INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI films
the text directly from the original or copy submitted. Thus, some thesis and

dissertation copies are in typewriter face, while others may be from any type of
computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality illustrations
and photographs, print bleedthrough, substandard margins, and improper
alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete manuscript
and there are missing pages, these will be noted. Also, if unauthorized
copyright material had to be removed, a note will indicate the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand corner and continuing
from left to right in equal sections with small overlaps.

ProQuest Information and Learning
300 North Zeeb Road, Ann Arbor, MI 48106-1346 USA
800-521-0600

®

UMI



U




NOTE TO USERS

This reproduction is the best copy available.

UMI







THRESHOLD LOGIC FUNCTIONS

by

C.K. YUB

Submitted in partial fulfillment of the requirements

for the decsree of Master of Science

et d'o,,%'

o
N BIBLIOTHEQUES *

LIBRARES o

24, A
/l«shs"y of on

Pepagtment of Electrical Bngineering,
Paculty of Pure and Applied Science,
The Undiversity of Ottawa,
Ottawa, Canada

1963,




UMI Number: EC52202

INFORMATION TO USERS

The quality of this reproduction is dependent upon the quality of the copy
submitted. Broken or indistinct print, colored or poor quality illustrations and
photographs, print bleed-through, substandard margins, and improper
alignment can adversely affect reproduction.

In the unlikely event that the author did not send a complete manuscript
and there are missing pager=, these will be noted. Also, if unauthorized
copyright material had to be removed, a note will indicate the deletion.

®

UMI

UMI Microform EC52202
Copyright 2007 by ProQuest LLC
All rights reserved. This microform edition is protected against
unauthorized copying under Title 17, United States Code.

ProQuest LLC
789 East Eisenhower Parkway
P.O. Box 1346
Ann Arbor, Ml 48106-1346




e

oL

1)

THRESHCLD LOGIC PUNCTIONS




’
it
.
:
¢
IS*,

il

THRESHOLD LOGIC RUNCTIONS
C.E. YUR

ABSTRACT

Threshold logic elements are 2 new type of multi-input
switching compenents in computer technology. They are nore
general than "and” or "or" pgates. The output of a threshdld
element is 1, if and only if the weivhted sum of its inputs
equals or exceeds a threshold, otherwise the éutput is O,
Boolean functions which are realizable by such an element are
called threshold functions, The analysis and synthesis of
threshold functions, and the decomposition of threshold funce
tions are the extension of logic theory which deal with the
threshold elements in the sage way as switching theory treats
the conventional gates,

An introduction to threshold logic functions is given
in chapter 1. Chapters 2 and 3 which concern with the propere
ties and synthesis of threshold loric functions are the resuits
of a general survey, The method of decomposition of threshold

functions ziwen in chapter 4 was develcoped independently,
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THRESHOLD LOGIC FUNCTIONS
"G eKe Yue
CHAPTERER 1 : INTRODUCTION TO THRRESHOLD LOGIC PUNCTIONS

1.1 Inttoduétion

Since the publication of M, Karnaugh's paper (1) in 1955,
threshold functions have been studied by many people undegr diffe-
erent names such as  "Unate Truth Punctions”™ (2), "Linear~input
Logic” (3), and "Majority Decision Logic" (4).

Iﬁ switching theory, there are an configurations of values
associated with n binapy variables x , +¢., * « These configurae~
tions can be displayed on an n-dimen:!onal ﬁuglidean space {(caliled
an n~cube (5)) which contains 2n vertices. FEach configuration can
be identified with a vertex of the n-cudbe. A switching function P
of n variables maps the vertices of the necube into lecube (i,e.
either 1 or 0)e Threshold functions are the special class of
switching functions which will be defined below, This chanter
is intended to giveg a ceneral idea sbout the characteristics of thre=
shold functions and to point out the various problems that arc

wogrth studying.

1.2 Definitions

Switching functions F which can be realized by threshold
elenents are called thresthiold functions, A threshold element is
a circuit whose output is edither 3 or 0 according to the linear

inequalities:

output = 1 (og Fo1) 4ff € oSy x =T
Tk ok
output = 0 (or P=0) iff f 2lwx<T
-k k
where W , ..., W are the corresponding weisghts of the

1l n
binary inputs x , ..., x , and T is the threshold value
b} n




(2)

of the element, W , ¢esy W and T are real numbers.

f, the algebraic :xpressiog. shows the étructure of the
elements, f & T is called the separating plane equation,

The relationship between the threshold functions of the
element and its weinrhts w and the threshold value T is best
{iliustrated by a 2«input :lement. for 2 binary inputs, there are
four different input c ombinations, namely, 00, 01, 10, and 11,

We can plot these four points in an Fuclidean input space so that

each of the four combinations is represented by a point in an

Buclidean ipput space as shown in PRig, 1.
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(3)

FBex ¢ox and w 8 w ® 1, The separating line equation is
1 2 1 2
f ax «#x =B 1, The 2-input element with structure w = 3, w v 1,
1 2 1 2
and T = 1 maps the three points 01, 10, and 11 into l«region and

the point 00 into O~region in the output space. The threshold func-

tion is P @ x ¢+ x . The symbol for the element is shown in Fig, 2,

Pig. 2. Threshold element realizing OR function,

1.3 General Nescription
From Pig. 1 4t is easily seen that the weights in the thrc-

shold element control the slope of the separating line, and that
the threshold T controls the intercepts of the 1line, Varying the

value of T causes the line to move as shown in Fig, 3,
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(4)

and varying the value of a weight w causes the line to move as E
1
shown in Fig., 4. To each separating line in Fig, 3 and Fig., 4

defines a corresponding threshold function, %
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Fig. 4 Bffect of varying weight w on the threshold
functions. 1

For 3-input element, f = x w + x w ¢ x w 2T is the
11 2 2 33
equation of a separating plane in a 3-cube drawn in 3«dimensional

Buclidean space. The changes in position of the piane in the 3=
cube depend on the changes of the weights and the threshold of the
element. PEach position of the separating plane corresponds to some
function realized by the element.

Similarly for an n-input element, f Bjiw x =T is the ‘

=1k k
equation of the hyperplane in an ne-cube, The hyperplane separates

vertices which belong to l-region from the rest of the vertices

which belong to the O~region, The position of the hyperplanc de-

pends on the values of the weights and threshold.

1.4 General Survey and Problems in the Study of Threshold Functions.

Threshold functions analysis,.syntliesis; and decomposition



(5)

are the study of a special class of Boolean functions which cen be
realized with a single threshold element, The moét general problen
in the study is: riven a Boolean function, how does one tell whether
this function is a threshold functions or not, and if it is, what
are the weights and the threshold to realize it, The most fundae
mental attack on this problem is to devise simple algorithms for
testin~ Noolean functions, These algorithms can be derived from the
properties of threshold functions,

One of the necessary properties the threshold functions must
have is unateness wh ich was discussed orininally by McNaughton (2)
and Praull=McCluskey (6), A unate function is a Roolean function
representable in a form in which no variable appears both necated
and unnegated, Another necessary property the threshold functions
must have is complete monotonicity (16). A Doolean function © is
complete nonotonic when for every two valuations x and y on some
coumon subset of F's variables, F and ¥ are comparable (Two funce

x

y
tions P and ¥ are said tc be comparable if either P =P ofr RSP ),

x 4 x vy y =
The detailed analysis of threshold functions will be found in chape

ter 2.

A necessary and sufficient cendition for a Roolean funce
tion to be a threshold function can e stated in the follow:ng
nanner. Accordineg to the defindition of threshold functions, any
Boolean function P of n variables has an linear inequalitics
corresponding to the an Adifferent combinations of n binary variabies.

P is a threshold function if and only if it hasg a set of consise

tent linecar inequalities. ( A set of linear inequalities is consise




(6)

tent if and only if it has at least one solution), The set of congis=
tent linear inequalities e%preases the conditions which the unknown
weights in the separating plane equation to be soived nust fulfill,

n
Among these 2 1linear inequalities many are redu.dant and can be de=-

leted, That is to say, these Zn linear inequalities can be reduced
to a manageable set of irredundant linear inequalities which then
can be solved Ly simple hand computation, The detailead discussion
of this synthesizing method wiil be found in chapger 3. Another way
of stating the necegsary and sufficient condition can be found in
Chow (7) and is also discussed in terms of convex sets by Highleyman

(15) and Sabelman (12), but is difficult to apply in practice,

1.5 Applications and Advantage of Threshold Rlements

Threshold elements can be used to improve the reliability
of computer system (11), Linear decision functions can be applie~
ed to pattern recognition (13} (24) in the field of artificial
intellipgence, These btasic linear decision functions have turned out
to be threshold functions, The switching components used are the
neuron-like elementse~threshold elements, which are easily controlled.

Thr-~shold elements can bHe used to simplify the desion of come
puter systems. Their advantace may be seen from the following exane
ple.

Por conventional design of a function © @ x x + X X *+ x %

12 13 2 3

one needs at least four gates ond two levels to r-alize the roe-

quired function ., This is as shown in %ip,5,
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Fig.5 Conventional design circuit to realize C.

But for threshold logic design, we need only one threshold element

to realize such function in a single stace as shown in Fig.o.

¥i

Fig.,6 Threshold logic desicn circuit to realize C.




CHAPTRR 2: ANALYSIS OF THRTSHOLD BHNCTICNS

2.1 Introduction

The most general conditions that threshold functions nust
meet are unateness (2) and inclusion (6) (or monotonicity (16))
which will be discussed below, These ftwo conditions are the necee
ssary but not sufficient conditions for any Boolean to be a threshold
fFunction, fHowever, from these two conditicns, many properties of ‘
threshold finctions relating to the "sign” and "size" of weights
of input variables can be found; As a result of these properties,the

thregshold function "tree™ and the topolorical idea of "map"” and

"gap" to analyse threshold functioms can be developed, The nece=
ssary and sufficient condition for a Broleen function to he a three
hold function can be stated in termsof consistencey of a set of

linear inequalities , which will be discussed in chapter 3.

