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Abstract

K. Bongartz and B. Huisgen-Zimmermann studied uniserial modules over finite di-
mensional algebras. Given a path p ¢ I, they associate to it an affine variety V,,
which parameterizes the uniserial modules with mast p. This variety can be calcu-
lated algorithmically. It is here shown that these varieties characterize the monomial
algebras. An open problem asks for an invariant characterization of algebras isomor-
phic to monomial algebras. We obtain an algorithmic solution for the open problem
for a class of algebras which we call “loosely constricted”, and we give a necessary
condition for an algebra to be isomorphic to a monomial algebra, which is algorith-
mic. We then give an analogous version of a theorem of Bardzell and Green which
is an invariant characterization of algebras isomorphic to monomial algebras, using
uniserial modules. A basis of Ext) (U, V) is described, where the quiver has no ori-
ented cycles and the masts of U and V' pass through the same vertices, and we get an
upper bound for its dimension. Here, each nonzero element of Ext} (U, V) represents
an indecomposable module. Isomorphism classes of uniserial modules over biserial
algebras are described. We study «(U), the number of indecomposable summands
of the middle term of an almost split sequence ending in U, where U is a uniserial
A-module, and give an upper bound for it in the case that A is m-multiserial algebra.
Irreducible radical embeddings of uniserial modules over triangular multiserial as well
as monomial algebras are classified. This confirms a conjecture of A. Boldt in these

cases.

it
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Chapter O
Introduction

This dissertation is a study of the representation theory of finite dimensional algebras
using uniserial modules, i.e., those nonzero modules with a unique composition series.
They are the simplest indecomposables, and this makes it interesting to understand

their role in the category of finitely generated modules.

Throughout A will denote a finite dimensional associative algebra over a field &
with Jacobson radical J. We will always assume that the algebra A is a split basic
algebra with the presentation A = &I'/I, where I is a finite connected quiver and I
is an admissible ideal, i.e., J™ C I C J?, where J is the ideal in AT' generated by

the arrows. All modules will be finitely generated left modules.

A theorem of P. Gabriel [18, Section 4] says that any basic finite dimensional
algebra over an algebraically closed field is isomorphic to an algebra of the form &I'/7
for some finite quiver I', and some admissible ideal /. Also, recall the classic result
in ring theory that any artinian ring is Morita equivalent to a basic one (see [2,
Proposition 27.14}). It is then reasonable to restrict our study to algebras of the type
A=RT/IL

B. Huisgen-Zimmermann [19, 20], and K. Bongartz and B. Huisgen-Zimmermann [8,
9] studied uniserial representations of finite dimensional algebras using tools of alge-

braic geometry. To any nonzero path p in &I'/I, they associate an algebraic variety
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called V, which is given explicitly as the vanishing set of certain polynomials which
can be calculated algorithmically. Part of this work is the elaboration of their results
for specific classes of algebras such as monomial algebras, in Chapter 2, and biserial

algebras, in Chapter 4.

In Chapter 2, we focus on monomial algebras. An algebra A = &T'/I is monomial
if I is generated by some paths. It is well-known that the algebra is monomial if
and only if any reduced Grobner basis of I consist only of paths [15]. First, we give
another characterization of these algebras using the geometry of uniserial modules.
We show that an algebra A is monomial if and only if 0 € V,, for every path p € AT
where p ¢ 1.

In recent years, there have been significant results on the homological aspects of
monomial algebras (such as [21]). A glance at the diagrams for the indecomposable
projectives of a monomial algebra (as in [16], and elsewhere) shows that such an
algebra is rich in uniserial modules. This suggests that they should play a role in a

characterization of algebras isomorphic to monomial algebras.

An open problem in algebra [3, Open problem 5] is to characterize those algebras
isomorphic to monomial algebras. (Being “monomial” is a property of its presenta-
tion.) We have found a necessary condition, which is algorithmic, for an algebra to
be isomorphic to a monomial algebra, using uniserial representations. We call a path
p € AL of length m a level path, if p+1 ¢ J™*!, where J = rad(A). We say that
A satisfies the V,-condition if for each level path p in A, V,, # (. We prove that if A
is isomorphic to a monomial algebra, then A satisfies the V,-condition. However, in

general the converse is not valid.

Next, we introduce a new class of algebras, those we call loosely constricted algebras
and show that in this class the converse of the above theorem is valid. We say that an
algebra A = AT/I is loosely constricted if for each level path p in A, p has no detour
(see Chapter 2 for details). This class includes constricted algebras, introduced in [4]
and weakly constricted algebras, introduced in [5]. We show that if A is loosely
constricted, then A is isomorphic to a monomial algebra if and only if A is monomial.

This is a generalization of [4, Corollary 4.2] and [5, Corollary 2.5}.
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In the last part of Chapter 2, we give an analogous version of the main theorem
in [4]. This theorem is an invariant characterization of algebras isomorphic to mono-
mial algebras, but one which is not algorithmic since it depends on the existence of
a certain grading. The approach in [4] is based on the H*(A) and group grading.
The use of uniserial representations rather than Hochschild cohomology is a natural

alternative approach.

In general, if we have a short exact sequence
0—-V-X—-U—-0

with uniserial end-terms U and V, then either the middle term X is indecomposable
or X is a direct sum of two uniserial modules. However, if in addition I has no
oriented cycles and U/JU = V/JV then the middle term X is indecomposable, if
the sequence is not split. Given a uniserial module U with length [ + 1, any path p
of length | with pU # 0 is called a mast of U. Throughout Chapter 3, I is a finite
quiver with no oriented cycles. We focus on Ext} (U, V), where U and V are uniserial
with masts p and ¢ respectively, where p and ¢ pass through the same sequence of
vertices. Under these conditions, each nonzero element of Ext} (U, V') gives rise to an
indecomposable module. First, we describe a basis for Ext} (U, V) and we show that
its dimension is bounded by the number of detours on p, in general. Moreover, the
dimension of Ext}\(U, V) is precisely equal to the number of detours on p (resp. the
number of detours on p minus 1), when the algebra is hereditary and U = V (resp.
U # V). Then, we find the dimension of Ext}(U,U) when A is monomial algebra.
We give a necessary and sufficient condition for the extension module to have simple

top.

