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Preview

This study presents newly developed generalized solution procedures for relevant per-
formance indices of & — out — of — (n + m} : G type redundant systems subject to
common-cause as well as independent component failures. The indices are notably
the system reliability, mean time to failure, long-run availakility and variance of time

to failure.

The impacts of the governing standby unit(s) activation policy and the system

repair times on these indices are also investigated.

In addition, a differential calculus-based approach is utilized to develop expres-
sions that would maximize the net income derivable from &k — out —of — (n+m): G

type redundant é.ysterns by the adoption of certain system mean time to repair values.
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Abstract

The reliability and income analyses of newly developed k —out —of —(n+m) : G (or
n,m, k) type redundant systems subject to a combination of common-cause failures
and independent failures are presented. The global goal being to evaluate the impacts
of the 1 tandby activation policy and the system repair times on such relevant system
performance indices as the reliability, long-run availability, mean time to failure,
variance of time to failure and net income. To facilitate this investigation several

possible repair policies are developed.

Results obtained using typical and practical values of basic system variables indi-
cate that the governing standby activation policy as well as the system repair time
distribution affect profoundly the values of the afore-mentioned system performance
indices. In addition, newly developed mathematical relationships that would enable
the net incomes of k — out —of — (n +m) : G type systems to be maximized by the

adoption of certain system repair rates are presented.
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Terms and Definitions

Redundant

system

CCFs

LERs

k-out-of-(n+m):G

system

A redundant system is any system that has more
components than are strictly necessary in order

to perform its intended function. This usually helps
to increase the reliability and integrity of the
system. Two simple examples are: a) threc-engine
aircraft are normally designed so that they cau,

if necessary, fly using only one engine and, b) an
electrical supply network which has many complex
interconnecting links such that electrical power -

can be maintained even if several links are lost.

Common-cause failures. A common-cause [ailure ocenrs
when multiple units of a redundant system fail

simultaneously due to the same underlying condition

Licensee event reports. These arc failure data records
from which CCF rates and probabilities could bhe

estimated.

Literally this notation means:”k-out-of-(n+m):
Good”. This is a redundant system which

has n active units and m standby units, It

remains functional as long as there are at least &
functioning units (where k£ < n). This kind of
system is fairly common in most manufacturing and
processing industries. In this study the

abbreviation- (n,m,k) system-has been used

iv



General

Model YV
Gencral

Model 2

SBAP

Ay (n,m, k)

A,y (n,m, k)(t)

As.lz (ni m! k)

Avz(n,m, k)(t)

Cnm(f)

for convenience.

relates to the (n,m, k) system whose standbys are

activated as soon as an active on-line unit fails.

relates to the (rn, m, k) system whose standbys are
activated only when the last remaining active on-line

unit required for system success fails.

Standby activation policy. Two standby
activation policies are considered in this

study viz: 1) SBAP Y-under which the standby is
activated as soon as an active unit fails and

ii) SBAP Z-under which the standby is activated
only when the last remaining active unit required

for system success fails.

The steady-state availability of the
(n,m, k) System under SBAP Y.

The time-dependent availability of the
(n,m, k) System under SBAP Y.

The steady-state availability of the
(n,m, k) System under SBAP Z.

The time-dependent availability of the
(n,m, k) System under SBAP Z.

The transition rate from system state 7 to

v



neighbouring states under SBAP Y whetre ¢ =
0,1,2,...,m+n~k,and 0/, 1’2" 3" ...

ey (m = 1)

Cam (i) The transition rate from system state j
to neighbouring states under SBAP Z where i =

0,1,2,...,m, and j = 0,1,2,.....((n + m) — (i + &)).

Type A Repair policy A, under which both the failed

Repair system and its failed units arc repaired upon
failure

Type B Repair policy B, under which both the failed

Repair system and its failed standby units are repaired

upon failure (i.e. disabled active units are not

repaired when they fail.)

Type C Repair policy C, under which the failed system
Repair is repaired but the repair of its failed units (both

active units and standbys) is considered unprofitable.

Type D Repair policy D, under which the failed system
Repair is not, repaired but its units (both active and

standbys) are repaired upon failure.

Type E Repair policy £, under which the failed system
Repair and its failed active units are not repaired (i.e.
only standby units are repaired if they fail in

the standby mode.)

vi



Type I Repair policy F, under which the failed system
Repair and its failed units (both active and standbys) ate

not repaired.

Ry (n,m, k)(1) The reliability of the (n,m, k) system
for Repair Type x (where z could be either D
or I or F) under SBAP Y.

Rz (n,m, k)(t) The reliability of the (n,m, k) system
for Repair Type z (where  could be either D
or E or F) under SBAP Z.

MTTFy (n,m,k) The mean time to failure of the (n,m, k)
system for Repair Type = (where z could

be either D or E or F) under SBAP Y.

MTTFz (n,m,k) The mean time to failure of the (n,m, k)
system for Repair Type z (where z could

be either D or E or F') under SBAP Z.

oy (n,m, k) The variance of time to failure of the {n,m, k)
system for Repair Type = (where z could

be either D or E or F') under SBAP Y.

o3 (n,m, k) The variance of time to failure of the (n,m, k)
system for Repair Type z (where z could
be either D or E or F') v-.der SBAP Z.
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Chapter 1

INTRODUCTION

General reliability theory and modeling usually support the concept that engineering
equipment fail independently. This would be absolutely correct if one were to ignore
the practical reality of the occurrence of dependent failures (chief among which are
common-cause failures) and assume that all equipment failures would be as a result
of chance random failures (often due to aging). To ensure that the system reliability
is higher than that of its sub-systems (or components), component redundancy is
employed. Generally, it is believed that the higher the component redundancy (often
limited by financial constraints and cost-benefit concerns) the greater the overall
system reliability. In practice, the possibility of the occurrence of a common-cause
failure event, would make it impossible to ensure near-perfect system reliability by
merely increasing item redundancy. In fact, according to Apostolakis [12], the higher
the equipment redundancy level, common-cause failures, not random chance failures,
potentially becomes the dominant contributor to system unavailability. Taylor [322],
in 1975, reporting on the frequency of common-cause failures in the United States
Power Reactor Industry asserted that "of 379 component failures or groups of failures
arising from independent causes, 78 involved common-mode failures of two or more

components”.



Broadly stated, a commeon-cause failure (CCF) event occurs when multiple items
fail due to a single underlying cause [161]. In the worst-case scenario, the entire system
may fail due to the same trigger event. Some of the reasons for common-cause failures
include design errors and deﬁciencie;; human errors in installation, operations and
maintenance; functional deficiencies, extreme operating conditions such as abnormally
high (or low) temperatures and humidity, external shocks created by earthquakes,
fires, hurricanes, floods etc. Classic examples of CCFs include multiple loss of aircraflt
jet engines due to bird ingestion, loss of power station emergency feedwater due
to inadequate maintenance of valves and multiple failures due to stress corrosion
in redundant structures [341]. At present, it is widely believed that the reliability
and safety evaluation of engineering systems would be incomplete and would lead to
overly optimistic results if common-cause failure possibilities and probabilities were

discounted.

This study considers the effects of common-cause failures on some system per-
formance indices notably system reliability, system availability, systemm mean time
to failure and system variance of time to failure by studying some newly developed
stochastic models of k — out — of — (n + m) : G type systems. Thesc systems
incorporate elements of three commonly used redundant configurations: parallel,

k—out—of —n : G and standby. These three redundant configurations are presented

in Appendix A.

1.1 Common-Cause Failures: An Overview

Common-cause failures (sometimes called common-mode failures, though strictly

speaking, common-mode failures are a subset of common-cause failures characterised
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by multiple equipment failing simultaneously in the same mode) can no longer be
'wished away’ in engineering system safety and reliability prediction studies. Gen-
erally, incorporating and quantifying commeon-cause failures in reliability and safety
assessments of redundant systems has not been easy. This is largely attributable to
the ’relative rarity’ of CCFs vis-a-vis independent failures; sparse field data and; a
general confusion as to what constitutes a 'common-cause failure’. In fact the liter-
ature is replete with several definitions and, thus far, there has not been a w_icIer
accepted and standardised definition of common-cause failure. This last point has
hindered both the reporting and recording of field data and the subsequent analyses
of it [159).

1.1.1 Common-Cause Failures: Causes

Common-cause failures can be grouped into two broad categories described as ’in-
trinsic’ and ’extrinsic’. Extrinsic common-cause failures according to Smith [314],
have their source or origin in phenomena that are external to the system. Examples
include tornadoes, ﬁrés, floods, earthquakes etc. They are more catastrophic, rarer
and a cause of greater concern. Design errors and human errors (particularly where
the operator, designer, maintainer or installer is considered an integral part of the
system) in operations and maintenance belong to the group of intrinsic common-cause
failures. They occur more often, are often less damaging to the system and somewhat

more controllable and correctable.
Gangloff [160] identified the following groups of CCF causes:

i) External normal environment: examples include the presence of dust/dirt, abnor-



mally high {or low) temperatures and humidity, excessively high vibration levels etc.

ii) Design deficiencies: these may include unrecognized interdependence between 'in-
dependent’ sub-systems, component, items, units etc; unrecognized electrical or me-
chanical dependence on common element; dependence on equipment or parameters

whose failure or abnormality causes need for protection etc.

ili) Human errors in operations and maintenance: examples include miscalibration,
inadequate or improper testing, out-dated instructions or prints, carelessness in main-

tenance, fatigue and lack of concentration and other human factors.

iv) External catastrophes: these include extreme environmental shocks such as tor-

nadoes, hurricanes, fire outbreaks, floods, vulcanoes, earthquakes etc.

v} Functional deficiencies: such as the misunderstanding of process variable be-
haviour, inadequacy of designed protective action, inappropriate instrumentation and

inadequate preventative measures.

1.1.2 Common-Cause Failures: Defenses

The concept of "coupling factors” has been introduced to guage the susceptibility
of a group (or groups) of equipment failing simultaneously due to a single event
(common-cause). The higher the degree of coupling between the \;arious components
or sub-systems that make up the system the greater the pos'sibility that they will
fail simultaneously as a result of a single event. Examples of coupling factors include
commonalities in design, hardware, installation, maintenance and operations staff,

procedures, environment, location etc.



From the fore-going, it is obvious that any measure that would limit the above com-
monalities and introduce some element of diversity would help protect the system
from common-cause failure events to some degree. Thus, diversity in equipment,
design, maintenance and operational administrative controls, inspection and testing
procedures etc. constitutes a defense against common-cause failures. According to
Apostolakis [10], "using different types of equipment, more than one logical way to
monitor the state of the system, physically separating redundant components, having
more than one operator to review personnel actions, and employing other forms of

diversity, it is reasonable to expect that the probability of a common-mode failure is

reduced”.

Crellin et al. [72] contend that "staggering of inspections and tests would offer
some protection against coupling as compared to performing these activities simul-
taneously and sequentially. This could reduce the coupling associated with human-
related failures because the probability that an operator (or maintainer) repeats an
incorrect action is lower when activities are performed months, weeks or even days

apart than when they are performed within a few minutes or a few hours apart”.

All in all, any procedure that reduces the coupling factors either directly or

indirectly constitutes a protective measure against CCF events.

1.1.3 Common-Cause Failures: Modeling Techniques

Filtering through the vast literature on common-cause failures, it is obvious that
CCF modeling techniques could be split into two broad groups viz: (2) the primary

modeling techniques-usually developed by various authors to quantify CCF rates



and probabilities directly or indirectly using raw field data obtained from sources
such as licensee event reports (LERs), and (b) stochastic modeling techniques-which
involve the analysis of stochastic models of either existing or likely engineering systems

susceptible to CCFs.

a) Primary Modeling Techniques

These models use either directly or indirectly raw field data (where available but
usually sparse) to estimate either the common-cause failure rates or the common-

cause failure probabilities. The following are brief descriptions of the more popular

ones.

i) ‘Direct Assessment: Hirschberg [201] discussed this approach in detail. Strictly
speaking, it is more a procedure than a modeling technique. It involves using the
actual number of demands and the number of observed failures with say multiplicity
i (where i could be any positive integer) and estimating the quantities of interest
(usually the common-cause failure rate and/or the common-cause failure probability)
directly from the data set. This approach is simple and bereft of any sophistication

and often does not require sound knowledge of any mathematical or statistical skills.

it) The Beta (8) Factor: arguably the most used of all the primary modeling tech-
niques. It was proposed by Fleming [141] in 1975. Simply stated, the item failure
rate A is modeled as a sum of two mutually exclusive components Ay and JA; i.c.
A =. A + Az, where A; = (1 — ) A and Ay = BA. ) is the rate at which items fail
independently and ); is the rate at which items fail due to a single event (common-

cause [ailure). S is defined as a point estimate of the conditional probability that



a unit failure is common-cause. In most engineering applications § is chosen within
the interval 0.01 — 0.30. The simplicity of the B-factor method and its use of direct
CCF data are the major strengths of this approach. However, for most redundant
systems, this approach has been proven to be excessively conservative in predicting
CCF failure rates. It is most effective when used to analyze duplex systems (i.e.

systems with just two components).

iti) The Binomial Failure Rate (BFR): Originally proposed by Vesely [332] in 1977,
this approach is more sophisticated than the g-factor and can handle failure multi-
plicities greater than one. It assumes that the occurrence of a CCF event challenges
all components of the system and that the number of failed components caused by
a shock has a binomial distribution with parameters n and p, where n is the num-
ber of components (or sub-systems) in the system and p is the probability of each
component to fail independently given that a shock has occurred. The multiplicity

distribution, f, is given by:

fe = mimrt (L —-p)~*

fx is essentially the frequency that k items failed as a result of a shock where k =
0,1,2,3,....,n and p is typically found in the interval 0.1 — 0.5 using field data from
most engineering applications. The strength of the BFR lies in its flexibility and its
ability to handle analysis involving higher item redundancy levels but it has certain
drawbacks. The assumption, given that a shock has occurred, that items would fail
independently of each other, represents a serious shortcoming as this assumption is
often violated in practice. Also the BFR does not involve any parameters directly

linked to the degree of system protection against CCFs. A more general version of



the BFR was suggested by Atwood [17]. This version explicitly considers a second
type of shock called a ’lethal shock’ which on occurring, triggers the failure of all

sub-systems with a conditional probability of unity.

i) The Random Probability Shock (RPS): suggested by Hokstad [206] in 1988, this
very inclusive model combines the strengths of both the g-factor and the BFR whilst
eliminating their drawbacks. It is very sophisticated and sound knowledge of statis-

tical estimation techniques is needed for its use.

v) The Square Root Bounding Method: made popular by the United States Reactor
Safety Study (WASH 1400) [327] and discussed in detail by Martin and Wright [252],
this method has been widely commented upon by various reliability analysts for lack-
ing any real practical foundation. It makes two major assumptions viz: (i) that the
failure probability of a redundant system cannot be higher than the failure proba-
bility of a single component of the redundant system and, (ii) cannot be lower than
the failure probability of the redundant system assuming that all component failures
are random and independent. Let the failure probability of a single component be P
and the calculated failure probability of the system without CCF's be P,, then the
total system failure probability including CCF's, P,, obeys the following inequality

relationship:

P, 3 S P [ S P, i
On further assumption that the values of P, follow a log-normal distribution (as in
WASH 1400) symmetrical about P, and F;, then an estimate of P, can be obtained

by finding the median (i.e. the geometric mean) of the distribution and is given as,

Pc=VPa.-P:'



vi) Multiple Dependent Failure Fraction (MDFF). proposed by Stamatelatos [317]
in 1982 and originally developed for a system of three identical units (modified and
extended to 4 by Hirschberg [201]), MDFF is a generalization of the S-factor method

and can be stated mathematically as follows:

A=A tde= A+t M T, fa= At fA
where A, is the independent failure rate component, A. = A, 5N, fa is the CCF rate
component, f, is the fraction of n—tuple failures (n = 2,....N) and f is the fraction of
CCF's (analogous to the A-factor). Results of the 3-factor approach are usually more

conservative than those of MDFF.

' vii) Multiple Greek Letter (MGL): this is another extension of the f-factor method.
Introduced by Fleming and Kalinowski {144], it was developed to handle higher order

component redundancies and failure multiplicities greater than unity.

viii) Multinomial Failure Rate Model (MFR): proposed by Apostolakis and Moieni [13]
in 1987, it prescribes the condition: ¢¢ + ¢1 + ¢2 + ¢é3 + .... = 1, where ¢y is the
conditional fraction of no failure, ¢, is the conditional fraction of exactly one failure,
¢, is the conditional fraction of exactly two component failures, ¢3 is the conditional

fraction of exactly three cornponent failures and so on, in the event of a system shock.

iz) Trinomial Failure Rate Model (TFR): Unlike most of the afore-mentioned meth-
ods, the TFR is not a binary (i.e component state is either a success or failure) type
model. Suggested by Han et al. [176] in 1989, it explicitly handles practical am-
biguous situations such as component partial failures, incipient failures and potential

failures that lie between operable and failed states-so called ’gray’ component states.



TFR could be considered as a special case of a more general approach proposed by

Marshall and Olkin [251].

z) The Basic Parameter Model (BP): presented by Mosleh [261] in 1991, this approach
gives the total unavailability, @, of a component in a common-cause component group

of size n as:

Qe=Tho ol o
where @) is the probability of failure of a set involving & specific components in a
comumon-cause component group of size n. An implicit and unfortunate assumption
associated with the use of BP is the non-staggered testing of equipment (or compo-

nents).

zi) The alpha factor method: is closely related to the BP by the following relationship:

Q= i 2 0
where ay. is the ratio of the probabilities of failure events involving any & units over
the total probability of all failure events in a group of n components and ¢, is equal
to the sum of product ¥ kea;. To estimate @, values in the two procedurcs ahove,
the number of failures of combinations of components, ny, must he obtained as well
as the total number of demands or the total time that the system has operated. In
situations where field data is adequate, Q values can easily be estimated using the

direct assessment approach already described.

zii) The Common Load Model (CML): proposed by Mankamo [240] in 1977, it could
be stated as follows: assume that the n components of a system have independent and

identically distributed random resistances R;, R, ...., .. We denote the probability
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density function of these resistances by fr(z). In the event of the occurrence of a
random shock § with probability density function g,(z), then the event that exactly

k of the components fail simultaneously, £ = 0,1,2,...,n is given by:

Ryy £ S < Rpyy
where Ry € By £ ... < Ry are ordered resistances. Rig = 0, and Rjp4q) = oo. S
is assumed to be independent of the resistances. A given component is assumed to

fail whenever R < §. The probability of this event is:

P(R< 8) =[5 [§ fr(z)g.(y)dzdy

The probability that exactly & components fail when subjected to this random stress

S is:

Pu(k) = J5° oy (Fr(9))* (1 - Fry)™* 9:(y) dy

ziii) Harris Model: The following model is proposed by Harris [177] in 1986 as an
extension of the CML. It could be described as follows: Let N(t) be the number
of shocks arriving at or before time ¢, 0 < ¢t < T. If N(T) shocks have arrived
in [0,T], we designate the arrival times by 0 < ¢; < ... < t, < T. The shocks
are assumed to have random, independent and identically distributed magnitudes
X(t1), X(2), «eerery X(5). Consider a system of m components. To each component,
we associate independent random variables Y, Y3, ....,¥;,. Component : is said to
fail at time ¢; whenever X(¢;) > Y;, i = 1,2,....,m. The Yis could be ordered by
replacing them with the ordered set of random variables 0 < Yy < Yz < ...Ym).

Then, & components fail simultaneously at time ¢; whenever

11



Y[k] < X(t_.,') < Y[k+1]s k=0,1,..,m

where Yjg = 0 and Y41y = o

The Y;s can be obtained from either non-destructive testing or through an extensive
knowledge of the physical properties of the components. Situations where the Y;s are
subject to wear out’ with the passage of time are handled by incorporating a family of
random functions Y;(¢),i = 1,2,..,m where for ¢; < 3, Yi(¢,} 2 Y;(t2) and ¥(t) - 0
as ¢ — oo. The choice of these functions require sound knowledge of the physical
characteristics of the components. This method can also handle situations where the
shocks are considered to have a degrading effect i.e. they do not cause the failure of a
component but may 'soften up’ the component so that the next shock would be more
likely to result in a failure. This situation can be described by introducing additional

functions, Y;(t}) as follows:

Yi(t}) = H(Yi(t;), X(t;)
where Y;(t}) < Yi(t;). To properly characterize these functions, engineering models

for shock damage and fatigue which depend on the precise nature of the components

are needed.

ziv) The Inverse Stress-Strength Interference Model (ISSI): this approach is closcly
related to the CML. An article by Guey and Heising [172] in 1985 contains a full

description of this technique.

b) Stochastic Modeling Techniques

These are procedures and formulas developed to quantify and incorporate the ef-
fects of CCF events on engineering system performance parameters notably the sys-

12



tem reliability, system availability, system mean life (or mean time to failure) and
system variance of time to failure through the analysis of either existing or likely
engineering systems using such mathematical techniques as Laplace transforms and
Markov chains. System and sub-system transition phenomena are usually modeled
as stochastic processes. Major contributions in terms of new formulas, procedures
and expressions for system performance indices appeared in this area within the last
two decades. These stochastic models are often validated through numerical analysis
using data that may have been obtained via the primary modeling techniques. The
folowing references in the literature fall into this group {36, 41, 46-62, 76, 78, 79,
81-85, 87, 95-99, 101-121, 124, 125, 127, 164, 167, 168, 191, 205, 229, 230, 268, 286,
294, 305, 307, 308, 312, 313, 331]. This study also falls into this domain.

1.1.4 Common-cause Failures: Evaluation Steps

Gangloff [160] recognized the following four basic steps to the evaluation of CCFs:

o Identification of events or faults leading to system failure.
¢ Tabulation of common-mode causative factors meriting consideration.
e Identification of potential measures to prevent CCF's.

¢ System evaluation of susceptibility to CCFs.

1.1.5 Common-Cause Failures: Difficulties in Quantifica-

tion

Edwards and Watson [134] identified the following as problem areas in the quantifi-

cation of common-cause failures:
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¢ the recognition of the many possible causes of common-cause failures by profession-
als such as designers, operators and reliability analysts.

e the application and assessment of the various defenses against CCFs that are avail-
able.

e the models used in the quantification of system reliability due to CCFs.

e the use of data from reported CCF events for the reliability assessment of other
systems.

e the absence of an agreed interpretation and understanding of what constitutes a
" common-cause failure” leading to difficulties in the reporting and recording of data

and in the subsequent analysis of data.

1.2 Common-Cause Failures: A literature Survey

Prior to Epler’s paper [137] in 1969, classical reliability theory and analysis com-
pletely ignored the common-cause failures of components of redundant systems and
considered only independent failures. This practice led to overly optimistic system re-
liability and safety predictions. However, the 1970s and 1980s witnessed a steady and
significant rise in the number of studies, reports, and articles published on CCF's and
their effects on system performance indices such as reliability, safety and availability.
Most of these studies, usually probabilistic risk/safety assessments, were conducted
in the nuclear power reactor industry where the consequences of system failﬁre due
to a CCF are often catastrophic (e.g., the 1986 Chernobyl nuclear accident in the

former Soviet Union). The following is a survey of some of the notable contributions

on CCFs.

In 1969, Epler [137] in one of the earliest publications on CCF events in the

14



power reactor industry, provided a list of simultaneous failure accidents in Reactor
Protection Instrumentation Systems at Oak Ridge National Laboratory (ORNL) and
proposed the following as the main causes of CCFs: changes in the characteristics
of the system protected; unrecognized dependence on a common element; system

disability by an accident; and communications (human) error.

The following year, 1970, Jacobs [217) asserted that systerﬁ reliability without
taking into account CCF events was incomplete. He recognized the following as the
prime reasons for CCFs: functional deficiencies; maintenance errors; design deficien-
cies; and external events. The fact that CCFs have "arrived to stay” in realistic
reliability and safety prediction studies is underscored by Gangloff {160] in 1972, The
same author {161], in 1975, summarized the state of knowledge of CCF's in the nuclear
power industry and proposed some methods for the evaluation of system susceptibil-
ity to CCFs. Also in 1975, Fleming [141) presented the B-factor method for assessing
the reliability of redundant systems subject to both CCF and random failures and
Taylor [322] in a study of United States Power Reactor abnormal occurrence reports
concluded that an overwhelming proportion of failures are of the common-cause type

involving design, installation and operational errors.

A broad category of failure mechanisms that can initiate CCFs in nuclear plant
redundant systems from reactor operating experiences and reports is examined by
Hayden [181] in 1976 leading to some proposals for the development of design and
operating guidelines for reducing the probability of CCFs while Fleming and Hanna-
man {143} discussed the probabilistic safety assessment study of the High Temperature
Gas Cooled Reactor conducted by General Atomic Company in the United States

which led to estimates of the failure probability of the cooling systems. Also in 1976,
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Apostolakis [10] probed the effects of CCFs on the reliability of redundant systems
and determined that within the initial period [0, T] where T is the time to failure, the
probability of a CCF potentially dominated that of a chance random failure for the
case of systems with non-repairable units at high redundancy levels. For systems with
repairable units, same author suggested a procedure for determining useful bounds to

the CCF rate which give a quick estimate of its significance on system performance

and reliability.

In 1977, Cate et al. [44] presented a fault-tree based step-by-step procedure
for assessing CCF's in complex systems such as nuclear reactor plants that did not
require the determination of all system hardware minimal cut-sets and Dhillon and
Proctor [104], considered redundant systems coraposed of two-state devices subject
to CCF's and derived new hazard rate and mean life expressions. The importance of
applying diverse shutdown systems and frequent periodic testing in reducing CCFs
in the power reactor industry is stressed by Epler [136] while Chu and Gaver [49]
proposed two Markov models for quantifying the performance of systems subject to
both chance failures and CCFs. Model A considered CCF's of a catastrophic nature
while Model B assumed that CCFs merely increase the failure rates of components,
Also in 1977, Vesely [332] estimated the probabilities of multiple control rods failing
by applying the BFR to a Boiling Water Reactor Scram failure daia and Worrell
and Stack [354] outlined a procedure for identifying common-cause candidates (these
are minimal cut-sets whose primary events are linked by a special condition or are

susceptible to the same secondary cause) using the set equation transformation system

(SETS).
In 1978, Dhillon [86] presented an optimal preventative maintenance policy

16



model for redundant systems with identical units susceptible to CCFs and in Ref. [80],
derived new expressions for the mean life, variance of time to failure, hazard rate and
reliability of several redundant systems susceptible to CCFs using the assumptions
of identical units and a Weibull time to failure density function. The same author
in Ref. [78] reported the reliability study of a k — out — of — n three-state device
network subject to CCFs. Johnson and Vesely [223] using a Marshall-Olkin based
approach, and utilizing recorded field data from the nuclear power industry, estimated
the common-mode failure probabilities of valve leakages and Easterling [131] identified
three types of statistical dependence involved in CCF analysis viz: dependence among
failure events themselves; dependence of failure events on the conditions under which
an item is expected to perform and; dependence among these conditions. In 1979,
Sambhi et al. [305] presented new formulas for the reliability, mean life, hazard rate
and variance of time to failure for a three-state device parallel network system subject
to CCF's as well as chance failures and Dhillon [84] derived the Laplace transforms of
state probabilities for a stochastic model of IV identical duplex systéms composed of
N —1 standbys and one active system subject to CCFs. The same author in Ref. [77]
presented a list of selective bibliographies on CCFs covering the period [1965-78]
while Chung [51] analyzed a mathematical model representing an N—unit redundant

system containing two failure modes with CCFs and derived the Laplace transforms

of state probabilities.

In 1980, Chung {58} extended the stochastic model rep.orted by Sambhi et al. [305]
the previous year and derived new formulas for system availability, the frequency of
encountering a state and the average duration of residence in a state while Smith and
Watson [315] discussed the continuing difficulties and issues sorrounding the problem

of finding a widely acceptable definition of CCFs and how meaningful progression on
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CCF analysis has been stifled as a result and proposed an elaborate and inclusive def-
inition. An insightful review of CCFs as well as some regulatory issues and operating
experiences were considered by Hagen [174] and Singh et al. [310] discussed common-
mode failures modeling in the reliability evaluation of electric power transmission
lines and considered the effect of the probability distribution of state residence times
on the reliability indices and concluded that reliability measures were sensitive to the
probability distribution of component downtimes. A methodology for the prediction
of accident sequence probabilities in a nuclear power plant as well as an analytical
procedure for calculating fault-tree top event probabilities based on the correlated
failure of primary events were presented by Hudson and Gasca [208] in 1981, and
Singh [308] studied the effects of repair and common-mode failures on the reliability
and availability of a triple modular redundaccy (TMR) computer configuration and

concluded they were significant.

In 1982, Rankin [296)] outlined an approach to common-cause hazard analysis of
electrical systems that is based on checklists instead of the usual fault-tree reduction
techniques and demonstrated that this approach could be used to determine the
causes of operational problems that had been thought to be random unrepeatable
glitches while Dhillon and Natesan [103] derived steady-state availability expressions
for a system of IV active pulverizers with = cold standby on the assumption that failed
system repair times are arbitrarily distributed. Hirschmann [205], using a Markovian
approach, evaluated the steady-state unavailability of a & — out — of — n system with
constant transition rates and subject to CCF's in 1983. Also in 1983, Matsuoka [253],
in order to analyze the effects of an extreme environmental condition and common-
mode failures on system reliability, developed a failure model in which the failure

rate is a function of cause, of severity of cause, of cause acting duration, and of
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failure mode. Heising and Guey [184] in 1984 concluded that the MDFF was less
conservative and yielded more realistic estimates of system unavailability than the
B-factor method in a study of two reactor safety systems made up of two and three

redundant trains (i.e. the high pressure, injection and feedwater systems).

Cost issues were considered by Garg and Goel [164] in 1985 when they developed
a mathematical model to predict the cost involved to run an n-component single unit
systern which can fail in n-mutually exclusive ways of total failure or due to a common-
cause and Bickel and Caivano [29] described a simple technique for adapting the BFR
point estimates (based on pooled United States Nuclear Industry Experience) for use
in fault-tree quantification codes using Monte-Carlo system simulation codes such
as SPASM. Hirschberg [193], using the same field data from fifty groups of four
diesel generators, compared the performance of the g-factor method with three other
methods: the BFR, MDFF and MGL and concluded the MGL the best performer and
Moody and Follen [257], in the reliability assessment study of a nuclear plant reactor
trip breaker configuration concluded that CCFs were indeed the main contributors
to system unavailability. In situations where: component-specific and system-specific
values are needed, failure data are scarce, level of component redundancy is high,
uncertainty needs to be quantified, shocks are non-lethal, Guey and Heising [172]
proposed a new approach-the Inverse Stress-Strength Interference (ISSI) technique for
estimating CCF probabilities. Also in 1985, Wright [357] examined several examples
of CCFs in practice ranging from the chemical, petro-chemical, mining, medical to
the nuclear power reactor industry and suggested procedures that may be useful in

modeling them for statistical reliability studias.

The statistical and computational aspects of the BFR method were discussed ex-
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tensively by Atwood [17} in 1986, and Fleming et al. {145] compared the performances
of the BP, MGL and BFR methods within a framework of system-level CCF analysis
and its application to a three-train auxiliary feedwater system. Yun and Bai [362]
conside.red the problem of determining optimal numbers of redundant units in pa.rallél
systems with common-mode failures as well as random failures and concluded that
the optimal number is unique and finite while Dichirico and Singh [125], under the
assumption of arbitrarily distributed system downtimes, derived expressions for the.
state probabilities, long-run probability and frequency of failure for the stochastic
model of a repairable two-unit parallel redundant system subject to common-mode
failures. Harris [177) described and characterized various models for CCFs and sug-
gested a new time-dependent stress-strength (loading) model. In 1987, Heising and
Luciani [185] performed fault-tree and qualitative CCF analyses of a power distri-
bution box system using the Mocus-Bacfire S-factor (MOBB) computer code and
Chung [57] presented steady-state availability expressions for a k — out —of ~n: G
redundant system with m mutually exclusive failure modes and common-cause fail-
ures whose downtimes are arbitrarily distributed. Humphreys {212] developed a pro-
cedure which allows the estimation of the S-factor value directly from the attributes
of a given system particularly those design attributes that help protect the system
against CCFs and Mahmoud et al. [238] analyzed the stochastic model of a system
consisting of two non-identical parallel active units and a cold standby unit subject
i:o CCFs and derived expressions for the system steady-state availability. Martin
and Wright {252, in a thought-provoking paper, suggested a method of assessing the
safety of nuclear/chemical plants involving a combination of the g-factor method with
some limiting values which allow the value of B to decrease as the protection against

CCF's is increased.
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In 1988, Hokstad [206], suggested a new parametric model for CCFs-the Random
Probability Shock (RPS) model which combines the strengths of both the -factor and
the BFR whilst eliminating their drawbacks. Under the assumption that component
downtimes follow an overdispersed Gamma distribution, Dichirico and Singh [124]
evaluated the probability and frequency of failure of a system of two parallel redun-
dant transmission lines with common-mode failures and Mosleh et al. [262] presented
the framework developed for the treatment of CCF's in risk and reliability analyses
in a project jointly sponsored by the Electric Power Research Institute (EPRI) and
the United States Nuclear Regulatory Commission (USNRC). This framework con-
tains a systematic guide for identification, modeling, and quantification of CCFs and
addresses issues such as logic model development, screening of CCF events, prob-
abilistic representation of CCF events, data analysis, system quantification and in-
terpretation of results. The following year, 1989, Han et al. [176] proposed a new
CCF model-the Trinomial Failure Rate model (TFR), which is capable of handling
explicitly three component states: success; gray and; failure, in order to analyze am-
biguous component situations such as partial failures, incipient failures and potential
failures and considering common-cause failure rates as state-dependent, Chung [56]
derived expressions for relevant reliability measures for non-repairable and repairable
1 —out —of —n : G systems. In 1990, Dhillon and Viswanath [100] presented an
extensive list of bibliographies on CCFs while Chung [61] derived Laplace transforms
of state probabilities for a k — out —of —n : G redundant system with CCF's, critical

human errors and repairs.

Paula et al. [282], in 1991, suggested the concept of a cause-defence matrix as
a means of adequately representing the different impacts plant-specific defenses have

on diffcrent types of failure causes and showed how qualitative cause-defense matrices
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may be used to perform comprehensive CCF analyses for any nucl_ea.r power plant and
Lai and Yuan [229] analyzed a parallel system composed of n identical components
subject to CCFs and determined the optimum replacement period for the system
based on average operating cost per unit of time. Later in 1991, the same authors [230]
extended their previous model by incorporating repair and maintenance costs and
developed algorithms for obtaining: optimal redundant units N* for a fixed n; optimal
number of repairs n* for a fixed N and; optimal pair (N*,n*) simultaneously, under
the assumption that the system is allowed to undergo at most a certain number
of repairs before being replaced. Also in 1991, Hirschberg [196] outlined a brief
summary of the status of CCFs treatment in Nordic Countries and posited that
activities concentrated on: proper consideration of plant-specific defensive measures
against CCFs; the generation of representative CCF data which take into account
efficiency of such defenses and; the quantification of CCF effects on the relia.bilitj
and safety of systems with ultra-high levels of redundancy while Rasmuson [299]
reviewed the integrated framework presented by Mosleh et al. [262] and touched upon
related issues such as the importance of having plant-specific data, the quantification
of CCFs and some approximations that can be used in the quantification process and
data collection needs for CCF eveﬁts. System design principles adopted to ensure
high system reliability and safety in German 1300 MW Siemens/KWU nuclear power
plants and reduce CCF's are presented by Schilling and Dérre [306].

In 1992, Mankamo and Kosonen [250], in order to assess the failure probability
of the pressure relief function in the Teollisuuden Voima Oy (TVO) Plant Study in
Finland, introduced an extended version of the common-load model (CLM) for CCFs
by incorporating a low probability extreme load distribution that enabled strong

dependencies at high orders of failure multiplicity to be modeled. Hidaka [191], on
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the assumption of arbitrarily distributed system repair times, analyzed the stochastic
model of a r — out — of — n(F) redundant system with maintenance and common-
cause failures while Dhillon and Yang [99] presented newly-developed expressions for
system reliability indices for some warm standby systems subject to common-cause
failures and human errors. Dhillon and Anude [116-123] studied several submodels
of k — out — of — (n + m) : G type systems composed of identical and non-identical
components subject to a combination of CCFs and independent failures and derived

new reliability, availability and mean time to failure expressions.

1.3 Motivation and Objectives of the Thesis

MOTIVATION: Past work did not address adequately the negative impact of Common-
Cause Failures on the performance of redundant systems particularly in the following

respects:

o Stochastic models have hardly been developed to study the impact of common-
cause failures on the k — out — of — (n + m) : G system in situations where there is
only one healthy component. In other words, CC F's have only been considered when

more than one component is healthy in the system.

e k—out —of — (n+m): G system repair times have often been considered to
be exponentially distributed. In practice, this assumption, through the analysis of
raw data, could be considered to be largely unrealistic and generous. This study
will attempt to generalize the repair process by considering other repair probability

density functions which may be of more practical significance.

¢ The impact of standby unit(s) activation policies on the k —out —of — (n+m) : G
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system has not been investigated.

¢ The maximization of the net income generated from operating repairable & — out —

of —(n+m) : G systems by adopting certain system repair rates for both independent

and common-cause failures has not been given any attention.
OBJECTIVES: The Thesis objectives are, thus, to:

e assess the reliability and formulate mean time to failure, long-run availability and
variance of time to failure solution procedures for newly developed stochastic models
of the k—out —of —(n+m) : G type systems subject to completely-coupled common-
cause failures as well as independent failures for several possible repair scenarios.
The fact that the CC Fs are completely-coupled ensures that their impact on system
performance indices will be considered regardless of the number of healthy units in

the system. Most previous studies had considered common-cause failures only when

there is more than one healthy unit.

¢ assess the impact of standby activation policies on system performance indices
notably the system long-run availability, reliability, mean time to failure. In this
regard, two common standby activation policies (SBAPs) will be considered viz: a)
a standby unit is activated as soon as one active unit fails (referred to as standby
activation policy Y or SBAP Y). The k — out — of — (n + m) : ¢ system general
model developed for this SBAP is referred to as General Model Y in this Study and,
b) a standby is activated as soon as the last remaining active unit required for overall
system success fails (referred to as standby activation policy Z or SBAP Z). The
k—out —of — (n+m) : G system general model developed for this SBAP is referred

to as General Model Z. The performance of the system under both SBAPs will be
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compared using the system mean time to failure as the main measure of performance.

® assess the impact of generalizing the system repair time distribution on the system
long-run availability. In this regard, the failed system repair times are considered
to follow a Gamma probability density function. This is a fairly general probability
density function and could be used to approximate the performance of many other

probability density functions by merely changing the value of its shape parameter.

o derive expressions to determine the system repair rates for both independent and

common-cause failures that will be required to maximize the system net income.

The main differences between the models proposed here and those studied by previous

researchers are:

¢ The system-state transitions considered in this study are entirely new, original and

relevant,

o Like Viswanath [336], the models in this study consider the CCFs completely-
coupled and capable of triggering system failure from any of the operable states of
the system but unlike the above study which considered only exponential system
(and sub-system) repair times, this study would generalize the system repair time

distribution.

Typical and practical values of relevant system parameters (such as to be found in
Licensee Event Reports, LERs) have been used to validate most of the stochastic

models developed in this Study.

25



1.4 Thesis Structure

This dissertation is divided into seven chapters.

Chapter 1: This chapter presents a general and detailed introduction to common-

cause failures and a literature survey.

Chapter 2: This chapter presents a study of the k — out —of — (n + m) : & (or
n,m, k) system and its two standby activation policy models referred to as General

Models Y and Z for some possible repair types and identical units.

Chapter 3: This chapter presents special cases of General Model ¥ reported in
the previous chapter when system units are identical as well as non-identical. Some

generalized solution methods for system reliability indices for possible repair types

are also presented.

Chapter 4: This chapter presents special cases of General Model Z reported in
Chapter 2 for identical and non-identical system units. In addition, some generalized

solution methods for system reliability indices for possible repair types are given,

Chapter 5: This chapter presents the problem of maximizing the net income of
k —out —of — (n +m) : G type systems. Expressions for the system net income are
derived and mathematical relationships useful for determining optimal system repair

rates are presented.

Chapter 6: This chapter discusses the results of analyses conducted in Chapters 2

to 5.

Chapter 7: This chapter presents conclusions and [uture directions.
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Chapter 2

General Models of the Redundant
System

The k — out — of — (n 4+ m) : G redundant system is assumed to have n active units
in parallel with m warm standbys. It is operable as long as at least & active units
are functioning normally (where k £ n). This type of redundant system is widely
employed in industries ranging from the nuclear power industry to the chemical and
petro-chemical industries. An example of such a system could be a power generating
plant for a productiog facility which has three gas turbine engines and one additional
engine on standby a.n’d which requires that at least one engine remain functional for

its operation. A block diagram of this type of system is shown in Figure 2.1.

The following possible types of repair are considered in the analysis of this system:

i) Type A Repair: The system as well as its sub-systems (or units) are repaired upon
failure. The failed unit repair rates are constant while the failed system repair times

¥

are arbitrarily distributed.

ii) Type B Repair: The system and only its failed standby units (when they fail in

the standby mode) are repaired. Disabled active units are discarded and replaced.
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BLOCK B3: represents the standby system composed of m stendbys

Figure 2.1: Block Diagram of the k —out —of — (n + m) : G System

iii) Type C Repair: The system is repaired upon failure but the repair of its units (both
active and standbys) is considered unprofitable. Thus system units are discarded and

replaced upon failure.

iv) Type D Repair: The failed system is not repaired but its units (both active and

standbys) are repaired upon failure.

1) Type £ Repair: The system and its active units upon failure are not repaired but

the standbys are repaired when they fail in the standby mode.

vi) Type F Repair: The system and its units (both active and standbys) are not

repaired when disabled.

The reliability analysis of the k — out — of — (n +m) : G system with identical units

under two diffcrent standby activation policies (SBAPs) is presented in the following
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sections.

2.1 The Redundant System With Early Standby

Activation

The system is under standby activation policy ¥. The state space diagram for this
model is shown in Figure 2.2. At time ¢t = 0, all n active units start operating
instantaneously with the m warm standbys and their switches absolutely reliable.
The standbys are activated as soon as an active unit fails. The standbys can also
fail in their standby mode. The system can fail due to a common-cause failure from
any of its operable states as well as due to independent failures. Markov state-
space technique and Non-Markovian approaches such as the supplementary variables

technique and Laplace transforms have been used to conduct analyses.

Assumptions

The following assumptions are associated with the model:

i) The system has n + m identical units (n active
and m on standby).

ii) The common-cause and non-common-cause failures are
statistically independent.

iii) A common-cause failure can occur and trigger system
failure from any of its operable states.

iv) All common-cause [ailures are completely coupled
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Figure 2.2: State space diagram of the k—out —of — (n+m) : G system under SBAP
Y
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xi)

xii)

tio

and lethal.

As long as at least k units are functional, the system
is operable.

All failure rates are constant.

All component repair rates, where applicable, are
constant,

Repair is unrestricted for both units and system.

A repaired unit or system is as good as new.

The failed system repair times, where applicable,

are assumed to be arbitrarily distributed.

The switching mechanism for the standbys is considered
automatic and instantaneous.

The standbys and/or their switches can fail.

The following symbols are associated with the model:

State identification number. For t =0; all n
active units and the m standby units are in
perfect working condition. For ¢ = 1; all the

n active units and m — 1 standbys are healthy.
For ¢ = 2; all n active units and m — 2 standbys
are healthy and so on. For i = m; all n active

units and none of the standbys are healthy.
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For i = m + 1; n — 1 active units and no standbys
are bealthy and for i = m + 2; n — 2 active units
and no standbys are healthy and so on.

For i = m + n — k; only k active units are healthy
and for i = m +n + 1 — k; the system has failed due
to hardware failures. For i = m + n + 2 — &; the system
has failed due to common-cause failures.

For i = 0'; one standby has failed in “ts

standby mode and all n active units and m — 1
standbys remain good and for i = 1'; two
standbys have failed in the standby mode and all
n active units and m — 2 standbys remain healthy
and soon. Fori=(m —1);allm

standbys have failed in the standby mode but all
n active units remain good.

time

Laplace transform variable

Number of system active units

Number of system standby units

Least number of good active on-line units needed
for system success

Constant failure rate of a ﬁnit

Constant failure rate of a standby unit

Constant critical common-cause failure rate

from system up-state j for j =0,1,2,...r,
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pdf

Ay (n,m, k)
Aup(n,m, k)(2)

C.C.F
sb
Fi(t)

Hi

P(z,t)

#i(z), qi(z)

gi(s)
Fi(s)

SBAP.Y
£-1

and 0/,1',2',.....,(m =1)

where r=m+n —&.

Probability density function

Steady-state availability of the system
Time-dependent availability of the system
Common-cause failure

Standby

The probability that the system is in state ¢

at timet fori=0,1,2,...,r+ 2 and 0,1,

Constant repair rate from system up-state j
forj=0,1,2,...,rand 0, 1',2,...(m—-1)
Probability that the failed system is in
state 7 and has an elapsed repair time of z;
fori=r+1, r42

Time-dependent repair rate and pdf of repair tine
respectively when the system is in state ¢
and has an elapsed repair time of z;
fori=r+1, r42

The Laplace transform of ¢;(t)

The Laplace transform of P,(t)

Shape parameter of the gamma pdf
Standby activation policy Y

Inverse Laplace transform

Ry (n,m,k)(s) The derivative with respect to s of the
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system reliability function expressed in Laplace
transforms

. Multiplication sign

Analysis

Under Repair Types A, B and C, the system is repairable and its repair times are
arbitrarily distributed. The Gamma distribution is often used to model this type of

repair situation. Thus the following relationships suffice:

_ e (g g)P7 gmien®

gr41(z) = T(5) 122068 >0,r=m+n—-F%k (2.1)
A1 p=pegzx
graalz) = Lrzll mr‘m(}a) e L z20,8>0,r=m+n—k (2.2)

The value of the shape parameter 8 determines the pdf of the system repair times.
For example, when 8 = 1, the system repair rate is constant and the system repair
times are exponentially distributed and when 8 = 2, the system repair times follow

the Erlangian distribution. Gaussian failed system repair times are approximated

when 8 = §.

In situations where the failed system is repaired, the relevant reliability index is the
system availability. This is a time-dependent index that converges to a certain value
(the long-run or steady-state value) as time approaches infinity. For this model it is
given by: )

{m-1)’

Auyn,m,k)(t) = £ (P + 3 Po)] (23)

i=0 =0
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Its long-run value can easily be obtained using Abel’s Theorem (p. 193, Ref. [89]) and

is given by:
r (m=1)
Auy(nom, k) = lima e[S R(s)+ 3. Ps)] (2.4)
i i=0 =0

With Repair Types D, E and F, the failed system is not repaired and the relevant

reliability indices are the system reliability, the system mean time to failure and the

system variance of time to failure. For General Model Y, these indices are given by:
r (m-1)

Ry(pm, )(t) = £ (NPl + 3 Pis)] (2.5)

1=0 =0’

The system mean time to failure is:

r (m-1)
MTTFy(n,m, k) = lim DoP(s)+ 3 Pys)] (2.6)
e =0 =0
The system variance of time to failure is:
oi(n,m k) = =2 lim Ry(n,m,k)(s) = [MTT Fy(n,m,k))? (2.7)

Some special cases of the & — out — of — (n + m) : G system operating under standby

activation policy ¥ will be presented in Chapter 3.

2.2 The Redundant System With Late Standby

Activation

The system is under standby activation policy Z. The state space diagram for this
model is shown in Figure 2.3. At time ¢ = 0, all n active units start operating
instantaneously with the m warm standbys and their switches in perfect condition.
The standbys are activated only when the last remaining active unit needed for system
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success fails. The standbys can also fail in their standby mode. The system can fail
due to a common-cause failure from any of its operable states as well as due to non-
common-cause failures. Markov state-space technique and Laplace transforms have

been used to conduct analyses.

\(E,. 1
L “::rltoul‘
LM

Byim) B () v ek

Figure 2.3: State space diagram of k — out — of — (n+m): G system under SBAP Z

Assumptions

The assumptions associated with the previous model also apply. The only significant
difference is that the activation of the standby is delayed until the last remaining

active unit needed for system success [ails.

Notation

The lollowing symbols are associated with this system:
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j(i)

A

State identification nuieral. For j =0,1,.n -k,

i = 0; 0 indicates that j active units

and none of the standbys ha\.fe failed.
Forj=n—k+1ln—-k+2,..((n+m)—-(k+i)),i=0;
7% indicates that j active units and

k + j — n standbys have failed. For j=m+n—%k+1 and
¢ = 0; the system is considered to have failed

due to hardware failures and for j =m +n -k + 2 and

t = 0; the system is considered to have failed due to

a common-cause. For j =0,1,2,.,n—%,i=1,2,.m;

70} indicates that j active units and

one standby have failed while for j =n -k +1,
n—k+2,..((n+m)=(k+7),i=1,2,..,m; 0
indicates that j active units and 7 standbys

have failed.

For this system, state 7 is the same as state

$© when ¢ = 0.

time

Laplace transform variable

Number of system active units

Number of system standby units

Least number of goed active on-line system units needed
for system success

Constant failure rate of a unit
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syt

’\cj(i)

pdf

Assz(n,m, k)
Ayz(n,m, k)(t)
C.C.F

sb

SBAP Z
F5(t)

Pyi(t)

Hjti)

Pt'(xvt)

pi(z), qi(z)

Constant failure rate of a standby unit
Constant repair rate from a state where : + |
standbys are disabled, where : = 0,1,..m -1
Constant critical common-cause failure rate
from system up-state ;@ for j = 0,1,2,....
wy((m+n)—{(i+ %)) and for : =0,1,2,....m
Probability density function

Steady-state availability of the system
Time-dependent availability of the system
Common-cause failure

Standby

Standby activation policy 2

The probability that the system is in state j
at time t for j =0,1,2,..r +2, ¢ = 0, where
r=m+n-—k

The probability that the system is in state j¢
at timet for j = 0,1,2,..,((m +n) — ({ + k)) and
t=12,..,m

Constant repair rate from system up-state j¢)
forj =0,1,2,....,((m+n)~ (i + &) and for
1=1,2,....m

Probability that the failed system is in

state 7 and has an elapsed repair time of z;
fori=r+1,r+2

Time-dependent repair rate and pdf of repair time
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respectively when the system is in state i
and has an elapsed repair time of z;

fori=r+1, r+2

q:(8) The Laplace transform of ¢;(t)
P;(s) The Laplace transform of P;(t)
PJ:(.-)(s) The Laplace transform of Py (t)

B Shape parameter of the gamma pdf
£-1 Inverse Laplace transform

R7(n,m,k)(s) The derivative with respe(':t to s of the
system reliability function expressed in Laplace
transforms

. Multiplication sign

Analysis

With Repair Types A, B and C the long-run and time-dependent availabilities of this

model are given respectively by:

r-101) r=202)

Auglnm k) = lims o (LR} + 3 A(s)+ 3 Blo) + -
i=0 i=0ol1) i=0{2
- o of2)
¥ 3 Ps) (28)
i=0lm)
r r=1(1) r=2(2)
Ang(mm B)(D) = £UXPls) + 3 P+ 3 Als)+ -
i=0 i=ott =0,
oo o) =X
+ 3 R | (2:9)
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wlere

= [(m 4 n) = (i + K]

With Repair Types D, E, and F the relevant reliability indices are the system reli-
ability, the system mean time to failure and the system variance of time to failure.

These are given respectively by:

T r=1(1) r=2(2)
Rz(n,m,k)(t) = £7'D_Pi(s)+ Y Pis)+ > Pds)+...
i=0 i=gl) i=0(?)
(ro)™
wt D Pis)) (2.10)
i=0(m)
r r=1(1) r=2(2)
MTTFz(n,m,k) = lin%[z Pis)+ D Ps)+ 3 Pls)+..
=V i=0 i=0(1) i=0(2)
(re)tm™
et 3 Bs)] (2.11)
i=o{m) .
o%(n,m, k) = =2 lim Ri(n,m,k)(s) — [MTTFz(n,m, k))? (2.12)

Some special cases of the k—out—of —(n+m) : G operating under standby activation

policy Z will be presented in Chapter 4.
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Chapter 3

The Redundant System With
Early Standby Activation: Special

Cases

To develop generalized procedures for assessing the impact of common-cause failures
on system reliability indices, it is necessary to consider some special cases of the
general standby activation policy models Y and Z. This chapter will consider several
special cases of General Model Y while the next chapter will deal with special cases
relating to General Model Z. The proceeding sections will study several special cases
resulting in the development of some general and special-case expressions for the
mean time to failure, reliability, availability and variance of time to failure of system
standby activation policy General Model Y. These expressions will be presented in
terms of the number of active units n, the number of standby units m and the number
of healthy units required for system success k for the various possible repair types

introduced in the last chapter when system units are identical and non-identical.

The following values of basic system parameters which are typical in a wide range

of engineering applications would be specified for the special cases considered in this

Chapter and the next:
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For SBAP ¥:

Ay = 0.0004 per hr., A\, = 0.0001 per hr., Ag, which is the critical common-cause
failure rate is used as the independent system parameter in this study and for most
engineering applications its value lies within the range (0.01 — 0.30) A;. Virtually all
the reliability analysis will be done with a A value of 0.1 Ay. Fori = 1,2, .m+n-#¥,
Aci+1 = 0.5 Ag; Ay = 0.00003 per hry and for i = 0/, 1", ...(m — 1), A1 = 0.5 A
psi = 0.0006 per hr. for ¢ = 0,1,...,(m — 1) {where applicable) and u, = 0.0004
per hr. and g; = 0.00015 per hr,, for i = 2,3,..r, gpy1 = 0.00015 per hr., and
Hes2 = 0.0003 per hr. (where applicable) and r=m +n -k,

For SBAP 2Z:

A1 = 0.0004 per hr., A, = 0.0001 per hr., For 0¢) where j = 0 and i = 1,2,3...,m,
Mgty = 0.5A 4. For j =1,2,.,((m+n)—(k+14)) and i = 1,2,..,m, A+ =
0.5A. pi = 0.0006 per hr., for ¢ = 0/,1,...(m — 1)’ (where applicable). u;m =
0.0004 per hr., and for i = 0,1,..,m and j = 2,3, ..((m +n) — (k+1)), ;& = 0.00015
per hr. (where applicable) and also p,.; = 0.00015 per hr. and p,42 = 0.0003 per
hr. (where applicable) and r=m +n — k.

In cases where system units are identical, in order to lessen computational difficulties
in situations where m > 1, only the reliability analysis results of repair types under
which components are not repaired will be presented. In cases where system units
are non-identical, only duplex systems would be considered because the number of
system up-states increases astronomically with the addition of just one systern unit

(as indicated by the formula in Appendix J.1).
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3.1 The Identical Unit System With Early Standby
Activation: Special Cases

We will now consider some special cases of General Model Y when system units
are identical and in this regard it is convenient to group these special cases into the
following submodels of the k—out—of—(n+m) : G system viz: (i} 1—out—of—n<+1:
Gor(n1,1) (i)l —out—of ~n+2:Gor (n2,1) (iti}) 1l —out —of —n+3: G
or (n,3,1) (iv) k—out—of —n+1:Gor (n,,k) (v)k—out—-0f —n+2:G or
(n,2,k) (vi) k—out —of —n+3:G or (n,3,k).

3.1.1 1l-out-of-(n+1):G Identical Unit Submodel

This is the (n,1,1) system and is composed of n active units and one standby. It is
[unctional as long as at least one unit is healthy. A block diagram of this submodel

is shown in Fignre 3.1 and the state space diagram in Figure 3.2

r—==-- [
I L |
1 [z ] y
; T
— |
L _=—_ _|
- =3
M o K“ —
b o'
T
y—l:f——l—
L - _ ey

BLOCK B1: represents common-cauta fadures of the system
ROCK B2: rrpresents Ui sctive parmilel §-oat-of - SysTem
B.OCK B3 reprwsants 1he lone 3Tandby

Figure 3.1: Block diagram of the 1 —out — of — (n + 1) : G system
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Figure 3.2: State space diagram of the 1 —out —of —(n+1): G system under SBAP
Y
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1 —out —of — (n+ 1) : G system with Type A Repair

The corresponding integro-differential equations for the model described in Figure 3.2

(3.2)

(3.3)

are:
d}:;(t) + Cn1(0) Po(t) = p1 Pi(t) + poo Prr(t) + riz ./ Ble,t) w(e)dz (3.1)
! i=n+1
di:;t(t) + Ca(1) A(t) =0y Po(t) + 2 Fo(2)
d":;t(t) +C, (2) Pt)y=nA P(t)+nk Por(t) + pz Pa(t)

dfzt(t) + Can () Bi(t) = (n = 7 + 2) A P (t) + 41 Py
% + Cna(n) Pu(t) =241 Pra(t)
dP;'t(t) + Can(0') Po(t) = s Polt) + 2 Pa(t)

o 0
[B_z + ot + tins1(2)] Paga(z,t) = 0

g  d
(57 + 77 * #nta(@)] Prsalz,t) = 0
The associated boundary conditions are:
Pn+l(01t) =A P,,(t)

P,H.g(o, l) = zn:/\m .P,'(t) + Acg- Po!(t)

i=0

(3.4)

(3.5)

(3.7)

(3.8)

(3.9)

(3.10)

At time t = 0, Py(0) = 1.0 and all other initial state probabilities are equal to zero.

where,

Cat{0) =nA + 4, + Ao
Con(l)=nA + A+ 1
Can(2)=(r=1) A + Aez + 2
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Canlf) = (=3 +1) A+ Aj + 45
Cat(r) = A1+ Aen + ttn
Cn‘l(O') =nA + o + s

The procedure used to determine the long-run availability for all the models analyzed

in this study is described in detail for the first special case model only. For subsequent

special case models only the results are presented.

Special Case Model 1

For n = 1 in Equations (3.1) to (3.10) we obtain the following system of integro-

differential equations:

B 4 Ca(0) BD) = 1 A + s Pt +§2 [ P omeds @)

d‘:;t(t) +Cra(1) Pa(t) = M Po(t) (3.12)
Pl 1 @) Polt) = MPo(1) (3.13)
(2 + 2 + wale)) P 1) = 0 (3.14)
[az 9 7 T Hs (z}] Ps(z,t) =0 (3.15)

The associated boundary conditions are:
Py(0,t) = A Pi() + M\ Por(t) (3.16)
P3(0,t) = Ao Po(t) + Aaa Pi(t) + Ao Por(t) : (3.17)

At time ¢ = 0, Py(0) = 1.0 and all other initial state probabilities are equal Lo zero.

where

Cia(0) = M + A + A
Cra(l) = A+ Aa + 1y
Cia(0) = A+ Agr + por
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Equations (3.11) to (3.15) are transformed into their Laplace transform equivalents
and the resulting Laplace transform equations are solved simultaneously to yield the

following rclationships:

Pols) = - W!fs) . (3.18)
Wa(s) — Wa(s) ga(s) — Walc) ga(s)
M \
Pl(8)= m.PQ(S} (319)
PO-(S) = TC?L(T’) ® Po(s) (320)
_ A2 M A, 1 — ga(s)
P =lronmy T eroaoy T 10RO 3:21)
_ MAa Mdo o 1=gs(s)
Ps(s) = [heo + TEYE)) + Gt 01,1(0'))] of S ] & Bo(s) (3.22)
where

Wi(s) =s?+ A1 s+ Az

Wo(s) = s®+ A3 + Ay s + A5

Wa(s) = Ags + Ay

Wi(s) = Ags? + Ags + Ay

Symbols A; to A are defined in Appendix B.

With Type A Repair, the failed system is repaired upon failure and is assumed to

have arbitrarily distributed repair times, thus, the following relationships suffice:

pa(paz)?-lemm®

q2(z) = T(3) 7120, 8>0 : (3.23)
qs(z) = #3(#3:;)(‘:;)16“1133; : 2 0‘ ﬁ 0 (3.24)

a) For B = 1, the system repair time distribution is exponential and thus [Equa-

tions (3.23) and (3.24) become:
72(z) = pa ™" (3.25)

Na(z) = pae™* (3.26)



Their cquivalent Laplace transforms are:

_ Ha2 -
a(s) = - T 2 (3.27)
H3 @ 59

_ 3.28
q3(s) st (3.28)

Using Equations (3.18) to (3.20) which represent the up-states of this special case

model, we obtained the following steady-state probabilities:

P = Bz 13 bo (3.29)

Ha 3 T2 + p2 T3 + pa Ty
b

P, = M2 H3 (3.30)
U2 M3 T -+ pa T3+ 3 Ty

Py = #2 s by (3.31)
B2p3T2+ p2Ta+ H3 T4

The steady-state availability for this system using Equation (2.4} is:
Asy(1,1,1)(B=1) = R+hA+ P
= e (3.32)

M2 3 Tg + Mz T3+ f3 Ty -
where
b = C14(1) C11(0)
b =M C1a(09)
by = A, Cl.l(l)

T =bo+ by + by
To=A4— As— Ay
T3 = Ag — A7

z4 = As — Axo

b) For B8 = 2, the system repair times follow an Erlangian distribution and the failed

system recpair rates are time-dependent. Thus Equations (3.23) and (3.24) respectively

become:
qa(z) = p3 ze™F (3.33)
na(z) = ploes* | (3.34)
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The equivalent Laplace transform expresstons are:

n(s) = —22— (3.35)
2 (s + p2)?
13
q3(3) = (8 +#3)2 (3.36)

The steady-state availability for this failed system repair time model is determined

to be given by:

(#2 }l:s)2 I -
=2)= 3.3
A"Y(l’l’ D(E=2) (2 #3)? x, +2#§ HaZa +2pd 2 24 (3.37)

Similarly for @ = 3, the steady-state availability is given by:

(#2 p3)° 71
oy 3
A“Y(l,l,l)(ﬁ 3) (#2“3)332-‘-3#%#%33 +3p§y§mq (3 S)

Gaussian failed system repair times are approximated when § = 5 and the steady-

state availability when this is the case is given by:

(p2 p#3)° 1
Ao 3.39
Auv(lil’l)(ﬂ 5) ('u,zps)szz +5p3#é-’03 +5#'§#§-’84 ( )

From the fore-going analysis, it can be seen that the steady-state availability can be

expressed as a function of the Gamma pdf shape parameter § as:

(p2 #3)? 2
Ay (1,1,1)(8) = - - (3.40)
Y (2 pa)P x2 + B pth 4 23+ Bpf " 1 74

The plots of Equation (3.40) for various values of 2 and for specified values of system
parameters are shown in Figure 3.3 and the corresponding tabular values are shown
in the second column of Table 3.1. The trends shown by these values and those of

the other special cases are discussed in the concluding section of this Chapter.

Special Case Model II

For n = 2 in Equations (3.1) to (3.10) and using the same procedure outlined for the

previous special case, the following result is obtained for the long-run availability:

(#3#4)035
Auy(2,1,1)(8) = S - 3.41
i ) (6) (o pa)P 26 + Byl pf " 2o + B " 1 2 (3.41)
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Table 3.1: A,,,(n,1,1) (8) values as a function of Ao for Type 4 Repair

Ao (per Hr) n=1

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.4936
0.4881
0.4827
0.4774

0.3277
0.3228
0.3181
0.3135

0.2452
0.2412
0.2372
0.2334

0.1959
0.1925
0.1891
0.1859

0.1631
0.1601
0.1573
0.1545
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n=2

0.5027
0.4991
0.4956
0.4921

0.3357
0.3326
0.3294
0.3264

0.2520
0.2493
0.2467
0.2441

0.2017
0.1994
0.1972
0.1950

0.1681
0.1662
0.1642
0.1623

n=13

0.5195
0.5171
0.5146
0.5122

0.3509
0.3487
0.3465
0.3442

0.2649
0.2630
0.2611
0.2592

0.2128
0.2111
0.2095
0.2079

0.1778
0.1764
0.1749
0.1735
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Figure 3.3: A,,,(1,1,1) (B) Vs. Ay Plots for Type A Repair

Where

zs =dy+dy + dy + dy

Tg = Mgy — Agg — Agg

T7 = Ags — Aay

T3 = Ags — Ay

and,

do = Ca1{1) C21(2) Caua(0") ~ 212 Ay Ca(1) = 2 jt2 Ay C20 (0)
dy = 22y Caa(2) Caa(0') —~ 452 piz + 2 o My A,

dy =2 Ay Coa{1) + 423 Cp(0')

dp = A Cop(1) Can(2) + 4 A ja = 20 A,z

Cap(0) =20 + A, + Ao
Con(1) =2 + Aey + 114
Con(0') = 24 + Ao + ptoor
Con(2) =M+ Aea + 24,



The plots of Equation (3.41) for various values of 3 and for specified values of system
parameters are shown in Figure 3.4 and the corresponding tabular values are shown

in the third column of Table 3.1. Symbols Aay to Ay are defined in Appendix B.
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Figure 3.4: A,,,(2,1,1)(8) Vs. Ay Plots for Type A Repair

Special Case Model III

For n = 3 in Equations (3.1) to (3.10) and using the same procedure outlined for the

previous special cases, the following result is obtained for the long-run availability:

(!‘4 #5)” Ty
A, (3,1, 1)(B) = = - 3.42)
ol () (Haps)P zro+ B 18 i + A" 1§ 212 (
Where,
Ty = €e+eé+exteztey

Tio = Aso+ AzsCan(0) — sty Asq — o Auz — A Az — Ao Azg — Act Aau —
Az Ay — Aa Aga — Aot Az
T = Az Cs,:(o) = Aas — v A — A A
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T2

€o

€1

€2

€3

Cyr

Aza C31(0) — p1 Ass — taor Adg — Aco Azg — Aot Ags — Aeg Adz —
Aes A — A Asg ‘

Ca,1(1) C3.1(2) Ca,1(3) Ca(0°) — 3 Ay pta C3,1(1) C3(3) —

3 Ay pa C3,1(3) Caa(0') + 2\ p13 Ca1(1) Caa (0')

3 Ay C3,1(2) Ca.1(3) Can(0) — 9 A2 2 C31(3) — 6 A% 3 C31(0") +
3 A p2 Cs0(3)

31 As Ca(1) C31(3) + 9 A2 C3,0(3) C3,0(0")

623 2, Ca(1) + 1843 C3,(0)

Ay C3,1(1) C3.1(2) Caa(3) — 221 Ay p13 C3 (1) + 9 A2 2 C30(3) —
31 A, 12 C3,0(3)

Cs1(0) =3A1 + A + A,
Caa(1) =3 + A + 1
Caa(0) =3 A + Aeor + pory
Can(2) =20+ A2+ 2,
Caa(3) = M + Az + pa

The plots of Equation (3.42) for various values of 8 and for specified values of system
parameters are shown in Figure 3.5 and the corresponding tabular values are shown

in the fourth column of Table 3.1. Symbols A3 to Ays are defined in Appendix B.

l—out—of —(n+1): G system with Type B Repair

Setting the repair rates u; equal to zero for ¢ = 1,2, ...,n in Equations (3.1) to (3.10)
the system equations for the 1 — out — of — (n + 1) : G system with Type B Repair

can be obtained.

Special Case Model I

For n = 1 with Type B Repair, the system long-run availability can be determined

directly from Equation (3.40) by setting p, to zero. The results obtained are plotted

in Figure 3.6 and tabular values are shown in the second column of Table 3.2
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Table 3.2: A,,,(n,1,1)(B) values as a function of A, for Type B Repair

Ag (per Hr.} n=1

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.4139
0.4111
0.4083
0.4055

0.2610
0.2587
0.2565
0.2543

0.1905
0.1888
0.1870
0.1852

0.1501
0.1486
0.1471
0.1457

0.1238
0.1225
0.1213
0.1200

"5

n=2

0.4224
0.4206
0.4188
0.4169

0.2678
0.2663
0.2648
0.2634

0.1960
0.1948
0.1937
0.1925

0.1546
0.1336
0.1526
0.1517

0.1276
0.1268
0.1259
0.1251

n=3

0.4447
0.4432
0.4418
0.4403

0.2859
0.2847
0.2835
0.2823

0.2107
0.2097
0.2087
0.2077

0.1668
0.1660
0.1652
0.1643

0.1380
0.1373
0.1366
0.1359



Special Case Model II

For n = 2 with Type B Repair the long-run availability of the system can be de-
termined directly from Equation (3.41) by setting py and p: to zero. The results

obtained are plotted in Figure 3.7 and tabular values are shown in the third column
of Table 3.2.
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Figure 3.7: A,,,(2,1,1) (8) Vs. Ao Plots lor Type B Repair

Special Case Model III

For n = 3 with Type B Repair the long-run availability for this special case is
obtained directly from Equation (3.42) by setting sy, pi2 and p3 to zero. The results

obtained are plotted in Figure 3.8 and tabular values are shown in the fourth column
of Table 3.2.
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1 —out —of —(n+1): G System with Type C Repair

Setting the repair rates p;; for ¢ = 1,2,...,n and poo equal to zero in Equations (3.1)
to {3.10) the system equations for the 1 ~ out — of — (n + 1) : G system with Type

C Repair can be obtained.

Special Case Model I

For n = 1 with Type C Repair the long-run availability for this special case is obtained
directly from Equation (3.40) by sctting s, and i, to zero. The results obtained are

plotted in Figure 3.9 and tabular values are shown in tiie second column of Table 3.3.

Special Case Model II

For n = 2 with Type C Repair the long-run availability for this special case is ob-

tained directly from Equation (3.41) by sctting 1, pt2 and p.or to zero. The resulls
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Table 3.3: A,,,(n,1,1)(B) values as a function of A for Type C Repair

A (per Hr.)
0.00001
0.00002
0.60003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

n=1

0.4002
0.3977
0.3952
0.3926

0.2502
0.2482
0.2462
0.2443

0.1820
0.1804
0.1788
0.1773

0.1430
0.1417
0.1404
0.1391

0.1178
0.1167
0.1156
0.1145
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n=2

0.4028
0.4012
0.3997
0.3981

0.2608
0.2595
0.2582
0.2568

0.1929
0.1918
0.1907
0.1895

0.1530
0.1521
0.1511
0.1502

0.1268
0.1260
0.1252
0.1244

n=
0.4437
0.4423
0.4409
0.4394

0.2851
0.2840
0.2828
0.2816

0.2101
0.2091
0.2081
0.2072

0.1663
0.1655
0.1647
0.1639

0.1376
0.1369
0.1362
0.1355
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obtained are plotted in Figure 3.10 and tabular values are shown in the third column
of Table 3.3.

Special Case Model III

For n = 3 with Type C Repair the long-run availability for this special case is obtained
directly from Equation (3.42) by setting pt;, 2 and pz and p,p to zero. The results

obLained are plotted in Figure 3.11 and tabular values are shown in the fourth column
of Table 3.3.

l—oul —of —{(n+1):G System with Type D Repair

With Type D Repair, the system is not repaired and thus jin4(T) = ping2(z) =0 in
Figure 3.2 leading to the following set of integro-dilferential equations:

t”:‘ijt(t) + Can(0) Po(t) = py Pi(2) + o Por(2) f3.43)
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For j =

ALY | o (1) Pi(t) = n d Polt) + 2 Pa2)

dt
dpﬁ(t) +Cna(2) Po(t) = n Ay Pi(t) + 7 M Po(t) + pta Poft)
=34,y — 1,

d};f Y 4 Canli) Pi(8) = (=3 +2) M Pra(8) + ism2 Py
sz;(t) + Co1(0') Po(t) = Ay Polt) + p2 Po(t)

ff*st‘(‘_) =\ Py(t)

dP,.J:(t) - z,\ : Pi() + Aor Po(t)

=0

(3.44)

(3.45)

(3.46)
(3.47)
(3.48)
(3.49)

(3.50)

At time ¢ = 0, Py(0) = 1.0 and all other initial state probabilities are equal to zero.

The procedure used to determine the system reliability, mean time to failure and

variance of time to failure is described in detail for the first special case model only.

In subsequent special case models only the results are presented.

Special Case Model I

For n = | in Equations (3.43) to (3.50) we will have the following set of equations:

(’-) +C, 1{0) Po(t) = py Pi(t) + psor PO'(‘)

‘”j;t(‘) + Cia(1) Pilt) = M Poft)
dPZt(t) Chia(0") Po(t) = A Po(t)

"_P"_:E(_El = A Pi(t) + My Po(t)

,113,::) = Ao Po() + At Pi(8) + Ao Por(t)
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(3.51)

(3.52)

(3.53)

(3.54)
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At time £ = 0, Py(0) = 1.0 and all other initial state probabilities are equal to zero.

where,

Cia(0)=A 4+ A + A0
Cra(l) =M+ Aa+m
Cra(0) = Ay + Ao + poer

Converting Equations (3.51) to (3.55) into their Laplace transforms equivalents and

solving those Laplace transform equations simultaneously, we obtain:

Vi, (s)

Py(s) = s (3.56)
where,
Vn(s) = (s+Cra(1))(s+ Cia(0N)
Vp,(s) = (s+C1a(0))(s + Cra(1))(s + Cpa(0") — g1 Ay (s + Ci(0')) -
taor As(8 + Cr1(1))
Ps) = oo o) (3.5
Po!(s) = ﬁw—)) L Po(s) (3.58)
2

Pile) = (o * o G 1 A (3:59)
P =Bt TGS+ G o 1 (90

From Equation (2.5), the system reliability is:

Ry, (1,1,1)(t) = Po(t) + A(t) + Polt)
= L7 [Po(s) + Pi(s) + Pu(s)]
= e (By + Bs + Bq| + e"*[B; + Bg + Bio} +
e"“ [B;; + B7 + Bu] + qu-cl"(l" + Bg &-CI'I(O'” (361)
where 3,, 3; and s3 are roots of the polynomial function Vp,(s). The Laplace trans-

form inversion that yielded Equation (3.61) was performed using the Partial Fraction

Method. The partial fraction residues B, to By, are defined in Appendix B. A plot
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Figure 3.12: Ry,(n,1,1) Plots (Ao = 0.00004 per hr.)

Table 3.4: Ry,(n,1,1) Values (Ao = 0.00004 per hr.)

Time ¢ (Iir.)
0

2000

4000

6000

8000

0

n=
1.0000
0.7586
0.5114
0.3394
0.2247
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n=2

1.0000
0.8353
0.5841
0.3850
0.2496

n=
1.0000
0.8861
0.6530
0.4353
0.2796



of (3.61) for specified values of system parameters is shown in Figure 3.12 and corre-
sponding tabular values are shown in the second column of Table 3.4.

Using Equation (2.6), the system mean time to failure is:

MTTFy,(1,1,1) = li_r.rtl)[tPg(s)+Po:(s)]

i=0
"VDl 1,1
= — 3.62)
XD:.m (
where
Wp, 11 = Cra(1) Cra(07) + Cra(07) Ay + Cra(1) A,
and,
XDpy1a = C1,(0) Cra(1) Cra(0") = 11 A1 C1a(0) = prsir A5 Cra(1)
From Equation (2.7), the variance of the time to failure is:
oy, (1,1,1) = =2 gi_:gR;,D(l, 1,1)}(s) = [MTTFy,(1,1,1))?
1
= 7 R(kiks = koky) — K] (3.63)
2

Symbols k, to k4 are provided in Appendix B.

Special Case Model II

For n = 2 in Equations (3.43) to (3.50) using the same procedure outlined for the
last special case, we obtain the following results:

The system reliability is given by:

Rro L1 = AW+ Pult)
= Pot) + Pi(l) + Plt) + Pt
= L7 [Py(s) + Pi(s) + Pa(s) + Por(s)]
= €"[Bys + Bag + Bar + Bag] + €"*"{Byo + B +
B3y + By| + €**[Bas + Bay + Bas + Bas] +

€"?* [Bar + Bys + Bag + By} (3.64)

Wpo(s) = s* + A s® + Ay s® + Ay s + Ay
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where $,, 810,......,912 are real and unique roots of the polynomial function Wp(s).
The residues Bps to By are defined in Appendix B. A plot of (3.64) for specified
values of system parameters is shown in Figure 3.12 and tabular values are given in

the third column of Table 3.4.

The mean time to failure of this system is:

2
MTTFy,(2,1,1) = lim{3 Als) + Po(s)]

=0
= lim[Po(s) + Pi(s} + Pa(s) + Fu(s)]
"VDz 1.1
= ——2ll 3.65
XD:.: 1 ( )
where,
Wp,,: = C2a(1) C20(0") @2(2) + Ca1(0) [2M1 R2(2) + p2 ©2] +
Ca21(1) [A ®2(2) + #292] + C2a(1) C24(0') O,
XD:.[.: = 02.1(0) Cz.l(l) c"2.1(()") ‘1’2(2) — M1 02,1(0') [2 )n ‘1’2(2) + pa 92] -
Bsor C21(1) [As D2(2) + 2 ©g)
where
®2(2) = Ca,1(1) C2,1(0°) C2,1(2) = 2 A1 p2C21(0°) — 2 Ag 12 Ca1 1)
62 = 4 t\% 02'1(0') + 2 /\1 /\, 02'1(1)
Using Equation (2.7), the variance of the time to failure of this system is:
oy, (2,1,1) = =2 lim Ry, (2,1,1)(s) - [MTTFy,(2,1,1)]?
1
= 5 [2(ksks — keks) — k3] (3.66)

Symbols k5 to kg are defined in Appendix B.
where

Con(0) =204+ X+ A

Caa(l) =2\ + Ao + 14

Conl0') =20 4+ Ao + gty

Con(2) =M + A+ 24



Special Case Model III

For n = 3 in Equations (3.43) to (3.50) using the same procedure outlined for the
previous special case, we obtain the following results:
The system reliability is given by: |
3
Ryp(3,1,1)(t) = ;-Pi(t) + Py(t)
= 3R + Rolt)
= e [Eaa + Bgg + By + Bgs + Bioa] +
€*%* [Bgy + Bgg + Bys + Bog + Biad] +
'™ [Bgs + Bso + Bos + Bioo + Bhes| +
e™* [Bgg + Bg1 + Bos + Bio1 + Bies] +

e’ [Byz + Boy + Bor + Bioz + Bior] (3.67)

Wia(s) = (s + C3,1(0)) Wha(s) — p1 Wie(s) — s Wis(s)
Wia(s) = 8%+ Aas 8 + Az 8* + Ass s + Aag
Wis(s) = Azz 8% + Azz 82 + Azg s + Ass

Wis(s) = Aus 8® + Aus 8° + Aurs + Asg

where s,5 to 83 are the roots of the polynomial function Wi3(s). The partial fraction
residues Bgy to Bjor are defined in Appendix B. A plot of (3.67) and correspond-
ing tabular values are given in Figure 3.12 and in the fourth column of Table 3.4,
respectively.

The mean time to failure for the system is:
W,
MTT Fy,(3,1,1) = —22d (3.68)

where

Woian = C3a(1)Caa(07) 2(3) Pa(3) + Ca1(0')[(3A1 P2(3) + p2 ©3) 3(3) +
20 2 3 Ca,1(1) C,1(0°) O3] + Caa(1) {(As B2(3) + 12 Oa) $o(3) +
2Ay p2 paCa1(1) C3,1(0) Og] + Ca,(1) Ca1(0") [$2(3) O3 +
221 13 Ca1(1) C3,1(0") @3] + 2X; C3,1(1) Ca,4(0') 92(3) O3
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Xpyyy = C32(0)Caa(1)Caa(07) @2(3) ®a(3) — 1 C3,(0) [(3 M1 82(3) +
pz ©q) B3(3) + 2y pa pi3 C31(1) C3,1(0") Oa] — peer Ca(1) {(As 22(3) +
B2 ©3) @3(3) + 2X pa 3 C3,1(1) C2,:1(0") O]

where,

®5(3) = C3a(1) C32(0") C3,1(2) = 3 Ay p2 C3,1(0") — 3 12 Caa(1)
$3(3) = C3,.(3) P2(3) — 2 At pa Ca,1(1) C5,(0')

O3 = 9A? Ca 1 (0") + 3X; A, C5(1)

The variance of time to failure for this system with Type D Repair is:
o5, (3,1,1) = -2 lim Ry, (3,1,1)(s) = [MTTFy, (3,1, 1)
1
= = [2(ko k11 — Kuo k1a) — k3] (3.69)
10

The symbols kg to k3 are defined in Appendix B.
where,

Caa(0) =3 + 20+ A,

Capi(l) =30+ A + 11

Caa(0') = 3 Ay + Acor + poor

Caa(2) =2 1 + A2+ 22

C3a(3) = A1 + Aca + pa

From Equations (3.62), (3.65), and (3.68), the mean time to failure of the 1 — out —
of —(n+1): G system with Type D Repair and under standby activation policy ¥

can be generalized in terms of n as:

MTT Fyy(n,1,1) = Wousa (3.70)
Dnag
where
"VD,.,M = n.l(l) Cn,l(o') H @i(n) + Cn.l(of) [En + Fn] + Cn.l(l) [Ln + Fn] +
i=1
‘I’2 cn.l(]-) C‘n.l(of) Gn + ‘1’3 Cn.l(l) Cn,l(o') (I)Z(n) I:[n 4
P, Cn,l(l) C,,J(O’) ‘I’g(n) ‘I’a(n) Lt e +
n=2 n-1
Woy Caa(1) Can(0) T iln) Jn + 2Wn(n ~ 1) A2 ] &i(n)On
=2 ) i=2
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and,

n

Xbupy = Can(0)Can(1) Can(0) I] ®iln) = 1 Can(0) [En + Fu] -

i=1

Hav! Cn,l(l) [Lu + Fn]

Where

Can(0) = ndy + A, + A
Con(l)=nM+Aq +m
Crn(07) = nAy + Ao + pioov
Can(2) = (n = 1)A + Ap + 2412
Cra(3) = (n = 2)h + Aca + pa

Cat(n) = Ay + Aen + fn

®,(n)=1

P2(n) = Cr(1) Can(07) Cra(2) = ndy pg Can(07) — ndy g Cu (1) [valid for n > 2]
B3(n) = C3,1(3) B2(n) — {(n — L)At3 Ca 1 (1) Caa(0") [valid for n > 3]

i(n) = C;1(3) Bi_t(n) — 2\, pt; Bi_o(n) [valid for n > i where i > 4]

where

®i(n)=1forn <1

On = (nA)? Crp(0') + 1A A, Cra(1)

U,=1fori<n

U, =0fori>n

En = (nh®a(n) + 1 0,) [] &(n)

=3

Lo = (A ®(n)+20,) ][ 2i(n)

i=3

n=1
F, = (n—1)Ap2p3Cn1(1)Cri(0) O, H ;(n) +

i=4
n—1
2(n = 1)A2 iz 3 pa Cna (1) Caa (01) O 83(n) [T #i(n) +
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2(71—1)4\1#2#3#4#5 nl(l)Cnl(O)O Qg(n)tI):», H(I) n)+

i=6
e+ 2(n = 1)A2 Hp, Cn,1(1) Crn(0) nf[tp(n
=2 i=2
n—2
2(n ~ 1)A? Hp, w1(1) Crn1(0%) I]:2 P;(n) O,
j=2 =

Go = T[@i(n)On+ (n = DAy ts Can(1) Caa(0)) O, T] Bi(n) +

=3 =4

2(n — 1)A2 t3 14 Ca1 (1) Coa(07) O B H«p(n)+

i=5
n=-2
v+ 2(n—1)A2 Hp, Crn1(1) Cra(0) H@ (n)©,
3=3 i=2

H, = Hd). n)(n—l)A1® +2(n - 1)A20, ®,(n) s +

i=d

2(n — 1)A} O, B3(n) Ba(n) pa pts + ..
n—2
wt+2n=1r0, II %:(n) H,u_,
=2 F=4

In = HQ (n—l)/\[@ +‘2(n—1)z\26 ‘1)3( )#5+

=5

2(n — 1)A2 0, ®3(n) B4(n) us ps + ..

n-2
e F+2(n = 1)A O, [] 0:i(n) Hp,
=3 j=5

In

(r=1)A 0, ®.(n)

For n = i, pu;_, and A _, are not applicable and assume a value of zero in above
expressions if j > 14 1,

Using Equation (3.70), the plots of system mean time to failure for n = 1, 2, and 3
with Type D Repair and for the specified values of system parameters are given in

Figure 3.13 and Table 3.5 respectively.
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Figure 3.13: MTTFy,(n,1,1) Vs. A, Plots

Table 3.5: MTTFy,(n,1,1) Values as a function of Ay

Ac (per Hr.) n=1 n=2 n=23

0.00001 6300.59 6578.21 7088.25
0.00002 6021.26 6376.02 6930.84
0.00003 5765.15 (G184.82 6779.09
0.00004 5529.49 6003.77 6632.75
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1 —out —of — (n+1): G System with Type E Repair

With Type E Repair, the system and its failed active units are not repaired and,

thus, p; for i = 1,2,.,1, ftaga(z) and fns2(2) are sct to zero in Equations (3.1) to

(3.10).

Special Case Model 1

For n = 1 with Type E Repair we can easily determine the reliability indices for this

special case as follows:
The system rcliability for this special case model is easily obtained from Equa-

tion (3.61) by setting sy to zero. The results are plotted in Tigure 3.14 and the

tabular values in the second column of Table 3.6.

1.00
0.75
‘/;'\
S g50-
Lad
= LEGEND
a=n=1
0.25 0 =n=32
A =n=3
0.00 T T T 1
0.0 2000.0 40000 60000  8000.0

Time in hours, t

Figure 3.14: Ry(n,1,1) Plots (Ao = 0.00004 per hr.)

The system mean time to failure is determined directly from Equation (3.62) by
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Table 3.6: Ry.(n,1,1) Values (Ao = 0.00004 per hr.)

Time ¢ (Hr.) n= n= n=3
0 1.0000 1.0000 1.0000
2000 0.7317 0.3124 0.8753
4000 0.4325 0.4918 0.5761
6000 0.2344 0.2537 0.3086
8000 0.1209 0.1210 0.1495
o) 0 0 0

setting g, to zero and can be expressed as:

MTTFyo(1,1,1) = (Cua(@) (1 + Ay ) (3.71)

1
01[01'1(0) Cl 1(1)

where,

a[C1,1(0)] = C11(0) C1a(0") = A, poer

Setting jt; = 0 in Equation (3.63), the variance of time to failure for this special case

is determined.

Special Case Model I1

For n = 2 with Type E Repair the relevant reliability indices for this special case can
be obtained as follows:

The system reliability values can be obtained from Equation (3.64) by setting 1 and
stz Lo zero. The results are plotted in Figure 3.14 and the corresponding tabular

values are shown in the third column of Table 3.6.

The mean time to failure of this system is directly obtained from Equation (3.65) by
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setting st; and y3 to zero and can be expressed as:

_ 1 , 2\, 4A3
MITR,@L1) = gy @0+ oot o) f
2\ -
’\s (1 + 02'1(2) )] (3"“)
where,

01[C2,1(0)] = C2,1(0) C2,1(0") — A, v

Setting g = 2 = 0 in Equation (3.66), the variance of time to failure for this special

case is determined.

Special Case Madel III

For n = 3 with Type E Repair, the relevant reliability indices for this special case
are obtained as follows:
The system reliability is determined from Equation (3.67) by setting g1, p2 and s

to zero. The results are plotted in Figure 3.14 and the values are shown in the fourth

column of Table 3.6.

The mean time to failure for this system is determined from Equation (3.68) by setting

1, 42 and pg to zero and thus can be expressed as:

MTTFy(3,1,1) = — 1 i)+ 3 921 4
S a[C3a(0)] Can(1) T Caa(1) Can(2)
18 M3 3N
C31(1) C3,(2) 03.1(3)) AL+ Cs.4(2) t+
__ 68 .
Con2) o) (3.73)
where,

a1[Ca,1(0)] = C3,1{0) Ca(0') — Ay psr

The variance of time to failure for this special case is determined by setting j =

g2 = a3 = 0 in Equation (3.69).

From Equations (3.71), (3.72) and (3.73) the following generalized system mean time
to failure expression for the 1 — out — of — (n + 1) : & system with Type £ Repair

and under standby activation policy Y is developed in terms of n:

73



{0’ A As
MTT Fyg(n,1, 1) = [%] ¢ [1 + (0:11(11) + Cnl(n')) . Gl/n]
where
_ Al |, n(n=1¥A] | n(n-1)(n-— 2)¥3A3
Gun = 1+ G5} ¥ Coa®) Coa(®) T Coa®) Coa(®) Coa(®)

.......... 4 Dl
n:"=2 Cﬂ-i (t)
where the ¥;s are parameters defined as follows:
U;=0forj2nand ¥;=1forj<n
a1[Cn(0)] = Cna(0) Can(0') — A, paor

(3.74)

Equation (3.74) was used to generate system mean time to failure plots and values

for n = 1, 2 and 3 for specified values of system parameters shown in Figure 3.15 and

Table 3.7 respectively.

8000.0 -
7000.0~
= LEGEND
NS 0 =n=1
0 =n=2
u -
LZ- 6000.0 a=n=3
5
5ooo.o§ - = —a
+
— = — —t)
= —
4000.0 T T |
1.0 2.0 3.0 4.0
Critical common—cause failure rate, *107

Figure 3.15: MTT Fyg(n,1,1) Vs. A Plots
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Table 3.7: MTT Fy,(n,1,1) Values as a function of Ag

Ao (per Hr.) n=1 n=2 n=3

0.00001 4614.84 4813.07 5287.46
0.00002 4438.81 4722.60 5210.07
0.00003 4368.74 4634.77 5134.32
0.00004 4254.24 4549.47 5060.17

1 - out — of — (n+1) : G System with Type F Repair

With Type F Repair, the system and its failed units are not repaired and thus p;; for

i=1,2,.,n, fint1(2), fns2(T) and gy ate se. to zero in Equations (3.1) to (3.10).

Special Case Model 1

For n = 1 with Type F Repair we can determine the relevant reliability indices for
this special case as follows:

The system reliability for this special case model is easily obtained from Equa-
tion (3.61) by setting p; and g, to zero. The results are plotted in Figure 3.16
and the tabular values in the second column of Table 3.8.

The system mean time to failure is determined directly from Equation (3.62) by
setting py and p,p to zero and thus can be expressed as:

1 A Ay

MTTFy(1,1,1) = C1,1(0) i+ Cia(1) i c'1-‘(0')]

(3.75)

Setting s1 = g = 0 in Equation (3.63) the variance of time to system failure for

this special case is determined.

75



100

0.75-
f‘:\
& 050
(T
& LEGEND
= n=1
0.25- 0 =n=2
A = n=3
0.00

1
0.0 20000 40000 60000  8000.0
Time in hours, t

Figure 3.16: Ry.(n, 1,1) Plots (Ao = 0.00004 per hr.)

Table 3.8: Ry.(n,1,1) Values (Ao = 0.00004 per hr.)

Time ¢ (1Tr.) n=1 n=2 n=3

0 1.0000 1.0000 1.0000
2000 0.7226 0.8104 0.8749
4000 0.4101 0.4858 0.5739
G000 0.2101 0.2477 0.3062
8000 0.1018 0.1169 0.1480
0o 0 0 0
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Special Case Model IT

For n = 2 with Type F Repair we can obtain the relevant reliability indices for this
special case as follows:

The system reliability is determined from Equation (3.64) by setting sy, gto, and g,or
to zero. The results obtained are plotted in Figure 3.16 and the values are shown in

the third column of Table 3.8.

The system mean time to failure is determined from Equation (3.65) by setting i,

2 and py to zero and is expressed as:

2 As
Caa(1) C'z.:(O')

2,
Cza(2)

(1 +

MTTFo(2,1,1) = ( ) [1+( ) (3.76)

Setting gy = p2 = ptsor = 0 in Equation (3.66) we can determine the variance of time

to system failure for this special case.

Special Case Model III

For n = 3 with Type F Repair we can determine the relevant reliability indices as
follows:

The system reliability is determined from Equation (3.67) by setting g1, st2, pt3 and
s to zero. The results are plotted in Figare 3.16 and the tabular values are shown

in the fourth column of Table 3.8.

The mean time to failure for the system is determined by setting gy, pt2, s and jiy

to zero in Equation (3.68) and can be expressed as:

1 3\ 3,

MTTFee(3,1,1) = = [1+(03'1(1)+031(0,))(1+C R
62 o
EOIAEL (3.77)

The variance of time to failure for the system is determined by setting o, = p2 =

U3 = pyor = 0 in Equation (3.69).
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From Equations (3.75), (3.76) and (3.77), the following generalized system mean time

to failure expression for the 1 —out —of — (n + 1) : G system with Type F' Renair

and under standby activation policy Y is developed in terms of n:

MTTFyp(n,1,1) = [ai—@].[u( an(l1)+cn, (0,)) o Gyynl (3.78)

Equation (3.78) was used to generate system mean time to failure plots and values

for n = 1,2 and 3 for specified values of system parameters shown in Figure 3.17 and

Table 3.9, respectively.

8000.01
7000.0 4
=y LEGEND
'E- 0 =n=1
: o =n=2
L= §000.0- A =n=3
L.
i—-
'—
E 2
5000.0 = A
—e_ 4
_E_
+
4000.0 ' —
. 3.0 40
Cntrcol common—cause failure rate, *10°
A

<o

Figure 3.17: MTT Fy,(n,1,1) Vs. Aq Plots

3.1.2 1l-out-of-(n+2):G Identical Unit Submodel

‘This is the (n,2,1) system and is composed of n active units and lwo standbys. It is
functional as long as at least one unit is healthy. A block diagram for this system is

shown ir Figure 3.18 and its state space diagram is shown in Figure 3.19.
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Table 3.9: MTT Fy.(n,1,1) Values as a function of Ao

Ao (per Hr.) n=1 n=2 n=23
0.00001 4353.36 4757.11 5266.56
0.00002 4246.4S 4670.70 5190.79
0.00003 4144.18 4586.73 5116.59
0.00004 4046.19 4505.12 5043.94
r_— —_— ]
T — |
) [z ] |
PR
n
| _=—=__!
=1 \
cor [ 2 —
I—/— -l
[ )] l_ ————— I-
o —
| |
s R

.0CK B1: repratants comman-cousa fadures of the srtem
M.OCYK B2; repratants. the uctive paraliel 1-aut ol 1 system
BLOCK BY; fepretanis the two siafdbys

Figure 3.18: Block diagram of the 1 — out — of —(n+42): G System
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tlam
e

(nsd)

Figure 3.19: State space diagram of the 1 —out — o f — (n +2) : G System under
SBAP Y
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1-out—of —(n+2):G System with Type A Repair

The corresponding integro-differential equations for the model described in Figure 3.19

are:
dPy(t PLA L -
;t( ) + Cr2(0) Po(t) = py Pi(t) + psor Pr(t) + D f Py(z,t) pi(z)dx (3.79)
i=n+2
dp(t
O} Gua1) Prlt) = 0 Po) + 2 Pa() (3:30)
dPy(t
;t( )t Cos(2) Pa(t) = n M Po(t) + m Ay Po(t) + pia P(t) (3.81)
Pyt
;t( ) 4 Ca(3) Polt) = n M Pa(t) + n Ay Pult) + ua Po(1) (3.82)
For j =4,5,....,n,
dP;(t .
B 4 Guali) Pi(1) = (n =5 +3) M Pralt) + sy P (3.33)
dp,
%l(t) + Cr2(n + 1) Payi(t) =24 Pa(2) (3.84)
dPo(t) '
0L Cu(0) Pold) = 23, Po(t) + v Pu(t) + o Pa(t) (3.35)
dPp(t
P 1 Goalr') Pu(t) = A Polt) + 1 Ao() (3.56)
d
[a + 57 ot + I-‘n+2( )] Pn-!-?(zv t) =0 (387)
g 0
[a tout #n43(Z)] Prya(z,t) =0 (3.88)
The associated boundary conditions are:
Pri2(0,8) = Ay Poga(t) (3.89)
n+1
Poya(0,t) =3 A Pi(t) + Z A Pi(Y) (3.90)
i=0 =10

At time ¢ = 0, Py(0) = 1.0 and all other initial state probabilitics are equal to zero.

where

Cnlz(O) =nA+2\+ 20
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Cn2(l) =n A+ A +
Cr2(2) =n A + A2 + 212
Cra(3) ={n—1) Ay + Acs + 2p3

Ca2(i) = (=3 +2) A+ Agj + 14
Crz(n +1) = A + A1 + fingt
Cn2(0) = n Ay + Aor + progr + As
Cna2(l) =n A + A + par

Special Case Model I

For n = 1 in Equations (3.79) to (3.90) using the procedure outlined for the last

sub-model, the long-run availability of this special case is given by:

(ﬂa#4)a$13
Auen(1,2,1) (8) = J _ (3.91)
A(L21(8) (13 1) Tra + Bl p8 2rs + B! 1 216

Where,

T3 = Asz + Asg + Aso + Agz + Aes

T4 = A7 — Az — Ars

Tis = An — An

T = A7 — A

The steady-state availability values generated with Equation (3.91) for various values
of B and for specified values of system parameters are shown in the second column of

Table 3.10. Symbols As; to Az are defined in Appendix C.

