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Abstract

Interest in the free vibration of thin rectangular plates has emerged due to the rapid
growth in computer technology. Delicate electronic components mounted on circuit
boards may be placed in environments under dynamic loadings. The designer may need
to control the natural frequency or mode shape of a specific board if a known excitation
is causing reliability problems in the hardware. Fortunately, constant in-plane loads can
be applied to the plate, affecting its stiffness, and hence dynamic characteristics. This
method of control is convenient since the circuit board does not need to be redesigned.

The method of superposition is used to obtain analytical-type solutions for the free
vibration of thin rectangular plates under constant in-plane loads in this thesis. A total of
nine plate configurations are examined, each of which possess at least one free edge.
Eight building blocks are derived and used to solve the plates under consideration. Each
building block solution is of the Lévy-type and is analytically exact. Since plate buckling
is a limiting case of plate vibration, the solutions obtained can also be used to solve plate
buckling problems. Results are calculated for nine plate aspect ratios. Buckling loads,
frequencies, and mode shapes are shown. Excellent agreement is found in comparisons
with other solution methods.
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1 Introduction

1.1 Problem Definition

In recent times, the thin rectangular piate has been used as a base for mapping
electronic circuitry. The microchip, a basic component on many circuit boards, has been
evolving at an exponential rate, allowing its integration into modern vehicles and
machines to be both economical and powerful. However, these complex control devices
can be damaged by excessive vibration. Large displacements can occur when the board
is exposed to a harmonic load which varies at one of its natural frequencies. This is
called resonance and can be avoided by adjusting the board's mass and stiffness. Thus,
the board's free vibration frequencies affect component reliability. A component can be
placed along a nodal line to resist against damage from a specific mode of vibration.
Methods of predicting natural frequencies and mode shapes can be used by the engineer
to optimize the design for component reliability. The dynamic behaviour of a circuit board
is dependent upon its size, composition, and edge conditions. Any one of these can be
appropriately modified to obtain a satisfactory design.

The dynamic response of a thin rectangular plate can also be regulated by
modifying its stiffness using static in-plane loads. This allows the engineer to optimize
the design without imposing drastic physical changes. Compressive in-plane loads will
decrease overall plate stiffness and hence lower the free vibration frequencies. The
converse is true for tensile in-plane loads. These configurations can be physically
obtained by using proprietary-type clamping devices to mount the circuit board. Despite
the large number of technical papers written on plate vibration [1], the number of available
solutions for plates with free edges under in-plane loads is limited.



1.2 Literature Review

The vibration analysis of plates under in-plane loads did not receive much attention
until the late 1960's. The maijority of the publications reviewed utilize approximating
techniques in their solutions. The boundary element, finite element, and finite difference
methods can only approach exact values since the continuous plate under investigation
must be partitioned. The Ritz method provides good resuits if the initially assumed shape
functions for plate displacement satisfy both the governing equation of motion and the
prescribed boundary conditions. However, inferior results are often obtained for plates
with free edges. Analytic-type solutions are currently gaining popularity due to their clear
approach and extremely convergent results. Traditionally, studies have been directed
towards plates with pinned and fixed edges, with very little regard given to the free edge.
The piate vibration and buckliing papers surveyed are now discussed.

1.2.1 Finite Element and Finite Difference Methods

Anderson, Irons, and Zienkiewicz [2] used the finite element method with non-
conforming triangular plate bending elements to study the dynamic response and stability
of a thin simply supported square plate subject to unilateral in-plane loads. Element
properties are derived by performing numerical integration, allowing element thickness to
change within the plate. Buckling loads are evaluated for several uniform plate divisions,
and good agreement is shown when compared with the analytically exact value.
However, a very fine mesh is required to reduce error to less than 1%, and the
eigenvalue solutions of full matrices are very expensive in terms of computing time and
storage. The first four natural frequencies of the plate are also calculated for various in-
plane loads, which are expressed as percentages of the buckling load. Anderson states,
"“The effect of any in-plane compressive stress on a plate is to reduce its bending
stiffness. Similarly an in-plane tensile stress effectively increases the stiffness. Thus, in
the first case, the natural frequency of the plate is lowered and in the second raised."
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Chan and Foo [3] used the finite strip method to evaluate the natural frequencies
of square simply supported and clamped plates under uni-axial compression. This
variation of the finite element method assumes the plate to be made up of a finite number
of thin plate strips. The lateral displacement, along the strip length, is represented by
continuous characteristic beam vibration functions which satisfy the boundary conditions
of the subdivided plate edges. Polynomials are used to represent displacement across
the strip. Calculated numerical results compare well with the finite element and analytic
values presented. Classical finite element methods usually demand considerable
computational resources due to the large matrices developed in discretizing the plate.
In the finite strip method, the subdivision of the plate occurs along two parallel plate
edges only. This significantly reduces the bandwidth of the matrices, making the method
more attractive in terms of numerical efficiency.

Virk [4] investigates the first three modes of free flexural vibration for the simply
supported square plate under different bi-axial stresses. The finite element displacement
method is used by modifying the element stiffness matrices to account for the effects of
the in-plane static loads. Rectangular plane stress elements are used to obtain the static
stress distribution, and rectangular plate bending elements are used for the flexural
vibrations. Small deflection theory is used and the thin plate is considered to be
composed of linearly elastic, isotropic and homogeneous material. The rectangular
elements are expected to yield better resuits than triangular elements since they are of
slightly higher order. The results presented suggest that in-plane compression and
tension decrease and increase, respectively, the plate stiffness and natural frequencies.
Unfortunately, no comparisons are made with existing data.

Tabarrok, Fenton, and Elsaie [5] used a refined triangular plate bending element
with eighteen degrees of freedom. These eighteen elemental quantities identify nodal
displacements and their first and second derivatives. Assembling the elemental matrices
gives global equations of the form

(IK] - [Ky] - w?[M]) [q] = O,
where [K]is the stiffness matrix of the whole plate, [K,] is its buckling stiffness matrix, M]
is its consistent mass matrix, and [q] is the vector of displacement parameters in the
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global coordinate system. Static buckling loads are calculated by setting the frequency
parameter  to zero. The first three modes of vibration are determined for square piates
under in-plane loads, which are allowed to increase from zero to the buckling load.
Specifically, the fully pinned, fully clamped, and pinned-clamped-pinned-clamped plates
are investigated. Tabarrok states, "Selection of a suitable shape function to specify the
displacement of the interior of an element for finite element computation is a difficult task.
Even for the simple triangular element, complete displacement compatibility along
inter-element boundaries can be satisfied only if the displacement function is at least a
quintic polynomial. A refined plate bending element with a quintic polynomial
displacement function is superior in time, cost, and accuracy for solving plate buckling
problems.” This is shown by comparison to Anderson [2). The resuits presented are in
good agreement with those obtained by other researchers.

Singh and Dey [6] used a variational finite difference approach to analyze the free
vibration of rectangular plates subjected to normal in-plane loads. The total energy of the
system is expressed in terms of discrete displacements at grid points. Derivative terms
in the energy equation are replaced by their finite difference equivalents. Central
difference operators of constant order of truncation error are used where necessary. A
typical eigenvalue problem is obtained by applying energy minimization principles. For
the simply supported square plate with compressive loads on all edges, satisfactory
convergence is observed with an 8x8 mesh division, and good agreement is found with
the finite element, finite strip, and analytical resuits presented. Results for the fully
clamped plate, loaded along two opposite edges, compare well with the finite strip
method. Comparing frequency values for the unioaded pinned-clamped-pinned-clamped
plate with those found by Gorman [16] using the superposition technique suggest that
higher modes require a finer plate division. The method proves to be economical when
compared to the finite element method with regard to computer time and storage.



1.2.2 Rayleigh and Ritz Methods

Dickinson [7] used a Ritz method to analyze simply supported plates subject to
both direct shear and in-plane forces. The presence of the twist term in the goveming
partial differential equation does not seem to complicate energy methods of solution. The
constant thickness plate is made of isotropic, homogeneous and elastic material and
small displacement theory is considered. An expression for circular frequency is obtained
by equating maximum strain energy to maximum kinetic energy,

Vinax(WKY)) = 02 Trge (W(xY))
giving
@? = Jmux(WOY)
Tmax (W(x,¥))

where T, is the kinetic energy and V,, is the strain energy. The deflection function
W(x,y) is chosen such that the geometric boundary conditions of the plate are satisfied.
This method leads to an eigenvalue problem which must be solved by use of a computer.
Convergence of the solution is shown to be good for plates of aspect ratio 1/1, 1/2, and
1/3. Mode shapes are not presented in the paper.

Dickinson [8] extended his work to include plates made of orthotropic material.
The approach used in his previous paper is modified to analyze a square clamped
orthotropic plate subject to hydrostatic in-plane forces. Dickinson states that orthotropy
in the plate simply changes the constants in the goveming partial differential equation
without adding any extra terms.

Bassily and Dickinson [9] examined thin rectangular plates subject to in-plane
stresses having any combination of fixed, free, or pinned edges by use of the Ritz
method. The plate is assumed to be made of fiat, isotropic, homogenous material of
constant thickness, and small deflection theory is considered. The in-plane loads are
membrane stress fields assumed to be constant with time, and the variations they
undergo as the plate is bent are negligible and disregarded. The shape functions are
series composed of mulitiplications of beam functions. The beam functions satisfy the
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plate boundary conditions exactly in the case of clamped and simply supported edges,
and approximately for a free edge. Free vibration resuits for unioaded plates with
clamped and pinned edges are compared to results generated by other authors. This is
also done for plate buckiing. Aithough good agreement was seen in the results
presented, very littie work was shown on plates possessing free edges.

Bassily and Dickinson [10] continued their research on the in-plane loading and
consequent out-of-plane buckling and vibrational characteristics of plates. It was shown
that convergence to a correct solution could not always be assured when using ordinary
beam vibration functions to represent the plate deflection form in the Ritz method. A new
set of functions, "degenerated beam functions”, was postulated, and gave more accurate
results for plates with free edges. The simple polynomials used in earlier studies did not
realistically represent the middle surface stresses of such plates. Several numerical
examples are presented, illustrating the applicability of the approach and giving an
indication of the order of errors that may result. Bassily states that assumptions used to
simplify the in-plane stress distribution within a loaded plate can lead to a considerable
loss of accuracy in predicting buckling and lateral vibration behaviour.

A simple formula for approximate natural frequencies of isotropic plates, originally
developed by Warburton using characteristic beam functions in Rayleigh's method, was
modified by Dickinson [11] to include specially orthotropic plates and direct in-plane loads.
The formula also gives solutions for buckling problems. The plate must be of uniform
thickness and at least rectangularly orthotropic material. Small deflection theory was
used. Constant in-plane forces per unit length, N, and N, (tensile forces positive), act in
the middle surface of the plate. Maximum kinetic and strain energies are equated
according to Rayleigh's method, ultimately giving an expression for plate frequency. For
an isotropic plate under a single unilateral in-plane load, the formula becomes

A2 = Z2(04G0 + 2¢2/vHH, + (1 - v)J s, Pt 1 (1.1)
rYide [VHeHy + (1 -v)Jdedy ]+ Gy + st

where coefficients G, G,, H,, H,, J,, and J, change for different plate configurations and
are listed in a table. For plate buckling,



P = -¢’2‘—l[¢‘eg‘ +2¢*[vH¢H, + (1 -v)Jed, [+ G,'] (1.2)
is used to find the critical load. Any combination of pinned, clamped, and free edge
conditions can be examined using the above equations along with the coefficient values
given in the paper. The approach is powerful since natural frequencies and buckling
loads can be calculated by hand without explicitly knowing plate vibration or buckling
theory. However, unacceptable error in calculated values may occur since the solution
iS approximate.

1.2.3 Analytical Methods

Soni and Amba Rao [12] derived closed-form solutions for the free vibration of
orthotropic plates under in-plane forces. Four sets of boundary conditions were
considered: pinned-clamped-pinned-clamped (SCSC), pinned-clamped-pinned-pinned
(SCSS), pinned-clamped-pinned-free (SCSF), and pinned-pinned-pinned-free (SSSF).
The governing equation of motion, based on classical thin plate theory, was solved for
using a displacement function taken as the product of two functions; one satisfying the
boundary conditions at the simply supported edges and the other a general function. This
is commonly referred to as a Lévy-type solution in the technical literature. Since buckling
is a limiting case of free vibration, critical buckling loads are also examined. All derived
solutions are analytically exact.

Yu and Gorman [13] investigated the free vibration of fully clamped isotropic plates
under in-plane loads. Four building block Lévy-type solutions are superimposed to obtain
an analytic-type solution for the fully clamped plate. A building block is a plate which
possess a harmonic edge condition which can be adjusted to control its amplitude. Yu
uses a harmonic edge moment in each building block to enforce zero slope along the
clamped edges. Eigenvalues are presented for plates of aspect ratio 1.0 and 1.5 under
various loadings. Results are extremely convergent.

Cleghom and Yu [14] used the same building blocks presented in [13] to analyze



the buckling of plates possessing clamped and pinned edges.

1.3 Method of Solution

Very few papers deal with the free vibration analysis of laterally loaded thin plates
possessing free edges. This thesis presents analytic-type solutions for the free vibration
and buckling of unilateral in-plane stressed thin rectangular plates (Figure 1.1) which
possess at least one free edge. Lateral loads are applied along edges located at E=0
and & = 1, which will be either pinned or clamped. Loaded free edges are not discussed
due to the additional case solutions which would need to be considered. The plate is
made of isotropic material and classical thin plate theory is utilized. The approach used
involves superimposing Lévy-type building block solutions. Eight derived building block
solutions are appropriately assembled to analyze nine different plate configurations.
Buckling loads, natural frequencies, and mode shapes are presented for plates of aspect
ratio 1/3, 2/5, 112, 213, 1/1, 3/2, 2/1, 5/2, and 3/1. Finite element results are obtained by
use of ANSYS version 5.2 and presented for comparison purposes.

W(x,y)
A
I
| a
/ _——» X
‘> P a—
4 — ——p Nx
P g
= o

Figure 1.1 A thin rectangular plate subject to unilateral in-plane forces.



2 Fundamental Equations and Theory

A dimensionless coordinate system is utilized in the solutions. The advantage of
doing this becomes evident in the generation of data, where families of plates are
analyzed instead of a single plate, permitting an efficient presentation of the resuits.

2.1 Governing Partial Differential Equation

- 1 ——
S —_—
P - —= P
S —_—
-— 0 1—»5

Figure 2.1 A thin rectangular plate in dimensioniess coordinates.

The thin rectangular plates analyzed here are assumed to be composed of
homogeneous, isotropic material. Small deflection theory was used by Timoshenko [15)
in the derivation of the govemning differential equation, which assumes:

1. The plate thickness is small in comparison to its lateral dimensions and the
distance between nodal lines.

The maximum displacement is small in comparison to plate thickness.

The effects of transverse shear and rotary inertia can be neglected.
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These assumptions satisfy many practical situations. The unilateral in-plane load is
constant and evenly distributed along edges £ = 0 and & = 1, as shown in Figure 2.1.
The dimensionless free vibration equation is

__ana“:“ﬁ- *2‘28‘:2(:&:) L ":éf"" N Al )] V::E' -A%*W(En) = 0, (21)
where symbols are as defined in the list of symbols. The dimensionless in-plane load
parameter P, is positive in compression and negative in tension. Hence, P, shown in
Figure 2.1 is negative. An analytical solution is desired for W(E,n) which will exactly
satisfy both equation (2.1) and the specified boundary conditions for each plate.

2.2 Boundary Conditions

Boundary conditions are defined by combinations of prescribed edge displacement,
slope, bending moment, and shear force. Expressions for these have been derived by
Timoshenko [15] and translated into dimensionless coordinates by Gorman [16], and are
reviewed here for convenience. Note that all quantities are expressed in terms of the
plate displacement W(£,n). The mathematical formulation for the slope is

- 9W(E.n) 2.
S = % (22)
for lines parallel to the £-axis, and
s, - ﬂ'é(.“i-ﬂ). (2.3)
for lines parallel to the n-axis. The distributed bending moment is
M - -2(6’_W(€_-f|l . 3 PW(En) ] (2.4)
al & ¢ o

about edges perpendicular to the &-axis, and
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M -_D[#WEn) | ‘,Qzﬂv_(i.ﬂl) (2.5)
" bé a,nz aez

about edges perpendicular to the n-axis. The distributed shear force is
V. - -2(5‘\"(5.'1) . 2-v) PW(En) | P awe, ) 2.6)

a?{ ag® o  kmZ ¢ %
for edges perpendicular to the z-axis, and

V“ = - D [?W(e,ﬂ) + (2-v)¢2§,_w_(ﬂl) (2.7)
b%\ o’ on 92

for edges perpendicular to the n-axis.' When used, these equations are usually equated

to zero, and constants outside of the large parentheses can be omitted.

2.21 Pinned Edge

A pin forbids displacement yet permits rotation. These characteristics indicate that
a state of zero displacement and zero bending moment must exist along a simply
supported or pinned edge. Once the zero displacement condition is enforced, all partial
derivatives of the displacement in the direction of the constant edge will become zero.
Knowing this, contributions from equations (2.4) and (2.5) for bending moment may be
simplified. The pinned edge is defined by

W(En) = ﬂ;—gﬂl -0 2.8)
for edges perpendicular to the g-axis, and
Wit - W) . o @9)

for edges perpendicular to the n-axis.
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2.2.2 Clamped Edge

A clamp or fixed support restrains the plate from both displacing and rotating.
These characteristics indicate that a state of zero displacement and zero slope must exist
along the edge. Contributions for siope are given by equations (2.2) and (2.3). The
clamped edge is defined by

W(E.n) = a—w-a(ei'-‘ﬂ =0 (2.10)

for edges perpendicular to the £-axis, and
W) = ——(—"lawa:’ =0 (2.11)

for edges perpendicular to the n-axis.

2.2.3 Free Edge

As the name suggests, a free edge is not restrained and may both displace and
rotate. These characteristics indicate that a state of zero bending moment and zero
shear force must exist along the edge. Contributions for bending moment and shear
force are given by equations (2.4), (2.5), (2.6), and (2.7). The free edge is defined by

azw(E-'l) + azw(f-'l) = a’w(EJl) + ,@ -v) a’w(f-'l) + 3 avﬂf-ﬂ) =0(2.12)
** ¢ on? 3 #  xm ¥ X
for edges perpendicular to the £-axis, and
aawge,n! + v¢282W§E,m = B’W]E.g! + (2_v)¢2§wse,n! = o (2.13)
on? 2 on® on g2
for edges perpendicular to the n-axis.

2.24 Slip Shear Conditions

A fourth condition of interest, slip shear, exists in all symmetrical modes of plate
vibration. Slip shear is identified by zero slope and zero shear force, and is rarely
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encountered on the edge of an actual plate. However, its definition is invaluable when
investigating plate vibration by the method of superposition. Contributions for slope are
given by equations (2.2) and (2.3). Contributions from equations (2.6) and (2.7) for shear
force are simplified by realizing that the first order partial derivative terms represent siope,
and consequently must vanish. Slip shear conditions are defined by

W(EN) _ PWEM) _, (2.14)
13 134
for edges perpendicular to the :-axis, and
W(EN) _ SWEM) _, (2.15)
an and

for edges perpendicular to the n-axis.

2.3 Lévy-Type Solution

Of the four classical boundary conditions described above, only the pinned and slip
shear edges properly accommodate the trigonometric functions in a Lévy-type solution.
The Lévy-type solution is a series solution involving Fourier sine or cosine series of one
coordinate, where the associated coefficients are functions of the other coordinate. The
trigonometric term is appropriately chosen so that the prescribed boundary conditions at
two opposing extremities are automatically satisfied. It is very important that, upon
substitution into the governing equation and boundary conditions, derivatives of the
trigonometric terms form linear multiples of themselves, permitting the separation of
variables to occur. A plate will adopt a specific form of solution based upon the type of
edge conditions present:

W) = m-;.z.a Ym(n) sin(mzE) (2.16)

for simply supported conditions along both £ =0 and £ = 1,
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W(En) = m_z:;z Yn(n) cos(mzE) (2.17)

for slip shear conditions along both £ =0 and £ = 1,

W(Em) - ,..2:3,,,. Yo(n) Si(mxE/2) (2.18)

for simply supported conditions along £ = 0 and slip shear conditions along & = 1,
WEn) = Y Yn(n) cos(mx&/2) (2.19)
m=135
for slip shear conditions along £ = 0 and simply supported conditions along & = 1,

W(.n) = n.%a Y,(§) sin(nxq) (2.20)

for simply supported conditions along both n =0 and n = 1,

W(E.n) = f: Y,(E) cos(n= ) (2.21)
n=0,12

for slip shear conditions along bothn=0and n = 1,

W@Em) = Mi” Y (E) sin(nxn/2) (2.22)

for simply supported conditions along n = 0 and slip shear conditions along n = 1, and

W(E) = i‘, Y,(€) cos(nzn/2) (2.23)
n=138

for slip shear conditions along n = 0 and simply supported conditions along n = 1.
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2.4 Method of Superposition

A simple Lévy-type solution cannot be derived for plates not meeting the minimum
requirement of two opposite edges having pinned or slip shear conditions. Instead, two
or more appropriate plate problems (or building blocks), whose Lévy-type solutions can
be obtained, are superimposed. Each building block possesses a harmonically varying
boundary condition, either slope or bending moment. By properly adjusting these in the
superimposed solution, the prescribed boundary conditions of the original plate are
satisfied to any desired degree of accuracy.

The terminology used to describe the boundary conditions of the plates considered
in this paper is now introduced. It follows a system adopted by Leissa [1] where the
boundary conditions of each side are listed in a standard order, namely & = 0, n=20,
£=1,and n = 1. This is equivalent to labelling the left side of the plate first and
proceeding in a counter-clockwise manner conforming to the axis orientation used in this
paper. Each side is assigned a single letter which, according to Table 2.1, identifies the

type of edge present.

Table 2.1 Plate edge labelling guide.
“

Label Edge type Boundary conditions
C Clamped W=0and S=0.
F Free M=0and V=0
R Slip shear S=0andV=0.
S Simply supported W=0and M=0.
\" Zero shear force V =0 and S is a Fourier series.
w Zero displacement W =0 and M is a Fourier series.

Pinned and slip shear edge conditions support a Lévy-type solution, as explained
in section 2.3. Hence, the method of superposition is usually employed in the presence
of either a clamped or free edge.
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3 Derived Analytic Solutions

The fundamental equations and theory can now be utilized to derive analytic
solutions for the plate problems under investigation. A straightforward Lévy-type solution
is used for the SSSF plate. All other plate solutions are obtained by superimposing two
or more building blocks to satisfy the boundary conditions of clamped or free edges. The
CCCF pilate solution is obtained by superimposing four building blocks: the SSSV,
SSWR, SWSR, and WSSR plates. Combinations of these four building blocks are used
to solve the CSCF, SCCF, SSCF, and SCSF plates. The CFCF plate solution is obtained
by superimposing four different building blocks: the SRSV, SRWR, SVSR, and WRSR
plates. Combinations of these four building blocks are used to solve the SFCF and SFSF
plates. The specific building blocks used in each plate solution are shown in Figure 3.1.
Although the Levy-type solutions of the SCSF and SFSF plates can be obtained directly,
it is more efficient to solve the problems by superimposing existing building blocks.

Note that a clamped edge is modelled by first enforcing zero vertical edge
displacement in all building blocks and then adjusting a harmonic bending moment about
that edge to properly achieve the zero slope condition. This is accomplished by
superimposing a zero displacement edge (W) on a number of pinned edges (S).

Similarly, a free edge is modelled by first enforcing zero vertical edge reaction in
all building blocks and then adjusting a harmonic siope about that edge to properly
achieve the zero bending moment condition. This is accomplished by superimposing a
zero shear force edge (V) on a number of slip shear edges (R).

Application of the Lévy-type solution to plate problems is first introduced by
analyzing the SSSF plate. By doing this, the basis for determining building biock
solutions is established. Once the building block solutions are available, analytic
solutions for the remaining problems can be found by using the method of superposition.
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Figure 3.1 The building blocks superimposed to solve the plate problems.
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3.1 The SSSF Plate
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Figure 3.2 The SSSF thin rectangular plate under unilateral in-plane load.

Consider the plate presented in Figure 3.2. A direct Lévy-type solution is feasible
since the edges at £ = 0 and £ = 1 are both pinned. The explicit solution is derived by
substituting the Lévy-type solution, equation (2.16), into the governing equation of motion,
equation (2.1), giving

> [Yo'(n) -2@m =P Y(m) +(@mM7)* - @A) -P @M )?) Y, fm)]sin(m= §) 0.  (3.1)

m=123

Equation (3.1) is a product of two independent functions which equal zero, and sin(mn£)
cannot equal zero for all values of . Therefore, the function of n within the square
brackets must equal zero for any value of m. Separating the variables produces an
ordinary homogeneous differential equation of the form
Yo (1) - 2628, Yin(n) + ¢*A,Y(n) = 0 (32)
where
8y = (Mx)?

and
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Ap = (Mx)* - A4 -P (m=x/¢) .
The four characteristic roots of equation (3.2) are defined by

r=s¢y8ney05-4,. (3.3)

Real, imaginary, and compiex roots can be obtained from equation (3.3) depending upon
the values of the 5,, and A, parameters. Consequently, three different harmonic general
solutions exist for Y, (n) which satisfy the govermning equation of motion.

The four arbitrary constants within a general solution for Y, () are determined by
enforcing four boundary conditions. The simply supported edge at n = 0 and the free
edge at n = 1 provide the expressions needed. Since there are three general solutions
to be examined, expressing the boundary relations in terms of Y, (1) would be convenient.
This is accomplished by separating the variables in the boundary condition equations.
The Lévy-type solution, equation (2.16), is first substituted into equations (2.9) and (2.13).
The resulting equations are then respectively evaluated at n = 0 and n =1, giving

i Ym(0) sin(m=z§) =0,
m=123

Y Y0 sinmzf) = 0,
m=129

2,; [Yal(1) - v (M= $)2Y,(1)] sinm=) =0,
and
> [ - (@-v)(M= §PYn(1)] sinm=E) =0 .
m=123

Since sin(m=ng) cannot equal zero for all values of £ in the above equations, the evaluated
functions of Y, (n) must equal zero for any value of m. This procedure is similar to that
performed in the derivation of equation (3.2). The boundary conditions are now
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Yn©@ =0, (3.4)
Ya(0) =0, (3.5)
Y1) - v(mxé)2Y, (1) =0, (3.6)
and
Ya'(1) - @-v)(mxdRY (1) =0. (3.7)

Equations (3.2) to (3.7) are exploited in the following sections to specifically obtain
solutions for Y,(n). The reader should take note that the original partial differential
equation problem has been significantly reduced to an ordinary differential equation
problem.

3.1.1 Case 1 Solution

Four distinct complex roots resuit when §,2 < A, in equation (3.3). These roots
are defined by + Bt v/, which yield a general solution of the form

Ym(n) = Apsinh(B,n)sin(y,n) + Bysinh(B,n)cos(y,n)

+ Cyosh(Byn)sin(y,m) + Dycosh(p,n)cos(v,n) (3.8)
where
Ay + by
pm =¢ 2
and
Am - 6,,,
Ym = ¢ 2 .

The first and last terms of the solution are even while the two middle terms are odd.
Constants A, B,,, C,, and D,, are determined by enforcing equations (3.4) to (3.7).
Substituting the present solution, equation (3.8), into equations (3.4) and (3.5), yields
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D, =0

and

D(Pm = Tm) + 2AnBmTm = 0.
Thus, constants A, and D, which are associated with the even terms in equation (3.8),

are zero. One may intuitively conclude that only odd terms will satisfy the constraints set
by simple support boundary conditions for an edge at n = 0 or € = 0. This pattemn is
refiected in the Lévy-type plate solutions of section 2.3.

Next, the simplified solution is substituted into equations (3.6) and (3.7). The
resulting equations are rearranged, giving

Bin[(Bm ~Yim - (M % $)?)iNN(B) COB(Y) -~ 2B ¥, 0OSN(B ) 8IN(Y,0)]

+ Con[(Bm~Ym -V (M 4)?)c08N(B ) 8iN(Yy) + 2Py ¥ inh(B,) COB(Y,)] = O
and

B[(BR-3va- (2 -v) (M= $)?) B,,c08h(B,) cos(y,)
+{Ym~3Bm+(2-v) (M= $)?)y,sinh(B,) sin(y,y)]
+ Cpn[(B-37m~(2-v) (M= 4)?) B,sinh(p,) sin(y,)

~(¥m-3Pmn+(2-v) (M= $)?)y,,c08N(B,) cos(x,)] = O .
The above linear algebraic equations form a homogeneous system when written
in matrix form. Non-trivial solutions for B, and C,, are obtained by setting the determinant

of the system's coefficient matrix equal to zero, yielding
[(B ~¥im v (M %)) 8INN(B,) COB(Y,) ~ 2B ¥, COBN(B)SIN(Y,)] ¥
[ Brm(B -3vin - (2-v) (M x $)?) sinh(,,) sin(y,y) -
Ym(Yn-3Bf +(2-v) (M= $))sinh(p,)sin(y,)] +
[(Bn - ¥ -v (M % 4)?) cOSh(B ) SIN(Y,) + 2B, Y SION(B,)COS(Y,)] X
[ Bm(Ba -3 - (2 -v) (M = 4)?) cosh(p,) cos(y,y) +

Ym{¥n-37 +(2-v)(M= $)) sibh(B,)sin(y,)] = 0. (3.9)
Equation (3.9) is used to determine eigenvalues for the free vibration of the thin
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SSSF plate when 5,2 < A,. Once an eigenvalue is calculated, the associated mode
shape can be obtained by substituting

By = (ﬂﬁ-‘{ﬁ-v(mw)’)cosh(pm)sh(ym) + 2B, Y Sinh(p,) cOS(Y,,) (3.10)
and

Cr = = (Bm~Ym~v (M 4))8inh(B,)COS(Yy) + 2P YmOOSN(Bp)8IN(Y,) (3-11)
into the explicit solution for the plate which is given by equations (3.8) and (2.16).
Equations (3.10) and (3.11) represent the eigenvector values associated with an
eigenvalue. Note that A, and D, are zero. The remaining case solutions are obtained

by following the same procedure described above.

3.1.2 Case 2 Solution

Two imaginary and two real roots result when §,,2 > A,, and A_< 0 in equation (3.3).
These roots are defined by + B, and + v,/, which yield a general solution of the form

Ym(n) = A,sinh(B,n) + By cosh(,n) + CmSiN(Ymn) + Dycos(y,n) (3.12)

where

Bm = O {025 - A, + 8

and

Yo = 01y - A — B -

The first and third terms of the solution are odd while the second and fourth terms are
even.

The procedure used to determine constants A, B,, C,, and D,, in section 3.1.1
is repeated here. Equations (3.4) and (3.5), which represent the pinned edge boundary
conditions at n = 0, are enforced by eliminating the even terms in equation (3.12).
Therefore B,, and D,, equal zero. The remaining odd terms are substituted into equations
(3.6) and (3.7) to enforce the free edge at n = 1. The resuiting homogeneous algebraic
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equations are rearranged, yielding

An[Bm-v (M= 4)?|sinh(,) - C[va +v(mx4)2sin(y,) = 0
and

Ar[ Pin ~(2-v) (M $)?] B uCOBN(B,) ~Cip Y1 + (2 v) (M % $)2] 7,2 CO8(¥,0) =0..
This system of linear equations, which has no unique solution for A_ and Cn. isput
into matrix form. The determinant of the coefficient matrix is set to zero, giving

BmCOSN(B ) SIN(Y)| B - (2-v) (M= $)[[ v + v (M= $)?]

= TmOO8(Yr) SiNN(B,) Ym + @ -v) Mz P B -v(M=xe] =0.  (3.13)
Equation (3.13) is used to determine eigenvalues when 5,2 > A, and A_<0. Once
an eigenvalue is calculated, the associated mode shape can be obtained by substituting

Ay = (vh+v(m=x ) sin(y,) (3.14)

and

Cn = (B -v(mn¢)?) sinh(p,) (3.15)
into the explicit solution for the plate which is given by equations (3.12) and (2.16).

3.1.3 Case 3 Solution

Four distinct real roots result when 5,2 > A, and A, > 0 in equation (3.3). These
roots are defined by + f, and & v, which yield a general solution of the form

Ya(n) = Apsinh(Bn) + B,cosh(B,n) + CpSinh(y,n) + Dycosh(y,n) (3.16)

where

Pm = O'/&m*'VGm -4y

and

Ym = &Y 8n-|05-4, .

The first and third terms of the solution are odd while the second and fourth terms are



24

even.

Constants B, and D,, become zero in order to satisfy the pinned edge boundary
conditions atn = 0. The odd terms in equation (3.16) are substituted into equations (3.6)
and (3.7) to enforce the free edge boundary conditions at n = 1. The resulting
homogeneous algebraic equations are rearranged, yielding

An[ B -v (M= 4)?[sith(By) + Cp[va-v (M= $)2]sinh(y,) = 0

and

An|Bm-(2-v) (M $)?] B, 008N(B,y) + Cyp[ Y- (2 ~v) (M % $)?] ¥, CO8N(¥,,) =O.
This system of linear homogeneous equations of A, and C,, is put into matrix form.
The determinant of the coefficient matrix is set to zero, giving

BmCOSh(B,) Sinh(y,)[ B - (2 -v) (Mx 4)2[[v7 -v (M x 6)?]
= YmCO8h(r)SItN(B,)[Ym - (2 -v) M2 4% B -v (M= 4] = 0.  (317)

Equation (3.17) is used to determine eigenvalues when 5,2 > A and A, > 0. Once
an eigenvalue is calculated, the associated mode shape can be obtained by substituting

An = (Ya-v(mz$))sinh(y,) (3.18)

and

Cr = ~(Pm-v (M= $)?) sinh(p,) (3.19)
into the explicit solution for the plate which is given by equations (3.16) and (2.16).
Exact eigenvalues for plates of specific composition, aspect ratio, and in-plane load
are numerically caiculated by considering the left sides of equations (3.9), (3.13), and
(3.17) to be functions of A>. Eigenvalue (%) versus determinant value (f(A?)) data is
generated so that possible root locations can be determined. The bisection method is
then used to obtain accurate roots.
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3.2 The SSSV Building Block
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Figure 3.3 The SSSV building block under unilateral in-plane load.

The pinned edge boundary conditions at £ = 0 and £ = 1 of the SSSV building
block, shown in Figure 3.3, are automatically satisfied by Lévy-type solution (2.16). This
is the same Lévy-type solution used in section 3.1 for the SSSF plate. Hence, derivations
of the case solutions here will be similar to those presented in the previous section.
Separating the £ and n variables in equation (2.1) (the govering partial differential
equation of motion) produces equation (3.2) (an ordinary differential equation of Yu(n))
whose characteristic roots are defined by equation (3.3). Real, imaginary, and complex
roots can be obtained from equation (3.3). Consequently, three different harmonic
general solutions exist for Y, (n). The case solutions are equations (3.8), (3.12), and
(3.16) in sections 3.1.1, 3.1.2, and 3.1.3 respectively.

The undetermined coefficients A, B,, C,. and D, in the above noted case
solutions are found by enforcing four boundary condition equations. These derive from
the simply supported edge at n = 0 and the zero shear force edge at n=1. The
separation of variables gives boundary conditions in terms of Y,(n). First, Lévy-type
solution (2.16) is substituted into equation (2.9) and evaluated at n = 0, giving
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Y, (0) sim= &) = 0
3

me=1

and

> Y/(0) sinnx§) - 0.
m=123

Since sin(m=E) cannot equal zero for all values of £ in the above equations, the evaluated
functions of Y, (n) must equal zero for any value of m. The above equations become

Y, (0 -0 (3.20)
and
Y0 =0, (3.21)

which are used to enforce the simply supported edge at n = 0. Since the edge atn =0
is pinned in both the SSSF and SSSV plates, we expect coefficients preceding even
terms to become zero, as seen in section 3.1.

The zero shear force edge at n = 1 is examined next. Lévy-type solution (2.16)
is substituted into the harmonic slope function,

MEn) . 3 g sinm=) ,

an m=123

and the zero shear force equation,

an® dn 3g2
Note that the harmonic slope function is a Fourier sine series; the same type of series as
the Lévy-type solution. The resuiting equations are evaluated at = 1 and rearranged,
giving

z.j Y, (1)sin(m= ) = s E,sin(mx )

m=123 m=1

and
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i Y, (1)sin(m=¢) - f; Ya(1)(@-v)(m=é)sin(mnE) =0 .
m=123 m=123

The preceding two equations are true if and only if the coefficients in the Fourier sine

series are equivalent. This allows us to simplify the equations to
Ya(1) = E, (3.22)

and

Y. (1) = Ex(2-v)(mnd)? . (3.23)
Equations (3.2), (3.3), and (3.20) to (3.23) are exploited in the following sections
to specifically obtain solutions for Y,(n). The only difference between the SSSF and
SSSV piates is the edge type atn = 1. Hence, the following case solution derivations are
identical to those presented in section 3.1 with boundary equations (3.6) and (3.7) being

replaced by (3.22) and (3.23).

3.2.1 Case 1 Solution

Four distinct complex roots result when §,2 < A,, in equation (3.3). The roots are
defined by t Bt v/, giving general solution (3.8) of section 3.1.1. The first and last
terms of the solution are eliminated upon enforcing boundary equations (3.20) and (3.21)
for the pinned edge at n = 0. The simplified solution is substituted into equations (3.22)
and (3.23). The resulting equations are rearranged, giving

B (BnC0Sh(B,)COS(Y,) - YmSINh(B,)sin(y,))
+ Cp (B SiNN(B)SiN(Yp) + ¥nCOSN(B,y) COS(Y,)) = E
and
Brn(Brm (B ~37) COSN(B ) COS(Y) - Y (3B - ¥2) Sin(B ) sin(y,0)) +

Crn(Bm (B ~3YR) SINN(B)SIN(Y ) + Y (3B - ¥2) GOSN(B,) COS(y,)) = (2 - v) (M $)E,,
respectively. This system of equations is arranged in matrix form so that Cramer's Rule
can be used to easily solve for constants B,, and C,. The constants are



28

sm(n:-sy:)sinh(pm)sin(v...)+v...(ap:-v:)cosh(pm)cos(v...)]
2B Y (B +Y2) (SINNZ(B ) +COS%(y,,))

_E [(2-V)(mn¢)’(ﬂmﬂﬂh(ﬂ...)3iﬂ(7m)*vmm(Bn)ws(vuJ)] (3.24)
" 2P Y (B + Y2) (8IN?(B,,) +COS(y,y)

5 - E,,,[

and

C. - E...[ (2-v) (M= $)*( B ncOBN(B,,) COB(¥) -v...sinh(n,.)sin(vm»,

2B, Ym(Ba + Y2 (SiNh(B,,) + COS(y,))

.(3.25)

e [pm(p: ~3 1) COSN(B1) COS( 1) ~ T (3 B ~Y2)SINN(B ) SiN(y )

" 2B Y (BF, + ¥2) (SINN?(B,,) +COS%(y,))
All four constants in equation (3.8) are now known in terms of E,. Remember that A,
and D,, are zero. Slope parameter E,, controls the building block's amplitude in each

case solution.

3.2.2 Case 2 Solution

Two imaginary and two real roots result when 5,2 > A, and A, < 0 in equation (3.3).
The roots are defined by + B,, and t v,,j, giving general solution (3.12) of section 3.1.2.
The second and fourth terms of the solution are eliminated upon enforcing boundary
equations (3.20) and (3.21) for the pinned edge at n = 0. The remaining odd terms in
equation (3.12) are substituted into equations (3.22) and (3.23) to enforce the slip shear
edge at n = 1. The resuiting algebraic equations are rearranged, yielding

AnBncosh(B,) +Cpyn,c0s(y,) = E,

and

Am BmCOSN(B,) - Crn YmCOS(y,) = (2-v) (M= )2E,,
respectively. Solving for A, and C_, gives
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2 +(z-v)(ma¢)=J
-E, ¥m (3.26)
A L...(nﬁw:.)oosh(n...)
and
B2 - @ -v;(m.)z]
C, = ) (3.27)
= [v... (B% + Ya) COS(¥y)

Remember that B,, and D,, are zero.

3.2.3 Case 3 Solution

Four distinct real roots result when 5,2 > A, and A, > 0 in equation (3.3). The
roots are defined by + 8, and = v,,, giving general solution (3.16) of section 3.1.3. The
second and fourth terms of the solution are eliminated upon enforcing boundary equations
(3.20) and (3.21) for the pinned edge at n = 0. The remaining odd terms in equation
(3.16) are substituted into equations (3.22) and (3.23) to enforce the slip shear edge at
n = 1. The resulting algebraic equations are rearranged, yielding

A Bn0OSN(B) + CpyYCOSH(r,) = Enp

and

A BmC08h(By) + Cry TmCOSh(Y,) = (2-v) (MR E,,
respectively. This leads to

@-v)(mn ) - viJ (3.28)

= E,
A [n...(p:-v:.)oosh(n..o

and

Bm - (2-v)(m=x ¢)?
Cn = ] (3.29)
= [Ym(p:\“{:)m(‘{n)]

Remember that B, and D,, are zero.
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3.3 The SSWR Building Block
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Figure 3.4 The SSWR building block under unilateral in-plane load.

Consider the plate presented in Figure 3.4. Lévy-type solution (2.22) satisfies the
boundary conditions of the pinned edge at n = 0 and the slip shear edge at n = 1.
Substituting equation (2.22) into the goveming equation of motion, equation (2.1), gives
an explicit solution of the form

L overa-2o - v v ] wzg2) 0. o

The function of £ within the square brackets must equal zero, for any value of n, for
equation (3.30) to be valid. Dividing through by ¢* and separating variables produces an
ordinary homogeneous differential equation of the form

2%
(3) o

Y/(E) + %v..(a -0 (3.31)

where
2 p
=(R®) _ ¢
& (2) 2
and
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A, = ("?")‘ - A%t

The characteristic roots of equation (3.31) are defined by

= -;-,/a,, rares (3.32)

Real, imaginary, and compiex roots can be obtained from equation (3.32) depending upon
the values of 5, and A,.

General solutions for Y,(£) are easily obtained by the method of undetermined
coefficients. Each general solution will contain four terms of the form

Ce"

(where C is a coefficient and r a characteristic root) since equation (3.31) is a fourth order
differential equation. The coefficients are defined by enforcing four boundary conditions.
The simply supported edge at £ = 0 and the zero displacement edge at & = 1 provide the
expressions needed. The boundary relations, originally functions of W(£,n), can be
expressed in terms of Y, () through the separation of variables.

The Lévy-type solution, equation (2.22), is first substituted into equation (2.8) and
evaluated at € = 0, giving

...%.s Y, ©) sln(-"—;ﬂ) -0

and
.. .); Y/ (0) sln(“—;-'l] -0.
The evaluated functions of Y, () must equal zero for any value of n. Therefore,
Y,(0) =0 (3.33)
and

Y)) =0 (3.34)
are the reduced boundary conditions of the simply supported edge at& = 0. Section 3.1.1
showed that only odd trigonometric terms satisfy pinned edge boundary conditions at
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£=0. Since equations (3.33) and (3.34) are equivalent to equations (3.4) and (3.5)
respectively, the even terms in the following case solutions will vanish.
The boundary conditions for the zero displacement edge at £ = 1 are defined by

W(En) =0
and
-%(i"ale(g_-fn . #ﬂ::‘(gn) - 3 Eon(020).

The trigonometric term used for the harmonic moment function is identical to that found
in the Lévy-type solution. The left hand side of the moment condition is equation (2.4)
and is simplified in two stages. First, the -D/a constant is absorbed into the currently
undetermined Fourier coefficient E,. Then, the zero displacement condition is used to
eliminate the o®W(&,n)/on? term. Note that it is logical to conclude that 0®W(1,n)lon? and
oW(1,n)/on will equal zero if W(1,1) is equal to zero. This is similar to stating that the
slope and concavity of a horizontal line are zero. Separating the variables begins by
substituting Lévy-type solution (2.22) into the reduced equations. Evaluating the resulting
equations at £ = 1 and rearranging gives

RAY sin(l’;—'l) -0
and
....12;,5 Y1) sin(ﬂ?) - ;.M E, sin("—;&) .
The preceding two equations are further simplified to
Y.(1) =0 (3.35)
and

Y, (1) =E, . (3.36)
Equations (3.31) to (3.36) are implemented in the following sections to specifically
obtain solutions for Y, ().
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3.3.1 Case 1 Solution

The similarities between equations (3.32) and (3.3) should cause one to speculate
that the first three case solutions of the current plate will correspond to those derived in
section 3.1. Four distinct complex roots are obtained when §,2 < A, in equation (3.32).
These roots are defined by % B, + v,/, which give a general solution of the form

Ya(§) = Aqsinh(B,E)sin(y,£) + B,sinh(p,E)cos(y,E)

+ Chcosh(p,£)sin(v,§) + D,cosh(p,5)cos(y,t) (3.37)
where
1 A, +8,
pn = 3’ 2
and
A, -8
Yn = % ‘izl .

The first and last terms of the solution are even while the two middle terms are odd.

Constants A, B,, C,, and D, are determined by enforcing equations (3.33) to
(3.36). Substituting solution (3.37) into conditions (3.33) and (3.34) yields

D,=0
and
Do(BA - 1a) *+ 2A,B,7, = 0.

Thus, constants A, and D,, which are associated with the even terms in equation (3.37),
are zero. In the remaining case solutions, the even terms will simply be removed to
enforce the pinned edge. Next, the simplified solution is substituted into equations (3.35)
and (3.36). The resuiting homogeneous algebraic equations are

B, sinh(B,) cos(y,) + C,cosh(B,)sin(y,) = 0

and
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B, [(B -a)sinh(B,) cos(r,) - 2B, Y»Co8h(B,)sin(v,) |
+ C, [(B3-vR)cosh(B,)sin(y,) +2p,v,sinh(B,)cos(y,)] = E, .

Solving for B, and C, gives

B - E..[ cosh(,)sin(y,) (3.39)
" 28, Yn (@32(7,‘) 'w‘hz(pn)
and
sinh(B,) cos(y,)
C, =- . (3.39)
S [2 Batn (mz(Yu) -cosh*(p,,)]

Note that the bending moment parameter E, controls the building block's amplitude in all
case solutions.

3.3.2 Case 2 Solution

Two imaginary and two real roots are obtained when 5,2 > A, and A, < 0 in equation
(3.32). These roots are defined by + B, and # v,i, which give a general solution of

Ya(€) = Aysinh(B,§) + B,cosh(B,f) + C,sin(y,E) + D cos(v,f)  (3.40)

where

Bn = %[M" S,

and

Yo = %\/JGI,.-A" -3,.

The first and third terms of the solution are odd while the second and fourth terms are
even.

The procedure used to determine constants A,, B,, C,, and D, in section 3.3.1 is
repeated here. Setting B, and D, equal to zero eliminates the even terms and satisfies
the pinned edge boundary conditions at £ = 0. The remaining odd terms in equation
(3.40) are substituted into equations (3.35) and (3.36) to enforce the zero displacement
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edge at £ = 1. The resuiting algebraic equations are
A,sinh(p,) +C,sin(y,) = 0

and
A,B2sinh(p,) - C,y2sin(y,) = E, .
This leads to
E,
Ay = (3.41)
(P& + YR sinh(B,)
and
E,
Co = - . (3.42)
(B3 +YR)sin(y,)

3.3.3 Case 3 Solution

Four distinct real roots result when 5,2 > A, and A, > 0 and §, > 0 in equation
(3.32). These roots are defined by £ B, and t y,, which give a general solution of

Yn(€) = Aysinh(B,) + B,cosh(B,f) + C,sinh(y,£) + D cosh(y,f) (3.43)

where

Pn = %Jan"m

and

Yn = -;-’-ylﬁ,.-VG,.-A,, .

The first and third terms of the solution are odd while the second and fourth terms are
even.

Constants B, and D, must equal zero in order to satisfy the pinned edge boundary
conditions at £ = 0. The remaining odd terms in equation (3.43) are substituted into
equations (3.35) and (3.36) to enforce the zero displacement edge at& = 1. The resuiting
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algebraic equations are
A,sinh(p,) + C,sinh(y,) = 0

and

A, Brsinh(B,) +C,vasinh(y,) = E, .

Solving these equations for A, and C, leads to

E,
= (3.44)
o (B2-yYsinh(p,)

and

Co = -— ZE" . (3.45)
(Bn - Yn)sinh(y,)

3.3.4 Case 4 Solution

As expected, the first three general solutions of the SSWR plate (equations (3.37),
(3.40), and (3.43)) are comparable to those of the SSSF plate (equations (3.8), (3.12),
and (3.16)). The following differences exist between the two sets of general solutions:
coordinate n is replaced by &, index m is replaced by n, and plate aspect ratio ¢ is
replaced by 1/¢. In the new fourth case, four distinct imaginary roots are obtained when
5,2 > A, and A, >0 and §, <0 in equation (3.32). These roots are defined by £ B,/ and
t v,J, giving a general solution of the form

Yn(€) = A,8in(Byf) + B,cos(B,8) + Cysin(y,§) + D,cos(y,E) (3.46)

where

Ba = '1‘ =8n-y8n -4,

¢

and
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Yn = %‘l-ﬁ,ﬁ'v Sa-4, .

The first and third terms of the solution are odd while the second and fourth terms are

even.

Constants B, and D, must equal zero in order to satisfy the pinned edge boundary
conditions at £ = 0. The remaining odd terms in equation (3.46) are substituted into
equations (3.35) and (3.36) to enforce the zero displacement edge at £ = 1. The resuiting
algebraic equations are

Aqsin(B,) + C,sin(y,) = 0
and

- A,BZsin(p,) - C,y2sin(y,) = E, .

Expressing this system of equations in matrix form and using Cramer's Rule to solve for
constants A, and C, gives

E
A, = - (3.47)
(va-pRsin(p,)
and
C, = E (3.48)

2 -pHeinty)

3.4 The SWSR Building Block

Lévy-type solution (2.16) automatically satisfies the pinned edge boundary
conditions at £ = 0 and = 1 of the building block shown in Figure 3.5. This is the same
Lévy-type solution used in sections 3.1 and 3.2. The £ and n) variables in equation (2.1)
are separated to produce equation (3.2), a fourth order ordinary homogeneous differential
equation in n. The real, imaginary, and complex characteristic roots caiculated from
equation (3.3) lead to three unique general solutions for Y,(n). These general or case



solutions are defined by equations (3.8), (3.12), and (3.16).
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Figure 3.5 The SWSR building block under unilateral in-plane load.
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Figure 3.6 The SRSW building block under unilateral in-plane load.
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The constants in the case solutions are determined by enforcing the boundary
conditions atn = 0 and n = 1. Recall that the pinned edge boundary conditions atn = 0
in the SSSF and SSSV plates were enforced by simply eliminating the even terms. This
phenomenon also extends to a slip shear edge at n} = 0 where the odd terms are nullified
instead, as shown in section 2.3. This simplification is utilized in the current problem
upon exchanging the edge conditions at n = 0 with those at n = 1. The n-axis of the final
solution is later transformed appropriately. In essence, a solution for the SWSR plate is
found by examining the SRSW plate of Figure 3.6, whose constants are easily obtainable.
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The four boundary conditions required to solve for Y,(n) in equation (3.2) are
provided by the slip shear edge at n = 0 and the zero displacement edge atn = 1 of the
SRSW plate. The boundary conditions, originally functions of W(E,n1), are expressed in
terms of Y, (n) so that they can be directly applied to the general solutions. This is done
through the separation of variables. First, Lévy-type solution (2.16) is substituted into
equation (2.15) and evaluated at n = 0, giving

Y Yi(0) sin(mzs) - 0
m=123

and

f; Y(0) sinm=Z) = 0.
m=123

Since sin(m=£) cannot equal zero for all values of £ in the above equations, the evaluated
functions of Y,_(n) must equal zero for any value of m. The above equations become

Y (0) =0 (3.49)
and
Ya0) =0, (3.50)

which are used to enforce the slip shear edge at n = 0. The zero displacement edge at
n=1is examined next. Lévy-type solution (2.16) is substituted into the zero
displacement equation

w(Es") =0
and the harmonic bending moment equation

D (PW(E) | , 42 FWE n)] -

: vé? | = sin(m=g) .
bél an? o R R

The trigonometric term used for the harmonic moment function is identical to that found

in the Lévy-type solution. The left hand side of the moment condition is equation (2.4)

and is simplified in two stages. First, the -D/b¢ constant is absorbed into the currently

undetermined Fourier coefficient E,. Then, the zero displacement condition is used to
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eliminate the o®W(Z,n)/oZ? term. Note that it is logical to conclude that o®W(E,n)lot? and
oW(E,n)/oE will equal zero if W(E, 1) is equal to zero along n = 1. This is similar to stating
that the slope and concavity of a horizontal line are zero. Lévy-type solution (2.16) is
substituted into the reduced equations. Evaluating the resulting equations at n = 1 and
rearranging gives

3 Ym(1 =
3, Ya(sinimzg) - 0

and

}:j Y. (1)sin(mxE) = ).: E, sin(m=x¢) .
m=123 m=123

The preceding two equations are further simplified to

Ym (1) =0 (3-51)
and
Ya(1) = E, . (3.52)

Equations (3.2), (3.3), and (3.49) to (3.52) are exploited in the following sections to
specifically obtain solutions for Y, (n) of the SRSW plate. The n-axis of the final SRSW
plate solutions are transformed to obtain the SWSR plate solutions.

341 Case 1 Solution

Four distinct complex roots result when §,2 < A_, in equation (3.3). The roots are
defined by * Bt v,/, giving general solution (3.8) of section 3.1.1.

The constants are determined by enforcing equations (3.49) to (3.52). Substituting
solution (3.8) into equations (3.49) and (3.50) yields

Bnbm + m¥m =0
and
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Bmpm(p: '37:) = chm(len '353) =0.
Thus, constants B, and C,, which are associated with the odd terms in equation (3.8),
are zero. One may intuitively conciude that only even terms will satisfy the constraints
set by equations (3.49) and (3.50). In the remaining case solutions, the odd terms will
simply be removed to enforce the slip shear edge at = 0. Next, the simplified solution
is substituted into equations (3.51) and (3.52). The resulting algebraic equations are

Ay sinh(p,)sin(y,) + Dncosh(p,)cos(y,) = 0
and
An[(Br ~ ) Sinh(B) 8IN(Y,,) + 2, 1,0CO8N(B,) COS(Y,) ]
* D[ (B - Ym)COSN(B ) CO8(1) - 2By, YmSiNN(B)8N(y,)] = E,,

respectively. This system of equations is put into matrix form so that Cramer's Rule can
be used to solve for constants A, and D,. The constants are

En cosh(p,)cos(v,)
= (3.53
An 28, Ym(s'nhz(pm) + m82('7111)) )
and
Ep S(B)sin(1,) s

Dy, = - :
2 Ym(SiNh*(B,y) + COS%(y,)

Bending moment parameter E,, controls the building block's amplitude. Remember that
replacing coordinate n with 1 - n in the SRSW solutions gives the SWSR solutions.

3.4.2 Case 2 Solution

Two imaginary and two real roots resuit when 5,2 > A, and A, <0 in equation (3.3).
The roots are defined by + B, and * v,j, giving general solution (3.12) of section 3.1.2.
The procedure used to determine coefficients A. B, C, and D in section 3.4.1
is repeated here. Setting A, and C_, equal to zero eliminates the odd terms in equation
(3.12) and satisfies the slip shear boundary conditions at n = 0. The remaining even
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terms are substituted into equations (3.51) and (3.52). Enforcing the zero displacement
edge at n = 1 gives algebraic equations of the form

Bycosh(p,,) + D,,cos(y,) =0

and

BrnPmCOSh(B,) - Dy YRCO8(Yy) = Ep, .
These equations provide

i} Em
B (B + Yi)cosh(p,) a5
and
= - -
" B2+ ¥7)c08(v,) (3.58)

3.4.3 Case 3 Solution

Four distinct real roots result when 5,2 > A, and A, > 0 in equation (3.3). The
roots are defined by + 8, and £ v, giving general solution (3.16) of section 3.1.3.

Constants A,, and D,, must equal zero in order to satisfy the slip shear boundary
conditions at n = 0. The remaining even terms in equation (3.16) are substituted into
equations (3.51) and (3.52) to enforce the zero displacement edge at n = 1. The
resulting algebraic equations are

Bncosh(p,) + Dncosh(y,) = 0
and

By, Bmcosh(p,) + D, vacosh(y,) = E,, ,
leading to
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E,
B, = 3.57
(B~ - Y& cosh(p,) il

and

En
D = - . .
" (B2 - v2)cosh(y,) 38

3.5 The WSSR Building Block
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Figure 3.7 The WSSR building block under unilateral in-plane load.

Consider the WSSR building block shown in Figure 3.7. Note that the SSWR
plate, shown in Figure 3.4, is similar to the present plate except for the boundary
" conditions along the edges £ = 0 and § = 1, which are reversed. Solutions for this plate
can be derived from those presented in section 3.3 by simply replacing coordinate & with
1 - E. The Lévy-type solution will look like

WEn) = 3 Y (1-£) sin@xn/2).
q=138

This is equation (2.22) with the £ coordinate replaced by 1 - £. The following is a brief
summary of the individual case solutions.



3.5.1 Case 1 Solution

The first case solution of the WSSR plate arises when 5.2 < A,. It is defined by
equation (3.37), where index n is replaced by q and coordinate £ is replaced by1-E&.
The constants A, and D, are zero, and B, and C, are defined by equations (3.38) and
(3.39) respectively, where index n is replaced by q.

3.5.2 Case 2 Solution

The second case solution of the WSSR plate is obtained when 5.2 > A, and 4, < 0.
It is defined by equation (3.40), where index n is replaced by q and coordinate E is
replaced by 1 - £. The constants B, and D, are zero, and A, and C, are defined by
equations (3.41) and (3.42) respectively, where index n is repiaced by q.

3.5.3 Case 3 Solution

The third case solution of the WSSR plate is contemplated when 5.2 > A, and
A, > 0and §, > 0. Itis defined by equation (3.43), where index n is replaced by q and
coordinate § is replaced by 1 - £. The constants B, and D, are zero, and A, and C, are
defined by equations (3.44) and (3.45) respectively, where index n is replaced by q.

3.5.4 Case 4 Solution

The fourth case solution of the WSSR plate is valid when 5. > A, and A, > 0 and
8, < 0. Itis defined by equation (3.46), where index n is replaced by q and coordinate
§ is replaced by 1 - £. The constants B, and D, are zero, and A, and C, are defined by

equations (3.47) and (3.48) respectively, where index n is replaced by q.
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3.6 The SRSV Building Block

n
vf'

| WAt ol ol =
=T TX\N\\ -
S —_—

P5<—S S—»PE

-} ———
- 0 R 1——5

Figure 3.8 The SRSV building block under unifateral in-plane load.

Lévy-type solution (2.16) automatically satisfies the pinned edge boundary
conditions at £ = 0 and £ = 1 of the SRSV building block shown in Figure 3.8. This is the
same Levy-type solution used in sections 3.1, 3.2, and 3.4. The & and n variables in
equation (2.1) are separated to produce equation (3.2), a fourth order ordinary
homogeneous differential equation in n. The real, imaginary, and complex characteristic
roots of equation (3.3) lead to three unique general solutions for Yn(n). These general
or case solutions are defined by equations (3.8), (3.12), and (3.16).

The undetermined coefficients in the case solutions are defined by enforcing the
boundary conditions at n = 0 and n = 1. The boundary conditions, initially functions of
W(E.m), are expressed in terms of Y, (1)) so that they can be directly applied to the general
solutions. This is accomplished through the separation of variables. The boundary
conditions for a slip shear edge at n = 0 have already been examined in section 3.4 for
the SRSW piate, producing equations (3.49) and (3.50). Enforcing these equations
eliminated odd terms in the case solutions. Therefore, only even terms will appear in the
_ following case solutions to satisfy the slip shear boundary conditions at n = 0. The zero
shear force edge at n =1 was previously encountered in section 3.2 for the SSSV
building block. Since Lévy-type solution (2.16) was used for both the present and
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aforementioned building block, equations (3.22) and (3.23) can be applied directly to the
following case solutions to enforce the zero shear force edge boundary conditions. The
above noted equations are exploited in the following sections to obtain solutions for Y, (n)
of the SRSV building block.

3.6.1 Case 1 Solution

Four distinct complex roots resuit when §,2 < A, in equation (3.3). The roots are
defined by t Bt v,/, giving general solution (3.8) of section 3.1.1.

The constants are determined by enforcing equations (3.49), (3.50), (3.22), and
(3.23).  Setting B, and C,, equal to zero eliminates the odd terms in equation (3.8),
which satisfies the slip shear boundary conditions at n = 0. The remaining even terms
are substituted into equations (3.22) and (3.23). The resulting algebraic equations,
evaluated at n = 1, are

An(Bmcosh(By)sin(yy) + YnSinh(B,)cos(y,))
+ Dy, (B SINh(B ) COS(v,) - Y COSN(B,)8IN(Y,)) = Ep,
and
A (Brm (B ~31in) COSN(B ) SNy + Ve (3B - ¥2) SINN(B,,) COS(Y,,)) +
D (B (B ~372) SI(B,) COS(Y ) ~ ¥im(3 B ~ 12)COSN(B, ) 8iN(y,)) = (2-v) (MR $)2E,, .

Expressed in matrix form, and solved for A, and D, in terms of E,,, the above equations
lead to

A - E...[ By (B2~ 32) sinh(B,) 605(¥,0) - Yen (3 B2 - Y2) cOSN(B,,) sin(y,)
~2BnYm(BE + Y2) (siNh?(B,) +siN%(y,,))
i Em[(z-v)(muo)a(n...ann(n...)cos(v,.)-v,.eow(p,aun(m)] (3.59)
2P Y (B +Ya) (8iNh2(B,,) +sin?(y,,))

and



47

o - E...[ (2-v) (M= 4)° (B COSN(B ) SIN(Yy) + Y SINH(B,) 008(7...))]
" -2, T (B2 +¥2) (sih2(B,,) + SiN*(y,))

) Em[n...(pﬁ. ~3v2) 00sh(B,.) in(y,) +v...(ap.’..-v:)smw..ocos(v...)] (360)

-2 Y (B + Yo) (SiNh%(B,,) +8in?(y )
Slope parameter E,, controls the building block's amplitude.

3.6.2 Case 2 Solution

Two imaginary and two real roots resuit when §,2 > A_ and A, < 0in equation (3.3).
The roots are defined by + B, and & v,, giving general solution (3.12) of section 3.1.2.