2.2 The General Conditions for Threshold Punctions: linateness and

Inclusion

A unate function is a Boolean function renresentai:ie in a
form in which no variable appears both nerated and unnegated. For

example:

P sx x ¢x 4{s a unate function

1.2 _3 f
P = x % ¢+xx §s not & unate function, {
12 12

Condition 1. A threshold function pust be unate,

Proof: Pvery switching function can be written in the forn

PEX P exop
11 10
uhere P o R{(x © 1)
1 |
B = P(x = 0)
4] 1
Por example:

T 33 x +3x
12 3
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Sx (x *+x ) *+x x ?
1 2 13
= xR 4
11 10 i
where ¥ 8 x ¢ x
1 2 3
? = x |
0 3
Let F be the threshold function which can be realized by a threshold

e M7

-—
x

element with inputs x .E} x .;'. seey X X
1 1 22 - nh n -
wedghts of the inputs are w v ,w , W s cuey W 4 W

i 1 2 2 n n
The structure of the clement is as shown in Fig, 6

» The associated

/f__/ ““““““““““ e ,'U N

) )

A e 1,

:L Sy "———- e e -
| i et
\ ’ /

}‘." e e %_-,,&\1-_?, /

o v /

7&7 A

Pig,6 Threshold element realizing P,

The function P(x ® 1) = P is the function realized by the
) 1
elenent with the input x ® 1 (x = 0). The input x (x = 1)
1 b 1 i
has the effect of changing the threshold, Xf the original three

shold of the element is T, and v is the weilght of the input x .
then the apparent threshold T with ¥ 3 1 will be T ww, !
since an additional th:esholdlof cn!le W is now nec;ssa:y to
produce the ountput, Similarly, the Functio: P(x = 1) s F ig the

1 0
function rralized Ly the element with the input x = 1 (x = Q)

1 1
and the apparent threshold T with x 2 1 i§ T « & | 1€,
0 1 i !
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€10)
TB T awax
1 11 i
ET o« w {where x = 1) :
2 1
TST eWx
0 Q11 -
2T «w (where x = 1),
1 1 :
8y comparing the values of T and T we have 3 possible cases: 1
‘ 1 0
(BT <T
1 0
2y T>7T1
1 0
3> =171
1 0

In case (1), T < T , since any combination of weights of inputs ;
1 0 j
which provides enough weighted sum of the inputs to overconme

the T threshold nust surely overcome the smaller T threshold;
0

1
i,e.
. % .
if Swx >T and T < T
= k k& (4] 2 1]
then j1w x T
' | -
where x” can be either x or x
k k k
As a result, P o P (P must be equal or contain P )
1 0 1 0
Similarly in case (2) if T > T , then F - B (R nust equal or
1 0 4] 1 0
centain P ),
: }
In case (3), if T = T , then any combination of weights of the
0 1

inputs whiech nrovides enouzh weichted sum of the inputs to overe

come the throshold T » Aust overcome the cqual threshold T : .o,

2 N 0 1
If Sow x+5;T and T = T

ik k1 1 o0
then ow Rt

"k k 4]

48 2 result we have:

(AN L

0 1




| ZETERR

(131)

Again we have 3 cases:

(1)) p o F
(8] 3
(2) p onr
1 0
(3) P >R,
o 1_
Since R s x P ¢ x F , and in case (1) P = R.
11 _10 0o 1
P8P (x +x)s8PR or;
11 1 1 0o _
i.e. the variables ® and x do not exist in F,
1 i
In cagse (2) P D FR , P can be written as
1 0 3
A R O
1 0 a

Then P can be written as

11 10 -

ax (P *+R ) ¢x
1 O a 10

s R ¢ P
0 14 -

i.e. the variable x does not exist in P,
1
Similarly in case (3) F o P , ' can be written as
0 1 0

P B R ¢+,
0 b | e
Then R can be wrgitten as

F=x P ¢x P
11 _10
B x ¥ ¢x (P ¢Pp )
131 1 1% e
S B ¢ x P
1 le
i.e, the variable x does not exist in R,
1
Thus if ' i3 a threshold function, it nust Le unate,

A threshold

function ¢ will be called unate irn variables x*, x*, ..., x*

1 2
where x repreogents ecither X or x « Thus the function
4 k k
X X *# x x 18 unate in variables x , X , and x .
12 2 3 i 2 3

Condition 2, IXIfF is athreshold function, unate in variables x*,x*. oo

a

1




(12)

»y X , then the following 3 posgsibile cases can occur:

n
() P =g
10 01
(2) P =P
10 01
(3) » o¢©P
01 10
where ' = M(x 2 1, x = Q)
10 1 2
P ® R(x = 0, x = 1)
01 1 2
Threshold functions ' and P are said to be comparable if either
' 10 01
P o F or P - P , we have chosen the variables x* and x* for the
10 01 o1 10

sake of simplicity, and no loss of generality is_inc;rred. 2

Proof: P is the threshold function with x = 1, and x = O, The
x“a iocauses the element to aprear to t;e x“, x", «es X' dnputs
a; if the element had a threshold T 8 T = w3. ginilatly? R is
a threshold function with % = 0, an; x"= l,lthen x"= 1 cau52:
the elenent to appear to th: x;, x*, .?.. x¥ with fhreshold

4 n

2
L]

T 8T ww .,
2 2
Reom condition 1

If T 87T , then P = F

1 2 10 01
If T >T , then P _F

1 2 01 0
If T 5T, then ® =1

2 1 10 01

2,3 rroperties of Threshold Punctions Relating to the "Sinn® of

Weiphts W of Input Variables X
k k

(i) Let 7 be the threshold function expressed in the mininmum sum of
products form (irredundant normal disjunctive form), and let
f be the separating plane equation, If an unnecated variable

® appears in P, its weight w) in £ is positive. If a negated
k % ’




(13)

variable E'appears in P, its weipght in f is negative,

This propetty can be obtained by the follwing argument:

Let P = T be the separating plane equation for the threshold
function P which is expressed in the ninimum sum of product

formf and has the variable x as a factor; i,e,

k
B @x P + P,
k 1 2
Since P is unate, there must be at least one n-tuple say p°
0
i ose x component is 0 and for which F (p*) = 1, and R(p*') = O,
k 1 0 0
If p denote the n-tuple similar to p' except that x compnent
0 V) k
is 1, then p is the n-tuple such that R(p ) = 1,
0 0
Since F(p') = 0, f(p*)<T
0 0
Since F(p ) =1, f(p )>T
0 0
As a result:
f(p ) swx + f(p*)>T
0 k k 0
Since f(p*)< T and x = 1
0 k
therefore w > 0.
k
In a similar manner, it can be shown that if the variable x
k
appears negated in a minimum sum of products form, than w 0;
-k
i.e. the sign of the weight w is negative. Since P = xkFl’ Fz
k .
and P is unate, there nust be at leagt one n-tuple, say p
0
whose X conponent is 1 and for which T(p ) = 0, Let p*' denote
k 0 0
the netuple similar to P except that x 2 0, such that
0 k
li(p') 1,
4]
Since "(p ) =0, f(p d<T
0 0
Since ¥®(p*') = 1, f(p*)>T
0 0

*
This form consists of the disjunction of ail of the functicon *s

prime implicants,




(14)

As a result

f(p ) = f(p') +wx < T
0

0 k k _
Since f(p')>T,and x = 1
0 k
therefore w < 0
k

Example,

The separating plane equation for the element in Big, 7 is

f =x +x +2x = 2
1 2 .3

N
A

(RaSR
AT .
(
[
i

Pig. 70

The threshold function F is

B = ;‘; x + ; X x +x ; X + X x ;'+_x X x
12 3 123 123 123 123

The values of F and f are shown in table 1,

| ! |

p | xxx f =x +x +2x F
— k. 123, 1 2 3

p 000 0 g 0
0
p 001 2 1
1
P o010 1 0
2 i
p 011 | 3 1
3
P 1 00 1 0
4
p 10 3 1
5 i

11 2 1

Table 1,

o
[
L
H
[
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(1i) If a nepated variable x appears in the minimum sum of products

(18)

When P i8 expressed in the mininun sum of products form

F ®xx ¢x which is unate in % , x » and x ,

12 3 1 2 3
Fex R +p,.
11 2 ;
where P s x |, and F = x . :
1 2 3 3
fhe fundamental product p is (x = O, x = 1, x = 0).
: 2 2

3
The fundamental prodcut p is (x = 1, x =1, x = 0).
6 1
Since F(p ) =0 f(p ) s 3 <7T
2

2

Since P(p ) 21 f(p ) mz2a T

6 6
P and p have the same components excdpt x

2 6 1
f(p ) swx ¢« f(p)s=sT=a2
6 11 2

Since f(p ) ® 1 and x = 1

2 1
therefore w ® 1 which is greater than O.

1

form of a threshold function, the nenated variable can be turned

into unnegated variable x . This can be Justified by the follow-i
K :
ing aggument :

Let P(x , ..., ;'. x s svey; X ) be the threshoid function,
1 _ k kel n

and let -w x ¢ f° 8 T be its separating plane equation, the
k&

negative variable ¥ can be chanred into ppsitive x so thet

k k

F(x P oy x [} LRGN 8 ,.é p(x " L] R g ooy x )

1 k n 1 k n

Since =w X * f' & T is the separating plane equation for
k
]

)3
PAX 4 eue ;'. veoy X ) and alB0 ~W X B W X = w » WX «w ¢ £ a7
1 k n k k k k k kE k k
or WX ¢« f' 2T ¢w 48 the separating plane equation for
k k k
F X piiep X § eoep X D,
b § k n -
In other words, if a necated variable x is unnegated the sign
i



(16)

of its weipght «~w 4is changed from negative to positive nanely
k
w , and the nagnitude of the welight is added to the threshold,
k
Pxample:

The threshold element with separating plane equation

_§ fex ax ¢+2¢ =1 shown in Rig. 8.
i ' 1 2 3
|
A, ~ 7
{,, o =/ / ': “ - )
z o . S U C
Pig. 8.

is equivalent to the element with separating pilane

equation f 8 x ¢ x ¢ 2x = 2 as gshown in Pig, 9.

