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(1)

Summary

The purpose of this thesis 1s to investigate theoretically
and experimentally the effect of crossed electric and magnetic
fields on the motion of conducting compréssible and incompreésible
fluids flowing along a two-dimensional right-angle bend. The woxrk
reported herein breaks down into the following individual stages.
(1) Using the method of characteristics, the flow of conducting,
compressible fluid flowing at supersonic speed along the bend under
the action of an aligned magnetic field was studied. The calcula-
tion shows clearly the effectiveness of the field in delaying and
ultimately suppressing the standing shock normally encountered in
this type of flow.
(2) The flow of ideal, incompreséible, inviscid fluid without
MED effects was investigated theoretically using two methods not
hitherto employed in connection with this problem. (a) The Ray-
leigh—-Ritz variational approach was used to calculate the co-
efficients of an orthogonal function series governing thne flow.
This method is semi-analytic, in that it provides complete analytic
information in series form once the coefficients are determined by
numerically solving a matrix equation. (b) The method of integral
relations was employed to this problem yielding numerical results
which were found to be in close agreement with method (a) as well
as with resuits of calculations of other authors. The two methods
allow more accurate assessment qf the effect of straight inlet and

exit regions to the bend than was hitherto reported in the literature.




(i1)
(3) The method of integral relations was also applied to
the case of subsonic flow of conducting gas along the bend under
the action of an aligned magnetic field, without applied electric
field. Calculations show that the effect of the field on the wall
pressure distribution was too small to be measurable with the
equipment normally available in the 1abofatory,' as the effect is
of the nature of a second order correction to the undisturbed
(non-MHD) "condition.
(4) The effect of aligned magnetic and crossed, applied
electric field on the flow in the bend was studied mathematically.
This is a zero-order effect in which compressibility enters as a
first order correction. The latter was therefore neglected. The
wall pressure distribution was calculated using both methods (a)
and (b) above, yielding close agreement with each other. Results
indicate that with this arrangement of electromagnetic fields,
the adverse eoffect on the pressure distribution of the centrifugal
forces can largely be counteracted.
(5) By way of confirmation of the above calculations, experi-
ments were carried out using & golution of electrolyte in a bend
with applied electric and magnetic fields. The wall pressure
distribution was measured using liquid manometers and both the
basic pressure distribution predicted in (2) as well as the
modifications introduced by the MHD effects, calculated in (l)
were confirmed with fair accuracy after allowance was made for the
viscous pressure losses.
(6) The wall pressure distribution in a bend due to flow of

potassium seeded, jonized argon from a plasma arc jet both with




(iii)

and without applied, crossed fields was measured with a scanning
electric pressure transducer. The predicted pressure distribution
without applied fields was confirmed with fair accuracy, but the
modification due, to MHD effects of the pressures was not borne out
by the experiments except in a qualitati#e sense of a partial
suppression of centrifugal forces. The reasons for this discrepancy
are discusgsed in terms of non-uniform current.distribution along

the electrodes.
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l. Introduction

The theories of fluid mechanics and electromagnetic field:
have been well developed for some time, but a combination of these
two disciplines, i.e. the interation between a flow field and an
electromagnetic field, commonly known as magnetohydrodynamics; has
not, until the last fifteen or twenty‘years, been investigated

extensively. Most of the interest was spurred initially by astro-

physical considerations and problems assdciated with controlled
thermonuclear fusion. Today, the study of MHD has brought forth
many interesting results and useful applications, e.g. in flow
control; communications, aerodynamics, plasma contaimment, propul;
sion and power generation.

The study of MHD interaction effect dates back to the
times of Faraday, but it was not until the early twentieth century
that this principle was used in a practical device, the electro-

magnétic pump. At that time, the only flqids,available which were

capable of conducting electricity were liquid metals and electro-

i
1

lytes with which a high degree of interaction is not egsily attained.
Today, however; with various plasme generating devices, highly
conducting gases with temperatures up to millions of degrees can

be readily produced in the laboratory, and with the application.

of superconducting magnets; strong interactions can be achieved,

The present thesis attempts to study the effect of a
curved magnetic field on the ionized gas flow around a 90° bend,
with the purpose of investigating how the flow of hot ionized gases
can be influenced and controlled by electromagnetic fields, Earlier

investigators of plasma flow in curved fields 1-5 dealt with

tenuous plasmas (n = 10 %m3) and found that for a field of .5
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KGauss, the particles follow the curved field lines quite well.

A current flow parallel to ﬁ'in these cases shorts out the polariza-
tion field due to the y&? drifts, so that the.E'x B drift towards
the outer wall of the bend was not pronounced, In atmospheric
pressure plasmas, however, the mechanism by.which a curved field
influences the flow is quite differenf. The particles on furning
around the bend, experience & centrifugal force and this is balanced
by a pressure gradient between the inner and outer wall. If a

current flows across the plasma either due to the interaction of

fluid flow and the magnetic field, or due to external sources,

" this current will interact with the magnetic field, producing
interacting forces between the plasma and the magnetic field.

To gain some insight into the problem, we started with
calculating the supersonic flow around a bend under the influence
of a magnetic field aligned with the bend. The characteristic net
shows the formation of a shock without magnetic field; the latter

serves to delay the shock formation, and eventually inhibits it

altogether with strong enough fields. This phenomenon could have

been easily detected by optical means. Unfortunately, an estimate

of the mass flow and power required to heat the gas to the desired
temperature shows that the plasma jet in this laboratory did not

have sufficient power. A complete theoretical analysis was there- !
fore carried out for the subsonic compressible flow. Because the
streamlines and the magnetic field lines are almost parallel to

one anotﬁer,the results at Mach number of 0.6 show that the pres-

sure difference produced by adding the magnetic field is very small

since it constitutes only a first order effects It was decided



then that to be able to measure any significant interaction effects,
an external source had to be applied to drive a current through the-
plasma. To reduce both theoretical and experimental complications

a slower flow was used, so that an incompressible flow model could
be assumed. The analysis shows that with the present equipment,

an interaction parameter can be achieved to produce measurable
pressure differences. The primary concern of the present research
is to investigate how these differences éan be produced and

measured.

2. Review of Work on Flow Around Bends and Purpose of the

Present Experiment

Neglecting the effects of viscosity and heat conduction,
the potential flow around a two—dimensional bend can be readily

analysed, since it satisfies the Laplace equation. However, since

all fluids are viscous and conduct heat, the .flow field is vortical,
and the resulting three-—dimensional flow becomes quite complexX.

Much of the earlier work on such flows was stimulated by the interest
in flows in cascades of compressors and turbine blades, and losses
in ducting. An excellent survey and summary was pubiished by
Hawthornes. A brief description is given below.

Consider the flow around an elbow with rectangular cross-—
section. Depending on the length and aspect ratio of the inlet
section before the bend, the velocity approaching the bend will
have a fully developed or a developing velocity profile, with zero
velocity at the walls due to viscosity. As the fluid flows around

the bend, a pressure gradient develops in the radial direction to
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balance the centrifugal force. A typical pressure plot around &
bend with long upstream and downstream straight section is shown
in FPig. 1 (Ward-Smith, l§63)5% Because of the higher velocity‘
along the centre plane (A-A, Fig. 2), the pressure gradient 1is
largest there, driving the fluid in a transverse plane, forming
the secondary vortices (Fig. 2). The character of the whole flow
field is then changed because the Bernoulli surfaces (surfaces of
constent stagnation pressure) are distorﬁed; and theoretical
analysis is very difficult. Squire and Winteruu, Hawthornehs,
Karman and Tsienu6 analysed the three-dimensional disturbances

to a basic ﬁwo—dimensional shear flow using a linearized approeach,

and their theories proved to be most fruitful. However, up to

the present, there does not seem to exist a quantitative study of
the relation of these secondary flows to the losses around bends.
From some of the results, Eichenberger9 and Hawthorne8

concluded that large losses around bends are not due to energy
associated with the secondary flow, but rather to the increased

viscous dissipation caused by the spreading of high velocity fluid

onto the walls under the convective action of the secondary flows.

Using a rather crude analysis, Hawthorneh7 showed that the high
velocity fluid is rotated back and forth about the axis of the pipe,
making a complete oscillation approximately 1.2 (2m) /E7E radians E
of bend deflectioh, where R is the radius of the bend and 4 the
height of the channel.

In ducts with large deflections and helical flows this
oscillation is quickly damped by viscosity after the first cycle
and only a steady secondary flow pattern (fully developed curved
flow) exists as described by DeanhB, Whiteug, Adlerso and Cumingsl.
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With most bends and blade rows of interest; only a fraction of a
complete oscillation (depending on bend geometry and inlet condition)
has occurred at the outlet of the bend. The secondary velocity and
position of the Bernoulli surfaces tﬁerefore vary at the outlet;
and Hawthorne8 concluded that it was probably due to these large
residual secondary flows at the outlet that some of the results
with the appropriate ,/ R/d value suffer the larger losses.

* One of the most important phendmena in bend flow as
distinct from straight pipe flow is the appearance of a pressure
difference between inner and outer curved walls to balance the
centrifugal force. This in turn, as discussed above; sets up the
secondary motion and causes much of the extra loss in bend flow.

If it were possible to eliminate or reduce this pressure difference
by applying externally a body force on the fluid, the secondary
flow should be smaller in magnitude and the extra loss should
accordingly be reduced. Moreover, for bends with small R/d_values,
the low velocity fluid near the walls cannot overcome the large
axial pressure gradient generated (Fig. 1), and the flow separates.
Such flow separation could be avoided if the external body force
were large enough to reduce the pressure gradient below its critical
value.

The effect of electromagnetic body force on the secondary
vorticity is calculated by a rough approximation in the Appendix.
The actual computation is not attempted here since it involves a
step by step integration of a rather complicated set of equations.
Moreover, the relation between the bend losses and these secondary

vorticities is not easily formulated, and generating secondary
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vorticities and measuring their changes is quite difficult in a
hot plasma flow, and is at any rate beyond the scope of this thesis.
The experiments to be described were therefore performed only with
a view to studying the effectiveness of MHD forces in reducing the
transverse pressure gradient.

An arc-heated, potassium—seéded argon plasma jet was used
as the source of flow, with a static temperature of about 3000°K.
Pitot probing of the hot, high velocity flow to study the flow
losses in the present arrangement is quite difficult and was not
attempted here. 1Instead, & fairly uniform velocity distribution
at the inlet to the bend was used in order to avold complications
due to secondary flows. The inlet to the bend section was there-
fore placed quite close to the contraction section of the settling
chamber to ensure a uniform velocity and to avoid excessive heat
loss to the walls, Also, & bend with R/d v 'lue which incurs the

smallest loss and which is not likely to induce separation is

chosen for the present experiment.

3. Theoretical Analysis

3,1 Supersonic Flow Around a Two-Dimensional Bend

To solve the problem of compressible magne tohydrodynamic
flow around a bend requires quite, lengthy techniques, and in order
to start with = comparatively tractable instance, a case was chosen
in which a simple well developed mathematical technique can be
applied6;7. This section describes the supersonic, inviscid and
non-heat conducting flow around & two-dimensional right angle bend

under the influence of an aligned magnetic field. The magnetic




Reynolds number is assumed to be small so that the applied field

is not perturbed by the current generated in the plasma flow. It

is also assumed that there are no electrode or boundary layer losses,
The ratio of channel height to thé radius of the bend is chosen to
be small (0.1), so that the field lines can be assumed to be
approximately concentric circles in the bend and stréight lines

in the inlet and exit sections. The governing set of equations are:

f\?Vl; = - Vk + j x B- Momentum .
Vfl-/' = O Continuity
| T . '
PT V- Vs = T Energy
j = o( v x 5) Ohm's Law
_E = <.£. )Ye ., State
B Ve

Here the conductivity is assumed to be constant and the current
generated by the induced electric field (V x B) when the flow moves
across a field line is assumed to flow freely across the two side

walls which are perfect conductors shorted together (i.e. there a

are no electrode losses). _ f

In matrix form, the set of equations reduces to:



p o © 1 r=«="1 T
14 p u v o o0 2% o
u &« o O [ o) —CY: o ou - °.-'-§7(u ~vB.)
¥ 2y 7 (“§-vE
0O O W v O ¢ o £ Y g - vB
7 r| | o (uBy- vB)
©c 0 o 0 0 O u v 2V Y00 (ub ~vB).
37' fﬁz
X =
dx dy o o 0 O o0 O 20 | du'
X
o o dx dy o O O O 2 dv
) :
o o O o dx dy | o O 2Pk, dyf
2%
o o o o o o dx dy %"f){c_v. AA%,
| 4 L L |

The derivatives du/dx, ou/3y, etc. can be solved in the
form of a quotient of two determinants. BY the theory of hyperbolic
p.de.o., these derivatives can be discontinuous (or indeterminate},
and the determinants can be set to zero, ylelding the three

characteristic curves and the compatibility equations along them.