An algebra is biserial if every indecomposable projective left or right A-module
P contains uniserial submodules U and V such that U +V = rad(P) and UNV
is either zero or simple. In Chapter 4, we characterize the isomorphism classes of
uniserial modules over biserial algebras. The two main ingredients in our proof are
the Vila-Freyer and Crawley-Boevey’s structure theorem of basic biserial algebras
and Huisgen-Zimmermann’s description of uniserial representations. R. Vila-Freyer

and W. Crawley-Boevey [30] describe basic biserial algebras by means of quivers and
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relations. B. Huisgen-Zimmermann [19] introduced a method for deciding when two
uniserial modules over a finite dimensional algebra are isomorphic. Using these tools

we characterize the isomorphism classes of uniserial modules over a biserial algebra.

In Chapter 5, we look at almost split sequences with uniserial modules as one of

the end terms. A non-split short exact sequence in mod-A
0— A 4, B —-{-> C—0

is called an almost split sequence if (a) A and C are indecomposable and (b) any
morphism X — C which is not a split epimorphism factors through f. There is a
nice relationship between the end terms, given by A = DTrC and C = TrDA (see
Section 1.7). A morphism g : B — C in mod-A is called irreducible if g is neither a
split monomorphism nor a split epimorphism, and if g = ts for some s : B — X and
t: X — C, then s is a split monomorphism or ¢ is a split epimorphism. Irreducible
maps are closely connected to almost split sequences. If we decompose the middle
term B, then the corresponding components of f and g are irreducible maps. The
number of indecomposable summands in a sum decomposition of B is an important
invariant of C, which we denote by a(C). Also, we denote by a(A) the numerical
invariant which is the supremum of the a(C) for C indecomposable and not projective.

Let 0 — DTrU HELLN | icr B g, U — 0 be an almost split sequence with U

a non-projective uniserial module with the B; indecomposable. We are aiming for an
upper bound for a(U). First, we note that at most one of the maps g;: B; — U is
monomorphism and that is JU < U up to isomorphism. Moreover, the number of
epimorphisms is less or equal to dimgsoc(DTrU). An algebra is called left multiserial
(resp. m-multiserial) if, for each primitive idempotent e of A, the left ideal Je is a
sum of uniserial (resp. m uniserial) A-modules. Uniserial representations of left
multiserial algebras have been studied by B. Jue in [23]. We prove that if A is m-~
multiserial algebra and m > 2, then a(U) < m for any uniserial module U. Almost
split sequences with indecomposable middle term are of interest. (See [3, Chapter
X1.5], [12], [24].) It is natural to ask: When does an almost split sequence with a
non-projective uniserial module U in its end term have an indecomposable middle

term? As a general fact, the number of indecomposable direct summands could be
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arbitrarily large. (See the example [3, page 152].) We show that in the case of left
biserial algebras, the middle term is indecomposable if Jp = 0, where p is the mast
of U. If the algebra is a left multiserial algebra and p has no detours or nonroutes
starting at e = s(p), then a(U) < 2.

A. Boldt [6] asked the following question in his thesis: For which uniserial modules
U over a triangular algebra A is the radical embedding JU «— U irreducible? We say
A is a triangular algebra when the quiver of A has no oriented cycles. We show that if
JU «— U is irreducible, where U is a non-simple uniserial module with mast p, where
p does not start with an oriented cycle, then all detours on p are inessential and all
non-routes are in Jp. This generalizes [6, Conjecture 1.2.1, (1)=>(2)a] by weakening
the assumption that the quiver have no oriented cycles. The method used also differs
from that in [6]. A. Boldt proposes necessary and sufficient conditions on the algebra,
based on the presentation of the algebra, which make JU < U irreducible. Here we
prove this for a class of algebras including left multiserial algebras and monomial

algebras. These confirm a conjecture of A. Boldt [6, Conjecture 1.2.1] for these cases.



Chapter 1
Notation and background material

By A, we denote a finite dimensional associative algebra over a field & with Jacobson
radical J. We will always assume that the algebra is a split basic algebra with
presentation AI'/I, where I' = (Tg, T'y) is a finite connected quiver with I'o and I'y the
sets of vertices and arrows respectively and I an admissible ideal; i.e., 7™ C I C J?,
for some m > 2, with 7 the ideal of A" consisting of all linear combinations of paths
of length > 1. For a path p in " we often use the notation p for p + I, when there is
no danger of confusion. If p + I # I we often say “p is a nonzero path in A” or just
“0 # p € A”. The set of nonzero elements of £ is denoted by &*. First let us give

some definitions.

Definition 1.0.1. A module U is called uniserial if the lattice of submodules forms

a chain; i.e., if any two submodules of U are comparable.

Notice that since A is a finite dimensional algebra, the submodules of U are given
by JiU, with i = 0, ..., length(U).
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1.1 The geometry of uniserial representations

B. Huisgen-Zimmermann [19, 20] and, K. Bongartz and B. Huisgen-Zimmermann [8,
9] studied uniserial representations of finite dimensional algebras using tools of alge-
braic geometry. To any nonzero path p in AI'/I, they associate an algebraic variety
called V, which is given explicitly as the vanishing set of certain polynomials which

can be calculated algorithmically. Here is their terminology.

Definition 1.1.1. Given a uniserial module U with length | + 1, any path p of length
[ with pU # 0 is called a mast of U.

A path g € AT is a right subpath (resp. left subpath) of p if there exists a path
r with p = rq (resp. p = gr). A proper right subpath of p is a right subpath of p
which is strictly shorter than p. It will be convenient to abbreviate the statement “g
is a right subpath of p” to the form “p = e¢” to simplify formulas. If o is an arrow

we write s(a) for its starting vertex and t(a) for its terminal vertex.

Definition 1.1.2. A detour on a path p is a pair (o, u) with @ an errow and u a

right subpath of p, with the following properties:

e au # 0 in AT
e «au 1s not a right subpath of p, but

e There exists a right subpath v of p with length(v) > length(u) + 1 such that the

terminal point of v coincides with the terminal point of a.

