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Abstract

We wish to estimate the probability of extreme cell delays for a particular virtual
connection (VC) or virtual path (VP) in an Asynchronous Transfer Mode (ATM)
network. Since extreme cell delays are rare events we cannot efficiently estimate the
probability of extreme cell delays using crude Monte-Carlo methods. We increase
(exponentially twist) the workload of a related Markov additive chain, which we call
the encumbrance, and use the A-cycle sampling technique to analyse switches with
finite buffers multiplexing cells from Bernoulli interrupted sources with constant bit

rate during bursts.
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Chapter 1
Introduction

The technical committee of the ATM Forum (section 5.2 in [ATM96]) specifies that a
connection request is established only when sufficient resources are available at each
successive network element. The decision to establish the connection through the
whole network is based on the service category of the requested connection, the traffic
contract, and the quality of service (QoS), and the effect on the agreed QoS of existing
connections. The following three QoS parameters are negotiated at the connection
request (section 3.1 in [ATM96]), Peak-to-peak Cell Delay Variation (peak-to-peak
CDV), Maximum Cell Transfer Delay (maxCTD), and Cell Loss Ratio (CLR).

At the design stage of an ATM switch it is of primordial importance to have
estimates of the peak-to-peak CDV, the maxCTD and the CLR for appropriate traflic.
Crude Monte-Carlo (CMC) simulation techniques could be utilized. However, with
CMC simulations we cannot efficiently estimate these QoS parameters to the elusive
and desired order of 1078, A speed-up (variance reduction) technique is de rigueur,
e.g. importance sampling, see [Heid95] for a survey, or importance splitting, see
[GHSZ96].

In recent years many importance sampling algorithms have been proposed to efhi-
ciently estimate the CLR. Chang et al. in [CHJS94] proposed an importance sampling
algorithm based on the theory of effective bandwith to estimate cell loss in ATM
intree networks. L’Ecuyer and Champoux in [LC96] extended the algorithm from
[CHJS94] to include non-intree networks. Falkner et al. in [FDL99] also extended
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the algorithm from [CHJS94] using the theory of decoupling bandwidths. Dabrowski
et al. in [DLMOO] proposed an algorithm based on the h-transform technique (see
[McDo99, BDM99]). Bonneau in [Bonn96] used the h-transform technique to effi-
ciently estimate the proportion of non-conforming cells in a leaky bucket controller.
Here we concentrate on the CTD.

The end-to-end CTD is the sum of the delays through each of the switching

elements. Its upper « quantile is denoted maxCTD, that is
P(end-to-end CTD > maxCTD) = a.

We say that the area «, for a given upper quantile maxCTD, is the probability
of extreme cell delays (PECD). In this paper we propose an importance sampling
algorithm based on the h-transform technique to efficiently estimate the PECD for
a particular virtual connection (VC) or virtual path (VP). We consider the cells
generated by this particular source as tagged cells. We also consider any node through
which tagged cells are going to be buffered as a tagged node.

We measure time in time slots of 7' seconds. The encumbrance generated by one
cell passing through a tagged node is defined as the reciprocal of the constant link
rate at that node. At time slot ¢, the total encumbrance generated by a cell is defined
as the sum of the encumbrance generated at the tagged nodes at which this cell must
buffered in subsequent time slots. The total encumbrance in the network at time slot
t, ENCY, is the sum of the encumbrance generated by the cells in the network.

Cells from bursty (Bernoulli interrupted with constant bit rate during bursts — see
Section 2.1) sources arrive at the ingress multiplexors and proceed through different
sequences of buffered switching points. The cell streams that pass through at least
one of the tagged nodes are regarded as cross traffic.

An h-transform or “twist” of the sources causes the total encumbrance, ENCY, to
overload. We simulate the twisted process until the encumbrance reaches a threshold
¢ (usually equal to, or slighty larger than, maxCTD) or the process returns to some
“large” subset of states A. We call this a twisted cycle. If and when the total
encumbrance reaches / we turn off the twist and count NED, the number of cells

which have an end-to-end CTD greater than the maxCTD before the process returns
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to A, at which time the cycle ends. We can use NED and an importance sampling
weight (likelihood ratio) determined by h (with an additional adjustment for cell loss)
to give a consistent estimate of the probability of extreme cell delays. The twist only
changes the rates not the routing of cells. Moreover the queueing protocols are not
changed. This is desirable in that no new programming is required to simulate the
switch.

The A-cycle technique is useful especially when regenerative simulation is not
feasible, i.e. returns to a fixed state are prohibitively rare. See [Heid95] for a discussion
on the A-cycle technique. This technique assumes that the user can sample from the
stationary distribution 7= on .A. Usually this is done approximately using a burn-in
technique. In Chapter 7, we show how to sample exactly from a stationary distribution
w, when a marginal distribution 7x is known. It is an adaptation of the coupling
from the past (CFTP) algorithm from [PW96]. We then give an algorithm to sample
exactly from the stationary distribution of a delay process in an ATM-type intree
network.

In Chapter 4, we study the large deviations of a two node intree tandem network
by applying the theory from [McDo099]. In the Jackson network setting there has
been a considerable amount of work done analyzing the large deviations of overflows
in two node tandem networks, e.g. [PW89, KN02, GK95]. In Chapter 5, we propose
a change of measure for importance sampling (IS) in the more general ATM-type
network based on this large deviation result. Such heuristic change of measures for
IS-based estimation of probabilities of rare events have been proposed in the past, e.g.
[PW89, KN02] in the Jackson network setting or [CHJS94, LC96, FDL99, DLMO0]
in the ATM-type network setting.

A simulation study for the proposed IS-based estimator is presented in Chapter
6. We estimate the probability of extreme cell delays in a two node tandem network.

We end by giving a giving a “charted map” of the thesis. We try to facilitate the
reading of the thesis by providing a general overview of the contents as well as the

relationship between the chapters.
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A Road Map to the Thesis
1. ATM-Type Networks :

()
(b)

We describe an ATM-type network in Section 2.3.

Our goal is to efficiently estimate the probability of extreme cell delays
for a tagged virtual connection. We define the “encumbrance” in Section
2.5. The encumbrance is used as a workload process related to the delay

process.

In Section 4.2.1, we construct a change of measure using the well-known h-
transform technique. Under mild traffic conditions we show the existence
of a harmonic function h. To do so we study the spectral properties of the
“Feynman-Kac” kernel associated with the Markov additive process with
a Markovian part representing the state of the sources and an additive
part representing the encumbrance. The spectral results concerning the

harmonic function A are found in Lemma 3.4.3 and Lemma 3.6.1.

Using this change of measure, we propose an importance sampling esti-
mator to estimate the probability of extreme cell delays. The description
of this estimator is found in Chapter 5. It uses a twin A-cycle technique.
Unlike regenerative simulation techniques, there is an initial bias when
defining cycles using returns to a set of states A. A burn-in technique is
the usual remedy for the so-called initial bias problem. We propose an-
other solution to this problem for a subset of the ATM-type networks, see

the discussion below on feedforward intree networks.

2. Feedforward Intree Networks :

(a)
(b)

Feedforward intree networks are a subset of the ATM-type networks.

In Chapter 7, we adapt the coupling from the past algorithm from [PW96]
to sample exactly from the stationary distribution of the delay process.

This is a solution to the initial bias problem as discussed above.

3. Two Node Tandem Intree Networks :
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(a)

(b)

Two node tandem intree networks are a subset of the feedforward intree

networks.

For this special case, we find sufficient conditions (that are not so mild)
to obtain the large deviations of the encumbrance. This is an application
of the general theory found in [McDo099]. To do so we had to contruct
a Lyapounov function, see Section 4.5.1. Similar to the construction of
the harmonic function A, we needed to study the spectral properties of a
Feymann-Kac operator. The spectral results concerning the Lyapounov

function are found in Lemma 3.5.1 and Lemma 3.6.2.



Chapter 2

General Model

2.1 Sources

It has become common practice to incorporate burstiness when modelling ATM traffic.
This can be achieved by using Markov modulated sources. We consider a system with
|A| independent sources. Let A be the index set for the sources. Let A¢ be the number
of cells offered by source a to the network during the time slot {. We do not consider
batch arrivals, a single source can only offer one (or zero) cell per time slot.

Each source a is modulated by a Markov renewal sequence (X%, M%), where X®
represents the inter-arrival times and M® is the underlying (irreducible and aperiodic)
Markov chain with finite state space, transition kernel K° and stationary distribution

7y Define Py, ., as the following conditional law

o (T) = P(X{ = $|M1?+1 =, Ml: =m).

m,m’

For simplicity, we will assume that the latter distributions are degenerate, i.e.

o (Ca(M)) = 1,

where ¢,(m) will represent the constant inter-arrival times while in state m.
We will allow idle periods, that is periods during which source a does not offer any

cells. To model these idle periods, we designate some states as off-states, otherwise
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say that the state is an on-state. If m is an on-state, then while the process Me = m,

then source a will offer a cell every c,{m) time slots. Denote

1, m is an on-state,
ta(m) =

0, m is an off-state.

We will assume that the transitions of the underlying Markov chain M?® occur at
the end of the time slots. For example, assume that the Markov chain, M ¢ jumps
into state m at the end of the time slot ¢. If 1(m) = 1, i.e. the source is on, then a
cell will be offered during the time slot ¢ + ¢,(m). The Markov chain then jumps into
state m’ with probability K *(m,m’). This last transition will occur at the end of the
time slot ¢ + ¢ (m).

Define U® as the residual number of time slots until the next possible state tran-
sition for the underlying Markov chain Af®. This last process will be useful in order
to describe the evolution of the system as a Markov chain. Let M/ be the state of
source a at the end of time slot t. The process {(M7,U)} is a Markov chain with

transition kernel
Ki(m,u;m/,u) = 1(u=0) Ka(m:m'>1(u'=ca(m')~1) + Lws0) Lw=u—1) Lim=m)-

It follows from Renewal Theory that the stationary distribution for this Markov

chain is

T (m)L(u e {0,1,...,ca(m) - 1})

7Ta("n: U‘) = m' 7‘(;;! (m,)ca(m,)

Actually, it is easy to see directly that

Z ma(m,u) K4 (m,u;m’ ') = m,(m', '),

(myu)

and that it is a probability measure, i.e.

Z Ta(m,u) = Z W}d(m)l(u €{0,1,...,¢c.(m)—1})

(m,u) (m,u) m/! W?\Zf (m’)ca (ml)

dom T (m) 22, Hu € {0,1,...,ca(m) — 1})
T ) o)
Dom Ty () ca(m)

= = 1.
o 72 () o)
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We define A? as the number of cells offered to the network by source a during the

time slot ¢. The mean number of cells offered per time slot (in steady state) is
Er[All = Z Ta(m, 0) ta(m),

or

2m Ty (M) ta(m)
2m Ty (m) ca(m)

We will partition the index set A into the sets Ty, C,. and R,. : the tagged

B [Af] = (2.1.1)

cell streams, the cross traffic, and the remainder of the traffic streams, respectively.

Explanations are given in Section 2.5. We end the section with two examples.

Example 2.1.1 (CBR Sources) Source a is said to be constant bit rate(CBR), if
it offers a cell periodically, let us say every k, time slots. In the above framework,
the distributions of the inter-arrival times and the transitions are degenerate. We
can view M® as a Markov chain with the degenerate state space {1} and the support
of the distribution of the inter-arrival times is {ko}, i.e. co(1) = Kq. Its stationary
distribution is

7o(l,u) =1/k, forue{0,1,... Kk, — 1},

and the mean number of cells offered per time slot (in steady state) is

a 1
Fr [A7] = ma(1,0) = —.

a

Example 2.1.2 (VBR Sources) [t is common in the literature, see [LC96, FDL99,
DLMO00], to model a variable bit rate (VBR) source as an on-off process with geometric
sojourn times. Such a source has an embedded alternating renewal process, where a
cycle consists of an idle and a burst period.

Assume source a to be an on-off source. The sojourn times of the idle periods are
geometric with parameter pg,. During a burst period, source a will offer a cell to the
network every k, time slots. This allows us to model sources with different peak cell
rates. The size of a burst is assumed lo be geometric with parameter p{,.

In the above framework, taking on = 1 and off = 0, we obtain the following:

ca(l) = Ko, and c,(0) =1.
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The transition kernel for the underlying Markov chain is

fro ( P Po1 )
Plo Pl
From renewal theory, the stationary distribution for (M, U%) can be easily shown to

be given by

1/p‘llo
ra(Lu) = ——P10 104 €{0,1,...,d% — 1
Ka/PYo + 1/D5, A=1p)

and
1/ P01 _
“a/ﬁilo + 1/1781

The mean number of cells offered per time slot (in steady state) is

1/p‘110 _
Ke/PYo + 1/

74(0,0) =

Er [Af] = ma(1,0) =

2.2 Services

Take B as the index set for the nodes in the network. We assume that the services
are deterministic and that every node is work conserving. Suppose that the time slot
t is a possible service epoch. If, at the end of the time slot t — 1, there was at least
one cell buffered at the node b, then a cell is served. The buffer at node b will have a
finite capacity L°.

If Q% represents the number of cells buffered at the node b, then it satisfies the

following recurrence equation:
Q) = max{A;(b) + Q7_, L’} — 1{Q}_, > 0,V = 0},

where V? is the residual number of time slots until the next service slot and A,(b) is
the number of cells offered to the node b during the ¢th time slot. We assume that

there is a service slot at every dp time slots, i.e.

Vb = dy—1, ifVE, =0
i V2, —1, otherwise.
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external sources external sources

external\_* O \ 7 \
: ~
sources e

external\_* Q o O Q
sources °,
external\_* O

: ™~
sources *, Q_. I N
external\f‘ :

. _
sources P O / L]

external sources external sources

level 1 level 2 level 3
Figure 1: ATM-Type Network

2.3 ATM-Type Queueing Network and Associated

Queuing Processes

We consider an ATM-type queueing network as in [FDL99, LC96]. It is a feedforward
network of work conserving nodes with finite buffers. The nodes are partitioned into
levels, see Figure 1. We assume a fixed number of levels, say . The first two levels
are assumed to be intree. The departing stream of cells from a second (or higher)
level node can split to allow the cells from different virtual connections (sources) to be
routed appropriately in order to reach their respective destinations. We will assume
fixed routing. All cells offered by a particular source are going to follow the same
path through the network.

We will allow a source to offer its cells to the network at any fixed node in the
network. This means, there can be external sources at all levels.

We need to consider a large enough state space in order to describe the routing of

the cells through this network. This can be done using a multiclass framework similar
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to [RS92, Dai95]. All cells from the same class departing a fixed node are going to be
routed to the same node in the next level. Once a cell is routed it changes class. Since
there is a finite number of nodes and thus paths though the network, there is also a
finite number of classes. Let € be the index set for the classes. Denote ¢2(i) € € as the
class of the ith cell buffered at the node b at the end of the time slot ¢. The class 0 will
be used for an empty slot, that is ¢?(s) = 0, if Q¢ < i. Denote ¢& = (cb(1),...,c?(Ls))
and let {f; }sep be a collection of Z, -valued functions on €. In our case, the quantity
f5(c4(4)) will represent the encumbrance remaining in the system at the end of the
time slot ¢ due to the ith cell buffered at node b. We introduce the encumbrance in
Section 2.5.

We are interested in the large deviations of queuing processes associated to this
network, e.g. the workload of a hot spot buffer (see [DLMO00]), or the encumbrance
defined in Section 2.5. These large deviations results will help us to construct an
efficient importance sampling estimator for the probability of certain rare events.

The queueing processes of interest are going to be of the form

Ly
Zy=Y 7}, where Z} =Y fi(c}(i)). (2.3.1)
i=1

beB
Example 2.3.1 (Workload) In [DLM00], the workload of the hot spot buffer is
defined as the number of cells in the network which are currently (or are going to be
during some future time slot) buffered in a particular hot spot buffer. This process is
clearly of the form (2.3.1).

2.4 Delay Process

The state space of the Markov chain {Z;, (¢2, V.2)sep, (M, U3)aca} is large enough
to describe the evolution of the queueing process Z;. But, it is not large enough to
describe the evolution of the delay process. Since we are interested in the end-to-end
CTD for tagged cells, we must consider an even larger state space.

Denote Db(i) € Sp C Z, as the age of the 4th cell buffered at the node b at the
end of the time slot ¢, where Sp is the set of possible delays. Note, Sp is a finite set

since we are considering buffers of finite capacity.
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Let D? = (D%(1),...,D%Ly)). The process {Z;, (D?, 2, Vi) oep, (M?, Uf)aca} is a
Markov chain. We assume the existence of a stationary distribution 7 for this Markov
chain. In Chapter 5, we present an importance sampling algorithm to efficiently

estimate the probability of extreme cell delays.

2.5 The Encumbrance

1 3 4 5

dp =2 dg =1 dpg =3 dp =1
source 1 source 5 — —

1 5
gouree 2 "’U ————— w:._ oSty - - - -

P ~.

d2B =2 Sa
source 3 @/
source_4 L. -

- g Tye = {1}, Cve = {2,3,5}, Rue = {4} and TN = {1,3,4,5}

er=dh+dy +dh +dy =7 ea=dy +dl+dh +dk =T, e3=dh +dh =4, s =0and ez =dfy =1

Figure 2: An ATM-Type Network

We want to estimate the upper-tail probability associated with the upper-quantile
maxCTD for the tagged cells. All nodes in the path of the tagged cells are called
tagged nodes. At the end of time slot ¢, a distinct non-negative integer ¢ is attached
to each cell. Define TN(¢) C TN as the set of tagged nodes that still need to
be traversed by the cell ¢ in the network. We call the inter-service time d, the

encumbrance of a cell at node b. The total encumbrance at the end of time slot

ENC, =Y > d (2.5.1)

¢ beETN(c)

t is defined as follows:

Note, when a cell is served at a tagged node b, the total encumbrance is reduced by
dp.
We will partition the index set A of the sources into the sets Ty, Cyc and Ry :
the tagged cell streams, the cross traffic, and the remainder of the traffic streams,
respectively. For an example, see Figure 2. The cross traffic are the non-tagged cells

with at least one tagged node in their path. The remainder of the traffic represents
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the cells that do not pass through a tagged node. It is only the tagged cell streams
and the cross traffic that contribute to the total encumbrance.

Our goal is to exponentially twist the total encumbrance such that “on average”
the total encumbrance will tend to grow. As the total encumbrance grows then
the queues also grow which should cause longer delays. This twist is then used to
construct an importance sampling estimator for the upper-tail probability associated
with the upper-quantile maxCTD for the tagged cells.

To construct the change of measure, we ignore the reflections due to finite buffers,
i.e. we will assume that all buffers have an infinite capacity. To denote that a process
is associated to the finite buffers regime, we will utilise the superscript . For example,
ENC represents the total encumbrance in the infinite buffers regime, while ENC the
total encumbrance in the finite buffer regime.

When considering infinite buffers, the number of cells buffered at node b, Q® will

satisfy the following recurrence

Qb = A®), + Q% — 1{@%_, > 0,V®_, = 0}.

The process {ENC, (b, V2 )er, (M?, U%)qea} is a Markov chain. We denote
its transition kernel as K. We assume the existence of a stationary distribution 7 for
this Markov chain. We denote its state space as S. A general vector from the state
space S is denoted w = (e, ¢, ¥, m, 0).