The egquations are:
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Characteristic I
ud)/- vdx = O

o 3 - 2
Compatibility I  vc'd46, _  a(uB, - vby)

Y(r-1) 7P

Characteristic II (- sign)

a')l = 0

- uv T Jui+ v dx
III (+ sign) ), wl - ¢?

Compatibility II and III,
(vi-u?)(du dx —dvdy) - 2uv (dudy + dv dx )

- —-——a-c}(arl_{s (udx + vdy) + oluby- Vﬁ)/@[{ra’xa’/ - (D) udx?

- )’ud)ﬂ} + 5’( /)’udx2 + (T-1) Vd/" -

aa'xd)/ ]] = O

In polar coordinates, where

U = VCO.S‘@ X = r,dl'n}é
v = V sné )/: I’Co.f)‘
/ Poq .
"/\T,' = v = pn
the equations become
d
3¥ = fan ©
Characteristic 1 d'%v _ T(Y—D¢B’V’S:hz(¢+9) dx
fc‘ cos O

Characteristic II (- sign), III (+ sign)

d
ZE = fan (0 + )

—————
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Compatibility II and III,

dv _ s o cosK Bd
+d6 - cof sin Vs oB8dx _pin(d+6)
d or L - 72 Y(r-1) d{, 7 fl/ Ano cos (014)

[tin($+62u)cst + Fanco+d)]

These characteristic equations, together with the energy equation

2
i _ o _
S 2¢! r-1
which applies through the whole flow field, were used to construct

the whole characteristic net. For example, point 3" can be
located by drawing three characteristic lines. from-points 1 and 2
(Fig. 3a), where all variables are known, and flow variables at
point 3 can be computed by the following finite difference equa-

tions derived from above characteristic equations.

1
X3 = Tan (0+) - fan (6-el) [)’, % *% 7an (04X), =X 7fm(0—aQ]

o= oy ot fan (64, - (G = %)

1 [(.'050(, Al'na(,'(g + co:a{z /Sr'nag . 6,
Cosol, Aindl, + Cose, Bind

o
\

+ COS'O{Z /}I'na(z Casa(, AI'HO(, / ‘—;z _ AI")O() CO.(OQ /j/.no(/COIt’g
2 n

Y -1 YCr-1) Q’.— )
m Cosd, pincl,  ain (04 B), [5in (B +84:l) cosdy # Ysin (0+6),]
£y Ao, cos (9 + o) (3 1)

; m cosol, 6inly  pin ( 9+¢$) ) [8in( 6 ~ol) Cosc + 7/.5"1(0*?5)]
P din o cos (6-o0) ;%)




= + (S-5)20 "%

A, A ) 4=
S o= At (p-p) L)
Yoo n

C¢ = ¢ + (‘;-Cz) },'I_-_X‘
Oy = 6 + (6-9)2%-4
V=%

o = Wt (y-y) Sk
(/i

B = 4 . XD sn¥dre) (5%l
3 4 ‘P4 COJ'94 C42

- Aoty a./ _

X
"
AN
“+
N
N
3
W

m ,4:0(9‘-/-0) (5-2) (b+0+f Co.fa/'ff/-l'”(a*f‘)
T co:(9+o/,}[/3n Provl ]

- 2 2 2

G = JEgg
.-I/ —'/('
= — = n £

A ,;[/+_¢Vi—_z%_’__%]
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On the outer wall, (Fig. 3b),

X, = Cos(0+et), [ 2 in (04t -y Tan (8 44),

+ /'szfecz(wa(),—[); - X, Tan (9-/-0/)/} :

)2 - 1//?2—-.12

%

"

"‘7§ = -7‘4:7_,:9

%

_ YCY-1) aBpnic+0), ¥
Z A 7 P bin 8, &7 Cy-2)

NN
]

. 2
o+ Y et (8-8) - Y F5Z (A8

m  pin($46) (%-%) - :
P “cosct, cos (oeet) [ 8in ($+6 4] cosof + Yain (04 99)//

yi ' /
./3 = -)?/j 7 /Zc/zz - .__.2__';—/:"‘/
. -t
< = A
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on the inner wall, (Fig. 3c),

%

i

cos’(8-o0) [ % Tan"CO-) =y Tan (0 -0),

- ,‘/ﬁz/lec"(o ) - [y - % Tan (9—4),}2 |

_ 2 2
Y .= /X
-/

6 = -¢ = - fan

'
2

YCY-1)o B s’ ($ + 9),,1{
4 7 P 4in 8, ¢ % -y)

A
|

YV A’
V = l{ - l{ 7%1"0{/(02'91) - 7/,(),__ ,)I (/Z —A)

pin (£+8), - (%-%) [A/n ( ﬁe-oQCora(, + Vain( o+8) ]

;7
ﬁ cos A, cos (9-0(),
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The SDS 920 computer and the on line Mosley 2DR-2A X-Y
plotter were used to construct the characteristic net starting at
the entrance to the bend up to the point where the characteristics
coalesce to form a shock. In Figure L, the characteristic nets for
different strengths of magnetic field applied are shown., It is
seen that the effect of the magnetic field is to delay and eventu-

ally inhibit the formation of the shock if. a strong enough field

is appiied. This would have been quite an interesting phenomenon

to set up experimentally, since shock waves are quite easy to detect.
However, to provide an ideal steady, uniform supersonic plasma flow
is a formidable task, especially when separation and secondary flows
complicated matters at the bend section. Moreover, the plasma arc
jet and vacuum pumps available at present do not quite have the
necessary capacity to provide an adequate flow., It was therefore
decided to do the experiment for subsonic flows where the power
requirements are less and imperfections in the fabrication of the
nozzles and test sections are less critical.

3.2 Incompressible Flow in a 900 Bend

3.2.1 General

Much of the earlier work on curved flow was stimulated

by the interest in flows in cascades of compressor and turbine blades.
The principal features of such flows were summarised in the above—
mentioned review by Hawthorne8 and need not be repeated here. These
studies dealt mainly with the development of secondary flow and

vorticity and the losses associated with them. However, since it

was shown that the energy in the secondary flow after a 900 bend

is only a small fraction of the main (axial) flow energy (1 percent
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as measured by Elchenbergerg) losses due to wall effects will be
neglected. Moreover, the results of Richter and the summary by
Hawthorne suggest that the minimum loss in a right-angle bend
occurs when the ratio of bend radius/duct diameter is of the order
of 3 - 4. Accordingly, in the present.study, this ratio was chqsen
to be 3 and 3.5.

Previous theoretical and experimental work on flow in
right-sngle bends includes that of Higginbotham et al.t®s In it,
a relaxation method was used to solve the Laplace equation. The’
experiments showed that when the above length ratio was chosen as
2.5, flow losses were minimised. In earlier theoretical work on
potential flow in bends (Szezeniowsklll, Carrlerlz), conformal
transformations were used to solve the inverse problem, whereby the
bend profile was obtained from assumed velocity distributions. The
direct problem of solving for the flow in a given bend profile
turns out to be somewhat more difficult. Kamiyama13 developed a
technique, using conformal mapping to obtain a series solution
relating the physical coordinates of the bend profile to a unit
circle in an auxiliary plane. The pressure distribution then
results from the coefficlents of the series. This theory was found
to agree quite closely with experiments, but pressure and velocity
are not given explicitly in terms of physical coordinates. In the
following, two methods will be used to solve the potential flow
problem in a right—angle bend, the first serving as a check for

the second, which will subsequently be extended to the case of

compressible magne tohydrodynamic flow.
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3,2.2 Rayleigh-Ritz Method

In an incompressible potential fluid flow the stream
function 47L satisfies the Laplace equation
V’% = 0
For the present geometry (Fig. 5), the ‘boundary conditions are
A2L= 0 on the inner wall and 7L= 1 on the outer wall. In order
to satisfy the boundary conditions, it is more convenient to use
different coordinate systems for the straight and curved parts of
the bend. Since the flow is symmetric about the L|.5° plane, we -
only have to consider the upstream straight portion. There, the
solution that satisfies /‘)L =0 on y=0
"f =1 on y =D
and /f' = % (uniform flow) at X = = co ‘

is hix

4 .
#o=f Fa,e S

T i

where a,  are N arbitrary constants. At the entrance to the bend

where x = 0, A#=%—+ 2'0”/5/}1-'%’:7

In the curved portion, the boundary conditions are therefore

A;‘ =Q0at r=1
7" =1at r=1+0D
= . nm(r-1
and /% =£Fl—+ =4, Ain '—7——%—-) at g_—;f% #

To solve the Laplace equation under these boundary conditions it

1s most convenient to use Green's functions. Put

Z=“7L"h :

where h(r) = E]-Tl' + =4 Ain nﬂg'-—/)
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Therefore 7 satisfies [/ 7 = V’,% - = - 7vh

and Z = 0 on all boundaries.

Green's function for this region is

G o= -8 22 /Jln—g?é"w)CosZ(Zm-/)‘g Ain -76—'_;) cos 2(2,,,,990
T 7’[’1(/4'9) A[HD)] + 4(2,” —/)

Then

Z = //G'[- V‘A(c)]ca’aa’%

wlar

| = 2} 0( Arn Z[/ ) cos 2(2m-1)6
and |

'% = Zéa(mn/f'n 7“7/,—;)(:03‘2(2'"—1)54. .%f + 34, bin nzrg—/)
where

| 8n (,) -(/)(/"‘D)]
vy = [[,,(Hp)]‘ Zm-1 ) + (/[«(M) _/ Az %/5&"

2
/((/.,q» + 4(2"7-/)

and 1+
/g 7 i baCr-ny . ntbr  dr
. - ! —_— n
kn ln (1+2) 4 D A (n(1#2) T
A solution 7L is therefore obtained separately in the straight

and curved portions of the bend as a function of the parameters &,

To find these parameters we note that the integral

// (va)* dA

WHOLE AREA
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is a minimum if Af' satisfies the Laplace equation. (Kantorovich;h).

We therefore set

oI a%.o. 4.
50 - / i [ GO "(5})]”"4/
/+

/ 2 [(ar ] %)/ra'rde

and obtain N 1linear algebraic equations for ay, 1 = 1leseolN

W
o

. L3 D+2) ikr ¢ /) D
Z;?L7T'+ ng + é; [- (ldLé)z ‘—?’“7?7? 4.

16T (2”’ sy /5,‘,, /
[_?7))] / o 4- 4(2»:-/}

2

; " e /)"(/+p) /
& (—,) ,D/i” ZZH. G- /4 [/ (0] . /grn
) [ (HD)] /(,.(/;p) + 4(‘_7,,,,/)’

L3S

i
i
¥

%;
!

The above set of algebraic equations was golved on the computer
for N = 10 and different values of D. The values of &, Wwere ‘
tabulateci in Table 1 and show that the series converges fairly

rapidly. A comparison with other theoretical work shows that 1t

agrees very well with Kamiyama(Fl'3° 6a) and the measurements of
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Higginbotham;o (Fig.éb—e), but deviates from the theoretical work
of the latter. This is probably due to the fact that when con-
structing the solution with the relaxation method the grid points
were not extended far enough upstream into the straight portion,
and this has a very marked effect on the development of the flow
in the bend. | |

3,2.3 Method of Integral Relations

Whereas the solution of the incbmpressible case 1is
comparatively simple, the more general case where the fluid is
compressible is much more difficult. ‘Moreover, magnetohydrodynamic
forces create vorticity in the fluid which further complicates the
problem. To solve the set of non-linear partial differential equa-=
tions analytically in the present geometry seems impossible using
present day techniques without making drastic assumptions, and one
has to seek an approximate solution with the help of a computer.
There are at present three well developed methods of solving such
equations: the finite difference method, the characteristic method,
and the method of integral relations. In the first method, the
derivatives are replaced by finite differences, resulting in a
system of algebraic equations. For a more complicated set of
equations, this method is quite tedious and complex and requires
large machine storage. The second method is gquite accurate and
simple to apply, but it is only suitable for solving hyperbolic
equations. For subsonic flow as in the present case, the partial
equations are elliptic and this method is therefore not applicable.
The third method consists in substituting the dependent variables

with an interpolation formula in one direction and then integrating
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them in that direction. The partial differential equations are

thereby reduced to a set of ordinary differential equations, and can

be solved using any of a whole host of well developed numerical
methods for solution of ordinary differential equations. This
method has beén used quite successfully in fluid flow problems
(references 15-19) and described in detail in a few papers (refer-—
ences 20-23), so the general method will not be described here.
Before applying this method to the final MHD problem, the
simple case of potential flow will be solved using this method, to
find the best way of approximating the system, since there is no
unique or standard procedure for the method, and to check its
accuracy. A brief outline of the final form of approximation is
given below. As before, different coordinate systems are used on

the straight and curved parts of the bend. In the straight part,

the equations are:

o _ u -
x 57 =0 irrotationality
I u

;?7 + 3 =0 continuity

The region is divided into three strips (Fig. 7), and the velocity
components are approximated by trigonometric series (interpolation
formulae) in the y-direction, i.e.

