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Abstract

Thi gravity induced force on revolute robot links is generally comparable to
the dynamic induced forces at high operational speeds. At low speeds this force
dom.in_ates over the dynamic forces. In the process of study of the static and dynamic
behaviour of manipulators through the overall measures such as the force ellipsoid,
the dynamic manipulability ellipsoid, and the generalized ellipsoid of inertia the effect
of gravity is ignored due to the complexity that the inclusion of this force brings to

the analysis.

This study presents a method to include the effect of gravity in the static and dy-
namic analysis of robot arms. Using the concept of fields, the gravity induced forces
acting on individual links are replaced by a single force, called here the generalized
weight of the arm. The generalized weight is a force that acts at the end effector
and its magnitude and direction are functions of the configuration of the manipula-
tor. Since the system is conservative, the generalized weight is considered to be the
gradient of a potential field that will be called here the generalized gravitational field
(GGF'). This field alone can illustrate the overall effect of gravity on the manipulator

throughout its work volume.

The generalized weight field is then integrated with the force ellipsoid to display
the true force that a manipulator can apply to its environment. Based on the gen-
eralized weight field and the generalized inertia tensor the generalized gravitational
acceleration field is introduced. The dynamic manipulability ellipsoid is then su-
perimposed on this field to demonstrate the true acceleration capability of the eﬁd

effector. The relation between the generalized weight and the generalized ellipsoid of



inertia is investigated.

Effect of change of physical parameters of the arm are also discussed. It is shown
that for a particular desigr of manipulators the generalized gravitational field is
absclutely flat, and in general the manipulators’s physical parametets may be used

to taylor the GGF for a particular application.
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Chapter 1

Introduction

1.1 Objectives and Outline of the Study

Unlike fast moving mechanisms the effect of gravity on the overall behavior of robot
arms is significant. In fast moving mechanisms and machines the gravitational force
is generally balanced or is negligible in comparison to the dynamic forces. In robotics,
"however, due to the relatively slow motion of the links and their large masses, the
force of gravity is generally of the same order of magnitude as the dynamic forces
even when the robot is operated at high speeds. At low operational speeds the force

of gravity is significantly larger than the dynamic forces.

Generally sp@aking, revolute manipulators are more maneuverable, yet they are
weaker than other types due to the nature of the revolute joints they employ. Fur-
thermore, their dynamic behavior is more complex. Analysis of the behaviour of such

manipulators requires a clear understanding of both their statics and dynamics, and



the factors that influence them. The structure of the linkage, as well as the masses
of the links and the way they are distributed, are among the major parameters that
influence the overall performance of revolute manipulators. Any improvement in

performance of the manipulators has its roots in proper choice of these parameters.

The revolute manipulator of today is a crude imitation of the human arm. Its
structure is that of an open chain linkage mechanism. Each link is supported at one
end by the previous link down the chain and is free to move while carrying the next
link at the other end. This arrangement renders flexibility and relatively good reach
ability for the mechanism, however, it results in a disadvantaged structure which
causes the weight and the inertia forces of the links as well as the forces which result
from the interaction between them, to cascade down the chain through a cantilever

arrangement.

Up to the present a large number of designs for the manipulators structure and
the mass distribution of the links have been proposed. However, no unique design
can claim optimum performance under all circumstances. This is due to the fact
that 2 manipulator with several links has a variable configuration and 2 highly non-
linear dynamic behavior. To overcome this complexity, attempts have been made
to introduce measures that can be used to evaluate the overall static and dynamic
performance of the system. However, it seems that a study that depicts 2 global view
of the effect of gravity on manipulator links is still missing. Such a study will bring
about a deeper understanding of the overall behavior of the system. It will also help
to examine the effect of variation of the physiél parameters of the links on behavior

of the system as a whole.

to



The goal of this work is to study the effect of gravity on manipulators in the

following respects:

e How it affects the system ,

e How it can be transformed into an abstract measure that would help in cate-

gorizing the characteristics of the manipulators, and

¢ How that measure can be utilized to study the static and dynamic behavior of

manipulators.

In the remainder of this chapter an cutline of the literature pertinent to this study
is presented. In Chapter 2 the effect of gravity on joint torques of manipulators at
various speeds is investigated. Towards that -end a typical 6 DOF revolute-joint
PUMA manipulator is used as 2 model and is made to move its end point along a

typical spatial trajectory.

It is common practice to make use of the Jacobian matrix and its inverse in
the forward and inverse kinematic analysis of the manipulators. In Sections 2.4 and
2.5 of this study the forward and inverse kinematic analysis are carried out without
using the Jacobian matrix. The velocities and accelerations are directly calculated

by differentiating the equations of position with respect to time.

The Newton-Euler equations for the dynamic analysis of the manipulators, are
presented in a form that contains matrices and matrix operations only. This form
gives a unified appearance to the equations. Suitable measures are taken to preserve

the efficiency of the computation. -



In Chapter 3 the concept of Generalized Gravitational Field (GGF) and the
generalized weight fields are introduced. The notion of the field has proved to be
extremely useful in conveying the underlying ideas in fundamental phenomena such
as gravity. For this purpose a 3 link parallel drive manipulator is considered. Salient
characteristics of the GGF such as its curl, divergence, and normal trajectories are

discussed.

Static bebavior of manipulators is the subject of Chapter 4. It starts with the
review of the force ellipsoid that has been introduced by other researchers as a tool
for the evaluation of the capability of the end effector in applying static force to its
environment. It will be shown that the size and orientation of the force ellipsoids
at various points of the work volume are closely related. The force ellipsoid, as
introduced, does nc.ﬂ: take into account the effect of gravity. It will be shown in that
chapter how the generalized weight field and the force ellipsoid can be integrated in

order to display the true force that the end effector can exert on its surroundings.

In Chapter 5 the dynamic behavior of manipulators is discussed. The general-
ized ellipsoid of inertia and the dynamic manipulability ellipsoid which have been
introduced by other researchers are reviewed. It is shown that similar to the force
ellipsoid, these ellipsoids are also closely related across the working space of the ma-
nipulator. Utilizing the gmemﬁzed weight field and the generalized tensor of inertia,
the generalized gravitational acceleration field is introduced. The relation between
the generalized weight field and the generalized gravitational acceleration and the
generalized ellipsoid of inertia is explored. It is shown that the integration of the
generalized gravitational acceleration and the dynamic manipulability ellipsoid can

reveal the true acceleration capability of the end effector.

4



Effect of change of physical parameters of the manipulators on the conformation
of their generalized gravitational field and generalized weight field, and on their
static and dynamic behavior is discussed in Chapter 6. Manipulators are ::-ategorized
based on the shape of their fields. The global and local field indices are defined
to make the categorization possible. Manipulators with different values of indices
are studied. It is shown that under a particular condition the GGF is similar to the

ordinary gravitational field in every respect. The conclusion and future works appear

in Chapter 7.

1.2 Literature Survey

Th-e field of robotics, although still very young, enjoys a tremendous attention from
the research community. During the last 10 years almost every area of this field has
been deeply explored. The arez of dynamics, and in particular the mass distribution
of the links, has received wide attention. Some of the research has been devoted to
prepare a better understanding of-the overall behavior of the manipulators as well
as the way they interact with their environment. Others have focused on improving

the structural and physical elements of the system such that they comply with their
particular tasks.

A pumber of researchers have concluded that decreasing the mass of the links
makes it possible to improve the maneuverability of the robots as well as increasing
the mass of the payload that they can carry. According to this group, manipulators
need not have rigid links for accurate tracking and placement of their payload. In-

stead, they contend that the errors generated due to the flexibility of the links can

5



be compensated for by the manipulator’s controller. Daniel (1983), Usoro (1986),
Chedmail (1986), Biswas and Klafter (1989), and Kiedrzynski (1988) are among that
group. A survey of pertinent works in the area of flexible manipulators can be found

in Desoyer et al (1986).

Flexible link robots, however promising, have little application in industrial op-
erations. Today’s industrial applications of robots, in most cases, demand high accu-
racy in positioning. This, for the time being, requires that the industrial manipulator

arms have rigid structures.

To reduce the effect of gravity on the robots, and hence increasing their accuracy
in positioning of the end effector some researchers have considered the method of
bracing of the manipulators near the endpoint”as an additional external support.
Book (1985), counting the lightweight arms advéntages and disadvantages, explained
the bracing concept as being similar to the strategy of human workers who steady
their hand for precise work by bracing their arm against a work bench. Based on that
strategy he concluded that if the coarse motions are assigned to joints which move
the major links, and fine motions to other degrees of freedom which are referenced
to the work piece rather than the base of the arm, then it is possible to employ
the Lightweight arms without suffering from their disadvantages in accurate small’

motions.

Asada and West (1986) designed a device they called jig hand. It is used to
brace the endpoint of 2 manipulator against the work piece. They considered jig
hands with active and passive joints and applied one to 2 commercial robot arm for

gnading applications. They concluded that the jig hands can be fitted to conventional



robots to increase the effective stiffness at the end effector. The jig hand also reduces

the backlash and enables the robot to measure the position of the tool relative to the

—

work surface.

A group of researchers have investigated the idea of counterbalancing of the
links such that the effect of gravity is partly or completely balanced. Currently the
most widely utilized method of balancing robot links employs a fixed counterweight.
This method works well for low velocity operation. However, at high velocities and
accelerations, the increase in dynamic torque resulting from the added inertia of the

counterweight become a major drawback.

Gvozdev.(1983) designed a device that completely balances i:he robot links. The
author claims that the device can also achieve complete balancing even when the
payload has changed. Yang and Tzeng (1986) proposed a method for simplifying and
linearizing the dynamic equations of manipulators by forcing the coefficients of the
nonlinear terms in the Lagrangian of the system to become zero. This, in practice,
requires the complete static counterbalancing of each link. Their study, however,
deals only with the theoretical design, and no consideration was given to the physical
realization of such a robot. Recently Gompertz and Yang (1989) have extended the
idea of dynamic linearization to investigate the feasibiﬁty of kinematically redundant

planar manipulators.

In a more realistic way Rivin (1988) argued that counterbalancing of the links
using energy storage elements like springs, hydraulic or pneumatic cylinders, cannot
result in the reduction or elimination of the configuration dependent terms in the

dynamic equations of the system. However, proper mass counterbalancing of the



links leads to the reduction of joint torques as well as a large attenuation of torque
variations. He then concluded that even a substantial addition of extra weight to
the‘:system in order to achieve balac  .ng can be justified in many cases. For the
cases such as material handling, where complete mass counterbalancing can not be
achieved due to constant change in the payload, he suggests to assume a payload
mass equal to 15 to 20 percent of that of the second link and to counterbalance the
links as such. For a class of robots that handle a limited number of parts he suggests
an adjustable counterbalance that allows approximate balancing for the range of the
mass of the parts being handled.

The idea of utilizing an adjustable counterbalance has also been explored by other
researchers. Chung et al. (1984) investigated the effect of two adjusiable counter-
weights balancing the upper and lower arms of a PUMA type ma.nip-ulator. As the
robot picks up a payload, the counterweights are automatically moved to a proper
location such that each link is statically balanced. The authors argue that with this
system added to the robot the tracking or positioning error will be reduced and the
control scheme will become simpler. Chung et al. (1986) carried out a more thorough
dynamic study on the effect of adjustable counterweights on manipulators. They
reported a significant reduction in on-line computation time for a con;puted torque
' controlx scheme simulation. They also concluded that for 2 given path the total vazn-
ations in iﬁput torques of the unb.alanced manipulator were about three times larger
than those of the one equipped with the adjustable counterweights. However they
mentioned that increasing the speed of the operation was accompanied by more in-
crease in the torques of the joint drives for the case of the adjustable counterweights

than for traditionally balanced manipulators.



Using the sensitivity theory, Chung and Cho (1988) studied the sensitivity of an
unbalanced, a partially balanced and a completely balanced manipulator with respect
to payload variations. They concluded that the sensitivity of the completely balanced
manipulator is very low for payload variations. They also reported that even for the

partially balanced robot the sensitivity is still lower than that of the unbalanced one.

Jumarie (1986) investigated the use of time-varying inertia Links. In practice
such a possibility can be reached only by using a moving counterbalance. Hox.vever,
the author éid not elaborate on the method of physically obtaining the time varying
inertia characteristics. He concluded that using such a link design makes it possible
to control both joint torques and the inertia of the links to obtain a more versatile
manipulator. The same author derived in 1988 the general equations governing the
dynamic behavior of the manipulators with time-va.rj-ring inertia links. He showed
that the system can be described by a set of uncoupled Ricatti differential equations.

He also considered the problzms related to stabilization and structural parameter

uncertainty.

Fahim and Fernandez (1988) built an active counterbalance for an ASEA robot
and investigated the effect of adjustment of the center gf mass of the upper link ac-
cording to the motion of the end effector. The active counterbalance system comprise
a quasistatic counterweight that adjusts to balance the arm a.t' the beginning of the
motion, and a dynamic counterweight that moves while the end effector travels on its

path. Their analysis and experiments show 2 visible enhancement in load carrying

capacity of their manipulator.

Attention has also been paid to the counterbalancing of the manipulators links by



means of springs. It is said that using this method, the links can be counterbalanced
against the gravity without their masses being increased. Recently Jnifene (1989)
investigated the dynamics and control of a spring counterbalanced manipulator. He
reported an improvement in the joint torques of the manipulator with spring coun-

terbalance with respect to its counterpart with mass balanced links.

Several researchers have concentrated on the system as a whole rather than on
its individual elements. The advantage of this approach is that all aspects of the
problem is considered. However, due to the complexity of the problem, there are
times that many nonrealistic, even erroneous assumptions are made. Nevertheless the
outcome can be used as guidelines in the design of manipulators for better dynamic

performances.

Following this line of thought Asada and Youcef-Tourmri (1984) designed a planar
two degrees of freedom manipulator with invariant and decoupled inertia character-
istics. In their design, no additional weight was used to counterbalance the effect of
gravity on the links. Such a design makes the inertia perceived by each joint motor
constant, regardless of the configuration of the manjpulatof. As 2 result the control
problem is significantly simplified. Later in 1985 Youcef-Toumi and Asada presented
a method for designing open loop manipulator arms that reduces the dynamic com-
plexity to a great extent. The method is based on setting the off-diagonal terms of
the inertia tensor equal to zero and/or forcing the diagonal members to become con-
figuration independent. The first condition makes the inertia tensor decoupled, while
the secoﬁd condition makes it invariant. Under such circumstances the system is
completely decoupled and linearized with constant parameters except for the gravity

terms. '
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Tourassis and Neuman (1985) presented the coefficients of a general dvnamic
model of a2 manipulator in a way that their physical interpretation is facilitated.
According to them, in order to accomplish a better controllability. it is necessary to
integrate the mechanical design and the design of the controller. They concluded that

to achieve such a state of design, the mass of the links must successively decrease and

the first link should be oriented such that its axis of rotation is along the gravitational
field.

In 1987 Tang and Tourassis showed that numerical simplification of the dynamic
equations of a manipulator could lead to a totally erroneous dynamic models. The
authors exemplified this by demonstrating a case where the quadratic form of the

kinetic energy of the arm loses its positive-definite form.

Recently, Tourassis(1988) introduced the concept of robot dynamics emulation.
He argued that the use of currently common model-based control strategies requires
real-time evaluation of the dynamic parameters of the robot which dictates a sim-
plified model. He proposed that instead of simplifying the dynamic equations, that
might result in violation of physical prindpleé (see his publication with Tang in 1987
briefed above), it is better to approximate the functional generator of the models,

i.e. the Lagrangian of the manipulator, to a more simple form.

The influence of the mass properties of the links on the static and dynamic
behavior of the manipulator has drastically complicated its dynamic behavior. As a
result many researchers have sought a parameter or concept that helps visualize the
static and/or the dynamic behavior of the manipulator as a whole and at the same

time can fundamentally be used in the process of synthesis or design of robots.
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Uchiyama et al. (1985) discussed the use of the manipulator’s Jacobian as an index
to evaluate the performance of the arm from the kinematic and static points of view.
At any point in the work volume of the ma.nipula.to; the performance index takes a
special value which can be considered as a measure of dexterity of the manipulator.
For example they showed that at singular points where the arm loses at least one
degree of freedom, the performance index takes up its minimum value. An overall
picture of the performance of the manipulator is then prepared by visualizing the

value of the performance index for the whole working volume.

Yoshilkawa (1983) introduced the concep* of manipulability as a measure of the
ability of the arm to position and orient the end effector. He proposed a manipulabil-
ity measure defined as the square root of the determinant of a matrix resulted from
the multiplication of the Jacobian and its transpose. He then defined the manipu-
lability ellipsoid using the quadratic form resulting from the inverse of that mairix
and the task velocity. He showed that the manipulability measure is proportional to
the volume of the manipulability ellipsoid. He also defined the manipulating force
ellipsoid based on the product of the Jacobian matrix and its transpose and showed

that its volume is inversely proportional to that of the manipulability ellipsoid.

In 1985 Togai argued that the manipulability measure defired by Yoshikawa is
not a proper measure of nearness of the Jacobian matrix to the singularity because
it depends not only on the size of the Jacobiar matrix bat also the scaling factor
such as the product of all singular values. He then proposed that the shape of
the manipulability ellipsoid be considered rather than its volume, and defined the
manipulability as the inverse of the condition number of the Jacobian matrix. He

then referred to the work of Salisbury and Cralig as another good reason to choose 2

12



measure based on the condition number of the Jacobian matnx.