Special Case Model II

For n = 2 in Equations (3.79) to (3.90) using the procedure outlined for the last

sub-model, the long-run availability of this special case is given by:

(484 15)P 217
A (2.2,1) () = ) - 3.92
y( 1< )( ) (”4 lls)ﬂ T8 + ﬁﬂf ﬂ-g 11719 + ﬂ.uf" 1 .Ug Z320 ( )
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Table 3.10: A,,,.(n,2,1) (B) Values as a function of A with Type A Repair

Ao (per Hr.)
0.00001
0.00002
0.00003
0.00004

6.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

n=1

0.6234
0.6168
0.6102
0.6038

0.4528
0.4459
0.4391
0.4324

0.3556
0.3491
0.3429
0.3369

0.2927
0.2869
0.2813
0.2759

0.2487
0.2435
0.2385
0.2336
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ne="
0.5388
0.5364
0.5339
0.5315

0.3738
0.3714
0.3691
0.3667

0.2861
0.2840
0.2320
0.2799

0.2318
0.2299
0.2281
0.2263

0.1948
0.1932
0.1916
0.1900

n=23

0.5335
0.5513
0.5492
0.5470

0.3826
0.3306
0.3785
0.3765

0.2924
0.2906
0.2383
0.2870

0.2366
0.2350
0.2334
0.2319

0.1987
0.1973
0.1959
0.1946



where,

T17 = A+ Awas + Aus + Areo + Arso + Aros

zis = A+ C22(0) Ana ~ p1 Arsa — pew Arrs — AL Arse — Ao Auia —
Act Aiza — Acz Aras — Aea Arse — Acor A1zo — Acrr Auos

Z19 = C2,2(0) Ana — p1 Arag — ptsor Arso — A1 Areo

220 = Co2(0) Arna — #1 Aras — oo Aro — Aco Arrt — Aat Araa
= Ae2 Arie — Az Areo — Acor A1so — Acr Aros

Equation (3.92) was used to generate long-run availability values shown in the third

column of Table 3.10. Symbols A;;3 to A;g¢ are defined in Appendix C.

Special Case Model III

For n = 3 in Equations (3.79) to (3.90) using the procedure outlined for the last

sub-model, the long-run availability of this special case is given by:

(s #e)a T2
Asey(3,2,1)(8) = U - 3.93
Y /() (15 p16)P T2z + B ot po " 2o + Bl ™" if 724 (3.93)

Where,
zn = Azsz+ Ases + Aasze + Aaws + Asea + Aaso + Auss
T2 = Agsa + C32(0) Azs1 — pt1 Azes — aor Aago — At Azsz —
Aco Azs1 — Ac Azsa — Acz Aazs — Aea Ags ~ Acy Assz —
Aot Azss — Acrr Aao?
T3a = Ca2(0) Azs2 — pt1 Azes — phsor Azso — M Azea
z2a = C32(0) Azsz — g1 Azes — poor Azeo — Aco Agsz —
Act Azgs — Aez Asze — Aca Aaso — Aca Ases —
Acor AAago — Acrr Asos
The long-run availability values generated with Equation (3.93) are shown in the

fourth column of Table 3.10. Symbols Ags; to Ags are defined in Appendix C.
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1 —out—of —(n+2):G System with Type B Repair

With Type B Repair, the failed active units are not repaired and thus p;; for i =
1,2,....,n 1 is set to zero in Equations (3.79) to (3.90).

Special Case Model 1

For n = 1 with Type B Repair we can directly obtain the long-run availability for
this special case from Equation (3.91) by setting uy and g2 to zero. These long-run

availability values are shown in the second column of Table 3.11.

Special Case Model II

For n = 2 with Type B Repair we can also directly obtain the long-run availability
for this special case from Equation (3.92) by setting py, p2 and g3 to zero. These

long-run availability values are shown in the third column of Table 3.11.

Special Case Model II1

For n = 3 with Type B Repair we directly obtained the long-run availability from
Equation (3.93) by setting g1, u2, #3 and pq4 to zero. The long-run availability values

are shown in the fourth column of Table 3.11.

1 —out —of — (n+2): G System with Type C Repair

With Type C Repair, the failed system units are not repaired and thus p;; for ¢ =
1,2, .yt + 1, pogr and g,y are set to zero in Equations (3.79) to (3.90).

Special Case Model I

For n = 1 with Type C Repair we can obtain the long-run availability {rom Equa-

tion (3.91) by setting g1, g2, sy and p,10 Lo zero and the long-run availability values

are shown in the second column of Table 3.12.
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Table 3.11: A, (n,2,1)(8) Values as a function of Ao with Type B Repair

Mo (per Hr) n=1

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.5090
0.5061
0.5032
0.5002

0.3414
0.3388
0.3362
0.3335

0.2568
0.2546
0.2524
0.2502

0.2059

0.2039

0.2020
0.2001

0.1718
0.1701
0.1684
0.1668
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=2
0.4729
0.4712
0.4696
0.4679

0.3098
0.3084
0.3070
0.3056

0.2304
0.2292
0.2280
0.2269

0.1834
0.1824
0.1814
0.1804

0.1523
0.1514
0.1506
0.1497

n=
0.4786
0.4772
0.4757
0.4743

0.3146
0.3134
0.3121
0.3109

0.2343
0.2333
0.2322
0.2312

0.1867
0.1858
0.1849
0.1840

0.1551
0.1544
0.1536
0.1529



Table 3.12: A,,,(n,2,1){B) Values as a function of Ao with Type C Repair

Ao (per Hr) n=1

0.90001
0.00002
0.00003
0.00004

0.90001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.4774
0.4750

 0.4725

0.4700

0.3135
0.3114
0.3004
0.3073

0.2334
0.2317
0.2299
0.2282

0.1859
0.1844
0.1830
0.1815

0.1545
0.1532
0.1519
0.1507
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n=2

0.4402
0.4384
0.4365
0.4347

0.2961
0.2945

0.2929

0.2912

0.2231
0.2217
0.2203
0.2190

0.1790
0.1778
0.1766
0.1754

0.1494
0.1484
0.1474
0.1464

n=3

0.4770
0.4756
0.4742
0.4729

0.3132
0.3120
0.3108
0.3096

0.2331
0.2322
0.2312
0.2302

0.1857
0.1848
0.1840
0.1832

0.1543
0.1536
0.1528
0.1521



Special Case Model II

For n = 2 with Type C Repair we can also obtain the long-run availability for this
special case from Equation (3.92) by setting p;, pt2, fa, 00 and pyy to zero and the

long-run availability values are shown in the third column of Table 3.12.

Special Case Model III

Similarly, for n = 3 with Type C Repair we can obtain the long-run availability
from Equation (3.93) by setting p1, g2, pa, f4, Msor and p,yr to zero. The long-run

availability values are shown in the fourth column of Table 3.12.

1—out—of —(n+2):G System with Type £ Repair

With Type E Repair, the failed system and its failed active units are not repaired and
thus pnia(z), pasa(z) and g; for i = 1,2,....,n +1 are set to zero in Equations (3.79)
to (3.90).

Special Case Model I

For n = 1 with Type E Repair we obtain the following results:

Ryg(1,2,1)(t) = &**'[Bisi + Bisz + Bisa + Biss + Biss| +
" [Bise + Bisr + Biss + Buso + Biso] +
e [Big1 + Bigz + Bies + Bigy + Bies] +
e [Bigs + Brez] + €% [Bies] (3.94)

Waa(s) = 8° + Ag1s? + Aggs® + Agas? + Agys + Ass
where sz to $3; are the roots of the polynomial function Was(s). The partial fraction
residucs Bys; to Bigg are defined in Appendix C. System reliability values computed

using (3.94) for specified values of system parameters are shown in the second column
of Table 3.13.
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Table 3.13: Ry,(n,2,1) Values (Ao = 0.00004 per hr.)

Time ¢ (Hr.) n=1 n=2 n=3
0 1.0000 0.9999 1.0000
2000 0.7914 0.83955 0.9224
4000 0.6145 0.6494 0.6906
6000 0.4210 0.3861 0.4081
8000 0.2642 0.2031 0.2100
00 0 0 0

The system mean time to failure is:

MTTFr(,2,1) = o (GCaOD 0+ g

22 e
Cra) Cra®)) T 2N Crall) + 2]

+

where,
02[01.2(0)] = Cl.z(o) (01.2(0') C1.2(1') = Aptay) — 24\3#:0'01.2(1')
Cl[Cl,z(O')] = 01,2(0') C]_'g(l') — )\,p.,p

(3.95)

System mean time to failure values calculated with Equation (3.95) are shown in the

first column of Table 3.14.

The variance of time to failure for the system assuming that the failed active unit is

repaired is:

3
0p,(1,2,1) = W [2(k13 k15 — kus ki) — k5]

The symbols ki3 to kg are defined in Appendix C.

(3.96)

Setting py = p2 = 0 in Equation (3.96), the variance of the time to failure for Type

E Repair can be determined.
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Table 3.14: MTT Fy.(n,2,1) Values as a function of A

Ao (per Hr.) n=1 n=2 n=3

0.00001 6747.63 5933.64 6062.63
0.00002 6553.47 5825.97 5979.68
0.00003 6368.38 5721.23 5898.36
0.00004 6191.77 5619.33 5818.63

Special Case Model I1

For n = 2 with Type E Repair, we obtain the following results:
The reliability for this special case model is given by:

Ry;(2,2,1)(t) = e™(Bisr + Biss + Bigo + Biso + Biar + Brez] +
e*¢[Bygs + Bisq + Bios + Bios + Bior + Bres] +
%[ B1gg + Bi00 + Bao1 + Baoz + Baoz + Baoa] +
€*¥%¢{Bags + Baos + Baoz] + €™ [Baos + Bawo) +
e"*{Bauo] (3.97)

Waa(s) = (s + C2,2(0)) Waa(s) — pra0r Wiao(s)

Waa(s) = 8° + Ass 8* + A1 8° + A2 8* + Aua s + Aw

Wio(s) = Airas* + A 8® + Agga 8® + Aaa s + Auss

where S33,......,938 are the roots of the polynomial function W;(s). The residues
Biar to Bayp are defined in Appendix C. System reliability values developed with
Equation (3.97) are shown in the third column of Table 3.13.

The mean time to failure of the system is given by:
2\ 4x2
+
Coa(l) ~ C22(1) C22(2)

2\,
4+ 2X,Ca22(1) (1
) 23( )( + 02.2(2) +

MTTFy (2,2,1) = [C22(0)]) (1 + +

1
ag [Cg'2 (0)] [(Cl
SA:I’
C2.2(1) C2,2(2) C22(3)
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..u\.l 7

42
Cs ,.(3) )

C2,2(2) C22(3)

) + 2\ (1 + (3.93)

where

sz[Cz 2(0)] =C, 2( )(Cz 2(0') C, 2( ') Aa#;l') B0 (2\ 02.2(1 ))
$1{C2,2(07)] = C22(0") Ca 2(1') As 1

The third column of Table 3.14 contains system mean time to failure values generated

with Equation (3.98).

The variance of time to failure for this system assuming that failed active units are

repaired is given by:
oFo(221) = 17 (2R kie — kg ko) — k7] | (3.99)
18 ‘ .
The symbols k7 to ko are defined in Appendix C.

Setting gy = pta = 3 =01in (3.99), the variance of time to system failure under Type

E Repair can be determined.

Special Case Model III |

For n = 3 with Type E Repair, we obtain the [6110win‘g results:

The reliability for this special case model is given by:

Rrs(3,2,1)(8) = e [Buas + B + By + Basn + Boo + Brio +
_ Bai) + € [Bo + Baaa +'B2¢-i + Bajs + Bz-_m +
Bar + Bayg] + € [Bao + Baso + 3251 + Bagy +
Buss + Basy + Bass) + €' [ste + Basz +
sta + Base) + ' [Bzeo + DBag + . .
.sté] +e" [Bags + stn!] + e** [ Bys) ' _(3.‘100)
Wia(s) = (s + Cs 2(0)) [(s + Caa(0'))(s + C;, A1) = My o] = puaor [225 (s + Caa(1))]

where 339 to sy5 are the roots of the polynomial function Wys(s). The rcmducs Bm
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to Bags are defined in Appendix C. The fourth column of Table 3.13 contains system
reliability values generated using Equation (3.100).

The mean time to failure for the system is:

' . + 3;\1 ga\%
MTTFY£(31 2, 1) “= 2[0 (0 ] [ CI[CS 2(0 )])( 03'2(1) + 03’2(1) 03‘2(2) +
27:\3 ‘ + 5421 )+
_ 'C32(1) C32(2) C32(3)  Cs 2(1) C3,2(2) C3,2(3) C32(4)
o ’ ‘ 3/\1 . 9/\2
2 Coa) L+ By + Coa® Coa®)
| 1812 A
C3.2(2) C3,2(3) C3,2(4) ). T2, 0+ Ca.2(3) *
6A2
Gorl®) D! (3101
where

a[C3,2(0)] = C3,2(0) (Ca.2(0") Ca,a(1') = Ay ptarr) — oty (24 C32(1))
G1[C32(00] = C5.2(07) Caal1') = As prar”
. Equa.tlon (3. 101) was used to generate system mean time to failure values glven in

the fourth column of Table 3.14.

The variance of time to failure for the system assuming that failed active units are

: pépaifegd is given by:
o - -
o1p(3:2,1) = o [2kn ko = knaka) - k3 (3.102)
. 22 o
The symbols kz; to ka4 are defined in Appendix C..

The variance of time to failure with Type E Repair can be determined by setting

p=p2=p3=p=0in (3-102)-

1 —out—of - (n + 2) G System w1th Type F Repair

Wlth Type F- Repa.u‘, the fa.lled syst.em and its failed units are not repaired a.nd thus
jp,.‘,..,(:;:),_ g,,.,.g(m), y,o:, sy and pi; fori = 1,2,...,n + 1 are set equal to zero in

: Equa,tions‘(3.79) to (3.90).
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Special Case Model 1

For n = 1 with Type F Repair the relevant reliability indices can be obtained as

follows:
The system reliability for this special case can be directly obtained from Equa-

tion (3.94) by setting p, and psy to zero. The results are shown in the second

column of Table 3.15.

Table 3.15: Ry.(n,2,1) Values (Ao = 0.00004 per hr.)

Time ¢ (Hr.) n= n=2 n=.
0 1.0000 1.0000 1.0000
2000 0.7343 0.8954 0.9218
4000 0.5391 0.6420 0.6875
6000 0.3519 0.3750 0.4039
8000 0.2092 0.1938 0.2005
oo 0 0 0

The mean time to failure can be directly obtained from Equation (3.95) by setiing

iy and gy to zero:

MTTFy(1,2,1) = 2[0 X0 ][(Cl[C”(O)])(1+ (1)+
Ch 2(1;01 2(2)) +2A:Cua(1'} + 2X]] (3.103)
where

&2[01,2(0)] = Cl.z(o) 01.2(0') 01.2(1’)
1(C12(07)] = C12(0") C12(1")

Equation (3.103) was used to obtain the system mean time to failure values shown in

the second column of Table 3.16.
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Table 3.16: MTT Fy,(n,2,1) values as a function of Ay

Ao (per Hr.) n=1 n=2 n=3

0.00001 6249.96 5811.07 6022.64
0.00002 6097.04 5711.79 5942.89
0.00003 5950.27 5615.06 5864.65
0.00004 5809.34 | 5520.81 5787.90

Setting py = p2 = g0 = ps1r = 0 in Equation (3.96) the variance of time to system
failure with Type F' Repair can be determined.

Special Case Model II

For n = 2 with Type F Repair the relevant reliability indices can be obtained as
follows:

The system reliability can be determined from Equation (3.97) by setting u,or and
a1 to zero. The results are shown in the third column of Table 3.15.

The system mean time to failure is determined directly from Equation (3.98) by

setting pyor and pg4y to zero:

1 , 2h at
MITFrp(21) = —mrml(GlCaal0 D+ a5 t 1) Coa®)

83 2
e T PG (4 i+

‘lr/\2 2M
@) Ca@®) T ) (3.104)

+

where
a{C22(0)] = C3,2(0) C22(0") Ca2(1")
1[C22(07)] = C32(0") Cy2(1%)

Equation (3.104) was used to calculate values for the system mean time to failure
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values given in the third column of Table 3.16.

Setting gy = g2 = pa = psr = dsrr = 0 in (3.99) the variance of time to failure with

Type F Repair can be determined.

Special Case Model I11I

For n = 3 with Type F Repair the relevant reliability indices are obtained as [ollows:
The system reliability was obtained directly from Equation (3.100) by setting .o

and gt,yr to zero. Its tabular values are given in the fourth column of Table 3.15.

The mean time to failure for the system is determined using Equation (3.101) by

setting pyor and p,yr to zero:

2
MTTFy.(3,2,1) = ZFG_:RW [(G[Caa (@) (1 + cj;\(ln + cu(f)'\clvm(z) +

273 N 541 "
03'2(1) 03'2(2) 03,2(3) 03.2(1) 03.2(2) 03’2(3) Ca.'z(‘l)

, 3\ 92
ACoal) 1+ G5y + G0 Con®) T

183 3M
TG G P e

6)2 .
C3,2(3) C3,2(4) 1 (3.105)
where

3[C3,2(0)] = C3,2(0) C32(0") Ca2(1')
(1[C32(0)] = C32(0") C32(1")

The fourth column of Table 3.16 presents system mean time to failurc values calcu-

lated using Equation (3.105).

The variance of time to failure with Type F Repair can be determined by setting

B = g = H3 = [q = [apt = Hat = 0in (3.102).
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3.1.3 1l-out-of-(n+3):G Identical Unit Submodel

This is the (n,3,1) system and is composed of n active units and three standbys. It
is functional as long as at least one unit is healthy. A block diagram for this system

is shown in Figure 3.20 and its state space diagram is given in Figure 3.21.

I'_I'_l
l..|._..|
]
|

=

BLOCK BY: raprasent comman-causd falures of the system
BLOCK B2 repririants tha Sctive parsiel 1-out-of-n tystem
BLOCK 53! represants the thves starctes

Figure 3.20: Block diagram of the 1 — out — of — (n +3) : G System

1 —out —of — (n 4 3) : G system with Type A Repair

The corresponding integro-differential equations for the model described in Figure 3.21

are:
n+4 0
d}:(l,t(t) + Cna(0) Po(t) = py Pi(t) + psor Por(t) + i j Pi(z,t) pi(z)dz(3.106)
i=n+3 0
dfz;t(t) + Cu 3(1) Pl( ) =n 4\1 Pg(t) + H2 Pz(t) (3.107)
dP;t(t) + Caa(2) P2(t) = n AL Pi(8) + n Ay Por(t) + pa Pa(t) (3.108)
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Figure 3.21: State space diagram of the 1 — out — of — (n 4+ 3) : G System under
SBAP Y
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dfzst(t) + Cra(3) Ps(t) = n A Po(t) + n Ay Pu(l) + sy Py(2)

d}zlt(t) + Cra(4) Pa(t) =n A Pa(t) + n A Po(t)+ us Ps(t)

For j = 5,6,.,n+ 1,

‘”;;'t(t). + Cos(f) Pi(t) = (n — 5 +4) M Pjaa(2) + ptjn P
-(-i-{p“d—":(t—) + Cna(n +2) Poya(t) = 20 Papa(t)
‘.‘%(” + Coa(0') Por(t) = 3, Po(t) + pors Pur(t) + pia Pa(2)
d_“’;;(_t) + Caa(1') Pu(t) = 2), Po(t) + ta Po(t) + paz Por(2)
DElL) 4 C(2) Po(t) = A Pult) + s A1)

a 0
[a_x + ot + tin43(2)] Paya(z, 1) =0

9 0
Gtz t tata(T)] Prya(z,t) =0

The associated boundary conditions are:

Pn+3(03 t) = ’\l Pn-l-'.‘.(t)

n+2 2
Para(0,t) = DA P(8) 4+ - Aa A(t)
=0 =0

(3.109)

(3.110)

(3.111)

(3.112)

(3.113)

(3.114)

(3.113)

(3.116)

(3.117)

(3.118)

(3.119)

At time ¢ = 0, P5(0) = 1.0 and all other initial state probabilities are equal to zero.

where

Crna(0) =n A +3\, + Ao
Caa(l) =nAi+Aa + m
Crna(2) =ndr + A+ 2,
Cra(3) =n A1+ Aca + 2u3
Caald) = (n = 1) Ay + Ay + 204
For j = 5,86,....... yn+1,
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Crgli)=(n—=J+3) M+ A+ 4
Cnaln +2) = At + Acngo + fnga
Coa(0) = 1 Ay + Ay + i +2),
Cra(l) =n A1+ Ao + o + Ay
Caa(2) =nM + A + oz

Special Case Model I

For n = 1 in Equations (3.106) to (3.119) and using the procedure outlined for the

last sub-model, the long-run availability of this special case is given by:

(14 15)PTas
Ausy(1,3,1)(8) = = = (3.120)
A ) (4 ps)? 26 + B u o+ Bl 1l was

where,

Tas = Ausot+ Asoz + Asze + Ass1 + Assa + Aeas + Aei7

Tz = Asoz+ C13(0) Asor — 1 Asae — pser Asaz — A Asso —
A1 Asis — Ao Asor — Aat Auas — ez Aszs — Aca Asso —
Acor Asgz = Aer Agoz — Aczr Asts

g7 = C1,3(0) Asoz — 1 Auso — Hsor Ases — A1 Ass1 — Ay Az

228 = Chra(0) Asoz — g1 Aaso — paor Assa — Aco Asoz — Act Auso —
Acz Aszo — Aa Asst — Aeor Asgs — Acr Agos — A Az

Steady-state availability values developed using Equation (3.120) for various values
of A and for specified values of system parameters are given in the second column of

Table 3.17. Symbols A4so to Agy7 are defined in Appendix D.

Special Case Model II

For n = 2 in Equations (3.106) to (3.119) and using the procedure outlined for the

previous sub-model, the long-run availability is:

(ps ps)® Z20
A (2,3,1)(B) = = — (3.121)
4 ) (5 6)P 20 + B s g " zon + Bul " 1l o3
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‘Luble 3.17: A,,,(n,3,1)(B) Values as a function of Ay for Type A Repair

A« (per Hr.)
0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

n=1

0.6874
0.6806
0.6739
0.6673

0.5284
0.5204
0.5127
0.5051

0.4292
0.4213
0.4137
0.4063

0.3613
0.3539
0.3468
0.3399

0.3120
0.3051
0.2985
0.2921

100

=2
0.5198
0.5173
0.5143
0.5123

0.3631
0.3656
0.3631
0.3606

0.2849
0.2827
0.2805
0.2783

0.2324
0.2304
0.2285
0.2265

0.1963
0.1945
0.1927
0.1910

=3
0.5824
0.5805
0.5785
0.5765

0.4109
0.4039
0.4070
0.4050

0.3174
0.3156
0.3139
0.3122

0.2586
0.2570
0.2535
0.2540

0.2181
0.2168
0.2154
0.2140



where

Tz = Arss + Agos + Aom1 + Aoz + Aron + Arose + Anize + Anm
T30 = C23(0) Azga + Azas — p1 Agos — Hoo Aross — M tioso —
Ao Azaq — Ac1 Asgs — Acz Asto — Acs Aro12 — Acs Arowo —
Ao Aross = Aerr Artas — Az Anma
z: = Cpa3(0) Args — 1 Ases — pao' Aroos — A1 Aronn
w2 = C3(0) Azas — 1 Ases — 5o Ar0oo — Aco Azas — At Asos —
Ac2 Aor1 — Az Aina — Act Aronn — Ao’ Arooe —
Aerr Anias — Ac Aumz
The steady-state availability values obtained using Equation (3.121) for various values

of 8 and for specified values of system parameters are given in the third column of

Table 3.17. Symbols A;gs to Ay172 are defined in Appendix D.

Special Case Model III

Similarly, for n = 3 in Equations (3.106) to (3.119), the long-run availability is given
by:

(e p7)° T3
Aunn(3,3,1)(8) = L . (3.122)
A331(8) (126 17)° Taa + B po po " zas + Bl 4 236

where

Tz = Ayme + Aisoz + Arsos + Argre + Arrzs + Arzeo +
Ajsaa + Aron + Arges

Tas = Anase + Ca3(0) Aizas — p1 Asor — aor Araiz — A1 Arso ~
Aco Arazs — Aer Arsor — Acz Arsor — Aca Arers — Aca Arras —
Acs Arrse — Acor Arsia — Acrr Arazo — Aczr Atoss

z3s = C33(0) Araze — 1 Arsoz — pso' Arsis — A1 Arzeo

236 = C33(0) Arass — #1 Arsoz — ' A1saz — Aco Arase —
Act Alsoz = Acz Areos — Aca Arers — Aea A1726 — Acs Arren —
A Arssa — Acrr Argzr — Acz Aroes
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Using Equation (3.122) the system steady-state availability values are calculated for
different values of 8 and for given values of system parameters. These values are
presented in the fourth column of Table 3.17. Symbols Ajz36 to A1oss are defined in

Appendix D.

1 — out — of — (n + 3) : G System with Type B Repair

With Type B Repair, the failed active units are discarded and replaced thus g to
fins2 are set equal to zero in Equations (3.106) to (3.119).

Special Case Model 1

For n = 1 with Type B Repair the long-run availability values for this case are
obtained directly from Equation (3.120) by setting py, g2 and paz to zero. These

values are given in the second column of Table 3.18.

Special Case Model II

For n = 2 with Type B Repair the long-run availability values for the case are
obtained from Equation (3.121) by setting pi, g2, p3 and p, to zero. These values
are presented in the third column of Table 3.18.

Special Case Model III1

Similarly, for n = 3 with Type B Repair the long-run availability values are given in

the fourth column of Table 3.18.

l—out—of —(n+3): G System with Type C Repair

With Type C Repair, the failed units (both active and standby) are discarded and
replaced, thus py to pn42, gsor L0 sz in Equations (3.106) to (3.119).
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Table 3.18: A,,,(n,3,1)(8) Values as a function of Ay for Type B Repair

Mo (perHr) n=1

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
9.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.5768
0.5739
0.5709
0.5630

0.4053
0.4024
0.3995
0.3966

0.3124
0.3098
0.3073
0.3047

0.2541
0.2519
0.2496
0.2474

0.2142
0.2122
0.2102
0.2082

103

n=2

0.4584
0.4568
0.4551
0.4535

0.3083
0.3069
0.3054
0.3039

0.2323
0.2310
0.2298
0.2285

0.1863
0.1853
0.1842
0.1831

0.1556
0.1546
0.1537
0.1528

n=23

0.5085
0.5071
0.5057
0.5043

0.3410
0.3397
0.3334
0.3371

0.2565
0.2554
0.2543
0.2532

0.2055
0.2046
0.2037
0.2028

0.1715
0.1707
0.1699
0.1691



Special Case Models I, II, and III

For n = 1 with Type C Repair, the long-run availability values for the case is easily
obtained from Equation (3.120) by setting ) to g, and u. to ps to zero. These
values are given in the second column of Table 3.19. Similarly, for n = 2 and 3, the
long-run availability values are given in the third and fourth columns of Table 3.19,

respectively.

1~ out — of — (n + 3) : G System with Type E Repair

With Type E Repair, the failed system as well as its failed active units are discarded
and replaced thus gy t0 fn42, #nt+a(z) and pasa(z) in Equations (3.106) to (3.119)

are set to zero.

Special Case Model I

For n = 1 with Type E Repair we obtain the following set of expressions for relevant
reliability indices using the procedure already established for the previous special
cases:

The system reliability for this case is given by:

Rs(L 300 = LA+ 3RO
= 'e—"““ [Baor -;-3293 + Bagg + Bago + Baor + Baoz +
Bias] + €% [Bsoq + Baos + Baos + Baor + Baos +
Bago + Baro] + € [Bany + Baiz + Baiz + Baa +
Bas + Baig + Bag) + € [Bag + Baio + Baxo +
Ba + Baxy + Bags + Baza] + €% [Bazs + B +
Bar] + €% [Bags + Bazg] + € [ Baso] (3.123)
Wei(s) = (s + C15(0)) Wis(s) — por W (3)
Wia(8) = 5% + Aoy 3% + Agpa 8% + Aygn 5° + Asop 8% + Asor s + Asoz
Wer(s) = Aseo s® + Asey s* + Asgo 3° + Asgr 82 + Ass2 3 + Asan
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Table 3.19: A,,,(n,3,1)(8) Values as a function of Ao With Type C Repair

Ao (per Hr.) n=1.
0.5288

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.5266
0.5244
0.5222

0.3595
0.3574
0.3554
0.3534

0.2723
0.2705
0.2688
0.2670

0.2191
0.2176
0.2161
0.2146

0.1833
0.1820
0.1807
0.1794

‘n=2

©0.4282

- 0.4268

105

0.4254
0.4240

0.2830
0.2867
0.2855
0.2842

0.2170
0.2159
0.2148
0.2137

0.1740
0.1731
0.1722
0.1713

0.1453
0.14435
0.1437
0.1429

n=3

0.5065

0.5051
0.5038
0.5024

0.3351
0.3379
0.3367
0.3355

0.2549
0.2539
0.2528
0.2518

0.2042
0.2033
0.2024
0.2016

0.1703
0.1695
0.1688
0.1680



where s to 352 are the roots of the polynomial function Wes(s). The residues Bagr
‘to Bago are defined in Appendix D. The system reliability values computed with
‘Equation (3.123) for the given values of system parameters are presented in the second

. column of Table 3.20.

Table 3.20: Ry,(n,3,1) values (Ao = 0.00004 per hr.)

Time ¢ (Hr.) n= n=2 n=3
0 0.9999 0.9999 1.0000
2000 0.9640 0.9414 0.9624
4000 0.8015 0.7773 0.7983
6000 0.6250 0.5266 0.5476
8000 0.4490 0.3095 0.3305
o 0 0 0

The system mean time to failure is:

M A
+
Ci3(1) ~ C1a(1) C13(2)

A3 , A
01'3(1) 01'31(2) 01'3(3)) + 3A3 Cl [013(1 )] (1 + 01'3(2) +

a , A
OO 6A3C13(2) (1 + T.al(?ﬁ) + 623 (3.124)

MTTFy(1,3,1) = (2[Cra(0N) (1 + +

1
03[01,3(0)] [(

where

a[C1,3(0)] = C1,3(0) (2{C1,3(0")] — 3X,pts0r €1 [Cr,3(1")]
(2[C13(0") = C1,3(0) G[Cr,a(1)] = 2AaptarrC1.3(27)
G[Cra(l)] = Cra(1") Cra(2') — Aspiarr

where

Cra(0) = M + 33X, + Ao

Ci3(1) = A + A )

Cra(2) = M + A
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C1a(3) = A + Az

Cr,3(0") = A1+ Ao + oo + 22,
Cial) =M+ dar+ par + As
Cra(2) = M + A + oz

-System mean time to failure values computed using Equation (3.124) for the specified

values of system parameters are given in the second column of Table 3.21.

Table 3.21: MTT Fyg(n,3,1) Values as a function of A\

Ao (per Hr.) n=1 n=2 n=3

0.00001 8849.97 6680.89 6834.60
0.00002 8592.86 6562.44 6745.12
0.00003 8347.42 6447.11 6657.30
0.00004 8112.92 6334.78 6571.14

The variance of time to failure for this system assuming that the failed active unit is

repaired is:
. ‘ _
obo(1,3,1) = 75 [2(kes ko = Kas kas) — k] (3.125)
26
The symbols ks to kga are defined in Appendix D.

The variance of time to failure for Type E Repair can be determined by setting

1 = pg = p3 = pq = 0 in Equation (3.125).

Special Case Model IT

For n = 2 with Type E Repair, we obtain the following set of expressions for relevant

reliability indices using procedures already established for the previous special cases:

107



The system reliability for this special case is:

B30 = LSRG+ Y P

=0 $=0'

= ¢**![Bags + Bags + Basr + Bags + Baso + Baro +
Ban + Bara] + [ Bars + By + Bars + Bare +
Bxrr + Bara + Baro + Baso| + ¢™*'[Baa1 + Basz +
Bags + Basa + Bass + Bagg + Basr + Bags| +
€**[Bage + Baso + Baor + Basz + Biss + Baea +
Bios + Bage] + €"7*[Bagz + Bass + Base + Baoo] +
e**[Byo1 + Buaoz + Bava] + ¢’ [Byo4 + Baes) +
€***[ Byos] (3.126)

Wae(s) = (s + C2,;3(0)) Wes(s) — paor Wra(s)

Was(s) = 87 + Agas 8° + Arao 9° + Arar 8* + Arse 8 4 Arga 8% + Arsa s + Arss
Wra(s) = Aqose 8° + Asos1 8° + Aroes 3% + Asase 8° + Arosr 3% + A1oss 8 + Arooo

where sg3 to sep are the roots of the polynomial function Wag(s). The residues Bags
to Byos, are defined in Appendix D. Equation (3. 126) was used to compute system
reliability values shown in the third column of Table 3.20.

The mean time to failure of the system is:

1 2 . 4X
—_— Coa(0 (1 1
aiCra)] (GO U+ 5y * 1) Go®

83 N 164 "
C23(1) C33(2) C23(3) ' Caa(l) C2;3(2) C2,3(3) C25(4)

2
3X:G[C2a(1N)] (1 + 021\(1 2) * C, 3(‘;)AC'2 3(3)
8A3

' 2M
C24(2) €2l3(3) 02.3(4)) +6X0a(2N 1+ & 5
Ca2,3(3) 02.3(4)') +6X3(1+ Crsld) —)] (3.127)

a3[C23(0)] = C2,3(0) (2[C2a(0")] — 3Aspiser 1[C2a(1)]
(2[C23(0")] = Ca.3(0") G1[C2,3(1')] = 2Asp51 C2,3(2')
(1[C2a(1")] = C23(1’) C23(2') — Asptarr

MTTFy,(2,3,1) = +

+

+
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System mean life values generated with Equation (3.127) are presented in the third
column of Table 3.21.

where

C2.3(0) = 2A;1 4+ 3A, + Ao

Caa(l) = 2A1 + Aa

C23(2) = 2M + A2

C23(3) =20 + A

Caz(4) = AL+ e

C23(0") = 2X1 + A + proer + 22X,
C2a(1') = 2A1 + Aer + sty + As
C23(2) = 20 + Acr + oz

The system variance of time to failure assuming that the failed active units are re-

paired is:
1
09,(2,3,1) = PN [2(kz9 kay — kao k3z) — Ko (8.128)
where symbols kqo to k3 are defined in Appendix D.

Setting fiy = v = pig = pyr = fo1r = phey = 0 in Equation (3.128) the variance of

time to failure for Type E Repair can be determined.

Special Case Model HI

Similarly, for n = 3 with Type E Repair, the following set of expressions for relevant
reliability indices are obtained:

The system reliability is given by:

Fr@a10) = A0+ RO
= :3:°‘t[3449 '!:_3450 + Bysy + Basz + Buasa + Basa +
Buss + Bass + Busr] + €°**[Buss + Baso + Baeo +
Bug1 + Baez + Bags + Bags + Buss + Buss] +

e*®![Buygr + Bues + Bago + Baro + Bann + Bara +
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Buzs + Byra + Burs] + €% [Buze + Barr +

Byzs + Byzo + Bugo + Basy + Bagz + Bugs +

Bigd] + %[ Byas + Buss + Buszr + Buss + Baso] +
€*8*[Byoo + Bugy + Buoz + Baga) + €*"*[Buss +
Bigs + Bage] + €**'[ Bior + Bugs] +

€*[Bypo) (3.129)

Was(s) = (s + C33(0)) Wir(s) — o0 Wae(s)

Wrz(s) = 38+ Arzar 8™+ Aszao 8+ Aram $°+Anzaz $*+ Araaz 5%+ Arasa 8%+ Arazs s+ Arxe
Was(s) = 32,87 + Ayrro 8¢ + Araze 3° + Aigao * + Araar ° + Arsz 82 + Ajsaa s + Arsu

where sg; 0 3gg are the roots of the polynomial function Wgg(s). The residues Byyg to

Bigg are defined in Appendix D. Using Equation (3.129) the system reliability values

were calculated and are given in the third column of Table 3.20.

The system mean time to failure is given by:

where

MTTFy.(3,3,1) = ;Eimmuawmwmul+

D, 9
C3a(l)  C3,3(1) C3.3(2)
2723 . 813 .
C3a(1) C33(2) C33(38) * Ca3(1) C3,3(2) C,3(3) C33(4)
16208
Caa(1) C3.3(2) C33(3) Caa(4) C':s..."'(5)) +

2
3G [Coa(1)] (1 + = OA;

Coa(®) | Caa(2) Can3)
2723 + 54} )+
C33(2) Caa(3) Caz(4) = Caa(2) C33(3) Csa(4) Ca3(5)

3A 92
6A2C;3(2') (1 -+ 1
22 +Cs.s(3) C3,3(3) C3a(4)
18A2

3A
623 (1 1
Con3) Cos® Goa®)) M M+ Gy t
622

Ca,3(4) Caa(5) )

-+

+

-+

(3.130)

a3{C3,3(0)] = Ca3(0) (2[Caa(0")] — 3Aptanr $1{Ca3(1))
(2[C3a(0")] = C32(0") 61 [Ca,a(1)] = 2Xspt5r C33(2')
i[Caa(l")] = C33(1") Caa(2") — A ptsr
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where

C33(0) = 3 + 33X, + A0
C33(1) =3 + Aa

C33(2) = 3M + A

Csa(3) = 30 + A

Caa(4) = 2M + A

C33(5) = M + Acs

Ca3(0') = 3\ + Ay + paor + 24,
Caz(1) =3 + Ay + parr + Ao
C33(2) = 3M + Az + pio

System mean time to failure values generated with Equation (3.130) are given in
Table 3.21.

The variance of time to failure for this system on the assumption that the failed active

units are repaired is:
1
A
Symbols kaz to kag are defined in Appendix D.

Similarly, the variance of time to failure for Type L Repair can be determined by

setting g1 = g2 = p3 = pq = ps = 0 in Equation (3.131).

From Equations (3.71), (3.72), (3.73), (3.95), (3.98), (3.101), (3.124), (3.127) and
(3.130), the mean time to failure of a 1 —out —of — (n + m) : G system with Type

E Repair and under standby unit activation policy Y is given by:

1 1’1:\1

m [(Cm—'llcﬂt”‘(u')]) (1 + Cn.m(l)

(nA)? (nAy)™
o (1) Crn@) T T Ty Caml)
Y (n A (rA)™" M (n -1\
|'=.|1-l Cn.m(i) I'If'_'-_*{z Cn,m(i)
¥3(rA)™! (n = 1) (n —2) A}
et Coml(i)

MTTFy (n,m,1) =

+

+

+

+ e
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et (1 0)7 (= DY
™ Con®)

+m A {2 [Cam(1)] (1 + 5

(n M) (n 4\1)""1
Cnm(2) Cam(3) T2 Cam(?)
Pr{n )™ Pa(nM)™ (n—1) M +
].-I’u‘nz-;l Cam(?) H:Tiz nan (1)
Pa(rd)™ (n—1)(n—-2) A}
[124° Cum(?)

Pm—1 (B A)™ (0 = 1)IA 2

..... + mEn1 O (7) )

n A},

( )(m - 1) )‘2 Cm—3 [Cn m(2')] (1 + = nm(3) +
(r M) (nAy)m—? +
Cam(3) Cam(4) 23 Cnm()
P (n )™ + Pa(n M) tn—-1) M

M2s' Caml(d) ITies? Cam()
Ya(r ) (n—1)(n —2) M
Hm+3 Cn m(t)
Pm=i (R M) (n = 1) 4\'1"2) 4o
125" Cam(i)
+ (m)(m — 1)(m — 2)(m — 3)(m — 4)......
BN Camm =210+ gt +
(n M )? = P (n M)°
Cam(m —1)Cpm(m) = Gy, m{m — 1) Cam(m) Com(m + 1)
Pa(n )P (n=1A\

)

n /\1 +
nm (2)

-+

+

+

wt

T Coml)
Pa (R M) (0= 1)IAT2
R Co)
M- nAl
m! ’\a ! CO[Cﬂ m( 1)‘](1 + = nm(m) +
P (nM)? +
Cn,m(m) Crm(m +1)
Pa(n M) (n—1) ) o

Crm(m) Cam(m + 1) Cam(m + 2)
Yme1 (R A1) (n = 1)1 AF2
T G

)+
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P {n M)
Com(m+1)
Pa(n M) (n -1\
Cram(m+1)Crm(m +2)
Pma1 (R M) (n =1} A2 )
HF;T::III Cn.m (z)

wherefor j = 0,1,2,...(m—1),i = 0, 1,..., (m—1), the following recursive relationships

m! AT (14 +

+ ...

-t (3.132)

suffice:

GlCnm (i) = Cagn (¥') §5=1[Crm(E + 1) = 7 As praizry G2 [Crm(i + 2)]
i1 [Crm ()] = Crm(2) GICnm(¥)] = 7 As sy Gica[Crm (i + 1))

Where the starting values are given as:

Go[Cam(0)] = Cam(0)

1 [Crm(0)] = Con(0) Com(0') = As ooy

and,

Also for j =1 to (m — 1) we have:

P;=0forj2n—-1+4+m

Pi=lforj<n—1+m

1 —out —of — (n+3): G System with Type F Repair

With Type F Repair, the failed system as well as its failed units (both active and
standby) are discarded and replaced thus p,o 10 fe2r, g1 10 fnyay finsal™) and jrup4(z)
in Equations (3.106) to (3.119).

Special Case Model I

For n = 1 with Type F Repair we can generate the values of relevant reliability

indices as follows:

The system reliability for this special case is obtained directly from Equation (3.123)

by setting g, to g to zero. The values obtained are given in the second column of
Table 3.22.
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Table 3.22: Ry,(n,3,1) values (Ao = 0.00004 per hr.)

Time ¢ (Hr.) n=1 n=2 n=3
0 1.0000 1.0000 1.0000
2000 0.9568 0.9363 0.9500
4000 0.7860 0.7666 0.7303
6000 0.5919 0.5134 0.5271
8000 0.4027 0.2952 0.3089
o0 0 0 0

The mean time to failure for this special case is determined directly from Equa-
tion (3.124) by setting p,o to p.2r to zero:

1 ’ M A%
A’ITTFYP(]" 31 1) = 03[01,3(0)] [(C2[01.3(0 )]) (1 + C‘L.S(l) + Cl,a(l) 01'3(2)
’\? .r‘ ' /\1
G Ca@ Cra®) T 3 GO0+ o
A2 AL

T Cn®) T BXCua(2) (L+ )+ 6% (3.133)

+

where,

a3[C1,3(0)] = C1,3(0) 2[C1,3(0")]

Cz[cl.a(o')} =, 3(0") CI[CL:,(I')]

G[Cra(1)] = C15(17) C13(2)

System mean time to failure values computed using Equation (3.133) for the given
values of system parameters are given in the second column of Table 3.23.

Sctting py = s = g = fyy = Hsr = fs2r = 0 in Equation (3.125) we can determine

the variance of time to system failure for Type F Repair.
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Table 3.23: MTT Fy,p(n,3,1) Values as a function of Ao

Ao (per Hr.) n=1 n=2 n=23

0.00001 8145.75 6394.72 6777.25
0.00002 7951.03 6290.18 6692.47
0.00003 7763.73 6188.18 6609.21
0.00004 7583.48 6088.65 6527.44

Special Case Model 11

For n = 2 with Type F Repair we can generate the values of relevant reliability
indices as follows:
The system reliability for this special case was determincd using Equation (3.126)

by setting p.or to p,2 to zero. The values obtained are given in the third column of
Table 3.22.

The system mean time to failure for this special case from Equation (3.127) by setting

Msor LO o to Zero is:

1 , 2 AN?
aiCaa (GG D U+ 5 + 5o Coa®
8A3 . 161
Ca3(1) C2a(2) C23(3) ~ Caa(1) C23(2) C23(3) C2,3(4)
' 2), 4/\?
3X,61[C25(1 (1 +

t Caa(2) T Can(2) Cral(3)
8A3
Cra(2) Caa(3) Caald

2X
)) +6A2Ca(2) (1 + =— +
4x?

Caa(3)
s 2
m) +6X3(1+ 5;.:;(4_))] (3.134)
013[02.3(0)] = C3,3(0) (2 [02.3(0')]
(2[C23(0")] = C23(0") (1[C2,5(1")]
61[Caa(1")] = Caa(1’) C20(2")

MTTFy,(2,3,1) =

+

)+
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System mean life values generated with Equation (3.134) are presented in the third

column of Table 3.23.

Setting py = o = flg = paot = Bt = fo = 0 in (3.128) the variance of time to

failure for Type F Repair can be determined.

Special Case Model ITI

For n = 3 with Type F Repair we generate the values of relevant reliability indices
as follows:
The system reliability is obtained directly from Equation (3.129) by setting p,o to

fts2 to zero. The computed values are given in the fourth column of Table 3.22.

The system mean time to failure from Equation (3.130) by setting pso to pry2 to zero
is:
1 3 92

MTTFy.(3,3,1) = m [(¢2[Caa(00]) (1 + CaalD) + Ca3(1) Ca3(2)
2703

S1)
C33(1) Ca3(2) Caa(3) ~ Ca3(1) C33(2) Ca3(3) Cap(4)
162)3

Ca,3(1) Cs,3(2) C3,3(3) Ca3(4) Ca,a(5) )+

’ 3 QAT

3,6 [Caa(1)] (1 + C34(2) + Ca3(2) C33(3)
27A3 N 54M )+

Caa(2) Caa(3) Caa(4) * Ca3(2) Caa(3) Ca3(4) Caa(5)

3\ g\2
6A2Cy3(2') (1 1 1
sCaa(2) (1 + Ca3(3) + C33(3) C3,3(4)
183

3A:1
+6M3 (1 + ———
C3a(3) 03,3(4)03'3(5)) 6, (1 + +
622

Caa(4)
Caal4) 03.3(5)')]

+

+ +

+

+

(3.135)

where,

a3[C,3(0)] = C3,5(0) G2[Ca,a(0')]
G2[Caa(0")] = C33(0") G1[C35(1")]
G [C:s.s(l')] = Caa(1') C34(2')
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System mean life values generated with Equation (3.135) using specified values of

system parameters are given in the fourth column of Table 3.23.

From Equations (3.75), (3.76), (3.77), (3.103), (3.104), (3.105), (3.133), (3.134) and
(3.135), the mean time to failure of a 1 — out — of — (n + m) : G system with Type
F Repair and under standby unit activation policy Y, can also be generated with
Equation (3.132) except that gygr = ..e.. = fram—yr» = 0 leading to the following new
relationships:

For j =0,1,2,..(m—1),i=0,1,...,(m—1),

G [Cn,m(i')] = Cam(?') (-1Cam(i +1)

&i41[Crim(8)] = Cam(?) G Cam (')

Where the starting values are given as:

Go[Crm (0] = Cam(0')

al[cn.m(o)] = Cnm(0) Cam(0')

and,

Also for j = 1 to (m — 1) we have:

P;=0forj2n—-1+m

P;=1lforj<n—-1+m

3.1.4 k-out-of-(n+1):G Identical Unit Submodel

This is the (n,1, k) system and is composed of n active units and one standby. It
is functional as long as there are at least k functioning units in the system. The
1—out —of ~(n+1) : G submodel of Subsection 3.1.1 is a special case of this system
when k = 1. A block diagram of this system is shown in Figure 3.22 and the state

space diagram is shown in Figure 3.23.
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Figure 3.22: Block diagram of the k — out — o f —(n+1): G System

k—out — of — (n +1) : G System with Type A Repair

The corresponding integro-differential equatjons for the model described in Figure 3.23
are:
dPy(t
°( ) — 220 4 Cra0) Po(t) = g1 Pi(t) + paor Por(t) + Z j Pi(z,t) pi(z)dz(3.136)
i=r+1
wherer=n-k+ 1.

dR (1)

— + Cra(l) Bilt) = nda Po(t) + 2 Py(t) (3.137)
4B) 4 G,a(2) Pat) = dy Pa(8) + 0y Re(t) + 3 A1) (3.138)

For j = 3,4, = K,
B0 1 Gua) Pi(1) = (n =5 + 2 21 Pia(8) + 312 Posa(t) (3.139)
2B 4 Car(r) PD) = (k1) 2y Packlt) (3.140)
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dPy(t)

— C1(0) Pp(t) = Ay Po(t) + p2 Pa(t) (3.141)
[_a_ + 2 + prs1(2)] Pria(z,t) =0 (3.142)
oz ot Hr+1 r+1{ Ty
[—(?— + s + pry2(z)] Prya(z,t) =0 (3.143)
gz ot 't T

The associated boundary conditions are:

Pry1(0,8) = kA P(t) (3.144)
P,+2(0, t) = Z Asi R(E) + Aoy ng(t) (3.145)
=0
At time ¢ = 0, Py(0) = 1.0 and all other initial state probabilities are equal to zero.
where
Cn.l(o) =n A1 + Aa + A4:{1
Cap(l)y =n i 4+ Aag +m
Cn.1(2) = (n — 1) Al + '\c2 + u2

Cat(F)=(n =3+ 1) M+ Acj + 5

Con(r) = KA+ Aer + i
C,,,l(O’) =7 Al + f\cﬂ' + papr

Special Case Model I

For n = 3 and & = 2 in Equations (3.136) to (3.145), abbreviated as the (3,1,2)
special case, the long-run availability values for this system can be determined from
the analysis performed for the (3,1,1) special case with Type A Repair (discussed
" in Subsection 3.1.1) by eliminating system up-state 3 and constants relating to it.
The long-run availability values for the (3,1,1) special case with Type A Repair is
re-produced in the second column of Table 3.24 for purposes of completeness while

the results for the (3, 1,2) case are given in the third column of Table 3.24.
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Table 3.24: A,,,(3,1,%) (8) values as a function of Ay for Type A Repair

Ao (per Hr.)
0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

k=1

0.5195
0.5171
0.5146
0.5122

0.3509
0.3487
0.3465
0.3442

0.2649
0.2630
0.2611
0.2592

0.2128
0.2111
0.2095
0.2079

0.1778
0.1764
0.1749
0.1735
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k=2

0.3451
0.3435
0.3420
0.3404

0.2085
0.2074
0.2062
0.2051

0.1494

© 0.1485

0.1476
0.1468

0.1164
0.1157
0.1150
0.1143

0.0953
0.0947
0.0941
0.0936

k=13

0.2179
0.2169
0.2160
0.2151
0.1222
0.1217
0.1211
0.1205

0.0850
0.0815
0.0841
0.0837

0.0651
0.0648
0.0644
0.0641

0.0528
0.0525
0.0522
0.0520



Special Case Model II

For n = 3 and k¥ = 3 in Equations (3.136) to (3.145), the long-run availability can
also be determined from the analysis conducted for the (3,1, 1) special case with Type
A Repair in Subsection 3.1.1 by eliminating system up-states 2 and § and constants

relating to them. The results for the (3,1,3) case are presented in the fourth column

of Table 3.24.

k—out —of —(n+1):G System with Type B Repair

With Type B Repair, the failed active units are discarded upon failure thus u, to u.
are set to zero in Equations (3.136) to (3.145).

Special Case Model 1

For n = 3 and & = 2 with Type B Repair, the quantities z; and g, are eliminated
from the results obtained for the (3,1,2) special case with Type A Repair. This
procedure yields the values presented in the third column of Table 3.25.

Special Case Model 1T

For n = 3 and k = 3 with Type B Repair, the quantity u, is eliminated from the
results obtained for the (3,1,3) special case with Type A Repair. This procedure

yields the values given in the fourth column of Table 3.25.

k—out—of -~ (n+1): G System with Type C Repair

With Type C Repair, the failed units (both active and standbys) are discarded upon
failure thus per, g1 to g, are set to zero in Equations (3.136) to (3.145).
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Table 3.25: Ay, (3,1,k)(B) values as a function of A for Type B Repair

A (per Hr.)
0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001

- 0.00002

0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

k=1

0.4447
0.4432
0.4418
0.4403

0.2859
0.2847
0.2835
0.2823

0.2107
0.2097
0.2087
0.2077

0.1668
0.1660
0.1652
0.1643

0.1380
0.1373
0.1366
0.1359

123

k=

0.3000
0.2991
0.2981
0.2971

0.1765
0.1759
0.1752
0.1745

0.1250
0.1245
0.1240
0.1235

0.0968
0.0964
0.0960
0.0956

0.0790
0.0786
0.0783
0.0780

k=3

0.1951
0.1945
0.1938
0.1932

0.1081
0.1077
0.1073
0.1069

0.0743
0.0745
0.0742
0.0739

0.0571
0.0569
0.0567
0.0565

0.0462
0.0461
0.0459
0.0457



Special Case Model I

For n = 3 and k = 2 with Type C Repair, the quantity p,y is eliminated from the
results obtained for the (3,1,2) special case with Type B Repair. This procedure
yields the values shown in the third column of Table 3.26.

Special Case Model 11

For n = 3 and & = 3 with Type C Repair, the quantity u,¢ is eliminated from the
results obtained for the (3,1,3) special case with Type B Repair. This procedure
yields the values presented in the fourth column of Table 3.26.

k—out—-of —(n+1):G System with Type D Repair

With Type D Repair, the system is not repaired while its units are repaired thus

#r41(z) and p,42(z) are set to zero in Equations (3.136) to (3.145).

Special Case Model I

Forn = 3 and k& = 2 with Type D Repair, the system reliability indices are determined
from the analysis performed for the (3,1,1) special case with Type D Repair in
Subsection 3.1.1 by eliminating system up-state 8 and its partial fraction residues

from Equation (3.67). These values are presented in the third column of Table 3.27.

The system mean time to failure is obtained directly from Equation (3.68) by elimi-

nating system up-state %

MTTFy,(3,1,2) = ——<2 (3.146)
where

Wosaa = Caa(1)[Cs1(0") Caa(2) — 3 Aq pa] — 3y 2 C5,1(0") +

3 M {C31(0) Ca,1(2) = 3 Ay pa] + 3 A A, o2 +
;\J CS.I(]-) 03,1(2) - 3 1\1 H2 [a\, -_— 3 /\1] +
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Table 3.26: A,,,(3,1,k)(B) values as a function of Ay for Type C Repair

A (per Hr.)
0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

k=1

0.4437
0.4423
0.4409
0.4394

0.2851
0.2840
0.2828
0.2816

0.2101
0.2091
0.2081
0.2072

0.1663
0.1665
0.1647
0.1639

0.1376
0.1369
0.1362
0.1355
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k=2

0.2986
0.297
0.2967
0.2958

=]

0.1755
0.1749
0.1742
0.1735

0.1243
0.1238
0.1233
0.1228

0.0962
0.0958
0.0954
0.0950

0.0785
0.0781
0.0778
0.0775

k=3

0.1932
0.1926
0.1920
0.1914

0.1069
0.1065
0.1062
0.1058

0.0739
0.0736
0.0734
0.0731

0.0565
0.0563
0.0561
0.0558

0.0457
0.0455
0.0453
0.0452



3A A, Ca(1) + 9 A2 C3,(0)

Xpyza = C2a(0)[Ca1(1)(C3a(07) C5a(2) = 3 Ay pr2) — 3y 2 C3a(07)] -
p (32 C1(07) C3,1(2) + 3 Ay p2 (A — 3 41)] ~
#owr [As Ca(1) C31(2) =3 h 2 (As = 3 )]

where

Ca31(0) =3 A + Ao + A,
Cai(l) =3 M+ ra+m
Ca1(0') =3 A1 + A + o0
Caa(2) =2 + A2+ 2p,

From Equation (3.69), the variance of the time to failure can be determined by elim-

inating the constants associated with system up-state 8.

Table 3.27: Ry,{3,1,k) Values (Ao = 0.00004 per hr.)

Time ¢t (Hr.) k=1 k=2 k=3

0 1.0000 1.0000 1.0000
2000 0.8861 0.7580 0.7226
4000 0.6530 0.4615 0.4101
6000 0.4353 0.2521 0.2101
8000 0.2796 0.1291 0.1018
oo 0 0 0

Special Case Model IT

For n = 3 and k = 3 with Type D Repair, the relevant system reIiability indices can
be determined from the results of the (3,1,2) special case with Type D Repair as
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follows:

The system reliability is directly obtained from the results of the (3,1,2) case by
eliminating the partial fraction residues associated with system up-state 2. Thir

procedure yields the values given in the fourth column of Table 3.27.

The system mean time to failure is obtained from Equation (3.146) by eliminating

terms relating to system up-state 2 and is expressed as:
MTTFy,(3,1,3) = —0—= (3.117)
where,

Wby, = Csa(l) Ca1(0) + 3, C32(0) + A, Caa(1)
XD:..:.:: = 03'1(0) C3.1(1) C3.1(0') -3\ ¥ 03.1(0,) - Hay As C:!.l(l)

where,

C31(0) =3 M+ Ao + A,
Csi(l) =3+ Aa+m
C3a(0') = 31 + Ao + proc

From Equation (3.69), the variance of time to failure for this special case can be

determined by -liminating constants relating to system up-states 2 and 3.

Letting MTT Fy,(n,1,k) = MTTFyp,, , Wp,,, = Wp,,. 2nd Xp,,, = Xp,,, and
then from Equations (3.68), (3.146) and (3.147) and from the results of analyses
performed on several more special cases, the following generalized system mean time

to failure expression is obtained:

44
MTTFy,,, = _}.{%*f_- (3.148)
kin

Where Wp,,, and Xp,,, can easily be obtained via the following recursive relation-
ships:

For k=n,n—1,n—2,...3,2,1 we develop the following set of recursive equations:
W, = Cr1(1) Cap(0) + 02 Co 2 (0°) + A, Cra(1)

Wooin = Cna(2) Wp,y =M (;.2 Cna{l) = n A p2 Coy(0') + ©n
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Wp,_2pn = Can(3)Wp,_,,, —(n=1) s paWp,,, +(n —-1) 1, 0,
Wo, spn = Cap(8)Wp, 4, = (R =2 M s Wp, . + (n = 1)(n —2) A} O,

n=1/n

Wp,;, = Canl(n +1)Wp,,, = 2A pinyy Wp,,, + (n —1)1A1%0,

where @, = (n A1) Cn1(2) + 7 X A, Cap (1)
and,

XD,.;,. = Qnfn — 1 [‘9n/n] = B [‘Pn/n]
Xp,_yjo = Cnoifn — i1 (Pn-1/n] = oo [Pr-1/n]
XDy _3n = @n-zn — 1 [Fnapn] — a0 [Pn-2/n]

XDI/- = ay/n — 1 [P1/n) — Heor [P1/n]

Where,

ann = Cp1(0) Cna (1) Crn(07)

@n-1/n = Ca(2) anm — 1 Ay 12 Co1(0) Gt (1) — n A 2 Gy (0) Cnn{0')
an-2/n = Cu(3)an_1/n — (n — 1) Ay i3 0tnyn

@n-afn = Cn(4) noapm — (7 — 2) Ay pta Cnan

Qi = n.l(n) Qfn — 2 '\l#n Q3/n

Unm =n A Cry(0)

Ynatfn = Cnn(2) ﬂn/n +nApr{A, —nlk)
Pn-zpn = Ca(3) Fnpn — (n = 1) Ayprz Py
Un-apn = Cal{4) dn-zsn — (1 — 2) Mpa Oy

Hipn = Can(n)2pn — 25 pn O/n

Pnsn = As Cna(1)

Pntfn = Cn1(2)@nm —n A p2 (A, — 1 Ay)
Pn-2/n = Ca(3) Pnosfn — (n = 1) A p3onyn
Pn-afn = Cn(4) Przfn — (B —2) Ay sty Pn-1/n
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P1/n = Cn(n) P2/a — 2 Aitn P3/m

Cﬂ'l(o) =n A1 + ’\cO + z\,
Can{l) =nA1+Aa +m

Cn.l(o’) =71 + A + paor

Caa(@2)=(n—1)M + Ac

+2p2

Cna(3) = (n = 2) A1+ Acs + i3

Cn.l(n) =AM+ A + Hn

For the specified values of system parameters, Equation (3.148) was used to generate

values given in Table 3.28 for different values of k.

Table 3.28: MTT Fy,(3,1,k) Values as a function of Ao

Ao (per hr.)
0.00001
0.00002
0.00003
0.00004

k —out —of — (n+1) : G System with Type £ Repair

k=1

7088.25
6930.84
6779.09
6632.75

k=2

3471.18
3414.65
3359.72
3306.33

With Type E Repair, the system as well as its active units are not repaired while

failed standby units are repaired and thus gr41(z), pre2(z), g1 to 4, are set to zero

in Equations (3.136) to (3.145).
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k=3

1842.57
1819.87
1797.68
1776.00



Special Case Model 1

For n = 3 and & = 2 with Type E Repair, the relevant system reliability indices can
be obtained from the analysis performed for the (3,1,1) special case with Type E
Repair in Subsection 3.1.1 by eliminating the constants relating to system up-state
3. The system reliability values obtained via this procedure are given in the third

column of Table 3.29.

Table 3.29: Ry.(3,1,%) Values (Ao = 0.00004 per hr.)

Time ¢ (Hr.) . k= k=2 k=3
0 1.0000 1.0000 1.0000
2000 0.8753 0.5926 0.2755
4000 0.5761 0.1882 0.0388
6000 0.3086 0.0465 0.0046
8000 0.1495 0.0103 0.0005
0o 0 0 0

The system mean time to failure is determined directly from Equation (3.73) by

eliminating constants associated with system up-state &

MTTFy (3,1,2) = ——L——-[c (0 (1 + Ay + 9 )+
Yeldh b el = 01 [Cs.1(0)] 21 C3a(1)  Caa1(1) Caa(2)
ML+ %)] (3.149)

where

a1[C5,1(0)] = C3,.1(0) C3,(0°) — A, ptaov

The variance of time to failure for this case can be determined by eliminating constants
relating to system up-state § from the results obtained for the (3,1,1) special case

with Type £ Repair in Subsection 3.1.1.
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Special Case Model II

For n = 3 and k = 3 with Type E Repair, the system reliability can be obtained
from the analysis performed for the (3,1,2) case with Type E Repair by eliminating
the constants relating to system up-state 2. The system reliability values obtained

via this procedure are given in the fourth column of Table 3.29.

The mean time to failure for this system is determined directly using Equation (3.149)

by eliminating terms associated with system up-state 2 and can be expressed as:

1 3\

MITF®:1.9) = S O 0 5,

)+ Al (3.150)

where
a1[Ca,1(0)] = C31(0) C32(0") = A, poor

The variance of time to failure for this special case can be determined by eliminating
constants relating to system up-state 2 from the variance results obtained for the

(3,1,2) special case with Type E Repair.

From Equations (3.73), (3.149) and (3.150), the following generalized system mean
time to failure expression is developed for the k — out — of — (n + 1) : G submodel

with Type E Repair:

Cra(0 A A ‘
MTTFYE(TI,I,k) = [(MT:(I(())—)‘]'] [ ] [1 + (0?161) + o 1(0')) [ ] Gk/"] (3.151)
where
G = 1+ n\I’I/\I n(n - 1)‘1’2/\¥ n(n - 1)(1’.‘.. - 2)"1’;3/\:13
K Cra(2) " Can(2)Can(3) * Can(2)Cra(3)Can(4) =
ﬂ!‘I’n-V\?-l .
""" [Ti=2 Cnal?)
and,

1[Cr1(0)] = Ca1(0) Cra(0') = A pisr and r=m — k + 1
The ¥;s are parameters defined as follows:

U, =0forj2n—Fk+1

U;=1forj<n—k+1

and,
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Ca(0)=nd + A+ A0
Co{l)=nh + g

Cal0) = M + A + iy
Co(2)=(n=1)A +Aa
Ca(B) =(n—2) A1 + Ay

Colr=1)=(k+1)A + A

Ca(r) = kA1 + Aer

Using the specified values of system parameters, Equation (3.151) is used to generate
the values in Table 3.30.

Table 3.30: MTT Fy.(3,1,k) Values as a function of Ap

Aco (per hr.) k=1 k=2 k=3

0.00001 5287.46 2835.34 1605.45
0.00002 5210.07 2801.56 1589.78
0.00003 5134.32 2768.42 1574.37
0.00004 5060.17 2735.90 1559.23

k—out—of —(n+1): G System with Type F Repair

With Type F Repair, the system as well as its units (both active and standby) are
not repaired upon failure thus p.o, grs1(2), pre2(z), g1 to g, are set to zero in

Equations (3.136) to (3.145).

Special Case Model I

For n = 3 and & = 2 with Type F Repair, the relevant reliability indices are de-

termined from the analysis conducted for the (3,1,2) case with Type E Repair by
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eliminating pt,o. Thus the system reliability results obtained are presented in the

third column of Table 3.31.

Table 3.31: Ry.(3,1, %) Values (A = 0.00004 per hr.)

Time ¢ (Hr.) k=1 k=2 k=3
0 1.0000 1.0000 1.0000
2000 0.8749 0.5826 0.2699
4000 0.5739 0.1796 0.0360
6000 0.3062 0.0433 0.0040
8000 0.1480 0.0094 0.0004
00 0 0 0

The system mean time to failure is determined from Equation (3.149) by setting a0

to zero and is expressed as:

MTTF(3,1,2) = —c [Con(0) (1 + ok e )+
v=(3,1,2) = C!1[Ca.1(0)1[ 5(0) (1 + Caa(1) + Caa(1) C3.(2)
AL+ cf?(IZ))] -

where
e1[C3.1(0)] = C3,1(0) C3,(0')

The variance of time to failure for this special case can be determined by eliminating

the quantity .o from the variance results of the (3,1,2) case with Type E Repair.

Special Case Model II

For n =3 and k = 3 with Type F Repair, the system reliability values are obtained
directly from th‘e analysis performed for the (3,1,3) case with Type £ Repair by
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eliminating u,0'. The resulting system reliability values are given in the fourth column

of Table 3.31.

The system mean time to failure can be obtained from Equation (3.150) by eliminating

M. and is expressed as:

MITR(3,1,3) = 2o (Ca(@) 1+ 0—3%) + A (3.153)

where,

a;[C3,1(0)] = C3,1(0) C3,1(0")

The variance of time to failure for this special case can be obtained by eliminating

tt,or from the variance resuiis obtained for the (3,1, 3) case with Type E Repair.

From Equations (3.77), (3.152) and (3.153), the following generalized system mean
time to failure expression is developed for the & — out — of — (n + 1) : G submodel
with Type F' Repair:

MTTFyo(n,1,k) = [ml o [1+(

nAl

A,
AL

G/l (3.154)

where

G/ is as defined for Equation (3.151) and,
Cra(0)=nl + A+ Ap

Coa(l) =nA; +Ag

Cra(0)=nA + Ay

Can(2)=(n—1) A + e

Cra(3)=(n=2) A1 + A

Cﬂ.l(r - 1) =(k+1) A+ A
Cﬂ.l(r) = kA + A

Equation (3.154) was used to generate the values given in Table 3.32.
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Table 3.32: MTTFy.(3,1,%) Values as a function of Ay

Aeo (per hr.) k=1 k=2 k=3

0.00001 5266.56 2815.15 1585.61
0.00002 5190.79 2782.27 1570.48
0.00003 5116.59 2750.00 1555.61
0.00004 5043.94 2718.32 1540.98

3.1.5 k-out-of-(n+2):G Identical Unit Submodel

This is the (n,2, k) system and is composed of n active units and {wo standbys. It
is functional as long as there are at least k functioning components. The 1 — oul —
of —(n+2) : G system of Subsection 3.1.2 is the special case of this submodel when
k = 1. A block diagram of this system is shown in Figure 3.24 and the state space
diagram in Figure 3.25.

k—out —of — (n+2): G System with Type A Repair

The corresponding integro-differential equations for the model described in Figure 3.25

are;
r43
d}:(i]t( ) + Cn.2(0) PO( ) 113 Pl(t) + Lagr Por(t) + i j :l'.‘, t) Jti .’B)d.l:(} 155
i=r+42
wherer =n — k 4+ 1.
%z(t) + Cna(1) Pi(t) = n Ay Po(t) + p2 P(0) (3.156)
dl:;t( )4 Cn2(2) Pa(t) = n Ay Pi(t) +n Ay Po(t) + pa Ps(t) (3.157)
d}:};t(t) + Cp2(3) Pa(t) = n Ay Po(t) + n Ay Pre(t) + py Py(t) (3.158)

135



o

r

'\|B|
l._l...'

!

=

i

!

|

BLOCK 011 reprensnts. comwnon-amuns feluret of the wysten
BLOCK K ruprosursts th neth oiving hegtent-a vystam
ROCK B1 repressms the startty Fystem

Figure 3.24: Block diagram of the k — out — of — (n < 2) : G System

For j =4,5,.....,7,

i%‘fi) + Caali) Pi(t) = (n = j +3) M Pjma(t) + i Pia(t) (3.159)
Lol G + DR =+ DNAE (3.160)
B l0) 1 Goa(0) Polt) = 22, olt) + 2 Palt) + e Put) (3.161)
Z0L) 4 Cua1) Pu(t) = s Pol) + 12 Po(1) (3.162)
[ + 2+ (el Praale ) = 0 (3.163)
o+ o+ tral@] Paalzi) =0 (3.164)

The associated boundary conditions are:

Prya(0,t) = kAy Prya(t) (3.165)
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Psl0,t) = 3 s PO+ 32 D A(O) (3.166)
i=0 i=0'
At time t = 0, Py(0) = 1.0 and all other initial state probabilities are equal to zero.
where
Cn2(0) =n A +2X, 4+ Ao
Coaa(l) =nd + A +m
Cn2(2) =n A + Az + 22

Co2(3) =(rn = 1) A + Az + 25

Ca2li) =(n—j+2) M + A +
Caa(r +1) = kA + Arq1 + fhra
Ca2(0) = ndy + Ao + praor + A,
Ca2(l) =nd + A + por

Special Case Model I

For n = 3 and ¥ = 2 in Equations (3.155) to (3.166), abbreviated as the (3,2,2)
special case, the long-run availability of this special case is obtained directly from
Equation (3.93) by eliminating system up-state 4. This procedure yields the values
shown in the third column of Table 3.33.

Special Case Model II

Forn = 3 and k = 3 with Type A Repair, abbreviated as the (3,2, 3) special case, the
long-run availability of this special case is determined by eliminating system up-state
3 from the results obtained for the (3,2,2) special case with Type A Repair. This

procedure yields the values given in the fourth column of Table 3.33.

k—out—of —(n+2):G System with Type B Repair

With Type B Repair, g1 to gr41 in Equations (3.153) to (3.166) are set to zero

because failed active units are not repaired.
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Table 3.33: A,,,.(3,2,k){B8) values as a function of Ao With Type 1 Repair

A (per Hr.)
0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

k=1

0.5535
0.5513
0.5492
0.5470

0.3826
0.3806
0.3785
0.3765

0.2924
0.2906
0.2888
0.2870

0.2366
0.2350
0.2334
0.2319

0.1987
0.1973
0.1939
0.1946
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k=2

0.4057
0.4041
0.4024
0.4007

0.2545
0.2532
0.2519
0.2505

0.1854
0.1843
0.1833
0.1823

0.1458
0.1449
0.1441
0.1432

0.1201
0.1194
0.1187
0.1179

k=3

0.2832
0.2820
0.2803
0.2796

0.1667
0.1659
0.1651
0.1642

0.1181
0.1175
0.1169
0.1163

0.0915
0.0910
0.0905
0.6900

0.0746

0.0742

0.0738
0.0734



Special Case Model I

For n = 3 and k = 2 with Type B Repair, the long-run availability was obtained by
eliminating the quantities , to u3 from the results obtained for the (3,2,2) special
case with Type A Repair. This procedure produced the values given in the third
column of Table 3.34.

Special Case Model II

For n = 3 and k = 3 with Type B Repair, the long-run availability of this case was
obtained using Equation (3.93) by eliminating system up-states 3 and 4 and setting
iy and py equal to zero. This procedure generated the values given in the fourth
column of Table 3.34.

k—out —of — (n+2):G System with Type C Repair

With Type C Repair, pto0r, #a1 and iy t0 fie4: in Equations (3.155) to (3.166) are set

equal to zero because failed units (both active and standbys) are not zepaired.

Special Case Model I

For n = 3 and k = 2 with Type C Repair, the long-run availability of this special case
was obtained by ¢ minating the quantities p,¢, and psyv from the results obtained
for the (3,2,2) special case with Type B Repair. The procedure yielded the values
presented in the third column of Table 3.35.

Special Case Model II

For n = 3 and k = 3 with Type C Repair, the long-run availability was determined
by climinating g, and g, from the results obtained for the (3,2,3) special case
with Type B Repair. This procedure yields the values shown in the fourth column of
Table 3.35.
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Table 3.34: A, (3,2, k) (8) values as a function of Ay With Type B Repair

Ao (per Hr.)
0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.000C1
0.00002
0.00003
0.00004

3.00001
0.00002
0.00003
0.00004

k=1

0.4786
0.4772
0.4757
0.4743

0.3146
0.3134
0.3121
0.3109

0.2343
0.2333
0.2322
0.2312

0.1867
0.1858
0.1849
C.1840

0.1178
0.1167
0.1156
0.1145
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k=2

0.3532
0.3521
0.3510
0.3499

0.2145
0.2137
0.2129
0.2121

0.1540
0.1534
0.1527
0.1521

0.1201
0.1196
0.1191
0.1186

0.0985
0.0980
0.0976
0.0972

k=3

0.2559
0.2551
0.2543
0.2535

0.1475
0.1470
0.1464
0.1459

0.1036
0.1032
0.1028
0.1024

0.0798
0.0795
0.0792
0.0789

0.0649
0.0647
0.0644
0.0642



Table 3.35: A,y (3,2, k) () values as a function of Ao With Type C' Repair

Aw (per Hr.)
0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

k=1

0.4770
0.4756
0.4742
0.4729

0.3132
0.3120
0.3108
0.3096

0.2331
0.2322
0.2312
0.2302

0.1857
0.1848
0.1840
0.1832

0.1543
0.1536
0.1528
0.1521
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k=2

0.3508
0.3497
0.3487
0.3476

0.2127
0.2119
0.2111
0.2104

0.1526
0.1520
0.1514
0.1508

0.1190
0.1135
0.1180
0.1176

0.0975
0.0971
0.0967
0.0963

k=3

0.2496
0.2488
0.2481
0.2473

0.1436
0.1431
0.1426
0.1421

0.1008
0.1004
0.1000
0.0996

0.0776
0.0773
0.0770
0.0767

0.0631
0.0629
0.0626
0.0624



E—out — of —(n+2): G System with Type £ Repair

With Type E Repair, the system and its active units are discarded upon failure and

thus ptr42(7), pr43(z), f1 to pr41 are set to zero in Equations (3.153) to (3.166).

Special Case Model I

For n = 3 and k = 2 with Type E Repair, the system relevant reliability indices are
obtained as follows:

The system reliability is obtained using Equation (3.100) by climinating the constants
associated with system up-state 4. The system reliability values obtained are given

in the third column of Table 3.36.

Table 3.36: Ry.(3,2, k) Values (Ao = 0.00004 per hr.)

Time ¢t (Hr.) e =1 k=2 k=3
0 1.0000 1.0000 1.0000
2000 0.6224 0.7760 0.5144
4000 0.6906 0.3344 0.1159
6000 0.4084 0.1007 0.0190
8000 0.2100 0.0253 0.0027
oo 0 0 0

The mean time to failure for this system can be determined using Equation (3.101)

by eliminating the terms associated with system up-state 4. It can be expressed as:

! = .__1._ ' 3)\1 9)\?
MTTFve(3,2,2) = a2[Ca,2(0)] [€:[Ca2(07)) (1 + CanlD) + 1) Con®) +
273 o
Coal1) Coa(@) Cag(3)) T 22 Coa(1) (14
3N 9A2 3,
o T T T Mt L) @A)
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where
az{C32(0)] = C5.2(0) (Ca2(0°) C3.2(1') — As piare) — phsvr (225 C32(17))
1[Ca2(0)] = C3.2(0') Ca2(1) = Aq ptov

System mean time to failure values obtained with Equation (3.1b7) are presented in

the third column of Table 3.37.

Table 3.37: MTT Fyg(3,2,%) Values as a function of Ag

Aco (per hr.) k=1 k=2 k=3

0.00001 6062.63 3609.23 2302.34
0.00002 5979.68 3565.97 2277.64
0.00003 5898.36 3523.50 2253.36

0.00004 5818.63 3481.81 2229.51

The system variance of time to failure can be determined directly from Equation (3.102)
by eliminating all constants associated with system up-state { in addition to elimi-

nating u, to us.

Special Case Model I1

For n = 3 and k = 3 with Type E Repair, the system relevant reliability indices are
obtained as follows:

The system reliability is directly obtained from Equation (3.100) by eliminating the
constants associated with system up-states # and 4. The resulting system reliability

values are presented in the fourth column of Table 3.37.

The mean time to failure for this system can be determined from Equation (3.101)
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by elimiinating terms associated with system up-states 3 and { and is expressed as:

MTTFR(3.2,3) = —— [Caal@} (L 4 — b oy,
B az[C32(0)] ' Caa(l) * Ca2(1) C32(2)
' 3’\1 Q
22,Ca2(1") (1 + 6'3,2(2)) + 2X3) (3.168)
where )

[C32(0)] = C32(0) (C5.2(0") Ca2(1') = A, 1) — paor (2X,C52(1'))
Cl [03.2(0)] = 03.2(0') 03.‘2(1') - '\a Hs
System mean time to failure values obtained with Equation (3.168) are given in the

fourth column of Table 3.37.

The system variance of time to failure can be determined directly from Equation (3.102)
by eliminating all constants associated with system up-states 3 and { in addition to

eliminating g, and ps.

k—out—of —(n+2):G System with Type F Repair

With Type F Repair, the system and its units (both active and standbys) are dis-

carded upon failure and thus psor, ps11y fr+2(2), frea(z), 1 to ey are set to zero in
Equations (3.153) to (3.166).

Special Case Model I

For n = 3 and k = 2 with Type F Repair, the system relevant reliability indices are
obtained as follows:

The system reliability is determined by eliminating p,» and g, from the results
obtained for the (3,2,2) special case with Type E Repair. The resulting system

reliability values are presented in the third column of Table 3.38.

The system mean time to failure is determined from the results obtained-for the
(3,2,2) special case with Type E Repair by eliminating jio and g,/ and can be

expressed as:

) 1 . 3\ M
MTTFre(3,2,2) = mmm (GlCaalOl( + a2 + ey @)
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27)3
Ca2(1) C3.2(2) C3,2(3)
3\ 94\?
+
C32(2)  C32(2) C3,2(3)

)+ 2X,Ca2(1) (1 +

Y+ 222 (1 +

where
2[Ca2(0)] = C3,5(0) C3,2(0") C3,2(1’)
1[C32(0)] = C3.2(0") C32(1)

System mean life values obtained with Equation (3.169) are given in the third column
of Table 3.39.

Table 3.38: Ry,(3,2, k) Values (Ao = 0.00004 per hr.)

Time ¢ (Hr.) k=1 k=2 k=3
0 1.0000 1.0000 1.0000
2000 0.9218 0.6887 0.4223
4000 0.6875 0.3198 0.1018
6000 0.4039 0.0955 0.0160
8000 0.2065 0.0235 0.0021
00 0 0 0

The variance of time to failure for the system can be determined directly from Equa-
tion (3.102) by eliminating all constants associated with system up-state 4 in addition

to eliminating s, to ug, gy and pay.

Special Case Model II

For n = 3 and k = 3 with Type F Repair, the system relevant reliability indices are

obtained as follows:
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The system reliability is obtained by eliminating gty and pgv from the results ob-
tained for the (3,2, 3) special case with Type E Repair. The system reliability values
obtained are presented in the fourth column of Table 3.38.

The mean time to failure for the system is determined from the results obtained
for the (3,2,3) special case with Type E Repair by eliminating g0 and 510 and is
expressed as:

3\, gAd

MTTFy.(3,2,3) = [c iy GO+ 5o + e e
20,Caa(1) (1 + E;%) + 27 (3.170)
where

02[C32(0)] = C3,2(0) C3,2(0) Ca2(1)
(1{Ca,2(0)] = Ca,2(0") Ca2(1')

System mean life values obtained with Equation (3.170) are given in the fourth column

of Table 3.39.

Table 3.39: MTTFy.(3,2,k) Values as a function of Ay

A (per hr.) k=1 k=2 k=3

0.00001 6022.64 3570.26 2235.51
0.00002 5942.89 3528.95 2212.31
0.00003 5864.65 J488.37 2189.50

0.00004 5787.90 3448.51 2167.08

The variance of time to system failure is determined directly using Equation (3.102)
by eliminating all constants associated with system up-states 3 and { in addition to

climinating p1, f2, ts0r and gy,
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3.1.6 k-out-of-(n+3):G Identical Unit Submodel

This is the (n,3, k) system and is composed of n active units and three standhys. It
is functional as long as there are at least k active units. The 1l —out—of—(n+3): G
system of Subsection 3.1.3 is the special case of this submodel when k = 1. A block
diagram of this submodel is shown in Figure 3.26 and the state space diagram in

Figure 3.27.

r—_~——-=- |
} 132 | ]
]
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! Eg [ 1

i 'L = |
—f o 4 ™" N T A

n I— ————— I.

BUOCK, B1: mparsenta common-cauna falures of the system
BLOCE §2: reprasents tha sctive on-ine  k-oul-of-n Eystem
BLOCE §3: reprasants the standby Tystiem

Figure 3.26: Block diagram of the k — out — of — (n + 3) : G System

k—oul —of —(n+3): G System with Type A Repaii

The corresponding integro-diflerential equations for the model described in Figure 3.27

arc:

£001) 1 Gaal0) Pot) = i Po(t) + oo Por(t) + > [ Pt mtada(31m)
i=r43

wherer=n—-%t+ 1.

dPy(t)

lt + Cn'g(l) Pl(i) =n A; Po(t) + H2 Pz(t) (3.172)
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dPs(t)
dt

dPs(t)
Tdt

dPy(t)
dt

+ Cn,3(2) Pz(t) =n /\1 Pi(t) +n 1\1 Po'(t) + U3 P3(t)

+ Ca(3) Po(t) = n A1 Pa(2) +n Ay Puu(t) + pua Pa(2)

+ Cra(4) Py(t) = n Ay Pa(t) + n Ay Po(t) + ps P5(t)

For j =5,6,.....,7 + 1,

dI; t(t) + Cnald) Fi(t) = (n =3 + 4) M Bica(8) + i1 Pia(t)
.‘f!i;.tz_(.ﬁl + Calr +2) Praa(t) = (k +1) M Pria(2)

L) 4 Cosl0) Polt) =30, Plt) + s Pa(8) + puPu()

d3@+&ﬂ”&m_n&ﬂHm%U+Mﬁm

d
['5; + Bt + pte43(z)] Prya(z,t) = 0

a 0
[5’; + "a"E + Jur+4(3)] Poiu(z,t) =0

The associated boundary conditions are:

Pr+3(os t) = J""’\l Pr+2(t)

r4-2

Mmﬂ_ZAPm+ZAPm

=0 =0’

(3.173)

(3.174)

(3.175)

(3.176)

(3.177)

(3.178)

(3.179)

(3.180)

(3.181)

(3.182)

(3.183)

(3.184)

At time ¢ = 0, Py(0) = 1.0 and all other initial state probabilities are equal to zero.

where
Cag(0)=n A +3X, + Ao
Caa(l)=nli4+Aa+m
Caa(2) =1 M + Az + 202
Cna(3) =n A1+ A + 2pa
Cra(4) = (n = 1) A + Aoy + 214
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For j = 5,6, ....... v+ 1,

Caa(d) =(n—J +3) M+ A +
Cna(r +2) = kM + Acrga + firg2
Cna(0) =1 A + Awr + pisor + 22,
Cap(l) =0 A1+ Ar + parr + As
Cna(2) =n A + A + pror

Special Case Model 1

For n = 3 and k& = 2 in Equations (3.171) to (3.184), the long-run availability
is obtained directly from Equation (3.122) by eliminating system up-state 5. This

procedure produced the values given in the third column of Table 3.40.

Special Case Model I

For n = 3 and k = 3 in Equations (3.171) to (3.184), the long-run availability is
determined from the results obtained for the (3,3,2) special case model with Type
A Repair by eliminating system up-state 4. This procedure yielded the long-run

availability values given in the fourth column of Table 3.40.

k—out —of — (n+ 3) : G system with Type B Repair

With Type B Repair, the active units are not repaired upon failure thus g to fir42
are set to zero in Equations (3.171) to (3.184).

Special Case Model 1

For n = 3 and k = 2 with Type B Repair, the long-run availability is obtained
directly from the results determined for the (3,3,2) special case with Type A Repair
by eliminating the quantities y; to p4. The resulting long-run availability values are

presented in the third column of Table 3.41.
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Table 3.40: A,,,(3,3, %) (B) values as a function of A,y With Type A Repair

Ao (per Hr) k=1

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.5324
0.5805
0.5785
0.5765

0.4109
0.4089
0.4070
0.4050

0.3174
0.3156
0.3139
0.3122

0.2586
0.2570
0.2555
0.2540

0.2181
0.2168
0.2154
0.2140

152

k=2

0.4884
0.4871
0.4857
0.4844

0.3177
0.3165
0.3154
0.3142

0.2354
0.2344
0.2335
0.2325

0.1870
0.1862
0.1354
0.1846

0.1551
0.1544
0.1537
0.1530

0.3615
0.3608
0.3601
0.35%4

0.2250
0.2239
0.2229
0.2218

0.1622
0.1614
0.1605
0.1597

0.1268
0.1261
0.1254
0.1248

0.1041
0.1035
0.1029
0.1024



Table 3.41: A,,,.(3,3,%) (B) values as a function of Ay With Type B Repair

Ao (per Hr.)
0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

k=1

0.5085
0.5071
0.5057
0.5043

0.3410
0.3397
0.3384
0.3371

0.2565
0.2554
0.2543
0.2532

0.2055
0.2046
0.2037
0.2028

0.1715
0.1707
0.1699
0.1691
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k=2

0.4633
0.4622
0.4611
0.4600

0.2897
0.2838
0.2879
0.2870

0.2107
0.2100
0.2093
0.2085

0.1656
0.1650
0.1644
0.1633

0.1364
0.1359
0.1354
0.1348

k=3

0.3228
0.3218
0.3208
0.3199

0.1925
0.1918
0.1911
0.1904

0.1371
0.1366
0.1361
0.1356

0.1065
0.1061
0.1057
0.1052

0.0870
0.0867
0.0864
0.0860



Special Case Model II

For n = 3 and k = 3 with Type B Repair, the long-run system availability values
are determined from the results obtained for the (3,3,3) special case with Type A
Repair by eliminating p to ga. This procedure yielded the values presented in the
fourth column of Table 3.41.

k — out — of — (n+3): G System with Type C Repair

With Type C Repair, the units (both active and standbys) are not repaired upon
failure thus g, to prep and py to p,42 are eliminated in Equations (3.171) to (3.184).

Special Case Model I

For n = 3 and k = 2 with Type C Repair, we can determine the long-run availability
values from the results obtained for the (3,3,2) special case with Type B Repair
by eliminating the quantities yis0 to ;2. The resulting system long-run availability

values are given in the third column of Table 3.42.

Special Case Model II

For n = 3 and k = 3 with Type C Repair, the system iong-run availability is de-
termined from the results obtained for the (3,3,3) special case with Type B Repair
by eliminating g, to pt,r. This procedure yielded the values shown in the fourth

column of Table 3.42.

k —out —of — (n+3): G System with Type E Repair

With Type E Repair, the system and its active units are not repaired upon failure

and thus pr43(z), frea(#)s #1 tO ftr42 are set to zero in Equations (3.171) to (3.184).
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Table 3.42: A,,,(3,3,%)(8) values as a function of Ao With Type C Repair

Ao (per Hr) k=1

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.5065
0.5051
0.5038
0.5024

0.3391
0.3379
0.3367
0.3355

0.2549

0.2539
0.2528
0.2518

0.2042
0.2033
0.2024
0.2016

0.1703
0.1695
0.1688
0.1680

k=2

0.3672
0.3657
0.3643
0.3629

0.2410
0.2403
0.2395
0.2388

0.1807
0.1301
0.1795
0.17388

0.1446
0.1440
0.1435
0.1429

0.1205
0.1200
0.1195
0.1190

k=3

0.3185
0.3176
0.3167
0.3158

0.1895
0.1889
0.1832
0.1876

0.1349
0.1344
0.1339
0.1334

0.1047
0.1043
0.1039
0.1035

0.0856
0.0852
0.0849
0.0846



Special Case Model I

For n = 3 and & = 2 with Type E Repair, the relevant system reliability indices are
determined thus:

The system reliability is directly obtained from the results obtained for the (3,3,1)
case with Typé E Repair. The system reliability for this special case is thus deter-
mined from Equation (3.129) by eliminating residues associated with system up-state

5. This procedure produced the values presented in the third column of Table 3.43.

Table 3.43: Ry.(3,3,%) Values (A, = 0.00004 per hr.)

Time ¢t (Hr.) k= k=2 k=3
0 1.0000 1.0000 1.0000
2009 0.9624 0.8227 0.5460
4000 0.7983 0.3540 0.1226
6000 0.5476 0.1070 0.0200
8000 0.3305 0.0270 0.0029
00 0 ¢ 0

The system mean time to failure is obtained from Equation (3.135) by eliminating

system up-state 5 and its associated constants. Thus, it is expressed as:
1 , 3\ 92
—_— Caa(0ND (1 +
aslCaa)] (ACOM O+ 7y + 5 Co®)
27A3 4 81A%
CT33(1) Caa(2) C33(3) * Ca3(1) C33(2) Caa(3) Caa(4)

, 3A 9
3G [Caa(1N)) (1 + C33(2) + C1,3(2) C3,5(3)
273

Coa@) CoaB) Oty 62 Caal®) (1 +

9A? 3
_— Y BA3(] 4 21
Ca.s(3)03.3(4))+ (14 Cs3(4)

MTTFy(3,3,2) = +

)+

+

3\
Cs3(3)

) (3.185)

-+
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where,

a3[Ca.3(0)] = C3,3(0) €2[C,3(0")] = 3 roor &1[C(1")]

2[C33(00] = C33(0") i [03.3(1')] =2, ptor Caa(2")

G[Caa(1)] = C3,3(1') C3,5(2) — A, o

Equation (3.185) was used to generate system mean life values presented in the third

column of Table 3.44.

Table 3.44: MTT Fy,(3,3,4) Values as a function of Ao

Aw (per hr.) k=1 k=2 k=3

0.00001 6334.60 5422.02 3152.53
0.00002 6745.12 5349.91 3117.68
0.00003 6657.30 5279.27 3083.43
0.00004 6571.14 5210.06 3049.77

The variance of time to failure for this special case can be obtained [rom Equa-
tion (3.131) by eliminating constants associated with system up-stale 5 and setting

the quantities g, to us to zero.

Special Case Model II

For r. = 3 and k£ = 3 with Type E Repair, we determine the relevant reliability indices
as follows:

The system reliability is directly obtained from the results obtained for the (3,3,2)
case with Type E Repair by eliminating the residues associated with system up-state

4. This procedure yielded the numerical results presented in the fourth column of
Table 3.43.

The system mean time to failure for this special case is obtained from the results of

157



the (3,3, 2) special case with Type E Repair by eliminating the constants associated
with system up-state 4. It can be expressed as:

' 3\ 9A2
[(¢2[C5,2(0N]) (1 4 03'3(11) + Cs3(1) Cs, 3(2)

MTTFyg(3,3,3) = m

9723 , Iy
Caa(1) Canl(2) Goa@)) T 361lCaaV 1 + 52255

. S : 3\ X
@ Coa® O Caal?) (1 + o) T E¥I3.186)

+

where,

aa[Ca3(0)] = C33(0) (2[C33(0")] = 3,500 (1[Ca3(1))
(2[C33(0")] = C3.3(0') §1[Ca,a(1')] = 22,8012 C3,3(2')
G1[C3a(1")] = Ca,3(1’) Caa(2') = Asprsr

Equation (3.186) was used to generate system mean life values presented in the fourth

column of Table 3.44.

The variance of time to failure for this special case can be obtained from Equa-
tion (3.131) by eliminating constants associated with system up-state 4 and 5 and in

addition, setting p; to us to zero.

From Equations (3.132), (3.149), (3.150), (3.167), (3.168), (3.185), and (3.186), the
mean time to failure of a k —out —of — (n +m) : G system with Type E Repair and
under standby activation policy Y is given by:

MTTFYE(TI, m, k) = ;-"TC:]::(T)]- [(Cm_l[Cn'm(O')]) (1 + n:(ll)
(nX)? (n A"
Com(D) Com(@) TV IR Cam) T
AT (0 (1 1) N
M Con@) I o)

P3 (ﬂf\l)"""l (n=1) (" -2)\ 1,

II23° Cam(?)

¢m-1 ()™ (n — 1)IAP2
I'II’-'-";'“"‘ Chm(i)

+mA, Gz [Cam(1)] (1 T @

)

nAl

Com(@ T
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(n A1)2 + (n 4\1)"‘-1
Cam(2)Cam(3) = 77 T2z Crm(i)
P ()™ Pa(n M) (n=1) M

+

05 Com®) | IR Coml®)
s (n 2y)™ (n = 1) (n —2) A2
:1142-3 ﬂm(z) .....
s (R 2™ (1 = 1IN
..... )
(m) (m = 1) X Gn-o [Cam(2] (1 + s +
(n))? (n A )'"-2
Com®) Com@® T T, Com®)
P (nA)™! | Pa(n M) (n—1) N +
[T2E! Cam(d) nt? Cam(?)
ds ()" (=) (n =2 M
Sl
 Ynot ()™ = N
[5** Cam()
o + (m){(m = 1)(m — 2)(m 3)(m — 4)......
m- N =—"N
BN Cnmlm =D (L4 Gy +
(n\)? P {nM)?