The procedure used to determine coefficients A, B,,, C,,, and D,, in section 3.6.1
is repeated here. Setting A,, and C,, equal to zero satisfies the slip shear boundary
conditions atn=0. The remaining even terms are substituted into equations (3.22) and
(3.23). The resulting aigebraic equations, evaluated at n = 1, are

Bln ﬂmsmh(pm) - DmYms'n(Ym) = Em
and

B BmSinh(B,) + D YR8IN(Yy) = (2-v)(MPE,, .
Solving for B, and D,, gives

B.=E [Y: + (z'v)(m“¢)z] (3.61)
Bm(Ba +Ya)sinh(p,)

and

(3.62)

B - (2-v)(M=x¢)?
D, = -
= [ Ym(Bn + YR SIN(Y,)
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3.6.3 Case 3 Solution

Four distinct real roots result when 5,2 > A, and A, > 0 in equation (3.3). The
roots are defined by + B, and t v,,, giving general solution (3.16) of section 3.1.3.

Constants A,, and C,, must equal zero in order to satisfy the slip shear boundary
conditions at n = 0. The even terms in equation (3.16) are then substituted into equations
(3.22) and (3.23) to enforce the zero shear force edge. The resulting algebraic equations,
evaluated at n = 1, are

B BmsSinh(B,,) + DnYmSinh(yy) = E,
and

B BnSinh(B,) + D, yasinh(y,) = (2-v)(Mn$)°E,,
Solving for constants B,, and D, gives

B, - E, [(Z‘V:(m:¢)2 = Y:] (3.63)
Pm(Bm -Ym)Sinh(B,,)
and
Dm = Em [B: - (2-\!) (m“¢)2’ . (3.64)
Ym (B -Ya) SiNR(y,)

3.7 The SRWR Building Block

Consider the SRWR building block presented in Figure 3.9. Lévy-type solution
(2.21) satisfies the slip shear boundary conditions at n=0and n = 1. Substituting
equation (2.21) into the governing differential equation of motion, equation (2.1), gives

Yy {W.{”’(e) - 24»2((nn)2-%)v.:’(z) + ((n=)*-244")Y,(€)| cos(nzn) =0. (3.65)

n=0,12

The function of & within the square brackets must equal zero for any value of n.
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Figure 3.9 The SRWR building block under unilateral in-plane load.

Separating variables and dividing through by ¢* produces

Yo (%) - 2;" Ya(§) + % ) =0, (3.66)
where
5, = (nx)® - %
and

A, = (nx)* - 24¢*.

Equation (3.66) is an ordinary homogeneous differential equation. General
solutions for Y, (E) are easily obtained by the method of undetermined coefficients. Each
general solution will contain four terms of the form

Ce™,
where C is an undetermined coefficient and r is a characteristic root. The four
characteristic roots are defined by

r= t%,fa,, +fo2-a, . (3.67)

Real, imaginary, and complex roots can be obtained from equation (3.67), depending
upon the values of §, and A,. Note that characteristic equation (3.67) is the same as the
characteristic equation (3.32) in section 3.3. Since general solutions derive from the
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characteristic roots, equations (3.37), (3.40), (3.43), and (3.46) are appropriate case
solutions for the present analysis.

Coefficients are determined by enforcing boundary conditions at £ = 0 and E=1.
The boundary conditions, initially functions of W(£,n)), are expressed in terms of Y, (%)
This is accomplished through the separation of variables and allows the direct application
of boundary conditions to the general solutions. The boundary conditions for a pinned
edge at £ = 0 were examined in section 3.3 for the SSWR plate, producing equations
(3.33) and (3.34). Enforcing these equations eliminated even terms. Therefore, only odd
terms are considered here. The boundary conditions for the zero displacement edge at
£ = 1 are defined by

WEn) - 0

and

-g(a*_wm . lﬂﬁﬂl) _
al & ¢ o

The trigonometric term used for the harmonic moment function is identical to that found
in the Lévy-type solution. The left hand side of the moment condition is equation (2.4)
and is simplified in two stages. First, the -D/a constant is absorbed into the Fourier
coefficient E,. The zero displacement condition is then used to eliminate the 0®W(&,n)/on?
term. Note that 0®W(1,n)/on® and oW(1,n)/on will equal zero if W(1,n) equals zero. This
is equivalent to stating that the siope and concavity of a horizontal line are zero.
Separating the variables begins by substituting Lévy-type solution (2.21) into the reduced
equations. Evaluating the resulting equations at £ = 1 and rearranging gives

E, cos(nxn) .
n=0,12

z.: Y.(1) cos(nnn) =0
n=0,1,2

and

Y.(1) cosran) = ¥ E, cos(nrn) .
2 n=0,1,2

n=0,1

The preceding two equations are further simplified to
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Y, (1) =0 (3.68)
and

Ya() <, . 369
Equations (3.68) and (3.69) are identical to equations (3.35) and (3.36). In
actuality, all equations used to derive solutions for Y,(£) are identical for the SSWR and
SRWR plates. Only constants 5, and A,, used to calculate B, and y, in the general
solutions, are slightly different due to the Lévy-type solutions used for the different
building blocks. Therefore, solutions derived in section 3.3 are suitable for the SRWR

building block. The following sections briefly summarize the individual solutions.

3.71 Case 1 Solution

Equation (3.37) is appropriate when 5,2 < A,. Constants o, and A, are defined in
section 3.7. Constants A, and D, are zero, while B, and C, are defined by equations
(3.38) and (3.39) respectively.

3.7.2 Case 2 Solution

Equation (3.40) is the solution when 5, > A, and A, < 0. Constants 6, and A, are
defined in section 3.7. Constants B, and D, are zero, while A, and C, are defined by
equations (3.41) and (3.42) respectively.

3.7.3 Case 3 Solution

When §,° > A, and A, >0 and §, > 0, the solution is given by equation (3.43).
Constants 5, and A, are defined in section 3.7. Constants B, and D, are zero, while A,
and C, are defined by equations (3.44) and (3.45) respectively.
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3.74 Case 4 Solution

Equation (3.46) is used when 5,2 > A, and A, > 0 and 5, < 0. Constants 8, and

4, are defined in section 3.7. Constants B, and D, are zero, while A, and C, are defined
by equations (3.47) and (3.48) respectively.

3.8 The SVSR Building Block

1
4——1+ R ——
- —
P «—S8 §—=F
- —
-— D¢

\'/

Figure 3.10 The SVSR building block under unilateral in-plane load.

Consider the SVSR building block shown in Figure 3.10. A quick inspection of the
SRSV piate of Figure 3.8 reveals that solutions for the SVSR plate can be derived from
those presented in section 3.6 by simply replacing coordinate n by 1 - . The Lévy-type
solution becomes

WEn) = 3 Y,(1-n) sinpxe) .
p=123

This is equation (2.16) with the n coordinate repiaced by 1 - . The following is a brief
summary of the individual case solutions.
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3.8.1 Case 1 Solution

The first case solution arises when 8,’ <A, ltis defined by equation (3.8) of
section 3.1.1, where coordinate n is replaced by 1 - . Constants B, and C, are zero,
while A, and D, are defined by equations (3.59) and (3.60) respectively, as shown in
section 3.6.1.

3.8.2 Case 2 Solution

The second case solution is considered when 5, > A, and A, < 0. Itis defined by
equation (3.12) of section 3.1.2, where coordinate 7 is replaced by 1 - . Constants A,
and C, are zero, while B, and D, are defined by equations (3.61) and (3.62) respectively,
as shown in section 3.6.2.

3.8.3 Case 3 Solution

The third case solution is valid when 5, > A, and 4, > 0 and §, > 0. It is defined
by equation (3.16), where coordinate n is replaced by 1 - n. Constants A, and C, are
zero, while B, and D, are defined by equations (3.63) and (3.64) respectively, as shown
in section 3.6.3.

3.9 The WRSR Building Block

The WRSR building block is shown in Figure 3.11. A close look at the SRWR
plate, shown in Figure 3.9, reveals that solutions for the WRSR plate can be derived from
those presented in section 3.7 simply by replacing coordinate & by 1 - £. The Lévy-type
solution would be
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n
- 1+ R ——
-—\ls —
P «Wt; S—=F;
-—\lr —
- 0 R 1"’E

Figure 3.11 The WRSR building block under unilateral in-plane load.

WEN) = X Y (1-8) cos@xn) .
q-0,12

This is equation (2.21) with the coordinate £ replaced by 1 - £. The individual case
solutions are as follows.

3.9.1 Case 1 Solution

When 6,,2 < A, the solution is given by equation (3.37) of section 3.3.1, where
coordinate £ is replaced by 1 - £. Constants A, and D, are zero, while B, and C, are
defined by equations (3.38) and (3.39) respectively.

3.9.2 Case 2 Solution

The second case solution is considered when 6: > A, and A, < 0. ltis given by
equation (3.40) of section 3.3.2, where coordinate £ is replaced by 1 - £&. Constants B,
and D, are zero, while A, and C, are defined by equations (3.41) and (3.42) respectively.
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3.9.3 Case 3 Solution

The third case solution arises when 5, > A_and A, > 0and 5, > 0. Itis expressed

by equation (3.43), where coordinate £ is replaced by 1 - £&. Constants B, and D, are
zero, while A, and C, are defined by equations (3.44) and (3.45) respectively.

3.9.4 Case 4 Solution
The fourth case solution is encountered when 5,2 > A, and A, > 0 and 8, <0. It

is defined by equation (3.46), where coordinate £ is replaced by 1 - £. Constants B8, and
D, are zero, while A, and C, are defined by equations (3.47) and (3.48) respectively.

3.10 The SFSF Plate

1
4—1* F -
- i
Pp=«—S§ §—=F
e —
- 0 E 1—»5

Figure 3.12 The SFSF plate under unilateral in-plane load.

Lévy-type solution (2.16) could be used to directly obtain an analytical solution for
the SFSF plate shown in Figure 3.12. General solutions (3.8), (3.12), and (3.16) of
section 3.1 would be suitable for this approach. However, enforcing boundary conditions
(2.13) for the free edges at n = 1 and n = O wouid be a tedious task due to the mixed
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higher order derivative terms present. An alternative method of soiution invoives
superimposing the SRSV (section 3.6) and SVSR (section 3.8) building blocks, as shown
in Figure 3.1. This approach is economical since the noted building block solutions are

already available.

Table 3.1 Boundary conditions summary of the SFSF plate and its building blocks.

—
Boundary conditions at specified edge

Plate E=0 n=0 E=1 n=1
SRSV W=0,M=0 §,=0,Vv,=0 W=0,M,=0 S, «<E,V,=0
SVSR W=0,M,=0 S «xE,V, =0 W=0,M,=0 S§,=0,V,=0

SFSF W=0'Mi=° M==O,V==0 W=0,Mi=0 M==0.V==O

The definition of superimpose is to lay something over another thing. Hence, the
SFSF plate solution becomes the sum of its building block solutions,

w(El'l) = wSRSV(E'n) + wsvsn(E!'l)

or

WEn) = 3 Yyl sinmz ) + Y Y,(-n)sinpxg).  @70)

m=1,2, p=1,2,9

Each building block possesses an edge with a sinusoidally driven slope which
controls its amplitude. Boundary conditions for the SRSV and SVSR building blocks and
the SFSF plate are summarized in Table 3.1. A final solution is attained once the
building block amplitudes are determined so that the bending moments at n = 1 and
n = O vanish. Note that the remaining boundary conditions of the SFSF plate are aiready
enforced in each individual building block. Expressions for Y, (n) (of the SVSR plate) and
Y, (1-n) (of the SRSV plate) are summarized in Table 3.2. Note that all coefficients not
equal to zero are linearly proportional to E (the plate amplitude factor).

Superimposed solution (3.70) is substituted into bending moment equation (2.5),
simplified, and evaluated at n = 1 and n = 0, giving
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Table 3.2 Solutions summary for the SFSF building blocks.

Building block Case solution Solution coefficients (X)
Case Equation X=0 X#0
SRSV 1 (3.8) B..C.  A,(3.59), D, (3.60)
\s,:ft?)"" 36 2 (3.12) A.. C. B, (3.61), D,, (3.62)
3 (3.16) A, C, B, (3.63), D,, (3.64)
SVSR 1 (3.8)° B, C, A, (3.59), D, (3.60)
’s(pe(??l')‘ > 2 (3.12)° A.C, B, (3.61), D, (3.62)

3 (3.16)* &, C= B= (3.63), D= (3.64)

* Replace coordinate n with 1-n.

‘f.‘z J[Yall) -v(mzePY(1)|sime) «
?::2 S[YJ'(O) -v(pr$)2Y,(0)]sinprE) = 0 @.71)
p=1,e,
and
_ i:z . [Yn(0) - v(mx$2Y,(0) | sinm=z g) +
‘Z;S[YJ'(") - v(PxRY,(1)]sin(pxE) = 0. (3.72)
p=1,¢e,

Since indices m and p consist of the same sequence of numbers, the individual
summation signs in each of the above equations can be combined. Note that sin(m=&)
cannot equal zero for all values of £&. Utilizing these concepts gives

2':2 . [Yu’.’(ﬂ -v(mu Y, (1) + Y;'(O) -v(p1:¢)2Y’(0)] =0 (3.73)
m,p=1,2,

and
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}::2 ,[Y-:"(°) -vmzdPYa(0) + Yo (1) -v(pxdPY, ()] =0  (374)
m,p=1,2,

respectively. The above equations are further simplified by isolating the E factors (or
building block amplitudes) from the remaining terms. Equation (3.73) becomes

3 [8E0+ G5, ] =0 @79

m,p=1,2,9

and equation (3.74) becomes

m'p.zm's[ imEm + E;]1=0. (3.76)
SRSV SVSR
(8, 0 0 ¢ 0 0] (Ena] (0]
@75) |9 @20 00c 0f |En. 0
0 0 a oo«:,(E....a}:‘o}
b 0 0 k 0 O/ |Ep Y
3.76) LO 0kO||E. 0
(001 00K [Es] O

Figure 3.13 A three term expansion of the algebraic equations for the SFSF plate.

Equations (3.75) and (3.76) are expanded by k terms, producing 2k linear
homogeneous equations with 2k unknown plate amplitudes E. Figure 3.13 portrays the
system of equations, in matrix form, resuiting from a three term expansion. The elements
within the coefficient matrix correspond to building block contributions for each boundary
condition equation in the expansion. These coefficients are defined in appendix A.

Eigenvalues are found by requiring that the determinant of the coefficient matrix
equals zero. Approximate eigenvaiues are acquired by examining eigenvalue versus
determinant value graphs, which are plotted from generated data. Exact eigenvalues are
calculated by refining these approximate roots using a numerical bisection method. Once
an eigenvalue is determined, the associated eigenvector, whose elements are the
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amplitudes of the superimposed building blocks, is calculated. The mode shape is
created by back-substituting these amplitudes into the original building block solutions.
The above procedure is common for all superimposed solutions.

3.11 The SFCF Plate

n
4——1’ F -
- —
PP =—S§ C—FR
- —
- 0 = 1—»5

Figure 3.14 The SFCF plate under unilateral in-plane load.

Table 3.3 Boundary conditions summary of the SFCF plate and its building blocks.

_
Boundary conditions at specified edge

Plate E=0 n=0 E=1 n=1
SRSV ~ W=0,M,=0 §,=0,V,=0 W=0,M,=0 S «E,V,=0
SRWR  W=0,M,=0 §,=0,V,=0 W=0,M«<E, §,=0,V,=0
SVSR ~ W=0,M,=0 §,«E,V,=0 W=0,M=0 §,=0,V,=0

SFCF W=0,Mi=0 M==0,v,.,=0 W=°'si=° M==O.v==0
An analytical-type solution for the SFCF plate is obtained by supefrimposing the

SRSV (section 3.6), SVSR (section 3.8), and SRWR (section 3.7) building blocks, as
shown in Figure 3.1. The procedure used here to determine amplitude factors for each
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of the building blocks is similar to that demonstrated in section 3.10 for the SFSF plate.
In fact, the first two building blocks were aiso used for the SFSF plate. The additional
SRWR plate is used to enforce the clamped edge at £ = 1. This becomes apparent by
examining the summarized boundary conditions in Table 3.3 and comparing them to
those listed in Table 3.1 for the SFSF plate.

The SFCF solution becomes

W(Em) = Wgnpgy(§8:m) + Weawn(§:n) + Wgyga(E:n)
or

W) = T Yo singmxg) + Y Y.(€) cos(rnn)

m=1,2,3 n=0,1,2

+p-12.2.3 Y,(1-n)sin(pxE) . (3.77)
Expressions for Y, (n) (of the SRSV plate), Y,(¢) (of the SRWR plate), and Y,(1-n) (of the
SVSR plate) are summarized in Table 3.4. All coefficients in the building block solutions
are linearly proportional to their respective plate amplitude (E) factors. Only three of the
eight boundary conditions required for the SFCF plate have yet to be satisfied in the
superimposed solution given by equation (3.77). Each building block's E factor is properly
adjusted to enforce one of the three remaining conditions. In reviewing Table 3.3, the
following solution properties are revealed: E,, (of the SRSV plate) must zero the bending
moment at n = 1, E, (of the SVSR plate) must zero the bending moment at n = 0, and
E, (of the SRWR plate) must zero the slope at& = 1.
The zero bending moment conditions are enforced by substituting equation (3.77)
into equation (2.5), simplifying, and evaluating at n = 1 and n = 0 respectively, giving

> [Yal) - vimzePYo()]sinmze) « 3 [-xPY,E) + vV (D)]costns) +

m=1,2,3 n=0,1,2

12-; SO -vprorv,]sinpxs) - 0 (3.78)
p=l.e,
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Table 3.4 Solutions summary for the SFCF building biocks.
—

Building block Case solution Solution coefficients (X)
Case Equation X=0 X#0
SRSV 1 (3.8) B,, C,. A, (3.59), D, (3.60)
\S,:f"n')"“ 3.6 2 (3.12) A, C, B,, (3.61), D,, (3.62)
3 (3.16) A, C, B,, (3.63), D,, (3.64)
SVSR 1 3.8)* B, C, A, (3.59), D, (3.60)
\S&‘j":')‘ 3.8 2 (3.12)° A, C, B, (3.61), D, (3.62)
3 3.16)* A, C, B, (3.63), D, (3.64)
SRWR 1 (3.37) A, D, B, (3.38), C, (3.39)
$§g°“ 3.7 2 (3.40) B, D, A, (3.41), C, (3.42)
3 (3.43) B, D, A, (3.44), C, (3.45)
4 (3.46) B, D, A, (3.47), C, (3.48)

* Replace coordinate ny with 1-n.

and

> [YmlO) - v(m= $)2Y,,(0)]si(m= §) + gz[-mnfv..(e) +vé2Y,(8)] +

m=1,2,3

X [t -vexerv]snpxe) - 0. (3.79)
It is important to properly express equations (3.78) and (3.79) so that the influence of
building block amplitude factors in the superimposed solution can be determined. This
is accomplished by eliminating the £ variable. Note that the m and p indices consist of
the same sequence of numbers. Hence, they can be associated with a single summation
sign. The Y,(£) and Y,"(§) terms under the second summation are expanded into
sin(mng) series. With some simplification, equations (3.78) and (3.79) become
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- - 1
PO { m(1) = v(MxPRY (1) - 2nm2(~1)" [ Y,(€) singm= £) dE
0

+2v (- 1)"f Y, (£) sinm= £) dE + Y, (0) - v(p=)2Y, (0)}sm(m1:£) =0 (3.80)
and

- - 1
Z 6\: { n(0) - v(Mx$PYn(0) - 2072 [ Y,(E) sin(m= £) dE
-1.2 °

+ 2v¢=f Y (E)sinmnE)dE + Y, (1) - v(pro)Y, (1)}sin(m1t€) -0 (81

respectively. Sin(mzZ) cannot equal zero for all values of £. Hence, parathesized
quantities must equal zero for each value of m or p. These quantities are expressed in
terms of E factors (or building block amplitudes). Equation (3.80) becomes

; ; En + bpaEn + C,E; [ =0 (3.82)
M-D-Zi.2.3 n-oz,;,z[am n Co PI

while equation (3.81) becomes

2 [ imEm * inaEn + K,E [ = 0. (3.83)

m,p=1,23 n=0,1,2

With the bending moment conditions fuifilled, attention is focused on satisfying the
zero slope condition at £ = 1. This is done by substituting superimposed solution (3.77)
into slope equation (2.2). The resulting expression is equated to zero, simplified, and
evaluated at & = 1, giving

z: (ME)Yn(n) co8mn) + 3° Y1) cosnan) +

m=1,2 n=0,1,2

Y. (pm)Y,(1-n)cos(pr) =0 . (3.84)

p=1,2,3
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The dependency of the above equation to coordinate n is suspended by expanding Y, (n)
and Y_(n) into cos(nnn) series. Conducting this procedure yields

- 1 1

{mn(-m [Yam)ydn + Yo(1) + pr(-1)° [ Y (1 -n)dn } =0
m,p=1,2,3 0 0
forn=0 and

- - 1
) D> {amn(-m [ Yu(n)cos(nzn)dy + Y, (1)
m,p=1,2,3 n=1,2 0

1
+ 291:(-1)"fY,(1 -n) cos(nzxn) dn }» cos(nzq) =0 (3.85)
0

for n # 0. The coefficients of this Fourier series must equal zero for each value of n.
Equation (3.85) is expressed as

- = E,+fE + E =0. (3.86)
m-9§.2.3 n:&_z[ OmnEm * TnEn + GpnEp ]
SRSV SRWR SVSR

(a, 0 0 bgbyb, ¢ 0 0] [En
©82) | 0 a, 0 bybyby, 0 c 0| |[Eme
O 0 8 bybyby, 0 0 c | |Eme
@0 6 6n fo 0 0 gy G 9y | |Eno
B86) e €@ O f O gy Gy Gy | {Ent | = |
€206 0 0 f, gy 0y G| |Ene
iy 0 0 jo v ha k 0 O Enﬂ
@89) [0 & 0 bni ke O K O |Eu
0 0 iy piw e 0 O k| |Eps

Figure 3.15 A three term expansion of the algebraic equations for the SFCF plate.

co0oo0o0o0co0oo0oo

Equations (3.82), (3.83), and (3.86) are expanded by k terms, producing 3k linear
homogeneous equations with 3k unknown E factors. Figure 3.15 portrays the system of
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equations, in matrix form, resulting from a three term expansion. Coefficients leading
each E factor are building block contributions and are defined in appendix A.
Eigenvalues and mode shapes are obtained by following the same procedure presented
in section 3.10 for the SFSF plate.

3.12 The CFCF Plate

n
- 1+ . F -
- —
F,=—C C—P
S —-
~ o F1 ¢

Figure 3.16 The CFCF thin rectangular plate under unilateral in-plane load.

Table 3.5 Boundary conditions summary of the CFCF plate and its building blocks.

—
Boundary conditions at specified edge

Plate E=0 n=0 E=1 n=1

SRSV W=0,M=0 $,=0,Vv,=0 W=0,M,=0 S§,«E,V,=0
SRWR W=0,M=0 $,=0,Vv,=0 W=0,M, <E, §,=0,v, =0
SVSR W=0,M=0 S, <E,V,=0 W=0,M,=0 $,=0,V,=0
WRSR W=0,M«<E, § =0V =0 W=0,M, =0 §,=0,v, =0

CFCF W=0.Si=0 M==0,Vn=0 W=0,Si=0 MH=0'VH=O
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Table 3.6 Solutions summary for the CFCF building blocks.
“

Building block Case solution Solution coefficients (X)
Case Equation X=0 X#0
SRSV 1 3.8) B,, C, A,, (3.59), D, (3.60)
3:(‘:'1‘)” 36 2 (3.12) A, C., B,, (3.61), D, (3.62)
3 (3.16) A, C,. B,, (3.63), D, (3.64)
SRWR 1 (3.37) A.D, B, (3.38),C, (3.39)
\S(:’(‘?)‘m 3.7 2 (3.40) B,, D, A, (3.41), C, (3.42)
3 (3.43) B,, D, A, (3.44), C, (3.45)
4 (3.46) B, D, A, (3.47), C, (3.48)
SVSR 1 (3.8)* B, C, A, (3.59), D, (3.60)
3:’(‘:"?)‘ 3.8 2 (3.12)° A, C, B, (3.61), D, (3.62)
3 (3.16)* A, C, B, (3.63), D, (3.64)
WRSR 1 (3.37)" A, D, B, (3.38), C, (3.39)
\s(e(‘j‘ig)“ 3.9 2 (3.40)" B, D, A, (3.41), C, (3.42)
q
3 (3.43)" B,, D, A, (3.44), C, (3.45)
4 (3.46)" B, D, A, (3.47), C, (3.48)

* Replace coordinate n with 1-1.
** Replace coordinate & with 1-£.

Consider the plate presented in Figure 3.16, where none of the edges are either
simply supported or slip shear. Obviously, the method of superposition must be utilized.
Recall that clamped edges are duplicated by superimposing a zero displacement edge
with any number of pinned edges. Similarly, free edges are reproduced by superimposing
a zero shear force edge with any number of slip shear edges. Applying this knowledge
to the CFCF plate yields a superimposed solution consisting of the SRSV, SRWR, SVSR,
and WRSR building blocks, as shown in Figure 3.1. The building block solutions are
derived in sections 3.6 through 3.9 inclusively. The CFCF plate solution becomes
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W(E.n) = Wgasv(§.n) + Wgawn(E:n) + Wgysa(€m) + wwnsn(f-'l)

or

WEM) = 3 YamsnmzE) + 3 o) cosazn)

m=1,2,3 n=0,1,2

+ ).: Yo(1 -n) sin(p=§) + Z.: Y (1-£)cos(qxn) . (3.87)
p-1.2,3 9-0,1,2

Table 3.6 summarizes the building block solutions. Each building block possesses a
distinct harmonic boundary condition which regulates its amplitude. The final solution is
achieved once the harmonic rotations and moments are adequately adjusted to enforce
the four remaining boundary conditions. According to Table 3.5, these include the zero
bending moments for the free edges at n =1 and n = 0, and the zero slopes for the
clamped edges at£ =1 and & = 0.

Bending moments defined by equation (2.5) along the free edges are equated to
zero. Equation (3.87) for W(E,n) is substituted into the expression. Evaluation at n=1
and n = 0 gives

)> [Ym(1) - v(m R OPY (1) |si(M £) +

m=1,2,3

Y. [-mxrv,@ +v§?Y,(€)|cos(n) +

n=0,1,2

is,[Y.:'(O) -v(pxRY,(0)]sinpx§) +
p=1.2,

gz[ﬂumﬁ ~§) +v42Yy(1-£)]cos(qx) = 0 (3.88)
q=0.1,

and
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Y [Yn(0) - v(mn oY, (0)|sinm=E) +

m=1,2,3
-
s Uy

)

n=0,1,2

[-mRY,(E) + v62Y (@] +
?_:;s[v.:'m -v(Pr LY (1)|sin(prE) +
p=1.2,

g 2[-(qn)2Yq(1 -§) +ve?Y (1-8)| = 0 (3.89)
a=0.1, .

respectively. indices m and p are assigned to a single summation sign since they consist
of the same sequence of numbers. The same is done with indices n and q. The Y. (),
Y,"(€), Yq(1-€), and Y,"(1-€) terms in equations (3.88) and (3.89) are expanded into
Fourier sin(m=&) series, giving

m,p=1,2,3 n,q=0,1,2

1
{Yéfﬂ) - v(mrdPYn(1) - 2(nm (- 1)" [ Y (6) singm= £) dg
0
1
+ 2v¢*(-1)"[ Y, () sifm= E)dE + Y,'(0) - v(PxHRY,(0) (3.90)
0

1 1
- 2(01:)2(-1)"_[Yq(1 -g)sinmng)dE + 2v¢2(—1)ﬂfY:(1 -§) Sin(MnE)dE}sin(mn: E) =0
° 0
and

- - 1
.. X {Y.Z(O) - V(MR dPY,(0) - 2(n= 2 [ Y, (E) singnx £) dE
m,p=1, 0

03 ﬂ.ll-o.l .2

1
+ v [ Y, (©) sinm= §)dE + Y, (1) - v(prRY,(1) (3.91)
]
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-2(q==)*f o1 -€) sinm= £)dg +2v¢=f Yo(l- E)sin(mue)de}sm(mne)-

respectively. Note that the sin(m=zZ) functions cannot equal zero for all values of &.
Equations (3.90) and (3.91) are restated in terms of E factors as

Elll + b Ell + E + = (3.92)
m,p=1,2,3 ﬂ-q-c.i,z[ am mn CoSp qu ]
and

m,p=1,2,3 n.¢-0.1.2[ imEm : jm“E" * kap * lquq ] =0 (3.93)
respectively. The coefficient leading each E factor (or plate amplitude) is defined in
appendix A and can be described as a building block contribution in the superimposed
solution.

Siope along the clamped edges are defined by equation (2.2) and are set equal
to zero. Once again, the superimposed solution, given by equation (3.87), is used for
W(E,n) in the expression. Evaluation results in

Y (mm)Ynmcosmz) « 3 Y(1)cos(nzn) +

m=1,2,3 n=0,1,2
T PrY1-ncospr) - ¥ Yi(O)cos@zn) =0 (394
p=1,2,3 q=0,1,2
for£ =1 and
T mm)Yam) + ¥ Y/(O)cosumn) +
m=1,29 n=0,1,2
T (prYy(t-n) - 2 Y1) cos(@zn) = 0 (3.95)
p=1,2,3 q=0,1,2

for £ = 0. The first and third terms in both of the above equations are expanded into
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Fourier cos(nnn) series. Equations (3.94) becomes

1 1
y {mn(-ﬂ"' f Yn(n)dn + Ya(1) + pr(-1)° f Y (1-1)dn - Yq(0) } =0
m,p=1,2,3 ') [

forn = 0 and

1
{ 2mz(-1)" [ Yu(n) cos(nnn) dn + Y, (1)
m.p=1,2,3 n,q=1,2 0

1
+ 2pn(—1)’pr(1 -n)cos(nzn)dy - Yq'(O) } cos(ntq) =0 (3.96)
0

for n # 0 while equation (3.95) becomes

- -1 1
{m [Ya(n)@n + Y3(0) «+ px [Y,(1-n)dn - Yo(1) } =0
m,p=1,2.3 ") °
forn = 0 and
- - 1
) N> { 2m= [ Y,(n)cos(nzn)dn + Y,(0)
m,p=1,23 n,q=1,2 o
1
+ 2p11:fY,(1 -n) cos(nxn)dn - Y (1) } cos(nzn) =0 (3.97)
o
for n # 0. The final forms of equations (3.96) and (3.97) are
; ; E, +fE + E.+hE, 1=0 (3.98)
m.pgi:.z,s n.q§1.2[ etlm m n*=n gpn -] q q]
and
- = [ SmaEm * HEq + UpnEp + VEq ]=0 (3.99)

m,0=1,2,3 n,q=0,1,2

respectively. Once again, the building block contributions are listed in appendix A.
Figure 3.17 is a matrix representation of the linear equations resulting from a three
term expansion of equations (3.92), (3.93), (3.98), and (3.99). Eigenvalues and mode
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shapes are obtained by following the procedure described at the end of section 3.10.
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Figure 3.17 A three term expansion of the algebraic equations for the CFCF plate.

3.13 The SCSF Plate

The SCSF plate shown in Figure 3.18 can be solved for by directly applying a

Lévy-type solution since the edges at £ =0 and £ = 1 are both pinned. However, robust
mathematical expressions would be created in enforcing the boundary conditions atn = 0

and n = 1. The alternate formulation by the method of superposition becomes quite
attractive since the required building block solutions are readily available. Figure 3.1
shows that the SSSV (section 3.2) and SWSR (section 3.4) plates are used to complete
this task. The SCSF plate solution becomes
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w(Es'l) = wssv(:ﬂl) + wswsa(E!'l)
or

W(Em) =m_;':mv...(n) snmxf) + ¥ Y,(1-n)sinpxg).  (3.100)

p-123
n
- ‘l+ F o
-—— —
P,=—3$§ $§ —=P
- e
~"o c 1 ¢

Figure 3.18 The SCSF plate under unilateral in-plane load.

Table 3.7 Boundary conditions summary of the SCSF plate and its building blocks.

“
Boundary conditions at specified edge

Plate E=0 n=0 E=1 n=1
SSSv W=0 M=0 W=0,M,=0 W=0,M,=0 S «E,V,=0
SWSR W=0,M=0 W=0M, x<E, W=0,M=0 $,=0,Vv,=0

SCSF W=O,Mi=0 W=0,S==O W=O.Mi=0 M==0.V==O

Boundary conditions for the SSSV and SWSR building blocks and the SCSF plate
are summarized in Table 3.7. Each building block has an edge driven by a sinusoidal
slope or moment which controls its amplitude. The building block amplitudes are adjusted
such that the slope at n = 0 and the bending moment at n = 1 vanish. Table 3.8 gives
a summary of the building block case solutions and coefficient expressions.

The moment constraint at n = 1 is enforced by substituting solution (3.100) into
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Table 3.8 Solutions summary for the SCSF building blocks.

Building block Case solution Solution coefficients (X)
Case Equation X=0 X#0
sssv 1 (3.8) A D, B, (3.24), C, (3.25)
,s,:g‘l')"“ 3.2 2 (3.12) B.. D, A, (3.26), C,, (3.27)
3 (3.16) 8. D, A, (3.28), C, (3.29)
SWSR 1 3.8)° B, C, A, (3.53), D, (3.54)
3;‘;":;‘ 34 2 (3.12)° A, C, B, (3.55), D, (3.56)

3 (3.16)* ﬁ, C= B= (3.57), DE (3.58)

* Replace coordinate n with 1-n.

equation (2.5), which in turn is set equal to zero. Simplifying and evaluating the resuiting
expression gives

);m [Yl(1) - v(Mz §2Y,o(1)]si(mn £) +

T [Y/0) - v(r Ry, 0)]sinpxs) = 0 (3.101)
p-1,23
Both terms in the above equation are put under a single summation sign. Since the sine
functions cannot equal zero for all values of £, equation (3.101) can be expressed as

21” [Yf:\'('l) -v(muRY(1) + Y,(0) -v(p1;¢)2Yp(0)] -0. (3102
m,p=

Equation (3.102) is expressed in terms of E factors as

anE, + (3.103)
m.p-i.z.s[ 6 Ep ]

Attention is now drawn towards satisfying the zero slope condition at n = 0. The
W(E.,n) parameter in slope equation (2.3) is replaced by equation (3.100). The resulting
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equation is equated to zero and evaluated at n = 0 to give

; Y(0) sin(m= £) + 2.: Y (1) sin(px&) = 0 . (3.104)
m=1,2,3 p=1,2,9
Equation (3.104) is simplified to
Z.: [Yal®) + Y ] =0, (3.105)
m,p=1,2,3
which can aiso be expressed as
3 [nEn +kE] =0. (3.106)
mp=1,2,8
SSSv SWSR
’3100 c100 rEln-1‘ r°~
@103 |98 0 0¢c 0 |Eno 0
OOa,OOc,<Em_,}=<o’
h 00 kK 0O E-1 0
@108 10, 0 0K 0] [Eee 0
001 00k||Es| O

Figure 3.19 A three term expansion of the algebraic equations for the SCSF plate.

Equations (3.103) and (3.106) are expanded by k terms, producing 2k linear
homogeneous equations with 2k unknown plate amplitudes E. Figure 3.19 portrays the
system of equations, in matrix form, resuiting from a three term expansion. The elements
within the coefficient matrix correspond to building block contributions for each boundary
condition equation in the expansion and are defined in appendix A. Eigenvalues and
mode shapes are obtained by following the procedure given in section 3.10.
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3.14 The SSCF Plate
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Figure 3.20 The SSCF plate under unilateral in-plane load.

Table 3.9 Boundary conditions summary of the SSCF piate and its building blocks.

B e Y

Boundary conditions at specified edge
Plate E=0 n=0 E=1 n=1
sssv W=0,M,=0 W=0,M,=0 W=0,M=0 S «<E,V,=0
SSWR W=0,M=0 W=0M,=0 W=0,M,<E, §,=0,V,=0

SSCF W=0.Mi=0 W=O,M==O W=O'SE=O MH=O,V==O

The SSSV and SSWR building blocks are superimposed (as shown in Figure 3.1)

to obtain an analytical solution for the SSCF plate shown in Figure 3.20. The SSCF plate
solution becomes

w(Esﬂ) = wmv(&:n) + w&wn(::ﬂ)
or
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Table 3.10 Solutions summary for the SSCF building blocks.

Building block Case solution Solution coefficients (X)
Case Equation X=0 X#0
SSSV 1 3.8) A, D, B, (3.24), C,, (3.25)
,s(:f:)"" 32 2 (3.12) B, D, A, (3.26), C,. (3.27)
3 (3.16) B.D, A, (3.28), C,, (3.29)
SSWR 1 (3.37) A, D, B, (3.38), C, (3.39)
$neg;°" 3.3 2 (3.40) B, D, A, (3.41), C, (3.42)
3 (3.43) B, D, A, (3.44), C, (3.45)
4 (3.46) B, D, A, (3.47), C, (3.48)
WEn) = T Yomsnmzg) + ¥ Y(@sn(22). @107
m=1,2,3 n=1,3,5

Boundary conditions for the plates involved are listed in Table 3.9. The harmonic
slope of the SSSV building block is adjusted to eliminate the overall bending moment at
n = 1 of the superimposed solution. Similarly, the sinusoidally driven moment of the
SSWR plate will induce the slope at £ = 1 to vanish. Table 3.10 summarizes the building
block case solutions and coefficient expressions.

The zero moment at n = 1 is enforced by substituting solution (3.107) into equation
(2.5). Upon evaluation, the resulting equation becomes

2.: [Ym(1) - v(Mz $2Y,(1)| si(m= §) +

m=123
ngﬁ [v $2Y, (£) -(lz’i)zY..(E) sln(lz"-) =0. (3.108)

Expanding Y,"(£) and Y,(&) into Fourier sin(mn&) series and simplifying produces
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n-1

1
> 3 { Y1) - vimzoRY,(1) + 2(-1) 2 )[v&f Yo (E)sin(m = £)dg
o

m=1,2,3 n=1,3,5

1
- (58 Y..(e)sin(muadz” sinfm =€) = 0. (3.109)
0

Equation (3.109) is expressed in terms of E factors as

Y [@nEm ¢ bmE,]=0. (3.110)
m=1,2,8 n=1,3,§
Attention is now drawn towards satisfying the zero slope condition at £ = 1. The
W(E,n) parameter in slope equation (2.2) is replaced by solution (3.107). The resulting
equation is equated to zero and evaluated to give

Z.Z (M%) Yp(n) cos(m=) + f: Y,{(1)sin("—’;'l)=0. (3.111)

m=1,2,8 n=1,3,5

Expanding the Y, (n) term into a Fourier sin(ntn/2) series resuilts in

- 1
)IEED> {Zmn(-n"‘ { Y,..(q)sin(l‘—’z‘ll)dq + Y1) } sin("—’z‘-'l) -0, (3.112)

m=1,238 n=1,3,5

which can also be expressed as

- R -0. (3.113)
m.}':m Mz';.s[emsm f,E, =0

Equations (3.110) and (3.113) are used to generate a system of linear equations
with unknown E factors. Figure 3.21 shows a three term expansion of the equations in
matrix form. Elements within the coefficient matrix are building block contributions as
defined in appendix A. Eigenvalues and mode shapes are obtained by following the
procedure given in section 3.10.
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Figure 3.21 A three term expansion of the aigebraic equations for a SCSF piate.

3.15 The SCCF Plate

n
- 1+ F —-
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Figure 3.22 The SCCF plate under unilateral in-plane load.

An analytical-type solution for the SCCF plate is obtained by superimposing the
SSSV, SSWR, and SWSR building blocks, as shown in Figure 3.1. The number of
building blocks used in a solution is directly governed by the sum of clamped and free
edges present. Each building block possesses an adjustable edge load which is used
to correct a boundary condition that the superimposed solution violates. Specifically,
harmonic slopes are used to regulate moments for a free edge and harmonic moments
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Table 3.11 Boundary conditions summary of the SCCF plate and its building blocks.

L e
Boundary conditions at specified edge

Plate E=0 n=0 E=1 n=1

SSSv W=0,M,=0 W=0,M =0 W=0,M=0 S «E,V,=0
SSWR  W=0,M,;=0 W=0,M,=0 W=0,M«<E, §,=0,V,=0
SWSR W=0,M=0 W=0,M xE, W=0,M=0 5,=0,V,=0

SCCF W=O’Mi=° W=0,Sn=0 W=0,Si=0 M==D,V==O

are used to regulate slopes for a clamped edge. This is clearly shown in Table 3.11.
The superimposed SCCF solution is

W) = w&v‘Elﬂ) + wsswn(&-'l) + wswsa(E:'l)

or

WEn) = 3 Yom)sinmzd) + 3 Y@ sln(“—gﬂ)

m=1,2,9 n=1,3,5

+ Y Yy (1-n)sin(pxf) . (3.114)
p=1,2,3
The details of functions Y,(n), Y,(£), and Y,(1-n) above are given in Table 3.12.
The zero bending moment along the free edge is defined as

Y [Ya() -v(mzdRYp(1)|sinm=E) +

i :v¢2Yn”(5) -(le)zv,,(s)]cos("T") .

n=1385

2.: [Y, (0 -v(pr$)Y,(0) |sinprn &) = 0 . (3.115)

p=1,2,3

Equation (3.115) was derived by substituting solution (3.114) into moment equation (2.5),
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Table 3.12 Solutions summary for the SCCF building blocks.

Building block Case solution Solution coefficients (X)
Case Equation X=0 X#0
SSSV 1 (3.8) A, D, B, (3.24), C,, (3.25)
3::’:)"“ 3.2 2 (3.12) B D, A, (3.26), C,, (3.27)
3 (3.16) 8. D, A, (3.28), C,, (3.29)
SSWR 1 (3.37) A, D, B, (3.38), C, (3.39)
ie(‘g)““ 3.3 2 (3.40) B, D, A, (3.41), C, (3.42)
3 (3.43) B.D, A, (3.44), C, (3.45)
4 (3.46) B, D, A, (3.47), C, (3.48)
SWSR 1 (3.8)* B, C, A, (3.53), D, (3.54)
Section 3.4 2 (3.12)° A, B, (3.55), D, (3.56)

Y,(1-n) C,
3 (3.16)* ﬁ C= B= (3.57), D= (3.58)

* Replace coordinate n with 1-n.

setting the resuit to zero, and evaluating n equal to 1. Note that indices m and p are
assigned to a single summation sign since they consist of the same sequence of
numbers. The Y,(£) and Y,"(E) terms in equation (3.115) are expanded into Fourier
sin(mn&) series, giving

) D RN {.::(1)-v<mn¢)=v,.(1)- ("—2"-) 1fT fv..(e)si«mnade
m,p=-1,2,3 n=1.3,5

n-1\1
- 2ver-1) T [ YA (®)sinm= &) dE + Y,0) - v(pw)’Y,(O)}sin(mne) -0. @119
0

Equation (3.116) is rewritten as

- = E. +b nE“ +cE.1=0. (3.117)
m.pnztz.z.a ...12,;,5["'“ m o m GEs |
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The coefficient leading each E factor (or plate amplitude) is defined in appendix A and
can be described as a building block contribution in the superimposed solution.

Slope along a clamped edge is defined by either equation (2.2) or (2.3). Once
again, the superimposed solution, given by equation (3.114), is used for W(£,n) in these
expressions. Evaluation for each clamped edge results in

Y. (mx)Yy(n)cos(m=) + )f: Y,{(1)sin(-"—’2‘—'l) +

m=1,2,3 n=1.3,5§

Y. (pm)Y,(1-n)cos(px) = 0 (3.118)
p-1,2,3
for£ =1 and

Y Yamsnmzg) + 3 (2Ev,) -

m=1,2,3 n=1,3,5

Y Y,(1)sin(pxE) =0 (3.119)
p-1,2,3
for n = 0. The first and third terms in equation (3.118) are expanding into Fourier
sin(nen/2) series while the second term in equation (3.119) is expanded into Fourier
sin(mn&) series. The above two equations respectively become

- - 1
DD { 2mz(-1)" [ Yp(n) sin(m]dn + Yo (1)
n=1,3,5 o

m,p=1,2,3 2

1
+ 2px(-1)° [Y,(1-v) sin("—’;'l)dq } sm(l’;_'l) -0 (3.120)
0

and

X X

-
m,p= .2.3 n=1 .3.5

1
{ Y 0) +nn f Yo(E) sin(m= £)dE - Y,(1) } sin(mzng) = 0. (3.121)
0



The slope equations are reduced to

+£,E, + . (3.122)
m,p=1,2,3 n-;,;,s[ @mnEm *+ faEn + GpnEp | = 0
for the edge at E=1and
> % [En * luan + Ky ] =0 (3.129)

m,p=1,2,9 n=1,3,§

for the edge at n = 0. The building block contributions are listed in appendix A.

SSsv SSWR SWSR
@17) [a, 0 0 bybybg ¢ 0 O (Epeq ] o
0 8 0 bybybs 0 c 0 En-2 0
0 0 a;, by bybs 0 0 g Epes 0
3122) |6 @ €y f, 0 0 gy G O E,_, 0
€3 63 63 0 f3 0 Gy Qo3 Oas Ehs} = 10
€5 €5 65 0 0 f5 Qs Gos Oss Ens 0
(3.129) b 0 0 Jy hs s kK 0 O B g
0 L 0 bbbk 0k 0 Epe °
(0 0 by y sls O 0 k [(Bs] "

Figure 3.23 A three term expansion of the algebraic equations for the SCCF plate.

Figure 3.23 portrays the system of equations, in matrix form, resulting from a three
term expansion of equations (3.117), (3.122), and (3.123). Coefficients leading each E
factor are building block contributions and are defined in appendix A. Any integrals used

are listed in appendix B. Eigenvalues and mode shapes are obtained by following the
same procedure presented in section 3.10 for the SFSF plate.



82
3.16 The CSCF Plate
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Figure 3.24 The CSCF plate under unilateral in-plane load.

Table 3.13 Boundary conditions summary of the CSCF plate and its building blocks.

—
Boundary conditions at specified edge

Plate E=0 n=0 E=1 n=1

SSsv W=0 M =0 w=0,M =0 W=0,M,=0 S, x<E,V,=0
SSWR W=0,M, =0 wW=0,M,=0 W=0,M,<E, §,=0,V,=0
WSSR W=0,M,<xE, W=0,M =0 W=0,M,=0 $,=0,V,=0

CSCF W=0,Si=0 W=0,M==O W=O.Si=0 Mn=0,V==O

An analytical-type solution for the CSCF plate is obtained by superimposing the
SSSV, SSWR, and WSSR building blocks, as shown in Figure 3.1. Each building biock
possesses a distinct harmonic boundary condition which regulates its amplitude, as
shown in Table 3.13. The final solution is achieved once the harmonic rotations and
moments are adequately adjusted such that the remaining boundary conditions become
satisfied. Specifically, harmonic siopes cause moments for a free edge to vanish and
harmonic moments cause slopes for a clamped edge to vanish.

The superimposed CSCF solution is
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W(E:n) = Wggey(E:n) + Wagwn(§:n) + Wygga(Ein)

or

W) = 3 Yal)snms) + 3~ Yy(6)sn("Z1)

m=1,2 1,38
.y Y, (1- LLuR (3.124)
1-12.8.5 o E)sh( 2 )

The details of functions Y,(n), Y (1-n), and Y,(1-€) above are given in Table 3.14.

The bending moment along the free edge is defined by equation (2.5) and is set
equal to zero. Superimposed solution (3.124) is substituted for W(E,n)) in the expression.
Evaluation at n = 1 gives

Y v - v(mz $lYy(1) Jsi(m= ) +

m=1,2.3

2.3 v2Y,(E) -(ﬂzﬁ)zv,,(e)]cos(“_z".) .

n=13,5

) [VO‘Y”U -§)- (3—- Yol - :)]eos -0. (3.125)

q=1,3,85

The Y,(E), Y,"(E), Y,(1-5). and Y,"(1-E) terms are expanded into sin(m=E) series, giving

- - ll_-1 1
. X {Y..'.’m - v(mx$P V(1) -2(“7" E R SR R
m=1,29 n,q=1,3,§ 0
()]
+ 2v@*(-1) 2 /[ Y6 sinm = £) d (3126)
0

g-1!
( ]( T )fvu-e)sl«mue)de r2v-1f T )fv”u e)sln(mu:)de}swmue)-



Table 3.14 Solutions summary for the CSCF building blocks.

Bui'ding block Case solution Solution coefficients (X)
Case Equation X=0 X#0
SSSV 1 (3.8) A, D, B, (3.24), C,, (3.25)
3:?;‘;’" 3.2 2 (3.12) B.. D, A, (3.26), C,, (3.27)
3 (3.16) B, D, A, (3.28), C,, (3.29)
SSWR 1 (3.37) A, D, B, (3.38), C, (3.39)
3:*(‘2?“ 3.3 2 (3.40) B, D, A, (3.41), C, (3.42)
3 (3.43) B, D, A, (3.44), C, (3.45)
4 (3.46) B, D, A, (3.47), C, (3.48)
WSSR 1 @3.37)" A, D, B, (3.38), C, (3.39)
3:‘:‘_'2;‘ 3.5 2 (3.40)* B. D, A, (3.41), C, (3.42)
3 (3.43)* B, D, A, (3.44), C, (3.45)
4 (3.46)" B, D, A, (3.47), C, (3.48)
* Replace coordinate & with 1-£.
Equation (3.126) is rewritten as
Y % [8nEn * BaaEn + dngEa] = 0- (3.127)

The coefficient leading each E factor (or plate amplitude) is defined in appendix A and
can be labelled as a building block contribution in the superimposed solution.

Slope along the clamped edges are defined by equation (2.2). Once again, the
superimposed solution, given by equation (3.124), is used for W(Z,n) in this expression.
Evaluation results in

E (mx)Y,(n) cos(mn) + z.: Ynl(” sin(ﬁ‘éﬂ) _

m=1,2,3 n=1,8,8

T Y0 sin(ﬂ?-) -0 (3.128)

q=1,3,5
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for£ = 1 and
- . v nxy) _
IRLASORS > Y..(O)sm( : )
¥ Y sin(g?-) -0 (3.129)
q=1,3,8

for £ = 0. The first term in the above equations is expanded into Fourier sin(ntn/2)
series, respectively becoming

1
Yy X {2m(-1)m [ Yaln) sin(m)dq +Y, (1) -Y;(o)} sm("_’;L) -0 (3.130)
0

m=1,2,3 n,q=1,3,5 2
and

1
> ¥ { 2m= { Y...('I)Sin("—zﬂ-)dq + Ya(0) - Yq(1) } sn("_’;L) -0. (3131)

m= |2|3 n,g= lals

The slope equations are reduced to

mnEm * f.Eq + N,E, 1=0 (3.132)
m-z.:z.s n.q-E.s,s[ ° e ]

for the edge at £ = 1 and

% [SwnEm * tEn ¢ V,E ] = 0 (3.133)
m=1,2,3 n,q=1,3,5
for the edge at £ = 0. The building block contributions are listed in appendix A.
Figure 3.25 portrays the system of equations, in matrix form, resulting from a three
term expansion of equations (3.127), (3.132), and (3.133). Coefficients leading each E
factor are building block contributions and are defined in appendix A. Any integrals used
are listed in appendix B. Eigenvalues and mode shapes are obtained by following the
same procedure presented in section 3.10 for the SFSF plate.
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sssv SSWR WSSR
(&, 0 0 by b, b, d, dyy dig | [Emet | 0
GI27) 1 0 8 0 by by by dy dy dy | |Ene 0
0 0 &, by by by dy dyy dy | |Eneo 0
87 6,68, f, 0 O h, 0 0 | |En 0
B132) |egye5360 0 f, 0O O hy 0 |{Es} =40}
65 @5 85 0 0 f, O O h| |Ens 0
81 8 3%y 4 0 0 v, 0 O o1 0
(3133) |13 823 8 O 4, O O vy O Eo-s g
85 85 85 0 0 &3 0 0 v; | (Bs]

Figure 3.25 A three term expansion of the algebraic equations for the CSCF plate.

3.17 The CCCF Plate

n
- ‘I* F — -
- —_—
-y 0 C 1—» 3

Figure 3.26 The CCCF thin rectangular plate under unilateral in-plane load.

Consider the plate presented in Figure 3.26, where none of the edges are either
simply supported or slip shear. The superimposed solution of the CCCF plate consists
of the SSSV, SSWR, SWSR, and WSSR building blocks, as shown in Figure 3.1. The
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building block solutions are derived in sections 3.2 through 3.5 inclusively. The CCCF
plate solution becomes

W(Eim) = Wgggy(Eim) + Wegum(Eim) + Wawsa(E:n) + Wigsa(E:n)
or

WEa) = 3 Yamsnimag) + 3 Y, en("50)

m=1,29 n=1.3,

¢ Y Y(-msinpzd) + X Y -E)sh(ﬂl‘z—'l). (3.134)

p=1,2,8 q-1,3,5

Table 3.15 Boundary conditions summary of the CCCF plate and its building blocks.

Boundary conditions at specified edge
Plate E=0 n=0 E=1 n=1
SSSV.  W=0,M,;=0 W=0,M,=0 W=0,M,=0 S «E,V,=0
SSWR  W=0,M;=0 W=0,M,=0 W=0Mx<E §,=0,V,=0
SWSR  W=0,M,=0 W=0,M,xE, W=0,M=0 §,=0,V,=0
WSSR W=0,M,<E, W=0M,=0 W=0,M,=0 §,=0,V,=0

CCCF W=O.Si=0 W=O,S==0 W=O.Si=0 M==0,V==0

Table 3.16 summarizes the building block solutions. Each building block possesses a
distinct harmonic boundary condition which regulates its amplitude, as shown in Table
3.15. The final solution is achieved once the harmonic rotations and moments are
adequately adjusted such that the remaining boundary conditions become satisfied.

The bending moment along the free edge is defined by equation (2.5) and is set
equal to zero. Superimposed solution (3.134) is substituted for W(E,n) in the expression.
Evaluation at n = 1 gives



88
Table 3.16 Solutions summary for the CFCF building blocks.

“

Building block Case solution Solution coefficients (X)
Case Equation X=0 X#0
SSSV 1 3.8) A, D, B, (3.24), C,, (3.25)
3:(‘:‘1')"" 3.2 2 (3.12) B, D, A, (3.26), C,, (3.27)
3 (3.16) B,, D, A, (3.28), C,, (3.29)
SSWR 1 (3.37) A, D, B, (3.38), C, (3.39)
3;%“’" 3.3 2 (3.40) B, D, A, (3.41), C, (3.42)
3 (3.43) B, D, A, (3.44), C, (3.45)
4 (3.46) B, D, A, (3.47), C, (3.48)
SWSR 1 3.8 B, C, A, (3.53), D, (3.54)
,S,:(‘i":')‘ 34 2 (3.12)° A, C, B, (3.55), D, (3.56)
3 (3.16)* A, C, B, (3.57), D, (3.58)
WSSR 1 (3.37)" A, D, B, (3.38), C, (3.39)
39(?'_‘6’;‘ 3.5 2 (3.40)" B, D, A, (3.41), C, (3.42)
q
3 (3.43)" B, D, A, (3.44), C, (3.45)
4 (3.46)" B, D, A, (3.47), C, (3.48)

* Replace coordinate n with 1-n.
** Replace coordinate & with 1-E.

Mi:za[Yéf(i) -v(Mx$PY (1) |sim= ) +

Y |vervie) -(—'12’—‘-]2Y,,(§)]cos(.'_'2£) .

n=1,9,5

9-12.; 3 [Y;'(O) - V(pn¢)2vp(o) ]3'“(93 §) +

)i‘ [ vé2Y,(1-8) -(ﬂzﬁ)zvqu -e)]cos(ﬂzﬁ) =0. (3.135)

q=1 3,5
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 sssv SSWR SWSR  WSSR
(3.137) & 0 0 bybybs ¢ 0 O dy dy dig| [Ema o
0 8 0 bbby 0 ¢ O dydyiy| (Enal |
0 0 & bubyby 0 0 & dydgdg| [Ema| |2
€10y 0 f, 0 O Gy gygy h 0 O En. 0
(3.144) | o,y 6, 63 O fy O Q3 0n0s O hy O Ens 0
©55 05 65 0 O f3 Qi Q59 O O hy 4E“‘5,=4°,
iy 0 0 iy Jis s K 0 O Iy Ly Iy B 0
(B145) | 0 b 0 jyy js is O Kk O by by by | [Ee 0
0 0 s s ks 0 0 k Iy ly | |Eps g
S1 831 8y 4 0 0 u,uyu, v, 0 O Bt 0
(3146) 513 83 8% 0 t 0 usuyuy O vy O | |Egs 0l
S15 825 S5 0 0 & uUgUgUs O 0 vy | (Egs| )

Figure 3.27 A three term expansion of the algebraic equations for the CCCF plate.

Indices consisting of the same sequence of numbers are grouped together. The Y, (§),
Y,"(€), Y4(1-€). and Y "(1-%) terms in the above equation are expanded into Fourier
sin(mn&) series, giving

n-1

1
{v.:.'u) - v(mESRY (1) - 2(225)2(—”( 7 [¥,(0) sinen £) o
0

m,p=1 1213 ﬂ-ﬂ*‘ ‘315

n-1\1
+ 2v ¢’(-1)(T) f Yo (E)sinmz§)dE + Y, (0) - v(prdRY,0)  (3.136)
]

q-1 1 q-1 1
_ 2(“—2")2(-1)( 2 )fv.a -E)sinmx E)dE + 2v¢2(-1)( 2 )fv;’u -E)sin(mnE)dE}sin(mnE) =0.
0 0

Equation (3.136) is rewritten as

m,p=1,2,3 n,g=1 35[ anE, + b,,E, + cpEp + quEq ] =0. (3.137)
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The coefficient leading each E factor (or plate amplitude) is defined in appendix A and
can be described as a building block contribution in the superimposed solution.

Slope along a clamped edge is defined by either equation (2.2) or (2.3). Once
again, the superimposed solution, given by equation (3.134), is used for W(£,1)) in these
expressions. Evaluation for each edge resulits in

Y (m=z)Yy(n)cos(m=z) + f: Y.{(1)stn(m‘2_'1) +

m=1 .2'3 n=1 '3'5

Y. (px)Y,(1-n)cos(pr) - Z.: Y.(0) sin(-g’;—'l) =0 (3.138)

p=1,2,3 q=1,3,5
forg =1,
2-: Y (0)sin(mxE) + i ("?")Yn(g) -
m=1,2,3 n=1,3,5
E Y (1)sin(px ) + f: (ﬂi)vqa-e) =0 (3.139)
p=1.2 q-1,85\ 2
forn =0, and

Y munY,m -+ ¥ Y.,'(O)sin(-"—;l) .

m-1,2,3 =135
)5 (Pr)Y,(1-n) - 2 Y (1) sin(ﬂ—'l) 0 (3.140)
p=1,2,8 q=1,3,5

for £ = 0. The first and third terms in equations (3.138) and (3.140) are expanded into
Fourier sin(nan/2) series while the second and fourth terms in equation (3.139) are
expanded into Fourier sin(mnZ) series. The above three equations respectively become

{Zmn( 1)m f Ym(q)sin(__'l)dq + Y1)

m,p=1,2,3 n,q=1,3,56

1
+ 2911:(‘1)9pr(1 -n) sin("—;ﬂ)dq - YJ(O) } sm(ﬂ?.) =0, (3.141)
0



1
{ Ya(0) + nx [Y,(5) sin(mx £) dg
m,p=1,2,3 n,q=1,3,5 0

1
- Y)(1) + qx [Y (1 -E) sinm= &) d } sin(mz€) - 0,
]

and

1
in[VE0 ) dq - v/
m,p=1,2,3 n,q=1,3,5 {2'““ ‘!; YM(") sm( 2 )dﬂ Yn(o)

2 2

. 2pn}Y,(1 -n) sin("’"‘)dq - Y. } sm(ﬂﬂl) -0.
0

The slope equations are reduced to

Ezs ;3 s[ OmnEm + TaEn + GpnEp + NgEq [ = 0

for the edge at £ = 1,

m.p*E.Z.S n.qzzt.s.s[ imEm + jmnEn + KBy + IngEq [ = 0

for the edge at n = 0, and

"'-9'21-2-3 n.qgi:.s.s[ SmnEm + 6By + UpaEp + Vo€ 1=0

for the edge at £ = 0. The building block contributions are listed in appendix A.
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(3.142)

(3.143)

(3.144)

(3.145)

(3.146)

Figure 3.27 is a matrix representation of the linear equations resulting from a three
term expansion of equations (3.137), (3.144), (3.145), and (3.146). Eigenvalues and
mode shapes are obtained by following the procedure described at the end of section

3.10.
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4 Presentation of Results

Free vibration analysis resuits are presented for thin rectangular plates subjected
to evenly distributed unilateral in-plane loads. The magnitude of each in-plane load used
is a specified percentage of the critical buckling load for the plate being analyzed. Thus,
plate stability is analyzed prior to free vibration. Buckling loads are presented for each
plate under investigation. Eigenvalues and associated eigenvectors are then presented
for the first eight modes of free vibration. Mode shape migrations are traced in
eigenvalue curves. The following plate configurations are analyzed: SSSF, SFSF, SFCF,
CFCF, SCSF, SSCF, SCCF, CSCF, and CCCF. Nine aspect ratios are considered for
each plate: 1/3, 2/5, 1/2, 2/3, 111, 312, 2/1, 5/2, and 3/1. Buckling load curves are also
presented for each plate. All calculated resuits are presented in dimensionless form.

4.1 Buckling Analysis Results

Equation (2.1) can be modified to analyze plate buckling due to in-plane loads.
Setting parameter A* equal to zero eliminates the dynamic characteristics of free vibration
from the governing equation. The resulting differential equation,

a‘wﬁ-lll +2¢23‘w(5n'l) +¢43‘W(E,g) +p:¢2azw“-1|l =0, (4.1)
an* an23g? a4 )3
is used to determine transverse plate displacement due to a unilateral load. The first
value of P, to satisfy equation (4.1) for a given plate is a critical buckling load.

The free vibration solutions presented in section 3 can be used to obtain buckling
loads. In a free vibration analysis, natural frequencies are determined by examining the
effect of A> on the determinant of a coefficient matrix comprised of building block
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contributions. The A? value which makes the determinant equal to zero is a
dimensioniess natural frequency. For plate buckling, A?is set equal to zero and the effect
of P, on the determinant is examined instead.

Timoshenko [17] used Lévy-type solutions to obtain buckling loads for the SSSF
and SCSF plates. Buckling k factor results are reproduced in Tables 4.1 and 4.2 so that
comparisons can be made with results obtained using the present solution, where

-P, .

. 4.2)

K =

T
Calculated k factors were within 0.5% of the published resulits.

Table 4.1 Buckiing k factors, SSSF plate, v = 0.25, k = - N, b/ (2 D).

¢ Lévy-type solution [17] Present solution Percent difference
1/3 0.564 0.563 -0.17%
1/2 0.698 0.698 -0.01%
171 1.440 1434 -0.40%
2/ 4.400 4.404 0.08%

Table 4.2 Buckling k factors, SCSF plate, v = 0.25, k = - N, b? / (2 D).

