A thesis submitted

by
Elyahu KATZ
to
The Faculty of Science and Engineering

of the University of Cttawa
in partial fulfillment of the requirements
for the degree of
‘Master of Science
in the subject of

Mathematics

© Elyatu Katz 1971




ON THE INTERMEDIATE FLEXIBILITY

OF SURFACES




wml—-mmlﬂilnmmnmwnnanm-nm-mmnnmuuwnwmw&:ﬁwwwwu

CONTENTS
TITLE  tureereneeenneeconnesennnesiseeeaneesons
CONTENTS 4eveneneesennnnnnsennnnesonenenesns
ACKNOWLEDGEMENT  +..uvtvunreanieeennncesns
ABSTRACT .uvveernvneeenrnnneannacsessonnneees

§ 1 The Definition of Infinitesimal Isometric

Deformation and An Equivalent Condition To It

§{ 2 The Kinematic Meaningof y and t  .........
§3 The 7 - Class of SUTfaceS seeeeevecocosscens
§ 4 Rotation Fields for Class T «...... cesecens cee
§5 The Periods of [y,8X] .ccccceeerenacasccees
§ 6 The Definition of Intermediate Flexibility

§7 The Main Theorem ....cceceeconsonoecoccce

$8 AnExample .....ceccocccasocnccsccocacone

REFERENCES ......ccciececrconrocccacancocccs

PAGE

13

i6

18

35

43

45

51




PURTpY 3

S OOV ] SRR PP I

o Beri b it b et

M) B 2 a1k AL

ACKNOWLEDGEMENT

I would like to express my thanks to Dr. H.G. Helfenstein,
my thesis advisor, with whom, for the first time in my student
career, I was able to experience the pleasure of direct contact,
with an instructor of such academic qualifications and personal
warmth. He brought Efimov's problem to my attention and out-
lined its solution by pointing out a class of surfaces with intermedi-
ate flexibility.

I also want to thank my wife, Susan, who reviewed my

writings devotedly, correcting the English.

Lastly, I want to thank the Ontario Government for its
financial assistance through an Ontario Graduate Fellowship

Grant.




~ earAbded

et besrttei o m

ABSTRACT

N.V. Efimov defines in his article "Qualitative Problems

Py

of the Theory of Deformation of Surfaces", which appears in
"Differential Geometry and Calculus of Variations", the concept
of intermediate flexibility. We shall deal with this subject in

this paper.

Let x(u,v) be the radius vector of a variable point on

an orientable surface X embedded in E” with finite connectivity

which is closed or bounded by a curve. If there exists a vector
field y defined on X such that [y, dx] is locally exact and some
but not all of the periods are zero, we say that X has intermediate
flexibility. The periods are the line integral of dr [y, ax]

Ci
where each Ci is a closed curve which belongs to a different

basis element of the 1-dim. homology group.
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In this thesis we deal primarily with a class 7 of C

2
tori and require that y shouldbe C . Our conclusion is a
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necessary and sufficient condition for a surface of class 7
to have intermediate flexibility. Hence, this yields an example
of a surface of class 7 with intermediate flexibility. This is

the first known example of a surface with intermediate flexibility.
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§ 1| The Definition of Infinitesimal Isometric

Deformation and An Equivalent Condition To It

Our subject is infinitesimal isometric deformations
of the first order of a certain class of surfaces which will
be defined later. However, until we reach that definition
we will consider a simply connected neighbourhood on a

surface embedded in E3.

If u and v are intrinsic local coordinates of a
surface X we denote by x (u, v) the radius vector of a

variable point on X.
A deformation is a family of surfaces
*
x (u,v,¢) = x(u,v) + e z(u,v,¢)

so that for each fixed ¢ > 0 we have a surface. We require

that the following limit exists:

z(g,v) = z(w,v,0) = lim z(u,v,e¢)
e-0




i@

e e

-6 -

and that x and z have partial derivatives of the second order

}
3
:
:
:
]

with respect to u and v. Also, as is usual in surface theory
[xu, xv] # 0 for any point of X°. If we disregard infinitesi-
mals whose order with respect to ¢ is higher than the first

we get
x (u,v,e) = x(u,v) + ¢ - z(u,v)

We are actually interested only in infinitesimal isometric

deformations, i.e., we require that the length of each arc on

the surface changes only by an infinitesimal of order which is
higher than the first with respect to ¢.
Theorem: Let x(u,v) be the radius vector of a variable point

on X. The infinitesimal deformation

P

x (0,v) = x(u,v) + ¢ z(u,v)

is an infinitesimal isometric deformation if and only if

o See [1]




Proof: If X, is the surface under the deformation corresponding

to ¢ the square of the length of a line element on it is

ds™ = dst 426 dx - dz+ el dd
Now in order that ds™ - ds be of higher order than the first with
respect to ¢, by Taylor's expansion in ¢ we get dx - dz = 0.
Hence for our infinitesimal isometric deformation we obtain
the condition

dx - dz = 0.