4 , % Y,

[

Y Y, A
u(z,y)=(€3+7+?*f)+(§*3§' 3‘)79
(U

(3 --—-—- +—?)Co§277+ ‘—g—"'/‘

" i,

g—)co: 37 /




where ¢
= 3)

S
1l
S
~~\
X
W
<

and
) _ v, Z)
U} - [ 3), -0

The last quantity is added because it was found to improve the

result sufficiently without having to increase the number of strips.

The whole velocity field is then reduced to u.i(x) and vi(x) which
are velocity components along the strip lines and functions of one ;

variable only. Substituting these series into the original equations

|
and integrating from y = 0 to ¥ =%— , (1 =1, 2, 3) we obtain a set i

of ordinary differential equations

- T S T - ,
{ o o o o o © | 3 (-, |
1L.f LB LB L8 oy -
etir QTer 140 B oem 0 > o Ry Y
ou
§ 2,8 28 L@ Uy _
%"-ETT % 9T q-ar 0 © © I %
1 | X ou =
¢ 5 3t o ° ° 5 ° f
- R 3 3y
© © ° O mpm ypT ™ o W
4 2 o4
©o o0 o O igr 4pn © 3 Uy-t,
4 20 2 o
O O (o) —_— e = 3 -
) © w@w qEr 9T K L“s U
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which reduces to

u, = - 4
u’' = EZ? /A
/ 3 25 Y1 T af 2
u’ = ., - 3L
: ] * 259 35 %
‘ A 4r
b = 4 7Y * 54
¢ _ ‘/;7}‘
' = [-34+4 +34- 4 .

“@ = Z[ao’sul—uz_"'.g%]
2 17 4 Y,
g = W[-7u + 44 - 54 % 7]

where primes denote differentiation.

In the curved part, the equations are:

du ur

T + =y = o ‘ continuity

v _ our _

28 ar O irrotationality

The velocities are approximated here by polynomials in r instead

of trigonometric series since ‘%;. 7! 0 whereas in the straight

portion ?5-/2 = 0. This region is again divided into strips (Fig. 7).

Here,

wir0) = u + (Zu+ 94-F4+%)r5)

vy _2 2 27, _2], 49 ?
b (G- B, 4180, - 24 )Y+ (- $06 + P~ Fu* 74 )08)
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w(re) = G(r-n) + (-3 »27G-F6)Cr-5)

v (95 - g+ 276)r-1) + CFg + 3y -4 dCr-0)
where, .
Gy = wlr ), 4o)= (i) G@=[5] , r=rts

Since these interpolation formulae are different from those in the
straight section, we can match the velocities only at the points y=0,
1/3, 2/3 and 1 at the junction. The velocity distribution across

the junction is therefore not completely matched, but the discrepancy

was found to be small. For example, assuming that u, =u; = U,

u3 =1 at x = - o0 , the mass flow in the straight section
/
U (-0, },) d}, = 1 , whereas the mass flow in the curve section

was found to be Zﬁgﬂéﬁ = 0,9994. This small error can be tolerated

since the method itself is not expected to be very accurate in view

of the small number of strips used.

After integrating along the r direction and solving for the

derivatives as in the straight section, we obtain a similar set of

ordinary differential equations.

4 r — —‘Z - —3-
wo= 74 59h 7 %2 i
i
’ - /' r.“
w = -lrg + 645 - F4h
’ - - 7 27 |
b = Ly 740 * Z 4%k -
’ _19
4 = Tz hh + F4% -—73@.5
' = S ur, - 3ur + -’?Zur
Z 7' olo M ¥
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Since the two sets of differentials have constants coefficients,
they can be solved quite readily. The solution, with uniform flow

(ui =1) v, = 0) at % = - o0 in the straight section and symmetry

in the curved section, 1is

v, = Ae™ + Be‘?”x

- mx 27X
v, * Ae - /36’

2T 4 m 4r 5 27% 3mx
(‘fs B_Ae -+ ‘./5-56 + C e
2 2 p 2MX ¢ 3nx
u, = 1 - /;Ae”x — 5B - spe
X 2nmXx e 3nx
g = 1 - 4ae" + 58+ ze

In the curved section,
G = of sink M 4 of sk MG+ b anh Me
G = Gof Avh Mo+ G Amh M6 ¢ Gof S M6

G = Hef ainh Mo + Hol pinh MO+ Hyol, ik M6 f
u = F o coshMo + £y o cosh Mo + £ cosh M0 |
I

R
n

1 E:°€"”‘4 Me + /,:o/zculeé? 4/,—304 co:ZM_;Q

S
"

A IL;IO(, co:[M,9 + zz co.r/Mé’»‘ Esog wZMB

t{‘ = é‘,o(,cw‘ﬂ’/,e"‘/ﬁ;oéa:/ﬂ/‘e 46,, o, cosh M Mo
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where A, B, C, o(l, a(z, e 3 oA ), 8ve arbitrary constants and
M, G, H, F are some algebraic combinations of re which are obtained .
during formulation of the solution. By equating the seven variables
at the junction (x =0 or 0 =g ), the seven arbitrary constants

are obtained, giving the solution for the entire flow field. The
pressure coefficients obtained from thlis solution is compared with
those obtained from the Rayleigh-Ritz metho_d in Fig. 8. The agree-—
ment is seen to be quite good and it was concluded that the method
is probably accurate enough to apply to the compressible MHD flow.

3,3 Compressible MHD Flow Around Bend

Neglecting Hall and ion slip effects and assuming & small

magnetic Reynolds number, the set of equations governing compress=

ible MHD flow is
( j’l71717 -+ Vlé = o(Vx 5—) x 8 momentum
7- (pv) = © . mass
ch < f = JP,QTI state (assuming perfect gas)
C'yfT v.vS = o(Vr é)z energy
fo (j—?))’ = eﬁ_é'éo entropy
S Q215 e

Combining the momentum and energy equations we obtain,

2
'é + V = K a constant
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This is what is expected since a magnetic field alone

cannot add energy to the flow.

The energy equation can then be eliminated, and the set
of equations simplified to a form suitable for applying the method

of integral relations. In the straight section,

3 LK+ But v) 2Y Spur % o
S B - -%-.,S(aﬁ,—ws;),g

D puv v Jpck-u’s B v
L G AR S (- Bk

2 u v
% 3y .
In the above eguations all the variables are non—dimensionalized
D
with corresponding quantities at upstream infinity, and S = j%%?
(-]

is the interaction parameter. The dependent variables are approxi-
mated along the y—-direction as before, bearing in mind the boundary

conditions at the walls,

ks Bitey = A pces Bay + 2f (6 D

+2ﬁ(/<4)):,’57/ ’)+/’(K+;Z,/ ’)]

+ [ s e B s O BTk
.+j792<3?4';5'o)’yp<1(*');/ =G9)- /f’(f'+ ki ﬁ'@{)42A?([ﬁ+;z;t§f)cwvzgy

-ff/}o(( 3?,/ 01)—2/0[/('#)’4/ 4)+2p(K+ ),,a 0‘)/[/(-/—)"" ‘)]cop’zr/
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fJLL is expanded likewise.
pur = (RUGHLLB)onTy + F(RUG -L415) bin2Ty
+ l/'é'(-ﬁ‘W, + fpuy + Sldy gz
@b -kl = 3[(u§ 7626 + (46, - u8)4
*3’[(”:5,-'4@,)4, - (48, - 658, JesTy
+3[- (4t 1808, — (b, -8B o7
* 5[ Cub, 488 + (b -8, 3B, Jeus3Ty
G- = [Gh- w8)6, + (ub -cBb |22

+ [ (w8 -5 88, - (ub - G5,)6 |27

A
s[5, -0806, + (- - 8Culsm 8, Jaas

These equations were substituted into the partial

differential equations which were then integrated as before from

y=0toy=3%,1i=1,2, 3

algebra, we find:

After some manipulation of the

2)
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2 .
ZE[f(K y-: :)] = Ty LYy = &

o%[ﬁ(i’ + th; ,2 (f)]-— ¥-1 [}’ %/“M'z%/f@‘f‘;%'(/’%e7§]=°(,

& Lpck+ 7344 r—'[f““zf/’ ¢ - 5 R ﬂ@é,#f@é]wé

47 4r _
Zlpce+ ) o B pug - Fpus + gass] = o

£l pu] = -£4 =5
£Ipa] = A5 3585 RS 7S

T _ 3T, .
;;03”:.] = =RY * 15 R% T R% 5

7 27, -
lpsl - /2‘5 - FRY * A 4

o
BT spck-uD) + pCk-4'+ 7597

:w

pug] =
b 2p(k-ut ) - p kg + SGh-98 = f

2 [pug] = - 7 LLRC--3p(K-4 Hah

prk-dte i+ 3p(k-80] + S -58)E, =4 /

-] 2 74
2 [pas] = - 5[ Epckidy + 4R (-4 )
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'34/3(/«-4!’4 Z’? *J/(K' )] S(”(Xé) “45%) /f

In the curved section, the governing equations are:

Yel 2 ,3 .
> p( K+ Fiuw-0) 2Y 3 puvr 2Y 2t
£ Tgr' + % — = T i par - )-::,O‘(aﬁ,-frﬁa)/gr-r

7 2
%{3%"— + Z’r’ Bf((;r V—“‘) f(z 7”u ')+ o‘(uﬁ, mg),g r

ofu 2 fuvr
% 7 —'Za_r_"-"f o

The dependent variables are approximated by series in r as

before:

Peks B oh = poks EH8) o [~2RCk+ B o fplier FH) ~

i
i

Lol Bt p s B 47 JOr-0) |

+/%ﬁ(k* ;f,,llo If(( )’—r 2’”2)'/'/6/9[("‘7—;“; 13(( ,,,‘;](r-r)

‘ Y 2 3
[pce 2o Hpce Y- Gptre Elut e Y

fU is expanded likewise.
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27 2
puv = L44 (r-r) +[--z’-’/ga,¢§ + 2[pU Y - ;{ﬂazq](r—ro)

+[7 uy - '35— +27ﬁl9lr](r-r)

o © 3
+[ zzj)a{r-f fa{r —4/2‘,:(20]0' r) k
(h-et)gr = [7Cub-eh)hr - FC8 -6k ] ) b

- b 5804 + 18 (b sh ] ()

I35kl - ostontt i)

(uB, - v&)@-r is expanded as /omr !
g

Substituting into the partiail. differential equations and integrating

i=1, 2, 3, we obtain after some

from r =T, tor =714 +-3-,

manipulation, & set of ordinary differential equations as those in

the straight section.

2y |

Srpck+ Bw] = “EaEL = L
Y

2o )= FF-apus-Credpu G */f)/m—ﬁc%-ff@?'f] el

, 2r
g@[;o(/( cg 0’) f -45/%,1r+(él; 5)/0 ()’fz*g)ﬁ‘é%‘;(‘égg"{‘%)é"z']:o(




[ = & [ce-pus + (G- Lopu + G-y | = %

d

4 /[pu] =-k5% = 5% )
d _

Arpu] = -dpgr - igus + FR4N = 4

d

£lpu] = 6pur -3R4E - FRGN 4

4las] - ~Hpr + Bas

S[pu] = -Fhyr + 7REE FREN T %

3 [Fhke K )+ p (K + G- TR0 F) £ S@b-sh%

| + Y” 7/’(,( W, - 3/0(/(-—1422+ %g)r + 7]’(k—”)r]
7+/a

d 2 2
lous]- g0 Ta e i 406 T S8k "‘%5
45l = A

"f(('f )’—/‘9 -4 )*J’/’(K*r—u

a 17
- 7‘8[; (k-0 + (K4 + ?r/ / ’7‘f

o] = B B 5 F140)

I 1 o k-3t - 815 (47 F )

RAC DY g
s Bpckei ) - 1sge-gs] =
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The two sets of equations (3) and (6) are similar and cen be reduced

to ylela the derivatives of the invididuel dependent variables.

'K— u,, ‘
Dl = pCk-Fw) R A
34U,
D = - :
e payam 5,
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1D! denotes differentiation with respect to X or 6 , and ’(u/fl,fc

are functions of j?‘,u;, v; as defined in equations (3) or (6),

depending on whether they are applied in the straight or curved

section. The set of equation (7) looks quite tedious, but it is

actually quite simple to solve on the computer. The magnetic

field intensity components Bx and By are simply equael in form to

u and v as celculated in the incompressible flow case, since for &
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tightly wound coil around the bend, the maegnetic field intensity

satisfies the same equations and boundary conditions.