In Section 4.3, we define the set of states A C S such that it includes the states

for which at least one of the tagged nodes is idle, i.e.
{we S : thereexists ab e TN, =0} C A,

where ¢® = 0 means that there are no cells buffered at the node b. Away from A, the

increment for the total encumbrance is
AENC, = Z €4 1{cell offered by source a} — Z dy 1{V, =0}, (25.2)
aeTchCUc bETN

where ¢, is the encumbrance due to a cell offered by source a as it enters the system

and A is the difference operator defined as A X; = X;—X,_1. Recall, the encumbrance
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due to a tagged cell (when it enters the system) is equal to the sum of the inter-service
times d; over all tagged nodes b along its path.

We will also need an associated free process to construct the change of measure. A
detailed explanation of the general method to obtain the change of measure is given
in Chapter 4. We construct the free process ENC™ by ignoring the reflections at
A. The superscript oo will indicate this regime. The increment generating the total

encumbrance under this regime is defined as

AENCY = Z £, 1{cell offered by source a} — Z dy 1{Y®_; = 0}. (2.5.3)
a€TyeU e beTN
We simply took the increment for ENC away from A, see (2.5.2), as the definition for
AENC?. It should be noted that under this regime the total encumbrance ENC®
can take on negative values. Hence, we must extend the state space S to allow these
negative values. The extended state space will be denoted 5°°.
We call the process {ENC, (¢®, V¥ )sep, (M%,U%)aca} the free process. It is
a Markov chain evolving on the state space S*°. We denote its transition kernel as
K. The state space S* is divided into three regions, the edge A C S, the interior
S° := S\ A and the boundary A := (5 \ S)UA. The free process has been
constructed in such a way that the kernels K and K agree in the interior S°, that
is
K(w;w') = K®(w;w') for all w,w’ € S°.
We introduce notation and terminology that will be used in Chapter 4. Let
Wee = (W, W) be given by

Vi/m[t] = (ENC?); (Cbt)bEB) and Woo[t] = ((Vbt)beB: (Mat; Uat)aEA) .

The process W is called the Markovian part and the first component of W, that
is W™ = ENC™ is called the additive part. This terminology stems from the fact
that the marginal process (W7, W‘x’) is a Markov additive process. This means that

(W2, W) is a Markov chain whose transition kernel, denoted .7, has the form

T (y, ;@ &) = P [A W[l = @' — @, WO[1] = & |[W[0] = w] .
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Actually in our case, conditioned on W°[tf] = ENC® = e, and W[t] = o the
random variable W°[t| = ENC{® is almost surely constant. This follows from our
construction. We denote this constant (e, ). Furthermore, conditioned on W[t} =
W, the increment of the total encumbrance is almost surely a constant. In other
words, for fixed w, the difference ¢(e, w) — e, is a constant for all e. We conclude that

the kernel J has the following form,
T (e, ;e ') = 1(e’ = c(e, b)) P [Ww[l] = @ |IW=[0] = w} . (2.5.4)

We can consider W = ENC™ as a random walk on the additive group Z with
increments that are modulated by the Markovian part W (sometimes called the en-
vironment). It should be natural to suspect the existence of an exponential harmonic
function A for this random walk.

In Section 4.2, we will construct a harmonic function h for the transition kernel
K of the form h(w;,w) = exp(6wq) a(w), where 6 is a real positive constant and
a(-) is a real positive function. We say that h is harmonic for K if it satisfies the

averaging property

Z K®(w;w') h(w') = h(w), for all w € S*. (2.5.5)
w' €5°°
The change of measure or twist is constructed using the harmonic function h. The

h-transform for K= is

h(w")
K (w;w') = K®(w;w') ——=.
(wiw') = K= (win) 1%
It is a direct consequence of the averaging property (2.5.5), that K™ is a genuine
probability transition kernel, ie. > , K®(w,w') = 1, for all w € S*. The process
W™ generated by the transition kernel X is called the twisted free process.
In Chapter 5, we will use this h-transform to construct an importance sampling

estimator for the probability of extreme cell delays.



Chapter 3
Spectral Theory

Consider an ATM-type source a as defined in Section 2.1. In this chapter, we inves-

tigate the spectral theory of the following operator
Ry (m, m]ag, 7) i= eloe el Mo retm] Zo(m, ') (3.0.6)

where €, is the encumbrance due to a cell offered by source a as it enters the system,
co(m') is the inter-arrival rate in state m’ and ¢,(m) is one or zero if m is an on or
an off state, respectively.

The results found here are similar to those found in [BDM99]. Although, since we
assumed that the Markov chain M® has a finite state space then we will not require
the general spectral theory from [NN87]. The operator I?j‘w is a non-negative square
matrix, thus we can make use of the well-known Perron-Frobenius Theorem.

We end the chapter, by showing similar results for the nodes.

3.1 Degenerate Matrix - CBR Sources

Consider the CBR sources of Example 2.1.1. For each CBR source a, the operator

[?]‘\‘,I is a degenerate one-dimensional matrix, i.e.
K]?/I(la 1|Oda,"/) = €xXp [aa Ko + Eq ’Y],
where &, is the constant inter-arrival time. It has the degenerate eigenvalue

Pa(Ca,7) = €xp [0t Ka + €4 7],

16
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with associated eigenmeasure [,(1) = 1 and eigenfunction r,(1) = 1.
For v € R, we will define «,(v) as the unique «, that satisfies p,(a(y),v) = 1.

Hence,
€a7Y
Ka

O‘a(’)’) =
It follows directly that —a,(-) is a differentiable, convex function, a,(0) = 0, and

_(% {—a.(7)} = fa o €o Exn [A], forallyeR,

=y a

where E,_ [A;] is the mean number of cells offered per time slot by source a.

3.2 Non-Degenerate Matrix - Bursty Sources

Consider a non-degenerate ATM-type source a of Section 2.1. The underlying Markov
chain M* is assumed to be irreducible and aperiodic. Thus, the matrix K % as
defined by (3.0.6) is an irreducible and aperiodic matrix. Thus, its Perron-Frobenius
eigenvalue p,(ag,7), i.e. maximal eigenvalue, is a z-root of order 1 of the polynomial
equation

det(K% — z1) = 0.

Therefore, by the Implicit Function Theorem for several complex variables, p(aq,7)
is a holomorphic function, see [GR65].

The Perron-Frobenius Theorem also tells us that the matrix I?j{/[, has a unique
positive eigenmeasure [, and positive eigenfunction r, associated to the Perron root

Pq such that

> la(m)ra(m) = 1. (3.2.1)

Note that p, = 1,7, =1and [, = 7%, when (a,,7) = (0,0), since I?j‘{l = K2, which
is a stochastic matrix.

Since ¢o(m’) > 1 for all m/, that is the inter-arrival times must be at least one
time slot, then it should be evident that for fixed -, p(aq,) is a strictly increasing

function in a, and that

lim p(ag,7) =400 and lim plag,y) =0.

Qg~+00 Qg —r—00
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Thus, there exist a unique real number a, such that p,(aq,y) = 1. We can conclude

that the function a,(7y) defined implicity by

palca(7),7) =1, (3.2.2)

is well-defined and exists for all v € R. This function is differentiable by the Implicit
Function Theorem.

For the remainder, we will assume that o, satisfies (3.2.2), which will imply that
pa = 1. We obtain

Z }?&(mv m/) Ta(m/) = ra(m),

and
> " la(m) Ky (m,m') = lo(m).

From these two equations and (3.2.1), we also obtain

ZZ[ ) K& (m,m/)ro(m) = 1.

We will differentiate both sides of this equation to obtain the (a,)’, i.e. the derivative
of a, with respect to . The derivative of the right-hand-side is zero. Note, we
denote the derivatives of [, and r, as I, and r}, respectively. The derivative of the

left-hand-side is the sum of the following three terms,

SN 1 (m) Ky (m,m!) ro(m! +Z}:z ) K8 (m, m/) vl (m)

m m/

+ Zle(m KMmm)Ta(m')

Sum over m/ in the first term, sum over m in the second term and differentiate in the
third term, to obtain

Zl' +Zl
+ ZD (@) Ca(m) + 20 ta(m)] Kip(m, m') ra(m),
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since

_}?;\I/I(m; ml) — {e{aa ca{m’)+ea 7y La(m)] R'a(m’ m/)}

d
dy
= [(aa)/ Ca(m/) + €a La(m)] e[aa Ca(m,)+5a70a(m)] ]A(a(m, m’)
()’ €a(m) + 4 ta(m)] Kiy(m, m').

Note that > I/ 7o + > 1,7, = 0, since the left-hand-side is the derivative of >_ 1,7,
which is equal to one. This implies that the remaining term must also be equal to

zero, that is
D> T lam) [(0n) calm) + €4 ta(m)] Ky (m,m’) ra(m') = 0.

Isolating for —(a,)’, we obtain

' Zm D la(m) €4 La(m)f?]‘\z/[(ma m') ra(m’)

__(aa) - zm Zm, la,(m) ca(m’) j‘vj(mv ’ITL’) Ta(m’) 3
N _ ' Em la(m) Ea La(m) ra(m)
(ag) = S () () To(m’)” (3.2.3)

Since, I, = 71';;[ and r, = 1, at v = 0, thus

X, 7% (m)eq ta(m)

e % () o)

—(aa)'(0) = = ¢, B, [A%].

The last equality follows from (2.1.1).

3.3 Twisted Process

In this section, we apply a change of measure to twist the sources. Consider an
ATM-type source a as in Section 2.1.

For each v, we constructed a right eigenfunction r, for the matrix K % with eigen-
value 1, see Section 3.2. In this case, we say that r, is a harmonic function for the
kernel K &+ We define the twisted probability transition kernel I@g as
ra(m)

ro(m)

K (m,m') = Ky (m,m)
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With the latter kernel, we can generate a process M®. We can view the process
as the underlying Markov chain of another ATM-type source. This new source will
be called the y-conjugate of source a.

The underlying Markov chain Mo for the twisted source has the following sta-
tionary distribution

Pl(m) = la(m) ra(m),

since

D Lam)ra(m) K5 (mm') = la(m) Ky ra(m)

= Lo (m)r.(m').

We denote U;* as the residual number of time slots until the next state transition
of the Markov chain M®. The stationary distribution of the Markov chain (M®, 1)
is denoted as ¢,. The mean number of cells offered by the y-conjugate source (per

time slot) is
o Do P (m) talm)
B = et

where A} will represent the number of cells offered by the y-conjugate of source a

(3.3.1)

during time slot 1.
Now we show that the derivative of —a, is equal the mean encumbrance offered
per time slot by the y-conjugate of source a.

Since ¢, (m) = la(m) ro(m), then by (3.2.3), we obtain

2m P () ta(m)
‘ Zm’ 803\}1 (m/) Ca(ml) ’

—(an) =¢

which is the desired result.

3.3.1 Alternating On-Off Sources

In this subsection, we consider the special case of the VBR sources of Example 2.1.2.

Let source a be such a source.
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The operator K% (m,m’|a,, ) on {0,1} x {0, 1} in matrix form is given below

€% Do el ra) pgy
Qg+Eq a Qg Ka+Ea "y a ’
el ") Pio el ) P11

Since K 2, 1s a 2 x 2 matrix with positive entries, it can easily be shown that the

Perron-Frobenius eigenvalue for K3, is

PalQa,y) = —;— {tr(f/(\'x,f) + \/(tr(f(\']‘(,‘,))g —4 det(f?j‘(l)} , (3.3.2)

where tr and det are the trace and determinant, respectively. In other words,

g

pa(aaa 7) = 5 {pg(} + ptlll e(a“ (ka—1)+¢€a ) + \/5} )

where

a a g {(Ka— ava 2 o (Ka— a Y% a ,.a a . a
D = (Poo“'pn@( (Ra=1)te u)) — 4eloelramt)ieand) (06 P11 — Plo Po1)

= (o — ph el DR i iy el (e > g,

For fixed 7, we can solve p,(a,,~) = 1 numerically to obtain a,(7).
Consider the underlying Markov chain M@ for source a with transition kernel l@‘;,

see Section 3.3. The probability of remaining on is

Ki(1,1) = Kg(1,1) ;‘%

= exp{aa(7) ko + a7} Pl

Thus, the probability of the transition from on to off is
l@g(l, 0) =1 —exp{a.(y) ke + a7} PL1-

The probability of remaining off is

r4(0)
r4(0)
= exp{aa(7)} Poo

K2(0,0) = K(0,0)

Thus, the probability of the transition from off to on is

K2(1,0) = 1 — exp {oa(7)} pho-
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3.4 Linear Bound and Convexity

In this section, we establish an inequality which will be used in Chapter 4 to prove

the existence of a harmonic function. We end with a proof of the convexity of —a,.

Condition 3.4.1 (Non-Trivial Geometric Burst Period) We will make the as-
sumption that ot least one of the burst periods is non-trivial, in the following sense:
There exists an on state m such that K® (m,m) > 0. In other words, once the process

hits the state m it will remain there for a geometric number of transitions.

We will define the peak cell rate for source a as

1 R
PCR, := max {——m :m such that K%(m,m) > 0, 1,(m) = 1} .
Ca{m)

For both the CBR and the VBR sources of Example 2.1.1 and Example 2.1.2, re-

spectively, the peak cell rate equals the constant inter-arrival rate, i.e. PCR, = K,.
Lemma 3.4.2 The function —a, is bounded below linearly as follows :
—a,(7) > €. PCRy + C,
where C is some constant.
Proof : If a is a CBR source then the result is trivial since
—aa(7) = ea vty = €, PCRyY.

Now let a be a general ATM-type source and let m be an on state such that
1/cq(m) = PCR,. Since r, is a harmonic function for K%, we obtain

ro(m’)

() = 1.

Z K& (m,m')

Since all the terms in the sum are non-negative, this implies that

S~

ro(m

To(m)

K% (m,m) = K&(m,m) <1
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Thus, by the definition of I?j‘{/l,
exp {(ta ca(m) + €477 ta(m)} K%(m,m) < 1.
Since, 1/ca(m) = PCR, and ¢,(m) = 1 (since m is an on state), then

—ag(7) > €4 PCR,Y + PCR, In(K%(m, m)).

Lemma 3.4.3 The function a7, defined as

Qg U

as(m,u) = e™ " ry(m),

is a Tight eigenvector for the following “Feynman-Kac” operator
Ga(m,u;m/,v) = E [exp(yeq Af) L MP =m/, U} =u')| M, =m, U, = ul
with eigenvalue exp{—a,(7)}.

Proof : Case 1 : Assume that u # 0. This implies that with probability one,
M2 =m, U} =u—1, and A} = 0. Thus,

1, fm=mu=u—~1
G:(m,u;m’, u') = ' o ’
0, otherwise.

Therefore,
Z G2 (m, u;m/,u') e Yrg(m') = e7% e® ¥, ().
{(m! u)
Case 2 : Assume that v = 0. We will use the fact that r, is a harmonic function

for I?J‘Q in the following argument :

Z Go(m,u;m’,u) e Yo (m)

(m/u’)

= Z 1(’u,, = Ca(m/)) e[aa (ca(ml)—1)+5a v La(m)] ka (m7 m,)
(m!u)

= Z e—aa e{aa ca(ml)-f»sa g La(m)] ka(mv ml) Ta (ml)

= Z e I?j‘\} (m,m")ro(m’)

—Qg ,0g U

= e @ e%¥pr,(m) (since u =0).
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The arguments utilized in the following proof are found in [DO98].
Theorem 3.4.4 The function —a,(-) is convez.

Proof : Consider the matrix G2 from Lemma 3.4.3, with eigenvalue exp{—a,} and
positive right eigenvector az.
Define

£ = {naﬁ{&i(m,u)} and v = (min){&f,(m,u)}.

Denote, the kth power of the matrix G7 as G, *} For all 4 and 4, we have
-]:Ga{k}( ' /) Aa( / /) < Ga{k}( ! /) < _{Ga{k}( ! /) Aa( / /)
- G m uyml w)as(m), o) < G m wms, u) < — GO (my wsm, u as(m',u’).

Sum over (m/,u’), take the In and multiply by 1/k, we get

1 1
A In Z Gz{k}(m,u;m',u') as(m',u') » — Elne
(m/u’)
< 1 1 Ga{k} A
——k—' n Z v (m: U Im, U )
(m!u’)
<ll Z Ga{k}( con! /) Aa( / /) ~_]:_1
<z I SV mu;m’, ) as(m',u 7w
(m/ ')
Hence,
: 1 a{k
kllrgo z In (Z,) Gv{ Hm,uym! W) p = —a, (3.4.1)

since G&* as = (exp{—a.})" as.
Define

MZ(A/’ k) = E(mvu)

k
exp (v ZsaA?H = > G (m,um ),

t=1 (m ')
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where A} is one if source a offers a cell during the time slot ¢, otherwise it is zero.
The functions in the sequence {ln M%(vy,n)}. are all convex functions of v, since

logarithms of moment generating functions are convex functions. Thus,

lim —;— In(M3(v,k)) = —aaly)

ko0

is also a convex function since convexity is closed under limits.

3.5 Phase Shift

In Chapter 4, we will apply a phase shift to —q, in order to construct a Lyapounov
function. We investigate the consequences of this shift.

Let 6 be some positive constant. We consider the 8-conjugate of source a, its mean
arrival rate is B, [A7] = —(a,)'(0)/cq.

Lemma 3.5.1 The function 4 defined as a2*(m,u) := a%(m,u), at ¥y = 0~ s/eq, is

a Tight eigenvector for the matriz defined as follows
G¥(m,u;m’,u') = E [exp((fe, — s) A}) L(M} = m/, Ul = )| M{, = m, U, =u],

with eigenvalue exp{—az(s)}, where o (s) := a,(0 — s/e,).
Furthermore, —(a)' (0) = —E,, [A?].

Proof: We start by showing that G** a2* = ¢~%(%) 42*. Since f¢, — s = (0 — s/¢,) €a,
then G¢* = G, at v = 6 — s/e,. The result then follows as a consequence of Lemma
3.4.3, i.e. that a2 is a right eigenvector for G with eigenvalue exp(—aa(7)).
Now, we differentiate —a with respect to s. We obtain
d
75 (—0a(0 = s/e0)) = =(ca)' (6 = s/¢a) X (=1/2a).
Thus,
—(03)(0) = —()'(0) X (—1/ea) = —E,,[A]],

since B, [A¢] = —(a,)'(0)/eq.
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3.6 The Nodes

For each tagged node b € TN, we define the generating function of its encumbrance

service process as

My(Bo,7) = exp{Bpdy +dpv } .

Recall, the encumbrance due to node b is d, and that for every node b, the total
encumbrance is reduced by d; every d, time slots.
For v € R, we will define 5;(7) as the unique &, that satisfies My(G, ) = 1.

Hence,
Be(y) = —-

It follows directly that —fF,(—7) = —+v is a convex and differentiable function in -,
) ﬂb(0> = 07 and
%{—/Bb(—v)} =-—1, forallyeR.

Lemma 3.6.1 The function &f defined as

&3(1}) = P

s a right eigenvector for the following “Feynman-Kac” operator
Hj(v;) = B [exp(ydy B) 1V = )| Vi, = 0],

with eigenvalue exp{—PBy(7)}, where BY is one or zero if time slot t is a service slot
for node b.

Proof : Case 1 : Assume that v # 0. This implies that with probability one,
VP =wv~-1, and B’ = 0. Thus,

1, v =v-1,

0, otherwise.

H(v,v) = {

Therefore,
Z H: (v;') PV = g v,
,UI
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Case 2 : Assume that v = 0. This implies that with probability one, VE=d,—1,
and Bf = 1. Thus,

H(0,v)) = { e =d L
0, otherwise.
Therefore,
ZHs(U;UI) BV — g1 B (de=1) — oBo — o= eﬂbU7
v,
since v = 0.

