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Abstract

In this thesis, the foundations of a new area of research regarding mathematical modelling
of biological wastewater treatment (W WT) processes are set. The main feature of this area
is the introduction of innovative concepts and tools from emerging information modelling
technologies into the traditional field of WWT process modelling. The model identification
procedure is viewed as a learning problem or, equivalently, an information transfer [rom a

set of real data into the process model.

An innovative mathematical framework for the identification and validation ol dynamic
mechanistically-based WWT process models is developed. Within this [ramework. a rela-
tionship between the model identification procedure and the computational machine learn-
ing methodology is established at the foundational level. The deviation D between model
prediction and the real process behaviour is characterized mathematically in terms of some

simple variables that govern model performance — namely:
e the size of the data set used for model identiflication
e the quality of these data
e the model complexity
e the empirical measure of D computed on the basis of the [oregoing data set

The development of the relationship between D and these variables is based on a principle
called “Inductive Principle of Empirical Risk Minimization™ (ZPERM). The conditions of
applicability of ZPERM are thoroughly examined in the case of the activated sludge pro-
cess being described by a simple mechanistic model denoted M. The Vapnik-Chervonenkis
(VC) dimension of this model is estimated and two uncertainty models are developed for

the activated sludge process (ASP).

These two uncertainty models are compared and the dilferences between them accounted

for. The lollowing result is established: empirical data cannot compensate for our limited

v



knowledge of process mechanisms. even if an infinite amount of data and computing power

are made available during the model identification procedure.

Measures of process model maximal and marginal improvements are developed. [t is es-
tablished that 80% of the model (M) maximal improvement occurs at a number of data
points of about Ngge; == 15 to 18. To achieve the other 20%, N has to be increased from

the relatively small number Nggg; Lo infinity.

Procedures for computing the marginal cost of process model improvement and the guar-

anteed prediction accuracy of the identified model are developed.

A new approach to modelling the activated sludge process itself and dealing with the almost-
infinite degree of complexity of the ASP behaviour is developed. The basic idea of this
approach is to construct an infinite series VS of nested mechanistic models of increasing
complexity. This nested series is developed using the multi-substrate hypothesis. Both the

Monod and the Tiessier models are considered in developing this nested series.

Another principle called *“Inductive Principle of Structural Risk Minimization™
(ZPSRM) is introduced and implemented to determine the optimal model structure com-
plexity, for a fixed and small number N of data points. Computer simulations are carried
out to confirm the theory and illustrate the use of the ZPSRM and that of the nested
series NS of ASP models.
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Part 1

THESIS MOTIVATION AND
CONTRIBUTIONS



Chapter 1

General Introduction

1.1 Motivation and Problem Statement

Every dynamic system generates wastes in the course of its activity, and urban systems
are no exception. They produce liquid, solid and gaseous wastes. The production
of all these forms of wastes has increased significantly in the western world during
the last 50 years. In particular, the daily volume of waste-water has recently reached
14 Mm?3 in Canada (Environment Canada, 1997), about 100 Mm?® in the United
States and 40 M'm?3 in Europe (Lens and Verstraete, 1992).

By their nature, wastewaters are obnoxious and their presence leads to unhealthy en-
vironments. [f they are allowed to accumulate, the risk of water supply contamination
would become very high and waterborne infections would propagate very fast among
the population. If they are discharged without treatment into receiving waters, the
latter would become unsuitable for the survival and propagation of fish and other
aquatic life, and even navigation. For these reasons, the immediate and nuisance-free
removal of wastewaters from their sources of generation, followed by treatment and
disposal is not only desirable but necessary for the sustainable development of any
community. [n the foregoing process of controlling the impact of liquid wastes — col-
lection, treatment and disposal —, municipal wastewater treatment (WWT) plants
play a key role. They provide an important buffer between the concentrated wastew-
ater from urban areas and the natural environment. All together, they constitute the
largest industry in terms of treatment of raw materials in the world. However, numer-

ous studies have reported that even well attended (operated) wastewater treatment

N



CHAPTER 1. GENERAL INTRODUCTION 3

plants sometimes fail to comply with the regulatory effluent standards. For example:

e The U.S. Environmental Protection Agency estimated that one third of exist-
ing municipal wastewater disposal facilities failed to meet the required effluent

quality standards (Novotny and Capodaglio, 1992).

e Gall and Patry (1988) reported that some studies found that 50% to 87% of

plants investigated regularly violate regulatory treatment standards.

e Berthouex et al. (1985) reported that identifiable upsets occurred up to 9% of

the time in 15 well operated plants.

e Huang (1981) reported that as many as 50% of newly constructed biological

wastewater treatment plants do not meet effiluent standards.

While the wastewater engineering community may agree that the main reasons for
this lack of compliance are closely related to plant operation, there is a great deal of

confusion as to what should be done to resolve this issue.

Because of the dynamic nature of the influent to WWTT plants, engineers dealing with
the WWT process have one single objective: controlling the process. This means
that engineers want to be able to operate (i.e.. manipulate) the plant in order to
meet environmental and economical requirements. They want to keep the effluent
contaminant concentrations less than those specified by the governmental laws, but
at the same time high enough to accomplish treatment at minimum cost. To achieve
this, it is necessary to understand the dynamical behaviour of the WWT process that
is being used in the plant. Information about this behaviour is obtained from three

possible sources:
e fundamental principles of physics, chemistry and biochemistry
e experimental data
e empirical qualitative and quantitative knowledge

Information from these sources is combined, processed and presented in various forms
such as traditional mechanistic models, neural network models or fuzzy logic models.
A control strategy for the considered WWT process is then developed based on one

of such models. [t is however a fact that, among all the WWT process models that
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have been investigated by researchers, no one model can be considered to describe the
process in its entirety. In other words, available models do not explain fully all mech-
anisms that govern the dynamics of the system and, as a result, their predictions do
not always match with the reality. As a consequence, a fundamental question arises:

how far (or close) is a process model from the true dynamical behaviour of the process?

This is an ambitious and very challenging question that has never been dealt with in
the area of wastewater engineering. Addressing it for the case of mechanistic models

is one of the main subjects of this thesis.

1.2 Objectives and Contributions of the Thesis

Since the development of the [IAWPRC model (Henze et al.. 1987), research in the

area of biological WWT process mathematical modelling has focused on:

e model identification and identifiability:

Rationale: the design of process control strategies requires models
that are uniquely identifiable, i.e., models for which a unique set
of parameters can be determined through the model identification
procedure (Jeppsson, 1996). Most WW'T process models do not meet

the identifiability criterion.

e model verifiability:

Rationale: For a model to be truly verifiable. all its state variables
have to be directly measurable (Jeppsson. 1996). This is not the case
for most existing models which are then considered to be only partly

verifiable.

e model reduction:

Rationale: Complex models with many parameters are generally dif-
ficult to identify uniquely, hence the need for reduced-order models
that may not describe the full dynamics of the system (Jeppsson,
1996).
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In its broad perspective, the goal of this thesis is to set the foundations of a new area
of research regarding mathematical modelling of biological WWT processes. The
malin feature of this area of research is the introduction of innovative concepts and
tools from emerging information modelling technologies into the traditional field of
WWT process modelling. The model identification procedure is viewed as a learning
problem or, in other words, an information transfer from a set of real data to the
process modei. The hypothesis is that model identifiability is not considered an es-
sential criterion for model evaluation and selection. [n this thesis, model evaluation
is based on only one criterion: performance. Model performance is measured by the
mathematical deviation D between reality and model prediction. The issue of “stmple
models versus complex ones” is resolved into the determination of an optimal model
structure complexity. Finally, for the model verifiability problem, it is suggested to
replace the condition “measurability of all model state variables” by a less stringent
observability criterion. This criterion does not require that all state variables be
measurable directly and separately, as long as the unmeasurable ones are uniquely

determinable from those that are measurable.

[n more specific terms, this thesis is about developing an innovative mathemati-
cal framework for the identification and validation of dynamic mechanistically-based
WWT process models. Within this framework, a relationship between the model
identification procedure and computational machine learning methodology is to be
established at the foundational level. The deviation D between model prediction and
the real process behaviour is to be characterized mathematically in terms of some

simple variables that govern model performance — namely:
e the size of the data set used for model identification
e the quality of these data
e the model complexity
e the empirical measure of D cocmputed on the basis of the foregoing data set.

This characterization will be carried out under the assumption of “mazzmum uncer-
tainty”, also called “worst case scenario”. Probability theory, mathematical statistics
and stochastic processes analysis will be used extensively. The effect of an increase

in the size of the data set on model improvement will be evaluated quantitatively.
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Optimal model structure complexity will be determined in the case where a fixed
amount of data is available for model identification. To illustrate the use of the pro-
posed framework, an application for the case of heterotrophic biodegradation will be

developed.

The contributions of this thesis are numerous. They are summarized in Chapter 11.
along with suggestions of topics for further research. Here, we report on the major

ones:

1. In the area of wastewater engineering:

e before the publication of this thesis, there was no general approach
for a true model validation in wastewater engineering. There were
only empirical approaches for what we can call “history-matching™
and “benchmarking”. With the publication of this thesis, an innova-
tive, simple and well-founded methodology for model quality evalu-
ation has become available to wastewater researchers and practicing
engineers (WRPE).

e With the publication of this thesis, WRPE are now able to deter-
mine the minimum amount of data required for WWT process model

identification under “maximum uncertainty”.

e WRPE are now able to determine the optimal model structure com-
plexity from a “nested” family of WWT'T process models. using a

simple equation based on model performance.

2. In the area of computational machine learning theory:

e this thesis represents the first study that develops an engineering

application of computational learning theory to a dynamical system.

e this is the first attempt to use the solutions of a parameterized dif-

ferential equation for the definition of the learning machine.

This thesis relies heavily on some advanced and fairly complex mathematical tools.
To make these tools easily understandable to the reader, efforts were made to sim-
plify the mathematical component of the thesis. Numerous examples are presented

to illustrate the new concepts and concrete explanations are provided whenever it
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is possible. However a minimum of mathematical knowledge is still required of the
reader to fully understand the subject of this thesis. The reader is referred to the
graduate textbook: “Probability, Random Processes, and Estimation Theory for En-
gineers”, by Stark and Woods (1994) for the necessary basic concepts.

In science and engineering, one often hears comments and assertions such as “applied
mathematics is bad mathematics” or “the only really useful mathematics is the ele-
mentary mathematics”. The history of science and engineering has proven, however.
that this is not always the case. A famous counterexample to these assertions is
the Kalman-Bucy filter: this tool was developed in the early sixties by R.E. Kalman
and R.S. Bucy on the basis of some advanced mathematical theories of stochastic
differential equations, and despite the complexity of the theoretical framework, the
Kalman-Bucy filter has found almost immediately applications in aerospace engineer-
ing (Ranger, Mariner, Apollo etc.). Another recent counterexample to the foregoing
assertions is the Fermat’s last theorem in number theory. This theorem was stated
by Pierre de Fermat in 1630, but remained unproven until October 1994. The result
of this theorem as well as the tools that were developed for its proof have found
applications in the area of cryptography. The results of this thesis represent also
a counterexample to the same assertions: it relies on advanced mathematics, yet it
should have widespread applications in several different situations of WW'T process
modelling, operation and control. Here are two practical cases where the results of

this thesis can be extremely useful:

- Practical Case n° 1: Consider the case where the manager of an acti-

vated sludge wastewater treatment plant has formulated a request to his
consulting engineer, asking him to develop a model for the plant. Also the
manager specified that he is able to supply as much data as the consultant
may need and that he wants to obtain the most accurate model with the
lowest risk possible. Because this model is going to be part of a comprehen-
sive control system using the most recent control technologies and because
the manager is aware of the difficulty in modelling the complete dynamics
of the process, he asked the consultant to provide him with the prediction
accuracy and the degree of confidence associated with this accuracy.
The manager needs this information (accuracy and confidence) to compare
the performance of the model of his consultant to other empirical models

that have been developed for his plant by his own employees.
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- Practical Case n° 2: Consider the case where the manager of the wastew-

ater treatment plant cannot supply an unlimited amount of data. He re-
sponds that actually only a sequence of about Np = 10 input-output em-
pirical data are available. Still, the consultant is asked to develop the best
possible model structure based on this limited amount of data. The
manager is aware of the problem of developing accurate models with very
few data, especially for a highly complex and uncertain system such as the
ASP. He knows that the risk associated with this model is likely to be high.
but he is expecting the consultant to extract mazimum information from
the small amount of data supplied to him. so that the lowest possible risk

under such circumstances can be achieved.

Table 1.1: Objective of each part of this thesis

Part number Objective

Part [ (Chapter 1) Defining motivation and contributions

Explaining the ideas that
Part [[ (Chapters 2 and 3) distinguish the thesis approach

to mathematical modelling

Part [II (Chapters 4, 5 and 6) Developing the mathematical framework

Part [V (Chapters 7. 8, 9 and 10) Applications to process

uncertainty management

Part V (Chapter 11) Summarizing the results

1.3 Thesis Outline

In order to help the reader locate the areas of interest to him in this thesis, the latter
has been organized in five different parts. The objective of each part is described in
Table 1.1. Parts [ and V are the introduction and conclusion, respectively. Parts
[I, III and [V represent the core of the thesis. Part [I explains why a mathematical
framework is needed for the ASP, Part [II develops this framework and Part [V applies

it to the ASP case. The scope of each chapter is presented in Table 1.2.
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The third column of Table 1.2 indicates the degree of abstraction and “amount of

theory” utilized in each chapter.

Chapter 6 (with the darkest shade of gray) is

the most theoretical one. It presents the mathematical framework for uncertainty

modelling and management. As we move away from this Chapter towards either the

introduction or the conclusion, the thesis becomes less theoretical and more concrete.

As part of the introduction side, the reader will find a series of practical questions

that are crucial to the task of ASP modelling and operation. As part of the conclusion

side, the reader will find practical and systematic answers to these questions.

Table 1.2: Scope of the thesis chapters

Degree
Part | Chapter Scope of
abstraction

I Chapter L Introduction
It Chapter 2 Identifiability, verifiability, observability, validation

Chapter 3 Definition of research needs for ASP modelling
I Chapter 1 Intuitive explanation of uncertainty models

Chapter 5 Overfitting, process noise, learning machine, process response function

Chapter 6 Inductive principle of empirical risk minimization
v Chapter 7 Uncertainty models for ASP

Chapter 8 Uncertainty management when process model is fixed and N variable

Chapter 9 A family of ASP mechanistic models

Chapter 1O

Uncertainty management when N is fixed and process model is variable

v

Chapter L1

Conclusion

Key: the darker the shade of gray, the higher the degree of abstraction.
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Chapter 2

Process Modelling: a New

Perspective

This Chapter lays out the fundamental ideas that drove the development of this thesis,

namely:
e Model identifiability is not a major issue in process mathematical modelling.

e Model verifiability is a very demanding criterion that can be replaced by a less

stringent one: model observability.

e The issue of “complex models versus reduced-order models™ is to be resolved

by introducing a new concept: optimal model complexity.
3 g p 3

e The traditional procedures of model validation are not adequate and a mathe-

matical framework for model quality evaluation is needed.

2.1 Definitions

Consider a system S whose state space &' is a finite dimensional one and assume that

this system is described by a mathematical model Mg of the form:
x = f(t,x.p) (2.1)

where x is the system state vector, p is the parameter vector, ¢ is the time and f is

a mathematical function which is generally nonlinear.

11
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A fundamental problem in system modelling is the determination of the values of
model parameters such that the corresponding response of the model equation ap-
proximates as closely as possible the actual response of the physical system. Assume

that the response of the physical system is given in the form of a set of real data:

T.’V - Xdata(tl )’ Xdata(tg), . xdata(tN) (22)

The mathematical procedure for determining the model parameters on the basis of a
set Ty of data is called model identification (or calibration). Traditionally. it consists

in minimizing an objective function J(p) such that:

N
J(p) = D_ lIx(p. te) — x™(t,)]|? (2.3)
k=1

where x(p.t) represents the solution to the model equation 2.1. If there is only one
unique minimum for .J then the system is defined as identifiable (Jeppsson, 1996). A
system model is said to be verifiable if all its state variables are directly measurable
(Jeppsson, 1996). After a model is developed and identified. we need to know how
well it mimics the true system behaviour. The procedure of verifying this property is

called model validation.

2.2 The Model Identifiability Issue

The lack of identifiability has been considered a handicap for process models in the
area of wastewater engineering. The most complete work on WW'T process model
identifiability is that of Jeppsson (1993, 1996). Using a simple example, Jeppsson
showed that models that use the Monod equation are not identifiable. He then de-
veloped a set of reduced models for which he investigated the identifiability using
computer simulations. He did not provide, however, a formal proof of the identifia-

bility of these models.

In this thesis, it is argued that model identifiability is not a major problem in math-
ematical modelling: a model that is not identifiable can still be useful if it produces

a good performance. The arguments in favour of this view are two-fold:

1. Models of complex systems are practically impossible to uniquely
identify. This is a fact. When Beck (1986) pointed out the lack of identifiabil-

ity of the [AWPRC model, he immediately added that “there is nothing unusual
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in this, for the same problem is widespread in the environmental sciences and
in the adjacent disciplines of pharmacokinetics and biomedical system analysis.
... It is well known that there are difficulties with structural identifiability of
biochemical process models, specifically in association with the use of the Monod
expression”. The lack of model identifiability is due to the fact that available
models explain just a portion of the behaviour of highly complex systems. The
other portion which is not accounted for by those models shows itself through
the variability of model parameters. Lack of identifiability is then an inherent

feature of complex systems.

Systems that are identifiable are usually associated with some unique values of
parameters called universal constants. Other identifiable systems do not give
rise to universal constants, but their model parameters are always reported to
take the same unique values by all researchers. There are numerous systems

with such property in physical sciences. Here is a list of a few of them:

e [nteraction of two electric charges: the magnitude of the force F resulting
from the interaction in a free space of two charges q; and ¢» separated a

distance r is expressed as:

qi1qz
F =p—
r2
where p is a parameter with a unique numerical value: p = L/dmeg. €q

being equal to 8.854 x 1072 SI
e [nteraction of two bodies: the magnitude of the force F of attraction be-
tween any two bodies is given by:

N 1My

F=p

2
where p is a parameter with a unique numerical value: p = 6.670 x 10~t!
SI, m; and m-» are the masses of the two bodies and r is the distance

between them.

e cequation of state of gases: For ideal gases, this equation is:
PV =pnT

where p is a parameter with a unique numerical value: p = 8.31:134 x 10* SI,

P is the pressure, V is the volume, T is the absolute temperature and n is
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the number of moles. As the pressure gets higher and temperature close
to the gas boiling point, the gas becomes non-ideak and governed by the

equation:
n2
(P+Pl V2 (V —pan) = pn’
where p = 8.31434 x 10® SI and p; and p, are two constant parameters
that are gas-specific.

e The hydrogen-bromine system: The reaction rate rmodel for this system
(Hs + Bry — 2H Br) is as follows:

o L B )
HBr — 211 .{_pz([fIBT'}/[BrZ])

where p; and ps are two uniquely determinable parameters: p; x ef«/FT

with £, = 175 SI and R = 8.31434 x 10® SI, and p» = 0.1 (temperature

independent)

[dentifiable systems, such as the ones presented above. have all one common

property that can be expressed qualitatively in the following way.

Similarly to what Cohen and Stewart did in their book Zhe Collapse of Chaos
(1994), let us imagine that the information content of a system S can be mea-
sured by one single number Z(S). Considering the model Mg that is used to
describe S as a mathematical system. its information coratent can also be mea-
sured by a number Z(Ms). Identifiable systems have the property that the two
quantities of information Z(S) and Z(Mgs) are almost ecgual. [n more concrete
terms, identifiable systems have models that explain prac tically all mechanisms
governing the system behaviour. This is the case of all the foregoing examples
of identifiable systems (electrostatic interaction, gravitation. equation of state of
gases. chemical system Ha/Brs, ...). However, in the case of a highly complex
system, the quantity of information Z(Ms) is always strictly less than I(S),
meaning that the model Ms does not account for all modes of the system be-
haviour. Jeppsson (1996) has expressed this fact very rightly for the case of the
activated sludge WWT process: “Though available models are quite compler
they are still greatly simplifying the representation of meany species of organ-

isms. As the microbial population changes this needs to be reflected in changing
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kinetic parameters and even adding new state wvariables”. It is therefore the
existence of a significant portion of the system behaviour not accounted for by
the model M that renders the latter non-identifiable. Model identifiability is
then practically unavoidable in the case of complex systems. We have to live

with it.

2. Model identifiability is not needed for systems control anyway. What
is wrong with a system model that is not identifiable, but produces an accept-
able performance in predicting the system behaviour? Nothing, if there is a
mathematical guarantee on the model performance. This thesis is about devel-
oping an innovative framework to help us derive and establish such a guarantee.
With this framework developed and the guarantee established, model identifia-

bility becomes irrelevant.

Moreover, it should be noted that some emerging modelling technologies have
also showed that model identifiability is not essential (Haykin, 1994). Neural
networks, for instance, are fundamentally non-identifiable, yvet they have been

used extensively and successfully in several areas such as pattern recognition.

2.3 Verifiability versus Observability

Model verifiability requires that all state variables be directly measurable. This is
very demanding and not at all practical. Most systems. and especially complex ones,
have indeed variables that are easily and directly measurable and others that are diffi-
cult or even impossible to measure. Because of that, it is suggested here to introduce
a less stringent criterion called model observability. With this criterion, the system
state variables do not have to be measured directly and separately. Rather, they are
considered as “hidden variables” and have somehow to be inferred from what can be

measured (output).

Textbooks have defined the observability concept in several different ways which are
all equivalent to each other (Maybeck, 1979; Ahmed, 1988; Borrie, 1992). Here we

will consider the following definition:
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Re-write the model equation 2.1 of the system & in a more general form:

{ x = f(t.x.u,p) (2.4)
y = h(x)

where u is a vector of input control variables (usually called either “input”
or “control”), y is a vector of measured outputs (usually called just “out-
put”) and h is a function of the state vector x. The system S model is
said to be observable if, given y(t) and u(t) for all ¢ € [¢g. £,]. it is possible
to uniquely determine the state vector x(¢) for all ¢ € [tg, t;]. Thus, the
system model is observable if any state variable z;(¢) can be determined
for t € [to. t;] from the knowledge of only the input and output over the
interval [tg, t;]. The structure of an observable model must then be such
that the output y(¢) is affected in some manner by the change of any sin-
gle state variable. In addition, the effect of any one state variable on the

output must be distinguishable from the effect of any other state variable.

Here is a simple example to illustrate the concept of observability intuitively (adapted
from Ahmed, 1988):

Example 1. Consider a syvstem governed by the model equations:
P ) g A 1

Ty = —p1T3t+uy
i‘g = U»
I3 = p1T +us

where 1|, T2 and 3 are the state variables, u,. us and u3 are the inputs and
py is the model parameter (x = (z; T2 73)7, u = (u; u2 u3)”. p = (p1))-

Consider now the two following cases:

e Case i: the only variable that is measured is the sum of z; and z,.
[n other words, the output y is a scalar and equal z; +z>. The model

equations are then:

Ty, = —pir3+u ([)
i‘g = Ux ([[)
I3 = px+us ([I1)

Yy = I+ T ([V)
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Can we reconstruct z;, z» and z3 from the knowledge of the values
of only y and the controls u;, us and u3z? Yes. This is how we can

proceed:

Add equations (/) and (/]). We get:
Yy=-—p1Tz+u +us

Assuming of course that p; # 0, then:

U +Uy— Y
J A

I3 =

From equation (//[]), we get z;:

1. 1 (4, +u>— 4
T = — (&3 — uz) = — <_‘_i _ u3)
Y4 y4 P

From equation (/V'), we obtain z»:

In=y—zr =y— —| ——— —u3
D D1

Thus, this example shows that there is no need to measure directly
and separately all the three state variables z;, z» and z3. If just the
sum of z; and z» is measured (and the values of the control variables
are assumed to be known to the operator, because she manipulates
them). it is possible to uniquely reconstruct estimates z,. > and I3
for all the three state variables, using the system input and output
as the basis of this estimation. Because of this, the foregoing system
(equations ([), (LI). ({II), ({V')) is observable. In practice. to check
the observability criterion for linear systems, we just determine the
rank of one matrix called the observability matrix (see for instance
Ahmed, 1988). There is no need to go systematically through the

above algebraic calculations.

e Case ii: the only variable that is measured is z;. [n other words,

the output y is a scalar and equal ;. The model equations are then:

, = —pzz+u ()
U (L)
T3 = pr1Z)+ U3 ([IT)
y = (IV)

Ty

17
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As said previously, it is easy to check the observability criterion of
this linear system by computing the rank of the observability ma-
trix (Ahmed, 1988) and establish that the system is not observable.
In this example, the observability criterion is again examined intu-
itively:

From equations (/) and (/V), we determine z3:

£q = u —y
n
The variable z, is also uniquely determinable from equation
(IV):
r =Yy

But, the variable z- is however is not uniquely determinable;
any function:

Ia = Loy + / Uy
with zo, € R is acceptable. Therefore, the model is not

observable.

When a system model is observable, a state observer can usually be designed to gen-

erate an estimate of x using u and y as the basis for that estimation (Borrie. 1992).

The concepts of observability and observer were first introduced by Kalman in the
early sixties, but they have never been implemented in the area of WWT process
mathematical modelling. The study of observability of linear systems is quite straight-
forward. [t is however a challenging mathematical subject in the case of nonlinear

systems such as WWT processes.

2.4 Complex models or reduced-order models?

“An ‘optimal” model incorporates all of the important dynamic effects, is no more com-
plicated in its structure than necessary, ...~ (Jeppsson, 1996). This is just another
statement of the celebrated principle of simplicity commonly attributed to William
of Ockham (12907 - 1349?) and known as Occam’s razor: “If there are alternative
explanations for a phenomenon, then, all other things being equal, we should select

the simplest one” (Li and Vitdnyi, 1993).
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In the case of the behaviour of biological WW'T processes, however, we are faced
with a complexity that is unparalleled in the chemical industry (Jeppsson. 1996).
The reactions occuring in a bioreactor involve indeed hundreds of different types of
microorganisms biodegrading a multitude of different organic waste compounds. A
simple bacterial cell in this bioreactor, E. coli for instance, has about 2 500 different
kinds of macromolecules and contains about 24 million individual molecules (Madigan
et al., 1997). E. coli, as well as the other microorganisms present in the bioreactor,
have to synthesize all of these molecules from the organic wastes so that they can
grow and generate other organisms. In the course of this synthesis process. a large
number of reactions take place involving the use of a multitude of different kinds of
enzymes. [t is the author’s opinion that a description with scientific accuracy of the
bioreactor dynamics is unlikely to result in a model with a finite number of state

variables and parameters.

However, even if such accurate and highly complex model were possible to develop, it
would be useless from an engineering viewpoint. The reason for this is not the iden-
tifiability problem (as it is suggested by .Jeppsson (1996)). but it is the data scarcity.
[f the size of the data set used for model identification is small while the number of
model parameters is large (i.e., the model is highly complex). then the problem of
data overfitting by the model would occur. On the other hand, if the model is too
simple and, therefore, the number of parameters is sufficiently low compared to the
size of the data set. then the explanatory power of the model would be so low that
the value of the objective function 2.3 would become very high, meaning the model
prediction of the true process behaviour is of a low quality. Consequently. the degree
of complexity of a process model has to be adjusted to the amount of data that is
available for the identification of this model. For any fixed amount of data, there
is an optimal model complexity that has to be determined. Models that are more
complex would cause overfitting, and models that are less complex would lead to a

low prediction quality.

The mathematical framework that is developed in this thesis defines all the necessary
concepts and tools that help determine the optimal structure complexity of a WWT
process model, corresponding to a fixed amount of data. In the following paragraphs.
a qualitative explanation of the idea behind this framework is presented using some

simple metaphors.
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The identification procedure is viewed as an information transfer from a set
of real data into the process model to be identified. Any data set T carries
a certain amount of information Z(T) about the true process behaviour. This
amount of information is characterized by the quantity and quality of the data.
The quantity can be measured by the size N of the data sel. The quality can be
evaluated from a statistical point of view: the higher the statistical dependence
among the elements of the data set, the less information T carries. For a fized
size N of the data set Y, the latter contains mazimum information when ils
elements are statistically independent. The process model M can be viewed as
an information container. Its size is denoted I(M). The more complex this
model, the more information can be “poured” into it from a real data set during

the identification procedure.

Now consider a model M of the studied process and a fired data set T
carrying an amount of information Z(Y). If M is too simple, the in-
formation container it represents will overflow during the identification
procedure and, therefore, some of the information carried in the set T will
pour out and be lost. If. however, M is too compler. then the available
amount of information T(Y) will not be enough to fill up the model con-
tainer completely. We will end up with an information container which
is impressively large, but carrying very little information about the true
process behaviour. Consequently. the best solution is to choose a degree of
complezity for M such that Z(T) matches Z(M).

2.5 The illusion of model validation

When a model is developed and identified, it needs to be validated. The procedures
that are used for model validation have, however, been criticized not only in the
area of WWT process mathematical modelling, but also in several other engineer-
ing areas. .Jeppsson (1996) pointed out that, “in strict sense, model validation is
impossible”. Similarly, Zheng and Bennett (1995) noted that “process models, like
any scientific hypothesis, cannot be validated in the absolute sense ... They can only
be invalidated”. Konikow and Bredehoeft (1992) suggested that terms like model

verification and model validation convey a false sense of truth and accuracy and
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thus should be abandoned in favour of more realistic assessment descriptors such as

history-matching and benchmarking.

[n this thesis, an original approach to deal with this question of model validation is
proposed. An innovative [ramework for model quality evaluation is developed. The

basic idea of this framework is as follows:

Let M be a model of the system S and suppose we are interested in the
model predictions of the io-th state variable z;, of S. We need to know the
prediction accuracy of the model and also the risk of getting significant

deviations between model predictions and the system response.

During the identification procedure, the model M “sees” only a finite

number of examples:

data.(t ) data(t ) ..... data.(tlv)

(the elements of the data set are called examples). However, the user
expects the model to produce good predictions not only for the situations
that it has seen before, but also for the other unseen situations that will
occur in the real-world operation of the system. Consequently, the system

modeler should strive to make sure that, by minimizing the objective

function: v
) =D | Tip (- b)) — Tt (te) | (2.5)
k=t
or equivalently the arithmetic mean value:
'ji (p) ata 2
Remp(P) = 3\[ = TZ | i (P, ) — Tote(ty) P (2.6)

the expected time-average:
. H = = P . data 97
RP) = Jim o3| wio(p.te) — (k) (2.7)

will also get minimized. This is because the true measure of the model
performance is not the empirical objective function .J;,(p) or the arith-

metic mean Rem,(P). but the expected average R(p) of the infinite time
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sequence:

l Iio(prtl)-xdata(tl) |2’ | Iio(ptt'l)_xg:m(t?) [27 I Iio(prt?:)_z;!:m(tii) lzr ..

i

However, the value of R(p) is not known. Therefore, we end up with the

following situation:

e R..,(p) is merely an empirical measure of the model performance,

but its numerical value is accessible to us.

e R(p) is the exact measure of the model performance, but its value is

inaccessible to us.

Consequently, the whole question here is how to infer information about
the exact model performance measure R(p) from the knowledge of the
value of the empirical measure Remp(p). Addressing this question and de-
veloping a methodology for model quality evaluation is one of the subjects
of this thesis.



Chapter 3

Activated Sludge Process
Modelling: Research Needs

This thesis is about developing innovative tools to manage the uncertainty that un-
derlies the behaviour of the activated sludge process. Development of these tools is

based on the most recent results of computational learning theory.

The author has reviewed more than 300 papers in the areas of activated sludge process
modelling and computational learning theory (CLT). None of the papers reviewed has
dealt with the application of CLT to ASP modelling.

The objective of this Chapter is to place the thesis topic in its proper perspective.
First. general research needs in the area of ASP modelling are defined. based on the
conclusions of Chapter 2. It is suggested to address these needs in three steps (short.
medium and long terms). Then, in the second section, the topic of this thesis is

described briefly in relation to the aforementioned research needs.

3.1 Research Needs for the Activated Sludge Pro-
cess Modelling

3.1.1 Process Observability and Uncertainty Management

Two different studies have to be carried out independently in the short term:
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1. Process Observability:

First the state space of the process has to be defined. This amounts to defining the
number and nature of the variables that will be used to describe the ASP state. The
IAWPRC model (Henze et al., 1987) uses 13 state variables. Jeppsson (1996) reduced
them to 5 variables in order to improve model identifiability. [t is of course obvious
that fewer state variables provide less information about the exact state of the pro-
cess. Several parts of the process have indeed to be lumped together to reduce the
number of state variables. However, a large number of state variables is the cause of
the problem known as the “curse of dimensionality”, i.e., as the number of dimensions
grows, the computational effort required for process analysis increases extremely fast.
Up until now, there is no well-founded methodology to determine the optimal number
of variables to be used for process state characterization. It is suggested however to
use the preliminary design of the overall process control strategy to determine the

number and nature of the process state variables.

When the state space is selected and the relationships among the state variables (i.e.,
the process model) are developed. an extensive process observability study can then
be carried out. The objective is to determine the most economical combination of
measurable quantities that can be associated with the process model and produce an

observable process. Here is an example to illustrate this concept:

Example 3.1. Consider the IAWPRC model for the ASP and assume that it is written in the
compact form:

x = f(t.x. u.p)
where p is the model parameter vector, u is the input vector. x is the state vector and ¢ is the time.
Using the same notation as in the [AWPRC report “Activated Sludge Process Model N° 17 (Henze

et al.. 1987), the state vector components are:

ry = S[ o = Ss Iz = _»Y[ ry = .Ys L3 = 4YB,H
ze = Xp.a zr=Xp s = So 9 =Sno L0 = Swu
=Sy Ti2=Xyp T3 =SaLk

Very few of these variables are directly” and separately measurable. Some of the most commonly

measured quantities (called outputs) are:
CODt : Total Chemical Oxygen Demand
CODpr : Filtered Total Chemical Oxygen Demand

NH~-N : Ammonia Nitrogen
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NQO3;-N : Nitrates Nitrogen

TKNr : Total Kjeldahl Nitrogen

TKNg : Filtered Total Kjeldahl Nitrogen
OUR : Oxygen Uptake Rate

Each of these outputs can be expressed as a function of the state vector components:

CODr = 3i_, = de. 31 =CODr = hi(x)

CODr =Ss+ S =z +I2 de.. y2 =CODp = ha(x)

NH-N = Sypy =T e, y3 = NHy-N = h3(x)
NO3-N = Syo = z9 e ¥y = NO3-N = hy(x)
TKNT =x10+zu + ixs(es +T6) + ixprr + 12 .le. ys =TRNT = hs(x)

TKNp = S~yg +Syp =Ziw0 +Z11 e, ys = TKNp = hg(x)

OUR = 13l i o5 o 130-Ya Jramio gq .ie.. yr=OUR = hz(x)

The goal of the observability study here is to find the smallest and most economical output combi-

nation #;,. Yia» - - - » Yi.. that leads to an observable process governed by:
X = f(¢,x.u,p)
Yi, = hix (X)
Vi = hi(x)
Vi = hi (x)

Qualitatively. “observable process™ means that:

e The structure of the process model is such that the output:

y(t) = (yi, (¢), yia (). - - .. Yi,. (£))
is affected in some manner by the change of any single state variable.

e The effect of any one state variable on the output is distinguishable from the effect of any

other state variable.

Mathematically, the observability study aims at finding whether x{. z2. .... I3 are uniquely deter-

minable from the knowledge of measurable quantities y;,. ¥i,. - .-, ¥:,. and the inputs u.

When the observability criterion is ensured. a state observer to generate estimates

%1, &, ...Z13 of the state variables on the basis of y and u has to be developed.
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2. Uncertainty Management:

The previous study is a deterministic one. [t does not deal with the uncertainty
underlying the ASP behaviour. [t just defines an intelligent way of obtaining mea-
surements from the real system and processing them in order to produce estimates
of the internal state variables. Another study of process uncertainty management is

needed.

At first, this study has to be carried out separately from all process observability
issues. To do this, the study is to be placed in the same context as that used by
Jeppsson (1996): all the process state variables are assumed to be measurable directly
and separately. The merger of process observability and uncertainty management can

take place at later stages of the research (see section 3.2.2).

Some of the major questions that need to be addressed in this study are the following:

e How do we define process uncertainty?

How can we measure it?

Can we model process uncertainty?

What makes uncertainty high or low? What governs its variations?

Can uncertainty be controlled and to what extent can it be reduced?

e How does uncertainty relate to process model performance?

A sound mathematical framework that handles all these questions needs to be devel-

oped.

3.1.2 Uncertainty Management for a Partially Observable
Process

Process observability and uncertainty management studies have to be combined. The
state variables are not measured directly anymore. They are inferred from outputs

and inputs. The model identification procedure becomes based on a sequence of

output measurements:

ymeas(t[)7 ymeas(t.z)’ e ymeas(tN)
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instead of a series of state variables measurements x%*@(¢t,), ....x%(ty). The iden-

tification objective function becomes:

N
J() = > lly(p. tx) — y™*(te)|I? (3.1)
k=1
instead of the equation 2.3.

The framework for uncertainty management developed under the conditions of the
previous sub-section needs be refined and adapted to this case which is a more realistic

one.

3.1.3 Information Content, Transfer and Conversion

Research in process modelling must aim at conceiving new fundamental approaches
to modelling the behaviour of complex systems in general, of which the activated

sludge process is a particular case. It would consist of two parts:

1. Concepts of Information Content, Transfer and Conversion

The author believes that the complexity of ASP modelling requires a shift from the
tracditional state space approach to a new information-based approach. The state-
space approach is suitable for systems with mild non-linearities that can be described
adequately by a finite-dimensional model. In the case of complex systems. however,
a new approach based on the concepts of system information content. transfer and
conversion needs to be developed. These concepts will be implemented qualitatively
in next Chapter to define process uncertainty management intuitively. But, in order
to make them more useful in the area of complex systems modelling, a mathematical
framework to unify and quantify all these concepts is needed. [n particular, a universal
measure Z of system information content should be developed. The use of the energy
analogy, as will be illustrated in next Chapter, can be helpful in that respect. The
framework that defines the information measure should consider uncertainty as a
particular type of information (for example, “uncertainty is the inaccessible part
of the system total information content”). In that way, system uncertainty can be
quantified using the same measure Z. Here, also, similarity with the “energy”™ concept

can be quite staggering:
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The total energy content of a thermodynamic system is the enthalpy H (in

joules). [t is composed of two parts: G and T'S with:
H=G+TS (3.2)

This equation is usually known as G = H — T S.

The energy G represents the part of the system total energy that is available
to perform *uselul work™. It is called free energy. The other part, product
T S of temperature (in Kelvin) and entropy (in joules/Kelvin), is an internal

manifestation of energy that is not available for useful work.