¢ Lévy-type solution [17] Present solution Percent difference
12 1.38 1.386 0.45%
2/3 1.34 1.339 -0.06%
171 1.70 1.698 -0.10%

Timoshenko [17] also reviews column buckling solutions which satisfy

dly , Pud?y _,. 4.3)
dx4 El gx2

Resuits are presented as k factors. Beams having a rectangular cross-section can be
approximated as long, siender plates. Published beam resuits are compared to those
derived using the present solution, where
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P (4.4)

x2¢2(1-v?)
Specifically, the simple-simple, simple-clamped, and clamped-clamped beams are
compared to the SFSF, SFCF, and CFCF plates respectively. Tables 4.3, 4.4, and 4.5
show that beam resuits are approached by the plate solution as the plate becomes long

and slender. A Poisson ratio of 0.333 was used in the plate solutions.

Table 4.3 Buckling k factors, SS beam, k =- P, a%/ (x* E ).

¢ Beam solution [17] Plate solution Percent difference
1/10 1.000 : 1.002 0.17%
1/3 1.000 1.013 1.31%
12 1.000 1.025 2.53%
17 1.000 1.057 5.71%

Table 4.4 Buckling k factors, CC beam, k = - P, a® / (r* E ).

¢ Beam solution [17] Plate solution Percent difference
1/10 4.000 4.089 2.22%
1/3 4.000 4.251 6.27%
1/2 4.000 4.306 7.66%
171 4.000 4.382 9.54%

Table 4.5 Buckling k factors, SC beam, k=-P, a?/ (2 E I).

¢ Beam solution [17] Plate solution Percent difference
110 2.047 2.068 1.06%
1/3 2.047 2.126 3.88%
12 2.047 2.157 5.40%
17 2.047 2.210 8.00%



95

Comparisons are also made to results generated using the approximate formula
proposed by Dickinson [11]. Coefficients used in buckling formula (1 .2) were derived
using characteristic beam functions in Rayleigh's method and are taken directly from the
paper. Resuits of the study are listed in Table 4.6. Relative error in the approximate
results is as high as 11%.

Table 4.6 Approximate buckling loads, P, = - N, b2/ D.

“
Plate

¢ SSSF SFSF SFCF CFCF SCSF SSCF SCCF CSCF CCCF
Approximate formula [11]
13 5.10 1.10 2.30 452 1284 630 1469 852 1725
171  13.87 987 2069 4068 1675 2469 2740 4468 47.31
3/1 92.83 8883 186.21 366.12 9460 19021 191.96 370.13 371.86
Present solution

113 5.06 0.99 2.07 415 1241 618 1345 828 16.27
171 1359 928 1940 3845 1598 2375 2581 4281 44.74
31 9122 8667 178.83 35149 91.83 183.37 183.87 35598 356.42

Percent difference

13 08% 11.1% 11.1% 89% 35% 19% 92% 29% 6.0%
171 21% 64% 66% 58% 48% 40% 62% 44% 57%
31 18% 25% 41% 42% 30% 3.7% 44% 40% 4.3%

Unilateral in-plane buckling loads for all plates of interest are calculated using the
present method and are listed in Table 4.7. Comparisons are made to numerical results
obtained using the general purpose finite element program ANSYS [18]. The difference
in P, between the two solution methods did not exceed 0.3%. Details of the FEM model
and analysis are given in appendix C. Buckling load versus aspect ratio graphs are
shown in Figures 4.1 to 4.9.



Table 4.7 Buckiing loads, P, = - N, b*/D.

—
Plate

¢ SSSF SFSF SFCF CFCF SCSF SSCF SCCF CSCF CCCF
Present solution
13 5062 0988 2073 4.145 12413 6.179 13450 8276 16.271
2/5 5529 1429 3.004 6.005 13344 7.140 13994 10.165 17.057
172 6390 2249 4732 9447 12846 8912 14178 13648 18637
2/3 8253 4046 8502 16928 12413 12.749 16.270 21.191 24.498
11 13593 9.276 19.397 38.451 15.980 23.748 25.807 42.810 44.736
3/2 25.659 21.235 44.142 87.158 27.095 48.590 49.829 91.602 92.745
2/1 42611 38.122 78.963 155.568 43.620 83466 84.328 160.054 160.835
5/2 64.462 59.932 123.858 243.677 65.226 128.391 129.035 248.179 248.751
3/1 91220 86.665 178.826 351.486 91.825 183.371 183.873 355.984 356.420
Finite element solution [18]
13 65061 0989 2077 4.156 12409 6.179 13450 8.279 16.289
2/5 5529 1430 3.009 6.020 13.347 7.142 13994 10.172 17.065
12 6391 2251 4739 9467 12844 8916 14.180 13.663 18.653
2/3 8256 4048 8512 16956 12.414 12.758 16.280 21.218 24.529
171 13.600 9.281 19.411 38488 15987 23.766 25.828 42.852 44.788
3/2 25673 21.243 44.160 87.185 27.111 48617 49.862 91.643 92.804
2/1 42636 38.140 78.992 155.570 43.648 83.506 84.378 160.082 160.890
5/2 64.510 59.970 123.913 243.673 65.278 128.463 129.120 248.218 248.825
3/1 91.305 86.736 178.932 351.510 91.914 183.504 184.023 356.100 356.580
Percent difference
13 -0.01% 009% 0.17% 0.28% -0.03% 0.00% 0.00% 0.04% O0.11%
2/5 000% 0.08% 0.16% 025% 0.02% 0.02% 0.00% 0.07% 0.05%
172 002% 008% 0.14% 021% -0.02% 0.05% 0.02% 0.11% 0.09%
213 0.04% 006% 0.11% 0.17% 0.01% 0.07% 0.06% 0.13% 0.13%
11 0.05% 005% 0.07% 010% 0.05% 007% 0.08% 0.10% 0.12%
3/2 0.05% 0.04% 0.04% 0.03% 0.06% 006% 0.07% 0.04% 0.06%
2/1 0.06% 0.05% 004% 0.00% 0.06% 0.05% 0.06% 0.02% 0.03%
52 007% 0.06% 0.04% 000% 0.08% 0.06% 007% 0.02% 0.03%
3/1 009% 0.08% 0.06% 001% 010% 007% 0.08% 0.03% 0.05%

“
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Figure 4.1 Buckling load curves, SSSF plate,  =b/a, P, =- N, b*>/D.
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Figure 4.2 Buckling load curves, SFSF plate, ¢ =b/a, P, =- N, b?/D.
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Figure 4.3 Buckling load curves, SFCF plate, § =b / a, P:=-N, b%/D.
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Figure 4.4 Buckling load curves, CFCF plate, ¢ =b/a, P,=-N, b*/D.
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Figure 4.5 Buckling load curves, SCSF plate, ¢ =b/a, P, =- N, b*/D.
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Figure 4.6 Buckling load curves, SSCF plate, ¢ =b/a, P, =-N_b?/D.
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Figure 4.7 Buckling load curves, SCCF plate, ¢ =b/a, P, =- N, b*/D.
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Figure 4.8 Buckling load curves, CSCF plate, $=b / a, P, =-N,b*/D.
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Figure 4.9 Buckling load curves, CCCF plate, §=b/a, P, =- N, b*/D.

o
—Q L)
AL
AN
N\
N
(7]
[4']
\\
N
N
\

_\ Q

N
N, 2
\ @
\\‘ 2 §
(7]
<
* 2o
[+
\ o

\

o

\\ -

)

o

o

(=]

8 e ] 2 e ] 8 3 i
- L] @ N N - -

peon Buipjong ssajuolsuswi(g

105



106

4.2 Free Vibration Analysis Results

An approximate frequency formula is used to generate free vibration resuits for
comparison purposes. Eigenvalues for the first and second modes are obtained by using
equation (1.1) with coefficients tabulated in Dickinson's paper [11]. Unloaded plates of
aspectratio 1/3, 1/1, and 3/1 are examined. Results are listed in Tables 4.8 to 4.10. The
maximum relative error between the two methods exceeds 5%.

The present solution is used to calculate eigenvalues and mode shapes for plates
subject to in-plane forces. Results were obtained for eight modes of free vibration.
Comparisons are made to calculated ANSYS [18] finite element results. Relative
differences in eigenvalues averaged at 0.2%. Eigenvalues are listed in Tables 4.11 to
4.91. Details of the FEM model and analysis are given in appendix C.

Only analytic-type results are used to generate the eigenvalue curves presented.
Each plotted line represents the eigenvalues associated with a specific deflected shape.
This allows the reader to trace how stiffness for a specific mode shape will be affected
by in-plane load. Deflected shapes are labelled according to the mode shapes of the
plate under zero in-plane load. The mode shapes themselves are also iliustrated.

Table 4.8 Approximate eigenvalues, ¢ = 1/3, A>= o a? (p / D)'~.

\
Plate

Mode SSSF SFSF SFCF CFCF SCSF SSCF SCCF CSCF CCCF
Approximate formula [11]
21.28 987 1542 2239 4000 2553 4269 30.74 4612
2 54.59 3898 4352 47.70 67.54 6357 7531 73.90 8448
Present solution
21.20 937 14.87 2182 3985 2523 4228 3041 4565
54.15 3791 4245 4658 6641 63.02 7400 73.24 83.02
Percent difference
04% 53% 37% 26% 04% 12% 1.0% 1.1% 1.0%
08% 28% 25% 24% 17% 09% 18% 09% 1.8%

-

N -

N



Table 4.9 Approximate eigenvalues, ¢ =1/ 1, A*=a a* (p / D)2
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“
Plate

Mode SSSF SFSF SFCF CFCF SCSF SSCF SCCF CSCF CCCF
Approximate formula [11]
1 11.70 987 1542 2239 1286 1685 17.75 2346 2414
2 27.73 1598 2054 2642 33.12 31.32 36.36 3578 4035
Present solution
1 1158 957 1513 2211 1256 1670 1742 2328 2381
2 2759 1588 2034 2619 3289 3095 3585 3541 39.83
Percent difference

1 10% 31% 19% 13% 24% 09% 19% 08% 14%
2 05% 06% 1.0% 09% 0.7% 12% 14% 10% 1.3%

Table 4.10 Approximate eigenvalues, ¢ =3 /1, A= a? (p / D)™2.

\
Plate

Mode SSSF SFSF SFCF CFCF SCSF SSCF SCCF CSCF CCCF
Approximate formula [11]

1 1009 987 1542 2239 1019 1559 1566 2251 2256
2 1219 1072 16.07 2287 1267 1723 17.62 2375 24.05
Present solution
1 1000 9.75 1530 2226 10.03 1549 1551 2240 2242
2 1207 1061 1594 2272 1239 1711 1735 2363 23.81
Percent difference
1 09% 12% 08% 06% 16% 06% 1.0% 05% 06%
2 10% 10% 08% 07% 23% 0.7% 16% 05% 1.0%
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Eigenvalues, SSSF plate,  =1/3,A* =@ a (p / D)'2.

In-plane load as a percentage of buckling load

-100%

-50%

0% 20%

40% 60%

80%

90% 99%

Present solution

WO ~NOOGOEWUN

2999 2597 21.20

18.97

16.42 13.41

9.48

6.71 212

6878 6190 5415 50.72 47.04 4305 3865 36.24 3394

122.12
153.95
192.81
195.19
256.36
282.06

113.53
163.22
183.24
192.87
252.38
271.92

104.24
152.48
173.15
190.52
248.34
261.38

162.19
168.94
189.58
246.71
257.04

161.89 151.59
164.63 160.20
188.63 187.67
245.06 243.40
252.63 248.14

151.30
155.64
186.71
241.73
243.57

100.29 96.17 9186 87.35 85.00 82.83

1561.02
161.19
185.79
239.15
240.14

151.15
163.32
186.23
240.90
241.25

Finite element solution [18]

N DHDWON

29.99
68.79
122.20
153.86
193.14
194.92
255.73
282.97

25.97
61.91
113.63
163.12
183.59
192.60
251.75
272.86

21.20 18.96
54.16 50.73
104.34 100.39
152.39 152.09
173.52 169.32
190.26 189.31
247.70 246.06
262.36 258.04

1642 13.41
47.05 43.06
96.27 91.97
161.79 151.49
165.02 160.60
188.36 187.40
244.41 242.75
253.65 249.17

9.48
38.66
87.46

1561.20
156.06
186.43
241.07
244.62

6.70
36.26
85.12

151.06
183.74
185.95
240.24
242.32

2.12
33.95
82.95

150.92
1561.61
185.52
239.48
240.22

Percent difference

ONOOMDLDWN -

-0.01%
0.01%
0.06%
-0.06%
0.17%
-0.13%
-0.24%

-0.01%
0.01%
0.08%
-0.06%
0.19%
-0.14%
-0.25%

0.00% -0.01% -0.01% -0.01% -0.01%

0.02% 0.02%
0.09% 0.10%
-0.06% -0.06%
0.21% 0.22%
-0.14% -0.14%
-0.26% -0.26%

0.02% 0.03%
0.11% 0.12%
-0.06% -0.07%
0.24% 0.25%
-0.14% -0.14%
-0.26% -0.27%

032% 0.35% 0.37% 0.39% 0.40% 0.42%

0.04%
0.13%
-0.06%
0.27%
-0.15%
-0.27%
0.43%

-0.01%
0.04% 0.05%
0.14% 0.15%
-0.06% -0.07%
0.27% 0.28%
-0.15% -0.15%
-0.27% 0.14%
0.44% 0.03%

-0.02%
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Figure 4.10 Eigenvalue curves, SSSF plate, $ =1/ 3,
P,=-N,b*/D, A*=0 & (p/ D)
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Figure 4.11 Mode shapes, SSSF plate, ¢ = 1/ 3.
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Table 4.12 FEigenvalues, SSSF plate, $ =2 /5, A*> = o a* (p / D).

in-plane load as a percentage of buckling ioad
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Present solution

26.12 2262 1847 1652 1430 1168 826 584 2.33
62.16 5641 50.00 47.19 4420 4100 3753 3566 40.11
11148 10694 9950 9637 93.13 89.77 86.29 8449 93.84
113.89 110.71 109.94 109.63 109.32 109.01 108.69 108.54 109.52
151.41 149.14 146.84 145.90 144.97 144.02 143.07 142.59 146.12
183.69 176.10 168.18 164.90 161.56 158.14 154.66 152.88 167.10
209.97 206.28 202.53 201.01 199.47 197.93 196.37 19550 202.69
27246 264.53 256.34 252.99 249.60 246.16 242.67 240.91 260.02

O NOOOHL WN

Finite element solution [18]

26.12 2262 1847 1652 1430 1168 826 584 1.85
62.17 56.42 50.01 47.21 4422 4102 3755 3569 33.92
11142 107.04 9962 9649 9325 B89.90 8642 8462 82.98
113.99 110.65 109.88 109.57 109.26 108.95 108.63 108.48 108.33
151.23 148.96 146.66 14572 144.78 143.83 142.89 142.41 141.97
184.05 176.48 168.57 165.31 161.97 158.57 155.09 153.31 151.71
209.55 205.85 202.09 200.57 199.03 197.48 19592 195.13 194.43
273.40 265.49 257.33 253.99 250.62 247.19 243.72 241.97 240.37

O ~NOOOEWON

Percent difference

0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% -20.62%
0.02% 0.03% 0.03% 0.04% 0.04% 0.05% 0.06% 0.07% -15.44%
-0.06% 0.10% 0.12% 0.13% 0.13% 0.14% 0.16% 0.16% -11.58%
0.09% -0.06% -0.05% -0.06% -0.06% -0.05% -0.06% -0.05% -1.09%
-0.12% -0.12% -0.12% -0.12% -0.13% -0.13% -0.13% -0.13% -2.84%
0.20% 0.22% 0.24% 0.25% 0.26% 0.27% 0.28% 0.28% -9.21%
-0.20% -0.21% -0.22% -0.22% -0.22% -0.23% -0.23% -0.23% -4.07%
0.34% 0.36% 0.39% 0.40% 041% 042% 043% 0.44% -7.55%

ONOOODEDWN
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Figure 4.12 Eigenvalue curves, SSSF plate, $=21/5,

P.=-N,b*/D, A*=0 a® (p /D)2
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Figure 4.13 Mode shapes, SSSF plate, § =2/5.
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Table 4.13 Eigenvalues, SSSF plate, ¢ =1/2, A =@ a* (p / D)™2.

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Present solution

2246 1945 1588 1421 1230 1005 7.10 502 1.59
56.17 5149 46.33 4410 4175 3926 3660 3519 33.88
7668 7586 75.02 7468 7435 7401 7366 7349 73.34
106.71 101.25 9548 93.07 9060 8806 8544 8410 82.88
114.85 11264 110.37 109.46 108.53 107.60 106.65 106.18 105.75
170.58 167.22 163.79 161.58 159.06 156.50 153.90 152.59 151.39
175.93 170.10 164.06 162.40 160.99 159.58 158.15 157.43 156.78
212.52 212.23 211.93 211.81 211.69 211.57 21145 211.39 211.34

O NODODOEWN-

Finite element solution [18]

2246 1945 1588 1421 1230 1005 7.10 502 1.89
56.20 5151 46.35 44.12 41.77 3928 3663 3522 33.91
7665 7582 7498 7465 7431 7397 7363 7346 73.30
106.82 101.37 9561 9320 90.73 88.19 8558 8424 83.02
114.75 11253 110.27 109.35 108.42 107.48 106.55 106.07 105.64
170.35 166.98 163.55 161.98 159.46 156.91 154.32 153.00 151.81
176.29 170.47 164.45 162.15 160.74 159.33 157.90 157.17 156.52
212.26 211.97 211.66 211.55 211.43 211.31 211.19 211.13 211.08

O NDODODBDWN -

Percent difference

0.01% 0.01% 0.01% 0.01% 0.01% 0.01% 0.01% 0.01% 0.03%
0.04% 0.04% 0.05% 0.06% 0.06% 0.07% 0.08% 0.08% 0.09%
-0.04% -0.05% -0.05% -0.05% -0.05% -0.05% -0.05% -0.05% -0.05%
0.11% 0.12% 0.13% 0.14% 0.14% 0.15% 0.16% 0.16% 0.17%
-0.09% -0.09% -0.10% -0.10% -0.10% -0.10% -0.10% -0.11% -0.10%
-0.14% -0.14% -0.15% 0.24% 0.25% 0.26% 0.27% 0.27% 0.28%
0.21% 0.22% 0.24% -0.15% -0.15% -0.16% -0.16% -0.16% -0.16%
-0.12% -0.12% -0.12% -0.13% -0.12% -0.12% -0.12% -0.12% -0.12%

O NOODLDWN
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Figure 4.14 Eigenvalue curves, SSSF piate, ¢ = 1/ 2,

Pe=-N,b’/D,A*=0 a*(p/D)"
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Figure 4.15 Mode shapes, SSSF plate, ¢ = 1/ 2.
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Table 4.14 Eigenvalues, SSSF plate, § =2 /3, A*= o a® (p / D)'>.

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Present solution

19.16 16.58 1354 1211 1049 856 605 428 1.35
4952 4733 4329 4156 39.76 3787 3588 3484 33.88
51.06 4858 4763 4724 4685 4646 46.07 4587 4569
8541 8324 8101 8010 79.18 7825 77.30 76.83 76.40
100.82 9665 9228 9048 8864 86.76 8483 83.86 82.97
125.13 124.77 124.40 124.25 124.10 123.96 123.81 123.73 123.67
138.39 135.38 132.30 131.04 129.78 128.50 127.21 126.56 125.97
160.73 159.58 158.43 157.97 157.18 155.31 153.41 15245 151.58

0O NOODEDWN A

Finite element solution [18]

19.15 1658 13.54 1211 1049 856 6.06 428 1.35
4950 4736 4331 4159 3978 3790 3591 34.87 33.91
51.08 4857 4761 4723 46.84 4645 46.05 4585 4567
8537 8320 80.96 8005 79.13 7820 7726 76.78 76.35
100.93 96.76 92.40 90.59 88.75 86.87 84.95 83.98 83.09
125.03 12466 124.29 124.14 12399 123.85 123.70 123.63 123.56
138.31 135.30 132.21 130.96 129.69 128.41 127.12 126.47 125.88
160.52 159.37 158.22 157.75 157.29 155.64 153.74 152.78 151.92

®~NOODHE WN

Percent difference

0.02% 0.02% 0.02% 0.02% 0.02% 0.02% 0.02% 0.01% 0.03%
-0.03% 0.06% 0.06% 0.06% 0.07% 0.08% 0.08% 0.08% 0.09%
0.05% -0.03% -0.03% -0.03% -0.03% -0.03% -0.03% -0.03% -0.04%
-0.05% -0.05% -0.06% -0.05% -0.06% -0.06% -0.06% -0.06% -0.06%
0.11% 0.11% 0.12% 0.13% 0.13% 0.14% 0.14% 0.14% 0.15%
-0.09% -0.09% -0.09% -0.09% -0.09% -0.09% -0.09% -0.09% -0.09%
-0.06% -0.06% -0.06% -0.07% -0.07% -0.07% -0.07% -0.07% -0.07%
-0.13% -0.13% -0.14% -0.14% 0.07% 0.22% 0.22% 0.22% 0.22%

O NOOHAEWN
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Figure 4.16 Eigenvalue curves, SSSF plate, $=21/3,
P;=-N,b’/D,\*=0a’(p/D)>
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Figure 4.17 Mode shapes, SSSF plate, ¢ = 2/ 3.
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Table 4.15 Eigenvalues, SSSF piate, = 1/1, A*= o a* (p/ D)*2

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Present solution

1 16.38 14.19 1158 10.36 897 733 518 366 1.16

2 2993 2878 2759 2710 2660 26.09 2557 2531 25.07
3 4710 4416 41.01 3968 3831 3688 3540 3463 33.93
4 62.79 61.04 5880 5788 5694 5599 55.03 5454 54.09
5 63.20 6226 6172 6150 6128 61.06 6084 60.73 6063
6 9649 9331 9002 8866 8729 8590 8448 83.76 83.11

7 96.96 9556 94.15 9358 93.00 9242 9184 9155 91.29
8 114.02 111.34 108.59 107.47 106.34 105.20 104.05 103.47 102.94

Finite element solution [18]

1 16.38 14.19 1159 1036 897 733 518 366 1.16

2 29.92 28.78 2759 2710 2660 26.09 2557 25.31 25.07
3 4713 4419 4104 39.71 3833 3690 3542 3465 33.95
4 62.76 61.03 58.79 57.87 5694 5598 55.02 5453 54.08
5 63.19 6223 6168 6147 6125 6103 60.81 60.70 60.60
6 96.55 93.37 90.08 8873 8736 8596 8455 8383 83.18
7 96.88 9548 9407 9350 9292 9234 9176 9146 91.20
8 114.00 111.32 108.58 107.46 106.33 105.19 104.03 103.45 102.92

Percent difference

1 0.02% 0.03% 0.02% 0.02% 0.02% 0.02% 0.02% 0.02% -0.01%
2 -0.01% -0.01% -0.02% -0.02% -0.02% -0.02% -0.02% -0.02% -0.02%
3 0.04% 0.05% 0.05% 0.05% 0.05% 0.06% 0.06% 0.06% 0.06%
4 -0.05% -0.01% -0.01% -0.01% -0.01% -0.02% -0.02% -0.02% -0.02%
5 -0.01% -0.05% -0.05% -0.05% -0.05% -0.05% -0.06% -0.06% -0.06%
6 0.07% 0.07% 0.07% 0.07% 0.07% 0.08% 0.08% 0.08% 0.08%
7 -0.08% -0.08% -0.09% -0.09% -0.09% -0.09% -0.09% -0.10% -0.10%
8 -0.01% -0.01% -0.01% -0.01% -0.01% -0.01% -0.02% -0.02% -0.02%
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Figure 4.18 Eigenvalue curves, SSSF plate, ¢ =1/ 1,
P,=-N,b?/D,A*=0a(p/ D)~
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Figure 4.19 Mode shapes, SSSF plate, ¢ = 1/ 1.
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Table 4.16 Eigenvalues, SSSF plate, $ =3/2, A2=w a® (p / D)'2.

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Present solution

15.00 1299 1061 949 822 671 474 335 106
2107 1968 1820 1757 1692 1624 1553 15.16 14.82
35.22 3441 3359 3325 3291 3257 3222 32.04 31.88
45.29 4273 40.01 3887 37.69 3648 3522 3457 33.98
5272 5054 4826 4732 46.36 4538 4437 4386 43.40
5846 5798 5749 5730 57.10 56.90 56.71 56.61 56.52
6793 66.26 6453 6383 63.12 6241 61.68 61.31 60.98
90.80 9022 88.96 8793 86.77 8559 8440 83.80 83.25

O NOOOLEWN -

Finite element solution [18]

1601 1300 1061 949 822 671 475 336 1.06

2107 1968 1820 1757 1691 1623 1553 15.16 14.82
35.20 34.40 3357 33.23 3289 3254 3220 3202 31.86
4530 4274 40.02 38.88 37.70 3649 3523 3458 33.99
5272 50.54 4826 4732 46.35 4537 4437 4386 43.39
5842 5794 5745 5725 57.05 5686 5666 56.56 56.47
67.88 6620 6448 63.78 63.07 6235 6162 61.26 60.92
90.74 90.06 88.80 8793 86.77 8559 8440 83.80 83.25

Q@ ~NOOOHLE WON -

Percent difference

0.03% 0.03% 0.03% 0.03% 0.03% 0.03% 0.02% 0.02% -0.02%
0.00% 0.00% 0.00% -0.01% -0.01% -0.02% -0.02% -0.02% -0.03%
-0.05% -0.06% -0.06% -0.06% -0.06% -0.06% -0.07% -0.07% -0.07%
0.03% 0.03% 0.03% 0.03% 003% 003% 0.03% 0.03% 0.03%
0.00% -0.01% -0.01% -0.01% -0.01% -0.01% -0.02% -0.02% -0.02%
-0.08% -0.08% -0.08% -0.08% -0.08% -0.08% -0.08% -0.08% -0.08%
-0.07% -0.08% -0.08% -0.09% -0.09% -0.09% -0.10% -0.10% -0.10%
-0.07% -0.18% -0.19% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%

0O ~NOOOEWN--
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Figure 4.20 Eigenvalue curves, SSSF plate, ¢ =3/ 2,

P,=-N,b?/D, A =0 a* (p/D)"%
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Figure 4.21 Mode shapes, SSSF piate, ¢ = 3/ 2.
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Table 4.17 Eigenvalues, SSSF plate, ¢ =2/1,A*= o a2 (p / D)'2.

in-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution
1450 1256 1025 9.17 794 649 459 324 103
1792 16.39 1470 13.97 1319 1237 1149 1102 10.58
2567 2463 2354 23.09 2263 2216 2168 2143 21.21
3844 37.75 37.04 36.76 3647 36.18 35.18 3457 3402
4466 4224 3967 3860 3749 3635 3589 3574 3561
48.93 46.73 4443 4347 4249 4149 4046 3994 3946
56.36 55.70 53.78 5299 5219 51.38 50.55 50.13 49.76
5755 5589 65542 5523 5504 5485 5466 5456 5447
Finite element solution [18]
1451 1256 1026 917 794 649 459 324 103
1792 1639 1470 13.96 13.19 1237 1148 11.02 1058
2566 24.61 23.52 2307 2261 2214 2166 2141 21.19
3839 37.70 3699 36.71 3642 36.13 3518 3458 34.03
4467 4225 3968 3861 3750 36.36 3584 3569 35.56
48.92 46.73 4442 4346 4248 4148 4045 39.93 3945
56.29 5565 65372 5293 5213 51.32 5049 50.07 4969
5751 5582 5534 5515 5496 5477 5458 5448 5440
Percent difference
0.03% 0.03% 0.03% 0.03% 0.03% 0.03% 0.03% 0.03% 0.02%
0.01% 0.00% 0.00% -0.01% -0.01% -0.02% -0.03% -0.03% -0.03%
-0.06% -0.07% -0.08% -0.09% -0.09% -0.09% -0.10% -0.10% -0.11%
-0.12% -0.13% -0.13% -0.14% -0.14% -0.14% 0.02% 0.02% 0.02%
0.02% 0.02% 0.02% 0.02% 0.02% 0.02% -0.15% -0.15% -0.15%
-0.02% -0.02% -0.02% -0.03% -0.03% -0.03% -0.04% -0.04% -0.04%
-0.13% -0.09% -0.10% -0.11% -0.11% -0.12% -0.12% -0.12% -0.12%

-0.08% -0.14% -0.14% -0.14% -0.14% -0.14% -0.14% -0.14% -0.14%
e

O NDODOHE WON -

ONOOOEAE WON -

O ~NOOHRWN
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Figure 4.22 Eigenvalue curves, SSSF plate, $ =2/ 1,
P.=-N,b?/D,A*=o0 a(p/D)"
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Figure 4.23 Mode shapes, SSSF plate, ¢ =2/ 1.
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Table 4.18 Eigenvalues, SSSF plate, $=5/2, A*= o a* (p / D)'2.

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Present solution

1427 1236 1009 902 7.82 638 4.51 319 1.01
1646 1484 13.01 1220 1134 1040 937 881 827
21.32 2009 1878 1823 1766 17.07 1647 16.15 1587
2028 2840 2749 27.12 26.74 2636 2597 25.77 25.59
4055 3991 3927 3849 3741 3631 35.17 34.58 34.05
4438 4203 3953 3901 3875 3849 3822 38.08 37.60
4716 4495 4262 4166 4067 3966 38.62 38.09 37.97
5270 50.73 4869 4784 46.98 46.11 4522 4476 44.35

O~NOOOEHEWN -

Finite element solution [18]

1427 1236 1009 903 782 638 451 319 101

1647 1484 1301 1220 1134 1040 937 881 8.27

21.30 2007 18.76 1821 1764 17.05 1644 16.13 1584
2924 2835 2744 27.06 2668 26.30 2591 25.71 25.53
4046 39.82 39.18 3850 3742 36.32 35.18 3459 34.06
4440 4204 3954 3892 3865 38.39 38.12 3799 37.58
4715 4494 4261 4164 4065 3964 38.60 38.06 37.87
5265 5068 4863 4779 4692 46.05 45.15 44.70 44.29

0O ~NOOOEWN

Percent difference

0.04% 0.04% 0.04% 0.04% 0.04% 0.04% 0.04% 0.03% -0.02%
0.01% 0.01% 0.00% -0.01% -0.02% -0.02% -0.04% -0.05% -0.06%
-0.06% -0.08% -0.10% -0.10% -0.11% -0.12% -0.14% -0.14% -0.15%
-0.16% -0.18% -0.19% -0.20% -0.21% -0.21% -0.22% -0.22% -0.23%
-0.22% -0.23% -0.24% 0.03% 0.03% 0.03% 0.03% 0.03% 0.03%
0.03% 0.03% 0.03% -0.24% -0.25% -0.25% -0.25% -0.25% -0.06%
-0.02% -0.03% -0.03% -0.04% -0.04% -0.04% -0.05% -0.06% -0.26%
-0.09% -0.10% -0.11% -0.12% -0.13% -0.13% -0.14% -0.14% -0.15%

0O ~NOOOSEWN-~
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Figure 4.24 Eigenvalue curves, SSSF plate, § = 5 / 2,

P,=-N,b*/D, A*=a a*(p /D)%
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Figure 4.25 Mode shapes, SSSF plate, ¢ =5/ 2.
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Table 4.19 Eigenvalues, SSSF plate, $ =3 /1, A*= o0 a2 (p / D)'2
In-plane load as a percentage of buckling load

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution

1 1414 1225 1000 895 775 633 447 3.16 1.00

2 1567 1399 1207 1121 1027 925 810 7.45 6.82

3 1898 1762 16.13 1550 1484 1415 1343 13.05 12.70
4 2439 2334 2224 2179 2132 2085 20.36 20.12 19.89
5 3205 3126 3045 3012 2979 2945 29.11 2894 2878
6 4203 4143 3946 3843 37.37 36.29 3517 3459 34.07
7 4424 4192 4082 4057 3967 3865 3760 37.06 36.58
8 4620 4398 4164 4067 4033 40.08 39.83 39.70 39.59

Finite element solution [18]

1 1415 1226 1001 895 775 633 448 3.16 1.00

2 1568 1399 1207 1121 1027 925 8.09 7.45 6.82

3 1897 1760 16.12 1548 1482 1413 1340 13.02 1267
4 2434 2329 2219 2173 2127 20.79 20.30 20.06 19.83
5 3196 31.17 3035 30.02 2968 2935 29.00 28.83 28.67
6 4189 4128 3948 3845 37.39 36.31 3519 3461 34.09
7 4426 4194 4067 4043 3965 3863 37.58 37.04 36.55
8 4619 4397 4163 4065 40.18 3993 3968 39.55 3944

Percent difference

1 0.04% 0.05% 0.05% 0.05% 0.05% 0.05% 0.05% 0.05% -0.02%
2 0.02% 0.02% 0.00% 0.00% -0.01% -0.03% -0.05% -0.07% -0.10%
3 -0.06% -0.08% -0.10% -0.12% -0.13% -0.15% -0.17% -0.18% -0.20%
4 -0.19% -0.21% -0.23% -0.24% -0.26% -0.27% -0.29% -0.29% -0.30%
5 -0.29% -0.31% -0.33% -0.34% -0.35% -0.36% -0.37% -0.37% -0.38%
6 -0.34% -0.35% 0.05% 0.05% 0.05% 0.05% 0.05% 0.05% 0.05%
7 0.05% 0.05% -0.36% -0.37% -0.04% -0.05% -0.06% -0.06% -0.06%
8 -0.02% -0.03% -0.04% -0.04% -0.37% -0.38% -0.38% -0.39% -0.39%

e
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Figure 4.26 Eigenvalue curves, SSSF plate, $ =3/ 1,
P.=-N,b*/D, =02’ (p/D)~
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Figure 4.27 Mode shapes, SSSF plate, ¢ =3/ 1.
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Table 4.20 Eigenvalues, SFSF plate, $ =1/3,A*= o0 a2 (p / D)2

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Present solution

1325 1147 937 838 726 592 419 296 094
40.05 3949 3791 3698 36.02 3503 3401 3349 33.02
4229 4016 3894 3871 3848 3825 38.02 37.91 37.80
86.86 8585 8482 8440 8399 8332 8236 81.88 81.45
90.58 8838 86.11 8519 8426 8357 83.15 82.93 82.74
145.68 144.32 14294 142.39 141.83 141.28 140.72 140.43 140.18
158.55 156.32 154.06 153.15 152.23 151.30 150.37 149.91 149.48
217.53 217.43 216.60 215.95 215.30 214.65 213.99 213.67 213.37

DN DWON A

Finite element solution [18]

13.25 1148 937 838 726 593 419 296 0.94
4004 3949 3797 3703 36.07 3508 3407 33.55 33.07
42.34 4021 3893 3870 3848 3825 3802 37.90 37.80
86.84 8582 8480 8438 8396 8354 8260 82.12 81.69
90.81 8860 8635 8543 8449 8355 8312 8291 82.72
145.67 144.31 142.93 142.38 141.82 141.26 140.70 140.42 140.16
159.19 156.96 154.71 153.80 152.88 151.96 151.04 150.57 150.15
217.40 217.30 216.74 216.08 21543 214.78 214.13 213.80 213.50

©®NOOEWN

Percent difference

0.04% 0.04% 0.04% 0.04% 0.04% 0.04% 003% 0.02% -0.17%
-0.01% -0.01% 0.14% 0.15% 0.15% 0.16% 0.16% 0.17% 0.17%
0.12% 0.13% -0.01% -0.01% -0.01% -0.01% -0.01% -0.01% -0.02%
-0.02% -0.02% -0.03% -0.03% -0.03% 0.27% 0.29% 0.29% 0.29%
0.25% 0.26% 0.27% 0.27% 0.28% -0.02% -0.03% -0.03% -0.03%
0.00% -0.01% -0.01% -0.01% -0.01% -0.01% -0.01% -0.01% -0.01%
040% 0.41% 042% 042% 0.43% 0.44% 0.44% 0.44% 0.45%
-0.06% -0.06% 0.06% 0.06% 0.06% 0.06% 0.06% 0.06% 0.06%

O NOODAE WN A
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Figure 4.28 Eigenvalue curves, SFSF plate, ¢ = 1/ 3,

P.=-N,b*/D,A’=0 a®(p/ D)~
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Figure 429 Mode shapes, SFSF plate, ¢ = 1/ 3.
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Table 4.21 Eigenvalues, SFSF plate,  =2/5, A*= o a* (p/ D)2

in-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution
13.28 1150 939 840 727 594 420 297 0.94
3420 3355 23289 3262 3235 3207 3180 3166 31.53
4245 4032 38.07 37.14 36.17 3519 34.17 3365 33.17
7622 7505 7387 7339 7291 7242 7194 7169 7147
90.94 8873 8647 8555 8461 8367 8272 8224 81.80
131.61 130.10 128.56 127.95 127.32 126.70 126.07 125.76 125.47
155.93 155.79 154.60 153.69 152.77 151.84 15091 150.44 150.02
159.10 156.87 15565 155.59 155.53 155.48 15542 155.39 155.37
Finite element solution [18]
13.28 1150 939 840 728 594 420 297 0.94
3420 3355 3289 3262 3234 3207 3179 3165 3153
4250 4037 38.12 3718 36.22 3524 3422 3370 33.23
7622 7505 73.87 7339 7291 7242 7193 7169 7147
9114 8893 8668 8576 8482 8388 8293 8245 82.01
13167 130.15 128.62 128.00 127.38 126.75 126.12 125.81 125.53
165.84 155.70 155.18 154.27 153.36 152.43 15150 151.04 150.62
169.67 157.44 15556 155.50 155.45 155.39 155.33 155.30 155.28
Percent difference
0.04% 0.04% 0.04% 0.04% 0.04% 0.05% 0.05% 0.06% 0.15%
0.00% 0.00% 0.00% -0.01% -0.01% -0.01% -0.01% -0.01% -0.01%
0.11% 0.12% 0.13% 0.13% 0.14% 0.14% 0.15% 0.15% 0.16%
0.00% 0.00% 0.00% 0.00% 0.00% 0.00% -0.01% 0.00% 0.00%
0.22% 023% 0.24% 0.25% 0.25% 0.25% 0.26% 0.26% 0.26%
0.04% 0.04% 0.05% 0.04% 0.04% 0.04% 0.04% 0.04% 0.05%
-0.06% -0.06% 0.37% 0.38% 0.38% 0.39% 0.39% 0.40% 0.40%

0.36% 0.36% -0.06% -0.06% -0.06% -0.06% -0.06% -0.06% -0.06%
B,

O~NOOODALWONA

O ~NOOOOEWON -

BN L WON



139

Figure 4.30 Eigenvalue curves, SFSF plate, ¢ =2/ 5,

P.=-N,b*/D,A*=0a’(p/D)">
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Figure 4.31 Mode shapes, SFSF plate, $=21/5.
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Table 4.22 Eigenvalues, SFSF plate, = 1/2, A2=0 a* (p / D)'2

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Present solution

1333 1154 942 843 730 596 421 298 094
2855 2776 26.95 2661 2628 2594 2559 2542 25.26
4266 4053 3827 3733 36.37 3538 3436 3384 33.36
66.27 6491 6353 6297 6240 6183 6125 6096 60.70
9135 89.13 8686 8594 8500 8406 8310 8262 82.18
105.46 105.25 105.04 104.96 104.87 104.79 104.70 104.66 104.62
11891 117.21 115.50 114.80 114.10 113.40 11269 112.34 112.02
146.90 146.29 145.68 145.44 145.19 144.95 144.70 144.58 144.47

O NOOE WN=

Finite element solution [18]

1333 11585 943 843 730 59 422 298 094
2855 2776 2695 2662 26.28 2594 2559 2542 25.26
4270 40.57 3832 3738 3641 3542 3441 33.88 33.41
6629 64.93 63.55 6299 6242 61.85 6127 6098 60.72
91.52 8931 87.04 86.11 8518 8424 8328 8280 82.36
105.42 105.20 104.99 104.91 104.82 104.74 104.65 104.61 104.57
119.02 11733 115.61 114.92 114.22 113.52 112.81 11245 112.14
146.77 146.16 145.56 145.31 145.07 144.82 144.58 144.45 144.34

O~NDDO D WUN -

Percent difference

0.04% 0.04% 0.04% 0.03% 0.04% 0.04% 0.04% 0.03% -0.07%
0.01% 0.01% 0.01% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
0.10% 0.10% 0.11% 0.11% 0.12% 0.12% 0.13% 0.13% 0.14%
0.04% 0.03% 0.04% 0.03% 0.03% 0.04% 0.03% 0.04% 0.03%
0.19% 0.20% 0.21% 0.21% 0.21% 0.22% 0.22% 0.22% 0.22%
-0.04% -0.05% -0.05% -0.05% -0.05% -0.05% -0.05% -0.05% -0.05%
0.09% 0.10% 0.10% 0.10% 0.10% 0.10% 0.10% 0.10% 0.10%
-0.09% -0.09% -0.09% -0.09% -0.09% -0.09% -0.09% -0.09% -0.09%

O ~NOOEHE WON -
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Figure 4.32 Eigenvalue curves, SFSF plate, ¢ =1/ 2,

P,=-N,b%/D, =0 & (p /D)™
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Figure 4.33 Mode shapes, SFSF plate, ¢ =1/ 2.
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Mode

Table 4.23 Eigenvalues, SFSF plate, § =2 /3, A2 = o a* (p /D)2,

in-plane load as a percentage of buckliing load

144

-100%

-50%

0% 20% 40% 60%

80%

90%

99%

Present solution

DN EHE WON

13.40

23.23

42.93

§7.37

66.08

91.80
104.76
108.05

11.61

22.24

40.78

55.79

65.74

89.57
103.90
106.17

948 848 734 599
21.20 20.78 2034 19.89
38.52 37.57 3660 3561
54.15 5348 5281 5212
6539 6526 6512 6498
8729 86.36 8541 84.46

103.03 102.68 102.33 101.89
104.24 103.47 10268 101.98

4.24
19.44
34.58
§1.43
64.84
83.50

101.09
101.63

3.00
19.20
34.06
51.08
64.77
83.01

100.69
101.45

0.95
18.99
33.58
50.76
64.71
82.57

100.33
101.29

Finite element solution [18]

N WN -

13.41

23.23

42.96

57.41

66.06

91.93
104.72
108.20

11.61

22.24
40.82

55.82

65.72

89.71
103.86
106.31

948 848 734 6.00
21.21 20.78 2034 19.90
3855 3760 3664 3564
5419 53.52 5284 52.16
6537 6524 6510 64.96
8742 8649 8555 8460

102.99 102.64 102.29 101.94
104.39 103.62 102.83 102.04

4.24
19.44
34.62
5147
64.82
83.64

101.25
101.59

3.00
19.21
34.09
51.11
64.75
83.15

100.84
101.41

0.95
18.99
33.62
50.80
64.69
82.71

100.48
101.25

Percent difference

N BEWN

0.03%
0.02%
0.08%
0.07%
-0.03%
0.14%
-0.04%

0.03%
0.02%
0.08%
0.07%
-0.03%
0.15%
-0.04%

0.03% 0.03% 0.03% 0.03%
0.02% 0.02% 0.02% 0.02%
0.09% 0.09% 0.09% 0.10%
0.07% 0.07% 0.07% 0.07%

0.15% 0.16% 0.16% 0.16%
-0.04% -0.04% -0.04% 0.05%

0.14% 0.14% 0.14% 0.14% 0.15% 0.06%

0.03%
0.02%
0.10%
0.08%
-0.03% -0.03% -0.03% -0.03% -0.03%
0.16%
0.15%
-0.04%

0.02%
0.02%
0.10%
0.07%
-0.03%
0.17%
0.15%
-0.04%

-0.04%
0.02%
0.10%
0.08%
-0.03%
0.17%
0.15%
-0.04%
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Figure 4.34 Eigenvalue curves, SFSF plate, ¢ =2/ 3,

P,=-N,b*/D, \*=0 a*(p/D)".
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Figure 4.35 Mode shapes, SFSF plate, ¢ =2 /3.
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Table 4.24 Eigenvalues, SFSF plate, ¢ =1 /1, A*= o0 a* (p/ D)'2.
In-plane load as a percentage of buckling load

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution

1 13.83 11.72 957 856 7.41 605 428 3.03 0.96
2 1854 1726 1588 1530 1468 1405 1338 13.03 12.71
3 3766 37.04 3642 36.17 3591 3566 3481 3428 33.80
4 43.26 4109 3879 3784 36.86 3585 3540 3527 3515
- 50.13 4827 46.33 4553 4472 4390 4305 4263 4224
6 7273 7146 7016 6964 69.11 6858 68.04 67.77 67.53
7 7563 7533 75.02 7490 7478 7465 7453 7447 74.41
8 92.32 9006 87.74 8679 8584 84.88 8390 8341 8296
Finite element solution [18]
1 13.54 1172 957 856 7.41 605 428 3.03 0.96
2 18.55 17.27 1589 1530 1469 14.05 1339 1304 1272
3 3765 3704 3642 36.16 3591 3565 3483 3430 33.82
4 43.28 4111 3881 3786 36.88 3587 3540 3527 3515
5 50.17 4831 46.38 4558 44.77 4394 4310 4267 42.29
6 7275 7148 7019 6966 69.13 6860 68.06 67.79 67.55
7 7559 7529 7498 7486 7474 7462 7449 7443 74.38
8 92.38 90.12 87.80 8686 8591 8494 8396 8347 83.03
Percent difference
1 0.03% 0.02% 0.02% 0.02% 0.03% 0.02% 0.03% 0.03% 0.05%
2 0.04% 0.04% 0.04% 0.05% 0.05% 0.05% 0.05% 0.06% 0.06%
3 -0.01% -0.01% -0.01% -0.01% -0.01% -0.01% 0.06% 0.06% 0.06%
4 0.05% 0.05% 0.05% 0.05% 0.06% 0.06% -0.01% -0.01% -0.01%
5 0.09% 0.09% 0.10% 0.10% 0.11% 0.11% 0.11% 0.11% 0.11%
6 0.03% 0.03% 0.03% 0.03% 0.03% 0.03% 0.03% 0.03% 0.03%
7 -0.05% -0.05% -0.05% -0.05% -0.05% -0.05% -0.05% -0.05% -0.05%
8 0.07% 0.07% 0.07% 0.07% 0.08% 0.08% 0.08% 0.08% 0.08%

I
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Figure 4.36 Eigenvalue curves, SFSF plate, ¢ =1/1,
P.=-N,b*/D,A*=0a’(p/D)"
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Table 4.25 Eigenvalues, SFSF plate, $ =3/2,2*=w a* (p/ D)'*.

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Present solution

1365 1182 965 863 748 610 432 305 096

16.06 1453 1283 1209 1129 1043 950 899 8.51

2471 2375 2275 2233 2191 2148 2105 2082 20.62
4129 40.72 39.00 38.03 37.04 36.01 3497 23443 33.94
4351 4131 40.15 3991 3968 3944 3877 3828 37.84
4662 4458 4244 4155 4064 3971 3921 39.09 38.98
57.27 5562 5392 5322 5251 5180 5108 5071 50.38
66.75 66.40 66.04 6590 6576 6562 6548 6541 65.34

0O ~NOOEWON -

Finite element solution [18]

1365 1182 965 863 748 611 432 305 097

16.07 1454 1284 1209 1130 1044 9.51 9.00 8.52

2471 23.75 2275 2234 2192 2149 21.05 2083 2062
4127 40.70 39.00 3804 37.04 36.02 3497 3444 33.95
4352 41.32 40.13 3989 3966 3943 38.81 3833 3789
4666 4462 4248 4159 4069 39.76 39.19 39.07 38.96
5730 5565 5395 5326 5255 6184 651.11 5075 50.41
66.70 66.35 66.00 6586 65.72 6557 6543 65.36 65.30

X ~NOO L WON -~

Percent difference

0.02% 0.02% 0.02% 0.02% 0.02% 0.03% 0.03% 0.04% 0.21%
0.05% 0.06% 0.07% 0.08% 0.08% 0.09% 0.11% 0.12% 0.13%
0.01% 0.01% 0.01% 0.02% 0.01% 0.01% 0.01% 0.01% 0.01%
-0.04% -0.05% 0.02% 0.02% 0.02% 0.02% 0.02% 0.02% 0.02%
0.02% 0.02% -0.05% -0.05% -0.05% -0.05% 0.12% 0.12% 0.13%
0.09% 0.10% 0.10% 0.11% 0.11% 0.12% -0.05% -0.05% -0.05%
0.06% 0.06% 0.07% 0.07% 0.07% 0.07% 0.07% 0.07% 0.07%
-0.07% -0.07% -0.07% -0.07% -0.07% -0.07% -0.07% -0.07% -0.07%

O ~NOOEWON -~
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Figure 4.38 Eigenvalue curves, SFSF plate, ¢ =3/ 2,

P.=-N,b*/D,A*=0 & (p/D)"™
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Figure 4.39 Mode shapes, SFSF plate, ¢ =3/ 2.
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Table 4.26 Eigenvalues, SFSF plate, $ =2/1, A>=o a? (p/ D)2

in-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution
13.72 1188 970 867 7.51 6.13 434 307 097
1611 1346 1158 1074 983 882 768 704 641
2004 1883 1754 1700 1643 1585 1525 1493 1465
2925 2843 2759 2725 2690 2655 26.19 26.01 2585
4333 4144 3910 3812 3712 36.10 35.04 3450 34.00
4365 4278 4101 4009 39.14 38.16 37.16 3665 36.19
4537 4325 4223 4200 4178 4155 4133 4121 41.11
5154 4968 4775 4696 46.15 4533 4449 4406 4368
Finite element solution [18]
13.72 1188 970 868 7.51 614 434 307 097
1612 1347 1159 1075 984 883 769 705 642
2005 1884 1755 17.00 1644 1586 1525 1494 1465
2923 2842 2758 2723 2689 2653 26.18 26.00 2583
4328 4144 3911 3813 3713 36.10 35.04 3450 34.01
4365 4273 4106 4014 23919 3821 3721 36.70 36.24
4541 4329 4218 4195 4173 4150 4128 4116 41.06
5168 49.72 4779 4699 46.19 4536 4453 4410 43.72
Percent difference
0.02% 0.02% 0.02% 0.02% 0.03% 0.03% 0.03% 0.03% 0.06%
0.05% 007% 008% 0.09% 0.11% 0.12% 0.16% 0.18% 0.21%
0.03% 0.03% 0.03% 0.03% 0.04% 0.03% 0.04% 0.03% 0.04%
-0.05% -0.05% -0.06% -0.06% -0.06% -0.06% -0.07% -0.07% -0.07%
-0.11% 0.02% 0.02% 0.01% 0.01% 0.01% 0.01% 0.01% 0.01%
0.02% -0.11% 0.12% 0.12% 0.12% 0.13% 0.13% 0.14% 0.14%
0.10% 0.11% -0.11% -0.12% -0.12% -0.12% -0.12% -0.12% -0.12%

0.07% 0.07% 0.07% 0.08% 0.08% 0.08% 0.08% 0.08% 0.08%
. _____________________________________________________________________J

@ ~NOOOAL, WN

O~NOODAEWUN -
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Figure 4.40 Eigenvalue curves, SFSF plate, ¢ =2/ 1,

P,=-N,b*/D,A\*=0 a* (p/D)".
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Figure 4.41 Mode shapes, SFSF plate, =2/ 1.
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Table 4.27 Eigenvalues, SFSF plate, ¢ =5/2, A>= o a° (p / D)~

in-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution
13.76 1191 973 870 754 615 435 308 097
1465 1294 1096 1008 907 796 666 591 5.14
1784 1646 1496 1431 1363 1292 1217 11.77 1140
2367 2265 2158 2114 2068 2022 1975 1951 19.29
3253 31.80 3104 30.74 3043 30.12 2980 2964 29.50
4373 4151 39.16 38.18 3718 36.15 3508 3454 34.04
4462 4264 4036 3941 3844 3744 3641 3589 35.41
4480 4408 4354 43.33 4306 4217 4127 4080 40.38
Finite element solution [18)
1376 1192 973 870 754 615 435 3.08 0.97
1466 1295 1097 1007 908 797 668 593 5.16
1785 1647 1496 1432 1364 1293 1217 11.78 11.41
2366 2264 2157 2112 2067 2021 1973 1949 19.27
3249 31.75 3099 3069 3038 3006 29.75 2959 29.44
43.74 4152 39.17 38.19 3719 36.15 3509 3455 34.05
4453 4269 4041 3946 3849 3750 3647 3595 3547
4486 4399 4345 4323 43.01 4221 4130 4084 4042
Percent difference
0.03% 0.03% 0.03% 0.03% 0.03% 0.03% 0.03% 0.04% 0.03%
007% 0.08% 0.10% 0.11% 0.13% 0.16% 0.21% 0.26% 0.33%
0.04% 0.05% 0.05% 0.06% 0.06% 0.06% 0.06% 0.06% 0.06%
-0.04% -0.05% -0.06% -0.06% -0.07% -0.07% -0.08% -0.08% -0.08%
-0.14% -0.15% -0.16% -0.16% -0.17% -0.17% -0.18% -0.18% -0.18%
0.02% 0.02% 0.02% 0.02% 0.02% 0.02% 0.02% 0.02% 0.02%
-0.20% 0.13% 0.14% 0.14% 0.15% 0.15% 0.16% 0.16% 0.17%

0.12% -0.20% -0.21% -0.21% -0.11% 0.09% 0.09% 0.09% 0.10%
S

O~NOOODWN

DN LA WON A

O NDOOHLWN
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Figure 4.42 Eigenvalue curves, SFSF plate, $ =5/ 2,

P,=-Nb*/D, \*=0 @& (p/ D).
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Figure 4.43 Mode shapes, SFSF plate, ¢ =5/ 2.
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Table 4.28 Eigenvalues, SFSF plate, $ =3 /1, A2 = ¢ a? (p / D)'2.

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Present solution

13.79 1194 975 872 755 617 436 308 0.97
1441 1265 1061 967 863 745 604 520 4.30
1663 1514 1348 1275 1199 1116 1028 981 936
2065 1946 1820 1767 17.12 1656 1597 1567 1540
26.71 2580 2486 2448 2409 2369 23.28 2308 22.89
3497 3429 3359 33.30 3302 3273 3243 3229 32.16
43.79 4156 39.21 3822 3722 36.18 3511 3457 34.07
4451 4232 40.01 39.05 38.06 37.05 3601 3547 34.99

ONOOADWN -

Finite element solution [18]

13.79 1195 975 872 755 617 436 308 0.98
1442 1266 1062 968 865 747 6.06 522 4.32
1664 1515 1349 1276 1200 11.17 1029 981 937
2064 1945 1819 1766 1711 1655 1596 1566 15.38
2666 25.76 24.81 2443 2404 2364 2323 23.03 22.84
34.88 34.19 3349 3320 3292 3263 3233 3218 32.05
43.80 41.57 3922 3824 3723 36.19 3513 3458 34.08
44.57 4238 40.07 39.11 3813 37.12 36.08 3555 35.06

®NDDODEDWN A

Percent difference

0.04% 0.05% 0.04% 0.04% 0.04% 0.04% 0.05% 0.04% 0.05%
0.08% 0.09% 0.12% 0.13% 0.16% 0.19% 0.27% 0.35% 0.49%
0.06% 006% 0.07% 0.07% 0.08% 0.08% 0.08% 0.09% 0.09%
-0.03% -0.04% -0.05% -0.06% -0.06% -0.07% -0.08% -0.09% -0.09%
-0.16% -0.18% -0.19% -0.20% -0.21% -0.22% -0.22% -0.23% -0.24%
-0.27% -0.28% -0.29% -0.30% -0.30% -0.31% -0.32% -0.32% -0.32%
0.04% 0.04% 0.04% 0.04% 0.04% 0.04% 0.04% 0.04% 0.04%
0.15% 0.16% 0.17% 0.17% 0.18% 0.19% 0.20% 0.20% 0.21%

O NOOHEWN
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Figure 4.44 Eigenvalue curves, SFSF plate, $ =3 /1,

P,=-N,b*/D,A*=0 a° (p/ D)™

8 edeys —y—
L edeys —p—
9 adeys —o—
G edeys —o—
¥ edeys —o—
¢ edeys —o—
¢ odeys —m—
| edeys —o—

PeO 8UB|4-U} SSB|UOISUBWIQ
%001 %08 %09 %0¥ %02 %0 %02-  %O0F- %09~ %08-  %004-
0
,% e S
-
& = — O]
— Sy e WP
_ — .
S - o] ¢
-+ k] oz
b5 i
3 W.L N S ) ~ = T mN
, I O I ] - N
-1 T i | - . 11
NyENEN } ] ] Joo e
- |- R - S s
= d-) . 1 N JoT A -
= - 1] T
- P~
R R - oy
= ‘[l
%.l l”«
_ S¥

anjeAusabiy



161

Figure 4.45 Mode shapes, SFSF plate, $ =3/ 1.
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Table 4.29 Eigenvalues, SFCF plate, = 1/3, A* =0 a® (p /D)2

in-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Present solution

1 2083 18.11 1487 1333 1157 948 6.72 476 1.51

2 4471 4360 4245 4198 4150 4102 4053 4026 39.36
3 56.07 5238 4840 46.72 4497 4315 4125 4029 40.06
4 96.51 9446 9237 9152 90.66 89.79 8891 8847 88.07
5 109.88 10581 101.57 9983 98.05 9625 9440 9347 92.62
6 160.61 157.88 155.09 153.97 152.83 151.69 150.53 149.895 149.43
7 183.08 178.83 174.47 172.70 170.91 169.10 167.26 166.34 165.51
8 219.03 21881 218.59 218.50 218.41 218.33 218.24 218.19 218.16

Finite element solution [18]

1 2085 18.13 1488 1334 1158 948 6.73 477 1.51

2 4471 4359 4244 4197 4149 4101 4052 4028 3945
3 56.16 5247 4850 4681 4506 4324 4134 4036 40.05
4 96.50 9445 9235 9150 9064 89.77 8889 8844 88.04
5 110.21 106.14 101.92 100.17 9840 9660 9476 93.82 92.98
6 160.66 157.92 155.13 154.01 152.87 151.72 150.57 149.98 149.46
7 183.94 179.70 17535 173.59 171.79 169.99 168.17 167.25 166.41
8 21886 21864 218.42 218.34 218.25 218.16 218.07 218.03 217.99

Percent difference

0.09% 0.09% 0.08% 0.08% 0.08% 0.08% 0.08% 0.07% 0.00%
-0.01% -0.01% -0.02% -0.02% -0.02% -0.03% -0.03% 0.03% 0.25%
0.17% 0.18% 0.19% 0.20% 0.21% 0.22% 0.23% 0.18% -0.03%
-0.01% -0.01% -0.02% -0.02% -0.02% -0.02% -0.02% -0.03% -0.03%
0.30% 032% 0.34% 0.34% 0.35% 036% 0.37% 0.38% 0.38%
0.03% 0.03% 0.02% 0.03% 0.03% 0.02% 0.02% 0.02% 0.02%
0.47% 0.49% 050% 0.51% 0.52% 0.53% 0.54% 0.55% 0.55%
-0.08% -0.08% -0.08% -0.07% -0.07% -0.08% -0.08% -0.07% -0.07%

0 ~NOOD WN
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Figure 4.46 Eigenvalue curves, SFCF plate, ¢ =1/ 3,

P.=-N.b*/D, A*=a & (p/ D)™
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Table 4.30 Eigenvalues, SFCF plate, $ =2 /5, A*= 0 a* (p / D)'2.

in-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Present solution

1 2089 18.17 1491 1337 1161 950 674 477 1.51

2 39.156 3785 3650 3594 3538 3480 3421 3392 3365
3 56.26 5256 4858 46.89 4513 43.31 4140 4042 39.51
4 8644 8412 8174 8076 79.77 7877 7776 7724 76.78
5 110.25 106.17 101.93 100.18 9840 96.59 9474 93.80 92.95
6 147.33 144.32 141.24 139.99 138.73 137.45 136.17 135.52 134.94
7 157.75 157.44 157.13 157.01 156.89 156.76 156.64 156.58 156.52
8 183.65 179.38 175.01 173.23 17143 169.62 167.78 166.85 166.02

Finite element solution [18]

1 2091 1818 1492 1338 1161 951 6.75 4.78 1.51

2 39.16 3785 3650 3594 3537 3480 3421 3391 3364
3 56.35 5265 4866 4697 4522 4339 4149 4050 39.60
4 8646 8414 8175 8078 79.79 7878 77.76 7725 76.79
5 110.55 106.48 102.24 10048 98.71 96.90 9505 94.12 93.27
6 147.45 144.44 141.36 140.10 138.84 137.57 136.28 135.63 135.04
7 157.65 157.34 157.02 156.91 156.78 156.66 156.53 156.47 156.42
8 184.42 180.16 175.80 174.02 172.23 170.42 16859 167.66 166.83

Percent difference

0.08% 0.08% 0.08% 0.08% 0.08% 0.07% 0.08% 0.08% 0.15%
0.01% 0.00% 0.00% -0.01% -0.01% -0.01% -0.01% -0.02% -0.02%
0.15% 0.16% 0.18% 0.18% 0.19% 0.20% 0.21% 0.22% 0.22%
0.03% 0.02% 0.02% 0.02% 0.02% 0.01% 0.01% 0.01% 0.01%
0.27% 0.29% 0.30% 0.31% 0.32% 0.32% 0.33% 0.34% 0.34%
0.08% 0.08% 0.08% 0.08% 0.08% 0.08% 0.08% 0.08% 0.08%
-0.06% -0.07% -0.07% -0.07% -0.07% -0.07% -0.07% -0.07% -0.07%
0.42% 043% 045% 046% 046% 0.47% 0.48% 048% 0.49%

O ~NOOOOLEWN
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Figure 4.48 Eigenvalue curves, SFCF plate, $=21/5,
P,=-N,b*/D,A*=0 a*(p/ D)™
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Figure 449 Mode shapes, SFCF plate, ¢ =2 /5.
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Table 4.31 Eigenvalues, SFCF plate, $ =1/2, A2=o a (p / D)~

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% S0% 99%
Present solution
2096 1823 1496 1341 1165 954 6.77 479 1.52
33.89 3234 30.71 3004 2934 2863 27.89 2752 27.18
56.50 5278 48.78 47.09 4533 4349 4158 4059 39.68
7721 7457 7183 7070 6955 68.38 6720 66.59 66.05
107.76 106.56 102.31 10056 98.77 96.95 9510 94.16 93.30
110.68 107.32 106.85 106.66 10648 106.29 106.11 106.01 105.93
135.561 132.20 128.79 127.41 126.01 12459 123.15 12243 121.78
153.89 152.61 151.32 150.80 150.28 149.76 14923 148.97 148.73
Finite element solution [18]
2098 18.25 1497 1342 1166 954 6.77 479 1.52
33.90 3235 3072 3004 2934 2863 2789 2752 27.17
56.57 5286 4886 47.16 4540 4357 4166 4067 39.76
77.26 7461 7187 7074 6959 6842 6723 66.63 66.08
107.71 106.80 102.57 100.82 99.03 97.22 9536 9442 93.57
110.93 107.28 106.79 106.61 106.42 106.24 106.05 105.96 105.87
135.69 132.38 128.97 127.59 126.18 124.77 123.33 12261 121.95
163.75 152.47 151.18 150.65 150.13 149.60 149.08 148.82 148.58
Percent difference
0.07% 0.07% 0.07% 0.07% 0.07% 0.07% 0.06% 0.06% 0.02%
0.03% 0.02% 0.01% 0.01% 0.01% 0.01% 0.00% 0.00% 0.00%
013% 0.14% 0.15% 0.16% 0.16% O0.177% 0.18% 0.18% 0.19%
0.06% 0.06% 0.06% 0.05% 0.05% 0.05% 0.05% 0.05% 0.05%
-0.05% 022% 0.25% 0.26% 0.27% 0.27% 0.28% 0.28% 0.29%
0.23% -0.04% -0.05% -0.05% -0.05% -0.05% -0.05% -0.05% -0.05%
0.13% 0.14% 0.14% 0.14% 0.14% 0.14% 0.14% 0.15% 0.15%

-0.09% -0.09% -0.10% -0.10% -0.10% -0.10% -0.10% -0.10% -0.10%
e e o ]

0O NODOOOEWN

0O ~NOOOEWN -

O ~NO A WON -~
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Figure 4.50 Eigenvalue curves, SFCF plate, ¢ =1/ 2,
P,=-N,b’/D, A*=a a* (p/ D)™~
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Figure 4.51 Mode shapes, SFCF plate, ¢ = 1/ 2.
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Table 4.32 Eigenvalues, SFCF plate, $ =2 /3, A* =0 a* (p / D)'2

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Present solution

2107 1832 1503 1348 1170 958 6.80 4.81 1.53

2910 27.24 2523 2438 2349 2256 2159 2109 2063
56.78 53.05 49.02 4732 4555 4371 4179 40.79 39.87
69.15 66.17 63.02 61.71 6037 5900 5760 56.88 56.23
69.18 6841 6767 6737 6707 66.77 6646 66.31 66.17
111.15 107.02 102.73 100.97 99.17 97.34 9547 94.52 9366
113.19 111.41 109.59 108.86 108.12 107.38 106.63 106.25 105.91
125.60 121.98 118.24 116.71 11516 113.59 111.99 111.19 110.45

O NOOEWN

Finite element solution [18]

2108 1833 1504 1349 1171 959 680 4.82 153

2911 2725 2524 2439 2350 2257 2160 21.10 2063
56.83 53.10 4908 4737 4560 43.76 4184 4085 39.93
69.13 66.23 63.07 61.77 6043 59.06 5765 56.94 56.29
69.24 6839 6765 6735 67.05 66.74 6644 66.28 66.15
111.33 107.21 102.92 101.16 99.36 97.53 9566 9472 93.86
113.15 111.37 109.556 108.82 108.08 107.33 106.58 106.20 105.86
125.80 122.18 11844 116.91 115.36 113.79 112.20 111.39 110.66

O NODOD WN

Percent difference

0.06% 0.05% 0.05% 0.05% 0.05% 0.05% 0.05% 0.05% 0.03%
0.05% 0.04% 0.04% 0.04% 0.03% 0.03% 0.03% 0.03% 0.03%
0.10% 0.10% 0.11% 0.11% 0.12% 0.13% 0.13% 0.13% 0.14%
-0.03% 0.09% 0.09% 0.09% 0.10% 0.10% 0.10% 0.10% 0.10%
0.08% -0.03% -0.03% -0.03% -0.03% -0.03% -0.03% -0.04% -0.04%
0.16% 0.17% 0.18% 0.19% 0.19% 0.20% 0.20% 0.20% 0.21%
-0.03% -0.03% -0.04% -0.04% -0.04% -0.04% -0.04% -0.05% -0.04%
0.16% 0.16% 0.17% 0.17% 0.18% 0.18% 0.18% 0.19% 0.19%

O ~NDOODWON -
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Figure 4.52 Eigenvalue curves, SFCF plate, ¢ =2/ 3,

P.=-N,b*/D, A =0 & (p/ D).
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Figure 4.53 Mode shapes, SFCF plate, ¢ =2/ 3.
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Table 4.33 Eigenvalues, SFCF plate, ¢ =1/1,A>=o0 a (p / D)'2.

