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Chapter 1

Introduction

The research presented in this thesis is multidisciplinary: it is at the intersection of physics.
engineering and neurobiology. It uses concepts from nonlinear dynamics and control theory
to study a class of neural and optical circuits characterized by the intrinsic nonlinearity
of their components and by their interaction delays. Nonlinearity and delay underly the
different dynamical behaviors that these systems exhibit when some parameters are var-
ied, ranging from a stable fixed point, through simple and complex oscillations. to chaotic

oscillations.

It is natural to mode! these systems by nonlinear delay-differential equations (DDE'’s) in
which the time evolution depends not only on the present states but also on the states at a
given time in the past. Nonlinear DDE’s have been applied to problems in many scientific
disciplines. In optics for example, the Ikeda equation models the laser ring cavity [1]. In
physiology, the Mackey-Glass equation models white blood cell production [2]. In human
physiological control, DDE’s model the pupil light reflex (3], and recurrent inhibition or
excitation in the spinal cord and the hippocampus [4, 5]. The dynamics of electronic or

optical neural networks also can involve DDE's [6].

Delay-differential equations are infinite-dimensional dynamical systems. However, their

phase space attractors have a finite fractal dimension proportional to the delay [7]. These

1



systems combine properties of ordinary differential and difference equations. They can have
a large variety of self-oscillatory modes, exhibit bifurcation routes such as period-doubling
and can also exhibit multistability [8]. The latter, which arises from the combination of
nonlinearity and delay, is the coexistence of multiple attractors. This property is very difficult
to study analytically in DDE’s [9, 10]; it is also difficult to study numerically due to the
presence of long transients, and the difficulty of forcing the system to osciilate in prescribed
periodic or chaotic patterns through the choice of special initial conditions, which are in fact

“initial functions”.

This thesis is concerned with the study of dynamical invariants and multistability in
nonlinear DDE’s such as the Mackey-Glass or the Ikeda equations [1, 2]. In particular,
it focusses on special properties which are potentially important for practical applications:
storage and transmission of finite or infinite patterns or messages, using stable periodic orbits
or unstable periodic orbits stabilized by delayed feedback-based chaos-control techniques.
The storage property originates in the multistability that these systems exhibit when the
delay 7 in the feedback loop is much greater than the response time 7, of the system (i.e.
R = 7/1. >> 1), as first suggested by Ikeda and Matsumoto [8] and implemented on a
hybrid laser diode by Aida and Davis [11]. The message is encoded into the multistable

solutions obtained with special initial functions.

We have applied the idea of storage to physiologically-based models of neural recurrent
feedback, with either non-spiking neurons such as in the Mackey-an der Heiden model [5],
or with spiking neurons such as in the Plant model [4] based on the Fitzhugh-Nagumo
equations, or the Hodgkin-Huxley model [12, 13]. The information is stored into multistable
periodic patterns of voltage, and thus of spikes. Our approach offers a simple mechanism for
active short-term memory [14, 15, 16] based on the temporal patterns of firing in a simple
neural system rather than on the spatial properties of a neural network. A variety of different

patterns can be stored in these recurrent circuits depending on their initial conditions and



on the perturbations which they receive.

The memory storage strategy discussed above doesn’t work for multistable chaotic pat-
terns because of the exponential divergence of tra jectories. Any message stored in the initial
function will be lost after a few delays and will never be recovered. We have thus applied
the chaos-control technique proposed by Pyragas [17] to stabilize unstable periodic orbits
(UPQ’s) of the Mackey-Glass equation, and then store information in their waveforms. We
show that the chaotic regime yields a more versatile memory system than the periodic regime
because of the large number of UPO's that coexist with one or more attractors. We show
that a binary signal can be encoded directly into the initial function from which the con-
trolled DDE evolves. There are {® different initial functions or “messages” which can be
stored (one at a time), where ! represents the number of different “plateaus” in the con-
trolled UPO solution, and n is the number of plateaus in one delay. The storage capacity
is found to increase with the delay and is maximum when n reaches its maximum value,
corresponding to the multistable solution with the highest possible frequency. Further, the
number of possible multistable solutions that can be used for encoding finite messages is
found to be related to the unstable modes of the linearized system. Hence, the maximum

storage capacity can be estimated from the number of unstable modes.

The number of UPO’s that can be stabilized by Pyragas method [17] for storage purposes
is very limited. This is due to the fact that higher periodic orbits are very difficult to control.
It is important to realize that the systems considered here have two feedback terms: one is
due to the basic control involved in the normal operation of the system; the other contains
only one state in the past and serves to control the resulting dynamics of the basic control
system. We have also applied the extended control technique proposed by Socolar et al. [18],
which contains an infinite number of states at given times in the past, to control orbits with
higher periodicity, and to increase the storage capacity and the range of controllability of

orbits with lower periodicity. In this case, the system has one or many more extra feedback



terms which depend on other states further in the past.

At large delay, the controllability of UPQ’s is shown to be predictable by the Lyapunov
exponents and the dispersion (see Chap.6) of the map obtained by discretizing the time in
units of the delay in the singular limit of the DDE (R — o0). The form of the map provides
an improved method of controlling UPO’s in discrete systems such as the Logistic map, the
Mackey-Glass map, the Hénon map, and in neural networks such as the N agumo-Sato model

[19, 20].

In this thesis, we have also investigated the use of DDE’s as broadband carriers for secure
communication. The multistability and the high-dimensional chaos they exhibit when R
is large make them very useful for masking information. Besides, they are very easy to
implement experimentally. The message can, for example, be encoded onto a controlled
UPO, transmitted using a high-dimensional chaotic carrier from another similar DDE. and
then recovered at the receiver end using chaotic synchronization. This method of masking
information with a DDE carrier is certainly more efficient and more secure than with low-

dimensional systems (21, 22, 23].

Finally, many properties of DDE’s such as dynamical invariants, multistability, and con-
trollability can be studied using power spectra, linear stability analysis, and the map obtained
in the singular perturbation limit of the DDE. These numerical techniques are far simpler for
estimating dynamical invariants such as attractor dimension (D) and Lyapunov exponents
in comparison with usual methods (such as the correlation integral), especially when the
attractors are high-dimensional (e.g. D > 10). These are the kinds of attractor dynamics

that are useful for storage purposes.

When R is large (R > 5), a curious modulation, superimposed on an exponentially
decaying background, was observed by Farmer [7] in the power spectra of the Mackey-Glass

DDE. We found that the peaks of this modulation correspond to the modes of oscillations



predicted by linear stability analysis of the dynamics around the fixed point. Also, the
number of such modes below a characteristic frequency (the inverse of the autocorrelation
time of the feedback term) agrees with the Lyapunov dimension of the attractor. Further.
the inverse of the decay rate of the spectrum at mid-frequencies is found to agree with
the sum of the positive Lyapunov exponents, and is proportional to the sum of the real
parts of the unstable linear modes. Our results suggest that for this class of dynamical
systems, connections between spectral properties and dynamical invariants occur at mid-
frequencies, rather than in the asymptotic frequency range as suggested by Sigeti [24]. The
spectral properties of the continuous-time difference equation (CTDE) obtained when R goes
to infinity can also be used to explain many properties of the DDE such as multistability,
which is important for memory storage and pattern recognition, and controllability of orbits.
It can also explain the shape of the spectrum at low frequencies, and be used to estimate the
attractor dimension. The advantage of working with the CTDE is that it is easy to simulate
numerically and its spectrum can be calculated analytically once the spectrum of the map

is determined.
This thesis is organized as follows:

In Chapter 2, we present the necessary tools from nonlinear dynamic and bifurcation
theory that help us understand the work in this thesis. First, we give an overview on
dynamical systems, bifurcation theory, and the different transitions to chaos that occur in
DDE’s with an emphasis on the period-doubling cascade, which is our main interest here.
Finally, we introduce dynamical invariants such as Lyapunov exponents and dimensions to

characterize the chaotic attractors of DDE’s at large R values.

In Chapter 3, we study in more detail the properties of DDE’s such as stability of the
fixed point, multistability and the singular perturbation limit (R — o0). We also look at

the more realistic case of distributed delays and its limiting case of a single fixed delay.



In Chapter 4, we show that certain properties of DDE’s at large delay such as power
spectra and dynamical invariants can be studied using linear stability analysis and the one-
dimensional map obtained in the singular limit of the DDE (R — o0). Linear stability
analysis explains the oscillations in power spectra, which in turn are useful to estimate
attractor dimension. The unstable modes or the decay rate of power spectra in the mid-
to-high frequency range are used to estimate the metric entropy, which is related to the

Lyapunov exponents spectrum.

In Chapter 5, we show how multistability is used for storing memories in neural feedback
systems with recurrent inhibition and excitation. The storage strategy is explained using the
Mackey-Glass equation in the periodic regime. We show how recurrent inhibition circuits
with non-spiking neurons such as the Mackey-an der Heiden model and spiking neurons such

as the Plant model can store information in their patterns of voltages and of spikes.

In Chapter 6, we study the storage of information in the chaotic regime, using unstable
periodic orbits of the Mackey-Glass equation which are stabilized with a delayed-feedback
control technique [17]. The controlled solutions are found to be multistable to initial func-
tions, i.e. the space of initial functions is divided into subspaces, with initial functions in
one subspace leading to the same asymptotic motion. We also look at the relation between
the power spectrum and the linear stability analysis on one hand, and the dispersion on
the other hand in a set of two-nonlinear delay-differential equations used to model cortical

oscillations [25].

In Chapter 7, we discuss the controllability of discrete systems such as the Logistic map,
the Mackey-Glass map, and the Nagumo-Sato network, using a new control technique which
is obtained in the singular limit of the DDE (R — oc). We also show how the storage
capacity in DDE'’s is increased when combining our new method with the extended control

technique in (18], enabling us to control higher periodic orbits.



In Chapter 8, we show that multistability and high-dimensional chaos exhibited by DDE’s
can make them very useful for secure communication purposes. The context here is synchro-
nization of two delayed-feedback systems. When a message is masked or modulated with a
high-dimensional chaotic carrier, its probability of detection is very low compared to the low-
dimensional chaos case, especially when the message is encoded onto UPQO’s of the DDE. The
results on synchronization here are also relevant to understanding the dynamics of multi-loop

feedback systems with delays, such as those occuring in physiology [26].
In Chapter 9, we conclude the thesis and discuss open problems and future work.

Publication Notes

The following sections of this thesis have appeared or have been submitted for publication:

e Section 3.4 and Chapter 7 contain work under review in Phys. Rev. E (A. Longtin.

secend author).
o Chapter 4 has appeared in Physica D 1786, 1 ( 1997) (A. Longtin, second author).

e Chapter 5 contains the results from two publications: the first one has appeared in
IEEE 17** Ann. Intern. Conf. of the Engineering in Medecine and Biology Society
& 21° Canadian Medical and Biological Engineering Conference, Montreal, Canada
(Sept. 1995). The second one is joint work with J. Foss, A. Longtin, and J. Milton and
has appeared in Phys. Rev. Lett. 76, 708 (1996). In the latter, J. Foss and J. Milton
did computations for repetitively firing neurons while we did them for the excitable

neurons.
o Chapter 6 has appeared in Phys. Lett. A 205, 18 (1995) (A. Longtin, second author).

e The work in Chapter 8 is under review in Phys. Lett. A (A. Longtin, second author).



Chapter 2

Nonlinear dynamics

A wviolent order is disorder; and a great disorder is an order. These two things are one

(Wallace Stevens, “Connoisseur of chaos™).

2.1 Introduction

Nonlinear dynamic is a branch of mechanics that deals with instabilities in nonlinear systems.
In such systems, a small change in a parameter can lead to sudden and dramatic changes
in both the qualitative and quantitative behavior of the system. The solutions may exhibit
behaviors ranging from a globally stable fixed point, through stable limit cycle behavior.
to complex or irregular behavior. In recent years, the theory of nonlinear dynamics has
considerably improved our understanding of these changes and of this irregular behavior in
physical, chemical, biological, and other natural phenomena. It has allowed us to describe
and classify the complex behavior of nonlinear systems, and to see an order and universality
that underlies these complexities. In this Chapter we introduce the mathematical tools such
as linear stability analysis and bifurcation theory to describe the behavior of a nonlinear
dynamical system. We show how a fixed point or a limit cycle loses its stability when a

parameter of the system is changed. This stability of a fixed point or limit cycle is crucial



to understand the dynamics of the nonlinear system near that fixed point or limit cycle.

This Chapter is organized as follows: in Section 2.2 and 2.3, we give a description of
conservative and dissipative dynamical systems, and the Poincaré section technique used
to reduce the dimensionality of high-dimensional systems. In Section 2.4, we introduce
bifurcation theory and chaos observed in nonlinear systems. In Section 2.5, we present
the different transitions to chaos such as period-doubling, intermittency, crises and quasi-
periodicity. Section 2.6 characterizes motion on an attractor using dynamical invariants such

as the dimension and the Lyapunov exponents. The Chapter concludes in Section 2.7.

