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Abstract

In this thesis, we contribute to understanding the electronic properties of two-dimensional
materials, with a strong emphasis on graphene-based nanostructures, such as twisted mul-
tilayer graphene and triangular graphene quantum dots. The thesis is organized into six
chapters, including an introduction and a conclusion.

In Chapter 2, we present the theoretical methods used to carry out the calculations
in this thesis. We begin by defining the geometry of twisted graphene multilayers, which
serves as the basis for the methods described later. We then introduce the general many-
body problem and focus on various approximations commonly used to solve it. The tight-
binding model is derived, and its application to moiré materials is demonstrated, followed
by a comparison with the continuum approach. We then discuss mean-field methods,
specifically Density Functional Theory (DFT) and Hartree-Fock. In the final section,
we introduce methods for studying electron correlations and evaluate their applicability
to specific systems. These include the Configuration Interaction (CI) method, hybrid
approaches combining DFT and CI, and tensor network techniques.

Chapters 3-5 include the results of our work. We first focus on twisted graphene
multilayers - magic angle twisted bilayer graphene and mirror-symmetric twisted trilayer
graphene. In Chapter 3, we start with a Hofstadter’s butterfly spectrum for the magic
angle twisted bilayer graphene obtained using an ab initio based multi-million atom tight-
binding model. A nanoribbon geometry is studied, and the quantum size effects for the
sample widths up to 1µ m are analyzed. For sufficiently wide ribbons, where the role of the
finite geometry is minimized, we obtain and plot the Hofstadter spectrum and identify the
in-gap Chern numbers by counting the total number of chiral edge states crossing these
gaps. Subsequently, we examine the Wannier diagrams to identify the insulating states
at charge neutrality. We establish the presence of three types of electronic states: moiré,
mixed, and conventional.

We then move on to study trilayer structures in Chapter 4. Here, the electronic prop-
erties are described by a Hubbard model with long-range tunnelling matrix elements. The
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electronic properties are obtained by solving the mean-field Hubbard model. We obtain
the band structure with characteristic flat bands and a Dirac cone. At charge neutrality,
turning on electron-electron interactions results in a metallic to antiferromagnetic phase
transition, for Hubbard interaction strength considerably smaller than in other graphene
multilayers. We analyze the stability of the antiferromagnetic state against the symmetry-
breaking induced by hexagonal boron nitride encapsulation and mirror symmetry-breaking
caused by the application of electric fields that mix the Dirac cone with the flat bands. Ad-
ditionally, we explore the topological properties of the system, revealing a hidden quantum
geometry.

In Chapter 5, we focus on triangular graphene quantum dots. We present a method
for probing the wave functions of a degenerate shell in such dots by introducing a localized
substitutional impurity. Specifically, we demonstrate this approach using a triangular
graphene quantum dot containing a nitrogen impurity. Starting from the analytical solution
for the degenerate states of a pristine all-carbon triangular graphene quantum dot, we
predict the structure of the zero-energy shell in the presence of an impurity. We show that
the impurity enables selective probing of the wave functions at the carbon site where it
is located. These predictions are validated through comparison with tight-binding and ab
initio calculations and experimental results. We then study a triangular graphene quantum
dot with armchair edges with a nitrogen impurity. We use a technique combining the
Density Functional Theory and Configuration Interactions to analyze the energy spectrum
and determine the effect the nitrogen impurity has on it. Additionally, we show that
including excitations lowers the ground state energy for all considered geometries. Finally,
we focus on bilayer triangular graphene dots with zig-zag edges and analyze the behaviour
of the degenerate zero-energy shell as a function of size and the twist angle.

Chapter 6 includes conclusions and prospects for future work.
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center defined as the region within a black circle centred around AA stacked
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Chapter 1

Introduction

1.1 Introduction to 2D materials

Since the mechanical exfoliation of monolayer graphene from bulk graphite in 2004 [4],

the field of 2D materials has grown rapidly. The success of graphene not only demon-

strated the viability of isolating stable, atomically thin crystals but also sparked intense

interest in discovering other 2D materials with complementary properties or entirely new

functionalities.

This effort soon led to the discovery and isolation of a broader class of 2D materials,

including the family of transition metal dichalcogenides (TMDs), such as MoS2, WS2, and

others [5]. These materials, unlike graphene, can be semiconducting or insulating, thereby

enabling a wider range of applications in electronics, optoelectronics, and valleytronics.

The field has since expanded to include dozens of other layered compounds, including

hexagonal boron nitride (hBN), black phosphorus, and various magnetic or topological 2D

materials, each offering distinct physical properties [6].

A defining feature of 2D materials is the possibility to tailor their electronic, optical, and

mechanical behaviour without altering their chemical composition. This can be achieved

through external means such as electrostatic gating, applying strain, size quantization,
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Figure 1.1: Graphene: (a) lattice geometry with two atoms A (red dots) and B (blue dots)
in a unit cell, marked by a dashed line. Two primitive lattice vectors a⃗1 and a⃗2 are denoted
with black arrows. (b) Low energy spectrum of graphene along the Γ −K −M − Γ path
in the Brillouin zone.

introducing moiré patterns by stacking different layers with relative twists, or modifying the

dielectric environment. In particular, stacking individual 2D layers into heterostructures

or applying a small twist angle between them can lead to emergent phenomena that are

not present in the individual components, such as flat electronic bands, superconductivity,

and correlated insulating states [7–9]. These tunable properties make 2D materials a

rich platform for exploring fundamental physics and developing next-generation nanoscale

devices.
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1.1.1 Graphene

Monolayer graphene is a two-dimensional (2D) material composed of carbon atoms

arranged in a honeycomb lattice. Its unit cell contains two carbon atoms, labelled A and

B, which form two triangular sublattices, see Fig. 1.1 (a). Theoretical foundations for

graphene were laid in 1946 by P.R. Wallace, who analyzed the band structure of graphite

by first considering an isolated graphene layer [10]. He was the first to solve the tight-

binding model for this system and derive its distinctive band structure, characterized by

Dirac cones that touch at the K points of the Brillouin zone (BZ).

Despite considerable theoretical effort over subsequent decades [11–14], graphene re-

mained experimentally elusive due to technological limitations. It was not until 2004 that

Geim and Novoselov successfully isolated a single atomic layer of graphite using mechan-

ical exfoliation with adhesive tape, a breakthrough that earned them the Nobel Prize

in 2010. This discovery sparked widespread interest in graphene and other 2D materials.

Graphene was soon dubbed the ’wonder material of the 21st century’, due to its exceptional

properties: high carrier mobility exceeding 47,000 cm2/Vs under ambient conditions [15],

excellent conductivity, mechanical strength, unique optical characteristics, and exhibiting

the quantum Hall effect [16].

The presence of two inequivalent sublattices enables the definition of a quantum degree

of freedom known as pseudospin. It plays a crucial role in shaping graphene’s unique

transport properties, including its high carrier mobility and topological characteristics such

as non-zero Berry curvature. Graphene is a gapless semimetal with a vanishing density of

states at the Fermi level and linear quasiparticle dispersion near the K points (see Fig. 1.1

(b)). The direction of the pseudospin is momentum-dependent, leading to chiral, massless

Dirac fermion excitations that travel at a velocity of approximately 1000000 m/s. These

relativistic, chiral carriers give rise to exotic phenomena such as Berry phase accumulation

and Klein tunnelling [17,18].

The relativistic nature of charge carriers in graphene significantly impacts the role

of electron-electron interactions in shaping its electronic properties. In contrast to non-

relativistic systems—where the balance between kinetic and Coulomb energy depends on
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the typical distance between electrons—in graphene, this ratio is instead determined by the

Fermi velocity and the degree of dielectric screening. Consequently, graphene’s electronic

characteristics, such as the carrier mobility or presence of a band gap, are highly dependent

on the surrounding environment [19].

1.1.2 Triangular graphene quantum dots

Synthetic correlated electron systems provide a powerful platform for engineering topolog-

ical quantum matter with emergent properties that differ dramatically from those of their

individual components. Notable examples include superconductivity in twisted layers of

natively non-superconducting components, ferromagnetism, and the incompressible liquids

of the fractional quantum Hall effect. These emergent phenomena arise from strong elec-

tronic correlations and entanglement driven by electron-electron (e–e) interactions within

flat bands—highly degenerate electronic shells. Flat bands can be realized in the lowest

Landau level of a 2D electron gas [20–26], in twisted bilayer graphene (TBG) [8, 9, 27],

or through the on-surface synthesis of triangular graphene quantum dots (TGQDs) with

broken sublattice symmetry [3, 28–34].

Graphene quantum dots (GQDs) are promising candidates for a broad range of ap-

plications in optoelectronics, photonics, and electronics. As carbon-based light emitters,

they offer outstanding stability, low production costs, and material abundance. As a re-

sult, the design and development of light-emitting GQDs have garnered significant interest

over the past two decades. Among various geometries, equilateral triangular GQDs have

attracted particular attention due to the tunability of their electronic structure via both

size and edge configuration [3, 28–34]. Graphene edges can be classified into two distinct

types: armchair and zigzag (see Fig. 1.2). Zigzag edges break sublattice symmetry by

introducing an imbalance between the number of A and B sublattice atoms, leading to the

emergence of a degenerate zero-energy shell. In the following, we examine both edge types

and discuss the resulting electronic and magnetic properties of the corresponding quantum

dots.
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Figure 1.2: TGQD: (a) TGQD with zig-zag edges. (b) TGQD with armchair edges, A
sublattice is marked in red, B in blue.

Triangular graphene quantum dots with zig-zag edges

TGQDs with zig-zag edges (Fig. 1.2 (a)) can now be fabricated with atomic precision

via on-surface synthesis, enabling the controlled design of a degenerate electronic shell at

the Dirac point [3, 16, 28–37]. In recent years, interest in TGQDs has grown significantly,

driven by advancements in their synthesis across various sizes and configurations, progress

previously hindered by the structures’ high chemical reactivity.

The presence of zigzag edges induces a sublattice imbalance in TGQDs, giving rise to a

shell of degenerate states near the Fermi energy, with the number of such states increasing

linearly with system size. This behaviour was first demonstrated at the single-particle level

using analytical and tight-binding methods [38, 39], and has since been corroborated by

mean-field approaches—including ab initio and Hartree-Fock calculations—as well as by

exact diagonalization studies [40–43].

The magnetic properties of these quantum dots can be understood through Lieb’s the-

orem for the bipartite Hubbard model, which predicts that the ground-state total spin is

determined by the difference in the number of A and B sublattice atoms in the graphene
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lattice [44].

To open a band gap in the energy spectrum of TGQDs and make them suitable for

logic device applications, one can employ strategies such as size quantization, chemical

modification, or adding a second layer combined with an external electric field. We note,

that the gap we refer to here is a quantum dot gap defined as the difference in energy

between the highest occupied state and the lowest unoccupied one. It is a different concept

than the fundamental semi-conductor gap [45].

Another class of TGQD are TGQDs with a nitrogen defect, in which one or more of

the carbon atoms have been replaced by nitrogen [46–49]. For example, N-doped TGQD,

with five benzene rings in a given edge, consisting of 46 atoms, has been recently realized

experimentally [3,50]. Replacing a carbon atom with a nitrogen atom introduces an extra

electron and proton. This substitution removes an unpaired electron from one sublattice,

thereby altering the system’s total spin.

Triangular graphene quantum dots with armchair edges

In TGQDs with armchair edges (Fig. 1.2 (b)), sublattice symmetry is preserved, and as

a result, a degenerate zero-energy shell does not form. Instead, a band gap opens around

the Fermi energy, whose magnitude can be tuned by varying the size of the system—the

larger the triangle, the smaller the gap. Remarkably, this size-dependent tunability allows

the band gap to span a broad spectral range, from the ultraviolet to the terahertz regime

[51–54].

This tunable optical response makes armchair-edged TGQDs particularly attractive

for optoelectronic applications such as photodetectors, light-emitting devices, and quan-

tum information technologies. Moreover, the absence of zero-energy states simplifies their

many-body spectrum and facilitates clearer identification of excitonic effects and impurity-

induced states. From a theoretical standpoint, these systems offer a clean platform for

exploring confinement, edge effects, and electron–electron interactions in low-dimensional

graphene-based nanostructures. The well-defined energy gap also makes them promising

candidates for integrating graphene with conventional semiconductor technologies.

6



1.1.3 Moiré materials

When two or more 2D crystals are stacked, lattice mismatch or layer misalignment can

give rise to moiré patterns. This phenomenon was observed relatively early using scanning

tunnelling microscopy (STM) in multilayer graphene samples [55], as well as in graphene

placed on an hBN substrate. Theoretical calculations for bilayer graphene predated these

experimental observations and predicted a renormalization of the Fermi velocity [56]. In

2011, the seminal work by Bistritzer and MacDonald [27] predicted a flattening of the

electronic bands near the Fermi level at a so-called magic twist angle, suggesting that the

resulting crystal becomes strongly correlated and can host a variety of quantum phases. It

is so because the width of the flat bands is of the order of a few meV, so that the electron-

electron correlations are dominant and can give rise to correlated phenomena. This theory

awaited experimental confirmation for seven years, which finally arrived in 2018 [8, 9],

when a necessary tear-and-stack technique was perfected. It allows precise control of the

twist angle, which is necessary to produce specific TBG. The MIT group observed, first,

correlated insulating behaviour and subsequently superconductivity in bilayer graphene

twisted by θ = 1.1◦, the predicted magic angle.

This discovery was remarkable not only because untwisted bilayer graphene is a semimetal,

but also due to the unconventional nature of superconductivity in magic-angle twisted bi-

layer graphene (MATBG), which remains poorly understood. It arises from an electron

system with an exceptionally low carrier density, yet displays strong coupling and a critical

temperature unusually high relative to its ultra-low Fermi temperature, comparable only

to high-temperature superconductors [57]. The presence of strong electronic correlations

initially prompted comparisons to other correlated systems like cuprates, pnictides, and

heavy fermion compounds, suggesting a correlation-driven mechanism. However, recent

studies have not excluded a conventional electron–phonon origin. The pairing symmetry

still remains an open question [58–60]. The discovery of topologically nontrivial bands in

MATBG has further raised the possibility of topological superconductivity.

Following MATBG, a wide variety of moiré systems have been realized, featuring dif-

ferent numbers of layers, twist angle sequences and materials. These include, but are not
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limited to, mirror-symmetric trilayers [61–63], helical trilayers [64], double bilayers [65], and

pentalayers [66]. Several of these systems have been shown to host a rich array of correlated

and topological states, such as correlated insulators [8,67–72], the quantum anomalous Hall

effect [73], ferromagnetism [74], and a generalized Wigner crystal state [75].

The most characteristic feature of all of these materials is the presence of tunable flat

bands. Those can be controlled primarily through the twist angle, which can now be

precisely adjusted. Changing the twist angle changes the ratio between the interaction

strength and kinetic energy, allowing for modelling systems in weak, intermediate, and

strong coupling regimes. Other tuning knobs are strain, alignment with the substrate, and

electric field, all of which are still vigorously studied.

We now focus on four representative moiré materials: magic-angle twisted bilayer

graphene, mirror-symmetric twisted trilayer graphene, rhombohedral graphene, and twisted

TMDs.

Magic angle twisted bilayer graphene

MATBG is the most and best studied member of the moiré materials family, both exper-

imentally [8,9,73,74,76–90] and theoretically [7,91–179]. Since the discovery of correlated

insulating and superconducting states in MATBG, various other emergent phases have

been observed. These include correlated Chern insulators, quantum Hall insulators, ferro-

magnetism, orbital magnetism, and many others [86, 87,180–182].

Here, the moiré potential gives rise to two nearly flat energy bands — a valence and

a conduction band — near charge neutrality. Owing to the presence of spin, valley, and

layer degrees of freedom, there are numerous possible ground states at partial fillings of

these flat bands, where the filling is measured in terms of electrons per moiré unit cell. The

eight flat bands are typically described using the filling factor ν ∈ [−4, 4], with ν = −4

corresponding to empty flat bands and ν = 4 to fully filled bands. The interacting electrons

in these bands give rise to a rich landscape of strongly correlated phases, offering a unique

platform to explore the interplay between electron-electron interactions and topology.
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Figure 1.3: TBG: (a) Moiré pattern forming for two graphene sheets twisted by θ = 11.4◦.
(b) Graphene lattice before and (c) after the twist by θ. Red dots refer to A sublattice,
blue atoms to B. The top panel shows the top view of the lattice, and the bottom panel
shows the side view.

By tuning the charge carrier density, experiments reveal a variety of phases, including

the already mentioned insulating and superconducting states, as well as correlated metallic

and magnetic phases. Several competing ground-state candidates have been proposed, all

close in energy. These include the Kramers intervalley-coherent state, the valley-polarized

state, and incommensurate Kekulé spiral states. This near-degeneracy suggests that the

true ground state is sample-dependent and influenced by strain [136,170,183] and relaxation

effects. Contributing factors include also alignment with the hBN substrate [2, 184–196]

and twist-angle disorder [80,167].

Significant effort has been devoted to modelling these structures at the atomistic level—a

computationally intensive task, as smaller twist angles lead to larger supercells that must

be periodically repeated. Some density functional theory (DFT) studies have successfully

tackled the exact MATBG structure [197]. However, due to the high computational cost,

several approximate methods have been developed. These include studies focusing on

larger twist angles or untwisted structures in various stacking configurations, with the re-
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sults interpolated to the magic angle regime [198]. Another widely used approach involves

tight-binding models, which are considerably less demanding computationally [198–202].

By assuming that electrons are tightly bound to atoms, these models maintain atomistic

resolution while offering a practical balance between accuracy and efficiency.

In parallel, a range of continuum models has been developed, many of which have

proven remarkably accurate despite relying on idealized assumptions. The most prominent

is the Bistritzer-MacDonald model [7,80,88,92–97,102,103,130,132,134–137], which treats

the system as two separate graphene layers with interlayer hopping. This simplification

efficiently captures the low-energy spectrum of MATBG. However, to account for finer

spectral features, such as electron–hole asymmetry, additional corrections and more refined

theories are required. Other modeling strategies include Hubbard-like lattice models [83,84,

89,99,105–107,109,110,112,114,118,119,127,164,203], as well as heavy fermion approaches

[151,204,205].

Recently, a considerable effort has been put into studying the electronic properties of

MATBG in a magnetic field. The intriguing aspect lies here in the comparable MATBG

moiré and magnetic length scales for experimentally accessible magnetic fields. Focusing on

the insulating states, a rich phase diagram in the magnetic flux versus the filling factor has

been observed [2,73,78–81,85–88,90,181,182,184,206–219] in magnetotransport and local

electronic compressibility measurements. Streda’s formula can be used to determine their

topological properties [211,220]. However, if the observed insulating states are topologically

trivial (have zero Chern number), they might originate, e.g., from a combination of two

states with opposite Chern numbers. This can especially occur if there is no energy gap

between the flat conduction and the flat valence bands. This energy gap can be opened

by breaking the inversion and time reversal symmetry at a single particle level, which in

practice is done by aligning the MATBG sample with hBN [2,73,210,211].

For magnetic fields around 27 Tesla, the entire flux quantum per moiré unit cell is

already achieved [27], and physics related to Hofstadter’s fractal structure of the electronic

gaps can be observed. Numerous aspects have already been elucidated through the effective

models [27, 95, 183, 205, 221–240]. Initial studies concentrated on the general accessibility

of the Hofstadter physics with experimentally available magnetic fields [27, 200, 241]. The
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Figure 1.4: Mirror-symmetric TTG: (a) side view of the structure, (b) top view of a moiré
UC for the magic angle θ = 1.54◦. The inset shows the arrangement of the layers in AB
stacking, where the top and bottom layers are aligned (blue and red dots, respectively)
and the middle layer is twisted (green dots).

topological aspects of the flat band Landau levels (LLs) have been analyzed [95,97,128,201,

223–225, 230, 232, 239] and the Hofstadter butterfly in the chiral limit has been studied in

Refs. [227,231]. The physics of flat bands in strong magnetic fields and possible re-entrant

superconductivity have been addressed [234,235,239,240,242].

Magic angle twisted trilayer graphene

Mirror-symmetric magic-angle twisted trilayer graphene (TTG) is often regarded as the

closest relative of MATBG. It consists of a middle graphene layer twisted by the magic

angle relative to two aligned outer layers [243], see Fig 1.4. Like MATBG, TTG hosts

two flat bands (per spin and valley) near the Fermi level. However, its band structure is

distinguished by additional Dirac cones intersecting the gap at the K points [138,243–250],

a feature also confirmed by ARPES measurements [251].

The electronic spectrum of TTG is highly tunable by several external parameters. As in

MATBG, hBN alignment and the twist angle play a crucial role. However, TTG introduces
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an additional control knob: a perpendicular electric field that can be used to significantly

renormalize the band structure. TTG provides a more stable and versatile platform for

engineering correlated electronic phases than TBG. Remarkably, TTG exhibits robust and

reproducible superconductivity across a broad range of tuning parameters [61, 62, 78, 212,

252–260].

As a result, TTG has become the subject of intense theoretical investigation, encom-

passing both continuum models [243, 245–248, 250] and atomistic approaches, including

ab initio [244, 261] and tight-binding methods [261]. The effects of electron interactions

have been explored in Refs. [247, 249, 262], while several theoretical proposals address the

nature of superconductivity in TTG [261, 263–265]. Phonon-related properties have also

been investigated [266].

Despite this progress, a comprehensive theoretical framework for TTG remains elusive.

Many of its fundamental properties—such as the detailed magnetic and topological phase

diagrams—are still not fully understood.

Rombohedral stacked graphene

The rhombohedrally stacked multilayer graphene family is another class of materials

that hosts flat bands. In these systems, a pair of nearly flat bands touch at zero energy,

giving rise to correlated electron phenomena that can be further tuned by an external

electric field. As the number of layers increases, the bands become progressively flatter,

reaching an effective limit around seven graphene layers. Unlike twisted systems, these

structures consist of ABC-stacked graphene sheets with no twist angle, resulting in a much

smaller unit cell. However, when encapsulated in hBN, a moiré pattern still forms between

the outer graphene layer and the aligned substrate. A key advantage of these systems is

their simpler fabrication process, as they do not require precise control of a twist angle.

Rhombohedral multilayer graphene has proven to be a fertile ground for strongly cor-

related electronic phases. Recent experiments have observed correlated insulating states,

superconductivity, and magnetism in ABC-stacked trilayer graphene aligned with hBN
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Figure 1.5: Rhombohedral stacked pentalayer graphene: side view. The red dots denote A
atoms, blue dots denote B atoms. The sample is positioned on top of an hBN substrate.

[72, 267,268]. Soon after, a wide range of correlated and topological phenomena were also

reported in ABC-stacked tetralayer and pentalayer graphene [269–272].

In the case of rombohedral stacked pentalayer graphene, the presence of a moiré pattern

leads to the system exhibiting fractional quantum anomalous Hall effect (FQAHE), which

has so far only been observed experimentally in twisted MoTe2. FQAHE is a phenomenon

that, like the fractional quantum Hall effect, leads to the fractional quantization of the Hall

conductance. However, it does not need strong magnetic fields to occur - in principle, it can

be observed at zero magnetic field. This discovery confirmed interest in the rhombohedral

group of materials and sparked intensive research into understanding the exact role of the

moiré potential.

Twisted TMDs

Shortly after the isolation of monolayer graphene, another class of van der Waals materials

drew considerable attention: the TMDs [5]. These materials can exhibit metallic, insu-

lating, or semiconducting behaviour, with the semiconducting members—such as MoS2,
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WS2, MoSe2, and WSe2—being particularly relevant for optoelectronic applications [273].

A widely studied subgroup of TMDs follows the chemical formula MX2, where M denotes

a transition metal (e.g., Mo or W), and X is a chalcogen atom (S, Se, or Te). In contrast to

graphene’s single-atom thickness, TMD monolayers comprise three atomic planes: a layer

of transition metal atoms sandwiched between two chalcogen layers. These materials can

adopt several crystal structures, with the most common polymorphs being trigonal (1T),

hexagonal (2H), and rhombohedral (3R) [274].

A notable feature of semiconducting TMDs is the transition from an indirect band gap

in the bulk to a direct band gap in the monolayer limit, accompanied by strong excitonic

effects due to reduced dielectric screening in two dimensions [275]. The electronic structure

is largely governed by the localized d orbitals of the transition metal atoms [276–278],

which, together with weak screening, enhance electron correlation effects and result in the

formation of tightly bound excitons [279–282]. Furthermore, strong spin-orbit coupling in

these materials lifts the spin degeneracy in the valence band at the K and –K points in the

BZ, giving rise to spin-valley locking—a phenomenon particularly pronounced in tungsten-

based compounds such as WSe2, where the spin-orbit splitting reaches 500 meV [283,284].

Twisted TMD bilayers present a richer playground for correlated and topological phe-

nomena, due to their stronger spin-orbit coupling, multiorbital character, and greater flex-

ibility in stacking configurations. Moiré superlattices can be formed either by twisting two

identical monolayers, stacking two different TMDs, or exploiting the natural lattice mis-

match between layers, even without a twist. The resulting moiré potentials can give rise

to isolated flat bands, enhanced correlation effects, and complex phase diagrams, includ-

ing Mott-like insulators, generalized Wigner crystals, and interlayer exciton condensation.