We finish with a phase shift result.

Lemma 3.6.2 Let 6 be some positive real number. The function a% defined as

a¥*(v) == al(v) at y = s/dy — 0, is a right eigenvector for the following operator
H(v;v') == E [exp((s — 0 dy) B}) 1V = v')‘ Vi =1],

with eigenvalue exp{—0B;(s)}, where B (s) = By(s/dp — 0) = —(s/dy ~ 0).
Furthermore, 4 )
7 (Fhi(s) = p

Proof : Since s — Ody = (s/dy — 0) dy, then HY* = HY with v = s/dy — 6. The result
then follows from Lemma (3.6.1).

Now we differentiate,

L (~Bi) = 5 /= 0)) = -



Chapter 4

Large Deviations

4.1 Introduction

This section serves as a brief introduction to the large deviation theory found in
[McDo099, FMO03]. In the general setting of the latter references, we have a Markov
chain W, with transition kernel K, stationary measure 7w and state space S C
Zy x 7=t x S , where S is a countable state space. In our case, S is finite. The
state space is extended to S® = Z" X S, in order to construct a Markov additive
process W™ = (W, W°°), on S®. where W is the additive part and W is the
Markovian part (sometimes called the “environment”). The transition kernel for W
is denoted K°°. The process W is called the free process. It should be noted that
the Markov additive condition on W can be weakened, see [FM03], or the end of
Section 1.1 in [McDo99]. They only consider the weaker condition that the marginal
process (W, W) is a Markov additive process, where W is the first component
of the process W™. We will use J to denote the transition kernel of the Markov
additive chain (W2, W),

It is assumed that there exists a boundary A C S such that the transition kernels
for W and W™ agree within the interior §° = 5>\ A of S, i.e.

K(w,w') = K®(w,w'), ifweS° andw' €5”.
The edge of the boundary A is denoted A = AN S. It is also assumed that there is

28
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a positive harmonic function h for the transition kernel K, that is h satisfies the
following averaging property
h(w) = > K=(w,w') h(w').
w/eSoO

Furthermore, it is of the form
h(h, @) = exp(fw1) a(w),

where w; is the first component of the vector 1, 6 is a positive real constant and a(-)
is a positive real function on S.
The change of measure or twist is constructed using the harmonic function h. The

h-transform for K is
K (w,w') := K (w, w )h(w")/h{w).

We now present some technical conditions similar to conditions found in [McDo99].
Note, the conditions from [McDo99] which are not mentioned below are trivial since
the state space S of the Markovian part is finite. Following these conditions, we

present a large deviation result which follows directly from Theorem 1.6 in [McDo99].

C.1: The marginal Markov chain {W>[t],t € Z, }, with transition kernel K has a
stationary probability distribution ¢(-).

C.2: Let T, be the sequence of return times for the Markovian part W to its initial

state. We will assume that the process {W[T;,] : n € Z, } is aperiodic.

C.3: The first coordinate of the drift vector of the stationary version of W has a
finite, strictly positive drift. That is, 0 < dy < oo where

i=3 o) E [W’O[l} ’ Wes[0] = (o,w)] .

weld

C.4: The twisted free process starting from A has a positive probability of never
hitting 4, i.e.
Z m(w) Py(T° = o0) > 0,
wEA

where 7.° = {n > 0)W™>[n| € A}
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C.5: Define the function f(w) = h(w)1l(w € A). We need

7(f) = 3 w(w) fw) < oo.

weS

Theorem 4.1.1 Under C.1-C.5 and as £ — oo, for w € S such that W, = £, then
m(w) ~ Cy exp(—01),
where Cy € Ry for all w € S.

In Section 4.2, we construct the harmonic function h and give sufficient conditions
for its existence. We also see that provided that h does exist the marginal Markov
chain {W>[t],t € Z,}, with transition kernel K> has a stationary probability dis-
tribution ¢(-). Furthermore, under the same sufficient conditions as given for the
existence of h, C.3 will follow.

In Section 4.3, we show that Condition C.5 is a sufficient condition for Condition
6 in [McD099]. In Section 4.5, we investigate C.4 and C.5 for a simplified model, i.e.

a two node feedforward network of queues in tandem.

4.2 h-Transform

At the end of Section 2.5, we defined the process W™ = (W, W>) as
Wlt] = (ENCP, (4 )sep)  and W[t = (V*)ben, (M®,U%)aca) -

We also remarked that the marginal process (W °[t], W*[t]) is a Markov additive
process with transition kernel 7.

The marginal process (W[t], Wt]) is a special case of the free process found in
[BDM99]. We will use their construction of the harmonic function h for K.

4.2.1 Construction of A

In this section, we construct a harmonic function h, for the transition kernel K°°, of
the form

h(w,w) = exp(@ ;) a(w),
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where 6 is a positive real constant, a is a positive real-valued function on S. It must

satisfy the following property
Z K*>®(w;w") h(w') = h(w).
w/ €5

Since h only depends on the first component of W, then it is sufficient to show that
h restricted to the domain Z x S, also denoted A, is a harmonic function for the

marginal process
(Wloo[t]a Woo[t]) = (ENC?O, ((Vbt)beB> (Mat; Uat)aEA)) )

with transition kernel J. We will show that

(e, 7 o7 @) ELxS

Let v € R, respectively define a., on S and h on Z X S as

Gy (B, @) =[] amaua) x ] &%, (w),
€Ty cUChc bETN
where 2(ma, ue) and a2 (v) are taken from Lemma 3.4.3 and Lemma 3.6.1, respec-
tively, and

hy(e, ¥, m, @) := exp(ye) a (T, M, u). (4.2.1)

Recall that the total encumbrance ENC®, for the free process, satisfies the re-

currence given by (2.5.3). This is equivalent to

ENC® —ENCZ = Y e, A=Y B,
a€ToeUCue bETN
where A%, B? are indicator variables for the cell arrival from source a and cell served
at node b, respectively. Furthermore, as noted at the end of Chapter 3, that for fixed
0, the difference <(e,w) — e is a constant and that conditioned on W[t — 1] = 0, we

have

Z eq Ap — Z dy BY = ¢(e, ) — e,

a€TycUCuc beTN
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almost surely. Furthermore, the form of the kernel J is given by (2.5.4).

Consider the following sum,

(e & 7! ”’)EZXS
= S Tle v e, @) e by (T, )
(¢!, 8 @) ELXS
= ¥ eten-ap [Woom = &/ |[IW[0] = w] o, (W), (4.2.2)
el
where @ = (7,0, @) and o' = (¢, m/,@’). The last equality follows from the fact that

the kernel 7 is of the form
(e, ;¢ ') = 1(e = (e, ) P [W‘X’m — @ |W[0] = w] .
The sum (4.2.2), is equal to

S By [ercem=01 (W) = )| ()

el
S Es [e'v (Seeravene o At-Tuern b B0 1 (1oe1] = w)] iy (@)

wes
From the independence of the sources and the nodes, we obtain the following,

H Z Emaua,) eXp 780“4 ) (Ml '_—m Ul "‘u>] (ma’ua)

aeTchC'uc m u )

x [ D By [exp(—vdy BY) 1V = v')] &5 (vy)

beTN v
= T ewlantn}asimew) x I] explfs}al, ) (123
a€Tye beTN
= eXp{ Z —a,(7y) + Z —513(“'7)} H dz(ma:ua) X H db—y(vb)a
a€TycUCye beTN a€Ty beT'N
= exp{ Z —ora(y Z — B~ ’Y} (T, 7, 1)
deTucUC'uc bETN

where (4.2.3) follows from Lemma 3.4.3 and Lemma 3.6.1.
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Define
A = Y —aa(M)+ Y =B(—)-
€T UC0ye beTN
We have shown that
N Tle b, T, @) e hy (€, T, ) = exp{A(7)} &y (3,172, ).

(e 7 @)L §
Multiplying both sides by €7, we obtain
SNoo Tle v, a0 W) hy (€, T, i) = exp{A(7)} hy(e, 770, @),
(e 7 7 @ ehx 8

Therefore, h., is a harmonic function for 7, if A(y) = 0. The result is stated in the

following theorem.

Theorem 4.2.1 Assume that there ezists a positive real number 6 such that

- Y @®) - ) A6 =0,

aeTchCvc beTN

that is A(8) = 0. The function h of Z X S defined as h = h, with v = 0, is a

harmonic function for the transition kernel J.

4.2.2 Twisted Process

In the prequel, we constructed a harmonic function i for K*. Using h, we construct
the A-transform for K*°, denoted K*°, as

h(w')
h(w)

K2 (w;w') == K*®(w;w'")

The latter is a probability transition kernel. The process generated by it will be
denoted W*.

Assume that w and w' are two states such that K*(w;w’) > 0, then

K*(ww) = [] K*(ma,my),

a:ug=0
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since all of the randomness is in the sources. The ratio h(w’)/h(w) is equal to

o' —e) HaeTvCquc ag(my, uy) % [ Lpern G-o(vy)
I_.[aETv,;UC',,C ag(ma, ua) X HbeTN a—o(vp)
@ very(m,) x [Tpepy €%

eoe()ue ra(ma) X Hb T €O

6fl(e’—e) l—-IaETwUC1Jc

a€TyUCye
_ 0(e'—e) oo () (ul,—us) L 2\""a/ a B (—8) (v}, ~vp)
= €
II - el §
A€l UCye beTN
_ o) () (calms)-1) TalTa) —0u(9)
e H e ro(me) H e

a€T,cUCye © ug=0 a€TycUCye @ ua7#0

% H ePo(—0) (do—1) H e~ Bo(~0)

beTN : vp=0 beT'N : v,5#0

’
— Beq t(ma) Laa(0)(ea(ml)—1) Tﬂ(ma) —ag(8)
= e e —(‘—*——)’ X e
m
a€TycUCye ¢ ug=0 TalTa €Ty UChe ¢ a0

% H o0 Bu(~6) (ds=1) o H e~ Pr(=0)

beTN : vp=0 beTN : vp5#0
Since
S () - Y A=
a€TycMChe beTN
and that §,(—6) = 6, then
h{w' i Ta(m!
(w ) —_ H eGEa t{ma) eaa(ﬁ) ca(ml) r (ma).
h(w) ra(Ma)

a€TycUChe § ua=0

Thus, the h-transform K (w,w’), is equal to

H K®(mg,m),) X H gf €a tlma) () calmy) ra(ma)

a:ug =0 a€TyclUChe @ Ue=0 Ta (ma)
= I Kmeml)x
a&ERye @ ug=0
H eeea t(ma) eaa(t‘)) ca(ml) K“(ma, m ) Ta<m )
a(ma)

a€TyUCye © Ua=0

= H Ke(mg,ml) x H K¢, (mg,m)) Ta(mgg

a€Ryc ¢ ue=0 a€TycUCye : ug=0

= H f(“(ma,m;) X H kg(mmm;)y

aCERyc : ua=0 a€TycUChe  Uqg=0
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where I@g is equal to I@g with v = 6, see Section 3.3.

Thus, for the twisted regime, the transition kernels of the underlying Markov
chains of the tagged sources (T,.) or the sources in the cross traffic (C.) are affected.
Everything else remains unchanged.

The marginal process W™ with transition kernel K is an irreducible, aperiodic

Markov chain. Its stationary distribution is

[T * I1 mmauw)x T]  eulmon)

b a€Ry a€TyeUCy:

(¥, M, ¥)
where ¢, is given in Section 3.3. Therefore, Condition C.1 is satisfied.

4.2.3 Existence

In this section, we provide a sufficient condition for the existence of a positive real
number 6 that satisfies A(§) = 0 where

A == > aalr) = Y Bl (4.2.4)

a€TyUCy,e beTN

Thus, we provide a sufficient condition for the existence of the harmonic function h

from Theorem 4.2.1. We present a few lemmas before the main result.

Lemma 4.2.2 The function A(-) from (4.2.4) satisfies the following properties
1. A is convex;
2. A(0) = 0.

Proof :

1. Since the functions —a,(+), for all a, and —G,(-), for all b, are convex, then the

function A is convex.

2. Since —a,(0) = 0, for all a, and —B,(0) = 0, for all b, then A(0) = 0.
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Lemma 4.2.3 If
> eaBEr[A7] <|TN],
a€TyeUCye

where |TN| is the number of tagged nodes, then A'(0) < 0.

Proof : We have shown that

d

“(—aa(’Y))

& =g, Er,[Af], foralla € T,.UCly,

=0

and
=-—1, forallbeTN.

S (=8(=))

Thus, it follows directly that A as defined by (4.2.4) has a negative derivative at
v =0,ie. A(0) < 0.

y=0

Lemma 4.2.4 If
> &PCR,—|TN| >0,

a€ €Ty UCe

where [T N| is the number of tagged nodes, then
lim A(y) = +o0.
o0
Proof : By Lemma 3.4.2, for all a € T,. U Cy,, there exists a constant C, such that
—a(7) 2 €a PCRAY + Ca.

We have also shown that

—By(—7y) = -y, forallbeTN.

A(’Y)ZW( > eaPCRa—ITNI>+ > Ca

a€TyIC e a€€TycUC e

The statement of the lemma follows directly from the last inequality.
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Theorem 4.2.5 If
> aBr[Af] <|TN| and Y &PCR,—|TN| >0,
aETucUC e a€TyUCe

where |TN| is the number of tagged nodes, then there exists a positive real number ¢
that satisfies A(6) = 0. Furthermore, the harmonic function h from Theorem 4.2.1

exists.

Proof : From Lemma 4.2.2, Lemma 4.2.3 and Lemma 4.2.4, the function A is convex,
A(0) =0, A’(0) < 0 and lim,—, o A(y) = 400, therefore there exists a unique positive
real number € such that A() = 0.

[]

We end the section with interpretations of the sufficient conditions in the state-
ment of Theorem 4.2.5. We can better understand these conditions by looking at the

increment of the total encumbrance of the free process,
> AP =) dB.
a€TwcUChe beTN
Hence, the mean drift of the total encumbrance of the free process is
> ca By, [AY] - TN,
a€TyUCy,
or under the twist it becomes
S el - (TN
a€TyUCye
The first condition, i.e.
> caBr[Af] < TN
a€TycUCye

means that we would like the mean drift of the total encumbrance of the free process

to be negative. We show that this condition is satisfied if for each tagged node b, the
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mean number of cells offered to the system with the tagged node b in their path is

less than the mean number of service slots at the tagged node b. In other words,

> E.[Af] < 1 ,forallbe TN, implies > euBr,[A7] < |TN|,

acA(b) a€TyeUChc

where A(b) is the index set for the sources that offer cells with node b in their path.

By definition, the encumbrance offered by a cell as it enters the network is

ca= Y dy1{a € A(b)}.

beT' N
Hence,
Z B, [Af] - |TN| = Z £a Er, [AF] — |TN|
a€TycUCy,e C'/ETUCUC’UC
= Y E,JA] ) d1{ac A®)} - TN|
a€TpcUCye beTN
= > Y dE.[A]] - TN
beTN ac A(b)
Since .
> E.[Af] < - forallbe TN,
acA(b) b
then
> dyEr[Af] <1 forallbeTN.
ac A(b)
Therefore,
>N A B A -|TN| < Y 1-|TN| =0,
bETN ac A(b) beTN

which is the desired result.

The second condition is
> € PCR,—|TN| >0
aeTchCuc

If the sources were always on and offering cells at their respective peak cell rate, then

then left-hand-side of the latter inequality would represent the mean drift for the total
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encumbrance of the free process. Thus, this condition states that the largest possible
mean drift for the total encumbrance of the free process must be strictly positive. In
other words, there exists a configuration of the sources such that the encumbrance of

the free process will want to increase on “average”.

4.2.4 The Positive Drift

In this subsection, we see that under the conditions of Theorem 4.2.5, Condition C.3
is satisfied. Condition C.3 states that the first coordinate of the drift vector of the
stationary version of W™ has a finite, strictly positive drift. That is, 0 < di <

where

d = Zw(w)E [vam | Wel0] = (o,w)] .

As defined in the latter condition, d; represents the mean increment for the total
encumbrance under the twist, i.e.

di= 3 caB, A0~ |TN].

a€TyUCy,

It can easily be seen from the derivatives of a,, for all a and §, for all b, that the
derivative of A, as defined by (4.2.4), evaluated at 6 is equal to di, i.e. A'(f) = ds.
Under the conditions of Theorem 4.2.5, from Lemma 4.2.2) Lemma 4.2.3 and Lemma
4.2.2, we know that A(0) = A(6) =0, A’(0) < 0, limy_ ;o A(y) = +oc, and that A is
convex. It follows that A’'(6) > 0. Therefore, d; > 0.

4.3 The Edge A

In this section, we define the set A C S large enough such that the probabilities of
the transitions from A into the interior S° are equal for W and the free process W.

In other words,
Lwea) K(w; w') Lwesey = Lwea) K (w; ') Lwrese). (4.3.1)

We end the section with a discussion of Condition 6 from [McD099)].
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As stated in Section 2.5, the set A must be defined to include the set of problem
points Ga, i.e. Ga C A, where

Ga = {w € S : there exists a b € TN such that g, = 0 and v, = 0}. (4.3.2)

We will call Ga the set of gateway points, or the set of lost services. The gateway
nomenclature stems from the fact that the transitions (with positive probability) of
the free process from S into A \ S can only occur from the points in Ga.

Away from the set of lost services the kernels K and K coincide, that is
K(w;w') = K®(w;w'), forall w € S\ Ga and w € S. (4.3.3)

Also, for all w € Ga, K®(w; A\ S) = 1. Thus, if we can define A large enough such
that the transitions with positive probability, for the process W, from A into the
interior S° can only occur from A\ Ga, then (4.3.1) will hold.

For the ATM-type networks that we are considering, only a finite number of cells

can arrive at a node during a time slot. Thus, the following maxima are well-defined,

my = max{q, — g : for all w,w' € S such that K (w;w’) > 0}.

Define the set A as follows,
A:={we€ S: there exists a b € TN such that ¢, < my}. (4.3.4)

Clearly, Ga C A and K(w;w') = 0 for all w € Ga and w' € S°. Thus, (4.3.1) holds.

Condition 6 from [McDo99] is . AM(w') < co, where

Aw') =Y w(w) K(w,w') h(w') 1(w' € ).
wEA
McDonald [McD099] made the following observation. If the kernels K and K™
coincide not just in the interior but also at exits from A, that is (4.3.1) holds, then

it follows from the definition of the A-transform K that the measure A is equal to

Aw') =" (w) K= (w, w') h(w) L(w' € §°).

wEA
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Hence, Y yea M) < 3 pca m(w) h(w), since Y-, K¥(w,w)l(w' € §°) < L
Thus, the following
> m(w) h(w) L(w € A) < oo,

wes
is a sufficient condition for Condition 6 from [McDo99]. Therefore, Condition C.5 is
a sufficient condition for Condition 6 from [McDo099].
Condition C.5 is a statement of the f-regularity of the state space S with respect
to the Markov chain W. Chapter 14 from Meyn and Tweedie [MT93] is a good
reference on f-regularity. From Theorem 14.3.3 in [MT93], the finiteness of 7(f) is

implied under the following drift criterion, where we take A = A.

Condition 4.3.1 Assume the existence of a non-negative function V, a finite subset

C C S and positive constants b and ¢ such that

S K(w,w) V(W) - V(w) < —ch(w) Lw € A) +b1(w € C),

weS

where A C S.

We utilize the latter condition in Section 4.5, to find sufficient conditions for C.5.