The work of Salisbury and Craig t‘l_lat was referred to by Togai was published
in 1982. Considering the accuracy with which forces can be exerted at the arm tip.
the authors noticed that the relative force error in the task space, is bounded by the
product of the condition number of the Jacobian transpose matrix and the relative
error in joint torques. They concluded that those points in the work volume that
minimize the condition number of the Jacobian matrix are the best to minimize
error propagation from input torques to the output forces. They indicated that the
best conditioning possible occurs when the condition number becomes unity. This
happens at those points where the column vectors of the Jacobian matrix are both

orthogonal and equal in magnitude.

Reconsiuering the velocity ellipsoid and force ellipsoid, Chiu (1988) argu:ed that
although the effective capability of 2 manipulator can be increased by adopting pos-
tures that align the eigenvectors of either of the ellipsoids with task directions, nev-
ertheless it is not a sufficient criterion for determining the overall optimality of a
ﬁosture. He then combined the two ellipsoids by defining the compatibility index
as the weighted sum of squares of transmission ratios of both ellipsoids along any
given direction. He then concluded that the maximization of this index can present
an effective way of utilizing manipulator redundancy and that the index can also be

applied to nonredundant manipulators as a criterion in work space design.

In 1984 Asada and Youcef-Toumi reported the development of a direct-drive arm
using high torque brushless motors. They showed that for a given total input power

to the joint motors, the force that can be applied by the tip of the arm can be
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found from an ellipsoid called the force ellipsoid. The principal directions of the
ellipsoid correspond to the directions of extremum values of the force. When the
characteristics of all the joint motor are identical this ellipsoid is equivalent to that
developed by Yoshikawa (1983). The authors also showed that while for an arm with
parallel configuration the force ellipscid appears to be isotropic in a wide region of
the working volume, for a cross configuration arm the ellipsoid will degenerate into

a line along its longest diameter.

Asada and Ro (1985) used the force ellipsoid and the voltage torque-speed hinear
characteristic of 2 DC motor to show that a new configuration design for the arm is
necessary if the force developed at the endpoint is to be increased. They proposed a

five-bar-link arm mechanism that has a better force-velocity characteristics.

Although the above mentioned research works have been dealing with the statics
of the manipulators, nevertheless the effect of gravity on robot links is not included
in the force ellipsoids introduced in them. As a result, the true force that the robot

is capable of applying by its end point is not shown.

Asada (1983) was the first to take the dynamics of the manipulator into account.
In his work he introduced the Generalized Ellipsoid of Inertia as a geometrical rep-
resentation of the manipulator dynamics. For a single body, the ellipsoid of inertia
which is an indication of the centroidal tensor of inertia, is solely a function of the
distribution of the mass of the body. Therefore its dimensions and its orientation
with respect to the body are fixed. In a system of rigid bodies the inertia tensor of the
system is, in general, configuration dependant. The generalized ellipsoid, therefore,

varies both in dimension and orientation as a result of any change in the configuration
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of the system.

He explained the nonlinear forces that act on the arm due to the change in con-
figuration, through the change in the dimensions and orientation of the ellipsoid. He
then concluded that as the ellipsoid approaches the shape of a sphere, the nonlinear
forces gradually disappear. The concept of GEI helps to visualize the complicated

dynamic behavior of a three DOF manipulator, and serves as a tool for the synthesis

of robot arms.

In 1985 Yoshikawa extended the concept of manipulability ellipsoid into dynamic
manipulability ellipsoid to demonstrate the interreiation between the maximum ac-
celeration of the end effector and the joint torques. He introduced several indices
related to DME that could be used in the design and analysis of the manipulators.
Application of the dynamic manipulability ellipsoid in the analysis and design of

manipulators was exemplified by the same author in 1986.

In a similar work, the acceleration radius was introduced in 1988 by Graettinger
and Krogh as a new measure for evaluation of the global performance of manipulators.
The authors defined the acceleration radius as the maximum valie that the acceler-
ation of the end effector can reach at a given position and velocity. They illustrated
the application of the acceleration radius in the design of 2 PUMA manipulator.

They also showed that counterbalancing will improve the accelers jon radius.
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Chapter 2

Effect of Gravity on Joint Motors

2.1 Introduction

The subject of this chapter is to evaluate the role of gravity in dynamic models of
manipulators. A systematic procedure to accomplish this is to determine the relative
degree of importance of the gravity terms in the dynamic equations of the manipula-
tor. No comprehensive appraisal has been carried out by the research community to
determine this aspect of manipulators dynamics. Hollerbach(1984) showed that for
a given mechanical design there are cases where both effects are equally important.
The drawback of his work is that he employed a manipulator with only two links and
limited the trajectory of the end point to a straight line. In 2 more exhaustive study
Thomas and Tesar{1982), while propounding 2 dynamic model for serial manipula-
tors, briefly demonstrated the static and dynamic effects through the simulation of
a 6 DOF robot.
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In the present study a typical PUMA manipulator with 6 degrees of freedom
and physical parameters similar to those of commercially available manipulators is
considered. Although all of the links are considered in the dynamic mnl}'sis.:he focus
will be on primary links as they are the most contributors to the dynamic behavior

of a manipulator.

The manipulator is simulated for the case where its end point moves along a
typical given trajectory. To preserve the generality of the simulation, the trajectory
will be spatial and include both Cartesian and joint motions. Making use of the
Newton-Euler set of equations, the joint torques are then calculated and plotted
versus the distance traversed by the end point. Next, the robot is assumed to move
along the same trajectory in a quasistatic manner. Once again the joint torques
are ;alcula.ted and plotted. The comparison of the plots will indicate the degree of

importance of both gravity and dynamic terms.

2.2 Simulation of a 6 DOF PUMA Manipulator

Figun? 2.1-a shows the schematic diagram of a typical 6 dof PUMA robot. Fig-
ure 2.1-b shows the secondary links in detail. The coordinate systems are assigned
to each link based on Denavit-Hartenberg convention. According to that convention
a coordinate frame must be attached to each link of the manipulator such that the
2; axis lies along the axis of rotation of the (z + 1)tk link, the z; axis is selected such

that it is normal to both z; and z;_;, and the y; axis completes the dexter coordinate

frame.
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According to D-H convention, the homogeneous transformation matrix that re-

lates the successive link coordinate systems, is in the form

—

cosf; —sinb;cosa; sinf;sina; a;cosb;
sinf; cosbcosa; —coslsine; a;sinb;
0 sino; cosex; d;

0 0 0 1

where §; is the joint angle about z;_; axs,
o;is the twist angle of the frame  about z; axs,
a; is the length of the common normal between z; and =,
and d;is the distance from the origin of the coordinate system ¢ — 1 to the

intersection of the z;_; axis with z; along z;_;.

The first parameter, 6;, is the joint variable and the other three are the constant link
parameters. The joint variables and the link parameters for the PUMA manipula-
tor under consideration, as well as the physical properties of the links are given in

Appendix A.

The 4 x 4 homogeneous transformation matrix T which specifies the position and
orientation of the end effector with respect to the base coordinate system, can be
expressed as
n: Sz ez P
ny 8 a4 By

n. $: a: P-

0 0 0 1



In this matrix, the vector P specifies the position of the end effector with respect
to the base frame and the unit vectors n, a and s represent the orientation of the
end effector as shown in Figure 2.1-b. The orientation of the end effector can also be
expressed as a set of Euler angles. Let ¢,6 and ¢ be the Roll, Pitch and Yaw angles

about 3,y and z axes respectively. The matrix T can then be written as

1

- C¢Cl C¢S6Syp — S¢Cy CéS6CYy + S¢Sy FP:

S¢C8 S¢S8Sy + CoCy S¢S6Cy — CoSy P,
T $ @S50Sy + CoCy  S$S6CY — CoSe (23)

—-S6 CoSy C6Cy P,

-

0 0 0 1

The relation between the T matrix and the A matrices can be expressed as

T= A1.A2.A3.A4.A5.As i (2.4)

2.3 Path of the End Effector

To preserve the generality of the example, the end effector is made to traverse a
spatial path. Starting from point P;, the manipulator is assumed to pick up 2 tool
and move it straight upward to point P, in Cartesian motion. At that point the
robot is made to have a pause before heading towards the next point P;. But due to
the assumption that there is an obstacle, the gripper will move to point P; directly
above the obstacle and then continue towards P;. The travel from P; to P, will be
in joint motion with 2 stop, but no pause, at Ps. Finally, after a pause at Fj, the

manipulator is made to move to point P; in Cartesian motion to unload the tool.
The orientation of the end effector has also been subject to change from point to
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POINT | X(m) | Y(m) | Z(m) | ROLL (deg) | PITCH (deg) | YAW (deg)
P, | 09 |-05] 02 -30.0 170.0 10.0
P, | 09 {-05] 08 -40.0 170.0 30.0
P, | 05 | 00| 13 0.0 100.0 60.0
P, |02 ] 06! 06 40.0 150.0 60.0
P, | 02| 0601 40.0 170.0 10.0

Table 2.1: A test path for the end effector of PUMA arm.

point. The coordinates of the points as well as the orientation angles, i.e. roll, pitch
and yaw angles of the end effector at each point are given in Table 2.1. All values

are with respect to the coordinate system z,, Y., =, of Figure 2.1.

The VAL subset programn (Shahinpoor 1987) has been implemented to provide
the commands. The trajectory planning has been carried out by applying the method
given in Paul (1983), chapter 5.

2.4 Forward Kinematics

Given the magnitude of the joint angles and their first a.nd second time rates of
change, the position .and orientation of the end effector as well as its velocity and
acceleration can be obtained through forward kinematic analysis. Substituting from
Table A.2 in Equation 2.1 yields the six A matrices. Substituting for these matrices

in Equation 2.4 and comparing the resulting matrix with Equation 2.2, gives the



elements of the T matrix as

n; = C) [Cx(CyCsCs — 5:56) — 52355Cs] = S1{S:CsCs + C4Ss)
ny = 51 [Coa(CiCsCs — 54Ss) — S2385Cs] + Cr1(S1CsCs + CiSe) (2.5)
n, = —Sza(C.;CsCs -— S.;Se) - CzaSsCs

sz = —C1 [C23(CyCsSs + S4Ce) — S23555s} + S$1({S:CsSs — CiCs)
==-5 [C:a(Cq,CsSs + S4Cs) - 8233586] - C‘[(SquSs - C4Cs) (2-6)
8; = So3(CyCsSe + S4C¢) + C23SsSe

ay = C1(CnCySs + S523Cs) — 515,55
ay = 51(C23CsSs + S523Cs) + C1S,Ss (2.7)
a. = —S523C,Ss + C:Cs

P. = C; [(C2aCiySs ++ S23Cs)dg + Saads + Caaz] — 51(S4Ssds + dz)
P, = 5 [(C13CsSs + S23Cs)ds + Saads + Caaz] + C1(S4Ssds + da) (2.8)
P. = (Ca3C5 — 523CSs)ds + Cady — Saa2

In the above expressions

S; = siné;, C; = cosb;, Si; = sin(6; + 6;), Ci; = cos(6; + 6;). '

To obtain the orientation angles of the end effector, the corresponding elements
of the matrices given in Equations 2.2 and 2.3 are set equal. This results in
¢ = arctan (E-:)

6 = arctan ( (2.9)

=n; )
nyCodtnySd

¥ = arctan (i-’-)
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Furthermore, it should be noted that the unit vectors n, s and a are orthonor-
mal. Consequently, out of nine equations obtained from the comparison of the two
matrices, six equations are dependent. The remaining three will suffice to find the 3
orientation angles. Substituting from the Eéuations 2.5, 2.6 and 2.7 for the compo-

nents of unit vectors in Equation 2.9 results in the orientation angles.

The common approach for obtaining the velocity and acceleration of the end ef-
fector is to use the Jacobian matrix. In this study, however, Equations 2.8 and 2.9
are differentiated twice with respect to time. The resulting equations will be pro-
hibitively long to be expressed in the text, however, a simple subroutire is prepared

in the computer analysis that performs the differentiation recursively.

2.5 Inverse Kinematics

In the inverse kinematic analysis the joint angles as well as the joint velocities and
accelerations are found as functions of the position and orientation of the end effector

and their time rates of change. The joint angles are given by Lee(1982) as followings

— arctan (P, P24P3- —d:P:)

P,.\/P"'+P?—d§+d=.°,,

—ar P24PI4PR—dud?—a3
\f 288 - [P24P3+Pimdi—di —a3]

Pr(dsS3+402)+diCs P=+P=—ag)

PadaCy+(ds Syta2)/PR4+P-4

Cy gy=S51a=
= arctan (c;c—.-aa.+s;cm,-sna.)

— {€1C23Cs =51 S4)az+(51 Ca3Ca+C1 84 )ay=523C a:)
95 arctan ( 015233=+Sl 5230,4'623“:

!C’ CH Ss +SI Cy Jne— !& Cn Sa —C: C: !22+§2354ﬂ3 )
a“tan( —(C1C23 53 +51C4 )3x— (51 C23 54 —C1 Cu Yy + 523 Sc 31

0, = arctan ( (2.10)
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The first and second derivative of these equations with respect to time give the joint

velocities and accelerations respectively.

——

2.6 Dynamic Analysis

The joint torques are obtained from the dynamic analysts using the recursive Newton-
Euler formulation. In this study the Newton-Euler equations are derived from basic
dynamic principles in order to cast them in a unified form that contains only matrices

and matrix operations. The derivation process is presented in Appendix B.

2.7 Results of Simulation

The results of simulation are presented through the plots of the joint torques against
the distance traversed by the end point in meters. In order to illustrate the effect of
the speed of the end effector, the simulation 1s carried out for three speed categories.
At low speeds the maximum linear speed of the end point in each direction and the
maximum joint speed are assumed to be 1m/s and Ir/s respectively. At moderate
speeds these values are increased to 1.5m/s and ¥r /s, and at high speeds to 2.0m/s
and w7 /s respectively. The plots a:re shown in Figures 2.2 to 2.10. In these figures the
solid lines refer to the total torque while the dashed lines refer to the gravitational

effect only, i.e. to the case where the motion is quasistatic.

As it is shown in Figures 2.2 to 2.4 the torque of the first joint in quasistatic

simulation is zero throughout the arm’s travel. This is due to the fact that the first
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link is always oriented along the direction of the effect of gravity. In the first and
the last segment of the path, i.e. along the lines P, P, and P, Ps the end point is
moving‘i-n a vertical plane. In these segments the first motor does not have to apply
any torque for the positioning task. However, according to Figure 2.2 the torque of
the first joint in the above segments is not zero. This is due to the fact that the
orientation of the gripper is changing during the motion along those two lines. As a
result the reaction of the torques applied by the secondary link motors is reflected

on the first motor.

The torques of the second and third joints are normalized with respect to their
corresponding absolute values when the arm is fully extended. This is the position
in which the Static Load Carrying Capacity (SLCC) of robots is defined. (Wang and
Ravani - 1088). ]

These figures show that at low speeds the effect of gravity dominates over the
dynamic effects throughout the operation. At high speeds, as indicated in the last
run for each link, the effect of gravity is seen to be of the same order of magnitude

as that of the mean of the dynamic effects.

It should, however, be noted that the state of balancing of the arm has a dramatic
effect on the joint torques. As indicated in Appendix A, in present example the links
are partially balanced.



(%)

Figure 2.1: Schematic diagram of a typical PUMA manipulator, Lee( 1982).
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Figure 2.2: Normalized torque of joint 1 versus the distance traversed by the end

effector at low speeds.
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Figure 2.3: Normalized torque of joint 1 versus the distarce traversed by the end

effector at moderate speeds.
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Figure 2.4: Normalized torque of joint 1 versus the distance traversed by the end

effector at high speeds.
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——— Dynamic simulation

------- Quasistatic simulation
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Figure 2.5: Normalized torque of joint 2 versus the distance traversed by the end

effector at low speeds.

29



——— Dynamic simulation

-------  Quasistatic simulation

0.50 -

0.25+

c.0c

-0.25 4

-0.50

-0.75 -

-1.30

-1.75-

Figure 2.6: Normalized torque of joint 2 versus the distance traversed by the end

effector at moderate speeds. |



——— Dynamic simulation

------- Quasistatic simulation
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Figure 2.7: Normalized torque of joint 2 versus the distance traversed by the end

effector at high spceds.
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Figure 2.8: Normalized torque of joint 3 versus the distance traversed by the end

effector at low speeds.
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Figure 2.9: Normalized torque of joint 3 versus the distance traversed by the end

effector at moderate speeds.
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Figure 2.10: Normalized torque of joint 3 versus the distance traversed by the end

effector at high speeds.



Chapter 3

Generalized Gravitational Field

(GGF)

3.1 Introduction

The joint motors of a robot arm provide the necessary torques to counteract both
the dynamic and the gravitational effects on the links and on the payload. Part
of the joint torques that balance the force of gravity can be related through the
manipulator’s Jacobian to a force acting at the endpoint of the robot arm. This force
in essence can replace the effect of gravity on each individual link, and therefore can

be thought of as the generalized weight of the arm.

If a force field that acts on a system is conservative, then it can be represented
by the gradient of a scalar potential field which is a function of the configuration

of the system. The total gravitational potential energy of a2 manipulator is also



only a function of the configuration. This makes it possible to define a Generalized
Gravitational Field (GGF) such that its gradient equals the generalized weight of the

—-—

manipulator.