O = 1) Conlm) T G = 1) Con(m) G (m 4 1)

1!)2 (n)\l)a (ﬂ — 1)1\1

T, Comll)
'l,l)m_l (n /\1)3 (n -_ 1)' An—?
TmEEC) T
m! AT Gg[Cam(m — 1)')(1 + Ci:\(:n) +
P (nM)? + '
Cam(m) Cam(m + 1)

’gbg (n AI)Q (n - 1) /\1

nm(m) nm(m +1) Cn m(m + 2)

Yot (1) (r = DIAT
H:T:-k Caml(i)

mp 4 Pr(rM)
miAT (1 + Comlm+ 1) +
P(nA)(n—-1)A

Cam(m + 1) Cpm(m +2)

)+

+..
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Y (1) (0 = 1IN
M Crm(d)

whereforj = 0,1,2,..(m—-1),1=0,1,...,(.n—1), the following recursive relationships

ot ) (3.187)

suffice:
GICam(I)] = Cam(@} it [Cam (G +1)] = 5 Xs tigr G-z [Crm (i + 2)]
&i31[Crm(D)] = Crm(2) GICam(¥')] = F As st Gima [Crm (2 + 1))

Where the starting values are given as:
Go[Crm (07)] = Cam(0)

&1[Com(0)] = Crym(0) Com(0) — As ooy
and,

Also for j =1 to (m — 1) we have:
Yj=0forj2n—-k+m
Yp;=lforj<n—-k4+m

k—out—of — (n+3): G System with Type F Repair

With Type F Repair, the system and its units (both active and standbys) are not
repaired upon failure and thus g, to pe2r, r43(€), frsa(2), 21 to prpo are set to zero

in Equations (3.171) to (3.184).

Special Case Model I

For n = 3 and & = 2 with Type F Repair, the relevant reliability indices are obtained
as follows:

The system reliability is directly obtained from the results determined for the (3, 3, 2)
case with Type E Repair by eliminating the quantities p,o to g,2. The resulting

numerical results are presented in the third column of Table 3.45.

The system mean time to failure for this case was obtained from the results determined

for the (3,3,2) special case with Type E Repair by eliminating the quantities ji,e to
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Table 3.45: Ry, (3,3, %) Values (Ao = 0.00004 per hr.)

Time ¢ (Hr.) k=1 k=2 k=3
0 1.0000 1.0000 1.0000
2000 0.9500 0.7223 . 0.4478
4000 0.7803 0.3390 0.1082
6000 0.5271 0.1017 0.0178
8000 0.3089 0.0252 0.0024
o0 0 0 0

fs2¢ and it can be expressed as:

1 \ 3h 9A3
MTTFy.(3,3,2) = m[((a[Cs.a(O M1+ ConlD) + Caa(1) Caal2)

2703 + 81A}
C33(1) C33(2) C3a(3) * Caa(1) C33(2) C33(3) Caal(4)

IGICs1)] (14 b o
261{C33 Ca3(2) ' Ca3(2)C33(3)
2733 IN

C33(2) C3,3(3) 03.3(4)) 64 Caa(2) (1 4 C34(3) *
—?—'\‘2———) +6X3(1+ 3 ) (3.188)
C33(3) Caa(4) ' Ca3(4) '

+

)+

where,

a3[Ca,3(0)] = Ca3(0) (2[Ca,3(0")]
(2[Caa(0")] = Ca3(0) (1{Caa(1’)]
G1{Caa(1")] = C33(1") C33(2')

Equation (3.188) was used to generate system mean time to failure values given in

the third column of Table 3.46.

The variance of time to failure can be obtained from the variance results determined
for the (3,3,2) special case with Type E Repair by eliminating the quantities u,o to
a2~ . ' .
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Table 3.46: MTT Fy.(3,3,%) Values as a function of A,

Ao (per br.) k=1 k=2 k=3

0.00001 6777.25 5001.89 3095.65
0.00002 6692.47 4946.85 3063.07
0.00003 6609.21 4892.72 3031.02
0.00004 6527.44 4839.50 2999.50

Special Case Model II

For n = 3 and & = 3 with Type F Repair, the relevant reliability indices are obtained
as follows:

The system reliability is determined from the results obtained for the (3, 3, 3) case with
Type E Repair by eliminating the quantities p,g to p,. This procedure produced

the numerical results presented in the fourth column of Table 3.45.

The system mean time to failure is obtained from the results determined for the
(3,3,3) special case with Type E Repair by eliminating the quantities u,p to pyor. It

can be expressed as:

1 - ’ 3/\1 ' 9¢\¥
MITE(33,3) = Sty (@losOM O+ o+ ey emmy *
2773 , 3\
Cs,s(l) 03.3(2) 03‘3(3)) + 3"-’(1 [03.3(1 )] (1 + 03'3(2) +
G @) O o) 14 ) +oxle18)

where,

a3(Ca,a(0)] = C3.3(0) (2[C5,5(0)]
G2[Caa(0")] = C3,5(0") (1[C3,5(1"))]
G[Caa(1")] = Caa(1%) Caa(2')
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Equation (3.185) was used to generate system mean time to failure values given in
the fourth column of Table 3.46.

The variance of time to failure can be obtained from the variance results determined
for the (3,3, 3) special case with Type E Repair by eliminating the quantities y,o to

szt

From the fore-going results it is easily observed that the mean time to failure of a
k - out — of — (n +m) : G system with Type F Repair and under standby activation
policy Y is also given by Equation (3.187) except that g, = ...... = ftym—1r = 0 thus
leading to the following new relationships:

For j =0,1,2,..(m—=1),i=0,1,..,(m—1),

Gi[Cnm (N = Coim() Ci=1Comli + 1)

i1 [Cam(3)] = Cam(3) GCnm(i')

Where the starting values are given as:

Go[Crm(0")] = Com(0')

@1[Cam(0)] = Ca,m(0) Go[Crm(0)]

3.2 The Non-Identical Unit System With Early
Standby Activation: Special Cases

When units are non-identical (i.e. they do not have the same failure rates), it is much
more cumbersome to generate generalized expressions for system reliability indices
such as the system mean time to failure. In addition, the number of system up-states
increases sharply with any increase in either the number of active units or standbys
(see Appendix J.1). In order to demonstrate this, we considered duplex systems (i.e.
two active unit systems) for the analysis of non-identical unit k—out—of —(n+m): G
type systems for repair types under which system units are not repaired. Thus the
following special cases are considered in this regard: (i) 1 ~out —of —(2+1):Gor
(2,1,1) (it) 2~out —of —(2+1): Gor (2,1,2) (iii) 1 —out —of — (2+2): G or
(2,2,1) and (iv) 2 —out — of — (2+42) : G or (2,2,2).
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3.2.1 1-out-of-(2+41):G Non-identical Unit System

This is the (2,1,1) system and is composed of two non-identical units and one non-
identical standby and is operable as long as at least one unit is functional. The state

space diagram for this system is shown in Figure 3.28. The numerals in the boxes of

¥
Baln}
Ad 8
Acy
g™
L) b 4
1, A \’f‘
', '% .
. [ X . s ’
By My
AN P
Aoy Hy Ag /
3 fry s Hyte)
Ay Aey

Figure 3.28: State Space Diagram of the 1 — out —of — (24 1) : G Non-identical Unit
System under SBAP Y "

Figure 3.28 denote the system state numbers.

Notation

The following symbols are associated with the (2, 1,1) non-identical unit system:

i State identification number. For i = 0, both units (A and
B) and the standby D are in perfect working condition.

For i = 1, unit A has failed, unit B is working and
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Had

Fi(t)

Fi(z,t)

pilz), gi(z)

standby D has been activated. For ¢ = 2, unit I has
failed, unit A is working and standby D has been
activated. For : = 3, both units A and B are working
perfectly but standby D has failed in its standby mode.
For ¢ = 4, both units (A and B) have failed but D

now activated is working. For i = 5, units A and D have
failed but unit B is still functional. For ¢ = 6, units

B and D have failed but unit A is working.

For ¢ = 7, the system has failed due to independent
failures of its components. For i = §, the system

has failed due to common-cause failures.

time

Laplace transform variable

Constant failure rate of unit A

Constant failure rate of unit B

Constant failure rate of standby unit D when activated.
Constant failure rate of standby unit D when

in its standby mode

Constant common-cause failure rate from state
jiforj=0,12,..,6.

Constant repair rate of unit A

Constant repair rate of unit B

Constant repair rate of unit D

Constant repair rate of standby unit D if it fails

in the standby mode

Probability that the system is in state ¢ at time
t;fori=0,1,2,3,.....,8

Probability that the failed system is in state ¢

and has an elapsed repair time of z; for i = 7,8.

Time-dependent repair rate and pdf of repair time
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respectively when the system is in state ¢ and has

an elapsed repair time of z; for i = 7, 8.

g:(3) The Laplace transform of ¢;(t)
Fi(s) The Laplace transform of P;(t)
B Shape parameter of the gamma pdf

The system of integro-differential equations associated with this system described in

Figure 3.28 is:

d}:(i)z(t) + C2.1(0) Po(t) = pa Pi(2) + s Po(t) + 100 Po(t)+

g fom Pz, 1) pi(z) de (3.190)
B 4 C0y(1) Pult) = s Pult) + 10 Po(®) + e Polt) (3.191)
dpjt(t) + C21(2) Po(2) = pa Pu(t) + pa Pe(t) + Ay Pol(t) (3.192)
i%(ﬂ + C2,1(3) Po(t) = pta Ps(t) + tts Po(t) + Asa Po(t) (3.193)
d};*f” + Ca1(4) Py(t) = X Pi(t) + Ao Po(2) (3.194)
%1 + C21(5) Ps(t) = Mg Pi(t) + Ao Pa(2) (3.195)
d};“t(” + Ca1(6) P(t) = da Pa(t) + X Po(2) (3.196)
o + 2+ (@) Pr(, ) =0 (3.197)
[5?5 + % + pg(z)) Pa(z,t) = 0 (3.198)

With the following boundary conditions:

Pr(0,8) = Mg Py(2) + Ay Pe(t) + Mg Pe(t) (3.199)
Py(0,¢) = }tj\ Pi(t) (3.200)
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At time t = 0, Py(0) = 1.0 and all other initial state probabilities are equal to zero.
where,

Ca1(0) = Aa + X + Ao + Aua

Cop(1) =X+ A+ A + fa

Con(2) = Aa+ a4+ A +

C21(3) = Aa + Ao + Az + Had

Con(4) = Ag+ Act + fta + pt

C21(5) = s+ Aes + fta + pa

C21(6) = Aa + Acg + s + 14

1 —out - of —(2+1) : G Non-identical Unit System with Type B Repair

With Type B Repair, g, = s = pta = 0. The system is repaired upon failure and we
are primarily concerned wiih the system long-run availability. Using the procedure
already established for the identical unit case, the long-run availability of this system
can be obtained in terms of the gamma pdf shape parameter 8 and is given as:

(F? #s)p Tgg .
Ausr(2,1,1)(8) = ) _ (3.201)
vl )(8) (17 te)® zr0 + Bul p on + Bl 4l z7a

where,

Teg = Aasos + Aasis + Azszn + Azsar + Azsa + Azsar + Azssa
Tro = Anssq — Azsss — Azsss

x71 = Agsss — Azsst

Z7g = Azsss — Azsso

Long-run availability values obtained with Equation (3.201) are exactly the same as
those obtained with the (2,1,1) identical unit case with Type B Repair. Table 3.2

presents these values for A, = XAy = A, = A;. Symbols Azsep to Azsse are defined in

Appendix E.1.
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1 —out —of — (24 1) : G Non-identical Unit System with Type C Repair

With Type C Repair, g, = y = pa = ptoa = 0. Thus setting g4 equzi to zero in
Equation (3.201), the long-run availability for this casc is determined. These values
are exactly the same as those calculated for the (2,1,1) identical unit case with Type

C Repair shown in the third column of Table 3.3 when A, = Ay = A. = A,.

1—out — of — (2+1) : G Non-identical Unit System with Type E Repair

With Type E Repair, ga = s = pa = pr(z) = ps(z) = 0. The system is not repaired
and the performance indices of interest are the system reliability, system mean time
to failure, and the system variance of time to failure. These are given by the following
expressions:
The system reliability is given by:
8

Ry (2,1, 1)) = ;) Pi(t) (3.202)
where,
Py(t) = BNggo '™ + BNgy, e
Py(t) = BNgyz e~ (0t 4 B Ngon 7t + BNgyy e
Py(t) = BNgys =22 o BNgog 79 + B Negr €™1°
P3(t) = BNggg ™ + BNgy ™!
Pi(t) = BNggo e~C21 Wt 4 BNgy; e~C213)t 4 BNy e=C24 1) | BNgay e + B Ngg e*!
P5(t) = BNgg5 e=C23 ) . BNgyg e~ €210t 4 BNgaq 20t + BNgag ™!
Ps(t) = BNgag e=C21 (8 & BNgyg e C2a{2 + BNgyy €7 + BNgsp e
Denomy(s) = (s + C21(0))(s + C24(3)) — M poa
sso and sg; are the roots of the characteristic function Denomy(s) and the partial

fraction residues BNgyp and BNgy, are defined in Appendix E.1.

The mean time to failure of the system is:

8
MTTFy,(2,1,1) = limY" P(s) (3.203)

i=0

where
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Po(0) = C2,1(3)/[C21(0) C21(3) — Asd ptad]

Py(0) = (A C2,1(3))/(C2(1) [C2,(0) C2,1(3) — Asa ptaa])
Py(0) = (X C2,1(3))/(C21(2) [C2,1(0) C2a(3) — Asa ptaa])
P3(0} = Aya/[C2,1(0) C2,1(3) — Asa tad]

Py(0) = (As/C21(4)) ® Pi{0) + (Aa/C2,1(4)) @ P2(0)
P5(0) = (Aa/C2,1(5)) ® Pi(0) + (Aa/C2,(5)) » P5(0)
Py(0) = (Aa/C3,1(6)) @ Po{0) + (Xs/C21(6)) ¢ P5(0)

The system variance of time to failure is:
1
0'12/5(2, 1, 1) = kT [2(k39k71 - k‘mkm) - kgg] (3.204)
70

Symbols kgg to kr; are provided in Appendix E.1.

l—-out—of —(2+1): G Non-identical Unit System with Type F Repair

With Type F Repair, g, = pp = pa = p,a = pr(z) = pg(z) = 0. The system is
not repaired and again the performance indices of interest are the system reliability,
system mean time to failure, and the variance of time to failure. These are determined
as follows:

The system reliability is obtained directly from Equation (3.202) by setting p,q to
zero. For A\, = Ay = Ay = Ay, the values obtained are exactly equal to those obtained

for the (2, 1,1) identical units case with Type F Repair discussed in Subsection 3.1.1.

The mean time to failure of this system is determined from Equation (3.203) by

setting u,q to zero.

The variance of time to failure for this case can be obtained by setting u,4 to zero in
Equation (3.204).

3.2.2 2-out-of-(2+1):G Non-identical Unit System

This is the (2,1,2) system and is composed of two non-identical units and one non-

identical standby and is operable as long as at least {wo units are functional. The
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state space diagram for the system is shown in Figure 3.29 The numerals in the boxes

of the figure denote the system state numbers.

L

Figure 3.29: State space diagram of the 2 —out —of — {2+ 1) : G Non-identical Unit
System under SBAP Y

Notation

The following symbols are associated with the (2,1,2) non-identical unit system:

i , State identification number. For i = 0, both units (A4 and
B) and the standby D are in perfect working condition.
For ¢ = 1, unit A has failed, unit B is working and
standby D has been activated. For i = 2, unit B has
failed, unit A is working and standby D has been
activated. For i = 3, both units A and B are working

perfectly but standby D has failed in its standby mode.
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Ha

b

MBad

Fi(t)

Fi(z,1)

#i(z), ()

%i(s)
Pi(s)

For i = 4, the system fails due to independeni failures
of two units. For i = 5, the system fails due to
common-cause failures of its components.

time

Laplace transform variable

Constant failure rate of unit 4

Constant failure rate of unit B

Constant failure rate of standby unit D when activated
Constant failure rate of standby unit D when

in its standby mode

Constant common-cause failure rate from state
jifor j=10,1,2,3.

Constant repair rate of unit A

Constant repair rate of unit B

Constant repair rate of standby unit D if it fails
in its standby mode

Probability that the system is in state ¢ at time
t;for:=0,1,2,3,4,5

Probability that the failed system is in state ¢

and has an elapsed repair time of z; for ¢ = 4,5.
Time-dependent repair rate and pdf of repair time
respectively when the system is in state 7 and has
an elapsed repair time of z; for : = 4,5.

The Laplace transform of g;(t)

The Laplace transform of P;(t)

Shape parameter of the gamma pdf
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The system of integro-diiferential equations associated with this system described in

Figure 3.29 is:
df‘;}” +Caal0) Polt) = o Prlt) + i Plt) + g PA(O)+
g [ P tude)d (3.205)
d"zt(t) + Caa(1) Po(t) = s Polt) (3.206)
2B 1 Cra(2) Pa) = 2 Pul®) (3.20)
4 “(” +Caa(8) Palt) = Mt Po(t) (3.208)
[g gt + pa(2)] Pa(=,t) = (3.209)
[% aat + us(z)] Ps(z,t) =0 (3.210)
With the following boundary conditions:
Pi(0,8) = [+ Ad Pi(2) + [Aa + M) Palt) + [Aa + As] Pa() (3.211)
Ps(0,t) = :ZoAd Pi(t) (3.212)

At time ¢ = 0, Py(0) = 1.0 and all other initial state probabilities are equal to zero.
where

G21(0) = Ao + Ay + Ao + Aud

C21(1) = do + Ag + Act + e

Caa(2) =da+Aa+ A2+ s

Coa(3) = Ao+ M + A + paa

2 — out — of — (2 + 1) : G Non-identical Unit System with Type B Repair

With Type B Repair, g, = py = 0. The system is repaired upon failure and we are
primarily concerned with the system long-run availability. The long-run availability
values can be obtained by eliminating system up-states §, 5 and 6 and constants
relating to them in the results obtained for the (2,1,1) non-identical unit case with
Type B Repair.
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2 —out —of — (2 + 1) : G Non-identical Unit System with Type C Repair

With Type C Repair, po = pts = pog = 0. Thus eliminating ptsq from the results
obtained for the (2,1,2) system with Type B Repair the long-run availability values

can be determined.

2 —out —of — (2+1) : G Non-identical Unit System with Type £ Repair

With Type E Repair, gto = gty = pa(z) = ps(z) = 0. The system is not repaired upon
failure. The system reliability can be obtained by eliminating system up-states 4, §
and 6 from the results determined for the (2,1,1) system with Type E Repair and is
given by:
a
Ryg(2,1,2) = 2 Fi(t) (3.213)

i=0

where

Py(t) = BNgzo e*t + BNgy et

Py(t) = BNgzz e~ G2Vt . BNgjq %% 4 BNgyy e

P3(t) = BNgys =€t &+ BNggg "0 + BNgyr et

Ps(t) = BNgzg e*™* + BNgyg '8!

The partie! fraction residues BNgyo to BNgys are as defined for Equation (3.202).

The mean time to failure is determined by eliminating the constants associated with
system up-states 4, 5 and 6 in Equation (3.203) and is given by:
3
MTTFyv(2,1,2) = .l’%z:ﬂ(.s) (3.214)

i=0

where

Py(0) = C31(3)/[C2,(0) C2,1(3) — Msa fsd]

Pi(0) = (A C2,1(3))/(C2,1(1) [C21(0) C2,1(3) — Asa 25d])
Fa(0) = (ds C22(3))/(C2,1(2) [C2,1(0) C2(3) — Asd fra])
P5(0) = Aq/[C24(0) C2,1(3) — Asd ptsd]

The variance of time to failure for this system can be determined by eliminating all

the terms associated with system up-states 4, 5 and 6 in Equation (3.204).
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2 — out —of — (2+ 1) : G Non-identical Unit System with Type F Repair

With Type F Repair, gt, = ps = pisd = pta(z) = ps(x) = 0. The system is not repaired
and the system reliability, system mean time to failure, and the system variance of
time to failure are given by the following expressions:

The system reliability is obtained from Equation (3.213) by setting p,4 ‘o zero.

The mean time to failure of this system is obtained directly from Equation (3.214)

by setting p,q to zero.

The variance of time to failure for this system is determined directly from Equa-
tion (3.204) by eliminating all quantities associated with system states § to 6 and

setting p,q to zero.

3.2.3 1l-out-of-(2+2):G Non-identical Unit System

This is the (2,2,1) system and is composed of two non-identical units and two non-
identical standbys and is operable as long as at least one unit is functional. The state
space diagram for this system is shown in Figure 3.30. The numerals in the boxes of

the figure denote the system state numbers.

Notation

The following symbols are associated with a (2,2,1) non-identical unit system:

i State identification number. For i = 0, both units (A and
B) and both standby units, D and E are in perfect
working condition. .
For i = 1, unit A has failed, unit B is working and
standby D has been activated. For i = 2, unit B has
failed, unit A is working and standby D has been

activated. For i = 3, both units A and B are working
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Figure 3.30: State Space Diagram of the 1 —out—o f—(2+2) : G Non-identical Unit
System under SBAP Y



perfectly but standby D has failed in its standby mode.
For i = 4, both units (A and B) are working but standby
unit E has failed in its standby mode. For i = 5, both A
and B have failed and both D and £ have been
activated. For i = 6, units A and D have failed while
units B and E are still functional. For i = T, units A
and E have failed while units B and D are working.

For i = 8, units B and D have failed but units A and

E are still working. For 7 =9, units B and E have
failed but units A and D are still functional.

For i = 10, units D and E have failed while units A

and B are still operational. For i = 11, units A, B

and D have failed while unit E is operational.

For i = 12, units A, B, and E have failed while unit

D is functional. For i = 13, units A, D and E have
failed while B is operational. For ¢ = 14 units B, D

and E have failed but unit A still works. For i = 15,
the system has failed due to independent failures of

its components. For i = 16, the system has failed duc to
common-cause failures of its components.

time

Laplace transform variable

Constant failure rate of unit A

Constant failure rate of unit B

Constant failure rate of standby unit D when activated
Constant failure rate of standby unit £ when activated
Constant failure rate of standby unit D in

its standby mode

Constant failure rate of standby unit £ in

its standby mode
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Acj Constant common-cause failure rate from state

jiforj=101,2,..,14.

Ua Constant repair rate of unit A

Hb Constant repair rate of unit B

#d Constant repair rate of unit D

e Constant repair rate of unit £

Had Constant repair rate of standby unit D if it fails
in its standby mode

Hae Constant repair rate of standby unit E if it fails
in its standby mode

P(t) Probability that the system is in state ¢ at time
t;for:=0,1,2,3,....,16

Pi(z,1) Probability that the failed system is in state 2

and has an elapsed repair time of z; for ¢ = 15,16.
ui(z), gi(=) Time-dependent repair rate and pdf of repair time
respectively when the system is in state ¢ and has

an elapsed repair time of z; for : = 15, 16.

g:(s) The Laplace transform of g;(t)
Pi(s) The Laplace transform of FP;(t)
B Shape parameter of the gamma pdf

The set of integro-differentiai equations associated with this system described in Fig-

ure 3.30 is:

dl:iot(t) + C2,2(0) Polt) = pta Pr(t) + po Pa(t) + praa Pa(t) + o Pa(t)+

_Zu f Pz, t) pi(z) dz (3.215)
dI:,'t( )sc, 2(1) Py(t) = gy Ps(t) + pa Pa(t) + Aa Po(t) + pse Pr(2) (3.216)
dp:t( ) 4 Coa(2) Palt) = o Pl + pa Po(t) + 0 Pol8) + poe Po(2) (3.217)
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dPs(t
;t( ! + C2.2(3) Ps(t) = pa Po(t) + ps Po(t) + Nsa Polt) + tse Pro(t)

d}:;t(t) + Cag(4) Pylt) = o Pr(t) + pts Po(t) + Mse Pot) + praa Prol?)
dP;(t) + Cya(5) Ps(t) = pta Pua(2) + tte Pra(t) + s Po(2) + Mg Pa(t)
EE;E(L) + C22(6) Pe(t) = s Pu(t) + e Pra(t) + Xa Po(t) + Ao Fo(1)
d_’:t(i) + Caa(T) Pr(t) = iy Pra(t) + 1 Prat) + Moe Pr(t) + Mo P(2)
T+ Caa(8) Po(®) = o Palt)+ e Palt) + 04 Polt) + 2 Po)
d?}*) + C2.2(9) Po(t) = pta Pra(t) + ita Pua(t) + Ase Pa(t) + Xy Pa(t)
cle(t) S0 1 C22(10) Puo(t) = bt Pralt) + s Pua(t) + e Pol0) + A Py(t)
dP;;(t) + Can(11) Pua(t) = Aa Ps(t) + s Po(t) + Ao Po(t)

dP;-.;(t) + C2a(12) Puat) = Ao Ps() + X Pi(2) + 2o Po(0)

dP;:;(t) + C22(13) Pia(t) = Ae Pe(t) + Aa Pr(t) + Ao Proft)

dPu(t)

— o+ C2a(14) Pua(t) = e Ps(t) + M Polt) + A Pro(2)
(2 + gy + asla)] Palz, ) =

d d
[-8_3:' toapt t16(2)] Prslz,t) = 0

With the following boundary conditions:

Pi5(0,8) = A Pi(t) + Aa Pra(t) + X Pra(t) + Aa Pra(t)

14
Pis(0,8) =) A Pi(t)

i=0
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(3.218)

(3.219)

(3.220)

(3.221)

(3.224)

(3.225)

(3.226)

(3.227).

(3.228)

(3.229)

(3.230)

(3.231)

(3.232)

(3.233)

At time ¢ = 0, Py(0) = 1.0 and all other initial state probabilities are equal to zero.



where

Co2(0) = Aa + Ao + Ao F Asd + Age
Caa(l) = Mo + Ag + der + Aae + pa
Ca2(2) = Ao+ A+ Az + Ase + 115
C22(3) = Aa + As + Az + Age + fisd
C22(4) = Aa + Ao + st + Aca + e
Caa(5) = Aa+ Ac+ Acs + pta + 6
Co2(6) = X+ Ae + As + pta + 4
Ca2(T) = M + Ad + se + Az + Ha
Caa(8) = A+ Ac + Acs + s + pta
C22(9) = Ao+ Aa + Ao + o + e
C2,2(10) = Ay + Ay + Acro + fsa + se
Ca2(11) = Ae + Aenr + ta + o + pta
C22(12) = Aa + Acrz + fa + po + e
C22(13) = M + Acra + pta + pta + pte
Co2(14) = Ay + Acra + p1o + pa + pe

1 —out —of — (2 +2):G Non-identical Unit System with Type C Repair

With Type C Repair, po = gty = fd = fe = pad = fse = 0, the system is repaired
upon failure and we are concerned with the system long-run availability. Using the
procedure already established for the identical unit cases, the system long-run avail-

ability can be obtained in terms of the gamma pdf shape parameter # and is given
by:

(15 Mm)Jﬂ 7y :
Asp(2,2,1)(8) = L . (3.234)
B (s ms)P zms + B ﬂ'xas P?e Yzm + ﬁﬂ?s ! #‘136 Tso

where,

77 = Agres + Aa Azrea + As Aarey + Asd Azzas + Ase Azzar + Azt Aasor +
Azg7s Agroe + Azsso Azsor + Azess Azsos + Azesr Azsos + Azeor Azsor +

Azris Assoo + Aares Azsnt + Aaraes A2sia + Azraes Azais
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Trg = Aosye — Aosas — Aosso
Zrg = Aggaz — Assoe

Tgg = Agsyz— A

Long-run availability values obtained with Equation (3.234) are exactly the same as
those obtained for the (2,2,1) identical unit case with Type C' Repair given in the
third column of Table 3.12 if A\, = Ay = Az = A = M. Symbols Aygry to Agggs are
defined in Appendix E.2.

1 —out —of — (2 +2) : G Non-identical Unit System with Type F Repair

With Type F Repair, fta = fiy = ftd = fte = flad = Mse = p15(x) = p1g{z) = 0, the
system is not repaired and the indices of interest are the system reliability, the system
mean time to failure, and the system variance of time to failure. These are given by
the following expressions:

The system reliability is given by:

Rya(2,2,1)(8) = 3L Pi() (3.239)
i=0
where

Po(t) = e~Caalok

Pi(t) = BNgye 0221t BNz e 022001

Py(t) = BNgse %22 4 BNgg e 22100

Pi(t) = BNgspe 22 4 BNgs, e~ €220k

Py(t) = BNgsz e 022 & BNggy e=C22000

Pit) = BlNagsc-Oa 4 BNy OB 4 BNogg=Cratil
BNg5y ¢~ C22(00

Pa(t) = BNgsge=C236) 4 BNgsg e C220)t 4 B Nggy e~ G220 4
BNgg, e~ €201t

Pr(t) = BNgg e~ 4 BNggg e~ 22t 1 BNggy e=CralNt 4
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Py(t)

Py(t)

Pio(t)

Pu(t)

Pyy(t)

Pra(t)

Pyy(t)

The partial fraction residues BNgsg to BNmg are defined in Appendix E.2. For
da = A = A = Ae = Ay, Equation (3.235) generates system reliability values that
match those of the (2,2, 1) identical unit case with Type F Repair discussed in Sub-

section 3.1.2.

BNess e—cg,g(o)t

BNggs e €238 & BNeer e=C230t & B Npop e~ C22(Dt
B Nggg e~ 22O

BNgz e~ 4 BNer e=¢26¢ 4 BN e~Caallt 4
BNgzs e~ G220

BNgry e 2309 4 BNezs e~C2al)t | BNgg e~ G220t |
BNgz7 e~ 2200

BNgzg e=22(11)t 4 BNgr e~C22@8)t | BN . e~ Cra(O)t 4
BNgg, e€22C) . BNeggo e=C2al)t o B Nyyo e=C22(20 4
BNggq e~C220) 4 BNiggs e~Ca.2(0)t

BNggg e~C2202t 4 BNegr eC220) . BNggg e 0227 4
BNego e~ 62208} 4 BNgog €022t 1 BNy, =22t 4
BNggg e=C23 M)t 4 BNggq e~ 22000

BNsgq e=C2203) 4 BNgoo e=C2200)¢ & B Ny e~ C22(7E 4
BNegy e=C23) 4. BNggq e 224}t 4 BNggg e~ 22000
BNy e=C22 1)t 4 BNy, e=C22(0

BNygy e~ 22040 4 BN-pq e=C220100 4 BN, e~Cral®lt .
BNy e=€238) o BNy e=C12t 4 BNy, =430
BNy €233t 4 BNypog e C22(0k

The mean time to failure of this system is given by:

14
MTTFrp(2,2,1) = lim3" P(s)

where,

=0

Pu(o) = 1/02.2(0)
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Py(0) = (Aa/C2,2(1)) @ Fo(0)

P2(0) = (As/C2.2(2)) o Fo(0)

P3(0) = (A,4/C22(3)) @ Fo(0)

Py(0) = (Ase/Cap2(4)) ® Fo(0)

P5(0) = (Xs/C2,2(5)) @ Pi(0) + (Aa/C2,2(5)) o P(0)

Ps(0) = (Aa/C2,2(6)) @ Pi(0) + (Aa/C2.2(6)) @ P3(0)

Pr(0) = (Ase/Ca2(T)) ® P1(0) + (Aa/C22(T)) @ Py(0)

Ps(0) = (A4/C2,2(8)) ® P2(0) + (As/C2:2(8)) * Pa(0)

Py(0) = (Ase/C2.2(9)) @ P2(0) + (As/C222(9)) ® Ps4(0)

Pio(0) = (Ase/C22(10)) » P3(0) + (Xaa/ Ca2,2(10)) o Py(0)

Pi1(0) = (Ad/C22(11)) ® Ps(0) + (As/C2,2(11)) ® Pe(0) + (Xa/Ca2.2(11)) ® Ps(0)
© Ppa(0) = (A/C22(12)) @ Ps(0) + (X/C22(12)) ® Pr(0) + (Aa/C22(12)) @ Po(0)
Pi3(0) = (Ae/C22(13)) @ Ps(0) + (Ad/C1,2(13)) @ Pr(0) + (Aa/C22(13)) @ Pro(0)
P14(0) = (Ae/C22(14)) @ Pa(0) + (Aa/C22(14)) ® Po(0) + (As/C2,2(14))  P1o(0)

The variance of time to failure for this system is given by:
1
0%.(2,2,1) = = [2(krakrs — krakeg) — k3] (3.237)
74

Symbols k73 to ksg are provided in Appendix E.2.

3.2.4 2-out-of-(242):G Non-identical Unit System

This is the (2,2,2) system and is composed of ¢we non-identical units and fwo non-
identical standbys and is operable as long as at least two units are functional. The
state space diagram for this system is shown in Figure 3.31. The numerals in the

boxes of Figure 3.31 denote the system state numbers.

Notation

The following symbols are associated with a (2,2, 2) non-identical unit system:
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System under SBAP Y
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A:d

State identification number. For i = 0, both units (A and
B) and both standby units, D and E are in perfect
working cendition.

For i = 1, unit A has failed, unit B is working and
standby D has been activated. For i = 2, unit B has
failed, unit A is working and standby D has been
activated. For i = 3, both units A and B are working
perfectly but standby D has failed in its standby mode.
For i = 4, both units {A and B) are working but standby
unit E has failed in its standby mode. For i = 5, both A
and B have failed and both D and E have been
activated. For i = 6, units A and D have failed while
units B and F are still functional. For i = 7, units A
and E have failed while units B and D are working.

For i = 8, units B and D have failed but units A and

E are still working. For ¢ =9, units B and £

have failed but units A and D are still functional.

For i = 10, units D and E have failed while units A

and B are still operational. For i = 11, the system has
failed due to independent failures of its units.

For i = 12, the system has failed due to the common-cause
failures of its units.

time

Laplace transform variable

Constant failure rate of unit A

Constant failure rate of unit B

Constant failure rate of standby unit D when activated
Constant failure rate of standby unit E when activated
Constant failure rate of standby unit D in

the standby mode
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Age Constant failure rate of standby unit £ in
the standby mode
A Constant common-cause failure rate from state

j; for j =0,1,2,....,10.

TR Constant repair rate of unit A
Hb Constant repair rate of unit B
U Constant repair rate of unit D
the Constant repair rate of unit £
Hod Constant repair rate of standby unit D if it fails

in the standby mode
Hae Constant repair rate of standby unit E if it fails

in the standby mode

P(t) Probability that the system is in state ¢ at time
t;fori=0,1,2,3,.....,12
Pi(z,t) Probability that the failed system is in state ¢

and has an elapsed repair time of z; for ¢ = 11,12.
pi(z), i(z) Time-dependent repair rate and pdf of repair time
respectively when the system is in state ¢ and has

an elapsed repair time of z; for ¢ = 11,12.

qg:(8) The Laplace transform of ¢;(t)
Py(s) The Laplace transform of P;(t)
B Shape parameter of the gamma pdf

The system of integro-differential equations associated with the system described in
Figure 3.31 is:
dPo(t)

52 4+ Caa(0) Polt) = te Pi(8) + b Pa(t) + paa Pol8) + e Pa(t)+
12 o0
D) [ Pt uie) da (3.238)
dPy(t)
T + 02.2(1) Pl(t) = Hb P5(t) + H#d Pﬂ(t) + A¢: Pn(t) + Hae P‘T(t) (3-239)
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degt(t) + Cy2(2) Po(t) = pa Ps(t) + pa Ps(t) + As Polt) + ptae Po(t)

dt + C2,2(3) Pa(t) = pa Pol(t) + o Pa(t) + Noa Polt) + pise Pro(t)

5 + Ca.2(4) Py(2) = pa Pr(t) + ps Po(t) + Ase Po(t) + ftad Pro(t)

d}:;(t) + C2.2(5) Ps(t) = X Pi(2) + Aa Palt)
dI:;t(i) + Ca2(6) Ps(t) = Mg Pi(t) + A, Pof2)
dljt(t) + Caa(T) Pr(t) = e Pi(t) + A Pu(t)
dz‘:?t(t) + Ca2(8) Pa(t) = M Po(t) + Ay Po(t)
dlz(t) + C22(9) Polt) = Ase Pa(t) + X Pa(t)
2P10(E) 1 Co(10) Poft) = e o) + Aot Polt)

[5% gt + pu(z)] Pu(z,t) =

a 0
[5; + % + p12(2)] Pr2(z,t) =0

With the following boundary conditions:

Pi1(0,8) = [Aa+ A Ps(t) + [As + Ac] Ps(t) + [Ae + Ad] Pr(2) +
e + A Pa(t) + [Aa + Ad) Po(2) + [Aa + As] Pro(t)

Py2(0,¢) EAC‘P

=0

where,

C22(0) = Aa + X + Ao + Aag + Ase
Ca2(1) = A + Ad+ Aer + Aue + o
C22(2) = Ag + Ag + Az + Ase + 110
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(3.240)

(3.241)

(3.242)

(3.243)

(3.244)

(3.245)

(3.246)

(3.247)

(3.248)

(3.249)

(3.250)

(3.251)

(3.252)

At time ¢ = 0, Po(0) = 1.0 and all other initial state probabilities are equal to zero.



C32(3) = ~u + A+ Az + Ase + pad
Co2(4) = Ao+ X + Asg + Aca + ae
Ca2(5) = A+ Ae + Aes + pa + 6
C22(6) = M+ Ac+ As + ta + Ud
Caa(T) =AM+ Aa + e + Az + Ha
Ca2(8) = A+ Ae + Aes + po + Hd
C22(9) = Aa+ Ad + Ao + iy + pee
C2,2(10) = Az + A + Ac10 + fad + fhae

2 — out ~ of — (2 + 2) : G Non-identical Unit System with Type C Repair

With Type C Repair, gto = piy = fid = e = fsd = pse = 0, the system is repaired
upon failure and we are concerned with the system long-run availability. These values
can be obtained by eliminating the constants associated with system up-states 11, 12,
19 and 14 from the results determined for the (2,2, 1) noi.-identical system with Type
C Repair.

2 — out — of — (2+ 2) : G Non-identical Unit System with Type F Repair

With Type F Repair, fta = fls = fid = fle = fad = Hse = pn{%) = piz(z) = 0, the
system is not repaired upon failure and the indices of interest are the system reliability,
the system mean time to failure, and the system variance of time to failure. These
are given by the following expressions:

The system reliability is given by:

Rre(2,2,2)(0) = 3 P) (3.253)
i=0
where,

Po(t) = e~Caalolt

Py(t) = BNggg e~C230) 4 BNgyz =023
Py(t) = BNasg e=C23t 4+ BNgyp e~ 22000
Py(t) = BNgsp e~C233M 4. BNgsy e~ C2200
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Py(t) = BNesy e~C314% 4 BNgsy e~ 02200

Py(t) = BNgsq e + BNess €723 + BNese e~02a(Nt . B Nggr e=C2210
Ps(t) = BNasg e~%23® 4 BNgge €221 + BiNggo e~C2all)t | B Ngg, e~ C22(0K
Ps(t) = BNggp e=€22(0t  BNegs €231 + BNegy e=Caalllt | B Nggs e~ Cral0k
Pa(t) = BNegs €=Cr2®  BNogr e=C20) - B Negg e~C22(0t 4 BNggp e=C23(
Py(t) = BNgzo e=C23% 4 BNgpy =G0 4+ BNgry e=C2aldt 4 B Ners e Cral0)
Pio(t) = BNgzy e300 4 BNgzg ¢34 + BNeze e=C22)t B Nezr e~ 230K
The partial fraction residues BNgig to BNgrr are as defined for Equation (3.235).

The mean time to failure of this system can easily be determined from the results ob-
tained for the (2,2, 1) non-identical case with Type F" Repair by eliminating constants

associated with system up-states 1! to 14 and can be expressed as:

10
MTTFy (2,2,2) = linaZP,-(s) ’ (3.254)
=Y i=0
where,

Py(0) = 1/C»2(0)

P1(0) = (Aa/Ca2a(1)) » Fo(0)

Py(0) = (Xs/C2,2(2)) ® Fo(0)

P3(0) = (Asd/C22(3)) ® Po(0)

P4(0) = (Ase/C2,2(4)) ¢ Po(0)

Py(0) = (Xs/C2,2(5)) @ Pi(0) + (Xa/C2,2(5)) @ P2(0)
Py(0) = (Aa/C22(6)) ® P1(0) + (Aa/C22(6)) » P5(0)
Pr{0) = (Mse/C22(T)) @ P1(0) + (Aa/ C22(T)) @ P4(0)
Ps(0) = (Ma/C2,2(8)) ® P2(0) + (Ms/C22(8)) ® P(0)
Ps(0) = (Mse/C2,2(9)) ® Pa(0) + (Xs/C222(9)) @ Fa(0)
Pi0(0) = (Ase/C222(10)) @ P5(0) + (Asa/C22(10)) o Py(0)

The variance of time to failure for this system can be obtained directly from Equa-
‘tion (3.237) by eliminating system up-states 11, 12, 12 and 14 and their associated

constants.
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3.3 Concluding Remarks

The analyses performed in this Chapter indicate that the values of ¥ — out — of —
(n + m) : G system performance indices under SBAP Y increase with any increase
in either the number of active units or the number of standbys. Thus, as the sys-
tem complexity increases, its performance is also expected to increase but so will the
running costs. The costs aspect will be discussed in Chapter 5. An observation of
the tabular values and plots shows clearly that the addition of one standby unit for
a fixed number of active units improves the values of the system performance indices

1}

significantly regardless of the Repair Type.

For all the special cases considered in this Chapter, the system long-run availabil-
ity drops as the failed system repair time distribution shape parameter § increases.
As will be shown later in Chapter 6, an increase in 8 usually results in a decrease in
the instantaneous repair rate of the system and therefore such a trend should be ex-
pected. In fact, the failed system instantaneous repair rate is highest (also a constant
value) when failed system repair times are exponentially distributed (ie. 8 = 1).
Therefore it is hardly surprising that exponentially distributed failed system repair
times yielded the highest values for the long-run availability for every special case

considered as the tabular values indicate.

Again, a close observation of the tabular values in this Chapter also reveal that in
some situations unit repair may not be prudent. Repair Type A is expected to yield
higher long-run availability values than Repair Type B, and B in turn, is supposed to
produce higher long-run availability values than C for each special case considered.

The tabular values and plots followed this expectation but in some situations the
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incremental benefit of repairing eithe-r the standby unit or the active unit if they fail
may not justify perhaps the extra repair costs. In other words, the differences in the
long-run availability of the system under these tiree Repair Types may not be signifi-
cant enough to justify unit repair. The same could be said of the system performance
under Repair Types D, E and F. Under these Repa..ir Types, the system itself is
not repaired but if there a.n; no significant differences in the values of performance
indices such as the mean time to failure and reliability for these three Repair types,

‘unit repair may not be justifiable.

The non-identical unit systems analyzed in Section 3.2 yielded results that match
those of corresponding identical unit cases if all system components are assumed to
have the same failure rates. Thus the (2,1,1) identical unit system with Type E
Repair mean time to failure expression (Equation 3.72) is the same as the (2,1,1)
non-identical unit system with Type E Repair mean time to failure expression (Equa-
tion 3.203). A comparison of Equations (3.104) and Equation (3.236) indicate that
this is equally true for the (2,2,1) identical unit system with Type E Repair of
Subsection 3.1.2 and the (2,2,1) non-identical unit system with Type E Repair of
Subsection 3.2.3.

All in all, the main contribution of this Chapter is the derivation of genéralized
mean time to failure expressions for k—out —of —(n+m) : G type systems operating
under standby activation policy Y. These derivations were performed for several pos-
gible repair scenarios. The system units were considered identical and were subject to
a combination of independent and common-cause failures. The use of a large number
of special cases was necessary in order to show the validity of the various formulas

derived.
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Finally, it is important to note that the component failure rates considered in
this Study are inherent - a by-product of design. In practice, the values of the basic
system parameters are estimated from field data (or historical data) and some errors
may be introduced as a result. This fact will only affect the way in which numerical
results are interpreted and the degree of confidence that will be reposed in them. It

will not affect any of the analyses or expressions developed in the Study.
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Chapter 4

The Redundant System With Late
Standby Activation: Special Cases

The Special Cases and Types of Repair considered in this Chapter have been selected
mainly to aid the comparison between the Y and the Z standby activation policies
using the system mean time to failure as the main measure of performance. In
order to make this comparison meaningful, the same values have been specified for
the basic system parameters for both General Models (these values are stated in
Chapter 3). In addition to this comparison, some newly developed formulas for the
system mean time to failure, variance of time to failure, availability and reliability of
k — out — of — (n +m) : G type redundant systems designed to run on SBAP Z for

cases where system units are identical as well as non-identical are presented.

It is also important to note that the special cases that will be presented in this
Chapter are those for which k # n. If k = n, the standby unit(s) must be activated
without delay otherwise the whole system would fail. Thus standby activation policy
Z would be impracticable when k = n. Nonetheless, the results of the special cases

when k = n would be added to the tables for purpases of completeness.
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4.1 The Identical Unit System With Late Standby
Activation: Special Cases

As in the previous chapter, it is convenient to group these special cases into the
following k — out — of — (n + m) : G submodels viz: (i) 1 — out — of —(n+1):G
(or n,1,1) (i) 1 —out—of — (n+2) : G (or n,2,1) (iii) 1 — out —-of—=(n+3):G
(or 7,3,1) (iv) k —out —of — (n+1): G (or n,1,%) (v)k—out—of —(n+2):G
(or n,2,k) and (vi) k—out —of — (n+3): G (or n,3,k).

4.1.1 1l-out-of-(n+1):G Identical Unit Submodel

This is the (n,1,1) system and is composed of n active units and one standby. It is
functional as long as at lcast one unit is healthy. The block diagram of this system

is shown in Figure 3.1 and the state space diagram in Figure 4.1.

1“n-?""
Systam Fals
( due o
CCF
““’l|l|
()
;t,/
f9=41a tp-21%
' 1
semaes 1 n-n-u-oL
iy up el 1 1 1
ooy on ~LETEN
o M o 8] 2z L !

1“‘(“ Sy -IJ— -u-uni -

Lgyttd

lulll

Figure 4.1: State space diagram of the 1 —out —of —(n+1) : G System under SBAP
Z
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1 - out —of — (n+ 1) : G System Equations

The descriptive integro-differential Equations for the system shown in Figure 1.1 ave:

d Po(2) (s

— + Cr2(0) Po(t) = i Pi(t) + pao Pynr () + > / () pei( ) (1.1)
1=n-4l
Forj=1,2,....un—1,
dP;(t) . . )
T Can(7) Pi(t) = (n = j + DA Pica(2) + poor Pion(t) + sy P (1) (1:2)
dP,
dt( ) + Cpra(n) Pa(t) = A Paoa(t) (4.3)
dPyn(t
—O:;t)—(l -+ Cn_l(o(l)) Pyn(t) = ALPo(t) + iy P (L) (1)
For j =1,2,....on—2,
dPj A
2B | 6, () Pit) = MBAOHm=3+1) X Py g0 Praacn0(45)
dP,_n(t :
—-’%J()' + Cra(n — 1(1)) P,_n(t) = A, Paa(t) + 20 P, q(t) (4.6)
d
[ + = + pns1(2)] Papr(z, t) =0 (4.7)
dx Ot
[i+—a-+ Poia(z,8) =0 1.8
9r ' Ot Pn+2($)] n+2 Ty o) = ( . )

The associated boundary conditions are:

Py (0,8) = A Po(t) + M Pooyni(2) (4.9)
n n=1(1)

Poya(0,8) = 3- X Bi(t) + 3 AiFi(t) (4.10)
J=2 j=0{1)

At time ¢t = 0, Po(0) = 1.0 and all other initial state probabilities are equal to zero.
where,

Can(0) =n A + A, + Ao

Forj=1,2,...n—1,

Coanlf) =(n—7) A+ A + 4 + A

Can(n) = A+ Acn + pin

Cad(0M) =n Ay + Agy + ptoov
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For j = 1,2,....... -2,
Cra(7M) = (n = ) M+ Agjor + pj + pow
Cn.l(" - 1(1)) = A+ Acno ) F oo + o

1 — out — of — (n + 1) : G System With Type B Repair

With Type B Repair, the active units in the system are discarded upon failure thus

1 to pn and jy0) to g, are set to zero in Equations (4.1) to (4.10).

Special Case Model I

For n = 2 with Type B Repair, using the procedure already established in the last

Chapter, the long-run availability for this special case is given by:

(#3#4)3337
Ag,(2,1,1) () = 2 _ (4.11)
w2(B 1,1 (6) (43 1) zas + Bl e w0 + Bl 1l Tao

where,

Tzr = Aotz + Argsz + Argss + Arose + Arsss
Tag = Agr?r — Aro7s — Aisso

x3e = Arors — Argso

Z40 = Ajars — Aroeo

Long-run availability plots and corresponding values generated with Equation (4.11)
are given in Figure 4.2 and in the third column of Table 4.1 respectively. The symbols
Ajg72 to Aygeg are defined in Appendix F. The trends shown by these values and what

they represent would be discussed in the concluding section of this Chapter.

Special Case Model II

For n = 3 with Type B Repair, the long-run availability expression is:

(#4 #s)ﬂ T4
A, (3 1,1) (ﬁ) = - — (4.12)
e (#4#5)6342*‘5#’3#? 1-"’43'*'5#5 'pdzy

where,
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Table 4.1: A,,;(n,1,1)(B) values as a function of Ao With Type B Repair

Ao (per Hr.)
0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

n=1

0.4139
0.4111
0.4083
0.4055

0.2610
0.2587
0.2565
0.2543

0.1905
0.1888
0.1870
0.1852

0.1501
0.1486
0.1471
0.1457

0.1238
0.1225
0.1213
0.1200
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n=:
0.4527
0.4507
0.4487
0.4467

0.2955
0.2938
0.2921
0.2904

0.2194
0.2180
0.2165
0.2151

0.1744
0.1732
0.1720
0.1708

0.1448
0.1437
0.1427
0.1417

n=3

0..4963
0.4945
0.4928
0.4910

0.3310
0.3295
0.3279
0.3263

0.2484
0.2470
0.2457
0.2444

0.1987
0.1976
0.1965
0.1954

0.1656
0.1646
0.1637
0.1627
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Figure 4.2: A,,,(2,1,1)(8) Vs. A Plots for Type B Repair

aq1 = Asgoz + Agoos + Az + Azo22 + Azoze + Aggaq + Azoazs
242 = Azozo — Azon — Az04
T = Azo40 — Azoa2

T4 = Azxao — Azo-m

Long-run availability values generated with Equation (4.12) are given in the fourth
column of Table 4.1 and associated plots in Figure 4.3. The symbols Azgoz to Azous

are shown in Appendix I'.

1 —oul —of —(n+1):G System With Type C Repair

With Type C Repair, the units in the system (both active and standbys) are discarded

upon failure thus ji,ar, jt1 to jin and jty) 10 pta_yy are set to zero in Equations (4.1)
to (4.10). '
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Figure 4.3: Ay,(3,1,1) (B) Vs. Ao Plots for Type B Repair

Special Case Model I

For n = 2 with Type C Repair, we obtain the long-run availability values for this
special case by setting si,0 =0 in (4.11). The results obtained are given in the third

column of Table 4.2 and associated plots in Figure 4.4.

Special Case Model II

For n = 3 with Type C Repair, we obtain the long-run availability values for this
special case by setting ji,0 = 0 in Equation (4.12). The results obtained for this
Repair Type are presented in fourth column of Table 4.2 and associated plots in

Figure 4.5.
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Table 4.2: Ay,,(n,1,1)(8) values as a function of Mo For Type C Repair

Ao (per Hr.)
0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

n=1

0.4002
0.3977
0.3952
0.3926

0.2502
0.2482
0.2462
0.2443

0.1820
0.1804
0.1788
0.1773

0.1430
0.1417
0.1404
0.1391

0.1178
0.1167
0.1156
0.1145
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n=2

0.4197
0.4179
0.4161
0.4144

0.2656
0.2641
0.2627
0.2613

0.1942
0.1931
0.1920
0.1908

0.1531
0.1522
0.1512
0.1503

0.1264
0.1256
0.1248
0.1240

n =
0.4811
0.4795
0.4773
0.4762

0.3168
0.3153
0.3139
0.3125

0.2361
0.2349
0.2337
0.2325

0.1882
0.1872
0.1862
0.1852

0.1564
0.1556
0.1547
0.1538



1 - out —of —(n+1): G System With Type E Repair

With Type E Repair, the system as well as its standby units are replaced upon failure
thus pins1(2), ns2(Z), g1 to pn and gy t0 g, 1) are set to zero in Equations (4.1)

to (4.10).

Special Case Model 1

For n = 2 with Type E Repair, using the already established procedure, the relevant

system reliability indices are given by the following expressions:

The system reliability is given by:

)
Rz:(2,1,1)(t) = ipi(t) + _%) Pi(t)
= e [Bss 'I:_Bssz + Bssa + Bssq + Bsss] +
e'™*[Bsse + Bsst + Bisss + Bssg + Bseo) +
e*™*[Bsg1 + Bsez -+ Bssa] + €*™'[Bsea +

Bies + Bses] + €43 [Bygr] (4.13)

Wao(s) = [(s + C2a(1))(s + C22 (1)) = Ay peer] [(s + C2,1(0))(s + C2a(0W)) = Ay 0]
where sz to s73 are the roots of the characteristic polynomial function Weg(s). The
residues Byg, to Bsgr are provided in Appendix F. The system reliability values ob-
tained with Equation (4.13) are given in the third column of Table 4.3 and associated
plots in Figure 4.6.

The mean time to failure is given by:

MTTFzy(21,1) = 3" P(0) + I(Z” P,(0) (4.14)
1=0 - i=0{1)

where,

Py(0) = C3,1(0M)/(C2,1(0) C2,0(0M)) — A, o)

Pun(0) = A, /(Ca,2(0) Cz.l(om) — A, Baor)

P(0) = (2M/(C2,(1) C2a(1M) =2, ps0r))0 Po(0) (2 a0 /(C2 (1) C20 (1) = Ay pr0) )0
Pyun(0)
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TFigure 4.6: Rz,(n,1,1) Plots (Ao = 0.00004 per hr.)

Table 4.3: Rz/(n,1,1) values (A = 0.00004 per hr.)

Time ¢ (IIr.) n=1
0 1.0000
2000 0.7317
4000 0.4325
6000 0.2344
8000 0.1209
oo 0
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n=2

1.0000
0.8530
0.5164
0.2664
0.1271

n=23

1.0000
0.9191
0.6049
0.3240
0.1570



Pyy(0) = (22,/C1 (1)) » Py (0) + (A4/C2a (1)) @ P1(0)
Py(0) = (A1/C21(2)) © P1(0)

and,

Ca1(0) =20 + A, + Ao

Con(1) = A+ Ay + A

C21(2) = A1 + A2

Can(0M)) = 2 4 Aoy + Moo

C'-m(l(”) = Ap 4+ A + paor

The variance of time to failure is given by:
0z,(2,1,1) = =2 lim Rz, (2,1,1)(s) - [MTT Fz,(2,1, P
1
= g [2(k37 kag - kaa kqo) - kg-;] (4.15)

Symbols k37 to ko are defined in Appendix F.

Special Case Model II

For n = 3 with Type E Repair, the relevant system reliability indices are:

The system reliability is given by:

3 2“)

2 R+ 2 A)

=0 i=0(1)

= €'™[Bsss + Bsse + Bssr + Bsas + Bsgo + Bsoo + Bso1] +
€*™![Bsoz + Bsgs + Bsoa + Bsas + Bses + Bser + Bisos| +
€*™**[ Bsog + Bsoo + Bsor + Beoz + Besaa] +

"™ [Beos + Beos + Beos + Bsor + Boos| +

"™ [Beos + Beio + Beni] +

e [Be12 + Beiz + Bea] +

C-CJ', (3¢ [-3615] (4.16)

RZE(31 11 l)(t)

Wai(s) = {(s4+Caa(1))(s+Cas (1)) = A, o] [(8+C31(2))(s+C2,1(2M)) =\, o] [(5+
Cy1(0))(s + C21(0M)) = A, psor]
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where s-4 to ste are the roots of the characteristic polynomial function Wyi(s). The
residues Bigs to Bgs are defined in Appendix F. The system reliability values and

plots obtained using (4.16) are given in the fourth column of Table 4.3 and Figure 4.6

respectively.

The system mean time to failure is:

(1)
MTTFz.(3,1,1) =23:P.-(0)+ 22 Pi(0) (4.17)

i=0 i=0t)
where,
Py(0) = C3,1(0M)/(C3,1(0) C3,1(0W) = A, proor)
Pyn(0) = A/(C3.1(0) Caa(0%)) = As iotr)
Py(0) = (37 /(C32(1) Ca1 (1) =X, ps00))0 Po(0)+(3A1 2400/ (Ca,1 (1) Can (L)} = A, praor) )0
Py (0)
Pyy(0) = (3A1/C31(1M)) » Py (0) + (As/C32(1M)) » P(0)
P;(0) = (2A1/C5,(2)) @ Pi(0) + (12:0/C3.(2)) ® Pnn(0)
Pyn(0) = (A:/C32(2V)) @ Po(0) + (201/C54(21))) & Pyy(0)
Py(0) = (A/Cax(3)) ® P2(0)
and,
C31(0) =30 + A + Ao
Caal(l) =2M + A, + Aa
Caa(2) = M+ A2+ A,
Caa(3) = A + Aca
C32(0M) = 3X; + Aty + Haer
Caa(1W) = 2M 4+ Ay + powr
Cs2(2W) = Ay + Aeg) + faor

The variance of time to failure is given by:
0%,(3,1,1) = -2lim Ry, (3,1,1)(s) - [MTTFy.(3,1,1))
1
- k_2 [2(’641 kqs - k.u k44) - k}l] (4.18)
42

Symbols k41 to k44 are defined in Appendix F.
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From Equations (4.14) and (4.17) and with the aid of the analyses of many more
special cases, a generalized approach of determining the mean time to failure of a
1 — out — of — (n + 1) : G system operating under standby activation policy Z with
Type E Repair, is developed using Equation (2.11) in conjunction with the following
set of recursive relationships:

Letting lim,—o Pi(s) = Pi(0); for i = 0,1,2,...,n and lim,—o P;(s) = P;(0); for
j =0 1M 20 (n — 1)) then:

Po(0) = [Cn.l(om)]/[on.l(o) Cﬂ'l(o(l)) — psor Ao

Pyay(0) = Ay/[Cn1(0) Ca(0M) — o 4]

Pi(0) = [y Can (1)) @ Py(0) + n)y oo @ Poxny(0)]/[Crn(1) Cag (1) = poor Aol
Piny(0) = [nA) Cna(1) @ Pyy(0) 4+ nhi Ay @ Po(0)]/[Cra(l) Can (1) — paor A4

Py(0) = [(n=1)21 Can(20)0 P (0)+(n—1)A1 pisor 0Py (0))/[Cn1(2) Cra (20)) —paaor Ad]
Pyy(0) = [(n—1)A1 Ca(2) @ Pty (0)+(n—1)As As @ P1(0)]/[Cat(2) Caa (21) = o As]
P3(0) = [(n—=2)X; Cra(31)) 0 Py(0)+(n—~2)M1 to0r @ Py (0)]/[Cna(3) Cu(8M) = praor o]
Psy(0) = [(n=2)A1 Can(3)  Pxnr(0) +(n—2)A1 2, @ Po(0)]/[Cn(3) Cra (3H) ~praor As]

.

P y(0) = [2X Cra((n — 1)) @ Pop(0) + 2 pryor @ Pty (0))/ [Crip{m — 1) Crn((n —
DW) = parr A

Piayn(0) = (24, Crp(n — 1) @ P oy (0) + 241 A, @ P 2(0)]/[Crn(n = 1) Cra((n —
1)) - oo Ao} |

Fi(0) = ['\l/Cn,l(n)] o £,_1(0)

For the special cases considered, this approach is used to compute the system mean
time to failure values and plots given in Table 4.4 and Figure 4.7, respectively.
where

Caa(0) = nAy + Ay + Ao

Caa(l)=(n— 1A + A+ Aa

Con(2)=(n=2)A\ + A, + X2

Can(@)=(n—3)M + A+ A

Caa(n=1)= A1 + A + Aenr
C,,,l(n) = t\] + )‘r:n
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Cn.l(om) = nA + A + foor
Cn.!(lm) = (n — 1)Ay -+ Ag) + Hsor
Cn,1(2(‘)) = (ﬂ - 2)/\1 + Av + ftso

Cn.l((n - 1)(1)) =M+ o\m_lm + o0

3000-0'1 LEGEND
0 = n=}
o =n=2
&= n=3
7000.0+ :
= %
= & r R
5 L+ Y
Ll §000.0-
o & -
- - & o
l-—
=
5000.0 ~
4000.0 T T
1.0 2.0 3.0

4.0
Critical common—causé failure rate, *10

Mo

Figure 4.7: MTTFzg(n,1,1) Vs. Ao Plots

1—out—of —(n+1):G System with Type I’ Repair

With Type I’ Repair, the system as well as its units (both active and standbys) are
replaced upon failure thus pt.e, fins1(Z)y Has2(Z), s 0 fin and iy to g, g0 are set

to zero in Equations (4.1) to (4.10).
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Table 4.4: MTT Fz,(n,1,1) Values as a function of Ao

)\,:g(peer.) n=1 n=2 n=3

0.00001 4614.84 $799.50 6565.40
0.00002 4488.81 5671.17 6451.29
0.00003 . 4368.74 5547.23 6340.04
0.00004 4254.24 5427.50 6231.55

Special Case Model I

For n = 2 with Type F Repair, the system reliability values are determined by setting
pisor to zero. The values obtained thus are given in the third column of Table 4.5 and

associated plots in Figure 4.8.

Table 4.5: Rz.(n,1,1) values (Aq = 0.00004 per hr.)

Time ¢ (Hr.) n= =2 =3
0 1.0000 1.0000 1.0000
2000 0.7226 0.8509 0.9186
4000 0.4101 0.5100 0.6026
6000 0.2101 0.2600 0.3215
8000 0.1018 0.1227 0.1554
oo 0 0 0

The mean time to failure is determined by setting u, to zero in Equation (4.14) and

the variance of time to failure is determined by setting p,o- to zero in Equation (4.15).
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Figure 4.8: Rz.(n,1,1) Plots (Ao = 0.00004 per hr.)

Special Case Model II

For n = 3 with Type I Repair, the system reliability, mean time to failure and
variance of time to failure are obtained easily from Equations (4.16), (4.17) and
(4.18) respectively by setting s, to zero. The system reliability values obtained are

presented in the fourth column of Table 4.5 and associated plots in Figure 4.8.

A generalized approach for determining the system mean time to failure with Type F
Repair for a 1 —out —of —(n+1): G type system operating under standby activation
policy Z is easily derived from the same approach established for the Type E Repair
cases, by setting ji,or to zero leading to the following set of recursive relationships:
Again letting lim,o Pi(s) = Pi(0); for i = 0,1,2,....,n and lim,o Pj(s) = P;(0); for
j=0m10 2 (n- 1)(") then:

Py(0) = 1/Cna(0)

Pyy(0) = A f[Car(0) Can (01)]

P,(0) = [nA1/Cra(1)] o Po{0)
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Py(0) = [nA; Cr (1) ® Puny(0) + 1A Ay @ Po(0)]/[Can(1) Cp1(180)]

Py(0) = [(n — 1)A1/Cn(2)] » A(0)

Pyn(0) = [(7 — 1)\ Cun(2) ® Pix(0) + (r = D)1 A, @ Py(0)]/[Ca(2) Cra(2M)]
Py(0) = [(n — 2)M1/Cra(3)] ® P2(0)

Pyy(0) = [(n = 2)A1 Can(3) © Poy(0) + (n — 2)M A, ¢ Po(0)]/[Cnn(3) Can (3]

Pyo1(0) = [2X,/Cra(n — 1)) » Po2(0)
Po_y1(0) = [2X Cra(n—1) @ P_s1y (0} + 201 Ay 0 Pi2(0)])/[Crn(n—1) Crn(n— 1)
Po(0) = [\ /Cn(n)] ® Pay(0)

For Repair Type F', a more concise system mean time to failure expression is developed

and is given by:

1 Fy(n) 1 Fy(n)
MITFz(nL1) = z—mB+g a7+ 5 (grem * g,,am +
F;;(n) Fq(ﬂ) F,.(n)
SRR AE) + o Ciln —100) 1(1)))] (4.19)
where
_ nn—=1A2  nn-1)(n-2)A3 _ nlAp
Bl = mht o o e G T TG )
_ m\1 n)\l
Blm) = gt )
Fy(n) = n(n—1)A2 n(n — 1)\ n{n — 1)A2
BT Can(0MY Crg (1) T Caa(1) Can(1M) 7 Cra(1) Can(2)
: _ n{n —1)(n - 2)A3 n(n —1)(n —2)A3
Rl(n) - Cu.l(o(”) Cn,l(l(l)) Cn.ll(z(l)) Cn.l(l) Cn.l(l(n) Cn.lzg(l)) *
a(n—1)(n —2)A} n(n—1)(n—-2)A3

Crt(D) Con(2) Gt @) T Coa (1) Can(2) Cra (3)
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IAn-t alAP-!
Fon) = ——m——+ ! —+
X Crali) * Cra(1) ISin Caald)
nIAp~!
(n—2)“) . +
Cﬂ.l(l) Cn.l(z) H,-=2m Cn.I(J)

alhn-1 atAR-!
. + T2 . + n-1 .
=i Cua(3) Caal(n = 2)M) T35y Can(5)

j=1

For the special cases considered, this approach is used to determine system mean time

to failure values and plots given in Table 4.6 and Figure 4.9.
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Criticat cormmon—cause failure rate, *10

Figure 4.9: MTTFz_(n,1,1) Vs. Aq Plots

where

Cnia(0) =nA; + A, + Aco
Coa() =(n =M+ A+ Aar
Cua(2) ={n—2)A1 + A + A2
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Table 4.6: MTT Fy.(n,1,1) Values as a function of Ao

Aeo {per Hr.) n=1 n=2 n=3

0.00001 4353.36 5376.86 6089.71
0.00002 4246.48 5270.23 5993.30
0.00003 4144.18 5166.94 5900.11
0.00004 4046.19 5066.36 5808.59

Cua(8) = (n=3)A + X, + Acs

Cn.l(n - 1) =M+A+ /\cn—l
Caa(n) =M + e

C,;,I(O(") =nA; + At
Cot(1M) = (2 = 1)As + Ay
Cai(2M) = (n —=2)A + Ao

Cal(n = 1)) =M + A

4.1.2 l-out-of-(n+2):G Identical Unit Submodel

This is the (n,2,1) system and is composed of n active units and two standbys. It is
functional as long as at least one unit is healthy. The block diagram of this system

is shown in Figure 3.18 and the state space diagram is shown in Figure 4.10.
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Figure 4.10: State space diagram of the 1 — out — of — (n + 2) : G System under
SBAP Z
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1 —out —of — (n+2): G System Equations

The descriptive integro-differential Equations for the system shown in Figure 4.10

are:
dP t n+3
"'TOt(—‘l + Cn,2(0) Po(t) = a1 Pi(t) + ptaor Py (2) + Z /“ Pi(z,t) pi(x)dz(4.20)
i=nt+2v0
Forj=1,2,..,n,
dP;(t) : :
5T Cn2(7) Pi(t) = (n = J + D)A Pia(t) + psor Py () + pjra Piga(8) (4.21)
dPq(t
Botll) 4 G, n +1) P = M Pul) (4.22)
dPy(t
“9(&%(—) + Cu2(0) Py (2) = 22 Po(t) + 1o Py (8) + o Poxan(2) (4.23)

Forj=12,...,n—1,

dP.(t . .
B0 4 Guai) Pan(t) = 2AP3(2) + et Prn(®) + (n = § + 1) M Pr_scnlt)+

di

Hia(1) I:,j+1(l)(t) (4'24)
dP_ (L

nc(ilt)( Lt Ca(n®) Py(t) = M Pacacr(8) & Ao Pa(t) (4.25)
d Py (t

0‘{1'-;)( ) + Cn,z(o(z)) Po(z)(t) = ’\a Po(l)(t) BR #1(2)P1(a)(t) (4.26)

Forj=1,2,..,n—=2

dP;a)(t) . .
J:;;( AN Cn.2(](2)) Pya(t) = APjny(t) + (n— 7 + 1)A1pj_1(:)(t)+
#ipr@ Prpqa(t) (4.27)
dP,_ya(t
dlt( (t) + Cr2(n — 1(2))P“_1(a)(t) =MP, s (t) + APy yn(t) (4.28)
9 0
9z + e + pina2(2)] Prga(z,t) =0 (4.29)
o 0
(37 * 57 T #nea(@)] Pasala,t) = 0 (4.30)

The associated boundary conditions are:

Prya(0,8) = A Prga () + M Py () + Ay Py (8) (4.31)
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n+1 alh n=1(2)

Pn+3(0,t) = Z '\c.i P.i(t) + Z /\cJ'PJ'(t) + z ’\chj(t) (4-32)

Jj=0 j=ot1) =0
At time ¢ = 0, Py(0) = 1.0 and all other initial state probabilities are equal to zero.
where
Crn2(0) =n A + 2 + Ao
For j =1,2,....n—1,
Caali) = (n=J) M+ Aej + 15+ 2A
Ca2(n) =M+ A + tn+ As
Cna2(n +1) = A + Acnt1 + ftasa
Cr2(0W) =71 Ay + Agtny + psor + A

Cn.z(.fm) = (n =~ ) A+ Agjon + pjo + peor + As
Cra(n) = Ay + A) + o) + Hoor

Cn2(0®) = n Ay + Agar + porr

Cn2(i®) = (n~ 7) M + Ajnr + i + pare
Cna(n — 18 = Ay + di@ + B + Har

1 —out —of — (n +2): G System With Type C Repair

With Type C Repair, the units in the system (both active and standbys) are discarded

upon failure thus por, fa175 f1 10 fing1s fiytny £O fhntn), fy(2) to p,.y(2) are set to zero in
. Equations (4.20) to (4.32).

Special Case Model 1

For n = 2 with Type C Repair, the long-run availability for this special case is given
by:

(14 Fs)ﬂ L49
A, (2,2,1 = = — (4.33
ozl ) (F) (pe4 pis)P g0 + B ul #g ‘26 + #'43 : #’s’ T52 )

where,
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Ti9 = Anap

Tso = Agne — Anan — Anz

Tsy = Az — Ann

Tsz = Agi20 — A2124

Long-run availability values generated with Equation (4.33) are given in the third
column of Table 4.7. The symbols Az 9 to Agogp are shown in Appendix G.

Special Case Model II

For n = 3 with Type C Repair, the long-run availability for this special case is given
by:

(s #s)B Ts3
A,.,(3,2,1)(B) = = — (4.34)
#{ ) @) (Ps#s)ﬁzm‘*‘ﬁ#gﬂg 1$55+x3#g 1J“'é;’-"a‘sci

where,

Ts3 = Anop

Tsq = Agtes — Azzor — Azz03

Tss = Anoo — Azm

Tse = Azzeo — A2204

Long-run availability values generated with Equation (4.34) are given in the fourth

column of Table 4.7. The symbols Azjg9 to Aze4p are shown in Appendix G.

1 —out —of — (n+2): G System with Type F Repair

With Type F Repair, the system as well as its units (both active and standbys) are
discarded and replaced upon failure thus pn.2(2), tnt3(T), fs07y Harty f1 8O fing1y f100)

tO fnn)y Ha(2) tO fa_y@) are set to zero in Equations (4.20) to (4.32).

Special Case Model I

For n = 2 with Type F' Repair, the system reliability is given by:

2(1} 12

Rz.(2,2,1)(¢) =zsjP.-(z)+ ST P+ D Bft) (4.35)

=0 i=0l1) i=0(2)
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Table 4.7: A,,,(n,2,1)(8) Values as a function of A, for Type C' Repair

Ao (per Hr.)
0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

n=1

0.4774
0.4750
0.4725
0.4700

0.3135
0.3114
0.3094
0.3073

0.2334
0.2317
0.2299
0.2282

0.1859
0.1844
0.1830
0.1815

0.1545
0.1532
0.1519
0.1507
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n=2

0.4667
0.4652
0.4638
0.4623

0.3084
0.3036
0.3023
0.3011

0.2263
0.2253
0.2243
0.2232

0.1800

- 0.1791

0.1782
0.1774

0.1494
0.1486
0.1479
0.1471

n=
0.5319
0.5303
0.5287
0.52?;1

0.3623
0.3608
0.3594
0.3579

0.2747
0.2734
0.2722
0.2709

0.2212
0.2201
0.2190
0.2179

0.1852
0:1842
0.1833
0.1823



where

Po(t) = e-CralO)

Pi(t) = Begp[e G2t — e=C2alO}]

Py(t) = By e G230 | By, e~ 4 Bgy, e=Cra(2)
Ps(t) = By 0220t 4 Boyg e=C22()t o By e=Caa(dt 4

Baar e—C22(3)t

Pany(t) = Begg[e~C22)t — ¢=C2al0M))

Piy(t) = Beaws e~ | Besg g~Caa(0)t + Bgs, e~C2a1t 4
-8632 e—Cz.z(l)t

Pg(l)(t) = '3633 e-cﬂgﬂ(oh + BB3-I e—c'glg(l)! + 3635 8_62-2(2” +
Byag e~C2a0Nt L B o=C22(dD)t | B o=Caa(0l)e

Py (t) = Beyge=C2al0t 4 Bo,o =220t L B | o=Caal0®)t

Pl(:)(t) = Bea e—Ca2(0}t + Begs g—Cz2(1)t + Baus e-ca.z(o(”)t +

Begs e-C:.:(lu))t + By c-C’z,:(O(’))t + Bgy e-Cz.:(l(z))t

The residues Bgzq to Bgyr are defined in Appendix G. System reliability values ob-
tained with (4.35) are shown in the third column of Table 4.8.

The system mean time to failure is given by:

3 2(1) 1(2)
MTTFz.(2,2,1) = Y. P(0)+ 3 P{O)+ Y P:(0) (4.36)
=0 i=o{1) i=0(?)

where,

Fo(0) = 1/C,2(0)

Pan(0) = (24,/C2.2(0™M)) @ Po(0)

Py(0) = (2M1/Ca2(1)) o Po(0)

Py (0) = (24,/C22(11)) @ Pi(0) + (2M1/C22(1M)) @ Pys) (0)
Pz(o)' = (M/Cz2(2)) » P1(0)

Pyy(0) = (A5/C22(21)) @ Py(0) + (A1/C2,2(2M)) @ Py1y(0)
P3(0) = (A1/Ca2(3)) @ P2(0)
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Pya) = (As/C22(0))) @ Pyn(0)
Pin(0) = (A/C22(1®)) ¢ Pr(0) + (221/C22(1%))) o Fonr(0)
and,

Ca2(0) = 2X + 2A, + A0
Ca2(1) = A + 225 + A
Caa(2) = M+ As + A

C22(3) = A1 + Aes

Ca,2(0W)) = 2A; + A, + Aoty
Ca2(1) = Ay + Ay + As
C22(2M) = A1 + Aoz
C32(0®) = 2); + Ao
C22(1?) = M + A

Table 4.8: Rzq(n,2,1) Values (Ao = 0.00004 per hr.)

Time ¢ (Hr.) n=1 n=2 n=
0 1.0000 1.0000 1.0000
2000 0.7343 0.9670 0.9955
4000 0.5391 0.6934 0.7425
6000 0.3519 0.4050 0.4362
8000 0.2092 0.2093 0.2230
00 0 0 0

Equation (4.36) was used to generate the mean time to failure values given in the

third column of Table 4.9.

The variance of time to failure is given by:
07:(2,2,1) = -2 lim R7%.(2,2,1)(s) — [MTTFz,.(2,2,1)]

1
= W (2(kap ks — ko ks2) — ko) : (4.37)
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Table 4.9: MTT Fz.(n,2,1) Values as a function of Ay

Ao (per Hr.) n=1 n=2

0.00001 6249.96 5954.45
0.00002 6097.04 5846.91
0.00003 5950.27 5742.41
0.00004 5809.34 5640.84

The symbols k4 to ks, are defined in Appendix G.

Special Case Model I1

n=3

7431.96
7327.53
7225.28
7125.19

For n = 3 with Type F Repair, the system reliability is given by:

Rzs(3,2,1)(t) = 1 P +

where

Po(t)
P(t)
Py(t)
Py(t)

Py(2)

Py (?)
le(t)

Pan(t)

a(1) 2(2)
> R+ Y A@)
=0 |'=dl) =02}
e—Caa(o)t

BB"‘B [e—Ca.a(l)t - e_czlz(o)‘]

Beso €320t 4 By, e7%02(1)¢ 4 B, ¢~ Co2(2)t

8353 3‘03-2(0)‘ + BGSAI e—C;m(l)t + BBSS e-Cs.:(2)t +

Bggg e~ 2200

Begr e~ a0t 4 B e~Csall)t Beso e~Caa(2)t 4

Bggo €933 4 Bggy g~ Coaltt

By [e-05200% — ¢~C3a(0%)

Begs e~ C23(0 4 Boo, ¢=Coalllt o B o=Caa(0) o

Begg e~ 0ol

BBGT e-Ca,g(O)t + BGBS e-Ca,a{l)t + Bﬁag e-Ga,g(i)t +
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Byro e Coat® o By emCoalit 4 By g=Caatth
Pyy(t) = Bgrae~ @20 4 By e~Caall)t 4 Bory e=Coa(@t 4
Berg =Gt 4 By e=C3a(0Nt 4 B g=Caaltht o
Berg e~C2a@ Nt 4 B o=Coa@)t
Pyan(t) = Begy "3 4 Bogy =020t 4. By ¢ Coalot®t

Pl(:')(t)

Basa e=CoalOt | B e~Caall)t 4 Begs e-C?.n(o(l))g +
Bes? =32l | Boog e=CoalitPt 4 Bgg e~ 623 (of*)e
Pun(t) = Beggoe~C2O0 4 Bggy e~Co2(Mt 4 Beoy e=Coa(At

Besa e=Coaldt) 4 Bgo,y e~Caalie 4 Bggs ¢~Caald'he

Bass ,3-6’:'1.2(0(2))e + Begr e-Ca.z(lm)‘ + Begs e—Caa (2(2)e

The residues Bgys to Begs are defined in Appendix G. System reliability values ob-
tained with Equation (4.38) are given in the fourth column of Table 4.8.

The system mean time to failure is given by:

4 a(1) 2(2)
MTTFz.(3,2,1) = Y_P(0)+ X A(0)+ > P(0) (4.39)
i=0 i=0i1) =03}

where

Po(o) = 1/C3.2(0)

Py (0) = (24,/C3,2(01)) o Po(0)

Py{0) = (3A,/C3,2(1)) & Fy(0)

Piy(0) = (225/C32(111)) & Py(0) + (321 /C3,2(11)) @ Py (0)
P5(0) = (2),/Ca2(2)) & P (0)

Pyy(0) = (24,/C32(21M)) o P(0) + (221/C3.2(2()) @ Pyuy(0)
P3(0) = (M/C3,2(3)) ¢ P2(0)

Pyn(0) = (25/C32(31)) @ P3(0) + (A1/C52(31))) @ Pys)(0)
Py(0) = (M/C32(4)) » Ps(0)

Py = (X,/C32(01?)) & Pysy(0)

Pi»(0) = (A,/Ca2(19)) @ Pyiy(0) + (3A1/Ca,2(1?)) @ Pyy(0)
Pyy(0) = (X,/C52(21)) & Py (0) + (2A1/C32(2*)) o Pyz)(0)
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and,

C32(0) = 3M + 2, + Ao
C32(1) = 2X + 22, + A
C32(2) = M + 22, + ez
C32(3) =M + A + A
Ca2(4) = M+ Aca

Caa(0W) = 32 + Ay + Aty
Caa(1M) = 22X + Ao + A,
Cs52(2M) = A + A + Ay
Ca2(3M) = M + Aqm
Caa2(0®) = 3A; + Ao
C32(1¥) = 20 + A
Caa(2®) = M + Ag)

System mean time to failure values generated with Equations (4.36) and (4.39) are

given in the third and fourth columns of Table 4.9.

The variance of time to failure is given by:
07,(3:2,1) = =2 lx_.n‘l) R%.(3,2,1)(s) — [MTT Fz.(3,2, 1)
1
= [2(kss kss — Ksa kse) — A33] - (4.40)
54 .

The symbols ks3 to ksg are defined in Appendix G.

4.1.3 1l-out-of-(n+3):G Identical Unit Submodel

This is the (n,3,1) system and is composed of n active units and three standbys.
It is functional as long as at least one unit is healthy. The block diagram of this
system is shown in Figure 3.20 and the state-space diagram of this system is shown

. in Figure 4.11.
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1 —out —of — (n+3) : G System Equations

The descriptive integro-differential Equations for the system shown in Figure 4.11

are:;
dPy(t =
;t()+Cu.a(U)Po(t)=#1P1(t)+#so'Pom(t)+ > jo Fz,t) pi(z)dz(4.41)
i=n+43

dPi(t _ _
;t( ) + Cralf) Pi(t) = (n — § + 1)M Pjoa(t) + psor Py (8) + 41 Piaa(2) (4.42)
dPap(t
c-ll-tl( ) + Cua(n + 1) Popa(t) = Ay Pa(2) + sz Par2(t) + fovr Prgatny(t) (4.43)
dPyq(t
+:U + Caa(n +2) Paga(t) = M Papa(t) | (4.44)

dPyn(t )

dP(t .
o (2) + Cna(iM) Py (t) = BAF5(2) + ptar Piar(t)+

dt

(n =7 +1) 2 Poyon{d) + g Pron(t) (4.46)
dP, (¢

‘(;t)( ) + Cn.3(n(1)) Py(t) = M P, _yn(t) + 20, P, () + pu+1(1)Pn+1(1)(t)(4.47)
dPﬂ:tl(l)(t) (1)

dt + Cra(n + 1) Pﬂ_Hu)(t) = MPm(t) + ’\aPn+1(t) (4.48)
dPya(t

o;ilt)( ) + Cpn3(0®) Pyay(t) = 22, Pony(t) + puy Puny (1) + praz Pocr(t)  (4.49)

dPyn(t .
i (2) + Caa(i) Piay(t) = 20, Pyny(t) + pszr Py () +

dt
(n =7+ 1A Pjat) + pj@ Pien(t) (4.50)
dP, (¢ :
nc(;t)( ) -+ Cn,a(n“)) P (t) = AP, (t) + A, Pyn(t) (4.51)
d Pyt
S t)( ) 4 Cos(0D) Pn(£) = As P (£) + pigeor Py (2) (4.52)

223



dPuan(t
2500 | 6,5 Benlt) = AP0+ (n = + DA B+

Bi4109) P+1(3)( ) (4.53)
dP, .t
-#-C;é-—)—(—) + Cn.S(n - 1(3))Pn-1(3)(t) = ‘\IPu—‘Z(:”(t) + '\-’Pu—lm’(t) (4'54)

9 0
[b‘; + ot + pins3(z)] Posa(z,t) =0 (4.55)
d .

[6 +35 s+ pnsa(z)] Posa(z,t) =0 (4.56)

The associated boundary conditions are:

1

Prya(0,1) = Ay Prgaft) + M Pop(t) + M P.(t) + M Pyoy(t) (4.57)
nt2 a+lll) n(?) n=13)

Para(0,8) = L A Pi(B) + 3 APt} + X A Bi(t) + 2 A Pi(t)(4.58)
=0 j=0(l) j=0‘(3} 1=0{3)

At time ¢ = 0, Py(0) = 1.0 and all other initial state probabilities are equal to zero.

where
Cn3(0) =n A + 32 + Ao
For j =1,2,...n—1,

Caali) = (R =) A+ Aej + 15 + 34,

Caa(n) = A + Aen + pn + 224,

Cra(n +1) = A + Aengr + tnt1 + Ae

Cpa(n +2) = Ay + Acntz + Bnt2

Cra(0M)) =71 Ay + Agny + paor + 24,
For j = 1,2,....... n—1,

Caa((W) = (n = §) M + Acjin + g0 + pao + 22,
Cra(nM) = A+ Agt) + fin) + fsor + A

Cra(n +1M) = A + A pato + Bagatn + Hoo
Cra(0®) =n Ay + Agm + parr + Ao

CaaF®) = (n = §) M1 + Ajo + pjm + par + A
Cn.s("(z)) = Ay + Aq@ + Hpo) T oy
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Cra(0) =n A + Ay + far
Cna(7®) = (n = §) At + Agjenr + pjr + proze

1 —out —of — (n+3): G System With Type C Repair

With Type C Repair, the units in the system (both active and standbys) are discarded
upon failure thus, . t0 sz, g1 0 fna2, fty01) 10 fyyg()y My 10 Hpea) and gy to

fh,q(») are set to zero in Equations (4.41) to (4.58).

Special Case Model I

For n = 2 with Type C Repair, the long-run availability is given by:

(#s FG)B a1
A, (2,3,1)(B) = o — 4.59
(B3 1) (Ps#s)pwsz-i-ﬂﬂgﬁg lﬂ:ea-i-ﬁ#g 1#3364 ( )

where

ze1 = Azasop

ze2 = Agais — Azaur — Azsio

Tgz = Azzie — Azms

Tos = Azaes — Azaso

The long-run availability values generated with Equation (4.59) are given in the third

column of Table 4.10. The symbols Azas to Azssep are shown in Appendix H.

Special Case Model II

For n = 3 with Type C Repair, the long-run availability is given by:

(#e #7)3 Lgs
Ay (3| 3! 1) (ﬁ) = - - 4.60
z (16 17)P Tos + B il po o7 + B b 1l Tes (4.60)

where
Igs = Auaw
xes = Azisr — Az2as0 — Ani;

zer = Azass — Anigo
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Table 4.10: A.,,(n,3,1)(8) Values as a function of Ay for Type C Repair

Ao (per Hr.)
0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
6.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

n=1

0.5288
0.5266
0.5244
0.5222

0.3595
0.3574
0.3554
0.3534

0.2723
0.2705
0.2688
0.2670

0.2191
0.2176
0.2161
0.2146

0.1833
0.1820
0.1807
0.1794
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n=2

0.6382
0.6366
0.6349
0.6333

0.4377
0.4360
0.4343
0.4327

0.3330
0.3316
0.3301
0.3286

0.2688
0.2675
0.2661
0.2648

0.2310
0.2315
0.2313
0.2311

n=3J

0.5687
0.5672
0.5658
0.5643

0.3973
0.3959
0.3945
0.3931

0.3053
0.3041
0.3028
0.3016

0.2655
0.2644
0.2633
0.2621

0.2309
0.2299
0.2290
0.2280



Tas = Auss — Aze2
The long-run availability values generated with Equation (4.60) are given in the fourth

column of Table 4.10. The symbols Azss7 to Azss2p are shown in Appendix H.

1 —out —of — (n+3) : G System With Type F Repair

With Type F Repair, the system as well as its units (both active and standbys) are
discarded and replaced upon failure thus, finsa(Z), pnsa(T), #ow t0 pa2e, i1 O fnyz,y
fyn) 0 g, #1@) 0 fin and i) to pn_ye are set to zero in Equations (4.41) to

(4.58).

Special Case Model I

For n = 2 with Type F Repair, using established procedures, the system relaibility

is given by:

4 a) 2(2) 163)
Rz.(2,3,1)() =L P+ X B{t)+ X P(t)+ X A() (4.61)
i=0 i=0(1) i=0(2) i=0M
where
Po(t) = e CralOkt
Pi(t) = Bggg[e 23t — g=CaslO)]
Py(t) = Brooe ©30 4 By e~C2alllt 4 Bo, g~ Caal2
Py(t) = Broye G0 4 By e C23( 4 Bryg o= Cas () 4
B oGt
Pi(t) = Brore 03Ot 4 ByygemCaa(llt 4 Bryg e=Cenl?t 4
By e~C2360Mt 4 By, e=Caald)t
Pun(t) = Brig[e~Crol0 — e=Crate®)]

Pyy(t) = Bpae €O 4 By, e~C2aMt . Boyo e=C2ate)e 4

Bng g~Caal1lihye

Pyw(t) = Bnz e=C23l0t 4 B g e~Cad(l)t o By g = Cra(2)t 1
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Brog e~ 3@t § By e=Caslit 4 By, e=Caaltthll
Pyny(t) = Brgae~C3(0% 4 Boyye=Caalt 4 Brog e~ CaslBlt 4
Bigg e=C230) By e=Casl0M 4 B e=Caslttt
B g=Cas@)t + B e—Caa 3
Fya(t)

Pl(z)(t) = -8734 e-CQ.J(D)t + -8735 e-—Cr_.la(])t + Bms e-Cn,a(U“))t +

By, e~C2a0t 4 B e~Caalott))e + Brgs e—Ca.a(Om)'

Brgr e=C23Nt o B o=Cra@P)t o g0 o=Caalt®)e
Pyn(t) = Bro e CaaO)t 4 B e=Crali)t 4 B, g=CaslIt 4
Bra g=Cral@t 4 g e=C2aali) | B e=Cralattt o
Brage=C23@t L By o e=Caall®)t 4 g o=Caa(@
Pya(t) = Brae e~C2300)t 4 B o=Cral0Nt 4 g e=Cralo®
3752 6—03'3(0(3))‘
Pyn{t) = Brss e~ 0230 4 B, e=Crallt | Boeg g=Cas(® Nt 4.
Basg e~ C2aNt 4 B o=Caald®) 4 g e=CasltM)t |
Brsg B—C':,a(o(a))t + Breo e_cm(l(a))‘
The residues Bggo to Breo are defined in Appendix H. System reliability values ob-
tained with (4.61) are given in the third column of Table 4.11.

The system mean time {o failure is given by:

4 al1) «2) 143
MTTFz.(2,3,1) = S_P(0)+ X, P(0)+ 3 P{0)+ Y, P{0) (4.62)
=0 i=0t1) i=0{2} =03}

where
Po(0) = 1/C25(0)
Py (0) = (34,/C2,5(0M)) @ Py(0)
Pi(0) = (24,/C35(1)) » Fo(0)
Piy(0) = (2X1/Coa(11)) @ Pyy(0) + (3X/ C2a(111)) @ Pi(0)
Py(0) = (A /C3,3(2)) @ £1(0)
Pyis (0) = (24,/C2,3(21M)) @ P2(0) + (M /C2(2)) @ Pi1y(0)
P3(0) = (A /C2,3(3)) o P(0)
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Py(0) = (A /C23(4)) o P5(0)

Pyn(0) = (A,/C23(3W)) @ P3(0) + (A1/C23(3M)) @ Pyny(0)
Py = (2X,/C2,3(0)) o Py1y(0)

Pyy(0) = (2),/C23(1®)) @ Py (0) + (2A01/C25(11)) ® Pra(0)
Pyay(0) = (X,/C23(2®)) @ Py (0) + (/\1/02.3(2(2))) * P»{0)
Pya) = (A/C23(0))) & Py (0)

Pior(0) = (As/C23(1®)) @ Py (0) + (201/C22(1)) » Py (0)
and,

Ca23(0) =20 + 3A, + Ao

C2a(1) = A + 32, + Al

Caa(2) = A+ 2A, + A2

Ca3(3) = A1+ A + A

Caa(4) = A + Aeu

Caa(0M) = 20 + 2), + Agw

Caa(1M) = A 4 A + 24,

C2a(2M) = Ay + A, + A

Ca,3(81M) = Ay + Acaty

Co3(0®) = 221 + A + A

Coa(1®) = A 4+ A, + A

C2a(23) = Ay + Az

C2a(0@®) = 2X; + A g

Coa(1®) = AL 4 A

Equation (4.62) is used to generate the system mean time to failure values shown in

the third column of Table 4.12.

The variance of time to failure is given by:

02.(2,3,1) = =2 lim Ry.(2,3,1)(s) — [MTT Fz,(2,3,1)

1
= 1:%; [2(‘7&_ k63 - k82 kﬁ'l) - kgl]

The symbols s to kg4 are defined in Appendix H.
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Table 4.11: Rz.(n,3,1) Values (Ao = 0.00004 per hr.)

Time ¢ (Hr.) n= n=2 n=3
0 1.0000 1.0000 1.0000
2000 0.9568 0.9920 0.9890
4000 0.7360 0.8656 0.5382
6000 0.5919 0.6563 0.5750
8000 0.4027 0.4715 0.3470
00 0 0 0

Table 4.12: MTT Fz,.(n,3,1) Values as a function of A

A (per Hr.) n=1 n=2 n=3

0.00001 8145.75 8802.06 8605.25
0.00C02 7951.03 8672.34 8498.77
0.00003 7763.73 8545.74 8394.32
0.00004 7583.48 8422.20 8291.82
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Special Case Model 1I

For n = 3 with Type F Repair, the system reliability is given by:

where,

5 41} at2) 243}
Rz.(3,3,1)(t) = 2 R(t)+ > P()+ X R)+ 2 R(t)
i=0 i=0(1) =002} i=0(3)
~C3a {0}

Fo(t)
Py(t)
Py(t)
Ps(t)
Py(t)

Py(t)

Py (2)
Pioy(t)

Py (t)

Py1y(£)

Py(t)

Poa(t)

e
Brgy [e~C2n (1)t — =Ca(0))

Brgy e7C23 Ot 4 B e=Cas(l)t 4. By, e~ Caa(2
Brgs e~ G230 L Booc e=Caa(l)t 4 B g=Cas(2)t 4
Brgg e~Co(0)t

Brgo €G30 . Booy e=Cas(1lt 4. By e Coa(Dt
Biyg €G22 4 Buoy g=Coa(4)t

By e-c;.;(ﬂ)t + Brs e—Ca,:;(l)t + B 3—03.3(2)1 +
Brrp e~ a0t 4 B e=Coali)t 4 B o~ Cas(5)t

Bigg [e~Can0)t _ e-c.‘a,;(n“)n}

Bray € C33( 4 By, @033}t o By e=Con(®h) 4
Brgy e™Coalt

Bigs e Co3(0 4 Brug e=Coa(1t . Brgg g=Can(t 4.
Brss e=Conal(0Ne 4 Brso e~Caalttt Bigo =55 (a0
3791- e~ Ca.a(0)t + Bro e—ca,;(l): + Bres e~Caa(2)t +
Brgq e 923N . Brog =020t . o g=CoaltMe
Brop e~ CostBNt 4 Brog e=ConldM)e

Bagg e~ G230t L B e=Coalllt 4 B e=Coa()t 4

Bgop 7C33C) 4. Bgoq e=Con(it 4 Bo, e=Caa(ot)e +

~Ca (1) ~Cy5(2(D) —Cy4(31)
Bgos e 3,3 ( }‘+-88063 C3a(2 )£+BBO‘?3 Caa(d )f._l_

Bagg e~Coati

Baog e300 . Byiq =0 4 By = Cas(0®)
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Pl("')(t) =

Pzﬂ)(t) =

Pa[z)(t) =

Pyy(t) =

Pia(t) =

Pﬂ”(*) =

The residues Brg, to Bge are defined in Appendix H. System reliability values ob-

Ba1a e~ CaslOlt 4 B o e~Caalllt 4 By C—CS.J(UU)M +
By =030t 4 By e=Cast0d® L p e~Caa(1)e
Bgys €= o Byig e OVt 4 By e O

Bsn e~Csal N o By e CoaltV) . By g=Caal2t |
Bagq e Cosl0) | Bopo ¢ CssNt 4 ooy =Caa (2
Bygy e~ 030 | Boog e=Casllit | By g=Caal?)t 4

Baag e~ C23@% 4 Boo e~Cas(@t 4 Baaz e=Caate 4
Bgas e~Conl@t Baas e=Caal0t Buas e=Caaltte 4
Bagg €= Coa®Nt 4 B g=Caa(@®t

Bgag ¢330 . Boag e~CaattNt L g o g~Coal0®)e
Bsa e=Coal0

By e300 4 Bea e~Casll)t L B e=Caalde o
Bagas e=Coa( Nt 4 B o e=Coal0D)t 4 By e~Coalte 4
Brqg e~ 330Nt L B = Caa (1)

Baso e~ 30t 4 Bgg; e=Caa(t  Bygy e=CoalBt

Bgsz e~ Gt 4 g, e=Coalt o g o~Caa2Me
Bgse e~ Gl L B g=Caa atne Bass =GNt

—C (03¢ ~Cs,3(1030)e =C3,3(230)e
Bggg e + Bgeo € + Bgar e

tained with (4.64) are given in the fourth column of Table 4.11.