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution
2120 1844 1513 1356 1178 964 684 484 153
2511 2286 2034 1924 1806 1679 1540 1466 13.95
42.00 40.73 3942 38.89 3834 37.79 37.22 3694 36.68
5711 5335 4930 4758 4579 4394 4200 40.99 40.07
6287 5948 5588 5438 5282 5123 4957 4873 4795
7837 7771 7705 7678 7583 7473 7362 73.06 72.55
83.06 8056 7797 7691 7652 7625 7598 7584 7572
111.67 107.51 103.18 101.39 9958 97.73 9584 9488 94.01
Finite element solution [18]
2121 1844 1513 1357 1178 965 6.84 4.85 1.54
2512 2287 2036 1925 18.07 16.80 1542 1467 13.97
4200 40.73 3942 3889 3834 3779 3722 3694 36.68
5713 5337 4932 4760 4582 43.96 4202 41.02 40.09
6292 5953 5594 5443 5288 5128 4963 4879 48.01
7833 7767 7701 7674 7585 7476 7365 73.08 7257
83.09 8058 7799 7693 7648 76.21 7594 7580 75.68
111.72 107.56 103.24 10145 99.64 97.79 9590 9494 94.08
Percent difference
0.03% 0.03% 0.03% 0.03% 0.03% 0.03% 0.03% 0.03% 0.05%
0.05% 0.05% 0.06% 0.06% 0.07% 0.07% 0.09% 0.09% 0.10%
0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% -0.01% -0.01%
0.04% 0.04% 0.04% 0.05% 0.05% 0.05% 0.05% 0.05% 0.06%
0.08% 0.09% 0.10% 0.10% 0.11% 0.11% 0.12% 0.12% 0.12%
-0.05% -0.05% -0.05% -0.05% 0.03% 0.03% 0.03% 0.03% 0.03%
0.03% 0.03% 0.03% 0.03% -0.05% -0.05% -0.05% -0.05% -0.05%

0.05% 0.05% 0.06% 0.06% 0.06% 0.06% 0.06% 0.06% 0.06%
L 3

O N L WN-

O ~NOOOEWON

W ~NOOODA WUN -
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Figure 4.54 Eigenvalue curves, SFCF plate, $ =1/ 1,

P,=-N,b*/D, A*= 0 a* (p /D)2
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Figure 4.55 Mode shapes, SFCF plate, ¢ = 1/ 1.
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Table 4.34 FEigenvalues, SFCF plate, $ =3/2, A= a? (p / D)™2.

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Present solution

21.31 1854 1521 1364 1184 969 688 487 154

23.12 2061 17.71 1640 1496 1335 1151 1046 9.41

3029 2846 2649 2565 2478 2388 2294 2245 22.00
4533 4415 4293 4243 4193 4142 4090 4064 40.19
57.36 5357 4949 4776 4596 4409 4214 41.13 40.40
59.92 56.31 5244 5081 4913 4738 4557 4464 43.78
69.10 66.03 62.78 6143 60.05 5864 5719 5645 55.78
6969 6892 68.16 6785 67.54 6723 6692 66.77 66.62

DN EWN -

Finite element solution [18]

21.31 1854 1521 1364 1184 969 688 487 154

23.13 2062 17.73 1641 1497 1337 1153 1048 943

30.30 2846 2649 2566 24.79 2389 2295 2246 2201
4531 4413 4291 4242 4191 4140 4088 4062 4018
57.35 53.56 4948 4775 4595 44.08 4212 4111 4038
59.94 5634 5248 50.85 49.16 4742 4561 4468 4382
69.12 66.04 6280 6145 6007 5866 5721 5648 55.80
69.64 68.87 68.11 67.80 6749 67.18 66.87 66.71 66.57

N DEWN A

Percent difference

0.00% 0.01% 0.01% 0.01% 0.01% 0.01% 0.01% 0.02% 0.08%
0.03% 0.04% 0.07% 0.07% 0.10% 0.12% 0.15% 0.19% 0.24%
0.02% 0.02% 0.02% 0.02% 0.03% 0.03% 0.03% 0.04% 0.04%
-0.04% -0.04% -0.04% -0.04% -0.04% -0.04% -0.04% -0.04% -0.03%
-0.02% -0.02% -0.02% -0.02% -0.03% -0.03% -0.03% -0.03% -0.04%
0.04% 0.05% 0.06% 0.07% 0.07% 0.08% 0.09% 0.09% 0.10%
0.03% 0.03% 0.03% 0.04% 0.04% 0.04% 0.05% 0.05% 0.05%
-0.07% -0.07% -0.07% -0.07% -0.07% -0.07% -0.08% -0.08% -0.08%

O ~NOODODHEWOUN -
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Figure 4.56 Eigenvalue curves, SFCF plate, ¢ = 3172,
P,=-N,b?/D,A*=0a(p/ D)
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Figure 4.57 Mode shapes, SFCF plate, ¢ =3/ 2.
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Table 4.35 Eigenvalues, SFCF plate, $ =2 /1, A= @ a (p / D)™2.

Iin-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution
2138 1859 1525 1368 1187 972 690 488 1.55
2240 19.77 1670 1528 1370 1190 976 847 7.1
2633 24.16 21.76 20.71 1961 1842 1715 1648 1585
3426 3265 3095 3024 2951 2876 27.98 2759 27.23
4721 46.07 4489 4442 4393 4344 4220 4119 4025
5749 5369 4959 4785 46.05 44.17 4294 4269 4224
58.89 55.19 5122 4953 4779 4598 4410 43.13 4246
64.14 60.77 5719 5570 5416 5257 5093 5010 49.33
Finite element solution [18]
2137 1859 1525 1368 1187 972 690 488 1.85
2241 1978 16.71 1529 1372 1192 978 850 7.14
26.33 24.17 2177 20.72 1961 1843 17.17 1649 15.86
3425 32.64 30.94 3023 2950 28.74 27.97 2757 27.21
4716 4602 4484 4436 4388 43.39 42.17 41.16 40.22
5746 53.66 4956 47.82 46.02 44.14 4289 4264 42.27
58.91 5521 5124 4956 4782 46.01 4413 43.16 42.41
64.14 60.77 5720 5570 5416 52.58 5095 5011 49.34
Percent difference
-0.01% -0.01% 0.00% 0.00% -0.01% 0.00% 0.00% 0.00% -0.02%
0.02% 0.04% 0.07% 008% 0.10% 0.15% 0.22% 0.30% 0.43%
0.01% 0.03% 0.04% 004% 0.05% 0.06% 0.07% 0.07% 0.08%
-0.04% -0.04% -0.04% -0.05% -0.05% -0.05% -0.05% -0.05% -0.05%
-0.10% -0.11% -0.11% -0.12% -0.12% -0.12% -0.07% -0.08% -0.08%
-0.05% -0.06% -0.06% -0.06% -0.06% -0.07% -0.12% -0.12% 0.08%
0.02% 0.03% 0.04% 0.05% 0.05% 0.06% 0.07% 0.07% -0.12%

0.00% 0.00% 0.01% 0.01% 001% 0.02% 0.02% 0.02% 0.03%
D

O NOOOTELE WN

O ~NOOOHAE WN

O ~NOODLBLWON
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Figure 4.58 Eigenvalue curves, SFCF plate, $ =2/ 1,

Py=-N,b’/D,A*=0 & (p/D)".
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Figure 459 Mode shapes, SFCF plate, $ =2 / 1.
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Table 4.36 Eigenvalues, SFCF plate, $ =5/2, A* = o a* (p / D)'%.

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Present solution

2139 1862 1528 1370 1190 974 691 489 155

2207 1938 1621 1473 13.08 1117 882 737 574

2454 2218 1950 1831 17.03 1564 1410 1326 12.44
2037 2745 2537 2448 2356 2259 2158 2105 2057
37.20 3572 34.18 3353 3288 3220 3152 31.17 30.85
4840 4729 46.14 4567 4520 4421 4225 4123 4029
57.57 53.76 4965 4791 46.10 4472 4342 4243 41.52
5844 5469 5066 4895 47.18 4534 44.24 4399 43.77

O~NOOSH WON -

Finite element solution {18}

2141 1862 1528 1370 1180 974 6.91 489 155

2207 1939 1622 1475 1309 1119 885 740 578

2455 2219 1951 1832 17.05 1565 14.11 1327 1246
2036 27.44 2536 2447 2355 2258 2157 21.04 2055
37.15 3568 3412 3348 3282 3215 3146 3111 3079
4831 4719 46.04 4558 4510 44.18 4221 4119 4025
5753 53.73 4962 4787 4606 4462 4345 4246 4155
5845 5470 50.68 4897 4720 4537 44.14 43.89 43.67

O ~NOOO DB WN

Percent difference

0.10% -0.01% -0.01% -0.01% 0.00% 0.00% 0.00% 0.00% -0.02%
0.02% 0.04% 007% 0.09% 0.12% 0.17% 0.29% 0.42% 0.70%
0.01% 0.02% 0.04% 0.05% 0.06% 0.08% 0.10% 0.11% 0.13%
-0.04% -0.04% -0.04% -0.05% -0.05% -0.05% -0.05% -0.06% -0.06%
0.13% -0.14% -0.15% -0.15% -0.16% -0.17% -0.17% -0.17% -0.18%
0.20% -0.21% -0.21% -0.22% -0.22% -0.08% -0.09% -0.09% -0.09%
0.06% -0.07% -0.07% -0.07% -0.08% -0.23% 0.07% 0.08% 0.08%
0.02% 0.03% 0.04% 0.05% 0.06% 0.07% -0.23% -0.23% -0.24%

O~NOODAEON -
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Figure 4.60 Eigenvalue curves, SFCF plate, ¢ =5/2,
P,=-N,b?/D, A= a (p/ D)~
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Figure 461 Mode shapes, SFCF plate, ¢ =5/ 2.
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Table 4.37 Eigenvalues, SFCF plate, $ =3/1, A*= 0 a?(p / D)2

in-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Present solution

2144 1865 1530 1372 1191 975 692 490 155
2189 1917 1594 1443 1273 1075 827 669 482
2359 2111 1826 16.97 1557 1401 1225 1126 10.28
2682 2469 2232 2130 2022 1907 1784 1718 1657
31.99 3024 2837 2758 2677 2593 2506 2461 24.19
3941 38.02 36.57 3597 3536 3473 34.10 3377 33.48
49.23 48.13 47.00 4654 4607 4425 4227 4125 4031
5763 53.81 4969 4795 4614 4499 4305 4205 41.13

O NOOOEWN -

Finite element solution [18]

2144 1865 1530 13.72 1191 975 692 490 155

2190 19.17 1595 1444 1275 1077 830 672 487

2360 2111 1826 16.98 1558 1403 1227 1128 10.30
26.81 2468 2231 21.29 2021 19.06 17.83 17.17 16.56
31.95 3020 2832 27.54 2672 2588 2500 2455 24.14
39.32 3792 3647 3586 3525 3463 3399 3366 33.37
49.07 4797 4684 46.38 4591 4421 4224 4122 4028
57.59 53.77 4966 47.91 4610 4503 4309 4209 4117

O NODOOAEWN

Percent difference

-0.01% -0.01% 0.00% 0.00% 0.00% 0.00% 0.00% 0.01% 0.01%
0.02% 0.05% 008% 0.10% 0.13% 0.20% 0.35% 0.54% 1.05%
0.02% 0.02% 0.04% 006% 0.07% 0.09% 0.12% 0.15% 0.18%
-0.04% -0.04% -0.04% -0.04% -0.04% -0.05% -0.05% -0.06% -0.06%
0.14% -0.15% -0.17% -0.18% -0.19% -0.20% -0.21% -0.22% -0.23%
-0.25% -0.27% -0.28% -0.29% -0.30% -0.31% -0.32% -0.33% -0.34%
-0.31% -0.32% -0.34% -0.35% -0.36% -0.08% -0.09% -0.09% -0.09%
-0.06% -0.07% -0.07% -0.07% -0.07% 0.08% 0.09% 0.10% 0.11%

O NOOOOLEWN
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Figure 4.62 Eigenvalue curves, SFCF plate, $=31/1,

P,=-Nb?/D,\* =0 a (p/ D)™
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Figure 4.63 Mode shapes, SFCF plate, ¢ =3/ 1.
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Table 4.38 Eigenvalues, CFCF plate, $ =1/3, A= 0 a? (p / D)2

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Present solution

3047 2654 2182 1958 17.01 1394 990 7.02 222
5087 48.78 46.58 4566 44.73 43.77 4279 4229 41.83
7299 66.90 60.14 57.20 54.08 50.76 47.19 4530 43.52
108.79 104.95 100.95 99.30 9762 9590 94.16 9327 9247
132.96 12584 118.28 115.11 111.85 108.49 105.02 103.25 101.62
178.95 173.81 168.50 166.32 164.11 161.88 159.61 158.46 157.42
211.82 204.12 196.12 192.83 189.47 186.06 182.58 180.82 179.21
220.89 220.45 220.00 219.82 219.64 219.46 219.27 219.18 219.10

N DWN

Finite element solution [18)

30.51 26.58 2185 1960 17.03 1396 9.91 702 222
50.88 48.77 4656 4565 4471 4375 4277 4226 41.81
73.15 67.05 6029 57.35 5423 5091 47.35 4545 4367
108.82 104.97 100.95 99.29 9761 9589 94.14 9325 9244
133.44 126.32 118.76 115.60 112.34 108.98 105.52 103.75 102.13
179.10 173.94 168.60 166.42 164.21 161.97 159.69 158.54 157.49
212.96 205.28 197.29 194.01 190.66 187.25 183.78 182.03 180.42
220.70 220.26 219.81 219.63 219.45 219.26 219.08 218.99 218.91

ONODODGOLHLWN -

Percent difference

0.14% 0.13% 0.13% 0.12% 0.12% 0.12% 0.11% 0.10% 0.10%
0.01% -0.01% -0.02% -0.03% -0.04% -0.05% -0.06% -0.06% -0.07%
0.23% 0.24% 0.26% 0.27% 0.28% 0.30% 0.32% 0.34% 0.35%
0.03% 0.02% 0.00% 0.00% -0.01% -0.02% -0.02% -0.03% -0.03%
0.36% 0.38% 0.41% 043% 044% 0.45% 0.48% 049% 0.50%
0.08% 0.07% 0.06% 0.06% 0.06% 0.06% 0.05% 0.05% 0.05%
0.54% 0.57% 0.60% 061% 0.63% 0.64% 0.66% 0.67% 0.68%
-0.09% -0.09% -0.09% -0.09% -0.09% -0.09% -0.09% -0.09% -0.09%

O NOOGDEWN -
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Figure 464 Eigenvalue curves, CFCF plate, ¢ = 1/ 3,
P,=-N,b*/D, A =0a’(p/D)"
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Figure 465 Mode shapes, CFCF plate, ¢ =1/ 3.
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Mode

Table 4.39 Eigenvalues, CFCF plate, $ =2/5, A*> = o a* (p / D)'2.

In-plane load as a percentage of buckling load

192

-100% -50% 0% 20% 40% 60% 80% 90%

99%

Free Vibration Eigenvalue by the Method of Superposition

@®NDDOLDWN

3055 2661 2188 1963 17.06 13.98 992 7.03
45.79 4340 4086 3979 3869 3755 36.37 35.76
73.20 67.09 6032 57.36 54.24 50.91 47.34 4544
9953 9525 90.75 88.89 86.97 85.02 83.01 81.98
133.35 126.21 118.63 11545 112.18 108.81 105.34 103.55
160.10 159.47 155.23 152.85 150.42 147.95 14543 144.16
166.64 161.04 158.83 158.58 158.32 158.07 157.81 157.68
212.25 204.67 196.65 193.34 189.98 186.55 183.06 181.29

2.23
35.21
43.65
81.05

101.92
143.00
157.57
179.68

Free Vibration Eigenvalue by the Finite Element Method

0O~NOOOEWN -

3059 2664 2190 1965 17.08 1399 993 7.04
4580 4341 4086 3979 3868 3754 36.36 35.75
73.35 6723 6045 5750 5438 51.05 4747 4558
99.59 9530 9080 88.92 87.00 8504 8303 8200
133.79 12664 119.06 11589 112.62 109.25 105.79 104.00
159.98 159.34 155.44 153.04 150.61 148.13 14561 144.34
166.86 161.26 158.71 15845 158.19 157.94 157.68 157.56
212.25 205.69 197.69 194.39 191.04 187.62 184.14 182.37

2.23
35.19
43.79
81.07

102.37
143.18
157.44
180.77

Free Vibration Eigenvalue by the Finite Element Method

O~NODOOEHEWN

0.13% 0.12% 0.12% 0.12% 0.11% 0.11% 0.10% 0.10%
0.03% 0.02% 0.00% -0.01% -0.02% -0.03% -0.04% -0.04%
0.21% 021% 0.23% 0.24% 0.25% 0.27% 0.29% 0.30%
0.06% 0.05% 0.05% 0.04% 0.03% 0.03% 0.03% 0.02%
0.32% 0.34% 0.36% 0.38% 0.39% 0.40% 0.43% 0.43%
-0.07% -0.08% 0.13% 0.13% 0.13% 0.13% 0.12% 0.13%
0.13% 0.13% -0.08% -0.08% -0.08% -0.08% -0.08% -0.08%
0.00% 0.50% 0.53% 0.55% 0.56% 0.57% 0.59% 0.60%

0.13%
-0.05%
0.32%
0.02%
0.44%
0.12%
-0.08%
0.60%
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Figure 4.66 Eigenvalue curves, CFCF plate, $ =2/ 5,

P,=-N,b*/D, A’ =0 a (p / D)2
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Figure 4.67 Mode shapes, CFCF plate, $ =2 /5.
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Table 4.40 Eigenvalues, CFCF plate, $ =1/2, A*=a a? (p/ D)'>

in-plane load as a percentage of buckling load
0% 20% 40% 60% 80% 90%
Present solution
19.69 17.11
3413 32.81
60.52 5756 5443 51.09
8139 7927 77.08 74.83
108.96 108.58 108.19 107.78
119.02 115.83 112.56 109.21
143.46 140.84 138.17 13545
157.72 156.68 155.63 154.57
Finite element solution [18]
2196 1970 1712 14.03
3541 3414 3281 3142

Mode -100% -50% 99%

14.02
31.42

30.64
41.11
73.44
91.21
110.84
133.79
155.85
162.82

995 7.05 2.24
2995 29.19 2849
47.51 4560 43.81
7250 7130 70.20
105.64 103.87 102.24
107.47 107.26 107.08
132.67 131.25 129.97
163.50 152.96 152.48

26.69
38.38
67.32
86.45
109.91
126.62
149.79
160.29

21.94
35.40

O NOODEL WN

9.96
29.95

7.06
29.19

2.24
28.48

30.67
41.13

26.72
38.39

73.57
91.30
110.78
134.15
1566.13
162.67

O ~NOOOEHEWN

67.44
86.54
109.84
126.99
150.06
160.13

6064 57.68
8146 79.34
108.89 108.51
119.38 116.20
143.72 141.11
157.55 156.50

54.54 51.21
7715 74.89
108.12 107.71
112.93 109.58
138.43 135.71
156.45 154.38

47.62
72.55
105.99
107.42
132.93
183.32

45.72
71.36
104.23
107.20
131.51
152.78

43.93
70.26
102.61
107.01
130.23
152.29

Percent difference

0.11%
0.05%
0.17%
0.10%
-0.06%
0.27%

0.10%
0.04%
0.18%
0.09%
-0.06%
0.29%

0.10% 0.10%
0.03% 0.02%
0.19% 0.20%
0.09% 0.09%

0.09%
0.00%
0.22%
0.09%

0.09%
0.01%
0.21%
0.09%

-0.06% -0.07% -0.07% -0.06%

0.31% 0.32%

0.33% 0.34%

0.09% 0.09%
-0.01% -0.01%
0.24% 0.25%
0.08% 0.08%
0.34% 0.35%
-0.05% -0.06%

0.10%
-0.02%
0.27%
0.08%
0.36%
-0.07%

0.18% 0.18% 0.19% 0.19% 0.19% 0.19% 0.19% 0.20% 0.20%

-0.09% -0.10% -0.11% -0.11% -0.12% -0.12% -0.12% -0.12% -0.13%
L

XN DWOUN
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Figure 468 Eigenvalue curves, CFCF plate, ¢ =1/ 2,

P,=-N,b?/D, A’ =0 a® (p/ D)™.
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Figure 4.69 Mode shapes, CFCF plate, ¢ =1 /2.
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Table 4.41 Eigenvalues, CFCF plate, § =2/ 3, A = 0 a* (p / D)'2.

In-plane load as a percentage of buckling load

Mode -100%

-50%

0% 20%

40% 60%

80%

90% 99%

Present solution

30.74
37.03
73.40
73.72
84.17
124.10
134.26
146.97

@ NOOHWNA

26.78
33.90
67.58
71.94
78.91
120.68
127.06
140.45

19.75
28.87
57.79
7045 69.84
7323 7083
117.16 115.71
11942 116.22
133.60 130.75

22.01
30.40
60.76

14.07
25.49
51.30
68.33 65.72
69.22 68.60
112.93 109.53
114.25 112.77
127.84 124.86

17.16
27.24
54.65

9.99
23.60
47.70
63.01
67.97
106.03
111.26
121.81

7.08
22.59
45.79
61.60
67.65
104.23
110.50
120.25

2.24
21.63
44.00
60.30
67.36
102.59
109.81
118.83

Finite element solution [18)

30.77
37.06
73.38
73.81
84.26
124.07
134.51
147.23

ONOOOHEWN

26.80
33.92
67.66
71.92
79.00
120.65
127.31
140.71

19.77
28.89
57.87

22.03
30.42
60.84
70.42 69.81

73.32 70.91

117.12 11567
119.67 116.47
133.87 131.02

14.07
25.51
51.38

17.18
27.26
54.73
68.41 65.81
69.19 68.57
113.18 109.79
114.20 112.72
128.12 125.14

9.99
23.61
47.78
63.09
67.94

106.29
111.21
122.08

7.08
22.60
45.87
61.68
67.62
104.49
110.44
120.53

2.24
21.64
44.08
60.38
67.33
102.85
109.75
119.11

Percent difference

0.08%
0.07%
-0.03%
0.12%
0.11%

0.19%

@NODODADLDWN

0.08%
0.06%
0.13%
-0.03%
0.11%

0.20%

0.18% 0.19%

0.07% 0.07%
0.06% 0.05%
0.13% 0.14%
-0.03% -0.04%
0.12% 0.12%

-0.02% -0.03% -0.04% -0.04%

0.21% 0.22%
0.20% 0.21%

0.07% 0.07%
0.05% 0.05%
0.15% 0.16%
0.12% 0.13%

-0.04% -0.04% -0.05% -0.05%

0.23% 0.23%
-0.04% -0.04%
021% 0.22%

0.07%
0.04%
0.17%
0.13%

0.25%
-0.05%
0.23%

0.01%
0.04%
0.19%
0.14%
-0.04%
0.25% 0.25%
-0.05% -0.05%
0.23% 0.23%

0.06%
0.04%
0.18%
0.14%

e
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Figure 4.70 Eigenvalue curves, CFCF plate, $ =2/ 3,
P,=-N,b*/D, \*=a a* (p /D)2
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Figure 4.71 Mode shapes, CFCF piate, ¢ =2/ 3.
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Table 4.42 Eigenvalues, CFCF plate, $ =1/1, A*= o a? (p / D).

___In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Present soiution

3088 26589 2211 1983 17.23 1412 1003 7.11 225
33.82 30.27 2619 24.34 2232 2007 1751 16.06 14.63
48.12 45.78 4329 4224 4116 4005 3890 3831 37.77
7405 67.87 61.02 5804 5488 5152 4790 4598 44.18
78.80 73.07 66.79 64.10 61.27 5830 5516 5352 51.99
82.19 8087 7954 7899 7844 7789 7733 77.05 76.53
96.42 9187 87.05 85.04 8297 8085 7867 7755 76.80
130.45 127.18 119.85 116.63 113.32 109.90 106.38 104.57 102.92

O NOODOODEDWN -

Finite element solution [18]

30.88 2690 2211 19.84 17.24 1413 1003 7.11 225
33.83 3029 2620 2436 2233 20.09 1753 16.09 14.66
48.13 4578 4329 4224 4117 4005 3890 3831 37.77
7407 67.89 61.04 58.06 5490 5154 4792 46.00 44.20
7886 7312 66.85 6416 61.34 5837 5523 5359 5206
8215 8083 7950 7895 7840 7785 7729 77.01 76.55
96.44 9189 87.07 8506 8299 8087 7869 77.57 76.75
130.37 127.10 119.89 116.67 113.36 109.95 106.43 104.62 102.97

O NOOOE WN -

Percent difference

0.03% 0.03% 0.03% 0.03% 0.03% 0.03% 0.03% 0.02% -0.03%
0.05% 0.05% 0.07% 0.08% 0.08% 0.10% 0.13% 0.16% 0.19%
0.01% 0.01% 0.01% 0.01% 0.01% 0.01% 0.00% 0.00% 0.00%
0.03% 0.03% 0.03% 0.04% 0.04% 0.04% 0.04% 0.04% 0.05%
0.07% 0.08% 0.09% 0.10% 0.10% 0.11% 0.13% 0.13% 0.14%
-0.05% -0.05% -0.05% -0.05% -0.05% -0.05% -0.05% -0.05% 0.03%
0.02% 0.02% 0.02% 0.02% 0.02% 0.03% 0.03% 0.03% -0.06%
-0.06% -0.06% 0.04% 0.04% 0.04% 0.04% 0.04% 0.04% 0.05%

W NOOOE WON
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Figure 4.72 Eigenvalue curves, CFCF plate, ¢ =1/1,

P =-N,b?/D, A’ =0 a (p/ D).
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Figure 4.73 Mode shapes, CFCF plate, ¢=1/1.




Mode
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Table 4.43 Eigenvalues, CFCF plate, $ =3 /2, A*= o a% (p / D)'2.

in-plane load as a percentage of buckling load

-100% -50% 0% 20% 40% 60% 80% 90% 99%

Present solution

N R WN -

3098 2698 2218 1990 1729 14.17 1006 7.13 226
3231 2852 2406 2200 19.70 17.05 1387 1195 9.88
38.00 3490 3144 2993 2833 2662 24.77 2379 22.86
51.09 48.88 4654 4556 4456 4353 4247 4192 41.43
7381 68.09 6121 5821 5504 5167 4804 4611 44.30
7429 7037 6376 6090 57.88 5469 5129 4949 47.82
76.37 7232 7080 7018 6802 6535 6257 61.12 59.79
84.17 78.82 73.03 7057 69.55 6891 68.27 67.94 67.65

Finite element solution [18])

O NOODH WN

30.97 26.97 2218 1990 1729 14.17 10.06 7.13 226

3231 2852 2407 2201 19.71 17.08 1390 1199 993

38.00 3490 3145 2994 2834 2663 2479 2381 22.88
51.07 48.86 46.52 4555 44.54 4351 4245 4191 41.42
73.75 68.03 61.16 5816 5499 5162 4799 46.06 44.25
7423 7036 63.76 60.90 57.90 5471 5131 4952 47.85
7635 7227 70.75 7012 68.01 6535 6257 61.13 59.80
8415 78.80 73.02 7056 69.50 68.86 68.21 67.89 67.59

Percent difference

O ~NOOOL WWN

-0.03% -0.03% -0.03% -0.02% -0.02% -0.02% -0.01% -0.01% -0.03%
0.00% 0.01% 0.04% 006% 0.09% 0.14% 0.23% 0.32% 0.49%
0.00% 0.01% 0.03% 0.03% 0.04% 0.06% 0.07% 0.08% 0.09%
-0.04% -0.04% -0.04% -0.03% -0.03% -0.03% -0.03% -0.03% -0.03%
-0.07% -0.08% -0.08% -0.09% -0.09% -0.10% -0.10% -0.11% -0.11%
-0.08% -0.01% 0.00% 0.01% 0.02% 0.03% 0.05% 0.05% 0.06%
-0.02% -0.07% -0.07% -0.07% -0.01% 0.00% 0.00% 0.01% 0.01%
-0.03% -0.03% -0.02% -0.01% -0.08% -0.08% -0.08% -0.08% -0.08%
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Figure 4.74 Eigenvalue curves, CFCF plate, ¢ =3/ 2,
P,=-N,b*/D, A*=0 a’(p/ D)™
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Figure 4.75 Mode shapes, CFCF plate, $ =3/ 2.
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Table 4.44 Eigenvalues, CFCF plate, $ =2 /1, A* =0 a’ (p/ D)".

In-plane load as a percentage of buckling load )
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Present solution

31.04 2703 2222 19984 17.32 1420 1008 7.14 226
31.78 2789 2328 2112 1869 1585 1233 10.10 7.51
3480 3133 2737 2559 2366 2153 1915 1783 16.54
4133 3850 3541 3409 3270 3123 2969 2888 28.13
5278 5063 48.37 4743 4646 4547 4445 4393 43.46
6983 6820 61.31 5830 55.13 51.74 48.10 46.17 4435
7441 6824 6269 59.77 5668 53.39 4988 48.03 46.29
7554 69.44 6661 6532 6253 59.59 5649 5487 53.37

O~NOOODEON -

Finite element solution [18]

31.01 27.01 2221 1993 17.32 1419 1008 7.14 226

3176 2789 2329 2113 1871 1588 1237 10.14 7.58

3479 3133 27.37 2559 2367 2155 1917 17.85 16.57
4131 3848 3540 3407 3269 3122 2968 2887 28.12
52.72 50.58 48.31 47.37 4641 4542 4440 4388 4341
69.73 6810 61.21 5821 55.04 5165 48.01 46.08 44.26
7431 68.15 6266 5974 5666 5338 4988 48.02 46.29
7548 69.39 6652 6528 6248 5955 5646 654.84 53.34

O ~NOOOWE WON -

Percent difference

-0.07% -0.06% -0.05% -0.05% -0.05% -0.04% -0.04% -0.04% -0.03%
-0.04% -0.02% 0.02% 0.04% 0.08% 0.15% 0.30% 0.48% 0.93%
-0.03% -0.02% 0.01% 0.03% 0.05% 0.08% 0.12% 0.15% 0.18%
-0.06% -0.05% -0.04% -0.04% -0.03% -0.03% -0.02% -0.02% -0.01%
-0.11% -0.11% -0.11% -0.11% -0.11% -0.11% -0.11% -0.11% -0.11%
-0.14% -0.14% -0.15% -0.16% -0.17% -0.18% -0.19% -0.20% -0.21%
-0.14% -0.14% -0.05% -0.04% -0.03% -0.02% -0.01% 0.00% 0.00%
-0.08% -0.07% -0.14% -0.08% -0.07% -0.07% -0.06% -0.06% -0.05%

O~NOOOSLE N -



208

¢ odeys —w—
L edeys —p—
@ edeys —e—
G edeys —o—
¥ adeys —e—
¢ edeys —o—
Z odeys —m—
} edeys —o—

PeOT eue|d-u} ssejuoisuawiIq
%08  %08-

1 :

Figure 4.76 Eigenvalue curves, CFCF plate, ¢ =2/ 1,
P,=-N,b*/D, A*=0 a*(p/D)"~
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Figure 4.77 Mode shapes, CFCF plate, ¢ =2 /1.
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Table 4.45 Eigenvalues, CFCF plate,  =5/2, A* =0 a (p/ D)'2.

in-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution
31.07 27.06 2225 1996 1734 1421 1009 7.15 227
31.54 2760 2292 20.71 1821 15627 1155 9.11 6.10
33.41 29.76 2551 2357 2144 1904 1626 1465 13.03
3725 34.04 3045 2887 2719 2538 2341 2235 21.35
4386 4121 3834 3712 3585 3453 33.14 3242 31.76
53.86 51.75 4953 4861 4767 46.70 4571 4520 44.39
6750 6585 6137 65836 5518 5179 48.14 4621 4474
7449 68.27 6221 5925 56.13 5280 4923 47.34 4557
Finite element soiution [18]
31.04 27.04 2223 1995 1733 1421 1009 7.15 227
31.52 27.59 2292 2072 1823 1530 1159 9.17 6.19
33.39 29.74 2551 2357 2145 1905 16.28 1468 13.07
3722 3402 3044 2886 27.18 2537 2341 2235 21.35
4380 41.15 3828 37.07 3580 3448 33.09 3237 31.71
§53.75 5164 4943 4851 4756 46.59 4560 45.09 44.27
67.35 65.70 6125 65825 5506 5167 4803 46.09 4463
7436 68.14 62.17 5921 56.09 5278 4922 47.33 4557
Percent difference
-0.09% -0.08% -0.07% -0.07% -0.06% -0.05% -0.05% -0.05% -0.03%
-0.06% -0.04% 0.01% 0.03% 0.08% 0.16% 0.36% 0.63% 1.52%
-0.06% -0.04% -0.01% 0.02% 0.04% 0.08% 0.15% 0.21% 0.29%
-0.08% -0.07% -0.05% -0.05% -0.03% -0.02% -0.01% 0.00% 0.00%
-0.14% -0.14% -0.14% -0.14% -0.15% -0.15% -0.15% -0.15% -0.16%
-0.20% -0.21% -0.21% -0.22% -0.22% -0.23% -0.23% -0.24% -0.25%
-0.22% -0.23% -0.19% -0.19% -0.20% -0.22% -0.23% -0.24% -0.24%

-0.17% -0.18% -0.08% -0.07% -0.06% -0.05% -0.03% -0.02% -0.01%
b 3

ONOOHEONa

O NODOODWN

O ~NOO D WN-
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Figure 4.78 Eigenvalue curves, CFCF plate, $ =5/ 2,

P,=-N,b*/D,A*=0a’ (p/ D)™
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Mode

Table 4.46 Eigenvalues, CFCF plate, $ =3/ 1, A= o a? (p / D)'2.

in-plane load as a percentage of buckling load

213

-100% -50%

0%

20%

40%

60%

80%

90%

99%

Present solution

O NOGOEHEWON -

31.09 2708
3141 2745
3269 2893
35.20 31.76
3941 36.41
45.79 4325
5461 5252
65.98 64.28

22.26
2272
24.51
27.84
33.09
40.54
50.34
61.40

19.97
20.49
22.48
26.09
31.64
39.39
49.43
58.40

17.36
17.95
20.21
24.19
30.12
38.20
48.50
55.21

14.22
14.95
17.63
22.11
28.51
36.96
47.55
51.82

10.10
11.11
14.56
19.79
26.79
35.67
46.57
48.17

7.16
8.53
12.73
18.51
25.87
35.00
46.07
46.23

2.27
5.18
10.80
17.27
25.02
34.39
44.41
45.19

Finite element solution [18]

O NOOOE WN

31.06 27.06
31.39 2744
32.66 2891
35.16 31.73
39.35 36.35
4567 43.14
54.43 5235
65.75 64.06

22.25
22.72
24.51
27.82
33.03
40.43
50.16
61.28

19.96
20.49
22.48
26.07
31.59
39.27
49.25
58.27

17.35
17.96
20.22
24.18
30.07
38.08
48.32
55.09

14.22
14.97
17.65
22.10
28.46
36.85
47.37
51.70

10.09
11.15
14.58
19.79
26.74
35.56
46.39
48.05

7.15
8.60
12.76
18.51
25.82
34.89
45.90
46.11

227
5.30
10.84
17.27
24.97
34.28
44.29
45.19

Percent difference

O ~NOOOEHEWN

-0.10% -0.09%
-0.07% -0.04%
-0.08% -0.05%
-0.10% -0.08%
-0.16% -0.16%
-0.25% -0.26%
-0.32% -0.33%
-0.33% -0.34%

-0.08%
0.01%
-0.02%
-0.07%
-0.16%
-0.27%
-0.34%
-0.20%

-0.07%
0.04%
0.01%
-0.05%
-0.16%
-0.28%
-0.35%
-0.21%

-0.07% -0.06% -0.05% -0.04% 0.13%

0.09%
0.04%
-0.04%

0.18%
0.08%
-0.03%

0.42%
0.17%
0.00%

0.17% -0.17% -0.18%
-0.29% -0.30% -0.32%

-0.36%
-0.22%

-0.37%
-0.23%

-0.38%
-0.25%

0.79%
0.26%
0.01%
-0.19%
-0.33%
-0.39%
-0.26%

2.29%
0.40%
0.03%
-0.19%
-0.33%
-0.27%
-0.01%
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Figure 4.80 Eigenvalue curves, CFCF plate, $ =3/ 1,

P,=-N,b*/D,A*=0 a’(p/ D)
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Figure 4.81 Mode shapes, CFCF plate, ¢ =3/ 1.

Shape 3
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Table 4.47 Eigenvalues, SCSF plate, $ =1/3, A>=0 a? (p/ D)~

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Present solution

5187 4625 3985 3697 3386 3043 2656 21.00 6.64
93.92 8134 6641 5940 5144 4200 2970 2440 2227
150.66 133.18 113.02 103.87 9384 8259 69.54 62.00 54.32
212.46 202.88 179.83 169.74 159.01 147.50 135.01 128.31 121.96
223.56 211.16 209.85 209.32 208.79 208.27 207.74 207.47 207.23
252.09 247.68 243.19 241.37 239.53 233.63 221.52 215.21 209.37
312.36 291.38 266.69 256.14 245.15 237.69 235.82 234.89 234.04
314.15 304.31 296.05 292.68 289.27 285.82 282.32 280.56 278.96

O~NOOMEAEWN

Finite element solution [18]

51.85 46.24 3983 36.96 33.85 3042 2655 21.00 6.63
93.90 8132 6640 5939 5143 4199 2969 24.38 22.26
150.70 133.23 113.10 103.95 93.93 8269 6967 62.15 54.49
212.18 203.17 180.17 170.11 159.40 147.93 13548 128.80 122.48
223.83 210.88 209.57 209.04 208.52 207.99 207.45 207.19 206.95
251.62 247.19 242.70 240.87 239.03 234.72 222.68 216.41 210.60
311.47 292.26 267.64 257.14 246.19 237.19 235.31 234.38 233.53
314.95 303.40 295.12 291.73 288.31 284.85 281.34 279.58 277.97

O NODOODHEWUN A

Percent difference

-0.02% -0.03% -0.03% -0.04% -0.04% -0.04% -0.05% -0.03% -0.12%
-0.02% -0.02% -0.02% -0.02% -0.02% -0.02% -0.02% -0.06% -0.07%
0.03% 0.04% 0.06% 0.07% 0.10% 0.13% 0.19% 0.24% 0.32%
-0.13% 0.15% 0.19% 0.22% 0.25% 0.29% 0.35% 0.39% 0.43%
0.12% -0.13% -0.13% -0.13% -0.13% -0.13% -0.14% -0.13% -0.13%
-0.19% -0.20% -0.20% -0.20% -0.21% 0.47% 0.52% 0.56% 0.59%
-0.28% 0.30% 0.36% 0.39% 0.42% -0.21% -0.22% -0.22% -0.22%
0.26% -0.30% -0.32% -0.32% -0.33% -0.34% -0.35% -0.35% -0.35%

O ~NODODOHEWN
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Figure 4.82 Eigenvalue curves, SCSF plate, ¢ =1/ 3,
P.=-N,b*/D,A*=0a @ (p/D)"?
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Figure 4.83 Mode shapes, SCSF plate, ¢ =1/ 3.
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Table 4.48 Eigenvalues, SCSF plate, $ =2/5, A= o0 a* (p/ D)2

in-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution
4171 3645 3028 2742 2424 2056 16.07 13.26 574
8115 7028 5738 5132 4445 3629 2566 18.15 10.09
135.50 121.06 10465 9731 8938 8066 7089 6545 60.15
151.93 150.57 149.20 148.65 148.09 147.28 138.05 133.19 12867
190.84 186.48 172.03 164.19 155.97 147.54 146.98 146.70 146.44
206.79 190.21 182.01 180.19 178.35 176.50 174.62 173.68 172.82
249.06 241.51 233.72 230.53 227.29 224.01 220.68 218.99 216.55
296.39 27849 259.36 251.30 24297 234.35 22540 220.79 217.46
Finite element solution [18]
4171 3644 30.27 2742 2423 2055 1605 1324 573
8116 7028 5739 5133 4445 3629 2566 18.15 10.06
135.58 121.16 104.75 9743 8949 80.79 71.03 6561 60.31
151.76 150.39 149.02 148.47 147.92 147.36 138.52 133.68 129.17
190.53 186.16 172.42 164.60 156.39 147.72 146.80 146.52 146.26
207.12 190.56 181.68 179.86 178.02 176.16 174.28 173.34 172.48
248.48 24091 233.09 229.89 226.64 223.35 220.01 218.32 216.79
297.26 279.41 260.35 252.32 244.02 235.43 226.53 221.93 217.72
Percent difference
-0.01% -0.01% -0.02% -0.03% -0.04% -0.07% -0.11% -0.17% -0.02%
0.01% 0.01% 0.01% 0.01% 0.01% 0.01% 0.01% 0.01% -0.30%
0.06% 008% 0.10% 0.12% 0.13% 0.15% 0.20% 0.23% 0.28%
-0.12% -0.12% -0.12% -0.12% -0.12% 0.05% 0.34% 0.37% 0.39%
-0.16% -0.17% 0.23% 024% 027% 0.13% -0.12% -0.12% -0.12%
0.16% 0.19% -0.18% -0.18% -0.19% -0.19% -0.19% -0.20% -0.20%
-0.23% -0.25% -0.27% -0.28% -0.28% -0.29% -0.30% -0.31% 0.11%

029% 0.33% 0.38% 041% 043% 046% 0.50% 0.52% 0.12%
e e

N LD ON

O NODOOE WN

O ~NOOOOHAEWN -
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Figure 4.84 Eigenvalue curves, SCSF plate, $ =2 /5,
P==-N,b’ID. A2=o a? (p/ D)2
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Figure 485 Mode shapes, SCSF plate, =2/ 5.
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Table 4.49 Eigenvalues, SCSF plate, $ =1/2, A= 0 a° (p / D)~

in-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution
31.85 2758 2252 2014 1744 1424 1007 7.12 225
67.47 5948 50.23 4602 4138 36.14 30.01 2641 2269
102.05 100.80 98.12 9335 88.32 83.00 77.30 7429 7147
119.13 109.13 9953 9902 9851 9799 9747 9721 96.98
139.07 135.38 131.58 130.03 128.46 126.87 125.26 124.45 123.71
188.86 177.79 165.99 161.03 155.91 150.61 145.12 142.30 139.71
194.15 188.18 182.02 179.49 176.93 174.33 171.69 170.36 169.15
258.43 257.94 250.86 247.61 243.52 238.26 232.88 230.14 227.65
Finite element solution [18]
3184 2758 2252 2014 1744 1424 1007 7.12 225
6748 5950 5025 4604 4140 36.17 3005 2646 2275
101.95 100.70 9824 9348 8846 83.14 7746 7446 7164
119.23 10924 9943 9892 9841 9789 9737 97.11 96.88
138.90 135.19 131.39 129.84 128.27 126.68 125.06 124.25 123.51
189.20 178.15 166.38 161.43 156.32 151.04 14557 142.76 140.18
193.82 187.84 181.67 179.14 176.57 173.96 171.33 169.99 168.77
257.90 257.40 250.32 247.06 243.75 239.26 233.90 231.17 228.69
Percent difference
-0.01% -0.01% -0.01% -0.01% -0.01% -0.01% -0.02% -0.02% -0.19%
0.02% 0.03% 0.04% 0.05% 0.06% 0.09% 0.13% 0.17% 0.23%
-0.09% -0.10% 0.13% 0.14% 0.16% 0.18% 0.21% 0.23% 0.24%
0.08% 0.10% -0.10% -0.10% -0.10% -0.10% -0.10% -0.10% -0.10%
-0.13% -0.14% -0.14% -0.14% -0.15% -0.15% -0.16% -0.16% -0.16%
0.18% 0.20% 024% 0.25% 027% 029% 0.31% 0.32% 0.34%
-0.17% -0.18% -0.19% -0.20% -0.20% -0.21% -0.21% -0.22% -0.22%

-0.21% -0.21% -0.22% -0.22% 0.09% 042% 0.44% 0.45% 0.46%
e

0O ~NOOMEWN A

O ~NOOOEWN

O ~NOOELE WN -
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Figure 4.86 Eigenvalue curves, SCSF plate, ¢ = 1/ 2,

P,=-N,b*/D, A*=0 a*(p /D)2
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Figure 4.87 Mode shapes, SCSF plate, ¢ =1/ 2.

Shape 1 Shape 2




Mode

Table 4.50 Eigenvalues, SCSF plate, $ =2/3, A*’=o0 &’ (p/D

In-plane load as a percentage of buckling load

)112.

225

-100% -50%

0% 20%

40% 60%

80%

90%

99%

Present solution

0O ~NOOOELE OON -

20.33
50.72
61.92
94.75
89.79
145.44
149.91
168.33

23.48
55.89
63.02
97.61
105.82
149.64
150.37
174.76

16.60

44.96

60.80

91.79

93.37
141.11
149.45
161.65

14.85
42.43
60.34
90.58
90.67
139.34
149.27
158.89

12.86
39.75
59.88

10.50
36.87
59.42
8789 85.03
89.36 88.12
137.556 135.73
149.08 148.90
156.09 153.24

7.42
33.75
58.96
82.06
86.86
133.89
148.71

150.34

5.25
32.08
58.72
80.53
86.22

132.96
148.62
148.86

1.66
30.49
58.51
79.13
85.64
132.12
147.52
148.54

Finite element solution [18]

0O ~NOOOOEWN -

20.34
50.74
61.88
94.67
99.90
145.31
149.70
168.65

23.48
55.91
62.98
97.54
105.93
149.52
150.16
175.06

14.85
42.46
60.30

16.60
44.98
60.76
91.71 90.50
93.49 90.79
14098 139.21
149.24 149.05
161.98 159.23

10.50
36.90
59.38
85.15
88.03
135.59
148.68
153.59

12.86

39.78

59.84

88.02

89.28

137.41
148.87
156.43

7.43
33.79
58.91
82.19
86.77
133.75
148.50
150.69

5.25
32.11
58.68
80.66
86.13

132.82
148.40
149.22

1.66
30.53
58.47
79.27
85.56
131.98
147.88
148.32

Percent difference

0O ~NOOSHEWON -

0.01%
0.04%
-0.06%
-0.07%
0.10%
-0.08% -0.09%
-0.14% -0.14%
0.18% 0.19%

0.01%
0.05%
-0.06%
-0.08%
0.11%

0.01% 0.01%
0.06% 0.07%
-0.07% -0.07%
-0.09% -0.09%
0.12% 0.13%
-0.09% -0.10%
-0.14% -0.14%
0.21% 0.21%

0.01% 0.01%
0.08% 0.08%
-0.07% -0.07%
0.14% 0.15%
-0.09% -0.10%
-0.10% -0.10%

0.01%
0.10%
-0.07%
0.16%
-0.10%
0.11%

0.02%
0.11%
-0.07%
0.17%
-0.10%
-0.11%

0.18%
0.12%
-0.07%
0.17%
-0.10%
0.11%

0.14% -0.14% -0.15% -0.15% 0.24%

0.22% 0.23%

0.24%

0.24%

-0.15%
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Figure 488 Eigenvalue curves, SCSF plate, $ =2 / 3,

P.=-N,b*/D,A*=0 a* (p/D)"2.
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Figure 4.89
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Mode

Table 4.51 Eigenvalues, SCSF plate, $ =1/1, 3> = o a* (p/ D).

In-plane load as a percentage of buckling load

228

-100%

-50%

0% 20% 40% 60%

80%

90%

99%

Present solution

ONOODOEWN--

17.76
35.21
48.51
67.56
73.34
97.86
105.84
117.73

15.38
34.07
45.14
65.18
72.80
94.16
104.34
114.67

1256 1123 973 794
3289 3241 3192 3142
4150 3995 38.34 36.65
62.72 61.70 60.67 59.62
7226 72.04 7182 71.60
90.31 88.73 87.11 8547
102.81 102.20 101.58 100.96
111.54 110.26 108.96 107.65

5.62
30.92
34.89
58.55
71.38
83.79

100.33
106.33

3.97
30.66
33.97
58.01
71.27
82.94

100.01
105.66

1.26
30.43
33.13
§7.52
71.17
82.17
99.73
105.05

Finite element solution [18]

O~NOOOEWON

17.76
35.20
48.53
67.55
73.29
97.92
105.72
117.70

15.38
34.06
45.16
65.17
72.75
94.23
104.22
114.65

1256 1124 973 794
3288 3240 31.91 3141
4152 3997 3836 36.68
62.70 61.68 60.65 59.60
7221 7199 71.77 71.55
90.38 88.80 87.18 85.54
102.70 102.08 101.46 100.84
111.51 110.23 108.93 107.62

5.62
30.90
34.91
58.53
71.33
83.86

100.21
106.29

3.97
30.65
34.00
57.99
71.22
83.01
99.89

105.62

1.26
30.42
33.15
57.50
71.12
82.24
99.61

105.02

Percent difference

O ~NOOELE WON -

0.02%
-0.03%
0.04%
-0.02%
-0.07%
0.07%
-0.11%
-0.02%

0.02%
-0.03%
0.05%
-0.02%
-0.07%
0.07%
0.11%
-0.02%

0.02% 0.03% 0.02% 0.02%
-0.03% -0.03% -0.03% -0.03%
0.05% 0.05% 0.06% 0.06%
-0.03% -0.03% -0.03% -0.03%
-0.07% -0.07% -0.07% -0.07%
0.08% 0.08% 0.08% 0.08%
-0.12% -0.12% -0.12% -0.12%
-0.02% -0.03% -0.03% -0.03%

0.03%
-0.04%
0.06%
-0.03%
-0.07%
0.08%
-0.12%
-0.03%

0.03%
-0.04%
0.07%
-0.03%
-0.07%
0.09%
-0.12%
-0.03%

0.07%
-0.04%
0.07%
-0.04%
-0.07%
0.09%
-0.12%
-0.03%
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Figure 4.90 Eigenvalue curves, SCSF plate, ¢ =1/1,
P.=-N,b*/D, A* =0 a* (p / D)"2.
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Figure 491 Mode shapes, SCSF plate, ¢=1/1.
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Table 4.52 Eigenvalues, SCSF plate, $ =3/2, A*= o a? (p / D)™

in-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Present solution

1542 1335 1090 975 844 689 488 345 1.09
2298 2164 2022 1963 19.01 1838 17.72 17.38 17.07
39.38 3862 3784 3753 3721 3641 3508 3440 33.77
4568 4300 40.14 3894 37.70 36.89 3657 3640 36.26
5416 5191 4957 4860 4762 4661 4557 4505 44.57
65.01 6455 64.09 6391 63.72 6353 6335 6325 63.17
7112 6943 6769 6699 6627 6555 6482 6445 64.12
9496 9210 89.15 87.94 86.72 8547 8421 8357 83.00

B NOOODBDWN

Finite element solution [18]

1542 1336 1091 975 845 690 488 345 1.09

2297 2164 2022 1962 19.01 1837 17.71 17.37 17.06
39.36 3860 3782 3750 37.19 3642 3509 3441 33.78
4569 4301 4015 3895 37.71 3687 36.54 36.38 36.23
5415 5191 4956 4859 4760 4659 4556 45.04 44.56
64.97 64.51 6405 63.86 6368 6349 6330 63.21 63.12
71.05 6936 6762 6691 66.20 6548 6475 64.38 64.04
94.97 9211 89.15 8795 86.72 8548 8422 83.58 83.00

O NOOOODEWN -

Percent difference

0.03% 0.03% 0.03% 0.03% 0.03% 0.03% 0.03% 0.02% -0.09%
-0.01% -0.01% -0.02% -0.02% -0.02% -0.03% -0.03% -0.03% -0.03%
-0.05% -0.06% -0.06% -0.06% -0.06% 0.03% 0.03% 0.03% 0.03%
0.03% 0.03% 0.03% 0.03% 0.03% -0.06% -0.07% -0.07% -0.07%
-0.01% -0.02% -0.02% -0.02% -0.02% -0.02% -0.03% -0.03% -0.03%
-0.06% -0.06% -0.07% -0.07% -0.07% -0.07% -0.07% -0.07% -0.07%
-0.09% -0.10% -0.10% -0.11% -0.11% -0.11% -0.12% -0.12% -0.12%
0.01% 0.01% 0.01% 0.01% 0.01% 0.01% 0.00% 0.00% 0.00%

O NODOODLE WN
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Figure 4.92 Eigenvalue curves, SCSF piate, ¢ =3 / 2,
Pe=-N.b*/D,A*= 0 a’ (p/D)".
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Figure 4.93 Mode shapes, SCSF plate, ¢ =3/ 2.
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Table 4.53 Eigenvalues, SCSF plate, $ =2/1, A= a(p / D)2

in-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution
1467 1271 1037 928 804 65 464 3.28 1.04
1880 1731 1568 1498 1424 1346 1264 1221 11.80
27.72 26.73 25.70 2528 2485 2442 23.97 2374 2354
4182 4117 39.72 3862 3749 36.33 3512 3450 33.94
4482 4235 4051 4024 3997 3970 3943 39.30 39.17
4956 4733 4500 4404 43.05 4204 4100 4047 39.99
59.02 57.16 55.25 5447 5367 5286 5204 5162 51.25
6110 6065 6021 6003 5985 5967 5949 5940 59.32
Finite element solution [18]
1468 1271 1038 928 804 656 464 3.28 1.04
1880 17.31 1568 1497 1424 1346 1263 1220 11.80
27.70 26.71 2568 2526 24.83 2439 2395 23.72 2351
4177 4112 39.73 3863 3750 36.34 3513 3451 3395
4483 4236 4046 40.19 3993 3966 39.38 39.25 39.12
4955 4732 4499 4402 4303 42.02 4098 4045 39.97
5896 67.10 55.18 5439 5360 5279 5196 5155 51.17
6104 6060 60.15 59.97 59.79 5961 5943 59.34 59.26
Percent difference
0.04% 0.03% 0.03% 0.03% 003% 0.03% 0.03% 0.03% 0.04%
0.00% -0.01% -001% -0.02% -0.03% -0.03% -0.04% -0.04% -0.05%
-0.07% -0.08% -0.08% -0.09% -0.10% -0.10% -0.10% -0.10% -0.11%
-0.11% -0.11% 0.03% 0.03% 003% 0.03% 0.02% 0.02% 0.02%
0.03% 0.03% -0.12% -0.12% -0.12% -0.12% -0.13% -0.13% -0.13%
-0.02% -0.03% -0.03% -0.04% -0.04% -0.04% -0.05% -0.05% -0.05%
0.11% -0.11% -0.13% -0.13% -0.14% -0.14% -0.15% -0.15% -0.15%

-0.09% -0.10% -0.10% -0.10% -0.10% -0.10% -0.10% -0.10% -0.10%
e Y

@ ~NOOAEWN -

0O ~NOOOEAWN-
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Figure 4.94 Eigenvalue curves, SCSF plate, ¢ =2/ 1,
P,=-N,b*/D, A*= 0 a*(p/ D)~
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Figure 4.95 Mode shapes, SCSF plate, ¢ =2/ 1.
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Table 4.54 Eigenvalues, SCSF plate, §=5/2, A>=o a* (p/D)'~.

in-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution
1435 1243 10.15 9.08 786 642 454 3.21 1.01
16.93 1533 1355 1277 1193 1104 1006 954 904
2245 2128 2003 1951 1897 1842 1786 17.56 17.30
31.25 3041 2955 2920 2885 2849 28.12 2794 27.77
43.38 4208 3955 3850 3741 36.29 3514 3455 34.01
4446 4278 4218 4193 4096 3994 3890 38.36 37.88
4748 4526 4292 4195 4169 4144 4119 41.06 4095
5348 5152 4948 4864 4779 4692 4603 4558 45.17
Finite element solution [18]
1436 1243 10.15 9.08 786 642 454 3.21 1.02
16.93 1533 1355 1277 1193 1103 1005 9.53 9.03
2244 2126 2001 1949 1895 1840 1783 17.54 17.27
3120 3036 2950 29.15 28.79 2843 28.06 27.88 27.71
43.30 42.09 3957 3851 3742 3631 3515 3456 3402
4447 4270 4209 4185 4094 3992 3887 3834 37.85
4747 4525 4291 4193 4160 4135 4110 4097 40.86
5342 65145 4941 4857 4771 4684 4595 4550 45.09
Percent difference
0.04% 0.04% 004% 0.04% 0.04% 0.04% 0.04% 0.04% 0.02%
0.01% 0.00% -0.02% -0.02% -0.03% -0.04% -0.06% -0.07% -0.08%
-0.08% -0.09% -0.11% -0.12% -0.13% -0.13% -0.15% -0.15% -0.16%
-0.16% -0.17% -0.18% -0.19% -0.20% -0.20% -0.21% -0.21% -0.22%
-<0.19% 0.04% 003% 0.04% 0.03% 0.03% 0.03% 0.03% 0.03%
0.04% -0.19% -0.20% -0.20% -0.05% -0.05% -0.06% -0.06% -0.07%
-0.03% -0.03% -0.04% -0.05% -0.21% -0.21% -0.21% -0.22% -0.22%

-0.11% -0.13% -0.14% -0.15% -0.15% -0.16% -0.17% -0.17% -0.18%
L~ .

O ~NOOODLON

O NODOOELE WN -
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Figure 4.96 Eigenvalue curves, SCSF plate, ¢ =5/ 2,
Pe=-N,b’/D, A*=0 a(p /D)2
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Figure 4.97 Mode shapes, SCSF plate, ¢ = 5/ 2.

Shape 1 Shape 2
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Table 4.55 Eigenvalues, SCSF plate, $=3/1,A*=o0 a* (p/ D)'2.