4.4 The Twisted Reflected Process

In this section we construct a reflected conjugate process to the twisted free process
W Tt will be a natural construction. We end the section by linking the V-transience
of the set A under K with Condition C.4. See Appendix B for a discussion on the
transience of sets.

Let Op(w) := {b € TN : g, = 0,v, = 0} be the set of tagged nodes with lost
service slots due to empty queues.

Assume W[0] = W>[0] = w € S. If b € Op(w), then during the next time slot,
ie. t =1, the free total encumbrance ENC® will be decremented by d;, but it is not

necessarily the case for ENC. We have a lost service slot, if no cells were waiting to
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be served at node b the previous time slot. We will denote the lost services as {a(w),
le.

Calw) = > d

beOp(w)
Note, in the interior there are no lost services, i.e. {a{w) =0 for w € S°.
Choose w,w’ € S such that K(w;w') > 0. We must adjust the increment for the

total encumbrance to compensate for the lost services. This increment becomes

ENC,—ENCy= Y eAi— ) dBi+(a(WO)).

a€TyUC, e beTN

Recall that conditioned on W10} = 0,

Z €q AY — Z dy BY = ¢(e, ) — e

a€TycUCye beTN

almost surely for all e, where ¢(e, @) —e is a constant for fixed 1. Thus conditioned on
WI[0] = w = (e, Wy, ..., W,, W), the random variable ENC is almost surely a constant
equal to ¢(e, W) + Ca(w).

We have already shown that the kernel I?7 defined as

R}y[w’ 'UAJ,] - E’lf) [e'y (ZaGTucUCUC Eq A%—ZbETN dy B‘f) 1(W[1] — ,U/:]I):| \

has a positive right eigenvector d.(w) with eigenvalue A(y). This follows from the

construction of h. in Section 4.2.1. We now want to show that for all w € S,
> K(w,w') hy(w') = €74 exp{A(7)} hy(w).

Since h,(w) = €€ a4, (W), it is equivalent to show that

Z K(w,w') e’ 4 (@) = 7™ exp{A(y)} &, ().
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We proceed with the proof,

S Kw,w) e, (i)

= Y @ a @) Y K(wuw)

(e/ ") (12,3, Wr )
= }: E, [e’Y(Zaemfa Al =Erern do Bf +¢a(w)) o
(e ")
x1(ENC; = ¢/, W[1] = w')} i, (@),
where ¥ = T, U C,. is used to compress the notation.
Since conditioned on W|[0] = w = (e, Wa, ..., W, W), the random variable ENC;

is almost surely a constant equal to ¢(e,w) + (a(w), then we obtain

S B, [¢7 Cacu ce i~ Tiery d B +a(w))
(el,,‘bl)

X1(e’ = s{e,d) + Ca(w)) UW1] = )] a,(@)
— ZEW {ev(za@ €a AT~Dpern db B{‘+CA(w))1(W[1] = m')] i (') x

Z 1(e' = ¢(e,0) + {a(w))

el

= o) 7 B [ Ceen A8 Toen b BVL(H 1] = )] (@)
= a0 7 Ky, 0] ay (@)
= 00 exp{A() i ()
We summarize the result in the following theorem.
Theorem 4.4.1 For allw € S,

> " K(w, w') hy(w') = 4™ exp{A(y)} hy(w).

Define K as the following probability transition kernel on the state space S,
h(w)
h(w)’

K(w,w') = e™?®) K (w,w')
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Note, the kernels K and K coincide in the interior S°. Also, the kernel K is irre-
ducible. The latter follows from the irreducibility of K. Define W as the Markov

chain generated by the transition kernel K.
Condition 4.4.2 Suppose there exists a bounded function V : S — R such that

Z Kw;w)V(w') —V(w) <0, forallz € S\ A. (4.4.1)

w'eS

Suppose, moreover, that there exists a state w” € S° such that
V(") < V(w), forallw € A. (4.4.2)

Theorem 4.4.3 Assume the existence of a V that satisfies Condition 4.4.2. There-
fore, Condition C.4 holds.

Proof : Define for any A C S,
Ty :=min{t > 0: W[t] € A},

and for any B C S5,
Tg° = min{t > 0: W™[t] € B}.

It follows from Theorem B.1.3 that P, (7a = o0) > 0. From the irreducibil-
ity of the Markov chain W, it follows that there exists a state wg € A, such that
Puwo (7a = 00) > 0. The state wy does not belong to Ga, since K{(w;S°) = 0, for all
w € Ga.

From (4.3.3), it follows that Py, (7a =t) = Py, (7%° =), for all ¢ € N. Hence,
Puo (T8° = 00) > 0.

If the process W™®[0] = wo € S\ Ga, then W must first hit the set of gateway
points Ga C A before entering A \ A. Recall, the set G, is defined by 4.3.2. It follows
that, 7° = 7°, P,,,-almost surely. Therefore, C.4 holds.
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external~_ 1 -]
sources : O—Cil—————> O_.dQ
(A) external ///r

sources /

(Az)

Figure 3: Feedforward Tandem Network : Two Nodes

4.5 Intree Tandem Network (Two Nodes)

In this section, we investigate C.4 and C.5 for a special case of the ATM-type network
of Section 2.3. We consider a feedforward intree tandem network. We consider the
most simple case, i.e. two nodes, see Figure 3.

The sources can offer cells to either node 1 or node 2. Note, all cells are eventually
buffered in a queue at node 2. We will partition the sources into two classes, A;jUA; =
A. The sources in Ay offer cells that arrive at the node b, for b = 1, 2.

We consider the case where both nodes are tagged, i.e. TN = {1,2}. When source

a offers a cell to the network the total encumbrance is increased by

dy + dg, ifae A
Eq =
dg, ifae AQ

A cell served at node b will decrease the total encumbrance by d,. Hence, the total

encumbrance at the end of time slot ¢ is
ENC; = (di + dy) Q} +da Q?,

where Q° represents the number of cells buffered at node b at the end of time slot b.
Recall that the edge A C S of the boundary A is defined as follows

A= {w e S : there exists a b € TN such that ¢, < My},

where

Wy = max {q; — g : for all w,w’ € S such that K(w;w") > 0}.
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We will consider the following exhaustive collection of subsets of A, denoted GA°,
and G4, for b = 1,2. The set of gateway points (also called the set of lost service slots)
G is defined by (4.3.2). The subset Gao® C A is the complementary set of G within
A, ie. Ga®= A\ G. Note, K(w,w') = K®(w,w'), for all w € Go° and w' € S. For

b = 1,2, the notation G4 represents the following subsets of Ga
Ghi={weA:g=0m1v=0}.
We say that the three sets form an exhaustive collection of subsets of A since
A =GA°UGL UGS,

Our goal is to construct a Lyapounov function V' : § — R that satisfies Condition
4.3.1. It will be of the form V(w) = Vi(w) + Va(w), where

Va(w) = exp{fe — vy o} G32(W),

v, > 0 and &jf > 0 for b= 1,2. Note, a** are positive functions on S with parameter

s. The construction of these functions is given in the next subsection.

We will need the following extrema. Define £(s),£(s) € R, as

axb(w) X
£(s) == min{ =~ forallw e S, forall b€ {1,2}}, (4.5.1)
= (1)
and
= axt(w) .
£(s) := max {—f———;—— c forallw e S, for all b e {1,2}} : (4.5.2)
()

Using (4.5.1) and (4.5.2), we obtain the following inequalities, for all w € 5,
exp{fe}a®(w) > £(s) exp{fe} ag(w) = £(s) h(w), (4.5.3)
and
exp{f e} a}’(w) < &(s) exp{Oe} ao(w) = &(s) h(w). (4.54)

For all w € G4, g5 = 0, thus Vy(w) = exp{f e} a;>(w) is bounded above and below by
multiples of A{(w). In other words, on the set of problem points Ga, the Lyapounov

function V is “similar” to h.
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In the next subsection, we will construct V¥ and V3 such that they will be eigen-
vectors for K with respective eigenvalues exp(A1(s)) and exp(Aa(s)). We start by
stating a few lemmas and the main result. The proof of the lemmas are also found

in the following subsection.
Lemma 4.5.1 The functions Vi?, b = 1,2, defined as follows
Vi(w) = exp{fe — s g5} a2 (), (4.5.5)

and a2 are defined by (4.5.23) and (4.5.30), respectively, are positive

eigenvectors for K. We denote their respective eigenvalues as exp(Ay(s)).

A%l
where ay",

Lemma 4.5.2 The functions V¥, from (4.5.5), b = 1,2, satisfy the following equa-

tions :

K Vi (w) = exp(8($)) Vi (w), if w e S\ Ga (45.6)
6dsy s . 2
K V'ls(w) = :d —sexp(Al(S)> 1/1 gw)a wa € g? and q > Oa (457)
ef i exp(A1(s)) Vi(w), ifw € Gp and g2 >0,
and
Odi+s s . 1
K Vg (w) = eed ’ exp(Aq(s)) Vgs(w), z’f'w € g/; and gs > 0, (45.8)
e?%=¢ exp(Aq(s)) Vi (w), ifw € G and g1 > 0.

Lemma 4.5.3 Assume that V7 (w) = exp{fe — sqp} a2°(d), as defined by (4.5.5), is
a positive eigenvector for K™ with eigenvalue exp(Ay(s)), then
az(w)

Vi (w) = exp{—sq} &sg(w)

(4.5.9)

is an eigenvector for K™ with eigenvalue exp(As(s)).

Lemma 4.5.4 Assume

1 11
ST E (A5 >—  and Y B [A+ — > =
a€Ay dl a€Ay d1 d2

For b= 1,2, there exists s, > 0 such that Ay(sp) < 0.
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Theorem 4.5.5 Under the conditions of Lemma 4.5.4, we can choose v, > 0 such
that Ab(l/b) < 0.
a) The function
V=V + V7,
where V§ is defined by (4.5.9), can be used as the bounded Lyapounov function V' from
Condition 4.4.2. Therefore, C.4 holds.

b) If v, >0, b=1,2, can be chosen such that min {&} > 0, then the function
be{1,2} | dp

V=V +V”

can be used as the non-negative Lyapounov function V' from Condition 4.5.1, where the
strictly positive constants e and b and the finite subset C C S are chosen appropriately.
Therefore, C.5 holds.

Proof : a) Since exp(Ay(1p)) < 1, for b = 1,2, then, for all w € 5%,
KoV(w) = K2V (w) + K2V (w)
= MW P(y) 4 M) Y ()

< W w) + V' (w) = V(w).

Since K(w;w') = K®(w,w'), for all w € S°, and w' € S, then
KV(w) < V(w), for allw € S\ A.

It remains to show that there exists a state w” € $°, such that V(w") < V(w),
for all w € A. Since, on A there exists a by € TN = {1, 2} such that g, < my,, see
(4.3.4). Using {(vy,) from (4.5.1), we have for all w € A

~ 1 ~ ~ 2 ~
V(w) = e N@ 0;;1 ('ZAU) 4TV @2 a;2 <1;U)
ag(w) ag(w)
a kb [,
> eV G a:/bo (fU)
- ao (W)

2 é(ybo) eXp(“Vbo Tﬁbo)

bg{li%} {€(w) exp(—vp 1)} > 0.

v
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It follows that such a w” € S° exists, since V(w) — 0 as ¢ — oo and ga — 0.
b) We will consider the following three cases: i) w € Ga% ii) w € G4; and 44)
w € Ga.
i) Assume that w € Go°. We will show that there exists a positive constant €
such that
KV(w) — V(w) < —e h(w).

Using (4.5.6), we obtain

KV(w)~V(w) = K(V"(w)+V?(w)) — (V7 (w) + V3% (w))

2

= > AKK (w) = V" (w)}

b=1
2
= Z {eAb(Vb)%Vb(w) _ beb(w)} )
b=1
From the definition of V;*, see (4.5.5), it follows that
KV(w)-V(w) = € Z {em@asb(w) (et - 1)} (4.5.10)
Since exp(Ay (1)) < 1, for b = 1,2, then both terms in the sum on the right-hand-side
“of (4.5.10) are strictly negative. It follows that
KV (w) — V(w) < e gz (ap) (eMol) — 1), (4.5.11)

where by € TN = {1,2} is chosen such that g, < my,. Such a by exists since
w € Ga® C A, see (4.3.4). Thus,

e 0 o > eV Mo > min {e ""m"} > 0.
be{1,2}

From the latter and the fact that the right-hand-side of (4.5.11) is negative, we obtain

KV(w) — V(w) < e?eaze(w) (eMolre) — 1) x bn{%} {emrme} (4.5.12)
S

Using (4.5.3), we get the following inequalities

e’z () > &(vs,) M{w) > h(w) bg{lin {€(w)} > 0.
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From the latter and the fact that the right-hand-side of (4.5.12) is negative, we

obtain

. < Apg (Weg) ; —uyp : )
KV(w) = V(w) < h(w) (™" ~1) x min {e™*™} x min {§()}

Let €; be the following positive constant,

= i Ap(w) _ 1 —~vp ]
er =, min {|e" — 1]} x min {™*™} x min {§(s)} > 0.

Therefore,

KV(w) - V(w) < —€1 h(w).

We have proved case (i). We now proceed to the other two cases.

For the cases (i7) and (é¢), we will need C C S defined as
C:={weS:q <c and ¢» < ¢} (4.5.13)

The strictly positive constants ¢; and ¢y are going to be defined as we proceed with
the proof. Note, the subset C is finite.
ii) Assume that w € G5. We will prove that for w ¢ C, there exists a strictly

positive constant €; such that
KV (w) - V(w) < —eg h(w).

Since w ¢ C, then for all w € GX, @1 = 0, thus g2 > ¢ > 0.
Using (4.5.7) and (4.5.8), we obtain

KV(w) = V(w)
= KW' (w) = Vit (w) + KVy* (w) - V3*(w)
= (efheMn) 1) VP (w) + (2B et 1) VR (w).  (4.5.14)

We will consider the two terms from (4.5.14) separately. The idea is as follows. We
will show that the first term is smaller than some negative multiple of k, and that
the second term (which can possibly be positive) will be insignificant if we choose ¢s

large enough.
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We start with the first term from (4.5.14),
(€9d1—U1 eAl(Ul) . 1) ‘/11/1 ('LU) — (egdl—ul eAl(ul) . 1) fe A*l(w> (45.15)

since ¢; = 0. From the statement of the theorem, 8d; — v; < 0 and Ai(ny) < 0.
Hence, e?@ 1 eM(1) — 1 < 0. Using (4.5.3) and the fact that (4.5.15) is negative, we

obtain
(eodl-.ul eA1(u1) _ 1) "/1111 (’lU) S (eﬁdl—m 6A1(V1) — 1) §(l/1) h(w)

Let €91 be the following positive constant,
en = —§(11) (e"dl"’1 eh) 1) > 0.
Therefore, we obtain the following bound for the first term from (4.5.14),
(efhmn M) — 1) VP (w) < —ea1 h(w). (4.5.16)
Now we consider the second term from (4.5.14),

(eed1+uz ehalv2) _ 1) V"2 (w)

(60d1+u2 eAg(uz) - 1) €9e V2 g2 &*2(,@)

< |69d1+uz Ao(va) 1' -9 g2 96 *2( )
< |efhte Az(va) _ 1]e™22 &(vy) h(w), using (4.5.4)
< Ieed””" ehalv2) 1‘ B 5(1/2) h(w), since ga > c3

1

€gn h(w),
where we define ey, > 0 as follows
e 1= |ef D+ eh202) _ 1] 729 F ().
Therefore, we obtain the following bound for the second term from (4.5.14),
(7 e202) — 1) V2 (w) < egp h(w). (4.5.17)
From (4.5.14), (4.5.16) and (4.5.17), we obtain

KV (w) — V(w) < (—e2 + €22) h(w).
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To define ey properly, we must fixed the value of the constant co. We will choose
¢y large enough such that ezy < €91. This is possible since as ¢z — 00, €39 as a function
of ¢y tends to zero.

Define €5 1= €91 — €39 > 0. Therefore, for all w € G5 N (S'\ C),

KV(w) — V(w) < —eg h(w).

This completes the proof of case (ii).
iii) Assume that w € G%. We will prove that for w ¢ C, there exists a strictly

positive constant €3 such that
KV(w) — V(w) < —e3 h(w).

Since w ¢ C, then for all w € 3, g2 = 0, thus ¢y > ¢; > 0.
Using (4.5.7) and (4.5.8), we obtain

KV(w)—V(w)
= KV (w) - V" (w) + KVy*(w) = V5" (w)
(ef%2 M) 1) V¥t (w) + (ePdrm2 et — 1) V32 (w).  (4.5.18)

We will consider the two terms from (4.5.18) separately. We will proceed as in case
(7). We will show that the second term is smaller than some negative multiple of
h, and that the first term (which can possibly be positive) will be insignificant if we
choose ¢; large enough.

We start with the second term from (4.5.18),

(80d2~vz eha(va) _ 1) V2 (w) = (6942——1/2 eha2(v2) _ 1) 696&;3(@@), (4.5.19)

since g = 0. From the statement of the theorem, Ady — vy < 0 and As(vp) < 0.
Hence, e?@27%2 ¢M202) — 1 < 0. Using (4.5.3) and the fact that (4.5.19) is negative, we
obtain

(egdr”2 M) 1) Vit (w) < (e‘g“h"”2 eh2(v2) 1) £(va) h(w).

Let €37 be the following positive constant,

ez = —{(1p) (!0 — 1) > 0.
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Therefore, we obtain the following bound for the second term from (4.5.18),
(2922 gh2ld) — 1) V32 (w) < —eg h(w). (4.5.20)
Now we consider the first term from (4.5.18),
(0% M0 1) V¥ (w)

(eedz Ar() _ 1) 696 aq &*1(@)

< leedg Aq( V1) 1‘ -1 q1 06 A*l( )

- vy

< et eMt) — 1) e™ % g(n) h(w), using (4.5.4)
< leedz ehiln) ll e 0 E(vy) h(w), since g1 > ¢

= €33 h{w),
where we define €39 > 0 as follows
€33 1= |69d2 ehi) _ 1| e E(uy).
Therefore, we obtain the following bound for the first term from (4.5.18),
(4 e ) — 1) V32 (w) < ez h(w). (4.5.21)
From (4.5.18), (4.5.20) and (4.5.21), we obtain
KV(w) — V(w) < (—es1 + €32) h{w).

To define €3 properly, we must fixed the value of the constant c;. We will choose
c1 large enough such that eso < e31. This is possible since as ¢; — 00, € as a function

of ¢; tends to zero.
Define €3 := €3, — €39 > 0. Therefore, for all w € G2 N (S\ C),

KV (w) — V(w) < —es h{w).

This completes the proof of case (%it).

Let € = I{I}ln {e;} > 0. We have shown that for all w € A,
i€

KV(w) - V(w) < —eh(w) +b1l(w € C),
where b is a strictly positive constant. Such a b exists. This follows from the fact that
C is a finite subset, which implies that KV (w) — V(w) is bounded on C.
O
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4.5.1 Construction of the Lyapounov Functions

In this subsection, we prove Lemma 4.5.1 and Lemma 4.5.4. The proof for Lemma
4.5.2 and Lemma 4.5.3 are found in Appendix A. We will concentrate on one node
at a time.

Let us start with the construction of V*. Define

Vi(w) := exp{fe — sq }a (), (4.5.22)
where
d:1<w) = H d:a(mavua) H &g(ma;ua) X &:1(1)1) X d%e(vg). (4523)
a€Ay aCAs

Note, the notation a* is being used to denote different functions. Although, its input
should indicate which of the functions it is representing. The functions a:*(mg, ua)
are defined in Lemma 3.5.1 and the functions a**(v;) are defined in Lemma 3.6.2.