Now under the condition dx . dz = 0 we shall see that
X is an infinitesimal isometric deformation. In other words,
we have to show that ds* - ds is of higher order than the first
with respect to €.

We already had the equation

a
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= 2
ds™2 = ds® + 2edx. dz + ¢ dz
and it is given that dx - dz = 0. Hence we conclude
2
a2 = ast 1 ¢l dz,
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* 2
ds = (ds +ezdz)'

A2

&

By Taylor's expansion in ¢ around ¢ = 0 we obtain ds* - ds =

JLh.igher than the first order with respect to eJ'».

We shall proceed with the following theorem which we will
use in the sequel.
Theorem: Let x(u,v) and z(u,v) be the vector fields defined above.
The condition dx - dz = 0 inplies the existence of a vector field
y defined on X such that [y, dx] is exact. Conversely, if there

exists a vector field y such that [y, dx] is locally exact, then

f/?

locally there exists a vecter field z on X such that dz = [y, dx]

a
£
2
%
3
%
3
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e
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2

anddx-dz:O.

Proof: We note that

1 A A

dx = x du + x dv,
u v

dz = z du + z dv,
3 u v
by
}".‘ 2
hence dx-dz = x z du +(x z +x z)dudv
o u u uv v au

+xzdv2=0
v'w
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kS Consequently dx - dz = 0 is equivalent to
3

2 =

§ " x 2z =0

% uu

§ ® 2 x z +xz =0

3 uv vou

i "

= 3 x z =0

= v v

3

=

2 |
= We have the following

Theorem®:
If the field z satisfies the system * of equations then

N
3

there exists a field y such that we have the identities

z
u
%
zZ
v

For a given field z, the field y is uniquely defined, where x, y

ly.x,]

ly.x,]

and z are vector fields of E3 defined only on X.

In other words from dx - dz = 0 we deduce the existence

of a vector field y such that

el R kR ARk saR Al G s s g il Rilsalgsitiiatidinatid et

dz = [y,dx] ,

i.e., [y,dx] is an exact differential.

e See [3]
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Proof of the theorem:

Because of 1* and 3” there exist two vector fields b4 and

v, such that

T T e T e o M) | e M

“u” [Yl' xu]

[res
L1

3t
3t
3

%" [YZ' xv]

Substituting these quantities into 2" we conclude:

st it U4 bl

i
#n

x [yz,xv] tx - [Yl' xu] = 0,

-7, [:x‘1 xv] Y [xu, xv] = 0,
(Yl 'YZ) ° [xuv xV] = 0»
which leads to the existence of two real functions o and ¢

such that

4

Substituting N and Y, into the two equations denoted by *¥* we

derive:

s N . g N T T T T Y VA DTS YOOI FT IR
BRSNS Y p R N SRR DA B W R sl el i bl i b e b iswsaii b 04
o
©
1
o
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o
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z = [y, xu] z = [y, xv]

Since [xu, xu] = 0 and [xv, xv] = 0.

For uniqueness suppose that y' and y'' satisfy *¥,

[(Y' - Y”)y xu] =0

and

[(Y' 'Y"): xV] = 0:

s e if vl v = , _
whick is only possible if y' - y" = 0, for [xu xv] £0

To show the second part of the theorem we have to show \

the following.

Suppose that y is a smooth vector field (¢ C') defined on a
surface X. Suppose that [y, dx]is alocally exact differential.
Because of [x, dy] = d[x, y] - [dx, y] also [x, dy]is a locally

exact differential, i.e., locally there exists t such that:

dt:[x, dy]
Define: z = t+ [y, x] and
x* = X+¢ - 2

Then dz = dt + [dy, x] + [y, d&x]=

- [x dy]+ o, x]+ [y, &x] = [y, &x].
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Using the last equation we get:

- dz = dx- [y, &x]= 0

or dx - dz

"
e

Corollory: Let x be as defined above. There exists a vector
field z defined locally on X, suchthat dx- dz = 0, if and only
if there exists a vector field y defined locally on X such that

[y, &x]is exact. Then we have dz = [y, a].
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§2 The Kinematic Meaning

of y and ¢t

Let the value of the parameter ¢ vary with the time,
and let 6 denote the differential with respect to time. Also

rewrite

it

b
"

X+ez

in the form

3

x = x+ée. z.