The GGF possesses all the fundamental characteristics of fields encountered in
other diciplines of science and engineering. It is single valued, bounded, continuous,
and differentiable. However, the GGF as defined here cannot be extended to include
more than 3 degrees of freedom. This is due to the fact that the moment potentials,
in general, do not exist ( Simmonds -1984). In other words, although it is possible
to replace the graﬁtationa.l forces that act on all individual links of the robot by a
single generalized force acting on the end effector, nevertheless this generalized force

can not, necessarily, be defined as the gradient of a scalar potential field.

This limitation does not distract from the importance of the current study since it
is common practice in the mechanical analysis and design of the primary links of the
manipulators to either neglect the effect of secondary links, or lump them as a point
mass at the end of the third link. The works of Dubowsky and Des Forges (1979),
Liegeois et al (1980), Thomas and Tesar (1982), and Gosiewski (1986). are examples
of such an approach. Furthermore, the error involved in this simplification is negligi-
ble even at high speeds. This can be verified by repeating the simulation carried out
in Chapter 2 at high speed, this time with the secondary links lumped at the end of
the third link. The results are shown in Figures 3.1 through 3.3. The corresponding

joint torques obtained for the 6 dof arm in the previous analysis are also plotted for

comparison.

The dashed curves show the magnitude of the joint torques for the case when the
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minor links are lumped at the end of the third link. An overall examination of the
curves for all cases reveals that the two curves are very close throughout the path
such that the difference between them for all three links is insignificant and in fact
negligible. As a result, it would be reasonable to assume that it is valid to treat the
secondary links as a point mass lumped at the end effector. This approach greatly
simplifies the process of modelling, analysis and design of the primary links without

introducing any significant inaccuracy.

A proper selection of the orientation of the manipulator with respect to the
direction of the gravitational acceleration makes the study of the GGF even more
simplified. For instance if the manipulator is oriented such that the axis of rotation
of the first link is parallel to the gravitational field, then the total potential energy
of the system will be insensitive to the orientat.-ion of the first ink. According to
Tourassis and Neuman (1985) such an orientation will. also help in improving the
controllability of the arm. Taking this fact into account throughout this work the
generalized gravitational field under consideration will have two dimensions. Such a
field can be created by the upper two links of the a three Iink robot with its first link
being vertical. Furthermore this study will focus on a manipulator with a parallel

drive mechanical configuration.
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3.2 Equipotential Surfaces

Figure 3.4 shows a schematic diagram of a parallel drive manipulator. ' With
the exception of the positions where the second and third links are collinear, all
other points within the robot work volume may be reached through two different
configurations. Throughout this work only the configurations where 8; is smaller
than 6, will be considered. From a practical standpoint, some parallel drive robot
arms such as the ASEA robot have the upper arm mechanically constrained such

that 8, can never exceed 6.

With reference to Figure 3.4 and using 6; and 8, as the coordinates of the con-

figuration space, the potential function is given by

U(Gg, 92) = A.],anel + Agsinf; (3.1)

Ay = [miky + (M2 +my) g (3.2)
Az = (meha + mpL2)g

In the above expressions m; and m, are the masses of the links 1 and 2 respectively,
m,, is the lumped mass of the payload at the end of the link 2, and ¢ is the acceleration

of gravity.

The maximum potential energy of the arm corresponds to the configuration where

both links are vertical, i.e. where 6, = 8, = 90°, ari is given by

Umu = Al + Az

1A detailed definition for the parallel drive and serial drive manipulators is given in appendix C.
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The total potential energy given by Equation 3.1 is normalized with respect to the

maximum potential energy Unq: as follows

u(6,8:) = M = asinb, + a:sinbs (3.3)
where
_ _A
BT R (3.4)
a: = -h'-‘l:.z\:

The bounds on the normalized potential energy are —1 Su < 1.

The potential function can be expressed as a function of z, and z; by finding 6,

and &, from the transformation relations

- z, = Licosh, + Lacosa

(3.5)
9 = Lysind, + LasinG,
and substituting them into Equation 3.3. The result will be
an Ly rrp+oVao 2+ 22—t
u(xy, z2) = L—zzz +(ay - L—2a2 e (3.6)

where

r_a:§+:r§+L§—L§
2Ih

Figure 3.5 shows the generalized gravitational field in Cartesian space for the arm
shown in Pigure 3.4. The equipotential surfaces for 2 3 DOF manipulator can be

generated by simply rotating the equipotential lines of Figure 3.5 about the vertical

axis.
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The equipotential lines may also be constructed for a configuration space with the
joint angles as its coordinates. Figure 3.6 shows these lines. The dashed lines repre-
sent the equipotential lines of the complementary configurations, i.e. configurations

at which 8, < 8., and are shown here for completeness.

The followings are some salient points pertaining to the equipotential lines rep-

resented in Cartesian space shown in Figure 3.5.

o The equipotential lines of the GGF for a robot arm are distorted with varying
space between them. This indicates that the strength of the field is nonhomo-

geneous and is a function of the configuration of the arm.

e The GGF has two singularity lodi: the outer circle, and the inner circle. These
circles correspond to the physical limits when both links are colinear.

o The equipotential lines may be divided into two distinet groups. The first group,
associated with energy levels from zero to a certain energy level designated by
g5, lose their continuity at the inner singularity circle. The second group are
continuous from oné end on the outer singularity circle to the other end on
the same circle. The discontinuity in the first group is due to the physical
constraint on the linkages that prevents the endi)oint from passing through the
inner circle. The lines stop at 2 ﬁoint on the inner circle and continue from

another point horizontally opposite to the stopping point.

» All equipotential lines are tangent, at their extrema, to the outer singularity

circle. The two points of tangency have the same ordinates.

» Theinner and outer singularity circles are envelopes of the family of the equipo-
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cire.

that

inF

tential lines. The proof for this statement will be carried out after the gradient

field is defined.

- the case where the links of the arm have equal lengths. the inner simgularity

will shrink to a point. In that case all equipotential lines will be continuous at

»oint, however, they will not be smooth.

cominent points pertaining to the equipotential lines in the joint space shown

ure 3.6 are

The outer singularity circle in the Cartesian space maps onto the line 8, = ..

and the inner singularity circle maps onto the lines 8; — 6, = *=.

Those equipotential lines with discontinuity in Cartesian space are also discon-
tinuous in joint space, except that in the latter case the lines are not tangent
to the singularities. This discrepancy in behaviour is due to the fact that the
mapping is not conformal. However, all of the discontinuous lines meet the sin-
gularities at equal angles. With reference to the Cartesian and the joint space
mapping in Figures 3.5 and 3.6, the equipotential line ABC -(u = 0.8) is an
example of a continuous energy line in both maps. The line DEFG (u = 0.2} is

an example of a discontinuous energy line. It is discontinuous at points E and

F.
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3.3 Gradient Field

The gradient of th€ GGF in Cartesian space is a force field. The strength of this field
at each point is a vector which is referred to as the generalized weight of the arm.

The gradient field in Cartesian space can be expressed as

V u(z,,z2) = wyi; + wals

where i; and iz are unit vectors along z; and z» directions.

Applying the chain rule to differentiate Equation 3.3 with respect to z; and =z,

and using Equation 3.5, the components of the gradient are found as

a8
_— Su —_ Ly~ Ln
W1= =3z = tand;—tanb: (3 7) .
S %’-:an&;—%'-tanh '
_ _ b
Wy = =2 = —

tanfy —tanda

It should be noted that w; and w: are the normalized components of the
gradient field. The actual components can be found by multiplying them by the
normalization factor 4, + .4a. Performing the multiplication and substituting for

ay and a: from Equation 3.4 yields

_ -
Wl — tanf; —tandy

(3.8)

. -:-: tandy = -'E-L tanéa
[ SRR ) S
tand; —tanby

n =
2

where ; and A; are given by the Equation 3.2.

Figure 3.7 shows the gradient field corresponding to the generalized gravitational
field of Figure 3.5. The slope of the gradient vector at any point can be found from

Equation 3.7 as

&z - 8
Wa T tanel L, tanag

— = — (3.9)
wy yrll
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The gradient vector is normal to the equipotential lines at any point, including those
at which the equipotential lines meet the singularity circles. The equation of the
outer and inner singularity circles are 6 — 6 = 0 and &, — 6. = = respectively.
Substituting these relations into Equation 3.9 yields the slope of the gradient vector
at those points as tané; ( or tanf, ). This slope coincides with the slope of the radii
of the singularity circles. This indicates that at those points the gradient vector is
perpendicular to the singularity circles, and therefore proves the observation stated

earlier that the equipotential lines meet the singularity circles tangentially.

In joint space, the gradient of the field is a vector field whose components along the
coordinate axes of the configuration space are torques that act on the corresponding
joints. The equation of this field can be found by applying the V operator to the

energy function given by the Equation 3.3. The result will be
V u(6,,62) = niey + mee2

where e; and e; are unit vectors along the coordinate axes of joint space. Differenti-

ating Equation 3.3 with respect to 6; and 6, gives

Q

Yy

I ¥

n = —aycost

3

T2 = —aacosé,

2
The torques obtained from the above equations are normalized with respect to A; +
Aa.
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3.4 Curl and Divergence of the Field

The gradient field derived in the preceding section show the direction and magni-
tude of the maximum rate of change of the total potential energy of the arm. This
field completely represents the effect of gravity on the whole arm and according to
Equation 3.7 it is & function of the space only. In other words the generalized weight
of the atiu, as can be seen from the Figure 3.7, varies from point to point both in

magnitude and directios.

In any vector field, the curl and divergence can be utilized as a measure of the
space rate of change of the strength of the field. On the other hand, a vector field
that can be expressed as the gradient of a scalar field is conservative. Consequently,
the generalized gravitational field is conservative both in joint and Cartesian spaces.
This observation can be analytically verified by taking the curl of the vector fields

and showing that they identically vanish.

The Laplacian of t& GGF in Cartesian space can be expressed as

Suwy, Ouw.
;72 —] ——1 =
u(31732) 331 az2 (3'10)
Solving Equations 310 and 3.7 together with Equation 3.5 gives
. Lz L ' z
- T2 = (2V2(q, = 2 1
divw = =V?u(zy,2,) = (Lx) (ar LQGZ)(I% s (3.11)

The divergence of the field for the joint space can be obtained from the Equa-

tion 3.3 as

‘- "’T = =V?u(61,62) = u(6,,6,) (3.12)

As Equations 3.11 and 3.12 show, the generalized gravitational field is not
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solenoidal in either the joint or the Cartesian space. In other words the divergence
of the gradient field (or the Laplacian of the gravitational field). in general. does not
vanish anywhere in the space. The nonsolencidal GGF is similar, in nature, to “an
electrostatic field in a charged medium with the density of the churge being a function
of the space; or to a gravitational field in a massive medium with a variable mass

density. The differential equations of such fields have the form of Poisson's partial

differential equation rather than Laplace’s equation.

3.5 Force Lines

A scalar field may be portrayed graphically with the aid of constant value surfaces.
Such a rel;rwenta.tion is not meaningful for portraying a vector field. The conven-
tional method for graphically portraying a vector field is to draw force lines which are
tangent to the vector field at all points. The force lines form a system of orthogonal
trajectories to the family of equipotential surfaces. In a solenoidal field the force
lines represent the direction, and the inverse of the spacing between them represent
the magnitude of the field. Since the GGF is nonsolencidal, the spacing between the
force lines can not be taken as representative of the strength of the field. Instead,
the spacing between the equipotential lines should be taken as 2 rough quantitative

measure of the strength of the field. The smaller the spacing between two consecutive

equipotential lines at a point, the stronger the field will be at that point, and vice

versa.

Referring to Equation 3.9 the differential equation of the force lines in Cartesian



space is given by
dz,  wa ﬁ-tan& - %ﬁ-taneg

-
o e—

- az _ a1
dz Wy L2 L

For the differential in Equation 3.13 to be exact, the divergence of the field must

(3.13)

-

vanish. However, it was shown previously that this is not the case. It should be
noted here that the ;iivergence of a field at a point P is a measure of the strength of
the source (or sink) at that point. If, within an infinitesimal surface surrounding the
point, no force lines start or stop, then the divergence is said to be zero at that point.

On the other hand, if the net flux of lines is different from zero, then depending on
| the sign of the divergence, that point acts as a source or a sink. A positive divergence
indicates a source at P, while a negative divergence indicates a sink. Figure 3.8 shows

some typical force lines for the field shown in Figure 3.5.

Equation 3.11 shows thatin Cartesian space the sign of the divergence is deter-
mined by a,, a; and z;. Along the vertical axis the divergence vanishes irrespective of
the magnitude of a; and a,. For values of a; and a; that make the factor (a; — £ az)
nonzero, the vertical axis will divide the configuration space into two halves. For
positive values of the factor, all points in the right half plane will act as sources, and
poicts in the left half will act as sinks. Thus, moving from higher potential levels
towards lower ones in the right half plane, force lines will continuously be generated.
Their rate of generation, however, will not be uniform. For negative values of the
factor, the situation of sources and sinks is reversed. When the factor equals zero the

field will be solenoidal. This condition will be examined in detail in a later section.
In the joint spacé‘ch’e differential equation of the normal lines is given by

dag - 02C0392
dé, ~ aycosby=
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Separating the variables and integrating yields the general solution as follows

1+ smb\ 7 [ cost )“‘ -c
cos, 1+sind,)

where C is the constant of integration. Assigning different values to C gives the

equation of normal lines. Figure 3.9 shows some typical normal lines of the joint

space.

Equation 3.12 shows that the divergence of this field at any point is equal to the
value of the potential at that point. This means that the rate of creation of normal
lines is proportional to the level of energy. All points of the field associated with
positive energy will act as sources and all points with negative energy levels will act
as sinks. For points lying on the zero energy Line, equal number of normal lines will

be created and vanish.

3.6 Strength Distribution of the Field

The strength of the field in both Cartesian and joint spaces is not uniform. However,
the shape of the equipotential lines in Figures 3.5 and 3.6 indicate that they possess
some ordered trends. In Cartesian space, all equipotential lines originate at the outer
singularity circle with infinitesimally small spacing between them. Thé spacings
then gradually increase up to a maximum somewhere along the line before starting
to decrease. The equipotential lines then terminate at some other points of the
singularity circle, again with an infinitesimally small spacing between r.h(;m. In order
to find the points associated with minimum field strength along the equipotential

lines, the magnitude of the force vector
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f('rhIQ) =y UJ12 + Wyt = \/(‘éa"::_l): + (% 2 (3.14)

must be minimized subject to the equality constraint
g(zy, T2) = u(zy,22) — const. =0

Applying the method of Lagrange multipliers gives the set of auxiliary equations as

V f(z1,22) = 'V g(z1,72)

which leads to the set of equations
8f(=3.m3) __ ,, Bulzyzz)
8z - H T om
8f(zmyzz) _ ,,Bul=p=y)

Iz

Dividing both sides of the first equation by the second and substituting for the partial

derivatives of f from Equation 3.14 leads to

‘9:“_ A} ; du \2 Su 12
o2 — o _ (52) —(5)
BEw T Bu Bu
81182 8xy 9z

ki

The first partial derivatives of u(z1, z2) are given by the set of Equations 3.7. Apply-
ing the chain rule to the same set will give the second partial derivatives of u(zx,, z,).

Substituting for these values in the above equation results in

EL%COSBQ —__%:'60391603(61 - 62) _ a2c08292

%cosﬁ; - -‘I’-:cosﬂzcos(ﬁl —8,)  aicos?b, (3.15)

This is the equation of the locus of the minimum generalized' weight, i.e. the

locus of the we’a\kest points of the field in Cartesian space. Combining this equation
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with Equation 3.5 gives the equation of this locus as a function of ry and r: in
Cartesian space. Figure 3.10 shows the plot of this locus with a chain dot curve. The

corresponding locus in joint space is shown in Figure 3.11.

The points associated with maximum generalized weight lie on the two singularity

circles. The magnitude of the generalized weight at those points is infinitely large.

In a similar way the loa of the points at which the strength of the field, in joint
space, is a2 minimum or a maximum, can be found at the extrema of the magnitude

of the torque vector

r(6,6:) = /2 + 727

subject to the equality constraint

h(6,,6:) = u — a;51n6, — axsinf, = 0
The following solutions are obtained.
6, = 80°, 6, = 270°, 8. = 90°, 8, = 270°, a;sinf, = assiné.

Figure 3.12 shows the locus, in Cartesian space, of the points associated with
minimum and maximum values of the torque vector by a chain dot and 2 solid line

respectively. The corresponding loc in joint space are shown in Figure 3.13. All the

above results and observations are summarized in Table 3.1.
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LOCUS CURVE SECTION | GOVERNING EQUATIONS

minimum force | ABCD (chain dot) | _ Equation 3.13
maximum force | singularities (solid) 6, —6,=0,7
minimurm torque | A'BCD(chain dot) 6; = 90,6 = 270

maximum torque | DE and GEF(solid) [ 8, = 90, a;5in6, = asind,

Table 3.1: Loci of the points with extremum field strength
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Figure 3.1: Torque of joint 1 versus the distance traversed by the end effector for the

case when the secondary links are lumped at the end of the third link.