Using this analogy, the total information content Z of a system may be expressed as:

where i is the part of useful information for system management and control and u

is the system uncertainty (inaccessible information).

A good starting point to develop the concepts of system information content, transfer
and conversion is the textbook “An Introduction to Kolmogorouv Complezity and its
Applications™ by Li and Vitdnyi (1993).

Once a measure Z of system information content is developed and the concepts of
information transfer and conversion defined, then a new ASP modelling methodology
can be investigated: if the total information content of the real process is Z,sp (When
this process was just discovered, Z,sp = u,sp, that is: i,5p = 0), then the ultimate
objective of modelling becomes to design a mathematical system S — which can be
a combination of, for example, a mechanistic model, a fuzzy logic model and a neural
network model — such that:

lasp = s

ussp = 0
or. equivalently:

Zasp=tasp =1ts =1s

2. Over-arching Framework to Reconcile Existing Modelling Technologies

At least eight different modelling technologies have been used to approach the ASP

dynamical behaviour: stochastic differential equations, ARMA, chaos analysis, fuzzy
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modelling, neural network modelling, expert systems. qualitative modelling and mech-
anistic modelling. Each of these technologies has advantages and disadvantages and,
because of that, there is a strong need to develop an over-arching framework — prefer-
ably at the foundational level — to reconcile all these technologies and design one

all-advantages mathematical system to predict ASP behaviour.

One attempt to combine mechanistic and neural network models was presented in
Coté et al. (1995). A preliminary study to combine neural networks and fuzzy logic
systems for ASP control was carried out by the author in a first research proposal
report (Guergachi, 1995). At a more general level of systems science, several attempts

to combine the foregoing modelling technologies are presented in the following books:
e “Neural network learning and ezpert systems”™ by Gallant (1993).

o “Artificial intelligence and neural networks : steps toward principled integra-
tion” by Honavar and Uhr (1994).

e “Fuzzy sets, neural networks, and soft computing” by Yager and Zadeh (1994).

3.2 Thesis Topic

This thesis focuses exclusively on ASP uncertainty modelling and management, that
is. the second part of the research work outlined in sub-section 3.1.1. [t is composed

of two parts:

1. Development of a General Mathematical Framework

An innovative framework for uncertainty analysis and modelling is developed. This
framework is based on the work of Vapnik (1982, 1995, 1998) and that of Vapnik and

Chervonenkis (1968, 1981, 1991) in computational and statistical learning theory.
First a measure of process uncertainty is defined both intuitively and mathematically.
Then two measures of model performance are defined:

e an empirical measure Remp(P) (equation 2.6) which is readily computable on

the basis of a data set from process operation.

e the ezact measure R(p) (equation 2.7) whose value is not accessible.
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The first measure is known as empirical risk and the second as erpected risk.

In order to infer information about R(p) from the knowledge of R..,(p). a principle
called (Vapnik, 1998):

“Inductive Principle of Empirical Risk Minimization™

(ZPERM) is introduced and its applicability examined. With the introduction of

this principle, the model identification procedure is rationalized.

Then a measure of model complexity g, known as the Vapnik-Chervonenkis (VC)
dimension. is defined. This measure is used to develop what is called in this thesis
process uncertainty models. These models relate the uncertainty measure to the
process empirical risk and other parameters that govern uncertainty variations. They
are used to investigate some important issues such as process model maximal and

marginal improvements.

2. Applications

The framework developed in this thesis has numerous applications. This work will.

however, focus on only two of them:

e Case 1: the amount of data to be used for process model identification is not a

limiting factor in uncertainty management (data available in abundance)

An application of the framework is developed for a simple mechanistic model
of the ASP. The applicability conditions of the ZPER M are thoroughly exam-
ined. Then a handy and simple equation for process model quality evaluation
is developed in terms of the size of the data set and the value of the empirical

risk.

e Case 2: only a small amount of data is available for process model identification

(data scarcity)

A family of mechanistic models. ranging from a simple model to a complex one
(with large number of parameters), is developed on the basis of the following
idea: an entire set of biodegradation processes with time constants ranging, in

a continuous fashion, from fast to slow biodegradability is at work in the ASP
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bioreactor. The process uncertainty models developed previously are then gen-
eralized to the case of this family of process models, limite<d to the heterotrophic
biodegradation. On the basis of these uncertainty models, a new methodology of
tuning process model complexity to match the small amount of available data is

then developed. This methodology uses another principle <alled (Vapnik, 1998):

“Inductive Principle of Structural Risk Min<mization”

(ZPSRM). This methodology is illustrated using a simullated ASP wastewater
treatment plant.
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Chapter 4

Intuitive Introduction to

Uncertainty Analysis and
Modelling

In what follows, M 4sp denotes a model of the activated sludge process.

Uncertainty represents the ‘information gap’ that exists between model predictions
and reality. Assume that we are interested in the prediction of one state variable of
the ASP. This state variable is fixed, but can be any component of the process state
vector (substrate concentration, biomass concentration, ...). [t will be denoted as z,
(index ; indicates that z;, is a generic state variable, and index , indicates that it is

fixed).

Process uncertainty, with respect to this state variable, arises in the form of discrep-

ancy between the model prediction z;f:;("s" for z;, and the actual process response
. E Mas -

function denoted here as g. The closer z; **” to g. the lower are the discrepancy

and the uncertainty underlying the ASP. A fundamental question arises here: how to
Masp
0

a measure is crucial to this study, because it will define a way of quantifying process

measure the closeness of two functions such as and g 7 A definition of such

uncertainty.

33



CHAPTER 4. Intuitive Introduction to Uncertainty Analysis and Modelling 34

4.1 Closeness of TWO Functions

[n the case of two points a and b on the real line, the notion of closeness can be

defined naturally as the distance d( . , . ) between these two points, that is:

d(a.b) = |a — b|
[n the case of two vectors:
Ty = (U1: V125 -- - ,'an) and To = (va1.129,- .. ,‘Ug_n)T
closeness can also be defined as the distance d( . , . ) between these two vectors, that
is the norm of the difference vector vy — Ua:
d(@y, ta) = ||ty — 0ol = \/I‘UL.L —va 2+ lvia —va2l? + ..+ Ui — v2nl?

Similarly, there is a need to develop a measure to evaluate the distance between two

M| . -
functions such as zj; tasP and g. One way to develop this measure is as follows:

e Compute the mean-square deviation between the values of x”’ {4sP and g at times
tO? tls t?: PR
21457 (ko) — g(to)|® + |z 5P (t1) — g(¢) P + - - + |25 *57 (tw) — g(tx)[?

N

where N is a large whole number.

e Then, to get a mean with the same unit as the state variable’s, apply the

square root to the previous expression. We obtain a measure D of the deviation

Mase

between the functions z;; and g:

chw@o>-gao>lz+... + iy 7 (t) — g(w) P2
g9) = N

~D(£2;44.~.P(

or:

Dlaiase_g) = Jz M*SP(t ) = g(tx)P? a1

The fact that N is a large number can be expressed mathematically using the notion

of “limit”. The previous expression becomes then:

Masp 2
Masp - —'0 |x (tk) - g(tk)l-
D=, 9) = \j NE'TOG N
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[ntuitively, D :L'M ASP represents the average deviation between the values of z;; Masp
: g

and those of g. This average is understood in the gquadratic sense. But it could have
been considered in any other sense such as the arithmetic. geometric or harmonic.
The reason why the quadratic average was selected here is that it has a precise sta-
tistical meaning. It measures the standard deviation of the model predictions about
the true process response function (which is of course totally unknown to the pro-
cess modeler). A large value of D(z;] MasP_g) indicates a poor approximation of the
process behaviour by M 4sp. while a small value indicates a better approximation.
In addition, the deviation D defines a true metric on the space of functions. [t can
be used as a mathematical measure of distance between two functions. To see this
property clearly, a transformation of the expression 4.2 is needed. The objective of

the following reasoning is to establish equation <.8.

Let’s denote the positive variable:

ISP () — g(6e))?

as £(k) for each number &. and assume for now that the following hypothesis is true:

E(k) takes only a finite number of values
when k varies from 0 to infinity. (4.3)

Denote these values as §;;.&;,.....&,-

All terms of the summation:

N

Z iy 9P (t) — g(t) P = > £(k) =£(0) +£(1) +£(2) + ... (4-4)
k=0

would then belong to the set:

{5107811~ .- ?é-i,}

Let’s denote the number of times that &, appears in the previous summation as ng.

The summation .4 can then be re-arranged as follows:

Z |2 5P (6k) — (k)] Z i

k=
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And, therefore, the expression of the deviation D can be re-written as:

>0 iy . Ty
D(z457 . g) =/ lim =0 —
(@i 5F.g) = [ Jim == L Z w7 e (4.5)
[n the summation Y7_q 3¥&;,. the limit concerns only the fractions:

Nk

N

because they are the only values that depend on N. From the frequency definition of

probability, one can write that:

lim % = Prl¢ = &,] = Pr(&,) (4.6)

N—+oo [V

where Pr[¢ = &, ] or Pr(&, ) denote the probability of the event of having the variable

£ equal the number &;, . Consequently, from equation .5, the expression of D becomes:

D(ziy 457, g) = JZ&L.PI'(&&.) (s.7)
k=0

In probability, the summation Y j_,&:, Pr(&,) represents the expected or average

value of the variable &, which is denoted as E(€). Replacing & by its original value

Masp 2
xio - gl

the expression of D becomes then:

D(xys7.g) = VE(zi " — gP?) (+8)

This equation is established under the hypothesis 4.3. This hypothesis is obviously
not true in the case of the ASP. A priori, the variable (k) can take any value from the
set R+. However, it is possible to develop a similar reasoning to deduce the equation

1.8 in the general case. This reasoning is presented below for the sake of completeness.

Denote the interval from which & takes values as [ (this interval can be the whole set #+). Let =
be an element of [. From all the terms of the summation 4.4, denote the number of those that fall
inside the infinitesimal interval [z, + dz[ as Nz 4z;- The summation 4.1 can then be re-arranged

as follows:
' N

ST lzdter(te) — g(te)2 =D &(k) =/,“'m“‘1'

k=0 k=0
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Consequently, the expression of the deviation D can be re-written as:

Masp _ - fl LNiz,xtdzf . Nz, dzx|
D(Ii" ’g) - \/V!Lnlloo N - \/Nhnkloo [I N (4-9)
As N — +oc. the fraction:
Yz ztdr|
N

converges to the probability Prir < £ < r + dz] of the event “§ € [z.z + dz[’. This probability is
equal. by definition, to the product Pre(z)dz of the probability density function Pre(z) of £ and

the infinitesimal distance dr. Therefore, from equation 4.9, the expression of D becomes:

D (z45P g) = / zPre(z) dz (4.10)

o
I

The integral [, zPr¢(z) dz being equal to the expected value E(E&) of the variable:

Masp

2
= |z, -9l

m

the equation 4.10 can then written as the equation -1.8.

Remark: Note that the foregoing reasonings are valid only if the random sequence (k). k£ = 1,2.3, ...
is ergodic. Ergodicity is discussed extensively in next Chapters and. since it is a very weak condition,

it is assumed to hold true for the sequence £(k).

4.2 Modelling Process Uncertainty

[t is proposed in this thesis to shift the attention from modelling the activated sludge
process itself to modelling the uncertainty that underlies its behaviour. The aim is
to answer questions such as: what makes uncertainty high or low? How can it be

controlled and to what extent can it be reduced?

The metric D defined in the previous section provides a way of quantifying process
uncertainty. [ndeed, the larger the value of D, the more important the ‘informa-
tion gap’ between the model predictions and the actual process response function
and. therefore. the higher the uncertainty underlying the process behaviour. If the
deviation D can be controlled and reduced, so will be the process uncertainty. Con-
sequently, modelling the uncertainty amounts to determining the main variables that

influence D and the relationship among these variables and D.
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The most direct approach to carry out this modelling task would be to establish an
equation of the form:
D(z45P  g) = @(vy, v, - - -, U1) (4.11)

io H
where v, va, ...,y are the variables governing the variation of D and ¢ is a func-
tion relating D to these variables. In order for equation .11 to be useful from an

engineering point of view, the following condition must be satisfied:

the variables v; and the function ¢ are readily
determinable/computable, and not just (4.12)

abstract mathematical objects.

Equation 4.11, if it is possible to develop under the condition .12, would mean that
uncertainty, as it is measured by the deviation D, can be totally eliminated in a highly
complex process such as the ASP. Equation 4.11 suggests indeed that uncertainty is
readily transformable into useful information — namely “w(v,,vs,...,v)” — that
can eventually be exploited to exactly determine the unknown function g on the basis
of a just finite-dimensional model M _4sp. This is not realistic and. because of this,
it is not recommended to pursue investigation of process uncertainty analysis and

modelling using this approach.

An alternative and more promising approach, however, consists in developing an

inequality of the form:

’D(I{\A:‘SP~ g) S (rg(vl N % P ‘U[) (-l. 13)

0

that satisfies condition -..12. Since the deviation D is always positive by definition,

inequality <.13 should actually be written as:

0< D(:c;f:;["‘sp,g) < (v, va, ... 1) (4. 1)

[nequality 4.13 is realistic and also useful. The objective of uncertainty management
is indeed not to eliminate uncertainty (which is usually not possible), but to reduce
it and control it. [n that respect, inequality .13 is useful: manipulating the variables
Ui, Ua, ..., t; (whose values are accessible by virtue of «.12) allows the control of
w(vy, v, ..., v), which in turn allows the control of D. In particular, low values of

@(v, va, . .., vp) yvield low values of D and, therefore, low uncertainty.
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4.3 Developing Uncertainty Models

The two key functions of the uncertainty model 4.13 are the process response function
P

g and the model prediction :I:M ASP_ The latter function xM*-’P results from the model

identification procedure. This procedure can be viewed as an information transfer

from a finite set of process data:
TN - data(t ) data( )? e T data(t ) (4-15)

to the process model M sp. The model in turn is viewed as an information con-
tainer. The size of this container is characterized in part by the number of process
model parameters: the larger the number of parameters. the more information can

be transferred to the model.

The foregoing metaphoric description of the identification procedure has highlighted
the two first variables that affect the value of D:

e Variable v;: the total amount of information (Y ) contained in the process
data set T . This amount of information is function of the size /V of the data
set and the degree of statistical dependence among the elements of this set. The
stronger the dependence, the less information T y carries. It is suggested to take
the product ¢V as a numerical characterization of Z(T ). where ¢ € [0.1] is
a coefficient accounting for the data set statistical dependence. The stronger
this dependence, the lower will be the value of . For illustration. consider for

instance the following cases:

Case 1: the sequence T y is statistically independent.

Case 2: the sequence Ty is a-mixing (mixing is a condition on sequence

dependence; see White (1984) for definition).

Case 3: the sequence Ty is ergodic.

Case 4: the sequence Y is such that:

zdata(t)) = 10.1 zdet2(tp) = 10.1 zfeta(ts) = 10.2 z**(t,) = 10.1
data(t ) = 10.2 ata(ts) = 10.1 . data(t‘v) = 10.1

[f ¢, %, ¢ and ¢; are the dependence coefficients corresponding to these < cases

respectively. then we would have:

O=g<a<la<lqg=1
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This is because “statistical independence” implies “a-mixing” and “a-mixing”
implies “ergodicity” (White, 1984).

e Variable v»: the mazimum amount of information Z(Maps) that can poten-
tially be transferred to the model M 4ps. This amount of information is dictated
by model complexity. The number ng of process model parameters can be con-
sidered a measure of it. However, in some cases. this measure can prove to be
inconsistent. Take for instance the two following simple models where the state

variables are z and v and the parameters are p; and ps:

2) (4.16)

y=p T+ p2 (np

and

y = p sin(p2 7) (np =2) (4.17)

If n,, is taken as a measure of Z(M 4ps), we would have to conclude that these
two models have the same level of complexity, which is obviously not true:
model 4.16 is a family of simple straight lines, while model 4.17 is a complex
family of curves that can sweep across the whole plane. Consequently. a more
adequate and consistent measure of model complexity needs to be developed.

In what follows, this measure will be denoted as q.

Now, during the model identification procedure, the information transfer:
Ty — Muaps
may not always be complete for various reasons such as:

e a too low model complexity (meaning a small size of the information container
M sps).

e local minima problem that are usually encountered in the course of minimizing

the identification objective function (p being the parameter vector of M sp):

2 (4.18)

N
Jio(P) = D | T5P (t) — adate(ty)
=1
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Here, the reader may be misled by the previous metaphorical discussion and think
that, since Z(YTx) and Z(M 4ps) can be represented by the numbers ¢ N and q re-
spectively, it suffices to ensure that ¢ /N = ¢ to guarantee a complete information
transfer from YTy to Masp. The problem is however more complex and. because of
this. another more accurate metaphoric image needs to be introduced here to illus-

trate the author’s idea about information conversion. This image is “energy”.

Energy can exist in various forms: mechanical. calorific, chemical. electrical. ... Using
different procedures, it can be converted from one form to the other. Take for instance

the conversion:
mechanical work — heat (4.19)

When James Prescott Joule {1818 - 1878) carried out his famous experiment (18-7) on
the work-heat equivalency, the results were that an amount z (in joules) of mechanical
work was not converted into exactly the same amount z (in calories) of heat. There

was a conversion factor of
= 4.18 J/cal

In the case of the reverse conversion:
heat — mechanical work (-1.20)

other studies have shown that things are even more complex. An amount z (in

calories) of heat never generates the expected amount:
rxc=zx-1.18J/cal

of mechanical work (in joules). There is a conversion efficiency factor n that is al-
ways less than 1 for the transformation <4.20. It is a law of nature. An amount z (in
calories) of heat generates = x .18 .J/cal x i (in joules) of mechanical work, meaning
that there is always a loss of energy of = x 4.18.J/cal x (1 — ) (in joules) during
the conversion 4.20. In real-world situations, the exact value of n, which determines

the degree of completeness of energy conversion, has to be determined experimentally.
Similarly, “information” can be expressed in various forms such as:

e real data from the process operation:

Ty ziete(t), oo (ts), ..., oo (tw)
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e the parameter values of an identified process model:

e the set of symbolic rules of an expert or a fuzzy logic system.

e the values of the weights of a trained neural network:

W = (Wi W2 -« - Wnm)

Also, “information” can be converted from one of these forms to the other. using dif-

ferent mathematical procedures. Here are some examples of information conversion:

e information in a sequence of data is converted into a set of model parameter

values using the procedure of model identification.

e information contained in a process model. M ps with a parameter vector:

P= (Pl,pz,---,Pm)T

can be converted into IF-THEXN symbolic rules to be used in process expert

systems (Nolasco et al., 1989).

e information contained in a sequence of data is converted into the weight values

of a neural network using a training procedure such as back-propagation.

Since there is no proof that information conversion from one form to the other is
always complete, there is a need of a measure of the degree of completeness of such
transformation. In the case of “energy”. this measure was the empirical value of the
conversion efficiency factor 1. In the case of this study — ASP model identification

—, it will be the inverse Y(p) of the empirical function (p is the parameter vector of

Masp):
l N 5
Remp(P) = 37 31 Ps (b)) — zita(t) I (+.21)
k=1

Note that the latter function Rem,(p). called empirical risk, is equal to Ji,(p)/N.
where .J;,(p) is the objective function that has to be minimized during the model
identification procedure. Its inverse ¥J(p), called the information conversion efficiency

function, will represent the third variable v3 to be considered in the uncertainty
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model 4.13.

As a recapitulation of the foregoing discussion, three variables to be considered in the

uncertainty model 4.13 have been defined. These are:
vry=¢N; wva=gq; v3=9Y(p)
The uncertainty model .13 would then look like:

D(z;y*57. g) < (s N. ¢ 9(p)) (4.22)

0

Do these three variables provide adequate description of the uncertainty underlying
the ASP behaviour, so that an inequality of the type of .22 can be mathematically
developed? The answer is that they do not, because no one of them can describe pro-
cess model suitability. With v{. vs and vs only, inequality 4.22 treats neural network
models, polynomial models and mechanistically-based models, for instance, in the
same way, which is obviously not reasonable. Let’s view this question from another

angle.

For the uncertainty model 4.22 to be meaningful. the function

(s N.q.9(p))

must decrease as the value of /V increases. This is because process uncertainty reduces
when more data are made available for model identification. The rate of decrease can
be expressed as:

dp v

(s N.q.9(p))

aN

[t is common sense to believe that this rate of decrease must not be the same for any

type of ASP model. A well thought-out model such as:

& — (QunSintQrSr) (QintQr) & kS

{ (Qun X, ’ Q- Xr) (Q VQ )5 gﬁsl (4.23)
Y — in-Lin A mn+Ur ) .=
X & — @uioy o S Y _pX

for instance, should require much less data to start giving meaningful predictions

than a black-box model such as the neural network model (w represents the weight
vector):

[t — S; (-12‘1)
[n the case of model 4.23, indeed. a substantial amount of information about the ASP

has been put in the model equations beforehand:
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e the structure of the equations results from a fundamental physical concept:

mass balance.

e biochemical kinetics are based on Monod equation, which is empirical indeed,

but its structure resembles the proven equation of Michaelis-Menten.

e the model parameters k, Ks, pg, b are known to vary within limited ranges.

On the other hand. a neural network is a general model that can be used to approxi-
mate the behaviour of any system. [ts parameters (weights w, that is) can, a priori,
take any value from the real line | — oo, +o0o[. The equations structure is arbitrary.
At the beginning of the training procedure, the neural network model is actually
quite far from the very behaviour of the activated sludge process. As a result. a lot
more data are needed for the neural network to just build-up in it the foregoing basic
information that exists beforehand in the model 4.23. Consequently, if the rate of

decrease of:
w(s N, q,9(p))

is, for instance, logarithmic (that is 1/log V) for neural network models, the uncer-
tainty model .22 must predict a faster rate of decrease (power N ™% or exponential
a=" or the like) for a model such as 4.23. This is why, a fourth variable v, expressing
a weak prior information about the ASP model suitability needs to be added. This
variable will be denoted as vy = WPZ and a numerical measure of it needs to be

developed.

With the introduction of vy, the ASP uncertainty model .22 can then be re-written
as:

D(z}'457, g) < (s N, q.9(p), WPI) (4.25)
Now that the main variables that affect process uncertainty have been defined. a
mathematical framework needs to be developed to establish the relationships among

these variables and the uncertainty measure D.



Chapter 5

Model Identification: a New

Perspective

5.1 Stochastic Nature of Experimental Data

The first ASP model developed by the [AWPRC in 1987 uses 13 state variables to
characterize the ASP state. The second model, developed in 1994, uses 20 state vari-
ables, without including other general state variables such as temperature. pH and
redox potential. Despite this large number of state variables, the foregoing models
“are still greatly simplifying the representation of many species of organisms. As the
microbial population changes this needs to be reflected in changing kinetic parameters
and even by adding new state variables” (Jeppsson, 1996). To paraphrase Jeppsson’s
statement, a complete description of the ASP dynamical behaviour requires a much
larger number of state variables and an extremely complex model. Designate the vec-
tor of all variables that are necessary for a complete description of the ASP behaviour
as:

x* =(Z). %2+, Tn: Tngt:s-- - Toc) (5.1)

[n practice, only a few components of x* can be used to model ASP dynamics. Jepps-
son (1996), for instance, proposed to reduce the number of ASP state variables to not
more than five. Other researchers such as Marsili-Libelli (1989) advocated similar
principles. In any case. our current knowledge of the ASP behaviour is at such a level

that a reliable model based on all components of x> is impossible to develop.
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Denote then the few state variables to be used practically in process modelling as:

Ty.Toa,....Ty

and the vector composed of these variables as x. [t is of course assumed that the
components of x* have been re-arranged in such a way that the [ variables that are

used in practice are listed first in the vector:

Now consider the following imaginary situation where the process modeler collects

experimental data regarding the ASP behaviour and, more specifically, the variations

of one state variable z;, (io € {1,2....,{}): at time ¢y, the modeler sets the state
variables x|, T, ..., x; at fixed values 9, 73, ..., z?, respectively. That is:
at timefo: =10, To =123, ... , T = 1)

or, using the vector notation:
at time g : X = Xo. with xg = (I?,:cg, e z?)

He then lets input perturbations ua; act on the process from £y to time £, = £y + At.
At time ¢;, he measures the value of z;,. For this purpose, the modeler uses a
sophisticated automatic device that can take a large number ol samples at the same
time and carry out the measurements immediately for all samples. In that way. he

obtains a long series of measurements:

meas TNEasn qneasy
0 + Yig : g

of the same variable z;, at time ;. He then computes the arithmetic average of this
series and obtains a highly accurate estimate of z;, at time ¢,. Denote this estimate

as Ti,-

Imagine now that the process modeler repeats exactly the same measurement proce-

dure a second time:

e First, at time (g, he sets the state variables at the same values as before:

at time t5: X =X
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e He then applies the same input perturbations ua; to the process from t; to time
t, =ty + At.

e A large number of samples are then taken at time ¢| and measurements of z;,

are carried out.

e Finally, the process modeler computes the arithmetic average of the z;, mea-

surement series and obtains a highly accurate estimate of ;, at time ¢|, denoted

as I}

The measurement devices are assumed to be highly accurate and reliable and the ex-

perimental error eliminated due to the use of a large number of sample measurements.

Question: Is it guaranteed that & will equal Z;, ?

Despite all the precautions that the modeler has taken in both experiments, the an-

swer to this question is negative. Here is why:

[n both experiments, the modeler has set the state vector x at the same value and
applied the same input during the time interval of ¢, — tp = ] — t; = At. But
the real process state is governed by x> and not the vector x. When x is set at
a ‘fixed value’, it does not mean that x> will also be set at a ‘fixed value’. The
variables |, Za. .... T; that are used in practice do not necessarily control the values
of the other state variables of x*. This would happen only if the components x,
with & > [ (that is the elements of the set {ziti,Tir2. ... Tn:Tnsls----Tc}), are
observable from the measurements of x|, za, .... ;. This observability property is.
however, not guaranteed and there is no operational way to verify it. [t is actually

unlikely to hold true because the size of the set:
{I[+| s T2, - -y T Tntls- - - s IOC}

of the variables to be inferred is much larger than that of the set:

of the variables that are measurable. Consequently, in both experiments. the vari-

ables . Za. ..., z; will have the same values (z9, 23, ..., 2} respectively) at times
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to and ¢;, but the other components of x> will take. a priori. any arbitrary values.
Therefore, if x><(£) and x>°(¢t;) designate the real process state at times £ and £, it
is likely that x*=(tg) # x*(t5)- As a result, the input perturbations ua, is likely to
steer the process from these two different states to two other different states, x> ()
and x°°(t}) at times ¢, and ¢} respectively, and then lead to different values of z;,.
Thus, it is not guaranteed that the estimate ] obtained in the second experiment

will equal Z;, that is obtained in the first experiment.

Because of this, the activated sludge process is called a stochastic system, as opposed
to deterministic. The process response to external perturbations shows a certain
degree of randomness that is expressed in the stochastic nature of the process experi-
mental data (as illustrated in the foregoing two imaginary experiments). The process
unknown phenomena that cause randomness in the process response and experimen-

tal data are called process noise. They are the main source of process uncertainty.

[magine now that we have a very large number of z;, estimates and not just Z;, and

z;,. Denote these estimates as:

ELE (52)
The values jg] with 7 = 1.2, 3, ... are called realizations of the variable z;,. They are

dispersed around their expected (arithmetic) average which is to be determined under
the conditions that x¢ and ua. are given. Denote such average as E(Z;, | Xo.uae)
(read it as: “expected value of Z;, given xo and ua,’) . The stronger is the process
noise, the higher will be the dispersion around E(Z;, | Xo.ua¢). This fact is usually

expressed in an equation of the form:
Tig = E(Ziy | Xo. uae) + €z, (5.3)

where €, is a numerical measure of the process noise. Mathematically, €., is a
random variable (with an expected average E(e.,, | Xo. ua.) equal 0) that characterizes
the degree of randomness of Z;, around its average. In what follows, it will also be

called process noise with respect to the variable z;,, or simply process noise.
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5.2 Data Overfitting: a Fundamental Problem

5.2.1 What is Data Overfitting?
Consider a sequence of experimental data for the process state variable x;,:
Ty : data(t ), xdata.(t Yeunns data(t'v) (5.4)
generated under the following conditions:
e the process initial state x(t,) is set at a fixed vector x;:

x(t1) = x (5-5)

e the input perturbation that acts on the process during the interval [t,.ty] is

represented by the time function:

gy 26— utl,t.\'(t) (5.6)

Each term z@(t) (k € {1,2,.... N}) of this sequence represents one realization
of the state variable z;, at time ¢;. If, at a certain time ¢, the process state is set
again at x; and the input perturbation u,, ., is applied to the process from ¢ to
t =t + At (with At =ty — t,), then the process response would generate another
time sequence:

T : data (£). T data (L), .. .. data. (Ex) (5.7)
representing a second realization of the state variable z;,. The terms of this sequence
are likely to be different from those of the first sequence 5.-1. because of the stochastic

nature of experimental data. Using the notations of the equation 5.3. this stochastic

nature can be expressed in the form of the equation (k € {L.2...., .N}):
dala(t ) = Elz data(tk) | ey, data(t s data(t_ 2)enns data(t )l'*'fz,o (5.8)
The number ¢, represents the process noise with respect to x;, and
Elz data(tk) | e, s data([k 0. data(tk_ ). ... zdata(s))]

the average of z;, at time {;, given the objects wy, ;. “‘(tk i) .L“““‘(tk_g), e,
:c;-i;““(t[). If the sequence 5.4 is assumed to be Markovmn, then equation 5.8 can be

simplified as:

zdete(ty) = Blzf* (t) | ue g d (b)) + €y (5.9)

0
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Intuitively, Markov property simply means that, given the present value of zd“‘“ the
future value of it is independent of the past. This can be considered true in the case

of the ASP, since all ASP models contain only first order differential equations.

Let M .1sp be a model of the activated sludge process. This model can be a black box
(neural network, polynomial or ARMA) or mechanistically-based. [ts identification
(with respect to the state variable z;,) is carried out on the basis of one realization of
T;, such as the series 5.4. In previous chapters, model identification has been viewed
as an information transfer from a data series Ty to M,sp. But it can also be viewed

as a learning procedure:

The model M .5p first “sees” a finite number of examples :l:d“‘“(t ). x ‘““(to)

zdate(ty) about the real process dynamical behaviour (this is the
“teaching” phase) and, then, based on this limited “experience”, the
model is supposed to exhibit an adequate amount of intellzgence to in-
fer the process future dynamics under all circumstances (“production”

phase).

Mathematically, this procedure consists in minimizing the identification objective

function (p being the parameter vector of Masp):
Jio(p) = 30 | 2457 (by) — wite(te) 1P (5.10)

Low values of Ji,(p) do not always indicate a good model quality. They can also
mean data overfitting by the identified model, a phenomenon that is not desirable in

the case of the activated sludge process, an inherently stochastic system.

Data overfitting means that, in the course of the identification procedure (teaching
phase), the model M 4sp learns the process noise pattern, in addition to the underly-
ing process response function we want to model. Data overfitting is always associated
with low values of the identification objective function J;(p). In some cases, it may
even bring this function down to zero by letting the model exactly fit all the NV points
of the data set Ty. This would usually happen when M.sp is a neural network.
ARMA, polynomial or mechanistic model with a number of parameters that is large
enough compared to the size NV of the data set Y~ (for the polynomial type, for

instance, take a polynomial function of degree N — 1). When overfitting occurs, a low
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value of J;,(p) does not mean that the obtained model is a good approximation of
the real process. On the contrary, a model that overfits the data is likely to produce
bad predictions for the process future dynamics. These predictions will be worse if
the process noise ¢, is a strong one. If it is low. however, the data overfitting phe-
nomenon may not be as critical. For example, in a well-controlled environment, such
as a laboratory experiment, the process noise is usually very small and, as a result,
data overfitting mayv not be too harmful. However, in the case of a real activated
sludge wastewater treatment plant. the process noise is usually quite high and. con-

sequently, data overfitting must be avoided.

Trying to avoid data overfitting and preventing ASP models from learning process
noise may seem paradoxical. [f models should not learn noise and shed light on the
process uncertainty that is due to this noise. then what purpose should they be useful
for? Do not we develop them to help us predict the uncertain and complex behaviour

of the process? The following sub-sections examine these questions.

5.2.2 Why ASP Models Must be Prevented from Learning
Noise?

An ASP model (of any type: neural network. ARMA, polynomial or mechanistic)
is not meant to model noise. Noise is a random variable and, as such. it should
be modeled by a probability distribution and not a set of algebraic or differential
equations. [n addition, because of the random aspect of noise, it is not possible
to predict future values of it exactly. The best we can say about the next value
of noise €z, for instance, is that it will fall in a given interval / with a certain
probability p; = Prle;,, € []. But if p; # 1. €;,, may very well fall outside [,
because 1 — p; = Prle;,, & [] is non-zero. Similarly. the realizations of e, during
the data collection time interval [£,,¢x] (see the time series in equation 5.4) may
arise according to a certain pattern P that will never re-occur in the course of future
process operation. If this is the case and overfitting is not prevented, the ASP model
would then learn the noise pattern P during the teaching phase, as if it was one of
the major process dynamical modes. But in doing so, the model has been just misled
by noise: while the pattern P has arisen just fortuitously during [, tx] and will not,
reappear again, the model has taken it “seriously” during the teaching phase and

adapted its parameters to it. [t will then keep reproducing it whenever the input
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perturbation conditions that prevailed during [¢,. tx] arise again. Result: poor model

predictions of the real process response.

5.2.3 What Should ASP Models Learn from Data?

If process models must be prevented from learning noise, what should they then learn
during the teaching phase? What information should they try to capture from the
identification data set Tx? A qualitative and intuitive response to these questions
has been given by Coété et al. (1995): “It is important to recall that what we are look-
ing for is the general tendency of the system rather than an overfitting of individual
points. ...Again, the purpose of this work is not to match eractly with the experi-
mental points, but to follow the variations.” But how should we define and quantify a
system “general tendency”? System “general tendency” and noise are always mixed
up in the experimental data. How can we ensure that noise has been successfully
filtered out during the teaching phase (model identification)? How can we provide a
principled and guaranteed proof that the model is indeed learning the system general
tendency and is not being fooled by noise during its identification? The first question
is addressed in the last section of this Chapter, while the last two questions are the

subject of next Chapters.

5.2.4 How Should Noise be Dealt With?

The purpose of ASP models is then to learn the process “general tendency” and sepa-
rate it from noise. But noise is an integral part of the process behaviour. How should
we deal with it, if ASP models are not supposed to take care of it? By reducing it

and controlling it.

Noise is indeed an expression of process complexity. [t cannot be eliminated com-
pletely. It can only be reduced and then controlled. To do so, research needs to be

carried out in several different areas at the same time:

e Choosing the right state variables: As was explained previously, it is cur-
rently not possible to develop an ASP model that incorporates all variables
influencing the ASP state. Therefore, the whole problem lies in selecting the

smallest number of the most relevant process state variables. This requires a
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great deal of expertise and may necessitate the use of different models depending

on the period of the year and the prevailing process operating conditions.

e Integrating all existing process modelling technologies: This point has

been discussed in chapter 3.

e developing process control strategies that help manage noise: In this
respect, stochastic control theory (Mybeck 1979; Ahmed, 1988; Borrie. 1992)

can be a starting point for this research.

Investigation of these three points is outside the scope of this thesis. However. as was
mentioned previously, noise cannot be eliminated and. therefore. it needs to be han-
dled in any case. In what follows, the traditional approach to noise will be adopted:
€z,, is considered as a random variable with zero mean value. Its realizations can
take positive and negative values and are dispersed around 0 according to certain
fixed probability distribution function Ffr,o' This function characterizes the noise
completely. The crux of the problem of uncertainty due to noise is that F;x.(, is un-
known and there is no way of determining it. Sometimes researchers may assume. for
mathematical convenience, that the distribution function Fle0 is normal or uniform.,
for instance. But such assumptions are unreasonable and cannot be justified. Here is

indeed the situation:

On the one hand. the set F of probability distribution functions is ex-
tremely large. [t contains any continuous real-valued function £ that is
increasing with F(—oc) = 0 and F(+oc) = 1 (Berger, 1993).

On the other hand, the ASP unknown phenomena (the origin of noise.
that is) change and perturb the process dynamics (about its “general
tendency”) in a way that current scientific knowledge is unable to predict

or. even qualitatively, characterize.

So, if this is the case, how can a totally unknown “object” — the process noise —
be, a priori, associated with one single and specific element of a large set 77 Any
study that bases its results on assuming a specific probability distribution function,
such as the normal or uniform distribution, for noise is a questionable one. [t should

not have more than an academic value.

In this research, F,, is considered fixed but unknown.
0
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5.2.5 Model Cross Validation

Wastewater researchers and practicing engineers (WRPE) are usually aware of the
data overfitting problem. That is why they do not always rely on the value of the
identification objective function .J;,(p) as the sole criterion of model quality, neither
they use a high degree polynomial model (a degree of V — 1 would be enough), for
instance, to bring J;,(p) down to 0. They make use of one additional technique called
cross validation to check overfitting and assess the ASP model quality. This tech-
nique consists in the following: the data set T is divided into two parts. The process
model is identified on the basis of the first part — called identification sample — and
the minimum value of the objective function is computed. Then the obtained model
is tested on the second part — called validation sample — that the model has never
“seen”. I[f the model performs well on this sample, then it is retained. Otherwise, the

model structure is adjusted and the cross validation technique repeated.

‘... There is no guarantee that cross validation will produce the optimal model. The
smaller the validation sample and the higher the notse level, the more likely it is that
cross-validation will fall short of this ideal” (Smith, 1993). Cross validation relies
exclusively on how the model performs on one single validation sample and. as a

result, has at least two drawbacks (Smith, 1993):

e Withholding a validation sample reduces the number of examples (elements of
the data set Tn are called examples) available to identify the model and thus
lowers the model accuracy and reliability. This is very bothersome when we
know that the whole sample size (identification sample + validation sample) is

rarely large enough to even carry out the identification phase properly.

e The second drawback is more critical: the model’s final parameter values and
structure depend on which examples are in the validation sample. And the
degree of variation between validation samples can be significant, especially
in the case of a higher noise level. As a result, it is difficult to rule out the
possibility that the validation sample is highly skewed in a way that distorts
the final model. We may end up then with a model that performs well on the
validation sample (that has a bias towards the identified model structure), but
produces poor predictions for the process future dynamical behaviour. That is,

we would have developed a useless model.
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[n a study by Cote et al. (1995), neural network models was used to improve the
predictions of an ASP mechanistic model. These neural networks had 42 parameters
each and were trained using a sample containing 140 examples. The authors have
raised the issue of data overfitting and clearly stated that the goal is to model the
“general tendency” of the system and avoid overfitting. They concluded that this goal
has been achieved on the basis of the results of the model cross validation technicue.
Yet. according to studies on neural network ability to generalize and not overfit data.
140 examples are too few to train a 42-parameter neural network (indications are
given in Haykin, 1994; pp. 179). Similar remarks can be made regarding the work
of Capodaglio et al. (1992) where time series models containing up to 24 parameters
have been identified with a number of about 240 examples. The danger with such
studies is evident: developing highly complex black box models that pass the cross
validation test just because of data overfitting, but would fail to produce good pre-

dictions in the course of the real plant operation.