@

B#a
N |

u

L J
v

Following [19] we will abbreviate the statement “(c, u) is a detour on p” by (a, u)
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Definition 1.1.3. Suppose that p is a path of length | that passes consecutively through
the vertices e(1),...,e(l +1). A route on p is any path in AL which starts in e(1)
and passes through o subsequence of the sequence (e(1),...,e(l +1)).

Remark 1.1.4. [19, Remarks (b), page 46] In our work with routes, the following
factorization property will be crucial. A path r € A is a route on p if and only if it
can be written in form

T = T Ot + * QU]

for some m > 0 (m = 0 occurs when r = 1') such that there exists a corresponding
factorization

P=pWn - w
of p with the property that (o, u;) W w; with t{o;) = t(w;) for each i < m, and r’ is
a right subpath of p'. Note that such a factorization of p corresponding to the given

route T need not be unique.

Description of the variety V), {19]: We start by describing the polynomial ring in

which we will be working. Given any detour on p, let
Vi, u) = {vi(e,u) | i € I{e,u)}

be the family of right subpaths of p in KI" which are longer than u and have the same
terminal points as . It is often more convenient to refer to the index set I{e, ) for

V (o, u), than to the set V (o, u) itself. Consider the polynomial ring
AL[X] = AT Xi(a, u) | 2 € I{e, u) and (o, u) ¥ p]

with coefficients in the path algebra RI', and independent variables X;(a,u). Next
we introduce an equivalence relation on RI'[X] as follows: Let L(p) be the left ideal
of AT'[X] generated by all the paths ¢ in &I" which are not routes on p, together with

all the differences

au — Z Xi(o, u)vi(a, u)

iel(ou)

for each detour (@, u) on p. Then, the relation

oc=T1&0—1€ L(p)
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for 0,7 € AT[X] defines a congruence relation relative to addition and left multipli-

cation.

Observation 1.1.5. [19, Observation 3, page 47] Each element of AL is = congruent

to a unique element of the form Y, _ 7y (X)p', where the 74,(X) are polynomials in

p==ep

AIX] = & Xi(a,u) | i € I(a,u), (a,u) 0p].

To obtain these polynomials 7,,(X) for a given element z € AI' algorithmically,

consider the following substitution equations for p:

(i) ¢ =0 for any path ¢ in A" which is not a route on p.
(i) au = 3 riam Xile, v)vi(e, u) for all detours (o, u) on p.

We will use the phrase “inserting the substitution equations from the right” for the

following steps:

qd'qd = if ¢’ is a nonroute on p;

q'qd = Z Xi(a,u) - ¢"vi(o, u) if ¢ = au with (o, u) X p.
iel(e,u)
Note that if ¢’ is not a route on p, then neither is ¢"¢’. Inserting the substitution
equations from the right into the path occuring in the element 2 € &T" and repeating
this procedure clearly leads to the equations z = 3, 7,,(X)p' with 7,(X) € K[X] after

at most d steps, where d is an upper bound on the length of paths involved in 2.

Let L be the Loewy length of A (i.e., L is minimal with respect to JE = 0),
and denote 1) the R-subspace of I consisting of all elements which can be written
as f-linear combinations of paths with length at most L. Moreover, choose a finite
R-generating set ¢y, ...,t, for the space [ (L), By the above remarks, there are unique
polynomials 7; 7 (X) € &[X] with the property that ¢, = >, _ Tip(X)p for 1 <i <

s. We can now define the variety V.

p=ep

Definition 1.1.6. Let V, = V(1 »(X) | 1 <4 < s and p = ep') be the simultaneous
vanishing locus of the polynomials 7, ,(X) in affine N-space AY = AN(R), where
N = z(a,u)up II(C!, u)l.
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Remarks 1.1.7. [19, Remarks, page 48]

1. The variety V, is independent of the choice of &-generating set for the fR-space
I®_ In fact, V, is the vanishing locus of all polynomials 7,#(X) arising in

congruences z = > __, 7y(X)p' for all elements z € I.

p=ep

2. Observe that whenever rq,...,7m € I generate I as a left ideal of AT, then
V, = V(oip(X) | 1 <4 < mandp = ep') where r; = Y peep Tiy (X)P' with
o0 (X) € RIX].

Example 1.1.8. Let A = &T'/I, where I' is the quiver

¥
(851 O [82)

1 2 3
b Ba

and T is the (2-sided) ideal of AT generated by the following relations:

3 2 2
v, Bocy, Payou, Poy on — agytay, aoy2 B — gz, Bofh, coyon — b

Moreover, consider the path p = agy?ey. To compute the variety V,, observe that

the detours on p and the corresponding substitution equations are as follows:

(B, e1) b1 = Xion + Xoyau + Xsv'ay
(02, 1) ooy = X4p
(B2, 1) Bacy = Xsp
(0, y0u) agyan = Xep
(B2, o) Baryou = Xap
(B2, 7% cr) Bayy*on = Xgp

Observe that the relations listed above, together with the paths v3a; and 3B, gen-
erate I as a left ideal of A. By Remarks 1.1.7, we need only to consider these

elements of J in determining a generating set of polynomials for V;. Since these last
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two paths and 43, are non-routes on p, they are =-equivalent to 0 and hence do not
lead to conditions on the indeterminates X;. We now insert the substitution equations
into the remaining relations. The combination of Sya; = Xsp and Bra; € I implies
Xs = 0 on V,. Analogously, foya; = Xrp and fByya; € I implies X; = 0. Also
Bay?ay — agy?on = (X — 1)p implies X — 1 = 0 on V,. Moreover, 3,01 = fa( X101 +
Xoyon +Xgy?or) = (X1 Xsp+XoXop+ X3 Xsp) yields X; X5+ Xo X7+ X3Xg =00n V,
and consequently X3 = 0. Also asy?61—aa; = (X;—X4)p implies X;—X; = Oon V.
Next, agyo; —pf) = Xep—ao(Xion+Xoyar+Xsv2on) & (Xe— Xy X1 — Xo Xs+X3)p
gives us Xg — X4 X1 — XoX¢ + X3 = 0. Therefore V, =

V(Xs, X7, X — 1, X1 — X4, X X5 + Xo X7 + X3 X3, Xo — Xy X1 — XpXe + X3)
V(X -Y2-XZ). &

The following theorem contains basic information about the connection between
the variety V,, on one hand and uniserial A-modules with mast p on the other. Note
that V,, does not, in general, determine the isomorphism classes of uniserial modules

with mast p.