2.2 Dynamical systems

A dynamical system is a mathematical entity that describes the time-evolution of the state
of the system using differential or difference equations, depending whether the time is con-
tinuous or discrete. The system evolves in the phase space spanned by its state variables.
The path followed by the system in phase space is called an orbit or trajectory. If the time
Is continuous, then the evolution of paths starting from all initial conditions is called the
flow of the system. There are two types of dynamical systems: conservative systems or
Hamiltonian systems, for which a volume element in phase space is preserved when evolving
in time, and nonconservative or dissipative dynamical systems, for which a volume element

shrinks to zero as time increases. For continuous dynamical systems
dx/dt = f(x), (2.1)

the time-evolution of a volume element V in N-dimensional phase space is given by the

divergence theorem
dav
—= [ V-fd"z, 2.2
dt /v ’ 22)

where V - f = ©¥, 8fi(z™, .-, z(™) /82 is the divergence of f. If V- f = 0, then the

phase space volume is preserved and the system is conservative. However, if V - f < 0, then

9



there is contraction of the phase space volume and the system is dissipative. We will see in
Section 2.6.2 that this notion of dissipation can be related to the sum of Lyapunov exponents,
which are characteristic rates of contraction and expansion of the phase space motion. In
this study, we shall be mainly interested in dissipative systems, which are characterized
by the presence of attracting sets (for example points, curves, areas) in phase space called
attractors as shown in figure 2.1. The trajectories all converge to such subsets of phase space
as ¢ — oo. The geometric dimension of these attrators is in general less than that of the
original phase space. The set of initial conditions leading to those trajectories that approach

a given attractor is called the basin of attraction for that attractor.

In the case of discrete-time systems such as maps, defined in N-dimensional space by
Xn+1 = F(xn), conservation and dissipation is expressed as a function of the magnitude of
the determinant of its Jacobian matrix of partial derivatives, that is J(x) = |det[0F (x)/dx]|.
If J(x) = 1, the map is conservative. On the other hand, if J(x) < 1, the map is
dissipative. Examples of dissipative maps are: the Logistic map zp41 = pra(l — z,),
the Hénon map (Tne1,Yns1) = (1 — ax;“’1 + ¥n, bzn) (|6] < 1), and the Mackey-Glass map
Tni1 = ab 'z, /(1+z10) obtained in the singular limit of the Mackey-Glass delay-differential
equation (see Sect.3.6). This map and this limit (see Sect.3.6) will be of great interest in

this thesis.

The evolution of a trajectory is phase space is confined by the following No-intersection

theorem [27]:

Theorem 2.1 Two distinct state space trajectories cannot intersect (in a finite period of

time). Nor can a single trajectory cross itself at a later time.

We cannot have two trajectories intersect in phase space. If they do, they will have the
same values even though they evolve in different ways from that point. This is not possible in

deterministic systems, where the time-evolution equations, the parameters that describe the
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system. and the initial conditions, completely determine the future behavior of the system.
This theorem can be violated when a 3-dimensional phase space trajectory for example is
projected onto a 2-dimensional phase space. The trajectory in 2-dimensional phase space

may then cross itself.

Figure 2.1: Attractors of Mackey-Glass delay-differential equation (see Sect.3.3). a) The
trajectory approaches a limit cycle attractor. b) The trajectory approaches a fixed point
attractor.

2.3 Poincaré section

It is often useful to reduce a continuous time system (or “flow”) of dimensionality N to a
discrete time map of dimensionality N — 1 using the Poincaré section technique. A “Poincaré
map” is generated by choosing a two-dimensional surface and recording on that surface the
points at which a given trajectory cuts transversely through that surface. Figure 2.2 illus-
trates the Poincaré surface of section in a three-dimensional flow. In this case, a Poincaré map
is generated using a plane parallel to the ry-plane. The Poincaré map obtained represents
an invertible two-dimensional map transforming the coordinates (z,, y,) of the nth piercing
of the surface of section to the coordinates (Tn+1,Yn+1) at piercing n + 1 (see Sect.2.4). This

transformation can mathematically be represented as Xn+1 = F(x,), where F is the Poincaré
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map function. This technique is very important for studying the stability and controllability
of orbits. For example, in phase space a period-2 limit cycle is represented by 1 point on the

Poincaré section, a period-4 limit cycle by 2 points on the Poincaré section, and so on.

e~

Figure 2.2: A Poincaré map of a trajectory in three-dimensional phase space, generated using
a plane parallel to the zy plane. The trajectory intersects this plane transversely (i.e. in
any direction other than parallel) and in the same direction. The intersections in the plane
are represented by a two-dimensional map function (zn;1, Yn+1) = (F1(Zn, Yn). Fo(Zn, yn)).

2.4 Bifurcation and chaos

Linear systems don’t show qualitative changes when some parameters are varied. For ex-
ample, the amplitude and the frequency of oscillations in a simple harmonic oscillator will
change when varying the spring constant, but the qualitative nature of the behavior remains
the same. We can always make the oscillations look similar to the original ones by appro-

priately rescaling the amplitude and time axes. Nonlinear systems however, show sudden
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and dramatic changes in both qualitative and quantitative changes as some parameters are
varied. The behavior of nonlinear systems can range from simple oscillations to complex and
chaotic oscillations as the parameters are slightly changed. The changes allow us to classify
the complex behavior of these systems, and to see the order and universalities that underly
these complexities. Any qualitative change in the dynamic of the system in N-dimensional
space which occurs as some parameter is varied is called bifurcation. As the parameter in-
creases through successive bifurcations, the asymptotic motion of the system typically gets
more complicated. One such complex motion is called chaos, and can be observed only

in systems with phase space dimension N > 3, a consequence of the Poincaré-Bendixson

theorem [28]:

Theorem 2.2 In a two-dimensional flow, the trajectory can only approach a fized point or

a limit cycle.

Thus, chaotic trajectories cannot occur in a two-dimensional space. This result can also
be used to establish the existence of limit cycles in two-dimensional flows. The Poincaré-
Bendixson theorem doesn’t hold for maps and therefore chaos can be observed even in a
one-dimensional map, if it is noninvertible (see below) as in the Logistic or the Mackey-
Glass maps. However, if the map is invertible, then chaos can be observed only if N > 2

[29].

Definition 2.1 We say that the map F is invertible if we can solve xpi 1 = F(x,) uniquely

for xn, that is x, = F~(xn41), where F~! is the inverse of F.

Deterministic chaos may be a useful description of the time behavior of a real physical
system when that behavior is aperiodic or irregular [30]. In general this aperiodic behavior
doesn’t necessarily mean chaos, which is a deterministic process; it can also mean noise,

which is a random process. Several means of distinguishing these two processes have been
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developed and used successfully both in theoretical calculations and experimental studies
(see e.g. [31] and references therein). The easiest to use experimentally is called divergence
of nearby trajectories. Chaotic systems are characterized by their strong dependence on
initial conditions [32]. Figure 2.3 shows two trajectories with very close initial conditions
x1(0) and x2(0) evolving forward in time under the action of continuous-time dvnamical
system. As time increases, their separation d(t) = xa(t) — x;(¢) grows exponentially as
d(t) = d(0)e™, where A is a positive constant. We say that the system displays “sensitive

dependence on initial conditions” and therefore is chaotic.

d(t)=d(0) et

Figure 2.3: Sensitive dependence on initial conditions in chaotic systems. The trajectories
x1(t) and xo(t) diverge as time increases. The rate of divergence A is called the positive
Lyapunov exponent (see Sect.2.6.2).

Deterministic chaos is observed in both dissipative and conservative systems such as

classical systems and quantum systems. An example of a dissipative dynamical system is
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the Lorenz model [33]

I = —or+oy
y = —rz4+rr-—y
2 = zy-—bz (2.3)

for which the volume element contracts exponentially in time as
V(t) = V(0)e 1)t (55 0.5 > 0). (2.4)

where (~o — 1 —b) = V- f. With parameters r = 28, 0 = 10 and b = 8/3, the trajectory is
attracted to a bounded region in phase space, the motion is chaotic, and there is a sensitive
dependence of the trajectory on the initial conditions as shown in Figure 2.4. Since the
Lorenz model displays divergence of nearby trajectories for some range of its parameter
values, then its behavior is unpredictable in the long-term even though the system is still
deterministic. If we knew the initial conditions of a tra Jectory with infinite accuracy, then we
could predict the future behavior of that trajectory by integrating (with infinite accuracy)
the time-evolution equation (Eq.2.3). But since in a real or computer experiment initial
states can only be known with finite precision, and that physical noise or truncation error

are part of the dynamics, then it is impossible to predict its long-term behavior.

The Lorenz attractor has a Hausdorff dimension D = 2.6, which is noninteger. We call
this type of attractor that has a noninteger value for the dimension, a strange attractor. This
strange attractor arises because the flow contracts the phase space along some directions,
but stretches it along others. This stretching and folding process produces a chaotic motion

of the trajectory on that strange attractor [32].

15



St— ¢
R
SO

N . /
A .\ 141}
i
/¥
)

Figure 2.4: The chaotic Lorenz attractor pro jected in the zz plane (Eq.2.3). The parameters
are r = 28, 0 = 10, and b = 8/3.

2.5 Transitions to chaos

Different types of transitions to chaos have been observed in nonlinear dynamics as the
control parameter of the system is changed: period-doubling bifurcation. quasi-periodicity,
intermittency and the crisis. A lot is known about period-doubling cascades ( “Feigenbaum
scenario” ), and one can even predict features of this transition quantitatively. We do not,
however, have a complete classification of the possible transitions in dynamical systems, lead-
ing to more complicated behavior such as turbulence in the context of fluid dynamics. This
thesis will be mainly concerned with period-doubling bifurcation, so only a brief discussion

will be given about the other transitions.
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2.5.1 Period-doubling bifurcation

In the flow, the period-doubling scenario begins with a limit cycle that may have been born
from a bifurcation involving a fixed point. As the control parameter changes. this limit
cycle becomes unstable and a new limit cycle with twice the period is created. As the
control parameter is changed further, this new limit cycle becomes unstable and gives birth
to another limit cycle with four times the period of the original limit cycle. The period-
doubling process continues until the period becomes infinite. The trajectory is then chaotic.
In the map, the period-doubling process starts with a fixed point, which becomes unstable
and gives birth to period-2 orbit. This period-2 orbit becomes unstable and gives birth to
period-4 orbit, and so on (see below). For simplicity, let us illustrate this process on a one-
dimensional map of the form z,4; = F(z,). One-dimensional maps are simple, numerically
not very time consuming, and they can show many universal properties of chaotic transitions
observed in higher-dimensional systems such as delay-differential equations (see Chapter 3).
As an example, we will use the map of the Mackey-Glass equation [2] obtained in the singular

limit of the delay-differential equation (see Sect.3.6).

az,
b(1 + z10)

where a is the control parameter, b is a constant equals to 0.1.

(2.5)

Iny1 = F(In) =

Stability of the fixed points

The fixed points z* of the map are the solutions of the equation z* = F (z*). Their

stability can be found from the linear stability analysis based on the first order of a Taylor

series expansion:

Znt1 = F(2%) + (zn — 2")F'(z") + - - - (2.6)
where F’(z*) is the derivative evaluated at the fixed point. If we keep the linear term only,

the above equation can be rewritten as
Tne1 — 2 = (2o — ") F'(2*) (2.7)
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The criteria for the stability of the fixed point of the one-dimensional map is |F” (z7)| < L.
In the Mackey-Glass map and for a < 0.1, we have only one fixed point z* = 0. This fixed
point is stable, so all the trajectories are attracted to it as shown in F igure 2.5a. This fixed
point is an attractor and the set of initial conditions in the interval [0. oo leading to this

attractor is its basin of attraction.

1.5

O
b
<Y
"
o
b

Figure 2.5: The fixed points in the Mackey-Glass map (Eq.2.5). a) There is only one fixed
point at z* = 0, which is stable for a = 0.06. The initial condition is zo = 0.8. b) There are
two fixed points for a = 0.12: the stable fixed point is at z* = (a/b—1)%! and the unstable
one is at z* = 0. The initial condition is ¢ = 0.2.