This is why a principled and guaranteed method to evaluate the model performance
in predicting the process future dynamical behaviour is needed. Subsequent Chapters

aim at developing such a method.

5.2.6 Model Parsimony

Data overfitting occurs when the process model is highly complex compared to the
size of the data set Ty to be used for model identification. [nstances of such highly
complex models are neural networks with a large number of hidden nodes. mecha-
nistic or ARMA models with too many parameters or polynomial models with high
degree. Having realized the danger of data overfitting by complex models, Box and
Jenkins (1970), some of the pioneers of time series analysis, introduced the princi-
ple of parsimony referring to the use of “the smallest possible number of parameters
for adequate representation”. This principle has been described by the authors in
a purely qualitative way: “... QOur objective, then, must be to obtain adequate but
parsimonious models. Forecasting and control procedures could be seriously deficient
if these models were either inadequate or unnecessarily prodigal in the use of param-
eters. Care and effort are needed in selecting the model. The process of selection s
necessarily iterative, that is to say, it is a process of evolution, adaptation, or trial

and error. ... The problem is to choose a suitable system of parsimonious parame-
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terization . ... This is not a mathematical problem, but it is a question of finding out

how the world tends to behave.” (Box and Jenkins, 1970).

In this thesis, it is argued that the parsimony principle is just another statement
of the principle of simplicity commonly attributed to William of Ockham (12907 -
1349?) and known as Occam’s Razor (see Chapter 2). Box and Jenkins’ foregoing

statements define two key concepts: “model adequacy” and “model parsimony”.

e model adequacy: for a model to be adequate, it must be complex enough
so that it does not underfit the data. Data underfitting refers to the situation

where the process model is too simple to learn the system “general tendency™:

inadequate model <= data underfitting
model cannot learn even
the system “general tendency”

= model too simple

e model parsimony: for a model to be parsimonious, it must be not too complex
so that it does not overfit the data:
data overfitting
( model learns both the system )

“general tendency” and noise

non-parsimonious model

1

model too complex

Both data underfitting and overfitting must be avoided. Consequently. an optimal
process model structure (both adequate and parsimonious) needs to be determined.
Box and Jenkins (see previous statement) asserted that the problem of determining
such optimal model is not a mathematical one, but a “physical” one. In this thesis,

it is argued that it is both:

e a physical one. because the general structure of the model must reflect all the
available a priori knowledge about the physics of the system at hand, which is,

in this thesis, the activated sludge process.

e a mathematical one, because the available a priori knowledge about ASP
is not sufficient to build the perfect model of the process and, therefore, a
mathematical tool to model and manage the process uncertainty needs to be

developed.
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This mathematical tool is developed in the next Chapter. Later on in Part IV of
the thesis, a family of mechanistic models of the ASP is developed on the basis of a
more realistic idea than the [AWPRC model’s (Henze et al., 1987) or Jeppsson (1996)
model’s. These models are then analyzed in the light of the mathematical framework
defined in Chapter 6 and a method to select the optimal process model for a given

size of the data set T is developed.

5.3 A Process Model is a Learning Machine

Consider the model differential equation that governs the dynamics of the ASP state
variable z;;:

:i:‘i.} = I(L X, u, p)

or ;

& = f(t.xu.p) (5.11)
where ¢ is the time, x is the process state vector, u is the process input vector. p is
the parameter vector and f is a real-valued function. This equation represents one

component of the vector differential equation:
x = f(t.x, u.p)

of an ASP model M ,sp. However, the vectors x, u and p in equation 5.11 do not
necessarily contain all of their components. Normally, they should be denoted as x, .

ug, and pg,, and equation 5.11 should become:

dzx;,

Clt = f(tv XI,Oy uz,o.- p.’t,c) (5.12)

in order to highlight the fact that x, u and p contains only those state variables,
input variables and parameters, respectively, that influence the dynamics of z;. For
the sake of simplicity, however, the notations of equation 5.11 will be retained, but

the reader will keep in mind that it is the equation 5.12 that is meant.

Most ASP models, if not all, do not depend explicitly on time. In the model equations
4.23, for example, time ¢ does not appear in the right-hand sides. A system such
that is usually called an autonomous system (Slotine and Li, 1991). Intuitively, the

autonomous property means that the state trajectory of the system is independent of
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the initial time. Mathematically, it means that { must be dropped from the right-hand
side f(t, x, u, p) of equation 5.11. Thus, the general model equation that governs x;,

becomes:
— = f(x,u,p) (5.13)

All state variables (components of x) are assumed to be directly and separately mea-

surable (refer to Chapter 3 for this assumption).

As suggested by Henze et al. (1987), the Euler method can be used to numerically
integrate equation 5.11: the time is discretized with a time step of Af and then x;,

is computed at times

LL=At, ta=2At, ..., th=nAt,
using the following equation:

Tig(tn) = Tig(bnot) + AL F(X(tam), ultar). P) (5.14)
Define w™45P as the value of z;, to be predicted by model M sp, that is:

wMAP = (£
Similarly, define the vector v as:
V = [Tig (tn=1) X(bn1) T u(tn1) 7" (5.15)

The superscript T means transposed vector. The number w457 takes values from

a sub-set W of the real line R, and vector v from a multi-dimensional space V.
For the sake of simplicity, w™ will be used to designate wsf.

Now introduce the real-valued function A defined as:
H(v,p) = Ziy(ta—r) + AL f(x(bnot); u(tn-1). P) (5.16)

The expression of this function corresponds to that of the right-hand side of equation

5.14. The latter equation becomes then:

w™ = H(v,p) (5.17)
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For a fixed parameter vector p, H( . .p) represents a mapping function from V to
W:
H(.,p): V. — W

5.18
v — w"'=H(v,p) (5.18)

The parameter vector p takes values from a multi-dimensional space denoted here as

['. Define the set of functions H s, of all mappings H( . .p) withp e I:
Haase ={H(..P)| PET} (5.19)

This set will be indifferently denoted as H ;5 OF Hat-

Now assume that a sequence of instances of the couple (v, w):
Twn: (View), (Va.wa)..... (VN wN)

can be obtained from the real process operation, and consider an algorithm A that re-
ceives the sequence Y 5 as input and produces a parameter vector pemp corresponding
to the function H( . , Pemp) € Haq that best approximates the real process response.
This algorithm corresponds, of course, to the model identification procedure which

consists in minimizing an objective function:

N
Remo() = 1 3 Hw AV p)) (5.20)
2V k=1

The subscript emp means “empirical” and [(wg, H(vk. p)) represents a measure of the
loss between the desired response wy corresponding to the vector vy and the model
prediction represented by H (v, p). As was discussed previously. the quadratic loss

function will be adopted in this thesis, i.e.:
l(wg, H(Vi,p)) = lwi — H(vi. p)[? (5.21)

In what follows, the function [ will be called quadratic loss or simply loss. and the algo-

rithm corresponding to the ASP model identification procedure will be denoted as A’.

A set of mapping functions equipped with an algorithm such as A’ is called a learning
machine in the area of artificial intelligence and computational learning theory. We
have then shown above that the couple (H, A'), composed of an ASP model and an

identification procedure, is a learning machine.
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5.4 Fundamental Object of Interest in Model

Identification

The objective of the learning machine (H w1, Al is to select that particular function:
H(..po) € Hum

which best approximnates the real process response. The exact meaning of the expres-

sion “best approxirnates” and that of “real process response” are defined below.

[n section 5.2, it was explained that (. A') must be prevented from learning the
process noise in orcler to avoid overfitting. [t was pointed out that the purpose of an
ASP model is to a.pproximate what was called the process “general tendency” and
separate it from noise. To be able to evaluate the quality of such approximation.
we need to define quantitatively what the process “general tendency” is. Here is a

definition of it:

Consider the variable w that was introduced in the previous section. and

imagine a series of experiments similar to the ones discussed in section
5.1:

The vector v = [T;o(€n—1)- X(tn_1)T. u(ta_)T]7 is set at a fixed
ralue, amnd then the variable w is measured very accurately. A
numerical value of w is then obtained. Denote it as w!!l. The
same experiment is then repeated a large number of times: the
vector v is set at exactly the same value and then w is mea-
sured very accurately. In that way, we obtain a long series of
measurements:

3]
h
of the same variable w, and for a given value of v.

These measurements are realizations of the variable w. They are dis-
persed around their expected average which is to be determined under

the conditions that the vector v is given. Denote such average as:

E(w | v)
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It can be represented solely as a function of the vector v. If this function

is denoted as g, then we have:
g(v) =E(w | v)
Mathematically, g is defined as:
gv)=E(w|v)= /u w Py (wlv) dw

where P, (w|v) designates the probability density function (pdf) accord-

ing to which w arises when the vector v is given. The function g:

g: V. — W
v o g(v)=E(w|v)

represents the process “general tendency” and is called process response

function. It is the main object of interest in ASP model identification.

The purpose of an ASP model is then to best approximate the process “general
tendency” g. Now we need to define the meaning of “best approzimation”. To do so.
we will make use of the metric D defined in Chapter 4. [t has been shown that this
metric can be used to define the closeness of two given functions. If H( . .p) is a
function of the set H.. then the distance between this function and g is measured

by the number:

D(H(..p). 9) = VE(H(. .p) = g?) = \/ JLUH (. p). gv)) P (v) dv

where P, is the pdf of v and [ is the quadratic loss. The smaller the number
D(H( . .p). g), the better the approximation of g by the model representation

H( . .p) corresponding to the parameter vector p. Consequently:
“better approrimation of g by the model” means “smaller number D(H( . .p). g)”

The objective of the ASP learning machine LM = (H . A') is then to select, from the
set H g, that particular function H( ., po) that minimizes the distance D(H (. .p). g)

considered as a function of the parameter vector p.



Chapter 6

Mathematical Framework for
Uncertainty Modelling and

Management

6.1 General Description

[n a certain environment £, a situation v arises randomly and a transformer 7 acts
and assigns to this situation v a number w obtained as a result of the realization
of a random trial. Formally, situation v represents a vector that takes values from
an abstract space V called instance space. It is generated according to a fired but
unknown probability density function (pdf) P, defined on V. The number w. which
is dependent on v. takes values from another space IV C R called outcome space.
[t is generated according to a conditional pdf Py defined on IV, also fized but un-
known. The mathematical object (v, w) arises then in the product space Z = V' x IV
(called sample space) according to the joint pdf Pv.w) = PvPyv. which characterizes
the probabilistic environment £. In what follows, the couple (v,w) is denoted as z
(to mean that it takes values from the sample space Z). Using this notation, the joint
pdf P . is then denoted as P.. The vector v will be indifferently called “situation”

or “instance” and the number w “outcome” or “transformer’s response”.

[f the behaviour of transformer 7 is governed by a process which is a dynamic one,
this transformer would usually possess several different operating modes. To each

mode would correspond a different pdf P. and a different range of variation of v and
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w. To illustrate what is meant by “operating mode” here, consider for instance the
behaviour of an automotive engine: the operating conditions of such an engine are
not the same when the car is climbing a hill and when it is driving along a highway.
In the first case, the engine develops a very high torque and the speed is low, while
in the second case, the same engine operates under opposite conditions: the speed is
high but the torque is low. Another example that illustrates this concept of “oper-
ating mode” is a wastewater treatment plant using the activated sludge process: the
operation of this plant can use little return of sludge and low solids in the aeration
tank in order to achieve the objective of removing soluble substrate with relatively low
oxygen supply. But this plant could also be operated with the purpose of aerobically
destroving all of the organic solids in the waste, which can be done by returning all
the sludge to the aeration tank. Thus, the same plant could operate under different
operating conditions. In what follows, the operating mode of the transformer 7 will

be denoted by OM.

Associated with the environment &€ = (7,0M, z, P.) is a learning machine LM
whose objective is to understand the behaviour of the transformer 7. [t receives a

finite sequence Y 5 of NV training examples:
TN : (V[ . Wy )7 (V?.’ u—"l)a R (Vi\fr UJN)

or, using the z-notation:

generated and measured in the probabilistic environment £ as a result of one real-
ization of this same environment. Based on these training examples, the learning
machine £M selects a strategy that specifies the best approximation w®" of the
transformer’s response for each instance v. Once this strategy is selected. it will be
used on all future situations v arising in the environment £, in order to predict the
transformer’s responses. This strategy, which is mathematically a mapping function
from V into W, is called a decision rule and is chosen from a fixed functional space

‘H called decision rule space.

The goal of LM is then to select, from the space H. that particular decision rule which

best approximates the transformer’s response. What is meant by the expression:

“decision rule which best approrimates the transformer’s response”?
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This question has already been addressed in the previous Chapter where it has been
pointed out that “best approzimation of the transformer’s response” means “closeness
to the transformer’s “general tendency™ . Closeness is understood in the sense of the
metric D. After receiving the sequence T n of training examples, the learning machine
LM selects that particular decision rule kg that minimizes D(k, g7) on the space H (h
designates an element of H and g7 the transformer’s “general tendency”). Formally,

this means finding the minimum of the function:

D(..g7): H — R+
h — 'D(h,gT)

and the decision rule kg at which this minimum is attained. To do so. LM imple-
ments an algorithm A4 whose ultimate goal is to find h¢ on the basis of the finite

sequence Yy of training examples.

Note that the expression of D is the same as was given in previous chapter, that is:

D(h.g) = BUGE) 9700 ) = || [ 1) g7 0D R dv (6.1)

where [ is the quadratic loss. The learning machine’s algorithm will be indifferently

denoted as A or A'. The expression of g7 is also as defined in previous chapter:
T (v) =E(w | v) = [ L Pu(w | v) dw (6.2)
Note that w is related to g7 (v) through the following relationship:
w=gT(v)+e (6.3)

where ¢ is the noise associated with the probabilistic environment £ (see equations
5.3 and 5.9 for a similar relationship). By the properties of conditional expectation,
it follows from 6.3 that:

E(|v)=0 (6.4)

Remark: The decision rule space H is considered to be indexed by a subset of ™ for some n > 1,
that is. there exist an integer n > | and a subset T C R™. such that the space H can be expressed as
follows: H = {hp| p € T'}. This is the case in most applications, including the one that is developed

in this thesis.
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6.2 Overcoming the First Obstacle in Minimizing
D(h, g")

The objective of the learning machine LM = (H,.A') is to minimize the distance
D(h. g7) over all the decision rule space H. This distance involves two functions: A
and ¢g7. The function 4 is an element of the space H and. as such, it is well known to
L M: once the components of v are measured, the value of h(v) is readily computable.
The problem however is g7. Not only it is an unknown function and impossible to
derive from first principles, but there is no operational way of getting even sample
measurements or any empirical information about it. g7 is indeed buried in noise.
What we can measure, with respect to the transformer’s response, is the outcome w,

and w contains in it both the value of g7 and noise, all mixed up.

So how should £LM proceed to minimize D(h. g7 ), when the only information it can
get is in the form of noise-corrupted measurements of the outcome w and, of course,
the instance v? Theorem 6.1 will be of great help. Before stating it, we need the

following definition:

Definition 6.1 (Expected Risk) Let £ = (7,0M.z. P.) be a probabilistic envi-
ronment and. associated with it. a learning machine LM = (H.A!). Let h € H be
a decision rule. The expected Tisk R(h) of h is defined as the expected value of the
random variable:

[(A(Vv).w) = |h(V) — w]?
when the vector z = (v,w) is drawn at random in the sample space Z = V x ¥V
according to the pdf P. = P, ) corresponding to environment £. Formally, it is:

R(h) = E( l(h(V), w) ) = / - l(h(V). 'LU) Ij(v.w)(v- 'w) dv dw (65)

Vxl

Also, to simplifly the notations. we need the following definition:

Definition 6.2 (Simplifying Notations) Let &€ = (T,OM, z. P.) be a probabilis-
tic environment and, associated with it, a learning machine LM = (H, A'). For
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every decision rule h € H. we define the real-valued function l, on the sample space
Z =V x W as follows:

V(iv,w) e V x W, [y(v,w) = l(h(V),w) (6.6)

Hence. using the z-notation, equations 6.6 and 6.5 become:

z=(v.w) € Z, Ix(z) =Il(h(v).,w) (6.7)

VYhe H. R(R) =E(x(z)) = /Z In(2) Pa(z) d= (6.8)

Theorem 6.1 (Transition D(h,g7) — R(h) ) Let £ = (T.0OM. z. P.) be a prob-
abilistic environment and, associated with it, a learning machine LM = (H., A"). Let
ho € H be a fired decision rule. Then the function:

h— D(h,g")
is minimal at hg if and only if the function:
h — R(h)
is minimal at hg.
Proof. Using equation 6.2, it can be shown that the equality:
R = [ [w=g" (V)] Py (v.w) dv dw + [D(h. g7)]? (6.9)

holds true for all h € H. Since the integral [, y-[w — g7 (V)] Py (V. w) dvdw is
independent of A, it follows that D(h, g7) is minimal if and only if R(h) is minimal,

and that both functions attain their minimum at the same function hq.0O

Theorem 6.1 is very important in simplifying the learning problem LM is faced

with. What it means is that minimizing D(h, g7) or, equivalently, the square of it
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[D(h.gT)]? over H amounts to minimizing R(h) over the decision rule space. Look

at the expressions of these two functions [D(A, g7)]* and R(h):
[D(h, g7 = E(UA(v). g7(v)) ) (6.10)

and

R(h) = E({(h(v),w)) (6.11)
From these expressions, it can be seen that, in the course of minimizing D(h, g7),
theorem 6.1 allows us to replace the unknown and non-measurable noise-free value
gT (v) by the measurable noise-corrupted value w, without loosing information on

that decision rule hg at which the minimum of D(h. g7) is attained.

The following theorem will be helpful for the development of process uncertainty

models such as inequality <.25:

Theorem 6.2 (First Inequality) Let £ = (7T,0M, z, P.) be a probabilistic envi-
ronment and, associated with it. a learning machine LM = (H, A'). Then the in-
equality:

[D(h.g7)]> < R(R) (6.12)

holds true for any rule h € H.

Proof. This inequality is a direct consequence of equality 6.9.01

6.3 Second Obstacle: P. is not known to LM

Theorem 6.1 is still not enough for LM to proceed to the determination of the rule
hg that minimizes D(h.g?). This is because R(h) is function of the pdf P:: this
pdf embodies all sources of uncertainty in the environment £ and, as such, it is not
known. The objective — and the power — of the framework developed here consists
in avoiding any strong a priori assumption regarding the sources of uncertainty in £.

Consequently, in what follows, P. is considered fixed but unknown.

Now, having taken this stand on P-.., we have to find a way of minimizing R(h) on

the basis of only a finite number NV of training examples z;, 2, ..., zy. How to do
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that? By introducing a principle called Znductive Principle of Empirical Risk
Minimization (ZPERM). This principle has emerged in the mid-eighties as a
result of an extensive research work by Vapnik (1982, 1995, 1998) and that of Vapnik
and Chervonenkis (1968, 1981, 1991) in the area of mathematical statistics and its

applications to computational machine learning theory.

6.4 Inductive Principle of Empirical Risk Mini-

mization

Before we state the ZPER M, we need to define the meaning of empirical risk of a

decision rule:

Definition 6.3 (Empirical Risk) Let £ = (7.0OM., z, P.) be a probabilistic envi-
ronment and, associated with it, a learning machine LM = (H, A"). Let h € H be a
decision rule and X x = (21, 22,...,2n) a finite sequence of N training examples gen-
erated and measured in the probabilistic environment £ as a result of one realization
of this same environment. The empirical risk REN,(h) of h on the sequence Yy is

defined as the arithmetic mean of the sequence of numbers:
(ln(z:))i=12..

that is:
Ty 1 & _
Ry (h) = ~ ;lh(zi) (6.13)

Expected and empirical risks. R(h) and R};ﬁ\;,(h), may seem to introduce new concepts
in this framework, but they are not if we go back to the concepts of probability theory.
To see that, fix a decision rule A in the space H. Since z is a random variable (see the
general description of the framework at section 5.1), the number [,(z) is then also a

random variable. Denote it as &, that is:
& =1n(z)

(Recall that h is fixed) From probability theory, we know that there are two measures

of the central tendency of a random variable such as §:
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e an empirical measure: given a series of realizations &, &. ..., &x of the variable
£, this measure is constructed by computing the arithmetic average (3°;&)/V

of this series.

e a mathematical measure: this measure is expressed in terms of the pdf P: of £,

that is: [ EFg(&) d€. It is called expected value.

In this framework, Rg;,—l‘;,(h) represents the empirical measure of the central tendency
of € = Ily(z) and R(h) represents the mathematical one. The former measure is
approrimate but computable, the latter is exact but unknown. Also, note that, under
some conditions with respect to the dependency and heterogeneity of the realizations
&;. the empirical measure converges to the mathematical one when AV is made infinitely
large (White, 1984). This is known as the Law of Large Numbers in probability theory.
Applying this law to the case of the expected and empirical risks, we get that RXY (h)

D
converges (in probability) to R(h) as NN is made infinitely large. That is:

RXX (h) — R(h) as N — oo (6.14)

P

The reader should note a very important fact here: the convergence 6.14 is valid for a
fized decision rule h in the space H. This is called pointwise convergence, as opposed
to another tyvpe of convergence (called uniform convergence) that is discussed briefly
in the next sections. The term “pointwise” refers to the fact that the convergence
6.14 occurs only for fixed points (in mathematics, elements of any space can be called

points) of H and not for all points of this space simultaneously.

Now, let us state the ZPER M. This principle consists in implementing the following

two actions:

e action 1: replace the expected risk R(k) by the empirical risk RLY,(h) com-

puted on the basis of one training sequence Y y;

e action 2: take the decision rule RLY, at which RXY,(h) reaches its minimum as

a good representation of the best rule hg that minimizes the expected risk R(h).

Therefore, the implementation of the ZPERM comes down to minimizing the em-
pirical risk RX~ (h), instead of the expected one R(h), over the space H and then

emp
choosing that decision rule AXY at which the minimum of RXY

emp emy(R) is reached to

describe the transformer’s behaviour. Wastewater engineers have been using this
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procedure for process model identification for years. The reader may then wonder
why we are developing a new mathematical framework, if all what we are going to do

is to turn back to the traditional model identification procedure? What is the point?

This framework is not about inventing new procedures, but rationalizing existing ones
and modelling the uncertainty that is associated with them. Wastewater engineers
have been using the traditional identification procedure without being aware of the

transitions:

D(h.g7) — R(h) — Rz},(h) (6.15)

Their decision to rely on empirical risk minimization may be explained by the fact
that mechanistic models are usually assumed to contain adequate a prior information
about the real process and, as a result, very little information would be lost in the
transition:

R(R) — Rz (h) (6-16)

p

Now we know that this is not true: biological processes are very complex and all
existing models represent just a simplified picture of the real process behaviour (see
Jeppsson’s statement in section 2.2). If the sequence YTy is a finite one. then there
is definitely a loss of information in the transition 6.16. that has always been ignored
by wastewater engineers. The aim of this framework is to rationalize and investigate
the validity of this transition. First, we determine in what cases the replacement of
R(h) by R},,-L‘;,(h) can be legitimatized and. second, evaluate the loss of information

that occurs in the course of this replacement. To do so. we need to examine the
applicability of the ZPERM., for which Vapnik’s results will be of great help.

6.5 Applicability of the TPERM

[n the transition:
D(h.¢T) — R(h) (6.17)

there is absolutely no information loss, by virtue of theorem 6.1. As a result, R(h) can
be considered as an exact measure of the performance of the decision rule h when this
rule is selected by LM as an approximation of g7. The transition that is problematic
is the second one:

R(h) — RXX (R)

emp
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RXx (h) is indeed just an estimation of R(h). Of course. one may argue that replacing

R(h) by RXy(h). as suggested in action 1 of the IPERM, can be legitimatized by
the fact that, according to the Law of Large Numbers, R;ﬁ,(h) becomes a perfect
estimation of R(h) when the size N of the sequence Yy is made infinitely large. But.

this fact cannot be used to justify action 2 of ZPERM. Here is indeed the problem:

As was done above, denote the decision rules that minimize R(h) and

RXx (h) as hg and ALY, respectively. This is equivalent to write that:

P p*
Re(ha) = jof Re(h) (6.18)
and
R(ho) = inf R(h) (6.19)

REH
Action 2 of the ZPER M stipulates to take h};;};, as a good representation
of the best rule ho. For this to be justified, we need to ensure that hZY, is
very “close” to minimizing the expected risk R(h) which is, as pointed out
previously, an exact measure of the rule’s performance (meaning the rule’s
closeness to g7 in the sense of D). In more concrete terms. we need that
the value R(hXY)) of the expected risk at hyY, be close to the minimum

one R(hg). for N sufficiently large. That is:
R(RXY,) — R(ho) as N — o (6.20)
(convergence is understood in probability)

[t has been shown (Vapnik and Chervonenkis, 1991) that the pointwise convergence
6.14 does not guarantee the one that is really required for the purpose of the ZPERM,
i.e., convergence 6.20. In other words, it is possible that convergence 6.1 be satis-
fied, but R(hz;,-};,) remains always far from R(hg) — even for large values of NV —,
meaning that h;‘;,-)’p would never constitute a good approximation to the transformer’s
behaviour. [t is therefore important to verify whether the ZPERM is applicable or

not before using it in any learning problems.

Taking into consideration the foregoing comments, the following definition shall be

adopted for the meaning of the applicability of the ZPERM:
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Definition 6.4 (Applicability of the TPERM) LetE = (T,0OM., z, P.) be a prob-
abilistic environment and, associated with it, a learning machine LM = (H, A"). Let
Y v be a finite sequence of N training ezamples from the environment £ and let h};;l\;,
and ho be two decision rules that minimize the risks RL¥ (h) and R(h), respectively
(refer to equations 6.18 and 6.19). The TPERM is said to be applicable to (€, LM)
if. for any £ > 0, the following equality holds true:

lim Pr (5271_)[ S[R(h), REY,(R)] > e) =0 (6.21)

N—oc h

§ being a deviation measure defined on the real line.

Now that the applicability of ZPER M has been defined, we need to develop a simple
method of verifying it. In the foregoing discussion, it has been pointed out that the
pointwise convergence 6.14 is not enough to guarantee the applicability of ZPERM.
A more stringent condition regarding the empirical risk convergence needs to be im-
posed. Vapnik and Chervonenkis (1991) have shown that, for ZPERM to be applica-
ble, it is necessary and sufficient that the empirical risk R};,-I\;D(h) converges uniformly
to the expected risk R(h) over the whole space H (convergence is understood in prob-
ability). Mathematically, uniform convergence means that equation 6.21 holds true.
[ntuitively. it means that, as /V is made infinitely large, the whole curve of R}r;);,(h)
converges to that of R(h) over the space H. In this presentation. the theoretical part
of such questions will not be detailed. Instead, the reader is relerred to Vapnik’s book
“Statistical Learning Theory” (1998) for the details. In what follows, Vapnik’s results
are presented in a more practical fashion, allowing direct application to the case under
study in this thesis. The mathematical rigor is, however, preserved throughout the

whole presentation.

A criterion to verify the applicability of the ZPERM is not the only thing that
is needed here. We also want to know how much information is lost when R(h) is
replaced by R};,-l\;,(h). Here again, to evaluate this information loss, we need to define a
measure of the deviation between R(h) and RXY,(h). For this purpose. two deviation

relative measures are introduced:

e relative measure ¢, defined by:

Y(ai.a2) € R, difar.a2] = (6.22)
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e relative measure & defined by:

V(ai,a2) € V%, &lar,a0] = aL — a2

6.23
- (6.23)
Each one of these two measures will be associated with a different weak prior infor-
mation about (£, LM).

Using these measures, the following theorem 6.3 defines sufficient conditions for the
applicability of ZPER M and helps evaluate the loss of information that occurs when
R(h) is replaced by RXX (h):

emp

Theorem 6.3 (Applicability of the ZPERM) LetE = (T,0OM. z. P-) be a prob-
abilistic environment and, associated with it, a learning machine LM = (H., A"). Let
Y be a finite sequence of N training examples from the environment £ and n a real
number in the interval |0, 1[. Let § be one of the deviation measures §, or d>. If it is
possible to establish some Weak Prior Information WPZT about (£, LM) and con-
struct a function C dependent on N, the whole set H, WPZ and the number n such
that both statements 1 and 2 listed below hold true, then the TPERM s applicable
to (£, LM). When such function:

C=C(N.H.WPZL.n)

erists, the ITPERM is said to be d-applicable to (E.LM) with the bound
C(N.H.WPL.n).

e Statement 1: for any n €|0, L{. the inequality:
sup S[R(h), REY,(h)] < C(N. H,.WPZ.n)
heH
is satisfied with probability of at least 1 —1).
e Statement 2: when H.n and WPIL are fized, then:

lim C(N.H.WPZI.n) =0
N—cc

Proof. Let £ > 0 and n €]0, 1] be two fixed numbers. From statement 2. we infer
that:
ANg € R, YN > Ny, C(N.H. WPI,n) <e
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Then, from statement 1, we get that for N > Ny, the inequality:

sup S[R(h), RE3(h)] < &

heH
is satisfied with probability of at least 1 — 7. That is:

Pr (sup S[R(R), R;f,f;,(h)] > 5) <n

heH

Thus, we have shown that, for any £ > O:
Vn €]0, 1. ANy €R, VN > Ny, Pr (sup O[R(R). R};,-,‘;,(h)] > s) <n
heH

which means, by definition, that:

lim Pr (sup O[R(R), Rz;;:;,(h)] > 5) =0 )
N—occ heH

Now recall that one of the objectives of this study is to develop an uncertainty model
such as the one represented by inequality 1.25. The following theorem defines a way

of developing such model:

Theorem 6.4 (Uncertainty Model) Let& = (7,0M, z, P.) be a probabilistic en-
vironment and, associated with it, a learning machine LM = (H, A'). Let X be a
finite sequence of N training examples from the environment £ and n a real number
in the interval |0, 1[. Let WPZ be some weak prior information about (£, LM) and

hXx, a decision rule at which the empirical risk RIX(h) reaches its minimum.

o [f the TPERM is §;-applicable to (€. LM) with the bound C(N, H.WPI.n).

then the inequality:

[DREY,. 9T)F < RIN(AEY) +

—= emp

C*(N,H.WPI.n) ARy (hXx)
' 6.2-
2 (1 N J b C2(N,H,WPL,n) (6-21)

holds true with probability of at least 1 — 1.
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o [f the TPERM is ds-applicable to (€. LA) with the bound C(N.H.n. WPI).
then the inequality:

RXIx (RXx
‘>< emp emp 9
(D 67)F < (1 — C(N. H.WPT. 1))~ (6.25)

holds true with probability of at least 1 — np, where (a)+ = sup(a,0).

Proof. If the ZPER M is 6 -applicable to (€, LM) with the bound C(N, H, n. WPI),
then, from theorem 6.3, it follows that (all inequalities hold with probability of at

least 1 — n):
T\
Rlhery) — Baiplhens) o oo 10 WpT, )
\/R(h'emp
Hence:
R(h ) < R (h'emp)

C2(N.H.WPL.n) N 4 RIx (hEX,)
5 C2(N,H.WPI.n)

A

and then, from theorem 6.2, it follows that:

[D(hEy%a" )P < RIN(hay) +

emp

C2(N,H,WPL,n) . 4RI (R
2 " CYN.H,WPIL,n)

Similarly, if the ZPER M is da-applicable to (£, LM) with the bound C(N. H.n, WPT).

then, from theorem 6.3, it follows that:

R(h&) — Ra(hann)

empl < C(N, H.WPIL.n
R(hTy) ( )
and then:
[D(REY, 9T < R(RLY,) < PG O

(1 - C("Vf H: WPI' ’7))+

The bound on the squared distance [’D(hemP g7)]?, when it exists, is called guaranteed
deviation between hXy and g7, and denoted as ¢ or o(N.H, RIY,(hXY). WPL, ).

emp
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6.6 The Vapnik-Chervonenkis (VC) Dimension

One of the objects which the guaranteed deviation ¢ is dependent on is the whole set
‘H of decision rules. Now we need to know exactly what characteristic of H affects
v and the uncertainty models 6.24 and 6.25. From our discussion of uncertainty
model development in Chapter 3, it can be easily inferred that this characteristic
is the complexity of H. The objective of this section is to define a measure of this
complexity. This measure is known as the Vapnik-Chervonenkis dimension, or simply
VC dimension, named in honor of its originators, Vapnik and Chervonenkis (1968).
The definition of this dimension is quite difficult to assimilate from the first reading.
Because of this, an intuitive interpretation of VC dimension will be first given and,

at the end of this section, a series of illustrative examples will be presented.

6.6.1 Intuitive Introduction

Consider the following concrete example:
o Vi =R and W, =R;
e H = Hiine is the set of all functions A from V' into W such that:
vreV, h(z)=pz+p
with p = (p;. p2) € R? is the parameter vector.

If we had to assign a number to the complexity of this set of functions. then intuitively

the number two. corresponding to the number of parameters, would be the most

suitable one. Consider now this second example:
o Vo=Rand Wy =R;
o H = Hsine is the set of all functions A from V into W such that:
Yz eV, h(z)=p: sin(p2z)
with p = (p1. p2) € R® is the parameter vector.

Since the number of parameters that define this set is also two, we may be tempted
to again assign the number two to the complexity of this set. If we do so, it would

mean that Hiine and Hine have the same degree of complexity, which is obviously not
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correct: the set Hjine is a family of just straight lines, while H;pne is a complex family
of curves that can take many different shapes. The “expressive power” of Hgp. is
indeed much higher than that of Hne- As a result, it should be expected that the
compiexity of Hsine be much higher than that of Hji,e, and that is what we get when
we consider the VC dimension as a measure of the complexity of the decision rule

space.

[ntuitively, the VC dimension may be considered as equal to the maximum number of
points that the curves representing the functions of the decision rule space can pass
through simultaneously. Straight lines (functions defined by h(zr) = piz + p2. space
Hiine) can pass through any 2 points, but not any 3 points. Parabolas (functions
defined by h(z) = piz> + poT + p3. space Hparap) can pass through any 3 points, but
not any 4 points. Sine functions (h(z) = p; sin(psz), space Hsine) can pass through
any number of points. Hence, if the VC dimension of a space H is denoted as q(H).
then:

(I(Hline) =2
(I(Hpa.rab) =3
Q(Hsine) =0

The foregoing intuitive interpretation of VC dimension is approximate. A more precise

definition of it is given in the next section.

6.6.2 Definitions

For every set [, the notation 2/ will designate the set of all subsets of /.

Definition 6.5 (VC Dimension of a Family of Sets) Let G be some space (R"
with n > 0 for ezample or any other space). Let G be a family of subsets of G
(examples of G in the case of G = R* are the family of all open (or closed) balls of
R2 or the family of all half planes of R2) and [ a finite subset of G. Let [19([) be the
subset of 2! defined as follows:

() ={Ae2/|3FeG.A=FnlI}

The finite set [ is said to be shattered by the family of sets G if [19(1) = 2. The
largest integer q such that some finite subset [ C G of size q is shattered by G is
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called the Vapnik-Chervonenkis dimension (VC dimension) of the family G. [t is
denoted by q = q(G). If such integer q does not ezist, then the VC dimension of G is

said to be infinite.

Definition 6.6 (VC Dimension of a Family of Functions) Let F be a family of
real-valued functions on some space G and [ a finite subset of G. For every function
[ € F, define the subset pos(f) of the space G as follows:

pos(f) = {a € G| f(a) > 0}
Then define the family pos(F) of subsets of G as follows:
pos(F) = {pos(f)| f € F}

The finite set [ is said to be shattered by the family of real-valued functions F, if it is
shattered by the family of subsets pos(F). The Vapnik-Chervonenkis dimension (VC
dimension) q(F) of the family F of real-valued functions is. by definition, equal to
the Vapnik-Chervonenkis dimension of the family of subsets pos(F):

q(F) = q(pos(F))

The VC dimension is then a purely combinatorial concept that has, a priori, no con-
nection with the geometric notion of dimension. In most situations, it is difficult to
evaluate the VC dimension by analytic means. Usually, all that it is possible is to
determine a bound on the VC dimension. that is, establish an inequality of the form:
g(F) < qo (go € R). Also in some cases the VC dimension is simply approximated by
the free parameters of the family F. The following theorem shows how to determine
it in some particular cases. [t also establishes a link with the geometric notion of

cdimension.

Theorem 6.5 (VC Dimension and Vector Space) Let F be a famuly of real-
valued functions on some spuce G. Fic any function fo from G into R and let Fy be
the new family of functions defined by Fo = fo+ F = {fo+ f| f € F}. If F is an

m-dimensional real vector space, then the VC dimension q(F) of Fo ts equal to m:

q(Fo) =m
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Proof. Refer to Wenocur and Dudley (1981) for the proof of this theorem O.

6.6.3 Examples

e Example 1: Consider the family of functions h defined from the space G = }&™
(n € R° ) into {0.1} by:

where p = (p1.pa. .. .. Pn. 0) € ™" is the parameter vector and ¢ is defined by
(real threshold 8):

, _J 1 ifez0

w(a)'{ 0 ifa<0

This family of functions is known as the perceptron and is used in pattern

recognition. [ts VC dimension is equal to n + 1 (Anthony and Biggs, 1992).

e Example 2: Consider the family of real-valued functions h defined on some

space G by:
vxe G, hpx) = Zpi'z,/),-(x)
=1
where p = (p1.pa2.---.Pn) € R" is the parameter vector and v, @, ..., ¥y

is a sequence of n linearly independent real-valued functions. The VC dimen-
sion of this family of functions is equal to n (Vapnik, 1982). Note that the
determination of this VC dimension results directly from theorem 6.5.

e Example 3: Consider the family of functions A, defined on G = R? by:

2

Y(z.y) € R:  hp(z.y) = (y — polya(z. p))

a polynomial function of degree n defined by:

n

Ve €R.  polyn(T,P) = po+ PIT + P2 + ... + PaT

The VC dimension of this family of functions hp is at most 2n + 2 (Vapnik,
1995)
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e Example 4: Consider the family of functions i, defined on G = R by:
Yz €R, hp(z) = pisin(psz)

where p = (p;.p2) € R? is the parameter vector. The VC dimension of this
family of functions is infinite (Vapnik, 1995).

From these examples, it can be seen that, generally speaking. the VC dimension of
a family of functions is not always related to the nurnber of parameters. [t can be
larger (example 4), equal (examples 1 and 2) or smaller (see Vapnik, 1995 where new

types of learning machines were constructed) than the number of parameters.