The system mean time to failure is given by:

MTTFz,(3,

where

Py(0) = 1/C3,5(0)

5 4M at2)
3,1) = S RO0)+ 3 P(0)+ > P(0)+
i=0 i=ol1) i=0f3)
203}
Y. P(0)
i=0(3)
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Pyn(0) = (31,/C3,3(01)) & Po(0)

P1(0) = (3M\/C33(1)) ® Fo(0)

P (0) = (30/Caa(117) & Puny(0) + (3A./ Ca3(1)) ¢ P1(0)
P3(0) = (2M/C33(2))  A(0)

Py (0) = (3X./C3,3(21V)) @ P3(0) + (2X1/C33(21)) @ Py (0)
P5(0) = (A /C33(3)) o P2(0)

Py(0) = (A1/C3,3(4)) ¢ P5(0)

P5(0) = (A1/C3,(5)) » Py(0)

Pyy(0) = (24,/C33(3M)) & P3(0) + (A /Ca3(31))) & Prny(0)
Pyy(0) = (A/C3a(4™M)) & Py(0) + (A1/C33(4™)) & Py1y(0)
Py = (24,/Ca3(0®)) & Pyny(0)

Pyar(0) = (20s/Ca,a(1™)) & Py (0) + (3A1/C55(1)) © Py (0)
Pyar(0) = (24,/C33(2@)) ¢ Pyny(0) + (221/C33(2)) @ Py2)(0)
Pyay(0) = (A4/Ca3(3®)) @ Pysy(0) + (A1/C33(3™)) @ Pyas(0)
Pyor = (A+/C3,3(0))) & Py (0)

P (0) = (As/C3(19)) @ Pya(0) + (841/Ca,3(1)) @ Py (0)
Py (0) = (A,/C33(2)) @ Pyy(0) + (2X1/C3,3(22)) & Py (0)
and,

C33(0) = 30 + 34, + Ao

Caa(1) = 2M +3X, + Aay

C3a(2) = M +3A, + A2

Caa(3) =M+ 20+ Aaa

Caa(4) = M+ A + Ay

C33(8) = A+ A

Ca,a(01) = 33X + 2X, + A o)

Caa(1M) = 2X; + Ay + 22,

Caa(2M) = A + 24, + A

Caa(3)) = Ay 4+ Ay + Ay

Cua(4) = A + Ay

Cs3(0®) = 3A + A; + Mg
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Caa(1®) = 2X + A, + Ay
C33(20) = M + Ay + A
Csa(3®) = A + A
C3,3(0®) = 3A; + Ag»
Csa(1®) = 2); + Ay
C3a(29) = Ay + Ay

Equation (4.65) was used to generate the mean time to failure values shown in the

fourth column of Table 4.12.

The system variance of time to failure is:

02:(3,3,1) = —2lim Rz.(3,3,1)(s) — [MTTFz,(3,3, )?
1
= = [2(kes kar — kes kes) — Kas) (4.66)
66

The symbols kes to kes are defined in Appendix H.

From Equations (4.36), (4.39), (4.62), and (4.65), a generalized approach for deter-
mining the mean time to failure of a 1 —out—of —(n+m) : G system operating under
standby activation policy Z with Type F' Repair is developed using Equation (2.11)
in conjunction with the following set of recursive relationships:

Letting lim,—q Pyon(s) = Piw(0); for 2 =0,1,2,....,m and for j = 0,1,2,3,...,(n +
m — (i + 1)) then:

For j =1,2,3,...n—1 and fori =0,1,2,3,..,m:

Peo(0) = [((n=3+1) M)/ Cam ()]0 Py— i (0)+[((m—i+1) A1)/ Cam (5] 8 Pys=0(0)

Forj=nn+1,n+2,...(n4+m—(1+1))and for:=0,1,2,3,..,m: ‘
Pj(‘)(o) = [(’\l)lcn.m(jm)] o Pj-l(i)(o) + [((m +n)— (i ‘+‘.7)) ’\a)/cn.m(j(i))] A Pj(i-l)(o)

The starting values for the above recursive procedure are obtained via the following
recursive relationships:
"Py(0) = Pyoy = 1/Crm(0)

and fori=1,2,....m:
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Py (0) = [((m = i + 1) A,)/Cr m(01))] @ Pyi-1y(0)

4.1.4 k-out-of-(n+1):G Identical Unit Submodel

This is the (n,1, k) system and is composed of n active units and ore standby. It
is functional as long as there are at least k& healthy units. Where & < n. The
block diagram of this system is shown in Figure 3.22 and the state space diagram in

Figure 4.12.
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Figure 4.12: State space diagram of the ¥ — out — of — (n + 1) : G System under
SBAP Z

k—out—of —(n+1):G System Equations

The descriptive integro-differential Equations for the system shown in Figure 4.12

are.
dPu(t r+2
_;f ) 4 Can(0) Polt) = miPr(t) + oo Prn(®) + 3 f (2, ) pilw)d(4.67)
i=r+1
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wherer=n—k+1,

Forj =1,2,..,n—k,
dP;(t . .
B | s () Bi(t) = (n =3+ DM Pina(t) + s P (D)4
#is1Pin(t) (4.63)
dP.(t
B 4 Gualr) Po(1) = ks Pkt (1.69)
d Pyt
0:1;( ) + Cn,l(o(l)) Pyn(t) = AsPo(t) + pyn Pun(t) (4.70)
Forj=1,2,....,n—k—1,
dP,y(t X .
-_J:;t;(l + Cﬂ.l(J(l)) Pj(’)(t) = ’\JPJ(t) + (n -7+ 1) 4\1 Pj-[(l)(t)+
541 Pipaon(8) (4.71)
dB,_xn(t) 1) - : 79
dt + C,,,l(n -k )Pn_k(x)(t) = A, .Pn....k(t) + (L + 1)/\1P _k_l(l)(t)(‘l'.lu)
o+ 5 | Pra(a,t) = 0 (4.73)
oz ot + F’r+l(z) r+1(xv - ot
A ] Pya(z,t) = 0 (4.74)
az at [-lr+2(3:) r+2(3v = .

The associated boundary conditions are:

P10, 8) = kXy Po(t) + kA Payn(t) (4.75)
r n=ki1}

Poa(0,t) = 3" 2 Pi(t) + D AgiPi(t) (4.76)
j=0 j:d‘)

At time ¢ = 0, Po(0) = 1.0 and all other initial state probabilities are equal to zero.

where
Crna(0) =n A + A, + Ao
For j =1,2,...n—k,

Can(G)=(n =) M+ A+ i+ A

Cra(r) = kM + Aee + 12,

Caa(0®) =n Ay + Ay + poov

For j =1,2,....... nm—k-1,

Cu.l(jm) = (n —j) A+ Aoy + i + oo
Cap(n — EM) = A + A qopty + Bty + pavr
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k—out—of —(n+1):G System With Type B Repair

With Type B Repair, the active units in the system are discarded upon failure thus
fty to pt, and gty t0 fa_km are set to zero in Equations (4.67) to (4.76).

Special Case Model I

For n = 3 and k = 2, with Type B Repair, the long-run availability values are
obtained directly from the results determined for the (3,1,1 ) special case with Type
B Repair discussed in Subsection 4.1.1. Thus its long-run availability values can
be determined from Equation (4.12) by eliminating system up-states 3 and 2(1) and
constants associated with them. The results obtained thus are presented in the third
column of Table 4.13. For the sake of completeness, the long-run availability values

for the (3,1, 1) special case have been re-produced in the second column of Table 4.13.

k—out—of —(n+1):G System with Type C Repair

With Type C Repair, the units (both active and standbys) are discarded and replaced
upon failure thus p.gr, g1 to g, and gy t0 pt,_) are set to zero in Equations (4.67)
to (4.76).

Special Case Model 1

For n = 3, and & = 2 with Type C Repair, the long-run availability values are obtained
from the results determined for the (3, 1,2) special case with Type B Repair by setting
ftso to zero. These values are given in the third column of Table 4.14. For the sake of
completeness, the results obtained for the (3,1,1) special case have been re-produced

in the second column of Table 4.14.
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Table 4.13: A,,,(3,1,k)(8) values as a function of A for Type B Repair

A {per Hr.)
0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

k=1

0.4963
0.4945
0.4928
0.4910

0.3310
0.3295
0.3279
0.3263

0.2484

0.2470

0.2457
0.2444

0.1987
0.1976
0.1965
0.1954

0.1656
0.1646
0.1637
0.1627
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k=2

0.3133
0.3122
0.3111
0.3100

0.1866
0.1859
0.1851
0.1843

0.1329
0.1323
0.1317
0.1311

0.1032
0.1027
0.1022
0.1018

0.0843
0.0839
0.0835
0.0832

k=13

0.1951
0.1945
0.1938
0.1932

0.1081
0.1077
0.1073
0.1069

0.0748
0.0745
0.0742
0.0739

0.0571
0.0569
0.0567
0.0565

0.0462
0.0461
0.0459
0.0457



Table 4.14: A,,,(3,1,k) (8) values as a function of Ay for Type C Repair

Ao (per Hr) k=1

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.4811
0.4795
0.4778
0.4762

0.3168
0.3153
0.3139
0.3125

0.2361
0.2349
0.2337
0.2325

0.1882
0.1872
0.1862
0.1852

0.1564
0.1556
0.1547
0.1538
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k=2

0.3170
0.3159
0.3148
0.3137

0.1883
0.1876
0.1868
0.1861

0.1340
0.1334
0.1328
0.1322

0.1040
0.1035
0.1030
0.1026

0.0849
0.0845
0.0842
0.0838

k=3

0.1932
0.1926
0.1920
0.1914

0.1069
0.1065
0.1062
0.1058

0.0739
0.0736
0.0734
0.0731

0.0565
0.0563
0.0561
0.0559

0.0457
0.0455
0.0454
0.0452



k—out —of — (n+1) : G System With Type E Repair

With Type E Repair, the system as well as its active units are discarded and replaced

upon failure thus p,41(z), srs2(z), g1 to g, and pya) to p,_xn are set to zero in
Equations (4.67) to (4.76).

Special Case Model I

For n = 3, and k = 2 with Type E Repair, the relevant reliability indices can be
obtained directly from the results obtained for the (3,1, 1) case with Type E Repair
in Subsection (4.1.1) as follows:

The system reliability is obtained from Equation (4.16) by eliminating up-states §
and 2(1) and the partial fraction residues associated with them. The results obtained
are given in the third column of Table 4.15. For the sake of completeness, the system
reliability values obtained for the (3,1,1) case with Type £ Repair are shown in the

second column of Table 4.15.

Table 4.15: Rz.(3,1, k) Values (Ao = 0.00004 per hr.)

Time ¢ (Hr.) k=1 k=2 k=13
0 1.0000 1.0000 1.0000
2000 0.9191 0.5926 0.2755
4000 0.6049 0.1882 0.0388
6000 0.3240 0.0465 0.0046
8000 0.1570 0.0103 0.0005
0o 0 0 0

The system mean time to failure is obtained directly from Equation (4.17)) by elim-
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inating terms associated with system up-states 8 and 2) and can be expressed as:
1

MTTF2.(3,1,2) =22:P.~(0',\+ Y. P0) (4.77)

=0 iz of1)
where,
Py(0) = C3,(0M)/(C3,(0) C31(0M)) = A, por)
Pyn(0) = Aa/(C3a(0) Ca1(0M) = A, pary)
Pi(0) = (8M1/C31(1) Caa(1M) = A, oo} @ Po(0) + (31 s/ C31(1) Caa(1M) = Ayper) @
Fon(0)
Piy{0) = (3)1/C31(11)) @ Pyiny (0) + (As/Caa (1)) » P1(0)
Py(0) = (£A1/C3,1(2)) » F1(0)

The variance of time to failure for this case is determined directly from Equation (4.18)

by eliminating the constants associated with system up-states 3 and 2(1),

From Equations (4.17) and (4.77) and with the results of several more special cases, a
generalized a.pproa.éh of determining the mean time to failure of a k—out—o f—{n+1):
G type system operating under standby activation policy Z with Type E Repair, is
developed using Equation (2.11) in conjunction with the following set of recursive
relationships:

Letting lim,—o Pi(s) = P;(0); for i = 0,1,2,....,n and lim,..o P;(s) = P;(0); for
F=0Mm 10 20 (5 —1)1) then:

Py(0) = [Cna(0M)]/[Can(0) Caa(01)) — proor Ad]

Fyn(0) = A /[Can(0) Cn.l(om) — ot As]

D(0) = [nA; Cot (1)) @ Po(0) + nhy ptsor @ Py (0)]/[Cra(1) Cat (1) — proor A}
Pyy(0) = [nAy Cnp(1) @ Pyny(0) +nAr A, @ Po(0))/[Crn(1) Cn,l(l(l)) — a0t As]

Py(0) = [(n—1)A; Co2(2M) 0 Py(0)+(n—1) A1 psor 0 Py (0)]/[Cra (2) Cra (1) —prer A
Pyy(0) = [(n=1)A; Cot(2) 0 Pyny (0)+(n—1) Ay A, 0 P(0)]/[Cr(2) Cag (21) = psor A, ]
P5(0) = [(n=2)A Cra(31) e Po(0)+(n—2)A e @ Poy(0)]/[Cra(3) Ca(3M) = oo As]
Pyan(0) = [(n—=2)A1 Cra(3) ¢ Pty (0) +(n—~2) 21 A; 0 P2(0)]/[Cn1(3) Crt (31)) — proor A}

Poci(0) = [(k+1) M Cra((n—k) )0 Proce—1 (0)+(k+1) A oo @ Pr g1 (0))/[Crp (n—
k) Capl(n = £)) = o A,]
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Piig(0) = {(k+1) M Ca(n—k) 0 Pygqn (0)+ (R +1) M Ay 0 Poicr(0)}/[Crn(n—
£) Caa(n = D) = jrgor Al

Prcis1(0) = [k A /Cra(n — & + 1)] ¢ Paoi(0)

For the special cases considered, this approach is used to compute the mean time to
failure values given in Table 4.16.

where,

Can(0) = nA1 + A, + Ao

Cra(l) =(n=1)A1 + A+ Aa

Cat(2) = (= 2)As + ) + Dy

Cr1(B3)=(n -3+ A+ A

C,,,l(n - k - 1) = (k + 1) /\1 + /\, + /\c-n—k—l
Cn.l(n - k) =kM+ A+ Ak
Cap(n =k 4+1) =k A + Aenaiin

Caa(0M) = nd + Ay + oo
Caa (1) = (r = 1)A1 4 A + Hoor
Cn'1(2(1)) = (n —2)A1 + Ao + fso

Cra({n —k— 1)(1)) =(k+ 1) A + A1) + foot
Coa((n = k)V) = kA + Aqoptn) + paoy

k—out—of -(n+1):G System With Type F' Repair

With Type F Repair, the system as well as its units (both active and standbys) are
discarded and replaced upon failure thus p.y, prs1(2), fr42(2), 1 to g and gy to

fn_xtty are set to zero in Equations (4.67) to (4.76).
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Table 4.16: MTTFz.(3,1,%) Values as a function of A

Ao (per hr.) k=1 k=2 k=3

0.00001 6565.40 3166.20 1605.44
0.00002 6451.29 3125.02 1589.78
0.00003 6340.04 3084.69 1574.37
0.00004 6231.55 3045.18 1559.23

Special Case Model I

For n = 3 and k = 2 with Type F Repair, the system reliability values can be
determined from the results obtained for the (3, 1,2) special case with Type E Repair
by setting ptso' to zero. The values obtained are given in the third column of Table 4.17.
For the sake of completeness, the system reliability values obtained for the (3,1,1)
case with Type F Repair dizcussed in Subsection 4.1.1 are re-produced in the second

column of Table 4.17.

Table 4.17: Rz,.(3,1, k) Values (A, = 0.00004 per hr.)

Time ¢t (Hr.) k=1 k=2 k=

0 1.0000 1.0000 . 1.0000
2000 0.9186 0.5826 0.2699
4000 0.6026 0.1796 0.0360
6000 0.3215 0.0433 0.0040
8000 0.1554 0.0094 0.0004
o0 0 0 0
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The system mean time to failure can be obtained directly from Equation {(4.77) by

setting p.o to zero.

The variance of time to failure for this case can be determined directly from Equa-
tion (4.18) by eliminating the constants associated with system up-states § and 21,

In addition, .o 1s set to zero.

A generalized approach for determining the system mean time to failure with Type
F Repair for a k—out —of — (:1+1) : G type system under standby activation policy
Z is easily derived from the same generalized relationships established under Type E
Repair by setting p.o to zero leading to the following set of recursive relationships:
Again letting lim,..g P;(s) = P;(0); for i = 0,1,2,....,n and lim,~o P;(s) = P;{0); for
j=00,10 20 (n — 1)) then:

Po(0) = 1/Cna(0)

Pony(0) = A5 /[Cn2(0) Crn (0M)]

Pi{0) = [rA1/Cna(1)] @ Fo(0)

Pyy(0) = [rAy Caa(1) @ Pony(0) + 7y Ay @ Po(0)]/[Cra(1) Can(1M)]

P2(0) = [(r — 1)A1/Cha(2)]  PA(0)

Par(0) = [(m = 1)A1 Caa(2) @ Pny(0) + (n = 1)M1 A, @ Pi(0)}/[Cna(2) Caa (V)]
P3(0) = [(n — 2)M/Cna(3)] » P2(0)

Pyn(0) = [(n = 2)M Cna(3) ® Pany{0) + (n — 2)A1 2, @ P2(0))/[Cna(3) Cni(31)]

Poci(0) = {(k + 1) Ay Caa((n = £)) & Poia1(0)}/[Cra(n — k) Caa((n — k)11)]
Pia_ig(0) = [(k+1) My Cry(n—k) @ Py y(0)+(k+1) Ay Ay @ Packs (0))/[Crn(m~
k) Caa((n — EYM)]

Pais1(0) = [k A /Crp(n — k + 1)} o Po(0)

For the special cases considered, this approach is used to compute the system mean
time to failure values given in Table 4.18.

where

Cn1(0) = nhi + A + Ao

Cag(l)=(n— 1)\ + A, + Ag
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Coa(2)=(n—2)A1 + A + A2
Cﬂ.l(3) = (n - 3)'\1 + A.-: + Ac.’i

Cn.l(n - k - 1) = (k + 1)4\1 + A_, + /\cﬂ_k_l
C,.,l(n - k) = k/\l + /\, + *\cn-k
Cn.l(n -k + 1) =kA+ /\c'n-k-l-‘l

C',,,l(Om) = n/\] + ’\eD(U
Cn,1(2(‘)) = (n - 2))\1 + 1\62(1)

Cral(n =k = 1)) = (k+ 1} M + gyt

Ca((n = £YDY = kA + Ag_yir

Table 4.18: MTT Fz.(3,1, k) Values as a function of Ay

Ao (per hr.) k=1 k=2 k=3

0.00001 6089.71 3062.22 1585.61
0.00002 5993.80 3024.23 1570.48
0.00003 5900.11 2986.99 1555.61
0.00004 5808.59 2950.48 1540.98

4.1.5 k-out-of-(n+2):G Identical Unit Submodel

This is the (n,2,k) system and is composed of n active units and two standbys. It
is functional as long as there are at least & healthy units. Where k¥ < n. The block

diagram of the submodel is shown in Figure 3.24 and the state-space diagram in
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Figure 4.13.
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Figure 4.13: State space diagram of the k — out —of — (n + 2} : G system under
SBAP Z

k —out -~ of — (n +2) : G System Equations

The descriptive integro-differential Equations for the system shown in Figure 4.13

are:
dPa(t r+43
GRLE) , Goal0) Plt) = Plt) + i Pani) + 3 [ i) a)da(478)
i=ri2 o

wherer=n-%t+1,
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dPr4a(t)

T Cra(r +2) Pryalt) = kAy P (2) : (4.81)
dPyny(t) (1) — P 4.82
— 5+ Cn2(07) Pan(t) = 225 Po(t) + 1y Py (2) + psv P (2) (4.82)

For j =1,2,...,7 =1,

dP‘(l)(t) +(1) .
-—la“—— + Caa(iV) Py (8) = 20, P5(1) + (=7 + 1) A P (8)+

p,lle(?}(t) + .Uj_l_l(l) Pj+1(l)(t) (4.83)
d_PT;T@ + Caa(r®) P (1) = Ao Po(t) + kM Py () (4.84)
d Pyt
-—Oc(f:)—() + Cnlz(o(’)) Py (t) = APy (1) + pya Prea (1) (4.85)

Forj=1,2,....,r—2,

dP.a(t . .
—"’::t)—(l + Cn,g(Jm) P_,-(n)(t) = /\,ij(t) +{(n—j+1) A Pj_l(z)(t)-i-

B Pipn(t) (4.86)

t

ﬁ%:ﬂ_(_). + Ca(n — kPN P, oy (£) = (B + )M Py_pman (8) + A Po_pen (8)(4.87)
(2 + 2+ traa(e)] Prsale:t) = 0 (4.85)
gz ot ' T rERT
12+ 2 b prgala)] Praalzt) =0 (4.50)
oz at r+3% r+ 3

The associated boundary conditions are:

Pri2(0,8) = kAy Py (8) 4 KXy P (8) + kX Py (2) (4.90)
‘l'+l f(l) 1'-1(2)

Poya(0,8) = D A Pi(t) + 3 APi(t)+ 22 AeiPi(1) (4.91)
j=0 =0l j=0(2)

At time ¢ = 0, Py(0) = 1.0 and all other initial state probabilities are equal to zero.

where
Ca2(0) =n A + 2\, + Ao
For j = 1,2, ...,

Caa(d)=(n=3) A + Agj + 15 + A,
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Cra(r + 1) = kAt + Aepr + e

Ca2(0M) =n A\, + Aoty + fsor + A,
Forj=1,2,.... T =1,

Coa((M) = (n = 5) M + A + Bj0 + paer
Can(rM) = EAy + Ay + prny + poge
Cn2(0®) =n X + Agm + Hsor

Ca2(F®) = (n = 7} A + Agoy + 00 + pops

k—out —of —(n +2): G System With Type C Repair

With Type C Repair, the units (both active and standbys) are discarded upon [ailure

thus g, gary 1 t0 pr and pya) to p,_yuy are set to zero in Equations (4.78) to

(4.91).

Special Case Model I

For n = 3 and k = 2 (abbreviated as the (3,2,2) special case), with Type C' Re-
pair, the long-run availability for this special case is determined directly from the
results obtained for the (3,2,1) special case with Type C Repair discussed in Sub-
section 4.1.2. Thus, the long-run availability values for this case can be obtained
from Equation (4.34) by eliminating system up-states 4, 3!) and 2(?) and constants
associated with them. The values determined are presented in the third column of
Table 4.19. For the sake of completeness, the results obtained for the (3,2, 1) special

case have been re-produced in the second column of Table 4.19.

k—out —of —(n+2): G System With Type F Repair

With Type F' Repair, the system as well as its units (both active and standbys) are

discarded upon failure thus p,.2(2), pr4a(z), paor, pors t to gy and gy to p,_0)

are set to zero in Equations (4.78) to (4.91).
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Table 4.19: A,,,(3,2,k) () values as a function of Ay for Type C Repair

Ao (per Hr.)
0.00001
0.00002
0.00003
0.00004

0.00001
0.0c0002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

k=1

0.5319
0.5303
0.5287
0.5271

0.3623
0.3608
0.3594
0.3579

0.2747
0.2734
0.2722
0.2709

0.2212
0.2201
0.2190
0.2179

0.1852
0.1842
0.1833
0.1823
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k=2

0.3760
0.3748
0.3736
0.3724

0.2315
0.2306
0.2297
0.2288

0.1672
0.1665
0.1658
0.1651

0.1309
0.1303
0.1298
0.1292

0.1075
0.1071
0.1066
0.1061

k=

0.2496
0.2488
0.2481
0.2473

0.1436
0.1431
0.1426
0.1421

0.1008
0.1004
0.1000
0.0996

0.0776
0.0773
0.0770
0.0767

0.0631
0.0629
0.0626
0.0624



Special Case Model 1

For n = 3, and k = 2 with Type F' Repair, system performance indices are determined
directly from the results obtained for the (3,2,1) special case with Type I Repair
discussed in Subsection 4.1.2 as follows:

The system reliability is obtained directly from Equation (4.38) by eliminating the
residues associated with system up-states 4, 3V and 23}, The values obtained thus
are given in the third column of Table 4.20. For the sake of completencss, the system
reliability values obtained for the (3,2,1) case with Type F Repair are re-produced

in the second column of Table 4.20.

The system mean time to failure is obtained directly from Equation (4.39) by elimi-
nating terms associated with system up-states 4, 3" and 2* and can be expressed

as:
3 20 1(2)

MTTFz.(3,2,2) = Y_P(0)+ Y. R(0)+ > P(0) (4.92)

i=0 i=0(1) i=0(2)
where

Py(0) = 1/C3,2(0)

Pyn(0) = (21\.:/03.2(0(1))) o Po(M

Py (0) = (3X1/C32(1)) » Fo(0)

Pyny(0) = (2X,/Ca2(111)) @ P(0) + (8A1/Ca2(1M)) @ Pyy(0)
Py(0) = (2X,/C3,2(2)) » P1(0)

Pyy(0) = (22,/Ca,2(21)) @ Py(0) + (221/C5,2(21)) & Py1y(0)
P3(0) = (M/Ch,2(3)) » 2(0)

Py = (Xs/C3,2(0%))) & Poay(0)

Py (0) = (As/C32(1®)) & Pysy(0) + (321/Ca,2(1)) @ Py (0)

The system mean time to failure values generated with Equation (4.92) are given in

the third column -of Table 4.21.

The variance of time to failure for this case can be determined directly from Equa-

tion (4.40) by eliminating all the constants associated with system up-states 4, 3!
and 2(2),
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Table 4.20: Rz.(3,2,k) Values (A0 = 0.00004 per hr.}

Time ¢ (Hr.) k= k=2 k=

0 1.0000 1.0000 1.0000
2000 0.9955 0.8749 0.4223
4000 0.7425 0.5739 0.1018
6000 0.4362 0.3062 0.0160
8000 0.2230 0.1480 0.0021
oo 0 0 0

Table 4.21: MTTFz.(3,2,%) Values as a function of Ag

Ao (per lir.) n=1 n=2 n=3

0.00001 7431.96 5954.45 2235.51
0.00002 7327.53 5846.91 221231
0.00003 7225.28 5742.41 2189.50
0.00004 7125.19 5640.84 2167.08
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4.1.6 k-out-of-(n+3):G Identical Unit Submodel

This is the (n,3, k) system and is composed of n active units and three standbys. It
is functional as long as there are at least & healthy units. Where & < n. The block
diagram of this submodel is shown in Figure 3.26 and the state space diagram in

Figure 4.14.
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Figure 4.14: State space diagram of the & — out — of — (n + 3) : G System under
SBAP Z ‘

k—out—of —(n+3): G System Equations

The descriptive integro-differential Equations for the system shown in Figure 4.14

are.
T e _
dfz,ft)+Cn.s(0)Po(t)=mP1(t)+p.o.Pw,(z)+ 3 ] Pz, t) pi(z)dz(4.93)
i=r43 0 :

wherer=n—k+1,
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dP;(t _ _
_““}:it( ) 4 CoalG) P(t) = (n = j + DAPica(t) + pao P () + bjaa Pisa () (4.94)

dP, (¢

;;( ) + Cna(r + 1) Prga(t) = kg Pr(2) + pryzPrial(t) + psor Pran () (4.95)
dP, .t
dPyn(t)

a T Ca3(0W) Py (2) = 3A,Po(t) + san Puar(2) + kor Por(t) (4.97)

APy (t _ _
2::( ) + Can(i) Py (t) = 30, P5(2) + (n = § + 1) M P (8)+

parr Piit) + #jg100 Pigao(t) (4.98)

dP,)(t
r‘(;t)( ). + Cn.S(ru]) Pay(t) = 22, Po(t) + kM Pr_yon(t) + Jur+1“)Pr+1(1)(t)(4-99)

dP. t
P, id;;l)( ) + Chalr + 1(1)) P,._H(n(t) = A Py (t) + kX Py (t) (4.100)

dPya(t
o;?( ), Cra(02) Pyay(£) = 22, Py (t) + i Py (t) + paw Poan(8) - (4:101)

Forj=1,2,...,7—1,

dP;a(t . .

z:;;( ) + Cn.a(J(i)) Pj(z)(t) = 2/\,Pj(1)(t) + (n -j+ 1) A Pj_]_(a)(t)+

#az'Pj(l)(t) + Bl PJ-_H(:)(t) A (4_102)
dP.a(t

r;t)( ) + Cra(r®) Puar(t) = A Pans () + kM P._ya(t) (4.103)
d Pyt

o:i-'it)( ) + Cn,a(O(3)) Pys(t) = As Py (t) + ) Py () (4.104)

dPys(t . :
l:;t)( ) + Cna(i™) Pyn(t) = AsPny(t) +(n—J+ 1) M Pioyo(t)+

pip Py (t) (4.105)

dPr-l(al(t)

T Cnalr— L®) P, _i(t) = A Proyen () + (F + 1)1 Proyar(£)(4:106)

253



9 7]

[-a; + P + pr43(2)] Prea(z,t) =0 (4.107)
d 0

[_é; + 5t + fir4a(2)] Prya(z,t) =0 (4.103)

The associated boundary conditions arz:

Prya(0,8) = kAy Praa(t) + kM Py (8).+ kM P (8) + kM Progn(f) - (4-109)

r4+2 r42{1) () r=10)
Poa(0,) = A Pt} + 30 AP+ 3 M Pi(t) + X AciFi(t)(4.110)
i=0 j=0f1) j=0(2) =00

At time ¢t = 0, P5(0) = 1.0 and all other initial state probabilities are equal to zero.

where
Cn3(0) =n A + 32, + A0
Forj=1,2,....r = 1,

Crald) = (n =3} M+ Aj + 25+ 34,
Cnalr) = Ay + A + gt + 24,

Cra(r +1) = kA + Aerpr + pri1 + 2
Crs(r +2) = kA + Aerg2 + Hriz
Cn.s(om) =71 + A + feo + 2,

Caa(iM) = (n = 7} A1 + Aoy + g0 + oo + 2,
Caa(r®™) = kA + A0 + o) + paor + As

Cra(r + 1M = kAy + App1n + Brga) + oo
Cra(0P) = 2 Ay + A + porr + A

Cas((®) = (n =) M1 + Ay + i + parr + Ay
Cn.a(r(z)) = kA1 + Agm + g + pare

cn'3(0(3)) =nA + ’\cﬁS) +

Cog(i®) =(n =) M + Acjt) + Bjtn) + ez
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k—out —of — (n+3): G System With Type C Repair

With Type C Repair, the units (both active and standbys) are discarded upon failure

thus g, to pter, g1 1O pes2y iy 1O gy, @ to g2 and gy to p._ya are set
to zero in Equations (4.93) to (4.110).

Special Case Model 1

For n = 3 and k = 2 with Type C Repair, the long-run availability for this special
case is determined from the results obtained for the (3,3,1) special case with Type
C Repair discussed in Subsection 4.1.3. Thus the long-run availability values for this
special case are obtained by eliminating system up-states 5, 41}, 3@ and 2® from
Equation (4.60) and the constants relating to them. The values obtained are given in
the third column of Table 4.22. For the sake of completeness, the system reliability
values obtained for the (3,3,1) case with Type F Repair are given in the second

column of Table 4.22.

k—out —of — (n+3): G System With Type F Repair

With Type F Repair, the system as well as its units (both active and standbys) are
discarded upon failure thus p,.+3(z) and prya(z), psor to pszr, p1 t0 pryz, gy to

ep10s ) t0 fa and gy to p,_y) are set to zero in Equations (4.93) to (4.110).

Special Case Model 1

For n = 3 and k = 2 with Type F Repair, the system relevant reliability indices can
be determined easily from the analysis performed for the (3,3,1) special case with
Type F Repair in Subsection 4.1.3 as follows:

The system reliability is obtained dircctly from Equation (4.64) by eliminating the
residues associated with system up-states 5, 41}, 3(3) and 20}, The values obtained
thus are given in the third column of Table 4.23. For the sake of completeness,

the system reliability values obtained for the (3,3,1) case with Type F Repair are
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Table 4.22: A,,,(3,3,%)(B) values as a function of Ay for Type ' Repair

Aco (per Hr.)
0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

k=1

0.5687
0.5672
0.5658
0.5643

0.3973
0.3959
0.3945
0.3931

0.3053
0.3041
0.3028
0.3016

0.2655
0.2644
0.2633
0.2621

0.2309
0.2299
0.2290
0.2280
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k=2

0.4215
0.4203
0.4191
0.4179

0.2671
0.2660
0.2651
0.2642

0.1954
0.1947
0.1939
0.1931

0.1541
0.1535
0.1528
0.1522

0.1272
0.1267
0.1261
0.1256

k=3

0.31385
0.3176
0.3167
0.3158

0.1895
0.1389
0.1332
0.1876

0.1349
0.1344
0.1339
0.1334

0.1047
0.1043
0.1039
0.1035

0.0856
0.0852
0.0849
0.0846



re-produced in the second column of Table 4.23.

Table 4.23: Rz.(3,3,k) Values (Ao = 0.00004 per hr.)

Time ¢ (Hr.) k=1 k=2 k=3
0 1.0000 1.0000 1.0000
2000 0.9890 0.8720 0.2030
4000 0.8382 0.4815 0.0432
6000 0.5750 0.1745 0.0062
8000 0.3470 0.0495 0.0008
o0 0 0 0

The system mean time to failure for this special case is obtained from Equation (4.65)
by eliminating the constants associated with system up-states 5, 4(), 3(2) and 2 and

can be expressed as:

amn 2(2)
MTTFz.(3,3,2) = ZP(0)+ 3 P(0)+ > P(0)+
i=0 i=0(1) i=0(2)
143}
> P{0) (4.111)

i=0®)
where,
Fo(0) = 1/C3,5(0) _
Py (0) = (33,/Ca,3(01)) & Po(0)
Py(0) = (3\/Ca3(1)) @ Py(0)
Pay(0) = (3X0/C33(111))) @ Pyay(0) + (3A,/C33(11))) o P1(0)
P3(0) = (2M1/C33(2)) » £ (0)
Pxn(0) = (3X,/Ca,3(211)) & P5(0) + (241/C3,a(2)) & Pyis(0)
P3(0) = (M/C3,5(3)) @ Py(0)
Py(0) = (A /Caa(4)) » P5(0)
Pyny(0) = (22,/C3,3(31)) & P3(0) + (A(/C33(3M)) @ Pyyy(0)
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Py = (2X,/C3,3(0®)) & Pyay(0) -
Pyy(0) = (2X,/C33(1?3)) » Py(0) + (3X1/C33(11)) @ Py (0)
Pyar(0) = (21,/C5,3(2)) ¢ Pyn(0) + (204/C,5(27)) @ Piar(0)
Py = (A/C33(0®)) @ Pya(0)

" Pa(0) = (A/C33(18)) @ Py (0) + (3M/C3a(1)) @ Py (0)

The values obtained with Equation (4.111) are given in the third column of Table 4.24.
For the sake of completeness, the system mean time to failure values obtained for the

(3,3,1) case with Type F Repair are also given in the second column of Table 4.24.

Table 4.24: MTTF2.(3,3, k) Values as a function of Ay

Ao (per Hr.) k=1 k=2 k=3

0.00001 8605.25 4785.99 2937.45
0.00002 8498.77 4732.91 2909.09
0.00003 8394.32 4680.74 9881.18
0.00004 8291.82 4629.48 2853.70

The variance of time to failure for this special case can be determined directly from
Equation (4.66) by eliminating the constants associated with system up-states 5, 40,
3(2) and 203,

From Equations (4.36), (4.39), (4.62), (4.65), (4.92) and (4.111), 2 generalized ap-
proach of determining the mean time to failure ofak—out—of —(n+m): G system
with Type F Repair operating under standby activation policy Z is developed using
Equation (2:11) in conjunction with the following set of recursive relationships:
Letting lim,—o Pja(s) = Pyo(0); for i =0,1,2,....,m and for  =0,1,2,3,...,[(n +
m — (i + k))] then:

For j =1,2,3,..n —k and for i =0,1,2,3,...,m:



Py(0) = [((n=3+1) M)/ Crm(1O)]0 Py 1y (O)H{((m=i+1) A,)/ Ca (570 Pye-n(0)
Forj=n—~k+1l,n—Fk+2,..,[(n+m-(i+£k))] and for:=0,1,2,3,...,m:
Pi(0) = [A/Crim(G9)] @ Py (0) + [((m + ) = (i + 1)) Aa)/ Cam (3] & Pits-(0)
The starting values for the above recursive procedure are obtained via the following
recursive relationships:

Py(0) = Pyoy(0) = 1/Crm(0)

and fori=1,2,...m:

Py (0) = [((m = i + 1) 3,)/Cam (01))] @ Pyi=1y(0)

4.2 The Non-Identical Unit System With Late
Standby Activation: Special Cases

For reasons already stated in Section 3.2, only the analysis of duplex systems with
non-identical units will be presented. Standby activation policy Z is impracticable if
k = n, thus only these two special cases are considered viz: (i) 1—.ut—of—(2+1): G
or (2,1,1) (i)l —out —of — (2+2) : G or (2,2,1).

4.2.1 1l-out-of-(2+1):G Non-identical Unit System

This is the (2,1,1) non-identical unit system and is composed of two non-identical
units and one non-identical standby and is operable as long as at least one unit is
functional. The state-space diagram for this system is shown in Figure 4.15. The

numerals in the boxes of Figure 4.15 denote the system state numbers.

Notation

The following symbols are associated with a (2,1,1) non-identical unit system oper-
ating under SBAP Z:

i State identification number. For i = 0, both units (A and
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Figure 4.15: State space diagram of the 1 — out — of — (2 + 1) : G Non-identical
System under SBAP Z
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Uy
Had

Fi(2)

Fi(=z,t)

pi(z), 5il=)

B) and the standby D are in perfect working condition.
For i = 1, unit A has failed, unit B is working.

For i = 2, unit B has failed, unit A is still working.

For i = 3, both units A and B are functional but
standby D has failed in its standby mode. For i =4, both
units (A and B) have failed but standby unit D now
activated is working. For i = 5, units A and D have
failed but unit B is still functional. For i = 6, units

B and D have failed but unit A is working. Fori =71,
the system has failed due to independent failures of

its components. For ¢ = 8, the system has failed due to
common-cause failures.

time

Laplace transform variable

Constant failure rate of unit A

Constant failure rate of unit B

Constant failure rate of standby unit D when activated
Constant failure rate of standby unit D when

in the standby mode

Constant common-cause failure rate from state

ji for 7 =0,1,2,....,6.

Constant repair rate of unit A

Constant repair rate of unit B

Constant repair rate of standby unit D if it fails

in the standby mode

Probability that the system is in state 7 at time
t;fori=0,1,2,3,....,8

Probability that the failed system is in state 3

and has an elapsed repair time of z; for ¢ = 7,8.

Tiine-dependent repair rate and pdf of repair time
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respectively when the system is in state ¢ and has

an elapsed repair time of «; for i = 7,8.

qi(3s) The Laplace transform of g;(t)
Pi(s) The Laplace transform of P;(t)
B Shape parameter of the gamma pdf

The system of integro-differential equations associated with this system described in

Figure 4.15 is:
dFo(t)

T C2,1(0) Po(t) = pa Pr(t) + ps Palt) + poa Pa(t)+

NP.', i(z)d
g;jo (z,t) i) da

dl:;:(t) + Can(1) Pa(t) = s Pa(t) + Aa Po(t) + praa Ps(2)
det(t) + Ca1(2) Polt) = ta Pu(t) + Ao Polt) + praa Ps(t)
B 1 Can(3) Palt) = o Po(0)+ o Plt) + Aot Pl
dlzat(t) + Cy1(4) Py(t) = A Pi(t) + Ao P(2)

dP;t(t) + Ca(5) Po(t) = Ao Po(t) + Asa Pi(2)

dP;:(t) + C2.1(6) Po(t) = As Ps(t) + Asa Pa(t)

55+ gt + ur(z)] Pr(z, t) =

[+ o + ala)] Po(z 1) = 0

With the following boundary conditions:

Pi(0,6) = AaPa(t)+ Ao Ps(t) + ha Po(l)
P0,t) = 3 A Pl)

i=0
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(4.115)
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At time ¢ = 0, Po(0) = 1.0 and all other initial state probabilities are equal to zero.
Where

Con(0) =X+ M+ Ao+ Asd

Can(1) = A + Aa + pta + Aua

C21(2) = Ao + A2+ s + A

Caa{3) = Ao+ Ao+ Az + pad

Cza(4) = Aa+ Aca + g6 + pa

C21(5) = M + Acs + pa + Had

C21(6) = Aa + Acg + pio + pad

1-out-of-(2+1):G Non-identical Unit System with Type B Repair

With Type B Repair, g, = pp = 0. The system is repaired upon failure and we
are concerned with the system long-run availability. Using the procedure already
established for the identical unit case, the long-run availability of this system can be

obtained in terms of the gamma pdf shape parameter 8 and is given as:

(7 Ma)':i Tg1
Awy (2,1, 11(8) = - - (4.123)
2 ( (g7 p8)P 52 + ﬂﬂg Pg ! Tg3 + B #'-? ! #g 20}

where,

Ty = Azg09 + Aznis + Azezr + Aze27 + A2o4s + Azes1 + Azest

zg2 = Aggss — Azeso — Azoe2

Tgy = Azese — Azoer

Tyy = Azese — Azoea

Long-run availability values obtained with Equation (4.123) are exactly the same as
those obtained for the (2,1,1) identical unit case with Type B Repair discussed in

Subsection 4.1.1. if A, = Ay = Az = A;. Symbols Azsee to Agzees are defined in
Appcndix- L.1.

l-out-of-{2+41):G Non-identical Unit System with Type C Repair

With Type C Repair, ga = s = ptad = 0. Thus setting p,q equal to zero in Equa-

tion (4.123), the long-run availability for this case is determined and they match the
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values given in the third column of Table 4.2 when \; = Ay = Ay = Ay

1-out-of-(2+41):G Non-identical Unit System with Type £ Repair

With Type £ Repair, p, = py = pz(z) = pa(z) = 0. The system is not repaired and
the indices of interest are the system reliability, system mean time to failure and the
variance of time to failure. These are given by the following expressions:

The system reliability is given by:

8

Rz5(2,1,1)(t) = 3 Ri(t) (4.124)

=0
where
" Po(t) = BXex e + BXggpe™*

Pi(t) = BXe e + BXeys e + BXgge®™ + BXggr ™'

Po(t) = BXame™ + BXer ™ + BXsao ™' + BXegy €™

Py(t) = BXexpe™' 4 BXgze'™!

Pi(t) = BXge 2 4 BXgas ™ + BXgge €™ 4 BXgar ™' +
BXezs € + BXgz0 €™ + BXopo €™

Pi(t) = BXene O 4 BXgpe™ + BXgze™ + BXgue™ +
B X5 €™

Ps(t) = BXge 4O + BXeyr ™ + BXgsg ™ + BXope™ +
B Xgso €™

Denomz1(s) = (s + Cp1(0))(8 + C2.1(3)) = Asd fisa
Denomz2(s) = (s + C21(1))(s + C2,1(5)) — Aad fhaa
Denomz3(s) = (s + C31(2))(s + C2,1(6)) = Asa taa
sgs and sgz are the roots of the characteristic function Denomz1(3); 344 and sy, are
the roots of the characteristic function Denomz2(s) and; sgs and sa7 are the roots
of the characteristic function Denomz3(s). The partial fraction residues BXgzp to

BXeso are defined in Appendix [.1.
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The mean time to failure of this system is given by:
6
MTTFz,(2,1,1) = lim gjo Pi(s) (4.125)

where

Po(0) = C31(3)/(C2,1(0) C2a(3) — Asd prau)

Pi(0) = [(Aa C21(3) C21(5) + Aa Aut f102)/(C2,1(3) (C21(1) C2a(5) = Asa ptau))] ® Fo(0)
P3(0) = [(As C2,1(3) C2,1(6) + Ao Asd pra2)/(C2,1(3) (C2,1(2) C21(6) — Asd ptaa))] @ Fo(0)
Py(0) = (Aed/C22(3)) @ Fo(0)

Py(0) = (Ao C21(4)) @ Pr(0) + (Aa/C2a(4)) @ P2(0)

Py(0) = (Aa/C2,1(5)) ® Ps5(0) + (Asa/C2(5)) ® P1(0)

Ps(0) = (M/C2,1(6)) ® P3(0) + (Asa/ C21(6)) ® P2(0)

The variance of time to failure for this system is given by:
1
O’%E(?, 1, 1) = 7:2— [2(k30k32 - kglkaa) - kgol (-1126)
81

Symbols kgp to kga are provided in Appendix L1.

1-out-of-(2+1):G Non-identical Unit System with Type I Repair

With Type F Repair, ft, = s = ftaa = pr{z) = ps(z) = 0. The system is not repaired
and the indices of interest are the system reliability, system mean time to failure and
the variance of time to failure. These are given by the following expressions:

The system reliability is determined directly from the results obtained for the previous
special case by setting g, = 0. The results obtained match the reliability values for

the (2,1,1) identical unit case with Type F Repair discussed in Subsection 4.1.1.

The mean time to failure of this system can be determined from Equation (4.125) by

setting p,q to zero.

The variance of time to failure for this case can be determined by setting p,q4 to zero

in Equation (4.126).
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4.2.2 1l-out-of-(2+42):G Non-identical Unit System

Using our notation, this is the (2,2,1) non-identical unit system and is composed
of two non-identical units and two non-identical standbys and is operable as long as
at least one unit is functional. The state space diagram for this system is shown

in Figure 4.16 The numerals in the boxes of Figure 4.16 denote the system state

numbers.

A Frgtn)
et 1%
iy 2 4 1
I H Vo ] "
Y
]
iy Fa Ay LML
x«:""‘" —T.;_ et s
y daz
0 k: Ha \ 1 ¢ o) e A
2 Mw 7 12
' ' 3 ¥y [N
”'3"' -? %, ? hlﬂl s
1 [B A, Aoy 1 ‘
Hag s 3,
X LY
3 }.‘ L Rygle)
u
AW
4 Hy
Vo s Pl
b Ax
)
l- 10 Ky
oo
Yy,

N N §
et ﬁ“lazdd”'ﬂ"d ,l“ol"olnolﬂ J"““"““’gl!
* Ay ¢ heg

Figure 4.16: State space diagram of the 1 — out —of — (2+2) : G Non-identical Unit
System Under SBAP Z

Notation
The following symbols are associated with the (2,2, 1) non-identical unit system under

SBAP Z:

i State identification number. For i = 0, both units (A and
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B) and both standby units, D and E are in perfect
working condition.

For ¢ = 1, unit A has failed, unit B is working.

For i = 2, unit B has failed but unit A is still
functional. For i = 3, both units (A and B) are
functioning but standby E has failed in its standby mode.
For ¢ = 4, both units (A and B) are functional but

but standby unit D has failed in its standby mode.

For i = 5, both A and B have failed and standby D has
been activated. For i = 6, units A and D have failed but
unit B is stiil functional. For i = 7, units A and £

bave failed while B is still functional. For ¢ = 8, units

B and D kave failed while units A and E are working.
For i = 9, units B and E have failed but units A and

D are still working. For i = 10, units D and E have
failed but units A and B are still functional.

For i = 11, units A, B and D have failed while standby
unit E has been activated. For ¢ = 12, units A, B and
E have failed while standby unit D has been activated.
For ¢ = 13, units A, D and E have failed while B is
operational. For i = 14, units B, D and E have failed
but unit A still works. For 7 = 15, the system has failed
due to independent failures of its components. For

i = 16, the system has failed due to common-cause failures
of its components.

time

Laplace transform variable

Constant failure rate of unit A

Constant failure rate of unit B

Constant failure rate of standby unit D when activated
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Ae Constant failure rate of standby unit £ when activated
Aad Constant failure rate of standby unit D when
in the standby mode
Ase Constant failure rate of standby unit E when
in the standby mode
Acj Constant common-cause failure rate from state

j; for j=0,1,2,...,,14.

Ha Constant repair rate of unit A
B Constant repair rate of unit B
td Constant repair rate of unit D
Pe Constant repair rate of unit £
T Constant repair rate of standby unit D if it fails

in the standby mode
Hse Constant repair rate of standby unit E if it fails

in the standby mode

Pi(t) Probability that the system is in state ¢ at time
t;fori=0,1,2,3,....,16
Pz, t) Probability that the failed system is in state :

and has an elapsed repair time of z; for : = 15,16.
pi(z), gi(z) Time-dependent repair rate and pdf of repair time
respectively when the system is in state 2 and has

an elapsed repair time of z; for ¢ = 15, 16.

gi(s) The Laplace transform of ¢;(t)
Pi(s) The Laplace transform of Pi(t)
B Shape parameter of the gamma pdf

The system of integro-differential equations associated with this system described in

Figure 4.16 is:

i%t(_t) + C2,2(0) Po(t) = pta Pr(t) + 1o Pa(2) + ptad Pa(t) + e Ps(t)+
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IZs:fQP (z,1) pi(z) d

=15

dhi(t)
Tdt

dPg(t)

+ C22(1) Pa(t) = py Ps(t) + ptoa Pa(t) + Xa Po(t) + pae Pr(t)

+C; 2(2) Po(t) = pa PS(t) + Hsd Pﬁ(t) + Pﬁ(t) + pae Polt)

d}::;t( D) | Caa(3) Pa(t) = tha Pr(t) + s Po(t) + Auc Polt) + staa Pro(t)

*“’4(‘) + Caa(4) Pult) = pia Polt) + s Palt) + Aaa Polt) + tae Proft)

divf ) 4 Ca(8) Pult) = sra Pua(t) + e Pra(®) + 2o Pr(8) + e Pa(t)

d}:;(t) + Ca,2(6) Pe(t) = ps Py (t) + pse Pra(t) + A Pi(8) + Ao Pult)

d}:;t(t) + Ca2(7) Prlt) = py Pra(t) + ptaa Pra(t) + Aoe Pr(E) + Aq Fa(t)

d?t(t) + C3,2(8) Pa(t) = pta Pra(t) + pre Pra(2) + Aoa Po(£) + Ao Pa(?)

d}:?t(t) + C2.2(9) Polt) = pa Py (t) + pad Pu(t) + A Pa(t) + N Pa(t)

dPyo(t)

T + Ca.2(10) Pyo(t) = o Pra(t) + p Pra(t) + Ase Pa(t) + Aaa Pa(t)

dP:ilt(_)' + C22(11) Puy(t) = Aa Ps(t) + Ao Po(t) + Aa Fa(t)

——20 4 C.2(12) Pia(t) = Age Ps(t) + Ao Po(t) + Aa Py(t)

18 4 C22(13) Pra(t) = e Po(t) + Asd Pr(t) + Aa Pro(t)

dP, 14('5)

+ Ca2(14) Pra(t) = Aye Palt) + Asa Po(t) + A Pro(t)
[5; + % + ps(z)] Pis(z,t) =0

d
[‘a(?; + 7, 1 His(2)] Pre(z,t) = 0
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With the following boundary conditions:

Pis(0,8) = A Pua(2) + Aa Pra(t) + 2 Pia(t) + Aa Pra(t) (4.144)
Pi6(0,t) = 124 Aci Pi(t) (4.145)

At time ¢ = 0, Pp(0) = 1.0 and all other initial state probabilities are equal to zero,
where

C22(0) = Ao + Ao + Ao + Asa + Ase
Caa(1) = M+ Aga+ Aet + Ase + Ha
C2,2(2) = Ao+ st 4 Ac2 + Ase + 111
C22(3) = Aa+ A+ Az + Asd + Had
Ca2(4) = Ao+ Ap + Ase + Aea + fee
C22(5) = Mg+ Age + Acs + Ha + Mo
Ca2.2(6) = As + Age + Acs + pta + pa
Caa(T) = M+ Asa + flae + Acr + Ha
C22(8) = Aa + Ase + Acs + pt6 + ftad
C22(9) = Aa + Asd + Ao+ o + fae
Ca2.2(10) = Ay + Ay + Acro + ad + fae
Caa(11) = Ac + Aeny + fa + pis + pia
C2,2(12) = Mg + Acrz + fa + fb + fse
C2,2(13) = Ay + Acta + pta + pad + fhae
Ca2(14) = Aa + Acra + pto + ot + Hae

1-out-of-(2+2):G Non-identical Unit System with Type C Repair

With Type C Repair, pta = s = pd = fle = flsd = ftae = 0, the system is repaired
upon failure and we are concerned with the system long-run availability. The long-run
availability of this system expressed in terms of the gamma pdf shape parameter Bis
given by:

(,uxs #18)'0 Igs
Auy(2,2,1) (8) = ) _ 4.146)
: ) (1115 p116)P a6 + B 15 1is Tar + B 155" i Tas (
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where,

Tgs = Atz + Aa Asize + Ay Asrar + Mg Asizs + Age Aaras + Ason Aarin +
Ascos Amas + Asoos Anar + Az Aarzs + Asorr Aarar + Asozr Asras +
Azoss Asras + Azes? Az + Auoso Asras + Asosr Aaist

Tgg = Aaigs — Azies — Anies
Tgr = Ames — Anes
Tag = Ase — Amer

Long-run availability values obtained with Equation (4.146) are exactly the same as
those obtained for the (2,2,1) identical unit case with Type C Repair discussed in
Subsaction 4.1.2 for A; = Ay = Ag = A. = A;. Symbols Aagg; to Agjes are defined in

Appendix 1.2

1-out-of-(2+2):G Non-identical Unit System with Type F' Repair

With Type F Repair, fla = s = ftd = fte = fad = Poe = p15(z) = p1e(z) = 0, the
system is not repaired and the indices of intevest are the system reliability, system
mean time to failure and the variance of time to failure. Thes» are given by the
following expressions:

The system reliability is given by:

Rz(22,1)(0) = 32 Pi(®) (4.147)
=0
where,

Py(t) = e Cualokt

P\(t) = BZgge O3 4 BZgyye~Cr3l0N
Py(t) = BZgge 013l 4 BZgig e~ 200N
Py(t) = BZese~C13 4 BZgy e 22N
Py(t) = BZgsye~Cr2 4 BZggy e300
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Ps(t)
Py(t)
Py(t)
Py(?)
Py(t)
Pro(t)
Pu(t)

Pya(2)

Pya(t)

Pr(t)

BZsa e=C236N 4. BZges =10 4 BZgsq emC2at 4 BZgs; 7220
BZess e=C23 " 4 BZgse 67023 4 BZggq e~ Ca2lt 4 BZ.o ¢=C22(0)
BZesy e=C22 M 4 BZges e~ G220 4 BZgg, 6723 1 B Zggs 622N
BZass e~ C23 8 4 BZggr e 13® 4 BZggq ¢ 023N  BZggq e~ 22O
BZero e-C22M 4 BZgry =22 4 BZor, e~C2a(dt 4 B7 . o~C2al0)t
BZgry 0231 4 BZgrg e~Craldlt | Bz o=C22BM 4 BZ..- e~C22(0)t
BZgs e~C2300t . BZgp e~Cra®t L Bz . e~C23®)t L BZ.q e—Crald)t 4
BZggo e~C23 | BZggq 07023 4 BZgq, e~Ca2(t 4 BZ .. e~C22(0)t
BZeps e~C23 Dt 4. BZesr e=C2200 4 BZegq = C22(Mt 4 BZqq e~ 02200 4
BZeoo e~Caadt 4 BZ.o e~C2at 4 BZ . e=C22(i)t L BZ... g—Caa(0)t
BZeoy e=C3309 & BZgg5 =020 4 BZoq =3 + BZggr =20 +
B Zgs €=C23 N 4 BZgoq e~ 2200 L BZr, e C2a)t 4 BZog ¢=C2a(0)t

B Zrop e~C230t 1. BZ,00 e~C22(100t | BZ., 0= C22(Ot 4 BZrgg = C228) 4
BZng e~C23 Wt 4 BZyy e 12O 4 BZrog e 022N 4 BZrgq e= 220N

For A, = Ay = Az = A, = )1, Equation (4.147) generates system reliability values that

match the (2,2,1) identical unit case with Type F Repair discussed in Section 4.2.
Residues B Zgi6 to BZ70g are defined in Appendix L2.

The mean time to failure of this system is given by:

14
MTTFz.(2,2,1) = lin})ZP,-(s) (4.148)
=Y =0

where, Py(0) = 1/C;2(0)

Pi(0) = (Aa/Ca2(1)) @ Fa(0)

P2(0) = (As/C2,2(2)) ¢ Fo(0)

P3(0) = (Ase/C22(3)) ® Fo(0)

Fy(0) = (A1a/C2.2(4)) ® Fo(0)

P5(0) = (X/C22(5)) @ Pi(0) + (Xa/C22(5)) @ P2(0)
Ps(0) = (Asa/C2.2(6)) ® Pi{0) + (Aa/C22(6)) » Pu(0)
P7(0) = (Ase/C22(7)) @ Py(0) + (Aa/C22(T)) © P5(0)
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Ps(0) = {Asa/C22(8)) » P2(0) + (As/C22(8)) ® Py{0)

Ps(0) = (Age/C2,2(9)) @ Po(0) + (Xs/C22(9)) @ P5(0)

Pro(0) = (Ase/ C2,2(10)) o P4(0) + (Asa/C22(10)) @ P5(0)

Pi1(0) = (Aa/Ca2(11)) & Ps(0) + (As/ C22(11)) ® Pe(0) + (Aa/C222(11)) @ Fs(0)
Pi3(0) = (A e/ C22(12)) ® Ps(0) + (X/C2,2(12)) @ Pr(0) + (Xa/C22(12)) @ Po(0)
Pia(0) = (Ase/C22(13)) ® Ps(0) + (Asd/C2,2(13)) @ Pr(0) + (Aa/C22(13)) @ Pro(0)
P14(0) = (Age/Ca2(14)) @ Ps(0) + (Asa/ C2,2(14)) @ Po(0) + (Ab[02,2(14)) » Py5(0)

For A, = Ay = Ag = A, = A;, Equation (4.148) generates values that match those
obtained for the (2,2,1) identical unit case with Type F Repair discussed in Subsec-
tion 4.1.2.

The variance of time to failure for this system is given by:
1
02,(2,2,1) = o [2(ksukes — kaskar) — kil (4.149)

Symbols ka4 to ka7 are defined in Appendix L2.

4.3 Concluding Remarks

The analyses performed in this Chapter indicate that the values of k—out—of —(n+
m) : G system performance indices under SBAP Z increase with increased system
complexity characterised by an increase in either the number of active units or the
number of standbys. As in standby activation policy Y, the tabular values and plots
show clearly that the addition of one standby unit for 2 fixed number of active units
improves the values of the system performance indices for the various repair scenarios

considered.

For all the special cases considered in this Chapter, the system long-run availabil-

ity drops as the failed system repair time distribution shape parameter J increases.
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The reason for this trend, as stated in the concluding section of Chapter 3, is that
the system instantaneous repair rate tends to decrease with an increasing 3 as will be
shown later in Chapter 6. As in the previous standby activation policy, the tabular
values and plots indicate that in some situations component repair may not be pru-
dent. These are situations in which there are no significant performance differences

for the different repair types investigated.

A comparison of the mean time to failure tabular values of this Chapter with
those of the previous Chapter, for the same redundant configuration and Repair Type
indicates that standby activation policy Z is superior to standby activation policy Y
using the mean time to failure as the sole measure of performance. This may be due
to the fact that delaying activation of the standby until it is absolutely necessary to
do so, keeps the standby failure rate at the level of A, which is much lower than A,

(its failure rate if activated).

The non-identical unit cases analyzed in Section 4.2 yielded resuits that match
those of corresponding identical unit cases if all system components are assumed to
have the same failure rates. Thus for the same failure rates, the (2,1,1) identical
unit system with Type E Repair mean time to failure expression (Equation 4.14)
is exacltly the same as the (2,1,1) non-identical unit system with Type E Repair
mean time to failure expression (Equation 4.125). A comparison of Equations (4.36)
and Equation {4.148) indicate that this is equally true for the (2,2,1) identical unit
system with Type F Repair of Subsection 4.1.2 and the (2,2,1) non-identical unit

system with Type E Repair of Subsection 4.2.2.

All in all, the main contribution of this Chapter is the derivation of general-
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ized mean time to failure expressions for & — out — of —{n +m): G type systems
operating under standby activation policy Z. These derivations were performed for
several possible repair scenarios. The system components were considered identical
and were subject to a combination of independent and common-cause failures. Only
those special cases for which standby activation policy Z is practicable (k # n) were

considered.
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Chapter 5

Income Maximization of the

Redundant System

There are various cost-benefit concerns associated with repairable & — oul — of —
(n 4+ m) : G redundant systems. In this regard, the ultimate goal is to ensure that
systems generate incomes/benefits that far exceed the costs incurred in operating
them. Otherwise, they wc_)uld not be economically feasible systems. Onec of the
ways of ensuring that the goal is met is through the efficient utilization of repair
facilities. Specifically, it is often important to determine, using historical operational
data (where it exists), the optimal value of the repair rate that would be necessary to
maximize the system net income. In this regard, expressions for the optimal repair
rate will be developed for some of the special cases already considered in this study
in which the system is repairable. This chapter presents the income analyses for
the following submodels of the k — out — of — (n + m) : G type system viz: (i)
1-out—of —(n+1):Gor(n,1,1) (i)l —out —of — (n+2): G or (n,2,1) (i)
1—out—of —(n+3):G or(n,8,1) (iv) k—out —of —(n+1): G or (n,1,k) (v)
k—out—of —(n+2):Gor(n,2,k)and (vi) k—out—of ~(n+3):G or (n,3, k).

Assumptions

In addition to the general system assumptions in Chapter 2, the following assumptions

are associated with this income maximization analysis:
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i) The system net income function is continous and
differentiable.

ii) The system long-run availability is representative of
overall system availability.

iii) The system usage over a certain period generates a
certain income and also results in a certain running
cost (mostly maintenance costs for the purposes of
this analysis)

iv) The net benefits of conducting repairs always out-weigh
any additional increases in repair costs within the

useful life of the system.

5.1 The Identical Unit System With Early Standby
Activation: Income Maximization

This analysis is conducted for the submodels mentioned above on the assumption
that system units are identical. A differential calculus-based approach presented
in Ref. [92] is used to determine the optimal failed system repair rates needed to
maximize the system net income. The methodology adopted to conduct this analysis
is explained fully for the first special case only. For subsequent special cases, only the

results are presented.

5.1.1 1l-out-of-(n+1):G Identical Unit Submodel: Special

Cases

For the following special cases, the analysis is conducted for Type A Repair but

the results can easily be used for Types B and C Repair by setting the appropriate
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quantities to zero.

Special Case Model I

For n = 1 the long-run availability for this special case from Equation (3.40) is:

(Pz #3)‘031
ALLD (12 )P o2 + B o5 S s+ Bpf " 1 24 (5-1)

The expected periodic, say monthly, income from running the system is:

1,(1,1,1) = Ir(1,1,1) @ Ay (1, 1,1)(8) (5.2)

where
I,(1,1,1) is the expected periodic income from running the system.

I;(1,1,1) is the expected periodic income if the system were available 100 % of the

time.

The expected periodic, say monthly, cost of running the system is:

CM(lslsl) = Chw(l’ 1:1)F2+Cc=(1v lvl) H#a (5-3)

where

Cum(1,1,1) is the periodic maintenance cost

Crw(1,1,1) is the system maintenance cost constant associated with hardware (or
independent) failures of the system.

C.(1,1,1) is the system maintenance cost constant associated with common-cause
failures of the system.

112 is the failed system mean repair rate if the system fails due to independent failures.

gty is the failed system mean repair rate if the system fails due to common-cause

failures.

The net income generated by the system is given by:

Inel(]ql:l) = Iu(l-'alal)_CM(lsl-:l)
If(lilil) (#2!‘3)'331
- — —Chw(]. 1 1)[1.2—
(42 t3)P <2 + B ph 45" za + Bl ph 24 T
Corl1,1,1) 13 (5.4)
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The optimal system mean repair rates needed to maximize the net income can be
determined by differentiating Equation (5.4) with respect to uz and p3 respectively
and setting the results to zero. '

31"“(1,1,1) = fl(.u2) -
Ouz g1(p2)

Cro(1,1,1) =0 | (5.5)

where

Alpa) = BILLY iz u + B L(LL D ozepd " 6P +
B2I;(1,1,1) &y 2 p3 2 — BI4(1,1,1) Ty Ty By Paﬁ"
B I;(1,1,1) 2y 3 pP 2 p¥ " - B(B = V) If(1,1,1) 2y 2y ) pi3°
a(ps) = (Wiplza+Buf p5 g+ B i 24)?

aInc!(lv lal) fx(#s)
Apa 91(!-‘3)

Cee(1,1,1) =10 (5.6)
where

Alws) = BIL LDz oo pd u¥ ™ + B I (1,1, 1) 2y s 43"~ +
B L1112y 2 g 0¥ — BI(1,1,1) 2y g 4P —
B L1, L, )z 2 pf " p = B(B - 1) I;(1,1, 1) 31 33 i3° 37

Qi(u3) = g1(pa)

The optimal values of u; and uj (i.e. the failed system mean repair rates) can be_:
determined iteratively from Equations (5.5) and (5.6). These optimal values can be
substituted back into Equation (5.4) to obtain the maximun net income derivable
from the system. Further differentiations of Equations (5.5) and (5.6) with respect

to pz and p3 indicate that these turning points would lead to maximum values of
In.g(l, 11 1).

With Type B Repair, the quantity ux,; is set to zero and with Type C Repair, uso
and p; are set to zero. These changes will affect only the values of the constants z,

to z4.
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Special Case Model 11

For n = 2, the long-run availability for this special case from Equation (3.41) is:

(#3#4)33?5
Aun(2,1,1) (8) = ) - 5.7
A& L)) (13 1) Ta + B s 1y 27 + Buf ™ p1f 2 (1)

The expected periodic, say monthly, income from running the system is:

I,(2,1,1) = I;(2,1,1) ¢ A, (2,1,1) () (5.8)

where
I.(2,1,1) is the expected periodic income from running the system.

1;(2,1,1) is the expected periodic income if the system were available 100 % of the

time.

The expected periodic, say monthly, cost of running the system is:

Cum(2,1,1) = Crou(2,1,1) s + Cee(2,1,1) 4 (5.9)

where

Cum(2,1,1) is the periodic maintenance cost

Chu(2,1,1) is the system maintenance cost constant associated with hardware (or
independent) failures of the system.

C.(2,1,1) is the system maintenance cost constant associated with common-cause
failures of the system.

{ia is the failed system mean repair rate if the system fails due to independent failures.

g4 is the failed system mean repair rate if the system fails due to common-cause

failures.

The net income generated by the system is given by:

Let(2,1,1) = I(2,1,1) — Cu(2,1,1)
1(2,1,1) (ps pa)P 25
= = — - Chwl(2,1,1)
(3 pa)P ze + Bus " 14+ Byt 4l 28 L) ko
—Cee(2,1,1) pa (5.10)
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The optimal system mean repair rates needed to maximize the net income can be
determined by differentiating Equation (5.10) with respect to p3 and p4 respectively
and setting the results to zero.

06t(2,1,1) _ filus)
= —Cw2,],1 =10 5.11
O3 g1(p3) b ) ( )

where

flus) = BI2,L,1)zsze s p + B2 I4(2,1, Vaszrpg  uy +

B (2,1, 1) zs 2 3 2 0y — BIy(2,1, 1) zsze ui ! 3 —

B I(2,1,1) zs e pd T = B(B-1) I1(2,1,1) TsTaHy By
gi(pe) = (uEulze+ Bl w2+ BplT il 70)?

aInet(2$ 1 1 1) = fl(lu'l)
Opa a1(p4)

—C(2,1,1)=0 (5.12)
where

fils) = BI21,1) zszepd® 5P + B 12,1, zs o g pd " +

B I;(2,1,1) 25 2 P P = BIH(2,1,1) 25 36 3 pdT -

B I 2,1, V) zszapyt pd = B(B - 1) [(2,1,1) z5 BT 3 g
91(es) = qi(us)

The optimal values of y3 and p4 (i.e. the failed system mean repair rates) can be
determined iteratively from Equations (5.11) and (5.12). These optimal values can
be substituted back into Equation (5.10) to obtain the maximun net income derivable
from the system. Further differentiations of Equations (5.11) and (5.12) with respect

to p3 and pq indicate that these turning points would lead to maximum values of

Inet(2,1,1).

With Type B Repair, the above expressions remain valid but g and u, are set to
zero and with Type C Repair, paor, #1 and pg are set to zero. These changes will

affect only the values of the constants zs to zs.
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Special Case Model III

For n = 3, the long-run availability for this special case from Equation (3.42) is:

(#4#5)‘339
Aur(3,1,1)(8) = L - 5.13
o ) (8) (#4#5)"310'*43#‘2#? Yon+ B8y lﬂgl‘m (5:13)

The expected periodic, say monthly, income from running the system is:

1,(3,1,1) = I;(3,1,1) ® A,sy (3,1,1) (B) (5.14)

where
I1,(3,1,1) is the expected periodic income from running the system.

I;(3,1,1) is the expected periodic income if the system were available 100 % of the

time.

The expected periodic, say monthly, cost of running the system is:
CM(3, 1, 1) = Chw(3, 1, 1) 171 + Gcc(3, 1, 1) Hs (515)

where
Ca(3,1,1) is the periodic maintenance cost

Chw(3,1,1) is the system maintenance cost constant associated with hardware (or

independent) failures of the system.

Ce(3,1,1) is the system maintenance cost constant associated with common-cause

failures of the system.
#t4 is the failed system mean repair rate if the system fails due to independent failures.

us is the failed system mean repair rate if the system fails due to common-cause

failures.

The net income generated by the system is given by:

Lea(3,1,1) = L(3,1,1) - Cu(3,1,1)

If(s!l'll) (14 #5)’03.'9

- ~Cru(3,1,1

(s oo+ Bl i o + Bl plze 3L 1)
~ Gl L1 e (5.16)
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The optimal system mean repair rates needed to maximize the net income can be
determined by differentiating Equation (5.16) with respect to u4 and us respectively
and setting the results to zero.

aInel(sa lyl) = fl(#‘l) _
Opa 91(p4)

Cru(3,1,1) =0 (5.17)

where
flpd) = BI(3,1, 1) 2o T10 p3 2B+ﬂ2 I(3,1,1) 2921y paf-l 28
ﬁzIf(3 1, 1)3:93:12;123 -2 2’3-*,8[_;(3 1, 1)m9:zu,u4 p?,ﬁ—
B2 I;(3,1,1) oy pf P - B(B - 1) [,(3,1, 1) zp 21a 2 3’

gilm) = (#4 #5 Zy0 -+ ﬂﬂq Ps_ Ty + ﬂ#4- s 312)2

aInet(sila 1) — fl(”5) - =
Ops "~ g1(ps) Culdilnl) =0 (519

where

files) = BI3,1,1) zez0ps e + 8 Ii(3,1, Vwozn pi pe - +

B I;(3,1,1) zo gy 2P — 14(3,1, D) maziopd g —

B 14(3,1,1) 29210 p3P 7 PP — B (B~ 1) Iy(3,1,1) o o i 3™
gilps) = g1(pa)

The optimal values of g4 and ps (i.e. the failed system mean repair rates) can be
determined iteratively from Equations (5.17) and (5.18). These optimal values can
be substituted back ?nto Equation (5.16) to obtain the maximun net income derivable
from the system. Further differentiations of Equations (5.17) and (5.18) with respect

to p¢ and pg indicate that these turning points would lead to maximum values of

Le(3,1,1).

With Type B Repair, the above expressions remain valid but p, to u3 are set to zero
and with Type C Repair, s, f11 to pa are set to zero. These changes will affect only

the values of the constants x5 to z13.
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5.1.2 1l-out-of-(n+42):G Identical Unit Submodel: Special

Cases

For the following special case models, the following results are obtained:

Special Case Model I

For n = 1, the net income generated by the system using the approach established

for the previous special cases is given by:

If(11211) (#a F‘i)p Z13
Lee(1,2,1) — — — Crw(1,2,1) p
a (#3#4)"314+ﬁﬁgﬂf 1I15+/3#g l.lil'-?i’v'w ’ °
—Cee(1,2,1) pa (5.19)

The optimal system repair rates needed to maximize the net income can be determined
by differentiating Equation (5.19) with respect to us and g4 respectively and setting
the results to zero.

(1,2, 1) fl(lu'?o)
= bt C w 1, 2, 1 = 0
Opa a(mw) (1.2,1)

where

fles) = BI1,2,1) 2 g b¥ + A2 L (L2 ) ziamis py 2
B I;(1,2, ) srazie pd 2 — BIy(1,2,1) mramio sy 7 —
B I(1,2,1) gazis p3 "l = B(B — 1) [(1,2, 1) miamia iy " i’

alps) = (68l zra + Bpl 1 s + B il 206)’

Mner(1,2,1) _ fi{pa)
Opa 91(# )

—Ce(1,2,1)=0 (5.21)
where

Alp) = BL(L,2, D)z vt + B 1(1,2, gz pu 13?2 +
B I, (1,2,1) mia 216 3P 3! — B1(1,2, 1) g zua 3 67
B2 I;(1,2,1) s zie syt = B(B ~ 1) [ (1,2, 1) 2o s’
nlpd = @lpa)
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The optimal values of sz and p4 (i.e. the failed system mean repair rates) can be
determined iteratively from Equations (5.20) and (5.21). These optimal values can be
substituted back into Equation (5.19) to obtain the maximum net income derivable

from the system.

With Type B Repair, the above expressions remain valid but u; to u are set to zero
and with Type C Repair, g, fta1r, t1 and uz are set to zero. These changes will

affect only the values of the constants 3 to 4.

Special Case Model II

For n = 2, the net income generated by the system is given by:

1;(2,2,1) (g4 p5)° 17
— Ch(2,2,1
(aps)P o+ But e g+ B Wl e ®2.1) K
~Cee(2,2,1) ps (5.22)

Iﬂet(21 2! 1)

The optimal system mean repair rates needed to maximize the net income can be
determined by differentiating Equation (5.22) with respect to us and ps respectively
and setting the results to zero.

6Inet(2a 2a1) = fl(:u-l) _
Opa G1(p4)

Chw(2,2,1) =0 (5.23)
where

filpa) = BL22)zwewed b + B 122 ) e me pd” 4 +

B 15(2,2,1) zir zao p3” 2pd — BIH(2,2,1) s oo ¥ i3’ —

B 12,2, 1) zirzao pd P = B(B—1) (2,2, 1) 2z 2o 2 ¥
gi(ne) = (uhul o+ Bul ul o+ B 1 £20)?

aIne!(2a211) fl(l‘s)

C..(2,2,1) =0 ' 5.24
Ops 91 (#s) ( ) ( )

where

filas) = BIN2,2,1) zr 248 4 p2 7" 4+ B2 1(2,2,1) 27 Tao 5 0372 +
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B IH2,2, 1) syr eao pat T — B14(2,2,1) 2 T R S
B2 15(2,2 1) mr 220 w3 WE T = B(B = 1) (2.2, D) 2rr miond 1

ailps) = qilpd)

The optimal values of p4 and ps (i.e. the failed system mean repair rates) can be
determined iteratively from Equations (5.23) and (5.24). These optimal values can be
substituted back into Equation (5.22) to obtain the maximum net income derivable

from the system.

With Type B Repair, the above expressions remain valid but p to p3 are set to zero
and with Type C Repair, ., #a1's #1 t0 3 are set to zero. These changes will affect

only the values of the constants z,7 to Zzo-

Special Case Model HI

For n = 3, the net income generated by the system is given by:

1;(3,2,1) (ps pe)’ 21
I(3,2,1) = - - — Chw(3,2,1) pts
« (5 pe)P 222 + B P a4 Bl ph T ’
- cc(3-| 21 1) He (5.25)

The optimal system repair rates needed to maximize the net income can be determined
by differentiating Equation (5.25) with respect to us and pg respectively and setting

the results to zero.

aInet(31 211) = fl(FS) —_
dus g1(ps)

Chw(3,2,1) =0 (5.26)
where

filus) = BL(3,2)enonpd " ud + B 11(3,2,1)2n zaaps tud T+
B 1;(3,2,1) 221 Zaa 43" 2pt — B14(3,2,1) 221 724 pF g -
B?1;(3,2,1) = 1'-'23#5’3 lﬂgﬂ 1 -B(B-1)143,2,1)zn 324#5 2#3”
ailps) = (HEpEon + Bl 8 2 + Bl e Tu)
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aIuet(3,2rl) — fl(pﬁ) -C (3 9 1) =0 ' (5.2'-)
Ous 91(pe) o

where
Alpe) = BIG3.2 ) ancnus s + B2 1(3,2,1) on 9323#5’3#?3 2'f‘
ﬂ If(3 2 1).'821 Eg.;#?ﬁ 1 23_. ﬂIf(3 2 1)2.'21 1'22[.15 I,l'.l
ﬁzIf(3 2 1)&7211724#23 -1 2ﬁ- ﬁ(ﬁ— 1) IJ‘(3 2 1)3212723[15 p2,6-

gi(us) = g1(us)

The optimal values of us and pg (i.e. the failed system mean repair rates) can be
determined iteratively from Equations (5.26) artd (5.27). These optimal values can be
substituted back into Equation (5.25) to obtain the maximum net income derivable

from the system.

With Type B Repair, the above expressions remain valid but u; to p4 are set to zero
and with Type C Repair, piyo, ft31, 1 t0 4 are'set to zero. These changes will affect

only the values of the constants z;; to 2.

5.1.3 1l-out-of-(n+3):G Identical Unit Submodel: Special

cases

For the following special case models, the following results are obtained:

Special Case Model I

For n = 1, the net income generated by the system is given by:

I.f(ls 31 1) (.ud .“5)‘3 Tas

= = - Chu(1,3,1) p

(ta tts)? 326+ﬁﬂ5 y? Y2g +ﬁ#g l#g Zos T !
—Cee(1,3,1) s (5.28)

Inel(]-’ 33 1)

The optimal system repair rates needed to maximize the net income can be determined

by differentiating Equation (5.28) with respect to p4 and us respectively and setting
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the results to zero.

aInet(l, 31 1) = fl(.ui)
dpa g1{p4)

- Cre(1,3,1) =0 (5.29)
where

fils)) = BIf(1,3,1) zaseae pi® " ud’ + B2 I4(1,3,1) @as o 13 4
B2 I;(1,3,1) aas was 3" 20 ~ BI1(1,3, 1) a5 zaa pd " i ~
B 1;(1,3,1) zos a7 L (B - 1) If(1,3,1) zas Taa By 3

gine) = (12 plase+ Bul pf zar + Bl 1 o8)?

aInet(1’3a 1) —_ fl(f-‘s) —
dps g1(ps)

C(1,3,1) =0 (5.30)
where
Alus) = BIH(1,3,1) mas zae pu” p5" " + B I4(1,3, 1) Zas a7 p3° pdP 2 4
B2 I4(1,3,1) 235 2as P P = BI(1,3,1) wasmae i 0 —
B2 I;(1,3,1) 225 as p3P 2P = B(B = 1) I(1,3,1) Tas zar i’ 5

g1{p4)

91(ps)

The optimal values of u4 and us (i.e. the failed system mean repair rates) can be
determined iteratively from Equations (5.29) and (5.30). These optimal values can be
substituted back into Equation (5.28) to obtain the maximum net income derivable

from the system.

With Type B Repair, the above expressions remain valid but g, to g3 are set to zero
and with Type C Repair, p,r to ps2r, th1 t0 p3 are set to zero. These changes will

affect only the values of the constants z;s to Zss.

Special Case Model II

For n = 2, the net income generated by the system is given by:

1,(2,3,1) (#s pe)’ Ta9
Inc 2’31 = Loo - - —Cw21311
23, ). (s #o)P za0 + B 18 e Yoo + BuE " e Tz bl , ) be
—Cec(2,3,1) e (5.31)
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The optimal system repair rates needed to maximize the net income can be determined
by differentiating Equation (5.31) with respect to ps and pg respectively and setting

the results to zero.

aIﬂ.et(zaat 1) _ fl(p5) _ — 32
i P Chw(2,3,1) =0 (5.32)

where,

filps) = ﬂII(2s3,1)329330#§ﬂ +52If(2 3, 1)3:29331,“5'[3 lﬂm_ +
B2 1,(2,3, 1)329332#55 =2, . B14(2,3,1) Tag Tag p2P~1 p2P
B21,(2,3,1) 2ap 7o P P — B(B = 1) I4(2,3,)) o0 T 5 i
ailus) = (uf plzao+Bus g™ em + B ul 7 g zm)?

aInct(21 331) - fl(nuﬁ) - —
e = 2] Cee(2,3,1) =0 (5.33)

where,

Filpe) = BIy(2,3,1) Toemao pu 8" + B2 I1(2,3,1) m20 Tan i3 L
B 11(213s1)$29332#§ﬂ -1 2ﬁ ! ﬁff(2,3,1)329230#55#§ﬁ_
B2 1(2,3,1) s zaa ps’ gt = BB~ 1) I4(2,3,1) 229 2;n p g’

ai(ue) = gi1(us)

The optimal values of us and pg (i.e. the failed system mean repair rates) can be
determined iteratively from Equations (5.32) and (5.33). These optimal values can be
substituted back into Equation (5.31) to obtain the maximum net income derivable

from the system.

With Type B Repair, the above expressions remain valid but p; to u4 are set to zero
and with Type C Repair, p.o to p,2, gy to pg are set to zero. These changes will

affect only the values of the constants z29 to z32.
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Special Case Model I1I

For n = 3, the net income generated by the system is given by:

1/(3,3,1) (s 0)° 755
Iﬂc 3,3,1 = — — _Cw 3|3|l
(3,3, (o pir)P can + Bul io wos + Bl plwes 3.3:1) ke
- cc(3v 3: 1) br (531)

The optimal system repair rates needed to maximize the net income can be determined
by differentiating Equation (5.34) with respect to pe and p7 respectively and setting
the results to zero.

net(3,3,1) _ films) =
Ous “91(5‘8) Chal83,1) =0 39

where,

filpe) = BIx3,3,1)zaazaaps 4 + B2 I;(3,3,1) Taa 33 pet u T +
B2 14(3,3,1) 3 zas 2 — B 14(3,3,1) zaa Tae g 7 ~
B2 15(3,3,1) sss s pP " p P — (B — 1) 14(3,3, ) aa zea g~ 7

ailps) = (02 1 zaq+ Bul uf " zas + B p5 7 1f 236)’

O6e(3,3,1) _ filpr)
= -C.(3,3,1)=0 5.36
Opr g1(u7) ( ) ( )

where,

BI;(3,3,1) 23 zaa p u¥ " 4 B2 14(3,3,1) s zas g 7~ +
B2 1,(3,3,1) zag a6 & Pt = BI(3,3,1) Taa e i 7 —
B2 14(3,3,1) T30 7o 20 p2P 1 — B(B — 1) I(3,3,1) 2ay a5 7 47"

ailpr) = 9i(pe)

filpr)

The optimal values of ug and p7 (i.e. the failed system mean repair rates) can be
determined iteratively from Equations (5.35) and (5.36). These optimal values can be
substituted back into Equation (5.34) to obtain the maximum net income derivable

from the system.
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With Type B Repair, the above expressions remain valid but g, to s are set to zero
and with Type C Repair, pso to u,2, g1 to ps are set to zero. These changes will

affect only the values of the constants a3 to z3.

5.1.4 k-out-of-(n+1):G Identical Unit Submodel: Special

cases

The expressions obtained for the 1 — out — of — (n + 1) : G special cases are relevant
for the & — out — of — (n + 1) : G special case models. In fact those expressions
represent the cases for which & = 1. For & = 2, the quantities relating to system
up-state n are eliminated from z;, to zy2 and for & = 3, the quantities relating to
system up-states n-1, n are eliminated from z; to x;2. Thus, for & =7 where ¢ < n,
the same expressions remain valid as long as terms associated with system up-states

n-i+2, n-i+§,....,n are eliminated from z; to z;s.

5.1.5 k-out-of-(n+2):G Identical Unit Submodel: Special

cases

The expressions obtained for the 1 — out — of — (n + 2) : G special cases are relevant
for the k — out — of — (n + 2) : G special case models. In fact those expressions
represent the cases for which £ = 1. For k = 2, the quantities relating to system
up-state n+1I are eliminated from z;3 to 244 and for k = 3, the quantities relating to
system up-states n, n+/ are eliminated from z,3 to zo4. Thus, for & =7 where : < n,
the same expressions remain valid as long as terms associated with system up-states

n-i+3, n-i+4,....,n+1 are eliminated from z,3 to z44.
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5.1.6 k-out-of-(n+3):G Identical Unit Submodel: Special

Cases

The expressions obtained for the 1 — out — of — (n+ 3) : G special cases are relevant
for the k — out — of — (n + 3) : G special case models. In fact those expressions
represent the cases for which £ = 1. For k = 2, the quantities relating to system
up-state n+2 are eliminated from 25 to z3g and for & = 3, the quantities relating to
system up-states n+1, n+2 are eliminated from x25 to Z3s. Thus, for & = 7 where
i < n, the same expressions remain valid as long as terms associated with system
up-states n-i+4, n-i+5,....,n+2 are eliminated from z3 to z2. Thus, in genceral, the
expressions derived for the 1 — out — of — (n 4+ m) : G system are useful for the
k — out — of — (n + m) : G by simply eliminating the terms relating to the system

up-states n+m-k+1,n+m-k+2,.....n+m-1 from the relevant constants.

5.2 The Non-Identical Unit System With Early
Standby Activation: Special Cases

The same procedure outlined for the identical unit case is applicable if the system

units are non-identical.

Special Case Model 1

Forn=2 m=1and k=1 (i.e. 1 —out —of —(2+ 1) : G system) with Type B

Repair, the net income generated is given by:

Ir(2,1,1 4
La(2,1,1) = D@ LD i) 20 Gy 2,1,1)
(Brps)Pzro+ Bur s T+ Bpz  paZn
- cc(21 1: ]-) Ha (5'37)

The optimal system repair rates needed to maximize the net income can be determined

by differentiating Equation (5.37) with respect to u7 and s respectively and setting
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the results to zero.

aIm:t(2, 1) 1) fl (1“7)
Bpr "~ ailpr )

Ciu(2,1,1) =10 (5.38)
where,

Alpr) = BI(2,1,1) e zra s pd? + B2 15(2,1,1) zeo Tr1 7~ lﬂgﬁ-l‘l‘

B2 I;(2,1, 1)1‘393’-‘72#2'0-2 26 - B14(2,1, 1):1:39:1:-;2;1“3 lpgﬁ

B 1(2, 1, 1) g zn w0 = B(B - 1) I(2,1,1) ses zra o2
gi(wr) = (uf pl om0+ Buf 1g an + Buf 4l 2na)?

0lhet(2,1,1) _ filps)
dus 91(s)

—C(2,1,1) =0 (5.39)
where,

Alus) = BI;(2,1,1) zegzro iy’ pa ' + B2 I5(2,1,1) ceo tm 7 ptz~ +
B Iy(2,1,1) zeo zra gt — B14(2,1,1) Zen Tro i g
B 11(2,1,) s zrap gt = B(B —1)11(2,1,1) zeo zm 3" pg”

gi{us) = qi(pr)

The optimal values of u; and pg (i.e. the failed system mean repair rates) can be
determined iteratively from Equations (5.38) and (5.39). These optimal values can be
substituted back into Equation (5.37) to obtain the maximum net income derivable

from the system.

With Type C Repair, the above expressions remain valid but u,q is set to zero. This

change will affect only the values of the constants zgg to z4;.

Special Case Model IT

Forn=2 m=1and k=2 (ie. 2—out—of —(2+1): G system) with Type
B Repair, the optimal system repair rates can also be determined iteratively from
Equations (5.38) and (5.39) by eliminating system up-states 4, 5 and 6 and their

associated constants from zgg to 2.
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With Type C Repair, the optimal failed system repair rates can be determined from
the results obtained for the Type B Repair case by setting p,4 equal to zero. This

change will affect only the values of the constants zg to 2.

Special Case Model 111

Forn=2 m=2and k=1 (ie. 1 —out—of —(2+2):G system) with Type C

Repair, the net income generated is given by:

14(2,2,1) (15 the)® T2z
Ie(2,2,1) = - — - Cro(2,2,1) pis
* ) (Fls F16)B T3+ ﬁ#fs #!138 ! zr9+ #'?5 ! I‘fe T80 l
—C(2,2,1) p1s {5.40)

The optimal system repair rates needed to maximize the net income can be determined
by differentiating Equation (5.40) with respect to uys5 and p,g respectively and setting

the results to zero.

Let(2,2,1) _ films) Cral(2,2,1) = 0

= h.41
Oth1s 91(#15) ( )

where,

flps) = BIN2,2,1) erzmply  pis+ B [(2,2,1) srrzrs s ig | +

B2 14(2,2,1) zrr zao pie 2 ple — B 11(2,2,1) 277 Tao pist il -
B I(2,2, 1)z pie it — B (B — 1) I1(2,2,1) 237 Ts0 ue e

alus) = (ufs pszes+ B s 1is oo+ B 155 e 280)’

aInet(zvza 1) fl(luls)
= - C.(2,2,1)=0 5.42
Ome 91(#16) ( ) ( )

where,

Flms) = BL(2,2,1) orrzr pifpls™" + B2 11(2,2, 1) orr mro il 43" +

A 14(2,2,1) 277 Zso #ggdﬂ‘fg-l —B1,(2,2,1) 217278 I‘fg I‘Eg-l -

B 1;(2,2,1) zrr wao w35~ — BB — 1) [4(2,2,1) zrr 2ro i il
nlte) = glms)
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The optimal values of ys and p¢ (i.e. the failed system mean repair rates) can be
determined iteratively from Equations {5.41) and (5.42). These optimal values can be
substituted back into Equation (5.40) to obtain the maximum net income derivable

from the system.

With Type C Repair, the above expressions remain valid but x,s and p,. are set to

zero. This change will affect only the values of the constants x77 to Zgg.

Special Case Model IV

Forn=2 m=2and k=2 (e 2—out—of -(2+2):G system) with Type
C Repair, the determination of the optimal failed system repair rates can easily be
derived from the results obtained for the (1 — out — of — (2 + 2) : G) system by
eliminating system up-states 11, 12, 13, and 1{ from Equations (5.40) to (5.42).

5.3 The Identical Unit System With Late Standby
Activation: Income Maximization

The procedure already established for the special cases under SBAP Y remains valid
for SBAP Z special cases. The cases that will be presented here are those cases for
which & # n. This is because for k¥ = n only SBAP Y is practically feasible and the
the standby must be activated immediately upon unit failure otherwise, the system

would fail.
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5.3.1 1l-out-of-(n+1):G Identical Unit Submodel: Special

Cases

Special Case Model I

For n = 2 with Type B Repair, the net income generated is given by:

I!(2a 1, 1) (PS .’-‘4)‘3 Ta7
net(2,1,1) = — — —Che(2, 1, 1}
g (o pa)P 228 + Bl i zao + B4~ 1 2ao @ L1k

_Ccc(2! 1: 1) P4 (5'43)

The optimal system repair rates needed to maximize the net income can be determined
by differentiating Equation (5.43) with respect to p3 and p, respectively and setting

the results to zero.

0lnet(2,1,1) _ filps)
Ous 91(#3)

Cr(2,1,1) =0 (5.44)
where,

Hlpa) = BI(2,1, 1)537533#29 ¥+ g2 12,1, 1) 237 a0 3’ Vit g
ﬁzIf(2 1 1)3:37:340# 2p-2 '25 ﬁI!(2 1 1) 3737:1340#3 lﬂ:ﬂ
B2 I;(2,1, 1) zarzao p 37t = B(B = 1) I1(2, 1, 1) s o 3 " Y
2

alpz) = (WEplasw+Busul  z0+8 #5"#5 Z40)

aInet(2a 1,1) = fl(l'"‘l) _
Opa 91(pa)

Ce(2,1,1} =0 (5.45)
where

filpa) = BI(2,1,1)25z0 g b + B 12,1, ) aarzoo i 03 +
B I1;(2,1, 1) zarzao pd’ 'yt = BI(2,1, 1) 237 238 py pi ! —
B 12,1, ) ez zao g2 P = BB -1V (2, L, ) g7 mao i

gi(pd) = g1(p3)

The optimal values of u3 and g4 (i.e. the failed system mean repair rates) can be

determined iteratively from Equations (5.44) and (5.45). These optimal values can
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substituted back into Equation (5.43) to obtain the maximum net income derivable

from the system.

With Type C Repair, the above expressions remain valid but uso is set to zero. These

changes will affect only the values of the constants z37 to zyo.

Special Case Model II

For n = 3 with Type B Repair, the net income generated is given by:

1;(3,1,1) (pa ps)? var
Ing 3 1-, 1 - - — - C 3 1, 1
(3 1,1) (tta p5)P zaz + Bl 1" maz + Bl 18 Tag ho(3,1,1)
- cc(3g 11 1) My (5.46)

The optimal system repair rates needed to maximize the net income can be determined
by differentiating Equation (5.46) with respect to u4 and us respectively and setting

the results to zero.

aInel(31 1, 1) fl(#‘i) =
6}14 91(#4) hw(31 1, 1) =0 (5.47)

where,
Alrd = BL3,1, )z p? ud + 82 1;(3,1,1) 24 Tapd Pl 4
B2 I;(3,1,1) zq z“,uzﬂ -2 2‘9 - B1I,(3,1, 1)3:41:544;14‘3 1#2:3
A I (3,1, 1)-"-’413431123 IF.E,B - B(B—-1)1x3,1,1) T4 -'544.“4 2!‘:‘3

alp) = (W plza+Bul vl 2+ Bud 1l 7as)?