If @ > 0.1, this fixed point becomes unstable in favour of the second fixed point z* =
(a/b — 1)®1 as shown in Figure 2.5b. If we further increase the control parameter a, this
second fixed point also becomes unstable. Let us examine closely what happens when 0.125 <
@ < 0.134 using the second iterate of F(z,), F%(z,) = F[F(z,)], shown in Figure 2.6. At
a = 0.13, this fixed point becomes unstable in both F(z,) and F2(z,), and two new stable
fixed points z] = F?(z}) and z3 = F?(z3) are created in F2(z,) (see Fig.2.6b). These new
fixed points are mapped onto each other by F(z,) as F(z]) = z3 and F(z3) = z}, and

constitute an attractor of F(z,) of period-2 (see Fig.2.7a). At a = 0.125 (see Fig.2.6a) we
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say that the Mackey-Glass map trajectories undergo a pertod-doubling bifurcation. If we
now further increase a , the fixed points of F%(z,) become simultaneously unstable, and four
stable fixed points of the fourth iterate F4(z,) = F2(z,)F?(z,) are born (see Fig.2.8), which
leads to an attractor of period-4. The trajectory cycles between four points in the following
order: the largest, the smallest, next to the largest, next to the smallest, then back to the
largest, and so on (see Fig.2.7b). The system has changed from a period-2 orbit to period-4
orbit at the transition point a = (.134 (see Fig.2.8a). At this point we say that the system
undergoes a second period-doubling bifurcation. This process of period-doublings continues
as a increases, producing an infinite cascade of period-doublings, which accumulate at a
finite a value denoted by a,, ~ 0.138 (see Fig.2.10a). The period of the trajectory becomes
infinite. The trajectory is then chaotic (see Fig.2.9). In order to observe such a behavior,
the map has to be unimodal, that is, a continuously differentiable function with a single
maximum in the unit interval [0,1]. The Mackey-Glass map (Eq.2.5), which has a single
maximum zo = 0.8 in the interval [0, +oo], verifies this property if the following rescaling is
used: z, — z,/(1—z,). In general not all unimodal functions display an infinite sequence of

period-doubling bifurcations, but only those with a negative Schwarzian derivative [34, 35].

FIII 3 FII
SF(z) = - - E(F)2 <0 (2.8)

The period-doubling cascade route to chaos has some important universal features, the

Feigenbaum constants § and o [36]. The constant & is given by

§= lim =271 _ 4 66920161... (2.9)

"m0 any) —an

where a, is the parameter value at which a stable period-2" is created as shown in Figure 2.11.

The Feigenbaum size scaling « is given by

dn
a = lim = 2.5029... (2.10)

n—o0 n+1
where d,, is the distance between the superstable 2"-cycle element z, defined by

dF*(z)

o =0 (2.11)

)
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Figure 2.6: The second iterate F2(z,) of the Mackey-Glass map function F(z,) (Eq.2.5). a)
The function F%(z,) becomes tangent to the 45° line at the first period-doubling bifurcation
a = 0.125. b) Two new stable fixed points with [slope| < 1 are created in F?(z,) fora = 0.13.
and constitute an attractor of period-2 (see Fig.2.7a).

and the nearest to it of the other 2" — 1 points in the cycle, £, = F?"~1(zq) (see Fig.2.11),
le.

dn = |[F*"!(zq) — zq| . (2.12)

In addition to chaotic orbits, Figure 2.10 also shows narrow ranges within a,, < a < 0.16
in which the attracting orbit is periodic. For example, the widest such range is occupied by
the period-3 occuring to the right of period-5, which occurs to the right of period-7, and so
on. Because there are multiple chaotic bands, however, these windows are known as higher
periodicity windows. For example, at a = 0.139, where there are two chaotic bands, each
subband shows a period-3 window, which together form a period-6 window (see Fig.2.10a).
This ordering of periodic orbits was proved by the Russian mathematician A. N. Sarkovskii

in 1964 in his remarkable theorem [37]:

Theorem 2.3 Consider a continuous one-dimensional map function F(z). Then if for
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Figure 2.7: a) A stable period-2 orbit, cycling between two points on the map, is obtained
after the first period-doubling bifurcation for a = 0.13. The initial condition is zg = 0.4. b)
A stable period-4, orbit cycling between four points on the map, is obtained after the second
period-doubling bifurcation for a = 0.1365. The initial condition is zo = 0.6.

some parameter value, F has a periodic point with prime period m, then F also has (for the
same parameter value) a periodic point of period n. where n occurs to the right of m in the

following ordered set:

3—=5—-7—-2.3—-2.5—-.22.3522.5 ... ,923_,92_,9_.. (2.13)

First we list all the odd positive integers starting with 3 in increasing order. Then we list
the positive integers that are two times the odd integers starting again with 3 in increasing
order, then the positive integers that are four times the odd integers, and so on. Finally, we

list in decreasing order the powers of 2.

If a is further increased, other periodic windows are observed such as period-4 and period-

5 (see Fig.2.10).
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Figure 2.8: The forth iterate F4(z,) of the Mackey-Glass map function F(z,) (Eq.2.5).
a) The function F*(z,) becomes tangent to the 45° line at the second period-doubling
bifurcation a = 0.134. b) Four new stable fixed points are created in F4(z,) for a = 0.1365,
and constitute an attractor of period-4 (see Fig.2.7b).

1.5

Fix]

0 X 1.5

Figure 2.9: The chaotic trajectory is represented on the Mackey-Glass map for e« = 0.14 and
Ig = 0.4.
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Figure 2.10: Bifurcation diagram showing a period-doubling cascade in the Mackey-Glass
map (Eq.2.5). a) The parameter a spans between 0.12 and 0.16. b) The parameter a spans

between 0.16 and 0.2.
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Figure 2.11: The distances (d,)’s and their correspondence (an)’s for superstable 2"-orbits.
The abscissa zo ~ 0.8 (solid line), at which the Mackey-Glass map function is maximum, is
part of the superstable orbits, and is responsible for producing a null characteristic multiplier

(Eq.2.11).
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2.5.2 Intermittency

This transition to chaos in flows was described by Pomeau and Manneville [38](see also
[27, 29]). It occurs when the periodic behavior is interrupted by a finite duration of bursts
(see Fig.2.13 for the map). As the control parameter is changed the bursts become more
frequent so that the periodic behavior can no longer be distinguished. The stable periodic
orbit either becomes unstable or is destroyed, and is not replaced by a new stable orbit
as in the period-doubling bifurcations. Based on the type of stability of the orbit, we can

distinguish three types of intermittency as shown in Figure 2.12:

Type I: saddle-node bifurcation (in a one-dimensional map this is called a tangent bifurca-
tion).

Type II: Hopf-bifurcation.

Type III: inverse period-doubling.

In the saddle-node bifurcation, the stable and unstable eigenvalues of the linearized
Poincaré map of the flow come together and annihilate each other at point +1 on the
unit circle. This leads to merging of the stable and unstable orbits, and the periodic be-
havior is then interrupted by the chaotic bursts. As the control parameter of the system
is changed, the chaotic burst becomes longer and occurs more frequently until the entire
behavior is chaotic. In the Hopf bifurcation, the periodic orbit goes unstable by having a
complex conjugate pair of eigenvalues that cross the unit circle simultaneously. In this type
of intermittency, the system'’s behavior switches between periodic and quasi-periodic behav-
ior. In the inverse period-doubling bifurcation a real eigenvalue crosses the unit circle at -1.
The unstable periodic orbit collapses onto a stable periodic orbit, which becomes unstable
at the bifurcation point. Type I intermittency is probably the most important since it has
been observed in many experiments, particularly in systems that also show period-doubling

bifurcations. So we will describe this transition in detail.
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Quasi-periodic orbit

Figure 2.12: Three types of intermittency transitions to chaos can be distinghished: type
I is the saddle-node bifurcation, type II is the Hopf-bifurcation, and type III is the inverse
period-doubling. The stable and unstable orbits are represented by solid and dashed lines.
respectively. In all cases, the abscissa (not shown) corresponds to the parameter.

Type I intermittency

This type of transition is observed in continuous-time systems such as Lorenz system of
ordinary differential equations and also in discrete-time systems such as the Logistic and the
Mackey-Glass maps. In this Section we describe in details how this transition to chaos oceurs
in Mackey-Glass one-dimensional map (Eq.2.5). At the critical point a. = 0.147 this map
exhibits a periodic window of period three in the chaotic regime as shown in Figure 2.10.
As a is decreased slightly below a., the periodic behavior is interrupted by chaos. This
behavior can be explained using the third iterate F3(z,) of F(z,). At a = a., F3(z,) has
three stable fixed points, and becomes tangent to the 459 line at these fixed points. At this
point we are in presence of a tangent bifurcation (see Fig.2.14a). If a is decreased slightly
below a., the stable fixed points disappear as shown in Figure 2.14b, and the trajectories
take many iterates to go through the gaps between the map function and the 45° line as
shown in Figure 2.15. Since the previous stable fixed points are not replaced by new stable
fixed points as in the period-doubling scenario, the motion becomes chaotic. As the gap size
decreases, i.e. as a — a. from below, the trajectory spends more time on the average in the

gap and the system’s behavior becomes more and more periodic until the gap size vanishes,
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Figure 2.13: Intermittency in the MG map. a) The period-3 window in the chaotic regime
at a = 0.147 (see Fig.2.10). b) The periodic behavior in (a) is interrupted by chaotic burts
when a is decreased slightly towards 0.14652.

and then the system is completely periodic.

2.5.3 Crises

A crisis is defined as the sudden change in the chaotic attractor when it collides with an
unstable periodic orbit (39, 40] . According to the nature of changes that can result from

that collision, we can distinguish three different types of crisis:
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Figure 2.14: The transition to intermittency type I via the tangent-bifurcation in the Mackey-
Glass map. a) The function F3(z,) is tangent to the 45° line at @ = 0.147. b) A gap between
the function F3(z,) and the 45° line is created when a is decreased to 0.145.

Fix ]

Figure 2.15: The third iterate of F(z,) in the Mackey-Glass map. The trajectory spends
some time to go through the gap for a = 0.14652 and zo = 0.55. Then, the periodic behavior
is interrupted by chaotic bursts (see Fig.2.13).
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a) Boundary crisis

The chaotic attractor is suddenly destroyed by a collision with the periodic orbit on its
basin boundary. This type of crisis is observed in the Logistic map and also in the Hénon
map. For example in the Logistic map z,41 = F(z,) = rz,(1 — z,) at r = 4 the chaotic
attractor collides with the unstable fixed point z* = 0, and then disappears completely
without replacement with another attractor. For r > 4, there is a region of space called the
escape region centered near z = 1/2, in which all trajectories, going through this region go
to —oo. The boundary of this region is found by solving the map equation that leads to

F(z,) = 1. The solutions are

1 —4 1 4
:1:1=—<1— . , 3:3=-2-(1+ z (2.14)

r

the witdh of the escape region is then W = zo — r; = /(r — 4)/r as shown in figure 2.16.

Trajectories starting outside the escape region will wander chaotically until they hit this

region and escape.
b) Interior crisis

This type of crisis occurs when the size of the attractor suddenly increases due to a
collision with the periodic orbit in the interior of its basin. An example of this crisis is
illustrated in Figure 2.17 on the Mackey-Glass map for the period-3 window. The chaotic
attractor collides with an unstable fixed point, which is created at the tangent bifurcation
(dashed lines), and suddenly increases in size at @ = 0.1512. This type of behavior is also

known as crisis-induced intermittency [41].

c) Attractor merging crisis

In this case, two or more chaotic attractors simultaneously collide with a periodic orbit

(or orbits) on the basin boundary, and then merge to form one chaotic attractor(see [29]).
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Figure 2.16: The crisis scenario in the Logistic map observed for r = 4.2. The chaotic
attractor is destroyed after the collision with the unstable fixed point z* = 0. All tra jectories
landing in the escape region [z, z3] go to —oo.

2.5.4 Quasi-periodicity route to chaos

The route to chaos via quasi-periodicity was first observed by Ruelle and Takens [42] and
remains less understood theoretically in comparison with the period-doubling and inter-
mittency routes. The quasi-periodic scenario involves competition between two or more
independent frequencies characterizing the dynamics of the system. If the ratio of two fre-
quencies fa/f) is irrational, then we say that the behavior is quasi-periodic, where f; and fo
are associated with the motion of the trajectories around a large and small cycle, respectively

[27).

2.6 Characterizing the attractors

It is often difficult to distinguish a purely chaotic motion from a quasiperiodic one or from a

motion perturbed by external noise by simply looking at a finite sequence of data. We need
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Figure 2.17: Interior crisis in the Mackey-Glass map for period-3 window: the stable (dotted
lines) and unstable (dashed lines) fixed points annihilate each other at the tangent bifurca-
tion. The chaotic attractor increases in size when it collides with an unstable fixed point,

created at the tangent-bifurcation.
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some quantitative means to recognize, characterize and classify attractors from the available

data, and in particular, from a single time series of sampled points.

Power spectrum analysis is useful in telling quasiperiodic motion from periodic motion,
and in identifying high-order periodicities embedded in chaotic bands (they appear as fine
structure in the spectra). Power spectra of chaotic attractors associated with period-doubling
distinguish themselves by sharp peaks on a broadband background, but this is also a feature
of other types of chaotic attractors. There are sophisticated ways of characterizing attractors,
among which Lyapunov exponents and various definitions for the dimension of the set of

points constituting the attractor [32].

