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Abstract—Model-reference adaptive systems refer to a consor-
tium of techniques that guide plants to track desired reference
trajectories. Approaches based on theories like Lyapunov, sliding
surfaces, and backstepping are typically employed to advise
adaptive control strategies. The resulting solutions are often chal-
lenged by the complexity of the reference model and those of the
derived control strategies. Additionally, the explicit dependence
of the control strategies on the process dynamics and reference
dynamical models may contribute in degrading their efficiency in
the face of uncertain or unknown dynamics. A model-reference
adaptive solution is developed here for autonomous systems
where it solves the Hamilton-Jacobi-Bellman equation of an
error-based structure. The proposed approach describes the
process with an integral temporal difference equation and solves
it using an integral reinforcement learning mechanism. This is
done in real-time without knowing or employing the dynamics of
either the process or reference model in the control strategies. A
class of aircraft is adopted to validate the proposed technique.

Index Terms—Model-Reference Control, Integral Bellman
Equation, Integral Reinforcement Learning, Adaptive Critics

I. INTRODUCTION

Optimal tracking control problems for linear time-invariant
systems are typically solved using the Linear Quadratic Track-
ing Regulator (LQT) [I]. This is done offline via solving a
set of differential equations backward-in-time. The guidance
and tracking problems cover a wide range of autonomous and
intelligent applications [2]. Some of which require sophisti-
cated modeling to describe the dynamics, that when available
allow to develop model-reference adaptive mechanisms that
are robust and effective in real-world applications. Model-
reference adaptive control employs theories in the class of
sliding surfaces, backstepping, and Lyapunov-based methods
to develop online adaptive strategies [3]-[5]. These meth-
ods, being based on systems’ models, inherit their inherent
complexity, uncertainties and approximations. Additionally, in
networked multi-agent systems, the order of the underlying
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individual dynamics along with the network’s connectivity
may further raise the complexity of the problem.

Herein, a model-reference adaptive control (MRAC) ap-
proach, also known as model reference adaptive sys-
tem (MRAS), is designed to guide dynamic systems using
an online integral reinforcement learning (IRL) mechanism,
where the stability is guaranteed for a broad range of slowly
varying dynamics under standard conditions that apply to
a large class of systems. The sums of squared error-based
optimization approach is employed to design an adaptive
control system in [6] for underactuated systems of moderate
dimensions (less than 12). An MRAS is developed to stablize
the lateral motion of a 5-DOF car-trailer system in [3], where
the yaw rates of the car and trailer are assigned by using
a Lyapunov stability criterion. An adaptive switch controller
is developed to control a hydraulic actuator system in [7]. It
coordinates among a PID control unit and MRAS to improve
the tracking performance and hence the response time. In [8],
a robust MRAS based on augmented error dynamics is devel-
oped where solving a set of linear matrix inequalities results
in the error feedback matrix. This approach tackled the high
oscillations in the actuator response due to the tuning with
high gain adaptive rates. A decentralized MRAS is developed
in [9] for large-scale interconnected systems, such as robotic
manipulators. An adaptive control approach combined with
anti-windup structure is developed for autonomous underwater
vehicles (AUVs) in [10]. Another augmented MRAS with
anti-windup commentator is applied to tackle the limitations
caused by the actuator saturation for a class of aircraft in [11].
An adaptive control scheme is developed for uncertain hyper-
sonic flight vehicles in [12]. A barrier function technique is
employed to advise a novel handling of the angle-of-attack
of this aircraft. An MRAC approach is employed to design
an adaptive cruise system for vehicles in [13]. A combined
approach that uses L; adaptive control and a backstepping
method is employed to achieve fast adaptation and dynamic
positioning of an underactuated surface vessel in [5]. It uses
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a nonlinear observer to estimate the uncertainties and to
guarantee a chattering-free performance. A leader-follower
tracking problem is solved using distributed estimators under
uncertain dynamical environment in [4]. The work used the
sliding surface approach to coordinate among the different
tasks. An adaptive mechanism is employed to trace the peaks
of unknown fields for a mulit-agent system in [!4]. Pinning
control ideas are employed in [15]-[17] to leader-followers
tracking problems with multi-agent systems under a fixed
graph topology.