3 2 3
%, ' =
x, -~ 2 ~
P A S
—;/'J? )
Fig' g 'y

They are equivalent because

WX S «Wwx *w
2 2 2 2 2
and they realize the sane function P 8 x x ¢ X
12 3
(idii) The dual properties of threshold functions can be stated as

follows: If 7 isathreshold functicn with separating plane

equation




(17)

4l
f= Seux =T
k=i k Kk . :
The complement of F or F is also a threshold function with see

4parating rlane equation §°

f'e Sewx >3 =T
Uk k
This can be shown by the follwoing argument: By definition

ve have
¥l
T ¢ 2w x = 0, L |
ok ok
ang
T ¢+ 3w ox <'0. P =20
kR
Assume that T and w are positive integers, By reversing the
k
definiticn, we have
T+ wx <1, ¥al
kK
«T ¢ S w x >-1° P s
AR " : ¢
or
T e g; wx > 1, EC |
K kE k -
T @« <" wx « 1, B =0
v Rk

Therefore the separating equation £°' for F ds
h
f* s S ewx > 1 T

K=t k k
Example s

The threshold element with separating plane equation

f 5x +x *3x 82 ag ghown in Pig, 10

1 2 3
%, -
X o~ iy /
“ -“ PR A SOV ¢
R
5 o 3

Pig. 10
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(18) , '

¥ can be realize by a threshold element with separating
plane equation f' as shown in Fig. 11, where

'3 o ¢ X + &2 =2 1 & 2

1 2 3
Hy S |
b S ——y Jez ‘__ﬂ- - -
-2 /
e ipm2
%} . .
Pig. 11,
which is equivalent to the element shown in Pig, 12,
—/ - / \\
3 — e S s - T -
v—-\ ARy 45
b

Fig. 12.
In summary, from the above properties concerning the sign of the
welchts of the variables, every threshold function can be converted to
positive (unnegated)~-variable function with positive weights. From
now on, oniy funntions with positive (innegated) variables and positive

weights will be discussed; of course no loss in generality 4is incurred

2, 4 Properties of Thresiiold Functions Relating to the "Size" (7)

of Weisghts w
k

Definition of reduced functions: If we substitute the value
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of 1 in all the variables in 2 subset S of a set of input variables
1

{® 4 eesp X! , and substitute the valuc O im all the varialles in a

] n

disjoint subset S , a new function is formed which is called g rée

2
duced function and denoted by F(S = 1, S ® 0), where P is the orie
1 2
ninal function with input variables X ,eeey X &

1 n
(i) Let © be the threshold Function with a set of input variae

r

bles (X o eceay % E o Set S =and S are any two disjoint subsets of

1 0 1 2
this set of input variables. Let S be the union of S and S , and
3 2
let s and 83 denote the sums of the weights of variales of S and
1 2 i

S respectively, If F is a threshold functiorn with separating plane

2

equation € ® T, then the reduced function P(S = 1, § = 0) is also a
2

threshold function with separating plane equation

f(s =1, S=0) aT
1 2
or f(S 2 0) 2T =8
1
Exanple:

PeBxx +XX +xXX ¢$xx +x %X XX , the elenent gecalizing
12 13 1 4 15 23438
¥ is shown in Pig,., 13,

X — ,Ll_"g
L F - ] ) )
Y ——r—-—~—--~-—->-\/ / S
A S A
Fig. 13
Ifsaﬁ(’le)- ’ ] B‘Lx 'x\’S ° S = ,x e X o=
h | b 2 3 3
Fer(s=1, ss0)
1 b

8 F(g 21, x 280, x 8 0)
1 2 3

B
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B R ¢ x.
4 S
Fop{s=90, § 1)
2 1 2
= F(x 20, x =1, x @ 1)
i 2 3
8 x X,
4S5
The separating plane equation for ¥ is

f 33x ¢+ x ¢+x ¢+ x ¢ x = 4,
1 2 3 4 5
The separating plane equation for P is
: 1
f sxg ox 8 4§ « 3 1,
1 4 5
The separating plane equation for ©® is
2
f eag ¢+x 8 4 (1 +1) 82,
2 4 S

If either F O F or FT -oF , P and P are comparable functions.
1 2 2 b § 1 2
(ii) All threshold functiom which can have the sane separa=-
ting equation f ® T are comparable. Let P be a threshold function

with separating plane equation f ® T, and let S, S, S, 8 , and s

2
be the same as defined in (1), then ¥ ® F(S = 1, S =8 0) and
1 1 2
P an(s =0, 8= 1) are comparable functions, and f (S 2 0) 8 T =« s
2 1 2 1 1
is the separating plane equation for P , and £ (S 2 0) s T = 5 i3
1 2 2
the separating plane equation for R ., ‘oreover, if
2
P(S = 1, S ®0)°R(S = 0, & = 1), then
3 2 1 2
T o8 <T eg and s >8 .
1 e 1 2

Fxanple:

FB8BXX+XXKL*HX XX *X XXX
12 13 1 4 18 23 435
The separating plane equation is

f = 3% ¢x + x ¢ + x = 4§
1 2 3 4 s
let S 3 .x: , and § ® %x , X }
b § . 2 2 3
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P(S m 1, 580)aFr(x=1, 830, x20)ax+x

1 2 1 -] 3 4 5
F(s =0, 58 1) ar(x =0, x =21, xo81)axx

1 2 1 2 3 435
8§ Dy ®w3;88weywsn] +}]sn2
1 i a2 2 3
Since 8 > 8 , P(S = 1, 8 8 0)R(S 20, 5= 1);

1 2 1 2 1 2
i.e.

X *xoOoOxx
4 S 4 5
(i§i)1If F is athreshcld functiom, F(S = 1, S ® Q) > #(S = 0,5 = 1)
1 2 1 2
implies that 8 >8 4n ail the scparating plane equations for R,
b} 2
If the sets S and S are such that the union of & and § equals
3 4 3 4
the union of S and S , then F'(S = 1, § = Q0)or(s =1, S s 0)
i 2 1 2 3 4
implies that s >~ s 4in all the separating plane equations for F,
1 3
Txample :

FEXR +XX +X X ¢$X X *+x %X X X
12 13 1 4 15 23 4S5
The separating plane equation is

f =238 ¢x +x ¢+x +x o 4,

1 2 3 45 |
let S={x} , s®ix ,x} s=® 'x,=x|, so(x]
1 1 p 2 3 3 1 2 4q 3
and S ® S.US @S US ®ix , X , %[

1 2 3 4 1 2 3
Pmr(sel, $S=0)=2pf(x 31, x 30, x 80) 8ax ¢x,

1 1 a k] 2 3 4 1
Pap(se]l, §S80)ae(xe]l, xal x 30)s1;
3 3 4 1 2 3
d,0, P CF
h ] 3
Therefore s » 8
3 1
where 8 B w + w 8 341 © 4,
3 1 2
8 8w s 3,
1 b
(dv) 1€ P(s = 1, 8 = 0) = (S = 0, S = 1), nothing in general can
1 2 1 2

be said about the comparability of s and s

1 2

Pxample:




Peoexx ¢ux
13 23

P(x =1, x ®0) sx ar
1 2

(22)

1

(x 80, x 31) mx op
2

rarp
1 2

3 2

Dut w = w is not necessary frue.

1 2
The function ¥

8 X R *R X
13 23

can be realized by a threshold

elenent with structure shown in Pig, 14 in which w > w .,

AI ——
Ay e
.
bl .
Pig,

2 1

-

" /L.: /,‘Y)"' A:;I;

14

But this function ¥ can also be realigzed by a threshold

elenent with structure shown in Pig, 15 in which w > w -

R —
A 3
Pig.

and again this

with structure

1 2

>~
;‘:)&)_T,;* 71—'/_2,

13

function can aliso be realized by the elenent

as shown in Fig, 16 in which w = y .
1 2
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A - ey

S S oy

- . > I: 7';3/,4- X, s
e e %

But if the sets S and 5 are single variables, say
N | 2 :

s miw! ;5aix! , the equality

1 i 2 k -

P(x =1, x = 0) » P(x = 0O, x 2 1)

I | k i k
implites that the function P can be symmetric in x and x . If a

i k

thregshold function i3 symmetric in m. variables, all 1¢s weimhts

can be . equal in any separating plane equationsg,

Nxamp le :

PO XX XX *+XX*+PXZ +RRXR X,
12 13 14 15 23 45
The separating plane equation £ fecr this tlireshold function

is

. f B 3x ¢+ x +x ¢x +x -4,
1 2 3 4 5
Mx = 1, x ®0) Bx ¢x % *+xx ©x

2 3 1 1 4 13 1
F{x 80, x 2 1) sx ¢+ xx ¢+ 2% 9x,
2 3 i 14 15 1
P(x = 1, % & 0) 3 F(x 2 O,x ® 1) implies that the fucntion
2 3 2 3
P is symmetric in x and x , and the weights of x and x
2 3 2 3.

in the separating plane equation f 8 3x ¢+ x ¢+ x *+ x +x © 4

1 2 3 4 5
aro each equal to 1,

(v) Let P be a switching function factored so that 0 = x P + 7

k1 0

wvhere x does not apnear in the ninimunm sum of products form of
k
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E and P, If P is a-~ threshold function and if R P, P and B

1 4] 1 0 1 0
arce reduced functions of P, and hence, they are threshold functions.

Moreover, if w x ¢ €° is the separating plane equation for P, then f°*
is the separatgn: plane equation for F and F , It is also generally
true that if I and F are the threshnid Funcgion in whose minimunm
gum of product; fo:ms? x does ncot anpear, and if F and F can have
the same separpting plun: equation, then x ¥ + F i: a thrgshold

k1 0
function.

2.5 The Ordering of VWeights of Variables of Threshold Functions

Prom the results of discussing the properties of thresiold
functions relating to the "gize" of the weights, the weights w of the
k
variables ® in the separating plane equatiocn can be ordered in the

X
following steps:

(step 1) Count the number of times each variable appears

in the minimunm sun of products terms of P which contain
exactly m variables where m i35 the nminigum number of
variables in any of the minimum sum of products terms.

The variahle which appears more times than the others has
the l1arseast weight, If variales appear the same number

of times in the mininum sum of products terms, step 2 must
be folliowed.

(Step 2) Consider those nmininum sum of products tegms of F
that contain exactiy m+*l variables, Count the nunber «f
anpearances of those variaihles which appear the same nunmber
of times ic step 1, The variavle which appears most, has
the larrer weieht, If the variahles appear the sane nunber

of times in the m+*l1 - variahble terms, and do not appear in
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m*2 « variable terms, the weinshts of those variables can

be considered equal,

(Step 3) Repeat the process until the variables are:.alil
ordered, and all the terms of the function have been used.