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Present solution

1419 1229 1003 898 777 635 449 3.17 1.00

1595 1428 1239 1155 1064 965 855 793 734

1967 1835 1692 1632 1569 1503 1435 1399 13.66
2562 2462 2357 2314 2270 2225 2180 2156 2135
33.88 33.13 3236 3205 31.73 3141 31.09 3093 30.78
4428 4194 3947 3844 3737 3628 3515 3457 34.05
4446 4389 4181 4084 3984 3882 37.76 37.23 36.74
4638 4416 4332 4308 4285 4261 4238 4224 41.84

O~NOODLEWN -

Finite element solution [18]

1420 1230 1004 898 778 635 449 317 1.00

1595 1428 1239 1155 1064 965 854 793 733

1966 1833 1690 1629 1566 1501 1432 13.96 13.63
2557 2456 2352 2308 2264 2219 2173 2150 21.29
33.78 3303 3226 3195 3163 3131 3098 3082 30.67
4430 4197 3949 3846 37.39 3630 3517 34.59 34.06
4433 4376 4179 4082 3982 3879 37.74 3720 36.71
46.37 4414 4318 4295 4271 4248 4224 4212 41.76

O~NOOOELWON-

Percent difference

0.05% 0.05% 0.05% 0.05% 0.05% 0.05% 0.05% 0.05% 0.05%
0.01% 0.01% -0.01% -0.02% -0.03% -0.05% -0.08% -0.10% -0.12%
-0.08% -0.09% -0.12% -0.14% -0.15% -0.17% -0.19% -0.20% -0.22%
-0.20% -0.22% -0.24% -0.25% -0.26% -0.28% -0.29% -0.30% -0.30%
-0.28% -0.29% -0.31% -0.31% -0.32% -0.33% -0.34% -0.34% -0.35%
0.05% 0.05% 0.05% 0.05% 0.05% 0.05% 0.05% 0.05% 0.05%
-0.29% -0.30% -0.05% -0.05% -0.05% -0.06% -0.07% -0.07% -0.07%
-0.03% -0.03% -0.31% -0.31% -0.32% -0.32% -0.33% -0.29% -0.19%

O ~NO L WON =
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Figure 4.98 Eigenvalue curves, SCSF plate, ¢ =3/ 1,

Pe=-N,b’/D,A*=0 a’ (p/D)"*
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Figure 4.99 Mode shapes, SCSF plate, ¢ =3 /1.
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Table 4.56 Eigenvalues, SSCF plate, $ =1/3,A* =0 a* (p / D)'*.

in-plane load as a percentage of buckling load

243

Mode -100%

-50%

0% 20%

40% 60%

80%

90%

99%

Present solution

138.55
1565.75
201.12
214.81
267.25
309.52

O NOO D WN -

128.80
154.83
198.25
203.86
262.41
297.82

3525 30.68 2523 2265
79.57 7179 6302 59.13 5496 5043 4545 4274 40.14

113.73
163.52
187.46
194.16
255.46
280.62

118.24
153.89
192.29
195.34
257.47
285.64

19.70 16.17

109.04 104.13
1563.14 152.77
182.50 177.40
192.97 191.78
253.44 25140
275.51 270.30

11.51

8.18

2.60

98.98 96.30 93.82

152.39
172.15
190.57
249.35
264.99

152.20
169.47
189.97
248.31
262.29

152.03
167.01
189.42
247.38
259.84

Finite element solution [18]

35.25
79.60
138.71
155.64
200.80
215.32
266.54
310.78

W ~NOOOVHE WUN -

30.69
71.82
128.97
154.71
197.93
204.40
261.69
299.13

2523 2265

63.05 59.16

118.42 113.91
153.78 153.41
192.86 188.04
195.01 193.83
256.73 254.72
286.99 282.00

19.70 16.17
5499 5047
109.23 104.33
153.03 152.65
183.09 178.01
192.64 19145
252.69 250.65
276.91 271.73

11.51
45.49

99.18
152.27
172.78
190.24
248.59
266.43

8.18
42.78
96.51

152.08
170.10
189.63
247.55
263.75

2.60
40.19
94.04

151.91
167.66
189.08
246.60
261.31

Percent difference

0.01%
0.04%
0.11%
-0.07%
-0.16%
0.24%
-0.27%
0.41%

O NODOEWN -~

0.01%
0.04%
0.13%
-0.07%
-0.16%
0.26%

0.00%
0.06%
0.16%
-0.08% -0.07%
0.30% 0.31%
0.17% -0.17%

0.00%
0.05%
0.15%

0.00% 0.01%
0.06% 0.08%
0.18% 0.19%
-0.08% -0.08%
0.32% 0.34%
-0.17% -0.17%

-0.27% -0.29% -0.29% -0.30% -0.30%

0.44%

047% 0.49%

0.51% 0.53%

0.00%
0.09%
0.21%
-0.08%
0.36%
-0.17%

0.01%
0.10%
0.22%
-0.08%
0.37%
-0.18%

0.03%
0.11%
0.23%
-0.08%
0.39%
-0.18%

-0.31% -0.31% -0.31%

0.55%

0.56%

0.57%

R ]
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Figure 4.100 Eigenvalue curves, SSCF plate, ¢ = 1/3,
P.=-N,b*/D, A*=0 a*(p/D)”
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Figure 4.101 Mode shapes, SSCF plate, ¢ =1/ 3.
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Table 4.57 Eigenvalues, SSCF plate, § =2/5, A2 =0 a? (p / D)2

in-plane load as a percentage of buckling load

246

Mode -100%

-50%

0% 20% 40% 60%

80%

90%

99%

Present solution

73.51
113.68
130.96
158.24
206.32
222.09
300.51

O~NOOOEON-

66.75
112.65
122.71
155.29
197.21
217.38
290.87

31.70 2759 2268 2036 17.70 14.52

10.33

7.33

5§9.20 5588 5234 4855 4442 4221
98.00 9583 93.84

111.61 110.10 106.22 102.19
113.85 111.20 110.77 110.35
152.28 151.06 149.82 148.58
18765 183.68 179.63 175.48
212.57 210.61 208.63 206.64
280.89 276.80 272.65 268.43

109.93
147 .32
171.24
204.62
264.15

109.71
146.69
169.07
203.60
261.98

2.33
40.11

109.52
146.12
167.10
202.69
260.02

Finite element solution [18]

31.71

73.55
113.61
131.14
158.03
206.86
221.63
301.77

O~NOOODLEWN

27.60
66.80
112.57
122.90
155.07
197.76
216.91
292.17

2269 2036 17.71 1453
5§9.24 5592 5239 48.59
111.54 110.30 106.43 102.41
114.06 111.12 110.70 110.28
152.06 150.84 14960 148.35
188.23 184.28 180.24 176.10
212.08 210.12 208.14 206.13
282.24 278.16 274.02 269.83

10.33

44.47

98.22

109.85
147.09
171.86
204.11
265.56

7.33
42.26
96.06
109.64

146.46
169.71
203.09
263.40

2.33
40.17
94.07
109.45

145.89
167.74
202.17
261.45

Percent difference

0.02%
0.05%
-0.06%
0.14%
-0.13%
0.26%
-0.20%
0.42%

ONOOELWON -

0.02%
0.06%
-0.07%
0.15%
-0.14%
0.28%
-0.22%
0.45%

0.02% 0.01% 0.02% 0.01%
0.07% 0.08% 0.09% 0.10%
-0.07% 0.18% 0.19% 0.21%
0.17% -0.07% -0.07% -0.07%
-0.14% -0.14% -0.15% -0.15%
0.31% 0.32% 0.34% 0.35%
-0.23% -0.23% -0.24% -0.24%
048% 049% 050% 0.52%

0.02%
0.11%
0.23%
-0.07%
-0.16%
0.36%
-0.25%

0.02%
0.12%
0.23%
-0.07%
-0.16%
0.38%
-0.25%

0.06%
0.13%
0.24%
-0.07%
-0.16%
0.38%
-0.25%

0.53% 0.54% 0.55%
e e
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Figure 4.102 Eigenvalue curves, SSCF pilate, ¢ =2/ 5,

P,=-N,b*/D,A*=0 &’ (p/D)"~
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Figure 4.103 Mode shapes, SSCF plate, $ =2 /5.
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Table 4.58 Eigenvalues, SSCF plate, $=1/2, A*=o a* (p/ D)'2

in-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution
2845 2476 2035 1826 1587 13.01 925 656 2.08
68.15 6233 5588 53.08 50.12 4696 43.58 4179 40.11
7945 7826 77.05 7656 76.07 7557 75.07 7481 74.58
12282 117.52 110.16 107.08 103.90 10062 97.23 9549 93.89
12444 11976 11660 11532 11401 112.70 111.36 110.69 110.08
184.15 179.59 17491 173.00 171.06 169.11 167.13 166.13 165.23
199.17 19165 183.82 18060 177.31 173.96 170.55 168.81 167.24
213.92 213.49 213.05 212.88 212.71 212.54 212.36 212.28 212.20
Finite element solution [18]
2846 2477 2035 1826 1587 1301 925 656 2.08
68.20 6238 5593 5313 5017 47.01 4363 4184 40.16
7941 7822 77.01 7652 76.02 7552 75.02 7477 74.54
122.71 117.71 110.36 107.28 104.11 100.83 9744 9570 94.11
12462 11964 11648 11519 113.88 11256 111.22 110.55 109.94
183.92 179.35 17465 172.74 170.80 168.84 166.86 16586 164.95
199.69 192.18 184.37 181.15 177.87 17453 171.13 169.40 167.83
213.64 213.21 212.78 21260 21243 21225 212.08 212.00 211.92
Percent difference
0.03% 0.03% 0.03% 0.03% 0.03% 0.03% 0.02% 0.03% 0.07%
0.07% 0.08% 0.09% 0.09% 0.10% 0.11% 0.12% 0.13% 0.14%
<0.05% -0.05% -0.06% -0.06% -0.06% -0.06% -0.06% -0.06% -0.06%
-0.09% 0.16% 0.18% 0.19% 020% 0.21% 0.22% 0.23% 0.23%
0.15% -0.10% -0.11% -0.11% -0.11% -0.12% -0.12% -0.12% -0.12%
<0.13% -0.14% -0.15% -0.15% -0.16% -0.16% -0.16% -0.17% -0.17%
0.26% 0.28% 0.30% 0.31% 032% 0.33% 0.34% 0.35% 0.35%

-0.13% -0.13% -0.13% -0.13% -0.13% -0.13% -0.13% -0.13% -0.13%
L {

O~NOOO D WON

ONOOODLWN =

ONOOEHEWN =
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Figure 4.104 Eigenvalue curves, SSCF plate, ¢ = 1/ 2,

Py=-N,b*/D,A* =0 a (p/D)".

g adeys —v—
L edeys —g—
9 edeys —o—
S odeys —o—
¥ odeys —o—
¢ edeys —o—
¢ odeys —u—
| edeys —o~

%001

peo aue|d-uj ssejuoisuswiq

%08 %00 %0¥ %0¢ %0 %0Z-  %O0¥P- %08~  9%08- %00L-
0
i ~
-
—0~—
LI T J O O I T
l]-ljr’ I T gw
2 . ‘[”"f _ — J8 [PPUR DUNN SN R R RS I ..
4 I” - B
- ' Y - F.r -
LT L T T T
0S|
’_”r o
-1 — 002
0se

anjeauabig



251
Figure 4.105 Mode shapes, SSCF plate, ¢ = 1/ 2.
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Table 4.59 Eigenvalues, SSCF plate, $ =2/ 3, A= o a* (p / D)'>.

in-plane load as a percentage of buckling load

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Present solution
2561 2229 18.31 1642 1427 1169 830 588 1.87
53.16 5169 50.18 4957 4833 4572 4294 4148 40.12
63.68 5868 53.19 5082 4894 4830 4766 47.33 47.03
94.84 9160 8823 8685 8544 8401 8255 8181 81.14
119.17 113.38 107.26 104.72 102.11 9943 9668 9527 93.99
127.07 126.48 125.89 125.65 12541 125.17 124.93 124.81 124.70
153.67 149.24 14468 142.81 14092 139.00 137.05 136.07 135.17
167.13 165.34 163.53 162.80 162.07 161.33 160.59 160.22 159.88

Finite element solution [18]

2562 2230 1831 1643 1427 1170 8.31 589 187
53.14 5168 50.17 4955 4838 4576 4299 4153 40.17
63.73 58.72 5323 5087 4892 4828 47.63 47.31 47.01
9480 9155 88.18 8680 8539 8395 8249 8175 81.08
119.33 113.53 107.43 104.88 102.27 99.60 96.85 9545 94.16
126.95 126.36 125.77 125.53 12529 125.05 124.81 12469 124.58
1563.60 149.17 14460 142.72 140.83 138.91 136.96 13597 135.08
166.89 165.10 163.28 162.55 161.82 161.08 160.34 159.96 159.63

Percent difference .
0.03% 0.04% 0.03% 0.04% 0.04% 004% 0.04% 0.04% 0.13%
-0.03% -0.03% -0.04% -0.04% 0.10% 0.10% 0.11% 0.11% 0.12%
0.07% 0.07% 0.08% 0.09% -0.04% -0.05% -0.05% -0.04% -0.05%
-0.04% -0.05% -0.06% -0.06% -0.06% -0.07% -0.07% -0.07% -0.07%
0.13% 0.14% 0.15% 0.16% 0.16% 0.17% 0.18% 0.18% 0.19%
-0.09% -0.09% -0.10% -0.09% -0.10% -0.10% -0.10% -0.10% -0.10%
-0.05% -0.05% -0.06% -0.06% -0.06% -0.07% -0.07% -0.07% -0.07%

-0.14% -0.15% -0.15% -0.15% -0.16% -0.16% -0.16% -0.16% -0.16%
e

O@NODODO L WON -

O ~NOOODLEWUN
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Figure 4.106 Eigenvalue curves, SSCF plate, ¢ =2/ 3,

P,=-N,b*/D, A*=0 a*(p/ D)2
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Figure 4.107 Mode shapes, SSCF plate, ¢ = 2 / 3.
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Table 4.60 Eigenvalues, SSCF plate, ¢ = 1/ 1, A2 = @ a? (p 1 D)2,

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution
23.38 2034 16.70 1497 13.00 1065 756 5.36 1.70
3489 3299 3095 3009 29.21 2829 27.34 26.85 26.40
60.33 5596 5122 4919 47.07 4485 42.51 41.30 40.17
6582 6486 6387 6347 63.06 6248 60.93 60.10 59.34
7440 7093 6728 6576 6421 62.79 6228 62.07 61.89
10562 103.23 100.78 99.79 98.78 97.76 96.37 9520 94.14
115.35 11041 105.23 103.09 100.90 98.66 96.73 96.21 9574
118.15 117.62 117.09 116.88 116.66 116.44 114.81 113.84 112.95
Finite element solution [1 8]
23.39 2034 16.70 1498 13.01 1066 756 5.36 1.70
3489 3298 30.95 3009 2920 28.28 2733 26.84 26.39
6035 5599 5124 4921 47.09 4487 42.53 4132 40.19
6579 6482 63.83 6343 6302 6246 6092 60.08 59.32
7439 7092 67.27 6575 64.19 62.75 6224 62.03 61.85
105.52 103.13 100.68 99.68 98.67 9765 9643 9526 94.20
115.41 11047 105.29 103.15 100.96 98.72 9662 96.10 9563
118.05 117.51 116.98 116.77 116.55 116.34 114.77 113.79 112.91
Percent difference
0.03% 0.03% 0.03% 0.03% 0.03% 0.03% 0.03% 0.03% 0.02%
-0.01% -0.01% -0.01% -0.02% -0.02% -0.03% -0.03% -0.03% -0.03%
0.04% 0.04% 0.04% 0.04% 0.05% 0.05% 0.05% 0.05% 0.05%
-0.05% -0.06% -0.06% -0.06% -0.06% -0.03% -0.03% -0.03% -0.03%
-0.01% -0.02% -0.02% -0.02% -0.03% -0.06% -0.06% -0.07% -0.07%
-0.09% -0.10% -0.10% -0.10% -0.11% -0.11% 0.06% 0.06% 0.06%
0.05% 0.05% 0.06% 0.06% 0.06% 0.06% -0.11% -0.11% -0.12%

-0.08% -0.09% -0.09% -0.09% -0.10% -0.08% -0.04% -0.04% -0.04%
\

ONOIOPOLWON

©®NOOODWN

ONOOOLELWN
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Figure 4.108 Eigenvalue curves, SSCF piate, ¢=1/1,

P.=-N,b*/D, > =0 a* (p/ D)2
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Figure 4.109 Mode shapes, SSCF plate, ¢ =1/ 1.
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Table 4.61 Eigenvalues, SSCF plate, $ =3 /2, A> =0 a2 (p / D)'2.

in-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% B80% 90% 99%

Present solution

2233 1942 1594 1429 1241 10.16 7.21 5.11 1.62
2717 2488 2232 2121 2002 1876 17.39 1666 1597
3965 3815 3657 3592 3525 3457 33.87 3352 33.20
58.83 5476 5036 4849 46.53 4450 4236 4125 40.23
6161 6066 5766 56.03 54.36 5263 50.84 4992 49.07
65.17 6153 59.70 5932 5892 5853 5813 57.93 57.75
7865 7569 7260 7132 7002 6869 67.34 6665 66.03
93.13 9251 9189 9164 9139 9114 90.88 90.75 90.61

ONOOHWON

Finite element solution [18]

2233 1942 1594 1429 1241 1016 7.21 5.1 1.62

2717 2488 2232 2120 2002 1875 1738 1665 15.96
3963 38.12 3655 3589 3523 3454 3385 3349 33.17
58.82 54.76 5035 4848 46.52 4449 4235 4124 4022
61.55 6061 5763 56.00 5432 5259 5080 49.88 49.04
6514 6150 65965 65926 5887 5847 5807 57.87 57.69
78.57 7560 7251 7123 69.93 6860 6725 66.56 6593
93.05 9244 9182 9157 9132 91.06 9080 9067 9051

@NODODRDWON

Percent difference

0.01% 0.01% 0.01% 0.01% 0.02% 0.01% 0.02% 0.01% 0.00%
-0.01% -0.01% -0.02% -0.01% -0.02% -0.02% -0.03% -0.03% -0.03%
-0.06% -0.06% -0.07% -0.07% -0.07% -0.08% -0.08% -0.08% -0.08%
<0.02% -0.02% -0.02% -0.02% -0.02% -0.02% -0.02% -0.03% -0.03%
-0.09% -0.09% -0.05% -0.06% -0.06% -0.06% -0.07% -0.07% -0.07%
<0.04% -0.05% -0.09% -0.10% -0.10% -0.10% -0.10% -0.10% -0.10%
<0.10% -0.11% -0.12% -0.12% -0.13% -0.13% -0.14% -0.14% -0.14%
-0.08% -0.08% -0.08% -0.08% -0.09% -0.08% -0.09% -0.09% -0.11%

ONOOHEWN -
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Figure 4.110 Eigenvalue curves, SSCF plate, ¢ = 3/ 2,
P,=-N,b’/D,A* =0 a*(p/ D)™™
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Figure 4.111 Mode shapes, SSCF piate, ¢ =3 /2.




261

Table 4.62 Eigenvalues, SSCF plate, $ =2/1, A= 0 a2 (p / D)™2.

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Present solution

2196 1910 1567 1405 1220 999 7.09 502 159
2461 2212 1928 1801 1663 1512 1342 1248 1156
31.09 2918 2713 2626 2536 2442 2344 2293 2246
4260 4125 3985 3927 3869 3809 3749 37.18 36.90
58.33 5437 5008 4826 46.37 4439 4233 4126 4027
59.56 5822 5425 5257 5084 4905 4719 4623 4535
6193 5862 5766 5727 56.87 5648 56.07 5581 55.14
69.39 66.11 6265 6121 59.74 5823 5668 5581 55.70

WNOODOAEWN

Finite element solution [18]

21.96 1910 1567 1405 1220 999 709 502 159

2460 2212 1928 18.00 1662 1511 1341 1247 1155
31.06 2916 27.11 26.24 2534 2439 2341 2290 2243
42.54 4119 3979 3921 3863 3803 3742 37.11 36.83
58.30 5434 5006 4823 46.34 4437 4230 4123 4024
59.47 5817 5419 5252 50.79 4899 47.13 46.17 4529
61.88 5853 5756 57.17 56.78 56.38 5597 5571 55.03
69.29 66.01 6255 61.11 5964 5812 5657 5583 5560

O NOODODEDWN A

Percent difference

-0.01% 0.00% 0.00% 0.00% 0.00% 000% 001% 0.01% 0.02%
-0.02% -0.02% -0.03% -0.03% -0.03% -0.04% -0.05% -0.06% -0.07%
-0.07% -0.08% -0.09% -0.10% -0.10% -0.11% -0.12% -0.13% -0.13%
-0.14% -0.14% -0.15% -0.16% -0.16% -0.17% -0.17% -0.18% -0.18%
-0.05% -0.05% -0.05% -0.05% -0.06% -0.06% -0.06% -0.07% -0.07%
-0.15% -0.09% -0.10% -0.10% -0.11% -0.12% -0.12% -0.13% -0.13%
-0.08% -0.16% -0.16% -0.17% -0.17% -0.17% -0.17% -0.17% -0.20%
-0.14% -0.15% -0.16% -0.17% -0.18% -0.18% -0.19% 0.04% -0.18%

W NOOEWN A
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Figure 4.112 Eigenvalue curves, SSCF plate, ¢ =2/ 1,

P,=-N,b*/D, A*=a a (p/D)".
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Figure 4.113 Mode shapes, SSCF plate, ¢ =2/ 1.




Mode

Table 4.63 Eigenvalues, SSCF plate, $ =5/2, A*= 0 a* (p/ D)'

in-plane load as a percentage of buckling load

264

-100% -50% 0% 20% 40% 60%

80%

90%

99%

Present solution

O NOODADWUN

21.79 1895 1555 1394 1211 9.91

23.46 2087 1787 1650 15.00 13.32
27.37 2521 2282 2178 2069 19.53
34.25 3257 30.79 30.04 29.27 2848
4455 4328 4197 4144 4089 40.34
58.11 5419 4997 48.17 4630 44.36
58.36 56.69 5267 5097 4921 4738
6044 5741 5644 5605 5493 53.30

7.03
11.38
18.29
27.66
39.78
42.32
45.48
51.62

4.98
10.26
17.63
27.24
39.49
41.27
44.50
50.76

1.58
9.13
17.02
26.86
39.23
40.29
43.60
49.98

Finite element solution [18]

ONODOONDEWON -

21.79 1895 1555 1394 1211 991

23.46 2087 1786 1650 1500 13.31
27.35 2518 2279 21.76 2066 19.50
34.19 3251 3072 2997 29.20 28.41
4444 4317 4186 4132 40.78 4022
58.07 54.16 4993 4814 46.27 44.32
58.22 56.62 5260 5090 49.14 4731
60.37 5726 5629 5590 54.81 53.18

7.03
11.37
18.26
27.59
39.66
42.29
45.41
51.50

4.98
10.25
17.60
27.17
39.37
41.23
44.43
50.64

1.58
9.1
16.98
26.78
39.11
40.26
43.52
49.85

Percent difference

10 NO O b WN =

-0.01% -0.01% 0.00% 0.00% 0.00% 0.00%
-0.03% -0.03% -0.04% -0.04% -0.05% -0.06%
-0.08% -0.09% -0.11% -0.12% -0.13% -0.15%
0.17% -0.19% -0.21% -0.22% -0.23% -0.24%
-0.24% -0.25% -0.27% -0.28% -0.28% -0.29%
-0.06% -0.06% -0.06% -0.06% -0.07% -0.07%
-0.25% -0.12% -0.13% -0.14% -0.14% -0.15%
-0.11% -0.26% -0.26% -0.27% -0.21% -0.23%

0.00%
-0.08%
-0.17%
-0.26%
-0.30%
-0.08%
-0.16%
-0.24%

0.00%
-0.10%
-0.18%
-0.26%
-0.30%
-0.08%
-0.17%
-0.25%

0.00%
-0.13%
-0.20%
-0.27%
-0.31%
-0.08%
-0.18%
-0.25%
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Figure 4.114 Eigenvalue curves, SSCF plate, ¢ =5/ 2,

P.=-N,b*/D, A*=0a’(p/ D)~

8 edeys —»—
L odeys —p—
9 edeys —e—
G edeys —o—
¥ adeys —e—
¢ adeys —o—
g odeys—a—
| odeys —o—

%00t

%08

%09

peo7 8ue|d-u| Sse|uoIsuswIg

%0P

%02

%0

%02-

%0F- %09~ %08~  %O00L-
0
A
\
..
hn ol
A WY
- ] <t 02
'f - l’[
- J’
- 0€ m
m
]
3
<
b- 1}
- [ -
- rf ) oy ©
[y >
)
_—
_—
~ 05
_—
e n s
_—
= 09

oL



266

Figure 4.115 Mode shapes, SSCF plate, ¢ =5/ 2.
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Table 4.64 Eigenvalues, SSCF plate, $ =3 /1, A>=o0 a* (p/ D)2

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution
2170 1888 1549 1389 1206 987 7.00 496 1.57
2286 2020 17.11 1568 1410 1230 10.17 8.91 7.59
2546 2312 2050 1934 18.10 16.77 15.30 1451 13.75
2996 28.03 2593 2504 24.11 23.14 2212 2159 21.10
36.73 3518 3356 3288 3219 3148 3076 30.38 30.05
4592 4471 4346 4294 4242 4189 4136 41.09 40.31
5757 5411 4991 4812 46.27 4434 4232 4128 4084
5800 5587 5181 5010 4832 4648 4455 4356 4265
Finite element solution [18]
21.70 1888 1549 1389 1206 987 7.00 4.96 1.57
2285 2020 1710 1567 1409 1229 10.16 8.89 757
2544 2310 2048 1932 18.08 16.74 15.27 1447 13.71
2990 27.97 2587 2497 2404 2307 22.05 2151 21.02
3662 3507 3344 3276 32.07 3136 3062 3025 29.91
4575 4454 4328 4276 4224 4171 4117 4090 40.28
57.35 5408 4988 4810 46.24 4431 4229 4125 4065
5797 5579 5173 5002 48.24 4639 4447 4347 42.56
Percent difference )
-0.01% 0.00% 0.00% 0.00% 0.01% 0.01% 0.01% 0.01% -0.01%
-0.03% -0.03% -0.04% -0.04% -0.06% -0.08% -0.12% -0.16% -0.23%
-0.09% -0.10% -0.12% -0.14% -0.16% -0.18% -0.22% -0.24% -0.27%
-0.19% -0.21% -0.25% -0.26% -0.29% -0.31% -0.34% -0.36% -0.38%
-0.30% -0.33% -0.36% -0.37% -0.39% -0.41% -0.43% -0.44% -0.45%
-0.37% -0.39% -0.41% -0.42% -0.43% -0.44% -0.46% -0.46% -0.08%
-0.37% -0.05% -0.06% -0.06% -0.06% -0.07% -0.07% -0.07% -0.46%

-0.05% -0.13% -0.15% -0.16% -0.17% -0.18% -0.19% -0.20% -0.21%
pomeREES S e

BN EHE WON

O ~NOO DB WN

O ~NOOELEWON
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Figure 4.116 Eigenvalue curves, SSCF piate, ¢ =3/ 1,

P.=-N,b*/D,A*=0 a’(p/ D)~
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Figure 4.117 Mode shapes, SSCF plate, ¢ =3/ 1.

Shape 7
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Table 465 Eigenvalues, SCCF plate, $=1/3,\* =0 a*(p /D).

in-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% S90% 99%

Present solution

5556 4943 4228 3899 3529 3094 2496 1955 6.71
102.88 8967 74.00 6665 58.34 4860 3663 2985 24.37
165.07 146.95 126.17 116.80 10660 9531 8251 75.32 68.25
213.88 212.42 198.40 188.07 177.13 16546 152.92 146.24 139.97
24350 222.12 210.95 210.36 209.76 209.16 208.56 208.26 207.99
257.06 252.18 247.19 245.16 243.12 241.05 238.94 237.45 231.88
321.88 313.07 290.55 279.70 268.41 256.62 244.15 238.31 237.01
33962 316.08 304.07 300.37 296.62 292.82 288.97 287.03 285.26

O~NOOOSEWN -

Finite element solution [18]

5555 4942 4227 3897 3527 3092 2494 1953 6.71
102.90 8969 74.01 6666 5835 4861 3665 29.87 24.38
16521 147.09 126.32 116.96 106.78 9551 8273 7556 68.52
213.59 212.12 198.94 188.63 177.72 166.09 153.60 146.95 140.71
24397 22262 21066 210.06 209.46 208.86 208.26 207.96 207.69
256.53 251.64 246.64 24461 24256 24048 238.38 237.28 233.48
320.92 312.09 291.88 281.07 269.83 258.10 245.83 239.51 236.46
340.80 317.31 303.04 299.32 29555 291.75 287.88 285.93 284.15

O~NOOOOVE WON -

Percent difference

-0.01% -0.01% -0.02% -0.03% -0.04% -0.05% -0.09% -0.10% 0.00%
0.02% 0.02% 0.02% 0.02% 0.02% 0.03% 0.05% 0.07% 0.05%
0.08% 0.10% 0.12% 0.14% 0.17% 0.20% 0.27% 0.32% 0.39%
-0.14% -0.14% 0.27% 0.30% 0.34% 0.38% 0.44% 0.48% 0.53%
0.19% 0.22% -0.14% -0.14% -0.14% -0.14% -0.15% -0.14% -0.14%
-0.21% -0.22% -0.22% -0.23% -0.23% -0.23% -0.23% -0.07% 0.69%
-0.30% -0.32% 0.46% 049% 053% 058% 069% 0.50% -0.23%
0.35% 0.39% -0.34% -0.35% -0.36% -0.37% -0.38% -0.38% -0.39%

0O~NOOOVE WN -
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Figure 4.118 Eigenvalue curves, SCCF plate, ¢ = 1/ 3,

P.=-N,b*/D, A*=0 a*(p /D)
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Figure 4.119 Mode shapes, SCCF plate, ¢ =1/ 3.
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Table 4.66 Eigenvalues, SCCF plate, $ =2 /5, A =0 a* (p / D)"%.

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution
4525 39.73 33.16 30.07 2654 2230 1657 1221 4.07
8956 7857 6568 59.71 5305 4541 36.25 30.80 2520
149.09 13466 118.44 111.28 10363 9535 86.29 8139 76.71
153.51 152.02 150.52 149.91 149.30 148.69 148.06 147.75 147.43
196.09 191.43 186.63 183.37 175.38 166.96 158.09 153.46 149.21
225.72 209.16 191.17 184.77 182.73 180.73 178.70 177.68 176.75
258.89 250.95 242.75 239.39 235.97 232.50 228.98 227.19 225.58
320.65 302.73 283.67 275.68 267.45 258.96 250.17 245.67 241.54
Finite element solution [18]
4525 3972 3316 30.07 2654 2230 1656 1220 4.07
8959 7861 6571 5974 53.09 4545 3630 30.86 25.27
149.25 13484 11863 11148 103.83 9557 8653 8165 76.99
153.32 151.83 150.33 149.72 149.11 148.49 147.88 147.56 147.26
195.75 191.07 186.27 183.85 176.00 167.61 158.76 154.16 149.90
226.22 209.69 191.74 184.52 182.36 180.35 178.32 177.29 176.37
258.26 250.30 242.07 238.69 235.27 231.79 228.25 226.46 224.84
321.85 303.99 285.01 277.05 268.86 260.40 251.67 247.18 243.08
Percent difference
0.00% 0.00% -0.01% -0.01% -0.02% -0.04% -0.06% -0.09% -0.07%
0.04% 0.04% 0.05% 0.06% 0.07% 0.09% 0.14% 0.20% 0.28%
0.11% 0.13% 0.16% 0.18% 0.20% 0.23% 0.28% 0.32% 0.36%
-0.12% -0.12% -0.13% -0.12% -0.13% -0.13% -0.13% -0.13% -0.12%
-0.17% -0.19% -0.19% 0.26% 0.35% 0.39% 0.43% 0.45% 0.46%
0.22% 0.25% 0.30% -0.14% -0.20% -0.21% -0.21% -0.22% -0.22%
-0.24% -0.26% -0.28% -0.29% -0.30% -0.31% -0.32% -0.32% -0.33%

0.38% 0.42% 0.47% 0.50% 0.53% 0.56% 0.60% 0.62% 0.64%
o
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Figure 4.120 Eigenvalue curves, SCCF plate, ¢ = 215,
P,=-N,b?/D, =0 a’(p/D)"™
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Figure 4.121 Mode shapes, SCCF plate, ¢ =2 /5.
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Table 4.67 Eigenvalues, SCCF plate, $=1/2,A*=o0 a° (p/ D)'2

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution
3602 3145 2598 2338 2041 1684 1208 863 276
7696 68.70 5923 5498 5035 4525 23950 36.30 33.18
104.06 102.62 101.16 100.56 9995 97.19 9156 88.60 8585
134.08 123.77 11249 10765 102.59 9940 98.78 98.47 98.19
145.42 141.30 137.05 13531 133.55 131.75 12994 129.02 128.18
205.55 197.74 185.56 180.45 175.19 169.76 164.16 161.29 158.65
209.26 199.07 192.31 189.54 186.73 183.87 180.97 179.50 178.17
259.53 258.96 258.39 258.16 257.88 255.61 25196 250.11 248.42
Finite element solution [18]
36.03 3145 2598 2339 2042 1684 1208 863 276
77.00 68.74 59.28 5502 5040 4531 3957 36.37 3325
103.96 102.52 101.05 10046 99.85 9741 9179 88.84 86.10
134.26 123.95 112.69 107.85 102.79 9930 98.67 98.36 98.09
145.22 141.10 136.84 135.10 133.33 131.54 129.71 128.79 127.96
205.22 198.22 186.11 181.02 175.77 170.36 164.77 161.91 159.29
209.75 198.76 191.94 189.16 186.34 183.48 180.57 179.10 177.76
258.98 258.41 257.84 257.60 257.33 255.06 251.40 249.54 247.85
Percent difference
0.01% 0.01% 0.01% 0.01% 0.01% 0.00% 0.00% 0.00% 0.12%
0.05% 0.06% 0.08% 0.08% 0.10% 0.13% 0.16% 0.18% 0.22%
-0.10% -0.10% -0.10% -0.10% -0.10% 0.22% 0.25% 0.27% 0.29%
0.13% 0.15% 0.17% 0.19% 0.20% -0.10% -0.11% -0.11% -0.11%
-0.13% -0.14% -0.15% -0.16% -0.16% -0.16% -0.17% -0.17% -0.17%
-0.16% 0.25% 0.30% 0.31% 0.33% 0.35% 0.37% 0.39% 0.40%
0.24% -0.16% -0.19% -0.20% -0.20% -0.21% -0.22% -0.22% -0.23%

-0.21% -0.21% -0.22% -0.22% -0.21% -0.21% -0.22% -0.23% -0.23%
e
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Figure 4.122 Eigenvalue curves, SCCF plate, ¢ = 1/2,
P.=-N,b*/D,A*=0 a* (p /D)~
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Figure 4.123 Mode shapes, SCCF plate, ¢ = 1/ 2.
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Table 4.68 Eigenvalues, SCCF plate, $ =2 /3, > =0 a° (p / D)'*.

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution
2895 2522 2075 1863 16.21 13.31 947 6.72 213
6593 6134 5458 5163 4849 4513 4150 39.56 237.73
6742 6446 6292 6230 6166 61.02 60.37 60.04 59.74
105.92 10223 98.39 96.80 95.19 93.55 9187 91.01 9022
123.09 115.89 108.22 104.99 101.65 98.21 9464 9281 91.16
151.98 151.35 150.69 150.25 148.31 146.00 143.64 142.45 141.36
163.72 15842 15295 150.88 150.27 149.99 149.73 149.60 149.48
189.35 187.33 181.57 178.22 174.80 171.31 167.75 165.94 164.29
Finite element solution [18]
28.96 2523 2076 1864 16.21 1331 947 6.72 213
65.80 6138 5463 5167 4853 4518 4155 39.61 37.78
67.46 6442 6288 6225 61.62 6097 6032 59.99 59.70
105.85 102.15 9830 96.72 95.10 9346 9178 90.92 90.13
123.24 116.05 108.38 105.15 101.83 98.38 9482 9299 91.33
151.76 151.13 15047 150.06 148.17 14586 143.50 142.30 141.21
163.60 158.30 152.81 150.71 150.05 149.77 149.50 149.37 149.26
188.98 186.96 182.01 178.66 175.24 171.76 168.21 166.40 164.76
Percent difference
0.03% 0.03% 003% 0.03% 0.03% 0.02% 0.02% 0.01% -0.12%
-0.06% 0.08% 0.08% 0.09% 0.10% 0.11% 0.12% 0.14% 0.14%
0.06% -0.06% -0.07% -0.07% -0.07% -0.08% -0.08% -0.08% -0.08%
-0.07% -0.08% -0.09% -0.09% -0.09% -0.10% -0.10% -0.10% -0.09%
0.13% 0.14% 0.15% 0.16% 0.17% 0.18% 0.19% 0.19% 0.19%
-0.15% -0.15% -0.15% -0.13% -0.09% -0.10% -0.10% -0.10% -0.11%
-0.07% -0.08% -0.09% -0.11% -0.15% -0.15% -0.15% -0.15% -0.15%

-0.19% -0.20% 0.24% 0.25% 0.26% 0.26% 0.27% 0.28% 0.28%
—
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Figure 4.124 Eigenvalue curves, SCCF plate, ¢ = 2 / 3,
P.=-N,b’/D,A*= 0 a* (p/ D)2
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Figure 4.125 Mode shapes, SCCF piate, $ =2/ 3.
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Table 4.69 Eigenvalues, SCCF plate, ¢ =1/1, A* =0 a* (p / D)'2.

In-plane load as a percentage of buckiing load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Present solution

2437 2121 1742 1562 1357 1112 790 560 1.77

39.58 37.77 3585 3505 3423 3338 3251 32.06 31.66
61.39 56.72 5161 4942 4712 4471 4216 4082 39.58
7596 7449 7079 6922 6762 6597 6428 6342 6263
78.19 7518 7418 7380 7343 7305 7267 7248 7231

113.88 111.09 10549 103.16 100.78 98.34 95.84 94.57 93.40
116.42 111.48 109.01 108.01 107.00 105.98 104.95 104.43 103.96
133.70 129.77 125.02 123.07 121.08 119.06 117.01 115.97 115.03

O~NOODEWN A

Finite element solution [18]

2438 2121 1742 1563 1358 1113 790 560 1.77
39.57 37.76 3584 3504 3422 3337 3250 3205 3164
6141 656.74 5164 4944 4715 4473 4218 40.85 39.61
7591 7446 70.77 6920 67.59 6594 6425 63.39 6260
7817 7512 7412 7375 7337 7299 7261 7242 7225
113.76 111.14 105.55 103.22 100.85 9841 9591 9463 9347
116.48 111.36 108.88 107.88 106.86 105.84 104.81 104.29 103.81
133.56 129.73 124.97 123.02 121.02 119.01 116.95 11591 114.97

ONODOOODHE WN -

Percent difference

0.03% 0.03% 0.04% 0.04% 0.04% 0.04% 0.03% 0.03% 0.00%
-0.02% -0.02% -0.03% -0.03% -0.03% -0.04% -0.04% -0.05% -0.05%
0.04% 0.04% 005% 0.05% 0.05% 0.05% 0.06% 0.06% 0.06%
-0.07% -0.03% -0.03% -0.04% -0.04% -0.04% -0.05% -0.05% -0.05%
-0.02% -0.07% -0.08% -0.08% -0.08% -0.08% -0.08% -0.08% -0.08%
-0.11% 0.04% 0.06% 0.06% 0.06% 0.07% 0.07% 0.07% 0.07%
0.05% -0.11% -0.12% -0.13% -0.13% -0.13% -0.14% -0.14% -0.14%
-0.11% -0.03% -0.04% -0.04% -0.05% -0.05% -0.05% -0.05% -0.05%
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Figure 4.126 Eigenvalue curves, SCCF plate, ¢ =1/ 1,
P,=-N,b*/D,A*=0 & (p/D)".
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Figure 4.127 Mode shapes, SCCF piate, ¢ = 1/ 1.
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Table 4.70 Eigenvalues, SCCF plate, $ =3/2, A= 0 a’(p/ D)2

in-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution
2261 1967 16.14 1448 1257 1030 7.31 5.18 164
28.72 2650 2406 2301 2189 20.71 1945 18.79 18.17
4343 4202 4056 3996 3935 3873 38.09 37.77 3748
§9.12 5497 5047 4855 4655 4446 4226 41.12 40.07
66.35 6269 58.79 5716 5547 653.74 5194 51.02 50.17
67.88 67.00 66.11 6575 6539 6502 6465 6447 64.30
8146 7853 7548 7422 7294 7164 7031 69.64 69.03
101.84 101.25 10055 9980 98.89 9795 96.16 95.07 94.07
Finite element solution [18]
2261 1967 1615 1448 1257 1030 7.31 5.18 1.64
2872 2650 2406 2300 2189 2071 1945 18.78 18.16
4340 4200 4054 3993 3932 38.70 38.06 37.74 37.44
59.12 5496 5046 4854 4654 4445 4226 41.11 40.06
66.31 6265 5876 5712 5544 53.70 5190 50.97 50.13
67.83 6695 6606 6570 6534 6497 6460 6441 6424
8137 7843 7538 7412 7284 71583 7020 69.53 68.92
101.78 101.20 10041 9958 98.66 97.71 96.08 9499 94.00
Percent difference
0.01% 0.02% 0.02% 0.02% 0.02% 0.02% 0.02% 0.03% 0.08%
-0.01% -0.02% -0.02% -0.02% -0.03% -0.03% -0.04% -0.04% -0.04%
-0.06% -0.06% -0.07% -0.07% -0.07% -0.08% -0.08% -0.08% -0.08%
-0.01% -0.01% -0.02% -0.02% -0.02% -0.02% -0.02% -0.02% -0.02%
-0.05% -0.05% -0.06% -0.06% -0.07% -0.07% -0.08% -0.08% -0.08%
-0.07% -0.08% -0.08% -0.08% -0.08% -0.08% -0.08% -0.08% -0.09%
-0.12% -0.12% -0.13% -0.14% -0.14% -0.15% -0.15% -0.16% -0.16%

-0.06% -0.06% -0.13% -0.22% -0.23% -0.24% -0.08% -0.08% -0.08%
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Figure 4.128 Eigenvalue curves, SCCF plate, ¢
P.=-N,b2/D, A =0 a*(p/ D)%
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Table 4.71 Eigenvalues, SCCF plate, § =2/1,A>=0 a* (p / D)'~

in-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution
2207 1920 1576 1413 1227 1004 7.13 5.05 1.60
2528 2284 2007 18.84 1752 16.07 1447 13.60 1275
3283 31.01 2908 2826 2741 2654 2563 25.16 2473
45.70 4443 4312 4259 4204 4149 4093 4065 40.20
5844 5444 5012 4828 4637 4438 4229 41.20 40.39
6243 5871 5473 53.06 5133 4953 4767 46.71 45.83
64.08 63.20 6230 6193 6107 5958 5805 5726 56.55
7063 67.38 6395 6253 6157 6120 6082 60.64 6047
Finite element solution [18]
2207 1920 1576 1413 1227 1005 7.13 5.05 1.60
2527 2283 20.07 1884 1751 16.07 1446 13.59 1274
3280 3099 2905 2823 2738 2651 2560 25.13 24.70
4564 4437 43.07 4253 4198 4143 4087 4058 40.18
5842 5442 5010 4826 4635 4435 4226 41.18 40.32
62.37 5866 5468 5300 5127 4947 4761 4665 45.77
64.01 63.12 6222 6186 6095 5946 5792 57.14 56.42
7052 67.27 6384 6242 6149 61.12 60.74 60.56 60.39
Percent difference
0.00% 0.00% 001% 0.01% 0.01% 0.01% 0.01% 0.01% 0.02%
-0.02% -0.02% -0.03% -0.03% -0.04% -0.05% -0.06% -0.07% -0.08%
-0.08% -0.09% -0.09% -0.10% -0.11% -0.12% -0.12% -0.13% -0.13%
-0.12% -0.13% -0.14% -0.14% -0.15% -0.15% -0.15% -0.16% -0.06%
-0.04% -0.04% -0.05% -0.05% -0.05% -0.06% -0.06% -0.06% -0.16%
-0.08% -0.09% -0.10% -0.11% -0.12% -0.12% -0.13% -0.14% -0.14%
-0.12% -0.12% -0.13% -0.13% -0.19% -0.20% -0.21% -0.22% -0.22%

-0.15% -0.16% -0.18% -0.19% -0.13% -0.13% -0.13% -0.13% -0.13%
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Figure 4.130 Eigenvalue curves, SCCF plate, § =2/ 1,

Pe=-N,b’/D,A*=0 a*(p/ D)2
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Figure 4.131 Mode shapes, SCCF plate, ¢ =2/ 1.
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Table 4.72 Eigenvalues, SCCF plate, ¢ =5/2, A* = 0 a* (p / D)'2.

in-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution
2185 1900 1559 1398 1214 994 705 499 1.58
2381 2124 1829 1695 1549 1386 1199 1083 9.87
2829 26.19 2390 2290 2186 20.76 1960 1898 18.41
3597 3437 3267 3197 3124 3050 29.74 2935 28.99
4716 4596 4473 4422 43.71 43.19 4230 4124 40.26
58.16 5423 4998 48.18 46.30 4435 4267 4240 42.16
6069 5694 5292 5122 4946 4763 4573 4476 43.86
6189 6099 5873 57.21 5564 5403 5236 5151 50.73
Finite element solution {18]
2185 19.00 1559 1398 12.14 994 7.05 5.00 1.58
2380 2124 1828 1694 1548 1385 1198 1092 9.86
28.26 26.17 2387 2288 2183 2073 1956 1895 18.37
3591 3430 3261 3190 31.17 3043 2966 29.27 28.91
47.06 4586 4462 4412 4360 4308 4226 41.21 4023
58.13 5420 4995 48.15 46.27 4432 4256 4229 42.05
60.63 56.87 5285 5114 4938 4756 4565 4467 43.77
61.77 6086 5860 57.08 5551 53.89 5223 5137 5059
Percent difference
0.00% 0.00% 000% 0.00% 0.01% 0.01% 0.01% 0.01% 0.00%
-0.03% -0.03% -0.04% -0.05% -0.06% -0.07% -0.10% -0.12% -0.15%
-0.09% -0.10% -0.12% -0.13% -0.14% -0.16% -0.18% -0.19% -0.21%
-0.17% -0.19% -0.20% -0.21% -0.22% -0.24% -0.25% -0.25% -0.26%
-0.22% -0.23% -0.24% -0.24% -0.25% -0.26% -0.08% -0.08% -0.08%
-0.05% -0.06% -0.06% -0.06% -0.06% -0.07% -0.25% -0.26% -0.27%
-0.11% -0.12% -0.13% -0.14% -0.15% -0.16% -0.17% -0.18% -0.19%

-0.19% -0.20% -0.21% -0.22% -0.24% -0.25% -0.26% -0.27% -0.28%
e

BN OWON-

©~NOOOHEWON -~

O ~NOOOLEWON-



292

Figure 4.132 Eigenvalue curves, SCCF plate, $ =5/ 2,

P,=-Nb?/D,A*=0 a*(p/ D)™™
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Figure 4.133 Mode shapes, SCCF plate, $ =5/ 2.
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Table 4.73 Eigenvalues, SCCF plate, $=3/1, A*= o a* (p/ D)2

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Present solution

21.73 1890 1551 1391 1208 989 701 497 1.5
2305 2042 1735 1594 1439 1263 1056 935 8.08
25099 2371 21.15 2003 1883 1755 16.15 1540 14.69
3099 2912 27.11 2626 2537 2445 2348 2299 2253
3835 3687 3532 3468 3403 3335 3267 3232 3200
4818 47.02 4583 4534 4485 4433 4231 4126 4029
5803 5413 4992 4813 4627 4435 43.84 4358 4279
5078 56.01 51.96 5024 4846 4662 44.70 4358 43.35

0O~NOOOOLEWON =

Finite element solution [18]

21.73 1890 1551 1391 1208 989 7.02 497 157

2305 2041 17.34 1594 1438 1262 1055 933 8.07

2597 2368 21.12 2000 1880 1751 16.11 1536 14.65
3093 29.06 27.04 26.18 2530 2437 2340 2290 2244
3824 3676 3520 34.56 3390 3323 32.54 3218 31.86
4802 4686 4566 4517 4468 4417 4228 4123 4026
5800 5410 49.89 4810 4624 4431 4366 4340 4270
5071 5593 51.88 50.16 4838 46.54 4461 4362 43.18

O~NOOOOD WUN -

Percent difference

0.00% 0.00% 0.00% 0.01% 001% 001% 0.02% 0.02% 0.02%
-0.03% -0.03% -0.05% -0.05% -0.07% -0.09% -0.14% -0.18% -0.25%
-0.10% -0.11% -0.14% -0.15% -0.17% -0.20% -0.24% -0.26% -0.29%
-0.20% -0.22% -0.25% -0.27% -0.29% -0.32% -0.34% -0.36% -0.38%
0.29% -0.31% -0.34% -0.35% -0.37% -0.39% -0.40% -0.41% -0.42%
-0.33% -0.35% -0.36% -0.37% -0.38% -0.36% -0.07% -0.07% -0.07%
.0.05% -0.05% -0.05% -0.06% -0.06% -0.09% -0.40% -0.41% -0.22%
0.12% -0.13% -0.15% -0.16% -0.17% -0.18% -0.20% 0.10% -0.40%

O~NOOOVA WON
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Figure 4.134 Eigenvalue curves, SCCF plate, ¢ =3/ 1,

P,=-N,b’/D,A*=0 a*(p/ D)™
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Figure 4.135 Mode shapes, SCCF plate, $ =3/ 1.
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Table 4.74 Eigenvalues, CSCF plate, ¢ =1/3,A*= o a* (p / D)'*.

in-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Present solution

4231 3690 3041 2732 2378 1953 1390 987 3.13
9335 8395 7324 6844 6325 5756 51.20 4767 4425
158.07 146.68 133.60 127.98 122.09 115.89 109.33 105.90 102.71
15867 156.82 155.53 155.01 154.49 153.96 153.44 153.17 152.93
208.56 204.70 200.76 199.16 197.53 193.90 187.19 183.74 180.58
240.89 227.28 212.78 206.69 200.41 19593 194.27 193.44 192.68
280.54 274.12 267.54 264.85 262.14 259.39 256.62 255.22 253.95
341.34 326.64 311.23 304.84 298.32 291.65 284.82 281.35 278.18

ONOODEDWN =

Finite element solution [18]

4233 3691 3041 2732 2378 1953 1391 987 3.13
9342 8402 7331 6851 6333 5764 5128 47.76 44.34
157.95 146.97 133.90 128.27 122.39 116.21 109.66 106.23 103.05
158.94 156.69 155.39 154.87 154.35 153.83 153.30 153.03 152.79
208.20 204.32 200.37 198.76 197.14 194.75 188.09 184.65 181.50
24165 228.07 213.60 207.52 201.26 195.53 193.86 193.02 192.27
279.77 273.32 266.70 264.00 261.28 258.52 255.73 254.33 253.05
343.04 328.39 313.03 306.68 300.18 293.54 286.74 283.29 280.14

O~NOOOHE WON =

Percent difference

0.04% 0.03% 0.02% 0.02% 0.02% 0.01% 0.01% 0.01% -0.02%
0.08% 0.09% 0.10% 0.11% 0.12% 0.14% 0.16% 0.18% 0.20%
-0.07% 0.19% 0.22% 0.23% 0.25% 0.28% 0.30% 0.32% 0.33%
0.17% -0.08% -0.09% -0.09% -0.09% -0.09% -0.09% -0.09% -0.09%
-0.17% -0.19% -0.19% -0.20% -0.20% 0.44% 048% 049% 0.51%
0.32% 0.35% 0.38% 0.40% 0.42% -0.20% -0.21% -0.22% -0.21%
-0.28% -0.29% -0.31% -0.32% -0.33% -0.34% -0.34% -0.35% -0.35%
0.50% 0.54% 0.58% 0.60% 0.62% 0.65% 067% 069% 0.70%

ONOOOTSHAE WN =
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Figure 4.136 Eigenvalue curves, CSCF plate, ¢ = 1/ 3,
P,=-N,b*/D,A*=0 a*(p/D)"?
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Figure 4.137 Mode shapes, CSCF piate, ¢ =1/ 3.
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Table 4.75 Eigenvalues, CSCF plate, $ =2/5, A= o a* (p / D)'2.

in-plane load as a percentage of buckiing load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution
39.23 34.21 28.17 25.30 2201 1807 1286 9.12 2.89
8796 7943 69.76 6546 6083 5579 50.21 47.16 4422
116.61 115.11 113.59 112.97 112.35 111.72 108.40 10546 102.73
151.78 141.12 129.55 124.61 11946 114.08 111.11 110.79 110.50
166.95 162.79 158.50 156.74 154.97 153.17 151.35 150.42 149.59
233.09 221.12 208.44 203.14 197.70 192.10 186.33 183.38 180.68
236.99 230.45 223.70 220.94 218.14 215.30 212.43 210.97 209.65
324.31 31591 306.75 301.23 29561 289.88 284.03 281.06 278.35
Finite element solution [18]
39.25 3422 2818 25.31 2202 1808 1286 9.12 290
88.05 7952 6985 6555 6092 5588 5030 47.25 44.32
116.52 115.02 113.50 112.88 112.26 111.63 108.73 105.80 103.08
152.08 141.42 12085 12492 119.78 11440 111.01 110.69 110.40
166.72 162.54 158.24 156.48 154.70 152.89 151.07 150.14 149.30
233.86 221.91 209.25 203.97 198.54 192.95 187.20 184.26 181.57
236.51 229.94 223.17 220.40 217.59 214.74 211.85 210.39 209.06
323.58 315.13 306.46 302.91 297.41 291.70 285.88 282.92 280.24
Percent difference
0.05% 0.04% 0.04% 0.04% 0.03% 0.03% 0.03% 0.04% 0.19%
0.10% 0.11% 0.12% 0.13% 0.14% 0.15% 0.18% 0.20% 0.22%
-0.08% -0.08% -0.08% -0.08% -0.09% -0.08% 0.31% 0.33% 0.34%
0.19% 0.21% 0.23% 0.25% 0.27% 0.28% -0.09% -0.09% -0.09%
-0.14% -0.15% -0.17% -0.17% -0.17% -0.18% -0.18% -0.19% -0.19%
0.33% 0.36% 0.39% 0.41% 042% 044% 047% 0.48% 0.49%
-0.20% -0.22% -0.24% -0.24% -0.25% -0.26% -0.27% -0.28% -0.28%

-0.23% -0.25% -0.10% 0.56% 0.61% 0.63% 0.65% 0.66% 0.68%
- 3

O ~NOOOEWN

O NOOODE WN

O ~NOO A WN-
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Figure 4.138 Eigenvalue curves, CSCF pilate, $ =2/ 5,
P,=-N,b*/D,A*=w &’ (p/ D)™
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Figure 4.139 Mode shapes, CSCF plate, ¢ = 21/5.
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Mode

Table 4.76 Eigenvalues, CSCF plate, § =1/2, A*= 0 a* (p / D)'~

In-plane load as a percentage of buckling load

303

-100%

-50%

0% 20%

40% 60%

80% 90%

99%

Present solution

O ~NOOOOHEWN -

36.50

83.27

83.30

133.13
145.95
200.92
215.71
226.58

31.82

75.53

81.43

128.56
136.44
194.23
215.03
216.01

26.19 23.51
66.79
79.54
123.81
126.18
187.27

204 .88

21435

121.82
121.85
184.41
200.26
214.07

2045 16.78

62.93 58.79 5432 4941
7876 7798 7719 7638 7597 7561

117.30 112.60
119.86 117.83
181.50 178.55
195.52 190.67
213.80 213.52

8.46
46.75

11.93

107.68
115.75
175.53
185.68
213.25

105.14
114.70
174.01
183.14
213.11

2.68
44.21

102.79
113.74
172.62
180.82
212.98

Finite element solution [18]

O ~NOOVEHE WON -

36.52

83.22

83.39

133.01
146.23
200.70
215.41
227.29

31.83
75.62
81.38
128.43
136.72
193.99
214.73
216.74

26.20 23.53
66.88 63.01
7948 78.71
123.67 121.70
126.47 122.11
187.01 184.14
205.63 201.01
214.04 213.77

2046 16.78
58.88 54.40
7792 77.13
117.60 112.90
119.70 117.66
181.22 178.26
196.29 191.44
213.49 213.22

11.93

49.50

76.32
107.99
115.59
175.24
186.47
212.94

8.46
46.84
75.91
105.45

114.53
173.70
183.93
212.80

2.68
44.30
75.54
103.11

113.57
172.31
181.62
212.68

Percent difference

O ~NOOWVH WON -

0.06%
-0.06%
0.11%
-0.09%
0.19%
-0.11%
-0.14%

0.06%
0.12%
-0.06%
-0.10%
0.21%
-0.12%
-0.14%

0.05% 0.05%
0.13% 0.13%
-0.07% -0.07%
-0.12% -0.10%
0.23% 0.21%
-0.14% -0.15%
0.36% 0.38%

0.31% 0.34% -0.14% -0.14%

0.05% 0.04%
0.14% 0.16%
-0.07% -0.08%
0.26% 0.27%
0.13% -0.14%
-0.15% -0.16%
03%% 041%
-0.14% -0.14%

0.04%
0.18%
-0.08%
0.29%
-0.14% -0.15%
-0.17% -0.18%
0.42% 0.43%
-0.14% -0.14%

0.03%
0.19%
-0.08%
0.30%

-0.05%
0.20%
-0.08%
0.31%
-0.15%
-0.18%
0.44%
-0.14%
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Figure 4.140 Eigenvalue curves, CSCF plate, ¢ =1/ 2,

P,=-N,b*/D, =0 a*(p/D)"”
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Figure 4.141 Mode shapes, CSCF plate, ¢ =1/ 2.

Shape 1 Shape 2




Table 4.77 Eigenvalues, CSCF plate, ¢ =2/3, A= a* (p / D)'2

In-plane load as a percentage of buckling load

306

Mode -100%

-50%

0% 20% 40% 60%

80%

90%

99%

Present solution

107.07
129.68
141.31
172.51
175.37

O~NOOELEWUN-

102.02
128.67
132.73
165.62
172.40

3422 2982 2453 2202 19.14 15.70
5830 5594 5345 5241 5135 5026
7949 7238 6441 6091 57.18 53.16

96.67 9444 9214 89.79
123.54 11966 11565 111.49
127.66 127.24 126.83 126.41
158.42 155.44 152.41 149.30
169.38 168.15 166.91 165.66

11.15

48.80

49.14

87.36
107.17
126.00
146.13
164.40

7.91
46.45
48.57
86.12
104.94
125.79
144.51
163.77

2.51
44.23
48.04
84.98
102.89
125.60
143.04
163.19

Finite element solution [18]

34.24
58.28
79.57
107.04
129.56
141.52
172.46
175.10

O~NOOO A WN--

29.83
55.92
72.45
101.97
128.54
132.95
165.57
172.12

2455 2203 1915 15.71
5342 5239 5132 5023
6448 6098 5724 53.23
96.61 94.38 9208 89.72
123.76 119.89 115.88 111.72
127.52 127.11 126.70 126.28
158.35 155.37 152.32 149.21
169.09 167.86 166.62 165.36

11.16
48.87
49.11
87.28
107.40
125.86
146.03
164.10

7.91
46.52
48.53
86.04
105.17
125.65
144.41
163.46

2.51
44.30
48.01
84.90
103.13
125.46
142.94
162.89

Percent difference

0.06%
-0.03%
0.09%
-0.03%
-0.10%
0.15%
-0.03%
-0.15%

ONOOEWON -

0.05%
-0.04%
0.10%
-0.04%
-0.10%
0.17%
-0.04%
-0.16%

0.05% 0.05% 0.05% 0.05%
-0.05% -0.05% -0.05% -0.06%
0.11% 0.11% 0.12% 0.13%
-0.06% -0.06% -0.07% -0.08%
0.18% 0.19% 0.20% 0.21%
-0.10% -0.10% -0.10% -0.11%
-0.05% -0.05% -0.06% -0.06%
-0.17% -0.17% -0.18% -0.18%

0.04%
0.14%
-0.06%
-0.09%
0.22%
-0.11%
-0.07%
-0.18%

0.04%
0.15%
-0.07%
-0.09%
0.22%
-0.11%
-0.07%
-0.19%

-0.03%
0.16%
-0.07%
-0.09%
0.23%
-0.11%
-0.07%
-0.19%
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Figure 4.142 Eigenvalue curves, CSCF plate, ¢ =2 /3,
P,=-Nb*/D, A’ =0 a*(p/D)*.
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Figure 4.143 Mode shapes, CSCF plate, $ =2/ 3.
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Table 4.78 Eigenvalues, CSCF plate, ¢ =1/1, A2=0 a° (p / D)*~.