6.7 VC dimension and applicability of the ZTPER M

In section 6.5, the concept of applicability of ZPER M and that of guaranteed de-
viation between the decision rule hlY, that minimizes the empirical risk and the
transformer’s response function g7 were introduced. However, no methodology has
been developed to determine the expression of the function C = C(N,H. WPZI,n)
(see theorems 6.3 and 6.4), which is the key function in implementing those concepts.
In this section, some fundamental results with respect to the determination of such
function are presented. These results make use of the VC dimension concept defined
in the previous section and they are due to Vapnik (1998). Applications of these re-

sults to model identification and quality evaluation will be discussed in next Chapters.

Before stating these results, we need to define a new space [ and five different con-

citions.

Definition 6.7 (Space ly) Let € = (T,0OM, z. P;) be a probabilistic environment
and. associated with it, a learning machine LM = (H, A'). For every decision rule
h € H and a real number 3 € R, we define the real-valued functions l,3 on the

sample space Z =V x W as follows:
Vze€ Z, lpg(z) =1(z) —8
The functional space of all functions ln 3 will be denoted by ly:

Iy = {lnsl (h.8) € H x R}
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Now let us define the following conditions C.1, C’.1, C.2. C.8 and C’.3:

C.1 Weak Prior Information (1):

There ezists a positive number M €10, +oo[ such that:

sup Ip(z) =M
heH.z€Z

C’.1 Weak Prior Information (2):
There ezist a pair (s.7) € R? with s > 2 and T < +00 such that:

sup B )

<
en  R(R) "

C.2 VC Dimension:
The VC dimension q = q(lz) of the functional space l+ is finite.

C.3 t.i.d. condition:
The training ezamples:

C1:22: -3 8N

of the sequence Y y are independent and identically distributed (i.i.d.).

C’.3 Weaker t.i.d. condition:

The real-valued random variables:

In(z1); th(z2); -..; ln(zN)

obtained by computing the values of l, at each one of the training examples z; of the

sequence Yy, are independent and identically distributed (i.i.d.) for any h € H.

Theorem 6.6 (ZPERM applicability and VC (1)) Let £€ = (7.0M,z. F;) be
a probabilistic environment and, associated with it, a learning machine LM = (H, A").
Let X n be a finite sequence of N training examples from the environment € and n a
real number in the interval |0, 1{. If the conditions C.1, C.2 and C.3 are satisfied,
then the TPERM 1is dy-applicable to (£, LM) with the bound:

C=\/Mc¢ (6.26)

where:



CHAPTER 6. Mathematical Framework 32

e The number ( is:

e g is the VC dimension q(ly) of the space l3.

Proof. Vapnik (1998) showed that, for any € > 0, the following inequality holds true:

Pr (2}512 01 [R(h), R(};,f;,(h)] > s) < 4 exp [((1 (ln (T) - 1) e ) N} (6.27)

N UM

when conditions C.1, C.2 and C.3 are satisfied (Vapnik (1998). see inequalities 5.24
and 5.12 at pages 197 and 192 respectively). Set the right hand side of the above

inequality equal to . Then the expression of z is:

e=/M(C

and, therefore, from Vapnik’s inequality, it follows that the inequality:
sup 81 [R(R). REX(R)] < /M
heH

holds true with probability of at least 1 — n.0O

Theorem 6.7 (ZPERM applicability and VC (2)) Let £ = (T.OM.z. P.) be
a probabilistic environment and, associated with it, a learning machine LM = (H, Ab).
Let X be a finite sequence of N training examples from the environment £ and 1 a
real number in the interval |0, 1[. If the conditions C’.1. C.2 and C.3 are satisfied,
then the TPERM is d2-applicable to (£, LM) with the bound:

C=(s)7/C (6.28)
where:

o v(s)= L (=)

o The number ¢ is:

o)+ 1) -m(3)]

¢ = N
e g is the VC dimension q(ly) of the space l4.
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Proof. Vapnik (1998) showed that, for any € > 0, the following inequality holds true:

Pr (sup 5o[R(R), RXX (R)] > ~+(s) ,—s) <4 exp {(q () +1) _ l) N] (6.29)
heH P N 4

when conditions C’.1, C.2 and C.3 are satisfied (Vapnik (1998). see inequalities 5.43
and 5.12 at pages 210 and 192 respectively). Set the right hand side of the above

inequality equal to 7. Then the expression of € is:

= R

and, therefore, the inequality:
sup 32(R(h). RES(R)] < ¥(s) T/¢
heH

holds true with probability of at least 1 — .0

Note that WPT is represented by the number M in theorem 6.6 and by the numbers

s and 7 in theorem 6.7.

The following theorem uses a weaker i.i.d. condition (C’.38):

Theorem 6.8 (Using condition C’.8) If the third condition C.3 in the two pre-
vious theorems 6.6 and 6.7 is replaced by the condition C’.8 and the two other con-
ditions, C.1 and C.2 for theorem 6.6 and C’.1 and C.2 for theorem 6.7. are kept
unchanged, then the TPERM is still applicable to (£, LM) with respect to the same

deviation measures §, and 6> and with the same bounds 6.26 and 6.27, respectively.

Proof. To prove inequalities 6.27 and 6.29, Vapnik (1982,1998) made use of the
weaker i.i.d. condition only. As a result, these inequalities remain true if condition
C.3 is replaced by condition C’.3. Consequently, the foregoing proofs of theorems
6.7 and 6.6 are still valid with condition C’.3.03

Using theorems 6.6, 6.7, 6.8 and 6.4, it is now possible to develop uncertainty models

for (€, LM) with a guaranteed deviation ¢ that is readily computable:
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Theorem 6.9 (Uncertainty Model and VC) Let £ = (7.0OM, z. P-) be a prob-
abilistic environment and, associated with it. a learning machine LM = (H, A'). Let
Y v be a finite sequence of N training examples from the environment £ and n a real
number in the interval 10, 1[. Let hLY, be a decision tule at which the empirical risk

Y.\ - ..
R_.x,(h) reaches its minimum.

e If the conditions C.1, C.2 and C’.8 are satisfied. then the inequality:

” N 1RYx (hXx
[D(RE. 97 < RIX(hEY) + re (1 + \J 1+ 1 Reip(herdy) ”)) (6.30)

emptemp] T T MC

holds true with probability of at least 1 — n.

e [f the conditions C’.1, C.2 and C’.8 are satisfied. then the inequality:

DTy, g < —eriol et (6.31
Pllena 1 < T3 6710 A1)

holds true with probability of at least 1 — 1.

x (a), = sup(a.0) for any number a € RN:

* y(s) = 5 (=4)

* The number ¢ is:

_an () + ) -n(@)] -

x q s the VC dimension q(ly) of the space l.

Proof. This theorem is a direct consequence of theorems 6.8 and 6.4. O

Theorem 6.9 is the most important result of this Chapter. [t establishes two uncer-
tainty models, UM, and UM, for (£,LM). The first one, UM, is based on the
weak prior information WPZ(1) and is defined by inequality 6.30. The right-hand
side of this inequality represents the guaranteed deviation ; between h;ﬁ’p and ¢7.
developed on the basis of WPZ(1). Using this function ;. the uncertainty model

UM, can be re-written as follows:

UM, : [D(hEE. g7 < @i (N H. REX(REX). WPZ(1). 1) (6.33)

emp: g emp
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with:

PL(N. M, RES(REX), WPI(1).n) = RIN(hyY)+

M C 4 Rg‘m.\p( emp) P
-—é— (1 + J [ + —./\—fé—— (6.344)

The second model, &/ M. is based on the weak prior information WPZ(2) and is

defined by inequality 6.31. Denoting the right-hand side of this inequality as 2
(guaranteed deviation developed on the basis of WPZ(2)). the uncertainty model

U M- can be re-written as:

UM = (D¢ < pa(N. M. RES(HES). WPTR)n)  (639)
with: RT h
oo, H, REG (5, WPT(2), ) = el (6.36)

—7(s) TV«
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Chapter 7

Modelling the Uncertainty in the
Activated Sludge Process

7.1 Introduction

The purpose of this Chapter is to investigate the uncertainty that underlies the be-
haviour of a simple activated sludge wastewater treatment plant composed of a com-
pletely mixed reactor and a secondary clarifier. This investigation is carried out under
the conditions that the plant’s behaviour is approximated by the following mechanis-
tic model M:

X p— (ansnn‘l'QrSr) _(Qin+Qr) _ kS
S = v S Ks+sX
M (7.1)
¥ — (Qan-\’in'*‘Qr-\'r) . (an'*‘Qr" S —
X = Qe FUIX X - bX

The variables and parameters of this model are defined below:

e S is the substrate concentration in the bio-reactor and effluent (process first

state variable).

e X is the microorganisms concentration in the bio-reactor and effluent (process

second state variable).
e (Q is the flow rate.
e the subscript ;, means influent.

e the subscript , means recycle.

87
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e V is the bio-reactor volume.
e i.b. k, Kg are the model parameters.

The equations of model M can be re-arranged differently: define the input vector u

as:

u = (Q—[;n~ %7 Sin1 Sr: Xi‘l’l? —¥r> (7'2)

and the unit vectors &; of the space R® whose ith component is 1 and all other

components are 0. Then model M can be re-written as:

S = (us.uy) — (@uh)S +rs(S. X, ps)
M (7.3)
X = (ux.ub) — (@u5)X +rx(S. X.px)

where:
e The superscript 7 means transposed vector.
o up = [wET, wEl] = [%n, Er]
o us = [u.&;", u.e,’] = [Sin. S5
o uy = (&5, u.es’ | = [Xin. X+l
o a=[1,1]
e r5(S. X, ps) is the rate of biodegradation of S. [ts expression is defined as:

kS

T‘S(S, X. ps) = —[(5 T S."(

e (S, X, px) is the rate of growth of X defined as:

rv(S, X, px) = BHS v _px

—[\,S'Jr-S

e ps and py represent parameter vectors defined by:
ps = (k, Ks)

px = (tu. b, Ks)
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In ASP mathematical modelling. one often hears assertions such as “the more data
we have, the better it is for model identification”. While this is a fact, such assertion
implies that the only way of getting the best approximation of the plant’s behaviour
would be by supplying an infinite amount of data to the model identification proce-
dure. Since data sets are always finite and usually of a small size. poor predictions
by the identified model are often attributed to the lack of adequate amount of data.
[n addition, if the process model is too complex, lack of model identifiability is also
blamed. If, on the other hand, the model is too simple the explanation of poor model
predictions is usually straightforward: the simple model structure does not account

for all the process dynamical modes.

Up until now, there is no general methodology to account for the effect of each of these
parameters — lack of data, model complexity. model simplicity — on the quality of
an ASP model prediction. We do not have answers to the questions of “when and
what causes what”. In this Chapter and next ones, it will be shown how the math-
ematical framework of Chapter 6 can be utilized to address such crucial questions.
More specifically, in this Chapter. uncertainty models for the ASP will be developed.
Based on these models and other ones developed in Chapter 9, a study of uncertainty

management in the ASP will be carried out in Chapters 8 and 10.

The purpose of next section is to define the mathematical objects:
87 T? V. ‘LU?PV? Pw|v

(see previous Chapter) for a wastewater treatment plant. The subscript 4sp will be
used occasionally to indicate that these objects pertain to an activated sludge process

plant.

7.2 Environment £,;, for a Wastewater Treatment
Plant

The probabilistic environment &,,, for a wastewater treatment plant can be an urban
area, a city, a small community or a watershed. The transformer 7., is the wastew-

ater treatment plant itself, which is located within the environment &,,,. This plant
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uses an activated sludge process (this study is limited to the ASP only) to treat the
wastewater generated in &,,. The situation v encompasses the inputs to the plant
and the state variables of the ASP. It takes all its values in a space V. The proba-
bility density function P, is a characteristic of the nature and amount of uncertainty
associated with the environment &,,,. Two environments Eqsp, and Eqsp, with similar
features (population, people’s customs, types of industries, climate, plant configura-
tion, ...) would have almost the same probability density function. The outcome
w is the future value of one state variable of the treatment process. In this study,
w can be either the substrate concentration S or the microorganisms concentration
X. In what follows, the former concentration is selected: w = S(¢). This variable
takes values from some subspace W of ®. The conditional probability density func-
tion, P,jv. of the outcome w given the instance v is a characteristic of the plant 7.
Two plants Zgsp, and Zasp, with similar design, history, operating mode and control

strategy would have almost the same conditional probability density function.

7.3 Learning Machine for the Environment &,
As was suggested by Henze et al. (1987). the model’s first differential equation:
§ = (us.ub) — (@ub)S +rs(S. X.ps) (7-4)

can be integrated using the Euler method: the time is discretized with a time step of

At and then the values of the substrate concentration S are computed at times

using the following equation:

S(tn) = S(tp—1) +
At [(us(tnt1)-uS(tam1)) — (@1G(ta1)) S(tnor) + 15(S(En-1). X (tn1). Ps)]
For the sake of notation simplification, the subscript , is used to designate a vari-

able value at time instant £, = n At. Using this convention, the previous equation

becomes:

Sp = Sp_1 + At {(us,_, .ugn_l) — (('[.ugn_,) Spot +75(Sn-1. Xn-1:Ps)] (7.

=~
n
~—
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The situation vector v consists of the values S,_, and X,_; of the substrate and
microorganisms concentrations, and of the relevant components of the input vector

Uu,_; at time instant (n — 1) A¢, i.e., the components of ug,_,

Qinn_l an—l
v Vv
and those of us,_,
Sinn_l H Sl‘n—l
Formally, v is:
vV = {S 1 X, 1 Qinn_l . an_l . S; .S ] (T 6)
n—l:<‘n—1: vV , 7 Mp—t* ~Tan-i .

In most real-world situations, the variations of X over time are relatively small. In
this study, it will be considered that these small variations of X(¢) are known. If not,
then X (t) will be assumed close to Xp, i.e.. X(t) = Xo. where X, (and Sp) are the
initial concentration(s) which, in turn, correspond to the steady state conditions of
the process. This assumption needs to be investigated further in connection with the
process observability study (see Chapter 3, section on research needs for the ASP),

which is beyond the scope of this work.

Thus, if the approximation X (f) = X is assumed, v would become:

Qinn—l an—l
v v 5

Otherwise, v will be defined by equation 7.6.

vV = [Sn—[7 Np_1° Sr,,,-;] (T-T)

Since the outcome w is equal to the concentration S, to be predicted. equation 7.5

can be written as:
w = H(v.ps)
where the function H is defined by:
H(v.ps) = Saot + At [(us,_,ub, ) — (@ub, ) Sa—t +75(Sa-t. Xa—1. Ps)]
The parameter vector ps = (k. Ks) takes values from a certain space
[ =0T x ey CR2

Based on the extensive experience of researchers and practitioners in the area of

wastewater engineering, it has been established that k£ and Kgs take only positive
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values for any operating mode OM of the plant 7, and vary within a pretty nar-
row range of ®+. Therefore, the parameter space I" is only a small subset of R+2.
Also, given the fact that the outcome w and all components of the vector v represent
physical variables (a concentration, a flow rate or a volume) and, therefore, are neces-
sarily bounded, the outcome space W and the instance space V' are subsets of R and
R+6 respectively. Note that the components of the parameter vector ps appear only
in one term in the expression of H(v.ps): the rate rs(S,—i. Xn—1.Ps) of substrate

biodegradation.

Now define the functional space H*! by:
HM = {H(..ps): V —W|pserl}

The functions H( . . ps) of this space compute the value of the solution S;,"s‘ to the

differential equation 7.4 at time t = n A¢:
vweV, H(v.ps) = S;,"S’(n At)
S;,"s’ (n At) represents the model prediction for S at t = n At.
Now, denote the process model identification algorithm as A’. where [ is the quadratic

loss function. Then the couple LM, = (HM. A') represents the learning machine

to be associated with the environment &,,,. and the space H™M the decision rule space.

[f the components of the instance vector v are denoted as v, ta. U3, 4. Us. ¢ and those

of the parameter vector ps as p;, p2, then the expression of H(v.pg) becomes:

o

Us

5 1 AN
H(v, =v + At v3 Uy] — vs U] U] — ————a 7.8
(v.ps) =v + (l:vs][u3 i) {1}[03 vy] v .D-z‘*-b'lb-) (7.8)

7.4 VC Dimension of the Space ;v

The space [ has been defined in Chapter 6. [ts VC dimension g(l.v) is needed for
the calculation of the guaranteed deviation  and for uncertainty model development.
As pointed out in Chapter 6, evaluating VC dimensions by analytical means is usu-
ally difficult and, in most situations, all that is possible to determine is a bound on

the value of this dimension. This section is about finding a bound on ¢(l{3.v), using
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rigorous mathematical proofs.

Theorem 7.1 The VC dimension q = q(l~) of the functional space Iy associated

with the decision rule space H™* is at most 8.

Proof. The VC dimension q(lzm) of 3 is by definition equal to q(pos(lym}). For
every (h,.3) € HM xR+ and (v, w) € V x W, the following inequalities are equivalent:

lhs(v.w) >0

lh(v.w)— 3>0
{w,h(v)) —8>0

Considering the parameter vector ps € [ that corresponds to the decision rule h and
then replacing h by H(v.ps), it is easy to see that, for every (ps.3) € [ x R and

(v.w) € V x ¥, all the following inequalities are also equivalent:
l(w,h(v)) —3>0

l(w.H(v.ps)) —3>0
(w— H(v.ps))2=3>0

Us i 1 i " -
('w — v — At. ([ ; } [vs va] — ) [vz vq] vy — Efl—%—_ui—lll>) —-3>0

2

Us [ 1] pL Uy
w—1v; — AL vy U] + A& vy Ug| Up + AL ) —3>0
( l [’L’GJ[J | 1 los eal et p2 + vy -)

Define the function x(v.w) by:

x(v.w) =w —v; — At [ s
Ve

1
J [vs vq] + Al [ L } [vs va] 01

Then the following inequalities are all equivalent to the previous ones:

2

Pty
Av.w) - At——v>] —3>0
('\(v’ w)+ p2 + U U') ‘
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((pa +v1) x(v.w) + At py vy v2)” — B(p2 + L[) >0

XA(v.w) v+ (p2)? XP(v.w) + 2 pa2 XP(v,w) v +
2 p2 pr At x(v,w) vy v2+2 pr Al x(V.w) (v1)? v2 +
(p1)? (A8)? (01)? (12)? =B (p2)* =28 p2v1 — 3 (v1)? > 0

From this last inequality, it can be seen that the space pos(ly) is a subset of the

space pos(fo + F). where:
e [y is the real-valued function (v.w) — x2(v, w)v;

e F is the 8-dimensional vector space generated by the 8 following real-valued

functions:
fi: (v,w) = X3 (v,w) fo: (vow) = X (v, w)v
fz i (v.w) — Y(V w) vl ve fi:(v,w)w— k(V w)(vn)” U2
fs5 o (v, w) — (11)3(v2)? fo : (v, w) —
S (v,w) — vy fs:(v.w) — (Ll

Therefore, from theorem 6.5. it can be seen that:

q(lzgm) = q(pos(lym)) < q(pos(fo + F)) = q(fo+F)) =8

Thus: q(lxm) < 8.0

Theorem 7.2 If the operating mode OM of the plant T, is such that the effluent
soluble substrate concentration v, = S,_, is negligible in comparison with the val-
ues taken by the parameter Ks = pa, that is: Sh,—i K Ks, then the VC dimension
q = q(lzym) of the functional space lym is at most 3.

Proof. When the plant operating mode OM is such that v, < ps. the form of the
functions ln3 (h = H( . .ps) € H™ and 3 € R*) of the space {3« becomes as

follows:
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V(v,w) €V x W : lpg(v.w) = l(w,H(v.ps)) — 8

2

- (X(V,w) YN v‘l)- -0

D2

lha(v,w) = xX(v.w)+2 (%) Al x(v,w) vy va+
2

P2
Therefore. the space [, is a subset of the functional space fo + F. where:

(ﬂ)' (AH? (0)? (v2)? — 3

e fo is the real-valued function (v,w) — x*(v.w);

e F is the 3-dimensional vector space generated by the 3 following real-valued
functions:
Fi:i(vow) — 2 At x(v.w) vy va
fa: (viw) = (AD)? (v1)? (v2)?

fz:(v,w)— —1

w

Hence, from theorem 6.5. we infer that:
q(lyem) < q(fo+F) =3

The theorem is proved.O

7.5 Conditions of Applicability of the ZPERM

Theorem 6.9 is a powerful one. [t states that. if a set of conditions c.1.C.1.C.2.
C.3. C’.3 on the couple (E.sp,LM,sp) are satisfied, then it is possible to develop
uncertainty models of the type of inequality 4.25 for the activated sludge process.

Formally, this means:
C.1,C’.1,C.2, C.3, C’.8 = uncertainty models are possible to develop (7.9)

All conditions of implication 7.9 are quite weak. However, it is important, from an
engineering point of view, to understand the mathematics of these conditions, analyze
their content and explain why they are reasonably satisfied in the case of the ASP.
[f physicists are primarily concerned with the mathematical validity of the logical

implication 7.9 itself, engineers need to investigate the “edges™ of this implication:
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1. how the conditions relate to reality and how to assess them; and

2. how to make use of the uncertainty models and improve ASP mathematical

modelling procedures.

This section is about investigating the first point. [t will be shown, in particular, that
the foregoing conditions are reasonably satisfied in the case of (€45p.LMsp). To do
so, we will make use of qualitative reasoning based on good engineering judgment and
heuristic arguments with respect to the real behaviour of 7., being approximated
by the model M. Simple examples to illustrate this reasoning will be given. Exist-
ing mathematical proofs and classical results of mathematical statistics will also be

utilized whenever it is possible.

7.5.1 Condition C.1: Weak Prior Znformation (1)

The main feature that makes Vapnik’s framework interesting and useful in the area
of wastewater engineering — or complex systems engineering in general — lies in its
ambition to estimate the process response function g%er without having to assume
any prior information about the probability density function P. = P, ., which is the
embodiment of all sources of uncertainty in &,5,. To carry out the estimation of glasp,
this framework utilizes the ZPERM which tries to establish a reliable conclusion
about the value of the expected risk R(h). based on the knowledge of the empirical one
R,},;-l‘;,(h) only. Unfortunately, the inductive procedure implemented by this principle
cannot be used for any arbitrary probability density function P.. Vapnik (1982) has
indeed demonstrated that, in the particular case of “large deviations™ of the real-

valued random variable:
Ih(z) = l(w, h(V))

with h € HM, it is impossible to obtain a guaranteed empirical estimator of the
expected risk R(h). In the very simplest terms, “large deviations” means here that

some “unusual” large values of the foregoing variable:
In(z) = l(w, h(v)) = [S®(ta) — Spa(ta)]?

occur in the environment &,s, with a small probability, but their contribution into
the mathematical expectation R(h) of l,(z) is, however, considerable. If P. has such
property, then the ZPERM will not be applicable and, as a result, the following

question arises: what characterizes the probability density functions for which the
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IPERM can be implemented? The objective here is to find a sufficient condition SC
on P. that guarantees the applicability of this inductive principle. In order to insure
the usefulness of the latter principle in solving real-world problems. this condition
SC should not be too restrictive. In other words, SC has to be made as weak as
possible, so that the set Psc of probability density functions on Z that satisfy SC
be as large as possible. In that way, the ZPERM will apply to a wide spectrum of

density functions and, as a result, its usefulness will augment.

The first condition SC that has been widely used in computational learning theory is
expressed as follows:

C.1: dIMeR,, sup (z)=M
heHM zeZ

or, by using a more explicit form:

C.1: dM e R, sup (w—~h(v)*=M
heHM well,vel”

The condition C.1 means that the random variable:
Ih(z) = (w — h(v))?

which expresses the deviation between the real outcome w = S(t,) that arises in &Eusp
as a response to the instance v and the prediction h(v) = S;)"s‘(tn) of the model M
is bounded. The main advantage of this tyvpe of condition is its simplicity. Several
inductive procedures, corresponding to different expressions of the guaranteed devia-
tion y, have been developed on the basis of the condition C.1. Vapnik (1982. 1995,
1998). for example, used the concept of V'C dimension to develop this inductive pro-
cedure, while Haussler (1992) and Barlett et al. (1994) used the concepts of pseudo
dimension and fat-shattering dimension, respectively. In this thesis, only Vapnik’s
results, which are believed to lead to the best uncertainty models (Theorems 6.6. 6.8

and 6.9) will be considered.

There is no doubt that the condition C.1 is satisfied in the case of an activated
sludge wastewater treatment plant 7,5, being approximated by the learning machine
LM,sp = (HM, AY). Indeed, not only the model parameters are bounded (this point
will be discussed extensively in sub-sections 7.5.3 “Condition C.27 and 7.5..1 “Con-

ditions C.8 and C’.37), but also the instance v and the outcome w, since they
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represent measurements of physical variables of the plant 7,5, The problem, how-
ever, with the use of C.1 as a base to develop the inductive procedure of ZPERM
is that there is no general method to estimate the value of the bound M. Because of
that, it is suggested here to develop an empirical procedure to carry out this estima-

tion. One such procedure can be as follows:

1. select typical values for the two components k£ and Ks of the parameter vector
ps. Plant operators usually have an approximate idea about the values of these
parameters. Some typical values can also be found in Metcalf and Eddy (1991),
Table 8-7. These values can also be taken as equal to those that are obtained
from a preliminary model identification. Designate the selected values as kp and

Ko, and the parameter vector as psg

N

Using the identification data set
YT : (Vi w), (Va, wa), -+, (V. wy)
compute the losses:

(w, — H(vi.Psg))>. (wa — H(v2, Pso))*. - (wy — H(Vy. Psg))?

3. Compute the maximum

My = e{131(1“\ (w; — H(v;, PSo))"

. Take M as equal to x Ay, where k is number greater than one.

Another procedure of estimating A/ can be based on the knowledge of the empirical

risk value RXY (hX~ ). The latter represents indeed an average of the quadratic loss

emp
lh:[,,},’,(z) = (LU he};n\p(v) )2

that is computed on the basis of the data set Y . This average is certainly less than
the bound M. Thus, M can be taken as equal to x R (hemp) with Kk > 1. [tis
this expression that will be adopted for A in the rest of this work. The number & is

considered to vary between 1 and 100:

M =k REY(h with « €]1, 100] (7.10)

em.p)
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Expression 7.10 will be used to investigate the guaranteed deviation given in inequality
6.30. In the next Chapter, it will be shown that certain rates of model improvement,
as NV increases, are relatively independent of the value of the prior information M or,

equivalently, .

7.5.2 Condition C’.1: Weak Prior Information (2)

As pointed out in previous sub-section, condition C.1I is fully satisfied for 7,5, when
the learning machine is implemented by a mechanistic model such as M. However,
this is not guaranteed, if LM is implemented by a black box model such as a neural
network, for example. Anyone who has dealt with neural network training knows
indeed that the weights can take positive or negative values that are arbitrarily large,
during the training procedure. As a result, it is unreasonable to assume the existence
of a bound M on the quadratic loss [,(z), when h is implemented by a neural net-
work. Taking into account this problem, Vapnik (1998) developed another inductive
procedure based on an even weaker prior information. He expressed the latter by the

following condition:

, . EY*([ln(2)])
C’.1: (s, 7) €]2, +oc[xR. igE“R(lz)

Note that R(h) = E(l5(z)) and. as a result. this condition can also be written as:

C’.1: d(s,7) €]2. +oc[xR, sup E(n(2) <7

This condition is weaker than C.1 because it does not require that the random vari-
able {,(z) be bounded; indeed, it is possible to have cases where C’.1 is satisfied
while C.1 is not. As a result, the inductive procedure developed on the basis of
C’.1 would apply to a wider spectrum of probability density functions and learning

machines.

Definition 7.1 Let p and q be two logic (boolean) propositions.
e if p implies q and q implies p. then the propositions p and q are said to be equivalent:

e if p implies q and q does not imply p. then the propositions q is said to be weaker than p;
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With condition C’.1, the probability density function of [;(z) need not be concen-
trated on a certain specific interval [0, M|, as was the case with condition C.1. On
the contrary, this density function can spread over the whole set * of positive num-
bers, which means that [,(z) would be allowed to take any large value in R with a
certain probability. As these large values should not occur in the form of “large devi-
ations” (see the beginning of previous sub-section), some restrictions must. however.
be imposed on the tail of the density function of l4(z). and that is what the condition
C’.1 is all about: describing the types of distribution tails that are acceptable for the
application of the ZPERM. To appreciate the essence of the restrictions described

by C’.1, consider the following simple example:

Example 7.1. Fix a decision rule h in H-*! and denote the random variable [n(z) by . Consider

the following two different cases where £ is governed by:

e First case: the Gaussian density function,

fsc’(x:) = \/}__e'zzﬂ, z € [0, +oof

27

e Second case: the Cauchy density function,

1

5 v

| +x

L
ffc('.r)——-: z € [0, +oc

"
The graphs of the two functions fSG and fsc resemble each other remarkably well: they are both
bell-shaped. But the way the tail of the first function approaches the horizontal axis is completely
different from that of the second one. The tail of fEG converges towards the foregoing axis so rapidly
that even when we multiply its values fsc(x) (for x approaching the infinity) by the large numbers

z°, the integral:
I oc .
/ J:"fsc’ (x)dz
o

remains finite for any positive real number s and. a fortiori. for s greater than 2. As a result. the

ratio:

1/s
(fo‘ 22 fE(x) dr) B
Jo = xfE(x) dr ~ E(©)

will also be finite and. therefore. the condition C’.1 is readily satisfied' for the density function fg".

This function is said to have a “light tail”. On the other hand, the tail of fg approaches the axis

' Remnark: If the ratio:

E'/*([ln(2)})
E(lx(2))
is finite for a fixed s > 2 and all A € HM. then all what is needed for its supremum to be bounded

is that the space H-*! be a compact set. which is always the case in the application considered here.
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so slowly that even the expectation:

E() = /0 T 2fE(x) dx

of £ is infinite. The other integrals:

toc
Be) = [ i

are also infinite for the same reason., and reach +oc even faster than the expectation E(£). Conse-

quently, the ratio:
E'/ (&)
E($)
cannot be bounded for any s > 2 and. as a result, the condition C’.1 can never be satisfied for the

density fsc . This function gives too much weighting to large values of z.

The condition C’.1 holds true for probability density functions with “light tails”.
i.e., tails that approach the horizontal axis fast enough, so that there exist an so > 2
for which the so-th moment E([l5(z)]*®) of [5(z) is a finite number. The lighter the
density function tail (i.e. the faster this tail approaches the axis). the greater can
be the number sg. In concrete terms. this amounts to saying that when large values
of I5(z) occur very rarely in &p. then C’.1 can be satisfied with a high number
so > 2. In the case of the wastewater treatment plant 7;,p. it has been pointed out in
the previous sub-section that values of [,(z) that are greater than a certain threshold
M do not occur at all. This is because condition C.I holds true for this plant 7y,
and, therefore, the density function tail of [5(z) is not only ~light”. but it is actually
null beyond the threshold M. Consequently. it is legitimate to consider that C’.1 is

satisfied with a high number so > 2 for the case of (£,5p.LMasp). Accordingly. the

1 fsp— 1\
-~ — % —
/(SO) - \/2 (So — 2)

of the function v that appears in the guaranteed deviation ¢ (right-hand side) of

value

inequality 6.31 (theorem 6.9) will be almost equal to 1, since 7(s) approaches the

unit as soon as s becomes greater than 3.

As far as the bound 7 is concerned, Vapnik (1982) has reported that it varies between
the narrow limits of .35 and 2.45 for all parametric models of probability density
functions that are conventionally used to describe the uncertainty underlying error

functions such as w — h(v). One of the main advantages of 7 over the bound A{ of
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condition C.1 is that 7 is dimensionless and. therefore, would not change verv much
when the process model M (that is, the decision rule space H) is changed. The
bound 7 characterizes more the type of the density function P., while the value of M
depends on both the density function P. and the process model M that is used to
approximate the behaviour of Z,s,. Moreover, the fact that 7 is dimensionless helps
make its value independent of the parameters of the density function P. (see Vapnik’s

calculations, 1982, pp. 33).

Since the bound 7 varies within a narrow range, one can choose to use the average
value of this range, which is about 2, as an approximation of 7 to compute the guar-
anteed deviation ¢ between gZe*» and h;‘;,—l‘;, (as it is expressed by right-hand side of
inequality 6.31). However, in the case of (€.5p.LMasp). it is argued that 7 is rather
closer to the lower limit of the range of variation and, as a result. it is more appropri-
ate to select 7 from the lower part of the range [1.35. 2]. The rationale that underlies

this assertion is explained below.

Qualitatively, the number 7 is a sort of “gross measure” of the amount of uncertainty
underlying the occurrence of the variable [,(z) in the environment &.s. The higher
this uncertainty, the larger the value of 7. The uncertainty is considered here to be
characterized by the degree of dispersion of the random variable around its expected

value.

To illustrate this dependence between 7 and the uncertainty on {,(z). consider the simple case where

s = 2. The ratio that appears in the condition C’.1 becomes:
E((n(=)) _ VVar((z) + E2(l(3))
E(ln(2)) VE2(a(2))

_ [Var(a(2)
=V Bwe 7

JCV2(la(=)) + 1

__ E(lla(2)P) _ 207 (=)} +
=S TR ) R VEVTGED +

heH

and, therefore:

Var(l,(z)) being the variance of [5(z) and CV(lx(z)) its coefficient of variation. These equations
show that 7 is directly related to CV, which is a measure of spread of [4(z). As a result. the bound
T becomes also a characteristic of the dispersion and, hence, the degree of uncertainty that underlies

the random variable [,(z).
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Consequently, in order to be able to decide about an estimation of 7 for the case
of (EuspL Masp). we shall first carry out a qualitative assessment of the degree of

dispersion of the variable:
In(z) = (w — h(v))* = (w — H(v: ps))*

about its expected value, when h = H( . ,ps) is a decision rule from the space HM.

The model M. which has served as a base for the definition of HM. has a remarkable
property that no one of the other black box models possess: it is a mechanistically-
based model and, as a result, a great deal of knowledge about the fundamental mech-
anisms that govern the dynamics of the treatment plant 7., has already been incor-
porated into the model equations at the time of their development. This knowledge
preexists in M even before the learning phase (or the identification procedure) starts.

[t is embodied in the celebrated Monod equation:

kS

M) =Yp—s

(Y is the yield coefficient, kY = py) that describes the specific growth rate w(S) of
the microorganisms as a function of the limiting substrate concentration S (Monod,
1942). This knowledge is also expressed by the orderly fashion according to which
the components of the instance vector v and the parameter vector ps appear in
the model equations. reflecting the reactor physical flow regime and the biochemical
mechanisms of biodegradation. Part of this prior knowledge is also the fact that the
parameter space [' = ;. x [k, within which the search of the best set of parameters
will be carried out, is a small subset of Rj_‘l, as all model parameters are concentrated
around their typical values. In contrast to this mechanistic model M, black box
models that have been used to describe the behaviour of wastewater treatment plants
(Novotny and Capodaglio, 1992; Hiraoka et al.. 1990; Coté et al.. 1995) are just arbi-
trary families of functions that contain no prior information about these plants. The
functions that are implemented by these black box models act on the components of
v in a way that has nothing to do with the real process governing the dynamics of
the plant under study. The parameters that define these functions can take, a priori,
any value in | — oo, +oo[. In the case of a neural network model, for instance. there is

no theoretical or empirical rule and/or information that would impose limitations on
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the range of variation of the network weights, when they are applied to a wastewater

treatment system.

As a result of this comparison “mechanistic models versus black box models”. one can

readily assert that the variability of the difference:
w — h(v)

between the real outcome w and the prediction h(v) produced by a decision rule A is
very much lower when h € H* than when A is a function representing a black box
model, such as a neural network or an ARMA time series model. As a confirmation

of this fact, note indeed that the condition C.1, which states that the loss:

ln(z) = (w — h(v))

must be bounded, is fully satisfied when the decision rule space is H**!. while in the
case of a black box model, it would always be possible to find a set of weights or pa-
rameters such that the foregoing loss is arbitrarily large. The black box model would
start giving reasonable predictions of the plant behaviour only after it has consumed
a great deal of input/output training data during the learning phase. especially when
the number of parameters of this model is high. [n consequence, it is fairly legiti-
mate to conclude that the degree of dispersion of the random variable {;(z) will be
rather low, when it is the mechanistic model M that is used to generate the decision
rule space and, as a result, the bound 7 will be much closer to the lower limit of
its range of variation. Therefore, for the computation of the guaranteed deviation
corresponding to the case of (E,5p.LMasp). T Will be assumed to take values from the
interval [1.35, 2]

Note that the foregoing rationale could be used for any other mechanistic model M’
of the activated sludge process. Consequently, it is suggested to use the following
estimates of s and 7 whenever a mechanistic model is being used to approximate the

activated sludge process behaviour:
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o 7€ [1.35,2];

o s is high enough so that the value of:

v =5 (222)"

is equal to 1.

7.5.3 Condition C.2: VC dimension

In virtue of the results of theorem 6.5, it is easy to see that the V'C dimension of
any space whose elements are functions that depend on a finite set of parameters in

a rational way (rational functions of parameters) is finite.

Proof Outline:
Indeed, it suffices to notice that the inequality:

ay fI(Z) + as foF) +--- + ap fp(F)

T B + @2 f@) iy @

where a; and d’; are the parameters and f; and f’; are real-valued functions on a certain fixed space

(p and p’ are two elements of R°). is equivalent to the inequality:
(a1 fu(@) + a2 fo( B) + -+ - + ap [o(E)) (@' f((£) +a'2 fl5(E) +--- + 'y [ (F)) >0

or:

’

p p
S5 ad’y) £(B) £ (E) >0

=1 j=1
[f the product a;’; is denoted by A;; and the function fi(£) f';(Z) by gi;(£). then the previous
inequality becomes:
P P
DD A aii(§) >0
=1 j=I1

The set F of all functions £ — 37| 3°0_, Aij 0i;(£). with A;j taking any value in R is a p’-
dimensional vector space. Therefore, the V'C dimension of the space of rational functions is finite

and does not exceed pp’.

Consequently, the issue here is not to show that the VC dimension is finite (it is al-
ready the case here), but to find its exact value. However, computing V'C' dimensions
is, in most cases, an extremely difficult mathematical problem and. because of that.

we usually have to content to just find upper bounds on these dimensions. But if
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these bounds are too high, then the value of the guaranteed deviation ¢ (right-hand
sides of inequalities 6.30 and 6.31) computed on the basis of these bounds. would be
high too and, therefore, useless from a process management point of view — although
mathematically correct. Also, when a high bound is used to compute the value of .
a lot more training examples would be required to reduce ¢ to a reasonable value, not
because the nature of the environment E,, and its transformer 1,5, demands it, but
just because it was not possible to establish a mathematical proof for smaller bounds

on the VC dimension in question.

Therefore, it is important to endeavor to determine the lowest possible bound. if not
the exact value, of this dimension. In face of the absence of general and systematic
methods of computing VC' dimensions, it is suggested here to use good engineering
judgment and heuristic arguments — combined with existing mathematical proofs —

to estimate the V' C dimension of the functional space l3.u.