One of the most striking experimental breakthroughs in this field was the observation of

the FQAHE in twisted bilayer MoTe2—a topological state long predicted but only recently

realized [285].
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1.2 Quantum information processing

Recent advances in quantum information processing (QIP) have highlighted the promise

of engineered 2D materials as versatile platforms for realizing synthetic quantum mat-

ter with topological properties. Twisted and nanostructured systems, particularly those

based on graphene and related van der Waals materials, offer unprecedented control over

electronic correlations, symmetry breaking, and quantum coherence. For example, gate-

defined Josephson junctions in MATBG [286], and electrically switchable bistable moiré

superconductors [287], demonstrate robust and tunable superconducting states, crucial for

scalable quantum circuitry. Similarly, highly tunable junctions and non-local Josephson ef-

fects in MATBG tunnelling devices [288] open avenues for topological qubits and quantum

interference control.

Further, recent implementations of Hubbard simulators using moiré superlattices pro-

vide a platform for emulating strongly correlated lattice models relevant to quantum many-

body physics and quantum simulations. On-chip multi-degree-of-freedom control of 2D

materials [289] and the development of a quantum twisting microscope [290] enable real-

time, local manipulation of interlayer twist angles and strain fields—essential tools for

dynamically reconfigurable quantum states and designer Hamiltonians.

These advances illustrate how synthetic topological states in nanostructured 2D sys-

tems can be not only observed but also controlled with high precision, supporting the

development of programmable, error-resilient quantum devices based on quantum materi-

als engineering.

1.3 Thesis contributions

The contents of this thesis are based on research published in peer-reviewed journals,

manuscripts currently under peer review, as well as unpublished research conducted during

my PhD degree. A list of manuscripts related to this thesis is:

1. A. Wania Rodrigues, M. Bieniek, D. Miravet and P. Hawrylak, Magnetism and
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hidden quantum geometry in charge neutral twisted trilayer graphene, under review

in Nature Communications (2025).

2. A. Wania Rodrigues, M. Bieniek, P. Potasz, D. Miravet, R. Thomale, M. Ko-

rkusiński, and P. Hawrylak, Atomistic theory of the moiré Hofstadter butterfly in

magic-angle graphene, Phys. Rev. B 109, 7 (2024).

3. A. Wania Rodrigues, D. Miravet and P. Hawrylak, Absorption spectrum in trian-

gular graphene quantum dots with armchair edges, in preparation.

4. A. Wania Rodrigues, D. Miravet, J. Lawrence and P. Hawrylak, Probing the zero

energy shell wave functions of triangular graphene quantum dots with broken sublat-

tice symmetry using a localized impurity, Solid State Communications, 41, 115899,

(2025).

5. J. Lawrence, Y. He, H. Wei, J. Su, S. Song, A. Wania Rodrigues, D. Miravet, P.

Hawrylak, J. Zhao, J. Wu, J. Lu, Jiong, Topological Design and Synthesis of High-

Spin Aza-triangulenes without Jahn–Teller Distortions, ACS Nano, 17(20), (2023).

6. D. Miravet, A. Altıntaş, A. Wania Rodrigues, M. Bieniek, M. Korkusiński, and

P. Hawrylak, Interacting holes in gated WSe2 quantum dots, Phys. Rev. B, 108, 19,

(2023).

I have conducted all the calculations mentioned in articles 1-2, 4 in collaboration with the

coauthors listed. In article 3, I have conducted the DFT calculation. In article 5, I have

reproduced and confirmed the results using DFT. In article 6, I have conducted the CI

calculations in collaboration with Daniel Miravet. The tools are in place to reproduce the

results if needed.

1.4 Thesis outline

This thesis is organized as follows: the opening section (Chapter 1) introduces the materials

under consideration and presents a broader overview of the field and the current state of
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knowledge. In Chapter 2, we describe various theoretical methods which are later used to

study relevant 2D nanostructures.

In Chapters 3-4, we focus on twisted graphene multilayers. In Chapter 3, we start by

considering a nanoribbon geometry of MATBG and the effects of the magnetic field. We

focus on the topological properties, calculating Chern numbers for this structure. We also

obtain the Wannier diagrams and compare them with experimental findings, and finally

study the edge and bulk features. We then move on to study the interaction effects in

MATBG at different fillings. In Chapter 4, we study the magnetic properties of mirror-

symmetric twisted TTG and its hidden quantum geometry.

In Chapter 5, we turn to study TGQDs. We first carry out analytical analysis for

TGQDs with a nitrogen impurity, and then compare the results with ab initio, numerical

tight-binding calculations and with experiment. We also analyze the many-body spectrum

of TGQDs using a combination of DFT and Configuration Interaction (CI). Finally, we

study a bilayer TGQD with a relative twist between layers and check how the size of the dot

and the twist angle influence the degenerate electronic shell present in the energy spectrum

of the system.

Chapter 6 includes conclusions of the above work and perspectives for future projects.

17



Chapter 2

Electronic properties of 2D materials

This chapter gives an overview of the theoretical methods used to study the electronic

properties of 2D materials. We start by defining the geometry of twisted graphene mul-

tilayers, to which we apply the methods described later. We then describe the general

many-body problem and focus on different approximations used to solve it. We derive the

tight-binding model and show how it can be applied to moiré materials and compare it with

the continuous approach. Later, we focus on the mean-field methods, namely DFT and

Hartree-Fock. In the last section, we introduce methods used to study electron correlations

and discuss their applicability to specific systems. Finally, we describe the CI method, a

combination of DFT and CI, and tensor networks.

2.1 Geometry of twisted multilayer graphene

Here we focus on MATBG and mirror-symmetric magic angle TTG. Given their struc-

tural similarities, we begin by describing the construction of TBG and then outline the

modifications required to extend the analysis to TTG.

Graphene is composed of carbon atoms arranged on a honeycomb lattice, with two

atoms, A and B, inside a unit cell. The primitive lattice vectors are given by a⃗1 = (0,
√

3a)
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Figure 2.1: Structural properties of moiré lattice. (a) Moiré unit cell for MATBG consisting

of 11908 atoms, spanned by the superlattice vectors L⃗1 and L⃗2. (b) Moiré BZ defined by

the reciprocal lattice vectors G⃗1 and G⃗2 with high symmetry points marked. (c) Side view
of TTG.

and a⃗2 = a
2
(3,−

√
3), where a = 1.412 Å is the carbon–carbon bond length. This lattice

structure is illustrated in Fig. 1.1(a).

Twisted bilayer graphene

TBG is defined as two graphene sheets in e.g. Bernal stacking [291], rotated by an angle

θ around the (0,0) point. This angle θ in principle can be arbitrary, but not every θ will

lead to a moiré periodicity arising in the system. For that to occur, θ has to belong to a

set of commensurate angles. Only then, the periodicities of the two overlapping lattices

will coincide and a moiré supercell can be defined. When θ is incommensurate the lattice

forms a quasicrystal instead. In the commensurate case, if we rotate the two layers by a

point (A1, B2), at which atom B in the lower layer is directly above atom A in the top

layer, such stacking will occur elsewhere in the structure, at a distance L⃗M . In order to

obtain the A1B2 stacking, a B2 site must rotate to an A1 site. Vectors LMi (see Fig. 2.2)
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Figure 2.2: Moiré lattice of A1 and B2 atoms. The arrows mark vectors connecting the
same stacking configurations

connecting these two stackings with the origin have to have the same length:

ka⃗1 + la⃗2 → ma⃗1 + na⃗2 k, l,m, n ∈ Z, (2.1)

meaning

|ka⃗1 + la⃗2|2 = |ma⃗1 + na⃗2|2, (2.2)

which gives us a condition:

k2 + l2 − kl = n2 +m2 −mn. (2.3)

This is a Diophantine equation, solving which leads to a lengthy calculation and is de-

scribed in detail in Ref. [292]. Alternatively, one can consider the point symmetries of the

hexagonal lattice and follow the arguments presented in Ref. [293]. Both approaches lead
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to an expression of a twist angle that results in a commensurate structure [91]:

cos(θm) =
3m2 + 3m+ 1/2

3m2 + 3m+ 1
, (2.4)

where m is an integer. Here, the larger the m, the smaller the θm. We focus on the magic

angle m = 31, which corresponds to θ = 1.05◦. The number of atoms within a moiré unit

cell can be calculated through the relation Nat = 4(m2 + (m+ 1)2 +m(m+ 1)), which, for

the magic angle, yields Nat = 11908 atoms.

Using the law of cosines, one can then obtain the linearly independent moiré primitive

vectors:

L⃗
(m)
1 = ma⃗1 − (m+ 1)⃗a2,

L⃗
(m)
2 = −(m+ 1)⃗a1 − (2m+ 1)⃗a2.

(2.5)

See Fig. 2.1(a).

Using the superlattice vectors L⃗1 and L⃗2, we determine the corresponding reciprocal

space primitive vectors G⃗1 and G⃗2, which are used to construct a moiré Brillouin zone

(BZ). Using the definition G⃗i · L⃗j = 2π · δij we derive G⃗1 and G⃗2 in the form:

G⃗1 =
2π

3a

1

3m2 + 3m+ 1

[
−1,

√
3(2m+ 1)

]
,

G⃗2 =
2π

3a

1

3m2 + 3m+ 1

[
−3m+ 1,

√
3(m+ 1)

]
.

(2.6)

After obtaining G⃗1 and G⃗2, we proceed to construct a moiré BZ, in which high symmetry

points Γm, Km,Mm can be identified, as illustrated in Fig. 2.1 (b). The size of the moiré

BZ depends on the integer m - the larger the m, the smaller the twist angle and the smaller

the BZ.

The distance between the two graphene layers depends on the relative stacking and

is nonuniform in the moiré unit cell. We account for the lattice relaxation effects along

the z-axis by varying the inter-layer distance based on the stacking configuration. The

layers are closest to each other in the AB stacked regions where zAB = zmin = 3.34 Å. The
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Figure 2.3: TTG relaxation details: side view of the structure with the widths of layers
and gaps marked by black arrows. Stacking configurations are indicated.

largest distance arises in AA stackings, for which we adopt zAA = zmax = 3.61 Å [294].

To determine the relaxed interlayer distance zrelax, we introduce a stacking parameter δz

assigned to each atom. This parameter depends on the distance in the xy plane between the

considered atom and its nearest neighbour of a different type in the other layer. Specifically,

it is defined as δz = a−1
√

(x1 − x2)2 + (y1 − y2)2, where x1 and y1 describe the position of

the considered atom, and x2 and y2 refer to its nearest neighbour in the other layer. The

factor a−1 is included, so that δz = 0 in the AA stacking and δz = 1 for the AB stacking.

The relaxed inter-layer distance is then calculated as zrelaxed = zmax − δz(zmax − zmin).

Twisted trilayer graphene

Mirror-symmetric TTG is constructed by aligning the top and bottom layers and twisting

the middle layer by a given angle θ, see Fig. 2.1(c). We can treat it, therefore, as a
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TBG and an extra, aligned graphene layer. The construction of the moiré vectors and

the moiré unit cell is analogous to the TBG case. The magic angle is, however, slightly

larger and equal to θ = 1.55◦ (m = 21). The number of atoms in moiré unit cell is now

Nat = 6(3m(m+ 1) + 1), which here gives 8322 atoms. The construction of the moiré BZ

is analogous to that in the TBG case.

The relaxation mechanism is also very similar to TBG, since we account for the re-

laxation effects along the z-axis by varying the inter-layer distance based on the stacking

configuration [244,261,295]. We treat the middle layer as rigid and relax only the top and

bottom layers. All the parameters are equal to those chosen for TBG. For details, see Fig.

2.3.

2.2 Formulation of the many-body problem

Theoretical methods used to study 2D materials can generally be divided into two main

approaches: atomistic and continuum. There are also methods that combine the two, such

as k ·p + DFT or effective models for Wannier orbitals of moiré centers. Atomistic methods

model materials at the scale of individual atoms and include techniques such as DFT and

tight-binding models. These approaches provide detailed insight into electronic structure,

atomic relaxation, and interlayer interactions. By capturing the full lattice geometry, they

enable a realistic treatment of strain, defects, and local symmetry breaking—essential for

understanding the complex behaviour of twisted and stacked 2D materials. Their main lim-

itation, however, is computational cost. Realistic samples often contain millions of atoms,

resulting in Hamiltonians of that dimension, making direct diagonalization highly demand-

ing. These calculations require significant optimization and high-performance computing

resources to be feasible.

Continuum models, by contrast, are far more computationally efficient. Instead of

resolving individual atoms, they treat the system using effective bands that capture the

relevant low-energy physics. Approaches like the Bistritzer-MacDonald model reproduce

the low-energy electronic and topological features of such systems.
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However, since they use strong approximations, they often fail to capture finer atomistic

features, such as particle–hole asymmetry, valley coupling, strain or edge states, which are

naturally present in atomistic descriptions. What is more, atomistic approaches are better

suited for studies of systems in a magnetic field, since they are not limited by the magnetic

UC and allow for an arbitrary magnetic field to be applied. Given our focus on achieving a

realistic and microscopically resolved picture of the system, we primarily rely on atomistic

methods in this work. In the case of twisted graphene multilayers, we use tight-binding

techniques, which offer a good trade-off between accuracy and computation time. In the

case of graphene quantum dots, we will also use ab initio methods, which are well suited

for small nanostructures.

We start our analysis by defining the many-body problem. Let us consider a system of

N electrons in a potential of M ionic positive charges:

H =
N∑
i

[
p⃗2i
2m

+ Vext(r⃗i)

]
+
∑
i<j

e2

|r⃗i − r⃗j|
, (2.7)

Here, the first term corresponds to the kinetic energy of electrons with momentum p⃗i and

mass m. The second term, Vext(r⃗i) = −
∑M

α=1
Zαe2

|r⃗i−R⃗α|
, is the Coulomb interaction between

electrons and ions, with r⃗i being the electron position, R⃗α the ion position, Z the atomic

number and e the electron charge. The last term is the Coulomb interaction between

pairs of electrons. In order to write our Hamiltonian in the second quantization, we define

the field operators. First, we identify a one body Hamilitonian term H0 and a two body

interaction term Vee:

Ĥ =
p̂2

2m
+ V̂ext︸ ︷︷ ︸

H0(r⃗)

(r⃗) + V̂ee. (2.8)

We will focus on the single particle part first:

Ĥ0 =

∫
Ψ̂†(r⃗)H0(r⃗)Ψ̂(r⃗)dr⃗ (2.9)
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The field operators Ψ̂(r⃗) are written in terms of Wannier orbitals:

Ψ̂(r⃗) =
∑
i

ϕz(r⃗ − R⃗i)ĉi. (2.10)

The creation (annihilation) operator ĉ†i (ĉi) creates (annihilates) an electron at the orbital

pz on an atom i. We insert this expression into Eq. 2.9 to obtain the Hamiltonian in the

second quantization using the basis of orthonormal states {ϕz} that are the eigenstates of

the Hamiltonian H0(r⃗), satisfying the Schrödinger equation:(
p⃗i

2m
+ Vext(r⃗ − R⃗i)

)
ϕz(r⃗ − R⃗i) = Eiϕz(r⃗ − R⃗i) (2.11)

Ĥ0 =
∑
i,j

ĉ†i ĉj

∫
ϕ∗
z(r⃗ − R⃗i)H0(r⃗)ϕz(r⃗ − R⃗j)dr⃗ (2.12)

and use the explicit form of H0(r⃗):

H0(r⃗) =
p̂2

2m
+
∑
l

V̂ion(r⃗ − R⃗l), (2.13)

which gives us:

Ĥ0 =
∑
i,j

c†icj

∫
ϕ∗
z(r⃗ − R⃗i)

[
p̂2

2m
+
∑
l

V̂ion(r⃗ − R⃗l)

]
ϕz(r⃗ − R⃗j)dr⃗ (2.14)

If we focus on the effect of the Hamiltonian on site j, we can divide the sum over l into
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two terms - the onsite contribution and all others:

H =
∑
i,j

c†icj

∫
ϕ∗
z(r⃗ − R⃗i)

[
p̂2

2m
+ V̂ion(r⃗ − R⃗j) +

∑
l ̸=j

V̂ion(r⃗ − R⃗l)

]
ϕz(r⃗ − R⃗j)dr⃗

=
∑
i,j

c†icj

∫
ϕ∗
z(r⃗ − R⃗i)

[
p̂2

2m
+ V̂ion(r⃗ − R⃗j)

]
ϕz(r⃗ − R⃗j)dr⃗︸ ︷︷ ︸

Ejδij

+
∑
i,j

c†icj

∫
ϕ∗
z(r⃗ − R⃗i)

[∑
l ̸=j

V̂ion(r⃗ − R⃗l)

]
ϕz(r⃗ − R⃗j)dr⃗︸ ︷︷ ︸

tij

.

(2.15)

Where in the second line, we use the fact that the orbitals ϕz are eigenstates of H0(r⃗), see

Eq. 2.11:

Ĥ0 =
∑
i

Eic†ici +
∑
i,j,σ
i ̸=j

tijc
†
icj (2.16)

Now we can analogously treat the interaction part V̂ee:

V̂ee =
1

2

∫ ∫
drdr′Ψ+(r)Ψ+(r′)V (r⃗ − r⃗′)Ψ(r′)Ψ(r) (2.17)

Here:

V (r⃗ − r⃗′) =
e2

|r⃗ − r⃗′|
(2.18)

Again, we use the orthonormal basis ϕi to write V̂ee in terms of creation and annihilation

operators:

V̂ee =
1

2

∑
ijkl

c†ic
†
jckcl

∫ ∫
ϕz(r⃗ − R⃗i)ϕz(r⃗′ − R⃗j)V (r⃗ − r⃗′)ϕz(r⃗′ − R⃗k)ϕz(r⃗ − R⃗l)dr⃗dr⃗′︸ ︷︷ ︸

Vijkl

(2.19)
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This way we get the full many-body Hamiltonian in the second quantization form:

H =
∑
i

Eic†ici +
∑
i,j,σ
i ̸=j

tijc
†
icj +

1

2

∑
ijkl

Vijklc
†
ic

†
jckcl (2.20)

Here we are considering graphene with only one type of orbital, and since the Hamiltonian

conserves the number of electrons and we will always work in situations with a fixed number

of particles, therefore the Ei onsite term will be constant and can be neglected at this point.

In this work, we will approximate the Wannier orbitals by pz orbitals centered at atomic

positions. We will also consider a sum over all i and j, assuming that when i = j, t = 0. We

will now focus on the simplified form of this Hamiltonian and its single-particle properties.

2.3 Single electron physics

2.3.1 Tight-binding method for twisted graphene multilayers

We focus now on the single particle physics, and will consider the electron-electron inter-

actions later. Our Hamiltonian simplifies then to:

H =
∑
i,j

tijc
†
icj. (2.21)

For convenience, we will now start to make a distinction between sublattices, and enumerate

them with an α index, splitting the sum over all atoms, into a sum over UC and sublattices:

H =

NUC∑
i,j

Nat∑
αβ

tαβij c
†
iαcjβ. (2.22)

This Hamiltonian is an ab initio-based tight-binding model for pz atomic orbitals [198,199]

and tunnelling over all the atoms in the sample. N = NUC ·Nat represents the total number

of atoms, equal to the number of UCs NUC multiplied by the number of atoms in the unit
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cell Nat, while c†iα (ciα) is the creation (annihilation) operator for a particle on the pz orbital

centered on atom in UC i, on sublattice α. The hopping parameter is defined as [198]:

tαβij = (1 − n2)γ0 exp

(
λ1

(
1 − |r⃗i + τ⃗α − r⃗j − τ⃗β|

a

))
+n2γ1 exp

(
λ2

(
1 − |r⃗i + τ⃗α − r⃗j − τ⃗β|

c

))
,

(2.23)

where a = 1.412 Å is the carbon-carbon distance, and c = 3.36 Å is a non-relaxed interlayer

distance. The direction cosine along the z-axis is denoted by n. Intra-layer hopping is

parametrized by γ0 = −2.835 eV, while inter-layer hopping is by γ1 = 0.48 eV. The

dimensionless decay constants are λ1 = 3.15 and λ2 = 7.50. These parameters were

obtained in Ref. [198] by fitting to the ab initio results of unrotated graphene bilayers

in different stacking configurations, as well as bilayers rotated by larger twist angles. A

general solution for all twist angles has been interpolated from these calculations. These

parameters are known to reproduce well the ab initio band structure of MATBG [197,199],

as well as the ab initio Dirac cone velocity renormalization for arbitrary twist angles [198].

We opt for γ0 = −2.835 eV value to match our band structure as well as possible to state-

of-the-art ab initio MATBG band structure in Ref. [197], focusing on the flat band width,

remote gap values, and the electron-hole asymmetry in the flat band. Such parametrization

works equally well for the case of trilayer graphene.

For our calculations, we consider interactions of atoms within a distance ≤ 6a from the

considered atom. Including additional neighbours does not cause significant quantitative

changes in our results. For example, if cutoff radius is set to rcutoff = 7a, maximal flat

band energy difference is 0.002 meV around Γ point in the top conduction band of the

flat band. However, for a smaller hopping radius (e.g. rcutoff = 4a), the band structure

difference becomes visible, e.g. of the order of 0.5 meV around the Γ point for the flat

band conduction band.

To account for the presence of an hBN substrate, we introduce a staggered potential

∆hBN to the bottom layer of our system (in the bilayer case), or to the top and bottom
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layers (trilayer case). We can therefore define:

Ĥ∆hBN
= ∆hBN

∑
i

∑
α

ταi |lαi |c
†
iαciα (2.24)

where lαi = 1, 0,−1 for top, middle and bottom layers respectively for TTG and 1, 0

for bottom and top layers for TBG. ταi = 1,−1 when α belongs to sublattice A and B,

respectively, in both cases. This way, there is a 2∆hBN difference in onsite energy between

A and B atoms of the top and bottom layers for trilayers. Furthermore, a perpendicular

electric field is introduced in the TTG case, modifying the potential difference between the

top and bottom layers:

Ĥ∆V
=

∆V

2

∑
i

∑
α

lαi c
†
iαciα. (2.25)

We want to diagonalize this Hamiltonian in the reciprocal space. In order to do so, we

have to rotate our creation and annihilation operators:

ĉ†iα =
1√
NUC

∑
k

eik⃗·(R⃗i+τ⃗α)â†kα

ĉiα =
1√
NUC

∑
k

e−ik⃗·(R⃗i+τ⃗α)âkα.
(2.26)

Here R⃗i denote the position of a unit cell and τ⃗α the position of an atom within the unit

cell, i.e. the sublattice. In the following derivation, we will not consider terms 2.25 and

2.24 separately, since they will behave as tααii and their transformation can be adapted from

the final result. We can now rewrite our Hamiltonian 2.22 in terms of operators a†kα and

akα:

H =
∑
i,j

∑
αβ

tαβij
1√
NUC

∑
k

eik⃗·(R⃗i+τ⃗α)a†k,α
1√
NUC

∑
k′

e−ik⃗
′·(R⃗j+τ⃗β)ak′,β

=
1

NUC

∑
i,j

∑
αβ

tαβij
∑
k,k′

eik⃗·(R⃗i+τ⃗α)e−ik⃗
′·(R⃗j+τ⃗β)a†k,αak′,β.

(2.27)
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We now introduce a new variable r⃗ = R⃗i + τ⃗α − R⃗j − τ⃗β:

H =
1

NUC

∑
i

∑
αβ

∑
r⃗

t(r⃗)
∑
k,k′

eik⃗·(R⃗i+τ⃗α)e−ik⃗
′·(R⃗i+τ⃗α−r⃗)a†k,αak′,β (2.28)

Rearranging the variables, we have:

H =
1

NUC

∑
i

∑
αβ

∑
r⃗

t(r⃗)
∑
k,k′

ei(k⃗−k⃗
′)·(R⃗i+τ⃗α)e−ik⃗

′·r⃗a†k,αak′,β

=
∑
αβ

∑
r⃗

t(r⃗)
∑
k,k′

e−ik⃗
′·r⃗
∑
i

1

NUC

ei(k⃗−k⃗
′)·(R⃗i+τ⃗α)

︸ ︷︷ ︸
δ
k⃗,k⃗′

a†k,αak′,β

=
∑
k

∑
αβ

∑
r⃗

t(r⃗)e−ik⃗·r⃗a†k,αak,β.

(2.29)

When applied to twisted graphene multilayers, the moiré unit cell contains around 105

atoms, and because the hopping vanishes quickly with the distance, the sum over r⃗ reduces

to a single non-zero element from either the considered unit cell or its nearest neighbours.

Hopping terms tαβij are defined in Eq. 2.23 and depend on the sublattice and unit cell

position of the considered atoms. k⃗ = (kx, ky) represents the wave vector within the 1st

moiré BZ.

