shown
in Figures 4.6 and 4.7, (H\ {uw)) U {uv,yw} forms a 2-edge connected subgraph
of K,, thus x” +d" € Qj; , and d' satisfies property P, of Lemma 4.3 for each
veK. Since bd'=b,+b,, —b, =0, for each veKk, d" satsfies property P, of
Lemma 4.3 for each veKk. Now consider {Ad:de€ D}. We know that the
vectors in {Ad:d € D¥} are linearly independent. Furthermore, for veKk,
Ad® =21,, and Ad" is the only vector in {Ad:d € D} with a non-zero value in its
v* component. Thus the vectors in (Ad:d € D} are linearly independent, and D
satisfies property P,. Since IDI=n, it follows from Lemma 4.3 that bx26p-2 isa

facet-inducing inequality for Q7.

This completes our proof. 0
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Chapter 5. The Complemented Star Clique Tree Constraint for y
5.1 Description of the CSCT2 Constraint for Gy

We now convert (2.4) into an equivalent form ( with respect to QfF)

which is valid for QFy. The method we use to convert the inequalities (2.4) is

as follows:
1. negate the inequality;
2. multiply by 2;
3. add two times the degree constraint for the nodes in the handles.

Let V be the set of nodes not in any tooth or handle, let C be all nodes in a 2-
matching tooth but not in any handle plus the nodes in ‘./, et H be the nodes
in some handle, and let T be the set of all the edges in 2-matching teeth. It is

straightforward to check that the resulting inequality converted from (2.4) is

bxz2p+q, (5.1

where b is defined as

0 if ee([v:HINSCT)UP(CUV)UT
b, =42 ffee(-y(H)nscnu([H:C]nfc_nu([vo:mnsﬁ)
4 if ee(y(H)NSCT).

(Note that in the above definition we use SCT to represent the set of edges in

the star clique tree.)

We call the inequality (5.1) the complemented star clique tree

constraint 2, henceforth denoted by the CSCT2 constraint.
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Figure 5.1 shows a CSCT2 constraint bx210 with the left hand

coefficients for each edge. Note that the cofficients for edges not shown are

the sum of the weights on their end nodes.

Figure 5.1 A CSCT2 constraint bx210

5.2 Validity of the CSCT2 Constraint for Qjy

In this section we prove the validity of the complemented star clique

tree constraint 2 {5.1) for Qf,.

Q
Lemma 5.1. Forany xe @}y (n=iVl+p+2q) and star cligue tree SCT, we have:

(i)

(i1)

(iii)

(iv)

x(8(v;) - x(1(T)) 21 v,eT|nH, i=12;p, j=12,4;.

(W) —x(w,) 21 forall ve HNT,.

x,20 ee[H:C]NSCT.
%20 € Y(H)NSCT
x,20 eey '
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( Note that all the sets of nodes are as previously defined in Chapter 2).

Proof. lLet K, =(V,E). Forany x e Qfy, we have
0<$x,<1 forall ecE, and
x(5(S) 22 forall SCV, ¢=S=V.

Thus (iii) and (iv) are valid for 0}y Inequalities (i) and (ii) can be obtained
by adding x(6(v))22 and —x(‘y(Tj))a-l (or -x(viv,)2-1), and thus (i) and
(ii) are valid for Qfy as well.

Theorem 5.2. The complemented star clique tree constraint 2 (5.1) is valid for
0
Oiv (n=IV1+p+2q+1).

Proof. We prove the theorem by induction.

For the purposes of the induction, we will consider the star clique tree

for p=1 to be the comb shown in Figure 5.2,

Figure 5.2. Comb for p=1.
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1
By exchanging Hiaid  V, we see that bx22+gq,, where b is defined by
{2 ¥ e € y(H,)w 8(H)NSCT
‘ 10 otherwise,
is a complemented 2-matching constraint, and is thus valid for Qf, by results

in [4].