[n theorem 7.2, it has been shown that the VC dimension ¢(l;;v) of this space is
equal or less than 3, when the OM of 7, is such that S,_; < Ks. The latter
condition is satisfied in most real-world situations for the activated sludge process
(see for instance Metcalf and Eddy, 1991, pp. 393; Grady and Lim. 1980, pp 323. 37,
442, 451). To reach the conclusion g(l3v) < 3 in theorem 7.2, the space l3v was
compared to another space denoted fo + F and defined as (same notations as those

used in the proof of theorem 7.2):
fo+rF={fo+rMfi+XfotNsfs]| (A2 \3) € R}

[t was shown that l;yw C fo + F and, from this relation, the inequality g(lzm) <
q(fo + F) was inferred, which has finally led to g(lyv) < 3. because q(fo + F) = 3
in virtue of theorem 6.5. The space l; .« is, however, a rather small subset of fo + F.

Indeed, the three coefficients:

=Bk
p2  Ks
o\ £ 2
A={—] =[—
= (2) = (%)
Az =0

do not take any value in R. They all vary within limited ranges:
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e The first coefficient \,: Based on the extensive experience of researchers and
practitioners in the area of wastewater engineering, it has been established that
both parameters k and K vary within narrow ranges, [k~. k%] and [Kg, K{]
respectively, of the set of strictly positive numbers RS . Researchers have even
reported typical values for these parameters corresponding to wastewaters with
various origins (Benefield and Randall, 1980; Metcalf and Eddy, 1991). As a
result, the ratio k/Ks = pi/p2 = A would also vary within a narrow range
[A[.A]. where A\ = &~ /K& and \{ = k¥ /K5.

e The second coefficient \»: This coefficient is totally dependent on the first
one (A2 = A}), which reduces even more the “erpressive power” of the whole

set [3pm.

e The third coefficient \s: This coefficient A3 = 3 takes only positive numbers.

by definition of the space l;pm.

Taking into account these restrictions, one can readily anticipate that the VC dimen-
sion of [z, a small subset of fo + F, would be strictly less than that of the whole
super-set fo + F. which is ¢(fo +F) = 3. In other words, the dimension q(l{z.m) is
equal or less than 2. To corroborate and clarify this heuristic reasoning. consider the

following simple example:
Example 7.2. Let . ¢» and ¢r3 be three real-valued functions on the plane R2. The V' C dimension
of the functional vector-space:

Fog =< 1.1, 03 >={aty; + b +cvsz | (a.b.c) € SRJ}

is equal to 3. in virtue of theorem 6.5. Now consider the subset Fez, of F.r which contains all
functions a ¥ + btn + cthg of Fez. except that the parameter a is restricted to taking ounly strictly

positive real values:
Fezo = {aty +bta +cti3 | (a.b.c) € RT x R x R}

Then it can be shown that the VC dimension q(F.z,) of this subset is reduced to 2. The fact of

imposing a restriction, “a > 07, on just one parameter has, therefore. caused the V"C' dimension to

drop from 3 down to 2.

A particular case: Consider the case where:

Y(z,y) € R :i(z,y) =y; Ca(r.y) =z da(z.y) =1
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Then the space pos(F..) is the set of all half-planes of R2. [ts VC dimension is 3. The subset Fez,
contains all half-planes of ®2 delimited by a straight line with a negative slope. [ts V'C dimension

is 2.

Theorem 7.3 Let ¥. t» and 3 be three real-valued functions on a fized space G and F.r the

functional space:
Fop = {athy + bt +ct3 | (a,b.c) € R’}

If just one of the parameters. a. b or c. is restricted to taking only strictly positive real values. then

the VC dimension of Fez drops from 3 down to 2.

In the light of the results of this example. and the foregoing discussion with regard to
the limited range of variation of the coefficients A;, Ay and A3, it is then reasonable
to assume that:

q(lpm) <2 (7.11)
[t is this upper bound. 2 that is. that will be used in what follows to compute the

value of the guaranteed deviation ¢ for (Eesp.L Masp)-

754 C.2 and C’.3: the i.i.d. and the weaker 7.i.d conditions

The amount of information Z( Y n) that is contained in a set of training examples:
Yy (Vi.wp). (v, wa), - - (V. wy)

is characterized by the size NV of the set and the degree of statistical dependence
among the examples (v;,w;). For a given size V. the information Z(Y x) is maximal
when the examples are i.i.d. (independent, identically distributed): the independence
among the examples guarantees that every additional example in the sequence YTy
carries a new information about the real system. Most inductive procedures that
have been developed for the ZPERM are based on this i.i.d. condition (Vapnik.
1982, 1998; Haussler, 1992). Unfortunately, the examples that will be used for train-
ing the learning machine LMgs, = (HM, A" do not satisfy this condition for the

reasons explained below:

The instance vector v has been defined in equation 7.6 as:

Vv = [S‘n—[,xYn_l’ %n_"‘i. % S

V ’ V * [1 R Srn.—l}
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and the outcome as: w = S,, where the subscript , indicates that the variables in
question correspond to time instant ¢, = n At. To emphasize the fact that the training
is carried out specifically for time ¢,, denote v and w by v;, and w;,. respectively. In

the next section. it will be explained that it is possible to use the following examples:

(th : Wey )7 (Vt'zf 'wt2)~ Tt (Vt.\'r 'wt.\’)

to train the machine LM,s,. From the definition of v and w, it is easy to see that

the components of these training examples are related in the following way:

We, = (vt'z)l

W, = (Vg

lu’ytx = (vtl+l ) i
Wi, = (Vexh

where (v¢,); designates the first component of the vector v, and, as a result, all
the examples (v, ,w:,) are dependent on each other. Therefore, the implementation
of the TZPERM for (Eusp. LM asp) cannot be rigorously based on the ¢.2.d. condition
C.3 as it is defined in Chapter 6. However. this is not a problem because all proofs
of theorems of the ZPER M are actually based on a weaker condition C’.3 that can

be expressed as follows:
the real-valued random wvariables:
(Ve e we, ) Ih(Ves- wen); -+ In(Vey s wey)
or, using the z-notation:
In(z0); th(zea); - -5 Ln(2en)
are i.i.d. for any h € HM.

This condition is weaker than C.&2 because it does not require that the random vari-
ables z;,, 2i,, ---. zty be independent. [t is indeed possible to have z, 2., - - -, 2ty
dependent, while {x(z¢,); [n(2e.); - - -5 lr(2:y) are independent. To illustrate this fact,

consider the following simple example that shows that the logical implication:

(f(X)) and f(X») are independent) = (X, and &5 are independent)
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f being a continuous function and &} and &> are two random variables, is false, al-

though the converse statement of it is always true.

Example 7.3. Let X; and &> be two real-valued random variables jointly distributed with the
following probability density function:

(1 tx z2)

if [z1] < 1 and |za] < 1
.f-Yl " < (Il- -E?) = N .
0 otherwise
The marginal density functions can be easily determined from the joint one:
1/2 if || <1
0 otherwise

1/2 if [.L’g| <1
0 otherwise

f.\’l (Il) = { and f.Y:(I‘.Z) = {

Obviously fx, x.(T1.z2) # fx, (z1) fxa(x2) and, as a result. X1 and X» are dependent. Now consider
the function f : R — R, = — z2 and let’s show that the random variables f(X1) and f(X:) are
independent. To do so. designate by Pr{event] the probability of the event “event”. For z; € (0. [}

and z» € [0, 1], we find:

Prlf(X:) < 1. f(X) < 2]

PI'[(Y[z < I[,(Ygg < :EQ:I!

= Pl‘[—-\/:;l < (Y[ < \/'_I-l, —'\/;2 < (Yg < 1'21
V,_I.l \/-'Eg 1

= / L+ab da db
~VES ~Ea 4

= VI1VZI2

= P'l‘[./‘.’]2 < .L'[E Pl‘[.l’g"z < IQI

= Prf(X) < o Prf(Xy) < za]

Thus, f(X;) and f(X5) are independent random variables.

Therefore, despite the mutual dependence of the training examples z;,. z,. ---. Z¢y.
it is mathematically possible that condition C’.8 be satisfied in the case of the plant

Tasp and its environment Eqgp.

The question that arises now is: how reasonable is it to consider that C’.3 is actually

satisfied in the case of (Ezsp. LMasp)? This question is examined below.

From equation 6.3, it follows that the loss I5(z;,) corresponding to an example z;, and

a decision rule h = H( . ,ps) can be expressed as:
ln(ze,) = (we, — H(Vt.:l'-)s)):2
(g7¢(ve) +e, — H(ve,,ps))?
= ([gﬂ’p(vti) — H(vy,,ps)] +€,)?
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As was discussed previously, the parameter space [ 3 ps that generates the decision

rule space:

HM = {H(..ps): V — W |pseTl}

is a small subset of R‘f, as both parameters k£ and K5 vary within limited ranges
and are concentrated around their typical values. These typical values were obtained
as a result of the extensive experience of researchers and practitioners in the area of
wastewater engineering. Furthermore, in the process of optimizing model parameters.
some computerized wastewater treatment plant modelling software packages make it
possible to experiment with manual adjustment of these parameters before launch-
ing any automated optimizing procedure. For instance. the GPS-X (Hydromantis,
1995) uses an advanced graphical user interface and greatly facilitates interactive
simulations that help gain more insight into the optimal values of model parameters.
before even starting to use the built-in optimizer tool. These pre-simulations help
make the parameter space [' even smaller, concentrated around some heuristically
pre-determined optimal values of the parameters to be identified. Adding to that the
fact that the model equation H(v,,. ps) carries in it a substantial amount of prior
information about the real plant (see previous discussion about condition C’.1), it
follows that the difference g7++*(v,) — H(v¢,. ps) may approach 0. if g%=s» happens to
being an element of the set H-*'. If not. then this difference will almost approach some
constant Cte from which all the dependences on the different components of vector
v are removed. Expressed with the jargon used in the area of time-series analysis.
the operation of subtracting H(v;,. ps) from w;, consists in fact in removing existing
seasonal variation and trend from the plant’s responses. At the end of this operation.

we will be left with a series 1, such that:
Ve, = Wy, — f[(vtl, ps) = C'te + €¢,

that is entirely oscillatory about the constant C'te, which could be 0. Note, however.
that, contrary to what is usually done in time series analysis, the set of functions
used here to remove the elements attributable to seasonality and trend is not an
arbitrary one; it is generated by the mechanistic model M into which prior informa-

tion about the plant’s behaviour has been incorporated at the time of its development.

Hence, the condition C’.8 comes down to assuming that:

C’.83¢: (Cte + €)% (Cte + €;,)%, - - -. (Cte + € )* are independent
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or, equivalently:
C’.3,: (€)%, (€)% - -~ (€15 )? are independent

In real-world situations, the random variables ¢, (noise), are not necessarily inde-
pendent. FHowever, the condition C’.3,, is weaker than the mutual independence
of &, (refer to example 3). In other words, assuming that C’.3., is satisfied does
not prevent the noise ¢, from being dependent. The weakness of condition C’.3,
means that it is likely to be satisfied for a wider spectrum of real systems, including
ASP systems. Thus, it is not very restrictive to assume in this study that (e;,)* and,
as a result [p(z,). are independent so that the ZPERM can be implemented for
(Easpr LM asp)-

But what if some dependencies happened to exist among the terms of the sequence
In(2t,), In(zta), -+ -: lr(2ey)? Would that mean that the whole theoretical framework
of the TZPER M has to be rejected or would it still hold?

In the foregoing discussion, the concept of dependence of a random sequence was
viewed as a “crisp” one: a sequence is either independent or dependent; there is
nothing in between. This approach is not appropriate because sequence dependence
does not have the same nature for all random sequences. In some cases, for instance.
the internal dependencies among successive terms of a sequence can be so strong that
any N-th term, for N arbitrarily large, would still be affected by the value of the first
term of the sequence in question. [n other cases, however. the terms would decorrelate
so rapidly with the time shift that the effect of any term disappears just a few steps

away from it. Here are two examples that illustrate these facts:

Example 7.4.(adapted from White, 1984) Let x:,. Tt.. Tiy. -..be an i.i.d sequence whose terms
are uniformly distributed on {0, 1], and let y be an A/(0.1) random variable. independent of all the
random variables z;,. T;,, Lt5. -... Define the sequence a;, = z,, + y. for all i € {1.2.3....}. Then
Qrys Qeg: Gy, - - - 1S an example of sequence where the internal dependencies among successive terms
is very strong to the extent that. no matter how far into the future we take an observation on a.;.
the initial value a., still determines to some extent what a,, will be. This is because of the common
component y to all terms of a,, which results in the fact that a; is correlated to a;, for any value of
N. Note that the sequence a,, is stationary, meaning that their statistical properties do not change

with the time shift.
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Example 7.5.(adapted from White, 1984) Now consider the sequence a;, defined by the recursive

equation
ag, =par,_, +u, forall i€ {1.2,3,...}

where |p| < 1 and ¢, is an i.i.d. Gaussian sequence with mean 0 and variance 1. I[n other words,
the sequence @i, . ey, Aty, -..is what is called a Gaussian AR(1) process (“AR" stands for Auto-
Regressive). [n the case of this sequence, the correlation among the terms a,, decreases exponentially
with the time shift and, as a result. the effect of any term a., disappears just a few time steps away

from it.

To quantify the degree of internal dependence among successive terms of a generic
sequence i, , Q. - - - ; Ay, , - - -» several measures have been developed in mathematical

statistics. One of them is called the strong mizing or a-miring coefficients and is
defined as follows:

Vm € R°, a(m) = sup sup |Pr(AN B) — Pr(4) Pr(B)|
iEN° \ AcAl.BeBR

+m

where A} is the o-field generated by the random variables a;,, a¢,.. ... a, and B,
is the o-field generated by the random variables a.,,,.. Gt neis ---- and Pr{event]
the probability of the event “evenf” (for mor. information on this definition. refer
to Doukhan (1994), Bradley (1986) or White (1984)). Intuitively. the number a(m)
measures how much dependence exists between those events that generate two terms
of the sequence a;,. a,.. ... separated by m time periods. Here are some examples

that illustrate more the significance of the a-mixing coefficient:

xample 7.6. Given a sequence a;, .d¢.,..-.a, .-~ if a(m) =0 for some m X°. then terms tha
E ple 7.6. G 1 TN . f 0 f € N°. thent that

are m periods apart in this sequence are independent.

Example 7.7. [f the sequence a;,. ¢y, ..., ,--- IS mg-independent. that is a; is independent of

n

a;—j for all j > myg. then a(m) =0 for all m > mq.

Example 7.8. [fas,.a,..-..ac,,--- is an independent sequence. then a{m) =0 for all m € Ne.

Example 7.9. Let a;,,a,,....a:,.--- be a random sequence such that a;; = pa.,_, + ¢ for all
i € N°, where {p| < | and ¢, is an i.i.d. Gaussian sequence with mean 0 and variance 1. In other

words, a@;,.@s,;:---.a,. -~ is a Gaussian AR(1) process. Then a(m) dwindles to 0 as m — 0

(Other examples can be found in Doukhan (1994)). From these examples, it can be

seen that the a-mixing coefficient a(m) is a characteristic of the nature of internal
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dependence among the terms of a random sequence. In particular, if a(m) converges

to 0, then it becomes a fact that:

F. 1 The faster the convergence of a(m) to 0. the weaker the dependence among the
terms of the sequence a;,, Q. - - - . Ay, - - -, the closer is this sequence to be an indepen-

dent one.

Another fact that will be useful in the next discussion is as follows:

F. 2 The weaker the dependence among the terms of the sequence a;,. @t,. -- .. Gy, .
.... the higher the information content of finite sub-sequences @iy+1. Qig+2:" " ig+N

(io and N being two elements of R°).

Sequences for which a(m) converges to 0 are called a-mizing sequences.

Now that a measure of the internal dependence of a sequence is defined, it is possible
to examine judiciously the aforementioned question on the validity of the TPERM
in the dependent case: does the ZPERM still hold true if a certain amount of de-

pendency exists among the terms of the sequence ly(2, ). lp(ze.)- - - la(2ey)?

The first fact to point out in this respect is that the i.i.d. conditions C.3 and C’.3
are not absolutely necessary for the ZPERM to be applicable to (Eusp. LMasp)-
This principle holds indeed in cases where the sequences (z,);=i.~ and (In(ze,))i=1.~
are dependent ones. White and Wooldridge (1990) and White (1990). for instance.
have derived an inductive procedure that is valid for a wide range of dependency
types among the terms of the sequence (z;)i=i.~ and, a fortiori, of the sequence
({n(2:))i=1.v- To this procedure corresponds a guaranteed deviation ¥gep similar to
the ones obtained in theorem 6.9. The expression of (4., is dependent on the nature of
internal dependence of the sequence (z;);=1, . in addition to all the variables on which
the guaranteed deviations ¢ of theorem 6.9 are dependent, that is: N.H, RIx (hEX,).
WPZT and n. If we limit this discussion to sequences that are a-mixing. then the

main characteristic of the nature of sequence dependence is the rate of convergence
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RC, of the a-mixing coefficient a(m) to 0. Hence, 4, would be a function of the

variables listed in the following equation:

Daep = Paep(N. H, REX (REX). WPI, 1. RCy)

p

The following examples illustrate what is meant by rate of convergence RC,, of a(m)
to O:

Example 7.10. When «(m) has an expression of the form:

YmeN®, a(m)=aqym™* (7.12)
with ag > 0 and a > 0. that is a power function of m. the rate of convergence to 0 is quite slow.
RC, can be characterized in this case by the triplet: (power.aq.a).

Example 7.11. When a(m) has an expression of the form:
¥Ym e N°, a(m)=qaga™ (7.13)

with g > 0 and 0 < a < 1, that is an exponential function of m, the rate of convergence to 0
is fast. RC, can be characterized here by the triplet: (exponential,ap,a). Note that ARMA(p.q)
random sequences with finite p and g (for definition of ARMA(p.G) sequences. see Box and Jenkins
(1970)) exhibit a degree of dependence that is comparable to RC, = (exponential.ag.a) (White
and Wooldridge (1990).

Example 7.12. When «a(m) has an expression of the form:
VYm e R®, a(m)=aga® (7.14)

with ag > 0 and 0 < a < 1 (exponential of the exponential). the rate of convergence to 0 is extremely
fast. RC., can be characterized here by the triplet: (exponential of erponential.cg.a). A random
sequence with such degree of dependence is actually very close to be an independent sequence (White
and Wooldridge (1990).
Example 7.13. When a(m) is such that:

vmeR®, a(m)=0 (7.15)

the random sequence is statistically independent. Equation 7.15 expresses the [astest possible rate

of convergence to 0.

How does RC, affect the value of p4.,? To address this question, assume that it is

possible to generate in &4, two a-mixing sequences:

Y: o D R T T



CHAPTER 7. Modelling the Uncertainty in the ASP 116

and

X' oz a2
that describe the same environment &£.,, but have different internal dependencies
characterized by two different a-mixing coefficient e and o', respectively. Assume

that a(m) converges to 0 faster than o/(m) and denote this assumption by:
RC, > RCor
Mathematically. this means that:

a(m) _,

1 =
meb c ()

or. equivalently:

a(m) = o(a(m))

From fact F. 1, it follows then that the dependence among the terms of T would be
weaker than that among the terms of X’. Therefore, from fact F. 2, an N-subsequence
Y~ of Y would contain more information about the environment &;,, than another
N-subsequence Y’ of Y’. Consequently, it should be expected that, for a fixed
integer N, the decision rule h},;l‘;, determined on the basis of V examples from Y be
closer to the plant response function g7=» than the decision rule h;r,,'l-;,' determined on
the basis of N examples from Y’. In terms of the guaranteed deviation. this should

translate into the following inequality:

aep(V. H, REX (REX ) WPT. . RCa) < aep(N. H. REN (RT3). WPL. 1. RCur)

emp

[n particular, if the sequence Y is such that: ¥Ym € R°, a(m) = 0. that is il Y is

independent, then it would obviously satisfy the relation:
RC, > RCyr

and, as a result:

emp

O(N, H, REX (hXX), WP, 1) < @aen(N, H, REX (RE3), WPL. 0. RCx)  (7.16)

where (N, H, R‘};,-l‘;,(/ze%'p), WPL, 1) = Paep(V. H. R},','{;,’ (hg;,'”‘,) WPL,n. RCqa=0) is the
guaranteed deviation corresponding to the independent case. Therefore. to achieve a
certain fized level of accuracy (meaning a certain value of the deviation D(h, gTesr))

in the estimation of the plant response function g7Tes?. the number of examples Ny,
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required in the dependent case would be larger than the number N required in the
independent case. For instance, to transform inequality 7.16 into equality, we need

to use a larger number of examples Ny, in the expression of wgep:

(N, H, RES (REX), WPT. 1) = Puep(Naeps Ho Romete® (homy™®®), WPT. 13, RCay)

emp\' “emp

with Ny, > N. Thus, the main consequence that would result from the sequence:

Ih(z1): la(22), - - - In(2n), - - -

(h € H) being dependent, instead of independent as stated in condition C’.3, is a
larger size of the required training sample. Based on this result. it is now possible to

re-state the condition C’.8 in a milder form:

o C”.8 (Degree of dependence allowed):

The random sequence:
In(z1); ta(z2); -5 ln(zw)

obtained by computing the values of l. h € HM, at each one of the training
examples z; of the sequence Yy, is independent, identically distributed (i.i.d.)
for all h € H. If this is not the case. the foregoing sequence is. at least. sta-
tionary and the dependence among successive terms of this sequence is weak fo
the ertent that the guaranteed deviations p of theorem 6.9 (Tight-hand sides of

inequalities 6.30 and 6.31) is a reasonably valid bound on the deviation squared

(D5 g7=)]>
[n what follows, this condition will be assumed to be satisfied and. as discussed

previously, this assumption is quite weak.

7.5.5 Last Condition: Ergodicity

As pointed out at the beginning of previous section, training of the machine
LMysp = (HM, A

associated with the environment &, is carried out for a specific time {,. This time

is arbitrary, but fixed. The examples (v,,w), (V. w2), -, (V~N, wx) to be used for
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machine training should therefore correspond to a series of realizations of the real
plant 7., and its environment &, at time {,. In practice, this is not possible,
because the instance vector v and the outcome w are measured only once at any
time instant t. And what is obtained from these measurements is actually a time
series:

(vtlfu"tl)f (Vt?.'lwt'z)? Tt (vtnr wtn)7 Tt

or using the z-notation:

Zey7 Ztar T Rtnr T

whose terms represent the couples instance/outcome at successive time instants ¢y,

ts, - --, b, ---. This time series is constructed from the plant input/output data:
(udata(to), Sdata(to)), (U.data(t[), Sdam(t[))_. - (udam(tn), Sdam(fn)): .

that are made available for process identification. It corresponds to one realization

of the environment &£, in time. This realization would usually if not always —
be the only one that is available for investigating the plant’s behaviour. Fortunately.
according to the classical theorems of mathematical statistics, this single realization

is enough to achieve adequate machine training, if the random sequence:

lh(ztl)tlh(zt'z)r”'7lh(ztn)v Tt (717)

where h € H. is an ergodic one. The property of ergodicity is just another char-
acterization of the memory of the random sequence in question, i.e.. the degree of
dependence among its successive terms. [t occurs when these terms decorrelate suf-

ficiently rapidly with the time shift so that the time-average:

1 N
N Z In(z,)

i=1
computed on the basis of an infinitely large sample size V. coincides with the so-called
ensemble average:

E() = [z P(z)de
where & represents the random variable [5(z;,). corresponding to the n-th term of the
time series 7.17. The notion of ergodicity is usually defined for stationary random
sequences only, so that the ensemble average E(§) keeps the same value for all time

instants £,.
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Note that the value of E(E) is exactly the same as that of the expected risk R(k) and.

as a result, when the sequence 7.17 is ergodic, the following equality:

i 1 N
R(h) = Jim Y la(z) (7.18)
° i=1

is valid. As a result, the empirical risk (which is an empirical estimation of R(h)) can

be estimated on the basis of the following equation:
x 1 N
Rzy(h) = ~ ;lh(%)
For each h = H( . .ps) € H™M. the summation
N N
Zlh(zt,) = Zl(h(vti),wt‘)
i=1 i=l
N
= Z th(vt,) "'U-’t,|2
i=1

N
= > |H(Ve.ps) —w |

=l

N

= Y ISpalts) — S (L) (7.19)

1=l

= Js(ps)

represents exactly the so-called objective function, Js(ps). that is used in the classical
procedure of process identification. Consequently, R};,‘l\;,(h) is obtained by dividing the

objective function value Js(ps) by V. that is:
Js(ps)
Yy s\Ps -
Reﬁz\p(h‘) = N (/_7.0)
[t is then legitimate, if the ergodicity condition is satisfied. to use the terms of the
finite sub-sequence:
Tty Zta: Tt SN

as the training examples for the machine LM,

The question that arises now is the following: how reasonable is it to assume that
the sequence 7.17 is ergodic? In the previous section, it has been shown that it
is reasonable to consider that the terms of the sequence [n(z,) are i.i.d. (condition

C’.3). In addition. it was argued that internal dependencies are allowed, as long
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as they are weak and the sequence in question is stationary (condition C”.3). It is
of course understood that weak dependencies implies at least the a-mixing property,
that is:

Jim_ a(m) =0

Both conditions, C’.8 and C?”.3, are stronger than the condition of ergodicity. It has
indeed been proven in mathematical statistics that the following logical implications

hold true for any random sequence (White, 1984):
(i.i.d.) = (stationarity and a-mixing) = (ergodicity)

Therefore, in view of the arguments of the previous section, the ergodicity condition

is fully satisfied for the sequence:

lh(ztx)rlh(ztg)t T lh(ztn)t ot

and, as a result, the learning machine LM,,, or, equivalently, the model M can
be trained using the classical model identification procedure. Also, for simulation
purposes, the expected risk R(h) can be estimated with the summation 77 SN h(z)
(see equation 7.18), where NV’ is a very large integer. That is, for h = H(..ps) € HM:

R(h) = N,Zlh(zt
| ¥ )
= /\("’ : 7PS) - lUt:I_
— J\/l rdata 2 2 79
N,le — st (7.21)

Similarly, the squared deviation [D(k, g%*)]? can be estimated using the following

summation (see equation 6.1):

h'ad

[D(h, g™===)]* =~ Z L(h(v,). ™% (e,))

- = Zlh(vt ) = g (ve,)

1 N' ,
= 3 2 H(vps) = g ()P
N?

=1
o
(V]
~—

= Z |Spalts) — g™ (L) [? (7.
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where ¢g7=7(¢;) is defined as:

gt (t;) = gler(ve,)
E(w:, | v¢,)
E(S%(t;) | ve,)
= E(S%(t:) | S (tim1)- uQeei_n): Us(e—n) (7.23)

(see the definitions of ug and ug at the beginning of this Chapter and refer to equation
7.7 for the expression of v; ). Note that, in real-world situations, the plant’s response
(or “general tendency™) function g%er is totally unknown. However, in a simulated
environment, this function can be assumed to be known and, therefore, compared to
the model prediction S",“;‘(ti) [n both equations 7.21 and 7.22, N’ represents a very

large integer.

Notation Changes

In view of equations 7.20, 7.21 and 7.22, notations regarding model prediction func-
tion, the deviation D, the empirical and expected risks will be changed using more

familiar objects, such as S;,‘;f, ps and Js(ps). In what follows,

e the model prediction function S{,‘;‘ (that is the solution to the first differential

equation of model M (equations 7.1)) will be simply denoted as Sp;.

e the empirical risk Rr‘ * (h) will be denoted as R};;p( Ps):

e the expected risk R(h) will be denoted as R(ps):

[\YI

R(ps) = 5 . Z |Sps () — S (&) P (7.25)
with N’ being a very large integer.

e the deviation D(h, g7=») will be denoted as D(Sps. gTesr):

N’

D(Sps: 97*7) ——leps(t gTer ()] (7.26)

with N’ being a very large integer.
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e the parameter vector ps corresponding to the dec1510n rule AX> ¥, (see equation
6.18 for definition of h p) will be denoted as p&'. In other w ords
hamy = H( - ,p?') (7.27)
Note also that at any time instant £;:
hXx (Vi) = H(ve,. P %) = S'r\ (&;) (7.28)

e the parameter vector ps corresponding to the decision rule hg (see equation

6.19 for definition of hg) will be denoted as p%. In other words:
ho = H( . .p%) (7.29)
Similarly, at any time instant £;:
ho(ve,) = H(vt,. Ps) = Spo (L) (7.30)

In the foregoing equations. ps represents the parameter vector that defines the deci-

sion rule h, that is: h = H( . .ps)-

7.5.6 Discussion Summary

The main points of the discussion of the ZPERM conditions (sections 7.5.1 to 7.5.-1)

are recapitulated below:

e Condition C.1: Weak Prior Information (1)

M =k RL%(PY) = (]S(N )) with & €]L, 100] (7.31)
e Condition C’.1: Weak Prior Information (2)
T € [1.35,2] (7.32)

and

-1
s is high enough such that : ~(s) = (s 9) =1 (7.33)
5 —

e Condition C.2: VC Dimension

q(lrg) <2 (7.34)
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e Conditions C.3, C’.83 and C7”.3: Degree of dependence allowed

The internal dependence among the terms of the sequence:
(Soe(t1)— SEE(E) P, [Sps(t2) —SHa(E)2, -+ |Sps(ta) =S (t)[2. -+ (7.35)

is weak to the extent that the time series 7.35 is close to be i.i.d..

7.6 Expressions of the Guaranteed Deviation and
Uncertainty Models for the ASP

Now that all conditions of applicability of the ZPERM have been assessed., it 1s pos-
sible to establish numerical expressions for the guaranteed deviation between the real
plant’s response function, g7+s», and the empirical model estimation S o - Once these
numerical expressions are established, uncertainty models for (Easps [ZJ\/lagp) (that is:
ASP plant 7., being approximated by model M) can be obtained using inequalities
6.30 and 6.31.

Two guaranteed deviation functions have been defined in theorem 6.9: o, based on
the weak prior information WPZ(1) and p based on the weak prior information
WPI(2).

Guaranteed Deviation ¢

The formal expression of i, is given by equation 6.3: which is as follows:

M 4RI (P
= RIX(PS) + —5 (1 - J 1+ ——e’;;i.ps )) (7.36)

Using equation 7.31, this expression can be transformed into:
T\ ) C q
o, = REX _ﬂf’___ =
Ly = em?p( ) 9 ( 1+ K C)
o v K¢ . 4
= Rem\p(ps\)(l-f-'—2—<1-r L+I{_C))

Js(Pe 39 -4 -
(1) (1458 1+ 7 2) .
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Now, the expression of ¢ is given by equation 6.32 which is:

[ (n (2) +1) —n(3)] (7.38)

¢=4 N

Let 1 —n be set to 0.95 for instance, i.e.. 7 = 0.05. Then, since q(l3.«) < 2 (inequality

7.34), the value of g can be replaced by 2 in equation 7.38:

L)1) - (oF)]

¢ = N

— <2 In NV + 6.4) — (V) (7.39)

N

Hence, the guaranteed deviation function ¢; can be computed using the equation:

Ty K -
e (M) (22 e o)

with ¢(N) given by equation 7.39.

Guaranteed Deviation 2

The formal expression of ¢ is given by equation 6.36 which is as follows:

R‘r.\' Y
pr = 2 PS ) (7-11)
(1 =~(s) TV)+
From equation 7.33. it follows that:
Js(p¥)/N
(Js(ps')/N) (7.42)

TN 7N

with (V) given by equation 7.39.

Uncertainty Model UM,

This model, UM,, is formally defined by inequality 6.30. [n the case of the ASP
plant 7, being approximated by the process model M. the uncertainty model 4 M,

can be developed using the expression 7.40 of the guaranteed deviation function ¢:
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ASP Uncertainty Model 1

i Tz — [ J5(PS £ C(N) 4 .
UmM, : [D(Sp?,,g )° < (———N ) (1 + —5 (1 +,/1+ = (V) ) (7.43)
with: o ln IV 4 6.4

C([\/’) =4 ("__n_jjv;_> (—[‘44)

Uncertainty Model UM>»

Similarly, the second uncertainty model, Z{ M, which is formally defined by inequal-
ity 6.31 can be developed for the ASP using the expression 7.42 of the guaranteed

deviation function a:

ASP Uncertainty Model 2

N (Js(PE)/N) -
UM, : D(S x.g7?)]? < (7.45)
DSy 9] (1=7ycav)),
with: o In
(V) = 4 (- ln./lv—{— 6.4) (746)

As a reminder, here is a description of the objects used in the foregoing uncertainty

models:
e N is the size of the data set Y y used for process model identification.

e p2¥ is the parameter vector that minimizes the process model identification
objective function .Js(ps), computed on the basis of the finite data set Ly of

size N.

° Spt_\, is the solution to the first differential equation of model M, corresponding
to the “best” parameter vector pl;-". [t represents the model prediction function

of the substrate concentration.

e gZesr represents the true ASP plant’s response function.
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. 'D(Spry, gTesr) represents the deviation between Sp-z;\, and g7Zes».
S S5

e Js(pY) is the value of the process model identification objective function .Js
at the parameter vector p? [t represents the minimum of ./s on the whole

parameter space.

e % is a number to be selected from the interval |1, 100]. [t represents a prior
information about the ASP plant behaviour being approximated by process

model M. Formally. it is defined as:

__ SUDPps.te lSps(tn) - Sdam(tn)lz

R = "
N

[t is dimensionless.

e 7 is a number to be selected from the interval [1.35.2]. It represents a prior
information of another type about the ASP plant behaviour being approximated

by process model M. Formally, it is defined as:

(1o (£ 81 1S0s(t:) — St )) "
T =sup
P liMp—ce (£ 0y [Sps(li) — S%2(t:)2)

where s is any number greater than 3. The number 7 is also dimensionless.



Chapter 8

Uncertainty Management in the
Activated Sludge Process (Part 1)

This Chapter and Chapter 10 are devoted to the subject of uncertainty management
in the activated sludge process. This Chapter concentrates on investigating the effect
of the size of the data set used for ASP model identification on the quality of the
identified model. The process model is fixed (it is the model M defined by equations
7.1) and all investigation is based on the ASP uncertainty models /M and UM,

developed in previous Chapter:

Xy -
UM = (DS g™ < (iAPS_)) ( @ (1 . lN) ) (3.1)
2 (fs( ¥)/N)
UM : [D(S X9 Tar)]2 < (8.2)
Ty / /\/ ))
where: 9 In N
(V) = 4( - *“) (8.3)

In Chapter 10, the study of ASP uncertainty management is continued by investigat-
ing the effect of process model structure complexity on the quality of the identified

model.
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8.1 Comparing the Uncertainty Models /M, and
UM,

In previous Chapters, it has been shown that both uncertainty models M, and
UM, are valid for the activated sludge process being approximated by the process
model M. Before we start utilizing these models for uncertainty control. we need to
know first how they compare to each other: when do they coincide? when do they
differ and why?

8.1.1 UM, and UM, Coincide Asymptotically (N — o)

In this section, it will be shown that M, and U M5 are actually the same when the
size IV of the data set Xy is very large, that is when N — oc. To do so, we will make

use of the following classical result of calculus:
VaeR, (1+z)*=1+azx when z—0 (8.1)

The following numerical calculations carried out for a = 0.5 are presented to convince

the reader of this simple equality:
forz =0.1 (1+ )% =1.0488 and | + 0.5z = 1.0500

for £ = 0.08 (1 + )% =1.0392 and [ +0.5z = 1.0400
forz =0.05 (1+z)%° =1.0246 and 1+ 0.5z = 1.0250
for z =0.01 (1l + )% =1.0050 and 1+ 0.5z = 1.0050

The right-hand side of inequality 8.1. denoted as p; (guaranteed deviation), can be

transformed as follows:

R 0\ (N -

Js(PY) k) ([T [eCN)
(——-——NS)(I-%-——{) (u —r +1) (8.5)

A

From equation 8.3, it easy to see that (V) becomes very close to 0, as /N increases,

i.e., imy_o ((N) = 0. Therefore, using equation 8.4, it follows that for very large
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values of V:

YL =

l+f:(§N)_}_’CC(N)\g/EC(N)_IL\/E—Cm]

Since ((V) approaches 0 as N becomes very large, it follows that:

k() +5C(1V)\/HC(1V') :o<\/f;_((z\—"))
8

SV]

Therefore:

o = (1583?)) (1+ /f:C(l\")-i-O(v/liC(N)))

(JS(}V’? )(1+ ,;((N))

Hence, when N — o0, (7| becomes:

¢1=<15( )(1+f¢<_(~—) (5.6)

Now. let us examine the right-hand side of inequality 8.2, which will be denoted as

ws. When N — oo, 2 becomes:
__UsBF)/N)

T i

(Js(PS)/N)

(- )
- (jS(N )(1 Vo) )
(Z2) (1)
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Hence, when N — o0, @2 becomes:

J Xy
pa = (LE\I;S—)> (l +7y/¢ (N)) (8.7)

Consequently, when N — 0o, the two uncertainty models UM, and UM > become:

Uiy : D™l < () (14 VRLD) 9

J
UMagy—oy s [D(Sge- g™ < (—S(ﬁ—) (L+7yc@) 9

These two inequalities show clearly that UM, and U M coincide asymptotically, and
suggest that the two prior information numbers & and 7 are related according to the

equation:
VE=T

or
k=T (8.10)

Consequently, since 7 takes values from the narrow range [1.35.2] (see previous
Chapter), it follows that x must actually be selected from a relatively small range
[1.352,22] = [1.82. ], instead of the a priori large interval |1. 100] suggested in the
previous Chapter:

¢ € [1.82,4] instead of: & €]L.100] (8.11)

8.1.2 How do UM, and UM> Compare When N is Small?

Here, the more realistic case of data sets of small size is examined. The following

numerical example will show that model &/ M, is more conservative than model U/ M,.

Example 7.1. How many data points V do we need in order to guarantee that the squared deviation
['D(S o s g7++r)]2 is less than 5 times the minimum of the averaged value of the identification objective

function Js (pT )/N‘? This question can be re-expressed in a more direct way:

12 Ts (p;)
find N such that: [’D(S gler)2 <5 x —~ (8.12)

Let us use models UM, and Y M- successively to address this question.
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Model UM,

This mode! will be used here with & = Kquvg = 2.91. From inequalities 8.1 and 8.12. it follows that:

K C(N) 4 _
-—T<1+ l+m) =

or

2 soicv) )

/ l )
.45 (V) <l+ lTW =

Solving this equation for {(:V) leads to:

2.91C(NV) (1+ e

or again

C(N) = 1.105

that is:

2InN +64
4 <_N_—> = 1.105

Solving again this equation leads to N = 52.

Model UM
This model will be used here with 7 = 74,4 = 1.67. From inequalities 8.2 and 8.12. it follows that:
i
- _ _5
(1 - T\/C(N))
or |
=5

(1 — 167 C(N))

Solving this equation for {(V) gives:

2

(N = (ﬁﬁ)

2InN +6.
4( nlv—(- l>:0-23

that is:

Solving this equation for NV gives the solution N = 311.