The approximation features of machine learning (ML) can
be applied to solve adaptive control problems [18], [19]. Such
approaches have been adopted in several applications ranging
from the autonomous control of aircraft and underactuated
sea vessels to regulating distributed generation sources [20]—
[23]. Reinforcement learning (RL) provides the agent with a
mechanism to learn the best control strategy-to-follow [19].
This is done according to multiple interactions between the
agent and the environment to explore how to transit to a better
state. The attempted policies are either penalized or rewarded
in order to maximize the sum of a cumulative reward [19],
[24]. The RL approaches are solved using two-step techniques
like policy iteration (PI) and value iteration (VI) [24]-[26].
The Integral Reinforcement Learning approaches have been
used to solve control problems with nonlinear-performance
indices [27]. An adaptive critics is usually built as a neural
network platform to approximate the strategy-to-follow using
an actor neural network and the associated value which is
modeled by a critic neural network [24]. These two-step
approaches are employed to solve a class of cooperative
control problems for multi-agent systems communicating over
graphs [15], [28]. An adaptive Fuzzy-RL is adopted to control
the flocking motion of a swarm of robots in [29]. The PI
solutions are implemented using regression models like least
squares and batch least squares [25], [30].

The main contribution of this work is the development of a
generalized data-driven MRAC solution that is independent
of the plant dynamics. It approximates an optimal control
Hamiltonian structure to find an integral temporal difference
expression. Then, it solves the underlying integral Bellman
equation using IRL in real-time. The proposed solution is
flexible in terms of the system order, unlike those associ-
ated with solving the optimal tracking problems of high-
order systems [I], [31]. The algorithm runs online without
explicitly solving the underlying optimal tracking problem.
The remaining parts of the paper are arranged as follows:
Section II formulates the model-reference adaptive problem.
The duality between the optimal control and adaptive control
ideas is explained in Section III. Section IV introduces the IRL
implementation of the adaptive control solution using a Value
Iteration approach. Section V shows the simulation results
for an autonomous aircraft system. Finally, some concluding
remarks are presented in Section VI

II. PROBLEM FORMULATION

The MRAS decides on the control strategy-to-follow along
the trajectory of the reference model dynamics [2]. This is
done based on minimizing the error between the output y(z) €
RP of the process and that of the reference model y”¢/ () €
RP. Herein, it is assumed that the dynamics of the process is
linearizable into a state-space model in the form

X=AX+Bu y=CX (1)

where X € R" and u € R™ are the states and control input
signals of the aircraft, respectively. The drift dynamics, control
input, and output measurement matrices are denoted by the
unknown matrices A € R™"* B € R™™ and C € RP*",
respectively.

The objective of the optimization problem and hence the
adaptive controller is to decide on the adaptive strategy =
defined by three control gain matrices {Ky, Ka, Ko} of proper
dimensions, with u™ = Kye(t) + Kp e(t — A) + Kop e(t — 2A)
along the reference trajectory in order to minimize the error
e(t) = y(t) —y™/(1); ie., lim;_ |le(t)|| = 0. The symbol
A refers to a sampling time interval. The adaptive control
solution works in a different way when compared to the
optimal control one. It is concerned with finding a control law
to minimize the tracking errors in real-time without targeting
the optimal control gains. In this work, a single output system
is considered (i.e., p = 1). The solution provided herein
combines an optimal control framework with an adaptive
control mechanism that is based on IRL to solve the MRAC
problem as shown in Fig. 1. It is worth to note that, the
proposed adaptive strategy depends on only the reference
signal y"¢f () and the process output y(¢). It does not rely
on the state-space matrices.