Theorem 1.1.9. [19, Theorem A] Suppose that p is a path in AU starting in the
vertex e(1).

(i) There is a surjective map ®, from the variety V, to the set of isomorphism
types of uniserial left A-modules with mast p. It assigns to each point k =
(ki(o, u))icr(am), (aupup 1 Vp the isomorphism type of the module Ae(1)/Uy,

where
Uy = Z A au-— Z ki(a, w)vi{o,u) + ( Z Aqe(l)) :
(a,u)lip i€l(a,u) g non-route on p

Alternately, the uniserial module Ae(1)/Uy representing ®,(k) can be described

as the unigue uniserial quotient module with mast p of the module

Ae(l)/( Z A (Ozu~— Z ki(o,u)vi{e, u))) :

(e u)up i€l(e,u)
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i) The variety V, is nonempty if and only if there exists a uniserial left A-module
P

with mast p.

(i4i) Provided that p does not have a proper right subpath which is an oriented cycle
of positive length, the map ®, is bijective.

Definition 1.1.10. [23] A detour (o, u) on a path p is called inessential if

au = s+ Z kivi(o,u)
i€l (o,u)
in A, where s is a R-linear combination of paths, none of which are routes on p, and

ki€ R for alli € I{a,u). A detour is essential if it is not inessential.

1.2 The isomorphism problem for uniserial

modules

In Chapter 4, we will characterize isomorphism classes of uniserial modules over a

biserial algebra, using the following tool from [19, Section 4].

A necessary condition for two uniserial modules to be isomorphic is a joint mast.
Huisgen-Zimmermann explicitly describes the equivalence relation on V, which par-
titions V, into the fibres ®;*(U), where U runs through the uniserial modules in the
image ®,(V},). Theorem 1.1.9, gives us a partial answer: If the path p does not start
with an oriented cycle, the map ®, is a bijection; in other words, the points on the
variety V, form a complete system of isomorphism classes of uniserial modules with
mast p. In general, injectivity of ®, may fail. Huisgen-Zimmermann [19] constructed
a system of equations S,(X,Y, Z) in the variables X;(a,u), Yi(a,u) (for (o, u) 2p and
i € I(a,u)) and finitely many variables Z;, which is linear in the Z; over A[X,Y],
such that for any pair of points k, k' € V,, the linear system S,(k, k', Z) is consistent
if and only if ®,(k) = ®,(k).

To describe the system S,(X,Y, Z), suppose that the path p : e(1) — -+ — e(l+1)
has precisely ¢ right subpaths of positive length ending in the starting vertex e(1) of
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P, say ws, ..., w;. Then our system will have the ¢ linear variables Z,,...,Z;. Start
by considering the following equations E(a,u) in 8'[X,Y, Z], one for each detour

(o, u) on p

E(a,u) : au (e(l) +iijj> Z Xi(o, v)vi(a, u ( + ZZ wj> ;

j=1 i€l (a,u)

Now expand both sides of these equations by successively inserting from the right
the substitution equations v = 3, ;4. Yi(6,v)vi(B, v) for detours (4,v) on p, and
the equivalences ¢ = 0 for those paths ¢ € &' which fail to be routes on p. By

Observation 1.1.5, the equation E(a,u) will eventually take on the form

Yo alX Y, Ziau) = > W(X,Y, Z)vi(ow)
iel(a,u) icl(ayu)
for suitable polynomials a;(X,Y,Z),b:(X,Y, Z) € R[X,Y, Z] which are uniquely de-
termined by the left-hand and right-hand sides of equation F(a,u). Now collect all
of the equations of the form a;(X,Y,Z) = b;(X,Y, Z),i € I{a,u), arising in this way
for arbitrary detours (o, u) on p, and label the resulting system S,(X,Y, Z). Observe
that this system is polynomial in the X, and Y}, and linear in the Z;.

Theorem 1.2.1. [19, Theorem B] For k,k' € V,, the linear system S,(k,k',Z) in
Z = (Z,...,2) is consistent if and only if ®,(k) = ®,(k').

1.3 Change of Variable

An important tool that we will use throughout this dissertation is the “change of
variable” (see [27]).

An automorphism of the gquiver ' is a pair of bijective maps, denoted by the same
letter 0, Dy — [y and I'; = Iy, so that if « is an arrow from v to w (v,w € Tp)

then o is an arrow from v° to w”.

An automorphism of the quiver induces an automorphism of the path algebra AT,

we denote it also by ¢. If now I is an admissible ideal in &T', then I is an admissible
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ideal and ¢ induces an isomorphism KI'/I = AI'/I°. This will be referred to as an
isomorphism induced from the guiver. Recall that J is the ideal in AT" generated by

arrows.

Definition 1.3.1. A change of variables in &L is an algebra homomorphism f: RI' —
AT with the following conditions:

(i) f induces the identity in [o.

(ii) If vTyw = {e1, ..., Qn,y } fm; v,w € Ty, then f(ar) = 7 kyey; (modulo J*?)
for each 1, where the matriz of coefficients M = (ki) € Mm,,,(8) is invertible.

Saorin’s Theorem 1.3.1. [27, Theorem 8] Let A = RAL'/I be an algebra of Loewy
length L, with I admissible. Suppose that ¢ : AL /1 — AT /I is a homomorphism of

R-algebras. Then the following are equivalent:

(a) ¢ is an isomorphism of R-algebras such that o((To+I)/I) = (Lo + I')/TI".

() J™ C I' for some m > L, and there are an automorphism o of A induced
from the quiver and a change of variables f in AU such that I = o= (f~1(I"))
and ¢ is induced by f oo.

(c) There are an automorphism o of AT induced from the quiver and a change of
variables f in AT such that I' = f(I°) + J™, for some m > L, and ¢ induced

by foo.

1.4 Left multiserial algebras

Uniserial representations of left multiserial algebras have been studied by B. Jue
in [23]. Here we recall a result of [23].