The Procedure cof ordering of weinhts can be easily understood

from the foliowing example:

F8x R *+XXX *XX XX *¥ X X x X
12 134 13856 2348¢6
Since m (which is the minimum number of variables in any

term) is 2, the 2e-variable term is ®x x .- Since X and x
12 1 2
appear the same number of times in x x , but oniy x appears
12 1
in the 3evariable term x x X , then w >w .
13 4 1 2
Since x appears in the 2e-variable term x x , and x does
2 12 3
not, then w > w.
: 2 3
Since x and x appear the same number of time inm x X x , but
3 9 13 4
X appears twice and x aprears once in the 4-variable terns,
3 4
X %X xxand x X Xx x X then w™> w ,
1356 23456 3 4
Since x appears in the 3-variable term x % X and x does
4 134 S
not eppear in 2evariable and 3evariable terms, then w > w

4 ]
Since x and ¥ appear the sume number of times in the 35—
5 6
devariatble terms but in no where else, then w = w .,
5 6
Sunming up: For P, the wieghts can be ordered as follows:

3

WaSW >W >W >Ww 8w
1 2 3 4 ] 6
The structure of the element is si:own in WPig, 17

X, o -
)\2 NP 3

e 2 g2 T B el
b R ) -
P A )

A e ——

rig. 17
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2,6 Threshold Punction "Traee"

Let F be a threshold function, and let us express B in a

minimum sum of products form F = x F ¢ B s Where x
k1 0 k

which has the iargest weight, and does not appear in F and P
1 o
Since P is a thre=-

is the variable

This can be obtained by means of weight ordering.

shold function, F and P are the reduced functions of P, and

1 o
P ODF ., We can display P = x F ¢« B in a5 form of a tree-Fip., 18,
1 0 k1 0
O weight level - -—-—-— — - - _ g
/ \\
x ﬂ/{/ x = 0
k DN

/

W - level — ——— _ _ B P
k 1 0

Fig, 18 The uncomplete tree of P

We call the origin function P Q=weight level Function, and ¥ and

1
F w =level or x =level functions, Sincer isa~ threshold function,
0 k k
then P and F are also threshold functions. Express F and P
1 0 1

0
in the same way as B, i,e.
F = x F <+ F
1 k+1 11 10
B = x B
0 k+1 01 00
where =x is the variable which has the largest weipht
k+l
ameng the variables in F and F , and of course, w > w .
1 0 k k*1
Again, by displaying F , F o F and F on the tree, the Fir, 19

11 10 01 00
i3 obtained.
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B
0 - level e c——--———— - )
/'/\\‘
S
/
“
\'\
x =1 . x. =0
k k.
8
B \‘

R / B

w = level ewe- g’ \\ 0
k { Y "\\,
i \ \
; ! A
7 \ y
X =1 =x =0 x =1 x =0
k#+1 k1 k+1 k 341
/ ,. \
w - ! " g A
k+1 / \ \
level=~F B P "B
11 10 01 0o

Fig. 19 The uncomnlete tree of F.

The splitting of the reduced functions is continued in this
way, until the last variable wh ich has the smallest weight in the
separating plane equation for P is reached. The final tree or the

complete tree is shown in Fig, 20,

-
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3
O & level wvcececvnnw - - -
/
/'/
x =1 \x = 0
K X,
| .
W o level e o ow W - - am e 1',"' \‘\\0
k / >
/ ' | \
X =1 X, =0 x /=1 'x =0
k+1 k+tl k+1 ‘k+l
,', "-.‘ / ‘b\
(:/ ‘\ /' \
/ / \.
A F ) . /B : B
w = level ==& °f | AN
k"'l ";1 10 '\ 01 l» 00
P a P I
!; 1" ! L\‘" ': \
/" \ if | ’\\ f |
j i | :
/ : o \ Food
w - level «F F P F'. B B R/ F
k+2 11 110 101 100 011 010 001 000
L] L] [ ]
[ ] * *
* L 4 L
w ; / .
nel . K : ) / e o o .
= level - E / oo . '; R
Fig., 20 The complete tree of P
where w > w > W =W 9 ecs oW W o
k k+1 k+2 k+3 nel n
Example: Let the threshold functien be
P = x % +%Xx XX +XxXxXXX +xXx ¥ Xx X
12 13 4 1356 2 3 456
The complete decomposition of F into a tree is shown in

Fig. 21.
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By neans of weight ordering procedure, we have

W W oW W e By
b § 2 3 ) 5 6

6 « leveld - e e 0 00 02 20 0 Fox(n *#Xx ¢«#xxxX) *+8x X X x
1 2 3 4 356 23 43¢

1 1 2 34 356 0 2345 6

W - level « F = 3 P @xx ¢#x 232 P 3 x x x X B =20
2 112 . 10 3 4 356 01 3 45 ¢ 00

4 ' ' - :
ievel= 1 s 3 P Ll B = xx F s 0
1011 /1010 5 6 0111 5 ¢ o110
*x =1 x=o0 x &1 x =0
LA /5 e
w = level . T x B = on =X, v = 0
5 10101 6 i01G60 01111 01110

gt

Fig., 21 The tree of ¥
I3

.
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The reduced functions which identically equal either 1 or O are

callied constant functions and are alsc the threshold functioms.

The function tree consists of n levels, O-level, w «level, w -~level,
1 2

and so on, The function on O-level is the original functicn I, The

functions c¢n w ~level are reduced functions of PR,

k k k
Let P be any one of reduced functionsof F on w ~level, F
k q
can be expressed in terms of its lower pair of reduced functions
k+l k+3i
namely B and F as shown in Fig. 22,
2g+1 2q
k
W = level wemccecccncccceea B
k q

x/ =1 x\ =0
N

\
. N
‘B
. 2q

w - level werens’
k+1 2q+1
k
rig, 22, The lower pair of B.
q
That is k k+1 k+i
F = r 4+ F
k q k+i 2q+1 2q
Since P is one of the reduced fun:tions of the oricinal functiom ¥,
and accgrdinq to the properties of threshoid functions, x nust not
kel k+l k+1 k+1 k+l k+1 k+l
appear in P and B o and P must contain F (i.,e. F > F
2q+1 2q 2q+1 2q 2q+*1 2q
Moreover, if w + f = f is the separating plane equation for
k k+1 k+l k k+1 k+1
F , then f is the separating plane equation for hoth P and F
q k+} 2q+1 2q

).

R
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In general each pair of ‘he reduced functicens at any w = level,
k
lsksn,nmust he comparablie, If these conditions are not fulifilleqd,

then T 49 not a threshold function,
For example:

Fo8xsx *xx
12 34
The function is unate and the weights ordesr of this function

is
W >w >W ]
1 2 3 4
The trec of ? is shown iu ¥ig, 23

Y%

Pexyx +xx 8x P ¢+ P
//“\1 3 3 4 11 0

7/
,/
x =1 x @90
A 2
\
/ B
\
Fr s x P = x =
1 2 0 3 4

Since % Xxx x , P is not a threshiold function.
2 3 4

2.7 Analysis of ihreshoid Munctions in Terms of "Map" and ap®

The thirrshold function P and the scparating plane cquation

can ve related as followus:

fp ) o S wx =27 | whcn “{p ) s 1
k k= k& ke

flp 385 wx -7 when #{p ) = 0
k = koK 13
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where p are the fundamental productis,
k

The scparating plane equation and the thpeshold function © are dee

. n
fined on tlie set o7 fundawental products p uhich are equal to 2

k
in number, and wiere n is the number of binary variables, To each

fundamental product there is a corzegponding ordered pair 1
P .

. k
E f(pk), F(pk)lg, whare f(pk) is a positive rcal number and F(pk)
is edither 1 or O, The complete set of ordered prairs z f¢p ) P(p )T
n k k

defines 2 “wap"™ of . (of course, there are 2 such ordered nairs)
The map of » iz a representation of the truth taﬁle. It displays
211 the ordered poirs in the teuth ta'le on a8 gtraight 1ine, and
divides the ’unctionAF into two disjoint subsets called ithe zero part
and the unit part, The zero part contains alil points on which F = Q,
te2e Plp ) @ 0, The unit part contains a1l the points on which 7 o 1,:
i.e. F(pk) = 1. Fxample,

kV 2 x *xx is a threshold fuaction which can be realized

b 3 23
by the “ollowing element- Mig, 24

"ig. 24 g

The separating plane equation is € © 2x % x + x © 2, The !
1 2 3
relation of £ and R is shown in the following table 2
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p |2 ¥ x  f=2x +x +x P
— k| ¥+ 2 3. 2 2 3.
P |G 0 0O o 0
Q i

P 0 0 1 1 0
1

p 0 & 0 1 0
2 |

P 0 1 1 2 1
9!

p 1 0 O 2 1
4

p |1 0 1 3 1
5 !

p 1 1 0 3 i
6 .

p ‘1 1 1 4 , 1

Table 2, Values of © and f,

The map of the above table can De displayed as followg:=

Tixe 285,

p (b ) Cp) () () () (2 () ()
k 0 2 1 4 3 6 3 7
f(p ): 0 1 1 2 2 3 3 4
k

1 u ‘
i - — i
<~ 0 - patt-»—f = 1 « part -
7ige. 25 The "map”™ of F 3 x + & x,
1 23
Of the nembers of a unitepart, iet u be the smallest of
f(p ), of the nenters of O-part, let 1 be the largest of f(p ),
k

The "gap" of ihe map is defined as g = u3l, Tor example the “gap™
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of the map for ¥ @ x * x x is
g ®uw 1
=2 :1

4 is called the upper bound of the gap .