It immediately follows that

o2

d = dx+6e - dz.
In our notation d denotes the differential with respect to

u and v and does not depend on time.

We also changed the notation from ¢ to ¢, in order to
get symmetry with the ordinary differential notation in the quantities

that we will deduce later in our computations.
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Also denoting

3k

§x = x -x; 6dx = dx - dx and

we conclude

8x _ o, &4,
8¢ o¢

Thus, z is the field of velocities of the points of the surface
under our deformation, and dz is the velocity of the change of

the line element dx.

If we substitute dz we derive:

2L - [y &)

Because dx does not change in length, and the change of
angle between any two line elements at a point of the surface
is negligible in our theory, we can look at the deformation
locally as a motion of pencil of line elements. Then y

is the instantaneous rotational vector of the motion. Let

x be the radius vector of the point M¢ X, and x + dx the

radius vector of the point M'¢ X.




The velocity of M' is given by

) ox §dx
—_— (x+ &) =—+-g=z+[y,dx],

o¢ §¢

and by the definition of z we get

i (x+dx) = ¢ +[y, (x + dx)],

b

& -
t ='g(x+dx) -y (x+dx)].

That is to say, t is the translational component of the

local motion.

The pair of fields (y,t) is called the screw field

of the infinitesimal isometric deformation.

If y is constant from

t =z -y, x],
we obtain

dt = dz - [y, &] =[y, &] -{y, d&x] = 0,
i.e., t is constant.

That is to say that the deformation is an infinitesimai motion

of the surface and we call it the trivial deformation.
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$ 3 The 7- Class of Surfaces

We are going to define here the 7 - class of surfaces

with which we will deal from now on.

Each surface in that class is generated by revolving
a simple closed smooth curve about a fixed axis where the

curve does not intersect with the axis.

And more precisely:
3
Definition: A surface X embeddedin E™ = (xl, xz, x3) -
space belongs to the class 7 if it has a parametric representa-

tion of the following form

x1 = r(v) cosu
x (u,v) = X, = r(v) sinu
x3= h(v)
0<ucgén 0<v<l,

2
where r(v) and h(v) are 2 functions of class C defining

a simple closed meridian curve M which does not intersect
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the Xy - axis and for which v plays the part of the arc length.

Hence r and h are periodic of period L (L = perimeter of M),

r(v) > 0 for all v, andr'2+h'2=1 0<v< L

{ . 4r ., _dh
iwhere T'= dv h = v }

P00 OO O ot
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§ 4 Rotation Fields for

Class ¢

We shall find now all smooth vector -fields
N R :
y in E defined on a surface X from the class 7, such that

[y, dx]is a locally exact differential.

Note that in the case where X was simply connected
the local exactness of [y, d&x] implies global exactness.
But in our case for surfaces from class 7, the same thing
is not implied.

Let us denote the rotational field y (u,v) andits

three components Yy Yy ¥y OF

¥, (8, v)
y(wv) = |y, (wv)
vy (v,
We shall have that the y; are L periodic in v and 27 periodic

2
in u and that yie C fori=1,2,3.
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It is convenient to introduce the following three

functions which have the same properties mentioned above.

Ulg,v) = Yl sinu - ¥, cos u,
Vinv) = Yl cosu + Y, sinu,
Z(u,v) = y,. (3)

From the above three equations we deduce:

¥; = Usinu + Vcosu, (1)

Y, =-Ucosu + Vsinu, (2)

We also know that [y, dx] is locally exact if and only if we

have the following condition.
* [yu , xV] = [YV , xu]_

For: from the exactness there exists in a neighbourhood of

each point a field z such that:

dz ={y, dx ],

z du + z dv =[y, xudu]+[y , xvdV].
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But z =z

vy » x Bl x I=ly, o 2 Bl 2]

becauseof x = x (xe¢ CZ),
uv vu

vy 80D, %] x
Now suppose that[yu , xv]z[yv , xu].
We have: [y, dx]=[y X dult[y, X, dv],

L W
and by a theorem from advanced calculus we obtain that ‘
[y , dxJis locally exact if and only if [y , xu]v =y . xle. ‘

I shall prove now the last equation:
v - xulv - [yv ’ xu]+[y ’ xuﬂ'

v xv]u =[Yu ’ xv]ﬂ:Y ! xvu]'