Olnet(3,1,1) _ filus) -
Bus 9‘1(# ) Cul3,1,1) =10 (549)

where,

Hilus) = BI1(3,1, 1)3413:42#49 L 14+ 82 1(3,1, 1)-’*’41‘“4:?#4 #23-2'*'
B I;(3,1,1) 2 zaa g3 = B L (3, 1, ) 2y zaa i} 3 —
B I3, 1, )z e o3’ P = B(B = V) I4(3,1, 1) 2 maa p i3

ailps) = g1(p4)
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The optimal values of pq4 and ps (i.e. the failed system mean repair rates) can be
determined iteratively from Equations (5.47) and (5.48). These optimal values can be
substituted back into Equation: (5.46) to obtain the maximum net income derivable

from the system.

With Type C Repair, the above expressions remain valid but s, is set to zero. This

change will affect only the values of the constants x4 to Tay.

5.3.2 l-out-of-(n+2):G Identical Unit Submodel: Special

Cases

For the following special case models, the following results are obtained:

Special Case Model I

For n = 2 with Type C Repair, the net income generated is given by:

I.f(23 21 1) (#‘I PS)ﬁ T49
La(2,2,1) = £ - — Ch(2,2,1)
‘ (1a pis)P 230 + B 1S 21 + Bl 15 752 P
— cc(?, 2, 1) FS (5-49)

The optimal system repair rates needed to maximize the net income can be determined
by differentiating Equation (5.49) with respect to p4 and us respectively and setting
the results to zero.

aInct(zazil) = fl(l-‘d)
Opa 91{#4)

— Chu(2,2,1) =0 (5.50)
where

hlus) = BI(2,2, 1) zaezso 3”13 + B2 14(2,2,1) 240 T51 pPt By

p? I;(2,2,1):c¢9z52p4 “2,38 — B1,(2,2, l)a:.mzsgm 1~

ﬂ If(2 2, 1)1'491'51 #w Iﬂgﬁ- ﬁ(ﬂ - I)If(2 2, 1)349352# 30- 2#25
ailpa) = (#4 #5 Zgo + !3#4 Fs Yz + ﬁm" Hs 352)2
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Onet(2,2,1) - filps) Ce(2,2,1) =0 (5.51)
Opis alps) '

where

filps) = BIf22,1) zazso b + B 12,2, ) ziewm pd " +
ﬁz If(2 2,1) z49 %52 Fq - 29_1 —ﬁI;(2 2,1) -'549350#4'3 Fm_l
B2 11(2,2,1) 249 52 #45 ll‘gﬁ_ BB —1)14(22,1) Z4pT51 pi #213-2

afps) = gi1(pd)

The optimal values of x4 and ps (i.e. the failed system mean repair rates) can be
determined iteratively from Equations (5.50) and {5.51). These optimal values can be
substituted back into Equation (5.49) to obtain the maximum net income derivable

from the system.

Special Case Model IT

For n = 3 with Type C Repair, the net income generated is given by:

If(3!2s 1) (Ps #s)ﬂ Ts3
L(3,2,1) = _ _ — Ch(3,2,1) s
! (15 pe)? Ts4 + B il 4l Yaogs + B ul " b zse e
—Cer(3,2:1) t6. | (5.52)

The optimal system repair rates needed to maximize the net income can be determined
by differentiating Equation (5.52) with respect to p5 and pe respectively and setting
the results to zero.

aIﬂet(312’1) = fl(ﬂs) _
Ops 91(ps)

Crw(3,2,1) =0 (5.53)
where

fl(FS) = 511(3 2,1) z53Ts4 Fsp - 2ﬁ+}621!(3 2, 1)353355#5‘3 Iﬂzﬂ_ +
8% 1,(3,2, 1) zs3 zse F 2ug” — B14(3,2, 1) 253 T e pdf —
B2 1,(3,2, 1) zsa zss 2P it — B(B — 1) I4(3,2, 1) 250 250 1272 2P
91(s) = (42 8 zea + B 1o~ Tes + B s~ 1 T5s)?
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aIﬂct(31 2! 1) — fl(#s)
dus 91(1"6)

- C.(3,2,1) =0 (5.54)
where

Flus) = BIN3,2,1) wsarss p¥ud® " + B2 14(3,2, ) asamss w3 43" +
8 1;(3,2, 1)"7.535‘-'53.“m - 213- - B1,(3,2, 1)353354#5p#gp-
B 1,(3,2, 1)5053358#2'6 ! 20— B(B—1)14(3,2,1) zs3 Tss I‘sa #m“?

i(pue) = g1(ps)

The optimal values of ps and g (i.e. the failed system mean repair rates) can be
determined iteratively from Equations (5.53) and (5.54). These optimal values can be
substituted back into Equation (5.52) to obtain the maximum net income derivable

from the system.

5.3.3 1l-out-of-(n+3):G Identical Unit Submodel: Special

Cases

For the following special case models, the following results are obtained:

Special Case Model I

For n = 2 with Type C Repair, the net income generated is given by:

I (2 3 1) (#5 #e)ﬂ Ter
L.(2,3,1) = A R R A Y - — Cho(2,3,1) s
et (25 i6)P zaz + B S 4o oy + B 1§ " b Tea

—Cee(2,3,1) pe (5.55)

The optimal system repair rates needed to maximize the net income is determined
by differentiating Equation (5.55) with respect to us and yg respectively and setting
the results to zero.

aIﬂet(21 311) = fl(.u5) _
dus 91{ps)

Chu(2,3,1) =0 | (5.56)
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where,

Hlps) = 311(2:3’1)%:%2#5 P + B2 1;(2,3,1) 2 Tesps ug 4
#21,(2,3,1) ze1 2oy p2P 2P — B14(2,3,1) 21 2oy pPt p¥ —
B2 1,(2,3,1) Te1 Zas 2 2P = B(B = 1) I1(2,3,1) 21 Toa i G
qilus) = (6l pl e + Buf pf vea + Bl il zes)

01e(2,3, 1) - Ji(use) _ 9 = 7
s gi(ne) Cel®31) =0 (%50

where,

hlpe) = BIf(2,3, 1) za1%e2 .“5 pg,a ! +ﬂ2 14(2,3,1) ze -""eﬂi‘sﬁ #33-2'1‘
B2 1;(2,3,1) za1 Toa pi g — BI14(2,3,1) 2t Tea B3 pg " —
B2 14(2,3,1) ze1 Te P 30 = B(B — 1) [4(2,3,1) sar Tea i3’ pig

gi(pe) = g1(ps)

The optimal values of us and pg (i.e. the failed system mean repair rates) can be
determined iteratively from Equations (5.56) and (5.57). These optimal values can be
substituted back into Equation (5.55) to obtain the maximum net income derivable

from the system.

K

Special Case Model II

For n = 3 with Type C Repair, the net income generated is given by:

14(3,3,1) (g t7)” Tes
Let(3,3,1) £ _ — Chu(3,3,1) 1
e (16 17)8 Tes + B 1l uE " 267 + B s~ 1f zes w(3:3,1) s
~Cee(3,3,1) iz (5.58)

The optimal system repair rates needed to maximize the net income can be determined
by differentiating Equation (5.58) with respect to ug and pr respectively and setting
the results to zero.

aIﬂel(3| 3: 1) fl(pB)
due 91(#6)

hw(3s 3, 1) =0 (5.59)
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where,

filue) = BIx3.3,1) zeszas 0¥ + B 13,3, D zas zer g 47 +
B2 I;(3,3,1) zes zes e u¥ — 14(3,3,1) wes Tes g 17 —
B 1;(3,3, 1) zes zer pg a7 — B(B - 1) 13,3, 1) zes e g’ T’

alus) = (uf 8 zes + Bus ud zgr + B 7 8 s )?

aInet(3}3$1) = fl(p'f) -
Oz ar(pr)

C.(3,3,1)=0 (5.60)
where

filpr) = BIN3,3,1)zaszee e " + B I(3,3,1) as o7 iz p’t +
B2 1;(3,3,1) wes ea pi° p ¥ — BI14(3,8,1) zes Tea g 47 —
B2 1(3,3,1) wes wes e 1 p P~ — B(B — 1) I1(3,3,1) wes wer i p7°

nlpr) = qilps)

The optimal values of yg and py (i.e. the failed system mean repair rates) can be
determined iteratively from Equations (5.59) and (5.60). These optimal values can be
substituted back into Equation (5.58) to obtain the maximum net income derivable

from the system.

5.3.4 k-out-of-(n+1):G Identical Unit Submodel: Special

Cases

The expressions obtained for the 1 — out ~ of — (n+ 1) : G special cases are relevant
for the k — out — of — (n + 1) : G special case models. In fact those expressions
represent the cases for which k = 1, For k = 2, the quantities relating to system
up-states 7 and n — 1) are eliminated from Z37 to Z44 and for k = 3, the quantities
relating to system up-states n-1, n, n — 2" and n — 1M are eliminated from za7 to
244 Thus, for k = j where j € n, the same expressions remain valid as long as terms
associated with system up-states n-j+2, n-j+3,....,.n, n —j + 10, n—j+20 ...

n — 1} are eliminated from za7 to z44.
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5.3.5 k-out-of-(n-+2):G Identical Unit Submodel: Special
Cases

The expressions obtained for the 1 — out — of — (n +2) : G special cases are relevant
for the k — out — of — (n +2) : G special case models. In fact those expressions
represent the cases for which & = 1. For k = 2, the quantities relating to system
up-states n-+1 and n{l) are eliminated from z4 to zss and for & = 3, the.quantities
relating to system up-states n, n+1, n — 1 and n(1) are eliminated from z,9 to Tss.
Thus, for k = j where j < n, the same expressions remain valid as long as terms
associated with system up-states n-j+8, n-j+4,....,a+1, n—3 +20) n—j430) a0

are eliminated from x4y to zsg. )

5.3.6 k-out-of-(n+3):G Identical Unit Submodel: Special

Cases

The expressions obtained for the 1 —out—of —(n+3) : G special cases are relevant for
the k —out —of — (n+3) : G special case models. In fact those expressions represent
the cases for which k& = 1. For k& = 2, the quantities relating to system up-states n-+2
and n + 1M are eliminated from z¢; to zes and for k£ = 3, the quantities relating to
system up-states n+1, n+2, n{) and n + 1(!) are eliminated from z¢; to Zgs. Thus,
for k = j where j < n, the same expressions remain valid as long as terms associated
with system up-states n-j+{, n-j+5,...a+2 n —j + 30, n — j + 40, n 410
are eliminated from z¢ to zes. Thus, in general, the expressions derived for the
1 — out — of — (n+ m) : G system are useful for the k —out —of —(n+m) : G
by simply eliminating the terms relating to the system up-states n-+m-k+1,n+m-
k42 ntml,n+m =k ndm—k+10,  n+m—20, n+m—k-13,
n+m—k®,  .n+m=33 ...[(n+m)—(k+i))™ from the relevant constants

such as zg; to zgs. Wherei =0,1,2,.....m.
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5.4 The Non-Identical Unit System With Late
Standby Activation: Special Cases

The same procedure outlined for the identical unit system is applicable if the system
units are non-identical. The following analysis cover those special cxses for which
k # n. For k = n, standby activation policy Z is not practicable because the standby
must be activated as sson as an active unit fails in order to prevent overall system

failure.

Special Case Model 1

Forn=2 m=1land k=1 (ie. 1 —out —of —(2+1) : G system) with Type B

Repair, the net income generated is given by:

1;(2,1,1) (g7 ps)® zaa
Let(2,1,1) - = — Chw(2,1,1) p7
oo (#7#s)g$32+ﬁ,ug#g Yog + B uf " 1 T
—Cee(2,1,1) pi5 (5.61)

The optimal system repair rates needed to maximize the net income can be determined
by differentiating Equation (5.61) with respect to y7 and ps respectively and setting

the results to zero.

aInet(zs 111) — fl(#'f) _
Our a1{u7)

Crw(2,1,1) =0 (5.62)
where,

Alpr) = BIL2 1,1 enze p¥ ud + B2 11(2,1,1) 201 zaap? " gy +
B L2, 1, 1) za zea 7 g — BI(2,1, Deazap? " pg -
B2I(2,1,1) g Taa ¥y = B(B - 1) 14(2, 1, 1)%1-’»”34#" g
ai(ur) = (8 Wl zer+Buf We zaa + BT ug )

0Inet(2i 1: 1) = fl(FB)
Aus 91(ps)

— Ceel2,1,1) =0 (5.63)
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where,

Hilps) = BI(2,1,1) za12a82 PPt 4 g2 15(2,1,1) zg) g3 p2 pdlf=? 4
B2 I11(2,1,1) gy zaa p "t — BIp(2,1,1) T T2 3 i ~
ﬁ2 If(2v 11 1) T3 Tgq #gﬁ—lygﬁ—l - ﬁ(ﬂ - l) IJ"(2’ 1’ 1) Tg1 Tg3 .ugﬁ pga—z

ailus) = @ilpr)

The optimal values of u7 and pa (i.e. the failed system mean repair rates) can be
determined iteratively from Equations (5.62) and (5.63). These optimal values can be
substituted back into Equation (5.61) to obtain the maximum net income derivable

from the system.

With Type C Repair, the above expressions remain valid but g,q is set to zero. This

change will affect only the values of the constants zg; to zg,.

Special Case Model II

Forn=2,m=2and k=1 (i.e. 1 —out—af—(2+2):G system) with Type C
Repair, the net income generated is given by:

11(21 2, 1) (15 #16)’6 Tgs

- Che(2,2,1
(P:s p1e)f zgs + B Ffs #fs_l Tgr + ﬂ#fs-l .“Es Tgg AW( ) fs
- cf:(zs 21 1) His (5.64)

Inet(zs 21 1) =

The optimal system repair rates needed to maximize the net income can be determined
by differentiating Equation (5.64) with respect to y;s and u,6 respectively and setting

the results to zero.

aIne!(2s271) = fl(lulS) _
Ou1s g1(s)

Cru(2,2,1) =0 (5.65)
where,

filis) = BIH2,2,1) zaszas pia ls + B2 11(2,2,1) g5 2a7 pie  pio* +
B 1,(2,2,1) zg5 245 Fgg-zligg — B14{(2,2,1) zg5 Tgg ugg—x F?g -
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162 If("'v 2,1) zgs Tgr F‘gg ll‘fg-l B (ﬁ - 1) If(“? 2,1) zys Tss 1"15 o .“-;:f
a(ps) = (Pls #m Tgg -+ 5#15 #u; rgr + 8 #15 I-‘ls Tes)?

aIﬂef(2’ 231) = fl(lulﬁ) _
Ou1e N(me)

Cee(2,2,1)=0 (5.66)
where,

Hlme) = B2, 2,1) zasTas fraoiian "t + B2 1;(2,2,1) zgs Ta7 s pig C +
B2 1;(2,2,1) Tas Tas 20 p30" — B14(2,2,1) was Tus 415 Y5 —
B2 1;(2,2,1) zss Tas 28~ 138 — B (A — 1) I1(2,2,1) Tas Ta 115 Hi6

qi{pme) = g1(ps)

The optimal values of p15 and e (i.e. the failed system mean repair rates) can be
determined iteratively from Equations (5.65) and (5.66). These optimal values can be
substituted back into Equation (5.64) to obtain the maximum net income derivable

from the system.

5.5 Numerical Examples

This section presents two numerical examples to illustrate the results obtained in the
eatlier sections of this Chapter. These are: i) the (2,1,1) identical unit special case
with Type C Repair and under SBAP Y and (ii) the (2,1,1) identical unit case with
Type C Repair under SBAP Z.

For the (2,1,1) identical unit special case with Type C Repair, let us assume that
I4(2,1,1) = $25000/month, A, = 0.0004/hr, A, = 0.0001/hr, Ao = 0.1 Ay At =
Ao/2; Az = A2y At = Aoy = 0.75 Ay Ay = Aoty /2. Let us also assume the
following starting values for the repair rates: uz = 0.00125 per Hr and g4 = 0.00125
per Hr. For 8 = 1, the cost constants corresponding to these starting values are:
For SBAP Y: Ciw(2,1,1) = 23355328Hr and Cc(2,1,1) = 230092%Hr; For SBAP Z:
Chw(2,1,1) = 21239868Hr and C.(2,1,1) = 2232158Hr.
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a) Under SBAP Y, using Equation (5.10), the net income generated by this system
can be calculated as a function of the critical common-cause failure rate Ao and the
failed system repair pdf shape parameter 8 for fixed values of failed system repair
rates, gz = pq = 0.00125 per Hr. These values are given in the second column of
Table 5.1 and plotted in Figure 5.1. Tabular values and plots of the net income versus
the repair rate when the system fails due to hardware failures are given in the second
column of Table 5.2 and Figure 5.2 respectively while the values in the second column
of Table 5.3 and the plots of Figure 5.3 show the variation of the net income with the

failed system repair rate when the system fails due to commeon-cause failures.

b) Under SBAP Z, using Equation (5.43), the net income generated by this system
can be calculated as a function of the critical common-cause failure rate A,y and the
failed system repair pdf shape parameter B for fixed values of failed system repair
rates, g3 = pq4 = 0.00125 per Hr. These values are shown in the third column of
Table 5.1 and plotted in Figure 5.1. Tabular values and plots of the net income
versus the repair rate when the system fails due to common-cause failures are shown
inthe third column of Table 5.2 and Figure 5.2 respectively while the values in the
third column of Table 5.3 and Figure 5.3 show the variation of the net income with

the failed system repair rate when the system fails due to common-cause failures.

The following optimal system repair rates, u3 and g} have been determined iteratively
using Equations (5.11) and (5.12) (for the SBAP Y case) and Equations (5.44) and
(5.46) (for the SBAP Z case). The values enclosed in brackets are the corresponding

maximum net income values.

Under SBAP Y: For § = 1, u3 = 0.00125/Hr and s} = 0.00125/Hr, ($18015.04).
For 8 =2, u3 = 0.00164/Hr and g = 0.00165/Hr, (315456.17). For =3, u3 =
0.00188/Hr and uj = 0.00190/Hr, ($13625.56). For 8 =4, u3 = 0.00206/Hr and
u5 = 0,00205/Hr, ($12171.89).

Under SBAP Z: For § =1, u3 = 0.00138/Hr and a3 = 0.00125/Hr, ($18650.00).
For § =2, pu3 = 0.00182/Hr and uj = 0.00165/Hr, ($16298.63). For 8 =3, u3 =
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Table 5.1: J,.(2,1,1) (8) (in dollars} as a function of Ao for Type C Repair

Ao (per Hr.) SBAPY

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
0.00002
0.00003
0.00004

0.00001
1.00002
0.00003
0.00004

18199.05
18137.83
18076.48
18015.04

15508.54
15415.16
15321.96
15229.01

13418.86
13308.50
13198.74
13089.61

11748.93
11630.02
11512.07
11395.10
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SBAPZ
18574.07
18515.55
18456.84
18397.94

16089.50
15997.84
15906.26
15814.75

14113.73
14003.14
13893.00
13783.30

12504.95
12383.79
12263.43
12143.87
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Table 5.2: I..(2,1,1)(B) (in Dollars) as a function of p3 for Type C Repair

ps (per Hr.)
0.000625
0.001000
0.001375
0.001750

0.000825
0.001320
0.001815
0.002310

0.000950
0.001520
0.002090
0.002660

0.001025
0.001640
0.002255
0.002870

SBAP Y.
16908.37
17893.32
17991.85
17715.52

14192.32
15318.76
15422.97
15066.03

12303.39
13479.28
13588.36
13192.05

10799.71.
12005.84
12141.04
11746.61

310

SBAP 2
17634.03
18557.99
18649.55
18395.14

15078.75
16178.53
16293.57
15974.12

13273.43
14459.28
14597.57
14251.93

11897.77
13100.45
13234.79
12857.54

fixed value of sy (per Hr.)

0.00125

0.00165

0.00190

0.00210



Table 5.3: Jnee(2,1,1)(8) (in Dollars) as a function of p4 for Type C Repair

u3 (per Hr.)
0.000156

0.002125
0.004094
0.006063

0.000206
0.002805
0.005404
0.008003

0.000238
0.003230
0.006222
0.009215

0.000026
0.003485
0.006714
0.009942

SBAP Y
16427.84
17932.79
17562.41
17138.51.

13471.41
15345.93
14856.36
14296.68

11411.88
13498.60
12935.30
12291.05

9800.711
12038.77
11433.85
10739.84
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SBAP Z
17123.91
18591.17
18231.77
17820.52

14350.15
16214.86
15741.39
15198.95

12395.54
14503.79
13960.43
13336.52

10882.59
13131.91
12530.80
11841.08

fixed value of g3 (per Hr.)

0.00125

0.00165

0.00190

0.00210
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Tigure 5.3: Tnee(2,1,1)(B) (in dollars) Vs.

0.00209/1ir and pj = 0.00190/IIr, ($1.1600.00). For f =4, p3y = 0.00226/Hr and
;= 0.00210/Hr, ($13236.30).
These optimal system repair rates are consistent with those of the plots of Figures 5.2

and 5.3 vespectively.

5.6 Concluding Remarks

The net system income has heen modeled to be directly dependent on the long-run
system availability. Thus the higher the long-run availability, the greater the net in-
come generated, Therefore, it may not he surprising that Lhe system net income drops
as e system repair time distribution shape parameter B is increased. An increase
i f4, as will Le shown in the next Chapter, implies a decrease in Lhe instantancous

system repair rate and thus a decrease in the system long-run availability. This also
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means a decrease in the system repair/maintenance costs. In other words, an increase
in the system availability can only lead to an increase in the system net income if the
extra gains made from having a higher system long-run availability exceed the extra
expenses that will accompany any increase in the instantaneous repair rate. Fortu-
pately, this is one of the assumptions of this analysis. Thus the system net income
should increase with any increase in the system long-run availability. The flip side
of the coin is that if repair costs become high enough to threaten the gains deriv-
able from a high system availability (which result from having a high instantaneous

repair rate), the system net income may in fact grow with an increase in the value of 3.

The main contribution of this Chapter is the development of mathematical rela-
tionships (using a differential calculus method) that show that the system net income
from k.— out —of —(n+m) : G type redundant systems can be maximized by adopt-
ing certain failed system repair rates for both independent and common-cause system

failures.
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Chapter 6
Discussion of Results

The influence of common-cause failures on the k& — out — of — (n + m) : G system
under both standby activation policies (SBAPs) is clearly evident as orc goes through
the various system mean time to failure tables and plots. The general picture that
emerges is that an increase in the critical common-cause failure rate A invariably
reduces the system long-run availability, the system reliability, the system mean time
to failure but it also reduces the variance of time to failure {which is a desirable
effect as indicated by the analysis in Appendix J.2 ). The extent of this influence
generally depends on the number of active units employed as well as the number of
standby units. An increase in the number of standbys for a fixed number of active
units improves the system performance characteristics regardless of the Repa.ir Type

and standby activation policy being considered.

The comparison of tabular system mean time to failure values in Chapter 3 with
those of Chapter 4 for the same configuration and Repair Type clearly shows that
SBAP Z is the superior standby activation policy. This may be due to the fact that
delaying the activation of- the standby keeps the standby failure rate at A, which is

often a fraction of A, the failure rate the standby would have if activated. Thus the
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warm standby (i.e. partially energised) status of the standby units enable SBAP Z .
to produce higher mean time to failure values. The superiority of SBAP Z should
be most pronounced when the standbys are in cold standby status (i.e. A, = 0) and
is expected to vanish as the value of A, approaches that of A, (i.e. with increased
energisation of the standby). With fuli energisation of the standbys, the standbys
are said to be in hot status (i.e. A, = ;) and there should be no difference in the
performance of both SBAPs using the system mean time to failure as the sole measure
of perform-ance. Unfortunately, SBAP Z, also produces much higher variance of time
to failure values as indicated in Appendix J.2. This could be undesirable because
higher variance values imply a greater degree of variability of failure times and thus
a greater randomness in failure patterns. This might pose a problem in the area of

planning for preventive maintenance.

Generalization of the failed system repair time distribution reveals that the & —
out — of — (n + m) : G system long-run availability is influenced by the system
repair time distribution. The exponentially distributed repair time scenario yielded
the highest values of the system long-run availability while Gaussian repair times
produced the least values for the system long-run availability. This trend runs through
the various special cases considered regardless of the governing SBAP and the Type of
Repair. It is clearly conclusive that as failed system repair becomes more generalized
with the increase in the value of the Gamma shape parameter 3, the k — out —
of — (n + m) : G system long-run availability drops. This trend is consistent with
the proceeding mathematical formulation which shows that the instantaneous system
repair rate is highest when § =1 (i.e. exponentially distributed system repair times

or constant system repair rate).
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Recall that for generalized failed system repair, the failed system repair time distri-
bution is given by:

_ th (Fhw z)ﬁ-l e-”bw:

Qho(T) = T() ;220,8>0 (6.1)
gecl(z) = £ (p“;)(gl 220,850 (6.2)
where

ghe(z) is the pdf for the failed system repair time when the system fails due to
independent failures of its components and z is the elapsed repair time.

gee() is the pdf of the failed system repair time when the system fails due to common-
cause failures of its components.

fihw i8 the system mean repair rate when the system fails due to the independent
failures of its components.

Hee is the system mean repair rate when the system fails due to the common-cause

failures of its components.

The instantaneous repair rates for the system are given by:

_ qhw(t) ’
hralt) = T (@) 42 (63)

_ Gee(t)
heelt) = 72 s gec(z) dz | (64

For =1, the expression for the system repair pdfs and the instantaneous repair
rates are given respectively by:

hw(t) = paw ™! (6.5)
and

haw(t) = thw ‘ (6.6)
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Gec(t) = Bec€7H"
and

hcc(t) = Mo

For 8 = 2, we have:

Qhw(t) = #%wte—yh“!

and
gec(t) = pd, t e7Heet
and

For 3 = 3, the respective expressions are:

qhw(t) = “?lw 12 e-“'hwt

and
3 tg
haw(t) = Hhw
wlt) pd B+ 2up,t+2
ch(t) = #gc ta C—““‘
and

w1

he{t) = -

203+ 2p,1+2

(6.7)

(6.8)

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)



and for 8 = 4, we obtain:

qru(t) = pih, 12780 (6.17)
and
4 43
#hwt
wll) = A8
hnu(t) w3, +3pd, 2+ 6unut+6 (618
ec(t) = pb 13 e7Hee? (6.19)
and
4 43
heelt) = 2L (6.20)

P2+ 3pk i+ 6.t +6

The instantaneous rates given by Equations (6.6), (6.8), (6.10), (6.12), (6.14), (6.16),
(6.18) and (6.20) are increasing functions of ¢ (i.e. time) as shown in Figure 6.1 which
represents the plots of the instantaneous system repair rates for different values of 3

for the case when the system fails due to common-cause failures of its components.

From Figure 6.1, it can be observed that as B increases, the instantaneous system
repair rate decreases and thus the system long-run availability should be expected
to decrease regardless of the number of system units and the governing standby
activation policy. Thus for exponentially distributed repair times, (8 = 1), the system
long-run availability is expected to have its maximun values. Unfortunately, the repair
costs are also expected to rise with increasing instantaneous repair rates. This cost
aspect will be discussed further in this Chapter. In practice, system repair times may

be more likely to be some pdf other than the exponential distribution.

Using a differential calculus-based approach, the net income generated from
operating a k — out — of — (n + m) : G system can be maximized by adopting
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Figure 6.1: Instantaneous System Repair Rate Vs Time (p.. = 0.00125 per Hr.)

aspect will be discussed further in this Chapter. In practice, system repair times may

be more likely to be some pdf other than the exponential distribution.

Using a differential calculus-based approach, the net income generated from
operating a k —out —of —(n+m) : G hsystem can be maximized by adopting
certain system optimal repair rates. For the numerical examples chosen, a glance at
Figures 5.2 and 5.3 would indicate that the net income is more sensitive to changes in
3 than to changes in u4. This should be expected since the common-cause failure rate
is often a fraction of the independent failure rate of components for most redundant
systemns. Also the net income is sensit.ive to changes in the failed system repair
time pdf shape parameter £. The net income is essentially the difference between
the income and the maintenance (or repair) costs. As § increases, the instantaneous

repair rate decreases and therefore the system long-run availability drops and this may
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as the system availability rises and thus we should expect ‘the maximum net income
when repair times are exponentially distributed. It is hardly surprising, that SBAP
Z yielded higher net system incomes than SBAP Y because the system operating
under SBAP Z produced higher system long-run avaiiability values which is a direct

result of the warm standby status (A, < A1) as stated before.

Finally, it is important to note that virtually all the analyses conducted in this
study were performed on the most pessimistic basis (i.e. each common-cause failure
event was assumed to be lethal and therefore capable of triggering system failure).
Thus, virtually all the results and values generated for various system performance
indices could be considered as lower bound values. In practice, most k — out —of —
(n + m) : G systems should have higher values of system performance indices for
the same failure rates used in this Study. Also, it is noteworthy that the generalized
system mean time to failure expressions presented in this study may be used to gain
a quick insight as to whether to repair system units or not. For example, in those
special cases in which there are no significant differences between the results obtained
for Type A Repair and those obtained for Type C Repair, it may be prudent not to
repair system units upon failure particularly if there are other compelling reasons not

to do so (e.g. high unit repair costs).
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Chapter 7

Conclusions and Future Directions

7.1 Conclusions

i) An increase in the critical common-cause failure rate, Ay, reduces the k — out —
of — (n +m) : G system long-run availability, reliability, mean time to failure and
variance of time to failure. This is true regardless of whether the system units are

identical or non-identical.

ii) The extent to which ar increase in A reduces these performance indices depends
on the number of active units and the number of standby units as well as on the
values of the standby unit failure rate, A,, and the active unit failure rate, Ao. With
full energisation of the standby (i.e. A, = A1), an additional standby would have the
least favourable impact on the values of the system performance indices. In practice,
), < A and an increase in the number of standby units for a fixed number of active

units would improve system performance indices significantly.

iii) A comparison of the performance of the two different SBAPs reveals that SBAP
Z would be the better performer if the system mean time to failure were the sole

measure of performance. This is because under SBAP Z, the system congistently
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yielded higher values for the system mean time to failure. This trend should not be
surprising because all the standbys considered in this study were in warm standby
status. In general, the colder the standby the more superior SBAP Z becomes and
vicq versa. Unfortunately, SBAP Z, also produces much higher values for the variance
of time to failure. This could have dire consequences for the implementation of

preventive maintenance schemes for systems operating under SBAP Z.

iv) The k — out —of — (n + m) : G system long-run availability is heavily influenced
by the failed system repair time pdf. Constant repair rates produced much higher
system long-run availability values. These values decrease =s yepair rates become

more time-dependent.

v) The net income generated by the k —oui — o f = (n+m): G type systems can be
maximized by adopting certain optimal mean system repair rates for both indepeﬁ-
dent and common-cause failures. If the failed system is Erlangian, the net income

generated is expected to drop with an increase in the Erlangian shape parameter .

vi) In practice, for the same failure rates and system state transition patterns, the
system would be expected to produce higher values for w.rértua.lly all the system indices
considered in this study. This is because completely-coupled common-cause failnres
were assumed in this study and thus values generated for system performance indices
could be considered as lower bound values. Finally, it is noteworthy that the analyses

conducted in this Study are based on the inherent reliabilities of system units.
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7.2 Future Directions

i} The time-dependent system availability values were not determined for the special
cases considered in this study because of the computational difﬁculti&s involved in
solving the system partial integro-differential equations. There are two main tech-
niques available in the literature for solving these equations viz: a) the Laplace trans-
form method (which was widely used in this study in combination with the Par-
tial Fraction Method to compute system reliabilities); and b) the Lagrange Method
for partial differential equations. Both of these methods are usually combined with
the supplementary variables technique in their application. Both approaches are te-
dious. For the Laplace transforms method, the inversion of the resulting Laplace
transform expressions from s-domain to time domain could be very cumbersome.
Perhaps, further studies should be conducted to develop solution techniques and al-
gorithms to ease these difficulties. Fortunately, the long-run availability of repairable
k—out —of —(n+m) : G type redundant systems appears to be the index of greater

concern than the transient time-dependent availability.

it} The k — out — of — (n + m) : G system could be studied further by relaxing
the assumption of complete-coupling of common-cause failures. This should lead to

probably less pessimistic results than those obtained for this study.

iii) It would be interesting to study more general models of k—out —of —(n+m): G
systems that incorporate time-dependent unit failures and repairs. It will be equally
interesting to study models that consider state-dependent component failure rates

(i.e. load sharing).

iv) The pdf s of both failure and repair processes assumed in this study can be handled
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mathematically to a considerable extent. Further studies incorporating other pdfs
that may not be easy to handle mathematically can be conducted using the techniques

of digital computer simulation (e.g. Monte Carlo).
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Appendix A

Types of Redundancies

The following are types of redundancies commonly in use.

Parallel Redundancy

Figure A.1 shows three units in parallel redundancy.

Figure A.l: Three units in parallel redundancy

k-out-of-n:G Redundancy

Figure A.2 shows the k-out-of-n:G arrangement of units.

Standby Configuration

Figure A.3 shows the standby arrangement of units.
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k good units needed to keep the system functional

Figure A.2: k-out-of-n:G Redundant Configuration

|

Component 4 with n standbys

Figure A.3: Standby Redundant Configuration
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Appendix B

Identical Unit 1-out-of-(n+1):G
Submodel With Early Standby
Activation: Definition of

Constants

The following constants are associated with the analysis performed on the 1 —out -
of — (n+ 1) : G system under SBAP Y in Section 3.1.

Ay = Cra(1) + Cra(07), Az = C14(1) C11(07), Az = C11(0) + Cra(1) + Cra(0)
Ay = C14(1) C11(0") + C1,1(0) Cra(1) + C1a(0) Cra(0") — g1 Ay — oot A
As = C1,1(0) C1,4(1) C1,0(07) = g1 21 C1,a(0') — prawrds Cra(1)

As = A2+ M Ay, Az =200 (0) + A A, Cra(l), As= Ao

Ag = Ao C1a(1) + A0 Cra(0) + M ey + Acr A,

Ao = Ao C14(1) Cra(07) + X1 A Cra(0') + A, Ay Cra(1)

A = Caa(1) + Cap(2) + C2a(0')

Apz = C21(1) C2,1(2) + Co,1(1) Co1 (0') + C2,4(2) C2,a (V') — 4 2y

Aya = C22(1) C2,1(2) C24(0') = 2 pz Ay C20(1) — 22 Xy G (0)

Al =21, Ais =2 Ca,1(2) + 22, C2(0')

Are =22 C2(2) C24(0") —4 A pa + 22 M A,

Alr =202 +40 A =2:)1,C1(1)+4 A Cy1(07)
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Ag = Ay, Azo =N Cat{1) + 2, C21(2), Azt = A, C21(1) Caa(2) +4 A3y = 201 A o
Az = Anr + C21(0), Asz = A+ C21(0) An — 1 Ars — paor Ao

Ay = A + 02.1(0) Az — g1 Ars — paor Azoy Azs = Apg C21(0) — 1 Ass — psor A2t
Aze = A Air, A2z = ) Assy As = Ao

Azp = Ao A1 + A Al 4 Aoor Arg, Aso = Ao iz + Aa Ais + A2 Arr + A Ao

An = Ao Az + Aa A + A2 Ais + Ay An

Asz =31, Asa =3 Caa(3) + 32 C5(2) +3 M C3(0)

An

ASS

Az

Azs

A39

321 C3,1(2) C3,a(3) + 3 M C3,1(0°) C32(3) + 3 X1 €32 (0') C3a(2) —
9AT 2 —6A% 3 + 3 M Ay pg

321 C3,1(2) C3,1(8) Can(0') = 923 1 Ca,0(3) — 6 AF C3,1(07) + 3 M Ay 12 Ca,u(3)
C34(2) + Caa(0) + C31(1) + C3.(3)

C3,1(2) C3,(0") — 3 A iz + C3(1) Ca(2) + Ca(1) C3a(07) +
C3,1(2) Ca,1(3) + C3,1(3) C3.4(0") + C31(1) C3a(8) — 3 M2 — 2 Ay 3
C3,1(1) C31(2) Ca1(0) — 3 Ay pt2 C31(1) + C3.1(3) Ca,1(2) C32(0") —
3 A1 pt2 Ca(3) + C34(1) C3,1(2) C31(3) + C3,1(1) C3,1(3) C3,(0') —

3 M p2 Can(8) = 321 p2 C31(0°) — 2123 G (1) — 2 Ay 3 C3,0(0)
C34(1) C3,1(2) C3,1(3) C3,(0°) — 3 Ay 3 C3(1) C3,1(3)

— 321 p12 C3,1(3) C3,1(0) — 2 &g 3 C3,1(1) G340 (0')

A =37 +912

Aq = 3M A, Caa(1) +3 X A, Ca(3) + 922 Ca1(3) + 9 N2 Can(0)

Asz =3 M A; Caa(1) Ca(3) + 923 C31(3) Can(0), Az =6AF A, + 18X
Aus =63 3, Ca1(1) + 18 X3 Cay (0)

Ase = A;Caa(1) + A, Ca1(2) + A, Caa(3)

A45 = '\.n

Ay

Aus

A5 C3,1(1) C31(2) + Ay G (1) C31(3) + A5 C31(2) C3a(3) —
2/\1 A,p3+9A§#2—3A1A3!‘2
A, 03.1(1) 03.1(2) 03.1(3) -— 2 XI /\; H3 03'1(1) + 9 1\? - 3 /\1 /\, 2 03'1(3)

By = Vv, (s = 81)/((s1 — s2){s1 — 83)), Bz = Viy,(s = 32)/((s2 — 81)(52 — 83))
By = V(s = 83)/((s3 — 31)(s3 — 82))
By = M V(s = =Cia(1))/((=Cia(1) = 8, )(~Cra(1) - 82)(—01,1(1) — 33))
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Bs = M Vi (s = s1)/((s1 + C1a(1))(s1 — 82)(81 — $)

Bs = M1 Vi (s = 32)/((s2 + C1a(1))(s2 — 31)(82 — 33)

Br = M V(s = s3)/{{s3 + C1a(1)){(s3 = 1)(s3 — 82)

Bs= A, Vn(s= *“'01.1(0'))/((-01.1(0') — 81)(=C11(0") = 82)(—C1,1(0") — 33))

. Ba= A, Vi (s = 91)/((s1 + C1a(0")) (1 — 32)(81 = $3)

Bio = As Vi, (s = 82)/((s2 + C12(0'))(s2 — 31)(s2 — 83)

B = A Vv, (s = 83)/{(s3 + C1,2(0")) (83 — 31) (83 = $2)

Bas = Ws(s = s9)/DD1, Bag = Wy(s= s9)/ DD1

Bar = Wio(s = 35)/DD1, By =Wul(s= s9)/DD1

Bag = Wi(s = 810)/DD2, Bap=Ws(s = s10)/DD2

Es = Wio(s = 810)/DD2, B = Wn(s = s10)/DD2

By = Wi(s = s11)/DD3, Bay = Wo(s = s11)/DD3

Bas = Wio(s = 811)/DD3, Bas = Wus = su)/DD3

Bar = Ws(s = 812)/ DD4, Bag = Wy(s = $12)/DD4

Bag = Wio(s = 812)/DD4, By = Wu(s= s12)/DD4

where,

DD1 = (39 — 810)(88 — $11)(89 — 812), DD2 = (s10— 39)(810 — 811)(310 — 512)
DD3 = (s — 3g)(811 — s10}(3n1 — S12), DD4=(s12— 39)(812 — $10)(812 — 3y1)
Wi(s) = s° + An1s? + Anzs + A, We(s) = A14s® + Arss + Are

Wio(s) = Ayzs + Ars, Wu(s) = A1gs? + Azos + An

Bgs = Wia(s = 918)/ Dy Baa = Wha(s = 518)/ Ds,y Bes = Wia(s = $20)/ Dan
Bgs = Wia(s = su1)/Dsyy, Bsr = Wha(s = 322)/ Dayyy Bz = Wie(s = 818)/ Daya
Bga = Wie(s = 819)/ Dayo, Bso = Wie(s = 320)/ D, By = Wis(9 = an)/ Dy,
Boy = Wis(8 = $22)/Dizar Boa = Wiz(s = 318)/ Duyer Bos = Wiz(s = 319)/ Dy
Bos = Wir(s = 920)/ Dszor Dos = Wiz(s = s21)/ Dayyy Bor = Wiz(s = $22)/ Dayy
Bos = Wig(s = 818)/ Daye, Boo = Wha(s = 810)/Dayes Broo = Wis(s = 320)/ Dage
Bion = Wia(s = s21)/ Dazyy Broz = Wha(s = 322)/ Dazas Bis = Wia(s = 818)/ Disa
Bios = Wag(3 = 318)/ Daygs  Bros = Wia(8 = 320)/ Dazor  Bros = Wie(s = 321)/ Dy,
Bior = Wie(s = 322)/ Dy

where, ‘

Dy, = (818 — 319)(818 — 920)(818 — sn1)(818 — 822)

D,y = (819 — 818)(810 — 820)(319 — s21)(819 — 822)

D,,, = (820 — 313)(320 =~ 910) (820 — 21)(320 — 522)

363



D,y = (821 — 318)(821 — S10)($21 — 520)(521 — 822)

D,,, = (322 — $18)(822 — $10)(822 — S20)(822 — 821)

ky=As+ M CrLi(0)+ A Cia(l), ko= As, ka= Ay, ky=A1+ A+ A,

ks = Az + A + A1s + An, ks = Az

kr = A, ks = A+ Ais + Air + A

ko = Agp + Ass + Az + Ass + Ausy Fro = Az9 C31(0) — oty Ass — o Ags

ki = Ase + C3,1(0) Azs — 1y Asa — psor Aaz, K12 = Azg + Az + Au + A + Ayr

364



Appendix C

Identical Unit 1-out-of-(n+2):G
Submodel With Early Standby
Activation: Definition of

Constants

The following constants are associated with the analysis performed on the 1 — out —
of — (n +2) : G system under SBAP Y in Section 3.1.

A = A1, Aso = Ay (Cr2(07) + Cr2(1) + Cr2(2))

A = Ag(Cr2(0)Cra(1) = A starr + C12(2) Cra(0') +
C1,2(2) Ca2(1') — 2 My +2 A p12)

Az = Aus(Cra(2)Cr2(0) Cra(l) — C12(2) Ay prar) — 2 2 Cra(1') + 2, pt2 Cy 2( 1)

Asz = Cia(0') + Cia(l) + Cral) + Cr2(2)

A = C12(0")Cra(1") — A gt + Cr2(1) C1.2(0") + Cr2(1) Cra(V) +
C1.2(2) Cr.2(8") + C12(2) Cr,a(1’) + Cr2(1) C1,2(2) — 2 p2 M

Ass = Cua(l)Cra(0) Cral’) = Asftars Cra(l) + C1a(2) Cra(0) Cra(l’)
As o1t C1.2(2) + C1.2(0") Cr2(1) C12(2) + C1,2(1") C12(1) Cr2(2) —
pta M (Cra(1) +2C12(1) + C12(0")

Ase = Cia(1)C12(2) C12(0") Cra(1) = Maptarr C12(1) C12(2)
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— sz M (Cr2(1) Cy2(1) + C12(0') Cr2(1') — A, tarr)

Asz =20 A + A2, Asg =20 A, (Cra(1) + Cra(l)) + A2 (Cr2(0) + Cy,2(1)

Ass = 21 A, Cr2(1) Cr2(1) + A (Cr2(0) Cra(l') = As par), Aso =22,

As1 = A (Cr2(1) + C12(2) + Cr2(17)

Aga = Aa (C1.2(1) Cr2(2) + Cr.2(1) Cr2(1) + C1.2(2) C12(1)) + p2a (M =22,
Agz = 24, C12(1') C12(1) C12(2) + 2 M Cr,2(1) (A — 2 As)

Agy =272, Ag = Ast (Cr2(1) + C1,2(2))

Agg = Aas C12(1) C12(2) + 2 M (A As =2 A2}, Agr = Ass + C1,2(0)

Ags = Asq+ Asa C12(0) — 1 Ao — tstr Aso, Aso = Ass+ Asa C1,2(0) — g1 Aso — s Aen
Ano = Ase + Ass C12(0) — p1 Asy — poor Asz, An = Ase C12(0) — 1 Asz — vy Ags
Ara = M (Ast + Asd), Ara = A (Ass + Aas), Ara = A1 (Aso + Agg), Ars = Ac
Are = Ao Asa + At Aso + Acor Aso

A7 = Ao Asa + A1 Aso + Acz Ast + Acor Aar + Aarr Aea

Azg = Ao Ass + At Asy + Az Ass + Aot ez + Aerr Ass

Azp = Ao Ase + Aet Asz + A2 Ass + Aoy Ass + Acr’ Aes

Ags = Coa(l) + Ca2(2) + C22(3) + C22(0") + C22(1")
Agr = Ca2(1) C22(2) + Caz(1) C22(3) + C222(2) C22(3) +
C22(1) C22(0) + C2.2(2) C22(0) + C2.2(3) C22(0") +
C22(1) C22(1') + C2(2) C22(1) + C2.2(3) C22(1') +
C22(0') Ca2(1') = A, a1
Ass = Cia(1) C22(2) (Ca2(3) + C22(0%) + C22(3) C22(0')
(Caa(1) + C22(2)) + C2,2(3) C22(1') (Ca2(1) + C22(2)) +
Caz(1) C22(0") Caa(1") — As pav C22(1) + C22(0") C22(1") C22(2) —
s piar C2.2(2) + C22(3) (C22(0") Ca2(1) — Asptar)
A = C22(1)Ca2(2) C2a(3) (C22(0") + Ca(1")) + C2a(1) C22(2)
(C2.2(0) Caa(1') = As pavr) + C22(1) C22(3) (C22(0') Caa(1') = Asparr) +
C2,2(2) C22(3) (C22(0") C22(1") — As ptov’)
Ago = Ca2(1) C22(2) C2,2(3) (C2.2(0)C22(1") — As ptarr)
Ag =2 ) fta, Aga = Apt (C22(0') + C22(2) + C22(1))
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Aga = Aot (C2.2(0") C2.2(2) + Ca2(1) C22(0') + C22(1) C2,2(2))

Agy = Agy C25(1) C22(2) C22(0"), Ags = Agr, Ags = Aos (C22(0") + Ca2(1") +Caa(1))
Aoy = Ags (C2.2(0") Caz(1) — Agptarr + C22(1) C22(0") + C22(1) C22(1%)
Asg = Ags C22(1) (C2.2(0") C22(1") = Aoptavr), Ase = Aos (2Mptarr + Aspia)
Ajoo = Age Caa(l)y Aron = 2Mipz, e = A (C22(1) + Ca2(1') + C2.2(3))
Args = Aror (C2,2(1) C22(3) — 2 M g3 + Caa(1) C2a(1) + Ca2(1) C22(3))
Aroq = A1 C22(1) (C2,2(1") C2,2(3) — 2 M pa)s Ares = Aun

Asge = Args (C2,2(0) + C2a(1') + C22(3))

Agor = Ao (C2.2(07) Caa(1) = A arr + C2,2(0") C22(3) + C22(1") C22(3))
Agos = A1gs C2.2(3) (C22(0") Ca2(1) — Asttarr)y Aros =4 M pa pia

Anio = Aros C22(0"), Ami = Agz + A — Ags — Aion — Auos

A1z = Ags + Agz — Ass — A1z — Aros

Ar1a = As + Aga — Agr — Ass — Aoz — Aoz + Ares

Anna = Ago + Ass — Ass — Aroo — Arod — Aros + Anoy Ans =24

Ape = Ans (Ca2(0') 4 Ca2(1) + C22(2) + C22(3)), Avnz = Aros

Aps = Az (Co2(2) + C22(01), Ane = Aur C22(2) C22(0), Aizo = Aur
Arzr = Arz0 (C22(0") + Ca2(1")), Arzz = Arzo (C22(0') C22(1') — A5 Ba1)
A = Arzo (2 Mptar + Astiz), A =41 2

Asas = A124 (C2.2(3) + C22(1"), Arzs = Arza (C2.2(3) C22(1") = 2 M t3)
Arzr = 4002 pa p3, Arzs = 4 M A fra, Az = Arzs (C22(8) + C22(1))
Aszo = A28 (C2,2(8) C2.2(1") — 21 pia)

An = 2M (Coa0)) Caa(l') = Maptarr + C22(2) C22(0') + C22(2) Caa(l') +
Ca2(3) Ca2(0') + C22(3) C22(1") + C2.2(2) C2,2(3))

Az = 2 Caa(2) (C2a(0) C2a(l') = Ag prarr) + 221 C222(3) (C22(0") C22(1') —
As o) + 221 C22(2) (C2.2(0") C2:2(3) + C22(1") C22(3))

Arm = 2M C22(2) Co2(3) (C22(0')C22(1') — Ay ptav)

Ayas = Ars1 — Anr — Arzo — Arza + Anzey Azs = Az — Ang —~ Aizr — Az + Ao
Ags = Araz — Ane — Arzz — Ares — Arzs + Arzr + Arso, Az =4 A

Arzs = Arar (Ca(0") + Cr2(1') + C22(3))

Aszs = Arar (C22(07) C23(1") = Aty + C2.2(3) Caa(0') + C22(3) C2a(1'))

Arso = Arar C2.2(3) (C22(0") Ca2(1) = A, pravr)y Ari = 843 i
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Az = A Co2(07), Az =4\ A% us, Ava = A1 (C22(1) + Ca2(1'))

Aps = A4z C22(1) Ca2(1), Ars =4M1 Ay, Aur = Aus (C22(3) + C2,2(1") + Ca2(1))
Apss = As (C2.2(3) Caa(1') — 2 M 3 + C22(1) C22(3) + C2,2(1) C22(1)

Apis = Arse Co2(1) (C2.2(3) —2 A1 p3), Arso = Arar + Aus, Awsr = Aras+ Az + Ang
Asz = Arze — Ara + Araa + Ares, Arss = Ao — Az + Aras + A, Aise = 83
Arss = Ausa (Ca2(0) 4 C22(1)), Awss = Aisa (C22(0) Ca2(1') — Aoptar), Arsz =
S uzAj A,

Agss = 401 A2, Arse = Ayss (C2.2(1) + C22(2)), Areo = Auss C22(1) C2.2(2)

Arer = 802,y Aez = Arer (C22(1) + C22(1)), Arss = Arer Ca(1) Ca,2(1')

Ares = 82302 pa, Aggs = Ass + Auss + Arer, Ares = Aiss + Arss + Are2

Ajer = Arse + Ausz + Areo + Ares + Arer, Ares = 8 AT paptarr, Aree =4 A3 o

Arro = A (C2.2(3) + Ca2(1)y Ain = Arge (C22(3) C22(1) = 2 Ai i)y A =22,
Ayrs = Airz (C22(3) + Ca2(1") + Ca2(1) + C2,2(2))

A = A2 (Ca2(3) Caa(1) = 2 M p3 + Ca2(1) C22(3) + Ca2(1) C2a(1') +
C22(2) C2,2(3) + C22(2) Ca2(1') + Ca22(1) C22(2))

24,C22(1) (C2,2(3) C2.2(1") — 2 A p13) + 25 C2.2(2) (C2,2(3) Cap(1") —
2 M1 pta + Ca.2(1) C2.2(3) + Ca2(1) Ca2(1%)

AITS

Arze = 24,5 C2.2(1) C2.2(2) (C2,2(3) Co2(1") — 2 Ay pia)

Armr =40 A iz, Az = Aurr (C22(1) + C2a(1), Arre = 400 A, 3 Ca(1) C2(1')
Ago = 4 M X 2, A = Ao (C22(3) + C22(1"))

Asz = Aigo (C2,2(3) C2.2(1") — 2 M pa) _

Agy = Argg + A1 — Arzr — Ago, A = Aio + AITS - Air - A

Ajgs = Args + A1 + Arze — Arre — Arszy, Arse = 823 3, Argr = Augs C2,2(0")

Aas = 4735, 2, Ajge = A1as C22(3), Arso =222

Ao = Argo (C22(1) + C22(2) + C2,2(3))

Az = Argo (C2.2(1) C2,2(2) + C22(1) C,2(3) + Ca2(2) C2,2(3))

Arga = A100Ca2(1) C2.2(2) C2.2(3), Aiss = 4 A1 A2 3 — 82 A, pray Ares = Argy Ca2(1)
Apge = 4 A, )‘3 B2, Ayr = Arss 02.2(3), Ags = Arge + Aras + Arez — Ajpq — Arer
Aigs = Arar + Arso + Argz — Ajos — Ares, Azoo = C22(0) Ar1a — p1 Ars — fiser Auss

Agr = C32(1) + C32(2) + Ca2(3) + C32(4)
Ayy = Ca2{1)Caa(2) + Ca2(1) C32(3) + C32(2) Ca2(3) + C32(1) Ca2(4) +
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C32(2) Caa(4) + C32(3) Cagl(d) =2 Ay pa — 3 M pp3 — 3\ piz
Az = Ca2(1) Cs2(2) Ca2(3) + C32(1) C32(2) Can(4) + C32(1) Ca,2(3) Caz(4) +
Ca2(2) C3,2(3) Ca2(4) — 20 11 (Ca2(1) + C32(2)) -
3\ 13 (Ca2(1) + C32(4)) — 3 A 2 (C32(3) + Caa(4))
Aoy = Ci2(1) C32(2) (Ca2(3) Caa(4) — 22y ) = 31 p13 Ca2(1) Ca2(4) +
6 A2 g pig — 3 Ay pz C3,2(3) Ca2(4)

Asgs = C32(0") 4 C32(1"), Aze = C32(0") Ca2(1') = A ptarry Azor = Azon + Auos
Aggs = Agos + Agor Azos + Azoz, Azos = Azon Azos + Azoz Azos + Azos

Agio = Aggz Azos + Azoa Agos + Azot, Az11 = Aoz Azoe + Azt Azos

Anz = Agos Azss, Anz =3 M papta, Ana = Anz Caa(4)

Ans = —p3, Ang = Ans{(C32(1) + C52(2) + Ca2(4))

Apir = Ans (Ca2(1) Ca2(4) + C32(1) C32(2) + C3,2(2) Ca,2(4))

Ang = Ans Ca2(1) Ca2(2) Ca2(4), Ams =3k, Ano = AzoC32(0)

Ay = Anz+ Anr, Az = Ang + Ans, A2z = Azis Az

Agaa = Ays Apo + Anig Ansy, Azzs = Ame Ao + Ao Aaiey Azs = Ay Agze +
Az Ane

Agzr = Agas Agzg, Azos = 673 pig pta, Asze = Azs (Caa(1) + Cs2(1'))

Azzo = Agzs Ca2(1) Caa(1l’)y Azar = 9] pt3 a1, A2z = Az (Ca2(1) + Caa(4))
Agzz = Assi Ca2(1) Ca2(4), Anme =3 A1 Aspaps, Azss = Aa(Csa(1) + C32(4))
Agse = Agza Cs2(1) Caz(4), Azar =3 X pta, Anaa = Agar (Caa(1) + Capl4))

Agzg = Agzr Cap(1) Caz(4), Az =1.0, Az = C32(3) + Caal(l')

Azaz = C32(3) Ca2(1’) =3 A1 pa, Azz = Azsr Azgo, Azaa = Azaz Azur + Auss Az
Ans = Aoy Azaz + Azas Azar + Azao Azaoy  Azee = Azas A2aa + Az Azar

Aner =3 2, Azas = Asos + Azzs — Aviz, Azee = Azoe + Azau — Az

Azso = Azio + Azzs + Azas — Az — Azza — Aus

Azsi = Aa1 + Azzs + Anzg — Azaz — Azzs — Azas

Assy = Aziz + Aggr + Agzo — Azza — Azas — Asr

Agss = —6 A2 s, Azsq = Azsa C32(2), Azss = Caa(0) + Cap(1’)

Azse = C32(0) Caa(1') — As ptarr, Aasz =18 A3 g pg, Azss = Azsz Ca2(l')

Agse = 31, Asgo = Azse (Ca2(2) + C32(3) + Caa(4))
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Ager = Azse (C3.2(2) Ca.2(3) + C32(2) Ca2(4) 4+ C32(3) Cs2(4))

Agey = Agse C32(2) Ca.2(3) Caz(4), Az = C32(0") + C32(1')

Az = Ca2(0) C32(1') — As psve

Asgs = Asso Azes + Azeo, Azes = Azsy Azes + Azeo Azes + A2er

Ager = Ango Az + Azer Azss + Azez, Azes = Azer Azes + Azez Azea

Ages = Azgz Azss, Azro = 9% pts, Aon = Aamo (Ca,2(2) + Ca2(4) + C32(07)
Azz2 = Az70{C32(2) Caa(4) + C32(2) C3,2(0") + C3.2(4) C12(0%))

Azra = Agro Ca.2(2) Caa(4) Ca2(0"), Azzs = Azno, Azzs = Ao Cs2(4)

Azre = Agra Ages + Azzs, Azrr = Azes Azza + Azes Aazs, Azrs = Agst Aurs
Azre = 2T X3 pta porr, Azgo = Aare Caa(4), Azt = 1247 Xtz pia

Azgz = Azs1 Ca2(1'), Az = 6M A2 papia — 9T A, pra pta, Azsa = Azsa Ca2(4)
Agss = 61 ), iz — 9 A2 i, Aggg = Agas Ca2(4), Asgr = C32(3) + C32(1')
Azss = C32(3) Ca2(1") — 3 A pta, Azso = Aass Azsr + Acse

Azeo = Aass Azss + Azge Azar

Aggy = Azas Aggs, Azer = Azsa + Azes — Agro — Azrs + Asss

Azea = Assa Azss + Aagsq + Azer — Aan — Aaze + Azss

Aggq = Azss Anse + Ansy Asss + Azst + Azes — Aorz — Aa2zr — Azve — Azsr + Azsa + Azso
Ags = Agsq Aass + Asss + Azgs — Agzs — Agza — Azgo — Agsz + Azsi + Axmr
Azes = =18 X3 uy, Azer = Azoe Azss, Azos = Azes Azse, Azes = 9\

Asoo = Aggs (Ca2(4) + Ca2(3)), Asor = Azes C32(3) Ca2(4), Asoz = Aze9 Azss + Asoo
Asas = Ao Azss + Azoe Azss + Asors Aaos = Aaco Azse + Asnr Azss, Azos = Aam Azse
Asos = 27 X3 3, Asor = Az (Ca2(4) + Ca2(0')), Ases = Aaos Ca,2(4) Ca2(0")
Asos = 600 N 3, Asio = Asoe (Ca2(1) + Ca2(4)), Asn = Asoe Cap(1) Ca2(4)
Agiz = 1223 A, gty Az = Amz (Cap(l) + C3(1))

Asa = As12 Ca2(1) Caa(l’), Ams =6}, Ame = Aais (C32(1) + Ca2(4))
Asz = Ans C32(1) Ca2(4), Ams = Ass Azar + Aaie

Aaip = Asis Azss + Aars Azsr + Amr, Aszo = Asie Azss + Aarr Aaer

Asn = Aniz Azes, Asze = Azeg + Asis, Aazs = Asez + Asis

Asaq = Asoa + Azos — Asos + Ase — Asiz + Aare

Aszs = Azgr + Aaoa — Asor + Azio — Asiz + Aao

Aszs = Azes + Azos — Ases + Aan — Ase + Asn

Agar = 2723, Auzs = Aszr Ca2(4), Amoe = C32(0") + Ca2(1')

Axao = C32(0') Ca2(1') = A; sty Aasr = Asar Aazo + Aazs
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Agzz = Asor Asao + Ases Asee, Azs = Aszs Aago, Aasa =27 M\, g2

Aszs = Azzy Ca2(4), Asse =6\ A

Azzr = Asse (Ca2(4) + C32(1) + C32(2))

Aaszs = Aasae (C32(1) Caa(4) 4 Ca2(2) Ca.2(4) + Ca2(1) C3,2(2))

Asze = Aazs Ca2(1) Ca2(2) Ca2(4), Aso=18A1 ),

Asyt = Azgo(Ca2(1) + C32(4) + C32(17)

Asiz = Azio (Ca2(1) Ca2(4) + C3,2(1) Ca2(1") + Ca.2(4) C32(1"))

Az = Aaao Ca2(1) Ca2(4) Ca2(1"), Asaa = 18AF A3 g2, Aaus = Asas Caa(4)
Azis = Azar + Azas + Aaso, Aser = Asar + Asar + Asa

Azis = Aasz + Azga + Azas + Asaz — Aszaa, Asse = Aasz + Asas + Aggo + Aag — Aoas
Agso = 51 A}, Aasi = Aaso Aass, Ass2 = Asso Azse, Assa = Aaso \s 2

Assa = 122722, Asss = Assa (Ca2(1) + Ca2(2))

Asse = Aasa C32(1) C32(2), Assz =363 A,

Asss = Azs7(Caz2(1) + C32(1)), Asso = Aasy C3,2(1) Caa(l')

Aszgo = Aas As p2, Aser = Aaso + Aasq + Assz

Asgz = Aast + Aass + Asss, Azes = Assa -+ Azss + Aase + Asse — Asco

Asss = 2T M paprarr, Ases = Ase1 Caa(4), Ases =6A1 A, pa

Ager = Aass (Ca2(1) + Caa(4) + Ca2(1'))

Asgs = Ages (Ca2(1) Ca2(4) + C32(1) C32(1") + Cs.2(1') Ca2(4))

Agse = Aaes Ca,2(1) Ca2(1') C32(4), Asro =24,

Az = Asz0(Ca2(1) + C32(2)), Asra = Aaro C32(1) Ca2(2) + 9% g2 = 6 M Ay g
Asra = 221 gy Aaze = Aana Ca2(1"), Asrs = Aang Aana

Aazs = Asto Aara + Aany Aara, Aarr = Aan Asrs + Asrz Asza, Asrs = Aurz Aua
Aarg = Agar + C32(4), Asso = Azss + C32(4) Az, Assrt = C32(4) Azss

Asgz = Aaro Aaro + Aani, Azss = Asro Aaso + Aan Aaze + Agma

Asgs = Aszo Aast + Asni Asso + Asrz Aaro, Asss = Aani Assr + Aarz Ao

Asgs = Aarz Asar, Azsr = Azaz — Ases — Aasrs, Asss = Asst — Aser — Aszg

Azge = Aass + Ases — Ases — Asrr, Asee = Asss + Ases — Aago — Agze

Asr = 27 A3 pa, Asez = Az (Caz(4) + Ca(07)

Azos = Azey C32(0') Ca2(4), Ases = 61 A, pa(ds —3 A1)

Asgs = Agga (Caz(1) + C2(4)), Aage = Azea Ca2(1) Ca2(4), Aaer = 2]

Ases = Aser (Caa(1) + C32(2)), Ases = Asgr C32(1) Ca2(2) + 9 AT g2 — 6 Ay A2 pa
Agoo = C32(3) + Caz(4), Asor = Ca2(3) Caa(4) — 2 Ay pt4, Asoz = Asor Asoo + Azos

371



Aoz = Aser Asor + Azes Auco + Asser Auos = Ases Asor + Ases Asoo

Auos = Asop Asor, Auos = Asor — Azea + Asz, Auor = Ausez — Ases + Aaoa

Aws = Ases — Ases + Ases, Auge = Ca2(0) Azsz — pt1 Azes — por Asso

zdafl = (318 — 829)(S28 — a0), zdaf2 = (329 — S28)(820 — 830)

zdaf3 = (33 — 828)(830 — S20), Sm = ~Cr2(l), 832 = ~Ch12(2)

zdafd = (~C12(1) —~ s28)(—Ch2(1) — 320)(—Ch,2(1) — s30)

zdaf5 = (328 + C12(1)) zdafl, xdaf6 = (s + C1.2(1)) zda f2

zdafT = (33 + Cr2(1)) zdaf3, zdaf8 = (Cr2(2) — C1a2(1)) zdafd

zdaf9 = (~Ch.2(2) + Cra(1){(—C1,2(2) — $28)(—C12(2) — $20)(—C1.2(2) — 520),
zdaf10 = (328 + C12(2)) xda f5

zdaf1l = (sg9 + C12(2)) zdaf6, zdafl2 = (s30 + C1,2(2)) zdaf7

Vi (8) = (3 + C12(0)) (s + Cr2(1)) = As prarrs Vivg(s) = 2 Vi (s)

Vi (3) = 2 M1 As(s + Ch2(1))(s + Cra(1)) + A2 Vna(3), Viv(s) =2 (s + Cr2(1))
Bisi = Viv,(s = sas)/zdafl, Bisa = V(s = 328)/2daf5, Bisz = Viv, (s = s28)/zdaf10
Bise = Vi (s = sms)/2dafl, Biss =2X%/zdafl, Bisg = V(s = 329)/zdaf2

Bist = V(s = s)/adaf6, Biss = V(s = ss)/zdafll, Biss = Vi, (s =
Sy9)/zdaf2

Bigo = 2 M2fzdaf2, Bier = V(s = sa0)/zdaf3, Biez = Vin,(s = ss0)/zdafT
Bies = V(8 = sa0)/zdaf12, Biey = V(s = s30)/zdaf3, Bies = 2% /zdaf3 -
Bigs = V(8 = =Ch2(1))/zdaf4, Brer = Vi, (s = —C12(1))/zdaf8

Bigs = V(3 = ~C1,2(2))/zda f9

xdaf25 = (333 — 834)(333 — Sas), xdaf26 = (834 — 333)(s34 — 33s)

zdaf27 = (S35 — Saa)(83s — Sa)s Sa6 = —Caa(l), sar = —C23(2), 83 = —C22(3)
zdaf28 = (—C22(1) — s33)(—Caa(1) — s04)(—Ca,2(1) — 83)

zdaf29 = (333 + Cr2(1)) zda f25, zdaf30 = (sa4 + Cz2(1)) zdaf26

zdaf3l = (sas + Ca2(1)) zda f27 -

zdaf32 = (—Caa(2) + C22(1))(—Ca2a(2) — $33)(=C2,2(2) — 834)(—C2.2(2) — 835)
zdaf33 = (—Ca2(1) + C22(2)) zdaf28, zdaf34 = (s3 + Cr2(2)) zdaf29

zdaf35 = (s34 + C2.2(2)) zda f30, zdaf36 = (s3s + C22(2))zdaf31

zdaf37 = (—Caa(3)+Ca2(1))(—Ca2(3)+C2,2(2))(~Ca(3)—s33)(—C2,2(3) —s34)(—C22(3)—
33s) '

zdaf38 = (—Cza(2) + Ca2(3)) zdaf32, zdaf39 = (—Caa(1) + C22(3)) zdaf33
zdaf40 = (833 + C3.2(3)) zda f34
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zdafil = (saq + C2.2(3)) xdaf35, zdafd2 = (ss + Ca.2(3)) xda f36

Vi (8) = (8 + C22(0))(s + C22(1") — As v

Via(s) = 201 Vae(8)y Viva(8) = 4 A1 A (s + Caa(1))(s + Caa(17) +4 A Vn(8)

Vi () = 4 Ay A2 (s Caa(1))(s+C22(2))+8 AT Ay (s4C22(1)) (3 Caa(1))+8 AT Vivg ()
Vino(s) = 24 (s + Caa(l')

Bigr = Vie(s = s3)/zdaf25, Biss = V(s = sw)/zdaf29, Bup = V(s =
s3a)/xda f34

Bigo = Vi (s = s33)/zdaf40, Bioy = V(s = sx3)/xdaf25, Bigz =2 A} axdaf25
Bios = V(s = sa)/zdaf26, Bigy = V(s = sa4)/zdaf30, Bigs = V(s =
s34)/zda f35

Bigs = Vi, (s = s34)/xdafdl, Bior = V(s = sa1)/zdaf26, Bigs =2 A /wdaf26
Bigs = Vie(s = sas)/zdaf27, Baw = Vo(s = sas)/zdaf3l, Bay = V(s =
sa5)/zda f36

Bagz = Viv (s = sas)/2daf42, Bas = Vino(s = s35)/zdaf27, Baou = 2 A xda f27
Bags = V(s = —C2(1))/2daf28, Bas= Ve (s = —Cap2(1))/zdaf33

Bagr = Vi, (s = —Ca2(1))/2da f39, Bas = V(s = —C2.2(2))/xdaf32

Bago = Vi, (s = =C22(2))/2daf38, Bauo = V(s = —C22(3))/xdaf37

zdaf6l = (839 — S40)(S39 — Sa1), zdaf62 = (840 — 539)(Sa0 — 31)

zdaf63 = (341 — S39)(Sa1 — Sa0), Saz = —Caa(1)

saa = —C22(2), 844 = —C32(3), 845 = —C3.2(4)

zdaf64 = (~Ca2(1) — s30)(—Ca2(1) = 840)(—C3.2(1) — 81}

2daf65 = (830 + Caz(1)) xdaf6l, zdaf66 = (si0 + C32(1)) zdaf62

zdaf67 = (s41 + Cap(l)) 2da f63

zdaf68 = (—C32(2) + C32(1))(—C32(2) - 830)(—Ca,2(2) = 340)(—C32(2) — sa1)
zdaf69 = (~Caz(l) + C32(2)) zdaf64, zdafT0 = (s30 + C3,2(2)) zde f65

zdafTl = (840 + Cs2(2)) zdaf66, zdaf72 = (sq + Ca2(2)) zdaf67

zdaf13 = (—03.2(3)+Ca.2(1))(—03.2(3)'1'03.2(2))(—03.2(3)—339)(—03.2(3)—3-10)(—6'3.2(3)'- |
Sq1)

zdafT4 = (—Ca2(2) + Caa(3)) zdaf68, zdaf75 = (—Cs2(1)+ Ca2(3)) xda f69
zdaf76 = (839 + Ca2(3)) 2daf70, zdafT7 = (340 + C32(3)) zdafT1

zdaf18 = (841 + C3.2(3)) zda f72

zdaf19 = (—Caa(4) = Ca2(1))(—Caa(4) — C32(2))(—Caa(4) — Caa(3))(=Canl1) -
330)(—Ca2(4) — 340)(—C3.2(4) — 3a1)
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zdaf80 = (—Ca2(3) + C32(4)) zdaf73, zdaf8l = (—Ca2(2) + C32(4)) 2da f74
zdaf82 = (—Cs2(1) + Cs2(4)) 2daf75, zdaf33 = (839 + Ca2(4)) zda f76
zdaf84 = (840 + C32(4)) zdaf77, zdaf85 = (841 + C32(4)) zdaf78

Vivy, (8) = (s + Caa(0))(s + Ca2(1')) — A5 par, Vi (8) = 3 A1 Vv, (8}
Viva(8) = 6 A1 A, (8 + Cag(1))(s + Caa(1)) + 9 A Viv,, (8)

Vi (8) = 6 Mg AZ (s+Caz(1))(s+C52(2))+18 A} A, (s+C32(1))(s+Cs2(1)+2T A} (s+
Caa(0))(s + C32(1)

Vi (8) = 122222 (s + Caa(1))(s + C32(2)) + 36 A3 Ay (s + Ca2(1))(s + Caa(1)) +
54 A} Vn,, (8}

Vi (8) =2 A5 (s + Ca2(1)

Bass = Vi, (s = s39)/xdaf61, Bae = V(s = 839)/zda f65

Bar = Vi, (8 = 839)/2dafT0, Baas = Vi, (s = s39)/zdaf76

Basg = Vi, (8 = 839)/2daf83, Baswo = V(s = s30)/zdaf61

Bay =2 )3/xdaf61, Bz = Vi, (s = s40)/zdaf62

Baya = Vi, (s = 849)/zdef66, Bay = Vg (8 = s40)/2dafT1

Bass = Vi (s = 340)/2daf77, Bas = V(s = sq0)/zdaf84

Baar = Vnyo(s = s40)/2zdaf62, Bas =2 A /zda f62

Bas = Vi (s = sa)/zdaf63, Baso = V(s = sa1)/zdaf67

Bas: = V(s = sa)/2daf72, Basy = Vv, (s = sa1)/zdafT8

Bass = Vi (s = 3a1)/zdaf85, Base = V(s = sa1)/zdaf63

Bass = 203 /zdaf63, Bass = Viy,(s = —Ca2(1))/zdaf64

Basr = V(s = —Caa(1))/zdaf69, Bass = Vi (s = —Cs2(1))/zdaf75
Base = Vi, (s = —Ca2(1))/zda f82, Baso = Viv,y(s = —C3,2(2))/zda f63
Bagy = Vv, (8 = —C32(2))/zdafT4, Basz = Viw,(s = —C3.(2))/zdaf81
Bagz = Vv, (8 = —C3.2(3))/zda fT3, Baes = V(s = —C3.2(3))/zdaf80
Biags = Vg, (s = —Ca2(4))/zda fT79

ki3 = Aoy ka4 = An

kis = Asz + Ase + Aso + Aes + Ass, ke = Ast + Ass + Ass + Aez + Aes
kiz = Ayrg + Args + Awsa + Arer + Auas + Arge, Frs = Azoo

kip = C2.2(0) Atz + A11¢ — #1 Aras — foor Araa

k2o = Ana + Awss + Aisa + Ares + Arsa + Aros

ka = Agsz + Azos + Asze + Asse + Ases + Asso + Aaes
k‘m = Aspo
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kas = Azsy + Agesq + Aszzs + Ases + Asez + Asse + Asor
kas = Ca2(0) Azsy + Azsz — p1 Azeq — paor Asso
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Appendix D

Identical Unit 1-out-of-(n+43):G
Submodel With Early Standby
Activation: Definition of

Constants

The following constants are associated with the analysis performed on the 1 — out —
of — (n +3) : G system under SBAP Y in Section 3.1.

Aqio = A3 X, oo iz, Aqn = Aao Cra(1), Aiz = A As po

Ans = An2 (C1a(2) + C13(3) + C13(0)

Age = Az (C1a(2) C1a(3) — sts M + C1a(0") C1,3(2) + C1,3(0') C1,5(3))
Ans = Az (Cra(0) Cra(2) Cr3(3) — a2 C13(0')), Aaie = M

Anr = Aus(Cra(2) + Cra(2) + Cra(3) + Cra(0) + Cra(1))
Ags = MCia(2)(C1a(2) + Cra(3) + Cr3(0") + Cr5(1)) +
A C13(2) (C13(3) + C1,3(0°) + Cra(17) +
A C1.3(3) (C1.a(0") + Cra(l') + M (Cra(0) Cra(1') — 245 par’))
Aus = MCia(2) C1a(2) (Cra(3) + Cra(0) + Cra(1')) +
M Cra(2) Cr.4(3) (Cra(0') + C1a(1) + MC13(2) Cra(3) (
Cra(0') 4 C1a(1") + M C1,5(2') (C13(0") C1a(1)
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C1.a(0") + C1,3(17)) + A1 C1,3(2') (C1a(0) Cra(1') —
25 ptsr) + A1 C1,3(2) (Cra(0) Cra(1') = 20, pare) +
A C1,3(3) (C1a(0") Cra(1') — 2 A5 pto1r)
Agsa = C13(0) Cra(1) — 22, porr
Ao = M C1a(2) C1a(3) Cra(2) (Cra(0)) + C1a(1)) +
A1 C1.3(2) C1,3(2) Aqraa + M C13(2) Cr3(3) Aarga +
A1 C1,3(2) C1,5(3) Adrga

A = M C1a(2) C13(3) Cra(2) Adroey Auzz = 3 A}

Agzs = A2 (C13(2) + C13(2) + C15(0'))

Aga = Agzz2 (Cr3(2) C13(2") + C1,3(0°) C1,3(2") + C1,0(0") C13(2))

Agzs = Aga C13(07) Cr3(2) Cr3(2), Awze = Auz

Agr = Ags (C13(0") + C13(1") + C1a(2))

Asns = Agzs Arga + Adze (C1,3(2') C13(0) + C1,3(2') C13(1%))

Agps = Ans Cr1a(2) Anse, Aso =N paptars Asat = Aszo Cha(2)

Az =2p2 a7l Ny Agzs = A2 C13(2)y Auza = 2 A

Agzs = Agaa (Cr3(3) + Cra(1) + C13(2)), Auzsa = C13(3) Cra(1) — Al 3

Agss = Asza Asasa + Aaza (C13(2') C13(3) + C1,3(2') Cr5(17)

Adsr = Adza C1a(2') Agzsar Auzs = 60 A2 12 pt3, Adzo = Aazs C15(2))

Ao =301 s pi2, Asr = Asao (Cra(1") + C13(2) + C1,5(3))

Agara = C13(1) Cra(2)=Xs pazrs Az = Aaio AstatAsso (Cr3(3) Cra(1')4C13(3) C1a(2))
Asas = A140 C13(3) Agaray Auas = A p3 Aoy Adass = Asua C13(2), Aue = Aur

Agr = Aqs — Az — Atz — Ans — Asai + Ado

Aus = Ane — Aqa — Aa — A7 — Agss + A

Ags = Agzo + Aaro — Anra — Agas — Auzs — Aggo — Az — Aaze + Auzs + Aviz — Ausy
Adso = At + Aan1 — Aais — Aqzs — Aazo — Agar — Agzs — Agar + Az + Asaz = Auss
Aast = 2 sz M Asy Ausz = Ags1 (Cra(1) + Cra(3)), Adsa = Aasi Cra(1) Cra(3)

Adgsq = fiaz May Aass = Aqsa (C13(2) + Cra(3) + Ci3(1) + C1,5(0'))

Agsse = C13(2) C13(3) — A1 pa

Asse = Asa C1,3(1) (Aassa+Cr3(2)+C1a(3)) + Agsa C13(0') (C13(2)+Cy a(3)+Cha(1))
Aust = Ausa C13(1) Agssa + Aass C1,3(0) Adssa + Aass Cr3(1) C13(00(C1,5(2) + C1,3(3))
Asss = Aqsa C1,3(1) C1,3(0") Asssa
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Asgoa

Ay

A463

Agga

A‘IGG

C13(1") C12(2") + C1,3(3) Cr,3(0") + C1,3(3) C1a(1") +

C1.3(1) Cra(1) + Cr5(1) C1,3(0") + Cr,3(3) Cr,0(2) +

C13(1") C13(2) + C1,3(2) C1,3(0") + Cr1,3(1) C1a(2) +

Cha(1) C1,3(3) + C13(2) C1,3(3) + Cra(2) Cr3(2) +

Ch3(1) C1a(2)

C13(0") C13(1") — 24, por

Assoa (C13(2") + C1,3(3) + C1a(1) + C1a(2)) +

C13(0") C14(2') C1,3(3) + C1,3(17) C1,5(2') Cra(3) +

C1,3(0") C13(2) C15(1) + Cra(1) C13(2) Cr3(2) +

C1,3(0") C13(1) C1,3(3) + Cr,3(1") Cr,3(1) C1,3(3) +

C1,3(0) C13(2) C1,3(2') + C1a(1") C1,3(2) Cra(2) +

C1,3(0") C15(2) C1,3(3) + C1,5(1") C1,3(2) Cr,3(3) +

C13(2') C13(1) C1,3(3) + C15(2') C1,3(2) Cr,3(3) +

C1,3(0') C1,3(1) C1,3(2) + C1,5(1") Cr1,3(1) Cra(2) +

C1,3(2') C13(1) Cr5(2) + C1,5(1) C1,3(2) C1,5(3)

Assos (C13(2") C1,3(3) + Cra(1) Cra(2) + C1,3(1) C13(3) +
C1,3(2) C1,3(2') + C13(2) Cra(3) + C13(1) C13(2)) +

C1.a(1) C1,3(2') C1,3(3) C1,3(0") + C1,3(1) C1,3(2") C1,3(8) Cra(1) +
C13(2) C1,5(2) C1.3(3) C1,3(0") + C1,3(2) C1,5(2) C1,3(8) Cra(1') +
C1,3(1) C1,3(2') C1,3(2) C1,3(0") + C1,3(1) C1,3(0") C1,3(3) Cr5(2) +
C13(1) C13(2") C1,3(2) C13(1") + C1,3(1) C13(1") C1,3(2) Cr,3(3) +
Cra(1) C1,3(2') C1,5(2) Cr,3(3)

Assoa (Cr,3(1) C13(2') C15(3) + C1,3(2) C1,3(2) C13(3) +

C13(1) C1,3(2') C1,3(2) + C13(1) C1,5(2) C1,5(3)) +

C14(1) C1,3(2) C1a(2') C1,3(3) (C13(0') + C1,5(1))

Asgoa C1,5(1) C13(2) C1,3(3) C1,5(2)

g3

Adgs (C1a(2) + C13(2) + C15(0°) + C15(1))
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Agr = Auss (Cra(2) Cra(2) + Cra(0) Cra(2) + C1,3(0") Cra(2) +
Cra(1) C1a(2) + Cra(2) Cr3(1) + C1,3(0") Cr3(1))

Aws = Auss (Cra(2) Cra(2) Cra(0) + Cra(1) + Cr5(2) Cra(?) +

. C13(2) C13(0") Cra(1) + Cr3(0) + C1a(1") C1.5(2)

Awo = Aus(Cra(2) C13(0) Cra(1l) + C1a(2)

Ago = Aues

Am = Awes(Cra(0") + Cis(l") + Cra(l) + Cra(2))

Agz = Asgs (Assoa + C13(1) C13(07) + Cr3(1) Cra(1) +
C13(2) C13(0) + C13(2) Cr,3(1') + C13(1) Cr5(2))

Ay = Agzo Adeta (Cra(1) + Cr3(2)) + Adzo C10(1) Cr1a(2) (Cr5(0") +
C1a(1"))

Aura = Aqzo Assoa Cr3(1) Cr3(2), Aurs = iz parr A}, Awre = Aazs (Cra(1) + C15(2)
Aurr = Ags Cra(1) Cra(2), Adrs =2p2 3 M1 Asy Aaro = Aurs (Cra(1) + C1.3(2))
Ao = Aurs C13(1) C15(2'), Ausr = p2 M

Agsz = Agor (C1.3(1) + C13(3) + C1a(1) + C13(27)), Assza = C1a(1") C1,3(3) — pa M

Aws = A (Ausze + Cra(1) Cra(1) + Cra(1) C1a(3) + Cra(1) Cria(2) +
C13(2') C1.3(3) + Cra(1) C15(2))

Adsr Assza (Cra(1) + C13(2)) + Asgr (Cra(1) Cra(1') Crp(2) +
C14(1) C1,3(3) C1,5(2)

Adss = Aus1 Asgza Cr,3(1) Cr3(2"), Augs = Aam
Aggr = Auss (C13(1') + C1,3(3) + Cr13(0') + C13(2'), Adsra = C13(1") C1,3(2") = s iy

Assa

Asgs = Augs Austa + Auss (C13(3) Cra(l') + Cr3(3) Cra(2) +
C1.3(0") Cra(1") + C1,3(0") C1.3(2') + C13(3) Cra(0))

Ags = Adss Adsze (Cra(3) + C13(0") + Agar (C1,3(3) C1a(0') Cra(1') +
C14(3) C1,3(0') C15(2)

Asso = Adgs Aasra C1,3(3) C13(0"), Aggr = 23 At Ag o
Az = Asgr (C13(2) + C13(3)), Aues = Aum C13(2') C13(3)
Asgs = pa i3 A3, Ages = Adpa (C13(0") + C15(2)

379



Augs = Aupa C13(0°) C1,3(2'), Asor = Auso

Auss = Aqeo — Ausa — Augs — Agzo — Ausy — Auss

Aggo = Auer — Auss — Auss — Aant — Ausz — Ausr

Asoo = Agez + Aust — Ause — Adsr — Agra — Aurs — Agms — Agsa — Aass + Agor + Asas
Asor = Aues + Ausz — Agsr — Adgs — Aurs — Agze — Adro — Agsa — Agge + Adgz + Agos
Asor = Auas + Ausa — Auss — Auss — Aura — Agzr — Auso — Auss — Aago + Adss + Auss
Asoa = A3, Asoq = Asas (Cr,3(1") + Cra(3) + C13(2") + C13(0'))

Asosa = C13(1') C13(2') — Ay oz

Asos = Asos (Aspia + C1,3(3) C13(1") + C13(3) C1,3(2") + C1,3(0") C1,3(1) +
C13(0") Cr5(2') + C1,3(3) C1,3(0))

As;e = Asos Asoaa (C1,3(3) + C1,3(0")) + Ases (C1,3(3) C1,3(0') Cr3(1") +
C13(3) C13(0) C1,3(2'))

Asor = Asos Asosa C13(3) C13(0"), Asos = 2AT A, a1y Asos = Asos (C1,3(3) + C1,3(2))
Asio = Asos C1,3(3) C13(2"), Asn = p3 A}, Asiz = Asin (Cra(0') + Cr,a(27))

Asia = Asni C13(0') C1,3(2'), Asia =6X2 3 dy, Asis = Asie (Cr3(1) + C12(2')

Asie = As1a C13(1) C13(2'), Asir =3\,

Asis = Asir (Cra(l) + C13(8) + C13(2') + C13(1)), Asiza = C13(1) C13(2') — A, praz

Asis = Asiz(Asiga + C13(1) Cr3(1") + C15(1) C15(2') +
C13(3) C1,3(1') + C1,3(3) C1,5(2) + C1,5(1) C1,5(3))

Aszo = Asir Asiga (Cr3(1) + C13(3)) + Asiz (C1,3(3) Cra(1) Cra(1) +
C1a(3) Cra(1) C1,3(2))

Asn = Asiz Asisa C1,3(1) C13(3), Asaz =3A3 A, pa, Aszs = Asaa (Cr,a(1) + C13(2'))
As2s = Asos C1,3(1) C1,3(2'), Aszs = Asos + Asi7, Asze = Asoq + Asis

Asar = Asos — Asos — Asn + Asia + Asis — Asnz

Aszs = Asce — Asos — As12 + Asis + Aszo — Aszs

As2e = Asor — Asio — Asia + Asig + Asa1 — Asae

Aszo = A}, Asz = Aszo (Cr3(1')+C13(2')+C1,3(0"), Asara = C13(1") Cra(2) =, o
Aszz = Asao (Asaia + Cr3(0') C13(1") + C1,3(07) Cr5(2)

Asz = Asan Asara C1,3(0°), Asaq = 24, A g

Asas = Asaa C13(2'), Asss = 2p2 A3 Ay, Asar = Asae C15(2'), Aszs =60 A2
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Aszx = Asap Aszia C1,3(0'), Asas = 22, A3 poy

Asas = Aszq C13(2"), Aszs =23 A"; As, Asar = Asss C13(2'), Asas =6\ 4\3
Asze = Asas (C1a(2) + C13(2) + C15(1))

Asgo = Asas (C13(2) Cra(2") + C13(1) Cr1.3(2) + Cr1a(1) C1,5(27)

Asqy = Aszs C13(1) C13(2) Cr5(2'), Asiz =327 A,

Asiz = Asz (Cr3(1) + C13(2) + Cr3(1))s Asaza = C1,3(1) C1,3(2') — Ay oz
Asas = Asaz (Asaza + C13(1) C13(1") + Cr3(1) Cra(2))

Asas = Asaz Asaza C1,3(1), Asse = 633 A2 pra, Asiz = Asas Cr3(2")

Asis = Aszo + Aszs + Asaz, Aree = Asar + Asze + Asaz

Asso = Asaz — Asas + Asas + Aseo + Asas — Asas

Assy = Asas — Asas + Asar + Asar + Ases — Aser

Assz = paparr AY, Assa = Ass2C1,3(2'), Assa = pa A

Asss = Assa (Cr3(1") + C13(2) + C13(3)), Asssa = C1,3(1") C1,a(2') — A5 paz
Asss = Assa (Asssa + C1,3(3) Ch,3(1") + C1,3(3) Cr5(2))

Assy = Assq Asssa C13(3), Asss = papia A, Asso = Asss C13(2'), Aseo =3,
Aser = Aseo (C13(1") + C13{2') + Cra(1) + C13(2) + C13(3))

Asera = C13(1") C1,3(2') = Aa ptoz

Assz = Asea(Asera + C13(2) Cra(l’) + Ch3(2) C12(2') +
C13(1") C13(3) + C1,3(3) C1,3(2') + C1,3(2) C1,5(3) +
C1a(1') Cra(1) + C1,3(1) C13(2) + Cr,a(1) Cr1,3(2) +
C15(1) C12(3))
Asss = Aseo Assra (Cra(1) + C13(2) + C1a(3)) + Aseo (C1,3(1") C14(2) C1a(3) +
C1,3(2) C1.3(3) C1.a(2) + C1.3(1) Cra(2) Cr,3(1') + C13(1) C13(2') C1a(2) +
C1a(1) C1.3(1) Cr3(3) + C1,3(1) C1,3(2') C1,3(3) + C1,5(1) C1,3(2) C1,4(3)
Asst = Aseo Asera (C13(2) C13(3) + Cr,a(1) C1,a(2) + C1,5(1) C1,3(3)) +
Asso C13(1) C1,3(2) C14(3) (Cra(1') + C13(2)

Asss = Asso Asera C1,3(1) C1,3(2) C1,3(3)), Ases =3z M A,

Asgr = Asgs (C1,3(2) + C1a(2) + C15(1))

Ases = Ases (C15(2) C13(2') + C13(1) C13(2) + Ci3(1) C1,5(2"))

Asgs = Asas C13(1) C1,3(2) C1a(2'), Asro =31 At

Asn = Asro (01.3(1') + 01.3(2’) + Cx.s(l))1 Asnia = 01.3(1') 01,3(2') — Ay fazr
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Asrz = As7o (Asnia + C13(1) Cr3(1") + C13(1) C1.3(2)

Asts = Asto Astia C15(1), Asza = 31 Ay ptz, Aszs = Asza (Cra(1)+Cra(27) +C13(3))
Aszsa = C13(17) C13(2') — Ag ptg2r

Aste = Asra (Aszsa + C1,3(3) Cr,3(1") + C13(3) Cr,3(2'))

Asrr = Aszq Astsa C13(8), Aszs = 3A1 ), pa pa, Asme = Asza C13(2')

Asso = Assa + Asez — Ases — Asto — Asta, Asm1 = Asss + Ases — Assr — Asn — Asts
Asgr = Assz + Assg — Ases — Ases — Ast2 — Aste + Asa

Asss = Assa + Ass — Asse — Ases — Ases — Asz — Aszz + Asmo

Asga = a3 A}, Asss = Assq (C13(2') + C1,3(07)

Asss = Asss 01.3(2') 01.3(0'), Asgr = 2 g A% Asy Asss = Asa (01,3(2") + 01.3(3))
Asgo = Asss C1,3(2) C1,3(3), Asoo =647

Asgr = Asso (C1,3(2) + C13(2') + C13(3) + C15(1))

Assz = Aseo (C13(2) C13(3) + C13(2") C1,5(2) + C1,3(3) C1,3(2") +
C13(1) C1,3(2) + C13(1) C1,3(3) + C1,5(1) C1.3(2))

Ass = As(C13(2) C13(2) C13(3) + Cr8(1) + Cr3(2) C1,5(3) +
C13(1) C1,3(2) C1,3(2") + C1,3(1) + C1,3(3) Cr3(2))

Asss = Aseo C1,3(1) C13(2) C13(3), Ases =6A1 A2 pu3 —3AT A, ps

Asgs = Ases (C1,3(1) + C1,3(2')), Aser = Ases Cr,3(1) C13(2)

Asgs = 6 A1 A3 ptz, Asee = Ases (C1,3(2) + C1,3(3))

Asoo = Ases C1,3(2') C13(3), Asor = Assa + Assr + Asoz — Asos — Ases

Agoz = Asas + Asea + Ases — Ases — Ase, Aeoz = Asss + Aseo + Asgs — Asar — Aso
Asos = 273 A% 4y, Acos = Asoa C13(3), Asos = 6 A3

Agor = Asos (C1,3(2) + C13(1) + C1,3(3))

Agos = Agos (C1,3(2) C1,3(3) + C1,3(1) C1,3(2) + Cr3(1) C15(3))

Agos = Agos C1,3(1) C1,3(2) C13(3), Asro = 3 A} A,

Asit = As10 C13(0"), Asiz = 6 M AT pta —3A AJ pa, Asiz = Aerz Ci,3(1)

Agta = 621 A3 2, Asrs = As14 Cr,3(3), Asie = Asos + Asos — Asro — As1z — Aara
Ae17 = Asos + Asos ~ Asit — Asia — Aats, As1s = C1,3(0) Asez — pt1 Auso — paor Ases

Asie = Ca3(0") + Caa(1) + C23(2) + C35(3)
Ago = C23(0') Ca3(3) + Ca3(1) Ca3(0") + C35(1) C23(3) +
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C23(2) C23(0") + C23(2) C25(3) + Ca3(1) C23(2)

Agzr = C23(0") C2,3(3) (Caa(1) + C23(2)) + C23(1) C23(2) (C23(0") + C23(3))
Agzz = Ca3(1) C2.3(2) C2a(8) C23(0"), Aeas = Ca3(1') + C2(2') + Caa(4)
Agas = Ca3(1") Caa(2') = A,y praz + C23(1) Caa(4) + C23(2') Coa(4) — 2 My pa
Agzs = Ca23(1") C23(2') C2,3(4) — As prszr Ca3(4) — 2 Ay pa C23(1')

Agzs = Asis + Aszs, Asar = Asaa + Asis Asza + Aso

Agzg = Aezs + Asre Asae + Agzo Aszs + Aezry Asze = Asig Aazs + Aszo Asze + Aom Aszo +
Asn2

Agso = Agao Aszs + Aezt Asze + Aezz Aszs, Asn = Aszr Asas + Aezz Aeza

Agzz = Asz Aszsy Asasz = 20 e, Aess = Asza (Caa(1) + C23(2) + C22(07)
Agas = Agaz (Ca,3(1) C2.3(2) + Ca,3(1) C2,3(0") + C2,3(2) C2,3(0"))

Aszs = Agaa Ca3(1) C2.3(2) C2a(0'), Assr = Ca3(1") + C3(2')

Agas = C2,3(1') C23(2) — Xy sz + 2 M1 piazry Az = Agaa Aeyr + Asa

Asto = As3s Aszs + Asaa Asar + Asas, Asar = Aeza Aeas + Aeas Asar + Asae
Agiz = Asss Asss + Agss Asary Asiz = Asss Asass Asia =2 A; i3y

Agqs = Agaa (Ca3(1) + C2(2) + C2,3(0)

Agis = Asaa (C2,3(1) C2,3(2) + C23(1) C2,3(0") + C2,3(2) C2,5(0'))

Asar = Agaa Ca3(1) C23(2) C23(0"), Aess =2A1 3

Agge = Agus (Ca3(1) + C23(2) + C2,5(0))

Agso = Aesss (C2,3(1) C2,3(2) + Ca.a(1) C2,a(0") 4 C2,3(2) C2,3(0"))

Agsi = Asas Ca.3(1) C2,3(2) C23(0"), Assz = C2a(2) + C23(4)

Agss = C2,3(2) Caa(4) —2 A1 pa

Agss = Asaa Agsz + Assn, Aesss = Asas Aesa + Asae Ass2 + Asso

Agse = Asas Assa + Aaso Assa + Ass1, Asst = Asso Assa + Ass1 Aesa

Agss = Ass1 Aesa, Asse = 2, prars Aseo = Ass (Caa(1) + C23(2) + C23(3))
Aser = Asso (C2,3(1) C2,3(2) + Ca,3(1) C2,3(3) + C2,3(2) C2,3(3))