The set of equations (7) contains seven unknown variables
which have to be integrated from x = — @eupstrean, around the bend and
to X = + 00 in the downstream straight section. The boundary condi-
tions are (i) uniform flow at upstreaﬁ o0 , i.6. U; = 1, py = 1,

v. = 0, x ==00 and (ii) parallel flow downstream infinity, i.e.

i
v, = 0y, x = ©0 1in downstreem straight sectiomn.

i

gince we cannot actually integrate starting from and ending at
infinity, which are singular points anyway, we have to arbitrarily
terminate the region at some large finite values of x at both ends.
To get the boundary conditions at these points, we find the asymp-—

totic solutions of equation (L), valid for X ——-o¢ in the upstream

section and x —~ o9 in the downstream section, and require that

they match the solution obtained by the method of integral relations.
At large distances upstream, where the flow and magnetic field are

approximately uniform and parallel, we can linearize the differential

equations (1} by putting

u= 1+u'
p=1+p
v= v
= B‘ .
By y ‘ii’
— 1 Ei
Bx =1 + Bx

where the prime denotes perturbation quantities (<<j and =0 as X "od)

Equationﬂ(l) then reduces to the following after some manipulation,




3L

a. Aj;u' " j"

(8) A 0 a)&x + g_;_’l_": 0

/

where M is the Mach number at upstream infinity, and

égl —_ Qﬁf ‘S (" ! v’

nnx

4’ = -Znlq,e [inrTy

as obtained in section 2.2.l. : | |

Equations (8b) and (8¢c) are solved to give a single by

equation in v', ;

v 1 ao 3 i
X * ﬁ;W 67 * ﬁ: = 'iﬁ .

Using & Fourier sine transform, the complete solutions for (8)

can be obtained giving the linearized solution for the equation (1}

valid at large negative X.

<7)I '

S HEEF
_ 2/41,6 /'ﬁ.!o]- a-M3 S5 4, pr E,/bm/i""f”/
P

ﬁ?*{/fﬁjg 2 | X
- . 2_/ /AWA/, 6[ '%] 5?./4” e/’m
(ﬁ'%/- ﬁ43 — 4;4é€h§-M€#W‘JZ;@%7y

where ap are given constants as celculated in section 2.2.1 and

Ap are arbitrary constants depending on the conditions at the

dounstreem end. In the method of integral relations, u and v are
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- approximated by:

I8 _ [F+1B5 00 x  G-#)5AT ™
578 T 4 ~ GS- T

The remaining expressions can be formed in the same Wway.

To accommodate the boundary conditions that uy and vy must satisfy,

the arbitrary constants AP x epl) are eliminated, yielding the

following four relations:

u = 1+ [B-n-L]E-[F0-0]F -5

&
[g-9-0)f /39944

§|u8
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Equation (11) gives eight conditions for the eleven
unknowns, at some arbitrary large negative.x; the other three
conditions are obtained from the downstream section.

At downstream infinity the boundary conditions are: parallel flow,
i.e. v = 0 and 2 = 0. Assuming that the variables reach some

average values with only small fluctuations at large X, We put

u=U+u'

p=R+p

p="P +p' -
v=v

where P, U, and R are average pressure, velocity and density at
downstream infinity.

Here, v'—=0, but we cannot assume u' p' —= 0 a8 X% oo

as in the upstream case, because the hydromagnetic interaction
would have altered the flow field and a shear flow is possible

downstream. Substituting as before into the governing equations

and solving we get
, -#[E-2pm +,/(£z/7r)’+4,e7r(5+ m] e
r = ‘
fZ //I,,e e ,4,,./,77

where OQZ{D

W
0

X

S

-2 Ru’

|

and cf, — S.pr . Q and Ap are arbitrary constants.

For a large enough value of x, we can assume the first term in v!
to be negligible since the term in square brackets is always

positive.
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Therefore, a8 X —>» o9

u = /[-7—!»’7’ ?,/i"]dx = l—}éggg//be}co;f m+2 cw/gl

Ly
§u -t Y-! R
cosp T cos
sf P Zge o) T Y &
where are arbltrary constants, which are ellmlnated by combining

u' and p as follows,

, Y P - Y 1 -pTx
U = y- ,?’I(f = Yer M Zc},é C”/é”/

Matching this solution with that obtained with the method of integral

relations, we obtain as in the upstream case,

o PR
- l—gl%,-’(,-%‘)/[(uo-U)-(y% ,e] 2[(” -t - mw ’75]]

[ Y1 - I-k -—-L‘" - iz
A S R

[\
S~

Y-, o g
v = ("%)77/7 f(“ U) (y/)M ﬁ—R—
iy _ L SR /R
Fla - g7 - st -z "7 /

The quantities P, R, U are average values of Dy, Py and u;, but if
the magnetic interaction is not large, We can assume they are
approximately the upstream quantities. Equation (12) provides the
three equations in addition to the eight given by egnation (11),

giving a total of eleven equations for the eleven unknowns,
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The case of compressible irrotational flow (S = 0) was
solved first to see 1if any computational difficulty should arise.
Here, because of symmetry, the downstream asymptotic conditions
are not necessary, since v =0 at @= 0% A computer program for
this nqn—linear two-point boundary value problem was written for
the IBM 360 computer, and a brief deséription follows.

At some finite negative x upstream, Some arbitrary values
oV Vq5 Vi v3 are assumed, and uy and p; 8are calculated
according to eguation (11). With these initial conditions equa-
tion (7) is integrated up to 0 = hSo, using the Runge-Kutta Lth

order equations with 5th order corrections. The same procedure is

repeaﬁed three times with different assumed initial values of Vv, , B
Vo and v3. The next values of initial points vy, U and vy are
then calculated according to Foxzu. The process 1s repeated until I
v, = vy = V3 Y 0 at —g = 1,5°. Unfortunately, except for very

srall values of M (10 ), this process does not converge to give

a solution. This is found to be due to the numerical instability

of the system. As seen in section 2.2.2, the solution of the simpler
incompressible case is in terms of eiMie where Mi depends on the
'radius of curvature T, and are fairly large for r, = 3, For the
compressible flow case, one would expect the same sort of dependence
on O, but with an even 1%Eger Mi’ by drawing comparison with the 4@;
fact that v = > A e V- (Eqn.9) for compressible flow and .
v = jf,4 ef”x for incompressible flow. Therefore any error,
aither caused by gssuming wrong values of vy at the boundary,
or by truncation or round—off in the computation, will grow
exponentially according to erB , as 6 increases. For suffi-

ciently large Mi’ this error eventually dominates and swamps the
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true solution (Fox 2L‘). To circumvent this difficulty, & method of
successive approximation was adopted. Hence, We 1inearized the

differential equations (7) and boundary conditions (11) and (12)

by assuming
u;, = Ui + ul
- 1
\8 V + Vi 1

= 2 2,¥-T

where Ui and Vi are the incompressible flow solutions. The same
procedure is used to solve for u; , vy eand pi o After this is
done, Wwe proceed to find the second approximation
- 1 1
uy (Ui + ui) + Uy

- i "
Vs (Vi + Vi) + vy

ps = (1 + Ui2 + \1’12)\’_'I +py * pi"’ and So OI.

At every step of the approximation, & check on the accuracfﬁf
was provided by calculating the error of the derivatives. For

example, after second approximation the error in equation (72) is

{e- Clwu+ 6" §Cheu'en’ Voriieq =)

DY +D D]
/ ’ ” 5 [[/-f([/m ‘4 *(Vr '4,5"))}7",,/3'*/:i/-/(—))%(%+uoﬁ%"{z}

The errors for the other equations in (7) are calculated similarlye %ﬁ
For upstream Mach numbers up to 0.5, the solutions con— |
verge quite well for both the irrotational and MHD case (S = 1.0),
and the errors Ei are very small after the 2nd approximation.
The pressure coefficients for M_ = 0.5 are shown in Figure 9.

The effect of the magnetic field was seen to be quite small. It
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was thought that at this low Mach number, thé flo- is too close to
being incompressible and the stream lines therefo. . coincide quite
closely with the magnetic field lines, therefore producing very
small (V x B) fields. The same procedure was therefore tried for
M = 0.7, but even the compressible irrotational case does not
converge to a solution. Using other integrating schemes (eege
Hapming's modified predictor-corrector met‘nocl(RalSton and Wilf’ZS),
does not improve the situation. |

Instead of going into other schemes, it was decided to
use the method of integral relations thrcughout. First the upstream
semi-infinite region is transformed into a finite region by putting
n = e, This region is then divided by vertical strips 1 = 1/3
and m = 2/3, in addition to the horizontal strips ¥ = 1/3 and
y = 2/3 (Fig. 10). Here, instead, we shall use equation (3) for
simplicity, and approximate cXE, f} , and /ﬂ- in series of 7 .
Since all the equations in (3) are of the same form, We shall just

show one here. For example, equation (3h) is

s

24 4 4T _
Zpa] = £5- Zpue FRE =5

After transforming it becomes

|1

~fwm

d
Glse] = 7 &ls4l

The unknowns are approximated by the interpolation formula:
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were § = o = Bkt + oY

and 47(, fg; are the density and transverse velocity at ¥ = %
and T = %-.‘

After substituting into the differential equation and integrating
from m = g-to n = é- where i =2, 3, we obtain the following set

of algebraic equations:

Sy By i) (P - g, [BA4S B it 6.5 4

+a, [5-,)369,% +B 9% % 1Sy % %]
| + 4y [BL4Y + Bkt *5uh% %]
o RN D A
Sty — Sl = 4, 2 (6% + 8.5 % * Bt 4]
v oy E[BpG + Brs * Bial
* 427’/[ & o * f’zzz "’@‘3/?3"’:}]

-, = B KD+ B+ By (K-t

Yol 2,
v il B + B, p0kui s Fi)o Beui+ Eigp] %

r"/ ’ +-—i 2 2 7-7/ 2
’ C,,[ﬁl 2'(/( az, 2 /5/?2 (K4 7 %) fé'sﬁ)’(( 47y zx)]
GRACC )+ B (k-4 + BK- )]

+ ,S'/jél{“u 4)4 g ( iy, - "’ﬁ?ﬁ)é"?'; + é}(ﬂ‘;él} '%543)5)33]
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The coefficients a; B, and Ci are algebraic constants
J J J
which are calculated during formulation of the above equations.
The curved region is divided into twelve sections (Fig. 10) and
the unknown functions in equation (6) are approximated by series
of exponentials. For example, in equation (énh),

76

-66 -59 .
R A
After substituting and integrating from & = - E to - % +(g& R
we obtain a similar set of algebraic equations as in (13). The
downstream section is treated in the same waf. The resulting set
of algebraic equations is solved by linearizing and successive
approximation. To check the accuracy of the method, the case for
M = 0.5 was tried. It was found that when the curved region was
divided into only six sections (i.e. the unknown functions expanded
only to seven terms instead of 13 as in equaﬁion (1)), the results
do not compare too well with that obtained before by integration.
Since it does not involve any effort to change the computer pro-
gram, the expression with 13 terms was used to ensure a good
epproximation. The result then obtained agreed well with previous
result (Fig. 9). The pressure coefficients for the case M = 0.7
is shown in Figure 11, both for the irrotational and MHD case. It
i3 seen that the effect of applying a magnetic field is small, and
probably not large enough to be detected experimentally. Analysis
of the computer results shows that even though the pressure co-

efficient profiles of compressible flow are different from the

incompressible case, the difference in transverse velocity (v) is
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only to 1st order and is therefore very small. The inclination of
the compressible flow stream line to the magnetic field line is
therefore not enough to produce any sizeable induced current

T =6(V xE). It is obvious then,to change the pressure profiles
significantlj we have to drive a current through the plasma from
some external source in order to produce a zero order effect.

3.4 Incompressible Flow Around Bend with External Current Source

In order not to complicate the problem, the simplest case
is consiered here, that of an incompressible fluid flowing through
a right angle bend, with an applied transverse electric field only
in the curved section driving a constant current across the side
walls (Fig. 12). Here again we employ both the Rayleigh-Ritz
method and the method of integral relations as a check on each

other to ensure a correct solution. 1In the method of integral

relations, the following equations are used:

o(h+u’) QuUr o

[ Ix -+ J/ =
—— + -

Xl
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where u, velocity components non-dimensionalized with respect

<
]

to upstream velocity,

p = pressure ___ _ pressure
upstream dynamic pressure u?
,13 20

JBR
R

The computer program developed for the compressible flow was

E-

employed here, and the pressure coefficients are given in Figure 13.
In the Raleigh-Ritz method we follow the same procedure as in

section 2.2.1l. Consider the equations:

- = 227

V. v 4+ % = L2

(7 £
v.v = ©

Taking the curl and combining the equations, we find

£ 27
P x

where w=VxV is the vorticity. . ‘
@ and J have components in

\

P o e T P S

(/8) V. Ve =

The other terms drop out since w

z—direction only.

At the junction between the straight and curved sections, it is
assumed that the current jumps from zero to a constant value given

by T = 0F, where E 1is the applied electric Ffield, Therefore

J-EY ‘
e

B

the vorticity ®w also jumps from zero to the value
at the junction.

In the upstream straight section the governing equation is V€%:47
whereas in the other sections the governing equation iS'V%Z:£Uﬂ¢)

since from equation (18) V.fw = 0O because T is assumed constant

in the bend. The form of solution in the straight section is that
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of section 2.2.1. 1In order to solve the MHD flow in the bend, we
approximate w as some function of‘]l‘ (say a polynomial in?L ) and
solve the above equation, by successive approximation.

Assuming that lf has an asymptotic expansion 7L = 5[0 o+ é,% oo

where € 1is some small parameter defined later, the problem reduces

to the following.