By our assumption[yu , xv]z[yv , xu] and by smoothness

of X we have x = x_ . Andimmediately we conclude that
uv vu
fy . xu]v =y ., xv]u and by the theorem it follows that

Iy » dx Jis locally exact.
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Let us write the condition denoted by * in components

after substituting x. Then we will conclude:

Jy oY 3y
(1) -}—Zh'- 3 r' sinu = - 3 r cosu
gu du
(2) Eﬁ' h' -ays r' cosu = 3Y3 r sinu
du du 3v
(3) r' sinu - — r' cosu = rcosu
du du v
BYZ -
+ r sinu.
Vv

Now we shall substitute the values of A and derive a set of

differential equations:

(1) -h'-a—qcosu+h'Usinu+h'ﬂ-sinu+
au Ju
+h'"'V cosu -—a—z-r'sinu = --ag-r cos u
au v
(2) h'-a—U-sinu+h'Ucosu-!-h'-a-lcosu-h’Vsinu
ou 3u
-A-Z-r' cos u =.3_§. r sinu
au av
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(3) r' sinu sinu + r'sinu U cosu+

.3V . .
r'Smua—u cosu - r'sinuVsinu +

3U .
+ r'cosu —aTcosu - r'cosuUsinu

3V .
-r' cosu ™ sinu - r'f cosuVcosu =

au

. 3V
=T cosu s1nu+rcosua—cosu
v

. 3 U . 3V .
-r slnu — Ccosu + rsinu — Sinu.
24 oV

T - i

Rearranging the terms we get: \
‘ i
!

' v
1) sinu (WU bt 2 a—‘7‘r')+

au -au
+c05u(-h'ig+h'v + ro_Z_) =0
Ju oV

2) -sinu(-h'%% F RV +:—f- r)+

+cosu(h'U+ h'gl-i-z-r') =0

au u
2 0,30,y o 3V
(3) smu(rau-rv-rav)+

+ sinu cosu-(0) +




-23-

2 » 30 , 3V
+ cos u(r 3u -r'Vor av)_0_

Multiply (1) by cos u we obtain:

cos u sinu(h’U+ h' 2V - 5 Z r')+

_'au avu
2 30 3 Z
h == ! =L )
+cosu(hau+hV+rav)_0. '

Multiply (2) by sinu we deduce:

sin u cosu(h'U+h' ab_:il --:—u-z- r')=

!
=sin2u(-h'§——+h'v +i-z-r). \
au v

From the last two equations we conclude:

sin® u (-h’ 30 iy 4 22 r) +
24 av '
+ coszu(-h' 83U + 'V + 3z r) = 0.
3u 3V

It immediately follows that

w8y 22
Ju Vv
3 U 3Z
T(=— -V = =, 4
or h(au ) rav (4)

Similarly from (1) and {2) we derive:




h'(U+ﬂ) = r'ﬁ. (5)

Immediately from (3) we get:

-1 - A
rau 'V rav-O. (6)

It is quite obvious that (1), (2) and (3) follow from (4), (5)

and (6).

We can derive from (4) and (6) two useful equations

in the following way.

Multiply (4) by b’

p? 38 ply o oper 2%
su v

Multiply (6) by r'

r'Z —a—tj— = r'z V + rr' a—v'
au v
. 2 2
Add together the last two equations and use h' + r' = 1

We obtain:




_=V+r(h'a—€+r'%)' (7)

Multiply (4) by r'. We deduce:

rr'-:—f = h'r'aa—ti - hr'V.

Multiply (6) by h'. We derive:

rh'—a—v- = h'r’—a'g - htrV.
u

From the last two equations we conclude:

Q)
<
(o 7]

ht =— = ' = . (8)

At this stage I would like to show that (4) and (6) follow

from (5), (7) and (8).

Multiply (7) by h'. We get:

2 U 23 3V
1 (== .V 1© 0.4 'R E—.
h(a ) rh +rr v

o’
<

Using (8) we obtain:

h' (ﬂ -V) = rh'2 -g-%- +rr'2 -:—%-

and (4) follows immediately. Multiply (7) by r'. We deduce:

N
1
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1"a =r'V+rh'2-a—v-+rr'Z§l=
ou v
=r'V-}-1'ﬂ
AV

and we get (6).

This proves that (5), (7) and (8) are equivalent to

(4), (5), (6).

So, we have proved that the equations (5) (7) and (8)
are equivalent to the condition that y x dx is locally exact.
(Provided that x and y ¢ CZ). Now we want to find the most
general solution for U, V and Z such that they satisfy the

equations (5), (7) and (8), where U, V and Z ¢ C2 and are

L periodic in v and 27 periodic in u.