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution
3250 2831 2328 2089 1816 1489 1057 749 238
4188 3880 3541 3395 3241 230.78 29.04 2812 27.27
7014 6840 6270 5947 5603 5236 4840 4628 4428
76.71 7008 66.61 6587 6513 6437 6360 6321 62.86
88.76 83.16 7713 7456 7190 69.13 6623 6472 63.34
116.94 112.83 108.54 106.77 104.97 103.13 101.26 100.31 99.44
120.87 119.90 11891 118.17 11454 110.77 106.87 104.87 103.03
137.99 130.12 121.72 118.52 118.11 117.71 117.30 117.10 116.91
Finite element solution [18]
32.51 2832 2329 2090 18.17 1489 1058 750 238
4187 3880 3541 3394 3240 30.77 29.03 28.11 27.25
7010 6836 6272 5948 56.05 5238 4841 46.29 44.30
76.73 7010 6656 6583 6508 6432 6355 63.16 6281
88.74 83.14 7710 7453 7187 69.09 66.19 6468 63.30
116.83 112.71 108.41 106.64 10484 103.00 101.12 100.17 99.30
120.76 119.78 118.79 118.20 11458 110.82 106.92 104.92 103.08
138.03 130.16 121.75 118.42 11799 117.59 117.18 116.98 116.79
Percent difference
0.03% 0.03% 0.03% 003% 0.03% 0.03% 0.03% 0.03% 0.05%
-0.01% -0.01% -0.02% -0.02% -0.03% -0.04% -0.04% -0.05% -0.05%
-0.06% -0.06% 0.03% 0.03% 0.03% 0.04% 0.04% 0.04% 0.04%
0.03% 0.03% -0.07% -0.07% -0.07% -0.07% -0.08% -0.08% -0.08%
-0.02% -0.03% -0.03% -0.04% -0.04% -0.05% -0.06% -0.06% -0.06%
-0.10% -0.11% -0.12% -0.12% -0.13% -0.13% -0.14% -0.14% -0.14%
-0.09% -0.09% -0.10% 0.02% 0.04% 0.04% 0.04% 0.04% 0.04%

0.03% 0.03% 0.03% -0.08% -0.10% -0.10% -0.10% -0.10% -0.10%
L

BN D WN

XN SHEWN =

N HA, WON -
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Figure 4.144 Eigenvalue curves, CSCF plate, ¢ =1/ 1,

P.=-N.b?/D, Al=o a’(p/ D)2
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Figure 4.145 Mode shapes, CSCF plate, ¢ =1/ 1.
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Table 4.79 Eigenvalues, CSCF plate, $ =3 /2, A= a* (p / D)'>

in-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution
31.72 2763 2272 2039 17.72 1452 1031 7.31 2.32
3547 3191 2784 2601 2402 2183 1936 1799 16.65
46.00 4337 4054 3934 3809 36.80 3545 3475 34.10
66.13 64.36 6197 5886 5556 52.04 4825 4623 44.33
7550 69.09 6254 61.79 6102 5966 56.42 54.71 53.13
80.81 7490 6843 6564 6273 6025 5946 59.06 58.70
9249 8742 8201 7973 7738 7495 7243 71.13 69.94
96.39 9521 9401 9352 9303 9254 9204 9179 91.57
Finite element solution [18]
31.72 2763 2272 2038 17.72 1452 10.31 7.31 2.32
3546 3190 2783 26.00 2401 2182 1935 1798 16.64
4596 43.33 4050 39.31 38.06 36.77 3541 3471 34.07
66.06 64.29 6192 5881 5551 51.99 4820 46.18 44.28
7544 69.04 6247 61.72 6095 59.58 5633 5463 53.05
80.73 7482 6835 6557 6265 60.18 59.39 5899 5863
9236 8729 8187 7959 7724 7481 7229 7099 69.80
96.29 9511 9391 9343 9294 9244 9195 9169 9147
Percent difference
-0.03% -0.02% -0.02% -0.02% -0.01% -0.01% -0.01% 0.00% 0.01%
-0.04% -0.04% -0.04% -0.04% -0.04% -0.05% -0.05% -0.06% -0.06%
-0.07% -0.08% -0.08% -0.08% -0.09% -0.09% -0.10% -0.10% -0.10%
-0.11% -0.11% -0.08% -0.08% -0.08% -0.09% -0.10% -0.10% -0.11%
-0.07% -0.07% -0.11% -0.11% -0.11% -0.13% -0.14% -0.15% -0.16%
-0.10% -0.10% -0.11% -0.12% -0.12% -0.12% -0.12% -0.12% -0.12%
-0.14% -0.15% -0.17% -0.17% -0.18% -0.19% -0.20% -0.20% -0.21%

-0.10% -0.10% -0.10% -0.10% -0.10% -0.11% -0.11% -0.11% -0.11%
D
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Figure 4.146 Eigenvalue curves, CSCF plate, ¢ = 3/2,

P,=-N,b*/D, A =0 a (p/D)"”
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Figure 4.147 Mode shapes, CSCF plate, $ =3/ 2.
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Table 4.80 Eigenvalues, CSCF plate, ¢ =2/1, A= a® (p /D)2

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution
3146 2740 2253 2021 1757 1440 1022 724 230
3346 29.71 2533 2333 2110 1859 1564 1391 1214
3865 3550 3198 3045 2882 2708 2520 24.19 23.25
4860 46.17 4358 4249 4136 40.20 39.00 38.38 37.81
6419 6240 6054 5866 5541 5195 4822 46.23 44.37
7510 68.76 6173 5978 59.00 56.31 5290 51.11 4944
7810 7205 6540 6253 5950 5821 5741 5700 56.63
8442 7890 7292 7037 67.72 6495 62.05 6055 59.16
Finite element solution [18]
3144 2739 2252 2021 1756 1439 1022 724 230
3344 2969 2532 2331 2109 1858 1562 1390 12.12
3861 3546 3195 3041 2878 2704 25.16 24.16 23.21
4852 4609 4350 4241 4129 4012 3892 38.30 37.73
64.07 6228 6042 5858 5533 5186 48.13 46.15 44.28
75.00 6867 6164 5966 5888 56.18 5277 50.98 49.30
7797 7192 6527 6240 5938 5809 57.29 56.88 56.51
8424 7872 7274 7019 6754 6477 61.87 6036 58.97
Percent difference
-0.06% -0.06% -0.05% -0.04% -0.04% -0.04% -0.03% -0.03% -0.01%
-0.08% -0.07% -0.07% -0.07% -0.07% -0.08% -0.09% -0.11% -0.14%
-0.11% -0.11% -0.12% -0.12% -0.13% -0.14% -0.15% -0.16% -0.17%
-0.16% -0.17% -0.18% -0.18% -0.19% -0.20% -0.21% -0.21% -0.21%
-0.19% -0.19% -0.20% -0.15% -0.16% -0.17% -0.18% -0.19% -0.20%
-0.13% -0.14% -0.14% -0.20% -0.20% -0.23% -0.25% -0.26% -0.27%
-0.17% -0.18% -0.19% -0.20% -0.21% -0.21% -0.21% -0.21% -0.21%

-0.21% -0.22% -0.24% -0.25% -0.27% -0.28% -0.30% -0.31% -0.32%
e
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Figure 4.148 Eigenvalue curves, CSCF plate, ¢ =2/ 1,
P.=-N,b*/D, =0 a® (p/ D)~
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Figure 4.149 Mode shapes, CSCF plate, ¢ =2/ 1.
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Table 4.81 Eigenvalues, CSCF plate, $ =5/2, A>= ¢ a? (p / D)'2.

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Present solution

31.34 2730 2244 20.14 1750 1434 10.18 7.22 229

32.59 2875 2422 2212 19.77 17.06 13.79 11.80 9.65

35.63 3218 2826 26.50 2460 2253 2022 18.94 17.71
4131 3841 3523 33.86 3243 3092 2931 2847 2769
50.34 4802 4556 4453 4347 4238 4125 4067 40.14
63.06 6124 5936 5859 5536 51.92 4821 46.24 4439
7492 6863 6163 5859 5780 5475 5126 4942 47.70
76.86 7075 6401 6109 5801 57.00 5618 5554 54.02

O NOOODHWN

Finite element solution [18]

31.32 2728 2243 2013 1749 1433 10.18 7.21 2.29

32.56 2872 2419 22,09 1974 17.04 1377 11.78 962

35.58 3214 2821 2646 2456 2249 2017 18.90 17.66
41.22 3832 3515 3378 3234 30.83 2922 28.38 27.60
5021 4789 4542 4439 4333 4223 4110 40.52 39.99
62.87 61.06 59.17 5840 5525 5181 48.11 46.14 4428
7480 6851 6153 65848 5761 5459 51.10 4925 47.53
7670 7059 6385 6093 5785 56.81 5599 5532 53.80

DODNOO O WN -

Percent difference

-0.08% -0.08% -0.07% -0.06% -0.06% -0.05% -0.05% -0.04% -0.03%
-0.10% -0.10% -0.10% -0.10% -0.11% -0.12% -0.16% -0.20% -0.29%
-0.14% -0.14% -0.15% -0.16% -0.17% -0.19% -0.22% -0.24% -0.28%
-0.21% -0.22% -0.24% -0.25% -0.26% -0.28% -0.31% -0.32% -0.34%
-0.27% -0.29% -0.31% -0.31% -0.32% -0.34% -0.35% -0.36% -0.37%
-0.29% -0.30% -0.31% -0.32% -0.19% -0.20% -0.22% -0.23% -0.24%
-0.16% -0.17% -0.18% -0.18% -0.33% -0.30% -0.33% -0.34% -0.36%
0.21% -0.23% -0.25% -0.26% -0.28% -0.33% -0.34% -0.40% -0.42%

O NOOOO D WON
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Figure 4.150 Eigenvalue curves, CSCF plate, ¢ =5/ 2,
P.=-Nb*/D,A\*=0 a’(p/ D)2
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Figure 4.151 Mode shapes, CSCF plate, § =5/ 2.
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Table 4.82 Eigenvalues, CSCF plate, $ =3/1,A*=0 a%(p/ D)2

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution
31.28 27.25 2240 2010 1747 1431 1016 720 228
32.14 28.25 2363 2147 1904 1622 1275 10.56 808
3413 30.51 26.33 2443 2235 2004 17.38 15.87 14.37
37.72 3452 3092 2935 2767 2586 2390 22.85 21.86
4343 40.70 37.75 3648 3517 33.79 3234 31.59 30.90
5158 4933 4695 4596 4494 4389 4280 4225 41.74
62.31 6048 5858 5779 5533 5190 4821 46.25 44.41
7484 6856 6159 5855 57.00 5390 50.37 48.50 46.75
Finite element solution [18]
3126 27.23 2239 20.09 1745 1430 1016 7.20 2.28
32.11 28.21 23.60 2144 1902 1620 1272 10.53 8.04
3407 3046 2628 2438 2231 1999 17.33 1582 14.31
3764 3443 3084 2926 2758 2577 23.80 2275 2175
4329 4056 3760 36.33 3501 3363 3218 3143 30.73
5137 4912 46.74 4574 4471 4366 4257 4202 41.51
62.04 6021 5831 65752 65522 5179 48.10 46.14 4429
7471 6843 6147 5843 56.72 53.72 50.18 48.31 46.55
Percent difference
-0.09% -0.08% -0.07% -0.07% -0.06% -0.06% -0.05% -0.06% -0.22%
-0.11% -0.11% -0.11% -0.12% -0.14% -0.17% -0.24% -0.32% -0.53%
-0.15% -0.16% -0.18% -0.19% -0.21% -0.24% -0.30% -0.36% -0.42%
-0.23% -0.25% -0.28% -0.30% -0.33% -0.36% -0.41% -0.45% -0.48%
-0.33% -0.35% -0.39% -0.41% -0.43% -0.46% -0.50% -0.52% -0.55%
-0.41% -0.43% -0.46% -0.48% -0.49% -0.51% -0.54% -0.55% -0.56%
-0.42% -0.44% -0.46% -0.47% -0.21% -0.22% -0.23% -0.25% -0.26%

-0.18% -0.18% -0.19% -0.20% -0.48% -0.35% -0.38% -0.40% -0.43%
3
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Figure 4.152 Eigenvalue curves, CSCF plate, $ =3 /1,

P,=-N,b?/D, A*=0 a®(p/ D)™
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Figure 4.153 Mode shapes, CSCF plate, $ =3/ 1.
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Table 4.83 Eigenvalues, CCCF plate, ¢ =1/3, A2=0 a?(p/ D)2

in-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution
61.27 5414 4565 4165 3707 3157 2424 1899 8.54
11581 100.89 83.02 7454 6485 5324 3789 2690 11.53
184.79 164.34 140.76 130.08 11840 10541 9061 8228 74.09
215.88 214.06 212.21 206.54 193.98 180.54 166.01 158.26 150.94
263.76 245.38 218.37 211.47 210.72 209.96 209.20 208.82 208.47
269.72 257.87 251.72 249.21 246.67 244.10 241.50 240.18 238.99
334.48 323.89 312.77 303.19 290.21 276.57 262.21 254.72 247.80
371.92 345.04 31595 308.52 303.88 299.20 294.45 292.04 289.85
Finite element solution [18]
61.29 5415 4565 4163 3705 3154 2419 1893 8.54
115.91 100.96 8307 7459 6488 5326 3790 2690 1145
185.08 164.62 141.03 130.36 118.68 105.70 90.92 8261 74.45
215.57 213.75 211.89 207.35 194.82 181.41 166.93 159.21 151.93
263.21 246.15 219.16 211.15 210.39 209.63 208.87 208.49 208.14
270.45 257.28 251.10 248.58 246.04 243.44 240.83 239.51 238.31
333.46 32282 311.72 304.91 292.08 278.50 264.22 256.78 249.89
373.57 346.74 317.65 307.45 302.69 297.98 293.19 290.77 288.57
Percent difference
0.04% 0.02% -0.01% -0.03% -0.05% -0.10% -0.19% -0.31% -0.01%
0.08% 0.07% 0.07% 0.06% 0.06% 0.05% 0.04% 0.03% -0.76%
0.16% 0.17% 0.19% 0.21% 0.23% 0.27% 0.34% 0.40% 0.48%
-0.14% -0.14% -0.15% 039% 0.44% 0.48% 0.55% 0.60% 0.65%
-0.21% 0.31% 0.36% -0.15% -0.16% -0.16% -0.16% -0.16% -0.16%
0.27% -0.23% -0.25% -0.25% -0.26% -0.27% -0.27% -0.28% -0.28%
-0.30% -0.33% -0.34% 0.57% 0.64% 0.70% 0.77% 081% 0.84%

044% 0.49% 0.54% -0.35% -0.39% -0.41% -0.43% -0.43% -0.44%
e S S
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Figure 4.154 Eigenvalue curves, CCCF plate, ¢ = 1/ 3,
P.=-N,b’/D,A*=w a*(p/D)"
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Figure 4.155 Mode shapes, CCCF piate, = 1/ 3.
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Table 4.84 Eigenvalues, CCCF plate, 6=2/5,A*=o a’(p/ D)'2.

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Prasent solution

5116 4482 3721 3357 2940 2434 1753 1254 4.0
102.35 90.00 7544 6867 6108 5231 4157 3491 27.50
155.81 151.95 133.65 125.52 116.81 107.37 97.03 9142 86.09
168.34 154.05 152.08 151.31 150.53 149.75 148.96 148.56 148.20
203.56 197.85 191.93 189.50 186.99 183.38 173.52 168.18 163.22
251.07 23222 211.65 202.83 193.63 185.03 182.10 180.80 179.62
272.31 262.76 252.81 248.71 244.53 240.27 23593 233.73 231.72
351.85 331.28 309.32 300.08 290.55 280.69 270.46 265.21 260.39

@NOOEWN

Finite element solution [18]

51.17 4483 37.21 3358 2940 2433 17.52 1253 4.02
102.43 9008 7552 6874 61.16 5239 4167 3503 27.65
155.61 152.22 133.95 125.83 117.13 107.72 97.39 91.81 8649
168.62 153.86 151.87 151.10 150.32 149.54 148.75 148.35 147.99
203.19 197.46 191.53 189.09 186.59 183.67 174.44 169.13 164.20
251.81 232.98 212.46 203.65 194.47 18521 181.67 180.35 179.17
271.66 262.07 252.08 247.96 243.76 239.49 235.12 232.91 230.89
353.47 332.96 311.08 301.88 292.39 28257 272.41 267.18 262.39

0 ~NOOOEOGLGN -

Percent difference

0.03% 0.02% 0.01% 0.01% 0.00% -0.01% -0.03% -0.03% 0.05%
0.08% 009% 0.10% 0.11% 0.13% 0.16% 0.24% 0.34% 0.54%
.0.13% 0.18% 022% 025% 0.27% 0.32% 0.38% 0.43% 047%
0.16% -0.12% -0.14% -0.14% -0.14% -0.14% -0.14% -0.14% -0.15%
-0.18% -0.20% -0.21% -0.22% -0.22% 0.15% 0.53% 0.57% 0.60%
0.29% 0.33% 0.38% 0.41% 043% 0.10% -0.24% -0.25% -0.25%
.0.24% -0.26% -0.29% -0.30% -0.32% -0.33% -0.34% -0.35% -0.36%
0.46% 051% 0.57% 060% 063% 067% 0.72% 0.74% 0.77%

0O~NOOOEWN -
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Figure 4.156 Eigenvalue curves, CCCF plate, ¢ =2/ 5,
P, =-N,b*/D, A=oa(p/D)2
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Figure 4.157 Mode shapes, CCCF plate, § =2 /5.
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Table 4.85 Eigenvalues, CCCF plate, $ = 1/2, A*= 0 a* (p / D)2

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 9S0% 99%
Present solution
4272 3732 30.82 27.72 2417 1989 1420 1009 3.21
9069 8093 6968 6458 59.01 5280 4570 4167 3765
107.06 105.13 103.14 102.33 101.50 100.66 99.73 98.54 9544
154.23 141.86 128.25 122.36 116.18 109.65 102.77 99.87 99.16
154.34 148.99 143.41 141.11 138.76 136.36 133.92 132.68 131.55
220.81 212.49 203.80 200.17 193.67 186.94 179.96 176.37 173.07
235.38 221.40 206.47 200.21 196.55 192.82 189.01 187.07 185.31
261.03 260.26 259.50 259.19 258.88 258.57 258.26 258.10 257.96
Finite element solution [18]
4274 3733 3083 27.73 24.18 1989 1420 10.10 3.21
90.78 81.01 69.76 6466 59.09 5289 4580 41.77 37.76
106.96 105.02 103.02 102.21 101.39 100.54 9963 98.70 95.78
154.15 142.14 128.54 12266 11648 109.96 103.08 99.92 99.05
154.50 148.78 143.18 140.87 138.52 136.11 133.66 132.42 131.29
220.49 212.14 203.43 199.83 19445 187.74 180.78 177.20 173.91
236.08 222.13 207.22 200.94 196.15 19240 188.58 186.63 184.86
260.46 259.69 258.92 258.61 258.30 257.99 257.68 257.52 257.38
Percent difference
0.05% 0.04% 0.04% 0.03% 0.03% 0.02% 0.02% 0.01% 0.02%
0.10% 0.11% 0.12% 0.13% 0.15% 0.17% 0.22% 0.25% 0.29%
-0.10% -0.10% -0.11% -0.11% -0.12% -0.12% -0.10% 0.16% 0.35%
-0.05% 0.20% 0.23% 0.24% 0.26% 029% 0.30% 0.05% -0.11%
0.10% -0.14% -0.16% -0.17% -0.17% -0.18% -0.19% -0.19% -0.20%
-0.14% -0.16% -0.18% -0.17% 0.40% 043% 046% 0.47% 0.49%
0.30% 0.33% 0.36% 0.36% -0.20% -0.22% -0.23% -0.23% -0.24%

-0.22% -0.22% -0.22% -0.22% -0.22% -0.22% -0.22% -0.23% -0.23%
TR

O ~NOOEWN-

W~NOOODHE WON -

CNDODOEHE WN -
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Figure 4.158 Eigenvalue curves, CCCF plate, ¢ =1/ 2,

P,=-N,b’/D,A*=w & (p/ D)'*.
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Figure 4.159 Mode shapes, CCCF plate, ¢ =1/ 2.
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Table 4.86 Eigenvalues, CCCF plate, ¢ =2 /3, A2=0 a’ (p/ D)2

In-plane ioad as a percentage of buckling load

-100%

-50%

0% 20%

40% 60%

80%

90%

99%

Present solution

O NOOOTDHLDWN A

36.79 32.09 2643 23.74
7022 6797 6560 61.61

82.51
117.10
144.59
154.20
181.59
196.73

74.57
111.77
134.87
1583.22
174.03
193.68

65.63 64.66

106.15 103.81
124.37 119.91
152.22 151.81
166.12 162.84
190.57 189.31

20.66 16.96
§7.32 52.66
63.67 6266
10140 98.94
115.27 11043
151.39 150.95
159.51 156.11
188.03 186.73

12.06
47.51
61.63
96.39
105.36
150.39
162.75
183.15

8.56
44.70
61.11
95.10

102.73
149.83
161.33
180.56

2.72
42.01
60.63
93.91

100.31
148.72
150.63
178.19

Finite element solution [18]

DN ODEWUN

36.81

70.18

82.59

117.03
144.81
163.97
181.50
196.33

32.11
67.93
74.65
111.70
135.10
152.98
173.93
193.27

2645 23.75
65.58 61.68
6567 64.61
106.06 103.71
124.60 120.14
151.98 151.57
166.00 162.71
190.15 188.88

20.67 16.96
§7.39 52.73
63.62 62.61
101.31 98.83
115.50 110.66
1561.16 150.72
169.37 155.96
187.61 186.31

12.07
47.59
61.57
96.28
105.60
150.17
1562.58
183.71

8.56
44.78
61.05
94.98
102.98

149.63
151.13
181.14

2.72
42.08
60.57
93.79

100.56
148.55
150.39
178.78

Percent difference

O ~NOOOEWN -

0.06%
-0.06%
0.10%
-0.06%
0.15%
-0.15%
-0.05%
-0.20%

0.05%
-0.06%
0.10%
-0.07%
0.17%
-0.15%
-0.06%
-0.21%

0.05% 0.05%
-0.02% 0.11%

0.05% 0.05%
0.13% 0.14%

0.06% -0.08% -0.08% -0.08%
-0.08% -0.09% -0.10% -0.11%

0.18% 0.19%
-0.15% -0.16%
-0.07% -0.08%
-0.22% -0.22%

0.20% 0.21%

-0.16% -0.16%
-0.09% -0.10%
-0.23% -0.23%

0.04%
0.16%
-0.09%
-0.12%
0.23%
-0.15%
-0.11%
0.31%

0.04%
0.17%
-0.09%
-0.12%
0.24%
-0.13%
-0.13%
0.32%

-0.01%
0.19%
-0.10%
-0.13%
0.25%
0.11%
-0.16%
0.33%
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Figure 4.161 Mode shapes, CCCF plate, $ =2/ 3.




336
Table 4.87 Eigenvalues, CCCF plate, ¢ =1/1, A>= o a? (p / D)'2.

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%

Present solution

3322 2895 2381 2137 1858 1523 1082 7.67 243
4590 4299 39.83 3848 37.07 3559 3403 3322 3247
77.54 7069 63.02 5966 5608 5224 48.08 4584 43.73
79.79 7820 76.56 7590 75.06 7229 69.39 67.90 66.52
91.98 86.35 8029 77.72 7522 7454 7384 7349 73.18
124.52 12049 116.31 114.59 112.84 110.50 106.41 104.31 102.38
136.13 130.69 121.94 118.25 114.44 111.06 109.24 108.32 107.49
138.87 135.23 134.31 133.94 133.42 130.09 126.65 124.89 123.29

O NOOODLEWN -

Finite element solution [18)

33.23 2896 23.82 2138 1859 1524 1083 768 243
4589 4298 3982 3846 37.05 3557 34.02 3320 3245
77.57 7071 63.05 5968 56.11 52.26 48.10 4586 43.75
79.73 7813 7650 75.83 75.02 7224 69.35 67.85 66.47
9196 8632 8026 7769 7515 7447 73.78 7343 73.11
124.37 12034 116.15 114.42 112.68 110.55 106.46 104.36 102.43
135.97 130.73 121.99 118.30 114.49 110.88 109.07 108.15 107.31
138.92 135.06 134.16 133.78 133.29 129.99 126.55 124.79 123.18

O ~NOO O WN -

Percent difference

0.03% 0.03% 0.04% 0.04% 0.04% 0.04% 0.04% 0.04% 0.06%
-0.01% -0.02% -0.03% -0.03% -0.04% -0.05% -0.05% -0.06% -0.06%
0.03% 0.04% 0.04% 0.04% 0.04% 0.04% 0.04% 0.05% 0.05%
-0.07% -0.08% -0.08% -0.08% -0.05% -0.06% -0.07% -0.07% -0.08%
-0.03% -0.03% -0.04% -0.05% -0.09% -0.09% -0.09% -0.09% -0.09%
-0.12% -0.13% -0.14% -0.14% -0.15% 0.05% 0.05% 0.05% 0.05%
-0.12% 0.04% 0.04% 0.04% 0.04% -0.16% -0.16% -0.16% -0.17%
0.03% -0.12% -0.12% -0.12% -0.09% -0.08% -0.08% -0.08% -0.08%

O ~NODOODHWN
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Figure 4.162 Eigenvalue curves, CCCF plate, ¢ =1/ 1,
P,=-N,b*/D, A*=0 a*(p/D)".
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Figure 4.163 Mode shapes, CCCF plate, ¢ =1/ 1.
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Table 4.88 Eigenvalues, CCCF piate, $ =3 /2, A2=0 a? (p / D)'2.

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution
3192 2781 2286 20.52 1783 1462 1038 7.36 2.33
36.68 33.22 2928 2753 2564 2358 2129 2004 18.83
4932 4685 4421 4310 4196 40.77 3955 38.91 38.33
7203 6925 6205 5891 5557 5201 48.16 46.12 44.19
7572 7039 68.71 66.63 63.73 6067 5744 5575 54.19
81.78 7587 6941 6802 6732 66.61 6589 6553 6520
9492 8993 8462 8239 8009 77.71 7526 7399 72.84
104.85 103.76 102.64 102.19 101.74 101.28 100.82 100.50 99.67
Finite element solution [18]
3191 2780 2286 2052 17.83 1461 1038 736 233
36.67 33.21 2927 2752 2563 2356 2128 2002 18.82
4928 4681 44.18 4307 4192 40.74 39.51 3888 38.30
7196 6920 62.01 5886 5553 5196 48.12 46.07 44.14
7567 7033 6864 6655 6365 60.59 5736 5567 54.10
8170 7579 6933 6795 67.26 66.55 6583 6546 65.13
9478 89.79 8447 8223 7993 7756 7510 7383 72.68
104.77 103.68 102.56 102.11 101.66 101.21 100.74 100.20 99.36
Percent difference
-0.02% -0.02% -0.01% -0.01% -0.01% 0.00% 0.00% 0.00% 0.01%
-0.04% -0.03% -0.04% -0.04% -0.04% -0.05% -0.05% -0.06% -0.07%
-0.07% -0.08% -0.08% -0.08% -0.09% -0.09% -0.10% -0.10% -0.10%
-0.09% -0.07% -0.07% -0.08% -0.08% -0.09% -0.10% -0.10% -0.11%
-0.06% -0.09% -0.10% -0.12% -0.13% -0.14% -0.15% -0.16% -0.17%
-0.10% -0.10% -0.11% -0.10% -0.10% -0.10% -0.10% -0.10% -0.10%
-0.15% -0.16% -0.18% -0.18% -0.19% -0.20% -0.21% -0.22% -0.22%

-0.07% -0.08% -0.08% -0.08% -0.08% -0.08% -0.08% -0.30% -0.30%
R S,

ONOOHEWON

O~NODODAWN A

BN EWN -
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Figure 4.164 Eigenvalue curves, CCCF plate, $ =3/ 2,
P,=-N.b’/D,A*=0 & (p/ D)~
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Figure 4.165 Mode shapes, CCCF plate, ¢ =3/ 2.
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Table 4.89 Eigenvalues, CCCF plate, $ =2 /1, A= o a® (p / D)'2.

in-plane load as a percentage of buckling load

-100%

-50%

0%

20%

40%

60%

80%

90% 99%

Present solution

O NODODO DL WN

31.54
33.97
40.08
51.36
68.42
75.18
78.50
85.46

27.47
30.26
37.04
49.06
66.74
68.83
72.46
79.98

22.59
25.96
33.67
46.62
61.76
65.00
65.82
74.07

20.27
23.99
32.21
45.60
58.68
62.95
64.29
71.55

17.61
21.83
30.67
44.55
55.42
§9.93
63.56
68.93

14.43
19.40
29.04
43.47
51.83
56.74
62.83
66.20

10.25
16.58
27.29
42.35
48.18
§3.35
62.08
63.35

726 230
1496 13.32
2636 25.50
41.78 41.26
46.19 4431
51.56 49.90
61.70 60.50
61.87 61.36

Finite element solution [18]

O ~NOOOEAEWN -

31.52
33.94
40.04
51.28
68.32
75.08
78.37
85.28

27.46
30.24
37.00
48.98
66.64
68.73
72.33
79.80

22.58
25.94
33.63
46.54
61.68
64.90
65.69
73.88

20.26
23.97
32.17
45.52
58.60
62.82
64.18
71.36

17.60
21.81
30.63
44.47
55.33
59.80
63.46
68.74

14.43
19.38
29.00
43.39
51.85
56.61
62.72
66.01

10.25
16.57
27.24
42.27
48.10
53.21
61.98
63.15

726 230
1494 13.30
26.32 2545
41.70 41.18
46.10 44.22
5143 49.76
61.60 60.30
6166 61.25

Percent difference

O NOOHE WN -

-0.06%
-0.07%
-0.11%
-0.15%
-0.15%
-0.13%
-0.17%
-0.22%

-0.05%
-0.07%
-0.11%
-0.15%
-0.15%
-0.13%
-0.18%
-0.23%

-0.04%
-0.07%
-0.12%
-0.16%
-0.14%
-0.16%
-0.19%
-0.25%

-0.04%
-0.07%
-0.13%
-0.17%
-0.15%
-0.20%
-0.16%
-0.27%

-0.04%
-0.07%
-0.13%
-0.17%
-0.15%
-0.22%
-0.16%
-0.28%

-0.03%
-0.08%
-0.14%
-0.18%
-0.16%
-0.23%
-0.17%
-0.30%

-0.03%
-0.10%
-0.15%
-0.19%
-0.18%
-0.25%
-0.17%
-0.31%

-0.03% -0.04%
0.11% -0.14%
-0.16% -0.17%
-0.19% -0.19%
-0.19% -0.20%
-0.27% -0.28%
-0.17% -0.34%
-0.33% -0.17%



343

Figure 4.166 Eigenvailue curves, CCCF plate, ¢ =2/ 1,

P,=-N,b’/D, A*=0 a* (p/ D)™
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Figure 4.167

Mode 1

Mode shapes, CCCF piate, ¢ =2/ 1.
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Table 4.90 Eigenvalues, CCCF plate, § =5/2, A* = 0 a* (p/ D)'"*.

In-plane load as a percentage of buckling load
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99%
Present solution
3138 2733 2247 2016 1752 1436 1020 722 229
3285 2903 2454 2246 20.14 1750 1432 1241 1038
36.35 3297 2915 2745 2562 2363 2144 2024 19.09
4276 3996 3691 3561 3425 3282 3131 3052 29.79
5269 5047 48.13 47.16 46.16 4513 4407 43.53 43.03
66.35 6462 6165 5859 5536 5191 48.19 4622 4436
7496 6866 6284 6131 5823 5497 5149 4966 4794
77.07 7096 6422 6211 6137 6061 57.86 5625 54.75
Finite element solution [18]
31.36 2731 2246 2015 1751 1435 1019 722 229
32.81 29.00 2451 2244 20.12 1747 1430 1239 1035
36.30 3293 2910 2740 2557 2358 2139 2019 19.04
4267 3987 3683 3552 34.16 3273 31.22 3043 29.70
5255 50.34 4800 47.02 46.02 4499 4393 4338 4289
66.19 6446 6154 5849 5525 5180 4809 4611 4426
7484 6854 6268 6115 58.07 5481 5132 4948 47.76
7690 7080 6406 6195 6120 6045 5763 56.01 54.51
Percent difference
-0.08% -0.07% -0.06% -0.05% -0.05% -0.05% -0.04% -0.04% -0.02%
-0.10% -0.09% -0.10% -0.10% -0.11% -0.13% -0.17% -0.21% -0.28%
-0.14% -0.14% -0.15% -0.16% -0.18% -0.20% -0.23% -0.25% -0.28%
-0.20% -0.21% -0.23% -0.24% -0.26% -0.27% -0.30% -0.31% -0.32%
-0.25% -0.26% -0.28% -0.29% -0.29% -0.30% -0.32% -0.32% -0.33%
-0.24% -0.25% -0.17% -0.18% -0.19% -0.20% -0.22% -0.23% -0.24%
-0.16% -0.16% -0.26% -0.26% -0.28% -0.30% -0.33% -0.35% -0.37%

-0.21% -0.23% -0.25% -0.26% -0.27% -0.27% -0.40% -0.42% -0.44%
~

0O~NOOOEWN -

0O ~NOOOHEWN -

0O ~NOOOEAEWN -~
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Figure 4.168 Eigenvalue curves, CCCF piate, ¢ =5/ 2,

N' bZ I D, 12 =0 az (D,D)'n.
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Figure 4.169 Mode shapes, CCCF plate, ¢ =5/ 2.

Mode 1 Mode 2
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Mode

Table 491 Eigenvaiues, CCCF plate, $ =3 /1, A2= o0 a* (p/ D)'~

in-plane load as a percentage of buckling load

348

-100%

-50%

0%

20%

40%

60%

80%

90%

99%

Present solution

ONODOORNDWN-

31.30
32.28
34.53
38.56
44.82
53.61
65.00
74.86

27.27
28.40
30.96
35.42
42.19
51.45
63.25
68.57

2242
23.81
26.85
31.93
39.34
49.17
61.43
61.60

20.11
21.67
24.99
30.41
38.13
48.22
58.55
60.44

17.48
19.27
22.96
28.79
36.87
47.25
55.33
57.33

14.32
16.48
20.71
27.06
35.56
46.25
51.90
54.03

10.17
13.07
18.16
25.20
34.19
45.23
48.20
50.51

7.21
10.94
16.72
24.20
33.48
44.70
46.24
48.64

2.28
8.58
15.30
23.26
32.82
44.22
44.39
46.89

Finite element solution [18]

O ~NOOOOELEWN -

31.28
32.25
34.48
38.47
44 .68
53.41
64.77
74.73

27.25
28.37
30.91
35.34
42.04
51.25
63.01
68.45

22.40
23.78
26.80
31.84
39.19
48.97
61.19
61.48

20.10
2164
24.94
30.32
37.98
48.02
58.44
60.26

17.47
19.24
22.91
28.70
36.72
47.04
§5.22
57.15

14.31
16.45
20.66
26.96
35.40
46.04
51.78
53.85

10.16
13.04
18.10
25.09
34.03
45.01
48.09
50.31

7.20
10.91
16.66
24.09
33.31
44 .48
46.12
48.44

2.28
8.53
15.24
23.15
32.66
44.00
44.28
46.69

Percent difference

O~NOOOOEWN -

-0.09%
-0.11%
-0.15%
-0.23%
-0.32%

-0.08% -0.07% -0.06%
-0.13%
-0.20%
-0.30%
-0.40%

-0.11%
-0.16%
-0.25%
-0.34%

-0.11%
-0.18%
-0.28%
-0.38%

-0.06%
-0.14%
-0.22%
-0.33%
-0.42%

-0.37% -0.39% -0.42% -0.43% -0.45%
-0.36% -0.37% -0.39%

-0.18%

-0.18%

-0.19%

-0.19%
-0.30%

-0.20%
-0.32%

-0.05%
-0.17%
-0.25%
-0.36%
-0.44%
-0.46%
-0.22%
-0.35%

-0.05% -0.05% -0.17%

-0.24%
-0.31%
-0.41%
-0.48%
-0.48%
-0.23%
-0.39%

-0.32%
-0.36%
-0.44%
-0.50%
-0.49%
-0.24%
-0.41%

-0.51%
-0.43%
-0.48%
-0.52%
-0.50%
-0.26%
-0.43%
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Figure 4.170 Eigenvalue curves, CCCF plate, $ =3/ 1,
P.=-N, b’/D, A\’ =a a (p /D)
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Figure 4.171 Mode shapes, CCCF plate, $ =3/ 1.

Mode 1 Mode 2
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5 Discussion of Results

The free vibration and buckling analyses of nine plates subject to various in-plane
loads have been presented by means of computed eigenvalues, eigenvalue curves, and
associated mode shapes. These results confirm the validity of the mathematical solutions
derived. Convergence of the numerical results are discussed.

5.1 Buckling Analysis Resuits

In Tables 4.1 and 4.2, excellent agreement was found between the present solution
method and Timoshenko's [17] solution method. This was expected since both methods
utilize Lévy-type solutions, which are analytical in nature.

Although the approximate buckling loads listed in Table 4.6 were comparable to
the analytic buckling loads, relative differences of 5% were typical. Error of this order
could be unacceptable for some applications. This is especially discouraging since values
tended to be on the high side, meaning that the true buckling load for the plate had been
exceeded. Characteristic beam functions in Rayleigh's method were used to derive the
formula [11). The use of different shape functions in the derivation could cause the
solution to give more accurate results, as suggested by Bassily [10]. The weakness in
Rayleigh-Ritz methods of solution is that the plate results are only as good as the initially
assumed shape of defiection. Some qualitative judgement, based primarily on
experience, enters the analysis.

Despite the drawbacks, the formula is powerful in its own sense because no plate
or vibration theory need be known by the user. Buckling loads can be calcuiated by
hand. Note that the buckling mode may not necessarily be the primary mode (or shape
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with no nodal lines). Modes with one nodal line must be examined before a critical
buckling load can be confidently identified. Although these multiple calculations are
relatively simple, the work put into evaluating loads can become tedious.

Results presented in Table 4.7 compared extremely well, proving that ANSYS [18]
can adequately handle buckling problems by use of the finite element method. The only
modelling concern which arose was to ensure that enough nodes were included in the
model so that the proper buckiing mode shape, and hence load, was obtained. Also note
that ANSYS can be expensive in terms of computer hardware, software, and execution
time. These comments also hold true for any developed finite element code.

The method of superposition is favoured over these other methods of solution due
to its high convergency and analytic nature which does not require prior knowledge of the
shape of deflection for accurate load calculations. This also applies to plate vibration.
In short, the method determines coefficients of trigonometric series representing the
shape function which will satisfy the goveming differential equation and boundary
conditions of the problem. In essence, the buckling mode shape is determined in the
solution. The superimposed building block solutions themselves are analytically exact,
and any desired degree of accuracy can be obtained in the total solution. A single
FORTRAN program was developed for the present method of solution, which produced
buckling and free vibration results for all nine plates examined. Convergence is
discussed in the following section.

The buckling load curves indicate that a plate’s critical load increases with aspect
ratio. This is explained by the fact that as a plate's aspect ratio increases, the length of
its free edges decreases, making the plate stiffer. Note that buckling loads for plates with
more clamped edges and less free edges are comparatively larger. The elastic stability
of the plate is solely dependent upon its strength or stiffness. Close examination of
Figures 4.5, 4.7, and 4.9 for the SCSF, SCCF. and CCCF plates respectively reveals
small bumps or regions of levelling for small aspect ratios. This is an indication that the
critical buckling mode shape has changed. This is further explained in the next section.
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5.2 Free Vibration Analysis Results

Once again, the approximate formula used by Dickinson [11] gave results higher
than expected by a maximum of 5%. In general, however, the average error in
eigenvalues decreased to about 2%. It is believed that the discrepancy in results is
originating from the shape functions used in the Rayleigh method. Great effort is used
in obtaining higher mode eigenvalues if the mode shape is unknown since several cases
for nodal line combinations must be considered. For example, 5 eigenvalues must be
calculated before the third mode of free vibration can confidently be chosen.

Eigenvalues listed in Tables 4.11 to 4.91 compared very well with an average
difference of only 0.3%. However, the ANSYS [18] batch file used for the free vibration
analysis (appendix C) took over 24 hours to fully execute on a relatively powerful
computer system. The plate is carefully modelled with enough elements to accurately
obtain 8 modes of free vibration. It was decided that a 30 x 30 mesh would adequately
define mode shapes for any aspect ratio. Mesh refinement becomes very important in
free vibration analysis due to the number of hills and valleys which could be present in
a complex mode shape. For example, a minimum of five equally spaced points are
needed to roughly define one sine wave, as shown in Figure 5.1.

Figure 5.1 Representation of a sine wave with 3 and 5 nodes.
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The numerical convergency of a plate eigenvalue determined by a superimposed
solution is dependent upon the type of boundary conditions present, symmetry in the
boundary conditions, and the complexity of the mode shape associated with the
eigenvalue. A single term in a building block solution can give an exact eigenvalue in
some instances. However, as many as 16 terms may be needed to obtain 4 digits of
accuracy for other investigations. These characteristics arise from the nature of Fourier
series and their ability to represent certain shapes.

A general Fourier series is composed of both sine and cosine functions. These
are commonly referred to as odd and even functions respectively due to their form about
an origin. An odd or sine function has a negative mirror image about an origin such that
f(x) = -f(-x). Conversely, an even or cosine function has a positive mirror image about
an origin such that f(x) = f(-x). These two sets of functions are orthogonal to each other.
Now consider a plate which has the same boundary conditions along two opposing
edges. Mode shapes will be either symmetrical or antisymmetrical about a point midway
between the edges. This means that only one set of functions are contributing to the
series solution even though all terms are considered. Coefficients for haif of the terms
will be calculated as zero. Gorman [16] avoids this inefficiency in solutions by separating
symmetrical and antisymmetrical modes of vibration for each plate examined. For
example, the CFCF plate would be investigated by using 4 superimposed solutions: one
for fully symmetric modes, one for fully antisymmetric modes, and two for combined
symmetric and antisymmetric modes. Although less terms are needed to obtain accurate
eigenvalues, this method was not incorporated into the present solution due to the larger
number of building block solutions required. Also, as with the approximate formula [11],
modes need to be sorted out manually since muitiple solutions are used for a single plate.

Another aspect of Fourier-type series solutions is that the number of terms used
to adequately represent a shape increases as it becomes complex. This means that
higher modes of vibration will require more terms than the fundamental mode in order to
ensure a certain degree of accuracy. Typically, 8 terms give at least 3 digits of accuracy
and 16 terms give at least 4 digits of accuracy in the presented solutions. Twenty terms
were conservatively used to calculate results listed in section 4.
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Note that plates with two opposing pinned edges will use only one specific term
in each Lévy-type building block solution. Section 2.3 explains how the sine function itself
satisfies the governing equation of motion and the boundary conditions for simple support.
However, at least 8 terms should be used in a superimposed solution to ensure that the
specific term needed for a mode is present.

The eigenvalue curves presented in section 4.2 show that compressive in-plane
loads cause natural frequencies to lower until a state of buckling is achieved. Tensile
loads cause natural frequencies to rise. As noted earlier, each line represents a specific
mode shape as its stiffness is affected by in-plane load, and hence its natural frequency.
Intersecting curves signify an eigenvalue where two mode shapes exist simultaneously.
Beyond this point, the two mode shapes invoived exchange order. This is an interesting
phenomenon which illustrates not only that in-plane load effects stiffness, but also effects
each particular mode shape differently. Difficulties are often encountered in determining
eigenvalues and mode shapes in the vicinity of these double root regions. Creating
eigenvalue versus in-plane load graphs aided in ensuring that no roots were missed in
the free vibration analysis.

Special attention is given to Figures 4.82 and 4.84 for the SCSF plate and Figure
4.154 for the CCCF plate where the first and second mode shapes interchange. This
enforces the results shown in Figures 4.5 and 4.9 where dips in the buckling curves
signify a change in the buckling mode shape.

The associated mode shapes have been depicted using three-dimensional mesh
and contour plots and show harmonic plate deféction for each mode. The displacement
matrix for each shape is obtained by first determining the eigenvector (or building block
amplitude coefficients) associated with each eigenvalue. Problems are sometimes
encountered in accomplishing this task. At a double root, the separation of modes
becomes impossible and suitable eigenvectors can not be calculated. For plates with
pinned support on opposing edges, the specific term being used in the solution needs to
be determined. In the past, an arbitrary term was set to unity and calculation of the
eigenvector was attempted. Under special conditions, this works very well. However,
with the current plate solutions, care must be taken not to assign unity to a coefficient
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which should actually equal zero. Theoretically, it should be possible to scale the now
singular coefficient matrix and forward row reduce in order to find a zero along the
diagonal. The location of this zero value represents the independent coefficient. The row
with the zero is removed and the column is moved to the far right. The linear solution for
the remaining coefficients is found and the independent coefficient is given a value of -1.
However, in nearly all cases, the coefficient matrix is only near-singular due to numerical
error. This causes inaccurate determination of the independent variable in some cases.
In such situations, a term must be set to unity manually.
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6 Conclusions

The free vibration analysis of rectangular plates with at least one free edge under
unilateral in-plane loads have been solved by the method of superposition. The solution
method consisted of first determining the analytically exact Lévy-type solutions of several
building blocks. These building block solutions are then superimposed and boundary
conditions for the total plate are enforced. Once the equations arising from the
enforcement are established, it is a straight forward procedure to generate coefficient
matrices and determinants so that eigenvalues and eigenvectors can be determined. The
plate solutions presented can aiso be used to determine critical plate buckling loads,
which are a limiting case of plate vibration.

Good agreement was obtained in comparing results with those generated by
ANSYS [18], a general purpose finite element program. The eigenvalue and buckling
load curves indicate that the analysis is accurate.

The present method of solution can easily be modified to include specially
orthotropic plates. All derivative terms in the governing equation of motion are present,
but coefficients change due to the presence of orthotropic plate material. This simply
changes coefficients in the building block solutions. The current FORTRAN code could
be appropriately aitered under the proper supervision.

The superposition method of solution is attractive due to its analytic nature and
high convergency. No mode shape assumptions are required prior to eigenvalue
evaluation. The method has been used to solve the deflection, buckling, and free
vibration of plates of various shape, edge conditions, and material properties. Although
thin plate theory is usually used in derivations, some work has been done on Mindlin-type
plates. Once building block solutions have been established, a variety of plate problems
can be solved.
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Appendix A
Building Block Contributions

This appendix lists the contributions given by each building block towards enforcing
a particular boundary condition in the superimposed solution. Plates analyzed in sections
3.10 through 3.12 will use values from sections A.1 through A.4 while plates analyzed in
sections 3.13 through 3.17 will use values from sections A.5 through A.8. Integrals used
in the following equations are solved for in appendix B. It is important to note that
amplitude factors should be excluded from the following coefficients since building block
amplitudes are unknown. They are solved for in the superimposed solution by enforcing
boundary conditions. Therefore, treat building block coefficients A, B, C, and D as A / E,
B/E, C/E, and D / E in the following equations.

A.1 SRSV Building Block Contributions

A.1.1 Bending Moment atn = 1.

General Term

8 = Yml(1) - v(Mz$RY,(1)
Case 1 Term

8 = [(Bm~Yn-v(MRP)Ay - 2By, Y,D, sinh(B,)sin(y,)
+ [(B-Yim-v(Mx))Dy, + 2B ¥mAy |cosh(B,) cOS(Y,)



Case 2 Term

8y, = (Bm-v(Mx¢)?)B,cosh(,) - (va+v(m=x)2)D,,c0o8(y,)
Case 3 Term

8y = (Bm-v(m=xé)?)B,cosh(B,) + (Ya-v(mx$)?)D,cosh(y,)

A.1.2 Silope at& = 1.
General Term

1
Omo = Mx(-=1)™[Y(n)dn
‘ o

1
©mn = 2mx(-1 )mem('l)m(n“'l)dﬂ
]
Case 1 Term

1 1
Omg = M (-1 )"'[A,. [snh(Bn)sin(ynn)dn + D, [ cosh(n...n)cos(v...n)dn]
0 0

1 1

= 2m1r(-1)"'[A... [sinh(B,m)sin(y,n)cos(nzn)dn + D, ] wsh(ﬂmn)m(’rmn)m(nnn)dnj
'] 0

Case 2 Term

1 1
®mo = mn(-ﬂ"‘[B,.. f cosh(B,n)dn + D, f m(vmn)dn]
'] 0

1 1
€pnn = 2Mx(-1 )"'[B,,, [cosh(Bn)cos(nzn)dn + D, [ cos(y,,,n)cos(nnq)dq]
0 0
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Case 3 Term

1 1
Omo = mn(-ﬂ"‘[B... Jcoeh(B,n)dn + D, [ cosh(qu)dn]
0 0
1 1
Onn = 2Mx (-1 )"'[B,,, f cosh(p,,n)cos(nxzn)dn + D,, f cosh(y,..n)OOS(Mfl)dn]
0 0

A.1.3 Bending Momentatn = 0.

General Term
b = Yn(0) - v(Mx$2Y,(0)
Case 1 Term
In = (B -Ya-v(M=$P)D,, + 2B, vnA,
Case 2 Term
ln = (Bn-v(Mx$)B,, - (v2+v(mz¢}?)D,,
Case 3 Term

ln = (Bn-v(Mx $)By, + (va-v(m=$))D,,

A.14 Slope at & = 0.
General Term

1
Smo = M [Yy,(n)dn
0

1
Smn = 2m= [ Y (n)cos(nrn)dn
0
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Case 1 Term

1 1
Smo = mu[A.. [snh(Byn)sin(y,n)dn + D, [ cosh(n...n)cos(v...n)dn]
0 0

1 1
Smn = 2mu[A... [sinh(B,n)sin(y,n)cos(rxn)dn + D,, [ coah(ﬂ.,n)cos(v...n)cos(nnn)dn]
0 0

Case 2 Term

1 1
Smo = mﬂ[am [cosh(Byn)dn + D, [ ws(vmn)dn]
0 0
1 1
Son = 2""‘[3... f cosh(p,n)cos(nxn)dn + D, f cos(y,,,n)eos(nuq)qu
0 0

Case 3 Term

1 1
Smo = mn[a... [cosh(Bn)dn + D, [ cosn(v...n)dn]
0 0

1 1
Smn = me[s... [cosh(B,n)cosnz n)dn + D, [ cosh(v...n)cos(nun)dnJ
0 0

A.2 SRWR Building Block Contributions

A.2.1 Bending Moment atn = 1.
General Term

1 1
b = 2v47(-1)" [V, (€)sin(m= £)dE - 2(n=P(-1)" [Y,(E)sin(m = E)dE
0 0
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Case 1 Term

1
b = 2(-1)"[(v42(B3-12) ("% ?)B, + 242 B,1,Cy] [ sinh(B, ) cos(r, ) sin(m = £)dE
o

1
+ 2(-1)"[(v#?(BZ - 12) -(nx?)C, ~ 2v42P,1,B,] [ cosh(p, &) sin(y, ) sin(m=x &) dE
0 ,
Case 2 Term

1
Bun = 2(-1)"(v42p; -(nx ?)A, [ sinh(8, §)sin(m = £)d&
1]

1
- 2(-1)"(vé?va +(nx 2)C, [ sin(y, &) sin(m = §)dE
0

Case 3 Term

1
Bnn = 2(-1)"(v42Ba-(n=x?)A, [ sinh(B, &) sin(m x £)d§
o

1
+ 2(-1)"(vé?y5 -(nx ?)C, [ sinh(y, §)sin(m = £) dE
0
Case 4 Term

1
Bro = - 2(-1)"(v4?p} +(nx ) A, [sin(B, &) sin(m £) dE
0

1
- 2(-1)"(vé?va +(nx ?)C, [ sin(y, £) sin(m = £) d¢
0
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A22 Slope at& = 1.
General Term

fa = Ya(1)
Case 1 Term

fn = (cnpn - B,,y,,)shh(ﬂ,,)sh(y,,) + (Bnpn + nYn)m(pn)m(Yn)
Case 2 Term

fn = A,Byc08h(B,) + C,v,008(v,)

Case 3 Term

fll = Anpnm(pn) + cnYnmsh(Yn)
Case 4 Term

fa = A,B,cos(B,) + C,v,008(v,)

A.2.3 Bending Moment atn = 0.
General Term

1 1
ko = 2v82 [ Y (B)sin(m= )dE - 2(nm)? ['Y,(E)sin(m = §)dE
0 0
Case 1 Term

1
Inn = 2[(v*(Pn-1a)-(n%%)B, + 2v4?p,1,Cy) [ sinh(p,)cos(r, E) sin(mx £) dE
0

1
+ 2[(v42(Ba-va) -(x?)Cy - 2v4?P, 4B, ] [ cO8N(B, E) sin(y, ) sin(m = £)dE
0



Case 2 Term
1
bon = 2(v#2Pn-(n=)?)A, [sinh(p, E)sin(m x £) d&
0
1
- 2(véya+(nx?)C, [sin(x, &) sin(m = ) d¢
0
Case 3 Term
1
bon = 2(v42Ba-(nx?)A, [ sinh(B, §)sin(m = §) d
0
1
+ 2(v4*ya -(nx )G, [ sinh(y, &) sin(m = £)d&
0
Case 4 Term

1
bnn = = 2(v4287 +(nx 2)A, [sin(p, £)sin(m = £) dg
(/]
1
- 2(vé?yh +(nx ?)C, [ sin(y, ) sin(m £)dE
']

A.24 Slopeat& =0.

General Term
t, = Ya(0)
Case 1 Term
th = Bn pn *+ ©n¥n
Case 2 Term

th = AnBn + Gy,

A7
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Case 3 Term

th = AyBp + Gy,

Case 4 Term

th = AxBa + ChYa

A.3 SVSR Building Block Contributions

A.3.1 Bending Momentatn = 1.
General Term

6, = Yp(0) - v(Px4)2Y,(0)

Case 1 Term
¢, = (Bp-1o-v(Px$))D, + 2B,v,A,
Case 2 Term
G, = (B3-v(P=éP)B, - (vz+v(prdP)D,
Case 3 Term

6 = (B-v(P=4))B, + (vz-v(pxéR)D,

A3.2 Slope at& = 1.
General Term

1
Gpo = PR(-1)P [Y,(1-m)dn
0

1
Gpn = 2P=(-1)P[Y,(1 -n)cos(nxn)dn
0
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Case 1 Term

1 1
Gpo = Px(-1 )'[A,, Jsinh(B, (1 -n))sin(y, (1 -n))dn + D, [cosh(B, (1 ~n))cos(r,(1 -n))dnJ
) 0
1
Gon = 2P%(-1 )P[A,. Jsioh(B, (1 -n))sin(y, (1 -n))cos(nx n)dn
0

1
+ Dy [ cosh(B, (1 -n))cos(y, (1 -n))cos(n= n)dnJ
0

Case 2 Term

1 1
G0 pu(-w[e, [oosh(B,(1 -n))dn + D, [cos(y, (1 -n))dnJ
Q 0
1 1
Opn = 2P7(-1 )P[B, Jcosh(B, (1 -n))cosin=n)dn + D, [ cos(r, (1 -n))m(nnn)dnJ
('] (/]

Case 3 Term

1 1
G0 = P=(-1 )'[B, Jcosh(B, (1 -n))dn + D, fcosh(y,(1 -n))dnJ
0 [}
1 1
Gon = 2pn<-1)°[a. { cosh(p,, (1 -n))cos(nxn)dn + D, { cosh(y, (1 -n»eos(nnn)dn]

A.3.3 Bending Moment atn = 0.
General Term

K = Y (1) - v(PRORY,(1)



A10

Case 1 Term
K = [(B5-vs-v(Px#))A, - 28,7,D, sinh(8 ) sin(r,)
+[(B5-13-v(P=&F)D, + 28,v,A, cosh(p,)cos(y,)

Case 2 Term

k, = (Bp-v(Px $)?)B,cosh(p,) - (v7 +v(px4)2)D,co8(r,)
Case 3 Term

ky = (B5-v(P=41?)B,c08h(B,) + (v} -v(P=4))D,c08h(y,)

A.3.4 Slope at& = 0.
General Term

1
Upo = Px [Y,(1-n)dn
0
1
Upn = 2P= [Y,(1 -n)cos(nxn)dn
0

Case 1 Term

1 1
Upg = Pu[A. Jsinh(p, (1 -n))sin(y,(1 -n))dn + D, [ cosh(p, (1 -n))cos(y, (1 -q))dq]
0 0
1
Upn = 2Pn[A, f sinh(B, (1 -n))sin(y, (1 -n))cos(n= )dn
0

1
+ pfmh(pp“ -n))cos(y, (1 -n))cos(nx n)dn]
0
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Case 2 Term

1 1
Upo = pu[a. Jcosh(B, (1 -n))dn + D, [cos(y, (1 -n))dn]
0 0

1 1
Uy = 2pu[a., Jcosh(B, (1 -n))cosnzn)dn + D, [cos(y, (1 -n»cos(nzn)dn]
(1] 0

Case 3 Term

1 1
Upo = pn[a., feosh(p,(1-n))dn + D, [coshir, (1 -n))dn]
0 0

1 1
Upn = 2px[a,foosh(n,(1 ~n))cos(nrn)dn + D, fcosh(y, (1 -n»cos(nm)dn]
0 o

A.4 WRSR Building Block Contributions

A4.1 Bending Momentatn = 1.
General Term

1 1
A = 2v4%(-1) Y1 -E)sin(mx E)dE ~ 2(qm(-1)9 [ Y (1 -§)sin(m= £)dE
0 g
Case 1 Term

1
dnq = 2(-1)%[(ve?(Bg-v3)-(@x?)B, + 2v42BqvC,][sinh(B, (1 -£))cos(r (1 - £))sin(m = £)dE
0

1
+ 2(-1)9(v4%(Bq-1q) (% ?)Cy - 2v 2B, 1,B,]['cosh(Bq(1 - ) sin(ry (1 - &) sin(m = £)dE
0
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Case 2 Term

1
dnq = 2(-1)%(v42Bq-(@x))A, [sinh(p, (1 -E))sin(m = £)de
0

1
- 2(-1)%(v 415 +(ax)?)C, [ sin(y(1 - ) sin(m = £) d§
0
Case 3 Term

1
dnq = 2(-1)%(v?Bg -(qx ?)A, [sinh(B, (1 - £)) sin(m = £) dE
()]
1
+ 2(-1)%(vé?vg-(@= ?)C, [ sinh(y, (1 - £) sin(m = £) dE
0

Case 4 Term

1
Amg = = 2(-1)%(v 423 +(@x )A, [sin(B, (1 - ) sin(m = £) dE
0

1
- 2(-1)%(v 4215 +(= ) C, [ sin(yy(1 - §)) sin(m = £) dE
(1]

A42 Slopeat& =1.
General Term
hy = - .:(0)
Case 1 Term
hy = - BaBg - Co1q
Case 2 Term
hy = - AgBq - Cy1q
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Case 3 Term

hy = = AgBq - Cqvq

Case 4 Term
hy = - ABq - Co1q

A.4.3 Bending Moment atn = 0.
General Term

1 1
bng = 2v42[Y'(1 ~E)sin(m= £)dE - 2(qx)? [ Y(1-E)sin(m = E)dE
0 0

Case 1 Term

1
Inq = 2[(v6%(Ba-12) (% ?)By + 2v 42, 1,C, ] [sinh(B, (1 -£))cos(y,(1 - E))sin(m = £) dt
0

1

+ 2[(v4%(Bq-7a) -(ax)?)Cq - 2v4?B,14B,] [ c08h(B, (1 - E)sin(y, (1 - E)) sin(m= §) dE
0

Case 2 Term

1
lng = 2(v &2 Bq-(qx ?)A, [ sinh(B,(1 - £)) sin(m = £) dE
(/]

1
- 2(v#Pvq +(Qx2)C, [sin(y,(1 - £)) sin(m x &) d
0
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Case 3 Term

1
lng = 2(v#2B3-(qxP)A, [sinh(p, (1 - £))sin(m x £) d€
0

1
+ 2(vé?yg-(@x2)C, [ sinh(y, (1 - §)) sin(m x £)de
0
Case 4 Term

1
bng = — 2(v4?Bg +(@xP)A, [sin(, (1 - E))sin(m=x &) dE
0

1
- 2(v?1g +(@xP)C, [ sin(yy(1 - E))sin(m x £) d
0

A4.4 Slope at& = 0.
General Term

Vg = - ql(")
Case 1 Term
Va = ~ (CqPq -~ Bqrg)sinh(By)sin(y,) - (B B, + C,vy)c0sh(By)cos(y,)

Case 2 Term

Va = ~ AqPq00sh(By) - C,vq008(v,)
Case 3 Term

Vo = ~ AgBqC0sh(By) - C,yqc0sh(y,)
Case 4 Term

Va = ~ AqBqC08(By) - Cqvq008(y,)



A15

A.5 SSSV Building Block Contributions

A.5.1 Bending Momentatn = 1.
General Term

8y = Yn(1) - v(mroRY, (1)
Case 1 Term

& = (P ~1n-v(mx4?)By + 28,1, Cpn sinN(B) 08y,

+ [(BR-Y2-v(m=éP)Cy, - 2p,,1,nBy]cOSN(B,)sin(y,)
Case 2 Term

8y = (Bm-v(mndR)A,sinN(B,) - (v2+v(m= $)2)Cpsin(y,)

Case 3 Term

ap = (B -v(MzdP)A,sinh(B,) + (v2-v(m= $)?)C,sinh(y,)

A5.2 Slope at& = 1.
General Term

1
O = 2m (1) [Yo(n)sin 252 Jin
0

Case 1 Term

1

1
€ = 2M (-1 )"'[B... f sinh(ﬂmn)m(vmn)sh(l'?-]dn * Caf eosh(n,.n)sin(v...n)sln(ﬂ’zi'l]dn]

Case 2 Term

1 1
O = 2mu<-1)"'[A,. [ s(p,n)sin( 25 )dn + C, [ S'ﬂ(vmn)sln("—;'l)dn]
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Case 3 Term

O = 2MA(-1 )“'[Am_:f*ﬂi(ﬂmn)sh("—’;l)dn . ..._zsﬂl(v...n)sh(-'%'l)dn]

A.5.3 Slopeatn =0.
General Term

In = Yl:l(o)
Case 1 Term
in = BmbBm + Cn¥m
Case 2 Term
Im = AmBm + CnYm
Case 3 Term
Im = AnBm + CrYm

A54 Slopeatt=0.
General Term

1
Sow = 2 [ Vo) 252 e

Case 1 Term

1

1
Son = 2mu[a.,. [sn@ ) costromsin{ 25 )an + C, [ mh(ﬂ...n)sln(v...n)slﬂ(-"—’;l)dnj
0 0

Case 2 Term

1 1
Smn = 2mu[A... [ sinh(g n)sin 25 )an + C, ]o'sln(qu)sln("—;!l)dql
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Case 3 Term

Son = 2'"*[Amz8hh(ﬂmn)8h("—’;l)dn . szw(vmn)sh("—;l)dnJ

A.6 SSWR Building Block Contributions

A.6.1 Bending Moment atn = 1.
General Term

n-1

(—)1 / nx)? ("—"1)1
bun = 2v4%-1) E [ v @ainmx 51k - 2(O] -0/ [¥, @ ainmr eyt
0 0
Case 1 Term

n-1 1
B = 2(-1 )(T)[(V ¢2( p: 'Y:) '(nTu)z]Bn + 2v¢? BnYn Cn] f sinh(B, £) cos(y, §) sin(m = §)d§
0

n-1 1
+ 2(-1 )( 2 )[(vq;z(pﬁ-y:) -(225)2)0,, - 2v¢2p,,y,,a,,] [ cosh(B, §)sin(y, £)sin(m= §)dg
0
Case 2 Term

(F) '
bn = 2(-1)\ 2 (v¢=pﬁ-(“T")’]A.. [ sinh(p, £)sinfm= £)de
0

- 2(-1 )(%)(v ¢*va +("?“)z]cnl8|ﬂ(‘f.. §)sin(m= {)dg
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Case 3 Term

B = 2(-1 )(n_;)(w’ﬂ?.-(%‘ )An‘z'siﬂ‘(ﬂ..t)*'(mﬂ)di
+2(-1 )(L;)(v ¥*vh -("—;]’]an'*ﬂvn §)sin(mx §)d§

Case 4 Term
n_-t 1
blnn =-2(-1 )( 2 )(v¢2p:+(n?" ]Anf*‘(ﬂni)ﬂﬂ(mnﬁ)di
]

n-1

2

(*7) o |
- 2(-1) (" ¢27: "’(n—;] ]cn f sin(y, §)sin(m=x £)d¢
0

A.6.2 Slope atf =1.
General Term
fa = Yal1)
Case 1 Term
fa = (cnpn - B,,y,,)slnh(ﬂ,,)sln(y,,) + (Bnpn + ,,y,,)cosh(p,,)cos(y,,)
Case 2 Term
f|| = Anpncosn(pn) + nvnm(Yn)

Case 3 Term

fa = AyByc08h(B,) + C,,Y,,WSH(Y,)

Case 4 Term
fn = A..ﬂ,.cos(ﬂ,.) + c,,Y,,wS(Y,‘)
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A.6.3 Slopeatn=0.
General Term

1
Inn = = [Y,(E)sin(m= £)dE
0

Case 1 Term

1 1
b = nn[B,, [ sinh(B, &) cos(y, E)sin(m= £)dk + C, [ cosh(p,,e)sm(y,,:)sin(mue)deJ
0 0

Case 2 Term

1 . 1
Jon = mt[A,, [sinh(@, &)sin(mx £)dg + C, [ sln(y,,E)sln(mnE)dE]
0 0

Case 3 Term

1 1
b = nn[A.. [sinh(B,E)sin(m=£)dg + C, | slrh(y,,E)sln(mnE)dE]
0 0

Case 4 Term

1 1
bnn = nn[A.. [sin(p,E)sinm=£)dg + C, [ sn(v..&)sin(mu&)de,
o 0

A.6.4 Slopeat& =0.