Agsz = Asso Cz.a(l) 02.3(2) 02.3(3), Ages = 02.3(2') + 02'3(4)

Ages = C33(2') C23(4) — 2 A1 4y Ases = Aaso Asss + Asez

Asss = Asso Ases + Aseo Aces + Aesr, Asst = Asso Asse + Asar Acsa + Asez
Asss = Asez Asaa + Aes1 Assa, Asso = Assz Ases, Aesto =4 M Ay prar’ 4

Agn = Agro (Ca3(2) + Ca3(1) + C23(2))
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Agr2 = Aero (C23(2') Caa(1) + C2.3(2') C2,3(2) + C23(1) C253(2))

Agra = Agro C23(1) C2,3(2) C23(2), Asza = 2 g3

Agzs = Agra (C2,3(0°) + Caa(1) + C23(4))

Agzs = Asta (C2,3(1) C2,3(4) + C23(07) C23(1) + C2,3(4) C2,3(0"))

Agrr = Agra C23(1) C2.3(4) C23(0"), Asrs = C23(1') + C23(2')

Agre = C23(1") Ca3(2') — Aa sz, Asso = Aera Asta + Aers

Agsr = Agra Asto + Agrs Ass + Asts, Assz = Aers Aere + Aers Aers + Astr

Agsz = Agre Asre + Aerr Aeta, Assa = Aerr Asro, Aess = 4 Ay Ay papror

Agss = Asas (C23(2') + Ca,3(1) + Caa(4))

Acsr = Agss (C23(1) Caa(4) + C23(2') Caa(1) + C23(4) C23(2'))

Agss = Asra C2.3(1) Ca,3(4) C2a(2'), Asso = 421 pa prsvr

Aggo = Agso (C2,3(2') + C23(1) + C23(4))

Agor = Agss (C2,3(1) C2.3(4) + C2,3(2") Ca,3(1) + C2,3(4) C2,3(2))

Agsz = Asas C23(1) C2.3(4) C23(2'), Asas =4 A7 piapia

Agoq = Agas C23(1), Aggs = C23(0") + C23(1"), Agse = C2,3(0") C23(1') — 24, v
Agor = Asas Asgs + Assd, Aess = Asoa Asse + Asoe Aess, Aesg = Asoa Asss

Arco = S A3 iy ptare (o — pi3)y Aror = Aroo Co3(1), Aroz = 4 M A} 2 pa pra
Azos = Aroz C23(1), Aros = 4paptadi Ay Azos = Aroy Co3(1)

Azos = Caa(4) + C23(2"), Aror = Ca3(4) C23(2') ~ 2 Ay g4, Aros = Arou Avos + Aros
Azge = Aros Aror + Aros Aros, Ano = Aros Arory, Amn =2 2

Aziz = Am (C23(1) + C2a(3) + C23(4))

Ana = A (C23(1) C23(2) + Ca2,3(1) C2.3(4) + C23(3) C2,5(4))

Ara = Ani Caa(1) Cp5(3) C23(4), Ams = Ca3(1') + C25(2')

Ang = Ca3(1") C2a(2') — As p152r

Anz = A1 Ans + Anz, Ans = At Ane + Anz2 Anis + Ana

Ang = Ana Ans + Anis Ans + Ana, Amo = Ana Ane + Ang Ans

A = Ana Ane, Arsz = 423 po iy, Araa = A2z (C23(1) + C2,3(3) + Caa(1'))
Azas = A122(Ca3(1) Ca3(1") + C2,3(1") C2,3(3) + C23(1) C2,5(3))

Azs = Az dz.a(l) C23(3) C2a(1"), Arzs = A722, Arar = A26 C2a(1)

Ars = Arzg Asar + Arar, Arg = Arzs Aess + Arar Asaz, Arao = Arzr Aess

A = 423X pa papy, Amaz = A Caa(l), Ama =423 papa

Ar = Ars3 Caz(1), Ars = Caa(?) + Caa(4)s Arss = Caa(2') Can(4) — 2 M ua
Arar = Aray Aras + Arsay Aras = Aras Arse + Araa Aras, Arep = Araa Aras
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Azio = 221 pt2, Arat = Arao (C2,3(3) + C23(4) + C23(0)

Azsz = Az10 (C23(3) C2,3(0") + C2.3(0") Ca3(4) + Caa(3) C2a(4))

Argz = Arso C23(3) C23(4) C23(0), Azaq = Caa(1') + Caa(2)

Args = Caa(1") Ca3(2') — As ptszry Anae = Arso Aras + Arar

Az = Argo Args + Argt Araq + Araz, Aras = Az Args + Are Az + Araa

Azgs = Arqz Aras + Arag Araas Arso = Araz Aras

Arst = 403 oy, Arsa = Arst (C2,3(8) + C2.3(0") + C25(1"))

Arsy = Arsy (Caa(1') Caa(0) + Ca3(1") C23(3) + C2,3(3) C25(0))

Azsq = Azs1 C2.3(3) C23(0") Caa(1'), Arss = 4 AF 2 pra

Arse = Azss C23(0'), Arsz = Ca3(1') + C2,5(2")

Azss = Ca3(1") C23(2') — As oz + 221 pazry, Azsp = Auss Arsy + Arse

Aren = Arss Arss + Azss Arst, Arer = Arse Arssy Avez = 4 AT A, 2 pia

Azgs = A7e3C2,3(0"), Aseq =42} p2 pta, Ares = Arsi C23(0')

Azes = Caa(4) + C23(2), Azer = Caa(4) C2.3(2') — 21 ptay Azes = Aveu Az + Ases
Azeg = Azgq Arer + Args Arss, Arro = Ares Arer, A =4 A As i plar

Az = A C23(3), Arm = Ca3() + Caa(4), Arra = C23(2') C2a(4) — 21 g4
Ars = A Ars + Az, Arte = A A + Ama A, Arrr = Arnz Asna

Azzg = 8A3 X, po ptq prarry Arze = Arra C23(2')

Argo = Aear — Asas — Asas — Asss — Asza — A1 — Ao

Argy = Aers — Agso ~ Agsa — Asss — Asso — Anz — Anie

Azzz = Ago — Asso — Assa — Aess — Ases + Asro —
Ags1 + Asas — Agas + Agos — Aroa — Amia +
Arz + Arzs + Araa — Arar + Arst + Arss + Ares
+ Am

Arss = Aeo — Asin — Asss — Asse — Aser + Asn —
Aeaz + Aess — Asoo + Asgr — Ars — A71o +
Ana + Azzs + Azzr — Anas + Arsz + Arso +
Aves + Arrs

Arss = Asun — Asaz — Asss — Asst — Acss + Asz —
Aeas + Agsr — Aeor + Asos — Aro — Aroz —
A7g — Ao + Arzs + Arzo + Azar + Ams —
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Anso + Arsz + Argo + Arez + Argo + Arss —
Arrs

Arss = Agsz — Asss — Asar — Asss — Asss + Asra —
Agga + Acss — Aoz + Asgp — Ay — Ares —
Ano ~ A + Ans + Azao + Arsz + Arae —
Azso + Arss + Arer + Azea + Ario + Arrr —
Ao

Args =2 )1, Arsr = Ars (C23(0") + C2a(2) + C23(3))
Azss = Arag (C2,3(0") C25(2) + Ca3(0") C2a(3) + C2,3(2) C2,4(3))
Arge = Args (C2a(0") C2a(2) C2,3(3))s Aro = Ca3(4) + Caa(1') + C2a(2)
Argy = Cp3(4) Caa(1') + C23(4) C2a(2) + Ca3(1') C23(2) — s e — 2 M1 24
Argz = Ca3(4) C35(1) C2a(2) — Ay paz C2,3(4) — 2 Ay 4 Ca3(1)
Asgs = Argg Aroo + Arsr, Arpa = Azss Aror + Arsr Azso + Aves
Azgs = Arss Aoy + Azsr Avor + Azss Aroo + Ar7es
Argg = Arsy Arey + Arss Aror + Arse Argo, Aror = Args Avez + Arse Avar
Aros = Argo Area, Arge = 423 4, Asoo = Aree (C2,3(2) + C2,3(0'))
Agor = Arge (C2,3(2) C23(0), Asoz = Ca(1') + C25(2')
Ass = C3(1") Caa(2') = A prazr + 2 A1 oz
Asos = Arge Aoz + Asoo, Asos = Aroo Asos + Asoo Asoz + Asor
Asos = Asoo Asos + Asor Asoz, Aser = Asor Asoa, Asos =4 M pap Ay
Asoe = Asos (Ca3(2) + C23(0"), Asio = Asos (C2,3(2) C23(0')), Asui = 423 pa
Asiz = Asi1 (C23(2) +C23(0"), Asiz = Asos C2,3(2) C2,3(0"), Asia = C23(4)+C23(2)
Asis = C23(4) C23(2') — 221 g4y Ame = Asu1 Asia + As12
Agir = Asp1 Aais + Asiz Asis + Az, Asis = Asiz Asis + Asiz Asu
Agie = Agia Agis, Aso =4 M Aptsp
Agz1 = Aszo (C23(2) + C2.3(3)), Aszz = Ases C23(2) C23(3), Aszz = Ca,3(4) + C2,3(2)
Agzy = C23(4) C23(2') = 2 My g4, Asas = Aszo Aszs + Asz
Aszs = Asz0 Agaa + Asn Asaz + Asz
Aszr = Asz Asaq + Aszz Asza, Aszs = Asnr Asa, Asze = 8 A pta As sy
Agzo = Agze (Caa(2) + C23(2'))s Asm = Asze C23(2) C23(2'), Assz =4 AT pia
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Asas = Agaz (C2.3(4)+C23(0"), Assq = Assz Ca3(4) C23(0"), Aszs = Caa(1}+Caa(2)
Agzs = C23(1") C23(2') — As sw, Asar = Assz Asas + Asas

Agas = Aszz Asas + Asaz Asas + Asgas

Aszo = Aszs Asss + Asas Agas, Asso = Asas Asss, Asn =8\ pra s jtav

Agz = Agqt (Ca2a(4) + C23(2"), Aswz = Az C2,3(4) C23(2"), Asaa =8 AL i g
Aggs = Agaq (C23(0") + Ca3(1")

Agas = Asaa (C23(07) Ca3(1") — 22, parv)

Asgr = 16 M gy par oy Asas = 823 o st

Agao = Asas Asz, Asgso = Agss Asze

Agsy = 8 A2 g papa A2, Assa = 8AF s p2 3, Asss = Assz sz, Asse = Agsz Asa
Agss = 402 g, Agse = Agss (C2,3(3) + C23(4)), Assy = Ausss Ca3(3) Caa( 1)

Agss = Asss Agas + Asse, Asss = Asss Asas + Asse Aszs + Ass7

Aseo = Asse Asas + Asst Asas, Aset = Ass? Asss

Aser = 823 2 pry, Asea = Asez (C23(3) + C2,3(1")

Agss = Asez C23(3) Ca,3(1’), Ages =8 1\? 2 4y Ases = Ases Awsy Apor = Ases Aras
Ases = 16 M ptp pra ptszr, Aseo = 833 pa pa e Xsy Aszo = 82X pr2 3, Az = Agro Agaa
Agrz = Asro Asas, Asrs = 120 g2 pa pa A3, Agra = 1223 Ay g2 3, Asrs = Agra s
Asre = Asra Asas, Astr = 67 A pt2, Asts = Agzr C2a(3), Asma = Agrr Azoo + Aurs
Aggo = Asrr Arer + Argo Agra, Asst = Asrr Arsz + Aroy Asrs, Assz = Asts Aroz

Asss = 12 A3), pia prq, Assa = Asas Asss, Asss = Assz Asns

Asss = 24 X3\, pio q prazry Assr = 1202 papapa A, Asas = 12M] Aspra fia

Agge = Asss Aszs, Asoo = Asss Asn

Agg) = A7y — Argg — Asu1 — Aszo — Asaz — Aasss — Asrr

Aggz = Azgs — Agoq — Asis — Aszs — Asaz — Asss — Asmo

Aggs = Aree ~ Asos — Asos — Asrr — Asze — Asao —
Agag + Asar + Asas — Asas — Assz — Asso +
Agsz + Ases + Aszo + Asra — Asso + Assa +
Asss

Agss = Arer — Asos — Asos — Asis — Aszr + Asao —
Agsg + Asaz + Asas — Asao — Assa — Aseo +
Aggs + Ages + Astr + Asrs — Asal + Assa T+
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Agra + Agra + Aste — Ass2 + Asss + Asge +
Asgsr + Asgo

Aggs = 4 A%, Asor = Asse (C23(0') + C23(3)),

Aggs = Agps C23(0') C2,3(8), Ases = Ca3(4) + Ca,3(1") + C23(2')

Agoo = C23(4) Caa(1") + Co3(4) C2,3(2') 4 C23(1') C2a(2') = Ay prar — 2 14

Asn = C23(4) (C2,3(1') C23(2") = A5 ptazr) — 2 A1 C25(1")

Apoz = Asgs Asos + Assr, Asos = Asos Asoo + Aggr Ages + Asss

Agor = Agos Agor + Aser Asoo + Asss Ass, Asos = Aaer Asor + Ases Asoo

Aqos = Asss Asor, Asor = 823 pta, Asos = Asor C2,3(0')

Agas = Ca3(1") + C23(2'), Aso = C2,3(1’) Caa(2') — A, prazr + 2 A1 prgz

Agiz = Apor Asoo + Agos, Asz = Asor Asro + Aoos Ases, Asiz = Agos Asro

Aos = 823X, pspig, Ams = Aora C23(0'), Ase =8} pa

Apir = Agg C23(0"), Agis = C23(2') + Caa(4), Aors = C23(4) C23(2) — 2 g4
Ag2o = Agig Anis + Amizy Asznt = Ame Aoie + Asi7 Asis, Asaz = A7 Asrs

Agzs = BAI A, oy, Asae = As23 C23(3), Avzs = Agaz Asis + Ao

Aszs = Apza Asto + Asza Asisy Aser = Agay Aers, Ases = 16434, g po1r

Agzo = Anzs C23(2'), Asaa =121 A2 3 pta, Asm = Asao Co3(1), Asasz = 1223 A pia
Agaz = Aszz Cp.3(1), Aess = Agaz Asis + Agas, Asas = Agsz Aors + Asasz Aots
Agss = Aozz Asre, Aesr = 61 Ay, Agas = Asar (C2,3(1) + C23(3) + C2.3(4))

Apze = Agar (C2,3(1) C2,3(3) + Ca;a(1) C2,3(4) + C23(2) C2,3(4))

Asio = Agar C2a(1) C2,3(2) C23(4), Asar = C23(1") + C23(2)

Assz = Cr3(1") C23(2') — As pts2r, Asaz = Agaz Aoar + Apas

Agas = Agaz Agaz + Agag Asar + Agaey Asss = Asas Asaz + Asae Asa1 + Agao

Agie = Asazp Asaz + Asto Asary Aour = Aguo Asaz

Agss = 1223 A, pta, Agao = Asas (Caa(1) + C2,3(3) + Ca3(1'))

Agso = Aoaa (C2,3(1) C2,3(3) + C23(1) 02.3(1')_ + Ca,3(3) C25(17)

Apst = Agas C2,3(1) C2,3(3) C2a(1"), Assz = 1223 A, pg, Aosa = Agsa C23(1)

Agss = Apsz Asar + Assa, Asss = Aesz Asaz + Assa Asar, Asse = Aoss Asaz

Agsr = 24 A A, pia prazry Agss = Agsr Ca3(1), Asso = 1203 A2 ua i1, Ageo = Asse C2,3(1)
Aper = 1222 A, 3, Agez = Ave1 C23(1), Ases = Aser Agis + Asez

Apsq = Aver Anis + Agez Aniay, Ages = Asez Aaro

Ages = Agse + Aovar, Aser = Aoz + Asar
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Agst = 24 X3\, pta pozry Assa = Aost Ca3(1), Asso = 1201 A2 papty, Aseo = Aoso Caa(1)
Ager = 1223 ), pta, Avez = Ase1 C23(1), Ases = Aser Ams + Asez

Ages = Aver Asro + Agez Aais, Ases = Assz Aaro

Ages = Asss + Aear, Aser = Agnz + Aswr

Agee = Agos — Agor — Agre — Asaa + Agaz + Ass — Ases — Avsz — Asar

Agep = Agos — Agi1 — Aszo — Agas + Asas + Asas — Ao — Asss — Ases

Agro = Asos — Asrz — Aoa — Aozt — Ape + Aozs +
Agao + Agas + Asse — Aoso — Asss — Assr —
Asgso — Asea

Agn = Agos — Asiz — Asis — Asnz — Agaz + Aom +
Agay + Asas + Asar — Ags1 — Asse — Asss —

Aggp — Ages

Aoz = 813, Agrz = Aora (Ca3(4) + C23(0), Asra = Agrz C23(4) C23(0')

Agrs = Agra Asar + Asrs, Aeze = Asrz Asaz + Apza Aoar + Ao

Agrr = Asrs Asiz + Aora Asar, Aszs = Asta Asazs Asre = 16 A3 As o

Asso = Agte (Ca.3(4) + C23(2), Assr = Asre C2.3(4) Ca3(2'), Asez = 16 A} py
Agss = Agaz (C23(0') + C23(1)), Asss = Aesz (C23(0') C2a(1') — 2 s parr), Aves =
12 2, A3 py

Agss = Aggs (Ca3(1) + C23(2)), Ager =12, A3 11y C25(1) Ca3(2) + 16 A3 A2 gy
Agss = 120 A2, Aggs = Asss (C2.3(1) + C23(2))

Agoo = 12 M A2 Ca.3(1) C2,3(2) + 16 A3 Ay 2, Aoy = Aot Asss + Avso

Agsz = Asio Aogs + Asre Asso + Asso, Ages = Ag1o Asgo + Avis Ao

Agoq = Aois Ao, Ases = 124,22, Ages = Ages (C23(1) + C25(4))

Agar = 122, A3 C3(1) C23(4), Asee = Aggs Agnr + Agos

Ageg = Agos Aoaz + Agos Asar + Asory Arooo = Asss Agz + Az Apar

Aroor = Asar Asaz, Arooz = 24 X3, pay Aroos = Ajooz (C23(1) + C2a(1'))

Aroos = Arooz C2,3(1) C23(17), Arcos = 24 AT A3 pa g

Aroos = 24 M2 X% 52, Ajoor = Aroos Asis; Atoos = Aroos Aorn

Atoos = Agrz + Asss + Asss, Aroro = Agrs + Ager + Agos

Ajonn = Agre — Agre — Aoez -+ Asss + Asse + Asgs — Aronz — Arocos

Atz = Agrr — Agso — Agss + Agse + Asss + Arooo — Aroos — Aroor
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Ajors = Agrs — Agar — Agas + Assr + Asst + Aroor — Aroos — Aroos — Ajoos

Ajis = 16 ,\‘1‘, Aors = Ajo14 02.3(0'), Ao = Ayorq Ao + Aro1s

Aroir = Aro14 Asaz + Arois Asar, Ains = Aros Asaz, Arors = 32 A A parr

Ajozo = Ar010 C23(2'), Arom = 162§ Mg i3, Ajozz = Aroz1 C23(0')

Aroas = 6202, Ajgas = A1eas (Caa(1) + C2.3(2))

Avazs = 8 A2 A iz + 602 Caa(1) Coa(2) = 1221 N prz, Arons = 2 M1 A,

Ajozr = Aroze C23(3), Arozs = Arozs Arozsy Aroze = Arozs Arozr + Aroza Arozs

Argao = Aroz4 Arozr + Ajozs Arozs, Argar = Arozs Arozr Ajoaz =4 Af

Aroas = Aroaz C23(2'), Arose = Arozs Aroz2, Aross = Arozs Aroas + Aroza Arosz

Asozs = Aroza Aross + Arezs Aroazs Aroar = Arozs Arosa, Areas = Arora + Arozs + Azoa4
Araze = Armie + Arozo + Arozsy Aroro = Aoz — Arors + Aron + Areao + Aross

Aronr = Aro1s — A1o20 + Arozz + Aroar + Aroar, Areaz = 16 M pta tarr oz

Aoz = 8 \2 pta tarry Aroas = Aross Aois, Aross = Aroas Aots, Arms =3 A,

Aroar = Aros (Caa(1) + C23(2)), Aross = Aroas C2,3(1) Ca3(2) =6 A Aoz +14 A pg
Ao = C23(3) + C23(4), Aroso = C2,3(3) C23(4)

Ajos1 = Aros Asar + Araes Aroas + Arosr

Ajgsz = Aros Asaz + Aro4s Aroas Asar + Aross Aroso + Aroar Aoar + Aroar Arose + Aross

Aross = Aios Aross Asez + Aroso Asar Aross + Aroar Assz + Aroar Aross Asa +
Aroar Aroso + Aroas Asir + Aroas Aroas

Agss = Aioso Asaz Aro4s + Arose Aroar Asaz + Aroar Aroso Asar + Aross Aoz +
Aroas Aroas Asar + Aroas Aroso

Aross = Aroso Agaz Aroa7 + Arods Aroas Asaz + Aroas Aroso Asar

Aross = Aroas A0s0 Asazy Arosz = 2 M ptey Aross = Aresz (C23(3) + C2a3(1")

AIOSS = Ajos? 02,3(3) 02'3(1'), Atosu = Ajoss Arost, AIDGI = Aioss Aloss + Aroa7 A1057
Arosz = Arose Aross + Aroar Aross + Aroas Aros7, Aroes = Aroar Aroso + Arous Arose
Aroes = Aroas Arose, Aross = Aros? Aross, Aroes = Arost Aroars Arosr = Arost Aroas
Aross = Aioss Aga1 + Aroes, Aross = Auoes Asaz + Aroes Ao + Aroer

Aroro = Aross Apaz + Arosr Asar, Arorn = Aroer Aoz

Ajoria = 2 M1 o2y Arorz = Asoria Arossy Aoz = Aromia Aross

Arors = Aroria Arosrs Aroraa = 21 A, i3 4 Aroas,  Arors = Aroraa Aross

Arore = Arorae Atwzy Arorr = Aworaa Aros, Arorra = 2A1 3

Alors = A1077a Aroass  Ators = Aror7a Arears Aroso = Aror7a Aroas

390



At = Arors Aors + Arorey Arosz = Arors Asrg + Arors Asis + Aroso

Aross = Aroro Asis + Aroso Ams, Arcss = Aroso Aore, Aross = 6 A1 A, pia

Asoss = Aross (C2,a(1) + C2,3(4)), Ancer = Aross C23(1) C23(4)

Aroes = Aross Apar + Aross, Arose = Aross Agaz + Aross Asar + Arosr

Asoso = Arass Aotz + Arosr sty Aros = Arosr Asazy Arosz = 12A7 A, pi3 piy
Azosz = Arosz (C2,3(1) + C23(1)), Arost = Aresz C23(1) C23(1')

Ajoes = Aros2 — Aross — Aross — Aro78 — Aross

Aross = Arosa — Atos1 — Aross — Aros1 — Aross

Arwr = Aroas + Arose — Arosz — Arose — Arorz — Arors — Argsz — Aucse + Ao
Arss = Aroaa + Aross — Aross — Aroro — Arors — Arore — Aross — Aroso + Arows
Aroge = Araaz + Aroas + Arose — Aross — Aran — Arora — Arorr — Arosa — Arost + Aroos
Antoo = 16 X3 piz pray Anor = Anoo C23(0), Arrez = 843 pt3, Anos = Arroz G23(0')
Anos = Ar10z2 Asis + Aoz, Anos = Aoz Aote + Anos Asis, Arios = Anos Asio
Ayor =120 22 i3, Anies = Anior Ca3(1)s Anoe = Anror Aers + Anres

Ano = Anor Aore + Anios Asia, Aun = Ancs Aste, Az =24 A? As Hha pay
Ains = A2 C23(1), Auna = 122332, ps

Ans = A C23(1), Aie = A Asis + Ains

Az = A Asre + Arns Ams, A = Arna Ao

A = 6 X2, Anzo = Aine (Ca3(1) + C2,5(2))

Anz = Ao C23(1) C23(2) +8 A2 A 42 — 120 22 pa, Anzz = Aps + Ca3(3)
Anzz = Agie + Ans C23(3), Arize = Aare C2.3(3), Anazs = Ao Anzz + Auzo
Anze = Ains Anzs + Auzo Auz + Ana

Anzr = Ame Anza + Auzo Anzs + Aua Auz

Ainzs = Anizo Anze + Aun Auzss Anze = Anz Atiza, Anao = 2 A1 4

Anas = Anao C23(2'), Anaz = Ame Anzo, Anss = Ains Ana + Anizo Anao
Ay = Anzo A + Ann Ansoy Anas = Anz Aua

Anse = Ano2 — Anior + Ania + Anzs — Ana

Aptar = Artos — Anes + Aine + Anzz — Aunas

Anas = Auo + Anos — Ario + Az + Az + Aunzs — Anas

Anzse = Auo + Anes — Aun + Az 4 Aine + Auze — Anias

Aro = 16 X% g4, Anan = Awo (C23(0') + C23(1")

Az = Ao (C23(0') Caa(1) = 22, o)y Ania = 8 A3 A e

Apas = Ar143 (Caa(4) + C2,3(07), Annas = A4 C23(4) C23(0")
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Arnas = 120 X s, Anar = Ans (C23(1) + C23(4)), Anss = Aunis C23(1) C23(4)
Annso = 24 X3 2, sy Aniso = Anae {C23(1) + C23(1)), Aust = Auae C23(1) C23(1)
Ausz = 12X2 02 g, Angs = Anse (Cza(1) + C23(4)), Auss = Ansz Caa(1) C2,3(4)
Anss = s, Anise = Anss (C23(3) + Ca3(4)), Anst = Anss C23(3) Ca3(4)

Apss = 63, Ause = Auss (C23(1) + C2a(2))

Anigo = Anss (C2,3(1) C2.a(2) + 8 AFA, pa — 122, M pi2)

Aper = Anss Auss,  Auez = Auiss Auise + Anss Auiss

Anes = Aniss Aneo + Anse Anse + Anst Anss, Aned = Ause Aneo + Ansz Anso
Anes = Ansr Arieo, Anes =2A1 A, p4 — 4 /\f B, Aner = Anes Atiss

Anies = Anes Anise, Anes = Anies Anieo

Anro = Ao + A — Aras + Ane + Anis2 + Auiss — Aner

Ann = Ana + A — Angr + Auso + Anss + Auies — Aues

Anr = Anaz + Ans — Ans + Anst + Ansa + Anies — Anie

Anrs = C2.3(0) Aras — 1 Asos — psor Arase, Arira = 201 As e fis

Anzs = Az Ca(1), Anre = Caa(2) + C33(3) + Caa(0)

Aprr = C33(2) Caa(3) + Caa(0') C33(3) + C3,3(0") Caa(2) =3 M iz — 3 Ay pa

Anms = C3a(2) C33(3) Ca3(0") — 3 A1 22 C33(3) — 3 Ay pra Caa(0)

Anre = Aura Aure + Anrs, Anso = Ann Aurr + Aurs Au

Anst = Anra Az + Anrs Aurm Ansz = Anrs Aurs
Ansa = 2 M ps, Angs = Anes (Caa(1) + C3a(2) + Ca3(27)

Anss = 672 o s — 2 A pts Ca3(1) C3,3(2) — 21 s Ca3(1) Caa(2') —
2 A; ps C3,3(2) Ca,2(2)
Angs = 62 pgpsCaa(2) — 2A ps Ca3(1) Caa(2) C33(2)

Ansr = Ca3(3) + C33(0) + C33(1")

Angs = C3,3(3) C33(0') + Ca3(3) Caa(1’) + C33(0") C3,3(1") — 3 Ay iz

Angs = C13(3) C33(0') C3a(1") — 2 X4 ptarr — 3 My pta C33(0%)

Anso = Antes Auisr + Aussy Aum = Anea Anss + Aniss Ansr + Auiss

Angz = Angs Auiso + Anss Auiss + Anss Anisr + Aniss

Ansa = Ansa Aniso + Anss Anss + Anss Aner, Anisa = Aniss Aniso + Ariss Aniss
Angs = Anes Ases  Auge = —6 A3 s, Aner = Anies (Caa(1) + C3,3(2))
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Anos = Anos C33(1) Ca3(2), Arree = —pt3, Arz00 = Anige (Ca,5(0) + C3(1")
Ajaor = Anies (C3,3(0) Ca3(1") — 2 A, porr) = 3 M pror 3, Arzoz = Anos Anioo
Arz0s = Anss A1200 + Anter Arreer Arzoa = Anss 41201 + Anrgz Ar2o0 + Aniss Anow
Ayzos = Anier Arzo1 + Anies Arz00, Arzos = Anss Arzo1, Arzor = 241 p2 pis

Arz20s = Arzo7 (Caa(1) + C33(2)), Ar2oe = Ar2o7 Caa(1) C33(2), Ao =3M
Ay = Arz10 (C33(3) + Ca3(1"))

A1z = A1 (C53(3) C3a(1) =3 At pa) + 6 M A pia

A1z = Arzor Ainoy Az = Axzo7 Aran + Arzes Ar210

Arzts = Arzor A1z + Arzos Aian + Ar200 A1z10, Arzie = Arzos Arziz + Arzeo Arzun
At = Arzoe Ainz, Arns = Ca,3(3) + Ca,3(5)

Ajz1e = Ca3(3) C3a(5), Arzza = C33(0') + Caa(l) + C33(2)

Arznn = C33(07) Ca3(1’) + C3,3(0') Caa(2) + Ca3(1) Caa(2) — 6 Ay g2

Ajz2z = Ca3(0") C33(1) Caa(2) — 3 My g2 Ca,a(0') — 3 M 12 Caa(1)

Ay = A0 A, A2z = Anan + Aizis Arazo + Arzie

Ayzzs = Arazz A1zis + Az Aizie Aizo, Ar226 = Arzis Arzzz + Awawe A

Ajzar = Arnio Arzze, Aizs = Caz(4) + Caa(l’) + C33(2)

A1220 = C3.3(4) C33(1’) + Ca3(4) C33(2') + Caa(1') C3,3(2") — 3 M pra — As o
Aj230 = Ca3(4) Caa(1') C3,3(2") — As sz Caa(4) — 3 M pta Caa(1’)

Ajzsr = Arzza + Araos, Arzza = Aizze + Arzzs Auzzs + Aran

A12zs = Arzso + Ar223 Ar2z + Ar224 A2z + Auzzs

Ar234 = Ar223 Arano + Arz24 Araze + Arazs Arzzs + Arzze

Ar23s = Arzz4 Ar230 + Arzas Arzze + Ar2zs Arzzs + Ararr

A1z3s = A122s Ar2so + Arzze Arzze + Arzor Aizs, Arzsr = Araze Araso + Arzar Az
Arzas = Arzr Arzse, Arze = 30 Caa(0), Arzio = Caa(l) + C3a(2) + Caa(5)
Az = Ca3(1) Ca3(2)+Ca3(1) Ca3(5)+Ca3(2) Caa(5), Arz42 = Ca(1) C3.3(2) C3,3(5)
Arzaz = =183 p2, Ajzaa = =92 3 (Caa(1) + Caa(0') + 2C35(5))

Arzes = =9 A2 13 C33(5) (Caa(1) + C33(0), Arus = A1210 A1240

Arzar = Ar210 + Arza Arzze + Ar2a0 + Ar243, Arzes = Ao Ar242 + Arzze Arzar Arzua
Arze = Ao Arzaz + Aras, Arzso = —pa, Anzsr = Anzso (Cas(1') + Caa(2'))
Aqzsa = Ar2s0 (Ca.3(1') C3,3(2") = As sz} — 3 M pa ity Arzsa = Arzio Asaco

Anzss = Arz10 Azt + Arzes Arzsoy Arass = Arzio Arzsz + Arzas Arzst + Arzar Arzso
Atzse = Aiza7 A12s1 + Ar248 Ar2s0 + Ar246 Ar2s2

Apzsr = Araar Arzsz + Arzas Arzs1 + Ar2e9 Arzse
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Amss = A1248 Awsz + A1249 Ansl, Auss = A1249 Al'2523 AIZSO = —H3
Ajze1 = Arzeo (Ca3(2) + Ca,3(5) + Ca3(0") + C35(1))

Apsz = Arzeo(Caa(2) Caa(5) + C33(0) Ca3(2) + C33(0") C3a(5) +
Cas(1) C3,3(2) + C33(1) C33(5) + Ca3(0') Caa(1')) +
6 A1 pra iz — 2 A, pr2 3

Apes = Arzso Caa(2) Caa(5) (Caa(0') + Ca3(1)) +
Arze0 C3,3(1) C3(0') (C3a(2) + C3,3(5)) +
3 A1 pz 3 (Ca,a(1) + C3a(0') + 2 Caa(3)) -
2 A, pig p3 (Ca3(1) + Caa(5))

Arzsa = AuzeoCaa(1) C33(2) Ca,3(5) Caa(0) + 3 M pra 3 Ca,a(1) C3(8) +
3 Ay g 13 Ca,3(5) Ca,3(0") — 2 A, 13 pra Ca3(1) Caa(5)

Ajzes = 31, Auzes = Arzes (Caa(4) + C33(2))

Arzer = Ar2es (C33(4) Ca3(2') + As s — 3 A1 14), Ar2es = Arze0 Ar26s

Arze = An2g0 Ar266 + Ar2e1 Arzes, Ar210 = Arzeo Arzer + Arze1 Ar2es + Ar262 Aizes
Az = Auzer Avzer + Arzez Arzes + Arzes Arzes

Ajarz = Arzez Arzer + Arzes Arzes + Arzes Arzes

Ayara = Arzes Arzer + Arzes Arzes, Arzzs = Arzea Arzer

Auzrs = —2 A, ptarry Arzz = Auars (Caa(1) + Caa(2) + C33(5))

Ayarr = Aygrs Caa(1) (Caa(2) + C3a(5)) + Arars C3,3(2) Caa(5) + 6 A Ay piz o
Ajazs = Arars Caa(1) Ca,a(2) Ca,3(5) + 6 A1 As 2 1310 Ca3(5)

Arare = Ca3(3) + Ca3(4) + C3,(2")

Ajzs0 = Ca.3(3) Caa(4) + C33(3) Ca3(2') + Ca,3(4) Caa(2) =3 M py

Azs1 = C33(3) Caa(4) Caa(2') — 321 4 C3,3(3) — 3 Ay ps C3,3(2')

Ayasz = Aygrs Ao + Arzre, Ar2ss = Anars Arzso + Arzrs Arzre + Avarr

Avass = Azzs Avzar + Arzze Arzso + Arzrr Arzro + Avame

Apzss = Arare Arzsr + Ajarr Araso + Arzzs Arzre

Asags = Arzrr Argst + Arzrs Anzso, Arzsr = Arzzs Arzar, Aizes = —3 M i3

Arzss = Arzas (Caa(1) + C3,3(4) + Ca3(5))

Ay200 = Azsa (Ca3(1) Caa(4) + Cs3(1) Caa(5) + Caa(4) C33(5))

Arzor = Auzsa Caa(1) Caa{4) Caa(5), Arzez = C3a(0') + Csa3(1’) + Caa(2')

Ajza = C33(0") Caa(1") + Caa(0') Caz(2') + Caa(l’) C3a(2') =2 As porr — As o
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Ajsq = Ca3(0") Ca.a(1') C33(2) — As ez Ca3(0') = 2 A, psre Cap(2)

Ajzes = Anzss Arzez + Arzse, Arzes = Arzss Aizes + Arzse Arzez + Arzso

Ajzor = Ar2ss Ai2eq + Ar2se Ar203 + Arzs0 Ar202 + A2

Auzee = Ar2se Arzss + Arze0 A12es + Anzer Arzez, Anss = Arze0 Arzea + Aran Araes
Araoo = Anzor Arzsa, Araon = —3 M p3 ey Anaoz = Aaor (Caa(1) + C33(5))

Arzoz = Araon Ca3(1) C3a(5), Arzed = =3 A1, Ausos = Araoa (Ca,3(0") + Caa(1'))
Ayzos = Arzoa (Ca3(0") Caa(1) — 2 A5 tarr), Arsor = Az Arzoa

Ajaos = Araor Araos + Arzoz A1ane, Ar0e = Azon Arzos + Aoz Arzos + Araos Aisoa
Araio = A1z0z Araos + Araos Araos; Arann = Araes Araos, sz = —9 A} po

As = A2 (Ca3(1) + C33(5)), Arana = Arar2 C33(1) C33(5), Ains = a

Aine = Aras (Caa(4)4+C33(2))y Ararz = Arans (Ca,3(4) Caa(2) =3 A pa)+3 Ay pra ftar
Ais = Az Aiasy Awae = Az Aune + Auas Auas

Araze = Ararz Ararr + Arais Aiaie + Arara Awats, Arzar = Arans A + Arana Awae
Az = Arais Ainiry Arsaa =6 A3 A, papis, Araza = —paz

Argos = Araza (Ca3(0") + Ca3(3)), Auzzs = A1324 C33(3) Caa(0"), Anzor = Araza Aia
Aisg = Ayazs Arzas, Aiaze = Araes Arazs

Araao = Anes + Aiz3: + Anasa + Aizes + Aiars + Auzss

Az = Anigo + Arzas + Arzsa + Arzes + Ar2sz + Arzes

Az = Anw+ Aus + Aoz + Aizs + Arzss + Anzss +
Aqaro + Arzes + Anzes + Araor + Arais

Aas = Aum+ Anse + Arzos + Aina + Arzzs + Arase +
Agzns + Arzss + Arzsr + Araos + Arare

Az = Anso + Auss + Arzos + Arais + Arzzs + Apasr +
A2z + Arzss + Arzes + Arzoe + Arazo + Arazr

Aims = Ana + Anes + Arzos + Ar2is + Arzar + Anzss +
Ar27a + Arzss + Ar2ee + A1310 + Aaat + Arazs

Aps = Anas + Anes + Anoe + Ainz + Arzas + Arzss +
Arzz4 + Arzer + Araco + Arann + Aranz + Anaze

Arzar = 623 ), s pew, Auzas = Ca3(2) + Ca,5(0')

Arxe = Ca3(2) Caa(0') — 3 Ay g2, Arzao = Cs3(3) + Auazs
Az = =3 A g3 + C3a(3) Ayazs + Arase, Araee = =32 3 Ca3(0') + Cs3(3) Alsso
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Arsia = Arzar Araeor Arau = Araar Az, Arses = Araar Araaey Arzss = —6 A s
Arsar = Arass C33(2'), Araes = C33(0) + C33(1'), Asasg = C33(0) Caa(1) ~ 2 Asptsre
Ayaso = Ca3(3) + Caa(1), Azt = C33(3) Caa(l') =3 A1 st

Auzsz = Caa(2) + Ca3(3), Awass = Ca,3(2) C33(3)

Ayssa = Arsas + Arsszy Arass = Arsae + Arass Arzsz + Arasa — 6 Ay pra = 3 A1 psa

Apss = Auas Arasz + Arass Arasa — 3 M p3 Ca3(0") — 3 Mg 13 Ca5(2) —
3 A1 p3 Araas — 3 Ay pr2 Araso

Apssr = A Arasa — 31 pa (Caa(0) C33(2) + Araas + 3 A parr +
22, p2) —3 At pi2 Auasa

Ajass = Aras Arass + Araar, Arase = Aras Arass + Araar Arase

Avzso = Arass Arase + Araar Arzss, Arzsr = Arass Arsst + Arzar Auase

Aussz = Araer Arasty Arzes =3 M, Arsas = Arsea (C33(2) + Caa(5) + Caa(0))
Aass = Araea (C3,3(2) C,3(5) + C33(2) Ca3(0") + Ca3(5) C3,5(0%))

Arzes = Arass Ca3(2) C3,3(5) C3,3(0')

Azsr = C33(3) + Caa(4), Arzss = C33(3) Ca3(4)

Arzes = Caz(l’) + C3a(2), Araro = C33(1") C33(2) = As prszr, Az = =31 414
Ararz = Aran (Ca3(3) + C33(1")), Arars = Aran C33(8) Caa(l’)y Arara = Aran
Argrs = Arara (Caa(1) + C3,3(2)), Arare = Arazra (Cas(1') Caa(2') — As praz)
Aparr = =321 pa (31 oz — A p1a), Arare = —3 A1 pia

Arare = Arare (Ca3(4) + Ca3(2), Auzso = Arars (Caa(4) Ca3(2') + Arama)

Avasy = Arzer + Aizes, Arssz = Araro + Arser Araes + Araes + Aran + Arana + Auars
Ayasz = Arzer Araro + Arass Araes + Arazz + Arars + Arare

Ajasq = Azes Araro + Arara + Arars + Ararr + Ansso

Auzss = Arzes Arasr + Arzes, Arass = Aizs2 A13es + Arass Aram + Arzes

Azsr = Aqass Arass + Arass Arasz + Azzes + Arsar + Arass

Aags = Arzes Arzss + Arzes Arasa + Arzes Arasz + Araes Arzsr

Ayzsp = Arses Arasa + Arzes Arzas + Arses Arss2, Araso = Arzes Arass + Arase Aizss
Agan = Arzes Arase, Arzez =621 As, Arzes = Auaez (C33(2) + C3,3(5))

Ajags = Aya92 C3a(2) C33(5), Arzes = —parry Arass = Araes C3,3(3)

Awzor = Caa(4) + C23(2'), Aues = Ca3(4) Caa(2) — 3 A1 pay Arzen = 3 A1 pta farr
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Araoo = Arzse Ca3(2), Avm = Auaes Arzer + Arae

Avgoz = Anass Arzss + Arass Araer + Arases Aries = Arzes Arass + Araco

Aot = Arsez Arzes, Avaos = Arzez Ao + Arzes Ares

Ajs0s = Arzez Aroz + Aaea Araor + Araos Araes

Avgor = Araoz Araes + Arass Araoz + Arass Arao

Avios = Arzss Araos + Arasa Araozy Arae = Arasa Aoz, Araro = 9N}

Avn = Ao (Csa(4) + C33(5)), Arnz = Araro C3,3(4) C3,(5)

Aras = —fia, Auu = Aras 03.3(0'), Avas = Caa(l') + C3a(2)

Aing = C33(1") Ca3a(2) = A a2, Ararr = 2 A, pi3 v

Avas = Araz C33(2), Aras = =3\ fia s, Araz0 = Aras C33(2')

Arn = Az Aras + Aine Az = Az Arne + Arag Aras + Avar + Awao
Az = Araq Arae + Aras + Arao, Arza = Ao Arara

Avazs = Aro Anaz + Aran Az, Arze = Ao Auaz + Aun Avn + Az Ana
Avgzr = Ao Anazs + Aran Arazz + Arrz Avazr, Araze = Auan Avazs + Az Az
Args = Araz Auzs, Ao =92 pay Arsr = Avao Ca3(5)

Aigaz = 31 g3, Anaas = Anaz (Ca3(0) + C33(1")

Avisa = Avazz (Caa(0') Caa(l) — 200 ptarr) — 9 AT pavs oz + 9 A% pia pravs

Avgas = Arano Araz, Arase = Araa0 Auss + At Araze

Avar = Arazo Araas + Anat Auzsy Aras = Avisn A

Avge = =3 M ptz pa, Araio = A120C33(5), Aun =641 A,

Ariz = Avaar (Caa(d) + C3a(2) Araaz = Avaar (Ca3(4) Ca3(2) =3 M 1) + 601 A7
A = Arase Araar,  Araas = A1aze Araaz + Araso Araar

Arge = Araze Az + Ao Araaz, Arer = Arneo Araas

Aps = =923 g, Ajaes = Araas Ca3(5), Auso = Caa(3) + C3a(4)

Apsy = C33(3) Caz(4), Ansz = Caa(l') + C33(2')

Auass = C33(1") C33(2') — As prozrs Arase = —3 Ay gt

Avss = Arasa (C3a(3) + Caa(1"), Ansss = Aurass C33(3) Caa(1')

Avs? = Aussz Arasa,  Arass = Aasz Anass

Avase = =9 A pa prazr — 3 M Ay pa pay Araco = Arars

Avgr = Ao (Caz(4) + C33(2), Avsez = Arseo (Caa(4) Ca(2) + Arasa)
Avges = Anaso + Arsz, Anes = Arasa + Araso Arasz + Aust + 2 Arasa + Avico
Ansgs = Arsso Arass + Aust Aasa + Auss + Arasr + Aer

Arges = Aras: Arass + Anse + Aress + Arise + Aveez
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Avgrs = Anra (Ca3(3) + Caa(1’) + C33(2))

Azs = Avazs (Csa(3) Caa(l') + Caa(8) Ca3(2') + Caa(1') Caa(2) —
As phaz + 2 X, piz — 3 M 3)

Awre = Aum(C3a(3) Caa(1’) C3a(2) — Ay oz C3a(3) +
2, #t3 Ca,3(2') — 3 M1 13 Caa(2))

Aprr = Avrz Az, Aurs = Aurz Aursy Awre = Ararz Awars

Avaso = Arara Arazey Avsst = 3 A, pa iz, Awsz = A C3,3(5)

Avgs = Araar, Auss = Awusa (Caa(4) + C33(2))

Ayss = Arass (Caa(4) Ca33(2') =3 M pra) + 6 21 As pa,  Arsss = Arasy Auasa
Aysr = Ausr Arass + Araaz Araga, Ariss = Arast Arass + Arasz Arasa
Arse = Arsz Arasss Arggo =9 A Ay 2

Ausr = A190 C33(5), Arasz = Awaso Araar + Aum

Araoz = Araso Arasz + Ao Arasry A = Arag0 Arasa + Aram Arzsz

Aviss = A1aso Arzsa + Argor Arass, Arase = Anaer A1ass

Awor = Aizs + Arass + Argos + Aviza + Araas + Avsso

Auss = Amass + Arzer + Araos + Arazs + Arier + Aum2

Angs = Aiar + Arase + Arsss + Araos + Arze + Arazs +
Avaas + Avses + Ararr + Ariss + Arags

Awsse = Aiags + Arzeo + Auzss + Awor + Arazr + Arzs +

Araas + Arass + Arars + Arasr + Arasa

Arau + Arzer + Arzso + Ardos + Arazs + Araar +

Argas + Araro + Araze + Anigs + Arass

Aoz = Ajus + Arzez + Arsor + Arsoe + Arazo + Arazs +
Apar + Aran + Ao + Araso + Arase

Asn

Ausas = =183 5, Asos = Arses Caa(3), Arsos = Caa(l') + Caa(?))

Arsos = Caa(1’) Caa(2) = As a2y Arsor = Ausos + Ca3(0")

Ausos = A1sos + Ausos Ca3(0") — 2 As oy Arsos = Ausos Caa(0) — 24, o C3,3(2)
Arsio = Aysos Awsor + Arsoar  Arsn = Ausos Aisos + Arsos Arsor

Arsiz = Aysos Arsos + Arsos Arsosy Ars1a = Ausos Arsoo
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Arsie = 18 A2z pis, Arsis = 30, Aisis = Awsas (C3(07) + Caa(2))

Asiz = A1sis Caa(0") Caa(2), Arsis = Arsra Aisis, Asie = Arsia Ausie

Aisio = Arsia Aisin, Azt = =18 A2 A, par, Arsaz = Aisz Caa(5)

Asza = C33(3) + Ca3(4) + Caa(2')

Ausaa = C3,3(3) Ca.3(4) + C53(3) Ca3(2') + Ca,3(4) Ca3(2) — 6 A

Apszs = Ca.a(3) Caa(4) Ca(2) — 3 A 1 C3,3(3) = 3 A1 pry Caa(2')

Ausze = Arsny Arszs + Aisze,  Aiszr = Asm Aisaa + Arsaz Ais

Aiszs = Arsn Asas + Auszz Aisaa, Arsze = Ars2z Awsas

Arsso = =18 X3\, pis, Arszr = Auszo Caa(l), Ausaz = Caa(3) + Caa(l') + Ca(2)
Arsas = C33(3) Caa(1') + C33(3) C33(2') + Caa(l’) Ca3(2) — As oz =3 M1 113
Arsaq = C33(3) Caa(1') C3(2') = As oz C33(8) — 3 A1 13 Cap(2)

Aysas = Aisao Aisaz + Awsary Arsas = Aisao Arsaa + Arsz Arsaz

Arsar = Arsao Arsae + Arsa Aisas, Arsss = Arsar Ausaa

Arsas = 6 A Ay piz sy Asio = Arsas Cag(l)y Aisa = -6 A,

Aisi2 = Arsnn 03.3(2'), Agsia = Aisae Arsq1, Arsas = Aisae Aysaz + Aseo Aisu
Arsas = Arseo Aisaay Arsas = 2723, Ausar = Awsas (Ca,a(5) + Ca3(07)

Arsis = Arsis Caa(0') Caa(5), Aisie =27 AT A5y Atsso = Ausis (Caa(l) + Caa(5))
Arsst = A1sie Ca3(1) Ca3(5), Aissz = Arswo + Arsae, Aussa = Ausar + Ausso
Arsse = Ausas + Arss1, Ausss = —pa, Arsse = Ansss (Caa(1) + C3.a(2)

Arssy = Arsss Caa(l') C3a(2') — Ausss As a2 — 3 A1 pta oty Arsss = Arssz Ausss
Aysso = Arssz Aisse + Aissa Aisss,  Arseo = Arssz Awssz + Arssa Arsse + Airsse Arsso
Aser = Ausss Arsst + Asse Arsse, Arsez = Auss Arsst, Arses = 6 '\3

Ayses = Arges (Caz(1) + Caal5)), Arses = Arses Caa(1) C3a(5), Arses = —9 A pa
Asser = Arses (Caa(0') + C3a(5)), Auses = Arses Ca,3(5) Ca3(0')

Ajses = =9 My Ay pta, Arszo = Arses (Caa(1) + Caa(5))

Aisn = Auses Caa(1) Caa(5), Arsrz = Auses + Ases + Auseo

Avsra = Arsea + Arser + Aisro,  Arsra = Arses + Auses + Awsni

Ajsrs = 3 M, Ausre = Arszs (Caa(4) + Caa(2))

Asrr = Arss Caa(4) Caa(2') = 3 My pta Arsrs + 3 M As i

Auszs = Arsrz Aiszs, Arsre = Arsrz Aisze + Awsza Aszs

Aysso = Aisra Arsr + Aot Arsze + Arsra Arsts, Awssr = Awsza Ausrr + Ausza Awste
Arssa = Arsza Arsry Arsss = 92, Aussa = Auses (C3,3(5) + Cap(07) + Ca.3(3))
Arses = Arsga Ca3(5) (C.3(0') + Ca3(3)) + Arses Ca,a(0) C33(3)
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Aysso = Arsta Arstr + Arsta Arste + Arsza Arsts, Awsar = Arszs Awsrr + Awsra Arsts
Avssz = Arsra Arsrry Arsss = 922, Ausas = Agssa (Caa(5) + C33(0) + C3a(3))
Arsss = Arssa Ca3(5) (Ca.3(0') + Ca3(3)) + Auses Caa(0") C33(3)

Aysse = Arsas C33(3) C3,3(5) Caa(0'), Awssr =9M A,

Ajsss = Aussr (Caa(1) + C3(3) + Caa(5))

Ajsss = Arsar Caa(1) (Ca,3(3) + C33(5)) + Aussr Caa(3) Ca3(5)

Agsso = Arsar Ca3(1) Ca3a(8) C3,3(5), Asar = Ausas + Auser

Asoz = Arsss + Arsssy Aises = Ausss + Arssss Arssq = Ausss + Auseo

Ajses = Ca3(4) + Ca3(1") + C3a(2')

Ajsos = Ca.3(4) Caa(l’) + Ca3(4) C33(2') + Coa(1) Caa(2) — As prgzr — 3 Mt
Agsor = C3,3(4) (C3a(1") C35(2') = As oz} — 3 M4 Ca(1')

Apses = Aysor Arsas + Arsez, Aisss = Arsor Arsss + Arsoz Arses + Arsea

Argoo = Arsmr Aser + Arsez Arses + Arses Arses + Arssa

A = Ausez Aysor + Arssa Arsss + Arssq Auses

Ajgoz = Arsas Arsor + Arsea Asee, Areos = Arseq Arser

Arsos = Arsoa + Aisn + Awsso + Ausss + Awss + Arses

Aseos = Arsio + Aisz + Ausas + Arsse + Arsre + Areoo

Areos = Ars11 + Arsis + Arszr + Aiszs + Arsaz + Auseo + Arsso + Areon

Ajsor = Arsi2 + Arsio + Arszs + Arsar + Arsas + Awset + Aisar + Aieoz

Ajeos = A1s13 + Aiszo + Arsze + Arsas + Aisas + Arsez + Aussz + Areos

Areos = 622, Ajei0 = Areos (Ca3(5) + Caa(1) + C33(2))

Arerr = Areos (Caa(1) Caa(5)+Caa(2) C3.a(5)+C33(1) Caa(2))-+18 AF A, p2—18 Ay A 2
Arerz = Areos Caa(1) Ca.a(2) Ca,3(5) + 18 A2 A, g C33(5) — 18 Ay A3 p2 C3,3(5)
Asia =31, Aierd = Arara (Ca3(4) + Ca3(2'))

Argrs = Are13 {Ca,3(4) Ca,3(2') — 3 A1 pra) + 3 M1 Ay gy, Arais = Areos Arera

Arerr = Areog Ar14 + Ar10 Areras  Arers = Arsos Arars + Arero Arery + Aren Arers
Algrs = Aei0 Arais + Arenn Arens + Are1z Aisa,  Aiezo = Arenn Arers + Arerz Aer
Arezr = Arer2 Argrs, Areaz =6M A, s, Arezs = Arezz (Caa(1) + Ca3(2))

Ateze = Area2 Caa(1) Caa(2) + 18 A3 2 s — 18 A, A2 g s

Argas = —6 A1 Ay, Arszs = Arezs C33(2), Arerr = Arez Areas

Arszs = Areaz Aigas + Are2s Areas, Arezs = Areas Argze + Arezs Areas

Arsso = Areaa Arezs, Arest = 2T A}

Az = Areot (Caa(4) + Caa(5)), Areas = Arear Ca3(4) Caa(5) — 54 A% s
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Asaq = C33(0") + Ca3(1") + C33(2)

Areas = Caa(0") Caa(1') + Ca3(0) C3a(2") + Caa(1') C3,3(2) — As oz = 2 Asptyye
Asgas = C3,3(0") (Caa(1") C33(2') = As ptazr) — 2 AsptarC33(2)

Awear = Aren Arsas + Areaz, Arsas = Arear Areas + Areaz Areas + i

Arese = Ares Aress + Areaz Areas + Ares Areaas Areso = Aresz Argss + Arsas Areas
A = Argas Aressy Areiz = 2T XN e, Areas = Area2 Ca3(5), Areu = =34
Asss = Aren (Ca3(0") + Ca3(1"), Aress = Areas (Ca3(07) Caa(l) — 24, 1)
Aesr = Arsiz Arssts  Arais = Areaz Argas + Arsaz Areu

Args = Ajeiz Areis + Ares Aress, Areso = Aresa Areas

Awes: = 1802 A, ps, Arasz = Aresi Caa(l), Awesa = -3\

Aresa = Aress (Caa(1') + Cas(2)), Auess = Aresa (Caa(1") Caa(2') — As ptsr)
Ajese = Ares1 Aresas Aresr = Arest Arese + Aresz Aresa

Aresa = Arest Aress + Ares2 Arese, Aiess = Auesz Auess

Arsso = 2T A2, Aiesr = Areso (Ca3(1) + Ca,a(5))

Aresz = Areso C3,3(1) C3a(5), Areas = Caa(4) + Caa(l') + C3,5(2")

Arges = Ca3(4) Caa(1') + C33(4) Caa(2') + C33(1') C3a(2') — As ptszr = 3 Mt
Arsss = Ca.a(4) (C33(1') C33(2") = As prazr) — 3 Apa Caa(1')

Ajess = Areso Aresa + Arest, Arssr = Areso Aress + Arear Arees + Aucoz

Avess = Areso Arses + Arear Arsas + Areecz Areea, Arees = Arsar Arsss + Arssz Arsod
Arero = Aresz Aress, Arent = Arets + Arear + Argen, Arerz = Arsir + Arear + Aioos
Argrs = Arats + Arezr + Arsas + Arear + Arese + Auser

Arers = Armrs + Arsas + Areas + Areas + Aresz + Aross

Arers = Arszo + Arezs + Arsso + Aresn + Aress + Areen

Asgzs = Arezr + Arsao + Aren + Aseso + Arese + Atero

Ajgrr = —6 )2, Agrs = Arerr (Ca3(1) + C33(2) + Caa(5))

Aers = Argrr (Caa(1) Caa(2)+Caa(1) Caa(5)+Ca3(2) C33(3))+18 Ay Mp—18 M1 A, iz
Areso = Arerr Ca,a(5) (Caa(1) Ca3(2) 4 18 Ay A2 pz — 18 AT A, i)

Argar = =3 M Ay — 922, Ajgaz = =3 A, Ca3(3) = 923 C33(2), Migws = Arsrr Asenr
Areas = Arerr Aresz + Arora Aresr, Aress = Arers Aresz + Arero Aresi

Argss = Arero Aresz + Arsso Aresty Arss7 = Areao Aresz

Arcas =81 A%, Ajgso = Aress C33(5), Aseso = Caa(0') + Cu(l') + C3a(2)

Arenr = Caa(0") Caa(1') + Caa(0') Ca3(2') + C33(1") C3,a(2') — As ptar

Ajeoz = Ca3.3(0°) (Ca3(1) Co2f2') — A pozr)s Aress = Aress Arso + Areso

401



Ajess = Aress Arsor + Aress Areso, Areos = Aress Areoz + Aress Aren

Argos = Aress Areszs Areor = 2T A 3, Aress = Aueor C33(5)

Aress = 3 A A1, Airoo = Aless C33(0°), Arrn = Aueer Arsan

Ayroz = Areor Arroo + Aress Aresn, Arros = Areos Arroo

Arros = =9 M A,y Arzos = Arroa (Caa(1) + Ca3(1) + C3,3(5))

Ajros = Arros (Ca3(1) Caa(1”) + Caa(1) Ca,3(5) + C3,3(1) Caa(5))

Ayror = Arros Caa(1) Caa(1') Cs,3(5), Arros = =9}, Arroe = Auros C33(2)
Ao = Arros Arzos, Armi = Arroa Aizos + Arzos Arros

Arnz = Agros Avros + Arzos Arros, Aima = Auros Arzog + Ar7or Arvos

Arna = Ayror Avzos, Arns = —9M A%, Awnie = Ains (Caa(l) + Caa(5))
Arnr = Arnis Caa(1) Caa(5), Ains = 9] paxr + 601 A3 — 9 A} 23

Arng = Ains Aims, Ao = Aine Ainis

A = Ainz Ains, Armaz = Ajess + Aiess + Ao

Airs = Aress + Aress + A, Arrza = Auess + Areaa + Ao + Arziz + Aino
Arrzs = Arese+Argos+Arroe+Arma+Airo, Aime = Aresr+Aress+Arroa+ AinatAim
Airzr = =120 A2, Airos = Awrzr (C3,3(1) + C33(2))

Arns = Ar7ar Ca3(1) Ca3(2) + 36 A3 A2 g — 36 M A p2, Ao = =324, -9 A2
Ayrar = =32 A, C3a(3) = 923 C33(2'), Arraz = Arrar Arrao

Arras = Ayrer Az + Arrs Arrso,  Arras = Airas Aimar + Arrze Arvao

Aizs = Arms Aimat, Arzas = 16223, Ayraz = Auras Areso

Arras = A1mas Arsor, Arme = Arms Aty Arrao = 5401 o3

Aizsy = Ar7ao Aress, Arraz = Arrao Arzoo, Arraa = 18232, s

Ajrag = A1z Caa(1), Arzas = =601 A2, Arrae = Arzas Arras

Arzgr = Aprag Arzgsy, Arms = —5403 X, Airag = Arras Caa(1)

Arzso = =3 A1, Awrst = Arrso (Caa(l') + Caa(2'))

Arzsz = Arzso (Caa(1') Caa(2') = s prazr) — 3A1 Ay 13, Arvsa = Auzas Arrso
Arrsa = Arzas Avzsy + Arrae Arzso, Arzss = Arras Airsz + Armas Avrs

Arrse = Arree Arrszy, Arrst = Aimz + Arms + Arrss

Ajzss = Arzaa + Arrar + Aizsa, Arrse = Arrag + Auzas + Arzar + Arzas + Auzss
Areo = Avzas + Arrae + Arzaa + Airar + Awrses Arzer = =61 A, ps

Arrez = Avzer (Caa(1) + Caa(2)), Arres = Arzer C3a(1) Caa(2) + 18 AT p2 s (As — A1)
Azgq = Ca3(3) + C33(1') + Caa(2)

Arzgs = C33(8) Caz(1') + Ca3(3) C33(2') + C33(1) C3,3(2") = A prszr — 3 Ay 23
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Ay = Arres Arres, Arrrz = 3 (Caa(1) + C33(2) + Caa(3) + C33(5))

Az = 3,(Caa(1) Caa(2) + Caa(1) Caia(3) + Caa(2) Caa(3) +
Caa(1) Ca,3(5) + Ca(2) Caa(8) + C3(3) C33(5)) +
9N fp — 9 A A, i
Arza = 3X,(Ca3(1) C3(2) Ca(3) + Ca3(1) C33(2) Caa(5) +
Ca.a(1) C3,3(3) Ca3(5) + C3,3(2) C3a(3) Caa(5)) +
922 11z (Caa(5) + C33(3)) — 9 M A, 2 (Ca,3(5) + Caa(3))
Arrs = 32, Caa(1) Caa(2) Caa(3) Cas(5) + 9 Af 42 C3a(3) Caa(8) —
9 Ay As 12 Cs,5(3) Caa(5) |

Ayrrs = Ca(4) + Ca3(1') + Caa(2)

Arrrr = Caa(4) Caa(l) + Caa(4) Caa(2') + Caa(1') C35(2') — As oz = 3 A1

Axrzs = Ca3(4) (Caa(1') C33(2') — Ay prar) = 3 Mty Caa(1)

Airre = 3 A, Ayrre + Arrrz, Arzso = 3 A, Arsrr + Avrrz Aurre + Aurm

Arrsr = 3 A, Arzrs + Avrma Avzer + ArrmaArrre + At

Avrgz = Az Avrre + Avrra Avrrr + Avrra Arres + Avers

Arras = Avsra Avrrs + Avrzs Averr + Avrrs Avrres Arraa = Avrra Arrs + Avrrs Avrrr
Avmss = Arrrs Avrrs, Arzes = 9 M sy Arrer = Aumse (Caa(1) + Caa(2) + Cs,3(5))
Arrse = Arras (Cas(1) Ca(2) + Caa(1) Caal(5) + C3a(2) Caa(5)) — 27 Af 2 (A — A1)
Ay7ss = Axrss Caa(1) Caa(3) Caa(5) + 27 Af pz C33(5) (M ~ As)y Armso = — 4

Ayror = Arroo (Caa(1') + C33(2)), Arrez = Arro0 (Caa(1') C3a(2) — Ay oz +3 M Ks2')
Arres = Arrss Arrony  Arrea = Arsse Arzar + Arzer Arrao

Arros = Ayres Arroz + Arrsr Arrer + Arras Arroo

Airoe = Aursr Arzee + Arrss Arrer + Arrss Armso

Arrer = Arrss Arrm + Arres Arrsr, Arres = Arzes Arrez

Arroe = =3 A, pi3, Arsoo = Arzoe (Caa(1) + C3a(2) + C33(5))

Arsor = Ar79o (Caa(1) Caa(2) + C3(1) Caa(5) + Caa(2) C33(5)) +9 Ar pa pta (As = A1)
Arsoz = Arrss Caa(1) C33(2) Caal8) + 9 M sz 1 Caa(5} (A — M)

Arsos = 3 A1, Arsos = Arsos (Caa(4) + Caa(2'))

Assos = Arsoa C3.3(4) Caa(2) + 3 M pa(As =3 M), Arsos = Arrsn Arsos

Asaor = Arza Araos + Arsoo Argos, Arsos = Arres Atsos + Arsoo Arsos + Arsor Arsoa

Aison = Arsoo Arsos + Argor Arsos + Arsoz Areoa; Arsro = Atse Arsos + Assor A1sos
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Assos = Arsos C33(4) Caa(2) + 3 pa (A = 3M1), Arsos = Arrse Arsos

Arsor = Arro Arsos + A1soo Arsca, Arsos = A17e Ausos + Arsoo Arsos + Arson Aisos
Arson = Araoo Araos + A1sor Arsoa + Az Arsoss Asr0 = Arsoz Arsos + Arsor Arsos
Ajan = Arsoz Arsos, Az = —27 A3 a1 i3, Arsrz = Aranz (C3,3(4)+C3,3(5)+C5,3(2'))

Agie = Aoz (Caa(4) Caa(5) + C3,a(5) Caa(2') + Ca3(4) Csa(2) —
3 A1 pta) — 81 M sare praze pra + 5427 3 pis pavy

Ais = A2 (Ca3(4) Ca3(5) Ca.3(2') — 3 A1 24 C3.3(5)) —
81 A rars oz 4 Ca,3(5) + 54 A ta pts prar Ca3(2')

Argis = 1822 ), pa ps, Ararr = Arsas (Ca,3(1) + C33(1) + Ca,5(2'))
Ajgis = Aisis (Caa(1) C,a(1) + Caz(1) C33(2') + Caa(1') C33(2') — As proz')
Arsrs = Asis (Caa(1) Caa(1') Caa(2) — As sz C33(1))s Atszo = 2723 As pa
Arsn = Awszo (Caa(1) + C3,(5) + C3.3(1))

Awgaz = Az (Ca3(1) Ca,3(5) + Caa(1) Ca,agl') + Caa(5) Ca;3(1'))

Ajazz = Ajgzo Caa(1) C3,3(5) Caa(1"), Ausza =—9M Aspis

Arszs = Arsza (Caa(1) + Ca,3(4)), Anszs = Arszs C33(1) Ca3(4)

Aigar = C33(5) + Caa(l’) + C3a(2')

Ajazs = C3(5) Cas(1') + C33(5) Ca,a(2') + Caa(1’) C3,5(2)

Argzs = C33(5) C33(1') C33(2"), Arszo = T9 M AJ paprarr

Araar = Ao (Caa(1) + Caa(4) + Caa(5))

Assaz = Argao (Caa(1) Ca3(4) + Caa(1) Caa(5) + Csa(4) Ca3(5))

Arazs = Agao Caa(1) Caa(4) Ca3(5), Arsas = Arsza Arsar + Arazs

Avgas = Aisie + Arszo + Araze Arazs + Avazs A1saz + Araze + Arszo
Awgig = Arsr7 + Arsnn + Arsas Araze + Ausos Arazs + Arsze Arazr + Arsan
Aigyr = Asis + Arezz + Arszs Arszs + Araze Arazs + Aran

Arszs = Ais1o + Arsas + Aisas + Arszs Areze

Argag = Ayzer + Arrso + Arrea + Aracs + Arsae

Arsio = Arzer + Arrs + Arroa + Arsor + Arsas

Ajan = Avzes + Arzsa + Arros + Arsos + Arsz + Arsas

Az = Arzes + Arzss + Ayres + Asos + Arsia + Arsse

Az = Arrro + Arrea + Arrer + Ausio + Arara + Arsar

Argaq = A1 + Arzss + Arres + Arsnr + Arais + Arsas

Awais = 622, Ajais = Araas (Caa(1) + Caa(2) + C33(5))
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A1sie = C33(3) + Ca3(4) + Cs3(2)
Aseso = C33(3) Caa(4) + C33(3) Caa(2) + Ca3(4) C33(2') — 6 Ay iy
Asss1 = C3a(3) Ca3(4) C3a(2) — 37 14 (C3a(3) + C3,5(2))
Alss? = Ala‘ls AI&IB + Al&lﬁ! A]ssa = Als'ls A1850 + AIMG AINQ + Al&l?
Avgsa = Araas Argst + Arsse Araso + Arsar Arsee + Ausas
Aqsss = Araes Aras: + A1sar Araso + Arass A1sasy Argse = Araar Arast + Aisas Arsso
Argst = Agas Arast, Arass = 2723 pa + 1820 Ay oo
Asgse = 2T A3 a3 Ca3(0") + 18 M1 A, 12 C33(3), Auseo = Ca(4) + Ca,a(5) + C33(2")
Auser = C33(4) C33(5) + C3,3(5) C33(2") + Ca,3(4) Caal2) = 3 M pra — 2 M s
Asez = Ca,3(8) Ca,a(5) Csa(2') — 30 pa (Caa(5) — 2 A1 5 C33(2"))
- Ajsss = Argss Argeo + Arsse, Arsas = Argss Arser + Araso Arseo
Avges = Auass Arsaz + Asso Arser, Arsss = Araso Arsez, Arger = 814
Aysss = Arssr Ca3(07), Auses = g o2y Arsro = Aigea Ca3(8), Ararr = Areer A1
Argrz = Arssr Arsro + Arges Arass, Arers = Arses Arsro, Arera = —94 AN, g2 4
Asgrs = Arsra (C33(5) + Caa(2)), Argre = Arara C33(5) Ca3(2), Ararr =6 Aapis
Asgre = Ararr (Caa(1) + Caa(2)), Arsre = Arsrr Ca3(1) C33(2), Ausso = —2 As
Asssy = Azsso (Ca3(2) + Cs3(3)), Awssz = Ausso C3,3(2) C3a(3) + 3 A1 3 (24 =3 M)
Ausss = Arsrr Arsso, Arsss = Aisrr Arsar + Arara Arsso
Assas = Arsrr Arssz + Arars Arsar + Arsre Arsso, Arsse = Arars Arssz + Arsre Arsss
Avsgr = Araro Arasz, Arsss = 18 AT A, ps, Arseo = Arsss C33(2'), Arswo = 2 2
Argor = Aras0 Ca.3(3), Aussz = Agss Araso, Aissa = Ausss Arssr + Arsso Arsso
Arsss = Aisso Areor, Arses =9 M As pra, Arses = Ausss (Ca.a(1) + Caa(5))
Arsor = Arass Ca3(1) Cs.a(5)s Argss = =2Xs, Arase = Arass (Caa(4) + Caa(2)
Asooo = A1aes (Ca3(4) Caa(2') — 3 At pta), Arsor = Augos Aress
Ajsoz = Arsgs Arase + Ausss Argss, A1s03 = Arses Arsoo + Arsss Arses + Araor Arges
Areos = Aisse A1ooo -+ Arser Arsoo, Arsos = Ausor Areoo
Agos =27 A2),, Assor = Argos (Caa(1) + C33(5)), Arsos = Arsos Csa(1) Caa(5)
- Argos = #13, Arsro = Asee (Ca(4) + C33(2)
Aorr = Arooe (Caal(4) Caa(2') = 3 A1 p1a) + 3 Ay pta ptazry, Ars1z = Ausos Arsoo
Aors = Aroos Arsro + Arsor Arsoes Arera = Arsos Arenr + Aigor Ao + Arsos Argoo
Arrs = Arsor Aron + Arsos Aisro, Arsre = Areos A1
Aoty = Arass + Arsss + Aises + Arsor + Arerz
Ara = Argsq + Arses + Arsad + Arooz + Aro1a
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Az = Ajgsa + Arsss + Arsss + Aror + Aronz

Arors = Aresa + Araes + Arsas + Arsoz + A1

Assio = Ausss + Arses + Awgn + Arsra + Arsss + Arsoz + Arsos + Arora

Ajszo = Aqass + Arges + Awarz + Arszs + Arass + Arsss + Aros + Arers

Arons = Arast + Argss + Arars + Arsze + Arssr + Argsa + Arsos + Arors

Aomr = =18 M1 X2, Ajera = Arezz (Caa(1) + C33(2))

Asors = Arezz C33(1) Caa(2) = 54 M2 X, 2 (M — As)y Arszs = pads —3 M
Agoze = Areas Caa(5), Argar = Arozz Arons, Arszs = Auezz Arers + Arszs Arens

Aroze = Arg2s Arezs + Arena Arezs, Arsso = Auezs Arozs, Argm = —6A3
Argaz = A1 (Caa(l) + Ca3(2) + Ca3(3))

Asas = Aren (Ca(1) C3a(2) + Caa(1) Ca3(3) + C3a(2) C33(3)) ~
27 N2 pz — 1803 X, p2 + 18 A A i3 — 18 4 A3 2

Aigas = Aygs Caa(1) Caa(2) Ca3(8) — 2723 3 Caa(0') — 18 AT A, 2 Caa(3) +
182 A2 3 C3a(1) — 18 0 A2 p,y Caa(3)

Argzs = — X,y Arsas = Agas (C33(4) + C33(5))

Aigar = Argas Ca,3(4) C33(5) — 2 A1 s Arsas, Arsas = Aroa1 Aress

Aigze = Argat Aross + A1gaz A1eas, Areso = Arosr Argar + Arenz Aress + Aress Argas
Aroar = Asaz Aroar + Areas Aress + Areas Aress, Arsaz = Aroas Aresr + Arear Aress
A19~43 = Aisa4 A1937, Aoy = —81 /\'{, Ajgas = Aw« 03.3(5), A1946 = —H4

Asgar = Araas (C3,3(0") + Caa(1')), Arose = Areas (C3.3(0") Ca3(1") — 225 par?)

Ajgse = Arsas Arass, Arsso = Aisad Araar + Arsas Arass

Atgst = Argas Arsas + Argas Arsaz, Arssz = Aroas Arsas

Aygsa = —81A3X,, Aisss = Aresa Ca,3(1), Aress = ~pia

Ajsse = Asss (Caa(L') + C33(5)), Airest = Arsss Ca3(1") C3,3(5)

Aoss = Argsy Aross, Aress = Ajess Aisse + Aress Arass

Ajgeo = Argss Argsr + Argse Argss, Areer = Aresq Arest

Avoez = Arsar + Aroao + Aroas + Aross, Arses = Areas + Argar + Areso + Ausso

Argey = Ao + Aroaz + Arsst + Arego, Arses = Atozo + Asas + Aresz + Aot

Aroes = C33(0) Aizzs — 1 Arsoz — Haor Arsae

zdaf111 = (846 ~ 547)(S46 — S48) (346 — 349), 2daf112 = (847 — 346)(347 — S48)(847 — %49)
zdaf113 = (348 — S46) (S48 — 547) (S48 — S49), Tdaf114 = (349 — S48)(S40 — Sa7) (840 — S48}

ss0 = —=Cia(1), ss1 = —C13(2), 952 = —C13(3)
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zdaf115 = (—~Cha(1) — s16)(—Cra(1) = sar)(—Cr3(1) — s48)(—Cia(1) — 849)
zdaf116 = (s46 + C1a(1)) zdafl11, zdaf11T = (347 + Cr3(1)) zdaf112

zdaf118 = (348 + C13(1)) zdaf113, xdafl19 = (s + C13(1)) zdaf114

zdaf120 = (—C1a(2)+C13(1))(—C1,3(2)—518)(—C1,3(2) ~ 847)(— C1.3(2) —848) (— Cra(2)~
S49)

zdaf121 = (=Cya(1) + C1.a(2)) zdaf115, zdaf122 = (sss + C1a(2)) xdaf116
zdaf123 = (s47 + C1,3(2)) zda f117, zdafl24 = (s + C13(2)) zdaf118

zdaf125 = (s49 + C1,3(2)) zdaf119

zdaf126 = (—Cha(8)+C1,a(1))(—C1.a(3)+C1a(2))(—C13(3) = 316)(—Cra(3) —sar ) = C1a{3)—
318)(—C1,3(3) — 340)

zdaf127 = (—C13(2) + C13(3)) zda 120, :r:daf128 = (—=C13(1) + C13(3)) zdaf121
zdaf129 = (346 + C12(3)) 2da f122, zdaf130 = (847 + C1,3(3)) zdaf123

zdaf131 = (348 + C13(3)) zdaf124, zdaf132 = (840 + C13(3)) 2daf125

Viia (3) = (8 + C1a(2){(s + C13(0))(s + C1,3(1')) — 2s pav] = oz 25 C10(0')

VN“(S) = /\1 VN"(.S)

Ve (3) = 301 Xy C13(1) [Cra(1) Cra(2)) = As o] + A Vivin (8)

Vi (5) = 62221 Cra(1) Cra(2) Cra(2) + 343X, Cra(1) [Cra(l’) Cra(2') = s o] +
AL Vv ()

Vi (8) = 325 [C1,3(1) C1,3(2') = A, 1]

Vivia(8) = 6 A% (s + C1,3(21)

Bagr = Viy, (s = s4g)/zdaf111, Bies = V(s = s46)/2daf116

Bags = Vi, (s = s46)/2daf122, Bago = Vie(s = s46)/zdaf129

By = Vi, (8 = 346)/zdaf111, Baoz = Vi, (s = s46)/zdaf111

Bagy = 6 33/zdaf111, By = Vn,(s = 847)/zdaf112

Bigs = V(s = 847)/2daf11T7,
Baor = Vv (8 = s47)/zda f130,
Bage = Vv, {8 = s47)/2daf112,
Bayy = Vn,, (s = 84a)/zdaf113,
Baz = V(s = 343)[xdaf124,
Bas = Vi, (8 = s48)/zda f113,

Baoe = Vo (8 = 847)/zdaf123
Bagg = Vi, (8 = s47)/zdaf112
Bao = 6A3/zdaf112

Baiz = V(s = 343)/xdaf118
Barg = Vi (8 = 848)/zdaf131
Baig = Vg (8 = 848)/2daf113 ‘

3317 =6 A;’/zdafllii, Eam = VN"(S = ngjlxdafll‘l

B;ng = VN“(S = 849)/zdaf119,
Bag1 = Ve (8 = 349)/2daf132,

Bago = VN“ (8 = 349)/:z:daf125
Bam = Vi, (8 = 849)/zda f114 .
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Bazs = V(8 = s4g)/zdaf114, Bsys = 623/zdafl14

Bugs = Viva(s = =Cra(1))/2daf115, Bass = Vay(s = —Cra(1))/zdaf121

Baar = Vi (s = —Ch,3(1))/zdaf128, Bay = Vi (s = —=C1,3(2))/zda f120

Bae = Vi (s = —C13(2))/2zdaf127, Baxn = Vi, (s = —C1,3(3))/zdaf126

zdaf155 = (353 — 954)(3s3 — 955 ){ 353 — 956), daf156 = (ss4— $53)(54— 355)(S54 — 356)
zdaf157 = (855 — 953)(Ss5 — 354 ) (855 — 956), Tdaf158 = (556 — 353)(356 = 354)( 856 — 355)
ssr = —Caa(l) sse = —C23(2), sso = —C23(3), se0o = —~C23(4)

2daf159 = (—Caa(1) — ssa)(—Caa(1) — 354)(—~C2,3(1) — 555)(—C23(1) — 556)

zda f160 = (853 + C23(1)) xdaf155, zdaf161 = (854 + C23(1)) zdaf156

zdaf162 = (sss + C23(1)) 2da f157, zdaf163 = (ss6 + C23(1)) 2daf158

zdaf164 = (—Ca3(2)+C2a(1))(—C2,3(2)—s53)(—C2,3(2) —s54)(—C2,3(2) —s55) (—C2.3(2) -
Sse)

zdaf165 = (—C33(1) + C2,3(2)) 2da f159, zdaf166 = (ss3 + C23(2)) 2daf160
zdaf167 = (854 + C23(2)) 2da f161, zdaf168 = (ss5 + C2,3(2)) zdaf162

zda f169 = (sss + C2,3(2)) xde f163

2daf170 = (—Co3(3)+C23(1))(—C2,3(3)+C2,3(2) ) —C23(3) —853)(—C2,3(3) =54 )(—C2a(3)—
355)(—C2,3(3) — 3s6)

zdaf171 = (—Cy3(2) + C23(3)) zda f164, zdaflT72 = (—C33(2) + C23(3)) 2da f165
2daf173 = (853 + Ca3(3)) 2daf166, zdafiTs = (854 + C2a(3)) odaf167

zdaf175 = (sss + C2,3(3)) zdaf168, zdaf176 = (ss6 + C2,3(3)) zda f169

zdaf177 = (=C33(4) + Caa(1))(—C2a(4) + C2,3(2))(—C23(4) + C23(3))(—Ca(4) —
553)(—C2,3(4) — 854)(—C23(4) — 855)(—C2,3(4) — s56)

2da f178 = (~Caa(3) + Ca(4)) 2da f170, zdaf179 = (~Cas(2) + Caa(4)) 2daf171
zdaf180 = (—Cya(1) + C23(4)) 2da f172, zdaf181 = (ss3 + Cza(4)) zdaf173

zda f182 = (ssq + Ca3(4)) zdaf174, zdaf183 = (ss5 + Ca3(4)) zdaf175

zdaf184 = (sss + Caa(4)) zdaf176 ‘

Viaa(8) = (5 + C1a(0)) (s -+ Caa(1))(s + Caa(2)) = Ao sz = 2 Ms st (5 + Caa(2)
Vi (3) = 2 A1 Vivy() ' | ‘

Vi () = 6 0 A (3 -+ Cag(1)) [(s + Caa(1)) (s + Caa(2)) = Au raa] + 4 N Viga o)
Vivae (8) = 12 A1 A2 (3 + Ca3(1))(8 + C2a(2))(s + C 3(2')) +12 X’ As (s + C23(1)) [(s +
Caa(1))(8 + Caa(2)) = As poz] + 8 AT Vi (8) ‘

V() = 1200 33 (5 + Caa(1))(s + Caal2))(a + Caa(3)) + 24 ¥ N (s + Cao(1))(s +
Caa(2))(s + Caa(2)) + 24 A3 X, (3 + Caa(1)) [(s + Cag(1))(s + Coa(@)) — A, o] +
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16 ’\‘{ VN:; (3)

Vivaa (3) = 32, [(8 + C23(1))(s + C23(2)) — A, p1o2’]

Vi (8) = 6 A3 (s + Ca3(2))

Bags = Vi, (s = 8s3)/2daf155,
Bagr = Vivy, (8 = ss3)/xda f166,
Bags = Vg, (s = 353)/zdaf181,
Bam = Vi, (8 = 8s3)/2da f155,
Bars = Vi, (8 = 354)/2da f156,
Bars = Vi (8 = 954)/2daf167,
Bazr = Vi, (s = ss4)/2daf182,
Bars = Vi, (s = ss4)/zdaf156,
Bag1 = Vivys(s = $s55)/zda 157,
Bags = Vn,, (8 = 855)/2da f168,
Bags = Vi (s = s55)/2daf183,
Bagr = V(s = 855)/zdaf157,
Biagg = Vi, (s = s56)/2daf158,
Baor = Vi, (s = s56)/2daf169,
Bagz = Vi, (s = 3s¢)/zdaf184,
Bags = Vi, (s = 356)/2da f158,

Bisg = Vi (8 = 3353)/xda f160
Bags = V(s = 853)/zda f173
Bz = Vg, (8 = 853)/xda f155
Bar = 6)3/xda f155

Bars = Vi, (8 = 854)/2da f161
Baze = Viuge(s = 854)/zdaf174
Barg = Viv,e (8 = 851)/xda f156
Bagy = 6 A3 /xda f156

Bagz = Vi, (s = 855)/zda f162
Bags = Ve (8 = 855)/2daf175
Bags = Vi, (s = 355)/zda f157
Bagg = 623 /zda f157

Bago = Vi, (8 = ss¢)/zdaf163
Bagg = Vi, (s = 356)/2da f176
Bagy = Vivye (3 = 858)/xda f158
Bage = 6 A3/zda f158

Bagr = Vv, (8 = —C23(1))/2da f159, Bags = Vivy, (s = —C;5(1))/2daf165
Bigs = V(s = —C23(1))/2daf172, Bago = Vg (8 = —Caa(1))/zda f180
Bior = Vi (s = —=C3,3(2))/2da f164, Bioz = Vi (8 = —C23(2))/zda f171
Baoz = Vi (s = —C23(2))/2daf179, Baos = V(s = ~C23(3))/2daf170
Bios = Vi, (s = =C22(3))/2da f178, Bags = Vi, (s = —Ca3(4))/zda f177

zdaf215 = (3e1 — 362)(3e1 — 963)(S61 — 964), 7daf216 = (362 — S61)(362 — 363) (382 — J64)
zdaf217 = (863 — 961)(963 — 562) (363 — Ses), *daf218 = (364 — 381)(384 — se2)(36s — 363)
ses = —C33(1), ses = —C33(2) se7 = —C3a(3) ses = —Ca;3(4) 360 = —C3,3(5)
zdaf219 = (—C3a(1) - se1)(—Caa(l) — 362)(—Caa(1) - 363)(—C3,3(1) — 364)

2daf220 = (se1 + Caa(1)) odaf215, zdaf221 = (sey + Caa(l)) zdaf216

zdaf222 = (sea + Caa{l)) zda f217, zdaf223 = (e + Cas(1)) zdaf218

zdaf224 = (~Ca3(2)+C3a(1))(—Ca;3(2)—361 )(—Ca.a(2)—362)(—Ca,3(2) — 963)(— Ca,(2) ~
Se4)

2daf225 = (~Caa(1) + Caa(2)) 2daf219, zdaf226 = (ser + Caa(2)) zdaf220
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zda f227 = (sgz + Ca3(2)) daf221, zdaf228 = (se3 + C33(2)) zda f222

zdaf229 = (sg4 + Ca3(2)) zda f223

2daf230 = (—~Ca3(3)+Caa(1))(—Cs3(3)+C33(2))(—Cs3(3)—61)(—Ca,3(3) —s62)(—C33(3) ~
363)(—C3,(3) — 984)

zdaf231 = (—Cs3(2) + Ca3(3)) xdaf224, zdaf232 = (=Caa(1) + Ca3(3)) xdaf225
zda 233 = (sg1 + Caa(3)) zdaf226, zdaf234 = (se2 + C33(3)) zdaf227

zdaf235 = (sez + Ca3(3)) zdaf228, zdaf236 = (ses + C3.3(3)) zda f229

zdaf237 = (—Caa(4) + C33(1))H(—Csa(4) + Caa(2))(—C3a(4) + Caa(1))(~Caa(4) -
361)(—Ca,3(4) — 362)(—Ca(4) — 363)(—C3(4) = 64)

2daf238 = (—C33(3) + C3,3(4)) zda f230, zdaf239 = (—C5a(2)+ Caz(4)) zdaf231
2daf240 = (—C3a(1) + C3,3(4)) zdaf232, zdaf24l = (sa1 + Caa(4)) 2daf233
zdaf242 = (363 + Caa(4)) zdaf234, zdaf243 = (ses + Ca3(4))zdaf235

zdaf244 = (sg4 + Caa(4)) zda f236

zdaf245 = (~Cs3(5) + Ca3(1))(—Caa(5) + C33(2))(—C3a(5) + C33(3))(~Caa(S) +
Cs.3(4))(=Cs3(5) — s61)(—Ca3(5) — 362)(—~Ca,3(5) — 563)(—C3,3(5) — 64)

2daf246 = (—Csa(4) + Coa(5)) odaf237, vdaf4T = (~Csa(3) + Caa(5)) daf238
2dafo48 = (—Css(2) + Caa(5)) 2daf239, zdaf249 = (~Cas(1) + Caa(5)) zdaf240
zdaf250 = (se; + C33(5)) 2daf241, zdaf251 = (sez + Caa(5)) zdaf242

zdaf252 = (se3 + Caa(5)) xdaf243, zdaf253 = (se + C33(5)) zdaf244

Vinso(8) = (8 + C33(0)) [(s + C3a(1))(5 + Caa(2) = As prazr] = 2 A5 prare (s + Ca3(2))
Vi, (8) = 3 A1 Vi (8)

Vi (8) = 9 M A4 (s + Caa(1)) [(8 + Caa(1))(8 + Caa(2)) — As o] + 9 A Vivao(3)

Vv (8) = 18 A2 A, (8 + Caz(1))(s + Caa(2))(s + Ca3(2) + 27 M As (s + Caa3(1)) [(s+
Caa(1))(s + Caa(2') = Ay prazs] + 27 AT Vivgy ()

Vi, (8) = 18 A3 A1 (s + Caa(1))(s + C3.3(2))(s + Caa(3)) + 54 AN A2 (s + Caa(1))(s +
Caa(2))(s + C3a(2)) + 8L X2 A, (s + Caa(1)) [(s + Caa(1))(s + Caa(2)) — A poz] +
81 A Vinyo()

Vivgs (8) = 36 A2 A3 (s + Ca3(1))(s + Ca3(2))(s + Caa(3)) + 108 A3 A2 (s + C3(1))(s +
Caa(2))(s + Caa(2)) + 162 M A, (s + Ca3(1)) [(s + Caa(1))(s + C3a(27) — A, psz] +
162 A3 Ving, ()

Vivse(8) = 3 A, [(8 + Ca3(1))(s + C3,3(2)) = A, pia2]

Vg (8) = 6 A% (s + Ca3(2"))

Bao = Vi (s = s61)/zdaf215, Byso = Vi, (8 = s61)/zda f220
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Busy = Vi, (s = 81 )/2daf226, Bisy = Vg, (s = s61)/zdaf233
Biss = Vg, (s = se1)/zdaf241, Busy = V(s = se1)/zda f250
Buss = Vi (8 = 361 )/2daf215, Byse = Vg, (s = se1)/zdaf215
Bisr = 6 X3/2daf215, Byss = Vi, (s = s62)/zdaf216

Baso = Vi, (s = se2)/2daf221, Bigo = Vi, (s = s62)/2daf227
Bus1 = Vg (s = sg2)/zdaf234, Bisz = Vi, (s = se2)/zdaf242
Bues = Vings (s = 3¢2)/xdaf251, Bags = Viny,(s = s62)/xdaf216
Buss = Vg (s = se1)/xdaf216, Byss = 6A3/zdaf216

Bugr = Vi (s = 8g3)/xdaf217, Bygs = Vi, (s = se3)/2daf222
Biss = Vi, (s = se3)/2daf228, Buro = Vi, (s = sea)/zdaf235
B = Vi (s = se3)/zdaf243, Bz = Vi, (s = se3)/zda f252
Byzs = Vv (8 = 3g3)/zdaf217, By = Vay (s = se3)/xdaf217
Birs = 6 X3 /zdaf217, Barg = Viyo(s = %e4)/xdaf218

Barr = Vi, (8 = s64)/2daf223, Bars = Vi, (s = se4)/zdaf229
Burs = Vg (s = 364)/zdaf236, Bigo = Vv, (8 = 364)/xda f244
Big1 = Vi, (s = s64)/2daf253, Busz = Vi (s = 564)/zdaf218
Bugs = Vg, (8 = 364)/zdaf218, Bygy =6A3/zdaf218

Bigs = Vg (s = —Caa(1))/zdaf219, Bygs = V(s = —Caa(l)

( )
B‘l&? = VN;:;(S = —Calg(l))/wdaf232, 3488 = VNM (3 = —03.3(1))
(

qug = VN:,5 § = —03‘3(1))/:Bd(1f249, B.;go = VN” (3 = - '3‘3(2))/:ndaf224
B491 = VN“(S = —03'3(2) /zdaf231, qug - VNM(S = —03.3(2)),f:1:daf239
Bugs = Vi, (8 = —C33(2))/2daf248, Buss = Vi, (s = —Caa(3))/zdaf230

)
)

B495 = VN’“(S - —03,3(3))/a:daf238, B:lgs = VN“(S = —03,3(3))/a:daf247
)

Bior = Vi, (s = —Ca,3(4))/2daf237, Byss = Vivy, (s = —Ca3{4))/zda f246

Buss = Vi, (s = —Ca3(5))/zda f245

kos = Agso + Asoz + Asze + Assi + Asss + Aoz + Asr7

ki = Agis, ka7 = Asoz + C1,3(0) Asor — i1 Aaas — fs0r Assz
kos = Aass + Asor + Asas + Asso + Asez + Asoz + Asie

koo = Azas + Asgs + Agri + A1z + Argar + Arose + Anae + Aumn

kag = Anrs, kay = Azss + C23(0) Azss — pt1 Asga — Aross
ksz = Ayca + Asos + Aoro + Aoz + Aroao + Aroes + Anas + Aun
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kas = Arase + A1soz + Areos + Aters + Arras + Arreo + Arsas + Aom + Aroes
kas = Arses, kas = Arasg + C3,3(0) Arass — p1 Arsor — psor Ajsaa
kag = Araas + A1sor + Areor + Arers + Arzas + Arzse + Arsaa + Arezo + Ajgea
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Appendix E

The Non-Identical Unit System
With Early Standby Activation:

Definition of Constants

E.1 Non-identical unit 1-out-of-(2+1):G system:
Definition of Constants

The following constants are defined for the analysis performed for the non-identical

unit 1 — out —of — (2+ 1) : G system under SBAP Y discussed in Section 3.2.