If we consider the case of monolayer graphene in the NN approximation, we can consider

two cases:

t(r⃗) =

t for r⃗ = ±b⃗1,±b⃗2,±b⃗3
0 otherwise

(2.30)

where b⃗1, b⃗2, b⃗3 are the vectors connecting a given atom to its three NN. Then our expression

becomes:

H = t
∑
k

∑
αβ

(
e−ik⃗·⃗b1 + e−ik⃗·⃗b2 + e−ik⃗·⃗b3

)
︸ ︷︷ ︸

f(k)

a†k,αak,β.
(2.31)
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Our Hamiltonian matrix for the graphene case is then:

H =
∑
k⃗

(a†kA a†kB)

(
0 f(k)

f ∗(k) 0

)(
akA

akB

)
(2.32)

which is the commonly used form.

2.3.2 Continuum model for twisted graphene multilayers

An alternative approach to the atomistic models for graphene multilayers is a continuum

description that makes use of the periodicity of the moiré lattice. The most widely used

approach is that of the Bistritzer-MacDonald (BM) model [7]. Below we present its deriva-

tion.

Geometry of twisted bilayer graphene

We start off by considering two graphene layers in an AB stacking with a relative twist θ

between them. We define lattice vectors for layer j as:

a⃗
(j)
1 = a0R

(j)
θ/2

(
−1

2
,

√
3

2

)

a⃗
(j)
2 = a0R

(j)
θ/2

(
−1

2
,−

√
3

2

)
,

(2.33)

where a0 is the graphene lattice constant (a0 = a
√

3) and R
(j)
θ/2 is the rotation matrix for

layer j. Each layer consists of two sublattices, whose position is described with the vectors
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τ :

τ⃗
(1)
A = (0, 0)

τ⃗
(1)
B =

a0√
3
R

(1)
θ/2(0, 1)

τ⃗
(2)
A = − a0√

3
R

(2)
θ/2(0, 1)

τ⃗
(2)
B = (0, 0).

(2.34)

The reciprocal lattice vectors for layer j satisfy the relation G⃗
(j)
a · a⃗(j)b = 2πδab and are given

by:

G⃗
(j)
1 =

4π

a0
√

3
R

(j)
θ/2

(
−
√

3

2
,
1

2

)

G⃗
(j)
2 =

4π

a0
√

3
R

(j)
θ/2

(
−
√

3

2
,−1

2

)
.

(2.35)

Moiré periodicty

A twist in real space results in a relative rotation between the BZs of the two graphene

layers in reciprocal space. This rotation causes a shift between the Dirac points of the

individual layers, from which a new, smaller BZ—the moiré BZ—can be defined (see Fig.

2.4 (a)). While the twist angle between the layers can, in principle, take any value, only

a discrete set of angles leads to commensurability between the original graphene lattices

and the emergent moiré pattern. At these special angles, known as commensurate twist

angles, a new periodicity arises in the system, allowing us to define a moiré superlattice.

The corresponding moiré lattice vectors were introduced earlier in Section 2.1.

The BM model contains two single-layer Dirac Hamiltonians describing isolated graphene

sheets and a tunnelling term for hopping between them. Single graphene layer Hamiltonian
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Figure 2.4: Reciprocal space geometry of TBG: (a) Two graphene BZ, in blue and red,
twisted with respect to each other by angle θ. The resulting moiré BZ is shown in green.
(b) Lattice of moiré BZs. Points originating from the top graphene BZ are marked in red,
and the bottom in blue. (c) Vectors q⃗i connecting NN in the moiré reciprocal space.

for valley K has the form:

hK(k⃗) = ℏvF σ⃗ · k⃗ = ℏvF

(
0 kx − iky

kx + iky 0

)
, (2.36)

and for valley K’:

hK
′
(k⃗) = ℏvF σ⃗∗ · k⃗ = ℏvF

(
0 kx + iky

kx − iky 0

)
(2.37)

where k⃗ = (kx, ky) and σ⃗ is the Pauli matrix.

We focus on the low-energy spectrum, which is governed by electronic states near the

Dirac points (K and K’) of the graphene BZ. Since the K and K’ valleys are separated by

a large momentum in reciprocal space, intervalley scattering is suppressed, and the two

valleys can be treated as decoupled. We can therefore analyze each valley independently
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Interlayer tunneling terms

As mentioned, our Hamiltonian can be divided into two decoupled graphene Hamiltonians,

and tunnelling between them. The monolayer wavefunctions have the form:∣∣∣ψ(1)

k⃗,α

〉
=

1√
N

∑
R⃗(1)

eik⃗·(R⃗
(1)+τ⃗

(1)
α )
∣∣∣R⃗(1) + τ⃗ (1)α

〉
∣∣∣ψ(2)

k⃗,β

〉
=

1√
N

∑
R⃗(2)

eik⃗·(R⃗
(2)+τ⃗

(2)
β )
∣∣∣R⃗(2) + τ⃗

(2)
β

〉
,

(2.38)

for the top and bottom layer, respectively. Then we can write the tunnelling matrix

elements as:

Tαβkp =
〈
ψ

(1)
kα

∣∣∣HT

∣∣∣ψ(2)
pβ

〉
=

1

N

∑
R⃗(1)

∑
R⃗(2)

eip⃗·(R⃗
(2)+τ⃗

(2)
β )−ik⃗·(R⃗(1)+τ⃗

(1)
α )
〈
R⃗(1) + τ⃗ (1)α

∣∣∣HT

∣∣∣R⃗(2) + τ⃗
(2)
β

〉
.

(2.39)

Here:〈
R⃗(1) + τ⃗ (1)α

∣∣∣HT

∣∣∣R⃗(2) + τ⃗
(2)
β

〉
= t
(
R⃗(1) + τ⃗ (1)α − R⃗(2) − τ⃗

(2)
β

)
∼ e

− 1
λ

(
|R⃗(1)+τ⃗

(1)
α −R⃗(2)−τ⃗ (2)β |

)2

(2.40)

The Fourier transform of the t(r⃗) function has the form:

t
(
R⃗(1) + τ⃗ (1)α − R⃗(2) − τ⃗

(2)
β

)
=

1

NΩ

∑
k⃗′

∑
G⃗′(1)

t
k⃗′+G⃗′(1)e

i
(
k⃗′+G⃗′(1)

)
·
(
R⃗(1)+τ⃗

(1)
α −R⃗(2)−τ⃗ (2)β

)
. (2.41)

Here k⃗′ are the momenta from the original BZ, G⃗′(1) are reciprocal vectors of one chosen

layer, and Ω is the UC area. Summing over both of these vectors, we make sure to cover

the whole reciprocal space. We can now calculate Tαβkp . We insert the Fourier transform

2.41 into the equation 2.39:

Tαβkp =
1

N2Ω

∑
R⃗(1)

∑
R⃗(2)

∑
k⃗′

∑
G⃗′(1)

t
k⃗′+G⃗′(1)e

i
(
k⃗′+G⃗′(1)

)
·
(
R⃗(1)+τ⃗

(1)
α −R⃗(2)−τ⃗ (2)β

)
eip⃗·(R⃗

(2)+τ⃗
(2)
β )−ik⃗·(R⃗(1)+τ⃗

(1)
α ).

(2.42)
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We can reorder the terms in the exponents to obtain:

Tαβkp =
1

N2Ω

∑
R⃗(1)

∑
R⃗(2)

∑
k⃗′

∑
G⃗′(1)

t
k⃗′+G⃗′(1)e

−iR⃗(1)·(k⃗−G⃗′(1)−k⃗′)eiR⃗
(2)·(p⃗−G⃗′(1)−k⃗′)e

i
[
(k⃗′+G⃗′(1))·(τ⃗ (1)α −τ⃗ (2)β )+p⃗·τ⃗ (2)β −k⃗·τ⃗ (1)α

]

(2.43)

We can now use the properties of the Fourier transforms to simplify (proof in the Appendix

A):

1

N

∑
R⃗(1)

e−iR⃗
(1)·(k⃗−G⃗′(1)−k⃗′) =

∑
G⃗(1)

δ
k⃗+G⃗(1),k⃗′+G⃗′(1) (2.44)

We obtain:

Tαβkp =
1

N2Ω

∑
G⃗(1)

∑
G⃗(2)

∑
k⃗′

∑
G⃗′(1)

t
k⃗′+G⃗′(1)δk⃗+G⃗(1),k⃗′+G⃗′(1)δk⃗′+G⃗(1),p⃗+G⃗(2)e

i
[
(k⃗′+G⃗′(1))·(τ⃗ (1)α −τ⃗ (2)β )+p⃗·τ⃗ (2)β −k⃗·τ⃗ (1)α

]
.

(2.45)

We can now perform a few simplifications:

Tαβkp =
1

N2Ω

∑
G⃗(1)

∑
G⃗(2)

tk⃗+G⃗(1)δk⃗+G⃗(1),p⃗+G⃗(2)e
i
[
(k⃗+G⃗(1))·(τ⃗ (1)α −τ⃗ (2)β )+p⃗·τ⃗ (2)β −k⃗·τ⃗ (1)α

]

=
1

N2Ω

∑
G⃗(1)

∑
G⃗(2)

tk⃗+G⃗(1)δk⃗+G⃗(1),p⃗+G⃗(2)e
i
[
(p⃗−k⃗)·τ⃗ (2)β +G⃗(1)·τ⃗ (1)α −G⃗(1)·τ⃗ (2)β

]
.

(2.46)

The delta function gives us the condition:

k⃗ + G⃗(1) = p⃗+ G⃗(2)

p⃗− k⃗ = G⃗(1) − G⃗(2)
(2.47)
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Using it, we obtain:

Tαβkp =
1

N2Ω

∑
G⃗(1)

∑
G⃗(2)

tk⃗+G⃗(1)δk⃗+G⃗(1),p⃗+G⃗(2)e
i
[
G⃗(1)·τ⃗ (2)β −G⃗(2)·τ⃗ (2)β +G(1)·τ⃗ (1)α −G(1)τ⃗

(2)
β

]

=
1

N2Ω

∑
G⃗(1)

∑
G⃗(2)

tk⃗+G⃗(1)δk⃗+G⃗(1),p⃗+G⃗(2)e
−i

[
G(2)·τ⃗ (2)β −G(1)·τ⃗ (1)α

]

.

(2.48)

We will now introduce notation: G
(j)
n,m = nG

(j)
1 +mG

(j)
2 . Then the final hopping form is:

Tαβkp =
∑
n1,m1

∑
n2,m2

tk⃗+G⃗(1)

Ω
δk⃗+G⃗(1),p⃗+G⃗(2)e

−i
(
G⃗

(2)
n2,m2

·τ⃗ (2)β −G⃗(1)
n1,m1

·τ⃗ (1)α

)
(2.49)

We will now make use of the NN approximation, since the BM model only includes hoppings

between NN in the reciprocal space: k⃗− p⃗ = q⃗j. Here, q⃗j is a vector connecting NN in the

reciprocal space of the lattice generated by repeated hoppings. It is schematically shown

in Fig. 2.4 (b) and (c). Imposing that approximation simplifies our hopping term to three

matrices (Ti)
αβ:

(Ti)
αβ = we

−i
(
G⃗

(2)
n2,m2

·τ⃗ (2)β −G⃗(1)
n1,m1

·τ⃗ (1)α

)
. (2.50)

Here w =
t
k⃗+G⃗(1)

Ω
≈ t

K(1)

Ω
. The approximation comes from the fact that the hopping

tk decays exponentially with respect to |k|. We will now consider the possible forms of

the resulting matrices for j = 1, 2, 3 (details in the Appendix A). For j = 1, we have

(n1,m1) = (0, 0).

T1 = w

[
1 1

1 1

]
(2.51)

For j = 2, (n2,m2) = (0, 1):

T2 = w

[
e−i

2π
3 ei

2π
3

1 e−i
2π
3

]
(2.52)
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and for j = 3, (n3,m3) = (1, 0):

T3 = w

[
ei

2π
3 e−i

2π
3

1 ei
2π
3

]
(2.53)

The final form of the full BM Hamiltonian is then:

HK(k⃗) =


hKθ (k⃗) wT1 wT2 wT3 ...

wT1 hKθ (k⃗ − q⃗1) 0 0 ...

wT2 0 hKθ k⃗ − q⃗2) 0 ...

wT3 0 0 hKθ (k⃗ − q⃗3) ...

... ... ... ... ...

 (2.54)

The Bistritzer-MacDonald model provides an effective description of the low-energy elec-

tronic structure of twisted bilayer graphene near the Dirac points. By incorporating the

moiré periodicity and interlayer tunnelling between rotated graphene layers, the model

captures the formation of flat bands and the emergence of correlated electron behaviour

at magic angles. This Hamiltonian forms the foundation for understanding many of the

novel electronic phases observed in twisted bilayer graphene, including superconductivity

and correlated insulator states [8, 9, 27].

2.3.3 Topology and Chern numbers

The emergence of flat bands and correlated phases in twisted graphene multilayers has

drawn attention to the role of topology in these systems. Topological band invariants, such

as Chern numbers and Berry curvature, have become essential tools for understanding the

unconventional superconductivity, anomalous Hall effects, and other quantum phenomena

that emerge in moiré superlattices.

In particular, the understanding of various Hall effects begins with the integer quantum

Hall effect, which refers to the quantization of the Hall conductance of a material at integer

multiples of e2/h. This integer is equal to the Chern number, which in turn is associated
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with the Berry curvature of electronic Bloch bands. Therefore, the physical meaning of

non-zero Chern numbers refers to quantized conductance and is a signature of quantum

Hall states. It may also indicate topological insulating behaviour of the system, if the

time reversal symmetry is broken. In such systems, for specific Fermi levels, electrical

transport occurs exclusively through the edge states, while the bulk remains insulating.

The Chern numbers are computed as integrals of the Berry curvature, often interpreted as

a fictitious magnetic fields, over the toroidal Brillouin zone. As such, they play a crucial

role in identifying emergent topological phases and provide insight into the geometry of

the wavefunctions. Specifically, the Chern number associated with the nth energy band is

defined as:

cn =
1

2πi

∫
T 2

d2kF n
12(k) (2.55)

where the Berry connection Anµ(k) (µ = 1, 2) and the associated field strength F12(k) are

given by:

Anµ(k) = ⟨n(k)| ∂µ |n(k)⟩

F n
12(k) = ∂1A

n
2 (k) − ∂2A

n
1 (k).

(2.56)

Here |n(k)⟩ is a normalized wave function of the nth band, such that H(k) |n(k)⟩ =

En |n(k)⟩. The derivative ∂µ stands for ∂/∂kµ.

In this section, we focus on quantitative description of topology of the structure using

Chern numbers. Depending on the system and its geometry, we employ two different

methods to calculate it.

Graphical method

In the nanoribbon geometry, where the system is periodic in one direction and finite in the

other, we employ a graphical method to determine the Chern number. This approach is

analogous to the case of Landau levels in a magnetic field, where non-zero Chern numbers

correspond to energy levels connected by chiral edge modes traversing the bulk gap. In

nanoribbons, similar chiral edge states emerge within topological bands. By identifying
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and counting the number of edge states crossing the energy gap, we can assign an effective

Chern number to the gap.

The microscopic properties of the wave functions of the flat band and the edge states

are characterized by the local density of states (LDOS) for a representative choice of the

magnetic field. We use the following definition of LDOS:

n(xi, yi, E) = N−1
k1D

∑
λ,k1D

|ψk1D,λ(xi, yi)|2δ(E − Ek1D,λ). (2.57)

Here, n is the LDOS for given coordinates xi and yi at a given energy. Nk1D is the nor-

malization constant and relates to the number of states considered, λ is the eigenvalue

index, which together with the wave vector k1D enumerates the eigenvalue Ek1D,λ and the

eigenvector ψk1D,λ(xi, yi).

Numerical method

In the bulk case, we calculate the Chern numbers using a numerical procedure on a dis-

cretized BZ [296]. For a single isolated band, the Chern number is given by:

cn =
1

2πi

∑
l

F12(kl) (2.58)

where the sum runs over the lattice points k⃗l in the discretized BZ, and F12(k⃗l) is the lattice

field strength defined as

F12(kl) ≡ ln
(
U1(kl)U2(kl + 1̂)U1(kl + 2̂)−1U2(kl)

−1
)

(2.59)

Here, Uµ(k⃗l) are the link variables, constructed from the normalized overlap of wave func-

tions at neighbouring k-points:

Uµ(kl) ≡ ⟨n(kl)|n(kl + µ̂)⟩ /| ⟨n(kl)|n(kl + µ̂)⟩ |, (2.60)
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where µ = 1, 2 labels the two directions in the 2D BZ, and µ̂ denotes the discrete step in

the µ-th direction.

This method generalizes naturally to the multiband case, where one computes the total

Chern number associated with a group of n occupied bands. To do so, we define n-bands

link variable Uµ(k⃗i) from the chosen set of wave functions ψ = (|ϕ1⟩ , ..., |ϕn⟩) as

Uµ(k⃗i) ≡ detψ†(k⃗i)ψ(k⃗i + µ̂)/| detψ†(k⃗i)ψ(k⃗i + µ̂)| (2.61)

The corresponding lattice field strength is

F (k⃗i) = ln
(
U1(k⃗i)U2(k⃗i + 1̂)U1(k⃗i + 2̂)−1U2(k⃗i)

−1
)

(2.62)

The Chern number for the n bands is then defined

cψ ≡ (2πi)−1
∑
j

F (k⃗j) (2.63)

Note that in both cases, since Uµ(k⃗i) is normalized, F (k⃗i) is purely imaginary, and the

Chern number cψ is real.

2.4 Mean field approximations

In this section, we describe the mean-field approaches employed in our work to account for

electron-electron interactions—namely, the Hartree-Fock method and DFT. These meth-

ods reduce the complexity of the many-body problem by approximating the interacting

electron system with an effective single-particle picture, where each electron moves in

a self-consistent potential generated by all other electrons. While Hartree-Fock explicitly

treats exchange interactions through a non-local potential, DFT incorporates the exchange

interactions via a local exchange functionals that depend on the electron density. Both

approaches provide valuable insight into the electronic structure of materials and serve as

the foundation for more advanced treatments of correlations.
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2.4.1 Hartree-Fock approximation

The Hartree-Fock approximation replaces the many body wavefunction with a single Slater

determinant of effective orbitals that are solutions of an effective Hamiltonian, which is

quadratic in the electron creation and annihilation operators. This effective Hamiltonian

can be readily diagonalized, making the problem computationally tractable while still

capturing key interaction effects. We will use this approach to study twisted graphene

multilayers.

We start by considering the many-body Hamiltonian:

H =
∑
i,j,σ
i ̸=j

tijc
†
i,σcj,σ +

1

2

∑
ijkl
σ,σ′

Vijklc
†
i,σc

†
j,σ′ck,σ′cl,σ (2.64)

Since the second term contains two-body operators, it is the most challenging. In the

Hartree-Fock approximation, we can write it as one-body terms. We will use Wick’s

theorem to do so, and replace two of the operators by their average. We can choose four

different expectation values, which leave us with four terms:

HI =
1

2

∑
ijkl
σ,σ′

⟨ij|V |kl⟩ c†i,σc
†
j,σ′ck,σ′cl,σ

≈ 1

2

∑
ijkl
σ,σ′

⟨ij|V |kl⟩
(
⟨c†jσ′ckσ′⟩ c†iσclσ + ⟨c†iσclσ⟩ c

†
jσ′ckσ′

)

− 1

2

∑
ijkl
σ,σ′

⟨ij|V |kl⟩
(
⟨c†jσ′clσ⟩ c†iσckσ′ + ⟨c†iσckσ′⟩ c†jσ′clσ

)
δσσ′

(2.65)

Here ⟨ij|V |kl⟩ = Vijkl. We note, that ⟨c†iσckσ′⟩ will be zero if σ ̸= σ′, hence we have δσσ′ .

Since ⟨ij|V |kl⟩ = ⟨ji|V |lk⟩, we can simplify our expression to:

HI =
∑
ijkl
σ,σ′

⟨ij|V |kl⟩
(
⟨c†jσ′ckσ′⟩ c†iσclσ

)
−
∑
ijkl
σ,σ′

⟨ij|V |kl⟩
(
⟨c†jσ′clσ⟩ c†iσckσ′ δσσ′

)
(2.66)
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In the second term, we will exchange the dummy index k with l. This gives us:

HI =
∑
ijkl
σ,σ′

⟨ij|V |kl⟩
(
⟨c†jσ′ckσ′⟩ c†iσclσ

)
−
∑
ijkl
σ,σ′

⟨ij|V |lk⟩
(
⟨c†jσ′ckσ⟩ c†iσclσ′ δσσ′

)
. (2.67)

We can now factor out the operators:

HI =
∑
ijkl
σ,σ′

(⟨ij|V |kl⟩ − ⟨ij|V |lk⟩ δσσ′) ⟨c†jσ′ckσ′⟩c†iσclσ. (2.68)

The full Hartree-Fock Hamiltonian then has the form:

HHF =
∑
i,j,σ
i ̸=j

tijc
†
i,σcj,σ +

∑
ijkl
σ,σ′

(⟨ij|V |kl⟩ − ⟨ij|V |lk⟩ δσσ′) ⟨c†jσ′ckσ′⟩c†iσclσ. (2.69)

To simplify the notation we will define ρ0jkσ′ = ⟨c†jσ′ckσ′⟩. This Hamiltonian can be di-

agonalized in a self-consistent manner, in which we start with a trial density ρ0jkσ′ and

carry out the calculation as long as a desired convergence is reached between the input and

output density.

We can now rewrite this equation, defining an effective hopping t′il:

t′il =

[
til +

∑
j,k,σ′

(⟨ij|V |kl⟩ − ⟨ij|V |lk⟩ δσσ′) ρ0jkσ′

]
(2.70)

which gives us the Hamiltonian in the form:

HHF =
∑
i,l,σ

t′ilc
†
iσclσ (2.71)

It is important to note that if the hopping parameters of the tight-binding Hamiltonian

are fitted to the output of a Hartree-Fock-based mean-field calculation, the resulting hop-

ping parameters t′ij will already incorporate interaction effects. Consequently, care must
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be taken to avoid double-counting these interactions in subsequent calculations. The same

consideration applies when using hopping parameters derived from DFT-based mean-field

calculations. This effective hopping is analogous to the ab initio fitted hopping used in our

tight-binding calculations for graphene nanostructures. As such, our tight-binding model

already incorporates mean-field interactions. To perform a consistent Hartree-Fock calcu-

lation and avoid double counting, it is necessary to subtract this mean-field contribution.

Let us now consider:

t′il = til +
∑
j,k,σ′

(⟨ij|V |kl⟩ − ⟨ij|V |lk⟩ δσσ′) ⟨c†jσ′ckσ′⟩︸ ︷︷ ︸
τil

(2.72)

We have then:

t′il = til + τil (2.73)

t′il is the effective mean-field hopping, which we do have; til is a bare, single particle hopping,

which is not directly known. τil can be calculated. We can therefore express:

til = t′il − τil (2.74)

We can write the original, many-body Hamiltonian 2.64 as:

H =
∑
i,j,σ
i ̸=j

(
t′ij − τij

)
c†i,σcj,σ +

1

2

∑
ijkl
σ,σ′

Vijklc
†
i,σc

†
j,σ′ck,σ′cl,σ (2.75)

Reorganizing the terms, we obtain:

H =
∑
i,j,σ
i ̸=j

t′ijc
†
i,σcj,σ +

1

2

∑
ijkl
σ,σ′

Vijklc
†
i,σc

†
j,σ′ck,σ′cl,σ −

∑
i,j,σ
i ̸=j

τijc
†
i,σcj,σ (2.76)

We can apply the Hartree-Fock approximation again to the interacting term, remembering

that this time, the interaction refers to a modified system (multilayer graphene or a finite
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structure):

1

2

∑
ijkl
σ,σ′

Vijklc
†
i,σc

†
j,σ′ck,σ′cl,σ ≈

∑
il

∑
j,k,σ′

(⟨ij|V |kl⟩ − ⟨ij|V |lk⟩ δσσ′) ⟨c†jσ′ckσ′⟩︸ ︷︷ ︸
ρjkσ′

c†iσclσ (2.77)

Now, if we insert it back into Eq. 2.75

H =
∑
i,j,σ
i ̸=j

t′ijc
†
i,σcj,σ +

∑
il

∑
j,k,σ′

(⟨ij|V |kl⟩ − ⟨ij|V |lk⟩ δσσ′) ρjkσc
†
iσclσ

−
∑
i,j,σ
i ̸=j

∑
j,k,σ′

(⟨ij|V |kl⟩ − ⟨ij|V |lk⟩ δσσ′) ρ0jkσc
†
iσclσ

(2.78)

This can be simplified to:

H =
∑
i,j,σ
i ̸=j

t′ijc
†
i,σcj,σ +

∑
il

∑
j,k,σ′

(⟨ij|V |kl⟩ − ⟨ij|V |lk⟩ δσσ′)
(
ρjkσ − ρ0jkσ

)
c†iσclσ (2.79)

This is the final form of Hartree-Fock approximation, where ρ0 refers to the density matrix

from bulk graphene, and ρ is the density matrix to be determined self-consistently. If we

applied this Hamiltonian to the case of bulk graphene, ρ = ρ0, and we would recover the

original bulk graphene solution.