2
By our conditions we had Vand Z¢ C and are

2r periodicin u.

According to the following theorem we can express

V and Zby their Fourier Series with respect to u.

[See [2 ] 1 simplified the theorem to the case
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where f is smooth and not only sectionally smooth. ]

Theorem: If a function f(x) is smooth (f ¢ C') and periodic,

then its Fourier series converges absolutely and uniformly.

Hence we can write

9 Vv = ia )+ Z (2, (v) cos (ku) +b (v) sin (ku)] ,
k=1

(10) - Z(u,v) = % <, (v) + z [Ck (v) cos (ku) + clk (v) sin (ku)] .
k=1

10

where:

2n
i
-~ I V (u,v) du,
T

0

a (v)
o

2m
f V(uv) cos kudu,
0

g =

2 (v)

2n
[ V{(uv) sinkudu,
0

bk (v)

1}
|-

27
J' Z (u,v) du,
0

1 |

c (v)
o

2n
f Z(u,v) cos kudu,
0

23

o v)
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2n
dk(v) =% _[‘ Z(u,v) sin (ku) du.
0

The coefficients aj, bj' cj, d. are CZ functions of v
J
with period L, for V(u,v) and Z(u,v) are v periodic

with period L.

Substituting (9) and (10) into (7) and integrating

with respect to u we obtain:

&
_ 1 L 1ot t At :
1) Uy = T +§: {k (a +rr'al +rh'c)) sink
k=1

l t Wit (1]
" (bk +rr bk +rh dk) cos ku},
where U = U (v) + 3 (a_+rh'c' +rr'a')u
) ) o o o
In order to justify the operations made above we

have to show that we are allowed to derivate V and Z

term by term in v in their Fourier expansions and that we

) v
are allowed to integrate V, ?3— and —aa-;- term by term in u.

We are given that V satisfies the conditions of the last

3V
theorem. As well V' = -;—v satisfies them.
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So we have for V' the following expansion:

sin ku}

[--]
V' o= 2 E b
% 2 +kzl {ak cos ku + bk

where: : 2m

= — I V' du

0 | :
2n

f V' cos sin du

0

Zn
[ V'sinsindu.
0

(AR
=
1
=]

[+V]
<
n

= W L

b (v)

"
= I Ll

Now according to the rule of Leibnitz we can change the order

of differentiating and integrating, for V is contiruous in u and

v
v and aa_v exists and is continuous,

v '
a, = a.
1 1
b, = b’
1 1

And we actually deduce that we can derivate term by term.

Similarly we could show the same for Z.

' \4
Previously we also had the Fourier series of aa_v and

V converge uniformly in u. Hence by a well known theorem
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we can integrate each of them term by term in u.

Since U(u, v) is periodic in u we must have Uo periodic

in u, and this is so if and only if

(12) a +rh'c +rra =0,
0 ° o
Uo = Uo(v) .

Since U is periodicin v, Uo (v) must also be periodic in v.

Using equation (5) we conclude:

(13) n' Uo(v) =0
(14) h!' (ak +rr a'k +rh c‘k) = kz (h' a - ck)
(15) k' (bk+rr'b'k+rh'd'k)= kz(h'bk-rvdk)

k=12, ...

And from equation (8) we derive:

(16) h a' = rlc
amn h' a'k = r' c'k
(18) h bk =r dk
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Hence the two pairs of functions
(3@ g @) amd (b, . 4 @)
satisfy for k = 1,2, -+ the same system of first order linear

homogeneous differential equations.

Now we would like to prove that 2 = 0 and c, =

constant. From r' ao +r a'o = 0 which is obtained from (12)

and (16) we have:

v (r ao) =0 or ra = const. = R,
. Ry
a = 7 (r # 0 always).
From h' 2 +r c’o = 0 which is obtained from (12) and (16)
1
h ao h'R
we have c' = - = - ,
o} T 2
r
X 4
c (x) = A-T — R v,
[o] v
0 r

c (o) = A and ¢ (L) = A,
0 0

for: <, (v) is periodic with period L.

It follows that

L
h!
f —Z'Rdvzo
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And by Stokes' theorem:
R
R ® rZ 1
aam— - e - — -
j Zdh-J'J = ds--ZRH 5 ds = 0
cr r

By the Jordan-Brouwer separation theorem the
meridian separates its plane into two open non-empty
connected components. And hence, the area enclosed within
the meridian is different from zero. Also —13- is always

r

]
larger than zero. We derive that the minimum of —'3— is
r

L S e o e

positive on the surface which is bounded by the meridian

and which is compact. Denote that minimum by m .

i i

Therefore we have:

N i

1
T -5 ds 2 m - [f ds >0,

a =0 and ¢ = constant.
o (o]

"
e

We also will prove that o

We have: (a) b a1 =T c1

2 1
(b) h'r’r:-z'1 + k" re' = -r'c.