Error Measurements

[ e(t) e(t—A) e(t—24)

y(t)
l Process I——P

A

u(t)

Adaptation

[ u(t)= Koe(t)+Kae(t — A)+Kope(t — 24) ]—

Control Strategy

Fig. 1: Model-reference adaptive system

III. OPTIMAL AND ADAPTIVE CONTROL

This section discusses the optimal control framework and
hence the underlying adaptive system. The structure of the
control strategy depends on the history of error samples,

t — A, t —2A, etc. The width of the time window to
consider is a design parameter which is left to the discretion of



the designer, which gives flexibility to the proposed approach.
A wider time window may lead to a higher performance but
at the expense of computational complexity. Herein, a time
window of 3 samples is chosen, i.e., ¢, t — A, t — 2A, which
yields a second-order error dynamic system. This is unlike
many classical adaptive structures which are mostly based on
zero- or first-order error strategies [1], [2], [1 I]. The error data
are stacked together in a vector E(f) = [e(t) e(t —A) e(t —
2A)]T € R3. A performance index J”(f) is used to measure
the quality of the applied strategy u”(¢) by evaluating a cost
or utility function U over the infinite horizon, such that

I = / " UE@ .0 () dr

where U(E (7),u”™ (1)) = % (ET(T) QE(t)+u™"(7)R u”(r)).
The weighting matrices are denoted by 0 < @ € R¥*3 (positive
definite) and 0 < R € R.

The mathematical development of the adaptive control so-
Iution combines together ideas from optimal control, adaptive
control, and IRL, as is detailed next.

Theorem 1. Let V (E(t),u”(t)) be a nonnegative multi-input
single-output quadratic convex function which is nil only at
the origin. Then,

1) V(E(t),u”™(t)) satisfies a
Hamilton-Jacobi-Bellman (CTHJB)
H(E(t),VV (E(t),u”™ (1)) ,u™ (1)) =0.

2) V(E(t),u”™(t)) is a Lyapunov function.

Proof:

1) The continuous-time Hamiltonian function for the optimal
control problem is given by

H(E(t), A(t),u”™(t)) = AT (t) Z™(t) + U (E(t),u™ (1)),

continuous-time
equation

where A is a Lagrange multiplier associated with the
constraint Z” () = 0 with Z7(1) = [ET(¢) u™(t)"]7.
Let the value function V be quadratic and convex in Z”(¢),
such that

V(B0 (1) = 5277 (0 HZ(0), @)

Hgg Hgu
HuE Huu
and H,g € R'3. The Hamilton-Jacobi theory provides a
relation between Lagrange multiplier A and the value func-
tion V(E(t),u”™(z)) [1], where 4 = VV(E(¢),u™ (1)) =
OV (E(t),u”™(t))/OZ™(t). Therefore, this value function
satisfies the continuous-time Bellman equation given by

YV (E(@).u™(0)" Z7(1)) + U (E(1),u™(1) =0.  (3)
This expression is infinitesimal equivalent of
def

JT(1) SV (E®1),u”™ (1)) [T UE(r).u™(1)) dr.
Hence, (3) is equivalent to

where H

} e R > 0, H,, € R,

an

H(E(1), VV (E(1),u™ (1)) ,u” (1)) =

V(E(0),u™ (1) +U (E(t),u” (1)) =0. (4)

Applying the Bellman stationarity condition yields
the optimal strategy u”*(z) which is calculated as
u™*(t) argmin,x,) H(E (1), VV (E(2),u”™ (1)) ,u™ (1))).
This yields the CTHIB

H(E(1), VV (E(1),u™ (1)) ,u™ (1)) =

VI (E@®),u™ (1) + U (E(1),u™ (1) =0, (5)

where V* is the optimal solution of the CTHJB equation.
The value function V is a Lyapunov candidate func-
tion. Its derivative according to (4) is V (E(t),u™(t)) =
~U (E(t),u”™(t)) <0.Thus, V(E(t),u”™(z)) is a Lyapunov
function.

2)

|

The following result explains how to apply Theorem 1 to

come up with a temporal difference form (the integral Bellman

equation) in order to adapt the control gains {Kg, Ka, Koa} in
real-time.