Azsoo = Co(1) + Cz,.1(5), Azsor = C2,3(1) C21(5), Aszsoz = C2,1(2) + C2,1(6)
Azsos = C21(1) C21(6), Aasos = Azsoo Azs03 + Azsor Azso

Agsos = Aasor Agsoa, Azsos = C2,1(3) + Caa(4), Azsor = C2,1(3) Caa(4)

Agsos = Assos Azsos + Azsos Azsor, Azsos = Azsos Azsor

Agsio = C21(2) Caa(4) + C2(2) C24(6) + C2,1(4) C2,(6)

Azs11 = C21(2) C21(4) C21(6), Aszsiz = Aa (C2a(3) + C24(5))

Agsiz = Aa C2.1(3) C2,1(5), Azsia = Assio Azsiz + Azsit Azsiz

Agsis = Ags11 Agsiay Azsie = Cz1(1) Caa(4) + C2,1(1) Coa(5) + C20(4) Caa(5)
Agsiz = C21(1) C2,1(4) C21(5), Azsis = A (C2,1(3) + C2a(6))

Azsio = Ay C2,1(3) C2,1(6), Aazs2 = Azsis Azsio + Azs17 Azsis

Azsat = Agsit Azsiey A2s2z = Azsie
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Agsas = C21(1) C21(4) C2a(5), Azsza = Aaa (C21(2) + C2(6))

Agszs = Aag C21(2) C21(6), Azsze = Agsza Azsas + Azszz Aaszg

Azszr = Azsaa Azsas, Assas = Aa 4 (C21(3) + C24(6))

Azszo = Ao M C21(3) C2,1(6), Azsao = Aa My (C21(3) + C24(5))

Agsar = Ao M C21(3) Caa(5), Aasaz = C2(2) + C2,(6)

Agsay = C21(2) C21(6), Azsza = Caa(1) + C2a(8), Azsas = C21(1) C2a(5)
Assas = Azsas Azsas + Ansao Azsaa, Aassr = Azszo Azsas

Aasas = Azszo Azsas + Azsar Azsaz, Aazsae = Azsar Avsas

Assio = Azsas + Azsasy, Azsar = Azsar + Azsae

Azsqz = Ao (C21(2) C21(4) + C22(2) C21(6) + C2.1(4) C2,1(6))

Agsaz = Aa C21(2) C21(4) C21(6), Azsaa = Asa + A

Azsis = Asa C21(1) + Aa C21(3), Azsas = Azsaz Azsas + Azsaz Azsaa

Agsar = Azsas Agsas, Azsas = C21(1) C2n(4) + C21(1) C21(5) + C21(4) C24(5)
Azsap = C21(1) C2,1(4) Ca21(5), Azs50 = Ap Asd + Ay Ad

Azsst = A Aga C21(2) + Ap Ay C21(3), Aassa = Azsas Aass1 + Azsag Assso

Azssa = Agseg Azssi, Aszsss = Azsos + C2,1(0) Azsos — ptse A2s26

Agsss = C2,1(0) Azsos — prad Azs2r, Aszsse = Aad Azsao + As Azsas + Aa Ass2
Agss? = Ag Azsar + Ap Azsar + Aa Azsss

Azsss = Aco Azsos + Act Azsia + Aez Aas2o + Aca Azszs + Acs Azsao + Aes Azsis + Acs Aassz
Azsso = Ao Azsos + Aar Azsis + Aez Azsat + Acs Azsar + Aed Azsar + Acs A2saz + Acs Aasss
Asseo = Aasos + Azsie + Azs20 + Azsze + Azseo + Azsas + Azss2

Azser = Aasos + Azsis + Azsar + Azser -+ Assat + Azsar + Azssa

BNgo = (ss0 + 02.1(3))/(380 — 3s1), BNen = (sa1 + 02,1(3))/(331 — 3g0)

BNaz = }a (C2,1(3) = C2,1(1))/((C2a(1) — 380) (C2a (1) = 1))

BNgzs = Aa (880 + C2,1(3))/ (380 + C2,1(1)) (380 — 381))

BNe2 = Aq (81 + C21(3))/ (381 + C21(1)) (881 — 380))

BNgzs = M (C21(3) = C21(2))/((C21(2) — 380) (C2,1(2) — 581))

BNazs = Ay (380 + C2,1(3))/((s80 + C21(2)) (330 — 381))

BNexr = Ao (31 + C2,1(3))/((sm1 + C2,1(2)) (381 — 380))

BNgas = Asdf(380 — 381), BNezg = Asdf (881 — S80)

DV1(s) = Ag X (8 + C21(3)) (8 + C2,1(2)) + Aa Xo (s + C24(3)) (s + C2.1(1))

zdif1 = (=C2,1(4) + Ca(1))(—C2.1(4) + C2.2(2))(~C2,1(4) — 380)(—C2,(4) — 3a1)
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zdif2 = (—C21(2) + C2a(4))(—C21(2) + C21(1))(=C21(2) — 350)(—C21(2) = #91)
zdif3 = (=Ca1(1) + Can ()N ~Cai(1) + C2a(2M=C2a(1) — ss0)(—Cza(1) — 1)
zdifd = (ss0 + C21(1)) (s + C21(2)) (380 + C2,1(4)) (380 — 381)

zdif5 = (sa1 + C21(1)) (a1 + C21(2)) (31 + C2a(4)) (881 — 380)

BNgypo = DV1(s = —Cy,(4))/zdifl, BNey = DV1(s = —Cq1(2))/xdif2
BNgga = DV1(s = —C,1(1))/2dif3, BNgn = DV1(s = sgo)/zdifd

BNgay = DV1(s = sg )/zdif5

DV2(s) = A Ag (8 + C2.1(3)) + Aa Aad (8 + C2a(1))

2dif6 = (—C2.(5) + C2.1(1))(—C21(5) — 380)(—C21(8) — 381)

zdifT = (—C24(1) + C21(5))(—C24(1) — ss0)(—Cax(1) — sw1)

zdi f8 = (ss0 + C2,1(1)) (380 + C21(5)) (380 — 881)

zdif9 = (s + C2,1(1)) (31 + C2,1(5)) (381 — 3s0)

BNgas = DV2(s = —C;,(5))/zdi f6, BNess = DV2(s = —Co (1)) /xdif7
BNear = DV2(s = sgo)/zdifS, BNess = DV1(s = sg1)/zdif9

DV3(s) = Ay Ad (8 + C2a(3)) + Aa Aud (s + C2.(2))

zdi f10 = (—=C31(6) + C21(2))(—C21(6) — 580)(—C2.1(6) — 31

zdi f11 = (=C3.1(2) + C2.1(6))(—C2,(2) — 380)(—C2,1(2) — 381)

zdif12 = (ss + C2,1(2)) (ss0 + C2.1(6)) (350 — 381

zdif13 = (381 + C2,1(2)) (381 + C2,1(6)) (381 — s80)

BNeo = DV3(s = —Cp1(6))/2dif10, BNeso = DV3(s = ~Caa(2))/dif11
BNewy = DV3(s = sg0)/2dif12, BN = DV3(s = sg1)/2di[13

keo = Azser, kro = Azsss, kn = Azsse, K2 = Azseo

E.2 Non-identical unit 1-out-of-(2+2):G system:
Definition of constants

The following constants are defined for the analysis performed for the non-identical
unit 1 — out — of — (2 +2) : G system under SBAP Y discussed in Section 3.2.
Azero =2 Xa Ay Agent = Aa X (C22(1) + C22(2))

Azerz = C22(1) C22(2) + C2,2(1) C22(5) + C2,2(2) C2,2(5) .

Azera = C22(1) C22(2) Ca.2(5), Azera = Aa Aa + Aa Asd
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Azers = Aa Mg C22(3) + Aa Asa Ca2(1)

Azste = Ca.2(1) C22(3) + Ca2(1) Ca,2(6) + C2,2(3) C2,2(6)

Azgrr = C22(1) C2.2(3) C22(6), Azer8 =2 e Ases Azero = Aadse (Ca2(4) + C22(1))
Azeso = Ca2(1) C22(4) + Ca,2(1) C2,2(T) + C2,2(4) C2,2(7)

Aggay = Ca2(1) C22(4) C22(T), Azesz = Ay Ag + Ao Aud

Asgsz = My Aa C2,2(3) + Ap Aoa C22(2)

Aggas = C2,2(2) C2,2(3) + C2,2(2) C2,2(8) + C2,2(3) C2,2(8)

Azeas = C2.2(2) C22(3) C2.2(8), Azess =2 X Aser Aszgsr = Ap Ase (C22(2) + C22(4))
Agess = C32(2) Ca2(4) + C2,2(2) C2,2(9) + C22(4) C2,2(9)

Azegs = C2,2(2) C22(4) C22(9), Azesa = 2 Asd Asey Azenr = Aad Ase (C2.2(3) + C2.2(4))
Asgoz = C2,2(3) C3,2(4) + C2,2(3) C2,2(10) + Cz,2(4) C2,2(10)

Azegz = C2.2(3) C22(4) C22(10), Azgss = A Ap Ad, Azeos = Azeas C22(3)

Asgos = C22(2) C2.2(6) + 2 Cy2(2) C2,2(8) + C22(6) C2,2(8) + 2C22(1) C22(6) +
Ca.2(1) Ca.2(8) + Ca.2(6) C2.2(8) + +C22(2) C22(5) + C22(5) C222(8) +
C22(1) Ca2,2(5) + C2,2(5) Ca,2(6)

Agger = C22(2) C22(6) C22(8) + C2.2(1) C2,2(6) C2,2(8) +
C2.2(2) Ca2(5) Ca.2(3) + C2.2(1) C2,2(5) C2,2(6)

Asgss = AaXoAsa, Azess = Azeos C2.2(1)

Ao = 2C22(2) Ca2(5) + C2.2(2) C2.2(8) + C22(5) Caa(8) +
C2,2(2) C2,2(6) + C2,2(5) C2,2(6)

Azror = C2,2(2) C,2(5) C22(8) + C2,2(2) C2.2(5) C2,2(6)

Aaroz = Ageoq Azeor + Azeos Azess, Azros = Azeos Azeor

Azros = Azgss Avzor + Azees A2700, Aaros = Azege Azron

Azros = C2.3(1) C22(2) + C2,2(1) C2,2(3) + C22(2) C2,2(3)

Agzor = Ca,9(1) C2,2(2) C2,2(3)

Azros = C2,2(5) C2,2(8) + C2,2(5) C2,2(8) + C2,2(6) C2,2(8)

Aazge = C22(5) C2,2(6) C2,2(8), A2mo = Azros Azros + Azvor Azvos .
Azrny = Aqror Aaros, Agnz = Azno Ca2(11) + Agrnyy  Aans = Agrn Cag(11)
Aania = Azroz + Avros, Aanis = Azzos Azros

Aane = Azen Azss1 Azess + Azero Azes1 Azess + Azemt Azeso Azess

Aamir = Agent Azesr Azsso
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Agsis = Agera Azers Azess + Azsrz Avsts Azsse + Azem Aaers Aasss

Aznio = Asgsrs Azere Azeso

Azrao = Azera Azeso Azest + Azers Azesr Azess + Azsrz Azest Azsar

Agz = Azers Azear Azesr

Aarzz = Azerz Azesy Azess + Azsra Azeso Azsso + Azers Azesr Azess

Azras = Azera Azesr Azess, Azraa = Agraa + C22(12) Agrza,  Aaras = Ca2(12) Avra
Agms = M Aomie + M Aaris + Ao Aamos Aorar = Ac Aoz + Ao Aanig + Ao Azeny
Anras = Agers Agest Azeoz + Aasza Azesr Azesa -+ Azers Azeso Agos

Aarze = Azers Azeat Aze0a

Agrao = Angrr Azers Azesa + Azere Azsre Azesa + Azerr Azero Aoz

Azrar = Azerr Azere Azess

Aaraz = Asgrr Azeso Azear + Azerr Azssr Azeso + Azere Azes1 Ao

Aazaz = Aserr Azem Azem

Agraae = Aners Azest Azeoa + Azerr Azeso Azeas + Azerr Azssr Azesz

Agraza = Aserr Anesy Azesay Azras = Azrasa + Co2(13) Azmza, Azras = C2,2(13) Azzaze
Aszas = Ae Aamas + Ad Az + Ao Aazzz, Azmar = Ac Aaras + Ad Azran + As Az
Ag7asa = Azesz Azess Azes + Azess Aness Azess + Asess Azeso Aze2

Azrata = Azssa Azess Azesa

Azras = Azess Azess Azeea + Azess Azssr Azena + Azeas Azesr Azeo2

Azr3g = Asess Azest Az693

Aara0 = Aness Azes Azeso + Az6s1 Azese Azemn + Azeas Azess Azeor

Azrqr = Aszess Azess Aze

Ag7az = Anesa Azess Azesn + Azess Azess Azeo3 + Azeas Azsso Azeoz

Aaraa = Aszess Azess Azeon, Azzas = Azraz + Ca2(14) Avraz

Aaras = Co2(14) Agras, Azzas = Ae Azrasa + Ad Azras + Ap A2nao

Agzaz = Ao Asrare + A Aazan + Ab Azzars Azzas = Aana Azrazs + Aanis Azza
Aorae = Aams Aarzs, Azrso = Aaraa Agzas + Aaras Azraay Azzss = Azras Azas
Aqrsz = Aarag Aama + Azrer Aomizy Aarss = Aazar Aamiay Azrss = Aarso

Agrss = Agrsty Azrse = Azras Azma + Agrar Aaniay Aursr = Agzar Aania

Azzss = Azr2a Agras + Azras Aaras, Azrse = Azras Aovas

Azze0 = Aamas Aania + Azzar A2riz, Azral ?-‘Azn'r Ania

Azrez = Azraa Azras + Azras Azras, Azrea = Aazras Aaras

Azres = Agras Aarsy + Azrag Azrso, Azzes = Azrae Aarsi
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Azres = Azrsa Azzss + Aqrss Azrsa,
Agres = Azzse Aazse + Azrst Azrsa,
Azr10 = Aazeo A2tz + Axmrer Azrez,
Azrr2 = Aserz Aserr + Asers Azeres
Agrra = Azeso Azess + Azest Azesa,
Azrre = Aazess Azesa + Azesp Azesz,
Azrrs = Aani Agras + Agmia Azraa,
Agzso = Azraa Agras + Aazas Azraas
Avzsz = Agrra Agrrs + Azrra Aarna,
Agrgs = Aarre Aarr + Aarrr Aarrs,
Azres = Agraz Agras + Azres Aaras,

Agras = Aazs1 Aarse + Aarso Azver,

Agrer = Azzsa Aazrss
Agzes = Agrsz Azrse
Arrn = Anrer Azrea
Agrra = Aszera Aserr
Agrrs = Azes Assss
Azrrr = Azess Azesa
Agrrs = Aznia Aamas
Azrs1 = Azras Aanas
Agrss = Azrrs Azrrs
Agres = Azirr Agro
Agrar = Anres Azmss

Azrse = Agrs1 Azrer

Agmo = Agreg + Ca2(4) Agres, Azrer = Ca2(4) Az7so
Azrez = Azrer + C22(3) A2roo, Azres = C22(3) Azrsr
Azres = Azmes + C22(2) Azraz, Aazres = C2,2(2) Aares
Auros = Azres + C22(1) Agroa, Azrer = Ca2(1) Azres

Anrgs = (Aszers Asres — Azerz Azrer)/Aderas
Azsoo = (Azerr Azres — Aszers Azror)[Aderr,
Azoz = (Azeal Az7o6 — Azeso Asz)/ Agsan
Agsos = (Asess Azves — Ansss A2r97)/ Adegs:
Agsos = (Azean Azres — Aness Azra7)/Adeses
Azsos = (Azeoa Azos — Azesz Azror)/Adgsns
Azero = (Aaniaz Azres — Aomiz Aaver)[Adnas
Azuiz = (Auzras Azros — Azraa Aazer) [ Adras,
Agsrs = (Aaras Azres — Azras Agzer)/ Adras,

Azsre = (Azzes Azros — Aoras Azrer) [ Atnss,

Agres = Agror/Azema
Agsn = Azror/Azerr
Azsos = Aarer/Azes
Azgos = A2797/ Azess
Asor = Aot/ Asese
Aszsoe = Azor[Azess
Agsn = Agror/Aania
Azgia = Azrer/Azres

Aag1s = Azrer/Aaras

Agsrr = Agrar/Asras

Azgia = Aarrs Asrer + Azrre Azrso, Azsis = Azrre Azre:

Azszo = (Azs19 Azres — Azsis Azrer)/Adare,

Agsn = Agrer/Azse

Azaza = Azres Azs21 + Aares Azs20,
Aggzy = Aares Azs21 + Azrer A2s20,
Azg2s = Azres A2szn + Azzeg A2s20,

Aggag = Aarro A2gn + Aarn Azszo,

Agazs = Aares Azan
Aagas = Azzer Azan
Azszr = A2769 A232l

Azgag = Azrry Azan

Azgao = Ae Agsaa + Ad Aggag + Ap Azsas + Aa Azsas
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Azsar = Ae Azs2a + Ad Azaas + Ap Azsar + Aq Aza

Aggazs = Ao Azsos + Ac A Azzas + Aca Ao Agzoz + Aca Asg Azroo + Acs Age Azras +

Azgas

Azgag

Aazgig

Aagar

Acs (Azsro Azzes + Azent Aares) + Ace (Azers Azsor + Azers Azseo) +

Act (Aze7s Azsos + Agsre Azsoz) + Acs (Azesz Azsos + Azesa Azsor) +

Acs (Azess Azsor + Azssr Azsos) -+ Acto (Azsvo Azsoo + Azor A2sos) +
Ac1 (Azrrq Azsy + Aznis Azsi0) + Aarz (Azrs Azsia + Azrer Azsiz) +
Act3 (Azzas Azais + Aorar Azsra) + Acra (Aoras Azsir + Aarar Azg)

Aco A27az + Aot Aa Azros + Az Ap A2rea -+ A3 Asa Auror + Act Ase Aargy +
Acs Azeny Azron + Ace Azes Azsm + Acr Azero Azsos + Acs Azess Assos +
Aco Azesr Azsor + Acro Azen Azsos + Acit Aamis Azsin + Az Aorar Azsin +
Aa1a Azrar Agsis + Acra Aarar Assir

Agrer + C22(0) Azros, Aszsas = C22(0) Azrar

Azree + Ao Azzoa + Ao Aarez + Asd A27e0 + Ase A2vas +

Aaero Azres + Azert Agros + Azers Azsor + Azers Azsoo +

Angra Azsos + Azere Azsoz + Azes2 Azeos + Azess Azsos +

Aaess Azsor + Azesr Azsos + Azeso Azsoo + Azeoy Azsos +

Agris Agsy + Aanis Azsio + Aarae Azaia + Azrar Azar2 +

Agz3s Azsis + Asrar Azsia + Aarss Azsir + Aarar Azsie +

Agrgr + Mg Agres + Ay Az7aa + Asd A270r + Ase Azzao +

Azen1 Azree + Agers Azsor + Azers Azsos + Azeas Azsos +

Azesr Ansor + Azeor Azsoo + Aznis Azsnt + Azver Azarz +

Azrar Ass1s + Aazar Azsr?

BNegag = Aa/(C2,2(0) — C22(1)), BNear = —BNoag
BNgg = As/(C2,2(0) — C22(2)), BNeww = —BNeas
BNgsg = Aaf(C22(0) = C22(3)), BNgsy = —BNgso
BNesz = Ave/(Caa(0) — Caa(4)), BNess = —BNes:
DV5(s) = Aa A (s + C22(2)) + Aa As (s + Ca2(1))

419



zdif14 = (C32(1) — C2,2(5)) (C22(2) — C32(5)) (C22(0) — C222(5))

zdif15 = (Ca2(1) — C3.2(2)) (C22(5) — C22(2)) (C22(0) — C22(2))

zdif16 = (C22(2) — C2.2(1)) (Ca2(5) — C222(1)) (C22(0) — C22(1))

2dif17 = (Ca2(2) — C2,2(0)) (Ca.2(5) — C2.2(0)) (C22(1) — C2.2(0))

BNgsy = DV5(s = —Ca2(5))/zdif14, BNgss = DV5(s = —C22(2))/zdif15
BNgss = DV5(s = —Cy2(1))/zdi f16, BNesr = DV5(s = —C22(0))/zdi f17
DV6(s) = g Ag (s +C22(3)) + da Asa (s + Ca2(1)) -

zdif18 = (Caa(1) — C2,2(6)) (C22(3) — C2,2(6)) (C22(0) — C22(6))

2dif19 = (Ca2(1) — C2,2(3)) (C22(8) — C222(8)) (C2.2(0) — C222(3))

2di £20 = (C32(3) = C22(1)) (C22(6) — Ca2(1)) (C2a(0) — C22(1))

2dif21 = (Ca2(3) — C2,2(0)) (C2,2(6) — C22(0)) (C2.2(1) — C22(0))

BNgss = DV6(s = —C,2(6))/xdif18, BNegso = DV6(s = —C32(3))/zdi f19
BNggo = DV6(s = ~Ca2(1))/2di f20, BNegs1 = DV6(s = —C32(0))/zdif21
DV7(3) = da Mae (8 + Ca2(4)) + Aa Ase (s + C22(1))

2dif22 = (Cy2(1) — Ca2,2(T)) (C22(4) =~ C22(7)) (C2,2(0) — C22(7))

zdif23 = (Cy2(1) — C22(4)) (C2.2(7) — C22(4)) (C2.2(0) — C22(4))

2di f24 = (Caa(4) — C22(1)) (Ca2(T) — C22(1)) (C22(0) — C22(1))

2dif25 = (Cy2(1) — C2,2(0)) (C22(7) — C2,2(0)) (C2,2(4) — C222(0))

BNeggz = DV7(s = —=C22(7))/zdi f22, BNgsz = DV7(s = —C22(4))/zdi f23
BNgey = DV'(s = ~Ca5(1))/2dif24, BNeggs = DV'1(s = —Ca2(0))/zdi f25
DV8(s) = Ag A (8 + C22(3)) + As Asa (8 + C22(2))

2di 26 = (C2,2(2) — C2,2(8)) (C2.2(3) — C2.2(8)) (C2.2(0) — C22(8))

2dif27 = (Ca2(2) — C2,2(3)) (C22(8) — C2:2(3)) (C22(0) — C222(3))

zdi f28 = (Ca2(3) = C22(2)) (C2,2(8) — C22(2)) (C2,2(0} — C2.2(2))

zdi 29 = (C22(2) — C2,2(0)) (C22(3) — 02,2(0)) (C2,2(8) — Ca2(0))

BNees = DV8(s = —C,2(8))/2di f26, BNggr = DV8(s = —C>2(3))/zdi f27 .
BNz = DV8(s = —C32(2))/2dif28, BNggg = DV8(s = —C2.2(0))/zdif29
DV(s) = A dse (8 + Ca2(4)) + Ao Ase (3 + C22(2))

zdi f30 = (C22(4) — C22(9)) (C2.2(2) — C222(9)) (C2,2(0) — C2,2(9))

zdif31 = (C22(9) — C2,2(4)) (C2.2(2) — C22(4)) (C2.2(0) — C22(4))

© 2dif32 = (C12(9) — C2,2(2)) (C2.2(4) — C222(2)) (C22(0) — C22(2))

zdi f33 = (C32(9) — C22(0})) (C2,2(4) ~ C22(0)) {C22(2) — C22(0))

BNgg = DVI(s = —C32(9))/xdi f30, BNgn = DV9(s = —Cy2(4))/zdi f31
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" BNep = DV9(s = —C32(2))/xdi f32, BNgra = DV9(s = —C1(0))/2di 33
DV10(5) = Ase At (8 + C2.2(4)) + Ase Aaa (8 + C22(3))

 2dif34 = (Ca2(4) — C22(10)) (C22(3) — C22(10)) (C2a(0) — C22(10))

zdi f35 = (C2.2(10) — C22(4)) (C2.2(3) — C2.2(4)) (C22(0) — C22(4))

2dif36 = (C22(10) — C2.2(3)) (Ca2a(4) — C22(3)) (C2a(0) = C2,2(3))

zdif37 = (C22(10) — C3,2(0)) (Ca,2(4) — C2,2(0)) (C2a(3) — C2,2(0))

BNaza = DV10(s = —C32(10))/zdif34, BNezs = DV10(s = —Cya(4))/xdif35

BNgs = DV10(s = —C3(3))/2dif36, BNerr = DV10(s = ~Cy(0))/zdi 37

DV11(s)

zd: f38

2dif39

zdi 40

zdifd4l

zdifd2

- zdif43

Il

A (s + C22(3)) (s + C2,2(6)) (s + C2.2(8)) [Aa Ae (9 + C22(2)) +
Xa Xs (8 + C22(1))] + Mo (s + C22(8)) (3 + C22(2)) (s + C22(5))]
Aa Ad (8 4 C22(8)) + Aa Aud (8 + C22(1))] + Aa (s + C22(1))

(s + C2.2(5)) (s + C2,2(6)) [Ms Aa (3 + C2.2(8)) + Ay Aaa (s + C22(2))]
(Ca,2(1) = C22(11)) (C2,2(2) = C32(11)) (C22(5) — C2a(11))
(C2,2(8) — C22(11)) (C2,2(6) — C2,2(11)) (C22(3) — C22(11))
(C2,2(0) — C22(11))

(C22(1) — C22(8)) (C2,2(2) — C2,2(8)) (C22(5) — C2.2(8))
(C22(11) — C22(8)) (Ca,2(6) — C22(8)) (C22(3) — C222(8))
(C2.2(0) — C22(8))

(Ca2(1) — C2.2(6)) (C2,2(2) — C22(6)) (C22(5) — C2.2(6))
(C2,2(8) — C2,2(6)) (Caa(11) — C22(6)) (C22(3) ~ C22(6))
(C2,2(0) — C22(6))

(C2.2(1) — C2,2(5)) (C2,a(2) = C2,2(5); (C2,a(6) — C22(5))
(C2,2(8) — C2.2(5)) (Caa(11) — C2,2(5)) (C2,2(3) — C2,2(5))
(C2.2(0) — C2,2(5))

(Ca,2(1) = C22(3)) (C2.2(2) — C2,2(3)) (C2a(6) — C22(3))
(C22(8) = C22(3)) (Czal11) = C22(3)) (C22(5) — C22(3))
(C2a(0) — C2a(3)) .

(Caal1) = C2(2)) (C2a(3) = Ca(2)) (Caal6) =~ Caa(2))
(C2.2(8) — C22(2)) (Caa(11) — C22(2)) (C2a(5) — C2a(2))
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(C22(0) = C22(2))

zdifdd = (C22(2) - C22(1)) (C22(3) — C2,2(1)) (C22(6) — C2a(1))
(C22(8) — C2.2(1)) (C22(11) — C22(1)) (C22(5) — C22(1))
(C22(0) — C22(1))

2difd5 = (Ca2(2) — C22(0)) (C22(3) — C2,2(0)) (C2.2(6) — C22(0))
(C2.2(8) — C22(0)) (C22(11) = C22(0)) (C22(5) — C22(0))
(Cz2(1) — C2,2(0))

BNem = DV11(s = —C,3(11))/zdi f38, BNers = DV11(s = —C22(8))/=dif39
BNggo = DV11(s = —=C,2(6))/zdif40, BNesy = DV11(s = —C25(5))/zdif41
BNegz = DV11(s = —Ca(3))/2dif42, BNess = DV11(s = —C32(2))/zdif43
BNegq = DV11(s = —Ca(1))/xdif44, BNess = DV11(s = —C1,2(0))/zdi f45

DV12(s) = A (s+ C22(4)) (s + C22(T7)) (s + C2,2(9)) [Aa As (s + Co2(2)) +
Xa A (8 4 Caa()] + Ao (s + C22(2)) (s + C22(5)) (s + C22(9))]
Ao Ase (8 + Coa(4)) + Ao Ase (8 + Ca2(1))] + A (5 + C22(1))
(s + C22(5)) (s + Ca2(T)) [Ae Aae (8 + C22(4)) + Ao Ase (s + C22(2))]
zdifd6 = (Cp2(0) — C22(12)) (Ca2(1) — C2,2(12)) (C22(2) — Ca2(12))
(Ca2,2(5) — C2,2(12)) (C22(T) — C2,2(12)} (C22(4) — C22(12))
(C22(9) — C2,2(12))
zdifdT = (Ca2(0) — C22(9)) (Caz(1l) = C2,2(9)) (C2,2(2) — C2,2(9))
| (Caa(8) = Coa(9)) (CaalT) ~ C22(9)) (C2a(4) — Caal9))
(C22(12) — C2,2(9))
zdifd8 = (C22(0) — C22(7))(Caa(1) — Ca2(7)) (C22(2) — C22(7))
(Ca.2(5) — C2.2(7)) (C2,2(9) — C2,2(7)) (C22(4) — C22(T))
(C22(12) — C22(7))
zdifd9 = (C22(0) — C22(5)) (C22(1) — C2,2(5)) (C22(2) — C22(5))
(C2.2(7) — C2,2(5)) (C22(9) — C2,2(5)) (C22(4) — C2,2(5))
(C2,2(12) = C3,(5))

422



zdif50 = (C22(0) — C22(4)) (C22(1) — C22(4)) (C2a(2) = C2al4))
(C22(7) = C22(4)) (C22(9) — C2(4)) (Ca.2(5) — Caa(4))
(C22(12) — C22(4))

zdif51 = (C22(0) — C22(2)) (C22(1) — C2a(2)) (Caa(4) — C2a(2))
(C2,2(7) — C2,2(2)) (C2,2(9) — C2,2(2)) (C2.2(5) — C22(2))
(C22(12) ~ C22(2))

2dif52 = (C22(0) — C2.2(1)) (C22(2) — C2,2(1)) (C22(4) — C222(1))
(C2.(T) = C22(1)) (C22(9) — C22(1)) (C2a(5) — Caa(1))
(C22(12) — C22(1))

zdif53 = (Ch2(1) — C22(0)) (C22(2) — C2,2(0)) (Cz2(4) — C22(0))
(C22(7) = C22(0)) (C22(9) — C2,2(0)) (C22(5) — C2,2(0))
(C2,2(12) — C2,2(0))

BNess = DV12(s = —Cy2(12))/xdi f46, BNegz = DV12(s = ~C22(9))/zdif47
BNgss = DV12(s = —Cy(7))/2dif48, BNeso = DV12(s = —Ca2(5))/xdifA9
BNggo = DV12(s = ~C12(4))/2dif50, BNeg = DV12(s = —C3(2))/xdif51
BNgsz = DV12(s = —C32(1))/2dif52, BNess = DV12(s = —C22(0))/xdif53

DV13(s) = A (s+ Ca2(4)) (s + Caa(T)) (3 + C22(10)) [Xa Ad (8 + C22(3)) +
A Ao (8 + Coa(1))] + Aa (s + C22(3)) (s + C22(6)) (s + Co2(10))]
/\a ’\se (3 + 02.2(4)) + A:x Aa: (‘5 + 02,2(1))] + Aa (3 + C‘2.2(l))

(s + C22(6)) (s + Ca.2(7)) Phae Aat (8 + C22(4)) + Aad dae (8 + C22(3))]

zdif54 = (Ci2(0) — C22(13)) (Caa(1) — C22(13)) {C2,2(3) — C22(13))
(Ca.2(4) ~ C2,2(13)) (C3,2(6) — C2.2(13)) (C22(T7) — C2a(13))
(C2.2(10) — C22(13))

2dif55 = (C22(0) = C2,2(10)) (C22(1) ~ C22(10)) (C22(3) — C2.2(10))
(Ca.3(4) = C2.2(10)) (C22(6) = C3,2(10)) (C22(7) — C22(10))
(C22(13) — Ca2(10))

2dif56 = (Cz2(0) — C22(7)) (C22(1) — C22(7))(C2a(3) — C2(7))
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(Ca,2(4) = C22(7)) (C22(6) — C2,2(7)) (C22(10) = C22(7))
. (C2.2(13) — C22(T))
" zdif57 = (Ca2(0) — C22(6)) (Ca2(1) = C22(6)) (C22(3) — C22(6))
(C1.a(4) = C2,2(6)) (C2,2(7) = C22(6)) (C22(10) — C22(6))
(C2,2(13) — C22(6))
zdif58 = (C32(0) — C32(4)) (Caa(1) — C22(4)) (C2.2(3) — C22(4))
(C22(6) — C22(4)) (C22(T) — C22(4)) (C22(10) — C22(4))
(C22(13) — C2.2(4))
zdif59 = (Ca2(0) — C22(8)} {Ca2(1) ~ Ca2(3)) (Ca2(4) — C22(3))
(C22(6) — C22(3)) (Caa(7) = C2a(3)) (C22(10) — C22(3))
(C22(13) — C2.2(3))
zdif60 = (Caz(0) — C2(1)) (C2(3) — C2a(1)) (C22(4) — C22(1))
(C2,2(6) — Ca.2(1)) (C2.2(7) — Ca2(1)) (C22(10) — C22(1))
(C22(13) = Ca.2(1))
2dif6l = (Ca2(1) — C22(0})(C22(8) = C22(0)) (C22(4) — C2,2(0))
(C22(6) — C22(0)) (C2,2(7) — C2.2(0)) (C2,2(10) — C22(0))
(C2,2(13) — C2.2(0))

BNggy = DV13(s = —~Cp2(13))/xdif54, BNegs = DV13(s = —C»2(10))/zdi f55
BNggs = DV13(s = —C35(7))/2dif56, BNeggr = DV13(s = ~C22(6))/dif57
BNggs = DV13(s = —C35(4))/2dif58, BNese = DV13(s = —C3,2(3))/zdi f59
BNro = DV13(s = =Ca2(1))/zdif60, BNmy = DV13(s = —C2(0))/zdi f61

DV14(s) = Ao(s+ Ca2(4)) (s + C22(9)) (s 4 Ca2(10)) [As Aa (s + C22(3)) +
M Asd (8 + C22(2))] + Aa (8 + C22(3)) (s + C2a(8)) (s + C22(10))]
M dee (8 + Co2(4)) + Ap Age (8 + C22(2))] + s (8 + C22(2))
(3 4 C22(8)) (8 + C22(9)) [Mse Asa (8 + C22(4)) + Asd Ase (5 4 C2,2(3))]
zdif62 = (C32(0) — C32(14)) (C22(2) — Ca2(14)) (C2,2(3) — Ca2(14))
(Ca2(4) — C2.2(14)) (Ca,2(8) — C2,2(14)) (C22(9) — Ca2(14))
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(Ca,2(10) — C22(14))

2dif63 = (Ca2(0) — C22(10)) (C22(2) — C2,2(10)) (C22(3) — C22(10))
(Ca,2(4) = C2,2(10)) (C2,2(8) — C2,2(10)) (C22(9) — C22(10))
(Caz2(14) = C32(10))

zdif6d = (Ca2(0) — C22(9)) (Ca2(2) ~ C2,2(9)) (C22(3) — C2:a(9))
(Caz(4) — C2,2(9)) (C22(8) — C22(9)) (C22(10) — C2a(9))
(C22(14) — C22(9))

zdif65 = (C22(0) — C22(8)) (C22(2) = C22(8)) (C2a(3) — C22(8))
(C2.2(4) — C2,2(8)) (C2.a(9) — C2,a(8)) (C2a(10) — C1(8))
(C2,2(14) — C12(8))

2dif66 = (C22(0) — C22(4))(Ca2(2) — C2.2(4)) (C2a(3) — C22(4))

(C2.2(8) — C22(4)) (C2.2(9) — Ca,2(4)) (Caa(10) — C22(4))

(C22(14) = Ca2(4))

(C22(0) = C2.2(3)) (C2a(2) — C22(3)) (C2a(4) — C222(3))

(C2.2(8) — C22(3)) (Caa(9) — C2,2(3)) (C2a(10) — C22(3))

(C2.2(14) — C22(3)

2dif68 = (Ca2(0) — C22(2))

(C22(8) — C22(2))

(Caa2(14) — C22(2)

(C2.2(2) = C22(0)) (C2.2(3) — C2,2(0)) (C22(4) — C2,2(0))

(C1,2(8) — C2,2(0)) (C22(9) — C22(0)) (C22(10) — C2.2(0))

(Ca2(14) — C22(0))

zdif67

Il

(

)

(C2a(3) — C2,2(2)) (C2:2(4) — C222(2))
(C2.2(9) — C22(2)) (C22(10) — C22(2))
) |

edi f69

1

BNy = DV14(s = —C,5(14))/2di f62, BNz = DV14(s = —C22(10))/zdi f63
BNioy = DV14(s = —C32(9))/2dif64, BNms = DV14(s = «Ca,2(6))/zdi f65
BNy = DV14(s = —C,2(4))/zdif66, BNrr = DV14(s = ~C22(3))/zdi f67
BNy = DV14(s = —C32(2))/zdif68, BNys = DV14(s = —C,2(0))/=di f69

k'rs = Azsa'r, k'u = Azaas, kTE = A'zs:m k're = Azsas
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Appendix F

Identical Unit 1-out-of-(n+1):G
Submodel With Late Standby

Activation: Definition of constants

The following constants are associated with the analysis of the 1 —out—of —~(n+1): G
system under SBAP Z in Section 4.1.

Argesa = 221 C2,1(2) {C21(0M) Coa(1M) + A pser)

Ajgges = 207 (C2,1(01) Con (10) + Agpisor)

Arsase = As C2,1(2) (C2a(1) Ca1 (1) — Aspioer)

Argeea = 2A1 Ay (C2,1(2) C2,0(0M) + C21 (1) C21(2))

Arosr = C2.1(2) + C21(01)), Ajges = C2,1(2) C2,1(01)), Asggo = Can(1) + C2a (1)
Am'rp = Cy,1(1) Caa (1N =), ptsor, Areny = Arser Aro70+Aroes A1ges, A7z = Arges Arore
Avgrs = C2.1(0) C2.1(2) + C2,1(0) C2,1(0M) + C2,4(2) C2,1(0M) — A, praor

Ajgrs = C31(0) C32(2) C21(0M) — A, proor C2,1(2)

Argrs = C2a(1) + Coa(1V), Asgrs = C21(1) C22 (1)) — A, por

Algrr = Avora Arars + Arors Arers, Arers = Argrg Arars
Agre = 2X03(Caa(0W) 4 C2a (1)) + Ay Ay (C2a (1) Can(2) +
| C,1(1) C21(1M) + C2.1(2) C2a (1Y) = X, o)
Aggg = 2A} (C2,2(0M) Con (18) 4 A, oo ) + At As (C2,1(1) C21(2) Cg_l(l(l)) -
As ot C21(2))
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Argsr = 2M (Caa(2) C2a(0M) + C2a(2) Coa(1M) + €2 (0) Can (1)) +
200, a0’

Arsgz = 20 C21(2) C21(0M) Cay (1) + 20 ), ptee G2 (2)

Arsss = 233 (Ca,1(0M) + G2, (1))

Ajsas = 203 Co 1 (0M) Ca (1) + 2A3 ), oo

Argss = As (C2.1(1) C21(2) + C2.(2) C2a(1W) + C21(1) C2a (1MW) = A, prar)
Argss = Ay (C2,1(1) C21(2) C2a (1) = A, prsor C24(2))

Ajsar = 221 A, (2C2a(2) + C21(0M) + C2.(1))

Arsss = 2 M1 A, (C21(2) C2a(01) + Caa(1) C24(2))
Azsa, = Ao Arem1 + At Arssn + Acz Arsan + Aot Arass + Ay Aresr
Arsso = Ao Arerz + Acr Arssz + Az Arssd + Aoty Arsse + Acy) Ausss

Arger = C31(1) + C3a(3), Arooz = Ca2(1) C31(3), Arses = Ca1 (1) + C3,1(20)
Asges = Ca1(10) Caa(2M), Asges = C3,1(2) + Caa (01)

Asgos = C31(2) Can(0W) = A, pogr, Aresr = =X, prsor (C3a{3) + Csa(01))

Arges = — X, praor Ca1(3) + C3,1(01), Aiges = C31(2) + Caa(21)

Azon0 = C31(2) C31(210) — A, o

Azoona = Aroos Aroes Azoco (Aree1 A1esa + Ar992 Aress)

Azoor = Azooos + Arosz Aress (Az000 (Arees Arees + Aross A1sor) + Aroes Arass Arose)
Azo02 = Arog2 Arsss Arsss Arses Az000

Azoos = 3 M1 (Cs.1(3) Ca1(0M)) + C3,1(8) Ca (1) + C32 (01) Ca 110 + A, pawr)
Asoa = 3 M1 (C1(3) C31(0M) Caa (1) + A, prarr Caa(3))

Agoos = C1(2) + C31(21), Azoos = Ca1(2) Ca2(2M)) = A, proo

Agoor = Az003 Az008 + Az004 Azoes, Az008 = Az004 Az006

Azoos = C3.1(3) + C31(01)), Aggio = C3.(3) C3a(0M)

Agorr = Ca1(1M) + Ca1(20), Agmz = C31(1M) Caa(2M)

Aznz = Ca1(3) + C32(0M) + C31(1) C34(3) + Caa(1) C3a(2M) + C3,(3) Caa(2M) +
C31(3) + C3,1(21)

Azors = C31(3) Caa(0W)) 4 C3,1(1) C5,4(3) Caa(2M) + C3,4(3) Caa(2M)
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Azors = 6 A? (Azo0e A2012 + Azore Azont + Asptsor Azo1a)

Agpig =6 /\f (Az010 Az2012 + As Baor Azo14)

Agorr = Caa(01) C3(1W)) + C5,(0) C31(2M) + C3,(1M) Ca3(2M)
Asors = Caa (0} C31(10) Caa(21)

Azoe = 3.0, Azazo = Ca1(1%) + C31(1) + Can(2M)

Agnt = 623 (Azor + As oo Az010)s Az022 =6 A3 (Azors + As 100 Azo20)
Azozs = Aa (Ca,1(1) C3a(3) + Ca1(1) C32 (1)) + C5,4(3) C3a(1M) = A ptarr)
Azuza = s C3,1(3) (Ca,1(1) Can (1M) = A, praor Ca1(3))

Agozs = C31(2) + Can(2M), Azoze = C3,1(2) C32(2%)) = X, o

Azoar = Aszozs Azozs + Azo2e Azozs, Az02s = Azo24 Avoze

Azze = 3 Ay M1 (€1 (3) + C3a(0W) + C3,1(1) + C3,1(3))

Aggag = 3 M X, (C31(3) C3a(0W) + C5,1(3) C5,4(3))

Azt = C3(2) + Caa(2M), Azazz = Ca(2) Can(2M) = A, poer

Agosz = Azoze Azoaz + Azoso A2os1, Az03a = A2030 Az032

Agaze =6 A3 A,, Azgase = Azaaza C3,(3)

Aggss = C3.1(1) 4 C3.1(2) + Ca1(00) + C3, (1)) + C3,(2) + Cap(0))
Azgzs = C3.1(1) Cs.1(2) + Caa (01) Can(1M) + C3,1(2) Caa(0M) + A, oy
Agosr = Azoss Anoss + A2zt Azoss, Az008 = Az034 A2oe

Aszgas = Agoaz + Ca1(0) Az001 — Asor A2027, Azoso = C3,1(0) Agooz — a0 Az02s
Agoar = M (Azom + Azogr), Azosz = M (Azo22 + A203s)

Asoiz = Aeo Azoor+Ac1 Azgor+Acz Azors+Aes Azonr+Acotty Azozr+Acry Azoss+Az Azosr
Agoas = Ao Azooa+ At Azgoa+Aea Azor6t+Acs Azozat+Acon) AzozstAcat) AzoaatAca) Azoss
DM1(s) = (s + C3.(0M))

DM2(s) = 2 {(s + Coa (0M))(s + Cz,l(lm)) + A ps0r]

DM3(s) = 22} [(s + Coa(0M))(s + C2a (1)) + As o]

DMA4(s) =2 1 A\ (28 + Ca.0(1) + Caa (01))

Bssi = DM1(s = 870)/Vige(s = s70), Bssa = DM2(s = 370)/Vare(s = s0)
Bysa = DM3(s = s70)/Vaze(s = s70)s Bssa = As/Vaoe(s = s70)

Bsss = DMA(s = 870}/ Vare(s = sm), Bsse = DM1(s = sn1)/Vioe(s = sm1)
Bssy = DM2(s = s71)/Vare(s = 3n1), Bssa = DM3(s = sn)/Vize(s = sn)
Bssg = M/Vaoe(s = sn1), Bseo = DM4(s = s71)/Vare(s = s71)

Bsar = DM2(s = 312)/Vare(s = sn1), Bsez = DM3(s = 312}/ Viae(s = sm2)
Bsga = DMA(s = 373)/Vire(s = 312), Bsex = DM2(s = s13)/ Vare(s = 3m)
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Bses = DM3(s = 813)/ Vaae(s = sm), Bses = DM4(s = s13)/Vare(s = 873)

.3537 = DﬁfIS(S = —02‘1(2))/‘/42,(8 =

DM5(s) = (s + C3,(0M))

~C2.(2))

Bsas = DM5(s = 874)/Veze(s = sa), Bsse = Voan(s = 374)/ Vose(s = sm)

Bissr = Vaun(s = 874)/ Voue(8 = 374),

Bsss = Vasa(s = 374)/ Vase(s = 374)

Bsgg = /\a/V92e(3 = 873), Bsso = Vogn(s = 874){ Veze(s = 87q)

Bsor = Vora(s = 874)/ Vause(s = s74),
Bggs = Vaan(s = s735)/ Vaae(s = 375)
Bigs = Vosn(s = 813}/ Vose(s = sr3)s
Bsgr = Vegn(s = s15)/ Vaze(s = a75),
Bsgs = Vaan(s = 976}/ Veae(s = s16)s
Bgor = Vgsals = 576) [ Vase(s = 876);
Beos = Vern(s = s76)/ Vase(s = s76),
Beos = Voan(s = s77)/ Voae(s = 817,
Beor = Veen(s = 877)/ Vaze(s = 917),
Beg = Vaan(s = 378)/ Vase(s = s78),
B = Vorn(s = s78)/ Vouc(s = sm),

Be1z = Vasn(s = 379)/ Voze(s = 319),

Bsgy = DM5(s = s15)/ Voze(s = s73)
Bsay = Voan(s = s75)/Vaue(s = 375)
Bsgs = As/Vaze(s = s7s)

Bsos = Varn(s = 375}/ Voue(s = 575)
Bsoo = Voun(s = 378) [ Voae(s = 876)
Bggy = Vogn(s = 316)/Vaae(s = s76)
Beos = Vaan(s = s77)/Voze(s = s17)
Baog = Vosn(s = s77)/ Vase(s = s7)
Baos = Vora (38 = s77)/ Vase(s = 377)
Baio = Vasn(s = 378)/ Vase(s = s78)
Bz = Voun(s = 870)/ Vose(s = s)

Be1s = Varn(s = 379)/ Vaae(s = S79)

Be1s = Vasn(s = —C3,1(3))/ Vese(s = —=C2,1(3))

kar = Aueso, kas = Ao, k3o = Arerr, kao = Areso

kg = Azow, ka2 = Azoso, ka3 = Azoze, Kaa = Azoss
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Appendix G

Identical Unit 1-out-of-(n+2):G
Submodel With Late Standby

Activation: Definition of constants

The following constants are associated with the analysis of the 1 —out—of —(n+2): G
system under SBAP Z discussed in Section 4.1.

Azoss = C22(2) C2a(3) + C2.2(2) C22(2W) + C22(3) C22(21Y)
Agoss = C22(2) C22(3) C22(21V)

Azer = Ca2(1P) Cap(1) + T22(13) Co2(1M) + Ca2(3) C22(2)

Azoss = C2,2(1) Cp2(1) C2(1M)

Anoee = Anoes Azoe7 + Azoes Azoes, Azoro = Azoss Aznes

Agont = C2.2(3) C22(1M) 4 C22(3) C2,2(0®) + C22(1?) C22(0)

Azorz = C3,2(3) C22(1®) C22(0%)), Azers = C3,2(2) + C22(2M)

Azors = C2,2(2) C22(2M), Asors = Azorz Azors + Azomt Aoz

Azgre = Agora Azora, Azorr = Caa(1) + C22(11)

Azors = C22(1) Ca2(1"), Agore = Azare Azorr + Azors Azors, Azoso = Azore Azors
Agopy = C22(1W) + C22(2M), Ansz = C22(11) C22(21)

Azgas = Ca2(0M) Ca2(13)) + Ca2(01)) C22(0) + G 2(13)) Cp2(0®)

Agosq = C22(01) C2.2(117) C22(01V), Azoss = Azoss Azosa + Azcsz Azoss

Aqoss = Azcaz Azo84, Aacsr = Ancss + C2,2(3) Azoss, Azoss = Azoss C2,2(3)

Azoss = C2.2(2) Azosr + Azoss, Azoso = C2,2(2) A20es, Azoo1 = Azoss
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Agoez = Azoss, Aznes = Azose + Ca2(1) Azoes, Az0ea = C2.2(1) Az000

Azgos = C22(3) C22(1®) + C22(3) C2,2(0%) + C22(1%) Ca2(0®)

Azgs = C2,2(3) C22(119) C22(0P)

Agosr = 2 X2 A, (Ca2(19) + Ca2(01)) +4 A3 A, (C22(2) + C22(0) + C22(1) + C22(2))
Agges =223 ), C22(10)) C22(00) + 4 A2 ), (C22(2) C22(0)) + Ca2(1) C22(2))

Agoog = Azoes Azoss + Azoes Azeer. Anoo = Azoes Azoos

Anor = C2.2(2) C22(3) + C22(2) C2,2(2W) + Co2(3) C2,2(2M)

Azto2 = C22(2) C22(8) Ca2(2M)

Agigs = 4 A1 A2 (Co2(0M) + C22(0®) + Ca(1} + Co2(0P) + Co (1) + Ca2(11MY)
Azioq = 4 M1 N (Ca2(0M)Ca2(0®) + C22(1)C2,2(0P) + Ca2(1) Ca2(1M))

Agos = Aot Ans + Ano2 Az103 , Az2106 = A2102 Azi04

Agior = 4 A1 A, (Co2(0W) + Ca9(1)), Azigs = 41 Ay (C22(0M) + Ca2(1))

Aziee = Antor Azors + Az107 A2ors, Az110 = Az1os Azors

Aainr = 2222, (Ca2(1M) + Ca2(0M) 4 2 C22(2) + 2 C22{0M) + 2 Ca2(1) + 2 C22(2))
Anzz = 222 ), (Co2(1M)C32(0M) + 2C22(2) C22(0M) + 2C52(1) C3,2(2))

Az = Azon Aanz + Azor2 Ay A21s = Azorz Aonz

Agiis = 4 A2 X (Ca2(0M) + Ca2(00) + Caa(1) + Ca2(0) + Caa(1) + C22(11))
Annie = 4 A2 A (C22(0M1)C,2(0®) + Ca2(1)C2,2(0) + Ca2(1)C22(11))

Anrr = Azoss A2nis + Azoss A2uis, Azns = Azoes A2y Az211s = Azoes + C2,2(0) Azona
Anzo = Azo9s C22(0), Azizr = 2 A% Azosr + A1 Azoge + Ay Azios

Az1z2 = 2 M Azosz + A1 Azico + A1 Azios

Aniza = Ao Azoes + 2h1 A Azoss + 2% Az Aggsr + 2 A3 Aa Azoss + 2 As Aoy Azoro +
Aam Az10e + A Aaniz + 2 A% A g Azoss + A Aanrz :

Apze = Ao Azoss + 201 A Azoo + 27 Az Azoss + 2 A Aea Aqose + 2 As Aoy Auoma +
Aerny A2110 + Ak Aanag + 2 A2 X gy Azoro + Acieny Azuis

Asizac = Azoss + 2A; Azoss + 273 Aggsr + 2A3 Aggss + 2 A, Azore + Azioe + Aznna +
2% Aggee + Aonrr

Agizap = Aagas + 20 Azoso + 2202 Azoss + 223 Agous + 24, Azoso + Aziie + Aziza +
22 Asoro + A2ns |

Agizs = 1221 A,, Anze = 6 M A, (Ca2(01) + Cap(1))

Agizr = 12 A2 A, (Caa(1) 4 Ca2(0W) + C32(2) + Ca2(0H) 4 Caa(1) + C52(2))
Agizs = 1222 ), (Ca2(10)Ca2(00)) + C3,2(2) C3,2(0M) + C3,2(1) Ca,2(2))

Ag120a = 6 A3 A, (Ca.2(21) C32(1 1) + C32(21) C32(01) + Caa(1W) Ca2(01))
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Azizes = A A2127 C2,2(3) + M A212s

Azz = Az1290 + Anzos

Aztao = 6 A3 A, C3,2(20) C32(11) C32(0M) + Ay Agas C32(3)

Agizt = A Aizs C32(09) + A, Anzs + 6 M A2 (C32(11M) + Ca2(1))
Aziaz = Ay Azizs Ca2(0®)) + 6 A A2 C3,2(11) Ca5(1)

Antzs = Cs2(1P) + C32(0), Angs = Caa(1*) C3.2(01))

Aygs = 03.2(2) + 03.2(2(1))1 Anze = 03.2(2) 03.2(2(1))

Agizr = Ay Aniar Ansa + Ay Aqizs Anas + 2 Ay Az Azizs + 2 M Az1az Anias
Agizs = A, Azizs Aniaa + 2 A Agiaz Anize

Anze = C3,2(1) Ca2(2) + C32(1) C3,2(3) + C3,2(2) C3,2(3)

Ao = 03.2(1) 03.2(2) 03.2(3)

Az = C32(23) C32(2) + C32(2®) C32(1W) + C32(2M) C32(1D)
Agaz = Ca,2(29) C3,2(2M) C32(1M)

Agraz = C32(01) Ca2(1?) + C32(0M) C3,2(0) + C32(19) C3,2(01¥)
Agraa = C3.2(0M) Caa(1®) C32(0)

Az1440 = Amao Azraz Azisa C32(4) + Az140 Aniar Anaa Ca2(4)

Aanas = Ana + Az110 Azraz A21aa + Az140 Anraz Anaz C32(4)

Asnis = Az Azaz Azaa Ca2(4), Azer = Ana i + Aziiz Aoras
A2gs = Az A2iag, A2149 = Azas 03.2(3(1)) + Azi46y, A21so = Anae 03,2(3(1))
Anis1 = Agras + Aziar Ca2(3M), Ansz = Azras Ca2(3V)

Ansa = Caa(1¥) Ca2(0?) 4 C32(1®) Cs5(4) + C32(0%) Ca2(4)
Agiss = Ca2(11D) C52(0®)) Caz(4), Aziss = Anss+C32(2'?) Azisa, Azise = Ansa C32(2%)
Anisr = C3.2(3) C3.2(4) + Cs,2(3) C3.2(3M) + Ca2(4) Ca2(3™)

Aziss = C3.2(3) C32(4) C32(31)

Azso = Ca.2(3) Caa(4) + C,2(3) C3,2(3M) + C32(4) C32(1M)

Aneo = Ca2(3) Caz(4) C32(31)

Ager = Ca2(2) C32(2®) + C32(2) C32(2M) + C32(2®) Ca2(2M)
Angz = C3,2(2) C32(2%)) C32(2(1)

Azgs = Aneo Anier + Aniss Aztez, Anier = Azie0 Anisz

Ages = Caa(1) Caa(1) + Ca2(1) C32(1®) + Ca2(1M) Ca2(13)
Angs = Ca2(1) Caa(11) Ca2(13)

Aner = Anss Anes + Anes Anesy Az1e8 = Azisis Azies _
Ango = Ca2(2) C33(1?)) + C32(2®) C3,2(0?) + Cr2(1) C32(0)
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Agiio = C32(23) C32(19) C;,,(0)

Ann = Anzo + Cs2(4) Anes, Aznrz = Anvo Anes

Anza = C32(3) Cs2(4) + Ca2(3) C32(29) + Ca2(4) Ca2 (2@

Anrq = C32(3) Ca2(4) Ca2(2?)

Anizs = C32(13) C32(0®) + C3,2(1®) C32(3M) + C3,3(0P) C32(31M)

Anzg = Ca2(13) C32(0®) C32(3M)

Anzr = Anrs Anve + Azira Anizs, Anrs = Az Anzs

Ao = Ca.2(2) + Ca2(2M), Ango = C3,2(2) C3,2(2)

Ang = Anirs Anre + Anzr Anso, Azisz = Ants Azieo

Azsz = Caa(1) + Ca2(1M), Azss = Ca2(1) Cs,2(11)

Anss = Azisz Angs + Azia Ansi, Aznse = Ansz Azsd

Azigr = C32(29) C32(2M)) + C32(21) C32(1M) + C32(2M)) C32(1M)

Agigs = C3,2(2@) C32(2M) C52(1M)

Agge = Ca2(01) Ca2(1®) + C32(0M)) C32(0®) + C32(1®) C3,5(0)

Ango = Ca2(01) C52(1) C32(0@)

Agor = Agas Aniso + Angr Aznioo Ca2(31) + Azies Agian C,2(31)

Agoz = Aates Azieo Ca2(3M), Azes = Ane:z + C32(4) Az

Azios = Ansz Ca2(4), Azies = Anes + Ca2(3) Azies, Aziss = Azina C32(3)

Azier = Anes + Ca2(2) Aniss, Aziss = Anes C32(2)

Anige = Aziso + C32(0) Asres, Ao = Anso C3,2(0)

Agzor = 6 A% Agis1 ++ A1 Anize Az1ss + A1 Azizo Azniss + M Az1ar Aziss + A Aaas Azisr
Azz02 = 6 A5 Azisa + Ay Aziao Anse + A1 Azias Aziss

Asos = Heo Anae + B A1 Acy Azior + 622 Az Agtos + 623 Aea Azien + 6 A7 Act Azt +
2 Xs Agtt) Az1as+Aetn Azizs Azisz+Aan Azizs Ansr+Ac Anzz Azza+Aam Azzs Anrrt
Aay Azize Aarra+Aam Ange Ann+2 A3 A AnertAae Anan Azt +Acin) Auisz Azicat
A Aniar Azieo + A2 Azizs Azise

Azzoa = Moo Aziso + 3 A1 dex Aniss + 6 A3 Az Azigs + 6 AT Az Aziga + 6 A Ae Azioz +
2 As Mooty AzrssFAcriny Az12s AnsatAg0) Azizs Azira+Aca) Ango Auim +2 A2 Xz Agas+
Aaitn) Az1a2 Azies + Acany Az13s Aneo

Azzosc = Azrao+3 A1 Az1o7+6 A} A2195+6 A3 Az1ea+6 A} Anigr+2 A, Aziss+Azizs Anszt
Agizs Anist+Aziar Azits+Az1zs Anrr+Azize Anrat Ange Ann+2 A2 Azgr+Ansy Anwt
Az32 Anies + Anisr Azieo + Anas Aziso
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Az20ap = A2iso+3 Ay Az19a+6 AT Az106-4-6 A3 Ag19a+6 MY A2re2+2 As Anigs+ Azi2e Az1s2-+
Azizs Az17s + Aziao Aarre + 2 22 Azies + A2132 Anres + Az1as Az100

Beo = 2 M1/(C22(1) — C22(0)), Bem = 2M3/((Caa(1) — C22(0)) (C22(2) — C22(0))
Baaz = 223 /((C22(0) — C2.2(1)) (C2.2(2) — C2.2(1)))

By =2 Xf/((cz.z(o) - 02,2(2)) (02,2(1) - 02.2(2 ))

Beza = 2 33/((C22(1) = C2,2(0)) (C2,2(2) — C2,2(0)) (C22(3) — C2.2(0)))

Bazs = 2 )3/((C2,2(0) = C22(1)) (C2,2(2) — C2.2(1)) (C22(3) — C2.2(1)))

Bazs = 2 A3/{(C2.2(0) = C22(2)) (C2,2(1) = C2,2(2)) (C2,2(3) — C2,2(2)))

Bezr = 2 2} /((C2,2(0) — C22(3)) (Ca,2(1) = C2,2(3)) (C22(2) — C22(3)))

Bgza = 2 2, /(C22(01) — C2,2(0))

zdef1 = (C22(0M) = C22(0)) (C22(17) = C22(0)) (C22(1) — C222(0))
zdef2 = (C22(0) — Ca.2(0M)) (C2.2(1M) = C22(0M)) (Ca2(1) — C22(01))
zdef3 = (C32(0) = Ca2(1M)) (C22(0W) = C22(1M)) (C2a(1) = C22(11))
zdef4 = (C22(0) — C2.2(1)) (C2.2(0M) = C2,2(1)) (C22(1 M) = C22(1))

DM10(s) = 4 Ay A, (8 + C22(0M)) + 4 Ay A, (5 4 C22(1))

Bezs = DM10(s = —Ca2(0))/zdef1, Bssp = DM10(s = —Cy(0M))/zde f2

Bayy = DM10(s = —Cy2(1M))/zdef3, Besz = DM10(s = —Ca(1))/zde f4
DM11(s) = 2 X3 X, (s+C32(1M)) (s+C2,2(0M)) +4 A2 A, (s 4+ C22(2))(s+C22(0M)) +
A A (54 Co2(1)) (s + Caa(2))

zdefs5 = (Ca2(1) — C22(0)) (Ca2(2) — C22(0)) (Co2(1VY = C,2(0))
(C2.2(2M) = C2.2(0)) (C2,2(0M) = C22(0))

zdef6 = (Ca2(0) — Ca2(1))(Ca2(2) — C22(1)) (C22(1M) — Ca(1))
(C22(2M) = C22(1)) (C22(0™) = Ca2(1))

zdefT = (C22(0) — C22(2)) (Caa(1) — C22(2)) (C22(1M) — C22(2))

(C22(2M) = C22(2)) (C22(0M) = C22(2))

(C22(0) = C22(1M)) (Ca2( L) = Ca.2(1M)) (Ca2(2) — C22(1M))

(C22(2M) = Ca2(1M)) (C22(0M) = C22(11M))

zdef9 = (C2a(0) ~ C22(2M)) (C2a(1) — C22(201)) (Ca2(2) — C22(2M))

zdef8
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(C22(1W) = C22(2™)) (C22(0M) — C22(21™)
zdefl0 = (C2(0) - C22(0M)) (Caa(1) — Ca2(MM)) (Ca2(2) = Caa(0))
(C22(1M) = Caa(01)) (C22(2M) — Caa(01))
Bgsa = DM11(s = —C,2(0))/zdef5, Bssa = DM11{s = ~C32(1))/zdef6
Beas = DM11(s = —Cp2(2))/zdefT, Bess = DM1i(s = ~C22(1"))/zdef8
Bear = DM11(s = —Co2(2M))/zdef9, Bess = DM11(s = —=Ca(01)))/xdef10
zdef11 = (Ca2(0M) — C22(0)) (C22(03) — C22(0))
zdef12 = (C22(0) — C3,2(01)) (C22(0®) — Ca2(0))
zdef13 = (C22(0) — C2,2(0®)) (C22(0) — C22(03))
Bao = 2 \2/zdef11, Bowo =2 N2/zdef12, Boy =2)2/zdef13
DA12(s) = 4 A 22 (54 C22(0M)) (s+C22(0)) +4 M A (54 Caa(1))(s+C22(0)) +
420y A2 (s + Ca2(1)) (s + Ca2(11M)
zdefld = (Cha(l) — C22(0)) (C22(0M) = C22(0)) (C2a(1M) = C22(0))
(C22(0®) — C22(0)) (C22(1®) — C22(0))
zdef1s = (C2(0) — Caa(1)) (C22(0M) = C22(1)) (Caa(1™) ~ C2(1))
(C22(0®) = C32(1)) (C2a2(1P) = Caa(1))
2def16 = (Caa(0) — C22(0M)) (Caal1) = Caa(0))(Caa(1V) = Caa(01))
(C22(0®)) — Coa(0M)) (C2.2(1P) — C22(0))
zdef17 = (Ca2(0) — C22(1M))(Caa(l) — C22(1V)) (Ca2(0M)) = Cop(1M))
(C22(0@) = Caa(1M)) (C22(1P) ~ C22(11))
zdef18 = (Cy2(0) — C22(0¥)) (Caa(1) — Caa(0)) (Caa(0M)) - Co2(01))
(Ca2(1W) = C32(0P)) (C22(1%®) = C22(0'))
(Ca2(0) — C22(1®)) (Caal(1) = Caa(1%)) (C22(0M) = Caa(11))
(C22(1M) = C22(1®)) (C2a(0P) - C22(17)

zdef19

Bs42 = DM12(8 = -*Cz_z(O))/zdefl‘i, Bs.|3 = DM12(8 = —'02'2(1))/3.‘(16}-15
Beaa = DM12(s = —~Cy2(0M))/zdef16, Bes = DM12(s = =Cy2(1V))/zdef17
BS'IG = DM12(3 = —02’2(0(2)))/$d6f18, 3347 = DM12(3 = —02.2(1(2)))/17(10_[19

Bgys = 3 M1/ (Ca2(1) — C32(0))
zdef20 = (Caa(1l) — Ca2(0)) (Cs.2(2) — C3.2(0))
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zdef21 = (C32(0) — C32(1)) (C32(2) ~ Ca2(1))

zdef22 = (C32(0) — C3.2(2)) (Ca,2(1) — C32(2))

Baso = 6 A3 /zdef20, Bes = 6A3/zdef2l, Bgs; =6 M /zdef22

zdef23 = (Cs2(1) — C32(0)) (C32(2) ~ C32(0)) (Cs.2(3) — Cs,2(0))

zdef24 = (Ca2(0) — Ca2(1)) (C32(2) — C3.2(1)) (C32(3) — C32(1))

zdef25 = (C32(0) — C32(2)) (Ca2(1) — Ca2(2)) (C32(8) ~ C32(2))

zdef26 = (Ca,2(0) — C32(3)) (Caa(l) — Ca2(8)) (Caz(2) — Caa(3))

Bgsa = 6 )3 /zdef23. Bgsq = 6 A3 /zdef24, Bgss =6 A3/ zde f25

Bgsg = 6 A3 /zde f26

2def2T = (C3a(1) — Ca2(0)) (C52(2) — C32(0)) (C3.2(8) — Ca2(0)) (Caa(4) — C32(0))
zdef28 = (C32(0) — 03.2(1)) (Ca2(2) - Cs2(1)) (C32(3) — Ca2(1) (C3a2(4) — 03,2(1))
zdef29 = (C3.2(0) — C52(2)) (Caz(1) — C32(2)) (C32(3) ~ C32(2)) (Ca2(4) — Ca2(2))
zde 30 = (C32(0) — Ca,2(3)) (Ca2(1) — C32(3)) (Ca,3(2) — Ca2(3)) (Caa(4) — Ca2(3))
zde f31 = (Cs2(0) — Ca2(4)) (C3,2(1) — Ca.2(4)) (Ca2(2) — C32(4)) (Cs2(3) — Caa(4))
Besz = 2 A, /(C32(0M)) — C32(0))

DM13(s) = 6 A As (8 + Caz(0)) + 6 Ay A, (s + C3.2(1))

zde f32 = (Cs.2(1) — C32(0)) (C32(0M) ~ C32(0)) (C32(1) — Ca,2(0))

zdef33 = (Caa(0) — Ca2(1)) (Can(0M) = C32(1)) (Ca.2(1M) = C52(1))

zdef34 = (C3.2(0) — Cs.2(01)) (Ca2(1) — C32(01)) (Ca2(1M) — Ca2(01))

zdef35 = (C3,2(0) — C32(1M)) (Ca2(1) — C32(1M)) (Caz(0W) — C32(1M))

Bggs = DM13(s = —~C52(0))/zdef32, Bgas = DM13(s = —Caz(1))/zdef33

Begs = DM13(s = —C3,2(0M))/zdef34, Begs = DM13(s = —Ca2(1M))/zdef35
DM14(s) = 12 X3 A, (s+C32(10)) (s+Ca2(0M))+12 A2 X, (s+C32(2)) (s+Ca,2(01))+
1227 A, (s + C32(1)) (s + C3,2(2))

zdef36 = (Caall) — C32(0)) (Caa(2) — C5,2(0)) (Ca2(01) — C3(0))
(C32(1M) = C5,2(0)) (C32(2") — C32(0))

zdef37 = (Caa(0) — Ca(1)) (C2(2) — Caa(1)) (Caa(0™) = Caa(1))
(C32(1") = C32(1)) (Ca2(2M) ~ Ca2(1))

zdef38 = (Cs2(0) — C32(2))(Caa(l) — Cs2(2))(C32(0) — Cs(2))
(C3.2(1M) = C32(2)) (Caa(2™M) = C32(2))

zdef39 = (Ca2(0) — C3a(0M)) (Caa(1) — Ca2(0™)) (Caa(2) - Caal0™))
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(Ca2(1V) = C32(0M)) (Ca2(2M) — Caa(0™))

zdefdd = (Caa(0) — Caz(1M))(Caall) — C32(1M)) (Ca2(2) — Coa(11M)
(C32(0M) — Ca2(1M)) (C32(2M) — Ca2(11M))

zdefdl = (Caa(0) — C32(2M))(Ca2(1) = C32(2M)) (Caa(2) - Cs.2(21))
(C32(0M) = Ca2(21)) (C32(1M) = C32(2))

Besr = DM14(s = —C3(0))/zdef36, Bess = DM14(s = —Cy2(1))/zdef37

Bego = DM14(s = —C32(2))/xdef38, Bero = DM14(s = —C3.2(0M))/zdef39

Bgny = DM14(s = —C32(1"))/zdef40, Bera = DM14(s = —Ca2(2M)/xdej 41
DM15(s) = 6 A3 A, (s4C32(0M)) (s+C32(1M)) (s+Ca2(2M))+12 A3 A, (s+Caa( 1)) (s+
Caa(0M)) (s+Caa(3))+12 1 A, (s+C32(2)) (3+C2(3)) (s+C32(0M)) +12 X7 A, (s+
Ca,2(1)) (s + C3,2(2)) (s + Ca2(3))

zdefa2 = (Caa(l) — C52(0))(Cs2(2) — C3,2(0)}(Cs2(3) — C32(0))
(C32(0M) — C32(0)) (C32(1M) — C32(0)) (Ca,2(2M) — C32(0))
(C3.2(3™) — C5,2(0))

zdefdd = (C32(0) — C32(1)) (Ca2(2) — C32(1)} (C32(3) — Caia(1))
(C32(0M) = Caa(1)) (Ca2(1™) = C32(1)) (Caa(2") — Caal1))
(C32(3%) = Can(1))

zdefad = (Cs2(0) — Ca2(2)) (Caz(1l) — Ca2(2)) (C32(3) — C32(2))
(C5.2(0®) = C35(2)) (Ca2(1M) ~ C32(2)) (Ca2(2M) = C32(2))
(Ca(3")) = C3,2(2))

zdefd5 = (Caz(0) — C32(3)) (Caa(l) — Caa(3)) (Ca.2(2) — Cs2(3))
(Ca.2(0M) — C32(3)) (C32(1M) = C52(3)) (Ca,2(2M) = C32(3))
(C32(3") = C32(3))

zdef6 = (C32(0) — Ca2(0M)) (Caa(l) = C52(0M)) (Cs(2) — Caa(0M))
(Ca2(3) = C3.2(0M)) (Caz(1M) = Caa(0M)) (C3,2(2M) = C2(0™M))
(C32(31) — C3a(0™))

zdefaT = (C32(0) — Caz(1M))(Caa(1) = C32(1M)) (Caa(2) = Caa(1))
(C32(3) = C3,2(1M)) (C32(01)) — Ca2(11M)) (C32(2M) — C32(11))
(Caa(3M) — Caa(1™))
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zdef48

zdef49

( (Caa(1) ~ C32(2M)) (Caa(2) = Caz(2™))
(Caa(3) — Caa(2M)) (C5,2(0M) — Caa2(2V)) (Ca (1) = C32(2™))
(C32(30) = C3,2(2M))

(Caa(0) = C32(3M)) (C3a(1) = Caa(3M)) (C3a(2) = Cs2(3"))
(C3(3) — Ca2(3M)) (C22(0W) = C32(3™M)) (Caz(11) = C32(31))
(C3.2(2M) = Caa2(3M))

C2(0) — C3.2(2™))

Bgrs = DM15(s = —Ca2(0))/zdef42, Bera = DM15(s = —C32(1))/zdef43
Bgrs = DM15(s = —Ca2(2))/zdef44, Bers = DM15(s = —C32(3))/zdef45
Bgrz = DM15(s = ~C3,2(0M))/zdef46, Bers = DM15(s = —Ca2(1M))/zdef4T
Berp = DM15(s = —C32(21V))/zde f48, Beso = DM15(s = —Ca2(3M))/zde f49
zdef50 = (C32(0M) = C32(0)) (Ca2(0%)) — C32(0))

.'Bdef51 = (03.2(0) -

Ca2(01)) (C32(0®) — C5,2(0W))

2def52 = (Ca2(0) — Ca.2(0®)) (C32(0M) — C3,2(0D))

Begi = 2 \2/zdef50, Bsgy = 2)3/zdef51, Bess =2A}/xdef52
DM16(s) = 6 Ay A2 {s4+C32(0M)) (8+Ca,2(0®))+6 Ay 32 (s+Ca2(1)) (s+Ca2(0)) +
6 A1 A2 (s + Caa(1)) (s + C32(1M))

zdef53

zdef54

zde f55

zdef56

zdef57

zdef58

(Ca2(1) = Cs.2(0)) (Ca2(0M) = C3.2(0)) (C32(1™) — C32(0))
(C5,2(0) — C3,2(0)) (Ca2(1P) = C3,2(0))

(Cs,2(0) — Ca,2(1)) (C32(0M) = C32(1))} (Caa(1M) = C32(1))
(C32(0) = C32(1)) (C,2(1®) — Caa(1))

(Ca2(0) = Ca2(0M)) (Caa(1) — C32(0M)) (C32(1M) — Ca2(01})
(Ca2(0®) = C32(0M)) (C3,2(1P) — Ca2(01))

(Ca.2(0) = C32(1M)) (Caz(1) ~ C32(1M)) (C32(0) — Cs2(11)
(C32(0P) = C3211)) (Ca2(1P) = Caa (1))

(C2(0) — C22(1?)) (C32(1) = C32(1P)) (C32(0M) = Ca2(1™))
(C32(0®) = C32(1™)) (C32(1M) — C32(1™))

(C32(0) — Caz(0®)) (Caa(1) = Ca,2(0™)) (Ca2(0M) — Ca2(0P))
(Caz(1®) = C32(0®)) (Caa(1V) = C3,2(0?))

Bss.; = DJ"[IG(S = —03.2(0))/$d8f53, Bsas = DI“!IG(S = —C3'2(1))/.’L‘d3f54
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Bess = DM16(s = —C32(01))/zdef55, Begr = DM16(s = —Cy2(11))/xdef56

Begs = DM16(s = —C32(1'9))/2def57, Bege = DM 16(s = —Ca2(0N)/xdef53
DM17(s) = 12 22 A2 (s+C32(0M)) (s+Ca2(1M))+12 A3 A2 (s4Ca,2(2)) (3+Ca,2(01))+
1223 A2 (s 4+ C3,2(1)) (s + C3.2(2))

DM18(s) = 12 23 A3 (s+C3.2(0M)) (s+C3,2(0))+12 2 A2 (s+Ca2(1)) (s+Ca2(0P))+
12 A2 22 (3 4 C32(1)) (s + C32(1M))

DM19(s) = (s+C352(0®)) (s+Ca2(1®)) DM17(8)+(3+C32(2)) (s+C5,2(2M)) DM 18(s)

zdef59 = (Caa(1) — Ca2(0)) (C2(2) — Ca.2(0)) (Ca2(0W) = Ca2(0))
(C32(1M) = C3,2(0)) (C3,2(2™) ~ C5,2(0)) (Caa(0®) ~ C32(0))
(Ca2(1®) = C32(0)) (C,2(2®) — C5,2(0))

. zdef60 = (Ca2(0) — Ca2(1)) (C52(2) — Caa(1)) (Ca2(0™) = Caa(1))

(Caa(1®) = Csa(1)) (C32(2M) = (1)) (Coa(0P) = Caa(1))

(C,2(1®) = C32(1)) (C32(2P) — C32(1))

(Cs,2(0) — C32(2)) (C2(1) — C32(2)) (C32(0") — C3.2(2))

(Ca2(1V) = C32(2)) (C32(2™) — C3,2(2)) (C2(0") = C32(2))

(C32(1®) = C32(2)) (C3.2(2) — Ca2(2))

zdef62 = (Caa(0) = Ca2(0™)) (Cs2(1) — C32(0M)} (Caa(2) — C32(0))
(C2(10) — Caz(0M)) (C32(21) = C32(0M))) (C32(0®) = Ca2(01')))
(Ca.2(1®) = C32(0)) (C32(2®) — Ca2(0))

zdef63 = (Caa(0) — Caa(1™M))(Caal(l) — C32(11)) (Caa(2) — Caa(1M))
(C3.2(0M) — C32(1M)) (Caa(2M) = C32(1M)) (C32(0P) = Ca2(11))
(Caz(1@) = C32(1M)) (C32(2?) - Caa(1M))

zdef64 = (Caa(0) - Ca2(2M)) (Caa(1) = C52(2M)) (Ca2(2) — Coa2(2M))
(C32(0M) = C3.212M)) (Caa(1M) = C.2(2M)) (Caa(0®) = Caa(2M))
(Ca2(1®) = C32(2M)) (C2(2®) — Caa(2™M))

zdef65 = (Cs2(0) — C32(0)) (Caa(l) — Caz(0®))(Caa(2) — Ca2(0%))
(C3.2(0) = C32(0®)) (Caa(1) = C32(0)) (C32(2) — C32(0))
(C32(1®) = C3.2(01)) (Ca2(2®) = C3,5(09))

zdef66 = (Cs2(0) — Caa(1®))(Caa(l) — C32(1%))(Ca2(2) — Caa(1))

zdef61

I
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(C.3(0W) = C32(1P)) (Caz(1M) = Ca2 (1) (Caz(2M) — Cap(1))
(C5.2(0%) — Caa(1™)) (C32(2P) = Ca2(1®))

rdef67 = (C32(0) — C22(2)) (Caa(1) — C52(2)) (C32(2) — Cs.2(2%))
(Cs2(00) = C32(2®)) (Caa(1M) — Caa(2)) (C52(2™) — C2(2))
(C3.2(0?)) = C3,2(2™)) (Ca2(1®) — C32(2))

Bego = DM19(s = —C3,2(0))/zde f59, Bsor = DM19(s = —C3.(1))/zdef60
Begz = DM19(s = —C32(2))/2def61, Begz = DM19(s = ~Ca2(01))/zde f62
Beps = DM19(s = —C32(11))/zdef63, Beas = DM19(s = —Ca2(2M))/zde f64
Buos = DM19(s = —C32(0®))/xde f65, Beor = DM19(s = —C33(1?))/zde 66
Beos = DM19(s = —C3(2?))/zde f67

ki = Anaup, kso = Anizo, ki = Asne, ks2 = Anac

ksa = Azaoap, ksq = Azago, Kkss = Azios, kse = Anoc
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Appendix H

Identical Unit 1-out-of-(n+3):G

Submode! With Late Standby
Activation: Definition of

Constants

The following constants are associated with the analysis of the 1 —out—of—(n-+3): G
system under SBAP Z discussed in Section 4.1.

Agasr =121 X, Azgss = 6 A Ay (Coa(1) + C,3(01)

Aggse = A Azzsz Coa(2) + M Anass + 4 A2 A, (Caa(0) + Ca3(1M))

Azzso = M1 Azzss Caa(2) + 4 232\, Caa(0M) C23(11)

Anzeos = A1 Az2s9 C23(3) + At Azzeo

Angy = Azzs0a+2 A3 Ag (Coa(0) Caa(11) + Caa(00)) Cp5(21) +C2.a(1V) Zpa(21))

Aszsz = M Aneo Ca.a(3) + 2 A3 A, C2a(00) C23(11) Ca3(2M)

Aggs = 120 X2 (Ca.a(1) + Caa(1M)) + 2 A, (Azasz C2.3(0P) + Azoss)

Agggs = 1221 A2 Ca5(1) Caa(1M)) + 2, Azasy C,3(02)

Angas = A Azzea C2,3(2) C2.3(21)+ A1 Azzea (C2,3(2)+C2,3(201))+A, Azzso C23(13) Cp5(012) +
As Azgo (C2,3(13) + C,3(01))

Agzes = M Azeq C2.3(2) C23(21) + A, Azzgo C22(1P) C23(03)

Anger = 1221 A2 (Caia(1) C2a(11)4Caa(1) Caa(13)+Ca(1M) Caa(1))+As Azzes Ca,3(03))+
As Az264 :
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Anzes = 1221 A3 Caa(1) Caa(1M) Co3(1) + A, Azzes C23(0%)

Azzen = Ca.3(3) Caa(4) + C23(3) Caa(8M) + C2,3(4) C2,3(31)

Ao = 02,3(3) 02.3(4) 02.3(3“))

Agin = C2.3(09) Ca3(1®) + C23(0®) Cr,5(29) + C20(1?) C2a(2®)

Agaz = Ca,5(012) C2a(1?) €25(2%), Azrs = C23(0®) + C23(19)

Az = C23(0®) C23(1®)

Agars = Agzes Agara Azara + Azzro Azemt Azara + Azaro Azan Anara + Azero Azzre Asars
Agzre = Agaro Azarz Anaray Azarr = Ca3(2) + C2,3(2M), Agazs = C2(2) C23(2M)
Agaro = Agare Anarr + Anzrs Azams, Azzso = Azzve Azars

Anzsr = Ao (C23(1) + Caa(1M)) + Azars C23(1) Co3(11))

Agzsz = Azzsg C2,3(1) Co,5(11M)

Agass = Ca3(4) C23(0M) + Caa(4) Ca,a(1M) + Ca(0M)) Caa(11)

Azzss = Ca3(4) C23(01) Ca3(1M)

Azss = Ca,3(21) Ca3(3M) + C2,3(21)) C3,3(0®) + Cz,5(3M) C, 3(0F)

Aggge = C23(2V) C23(31) Ca,a(0®))

Ansr = C2,3(20)) Ca3(0®) + C33(2) C23(19)) + Cp3(0®) C(1H)

Agzgs = C23(2®) Co3(0%) C23(19)

Anzgs = Azzss C2.3(1®)) (Azzss Azase+ Az2s4 Azzas )+ Azzss A2ose (A2zss+ Ca3(1%) Agzer)
Aazg0 = Azass Anzss Azass C23(13)), Azzer = Azz0 + C23(3) Azzss

Aggy = C33(3) Az, Azzas = Azsz + C23(2) Azor, 2204 = C2,3(2) Azzez

Agzes = Aazaq + C2.3(1) Azea, Azzes = C23(1) A2204

Aoz = Caa(4) C2,3(0®) + C2a(4) C23(1®) + C2,5(0%) C23(1%®)

Azzgs = C23(4) C2.3(0®) Co5(1))

Angp = C23(29) C23(0®)) + C2(2®) C23(1M) + C23(0™) C23(1®)

Azsgo = C2,3(219) C25(0®) Ca5(1) -

Agzor = Azzer Agsoo + Anzes Azzes, Azaoz = Azzes A2zoo

Azzos = C2.3(3) Caa(4) + C2,3(3) C2,3(3M) + Cz3(4) C2,3(3M)

Agaos = C23(8) C2.a(4) C2a(3W), Agzos = Ca3(0P) + Co3(19)

Agos = Caa(01) C23(1®), Agzor = Azzos Azaos + Azsos Azaos, Azace = Azaos Azaes
Azzoe = C23(2) C23(3) + C2,3(2) Caa(4) + C2,3(3) C2,3(4)

Azno = C23(2) C2(3) C23(4)

Agan = C23(2) Cy,3(20) + C23(31M) C2,a(21) <+ C23(3M) Cr5(21)

Az = C23(2) Co5(2M) C5(3M)
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Agaz = Agsos Azmz + Azsio Azanrs Azaa = Azaio Aaanz

Agns = C,3(01) Ca,5(11) + Ca3(0M) Caa(21) + Co5(1M) C2a(2)

Agsis = C3a(0) C2a(10) Caa(2)

Azarr = Ca3(31) Ca 5(0®) + Cp3(3W) Co3(1) + C5(03)) Co (1)

Agne = Ca3(3M) C2,5(0) Ca5(11)

Azato = C23(2D) Ca.5(0P) + C2,3(2®) C23(1®) + C2,3(0W) C23(1®)

Agazo = C2,3(23) C2,3(0) C25(19)

Agan = Azazo (Azais Azs + Aszie Azir) + Azis Azans Azare

Azaza = Azaie Aams Az

Azazs = C2,3(1) C23(2) + C2,3(1) C2,0(3) + C23(2) C2a(3)

Axzaq = C23(1) C23(2) C23(3)

Agsas = Ca3(4) C23(11) + Caa(4) C23(2M) + Caa(1V) C5(21)

Agszs = Ca3(4) Ca3(1M) Caa(2M)

Agzar = Ca3(3M) C 3(1®) + C23(3M) C25(2) + C23(1®) C25(2%)

Agzze = C23(3W) Ca5(1®) Ca5(23)

Agzzo = Ca3(0®)) + Caa(1®), Azzo = C23(09) C25(19)

Agazy = Agazs Azsso (Azaza Azazs + Azazs Azsas) + Azana Azaze (Azazr Azazo + Aagas Aza)
Azssz = Agsaa Anaos Anszs Agazo, Azasz = Coa(0®) + C23(11%)

Ay = 02.3(0(3)) 02,3(1(3}), Azazs = Asaia Azzaa + Aza1a Azaas, Azzas = Aaan Agsm
Agazr = Ca3(1) C2.3(2) + Ca3(1) C2,3(3) + C2,3(2) C2,3(3)

Agzzs = C23(1) C23(2) C23(3)

Agzas = Ca3(4) Caa(1M) 4 Ca3(4) C25(2M) + C23(1M) C2(21)

Agaso = Ca,3(4) C2a(11) Caa(21)

Agsar = Ca3(3M) C23(1R)) 4 Caa(3M) C33(212)) + Caa(1®) C25(21%)

Azaiz = C2,3(31M) Ca3(1) C23(21) _

Agzaz = Azzaz Ca3(1®)) (Azasy Azaso+ Azaas Azaze)+ Azazs Assao (C2,3(1®) Aggyy + Anana)
Agaas = Agas Azaao Azsaz C2.3(1®), Assus = Anase+Caa(0) Azzos, Azsas = C23(0) Azavs
Azsar = 2 A} Azaz1 + At Azzer Azaoz + M Azzee Azsor + A1 Azzas Azzos + At Azzee Azaer +
A1 Azzer A2aia + A Agzes Azaia

Az = 2 A} Agazz + A1 Anzez Azace + M1 Azzes Azaos + A1 Azzes Azaig

Azuo = oo Azzos + 2 A1 At Azzoz + 233 Aoz Ampar + 227 Az Azzee + 2 A} Aek Azoan +
321 Aty Azzsr + Ao (Azast Azzso + Azzss Azzro) + Acatr) (Azzso Azzrs + Avzeo Azars) +
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Aty (Azoey Azaoz + Azzez Azaon) + 6 M3 A g Azasr + A (Aszea Azaas + Azzeq Azazs) +
Az (Azzes Azsos + Azzes Azaor) + 6 A3 Ao Azsaa + A (Anzer Azsra + Azzes Azaa)
Agsga = Aeo Azzes + 20 Aa Azzss + 227 A Amaoe + 2 A3 A3 Agaso + 207 Aoy A2anz +
3 A1 Ay Azzaz + Ay Azass A22s0 + Acotty Azzeo A2a7e

Aazso = AzzagatAean Azzer Azaoz+5 A3 A0 Azaaz+Aa Azzes Agzagt+ A Azzes Azsost
6 A3 X g0 Anaas + Acxa) Azzes A2z

Anssoc = Azzes+2 M Azzaa+2 A Azger +2 A3 Azzse+2 A} Agszi+3 Ay Azasi+ Azzst Azasot
Anass Azaro+ Azzse Azaret+Azzeo Azars+Anet Azzor-+Azz62 Azzo +6 A? Agan+Azzes Azzast
Anzeq Aaas + Azzes Azaes + Azes Axgor + 6 A2 Asaia + Azer Azara + Anzes Ana

Agason = Agase+2 M Azzea+2 3 Anoa+2 A3 Ango+2 A Azsze+3 Mt Agzer+Az2ss Azsot
Aaen Azaze-+ Azzez Azsoa+6 A2 Azsaa+ Azes Azsse+ Aa26s Azaos+6 A2 Agzas+ Azzes A2ana
Agast = 182 Aay Agasz = 9 A1 Ay (Caa(0)) + Caa(1)) |
Azsss = 18 A3 ), (Caa(0) + Caa(1M)) + 2 X Asgzsa + 2 Ay Azast C33(2)

Agiss = 18 A2 Xy C33(01)) Caa(1M) + 2 Ay Azasz C33(2)

Azassa = 12 X3 X, (Caa(0M) Caa(1M) + C3a(0M) Caa(2W) + Ca3(1™) Caa(2M))
Agassy = A1 (A2353C33(3) + Azasa)

Anass = Azassa + Azassb

Agsse = 1223 A, Caa(011)) C3,a(111) Ca3(2M) + At Azasa Caa(3)

Agssy = Caa(0M) + Caa(1®), Assss = Caa(0) Caa(1M), Asase = C33(2M) +
Caa(31)

Agseo = C3,3(21) Ca3(31M), Az = Anss Caa(4) + Anse, Azsez = Azase Ca3(4)
Anses = 6 A% A, (Azast Agaeo + Azass Azase) + A1 Azer

Azssq = 6 A} A, Azass Azase + A1 Amer

Agags = 2 \s Azsy Cas(0) +2 X, Agasa + 183 A3 (C33(1) + C3a(1M))

Azsas = 2 A, Agasa Caz(0®) + 18 Ay A3 Caa(1) Caa(1V)

Azsgra = 2 A Anzsa C3.3(13) Ca3(0%) + 2 A, Azasa (Caa(1®) + C33(0™))

Ansers = 2 M Agass Caa(2) Caa(2M) + 2 Ay Agses (Cas(2) + Caa(2M))

Agser = Agssra + Azzen

Anses = 2 Xs Azasa Caa(1?) Caa(0®) + 2 My Asses C33(2) Ca3(2)

Agsgs = C33(2)) Caa(1®) + C35(22)) Ca3(0P) + C3(1) Ca3(0®)

Agaro = Ca,3(2®) C33(1%) C3a(03)

Asam = C3a(3) + Ca3(3W), Az = C3a(3) C3a(3M)

Agara = Ay Azass Anaro + As Aaase Azzes + M Agser + Azarz + M Azses Azan
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Azara = A,y Azass Azzro + A1 Azaes Azare

Agzras = As Azags C33(0) + A, Azes

Agsrs = Agaraa + 18 Ay A2 (Caa(1) C3a(1)) + C3,3(1) Caa(1®) + Caa(11)) Caa(1))
Agaze = Ay Azags C33(0®)) + 18 A A3 C3a(1) C33(11) C3,3(1?®)

Apazea = As Azasr C33(19) C3,5(09)

Anazes = s Azsea (C33(1®) + C33(0®)) + 2 Ay Azars C33(2) Caa(21) Ca,a(22)
Agarr = AgsreatAzyres+2 A1 Azazs (C33(2) Caa(2M)+C33(2) Caa(2®)+Caa(21) Caa(2))
Azars = Mg Azags C3a(1®)) Ca3(0®) + 2 Ay Azazs Caa(2) Caa(2M) Caa(21)

Azare = Ca3(0) Ca3(1M) + C35(0M) Ca3(2) + Caa(1M) C3a(21M)

Azsso = C33(00) C3,3(1M) C3a(2M)

Agagr = Ca3(3M) Caa(4M) 4 C33(3M) C33(0) + C3,5(41) Caa(0™)

Agagz = Ca3(3W) C35(4M) C33(0)

Agags = C33(1®) Ca3(2®) + Ca3(19) C35(3®) + C33(21) C33(3®)

Agzgg = 03.3(1(2)) 03.3(2(2)) 03.3(3(2))

Angs = C33(0®)) Ca3(19) + C35(0®) C3,3(2) + C33(1®) Ca(28)

Agzss = C33(03) Ca3(1®) C33(2%)

Asgagr = Agaas Azzss (Azare Azasz + Azaso Azam) + Azaso Azssa (Az2asa Azsss + Azt Azass)
Ansss = Azaso Azagz Azasa Azass, Azase = Anges + Ca3(5) A~zgr

Azago = Azass C33(5), Az = Azzeo + Caz(4) Azase, Azgz = Azzeo Caa(4)

Agzes = Anaer + Caa(4) Azzer, Azser = Azanz Caa(3), Aszses = Azap + C33(2) Azaws
Agzes = Agsss Ca3(2), Azser = Azage + Caall) Azass, Azaes = Azsos Caa(l)

Agage = [1.0/C33(0M)?] ( Azser Caa(0M)) = Azos)

Azioo = Azass/ca,a(otl)), Ay = 03.3(1) + Cs.a(]-(”), A2402 = 03,3(1) 03,3(1(”)
Auos = (Azss'a Az — A:Moo Az«n)/ A%-!Ol

Azios = Azioo/Aziozs Azaos = C33(21) + C33(2), Agios = C33(21V} Cy3(2)

Azaor = (A2403 Az406 — Az404 A240s)/Ae06

Asaos = Azdos/Azeos: Azaon = Ca3(3) + C33(3™), Azqro = Ca3(3) Ca3(3V)

Azaty = (Azaor Azs10 — Azaos A2409)/Adg10r Aza12 = Az108/ Azar0

Azaz = Ca3(5) Caa(1®) 4 Caa(5) C35(2®) + Caa(1®) Ca3(2)

Agais = C3a(5) C35(10) Ca3(2®)

Azats = Cs,3(3®) C3,3(00)) + Ca3(31)) Ca(1%) + Ca5(0®)) Caa(1%)

Azaie = C33(3®) C33(0®) C33(1%)

Azarr = C33(29) + Caa(0?), Ay = C33(2) C33(9)
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Azito = Azars Azais Aza17 + Azars (Az2a13 Azare + Azars Azars)

Azqo = Azq14 Aza16 Azqs

Azt = Ca3(0M) + C33(0), Azqaz = Caa(0M) C33(0%)

Azizs = (Azzer Azazz — Azass Azen1)[Adana » A2iza = Azzes/Azaz

Agdzs = Ca3(1) Ca3(1M) + Ca5(1) Ca (1) + Ca3(1H) C33(19)

Aszs = Ca(1) Caa(1M) Caa(1)

Agazr = (Azua Azazs — A244 Az«us)/ A§4zs, Az = A2424/ Azqz6

Azize = 03.3(2) 03.3(2“)) + 03.3(2) 03.3(2(2)) + 03.3(2(1)) 03.3(2(2) )

Azizo = C3,3(2) C33(2M) C5,3(2)

Azaz = (Asazr Azazo — Azazs Aza20)[Aduao, A24z2 = Azazs/Azaco

Aziza = Ca3(4) C33(5) + Caa(4) Caa(4) + C33(5) Caa(aM)

Azsaa = Ca3(4) C3,3(5) Caa(4™)

Azias = Ca3(08) Caa(1®)) + Ca,3(0®) C33(23) + Caa(1®) Ca2(2®)

Azazg = 03.3(0(3)) 03.3(1(3)) 03.3(2(3))

Azar = Azqas Azaze + Azana Azazsy Azazs = Azaas A2ase

Azgze = C33(3) Caz(4) + Caa(3) C33(5) + Cas(4) Caa(5)

Azua0 = C33(3) C33(4) C3,2(3)

Azanr = Ca2(3M) C3,a(4M) + C33(3M) C33(3?) + Ca,3(4M) C3,5(3)

Az = 03.3(3(1)) 03.3(4(1)) 03'3(3(2))

A2-|43 = A?"ss A2442 + AQ-MO A?‘I‘ﬂ.) A!d-ﬂ = A?-hlo A2442

Azuas = Caa(01) C33(0®) + C3,5(01) C33(0) + C35(0%) Caa(0®)

Azass = Caa(0W) C32(0?) C3(0)

Azaar = (Anzor Azaae — Azast Aouas)[Aduer A2ass = Anase/Azass

Az = Caa(1) + Caa(1Y), Asiso = Caa(1) Caa(1M)), Aggsy = Cas(1?) + C3a(16)
Azssy = Ca (1) Caa(1P), Azsss = Azase Azas2 + Azaso A2ast

Angse = Azaso Anasz, Agass = (Ansar Azesa — Azaas A2asz)/Adsss

Agise = Azas/A2sas Azast = Azsos + Ca3(0) Azasr, Azass = C33(0) Azzes

Asase = 6 2% Agagr + M1 Azags A2azo + A1 Asasa Azare + A1 Azara Azgas + M Azarg Azaar +
AL Agazr Azgaq + Ay Azass Aaaaa

Ageo = 6 A% Agss + Ay Azass Azazo + A1 Aasrs Azqas + M Azars Azaas

Azigos = Aco Azzor + 3 A1 Act Azass + 6 A3 Az Agzes + 6 AT Aea Azasr + 6 A At Azzae +
6 A% Aes Azaar + 3 Ay Aoty Auzen + Ayt (Azast Azaos + Azasz Az403) + Ay (Azass Azaos +

Agasy Az-m?)
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Azasos = Aaty (Azass Azarz+Azase Azan )+ At (Azass Azazo+ Azass A2410)+6 A Ay Azazat
Aa» (Azaes Aaazs + Azzes Azazr)

Asssoc = A (Azser Azasz+Azass Azsa )+ A (Azars Azuss+Aaana Agqaz)+6 A3 A g Aaaazt
Aoy) (Azars Azse + Azare Azass) + Acad) (Aza77 Azaas + Anazs Azaia)