In the next few pages we will prove the following result.
Lemma 4.5.6 Part i: The function V{ as defined by (4.5.22) is a positive eigen-
vector for K™ with eigenvalue exp(Aq(s)) as defined by (4.5.26). Part ii: If

4 1
ZEa[At]>ZZ—1—’

acAy

then there exists a real number sy > 0 such that A;(s1) < 0.

The process Q°* will represent the free process associated to the queueing process

Q! by ignoring the reflections in A. The increments of ENC?® and Q}* are

AENCE = > e Af— > d B, (4.5.24)

acA1UAg beT N

and
AQ!® = (Z A?) ~ B} (4.5.25)
a€A;
Recall, A is the index set for the sources that directly offer cells to node b, A7} is the

indicator function which is 1 when source a offers a cell during the time slot ¢, and
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B? is the indicator function which is 1 when a cell is served at node b during the time
slot t.
Define the operator

R, '] := Ba |exp {0 A ENCP® = s AQI™} L(W[1] = )]
From (4.5.24) and (4.5.25), we obtain
OAENCE® — s AQL™

(E (5
acAijUA2 beTN a€Ar

= Y (fea—s) AT+ Y Oca AT+ (—0di +5) Bl ~0dy BY.

acAi a€An

Which implies, by the independence of the sources and the nodes, that

Ky fw, 0
= 1 62 0ma uasmiug) x T Goma, waymi, ) x HE (w1, v1) x Hy vz, 03),
aEA1 GEAz

where G§ is G2 at v = 0 as defined in Lemma 3.4.3, G is defined in Lemma 3.5.1,
HZis HY at b= 2 and v = 0 as defined in Lemma 3.6.1, and H;* is defined in Lemma
3.6.2.

It follows from Lemma 3.5.1, Lemma 3.4.3, Lemma 3.6.2 and Lemma 3.6.1 that
the kernel K!* has a positive right eigenvector a*' as follows

a5t (w) = H a;"*(Ma, Ua) H g (M, ta) x 31 (v1) x @2 g(v2),
ac Ay a€Ay

with eigenvalue exp{A1(s)}, where

A(s) =Y —ai(s)+ > —aa(8) = 87 (s) — Ba(—0). (4.5.26)

a€A acAs

This implies that

> K (w,w) Vi (w') = exp{Ai(s)} Vi (w).
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This proves Part + of Lemma 4.5.6.

We will now show that .
> By [A7] > - (4.5.27)
1

ac Ay
is a sufficient condition for the existence of a positive real number s; such that

A;(s1) < 0. Note, this condition means that the mean arrival rate at node 1 must be

greater than the mean service rate at node 1. Evaluating A, at s = 0, we obtain

M0) = > —a(0)+ Y —aa(8) - B(0) — 5a(~0)

= Y —aal®) + ) —aa(6) ~ fu(~6) — Fa(~0) (4.5.28)
= A(el) =0. 2

The equality (4.5.28) follows from the definitions of a(s) and 3 (s), see Lemma 3.5.1
and Lemma 3.6.2, respectively.
By Lemma 3.5.1 and Lemma 3.6.2, the derivative of A; at s = 0 is equal to
N0 = T - B4 + 1
a€ Ay
Under the inequality (4.5.27), this derivative is negative. Therefore, there exists a
positive real number s; such that A;(s;) < 0. This proves Part 71 of Lemma 4.5.6.
We end this subsection with the construction of V;’. It will be similar to the

construction for V.

Define
Vi (w) = exp{fe — s g} a:* (), (4.5.29)
where
a2 (@) = [ a*(ma ua) T 85(ma,ua) x @37(vs) x @Z(v1). (4.5.30)
a€Ay a€A;

In the next few pages we will prove the following result.

Lemma 4.5.7 Part i: The function Vi as defined by (4.5.29) is a positive eigen-
vector for K™ with eigenvalue exp(As(s)) as defined by (4.5.82). Part ia: If

1 1
E, [A]]+ — > —
Z a[ t] + dl > dQ’

a€ Ay
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then there exists a real number sy > 0 such that Ay(s) < 0.

The increments for the free process Q?* are

AQP™® = (2 Ag) — B2+ B}, (4.5.31)

a€ Ay

where B} = 1, if there is an arrival from node 1. Note, the serviced cells from node
1 become arrivals at node 2.

Define the operator
R (i, ') := By |exp {9 A ENCP = s QI } L(W[1] = )]
From (4.5.24) and (4.5.31), we obtain

OAENCY — s AQ2™

(g g ((m ) en)

a€AjUAg beTN a€ Ay
= Y (fea—s) AT+ Y Oea A+ (=Odp + ) BY + (~0d1 — ) By.
acAz agAy

Which implies, by the independence of the sources and the nodes, that
R [, 01
= H G¥* (Mg, Ug; M, u) X H G2 Mg, Ug; M, ul) X H2*(vg,vh) x HY (v, v)).
acAz acAy

where G2*, G2, H* and H are defined in Lemma 3.5.1, Lemma 3.4.3, Lemma 3.6.2
and Lemma 3.6.2, respectively.
It follows from Lemma 3.5.1, Lemma 3.4.3, Lemma 3.6.2 and Lemma 3.6.1 that

the kernel K2* has a positive right eigenvector 22 as follows

() = T a2%(ma, o) [T 50mar ue) x 87 (01) % 833(02)
ac Ay aCAs
with eigenvalue exp{As(s)}, where

Ao(s) =Y —ai(s) + Y —aa(f) — B5(s) = Bi(~s). (4.5.32)

acAg ac A
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This implies that
> K (w, w5 (w) = exp{Aa(s)} V5 (w).

This proves Part i from Lemma 4.5.7.

We now will show that
1
> B, 147 I+ -> - (4.5.33)
a€Ag 2

is a sufficient condition for the existence of a positive real number s; such that
Az(sz) < 0. Note, this condition means that the mean arrival rate at node 2 (away

from A) is larger than the service rate. Evaluating Ay at s = 0, we obtain

A0) = D —ak(0)+ D —aa(6) - £5(0) - 5(0)

a€Asg a€A;

= Y -+ Y —aul0) - Go(~6) ~ Bi(—6)  (45.34)
GEA2 a,eAl

~ A@§) =0.

The equality (4.5.34) follows from the definition of a(s) and G;(s) found in Lemma
3.5.1 and Lemma 3.6.2, respectively.
By Lemma 3.5.1 and Lemma 3.6.2, the derivative of A, at s = 0 is equal to

=Y —E,,[A]] ——+d—2

a€ Az

Under the inequality (4.5.33), this derivative is negative. Therefore, there exists a
positive real number s such that Ay(s2) < 0.

Remark: The Lemma 4.5.1 and Lemma 4.5.4 follow directly from Lemma 4.5.6
and Lemma 4.5.7.



Chapter 5

Importance Sampling

5.1 Introduction

Importance sampling is a speed up (variance reduction) technique which can be used
to efficiently estimate performance measures related to rare events in communication
networks. We propose an importance sampling estimator to estimate the probability
of extreme cell delays through an ATM-type network. For a fixed virtual connection,
we want to estimate the long-run proportion of cells with an end-to-end cell trans-
fer delay greater than the large fixed threshold maxCTD. We utilize the following

notation :
D; = { end-to-end CTD > maxCTD =/{}, oy = Pz(Dy).

where # denotes the stationary distribution of the system. Note, in this chapter we
consider the finite buffer network.
We present an importance sampling estimator for the probability of extreme cell

delays through an ATM-type network.

5.2 The A-cycle Method

We use the twin A-cycle method, see [CHJS94, Heid95] to construct a strongly con-

sistent estimator for the probability a, of extreme cell delays.

99
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The twin A-cycle method exploits the fact that the total encumbrance driven
by the twisted sources has positive drift. A twin A-cycle consists of two A-cycles
(the biased A-cycle and the unbiased .A-cycle), both starting from the same state
in A, where A is a subset of the state space. The biased A-cycle uses the twisted
transition probabilities (see Section 5.3). Once started, a biased .A-cycle continues
until the process hits A again. If the total encumbrance reaches (or exceeds) the
critical value £ (the chosen quantile maxCTD), then we “untwist” the sources, i.e.
return to the original transition probabilities. Note that we turn off the twist when
the total encumbrance exceeds ¢ and not when an extreme cell delay is observed,
so in fact even if the total encumbrance overloads during a biased A-cycle we may
not observe an extreme cell delay. Together with a biased .A-cycle we simulate an
unbiased A-cycle, i.e. with the original probabilities. Each return to a state in .4 ends
an A-cycle and generates a new initial state for the next pair of unbiased and biased
A-cycles. By forcing a biased A-cycle to start at the return state of an unbiased A-
cycle we essentially start the twisted process off in the steady state 7 of the original
process on A.

The probability of extreme cell delays, ay, for the tagged cell stream is the long-
run number of tagged cells with an end-to-end CTD greater than maxCTD (per
A-cycle) divided by the long-run number of tagged cells served at the last (most
downstream) node in the network (per A-cycle). We can estimate the denominator
of this ratio using crude Monte-Carlo simulation techniques. Let NCS4[n] be the
number of tagged cells served at the most downstream node during the nth unbiased
A-cycle. Therefore (1/N) -3 NCS4[n] is a strongly consistent estimator of the
denominator, i.e. the long-run number of tagged cells per A.

The numerator of the above ratio cannot be efficiently estimated from untwisted
cycles with crude Monte-Carlo simulations, since extreme cell delays are rare events.
Instead we use the biased A-cycle. To demonstrate this fact we use an argument found

in [LCO1]. The squared coefficient of variation (SCV) of the number of extreme cell
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delays during an unbiased A-cycle, NED 4, with respect to Px is

VAR#(NED,) _ Ez(NED?) — (Ex(NEDy))?
(Ex(NED4))? (Ex(NED4))*
E+(NED) — (Ex(NED))?
>
o (Ex(NED,4))?
1

~ E(NEDy

where the inequality follows from the fact that NED 4 is an integer valued random
variable. Thus, SCV#(NED4) — oo as Ex(NED4) — 0.

Let NED4[n| be the number of tagged cells with an end-to-end delay greater
than maxCTD during the nth biased A-cycle. To compensate for the twist, we must
multiply NED 4[n] by an importance sampling weight (likelihood ratio) L[n] to get
a strongly consistent estimator for the mean number of extreme cell delays observed

per A-cycle:
L X
v > NED4[n] L[n).
n=1

Similar to calculations from Appendix B in [DLMO00] we can easily show that the
likelihood ratio L[n] is the product of two factors: the partial likelihood factor £;[n]
and a correction factor L£y[n], see Section 5.4.

For the nth biased A-cycle, let wg and wy, respectively denote the initial state of
the system and the state of the system when the total encumbrance hits or exceeds

the critical value £ for the first time. We define the partial likelihood ratio as
L1[n] = h(wg)/h(we.)

where h was defined in Theorem 4.2.1

To summarize, we present our importance sampling algorithm.
Algorithm 5.2.1 (The Twin A4-Cycle)
1. Setr=1.

2. Start the replication at an initial state in A. Set n = 1.
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10.

11.

12.

Run the twisted process. Count the lost encumbrance C[n] due to cell loss.

If the total encumbrance reaches (or exceeds) £ before hitting A, go to step (5 ).
If the total encumbrance returns to A first, go to step (6).

Calculate L1[n] and Ls]n], see Section 5.4. Untwist the sources and continue to
run the process until we return to A, and count the number of tagged cells with
an end-to-end cell CTD greater than mazCTD, NED4[n]. Go to step (7).

Stop the twisted process. No extreme cell delays were observed. We set NED 4[n] =
0. Go to step (7).

Return the system to the state it was in before the last twisted run. Run the
untwisted process until it again returns to A. Count NCS4[n], the number of

tagged cells served at the most downstream node during this unbiased A-cycle.

Update the initial state to be the return state of the untwisted process just gen-
erated. Set n=n+1.

Repeat steps (3) to (8) for N A-cycles. Go to step (10).

Set

N N
Y, = (Z NDE4[n] L1[n] £2[n]> and X, = (Z NGSA[n]> .

n=1 n=1

Setr =r+1. Go to step (11).

Repeat steps (2) to (10) for R independent replications. Go to step (12).

QOur importance sampling estimator is the following ratio estimator
&=V /%

The variance estimator is

S+ (@p)? S% — 20 Sxy
R(X)? )

o?
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where Y, X, 5%, 5% and Sxy are the sample means, the sample variances and the
sample covariance of the {¥;} and {X,}, respectively. The relative error for a 99%

confidence interval is given by
RE =2575 /ay .
Remark 5.2.2

1. In step (2) of Algorithm 5.2.1, we would like to generate the initial state in A
from the distribution #4(-) := #(-)/%(A). Usually this is done approrimately
using a burn-in technique. We simulate M (a large number) returns to A and
utilize the Mth return to A as the initial state.

2. We present an alternative to the burn-in technique in Chapter 7 using Perfect

Sampling.

3. In Chapter 6, we investigate different variants of the Algorithm 5.2.1. The A-
cycles are either defined using returns to A or Ga, similar to [DLMOO], or as
in [LC96, LCO1, FDLI9], we also consider A-cycles as busy periods, that is the
set A represents the states for which the buffers at tagged nodes are all empty.

5.3 Change of Measure and Modified Encumbrance

We would like to overload all of the tagged nodes. We propose an algorithm which
modifies the set of tagged nodes. If, at any of the tagged nodes, the mean arrival cell
rate is less than the service rate (under the twisted rates), then expunge this node
from the set of the tagged nodes. Subsequent to this change, redefine the cross traffic
Cy. and recalculate the twist. Below we explain how to accomplish this task.

We will define the following vectors (A(a,b))axn, and (i(a,b))axs, called the
controlled input and output rates, respectively. They will be defined recursively.

We utilize the following notation :

e We denote the levels of the ATM-type network with the symbol /.
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e The collection of nodes on level [ is denoted B[l].
e The collection of sources that offer cells directly to node b is denoted As.

e The collection of sources that offer cells that pass through node b to reach their
destination is denoted A(b).

e The collection of nodes that offer cells directly to node b is denoted B(b).
Definition 5.3.1 (Controlled Rates)
o Letl=1. For each b € B[l] and a € Ay, define the controlled input as
Ma,b) = By, [A7],

as the mean number of cells offered by source a per time slot under the twist.
The controlled output is defined as follows. If

> Aa,b) < 1/dy,

a€ Ay

then u(a,b) ;= Xa,b). Otherwise,

1 A(a, b)
uleb) = (W) '

e Letl=n > 1. For each b € Bln|, define the controlled inputs as follows :

1. For each a € Ay, then
Aa,b) = B, [A]].
2. For each b € B(b), and a € A(b) U A(b'), define
Ma,b) := ufa,b’).

For each b € Bln], and a € A(b), the controlled outputs are defined as follows.
If
> Ma,b) < 1/dy,

a€ Ay
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then u(a,b) := A(a,b). Otherwise,

1 A(a, b)
wa,b) = (m) |

e For each b€ B, if a ¢ A(b), then Xa,b) = pufa,b) = 0.
Remark 5.3.2

1. In the case of ATM-type intree networks, the stationary mean number of cells

offered to buffer b, under the twist, is given by

> AMa,b),

a€A

see [CHJS94]. This allows us to check Condition C.4 for such networks.

2. It should be noted that in general, output streams do not necessarily decouple,
see [GOY8]. Nonetheless, we believe that these controlled input-output relations
give the practical user a method to heuristically verify for the stability-instability
of tagged node under the twist. The techniques found in [DM97] could possibly
be adapted to the ATM-type network setting to better answer this question.

We now present our proposed algorithm to compute the change of measure for

our IS-based estimator.

Algorithm 5.3.3 (Change of Measure)
1. Find the unique positive real number 0 that satisfies the equation A(0) = 0;

2. For all sources that contribute to the encumbrance, i.e. a € Ty U Cy., twist the

kernel K® for the underlying Markov chain M ¢ that is
!
I@a N — I?a Ta(m)
H(mvm) M ra(m)y

see Section 3.5.

3. With these twisted probabilities obtain the controlled input vector (Ma,b))axB-
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4. Consider a tagged node b € TN, verify that the controlled input for b is greater

than the service rate, that is

Z)\ab >~—.

If the inequality is not satisfied, then set TN = TN — {b}. Repeat for all
beTN.

5. If the set of tagged nodes TN has remained the same after step (4), then stop.
Otherwise, redefine the cross traffic Cy. according to the tagged nodes and con-

tinue to step (1).

5.4 Likelihood Ratio

In this section, we give the form of the likelihood ratio L. The functions £, and £,
for Algorithm 5.2.1, are given at the end of this section. Denote the state space for
the A-cycles as £ 4. The probability masses function for the biased and the unbiased
A-cycles are Py and P;, respectively.

Let w € Q4 be an A-cycle, NED 4(w) will be the number of extreme cell delays
observed during this A-cycle. The importance sampling weight function (or likelihood

ratio) L{w) must satisfy

> Pi(w) Lw)NED4(w) = Y Pr(w)NED4(w).
weld 4 well 4
Recall that the underlying Markov chain M has the transition kernel K*. We saw
in Section 4.2.2, that under the twist, we replace the transition kernel K® with the
kernel I@g, which is defined in Section 3.3, if source a contributes to the encumbrance,
ie. a € T, UC,.. If the source does not contribute to the encumbrance, i.e. a € R,.,
then even under the twist the kernel l@‘; remains unchanged.
Let w = (wo, ..., Wk, Wey1,- .., W) be a biased A-cycle for which the twisted
probabilities are used for the first k transitions. The transitions of the underlying

Markov chains do not occur at every transition of the global process. Let k(a) denote
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the number of transitions for the underlying Markov chain for source a using the

twisted kernel K4. The likelihood ratio will have the following form,

Py(w K*(mg,m3) - K*(mig ) _1, M)
L(w):ﬁ() - ] ) (a) ()

i+ (w) wetoiicn. KM me) - Kg(mi )y miy)
_ K*(mg, mg)- - K“(mg(a) 17m;‘2<a>)
a€TvuiCre Ky (m,m )%%% KM(mk(a) 1 M) Tc;(Tk:(;)l)
_ H K%(mg,m}) - Ka(”% (a)— 1’mk(a,)) . ra(mg)
- a€TyeUCy. K K§y(mg,mi)-- (mk(a) 17mk(a)) T“(mz(a)),

where the last equality follows from telescoping.

By definition,

I?}f,_,(m,m') - e[aa ca(m’)+eq 0 1a(m)] K“(m,m').

Hence,
k(a) r (ma)
L{w) = H exp Z_aa ca(myi) = €a 0 ta(mi_y) o { z_mao )’
a€TycUCye =1 * k(a)

Recall, ¢,(m) represents sojourn time in state m. Thus,

k(a)
k=uf—ug+ Y ca(mi),

where u} and u} represent the residual number of time slots until the next transition
of the underlying Markov chain for source a, initially and after k transitions of the

global process, respectively. Thus,

k(a) ag{ug) a

_ e®a(#0) . (mf)
L{w) = | I e % ¥ exp E —£401,(m] ) ~ aO _
aETucUCuc i=1 € a( k) ra(mk(a))

Consider a tagged node b € T'N. From Section 3.6, the function 3, evaluated at

—0 is equal to

PBo(—0) = 6.
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We also know that the residual number of time slots until the next service slot, v7,

satisfies, for all t € Z.,
Wy~ o = —1+dy (e} = 0).