Hartree approximation

We can now apply a classical Hartree approximation to our Hamiltonian. Then, only the

electrostatic density-density interaction is present, which is equivalent to neglecting the

scattering term, and considering only direct interaction for j = k, i = l:

H =
∑
i,j,σ
i ̸=j

t′ijc
†
i,σcj,σ +

∑
ij,σ

(⟨ij|V |ji⟩)
(
ρjjσ − ρ0jjσ

)
c†iσciσ (2.80)
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Introducing the particle number operator n̂iσ = c†iσciσ, we have:

H =
∑
i,j,σ
i ̸=j

t′ijc
†
i,σcj,σ +

∑
i,σ

n̂iσ
∑
j

(⟨ij|V |ji⟩)
(
⟨n̂jσ⟩ − ⟨n̂0

jσ⟩
)

(2.81)

Hubbard model

Let us now consider the original many-body Hamiltonian from Eq. 2.64, restricted to onsite

interaction terms only, i.e., i = j = k = l. This leads to the Hubbard Hamiltonian:

H =
∑
i,j,σ
i ̸=j

tijc
†
i,σcj,σ +

1

2

∑
i,σ,σ′

Viiiic
†
i,σc

†
i,σ′ci,σ′ci,σ (2.82)

From here on, we denote the Coulomb repulsion Viiii as U . Expanding the spin indices

explicitly and applying the Pauli exclusion principle, we obtain:

H =
∑
i,j,σ
i ̸=j

tijc
†
i,σcj,σ +

1

2

∑
i

U
(
c†i↑c

†
i↓ci↓ci↑ + c†i↓c

†
i↑ci↑ci↓

)
(2.83)

That simplifies to:

H =
∑
i,j,σ
i ̸=j

tijc
†
i,σcj,σ +

∑
i

Un̂i↑n̂i↓ (2.84)

where niσ = c†iσciσ is spin resolved particle operator. We can now apply the Hartree-Fock

approximation. The mean-field Hamiltonian becomes:

HHF =
∑
i,j,σ
i ̸=j

tijc
†
i,σcj,σ + U

∑
i

n̂i↑⟨n̂i↓⟩ + n̂i↓⟨n̂i↑⟩. (2.85)

2.4.2 Density Functional Theory

DFT is a widely used method for calculating the properties of complex electronic sys-

tems such as molecules and solids. Its central idea is to describe the system in terms of
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its electronic density rather than the many-body wavefunction. This approach dramati-

cally simplifies the many-body problem: while exact solutions scale exponentially with the

number of electrons, DFT calculations scale polynomially, making them computationally

feasible for large systems. DFT is built on the Hohenberg-Kohn (HK) theorem and the

Kohn-Sham (KS) formalism. In the following, we’ll briefly describe both of these concepts,

relying on the derivation from Ref. [297].

Let us consider the many-body Hamiltonian for a system of N electrons:

Ĥ = T̂ + V̂ext + V̂ (2.86)

Here, T̂ is the kinetic energy operator, V̂ext is the external potential of ions and V̂ denotes

the electron-electron interaction. According to the HK theorem, the expectation value of

the Hamiltonian is a unique functional of the ground-state electron density n0(r⃗). Impor-

tantly, the operators T̂ and V̂ are universal—they are the same for all electronic systems

interacting via the Coulomb potential, while the external potential Vext uniquely defines

the Hamiltonian and thus all ground-state properties [298]. This implies that the mapping

from the external potential to the ground-state density is invertible. Therefore, knowledge

of the ground-state density n0(r⃗) is, in principle, sufficient to determine all properties of

the interacting many-body system.

An important variational principle associated with the HK theorem [298] states that

the ground state energy is a unique functional of the electron density n0(r⃗):

E [n] ≡ ⟨Ψ0[n]| T̂ + V̂ext + V̂ |Ψ0[n]⟩ (2.87)

When density n is equal to the ground state density n0, the functional E yields the exact

ground state energy E0. Therefore, by varying the density to minimize E [n] one can,

determine the ground-state energy—provided the exact form of the functional is known or

can be accurately approximated.

We now turn to the KS formalism [299], which offers a practical computational frame-

work for determining the ground-state electron density n0(r⃗). The central idea is to map
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the original interacting many-body problem onto an auxiliary non-interacting system, such

that both systems share the same ground-state density. This is achieved by introducing

an effective external potential Vs, chosen so that the non-interacting system reproduces

the exact density of the interacting one, which can be used to calculate E [n]. This scheme

provides us with a self-consistent way of computing the ground state density - we start

with a trial n(r⃗), use it to calculate Vs and obtain a new density, which serves as an input

for the next iteration until desired convergence is reached. Note that we’re solving for

a non-interacting ground state, which is much more computationally tractable than the

interacting problem. The Hamiltonian we’re diagonalizing has then the form:

Hs = Ts + Vs. (2.88)

Applying the HK theorem to this system, we can write the energy functional as:

Es[n] = Ts[n] +

∫
Vs(r⃗)n(r⃗)dr. (2.89)

Ts refers here to the kinetic energy of non-interacting particles, it is thus a different func-

tional from previously considered T [n]. The ground state density can be calculated using:

ns(r⃗) =
N∑
i=1

|ϕi(r⃗)|2, (2.90)

where ϕi are wavefunctions satisfying the KS equation:

[Ts + Vs]ϕi(r⃗) = Eiϕi(r⃗) (2.91)

However, since our original problem involves interacting electrons, we must determine a

form of the effective potential Vs such that the ground-state density of the non-interacting

system matches that of the interacting system under the external potential Vext. The

strategy is to solve for the electron density within the non-interacting system and then use

this density in an approximate functional for the total energy of the interacting system.
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First we rewrite the energy functional E [n] in the following form

E [n] = Ts[n] +

{
T [n] − Ts[n] + V [n] − e2

2

∫ ∫
n(r⃗)n(r⃗′)

|r⃗ − r⃗′|
drdr′

}
+
e2

2

∫ ∫
n(r⃗)n(r⃗′)

|r⃗ − r⃗′|
drdr′ +

∫
n(r⃗)Vext(r⃗)dr

≡ Ts +
e2

2

∫ ∫
n(r⃗)n(r⃗′)

|r⃗ − r⃗′|
drdr′ +

∫
n(r⃗)Vext(r⃗)dr +

∫
n(r⃗)Vext(r⃗)dr + Exc[n].

(2.92)

Here we have added and subtracted the kinetic Ts[n] and Hartree terms. Consequently, we

defined the terms in braces as an exchange-correlation energy functional Exc[n]. This term

includes all the information about electron-electron interactions. This way, we can focus

on developing reasonable approximations for Exc[n].

Using the variational principle, it can be shown that:

Vs(r⃗) = Vext(r⃗) +
e2

2

∫
n(r⃗)

|r⃗ − r⃗′|
dr′ + Vxc[n(r⃗)]. (2.93)

The first term represents the external potential, the second is the (electrostatic) Hartree

potential, and the last, which is the core approximation in the DFT scheme, is the exchange-

correlation potential. This way, we have the needed components to perform the KS self-

consistent scheme.

There are many elaborate ways of approximating the exchange-correlation potential. In

our calculation, we will use the simplest one, the Local Density Approximation (LDA).

2.5 Beyond the mean field description

While mean-field methods like Hartree–Fock and DFT provide valuable insights into elec-

tronic structure, they often rely on approximations that limit their accuracy, especially

in strongly correlated systems. To overcome these limitations, methods like Configura-

tion Interaction, which builds the many-body wavefunction from a linear combination of
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Slater determinants, and the Tensor Networks (TN), which, depending on the Hamiltonian

connectivity, reduce the size of the relevant Hilbert space, have been developed. In this

chapter, we provide an overview of these methods, highlighting their principles, strengths,

and computational challenges.

2.5.1 Configuration Interaction

The CI method treats the full Hamiltonian given in Eq. 2.64. It seeks to access a given

number of states written as a linear combination of configurations of electrons distributed

on single-particle energy levels. The derivation below follows the approach outlined in

Ref. [300].

Most quantum many-body problems result in a sparse matrix representation of the

Hamiltonian, with only a small number of elements being non-zero. However, before di-

agonalizing such a matrix, we must first express the many-body Hamiltonian—formulated

in the language of second quantization—as a sparse Hermitian matrix. We will show the

appropriate procedure on an example of a Hubbard Hamiltonian, similar to the one we

have already introduced for twisted multilayers:

H = t
∑
i,j,σ

c†iσcjσ + U
∑
i

ni↑ni↓ (2.94)

where U is the on-site Coulomb repulsion parameter. Hubbard Hamiltonian is a minimal

Hamiltonian containing electron-electron interaction, which however is able to capture the

essential physics of a variety of systems. We now define the configurations in which we will

expand the solution of the Schrödinger equation Hϕ = Eϕ. We focus on a specific site i,

in which case there are four possible states:

• |0⟩ = no electron at site i

• c†i↓ |0⟩ = one spin-down electron at site i

• c†i↑ |0⟩ = one spin-up electron at site i
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• c†i↓c
†
i↑ |0⟩ = one spin-down and one spin-up electron at site i.

Considering all L sites of our system we get 4L configurations which number represents the

dimension of the full Hilbert space. Since we are considering one orbital per site, so these

two terms can be used interchangeably. Since the dimension grows exponentially with sys-

tem size, the problem quickly becomes intractable, even for modern supercomputers. To

address this challenge, one can exploit the symmetries of the system to block-diagonalize

the Hamiltonian, thereby reducing its complexity. Alternatively, the size of the active

Hilbert space can be reduced by considering special kinds of configurations, e.g. excitons,

biexcitons, etc. [301], or restricting the set of active orbitals—both of which are imple-

mented in the Section 2.5.2. When the entire Hilbert space is considered, the method is

known as Full Configuration Interaction (FCI) or Exact Diagonalization.

We now demonstrate how to construct a basis for a system with L sites and N electrons,

where N↑ have spin up and N↓ have spin down. The Hamiltonian conserves the number

of electrons and the spin polarization Sz, therefore we can split the task into subspaces

with fixed number of N↑ and N↓. First, we must establish a consistent convention for

numbering the sites, which will be used throughout the calculation. In the case of the

Hubbard model, it can be convenient to order the electron states first by spin (spin-up

followed by spin-down), and then by site index. That is:

c†3↑c
†
2↑c

†
1↑c

†
3↓c

†
0↓ |0⟩ . (2.95)

This ordering has the advantage that nearest-neighbour hopping terms in the Hamiltonian

do not introduce complicated phase factors when acting on the basis states. To determine

the number of basis states, we must solve a combinatorial problem: distributing N↓ and

N↑ electrons over L sites. The total number of basis states for fixed N↑ and N↓ is given

by

(
L

N↑

)(
L

N↓

)
. If we sum over all possible configurations, we recover the full Fock space

dimension:
L∑

N↑=0

L∑
N↓=0

(
L

N↑

)(
L

N↓

)
= 2L2L = 4L (2.96)
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which matches the expected result.

We now illustrate how this basis can be implemented on a computer using an example

with L = 4 sites, N↑ = 3 and N↓ = 2. The state in Eq. 2.95 can be represented as a pair

of bit patterns:

c†3↑c
†
2↑c

†
1↑c

†
3↓c

†
0↓ |0⟩ → (↑, ↑, ↑, 0) × (↓, 0, 0, ↓) → 1110 × 1001. (2.97)

Here we denote an occupied state with ”1” and an empty state with ”0”. The number

of states for a complete basis set in the subspace L = 4, N↑ = 3, and N↓ = 2, can be

computed using the formula:(
L

N↑

)(
L

N↓

)
=

(
4

3

)(
4

2

)
= 4 · 6 = 24. (2.98)

The four configurations for spin-up electrons are:

• n = 0 0111 = 7

• n = 1 1011 = 11

• n = 2 1101 = 13

• n = 3 1110 = 14

The six configurations for spin-down electrons are:

• m = 0 0011 = 3

• m = 1 0101 = 5

• m = 2 0110 = 6

• m = 3 1001 = 9

• m = 4 1010 = 10
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• m = 5 1100 = 12

In the above, we have ordered the configurations by the integer number the binary repre-

sentation corresponds to. We have also labelled each configuration by integers n for spin

up and m for spin down, and can now create a composite index l = m ·6 +n. The example

state corresponds to n = 3 and m = 3, which gives us l = 18.

Now that we have constructed the basis set, we can apply the Hamiltonian (2.94) to

each of them to obtain the matrix elements. Assuming periodic boundary conditions, we

get e.g.:

• ↑-hopping (|1110⟩ × |1001⟩) → t(− |0111⟩ + |1101⟩) × |1001⟩

• ↓-hopping (|1110⟩ × |1001⟩) → t |1110⟩ × (|1010⟩ + |0101⟩)

• U -term (|1110⟩ × |1001⟩) → U |1110⟩ × |1001⟩

We can now use our list of configurations and find the new indices of our resulting states

to create a Hamiltonian matrix. Since our example is very small, we can do it directly.

In practice, one has to use hashing or fast search algorithms to perform this operation

in finite time and using reasonable memory resources. Built-in dictionary or map data

structures available in programming languages like C++ and Python typically provide

good performance for this purpose. In our case, we get:

• ↑-hopping |18⟩ → t(− |3⟩ + |15⟩)

• ↓-hopping |18⟩ → t(|22⟩ + |23⟩)

• U -term |18⟩ → U |18⟩.

To get the full Hamiltonian matrix, we would have to repeat this operation for each of the

24 basis states.

This example illustrates how to construct a basis of electron configurations for a given

system and apply the Hamiltonian to compute its matrix elements. While we demonstrated
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the procedure using the Hubbard Hamiltonian, the same approach can be applied to other

Hamiltonians as well. Once the matrix is constructed, it can be diagonalized to obtain the

energy spectrum. For large systems, iterative algorithms such as the Lanczos method are

commonly used to extract the low-energy states efficiently.

2.5.2 Density Functional Theory + Configuration Interaction

In this section, we show how one can combine DFT and CI methods. We start off once

again, considering the many-body Hamiltonian 2.7:

H =
N∑
i

[
p2i
2m

+ Vext(r⃗i)

]
+
∑
i<j

e2

|r⃗i − r⃗j|
, (2.99)

In the DFT formalism, the KS orbitals satisfy:

[
−∇2

r⃗ + VKS(r⃗)
]
ϕα(r⃗) = ϵαϕα(r⃗), (2.100)

where VKS(r⃗) = Vext(r⃗)+VH(r⃗)+VXC(r⃗). VKS(r⃗) is the KS potential, Vext(r⃗) is the external

potential of ions, VH(r⃗) is the Hartree potential and VXC(r⃗) is the exchange-correlation

potential. ϵα are the KS energy levels and ϕα are the KS orbitals. We will use the KS

orbitals to expand our many-body Hamiltonian:

H =
∑
αβ,σ
i ̸=j

tαβc
†
α,σcβ,σ +

1

2

∑
αβγδ
σ,σ′

Vαβγδc
†
α,σc

†
β,σ′cγ,σ′cδ,σ. (2.101)

Here tαβ are hopping terms between two KS orbitals, and Vαβγδ are Coulomb matrix

elements between different KS levels. We now aim to compute the energy spectrum of the

system described by this Hamiltonian using the CI method. However, performing a full CI

calculation is computationally demanding, as the Hilbert space grows exponentially with

system size. A common strategy to address this challenge involves reducing the number

of configurations and/or restricting the set of active orbitals included in the calculation,
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therefore the basis choice can play an important role in optimizing the number of “relevant”

orbitals. In our approach, we employ both techniques to accelerate the computation while

retaining the essential physics.

To reduce the number of active orbitals, we develop a projected CI procedure. We can

divide the original orbital basis into two sets: frozen (F) and active (A). We can define

them using a critical energy ϵRB (where RB denotes remote bands):

ϵα ≤ ϵRB, α ∈ F

ϵα > ϵRB, α ∈ A.
(2.102)

The value of ϵRB is determined through a convergency study. The number of necessary

active states is not known apriori, and will depend on the specific system. However, we

always want to limit our calculations to the smallest possible number of active states, to

make the computation time shorter. We restrict our Hilbert space in such a way, that all

configurations, the orbitals with energy smaller or equal to ϵRB are occupied. To derive an

expression for the projected Hamiltonian, we will also rename the creation and annihilation

operators in the following way:

c†α =

{
b†α, α ∈ F

a†α, α ∈ A
(2.103)

After some transformations, considering different possibilities, and removing constant

terms, we can write the Hamiltonian of the active part as:

HA =
∑
αβ∈A

(tαβ + Σαβ) a†αaβ +
1

2

∑
αβγδ∈A

Vαβγδa
†
αa

†
βaγaδ, (2.104)

where Σαβ =
∑

κ∈F (vακκβ − vακβκ) is the mean field contribution from the frozen, filled

states. This contribution effectively renormalizes the bare hopping terms in a manner

analogous to the Hartree-Fock approach. This method allows us to choose a configuration

space that is adequate to the problem considered and within the capabilities of modern

computer memory.
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2.5.3 Tensor Networks

TN methods, such as Matrix Product States (MPS) and Projected Entangled Pair States

(PEPS), offer a powerful alternative for studying strongly correlated systems, especially

when the Hilbert space becomes too large for CI methods to be practical. TN techniques

offer a compact and efficient framework for representing quantum many-body states, based

on the entanglement structure of the wavefunction rather than the full Hilbert space.

They allow accurate approximations of ground states and low-energy excitations while

dramatically reducing computational cost.

TN methods use interconnected tensors to represent quantum states, which capture the

information about the entanglement in the system. This approach dramatically differs from

the conventional way, where we focus on the configuration coefficients. Let us consider an

example of a spin 1
2

chain. A general state on the chain of length L can be written as:

|ψ⟩ =
∑

σ1,σ2...σL

Cσ1,σ2...σL |σ1, σ2...σL⟩ . (2.105)

where Cσ⃗i are coefficients and σi =↑ or σi =↓. To know this state exactly, we would need

to know 2L coefficients. Since the Hilbert space grows exponentially with the system size,

storing these coefficients would soon become an impossible task, even for a modest L = 50,

for which we would need approximately 9, 000, 000 terabytes of RAM.

However, we can represent our state as an MPS instead:

Cσ1,σ2...σL = Mσ1 ·Mσ2 ... ·MσL . (2.106)

Here, M denotes matrices. If we restrict the maximum size of each matrix to χ, then the

number of parameters required to describe a state scales approximately as 2χ2L. This

represents a shift from exponential to linear growth in memory requirements—one of the

key advantages of the MPS representation. The parameter χ is referred to as the bond

dimension [302]. In pronciple, any state can be represented as an MPS, although sometimes

such representation is numerically inefficient, e.g. when long-range interaction is present
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in the system.

The MPS representation is ideal for systems with low entanglement between subsystems

A and B. To determine it, we may use the entanglement area law, which states that the

entanglement entropy between A and B scales like the size of the boundary ∂A between

the two regions. Low-energy states of realistic Hamiltonians are not just ”any” states in

the Hilbert space: they are heavily constrained by locality so that they must obey the

entanglement area-law [303]. This makes it very convenient for a 1D system where the

boundary between two subsystems is constant.

In practice, you can reshape the tensor Cσ1,σ2...σL in Eq. 2.106 into an MPS topology

using singular value decomposition and iterating over all the system sites [302]. Here we

show an example of how to write the MPS for 2 electrons in 3 orbitals. A general states

in this space can be written as:

|ψ⟩ = ψ011 |011⟩ + ψ101 |101⟩ + ψ110 |110⟩ . (2.107)

Let us compare it with an equation in the form:

a1b1c1 + a2b2c2 + a3b3c3 = (a1 a2 a3)

b1 b2

b3


c1c2
c3

 (2.108)

Analogously, our state |ψ⟩ from Eq. 2.107 can be written as:

|ψ⟩ = (|0⟩ |1⟩ |1⟩)

ψ
011 |1⟩

ψ101 |0⟩
ψ110 |1⟩


|1⟩
|1⟩
|0⟩

 . (2.109)

Rewriting the matrices at both edges:

(|0⟩ |1⟩ |1⟩) = (|0⟩ |1⟩)

(
1 0 0

0 1 1

)
(2.110)
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and: |1⟩
|1⟩
|0⟩

 =

0 1

0 1

1 0

(|0⟩
|1⟩

)
(2.111)

Inserting these into Eq. 2.109 we get:

|ψ⟩ = (|0⟩ |1⟩)

(
1 0 0

0 1 1

)ψ
011 |1⟩

ψ101 |0⟩
ψ110 |1⟩


0 1

0 1

1 0

(|0⟩
|1⟩

)
. (2.112)

Merging the central matrices, this can be simplified to:

|ψ⟩ = (|0⟩ |1⟩)

(
0 ψ011 |1⟩

ψ110 |1⟩ ψ101 |0⟩

)(
|0⟩
|1⟩

)
. (2.113)

Finally, we get:

|ψ⟩ = {(1 0) |0⟩+(0 1) |1⟩}

{(
0 0

0 ψ101

)
|0⟩ +

(
0 ψ011

ψ110 0

)
|1⟩

}{(
1

0

)
|0⟩ +

(
0

1

)
|1⟩

}
.

(2.114)

Here:

Aσ1 = {(1 0), (0 1)}

Aσ2 =

{(
0 0

0 ψ101

)
,

(
0 ψ011

ψ110 0

)}

Aσ3 =

{(
1

0

)
,

(
0

1

)}
.

(2.115)

We can write our initial state |ψ⟩ as an MPS:

|ψ⟩ =
∑

σ1,σ2,σ3

Aσ1Aσ2Aσ3 |σ1σ2σ3⟩ . (2.116)
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The MPS representation can be used in conjunction with the Density Matrix Renormal-

ization Group (DMRG) technique to variationally find the ground state and low-lying

excitations of the system. By optimizing the MPS tensors locally and sweeping back and

forth along the chain, DMRG iteratively minimizes the system’s energy.
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Chapter 3

Magic angle twisted bilayer graphene

This chapter presents results for twisted bilayer graphene obtained using various compu-

tational methods. We start by analyzing the Hofstadter butterfly spectrum of magic-angle

twisted bilayer graphene using an ab initio-based, multi-million-atom tight-binding model.

Magnetic field effects are incorporated through Peierls substitution and Zeeman splitting.

Using a nanoribbon geometry, we explore quantum size effects up to widths of 1µm, fo-

cusing both on a wide energy range and the flat band near the Fermi level. We extract

the Hofstadter spectrum for sufficiently wide ribbons and identify in-gap Chern numbers

by counting chiral edge states. Subsequently, we examine the Wannier diagrams to iden-

tify the insulating states at charge neutrality. We establish the presence of three types

of electronic states: moiré, mixed, and conventional—each corresponding to distinct bulk

and edge-state behaviours. We also examine the magnetic-field-driven evolution of moiré

flatband wavefunctions, showing that electronic density decays from moiré centers with

increasing flux.

Next, we study bulk MATBG, where the inclusion of the electrostatic correction induces

charge redistribution at the center of the BZ and the renormalization of the band structure.

We consider different possible filling factors of the flat band, starting with charge neutrality.
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Figure 3.1: Electronic properties of moiré lattice. (a) MATBG band structure within a
200 meV energy window along the K −Γ−M −K path. MATBG is represented by black
circles, while the dispersion for MATBG on an hBN substrate is illustrated by red dots.
(b) A corresponding zoom-in on the flat band.

3.1 Electronic structure of twisted bilayer graphene

We begin by analyzing bulk MATBG. Fig. 3.1 (a–b) show the band structure along the

high-symmetry K–Γ–M–K path. In Fig. 3.1 (a), we focus on the energy window containing

the flat band and the remote valence and conduction bands. We have obtained this band

structure using the periodicity of the moiré UC - each moiré UC consists of Nat, and each

atom repeats in the UC creating Nat simple Bravais sublattices. We apply periodic bound-

ary conditions to obtain allowed wavevectors, associate a Bloch wavefunction for a given

wavevector k⃗ with each atom in a moiré cell, and diagonalize the resulting Hamiltonian

matrix to obtain energy bands.

In our model, we find the flat band that is 7 meV wide and separated by a 25 meV

gap from the remote bands. These values are in good agreement with other tight-binding

models [304] as well as with the DFT calculation [197,294,304,305]. These results are only

achieved upon incorporating out-of-plane relaxation effects, which increase the band gaps

and decrease the flat-band width compared to idealized, unrelaxed MATBG, see Fig. 3.2.
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Figure 3.2: (a) Unrelaxed (b) relaxed band structure of MATBG in the vicinity of Fermi
energy along the path K − Γ −M −K

Importantly, our model naturally breaks electron–hole symmetry—unlike the continuum

Bistritzer–MacDonald model, where such asymmetry must be introduced manually through

momentum-dependent interlayer scattering terms [306].

Fig. 3.1 also highlights the influence of an hBN substrate on the MATBG band struc-

ture, which is used to encapsulate the samples in experiments. In Fig. 3.1 (a), the black

circles represent a pristine MATBG sample, while the red dots denote the system on the

substrate. At higher energies, the spectrum remains largely unchanged, with the gaps be-

tween the flat and remote bands unaffected. However, the impact of the substrate becomes

evident in the flat band, shown in Fig.3.1(b), where hBN induces a gap at the K-points

that scales linearly with the strength of applied hBN potential. Additionally, degeneracies

around K points are lifted.
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3.2 Quantum size effects in the electronic structure

of twisted bilayer graphene

Now we move on to the nanoribbon structure, periodic in the y-direction and finite in the x.