51



N

100.0 -

50.0 4

0.0

3.5 m

=50.0+

=100.0

=150.0

-200.0 -

3
=-250.0 7

——— 6 Degrees of freedom model

....... *  Lumped parameter model

-300.0 -

Figure 3.2: Torque of joint 2 versus the distance traversed by the end effector for the

case when the secondary links are lumped at the end of the third kink.
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Figure 3.3: Torque of joint 3 versus the distance traversed by the end effector for the

case when the secondary links are hunped at the end of the third link.
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! m; = 20.0 kg.
e

. me = 15.0 kg.

h]_ = 0.15 m.

hz = 0.30 m.
0.50 m.

Ly
]

0.70 m.

5
f

Figure 3.4: Parallel drive manipulator with primary links only.
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Figure 3.5: Generalized Gravitational Field in Cartesian space for a manipulator
with primary links only.
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Figure 3.6: Generalized Gravitational Field in joint space for a manipulator with

primary links only.
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———  Locus of maximim force

ctm———  Locus of minimum force

. Figure 2:10: Loci of excremum force'in Cartesian space.
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Chapter 4

Static Behavior of the Manipulator

4.1 _.Introduction

An important issue in the design of any mechanical system is the study of the char-
acteristics of its output and that of the demand, i.e. the load that the system is
designed to carry. The system reaches its operating condition only when its output
meets the demand. In case of a manipulator the output of the system is some me-
chanical force or torque developed by the axes drives, and the demand or load that
acts on the system is a combination of the inertial, gravitational and frictional forces

or torques.

-

Yoshilawa (1983), and Asada and Youcef-Toumi (1984) have shown that for a
given value of the total power supplied to the joint motors under stall condition, the
capability of a manipulator’s end effector in applying static force to its surroundings

can be represented by an ellipsoidal surface in the task space. In other words if the



tip of the vectors of the force that the end effector can apply to the external world
in any direction are connected, an ellipsoid will be formed. They called this ellipsoid

—-—

the force ellipsoid.

The generalized weight of the arm, defined in Chapter 3, will be considered here
as the demand force. However, it should be mentioned that although the generalized
weight may act as the demand force in one direction, in the opposite direction it will

tend to augment the output of the axes drives.

In this chapter the quadratic function that expresses the analytical form of the
force ellipsoid will first be obtained. Then, for the robot arm shown in the Figure 3.4,
the force ellipsoids will be plotted for several configurations of the arm throughout
its work volume. It will be shown that there is a strong relationship between the size
as well as the orientation of the ellipsoids at various points of the work volume. In
order to establish a thorough representation of the output-demand relationship for
the manipulator, the force ellipsoid will be related to the generalized weight of the
arm both in magnitude and direction. It will also be shown that the true capability
of the end effector in applying static force to the environment is revealed only when
the force ellipsoid at each point of the work volume is shifted to the tip of the vector
of the generzlized weight at that point. As a result, the maximum and minimum

values of the task force must be modified accordingly.



4.2 Output Characteristics of the Arm

A large number of robots use iron"core permanent magnet DC motors in their drive
system. The relation between the power supplied to a DC motor and its output

torque under stall condition can be written as (Saner 1987)

p= (4.1)

3?5 I 3““

where p is the input power to the motor, 7. represents the output torque of the

motor, and K is the motor constant.

The total power (P) supplied to all of the joint motors is then given by

72, T2, 2
P=-" m s mn
K, TR, TR

mn

This equation can be expressed in matrix form as

P={“F{K]{m} (42)
[K]=[ﬁ2] (43)

The torque (force) 7 developed by the joint motors is transformed through the

where

manipulator’s mechanism into a generalized force F at the end effector. This force
can be applied to the external environment and is called the fask force. Using
the principle of virtual work it has been shown by many authors (see for example

Shahinpoor 1987) that the relationship between the joint torques and the task force

(T e
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where J represents the Jacobian matrix of the transformation. J is the matrix that
relates infinitesimal variations in the joint space of the robot arm to infinitesimal

displacements of the end effector in the task space.

It should be noted that the effect of gravity is not included in the above equation.
The vector T represents only the net torque at the joint motors that balances
the external forces, or moments, applied to the end effector by the environment.
Therefore the vector T in the above equation may be replaced by the vector of

the torques of the joint motors T, . Substituting for this vector from Equation 4.4

into Equation 4.2 yields

10 D ENEO I
CIREIEY A

Equation 4.3 then becomes

{F}T[ e |{r}-7 (47)

Equation 4.7 is 2 quadratic form. It represents an ellipsoidal hypersurface if

Let

the matrix B is positive definite, i.e. if all of its eigenvalues are of the same sign
(Fraleigh 1987). As long as the Jacobian matrix J in Equation 4.6 is nonsingular the
matrix B is congruent to the diagonal matrix K (Lipschutz 1987). On the other
hand, according to the Sylvester’s law of inertia, in a congruence transformation the
signs of eigenvalues are preserved (Strang 1976). Therefore, the eigenvﬁlues of the
matrix B have the same sign as those of the matrix K . Thus the matrix B is

also positive definite and the quadratic form given by the Equation 4.7 represents an
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ellipsoidal hypersurface in the task space. This quadratic form can be diagonalized

f}-[ < g

where C isan n x n orthogonal matrix called the diagonalizing matrix. The jth

through the transformation

column vector of C is a normalized eigenvector of the matrix B which corresponds
to its jth eigenvalue );. The column vectors of C form an orthonormal basis. The

diagonalized form appears as

Ml F Al Aui=P (4.9)

where the )\; are the eigenvalues of the matrix B .

The eigenvalues indicate the eficiency with which the input power to the joint
motors is converted into the task force. A large eigenvalue JA; indicates that a
large share of the total power will be dissipated in the process of producing the
task force F; in the direction of the corresponding eigenvector. More precisely,
for a given amount of total input power, the magnitude of the task force in any -
direction is inversely proportional to the square root of the corresponding eigenvalue.
As a result, for a given amount of input power, the 'raagnitude of the task force
will be a maximum along the major axis of the force ellipsoid which is associated
with the smallest eigenvelue. Conversely, the magnitude of the task force will be
a minimurm along the minor axis of the force ellipsoid which is associated with the

largest eigenvalue.

To evaluate the overall efficency of the power-force conversion, Asada and Youcef-

Toumi(1984) have defined the power dissipation ratio A, as the mean of the eigen-
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values. It is given as

Am = l\tr'r:ce[ B } {4.10)

n

For the example robot at hand the output characteristics can be represented by

a quadratic form whose equation in principal space is

Mui+Aui=P (4.11)

To obtain A; and A» the matrix B should first be set up. The Jacobian

matrix associated with the arm’s links can be expressed as

—Llsin91 —L-_-.sin@-;
J ] = (4.12)
Licos6,  Lacosfa

Substituting for the matrix J from above, and for the matrix K from Equa-

tion 4.3 in Equation 4.6 yields

2 2602 2 2
GST+a3S; - —(gi5iC1 + ¢35:C3)
[B]: 1~1 22 1~1v1 (4‘13)
—(&5:Ct + ¢35:C2) 4;CF +¢3C3
where
Q=g
P R (4.14)
@ =g
and S; =sinf;, C; = cosb;
The eigenvalues of the matrix B are
A =1(q? +q2— /g% + g} + 2¢2q3 cos2(6, — 6
1=2 % 79 N TG 20192 1 — 62) (4.15)

Az

3 (& + a3+ ot + ot + 263 cos2(6) — 6,))
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From Equations 4.10 and 4.13 the mean power dissipation ratio can be found as

1 - - 1 L'-‘ Lg
Am = 50+ @) =3 (3:\_1 + K,,T) (4.16)_

< above equation indicates that although the individual eigenvalues are, in
general, functions of the configuration of the manipulator, the mean of their sum
remains the same throughout the work volume. It can further be concluded that
for manipulators with shorter links and larger motor constants, the value of Am is
smaller. Consequently, the power to force conversion for these kind of manipulators
would be more efficient. This result was first obtained by Asada and Youcef-Toumi
(1984).

The equation of the force ellipsoid can be found by substituting for A, and
X2 from Equation 4.15 in Equation 4.11. Figure 4.1 shows the force ellipsoids for
several configurations of the arm. In order to draw information from this figure
it is convenient to divide the work volume of the manipulator into concentric circles
created by the end effector travelling while 6, —6, is kept constant. These circles will
be referred to as the solid configuraiion circles. In particular the solid configuration
circle associated with §; — 6 = 90° will be called the home circle.

Regarding the size and the orientation of the force ellipsoids the following obser-

vations can be made.

-

e The size and orientation of the force ellipsoids at any configuration of the arm
depend on the length of the links and the motor constant of the joint drives.
Variation of other physical parameters of the arm such as the mass of the links

or their center of masses will not cause any change in force ellipsoids.
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¢ From Equation 4.153 it can be concluded that both eigenvalues are only functions
of 6; — 2. As a result it can be said that the size of the force ellipsoid at any
point of the work volume is only a function of tge relative orientation of the
upper arm with respect to the lower arm rather than a function of the absolute
orientation of both links. This can be verified by noticing in Figure 4.1 that all
the ellipsoids whose centers are located on the circumference of the same solid

configuration circle are of the same size.

¢ A special case arises when the end effector is on the circumference of the home
circle. The expression under the radical sign in Equation 4.15 assumes its
smallest value. This makes the difference between the eigenvalues 2 minimum.
As a result the ellipsoids take up a shape which, in comparison with the other
configurations of the manipulator, is closest to a sphere. In particular, if the

manipulator is designed such that ¢, = ¢. , then from Equation 4.14

Kml - L'l -
-KmZ B L2 (4-1‘)

and the for_ce ellipsoid will converge to a sphere. The power to force conversion
efficiency will then be the same in all directions. Yoshikawa (1983) has referred
to this case as t':he best posture from the manipulability point of view. This
observation motivates the introduction of a measure that takes into account
the lengths of the axes of the ellipsoid. The ratio of the length of the minor
axis to the that of the major axis, which is inversely proportional to the square
root of the condition number of the matrix B is a convenient candidate. This

measure will be called here the aspect ratioc and will be given by

c ___ﬁﬂ/'\__x
B Rmer Y A2
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The aspect ratio varies from zero at the singularity circles to its maximum at
the home circle. The larger this measure is at a point in the work volume, the
more isotropic will be the static performance of the manipulator at that point,

and vice versa.

It was mentioned earlier that the size of the force ellipsoids along the solid
configuration circles do not vary. Consequently the aspect ratio will remain
constant along these circles. Figure 4.2 depicts the loci of the points at which
the aspect ratio has constant values. The minor deviation of the contour lines
from perfect circles at some points is due to the approximations made by the
contour drawing software, rather than due to the actual destortion in the c;>n- : '.

tours.

It is interesting to note that at any point on the circumference of +*. uolid
configuration circles in Figure 4.1, the orientation of the force elli ~.ias with
respect to the manipulator is constant. In other words, if the end effector
moves along the circumference of a solid configuration circle the force ellipsoid
will also move along, without any change in its size, as if it is rigidly attached
to the end effector. Unlike the case of the size of the force ellipsoids, this fact
" is not immediately apparent from Equation 4.15. Appendix D provides the
relationships needed for this condition to be satisfied for a general ellipsoid
with defining matrix Z. For the force ellipsoid with defining matrix B as given

in Equation 4.13, the necessary conditions become

3By __
2o, = —2Bn

2B
o> = Bu — B2
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Differentiating By, and B;; from Equation =.13 and combining the results with
the above equation shows that the matrix B satisfies the conditions given in

Appen‘:iix D.

The orientation of the force ellipsoids on the circumference of the home arcle
depends on the relative values of ¢; and g¢,. Appendix D gives the orientation

of a general ellipsoid with defining matrix Z , as

16— Zu)
=1 sl =22
¢2 =tan ( 7

where £; represents the smallest eigenvalue of the matrix Z. Substituting for
the corresponding terms in the above equation from the matrix B given by
Equation 4.13 gives the angle that the major axis of the force ellipsoid makes

with the horizontal as

(4.18)

¢B — tan—l (Q¥S% + q§5'§ — Al)

@5:1C1 + ¢25:C

I ¢ < ¢ then for the points on the home circle where 6, — 6, = 90°

Equation 4.15 gives A, = ¢2. Substituting for this value of A, in the above
equation gives ¢p = ;. This means that the major axis of the force ellipsoid
will fall along the longitudinal axis of the upper arm of the ma.nipula.t;':r as
shown in the Figure 4.3-a. Similarly, it can be shown that if ¢; > ¢, then the
minor axs of the ellipsoid will coincide with the longitudinal axis of the upper

arm. This case is portrayed in the Figure 4.3-b.

For the majority of manipulators, the upper and the lower arm joint motors are
identical and have the same motor constants. Consequently the ratio o= f;-
For such manipulators, if the upper arm is longer than the lower arm, then
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in the vicinity of the home circle it will be capable of applying force along the
longitudinal axis of its upper arm more tha.p in any other direction. Conversely,
if the upper arm is shorter than the lower arm, then the force capability of the
arm will be better in a direction normal to that of the upper arm. If both the
upper and the lower arms are of the same length then in the neighborhood of
the home circle the force ellipsoids converge into circles. In consequence, the

static capability of the manipulator becomes the same in all directions.

In the neighborhood of the outer singularity circle where 6, approaches 6.,
and in the neighborhood of the inner singularity circle where 8, approaches
62 + = , Equation 4.15 indicates that A; approaches zero. Substituting for this
condition in Equation 4.18 resultsin ¢p = ) = 8» (or §2+7). Therefore it can
be concluded that, in the vicinity of the singularity circles,- the force ellipsoid
is very long and slender and is oriented such that its major axis falls along the
radius of the singularity circles. Asada and Youcef-Toumi (1984) have shown
that for certain mechanical designs the force characteristics would be a finite

line instead of an ellipsoid throughout the work volume.

Static Output-Demand Relation

It was pointed out earlier in this chapter that under the stall condition the output

characteristics of 2 manipulator in any direction can be represented by the radius of

the force ellipsoid in that direction. Under such condition the only load that the joint

motors are obliged to carry is the weight of the links and the payload. In Chapter 3 it

was shown that all of these forces are reflected in a single vector called the generalized
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weight of the arm. It is therefore convenient to consider the generalized weight as
the demand force. The aim of this section is to examine the output of the system
against the demand. Since both the output and the demand are vectors, the task of
comparison must be carried out both in magnitude and in direction. In that respect

two parameters will be defined, the magnitude indez and the direction indez.

4.3.1 Magnitude Index

The ratio of the magnitude of the generalized weight at any robot configuration, to
the radius of the force ellipsoid along the generalized weight at that configuration
indicates the relative degree of importance of the effect of gravity. This ratio will
be called here the magnitude index and will be designated by #,,. Referring to

Figure 4.4 this ratio can be expressed as

_iwi_|o4

™= F ~ |oB|

where [W| indicates the magnitude of the generalized weight and [F'| represents the
task force in the direction of the generalized weight. Substituting for {F} from the

above expression into the Equation 4.7 gives

(ot [ = w2

The magnitude index can now be expressed as

NIm = \ P (4.19)



The numerator under the radical sign in the above equation is the power consumed
by the joint motors in order to compensate for the effect of gravity. Denoting this

power by P, the magnitude index can simply be presented as

Im =

eV

(4.20)

Since both W and F have been shown to be configuration dependent, then
the magnitude index is a function of the configuration of the arm. At the points of
the work volume where the magnitude index is relatively small the power dissipation

due to the effect of gravity will also be small, and vice versa.

In order to provide a global view for the magnitude index, a contour map of its
values throughout the work volume is portrayed in Figure 4.5 for the manipulator
shown in Figure 3:4. From a design perspective, the magnitude of the total power
supplied to the joint motors must be selected such that the value of the magnitude
index does not exceed unity. Figure 4.5 shows that in some areas of the work volume
the value of the magnitude index is close to one. This indicates that in those regions
most of the power of the joint motors is used to carry the manipulator’s own weight
and the force that is available at the end effector to carry out useful work is very
small. .

It is enlightening to compare this figure with Figure 3.5 which shows the general-
ized gravitational field for the same manipulator and Figure 3.7 which portrays the
generalized weight. The comparison reveals that a strong resemblance exists between
the contour map of the magnitude index and the GGF. In the lower right quadrant of
the work volume where the field is strong, the value of the magnitude index is close

to its maximum. Conversely, in the upper right quadrant where the GGF is generally
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weak, the magnitude index is relatively small. Even the locus of the minimum field
strength vhich is Eghhghted in the Figure 3.10 seems to be matching the contour
line associated with minimum value of the magnitude indexTThe conclusion co this
observation is that for a typical PUMA robot like the one exemplified it this study,
operation in the upper right quadrant, specially in the vicinity of the weakest region
of the field, is associated with the least amount of power‘ used by the joint motors
to overcome the effect of gravity. Conversely, in the lower right quadrant the power

consumption by the joint motors due to gravitational forces is the most.

4.3.2 Direction Index

In order to quantize the relative orientation of the force ellipsoid with respect to
the direction of the generalized weight, the direction index 7a is introduced. With
reference to the Figure 4.6, this measure is defined as the cosine of the angle between
the vector of the generalized weight and the direction of the major axis of the force
ellipsoid. To calculate this measure it will suffice to obtain the unit vectors associated

with each direction and find their dot product.