Theorem 2. The value function V* (E(t),u”™ (t)) satisfies the
following IRL-Bellman equation

t+A
v E@) 0™ (1)) = / U (E(x).u™ (1) dr

+V(E(t+A),u™(+A) (6)

where the optimal control gains {K*,KZ,K;A} are decided
using Bellman optimality principles.

Proof: Bellman equation (3) may be discretized using
Euler approach, such that
V(E(t),u”™ (1)) —V(E(t+A),u™(t+A))
A
which can be rearranged to

= U (E(1),u”™(1))

t+A
V(E(),u” (1) = f U (E(r).u™(r)) dr

+V(E(t+A),u™(t+A). (7)

This equation is referred to as the Integral Bellman equa-
tion, which is equivalent to (3). Applying Bellman op-
timality principle yields the optimal strategy u”*(¢)
arg min, . V (E (1), u”(t)). Using (2) yields

u™(t) = -H, H,g E(1). (8)

It is noted that this control strategy is model-free because it
does not rely on the process dynamics. Hence, the optimal
strategy m+ is defined by 7+ = —H_ L H,r and the optimal
control gains K* = [Kj K} K3, ] = -H,} H,. Applying
this optimal policy into the integral Bellman equation (7)
yields the Integral Bellman optimality form (6). |

The next Lemma lays down the stability conditions of the
suggested control law.

Lemma 1. Ler V (E(0),u™(0)) < M for an upper bound
M. Then, lim; o,V (E(t),u™(t)) = 0 and the error system
is asymptotically stable (i.e., lim;_ e(t) = 0) for a bounded
reference signal y™ ¢/ (t).



Proof: V (E(t),u™(t)) is a Lyapunov function. There-
fore, V(E(t),u”™(t)) < V(E(0),u”™(0)) < M. This implies
that, V (E(t),u”™(t)) € L. So, e(t),e(t — A),e(t —2A) €
Lo and H (or equivalently K*) € L. Taking into con-
sideration that [’ V (E(8),u”(9)) d9 = V (E(1),u™ (1)) -
V(E(0),u”™(0)) and that V is a Lyapunov function, we
get — ['V(E(9),u™(9) d9 < V(E(0),u"(0)). This
yields V (E(t),u™(t)) € L., where the error dy-
namics é(t), é(t — A), é(t — 2A) € L. Using the
CTHJB equation (5) and the strategy (8) we infer that
J ET(9) (Q + KTRK*) E(9) d9 <V (E(0),u”(0)), which
reveals that e(?), e(t—A), e(t—2A) € Ly and V (E(1),u”™ (1)) €
L,. Following Barbalat’s lemma [2], lim; e V (E (1), u™(t)) =
0 and lim,_, e(f) = 0, which proves the asymptotic stability
of the system. ]

This shows that the choice of the value function (2) and
the model-free strategy (8) lead to an optimal solution for the
Integral Bellman optimality equation (6).

IV. INTEGRAL REINFORCEMENT LEARNING SOLUTION

The control gains of the MRAC are selected using an
online IRL approach that employs the error vector E(t)
measured in real-time. This is done by solving IRL-Bellman
optimality equation (6) with the model-free optimal policy (8)
simultaneously using a Value-Iteration method in real-time.
The adaptive control solution requires a real-time adaptation
mechanism to solve this system of equations. Therefore, means
of adaptive critics are used to implement the online solution
of the adaptive control problem. The next Theorem highlights
the convergence results of the IRL-Value Iteration process.

Theorem 3. Consider the value function (2) and the control

policy (8). Then,

1) The value function update law (6) yields a non-decreasing
positive definite sequence 0 < VO < V! < V2 < ... < V¥
which asymptotically converges to the solution of the IRL
Bellman optimality equation (6).

2) The policies generated by (8) are stabilizing policies.