By the last two equations we get

2 2
1 1 ] I__ 1
rr c1+h rcl- rcl.

(re)t =0,

r cl = Q {constant) ,

sl

L e
P [

"h" too is periodic, therefore there exists v such that h' (v) = 0

S andr'(v) = T L

From (b) and for the above v we obtain:
c1 (v) = 0 hence Q = 0

clso.

By the symmetry of the differential equations we also

have:

We obtain the most general rotation field y on X by
choosing for each k a periodic solution a . G bk' dk from

the above equations and substituting them into (9), (10), (11)




and then into (1), (2), (3). Since the above equations are
homogeneous there is always, for each k, at least the zero

solution. We deduce:

[--]
yl = Uo(v) sinu+§: {ak
k=1

cos (ku) cosu +

+b, sin(ku)cosu + li (a +rr'a' +rh c'k> sin(ku) sinu

k k k
-l(b +rr'b’ + rh' d') cos (ku) sinu}
k\k k k

a
3
3
3
g
E
=
B
=

[--]
Y, - Uo (v) .cosu + z {-%(ak +rr' a'k +rh c'k)sinku cos u \
k=1 1

+ %(bk + rr'b'k +rh' d'k) cos {ku) cos u

+ a.k cos (ku) sinu + b, sin (ku) sin u}

k

¥y = 3 c, + Z{ck (v) cos (ku) + dk sin (k“)}
k=2

PP - 4
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§5 The Periods of [y, dx]

By one of the theorems of De Rham®: For a locally
exact differential [y, dx] to be globally exact on a compact

orientable manifold it is necessary and sufficient that the

periods
pj =pc‘ [y, ax] j=1, .-+ b
]
vanish, where LRI are representatives of the elements

of a basis of the 1-dimensional homology group of X and b is
the first Betti member. For the surface X ¢  we have b =2

and we can choose c1 tobe x{u,0) 0< ug?n, i.e., 2

parallel and c, tobe x{0,v) 0<v<lL ij.e., ameridian.

Theorem: For any rotation field y on any surface of class =

the period P1 vanishes.

Proof: Denote by < the curve

r(0) cosu
x (u,0) = r{0) sinu 0< u< 2y

h (0)

© See [4 1.




e

and by c, the curve

r (v)

x (0,v) = 0

h (v)

Then we obtain

P

1°% (YZ dx3 ) y3dx2) +e2drc y3dx1-y dx

¢ 1 1 3

fe] ¥y - %
1

= elj' - Yy dx, +e2vrc ¥, dx1 e, fc Y dx, -y, dx1
1 1 1

If we denote by 11, I and I the 3 components of P1 we conclude:

2n

L1 = -J;) r (0) y3 cos u du

2

I2 = -J;r(O) Y3 sin u du

2n 2n
13 = J; A r (0) cosudu+J(')y2 r (0) sinudu

Substituting Y Y, and Y3 and using the orthogonality relations

of the trigonometric functions and the fact that 2 = 0, ¢ = const.
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¢ = 0,
4 -0,
we conclude that I1 =0, I2 = 0, 13 = 0, for:
2n © 2n
11 = 3 co r (0) I cosu du + y ck(O) r(O)Icoskucosudu
R Do
0 0
© 2n
+S~ d.k r (0) J’ sin ku cos u du
o ; n
0
2n

+ r(0) c1 J‘ cosu cosudu = 0,
0
|
0

IZ =0 (as above, using dl = 0).
-]

I3 =§: {r(O) ak Icosku cos u cos u du
k=1

+ r (0) bkfsmku cos u cos udu

+ r(O)% (ak +rr' a'k +rh c'k).[' sinku sinu cos udu

l t 1 L ku 3 du
-r(O)k(bk-l»rr'b +rh dk)‘[‘cos sinu cos u

k
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sl il

PR

2]

-r(O)% (ak +rr! al'( +rh c'k)f sin ¢ cos ku sinudu

+r(0)l

1 t 1 1 :
" (b +rr bk+ rh dk)fcosku cos u sin u du

k

Sibaiaisise i

&
3

+r(0) akj' cos ku sinu sinudu

-

+ r{0) bk‘[sinku sinu sinuduJ»

7

A

L1¥

-]
= 2 r (o) {ak I(cos ku cosz u‘* + cos ku sin2 u) du
k=1

it aariiit il ok

3

2 2
+b {‘(sinku cos u + sinku sin u) du}

==
=
=
e

i
N,

=—>: r(O){a.kj' cos ku du + bkjsinkudu}=0
k=1

I I

0 0

We would like to compute now the second period.

sl b g Biadlsns
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Let us denote the components of PZ by Ii, I'Z and 1'3.