This example has showed that models UM, and UM> require minimum

N =52 and N =311
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respectively, in order to guarantee that the squared deviation [D(Sp"}' .g%*)]? be less
than ”
5 (Js (p¥) )
N

In general, model «{ M requires a much larger amount of data than U4 M,, to guar-
antee the same degree of process model accuracy. Why is this difference between two
models that are supposed to account for the same uncertainty? The answer has to

do with the prior information WPZ on which each uncertainty model is based.

In the previous Chapter, it was mentioned that the prior information WPZ(1) on
which model { M, is based, i.e..

Sllppsyt"_ ISPs(tn) p— Sd[lta(tn)lz _

( Js(p®) )
N

is stronger than the prior information WPZ(2) on which model &/ M is based:

WPI(1) : Ik € R2,

limn—-oc 1 ?. S s ti _ Sdata ti 2s l/s
WPIL(2) : Ir € RT. sup ( (" —1 [5ps(6) (&:)] ))
Ps lim,,—.cc (l i ISps(ti) - Sdata(ti)['z)

n

(with s > 3). With the stronger prior information WPZ(l) as a base. uncertainty
model UM, assumes that a high amount of information pre-exists within the process
model M. Because of that, L{ M, considers that M does not need too much data for
its identification. [t is possible to formalize this qualitative explanation by making
use of the concepts of system information content, transfer and conversion. which

were introduced earlier in this thesis:

Let Z denote a universal measure of system information content. The total infor-
mation content of the real ASP is then Z(ASP). From an information-based point
of view, the objective of process modelling is to develop a mathematical system S
such that: Z(ASP) = I(S). The traditional approach of developing such a system
S consists in writing a mechanistic model M for the ASP and identifying it on the
basis of a finite data set Y. Since the identified model does not produce perfect
predictions of the real process behaviour, an uncertainty model UM is developed on
the basis of some weak prior information WPZ about the process. Given the objects

M., Y x and WPT — which can be considered as the components of the system & —,
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this uncertainty model determines the information gap between the process model
prediction and the real process behaviour. Or. conversely, given a certain degree of
process model accuracy, Y M determines the minimum size of Yy that is needed to
achieve that accuracy. In terms of “system information content”. this means that the
purpose of UM is to determine the size N of Yy such that the information content

of
S = (M, YTy WPI) (8.13)

becomes equal to some fixed fraction vo (wo €]0. L[) of Z(ASP), that is:

I(S) = IT(M) + (T x) + Z(WPI) = vo Z(ASP) (8.14)
The latter equation can be solved for Z( X x):
I(YwN) = voZ(ASP) — (M) —I(WPI) (8.15)

In previous Chapters, it has been suggested to take Z(Y y) as equal to ¢ N. where

the coefficient ¢ € [0, 1] accounts for the data set statistical dependence:
I(TN) =< N (8.16)

From equations 8.15 and 8.16, it follows that:

v = WI(ASP) — I(M) — IWPT)
<

Now consider the two foregoing types of prior information. WPZ(1) and WPZ(2).
about the ASP. Since WPZ(1) is stronger than WPZ(2). it follows that ZOVPI(1))
is higher than Z(WPI(2)):

I(WPZ(1)) > I(WPIL(2)) (8.18)

Since the numbers vg, Z(ASP), Z(M) and < are fixed, it can then be easily inferred
from 8.17 and 8.18 that the size N, obtained from UM, is less than the size NV,

obtained from UMs:
Ny < N»

This result shows then that the stronger the prior information about the ASP, the

smaller the data set size required for process model identification. In the extreme case
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where the prior information characterizes completely the real plant response function.
no data will be needed to calibrate the model. Conversely, if the prior information is
extremely weak, then the uncertainty model would compute a very large size for the

identification data set.

Now that the two uncertainty models, UM, and UM, of the ASP are compared,
which one should we use for uncertainty management in the activated sludge process?

This question is addressed below:

The main bothersome point about using uncertainty models, UM and UM.. is the
prior information « for UM, and T for UM,. There is indeed no general methodology
to determine the values of these numbers. And, with respect to the absence of such
methodology, model U/ M- has a significant advantage: its prior information 7 has
been reported to vary within a limited range (Vapnik, 1982). In the previous Chapter,
it was argued indeed that 7 for the ASP takes values from the small interval {1.35, 2].
As a result, it may be reasonable to use model L/ M5 for uncertainty management in

the ASP with a value of T equal to:

35+ 2

T = Tavg

However, from the numerical computations of example 7.1 and the foregoing discus-
sion, it follows that L{ M, requires a very large number of data points for the process

model identification. which represents a disadvantage of U M.

On the other hand. model /M, is much less prodigal in terms of identification data
point requirements, but it is based on a prior information & that can a priori take any
finite value greater than one, which is obviously very bothersome. However, if it is
agreed that the relationship 8.10, which states that x equals the square of 7 and which
was induced from asymptotic comparison of M| and UM, is a valid one, then the
prior information & will be much less problematic for the use of /M, : equation 8.10
implies indeed that x must take values from the relatively small interval [1.82,4]. [n
addition, it will be shown in the next sections that certain rates of process model
improvement, as NV increases, are independent of x. Because of all that, model &/ M,

will be selected and used in what follows for ASP uncertainty management.
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8.2 Does an Infinite Data Set Guarantee a Perfect

Estimation of the Process Response?

As pointed out earlier in this thesis, the ultimate goal of ASP modelling procedures is
to determine the real process response function, which was denoted as g7=». Among
all modelling procedures, mechanistic modelling aims at deriving g7 from first prin-
ciples. Though mechanistic models that have been developed during the last three
decades are quite complex, “they are still greatly simplifying the representation of
many species of organisms” (Jeppsson, 1996). Because of this, it has become a fact
that the perfect mechanistic model of the ASP does not exist yet. To remedy this sit-
uation and improve mechanistic models as much as possible, wastewater researchers
and practicing engineers resort to exploiting another source of information: “empirical

data”. And the question that arises is:

Can this new information source of empirical data
compensate for our limited knowledge (8.19)

of the fundamental mechanisms of the process?

This is a fundamental question. Addressing it and establishing a definite answer for
it will provide us with directions as to what type of research must be carried on in

the area of ASP modelling:

- if the answer to question 8.19 is yes, then there will be no need to carry out
more research on investigating and modelling all ASP mechanisms, which is
clearly very costly, time consuming and usually not conclusive. Rather, the
real bottleneck in ASP modelling would become the amount of empirical
data available for identifying the mechanistic model M. [t will then be more
appropriate to concentrate on collecting as much data as possible and improving
the mathematical and computational aspects of process model identification
procedures, since it is guaranteed that more empirical data will compensate for

all those unknown hard-to-model ASP mechanisms.

- if, however, the answer to question 8.19 is no, then there will be no way of
escaping the difficult task of investigating and modelling in detail ASP mecha-
nisms. The bottleneck in ASP modelling will be, in this case, both the amount

of empirical data and the quality of the mechanistic model.
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Now that the importance of question 8.19 is explained, we can start addressing it. To

do so, we will assume that:

1. the mechanistic model M is defined by equations 7.1. [t is a simple model

which does not account for all process mechanisms.

2. an infinite amount of empirical data is available for the identification of model
M. This means that “data” is not a limiting factor in the course of the deter-

mination of gZ+*» through model identification.

3. an infinite computing power is available to carry out the model identification
procedure. This is to guarantee that the identification algorithm Al. whose
purpose is to minimize the objective function .Js (ps). will end up finding the
exact global minimum of this function. [n other words. local minima problems

are completely resolved by the available infinite computing power.

With these three conditions defined, question 8.19 can be re-expressed in an equivalent
way:
Does the process model identification procedure,
carried out under the foregoing conditions
1. (a simple process model is fized). 2. (infinite data set) (8.20)
and 3. (infinite computing power).
guarantee the exact determination

of the process response function g¥e+®?
The following theorem addresses the latter question.

Theorem 8.1 Let X n be a sequence of N data points of the ASP plant Tosp. Let pg"
and p% be two parameter vectors that globally minimize the identification objective
function

Js (Ps) = 3 |Sps(t:) — S“(t:)?

=1

and the exrpected risk
: 1 < v ata 2
R(ps) = lim =3 |Sps(t:) — S“(6:)®
=l

respectively. Then the random sequence D(Spry. gTe?) converges in probability to its
1

minimum value D(Spo . g%, as N is made infinitely large.
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Proof. Using equation 6.2 and the notations of the mathematical framework of

Chapter 6, it can be shown that the equality:

R(b) = [ fw—g"» (W] Pew(v.w) dvdw + [D(h. g7’ (8.21)
holds true for all decision rules h. [n particular, for ALY, . we get:

R(ES) = [ [w— g™ (W] P (v-w) dv duw + [D(L, g7
Or. equivalently:

[D(REY,. g™)]2 = R(REY,) — / [w — g% (V)]? Prv.w)(v. w) dv dw

1%

Because the ZPERM is applicable to (Eusp, LM 4sp). the following convergence holds
true in probability:
R(RX> ¥) — R(ho) as N —

Hence, as N — oo, [D (hemp g%=>r)]? converges in probability to the following number:
Rho) — [ [w = g (V)] Prv.y(v, w) dv duw

Vxiv

which is, by virtue of equation 8.21, equal to [D(ho. g Zasp)]2. Therefore. ’D(hemp gTase)
converges in probability to D(hg. g%*) or, by adjusting the notations. ’D(Spr;\',g Tasp)

converges in probability to D(Spg .g%e?), as N is made infinitely large.O

Recall from previous Chapters that:

Sp-rx: is a time function that computes, for each time instant ¢, the prediction Spr.\' (£)
S 5
by model M for the substrate concentration, when model M is identified on

the basis of the finite data set Y .

SP°s . is also a time function that computes, for each time instant ¢, the best possible
prediction Spg (t) that model M can produce for the substrate concentration.
This prediction is obtained when model M is identified on the basis of an infinite

data set.

Now, what theorem 8.1 states is that, as NV increases, the deviation between (1)
the identified process model prediction function Spry and (2) the real process re-
5

sponse function gZes? shrinks continuously until it reaches its minimum, which is
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’D(Spg . g%+?). In other words, as N increases, the identified process model keeps im-
proving more and more until it reaches the best possible prediction function Spg of
the real process behaviour. However, this “best function” Spos does not equal the real
process response function g%esr, because there is a nonzero deviation ’D(Spg,, g7asr)
between these two functions. This means that. though the identified process model
improves as IV increases, it will never reach the real process response function gTase

we are looking for, even for infinitely large values of V! Spg will be the best predic-

tion function that one can reach (note that Spg can be reached in theory only). As a
result. even under the ideal conditions of infinite data points and computing power.
there will always be a residual gap with a magnitude of ’D(Spg~ .g%s?) between the
identified process model that will be used in real-world situations for the management

of the plant 755, and the “reality” as it is expressed by gTese.

Consequently, the answer to questions 8.19 and 8.20 is no: empirical data cannot com-
pensate for our limited knowledge of process mechanisms. even if an infinite amount of
data and computing power are made available to the model identification procedure.
But, if this is the case, how could some researchers be able to achieve very satisfactory
results with a black-box model (such as a neural network model. for example) trained
on the basis of a relatively large data set? A black-box model contains absolutely no
information about the process before training (see discussion of this fact in a previous
Chapter). yet process modellers could use just empirical data to transfer a great deal
of information about the ASP into this black-box model and, thus. produce a satis-
factory ASP model. So. we should, in fact. conclude that it is possible to compensate
for the lack of information about process mechanisms by using empirical data. How

to explain this discrepancy?

The negative answer to questions 8.19 and 8.20 was established for a fixed mechanistic
model M. But, a black-box model such a neural network is not one fixed model: it
is actually a series of models where the number of nodes — and therefore the model
parameters — can be increased or decreased during the training, until the optimal
model structure is attained. Therefore. black-box model training procedures exploit
not only the information contained in the data set. but also the possibility of ad-
justing the model structure in order to better approximate the real process response
function. And what makes black-box models such as neural networks successful in

doing so is the fact that neural networks are universal approzimators. which means
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that their structure can always be adjusted to uniformly approximate practically any
continuous function to any desired degree of accuracy (see Haykin, 1994, pp. 181 and
189).

In the case of the mechanistic model M. however, model improvement relies ex-
clusively on the information content of the data set. The use of model structure
adjustment to enhance the approximation of the real process behaviour cannot be
carried out with just one single model. That is why, in the next Chapter, an inno-
vative modelling approach will be devised for the ASP in order to develop a series
of mechanistic models for this process. This will provide us with that advantage of
model structure “adjustability” in the area of mechanistic modelling too and will
contribute to the development of a process model which has the advantages of both

mechanistic and black-box models, an all-advantage model that is.

Now that the foregoing discrepancy has been explained, it should be noted that
complex (mechanistic or black-box) model structures are likely to achieve a better
approximation of gZes», but they would require a large number of data points for their
identification. Since data are usually scarce, there is a need to develop a methodology
to tune the model structure complexity to the small number of data points available

for the identification procedure. This methodology will be presented in Chapter 10.

In the remainder of this Chapter, we will carry on investigating the uncertainty that

underlies the ASP plant behaviour, being approximated by mechanistic model M.

8.3 Introducing a New Concept: Process Model

Maximal and Marginal Improvements

[t has been shown in the previous section that. even under ideal conditions of infinite
data points and computing power, process model identification does not guarantee
the exact determination of the real process response function g%. However, it is
a fact that the identified process model improves as the amount of data V supplied
to the identification procedure increases. To manage the process model quality, we
need to develop a measure of this model improvement. Some of the questions that

arise in this respect and need to be addressed are: what is the maximal improvement
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we can achieve for model M, and how to quantify it? How much does M improve
if the number of identification data points increases by one point, for instance? How
does the model improvement rate vary with N7 Is it constant or does it vary with
N? What practical conclusions can be drawn from answers to these questions and
what recommendations can be made to wastewater treatment plant managers and

consultants with respect to the number of points to be used for model identification?

These questions are quite challenging and have never been investigated in the area
of wastewater engineering, despite their crucial importance. In this section, they are

addressed in the light of the uncertainty models developed in the previous Chapter.

8.3.1 Measures of Process Model Improvement
Process Model Improvement as N Increases from V| to NV

In what follows, the process model improvement when the number of identification
data points increases from N; to N, will be denoted as ZP A((N,, N2). The purpose
of this section is to develop a measure of ZP o(Vy, Na).

A measure must satisfy two conditions:

Measure Condition n° 1: it characterizes the magnitude of the “concept™ it is

quantifying: to each concept magnitude corresponds one unique measure.

Measure Condition n° 2: it increases (or decreases) as the magnitude of the “con-

cept” it is quantifying increases (or decreases).

Now, to develop a measure of the concept
“process model tmprovement”

we need to think about what characterizes an identified model being better than

another identified model. One natural way of quantifying it would be:
Y Y., .
IPm(Ni, N2) =[ ps* — ps? |l (8.22)

. - 3= . ‘I.:' Y:'o .
that is, the euclidian distance between the parameter vectors ps' and pg?. This

definition is, however, not appropriate, because the difference between parameter
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vectors does not characterize the amount by which an identified model has improved:
a large difference || pn — p.l;'"' || does not mean necessarily that the identified process
model S oy has improved a lot as NV increased from Vi to N,. Consequently, the ex-
pression 8 22 does not satisfy measure condition n°® 2 and, as a result, the difference

| p T\‘ — pg\"-’ i| cannot be adopted as a measure of TP ym(Ny, N2).

Another way of quantifying ZP (N1, N2) would be:
IPrm(N1. N2) = 'D(SPTN, . Sp“cvg) (8.23)
s S

that is, the functional deviation D between the two identified models S v, and S xv, -
This definition is not appropriate either. because of the lack of processpmodel xdgntl-
fiability pointed out earlier in this thesis: it is indeed possible that the identification
objective function Js(ps) corresponding to Na. for instance, attains its minimum at
two different parameter vectors (p?'?')l and (p?'—')g . When this is the case, the equa-
tion 8.23 will assign two different numbers, ’D(pr-::l , S(p?"-’)l) and D(S oo S r\q)_)

to the same concept ZPa¢(/Ni, N2). This is in contradiction with measure conchtlon

n° 1 and, as a result, the deviation ’D(Sp-:y‘ R Spr\,,_,) cannot be adopted as a measure
s

of TP s( Ny, No). °

A third possible way of quantifying ZP v¢(Vy. V2) would consist in utilizing the de-
viation between the identified process model and the real process response function.

1.e.:

IP (N1 M) = D(S 1,9 g™") = D(Sxs.9 Tasr) (8.24)

According to theorem 8.1. the deviation D(S g Tesr) decreases more and more, as
N increases. until it reaches its minimum xalue D(Spo- g Zasp). Hence, the larger the
deviation between N; and N, i.e., the higher the amount by which the identified
model S e has improved, the bigger the difference 'D(S T.\ ,gTaw) — ’D(S T, g gTasp).
Thus, the expression 8.24 satisfies the measure condltlon n° 2. [Iow ever, because of
the lack of process model identifiability, the parameter vectors p 5‘ and p 5‘2 are not
necessarily unique and, as a result, the difference D(S S ,gTasp) — ’D(S r\,,, gTas?) is
not unique for every fixed couple (V. Na). Measure condltlon n° lis therefore not
satisfied for the expression 8.24 and. consequently, the latter cannot be adopted as
a measure of TP (N, Na). Nevertheless, uncertainty model UM, (equation 8.1)

suggest to replace the deviations D(S v, . gTer) in equation 8.24 by the upper bounds
Ps
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on the squares of these deviations, i.e., the guaranteed deviation:

Xy, (AT -

FA

Using this idea, the process model improvement can then be quantified in the following
way:

IPJ\A(I\/'[, lV?') = (IV[) — 1 (l\/’-_).) (8.26)

Note that the expression of (o (V;) is the product of two terms: the empirical risk

RIS () = is%’—g—) (3.27)
and the mathematical function
&(IN;) = "C(zN) (1 L+ TLN)) (8.28)
that is:
p1(IV;) = Remip (P3") X 6(V:) (8.29)

Using this decomposition (equation 8.29), equation 8.26 can then be re-written as:

TN, ( RS

TP (N1, Na) = R (P2) X 0(IVi) — Remg (Dg*

Pa?) x 6(Na) (8.30)
Before discussing the measure conditions for expression 8.30, we need to examine an

important point regarding the vector pg": global versus local minimum.

By definition. pg" represent the parameter vector at which the identification objective
function or, equivalently, the empirical risk attains its global minimum. In practice,
there is no general method or algorithm that guarantees the determination of the
exact value of the global minimum of R};,‘l‘;,(ps). The best we can get in reality is a
local minimum, which we will denote here as (pg"')[oc. Therefore. the identified process
SR and not S o - This
situation is, of course, not desirable, because Spr_\ if it could be obtained, would be

S
a better model. But. unfortunately, it is not accessible in practice and we have to

model that will be used in real ASP control is in fact S

be content to use a less effective model which is S =, . Can the uncertainty model

UM, (inequality 8.1) be used with the parameter vector (P2 1oc instead of p »>¥? Yes,
and this is one of the strengths of the general methodology developed in thls thesis
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for uncertainty control. It suffices indeed to replace pE-" by (pg*)zoc in the inequality
8.1. We then obtain uncertainty model UM :

Xy -
[D(S g, )] < (J—S((S’TS)'——)) (1 +i%v) (1 + 1+ h_c'L(LT) ) (8.31)

Accordingly. equation 8.30 can be adjusted by replacing the empirical risk global

minimums by the local minimums:

TN R Y ‘ P VA X, ; r «
IP (N1 . Na) = Remp ((ps\l)loc) x &(Ny) — Rem\ﬁ((ps‘\-)loc) x @(Na) (8.32)
Now, we need to check whether or not the two measure conditions are satisfied for

the expression 8.32.

Note first that the measure condition n° 1 is well satisfied for the original expression
8.30: indeed, for every fixed data sequence Y y. the value of ¢(N) and that of the
empirical risk global minimum RX3,(p%) are unique (as for RXx(P¥), it is a math-
ematical property of function global minimum). However, in expression 8.32. the
local minimum Rz'nfp((p?),oc) is of course not necessarily unique, because a function
can have several local minimums. However, it is conjectured that, given an optimiza-
tion algorithm and a certain amount of computing power. R;’l\;} ((pg‘ loc) changes very
little with V. And, what will affect the value of R};-L‘;,((p? loc) significantly is the com-
plexity or, equivalently, the VC dimension of the process model used to approximate
the ASP plant dynamical behaviour. This point will be investigated in subsequent
Chapters of this thesis. In this Chapter. however. the ASP model has been fixed and.

because of that, Rg,-l‘;,((pxst}'),oc) will be considered to be practically constant:

REX(PSioc) = € (8.33)

emp

with the number ¢ € R depends primarily on the degree of complexity (VC dimen-

sion, that is) of the process model. Equation 8.32 becomes then:
IPM(JV[, ZVQ) =cX ((D(IV[) — (D(IVQ)) (8.34)

Measure conditions n° 1 and n°® 2 are both satisfiecl for expression 8.3 (the proof is
straightforward). As a result, ¢ x (@(Ny) — ¢(V2)) can be adopted as a measure of

the process model improvement ZP a(Vy. Na).
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Process Model Maximal Improvement

Process model maximal improvement, denoted here as ZP{*, is defined as the value
of TP m(Ny, N2) when N; approaches its minimum (which is 2) and N; its maximum
(which is infinity). That is:

IPYE = IPm(2,0)
= ¢x(8(2) — 9(0))
1
3.89 K

IPY* = cXxXT71.78R (1-%-\ 1+ (8.35)

Knowing that & € [1.82,4] and. therefore, 3.89 x & > 1, it is possible to apply the

approximation 8.4 to the square root of equation 8.35:

IPTe = ¢x7.78k <1+ 1+

389k
—c><778'(1'1+ ! )
- SR T 778k
= c¢x (15.56k + 1)
IPTE = 15.56¢ck (8.36)
From this equation, it follows that ZP7¢”" increases — linearly — with the prior

information . Does this make sense? Yes: if a low value is selected for x. it means
that we are pretending to possess a strong prior information about the ASP dynamical
behaviour. being approximated by model M. In other words, a low value of x is as if
we are assuming that a high amount of information is available to the process modeller
before even the beginning of the identification procedure. Because of this, model M
would need to draw very little information from the plant empirical data (during its
identification). to reach its highest degree of accuracy. Hence, the maximum amount
by which M would improve, as N approaches infinity, would not be very significant.

That is: a low value of x implies a low value of ZP{{* and vice-versa.

Process Model Marginal Improvement

“The more data we have, the better it is for model identification”™. The following
discussion is about quantifying this statement, in the marginal sense: how better
does model M become, when the size of the identification data set is increased by

one point, for instance? Consider the following two cases:
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e case A: Ny = 10 points are used for model identification.
e case B: Ny = 100 points are used for model identification.

Does an increase of Ny by one unit lead to exactly the same model improvement in
both cases A and B? If yes. that is if the model M improves uniformly as N in-
creases, then what is the value of the model improvement constant rate? [f no, then

how does the model improvement rate vary with Vg7

To address these questions, consider the model improvement when the number of
identification data points is increased from Ny to certain number N. From our pre-

vious discussion, this improvement is expressed as:

IP m(No. N) = ¢ x (¢(No) - 6(IV)) (8.37)
To obtain the amount of model improvement per one identification data point. we
divide equation 8.37 by Ng — /V:

ZP am(No. N) _ d(No) — o(V) .
No— N ¢x No— N (8-38)

The ratio
IP i(No, N)

Ng — N
represents the model improvement average rate between Ny and N. To compute the
model improvement rate at Ny, denoted as @ (/Np). we take the limit of the expressions

of equation 8.38, as N approaches Ng:

ey g IPa(No, N) . 0(Ng) —o(N) ..
P = I TN T N N (8:39)

By definition, the limit
5(Ng) — o(N
lim o(No) — o(V)
N—Np ZV() - N

represents the derivative
d¢
— (N,
ON ( 0)
of the function ¢ with respect to N at Ny. Therefore, equation 8.39 can be re-written

as:

7]
’LU(IVO) =c X %(IV()) (8.40)
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Note that the derivative of ¢ with respect to N is a negative function. Since we
are not interested in the derivative sign, the following expression will be adopted for
w (1\”0)2

do 13J0)
BTV'(l\fo) = —Cc X W(l\fo) (8.-“.)

Equation 8.41 defines the expression of the process model improvement rate w (Vo)

'L'J(ZVO) =cX

at Ny, that is, the process model improvement when Vg increases by one point. This

rate will also be called process model marginal improvement.

The expression of @(Ng) can be developed explicitly by differentiating equations 8.28
(for &) and 8.3 (for ():

_ _ #(No) —1 K ¢(No) 8
=) = x (2 ~ Tar = e =)~ (% ) G

Now that we have developed a measure of the process model marginal improvement,
answers to the questions posed at the beginning of this sub-section (cases A and B)

become straightforward:

e When the size NV of the identification data set is increased by one point, model

M improves by an amount of w (V).

e An increase of NV by one unit does not lead to the same model improvement in
cases A (V = 10) and B (N = 100). because the values of @ (10) and w(100) are

different. Consequently, model M does not improve uniformly as :V increases.

e Note that, because @(100) < w(10) (compute the derivative of = (V) with
respect and verify that it is always negative), model M improves much less

when one point is added to 100 points than to 10 points.

8.3.2 Recapitulation - Relationships among Model Improve-

ment Measures
Three measures of process model improvement were defined:

e Process model improvement as N increases from N; to /Va:

IP_A\,((IVL, lv'z) =cX (O(lvl) - é(l\fg)) (843)
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e Process model maximal improvement:

ITPTer = [556ck (8.44)

e Process model marginal improvement:

) = ex (é(é\gv; TR R 2) i (4(5) B Ni) (849
where: ‘
O(N) =1+ ’”—C—;I—Vl (1 1+ = '(1N)> (8.46)
e~ REY, (PDoc) (8-47)
¢(N)=4 (2—19—17\/—+6—£) (8.18)

Note that the unit of all model improvement measures (equations 8.43. 8.4: and 8.45)
is the square of the unit of the substrate concentration S. For example, if §is ex-
pressed in mg/l as COD, then model improvement measures will be expressed in
(mg/l)? as COD. To define new measures with the same unit as the substrate con-
centration unit, it suffices to take the square root of the right-hand side of equations

3.43, 8.44 and 8.-15.

The following relationships can be easily verified:

Na
TP Ny Na) = /V (N) dN (8.49)

ITPpmas = / T G(N) AN (8.50)

8.4 Practical Recommendations for Wastewater

Treatment Plant Managers and Consultants

The ultimate goal of uncertainty management is to reduce the deviation ’D(SprN , gTasr)
S

as much as possible. Ideally, we would like to be able to bring this deviation down

to zero, that is: D(Spr_\,, g%e») = 0 in order to achieve: pr\- = gTes». However, it was
s S
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shown above that, with model M. it is impossible to reduce D(Spry, gn”’) to zero
S

through the use of the process model identification procedure, even under the ideal

conditions of infinite data points and computing power. So the question that arises

is then: what is the best process model improvement we can achieve, and at what cost?

To address such a question, we will make use of the uncertainty model (see inequality
8.31):
UM, [D(S 2, -g77) < REX((P)i0c) X 0(V) (8.51)

P&ac’
where R};‘l\;,((p?') loc) 1s the value of the empirical risk at a parameter vector (pxsj‘),oc at
which a certain local minimum is attained and the function ¢ is defined by equation
8.28. The idea here is to utilize the fact that the right-hand side of inequality 8.51,
i.e., the guaranteed deviation (2;(/V). is known and can be easily computed. Thus,
by reducing it, we will reduce the deviation D(S(p-ré\,)loc, g%e), which is the measure
of uncertainty in ASP. As was mentioned previously, the first term of (V). that is
R};;};,((p?),oc), changes very little with the identification data set size /N and. because
of that, it was considered to be almost constant. The second term, however. is the one
that governs most of the variations of the guaranteed deviation @1 (N). So. to reduce
the latter function (which would result in reducing the deviation ’D(S(p?,)l“, gTesr)),
we need to act on @(N) and minimize it. The minimum of the latter function is 1
and, as a result, the best we can achieve, according to uncertainty model UM is a
guarantee that the deviation D(S(p?)loc, g7esr) is lower than the empirical risk local

minimum value:

: J, e oc
RIX ((P)1oc) = ﬁ%)‘—) (8.52)
that is:
DS, 97%) < R (PS)1oe) (8.53)

Now, to reduce Ref,-l\’p((p?'),oc), we will need to improve the process model structure.
This point will be investigated in subsequent Chapters of this thesis. [n the rest of
this Chapter, where the process model structure is fixed, we will concentrate on the
effect of the data set size /N on the quality of identified model M. We will do this
through the investigation of the mathematical function ¢(:V) and the use of process

model improvement measures defined in previous section.
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8.4.1 A Fundamental Result

The purpose of this section is to prove a fundamental result with respect to the prac-
tice of ASP model identification. This result is stated below:

In the course of identifying the ASP model M with respect to the substrate
concentration S, 80% of the model mazimum improvement occurs at a number of
data points of about Nggy = 15 to 18. To achieve the other 20%. N has to be
increased from the relatively small number Nggy, to infinity. This result is practically
independent of the prior information WPZL as it is expressed by the value of the

number k.

Here is the proof of this result:

As pointed out in previous section, the process model improvement that occurs when
the number of data points increases from its minimum 2 to a certain value V is equal

to:
IP.u(2.N) = ¢ x (6(2) — &(V)) (8.54)

while the maximum improvement is equal to:
IPU =cx (0(2) —o(oc)) = 15.57Tck (8.55)

So the question to be addressed here is: what should be the value of /V in order to
achieve:
IPMm(2.N) =08 x TP 7? (8.56)

This equation can be re-written as:

or, equivalently:

o(2) — é(N)

= 0. D7
15.57 kK 08 (8.57)
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Hence the foregoing question comes down to solving the equation 8.57. The function

f defined by the expression in the left-hand side of this equation, i.e.:

f: {2.3.4,---} — [0.1]
N — [f(N) =22

15.57T K

(8.58)

is continuous and strictly increasing from 0 to 1. Note indeed that f(V) is also equal

to:
o(2) — o(N)
#(2) — o(co)

which then makes the previous statement about the variations of f(V) easier to prove.

f(N) =

Therefore. f is an injective function and. as a result, the equation 8.57 in N has at
most one solution. Denote this solution. when it exists, as Ngoz. To determine Ngox.
we will first limit the search in the subset of integers {2.3,---,16}. If we can find
one number in this subset that satisfies equation 8.57, then this number is equal to

the one we are looking for, i.e., Ngo%. because of the injectivity of the function f(/NV).
(=]

For N € {2.3,---.16} and & € [1.82, 4], the following inequality can be proved in a

straightforward manner:
1.82 x 2.98 < K ((N) <4 x 15,57

that is:
5.42 < K C(IV) < 62.28

or, equivalently:

0.06 < < 0.7

4
kC(N)
The ratio 1/x (V) is therefore small enough to justify the use of equation 8.4 for the

square root:
4

L

(Note indeed that:
(1 +0.74)%3 = 1.320 and 1|+ 0.5 x0.74 = 1.370

and similarly,
(1 +0.06)%% = 1.029 and 1+ 0.5 x 0.06 = 1.030)
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1 9
Vit e = sem

Consequently, the expression of ¢(/N) can be simplified as follows:

Hence:

VN € {2,---.16}. Vrk € [1.82.4]. o(N) = 1+ KC‘()N) (1 +,J1+ I{C‘(l,v)
g ECY) 2
~ 14 5 (1+1+—KC(N))
o(N) = 2+&((N) (8.59)

Thus, for V € {2,3,---,16} and & € [1.82.4]. the expression of the function f(:V)

becomes:
FIN) = o(2) —o(N) (24 k((2) —(2+&¢(V) _ ¢(2) —¢(&V)
~ 1557k 1557k - 15.57

i.e., an expression that is independent of x. Therefore, equation 8.57 is also indepen-

(8.60)

dent of k for N € {2.3.---.10}, and can re-written as:
¢(2) = ¢(N)
—_—— .8 .
15.57 0 (8.61)
or:

C(N) =¢(2) — 0.8 x 15.57

C(N) =3.12 (8.62)
Solving this equation in NV gives:

N = Ngoz = 15 data points (8.63)

The foregoing approximations were used mainly to show why the amount of data
that is required to achieve 80% of the model maximum improvement is practically
independent of the prior information . [t is however possible to solve equation 8.57
rigorously for each fixed value of k. using a simple spreadsheet. The results are pre-

sented in table 7.1

[t is therefore clear that Nggg, is practically independent of k and has a value of about
15 to 18.
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Table 8.1: The number Ngge; is practically independent of &

Value of x | Value of Nggy
1.82 18
2.00 18
2.30 17
2.50 17
2.70 17
291 17
3.50 17
4.00 17
5.00 16
10.00 16
15.00 16
30.00 16
40.00 16
50.00 16
100.00 16

8.4.2 Marginal Cost of Process Model Improvement

The concepts of “marginal cost” and “marginal revenue” are used extensively in
economics. They constitute very powerful decision tools for determining, among
others, the profit-maximizing level of a firm output (see the articles of Ordover and
Machlup in the McGraw-Hill Encyclopedia of Economics. Greenwald (1994)). The
intent of this section is to develop similar concepts that can be used in WWT process

control strategy design.

Motivation

One of the major duties of ASP engineers is to develop a strategy to control the
dynamics of the activated sludge WWT plant, so that the latter meets the regulatory
effluent quality standards at all (or most of) times. To do so. they can make use

of two distinct approaches: structural control and operational control. The former
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approach consists in acting on the wa.stewater treatment (WWT) plant units by
physically adding or taking off one (or several) unit(s) or by changing the physical
characteristics of existing ones. The lattter approach consists in acting on the process
control variables to influence the process dynamics and make them consistent with
regulatory effluent standards. In ordex to develop the most cost-effective control
strategy for the ASP using (one or both of) these two approaches, process engineers
need to know the cost and performance of each physical or mathematical tool they
have at their disposal for process control strategy development. And one of these tools
is of course the process model which represents a fundamental component of every
operational control strategy. The purp-ose of this section is to develop a procedure
to help process engineers determine the cost Ctmyrg of improving an-already-identified
model by one unit (unit of Ctpre: $/un-it of the modeled process variable). The cost
Clmrg is called marginal cost of process model improvement. Here is an example of

circumstances where the computation o-f this cost would be very useful:

A process model of an activated slasdge WWT plant is developed and iden-
tified. Denote this model M. Based on M, an operational control strategy
is developed for the plant. After this control strategy is implemented and
used correctly for a certain period of time, the plant manager realizes that
his facility still violates the effluerat quality standards (note that the man-
ager could reach this conclusion jeist by carrying out a series of computer
simulations of his plant). Becausse of this. he asks his consultant eng:-
neer to review and improve the pmwocess control strategy. [n the course of
reviewing the latter strategy, the consultant shows that several different
options are technically feasible an-d each one of them has the potential of

improving this strategy. A partial list of these options could be:
1. improving the accuracy of the existing identified process model M by
adding more points to the identification data set.

2. developing a new process model structure which may possibly show

better performance.

3. change nothing model wise, But start using some chemicals at a cer-
tain stage of the treatment p-rocess.
4. adding a flow equalization wrait to the plant and consider eliminating

the current operational problems for a longer period of time. say. ten
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years.

The consultant has established that all these options are technically viable.
but to decide which one to select, he has to carry out a cost-benefit analysis
of all these options. To do so. he needs to know how much money is
required to achieve a certain “amount” of benefit for each option. In
particular, for option 1, he needs to know the cost of improving the existing
identified model accuracy by, say, one unit, i.e., 1 mg/l as COD. That

is the marginal Cost Ctmrg-

Developing the Procedure

Now that the motivation of the marginal cost of model improvement is explained.
consider that model M (see equations 7.1) has been identified. with respect to the
substrate concentration S, using a data set of size N and a certain optimization
algorithm A. Denote the identified model as 5<p’§>')z°; where (p2)ic is a parameter
vector at which the identification objective function attains a local minimum. Note
that we said “a parameter vector” instead of “the parameter vector’. This is because
of the lack of process model identifiability pointed out earlier in this thesis. In section
8.3.1, it was pointed out that, when the identification data set size V is increased by
one point, the process model improves by an amount of w(N) in (mg/ [)? as C'OD.
or \/w(N) in mg/l as COD. where @ (V) is given by equation 8.45. Now. denote
the cost of obtaining one extra data point as C't,. The latter cost includes the costs
of measuring all the variables that are needed to carry out the model identification.

that is:

e the influent and recycle flowrates Q;, and Q-

the substrate concentration in the influent Siy,

the substrate concentration in the recycle S

the substrate concentration in the effluent S

possibly the micro-organisms concentration X

Using /@ (V) and Ct,., the model marginal improvement in mg/l as COD per dollar

can be obtained from the equation:
VoV
) (8.64)

W = —
Clty
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and the marginal cost of model improvement in dollars per mg/l as COD can be

inferred as the inverse of w:

1 Ct
C'tmrg === (8.65)

W  Jw(N)

The computation of Ct,,., is detailed in the following procedure developed for the

particular case of model M:

1. Compute the empirical risk local minimum RQE,-;;, ((P? loc) on the basis of N

data points using any optimization algorithm A:
¢ = RE% (PH)toc) (8.66)

2. Compute the average of the prior information K as:

_182+4
=T o

4

2.91 (8.67)

&

3. Compute ((N) and o(N) using the equations:

(v = (225 o0
and N
S(N) =1+ “Qé" ) (1 1+ r:&N)) (8.69)

4. Compute w(N) and then \/w(N) using the equation:

CN) 8\ .-
C(N)—‘2> x( N _T\E) (8.70)

5. Compute the total cost Ct, of measuring all the variables Q. Qr. Sin. Sr. S

and X once (in dollars).

(AN — o(N) -1 _
) = e x ( CN) ~ 20(N) -

& &t

6. Compute the marginal cost of model improvement Cly., (in dollars per mg/l

as COD) using the equation:
Ctu
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Illustrative Example

Case A: Consider that model M is identified, with respect to the substrate concen-
tration S, on the basis of N = 10 data points and let us compute the marginal cost

of improvement of M using the foregoing procedure.