2.6.1 Dimension

In the phase space, the number of variables needed to describe a trajectory is N, but for
trajectories on the attractor this number may be less than N. The dimension of an attractor
represents the number of “active” degrees of freedom for a dynamical system. The dimension
of trivial attractors can be easily calculated to be integers: d = 0 for fixed points, d = 1 for
limit cycles, d = 2 for 2-tori (such as for quasi-periodic motion with two frequencies), etc.
However, the dimension of strange attractors often turns out to have a noninteger value.
There are several different dimensions that can be used to describe dynamical systems and
their attractors: examples are the box-counting dimension, the information dimension, the

correlation dimension, and Lyapunov dimension [32, 43].
a) Box-counting dimension

The box-counting dimension (often called the Hausdorff dimension or the capacity di-
mension) of a geometric object is determined by the following: construct boxes of side length
€ to cover the space occupied by the geometric object, namely in our case, the attractor. We

then count the number of boxes N (¢) needed to cover the object. We do this for successively
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smaller € values. The box-counting dimension is defined to be the number d, that satisfies
N(e) = lim ke (2.15)
€—

where k is a proportionality constant. By taking the logarithm of both sides and in the limit

of very small ¢, the term with the constant & goes to zero and the dimension becomes

dy = lim -2LY(€)

lim 1 (2.16)

The box-counting dimension is 0 for a point, 1 for a line segment, 2 for a square, etc. Let

us apply the above formula to the case of strange attractors such as the Cantor set.

b) Cantor set

We illustrate the concept of box-counting dimension using a simple Cantor set. created as
follows: we start with a line segment of length 1, we delete the middle third of that segment.
Two segments are left each of length 1/3. Now, we delete the middle third of each of those
segments, resulting in four segments, each of length 1/9 (see Fig.2.18). If we repeat this
procedure n + 1 times, we produce 2" segments, each of length (1/3)". As n — oo. resulting

segments form a “Cantor set”. Equation 2.16 then becomes

. In(N(en)) i
db—nli‘ngom (2.1()

The dimension of this set is then obtained by putting €, = (1/3)™ and N{(e,) = 27,

dy=1In2/In3 =0.63... (2.18)
Since this dimension is a noninteger number between zero and one, we say that the Cantor
set is a fractal object [44].

When counting the number of boxes to cover the attractor N (e), no attention has been
paid to the possible inhomogeneity of the attractor. A box is counted only once no mat-

ter how many times an orbit goes through it. To take this inhomogeneity into account,
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Figure 2.18: Calculating the box-counting dimension using the Cantor set.

one introduces a dimension that uses information on how frequently a box is visited. The

corresponding dimension is called the information dimension.
c) Information dimension

This dimension is introduced in order to correct the box-counting dimension specially

when the attractor is inhomogeneous and is given by

. I(e)
d( = ll_.I% In(l/e) (219)
where
N(e)
I(e)=-> PnPp (2.20)
=1

N (e) being the total number of boxes visited. If every box is visited with equal probability

P; = 1/N (e), then d; = dp. In general d; < dp.

The box-counting algorithm has its limitations, particularly for higher-dimensional sys-

tems such as delay-differential equations studied in this thesis. The number of computations
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required increases exponentially with the phase space dimension, so it is a time-consuming
process. A computationally simpler dimension for an attractor, is the correlation dimension.

introduced by Grassberger and Procaccia [45].
d) Correlation dimension

The correlation dimension is widely used to characterize chaotic attractors. It is easy to
implement and has a computational advantage because it uses the trajectory points directly

and does not require a separate partitioning of the phase space. It is given by

dc=limw (2.21)
r—0 Inr

where C(r) is called the correlation integral and is computed by counting distances between
point pairs on the attractor:

C(r) = number of distances less than r (2.22)

total number of distances

Extracting the dimension directly from Eq.2.21 is inefficient, since it is not possible to take
the limit r — 0. In practice we plot InC(r) versus Inr for a set of increasing embedding
dimensions [43]. As the embedding dimension increases, the slope of the In C(r) versus In r
plot should, over a certain range of r values (the “scaling range”), saturate at a value equal

to the attractor’s dimension.

In dissipative dynamics, the correlation dimension reflects only the density of points in
phase space and doesn’t reflect the stretching or folding of the attractor. Kaplan and Yorke
introduced a useful conjecture [46] that relates the fractal dimension of a strange attractor
to the Lyapunov exponents (see Sect.2.6.2). The corresponding dimension is called the

Lyapunov dimension.
e) Lyapunov dimension

The Lyapunov dimension, compared to the box-counting method, converges fairly rapi-
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dely as a function of time. It is given by
J
1=1 ’\i
|A 1]

where {A; > A2 > ---} are the Lyapunov exponents in decreasing order and j is the largest

dp = j+ (2.23)

integer such that Z{zl Ai > 0.

2.6.2 Lyapunov spectrum

The Lyapunov ezponents measure the rate of exponential divergence of nearby trajectories
[30]. If two nearby trajectories on a chaotic attractor start off an infinitesimal distance e
apart, then their trajectories diverge and their separation at time ¢ satisfies ee™. The pa-
rameter A is called the Lyapunov exponent. To define the spectrum of Lyapunov exponents,
consider a sphere of radius r(0) in the phase space. Under the dynamics this sphere evolves
to an ellipsoid, with some directions being stretched and others contracted. The longest axis
of this ellipsoid corresponds to the most unstable direction of the flow, and the asymptotic
rate of expansion of this axis corresponds to the largest Lyapunov exponent. At time ¢ the
length of the 7th principal axis will be li(t), and then the ith Lyapunov exponent is defined

by

o

1 Li(t)
= Zp A\ 9 9,
A = lim - In 0) (2.24)

By convention, the Lyapunov exponents are always ordered so that {A\; > Ay > --.}. If any
of the )\; is positive, then the system is chaotic. If all the \; are negative, then all orbits
are stable. In a dissipative system, the sum of the \; must be negative. If the dynamics is
governed by differential equations, there will be a zero Lyapunov exponent which corresponds

to the motion along the vector field.

There is an interesting result by Pesin [47] (see also [48]) that relates the sum of the

positive Lyapunov exponents to metric entropy of Kolmogorov and Sinai

A(X)=> X\ (2.25)

A>0
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The metric entropy is a measure of the time rate of creation of information as a chaotic orbit
evolves. We will see in chapter 4 that this result is also related to the decay constant of

power spectra in delay-differential equations.

Besides the characterization of chaotic attractors, Lyapunov exponents are used to classifyv
attractors. For example, in three-dimensional systems, the spectra (—.—.-), (0. —, ),
(0,0, —) and (+,0, —) correspond respectively to a fixed point, a limit cvcle, a 2-tori. and a

strange attractor.

The spectrum of Lyapunov exponents is determined by following the evolution of small
perturbations to an orbit under the linearized dynamics of the system. Suppose the system

is described by a discrete-time dynamic in R¢:
Yn+1 = F(Yn) (226)

where F : R? — R?is a map. This map can result, for example, from a difference scheme
used to integrate equations of motion in continuous-time. A small perturbation z, to the

orbit y, evolves according to the linearized dynamics given by
Zn+1 = DF(yn) - 2 (2.27)

where DF(y,) is the Jacobian matrix of the map F(x)

OFa(x) |
6:1:5 '

DF(x)ag = a,8=12--.d (2.28)

evaluated along the orbit at x = y,,. If we advance L time steps forward from the point y,,

we find that the perturbation has evolved to

ZpyL = DF(Yn+L-—1) . DF(Yn+L—2) T DF(yﬂ) *Zn
= DFi(y,) z, (2.29)

We wish to compute the eigenvalues of the so-called “Oseledec” matrices:

OSL(x,L) = [(DF%(x))T DFL(x))V/% (2.30)
OSL(x) = lim OSL(x,L). (2.31)
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where (DFX(x))7 is the transpose matrix of DF%(x). The multiplicative ergodic theorem
of Oseledec [49] states that in the limit L — oo, the matrix OSL(x) is well-defined and its
eigenvalues are independent of the initial conditions that lead to the orbit of the attractor.
The matrix OSL(x, L) is real and symmetric, so the 1/2L power is well-defined. and the
resulting eigenvalues are real and positive. These eigenvalues e*!, e*?, ..., e* are independant
of x within the basin of attraction of the attractor. In practice, when L becomes large, the
matrix OSL(x) is very ill-conditioned and the diagonalization of such a matrix poses serious
problems. We will use a recursive @ R decomposition method due to Eckmann and Ruelle (32]
in the implementation of Abarbanel [50]. Any arbitrary matrix M can be decomposed into
a product of an orthogonal matrix Q and an upper-triangular matrix R with non-negative
diagonal elements so that M = Q - R. Applying the recursive QR decomposition on the

matrix M; = (DF£)T . DFL yields
M1(2).Q:1(i — 1) = @1(4)-R1(7) . (2.32)

where Q(0) is initialized to the identity matrix. By performing the above equation 2L times,

the matrix M, then becomes
My = Q1(2L).Ri(2L).R1 (2L — 1) - - - Ry(1). (2.33)

If @1(2L) is the identity matrix. the eigenvalues of OSL(x.L) will all lie in the upper
triangular matrix M;. In general, Q;(2L) is not the identity. So we shuffle it over to the
right of Eq.2.33 and start the QR decomposition again. This vields the matrix /> defined
as follows:
My = Ry(2L).Ri(2L = 1) --- R1(1) - @1(2L)
= Q2(2L).R2(2L).R2(2L — 1) - - - Ro(1). (2.34)
Since M, = QT(2L) - M, - @1(2L), M, and M, have the same eigenvalues. We continue this

operation of shuffling creating respectively M3, My, ..., My:
M= Qr(2L).Re(2L).Re(2L — 1) - - - Re(1). (2.35)
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As k increases, Qr(2L) converges to the identity matrix [51]. In practice, this convergence
is obtained after 2 or 3 shufflings only, and one can obtain the Lyapunov exponents \; from

the diagonal elements of the Ry (j)'s!:

1 2 :
Ai = Ejglln[Rk(J)ii] (2.36)

The recursive Q R decomposition method can also be applied to continuous-time systems
such as differential equations. One can simultaneously solve the differential equation and
the variational equation for the perturbation around the computed orbit and then apply the

Q@R decomposition procedure in the same fashion to find the Lyapunov exponents.

2.7 Conclusion

We have introduced the necessary mathematical tools used in this thesis such as stability
analysis and bifurcation theory. We focussed mostly on the Mackey-Glass map, which is of
great interest in this thesis. This map will be used to study certain properties of first order
delay-differential equations such as stability, controllability, and synchronization. We gave
an overview of the different transitions that can occur in chaotic dynamical systems and the

different quantities that characterize and classify an attractor, such as its dimension and its

Lyapunov exponent spectrum.

!The eigenvalues of a product of upper-triangular matrices are the product of the eigenvalues of the
individual matrices
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Chapter 3

Delay-differential equations

3.1 Introduction

Delay-differential equations (DDE’s) aré used to model a large variety of nonlinear phenom-
ena in which the time evolution depends not only on present states but also on states at or
near a given time in the past (see e.g. [52] and references therein). From the point of view
of nonlinear dynamics, these infinite-dimensional dynamical systems are interesting because
their chaotic attractors have a finite dimension proportional to the delay [7, 53, 54, 55],
making them useful to study general properties of high-dimensional chaos (Fig.1). The
large delay case, or more precisely, the large delay-to-response time case, has received a
lot of attention because it is in this limit that certain properties of the DDE can be stud-
ied using a discrete-time map [8, 9]. Other recent studies have approached the problem of
high-dimensional chaos in DDE’s through the use of interval maps [10] and iterative delay
maps [56, 57]. Further, there has been recent interest in DDE’s at large delay in the context
of phase defects and phase turbulence in lasers, which can be studied by arranging temporal

solutions in a two-dimensional space-time representation [59].

DDE'’s at large delay are also of interest because they exhibit multistability, i.e. dif-

ferent initial conditions lead to different asymptotic periodic solutions, chaotic solutions or
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both [60]. This means that, while a given initial function uniquely specifies the solution,
the functional space in which these equations evolve has more than one basin of attraction.
For example. the asymptotic solution depends on the choice of the initial function when
the strength of the feedback is such that the svstem’s behavior is periodic. However if the
system’s behavior is chaotic, the precise form of the initial function from which the DDE
evolves is lost but the multistability still exists at large delay. This property makes delay-
differential systems attractive for memory storage purposes, as first suggested by Ikeda 8].
In fact, it has been shown [11, 13, 61] that finite bit strings can be stored as specific periodic
solutions of DDE'’s through judicious choices of initial conditions. The procedure works also
for unstable periodic solutions stabilized by chaos-control techniques [62] (Chap.6 of this

thesis).