In upstream straight section: v - ¢ L+ ¢ 7&’ + - =0

| vd =0 = % =y + 34T sinel
9) ” /

t

v/ _ ’ QNI
=0 > 4= za’e%smy

At junction (x = 0),

e

Pl

/
u = [ + 3InT q, coshlly + € Znllg, Cosnlly + -

t i“
e.
i
§

v = - 3nl4 gingy - € S olg, dinnly +---

B, = 1+ Znll, conly . . \
In the curved section:

B
At 6 = -45°, w = s-(é)--;E

| -Sh[ B + 20l A, cot nfl
(.Zo) 2 }';l-f 2n7g Cos "3@ +€ jnﬂdn:'or'g[+..

A4
KA S Wl =2 Cos n&
. A "a,
D / "(44') L ‘ o+ o —- j
D
approximating w as a polynomial in%( ,

@) w- 5.(_D'§).[/ + (4-a) (L4 + /56/’ + )"f‘)]
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Taking € = A, - 8 the constants o /5 )’ can be calculated
1 s (7 1§
if a  are known.

The differential equation in the curved section is then

Vz’]é + €'V,’7é + o = 5// . €(tf */57527‘ 7743)"‘"-"]

The zero and first order solutions are:

Vz‘é::'g
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from which
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w33 4 S om0 4 Zn/; A * cosn 1 b2 ,,,,,Q}K,_,ﬂ_ )
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In the downstream section, the current is zero and the vorticity is

reduced by -g—-% . The equations are similar to upstream section.
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The zero order is therefore:

vi¥ = o OY + 2/ e ""in AT, "/
At X=0 U = Znﬂ/'é,/s,b'%—l

Requiring that v be continuous at both junctions
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Combining the two equations we find that P, =&, - The solution

1 .“
|

is therefore symmetric about @ = 0° and the unknowns a, can be

found by forming the integral and finding the minimum as in section
2.2.1. With known values of a ; o<,/3,'y' are calculated from (21),

and the first order solution is obtained by obtaining aﬁ

using the
§=30 :
same procedure. The result obtained for S = 0.6’ 18 plotted in
A
Figure (13), and even the zero order seems to agree quite well with
the results from the method of integral relations. It was con-
cluded therefore that the pressure coefficients calculated from
the zero order equation are solutions to a sufficient degree of %

accuracy; So ‘that for other values of interaction parameter, only

the zero order solutions are computed.
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L. EXPERIMENTS

4.1 Experimental Verification Using Two-Dimensional Flow of

Electrolyte Around a Right—-Angle Bend

As shown in section 3.lt, the low-speed flow of plasma
around & two—dimensional right-angle bend under applied, croésed 4 ;%
electric and magnetic fields can be approximated by a simplified |
set of MHD equations, assuming incompressible flow of the plasma.

In practice, the flow is complicated by side effects, such as non-
uniformity of plasma temperature and conductivity, electrode effects
(arcing and non-uniform current distribution); and sheath effects.

Since the theory presupposes incompressible conditions, it seems )

justified to simulate the conducting plasma using aqueous electro-

Plaaivgs

lytes. A search of the electrochemical properties of various sub-

stances revealed the relative superiority of copper nitrate for the

following reasons: ' «‘

(L) The chemical compound is chesap and readily available in

guantity.
(2) The solution of copper nitrate is safe to use (unlike acids
or alkalines) and has fairly low resistivity.
(3) Using cdpper electrodes, the passage of current does not
result in net productibn of new substances, hence no polariza- %
tion effects or bubble formation is noted at the electrodes
and the composition of the fluid remains constant.
(L) The solution has bright blue colouring and hence facilitates

the reading of the meniscus position in the inclined mano~-

meters.
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4.1.1 Experimental Set-Up

The experimental rig is shown in Figures 1l and 15. The
settling chamber, test section and downstream and efflux sections
were fabricated out of plexiglass since it is transparent, easily

assembled, glued and sealed, is readily machined and bent into the ;%

required shape by application of heat. Thé test section was placed
right behind the converging inlet section to make the entrance velo-
city profile as uniform as possible. Copper screens were placed in

the settling chamber to even out the velocity distribution and

TEALE

eliminate vortices generated by the water pump. Beyond a certain

current density, the metallic copper deposited on the electrode did

pont

not adhere to it firmly but was swept back into the stream; more-

LI e e
LIRSS < —
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over, iron particles originating in the cast iron pump also con-

taminated the working fluid. These solids were filtered out partly

by fibreglass batts inserted between the coppér screens, to prevent
clogging of the small pressure ports or deposition on the manometer
walls. The fluid was circulated by & centrifugal pump driven by a
variable speed D.C. motor. Additional copper screens wWere used at
the outlet of the downstream section to further reduce and adjust

the fluid velocity. A total of 28 pressure ports were drilled into

the curved walls of the bend. These were connected by tygon tubing
to glass tubes pressed firmly against a thick flat-ground plate
forming a bank of inclined manometers, the slope of which could be
adjusted. The magnetic field was generated by a coil of approxi-

mately 270 turns of formel coated magnet wire wound around the bend

section., The current was supplied by & D.C. motor-generator set
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capable of delivering 300 amps., At a current of 120 amps. the
average field inside the coil was found to be about 2000 Gauss,

The current phrough the electrolyte was supplied by car batteries
giving 24 volts. This current can be adjusted by varying the supply
voltage or changing the concentration of the electrolyte. Because %é
of the.above—mentioned difficulty experienced with metallic copper
in the fluid, deposited by excessive current density, the current
was limited to 30 amps (about 2.7 amp/in?). To reduce the temper-
ature rise of the field coils owing to this current, jets of com-
pressed air were directed upon it to increase convection cooling.
Even then the current had to be turned off after [0 seconds at

120 amps. and after 2 minutes at 80 amps. to avoid overheating the

wire and damaging the insulation.

4.1.2 Results and Discussion

Due to limitations on magnetic field and applied current
discussed above, the electromagnetic force acting on the electro-
lyte flow was quite small. With a field strength of 0.2 Weber/
Meter2 and an applied current of 2.7 amp/ing, the electromagnetic
force is equivalent to a pressure of 0.08 inches of water or 0,072
inches of electrolyte. In order to render the electro-magnetic
effect measurable, the manometer bank had to be inclined at a very
small angle. The smallest slope used in the experiments was about
1 in LO.  The dynamic head (and therefore the flow velocity) was
also adjusted to comparable values. At such small inclination
angles, surface tension plays a large part and even though the

glass tubes and the whole assembly were cleaned frequently, they
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were quickly contaminated by the residual metallic suspension
escaping filtration. A small admixture of Photo-Flo solution was
found very effective in reducing the surface tension effects.
Commercial grade glass tubing was used; and although the uniformity
was not assured, neither in diameter or straightness, calibrétion
showed!that only a few tubes had deviations in meniscus level of
0.2 inch at the smallest inclinations.

Figure 16 shows the pressure profiles along the bend
for test runs in water at various elevated speeds. The agreement
with theoretical results seems to be within experimental error X
except for the static pressure drop due to fricticnal and other
losses. Upstream of the inlet into the test section the static
pressure at the inner and outer walls is not equal, indicating a

slight velocity gradient across the inlet section. This section,

made three—dimensional for maximum contraction ratio, is difficult

to fabricate due to warping and contraction of the plexiglass upon

cooling. Consequently, the apparatus can only be levelled approxi-—
mately each time it is set up after cleaning (especially after the

magnet coll was wound around the test section), giving rise to

slight deviations in the pressure measurements. Figure 17 shows

some runs with the electrolyté. The procedure adopted with each
run was to adjust the pressure head by setting the pump speed,

wait until the pressure readings are steady, take a polaroid photo-
graph of the manometer bank, switch on electric and magnetic fields,

wait for the manometers to stabilise and again take a photograph.

It was previously oestablished that the electrolytic current alone
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did not alter the pressure readings, hence the observed change

during & run must be attributed to MHD effects. As stated before,
heating of the magnet coil and accumulation of solids in the electro-
lyte put a 1imit on the time allowed for each run. With a coil
current pf 120 amps the rupning time was only L0 seconds, yielding
pressure readings of only 30 percent of the expected value. Closer
observétior revealed that the manometer ievel did not quite reach

the equilibriumn height within that time. Depressing the manometer
level below the expectéd values and letting it rise under the

action of tﬁe MHD forces showed that in L0 seconds the levels \

attained 0 percent of equilibrium height. The subsequent runs

o

were therefore carried out with magnetic coil currents of 60 and

I e

80 amps and a running time of 2.5 minutes. For most runs the

R
&
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manometer levels seem to reach equilibrium within that time. As

seen in Figure 17, there is quite a scatter of readings among the

non-magnetic runs. This is most likely due to the fact that each

time the apparatus is dismantled and cleaned, it is difficult to
reassemble it again in exactly the same position and a slight mis-
alignment or lack of 1evel of the test section produces deviations.

To counteract these effects, it seems more appropriate to demon-

strate the MHD effects by comparing the pressure readings of %
individual runs with and without magnetic field. Figures 18-21

show some typical pressure plots obtained in this manner, indicating

the flattening of the profiles due to MHD forces. Unfortunately,

for the MHD force to be comparable with the dynamic head, the flow

velocity had to be so low that separation occurred and the mano-
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meter readings became scattered, indicating some deviation from
laminar flow around the bend. It therefore seems impossible to
run at condi@ions where the MHD force would significantly flatten
the pressure profiles, a case where one could expect to observe

some change in pressure loss in the bend flow. Ignoring the dis-

A

crepancy in pressure profile due to losses and other effects (such
as shape and position of the apparatus) it can be seen in Figures
18-21 that the change in pressﬁre due to the MHD force is slightly
less but quite close to the calculated change. Figure 18, a run

with magnetic interaction parameter of 0.3 and a magnetising current

of 120 amps, shows a comparatively small MHD effect owing to the fact

< TF

that the manometer levels had insufficient time to come to egquilibrium.

X
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.2 Experimental Verification Using a Plasma Arc Jet

li.2.1 Experimental Set-Up

Most of the experimental MHD work uéing compressible
fluids was carried out either in shock tubes or in plasma arc jets.
Both are capable of attaining flow of high-temperature plasma at
various densities and both can be used in conjunction with an
external supply of seeding material to produce high electrical

conductivity. The first is relatively simple, but the flow so

produced is of very short durétion. This could be somewhat leng-
thened by expanding the flow behind the reflected shock through a
suitable nozzle (shock tunnel), but the useful flow duration is
still relatively short, requiring the measuring devices to possess
low response times. In the latter method, however, the flow can

be maintained for times of the order of several seconds, thus

allowing the use of simple liquid manometers to measure pressure.
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The device used in the present investigatibn wes a plasma arc jet
(E.H. Dudgeon and I.R.G. Lowe)26 capable of maximum power input of
70 kW which could be operated for over 10 seconds continuously with—
out damage. An estimate of the power required to produce plasma
with high enough velocity and electrical conductivity to yieid an
interaction parameter S ~1, shows that the jet would have to be
operatéd at a working pressure of about 1/10 - 1/20 of an atmos-
phere. A schematic of the experimental set—up is shown in Figure
22. The settling chamber was incorporated to provide adequate mix-—

ing of gas and seed material and to produce a fairly uniform velo-

A
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city profile at the outlet., This was dimensioned in consideration

<

of the work of Lipstein27 who found that the potential core of the

R T —

I
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primary jet extended to less than x/(Dz—Dl) = 3,33 at Dl/DZ = 0.
(see Fig. 22). Since we have Dy = 1.5", D, = 3,75", therefore
Dl/D2 = 0.,l4, hence the jet should extend to about 3,33 x 2.25 =
7.5". The mixing chamber was therefore designed to be about 9"

long, together with a profile approximately in the shape as cal-

culated by Batchelor and Shaw28. The cross—section of the uniform
plasma flow was limited to the dimensions 1.5" x 1.4", in view of
the limited mass flow available. A glass section 4" long was
uéttached jmmediately behind the mixing chamber to check the flow
uniformity and to measure temperature and velocity profile. This
section was removed before meaéurements on the bend were taken.

A 2" long section made of machinable ceramic was used on either

end of the bend to insulate the electrode—carrying walls of the

bend electrically. The flow was then allowed to expand into a
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water—cooled heat exchanger, where the plasma tenperature was

reduced and the potassium seed condensed before reaching the vacuunm

pump. Because of the high volume flow rate required, high—capacity

Fuller vacuum pumps (VC~300, No. 322343226; 600 RPM; displacement

1720 CFM) were used to lower the test section pressure to about ‘Eﬁ
1.5" Hg. Runs with higher prassures were achieved by opening to
atmosphere a valve located somewhere between the pumps and the heat
exchanger.

h.2.2 The Plasma Arc Jet

The plasma arc jet used in the presént experiment was
designed a few years ago by Dudgeon26. Its detailed design and
operating range will form the subject of a forthcoming report,
hence only a brief description will be given here. A schematic

diagram is shown in Figure 23. Argon from a storage bottle is fed

through a swirl ring into chamber A. The vortex action carries the
gas along the wall to the ond of the chamber and out again near the
axis. This design enables the gas to maintain contact with the arc
for a considerable distance, thereby increasing the thermal energy
imparted to the gas. The electric arc strikes from the anode in

chamber A to the walls of channel B which act as cathode, and is

g

imparted a swirl by an applied axial magnetic field. The heated
argon is then ejected into the mixing chamber through channel B.
Seeding is accomplished in a small section ahead of the mixing

chamber. All parts of the arc jet except the tungsten cathode were

made of copper and water cooled. The voltage drop across the arc

was about 100 V and the current of the order of 500 amperes during
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a normal run in argon. Because of the voltage-current character-—
istic of the arc, the 70 kW powef capacity of the.supply could not
be applied in its entirety, but a sufficient proportion of this
went to heat the argon with the present arrangement.