Py

is callied the lower hound of ¢he gap.
Threshold funciions which are identicnlly O, i.e. F & O or identie

cally 1 are called constant funclicns,

If & = G, then it has the gap S oc 3 € swhere the upper btound
M .
of the gap iso , the lower bound of the pap is f , and £ dis the
M M
saxinunm value of f{p J); i.c,
£ =5 w
M R
If © = 1, then it has the gap = f : =c>, where the upper bound
n
of the gap u 3 £ which is the minimum value of f(p d,and the louer
o] k
bound of the gap 1 @ woo,

By the definition of vap, 4Ff T is o threshold function, ¢ is

v

the separatins plane equation such that 4f
n,
fp ) aXwx =7, "(p ) =12
k 'k Kk k
then " must have at least one map such that

uz >

where u is the upper bound of the cap, 1 is the lower bound
cf the an and T is the theesheold, §
Let ¥ be a threshold function cnt is factored as

(3:3{”6!‘.‘
k1 0
where x does not appear in ¥ and ¥ , According to the properiies
k 1 0
of threghold funciicns, T and ¥ are also threshold functions, and ;
b ) 0 f
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FOF . If wx ¢ £' is the separating plane equation for F, then
1 0 k k

f' is the separating plane equation for ® and F

1 o
The following argument establishes a useful relationship

between the maps of ¥ and F due to the separating plane equation
1 0
f' and the map of R @ x F + B due to the separating plane equation
k 1 0
f Twx ¢ £f' when F - B 3
k k -1 0
Suppose P hag gap u : 2
1 1 1
¥ has gap u ; 1
0 0 0
Let
L(w ) =2 1 @« u
k 0 1
(v ) 2 u = 1
k 0 1
In order that P = x P + B be threshold function, w must 1lie
k 1 (V] k
"between L(w ) and U(w ),i,e.
" k k
L(w )< w < Uw )
3 k k
The range of the values of w is R(w ) which is expressed
k k
as:
R(w ) = UCw ) 5 L(w )
k k k
where L{(w ) is called the lower bound of the gange
k

U(w ) is called the upper bound of the range.
k

In other words, if f' is the separating plane equation for

both P and ¥ where F F , then wx + f' is the separating
1 0 1 0 k k
plane equaticn for P = x F + F , if and only if, the value
k1 0
of w 1lies in R(w ). This condition assures that the gap
% k
of the map P is the intersection of the gap of the map B
0
and the gap of the displaced map F (after displaced by w ).
1 k
If the intersection is empty, the function ® = x F ¢ P

. k1 0
is not & threshold function,
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F-xx'0xx0x:t0xx'03xxx
12 13 1 4 15 23438

The function is threshold function (given), the separating

plane equation is

EﬂaxOx-'xﬁx'*xﬂd
i 2 3 4 5
09x(x¢x¢x‘°x)*xs¢3x
1 2 3 4 5 2 3 438
8x R ¢+ p ’
11 (4]
wvhere

Fex +x ¢x ¢+ x
1 2 3 4 s
P =2 x x x x
0 2345

The separating plane equation f* for P and F s

3 0
f'e x ¢+ g +x +x o}
. 2 3 ] 5 »
The vdlues of ¥ , P , and f' are shown in Table 3,
1 0

x x b X  f'®mx +x e x +x .
2 3 4 S 2 3 4 s -

hre |

it i OO0 O00O0Q0
 EM MMM OCOO MM NN OO OO
MEOOMMOOMMOOMMOO
M OMOMOMOMOMGOMORO
0 W W N N e D e N e e O |

Table 3 Values of f', ¥ and r,
' 1 0

o P4 8 8 (b b8 b b bt fd et b Dt B e O

)

— Ll:-

MOOOO0O0COOOOOOOOOO |

{ 3
i [

i

I
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The values of F and f are shown in Table 4:

f 83x »x ¢+x ¢+x o x

¢ 3

3

2

1

COO0OOO0OO0OOOROOOOOCOEO rivdvt vl oof o v od v oof v ovf of ont o] |

OMeuAHMNNORANMNMNOMTONEETATNNOTNNDNO O .

OCHOMOMHOMOHMOHMOMOMOMOWMOMOWMOWMONMONMO=

COMEHMOOHMMOOHHOCOH™WOOMMOOMHMOOHMHMOOm«

OCOOHEWAHMOOOOHMEWinrtdOODOOHmMrieodOCOOO mwiete

00000000111111110000000011111111,

O0O0O0O0OOCOOOCOOOOC od v vi v guf i vf 5§ vof o o4 vt of of oof o

Table 4 Values of f and n,

v and F are ghown in Tig, 26,

0

1
w mnust lie between U(w ) and L(w ); i.e.

The maps of I , F
1

k

k

4>3>2 ,
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CHAPTRR 3: SYNTHRSIS OF TIURT3IOLD RONCTIINS

3.1 Introduction

As mentioned in chapter 1, a Boolean function F of @ binary

n n
variables has 2 1inear inequalities, corresponding to the 2
different combinations of the varia*les, The set of inequalities

can be written according to the following expressions

.T * WX 2‘.0 P(x '] L Y X ) a i
k k 1 n
«T ¢ w R <0 F(x 9 esep X ) = 0
k k 1 n
For example, the inclusive-or function of 2 variables has the follow

2
ing 2 = 4 inequalities:

T ¢+ 9w +w =0

1 2
«T ¢ w =0
1
T ¢ w =0
2
«T ‘ <0

The Boolean function F isa threshold function, if and only
if its set of linear inequalities is consistent., ¢ A set of linear
inequalities is consistent, if and o 1y 4f it has at least one solu-
tion). Among these 2n linear inequalities, many are redundant and
can be deleted., If I is the original set of linear inequalities of

of a threshold function F, and I' is the subset of I, conteining the

inequal ities not r-~dundant under any reducing relation, them the

solution to I*' are the solutions of remligzation of the given threshold

function. This gives a simple testesynthesis procedure. First,
derive the reduced set Y', Then check whether the reduced linear
inequalities are consistent or not, If they are inconsistent,
the function is not threshold function., If they are, solve 1°Y,

The solution is the desired realization of the Noolean function,

1
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3.2, Tests for Threshold Functions

A Boolean function F of n variables and its ccmplement F
can be expressed in the forms of sum of fundamental products, All
the fundamental products in P have a value of 1, and all the fun-
damental products in F have a value of 0, Each fundamental product
can be represented by an ne~tuple of O's and 1's. F and B can be
displayed on an n dimensional space, (called an n-cube) which contains
2n n-typles, and each netuple can be identified with a vertex of the
n-cube., Since each findamental product of F has ; value of 1, F
constitues the subset of vertices in the necube which havg_a value of
1, and we denote these vertices by V (F), Similarly, ?, the comple=-
ment of P, constitutes the rest of v:rtiCes in the ne-cube which have
a value of 0, and we denote these vertices by Vv (F)., F is a threshold
function if and only if there is an (n-l1) dimengional hyperplane
separating the l-vertices V from the O-vertices V so that all the
O=vertices lie on one side ;f the hyperplane and agl the levertices
lie on the other side of the hyperplane. The hyperplane equation
known as the separating plane equation can be expressed as:

gj wx -T =0,
k=1 k k

Boolean functions satisfying above ¢ ndition must be unate and their
reduced functions must comparable. We can check the unateness of a
given Boolean function by examining its minimum sum of products
form, If the variable x and its complement x both appear in the
nininum: sum of products ?orm, the ‘iven function is not a threshoid
function, After we have checked the unateness of a ~iven function,

we test the comparablility of its reduced functions., This can be

accomplished in the following manner: We write down the minimum
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sum of products form for P and factor it as F = x F + B with no
. kK 1 0

X appearing in F and F ., We continue to decompose F = x P + P

k 1 Q k1 0
in a form of tree as shown in Pig. 20 (page 28). P and F arc the
1 0
reduced functions of F at w = level, and ¥ , P , F | and P are
k 11 10 01 co

the reduced functions of P at w - level etc, If B is a threshold
k+l

function, any pair of reduced functions at each level must be come

parable, otherwise F is not a threshold function.,

n
3.3, Reduction of 2 redundant Inequalities
n
Let V denote the set of all 2 vertices in the necube and let

n
S wx =T =0
k=1 k k

be the separating plane dividing V into two disjoint subsets V and

1
V. Then V is the set of vertices corresponding to the set of fun-
0 1
damental products in P, and V is the set of vertices corresponding
0
to the set of fundamental products in P, the complement of P,

If P is expressed in its minimum sum of products form wh ich is
the disjunction of all of the function's prime implicants. FEach term
P (or each prime implicant) of the minimum sum of products of F can
be identified with an netuple by designating the EEE position as 1
if x is present in P, and as 0 if it is not, The set of n-tuples
obtazned from the prime igpplicants is called the set of the "lowest
vertices" of P in vector space terminology and is denoted by {1‘%.
In similar manner, let F be expressed in its minimum sum of products
form, Fach term P (or each prime implicant) of the minimum sum of
products of F can be identified with an n-tuple by designating the

th

k  position as a 0 if x is present, and as 1 if it is not, The
k

set of n-tuples obtained from the prime implicants is called the
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“highest vertices™ of ¥ in vector space terminology, and is denoted by

{h} « Example:

PFPEXXX +XXX * XXX *X XX +xX X x
123 123 1 2 3 123 123
The truth table is as follows (Table 5)

x ® x ) 3
1 2 3
0 0 0 0
0 Y] 1 1
0 1 0 0
(4] 1 b { 1
1 0 ¢ 0
1 0 1 1
1 1 0 1
1 i 1 1

Table S5, Values of R,

|
o

Hi
e

X *X xx *#xx x (sum of fundamental products)
123 _123 123

XX +X XX *xxXX *x X %X +xx x (sum of funda~
123 123 123 123 1 2 3 mental products)

3
]
|

The set of all vertices V
v = { 001, 011, 101,110, 111, 010, 100, 000/

The set of l=-vertices V

1
v = {001, 011, 101, 110, 111}
1
The set of O-vertices V
p 0
v = y000, 010, 100}
0
P exx ¢x (ninimum sum of products)
F 2 x x ¢« xx (minimum sum of products)
13 23

The set of lowest vertices obtained from the prime implicants

of F is
11{ = 110, 001/

The set of hirhest vertices obtained from the minimum sun
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of products of F is

in} =sloio, 100}

The number of linear inequalities in the set I arising from
n

V and V is 2 , The number of linear inequalities in the set I?
1 0

arising from 313 and 2h} is nreatly reduced. The solutiomns to I°*
are also the solutions of I, This is because the hyperplane which

separates 312 ftomf h} also separates V from V .

1 0
By the methods stated in chapter 2, we relabel the variables

sc that they are in the order of decreasing weights; i.e.

W>W 2zW =g 6 o s 4>w >0
1 2 3 n

The variables associated with these weights are x , X , X , coe, X .