Definition 1.4.1. Let m € Z,. An algebra A is called left multiserial (resp. m-
multiserial) if, for each primitive idempotent e of A, the left ideal Je is a sum of

uniserial (resp. m uniserial) A-modules.
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We will use the following remark.

Remark 1.4.2. [23, Remark 2.3] If A is a left multiserial algebra with quiver T,
then there exists an ideal I of 8" generated by a set of relations such that A = 8I'/1,
and for every arrow o of I, the cyclic &'/ I-module generated by the residue class of

o modulo [ is uniserial.

Special biserial algebras and biserial algebras are two important subclasses of left

multiserial algebras.

Definition 1.4.3. An algebra A is called a special biserial algebra if the following

two conditions are satisfied:

1. For each vertex e € Ty, there are at most two arrows beginning in e, and at

most two arrows ending in e.

2. For each arrow o of T'y, there exists at most one arrow 3 such that o ¢ I, and

at most one arrow -y such that ya ¢ I.

Recall that the radical rad(M) of a module M is the intersection of its maximal

submodules.

Definition 1.4.4. An algebra A is said to be a biserial algebra if every indecomposable
projective left or right A-module P contains uniserial submodules U and V' such that
U+V =rad(P) and UNYV is either zero or simple.

We note that every special biserial algebra is biserial, but it is easy to find examples

where the converse fails (see [29]).

1.5 Model biserial algebras

In this section, all algebras are assumed to be finite dimensional f-algebras where &
is an algebraically closed field. R. Vila-Freyer and W. Crawley-Boevey [30] describe

basic biserial algebras by means of quivers and relations. The following is their
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terminology. Recall that if o is an arrow, we write s(a) for its starting vertex and
t(a) for its terminal vertex. If [ > 0, we write Al'<; for the quotient of &' by
the ideal of all paths of length strictly greater than I. A bisection of I' is a pair
(0,7) of functions from I'; to {+1,—1} such that if o and § are distinct arrows with
s(a) = s(3) (respectively, t(a) = t(3)), then o(a) # o(B) (respectively, 7(a) # 7(5)).
A quiver has a bisection if and only if it is biserial, meaning that for every vertex u
there are at most two arrows starting at u and at most two arrows terminating at u.
Let T be a quiver and (o, 7) a bisection. We say that a path a., ... is a good path
if 0(0;) = 7(c;_1) for 1 < i < 7. Otherwise we say that it is a bad path. The paths of
length 0 are good.

Definition 1.5.1. A model biserial algebra is an algebra AU <;/((a — dus)z) where
[ > 11is an integer, T is a biserial quiver with a bisection (o, 7), and elements doy € AT

are defined for each bad path ax of length two, satisfying

(C1) dus is either zero, or of the form kB, --- 0 withk € R, r > 1 and 3, -+ - BT s
a good path with t(3,) = t(a), Br # o, and

(C2) If Aoy = kB3 and dgy, = kK'a with k, k' € £, then kk' # 1.

Theorem 1.5.2. [30, Corollary 8] Model biserial algebras are biserial, and conversely

every basic biserial algebra is isomorphic to a quotient of some model biserial algebra.

1.6 Grading and covering algebras

In Section 2.3, we study monomial algebras using gradings. The following terminology
can be found in [4] and [26]. Let A be a R-algebra and G be a group. A family
{Ag}gec of R-vector subspaces of A, is called a G-grading on A, if A = || ., Ay and
AgAn € Ay, for all g, h € G. We say that a G-grading of A respects simple modules
if simple A-modules are gradable. Suppose A is G-graded. The covering algebra, A,
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as a R-vector space, is Ug,hEG Agp-1. If £ € Agp—1 and y € Ag—1, then

2y €A1 ifh=a
zy={ 0 ¢
0 ifh#a
A map W : Ty — G is called a weight function. Then W induces a G-grading on
AT as follows: If p=a, -+ - @, is a path in AT, we define the weight W(p) of p to be
W) - W(oy,). We set W(v) = 1¢ for each vertex v € I'g. Let

Rl = {Z kip; | ki € &, p; a path, W(p:) = g}.

i=1
Then AT = | | . AT, is a G-grading of AT. An element > 777, kip; € ALy is called
homogeneous of weight (or degree) g. If I is a homogeneous ideal in AT, ie., if [
is generated by homogeneous elements, then A = &I'/I has an induced G-grading;

which is called the grading induced by the weight function.

Suppose that A = AI'/I is G-graded by the weight function W : 'y — G. The
following is an alternative description of the covering algebra Ag. Let I'w be the
following quiver. The vertex set is given by (I'w)o = I'o X G and we write the elements
of (Tw)o as v, if v € T'g and g € G. The arrow set is given by (Cw)1 =T'1 X G where
ifoo:v—v inT and g € G, then (e, g) : Vg = Uy Since I is homogeneous, we

@, 0

may generate I by homogeneous elements f @ =3 ;¢ D; ). We may assume that for

each ), the paths pg-i) have the same starting and terminal points for all j. Fix an
i. Homogeneity of f® implies that if we fix an element g € G and we lift each p§i)
to a path with origin vs(,i) then each lifted path will have the same terminus; namely,
us%,(m). Let Iy be the ideal in &'y generated by all lifting of the elements f(). The
following theorems can be found in [4] and [26].

Theorem 1.6.1. Let W : I'; — G be a weight function from the arrow set of a quiver
T to a group G. Let A = AU /I where I is a homogeneous ideal in AT where KL is
given the weight grading. Then A is a G-graded algebra with the grading induced from

W and the covering aigebra Ag is isomorphic to Al'w /Iw.

Theorem 1.6.2. Let A be a finite dimensional R-algebra and G be a group and

assume that A is G-graded. The following are equivalent.
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1. The G-grading of A respects simple modules.

2. If T is the quiver of A, then there is a presentation ¢ : A — A of A, and
o weight function W : Ty — G such that ker(p) is a homogeneous ideal in the
weight grading of AT and such that &L [ker(p) is isomorphic to A as G-graded A-
algebras where AL /ker(y) is given the G-grading induced by the weight function
W.