Assume now that the conclusion is true for any integer p, that is

bx22p+q is a valid inequality for @)y for all n2 p+2g+1. Wewant to show
that the conclusion is also true for p+1, i.e., bx2 2(p+1)+gq is a valid inequality
for Qjy forall n2 5(p+1)+2q+1. Without loss of generality, we can assume X

is the incidence vector x* of a 2-node connected spanning subgraph of K,

with edge set F. We consider the following cases.

Case 1. Assume for the given x" e Qjy, every handle has at least one strict

inequality which is of type (i),(ii), (iil),(iv} from Lemma 5.1.

Since bx" 2q+p+1 can be obtained by adding all the inequalitics

(i),(ii),(iii},(iv) , and among the inequalities there are at least (p+1) strict

inequalities, we have  bx” 22(p+1)+¢ in this case.

Case 2. There exists at least one handle H, such that all the inequalities in

(i), (ii),(iii),(iv) related to H, are satisfied by equality.

Let u=H,NT, We have x"(¢g)=1 for all e= W), j=12..4,
x(uv,) =1, and x (5(v))=2 for all ve H,. Also, since g, is even, we must have
the edges in Fny(H)) form a perfect matching of the nodes in H;\u. Thus
xFlu:H,\ 1] =0, and there must exist handle H, such that xF(u)=1 for

u=HnT,.
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Each edge e€ Fn y(H,) joins two teeth T} and T;. Let ¢ be the edge
joining Tj;\ H; to Ti\ H, and let W be the set of all such edges ¢ notin F. Let
F=F\(FAYH)U{wyud DOWUV v if Vv, € F). Then F’ forms the edge
set of a two-node connected spanning subgraph of K, p=V,\ H.E_)-
Consider the SCT obtained by removing H, and T},T;, T, from the current
SCT, and replacing T, by T,\u. By the induction hypothesis, the

-1

corresponding CSCT2 constraint b'x22p+g-—g, is valid for ory?!, and thus
b'x" 22p+q—g;. Since bxf =2+g, +b'x" , it follows that bx" 22(p+1)+gq.

This completes the proof. 0

5.3 A Characterization of the Facet-inducing CSCT2 Constraint for QO

In this section we prove that the complemented star clique tree

constraint 2 (5.1) is a facet-inducing inequality for Qj,. We will make use of

Lemma 5.3 below, which follows directly from the theory discussed in Secr‘un

2.4,

Lemma 5.3. For any star clique tree , the corresponding complemented star

clique tree inequality 2 bx2 b, is facet-inducing for @, if there exists a set

D={d.d,,-.d,} < R® such that:

(P) For each 1Si<n, there exists ;;eQ,‘!n{x:b.t:bo} such that

xXi= xi+ d, € Qiy;
(P,) For each 1Si<n, bd, =0;
(Py) Ad,,Ad,,---,Ad, are linearly independent where A is the node-edge

incidence matrix for the complete graph K.

57



Theorem 5.4. Given any star clique tree , the corresponding complemented

star clique tree constraint 2 bx22p+gq is facet-inducing for Q5

(n=IV1+p+2q+1).

Proof. Let G, =(V;, .E;) be the spanning subgraph of X, =(V,E) whose cdge
set corresponds to the edge e in K, for which b, =0, i.e, E;:={ee E:b, =0}. The
graph G, consists of one component. let v=T) \H, let u=T{\ H, , and let
w= T;' \H,. let] be the set of edges (Eg, N SCTv (v:C)wwu v w,.( See Tigure

5.3)

Note J < Eg, and lJl=n.

Figure 5.3 Edgesin].
We will show that
Di={d".ee J}

satisfies properties P, P, and P, of Lemma 5.3.
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Recall that bx22p+gq is equivalent to a star clique tree constraint for
@ and thus does not induce the facet x, = 1, eeE,in Q. Hence for each e€J,
there exists a Hamiltonian cycle H such that bx" =2p+q and H does not contain

edge e. Clearly Hule} is a two-node connected subgraph of
K,ie, x"+deQy. Thus D satisfies P, of Lemma 5.3. For each edge
eel bd*=b,=0,since JCE;. ThusD satisfies P, of Lemma 5.3.