1 2 3 n
The ordering of weights can be used to further reduce the number

of inequalities in X', If P is symmetric in variables x , ceey X

1 k
where< 0xk n, then the associated wei~hts can be given eq:al values;

ioeo
W = w B w g' .I.. 8 w [ ]
1 2 3 k
n
The summation >, w x is a measure of distance of the vertex from a
k=1 k k

separating hyperplane. For example, if the weinht ordering is

W w >w®=w>x0, the distance of the vertex (1, 1, 1, 1) is
1 2 3 4

w +w + 2w , and the distance of another vertex (1, 1, 0, 1) is
1 2 3

W +w+w ., Ifa vertex t can be determined by the ordering of weinhts
1 2 3 1

to be further away from the separating hyperplane than the other vertex
t , then the inequality resulting ftém t 1is redundant and can be

2 ‘ 1

deleted, The vertex (1, 1, i, 1) of above example can be deleted.

By deleting such vertices fronm @1} andigh}, the final

PRSI >oius
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reduced subsets of vertices % L} ana | H} can be formed, The final

set of linear inequalities from which the weipghts w are to be deoters

k

mined are those renerated by the vertices of {L ! and { HE .

Rxample :

P B x X XX X XX ¢$X X X *RXXX X . X *XTXX * X xX X
12 13 145 146 is6 2 45 2 46 2 8 6
X X ¢ X XX ¢+ X ¢
- 256 _._.234 _23S 2 3 6 —— e
R+ X X X X

+
®
H
o
#
"

#
Ll
®l

FOXX+*XRXXX +X XXX ¢
12 1 456 23 45 23 46 2356
By means of wedghts orxdering, we have

W >WwWsW>weywosyw>0
1 2 3 q 5 6
1; L 111000, 101000, 100110, 1001031, 100011, 010110

The set |

\
i

010101, 010011, 011100,011010, 01!001}

The inequal ities obtained fromiglz are:

(1) 130000 cew w ¢y = X
1 2

(2) 1031000 wwe w ¢ w @
1 3 2

(3) 3100110 wco w ¢+ w ¢+ w = I
1 4 5 3

{4) 10030} cco w ¢y ¢ w = X

1
I

1 4 6 q
(S) 100011 «ce w ¢+ w + w s I
1 s ] 5
(6) 010110 wceca w ¢+ v + w v I
2 4 5 ]
(7)) 01010} wece w ¢ w + w = I
3 4 6 7
(8) 01001} cwe w ¢+ w * w = I
2 5 6 8
{(9) 011100 wece w * w + w. o
2 3 4 9
(10) 011010 vee w + w + w = I
e 3 5 10

(11) 011001 ~-e w ¢ w + w &
2 3 6 iz
Since I < I , (beceuse w >w ), I can be deleted,

2 1 2 3 1
Since I < I , (because w >w w2 w=sSw)l I, and I can be
6 3 1 2 4 S 6 3 4 5
deleted, because I =1 =1 ,
3 4 5
Since I s I =1 <« X =3I o (] (because w 2 w 2 w and w>w )
6 7 8 9 10 11 4 5 6 2 4
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Y, 1, 1,1
7 8 9 10
Therefore g L}

and

Similarly the set (h' = {001111. 011000, 100100, 100010}

)3
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can
11

L {101000. 010110 |

be deleted.,
1

The inequalities obtained from %h¥ are
J

(1) 00111l eem w o w ¢y ¢y o I°*
’ 3 4 5 6 1
{2) 0311000 wee w ¢ yw = °
2 3 2
(3) 100100 wce w + y = 1°

1

4 3

(4) 100010,wee w +w o I°

1

Since I'= I' (because w ® w ),

4

5 4

4

I* can he deleted.
4

3 \
Therefore )W) ® (001111, 011000, 100100}

The final set of linear inequalities are

(I ) suw+w
1 b | 3

(1 ) = w3° W +tw *ty vy ¢+ 3y

2 4 S

6

3

(I)Bw#w*wanZw

3 2 49 3
(I ) sy ew

4q 3 2
(Y ) sy + w

5 1 4q

2

P

6

It is seen that a set of 2

4

linear inequalities can be

to a set of 5 linear inequalities.

3.4 Alrorithm for Trial Synthesis

The algorithm can be obtained by the following argument:

The set of reduced linear inequalities can be obtained from the

reduced sets of vegrtices % L} and
«T + fﬁw x > 0
[ k k
NN
T + , wx <0
[ k k
Ry eliminating T in (a) and (b)) we

zﬁm:>5fwx

where

2wx denotes

5,!!} according to

for % L>% comec~aw (3)
o

for LI £ O cewemee (D)

have

R L L L L T . (C)

¥ B \ .
Sw X for  L: in (a)

2k

reduced
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and > 'wx denotes Sw x for % H| in (b)
ik k
Bquation (c) shows that if P is g, threshold function, every linear

combination of weirhts obtained from VgL} aust be greater than any

of the linear combinations of weiphts obtained from % H% s i,e.

if | L% has p vertices, {H% has q vertices, for each i and j we

must have

S w > S) v

i J
where 124i:p
1s§=q
Let us define the multiplicity of the weieht w o M ; as follows:
r k r
M s3>C
r 'k
where C ¢t or O corresponding to whethegy w appears
k

in the &nequulity ¢+  or zero times, and where r is
1< rsn

Por each 3 w, (where 1<4 <p), because of the linearity, we have
i

2w B (wewd+ (weaw )M o, , .. +(w oy )M

Similarly, we define
-
M's>C
r V' k
and we have
> '%.8 (w o= w M e (W oew M, , ., * (w -w M
J 1 2 1 2 3 2 Nel n nel
+ w M
nn

°_§3(w - w M
o 4 r+l r
Since w, w 0 o e o, W 0, the coefficients (w = w ) in S w and
1 2 n r £+l i
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>, will never be necative. Thus finding the realization w = (w , .
3 1
e ¢« y W) and T of a threshold function is equivalent to finding its
n .
M's such that

. A N " .
2w = w WM S I5(w = w e
\r“ 4 T+l } £>K7ﬂ r r+*l r
If we have found a set of M®g satifying the above condition, let each

j for 211 i and j.

inequality equal to its M, Ry solvine the equalities, we have the
realization., The threshold value is then set equal to the minimum
.M « If we cannot find a set of M's satifying the above condition,
tge set of linear inequalities is not consistent, and therefore the
function is not athreshold function,

Thus the metiiod of finding M's can be summarized ina table form

(Table 6) and is accomplished in the following steps:

\ i | i |
Bntry . Vertex ' Inequality M My e s g T T, ..., T
o b e e & Y 2L ® Y 2. 8 i
4 ; o I 5 ? % : i i
: H . ' . { H
| ( 1 | o
Top . . ' I :
‘ L i : 2 ‘ | ;
Entry - . ;
|
| | |
4 H
| | |
! 4 .
’ I
e ] P . B
1 ;
‘ 1 |
1 ;
2 ?
: 1
Lower L 3
Fntry '
¢ !
1 f
! } ] | i
L I T | . . | | i

Table 6, Format of Trial Synthesis.
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(Step 1) Obtain the reduced sets of vertices %L% and % H% by the
method explained in the‘previous section and list these vertices in the
the vertex column,

(Step 2) From these subsets of vertices {L? and {H? write down the
inequal ities putting all the inequalities obtained from jL} in the

top entry, and all the inequalities obtained from § H; in the lower

entry,

(Step 3) Prom the inequalities, write down the M*s, separating M

obtained from I from M' obtained from I°,
p k q '
(Step 4) Sum all the columns M's and check if each of the top

entries M is larger than any one of the lower entries M',.
k k
f (Step 5) The first trial T 4is the sum of these M's obtained in
1
step 4. A solution is obtained if each sum in the top entries is

greater than ani of the Suhs in the lower entry, If the above
.condition is not fulfilled we go to Qtep 6.

(Step 6) Choosea.column M to be added to T in such a way as to
make each sum in the top :ntry greater thanlany of the sums in the
lower entry in the column T ., We call T the second trial. If this
condition is fulfilled, the: a solution is obtained on the second
trial. If this condition is not fulfilled, then further trials

must be made, The nrocedure is thus to make successive trials

until each of ‘he sums in the top entry is greater than any of the

sums in the lower entry., The threshold T is then set equal to the

minimum one of the top entry. If we cannot find a set of M's
satifying the ahove condition, the inecualities are inconsistent

and cannot be solved, and the function is not a threshold function.
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To illustrate the method, consider the following example:

PUX pecenX ) 8 x + x (x *x x )

- 1 ] 1. 23 45

P(X ,e0epX ) = x x + x x ¢ X %
1 5 12 13 4 135

The weights can be ordered as:

3
x

ol |

W >WS>w>WwSsy
1 2 3 4 5
The prime implicants of F are x , x X

] 1 3
Therefore ) 1} =110000, 01100, 01011§
The prime implicants of F are % x R XXX N
. 2 134
Therefore {h| =Soo111, 01001, 0101
¢ e

Since w = w

a 5
{
{1} =}10000, 01100, 01011}
{#] =joo111, 01010}
, .
- Entry l Vertex Inequality I M ! M ! M ‘ M T sT + M
SO S L 1 2, 3]
1 10000 | I = w 1 1711
for 1o o
entry 01100 | T =w+w O |1 |2 2
i) I |
01011 | I = w + 2w o 1 1 3 i
: 3 2 4 f
00111 | I'mw+2w O 0|1 3
Lower J 1 3 4 - 1 5
! | i
entry 01010 | I'= w + w (VI | i 102
e j 2 2 4 : : f t
Ry R

A solution to the set of inequalities can be

the following linear equalities:

obtained hy

R A o 4 e e ) e e e s et <+ e e
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w®eSs
1
w W & §
2 3
w ¢+ 2w B 3
2 4
w * 2w s 4
3 4
wtw =4
2 4 .
The solution is: w 8 §, w2 3, w 2, w=2w®]1and T 8 35,
1 2 3 4 5
The equation of the hyperplane is

58 ¢ 38 ¢+ 2% + x ¢ x = S
1 2 3 4 5

The method described in this chapter is believed to be the
hbest method for the synthesis of threstold functions by hand computae-
tion., Tt always yields a set of positive integral realizations while
the method of assignment of weiqhts developed by L,.C., Coates, R.B,
Kirchner, P.M, Lewis (18) yields only one realization which can be

fractional and is nore complicated and time consuwming,
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CHAPTPR 4 : DRCOMPOSITION OF n=VARIADLE THRTSOLD RUNCTIONS INTO
p=VARTADLY THATSTOLD FINCTIONS,WHERRE p< n.