There has been much progress in our understanding of multistability and chaos in DDE’s
(see e.g. [8]), despite two main difficulties that hamper such studies. The first is that
initial conditions for DDE’s are functions on the delay interval (—r, 0), where 7 is the delay;
evolution in functional spaces is more difficult to study than in finite-dimensional phase
spaces. Further, calculating dynamical invariants for high-dimensional chaos is numerically

very involved.

Nonlinear phenomena induced by the delay in the feedback loop have many applications

in laser systems [60], in physiological systems [2, 4, 5, 63], and in artificial neural network

models [6)].

We present first some important properties of delay-differential equations in Section 3.2.
In Section 3.3, we discuss linear stability of fixed points, and show how periodic and chaotic
solutions appear with increasing delay. In Section 3.4 we discuss multistability of periodic
and chaotic solutions, and present some new results that relate this multistability to the
unstable modes in the linearized system. In Section 3.5, we study the more general case

of distributed delays. In Section 3.6, we show how the continuous-time difference equation
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(CTDE}, which is obtained in the singular perturbation limit, can predict the asymptotic

solution of the DDE at large delay. The Chapter concludes in Section 3.7.

3.2 Properties of delay-differential equations(DDE’s)

First order nonlinear delay-differential equations such as the Mackey-Glass (MG) [2] or the

Ikeda equation [1] have the form

dz(t)
dt

= —bz(t) + F(z(t — 7)) (3.1)

where z is a state variable which is destroyed at a constant rate b and produced at a rate F
that depends on the value of the state variable z at time 7 in the past. The feedback function
F’ can be of the positive feedback-type if F is monotone increasing, or negative feedback-type
if it is monotone decreasing, or mixed feedback-type if it is monotone increasing over some
portions of its domain, and decreasing over other portions. This thesis is mainly concerned
with this last case, which is responsible for the chaotic behavior observed in the Ikeda model

of the laser ring cavity and the Mackey-Glass model of white blood cell production.

To solve Eq.3.1, it is necessary to specify the initial condition of = over one delay interval
7, 1.e. one must specify an initial function. Since a function corresponds to an infinite
number of initial conditions, these dynamical systems are infinite-dimensional. In numerical
simulations, we partition this delay interval into M subintervals. Thus the behavior of the
infinite-dimensional DDE is approximated by that of an M -dimensional discrete dynamical
system (7], which maps the values of z over one delay interval into those over the following
delay interval. The limit M — oo recovers the infinite-dimensional state space. For large
delay, the integration of this equation is time-consuming. We rescale this equation by the

singular perturbation parameter € as follows:

T — T'/e
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t — t'/e

z(t) — y(t) (3-2)

where € is a small positive number and 7’ is a finite delay. Eq.3.1 then becomes

dy(t')

L = —by(t) + F(y(t' = 7)) (33)

€

With this transformation, we can study numerically a DDE at large delay (i.e. small ¢€) in

terms of an equivalent DDE at smaller delay.

Delay-differential equations have very interesting properties that make them appealing
for information storage purposes [8, 11, 13, 62], as we will see in later chapters. These

properties can be summarized as follows:

o They are infinite-dimensional dynamical systems because we need to specify a function

over one delay interval as the initial condition.

e They are multistable at large delays, i.e. different initial functions lead to different

attractors.

e In the chaotic regime, their attractors have a finite fractal dimension proportional to

the delay.

¢ The solutions exhibit series of connected plateaus in the singular limit, where the delay
is much greater than the response time 7, = 1/b. In this limit, certain properties of

the DDE can be studied using a discrete-time map.

3.3 Solutions of the Mackey-Glass (MG) equation

This thesis focusses on numerical simulations of the Mackey-Glass DDE

dz(t)
dt

az(t - 1)
+ z19(t — 1)’

= —bz(t) + 1
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where b is kept fixed at 0.1 throughout this thesis (as in [7]), and a and r are parameters

that can be varied from one simulation to the next.

3.3.1 Fixed points

If the parameter a < 0.125, numerical solutions show only stable fixed points no matter
what the value of the delay is. This result agrees with the Mackey-Glass one-dimensional
map, studied in Chapter 2. We will see the reason for this later in this Chapter. What is a

fixed point?

The fixed points of equation 3.1 are defined by the fact that the system is not changing
with time, i.e.
z(t) = z(t — 7) = z° = constant, (3.5)
and

dz(t)
dt

In general we can’t solve Eq.3.6 analytically, but if we plot the graph of F(z*) and bz*, the

=0, F(z*)=bz". (3.6)

fixed point will be at their intersection. In the MG equation (Eq.3.4) the fixed points are
straightforward: zj = 0 and z5 = (a/b — 1)%!. This thesis is concerned with the loss of
stability of the latter, which can lead to period-doubling cascades and chaos when the delay
“r" and/or the feedback parameter “a” are increased. Since DDE'’s are high-dimensional
systems, and in general cannot be solved analytically, we use a linear approximation near

the steady states to find the stability of the solutions.

Linear stability analysis is used extensively in order to understand the dynamics of nonlin-
ear systems near fixed points. We expand the nonlinear function to first order approximation
in the neighborhood of the fixed point z* = z3 using a Taylor series expansion. Equation 3.1
becomes a linear differential equation

dz(t)
dt

= —blz(t) —~ z*| + Blz(t —7) — "] + - -- (3.7)
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where 8 = F'(z*) = b(10b/a — 9) is the derivative at the fixed point. Now if we set
u(t) = z(t) — z*, the above equation can be rewritten as,

du(t)

= —bu(t) + Bu(t — 7). (3.8)

If we take trial solutions of the form u(t) = u(0)e, the characteristic equation becomes
s+b—0e™" =0 (3.9)

Equation 3.9 has an infinite number of complex conjugate roots s, = An £ iwn, with w,

satisfying (see also [53, 65])

- 1 2 [ [
_(n /2)m < wp < o7 n=13,5--- (3.10)
T

-
We associate to each pair of complex conjugate eigenvalues s, a “mode”. This mode goes
unstable at A, = 0. If the delay r or the feedback parameter a is increased, many modes
cross the imaginary axis and thus become unstable with period close to 27 /n. The stability
of the fixed point is determined by the value of A; of the first mode. If A1 < 0, then the
solution approaches z* asymptotically in time by spiraling in phase space z(t) vs z(t — 7),
due to the nonzero imaginary part of s;. In this case, the fixed point is stable and attracts all
initial conditions towards itself (see Fig.3.1a). If A\; > 0 on the other hand, then the solution
diverges from r* exponentially in time by spiraling in phase space z(t) vs z(t — 1), so the
fixed point is unstable and repels all nearby trajectories. If A = 0, there is an eigenvalue pair
on the imaginary axis. The condition of stability of the fixed point is obtained by separating

the real and imaginary parts in Eq. 3.9:

M +b—Be ™M cos(wyT) = 0

wy + Be M sin(wir) = 0 (3.11)

or equivalently,

(/\1+b)2+wf = B2 T
tan(wyr) = -AI“’ib. (3.12)
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We can compare Eq.3.12 with \; positive, corresponding to an unstable solution. to the case
where A\; = 0, and obtain the following inequalities:
B2 =eMT[(A+5)2+w]] > b+ w2

0> tan(wl‘r) > —wl/b (313)

The above equations can be grouped together, leading to

0 > tan(w7) > —/B2/b% — 1, (3.14)
and the condition of unstability of the fixed point is then

tan~!(—,/82/b2 - 1)+ 7  tan~! —\/B2/b2 = 1)+ =
> ( / ) > ( / ) (3.15)
w1 b\/82/b2 - 1
Thus the linear Equation 3.8 has a locally stable fixed point, if and only if
tan"}(—,/82/b2 - 1) + =
( / ) (3.16)
b\/ﬁ2/b2 -1

where Ty0,¢ (we will define Hopf bifurcation below) is the delay time for which the eigenvalue

T

T<THapf=

value s; has zero real part. In the Mackey-Glass DDE, if a = 0.13 and other parameters as
in Eq.3.4, the fixed point z* is stable when 7 < Tgops = 28.97 and all the eigenvalues have
negative real parts (A, < 0) (see Fig.3.1b). If the delay is increased beyond THopf. the first

mode associated with w; goes unstable at A} = 0 and a periodic solution appears.

Linear stability analysis tells us whether solutions converge to a fixed point, to infinity,
or oscillate. This latter case occurs when an eigenvalue pair is on the imaginary axis. It does

not tell us what happens in the nonlinear system once a linearized solution goes unstable.

3.3.2 Periodic solutions

When the fixed point of a DDE loses stability, its neighbourhood may become repelling, but

typically remains attracting with respect to regions located far away. Local repulsion and
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Figure 3.1: A stable fixed point and its corresponding modes for the MG DDE (Eq.3.4)
The parameters are a = 0.13 and 7 = 20. a) Numerical solution of Eq.3.4; the trajectory
approaches the fixed point by spiraling, due to the nonzero imaginary part of the first stable
pair of complex conjugate eigenvalues. b) Linear modes, solutions of Eq.3.9, are represented
only for w, > 0. The modes with w, < 0 are symmetric to these ones, and there is no need
to represent them. All the modes have negative real parts, so they are stable. Note that the
imaginary axis is the abscissa here, while the real axis forms the ordinate.

global attraction of the flow implies the formation of a closed curve around the unstable
fixed point and the curve attracts all nearby trajectories. This closed curve is called a limit
cycle and corresponds to a periodic motion of the system. The transition from a fixed point

to a stable limit cycle at 7 = Thopy is called a Hopf bifurcation. At the Hopf bifurcation we

B tan~}(—,/B2/b2 - 1)+~ (3.17
- : .

with —7/2 < tan~!(—,/82/6% — 1) < 0. At that bifurcation point, the period of the zero-

amplitude limit cycle is T = 27 /w, and by looking at both limits of this inequality we

have

w1

find that 2r < T; < 47. Near the bifurcation, the amplitude of the limit cycle varies as

VT — THops- Nonlinear terms become increasingly important in determining the solution

shape as 7 increases, and thus the solution evolves from a pure sinusoid (of zero amplitude)

47



to a nonsinusoidal periodic solution. This type of bifurcation is called supercritical Hopf
bifurcation. Figure 3.2a, and b show a limit cycle with period T} corresponding to the
most unstable mode of frequency w;. If the delay is much greater than the response time
t- = b~!, many modes cross the imaginary axis and become unstable (see Fig.3.2d). The
solution corresponding to the most unstable mode of frequency w; then rapidly evolves as
T increases past Ty, from a quasi-sinusoid to a solution with plateaus linked together by
short transitions of width proportional to t, [9, 66] (see Fig.3.2c). The other unstable modes
w3, ws, and wr correspond to the possible harmonic solutions of the fundamental for = 300.

as we will see in Section 3.4.

3.3.3 Chaotic solutions

When the feedback parameter a in MG is greater than the Feigenbaum point of accumulation
of the period-doubling cascade, a, > 0.138, not only periodic solutions but also chaotic so-
lutions are observed when the delay is increased (7]. For example, if @ = 0.2, the system goes
through the first Hopf bifurcation at r = 4.71, then through a period-doubling bifurcation
at 7 = 12.82, and so on. Chaotic behavior is observed at r > 16.5. Figure 3.3 shows three
different behaviors obtained by varying the delay: a period-2 solution. a period-4 solution,

and chaos for 7 = 10, 15, and 300 respectively.

In this chaotic regime, many different motions simultaneously exist in the system. So
there are typically an infinite number of unstable periodic orbits (UPQ'’s) that co-exist with
one or more chaotic attractors. If the system is exactly on an unstable periodic orbit, it will
stay on that orbit forever. However, any small deviation from that unstable orbit (due to
noise for example) will grow in time, and will cause the system to quickly move away from
it. In other words, the unstable orbit is repelling. Such unstable periodic solutions are not
visible for an arbitrary initial function, although chaotic trajectories can spend time near

them before being repelled away.
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Under certain conditions, the chaotic dynamics can exhibit multistability, which is the
coexistence of different solutions (some may be periodic, others chaotic) which are stable.
i.e. which are attracting. This property is important, for example, for coding information in
time-delayed feedback systems as we will see in Chapter 5 and 6. We will see in Section 3.4
how the initial function, from which a chaotic solution evolves, leaves little or no signature

of itself in the solutions; yet, multistability can still exist, especially when the delay is large.

3.4 Multistability

Multistability in a dynamical system is the coexistence of multiple attractors. In such a
system, qualitative changes in dynamics can result from changes in the initial conditions. A
well-studied case is the bistability associated with a subcritical Hopf bifurcation [67] between
a fixed point and a limit cycle. Multistable modes of oscillation can arise in delayed feedback
systems when the delay is larger than the response time of the system [60, 8]. Multistability
of this type has been demonstrated in experiments involving electronic circuits [58] and laser

devices [1, 64, 11].