General Term
t, = Ya(0)
Case 1 Term
th = ByB, + nYn
Case 2 Term

th = AB, + Cyo,



Case 3 Term

Lo Anﬂn *+ ©atn
Case 4 Term
th=AB, + nYn
A.7 SWSR Building Block Contributions

A.7.1 Bending Momentatn = 1.

General Term
G = Yp(0) - v(P$)Y,(0)
Case 1 Term
G = (B:‘Y:’“(p"ﬂz)op + 2, 1pA,
Case 2 Term
G = (Bp-v(P=d)?)B, - (vp+v(P=4F)D,
Case 3 Term

6, = (Bp-v(P=47)B, + (vz-v(Px4R)D,

A.7.2 Slope at& = 1.
General Term

1
Oon = 205(-1)° [y (1 -n)in( 230 oy
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Case 1 Term

1
Gon = 2Px(-1 )n[.q, [siah(B, (1 -n)sin(y, (1 -:.))ah("_;'l)aﬂ
0
1
"% f cosh(B, (1 -n))cos(y, (1 -q))sh(ﬂ'a_'l.)d.,]
0

Case 2 Term

Gon -2pn<-1)"[ p0osh(8, (1 -n)sin( 252 + D,,fOOS(v.U -n))sin(—-'l)dn]

Case 3 Term

1 1
Gon = 2p1|:(—1)"[3,, {cosn(p,,a —n»sh("—’;'l]dn + D.{ cosh(y, (1 -"))3'"("—2'1]""]

A.7.3 Slope atn = 0.
General Term

K = = Ye(l)

Case 1 Term

Kp = = (DpBy + Ayv,)sinh(By)cos(yy) - (AB, - Dyy,)cosh(py)sin(yy)

Case 2 Term
k, = - ByB,sinh(p;) + D,y,sin(y,)

Case 3 Term
ky = - ByBysinh(B) - Dyy,sinh(y,)



A.7.4 Slope ati = 0.
General Term

1
Upn = 2P% { Y, (1 -n)sh(-n—;l]dq

Case 1 Term
1
Upn = 2pn[A.. [8inh(B, (1 -n))sin(y, (1 -n»m(lg-'l)dn
0
1
+ Dp{mh(ppU "'l»m(Yp(l' 'ﬂ»m(n%']dﬂl
Case 2 Term

1 1
Upn = Zpu[a., [oosn(e, 1 ~n)sin("Z2 )an + D, Joostry( -n»stn("—;'l]dnJ
Case 3 Term

Upn -m[ B[ cosh(B, (1 -m)sin{ 25 )an + fcosh('rpﬂ -nsin(250 ]dnJ

A.8 WSSR Building Block Contributions

A.8.1 Bending Moment atn = 1.

General Term

q-1 q-1
-2v¢2(-1)( )fY”(1 -g)sin(m= E)dE - 2(3-—) -1)( )fY (1 -E)sin(m= E)dE
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Case 1 Term

(N[ a(62-2) (a2} '
Gng = 2(-1) 2 (vof(p..-v.)-( L] B, + 2942007,C, [ sih(p,(1 - costr (1 -Ehsinm= E)de
[}

g-1 1
c2(1) )[(voz(p:-v:) -(ﬂzlf]C. - 2v¢=p..v..s..] [ oosh(p, (1 -G sintrq(1 - sinim= £)de

Case 2 Term

-1 1
g = 2(-1 )(’T)(vw: (322]2]&. [ (B (1 - E)singm = &) d¢
0

q-1 1
- 2(42 )(v¢=v:+(32£]2]cq [sintre(1 -ENsin(m~= £)de
0

Case 3 Term

si 1
o = 2(-1) 2 )(v 42p2 (ﬂ,}]z]A.. [sinh(pq (1 -E)sin(m = £)de
0
3;1. 1
ro(-1f 2 )(v o -(Saz)z]cq [sinh(rg(1 - &) sin(m = £)dg
0

Case 4 Term

-1 1
Opg = - 2(-1 )(!2_)(\:#25: +(321)2]A,, [8in(Bq(1 - §)sin(m = §) dE
0

gq-1 1
- 2(-1 )( 2 )(v 2y +(321)2]cq [sin(y,(1 -€)sin(m= )d&
0



A.8.2 Slope at& = 1.

General Term
hy = - Y4(0)

Case 1 Term

hy = - BeBq — Cq¥q
Case 2 Term

hy = = AgBq - CqYq
Case 3 Term

hy = - AgBq - Cq¥q
Case 4 Term

hq = = AqBq - Cq¥q

A.8.3 Slope atn=0.
General Term

1
lng = Q% [ Yo(1 -E)sin(m = £)dE
0

Case 1 Term

1
Ing = Q7| Bq [sinh(B, (1 - £))cos(yy(1 - £))sin(m = €) dE
0

1
+ C, fcosh(p, (1 - E) sin(y, (1 - ) sin(m= &) d
[}
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Case 2 Term

bnq = qt[ﬁzw‘(ﬂ.(‘l -§))sin(m= §)dg + C...z'*l('{qﬂ -E))sh(m:::)d:]
Case 3 Term

bnq = qt[ﬁ‘zﬂﬂh(ﬂqﬂ -§))sin(m=§)dg + q!:'sm(’{q(" -§))sin(m= E)dE]
Case 4 Term

1 1
Ing = qu[A. [ein(B,(1 -ENsinm = £)d + C, [ Sh(v.(1-€))8|n(mn5)dt}
0 0

A.84 Slopeat& =0.
General Term
Vo = - Yq(1)
Case 1 Term
Va = = (CqBq - Byq)sinh(B)sin(yy) - (B,B, + C,vq)cosh(B,)cos(yy)
Case 2 Term
Vq = =~ AgBeCosh(By) - Cqv4008(1,)
Case 3 Term

Vg = ~ AqBqcosh(By) - Cqyqc08h(yy)

Case 4 Term

Vq = ~ AgBqc08(Bg) - Cyv,4008(vy)
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Appendix B
List of Solved Integrals

The following integrals are used in the definitions of the building block contributions
listed in appendix A. Integrals enter the superimposed solution when building block
solutions must be expanded in Fourier series.

1
_ sin(A
{cos(Ax)dx--—A(—l

1

[cosh(Ax)dx = ﬂ':'—\('-\)-

0
1 1
[cos(A(1 -x))dx = [cos(Ax)dx
0 [}

1 1
[oosh(A(1 -x))dx = [cosh(Ax)dx
0 0

sl in s - ASsn) - Benicos®
0 -
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1
{ sin(Ax) cos(Bx)dx = ‘“m*'("‘)m(lil)3 . ?:-;(A)sm(a) -A

1 1 1
[cos(Ax) cos(Bx)dx = -;- [cos((A +B)x)dx + % [cos((A-B)x)dx
0 [1] 0

[ontaxysnscx - ASSENASE) - Bein coe®
0 +

1
[sinh(Ax)cos(Bx)dx = Acosh(A)cos(Bi + B;ﬁ:l(A)sln(B) - A
0 +

f cosh(Ax)sinBx)dx - ASN(A)sin(B) - Bct::'(l\)oos(B) +B

_;'eosh(Ax)eos(Bx)dx - Asinh(A)cos(B) + Bcosh(A)sin(B)
0 A2 + B2

1 1 1
[ sinh(Ax)sin(Bx)sin(Cx)dx = % [ sinh(Ax) cos((B -C)x)dx - % [ sinh(Ax)cos((B +C)x) dx
0 [+ ] 0

1 1 1
[ sinh(Ax)sin(Bx) cos(Cx) dx [sinh(Ax)sin((B+C)x)dx + % [sinh(Ax) sin((B -C)x) dx
0 0 0

1
2

|-a.

1
f sinh(Ax) cos(B x) cos(Cx) dx
0

1 1
-3 f nh(Ax)cos((B +C)x)dx + -;_ f sinh(Ax) cos((B -C)x)dx
0 0
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1 1 1
[cosh(Ax)sinBx)sin(Cx)dx = % [oosh(Ax)cos((B -C)x)dx - 1 f cosh(Ax) cos((B +C)x) dx
0 0

1

l-A

1
[ cosh(Ax)sin(Bx) cos(Cx)dx =3
0

f cosh(Ax)sin{(C +B)x)dx - — f cosh(Ax) sin((C - B)x)dx
0

|-s

1 1
[ cosh(Ax)c0s(Bx)c0s(Cx)dx = = [ cosh(Ax)cos((B +C)x)dx + f cosh(Ax) cos((B - C) x) dx
0 0

1 1 1
[sin(A(1 -x))sinBx)dx = sin(A) [ sin(Bx) cos(Ax)dx - cos(A) [sin(Ax)sin(Bx) dx
0 0 0
1 1 1
[cos(A(1 -x))sin(Bx)dx = cos(A) [sin(Bx)cos(Ax)dx + sin(A) [sin(Ax)sin(Bx) dx
0 (1] 0
1 1 1
[cos(A(1 -x))cos(Bx)dx = cos(A) [ cos(Ax)cos(Bx)dx + sin(A) [ sin(Ax) cos(Bx) dx
0 0 0
1 1 1
[sinh(A(1 -x))sin(Bx)dx = sin(B) [ sinh(Ax) cos(Bx)dx - cos(B) f sinh(Ax)sin(Bx)dx
0 0 0
1 1 1
[cosh(A(1 -x)sin(Bx)dx = sin(B) [ cosh(Ax)cos(Bx)dx - cos(B) [ cosh(Ax)sin(Bx) dx
0 0 0

1 1 1
[cosh(A(1 -x))cos(Bx)dx = sin(B) [cosh(Ax)sinBx)dx + cos(B) [ cosh(Ax)cos(Bx)dx
[} 0 ]
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1 1
[sinh(A(1 -x))sin(B(1 -x))dx = [sinh(Ax)sin(®x) dx
o 0
1 1
Jocosh(A(1 -x))cos(B(1 ~x))dx = [ cosh(Ax)cos(@x) dx
0 o

1
[sinh(A(1 -x))sin(B (1 -x)) si(Cx)dx =
0

1 1
sin(C) f sinh(Ax)sin(Bx) cos(Cx)dx - cos(C) f sinh(Ax) sin(Bx) sin(Cx)dx
0 0

1
[sinh(A(1 -x))sin(B(1 -x)) cos(Cx)dx =
0

1 1
c0s(C) [ sinh(Ax)sin(Bx) cos(Cx)dx + sin(C) [ sinh(Ax)sin(Bx)sin(Cx) dx
0 0

1
[sinh(A(1 -x))cos(B(1 -x))sin(Cx)dx =
0

1 1
sin(C) [ sinh(Ax) cos(Bx)cos(Cx)dx - cos(C) [sinh(Ax) cos(Bx)sin(Cx) dx
0 0
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1
[cosh(A(1 -x))sin(B(1 - x))sin(Cx)dx =
0

1 1
sin(C) [ cosh(Ax)sin(Bx)cos(Cx)dx ~ cos(C) [ cosh(Ax)sin(Bx)sin(Cx)dx
[\ } 0

1
[cosh(A(1 -x))cos(B(1 -x)sin(Cx)dx =
[}

1 1
sin(C) f cosh(Ax)cos(Bx)cos(Cx)dx - cos(C) j cosh(Ax)cos(Bx)sin(C x)dx
0 0

1
[ cosh(A(1 -x))cos(B (1 -x))cos(Cx)dx =
0

1 1
cos(C) f cosh(Ax)cos(Bx)cos(Cx)dx + sin(C) f cosh(Ax)cos(Bx)sin(Cx)dx
0 0
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Appendix C
FEM Analysis Details

Four node elastic quadrilateral shell elements are utilized in the FEM analyses.
Shear deflection is not included in this thin-shell element which has 6 degrees of freedom
per node: transiations and rotations for the 3 global coordinate directions. The element
features stress stiffening and large deflection capabilities. Normal and in-plane loadings
are permitted. Note that pressure loads are converted into equivalent nodal forces and
that both membrane and bending stiffnesses are used in the solution. All parameters are
defined using the following system of units: ft, s, Ib. Lateral plate dimensions are
selected using aspect ratios and a minimum edge length of 1 ft. For example, a plate of
aspect ratio 2/3 will be 1.5 ft long in the x-direction and 1 ft long in the y-direction. All
plates are 1/8 in thick. Material properties are chosen so that the FEM results can be
converted to a dimensioniess format with a minimum amount of effort. For plate buckling,

P: = b Px 1]
where P, is calculated by ANSYS [18]. For plate free vibration,
A2=2xfa?,

where f is calculated by ANSYS [18].

The following files were used to obtain FEM results for plate buckling and vibration.
All ANSYS [18] jobs were executed on the Babcock & Wilcox HP735 workstation
platforms in accordance with quality assurance procedures. The parameters listed in
Table C.1 are used in the FEM model and in calculations.
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Table C.1 Parameters used in the FEM analyses.
=—

Parameter Description Number Unit (Sl)
a Plate length along x-axis 1,15, 2, 25,3 ft (m)
b Plate length along y-axis 1,15,2,25,3 ft (m)
t Plate thickness 1/7(8 x 12) ft (m)
E Modulus of elasticity 94395421 b/ f2(N/m?
v Poisson's ratio 0.333 -
) Density 8 x 12 b §?/ ft* (kg / m?)
D Plate flexural rigidity 1 Ib ft (N m)
P, Total load in x-direction - Ib (N)
f Frequency - Hz
P. Dimensionless in-plane load P.b -
A2 Eigenvalue 2nfa’ -



! PB.INP - ANSYS 5.2 Input File

! Buckling analysis of thin rectangular plates.
! Warning - Boundary conditions must be saved

! in bc.inp prior to execution.

/batch
phi=
*dim, phi,array,9 !
phi(1)=1/3

phi (2)=2/5

phi (3)=1/2

phi (4)=2/3

phi (5)=1

phi (6)=3/2

phi (7)=2

phi(8)=5/2

phi(9)=3

t=1/8/12 !
divx=30 !
divy=30 !
*do,i,1,9

/gopr

parsav,all
/clear,nostart
parres, new
*if,phi(i),ge,1,then
a=1

b=phi (i)

*else

a=1/phi (i)

b=1

*endif

/prep?

k,1 !
k,2,a

k,3, 'b

k,4,a,b

1,1,2 !
1,3,4

1,1,3

1,2,4
lsel,s,line,,1,2 !
lesize,all,,,divx
lsel,inve
lesize,all,,,divy
1lsel,all
a,l,2,4,3
et,1,shellé63
mp,ex,1,9439542.1
mp, nuxy,1,0.333
r,1,t

amesh,all

bc=0

/inp,bc, inp !
*if,bc,ne, 1, then
fini

/exit,nosave

*endif
nsel,s,loc,x,a
sf,all,pres,1/b !
nsel,all

/View, '1' 1,-1 !
/psf,pres,2

o em pem

o jem s run pem yem

Plate aspect ratios.

Plate thickness (ft).
Divisions along x-axis.
Divisions along y-axis.

Plate edge lengths (ft).
Shorter edge is 1 ft.
Remaining edge satisfies
plate aspect ratio.

Keypoints.
Lines.

Line divisions for elements.

Area.

4 node shell element.

Modulus of elasticity (1b / ft2).
Poisson's ratio.

Element real constants.

Mesh area into 900 elements.

Plate boundary conditions.

Unit in-plane load (1lb / in).

Model viewing options.
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/pbc,u,,1

/pbc, rot, , 1

fini

/solu

sstif,on

antype, static ! Static analysis.
solve

fini

/solu

antype, buckle ! Buckling analysis.
pstres,on

bucopt, subsp, 2 ! First 2 modes of buckling.
total

outpr

solve

fini

/solu

expass,on

mxpand

outpr

solve

fini

/postl

/out,pcrit,out, , append

set,list ! Write load factors (1b)
/out ! to file pcrit.out.
fini

*enddo

! PB.INP - END

! PV.INP - ANSYS 5.2 Input File

! Free vibration analysis of thin rectangular plates.
! Warning - Boundary conditions must be saved in
bc.inp prior to execution and buckling

!
! loads must be saved in pbl.inp.

/batch

pbl=

*dim,pbl,array,9

/inp,pbl,inp ! Buckling loads (1lb).
phi=

*dim,phi,array,9 ! Plate aspect ratios.
phi(1)=1/3

phi (2)=2/5

phi(3)=1/2

phi (4)=2/3

phi(5)=1

phi (6)=3/2

phi (7)=2

phi(8)=5/2

phi (9)=3

pc=

*dim,pc,array, 9 ! In-plane load factors.
pc(l)=-1

pc(2)=-0.5

pc(3)=0

pc(4)=0.2

pc(5)=0.4

pc(6)=0.6
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pc(7)=0.8
pc{8)=0.9
pc(9)=0.99
t=1/8/12 ! Plate thickness (ft).
divx=30 ! Divisions along x-axis.
divy=30 ! Divisions along y-axis.
*do,i,1,9

/gopr

parsav,all
/clear,nostart
parres,new
*if,phi(i),ge,l,then
a=

b=phi (i)

*else

a=1/phi (i)

b=1

*endif

Plate edge lengths (ft).
Shorter edge is 1 ft.
Remaining edge satisfies
plate aspect ratio.

k,1 ! Keypoints.

1,1,2 ! Lines.

lsel,s,line,,1,2 ! Line divisions for elements.
lesize,all,,,divx
1lsel,inve
lesize,all,,, divy
lsel,all
a,1,2,4,3
et,1,shellé63
mp,ex,1,9439542.1
mp,nuxy,1,0.333
mp,dens, 1,1/t
r,1,t

amesh,all

bc=0

/inp,bc, inp ! Plate boundary conditions.
*if,bc,ne, 1, then

fini

/exit,nosave

*endif

fini

save

*do,j' 1, 9

/gopr

parsav,all

/clear,nostart

resume

parres,new

px=pc(j) *pbl (i) ! In-plane load.

*if,px,ne, 0, then ! Plate pre-stressing to
/solu ! account for in-plane load.
nsel,s,loc,x,a

*if, j r gt' 1, thEn

sfdel,all,pres

*endif

sf,all,pres,px/b ! In-plane load (lb / in).
nsel,all

sstif,on

Area.

4 node shell element.

Modulus of elasticity (1b / ft2).
Poisson's ratio.

Density (lb s2 / ft4).

Element real constants.

Mesh area into 900 elements.

e sem jun swm smm rem sem



pstres,on
antype, static, new

solve

fini

*endif

/solu

antype,modal, new ! Modal analysis.
modopt, subsp,9,,,0n ! Find 9 modes of vibration.
*if,px,ne, 0, then

pstres,on

*else

pstres, off

*endif

total

mode

outpr

mxpand

solve

fini

/postl

/out, freq, out, , append

set,list ! Write frequencies (Hz) to
/out ! file freq.out.
fini

*enddo

*enddo

! PV.INP - END

! CCCFBC - ANSYS 5.2 Input File
! Boundary conditions for the CCCF plate.

bc=1
nsel,s,loc,x,0
d,all,ux
d,all,uz
d,all, roty
nsel,s,loc,y,0
d,all,uy
d,all,uz
d,all, rotx
nsel, s,loc,x,a
d,all,uz
d,all, roty
nsel,all

! CCCFBC - END
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! CFCFBC - ANSYS 5.2 Input File
! Boundary conditions for the CFCF plate.

be=1
nsel,s,loc,x,0
d' all' ux
d,all,uz

d,all, roty
nsel,r,loc,y,b/2
d,all,uy
nsel,s,loc,x,a
d,all,uz

d,all, roty
nsel,r,loc,y,b/2
d,all,uy
nsel,all

! CFCFBC ~ END

! CSCFBC - ANSYS 5.2 Input File
! Boundary conditions for the CSCF plate.

bec=1
nsel,s,loc,x,0
d,all,ux
d,all,uz
d,all, roty
nsel,s,loc,y,0
d,all,uy
d,all,uz
nsel,s,loc,Xx,a
d,all,uz
d,all, roty
nsel,all

! CSCFBC - END

! SCCFBC - ANSYS 5.2 Input File
! Boundary conditions for the SCCF plate.

be=1
nsel,s,loc,x,0
d,all,ux
d,all,uz
nsel,s,loc,y,0
d,all,uy
d,all,uz
d,all, rotx
nsel, s, loc,x,a
d,all,uz
d,all, roty
nsel,all

! SCCFBC - END
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! SCSFBC - ANSYS 5.2 Input File
! Boundary conditions for the SCSF plate.

be=1
nsel, s, loc,x,0
d,all,ux
d,all,uz
nsel,s,loc,y,0
d,all,uy
d,all,uz
d,all, rotx
nsel, s, loc,x,a
d,all,uz
nsel,all

! SCSFBC - END

! SFCFBC - ANSYS 5.2 Input File
! Boundary conditions for the SFCF plate.

bc=1
nsel, s, loc,x,0
d,all,ux
d,all,uz
nsel,r,loc,y,b/2
d,all,uy
nsel,s,loc,x,a
d,all,uz

d,all, roty
nsel,r,loc,y,b/2
d,all,uy
nsel,all

! SFCFBC - END

! SFSFBC - ANSYS 5.2 Input File
! Boundary conditions for the SFSF plate.

be=1
nsel, s, loc,x,0
d,all,ux
d,all,uz
nsel,r,loc,y,b/2
d,all,uy
nsel,s,loc,x,a
d,all,uz
nsel,r,loc,y,b/2
d,all,uy
nsel,all

! SFSFBC - END
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! SSCFBC - ANSYS 5.2 Input File
! Boundary conditions for the SSCF plate.

bc=1
nsel,s,loc,x,0
d,all,ux
d,all,uz
nsel,s,loc,y,0
d,all,uy
d,all,uz
nsel,s,loc,x,a
d,all,uz
d,all, roty
nsel,all

! SSCFBC - END

! SSSFBC - ANSYS 5.2 Input File
! Boundary conditions for the SSSF plate.

bc=1

nsel, s,loc,x,0
d,all,ux
d,all,uz
nsel, s, loc,y,0
d,all,uy
d,all,uz

nsel, s,loc,x,a
d,all,uz
nsel,all

! SSSFBC - END
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This program calculates eigenvalues, mode shapes, and

buckling loads for the following plates: CCCF, CFCF, CSCF,

SCCF, SCSF, SFCF, SFSF, SSSF, and SSCF. The method of

analysis involves the superposition of the following

building block solutions: SSSV, SSWR, SWSR, WSSR,

SRSV, SRWR, SVSR, and WRSR. The building block solutions

are of the Levy-type, and Fourier coefficients in the trigenometric
series are adjusted to satisfy the plate's boundary conditions.
Scans give three decimals of accuracy by use of the numerical
bisection method. Poisson's ratio (v) is set to 0.333. The in-plane
loads (Px) are dimensionless and compression is positive.

The number of terms in a series (k) is limited from 1 to 30.

Shape matrices are limited in size (div) from 4x4 to 30x30.

zEeEeEe e NeNeNe e Re NeKeXe!

double precision phi,v,Px,sta, fin,inc,L2,det
double precision x1,x2,yl,y2,xm,ym,dr
integer job,k,counter,div,plate,n

v=0.333d0
dr=0.2d0/2.0d0
n=ifix(alog(20000.0*sngl (dr))/alog(2.0)+0.99999)

100 write(6,*) 'l. CCCF (clamped-clamped-clamped-free) plate.'
write(6,*) '2. CFCF (clamped-free-clamped-free) plate.'
write(6,*) '3. CSCP (clamped-s1mply-clamped-free) plate.’
write(6,*) '4. SCCF (simple-clamped-clamped-free) plate.
write(6,*) 'S. SCSF (slmple-clamped-slmple-free) plate.
write(6,*) '6. SFCF (simple-free-clamped-free) plate.
write(6,*) '7. SFSF (simple-free-simple-free) plate.'
write(6,*) '8. SSCF (simple-simple-clamped-free) plate.'
write(6,*) '9. SSSF (simple-simple-simple-free) plate.'
write(6,*) ' !
read(5,*) plate
if ((plate.gt.9).or.(plate.lt.1l)) goto 100

1 write(6,*) 'l. Eigenvalue vs. Determinant Value listing.'
write(6,*) '2. Exact eigenvalue scan given approximate value.'
write(6,*) '3. Generate shape given exact eigenvalue.'
write(6,*) '4. Buckling Load vs. Determlnant Value llstlng.
write(6,*) '5. Exact buckllnq load scan given approximate value.'
write(6,*) '6. Plate menu.'
write(6,*) '7. Quit program.'
write(6,*) ' !
read(S,*) job
if ((job.gt.7).or.(job.1lt.1)) goto 1
if (job.eq.2) goto 20
if (job.eq.3) goto 30
if (job.eq.4) goto 40
if (job.eq.5) goto 50
if (job.eq.6) goto 100
if (job.eq.7) goto 60

10 write(6,*) 'Enter phi, Px, and k.'
write(6,*) ' *
read(5,*) phi,Px,k
if (k.gt.30) k=30
if (k.1t.2) k=2
11 write(6,*) 'Enter sta, fin, and inc for the range of L2.'
write(6,*) ' !
read(5,*) sta,fin,inc
write(6,*) ° L2 det (L2)"'
do 12 L2=sta,fin,inc



12
13

14

20

21

22

23
24

write(6,13) L2,det(phi,v,Px,L2,k,plate)
continue
format(1x,£8.4,el2.4)
write(6,*) ' !
write(6,*) 'l. Look at another range of eigenvalues using the sam

2e parameters.'

write(6,*) '2. Look at another range of eigenvalues using differe

2nt parameters.'

write(6,*) '3. Scan for an exact eigenvalue.'
write(6,*) '4. Return to main menu.'®
write(6,*) ' !

read(5,*) job

if ((job.gt.4).or.(job.1lt.1)) goto 14

if (job.eq.l) goto 11

if (job.eq.2) goto 10

if (job.eq.3) goto 21

goto 1

write(6,*) 'Enter phi, Px, and k.'
write(6,*) ' !
read(5,*) phi,Px,k
if (k.gt.30) k=30
if (k.1t.2) k=2
write(6,*) 'Enter L2.'
write(6,*) '(Note that L2 must be within 0.1 of the exact value.)'
See value of dr above.
write(6,*) ' ¢
read(5,*) L2
x1=L2-dr
yl=det (phi, v, Px,x1, k,plate)
x2=L2+dr
y2=det (phi, v, Px,x2,k,plate)
do 22 counter=1,n
xm=(x1+x2)/2
ym=det (phi, v, Px, xm, k,plate)
if (yl*ym.1lt.0) then
y2=ym
X2=xm
else
yl=ym
X1=xm
endif
continue
if (dabs(yl).lt.dabs(y2)) then
xm=x1
else
Xm=x2
endif
write(6,23) xm
format (1x,'L2 = ',£8.4)
write(6,*) * !
write(6,*) 'l. Find another eigenvalue using the same parameters.
L

write(6,*) '2. Find another eigenvalue using different parameters
L

write(6,*) '3. Return to main menu.'
write(6,*) ' ¢

read(5,*) job

if ((job.gt.3).or.(job.1lt.1)) goto 24
if (job.eq.l) goto 21

if (job.eq.2) goto 20

goto 1
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30

31

32

40

41

42
43

44

50

51

write(6,*) 'Enter phi, Px, k, and div.'
write(6,*) ' °'

read(5,*) phi,Px, k,div

if (k.gt.30) k=30

if (k.1t.2) k=2

if (div.gt.30) div=30

if (div.1lt.4) div=4

write(6,*) 'Enter L2.'

write(6,*) ' '

read(5,*) L2

call shape(phi,v,Px,L2,k,div,plate)
write(6,*) 'l. Find another shape using the same parameters.'

write(6,*) '2. Find another shape using different parameters.'

write(6,*) '3. Return to main menu.'’
write(6,*) ' !

read(5,*) job

if ((job.gt.3).or.{(job.lt.1l)) goto 32
if (job.eq.l) goto 31

if (job.eq.2) goto 30

goto 1

write(6,*) 'BEnter phi and k.'

write(6,*) ' !

read(5,*) phi,k

if (k.gt.30) k=30

if (k.1lt.2) k=2

write(6,*) 'Enter sta, fin, and inc for the range of Px.'
write(6,*) '(Note that L2 is set to zero.)'

write(6,*) ' °

read(5,*) sta,fin,inc
L2=1.0d-6

write(6,*) °* Px det (Px)*

do 42 Px=sta, fin,inc
write(6,43) Px,det(phi,v,Px,L2,k,plate)
continue
format(1x,£8.4,el12.4)
write(6,*) ' !

write(6,*) 'l. Look at another range of loads using the same para

2meters.’

write(6,*) '2. Look at another range of loads using different par

2ameters."'

write(6,*) '3. Scan for an exact buckling load.'
write(6,*) '4. Return to main menu.'

write(6,*) * !

read(5,*) job

if ((job.gt.4).or.(job.1lt.1l)) goto 44

if (job.eqg.l) goto 41

if (job.eq.2) goto 40

if (job.eq.3) goto 51

goto 1

write(6,*) ‘Enter phi and k.'
write(6,*) ' '

read(5,*) phi,k

if (k.gt.30) k=30

if (k.1lt.2) k=2

write(6,*) 'Enter Px.'

write(6,*) '(Note that Px must be within 0.1 of the exact value.)'

See value of dr above.
write(6,*) * '
read(5,*) Px
L2=1.0d-6

x1=Px-dr
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yl=det (phi, v, x1,L2, k,plate)
=Px+dr
y2=det (phi, v, x2,L2, k,plate)
do 52 counter=l,n
xm=(x1+x2) /2
ym=det (phi, v, xm, L2, k,plate)
if (yl*ym.lt.0) then
y2=ym
X2=Xm
else
yl=ym
x1=xm
endif
52 continue
if (dabs(yl).lt.dabs(y2)) then
xm=x1
else
xm=x2
endif
write(6,53) xm
53 format(lx,'Pcrlt ', £8.4)
write(6,*)
54 write(6,*) 'l. Find another buckling load using the same paramete
2rs.’
write(6,*) '2. Find another buckling load using different paramet
2ers.'
write(6,*) '3. Return to main menu.'
write(6,*) ' '
read(5,*) job
if ((Job gt.3).or.(job.1lt.1l)) goto 54
if (job.eq.l) goto 51
if (job.eq.2) goto 50
goto 1
60 end

function det(phl,v,Px,LZ k,plate)
double prec1310n det,phi, v, Px, L2
double precision A(120,120),temp,sign
integer l,J,k,l,row,plate,nbb

if (plate.eq.l) call CCCF(phi,v,Px,L2,k,A)
if (plate.eq.2) call CFCF(phi,v,Px,L2,k,A)
if (plate.eq.3) call CSCF(phi,v,Px,L2,k,A)
if (plate.eq.4) call SCCF(phi,v,Px,L2,k,A)
if (plate.eq.5) call SCSF(phi,v,Px,L2,k,A)
if (plate.eq.6) call SFCF(phi,v,Px,L2,k,A)
if (plate.eq.7) call SFSF(phi,v,Px,L2,k,A)
if (plate.eq.8) call SSCF(phi,v,Px,L2,k,A)
if (plate.eq.9) call SSSF(phi,v,Px,L2,k,A)
if (plate.eq.l) nbb=4
if (plate.eq.2) nbb=4
if (plate.eq.3) nbb=3
if (plate.eq.4) nbb=3
if (plate.eq.5) nbb=2
if (plate.eq.6) nbb=3
if (plate.eq.7) nbb=2
if (plate.eq.8) nbb=2
if (plate.eq.9) nbb=1
sign=1
do 10 i=1,nbb*k-1

temp=0

do 20 j=i,nbb*k



20

30

35
15
10

40

10

if (dabs(A(j,i)).gt.dabs(temp)) then

temp-TA(j,i)
row=j
endif
continue
if (temp.eq.0) goto 15
if (i.ne.row) then
sign=-sign
do 30 j=1,nbb*k
temp=A(i,j)
A(1,])=A(row,j)
A(row, j)=temp
continue
endif
do 35 j=i+l,nbb*k
temp=A(j,i)/A(i,1i)
do 35 1=i,nbb*k
A(j (1)=A(3,1) -temp*A(i,1l)
continue
continue
continue
det=sign
do 40 i=1,nbb*k
det=det*A(i,i)
continue
return
end

subroutine CCCF(phi,v,Px,L2,k,A)

double precision phi,v,Px,L2,A(120,120),coef

integer i,j,k,m,n

do 10 i=1,4*k
do 10 j=1,4*k
A(ilj)=0
continue
do 20 i=1,k
m=i
n=2*i-1
call Sssv(phi,v,Px,L2,m,n,2,coef)
A(i+k,i)=coef
call sssv(phi,v,Px,L2,m,n,4,coef)
A(i+3*k,i)=coef
call SSWR(phi,v,Px,L2,m,n,1,coef)
A(i,i+k)=coef
call SSWR(phi,v,Px,L2,m,n, 3,coef)
A(i+2*k,i+k)=coef
call SWSR(phi,v,Px,L2,m,n,2,coef)
A(i+k,i+2%*k)=coef
call SWSR(phi,v,Px,L2,m,n,4,coef)
A(i+3*k,i+2%k)=coef
call WSSR(phi,v,Px,L2,m,n,1,coef)
A(i,i+3*k)=coef
call WSSR(phi,v,Px,L2,m,n,3,coef)
A(i+2*k,i+3*k)=coef
do 20 j=1,k
m=1i
n=2*j-1
call SSWR(phi,v,Px,L2,m,n,2,coef)
A(i+k, j+k)=coef
call SSWR(phi,v,Px,L2,m,n,4,coef)
A(i+3*k, j+k)=coef
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call WSSR(phi,v,Px,L2,m,n,2,coef)
A(i+k, j+3*k)=coef

call WSSR(phi,v,Px,L2,m,n, 4, coef)
A(i+3*k, j+3*k)=coef

m=j

n=2%*i-1

call SSsV(phi,v,Px,L2,m,n,1,coef)
A(i,j}=coef

call SSSV(phi,v,Px,L2,m,n, 3, coef)
A(i+2*k,j)=coef

call SWSR(phi,v,Px,L2,m,n,1,coef)
A(i,j+2*k)=coef

call SWSR(phi,v,Px,L2,m,n, 3, coef)
A(i+2*k, j+2*k)=coef

continue
return

end

subroutine CFCF(phi, v, Px,L2,k,A)

double precision phi,v,Px,L2,A(120,120),coef

integer i,j,k,m,n

do 10 i=1,4*k
do 10 j=1,4*k

A(i,j)=0

continue

do 20 i=1,k
m=i
n=i-1
call SRSV(phi,v,Px,L2,m,n,2,coef)
A(i+k,i)=coef
call SRsV(phi,v,Px,L2,m,n,4,coef)
A(i+3*k,1i)=coef
call SRWR(phi,v,Px,L2,m,n,1l,coef)
A(i,i+k)=coef
call SRWR(phi,v,Px,L2,m,n, 3,coef)
A(i+2*k,i+k)=coef
call SVSR(phi,v,Px,L2,m,n,2,coef)
A(i+k,i+2*k)=coef
call SVSR(phi,v,Px,L2,m,n,4,coef)
A(i+3*k,i+2*%k)=coef
call WRSR(phi,v,Px,L2,m,n,1, coef)
A(i,i+3*k)=coef
call WRSR(phi,v,Px,L2,m,n, 3, coef)
A(i+2*k,i+3*k)=coef
do 20 j=1,k

m=i

n=j-1

call SRWR(phi,v,Px,L2,m,n,2,coef)
A(i+k, j+k)=coef

call SRWR(phi,v,Px,L2,m,n, 4, coef)
A(i+3*k, j+k)=coef

call WRSR(phi,v,Px,L2,m,n, 2, coef)
A(i+k,j+3*k)=coef

call WRSR(phi,v,Px,L2,m,n, 4, coef)
A(i+3*k, j+3*k)=coef

m=j

n=i-1

call SRSV(phi,v,Px,L2,m,n, 1, coef)
A(i,j)=coef

call SRSV(phi,v,Px,L2,m,n, 3, coef)
A(i+2*k, j)=coef
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call SVSR(phi,v,Px,L2,m,n,1,coef)
A(i,j+2*k)=coef
call SVSR(phi,v,Px,L2,m,n,3,coef)
A(i+2*k, j+2*k)=coef

continue

return

end

subroutine CSCF(phi,v,Px,L2,k,A)
double precision phi,v,Px,L2,A(120,120),coef
integer i,j,k,m,n

do 10 i=1,3*k
do 10 j=1,3*k
A(i,j)=0
continue
do 20 i=1,k
m=i
n=2*i-1
call sSsSsv(phi,v,Px,L2,m,n,4, coef)
A(i+2*k,i)=coef
call SSWR(phi,v,Px,L2,m,n,1,coef)
A(i,i+k)=coef
call SSWR(phi,v,Px,L2,m,n, 3, coef)
A(i+k,i+k)=coef
call WSSR(phi,v,Px,L2,m,n,1, coef)
A(i,i+2*k)=coef
call WSSR(phi,v,Px,L2,m,n, 3, coef)
A(i+k,i+2*k)=coef
do 20 j=1,k
m=1i
n=2*j-1
call SSWR(phi,v,Px,L2,m,n, 4, coef)
A(i+2*k, j+k)=coef
call WSSR(phi,v,Px,L2,m,n, 4, coef)
A(i+2*k,j+2*k)=coef
m=]
n=2*i-1
call sssV(phi,v,Px,L2,m,n, 1, coef)
A(i,j)=coef
call sssv(phi,v,Px,L2,m,n, 3, coef)
A(i+k, j)=coef
continue
return
end

subroutine SCCF(phi,v,Px,L2,k,A)
double precision phi,v,Px,L2,A(120,120),coef
integer i,j,k,m,n

do 10 i=l1,3*k
do 10 j=1,3*k
A(i,j)=0
continue
do 20 i=1,k
m=i
n=2*i-1
call Ssssv(phi,v,Px,L2,m,n, 2, coef)
A(i,i)=coef
call SsSsv(phi,v,Px,L2,m,n,4,coef)
A(i+2*k,1i)=coef
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call SSWR(phi,v,Px,L2,m,n, 3, coef)
A(i+k,i+k)=coef
call SWSR(phi,v,Px,L2,m,n,2,coef)
A(i,i+2*k)=coef
call SWSR(phi,v,Px,L2,m,n,4, coef)
A(i+2%k, i+2*k)=coef
do 20 j=1,k
m=i
n=2%*j-1
call SSWR(phi,v,Px,L2,m,n,2,coef)
A(i, j+k)=coef
call SSWR(phi,v,Px,L2,m,n,4,coef)
A(i+2*k, j+k)=coef

=)
n=2%j-1
call sssv(phi,v,Px,L2,m,n, 3, coef)
A(i+k,j)=coef
call SWsR(phi,v,Px,L2,m,n, 3, coef)
A(i+k, j+2*k)=coef

continue

return

end

subroutine SCSF(phi,v,Px,L2,k,A)
double precision phi,v,Px,L2,A(120,120),coef
integer i,j,k,m.n

do 10 i=1,2*k
do 10 j=1,2*k
:A(il j )=0
continue
do 20 i=1,k
m=i
n=2%j-1
call SSsv(phi,v,Px,L2,m,n,2,coef)
A(i,i)=coef
call sssv(phi,v,Px,L2,m,n, 4, coef)
A(i+k,i)=coef
call SWSR(phi,v,Px,L2,m,n,2,coef)
A(i,it+k)=coef
call SWSR(phi,v,Px,L2,m,n,4,coef)
A(i+k,i+k)=coef
continue
return
end

subroutine SFCF(phi,v,Px,L2,k,A)
double precision phi,v,Px,L2,A(120,120), coef
integer i,j,k,m,n

do 10 i=1,3*k
do 10 j=1,3*k
I}(irj)=0
continue
do 20 i=1,k
m=i
n=i-1
call SRSV(phi,v,Px,L2,m,n, 2, coef)
A(i,i)=coef
call SRsV(phi,v,Px,L2,m,n,4,coef)
A(i+2*k,i)=coef
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call SRWR(phi,v,Px,L2,m,n,3,coef)
A(i+k,itk)=coef
call SVSR(phi,v,Px,L2,m,n,2,coef)
A(i,i+2*k)=coef
call SVSR(phi,v,Px,L2,m,n,4,coef)
A(i+2*k,i+2*k)=coef
do 20 j=1,k
m=i
n=j-1
call SRWR(phi,v,Px,L2,m,n,2,coef)
A(i,j+k)=coef
call SRWR(phi,v,Px,L2,m,n,4,coef)
A(i+2*k, j+k)=coef
m=]j
n=i-1
call SRSV(phi,v,Px,L2,m,n,3,coef)
A(itk,j)=coef
call SVSR{phi,v,Px,L2,m,n, 3, coef)
A(i+k,j+2*k)=coef
continue
return
end

subroutine SFSF(phi,v,Px,L2,k,A)
double precision phi,v,Px,L2,A(120,120),coef
integer i,j,k,m,n

do 10 i=1,2*k
do 10 j=1,2*k
A(i,3)=0
continue
do 20 i=1,k
m=i
n=i-1
call SRSV(phi,v,Px,L2,m,n,2,coef)
A(i,i)=coef
call SRSV(phi,v,Px,L2,m,n,4, coef)
A(i+k,1)=coef
call SVSR(phi,v,Px,L2,m,n,2, coef)
A(i,i+k)=coef
call SVSR(phi,v,Px,L2,m,n,4, coef)
A(i+k,1i+k)=coef
continue
return
end

subroutine SSCF(phi, v, Px,L2,k,A)
double precision phi,v,Px,L2,A(120,120), coef
integer i,j,k,m,n

do 10 i=1,2*k
do 10 j=1,2*k
A(i,j)=0
continue
do 20 i=1,k
m=i
n=2*i-1
call sssv(phi,v,Px,L2,m,n,4, coef)
A(i+k,i)=coef
call SSWR(phi,v,Px,L2,m,n, 3, coef)
A(i,i+k)=coef
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do 20 j=1,k

m=i
n=2*j=-1
call SSWR(phi,v,Px,L2,m,n,4,coef)
A(i+k,j+k)=coef
m=j
n=2%*i-1
call Sssv(phi,v,Px,L2,m,n,3,coef)
A(i,j)=coef

continue

return

end

subroutine SSSF(phi,v,Px,L2,k,A)
double precision phi,v,Px,L2,A(120,120),coef
integer i,j,k,m,n

do 10 i=1,k
do 10 j=1,k
A(il j)=0
continue
do 20 i=l,k
m=i
n=2%i-1
call sssv(phi,v,Px,L2,m,n, 4, coef)
A(i,i)=coef
continue
return
end

subroutine shape (phi,v,Px,L2,k,div,plate)
double precision phi,v,Px,L2

double precision A(120,120),C(120),S(31,31)
integer k,div,x,y,xx,yy,plate,nbb,i, j
character*12 name

if (plate.eq.l) call CCCF(phi,v,Px,L2,k,A)
if (plate.eq.2) call CFCF(phi,v,Px,L2,k,A)
if (plate.eq.3) call CSCF(phi,v,Px,L2,k,A)
if (plate.eqg.4) call ScCF(phi,v,Px,L2,k,A)
if (plate.eq.5) call SCSF(phi,v,Px,L2,k,A)
if (plate.eq.6) call SFCF(phi,v,Px,L2,k,A)
if (plate.eq.7) call SFSF(phi,v,Px,L2,k,A)
if (plate.eq.8) call SSCF(phi,v,Px,L2,k,A)
if (plate.eq.9) call SSSF(phi,v,Px,L2,k,A)
if (plate.eq.l) nbb=4
if (plate.eq.2) nbb=4
if (plate.eq.3) nbb=3
if (plate.eq.4) nbb=3
if (plate.eq.5) nbb=2
if (plate.eq.6) nbb=3
if (plate.eq.7) nbb=2
if (plate.eq.8) nbb=2
if (plate.eq.9) nbb=l
call solve(A,k*nbb,C)
if (phi.ge.l) then

yy=div

xx=1ifix (div/sngl (phi)+0.5)
else

xx=div

yy=ifix(div*sngl (phi)+0.5)
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endif
do 100 x=1,xx+1

do 100 y=1,yy+l

S(x,y)=0
continue
if (plate.eq.l) call CCCFSs (phi, v, Px, L2, k, XX, YY,S,C)
if (plate.eq.2) call CFCFS (phi, v, Px, L2, k, xx, Y, S, C)
if (plate.eq.3) call CSCFs (phi, v, Px, L2, k, xx,YY,S,C)
if (plate.eq.4) call SCCFS (phi, v, Px, L2, k, xx, YY,S,C)
if (plate.eq.5) call SCSFS (phi, v, Px,L2,k,xx,yY,S,C)
if (plate.eq.6) call SFCFS (phi, v, Px, L2, k, xx, yY,S,C)
if (plate.eq.7) call SFSFS (phi, v, Px, L2, k, xx, Yy, S,C)
if (plate.eq.8) call SSCFs (phi, v, Px, L2, k, xx, yY, S, C)
if (plate.eq.8) call SSSFs (phi, v, Px, L2, k, xx, Yy, S,C)
write(6,*) ‘'Enter the output data file name... '
read(5,700) name
format(al2)
open (unit=1, file=name)
do 600 x=1,xx+1

write(1,601) (S(x,y),y=1,yy+l)
continue
format (1x,31lell.3)
close(unit=1l)
return
end

subroutine CCCFS (phi, v, Px, L2, k, xx, yy,S,C)
double precision phi,v,Px,L2,S(31,31)
double precision Cc(120),€1(30),C2(30),C3(30),C4(30)
integer k,xx,yy,i
do 10 i=1,k

Cl(i)=C(i)

C2(i)=C(i+k)

C3(i)=C(i+2*k)

C4(i)=C(i+3*k)
continue
call SSSVS(phi,v,Px,L2,k,xx,yy,S,Cl)
call SSWRS(phi,v,Px,L2,k,xx,yy,S,C2)
call SWSRS(phi,v,Px,L2,k,xx,yy,S,C3)
call WSSRS(phi,v,Px,L2,k,xx,yy,S,C4)
return
end

subroutine CFCFS (phi,v,Px,L2,k,xx,yy,S,C)
double precision phi,v,Px,L2,S(31,31)
double precision C(120),C1(30),C2(30),C3(30),C4(30)
integer k,xx,yy,i
do 10 i=1,k

Cl(i)=C(1i)

C2(1)=C(i+k)

C3(1i)=C(i+2*k)

C4 (i)=C(i+3*k)
continue
call SRSVs(phi,v,Px,L2,k,xx,yy,S,Cl)
call SRWRS(phi,v,Px,L2,k,xx,yY,S,C2)
call SVSRS (phi,v,Px,L2,k, xX,yY,S,C3)
call WRSRS(phi,v,Px,L2,k,xx,yy,S,C4)
return
end
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subroutine CSCFS (phi,v,Px,L2,k,xx,yYY,S,C)
double precision phi,v,Px,L2,S(31,31)
double precision C(120),C1(30),C2(30),C3(30)
integer k,xx,yy,i
do 10 i=1,k

Cl(i)=C(i)

C2 (i) =C(i+k)

C3 (i)=C(i+2*k)
continue
call SsSsvs(phi,v,Px,L2,k,xx,yy,S,Cl)
call SSHWRS(phi,v,Px,L2,k,xx,yYY,S,C2)
call WSSRs(phi,v,Px,L2,k,xx,YY,S,C3)
return
end

subroutine SCCFS (phi,v,Px,L2,k,xx,yy,S,C)
double precision phi,v,Px,L2,S(31,31)
double precision C(120),C1(30),C2(30),C3(30)
integer k,xx,yy,i
do 10 i=1,k

Cl(i)=C(i)

C2 (i)=C(i+k)

C3(i)=C(i+2*k)
continue
call sssvs{phi,v,Px,L2,k,xx,YY,S,Cl)
call SSWRS(phi,v,Px,L2,k,xxX,YY,S,C2)
call SWSRS(phi,v,Px,L2,k,xx,yY,S,C3)
return
end

subroutine SCSFS(phi, v, Px,L2,k,xx,yY,S,C)
double precision phi,v,Px,L2,5(31,31)
double precision C(120),C1(30),C2(30)
integer k,xx,yy,i
do 10 i=1,k

Cl(i)=C(i)

C2(1i)=C(i+k)
continue
call Sssvs(phi,v,Px,L2,k,xx,yY,S,Cl)
call SWSRS(phi,v,Px,L2,k,xx,yY,S,C2)
return
end

subroutine SFCFS (phi, v, Px,L2,k,xx,yY,S,C)
double precision phi,v,Px,L2,S(31,31)
double precision C(120),Cl1(30),C2(30),C3(30)
integer k,xx,yy,i
do 10 i=1,k

Cl(i)=C(i)

C2(i)=C(i+k)

C3(i)=C(i+2*k)
continue
call SRSVS(phi,v,Px,L2,k,XX,yY,S,Cl)
call SRWRS(phi,v,Px,L2,k,xx,yY,S,C2)
call SVSRS(phi,v,Px,L2,k,xx,yY,S,C3)
return
end

subroutine SFSFS(phi,v,Px,L2,k,xx,yY,S,C)
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double precision phi,v,Px,L2,5(31,31)
double precision C(120),C1(30),C2(30)
integer k,xx,yy,i
do 10 i=1,k

Cl(i)=C(i)

C2(i)=C(i+k)
continue
call SRSVs (phi,v,Px,L2,k, xx,yy,S,C1)
call SVsSRs(phi,v,Px,L2,k,xx,yY,S,C2)
return
end

subroutine SSCFS (phi,v,Px,L2,k, XX, YY,S,C)
double precision phi,v,Px,L2,5(31,31)
double precision C(120),C1(30),C2(30)
integer k,xx,yy,i
do 10 i=}1,k

Cl(i)=C(i)

C2 (i)=C(i+k)
continue
call sssvs(phi,v,Px,L2,k,xx,Yyy,S,Cl)
call SSWRS (phi,v,Px,L2,k,xx,Yyy,S,C2)
return
end

subroutine SSSFS(phi,v,Px,L2,k,xx,yY,S,C)
double precision phi,v,Px,L2,5(31,31)
double precision C(120),C1(30)
integer k,xx,yy,i
do 10 i=1,k

Cl(i)=C(i)
continue
call sssvs(phi,v,Px,L2,k,xx,yy,S,Cl)
return
end

subroutine SSSVs(phi,v,Px,L2,k,xx,YyY,S,C)

double precision phi,v,Px,L2,pi,vp,di,del,B,G,Q1,02
double precision €(30),S(31,31),eta,xi

integer k,x,y,m,n,i,xx,yy

pi=4*datan(1.0d0)

Wi(x,y) = Y(y) sin(m pi x), where m=1,2,3,...

Q0aQ

do 200 i=1,k

m=i

vp=(2-v)* (m*pi*phi)*+*2

di=(m*pi)**2

del=(m*pi) **4-L2**2-Px* (m*pi/phi) **2

(e NeNeNR]

Case 1 solution
Y(y) = Q1 sinh(B y) cos(G y) + Q2 cosh(B y) sin(G y)

if (di**2.lt.del) then
B=dsqrt ((dsqrt(del)+di) /2) *phi
G=dsqrt((dsqrt(del)-di) /2) *phi
Ql1=(B* (vp-B**2+3*G**2) *dsinh (B) *dsin (G)
+G* (vp+G**2-3*B**2) *dcosh (B) *dcos (G) )
/ (=2*B*G* (B**2+G**2) * (dsinh (B) **2+dcos (G) **2) )
Q2= (G* (vp+G**2-3*B**2) *dsinh (B) *dsin (G)
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2 -B* (vp-B**2+3*G**2) *dcosh (B) *dcos (G) )
3 / (=2*B*G* (B**2+G**2) * (dsinh (B) **2+dcos (G) **2) )
do 210 y=1,yy+l
eta=float (y-1)/yy
do 210 x=1,xx+1
xi=float {x-1)/xx
S(xX,y)=S(x,y)+C(i) * (Q1l*dsinh (B*eta) *dcos (G*eta) +
2 Q2*dcosh (B*eta) *dsin(G*eta) ) *dsin (m*pi*xi)
210 continue

C
c Case 2 solution

c Y(y) = Ql sinh(B y) + Q2 sin(G y)
C

elseif (del.lt.0) then
B=dsqrt (dsqrt(di**2-del) +di) *phi
G=dsqrt (dsqrt (di**2-del)~-di) *phi
Ql=(G**2+vp) / (B* (B**2+G**2) *dcosh (B} )
Q2= (B**2-vp) / (G* (B**2+G**2) *dcos (G) )
do 220 y=1,yy+l
eta=float(y-1)/yy
do 220 x=1, xx+1
xi=float (x-1)/xx
S(x,y)=S(x,y)+C(i)*(Ql*dsinh (B*eta)
2 +Q2*dsin(G*eta) ) *dsin (m*pi*xi)
220 continue

Case 3 solution
Y(y) = Q1 sinh(B y) + Q2 sinh(G y)

QOO0

else
B=dsqrt (di+dsqrt (di**2-del) ) *phi
G=dsqrt (di-dsqrt (di**2-del) ) *phi
Ql=(vp-G**2) / (B* (B**2-G**2) *dcosh (B))
Q2=(B**2-vp) / (G* (B**2-G**2) *dcosh (G) )
do 230 y=1,yy+l
eta=float(y-1)/yy
do 230 x=1, xx+1
xi=float (x-1) /xx
S(x,y)=S(x,y)+C(i)*(Ql*dsinh (B*eta)
2 +Q2*dsinh (G*eta)) *dsin (m*pi*xi)
230 continue
endif
200 continue
return
end

subroutine SSWRS (phi, v, Px, L2, k, xx,yy,S,C)

double precision phi,v,Px,L2,pi,vp,di,del,B,G,01,02
double precision C(30),S5(31,31),eta,xi

integer k,x,y,m,n,i,xx,yy

pi=4*datan(1l.0d0)

W(x,y) = ¥Y(x) sin(n pi ¥ / 2), where n=1,3,5,...

anon

do 300 i=l,k
n=2*i-1
di=(n*pi/2) **2-Px/2
del=(n*pi/2) **4-L2**2*phj**4

Case 1 solution
Y(x) = Q1 sinh(B x) cos(G x) + Q2 cosh(B x) s8in(G x)

aQaaan



if (di**2.lt.del) then
B=dsqrt ( (dsqrt(del)+di) /2) /phi
G=dsqrt((dsqrt(del)-di)/2)/phi
Ql=dcosh(B) *dsin (G)
2 / (2*B*G* (dcos (G) **2-dcosh (B) **2) )
Q2=-dsinh (B) *dcos (G)
2 /(2*B*G* (dcos (G) **2-dcosh (B) **2))
do 310 y=1,yy+l
eta=float(y-1)/yy
do 310 x=1,xx+1
xi=float (x-1)/xx
S(x,y)=S(x,y)+C(i)*(Ql*dsinh (B*xi) *dcos (G*xi)

2 +Q2*dcosh (B*xi) *dsin (G*xi) ) *dsin (n*pi*eta/2)
310 continue
C
(o] Case 2 solution
C Y(x) = Q1 sinh(B x) + Q2 sin(G x)
C
elseif (del.lt.0) then
B=dsqrt (dsqrt (di**2-del)+di) /phi
G=dsqrt (dsqrt (di**2-del)-di)/phi
Ql=((B**2+G**2) *dsinh (B)) ** (-1)
Q2=~( (B**2+G**2) *dsin(G) ) ** (-1)
do 320 y=1,yy+l
eta=float(y-1)/yy
do 320 x=1,xx+1
xi=float (x-1)/xx
S(x,y)=S(x,y)+C(i)*(Ql*dsinh (B*xi)
2 +Q2*dsin (G*xi) ) *dsin(n*pi*eta/2)
320 continue
C
of Case 3 solution
(o} Y(x) = Q1 sinh(B x) + Q2 sinh(G x)
C
elseif (di.gt.0) then
B=dsqrt (di+dsqrt(di**2-del))/phi
G=dsqrt (di-dsqrt(di**2-del) ) /phi
Ql=( (B**2-G**2) *dsinh(B) ) ** (-1)
Q2=-( (B**2-G**2) *dsinh (G) ) ** (-1)
do 330 y=1,yy+l
eta=float(y~1)/yy
do 330 x=1,xx+l
xi=float (x~1)/xx
S (x,y)=S(x,y)+C(i)* (Q1*dsinh (B*xi)
2 +Q2*dsinh (G*xi) ) *dsin(n*pi*eta/2)
330 continue
(o
c Case 4 solution
C Y(x) = Q1 sin(B x) + Q2 sin(G x)
(od

else
B=dsqrt (~di+dsqrt (di**2-del)) /phi
G=dsqrt (-di-dsqrt(di**2-del))/phi
Ql=((G**2-B**2) *dsin (B) ) **(-1)
Q2=—( (G**2-B**2) *dsin (G) ) ** (~1)
do 340 y=1,yy+l
eta=float (y-1)/yy
do 340 x=1,xx+1
xi=float (x-1)/xx
S(x,y)=S(x,y)+C(i)* (Ql*dsin (B*xi)
2 +Q2*dsin (G*xi) ) *dsin(n*pi*eta/2)
340 continue
endif
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300 continue
return
end

subroutine SWSRS(phi,v,Px,L2,k,xx,yY,S.C)

double precision phi,v,Px,L2,pi,vp,di,del,B,G,Q1,Q2
double precision C(30),S(31,31),eta,xi

integer k,x,y,m,n,i,xx,yy

pi=4*datan(1l.0d0)

C
c W(x,y) = ¥Y(1-y) sin(m pi x), where m=1,2,3,...
c
do 400 i=1,k
m=i
di=(m*pi)**2
del=(m*pi) **4-L2**2-Px* (m*pi/phi) **2
C
(od Case 1 solution
o Y(1l-y) = Ql sinh(B (1-y)) sin(G (1l-y)) + Q2 cosh(B (1-y)) cos(G (l-y))
C
if (di**2.lt.del) then
B=dsqrt ( (dsqrt(del) +di) /2) *phi
G=dsqrt ( (dsqrt(del)~-di)/2) *phi
Ql=dcosh (B) *dcos (G)
2 / (2*B*G* (dsinh (B) **2+dcos (G) **2))
Q2=-dsinh (B) *dsin(G)
2 / (2*B*G* (dsinh (B) **2+dcos (G) **2) )
do 410 y=1,yy+l
eta=float (y~1)/yy
do 410 x=1,xx+1
xi=float (x~-1) /xx
S(x,y)=S(x,y)+C(i)*(Ql*dsinh(B*(l-eta))*dsin(G*(l-eta))
2 +Q2*dcosh (B* (1-eta) ) *dcos (G* (1~eta) ) ) *dsin (m*pi*xi)
410 continue
C
o Case 2 solution
(od Y(1-y) = Q1 cosh(B (1l-y)) + Q2 cos(G (1l-y))
c
elseif (del.lt.0) then
=dsqrt (dsqrt (di**2-del) +di) *phi
G=dsqrt (dsqrt(di**2-del)-di) *phi
Ql=( (B**2+G**2) *dcosh (B) ) **(-1)
Q2=~( (B**2+G**2) *dcos (G) ) ** (~1)
do 420 y=1,yy+l
eta=float(y-1)/yy
do 420 x=1,xx+l
xi=float (x~1)/xx
S(x,y)=S(x,y)+C(i)*(Ql*dcosh (B* (1-eta))
2 +Q2*dcos (G* (1~eta)) ) *dsin (m*pi*xi)
420 continue
C
c Case 3 solution
c Y(1l-y) = Ql cosh(B (1-y)) + Q2 cosh(G (1l-y))
C

else
B=daqrt (di+dsqrt(di**2-del)) *phi
G=dsqrt (di-dsqrt(di**2-del) ) *phi
Ql=((B**2~G**2) *dcosh(B) ) **(~1)
Q2=-~( (B**2-G**2) *dcosh (G) ) ** (-1)
do 430 y=1,yy+l
eta=float(y-1)/yy
do 430 x=1,xx+1
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xi=float (x-1)/xx
S(x,y)=S(x,y)+C(i) *(Ql*dcosh(B* (1l~eta))
2 +Q2*dcosh (G* (1-eta) ) ) *dsin (m*pi*xi)

430 continue
endif

400 continue
return
end

subroutine WSSRS (phi,v,Px,L2,k, xx,Yy,S,C)

double precision phi,v,Px,L2,pi,vp,di,del,B,G,Q1,02
double precision C(30),S5(31,31),eta,xi

integer k,x,y,m,n,i,xx,yy

pi=4*datan(1.0d0)

W(x,y) = Y(1-x) sin{(n pi y / 2), where n=1,3,S,...