4,1, Introduction

By using the properties and synthesis method of threshold functions
stated in chapters 2 and 3 any threshold function of n variables can be
decompoged into threshold functions of 3 variahles. The method of
decomposition will be discussed below, ASa result of the decomposition,
one can counstruct a nétwork of 3-idnput threshold elements to realize
the nevariable thrrshold function, Another result is a general formula
for decomposing n-variable threshold functions into pevariable threshold
functions, DNy usinc the fact that reduced finctions of a threstrold
function must be comparahle, a more useful decomposition formula for
the realization of nevariable threshcld functions with peinput threshold

elements is obtained.

4.2. Decomposition of n-variable Threshold Functions into 3-varial le

Thresiiold Tunctiong

Let ¥ he a threshold function with weights or ‘ering

W W, e s e o>W,
1 2 n

correspon:line to the input varia“les x , = , « « . , % o ACzOrdins
1 2 n
to the pronerties of threshold functions, T can be factored into the

following form

P axw R en D L L e - s I
11 0
where P is expressed in the ninimum sum of productis

fern wo that x does net anpear in ® and B,
1 1 0
P and B are threg 0ld functions with (n-1) variables, nanely
1 0
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X ,X ,e.09k wWith associated welghts w ,w ,...,w . Equation 4,1
n 2 3 n
itself dsa 3-variable threshold function, MHence B can be considered

to be realized by an element with 3 inputz x , F , and ¥ with weirhts
1 1 0o
1, 1, and 2 respectively, The threshold value of the element is 2,

The ne-input threshold element realizing F is shown in Fig.27,

4

Fig.27, A threshold element with n inputs.

which is equivalent to the threshold clement with 3 inputg as shown in

Pig. 23,

Pig.28, A threshold element with 3 inputs
realizine P,

The functions P and P in equation 4,1 are alsc threstold
1 0
functions with (n-l1) variables X ,X ,..., X with associated weichts
2 3 n

W oW 4 seey W » The element which can realize F has the threshold
2 3 n 1
value T 2 T « w o, This is hecause

1 1
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WX *wWwXxX %+, o, WX 2T

11 2 2 nn
and P is constrained by
1
WX *WX +, o0y, WRX=ZT =w
2 2 33 nn 1
The element which can realize F has the threshold value T. This is
0
because F is independent of x ; i.,e, F is constrained by
0 : 1
WX +wx +, ,009 Wx =T
2 2 33 nn

The threshold element shown in Pig.28 can be decomposed into a net=

work containing two (n=-1)-input elements and one 3-input element;

the network is shown in Pig., 29,

- B - T - - ‘
o i S |
1
e R |
P P i — !
2 2 i
) ’ \\‘ f
! . /
- -
" , }
| 2 g _
; 7
1 o 2 ’
A, iy -
- 7 —
2 BN
).7( - iy tod "‘,1 {
4

Fig.29. A network of elements recalizing P,

4.3 Realization of ne-variable Threshold functions With a Network of

3~input Threshold Elements

Since F and P in equation 4,1 are threshold functions, they
1 o

can be factored azain in the same fashion as P, namely

—
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Fex P +F ceccrccremmeccneeea(4,2)
1 211 10

"Tasx P &P cnmcncscscacvenncaan(4,3)
2 2 02 00 '
wheye ® , P , F , and B are threshold functions

11 10 01 00
with n=-2 variables, X , X , « » » o X with associated
q n
!‘leighta w . w o & o W .
3 q n

By folliowing the same argument as in previous section, the threshold

‘wvalue for the element realiging B 45 T « W « w , the threshold

11 1 2

value for the element realizino R is T =~ w , the thresheld
10 1 '

value for the element realizing P i3 T « w , and the threstold value
01 2

foy the element realizing F is T,

00
The network of elements realizing P shown in Fig.29 can be now

decomposed into a network ccntoining four (ne2) = input elements

and three 3e-input elements. The network obtained is shown in PFig.30,

~
e

Piz.30. A network of clements realizinp I,
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This process can be repeated until the original function can be

The nete
Pig 31 .,

in

g 3=-input elements realizing P is shown

inin

reallized with a network containing only 3-input elements.

work conta

< "
~
~
s %,
~ - ~ ot
~ N \ i
= PO -~
of
~ - N
&
J Y b2 N
,/ ; /
. N o e - L o
T T T T T T TN T T T T T T
" N ...,ﬂv.# X - ru ™~ ™o . N v
el — - R -
,\ H
o} o ~ 3 - o}
;" p N @ % g 5
PR 7 P PR
e e e e e B e e —_ - I ) - - .- - _
/ / 7 \ 7

T
VAA TR
o i
) .4/ A
»\r.; - ’ .
- e e .
x7 - : N — N

Eﬂ‘

P.

izing

@

Fig.31, A network Of 3-input elements real
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ne«3
The network shown in Fig.31 contains 2 elements at the
th

(n=2) layer. Rach of these elements has 3 innuts x s X

ne2 n=1,

and x associated with weights w ¢ W v and w . The only difference
n Ne n=1 n

between these clements is in the threshold values. Since there

are only three variables and according to

X w *+x w + x w
n Nnel nel ne2 ne2
there are only 2= 8 different sums corresponding to the 8 possible
th
combinations of the 3 input variables. Thus the (n~2) layer in

Fige31 is realizing at most & different threshold functions of 3
variables., Therefore there are only 8 different threshold values
are meaningful, Except for the(n-Z)th layer, all the threshold ele=
ments in the other layers in the network have fixed weights of

1, 1, and 2, and fixed threshold vaiues of 2,

Exanmp le:

Pox (x +xxXx +xxx) ¢+xx x x
1 2 3 4 386 2 3 45
The threshold element realizing P is shown in FRig, 32,

Pig, 32. A threshold element realizing E.

The threshold values of the eight threshold elements in

the last layer are:

T 2T «aW oewWweWw 212 «a7 «af «a3 = a3
1 1 2 3

T=2T «eWew?t®12 a7 « 5 =0
2 1 2
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TEB8T eowew?z12 «7 «3 =2

Te8T ewe-ew?312 =5 «3 = 4

212 « 5 =27

w212 «3 =9

3 1 3
T=T ew = 12 a7 8 5
4 1
5 2 3
TesT ew
6 3
T 2T =
7 3
T =T =3 312
8

The network of 3einput elements realizing F is shown

in Pig .33 on page 58.

4.4. Two Genexal Formulas for Decomposition of n-variable Threshold

_Functions into pevariable Threshold Punctions

4,1, Formula I,

The method of decomposition given in the

previeus section is equivalent to presenting threshold functions

in a form of tree called "threshold function tree™, Let E be a

threshcld function which is expressed in the form of the minimum

sum of products form namely F = x P + B

W W =3 o o o =W .
1 2 n
F until we reach the p

p
P is deomposed into 2

looks l1like as shown in

By the method stated in chapter 2, we decompose

th

variable where 1< p= n,

reduced functions and the final function tree

Fie,

11 0

34 on page 50 .

and with weights ordering

Then the original
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l®;

g. 34, The functicn tree of decomposed function
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In Fig, 34 we call P and F the reduced functions at x ~level,

. | 0 1
F , F ., , and P the reduced functions at x ~level, etc, j
11 10 01 00 2 |
We denote by?ﬁ’ p the product of variables selected from variables
(2"« k) i

X 9 X 5 o« « o 9 X according to following rules:

R P . !
X "is in the product if and only if the binary number
k i
P p-1 p=2 1 0
(2 « k) = q 2 +a 2 t o s s 4 B 2 +a 2 ‘
1 2 2P=1 2P |
, p . :
has a = 1 where 1=4i=2 :
i _ o) : !
19 k=2 :

for example, if p = 3

k =5 if p 'll a_T" P
‘(2 -k) '3 "(on)binmv 2 3
k=3 77 s7 a7 = x x
C@Pak) 'S (100)pina,, 103
and we define ' 8'”“ a 1
‘0 ‘(OOO)binarv
Similarly we denote by F p the reduced functions of the x =level
(2"« k)

b ?
of the function tree (Fiw, 34), The subrscript (2P= k) is the decimal |

representation of binary value , For exanple, if p = 3

P =7
7 (111)binnty
B =R
3 (Oil)biuaty

P =F :
5 (101)binarv '
P =F

0 (000)binarv
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With the notations“ﬁ and B » F can be expressed in terms
(2P ak) 2P.x)
of the reduced functions at x - level (Rig, 34) as follows:
1
R a7 B + 1 P
He2lany 2leny alazy 2leay
= PeT
11 00
2 x P + B reemccncecccnccene=(4,4)
a 1 0
2°
= >, T B .
vet | raP p
k=1 (2" -k) (2P-x) where p=1
F can be expressed in terms of the reduced functions at x - level
2
as follows:
PelT L, P # T P, T P,
Il(a“-l) (22.1) _”(zz-z) (27 =2) J(22_3) (27-3)
+ T F
| 2
l22.0) (2.0
2" B e F +7 P +-r P

’ " |
‘11 11 ‘10 10 01 01 00 0O

XX P +x P +x P +p cm==(4,5)
& 2 11 110 2 01 00
2~\

a F where p=2

RN
k=1 (2P k) (2P.-x)
BEquation 4.5 can aiso be obtained by substituting

Fax P <+ ¥
1 2 1 10

P =x B =+ P
0 2 01 00

into equation 4.4,

Similarly P can be expressed in terms of the reduced functions

at x - level; i.e.
3
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23
B e T P
kﬂlli(za-k) (23;k)
s 'T B + "H' B + T“ P * *“_ R +* T!‘ R
111 111 1310 110 101 101 "100 100 011 011
LIRS LI
019 010 001 001 000 000
=z ¥ x x 0 + x x P ¢+ XX P + X P +xx P

123 111 12 110 13101 1100 2 3 011

+xF +xPB +F crmmmceeee= (4,6)
2 010 3 001 000

Bquation 4.6 can also be obtained by substituting

P ®=x P + P
11 3 1112 110

B = x F + B
10 3 101 i00

B ®sx ¥ + B
01 3 o11 010

R = x P + R
00 3 001 000

into equation 4.5,
According to the above argument, the general formula for
decomposing a threshold function of n variables into threshold func -

tions of nep variables is
2P
P > L (PFormula I)
k=1 ‘2P~ k) (2" - k)
Doolean
sum

The realization of the decomposition formula I with a network of
threshold elements of different number of inputs can be shown by

the following example :