Now consider (Ad:d € D}, where A is the node-edge incidence matrix of

K, . For each ee/J, Ad'=A,. Thus by Lemma 2.19, the vectors in {Ad:d € D}

are linearly independent, and D satisfies P, of Lemma 5.3. Thus D is an

independent direction set of size n, and it follows from Lemma 5.3 that

bx22p+q is facet-inducing for @5y This completes our proof.
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Chapter 6. The Complemented Path Clique Tree Constraints for 7y

6.1 Description of the CPCT2 Constraint for Oy

We now convert each of the inequalities (2.5) into an equivalent form

( with respect to Qf) which is valid for Q. The method we use to convert

the inequalities (2.5) is as follows:
1. negate the inequality;
2. multiply by 2;
3. add two times the degree constraint for the nodes in the handles.

Let V be the set of nodes not in any tooth or handle, let C be all nodes in a
tooth but not in any handle plus the nodes in "/, let H be the nodes in some
handle, let T be the set of all edges in 2-matching teeth, and let NT b= the set of
all non-2-matching teeth. It is a straightforward to check that the resulting

inequality obtained from (2.5) is

bx24p, (6.1)

where b is defined as

0 ifeeTUYCUNT\H)UINT\ H:HINPCT
b,=12 ifee(H:C1INPCT)V(y(H)NPCT)
4 ifee y(HYNPCT.

(Note that in the above definition we use PCT to represent the set of edges in

the path clique tree.)

We call the inequaity (6.1) the complemented path clique tree
constraint 2, henceforth denoted by the CPCT2 constraint.
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Figure 6.1 shows a CPCT2 constraint bx212 with the left hand
coefficients for each edge. Note the cofficients for edges not shown are the

sum of the weights on their end nodes.

Figure 6.1 A CPCT2 constraint bx212

6.2 Validity of the CPCT2 Constraint for Oy

Theorem 6.1. The complemented path clique tree constraint 2 (6.1) is valid for
0
@}y (n=1VI+5p+1).

Proof. For the purposes of the induction, we will consider the path clique tree

for p=1 to be the comb shown in Figure 4.1. By Lemma 4.1 we know that bx24
is a valid inequality for Qfy.

Assume now that the conclusion is true for any integer p, ie., bx24p
is a valid inequality for @y for all n25p+1. We want to show that the
conclusion is also true for p+1, i.e.,, bx24(p+1) is a valid inequality for @5y
for all n25(p+1)+1. Without loss of generality we can assume x is the

incidence vector x* of a 2-node connected spanning subgraph of K, with

edge set F.
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Let the nodes of nonpendent tooth NT1 in the path ciique tree be v,,v,
and v, where v, € H,, and v, € H,. By removing the edges y(NT1), we obtain
two subclique trees, one with one handle, and the other with p-1 handles. To
the first add pendent tooth {v,,v,} to obtain path clique tree PCT1, and to the

second add pendent tooth {v,,v.} to obtain path clique tree PCT2.(See Figure
6.2)

PCT1

PCT2
Figure 6.2 Path clique trees PCT1 and PCT2.

Associated with PCT1, we have CPCT2 constraint (6.1) b'x" 24, and associated
with PCT2, we have CPCT2 constraint (6.1) b’x" 24p. From the definition of

p' and b* we have
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bx" = b'x" +b*xF —2x" (vyve).
suppose x'(vy)=0. Then since b*xf24p by assumption,

bxf 24+4p=4(p+1).
Now suppose x'(vpvc)=1,and b'x" 26. Since b*x" 24p by assumption,

we have bx’ 24(p+1).

Now we consider the case where x"(vc)=1, and b'x" <6. Then the

only possibility for xF passing through PCT1 is as shown in Figure 6.3.

0] A

PCT1

Figure 6.3 b'x" <6 and x"(vyv)=1.
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Case 1. xF(v,v)=0.