That geometry leads to a one-dimensional BZ, and a one-dimensional momentum k1D. The

nanoribbon is built by stacking moiré UCs in the y-direction. The width of the nanoribbon

is defined by the number of UCs stacked. We extend our analysis to widths of up to 85

UCs, which corresponds to ∼ 1µm sample sizes, that are already considered experimentally.

The advantage of studying the nanoribbon geometry is that it gives us simultaneous access

to realistic bulk and edge states, and the calculation is not as demanding as it would be

for a finite structure of analogous dimensions. Fig. 3.3 presents the electronic structure

of the MATBG nanoribbons on an hBN substrate, for different system widths. We plot

here the energy sub-bands as a function of the one dimensional momentum k1D. In Fig.

3.3 (a-c) bands in a 200 meV energy window are shown, while Figs. 3.3(d–f) provides a

close-up view of the flat band region. The colour scale reflects the spatial localization of

the wavefunctions: states localized near the ribbon edges appear in red, while bulk states

near the center of the system are shown in blue. Since the spectrum is symmetric with

respect to k1D = 0, we depict only half of it. Dashed lines denote the band edges inferred

from the band structure of the 2D infinite system.

For the narrowest system, consisting of 5 moiré unit cells (Figs. 3.3(a), (d)), the spec-

trum is dominated by bulk states, and edge states are not visible due to strong hybridization

with the bulk. As the system size increases, edge states become more evident, clearly visible

as red lines in Fig. 3.3 (b), (e). This behaviour becomes even more evident in the widest

ribbons, shown in Figs. 3.3(c), (f), where edge and bulk states are clearly distinguishable.

Notably, the wave function localization for the system with 20 moiré unit cells is in good

agreement with the results for 85 moiré unit cells. Given the stability of the edge state

count, bulk band edges, and gap widths for systems beyond 20 unit cells, we adopt this

system size for the remainder of our calculations.
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Figure 3.3: The electronic structure of the MATBG ribbon on an hBN substrate revealing
quantization effects for the flat and remote bands. The figures (a-c) in the top panels show
bands within a 200 meV energy window for different ribbon widths: (a) 5, (b) 20 and (c) 85
moiré unit cells. (d-f) The lower panels zoom into the flat band for analogous nanoribbon
widths. Colour coding signifies the localization of states in real space. The dashed lines
represent band edges deduced from the infinite system calculations.
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Figure 3.4: LDOS near the top edge of 20 moiré unit cell ribbons for different choices of
boundary termination. Different cuts are parametrized by the shift vector S. Black circles
denote the AA regions.

Figure 3.5: Comparison of dI/dV spectrum near the edge of the MATBG sample extracted
from Ref. [1] with our spatially integrated LDOS calculation shows the effect of flat-band
breakdown. Distance d is measured from the edge of the sample. The dashed line indicates
the center of one of the AA regions.
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We also highlight two interesting features apparent at this stage of analysis. First,

a distinct band gap around E = 0 meV is observed in all three cases, induced by the

presence of the hBN substrate. Within this gap, no edge states connect the bulk bands

above and below, indicating a topologically trivial gap characterized by a Chern number

C = 0 [307]. Second, we examine the degeneracy of the flat sub-band, which remains

constant across all wave vectors k within the energy window between the remote bands.

The total number of states is consistently equal to the product of the number of moiré

unit cells in the nanoribbon and 8 (accounting for 2 bands, 2 valleys, and 2 spin degrees

of freedom). Consequently, for each k and each spin, there are 20 states in Fig. 3.3(a), 80

in Fig. 3.3(e), and 340 in Fig. 3.3(f). This total includes both edge and bulk states, but

importantly, the number of edge states remains unchanged with increasing ribbon width.

This consistency suggests that the two trivial edge states located below and the four edge

states above the flat band must originate from the flat band itself.

A recent experiment [1] has shown that the characteristic flat band LDOS localization

around the moiré centers of the superlattice remains intact even close to the edge, as long

as the sample contains a complete moiré spot. However, if the edge of the sample cuts

through the AA region, the flat band LDOS will no longer be localized in that area. Our

model correctly captures these features. In Fig. 3.4, we present three different ways of

terminating our nanoribbon. In the first case, we preserve the whole moiré center at the

edge (S⃗ = 0), while in the second and third, we shift our original unit cell by a vector

S⃗ = −1/3L⃗ and S⃗ = −1/2L⃗, respectively (L⃗ = L⃗1 + L⃗2, see Eq. 1). One can notice that

in the first case, there is a complete moiré center localized close to the edge, but for the

other two choices of the edge, the LDOS fades away in that region. We have compared

our results with the experimental data extracted from Ref. [1] in Fig. 3.5. Both in the

experimental result and our spatially integrated LDOS result, there is a clear change in the

electron density when the edge cuts through the AA moiré region. This confirms that our

model is capable of capturing local physics near the edges of the MATBG system under

study.

Conducting these calculations has been computationally intensive. Each nanoribbon

Hamiltonian has the dimension of 11908 atoms × nanoribbon width. That means that in
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the largest case of 85 UC, we had to diagonalize a matrix of ∼ 1 million atoms, which is

not a trivial task. To manage the computational demands of diagonalizing matrices of this

size, we optimized the diagonalization procedure by implementing the high-performance

FEAST algorithm [308], which enhances the efficiency of eigenvalue computations within

a specified energy interval. We used OpenMP parallelization within the FEAST algorithm

and performed our calculations on a cluster, distributing the diagonalization across multiple

cores to significantly reduce computation time. With an optimal set of parameters, we were

able to reach systems consisting of approximately 1 million atoms. These calculations were

performed using the resources of the Digital Alliance of Canada [309].

3.3 Moiré-Hofstadter spectrum

We now move on to including the magnetic field. To do so, we use the Peierls substitution

described below.

3.3.1 Peierls substitution

For MATBG, in a nanoribbon structure, we incorporate the periodicity solely in the x-

direction, modifying our Hamiltonian to have the form:

Ĥk1D =
Nat∑
n,m

∑
σ

c†k1D,n,σck1D,m,σH
nm
k1D

(3.1)

where k1D ∈ (−π/|L⃗2|, π/|L⃗2|) denotes the wave vector in the one dimensional BZ of the

ribbon.

Thanks to the nanoribbon geometry perpendicular magnetic field can be introduced

using Peierls substitution in the Landau gauge B⃗ = ∇⃗ × A⃗, with vector potential A⃗ =

(−Bzy, 0, 0):

t̃(r⃗i, r⃗j) = t(r⃗i, r⃗j)
Bz=0 exp

{(
−iπ2eBz

hc

(xj − xi)

2
(yi + yj)

)}
. (3.2)
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Here hc/2e is the magnetic flux quantum φ0. The Zeeman splitting is included by adding

a diagonal part to our Hamiltonian in the form:

HZ =
1

2
gµBBz

∑
n

(
c†k1D,n,↑ck1D,n,↑ − c†k1D,n,↓ck1D,n,↓

)
, (3.3)

where µB is the Bohr magneton and g is the Landé factor. In order to use the Landau

gauge, we perform a global rotation of the coordinate system, ensuring strict x-axis peri-

odicity. Due to such periodicity, we are able to include a magnetic field in our nanoribbons

without the restriction to specific magnetic flux values.

We analyze the impact of the perpendicular magnetic field on MATBG on top of hBN,

focusing on various aspects of the resulting fractal spectrum. We consider magnetic fields

in the range φ/φ0 = [0, 1], corresponding to approximately Bz ≈ [0, 27] T. The size-

dependence study under a finite magnetic field has been carried out for nanoribbons con-

taining up to 85 moiré unit cells. As in the zero-field case (Bz = 0T), we find that a

nanoribbon comprising 20 moiré unit cells provides a representative description of the

larger structures. The computed Hofstadter spectrum is shown in Fig. 3.6, exhibiting a

clear self-similar pattern of energy gaps appearing at multiple energy scales.

Since our calculations are performed for a nanoribbon geometry, the resulting spectrum

includes both bulk and edge states. In Fig. 3.6, the grayscale indicates the projected

density of the bulk states, while the colour scale highlights the degree of localization of the

edge states. In Fig. 3.6(b), we show the fractal spectrum without the effect of the Zeeman

splitting. First, we confirm that the width of the overall flat band remains constant and

the flat bands do not mix with the remote bands up to one flux. From the remote bands,

well-defined Landau levels (LLs) emerge for magnetic fields Bz < 5 T, and their evolution

as a function of Bz is clearly visible. Flat energy band along M-K path around 80 meV

and -80 meV without a magnetic field translates into the van Hove singularities that seem

to be unaffected by small magnetic fields Bz < 5 T.

Importantly, we observe no edge-state crossings between the flat and remote bands, in-

dicating that both corresponding gaps are topologically trivial with in-gap Chern numbers
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Figure 3.6: The band structure and Hofstadter spectrum of a MATBG ribbon on an hBN
substrate. (a) Flat and remote bands within an approximately 200 meV energy window
around the Fermi level along the K − Γ −M − K line on the moiré Brillouin zone. (b)
The Hofstadter spectrum for magnetic flux φ/φ0 = [0, 1], corresponding to magnetic field
Bz ≈ [0, 27] T. This data is obtained from the nanoribbon density of states. The data
points shown in greyscale represent projected density of states of the bulk, while the edge
states are visualized in colour. (c) Similar Hofstadter spectrum with Zeeman splitting
included. The zoom-in to the energy window E = [−5, 10] meV of the flat band is shown
in (d-f). Arrows highlight the gaps that we characterize by the in-gap Chern numbers.
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Figure 3.7: Schematic depiction of the counting the edge states procedure. (a) Zoom in on
a band structure of a nanoribbon for Bz = 4 T. The bulk states are marked in green, and
the edge states are blue and red for states running at the bottom and top of the sample,
respectively. The arrows mark the evolution of a given edge state. (b) Schematic depiction
of the nanoribbon with bulk and edge states marked.

C = 0. By analyzing the edge-state crossings between the remaining LLs, we determine

the in-gap Chern numbers for these cases. The procedure is schematically shown in Fig.

3.7. The results of this edge-state counting are indicated with arrows pointing to the

corresponding gaps in the spectrum.

In Fig. 3.6(c) we present an analogous spectrum including the effect of the Zeeman

term

E = ±1

2
gµBBz. (3.4)

At the energy scale considered, the only visible effect is a small broadening of the LLs,

since the Zeeman splitting energy is of the order ∼ 10−2 meV/T.
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In Fig. 3.6(e) and (f), we present close-up views of the Hofstadter spectra around

the Fermi level, focusing on a flat band region, once again with and without the Zeeman

splitting, respectively. By analyzing the edge states crossing the energy gaps, we determine

the corresponding in-gap Chern numbers. The gap induced by the hBN substrate shows no

edge-state crossings, confirming that it is topologically trivial with C = 0. In contrast, the

band gaps within the split conduction band display a clear sequence of nontrivial Chern

numbers: C = 1, followed by C = 2, C = 3, and C = 4.

Notably, the top of the conduction band near the Γ point has a negative effective mass.

As a result, the highest Landau level originating from the flat band decreases in energy with

increasing magnetic field. This tendency deepens when we incorporate the Zeeman split-

ting, as seen in Fig. 3.6(f). In the flat band region, the Zeeman term introduces additional

energy-level splitting, leading to a noticeable broadening of the Hofstadter spectrum.

3.4 Analysis of Wannier diagrams

Through the analysis of the Hofstadter spectrum, one can extract a Wannier diagram, as

described below.

Wannier diagrams provide a valuable tool to connect the Hofstadter spectrum with

experimental observations [310]. These diagrams are constructed by plotting the integrated

charge carrier density, up to a given energy level, as a function of the magnetic field

B. This representation highlights the linear trends in energy gaps, offering an intuitive

representation of electronic gap evolution in the Hofstadter-like spectrum. Importantly,

this method captures both single-particle gaps and interaction-induced features such as

Mott-like states.

In addition, linear fitting of the data in the Wannier diagrams helps identify “uncon-

ventional” states that cannot be explained by a simple Landau level (LL) picture or by

single-particle Chern insulators. Such unconventional ground state sequences have been

recently observed experimentally [2,184] and interpreted in terms of the sequential flavour

filling mechanism. Wannier plots obtained by mapping these gaps as functions of filling
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Figure 3.8: Wannier diagram of the hBN-MATBG ribbon flat band in the presence of a
magnetic field. (a) Hofstadter spectrum for the bulk states of the flat band, extracted
from data presented in Fig. 1 (d). (b) Hofstadter spectrum including Zeeman splitting.
(c) Wannier diagram corresponding to the spectrum in panel (a). The x-axis measures the
filling ν relative to the Fermi level. Filling -4 (4) indicates a completely empty (filled) flat
band. The color scale is used to denote the energetic width of the band gaps ∆E. Note
that all gaps larger than 6 µeV are denoted by the same colour. (d) Like (c), but this
Wannier diagram is derived from the Hofstadter spectrum with Zeeman splitting included.
The red dotted lines on (c) and (d) mark some of the gaps starting at ν = 0 extracted from
the experimental data [2]. All panels (a)-(d) have the same y-axis denoting the magnetic
field Bz = [0, 11] T.
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and magnetic field provide a direct comparison with the compressibility and transport

experiments [2, 86, 88, 181, 184, 206, 210, 211] and can serve as a tool for identifying (non)

interacting insulating states. The incompressible states satisfy the Diophantine equation

ν = t(ϕ/ϕ0) + s, where t is the sum of the Chern numbers of all filled bands, ϕ/ϕ0 is the

magnetic flux quanta, and s is the band filling index [184].

For clarity, we first repeat our Hofstadter spectra, choosing a smaller magnetic field

range in Fig. 3.8(a-b). Note that now the magnetic field Bz is plotted on the y-axis. We

focus on the flat band and extract only the bulk projected density of states. In Fig. 3.8(a)

and (b), we show the Hofstadter spectra without and with the Zeeman term, respectively.

The width of the energy gaps within the flat band is depicted in color in Fig. 3.8(c-d)

as a function of the filling ν and the magnetic field Bz. The red dotted lines mark some

of the gaps that can be observed in the compressibility experiments ( [2]). Comparing this

single-particle result with the experimental data provides a direct means of identifying non-

interacting, insulating states. We have achieved a good agreement with the experiment

for fillings around ν = 0 and low magnetic fields. This suggests a qualitatively correct

mean-field, ab initio based tight-binding picture around charge neutrality; correlations do

not play an important role here.

On the other hand, the vertical line at ν = 0, corresponding to the largest electronic

gap in the flat band spectrum, disappears around Bz = 5 T in our calculations. This

contrasts with experimental observations, where the gap remains open across the entire

0–11 T magnetic field range (see Fig. 2 in Ref. [2]). When the Zeeman splitting is included,

as shown in Fig. 3.8(d), some of the gaps shift to odd integer fillings, resulting in better

agreement with the experimental results. For instance, the gaps visible in Fig. 3.8(c)

around ν = −2 for Bz > 3 T have shifted to ν = −3 also for Bz > 3 T.

However, the inclusion of Zeeman splitting also leads to a doubling of the number of

gaps and a reduction in their widths, making some of the previously prominent features less

distinct. For example, the rightmost gap beginning at ν = 0 and closing around Bz = 5 T is

well visible in Fig. 3.8(c) in agreement with the experimental data, but becomes much less

clear after including the Zeeman splitting, see Fig. 3.8(d). Hence, studying both scenarios
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- with and without the Zeeman splitting - can provide valuable insights and enable us to

better determine which gaps are not related to the effects of interaction.

Although a detailed treatment of electrostatic and many-body interactions is left for

future work, we expect such effects to enhance the gap widths around integer fillings.

Additionally, there is a very strong feature below ν = 4 stemming from the well-separated

top flat band LL, which is not observed in the experiments. This discrepancy suggests a

strong renormalization of the band structure near the Γ point in the presence of interactions

or magnetic field effects that go beyond the current single-particle picture.

3.5 Conventional, mixed and moiré state properties

Two types of bulk magnetic bands with strongly suppressed kinetic energy emerge around

charge neutrality, within an energy window of approximately 100 meV. The first are the

moiré flat bands, which in real space, correspond to states mostly localized in the AA

stacked regions [7] of the twisted bilayers. The second are more conventional LLs, which

generally extend over the entire moiré unit cell and are not confined to the ’moiré centers’.

It is still unclear how these two types can be captured simultaneously in low-energy theories

and how they influence each other.

Several works show different behaviours of the Hofstadter butterflies and related differ-

ent Chern numbers of the gaps [27,224,241,242]. Even less is known about the microscopic

structure of corresponding wavefunctions, particularly about chiral states connecting bulk

bands, localized on the edges of TBG samples. A detailed understanding of these states

is crucial for unravelling the topological nature of MATBG, including the role of interac-

tions, the emergence of Chern insulating phases, possible re-entrant superconductivity, and

quantum geometric effects [234, 235, 239, 240, 242, 311]. In this section, we provide general

microscopic features of both bulk and edge states of MATBG in a magnetic field.

It is important to experimentally probe the edge state physics, e.g. extend scanning

tunneling spectroscopy studies of the breakdown of the moiré flat bands [1] to the iden-

tification of the Chern-moiré edge states, and extend transport studies of possible zero
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field Chern phase [73] to non-local Hall measurements and to a finite magnetic field. The

local probing of competing ground-state wave functions is still in its early stages for both

experimental [312] and theoretical investigations [154,155].

Other exciting avenues for probing edge currents are superconducting quantum interfer-

ometry [313] and electron spin resonance edge probes [159,314–316]. Although some works

have discussed the moiré edge states [201,241,307,317,318], they primarily centred on the

effective models or angles greater than the magic angle. Studies using large-scale atomistic

tight-binding models [163,164,198,319–326] have predominantly focused on the electronic

structures, relaxation effects and interactions, serving as a basis for the construction of

low-energy models.

Here, we investigate the microscopic properties of the MATBG wavefunctions in a

magnetic field for the 20 moiré unit cells nanoribbon and a representative magnetic field

Bz = 4 T. The 1D band structure is shown in Fig. 3.9 (a-b). We consider two energy

windows, with ∆E ≈ 150 meV in Fig. 3.9 (a), followed by a zoomed-in view of the flat

band region (∆E ≈ 10 meV) in Fig. 3.9 (b). In both cases, we classify the ribbon states

according to their localization. States colored in green represent the ones localized within

the center of the sample, while states colored in red and blue correspond to those localized

on the top or bottom edges, respectively. The bulk states form flat bands, i.e. the ribbon

LLs, between some of which the edge-localized states cross the gaps. This is a characteristic

signature of a non-zero Chern number. We note that not all gaps are crossed by the states

connecting bulk bands, suggesting the existence of trivial edge states.

Before we delve into the details of the real-space properties of the ribbon states, let us

precisely define the meanings of conventional-, moiré-, and mixed-type states, classifications

we use in the subsequent paragraphs. We label states as ’conventional’ if the LDOS is

uniformly spread over the sample and resembles a typical LL distribution. ’Moiré’ states

are characterized by the LDOS primarily concentrated around the moiré centers. For

’mixed’ states, LDOS is neither concentrated only around the moiré centers nor uniformly

spread across the sample.

To analyze the real space properties of the ribbon states, we have chosen three bulk LLs
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Figure 3.9: Electronic structure and wave functions of the hBN-MATBG ribbon in the
magnetic field. (a) Band structure of the 20 moiré unit cells wide hBN-MATBG nanoribbon
in perpendicular magnetic field Bz = 4 T without Zeeman splitting. Both LLs (LL0, LL1,
LL2) and edge states (E1, E2) are shown. The colour scale denotes the wave function
localization, with top (bottom) edge states marked by red (blue) dots. Green dots mark
bulk states predominantly localized in the center of the sample. (b) Zoom in on the flat
band, revealing its substructure in the magnetic field, again with the moiré edge states (E0)
crossing between the moiré LLs. (c) LDOS for the bulk and edge states, which are marked
on (a) and (b). The specific values of k1D for which they were calculated are indicated
with a black dashed line. The left side of the plot (c) shows selected bulk states – the flat
band (LL0), the first LL (LL1) and the second LL (LL2). On the right, the edge states
are shown - E0, which is localized within the flat band, E1, which connects LL1 and LL2,
and E2, which connects LL2 with LL3 (the 3rd LL). The black circles correspond to the
moiré centers, which are fixed around the AA stacked atoms in the unit cell. Note that
the colour scale for LL0 is scaled by 0.1 compared to the rest of the LDOS plots in (c).75



- the flat band (LL0) around E = 0 meV, the first LL (LL1) around E = 30 meV, and the

second LL (LL2) around E = 60 meV. Our investigation of the microscopic properties of the

electronic charge densities is summarized in Fig. 3.9(c), which shows the LDOS calculation

and its spatial distribution. Within this analysis, we focus on three consecutive LLs, which

represent three different types of bulk states. The first stripe shows the flat band, LL0,

which, as expected, is a ”moiré” type state - the LDOS is concentrated predominantly

around the region of the AA stacking in the real space.

The second type, LL1, which is separated by a ∼ 30 meV gap from the flat band,

still strongly feels the LL0 influence, and also exhibits LDOS concentration around the

moiré centers. This result is surprising, since LL1 is a regular LL and, in principle, should

present a uniform spread of the wave function. The fact that it doesn’t suggests a stronger

influence from the flat band than anticipated, potentially observable in a broader energy

range. This is an example of a ”mixed” state. Moving to LL2, the ”conventional” bulk

state, we observe a more uniform LDOS spread, as one would expect. However, there is

also an opposite trend present - LDOS avoids the moiré centers, notice yellow dots in the

center of moiré unit cells for LL2 in Fig. 3.9(c). For higher LLs, the pattern is similar to

that of LL2, with an even more evenly distributed wave function.

A similar analysis can be conducted for the edge states. Once again, we identify three

distinct types of edge states. Those states are indicated in Fig. 3.9(a) and 3.9(b) by:

E0, which resides within the flat band; E1 connecting LL1 with LL2; and E2 linking LL2

with higher-lying LL3. The right side of Fig. 3.9(c) shows the localization of the wave

function for these three cases, and in particular, its relation to the moiré centers marked

with black circles. E0 is predominantly localized within the moiré centers close to the

edge of the sample, and the trivial edge states in the energy gap between LL0 and LL1

around E = 25 meV behave in a similar manner. In the case of E1, the AA stacking

localization can still be spotted, although the effect is less prominent. As for E2, there is

no correspondence between the wave function localization and the moiré centers position.

This is to be expected, since this state is separated by over 50 meV from the flat band,

and moiré potential does not play a role here.
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3.6 Evolution of the microscopic wave function’s prop-

erties

We now turn to the analysis of how the LDOS changes in response to the magnetic

field. For concreteness, we define a moiré center as the region within the dashed circle

marked in Fig. 3.10(a). This figure shows that there are strong differences between LL0,

LL1, and LL2, and those three states should be easily distinguished in scanning tunnelling

spectroscopy type experiments. We investigate how much of the wave function is localized

within the moiré center, and how this distribution evolves with an increasing magnetic field.

The outcomes of this calculation are presented in Fig. 3.10(b), where we quantitatively

compare the wave function localization for LL0, LL1, and LL2. We also show that in the

flat band case, as the magnetic field increases, the wave function flows out of the moiré

center and distributes more evenly over the sample, as the effect of the magnetic field

becomes dominant over the effect of the moiré potential. Therefore, one can observe the

decreasing character of the red line in Fig. 3.10(b). In the case of LL1 and LL2, denoted

by green and blue lines respectively, there is a similar trend present, however, it cannot be

observed for a larger range of Bz, since with the increase of the magnetic field these LLs

are not unequivocally defined.

We have also focused on the moiré center nearest to the edge of the sample, as depicted

in Fig. 3.10(c). Here, we investigate how much of the wave function localizes in the

immediate vicinity of this center as a function of the wave vector k1D. These findings are

summarized in Fig. 3.10(d), where a clear distinction between E0, E1 and E2 is shown.

This observation reinforces our classification of the three types of edge states. The evolution

of these edge states as a function of k1D looks nontrivial and warrants a more extensive

study in the future. Their behaviour as a function of k1D is characterized by qualitative

differences, with E0 exhibiting a local minimum, E1 decaying exponentially, while E2

remaining mostly flat. These features could potentially be verified by experiments.
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Figure 3.10: LDOS within moiré AA centers for bulk and edge states in a magnetic field for
an hBN-MATBG ribbon. (a) Real-space distribution of LDOS for selected bulk LLs (LL0-
LL2) shown around the center of the sample for Bz = 4T. (b) Corresponding integrated
LDOS calculated for the moiré center defined as the region within a black circle centred
around AA stacked atoms with the radius r = 25 Å. (c) Wave function density |Ψ|2 plot
of selected edge states, from left: E0, which lies within the flat band, E1 connecting LL1
and LL2, and E2, linking LL2 with LL3. (d) Similar to (b), |Ψ|2 analysis, with integrated
density calculated for the moiré center closest to the edge of the ribbon.
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3.7 Interactions in twisted bilayer graphene

In the next step of our analysis of MATBG, we consider how the electrostatic Hartree

correction renormalizes the band structure of a bulk system. We carry out the calculation

for the Hamiltonian 2.81:

H =
∑
i,j,σ
i ̸=j

t′ijc
†
i,σcj,σ +

∑
i

n̂i
∑
j

(⟨ij|V |ji⟩)
(
⟨n̂j⟩ − ⟨n̂0

j⟩
)

(3.5)

Here, ⟨n̂0
j⟩ is a reference density, obtained from monolayer graphene and equal to 1. It is

the mean-field correction that ensures we are not double-counting interactions. ⟨n̂j⟩ is the

electron density we are looking for, for which we solve this equation self-consistently. In

order to obtain the band structure of this system, we perform a similar transformation as

described in Sec. 2.3.1 and conduct our calculations in the reciprocal space.