In the MG system at large delay 7 = 300, one can vary the feedback parameter a in order
to see the coexistence of periodic and chaotic solutions (see also [60]). If the parameter a is
increased, a square-wave solution of period T; = 27 appears after the first Hopf bifurcation
a = 0.125. For further increase of a, this square wave solution undergoes a period-doubling
cascade predicted by the map (Eq.3.34). As a reaches the Feigenbaum point ao, = 0.138,
this solution becomes chaotic, but it still has a square-wave-like shape (see Fig.3.5a) If a is
further increased, this square-wave solution becomes unstable and successive harmonics of
period close to T1/n (n: odd integer representing the harmonic order) are observed. The

solution jumps first to the third harmonic of period T; /3 at a = 0.1412, then to the fifth
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Figure 3.2: A stable limit cycle is observed for a = 0.13 in the Mackey-Glass DDE. a) Nu-
merical solution of Eq.3.4 for 7 = 50 using a fourth-order Runge-Kutta integration algorithm
with fixed time step 0.01. b) Solutions of Eq. 3.9 for the first 10 roots. The first mode is un-
stable and its imaginary part corresponds to the angular frequency of oscillation seen in (a).
c) Same as in (a), but using Eq.3.3. This enables us to solve numerically the DDE (Eq.3.1)
for 7 = 300 with an equivalent DDE (Eq.3.3) for 7/ = 30 and € = 1/10; clear plateaus are
observed in the solution. d) Same as in (b) but for 7 = 300. The modes with frequencies
w3, ws, and wz are the harmonic solutions of the fundamental solution of frequency w;.
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Figure 3.3: Numerical solutions of the MG DDE for a

z(t — 7) for a chaotic solution with = 300.
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harmonic of period T1/5 at a = 0.1415, then to the seventh harmonic of period T; /7 at
a = 0.1467, and finally to developed chaos at a = 0.149. The transitions between harmonics

form hysteresis loops, as shown in Fig.3.4.

Figure 3.5 shows the different chaotic solutions observed when a is varied using piecewice
constant initial functions!. The range of stability of an harmonic of order n is obtained by
choosing a special initial function. This latter is obtained by first dividing the delay interval
into n equal subintervals. The values of the initial condition in each subinterval is chosen
as a constant equal to one of the plateau values in the fundamental square-wave solution.
Figure 3.4 shows the coexistence of several harmonic solutions for the same value of a: the
initial function determines which one is seen. This coexistence of solutions can be between.
for example, 1) a chaotic and a periodic orbit such as the fundamental. and the third and
the fifth harmonics at a = 0.141, or the fifth and the seventh harmonic at a = 0.1425: 2)
periodic orbits at a = 0.1376 as shown in Figure 3.6; 3) chaotic orbits as in the Ikeda model

[60].

To our knowledge the following result is new and hasn’t been discussed neither in (8, 60]
nor in [11]. For a fixed large delay, we have found that there is a limit to the number of
harmonic solutions that can be observed when a is varied. In other words there is a limit
to the number of plateaus n in the initial function that can evolve in time without merging.
If 7 = 300 for example, the number of possible harmonic solutions is 4, so the maximum
number of plateaus is 7, which corresponds to the seventh harmonics (the highest harmonic
that can be observed). Solutions with more than 7 plateaus will merge to one of the stable

solutions in Figure 3.4 (not shown).

The number of harmonic solutions is found to be related to the number of unstable
modes, solutions of Eq.3.9. This one-to-one correspondence is obtained when the parameter

a is chosen such that the fundamental solution is a perfect square wave, i.e. the plateaus are

The initial functions are carefully chosen to lead to different coexistent stable attractors.
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free from any spurious structure such as spikes. For the Mackey-Glass equation. this value
of a is found to be equal to 0.13 for = 300. If a is slightly larger than 0.13, the plateaus
end with sharp spikes, and the square wave nature of the solutions is diminished. Hence the

unstable modes shown in Figure 3.2d correspond to the harmonic solutions in F igure 3.5.

We have also checked the Ikeda model of the laser ring cavity [60] and found that our result
still holds for this one-to-one correspondence. Further, we found by numerical simulations
of the Ikeda equation that the ninth harmonic also exists. This latter wasn’t mentioned by

Ikeda [60].

At this large delay, the frequency of these observed solutions can be approximated by

expanding tan(wr) around w, = nr/T:
tan(wr) =~ tan(nr) + (wr — n7) (3.18)
The modes have frequencies w, that can be written as:
wn=—(l-)~ =, n=135 (3.19)

For n large, these real parts are

_ln(—wn/B) _ln(—mr/BT)

T T

An = (3.20)

We will see in Chapter 4 that this decay with n is related to the decay of Lyapunov exponents

of the full solutions of the DDE.

3.5 Distributed delays

We have extended our study to the more realistic case of distributed delays [68, 69] rather
than single fixed delays. Unlike the equations with fixed delays, which possess an infinite
number of degrees of freedom(“modes”), those with “memory kernels ” such as those given

by Eq. 3.22, are characterized by a finite but arbitrarily large number of modes, depending
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Figure 3.4: Domains of coexistence of harmonics and the transitions between them in the
MG equation (Eq.3.3) for r = 300. The solid lines and the dotted lines indicate the periodic
and chaotic solutions, respectively. The initial conditions are chosen from the plateaus of the
square wave solutions of period-2 and period-4 orbits. We note here that for R = /t- large,
the limit cycles appearing at the Hopf bifurcation and the first period-doubling thereafter
can be called period-2 (2 plateau values) and period-4 (4 plateau values), respectively. Some
solutions seem to be stable at the beginning, but after a while, they merge to lower order
solutions. For this reason, transients of about 7000 delays have been discarded in order to

see the real stable solutions.
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Figure 3.5: The differents solutions of Eq.3.3 corresponding to the different harmonics in
Fig.3.4 for 7 = 300. We used the same constant initial function z9 = 0.95 on (—7.0). Other
initial conditions can also be used to obtain the same result. a) Fundamental (a = 0.14),
b) Third harmonic (¢ = 0.141), c) Fifth harmonic (a = 0.143), d) Seventh harmonic (a =
0.1467).
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Figure 3.6: Three multistable periodic solutions of Eq.3.3 coexist for a = 0.1376 and r = 300:
a) The fundamental. b) The third harmonic. c¢) The fifth harmonic. These solutions are
obtained with three different piecewise constant initial functions, using Eq.3.3. The delay
is subdivided into 1, 3 and 5 small plateaus of equal width.
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on how well the DDE is approximated. In distributed delay equations, the system state in
the present is affected by the system state in the whole past via a memory kernel K (t):
t

((ii—::- = f(z(t). z(t)), =z(t) = / K(t — u)z(u)du (3.21)

—00

The kernel K (t) can preferentially select a time domain in the past that can affect the present
dynamics. If this delay kernel is chosen as a delta function, the integro-differential dynamics
in Eq.3.21 become equivalent to those of the original DDE, as we will see below. An example
of a distributed delay occurs in the transmission of electrical activity along a nerve in which
there is a distribution of axonal diameters, and thus of conduction velocities or of synaptic
transmission times, both of which can be modeled by the kernel K (¢) [5]. If the kernel A (t)

is chosen to be a Gamma distribution function, we have:

am+1
GT(9) = —q™e™". a,m >0 (3.22)
m!
where m is an integer. One limit of the kernel is given by
m—+23,3_+oo Ghi(t) =6(t -7) (3.23)
where T is the average delay, given by
o m
d
=_ fOoqua (9)dg _m+1 (3.24)
Joo GZ(a)dq a
In the limit in Eq. 3.23 we can write
2(t)=z(t - 7) (3.25)

which is the retarded state variable of the fixed delay DDE. With the kernel of Eq. 3.22, we

can define the following equations

yo(t) = z(t)

yi(t) = /_; Gyt —u)r(u)dy i=1,2,---,m+1 (3.26)
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The solutions y;(t) are obtained by computing dy;/dt (using Leibniz’s rule) and using the

recursive relation
dGi(t — u)
dt

so the DDE can be transformed into an (m + 2)-dimensional system of ordinary-differential

= a{GH(t - u) - Gi(t — u)} (3.27)

equations (ODE’s) [68, 69]

dy

_dto = f(y0.Ym+1) = —byo + F(ym+1)

dy; .

di = algici—y), i=1,2---.m+1. (3.28)

When both m and a go to +oo keeping their ratio constant, the number of ODE’s becomes

infinite, so Eq. 3.28 and 3.1 will give exactly the same solution.

As in the DDE case, one can use linear stability analysis of Eq. 3.28 to understand the
dynamics of the system near the fixed point y*, and also multistability when the delay is

increased. To a first order approximation, Eq. 3.28 can be written as

du . .

d_to = —bug+ F'(y", ¥ Yums

du,

d—’: = a(uici—w) i=1,2---.m+1, (3.29)
where uy = yx~y*, k =0,1.--- ., m+1. This system of m+2 equations has m +2 eigenvalues,

which are solutions of the characteristic equation
(s +b)(s+a)™! = F'(y*, y")a™' =0. (3.30)
Eq. 3.30 can be written in the following form
(s +0)(1+ )7 = Fl(y",y") = 0. (3.31)

As a goes to +00, the term (1+2)°7 goes to e*, and the characteristic equation of distributed

delays becomes identical to the one with a single fixed delay 7,
s+b—F'(y*,y")e™ =0, (3.32)
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where F'(y*,y*) is equivalent to F’(z") in a single delay equation. Numerical simulations
of systems like Eq. 3.1 where a single time delay is replaced with a distribution of delays
(Eq. 3.28) indicate that the qualitative behavior of solutions is largely unaffected by the
addition of a distribution of delays for m > 100, as shown in figure 3.7. We will study
this distributed delay system in more detail in the context of DDE attractor dimension in

Sect.4.5.

3.6 Continuous-time difference-equation limit

If R =br = 7/t. >> 1in Eq.3.1 and the initial function is piecewise constant, the con-
tinuous solutions then consist of “plateaus” linked together by short transitions of width
proportional to 2¢,/7 [9, 66], as shown in Fig.3.2c and 3.6a for period-2 and period-4 respec-
tively. Each plateau evolves from its initial constant independently from the other plateaus.
After transients, all plateaus cycle through the same set of values in the same order. In
the singular limit R — oo of Eq.3.1(e — 0 in Eq.3.3), these values are exactly given by the

asymptotic solution of the continuous-time difference equation (CTDE)
z(t) = b~ F(z(t — 7)). (3.33)

Such an equation has previously been used to study properties of DDE’s like stability and
bifurcations [9, 66] and the influence of noise [70]. In many studies, Eq.3.33 has been in-
terpreted as evolving in discrete-time, but here we distinguish the discrete-time map from
the difference equation. This is why we emphasize the qualifier “continuous-time”. In the
periodic regime, Eq.3.33 is of course multistable and adequately predicts the plateau values
of the DDE even for values of R on the order of 30, as in this thesis. In the chaotic regime
however, Eq.3.33 is still multistable and can predict the plateau values only in the singu-
lar limit R — oo of the DDE. Figure 3.8 shows three multistable solutions of Eq.3.33 for

a = 0.1365 similar to Figure 3.6, except for a short transition time at the end of the plateaus,
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due to the continuity and the differentiability of the solutions of the DDE. If one goes one
step further and discretizes the continuous time in Eq. 3.33 in units of 7, the evolution of

each point on (—7,0) is then governed by the one-dimensional map studied in Chapter 2,
In = b7 F(zn_y). (3.34)

All points on (—7,0) are mapped in parallel from one delay interval to the next. These points
evolve independently since, in this limit, the solution is not constrained to be continuous nor
differentiable. We will study this continuous-time difference equation later in this thesis in

the context of DDE attractor dimension, controllabiblity and synchronization.