Assume that the value of the empirical risk local minimum was found to be:

RS ((B%)1ec) = 3.2 (mg/l)? as COD

emp

The values of ¢(10) and ((10) can be computed as follows:

2 1L 6.4
¢(10) =4 (ﬂ%_si) = 4.40

and

o(10) = 1+w<l+\/[+ﬁl—:g—(lo—)) = 14.74

Then =@ (10) is computed in (mg/l)* as COD:

o0 = | 2.91 Y LI
¢(10) —2¢(10)—2.914(10)—2> >_.,,,

@ = 3.2 - —
(10) X( 0 10

and
V@ (10) = 1.83 mg/l as COD

Assume that the cost Ct,, of obtaining one data point is:
Ct =5120

Then the marginal cost of model improvement is:

K)
Clmrg = Tl'_é% = $65/mg/l as COD

Case B: In this case, the model is considered to be identified on the basis of NV = 100
data points and the marginal cost of model improvement can be computed in the same

way:
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The values of ¢(10) and {(10) can be computed as follows:

21In100+64
= s 2
€(100) = 4 ( 00 ) 0.62

and

2.91 x ¢(100 1
¢(100) = 1 + ng( ) <1 N \/1 591 x C(IOO)) =32

Then z(10) is computed in (mg/l)? as COD:

$(100) —1 2.91 L(S00) 8\ _ .
¢(100) 26(100) — 2.91¢(100) — 2 100 ooz, — UV

w(100) = 3.2x (

and
V@ (100) = 0.23 mg/l as COD
Then the marginal cost of model improvement is:

120
0.23

Thus, to improve the accuracy (or, equivalently, to reduce the uncertainty) of an

Ctinrg = = $522/mg/l as COD

identified model S (g by one extra mg/l as COD, we need to spend minimum $65
S

(which is relatively c})ll;\p) if the model has originally been identified on the basis of
N = 10 data points. Therefore, if the process engineer is not satisfied with a plant
control strategy (PCS) that is based on S(p:l")zoc and that requires a more accurate
process model than S(p§°)zoc to be effective, then he may possibly consider ordering
a few more data points to re-conduct the process model identification procedure (of
course, he would do that only if he establishes that “adding more points” is the most
economical option among all other alternatives that are technically viable for improv-
ing the PCS). However. if he is not satisfied with the PCS in the second case where
he used a hundred data points to identify the process model S(p:l"")z.,c’ then he may
have to consider changing the whole process model structure, utilize another mod-
elling technology or change completely the PCS design. In other words. if, after using
100 data points for model identification, the model accuracy is still not adequate for
developing an effective control strategy, then it is a wise decision to just get rid of
M and think about something else. Indeed. improving the identified process model

accuracy at N = 100 becomes a very costly alternative: $522/mg/l as COD.

This simple example shows clearly how powerful are the concept of “process model

marginal improvement” and that of “process model improvement marginal cost™, as
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they constitute excellent decision tools in designing cost-effective control strategies
for WWT plants. The author believes that they may find several other uses in WWT
process modelling and control, as was the case of the concepts of “marginal cost”
and “marginal revenue” in economics. However, since WWT process control strategy
design is outside the scope of this work, no more examples of the use of these concepts

are given in this thesis.

8.4.3 Solving the Practical Case n° 1 of Chapter 1

In Chapter 1 (Introduction), it was pointed out that one of the major applications of
the general methodology developed in this thesis is the determination of the prediction
accuracy of an identified ASP model and the degree of confidence associated with
this accuracy. A scenario for such application was called “Practical Case n° 1”7 and

formulated as follows (Chapter 1):

e Practical Case n° 1: Consider the case where the manager of an activated

sludge wastewater treatment plant has formulated a request to his consulting en-
gineer, asking him to develop a model for the plant. Also the manager specified
that he is able to supply as much data as the consultant may need and that he
wants to obtain the most accurate model with the lowest risk possible. Because
this model is going to be part of a comprehensive control system using the most
recent control technologies and because the manager is aware of the difficulty
in modelling the complete dynamics of the process. he asked the consultant to
provide him with the prediction accuracy and the degree of confidence as-
sociated with this accuracy. The manager needs this information (accuracy and
confidence) to compare the performance of the model of his consultant to other

empirical models that have been developed for his plant by his own employees.

Solving this case can be carried out using the following general procedure:

Procedure (P1):

1. Select the state variable that will be concerned with the process model identifi-

cation. Denote this state variable as z;,. for instance.

2. Find out, from the model differential equation that governs the dynarnics of x;,

(i.e.. equation of I;,), what are the model parameters that affect directly the
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latter state variable. Denote the vector whose components are these parameters
as Pz, - Count the components of this vector and denote the obtained number

as np,, -

Set a value to the integration time step At. Determine the VC dimension q of

the space of functions defined by:

Tio(n At)
Ti((n — 1) AL) | = (z3(n At) — solp:lo (n At))? —
uT((n — 1) Af)

and parameterized by the vector pg,, and the positive number 3. The function
SOlPrio represents the solution to the model differential equation governing z;,

and the vector u the model input vector. The integer n is arbitrary but fized.

If it is not possible to determine this VC dimension analytically, then take the

number Np,, 0S5 an approzimation of it:

q==np,,

. Using the identification data set Xy . containing N data points. and any com-

puter optimization algorithm A, minimize the value of the objective function:

N
da a
Ixo (pl‘.o = Z pz,c’ ¢ (t )l

data pove been collected.

where t; represents the time instants at which the data x3;
Since computer algorithms do not guarantee the exact determination of the global

minimum, the obtained minimum is to be considered as a local one. Denote

it .J.

Zig ((pr‘ loc). where (P2 )[oc is a parameter vector at which the objective

function local minimum s attamed.

. Compute the average value of the objective function by dividing it by N, and

denote the obtained number as RXY (( I“,'O)loc) (empirical risk):

I‘o (( Ito)loc)

RT\ ((p.z:,o) OC) =
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6. Select. from the interval |0, 1], a value for the degree of confidence, 1 —n, with

10.

which the model prediction accuracy is to be determined. Usually, 1 —n s set
to 0.9 or 0.95 (i.e., 1= 10% or 5%), but it can take any value between 0 and I
(0 and 1 are ezcluded).

Compute the value of ((N) using the equation:
2N - /3
GG EnEG]
N
. Compute the average of the prior tnformation K as:
1.82 + 4
R=-—0 =201 (8.72)
Compute the guaranteed deviation @, using the equation:
RC(N) !
(3 — RT\ oc h'_Cg__ 14+ ,/1 -
P = (( )1 )( ) +/_<C(1V)
Conclude that the exact value of the weighted Toot mean square deviation
D(sol y , gTer)
Ilo OC
between the identified process model prediction function sol . and the real

( z,o)oc

process response function g Tase 45 guaranteed to be less than /o (N), with a

confidence of 1 —n:

’D(sol gTr) < /o (V) with a confidence of: 1—1 (8.73)

1‘0 )loc

In concrete and simplified terms, inequality 8.73 means that, with a confidence

of 1 —n, the deviation between the model prediction 901( (t) and the actual

)OC

process response gre(t) for the state variable T, at an J tzme instant t, is. in
average, less than the number /o (N).



Chapter 9

Modelling the Activated Sludge

Process: a New Approach

9.1 Motivation and Purpose

As pointed out earlier in this thesis, the ultimate goal of the ASP modelling task is
to determine the real process response function gZ«». With respect to the substrate
concentration. this response function has been defined by equation 7.23 which is

reported below:
gTr () = B( S® (k) | SU(tint). uQee,_)- Us(t-r) ) (9.1)
The general procedure to determine g’es consists of two steps:

e Process model development: first we develop a process model M. Based on this
model. a family H™ of time-functions, Sp. parameterized by the model free

parameter vector ps is generated:
HM = {Spg : £ — Sps(t) | Ps € T} 9:2)

The set " denotes the model parameter space which is a subset of the space R",

where n = ny, is the number of parameters in the vector ps.

e Process model identification: then, within this family H™. we search for the
closest possible function to g%=». Let us denote this closest function as (5p;),-

The search for (Sp;), is generally carried out on the basis of two items:

161
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Table 9.1: Process model identification can lead to three different functions

Infinite Computing | Infinite Computing | Finite Computing
Power and Infinite NV | Power and Finite N | Power and Finite N

(Sps)a ey Sg S e

1. a set of empirical data points Yy of size V obtained from the real process

operation.

N

a computer algorithm A that implements the search procedure using the

foregoing data set Yx.

In the previous Chapter, it was pointed out that, depending on the size N of Yy and
the computing power that is used to implement algorithm A, the search for (Sps),
can possibly lead to three different functions: Spg , S oy and S(p?')lac' Table 9.1 ex-
plains the conditions under which each one of these functions is obtained.

In particular, it has been shown in section 8.2 that, even under ideal conditions of
infinite data set and computing power. the function (Spg)_ does not match the real
response function g%», when the process model is fixed. There is indeed a nonzero

deviation:
gap = D(Spy. g7*) = D(H™M, g7=r) (9-3)

between the best possible approximation Spg and g%esr. This deviation is larger when
the selected model contains a low amount of information about the real process bio-
chemical mechanisms. For instance, models such as the straight line or a simple
neural network could very well be used to approximate the ASP behaviour by mak-
ing them fit the identification data. However, these models would generate very poor
predictions even under ideal conditions of an infinite data set and computing power,

because the gap defined by equation 9.3 would be huge.

[t is true that the function Spg has no more than a theoretical significance. It is
indeed totally inaccessible in practice, and the function that will be used in reality

for process control is actually S( .. . Because of that, we may wonder why we are

N
P& Noc
considering in this discussion the performance of a function such as 5,0 that has no
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clear practical usefulness, and not concentrating on thze one on the basis of which
process control strategies will be developed. The reasons is simple: if a model cannot
perform well at the theoretical level, i.e.. under ideal conaditions, then it would have no
chance to do better under less favourable conditions whaich always prevail in reality.
Therefore, we need first to make sure that the selecte-d process model M has the
potential of minimizing the residual gap defined by equiation 9.3 down to its lowest

possible value, which is 0. That is:
D(HM, g™7) =0 (9-4)

The property expressed by the latter equation will guwmarantee us that every effort
made to improve the model accuracy — by adding more data points or increasing the

computing power — will indeed contribute to achieve beetter approximation of gTasp,

and not Spo .
S

[n this Chapter we concentrate on constructing process rmodels that have the potential
of minimizing the gap expressed by equation 9.3 andl, therefore, satisfy property
9.4. The idea to be utilized here consists in making tthe family H™ large enough
so that it may possibly include gZ** or, at least, mimimize the distance between
HM and the latter function (note indeed that if g7»- € H*™. then automatically

gap = D(HM, g%») = 0). To implement this idea. we can make use of two different
types of models:
1. Use large black-box models: As was discussed in gprevious Chapters. black-box
models such as neural networks and polynomial rodels are universal approxi-
mators. Because of this, they have indeed the pottential of minimizing the gap

D(HM, gTe=r) down to 0.

Use detailed mechanistic models that describe ASP mechanisms as they take

!\D

place in reality: These models are not universal approximators, but they are
considered to have the potential of minimizing thhe gap D(HM, gTe+») because
they contain a great deal of information about the= process behaviour. They are
developed specifically for the ASP and are suppossed to achieve good approxi-

mation of one specific function: g7es».

[n this study, it is proposed to make use of the second type of models. i.e.. detailed

mechanistic models. A priori, such models would lea.d to a low value of the gap
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D(HM, g%=s») without making the family H™™ unnecessarily too large (which is of
course not the case of black-box models). As a result, detailed mechanistic models
would require much less data points and computing power for identification than their
black-box counterparts. But, what has prevented researchers from developing them
systematically is a problem that is still misunderstood within the wastewater com-
munity. Up until now, wastewater researchers have attributed their concern about
developing detailed mechanistic models to the problem of “lack of parameter identi-
fiability of compler models”. while the true problem is in fact what we called earlier
in this thesis the data overfitting phenomenon: “« too compler model can fit almost
anything”. However, as will be explained in the next Chapter. this issue of data
overfitting can be totally resolved, thanks to the general methodology of uncertainty
management developed in previous Chapters. As a result, there is no more obstacles
that stand in front of developing detailed mechanistic models of the ASP and, because

of this, we have taken the liberty in this study to consider complex ASP mechanistic

models.

Note however that the current Chapter is not about developing and adding again
another model to the already-large pool of existing mechanistic models of the ASP
(see Jeppsson, 1996, for a literature review of existing mechanistic models). Rather.
the objective here is to devise a new approach of dealing with the almost-infinite de-
gree of complexity of the ASP behaviour, through mechanistic modelling procedures.
The idea is to construct an infinite series NS of nested ASP mechanistic models of
increasing complexity. with the following goal in mind: as the complexity of the pro-
cess model is allowed to increase within this nested series NS of models. the process
mechanisms are described better and, as a result, the residual gap of equation 9.3
converges to zero, letting then the ideal process model Spg approach more and more
the process response function gZ==. Formally, this means that the series NS of nested

mechanistic models has to be such that:
gap — 0, as the complexity of M increases within the series NS (9.5)
or. equivalently:

Spg — gle»_ as the complexity of M increases within the series NS (9.6)
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Now, since the ideal process model SP°5 corresponds to an infinite number of identifi-

cation data points (\V = co) and infinite computing power, statement 9.6 becomes:

e the complexity of M increases within the series NS
(Sps)a — glr, as { e N - o0 (9.7)

e computing power increases

The function (Spg), was defined at the beginning of this Chapter as the closest
possible function of the family HM to gTes». In real-world situations. it is actually

equal to S(pr, and, as a result, statement 9.7 can re-written as:

sl'\)loc

e the complexity of M increases within the series NS

Tasr a5 { o N — 00 (9.8)

S,

Yar
(pé\ Yo

e computing power increases

Statement 9.8 is of significant importance at both the theoretical and practical levels:

e At the theoretical level, it demonstrates that it is possible to determine the
unknown process response function gZ«s». Also, it defines exactly what it takes
to guarantee a good approximation of this function gTase: (1) a series of process
models within which the complexity of M can be increased. (2) a large number

of data points and (3) a high computing power.

e At the practical level, it suggests what should be done to manage the uncertainty
in the activated sludge process. [t shows indeed that the uncertainty manage-
ment variables are the model complexity, the number N and the computing
power. All what remains to do practically is then to develop an uncertainty
management strategy using these variables, which will be discussed in the next
Chapter.

To conceive the idea of developing a nested series of ASP mechanistic models, the
author was inspired, to a great extent, by neural networks and what has made them
so successful in some areas of systems science and engineering. As pointed out earlier
in this thesis, neural networks constitute indeed a nested series of black-box models
that have the property of universal approximators. This property means that neural
network structure complexity can always be adjusted to uniformly approximate prac-

tically any continuous function to any desired degree of accuracy. Now, given this
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powerful property, what remains to be solved before neural networks can be adopted
as process models is how to carry out neural network structure adjustment in order to
match the dynamics of the studied process. The only procedure that exists up until
now to resolve this adjustment problem is what we called neural network training,
calibration or identification. When neural network training is taken into account, the
property of “universal approximators” becomes equivalent, in some cases. to the fact
that the condition 9.8 is satisfied for practically any continuous function — including
gTesr. Therefore. what we want to do in the current Chapter is to construct a series
NS of nested mechanistic models that plays for the set Fisp of all ASP response
functions the role of neural networks for the set Fcg of practically all continuous

functions:

Neural networks = Universal approzimators for the functions of Fcr

NS = Universal approzimators for the functions of Fasp

The nested series NS of ASP mechanistic models is developed in next section.

9.2 Developing a Nested Series of Mechanistic
Models

9.2.1 Fuzziness and the Bi-Substrate Hypothesis

Wastewater treatment using the activated sludge process involves two main compo-

nents:

e microorganisms, i.e., those living species that biodegrade the organic waste and

derive energy and food from it.

e organic waste, i.e., those contaminants that have to be eliminated from the

wastewater before its disposal into the natural environment. Organic waste is

called substrate.

Note that, in the real activated sludge bio-reactor, the component “microorganisms”
includes a great variety of biological species. Each one of these species has a different
behaviour and different way of interacting with the substrate. Similarly. the compo-

nent “organic waste”, which is generated by human activities, can include almost any
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type of organic material.

Most of the first ASP models developed in the early seventies used two state variables
to describe the activated sludge process: microorganisms concentration and substrate
concentration. [n 1980, Dold et al. introduced the bi-substrate hypothesis (BS hy-
pothesis) to explain a precipitous drop in oxygen consumption rate that takes place at
the instant of feed termination (see Dold et al., 1980, for details). The BS hypothesis

consists in dividing the organic waste to be biodegraded into two fractions:

e the readily biodegradable fraction (RB) which is utilized by microorganisms at

a very rapid rate.

e the slowly biodegradable fraction (SB) which requires storage and enzymatic
breakdown (i.e. hydrolysis) prior to transfer through the cell wall and utilization

by microorganisms.

[t is the author’s opinion that the discovery of the foregoing BS hypothesis constitutes
the major achievement in the area of ASP mechanistic modelling during the last two
decades. Henze et al. (1987) pointed out in their report on Activated Sludge Model
n° 1 that “the degradation of slowly biodegradable organic matter is very important
to realistic modelling of activated sludge systems because it is primarily responsible
for the attainment of realistic space-time and reul time dependent electron acceptor
profiles”. Yet. the BS hypothesis is just a simplification of the real biochemical be-

haviour of the process because of the reasons explained below.

The BS hypothesis is based on the traditional scientific thought that requires that the
logical value of a proposition is either 1 (*true”) or 0 (“false”). In the case of the BS
hypothesis, this traditional thought implies that a chemical compound in the organic
waste is either “readily biodegradable” or “slowly biodegradable”; there is nothing in
between. This way of thinking uses crisp logic which is based on the classical math-
ematics of set theory: given an object z and a set S, we have either t € Sorz € S.
I[f we define a membership function fs for the set S, then this function would have

two values: fs(z) =1ifz € S, and fs(z) =0ifz &€ S, i.e., fsis a binary function.

However. the world is not crisp. [t is fuzzy in the sense that the logical value of a

proposition is not necessarily binary, but it can take other values between 0 and 1 in
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order to express the degree of truthfulness of that proposition. The concepts of fuzzy
logic and membership functions of fuzzy sets were first introduced by Zadeh (1965) to
characterize the uncertainty that underlies many complex systems. Fuzzy logic is now
being used extensively and successfully in modelling and control of various engineering
systems. In the case of the ASP, fuzzy logic technology can also be implemented to
resolve the “lexical” uncertainty — slow versus fast biodegradation — that underlies
the bi-substrate hypothesis in modelling the activated sludge process. This would
amount to introducing two membership functions fse and free that characterize the
ambiguous meaning of “slow” and “fast” biodegradability of a chemical compound in
the organic waste. By doing so. we can imagine an improvement of ASP mechanistic
modelling procedures by combining them with the fuzzy logic modelling technology-.
Nevertheless, in this study, fuzzy logic concepts will not be utilized. Rather, we will
continue expanding the mechanistic modelling methodology, by introducing a more
realistic hypothesis with respect to substrate biodegradability. This hypothesis will

be designated as the multi-substrate hypothesis and will be defined as follows:

The organic waste is divided into a series of substrate groups:
$17$27‘-~7$/’13>" (9-9)

Each group SG; of this series is characterized by a fized degree of substrate
biodegradability and contains all chemical compounds that biodegrade ac-
cording to this fized degree. As the index | of this series increases, the
biodegradability degree of the compounds in the group SG; decreases in
such a way that SG, contains ectremely rapidly biodegradable compounds

and &G« contains inert organic compounds, t.e.:

SG, contains extremely rapidly biodegradable compounds
SGs contains very rapidly biodegradable compounds

G5 contains rapidly biodegradable compounds
&
SG.— contains slowly biodegradable compounds

SG;. contains very slowly biodegradable compounds

&Gy contains extremely slowly biodegradable compounds
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SG contains inert organic compounds

How do researchers view this multi-substrate hypothesis? They support it. tere are

indeed the opinions of two different researchers with regard to this hypothesis :

e Referring to the bi-substrate hypothesis, Dold and Marais (1986) pointed out
that “the two biodegradable COD fractions [the SB and RB fractions] are uti-
lized for synthesis of new cell mass. The rates of utilization of the two, however.
differ greatly, by approzimately an order of magnitude. Even though within each
group there may be a range of rates, the differences within each group are rel-
atively small compared with the differences between the two groups™. In this
excerpt. Dold and Marais (1986) acknowledged that the activated sludge pro-
cess behaves in reality according to the multi-substrate hypothesis. At the same
time, they conjectured that the bi-substrate partition has a primary importance
in describing the process behaviour, while the multi-substrate one is secondary.
Based on this presumption. a model that takes into account the bi-substrate
partition only was developed — it is the [AWPRC model n° 1 — and, as a
result, the wastewater community ended up with one fired model of the highly
complex activated sludge process. [f, for any reason. ASP engineers want a
model prediction accuracy that takes into account more than just the primary
phenomena. they would not be able to obtain it, because the [AWPRC model
n° | was not developed for that purpose. This situation resembles the one where
a group of university students. for example. are given one single approximate
equation:

sinz =z (9.10)
for the function sine and are asked to use it in carrying out all their physics
projects. [f, for any reason, the students need higher accuracy in estimating
the sine function, thev would get stuck with equation 9.10. They would not
know how to improve this equation and benefit from any additional computing
power they can obtain from university to carry out their projects. Equation
9.10 is indeed “inflexible®™ and does not show how secondary terms can be used
to improve the estimation of the sine function. But, on the other hand. if the
students were given the complete equation, 1.e.

23 7O 2+l

o= ot o (=) - 9.1
sinz=z—grtg O gyt (9-11)
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they would be in a much better position to carry out their projects in an optimal
fashion: given the computing power they have, the nature of project they are
dealing with and the degree of accuracy required by that project, the students
will be able to decide what secondary terms to keep in equation 9.11 and what

to drop.

This situation is of course imaginary, but it reflects exactly what is needed in
the case of the activated sludge process. Indeed, the ultimate goal of process
modelling is to develop a cost-effective control strategy for the process. The
effectiveness of this strategy depends to a great extent on the accuracy of the
process model. Because of this, one of ASP engineers’ main concern is to possess
the most accurate model of the ASP. But since the ASP perfect model does not
exist, it is crucial for engineers to have a handy methodology to improve the
prediction accuracy of a given process model, as more computing power and real
data become available. This would not be possible with the [AWPRC model n°
1. Refer indeed to the previous Chapter where it was shown that, even under
ideal conditions of infinite data and computing power. a fixed model does not
lead to a perfect estimation of the real process response function. Consequently,
there is a need to develop a more general process model that shows how primary

as well as secondary phenomena affect the process behaviour.

e Jeppsson (1996): “The organic matter that is received by a WWT plant includes
all kinds of different molecular structures. Different organisms deal with differ-
ent substrates in different time scales. which makes it probable that an entire set
of biodegradation processes with time constants ranging [in almost a continuous
fashion] from fast to slow biodegradability is at work here”. Thus. Jeppsson also
acknowledges the multi-substrate hypothesis. But. to deal with it. he chose to
simplify the modelling procedure: “Since there is no apparent upper limit to the
number of substrates which would really need to be included. the opposite solu-
tion is suggested ..., that is, we model only one type of organic biodegradable
substrate” (Jeppsson, 1996). Here, the author would like to put forth a famous
saving by Albert Einstein: “Fverything should be made as simple as possible
— but not simpler”. Because of the high degree of complexity of the activated
sludge process, the author believes that Jeppsson’s suggestion is “simpler”. and

the one implemented in this work is just “as simple as possible”.
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The next section shows how the multi-substrate hypothesis can be put into practice
in order to develop a nested series of ASP mechanistic models.

9.2.2 Equations of the Nested Series of Models

Using the idea of Jeppsson (1996), define the following process state variable Xcop
by:
Xcop = Sr+ Ss+ (Xr+ Xp) + Xs (9-12)

where the terms of the right-hand side are as defined in Henze et al. (1987):
e Sr: soluble inert organic matter;
e Sg: readily biodegradable substrate;
e X and Xp: particulate inert organic matter;
e Xs: slowly biodegradable substrate;

Note that the variable Xcop measures the total pollution strength of the wastewater.

Designate the concentration of organic matter (mg/l as COD, for example) in the
substrate group &G as Xs;- Then Xcop can also be expressed as:

Xcop =Xs1 + Xso+ Xsz+-+-+ Xgr+--- (9.13)

Now, the question that arises here is: how do microorganisms deal with this series of

substrates Xg, Xs2, Xs3, --*y Xs1s -7

Do microorganisms act upon
these substrate groups
independently and synthesize (mechanism 1)

cells directly from them,

OR
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do they first hydrolyze the constituents
of substrate groups &G, | > 2, sequentially,
release the hydrolyzed matter
to the bulk liquid as soluble (mechanism 2)
compounds belonging to the first group &G, .
and then synthesize cells from

the constituents of the latter group only?

This is still an open question, as “the exact mechanism cannot yet be stated ez-
plicitly” (Dold et al., 1980). However, Dold et al. (1980) pointed out that “from
extensive simulation study, it appears that the two substrates [SB and RB fractions]
are acted on independently by the same active mass”. Consequently, in what follows,
only mechanism 1 will be considered. Based on this mechanism, two nested series of
mechanistic models will be developed using the Monod equation for the first series.

and the Tiessier equation for the second one.

Using the Monod Equation

Heterotrophic Biodegradation

As indicated previously, in the case of the bi-substrate hypothesis. Dold et al. (1980)
reported that, “from eztensive simulation study. it appears that the two substrates
[SB and RB fractions] are acted on independently by the same active mass and that
the sludge synthesized is the sum of these metabolic reactions”. In what [ollows, we

will adopt a similar mechanism for the case of the multi-substrate hypothesis, i.e.,

Microorganisms act upon substrate groups &G;. 1 <! < oc,
independently and synthesize cells directly from them, (9.14)

and

the sludge synthesized is the sum of all these metabolic reactions.

Let us express the above statement in a formal way. Denote the concentration of

active heterotrophic biomass as Xg . This biomass acts on each substrate group
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&G, 1 <1 < 0o, to produce more biomass (Xp #)i:
Xsi — (XB.u)t (9.15)

The first part of statement 9.14 is equivalent to the fact th=at the biochemical trans-
formation 9.15 involves synthesis only if [ = 1. and hydrolyssis and synthesis if [ > 2.
Designate the rate of this transformation as ryg, and note that, by definition. the
following equality holds true:

TXgy = d—zfiﬂ = —%;—d(x\;iﬂ)l = —YLHr(:.\'s.m, (9.16)
where ¢ is the time, Y} is the heterotrophic yield and r(x; )., is the growth rate of the
heterotrophic biomass on the constituents of substrate grovip &;. Then. the second
part of statement 9.14 says that we can write that the tootal growth rate rx,, of
Xg.x in the bioreactor as equal to:

dXp.w

Xgu = dt =T(Xg.uh T T(Xpu)e T T(Xpa)s T " T(Xpu)y T (9.17)

Now, we need to find an explicit expression of the total greowth rate rx, , given by

equation 9.17. To do so, we will develop an expression for each partial growth rate

T'(Xg.uht-

The Monod equation was originally developed for soluble nu:trients and, as a result, it
is suitable to describe the biodegradation rate of the constit uents of group &G, which

is composed of only soluble matter. Hence. the expression o-f the growth rate r(xz ),

is: i
2, Xsy

T(Xx = =0
(Xg.uh [<_IS'[ +){Sl

where f1; and K% are two parameters, usually known as the -maximum specific growth

/YB.H (9. [8)

rate and half saturation constant, respectively. As for the otzher substrate groups &G,
[ > 2, the biochemical transformation 9.15 involves hydreolysis and synthesis. To
describe the rate of it., we will use here the expression deriwed by Dold et al. (1980)
for the case of the bi-substrate hypothesis, i.e.,

ﬂff[*’Y.-Sl
Kgl/YB,f{ + /Ysl

. . [LH("YSI/"YB:H
(XB.uht K& + Xsi/Xp.H

where fifr, and K%, are two parameters. Using equations 9.17, 9.18 and 9.19. the

‘YB_[-[ = ./YBJ{ (9. 19)

expression of the total growth rate rx, , of Xp g can be derived as follows:

~ .
L Xsi
Xg.H+ v
; [\.IS'l‘YBe" + _Xg;

r [Lffl -’iSl
¥ - —_—
B.H \,g'[ ! /‘{SI

XB.H (9.20)
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This rate model is detailed and take into account both primary and secondary bio-
chemical phenomena that affect ASP behaviour, but the problem with it is that it
involves a quasi-infinite number of state variables Xg;, Xgs, Xs3. ..., which poses at

least two difficulties at the practical level:

1. measurability and observability: how to measure and what to measure?

2. curse of dimensionality: the computing power required for large state spaces is

enormous.

So what to do? We suggest to make use of the concepts of information content. trans-
fer and conversion introduced earlier in this thesis. Here is the idea: the following

series of process state variables:
)(517X5271Y53"”7JY5[:“' (9-21)

contains a certain amount of information about the process. If we can transform
this series into another one that contains the same amount of information and whose
terms can be incorporated into the rate model 9.20 as model parameters, then the
foregoing problems 1. and 2. with the quasi-infinite process state space would be
resolved. Why? Because we now possess a powerful mathematical framework to deal
with model parameter identification, model structure complexity selection and pro-

cess uncertainty. Here is how the transformation of the series 9.21 can be carried out:

Define the fractions
Xsi

QO = (9.22)
Xcop
of Xs; in Xcop. and replace Xs; by O Xcop in equation 9.20. We obtain the following
equation:
i Xeop — i uXcop .
TY = — Xea+ X (9.23
e {5, +UXcop g K5 Xp.u+ UXcop )

Now divide the numerator and denominator of each term by €;:

e = e, Xcop Xp g+ i i, Xcop
B.H ([<.,$'l/Ql) + Xcop ’ = ([<.IS‘1/Ql)‘X3,H + Xcop

then denote the ratios Kg,/€; as A's;, and replace them in previous equation:

XBJ{ (9.24)

TXppu = _fmXcop Xg.n+ i i XcoD XB.H (9.25)
CEH T Ksi+Xcop T o3 KsiXew+Xcop B
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Nitrification

Denote the concentration of active autotrophic biomass as Xg 4, the concentration
of nitrogen in NH} + NHj as Syg and the concentration of nitrogen in NO3 4+ NO3

as Syo- The biomass Xp , is responsible for the transformation:
Sve — Sno (9.26)

The rate of this transformation is proportional to the growth rate rx, , which will

be expressed according to the Monod Equation:

faSNe

—.—-__—JY iy 9.27
Kno + Syr” 27 (9.27)

TXga =

The ammonia/ammonium is generated in the ASP bioreactor according to the trans-
formation:
! I3
ND — SNH (9.28)

where X} designates the total concentration of entrapped organic nitrogen. This
conversion will be called here nitrogen mineralization. [t occurs in parallel to the
transformations 9.15 and, because of this. we will divide X} into a series of sub-
groups (Xyp)i: (Xivp)2: (Xvp)a: ---. (Xyp)i- - -.— similarly to what we did for the
carbonaceous matter. Each (Xyp) represents the concentration of the organic ni-
trogen entrapped in the constituents of the substrate group &;. The transformation

9.28 can then be viewed as a lumped form of the following conversions:
(X~¥p)t — (Swver) (9.29)

Since nitrogen in (Xjp)1 is all in soluble form. the transformation 9.29 involves
nitrogen ammonification only for [ = 1; its rate r(s,,), will be expressed by (see Dold
and Marais, 1986):

T(sxan = ko (Xp)t Xb.a (9.30)

where £/, is a model parameter. As for [ > 2, the biochemical transformation involves
both hydrolysis and ammonification. [t is associated with transformation 9.15 and.,
because of this, its rate rg,,,, is considered to be described by the equation (see Henze
et al., 1987): -

(Xvph fer (Xvp)i :
T(Sxuh = T(Xs.u) ( ){V;; = Kg,)ég H\ffYSl Xp.u (9.31)
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Similarly to what we did for the carbonaceous matter, define the fractions

X
Q) = (Y—"D)i (9.32)
“AND

of (Xkp)it in Xyp. Note here that for both series ()1 and (Q})i>1. we have:
QU +B+B 4+ Y +---=1 (9.33)

and
A A L R (9.34)

Equations 9.30 and 9.31 can then be re-written as:
T(Sxu)t = (ke ) Xnp X (9.35)

and forl > 2

e, X Np (e, (U/Q) X Np )
rese. ) = — Xon = — Xz, 9.36
(Sxvr K X u+ QUXcop BH (K%,/%)XB.x + Xcop B.A (9-36)

Denote the products k. Q) and i, (/%) as k. and ki, respectively. Then previous
a=“l 4 l

equations can be simplified as follows:
T(Sxuh = kg "Y,:,VD A’YB,H (9.37)
and for [ > 2
.. 4
‘I"I‘YND
K Xp.a+ Xcop

T(Sxulh = Xp.u (9.38)

Now, using the rule that the total production rate of nitrogen in the form of ammo-
nia/ammonium is equal to the sum of partial production rates of the transformations

9.29, we obtain the rate rs.,, of the conversion 9.23:

s kXNp
4 s ' } : ==/
rS.\'H = k‘a ‘YND /\BJ[ e = Y : Y

= KsiXp.iw + Xcop

"YB,H (939)

kq. k; and K, are model parameters.

Biomass Decay

The rates (rxp ,)dec and (rxg._1)dec Of heterotrophic and autotrophic biomass decay

are described by first order equations (Henze et al., 1987):
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(rxg.s)dec = brr X o (9.40)
(TXB,A)C[GC =bys Xp.a (9.41)

where by and b4 are model parameters.

Using the Tiessier Equation

Heterotrophic Biodegradation

The Tiessier equation (Tiessier, 1936) states that:
1 =a(l — exp(—k'S))

where p is the specific growth rate, S is the substrate concentration and a and &’ are
constants. In terms of this model, equation 9.17 (which is a formal expression of the

statement 9.14) can be written as:

o

oc
TXB.H = Z al[l - eXp(—k;Xsl)]XB‘H = XB,H Z[al —a exp(—k{Xgl)] (9.42)

=1 =1

or, by writing the summation term in a compact form:

o
rxgn = Xgm Y cexp(—kXsi) (9.43)
=1

where ¢; is real number that takes both positive and negative values and kj is a
postive constant. Using the coefficients ; defined previously, the latter equation can

be transformed into: -~
rxa.n = XB,H ) ¢ exp(—kiXcop) (9.44)
=1
where k; = k;;.

oQ
Txpu = XB.H Y_crexp(—kiXcop) (9.45)

=1

Note that in the case of small variations of the concentration Xpg fr, the expression of

the rate rx, , can be simplified as follows:

oG
TXgy = Z G exp(—kl)Q'OD) (9’46)
=1



CHAPTER 9. Modelling the Activated Sludge Process : a New Approach 178

Remark on the exponential term: in the case of mechanism 1, the term exp(—kiXcop) arose in the

rate expression rxg . because of the Tiessier equation. A qualitative/approximate reasoning shows
that this same term would also be arise in the case of mechanism 2. Here is the idea of this reasoning:

Mechanism 2 states that microorganisms first hydrolyze the constituents of substrate groups &G,
[ > 2 sequentially, release the hydrolyzed matter to the bulk liquid as soluble compounds belonging
to the first group &G, and then synthesize cells from the constituents of the latter group only. The
substrate biodegradation process can then be modeled as a collection of consecutive reactions acting

in the following way:
coe Xgp — Xs1oy — -+ — Xso — X5, — Xp,u (9.47)

Developing the exact kinetic equations for this mechanism is a challenging mathematical problem.
Note indeed that the linear assumption that we implemented in the case of mechanism 1 (the total
sludge synthesized is the sum of partial sludge productions by individual biochemical reactions) is

not valid for this mechanism. [n what follows, we will make use of the following qualitative reasoning

to develop these rate equations:
Ezact Rate Equations for Two Consecutive reactions:

Consider the following consecutive reactious:
AfupF ¢

when they take place in a batch reactor, with initial concentrations Cpg, and C¢, both equal to
0. Assume that both reactions are first order reactions with rate constants k; and k2. Then it is
possible to show rigorously that the concentration Cg of component B varies with time ¢ according

to the following equation:

kg C.
Cp = 5% (exp(—k1 t) — exp(—kz2 t))
ky — ko
or, equivalently:
Cp = c| exp(—ki t) + c5 exp(—ka t) (9.48)

with ¢f, &, ki and k; are constants.

This equation suggests that the kinetic model structure for a mechanism of consecutive first order

reactions involves exponential functions rather than rational functions such as Monod equation.
Generalization to the Process Reactions 9.47:

As Henze et al. (1987) suggested in their report on Activated Sludge Model n° 1 (pages 27, 28),
we will consider here that ASP reactions may be described by first order kinetics. Based on this
assumption, we will generalize equation 9.48 to ASP reactions 9.47 in the following way:

Xs1 = c| exp(—ki t) + ¢, exp(—ka t) +c5 exp(—kst) +--- +cf exp(—kit) +--- (9.49)
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Since the ASP bioreactor is a continuous flow reactor and not a batch reactor. it is meaningless to
express the substrate concentration as a direct function of time. Rather, X is governed by the

variations of the concentration Xcop in the bioreactor. Consequently. Xs; will be expressed as:
Xs1 = ¢} exp(—k1 Xcop) + ¢ exp(—kz Xeop) +--- + ¢ exp(—k Xeop) +--- (9.50)
Assuming that the heterotrophic growth rate is also described by first order kinetics. we get:

'Xg g = k"\rsl
= (c1 exp(—k1 Xcop) + 2 exp(—k2 Xcop) +--- + a exp(—ki Xcop) +---)

or, equivalently

oC
TXpuw = Z crexp(—kiXcop) (9.51)

=1
where the constants ¢; are the products of ¢; and k. Note that the constants k; take positive values

only, while ¢; can be positive or negative.

Nitrification

Here again, first order kinetics will be assumed. Using the same notations as for

“mechanism 7. the autotrophic growth rate rx, , is expressed as:

Txg.a = knHSvH (9.52)

Nitrogen mineralization occurs in parallel to the transformations 9.47. To develop the
rate equations for this process, we will use a similar rationale as the one implemented
for the case of the Monod equation (see last part of sub-section “Nitrification” for the
Monod equation), except that it is the Tiessier model that is used here for the mineral-

ization reactions. Hence. the nitrogen mineralization rate can be expressed as follows:

L
Tsxn = X1 Y cni exp(—kvm Xyp) (9.53)
=1

Biomass Decay

Biomass decay will be described using the same equations as in mechanism [:
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(rxXp.u)dee = br Xp.H (9.54)

(r‘\’s,..\)dec = bA /YB,A (955)

where by and b4 are model parameters.