Agssr = Azqsoa + Azs606 + Azd60c

Azsera = Ao Azass + 31 At Azass + 623 Az Azged + 6 A3 Aa Azzer + 6 A7 Aea Azago +
6 A3 A5 Azass+3 As Aot Agao0+ A1) Azasz Azaoe+ Ay Azassy Azqos+ A Azase Azaga+
Acatty Azass A2420

Agisrs = 622 hgrey Azaza + Ay Azaes Azazs + A Azses Azazz + A Azara Aaas +
623 A o) Azaas + A Anaze Azase + Acx) Azazs A2au

Anisr = Azie1a + A24018

Azaszc = Agsor+3 M Azags+6 A3 Agzea+6 A3 Azger +6 A] Azase-+6 A} Agasr+3 A Agape+
Anasy Aza04-+Anasz Azas+Azasa Azaos+Azasa Azaor+Aasss Azarz+Azase Azan+Azaes Azan+
Asnes A2a19+6 A2 Agupa+Agzes Azazs+Anzes Azazr+Agaer Azaaz+Azzes Azaar+ Az Azast
Aagra Agaar + 6 A2 Aguar + Asgars Azass + Aaare Azass + Azarr Azan + Azaza Azin

Azieap = Azaos+3 M Azzos+6 A Azags+6 A3 Azage+6 A} Az2zeo+6 A} Azass+3 Ay Agqoot+
Agasz Azaost+ Azass Azaos+ Azase Azarz+Azsss Azazo+6 A Azq2a+Anses Azizs+Azaes Azainzt
Agars Azas + 6 A3 Apuus + Azare Azase + Azazs Aaaa

Bega = 221 /(Ca,3(1) — C2,3(0))

zdef68 = (C23(1) — C2,3(0)) (C2,3(2) — C2,3(0))

zdef69 = (C23(0) — C2,3(1)) (C2,3(2) — C23(1))

zdefT0 = (C53(0) — C3,3(2)) (Ca,3(1) — C2(2))

Broo = 2 X3 /2def68, By =2X}/zdef69, Broz =2A}/zdefT0

zdef71 = (Ca3(1) — C2,3(0)} (C23(2) — C23(0)) (C23(3) — C2(0))

zdef12 = (C2,3(0) — C2,5(1)) {C23(2) — Ca(1)) (Caa(3) - Caa(1))

zdef73 = (C23(0) — C2:5(2)) (C23{1) — C23(2)) (C23(3) — C2a(2))

zdef74 = (C23(0) — C23(3)) (C23(1) — C2a(3)) (C23(2) — C23(3))

Brs = 2)3/zdefT1, By =2)}/zdefT72,

Bros = 223 /xdef13, Brs = 2A}/zdefT4

zdef75 = (Cza(1) — C2.3(0)) (C23(2) — C2,3(0)) (C2a(3) — C23(0)) (Caa(4) — C23(0))
zdefT6 = (C23(0) — C2a(1)) (C2,3(2) — C23(1)) (C2a(3) = C2a(1)) (C23(4) — C2s(1))
zdef77 = (C2(0) — C2,3(2)) (C2a(1) — C24(2)) (C2(3) — C23(2)) (Caa(4) — C25(2))
zdef78 = (C23(0) = C24(3)) (Caa(1) — C24(3)) (C2a(2) — C22(3)) (C2a(4) — 2,3(3))
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zdef79 = (C2.3(0) — C2.3(4)) (C2:3(1) — C23(4)) (C2,3(2) — C2a(4)) (C23(3) — C2a(4))
Bior = 23 /2def75, Brog =2M]/2def76, Bz =2 M/zdefT7

Bro = 2 M /zdef18, Bmy = 2Xi/zdef79, Bnz =3 A, /(C23(01) — C,5(0))
DMI18(s) = 6 A1 A (s + Caa(1)) + 621 A, (s + Ca0(0M))

zdef80 = (Caa(1) = C2,3(0)) (Caa(0M) = C2,3(0)) (C2,a(1M) — C2(0))

zdef81 = (Cya(0) — C23(1)) (Caa(0M) — C23(1)) (C2a(1M) — C23(1))

zdef82 = (Ci3(0) — Ca,a(0M)) (C2a(1) = C23(0M)) (C23(1M) = Caa(0™M))

zdef83 = (Caa(0) — Caa(1M)) (Caa(1) = Cag(1M)) (C2a(0M) ~ C25(11))

Bria = DM18(s = —Cy5(0))/cdef80, Briy = DM18(s = —Cy(1))/ade 81

Bns = DM18(s = —C33(01))/zde 82, Bne = DM18(s = —Caa(11)) /2de f83
DM19(s) = 6 A2\, (s + Caa(1)) (s + C2a(2)) + 6 X3 A, (s + C23(2)) (s + Co3(0)) +
422, (8 4 Caa(0M)) (s + C2a(1M))

zdef84 = (Cz3(1) — C23(0)) (C2a(2) — C23(0)) (C23(0V) ~ C2(0))
(C2,3(1M) = Caa(0)) (C23(2H) — C23(0))

2def85 = (Ca3(0) — C2a(1)) (C2a(2) — Ca3(1)) (C2a(0)) — C25(1))
(C23(1W) = C23(1)) (C2,3(21) = Caa(1))

zdef86 = (Caa(0) — C2a(2)) (Caa(l) = C2.3(2)) (C23(0) — C25(2))
(C2a(1W) — C22(2)) (C2a(2™) = C2(2))

zdef87 = (Cas(0) — Caa(0M)) (Caa(1) — C2a(0M)) (C23(2) — C23(0™M))
(C2a(1M) = C23(0M)) (C25(2™M) — C23(0))

zdef88 = (C2a(0) — C2a(11™)) (Caa(1) = C2a(1M)) (C25(2) — C2a(1))
(C23(0M) = Co3(1M)) (C2,9(2M) — Caa(1M))

zdef89 = (Caa(0) — C2a(2V)) (Caa(1) — C2a(2M)) (C2i(2) — C23(2™M))
(C2a(0M) = C23(2M)) (C23(1M) = C2a(21))

Bnz = DM19(s = —C>3(0))/zdef84, Bna= DM19(s = —C;3(1))/zdef85

Bryg = DM19(s = —Cz3(2))/zde 86, Bro = DM19(s = —Caa(0W))/zde fST

Brgy = DM19(s = —Cy3(11))/2def88, Bryy = DM19(s = —C,3(21)))/zdef89
DM?20(s) = 6 A3 X, (s + Caa(1)) (8 + C2a(2)} (s + C23(3)) + 6 A3 As (s + C23(2)) (s +
Caa(3)) (8+C2a(01))44 AT A, (s+C23(0M)) (s+C2a(111))+2 A A, (s+Caa(0M)) (s+
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Caa(1M) (s + C23(2M))

zdef90

zdefI1

zde f92

zdef93

zde f94

zde f95

zde f96

zdef97

(C23(1) = C2,3(0)) (C2:(2) = C2,3(0)) (C2,3(3) — C25(0))

(C23(0W) = C23(0)) (C23(1M) = C3,3(0)) (C2a(2) = C2(0))
(C23(3M) = C23(0)) -

(C23(0) = C2,3(1)) (C23(2) — C2,5(1)) (C23(3) — Ca3(1))

(C23(0™) = C23(1)) (C23(1™) = C25(1)) (C2a(21") — C2a(1))
(C25(31) — Caa(1))

(C23(0) — C2,3(2)) (C2a(1) — C2(2)) (C2a(3) — C25(2))

(Ca3(0M) — C23(2)) (Cas(1M) — C2(2)) (Ca3(21) — Caa(2)}
(C2a(3M) — C23(2))

(C2,3(0) — C2,3(3)) (C2a(1) — C2,3(3)) (C23(2) — C2.a(3))

(Ca2.3(0)) — C2a(3)) (C2a(1M) = C23(3)) (C23(2M) — C2(3))
(C2a(3W) = C2a(3))

(C23(0) — C2,3(01)) (C23(1) — C2a(0M)) (Caa(2) = Caa(0))
(C23(3) = C23(0M)) (C23(11) — C2a(0™)) (Caa(2M) = Caa(01))
(C2a(31M) — Caa(01))

(C2a(0) = Caa(1M)) (Caa(1) = Caa(1M)) (C23(2) = Caa(1))
(C2a(3) = C2a(1M)) (C23(0)) = Caa(1™)) (C2(21) — Caa(1M))
(C2a(3M) = Ca5(1M)) :
(C2.5(0) — C23(2M)) (Caa(1) — C23(2M)) (C23(2) — C2a(2M))
(C2.a(3) — C23(2M)) (C2a(0M) = Cpa(2)) (Caa(11) = C(21))
(Caa(31)) — Caa(2))

(C23(0) — C23(31)) (C2(1) = C2a(31)) (C23(2) — C2a(31))
(C2.0(3) — C23(3M)) (Caa(0W) — Caa(31)) (Caa(1) = C2a(31))
(C2a(2M) — C2a(3M))

Brgs = DM20(s = —Cy5(0))/zdef90, By = DM20(s = ~Cy(1))/zdef91
Bras = DM20(s = —Ca3(2))/zdef92, Bre = DM20(s = —C43(3))/zdef93
Brgr = DM20(s = —Cy5(0V))/zdef94, Brs = DM20(s = —Cy;3(11V))/zdef95
Bras = DM20(s = —Cy3(2V))/zdef96, Bro = DM20(s = —C33(3"))/zdef97
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zdef98 = (C23(0®) — C2,5(0)) (C23(01) — C23(0))

zdef99 = (C33(0) — C2.3(01)) (C23(0?) = Ca5(01))

zdef100 = (C2(0) — C23(0®)) (C23(0™) — C23(0@))

Bray = 6)2/2def98, Brog = 6\/2def99, Brss = 632/zdef100

DM21(s) = 12 Ay X (4 Cpa(1)) (s+Caa(1M))+12 2y A2 (s+C35(1)) (s+C2a(0)) +
12 A A2 (s + C23(0M)) (s + C23(0))

zdef101

zdef102

zdef103

zdef104

zde f105

zdef106

= (Cas(1) = C2(0)) (C23(0M) — C23(0)) (Caa(1M) = C25(0))
(C23(01) = C23(0)) (C23(1?) — C23(0))

= (C1a(0) — C23(1)) (C23(0W) = C23(1)) (Coa(1M) = C25(1))
(C22(0?) = Caa(1)}(C2a(1®) = C23(1))

= (C2a(0) = C2a(0M)) (C2a(1) — C2a(0M)) (C2a(1W) = C23(0M))
(C2a(0) = C2a(0™)) (C23(1®) = C2a(01)))

= (C2a(0) — Caa(1M)) (C2a(1) — Caa(11)) (C23(0M) ~ C2a(111))
(C23(0®) = C23(1M)) (C2a(1™) — C25(11))

= (C23(0) — C23(0®)) (Caa(l) = C2a(0®)) (Caa(0M) — C2a(01)))
(Ca,a(1M) = Caa(01)) (C2,a(1P) = C2,5(0®))

= (C23(0) — Caz(1®)) (Caa(1) = C2a(1®)) (Co3(0M) = C2a(1))
(Caa(1M) = C23(1%)) (C25(0®) — Coa(1))

Bisy = DM21(s = —C3,3(0))/zdef101, Brs = DM21(s = —Cy3(1))/zdef102

Brag = DM21(s = —Cy3(0M))/2def103, Brsr = DM21(s = —Ca3(11M))/zde 104

Bras = DM21(s = —C13(0))/zdef105, Bz = DM21(s = —C23(11?))/xdef106
DM22(s) = M (s+C23(2)) (s+C2(2)) DM21(5)+A, (s+C23(0)) (s+C2a(13)) DM20(s)

zdef107

zdef108

= (Caa(1) = C23(0)) (C23(2) ~ C23(0)) (C2,3(0M) = C23(0))
(C25(1™) = C23(0)) (Caa(2™) = C24(0)) (C23(0?) = C2(0))
(C23(1®) = C2(0)) (C23(217) — C25(0))
= (C2a(0) = C23(1)) (C24(2) — C2(1)) (C2,3(0M) — C25(1))
(C2a(11) = C2(1)) (C2a(2M) — C2(1)) (C2,5(0P) = Caa(1))
(C23(1®) = Ca5(1)) (C23(2) = Ca3(1))
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zdef109 = (C23(0) — C23(2)) (C2a(l) — C24(2)) (C2a(0M) = C2a(2))
(Caa(1?) = C25(2)) (C2a(2) = C2a(2) (C2a(0) — Caa(2))
(C23(1®) = C23(2)) (C23(2) — C2(2))

zdef110 = (Cy3(0) — C2,a(0™)) (Caa(1) = Coa(0M)) (C20(2) — Caa(0M))
(Cas(1D) = C23(0M)) (Caa(2®) = Cz(0W)) (Cag(0) = C2a(0™M))
(C2a(1®) = Caa(0M)) (C2a(2?) = C25(0"))

zdeflll = (Cza(0) = C2a(1™)) (Caal1) = Caa(1'1)) (C23(2) = Caa(1M))
(C2a(0M) = C2a(1M)) (Ca3(2V) — Caa(1M) (C2a(0™) — C2a(1™))
(C2a(1?) = C2a(1M)) (C2,a(2%) = Caa(1M))

zdefl12 = (Caa(0) — C23(2M)) (C2a(1) — C23(2M)) (Caa(2) - C2a(2M))
(Caa(0D) = C2a(21)) (Caa(1) — C23(2)) (Caa(0M) = C2(21))
(C2a(1®) = C33(21)) (C23(2) — Caa(2!))

zdef113 = (Ca3(0) — C23(0)) (Ca3(1) — C22(0%)) (C2a(2) — Ca(0®)))
(C2a(0) = C2a(0)) (C23(1) = C2(0™)) (C2a(2V) ~ C2a(0))
(C2a(1®) = C23(0@)) (C23(2?)) — Caa(0®))

zdef11d = (Cy(0) — Caa(1®)) (Caa(1) — C2a(1®)) (Caa(2) ~ Cas(1))
(C2a(0M) = C2a(1®)) (Cua(1) = Caa(1™)) (C2a(2™M) = Caa(1™))
(C23(0) = C3(1)) (C20(2%) - C2a(1®))

zdefl15 = (C23(0) - 02.3(2{2))) (Ca(1) - 02.3(2(2))) (C2a(2) = C2.:!(2(2)))
(Caa(01) = C23(2)) (C2a(11) = C2a(2)) (C2a(21V) = C2(2%))
(C23(0®) = Ca3(2M)) (C2a(1®)) — C25(21))

= DM22(3 = —02‘3(0))/$d8f107, .B‘Ml = DM22(3 = —02.3(1))/1'(16!108
= DM22(.5 = —02,3(2))/zdef109, B'ua = DM22(3 = -Cg,3(0“)))/zdef110

Braa = DM22(s = —Cy3(11))/zdef111, Brs = DM22(s = —C3(2"))/zdef112
Bris = DM22(s = —Cy3(0®))/2zdef113, Bryz = DM22(s = ~C33(1'?))/zdef114
Brs = DM22(s = —C,3(2))/zde f115

zdef116 = (Cz3(01) = C33(0)) (C2a(0) — C23(0)) (C2,3(0) — C2(0))

zdef117 = (C2a(0) — Ca3(01)) (C,a(01) = C23(01)) (C2(0®) — C23(01))
zdef118 = (C2,3(0) — C2.2(0)) (C23(0W) = C2,5(01)) (C23(0F) — C25(0%))
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zdef119 = (Ca(0) — C23(0®)) (C2,3(0W) — C3,5(0®)) (C2a(0P) = C23(08))
Brg = 6 03/2def116, Brso = 6A3/zdef117
Brsy = 6 )\3/zdef118, Brs; = 6A3/zdef119
DM23(s) = 12 Ay X2 (s4C25(1)) (s+C2,3(11)) (s+C3(1?))+1, (s+C2,a(0)) DM 22(s)
zdef120 = (Caa(l) — C2a(0)) (C23(0M) = C25(0)) (C23(11V) = C25(0))
(C2(0) = C25(0)) (C23(1P) = C2a(0)) (C2a(0P) = C2s(0)
(Ca3(1) = C2(0))
edef121 = (Ca3(0) — C2a(1)) (C2a(0M) = Ca3(1)) (Caa (1) — Ca(1))
(C2a(0®) — C23(1)) (C23(1®) = C23(1)) (C23(0¥) = C2a(1))
(C23(1®) — Caa(1))
zdef122 = (Caa(0) — C2a(0™)) (C2a(1) = C23(0M)) (Caa(1™) = C2a(0M))
(C2.a(0%) = C23(0™)) (C2a(1?) - Ca,3(0M)) (C2,3(0) = C25(0))
(C2a(1®) — Caa(0™))
C2def123 = (Caa(0) — Caa(1M)) (Can(1) = Coa(1M)) (Caa(0M) — C25(11))
(C2.3(0®) = C23(1M) (C2,5(1) = Ca5(11)) (L23(08)) = C25(11))
(C2a(1®) = C3(1M))
tdef124 = (Cpa(0) ~ Ca(0P)) (Caia(1) = C23(012)) (C2a(0M) — C25(0™))
(C2a(1V) = C35(0)) (C20(1®) — C23(0P)) (C2a(0) — C23(0%))
(C23(1®) — C23(0?))
2def125 = (Caa(0) = Coa(1™)) (Caa(1) = Caa(1™)) (Caa(0W) = C23(1%)
(Caa(1M) = C23(1®)) (C23(0) = Coa(1)) (C20(0)) — C2a(1?))
(C2a(19) = Cy5(11))
zdef126 = (Cpa(0) — C2a(0®)) (Caa(1) = Ca3(0) (Co5(0M) — C2a(0%))
(Can(10) = Ca3(08)) (C2,5(0) — C2,5(080)) (C23(1)) = Ca,5(01))
(Caa(1)) — C23(0®))
zdef127 = (C23(0) — C2a(1®)) (Caa(1) = C2a(1®)) (C2a(0M) — C23(1°))
(Caa(1M) = Caa(1®))) (C23(0P) = C25(1)) (C2a(1®) — C23(1P)))
(C23(0%) — C23(1®))
Besy = DM23(s = —Cy5(0))/zdef120, Brss = DM23(s = —Caa(1))/zdef121
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Brss = DM23(s = —Ca3(0®))/zde f122, Brsg = DM23(s = —Cya(1V))/xdef123
Brs: = DM23(s = —C23(01))/zdef124, Byss = DM23(s = —Caa(1®))/de f125
Brso = DM23(s = —Cp3(0®))/zde f126, Breo = DM23(s = —Cy3(1™))/xdef127
Brgi =31 /(Caa(1) — Caa(0))

zdef128 = (Ca3(1) — C3,3(0)) (C3,3(2) — C3,5(0))

zdef129 = (C3,3(0) — Ca3(1)) (C3,3(2) — Caa(1))

zdef130 = (C32(0) — C3,3(2)) (Caa(l) — C33(2))

Brgy = 6 N2 /zdef128, Brgz =6 A /zdef129, Brgy =06 A2 /zdef130

zdef131 = (C3,3(1) — C3,3(0)) (C33(2) = C5,3(0)) (C3a(3) — Caa(0))

zdef132 = (C3,3(0) — C33(1)) (Ca,3(2) — Ca,3(1)) (Caa(3) — Cs.a(1))

zdef133 = (C33(0) — C3,3(2)) (Ca,a(1) — C3,5(2)) (C3a(3) — C3(2))

zdef134 = (C33(0) — C2,3(3)) (Caa(l) — Caa(3)) (Can(2) = C3.(3))

Brgs = 623 /zdef131, Bres = 63 /zdef132

Bigr = 6 A3/zdef133, Brgs = 6A3/zdef134

zdef135 = (Caa(1) — C33(0)) (Ca,a(2) — C2,3(0)) (Cs,(3) — C3a(0)) (Ca3(4) — Ca,3(0))
zdef136 = (Ca3(0) — Ca3(1)) (C33(2) — Caa(1)) (C33(3) — Capa(1)) (Caa(4) = Caa(1))
zdef137 = (Ca3(0) — C3,3(2)) (Caa(l) — C33(2)) (Ca,3(3) — Ca3(2)) (Caa(4) — Ca5(2))
2def138 = (Ca(0) = Ca(3)) (Caa(l) — Caa(3)) (Caa(2) = C5a(3)) (Cas(4) — Caa(3))
2def139 = (C323(0) — C33(4)) (Caa(l) — C3,3(4)) (C33(2) — Caa(4)) (Caa(3) ~ Caa(4))
Bies = 6 X /2def135, Brro = 6A{/zdef136, B = 6A}/zdef137

B2 = 6 A3 /zdef138, B = 6 A /zdef139

zdefl40 = (Csa(l) =~ Ca3(0)) (C33(2) — C33(0)) (C3a(3) — C3,(0))
(C3,a(4) — C33(0)) (C3a(5) — C33(0))

zdefldl = (Ca3(0) — C33(1)) (C33(2) — Ca3(1)) (C3a(3) — Caal(1))
(C3,3(4) = C33(1)) (Ca,3(5) — Caa(1))

zdefl42 = (C3a3(0) — Caa(2)) (Caa(1) — C3:3(2)) (C3,3(3) - C3.a(2))
(C3,3(4) = C3a(2)) (C2,3(5) = C5,2(2))

zdef143 = (C33(0) — C33(3)) (Caa(1) — Ca,a(3)) (Caa(2) — Caa(3))
(C3a(4) — C3,3(3)) (C3,3(5) — C33(3))

zdefl4d = (C33(0) — C3a(4)) (Caa(1) — C33(4)) (C3(2) — Cs(4))
(Ca3(3) — Ca3(4)) (Ca,3(5) — Caa(4))
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zdef145 = (Caa(0) — C3,3(5)) (Ca3(1) = C33(5)) (C33(2) — C33(5))
(C3.3(3) — Ca(5)) (Caa(4) — C5a(5))
Brrg = 6 X3/2zdef140, Brys = 6A3/zdef141, Bie = 6 A3 /zdef142
Brry'= 63/cdef143, Brrg = 6)3/zdef144, Brrg =6 }/zdef145
Brsg = 3 A,/(Ca3(0M) - C35(0))
DM24(s) = 92 A, (8 + C33(08)) 4+ 9 M A, (s + Caa(1))
zdef146 = (Caz(1) — Ca,3(0)) (C33(0M) = C33(0)) (Caa(1)) = C35(0))
zdef147 = (C3,3(0) ~ Caa(1)) (Ca3(0M) = C3(1)) (C33(11) — Caa(1))
zdef148 = (Ca3(0) — Ca.3(0™)) (Ca3(1) — Caa(0M)) (Ca3(1M) = C33(01))
zdef149 = (Ca3(0) — Csa(1™)) (Ca3(1) — C33(1™M)) (Caa(0M) — Caa(1M))
Brg, = DM24(s = —Cs5(0))/zdef146, Brgy = DM24(s = —C3(1))/zdef147
Brgs = DM24(s = —Cs,3(0M))/zdef148, Bray = DM24(s = —Caa(1M))/zdef149
DM25(s) = 18 A, A2 (s + C33(01)) (s + Caa(1™)) + 2 Ay (s + Ca3(2)) DM24(s)
zdef150 = (Caa(l)— C33(0)) (Cs3(2) — Ca3(0)) (Caa(0) = Ca3(0))
(Caa(1™) — C35(0)) (C33(2™M) — C35(0))
zdef151 = (Ca3(0) — C33(1)) (C33(2) = C33(1)) (Ca,3(0™)) — Ca3(1))
(C33(1M) — C33(1)) (Caa(2V) = C33(1))
zdef152 = (Caa(0) — C33(2))(Caa(l) = Cas(2)) (Cana(0™) — C3a(2))
(C33(1M) = C35(2)) (Caa(2) — C3(2))
zdef158 = (C33(0) — Caa(0M)) (Caa(1) — Caa(0™)) (C33(2) — Ca3(0M))
(Caa(1™) = C33(0M)) (Cag(2M) — Caz(0)))
zdef154 = (Caa(0) = Caa(1™)) (Caa(1) = C5,3(1M)) (Caa(2) — Caa (1))
(C33(0™) = C33(1M)) (Caa(2M) — Caa(1™))
2def155 = (Caa(0) — C33(2M)) (Cs(1) — C33(2M)) (Caa(2) — Caa(2))
(Caa(0M) = C33(2M)) (C33(11) — Caa(21))
Bigs = DM25(s = ~Ca3(0))/zdef150, Brss = DM25(s = —C3a(1))/zdef151
Brgr = DM25(s = —C35(2))/2def152, Brgg = DM25(s = —Cq(0))/2de153
Brgg = DM25(s = —Ca3(11))/zdef154, Breg = DM25(s = —~C33(2M))/zdef155
DM26(s) = 18 A3 A, (s+C33(0M)) (s+C33(1M)) (s+C33(21))+ A1 (s+Caa(3)) DM25(s)
zdef156 = (Cha(1) — C33(0)) (C3a(2) — C3,3(0)) (C3,3(3) — Ca,3(0))
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zdef157

zde f158

zdef159

zdef160

zdef161

zdef162

zdef163

(Ca3(0) = C3a(0)) (C33(11M) — C3(0)) (Caa(21") =~ C3a(0))
(Caa(3") = C3,5(0))

(C3(0) — C33(1)) (Ca,3(2) — Caa(1)) (Ca,a(3) — Caa(1))

(C33(0) — Caa(1)) (Caa(1™) = Caa(1)) (Caa(2™) — Cas(1))
(C3,a(3M) — Caa(1))

{C33(0) = Caa(2)) (C3,3(1) — C33(2)) (Ca,3(3) — C3(2))

(Caa(0M) = Ca3(2)) (Caa(1™) ~ Caa(2) (Caa(2V) = Cua(2))
(Caa(3) = C3(2)

(C33(0) — C5,3(3)) (Ca3(1) — C3a(3)) (Ca3(2) — Caa(3))

(C33(0) — C3,3(3)) (Caa(1™) ~ C3(3)) (Caa(2) = C3(3))
(Caa(3M) — C33(3))

(Ca.a(0) = C33(0M)) (Ca3(1) — C3,3(0™)) (Caa(2) — C32(0))
(Cs.3(3) = C33(0M)) (Ca3(1M) = C33(01))) (Caa(2) = Caa(0M))
(Caa(3%) — C3a(0™))

(C33(0) — C33(1M) (Caa(1) — Caa(1M)) (Can(2) — Caa(1™))
(Caa(3) = Caa(1M)) (C3(0M) = C3a(1M)) (Ca3(21) — Caa(1M))
(C3a(3M) = Ca,a(11M))

(Caa(8) = Ca3(2M)) (Ca3(1) = C35(2M)) (Ca(2) — C3a(2'))
(Cs.3(3) — C33(21)) (Ca3(0M) = C3,3(20M)) (C3,5(11) = Ca8(21))
(C3a(3M) — Ca5(2M))

(C33(0) — Ca3(3M)) (Caa(1) — Caa(3)) (C3a(2) — Ca(3™))
(Ca3(3) — C33(31)) (Ca3(0) = C33(31)) (C33(11M) = C35(3™))
(Caa(2M) — C35(3™M))

Broy = DM26(s = —C33(0))/zdef156, Brer = DM26(s = —Caa(1))/zdef157

Bros = DM26(s = —Ca3(2))/zdef158, Bros = DM26(s = —C33(3))/zdef159

" Brgs = DM26(s = —C35(0))/zde f160, Bros = DM26(s = —C33(11"))/zdef161
Bror = DM26(s = —C33(2())/zdef162, Brgs = DM26(s = —C33(3("))/zde 163
DM27(s) = 6 A4 A, (s+C33(0M)) (s+C33(1M)) (s+Ca3(2M)) (s+C53(3V)) +M1 (s +
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Cs3(4)) DM26(s)

zdefl64 =

zdefl65 =

zdefl166 =

zdef167 =

zdef168 =

zdef169 =

zdefl70 =

zdefl7l =

zdefl72 =

(Cs.3(1) = C3,3(0)) (C3,3(2) = C5,3(0)) (C3,a(3) — C3(0))

(Caa(4) — C(0)) (C3.3(0) = C33(0)) (Caa(11) = C33(0))
(C3.3(2M) = C33(0)) (Ca,s(3M) — C33(0)) (C33(4™) = C2(0))
(Ca3(0) — C33(1)) (C3(2) = Caa(1)) (Ca3(3) — Caa(1))

(Caa(4) = Cs(1)) (C3.a(0V) = C3(1)) (Caa(1) — Caa(1))
(Caa(2M) = C3a(1)) (Ca3(3) - 03;3(1)) (Ca(4M) = Caa(1))
(Cs,3(0) — C33(2)) (Caa(1) — C3,3(2)) (C33(3) — C33(2))

(Caa(4) — C3a(2)) (C33(0M) = C33(2)) (Caa(1M) = Ca(2))
(Caa(2V) = C3(2)) (C53(3M) — C33(2)) (Caa(d) — C33(2))
(C3,3(0) — C33(3)) (Ca3(1) — C33(3)) (C3,3(2) — Ca,5(3))

(Caa(4) = Cs(3)) (C33(0M) — Ca3(3)) (Caa(1M) ~ C3(3))
(Ca3(2) = C33(3)) (C33(3") — C34(3)) (C33(41) — Caa(3))
(Ca3(0) — C33(4)) (Caa(1) — Caz(4)) (C3,3(2) — C3(4))

(C.3(3) = Caa(4)} (Caa(0™) = C33(4)) (Caa(1) — Ca(4))
(Caa(2™) = Ca3(4)) (C33(8™) — C33(4)) (Ca3(4™) = Caa(4))
(Cs:3(0) — Caa(0M)) (C3a(1) — Ca3(0M)) (C33(2) = Caa(0))
(Cs3(3) — Caa(0)) (Ca3(4) ~ C3a(0)) (Caa(1M) = Caa(0™M))
(Caa(2W) = Cy3(01)) (Caa(31) = C3,5(01)) (Caa(4V) — Caa(0))
(C33(0) = C3a(11)) (Caa(1) = Caz(1M)) (Caa(2) = Caa(1V))
(C3.a(3) = Ca3(1M)) (Ca,a(4) = Caa(1™M)) (C33(0M) - Csa(11))
(Csa(2V)) — 03'3(1(1}')) (C33(3M) — Caa(101)) (Caa(dM) — Ca5(1M))
(C33(0) = C33(2M)) (Caa(1) — Caa(2™M)) (Ca,a(2) — Caa(2M))
(Ca(3) — C3a(2M)) (C3(4) = C3,3(2M)) (Ca,a(0M) = Caa(2M))
(Caa(1M) = Caa(2M)) (Caa(3M)) = Caa(2™M)) (C33(4M) = Caa(2))
(C33(0) — C33(31)) (Ca(1) = C33(3M)) (C3(2) — Ca3(3™))
(Caal3) ~ C33(3M)) (C3a(4) — C3a(3™M)) (Ca3(0) = Caa(31))
(C33(1V) = Ca33(3M)) (Caa(2M) = C35(3M)) (Ca3(4™) = C33(31))
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zdef173 = (C33(0) — C3a(4M)) (Caa(1) — C3a(d!™)) (Caa(2) — Caa('™M)

(C3(3) — Caa(4M)) (Caa(4) = Caa(dM)) (Caa(0) — Caa(+1))
(C33(10) = Ca3(4M)) (Caa(2V) — C3,5(4™M)) (Caa(31) = CaslM)

Bigg = DM27(s = —C33(0))/xdef164, Bggg = DM27(s = —Ca3(1))/xdef165

By = DM27(s = =C33(2))/xde f166, Bapz = DM26(s = —C33(3))/xdef167

Baea = DM27(s = —Ca3(4))/zdef168, Bgsos = DM27(s = —Ca(0M))/zdef169

Bsos = DM27(s = —C33(1M))/zdef170, Bgog = DM27(s = —Caz(2")))/xdef171

Bsor = DM27(s = —C33(3W))/zdef172, Bgos = DM27(s = - T33(41V))/xde f173

zdef174 = (C3,3(0M) — C33(0)) (C3,3(0) — C33(0))

zdef175 = (C3,3(0) — C33(0M)) (Caa(0P) — Caa(0M))

zdef176 = (C33(0) — Ca3(012)) (C33(0M) — C33(0™))

Bsgo = 6 A2 /xdef174, Bgig = 6A3/zdef175, Bai = 6 A2/zdef176

DM28(s) = 22, (s + C33(02))) DM24(5) + 18 A A2 (s + Caa(1)) (s + Caa(1V))

zdef177 = (Csa(1) — Caa(0)) (Caa(0M) — C33(0)) (Caa(1V) = Csa(0))
(C33(0™) — C33(0)) (Caa(1®) — C33(0))
zdef178 = (C33(0) — Cas(1)) (Caa(0M) = Caa(1)) (Caa(1M) = C3a(1))
(C33(0®) = C33(1)) (C33(11?) — Caa(1))
zdef179 = (Caa(0) — Caa(0)) (Caall) = Caa(01)) (Caa(1'™) - Caa(0))
(Caa(0) — C3(0M)) (Caa(1®) = C3a(0))
2def180 = (Caa(0) — Caa(1W)) (Caa(1} — Caa(1M) (Caa(0) — Caa(1')
(Ca3(0®) = C3a(1M)) (C3,a(1P) — Caa(1M))
zdef181 = (Caa(0) = C33(0®)) (Caa(l) — Caa(0™)) {Caa(0™M) — C34(01))
(Ca3(1M) — C3a(0%)) (Caa(1*) = Caa(0™))
2def182 = (C33(0) — Csa(1™)) (Caa(1) — Cas(1)) (Caa(0M) = C3a(1))
(Caa(1M) = C33(1™)) (C2a(0®) — Caa(1™))
Buia = DM8(s = —Cs.5(0))/zdef177, Baia = DM28(s = —Cia(1))/zdef 178
Bary = DM28(s = —Ca5(00))/zdef179, Bais = DM28(s = —Caa(1"))/zdef180

Bais = DM28(s = —Ca3(0®))/zdef181, Bgiz = DM28(s = —C33(1?))/zdef182
DM29(s) = 2, (s + Ca3(0®)) (s + Ca3(1®))) DM25(s) + 21 (s + Caa(2)) (s +
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Ca.a(20)) DM28(s)

zdef183

zdef184

2def185

zde f186

zdef187

zde f188

zdef189

zdef190

zdef191

(Caa(1) — Ca3(0)) (C33(2) — C33(0)) (Caa(01) = C33(0))

(Ca3(1M) = C33(0)} (C33(2) = Ca3(0)) (Ca,a(0™) = Ca(0))
(C33(1%) — C3,3(0)) (C3,3(2")) — Caa(0))

(C33(0) — C33(1)) (C3.3(2) — Caa(1)) (C33(0M) = Caa(1))

(Caa(1M) = C32(1)) (C33(2™) = C3(1)) (Caa(0) — Ca(1))
(Caa(1®) = C33(1)) (C35(2) = Ca5(1))

(Ca,3(0) — C2,3(2)) (Cs,3(1) — C33(2)) (C,a(0™) — C33(2))

(Ca3(1) — C33(2)) (C33(2") — C33(2)) (Ca,a(0P) — Caa(2))
(C3a(1?) = C33(2)) (C33(27) — Ca(2))

(C,3(0) — C33(0M)) (Caa(1) - C3,3(0M)) (C3,3(2) — C33(0M))
(Caa(1™) = C33(01)) (C33(2M) = Caa(0M)) (Caa(0™) — Caa(0™M)
(Caa(1®) — Caa(0™M)) (C33(2M) — Ca5(0™))

(Caa(0) — C33(1M)) (Caa(1) — Ca3(1M)) (Ca,3(2) — Caa(1M))
(Ca3(1®) — C33(11)) (C3a(2™M) — Ca3(11)) (Caa(0P) — Caa(1M))
(C3a(0) = C35(1M)) (Ca,a(2%) — Caa(1™))

(Caa(0) — Ca3(21M)) (C3a(1) — C35(21)) (C33(2) - Caa(2(1))
(Ca3(1M) = C33(2)) (Ca3(1?) =~ C35(21)) (Caa(0) = Caa(2!"))
(Caa(0M) — C33(2M)) (C35(2?) — Caa(2))

(C33(0) = Ca,a(0™)) (Ca3(1) — Caa(0*)) (Caa(2) — C33(0))
(C3a(1M) = C3(0®)) (Co3(1) = C2(0™)) (Caa(2) = Caa(07))
(C.a(0V) — Ca3(01)) (Caa(2®) — C3,3(0%))

(C3(0) — Ca3(1)) (Caa(1) = C5a(1)) (Ca(2) = Caa(1))
(C33(1M) = C55(1®)) (Ca,a(0®) = Ca3(1®)) (Caa(21) ~ C34(1))
(Caa(0) ~ Caa(1™)) (Caa(2™) = Caa(1%h))

(Caz(0) = C3,5(2"N) (Ca3(1) — Caa(2)) (C3a(2) — Caa(2®))
(Caa(1W) = C33(2®)) (Ca3(0) — C33(2P)) (Caa(2M) = C35(2™))
(Caa(0M) = C33(2)) (Ca3(1®) — C35(2*))
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By = DM29(s = —C33(0))/zdef183, Bais = DM29(s = —C3a(1))/zdef184

Bago = DM29(s = —Cs,3(2))/zdef185, Ban = DM29(s = —Cs3(01))/zde f186

Baga = DM29(s = —C33(11))/2de f187, Bagy = DM29(s = —C3(2V))/zdef188
Buay = DM29(s = —C3(0®))/2def189, Bazs = DM29(s = —C3(11?))/zde f190
Bee = DM29(s = —C33(2))/zde f191

DM30(s) = X, (s+C33(0®)) (s+C33(1?)) (s+C33(2)) DM26(s)+M1 (s+C3,5(3)) (s+
C3.2(3MW)) D29(s)

zdef192 = (Caa(l) — C32(0)) (Caa(2) — C2,3(0)) (C33(3) — Cs3(0))
(Caa(0) = C53(0)) (Caa(1™) = C33(0)) (Caa(2™) — C53(0))
(C32(3™) = Ca(0)) (C3,5(0P) — C35(0)) (Ca3(1?) = C3,3(0))
(C33(2?) = C3(0)) (C3a(3™) — C3(0))

zdef193 = (Caa(0) — C33(1)) (C33(2) — Ca3(1)) (Ca3(3) — C3a(1))
(Ca.s(0M) = Ca3(1)) (C3a(1M) — C33(1)) (Can(2M) = C3a(1))
(C33(31) = Caa(1)) (Ca3(0P) = Ca5(1)) (Caa(1) — C3a(1))
(Caa(2®) = C33(1)) (C33(3™) — Cs(1))

zdef194 = (C33(0) - C33(2)) (Ca(1) — C3(2)) (C33(3) — Caa(2))
(C3a(0M) = C33(2)) (Caa(1) — C35(2)) (Caa(2) — C3(2))
(C23(3W) = C33(2)) (C33(0P) — C33(2)) (C33(1®) = C34(2))
(C33(2®) = C33(2)) (C33(3) — C34(2))

zdef195 = (Ca3(0) — C33(3)) (C33(1) — C33(3))(C33(2) — Ca3(3))
(C3.3(0M) — Ca3(3)) (Caa(1M) — C33(3)) (Caa(2) — Caa(3))
(Caa(3M) = C33(3)) (Caa(0®) — Cs(3)) (Caa(1'?) — C3a(3))
(C33(2) — Cs4(3)) (C,3(3®) — C3a(3))

zdef196 = (C3a(0) — Caa(0™)) (Caa(1) — C33(0M)) (Caa(2) — Caa(0™))
(C33(3) — C33(0M)) (C,3(1M) — C3,3(0)) (Caa(2™) — Cs3(0M))
(Caa(3M) = Caa(01)) (Ca,a(0®) — Ca5(0M)) (Caa(1¥®) = Ca3(0™))
(Caa(2?) — Ca3(0M)) (Ca3(3™) = Csa(0))

zdef197 = (Caa(0) — Caa(1M)) (Cax(1) — Caa(1™M)) (Caa(2) — Caa(1™M))
(C3.3(3) = C33(1M)) (Caa(0M) ~ C33(1M)) (C33(2) — Caa(1™M))
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zdef198

zdef199

zde f200

zdef201

zde f202

zdef203

(Csa(8) = C33(11)) (Caa(0%) = Caa(1M)) (Caa(1®) = Caa(11)]
(Caa(2®) — C33(1M)) (Coa(3™) = Caa(1™))

(Caa(0) ~ C3a(2M)) (Caa(1) — Caa(2™)) (C33(2) — Caa(2™)
(C53(3) = Caa(2M)) (Caa(0W) = C3(2M)) (Caa(11V) = C35(21))
(C5.3(3M) = C5.5(21)) (Caa(01) — C33(2M) (Caa(1?) — Caa(2)
(Ca.a(2) = C33(2M)) (Caa(3™) — Caa(2M))

(Ca,3(0) — (}3'3(3(1))) (Caa(1) — 03.3(3{1))) (C33(2) - 03.3(3(”))
(Cs(3) = Ca3(3™M)) (Caa(0M) = C33(3™M)) (Caa(1M) = Caa(3™M))
(C3a(2M) - Cs3(3™M)) (Caa(0®) - C3a(3M)) (Caa(1?) ~ C3a(3M))
(Caa(2®) = C33(3™M)) (Caa(3®) = C3a(3M))

(C33(0) — C33(0®)) (Caa(1) = C53(0%)) (Caa(2) — C3a(01™h)
(C3a(3) — C33(0)) (C33(0M) ~ Caa(0?)) (Caa(1M) = Caa(0®))
(Caa(2M) = C35(0)) (Ca,3(3M) — C33(0®)) (Caa(1) = Caa(0™))
(Cs2(2@) = C33(0)) (Cs3(3™) — Caa(0®))

(C3(0) = C2,(1™)) (Caa(1) = Caa(1?)) (Caa(2) = Caa(1))
(Caa(3) = C3.a(13)) (C33(0W) = Caz(1)) (Caa(1") = Caa(1®))
(Csa(21V) — C33(1)) (Caa(3M) — C5,3(1)) (C33(0™) — Caa (1))
(C33(2®) — C33(1)) (C33(3®) — C33(1™))

(Ca.3(0) — C33(2)) (Caa(1) — C33(2)) (Caa(2) — Cas(2))
(C33(3) = C33(2)) (Caa(0M) - Ca,3(2)) (Ca3(1M) — C3,5(2))
(Caa(2V) = C55(2%)) (Caa(3™M) — Ca(2)) (Coa(07) = Caa(2®))
(C3a(1M) = C33(29)) (Caa(3P) = C23(29))

(Ca3(0) = C3.a(3™)) (Caa(1) = Caa(3™)) (Caa(2) ~ C3a(3™))
(Caa(3) — Caa(3) (Caa(0™) = C33(3®) (Ca,5(11") = C3a(3%))
(Can(2M) = C2a(3)) (C3a(3V) — C5,4(3%)) (Caa(01) = C,5(37))
(Caa(1?) = C3a(3)) (C3(27) — C3(3%)

ng-( = DM30(8 = -6'3.3(0))/a:def192, Bsza = DM30(3 = —03.3(1))/.’5([(21‘193
ngg = DM30(8 = —03_3(2))/3d8f194, Baao = DM29(8 = —03.3(3))/2(16]195
Byay = DM30(s = —Cs.3(01))/zde f196, Bagz = DM30(s = —Cia(1M))/zdef197
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Baas = DM30(s = —Ca3(21))/zdef198, Bgay = DM30(s = —C32(3M))/zde f199
Beas = DM30(s = =Cs3(0®))/zdef200, Bsss = DM30(s = —C33(113))/zde f201
Basr = DM30(s = ~C33(2))/zde 202, Bgzs = DM30(s = —C33(313))/zde f203
zdef204 = (C35(0M) — Ca3(0)) (Ca3(0?) — C33(0)) (C33(0¥) — C33(0))

zdef205 = (C,3(0) — C33(0M)) (Ca3(0) — Ca3(0M)) (Ca3(0F) - C33(01V))

2def206 = (Ca3(0) — Ca3(0)) (Caa(0D) — C33(0)) (C3,3(0®) — Ca5(0))

2def207 = (C33(0) — C33(0™)) (Caa(0M) — Cua(0R)) (Ca3(0?) = C33(0)))

Baso = 6 03/def204, Bay = 6A3/zdef205

Baar = 6 X3/xdef206, Bsyy = 6 \3/xdef207

DM31(s) = 18 A 23 (s+Ca3(1)) (s+Ca3(1M)) (s+Caa(1 )+, (s+C33(0®)) DM 23(s)

zde 208

zdef209

zdef210

zdef211

zdef212

zdef213

zdef214

(Caa(1) = C33(0)) (C2a(0M) = C33(0)) (Caa(1™V) = Cs3(0))
(Caa(0®) = Ca3(0)) (C33(1?) — C35(0)) (Ca3(01F) — C3(0))
(C3a(1®) = C35(0))
(Caa(0) — Ca,3(1)) (Caa(0™) = C33(1)) (Ca,a(1) = Caa(1))
(Ca3(0®) — Ca3(1)) (C33(1?) — C33(1)) (C33(0®) = C3a(1))
(Caa(1¥) = Ca(1))
(Caa(0) — C33(0M)) (C3a(1) — Caa(0M)) (Caa(1™) = C3(0M)
(C33(0P) — C33(0)) (C33(1M) = C35(0M)) (Caa(0¥) — C33(0M))
(Caa(1®) — Cag(0M))
(C33(0) = Caa(18)) (Caa(1) — C33(111)) (Ca3(0M) = Ca3(1M))
(C33(0) = C33(1M)) (C33(1®) = C35(1M)) (C35(0®) — Caa(1M))
(Caa(1®) = Caa(1M))
(C3:(0) = Ca3(0™)) (Caa(1) = C33(0%)) (C,2(0) = C32(0™))
(Caa(11) = C33(0)) (C33(11) = C3,5(0?)) (Ca3(0®) — C35(01))
(C33(1®) — C3,3(0™))
(Cs(0) — Caa(1®)) (C33(1) = Caa(1®)) (Caa(0M) = Caa(1®))
(Caa(1W) = C33(13)) (C35(0™) — C3,5(1®)) (C,a(0)) = C3,5(11))
(C33(1®) = C33(1™))
(Ca3(0) — Caa(0®)) (Ca3(1) = Ca,3(0)) (C33(0M) — C34(0))
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(C3a(1M) = Caa(0)) (C5.3(02)) — Ca(0)) (Caa(1?) = Caa(0)
(C33(1%) — C33(0™))

zdef215 = (C33(0) — C33(1®)) (Caa(1) - Caa(1®)) (Caa(0M) — Caa(1))
(C33(1D) = C33(18)) (Ca3(0) — C3a(1P)) (Caal1®) = Caa(1))
(C3a(0) — Caa(1¥))

Bais = DM31(s = —Cs(0))/zdef208, Bsu = DM31(s = —Caa(1))/xdef209
Bass = DM31(s = —C33(01))/2def210, Bas = DM31(s = —Caa(1V))/zdef211
Bayr = DM31(s = —C33(0®))/zdef212, Bgss = DM3L(s = —C33(1?))/zdef213
Bass = DM31(s = —C35(0®))/zdef214, Bgso = DM31(s = —C3a(1¥))/zde 215
DM32(s) = A, (s+C33(0) (s+Caa(1®)) DM29(s)+2 M (s+Ca,3(2)) (34Caa(2M)) (s+
C3a(27))
zdef216 = (Caa(l) — Caa(0)) (Caa(2) — Ca3(0)) (C33(01) = Cs,(0))
(C32(1M) = C33(0)) (C33(2) — Ca3(0)) (Ca,3(0®) = C32(0))
(C33(1?) — C33(0)) (Ca3(2?) = C3(0)) (Ca,a(0) = Ca,(0)) ‘
(C33(1®) = Cs,(0)) (Ca3(2®) — Caa(0))
zdef21T = (Ca3(0) — Csa(1)) (Caa(2) — Caa(1)) (Ca,3(0) — Caa(1))
(Ca3(1W) — Ca3(1)) (C33(2™) = Caa(1)) (Caa(0®) = Caa(1))
(Ca3(1®) — C33(1)) (Ca.2(2®) = C3a(1)) (C(0%) = Caa(1))
(Ca3(1¥) = C33(1)) (Ca,a(2®) — Caa(1))
zdef218 = (Cs3(0) — C3a(2)) (Caa(l) — C53(2)) (Caa(0M) = Ca(2))
(Caa(1M) — Ca5(2)) (Caa(2M) = Caa(2)) (C2a(0?) = Caa(2))
(C33(1?) — C33(2)) (Caa(2®) ~ Ca3(2)) (Caa(0®) = C34(2))
(Ca,a(1¥) = C33(2)) (C33(2Y) = C3a(2))
zdef219 = (Caa(0) — C3a(0™)) (Caa(1) — Cs3(0M)) (Caa(2) — Caa(0™))
(C33(11) = Caa(0V)) (Caa(2) ~ Ca3(0™M)) (C3,3(0%} = C3a(01"))
(Caa(1®) = C3a(01)) (Caa(2?) = Ca(0M))(C35(0) = Caa(0™))
(Caa(1®) = C33(0M)) (Caa(2¥) = C32(01))
zdef220 = (C33(0) ~ Caa(1™)) (Caa(l) — Caa(1M)) (C5a(2) - Csa(11))
(Caa(0) = C3a(11)) (Caa(2M) = C3a(11)) (C33(0P) = Caa(11M))
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zdef221

zdef222

zde f223

zde f224

zdef225

zde 226

xde 227

(Csa(12) = C3a(1M)) (C3a(2®) ~ C33(1M)) (C3(0) = Caa(1™))
(Cs3(1®) = C33(11)) (C3,3(2%) — Can(1™))

(Cs3(0) = Caa(2)) (Can(1) — Caa(2M)) (Caa(2) — Csa(2M))
(Ca3(0D) — Caa(21)) (Ca3(1V) — Ca3(2M)) (C3a(0®) — Cs(2™)
(Caa(1?) = C3a(21)) (Caa(2?) - C33(2M)) (Ca(0®) — C3,3(2M))
(Caa(1®) — Ca3(21)) (C33(2®) — Ca3(2M))

(Cs.a(0) = C5,3(0®)) (Caa(1) — Ca3(0P)) (Caa(2) — Ca3(0™))
(Cs3(0) = C33(0)) (Caa(1M) — C35(0™)) (Caa(2M) — C33(0®))
(Caa(1®) — C33(0)) (C33(22) — C3a(0®)) (C33(0™) — Caa(0™))
(C.3(1®) = C33(0®)) (C33(2®)) — C3,3(0))

(Caa(0) — Caa(1)) (C3a(1) - Ca3(1®) (C33(2) — Cs3(1¥)
(Caa(0t) — Caa(1®)) (Caa(1™) — C33(1)) (Caa(2M) — Caa(1)
(Ca.3(0) = C33(1?)) (C53(2) = C3(1)) (C3(0) — Caa(1?))
(Cs3(1D) = Caa(1)) (Caa(2™) = C35(1D))

(Cs5(0) — Ca.a(2®)) (Caa(1) — C33(2)) (Caa(2) —~ C3a(2?h)
(Co(0M) — C3a(2®)) (Ca(1M) = Csa(2)) (Caa(2™M) — Ca,8(27))
(C33(0) = C33(2®)) (Caa(1®) = C3,3(2)) (Cs2(0®) — Caa(2®))
(Caa(1®) = C35(2%)) (C3,3(2®)) = C33(2%)

(Ca3(0) = C33(0™)) (C33(1) — Ca,2(0™)) (C3a(2) = Caa(0?))
(C33(00) = C33(0®)) (Caa(1™) = C35(09)) (Ca3(2™M) = C33(0P))
(Caa(0) = Csa(0)) (C33(1®) = Ca(0)) (Caa(2®) ~ Ca(0))
(C3a(1®) = C3(0)) (C2a(2?) = C3a(0%))

(C3a(0) - 03-3(1(3))) (03.3(1) - 03.3(1(3))) (03,3(2) - 03.3(1(3)))
(Caa(0W) = C33(1™)) (Caa(1M) — Caa(1®)) (Caa(2M) = Caa(1®))
(C3a(0®) = C33(19) (Caa(1®) — C32(1)) (Caa(2?) = C3a(1))
(C32(0®) = Caa(1®)) (C33(2®) - Cs.3(1®)

(Caa(0) — 03.3(2(3))) (Caa(1) - 03.3(2(3))) (Caal(2) — 03.3(2(3)))
(Caa(01)) = C32(2®)) (Caa(1V) = Ca,a(2™) (Ca3(2M) — C33(2*))
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(C53(01) — Caa(29)) (C33(1®) = C5,3(2M)) (Caa(2¥) = Caa(2™)
(Caa(0®) — C3a(2)) (Caa(1) = Caa(2™))

Bgso = DM32(s = —~C33(0))/zde f216, Bssi = DM32(s = —Ca3(1))/zdef217

Besy = DM32(s = —C33(2))/zdef218, Bass = DM32(s = —Caa(0V))/xdef219
Base = DM32(s = —C33(10))/zdef220, Bgss = DM32(s = —Ca(21")))/zdef221
Bsss = .DA/I32(8 = —'03'3(0(2)))/3(181'-222, 3357 = DJ"I32(S = —03‘3(1(2}))/:3(16.[9' 3

22
Bass = DM32(s = —C33(29))/zdef224, Baso = DM32(s = —C33(01))/xde f225
Bsco = DM32(s = —C33(1%))/zdef226, Bsa = DM32(s = —Ca(21M))/xdef227
ke1 = Azasop, kg2 = Azzas, kes = Azaaz, kes = Azssoc

kes = AzuszD, kes = Azass, ker = Azisz, kea = Ameac
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Appendix I

The Non-Identical Unit System
With Late Standby Activation:

Definition of Constants

I.1 Non-Identical Unit 1-out-of-(2+1):G System:
Definition of Constants

The following constants are defined for the analysis performed for the non-identical

unit 1 — out —of — (24 1) : G system under SBAP Z discussed in Section 4.2.

Azgoo = Ca1(1) +C21(5), Azoor = C2,1(1) C21(5) — Aad fads Azgoz = C2a(2) + C2,(6)
Azoos = C2.1(2) C2.1(6)—=Aod tads Az904 = Azeoo Ansca+Azoo1 Azs02, Az005 = Azoor Azsos
Aggos = C2,1(3) + Ca1(4), Azeor = C2,1(3) C21(4)

Azoos = Azoos Azoos + Azsoa Agsor, Az90e = Azeos Aagor

Aggro = C21(2) C2,1(4) + C2,1(2) C2,1(6) + C21(4) C21(6) — Aad 254

Agonr = C21(2) C2,1(4) C2,1(6) — Asa tsd C21(4) |

Aziz = Aa (C2a(3) + C2,1(5)), Azora = Aa C2,1(3) C21(5) + Aa Asd fad

Azoys = Azoro Azarz + Azonn Azorz, Azars = Azonn Asons

Aznie = C21(1) C2a(4) + C2,1(1) C21(5) + C21(4) C21(5) — Asd pod

Aggrz = C2,1(1) C21(4) Coa(8) = Asd ptad C2a(4)

Agoia = Ay (C2,1(3) + C21(6)), Aasrs = A C2,1(3) C2a(6) + Ap Aad fhad
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Azezo = Az Azo1s + Azer7 Azers, Azem = Azer7 Azars

Agers = Ca21(1) C21(4) + C2.1(1) C2,1(5) + C2a(4) C2a(5) ~ Asd Hsa

Aggzs = C23(1) C21(4) C21(5) = Asd pad C2,1(4)

Agsna = Aaa (C21(2) + C24(6)), Azezs = :a (C22(2) C2,1(6) — Asa 5d)

Azos = Azsaz Azezs + Azes Agezs, Aze27 = Azozs Aasas

Azgs = Aa X (C2,1(3) + C21(6)), Azeze = Aa Ay C21(3) C2.(6)

Azezo = Aa A Ayd rad (C2,1(2) + C2,4(6))

Azsar = Xa My Ad prad C2,1(2) C2(6) — 2 Xa Ao Ay i3

Azgaz = Ag Ab Asd fad (02,1(2) + 02,1(5)), Azaas = Aa My Asa fd C2,1(2) C2,1(5)
Aggas = A My (C21(3) + C2,(5)), Azmsas = Aa A C24(3) C2.1(5)

Azazs = C21(2) + C21(6), Azasr = C2,1(2) C21(6) — Asa o

Azgas = C21(1) + C21(5), Azgze = C21(1) C2a(5) — Asa toa

Agoqo = Azezs Azgas + Azezo Az93a, Azear = Aze2e Azsno

Asoaz = Azgsq Azsar + Azeas Azeas, Azsua = Azeas Azear

Azges = Azgao + Azsaz, Azeas = Azear + Azoas

Azsas = Aa Aad (C2,1(2) Ca1(4) + C21(2) C2a(6) + C21(4) C2(6)) — Xa A2y ptad
Azsqr = Aa Asd C2,1(2) C21(4) C2.1(6) = Aa A2y 62 C2,1(4)

Aseas = 2.0, Azage = Ca1(1) + C21(3), Azoso = Azous Azous + Azoar Azous
Az9s1 = Azer A2zoae

Aggsz = C21(1) Ca(4) + Caa(1) C2a(8) + C2,1(4) C24(5) — Asa fisa

Asesz = C2.1(1) Caa(4) C21(5) — Asd ptad C21(4), Agesa = 2M Aaa

Aggss = A Asd (C21(2) + C2.1(3)), Azose = Azosz Azess + Azesa Azasa

Azest = AzgsaAzess, Azess = Azo0s + 02,1(0) A2sos = Pad A2026

Aazgse = C2.1(0) Azoos — fhsd A2027, Azseo = Ad Az0as + A Azeso + A Azosa
Anggr = Ag Azgas + A Azes1 + A Azssy

Azosz = deo Aze0s + Aer Azors + Acz Azoz0 + Acs Azoze + Aca Azoas + Acs Azoso + Aco Azase
Azoss = Moo Azgos + Acr Azars + Aez Azont + Acs Azo27 + Aca Azoas + Acs Azost + Ao Azgs7
Azges = Azoos + Azg14 + Azazo + Aze26 + Azaaa -+ Azoso -+ Azase

Agges = Agaos + Azors + Agem + Azear + Azoss + Azest + Aoy

BXe2 = (82 + C2,1(3))/ (382 — 883)s BXeza = (383 + C2.1(3))/(385 — 382)
DRI(s) = Az (84 C24(3)) (s + C241(5)) + As Aa pad

::dufl = (382 — 333) (852 - 384) (382 - 385)
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rduf2 = (sgs — 3s2) (83 — S84) (83 — Sg5)

zduf3 = (s — 382) (584 — S83) (384 — 3g5)

zdufé = (3ss — 382) (985 — 383) (385 — 984)

BXsaa = DRI(s = sg3)/zdufl, BXess = DR1(s = 8g3)/zduf2

BXee = DR(3 = 8g4)/zduf3, BXexr = DRI(s = 3gs)/xdu f4

DR2(s) = M (s + C2,1(3)) (8 + C21(6)) + Ao Asd faa

zduf5 = (Sga — Ssa) (882 — 3ss) (982 — 87)

2duf6 = (Sg3 — Su2) (S83 — 986) (383 — Se7)

zdufT = (sss — 382) (388 — 983) (386 — 987)

zduf8 = (sar — 9s2) (87 — 9s3) (387 — S88)

BXeas = DR2(s = sg3)/zduf5, BXew = DR2(s = sg3)/zduf6

BXeso = DR2(s = sge)/zduf?, BXen = DR2(s = sg7)/zduf8

BXesa = M/ (982 — 983), BXezs = Aaaf (883 — se2)

DR3(3) = M M (5 + C21(3)) (s + C2a(5)) + Aa 2o Asa prad

DR4(s) = (8 + C21(2)) (s + C2,1(6)) — Asd ftsd

DR5(s) = DR3(s) DR4(s)

DR6(38) = Aa Mo (8 + C21(3)) (8 + C2a(6)) + Aa Ab Asd phad

DR7(s) = (s + Ca,3(1)) (s + C2,1(5)) — Aad fhau

DR3(s) = DR6{s) DR7(s)

DRY(s) = DR5(s) + DR3(s)

zduf9 = (—C3,1(4) — 382) (—C2a(4) —3g3) (—Caa(4)— S84) (—02,1(4)-—336) (=Caa{4) -
3a7) ) ‘

zdufll = (882 + 02.1(4)) (982 — 833) (332 — 884) (832 - 835) (332 - 386) (-932 - 887)
zduf1l = (3g3 + C3,1(4)) (883 — 982) (383 — 984) (983 — 3as) (383 — 9se) (883 — S87)
zdufl12 = (sgq + C2,1(4)) (84 — 382) (984 — 383) (384 — 385) (384 — 388) (384 — 987)
zduf13 = (sas + Ca.(4)) (885 — 982) (Sas — S83) (385 —~ 384) (385 — Sss) (85 — 87)
zduf14 = (336 + Cz.1(4)) (986 = 982) {Sse — 983) (s86 — 984) (85 — 3as) (386 — Sa7)
zduf15 = (987 + C2.1(4)) (387 — Sa2) (987 — 983) (987 — 384) (387 — S8s) (87 — 9s6)
BXes = DRI(s = =C3,.1(4))/zduf9, BXess = DRI(s = ss2)/zduf10

BXgas = DRI(s = 383)/zduf1l, BXer = DRI(s = sg)/xdufl2

BXess = DRI(s = 8gs)/zduf13, BXese = DRI(s = sgg)/zduflé

BXew = DRI(s = sg7)/xduf15

DRI10(8) = Mg da {5+ C21(3)) (s + C3a(5)) + Aa A2y prad
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DR11(s) = Mg Aea{(s + C21(1)) (s + C2a(5)) — Aud fisd)

DR12(s) = DR10(s) + DR11(s)

zduf16 = (—Ca,(5) — sg2) (—C24(5) — s&3) (—C21(5) — $84) (—C2a(5) — $s5)
zduf17 = (ss2 + C2,1(5)) (382 — 9s3) (382 — S84) (Ss2 — ss)

zduf18 = (g3 + C2,1(5)) (883 — 82) (383 — Sa4) (Ss3 — Sss)

zduf19 = (354 + C2,1(5)) (S84 — 982) (8¢ — 383) (384 — 3s5)

zduf20 = (sgs + C2,1(5)) (sss — 982) (385 — S83) {ses — s84)

BXen = DR12(s = —C3.1(5))/zduf16, BXep = DRI2(s = sgz)/xdufl7,
BXegia = DR12(s = sg3)/zdufl8, BXey = DRI(s = 3g4)/2duf19

BXeis = DR12(s = 3gs)/zdu f20

DR13(s) = Asa M (8 + C21(3)) (s + C21(6)) + As AJy ptoa

DR14(s) = M Apa (s + C21(2)) (8 + C21(6)) — Asd ftaa)

DR15(s) = DR13(s) + DR14(s)

zduf21 = (—Ca1(6) — 382) (—C2,1(6) — 883) (—C2,(6) — sg6) (—C2,1(6) — sur)
zduf22 = (g2 + C2.1(6)) (382 — 983) (882 — Ss6) (382 — Ss7)

zduf23 = (ss3 + C2,1(6)) (ssa — s82) (383 — Sa6) (383 — Sa7)

zduf24 = (sgs + C2,1(6)) (886 — ss2) (886 — s83) (388 — 387)

zduf25 = (sgr + C2,1(6)) (Sa7 — 982) (87 — 383 (387 — se)

BXese = DR15(s = —C2,.1(6))/zduf2]l, BXesr = DR15(s = sg2)/wduf22,
BXess = DR15(s = sg3)/zduf23, BXew = DR15(s = 3gg)/zdu f24
BXeso = DR15(s = sg7)/zduf25

kso = Azces, ka1 = Azeso, ksz = Azese = Azsss, Ksa = Anoes

1.2 Non-identical unit 1-out-of-(2+2):G System:
- Definition of Constants

The following constants are defined for the analysis performed for the non-identical
unit 1 — out — of — (2 + 2) : G system under SBAP Z discussed in Section 4.2.
Asooo = 2Aa My Asoor = Aa Ap (C22(1) + C22(2))

Azooz = C22(1) C22(2) + Cz.2(1) Ca,2(5) + C2.2(2) C2,2(5)

Asgoz = C,2(1) C22(2) C2,2(5), Asoos = Aa Ad+ A Aud
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Aso0s = Aa Mg C2.2(4) + Aa Asa C2,2(1)

Asoos = C2.2(1) Ca2(4) + Ca2(1) Ca.2(6) + C22(4) C22(6)

Aggor = Ca2(1) C2.2(8) C2.2(6), Asaos = 2Aa Agey Asoos = Aa Ase (C22(3) + C222(1))
Asoro = C2.2(1) C22(3) + Ca22(1) C22(7) + C2,2(3) C22(T)

Asory = Ca,2(1) C22(3) C22(T), Asorz =2 A Asa

Asors = My Asa Ca.2(4) + Ap Asg C22(2)

Asora = Ca2(2) C2a(4) + C22(2) C2,2(8) + C2(4) C22(8)

Asots = C2.2(2) C22(4) C22(8), Asors =2 X Asey Asorr = A Ase (C22(2) + C2.2(3))
Asois = 02,2(2) 02.2(3) + 02.2(2) 02.2(9) + 02.2(3) C'2.2(9)

Asors = Ca2(2) C22(3) C22(9), Asozo =2 Asd Asey Azont = Asa Ase (C2,2(3) + Coa(4))
Aspzz = C22!3) C22(4) + C22(3) C2,2(10) + C22(4) C22(10)

Agozs = C2.2(3) C22(4) C22(10), Asoza = Aa Ay Ady Asezs = Azoza C2,2(3)

Asmne = Ca2(2)C22(6) +2Ca2(2) Ca2(8) + C2,2(6) C2.2(8) +2C32(1) C22(6) +
C22(1) C2,2(8) + C2,2(6) C2,2(8) + C2,2(2) C22(5) +
C22(5) C22(8) + C2,2(1) C2,2(5) + C2,2(5) C2,2(6)
Asgzr = C22(2) C2,2(6) C22(8) + C2.2(1) C2,2(6) C2,2(8) +
C2,2(2) C2.2(5) Ca2.2(8) + C22(1) C2,2(5) C2,2(6)
Aszs = AaAbAady Asoze = Asozs C22(1)
Asggo = 2C22(2) C22(5) + C2,2(2) C2,2(8) + C2,2(5) C2.2(8) +
C2,2(2) C2,2(8) + C22(5) C2,2(6)

Aoz = C22(2) C22(5) C22(8) + C2,2(2) C2,2(5) C2,2(6)

Asesz = Asozs Asoar + Asazs Asozs, Aacss = Azozs Asoar

Asoay = Asozs Asosr + Asoze Asoso, Aasocas = Aaoze Asaar

Asgas = Ca2(1) Ca2(2) + C2(1) Ca,2(3) + C2,2(2) C22(3)

Asuar = Ca,2(1) C22(2) C3,2(3)

Agoas = C2,.2(5) C22(6) + Ca2(5) C2,2(8) + C2,2(6) C2,2(8)

Azoze = C2.2(5) C22(6) C2.2(8), Asos0 = Azoze Azoze + Aaosr Asoas

Azonn = Asaar Asose, Asz = Asoo 02.2(11) + Azoary Asoaz = Azon 02,2(11)
Agors = Asoaz + Asoss, Asoes = Asoas + Aaoss

Asois = Ason Asont Asna + Azooo Asorr Asos + Azoor Asoro Asore

Agour = Aapor Ason Aaore
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Ass = Asoos Asoos Asors + Azooz Asoos Aaors + Asoos Asoos Asors
Aaoss = Aaooa Aaoos Aaore
Asoso = Aszoos Asore Asorr + Asoss Azor: Azore + Azoo2 Asort Asorr
Asos1 = Asoos Asonr Asorr
Azos2 = Asooz Asons Asore + Asoos Asoio Asore + Asoos Asonr Asors
Asoss = Az00s Ason1 Asors, Azose = Asosa + C2.2(12) Asosz, Asoss = C2,2(12) Aaosa
Asoss = Ase Aavss + Mo Asods + Aa Asosor  Asost = Aae Asoar + s Agoe + Aa Auvsr
Aaoss = Asoos Asonn Aoz + Asooa Asont Asozs + Asoos Asoro Asezs
Asose = Aagos Aaorr Asozs
Asoeo = Aagor Asoos Asozs + Asoos Asoos Aaozs + Ascor Asoos Asorz
Azoer = Aaoor Aaoos Aaos
Asoez = Aaoor Asoio Azozr + Asoor Asont Asozo + Asoos Aaonn Ason
Azoes = Azoor Azon Aaomn
Asoss = Asoos Asonr Azozs + Asoor Asorr Agozz
Asoss = Aazoor Ason: Azoza, Asoss = Aasves + C2.2(13) Aavsr, Asosr = C2,2(13) Agous
Ases = Aee Aavss + Asa Azoso + Aa Asosz, Asoss = Ase Asoss + Asa Azosr + A avss
Asoro = Asorz Asore Azozs + Asors Asors Aaozs + Asors Asore Asore
Azon1 = Azoia Asors Aaozs
Asorz = Asors Asore Asozs + Asora Asor7 Asozs + Asors Asorr Asozz
Azors = Aaos Asorr Aoz
4 = Asors Aaors Asozo + Asors Azore Asont + Azors Azms Aoz
Azors = Asors Asors Azon
Asore = Asors Asors Asoza + Asors Asors Asozs + Asors Asore Asozz
Asorr = Asois Asors Aaozs, Asors = Asorr + C2,2(14) Azore
Asore = C22(14) Asorz, Aaoso = Ase Aaoro + Asa Azorz + Ay Asors
Asgsr = Ase Asort + Asg Asora + M Asors, Asos2 = Asoas Aaoss + Asoss Asosa
Aaoss = Aaoas Asoss, Aaoss = Aaoes Asore + Asosr Azors, Asess = Asoer Aaero
Ascas = Anoss Asoes + Asos? Asosz, Asosr = Azosz Asos, Asoss = Asoss
Aszoss = Asocss, Asoso = Asoces Asoaz + Aaoss Azoazy Asoer = Asoso Asors
Asosz = Asosa Azore + Asass Azora, Aass = Aaoss Azoro
Assr = Azoso Asoas + Asosr Asoaz, Asoss = Azost Asoas
Asops = Azosa Asosr + Agoss Asoesy  Aacer = Aaoss Asver

Ascos = Azosz Asoss + Asoss Asos1s Asoss = Aaosa Asoss

470



Asioo = Asoss Asoss + Aaos7 Aaoss,
Asi02 = Asooo Auoss + Asoer Asos2
Aajos = Azocos Asosr + Asoss Asose,
Anios = Asooz Azoor + Asoos Asoos,
Asi0s = Asoro Asors + Ason Asows,
Asre = Azois Azozs + Asos Asozz,
Asnz = Aaoaz Asoss + Asosa Aaosa,
Asi14 = Agose Azors + Aaosr Asors,
Aane = Azios Asioe + Asror Asies,
Aans = Asno Asnz + Aain Asnz,
Asz0 = Asne Aane + Aanz Asus,
Aaiz2 = Aans Asizo + Aang Az,

Azio1 = Azosr Asoso
Aoz = Asom Asoes
Astos = Aaves Aacer
Aaror = Aaoos Asoor
Az09 = Ason Aaois
Az = Aane Aaoes
Asns = Asoes Asoss
Asns = Azosr Aaor

Aauzr = Asior Asios
Aans = Az Asna
Aziz1 = Aanr Aane
Az = Aans Asizr

Anze = Aaizz + C22(4) Anizz, Asizs = C22(4) Aarzs
Asize = Asias + C22(3) Amze, Anzr = C2.2(3) Asias
Aaizs = Amar + C22(2) Asrze, Asize = C2,2(2) Asrar
Amzo = Amzo + Ca2(1) Asizs, Amm = Ca22(1) Anze

Asaz = (Aaoes Anizo — Asooz Aziar)/Adooas
As1as = (Aagor Asrzo — Asoos Aarar )/ Aoors
Aarze = (Aaou Az30 — Asowe AalSl)/ Agoua
Asas = (Asars Anrzo — Asors Az )/ Al
Asrio = (Asore Asizo — Asms Asiz1)/Adores
Asaz = (Asozs Anizo — Asozz Aniz1)/Aloass
Azss = (Asoss Asizo — Asonz Anin )/ Adosas
Asyss = (Asoss Azrzo — Aaoss Asiai)/Algsss
Astas = (Asosr Asrzo — Asoss Ao}/ Adoers

Aziso = (Aaore Asiao — Asors Aaiar)/Adgrer

Azizs = Aaiar/Asoos

Asizs = Ama/ Asoor
Aarar = Aara1/Asonn
Azze = Aaia / Aaos
A = Aain/Asos
Asrz = Aziar/Asozs
Asies = Asiai/Asona
Asar = Amar/Asoss
Asiae = Azin/Asoer
Aais1 = Az / Asors

Aaisa = Aanz Aans + Aans Asna, Aziss = Aans Aans

A:usi = (A:nss Aamo - A:nsz Aa:al)/ A?nsaa

Aaiss = Aaia1/Aaiss

Azise = Aaoss Aaiss + Aazose Ansas
Aziss = Aaioo Aatss + Astor Asisay
Aaeo = Aarez Aaiss + Azoea Amsay

Asiez = Aaros Aaiss + Aaios Aaisas

Aaist = Asoes Aaiss
Azise = Azio1 Aaiss
Aae1r = Aazos Aaiss

Aaes = Azios Aaiss

i
Ames = Ae Aaiss + Mg Asisa + As Azieo + A Asiez
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Aaes = Ae Azist + Ad Asise + A Azier + Ae Aaies

Ases = Ao Aarzo + Aa Ao Aaizs + A2 Ao Aaizs + Aea Asg Aziza + Aot Vo A +
Acs (Asooo Aarzs + Azoon Asiaz) + Acs (Azoos Azias + Asoos Aaiad) +
Acr (Asoos Asiar + Asoos Asize) + Aes (Asonz Aarae + Asors Anias) +
Ao (Azore Anrar + Aaorr Asiae) + Acro (Asozo Asiaa + Ason Aoraz) +
Act1 (Asoss Aaras + Asoss Asraa) + Acrz (Asose Aarar + Asost Aoras) +
A3 (Aaoes Asiee + Asoes Asas) + Acra (Azoso Asist + Asost Aaiso)
Aner = AeoAmar + Act Aa Anize + Acz Ay Aarzr + Az Aag Amizs + Aca Ase Amizn +
Acs Asoor Aazs + As Azoos Aaizs + Aer Aaoos Aarar + Acs Asma Aiao +
Aco Aaor? Asrar + Acro Az Asraz + Actr Asoas Aaras + Aerz Aaosr Asiar +
Acra Azoes Aarae + Aers Asosr Anis
Angs = Amar + C22(0) Anzo, Astes = C22(0) Anian
Ante = Azao + As Asizs + As Aarze + Asa Aniza + Ase Aszz +
Asoo0 Anas + Aaoor Aaraz + Azoos Asras + Azoos Asiza +
Aacos Amrar + Asoos Aaizs + Azorz Anias + Aanis Asias +
Aans Amar + Asor7 Azt + Asozo Asras + Asozr Asiaz +
Asoas Asias + Asous Asraq + Asoss Aarar + Asost Aswas +
Asoes Aarae + Asoss Aaras + Asgso Astst + Aaost Asiso
Aun = Asar + Ao Asize + A Aziar + Asd Aizs + Ase Asios +
Asoor Asiaa + Aaoos Azas + Asoos Asrar + Asors Asizo +
Asor? Agrar + Asozr Aaaz + Asoas Aaas + Azosz Asiaz +
Aaoes Aaras + Asvss Aaist

BZgs = A.:;/(C'z.z(o) - 02.2(1)); BZgar = —BZus

BZsis = A/ (Ca2(0) — C22(2)), BZeso = —BZsus

BZgso = Ase/(C22(0) — C22(3)), BZgs1 = —BZgso

BZesz = A/ (C2,2(0) — C2,2(4)), BZesa = —BZes2

DW35(s) = Ag M (3 + C22(2)) + As do (5 + C2(1))

zdbf14 = (C22(1) — C22(5)) (C22(2) — C2,2(5)) (C2.2(0) — C22(5))
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2dbf15 = (Caa(1) — C22(2)) (C22(5) — C2,2(2)) (C22(0) — C222(2))

2dbf16 = (Cp2(2) = C32(1)) (C22(5) — Caa(1)) (Ca2(0) — C22(1))

2dbf17 = (C22(2) — C2.2(0)) (Ca,2(5) — C2,2(0)) (C2:2(1) — C2.2(0))

BZasy = DW5(s = —Ca(5))/zdbf14, BZess = DW5(s = —Cy2(2))/dbf15
BZass = DW5(s = —Caa(1))/2dbf16, BZesz = DW5(s = —C3(0))/dbf17
DW6(8) = Ag Asa (8 + C22(4)) + Aa Asa (s + C22(1))

zdbf18 = (Ca.2(1) — C2,2(6)) (Ca2(4) — C2,2(6)) (C22(0) — C222(6))

zdbf19 = (Ca2(1) — C2.2(4)) (C22(6) — C2,2(4)) (C22(0) — C22(4))

zdbf20 = (Ca2(4) — C2:2(1)) {C22(6) — C2,2(1)) (C2,2(0) — C22(1))

zdbf21 = (Cz2(4) — C22(0)) (Ca,2(6) = C2,2(0)) (C2,2(1) — C2,2(0))

BZess = DW6(s = —Cy.2(6))/zdbf18, BZass = DW6(s = —C32(3))/zdbf19
BZes = DW6(s = —C.a(1))/2dbf20, BZesy = DW6(s = —C;,2(0))/zdbf21
DWT(s) = Ao Ase (8 + C2.2(3)) + Aa Ase (s + C22(1))

2dbf22 = (C22(1) — C22(7)) (C2:2(8) — C22(7)) (C22(0) — C22(7))

2dbf23 = (C22(1) = C2,2(3)) (C22(7) — C22(3)) (C22(0) — C22(3))

2dbf24 = (C22(3) = C22(1)) (C22(T) — C2,2(1)) (C22(0) — C22(1))

zdbf25 = (Caa(1) — C2,2(0)) (C2,2(7) — C2.2(0)) (C22(3) — C2.2(0))

BZg2 = DWi(s = —02'2(7))/!Bdbf22, BZgss = DWT(s = —02,2(3))/3:dbf23
BZgi = DWT(s = =C32(1))/zdbf24, BZess = DW17(s = —C32(0))/xdbf25
DWS(s) = Mg Aad (8 + C2.2(4)) + Ao Asa (s + C2,2(2))

zdbf26 = (C22(2) — C2,2(8)) (C22(4) — C2:2(8)) (C22(0) — C22(8))

zdbf27 = (C22(2) — C22(4)) (C2,2(8) — C2.2(4)) (C2.2(0) — C22(4))

2dbf28 = (Cz2(4) — C22(2)) (C2.2(8) — C2,2(2)) (C2.2(0) — C22(2))

zdbf29 = (Ca2(2) — C22(0)) (C22(4) — C2,2(0)) (C2,2(8) — C22(0))

BZggs = DWS8(s = —C3,2(8))/zdbf26, BZesr = DWS(s = —Cy2(4))/zdbf27
BZgs = DW8(s = —C,2(2))/zdbf28, BZesn = DW3§(s = —C,2(0))/zdbf29
DWO(s) = Ay Ay (8 + Ca2(4)) + Ao Ase (8 + C2,2(2))

zdbf30 = (C22(3) ~ C2,2(9)) (C2,2(2) — C22(9)) (C2,2(0) — C22(9))

zdbf31 = (C22(9) — C22(3)) (C2,2(2) — C22(3)) (C2,2(0) — C22(3))

zdbf32 = (C22(9) — C2,2(2)) (C2,2(3) = C2,2(2)) (C22(0) — C22(2))

zdbf33 = (C22(9) = C22(0)) (C22(3) = C2:2(0)) (C222(2) — C2,2(0))

BZgo = DWI(s = —C33(9))/zdbf30, BZen = DWI(s = —C2,.2(3))/zdbf31
BZga = DW9(s = —C-e'g(?))/:rdbf32, BZgy = DW9(s = —C,2(0))/zdbf33
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DW10(8) = Ase Asd (8 + C2,2(3)) + Ase Asa (8 + C22(4))

zdbf34 = (C2(3) — C22(10)) (C2,2(4) — C2,2(10)) (C22(0) — C22(10))

zdbf35 = (C32(10) — C22(3)) (Ca2(4) — C2.2(8)) (C2.2(0) — C22(3))

2dbf36 = (C22(10) — C22(4)) (C3,2(3) — C2.2(4)) (C2,2(0) — C22(4))

zdbf3T = (C22(10) — C2,2(0)) (C2,2(3) — C2,2(0)) (Ca2(4) — C3,2(0))

BZs7a = DW10(s = ~C35(10))/zdbf34, BZss = DW10(s = —C22(3))/zdbf35
BZeie = DW10(s = —Cy2(4))/dbf36, BZerr = DW10(s = —C22(0))/xdbf3T

DV11(s)

zdbf38

zdbf39

zdbf40

zdbf41

zdbfa2

zdbf43

A (s + C2,2(8)) (s + Ca2(6)) (s + C2,2(8)) [Aa As (8 + C22(2)) +
Xa As (8 4 Ca2(1)] + s (s + C22(8)) (8 + C2,2(2)) (s + Ca2(8))]
AaAa (8 + C22(3)) + Aa Asa (8 4 C22(1))] + Aa (s + Caa(1))

(s + C2,2(5)) (8 + C2.2(6)) [As Asa (8 + C22(3)) + Ap Aaa (s + C22(2))]
(Ca2(1) — C22(11)) (C2,2(2) = C22(11}){C22(5) — Crp(11))
(C22(8) = C2,2(11)) (C2,2(6) — C22(11)) (C22(4) — C22(11))
(C2,2(0) — Ca2(11))

(Ca2(1) — C2,2(8)) (C22(2) — C2,2(8)) (C22(5) — C2.2(8))
(Ca2(11) — C2,2(8)) (C2,2(6) — C2.2(8)) (C2.2(4) — C22(8))
(C2,2(0) — C2,2(8))

(Ca2(1) — C2,2(6)) (C2,2(2) — C2,2(6)) (C22(5) — C2,2(6))
(C2,2(8) — C2,2(6)) (C22(11) — C22(6)) (C22(4) — C22(6))
(C2,2(0) — C2,2(6))

(Ca2(1) = C2,2(5)) (C2.2(2) — C2,2(5)) (C2,2(6) — C2,2(5))
(C2.2(8) = C2,2(5)) (Caa(11) — Ca2(5)) (C2.2(4) — Ca2(5))
(C2,2(0) — C22(5))

(C2.2(1) — C22(4)) (C22(2) — C2.2(4)) (C2,2(6) — C2(4))
(C22(8) ~ C2.2(4)) (C22(11) — C22(4)) (C2,2(5) — Ca2(4))
(C2.2(0) — C2.2(4))

(C2a(1) = C2,2(2)) (Caa(4) — C2.2(2)) (Ca2(6) ~ C22(2))
(C22(8) — C3,2(2)) (Ch2(11) — C22(2)) (C22(5) — C22(2))
(C2,2(0) — C2,2(2))
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zdbfad = (C22(2) — C22(1)) (Ca2(4) = C22(1)) (C22(6) — C22(1))
(C22(8) — C22(1)) (C22(11) = C2,2(1)}(C2,2(5) — C22(1))
(C2,2(0) — C2,2(1))

zdbfd5 = (Caa(2) — C2,2(0)) (Caa(4) — C22(0)) (C22(6) — C2,2(0))
(C22(8) — C2,2(0)) (Ca2(11) — C22(0)) (Co2(5) — C22(0))
(C2.2(1) — C2,2(0))

BZgs = DW10(s = —=C,2(11))/2dbf38, BZgrs = DW1l(s = —C32(8)}/zdbf39
BZgyy = DW1l(s = —C2,2(6))/zdbf40, BZgs = DW11(s = —C32(5))/xdbf41
BZssn = DW11(s = —Cy2(4))/2dbf42, BZesz = DW1l(s = ~C3,2(2))/zdbf43
BZgas = DW11(s = —Ca3(1))/zdbf44, BZess = DW1l(s = —C12(0))/zdbf45

DV12(3) = A (s + Ca2(4)) (s + Ca2(T)) (s + C22(9)) [Aa Ao (s + Ca2(2)) +

Aa X (8 + Ca2(1))] + A (s + C22(2)) (s + C2,2(5)) (s + C2,2(9))(
Aa Ase (8 + Ca2(4)) + Ao Mue {3+ Ca2{1N)] + Ao (3 + C22(1))
(s + C22(5)) (5 + Caa(T)) Do Ase (8 + C2.2(4)) + As Ase (5 + C22(2))]

zdbf16 = (Cy2(0) — C3,2(12)) (Cr2(1) — C2,2(12)) (C22(2) — C22(12))
(Ca,2(5) — C22(12)) (C2,2(T) ~ C22(12)) (C22(3) — C22(12))
(C2.2(9) — C22(12))

zdbf4T = (Ca2(0) — C22(9)) (C22(1) — C22(9)) (C22(2) — C22(9))
(Ca,2(5) = C2,2(9)) (Ca,2(T) = C2,2(9)) (C2.2(3) — C22(9))
(C2,2(12) — C12(9))

zdbf48 = (C32(0) — Ca22(7)) (C22(1) — C22(7)) (C22(2) — C22(7))
(C2,2(5) — C2,2(T)) (C2,2(9) = C2,2(7)) (C22(3) — C2,2(T))
(C22(12) — C20(7))

zdbf49 = (Ca2(0) — C22(5)) (C22(1) = C22(5)) (C22(2) — C22(5))
(C2a(T) = C2.2(8)) (C22(9) — C222(8)) (C22(3) — C22(5))
(C22(12) — C222(5))

zdbf50 = (Cg2(0) — C22(3)) (C2z(1) - C2,2(3)) (C22(2) — C2,2(3))
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(C2,2(7) — C2.2(3))
(C22(12) — Ca2(3)

zdbf51 = (Ca2(0) — C22(2)) (Caa(1) — C22(2)) (Ca2(4) — C2.2(2))
(C22(7) — €22(2)) (C22(9) — C2,2(2)) (C2a(5) — C2a(2))
(C2.2(12) — C22(2))

zdbf52 = (C22(0) — C2(1)) (C2a(2) — C2.2(1)) (C22(3) — C22(1))
(C2.2(7) — C2,2(1)) (C22(9) — C2,2(1)) (C222(5) — C22(1))
(C22(12) — C2a(1))

zdbf53 = (Caa(1) = C22(0)) (C2a(2) — C22(0)) (C22(3) — C2(0))
(C22(7) = C22(0)) (C2:2(9) — C2,2(0)) (C22(5) — C2.2(0))
(C2,2(12) — C222(0))

(C22(9) — C2,2(3)) (C22(5) — Ca:2(3))
)

BZess = DW12(s = —C35(12))/zdbf46, BZegs = DW12(s = —Cp2(9))/zdb 47
BZess = DW12(s = —Cy,5(7))/zdbf48, BZegs = DW12(s = —Ca(5))/zdbf49
BZep = DW12(s = —C32(3))/zdbf50, BZssy = DW12(s = —C3(2))/zdbf51
BZess = DW12(s = —Caz(1))/2dbf52, BZess = DW12(s = =C2.2(0))/dbf53

DV13(s) = Ase(s+ C22(3)) (s + Can(T)} s + C22(10)) [Aa Aaa (8 + C22(4)) +

Ao Asa (8 + Caa(1))] + Aug (8 + C22(4)) (3 + C22(6)) (3 + C22(10))(
Ao Ase (8 + T22(3)) + Ao Aue (8 + Ca2(1))] + Aa (s + Ca(1))
(s + C22(6)) (3 -+ C2.2(7)) [Mae Aad (8 + C22(3)) + Aad Aue (8 + C22(4))]

zdbf54 = (Cz2(0) = C32(13)) (Ca2(1) — C22(13)) (C22(3) — C2,2(13))
(C2.2(4) — C22(13)) (C22(6) — C2,2(13)) (C22(7) — C22(13))
(C2,2(10) — C22(13))

zdbf55 = (Ci2(0) — C22(10)) (Cr2(1) — C22(10)) (Ca2(3) — C2.2(10))
(Ca.2(4) = C2.2(10)) (C2,2(6) — C2,2(10)) (C22(7) = C22(10))
(C2,2(13) — C22(10))

zdbf56 = (Cp2(0) = C22(7)) (Caa(1) = C2,2(7)) (Caa(3) — C22(7))
(Ca,2(4) = C22(7)) (C22(6) — C22(7)) (C22(10) — C2(7))
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cdbf57 =

zdbf58 =

zdbf59 =

zdbf60

zdbf6l =

BZga = DW13(s
BZge = DW13(s
BZgs = DW13(s
BZ70 = DW13(s

DVi4(s) =

zdbf62 =

(C22(13) ~ C22(7))

(C2,2(0) — C2,2(6)) (C2,2(1) — C2,2(6)) (C22(3) — C2,2(6))
(Caa(4) — C22(6)) (C2.2(7) — C2,2(6)) (C22(10) — C22(6))
(C2,2(13) — C22(6))

(C2.2(0) — C22(3)) (C2a(1) — C22(3)) (C22(4) — C22(3))
(C2.2(6) — C2.2(3)) (C22(T) — C2,2(3)) (C22(10) — C22(3))
(C22(13) — C22(3)) |

(C2.2(0) = C22(3)) (C22(1) — C22(3)) (C22(4) — C222(3))
(C2.2(6) ~ C2,2(3)) (C2,2(7) — C2.2(3)) (C22(10) — C22(3))
(C2.2(13) — C22(3))

(C2.2(0) — C22(1)) (C2,2(3) — C2.2(1)) (C2a(4) — C22(1))
(C2.2(6) — C2,2(1)) (C22(7) — C2,2(1)) (C22(10) — C22(1))
(C2,2(13) = Ca2(1))

(C22(1) — C22(0)) (C22(3) — C2,2(0)) (C22(4) — C22(0))
(C2,2(6) — C2,2(0)) (C22(7) — C2,2(0)) (C22(10) — C22(0))
(C2,2(13) - C2.2(0))

= —C32(13))/zdbf54, BZsgs = DW13(s = —Cy2(10))/zdbf55
= —C2(7))/2dbf56, BZegs = DW13(s = —C22(6))/zdbf57
= —C,2(4))/2dbf58, BZeso = DW13(s = —Cy2(3))/zdbf59
= —C12(1))/2dbf60, BZmm = DW13(s = —C32(0))/zdbf61

Mee (8 + C22(3)) (5 + C2.2(9)) (8 + C2.2(10)) [Ap Ast (s + C22(4)) +

A Aaa (3 + C22(2))] + Aaa (5 + C22(4)) (3 + C2,2(8)) (s + C22(10))

b Ase (8 4 C2.2(3)) + Mo Ase (8 + C22(2))] + X6 (s + C22(2))

(s + C3.2(8)) (8 + C2.2(9)) [Ase At (8 + C22(3)) + Asd Aue (5 + C22(4))]
(C22(0) — C2.2(14)) (C2,2(2) — C32(14)) (C2,2(3) — C22(14))

(C22(4) — C22(14)) (C2.2(8) — C22(14)) (C22(9) - C22(14))

(C2,2(10) — C22(14))
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zdbf63 = (C22(0) — C22(10)) (C2,2(2) — C22(10)) (C22(3) — C22(10))
(Caa{4) — C22(10)) (C22(8) — C2,2(10)) (C2:2(9) - Ca2(10})
(Ca2(14) — C22(10))

2dbf6d = (Ca2(0) — C22(9)) (C22(2) = C2,2(9)) (C22(8) — C22(9))
(Caa(4) — C2.2(9)) (C22(8) = C2,2(9)) (C22(10) — C22(9))
(C2al(14) — C22(9)) |

zdbf65 = (Ca2(0) — C22(8)) (C22(2) = C2a(8)) (C22(3) — C2.2(8))
(Cra(4) — C22(8)) (C22(9) — C2,2(8)) (C2,2(10) — C22(8))
(C2,2(14) — C22(8))

zdbf66 = (C2a(0) — C22(3)) (Caa(2) = C22(3)) (C22(4) — C22(3))
(C2.a(8) = C2.2(3)) (C?.z(g) — C22(3)) (C22(10) — C32(3))
(Ca,2(14) — C222(3))

2dbf67 = (Ca2(0) — C22(4)) (C22(2) — C22(4)) (C2a(8) ~ C2a(4))
(C2.2(8) = C22(4)) (C22(9) = C22(4)) (C22(10) ~ C22(4))
(C22(14) — Caa(4))

zdbf68 = (Ca2(0) — C2a(2)) (Caa(3) = Caa(2)) (Caa(4) — C2a(2))
(Ca2(8) — C22(2)) (C22(9) — C22(2)) (C22(18) — C22(2))
(Caa(14) — C2a(2))

2dbf69 = (Ca2(2) — C22(0)) (C22(3) — C2.2(0)) (C22(4) — C2.2(0))
(C1.2(8) — C2.2(0)) (C2.2(9) — C2,2(0)) (C22(10) — C22(0))
(Caa2(14) — C222(0))

BZz = DW14(s = —C32(14))/2dbf62, BZza = DW14(s = —C,2(10))/2dbf63
BZmy = DW14(s = —C32(9))/zdbf64, BZros = DW1d(s = —C22(6))/2dbf65
BZme = DW14(s = —Cy2(4))/zdbf66, BZzr = DW14(s = —C22(3))/zdbf67
BZmns = DW14(s = —C32(2))/2dbf68, BZe = DW14(s = ~C1(0))/2dbf69

ksq = Asim, kss = Ases, kss = Ames, ksr = Anrro

478



Appendix J

Miscellaneous

J.1 The Non-Identical Unit System: A Formula
For The Number Of System Up-States

The following presentation is in connection with the non-identical unit k—out—of —

(n + m) : G system whose duplex system models are discussed in Sections 3.2 and
4.2,

For hoth SBAPs, the analysis was limited to duplex systems because of the sharp
increase in the number of system states as the number of system units is increased.
The use of a very limited number of special cases for the non-identical unit scenario
is justifiable because the main objective of considering these cases is to show their
relationship with the identical unit cases. In general, the total number of system
up-states {n,,) for a non-identical unit k — out — of — (n + m) : G system regardless
of the governing SBAP is given by:
n,, = "i':"‘ (n+m)!

= itn+m =)

(J.1)

J.2 Variance Of Time To Failure Analysis

The following calculations show that for k—out—of —n+m : G systems, an increase

in the mean time to failure, (MTTF), often means an increase in the variance of time

to failure, (o?).
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The system reliability in Laplace transforms R(s) can always be expressed as the

quotient of twe polynomial functions in s as:

_ ) .
R(S) - W(S) (‘]2)
The variance of time to failure o2 is given by:
gt = -2 P_r’rs R'(s)— MTTF? (J.3)
where

R!(s) is the derivative of R(s) with respect to s.

From Equation (J.?), the mean time to failure can easily be expressed as:

MTTF = lim R(s)

. v(s)
a-rfclx;(,g—)

(J.4)

Applying the quotient rule of differentiation and substituting Equation (J.4) in Equa-

tion (J.3) we obtain:

.dl(_-'_)__ dw(s)
0'2 = —'25%[1”(8) d’w(s;(s) da ]_[ll_f,% z’u((‘:))]2
Q_‘ﬂ_ dw!l! - 2
S T ey (I5)

From Equation (J.5), we can see that an increase in the MTTF would mean an increase

in lim,—o v(s) and a decrease (or constant) lim,_.o w(s) leading to an increase in o2,
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