By using the first of the formulas on page 34 and due to

h' Uo = 0 (formula13) and u=0 we get:

L
.1_ 1 [N 1 At v
kI h(bk+rrbk+rhdk)d-

1
I1
1 0

1]
" ~e

By equation (15) we derive:

Ii kg(h'bk—r'%)dv.

1

w L‘\/la

Using equations (15) and (18) we get:
2
(i*b, - r' d.k)-h' -'-rd‘
Using the equation just mentioned we obtain:
2 - ] 1 = LI
(k -1) (h'bk-r'clk)-rdk+rd.k (rd.k)

For k >1 we deduce:

(b'b, - r'd) = (rd)" -

Substituting the integrand of I1 we conclude:

k rL . T
—— g de—d (b'b - 5" d) &
K -1 0

1 =
1

~i~e

1’
L
2
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L
Since d1 = 0 and U[‘ (r dk)' dv = 0 (both r and di( are
0 !

L periodic). We derive:
L
I N

- ! h! d
I,_-_fo (r'y; - h'y)dv

Using the equations on page 3% as well as the facts that

0, a =0 and ¢, = constant, we get:

=]
1l
o
(2]
m

o (-] I

- —— 1

IZ_ > Ul‘ r'dv+5“rrckdv
0 k=1 0

= L
-YJ" h‘akdv.
k=10 :

Since ,PLr' dv = 0 we obtain:

0

S L
IZ =z j (r'ck -h ak)dv.
k=1 0
Using (14) and (17) we deduce:
2 1 1 ! - ]
k -1 (h‘a.k - ck) = rey +r'q = (rck).

For k>1 we conclude:

(r ck)'
(r' < - h' ak) = T:Z-
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Substituting the integrand of I we derive:

2
-]
L
L W
L= L Jro (r ) av
k=2 °°
L
°r (r'c h'a ) dv
uo 1

v - . 3 .
I = %ryzdv

Using the formulas mentioned in the computations of L’1 and

I'2 we get:

Using equation (18) we obtain:

2
' - 1 [ Y 1 t \- p! & “y srh' r'd
r(bk,rr bk.rh dk) 1"!)k rr bk Th'r'dy

' s 121- czv-l 3 [
rbkfrr bkfrh bk-rbk.rbk-

(r bk)' ,




—

Summing up the last computations we deduce:
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§6 The Definition of Intermediate Flexibility

Let X be a compact surface of arbitrary finite connec-

tivity. X is said to be rigid in the affine sense if there exists

no non-trivial rotation field on it; 1i.e., there exists no y which
is not constant such that [y, dx] is locally exact. If X is non-
rigid in the affine sense, and cj are those curves defined in

§4 and all Pj z 0 tﬁen according to the theorem of De Rham
[y, dx] is globally exact so that there exists t defined on the

whole surface such that
dt = [y, dx]
(y,t) is called the screw field of X. We also define

z =t + [y, x]

-

and by what is doxne in §$1, this time, x = x+ ¢z is aninfinitesi-

mal isometric deformation of the whole surface.

In this case we say that the surface is non-rigid of

projective type. We also say that the surface X is rigidin

the projective sense if there exists no non-trivial screw field on it.
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We shall define now the intermediate flexible surfaces.

They are non-rigid in the affine sense but not all Pj vanish.

More precisely we shall say that a surface is non-rigid with
respect to the subgroup U of the 1-dim. homology group, rll {X)
if, a) there exists a non-trivial rotation field y such that P(y,C) =
9C [y,dx] vanishes for all closed curves C whose homology

class belongs to U, and b) there exists no non-trivial rotation

field y having this property for a subgroup of HI(X) containing U.

In the computations of the periods in 4, if we can
choose h and r such that PZ # 0, the surface X has inter-

mediate flexibility, with respect to the subgroup of Hl(X)

generated by the class containing <
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7 The Main Theorem

Theorem:

A surface of class 7 has intermediate flexibility if
and only if its meridian contains a non-vanishing segment

perpendicular to the axis of rotation.
Proof:
Denote:

H = {vlve[o, L:'l, h! (v) = 0}

If H does not contain an interval we get that

HC = [0, L] - H is dense in[-O, L—!-
B

"bl“ satisfies the equation:

h' bl' = 0 (which follows from equation (18),

since (H = 0).
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Denote: B = JLv
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IVeE:O,L-!, by (v) = o}.