Proof:

1) According to Lemma 1, the
is bounded so that 0 < VO(E(0),u™(0) < M
and the IRL Bellman expression (7) employing
a strategy w1 yields V' (E(¢),u”™(1)) =
JPRUE@UT @) de + VI(E@+A),u" (1 +A)),
where r is a value iteration update index. Hence, Vr,
VI E@),u™ (1) = X VIH(E@+iA),u™(t+iA)) -

T VO(E(t+iA),u™(t+iA)). This leads to
v EG. ) = [TPUE@WT @) de +
VO(E({+(r+1)A),u™(t+ (r+1)A)). Therefore, the
value sequence is non-decreasing, i.e., 0 < Vo <yl <

- < V" < V'™ Vr. According to Lemma 1, the error
system is asymptotically stable and hence the cost is
bounded so that 0 < waU(E(T),u”(T)) dr < U. The
former sequence of value functions is upper bounded by
M+ U. Then, the value function sequence V' satisfies

initial value function

0 <V <Vl <V?< ... <V and asymptotically
converges to the optimal solution V* of (6).

2) The optimal policies u”, Vr,A, satisfy the follow-
ing IRL-Bellman optimality equation V" (E(t),u"(t)) —
VO (E(t+ A’ (14 A) = [P U(E(n), 0 (1) dr. Us-
ing the stability result of Lemma 1 and employing the
value function V7 (...), or equivalently the policy u",
over the infinite horizon, we get V" (E(¢),u"(t)) =
VI(E({+ A),u"(t+ A) 2V (E(+2A),u"(t+2A)) >
. > lim;o V' (E(1),u" (7)) = 0. Thus, the
strategies u”, Vr, are stabilizing and hence admissi-
ble. Therefore, V" (E(t+rA),u" (t+rA) > --- =
V2 (E(t+2A),u(t+2A)) > VH(E(t+ A),u'(t+ A) >
VO(E(1),u’(z)).

|
The adaptive critics approximates the value of some strategy

7 using a critic network and the associated optimal strategy

using an actor network. The critic network is motivated by the

structure of the value function V, so that

V(B @,a7 (1) = 3177 () O I7(),

where I™(t) = [ E(t) @™ (t)]" and 2™ (¢) is the control signal
using the approximated strategy. The adaptive critic adaptation
weights are set as @, = H > 0.

Similarly, the actor network approximation is given by

a7 (1) = 04 E(1),

where @, = [ Ko Ka Kya| represents the actor adaptation
weights.

In order to adapt the MRAC weights (i.e., the actor and
critic weights), a gradient descent approach is considered.
Thus, the critic and actor adaptation errors are calculated with
the help of (6) and (8) which represent the optimal control
solution. The critic adaptation error is given by gCii¢ =
L(V(E().a7 (1) - V(1) where V(1) = U (E(1), a7 (1)) +
V (E(t),47(t)). Thus, the critic adaptation law follows

®£r+l) _ Ogr) _ é’c SCritic(r)Iﬂ IﬂT’ (9)

where 0 < . < 1 is a critic-adaptation rate.

In a similar fashion, the actor adaptation rule follows a
gradient descent approach where the actor adaptation error is
given by gAc’or = % (@™ — i) with 7 = _nglﬁ O e which
is motivated by the solution structure (8). Hence, the resulting

update law for the actor weights is given by

@é’""’l) — @é”) _ é,a EActor(r) ET (10)

where 0 < {, < 1 is an actor-adaptation rate. The synthesis
of the adaptive control solution is detailed in Algorithm 1.