To obtain the unit vector along the major axis of the force ellipsoid, the diag-
onalizing matrix C which was introduced in Equation 4.8 must first be set up.
It was mentioned there that the column vectors of the matrix C are the same as

normalized eigenvectors of the matrix B. The eigenvectors of the dummy matrix Z

is given in Appendix D as
1 £=Zn
Zn
£=21 1
212
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where & and & represent the eigenvalues of the dummy matrix Z. Replacing the

matrix Z and its eigenvalues by the matrix B and-its eigenvalues and normalizing

the column vectors gives the matrix C as A A SRR

Bya An—B~n
[ C ]= VIR B VB CeBar (.21)
Ay By By

VB +(—Bu)R /B +(02-Bz )

Since the matrix C is orthonormal its column vectors represent the unit vectors
along the principal directions of the force ellipsoid. The first column of this matrix is
associated with the smallest eigenvalue of the matrix B. As a result the vector C;;
represents the unit vector along the major axis of the force ellipsoid. The direction

index can therefore be expressed as

7 Cl,- oW
¢= T
Wil
where || W || is the norm of the vector of generalized weight. The unit vector in the

direction of the generalized weight of the manipulator is given by

W,
VWi+W;

W
VWiWE
- where W, and W, are the normalized components of the generalized weight and
are given by the Equation 3.8. The inner product of this unit vector and the one
given in the first column of the diagonalizing matrix C gives

14 2=Buwn
T R - M W— (4.22)

[+ (52e)] [+ ()]
Substituting for 2. from the Equation 3.9, for A; from the Equation 4.15, and

for By, and B, from the Equation 4.13 gives the value of the direction index as a
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function of the ph}Fs'ical specifications of the manipulator as well as its instantaneous

configuration.

——

* ' Fora given robot arm the direction index is a function of the configuration of the
arm and varies between —1 and +1. The contour lines of the Figure 4.7 show the
loci of the points of the work volume of the example manipulator which are associated

with the same value of the direction index.

A comparison between the contour lines shown in Figures 4.5 and 4.7, and the
generalized gravitational field depicted in Figure 3.5 shows that, in regions such as
the central part of the upper right quadrant where the field is generally weak, both
7m and 7 are relatively small. A small 7; indicates that the direction of the
generalized weight is almost along the minor axis of the force ellipsoid. The condition
under which the absolute value of the direction index reaches its minimum value of
g =0 is obtained from Equation 4.22 and is given by

A — By wy

1+ = —
B2 wp

-

On the other hand, Figures 4.5 and 4.7 show that in the lower right quadrant
of the work volume both indices are close to their maximum values. As can be seen
from Figure 3.5, the field is relatively strong in that region. A high value for 54
indicates that the generalized weight almost coincides with the fhajor axis of the force

ellipsoid. The direction index reaches its maximum value when

AI _Bl'.l Wz
1422 7
By, Wy
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4.4 Effect of Gravity on the Output

The output characteristics of the arm, as described in Section 4.2, does not take into
account the effect of gravity. Furthermore, the total task force that the gripper can
apply to the environment can not be displayed by the force ellipsoid as described by
Yoshikawa (1983), and Asada and Youcef-Toumi (1984). In this section it will be

shown that the integration of the force ellipsoid with the generalized weight can help
to overcome this drawback.

For any configuration of the manipulator the radius of the force ellipsoid in any
direction indicates the magnitude of the force that the end effector is capable of
applying to the environment in that direction. This force is created by virtue of
the electrical power supplied to the joint motors. On the other ha.:;d, the generalized
weight indicates the force that the end effector can exert to its surroundings by virtue
of the effect of gravity on the links. Therefore the total force that the end effector
can apply to the external world is the vector sum of the two. This makes the force
ellipsoid shift, with no rotation, such that its new center is located at the tip of the

vector of the generalized weight.

The analytical proof to this conclusion can be established by considering the
vector of the joint torques in Equation 4.4 as the combination of the vector of the

torque of the joint motors 7, , and the vector of the torques induced through the

effect of gravity 7, , as follows

(=}+{=}-[ Tt} o

Using Equation 4.4, the vector 7, can be related to the generalized weight of the
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arm W defined in Section 3.3. through the transformation

(=)= ]{}

Substituting for 7, from the above equation into Equation 4.23 and rearranging

(SR

If the vector T, in Equation 4.2 is replaced by the one given in the above

gives

equation the following quadratic form results

o] 2 fr-m) -

which is clearly the equation of an ellipsoid whose center is located at the end of
the vector W. Figure 4.8 displays this transformation for some configurations of the
arm. The shifted ellipsoid portrays the net capability of the end effector in applying
force to the environment. With reference to the Figure 4.8 the following conclusions

can be drawn.

e In presence of gravity the task force is not symmetrical with respect to the tip of
the arm. In particular, the task force in the positive direction of the generalized
weight is increased by an amount which is exactly equal to the magnitude of
the generalized weight. In the opposite direction, however, the task force is

decreased by the same amount.

e If at any configuration of the arm, the end effector falls on the outside of the
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shifted ellipsoid. then it can be concluded that the selected motors are not

capable of supporting the arm’s weight at that configuration.

o The eigenvalues of the matrix B given by the Equation 4.13 no longer indicate
the maximum and the minimum values of the task force. The new maximum
and minimum will be the longest and the shortest vectors drawn from the arm’s
tip to the surface of the ellipsoid. The magnitude and direction of these vectors

will be calculated analytically in the following section.

4.5 Maximum and Minimum Values of the Task

Force

Determination of the extreme values of the task force is in essence the same problem
as that of finding the extreme values of the distance between a fixed point 4 with
coordinates {x.} = (214,724, -",Zna)? and a general point P with coordinates
{x} = (21,22, -, 22)7 on the surface of an ellipsoid. In other words the extrema of

the function

$(Z1,Z2y° 0y Tp) = ‘/(zl —:1:1.4)2 +(z2—Z2a) 2+ -+ (Tn —Zpa)? (4.24)
must be found subject to the constraint

9(z1, 22y, 2n) = MZF + Aaz3 + - + X232 = const. =0 (4.25)
Applying the method of Lagrange multipliers yields a set of auxiliary equations as

V (21,22, 1%} =0 V g(21,22,° -, Zn)
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where u represents the Lagrange multiplier. For the present example the above set
will reduce to two equations. Solving out p between the two equations and substi-

tuting for the partial derivatives from Equations 4.24 and 4.25 gives the equation of

the locus of the point P on the ellipsoid as

1 — T4 _ ATy
T3 — T24 1\232

(4.26)

Equation 4.26 represents a rectangular hyperbola known as the hyperbola of Apol-
lonius (Robson 1949 page 297). The intersection of this hyperbola with the ellipsoid
given by the two dimensional form of Equation 4.25 locates the point P. The alge-

braic equation that gives the intersection points has a quartic form given by

2 2
1 I\, 22,41 1Y) , 1 {2}, 23, 1 1 2
(Ai—&) TR (A% ,\) i A%(A%*As‘ %7 %) )"
27,4 [ 1 1\ 22, o
(RS e

The above equation has four roots. This indicates that there may be as many as
four locations on the el]ipsdid for the point 2. It should be noted that the coordinates
of the center of the ellipsoid satisfies Equation 4.26. This means that at least one
branch of the hyperbola passes through the center of the ellipsoid which, in turn,
means that the hyperbola intersects the ellipsoid at least at two distinct points. In
oother words Equation 4.27 has at least two real roots. If the other two roots are also
real then the other branch of the hyperbola will also intersect the ellipsoid, and if they
are imaginary then the other branch of the hyperbola will fall on the outside of the
ellipsoid. In any wse the smallest and the largest roots will represent, respectively,

the true magnitude of the minimum and maximum force that the end effector can
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apply to its environment. Figure 4.9 shows a typical force ellipsoid together with the
correspording hyperbola of Apollonius. It can be shown that, ary line drawn from
point A4 to any intersection point of the hyperbola a:ld the ellipsoid, is perpendicular
to the surface of the ellipsoid at the point of intersection (Tuckey and Armistead
1953 page 170). Consequently, in order to find the net maximum and minimum
forces that the end effector is capable of applying to the environment, it will suffice
to draw a normal from the point where the end effector is located to the surface of
the force ellipsoid.  The longest and the shortest normals will respectively represent

the maximum and the minimum task forces.



Figure 4.1: Force ellipsoids.
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Figure 4.2: Contour map of aspect ratio for the force ellipsoids.
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Figure 4.3: Orientation of 2 dummy ellipsoid on the home circle for two special cases.
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Figure 4.4: Description of the magnitude index.
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Figure 4.5: Contour map of magnitude index for static output-demand model.
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Figure 4.6: Description of the direction index.
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Figure 4.7: Contour map of direction index for static output-demand model.
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Figure 4.8: Force ellipsoids in shifted positions.
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Figure 4.9: Maximmun and mininnun task forces.
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Chapter 5

Dynamic Behavior of the

Manipulator

5.1 Introduction

Dynamic performance of manipulators has been the subject of many research works.
The goal of some of these works has been to find some global measures that uniquely
explain the dynamic behavior of the arm at any point of the work volume. Among the
most noticeable works in this category is the generalized ellipsoid of inertia introduced
by Asada in 1983. He extended the ellipsoid of inertia defined in classical dynamics
for single rigid bodies, to the case of a system of rigid bodies such as a2 manipulator.
The generalized ellipsoid of inertia determines the limits of the speed that the end
effector of a manipulator will attain in any direction with a given amount of kinetic
energy. Another important concept that was introduced by Yoshikawa in 1983, is

the dynamic manipulability ellipsoid. For a manipula.ﬁor under stall conditions with
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a given amount of input energy, the dynamic manipulability ellipsoid indicates the

acceleration that the end effector can assume in various directions.

—

In this chapter the concept of the generalized weight that was defined in Chap-
ter 3 will be utilized to develop the generalized inertia tensor and the generalized
gravitational acceleration. The generalized inertia tensor was first introduced by
Asada through the energy method in his above cited work. Neither Asada(1983),
nor Yoshikawa(1985) have considered the relationship that was shown in Chapter 4
to govern the size and orientation of the force ellipsoid throughout the work vol-
ume. The work of the two researchers will be briefly reviewed here. Then it will be
shown that the above mentioned relationship also holds true for both the generalized

ellipsoid of inertia and the dynamic manipulability ellipsoid.

The output-demand model that was developed in Chapter 4 to study the static
performance of manipulators will be extended in this chapter to include the dynamic
behavior. For this purpose the dynamic manipulability ellipsoid will be considered as
the output of the system and the generalized gravitational acceleration as the demand.
The generalized gravitational acceleration field will be investigated in connection with
the generalized weight of the manipulator. The relation between these two and the
generalized ellipsoid of inertia will then be determined. Finally, the effect of gravity -
on the dynamic manipulability ellipsoid will be investigated. It will be shown that,
similar to the case of the force ellipsoid, the true acceleration capability of the end
effector can only be demonstrated by the dynamic manipulability ellipsoid when the

center of that ellipsoid is shifted to the tip of the generalized gravitational acceleration

vector.
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5.2 Generalized Inertia Tensor

The Newton law for the motion of a particle is

f=ma

where f is the total external force acting on the particle, m is the mass of the

particle and a is the acceleration that the particle can attain due to the action of

the force f.

Considering f and a as single element vectors and m as a single element
matrix, the Newton law of motion can be extended to the motion of a system of rigid

bodies such as a manipulator as following

=}

In the above equation the vector F is the generalized force that acts on the arm
in the task space, the matrix M represents the generalized inertia tensor of the
manipulator, and the vector A is the acceleration that the end effector can attain

by virtue of the application of the force F. The general equation of motion for a

manipulator can be expressed as

R G R N R

where @ is the joints acceleratior vector, C(G,é) represents the Coriolis and
centrifugal effects, and T is the combination of the joint torques and the effect of

gravity. The matrix I in this equation represents the matrix of moment of inertia of

96



the links. For the example at hand this matrix is given by (Asada and Slotine 1986).

[ . ] _ | B+mbi+mal] mahoLicos(6r —6a) (5.3)
mgthICOS( 81 - 9‘.‘) I? + m2h§

The velocity vector in the joint space can be mapped onto the task space through

h= e

where V is the velocity vector in the task space, J is the Jacobian matrix given in

the transformation

Equation 4.12, and 6 is the velocity vector in the joint space.

Differentiating the above equation with respect to time gives

UMENUSENY

where V represents the acceleration of the end effector in the task space. Calculating

§ from the above equation and substituting the results in Equation 5.2 leads to
T -0 JEde Lo T T e )~}
(5-4)

The generalized acceleration can now be expressed as

[ -1 .
== Jfede 2 ][« [ Howa
The second and third terms in the right hand side of the above equation are propor-

tional to the dual products of the joint speeds. When the joint speeds are relatively
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low, and specially at ¢ = 0 where the speeds are virtually zero, these terms vanish.

Consequently the vector A becomes equal to the acceleration of the end effector in

—

the task space. Combining the above equation with Equation 5.4 gives

T

Substituting for = from Equation 4.4 in the Equation 5.5 and rearranging the

BT e

Comparing the above equation with Equation 5.1 gives the generalized inertia tensor

CIREINE Eh

In a manner similar to that used for Equation 4.6, it can be shown here that the

result yields

of the manipulator as

generalized inertia tensor M is congruent to the matrix of moment of inertia I. As
a result, since I is symmetric and positive definite, the generalized inertia tensor

also possesses the same properties.

Asada (1983) obtained this matrix through the energy method. Liegeois(1985)
has also obtained this matrix by taking into account only the inertia terms in the
equation of motion at the outset of the motion of the arm. The inverse of the Jacobian

matrix can be found from Equation 4.12 as

=1 - 6; —L,sind
5 _ . 1 L2cosb, 28inl; (5.8)
LyLesin(6, — 6;)

Licos8, Lisiné,

For the present example the generalized inertia tensor can be found by substitut-

ing for J-! from the above equation, and for I from Equation 5.3, in Equation 5.7.
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This results in

[ M } _ quC? — 2012CiCa + €] qnuS202 — qu2dien + g2251C (5.9)
0115:Cz = 25142 + 0225101 i S3 — 201255+ 92257
where
m = 13%%_—2
Q12 = IA_LI:?;__: (5.10)
g2 = 325!3?'_—2

and S; =sinb;, C;=cosb;, S1-2= sin(6, — 62), Si42= sin(6, + 62)

5.3 Generalized Ellipsoid of Inertia

In 1983 Asada introduced the generalized ellipsoid of inertia based on the general-
ized inertia tensor. The generalized ellipsoid of inertia, as the name implies, is the
extension of the concept of the ellipsoid of inertia, defined in classical dynamics for
rigid bodies, to the case of a syst:em of rigid bodies such as a manipulator. However,
unlike the case of a single rigid body in which th;e size and the orientation of the
ellipsoid with respect to the body is time invariant, both the size and orientation
of the generalized ellipsoid of inertia are functions of time. In case of a single rigid
body the ellipsoid of inertia is constructed in a space whdse dimensions are the cormi-
ponents of the angular velocity of the body. Therefore it represents the rotational
inertia characteristics of the body. The radii of the ellipsoid of inertia in any direction
indicate the magnitude of the angular speed that the body can attain if it is made
to rotate about that direction with a given amount of kinetic energy. The directions

along which the angular speed of the body is an extremum for a given value of the
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Kinetic energy are indicated by the principal axes of the ellipsoid.

The generalized ellipsoid of inertia is constructed based on the generalized inertia
tensor in a space whose dimensions are the components of the velocity of the end
effector. Hence it characterizes the general inertia of the manipulator undergoing a
general motion. For a given total kinetic energy of the system, the principal axes of
the generalized ellipsoid of inertia indicate the directions along which the speed of
the manipulator is an extremum. For the example at hand the principal axes of the
generalized ellipsoid of inertia can be obtained from the eigenvalues of the matrix

M which are given as

o =3 {Qn + g22 + 2¢12C12 — \/(Q‘u + g22 + 2012Ch2) — 4{qu1g22 — Qi"g)s;.":} (5.11)

o2=13 {Qn + g22 + 2q12C12 + \/(Qu + g22 + 2012C12)* — 4(q11922 - qu)sfz}

Figure 5.1 shows the generalized ellipsoid of inertia for several configurations of
the example at hand. With reference to that figure the following remarks can be
made.

¢ The ellipsoids on the circumference of any of the solid configuration circles are
of the same size. This observation can be analytically validated by noticing in
Equation 5.11 that the eigenvalues of the matrix M (and therefore the lengths
of the principal axes of the ellipsoids) at any configuration of the manipulator,
are only functions of 8; — 6..

¢ On the circumference of the solid configuration circles the relative orientation of
the ellipsoids with respect to the manipulator remains unchanged. This can be

verified by proving that the members of the matrix M satisfy the conditions
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which are presented in Appendix A. For the matrix M these conditions can be

written as

My _ 9}
a6, — 2M2

%;A%::' = My; — M2
Substituting for members of the matrix M from Equation 5.9 and performing
the mathematical work involved proves that for the generalized ellipsoid of

Inertia the above conditions are satisfied.

The shape of the generalized ellipsoid of inertia at any point on the home
circle is closest to a sphere than any other point. This is due to the fact that
for 6 — 6, = 90° , as Equation 5.11 indicates, the difference between the
eigenvalues of the matrix M is a minimum. In particular, if the physical

properties of the maripulator are selected such that ¢, = g2, i.e.