L.2.3 The Seeder

|

In order to attain a reasonably high electrical conduc-—
tivity; a pure argon jet would have to be heated to about 8000°K.
This imposes a serious material problem, together with excessive
boundary layer losses, and a necessary reduction in mass flow be-
cause of power limitations. The usual way of overcoming this @*
problem is to seed the gas with alkali metal (Na, K, or Cs)
(Lauzg, DudgeonBO, RosaBl). At about 3000-4000°K, which is about

the temperature used in the present work, practically all the argon

atoms remain non-ionized, but any alkaline seed added, because of
its low ionizational potentials, becomes highly ionized. Depending
on the amount of seed added, the electrons thus produced act as
current carries and greatly enhance the electrical conductivity.
Guite a few forms of seed addition have been tried, i.e., feeding

as a powder, smoke, liquid or vapour at different parts of the jet.
Due to either non-uniformity, insutficiency, clogging ol apparatus,
or corrosion and material problems, these have not been too success-— %ﬂ
ful. The arrangement finally adopted is shown schematically in
Figure 2. Preheated argon is fed through the top of the stainless
steel seeder, forcing the molten potassium up the inner section and

then bubbling through it. This carries some potassium, both in the

form of vapour and minute droplets, into the main plasma jet through
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the middle top valve. This valve, together with the seeder is
enclosed in an oven and heated normally to about 1000°F. The

seeded argon enters the jet through an opening in a stainless

i
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i
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steel section ahead of the settling chamber.

An attempt was made to observe and measure the seed flow
rate i? the seeded argon flow by passing .the out—flow from the
seeder into a stainless steel cylinder fitted with a sintered
stainless steel filter, and a thick glass plate on top.

Even though the seeder seemed to work fairly well at atmospheric
pressure, it did not function as expected at reduced pressures.

The idea underlying this seeding arrangement is that as the pre-
heated argon is bubbled through the molten potassium, it will be
saturated with potassium vapour at the partial pressure governed

by the temperature of the 1iquid potassium. Unfortunately, when

the temperature was adjusted to near the boiling point of potassium
at the design pressure, 1liquid potassium was forced out of the
seeder. On the other hand, when the temperature was somewhat below
the boiling point, smoke was generated and on measuring the amount
of potassium that was filtered out, the percentage seed was usually
sbout 0.0l percent. Attempts to pass current through the argon
plasma jet seeded with this seeder outflow proved to be unsuccess-—
ful. The reason for this is that even though the mass flow of
argon through the seeder is small (about 2 percent of the total
argon jet flow), the volume flow was large because of the high

temperature and low pressure., The velocity through the molten

potassium is therefore quite high and the argon does not have
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sufficient time to become saturated with potassium vapour. On the

other hand, when the temperature is at the boiling point the fast—

flowing argon picks up drops of liquid potassium that is bubbling
on the surface of the molten metal and carries it through the
constrictions in the valves and tubings out of the seeder. However,
attempts to pass current through the argon'plasma with the seeder
operated in this mode seems to be quite satisfactory. Currents up
to 10 amperes were passed quite successfully through the plasma
from electrodes about 1l.L" square, so that in all the subsequent
runs requiring seeding, the seeder temperaturé was adjusted to the
boiling point of potassium at the design pressure (1/10 atmosphere).
The seeder section, the settling chamber and the test section have

periodically to be cleaned out due to accumulation of potassium.

L.2., The Bend Section

Fabrication of the bend section proﬁed difficult. Tests
with a dummy bend section showed that its temperature rose to about
600°F after a few seconds of running, hence all materials used have
to be able to withstand at least that temperature. The two plane
side walls act as electrodes, and because of the corrosive nature
of the seed, stainless steel was used., the curved walls, however,
have to be insulators, and in.order to observe any flow irregulari-
ties inside the bend, pyrex was the obvious choice. These walls
were made by bending two rectangular slabs of pyrex on a form in

an oven. At a certain temperature, the pyrex softens and conforms

to the shape of the form. These were then ground, drilled for
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pressure taps, and glued onto the stainless steel side walls with
high temperature glue (RTV) which also acts as a vacuum'seal (Fige.
12). Since the electfodes have to be insulated from the rest of i
the apparatué, the bend section was attached at both ends to 2
straight sections, 2 inches long, and machined from solid blocks of
Aremcolox machinable ceramics {(Grade 502-1100). Vacuum sealing

was accomplished by rubber "O" rings.

L.2.5 The Magnet Coil

In order to obtain an appreciable interaction, a magnetic
field of about 5000 Gauss had to be generated. With & motor gene- E?
rator set available, capable of producing 250 amperes, the density fh
of windings required 1is about 300 turns per foot. To allow space
for inserting the pressure probes and electrical leads, and to
enable the test section to be slipped out of the magnet coils in

order to replace or clean the electrodes, the coils were wound with

larger internal dimensions of 2" x 2.5". A gauge, No. 2l formel
coated rectangular section magnet wire was used and the coil was
wound in four sections with spaces between for pressure probes, each
secting having 12 layerse The magnetic field inside the bend was
measured with a Hall offect device and with 200 amperes through the |
coil, the average field inside the coil was 5500 Gauss in the middle %m
of the coils, dropping to 14700 Gauss between the coils and to 2700
Gauss right at the ends of the coil. The resistance of the coil
increases noticeably due to ohmic heating, SO that the voltage had

to be constantly adjusted to give a steady current. The time of

current passage wWas 1imited to about 10 seconds to avoid over-
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heating and thus damaging the formel coating on the magnet wiréo

4.2.6 Instrumentation |

l.2.6.1 Pressure i
To prolong the life of the components of the plasma jet,

each run was limited to a maximum duration of 20 seconds. Since %w

the flow takes a while to steady down, the actual time available

for measurement was only about 7 seconds. Trial runs with inclined

differential water manometers showed that the liquid column still

osciallated about its equilibrium level at the end of 5 seconds,

]

Moreover, taking the pressure from 16 pressuré ports along the

L LTy

channel during that short time requires a bank of manometers

TR St A e e
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e

properly mounted and a camera to take a picture. This proved

Fru-s,

quite cumbersome, therefore a method commonly used in recording
pressure profiles on models in wind tunnel testing was employed
here. This consists of a pressure transducer.mounted in a "scani-
valve" which is driven by an approximately square wave voltage pulse
with a variable frequency. This drives a rotor in the scanivalve,
connecting the different pressure ports to the transducer. The

time that the rotor takes to go from one port to the other and the
time it stays on a particular port is adjustable by varying the
frequency and length of the véltage pulse. The most sensitive
pressure transducer available was used since the pressure differences
encountered in the bend (B;Ru) was less than L" H,0. This was a
Stathem transducer model PML3LTC 2.5 — 350 (Serial To. 33093),

which has a pressure range * 2,5 psid., with a nominal calibration

factor of 1729 microvolts/volt/psi. A type J scanivalve was used
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which on test runs showed that it had a fast enough response to
record 20 pressure signals within the 5 seconds time. The trans-—
ducer was calibrated by pumping down two chambers to about 3" Hg.

and adjusting to give a pressure difference of about 5" H,0, measured
with an inclined manometer. One port of the transducer was then éﬁ@
connected into one chamber, and the backiﬁg pressure into the other,

and the voltage output was recorded either on a Brush chart recorder

or on an oscilloscope, when the rotor is scanned through the 48 porfs.

On the oscilloscope, the single square pulse shows up quite well, ]
but on the recorder, which is the fastest on the market, the pen i
does not follow the step too well. As shown in Figure 25, where
two consecubive ports are connected, the pressure trace shows a

portion of flat top when time between ports is adjusted to 1LOO msec.

When the intervel is adjusted to 200 msec., however, the pen barely
reaches the top, which is just about the lower time limit tolerable.
The calibration factor during these runs was found to be 163 micro-
volts/volt/psi.

Another difficulty in using this scanning system was con-—
nected with the fact that the current passing through the plasma
was not quite steady, and the pressure was affected by ohmic heating l@
of the gas. The pressures recorded were therefore pressures along i
the bend at different times. This therefore introduces another

source of error, dependent on the steadiness of the current both

spatially and temporally.
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h.2.6.2 Velocity
Because of the high temperature of the gas flow, the usual

methods of inserting a pitot probe into the'gas stream was not
feasible. Moreover, the plasma flows through a contracting section,
and the velocity profile may not be as flat as desired. To measure
the velocity profile, one of the best ways'is to use the method of
successive sparks, which has been used quite successfully in hyper-
sonic tunnels (Ref. 32, 33) and shock tubes (Lau and MillsBu). The
. principle used is based on the fact that an electric arc will follow
preferentially a path with the least resistanbe. In this method,

a fast discharge from a condenser strikes an arc across the plasma
flow, from two electrodes inserted on the wall (Fig. 2}. This
jonizes a thin column of gas, producing & bright streak across the
plasma. The column of ionized gas is then swept downstream with
the same velocity as the plasma flow. At an'adjustable delay time,
another high voltage pulse is applied across the strip electrodes.
If this delay time is adjusted so that the previously ionized gas
column is passing the strip electrodes, a new arc will jump across,
following the shape of this column, This delay time, however, has
to be less than about 100 psec. to avoid excessive recombination

of the ionized gas in the colﬁmn.

The signals from two pick—-ups on the discharge circuit are
recorded on the oscilloscope, from which the time between discharges
is obtained (Fig. 27). An open shutter photograph shows two bright
columns some distance apart (Fig. 26). From this distance and the

time between discharges, the velocity profile across the channel

and gas flow velocity can be calculated. With relatively cold

iy
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gases (Ref. 32, 33) or hot gases at atmospheric pressures or above,
fairly clear pictures can be obtained (Fig. 26a). 1In the present
experiment, however, the power across the main arc, the mass flow,
the pressure, and the velocity were chosen such that the temperature
is around 3500°K, the pressure is 1/10 — 1/20 atmosphere and the ’%ﬁ
Mach number below 0.3. At these conditidné the difficulty arises

that in the extreme case of high temperature and low pressure all

the discharge energy is used up in forming a corona discharge at

the electrode tips (Fig. 26b), so that no arc is formed. Varying .
the voltage, the energy, the discharge time and using carbon E
electrodes and auxiliary spark gaps does not improve the situation.
At less extreme conditions, the corona discharge still forms, but

an arc forms as well, so that an approximate velocity profile can

still be obtained. The final arrangement of the electrodes (Fig.27)
seemed to improve the picture somewhat, since the gas around the
electrode tip was not as hot and any bright region due to ccrono
discharge did not mar the picture, To avoid sharp corners where

the discharge may start, a bent round wire was used instead of strip
electrodes. It was found that when the delay time was adjusted by
trial and error such that the.previously ionized gas column was s%
around the middle of the strip when the second discharge formed, a u
good second bright column is formed which conformed approximately

to the shape of the first discharge.

The arcs formed at a typicel running condition are shown

in Figure 26a. The velocity there is approximately 1000 fps, and
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from the mass flow rate measured with a flowrator; the density was
calculated to be about 0.765 x 1073 1b/cu.ft. The measured pressure

was about 3" Hg, giving a temperature of approximately uOOOOK. This.
however, is 6nly an average temperature, since wall effects and heat
conduction are certain to cause a fairly uneven temperature profile .
(Kyoichi Kuriki35). The true temperature profile is measured by
spectréscopic means discussed in the next section.

Because of the difficulty in establishing a uniform current
across the bend in a high speed stream, it was decided to reduce
the velocity somewhat. In the final series of runs, the mass flow £
was reduced by about 50 percent by changing the argon swirl inlet .
ring and adjusting the pressure and mass flow. After the whole ﬁ
series of runs, the spark tracing apparatus was set up again to

check the velocity. Clean arcs, as seen previously, could not be

established, but the two arc columns can still be seen (Fig. 26d).
The velocity was then calculated to be 592 fps. for the final series
of runs.

4.2.6.3 Temperature

Normally, the average temperature of the plasma produced

by an arc jet can be determined by measuring the electrical energy

supplied to the arc jet and the heat loss to the qooling water.