Qa0

do 500 i=1,k

n=2%*i-1

di=(n*pi/2) **2-Px/2
del=(n*pi/2) **{-L2**2*phi**4

Case 1 solution
Y(l-x) = Q1 sinh(B (1-x)) cos(G (1-x)) + Q2 cosh(B (1-x)) sin(G (1l-x))

aaaan

if (di**2.lt.del) then
B=dsqrt ( (dsqrt(del)+di)/2)/phi
G=dsqrt( (dsqrt(del)-di)/2) /phi
Ql=dcosh (B) *dsin (G)
2 / (2*B*G* (dcos (G) **2-dcosh (B) **2))
Q2=-dsinh (B) *dcos (G)
2 / (2*B*G* (dcos (G) **2-dcosh (B) **2) )
do 510 y=1,yy+l
eta=float (y-1)/yy
do 510 x=1,xx+1
i=float (x-1)/xx
S(x,y)=S(x%,y)+C(i)*(Ql*dsinh (B*(1l-xi) ) *dcos (G* (1-xi))
2 +Q2*dcosh (B* (1-xi) ) *dsin(G* (1-xi)) ) *dsin(n*pi*eta/2)
510 continue

C
(o] Case 2 solution
c Y(1-x) = Q1 sinh(B (1-x)) + Q2 sin(G (l-x))
C
elseif (del.lt.0) then

B=dsqrt (dsqrt (di**2-del)+di) /phi

G=dsqrt (dsqrt (di**2-del)~-di) /phi

Ql=( (B**2+G**2) *dsinh (B) ) **(~1)

Q2=~( (B**2+G**2) *dsin (G) ) ** (~1)

do 520 y=1,yy+l

eta=float(y-1)/yy

do 520 x=1,xx+1

xi=float (x-1) /xx
S(x,y)=S(x,y)+C(i)*(Ql*dsinh (B*(1-xi))
2 +Q2*dsin (G*(1-xi)))*dsin(n*pi*eta/2)

520 continue
C
c Case 3 solution
(od Y(l=-x) = Q1 sinh(B (1-x)) + Q2 sinh(G (1-x))
C

elseif (di.gt.0) then
B=dsqrt (di+dsqrt(di**2-del)) /phi
G=dsqrt (di-dsqrt (di**2-del) ) /phi



Ql=((B**2-G**2) *dsinh (B) ) **(-1)

Q2=-( (B**2-G**2) *dsinh(G) ) **(~-1)

do 530 y=1,yy+l

eta=float(y-1)/yy

do 530 x=1,xx+1
xi=float (x~1) /xx
S(x,y)=S(x,y)+C(i)*(Ql*dsinh (B*(1-xi))

2 +Q2*dsinh (G*(1-xi))) *dsin(n*pi*eta/2)
530 continue
(2
(od Case 4 solution
c Y(1-x) = Q1 sin(B (l-x)) + Q2 sin(G (1-x))
C
else
B=dsqrt (-di+dsqrt(di*+*2~-del))/phi
G=dsqrt (-di-dsqrt(di**2-del))/phi
Ql=( (G**2-B**2) *dsin(B) ) **(-1)
Q2=~( (G**2~B**2) *dsin(G) ) ** (-1)
do 540 y=1,yy+l
eta=float(y-1)/yy
do 540 x=1,xx+l1
xi=float (x-1)/xx
S(x,y)=S(x,y)+C(i)*(Ql*dsin (B*(1-xi))
2 +Q2*dsin (G*(1-xi))) *dsin(n*pi*eta/2)
540 continue
endif
500 continue
return
end
subroutine SRSVS (phi,v,Px,L2,k, xx,yy,S,C)
double precision phi,v,Px,L2,pi,vp,di,del,B,G,01,Q2
double precision €(30),5(31,31),eta,xi
integer k,x,y,m,n,i,xx,yy
pi=4*datan(1l.0d0)
C
(od W{x,y) = Y(y) sin(m pi x}, where m=1,2,3,...
C
do 200 i=1,k
m=1i
vp=(2-v) * (m*pi*phi) **2
di=(m*pi)**2
del=(m*pi)**4-L2**2-Px* (m*pi/phi)**2
(od
c Case 1 solution
o Y(y) = Ql sinh(B y) sin(G y) + Q2 cosh(B y) cos(G y)
C

wh wn

2

if (di**2.lt.del) then
B=dsqrt ( (dsqrt(del)+di)/2) *phi
G=dsqrt( (dsqrt(del)-di)/2) *phi
Ql=(B* (B**2-3*G**2~-vp) *dsinh (B) *dcos (G)
+G* (G**2-3*B**2+yp) *dcosh (B) *dsin(G) )
/ (=2*B*G* (B**2+G**2)} * (dsinh (B) **24+dsin (G) **2) )
Q2=(G* (G**2~-3*B**2+vp) *dsinh (B) *dcos (G)
=B* (B**2-3*G**2-vp) *dcosh (B) *dsin(G})
/ (=2*B*G* (B**24G**2)} * (dsinh (B) **2+dsin (G) **2))
do 210 y=1,yy+l
eta=float(y-1)/yy
do 210 x=1,xx+1
xi=float (x-1)/xx
S(x,y)=S(x,y)+C(i)*(Ql*dsinh (B*eta)*dsin (G*eta)+
Q2*dcosh (B*eta) *dcos (G*eta) ) *dsin (m*pi*xi)
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210 continue
C
Cc Case 2 solution
c Y(y) = Q1 cosh(B y) + Q2 cos(G y)
C
elseif (del.l1t.0) then
B-dsqrt(dsqrt(dl**z-del)+d1)*ph1
G=dsqrt (dsqrt (di**2-del)-di) *phi
Ql-(G**2+vp)/(B*(B**2+G**2)*d31nh(3))
Q2=~(B**2-vp) / (G* (B**2+G**2) *dsin (G) )
do 220 y=1,yy+l
eta=float(y-1)/yy
do 220 x=1, xx+1
xi=float (x-1) /xx
S(x,y)=S(x,y)+C(i) *(Ql*dcosh (B*eta)
2 +Q2*dcos (G*eta) ) *dsin (m*pi*xi)
220 continue
o
(od Case 3 solution
od Y(y) = Q1 cosh(B y) + Q2 cosh(G y)
C
else
B=daqrt (di+dsqrt (di**2-del) ) *phi
G=dsqrt (di-dsqrt (di**2-del) ) *phi
Ql=-(G**2-vp)/ (B* (B**2-G**2) *dsinh (B})
Q2=(B**2-vp)/ (G* (B**2-G**2) *dsinh (G))
do 230 y=1,yy+l
eta=float(y-1l)/yy
do 230 x=1,xx+1
xi=float (x~1)/xx
5(x,y)=5(x,y)+C(i) *(Ql*dcosh(B*eta)
2 +Q2*dcosh (G*eta) ) *dsin (m*pi*xi)
230 continue
endif
200 continue
return
end
subroutine SRWRS (phi, v, Px, L2, k, xx, ¥y, S, C)
double p:eclslon phi, v, Px,L2,pi,vp,di,del,B,G, Q1,02
double precision C(30),S(31,31),eta,xi
integer k,x,y,m,n,l,xx,yy
pi=4*datan(1.0d0)
c
c W(x,y) = Y(x) cos(n pi y), where n=0,1,2,...
Cc
do 300 i=1,k
n=i-1
di=(n*pi) **2-Px/2
del=(n*pi) **4~-L2**2*phi*+4
Cc
o Case 1 solution
o Y(x) = Q1 sinh(B x) cos(G x) + Q2 cosh(B x) sin(G x)
o

if (di**2.lt.del) then
B=dsqrt( (dsqrt(del)+di)/2)/phi
G=dsqrt ( (dsqrt(del)-di)/2)/phi
Ql=dcosh(B) *dsin(G)
/ (2*B*G* (dcos (G) **2-dcosh (B) **2))
Q2=-dsinh(B) *dcos (G)
/ (2*B*G* (dcos (G) **2-dcosh (B) **2) )
do 310 y=1,yy+l
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eta=float(y-1)/yy
do 310 x=1,xx+1
i=float (x-1)/xx
S(x,y)=S(x,y)+C(i)*(Ql*dsinh(B*xi) *dcos (G*xi)

2 +Q2*dcosh (B*xi) *dsin (G*xi) ) *dcos (n*pi*eta)
310 continue
C
c Case 2 solution
c Y(x) = Q1 sinh(B x) + Q2 sin(G x)
C
elseif (del.lt.0) then
B=dsqrt (dsqrt (di**2-del) +di) /phi
G=dsqrt (dsqrt (di**2-del)~di) /phi
Ql=( (B**2+G**2) *dsinh (B)) ** (~1)
Q2==( (B**2+G**2) *dsin (G) ) ** (~1)
do 320 y=1,yy+l
eta=float(y-1)/yy
do 320 x=1,xx+l
xi=float (x-1)/xx
S(x,y)=S(x,y)+C(i)* (Q1*dsinh (B*xi)
2 +Q2*dsin (G*xi) ) *dcos (n*pi*eta)
320 continue
C
c Case 3 solution
(od Y(x) = Q1 sinh(B x) + Q2 sinh(G x)
C
elseif (di.gt.0) then
B=dsqrt (di+dsqrt(di**2-del)) /phi
G=dsqrt (di-dsqrt (di**2-del)) /phi
Ql=((B**2-G**2) *dsinh (B) ) **(-1)
Q2=-( (B**2-G**2) *dsinh (G) ) ** (~1)
do 330 y=1,yy+l1
eta=float(y-1)/yy
do 330 x=1,xx+l
xi=float (x~1)/xx
S(x,y)=S(x,y)+C(i)* (Ql*dsinh (B*xi)
2 +Q2*dsinh (G*xi) ) *dcos (n*pi*eta)
330 continue
C
Cc Case 4 solution
(o] Y(x) = Q1 sin(B x) + Q2 sin(G x)
C
else
B=dsqrt (-di+dsqrt (di**2-del))/phi
G=dsqrt (-di-dsqrt (di**2-del) ) /phi
Ql=( (G**2-B**2)*dsin(B) ) ** (-1)
Q2==~( (G**2-B**2) *dsin (G) ) **(~-1)
do 340 y=1,yy+l
eta=float(y-1)/yy
do 340 x=1, xx+1
xi=float (x-1)/xx
S(X,y)=S(x,y)+C(i) *(Ql*dsin (B*xi)
2 +Q2*dsin(G*xi) ) *dcos (n*pi*eta)
340 continue
endif
300 continue
return
end

subroutine SVSRS (phi,v,Px,L2,k,xx,yY,S,C)
double precision phi,v,Px,L2,pi,vp,di,del,B,G,01,02
double precision C{30),S(31,31),eta,xi
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integer k,x,y,m,n, i, xx,yy
pi=4*datan(1.0d0)

Qo0

W(x,y) = Y(1-y) sin(m pi x), where m=1,2,3,...

do 400 i=1,k

m=i

vp=(2-v) * (m*pi*phi) **2

di=(m*pi)**2

del=(m*pi) **4-L2**2~-Px* (m*pi/phi)**2

anaa

Case 1 solution
Y{(l-y) = Q1 sinh(B(1l-y)) sin(G(l-y)) + Q2 cosh(B(l-y)) cos(G(1l-y))

W wNn

2
410

if (di**2.1lt.del) then
B=dsqrt ( (dsqrt(del)+di)/2)*phi
G=dsqrt ( (dsqrt(del)-di)/2)*phi
Ql=(B* (B**2~-3*G**2-vp) *dsinh (B) *dcos (G)
+G* (G**2-3*B**2+vp) *dcosh (B) *dsin (G) )
[ (=2*B*G* (B**2+G**2) * (dsinh (B) **2+dsin (G) **2))
Q2=(G* (G**2-3*B**2+vp) *dsinh (B) *dcos (G)
-B* (B**2-3*G**2-vp) *dcosh (B) *dsin (G) )
/ (=2*B*G* (B**2+G**2) * (dsinh (B) **2+dsin (G) **2))
do 410 y=1,yy+l
eta=float(y-1)/yy
do 410 x=1,xx+1
xi=float (x~-1)/xx
S(x,y)=S(x,y)+C(i)*(Ql*dsinh(B*(l-eta))*dsin(G* (1-eta))
+Q2*dcosh (B* (1-eta) ) *dcos (G* (1-eta) ) ) *dsin (m*pi*xi)
continue

Case 2 solution
Y(1l-y) = Ql cosh(B(1l-y)) + Q2 cos(G(1l-y))

aaQaa

2
420

elseif (del.lt.0) then
B=dsqrt (dsqrt (di**2-del) +di) *phi
G=dsqrt (dsqrt (di**2-del)~di) *phi
Q1=(G**2+vp)/ (B* (B**2+G**2) *dsinh(B))
Q2=~- (B**2~-vp) / (G* (B**2+G**2) *dsin (G) )
do 420 y=1,yy+l
eta=float (y-1)/yy
do 420 x=1,xx+l
i=float (x-1)/xx
S(X,y)=S(x,y)+C(1)*(Ql*dcosh(B*(1l-eta))
+Q2*dcos (G* (1-eta) ) ) *dsin (m*pi*xi)
continue

Qa0

Case 3 solution
Y(1l-y) = Ql cosh(B(1l-y)) + Q2 cosh(G(1l-y))

else
B=dsqrt (di+dsqrt (di**2-del)) *phi
G=dsqrt (di-dsqrt (di**2-del)) *phi
Ql=-(G**2~vp) / (B* (B**2~G**2) *dsinh(B))
Q2=(B**2-vp)/ (G* (B**2-G**2) *dsinh (G) )
do 430 y=1,yy+l
eta=float (y-1)/yy
do 430 x=1,xx+1
xi=float (x-1)/xx
S(X,y)=S(x%,y)+C(1i)*(Ql*dcosh (B* (1-eta))

2 +Q2*dcosh (G* (1~eta)) ) *dsin (m*pi*xi)

430

continue
endif
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400 continue
return
end

subroutine WRSRS (phi,v,Px,L2,k,xx,yy,S,C)

double precision phi,v,Px,L2,pi,vp,di,del,B,G,Q1,0Q2
double precision C(30),S(31,31),eta,xi

integer k,x,y,m,n,i,xx,yy

pi=4*datan(1.0d0)
C
c W(x,y) = Y(1-x) cos(n pi y), where n=0,1,2,...
C
do 500 i=1,k
n=i-1
di=(n*pi)**2-Px/2
del=(n*pi) **4-L2**2+*phi*+*4
C
c Case 1 solution
(od Y(l-x) = Q1 sinh(B (1-x)) cos(G (l1-x)) + Q2 cosh(B (1-x)}) sin(G (1l-x))
C
if (di**2.1lt.del) then
B=dsqrt ( (dsqrt (del) +di)}/2) /phi
G=dsqrt ((dsqrt(del)-di)/2)/phi
Ql=dcosh(B) *dsin (G)
2 / (2*B*G* (dcos (G) **2-dcosh (B) **2) )
Q2=-dsinh (B) *dcos (G)
2 / (2*B*G* (dcos (G) **2~dcosh (B) **2) )
do 510 y=1,yy+l
eta=float (y-1)/yy
do 510 x=1,xx+l
xi=float (x-1)/xx
S(x,y)=S(x,y)+C(i)*(Ql*dsinh (B*(1-xi) ) *dcos (G* (1-xi))
2 +Q2*dcosh (B* (1-xi) ) *dsin(G* (1-xi)) ) *dcos (n*pi*eta)
510 continue
C
c Case 2 solution
c Y(1l-x) = Ql sinh(B (1-x)) + Q2 sin(G (1-x))
C
elseif (del.lt.0) then
B=dsqrt (dsqgrt (di**2~del)+di) /phi
G=dsqrt (dsqrt (di**2-del)-di) /phi
Ql=( (B**2+G**2) *dsinh(B) ) **(-1)
Q2=-( (B**24+G**2) *dsin(G) ) **(~1)
do 520 y=1,yy+l
eta=float (y-1)/yy
do 520 x=1,xx+1
xi=float (x-1) /xx
S(x,y)=S(x,y)+C(i)*(Ql*dsinh (B*(1-xi))
2 +Q2*dsin (G* (1-xi) ) ) *dcos (n*pi*eta)
520 continue
c
c Case 3 solution
(od Y(1-x) = Q1 sinh(B (1-x)) + Q2 sinh(G (1-x))
Cc

elseif (di.gt.0) then

B=dsqrt (di+dsqrt (di**2-del})/phi
G=dsqrt (di-dsqrt (di**2-del)) /phi
Ql=( (B**2-G**2) *dsinh (B) ) **(-1)
Q2=- ( (B**2~-G**2) *dsinh (G) ) **(-1)
do 530 y=1,yy+l

eta=float (y-1)/yy

do 530 x=1, xx+1



530

xi=float (x~1)/xx .
S(x,y)=S(x,y) +C(1i)*(Ql*dsinh (B* (1-xi))
2 +Q2*dsinh (G* (1-xi) ) ) *dcos (n*pi*eta)
continue

Qoo

Case 4 solution
Y(l-x) = Q1 sin(B (l-x)) + Q2 sin(G (1-x))

540
500

[EERYS

15

20

30

else
B=dsqrt (-di+dsqrt (di**2-del))/phi
G=dsqrt (-di-dsqrt (di**2-del)) /phi
Ql=( (G**2~B**2) *dsin(B) ) ** (~1)
Q2=~( (G**2~-B**2) *dsin (G) ) ** (-1)
do 540 y=1,yy+l
eta=float(y-1)/yy
do 540 x=1, xx+1
xi=float (x-1) /xx .
S(X,y)=5(x,y)+C(i)*(Ql*dsin (B*(1-xi))
2 +Q2*dsin (G* (1-xi))) t*dcos (n*pi*eta)
continue
endif
continue
return
end

subroutine solve (A, r,X)
double precision temp,X(120),A(120,120)
integer i,j,k,1,r,row

do 1 i=1,r
temp=0
do 3 j=1,r
temp=temp+dabs (A(i,j))
continue
if (dabs(temp).lt.1.0d-12) goto 2
temp=r/temp
do 4 j=1,r )
A(i,j)=temp*A(i,])
continue
continue
continue
do 10 i=1,r-1
1=i-1
=1+1
if (l.gt.r) goto 45
temp=0
do 20 j=i,r
if (dabs(A(j,1l)).gt.dabs(temp)) then
temP?A(jtl)
row=j
endif
continue
if (dabs(temp).lt.1.0d-12) goto 15
if (i.ne.row) then
do 30 j=1,r
temp=A(i,j)
A(i,j)=A(row,J)
A(row, j)=temp
continue
endif
do 40 j=i+l,r
temp=A(j,1)/A(i,1)
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40
10
45

60

55

80
85
50

70

do 40 k=1,r
A(j,k):A(j,k)-A(i,k)*temp
continue
continue
continue
temp=A(1l,1)
row=l
do 60 i=2,r
if (dabs(A(i,i)).lt.dabs(temp)) then
tempfA(i,i)
row=i
endif
continue
A(row, row) =0
do 50 i=r,2'-1
1=i-1
1=1+1
if (l1.gt.r) goto 85
if (dabs(A(i,l)).1t.1.0d-12) goto 55
do 80 j=i-1,1,-1
temp=A(j,1)/A(i,1)
do 80 k=1,r
A(j,k)=A(j, k)-A(i, k) *temp
continue
continue
continue
do 70 i=l,r
if (i.ne.row) then
X(i)=A(i,row)/A(i,i)
if (dabs(X(i)).lt.1.0d-12) X(i)=0
else
X(i)=-1.0d0
endif
continue
return
end

Qaaooanan

The following integrals are evaluated from 0 to 1.
The function name represents the integral calculated.
For example, chmcms(A,B,C) calculates the integral
of cosh(A(l1-x))cos(B(1l-x))sin(Cx) dx from 0 to 1.

function c(G)

double precision c,G
c=dsin(G) /G

return

end

function ch(B)

double precision ch,B
ch=dsinh (B) /B

return

end

function cm(G)

double precision cm,G,c¢c
cm=c (G)

return

end
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function chm(B)

double precision chm,B,ch
chm=ch (B)

return

end

function ss(A,B)

double precision ss,A,B

ss=(A*dcos (A) *dsin(B) -B*dsin (A) *dcos (B) ) / (B**2-A**2)
return

end

function sc(A,B)

double precision sc,A,B

sc=(A*dcos (A) *dcos (B) +B*dsin (A) *dsin(B) -A) / (B**2-A**2)
re;urn

en

function cc(G,NP)

double precision cc,G,NP,c
cc=(c(G+NP) +c(G-NP) ) /2.0d0
return

end

function shs(B,G)

double precision shs,B,G

shs=(B*dsin (G) *dcosh (B) -G*dcos (G) *dsinh (B) ) / (B**2+G**2)
return

end

function shc(A,B)

double precision shc,A,B

shc=(A*dcosh (A) *dcos (B) +B*dsinh (A) *dsin (B) -A) / (A**2+B**2)
return

end

function chs (A, B)

double precision chs,A,B

chs=(A*dsinh (A) *dsin (B) -B*dcosh (A) *dcos (B) +B) / (A**2+B**2)
re;urn

en

function chc(B,G)

double precision chc,B,G

chc=(B*dcos (G) *dsinh (B) +G*dsin (G) *dcosh (B) ) / (B**2+G**2)
return

end

function shss(A,B,C)

double precision shss,A,B,C,shc
shss=(shc(A,B-C)-shc(A,B+C))/2.0d0
return

end

function shsc(B,G,NP)

double precision shsc,B,G,NP, shs
shsc=(shs (B, G+NP) +shs (B, G=NP} ) /2.0d0
return

end

function shcc(A, B,C)
double precision shce,A,B,C, shc
shce=(shc(A,B+C) +shec (A, B~C))/2.0d0



return
end

function chss(B,G,NP)

double precision chss,B,G,NP,chc
chss=(chc (B, G-NP)-che (B, G+NP) ) /2.0d0
return

end

function chsc(A,B,C)

double precision chsc,A,B,C,chs
chsc=(chs (A,C+B)-chs (A,C-B) ) /2.0d0
return

end

function chcc(B,G,NP)

double precision chce, B, G,NP,chc
chece=(chc (B, G+NP) +chc (B, G-NP) ) /2.0d0
return

end

function sms(A,B)

double precision sms,A,B,sc,ss
sms=dsin (A) *sc(B,A)-dcos (A) *ss (A, B)
return

end

function cms (A, B)

double precision cms,A,B, sc,ss
cms=dcos (A) *sc(B,A) +dsin (A) *ss (A, B)
return

end

function cmc(A,B)

double precision cme,A, B, cc, sc
cmc=dcos (A) *cc(A,B) +dsin (A) *sc (A, B)
return

end

function shms(A,B)

double precision shms,A,B, shc, shs
shms=dsin (B) *shc (A, B) -dcos (B) *shs (A, B)
return

end

function chms (A, B)

double precision chms,A,B, chec,chs
chms=dsin (B) *chc (A, B) -dcos (B) *chs (A, B)
return

end

function chmc(A,B)

double precision chmc,A,B, chc,chs
chmc=dcos (B) *chc(A,B) +dsin (B) *chs (A, B)
return

end

function shmsm(B,G)

double precision shmsm,B,G,shs
shmsm=shs (B, G)

return

end
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function chmem(B,G)

double precision chmcm, B, G, chc
chmem=chc (B, G)

return

end

function shmsms(A,B,C)

double precision shmsms,A,B,C, shsc, shss
shmsms=dsin (C) *shsc(A, B, C) ~dcos (C) *shss (A, B, C)
return

end

function shmsmc(A,B,C)

double precision shmsmc,A,B,C, shsc, shss
shmsmc=dcos (C) *shsc(A,B,C) +dsin (C) *shss (A, B, C)
return

end

function shmcms (A, B,C)

double precision shmcms,A,B,C, shce, shsc
shmcms=dsin (C) *shcc(A,B,C) -dcos (C) *shsc (A, C, B)
return

end

function chmsms(A,B,C)

double precision chmsms,A, B, C, chsc, chss
chmsms=dsin (C) *chsc(A,B,C)~-dcos (C) *chss (A, B, C)
return

end

function chmems (A,B,C)

double precision chmecms,A,B,C, chec, chsc
chmems=dsin (C) *chcc (A, B, C) -dcos (C) *chsc (A, C, B)
return

end

function chmeme (A, B,C)

double precision chmcme,A, B, C, chee, chse
chmcmec=dcos (C) *chcc(A,B,C) +dsin (C) *chsc(A, C, B)
return

end

subroutine SSSV(phi,v,Px,L2,m,n,side, coef)

double precision phi,v,Px,L2,pi,vp,di,del,B,G,Ql1,Q2, coef
implicit double precision (c,s)

integer m,n, case,side

General Solution
W = Y(y) sin(m pi x), where m=1,2,3,...

anaa

pi=4*datan(1.0d0)

vp={(2-v) * (m*pi*phi) **2

di=(m*pi)**2

del=(m*pi) **4-L2**2-Px* (m*pi/phi) **2

if (del.eq.0) then
write(6,*) 'Parameter singularity: del = 0 in SSSV.'
stop

endif

if (di**2.eq.del) then

write(6,*) 'Parameter singularity: di**2 - del = 0 in SSSV.'

stop
endif
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if (di**2.lt.del) then

aaaQ

Case 1 solution
Y = Q1 sinh(B y) cos(G y) + Q2 cosh(B y) sin(G y)

W wN

case=1
B=dsqrt ( (dsqrt(del)+di)/2) *phi
G=dsqrt ( (dsqrt(del)-di)/2) *phi
Ql=(B* (vp~-B**2+3*G**2) *dsinh (B) *dsin (G)
+G* (Vp+G**2-3*B*+2) *dcosh (B) *dcos (G) )
/ (=2*B*G* (B**2+G**2) * (dsinh (B) **2+dcos (G) **2) )
Q2=(G* (Vp+G**2~3*B*+*2) *dsinh (B) *dsin (G)
=B* (vp-B**2+3*G**2) *dcosh (B) *dcos (G) )
/ (=2*B*G* (B**2+G**2) * (dsinh (B) **2+dcos (G) **2) )
elseif (del.lt.0) then

aaaa

Case 2 solution
Y = Q1 sinh(B y) + Q2 sin(G y)

aa0a0

case=2

B=dsqrt (dsqrt (di**2-del) +di) *phi

G=dsqrt (dsqrt(di**2-del)-di) *phi

Ql=(G**2+vp) / (B* (B**2+G**2) *dcosh (B))

Q2=(B**2-vp) / (G* (B**2+G**2) *dcos (G) )
else

Case 3 solution
Y = Q1 sinh(B y) + Q2 sinh(G y)

case=3

B=dsqrt (di+dsqrt(di**2-del)) *phi

G=dsqtt(di-dsqrt(di**Z-del))*phi

Ql=(vp-G**2)/(B* (B**2-G**2) *dcosh (B} )

Q2= (B**2-vp)}/ (G* (B**2-G**2) *dcosh (G) )
endif

Index for side

x=0 a.k.a. side=l
y=0 a.k.a. side=2
%x=1 a.k.a. side=3
y=1 a.k.a. side=4
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if (side.eq.1l) then
if (case.eq.l) then
coef=(Ql*shsc(B,n*pi/2,G)+Q2*chss (B,n*pi/2,G))

*2*m*pi
elseif (case.eq.2) then
coef=(Ql*shs (B,n*pi/2) +Q2*ss (G,n*pi/2))
*z*m*pi
else
coef=(Ql*shs (B,n*pi/2) +Q2*shs (G,n*pi/2))
*2*m*pi
endif
elseif (side.eq.2) then
coef=Q1*B+Q2*G

elseif (side.eq.3) then
if (case.eq.l) then
coef=(Ql*shsc(B,n*pi/2,G)+Q2*chss (B,n*pi/2,G))
*Z*ln*pi* (-1) *tm
elseif (case.eq.2) then
coef=(Ql*shs (B,n*pi/2)+Q2*ss (G,n*pi/2))
*Z*m*pi* (_1) #dm
else
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coef=(Ql*shs (B,n*pi/2)+Q2*shs (G,n*pi/2))
*2+m*pi* (-1)**m
endif
else
if (case.eq.l) then
coef=(Ql* (B**2~G**2~v* (m*pi*phi) **2) +2*Q2*B*G)
*dsinh(B) *dcos (G)
+(Q2* (B**2-G**2-v* (m*pi*phi) **2) -2*Q1*B*G)
*dcosh(B) *dsin (G)
elseif (case.eq.2) then
coef=(B**2-v* (m*pi*phi) **2)*Ql*dsinh (B)
N = (G**2+v* (m*pi*phi) **2) *Q2*dsin (G)
else
coef=(B**2-v* (m*pi*phi) **2) *Q1*dsinh (B)
+(G**2-v* (m*pi*phi) **2) *Q2*dsinh (G)
endif
endif
return
end

subroutine SSWR(phi,v,Px,L2,m,n,side, coef)

double precision phi,v,Px,L2,pi,di,del,B,G,Q1,02,coef
implicit double precision (c,s)

integer m,n,case,side

[2XeNe Ky

General Solution
W = Y(x) sin(n pi y / 2), where n=l1,3,5,...

pi=4*datan(1.0d0)

di=(n*pi/2)**2-Px/2

del=(n*pi/2) **4-L2**2+*phi*+*4

if (del.eq.0) then
write(6,*) 'Parameter singularity: del = 0 in SSWR.'
stop

endif

if (di**2.eq.del) then
write(6,*) 'Parameter singularity: di**2 - del = 0 in SSWR.'
stop

endif

if (di**2.1lt.del) then

ana0n

Case 1 solution
Y = Q1 sinh(B x) cos(G x) + Q2 cosh(B x) sin(G x)

2
2

case=l

B=dsqrt ( (dsqrt(del)+di)/2)/phi
G=dsqrt ( (dsqrt(del)-di)/2)/phi
Ql=dcosh (B) *dsin (G)

/ (2*B*G* (dcos (G) **2~-dcosh (B} **2))
Q2=~dsinh (B) *dcos (G)

/ (2*B*G* (dcos (G) **2-dcosh (B) **2))

elseif (del.lt.0) then
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Case 2 solution
Y = Ql sinh(B x) + Q2 sin(G x)

case=2

B=dsqrt (dsqrt (di**2-del) +di) /phi

G=dsqrt (dsqrt (di**2-del)-di) /phi

Ql=((B**2+G**2) *dsinh(B) ) ** (-1)

Q2==( (B**2+G**2) *dsin(G) ) **(-1)
elseif (di.gt.0) then
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Case 3 solution
Y = Q1 sinh(B x) + Q2 sinh(G x)

case=3

B=dsqrt (di+dsqrt (di**2-del))/phi

G=dsqrt (di-dsqrt (di**2-del))/phi

Ql=((B**2~-G**2) *dsinh(B) ) **(-1)
1Q2=-((B**Z-G’*Z)*dsinh(G))**(-1)
else

anan

Case 4 solution
Y = Q1 sin(B x) + Q2 sin(G x)

case=4

B=dsqrt (-di+dsqrt (di**2-del))/phi

G=dsqrt (-di-dsqrt (di**2-del))/phi

Ql=( (G**2-B**2) *dsin (B) ) **(-1)

Q2=-( (G**2-B**2) *dsin (G) ) ** (-1)
endif

ancaoaoaan

Index

xi =0 a.k.a. side =1

eta = 0 a.k.a. side = 2
xi =1 a.k.a. side = 3

eta = 1 a.k.a. side = 4

2
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if (side.eq.l) then
coef=Q1l*B+Q2*G

elseif (side.eq.2) then
if (case.eq.l) then

coef=n*pi* (Ql*shsc(B,m*pi,G)+Q2*chss (B,m*pi,G))

elseif (case.eq.2) then

coef=n*pi* (Ql*shs (B, m*pi)+Q2*ss (G, m*pi))

elseif (case.eq.3) then

coef=n*pi* (Ql*shs (B, m*pi)+Q2*shs (G, m*pi))

else

coef=n*pi*(Ql*ss (B, m*pi)+Q2*ss (G,m*pi))

endif
elseif (side.eq.3) then
if (case.eq.l) then

coef=(Q2*B-Q1*G) *dsinh (B) *dsin (G)
+(Q1*B+Q2*G) *dcosh (B) *dcos (G)

elseif (case.eq.2) then
coef=Ql1*B*dcosh (B) +Q2*G*dcos (G)

elseif (case.eq.3) then
coef=Q1*B*dcosh (B) +Q2*G*dcosh (G)

else
coef=Ql1*B*dcos (B) +Q2*G*dcos (G)

endif

else
if (case.eq.l) then

coef=((Ql* (v*phi**2* (B**2-G**2) - (n*pi/2) **2) +2*v*phi**2+*Q2*B*G)

*shsc (B, m*pi,G)

+(Q2% (V*phi**2# (B**2-G**2) - (n*pi/2) **2) -2*v*phi**2*Q1*B*G)
*chss (B,m*pi,G) ) *2* (~1) **( (n-1) /2)

elseif (case.eq.2) then

coef=((v*(B*phi)**2-(n*pi/2)**2) *Ql*shs (B, m*pi)
=(v* (G*phi) **2+(n*pi/2) **2) *Q2*3s (G, m*pi) ) *2* (-1) ** ((n-1) /2)

elseif (case.eq.3) then

coef=((v* (B*phi) **2-(n*pi/2) **2) *Ql*shs (B, m*pi)
+(v* (G*phi) **2- (n*pi/2) **2) *Q2*shs (G, m*pi) ) *2* (=1) ** ((n-1) /2)

else
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coef=((v* (B*phi) **2+(n*pi/2) **2) *Ql*ss (B, m*pi)
+(v*(G*phi) **2+(n*pi/2) **2) *Q2*ss (G, m*pi) ) *2* (~1) ** ( (n+1) /2)

endif
endif
return
end

subroutine SWSR(phi,v,Px,L2,m,n,side,coef)
double precision phi,v,Px,L2,pi,di,del,B,G,Q1,02,coef

implicit double precision (c,s)
integer m,n,case,side

General Solution
W= Y(l-y) sin(m pi x), where m=1,2,3,

aaaan

pi=4*datan(1.0d0)

di=(m*pi)**2

del=(m*pi) **4~L2**2-Px* (m*pi/phi) **2

if (del.eq.0) then
write(6,*) ‘'Parameter singularity:
stop

endif

if (di**2.eq.del) then
write(6,*) ‘'Parameter singularity:
stop

endif

if (di**2.1t.del) then

del = 0 in SWSR.'

di**2 - del = 0 in SWSR.'

QaOan

Case 1 solution

Y = Q1 sinh(B (1-y)) sin(G (l-y)) + Q2 cosh(B (l-y)) cos(G (1-y))

2
2

case=1
B=dsqrt((dsqrt(del)+di)/2) *phi
G=dsqrt ( (dsqrt (del)-di)/2) *phi
Ql=dcosh (B) *dcos (G)

/ (2*B*G* (dsinh (B) **2+dcos (G) **2) )
Q2=~-dsinh (B) *dsin (G)

/ (2*B*G* (dsinh (B) **2+dcos (G) **2) )

elseif (del.lt.0) then

aoan

Case 2 solution
Y = Q1 cosh(B (1-y)) + Q2 cos(G (1l-y))

case=2

B=dsqrt (dsqrt (di**2-del) +di) *phi

G=dsqrt (dsqrt (di**2-del)-di) *phi

Ql=((B**2+G**2) *dcosh (B) ) **(-1)

Q2=-((B**2+G**2) *dcos (G) ) **(~1)
else

oO0n0

Case 3 solution

Y = Q1 cosh(B (1-y)) + Q2 cosh(G (1-y))

case=3

B=dsqrt (di+dsqrt(di**2-del))*phi

G=dsqrt (di-dsqrt (di**2~del)) *phi

Ql=( (B**2~-G**2) *dcosh (B) ) ** (~1)

Q2=~( (B**2-G**2) *dcosh (G) ) ** (-1)
endif

eNeNel

Index for side
x=0 a.k.a. side=1l
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y=0 a.k.a. side=2
x=1 a.k.a. side=3
y=1 a.k.a. side=4

if (side.eq.l) then
if (case.eq.l) then
coef=2*m*pi* (Ql*shmsms (B, G, n*pi/2) +Q2*chmcms (B, G,n*pi/2) )
elseif (case.eq.2) then
lcoeftz*m?pi*(ql*chms(B,n*pi/Z)+Q2*cms(G,n*pi/2))
else
co§f=2*mfpi*(Ql*chms(B,n*pi/Z)+QZ*chms(G,n*pi/2))
endi
elseif (side.eq.2) then
if (case.eq.l) then
coef=-(Q1*G+Q2*B) *dsinh (B) *dcos (G)
2 = (Q1*B-Q2*G) *dcosh (B) *dsin(G)
elseif (case.eq.2) then
coef=-Q1*B*dsinh (B)+Q2*G*dsin (G)
else
coef=-Q1*B*dsinh (B)~Q2*G*dsinh (G)
endif )
elseif (side.eq.3) then
if (case.eq.l) then
coef=(Ql*shmsms (B,G,n*pi/2) +Q2*chmecms (B,G,n*pi/2))
2 tz*m*pi* (-1) ttm
elseif (case.eq.2) then
coef=2*m*pi* (-1)**m* (Ql*chms (B,n*pi/2)+Q2*cms (G,n*pi/2))
else
coef=2*m*pi* (-1)**m* (Ql*chms (B,n*pi/2)+Q2*chms (G, n*pi/2))
endif
else
if (case.eq.l) then
coef=Q1*2*B*G+Q2* (B**2~G**2-v* (m*pi*phi) **2)
elseif (case.eq.2) then
coef=Ql*(B**Z-v*(mﬁpi*phi)**Z)-QZ*(G**2+v*(mfpi*phi)**2)
else
coef=Q1* (B**2-v* (m*pi*phi) **2) +Q2* (G**2-v* (m*pi*phi) **2)
endif
endif
return
end

subroutine WSSR(phi,v,Px,L2,m,n,side, coef)

double precision phi,v,Px,L2,pi,di,del,B,G,Q1,Q2,coef
implicit double precision (c,s)

integer m,n, case,side

QaaQn

General Solution
W = Y(1-x) sin(n pi y / 2), where n=1,3,S5,...

pi=4*datan(1.0d0)

di=(n*pi/2) **2-px/2

del=(n*pi/2) **4-L2**2*phj*+4

if (del.eq.0) then
write(6,*) 'Parameter singularity: del = 0 in WSSR.'
stop

endif

if (di**2.eq.del) then
write(6,*) 'Parameter singularity: di**2 - del = 0 in WSSR.'
stop

endif

if (di**2.1t.del) then
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Case 1 solution

Y=MsmMBuﬂHcu&(kﬂ)+&cu“8umnsmm(bm)

2
2

case=]l
B=dsqrt ( (dsqrt(del)+di)/2)/phi
G=dsqrt( (dsqrt(del)-di)/2)/phi
Ql=dcosh(B) *dsin (G)
/ (2*B*G* (dcos (G) **2-dcosh (B) **2) )
Q2=~-dsinh (B) *dcos (G)
/(Z*B*G*(dcoa(G)**Z-dcosh(B)**2))
elseif (del.lt.0) then
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Case 2 solution
Y = Ql sinh(B (1-x)) + Q2 sin(G (1-x))

case=2

B=dsqrt (dsqrt (di**2-del)+di) /phi

G=dsqrt (dsqrt(di**2-del)-di) /phi

Ql=((B**2+G**2) *dsinh(B) ) **(-1)

Q2=~( (B**2+G**2) *dsin(G)) ** (~1)
elseif (di.gt.0) then

Qaoan

Case 3 solution
Y = Q1 sinh(B (1-x)) + Q2 sinh(G (1l-x))

case=3

B=dsqrt (di+dsqrt (di**2-del)) /phi

G=dsqrt (di~dsqrt (di**2-del)) /phi

Ql=( (B**2-G**2)*dsinh(B) ) **(-1)

Q2=~( (B**2-G**2) *dsinh(G) ) ** (-1)
else

Case 4 solution
Y = Q1 sin(B (1-x)) + Q2 sin(G (1-x))

anaa

case=4

B=dsqrt (-di+dsqrt (di**2-del) ) /phi

G=dsqrt(~di-dsqrt (di**2-del) ) /phi

Ql=((G**2-B**2) *dsin(B) ) **(-1)

Q2==( (G**2-B**2) *dsin(G) ) ** (~1)
endif

Qa0

Index

xi =0 a.k.a. side =1
eta = 0 a.k.a. side = 2
¥x1 =1 a.k.a. side = 3
eta = 1 a.k.a. side = 4

if (side.eq.l) then
if (case.eq.l) then
coef=-(Q2*B-Q1*G) *dsinh (B) *dsin(G)
= {Q1*B+Q2*G) *dcosh (B) *dcos (G)
elseif (case.eq.2) then
coef=-Q1*B*dcosh (B) ~Q2*G*dcos (G)
elseif (case.eq.3) then
coef=-Ql*B*dcosh (B)-Q2*G*dcosh (G)
else
coef=-Q1*B*dcos (B) ~Q2*G*dcos (G)
endif
elseif (side.eq.2) then
if (case.eq.l) then
coef=n*pi* (Ql*shmecms (B,G, m*pi) +Q2*chmsms (B, G, m*pi))
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elseif (case.eq.2) then
coef=n*pi* (Ql*shms (B, m*pi)+Q2*sms (G, m*pi) )
elseif (case.eq.3) then
lcoefxn*pi*(Ql*shmB(B,mﬁpi)+QZ*shms(G,mﬁpi))
else
coef=n*pi* (Ql*sms (B, m*pi) +Q2*sms (G, m*pi))
endif
elseif (side.eq.3) then
coef=-Q1*B-Q2*G
else
if (case.eq.l) then
coef=( (Q1l* (v*phi**2* (B**2-G**2) - (n*pi/2) **2) +2*v*phi**2+Q2*B*G)
*shmems (B, G, m*pi)
+(Q2* (v*phi**2* (B**2-G**2) - (n*pi/2) **2) ~2*v*phi**2*Q1*B*G)
*chmsms (B, G, m*pi) ) *2* (=1) **( (n-1) /2)
elseif (case.eq.2) then .
coef=((v* (B*phi)**2-(n*pi/2)**2)*Ql*shms (B, m*pi)
=(v*(G*phi) **2+(n*pi/2) **2) *Q2*sms (G, m*pi) ) *2* (=1) ** ( (n-1) /2)
elseif (case.eq.3) then
coef=((v*(B*phi) **2-(n*pi/2)**2)*Ql*shms (B, m*pi)
+(v* (G*phi) **2- (n*pi/2) **2) *Q2*shms (G, m*pi) ) *2* (-1) ** ((n~-1) /2)
else
coef=( (v* (B*phi) **2+(n*pi/2)**2) *Ql*sms (B, m*pi)
+(¥*(G*phi)**2+(n*pi/2)**2)*QZ*sms(G,mﬁpi))*2*(-1)**((n+1)/2)
endi
endif
return
end

subroutine SRSV(phi,v,Px,L2,m,n,side, coef)

double precision phi,v,Px,L2,pi,vp,di,del,B,G,Q1,Q2, coef
implicit double precision (c,s)

integer m,n, case, side
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General Solution
W = Y(y) sin{(m pi x), where m=1,2,3,...

pi=4*datan(1.0d0)

vp=(2-v)* (m*pi*phi) *+*2

di=(m*pi) **2

del=(m*pi) **4-L2**2-Px* (m*pi/phi) **2

if (del.eq.0) then
write(6,*) 'Parameter singularity: del = 0 in SRSV.'
stop

endif

if (di**2.eq.del) then
write(6,*) ‘'Parameter singularity: di**2 - del = 0 in SRSV.'
stop

endif

if (di**2.lt.del) then

anan

Case 1 solution
Y = Q1 sinh(B y) sin(G y) + Q2 cosh(B y) cos(G y)

2

case=l
B=dsqrt ( (dsqrt(del) +di) /2) *phi
G=dsqrt( (dsqrt(del)-di) /2) *phi
Ql=(B* (B**2-3*G**2~vp) *dsinh (B) *dcos (G)
+G* (G**2-3*B**2+vp) *dcosh(B) *dsin(G))
/ (=2*B*G* (B**2+G**2) * (dsinh (B) **2+dsin (G) **2))
Q2=(G* (G**2-3*B**2+vp) *dsinh (B) *dcos (G)
=B* (B**2-3*G**2-yp) *dcosh (B) *dsin (G) )
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/ (=2*B*G* (B**2+G**2) * (dsinh (B) **2+dsin (G) **2)}
elseif (del.lt.0) then
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Case 2 solution
Y = Ql cosh(B y) + Q2 cos(G y)

case=2

B=dsqrt (dsqrt (di**2-del)+di) *phi

G=dsqrt (dsqrt (di**2-del)-di) *phi

Ql=(G**2+vp)/ (B* (B**2+G**2) *dsinh (B))

Q2=-(B**2-vp)/ (G* (B**2+G**2) *dsin (G))
else

Case 3 solution
Y = Q1 cosh(B y) + Q2 cosh(G y)

Qa0

case=3

B=dsqrt (di+dsqrt (di**2-del) ) *phi

G=dsqrt (di-dsqrt (di**2-del) ) *phi

Ql=-(G**2-vp) / (B* (B**2-G**2) *dsinh(B))

Q2=(B**2~-vp) / (G* (B**2-G**2) *dsinh (G) )
endif

anaoaoann

Index for side

%=0 a.k.a. side=l
y=0 a.k.a. side=2
x=1 a.k.a. side=3
y=1 a.k.a. side=4

if (side.eq.l) then
if (case.eq.l) then
if (n.eq.0) then
coef=(Ql*shs (B, G) +Q2*chc(B,G) ) *m*pi
else
coef=(Ql*shsc(B,G,n*pi)+Q2*chcc(B,G,n*pi) ) *2*m*pi
endif
elseif (case.eq.2) then
if (n.eq.0) then
coef=(Ql*ch(B)+Q2*c(G) ) *m*pi
else
coef=(Ql*chc(B,n*pi) +Q2*cc(G,n*pi)) *2*m*pi
endif
else
if (n.eq.0) then
coef=(Ql*ch(B)+Q2*ch (G) ) *m*pi
else
coef=(Ql*chc(B,n*pi)+Q2*chc(G,n*pi) ) *2*m*pi
endif
endif
elseif (side.eq.2) then
if (case.eq.l) then
coef=Q1*2*B*G+Q2* (B**2-G**2-v* (m*pi*phi) **2)
elseif (case.eq.2) then

coef=Ql* (B**2-v* (m*pi*phi) **2)-0Q2* (G**2+v* (m*pi*phi) **2)

else

coef=Ql* (B**2-v* (m*pi*phi) **2) +Q2* (G**2-v* (m*pi*phi) **2)

endif
elseif (side.eq.3) then
if (case.eq.l) then
if (n.eq.0) then
coef=(Ql*shs (B,G)+Q2*chc(B,G) ) *m*pi* (-1) **m
else

coef=(Ql*shsc(B,G,n*pi)+Q2*chcc(B,G,n*pi))*Z*m?pi*(-l)**m
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endif
elseif (case.eq.2) then
if (n.eq.0) then
lcoef=(Ql*ch(B)+QZ*c(G))*m.*pi*(-l)**m
else
coef=(Ql*chc(B,n*pi)+Q2*cc(G,n*pi)) *2*m*pi* (-1) **m
endif
else
if (n.eq.0) then
coef=(Ql*ch(B)+Q2*ch(G) ) *m*pi* (-1) **m
else
coef=(Ql*chc(B,n*pi)+Q2*chc(G,n*pi)) *2*m*pi* (-1)**m
endif
endif
else
if (case.eq.l) then
coef=(Ql* (B**2-G**2-v* (m*pi*phi) **2)-Q2+*2*B+*G) *dsinh (B) *dsin (G)
+(Q1*2*B*G+Q2* (B**2-G**2-v* (m*pi*phi) **2) ) *dcosh (B) *dcos (G)
elseif (case.eq.2) then
coef=Ql* (B**2-v* (m*pi*phi) **2) *dcosh (B)
=Q2* (G**2+v* (m*pi*phi) **2) *dcos (G)
else
coef=Ql* (B**2-v* (m*pi*phi) **2) *dcosh (B)
+Q2* (G**2-v* (m*pi*phi) **2) *dcosh (G)
endif
endif
return
end

subroutine SRWR(phi,v,Px,L2,m,n,side,coef)

double precision phi,v,Px,L2,pi,di,del,B,G,Q1,02, coef
implicit double precision (c,s)

integer m,n,case, side

General Solution
W = Y(x) cos(n pi y), where n=0,1,2,...

QOO0

pi=4*datan(1l.0d0)

di=(n*pi)**2-Px/2

del=(n*pi) **4~-L2**2*phi*+*4

if (del.eq.0) then
write(6,*) 'Parameter singularity: del = 0 in SRWR.'
stop

endif

if (di**2.eq.del) then
write(6,*) 'Parameter singularity: di**2 - del = 0 in SRWR.'
stop

endif

if (di**2.1t.del) then

Case 1 solution
Y = Q1 sinh(B x) cos(G x) + Q2 cosh(B x) sin(G x)

2
2

case=]
B=dsqrt ( (dsqrt(del)+di)/2)/phi
G=dsqrt ( (dsqrt(del)~-di)/2)/phi
Ql=dcosh(B) *dsin (G)

/ (2*B*G* (dcos (G) **2~dcosh (B) **2))
Q2=-dsinh (B) *dcos (G)

/ (2*B*G* (dcos (G) **2-dcosh (B) **2) )

elseif (del.lt.0) then




QaQn

Case 2 solution
Y = Ql sinh(B x) + Q2 sin(G x)

case=2

B=dsqrt (dsqrt (di**2-del) +di) /phi

G=dsqrt (dsqrt (di**2-del)-di) /phi

Ql=((B**2+G**2) *dsinh(B) ) ** (~1)

Q2=~( (B**2+G**2) *dsin (G) ) ** (~1)
elseif (di.gt.0) then

Case 3 solution
Y = Q1 sinh(B x) + Q2 sinh(G x)

anaQn

case=3

B=dsqrt (di+dsqrt(di**2-del)) /phi

G=dsqrt (di-dsqrt (di**2-del)) /phi

Ql=((B**2-G**2) *dsinh (B) ) ** (~1)

Q2=-((B**2-G**2) *dsinh (G) ) ** (-1)
else

anNaan

Case 4 solution
Y = Q1 sin(B x) + Q2 sin(G x)

case=4

B=dsqrt (-di+dsqrt(di**2-del)) /phi

G=dsqrt (-di-dsqrt(di**2-del)) /phi

Ql=((G**2-B**2) *dsin(B) ) ** (~-1)

Q2=-( (G**2~-B**2) *dsin (G) ) ** (-1)
endif

Index

xi = 0 a.k.a. side = 1
eta = 0 a.k.a. side = 2
xi = 1 a.k.a. side = 3
eta = 1 a.k.a. side = 4

aoaanaaa
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if (side.eq.l) then
coef=Q1*B+Q2*G
elseif (side.eq.2) then
if (case.eq.l) then
coef=((Ql*(B*’Z-G**Z-(n*pi/phi)**2/v)+2*Q2*B*G)*shsc(B,mﬁpi,G)
+(Q2* (B**2-G**2~ (n*pi/phi) **2/v) ~2*Q1*B*G) *chss (B, m*pi, G) )
*2*v*phi**2
elseif (case.eq.2) then
coef=2*Ql* (v* (B*phi) **2- (n*pi) **2) *shs (B, m*pi)
-2+Q2* (v* (G*phi) **2+(n*pi) **2) *ss (G, m*pi)
elseif (case.eq.3) then
coef=2*Ql* (v* (B*phi)**2~(n*pi) **2) *shs (B, m*pi)
+2*Q2* (v* (G*phi) **2-(n*pi) **2) *shs (G, m*pi)
else
coef=-2*Ql* (v* (B*phi) **2+(n*pi) **2) *ss (B, m*pi)
=2*Q2* (v* (G*phi) **2+(n*pi) **2) *ss (G, m*pi)
endif
elseif (side.eq.3) then
if (case.eq.l) then
coef=(Q2*B-Q1*G) *dsinh (B) *dsin (G)
+(Q1*B+Q2*G) *dcosh (B) *dcos (G)
elseif (case.eq.2) then
coef=Q1*B*dcosh (B) +Q2*G*dcos (G)
elseif (case.eq.3) then
coef=01*B*dcosh (B) +Q2*G*dcosh (G)
else
coef=Q1*B*dcos (B} +Q2*G*dcos (G)

A77



endif
else
if (case.eq.l) then

coef=((Ql*(B**Z-G**Z-(n*pi/phi)**2/v)+2*QZ*B*G)*shsc(B,mﬁpi,G)
2 +(Q2*(B**Z-G**Z—(n*pi/phi)**Zlv)-Z*Ql*B*G)*chss(B,mﬁpi,G))

3 *vaiphittzt (-1) **n
elseif (case.eq.2) then
coefé(Z*Ql*(v*(B*phi)**2-(n*pi)**2)*shs(B,mﬁpi)
2 =2*Q2* (v* (G*phi) **2+(n*pi) **2) *ss (G, m*pi) ) * (~1) **n
elseif (case.eq.3) then
coefs(Z*Ql*(v*(B*phi)**2-(n*pi)**2)*shs(B,mﬁpi)

2 1 +2*Q2* (v* (G*phi) **2-(n*pi) **2) *shs (G, m*pi) ) * (~1) **n

else
coef=(-2*Ql* (v* (B*phi) **2+(n*pi) **2) *ss (B, m*pi)

2 =2*Q2* (v* (G*phi) **2+(n*pi) **2) *ss (G, m*pi) ) *(~1) **n
endif

endif

return
end

subroutine SVSR(phi,v,Px,L2,m,n,side, coef)

double precision phi,v,Px,L2,pi,vp,di,del,B,G,Q1,02, coef
implicit double precision (c,s)

integer m,n, case,side

eNeXeKe

General Solution
W= Y(y) sin(m pi x), where m=1,2,3,...

pi=4*datan(1.0d0)

vp=(2-v) * (m*pi*phi) *+*2

di=(m*pi)**2

del=(mﬁpi)**4-L2**2-Px*(mﬁpi/pbi)**2

if (del.eq.0) then
write(6,*) 'Parameter singularity: del = 0 in SVSR.'
stop

endif

if (di**2.eq.del) then

write(6,*) ‘'Parameter singularity: di**2 - del = 0 in SVSR.'

stop
endif
if (di**2.1t.del) then

Case 1 solution
Y = Q1 sinh(B(1-y}) sin(G(1l-y)) + Q2 cosh(B(1l-y)) cos (G(l-y))

QOO0

case=1
B=dsqrt( (dsqrt(del)+di)/2)*phi
G=dsqrt ( (dsqrt(del)-di)/2) *phi
Ql=(B* (B**2-3*G**2-vp) *dsinh (B) *dcos (G)
2 +G* (G**2~-3*B**2+vp) *dcosh (B) *dsin (G) )
3 /(—2*B*G* (B**2+G**2)* (dsinh (B) **2+dsin (G) **2))
Q2=(G* (G**2-3*B**2+vp) *dsinh (B) *dcos (G)
2 =B*(B**2-3*G**2-vp) *dcosh (B) *dsin (G) )
3 /(=2*B*G* (B**2+G**2) * (dsinh (B) **2+dsin (G) **2))
elseif (del.lt.0) then

angaan

Case 2 solution
Y = Q1 cosh(B(1l-y)) + Q2 cos(G(1-y))

case=2
B=dsqrt (dsqrt (di**2~del)+di) *phi
G=dsqrt (dsqrt (di**2-del)-di) *phi
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Ql=(G**2+vp)/ (B* (B**2+G**2) *dsinh (B))
Q2=-(B**2-vp) / (G* (B**2+G**2) *dsin (G))
else

2 NeXeXg]

Case 3 solution
Y = Q1 cosh(B(l-y)) + Q2 cosh(G(1l-y))

case=3

B=dsqrt (di+dsqrt (di**2-del) ) *phi

G=dsqrt (di-dsqrt (di**2-del) ) *phi

Ql=~(G**2-vp)/ (B* (B**2-G**2) *dsinh (B))

QZ;(B**Z-vp)/(G*(B**Z-G**Z)*dsinh(s))
endi

oo NeNeNeNeNe!

Index for side

x=0 a.k.a. side=1
y=0 a.k.a. side=2
x=1 a.k.a. side=3
y=1 a.k.a. side=4

if (side.eq.l) then
if (case.eq.l) then
if (n.eq.0) then
lcoefs(Ql*shmsm(B,G)+Q2*chmcm(B,G))*mﬁpi
else
coef=(Ql*shmsmc(B,G,n*pi)+Q2*chmcmc(B,G,n*pi))*Z*mfpi
endif
elseif (case.eq.2) then
if (n.eq.0) then
coef=(Ql*chm(B) +Q2*cm(G) ) *m*pi
else
coef=(Ql*chmc(B,n*pi)+Q2*cmc (G, n*pi) ) *2*m*pi
endif
else
if (n.eq.0) then
lcoef=(Q1*chm.(B)+Q2*chm(G))*m,*pi
else
coef=(Ql*chmc (B, n*pi) +Q2*chmc (G, n*pi) ) *2*m*pi
endif
endif
elseif (side.eq.2) then
if (case.eq.l) then
coef=(Q1*(B**Z-G**Z-v*(mﬁpi*phi)**Z)-QZ*Z*B*G)*dsinh(B)*dsin(G)
2 +(Q1*2*B*G+QZ*(B**Z-G**Z-v*(m?pi*phi)*'Z))*dcosh(B)*dcos(G)
elseif (case.eq.2) then
coef=Q1* (B**2-v* (m*pi*phi) **2) *dcosh (B)
2 =Q2* (G**2+v* (m*pi*phi) **2) *dcos (G)
else
coef=Ql* (B**2-v* (m*pi*phi) **2) *dcosh (B)
2 +Q2* (G**2~-v* (m*pi*phi) **2) *dcosh (G)
endif
elseif (side.eq.3) then
if (case.eq.l) then
if (n.eq.0) then
coefS(Ql*shmsm(B,G)+Q2*chmcmiB,G))*mﬁpi*(-l)**m
else

coef=(Ql*shmsmc(B,G,n*pi)+Q2*chmcmc(B,G,n*pi))*Z*mﬁpi*(-l)**m

endif
elseif (case.eq.2) then
if (n.eq.0) then
coef=(Ql*chm(B)+Q2*cm(G) ) *m*pi* (~1) **m
else
coef=(Q1*chmc(B,n*pi)+QZ*cmc(G,n*pi))*Z*mﬁpi*(-l)**m
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endif
else
if (n.eq.0) then
lcoeft(Ql*chm(B) +Q2*chm(G) ) *m*pi* (~1) **m
else
coef=(Ql*chmc (B,n*pi) +Q2*chmc (G, n*pi) ) *2*m*pi* (~1) **m
endif
endif
else
if (case.eq.l) then
coef=Q]*2*B*G+Q2* (B**2-G**2-v* (m*pi*phi) **2)
elseif (case.eq.2) then
coef=Ql* (B**2-v* (m*pi*phi) **2)-Q2* (G**2+v* (m*pi*phi) **2)
else
coef=Q1* (B**2-v* (m*pi*phi) **2) +Q2* (G**2-v* (m*pi*phi) **2)
endif
endif
return
end

subroutine WRSR(phi,v,Px,L2,m,n, side, coef)

double precision phi,v,Px,L2,pi,di,del,B,G,0Q1,02,coef
implicit double precision (c,s)

integer m,n, case,side

General Solution
W = Y(x) cos(n pi y), where n=0,1,2,...

pi=4*datan(1l.0d0)

di=(n*pi)**2~px/2

del=(n*pi)**4-L2**2*phi**4

if (del.eq.0) then
write(6,*) 'Parameter singularity: del = 0 in WRSR.'
stop

endif

if (di**2.eq.del) then

write(6,*) 'Parameter singularity: di**2 - del = 0 in WRSR.'

stop
endif
if (di**2.1t.del) then

aQaaaQ
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Case 1 solution

Y = Q1 sinh(B (1-x)) cos(G (1-x)) + Q2 cosh(B (1-x)) sin(G (1-x))

case=]
B=dsqrt( (dsqrt(del)+di)/2) /phi
G=dsqrt((dsqrt(del)~-di)/2) /phi
Ql=dcosh(B) *dsin (G)

2 / (2*B*G* (dcos (G) **2-dcosh (B) **2) )
Q2=-dsinh (B) *dcos (G)

2 / (2*B*G* (dcos (G) **2-dcosh (B) **2) )

elseif (del.lt.0) then

Case 2 solution
Y = Q1 sinh(B (1-x)) + Q2 sin(G (1-x))

case=2

B=dsqrt (dsqrt(di**2-del)+di) /phi

G=dsqrt (dsqrt(di**2-del)-di)/phi

Ql=( (B**2+G**2) *dsinh(B) ) ** (-1)

Q2=-( (B**2+G**2) *dsin(G) ) ** (~1)
elseif (di.gt.0) then
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Case 3 solution

Y = Q1 sinh(B (1-x)) + Q2 sinh(G (1-x))

case=3

B=dsqrt (di+dsqrt (di**2-del) ) /phi

G=dsqrt (di-dsqrt(di**2-del))/phi

Ql=((B**2-G**2) *dsinh(B) ) ** (-1)

Q2=~( (B**2~G**2) *dsinh (G) ) ** (~1)
else

Case 4 solution
Y = Q1 sin(B (1-x)) + Q2 sin(G (1=-x))

aQaaaan

case={

B=dsqrt (-di+dsqrt (di**2-del)) /phi

G=dsqrt (~di-dsqrt (di**2-del)) /phi

Ql=((G**2-B**2) *dsin (B) ) ** (~1)

Q2=-( (G**2-B**2)*dsin (G) ) ** (~1)
endif

Qoo

Index

xi = 0 a.k.a. side =1
eta = 0 a.k.a. side = 2
xi1 =1 a.k.a. side = 3
eta =1 a.k.a. side = ¢4

if (side.eq.l) then
if (case.eq.l) then
coef=(Q2*B-Q1*G) *dsinh (B) *dsin (G)
2 +(Q1*B+Q2*G) *dcosh (B) *dcos (G)
elseif (case.eq.2) then
coef=Q1*B*dcosh (B) +Q2*G*dcos (G)
elseif (case.eq.3) then
coef=Q1*B*dcosh (B) +Q2*G*dcosh (G)
else
coef=Q1*B*dcos (B) +Q2*G*dcos (G)
endif
coef=-coef
elseif (side.eq.2) then
if (case.eq.l) then

coef=((Ql*(B**Z-G**Z-(n*pi/phi)**Z/V)+2*Q2*B*G)*shmcms(B,G,mﬁpi)
2 +(QZ*(B**Z-G**Z-(n*pi/phi)**2/v)-2*Ql*B*G)*chm=ms(B,G,mﬁpi))
3 *2+y*phi*+2

elseif (case.eq.2) then

coef=2*Q1*(v*(B*phi)*'Z-(n*pi)**2)*shms(B,m?pi)
2 -Z*QZ*(v*(G*phi)**2+(n*pi)**2)*sms(G,m?pi)

elseif (case.eq.3) then

coef=2*Q1*(v*(B*phi)**Z-(n*pi)**2)*shms(B,m?pi)

2 +2*Q2* (v* (G*phi) **2- (n*pi) **2) *shms (G, m*pi)

else :
coef=-2*Ql*(v*(B*phi)**2+(n*pi)**2)*sms(B,mﬁpi)

2 -Z*QZ*(V*(G*phi)‘*2+(n*pi)**2)*sms(G,mﬁpi)
endif

elseif (side.eq.3) then
coef=Q1*B+Q2*G
coef=-coef

else

if (case.eq.l) then

coef=((Ql*(B**Z-G**Z-(n*pi/phi)**2/v)+2*Q2*B*G)*shmcms(B,G,m?pi)
2 +(QZ*(B**Z-G**Z-(n*pi/phi)**Z/V)-Z'QI*B*G)*chmsms(B,G,m?pi))

3 *2*y*phi**2*% (~1) **n
elseif (case.eq.2) then
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coef=(2*Q1* (v* (B*phi) **2-(n*pi) **2) *shms (B, m*pi)
2 -2*Q2* (v* (G*phi) **2+(n*pi) **2) *sms (G, m*pi) ) * (-1) **n
elseif (case.eq.3) then
coef=(2*Ql* (v*(B*phi)**2~(n*pi)**2)*shms (B, m*pi)
+2*Q2* (v* (G*phi) **2- (n*pi) **2) *shms (G, m*pi) ) * (~1) **n
else
coef=(-2*Ql* (v* (B*phi) **2+(n*pi) **2) *sms (B, m*pi)
=2%Q2* (v* (G*phi) **2+(n*pi) **2) *sms (G,m*pi) ) *(=1)**n
endif

endif
return
end