1.7 Almost split sequences and irreducible maps

Almost split sequences are a special type of short exact sequences of modules. These
play a central role in the representation theory of finite dimensional algebras. In this

section, we mention some of the basic definitions and well-known results (see [3]).

A non-split short exact sequence in mod-A
* 0—-A%5BL.c-o0

is called an almost split sequence if (a) A and C are indecomposable and (b) any

morphism X — C which is not a split epimorphism factors through f.

Auslander and Reiten proved the following existence and uniqueness theorem of

almost split sequences.

Theorem 1.7.1. Let C be an indecomposable nonprojective module (or A indecompos-
able noninjective). Then there is an almost split sequence 0 — A LAy JE Ny 0,

which is uniquely determined by C (or A, resp.) up to isomorphism.

It is interesting that in an almost split sequence there is a nice relationship between
the end terms, given by A & DTrC and C = TrDA. Here D denotes the ordinary
duality, that is D = Homg(—, ), and Tr denotes the transpose, that is, if P LN
Py — C — 0 is a minimal projective presentation for C in mod-A, the TrC' is the
cokernel of Homy (h, A) : Homa (P, A) — Homu (P, A).

A morphism g : B — C in mod-A is called irreducible if g is neither a split

monomorphism nor a split epimorphism, and if g = ts for some s : B — X and
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t: X — C, then s is a split monomorphism or t is a split epimorphism. Irreducible
maps are closely connected to almost split sequences. Let 0 — A 2, B0 —0be
an almost split sequence. The end terms A and C are indecomposable, however, the
middle term B will usually decompose. If we decompose the middle term B = | [T, B;,

with B; indecomposable, and we rewrite the above sequence in the form

0—-42%5 | |52 0.
i=1
Then the f; and g; are irreducible maps. The number of indecomposable summands
in a sum decomposition of B is an important invariant of C, which we denote by
a(C). Also, we denote by a(A) the numerical invariant which is the supremum of the

a(C) for C indecomposable and not projective.



Chapter 2

Uniserial representations of

monomial algebras

In this chapter we study geometric aspects of monomial algebras and the algebras
isomorphic to them in terms of uniserial representations. In Section 1, we describe
monomial algebras using each affine variety V,, corresponding to the uniserial modules
with mast p. Then we will give a necessary condition for an algebra to be isomorphic to
a monomial algebra. In Section 2, we study a class of algebras containing constricted
algebras and we will show that in this class being isomorphic to monomial means
being monomial. In Section 3, we prove a theorem analogous to the main theorem

of [4, Theorem 2.1|, using uniserial modules.

2.1 Monomial algebras

In this section, we will show that an algebra A is a monomial algebra if and only if
for each nonzero path p € A, 0 € V,,. Then we will give a necessary condition for an
algebra to be isomorphic to a monomial algebra. We will show that if the algebra
is isomorphic to a monomial algebra, then for each path in a special basis for the

algebra, the corresponding variety is nonempty. We need the following lemmas.

20
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Lemma 2.1.1. Let A = AT'/I and p be a path nonzero in A. If v is a path, which

is mot a right subpath of p; then v =Y. __ . 7 (X)p', where 7,,(X) has zero consiant

p=op
term.

Proof. If r is a non-route on p then r = 0 and 7y = 0. Suppose 7 is a route on p,
then r = 7’au where (o, u) U p, since r is not a right subpath of p. By substituting

the equation ou = 37,1, .y Xi(a, u)vi(e, u) into 7 from the right hand side, we get

r=rau= z Xi(o, u)r'vi(e, u) . (2)

i€l(eu)

We continue to insert the substitution equations into r from the right and repeat-
ing this procedure on the paths r'v;(a, u) which are not right subpaths of p, leads to
the equivalence 7 = ), 7y(X)p’. But each 7,(X), has factor X;(a,u) for some
i € I{a,u). |

Lemma 2.1.2. Suppose that A = AT/ is a monomial algebra. Then I, as a left
ideal, is generated by finitely many paths.

Proof. Let I = (p1,...,pm), where p; are paths. Let J be the ideal of AI' generated
by the arrows. Since A is finite dimensional algebra, J' C I C J? for some | > 2.
Let

2 = {piq | g is path with p;g # 0 in & and I(piq) < l}.

Then 2 is finite and I = A% + J' and so 2 is a left generating set for I. |

It is well-known that the algebra is monomial if and only if any reduced Grobner
basis of I consist only of paths [15]. First, we give another characterization of these

algebras using the geometry of uniserial modules.

Theorem 2.1.3. An algebra A = AU /I is a monomial algebra if and only if 0 € V},

for every path p in T, nonzero in A.
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Proof. (=) Suppose A = AI'/] is a monomial algebra. By Lemma 2.1.2, I is gen-
erated, as a left ideal, by finitely many paths, say ri,...,7». By Lemma 2.1.1,

i =) ey Top (X)p, where each 7, (X) has zero constant term. Therefore

_QGV;,"—‘V(Ti’p/|1S’i§m,p=0p’).

(<) Suppose A = &T'/I is not monomial. Pick A\jp; + -+ Anp, € ] with \; € &
and p; are paths in A" such that n > 1 and no linear combination of py,...,p, with
fewer than n terms is in I. Suppose p; is of minimal length among them. Let us
look at V,,. If all p; are non-routes on p,, then V,, = 6. Hence Aipy + -+ + Auppn =
A1pr + A, p1, + -+ A,pi, where py,,...,p1, are routes on p; and s > 1. Since
p1 is of minimal length, length(p;,) = length(p;) for all i such that 1 < 7 < s.
By Lemma 2.1.1, py, = Zpl,;'?' 7.0 (X)p', where 7, »(X) has zero constant term.
Therefore the coefficient of p; in Aipy + Ayypy, + -+ + A,p1, 18 Ay + f(X), where

f(0) =0. Hence 0 ¢ V. B

An open problem in the theory of representations of algebras [3, Problem 5] is to
characterize those algebras isomorphic to monomial algebras. Here we give a necessary
condition for an algebra to be isomorphic to a monomial algebra using the uniserial
representations. However, it is not sufficient as we will show. See also Sections 2.2
and 2.3. Recall that J =rad(A).

The following definition will be used throughout this chapter.