At lower temperatures, radiation losses are small, so that this
'heat balance' method will give fairly accurate results. In the
present arrangement, however, a significant amount of heat is lost

in the settling chamber even though it is not water cooled to avoid

excessive heat loss and seed condensation. The temperature obtained
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by the heat balance method is therefore lower than that obtained

by inferring from velocity and preésure measurement. In order to
confirm that the temperature obtained is approximately correct and
to gain some idea of the temperature distribution across the channel,
a spectroscope was used to measure the plasma temperature. The
temperature measurements in the plasma jet and different spectro~
scopic techniques will be described in détail in a forthcoming

report and so will not be discussed here. Suffice it here to say
that both the relative line intensity method and the line reversal

method with a Xenon arc lamp were used and the results obtained for an

th

open jet were in fair sgreement with the result from heat balance method.'

<

$
h.2.6.4 External Current Source and Flectrode Performance j:
i

|
i

Since the possibility of MHD power generation came to light

a few years ago, many investigations have been carried out on the

phenomenon of current conduction between electrodes immersed in
plasma flow (Ref. 31, 36-41). The voltage drop in the main inviscid
stream is found to be relatively small because of the high electronic
conductivity. For example, in the present experiment, with conduc-—
tivity 0~ = 300 mho/meter and a current of 5 amperes/sq.in., the

voltage drop across the channel width is only about 1/3 volt. Most

of the voltage drop occurs at the electrodes, due either to the
cold and hence less conducting boundary layer, or to insufficient
electron emission from the cathode. Various mechanisms of electron
emission are described by CobineLL2 and a detailed description on

39

conduction across cold electrodes is given in Chung and Blankenship

and Hoppmanuo, where a8ll electron emission is neglected., The latter
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experiment was carried out in a shock tube, hence the electrodes
were essentially cold, and only ionic conduction was present. How-
ever, a uniform current of 0.l amps/cm? was obtained with a voltage
of about 28 volts across the electrodes.

On a clean electrode at temperature T under an electric

field E, the emission is given by Hayden&B,

, J=1l.2 X 106T26xp(- ¢/kT)exp(O.u38Jﬁ/T)
where # is the work function of the electrode material. At around
room temperatures, this emission current is extremely small, since
most electrode materials have a work function of about lL.5 eV. i
However, when the electrode surface is coated with an oxide layer \

or impregnated with foreign particles, various effects come into W

play and the electron emission can increase by orders of magnitude. @

This is summarized by Haydenh3°

In a practical MHD device, the plasma flow is steady and

the electrodes are heated to some degree. Rose31 found that quite
significant currents can be drawn across a seeded plasma jet.
Zukoski and Pinchak36, Bekiarian37, Maslennikov and GermanyukBB’
Toshitsuya and Uchicaul, have experimentally investigated hot
contaminated electrodes in a plasma stream and found that the
current is strongly dependent on the temperature of the electrodes. i%
However, the geometry, material, temperatue and other parameters

vary in these experiments and there is no absolute way of calcu-

lating the clectrode performance in a particular arrangement. 1In

order to pass a uniform current through the plasma, one must there—

fore resort to trying various schemes bearing these results in mind.




68

To begin with, top and bottom walls of the straight u" 1ong:
glass section were machined out to fit two stainless steel elec~
trodes about'1.25 x l.4 inches. These were flush with the walls to
avoid boundary layer build up, and were connected in series with a
10 ohm resistor to a variable voltage source; This voltage‘was {%i
varied between runs and the current flowing through and voltage
across the electrodes were recorded. With this set—up up to 10
amperes and 50 volts across the electrodes were recorded when the
electrodes were coated sufficiently with seed. However, when the
test section was inserted, it was impossible to pass any current
between the stainless steel side walls which acted as electrodes.
This was due to the fact that these massive walls were not suffi- i
ciently heated during each run. To correct the situation, a sheet

of tungsten, 0,009 inch thick, snsulated thermally from the steel

side walls by a thin mica sheet, was attached to the walls with
small rivets. Trials to pass current with this scheme show that
arcs form at the upstream end of the tungsten sheet, get swept
downstream by the flowing plasma and stay at the downstream end.
Near the end of each run, only about 2 or 3 inches of the downstream
end of the tungsten sheet was passing current. This can be observed
quite clearly through the cur&ed side walls. However, since the
maximum pressure difference between inside and outside curved walls
occurs at the centre of the bend, it was desirable that the bulk

of the current should pass here, if it should not be possible to
have a uniform current distribution across the whole bend. To

achieve this, all the rivets holding the tungsten sheet were in-

sulated electrically from the steel walls except the last pair
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downstream. The mica insulation separating the tungsten from the

steel side walls does not run all the way to the downstream end, so

that the tungsten sheet is attached to steel side wall at the down-
stream end to keep it relatively cool. Current is fed in from the
upstream end to counteract any tendency for the conducting column iy
to be gwept downstream., With this scheme,'a few good runs were
obtained with quite uniform current in the middle of the bend)up
to 78 amperes. The pressure traces for these runs are shown in
Figure 28, where it can be seen that the average pressure drops,
beginning from about 30° of the bend due to dhmic heating of the ?
plasma. However, these runs are difficult to repeat, especially f
when the magnetic field is turned on,and in most of the runs either U
jnsufficient current was passed or it was confined to a small region
either upstream or downstream of the centre. A typical pressure “\.E
trace for this is shown in Figure 29, where fhe current passed in

a small region (about 1 inch diameter) near the upstream end of the
tungsten sheet. A further attempt to force the current to pass
consistently in a desired region was made by having small thori-

ated tungsten rods protruding through the steel walls, but the

current was still not distributed uniformly. Some tungsten rods 4
jnvariably take over and carr& the bulk of the current. It was

concluded when that the tungsten sheets heated by the plasma flow

would make better electrodes, as long as they were not too large.

To investigate this, a tungsten sheet, 1-1/2 inches long, was

placed near the centre of the bend. Each time,a fairly uniform

current was passed between these tungsten electrodes as long &as
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no magnetic field was applied. Unfortunately; when the field was
turned on, the current seemed to be either extinguished or forced
to flow & little ahead of the tungsten electrode. A typical pres-—
sure trace with this electrode arrangément is shown in Figure 30,
where it can be seen that without the magnetic field the average %ﬁ
pressure begins to drop at about the upstream edge of the tungsten
electrode, whereas with the field on, the decrease in pressure
difference occurs a little ghead. During these runs the tungsten
electrode was not electrically insulated from the steel side walls,
so that the current might have attached onto the wall, and with the

field coils around the bend, it was difficult to see precisely where

the current was flowing. The final electrode arrangement is shown
in Figure 31. All three sets of tungsten electrodes are electric-—
ally insulated from the steel walls, and are.connected to the power Q“a
supply through resistors of about 0.5 ohms each. The total current A
and the voltage across each pair of electrodes are recorded, and

with no magneitic field present, these records show the currents

flow quite uniformly through the three sets of electrodes. When

the field is turned on, however, the individual currents through

these electrodes are different and not quite constant, and some-— )
times the current is actually extinguished when the Tield is turned |
on repidly. This is probably due to the T x B force acting on

the tinyﬂarc spots on the electrodes and driving them towards the

ijnside curved wall. More could probably be done to improve this

electrode conduction mechanism, for exasmple, by heating these
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tungsten electrodes by external electricel means, or by segmenting
them into even more separate smaller electrodes. However, since
runs with magnetic field on do show roughly the desired result, and
since the test section was being slowly chipped and cracked, it was
felt that much further work in this respect would not drastically
change .the final result. |

1.3 Experimental Results and Discussion

The primary purpose of the present experiment is to
investigate the change of pressure profile in the plasma flow around
a bend produced by a magnetohydrodynamic forcé. Unlike the hydraulic
analog using electrolytes, other side effects tend to complicate
the matter. First, in order to be able to pass sufficient current
through the plasma, seeding 1is necessary, and this proved to be
rather difficult at low pressures. In order to have sufficient
seed, liquid potassium is sometimes forced out of the seeder, and
this coats the walls of the test section, making them rather roughe
Ocassionally some pressure ports are plugged up by this deposit
during & run. Secondly, passing current between electrodes is just
as difficult, especially when & crossed magnetic field is present.
In the final electrode arrangement, as discussed in the previous
section, the three tungsten électrode pairs did pass current quite
evenly from about 150 to 750 of the bend, when no magnetic field
was present. When the field is turned on, however, the current is
not as evenly distributed between the three electrodes. Moreover,

when the tungsten electrode sheets are heated, they expand and bulge

out. This, in addition to the glight constriction due to mounting of

P
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the tungsten and mica sheet on the side walls, cause some variation -
in the pressure readings. Finally, as distinct from the electrolyte
flow, the plasma is heated quite significantly by the current passing
through it. ‘As seen in Figures 32-3l, where current is passing, the
average pressure drops. The mechanism of heating and the amount of
heat added by the current is difficult to formulate, because most

of the'voltage drops occur at the relatively cool electrode surfaces
where energy is dissipated in the form of tiny arcs. This heated
layer of gas at the side wall is eventually swept into the main
stream either by turbulence or the secondary flow that is present. a
A rough estimate on the change in pressure, velocity, etc., can be
made by assuming one—dimensional flow and that the amount of ohmic
heating is given by J2R where R is the calculated resistance of the
main stream plasma. Taking, as an example, & C836 (Fig. 32) where

the current seemed to pass quite uniformly across the three elec-—

trodes, we have approximately, at entrence into the bend:

Velocity, V = 592 fps.

Pressure, P 1/10 atmosphere

Mass flow, m = pVA = 0.73L X 1072 1b/sec.
0.4y 1b./min.

Density, p = é%‘ = 2.82 X 10"5 élugs/ft?
Temperature, T = g% £ 3350%K

Sound Speed = [YRT = 3,460 fp,

Mach No., M = 3%952—5 0.17

The theoretical conductivity at this temperature with 0.1 percent

seeding is about 3 mho/cm (Dudgeon30)° However, due to heat 1loss
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along the channel, the conductivity drops and, according to Rosa's

estimateBl, the conductivity'in the channel was probably about 1.5

‘mho/cm. In the above reference, a similar arc jet was used and

plasma temperature was about BOOOOK, so it can be roughly assumed

that the electrical conductivity in the present experiment was also ¥
k1]

about 1.5 mho/cm.

L

Resistance of current path = = 0,062 ohms

Obm heat dissipated to main stream dp ¥ 1°R &

922 x 0,062 = 52l

joules/sec.

offe .

170 joules/gm.

n

Assuming one~dimensional flow and that Mc-1 = -1, and that changes

are small, : K
& _yl 1 do .yl do i
I l-Mz R * v RT

&= -

Integration gives

vexit _ Texit LA 3
T = Gy 5 .La7
entrance entrance
. Mexit - vexit Tentrance = 1.17
) entrance ' véntrance Texit
.  Average Mach No. along bend = 0.17 X g&}l.: 0.182
2
(y-1)M
& - aver dv . o,00582
P MZ - RT
aver

ofje

1"
0.23" H,0

_ 1
Ap = 0.00582 x 0.5" Hy0




h

The drop in pressure at the exit from the bend in this case (Fige. 325

is about 0.22" H,0; so that this rough calculation does show that

for a uniform current distribution across the channel, the pressure

drop can be accounted for by the ohmic'heating of the plasma COI6.

The voltage drop across the plasma core is 92A X 0.06252 = 5.7 1
volts, Whereas the total voltage drop across the electrodes is about *
18 volts, so that most of the voltage drop and ohmic dissipation
occurs at the relatively cool boundary layer. In most other runs,
the total current is smaller, but the voltage drop across electrodes
is higher, especially in runs with magnetic field present, showing
that the boundary layers and hence electrodes are relatively cooler.
Small, unsteady arc spots occasionally appear on both cathodes and i
anodes. This shows that the electrode voltage drop is due mainly
to the cool boundary 1ayer and not due toO insufficient cathode
emission. Whereas the above calculation accounts roughly for the
pressure drop due to ohmic heating of the main plasma stream, most q“
other runs with a smaller current (Fig. 32-3l4) show a higher pressure |
drop. In these cases, the assumptions made in the above calculation
must be invalid. There are & few plausible explanations for the

hlgher pressure drop. First, the current conduction across the
electrodes may not be unlform resulting in a higher resistance

and higher ohmic heatinge. Secondly, even though the current is
smaller,'the voltage drop at the electrodes is high, and some of

the heated gas near the electrode may be convected into the main

stream by the secondary flow that is present in the bend. Finally,

due to the ohmic heating, the boundary layer thickens, effectively
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reducing the cross—sectional area of the channel. This change in
area also tends to decrease the pressure in the main stream. ToO
investigate these possibilities, one method is to insert electro—
static probes into the plasma and to study the potential distribu-
tion. However, because of the unrepeatability of the runs and the B
1imiteg pccessible space, and to savoid weakening the glass test '
section, this jnvestigation was not carried out. Instead, we shall

ignore the change in average pressure along the bend, and study the
effectiveness of the J x B force in suppressing the pressure dif-

ference between the inner and outer curved walls. To isolate this »

heating effect, 1t was assumed that the current was evenly. distri-

buted radially; SO that while the average pressure drops appreci-—

ably, the pressure difference between inner and outer wall is not
significantly affected, and this quantity 1s plotted alongside the
pressure curves to show the effect of the MHD force.