Let F'= FUW)\{vvpvsve). Clearly F' is a 2-node connected
spanning subgraph of K., =(V,\{v;},E,,). Since b*x" 2 4p by assumption, it
follows that b*x” =b'x" +2, and thus bx" 24+4p+2-2=4(p+1).

Case 2. x (vve)=1.

Let F' = F\{vv,vyvc}. Clearly F' is a 2-node connected spanning
subgraph of K, ,=(V,\{v}.E, ). Thus b*xf 24p by assumption, and
p*xf 24p+2. Therefore  bx 24+4p+2-2=4(p+D). This completes our

proof. 0

6.3 A Characterization of the Facet-inducing CPCT2 Constraints for Oy

In this section we prove that the complemented path clique tree

constraint 2 (6.1) is a facet-inducing inequality for Qfy. We will make use of

Lemma 6.2 below, which follows directly from the theory discussed in Section

2.4.

Lemma 6.2. For any path clique tree , the corresponding complemented path

clique tree inequality 2 bx2b, is facet-inducing for @y If there exists a set
D={d,d,,d,} < R such that:

(P) For each 1<isn, there exists ;neQ;-n{x:bx=b0} such that

(P,) Foreach 1Si<n, bd, =0;

() Ad,,Ad,,---,Ad, are linearly independent where A is the node-edge

incidence matrix for the complete graph  K,.
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Theorem 6.3. Given any path clique tree , the corresponding complemented

0
path clique tree constraint 2 bx 24p is facet-inducing for Qjy {(n=5p+Vi+1).

Proof. Let Gy =(Vg,.Eg) be the spanning subgraph of X, = (V,E) whose edge
set corresponds to the edge e in K, for which b,=0,i.e., Eg,:={e€ E:b, =0}. The
graph G, consists of one component. Let v be the node 7} \ H,, let u= T\ H,
and let w=T:\H,. Llet J be the set of edges (E; NPCT)Uv:ClUwu. (See
Figure 6.4). Note that JC Eg,, and iJl=n. |

Figure 6.4 Edgesin/J.

Let d°:=x‘ forall eeJ. We will show that
D:={d*:ee J}
satisfies properties P,,P, and P,of Lemma 6.2.

Recall that bx 24p is equivalent to a path clique tree constraint for QF

and thus does not induce the facet x,=1,e€E, in Q. Hence for each eeJ,

there exists a Hamiltonian cycle H such that bx"=4p and H does not contain edge
e. Clearly HuUle) is a 2-node connected subgraph of K, i.e., x" +d* e Q}y. Thus
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D satisfies P, of Lemma 6.2. For each edge e€J, bd*=b,=0 , since JQE;,.

Thus D satisfies P, of Lemma 6.2.

Now consider {Ad:d € D}, where A is the node-edge incidence matrix of
K, . Foreach ee J,Ad* = A, . Thus by Lemma 2.19, the vectors in {Ad:d € D} are

linearly independent, and D satisfies P, of Lemma 6.2. Thus D is an

independent direction set of size n, and it follows from Lemma 6.2 that bx 24p is

facet-inducing for Q. This completes our proof. i
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Chapter 7. Equivalence

In the following we investigate the equivalence of the complemented

clique tree constraints introduced in the previous chapters to the other known

classes of facet-inducing inequalities for  Qf and @}, discussed in Chapter 2.

Lemma 7.1 ([4]). Let F be a nonempty face of a polyhedron P. Suppose axsa,

and axSao are both valid for F and P. If axsg, and axsao are not

equivalent with respect o F then they are not equivalent with respect to P.

Corollary 7.2 ([4]). Two inequalities, both valid for Qf and @y, are not

equivalent with respect to Q3¢ if they are not equivalent with respect to Or.

Corollary 7.3. Two inequalities, both valid for Op and Qjy, are not equivalent

with respect to @y if they are not equivalent with respectto  Or.