3.7 Conclusion

We have shown that the stability of fixed points in delay-differential equations can be studied
by linear stability analysis. We have also shown the different periodic and chaotic regimes
of a DDE obtained by varying the delay and/or the feedback parameter. Multistability
for both periodic and chaotic regimes at large delay is found to be related to the unstable
modes revealed by a linear stability analysis. The solutions of distributed delay systems
are found to be qualitatively very similar to those of a single delay for sufficiently large m.
The continuous-time difference equation, obtained in the singular limit, is found also to be

multistable and can be used to study the DDE at large delay.
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Figure 3.7: Numerical solutions of the distributed delay approximation (Eq.3.28) in the MG
equation for a = 0.2, after transients have died out. The solutions are similar to the ones
with a single fixed delay in Fig.3.3. a-b) Show yo vs ¢ and a phase plot Yo VS Ym41 for a
period-2 orbit for a = 10, m = 99 (7 = 10). c-d) Show yp vs t and a phase plot yg vs Ym+1
for a = 10, m = 149 (7 = 15) for a period-4 orbit. e-f) Show ygy vs t and a phase plot yg vs
ym+1 Of a chaotic solution for a = 1, m = 299 (7 = 300).
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by varying the initial function as in Fig.3.6. a) The fundamental solution with one plateau
(n = 1). b) The third harmonic solution with 3 plateaus (n = 3). c) The fifth harmonic

solution with 5 plateaus (n = 5).
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Chapter 4

Power spectra and dynamical
invariants for delay and difference

equations

4.1 Introduction

In this chapter, we show that properties of DDE's at large delays, such as dynamical invari-
ants and multistability, can in fact be studied using linear stability analysis, power spectra
of temporal solutions, and a discrete-time map obtained from the DDE. Some of our results
complement those in a recent paper [24] which suggested a relationship between, on the
one hand, the exponential decay rate of such spectra, and on the other, the sum of certain
Lyapunov exponents and thus the Lyapunov dimension. Our study makes use of two classes
of dynamical systems obtained in the singular perturbation limit of the DDE (8, 71]: the
usual discrete-time one-dimensional map, as well as an infinite-dimensional continuous-time
difference equation (CTDE) (see Sect.3.6). We find that the extreme multistability displayed
by the CTDE, which is relevant to understanding memory storage and chaos control onto de-
sired patterns in DDE’s, can be exploited to explain features of large-delay spectra in DDE’s,
such as peak shapes. CTDE spectra can also be used to estimate attractor dimension in a

corresponding DDE at mid-to-large delays.
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The main advantage of working with spectra is that they are much simpler to calculate nu-
merically compared to usual invariants, especially when the attractors are high-dimensional;
the further advantage of working with CTDE'’s is that their spectra can be calculated ana-
lytically, once the spectrum of the aforementioned discrete-time map is determined (an even

simpler numerical task).

An initial motivation for our work is an observation by Farmer in his seminal study
of dynamical invariants of DDE’s [7]. He noted in the power spectrum of the Mackey-
Glass equation “a curious modulation” superimposed on an exponentially decaying envelope
when the ratio R of delay to response time was large (30 in his study). We find that both
the lkeda and Mackey-Glass models exhibit such a near-periodic modulation when R is
large, and that the peaks of this modulation are associated with the modes predicted by
linear stability analysis of the dynamics around the fixed point. This correspondence in turn
suggests new relationships between these linear modes, the spectral decay rate, the Lyapunov
exponents and the Lyapunov dimension of the attractor. In particular we find that, at least
for such first-order DDE’s at large R values, the exponential decay rate observed at mid-to-
high frequencies is more relevant to the characterization of dynamical invariants than the
asymptotic spectrum (i.e. at very high frequency). This follows from the fact that most of
the energy of the chaotic fluctuations lies in this frequency range, and is associated with the

largest Lyapunov exponents and most unstable linear modes.

This Chapter is organized as follows. In Section 4.2, we discuss the properties of power
spectra at different delays and over different frequency ranges. The spectra are further char-
acterized using notions from linear filter theory. In Section 4.3, we calculate the frequencies
of the modes using linear stability analysis around the fixed point and associate them with
peaks in the power spectrum. Section 4.4 estimates the attractor dimension from the power
spectrum. Section 4.5 investigates spectra for the distributed delay case where the DDE is

approximated by a finite number of ODE'’s. Section 4.6 proposes an analytical investiga-
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tion of solution spectra in the singular limit perturbation of the DDE. Section 4.7 gives a
thorough derivation of spectral properties for the CTDE for arbitrary initial functions, and
discusses the connection between such spectra, those of the singular limit map, and those of

finite-delay DDE’s. The Chapter concludes in Section 4.8.

4.2 Power spectra at different delays
4.2.1 Temporal and spectral behaviors

Our study focusses on Mackey-Glass delay-differential equation (2] (Eq.3.4) with parameters
a=02,b=0.1(7, 24]. A fourth-order Runge-Kutta method with linear interpolation on
the delay variable has been used throughout our study. As the ratio R = /7 of the delay
to response time 7, = 1/b increases, the chaotic solution loses some of its regularity. as can
be seen on going from Fig.4.1a to Fig.4.1b. For very large R values (Fig.4.1c: R = 500),
the solution which evolves from a constant initial condition exhibits plateaus, with a bit
of chaotic fluctuations at the end of each plateau. In the singular limit R — oo, obtained
throughout our paper by letting 7 — oo and keeping b fixed, the evolution of these plateaus

is given by the CTDE:
F(z(t—1))

> =G(z(t—1)). (4.1)

z(t) =

We note that time is still continuous in this difference equation. A further simplification of
the dynamics in this singular limit results from discretizing time in units of one delay, and
associating only one value of the state variable z with each time unit. The dynamics can

then be cast in the form of a discrete time map (see e.g. [9]):

Tnp1 = F(:") = G(zn). (4.2)

Hence, for a constant initial function on (—7,0), the values of the successive plateaus are

predicted by this map.
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Figure 4.1: Solutions of the Mackey-Glass equation Eq.3.4 for delay values of a) r = 25, b)
7 = 200 and c) 7 = 5000. Other parameters are e = 0.2 and b = 0.1. A fixed step fourth-
order Runge-Kutta method was used with integration time step 0.01. Linear interpolation
was used for the required two midpoint evaluations of the delayed variable. The initial
condition was a constant (0.8) on the delay interval (—r,0) in each case. The solution was
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the unstable fixed point). Asymptotic solutions are shown in (a) and (b); the transients in (c)
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To further investigate the properties of high-dimensional solutions of such first-order
DDE’s, we calculate the spectral properties of solutions. We numerically generate a long
solution time series starting with a constant initial condition on (~r,0). This solution is
divided into many adjacent pieces. The power spectrum for each piece is computed using
the Fast Fourier Transform-periodogram method; the individual results are finally averaged

to produce an "averaged” power spectrum.

Figure 4.2 shows power spectrafrom solutions of the Mackey-Glass equation for different
delays using constant initial functions. We cannot exclude the possibility that different initial
functions lead to different asymptotic chaotic solutions with different spectra and dynamical
invariants, i.e. that the dynamics are multistabie [60]. However, for a given delay, all

constant initial functions tested yielded solutions having similar average power spectra.

When the delay is small (e.g. 7 = 25, as in Fig.4.2a), the spectrum is broadband with
a few broad peaks, a familiar characteristic of chaotic motion. There does not appear to
be any clear relationship between the position of these few peaks and the frequency of the

solutions obtained from a linearization of the dynamics around the fixed point (see Sect.4.3).

However, if the delay is increased further to e.g., 7 = 200 (F ig.4.2b), a clear periodic
modulation of the broadband background appears, as first noted in [7]. Further, the mean
decay rate of this background no longer changes for larger delay values (the rate is the same
in Fig.4.2b and 4.2c), and is well-fitted over a large range by an exponential (Fig.4.2c).
The number of peaks in the power spectrum increases linearly with the delay, and for the
accuracy used in our simulations, the modulation can no longer be seen when 7 > 2000, due
to the finite frequency resolution in our spectra (see Fig.4.2c). Let us assume that two peaks
can be resolved if their centers are separated by at least 2A, where A is the width of one
peak. Estimating the width of each peak as Ay = 0.00025H z, we expect that neighboring

peaks can be resolved if r=! > 2Af, which agrees with our observation.
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Figure 4.3 shows a power spectrum for r = 200, as in Fig.4.2b, but using a smaller
sampling time of 1 sec rather than 3.75 sec (note that time in Eq.3.4 is not dimensinoless,
and thus we choose an arbitrary time unit of 1 sec throughout our work). We find that the
modulation seen in Fig.4.2b begins to die out past ¢6~!, and disappears around f = 0.14
Hz. Here c is a system-dependent constant as discussed in Section 4.4.1, and ¢ is defined
below. Also, the rate of decay seen in the range where the periodic modulation is present is
the same as in Fig.4.2b. This suggests that aliasing effects, while potentially present because
the solution is resampled with a time step larger than the integration time step, seem to
slightly affect power estimates only at the very highest frequencies, i.e. those close to the
Nyquist frequency used for the computation of a given spectrum. We have found behaviors
with increasing delay similar to those in Figs.4.2-4.3 for spectra of the Ikeda equation. For
example, Fig.4.4 shows a modulation as in Fig.4.2b for a ratio of decay to response time of
R = 20. However, we note a difference in line shape between the Mackey-Glass and Ikeda
cases, the line shape being much simpler in the latter case. This difference will be explained

in Sect.4.7.

4.2.2 Insights from linear filter theory

Our spectra for large delays can be decomposed into three different ranges of frequencies: 1)
the low frequency range 0 < f < b/2n, 2) the mid-to-high frequency range b/27 < f < 67!
(6 being the correlation time of the feedback term - see below, plus Figs.4.2b,4.4,4.6 and 4.7),
where the periodic modulation is clearly seen for large delays, and 3) the very high frequency
range f > c6~!; this latter range is shown only in Fig.4.3. In order to qualitatively compare

the spectral features in each of those ranges, we compute the Laplace transform of Eq.3.1:
sX(s) = z(0) = —=bX(s) + F(s) ,z(0)=0 (4.3)

where F(s) is the Laplace transform of the nonlinear feedback function. This feedback term

can be seen as a chaotic forcing or “input” term. A transfer function between the output

68



-20 2 1 . ] . 1 P B 1 . 1 R
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14
frequency(Hz)

Figure 4.2: Power spectra of solutions of Eq.3.4 for the parameters used to generate the time
series in Fig.4.1; a) 7 = 25, b) 7 = 200 and c) r = 5000. The spectra are obtained using
the FFT algorithm, and are averages of spectra from 100 consecutive 8192-point time series.
The integration time step is 0.01 sec. The spectrum for = = 5000 is fitted to y = C)+ Csf
with C; = —7.6 and C2 = —93.02. The sampling time is 3.75 sec. A Hanning window was
used for all spectra in our study.
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Figure 4.3: Power spectrum for 7 = 200, as in Fig.4.2b, but with a sampling time of 1,
i.e. a Nyquist frequency of 0.5 Hz. The spectrum in (0,0.12) Hz was not changed (compare
Fig.4.2b) by using this smaller sampling time.
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Figure 4.4: The power spectrum of the Ikeda equation, i.e. Eq.3.1 with F(z(t - 7)) =
2.167 ! sin(z(t — 7)) with parameters b = 1 and 7 = 20. The spectrum is obtained from 100
consecutive 8192-point time series with an integration time step of 0.01 sec and a sampling
time of 0.16 sec.
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X (s) and the input F(s) is then:

X (s) 1

7o " (4.4)

r(s) =

The magnitude squared amplitude (MSA) response function is obtained by considering the

steady state where s = j2x f (i.e. by considering instead the Fourier transform):

IX(HP 1 (45)
|E(f)]2 b2+ 4n2f2’ '

()1 =

We numerically calculate the power spectrum of the output z(¢) and the input F(z(t)) for
the Mackey-Glass equation and find that their ratio is close to that given by Eq.4.5. The
magnitude of the Fourier transform of the nonlinear input is related to the magnitude of the
output by Eq.4.5, as shown in Fig.4.5. From Eq.4.5, F(f) and X (f) become equal when

b +4r2f2 =1, i.e at f = 0.158, which is approximately the case in Fig.4.5.

If f << b/27, the MSA response function is & 1/b2, so that in this leftmost part of region
(1) fluctuations are amplified by ~ 1/b% from one delay interval to the next, in agreement
with the difference equation 4.1 (see also [53]). As will be shown in Sect.4.7, the shape of the
peaks in this low-frequency region are similar to those for the CTDE (Eq.4.1) (Figs.4.13.4.14),
except that each main peak for the DDE is composed of two peaks rather than four in the
CTDE, due to the limited resolution of our spectrum calculation for the DDE. The CTDE
in fact can be used to relate the low-frequency spectral features of the DDE to those of the
discrete time map (Eq.4.2). As we move towards b/2m, the frequency dependence of the
denominator in Eq.4.5 comes into play, yielding a Lorentzian-type of decay which carries
into the beginning of region (2). Region (1) can be assimilated with the “core range” in
the terminology of Ikeda and Matsumoto [53], i.e. it contains the most dominant (i.e. most

energetic) Fourier modes of the chaotic motion.

In region (2), the spectrum initially follows Eq.4.5, but quickly gives way to an exponen-

tial decay over the remainder of this range. In fact, most of region (2) is well-fitted by an
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exponential:
S(f) = Ae~+7f (4.6)

! is a spectral decay rate (in seconds: see Fig.4.3). This region

where A4 is a constant and u~
of exponential decay can be associated with the so-called dissipative range [53], characteristic
of viscous dissipation at high frequency (or high wave number) in the context of turbulent
flow. Region (3) is found to exhibit a slower decay, which is also to a good approximation

exponential over a substantial part of its range (0.2 < f < 0.4 Hz).

For the Mackey-Glass equation, the integrated power S; is found not to depend on the
delay, provided this delay is larger than approximately 50, i.e. provided R > 5 (since b = 0.1).