Definition 2.1.4. A path p of length | in T is called a level path in A, if p ¢ J1.

Before we state the main results of this section, we study some properties of level

paths.

Proposition 2.1.5. If A = KU/I and I is length homogeneous, then every path

nonzero i A is level in A.

Proof. Suppose that there is a path p ¢ I of length m which is not level in A.
Hence p € J™*! where J = rad(A). Then p+1I = 5._, kig; + I where k; € & and
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length(g;) > m + 1. Thus, p — Zle k;q; € I. Therefore, p € I since I is length

homogeneous. |

The converse of the above proposition is not true in general as we will show in
an example; however, it is true for one particular type of algebra, called a binomial

algebra, for example in J. K. Sklar [28].

Proposition 2.1.6. Suppose A = &U'/I, I generated by a set of the form p = {p; +
kigi |i=1,...,1, pi;,q; paths k; € &} and every path nonzero in A is level in A, then

I s length homogeneous.

Proof. Let p; + kig; € p and suppose p; ¢ I. We will prove that length(p;) =
length(g;). Otherwise, we may assume m = length(p;) < length(g;). Then p; € J™!

and therefore p; is not level in A. B

Example 2.1.7. Let A = &I'/I where I is the quiver

and I =< ~3, da + o + Byoa + §yo >. Then every path in I' nonzero in A is level
in A, but I is not length homogeneous. &

The rest of the chapter will revolve around the concept in the following definition.

Definition 2.1.8. We say that an algebra A = RT"/I satisfies the V),-condition if for
each level path p in A, V, # 0.

Theorem 2.1.9. Suppose A is isomorphic to a monomial algebra. Then A satisfies

the V,,-condition.
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Proof. Let ¢ : A = AT'/1 — A’ = AT /I' be an isomorphism, where A’ is a monomial
algebra and suppose p is a level path in A. Let J be the ideal of &I’ generated by I';.
By Saorin’s Theorem (see Section 1.3), there is an automorphism o of A induced
from the quiver and a change of variable f in &I such that I = ¢~'(f~*(I)) and
o(r + 1) = fo(r)+ I for any r € AT. We can assume that o is the identity, because
AT /o~1(I') is also a monomial algebra. Assume, then, that A’ = &I Jo~(I') and so
by Theorem 2.1.3, V, # 0 for all paths p, nonzero in A'.

We can consider any A-module M (respectively any A’-module M’) as a A’-module
(respectively A-module) via N.z = @(X)z for X € A’ and z € M (respectively
Ay = YNy for A€ A,y € M'). Then U is a uniserial A-module if and only if U is
a uniserial A’-module. Let p = ;- - be a level path with arrows oy @ 4 — 441 for
1 <t <. Hence

FO) = Mpr -+ AmPm + Y, Airti € R,

i=1

where p1, . .., Pm are paths passing in order through the vertices (i1,79, ... ,%141) and
¢1,...,q, are paths with length(g;) > length(p). Since p+ 1 € JNJH op+I) €
JN\JH1. Therefore A; # 0 for some 1 <4 < m with p; ¢ I'. Suppose Ay # 0 and
p1 € I'. By Theorem 2.1.3, 0 € V;,,. Hence,

_ Ne;,

B Z(a,u)nmAla“ + Zq non-route on p MNq

is a uniserial A’-module with mast p;.

U

In order to complete the proof, it suffices to show that U, as a A-module, is a

uniserial module with mast p. We have

1
p.U =o(p)U = (Ap1 + -+ + AP + Z t:q:)U .

i=1
But pg,...,pm € Z(a’umm Nau. Hence poU = -+ = p,,U = 0. Therefore p.U =
e(@U = amU # 0. B

The following example shows that the condition that p is a level path in the above

theorem is necessary.
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Example 2.1.10. Let I" be the quiver

and A = AT/ where I = (v3,67%a — §78). Let A’ = &L/I' with I' = (y*,6v8). We
show that A = A’. Define f : &T — &, by f(a) = a+p and f(8) = f+ya+7B, fixing
v and 8. By (1.3.1), f induces an isomorphism ¢ : A = A’. But for p = §v3, which
is nonzero in A but not a level path in A, V, = 0; because 0 = dv?a —6y3 = —p. &

The following example shows that the converse of Theorem 2.1.9 fails.

Example 2.1.11. Let I be the quiver

and let A = AT'/I where I = (ay683 — By, paths of length 5). We will show that
V, # 0 for all p nonzero in A, and that A is not isomorphic to any monomial algebra.
If length(p) < 3 or s(p) # e then V, # 0 since 7 = aydf — Byéa = 0. Suppose
length(p) = 4 and s(p) = e;. Then p = ayé( or Byda. Suppose p = fyda. The

detours on p are (3,¢e;) and (o,v6a). Inserting the substitution equations
B = Xia+ Xop and oyda = Xsp.

into the relations yields V, = V(X X5 — 1).
Suppose ¢ : A — A’ is an isomorphism. By (1.3.1),

pla) =ka+kQB+w
o) =ta+t'pf+ws,
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where wy, ws € J? and k, k', t,¢' € & with kt' — k't # 0. Then
0 = ¢(0) = p(aydf — Byda) = (kt' = k't)(eydB — Byéa) .

Therefore A’ is not a monomial algebra. &

The following example shows that Theorem 2.1.9 is a useful negative criterion.
Example 2.1.12. Let T be the quiver in Example 2.1.11 and A; = &I’ /11 where
I = (o683 — Bvéa, eyBa, paths of length 5) .

Let p = Bv6a. The detours on p are (3,e;) and (a,yéc) and hence the substitution
equations for p are 8 = Xja+ Xop and ayéa = X3p as well as ¢ = 0 whenever ¢ fails
to be a route on p, and so the relations aydB— fydo and ayfa yield X; X3—1 = 0 and
X3 = 0, whence V}, = §. Because p € J*\J®, by Theorem 2.1.9, A; is not isomorphic

to a monomial algebra. &

The following example shows that the V,-condition is not preserved under isomor-

phisms.