Theorem 7.4. The complemented star clique tree constraint 1 (3.1) is not

equivalent to

(i) x,S1 for ecEor
(ii) x,20 foreeEor
(iii) x(5(S)22 for 15I8ISIVI-1 or

(iv) complemented comb inequality (2.8)

with respect to Q.
Proof. This follows directly from Theorem 2.6 and Corollary 7.2. 0

Comment: The same conclusion holds for the complemented path clique tree

constraint 1 (4.1).
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Theorem 7.5. Complemented clique tree constraints (3.1) and (4.1) induce the

same facets of Qf if and only if p=2 and ¢, =¢, =2 in (3.1).

Proof. This can be proven by Theorem 2.6 and by observing that a SCT and PCT

are the same if and only if p=2 and ¢, =¢q;=2.

0

Theorem 7.6. The complemented star clique tree constraint 2 (5.1)

bx 2 2p+ g+2 is not equivalent to

(i) x,<1 for eeE or

(i) x,20 for ecE or

(i) x(8(S)22 for 1<I8Islvi-1  or

(iv) complemented simple comb inequality (2.7)

with respect to Q5.

Proof. This follows directly from Theorem 2.6 and Corollary 7.3.
0

Comment: The same conclusion holds for inequality (6.1) .

Theorem 7.7. Complemented clique tree constraints (5.1) and (6.1) induce the
same facets of Qfy ifandonlyif p=2and g, =¢, = 2 in (5.1).

Proof. This can be proven by Theorem 2.6 and by observing that a SCT and PCT
are the same if and only |if p=2 and ¢=¢,=2.
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Chapter 8. Concluding Remarks

The linear programming cutting-plane method has proven to be quite
successful in solving large TSP problems. Typically we start with the equation
set Ax=2 and inequality set 0S x<1 as the initial set of constraints, then apply
linear programming techniques and identify and add in constraints ( facet-
inducing inequalities for 07 ) as needed. In many cases subtour elimination
and comb constraints alone were sufficient for solving large problems to
optimality. Considering the close relationship between QF and 2-connected
problems, we thus expect good results in solving TECSP and TNCSP using the

linear programming cutting-plane method.

In order to use the linear programming cutting-plane method for

TECSP(n) (and TNCSP(n)), we need to be able to either find a constraint known

for Qe (or Q) which is violated by an intermediate solution or prove such

constraint does not exist in the set of constraints known for Q3¢ (or Qjy). This

problem is the so called separation problem, which is NP-hard in general and

can be formally stated as follows:

Separation Problem. Given a point x € RE and a family T of inequalities in R,
identify one or more inequalities in T that is violated by x or prove that no

such inequality exists in T,

Separation problems for Qf have been studied extensively. It has been

shown that the separation problem for the subtour elimination inequalities can

be solved in O(n‘) time by using the Gomory-Hu algorithm [11] for the

determination of a minimum weighted cut in an undirected graph, and the

separation problem for the 2-matching inequalities can also be solved in o(n*)

time ([22)], [24]). At present no polynomial algorithm is known for solving the
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separaxion problem for the general comb and clique tree inequalities. In [26],
heuristics for comb inequalities and special clique tree(called basic) are

proposed.

We have restricted ourselves to study the facets of Qj; and @y in this

paper and have not stressed the separation problem for the various
complemented clique tree inequalities introduced. Since the true success of
using linear programming cutting-plane method for optimizing over @ and
O}y depends highly on how successfully the related separation problems will
be solved, we believe that the separation problem for the various
complemented clique tree inequalities is a good research topic for us to
consider in the future. We hope that some of the algorithms and heuristics for
solving the separation problems for QF can be adapted for the various

complemented clique tree inequalities.

In this paper we have derived some complemented clique tree
inequalities based on some specific classes of clique trees and have proved that
these complemented clique tree inequalities are facet-inducing for Qf; and
Q3 respectively. We conjecture that these two inequalities can be combined
in the obvious way to form a more general class of facet-inducing inequalities
for Of; and (3, . However, we were unable to find a proof of validity for this
more general class. Part of the problem stems from the fact that the inductive
proof technique used for the path clique trees cannot be used for the more

general form, Thus a good research topic for us to consider further is to find a
general form of facet-inducing complemented clique tree inequalities for Qf,

and Qfy respectively.
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