Before discussing the experimental results obtained, &
few comments on the possible sources of error are necessSary. First,
pecause of the difficulty of machining glass, the test section is
tied onto the insulating ceramic section rather loosely, unavoid-
ably creating slight steps each time the apparatus is assembled.
This, together with the potaésium coating and the protruding elec—
trodes which expand and buckle under heet, makes the channel walls
a rather uneven surface., The Reynolds number for the latter series
of runs 1is about 700

VL -2 kgm . 1. m—secC.
(Re = B== = 1.43 x 10 —53 x 183 ==x X 3—-%7-m pd —
D - sec 39 1.21 x 10+ kem

|

770)
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so that a thick laminar boundary layer is expected. All these
effects cause some unpredictable errors in the flow variables in-
side the bend. Becauée of this, during each series of runs when
the test secﬁion is re—assembled, the pressure records show some
deviation, even for runs without field or current. Secondly, the gy
electrical energy transferred to the argon in the arc source depends |
on thellength of the arc and the voltage across it. The voltage
and current across the arc vary slightly for every run. This,
coupled with the fact that the mass flow and pressure; even though
preset, change slightly when the jet is trurned on, makes it diffi-
cult to maintain the same dynamic head for all the runs. It is,
unfortunately, not feasible to measure the velocity for each run, @
so that for the final series the velocity was only measured once E
and we assumed that it (592 fps.) did not vary appreciably from run q“!
to run. Thirdly, as seen in the current records for the run with
magnetic field on, the current decreases quite significantly when
the field is turned on. As a matter of fact, in most of the runs,
when the electric field is applied, the current jumps sharply to
over & hundred amperes, but drops ijmmediately to zero when the
magnetic field is turned on very rapidly. In order to maintain
some steady current, it was found necesSsary to increase the magnebic
field slowly. Even 30, the current always decreases when the magnetic
field is on.

This could not have been due to Hall effect because the

Hall current 1s inhibited by geomelry of the test section, SO that

the transverse conductivity should not be reduced by Hall effect.
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The most probable reason is that tiny arc spots form at the elec-—
trodes, and these arcs are driven by the J x B forces towards the
jnner wall. The current distribution is therefore not uniform and
concentrates more on the inner curved'wall. Pinally, the accuracy
of the experiment 1is 1limited greatly by the time factor. To avoid ;ﬁ
overheeting and thus damaging the apparatus, the time for each run
is not allowed to exceed about 20 seconds. Because of the time
delay in slowly attaining a desired magnetic field and the time
required for the current to steady down, the gctual time available
for scanning all the pressure ports is 1imited to about 7 seconds.
Because of the ohmic heating of the olectrodes and gas flow, the
flow properties may not be able to reach a steady state during this
small testing time. Moreover, because it is necessary bto use &
scanning system, the pressures on the outer cprved wall are taken
at different times from those on the inner curved wall, SO that any
transient or unsteadiness could introduce large errors. Also
gpurious signals sometimes appear because of the scanning action of
the scanivalve. '

Figures 3234 are the experimental results of the final
series of runs which show the.effect of the MHD force, with each
figure showing the runs between which the apparatus 1s disassembled
and cleaned.

5 In all these runs the static pressure (p) shead of the bend
;s assumed to be 3" Hg, the velocity (V) is assumed to be 592 fps.

Inside the bend, as discussed previously, the magnetic field is not

quite homogeneous, and the current magnitude and distribution are




78

- both unrepeatable and non-uniform. Because of the difficulty in
formulating and computing a solution allowing for this inhoﬁogeneity,
and the amount of experimental error involved, it was not worth the
effort to gﬁxiate a new conputer program. In order to compare with
the present theory, the magnetic field and current are assumed to
be uniformly distributed across the entire.bend section, so that
B £ 0.4 webers/m2 (with a current of 180A through the coils) and

recorded total current/area of side walls of the bend. The

d =

interaction parameter indicated in these figures is therefore cal-
JBR -

culated according to S-= —-23-- .
pV N

Figure 29 shows a typical run where a single tungsten

electrode extends along the entire channel side wall as discussed

in section l.2.6.4. The current was confined in this case to a small

ares near the entrance into the bend. This is evidenced by visual

observation and by examining the tungsten electrodes after the run.

Near the region of current flow, a dip in the pressure difference 1is

shown in Figure 29. This region is close to the edge of the magnet

coil, so that the magnetic field is quite small. Accordingly, for

the magnitude of current flowing, the dip in the pressure difference

is much smaller than expected. Figure 30 shows the pressure record

where the tungsten electrode is about 1-3/lL inches long, located

near .the middle of the bend., A larger suppression of the pressure

difference occurs ahead of the electrode position, It appears that

the current is pushed Dby the fringe magnetic fiel

hese earlier runs it seems that the amount

d towards the edge

of the field coil. From t

of suppression of pressure difference is smaller than anticipated
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and that it is difficult to locate the current at a desired region
with a single electrode. Therefore, for the next series of runs,
the three electrode system was used, and the setting on the motor
generator set was increased somewhat to allow for larger currents.
Figures 32-3l show some of the representative runs where there is
distinct suppression of the pressure diffefence. The general
characteristics for these runs are summarized below:

(1} The pressure records for the runs without field or
current are slightly different, but have the same general shape.

(2) The pressure records with current only also have the same
general shape. The average pressure drops quite steadily from where
the current starts flowing, but the pressure difference between
inner and outer wall is not affected.

(3) The average pressure for the runs with field and current
also drops in the same fashion, but in general, the total drop in
pressure is larger or equal to that of the cases without magnetic
field, even when the current is generally smaller.

L) The pressure difference between inner and outer wall is
partially suppressed by the MHD force, but the amount of suppression
is less than predicted by theoretical calculation assuming uniform
field and current.

(5) The profiles of the pressure records for the runs with
field and current differ in shape, showing that for each case, the

distribution of current was non-uniform.

(6) The voltages across the three sets of electrodes aﬂ? o7

approximately equal for most of the runs except for run No. 2Ain

i

L
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Figure 3li, where the voltage at the first electrode is about half
the voltage at the second electrode, showing that very little current

is passing through the second one.

(7) The suppression is, in most éases, much more pronounced near
the centre portion of the bend where cur?ent flows. Near the two MH
ends beyond the region of the electrodes, the suppression is small 1
or even zero.

Without much more detailed work and better electrode and
magnetic field coil arrangement, it is difficult to identify the
reason why the suppression of pressure differénee is smaller than
expected. One obvious reason is that the increased heating of the
gas increases the kinetic energy, 8o that the effective interaction

JBR :
parameter (——?—2—-) is smaller than the theoretical value, resulting

in a smaller supbression than the calculated amount. Another reason
is the different amount of heat added to the gases near the inner
and outer wall. This can be due to two reasons. First, as dis—
cussed previously, the magnetic field tends to force a concentration
of current near the inner curved wall, SO that there is a higher rate
of heat addition. Second, the inner wall pressures are scanned at

o later time than those of the outer wall, so that there is a longer ‘%R
time for conditions to reach the steady heated state. DBecause
addition of heat reduces the static pressure, the pressure at the
inner wall therefore drops relatively more than the pressure at

the outer wall. This in effect widens the pressure difference,

opposing the action of the MHD force. Consequently, the effect

that is measured is probably Jjust the resultant of these two opposing
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phenomena, This difficulty can undoubtedly be solved with more
careful design of the test section, magnetic field coil and elec—
trodes. For example, the test sectlon could be designed to with-—
stand a higher temperature and, consequently, a longer testing time.
The pressure connections could be taken out of the ends of the coil
so that the windings could be done uniformly. The coil should
extend beyond entrance and exit of the bend to provide a uniform
field region inside the bend. Finally, the electrodes could be
properly insulated from and embedded into the side walls to provide
a smooth surface. They could be made in smaller segments, separated
olectricelly by resistors and capable of being heated by external
electrical means previous to running the experiment. Probes could
be inserted into the test section to study the potentials and
electrical conductivities at various regions. With more effort in
making these studies; it is conceivable that the process can be
better understood and different sources of error isolated and

eliminated individually.

5, CONCLUSION

The fluid flow in a 2-D right angle bend under crossed
electric and magnetic fields has been investigated both theoretic—
ally and experimentallyo On the theoretical side, three methods
were used in computing the ilow. The method of characteristics was

used for the case of supersonic flow with a magnetic field aligned

with the bend. Assuming no boundary layer and electrode sheath

i

i
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effects, it was found that the induced current (J = o(V x B)) delays
the formation of the standing sﬁock formed inside the bend. With
sufficient field strength, the shock is inhibited. The method of
integral relations and the Rayleigh-Ritz method were used for in-
compressible and subsonic flows around the bend., The results from
these two methods were compared with each other and with previous
work wherever possible, and good agreement was found., The theoret-
ical results for compressible flow under the influence of a mégnetic
field only show that the MHD effect is very small since the induced
current is 6nly to the first order, To obtain the desired effect,
it was found necessary to drive a substantial current across the o
electrodes by means of a battery or sSome external current sourcee. ;1
The theoretical results of incompressible flow around a 2-D right- L!
angle bend under the influence of crossed electric and magnetic

fields show that noticeable effects can be obtained with the avail-

able experimental apparétusf

Two Separate experiments were performed to verify the
theoretical results. In the first case, an electrolyte was used,
This circumvents a great deal of difficulty in heat transfer,
electrode effects and heating of plasma by the current., The main
difficulty here is in measuring the pressure because the levels in m
the manometer used take a fairly long time to stabilize at the
equilibrium level. The magnetic field that can be used is limited
because the coils heat up excessively. Consequently, only a small

interaction parameter can be achieved, but the results show that

the effect of the cross field, even though slight, is clearly
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visible and the experimental results are in fair agreement with
theory. The drop in average pressure along the bend is unavoid-—
gble because of frictional and other losses inherent in flow around
bends.

In the second experiment, a plasma arc jet was used to
produce the electrically conducting medium: The main difficulty
in thié experiment is the attainment of uniform current across the
entire bend section. This affects the pressure measurements in two
ways. First, because of non-uniform distribution, the effective
electrical resistance of the current path is higher than in the
uniform case. This, together with voitage drops at the electrodes,
causes more ohmic dissipation than expected. As a result, the
average pressure drops more rapidly than anticipated, as can be
shown by analogy with pipe flow with heat addition. This pressure
drop does not represent an additional loss betause it is associated
with increase in kinetic energy. Actually, in bends where separa-
tion is likely to occur, this transfer from pressure to kinetic
energy is expected to help prevent separation. The increased heat
addition, however, increased the kinetic energy of the flow (pVZ),

JBR

so that the effective interaction parameter (-—290 is smaller,
pV

resulting in a smaller measuréd MHD effect. Secondly, this non-
uniformity of current has an adverse effect on the pressure dif-
ference. However, with improved test section and electrode design,
this difficulty could be overcome, and judging from the experiment

with the electrolyte, the pressure difference between inner and

outer walls in bend flow could be suppressed entirely or in part,

—

|




6L,

depending on the electric and magnetic fields available. DBecause
of the relative ease in shaping magnetic fields, one could, if
_necessary, change the pressure profile at different regions in the

bend, thereby suppressing or altering the form or magnitude of the

secondary flow. To study this process and its effect on the total

loss in a bend would regquire quite elaborate experimental fabrica-

tion and is beyond the scope of the present work.
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APPENDIX

[ S,

INFLUENCE OF CROSSED ELECTRIC AND MAGNETIC FIELD ON SECONDARY

FLOW IN A CURVED PIPE FLOW

Thé equations governing the flow of fluid under the action

of an electromagnetic body force are given by (refer to Fig. 2):

\
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The first equation can be simplified as follows:

cirmer

—

Similarly the other two equations become:
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the_other equations become:
ud X )s g A
(3) £ 5% ¢ E5 + @ 3 '[79@*;%%'*5?— WAL
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or, in vector form:
C Vye - euV = Vi Jx8

In the following we shall ostimate roughly the develop—
ment of secondary flow due to a small shear upstream of the bend
in a main flow under the influence of an electromagnetic force (as
calculated in section 3.4). As seen in the results of section 3.l,
the flow consists mainly of a 1ongitudinai velocity u = U(r) and
v £ 0, and.’é = -g% along a greater part of the bend. As a first

approximation, we shall assume
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the secondary flow.

ere primed guantities denote small perturbations which ¢

Substituting into equation (4) and 1inearizing,
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roximated as follows:
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The variation of U is app
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Since , 5@ = - lJZ is assumed zero at inlet into bend,

the second term 1is comparatively small, at least close to the inlet. -

Therefore, the growth of the longitudinal vorticity (5 ) which is

responsible for most of the excess 1o0sS in a bend is modified by

Fh

the electromagnetic term E -53- With appropriate shaping of
magnetic field, equation (8) shows that it 1s possible to reduce

this rate of growth depending on the current and magnetic field

intensity available.
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