L +m1h¥ +m2Lf _ (ﬂ)z

= 12
L +moh3 L, (5.12)

then the two eigenvalues will become equal and the ellipsoid converges to a
sphere. In that case, for a given amount of kinetic energy, the capability of the
.manipulator in attaining velocity will be the same in all directions. Asada(1983)
has shown that under such circumstances the effect of nonlinear forces such as
Coriolis will disappear. The aspect ratio, defined in Chapter 4 for the force
ellipsoid can also be employed here to indicate the relative degree of importance
of the effect of the nonlinear forces at various points of the work volume. This

ratio can be given as

le'n J0

Rma:: o2

Cm
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For the generalized ellipsoid of inertia the aspect ratio varies from zero at the
singularity circles to its maximum at the home circle. The larger this measure
is the better will be the dynamic performance of t‘l;e manipulator and vice
versa. It was mentioned earlier that the size of the ellipsoids along the solid
configuration circles do not vary. Consequently the aspect ra’io will remain
unchanged along the circumference of those circles. Figure 5.2 portrays the
loci of the points at which the aspect ratio is constant. Here again the minor

deviation of the contour lines from perfect circles at some points of the work

volume is due to the appraximations made by the contour drawing software.

The orientation of the generalized ellipsoid of inertia on the circumference of
the home circle depends on the magnitude of ¢;; and gu;. Referring to
Equations 5.3 and 5.10, it can be shown that for the points on the circumference
of the home circle @2 = 0. The slope of the major axis of the generalized
ellipsoid of inertia can be obtained by replacing the members of the dummy
‘matrix Z and its first eigenvalue m Equation D.3 with those of the matrix
M. The result would be

- M,
= tan=! (0’1 u)
dm =ta M

Substituting for the members of the matrix M from the Equation 5.9 gives

— 2 —
ép =tan"! (01 a1.C3 anf) ' (5.13)

60115202 + §225:C)

If ¢11 < g2 then for the points on the home circle Equation5.11 yields oy = ¢y;.
Substituting for this value of &; in the above equation gives ¢ = 8,. This

means that the major axis of the generalized ellipsoid of inertia falls along the
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longitudinal axis of the upper arm of the manipulator as shown in Figure 4.3-a.
Similarly it is possible to show that if gy > g2 then the minor axis of the

generalized ellipsoid of inertia will coincide with the longitudinal axes of the

upper arm. This case is shown in the Figure 4.3-b.

Equation 5.3 shows that Iz equals the moment of inertia of the lower arm
about its joint with the upper arm considered as a point mass lumped at its
end. In addition, Iz is the moment of inertia of the upper arm with respect to
its own joint. With reference to Equation 5.10 for a typical PUMA manipulator
it is usual to accept that @1 > Q22 Consequently it can be concluded that
in the vicinity of the home circle, the capability of these kind of manipulators
in converting their kinetic energy into the velocity of the end effector, is the
most in a direction perpendicular to the direction of the longitudinal axis of

the upper arm.

o Equations 5.11 and 5.13 indicate that at any point on the singularity circles the
generalized ellipsoid of inertia degenerates into a line which is infinitely long
and is oriented along the tangent to the singuia.ﬁty circles.

5.4 Generalized Gravitational Acceleration

For a body of mass m exposed to a uniform gravitational field, the Newton law of

motion takes up a special form which is given by
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where w represents the force applied on the body by the field. commonly known
as the weight of the body, and g represents the local strength of the field and

is called the gravitational acceleration. The generalized form of this equation for a

manipulator can be expressed as

Pl e

In this equation the vector W is the generalized weight of the arm defined in Sec-
tion 3.3, the matrix M denotes the generalized inertia tensor of the arm defined in
previous section, and the vector G represents the acceleration that the end effector
can attain by virtue of the effect of gravity. This vector will be called here the

generalized grevitational acceleration.

Substituting for M from Equation 5.7 into the above equation gives the general-

ized gravitational acceleration as

O R N RN (O I

For the example at hand the generalized gravitational acceleration vectors at
various points of the work volume a;re depicted in Figure 5.3. As it can be seen
in that figure, the acceleration field is more or less uniform both in magnitude and
direction. The strength of the field approaches zero at the points associated with
maximum and minimum potentials. This is due to the fact that the strength of
the generalized gravitational field is zero at those points (Compare Figure 5.3 with
Figure 3.7). Although the generalized weight, as shown in Figure 3.7 assumes various
directions, the direction of the generalized acceleration, except at the points near the

boundary of the work volume, is almost downward everywhere.
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Referring to Equation 5.14, the generalized weight field can be thought of as 2
vector field resulting from the application of the transformation matrixX M on the
generalized acceleration field G. The two fields are shown together in Figure 5.4.
The invariant lines of this transformation fall along the eigenvectors of the generalized
tensor of inertia M. It was shown in the previous section that the eigenvectors of
the matrix M are along the principal axes of the generalized ellipsoid of inertia.

Consequently it can be concluded that
m — a-
G:

where W; and G; are respectively the components of the generalized weight and
generalized gravitational acceleration along the pri_ncipal axes of the generalized el-
lipsoid of inertia, and o; is the corresponding eigenvalue of the matrix M. In
patticular, if the generalized weight lies along the principal axes of the generalized
ellipsoid of inertia, then the genefalized acceleration will also f211 along the same
direcsion. The ratio of the former to the latter will be equal to the corresponding
eigenvalue. In the special case when the manipulator is designed such that the con-
dition given by the Equation 5.12 is satisfied, the two fields will completely coincide

along the home circle. This case is depicted in the Figure 5.5.

5.5 The Acceleration Ellipsoid

T the effect of gravity is ignored then the acceleration that the end effector can attain
will be due to the effect of the joint motors only. Consequently Equation 5.5 can be

expressed as

105



I T

where T, represents the vector of the torques applied by the joint motors to the

system. Substituting for this vector from the above equation in the Equation 4.2

LTI T e

The matrix K in the above equation is given by Equation 4.3. Defining the matrix

 lLTUI T e

makes it possible to recast Equation 5.16 as

W(o -

Equation 5.17 represents a congruence transformation. Therefore the matrix D
is positive definite. As a result the quadratic form given by Equation 5.18 represents
an ellipsoid called here the acceleration ellipsoid. * The acceleration ellipsoid has the
property of indicating the capability of the manipulator in transforming the input
power under the stall condition to the acceleration of the end effector. The principal
axes of this ellipsoid indicate the direction and magnitude of the maximum and

minimum accelerations that the end effector can achieve.

1This is the same ellipsoid that has been introduced by Yoshikawa in 1985 as the dynamic na-
nipulability ellipsoid. The name acceleration ellipsoid is more suitable than the one employed by
Y

Yoshikawa. Thus it will be used throughout the rest of this work.
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Using some geometrical properties of the acceleration ellipsoid such as its volume
and its condition number, Yoshikawa introduced several measures that are useful for
the assessment of the dynamic manipulability of the arm. For the manipula.tor:nder
discussion the matrix ‘D can be obtained by substituting for J-* from Equation 5.8,
for I from Equation 5.3, and for K from Equation 4.3 in Equation 5.18. The result
is

™C3; = 2reCiCs +r2C]  miSCr — 28142 + 125G

[ D ] = (5.19)
S0 — M12S142 + 722501 ™SF —2r125152 + 12257

where
B, B
= gar; (8 +82)
2= L L_: T ",;'r"er ':‘ + 4 “{2 ) (5.20)

and S; = sinb; C; =cos8; Si1—2 = sin(f, — 02) S142 = sin(6; + 62)

The eigenvalues of the D matrix are

oy = _12_ {Tu +7ap + 2r2Chz — \/(Tn + o + 2r12C1a)? — 4(ry 7o — r%:)sxzz} (5.21)

p2 =3 {Tu + 7122 + 2r2Cr2 + \/ (r1 + 722 + 2r12C12)? — 4(r11702 — 7'%2)5%2}

Figure 5.6 shows the acceleration ellipsoids at several points of the work volume.
With reference to that figure and similar to the case of the generalized ellipsoid of

inertia the following remarks can be made.

e Equation 5.21 indicates that the eigenvalues of the matrix D 2t any config-
uration of the monipulator are only functions of 6; — 6;. The consequence
is thai oz the circumference of the solid configuration circles the acceleration

ellipsoids are all of the same size.
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® The orientation of the acceleration ellipsoids with respect to the manipulator
does not vary along the circumference of the solid configuration circles. This

can be verified by proving that the members of the matrix D satisfy the

conditions given in Appendix D. For the matrix D these condition are

3
2~ oD,
&2 = Dy ~ Dy
Substituting for the members of the matrix D from Equation 5.19 and per-

forming the involved mathematical work proves that for the acceleration ellip-

soid the above conditions are satisSed.

¢ Equation 5.21 shows that for configurations at which 6, — 6, = 90° the
difference between the eigenvalues of the matrix D is a minimum. As a result,
it can be said that along the circumference of the home circle the shape of
the acceleration ellipsoid is closest to a sphere. In particular, if the physical

properties of the manipulator are selected such that ™ =Ty, le.

L + mhE + m, L2 _ 1 K

=22 (5.22
Ig-!-mzh% L2 A m2

then the two eigenvalues will become equal and the ellipsoid converges to a
sphere. In that case, the capability of the manipulator'in transforming the

input emergy to the acceleration of the end effector will be the same in all

directions.
The aspect ratio that was previously defined for the force ellipsoid and the
g.eneralized ellipsoid of inertia can be expressed here as

¢=R;miz=\/5
*” R P2

108



Similar to the previous ellipsoids, the minimum value of the aspect ratio for the
acceleration ellipsoid occures at the singularity circles, and its maximum occurs
at the home circle. A rela.;;vely large aspect ratio means that the manipulator
has a better capability for transforming the input energy into the acceleration
of the end effector. Figure 5.7 shows the loci of the points with constant aspect
ratios. The loci coincide with the solid configuration circles, however, as men-
tioned in the similar previous cases, their slight deviation from perfect circles
at some points of the work volume is due to the approximations made by the

contour tracing software.

Similar to the case of the generalized ellipsoid of inertia, r;3 =0 on the home
circle while r; and r;; determine the orientation of the acceleration ellipsoid.
With reference to the orientation of a general ellipsoid given in Equation D.3,
the slope of the major axis of the acceleration ellipsoid can be obtained as

o -1(P1— Dn)
P4 =tan (_—Dlz

Substituting for the members of the matrix D from the Equation 5.19 gives

= 1130 — r22Ct
= tan-} 1 — il 2204 9
Pa = tan ( 1520 + r225:1Ch ’ (5:23)

I ry < ry then Equation 5.21 gives p; = ry;. Substituting for this value of
p1 1n the above equation gives ¢4 = 6. This means that the major axis of
the acceleration ellipsoid falls along the longitudinal axis of the upper arm of
the manipulator. Figure 4.3-a shows this case. Similarly, if ry; > rp then the
minor axis of the ellipsoid will coincide with the longitudinal axis of the upper

arm as depicted in the Figure 4.3-b.
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It was mentioned earlier that for a PUMA type manipulator it is usual to have
I;; > Is . For such robots it is also usual to expect that L, £ L, and
K = Ko .- This leads to ry; > res. As a result it can be concluded that,
in the vicinity of the home circle, the capability of a PUMA type manipula-

tor in accelerating from rest is maximum in a direction perpendicular to the

longitudinal axis of the upper arm.

e Equations 5.21 and 5.23 indicate that at any point on the singularity circles
the acceleration ellipsoid degenerates into a line which is infinitely long and is

oriented along the tangent to the singularity circles.

5.6 Dynamic Output-Demand Relation

Earlier in this chapter it was verified that for a given amount of energy supplied to
the joint motors of 2 manipulator under stall condition, the acceleration capability
of the end effector can be portrayed by the acceleration ellipsoid. It was also proven
that the effect of gravity can be transformed into the generalized gravitational ac-
celeration vector acting at the end effector. Considering the acceleration ellipsoid as
the output and the generalized gravitational acceleration as the demand, the static
output-demand model that was presented in Chapter 4 to study the static behavior
of the robot arms can be extended to the dynamic case. The magnitude index in this
case may be defined as the ratio of the magnitude of the generalized gravitational
acceleration to the radius of the acceleration ellipsoid along the generalized gravita-
tional acceleration at that configuration. Considering the vector OA in Figure 4.4 as

the generalized gravitational acceleration and the vector OB as the corresponding
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radius of the acceleration ellipsoid, the magnitude index can be expressed as

where |G| indicates the magnitude of the generalized gravitational acceleration and
|A| represents the acceleration that the end effector can attain in the direction of
G. Replacing the vector W and the matrix B in Eciuation 419by G and D

respectively, gives the magnitude index as

(s} = lfe}

P

Mm =

Substituting for G from Equation 5.15 and for D from Equation 5.19 proves that
the magnitude index in the present case is identical to the one derived for the force
ellipsoid. Consequently the contour map shown in Figure 4.5 can also represent the

present case.

The direction index can be obtained by replacing the members of the matrix B
and its first eigenvalue by those of the matrix D and substituting for the components

of the vector W by those of the vector G. The result would be

=D
na = 1+o5u

1+ (252 ] [1+ (8]

Figure 5.8 shows the contour map of the direction index for the dynamic output-
demand model. |
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5.7 Effect of Gravity on the Output

In the previous section it was assumed that the gravity had no effect on the accel-
eration ellipsoid. To include the effect of gravity, the torque in Equation 5.5 should
be replaced by the sum of the vector of the joint torques T and the vector T,

which represents the torques applied on the system due to the effect of gravity. The

resulting expression becomes

TR e

The vector 7, can be related to the generalized weight W through the trans-

formation given by Equation 4.4 as

(=}=12 T

Substituting for M from Equation 5.7 into Equation 5.14, and substituting the result

into the above equation gives

(=}=[10 Tl

Substituting this value of 7, into Equation 5.24 and rearranging yields

2 ][= T {ameh={)

I the vector 7., from the above equation is substituted into Equation 4.2 the
following quadratic form will result

o] [ Jfa-c)-
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The above expression represents an ellipsoid with its center shifted to the end of the
generalized gravitational acceleration vector G. Figure 5.9 portirays some acceleration

ellipsoids shifted to the end of the local generalized gravitational acceleration vectors.

With a reasoning similar to that of the force ellipsoid, it can be shown that in
presence of the effect of gravity, the maximum and minimum values of the acceleration
that the end effector can achieve due to 2 given input energy can not be found,
as argued by Yoshikawa, from the principal axes of the acceleration ellipsoid. As
illustrated in Figure 4.9, the true maximum and minimum values can be found by
drawing perpendicular lines from the end effector to the surface of the acceleration
eilipsoid. The longest and the shortest distances will indicate the maximum and the

minimum accelerations respectively.
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Figure 5.1: Generalized ellipsoids of inertia.
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Figure 5.2: Contour map of aspect ratio for generalized ellipscid of inertia.

115 _






e——w—- generaized weight

o----»— generalized acceleration

Figure 5.4: Generalized weight and generalized gravitational acceler ation fields.
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f‘igure 5.6: Acceleration ellipsoids.
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Figure 5.9: Acceleration ellipsoids in shifted positions.
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Chapter 6

Effect of Change of Physical
Properties of the Arm on its Static

and Dynamic Rehavior.

6.1 Introduction

The material discussed so far in this study has been exemplified only through a
typical PUMA manipulator whose schematic diagram and physical properties were
given in Figure 3.4. The aim c.>f this chapter is to investigate how the gravitational
field and other generalized characteristics of 2 manipulator will vary as a result of
2 change in one or more of its physical properties. The base link which is usually
oriented along the direction of gravitational acceleration, does not contribute to the
static behavior of the ma.n.ipula}or and has little effect on its dynamic performance.

With the exception of the base link, 2 unique feature of the GGF is that it depends on
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all the physical properties of the manipulator’s links as well as those of the payload.
Consequently, it can be said that any change in any of the physical properties of the
links, except those of the base link, will be reflected on the structure of the GGF.

Therefore, it 1s possible to categorize the manipulators according to the shape of their
GGF.

The shape of the generalized gravitational field of a manipulator is a function
of many parameters. In order to study the relation between these parameters ond
the shape of the GGF, two measures are defined. The first measure relates the
physical properties of the arm to the local conformation of the GGF. The second
one quantizes the overall contortion of the field. The static and dynamic behavior of
several manipulators with various physical properties will then be considered. It will
be shown that for 2 special case the equipotential lines of the GGF will be straight
horizontal lines. In consequence the generalized weight of the arm will be the same
at 2ll points of the work volume. It will also be shown that in such a case, the shape

of the lines are independent of the magnitude of the payload.

6.2 Classification of Manipulators Based on their -
Generalized Gravitational Field Conforma-

tion.

In order to contemplate the shape of the GGF of manipulators, two quantitative
measures are defined. The first measure which directly involves the local slope of the

equipotential lines is called here the local field indez , and is designated by ;. The
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second one, denoted by ¢, , takes into account the overall contortion of the field,

and is called the global field indez.

The local field index groups all the physical parameters of the arm’s links and

the payload in a dimensionless quantity given as

w1 = (6.1)

il

Substituting for a; and a; from Equation 3.4 into the above equation and combining

the resulting expression with Equation 3.2 leads to

D2 b By
o= BL—fa_m (6.2)

Combining this expression with Equation 6.1 yields

d.‘rz = 1- !
dz; itanb, —tanb;, -

(6.3)

Equation 6.3 indicates that the slope of the equipotential kines at 2 given point of
the work volume is only a function of the local field index ;.