With negligible error, this integrated power can be approximated by

51
S; = /0 S(f)df

—“3 (1 —e 7T ~ 0(0) (4.7)
7]

where C(0) is the autocorrelation function of z(t) at zero lag (by the Wiener-Khintchine
theorem, the integrated power in the spectrum is equal to C(0)). Thus, past a certain delay,
the power in the signal z(t) is constant, and consequently, the variance C (0) of z(t) becomes

constant.

4.2.3 Investigating the singular limit

In this study, we are particularly interested in the singular limit of Eq.3.1. The hope in
studying this limit is that the properties of multistability in this limit will provide insight
into attractor dimensionality for the DDE at arbitrary delays (see Sect.4.7). The behavior
in this limit can also be studied in the frequency domain using the Laplace transform and
the rescaled equation (Eq.3.3). The rescaling property is further useful to study the DDE

in terms of an input-output response function as in the previous subsection. This function
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Figure 4.5: Power spectra from the Mackey-Glass equation Eq.3.4 for 7 = 200. a) Power
spectrum of the solution z(t) and of the feedback function F(z(t)). b) Logarithm of the
ratio of the two spectra in (a), i.e. logarithm of the squared amplitude of the response
function [r(f)|*> in Eq.4.5 which relates the output z(t) to the “input” F(z(t — 7)) in the
frequency domain. The sampling time is 3.75. The function fitted to the data in (b) is
simply (b2 + 472 f2)~! with b = 0.1, as predicted by Eq.4.5.
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Figure 4.6: Autocorrelation function of the feedback term F (z(t — 7)) for the Mackey-Glass
equation (Eq.3.4) in the chaotic regime (a = 0.2,b = 0.1) for various delays: a) r = 31.8, b)
7 =150, ¢) 7 = 100, d) 7 = 200. The correlation time §, at which the autocorrelation decays
to 1/e times its maximum value of 1 (at t = 0), is found to be 9.72 sec in all cases.

74



0
o
T
!

g

<) Fixts)>

0

Figure 4.7: Autocorrelation function of the feedback term for the Ikeda equation (see Fig.4.4)
with 7 = 20. The correlation time &, at which the autocorrelation decays to 1/e times its
maximum value, is found to be 0.35 sec.

is now given by
_X(s) 1

- [5(5) T b+es’ (4.8)

r(s)
where we have labeled the Laplace transform of y(#/ ) in Eq.3.3 as X (s). The MSA response

function is then given by

_xXor_ 1 (49)

2
Ir(f)l - |f:(f)|2 - b2+4772€2f2

In the singular limit ¢ — 0, |r(f)|> — 1/b2, which is the MSA response function for the

CTDE (Eq.4.1).

4.3 Linear stability analysis

We now show that the frequencies of the peaks that make up the modulated part of the
power spectrum at large delays, such as for = = 200 in Fig.4.2b, agree very well with the

frequencies of linear modes obtained by linear stability analysis of the DDE. These modes
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are determined by the characteristic equation Eq.3.9 of the DDE linearized around its fixed
point z* (which of course is unstable in the chaotic regime). Equation 3.9 has an infinite
number of roots s, = A, & 27 f,,, with f, satisfying (see also [65])

(n—-1/2)

n
< — =1.3.5,-- .
5 <fu<g~ n=13s5 (4.10)

The mode associated with s, goes unstable at A, = 0. If the delay is increased much bevond
the response time b~!, many modes cross the imaginary axis and thus become unstable with

period close to 27/n (see Sect.3.3).

All modes show up as clear peaks in the power spectrum at frequencies corresponding
to those of the roots, with the most unstable ones being the dominant ones (Figs.4.2, 4.8).
Some of the stable modes close to the imaginary axis appear also in the power spectrum
because of nonlinear coupling to the unstable modes. In fact, due to nonlinearity, even the
most unstable modes in the dissipative range appear in the power spectrum. It is as if all
these eigenfrequencies are excited by the chaotic fluctuations, even though they are stable
in the absence of these fluctuations. One can expect that the number of degrees of freedom
in the system is directly related to these “spectrally visible” unstable and stable modes of

the linearized system (see Sect.4.4).

Hence, each peak of this modulation corresponds to a mode of oscillation predicted by
linear stability analysis around the fixed point. This one-to-one correspondance between the
peaks in the power spectrum and the linear modes has, to our knowledge, been studied only
for periodic systems (72], as well as for low-dimensional chaos [1] when the delay is not too
large compared to the response time. In this latter case, the correspondance is not very good
because the modes don’t appear at the same frequencies as the spectral peaks. It is also clear
from our results that most of the energy in the chaotic waveform lies in the low frequencies
(the ordinate is logarithmic). This is similar to the case of fiuid turbulence, where most of

the energy lies in the long wavelength modes.
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We also note that the real parts of the roots decrease with increasing delay (Fig.4.8).
This explains why the peaks in the power spectrum decrease in amplitude with increasing
delay. At the same time, the peaks become closer, since their spacing is proportional to 1/,
until they can no longer be resolved using a given level of frequency resolution in the spectral

calculation. An approximate expression for the frequencies of these modes can be obtained

for A\, = 0:
n 1 n
n==—(l—-— —) =~ — =1,3.5--- 4.11
f 27'( b‘r) 2T " ' ( )
and for n large, these modes decay as
In(- n
T T T BT

This dependence of the real part of the eigenvalue on the logarithm of the root number has
also been found for the Lyapunov exponents [7, 53]. Ikeda [63] further suggested (without
showing it) that the Lyapunov exponents with larger negative values, for which this loga-
rithmic scaling of exponents with exponent number is seen, in fact correspond to the linear
modes. The reason for this is that the decay rates (as a function of n) of the real part of
the roots and of the Lyapunov exponents are the same when n becomes large. Thus, these
negative Lyapunov exponents A’ can be estimated from the expression for the stable modes

(Eq.4.12), i.e.

Aar1y/2 = An (4.13)

for n odd and sufficiently large. Comparing the Lyapunov exponents recently computed by
Sigeti [24] with our roots of the characteristic equation, we find that the Lyapunov expo-
nents indeed agree with the real parts for sufficiently large n. For example, for = 200 in
the Mackey-Glass equation, we find the following real parts A, and Lyapunov exponents AF
(remember only odd numbered modes are seen in the spectrum): (g9 = —0.000695, \k =

—0.00075), (a1 = —0.00102, Ay = —0.00102), (Ag3 = —0.00132, Ak, = —0.00132), (Ags =
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Figure 4.8: Roots of the characteristic equation Eq.3.9 obtained by linearizing the Mackey-
Glass equation Eq.3.4 around the fixed point for 7 = 25 and 7 = 200. Note that the real part
A of the root (ordinate) is plotted against its imaginary part w/ (27) = f. Other parameters
are a = 0.2 and b = 0.1.

—0.00161, Afy = —0.00162), (As7 = —0.00188, A%y = —0.00193), (\zo = —0.00214.2% =

—0.00222), (A4 = —0.00238, AL, = —0.00250).

These negative modes do not, a priori, provide information on attractor dimension (such
as the Lyapunov dimension) and Kolmogorov-Sinai entropy, since one needs the positive
exponents and the first few negative ones to estimate such quantities (47, 73]. Nevertheless,
this agreement between modes and exponents shows that apparently nonlinear characteristics
of DDE’s, such as self-oscillation frequencies and negative Lyapunov exponents, are in fact
closely related to simple linear characteristics. In the next section, we discuss how other
linear properties of the DDE are related to dynamical invariants such as dimension and

Lyapunov exponent spectrum.
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4.4 Dynamical invariants from power spectra
4.4.1 Estimating the dimension

For the Mackey-Glass equation, the information dimension d of the motion on the attractor
has been shown to increase linearly with the delay [7, 55|. The same applies to the Lyapunov
dimension, since both dimensions were shown to be equal [7]. The proportionality constant
between delay and dimension is closely governed by the autocorrelation time § of the feedback
function ([55]: see Figs.4.6 and 4.7). This time can be estimated as the 1 /e decay time of the
central peak in the autocorrelation function from its maximal value at zero lag, ie. at s =0
(the other symmetric half of this peak is at negative lags, which are not shown). A good
estimate of the Lyapunov dimension is then d = c¢7/§, where c is a constant that depends
on the particular feedback used. For example, in the Mackey-Glass equation c is close to

one (7, 55]; for Ikeda equation, c = 0.85 [55].

We have found that d can be estimated from either the power spectrum or linear stability
analysis. Since power spectra can be easily calculated with standard algorithms, and linear
stability analysis is straightforward to carry out, estimating dimension in these ways clearly
is advantageous in comparison with algorithms to compute, e.g., the correlation integral or
the spectrum of Lyapunov exponents. In particular these latter methods, while standard

tools, are particularly time consuming for high-dimensional systems such as those of interest

in our study.

Our estimation method works as follows. From the spectral point of view, the attractor
dimension can be estimated as the number of peaks within the frequency range (0, c671).
Since each peak corresponds to a mode, the dimension also represents the number of roots
of the characteristic equation (Eq.3.9) within that range; this is the basis of the linear
analysis estimate. For example, in the Mackey-Glass model with parameters (see [7]) a =

0.2,b = 0.1,c = 10, and a delay 7 = 200, we found 6§ ~ 9.72 (see Fig.4.6) and a dimension
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d = cr/6 =~ 21 (see Table 4.1). The number of peaks in the power spectrum within the
(0,c671) frequency range is also found to be approximately 21, in good agreement with the
Lyapunov dimension found in [7]. For the Ikeda model, the Lyapunov dimension found for the
parameters 7 = 20 and g = 2.1 is > 42 [8]. We compute é§ = 0.35 (see Fig.4.7), which vields
a dimension d = c7/é = 48 (where ¢ ~ 0.85 [55]), which is close to 42. Further, estimating
dimension by counting the number of spectral peaks in the corrected range (0,c671), as
the results in [55] would suggest, yields approximalety 48 (see Fig.4.4), and thus there is

agreement with the value obtained above.

We note that the spectra show a continuous variation of features as the delay increases:
while the background converges to a constant mean slope, the number of modes increases
smoothly and their amplitude decreases, following the behavior of the linear modes (more
cross the imaginary axis and their real parts decrease); consequently, the fundamental fre-
quency (roughly 1/27 as predicted by Eq.4.11) steadily decreases. Given the relationship
found between the number of modes within the characteristic bandwidth (0.¢671) and the
Lyapunov dimension, it is reasonable to assume that the attractor dimension also increases
smoothly with the delay for high delays. As Farmer (7] found that dimension still increases
in small jumps at high delays, more work is perhaps needed to verify whether these jumps

really occur and what their origin is.

4.4.2 Lyapunov exponents and power spectrum decay

For the ring cavity laser, the Lyapunov dimension increases linearly with the delay, but
the metric entropy stays constant past a certain delay value [54]. The fact that the metric
entropy saturates but the dimension keeps increasing with delay implies that the Lyapunov
exponents scale as 1/7, as has been pointed out in various studies (see e.g. [7, 54]). The
findings of Sect.4.3 support this dependence. Indeed, we found that the negative Lyapunov

exponents are closely given by the real part of the roots of the linear characteristic equation.
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T |ds | dgy AL 2 AF © B/ AL [ e/ T,
50 | 6 | 5.37 [ 899 10~° [4.06710°2 ] 1.075 10-2 | 1.196 0.264
100 | 11 ] 10.34 | 1.022 1072 | 4.062 10~2 | 1.075 102 | 1.052 0.265
200 | 21 [ 20.28 | 1.041 10~2 | 4.063 102 | 1.075 10~2 | 1.033 0.265

Table 4.1: Numerical results at different delays for the Mackey-Glass equation. dg is the
dimension of the attractor estimated from the power spectrum by counting the number of
peaks within the range (0,c67! = 0.103) Hz (Fig.4.6), where ¢ = 1. This dimension is
approximately given by 7/6. dgy is the Kaplan-York dimension and A are the positive
Lyapunov exponents, obtained from [24]. A are the real parts of solutions of the charac-
teristic equation of the linearized system (Eq.3.9). p~! is the exponential decay constant of
the power spectrum S(f) = Ae™* "'/, where A is a constant.

As shown in Eq.4.12, these real parts also scale as 1 /.

Table 4.1 presents our attractor dimension estimates Dg based on the power spectrum.
These values agree with estimates based on the Kaplan-Yorke conjecture Dgy using the
Lyapunov exponent estimates in [24] (as well as other sources). The sum of positive Lyapunov
exponents }_ Af converges to a constant when the delay is increased, and can be related to

the decay rate of the power spectrum p~! in the dissipative range as follows:

pRY AL

This result is significant since the chaotic Auctuations of longer wavelengths are related to

(4.14)

the positive Lyapunov exponents in that range. In region (3) beyond the dissipative range,
the Lyapunov exponents are very negative, and therefore it is less likely that the decay rate
in this range is governed by the positive Lyapunov exponents. We found that this decay rate

1! can also be related to the sum of the unstable linear modes by

p Y AF/4 (4.15)

Hence, the relation between the positive Lyapuno