Because of the identity h' bl' = 0 it follows that:

HC

C B.

Since HC is dense in 5-0, LJ also B is dense in [O, L} .

We get that bl' =

b.' is continuous it follows that b! = 0. It follows that b

1

constant, and

L

[

v

0

0 on a dense subset of |'o, L—I . Since
o i

1 1

L

h'b, dv = b [ h'dv = 0.
1 14

Using the same arguments for 2 which satisfies h' al' =0

(which follows from equation (17) and c1 = 0) we get that

a1 = constant, and

L
I

-

0

L
' ;o= r ! = 0.
hald'v a1~, h' dv 0
0
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By equation (13}, h' Uo = 0, and the arguments used above

we get that Uo =0 and

L
j‘ r'U dv = 0.
0 )

We proved just now that if H contains no interval then

FE O 1 e e

Hi

Suppose now that H contains at least one interval.

i

Denote it by W. For this interval r' =1 or r' = -L

b

S
oo

I

We can define a CZ function Uo which is zero on

C
W and

T T

AR

_ !e 0< x <1
10 otherwise

This proves that if H contains an jnterval, we have intermediate

flexibility for the surface.
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Corollary: If the meridian of a surface X in class ¢
is analytic then X has no intermediate flexibility.

Proof: Since r'2 + h'2 = 1 the two functions

r(v) and h(v) can either be simultaneously extended to complex
analytic functions or both cannot. By the main theorem h'(v)
vanishes on an open interval if X has intermediate flexibility.
Hence if h(v) is analytic it would be constant which is impossible

under our assumptions.

W

SH

.‘;i',;'v:": !
1

The values of the vector field z. The locally defined

TET Ay
[

instantaneous velocity field becomes many valued in the case

{
i

of intermediate flexibility.

i

4 M

Every smooth closed curve on the surface X is homolog-
ous to the "product™ of m circles of latitude and n meridians,
where m, n = 0,12, --- . Since: HI(X) ~Z x Z, the
two generators are the classes containing the meridian and

circle of latitude.
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In order to study the various determinations of the velocity
field on a surface, we will use the following theorem: If two
curves are homologous, the values of the line integrals of a
closed differential form over these curves coincide. Since P1 =0,
it is obvious that the line integral of [y, dx] over a closed curve

homologous to the "product” of m meridians and n parallels

isn . PZ'

Our velocity field is now obtained by:
’ C, = b dx ’
2 (x_ x) f [y, ax]

where z is the line integral from the fixed point X along the
curve C with the end point x. According to what was mentioned
above, z(x)is defined as a one valued field if we cut the surface

along a parallel.

In the same way we conclude that z(x) is dependent on
the number of meridians in the "product" to which the curve is

homologous, each meridian in the product homologous to the given
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path contributes + P2 to the value of z. Hence the determinations

et ihsd:
3

of z differ by integer muitiples of PZ'

R

iRy
Ao

TS
255

Corollary: Note, that in case the meridian contains
a single straight segment, then the two first components of PZ'

i.e., I'1 and I'2 are equal to zero. The third component can

TR T TR

be made equal to any value that we choose.
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£ 8 An Example

I shall now give an example of 2 surface belonging

to class 7, which has intermediate flexibility.

Let us define the following meridian:

h (s) =

10 +s 0<s<l

l1+sin{s-1} = 1< s<2

r{s) = -
11 -s+2 23533
10 -sin{s-3) = 3<_sg4,

~ 2
It is obvious that h and r are C~. The function F is

defined as follows:
1

1
x -1 0< x <l

e
fla) = {0 otherwise
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and
1

_r £(t) dt

F(x) =

1
f f(t) dt

0

We define U0 in the following way:

A f (s) 05_5_<_1
T (s) ={
0 0 l<s< 4

and we derive Uo by changing the parameter of U to the length
o

TG kAT 10220 R 4 BRF M A 1V ke A I ot i

parameter of the meridian. (In our notation v is the length
parameter of the meridian and s is any other parameter.) For

that function we obtain for the third component of P2 the following

expression:
L v(l)
I r'Uodv = [ f(v)dv =
0 0

S e L L AR 1277 k1 73 LB MZ St Mt Hok (f Atid
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