Referring to Figure 3.5 the global field index ¢, can be defined as the ratio of
the energy level uy, of the first equipotential line that curls down to osculate the
inner singularity circle, to the maximum energy level %, . Equation 3.6 shows that

the limit for continuity in equipotential lines is reached when the expression under
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the radical becomes zero, i.e. when zj+z3 = r® . Substituting this into Equation 3.6

gives ug, = a; — a2. The global feld index can therefore be expressed as

Q) — Qs
Py = o T a =a; ~ a (6.4)
or as a function of ¢ as
o — F
=h (6.5)
P o1+ 'If,f

Equation 6.4 shows that the global field index varies from —1 to +1 such that
its value coincides with the energy level of the first equipotential line that osculates
the inner singularity circle at its lowest point. On the other hand, since the field is
symmetrical, the equipotential line with energy level —ug, will be the last line in
contact with the inner singularity circle and its osculating point will be the uppermost
point of the circle. As a result, a large ¢, indicates that a large number of the
equipotential lines will come in contact with the inrer singularity circle, and vice
versa. As an example, for the field shown in the Figure 3.5, Equation 6.4 gives
@y = 0.4. Therefore the first and the last equipotential lires to osculate the inner
singularity circle will have an energy level of 0.4 and —0.4 respectively. It can be
concluded that a higher global index refers to a2 more contorted field, and conﬁmely,

a small global index is associated with a more fattened field.

In later sections three types of manipulators with global indices equal to -1, 0,
and’+1, with the addition of a manipulator with a completely flat field a;:e studied.
Important features such as GGF, generalized weight field, generalized ellipsoid of
inertia, etc. for each manipulator will be presented and discussed. The similarities
and differences will be highlighted and explained accordingly. The length of the

links will be kept constant in all cases to keep the working volume the same for all
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manipulators.

As it can be seen from Equation 4.15, the force ellipsoids are only functions of the
length of the links and the joint motors specifications. Keeping these values constant
the force ellipsoids will remain the same for all manipulators under investigation in

this chapter.

6.3 Manipulators with Minimum Global Index

Figure 6.1 shows the schematic diagram and physical properties of a manipulator
with ¢, = —1. The local index for this manipulator can be found from Equation 6.1
as ¢ ={. For this value of ¢; Equation 6.1 yields a; = 0. Substituting this result

in Equaﬁdn 3.4 and malking use of the Equation 3.2 leads to

Al = m1h1 + (m2 + m,)LI =0

The above relation is satisfied when the first link balances the second link and the
payload about the first joint. Such a state of balancing makes the total potential
energy of the manipulator insensitive to the orientation of the first link. Therefore
71 =0 for all configurations of the arm. This can be verified from Figure 6.3 where
the GGF of the arm in joint space is shown. For the example arm of Figure 3.4. the
equipotential lines in joint space as shown in Figure 3.6, are conformed into some
" concentric ellipsoidal shapes. In the limit these shapes have flattened intc; horizontal

lines as shown in F‘ig‘are 6.3.

The corresponding field in Cartesian space and the generalized weight field for
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t.his manipulator are shown in Figures 6.2 and 6.4 respectively. It can be seen in the
last two figures that the strength of the field is smallest near the lower right region of
the work volume. This is the area in which most of the overhang t;_'pe manipulators
work. Unlike the typical manipulator shown in Figure 3.4 in which the total potential
energy of the arm was maximum or minimum at only one point, in present case the
total potential energy is maximum or minimum along a full line. The home circle
shown in Figure 6.2 represents the locus of the points associated with minimum field
strength in Cartesian space. This circle will map onto a straight line in joint space

as it can be seen from Figure 6.3.

The generalized eilipscid of inertia for the manipulator under discussion is de-
picted in Figure 6.5. Not much difference can be observed between this figure and
Figure 5.1 which shows the generalized ellipsoid of inertia for the typical robot of the
Figure 3.4. This is due to the fact that the total moment of inertia of the links have

not changed much. This is true for almost all the other cases to be discussed later.

Figures 6.6 and 6.7 illustrate the generalized gravitational acceleration field and

acceleration ellipsoids respectively.

6.4 Manipulators with Absolutely Flat Fields

As the magnitude of the global field index increases the equipotential lines flatten.

This trend continues until the condition

k&

-1
4

F

Pg =

e

| ol

is reached. This condition corresponds to ¢; = 1. Equation 6.3 shows that for this
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value of ¢; the slope of the equipotential lines is zero everywhere. The generalized
gravitational field in Cartesian space for this case is shown in Figure 6.9. The equipo-

tential lines are parallel and the spacing between them are the same throughout the

work volume,

It was proved in Section 3.4 that the GGF is, in general, conservative but not
solenoidal. It can be proved that for the present special case the field is also solenoidal

everywhere. Substituting unity for the value of ¢ in Equation 6.1 gives

ay _ 0_2
=7 (6.6)

Combining this result with Equation 3.11 shows that the divergence of the field is
zero throughout the work volume. This indicates that an absolutely flat generalized
field is similar to the ordinary gravitational feld in every respect. The generalized

weight field for this case shown in the Figure 6.11 justifies this conclusion.

The relation between the physical parameters of the manipulator that causes
the GGF in Cartesian space become absolutely flat can be obtained by substituting
for a; and a; from Equation 3.4 in Equation 6.6 and combining the result with

Equation 3.2. This will lead to

i (6.7)

It is interesting to note that this condition is independent of the payload. Any
variation of the payload will only change the magnitude of the generalized weight of
the arm. This can be further clarified by finding the components of the generalized
weight from Equation 3.7 under the conditior. given by the Equation 6.6. Combining

that relation with Equation 3.7 gives the normalized components of the generalized
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weight as

= 0
_ (6.8)
v =

L)

The actual components of the generalized weight can now be obtained by multi-
plying vy and w; by normaliz=iion factor 4, + Ai. Performing the multiplication

and substituting for @; and a; from the Equation 3.4 yields

(6.9)

Substituting for 4; or A, from Equation refeq:A1,A2 in the above relation gives

W,=0
' (6.10)
W, = —(%"._':mz +my)g

This expression shows that for all values of the physical parameters of the manip-
ulator, including the payload, the horizontal component of the generalized weight
is zero. However the vertical component which constitutes the strength of the flat

field, is a function of the physical properties of the upper arm as well as that of the

payload.

The generalized gravitational field in joint space is shown in Figure 6.10. The
ellipsoidal shape of the equipotential lines are clearly formed in comparison with the
field lines of the previous case. It can be seen that with the increase of the global field
index the 'equipotential lines of the joint space are compressed in horizontal direction

and elongated in vertical direction.

Figure 6.12 illustrates the generalized ellipsoid of inertia for the flat field manipu-

lator. As it was mentioned in previous section, this characteristic of the manipulators
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does not change much because the variation in moments of inertia of the links are

small.

The generalized gravitational acceleration field is shown in the Figure 6.13. Al-
though the generalized weight field for the present case is uniform both in magnitude
and direction throughout the work volume, the acceleration field is not necessarily
so. This is due to the fa.t;t that the components of the generalized mass of the ma-
nipulator, as indicated by Equation 5.9, are functions of the space. However, the

magnitude of the field is more or less uniform across the working space.

The acceleration ellipsoids are depicted in the Figure 6.14. Again not much of a
change is seen in comparison with the same figure for the manipulator of the previous

case. The reason given for the generalized ellipsoid of inertia also applies here.

6.5 Manipulators with Zero Global Index

As the field index is increased further, the equipotential lines in the Cartesian space
start to curl up and the contortion of the field increases. The corresponding lines
in the joint space continue to shrink in the horizontal direction and elongate in the
vertica.l direction. The trend goes on until the special case where @, = 0 is reached.
At this instance the equipotential line associated with zero energy level in Cartesian
space will be the only line to osculate the inner singularity circle. The field then seems
to be in its most unwarped shape, with no discontinuities. The Cartesizn field for
this case is shown in Figure 6.16. The equipotential lines in joint space, as shown in

Figure 6.17 are now axisymmetric with respect to positions at which 6; = 6, = :E§0°

oz ) l .- 131



The generalized weight field for this case is shown in Figure 6.18. The generalized
ellipsoids of inertia, as it can be seen in Figure 6.19, have basically remained the same.
The generalized gravitational acceleration field shown in the Figure 6.20 shows more
strength in the upper right quadrant and less in the lower right quadrant. The
acceleration ellipsoids are depicted in the Figure 6.21. In comparison with previous

cases it seems that for the present case the ellipsoids are thinner.

6.6 Manipulators with Maximum Global Index

With further increase of the global field index above zero, higher level equipotential
lines in Cartesian space lose continuity and osculate the inner singularity circle. Ac-
cordingly the lines in joint space elonga.t-e more in vertical direction. This trend can
be tracked by noticing the generalized gravitational field of the typical arm that was
subject of study in Chapters 3, 4, and 5. That manipulator has a global field index
of 0.4 and as it can be seen from Figure 3.5, its Cartesian field is more contorted
than that of the previous case. Its equipotential lines in joint space, as shown in

Figure 3.6, are elongated more in the vertical direction.

The limit to this trend comes when ¢, = 1. Similar to the case in which the
global field index was at its minimum, Once again all equipotential‘ lines in Cartesian
space osculate the singularity circles as it can be seen from the Figure 6.23. However,
the concavity of the equipotential lines in the present case is opposite to that of the
other case. Furthermore, the Cartesian field in the present case is strong at regions
where the other field is weak and vise versa. However, similar to the other case the

home circle shown in Figure 3.5 represents the locus of the points associated with
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minimum field strength in Cartesian space. The corresponding locus in joint space

is a straight line as shown in the Figure 6.24.

-—

The value of the local field index ¢»; becomes infinitely large in this case. Equa-
tion 6.1 then yields a; = 0. Substituting this in Equation 3.4 and combining the

result with Equation 3.2 leads to

Az = (mghg <+ mpLz) =0

The above relation is satisfied when the center of gravity of the second link is located
at a point where it balances the mass of the payload with respect to the second joint.
As a result of this balancing condition the total potential energy of the manipulator
becomes insensSitive to the orientation of the second link. Therefore 7. = 0 for all
configurations of the arm as can be seen from the Figure 6.24. This is in agreement
with the trend with which the shape of the equipotential lines in joint space has been
changing. The lines have been elongated more and more in the vertical direction
until the limit at which they all have become vertical straight lines.

Figure 6.25 shows the strength of the Cartesian field at various points of the work
volume. The géneraﬁzed ellipsoids of inertia, the generalized gravitational acceler-
ation field and the acceleration ellipsoids are shown in Figures 6.26, 6.27 and 6.28

respectively for completeness.
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ms = 8.0 kg.

hy = —-0.20m.
kh: = 0.30 m.
Ly = 0.530 m.
L, = 0.70 m.

Figure 6.1: Schematic diagram of a manipulator with minimum global field index.
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Figure 6.2: Generalized gravitational field in Cartesian space for a Manipulator with

minimum global field index.
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Figure 6.3: Generalized gravitational field in joint space for a manipulator with

reinimum global field index.
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Figure 6.4: Generalized weight field for a manipulator with minimum global field

index.
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Figure 6.5: Generalized ellipsoid of inertia for 2 manipulator with minimum global
field index.
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Figure 6.6: Generalized gravitational acceleration field for a manipulator with mini-
mum global field index.
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Figure 6.7: Acceleration ellipsoids for 2 manipulator with minirmim global field index.
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Figure 6.8: Sc.hematictdiagram of 2 manipulator with flat field.
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Figure 6.9: Generalized gravitational field in Cartesian space for manipulator with
flat field. |
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Figure 6.11: Generalized weight field for 2 manipulator with flat feld.
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Figure 6.14: Acceleration ellips;oids for a manipulator with flat field.
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Figure 6.15: Schematic diegram of a manipulator with zero global field index.
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Figure 6.16: Generalized gravitational field in Cartesian space for a manipulator with
zero global field index.

149



02
lBIO.O

270.0

J60.0

315.0

225.0

13'5.0

90.0
1

45.0

0.0

1 1 [} i
0.0 45.0 g0.0 135.0 180.0 225.0 270.0 31S.0 360.0
01

Figure 6.17: Generalized gravitational field in joint space for a manipulator with zero
global field index.



Figure 6.18: Generalized weight field for 2

manipulator with zero global field index.



Figure 6.19: Generalized ellipsoid of inertia for a manipulator with zero global field

index. .
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Figure 6.21: Acceleration ellipsoids for 2 manipulator with zero global field index.
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! Ry = 0.15m.

hg = Q.00 m.
L1 = 0.50 m.
L = 0.50m.

w, = 1.0

Figure 6.22: Schematic diagram of manipulator with maximum global field index.
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Figure 6.23: Generalized gravitational field in Cartesian space for a manipulator with

-

maximum giobal field index.
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Figure 6.24: Generalized gravitational field in joint space for a manipulator with

- maximum global field index.
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Figure 6.25: Generalized weight field for a manipulator with maximum global field

index.
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Chapter 7

Conclusion and Future Work

7.1 Conclusion .

The purpose of this work is to propose a new approach in studying the effect of
gravity on static and dynamic behavior of robot arms. In Chapter 1 a summary
of pertinent literature was presented. In Chapter 2 the importance of the effect of
gravity on the joint motors of robot arms was highlighted through the dynamic and
quasistatic simulation of 2 6 DOF PUMA manipulator. Effect of variation in the

speed of the end effector was also monitored.

It was shown in Chapter 3 that replacing the secondary links of 2 manipulator by
an equivalent mass lumped at the end point, greatly simplifies the static and dynamic
analysis of manipulators without introducing any significant error. The concept of
the Generalized Gravitational Field (GGF') was then introduced. The gravity induced

force field acting on individual links was replaced by 2 single force field acting at the
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tip of the manipulator’s arm. This force field, the strength of which was designated
as the generalized weight of the arm, was shown to be the gradient of the generalized
gravitational field obtained from the total potential energy of the links. The field

was found to be conservative but nonsolenoidal.

The equipotential lines for a typical two link arm were plotted and the strength
distribution of the field was investigated. Due to the nonsolencidal nature of the
field, only qualitative results for the field strength could be inferred from the spacing

between the equipotential lines.

Study of the static behavior of manipulators through the generalized gravitational
field was the subject of Chapter 4. The force ellipsoid, introduced by other researchers
as a tool for the evaluation of the capability of manipulators in applying static force
to their environment was reviewed. It was shown that the size and the relative
orientation of the force ellipsoids with respect to the manipulator remain constant
along the circumference of the solid configuration circles. It was proven, in Chapter 5,
that this fact is also true about the generalized ellipsoid of inertia and the acceleration
ellipsoid. |

The force ellipsoid, considered as the output of the system, was integrated with
the generalized weight as the demand at various configurations of the arm. The sté.tic
force capability of the arm was then related to the generalized weight through the

magnitude index and the direction index. The contour maps of the two indices were

then drawn across the manipulator’s work volurme.

The main goal of Chapter 4 was the inclusion of effect of gravity in the static

force capability of the manipulators. It was shown that the true capability of the
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arm is obtained only when the force ellipsoid is translated. with no rotation, to the
tip of the vector of the generalized weight. The maximum and mininmmm values of

the task force were then redefined accordingly.

Study of the dynamics of the manipulators based on the generalized gravitational
field was the subject of Chapter 5. The generalized inertia tensor, introduced by other
researchers, was redetermined through the appﬁcatiﬁn of the generalized weight. The
generalized gravitational acceleration field was introduced as the acceleration induced
at the tip of the arm due to the effect of gravity. The generalized ellipsoid of inertia
which is constructed on the generalized tensor of inertia was reviewed and its relation

with the generalized weight and the generalized gravitational acceleration explained.

The acceleration ellipsoid was also reviewed. It was shown that the true acceler-
ation capability of the end effector can be demonstrated only when the acceleration
ellipsoid is translated to the tip of the vector of the generalized gravitational acceler-
ation. The true maximum and minimum acceleration that the end effector can attain

was then illustrated.

Effect of change of physical properties of the arm on its static and dynamic
behavior was investigated'in Chapter 6. Manipulators were categorized based on the
shape of their generalized gravitational fields. The global and local ﬁeléi indices were
introduced in order to facilitate the process of categorization. Static and dynamic
behavior of each type was then explained through their generalized properties. It was
shown that under a special condition the generalized potential field would become

similar to an ordinary zravitational field.

The contribution of this study in the field of robotics can be highlighted as follows.
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e An alternative method to the use of Jacobian matrix in forward and inverse
kinematic analysis of the manipulators is employed. This method can be used

to verify the results of the other methods based on the application of Jacobian

matrix.

¢ The Newton-Euler equations used in the dynamic analysis of manipulators are

presented in a form that they comprise only matrices.

» A whole new meaning has been given to the effect of gravity on robotic manip-
ulators. The generalized gravitational field can demonstrate the global effect
of gravity in a clear geometrical way. The generalized gravitational accelera-
tion field can show the magnitude and direction of the acceleration that the
end effector can attain due to the effect of gravity at any point of the work

volume.

¢ The generalized weight field was integrated with the force ellipsoid to demon-
strate the correct capability of the manipulators in applying static force to
their environment. In a similar way the generalized gravitational acceleration
field was superimposed on the acceleration ellipsoid to demonstrate the true

acceleration capability of the arm’s tip.