It is worth to note that, this actor-critic adaptation mecha-
nism provides an adaptive control solution framework that is
based on an optimal control architecture. Further, it gives a
flexibility to select the actor form to approximate the optimal
strategy. It is different from the classical control structures in
the way Lyapunov value functions are used. Herein, it is used



Algorithm 1 Model-Reference Adaptive Control Algorithm

Input:

Number of adaption steps N

Adaptation step A

Actor and critic adaptation rates {, and

Weighting matrices Q and R

Convergence threshold ¢ and a time window width £
Qutput:

Adapted gains Y and @ k=0,1,....N
Initialize E(0), (~)§,°) and @50) > to zero, for example
Get the initial reference signal y"¢/ (0)
k<0
Weights_converged « false
while £ < N and Weights_converged = false do

Calculate the control signal @ (kA), then apply it to the
process to get y((k + 1) A)

7: Use previous step and y"¢/ ((k+1) A) to calculate e(r+

(k+1)A)

Find V(E(k A),@(kA)) and U(E(k A),1i(kA))
: Get E((k + 1)A) and 4((k + 1)A), and deduce

V(E((k+1)A,4((k+1)A))

10: Compute V(k A) and i (kA)

11: Update the critic weights @2 > using (9)

12: Update the actor weights (-)ékﬂ) > using (10)

3 if k > £ and |@%1D _ @)ﬁk*’)H < 65V e
{0,1,..., L}, then

AN A

k+1)

14: o) — @D

15: Weights_converged « true
16: end if

17: ke—k+1

18: end while

return G)E,HkA) and @E.HkA), for k=0,1,...,. N

to find an integral temporal difference structure that can be
solved using IRL. This results in a straightforward equation
that is easy to manipulate and solve. On the other hand, unlike
similar algorithms in the literature, the actor-critic adaption
structures, represented by (9) and (10), do not depend on the
process model. As a result, the proposed development provide
easy-to-implement features of the IRL-based adaptive critics
mechanism.

V. RESULTS

The adaptive model-free controller in Algorithm 1 is applied
for the control of the longitudinal motion of an aircraft.
The underlying longitudinal states of the aircraft (making the
vector X in (1)) are the aircraft’s angle of attack @ and the
pitch rate g. The control signal u is the elevator deflection,
while the output y is the vertical acceleration. The control
scheme does not require the a priori knowledge of the process
dynamics. Nevertheless, to simulate the aircraft behavior, the

following approximate linearized model is adopted [ 1]:

A:[—8.76 0.954} B:[—0.697

~177  -9.92 —168} C=[-08 -0.04]

The simulation and learning parameters of the MRAS are
taken as A = 0.1s, {, = 0.5, and ¢, = 0.5. The weighting
matrices of the cost function are selected, such that Q = I3x3
(identity matrix) and R = 1. The remaining parameters are set
to N =180, £ =10, and 6 = 1078,

Two simulation cases are considered. The first employs
a reference-model of a filtered square wave signal with an
amplitude of 30m/s>. The outcome of this first test case
is revealed in Fig. 2. As expected, the tracking error is
asymptotically annihilated and the control gains are driven to
converge (see Figs. 2(b) and 2(e)).

The second test case challenges the performance of the
adaptive learning controller by introducing a dynamic distur-
bance to the aircraft, such that X = AX + B (pu +EX),
where

(0.8052, [ -0.2760 —0.08581), for 1 < k < 60
(0.5693, [ -0.1959 — 0.00281), for 60 < k < 120
(0.4187,[-0.5324 — 0.0002]), for k > 120

(0, B) =

Furthermore, the controller is set to track a distorted reference
signal compared to that used earlier. The results are demon-
strated in Fig. 3. It is worth noticing how the error and the
control gains converge in about 40 iterations (4 s) in both test
cases.

VI. CONCLUSION

The paper introduced an online adaptive learning control
approach to solve a class of model-reference adaptive prob-
lems. The adaptive mechanism solves an integral Bellman
equation using a reinforcement learning process. The solution
does not rely on any information about the aircraft or the
reference dynamics while using only the available measure-
ments. The relation between the optimal control solution
and the underlying adaptive control system is explained. A
Lyapunov approach is employed to show the stability features
of the proposed adaptive learning control mechanism. The
convergence properties of the reinforcement learning solution
based on a Value Iteration process are highlighted and proven.
The salient features of the proposed approach are demonstrated
in the control of the longitudinal motion of an aircraft with
unknown dynamics.
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