To obtain converged results, we used a Monkhorst-Pack grid in k-space with a minimum

of 64 k-points, diagonalizing the Hamiltonian H at each point. The resulting eigenvectors

were then used to compute the system’s probability density, which served as the input for

the next iteration of the Hartree-Fock procedure. This iterative process continued until

the desired tolerance between the input and output densities was achieved.

At each iteration, we had to diagonalize 64 matrices of size 12000 × 12000, with con-

vergence typically requiring between 50 to 200 iterations. To optimize the computational

efficiency, we implemented a hybrid parallelization scheme combining MPI (for distributed

memory) and OpenMP (for shared memory). Specifically, MPI was used to simultaneously

diagonalize H at each k-point across separate cluster nodes, while OpenMP allowed for

the use of all available cores within each node during the diagonalization.

Following Ref. [322], we take the screened Coulomb interaction to be:

Vij = ⟨ij|V |ji⟩ =
1.438

0.116 + |r⃗i − r⃗j|
eV (3.6)

where the distance between two carbon atoms |r⃗i− r⃗j| should be given in nm. This form is
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Figure 3.11: MATBG band structure obtained using a tight-binding model (black circles)
compared with a model including Hartree correction (red dots) on a path K −Γ−M −K
in the moiré BZ.

an interpolated solution between unscreened Coulomb repulsion at large distances e2

|r⃗| and

on-site repulsion at V (0) = 12.4 eV for monolayer graphene. After conducting convergence

studies, we have determined that taking 24 neighbouring moiré UCs is sufficient to capture

the converged result. Including more neighbours has a negligible effect on the resulting

density.

We first focus on how the Hartree correction affects a charge-neutral system. Fig. 3.11

shows the renormalization of the flat bands induced by introducing the Hartree correction.

While the band structure near the K points remains largely unchanged, significant renor-

malization is observed around the Γ point. In this region, the bands recover a greater degree

of particle-hole symmetry, although the overall width of the flat band remains unchanged.

Fig. 3.12 shows the deviation of the electron charge distribution from the average

δni = ni − n̄ as a function of the distance to the AA center of the unit cell. n̄ here is the

average electron density. One can notice that even for the non-interacting case, there is

a strong charge inhomogeneity throughout the unit cell. The charge accumulates largely

80



Figure 3.12: The relative electron charge distribution δn as a function of the distance from
the moiré UC center - the AA stacked atoms for a tight-binding model (black circles) and
a tight-binding model with a Hartree correction (red dots).

away from the unit cell center, around the AB/BA stacked regions. This trend prevails

after including the Hartree correction, but the charge is smoothed out throughout the unit

cell. The charge redistribution influences the shapes of the bands, as we have already seen

in Fig. 3.11. We now turn to the analysis of the band structure at various filling factors

ν, ranging from the ν = −3 to ν = 3 flat band. ν is here the filling factor of the flat band -

we have two bands per spin, per valley, therefore a fully filled band can host 8 electrons and

is denoted by ν = 4. The charge neutral case, with 4 electrons is denoted by ν = 0, while

an empty band with no electrons by ν = −4. The results of our self-consistent calculations

are presented in Fig. 3.13, with the top panel showing electron doping and the bottom

panel showing hole doping. Notably, the two cases exhibit a high degree of symmetry:

under electron doping, the bands bend downward, while under hole doping, they arch in

the opposite direction. As the magnitude of doping increases, the curvature becomes more

pronounced and the flat band broadens—from approximately 8 meV at charge neutrality

to around 20 meV at ν = ±3.

Interestingly, in all cases, no band gap opens. In MATBG, two well-known mechanisms

81



Figure 3.13: Band structure renormalization for different filling factors ν after including
the Hartree correction. The top panel shows positive doping, the bottom shows negative.
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can lead to band gap opening: electron-electron interactions and a staggered sublattice

potential, such as that induced by a hBN substrate. The electrostatic Hartree correction

alone is insufficient to open a gap. Therefore, in the following chapter, we investigate the

role of on-site Hubbard interactions and the influence of an hBN substrate.

3.8 Conclusions

In this part of the thesis, we have analyzed the microscopic properties of magic-angle

twisted bilayer graphene in nanoribbon geometry on top of a hexagonal boron nitride

substrate with an applied magnetic field. We have studied realistic sample sizes consisting

of up to 1 million atoms (85 moiré unit cells) and have established that much smaller

systems (20 moiré unit cells) correctly capture the electronic properties of these structures,

especially the lack of hybridization between the edge and bulk wavefunctions. For these

ribbons, we have obtained the Hofstadter spectrum and determined the in-gap Chern

numbers through edge states counting. We also obtained a corresponding Wannier diagram

for low magnetic fields and used it to identify noninteracting, insulating states, finding a

qualitative agreement with the experiments. We also determined the existence of three

types of bulk and edge states, namely moiré, mixed and conventional. We have examined

their evolution as a function of the magnetic field and the wave vector.

In the second part of this chapter, we have considered how including the electro-

static, Hartree correction changes the band structure of the magic angle twisted bilayer

graphene system. We have observed a significant renormalization of the band structure and

smoothening of the electron charge throughout the moiré unit cell. We studied different

possible filling factors of the flat band and observed a high degree of symmetry between the

electron and hole doping. However, the Hartree correction alone is insufficient to open a

gap in the spectrum, which is why in the next step of the analysis, we include the Hubbard

term and consider the presence of hexagonal boron nitride.

83



Chapter 4

Mirror-symmetric twisted trilayer

graphene

In this chapter, we investigate mirror-symmetric magic-angle twisted trilayer graphene us-

ing a Hubbard model with long-range hopping. Solving the mean-field equations yields a

band structure with flat bands and a Dirac cone. At charge neutrality, electron-electron in-

teractions drive a metal-to-antiferromagnetic transition at relatively low interaction strength.

We assess the stability of the antiferromagnetic phase against symmetry breaking due to

hexagonal boron nitride encapsulation and perpendicular electric fields. Additionally, we

uncover topological features in the system’s multiband Berry curvature, despite the flat

bands having zero Chern number. We propose a method to tune this underlying quantum

geometry, offering a route to control the system’s topological properties.

Figures 4.1(a–c) illustrate the geometry of our setup: the structure consists of top and

bottom layers in AA stacking, with the middle layer in AB stacking and twisted by an

angle θ = 1.55◦. The TTG is encapsulated in aligned hBN, and a vertical electric field is

applied. Further details are provided in the Section 2.1. Since we consider a commensurate

twist angle—resulting in a periodic crystal structure—we can define a finite moiré UC as

depicted in Fig. 4.1(b) and a corresponding moiré BZ, see Fig. 4.1(d).
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Figure 4.1: Structural and electronic properties of TTG. (a) Side, (b) top, and (c) 3D view
of geometry. TTG consists of three layers of graphene, with the middle one twisted by θ,
with respect to the aligned top and bottom layers, which are relaxed out-of-plane. The
system is encapsulated in aligned hBN, and a vertical electric field is applied. (d) mBZ with
high symmetry points. (e) Band structure of pristine TTG. (f) Effect of non-zero electric
field (∆V = 120 meV) hybridizing Dirac cones with the flat band. (g) The combined effect
of electric field and hBN encapsulation (∆V = 120meV,∆hBN = 25meV), opening extra
gaps near the Fermi level. The gaps opened by applying an electric field and hBN are
marked with blue arrows.

85



4.1 Paramagnetic ground state, electric field- and hBN-

induced gaps

The single-particle Hamiltonian for twisted graphene multilayers is given by Eq. 2.22,

where hopping between pz orbitals in three layers can be modelled as Eq. 2.23. We account

for the electron-electron interactions through the Hubbard term, and our Hamiltonian

becomes Eq. 2.84. We obtain the ground state of this system in the Hartree-Fock mean-

field approximation as shown in Eq. 2.85:

HHF =
∑
i,j,σ
i ̸=j

tijc
†
i,σcj,σ + U

∑
i

n̂i↑⟨n̂i↓⟩ + n̂i↓⟨n̂i↑⟩. (4.1)

To study the magnetic properties of this ground state, we define the total, absolute mag-

netization in the units of Bohr magneton µB as:

M =
Nat∑
i

|mz,i| =
Nat∑
i

|⟨n̂i↑⟩ − ⟨n̂i↓⟩|
2

(4.2)

where mz,i is the site magnetization. Again, we transform our Hamiltonian as outlined in

Sec. 2.3.1, so that the following calculation is conducted in reciprocal space.

We proceed with a numerical analysis using a self-consistent Hartree-Fock method. The

calculation is performed over an 8×8 grid in momentum space, iterating until the difference

between the input and output densities falls below 10−8. We test multiple initial guesses,

some of which exploit the system’s symmetry, while some are generated randomly. In all

cases, the algorithm converges to qualitatively the same density profile, independent of the

initial condition. The number of iterations required for convergence ranges from 50 to 200,

depending on the interaction strength.
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Figure 4.2: Layer-resolved wave function localization of Bloch states: a) Non-interacting
TTG, (b) non-interacting TTG with applied electric field, (c) interacting TTG with applied
electric field. The colour scale shows the localization of the wave function |Ψ|2 in layer 1
(left panels), layer 2 (middle panels) and layer 3 (right panels). In the case of (a) mirror
symmetry is preserved and the wave function is equally distributed between the top and
bottom layer. The wave functions of the Dirac cones are localized solely on the top and
bottom layers, while the flat band’s wave functions are localized 50% on the middle layer
and 25% on the top and bottom. (b) Applying an electric field breaks the mirror symmetry,
and the wave function distribution is no longer equal between the top and bottom layers.
(c) Including interactions further renormalizes this distribution; however, one can still
notice the clear trend of the majority of the Dirac cone’s wave function being localized in
the top and bottom layers, and the flat band wave function being localized predominantly
in the middle layer. 87



Figure 4.3: Effect of electric field: Renormalization of the non-interacting bandstructure
as a function of the applied electric field ∆V . We show here an evolution of the band gaps
opening within the flat band and splitting off the Dirac cones. For ∆V that’s large enough
(≥ 100 meV), the gap between the flat band and the remote bands closes at the Γ point.

To begin with, we consider interaction strength U = 0. Fig. 4.1(e) shows the band

structure for this case. The resulting ground state is paramagnetic, meaning that each

atom has an equal spin up and down population (with precision of 10−6). We obtain the

characteristic flat band at the Fermi level with two valence and two conduction bands for

each spin component. In our calculation, we also reproduce the high velocity Dirac cones

at moiré K points, with Dirac points approximately 15 meV below the Fermi level. We

confirm that the wave functions of these Dirac cones are localized solely on the top and

bottom layers, while the flat band’s wave functions are localized 50% on the middle layer

and 25% on the top and bottom, see Fig. 4.2. Such localization can be explained in terms

of a TTG system comprising of a monolayer graphene and TBG [245].

We now study the effect of vertical electric field and hBN encapsulation. We first
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Figure 4.4: Effect of hBN: Analogous to Fig. 4.3 evolution of band structure as a function
of the strength of the staggered potential ∆hBN induced by an hBN substrate. Increase of
∆hBN leads to a gap opening within the flat band and between the Dirac cones at K-points.

introduce a non-zero electric field (∆V = 120 meV). Such mirror-symmetry-breaking per-

turbation hybridizes the Dirac cones with the flat bands [247]. This hybridization leads to

splitting between the valence and conduction bands in the flat band, opening a gap at K

points, shown in Fig. 4.1(f) by a blue arrow. However, the gap at the Fermi level remains

closed, and, in addition, the gap between the flat band and the remote bands closes at the

Γ point. The evolution of the bands as a function of the applied electric field is shown in

Fig. 4.3.

In the next step, we turn on the interaction with encapsulating hBN in the form of

a top and bottom layer staggered sublattice potential Fig. 4.1(g) (∆hBN = 25meV). This

leads to the opening of the gap within the flat band. Additionally, similar to the gapped

monolayer graphene case [327], a gap between the Dirac cones opens, and their dispersion

becomes parabolic. The remote bands peel off from the flat band at the Γ point so that our

system consists of a well-defined flat band and a gap around the Fermi energy. We note

that TTG with an applied electric field and hBN is strikingly similar to the TBG/hBN

structure, with an extra set of remote bands at K points originating from the gapped
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Figure 4.5: Effect of interactions: Renormalization of the mean-field band structure as a
function of the interaction strength U , with ∆V = 0 and ∆hBN = 0. As U increases, the
Mott-like gap within the flat band opens, and the bands along K − Γ and M −K flatten.
We observe no gap opening within high-velocity Dirac cones, therefore, no global gap is
generated.

Dirac cones. We consider different strengths of hBN and present the results in Fig. 4.4.

Changing the strength of hBN in an experimental setting can be achieved by applying

pressure to the sample or misaligning the substrate.

4.2 Mott gap and anti-ferromagnetic transition

In the context of moiré materials, electron-electron interactions play an essential role due

to the reduced bandwidth. To understand their influence, we consider different strengths of

the interaction, modifying the Hubbard parameter U , see Fig. 4.5 We have tested several

choices of initial input density and concluded that there is a phase transition between the

non-magnetic and the AF state for the critical value of Uc ≈ 0.6t, where t = |γ0| = 2.835

eV is the nearest neighbor hopping. To determine the system’s ground state, we analyze

the total absolute magnetization, Eq. 4.2, whose value is close to zero for a paramagnetic

case, and significantly larger in the AF phase.
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Figure 4.6: Hartree-Fock quasiparticle band structures of TTG with ∆V = ∆hBN = 0. (a)
Band structure in the paramagnetic state with U = 0.5t. The insets show a schematic
depiction of the spin configuration in the three layers (left) and on the honeycomb lattice
of a single layer (right). Black dashed lines were added alongside the Dirac cone dispersion
to improve readability. (b) Band structure of the flat band in the anti-ferromagnetic state
with U = 1.1t. Red and blue colours encode up and down spins, respectively.

We now show the Hartree-Fock quasiparticle bands for spin up and down obtained by

self-consistently diagonalizing the Hubbard Hamiltonian, Eq. 2.85. For sufficiently small

U < Uc, we do not observe any strong renormalization of the bands close to the Fermi

level, as shown in Fig. 4.6(a). The state is paramagnetic, meaning each atom has an equal

spin up and down population. On the other hand, when U > Uc, a transition to an AF

ground state occurs. A clear Mott gap is opened in the flat band after the phase transition

in Fig. 4.6(b) for U > 1.1t. There is no gap opening for the Dirac cones, therefore, no gap

is generated at the Fermi level. The AF state has the most significant spin polarization in

the middle layer, which is the layer with the highest contribution to the flat band. Bilayer

graphene has smaller Uc than a monolayer, therefore the effect of U is stronger in the

middle of TTG. The total spin density on A and B sublattices of graphene layer building

TTG is imbalanced, producing a microscopic AF state. Such AF state is analogous to an

AF state in other n-layer graphene systems [140,328].
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Figure 4.7: AF transition in various graphene-based systems. Total absolute magnetization
of different graphene systems (MLG, BLG, TBG, TTG) in the units of Bohr magneton as
a function of the interaction U scaled by the nearest-neighbour hopping t.

The Hubbard parameter U for which the para- to anti-ferro- magnetic transition occurs

is lower than in the mono- and bi-layer graphene systems (Fig. 4.7). For example, it has

been shown that in the monolayer graphene (MLG) in the Hartree-Fock approximation

Uc ≈ 2t [140]. We reproduced this result in our model, with small differences caused by

the long-range TB hopping necessary to model TTG correctly. Equivalent calculations

for bilayer graphene (BLG) yield UBLG
c < UMLG

c . This stems from the fact that since

the dispersion in BLG is parabolic, the density of states is increased, and the ratio of

interactions to kinetic energy increases as well. It is unsurprising that TBG has a smaller

critical transition parameter (U = 1.1t), as shown in Fig. 4.7.

Naively, one could argue that since TTG has an additional Dirac cone and a similar

bandwidth of the flat bands, critical U should be larger than in TBG. Our results point out

that there is actually an opposite trend with UTTG
c < UTBG

c . This effect is a consequence

of the TTG flat band being flatter than the TBG one. Here, we refer to its pieces being

effectively flatter since, at the Γ point, the flat band in TTG is actually wider (15 meV)

than in TBG (8 meV). The flatter band enhances electron correlations, reducing screening
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Figure 4.8: Magnetic phase diagram of TTG. (a) TTG without a substrate. AF order
parameter is studied in function of interaction strength (U/t) and applied electric potential
(∆V ) (b-c) Similar phase diagram for staggered potential strengths (b) ∆hBN = 5 meV
and (c) ∆hBN = 50 meV. The colour scale denotes the total absolute magnetization on a
logarithmic scale.

effects and further decreasing the critical Hubbard parameters.

4.3 Magnetic phase diagram stability

We now study the combined effects of the applied electric field, hBN encapsulation, and

the presence of electron-electron interactions on the ground state of charge-neutral TTG.

We study the magnetic phase diagram as a function of the interaction strength and electric

field for three values of the staggered potential from hBN encapsulation. Our results are

summarized in Fig. 4.8. Without the A/B sublattice symmetry breaking, we observe in

Fig. 4.8(a) that the critical value of U increases with increasing electric field. This follows

from the fact that the applied electric field breaks the mirror symmetry of TTG and causes

the system to bear more resemblance to three monolayers, for which the critical value of

U/t is higher. Since in the actual device U/t is fixed, the electric field allows thus to switch

the magnetic state from AF to paramagnetic for sufficiently large U/t.
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When a small sublattice-breaking perturbation is included in the top and bottom layers,

even though most of the electron density is in the middle layer, a strong renormalization

of the phase diagram is observed. The imbalance introduced by the hBN layer directly

counteracts the effects of the Hubbard term. While the Hubbard interaction penalizes

the occupation of different-spin electrons on the same atom, the hBN-induced potential

favours relocating electrons to sublattice B. Consequently, a larger value of U is required

to overcome this preference, transfer charge from sublattice B to sublattice A, and create

a polarized state. The region of stable AF state is reduced to larger values of U/t and

smaller electric field; see top left of Fig. 4.8(b). Further increase of the staggered potential

parameter, as in Fig. 4.8(c) to ∆hBN = 50 meV, completely destroys the AF region in the

studied range of U/t. We confirm that the AF state is susceptible to mirror and sublattice

symmetry-breaking perturbations.

4.4 Multiband Berry’s curvature tuning

Flat bands of twisted materials are known to realize a variety of topological phases. For

example, at ν = −3 filling in TBG interaction-induced Chern insulator is predicted [74].

The topological phases catalogue is still to be established in the TTG studied here. For a

charge-neutral system for all studied electric fields, hBN strengths and Hubbard parameters

U , flat bands near the Fermi level are always intertwined. Therefore, single-band Berry’s

curvature and Chern numbers are not well defined. However, multiband analogs can be

defined, in our case of 2+2 bands separated from other bands by well-defined energy gaps,

valid for an ample region in the parameter space of ∆hBN,∆V and U . In Figs. 4.9 (a)

and (b), we show the corresponding Hartree-Fock band structures for two representative

choices of parameters.

First, we establish that the multiband Chern number C1+2+3+4 corresponding to all four

bands is 0. This is also the case for the two flat valence (VBs) and conduction bands (CBs)

separately (C1+2 = C3+4 = 0). However, we observe a non-zero peak of mBC around K
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Figure 4.9: Multiband Berry’s curvature in TTG. Band structure and mBC profiles along
the mBZ path for both two VBs (1+2) and two CBs (3+4) for a) ∆V = 40 meV and
b) ∆V = 120 meV. Distribution of mBC on whole mBZ, c) corresponding to a) and d)
corresponding to b). Colour scale encodes the strength of mBC. The dashed line shows
the mBZ path of a) and b).
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and K ′ points, see e.g., Fig 4.9(c), which cancel each other out. We establish that non-

zero peaks are also present around the Γ point, in Fig. 4.9(c) in the corners of rhomboidal

moiré mBZ. In that sense, the geometry of wavefunctions is hidden since it produces C = 0

despite having a rich profile in the mBZ.

We also show that the k-space profiles of mBC can be tuned using an electric field.

In Figs. 4.9(c) and (d), we compare the distribution of BC across mBZ for two values of

∆V , keeping fixed ∆hBN and U for clarity. We observe that the spread of mBC increases

for larger ∆V around K points. A less pronounced effect is observed around the Γ point.

Such curvature strength tuning, combined with the selective valley population for doped

systems, might be interesting from the perspective of engineering interacting states.

4.5 Conclusions

In this chapter, we study the mirror-symmetric twisted trilayer graphene, which is a highly

tunable moiré system. Our calculations show that the critical value of the Hubbard parame-

ter U necessary to observe magnetic phase transition between para- and anti-ferromagnetic

states is smaller than in other graphene-based systems. However, the anti-ferromagnetic

state is destabilized by mirror and sublattice symmetry-breaking perturbations induced by

the applied vertical electric field and the presence of an hexagonal boron nitride substrate.

Our findings highlight the intricate interplay of electric field, sublattice symmetry breaking,

and electron-electron interactions in determining the magnetic and electronic properties of

twisted trilayer graphene.

We note that the unrestricted Hartree-Fock method used in this work has been shown

sufficient to capture the ground state properties of twisted bilayer graphene [102,104,329],

with general qualitative picture unchanged when more precise treatments of correlations,

i.e. exact diagonalization, density matrix renormalization group or dynamical mean-field

theory, are used. Inclusion of correlations are subject of our future work.

We also establish the presence of ’hidden’ quantum geometry—even though the sys-

tem exhibits zero Chern numbers at charge neutrality, the profile of Berry’s curvature is
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non-trivial. We show that it can be tuned using electric fields. This can be useful in un-

derstanding low electron/hole-doped phases, especially those in which carriers unequally

populate valleys, i.e., valley-polarized states.
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Chapter 5

Triangular graphene quantum dots

In this chapter, we focus on the triangular graphene quantum dots with zig-zag edges. We

discuss an exact analytical solution to the zero-energy shell and show how the nitrogen

impurity allows us to probe its wavefunctions. The theoretical predictions are compared

with ab-initio calculations and with scanning tunnelling microscopy experiments. We then

study triangular graphene quantum dots with armchair edges using a density functional

theory + configuration interactions method. We analyze the role of the impurity on the

energy spectrum and how the inclusion of excitations renormalizes the ground state energy.

Finally, we focus on twisted bilayer triangular graphene quantum dots with zig-zag edges

and study the behaviour of the zero energy shell as a function of size and the twist angle.

In this approach we combine two mechanisms shown to lead to the formation of a zero

energy shell - the sublattice imbalance arising from the triangular geometry and a zig-zag

edge, and the formation of a moiré pattern.
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5.1 Probing the zero energy shell wave functions of

triangular graphene quantum dots using a local-

ized impurity

Following Ref. [39], we derive here analytical expressions for wavefunctions of the degen-

erate zero energy shell of TGQD with zig-zag edges. We consider a TGQD of an arbitrary

size, consisting of two inequivalent sublattices - A and B, depicted by red and blue dots

respectively in Fig. 5.1(a) for a case of TGQD with five benzene rings on the edge, later

referred to as 5-TGQD. We model this structure using the single pz, nearest-neighbour

tight-binding model. The Hamiltonian has the form 2.22, but we assume a constant t,

which is a hopping integral to the nearest neighbour. The zero-energy shell consists of

states with zero energy,y i.e. all states which satisfy the singular eigenvalue problem:

HΨ = 0. (5.1)

Here Ψ is the wave function of the whole system and can be written as a sum of contribu-

tions coming from both sublattices:

Ψα =
∑
i

bA,αi ϕA
i +

∑
i

bB,αi ϕB
i . (5.2)

Here ϕ
A(B)
i refer to pz orbitals localized on the ith A (B) atom and coefficients bαi , to be

determined, specify the eigenstate α. Let’s consider an ith B-atom and its three nearest

neighbours (Fig. 5.1(b)). Using Eq. 5.1 and projecting on ϕBi , we obtain:

bi
〈
ϕBi
∣∣H ∣∣ϕBi 〉+ bj

〈
ϕBi
∣∣H ∣∣ϕAj 〉+ bk

〈
ϕBi
∣∣H ∣∣ϕAk 〉+

bl
〈
ϕBi
∣∣H ∣∣ϕAl 〉 = 0.