..... i F
k=1 (2P« k)
Boolean

sum

2% - 1)
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Por p & 3
B8 x x x B +x x B *+xX x P + x P + x x F
123112 12 110 1 3 101 1 100 2 3 011
+ x R + X F L

2 010 3 001 000

=1x((xxP *¢xP +P )exp )} + p

-

1 2 3 111 2 110 100 3 102 000

*x(x P +B )j+xP cmmmceee (4.7)
2 3011 o010 3 oo1

Let A s x x P 4+ x B + P
2 3 111 2 110 100

handnd el R T X R R R R (408)

BaxxF +xp +0p ceememcccncemcncene (4,9)
2 3 011 2 010 000 ‘

Then, F is equal to
F2ix[A+XF 14D %X F  cocmmmeceee (4,10)
N | 3 101 ' 3 001

Let C = {xwx F +xA + Bj mmeeeeeecc e ccecneee (4.11)
13101 1

PeC+xP - weeeeccccmccacceas (4.12)
3 001

Bquation 4,12 can be realized by a 3=-input element as shown in

Fig. 35,

Pig, 35. A threshold element realizing equation 4,12,

Equation 4,11 can be realized by a Seinput element shown in

Fig. 36 (Use the method of weicht assignment in chapter 3),
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Pig, 36, A threshold element realizing equation 4.11,

Equation 4,8 can be realized by a Seinput element shown in Fig.37.

L
. e e e
L
B ot et
I -
- ]
B S

Pig, 37. A threshold element realizing equation. 4.8,

Equation 4,9 can be realized by a S5-input element as shown in

Pig. 38.

Fig., 38, A threshold element realizine equation 4.9,
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By combining these single elements together, we have a network

of threshold elements realizing P (Fig. 39.).

Fig., 39, Result of decomposition,

Formula II. According to the properties of threshold func-

tions the reduced functions at each x « level of the function tree
k
(Pig. 34) are comparable., For example, at the x = level, F o B ,
1 1 0
at the X = level ¥ , P , B , and P are comparable, etc,
2 11 io 01 00 ,
From formula I, P can be written as a function of the binary

variables X , X , « o o o % and reduced functioens ¥» , . . « 4 F , &
i 2 p 1 i

F=F(x,x....,x.F.F..-..F,....F).
1 2 D 1 2 i 2P

Since the reduced functions F , ...y P, .., F , are comparable,
1 i 2
then F may be expressed as a symmetric function of these reduced
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functions, This can be obtained by the following inductive ar-

gument :
From Pormula I, if p = 1

Fesx P +p ,

11 4]
Since B D B then
1 0 ,
P + R =B
1 0 1
P R=F and
01 (4]

P sx (R ¢p ) ¢« P R
1 1 0 10

8 X FP ¢ x P ¢ p P
11 10 10

If p =2 2, then

F=2xX P +¢xF +xX P +01
12 11 110 2 01 00

Since P , P , P , and F are comparable, they can be ordered.
11 10 01 00

Let us assume that

F >F = F = P ; then we have
11 10 01 00

P ¢+ R ¢ F ¢+ F =P
11 01 10 00 11

B F ¢4F F 4P P +4PF B ¢F F ¢PF P s F
11 01 io0 11 01 OO0 10 01 10 00 11 00 10

R P F #F B B ¢F F B +4F B P =¢§
01 10 11 01 10 00 01 11 00 10 11 00 01

B F P P mp ,
11 01 10 00 00

and P can be written as

FE=Exx(F +RB +p +p17 )
12 12 01 10 00
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+x (P B ¢«F P +PFP F +PF P +B P ¢F F )
2 11 01 10 11 01 00 10 01 10 00 i1 00

+x (B F B +F P B *+F B B +PF F F )
1 01 10 11 01 10 00 01 11 00 10 11 00

+(F B F P )
01 10 11 00

Assign G to each of the reduced functions P P where léikzszp
3 (27 « k)

such that
)

(GDGDG:}. -.o':’G .-a,,DGp
1 2 3 ] 2

corresponding to

(Fp :FDF....,:)FD. ouo.Dp )L‘
2" =1 3 k 0

f
where 0s<j, k, f,< 2P a1
For example, if p=22, and P o F B o F corresponding to
11 01 10 00

G 56 >G oG , then
1 2 3 a4

G=t% ,G=F ,G=8PFP ,andG=FR ,
1 11 2 01 3 10 4 00

Similarly, if p = 2, and F o ¢ o F . F , then
11 10 01 00

G=® ,G=PFP ,G=PF ,andG =P ,
1 11 2 10 3 01 4 00

G also represent the sum of products each of which is formed by

taking j reduced functions at a time among the 2P reduced functions.

Por example, for p = 2, the reduced functicns are # , F , F , and
11 10 01

P ,and G =F ,G=P ,G=F ,and & =F , then
00 1 11 2 10 3 01 4 00

**Subscript f of Ff is the decimal representation of the binary value,

SO Y
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F D F ODOF 2o F
11 10 01 Q0

G has 4! 8 4 products each of which is formed by one reduced
i 1) 3!

function; i.e. G2 F + PR <+ R <+ R , G has 4! 2 6 products
1 11 i0 01 o 2 2" 2!

each of which is formed by two reduced function, namely G = B F +
2 11 01

P B ¢#¢F P +4F B +PB P +PFP P , Similarly G =B B F ¢
10 11 01 00 10 01 10 00 11 00 3 01 10 11

P P P +F FP P +PF F P ,and G =F B P F
01 10 00 01 1% 00 10 11 00 4 ¢l 10 11 00

If p = 3, from Formula I

BFB=xxx R ¢+ xx P + xx P ¢+ x B + xx P
12 3 111 1 2 110 1 3 101 1 100 2 3 011

+x ¥ ¢+ x P + B
2 010 3 001 000

wG=F ,GS=PR ,G=F ,GS=F
1 111 2 110 3 101 4 100 5 011 6 010

G=F ,G=3F , then
7 001 8 000

B o B o B 5 B - B - B = B 2 B
111 110 101 100 011 010 001 000

P ®x x x (P + P + F + B + B + B + B + R )
123 111 110 101 100 011 010 001 000

+ x x (sum of 8! 2 28 prodcuts each of which formed
12 206! '

by 2 out of 8 F ’g) + x x (sum of 8! = 56 prodacts
i . 13 315!

each of which formed by 3 out of 8 F 's) ¢+ x (sum of
i 1

8! = 70 products each formed by 4 out of 8 F 's )
4! 4! i

+ st x (sum of 8!

= () 3 -
2 3 5! 3] 56 products each formed by 5 out

_,,—<_~._a.(_
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of 8 F 's) + x (sum of 81 = 28 products each formed
i 2 6121 ‘
by 6 out of 8 F *'s) ¢ x (sum of 8! = 8 products
i 3 7M1t

each formed by 7 out of 8 F °g) + P P P R
: i 111 110 101 100

F F P F
011 010 001 000

where B 's are F o F s P s F s F s P

i 111 1i0 101 100 011 010
F , F ., |
001 000 : ’ !
In general
2P
Pe> T p G
k=1 '(2Y= k) j
Boolesan
sum

where G corresponds to one of the ordered reduced functions

j

P in PFormula I , and 1:£j5~2p, and according to '
2P- 1) i

GDGDGD' sam .:)G:-. .oo,:?Gp DG »
1 2 3 3 2P-1 2P

G is the symmetric function of the 2p reduced functions; i.e, it

J
is expressed in the form of the sum of products; each product is 3

formed by j reduced functions out of any 2p reduced functiong; there-

fore G is the sum of 2P ! such products,
J Jr (27 =i

The realization of the decomposition of Pormula II with thres-

|
hold element can be shown by rhe following examnple: i
|

2? :
P> p G §
k=1 (2 k) 3 i
Boolean !

sum l
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For p = 2, the reduced functions are F , P | F , and P

11 10 01 00
if P o o F oPF , then G=F ,G=PFP ,G =P , and
11 10 01 00 1 11 2 10 3 01

G = F , and
4 00
P=xx(F ¢F +P +P )+ x(FP F +#F F +PF F
12 11 01 10 00 1 11 01 01 11 01 00

P F 4% P +R P ) +x(F P P +PFP B R +
10 01 10 00 11 00 2 01 10 11 01 10 00

F P B ¢F P R ) +F B F P
01 11 00 10 11 00 01 10 11 00

The weights assignment can be found by the method given in
chapter 3. Por completeness sake, the structure of the ele~
nent also can be deduced in the following manner:
1, The function is symmetric in # , F | P , and ¥ | their
11 10 01 00
weights can be set equal to 1.
2. Since the product F B F PR must produce a one at the
11 10 01 00
output, then T <4,

3.,.8ince any product constructed by any 3 out of ¥ , F , P

<+

11 10 01

and F , and x must produce a one at the output, then
00 2
w = 1.
2

4. Since any product constructed by an 2 out of P , B | B
11 10 01

and ¥ |, and x must produce a one at the output, then

00 1
w =2,
1
Values of T = 4, w = 2, and w 2 1 are found to satisfy all
1 2

the other conditions, Therefore the structure of the element

is shown in Pig, 16,
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Fige. 40. A threshold element realiging ®,

e
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SMMMARY AND SONTLUSIONS

The charactergistics and properties of threshold logic
functions have heen discussed in detail, A method to find the
realizations of threshold functions has been presented. Methods
for finding the realization of any riven HBoolean function are
developing in the field of "threshold logic™. An al gorithm to
vyield a network 65 ninirum number of threshold elements to rew-
alize»u given Noolean function is still unknown, i

he increase of reliability of a threshold element is

accomplished hy decomposing the element into a network of
threshold elements, This network is guaranteed to realize the
same number of threshold functions as the coriginal element and
each element in the network has less sensitivity to deift in
its parameter valiues, The increase in both the reliability
(the sensitivity to parameter change) and the versatility(the
nunber of different possible threshold functions) vs complexity
in the network of thresgihold elements can be found in roference

(19),
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