9.2.3 Recapitulation

In the case of the Monod model, equations 9.25, 9.27. 9.39, 9.40 and 9.41 define a
nested series NS, of mechanistic models of the ASP. These models are described
for a fixed integer L using the traditional matrix format in table 9.2. If the model
corresponding to the integer L is denoted as M}, then we can write the property

that justifies the adjective “nested” as:

McMic MiC---c M} C---C ML (9.56)

Similarly, in the case of the Tiessier model, equations 9.50, 9.51, 9.52. 9.53 and 9.5
define another nested series NS> of mechanistic models of the ASP. These models
are described for a fixed integer L in table 9.3 using the matrix format. If the model
corresponding to the integer L is denoted as M3%. the nested property can be expressed
as:

McMicMEC---CMiC---CME (9.57)

9.3 Uncertainty Model for VS| and NS>

Now that we have developed nested series of process models for the ASP, we need to
investigate the uncertainty that is associated with these models when they are used
to approximate ASP dynamics. To do so, we will concentrate in the rest of this the-
sis on the heterotrophic biodegradation and, more specifically, on the process model
prediction of the state variable Xcop. Note that this variable Xcop is similar to the

one used by Jeppsson (1996) in his reduced-order process models.
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Table 9.2: Matrix Formulation of Nested Series /S| of Mechanistic Models M}

Component 7 — 1 2 3 4 5 6 Process Rate p;
Process j | Xcop | X | XB.a| Svo SNH Xnp [ML3TY]
. ur, XcoD

1. Heterotrophic —’—Ksl NXeoD XB.H
biomass —-YLH- 1 —ixp -+

. L b, Xcop
growth Z[:‘z KsiXB.H+XcoD "YB.H
2. Autotrophic

. O R _AaSvy
biomass 1 Y ILXB Y KvgtSva JYB.A
growth
3. Decay of
heterotrophic 1 -1 R bir X g 1
biomass
4. Decay of
autotrophic 1 -1 ixg biXpB.a
biomass
5. Nitrogen ko Xp XB.H
mineralization 1 -1 +
ZL ki XY, Ve
(=2 K5, Xgu+Xcop ~B-H

Observed
Conversion Rates Ty = 2 ViiPj

[ML73T7Y
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Matrix Formulation of Nested Series A'Sa of Mechanistic Models M7

Component. ¢ —

Process 7 |

2

XB.H

3
XB.a

4

S NO

5

SNH

6
X~p

Process Rate p;

[ML-3T]

1. Heterotrophic
biomass

growth

—ixB

S5, aexp(—kiXcop) XB.i

2. Autotrophic
biomass

growth

-

: L
—IXB ~ vy

kxS

3. Decay of
heterotrophic

biomass

ixB

b Xp.w

4. Decay of
autotrophic

biomass

ixB

baXp.a

5. Nitrogen

mineralization

Z[L:l enr exp(—kne X_,'vo) Xa.H

Observed
Conversion Rates

[ML-3T—Y

Ti = 205 VijPj




CHAPTER 9. Modelling the Activated Sludge Process : a New Approach 183

From table 9.2, it can be seen that, using a model M} (L is a fixed integer) for

mechanism 1, the dynamics of Xcop are governed by the differential equation:

dX(;OD - 1 ,&-HI )(COD

T T
_ ) . g —_—— JY -
dt (ucop-ug) — (@-ug) Xcop Yy Ksi + Xcobp BH

L -
1 i, Xcop
Yi (o KsiXB.ir + Xcop

)(3,[{ + bgr )(3,;[ + by /YB,.»X (958)

where:

V is the bio-reactor volume.

e ucop = [Xcopin: XcoDr|-

a={11].
e L is an integer.

The superscript © means transposed vector.

the subscript ;, means influent.

the subscript . means recycle.

and the other mathematical objects are as defined in previous sections of this Chapter.
[n order to simplify the notations, the variable Xcop will be denoted simply as X.

Equation 9.58 can then be re-written as:

dX o U AmX
= o —_ . ]{ — ————1——X _—
dt (UCOD uQ) ((l uQ) Yo Ksi + X B

1 L /:1, Hy X

Yu . b X ba Xp. 9.59
Y i KaXpu + X Xp.w + b1 Xp.ar + 014354 ( )

The latter equation involves 2L 4 2 parameters:
pr = (k- Ksu. forras K52, ftty, Ks3. -+ brr, 04) (9.60)

and the objective of the model identification procedure is to determine the values of

these parameters by minimizing the objective function:

J(pe) ZIY”L ) — X4t (t))? (9.61)

where:
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o Xdata(y) Xdata(p)) Xdata(gy . .. X9a%(ty) are the empirical data obtained

from the real operation of the bioreactor. Denote the set of these data as Y .

1
o Xé‘fL (t) represents the prediction function of variable X by process model M}.

Mathematically, it is the solution of the differential equation 9.59.

Equation 9.59 shows that there is interaction between the dynamics of X and that
of Xg i and Xpg.1. The study of this interaction and its effect on the mathematical
framework developed in Chapter 5 is outside the scope of this thesis. [n the remain-
ing of this study, it is assumed that the time variations of X i and X g 4 are known
either by measuring them directly, or by carrying out an observability study and de-
veloping an observer for Xp g and Xpg a (see Fossard and Normand-Cyrot, 1993, for

an example of observer development for a biochemical process using Monod equation).

When the identification objective function .J(p;) is minimized over the model pa-
rameter space, it is usually not possible to guarantee that the obtained minimum is
a global one. Because of this, we will consider in what follows that the minimization
algorithm leads to a local minimum of J(pr) reached at a certain parameter vector
denoted as (plf}'),oc Process control strategy design will then be based ~n the model
prediction function X PL o . If we designate the real process response function., with

respect to X, as g%=_ then using the results of previous Chapters we can write that

the squared deviation between the latter function and X is bounded as follows:
PL loc

o2 < [ TSUPE Jtoc) £L SN, G1est)
[D(YJT\ Yoc g )] S ( N > (1+ 2 <l +\/l +""LQ('\ Qlest)>>
(9.62)

where:

(@1 (In (L )v+ 1) —In (%)] (9.63)

C(IV: Qlest) =4

e qi.. is an estimated value of the VC dimension of the space [ 1 -
est HML

e k. is a number that represents a prior information about the ASP behaviour

being approximated by model M. It is assumed that it takes values from the



CHAPTER 9. Modelling the Activated Sludge Process : a New Approach 185

interval [1.82.4].

e The number 7 belongs to |[0.1[. When it is set to a certain value from this

interval, then inequality 9.62 holds true with a probability of at least 1 — 7.

Similarly. using a model M3 (L is a fixed integer) for mechanism 2 and table 9.3. the

differential equation that governs the dynamics of X can be written as:

dX -
E = (‘lLCOD.Ug) - (a.ug) X —
| L
Y, > crexp(—ki X) Xp.y + by Xpu +baXp.a (9.64)
(=1

Using the same notations as before, the uncertainty equation for process model M3

can be written as:

l'i 7;31: 2 JS((p‘IL:\' )loc) KL C(lvf q2€st) ‘l’
[D(X::T[.‘,\')zac’g "= ( N ) (1 + 2 (1 + V L+ KL C(quz’es:)))
(9.65)

where:

C(N. G2eet) =+ 2ea (0 (2 ?v+ ) ~tn(3)] (9.66)

e p. is the parameter vector:

PL = (clvkhc'lr k’Z? Tt ?C[nk[nbfff b.—\)

® ¢o,., is an estimated value of the VC dimension of the space [_ ..
~est HML

e k; is a number that represents a prior information about the ASP behaviour
being approximated by model M3. [t is assumed that it takes values from the
interval [1.82.4].

e The number 7 belongs to |0,1[. When it is set to a certain value from this

interval, then inequality 9.65 holds true with a probability of at least 1 — 7.



Chapter 10

Uncertainty Management in the
Activated Sludge Process (Part 2)

10.1 The Issue of Data Scarcity

The effect of the number N of identification data points on the quality of process
model prediction was investigated in Chapter 8: the process model was fixed and the
number N was used as an uncertainty control variable. In most cases. however, VN
is usually fixed and small and. as such, it cannot be manipulated in order to control
the uncertainty that underlies ASP behaviour. In this Chapter, another uncertainty
control variable — the process model structure complezity — is introduced and a new
strategy to reduce the process uncertainty using this variable is developed. An intu-

itive explanation of the author’s idea is presented below.

Because of its biological aspect, the activated sludge process “has a complezity un-
paralleled in the chemical industry” (Jeppsson, 1996). As a result, to describe its
dynamical behaviour fully, we would need highly complex models that involve a
quasi-infinite number of state variables and parameters. Examples of such models
are the nested series NS of mechanistic models M developed in previous Chapter.
Although such models are detailed and aim to take into account a large number of
biochemical phenomena. they are useless until the values of the parameters they in-
volve are correctly identified. The model parameter identification procedure that is

traditionally used by wastewater researchers comes down to minimizing an objective

186
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function such that:

N
J(Pe) = 221X (k) — Xt (10.1)

over the model parameter space [' (all mathematical objects in equation 10.1 are as
defined in previous Chapter). The parameter vector pY at which the minimum of

this function is attained and the identified model . ;;i," will be used as a basis for

- L
process control strategy design.

Now imagine that the size IV of the identification data set Yy is small, and the ex-
pression of the model prediction function XQZ’L involves a large number of parameters,
i.e.. the integer L is large compared to N. Then, in this case, it is guaranteed to find
a parameter vector p‘r,z" in the space I' that minimizes the function ./(p.) down to a
very low value, if not to zero. This fact is true not only for mechanistic models M.
but for neural network or polynomial models as well. Let us illustrate this fact by

considering the latter type of models, for instance, which we will denote as )ﬁf:
XPL(t) = po + pit + pat® + - - - + prt” (10.2)

i.e.. a polynomial function of degree L with py = (po. pi. - - - - pL) the parameter vector.
[n order to satisfy the condition “L large compared to N”, assume that L = N — L,

for example, and consider the following system of linear equations:

po+tipt +2pa+---+thp, = X()
Po+tapr +t3pa+---+thp, = X4(to)
2 > _ (10.3)
Po+tnpi+pr+---+ithkpr = X4(ty)
The unknowns in this system are the model parameters po, pi. p2, --.. pr and the
coefficients are a; ; = tf , i.e., the N x N system matrix is:
1 & £ - tF
1 ty 3 --- t&
A=(aij) = (10.4)
1ty & - %

Such type of matrix is usually called Vandermonde matrix. Its determinant is never
null because £, < t» < --- < ty. As a result, it is guaranteed to find one unique

set of parameters p;, P2, ..., pr such that all equalities of system 10.3 hold true
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simultaneously. If we designate such set of parameters as ps 7 . then all the following

equalities hold true simultaneously:

XS:[& (b) = X%a(t)
L
X () = X4a(ty)
PL (10.5)
Xﬁ-ﬁ.(ti\r) = Xdata(g,)
(3
or, equivalently:
lX% (k) — X%ta(t)2 = 0
| XTE (82) — Xta(t)? = 0
PL (10.6)
|Xg,(t,v) — Xdata(p )2 = 0
By adding the latter equalities up, we obtain:
J(pE) = ZI — X)) = (10.7)

Hence, the vector p2¥ minimizes the identification objective function down to its low-
est value 0. In addition, it is unique. Does that mean that the identified model

is the best process model? Of course not. All what the latter model has done mdeed
is that it has used its high “expressive power” (due to large number of parameters
compared to the number of data points) to overfit the identification data points and
bring the value of J(pr) down to 0. And, as was explained earlier in this thesis, data
overfitting is not beneficial at all for complex system modelling. [t must always be
avoided in the course of model identification, whether we are using neural networks,

polynomial models or mechanistic ones.

Thus, a complex process model cannot be correctly identified when the data set size
is small. So what to do? Many researchers have settled on the other extreme of the
continuum of model structure complexity: they chose to adopt reduced-order mod-
els, i.e., mechanistic models that involve a small number of parameters to describe
the ASP behaviour (Jeppsson, 1996). Of course, overfitting does not occur with such
simple models. There is, however, a risk that the selected reduced-order model be too
simple to correctly approximate the dynamical variations of the real process response

function gZes». If this happens, we say that the model underfits the data, which we
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must also avoid in the course of process identification (see Chapter 5).

Hence, the current situation in the area of ASP modelling is that too complex models
cause overfitting, and too simple ones cause underfitting. [n this Chapter, we develop
an innovative methodology that helps determine, for a fixed data set of small size
N, the optimal model structure complexity that minimizes both overfitting and un-
derfitting and, therefore, reduces the amount of uncertainty underlying the process

behaviour. This methodology is based on a principle called the “Inductive Principle
of Structural Risk Minimization™ (ITPSRM).

10.2 Inductive Principle of Structural Risk
Minimization

IPSRM was first introduced by Vapnik, and the reader is referred to the references
Vapnik (1982, 1995, 1998) for theoretical details of this principle. In what follows,
IPSRM is explained briefly and implemented at the practical level for the case of

the activated sludge process.
The ZPSRM is based on a simple rationale explained below.

[n the last section of previous Chapter, it was concluded that the squared deviation
[D(X5E , g%es)]? between:

Re\s H
(p['_\ )loc

e the identified model “(("'{{' on the basis of which a process control strategy

A Pi Noc
will be developed

and
h al functi Tasp
e the real process response function g
is bounded as follows:

My Tasp |2 Ts((PL ioc) KL C(N. Qest) [ 4
[D(JY(PE\’)loc’g "= ( N L+ 2 L \/ ' KL G(N, Qest)
(10.8)

2N _
C(V, Gest) = s (1n (3250) ; Y-t (3)] (10.9)

where:
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Denote the first term of right-hand side of inequality 10.8 as c(ges:) and second term
as ¢(ZV7 Qest):

'j r\’ cC

(Gest) = ————5((13\? Jioc) (10.10)

; - kr ((N, (Iest) 4

Ngeg)=1+—"——|1+ /1l +——F— 10.
PN Geor) = 14+ =5 Y L Vet (1011
Then. inequality 10.8 can be re-written as:
DX g7 < c(gest) X SN Gest) (10.12)
L oc

The number 77 is of course assumed to be fixed in the interval ]0.1[; for example
n =0.05, i.e., 1 —np =0.95.

Assume now that the number N is set at a fixed value Ny that is small. Vapnik (1995)
considered that Np is small if the ratio
No

Gest

is small, say, less than 20. [n this study, we will adopt the same definition of N
small”. Inequality 10.13 becomes then:
(D, g7 < clgest) X S(Do: Gest) (10.13)
L Hoe

As the complexity ges: of process model M increases, the intensity of the underfitting

phenomenon and the empirical risk

o
(Gest) = i@ﬁo)ﬂ = Ren3 ((P£?)t0c) (10.14)

decrease. At the same time, the intensity of the overfitting phenomenon and the

mathematical function @(Ng, gest) increase. This suggests that the product:
8’91(1\61 (Iest) = c((lest) x (5(1\6, (Iest) (1015)
which represents the guaranteed deviation, passes through a minimum value

o1 (ZVE), (([est)min)
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at which underfitting, overfitting and the uncertainty value D(X(N’l‘.\% .gT=®) are

Pr Joc

minimal. The purpose of ZPSRM is to determine the value of (gest)min at which
this minimum is attained and that sets the optimal model structure complexity. Once
(Qest) min and its corresponding integer L, are determined, the identified model:

Y emin

PR
(pi‘g‘

)loc
in

can be used as a basis for process control strategy design, because it minimizes the

guaranteed deviation @ (No, gest) and, consequently, the process uncertainty.

The ZPSR M will be used below to solve the practical case n° 2 formulated in Chapter
1 of this thesis.

10.3 Solving the Practical Case n° 2 of Chapter 1

In Chapter 1 (Introduction), it was pointed out that one of the major applications of
uncertainty management techniques developed in this thesis is the determination of
the optimal model structure for a fixed (and usually small) number of identification
data points. A scenario for such application was called “Practical Case n° 2”7 and

formulated as follows (see Chapter 1):

e Practical Case n° 2: Consider the case where the manager of the wastewater

treatment plant cannot supply an unlimited amount of data. He responds that
actually only a sequence of about Ny = 10 input-output empirical data are avail-
able. Still, the consultant is asked to develop the best possible model structure
based on this limited amount of data. The manager is aware of the problem of
developing accurate models with very few data, especially for a highly complex
and uncertain system such as the ASP. He knows that the risk associated with
this model is likely to be high, but he is expecting the consultant to extract mazx-
imum information from the small amount of data supplied to him, so that the

lowest possible Tisk under such circumstances can be achieved.

Solving this case can be carried out using the procedure outlined below. Note that this

procedure can be implemented for either NS| (mechanism 1) and NS> (mechanism 2).
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Procedure (P2):

1.

N

Using the Ny empirical data points, minimize the objective function:
Mo o ,
J(p1) = 21X () — X ()] (10.16)
=1

where the time function X;,‘:’l represents the solution to the differential equation
9.59 for mechanism 1 or 9.64 for mechanism 2, with L = 1. We get a local

minimum .J( (p{‘“ )ioe) -

. Repeat step 1 for the objective functions J(p2). J(p3). J(P4). .- .. corresponding
to the integers L = 2, 3. 4, .... We obtain the local minimums J((pg\b),oc),
Yy RV .
J((DS\O)IOC)J J((p4l\0)loc)r ses with:

e < TP 10e) <SPS toe) < T(P52)toc) < J((BT)ioc)

. For any given L, estimate the VC dimension Qest = Qesty 0f the space lymg .

This estimation can be based on the number of model parameters and the range

over which these parameters are allowed to vary.

. Compute the empirical risks c(1), ¢(2), c¢(3). ¢(4), ... by dividing all the local

minimums J((Br)ioe): J((03° Vioc) s J((P3°ioe): J((P12)toc): - - - by No:

J((Pe®) 0e
(Gost) = ipl_ixg)’_)

. Select, from interval |0, 1[, a value for the degree of confidence, | —n, with which

the model prediction accuracy is to be determined. Usually, 1 —n is set to 0.9
or 0.95 (i.e.. n = 10% or 5%). although it can take any value between 0 and I
(0 and 1 are excluded).

Compute the values of ((No, 1), (Mo, 2), (Mo, 3), ¢(Mo.4), ... using the equa-

_ 4 [qesc (ln ((’;—c‘f‘:) + 1) —In (-’ll)]

No

tion:

C(Z\'Z) . (Iest)
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7. Set kr at its average value:

8.

10.

L1.

1.82 +4
R=—f— =291 (10.17)

A

Compute the values 0 (N, 1), 01(Mo.2). p1(No,3), p1(No,4). -..of the guaran-

teed deviation @, using the equation:

T . R"C(l\r0~ (Iest) ) <
P1(No: Gest) = e(gest) (1 T (1 N \/1 N RC(z\@,qest)))

If Ny is very small compared to Qest. i.e. No/qese < 10 for ezample, then multiply

all foregoing values of p1(Ny, Gest) by a correcting function Cor(Ny. Qest) such that
(Vapnik, 1998; pp.524):
Cor(D, o) = 1+ 15 00
OT(1Vg: Gest) = —
2(1-%)

for instance.

. Plot the values 01 (Ny, 1), ©1(No, 2), ©1(No.3), p1{No.), .. of the guaranteed

deviation @y as a function of the gee. We obtain a curve representing the
Sfunction:
Qest T '79[(1\[0: (Iest)

Determine the minimum value of the curve plotted in step 9 and the integer
(Qest)min Gt which this minimum is attained. Find out the integer L = Loin
corresponding to the VC dimension ((est)min- 1The deviation between the real
process response function and the identified model prediction function is manimal

for L = Lmin and, as a result, the optimal model structure for N =NMNiisM_ .

Use the model M . as a basis for process control strategy design.

10.4 Illustrative Simulations

The objective of these simulations is twofold:

e illustrate the implementation of the ZPSTRM and that of the foregoing proce-

cdure.

e confirm the theory of the ZPSRM.
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10.4.1 Simulation Methodology

The true process response function gTesr, with respect to the state variable X, is
considered to be known over a period of 24 hours. The M data points are generated

by adding a noise to the values of gTes»(¢t). about every two hours.

[n reality. all that process engineers would know are the y data points. The pro-
cess response function is always unknown, and the objective of process modelling,
identification and validation is to determine it. In this simulation study. however. we
need to assume that g7+ is known in order to be able to verify the theory: does the

IPSRM lead to the best approximation of the true process response function or not?

Once the data points are generated, we start the model identification procedure.

which consists in minimizing the objective function:

No
J(pr) = > |1 X0Me (k) — X))

=1

for models My (L = 1.2.3,...) of a nested series NS (NS, for mechanism | and
NS, for mechanism 2). The software Matlab of The MathWorks, Inc is the platform

on which all function minimization tasks were carried out. At least - algorithms were

tried:

Simplex search method (using Matlab built-in functions)

Quasi-Newton method (using Matlab built-in functions)

Global optimization by multilevel coordinate search (MCS), developed by W.

Huyer and A. Neumaier (http://solon.cma.univie.ac.at/” neum/software/mcs/)

e Cenetic algorithms, implementing differential evolution, developed R. Storn

(http://www.icsi.berkeley.edu/” storn/)

In addition, manual parameter adjustment and analytical investigation of the effects
of model parameters on the variations of the objective functions .J(p.) were also
carried out. The goal of all this computational endeavor was, of course. to overcome

the local minima problem. Three computers were devoted to this task:

e a desktop, Pentium 166NMHz, 16 MB RAM.
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e a desktop, 486 DX2 - 66. 8MB RAM.
e a laptop, Pentium 166MHz, 160MB RAM.

Once the minimums of the functions .J(p.) are found and the VC dimensions

Qest = Qestr,

estimated. computation of the guaranteed deviation values becomes straightforward.

[n this simulation work, the variable X was taken equal to:
X =Xcop = Ss+ Xs (10.18)

The other variables (S;., X. Xp), which represent substrates that are non-biodegradable

in the absolute sense, are ignored.

Simulated Activated Sludge System

The activated sludge system used in this study to simulate the real ASP consists of
one completely mixed aerobic bioreactor followed by a secondary clarifier. The opera-
tional variables of this system are presented in table 10.1 and the influent wastewater
characteristics (using the state variables and notations of the [AWPRC model n°® 1)
in table 10.2. The dynamics of the simulated activated sludge system are generated
using one model M, of the nested series NS, corresponding to a fixed integer Lo
selected arbitrarily. The closest description of these dynamics by the [AWPRC model
n° 1 corresponds to the set of parameter values presented in table 10.3. Comparison
of the simulated system dynamics to the [AWPRC model n® 1 was carried out using

the DOS-based software SSSP, developed by Bidstrup and Grady (1987).

10.4.2 Simulation Results for the Case of the Monod Equa-
tion
The key task in implementing procedure (P2) is the minimization of the objective

function:
J(per) ZI\’”‘L ) — X (t)]? (10.19)
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Table 10.1: Operational variables of the simulated WWT plant

Variables Values
Average flow rate 1000 m3/day
Recycle flow rate 500 m?3/day
Reactor volume 200 m3
Sludge age 10 days
Dissolved oxvgen concentration | 2 gOs/m?

Table 10.2: Steady-state influent Characteristics

Variables Values

Heterotrophic organisms. Xpg g 0.0 gCOD/m3
Autotrophic organisms, Xpg 4 0.0 gCOD/m?
Particulate inert organics, X 35.0 gCOD/m3
Slowly biodegradable substrate., Xg 150.0 gCOD/m3
Readily biodegradable substrate, Ss 115.0 gCOD/m?
Soluble ammonia N, Syg 25.0 giN/m?
Soluble Nitrate/Nitrite N, Syo 0.0 gN/m?
Soluble biodegradable organic nitrogen N, Sxp 6.5 gN/m?*
Particulate biodegradable organic nitrogen N, Xyp 8.5 gN/m?
Oxygen, So 0.0 gOs/m3
Alkalinity, Sarx 5.0 mole/m>
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Table 10.3: Closest IAWPRC model parameters for the simulated system

Variables Values
[ 4.0 day~!
Ks 10.0 gCOD/m?
Kow 0.1 gO»/m?
Y 0.67 gCOD/gCOD
ber 0.62 day~!
Mg 0.8
Knxo 0.2 gN/m?
kp 2.2 day™!
Kx 0.15 gCOD/gCOD
Nh 0.4
kq 0.16 m3/gCOD /day
ir 0.08
ixB 0.086
ixp 0.06
fa 0.65 day™!
Ky 1.0 gN/m?
Koa 0.4 gOs/m>
Ya 0.24 gCOD/gN
b 0.12 day~!

197
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for L =1.2.3,---, with X;‘f‘- the solution to the differential equation:
dJY T - T 1 ﬂ[{ X
—_— = . —(@uy) X — ——1—X —
dt (ucop UQ) (@ Uq) Y Ks, + X B.H

Ly X
YH =2 KS["YB’H + xY

X +buXgw+biXB.a (10.20)

In the course of minimizing the function J(p.), the kinetic term:

1 ,&,H’ X 1 L [LH X
B e — ! X 10.21
Vg Ks; + X B 7y, ?; KsiXpm+X BH ( )

which is a combination of Monod-like equations. has showed a great deal of numer-
ical instabilities. No reasonable value of the function minimum could be attained
for L > 2, despite the large number of simulations that were carried out using all
four function minimization algorithms. Because of this. the claims of Dold et al
(1980, 1986) with respect to mechanism 1 — using the Monod equation — for the
bi-substrate hypothesis could not be confirmed for the multi-substrate hypothesis.
The nested series using the Monod equation was then abandoned in this thesis, al-
though a fundamental (experimental and/or theoretical) proof to refute or confirm
Mechanism 1 and the Monod equation is still to be investigated and developed. The

task of establishing such proof is, however, beyvond the scope of this work.

10.4.3 Simulation Results for the Case of the Tiessier Equa-
tion

Numerical instability was less of a problem in the case of the model equations using

the Tiessier model (which can also be considered to describe the Mechanism 2 — see

the previous Chapter). The results are presented below and confirm the theory of

IPSRM.

The true process response function g%esr and the data points used in this simulation
are presented in Figure 10.1. The function g7+ is generated as the solution to the

differential equation:

d){

i (UCOD.‘LLg) — (EL’.ug) X —

1 L
Yo > cexp(—k X) + by Xpa+biXpa (10.22)
=1
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where L = 3, Yy = 0.67 gCOD/gCOD, ¢ = 3600 gCOD/m?/day. Kk =
0.001 [gCOD/m3]™t, ¢, = —1000 gCOD/m?/day, ks = 0.005 [gCOD/m?|™", c3 =
3300 gCOD/m?/day. ks = 0.01 [gCOD/m3|™", by = 0.65day=", ba =0.2day~",

and the influent characteristics are as defined in section “Simulation Methodology™.

300

N
A

250

X 200

(9COD fm®)
150

100

X Process data poin .
el — Brocess respc?nsetPunctlon

0 5 10 15 20 25
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Figure 10.1: The true process response function g7== and
the data points used for process idemtification

The process data points are generated by adding a noise ex to the values of the
process response function g7+*#, about every two hours. The noise ex is uniformly
distributed within the interval [—d, d], where d is 50% of the average of X over one

day. The number of points generated is Ny = L1.

The results of process model identification (steps 1 and 2 of procedure (P2)) for L = 1,
L =2, L =3and L = 4 are presented in Figures 10.2, 10.3, 10.4 and 10.5 respectively.
The complexity of a model M is measured by its VC dimension ¢est = Gest, (Which
is VC dimension of the space l;.v, ). Because the parameters by and b, vary within
limited ranges and the parameters k; are all positive, the VC dimension ¢es:; will be

taken equal to L: @esey = L (step 3).
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Visual inspection of the Figures 10.2 to 10.5 shows that process model of complexity
2 provides the best approximation to the true process response function g%a». Does
the theory of ZPSRM lead to the same result? The analysis below shows that the
answer is positive and, therefore, the theory is in accordance with the simulation re-
sults. Following the instructions of steps 4 to 8 of procedure (P2), we can compute
the values of the guaranteed deviation @ (N, @es:) for model complexities 1. 2, 3 and
4. The plot of these values as a function of ges: is shown in Figure 10.6 (step 9). The
minimum of the obtained curve is attained at (Qest)min = 2- Thus. Ln., = 2 and,

therefore, the optimal process model for Np = 11 is M.

The main difficulties encountered in this simulation work were related to the local
minima problems. To overcome them, a longer period of time was devoted for the

function minimization calculations using all four algorithms listed above.

350
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PFigure 10.2: Process identification using model AT
(model complexity q... =1)
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Figure 10.4: Process identification using model M

(model complexity ¢e.. =3)
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Chapter 11

Conclusions and Recommendations
for Future Research

This Chapter summarizes the thesis results and contributions (first section), and

presents a list of topics for future research (second section).

11.1 Summary of Results

In this work, the foundations of a new area of research regarding biological WWT
process mathematical modelling have been set. The main feature of this area is the
introduction of innovative concepts and tools from emerging information modelling

technologies into the traditional field of WWT process modelling.

The model identification procedure has been viewed as a learning problem or, equiv-
alently. an information transfer from a set of real data into the process model. Model
identifiability has not been considered as an essential criterion for model evaluation
and selection. Instead, model evaluation has been based on one single criterion: per-
formance. Model performance has been measured by the mathematical deviation
between reality and model prediction. As for the model verifiability problem, it has
been suggested to replace the condition “measurability of all model state variables”
by a less stringent observability criterion. This criterion does not require that all
state variables be measurable directly and separately, as long as the unmeasurable

ones are uniquely determinable from those that are measurable.
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It has been proposed in this work to shift the attention from modelling the activated
sludge wastewater treatment process itself to modelling the uncertainty that under-
lies its dynamical behaviour. The goal is to answer questions such as: what makes
uncertainty high or low? How can uncertainty be controlled and to what extent can
it be reduced? The concept “process uncertainty model” has been introduced and an

intuitive explanation of how to develop an uncertainty model presented.

The data overfitting phenomenon, which is encountered in the course of complex
model identification has been thoroughly analyzed. Model cross validation and model
parsimony have also been discussed. The fundamental object of interest in model
identification has been defined as the process “general tendency” or process response

function.

A mathematical framework for uncertainty modelling and management has been de-
veloped. The goal of this framework has been to construct simple inequalities to
describe uncertainty. These inequalities, called uncertainty models, relate the math-
ematical deviation between model prediction and the real process behaviour to some

simple variables that govern model performance — namely:
e the size of the data set used for model identification, V.
e the quality of these data, measured by their statistical dependency.
e the model complexity, measured by the VC dimension.

e the empirical measure of the mathematical deviation computed on the basis of

the foregoing data set.

The development of these inequalities has been based on a principle called “Inductive

Principle of Empirical Risk Minimization™ (ZPERM).

The conditions of applicability of ZPERM have been thoroughly examined in the
case of the activated sludge process being described by a simple mechanistic model
M. The VC dimension of this model has been estimated and two uncertainty models

have been developed for the ASP.
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These two uncertainty models have been compared and the differences between them
accounted for. The following result has been established: empirical data cannot com-
pensate for our limited knowledge of process mechanisms, even if an infinite amount

of data and computing power are made available to the model identification procedure.

Measures of process model maximal and marginal improvements have been devel-
oped. Then another result has been established: 80% of the model (M) maximal
improvement occurs at a number of data points of about Vg% = 15 to 18. To achieve

the other 20%. NV has to be increased from the relatively small number Nggg; to infinity.

Procedures for computing the marginal cost of process model improvement and solv-

ing the “Practical Case n° 17 of Chapter 1 have been developed.

A new approach to modelling the activated sludge process itself and dealing with the
almost-infinite degree of complexity of the ASP behaviour has been developed. This
approach consisted in constructing an nfinite series NS of nested ASP mechanistic
models of increasing complexity, with the following goal in mind: as the complexity
of the process model is allowed to increase within this nested series NS of models,
the process mechanisms are described better. This nested series has been developed
using the multi-substrate hypothesis, implementing two different kinetic models: the
Monod and the Tiessier models. Uncertainty models have then been developed for

the obtained nested series NS.

Another principle called “Inductive Principle of Structural Risk Minimizalion”
(ZPSRM) has been introduced and implemented to solve the *Practical Case n°
27 of Chapter 1. Computer simulations have then been carried out to illustrate the
use of ZPSRM and confirm the theory.

11.2 Topics for Future Research

This thesis represents the first investigation of ASP uncertainty in the light of the
most recent results of computational learning theory. As can be seen from the con-
clusions of this work, the methodology developed herein has a great deal of potential

and can be implemented to address several important questions related to the task
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of ASP modelling and operation. However, there are several topics that still need to

be investigated. Some of them are summarized below.

Local minima problems were the main obstacles encountered in the course of this
research (Chapter 9). More simulation work is needed to investigate/evaluate the
effect of these problems on the results of the ZPSRM.

Once the local minima issue is resolved, a study has to be carried out over a long
period of time on a real plant in order to implement the tools developed in this thesis

and make use of the predictions of the mathematical framework of Chapter 6.

A systematic and simple methodology (analytical or numerical) of estimating VC di-
mensions is still to be developed in order to facilitate the use of process uncertainty

models.

In Chapter 9, two different substrate biodegradation mechanisms have been con-
sidered. An experimental and/or theoretical study is needed to elucidate the true

mechanism that takes place in bioreactors.

One of the strongest points of the methodology developed in this thesis lies in the fact
that the probability density function P. need not be known. However. it is assumed
that P. is fixed. Since this function can change during a plant’s life. there is a need
to investigate the effect of this change on the results of the ZPERM and TPSRM.

The ZPERM and ITPSRM. as they were developed by Vapnik. apply to the deter-
mination of a process response function of a scalar type only. An extension of these

principles to functions of the vector type is still to be developed.

The implementation of the framework of Chapter 6 was limited to the case of het-
erotrophic biodegradation. An extension of this study to include the nitrification

process needs to be investigated.
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Notation and Abbreviations

A: algorithm
ARMA: auto-regressive moving average
ASP: activated sludge process
b: decay rate coefficient
BS: Dbi-substrate hypothesis
¢:  value of the empirical risk
C: a bound function
c: coefficient
CLT: Computational Learning Theory
COD: Chemical Oxygen Demand
Cor: correcting function
Ct: cost
D: weighted root mean square deviation between functions
e: exponential function
E(.): expected value

E:  probabilistic environment
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™ T

M.

e

gap-

H(...):
H:

Z:
[AWPRC:
P:
IPERM:

IPSRM:

LM:
In:

M:

a scalar function

a vector function

probability distribution function
a set

process response function

gap

decision rule

a vector function

decision rule

decision rule space

a measure of the information content

International Association on Water Pollution Research and Control

process model improvement

Inductive Principle of Empirical Risk Minimization

Inductive Principle of Structural Risk Minimization

objective function

wY

coefficient
half-saturation coefficient
quadratic loss function
learning machine

logarithm function

bound on the loss function (weak prior information 1)
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M:
N

N:
NS:
o( .):
OM:

P

PCS:

pdf:

o

s 0 O

RB:

RC:

SB:

sol:

system or process model

: number of data points

Set of all integers

nested series

fi = o(f>) means that f,/f> converges to 0
operating mode

parameter vector

probability density function

a noise pattern

plant control strategy

probability density function
probability of an event

value of the VC dimension

flow rate

Risk

the real line (set of all real numbers)
readily biodegradable

rate of convergence

order at which weak prior information 2 is calculated
substrate concentration

slowly biodegradable

substrate group

solution
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S:  system
sup(a,b): maximum of a and b

t:  time

T: a transformer

u: input vector

UM: uncertainty model

v: instance or situation vector

V: instance space

V: reactor volume

VC: Vapnik-Chervonenkis dimension

w: outcome

W: outcome space

WPL: weak prior information
WRPE: wastewater researchers and practicing engineers
WWT: wastewater treatment

r: state variable

X: state vector

X: Dbiomass concentration

X: state space

X: random variable

Xnp: total concentration of entrapped organic nitrogen

Y: vyield coefficient

y: output vector
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Z:

sample space = V x W

Greek letters:

3:

o

A

g

the a-mixing function

a positive real number

real-valued function defined as v(s) = /% (z:,;)s-l
parameter space

deviation measure on the real line

variation of a quantity

process noise

[a(in(3F)+1)—In($)]

real-valued function defined as { =1 ~

value of the probability of an event

energy conversion efficiency factor

information conversion efficiency function

ratio of M and empirical risk

maximum specific growth rate

squared difference between model prediction and process response
rate of process model improvement

statistical dependence coefficient

bound used in weak prior information 2

real-valued function defined as ¢(V) =1 + 5‘% (1 + /L + Z?(IT)

guaranteed deviation function
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Y: aset of data
Q: fraction of a substrate group concentration in Xcop

Q':  fraction of a substrate group organic nitrogen concentration in Xy

Subscripts:

°. refers to a set that does not contain 0
oo: infinity
+: refers to positive numbers
A:  refers to autotrophic
B: refers to biomass
asp: refers to ASP
avg: refers to average
cl: refers to close
CF: refers to continuous functions
dep: refers to dependent
emp: refers to empirical
est: refers to estimate
H: refers to heterotrophic
7: index
I: refers to inert
in: refers to influent

k: index
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[: index
L: integer
loc: refers to local
min: refers to minimal
mrg: refers to marginal
n: index
ND: refers to organic nitrogen
NH: refers to ammonia nitrogen
NO: refers to nitrite/nitrate nitrogen
P: refers to particulate
pt:  point
r: refers to recycle
Superscripts:
oc: infinity
+: refers to positive numbers
data: refers to process data
max: refers to maximum
meas: refers to measured variables
T: transposed vector
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The Weak Prior Information: can

it be circumvented?

The author was very much excited at the beginning when he started implementing
the results of computational learning theory, because of the ambition of this theory
to assume no prior information about the probability density function. Later on, he
realized that a certain weak prior information WPZ was still needed in order to be
able to carry out any meaningful work. Then the question that arose was: would it be
possible to re-construct another mathematical framework that assumes absolutely no
prior information about the type of uncertainty underlying the physical system? The
conclusions of the author’s investigation is that not only the answer to the foregoing
question is no. but any framework that claims to not require prior information to
analyze uncertainty is simply an absurd one. James O. Berger (1985) reported this

fact in very simple and concrete terms:

“... The second source of non-sample information that is useful to consider is called
prior information. This is information - - - arising from sources other than the statis-

tical investigation. ---

A compelling example of the possible importance of prior information was given by
Savage (1961). He considered the following three statistical experiments:

1. A lady, who adds milk to her tea, claims to be able to tell whether the tea or the
milk was poured into the cup first. In all of ten trials conducted to test this, she

correctly determines which was poured first.

215
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2. A music expert claims to be able to distinguish a page of Haydn score from a
page of Mozart score. In ten trials conducted to test this. he makes a correct

determination each time.

3. A drunken friend says he can predict the outcome of a flip of a fair coin. In ten

trials conducted to test this, he is correct each time.

In all three situations. the unknouwn quantity @ is the probability of the person answer-
ing correctly. A classical significance test of the various claims would consider the
null hypothesis (Hy) that @ = 0.5 (i.e.. the person is guessing). In all three situations
this hypothesis would be rejected with a (one-tailed) significance level of 279 Thus

the above ezperiments give strong evidence that the various claims are valid.

In situation 2 we would have no reason to doubt this conclusion. (The outcome is
quite plausible with Tespect to our prior beliefs). In situation 3, however, our prior
opinion that this prediction is impossible (barring a belief in extrasensory perception)
would tend to cause us to ignore the experimental evidence as being a lucky streak. In
situation 1 it is not quite clear what to think, and different people will draw different
conclusions according to their prior beliefs of the plausibility of the claim. In these

three identical statistical situations, prior tnformation clearly cannot be ignored.”

Hence, when we develop uncertainty models, our main concern must be how weak is
the prior information on which these models are based. and not whether it is possible

to completely eliminate such prior information.
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