(5.3)
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Figure 5.1: (a) Geometry of 5-TQGD structure. A-atoms are plotted as red dots, B-atoms
as blue dots. Empty circles in the corners of the triangle are fictitious atoms added to
ensure proper boundary conditions. All A-atoms are labelled with bn,m coefficients. (b)
B-atom with its three nearest neighbours. All atoms are labelled with their bi coefficients.

Using the expressions
〈
ϕBi
∣∣H ∣∣ϕAj 〉 =

〈
ϕBi
∣∣H ∣∣ϕAk 〉 =

〈
ϕBi
∣∣H ∣∣ϕAl 〉 = t and

〈
ϕBi
∣∣H ∣∣ϕBi 〉 = 0,

we can write Eq. 5.3 as condition:

bj + bk + bl = 0. (5.4)

This means that in the nearest neighbour approximation, the sum of coefficients of the

zero-energy states around each site must vanish. We will now focus our analysis on the

majority sublattice - A, depicted by red dots in Fig. 5.1.

Each atom is labelled by two integer numbers n and m, which correspond to the row and

column index, respectively, following the convention of Pascal’s triangle. We ensure proper
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Figure 5.2: Degenerate shell of 5-TGQD with and without the nitrogen impurity. (a)
Tight-binding calculation - black empty squares refer to 5-TGQD, while the blue squares
correspond to 5-TGQD with nitrogen impurity. (b) Analytical result for 5-TGQD with
nitrogen impurity, inset shows the location of the nitrogen defect in the 5-TGQD - note
the green dot in the center of the triangle. For both the tight-binding and analytical
calculations, the on-site energy of nitrogen δ was set to 5t. (c) DFT calculation for 5-
TGQD. In all three cases of 5-TGQD, the impurity is localized as shown in the inset of
(b).

boundary conditions by adding auxiliary atoms in the corners of our triangle, depicted by

empty red circles in Fig. 5.1(a). We now can use Eq. 5.4 to express all coefficients bn,m

as linear combinations of the coefficients on the left edge, i.e. bn,0. Starting from the top

of our triangle, we can obtain b0,1 = −(b0,0 + b1,1) and b2,1 = −(b1,0 + b2,0). Using these

expressions, and Eq. 5.4 again, we can apply the procedure to the coefficients in the second

row. Repeating these steps for each row, we obtain all the needed coefficients. We note

that this procedure can be carried out for all triangles, irrespective of their size. A general

expression for any bn,m coefficient can be written as:

bn,m = −(bn,m−1 + bn−1,m−1). (5.5)

This recurrence relation connects the coefficient of each atom to the two neighbouring

atoms on its left.
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We will now focus on an arbitrary atom labelled by (k, 0), lying on the left edge, and

another atom labelled by (n,m). Applying Eq. 5.5 to all coefficients on the left of atom

bn,m leading up to the bk,0 atom, one can notice that the sign of the calculated coefficients

alternates with each progression. Specifically, when we reach atom bk,0 on the left edge,

the sign in front of the final expression becomes (−1)m, where m represents the number

of steps needed to arrive at the edge. Additionally, the number of paths connecting these

two atoms corresponds to the binomial coefficient

(
m

n− k

)
. These two observations allow

us to formulate the following expression for the coefficient bn,m:

bn,m = (−1)m
n∑

k≥n−m

(
m

n− k

)
bk,0. (5.6)

We can now use our boundary conditions, i.e., impose vanishing of all the corner coefficients:

b0,0 = bN+1,0 = bN+1,N+1 = 0. This reduces the number of independent coefficients to N−1,

where N is the number of A-atoms on a given edge.

A similar analysis can be conducted for the B-sublattice. Again, we have to ensure

proper boundary conditions, so additional atoms are added in such a way that all A-atoms

have three nearest neighbours. We can now repeat the steps described above, using Eq.

5.4 to reduce the number of independent coefficients. However, in this case, after imposing

the vanishing of coefficients on the auxiliary atoms, we end up with only one independent

coefficient, which results in a trivial solution. This leads to the conclusion that the zero-

energy states can only consist of coefficients from the majority sublattice, which builds up

the zig-zag edge. Now, using Eq. 5.2 and Eq. 5.6, a general form of the states for the

zero-energy shell can be written as:

Ψα =
N+1∑
n=0

N∑
m=0

[
(−1)m

n∑
k≥n−m

(
m

n− k

)
bαk,0

]
ϕAn,m (5.7)

where ϕAn,m is the pz orbital on the A-type site (n,m).

In this expression, only the N −1 coefficients corresponding to atoms from the left edge
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are independent. Thus, we can construct N − 1 linearly independent eigenvectors which

span the subspace with zero-energy states. Our N−1 linearly independent eigenvectors are,

in general, non-orthogonal. We therefore use the Gram-Schmidt algorithm to orthogonalize

them. This way an orthonormal basis can be constructed, in which the zero-energy states

can be written. We note that all the above calculations have been carried out for an

all-carbon TGQD. This analysis will now be extended to a TGQD with nitrogen impurity.

To incorporate the effect of a nitrogen impurity into our tight-binding model, we have

altered the on-site energy corresponding to the nitrogen site. The analytical calculation is

conducted as follows. A new Hamiltonian, in which the nitrogen impurity is treated as a

small perturbation, can be constructed:

Haza = H + Vimp. (5.8)

Here H is the original, all-carbon Hamiltonian, and Vimp = δc†impcimp. δ is a parame-

ter which corresponds to the on-site energy of nitrogen. The analytical solution for the

degenerate shell of H has already been obtained:

H |A⟩ = ε0 |A⟩ , (5.9)

where |A⟩ are the analytical vectors obtained above, and ε0 is the energy of the degenerate

shell. We will now use the set {|A⟩} as a basis to express the states of the degenerate shell

of a TGQD with a nitrogen impurity Haza,0:

Haza,0
αβ = ⟨Aα|Haza |Aβ⟩ = ⟨Aα|H |Aβ⟩ + ⟨Aα|Vimp |Aβ⟩ . (5.10)

Since the energy of the zero-energy states is zero, the first term disappears, and we are left

with:

Haza,0
αβ = ⟨Aα|Vimp |Aβ⟩ = δbαimpb

β
imp. (5.11)

The resulting Hamiltonian is, in general, a dense matrix of dimension N − 1, which cor-

responds to the number of zero-energy states of the original system. To obtain the new

energy values for a TGQD with a nitrogen impurity, we would have to diagonalize an ar-
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bitrarily large matrix. Since the original states were degenerate, any combination of them

is also an eigenstate of the system. As such, we can use the first step of the Gauss elimina-

tion algorithm to rotate our analytical vectors |A⟩ to a basis, where only one bimp remains

non-zero. This allows us to write Haza,0 in a diagonal form straight away, with only one

non-zero eigenvalue. As a result, only one state from the zero-energy shell is shifted by

δ|b′imp|2, where b′imp refers to the coefficient in the rotated basis.

5.1.1 Degenerate shell of a TGQD with a nitrogen impurity

We can now apply the above procedure to a specific case of 5-TGQD with a nitrogen

impurity localized at the center of the system (see inset of Fig. 5.2(b)). We start by

performing the tight-binding calculations. The resulting energy spectrum in the vicinity

of the Fermi level has been shown in Fig. 5.2(a) (blue squares) and has been compared to

the degenerate shell of an all-carbon 5-TGQD (black, empty squares). One can see that

the degenerate shell, which previously consisted of 4 zero-energy states, is preserved, with

only one state now having a lower energy. The other three states remain degenerate and

at zero energy. The magnitude of this split, denoted as ∆, is indicated by the black arrow

in Fig. 5.2(a). We compare this calculation with the analytical solution obtained through

the procedure described above and presented in Fig. 5.2(b). Both of these results are in

qualitative agreement.

Discrepancies in the magnitude of the split ∆ between the tight-binding and analytical

solutions can be attributed to the size of the basis used. In the analytical calculation,

we only considered 4 eigenvectors to span our basis. However, increasing their number

narrows the difference between the analytical and tight-binding solutions. Both results fully

converge when all 46 eigenvectors are used to construct the basis. Additionally, we validated

these findings through the ab-initio DFT calculations. The resulting energy spectrum of

Kohn-Sham orbitals is depicted in Fig. 5.2(c). DFT calculations were conducted within

the local density approximation using the Octopus software [330].

Having analyzed the energy spectrum, we now move on to examine the wave function

probability densities of the zero-energy shell. In this step, we have compared the analytical,
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Figure 5.3: Degenerate shell wave function densities. The first column corresponds to the
wave function density of the Ψ1↑ state marked in Fig 5.2 (c), while the second column
corresponds to the sum of the Ψ2↑,Ψ3↑,Ψ4↑ states, shown in Fig 5.2 (c). (a) and (b) show
the results of DFT calculation, and (c) and (d) show the results of analytical calculation.
(e) and (f) present experimental constant current dI/dV images of 5-TGQD with a nitrogen
impurity on Au(111) [3]. Imaging parameters: T = 4.3 K. IT = 2 nA, lock-in bias voltage
oscillation amplitude = 30 mV. Scale bars = 0.5 nm. Images have been FFT-filtered to
remove higher frequency electronic noise. All of these results refer to the case of 5-TGQD
with an impurity localized at the center of the structure.
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Figure 5.4: (a) Magnitude of the split of the degenerate shell for a 5-TGQD with a nitrogen
impurity with impurity localized on different sites. Red data points correspond to the
impurity position on red atoms shown in (c), while orange data points refer to the orange
atoms in (c). (b) Magnitude of the wavefunction coefficient corresponding to the site with
impurity. Red and orange data points are assigned analogously as (a). (c) Geometrical
structure of a 5-TGQD with a nitrogen impurity. Edge A-atoms are marked in red, bulk
A-atoms are marked in orange, while all B-atoms are marked in blue. The site index 0-45
has been allocated to each atom row by row from left to right e.g. the top blue atom has
index zero, while in the second row the left red atom has index 1, and the right red one
has index 2.
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DFT and experimental results, all of which are presented in Fig. 5.3. All of these results

refer to the case of 5-TGQD with an impurity localized at the center of the structure. The

experiment considered here was conducted by the on-surface synthesis of 5-TGQD with

a nitrogen impurity, via a one-step annealing process on Au(111). Then, scanning probe

microscopy measurements were performed [3]. The dI/dV images presented in Fig. 5.3 (e)

and (f) were obtained in the constant current mode with a CO tip.

In all three cases, we present the probability density of the lower lying state (denoted as

Ψ1↑ in Fig. 5.2(c)) separately from the rest of the degenerate band (denoted as Ψ2↑,Ψ3↑,Ψ4↑

in Fig. 5.2(c)). One can note that all three methods yield similar results - the lower lying

state is localized predominantly at the centers of the edges, with some non-zero contribution

at the center of the quantum dot, while the other three states are localized entirely on the

edges.

We can now generalize our problem to a TGQD with an impurity localized on an

arbitrary atom. Fig. 5.4(a) shows an analysis of the energy ∆ of the split-off level for all

possible positions of the nitrogen atom on the majority sublattice. The red data points

refer to the impurity localized on the edge of the quantum dot (red atoms in Fig. 5.4(c)),

while the orange data points correspond to the bulk atoms, depicted also in orange in Fig.

5.4 (c). Panel (b) shows the magnitude of the wave function coefficient |bn|2 corresponding

to the site with impurity. The colours of the data points have been assigned analogously as

in (a). One can notice that there is a clear correlation between the magnitude of the energy

split and the wave function coefficient on a given atom. This leads us to the conclusion

that positioning the impurity at a given site and measuring the split between the first

state and the rest of the degenerate shell allows us to effectively probe the wave function

localized on that site. One can notice that both the split and the coefficient bn are larger

for the atoms corresponding to the edges of the sample (red data points). This observation

is in agreement with the wave function densities presented in Fig. 5.3, where we saw that

most of the wave function density is indeed localized at the edges of the quantum dot.

We note that moving the nitrogen impurity over the minority sublattice doesn’t affect

the structure of the degenerate shell, since the B-atom coefficients have no contribution to

the zero-energy wave functions.
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Figure 5.5: Geometry and energy spectra of TGQDs without and with the nitrogen im-
purity (a-c) geometry of the TGQDs. Blue dots denote carbon atoms, red dots refer to a
nitrogen impurity. (d-f) Energy spectra as a function of the number of electron-hole pairs.
The dashed line marks the ground state energy.

5.2 Absorption spectra of triangular graphene quan-

tum dots with armchair edges and a nitrogen im-

purity.

We focus here on TGQDs with armchair edges. Specifically, we consider three structures:

one composed entirely of carbon atoms, and two containing nitrogen impurities at different

lattice sites, as illustrated in Fig. 5.5 (a-c), following the experiment from Ref. [53]. Our

goal is to analyze the energy and absorption spectra and to investigate the influence of

nitrogen impurities on these properties.
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To perform this analysis, we employ the DFT+CI method described in Section 2.5.2.

First, we carry out the DFT calculations within the local density approximation (LDA)

using the Octopus software package [330] for all three geometries. These calculations yield

KS energy levels and Coulomb matrix elements, which serve as input for computing the self-

energies and subsequent CI calculations. We select a finite set of single-particle states and

perform CI to obtain the many-body energy spectrum. The Hilbert space is restricted to a

limited number of excitations, allowing us to study how the energy spectrum evolves with

the inclusion of additional excited configurations. In general, adding a single excitation

correction has the form:

|GS⟩1 = A0 |GS⟩0 +
∑
α1,α2

Aα1,α2b
†
α1
bα2 |GS⟩0 (5.12)

where the operators b†αi
(bαi

) create (annihilate) a particle on KS orbital αi. The index α1

runs over the empty states, and the index α2 over occupied states. Adding a bi-exciton

correction would analogously look:

|GS⟩2 = A0 |GS⟩0 +
∑
α1,α2

Aα1,α2b
†
α1
bα2 |GS⟩0 +

∑
α1,α2,α3,α4

Aα1,α2,α3,α4b
†
α1
b†α2
bα3bα4 |GS⟩0

(5.13)

and so on, for the higher corrections. The resulting spectra are shown in Fig. 5.5(a–c).

In all cases, including higher-order excitations leads to a lowering of the ground state

energy, consistent with previous findings in the literature (see, e.g., Ref. [52]). Notably,

for the pristine all-carbon triangle, including the first excitation has only a minor effect

on the energy. In contrast, for the nitrogen-doped structures, the inclusion of the same

excitation results in a significant reduction of the ground state energy, highlighting the

stronger correlation effects introduced by the impurity.
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Figure 5.6: Twisted bilayer TGQD: (a) geometry of the quantum dot consisting of 475
atoms and twist angle θ = 9.4◦. Red dots refer to the atoms of the bottom layer, while
blue dots refer to the top. (b) Energy spectrum close to the Fermi level for a un-twisted
(blue squares) and twisted (red squares) structures

5.3 Twisted triangular graphene quantum dots with

zig-zag edges

In this section, we combine two approaches to build a synthetic correlated electron system

by combining two triangular graphene quantum dots with zigzag edges into a bilayer TGQD

[42] and twisting them. The two degenerate electronic shells of each quantum dot combine

into a single shell. We further twist the two triangles with respect to one another to

engineer the degenerate shell at the Fermi level as a function of twist angle. We use the

ab initio fitted tight-binding model Eq. 2.22:

H =

NUC∑
i,j

Nat∑
αβ

tαβij c
†
iαcjβ. (5.14)

to study the evolution of the flat band a s function of the size of the quantum dot and the

twist angle.
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We consider two TGQDs with zig-zag edges in Bernal stacking. We twist them against

a centrally located AB stacked atoms. Figure 5.6(a) illustrates the system under consid-

eration, with twist angle θ = 9.4◦. One can already notice the beginning of moiré pattern

formation, which in this case has a period equal to 0.65 nm. Panel (b) compares the en-

ergy spectra near the Fermi level for two configurations—the untwisted and the twisted

TGQD shown in panel (a). The zero energy shell is not perfectly flat even in the case of

θ = 0, because we include long-distance hoppings that lead to breaking of the degeneracy

of the zero energy states. Introducing a twist modifies the degenerate shell, leading to a

noticeable broadening of its energy levels and reduction of the band gap between the top

(bottom) of the valence (conduction) band and the zero-energy shell.

We then study the interplay of the size quantization and the twist angle. We consider

two systems - one consisting of ∼ 170 atoms, and the other one of ∼ 1500 atoms (see Fig.

5.7(a–b)). We consider three twist angles - θ = 0◦, 1.1◦, 3.1◦. The non-zero twist angles are

commensurate and lead to the formation of a moiré pattern. The larger the twist angle,

the larger the spread of the degenerate shell denoted by a blue arrow in Fig. 5.7 (a-b).

The spread of the shell also grows with the size of the system. That result is surprising,

since the formation of the moiré pattern for the magic angle should lead to the flattening

of the shell. We conclude that the considered triangles are too small for the moiré pattern

to have a significant influence. Fig. 5.7(c–d) shows numerical values of the energy spread

for a wider range of the twist angles. One can see that for a smaller system, the spread

grows together with the system size, until it plateaus for θ > 8◦. For the larger system,

the spread reaches a maximum for θ = 3◦ and then decreases. However, the shell is never

flatter than for the untwisted case.

5.4 Conclusions

In the first section, we demonstrated how a localized impurity can be used to probe the

wave functions of a degenerate shell in a triangular graphene quantum dot with broken sub-

lattice symmetry. We demonstrated its applicability on the example of triangular graphene
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Figure 5.7: Electronic properties of twisted bilayer TGQD: (a) Energy spectra around the
fermi level for dots consisting of ∼ 170 atoms, non-twisted (black squares), twisted by
θ = 1.1◦ (green squares) and θ = 3.1◦ (red squares). The blue arrow shows the energy
spread of the flat band. (b) Analogous plot for a larger system, containing ∼ 1500 atoms.
(c) Energy spread of the degenerate shell of the system from (a) as a function of the twist
angle. (d) Analogous plot for the (b) system.
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quantum dots with a nitrogen impurity. Starting from the analytical solutions of the singu-

lar eigenvalue problem for an all-carbon triangular graphene quantum dot, we constructed

a framework to describe the system with a nitrogen impurity. We predicted that the pres-

ence of the impurity leads to a characteristic ”peeling off” of one energy level from the

zero-energy band. This effect directly probes the degenerate shell’s wave functions at the

impurity site. Our theoretical predictions were validated by tight-binding and ab initio

calculations and by comparison with experimental results.

We then studied armchair triangular graphene quantum dots with a nitrogen impurity

using a density functional theory + configuration interactions framework. We find that

the presence of the nitrogen impurity dramatically changes the system’s energy spectrum.

We also note that including excitations lowers the ground state energy in both cases, but

the effect is more pronounced for quantum dots with nitrogen impurity.

In the final section, we study twisted bilayer triangular graphene quantum dots. These

structures twisted by a commensurate angle create a unique platform for studies of elec-

tronic correlation. In this work, we show that introducing the twist allows for manipulation

of the degenerate shell in triangular graphene quantum dots, leading to broadening and

reducing the energy gap. These results are a promising start in an analysis of the influence

of the moiré period on such structures.
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Chapter 6

Conclusions and perspectives

In this thesis, we have explored several graphene-based nanostructures, focusing on their

electronic structure, correlation effects, and response to external perturbations such as

magnetic and electric fields, substrates, and impurities. Our results provide valuable mi-

croscopic insights relevant to both fundamental understanding and future experimental

realizations.

We first investigated magic-angle twisted bilayer graphene in nanoribbon geometry, sup-

ported by a hexagonal boron nitride substrate and subjected to an external magnetic field.

By simulating systems as large as one million atoms, we showed that smaller systems with

as few as 20 moiré unit cells can effectively capture essential electronic features, including

the decoupling of edge and bulk states. We computed the Hofstadter spectrum, extracted

in-gap Chern numbers via edge state counting, and identified insulating phases at low

magnetic fields using Wannier diagrams. Our analysis revealed three distinct types of bulk

and edge states—moiré, mixed, and conventional—and tracked their evolution with mag-

netic field and momentum. While our analysis was primarily restricted to single-particle

physics without electrostatic corrections for doping away from ν = 0, we anticipate that

our findings can provide valuable guidance for future scanning tunnelling microscopy mea-

surements and help to experimentally establish properties of microscopic wave functions

in twisted bilayer graphene.
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We further examined the impact of electronic interactions on the magic angle twisted

bilayer graphene by including the electrostatic Hartree correction. This led to a substantial

renormalization of the band structure and smoothing of the charge distribution across the

moiré unit cell. While we observed a high degree of particle-hole symmetry across all flat-

band fillings, the Hartree term alone failed to induce an energy gap. This necessitated the

inclusion of additional interaction effects, such as the Hubbard term, to capture correlation-

driven phenomena.

Next, we turned to mirror-symmetric twisted trilayer graphene, a highly tunable moiré

system. Our calculations revealed that the critical Hubbard interaction strength required

to drive a magnetic phase transition from paramagnetic to antiferromagnetic states is lower

than in other graphene-based materials. However, this antiferromagnetic phase is sensitive

to symmetry-breaking perturbations, such as vertical electric fields and the presence of a

hexagonal boron nitride substrate. In addition, we identified a form of “hidden” quantum

geometry in the form of a nontrivial Berry curvature distribution, despite the absence of

Chern numbers at charge neutrality. We demonstrated that this Berry curvature can be

tuned with electric fields, which is particularly relevant for understanding valley-polarized

states at low doping. Our findings highlight the intricate interplay of electric field, sub-

lattice symmetry breaking, and electron-electron interactions in determining the magnetic

and electronic properties of twisted trilayer graphene. The tunability of these parameters

provides a promising pathway to designing devices with controllable correlated and topo-

logical phases. This study underscores twisted trilayer graphene as a versatile platform to

probe and manipulate quantum materials’ magnetic and electronic properties.

We also investigated triangular graphene quantum dots, focusing on how impurities and

moiré engineering affect their electronic structure. Using an analytical approach grounded

in the singular eigenvalue problem, we showed that introducing a localized impurity, such as

nitrogen, leads to a characteristic “peeling off” of a single energy level from the degenerate

zero-energy band. This allowed us to directly probe the wave functions of the degenerate

shell at the impurity site, with results confirmed by tight-binding, ab initio methods, and

experimental data. Extending this study to armchair-edged triangular graphene quantum

dots with a nitrogen impurity, we used a density functional theory + configuration inter-
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actions framework to show that the impurity significantly modifies the energy spectrum,

with excitations further lowering the ground state energy—an effect more pronounced in

doped systems. Finally, we considered twisted bilayer triangular graphene quantum dots,

where commensurate twisting offers a new degree of tunability. We demonstrated that

twisting broadens the degenerate shell and reduces the energy gap, pointing to the promise

of moiré patterning as a tool for controlling electronic correlations in graphene quantum

dots.

In our future work, we aim to extend our analysis to the extended Hubbard model,

and to employ the projected Hartree-Fock method to study moiré systems away from

charge neutrality, where topological properties may become non-trivial. We also plan to

broaden our focus beyond graphene-based systems to include transition metal dichalco-

genides. Building on our recent work on quantum dots in monolayer WSe2 [301], we intend

to develop models for twisted homo- and hetero-bilayer structures using a variety of theo-

retical and computational tools.
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[16] Alev Devrim Güçlü, Pawel Potasz, Marek Korkusinski, and Pawel Hawrylak.

Graphene quantum dots. Springer, 2014.

[17] S. Das Sarma, Shaffique Adam, E. H. Hwang, and Enrico Rossi. Electronic transport

in two-dimensional graphene. Rev. Mod. Phys., 83:407–470, 2011.

[18] C. W. J. Beenakker. Colloquium: Andreev reflection and klein tunneling in graphene.

Rev. Mod. Phys., 80:1337–1354, 2008.

[19] Choongyu Hwang, David A. Siegel, Sung-Kwan Mo, William Regan, Ariel Ismach,

Yuegang Zhang, Alex Zettl, and Alessandra Lanzara. Fermi velocity engineering in

graphene by substrate modification. Scientific Reports, 2(1):590, 2012.

[20] Horst L. Stormer, Daniel C. Tsui, and Arthur C. Gossard. The fractional quantum

hall effect. Rev. Mod. Phys., 71:S298–S305, 1999.

[21] B. I. Halperin, Patrick A. Lee, and Nicholas Read. Theory of the half-filled landau

level. Phys. Rev. B, 47:7312–7343, 1993.

[22] R. R. Du, H. L. Stormer, D. C. Tsui, L. N. Pfeiffer, and K. W. West. Experimental

evidence for new particles in the fractional quantum hall effect. Phys. Rev. Lett.,

70:2944–2947, 1993.

119



[23] R. L. Willett, R. R. Ruel, K. W. West, and L. N. Pfeiffer. Experimental demonstra-

tion of a fermi surface at one-half filling of the lowest landau level. Phys. Rev. Lett.,

71:3846–3849, 1993.

[24] R. de Picciotto, M. Reznikov, M. Heiblum, V. Umansky, G. Bunin, and D. Mahalu.

Direct observation of a fractional charge. Nature, 389(6647):162–164, 1997.

[25] L. Saminadayar, D. C. Glattli, Y. Jin, and B. Etienne. Observation of the e/3

fractionally charged laughlin quasiparticle. Phys. Rev. Lett., 79:2526–2529, 1997.