Thus, for b€ T'N,

k(o) O eP(—t k-1
pERerEy exp 6dy ;1

Bo(—0) v}
_ 'u =0) € 1
—  okB(-0) H 0dp1(vf=0) —_______ S, (by telescoping)
k 1
— e—kﬂb(—-Q) H 89 dy 1(’0?20) eﬁb("e) (1_db 1(U?=0)) (Slnce vi’+1 ]_ + db 1(1) _0)>
t=0

= 1 (since Bp(—0) = 6).

Thus,
k(a) éa(u0) a
- e*=\0) o (mg)
Lw) = H ek exp Z—saé’ba(mﬁ_l) — ao
aETchCvc i=1 € a( k') Ta'(mk(a))
—kpu(-0) 7
X He eﬁb(e exp 0db21
bETN =0
= exp{k (— Z a,(0) — Z ,Bb(——e))}
a€T e UCyc beTN
k(a) k-1
x exp { —0 z Zsa ta(m?_ ) — Z Zdb 1(v =
4€TyeUCye i=1 bETN =0

ea‘l(u’o) /”‘a(mg') eﬁb(_e) vg

X H eaa(uk) T-a(mi(a)) . H eﬂb(—e) vz

a€ Ty UCe beTN

We simplify the likelihood ratio using Ge(w) and the fact that
0=A0)=— > a.0)— Y B(-0),
aETucUCq_,C bETN

k(a)

L(w) = ZZ%Z; exp{ —0 Z Zea ta{m. - Z id” (v =

a€TycUCye i=1 beTN t=0
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We finish by relating the sum in the latter exponential to the difference in the
total encumbrance e;, — eq. The difference e, — ¢ is equal to the encumbrance due to
the arrivals minus the encumbrance due to the services, as long as there are no cell
losses due to finite buffers or lost services due to empty buffers at a tagged node.

We discussed the case of the lost services in Section 4.4. Therein, we had defined

the lost services function

Ca(w) = Z dy.

b0 5 (w)
The latter represents the extra amount of encumbrance that would have been decre-

mented in a transition from w to w’, if all the tagged nodes were non-empty.

Suppose that between the ends of the time slots ¢ and ¢ + 1, one (or more cells)
was lost due to a finite buffer. Let ¢ represent a cell. We will assume that it was lost
at level . We will denote the set of remaining nodes through which it should have
been buffered and served as T'N(c, ), where [ represents the level at which it was lost.
Since the cell was lost we must decrement the total encumbrance from ¢ to t + 1 by

>
bETN(c,l)

We will denote the sum of these values over the A-cycle w, while the process is twisted,
as C(w).

Thus, the difference in total encumbrance e, — e is equal to

k—1 k(a) k~1
Yoalw)+ | Y D eatalmi) = Y D d (s =0) | - Clw).
t=0 a€TyJC,e i=1 beT'N =0

Therefore, the likelihood ratio is equal to

feo (cdo) k—1
Lw) = SO exp {—9 Z<A<w>}

We call £;(w) := h(wp)/h(wg) the partial likelihood ratio and

£3() = ¢7° exp {—e fjca(w}
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the correction factor.

We summarize the result in the following theorem.

Theorem 5.4.1 (Likelihood Ratio) Let w = (wo,. .., Wk, Wet1, - - -, Wis) be a bi-
ased A-cycle for which the twisted probabilities are used for the first k transitions. Its
likelihood ratio is L(w) = Li(w) x Lao(w), where

L1(w) = h(wo)/h(wr),

k-1
Lafw) = e exp {—e zmw} ,
t=0

and C(w) represents the encumbrance loss due to cell loss, while the process was

tunsted.

5.5 Consistency

We end the chapter by proving that our importance sampling estimator is consistent.
Let W be the delay process under the finite buffers regime. We will assume that it is
an ergodic Markov chain with stationary distribution 7, transition kernel K and state
space S. We will need to distinguish between frequencies per time slot and frequencies
per A-cycle. To do so we introduce the following notation: NCy and NED; represent
the number of tagged cells served during the time slot ¢ and the number of observed
extreme cell delays during the time slot ¢, respectively. Their A-cycle counterparts are
NCu[n] and NED 4[n] (or NED 4ln] in the case of a twisted .A-cycle), respectively.

We will also need the following counting processes :
N(t) = # of A-cycles by time slot ¢
and

N, (t) = # of returns to state w by time slot ¢.

In order to condition on the initial state of an A-cycle we introduce the following
notation:
NC%[k] = kth A-cycle with initial state w.
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We will also need the following stopping times,
To=mf{t >0 : Wy=w}, 74[0=inf{t>0 : W, AW, =uw},

and

k] = inf{t > 4k - 1] : Wye AWy=w}, for k=1,2,3,...

Define the watched (censored) process J4[k], where J4[0] = Wy, where W, € A and
Jalk] = Wy, fork=1,2,...

From renewal theory, the probability of extreme cell delays is,

. SL NEDYT _ Eu[30 NED] [Eulr)

= lim = - (almost surely),
Tooo S NC/T Ew 2000 'NGi} /Ey 7]

Gy

where w € S and 7, is the first return time to w. We now show that if we define the

cycles as returns to some set A, then we still obtain the same limit.

Theorem 5.5.1 (Consistency) Under the assumption that W is an ergodic Markov

chain, then the importance sampling estimator is strongly consistent, that is

Zf‘l,vz(t]_) NgDA[n] Ly,
SN NCaln]

almost surely as t — oo.

Proof : First observe that for a fixed w € S, the random variables in the sequence
{NCY¥[k]}., are independent and identically distributed, thus by the strong law of

large numbers
Nu(t)

! NC3[k] — By [NCAl1]],

No(2)

k=

almost surely as t — oo. It is also well known that

— #(w)  and —N—E—Q — 7(A),
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almost surely as t — oo. Combining these three limits we obtain the following result:

"N%B%NCA[”] - z[(Nt(t)> (N )( Nit)NCA )

— Z Ta(w) Eu[NC4[1]],

almost surely as t — oo, where 7 4(w) = 7(w)/7(A).

Using similar arguments we can easily show that

N()
—N—l(t—)ZngA ) Ly — Y #a(w) Eu[NEDA[L] Ly,
n=1 weA

almost surely as t — oo, where E, is the mean operator for the biased (twisted)

measure P,,. In Section 5.4, we showed that

then
N(t)

ZNEDA L __)ZW'A(U) NEDA[l]]

weA
almost surely as £ — oo.

It remains to show that
S wen TA(W)EL[NED4[1]]  E, [0 NEDy]  #(w)Ey Y25 NED,
D wea Falw) Eu[NCA[1]] E. [ tzg 'NCY #(w) Ey [3] Tw*l “INC]

To do so, we will show that

> #a(w) EL[NCA[]] {i th} .

weA

We can prove a similar result for the numerator using the same arguments as below.
Observe that by the strong Markov property we obtain
TR [0]+7% [+ A+ k]
E. > NG| 7al0],. .., Talk — 1], J4[0], ..., Jalk — 1]

=T (0] +r% [+ % [k—1]

, on {Jak—1]=w'}.

t=0

T4[0]—1
= Ew | Y NC[]
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Thus,
Tl 1 =M
Eu {Z NG| =Eu |Y Erw | Y NG|,
t=0 k=0 t=0
where 7 = inf{k > 0 : Julk] = w}. As we condition on the watched chain, we

observe that this quantity is equal to

7' [0]—1 7—1
DY [ NG| E, {Z 1(J [k} = w’)}

w' €A t= k=0
[ [0]-1 -1
= EJr] D Ew| > NG| E, {Zl(JA[k]:w,)} / Eul7]
w'eA L t=0 1 k=0
[/ [0]-1
= Elr] D _Ew | > NG| &)
weA i t=0 ]

The latter equality follows from a well known characterization of the stationary dis-

tribution of a Markov chain, that is

E,[# of visits to w' before returning to w |

) = E,lmu)-

From the same characterization, we obtain #(w) = 1/E,[r]. Thus,

Tw—1 %' (0] -1
_ 1 7 /
E. l'tgzo NC’t} = #(w) E (w') By tgzo NG,

w'eA

By multiplying both sides by #(w) we obtain our desired result, that is

w1 %' [0]~1
#(w) Ey {Z NG| =Y #w)Ew | > NG
t==0 w' e A t=0



Chapter 6
Simulation Results

In this chapter, we estimate the probability of extreme cell delays for a particular
virtual connection for a few specific models. Our goal is to compare the relative
error (i.e. half width of the confidence interval) of the estimates obtained by a crude

Monte-Carlo simulation to those obtained by using the A-cycle Algorithm 5.2.1.

6.1 Two Node Intree Tandem Network

Figure 4 exhibits the network for the example. Fifteen independent bursty sources
offer cells to the system. The sources are characterized by the following parameters:
the constant inter-arrival time x,, the transition probability from on to off pf,, and
the transition probability from off to on pg; for all a € A.

The fifteen sources are partitioned into 4 classes. The cells in the classes 1 and 2

class 1 : 2 sources class 3 : 1 source
AN C di=1 T~ O_ﬂg =1
class 2 : 10 sources class™4 - 2 sources

Figure 4: Intree Tandem Network : Two Nodes

74
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offer cells to node 1. While the sources in the classes 3 and 4 offer cells to node 2.
The cells leave the network from node 2.

The parameters for the sources in the classes 1 and 3 are
ke = 1 (time slot), p§; =0.01, and pfy=0.1

Thus, the mean idle period is 1/p§; = 100 time slots and the mean burst size is
1/p%, = 10 cells. Since, the constant inter-arrival time is £, = 1, then the mean burst
period is 10 time slots. The mean number of cells offered to the system (per time

slot) by such a source is

B, (49 = ——Pio___ + 0.0900.
¢ Ka/Plo + 1/D8

The parameters for the sources in the classes 2 and 4 are
ke = 2 (time slots), p§; =1/60, and  pj, =1/3.

Thus, the mean idle period is 1/p}; = 60 time slots and the mean burst size is
1/p%, = 3 cells. Since, the constant inter-arrival time is x, = 2, then the mean burst
period is 6 time slots. The mean number of cells offered to the system (per time slot)
by such a source is
A7) = — Pl g 04545,

Ka/Po + 1/P6;
The constant inter-service times at the nodes are respectively, d; = 1, dg = 1.

Er

a

Thus, the service rates at each of the nodes is 1 cell per timeslot. Each node has a
buffer capacity of 1500 cells.

For the purpose of this example both nodes are tagged. We consider the tagged
stream as the cell stream from a particular source in class 1. The other cell streams
form the cross traffic. The cells that are offered to node 1 will increment the to-
tal encumbrance by d; + dy = 2, whereas the other cells will increment the total
encumbrance by dy = 1.

We verify that the conditions of Theorem 4.2.5 are satisfied,

> ea En, [Af] ~ 14544 < 2 = [TN],

acA
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Class | pfy | K5(1,0) | pg | K§(1,0) | B, [A7] | By, [47]
1 0.1 0.0466 0.01 0.0224 | 0.0909 | 0.3251
2 0.3333 | 0.2901 | 0.0167 | 0.0203 | 0.04545 | 0.0614
3 0.1 0.0718 0.01 0.0143 | 0.0909 0.1659
4 0.3333 | 0.3119 | 0.0167 | 0.0184 | 0.04545 | 0.0527

Table 1: Untwisted and Twisted Rates

and

Z%—lTN|=14>O.

agA A
Therefore, the harmonic function h does exist. The constant ¢ that satisfies A(8) = 0
is approximately equal to 0.03515. We can calculate the twisted probabilities from
Section 3.3.1 with v = 6. The twisted rates are given in Table 1.

The mean drift for the queue size at nodes 1 and 2 (away from A) are both

positive, i.e.

1
> By, [Af] — g ~02646>0,

acA;
and
1. 3" E,, [Af] - 1/dy » 02712 > 0.
d1 a€Ay
The conditions from Lemma 4.5.4 are satisfied. Thus, there exist v, b=1,2, such
that Ap(vp) < 0, b= 1,2. To satisfy the conditions of Theorem 4.5.5, we need to find
v1 > di6 =~ 0.03515 and vs > dy 8 ~ 0.03515 such that Ay(1p) < 0, b = 1,2. We
evaluated A; at v; = 0.04 and A; at v, = 0.04, and obtained A;(0.04) ~ —0.000688 <
0, and A»(0.04) ~ —0.0086 < 0.
We can conclude that the large deviations for the total encumbrance is giving by
Theorem 4.1.1, with 8 = 0.03515.
Simulation results comparing crude Monte-Carlo estimates, see Table 4, of the

probability of extreme cell delays with those obtained from the Algorithm 5.2.1, with

A=A={w:q =0o0r g =0},
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are displayed in Table 2, or with
A={w:q=0,q =0}

are displayed in Table 3.

Ten independent replications were used to estimate the probability of extreme cell
delays by @)is(l)v PE/C’\DiS(Z), or mcmc. We compare the estimators by
their estimated coefficient of variation, i.e. the estimated standard deviation over the
estimated mean. Computational effort is measured in cells generated per replication.

The crude Monte Carlo estimates are found in Table 4. It is evident from the table
that as the probability of extreme cell delays decreases the coefficient of variation or
relative error increases for the same amount of computational effort. For a maxCTD
of 300 time slots, we did not observe any extreme cell delays.

The importance sampling estimates when the A-cycles are defined as returns to
the boundary A are found in Table 3. Due to the work of [GK95] we decided to first
investigate Algorithm 5.2.1 with A = A. In [GK95], the authors studied a two node
Jackson network in tandem. They noticed that an importance sampling estimator
based on large deviations results is not necessarily efficient and that it could even
perform worse than a crude Monte Carlo estimator. This undesirable behaviour is
mostly due the fact that the likelihood ratio is not well behaved on the boundary
A. Thus, if we define the A-cycles as returns to the boundafy A, then the likelihood
ratio should be “stable”. Although, we have observed that even though the likelihood
ratio was under control we could not reduce the coefficient of variation to a reasonable
level. The extreme cell delays were still unlikely under the “twist”. Or rather the
system under the twist did produce extreme cell delays but the A-cycles would often
end before we could observe this extreme delay, i.e. the old cells would still be waiting
to be served as one of the buffers emptied. To be able to observe these old cells leave
the system we decided to extend the cycles.

The extended cycles are defined as returns to the origin, i.e.
A={w:q =0,¢ =0}

By extending the A-cycles in this way we allow the old cells, which were produced due

to the overloading caused by the use of the twisted probabilities, enough time travel
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through the network and leave. The results are in Table 2. We were able to obtain an

estimate of a probability of extreme cell delay in the order of 10™® with a coefficient

of variation under 20% with an effort in the order of 10° cells per replication.

maxCTD

100
200
250
350
400

maxCTD

100
200
250

maxCTD
100
200
250
300

PEC\'DIS 1 2 coeff. var. effort

1.49 x 10~ 4.48% 7.63 x 10°
2.42 x 1074 3.98% 7.32 x 10*
2.23 x 107° 3.98% 7.32 x 10*
3.72x 1077 14.67%  1.14 x 10°
4.66 x 1078 16.48%  4.31 x 10°

Table 2: IS Estimations with returns to the origin

PmiS(Q) coeff. var. effort

1.20 x 1072 22.13%  3.63 x 10°
117 x107%  2044%  2.18 x 10°
1.72 x 1075 30.40%  6.48 x 10°

Table 3: IS Estimations with returns to the edge A

P/Eﬁ)cmc coeff. var. effort
1.52 x 1072 3.55% 4.10 x 10°
2.20 x 107*  32.32%  4.10 x 108
1.35 x 107°  56.30%  4.10 x 10°
0 ???‘ 4.10 x 10°

Table 4: Crude Monte Carlo Estimations



Chapter 7

Perfect Sampling

7.1 Introduction

We present two variants of the Propp and Wilson [PW96] Coupling From the Past
(CFTP) Algorithm. One replaces the partial ordering condition for monotone CFTP
with a pre ordering condition. The other is a CFTP algorithm for a multi-dimensional
Markov chain for which the marginal stationary distribution on a possibly denumer-
able state space is known.

Since the seminal paper of Propp and Wilson [PW96] there has been a considerable
amount of work published on the development of exact sampling algorithms, i.e.
algorithms that sample perfectly from the stationary distribution 7 in the context of
Markov Chain Monte-Carlo. Many of these are adaptations of the Coupling From
the Past (CFTP) Algorithm proposed by Propp and Wilson [PW96]. We present
a variant of CFTP for a multi-dimensional Markov chain for which the marginal
stationary distribution on a possibly denumerable state space is known.

In this chapter, we will present the adapted CFTP independently of the previous
chapters. The distribution 7 is used in a general context and does not represent
the stationary distribution for a process presented in the previous chapters. We will
return to our ATM-type queueing and delay processes in the Sections 7.6 and 7.7.

The Propp-Wilson Algorithm allows the user to sample from the stationary dis-

tribution 7 at some fixed time, e.g. t=0. It works as follows. The user will simulate

79
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independent processes starting at some particular time 7' < 0 in the past. There is
a process for each state in the finite state space S = {1,...,n}. If two processes
couple, then they continue as one unique process. If by time 0 the processes have not
all coupled then we restart all the n processes at a time T”(< T'). Note, we must use
the same pseudo-random number U; at time ¢. If the processes do couple by time 0,
then the output at time 0 is a sample from the distribution 7.

The CFTP algorithm outlined in the preceding paragraph is very general in scope
but not practical for large state spaces. Propp and Wilson [PW96] propose a CFTP
algorithm for Monotone Markov Chains which is efficient even for very large state
spaces. To apply this adapted algorithm there must be a partial ordering on the state
space with unique maximal and minimal states. The probability transitions must also
be order preserving. If these conditions are met, then Propp and Wilson [PW96] say
that the Markov Chain gives a monotone Monte Carlo algorithm for approximating
the stationary distribution 7. Instead of running all n processes, we only need to
run two processes, initialized at the maximal and minimal states. To use terminology
from Corcoran and Tweedie [CT01], all other processes are sandwiched between the
maximum and the minimum processes. This technique allows the user to identify
when all the processes have coupled without the computatibnal effort required to run
all of the n processes.

We adapt the CFTP algorithm to a multi-dimensional setting. We consider the
discrete time Markov chain with a possibly infinite state space S = Sx x Sy, where Sx
is a denumerable (or finite) state space and Sy is a finite state space. The transition
kernel, denoted K, is of the form

K(z,y;2',y) = Kx(z;2") Ky (z, 2", y;¢/). (7.1.1)

We will assume that K generates an irreducible, aperiodic, positive recurrent Markov
Chain with stationary distribution 7. We also assume that the user has a priori
knowledge of the marginal distribution 7x, where
x(x) = Z n(z,y), forall z € Sx.
YES,y

In Section 7.4, we adapt the Propp and Wilson algorithm for Monotone Markov
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chains to our model. In this setting, we will require that the monotonicity properties
be satisfied only on Sy instead of the entire state space. In Section 7.6, we weaken
the condition of partial ordering to a condition of pre ordering with a unique minimal
(or maximal) state. We present the adapted algorithm in the context of our multi-
dimensional setting. Similar modifications could be made to the Propp and Wilson
algorithm for Monotone Markov chains.

In Section 7.6, we utilize the adapted CFTP algorithm to sample from the station-
ary distribution of queueing processes modelled as Markov additive processes with
boundaries. In Section 7.7, we propose an algorithm based on the adapted CFTP
to sample perfectly from the stationary distribution of the delay process in an intree

network.