¢ The generalized ellipsoid of inertia that characterizes the dynamic behavior of
the manipulator at any point of the work volume is related to the generalized
weight and the generalized gravitational acceleration. It was shown that the
ratio of the generalized weight to the generalized gravitational acceleration
along the pricipal axes of the geneféized ellipsoid of inertia is equal to the

magnitude of the eigenvalue of generalized inertia tensor in the same direction.
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¢ It was shown here that the size and orientation with respect to manipulator
of the force ellipsoids, the generalized ellipsoids of inertia and the acceleration
ellipsoids are fixed along the solid conﬁgurati:n circles. This fact greatly sim-
plifies the process of drawing information through these ellipsoids at various

points of the work volume.

¢ The global and local field indices defined in Chapter 6 relate the field’s con-
formation to all physical properties of the manipulator’s links as well as those
of the payload. In consequence, they can be used to establish a methodology
for the mechanical design of manipulators based on the type of the interaction

that they must have with their environments.

7.2 Future Work

The effect of gravity is an important factor in the design of manipulators. No attempt
has been made in present study to consider the design process. However, based on
the method that has been introduced here a comprehensive methodology for the
mechanical design of manipulators can be founded. Once the task of a manipulator
has been determined and the preliminary decisions about its physical parameters are
made, the effect of gra.v'ity on the system as a whole can be studied. The necessary

adjustments can then be done to optimize the manipulator.

The interest in research on cooperation of robots has been growing in recent
years. The versatility associated with the cooperative task execution is an important

issue in complicated jobs such as space operations currently performed by astronauts.
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Laroussi et al (1988) have investigated the modeling and control of two planar ma-
nipulators cooperating in displacement of objects. Lee (1989) extended the notion of
manipulability elli;soid mentioned earlier in this work to study the behavior of two
manipulators working together. Effect of gravity on the system of robots in cooper-
ation can be significant. Generalized gravitational field and the generalized weight
field can be utilized to study the effect of gravity on the system of robots. The regions
of the working volume in which the effect of gravity is a minimum cn.n be detected
by integrating the generalized potential field of individual robots and superimposing
the strength of the individual fields.

In studying the forward and inverse kinematics of the manipulators it is common
practice to make use of the manipulators Jacobian matrix and its inverse. The direct

differentiation method which was utilized in Chapter 3 of this study can be elaborated

_ into a more efficient alternative method.

The method that was used to study the effect of gravity on the torques of the joint
motors in Chapter 3 can be repeated for the effect of Coriolis and other nonlinear
terms. The path that was used for the end effector in present study was selected
to represent the average working practice of usual industrial manipulators. To get 2 |
better idea about the effect of various force terms affecting the joint torques several

other paths, including random generated paths should be examined.

The generalized gravitational field was proven to be conservative both in Carte-
sian and joint spaces. Equation 3.11 shows that the divergence of the field is iden-
tically zero if either ay — %ag or z; are zero. The first condition refers to an

absolutely flat field which was discussed in Section 6.4. The second cornditic_ indi-
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cates that the field is solenoidal along the line z; = 0 in the work volume. The
implication to this conclusion is not clear and it is worth study. It might have some
pecu‘l-i.ar effect on the static behavior of the arm. The gradient of generalized gravita-
tional field in joint space is the vector of the torques working at the joints. Therefore

it is necessary to gain a deepcr understanding of that field.

A classic problem in calculus of variations is the so called Brachistochrone prob-
lem attributed to Johann Bernoulli. It is the curve of fastest descent for a massive
particle moving in a gravitational field with constant strength. Perhaps a similar
problem can be formulated for the case of generalized gravitational field introduced

in this study.

The generalized gravitational field can also be studied for the case of manipulators

with redundancy and manipulators with serial drive mechanism.

The ordinary gravitational acceleraiion, normally denoted by g¢ , is considered
as the gradient of a scalar potential field. In a similar way it may be possible to
find out wether the generalized gravitational acceleration G given by Equation 5.15
can be the gradient of any scalar field. The differential equation of the vector field
can easily be obtained from the components of G. If the resulting equation is exact
then the scalar field does exist and can be four;d. The scalar field might exist under
some particular condition that can be reﬁecte'd into a relation between the physical

‘parameters of the arm. Once the scalar field is found the acceleration capability
of the end effector due to the effect of gravity at any point of the work volume can
readily be determined. This investigation is justified by the fact that it is much easier

to deal with scalar fields than vector fields. A comparison between Figures 3.5 and
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3.7 proves this argument.

As 1t was shown earlier in the text, there is a close relation between the gener-
alized weight and the generalized gravitational acceleration fields in one hand and
the generalized ellipsoid of inertia on the other. It was pointed out that the base
matrix of the generalized ellipsoid of inertia is the same as the transformation ma-
trix betwee:} the two fields. More investigation on this relation can lead to a deeper

understanding of the dynamic behavior of manipulators.
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Appendix A

Specifications of the PUMA Robot

LNK{ L | b | m-| Iz | I, | L

-
-

(m) | (m) | (kg) | (kgm?) | (kgm?) | (kgm?)

1 0.5 |02 | 20.0 1.0 0.4- 1.0

2 [05}021{20| 05 1.4 1.2
3 |07|03|150]| 1.0 1.0 0.3
4 |o2|o1}20]| 02 0.2 0.2
5 (920010} 01 0.1 0.1
6 (020110 015 | 015 0.1

Table A.1: Physical properties of the links.
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JOINT | 6;(deg) | a;(m) | di(m) | a;(deg)

1 & 0.0 0.0 | ~90.0

[
o

0.5 0.2 0.0
63 0.0 0.0 90.0
0.0 0.7 | —90.0
6s 0.0 0.0 90.0

o o e W
>

G 0.0 a1 0.0

Table A.2: Link parameters of the PUMA manipulator -

JOINT 1 2 3 4 5 6

UPPER BOUND(deg) | 160 | 45 |225| 170 | 100 | 266
LOWER BOUND(deg) | -160 | -225 | -45 | -110 | -100 | -266

MAX SPEED(r/s) | 21 |21 |21] 21| 21| 21

Table A.3: Limits of the joint angles and joint speeds.
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Appendix B

Recursive Newton-Euler Equations

B.1 Kinematics

The absolute acceleration of a particle P whose motion is monitored by a viewer fixed

in a noninertial reference frame R is given by
ap = ag + SExr + Ox(2xr) + £ + 2QxF (B.1)

where

ap = Absolute acceleration of the particle.

ap = Absolute acceleration of the point O fixed in R.
@ = Absolute anguler velocity of frame R.

2 = Absolute angular acceleration of frame R.

r = Position vector of the particle with respect to point O.

Ly 1)

= Velocity of the particle with respect to frame R.

g 1B

= Acceleration of the particle with respect to R.
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The above equation can be used to obtain the acceleration of center of mass of
the links of robot arms. Figure B.1 shows the schematic diagram of three successive
links of a typical revolute manipulator. In that figure P; represents the position
vector of the origin of the frame : with respect to the origin of the frame z -1,
and U; represents the position vector of the C.M. of link ¢ with respect to the

origin of frame i. A coordinate system is rigidly attached to each link and numbered

accordingly.

Denoting the absolute angular velocity of the links ¢ and -1 by f; and

Q;_, respectively, the following relation is true
Q=g+ éiki-l (B.2)

where 6; represents the angular velocity of the link ¢ with respect to frame 7 — 1
and k;_; is the unit vector along the = axis of the coordinate system :— 1. This

equation can be expressed in frame : as

CHENITERE] I

where [R;]T represents the transpose of the 3 x 3 transformation matrix that relates

the frame t to frame i -=1.

Denoting the absolute angular acceleration of the links i and i —1 by §; and

Q;_, respectively, the absolute angular acceleration of link : can be expressed as
Q= Qs+ 6ikicy + Qi x bikiy (B.4)
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where 6; represents the angular acceleration of the link ¢ with respect to the frame

1~ 1.

——

Equation B.4 can be expressed iz frame i as

. T|¢. 0 0
)= a [l Blelone ()] oo
6; 8;
It is convenient to transform the vector cross product on the right hand side of

Equation B.5 into a product of two matrices. The cross product of the two vectors

A and B can be expressed in matrix form as

AxB=| 4_ 0 =-A: |3 By, {

or in a more compact form as
AxB= [devA] {B} (B.6)

where [devA] represents the vector A developed into a 3 x 3 matrix. As a result,

Equation B.5 can be expressed as

)< o] [} e fon )] oo

In order to find the acceleration of C.M. of link ¢ , first it is necessary to
find the acceleration of the origin of frame :. This can be done by making use
of Equation B.1l and realising, from Figure B.1, the fact that r =P = const., i.e.

I = F = (. Substituting for these quantities in Fquation B.1 yields
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\.f£=\.f,-_1+fl,-xP,~+Q‘-x(ﬂ,-xP,-)

Transferring Vio; to frame i and expressing the cross products of the above

equation in matrix form leads to

(i} & ) fole) o onlfenlfr) s

This equation can be expressed in a more compact form by introducing a grouping

| & ] = [att]+ [dn] (B)

Equation B.8 thus becomes .

[ e o )

The acceleration of the center of mass of the link ¢ can now be expressed as

matrix [A;] defined as

=V +Q x U+ 2 x (% x Uy)

W lale) e

or in matrix form as

B.2 Kinetics

According to Newton’s second law, the equation of motion of the center of mass of 2
rigid body is

F=ma (B.12)



where m is mass of :he body, a represents the absolute acceleration of the center

of mass of the body, and F is the sum of the external forces acting on the body.

Assuming the coordinate system C be rigidly attached to the body with its
origin at the center of mass of the body, the equation of rotational motion of the

body can by given as

SR ORORE I

I = Tensor of inertia of the body with respect to C.

Q2 =Absolute angular velocity of the body defined in C.

€2 =Absolute angular acceleration of the bo-dy defined in C.

N =Sum of the external torques and the moments of the external forces

about the C.M. of the body, also defined in C.

Figure B.2 shows the free body diagram of the link i. In this figure f; and n;
represent the force and the torque applied by the link i—1 to the link :. Similarly,
f:+1 and n;,; represent the force and the torque applied by link i to the link i+1.

The total external force acting on the body becomes?

F,=f- i:i+1.
1t is convenient to exciude the effect of gravity from the freebody diagram and include the ac-

celeration of gravity in the absolute acceleration of the link zero. See for example Luh et al. (1979)
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Transferring fi4, to frame i and rearranging vields

el alfede o

Taking the moment of the forces about the center of mass of the body, the total

external torque acting on the body can be expressed as
Ni=n;—n;y - (P;+ U;) xf; = U; x (—fi1)

Transferring f;4; and ny; to frame i, substituting for f; from Equation B.14,

and rearranging gives

o o] & ool

where Q; =P; + U..

The torque applied by the ith actuator can be found from

T Ti0
Ti={ni} [ R; ] 0 (B.16)
1
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B.3 Summary of Equations

1- FORWARD EQUATIONS i=1,2..,n

Angular velocity of link :

(=[] |{o

Angular acceleration of link

+ {devﬂ,-_.; }

grouping matrix

[ A; ] = [devfl,-] + [dwn,-]z

Acceleration of the origin of frame :

CREY(CONINS

Acceleration of the center of mass of link :

ot = {9+~ ()

Hoo

——
p-
St
il
]
—
-~
—
fa ]l
T-

-t
—_—
+
Do o

oo
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Total external force acting on link :

SENS :

Total external torque acting on link :

)= ¢ o] 4 ]

2- BACKWARD EQUATIONS t=nn~1..,1

Total force applied by link i — 1 to link {

SEEIES RS

Total torque applied by link : — 1 to link :

(s} =[ 2 [l o] = oo+ fafe] o)

Torque applied by the actuator on link :
T T|0O
S -
1
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Figure B.1: Three successive links of a revolute manipulator.

Figure B.2: Free body diagram of link i
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Appendix C

Serial Drive and Parallel Drive

Arms

Manipulators with revolute primary links are categorized as serial drive or parallel
drive depending on the type of the mechanism with which the torque is applied to
their links. If the reaction torques cascade down to the base from one motor to
the next, the manipulator is referred to as serial drive. On the other hand if the
reaction torque of the joint motors is somehow directly transmitted to the ground
then the manipulator is called parallel drive. In either case it i-s possible to select
the joint coordinates either with respect to an inertial reference frame as shown in
Figure C.1 or with respect to a frame attached to the previous link as Figure C.2
illustrates. However, care must be taken in selection of the joint coordinates such

that the relation
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is satisfied. In this equation 7; is the joint torque due the effect of gravity, U
represents the total gravitational potential energy and 6; is the corresponding joint
coordinate. The following classification clarifies the difference between the various

selections.

C.1 Links orientation measured with respect to

an inertial frame
The total potential energy for the arm of the Figure C.1 can be expressed as
U = A;sinb; + Azsinb,

where A, and A; are given by the Equation 3.2

Partial differentiation of the above equation with respect to 6; and 8, gives

3
[

\=d

|

= .41 (.‘0891

o Q@
LS I

(C.2)

= Ascosb,

©
&+

Referring to the Figure C.3 the joint torques for the serial drive arm can be

obtained as

Tiser = Ajcos8; + Azcosb, (C.3)

Toser = Apcosl,
For the parallel drive arm the joint torques can be found from Figure C.4 as

Tiper = .4.160391 (C 4)

Topar = .4260392
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Comparing Equations C.3 and C.4 with Equation C.2 reveals that for the present
selection of joint coordinates the serial drive arm invalidates Equation C.1. However,
from the kinematics point of view this selection is advantageous as the trace of the
matrix JJ? can be shown to be independent of the configuration of the arm for both

serial and parallel drive arms.
—L,sinf;, —Lasinf,
7]

Lycos8,  Lacost,

stn®6, + sin%6, —sinb, coshy + sinbacosbs)

|~ J L -~8inb cos, + sinbacoshs) cos%6; + cos*6a

The trace of the above matrix is 2.

C.2 Links orientation measured with respect to

previous links
Referring to Figure C.2 tke potential function for this case can be written as
U= A]_Sinel -+ AgSiﬂ(el -+ 62)

therefore

28U — A;cos; + Azcos(6) + 62) (C.5)

L
'g%j; = Ajcos(8; + 8;)
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Referring to Figure C.3 the joint torques for the serial drive arm can be expressed

as
Tyser = ~djc0s6y + -'12‘:05(91 + 92) ‘(C-G)
Taer = A2c0s(6) + 62)
For the parallel drive arm the Figure C.4 can be used to obtain the joint torques
as

Tip = .41C0391 (C T)
Top = Azcos(6) + 62)

Comparison of Equations C.6 and C.7 with Equation C.1 shows that for the present
choice of the joint coordinates the parallel drive arm invalidates the Equation C.1.
The trace of the matrix JJT in this case is 2 function of the configuration irrespective

of the fype of the arm’'s drive.
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Figure C.1: Joint coordinates when the orientation of each link is meaured with

respect to an inertial frame. e
s
- \ 02

Figure C.2: Joint coordinates when the orintation of each link is measured with

respect to the previous link.
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Figure C.3: Free body diagram of the links for a serial drive arm.

m 9

Figure C.4: Free body diagram of the links for a parallel drive arm.
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Appendix D

Orientation of the Ellipsoids with

Respect to the Arm

The aim of this appendix is to derive the conditions under which the three ellipsoids
introduced in the text, i.e. the force ellipsoid, the generalized ellipsoid of inertia, and
the acceleration ellipsoid, maintain their orientation with respect to the manipulator
along the circumference of the solid configuration circles. Figzire D.1 shows the
schematic diagram of a manipulator and a dummy ellipsoid with defining matrix Z
which may represent any of the three ellipsoids. As it can be seen in.that figure, the
angle B that determines the orientation of the dummy ellipsoid with respect to the

manipulator may be expressed as:

B=¢z-6,

where ¢z is the angle that the major axis of the ellipsoid makes with the horizontal.

The orientation of the dummy ellipsoid with respect to the manipulator will remain
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unchanged if 3%4; (or g—a—i ) vanish. Differentiating both sides of the above equation

with respect to 8 gives

96, ~ 96, 06,

Setting the left hand side of the last equation equal to zero leads to

O¢z 06, _
56, " 96, — (D-1)

On the other hand, along the circumference of the solid configuration circles

61 -_ 62 = const.

From the above equation it can be seen that 3% = 1. Substituting this in Equa-

tion D.1 yields

99z _

26, = (B-2)

The normalized eigenvectors of the matrix Z are given as the column vectors of

the following matrix

1 &2—2Zn
Zn
£-25 1
22

where £ and & represent the eigenvalues of Z. The angle ¢z can therefore be
given as

e (80 ®3

Differentiating with respect to 6; and combining the results with Equation D.2 gives
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VAR,

~ " aZ“
& - (2-2)1 - 39, ) LH+Z4+ -Zn— 2

a6,

+Zugpt=0 (D)

On the other hand, the eigenvalues of the matrix Z can be found from its charach-
teristic equation. Setting the determinant of the matrix [Z — £I] equal to zero gives

the characteristic equation of the matrix Z as

62 -(Zu+ Zzz)f + ZnZog — Zl-. =0 (DS)

Equations D.4 2ud D.5 will have identical roots if the coefficients of their cor-
responding terms are equal. Equating the coeficients and rearranging the resulting
equations gives the conditions under which the orientation of the dummy ellipsoid is

insensitive to variations of 8, or 8; as
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Figure D.1: Orientation of the dummy ellipsoid with respect to the arm.