[26] M. Byszewski, B. Chwalisz, D. K. Maude, M. L. Sadowski, M. Potemski, T. Saku,

Y. Hirayama, S. Studenikin, D. G. Austing, A. S. Sachrajda, and P. Hawrylak.

Optical probing of composite fermions in a two-dimensional electron gas. Nature

Physics, 2(4):239–243, 2006.

[27] R. Bistritzer and A. H. MacDonald. Moiré butterflies in twisted bilayer graphene.
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ter Ruffieux, Xinliang Feng, and Roman Fasel. Topological frustration induces un-

conventional magnetism in a nanographene. Nature Nanotechnology, 15, 2020.
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[39] P. Potasz, A. D. Güçlü, and P. Hawrylak. Zero-energy states in triangular and

trapezoidal graphene structures. Phys. Rev. B, 81:033403, 2010.

121
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ductivity and strong correlations in moiré flat bands. Nature Physics, 16(7):725–733,

2020.

[83] Dillon Wong, Kevin P. Nuckolls, Myungchul Oh, Biao Lian, Yonglong Xie, Sangjun

Jeon, Kenji Watanabe, Takashi Taniguchi, B. Andrei Bernevig, and Ali Yazdani.

Cascade of electronic transitions in magic-angle twisted bilayer graphene. Nature,

582(7811):198–202, 2020.

[84] U. Zondiner, A. Rozen, D. Rodan-Legrain, Y. Cao, R. Queiroz, T. Taniguchi,

K. Watanabe, Y. Oreg, F. von Oppen, Ady Stern, E. Berg, P. Jarillo-Herrero, and

S. Ilani. Cascade of phase transitions and dirac revivals in magic-angle graphene.

Nature, 582(7811):203–208, 2020.

[85] Petr Stepanov, Ipsita Das, Xiaobo Lu, Ali Fahimniya, Kenji Watanabe, Takashi

Taniguchi, Frank H. L. Koppens, Johannes Lischner, Leonid Levitov, and Dmitri K.

Efetov. Untying the insulating and superconducting orders in magic-angle graphene.

Nature, 583(7816):375–378, 2020.

[86] Shuang Wu, Zhenyuan Zhang, K. Watanabe, T. Taniguchi, and Eva Y. Andrei. Chern

insulators, van hove singularities and topological flat bands in magic-angle twisted

bilayer graphene. Nature Materials, 20(4):488–494, 2021.

127



[87] Ipsita Das, Xiaobo Lu, Jonah Herzog-Arbeitman, Zhi-Da Song, Kenji Watan-

abe, Takashi Taniguchi, B. Andrei Bernevig, and Dmitri K. Efetov. Symmetry-

broken chern insulators and rashba-like landau-level crossings in magic-angle bilayer

graphene. Nature Physics, 17(6):710–714, 2021.

[88] Petr Stepanov, Ming Xie, Takashi Taniguchi, Kenji Watanabe, Xiaobo Lu, Allan H.

MacDonald, B. Andrei Bernevig, and Dmitri K. Efetov. Competing zero-field chern

insulators in superconducting twisted bilayer graphene. Phys. Rev. Lett., 127:197701,

2021.

[89] Asaf Rozen, Jeong Min Park, Uri Zondiner, Yuan Cao, Daniel Rodan-Legrain,

Takashi Taniguchi, Kenji Watanabe, Yuval Oreg, Ady Stern, Erez Berg, Pablo Jarillo-

Herrero, and Shahal Ilani. Entropic evidence for a pomeranchuk effect in magic-angle

graphene. Nature, 592(7853):214–219, 2021.

[90] Yu Saito, Jingyuan Ge, Kenji Watanabe, Takashi Taniguchi, and Andrea F. Young.

Independent superconductors and correlated insulators in twisted bilayer graphene.

Nature Physics, 16(9):926–930, 2020.

[91] J. M. B. Lopes dos Santos, N. M. R. Peres, and A. H. Castro Neto. Graphene bilayer

with a twist: Electronic structure. Phys. Rev. Lett., 99:256802, 2007.

[92] B. Andrei Bernevig, Zhi-Da Song, Nicolas Regnault, and Biao Lian. Twisted bilayer

graphene. i. matrix elements, approximations, perturbation theory, and a k · p two-

band model. Phys. Rev. B, 103:205411, 2021.

[93] Zhi-Da Song, Biao Lian, Nicolas Regnault, and B. Andrei Bernevig. Twisted bilayer

graphene. ii. stable symmetry anomaly. Phys. Rev. B, 103:205412, 2021.

[94] B. Andrei Bernevig, Zhi-Da Song, Nicolas Regnault, and Biao Lian. Twisted bi-

layer graphene. iii. interacting hamiltonian and exact symmetries. Phys. Rev. B,

103:205413, 2021.

128



[95] Biao Lian, Zhi-Da Song, Nicolas Regnault, Dmitri K. Efetov, Ali Yazdani, and B. An-

drei Bernevig. Twisted bilayer graphene. iv. exact insulator ground states and phase

diagram. Phys. Rev. B, 103:205414, 2021.

[96] B. Andrei Bernevig, Biao Lian, Aditya Cowsik, Fang Xie, Nicolas Regnault, and

Zhi-Da Song. Twisted bilayer graphene. v. exact analytic many-body excitations in

coulomb hamiltonians: Charge gap, goldstone modes, and absence of cooper pairing.

Phys. Rev. B, 103:205415, 2021.

[97] Jian Kang and Oskar Vafek. Non-abelian dirac node braiding and near-degeneracy

of correlated phases at odd integer filling in magic-angle twisted bilayer graphene.

Phys. Rev. B, 102:035161, 2020.

[98] Jeil Jung, Arnaud Raoux, Zhenhua Qiao, and A. H. MacDonald. Ab initio theory
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Guillén, and Shengjun Yuan. An atomistic approach for the structural and electronic

properties of twisted bilayer graphene-boron nitride heterostructures. npj Computa-

tional Materials, 8(1):73, 2022.

[194] Yiheng Chen, Wen-Ti Guo, Zi-Si Chen, Suyun Wang, and Jian-Min Zhang.

First-principles study on the heterostructure of twisted graphene/hexagonal boron

nitride/graphene sandwich structure. Journal of Physics: Condensed Matter,

34(12):125504, 2022.

[195] Min Long, Zhen Zhan, Pierre A. Pantaleón, Jose Ángel Silva-Guillén, Francisco
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[197] Procolo Lucignano, Dario Alfè, Vittorio Cataudella, Domenico Ninno, and Giovanni

Cantele. Crucial role of atomic corrugation on the flat bands and energy gaps of

twisted bilayer graphene at the magic angle θ ∼ 1.08◦. Phys. Rev. B, 99:195419,

2019.

[198] G. Trambly de Laissardière, D. Mayou, and L. Magaud. Localization of dirac elec-

trons in rotated graphene bilayers. Nano Letters, 10(3):804–808, 2010.

[199] Alexander Kerelsky, Leo J. McGilly, Dante M. Kennes, Lede Xian, Matthew

Yankowitz, Shaowen Chen, K. Watanabe, T. Taniguchi, James Hone, Cory Dean,

Angel Rubio, and Abhay N. Pasupathy. Maximized electron interactions at the

magic angle in twisted bilayer graphene. Nature, 572(7767):95–100, 2019.

[200] Yasumasa Hasegawa and Mahito Kohmoto. Periodic landau gauge and quantum hall

effect in twisted bilayer graphene. Phys. Rev. B, 88:125426, 2013.

[201] Manato Fujimoto and Mikito Koshino. Moiré edge states in twisted bilayer graphene
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[277] Maciej Bieniek, Marek Korkusiński, Ludmi la Szulakowska, Pawe l Potasz, Isil Ozfi-

dan, and Pawe l Hawrylak. Band nesting, massive dirac fermions, and valley landé
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[311] Päivi Törmä, Sebastiano Peotta, and Bogdan A. Bernevig. Superconductivity, su-

perfluidity and quantum geometry in twisted multilayer systems. Nature Reviews

Physics, 4(8):528–542, 2022.

[312] Kevin P. Nuckolls, Ryan L. Lee, Myungchul Oh, Dillon Wong, Tomohiro Soejima,
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Appendix A

Fourier transform identities for

continuous model derivation

We aim to prove the following identity:

1

N

∑
R⃗(1)

e−iR⃗
(1)·(k⃗−G⃗′(1)−k⃗′) =

∑
G⃗(1)

δk⃗+G⃗(1) ,⃗k′+G⃗′(1) . (A.1)

To do so, we analyze a general expression involving a sum over real-space lattice vectors.

Let’s define a function f(k⃗) as follows:

f(k⃗) =
1

N

∑
R⃗

e−iR⃗·⃗k = δk⃗,G⃗. (A.2)

This expression tells us that f(k⃗) evaluates to 1 if k⃗ is a reciprocal lattice vector, and 0

otherwise:

f(k⃗) =

1, k⃗ = G⃗

0, otherwise
(A.3)

Let us first verify the case k⃗ = G⃗. Recall the definitions for real and reciprocal lattice
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vectors:

R⃗ = n1a⃗1 + n2a⃗2 (A.4)

G⃗ = m1G⃗1 +m2G⃗2 (A.5)

Gaab = 2πδa,b (A.6)

Using these definitions in Eq. A.2, we get:

1

N

∑
R⃗

e−iR⃗·G⃗ =
1

N

∑
R⃗

e−i(n1a⃗1+n2a⃗2)·(m1G⃗1+m2G⃗2) =
1

N

∑
R⃗

e−i2π(n1m1+n2m2) = 1. (A.7)

Since the exponential evaluates to 1 for all terms in the sum, the result is simply 1.

Therefore, Eq. A.3 is satisfied when k⃗ = G⃗. Now we examine the case where k⃗ /∈ the

reciprocal lattice. In this case, exp
(
−iR⃗ · k⃗

)
no longer evaluates to unity. Writing out the

sum explicitly:∑
R⃗

e−iR⃗·⃗k →
∑
n1,n2

e−ik⃗·(n1a⃗1+n2a⃗2) =
∑
n1

e−i(k⃗·⃗a1)n1

∑
n2

e−i(k⃗·⃗a2)n2 (A.8)

We’ll now analyze each geometric series separately, beginning with:

∑
n1

e−i(k⃗·⃗a1)n1 =
∑
n1

(
e−i(k⃗·⃗a1)

)n1

= 1 + e−i(k⃗·⃗a1) +
(
e−i(k⃗·⃗a1)

)2
+ . . . . (A.9)

This is indeed a geometric series, for which the sum is known:

1 + q + q2 + · · · + qn =
1 − |q|n+1

1 − |q|
, q ̸= 1 (A.10)
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Applying this to our expression:

∑
n1

e−i(k⃗·⃗a1)n1 =
1 −

(
e−i(k⃗·⃗a1)

)N
1 −

∣∣∣e−i(k⃗·⃗a1)∣∣∣ (A.11)

Returning to the full expression:

1

N

∑
n1

e−i(k⃗·⃗a1)n1 =
1

N
·

1 −
(
e−i(k⃗·⃗a1)

)N
1 −

∣∣∣e−i(k⃗·⃗a1)∣∣∣ −−−→
N→∞

0 (A.12)

We have therefore shown that:

1

N

∑
R⃗

e−iR⃗·⃗k = δk⃗,G⃗. (A.13)
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Appendix B

Interlayer tunneling terms

We present here a detailed derivation of the tunneling matrices Tαβ1 , Tαβ2 , Tαβ3 . To begin

with, we will remind a few relations that will be useful throughout our calculation: The

vectors pointing to the position of an atom within a unit cell have the form:

τ⃗
(1)
A = (0, 0) (B.1)

τ⃗
(1)
B =

a0√
3
R

(1)
θ/2(0, 1) (B.2)

τ⃗
(2)
A = − a0√

3
R

(2)
θ/2(0, 1) (B.3)

τ⃗
(2)
B = (0, 0) (B.4)

The reciprocal lattice vectors can be defined as:

G⃗(j)
n,m = nG⃗

(j)
1 +mG⃗

(j)
2 (B.5)
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And specifically:

G⃗
(j)
1 =

4π

a0
√

3
R

(j)
θ/2

(
−
√

3

2
,
1

2

)
(B.6)

G⃗
(j)
2 =

4π

a0
√

3
R

(j)
θ/2

(√
3

2
,
1

2

)
(B.7)

The rotation matrices for both layers have the form:

R
(1)
θ/2 =

[
cos(θ/2) − sin(θ/2)

sin(θ/2) cos(θ/2)

]
(B.8)

R
(2)
θ/2 =

[
cos(θ/2) sin(θ/2)

− sin(θ/2) cos(θ/2)

]
(B.9)

Finally, the general form of the tunneling matrix element is:

(Ti)
αβ = we

−i
[
G⃗

(2)
n2,m2

·τ⃗ (2)β −G⃗(1)
n1,m1

·τ⃗ (1)α

]
(B.10)

We start now, considering the case when i = 1 → (n1,m1) = (0, 0). That gives us:

(T1)
αβ = we

−i
[
0·τ⃗ (2)β −0·τ⃗ (1)α

]
= (w)αβ . (B.11)

And finally, we have:

(T1)
αβ = w

[
1 1

1 1

]
(B.12)

The second and third cases are much more complex than this one. Since not all terms

will simplify, we have to consider different α and β. In the second one we have i = 2 →
(n1,m1) = (0, 1), which gives us, for the AA term:

(T2)
A,A = we

−i
[
G⃗

(2)
0,1·τ⃗

(2)
A −G⃗(1)

0,1·τ⃗
(1)
A

]
= we

−i
[
G⃗

(2)
0,1·τ⃗

(2)
A

]
(B.13)
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We will split this calculation into smaller parts and first obtain the product:

G⃗
(2)
0,1 · τ⃗

(2)
A =

4π

a0
√

3
R

(2)
θ/2

(√
3

2
,−1

2

)
·
(
− a0√

3

)
R

(2)
θ/2(0, 1) (B.14)

We will also calculate the product of the vectors with the rotation matrices separately:

R
(2)
θ/2

−
√

3

2

−1

2

 =

[
cos(θ/2) sin(θ/2)

− sin(θ/2) cos(θ/2)

]−
√

3

2

−1

2

 =

−
√

3

2
cos(θ/2) − 1

2
sin(θ/2)

√
3

2
sin(θ/2) − 1

2
cos(θ/2)


(B.15)

R
(2)
θ/2

(
0

1

)
=

[
cos(θ/2) sin(θ/2)

− sin(θ/2) cos(θ/2)

](
0

1

)
=

(
sin(θ/2)

cos(θ/2)

)
(B.16)

When we insert the results back into Eq. B.14, we get:

G⃗
(2)
0,1 · τ⃗

(2)
A = −4π

3

−
√

3

2
cos(θ/2) − 1

2
sin(θ/2)

√
3

2
sin(θ/2) − 1

2
cos(θ/2)

 ·

(
sin(θ/2)

cos(θ/2)

)
(B.17)

= −4π

3

[(
−
√

3

2
cos(θ/2) − 1

2
sin(θ/2)

)
sin(θ/2) +

(√
3

2
sin(θ/2) − 1

2
cos(θ/2)

)
cos(θ/2)

]
(B.18)

= −4π

3

[
−1

2
sin2(θ/2) − 1

2
cos2(θ/2)

]
= −4π

3

(
−1

2

)
=

4π

6
=

2π

3
(B.19)

That leads us to the final expression:

(T2)
A,A = we

−i
[
G⃗

(2)
0,1·τ⃗

(2)
A −G⃗(1)

0,1·τ⃗
(1)
A

]
= we

−i
[
G⃗

(2)
0,1·τ⃗

(2)
A

]
= we

−i

2π

3


(B.20)
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Now we consider the BB term:

(T2)
B,B = we

−i
[
G⃗

(2)
0,1·τ⃗

(2)
B −G⃗(1)

0,1·τ⃗
(1)
B

]
= we

−i
[
−G⃗(1)

0,1·τ⃗
(1)
B

]
= we

i
[
G⃗

(1)
0,1·τ⃗

(1)
B

]
(B.21)

Again, we split the calculation into smaller pieces:

G⃗
(1)
0,1 · τ⃗

(1)
B =

4π

a0
√

3
R

(1)
θ/2

(
−
√

3

2
,−1

2

)
·
(
a0√

3

)
R

(1)
θ/2(0, 1) (B.22)

And calculate the product of the rotation matrices and vectors:

R
(1)
θ/2

−
√

3

2

−1

2

 =

[
cos(θ/2) − sin(θ/2)

sin(θ/2) cos(θ/2)

]−
√

3

2

−1

2

 =

−
√

3

2
cos(θ/2) +

1

2
sin(θ/2)

−
√

3

2
sin(θ/2) − 1

2
cos(θ/2)


(B.23)

R
(1)
θ/2

(
0

1

)
=

[
cos(θ/2) − sin(θ/2)

sin(θ/2) cos(θ/2)

](
0

1

)
=

(
− sin(θ/2)

cos(θ/2)

)
(B.24)

Which gives us:

G⃗
(1)
0,1 · τ⃗

(1)
B =

4π

3

−
√

3

2
cos(θ/2) +

1

2
sin(θ/2)

−
√

3

2
sin(θ/2) − 1

2
cos(θ/2)

 ·

(
− sin(θ/2)

cos(θ/2)

)
(B.25)

=
4π

3

[
−
√

3

2
cos(θ/2)(− sin(θ/2)) +

1

2
sin2(θ/2) −

√
3

2
sin(θ/2) cos(θ/2) − 1

2
cos2(θ/2)

]
(B.26)

=
4π

3

[√
3

2
sin(θ/2) cos(θ/2) +

1

2
sin2(θ/2) −

√
3

2
sin(θ/2) cos(θ/2) − 1

2
cos2(θ/2)

]
(B.27)
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=
4π

3

[
1

2
sin2(θ/2) − 1

2
cos2(θ/2)

]
=

4π

3
·
(
−1

2

)
= −2π

3
(B.28)

And finally we have:

(T2)
B,B = weiG⃗

(1)
0,1·τ⃗

(1)
B = we−i[

2π
3 ] (B.29)

Now, the AB term, which is much simpler:

(T2)
A,B = we

−i
[
G⃗

(2)
0,1·τ⃗

(2)
A −G⃗(1)

0,1·τ⃗
(1)
B

]
(B.30)

G⃗
(2)
0,1 · τ⃗

(2)
A =

2π

3
(B.31)

G⃗
(1)
0,1 · τ⃗

(1)
B = −2π

3
(B.32)

We get:

(T2)
A,B = we−i[

2π
3
+ 2π

3 ] = we−i[
4π
3 ] = wei[

2π
3 ] (B.33)

And for the BA analogously:

(T2)
B,A = we

−i
[
G⃗

(2)
0,1·τ⃗

(2)
B −G⃗(1)

0,1·τ⃗
(1)
A

]
= we−i[0] = w (B.34)

Collecting all the terms, we get the final form of the T2 matrix:

T2 = w

[
e−i[

2π
3 ] ei[

2π
3 ]

1 e−i[
2π
3 ]

]
(B.35)

We now move on to the third matrix, where i = 3 → (n3,m3) = (1, 0). We will follow an

analogous path, and start with the AA term:

(T3)
A,A = we

−i
[
G⃗

(2)
1,0·τ⃗

(2)
A −G⃗(1)

1,0·τ⃗
(1)
A

]
= we

−i
[
G⃗

(2)
0,1·τ⃗

(2)
A

]
(B.36)
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We calculate the product first:

G⃗
(2)
1,0 · τ⃗

(2)
A =

4π

a0
√

3
R

(2)
θ/2

(
−
√

3

2
,

1

2

)
·
(
− a0√

3

)
R

(2)
θ/2(0, 1) (B.37)

And now the product of the matrices and vectors:

R
(2)
θ/2

−
√

3

2
1

2

 =

[
cos(θ/2) sin(θ/2)

− sin(θ/2) cos(θ/2)

]−
√

3

2
1

2

 =

−
√

3

2
cos(θ/2) +

1

2
sin(θ/2)

√
3

2
sin(θ/2) +

1

2
cos(θ/2)


(B.38)

R
(2)
θ/2

(
0

1

)
=

[
cos(θ/2) sin(θ/2)

− sin(θ/2) cos(θ/2)

](
0

1

)
=

(
sin(θ/2)

cos(θ/2)

)
(B.39)

We now insert it back in:

G⃗
(2)
0,1 · τ⃗

(2)
A =

4π

3

−
√

3

2
cos(θ/2) +

1

2
sin(θ/2)

√
3

2
sin(θ/2) +

1

2
cos(θ/2)

 ·

(
sin(θ/2)

cos(θ/2)

)
(B.40)

= −4π

3

(
−
√

3

2
sin(θ/2) cos(θ/2) +

1

2
sin2(θ/2) +

√
3

2
sin(θ/2) cos(θ/2) +

1

2
cos2(θ/2)

)
(B.41)

= −4π

3

(
1

2
sin2(θ/2) +

1

2
cos2(θ/2)

)
= −4π

3
· 1

2
= −2π

3
(B.42)

That gives us:

(T3)
A,A = we

−i
[
G⃗

(2)
0,1·τ⃗

(2)
A

]
= we

i

2π

3


(B.43)
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Now we move on to the BB case:

(T3)
B,B = we

−i
[
G⃗

(2)
1,0·τ⃗

(2)
B −G⃗(1)

1,0·τ⃗
(1)
B

]
= we

−i
[
−G⃗(1)

1,0·τ⃗
(1)
B

]
= we

i
[
G⃗

(1)
1,0·τ⃗

(1)
B

]
(B.44)

As before, we calculate the product:

G⃗
(1)
1,0 · τ⃗

(1)
B =

4π

a0
√

3
R

(1)
θ/2

(
−
√

3

2
,
1

2

)(
a0√

3

)
R

(1)
θ/2(0, 1) (B.45)

And now the matrices and vectors product:

R
(2)
θ/2

−
√

3

2
1

2

 =

[
cos(θ/2) − sin(θ/2)

sin(θ/2) cos(θ/2)

]−
√

3

2
1

2

 =

−
√

3

2
cos(θ/2) − 1

2
sin(θ/2)

−
√

3

2
sin(θ/2) +

1

2
cos(θ/2)


(B.46)

R
(2)
θ/2

(
0

1

)
=

[
cos(θ/2) − sin(θ/2)

sin(θ/2) cos(θ/2)

](
0

1

)
=

(
− sin(θ/2)

cos(θ/2)

)
(B.47)

Which inserted back in, gives us:

G⃗
(2)
0,1 · τ⃗

(2)
A =

4π

3


−

√
3

2
cos(θ/2) − 1

2
sin(θ/2)

−
√

3

2
sin(θ/2) +

1

2
cos(θ/2)

 ·

(
− sin(θ/2)

cos(θ/2)

) (B.48)

=
4π

3

(√
3

2
sin(θ/2) cos(θ/2) +

1

2
sin2(θ/2) −

√
3

2
sin(θ/2) cos(θ/2) +

1

2
cos2(θ/2)

)
(B.49)

=
4π

3

(
1

2
sin2(θ/2) +

1

2
cos2(θ/2)

)
=

4π

3
· 1

2
=

2π

3
(B.50)
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That leads us to:

(T3)
B,B = we

i
[
G⃗

(1)
1,0·τ⃗

(1)
B

]
= we

i

2π

3


(B.51)

And finally the AB and BA terms:

(T3)
A,B = we

−i
[
G⃗

(2)
1,0·τ⃗

(2)
A −G⃗(1)

1,0·τ⃗
(1)
B

]
(B.52)

G⃗
(2)
1,0 · τ⃗

(2)
A = −2π

3
(B.53)

G⃗
(1)
1,0 · τ⃗

(1)
B =

2π

3
(B.54)

(T3)
A,B = we

−i
[
G⃗

(2)
1,0·τ⃗

(2)
A −G⃗(1)

1,0·τ⃗
(1)
B

]
= we−i[

2π
3
+ 2π

3 ] = wei[
4π
3 ] = we−i[

2π
3 ] (B.55)

(T3)
B,A = we

−i
[
G⃗

(2)
1,0·τ⃗

(2)
B −G⃗(1)

1,0·τ⃗
(1)
A

]
= we−i[0] = w (B.56)

That gives us the final form of the T3 matrix:

T3 = w

[
ei[

2π
3 ] e−i[

2π
3 ]

1 ei[
2π
3 ]

]
(B.57)
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Appendix C

Relaxation details of twisted trilayer

graphene
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Figure C.1: Relaxation details: (a) Schematic side view of relaxed TTG layers. The in-
terlayer distance varies across the moiré unit cell depending on the local stacking. The
middle layer remains rigid and top/bottom layers are adjusted. The layers are closest in
the AB-stacked regions, where the interlayer spacing is dAB = dmin = 3.34 Å. The largest
separation occurs in the AA-stacked regions, where dAA = dmax = 3.61 Å. (b) Band struc-
ture of non-relaxed and relaxed TTG denoted by blue dots and black circles, respectively.
No gap between the flat and remote bands is observed for non-relaxed structure. Relax-
ation leads to flattening of the flat band, renormalization of the remote bands, and gaps
opening between the flat and the remote bands at the Γ point.
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