7.2 Stochastic Recursive Sequence

We will introduce a stochastic recursive sequence which will be used for coupling from
the past in the context of Monte Carlo simulation. We will assume that a sequence
{(U},U?)}, of bivariate independent uniforms can be generated. Customarily this
is done with a pseudo-random number generator (PRNG). Knuth [K97] is a good
reference for PRNGs. We will assume that the user as access to a good PRNG. See
L’Ecuyer [L88] for an example of a good PRNG.

Fix T some positive integer. We want to start our Markov Chain in the past such
that by time n = 0, the Markov chain will be in steady state. In other words, we want
to generate (X_7,Y_7), (X_141,Yo111),- ., (X0, o), such that (Xo,Yy) is governed
by the stationary distribution .

Since we know the marginal distribution 7x, we can construct the transition kernel

X (:E,)
Tx(7)
for the time reversed Markov chain X*. We will generate (X_r,...,X 1), i.e. the

Kx(z,2') =

KX(.’E/, 33),

past trajectory, using the time reversed chain. Let ¢% be a measurable function that
satisfies
P [¢x(z,U,) = 2'] = Kx(z;2').
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The map ¢% is called an update rule. Note, an update rule is sometimes called a
transition rule, see [F98]. An update rule is usually constructed using the well known
“Inverse Transformation Technique”, see [LK00, BFS87].

For any positive integer 7" and initial state zq € Sx, we may construct the time

reversed Markov chain {X}}7_, where X = zo, with transition kernel K* such that

nfn=0

Xg:.f[;(), X

15

=% (X5 UL, foralln e {0,...,T —1}. (7.2.1)

Let X,, = X*, forn = -T,...,0,ie. (X_p,...,X0) = (X{,...,X7). Note, that
in steady-state, the one-step forward transitions of the trajectory X_p,..., X, are
governed by the transition kernel K.

We use the latter trajectory to generate the remainder of the past. Let ¢y be a

measurable function that satisfies
Ploy(z,a',y,U2) =] = Ky(z,2',4;9/).

For any initial y € Sy, we may construct the stochastic sequence {Y,(y)}2__; with

the update rule ¢y as follows

Yor=y, Yo =0v(Xp, Xnyy, Yo, U2), forallne {-7,...,—1}. (7.2.2)

7.3 Coupling from the Past

In this section, we present a coupling from the past algorithm adapted to the stochas-
tic recursive sequence presented in Section 7.2.

We introduce some notation. Let z* = {z¢, z_1,...} be some sample path for the
reversed time Markov chain X*. Let T" be some positive integer, we define the vector
Z(T) associated to z* as follows Z(T') := (z_7,...,2_1,%0). The vector Z(T") will be
interpreted as a realisation for the random vector (X_r,..., Xo).

We start by initializing X = xg, where 2y € Sx and initializing 7" as some positive
integer. We generate the backward transitions of X using the update rule ¢% and

the recurrence (7.2.1). This gives us some sample path Z(T) = (z_p, ..., -1, Zo)-
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Algorithm 1 Time Reversal and CFTP

Initialize Xy = zo, where o € Sx.
Initialize T, a positive integer.
Initialize the seed to generate two independent sequences of pseudo-random num-
bers UL, U}, ... and U}, U3, . ..
forn=0toT —1do
2 et = G0 Ulyr)
end for
repeat
10
for all y € Sy do
yli] —y
1e—1+1
end for
for n=-Tto -1 do
for i =0to |Sy| —1 do
y[z] « ¢Y($na Tnt1, y[l}, Uzn)
end for
end for
T—T+1
z_r < ¢x(T-7+1,U1)
until y[0] = y[1] = --- = y[|Sy| - 1]
Yo — y[0]
Output Y} is a realisation from the conditional distribution 7 (zo,-)/7x (o).
Note If X is a random sample from 7y, then (X, Yp) ~ 7.
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Similar to Propp and Wilson’s general algorithm, we will run |Sy| processes, one

for each state in Sy. Let y € Sy, we generate the process {Y,,} as follows,
Yor =1y, Yo = oy (@n, Tngr, Ya, U2y), foralln e {-T,...,~1}. (7.3.1)

Let f7(y) be the value of the process Y at time m, assuming we started at time —7" in
the past and initialized the process as follows Y_7 = y. In other words, f5(y) = Y,
for m = —T,...,0. In particular, f&(y) represents the value of the process at time 0.
If fI'(y) is constant for all y € Sy (i.e. all states have coalesced), then we stop
and return the constant value, else we repeat the same procedure further in the past.
It should be noted that we do not need to regenerate (T'). We start with Z(T') =

(z_p,...,x) and go backwards, e.g.

F(T+1) = (T_(r1), T, - - ., To), Where T_iry1) = ¢% (21, Upyq) -

In other words, we always use the same z-value for a particular fixed time.

The latter coupling from the past adaptation is summarized in Algorithm 1.

The following theorems justify the correctness of Algorithm 1, i.e it will output a
value Yy with probability 1 and that this value is a realisation of a random variable
governed by the distribution 7 (zy, -)/7x(xo). Moreover, if X is a sample taken from
the distribution mx, then (Xo, Yp) is a random variable governed by 7.

Let o € Sx. We say that T < oo is an zp-restricted backward coupling time, if

T'(y) is constant for all y € Sy. In other words, starting at time —7 all of the |Sy|
processes will couple by time 0. The zq-restricted backward coupling time T is called

successful, if T' < oo.

Theorem 7.3.1 (Unique Output) Let zq € Sx. Assume the existence of a suc-
cessful xo-restricted backward coupling time. Let T be the smallest of the xq-restricted
backward coupling times. All positive integers T' larger than T are also zo-restricted
backward coupling times and the output of Algorithm 1 is unigque. In other words,
&' (y)is constant, for ally € Sy and for all T' > T.

Proof: Since T is an zo-restricted backward coupling time, then f&(y) is constant

for all y € Sy. Let 7" be some arbitrary integer larger than 7. Regardless of the
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value fI' (y) which is the value (at time T') of the process {Y,} that started at time
—T', the value of the process at time 0 will be constant. This follows from the fact
that T is a zo-restricted backward coupling time. From the arbitrariness of 1", we

obtain f& (y) is constant, for all y € Sy and for all 7" > T'. This completes the proof.

O

In Section 7.5, we prove the following theorems using a censored (watched) Markov

chain argument.

Theorem 7.3.2 Let o € Sx. With probability 1 there exists a successful zo-restricted

backward coupling time.

Theorem 7.3.3 Let o € Sx. Assume that T is a successful xg-restricted backward
coupling time. Then Yy = f&(y) is a random wariable with distribution p(-|zo) =
m(Zo, ) /7x(x0), for arbitrary y € Sy.

Moreover, if zo is a realisation from the distribution wx, then (Xo,Yy) is governed

by the distribution 7.

7.4 Monotone Markov Chain

In this section, we adapt Algorithm 1 to the case where some monotonicity prop-
erties are satisfied.

We will assume that there exists a partial ordering on the state space Sy. This
means, that there exists a relation < defined on Sy that is a pre-order, i.e. reflexive
(y < yforally € Sy) and transitive (y = ¢y’ and ¢y’ < ¢’ = y =< "), and that
it is also anti-symmetric (y < ¢’ and ¢y’ X y = y = y). We denote the minimal
and maximal states as Ymin and Ymax, respectively. This partial ordering can also be
defined on the total state space S as follows, if y <%, then (z,y) < (z,v').

We will require that the update rule ¢y be =<-order preserving in the following
sense,

if y <y, then ¢y(z,2,y,U2) 2 ¢y (z, 2y, U2).

n
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Algorithm 2 (Monotone - Time Reversal and CFTP):

Initialize X, = z(, where zg € Sx.
Initialize T, a positive integer.
Initialize the seed to generate two independant sequences of pseudo-random num-
bers UL, U3, ... and U3, U3, ...
forn=0toT —1do
Top-1 gb;{(m—m Urlw-l)
end for
repeat
Initialize y[0] = Ymin and Y[1] = Ymax
for n=-T1to0 -1 do
y[o] A ¢Y($n7 Ln+1; Ymin, Uzn)
y[l] « ¢Y(xn> Ln+1) Ymax, Uzn)
end for
if y[0] # y[1] then
forn=Tto27T —1do
Lop—1 <~ ¢;((x—n> Ur%—!—l)

end for
T -2T
end if
until y[0] = y[1]
Yo + y[0]

Output Y is a realisation from the conditional distribution 7(zg, -)/7x (o).
Note If Xj is a random sample from 7y, then (X, Yp) ~ 7.
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Under these monotonicity properties, we only have to run two processes. One process
will be initialized at the minimum state and the other at the maximum state. Since
the update rule preserves the order of the partial order, the latter processes form
bounding processes. The current states of all the other processes are always going
to fall between the current states of the two bounding processes. Hence, once the
bounding processes have coupled the states of all processes will have coalesced.
Algorithm 2 is an adaptation of the algorithm proposed by Propp and Wilson
[PW96]. Notice that the step backward is always doubled. This doubling was pro-
posed by Propp and Wilson [PW96] for efficiency. It is a consequence of running two

processes.

7.5 Censored Markov Chain

In this section we construct a censored (watched) Markov chain ¥ defined by all
return times of the process X to the state zo. The censored Markov chain will allow
us to reduce our problem to the setting of Propp and Wilson [PW96], that is an
ergodic Markov chain with finite state space. We will then be able to apply their
results to prove Theorems 7.3.2 and 7.3.3.

We state a well known result for censored Markov chains, see [KSK76, GH90].

Lemma 7.5.1 Let {W,} be a Markov chain with transition kernel Kw and state
space Sy . Consider the subset of states E C Sw. If {W,} is an irreducible Markov
chain, then the Markov chain {W,)} generated by the transition kernel

Kw=T+LQU, (7.5.1)
where
E E° -
Kw= E [T U and QzZQk,
EC| L Q k=0

is also an irreducible Markov chain. Moreover, if {W,} is an ergodic Markov chain
with stationary distribution Ty, then {W,} is also ergodic with stationary distribution

o Tw(w)
71'(’11)) - WW(E)7

forwe E.
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Consider the renewal sequence {T72°} where
T3°=0 and T2 =min{n > T2, : X, = o},

that is the sequence of return times to zo. Since X* is positive recurrent then the
mean increment for the renewal sequence is finite, E[T2 -7, ;] < oo. The associated

counting renewal process is
N*(n) = max{m : T,, < n},

the number of return times to zo up to time n.

Let T be some positive integer. Consider the hitting time
Teo(T) = min{m : T3° > T},

the smallest renewal time greater than 7. By Theorem 7.3.1, if T is an wo-restricted
backward coupling time then the hitting time 7, (7) is also an zo-restricted backward
coupling time.

Let y € Sy. We construct the censored Markov chain Y as follows. Consider the
process Y that we start at time —7,,(7) in the past. The process Y will be the value
of Y as we watch the process (X,Y) on {zo} x Sy, that is

Vo= f5200) =Yg, form=—N"(r(T),...,0.

The process Y is a Markov chain with finite state space and transition kernel K.
We will show that K is of the form (7.5.1) with Ky = K. Consequently, by Lemma
7.5.1 the Markov chain Y has stationary distribution pu(-|ze) = 7(zo, -)/7x (zo).

Let {(z0,v), (T-Nt+1,Y-N+1)-- -5 (T=1,Y-1), (z0,¥y')} be one possible sample path
from the past for the Markov chain (X,Y’) that begins at (zo,y), ends at (zo,y’) and
such that x, # xo for all n = —N +1,...,—1. By construction, the probability of
this sample path is

Kx(wo, 1)+ Kx(2_141,T0) ¥

Ky(zo, 21, ¥;9-121) - Ky (2-1,Z0,y-1; V)
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Since ()
Tx\T

K* 7 / —

(z;2") (@)

Kx(z'; )

and
K(.’L’, Y5 xla yl) = KX(.I’, £L'/> KY(IL', 'T,> Y y,)7

then after simplification the probability of the sample path becomes
K(xo, 92 -n41,Y-N+1) - K (21,915 To, y).

Sum over all possible sample values {(z_r41,y-7+1), ", (£-1,y-1)} such that
T, # xg for =T+ 1 < n < —1 to obtain

K(yy) =T+ LQU)y;y),

where
E FE¢ .
K= E T U and QzZQk,
Ec | L Q k=0

and E = {zo} x Sy. It follows from Lemma 7.5.1 that Y has stationary distribution
p(-|zo) := (o0, -)/mx (20)-

We now state two lemmas that follows directly from the results in [PW96] and
prove Theorems 7.3.2 and 7.3.3.

Lemma 7.5.2 Let zo € Sx. With probability 1 there exists a hitting time T, such
that Yo = fy™°(y) is constant for all y € Sy.

Lemma 7.5.3 Consider the hitting time Ts,, such that Yo = f37°(y) is constant for
all y € Sy, then the random variable Yo is governed by the distribution u(:|zo) =

(o, )/ mx(20).

Proof of Theorem 7.3.2: Let T = 7., from Lemma 7.5.2, then T is a successtul
xo-restricted backward coupling time. Such a T exists almost surely. This completes

the proof.
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Proof of Theorem 7.3.3: Let T be an xg-restricted backward coupling time.
Consider the sequence of return times to zo greater than T, ie. {T20}%°_ ., where
m' = min{m : T2 > T}.

Consider a realisation of the independent uniform random variables w. From the
Unique Output Theorem 7.3.1, fOT’iO (y)(w) is constant for all m > m/. Let Y_oo(w)
be this constant. Thus,

Tim S5 (y)(w) = Voo (w).

From Lemma 7.5.3, each of the random variables { fOT*z”O (y) : m > m'} is governed
by u(-|z0) = 7(zo, -)/7x (o), thus Y_.. is governed by the distribution u(:|zo).

Since T is an zg-restricted backward coupling time, then by the Unique Output
Theorem 7.3.1, f&(y) = Y_o, for all y € Sy. Therefore, for all y € Sy, fd(y) is
governed by wu(-|zg). This completes the proof.

O

7.6 Adapted CFTP and Queueing Processes

In the following subsections, we will present some examples of processes to which our
adapted CFTP algorithm can be applied.

Consider an aperiodic and irreducible Markov chain M with a countable or finite
state space. Consider an integer valued process Z such that (Z, M) is a Markov chain

with transition kernel of the form
Pm,m’(z)z P[Zl SG,’M]_ :mliMozm].

We model the queue increments, i.e. arrivals minus departures, as as the process Z.
The number of customers buffered at the end of the time slot n is denoted @J,,. We
will assume a finite capacity buffer of L customers and that the process () is governed

by the following recurrence
Qp = max (min (Q,_1 + Z,, L) ,0).

As an example of such a queue, we could consider an ATM-multiplexer with

independent on-off sources with geometric sojourn times for the alternating on and
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off periods. If the sojourn times were heavy tailed rather than geometric, as in [R02],
then we would have an example with a denumerable state space Sx, where X = M.

To be able to apply the adapted monotone - CFTP Algorithm 2, we must show
that there exists a partial ordering (<,Sy) and an update rule ¢y that is <-order

preserving, i.e.

if y <y then ¢y(z,2,y,U?) < dy(z, 2y, U2).

7.6.1 Single Class Queue

Consider a single class queue, see Figure 5. The process ¥ = @ will represent the
queue size. Since the buffer has a finite capacity L, then the state space Sy is finite.

The minimal and maximal states are Ymin = 0 and Ymax = L, respectively.

arrivals — . ©—> departures

.

-~

finite capacity of L customers

Figure 5: Single Class Queue

We utilize the queue size to define the partial ordering on Sy. Define (<, Sy) as
follows :

g<q = y=3vy. (7.6.1)

From a given state (zg,qo) and one-step transition in X, (zq,z1), we utilize the
update rule ¢y to obtain the next queue size. Let q; = ¢y (w0, %1, 90, U2), l.e. the

queue size after one transition. The queue sizes must satisfy
q1 = max (min (g + 2(zo, z1), L), 0),

where z(zg, 1) represents the increment. Now choose another queue size g larger

than or equal to go. Let ¢ = ¢y (%o, 71, ¢4, U2). Thus,

g; = max (min (gy + 2(xo,1),L),0).
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It should be clear that if gy < ¢ then ¢ < ¢}, thus the update rule ¢y is =<-
order preserving. Therefore, the single class process gives a monotone Monte Carlo
algorithm for approximating 7, to use the terminology from [PW96]. In other words,

we can apply Algorithm 2.

7.6.2 Multiclass Queue

Consider a multiclass class queue, see Figure 6. The process Y is not just the queue
size in this case, that is Y = (@, C) where @ represents the queue size and C represents
the class of the customers in the buffer. The classes are used for routing.

The process C is a sequence of random vectors C, = (CL,...,CL), where C}
represents the class of the ith customer in the buffer at the end of the nth time slot.

We use the class 0 to denote an empty slot. Thus, C,, = 0 means @,, = 0.

class i1
— :

N s
-

finite capacity of L customers

class i,,

Figure 6: Multiclass Queue

We will utilize the same ordering as in the single class case. Define the ordering

(=, 8y) as follows. For any two states yo = (qo, ¢o) and v} = (g}, &),
G <g=y3Y

Remark : The ordering (<, Sy) is not a partial order, but it is a pre-order. It is
not anti-symmetric, since we can have gy = ¢ without ¢ = .

Using the same arguments as in the single class case, we can show that the update
rule ¢y is <-order preserving. Although, we will not be able to apply Algorithm 2
directly in this case. We do not have a unique maximum state yy.c. This means that,

if we run a maximum process and a minimum process and they couple, then not all
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the processes have necessarily coupled. To get around this problem we use the fact
that we have a unique minimum Yy, = (0,0).

We want to be able to identify the coupling of all the processes without having
to simulate them all. We will argue now that if we initialize a process at any of the

maximal states ymax, where
Ymax E{Y €Sy 1y Ry, forally € Sy},

then, when this process hits yuin = (0,0), all of the processes will have coupled.

Consider two processes Y and Y2. At time —T, the process Y is initialized to
one of the maximal states, denoted by Ymes- Let Y2, =y, where y is some arbitrary
state in Sy. Since Ymax 15 & maximal state, then y < ymax. Note, we could also have
Ymax = U, since we do not have a unique maximal state. Now, suppose that at time
—t, the process Y'! hits the minimal state, i.e. Y, =y = (0,0). The update rule is
<-preserving, thus if Y2, = 1/, then we must have ¥ < Ymin. But Ymin is the minimal
state, thus 7/ is also the minimal state, that is ¢’ = ymi = (0,0). Hence, the processes
have coupled. From the arbitrariness of y, we can conclude that all processes have
coupled by time —t, i.e. when the process Y'! hits (0, 0).

The new algorithm is presented in Algorithm 3. The inspiration for this algorithm
comes from [TCO00]. In the latter reference, the authors present a CFTP algorithm
for a queueing model in a general state space setting. Their key idea is to wait for a
time at which all paths are in some “small set”. Similarly, we are waiting for a time

at which all the processes are at the minimal state yu,, = (0,0).

7.6.3 Acyclic Feedforward Intree Network

Consider an acyclic feedforward intree network, see [CHJS94]. An example of such
a network is given by Figure 7. The output stream from a node, in such a network,
does not split. Thus, we have a single class network. The nodes are partitioned by
level. The nodes at level n feed the buffers at level n 4 1. Note, all departures from
the network occur at the most downstream node. We assume that the service times

do not depend on the head-of-the-line.
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Here the process Y = (@) represents the vector of the queue sizes. As a first guess,
we could try a partial ordering, (<, Sy), based on the total number of customers in
the network. This construction is similar to the partial ordering for the single class
queue. The problem with this construction is that the update rule ¢y would not be
<-order preserving.

Consider the following example. We are running two processes Y'! and Y?. Assume
that at the end of some time slot ¢, that Y;' equals some state that has a full buffer at
a node on level 1. Suppose that during the next transition, there are multiple arrivals
at this node. Also assume that Y;? equals some state that will accommodate all those
arrivals. The change in total number of customers in the network could be larger for
Y2, If the Y! had only one extra customer than Y2 before the transition, then after
the transition Y2 could have more customers than Y!. This means that the update
rule would not be =<-order preserving.

To work around this problem we can consider the queue sizes individually. Let
|B| the total number of nodes. We assume that the states in Sy are of the form
y = (q1, 42, - -,qB|), where g, is the queue size at node b.

We define the partial ordering (X, Sy) as follows :

< q, forallbe {1,...,|B]} = y=xy.
We now argue that the update rule ¢y is <-order preserving.

For the single class queue we showed that for a partial ordering based on the queue
size the update rule is order preserving. In other words, if we initialize a queue at its
maximum, then it will remain stochastically larger than the other queues since they
all have the same arrivals.

In the present intree network not all the queues will have the same arrivals, since
some arrivals will come from the upstream queues. Although, it should be remarked
that the service slots occur at the same time for all the processes.

We now proceed with an inductive argument. Consider two processes Y'! and Y2
We will assume that initially the queue sizes at all nodes are larger for Y'*. The queue
sizes at the nodes from level 1 are stochastically larger for Y'! compared to the same

nodes for Y2. This is our base case. Our induction hypothesis is that the queue sizes
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at the nodes from level n are stochastically larger for Y'* compared to the same nodes
for Y2. Consider the queues from level n + 1. The arrivals depend on the external
sources and the upstream buffers from level n. For both processes the number of
arrivals from the external sources are the same, but the number of arrivals from the
upstream buffers can be different if one of the buffers is empty, or almost empty. We
assumed that the queues from level n were larger for Y?, thus the arrival process for
each node from level n + 1 will be stochastically larger for Y'*. Thus, the queue sizes
for the nodes from level n + 1 must be stochastically larger for Y.

The latter inductive argument demonstrates that we can use Algorithm 2 for the

acyclical feedforward intree network.

7.7 Delay Process

Consider the intree network from Section 7.6.3. Suppose that we are interested in
the end-to-end delays. We must extend the state space Sy to include the age of each
customer in the network.

The states in Sy are of the form y = (g, d), where dy(i) represents the delay for
ith customer waiting at node b and g, represents the queue size at node b. If there are
less than i customers waiting at node b, then we will let dy(i) = 0. Thus, the empty
network is represented by (0, Q).

We show that this delay process gives a monotone Monte Carlo algorithm for
approximating 7. The arguments utilized in this section will be similar to those used
in the multiclass queue setting of Section 7.6.2.

We define the pre ordering (<, Sy) as follows :
»<q, foralbe{l,...,|B]} = y=3vy.

This pre ordering induces a unique minimum state ymin = (0,0) which is an empty
network, i.e. no customers in the network. But we do not have a unique maximum
since the ordering only depends on the queue sizes and not the ages.

We demonstrated in Section 7.6.3 that the update rule ¢y is <-order preserving.

Similar to the multiclass queue, we can initialize the delay process, at time —7', to
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Figure 7: Acyclical Feedforward Intree Network

one of its maximal states ymax. If this process hits the unique minimal state (0, 0),
then all the other processes must also be at the minimal state (0,0). Thus, we can
use the adapted Algorithm 3 to sample from the stationary distribution = of the delay
process.

Remark: When initializing the process Y in the past, at time —T1', we should
only be concerned with the queue sizes, i.e. full buffers, and not worry about the
delays until the network empties. The reason is that the pre ordering =< ignores
the delays. Although, once the process hits (0,0), that is the network empties, it
is important to store the customer arrival times, since we want to sample from the

stationary distribution of the delay process.
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Algorithm 3 (Pre-order with a Unique Minimum - Time Reversal and
CFTP):

Initialize STOP « FALSE
Initialize Xy = xy, where 2y € Sx.
Initialize T, a positive integer.
Initialize the seed to generate two independant sequences of pseudo-random num-
bers U}, UL, ... and U, U3, ...
forn=0toT ~1do
Tono1 ¢ (T n, U71+1)
end for
repeat
Initialize ¥y = Ymax, Where Y.y is one of the maximal states
forn=-T1to —-1do
Y= (ZSY(Im Tnt1, Y, U—Q—n)
if ¥ =Ynn then STOP « TRUE
end for
if STOP = FALSE then
forn=Tto2T —1do
Ton-1 — x(z-n, Uni1)
end for
T =2T
end if
until STOP = TRUE
Yo~y
Output Y} is a realisation from the conditional distribution 7{zq, -)/mx (o).
Note If X is a random sample from 7x, then (X, Yp) ~ 7.




Chapter 8
Concluding Remarks

We found a workload process correlated to the end-to-end delay. We called it the
encumbrance. The latter can be modelled as a Markov additive chain with boundary.
The encumbrance is exponentially twisted using a well known A-transform technique.
We showed that the h-transform does exist under mild conditions. We also obtained
a large deviation result for the encumbrance process in a two node intree tandom
network with infinite buffer capacities. We do not have a large deviation result for a
more general ATM-type network, nonetheless the change of measure still exists.

This change of measure was used to propose the importance sampling estimator
within the context of the A-cycle simulation method. We also showed that the associ-
ated likelihood ratio function is easily computed. It only depends on the state of the
process at the beginning of an A-cycle and at the time when we untwist the process
and it also depends on the frequencies of returns to the edge A and the frequencies
of cell losses due to buffer overload during the twisted phase of the A-cycle.

We have constructed an importance sampling estimator to estimate the probabil-
ity of extreme cell delays for a particular virtual connection through an ATM-type
network. We showed empirically with a simulation that this estimator can be much
more effective than a crude Monte-Carlo estimator. In this particular example we
were able to estimate a probability in the order of 1078 with a coefficient of variation
of about 15%. To estimate the probability of such a rare event with a crude Monte-

carlo estimator would be practically impossible. The computational effort required
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to reduce the coefficient of variation in a reasonable range is prohibitively large in
the crude Monte-Carlo case. The simulated network in our example was a two node
intree tandem network. It would be interesting to see if our importance sampling
estimator is still efficient for much larger ATM-type networks.

It remains to see if conditions could be found for asymptotic efficiency or optimal-
ity of the importance sampling estimator or maybe for a closely related estimator.
Another interesting question concerns the internal switching of the cells within the
network. The ATM-type network as defined in this thesis does not allow the feedback
of cells to previous levels in the network. This means that a cell could pass through
a tagged node more than once. Could the definition of the encumbrance be modified
to allow for such a scenario and still preserve the Markov additive structure?

We ended the thesis with a perfect sampling result. When performing ratio esti-
mation with the A-cycle method, we must have a burn in phase to lessen the initial
bias. We proposed a variant of the coupling from the past algorithm of Propp and
Wilson to sample exactly from the stationary distribution of the process. By weak-
ening the Propp and Wilson assumption of partial ordering to an assumption of pre
ordering, we were able to adapt their algorithm to sample exactly from the station-
ary distribution of the delay process in the intree network case. An open problem
remains. Can we sample exactly from the stationary distribution when the network

is non intree?



Appendix A

Proofs and Technical Results

Proof of Lemma 4.5.3: The function V;"(w) = exp{fe — v g} a:*(w) is a positive
eigenvector for K> with eigenvalue exp(Ay(s)). In other words,
Z K®(w;w') exp{fe —vq} df/b(u?’) = exp(Ap(s)) exp{fe —vq} df;b(u?).
w' €5

Divide both sides by e’®a (). We obtain

3 K ) oxpf vy S = explule) epi v
Since K®(w;w') = K®(w;w') h(w')/h(w) and h{w) = e°¢a(w), we obtain
Z K (w; w') exp{—7 g} ;((w) = exp(Ay(s)) exp{—7 @} 2(5;1;)'

This is the desired result.

J

Proof of Lemma 4.5.2: We will use the notation as found in Section 4.4, i.e.

Op(w)={b€TN:q=0,0=0} and (a(w)= > d
beOp(w)
We will need the following indicator functions:

1 if qp = 0 Vp = 0
9 (w) = ’ ’
aw) { 0, otherwise
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Note, w € G4 if and only if 94 (w) = 1, since
Gh={weA : g=0uv=0}

Also, if w € GX and ¢y > 0, then {a(w) = dy, if w € G and ¢ > 0, then {a(w) = da,
and if w € S\ Ga, then {a{w) =0.
From these observations, we can conclude that (4.5.6), (4.5.7), and (4.5.8) are

equivalent to

ZK(’UJ,’UJ’) e? (e —e)—s (qi—ql)&zl(w/) - eGCA(w)~sq91A(w)+A1(s) &:1(,{[})7 (AOl)

and

ZK(U),’U)’) RICEOR (qg-qg)&:2(w/) _ QQCA(W)‘SﬁZ(w)+S‘9};+A2(S) &:2(12)), (A.O.Q)

since Vi#(w) = exp{@e — sq} a:*(@), where a’! and a:* are defined by (4.5.23) and
(4.5.30), respectively.

We will prove (A.0.1) and (A.0.2) in two steps: 1) (A.0.1) that is b = 1 and ii)
(A.0.2) that is b= 2.

Case i: The increments for the total encumbrance N C; and the queueing process
for the first node @} are

AENCy= Y e Af— Y dyB+(a(Wt—1)), (A.0.3)
a€A1UAy beTN
and
AQH= (Z Ag) — Bl + 0L (Wt —1]). (A.0.4)
acAy

Recall, Ay is the index set for the sources that directly offer cells to node b, A} is the
indicator function which is 1 when source a offers a cell during the time slot ¢, and
B? is the indicator function which is 1 when a cell is served at node b during the time
slot t. We assume that

i.e. a cell is served during a service slot even if there are no cells to serve. The

indicator will compensate 9% for this service error.
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The right-hand-side of (A.0.1) is equal to

> K (w,w) ¢ g ()
= YOB, [eraBremssdt L (W] = o)) 4t ()

6k S g, 1 (WL = u) x

exp{(ea —-s) ZA“—i—eaﬁ ZA" +(s—dy )B}—dQGBf}

a€A; a€As

& (@),

The last equation follows from (A.0.3) and (A.0.4). Since the processes A® for a €
AU Ay and B? for b= 1,2 are conditionally independent and that they only depend

on w, summing over w we obtain
BCaw)=s 94 (w) o

H Z B w, lexp {(ea 0 — s) A%} (M =m/, U = )] @ (mi,, ul) ¥

a€A1 Ma,la

IT D B lexp {ea 0 AT} 1(M = m/,Uf = )] a5(mi, ) *

a€Az Ma,Ug

B [exp {(s — da6) BY} 1% = o})] 664 x
E,, [exp {—d2 0 B} } 1V = v})] @%4(v))

= flalw)=sPalw) H e~ S)a (Mg, Ua) H e ag(ma, ug) X
a€A; a€As

e P @t (v]) x e a2 (vy).

The last equality follows from Lemma 3.5.1, Lemma 3.4.3, Lemma 3.6.2 and Lemma
3.6.1.

Since

Ai(s) = Z +Z—% 1(s) — B2(=0),

a€A; ac Ay
then it follows that

0 (e'—e)—s (g}~ ql)A*b OCA(w)——sﬂ}l(w)%—Al(s) Akl
K (w,w') e P = ).

This proves the case (i).
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Case ii: The increments for the queueing process for the first node Q? are

AQ? = (Z Ag) + B} -9 (W[t - 1)) — B + 92 (W[t — 1]). (A.0.5)
a€ A
Recall, A, is the index set for the sources that directly offer cells to node 2, Af is the
indicator function which is 1 when source a offers a cell during the time slot ¢, and
B is the indicator function which is 1 when a cell is served at node b during the time
slot t. We assume that

Bf:l(V;b_1=0),

ie. a cell is served during a service slot even if there are no cells to serve. The
indicator will compensate ¥ for this service error.
The right-hand-side of (A.0.2) is equal to

S K(w,w) e s w52 )

= Y0 B, [amNOme st (Wi = )] a2(@)

1(W[1] = w') exp {gae > A‘l’} X

- eGCA(w)—-sﬁz(w)+sm91A(w) ZEw
’ a€A;

w

ax2(d).

exp{(5a0~s) ZA‘f+(—s——d19)B}+(s~d26)Bf}

a€ Az

The last equation follows from (A.0.3) and (A.0.5). Since the processes A® for a €
A;U A, and B? for b = 1,2 are conditionally independent and that they only depend

on w, summing over w we obtain
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efla {(w)—s 9% (w)+s 9% (w) >

IT > B lexp{ea 0 AT} 1(MT = ', U = u)] g(my, u,) X

a€A1 Ma,Ua

I 2° Emua lexp {(ea0 — 5) A} 1M} =m0, UT = )] 63" (mg, ug)

a€As Ma,Ua

By, [exp {(=s — d1 6) BY} 107! = o})] a%(o})

E,, [exp {(s — d20) Bt} 1(V{" = v)] a*(v))

—  Ilalw)—s i (w)s Fx(w) H e 8 (mg, ug) X H e ) 5% (g, ug) X
acAy a€As
e P19 g () x e P 422 ().

The last equality follows from Lemma 3.5.1, Lemma 3.4.3, and Lemma 3.6.1.

Since

Ao(s) = Y —aa(0) + Y —ails) — Bi(~s) — B3(s),
aCAy a€Asz

then it follows that

ZK(w,w’) b (e'~€)—s (qé-—qg)d:Q(wl) — eGCA(w)—sﬁzA(w)+sq91A+A2(s) &:2(,&))

This proves the case (ii).



Appendix B

Markov Chains

In this chapter, we consider a discrete time irreducible Markov chain X = {X|[n] :
n € Z,}, where Z, is the set of non-negative integers, defined on the probability
space (02, F, P,) and evolving on the countable state space S. Its transition kernel is
denoted K. We denote A as the drift operator

AV(z) = K(z,y)V(y) - V(z), z€X,

yeS

where V' is any non-negative (or bounded) measurable function,

B.1 Transience
Definition B.1.1 (Hitting Time) Let A C S. Define 74 as
T4 :=min{n > 1: X[n] € A}.

Definition B.1.2 (Transient Set) We will say that A C S is a transient set, if for
some ¢ € S
P (4 =00) >0.

We reformulate Theorem 3.6 from Chapter 5 in [Br99]. Therein, it is stated as
a sufficient condition of transcience for a Markov chain. Actually, it is a sufficient

condition of set transcience as defined above.
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Theorem B.1.3 Let A be a proper subset (possibly infinite) of S. LetV : S — R be

a bounded function such that
AV (z) <0, foralz e S\ A (B.1.1)
Suppose, moreover, that there exists ¢ € S\ A such that
V(z) < V(y), forally € A. (B.1.2)
Then, P.(t4 = o0) > 0. Thus the set A is transient.

Proof : We utilize the following notation F,, = o(X[0],...,X[n]). Let z € S\ A
such that it satisfies (B.1.2). Define Y[n] = V(X[n A 74]). We have the following :

E. [Yn + 1|F.) = E [1(”<TA) V(X[n+ 1]) l}-n] +E; [1(7127A) V(X[TA]) lj:n]
= E, [1(n<TA) V(X[n -+ 1]) '.'Fn] -+ l(nZTA) V(X[TA])
= E [Lpner) VX[ + 1) [Fa] + Linzry Yin).

Using (B.1.1), we obtain the following inequality
Ee [Lncra) V(X [n+ 1) 1Fn] < Lincry V(X[ = 1acry Y7l
Therefore,
E. [Y[n+1]|F.] <Y[n].

Which means that Y is a bounded supermartingale with respect to the filtering F,.
It is bounded since V is assumed bounded.

By the martingale convergence theorem, Y[oo] = lim,_,, ¥'[n] exists and is P,-a.s.
finite. By bounded convergence

E-[Y[oo]] = lim E,[Y[n]],

and, since Y is a supermartingale, then
E.[Y[n]] < E[Y[0)] = V().

Thus,
E.[Y[oo]] £ V(). (B.1.3)
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Suppose the contrary that 74 is P,-a.s. finite, then Y'[n] would eventually be frozen
at a value V (y) for y € A. This contradicts (B.1.3) since by (B.1.2) V(z) < V(y) for
all y € A. Therefore, P,(74 = 00) > 0.

Definition B.1.4 (V-Transient Set) We will say that A C S is a V-transient set,
if there exists a function V' that satisfies the conditions of Theorem B.1.3.
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Glossary of Symbols

Ay, 54
Aqy(b), 9
A2, 6
C(w), 69
Cues 8, 12
D! 11
Dy, 59
ENC>, 14
G2, 23
G, 25
Hb, 26
H> 27
K, 13,28
K>, 14, 29
K4, 7
L{w), 67
b9
M2 7
Op(w), 41
Q" 13
Q9
Q;, 54
Q7% 57
boo 54
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R, 8,12
S, 13, 28
S°, 28
S, 14
TN, 12
TN(c), 12
Te, 8, 12
ue, 7

V, 46, 48
Vv 9

Vi, 46

V7, o4
Va, 46
Vs, 56
Ve, 47
W, 28
W 14, 28
X4 6

A, 13, 28, 40
A, 33, 35
Ay, 55
Ag, 57
o, 25

g, DY



GLOSSARY OF SYMBOLS

By, 26
ﬂga 27

A, 28
¥,12, 59
Ke 7
Me, 6

S, 28
W, 14, 28
K>, 30
K2, 19
M2, 20
iy, 31
as, 23
al, 26
a%*, 25
ab, 27
axt, 54
ax2, 56
ta(m), 7
Ka, 8
Ma, b), 63
gn, 40
gy, 46
J, 14
>, 15, 29
Ly, 61
Ly(w), 69
Lo(w), 69
My, 26
Uz, 20

V, 48

W™, 15
¢, 11
ENC,, 12
NCS,4, 60
NED,, 61
PCR,, 22
wla,b), 63
£, 46

T, 13, 28
Ty

TK'X;I, 6

Pa, 17

9, 33

Wee, 14, 28
Wee, 14, 28
fity, 40

d, 29, 39
dy, 29, 39
¢, 46

v, 30

Pa, 20
0%, 20
cle, ), 15
¥4 (w), 100
Kl* 55
K> 57
K., 42
K¢, 16
P, 66
(a(w), 42
cq(m), 6
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GLOSSARY OF SYMBOLS

dy, 9

h, 15, 29, 30
h., 31
lo, 17
Ta, 17
Ps, 66
Ga°, 46

Vs, 47
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Glossary of Symbols - Perfect
Sampling

K, 80
K%, 81
Kx, 80
Ky, 80
T, 81
X*, 81
Sx, 80
Sy, 80
#%, 81
¢y, 82
Tx, 80
Z(T), 82
Frly), 84
¥, 82
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Index

V-Transience, 107
~-conjugate, 20
A-cycle, 59
h-transform, 15, 29, 30

ATM-type, 10
Biased A-cycle, 60

CBR Source, 8

CFTP, 79

Change of measure, 65
Controlled rates, 63

Delay process, 11
Drift criterion, 41, 44

Edge, 39

Encumbrance, 12

Gateway points, 40
Harmonic function, 15, 29, 30
Lost services, 40, 42

Peak cell rate, 22

Stochastic recursive sequence, 81
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Total encumbrance, 12
Transience, 41, 105
Twist, 15, 19, 29, 41, 65

Unbiased A-cycle, 60
Update rule, 82

Variance reduction, 59
VBR Source, 8