Example 2.1.13. Let A = &T'/] where Char(£) # 2,5 and I' is the quiver

a4 6 d
1] —2 3 4

5 €

and I = (6Ba + 3eBa — 36ya — 36ya + eya, 68a — 2efo — dva + 2eya). Define a
homomorphism f : KT — &I by

B (1/2)8+(1/2)y 6 (2/5)5+ (1/5)e
Y —(1/2)8+(1/2y e (1/5)5 — (2/5)e

By Saorin’s Theorem (see Section 1.3), f induces an isomorphism ¢ : A = A" = &' /I
with I' = (68a — eya, efa). We can see that for any path p nonzero in A, we have
V, # 0, but for ¢ = §fa in A', V; = . We only show the second part. The detours
on p are (v, a) and (e, Sc) and hence the substitution equations for p are yo = X, P
and efa = Xyp. Then the relations afo — eya and ¢Ba yield 1 — XX, =0 and
X, =0, whence V,=0. &
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2.2 Loosely constricted algebras

In this section, we study a class of algebras containing constricted algebras; we call
them loosely constricted algebras. We will show that if an algebra is in this class and

it is isomorphic to a monomial algebra then the algebra itself is monomial.

An algebra A is square free([1]) (or shurian) in case for every pair e, f of primitive
idempotents in A, dimg(eAf) < 1. Here we are interested in a class of algebras
containing square free algebras, the constricted algebras. An algebra A= A/1 is
called constricted([4)) if dimg eAe = 1 for each vertex e € T'g and dimgt(a)As(a) =1
for each arrow o € I';. We call an algebra weakly constricted if it satisfies the latter
condition, i.e., dimg#(c)As(a) = 1 for each arrow « € I'y. These algebras have been
studied by Bardzell and Marcos [5]. We note that if A = &'/I is weakly constricted
then AT is square free. We say I is square free if for vertices e, f € I'o, there exists

at most one arrow from e to f in I'.

Remark 2.2.1. The above classes of algebras are related as follows:

AT/I is square free = RT/I is constricted = AT /I is weakly constricted =

I is square free

We have the following:

Proposition 2.2.2. If A = KU'/I is weakly constricted algebra then for each path

p €T, nonzero in A, p does not have any detours.

Proof. Suppose (o, u)2p. Then p = p'v'u with ¢(v') = t(a). Hence v/, a € t(a)As(a).
Therefore dimg t(a)As(a) > 1, since I C J>. g
Recall that p is a level path in A, if p € J™\J™! where m = length(p).

Definition 2.2.3. We say that an algebra A = &T/I is loosely constricted if for each
level path p in A, p has no detours.
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Note that if A = &T'/I is loosely constricted then I is square free. This class of
algebras lies strictly between the weakly constricted ones and those with I" square
free, as we will see. We will show that being loosely constricted is independent of

presentation. We need the following lemma.

Lemma 2.2.4. Suppose A = AL/I = N’ = &U'/I’, where T is square free. Then p is
level in A if and only if p is level in A

Proof. Let ¢ : A — A’ be an isomorphism. Then ¢~'(p + I') = kp + w + I, where
0 # k € R and w is a linear combination of paths longer than p, since I is square
free. Suppose p is not level in A’. Then p— >, kip; € I', where length(p;) > m+ 1.
Hence o~} p— S kipi + I') = 0. Thus kp +w+ 1 = Y7, ki~ (p; + I'). But this

implies that p is not level in A. |

Proposition 2.2.5. If A @ A’ and A is loosely constricted, then so 1s A

Proof. Let ¢ : A — A be an isomorphism. Without loss of generality, we can assume
that A = RT'/I and A’ = &T'/I'. We know that I is square free. Let p be a level path
in A’ and assume that p has a detour. Then ¢} (p+I') = kp+w + I where k € &
and w is a A-linear combination of paths longer than p, since I' is square free. But
the image of p in A is zero, otherwise p would have a detour and be level in A, by
Lemma 2.2.4. Hence ¢ *(p+ I') = w + I € J™, which is a contradiction. [ |

Lemma 2.2.6. If e, f are primitive idempotents, then eAf is zero or is spanned by
level paths.

Proof. Let 0 # p € eAf be a path of length m. First we show that p = S kipi,
where at least one of p; is level in eAf. If p is not level, then p € J™*1. Suppose
pe JA\JH. Thus p = S, kipi, where k; € R and length(p;) > I. Then at least one
of p; is not in J1, otherwise p € J'*!.

8

Now let us write p = 3 _;

1=

L kips + S tig; where each p; is level in eAf but no
g; is level. Moreover, suppose that s is maximum. Then n = 0, because otherwise

Q1 = Y, tirs with 71 a level path. This contradicts the maximality of s. |
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The next proposition shows the relationship between “coustricted” and “loosely

constricted”.

Proposition 2.2.7. An algebra A is constricted if and only if A is loosely constricted

and dimgeAe = 1 for each e € I'g.

Proof. Suppose that A = &T'/I is loosely constricted and dimgeAe = 1 for each
e € T'y. Suppose that o : i — j € ['; and dimge;Ae; > 1. By Lemma 2.2.6, there
exists a level path, say p # a, in e;Ae;. But « is not a right subpath of p, because
dimge;Ae; = 1 and so (a,e;) is a detour on p. This is a contradiction, since Ais

loosely constricted. |

The following is a generalization of [4, Corollary 4.2] and of [5, Corollary 2.5] and

uses the varieties V}, rather than Hochschild cohomology.

Theorem 2.2.8. Suppose that A = AU /I is loosely constricted, then the following

are equivalent.

(1) A is monomial; i.e., I has a generating set consisting of paths.
(2) A is isomorphic to a monomial algebra.

(8) A satisfies the V,-condition.

Proof. We only need to show (3) = (1). Suppose A = AI'/I satisfies the V-

condition. An element r = Y .- kip; € I with k; € & and p; a path, is called

non-trivial if no proper subsum is in . Set

A= {7‘ = Zkipi € I | r non-trivial and m > 1} .

i=1

If A is not monomial then A s @. For r = > i, kipi, we define length(r) :=
max{length(p;) | 1 < i < m}. Pick r € A such that length(r) is maximum.
Suppose 7 = . k;p; and length(r) = length(p1). Hence, p1 € J™\J™H | where
m = length(p;) and so p; has no detour. For 2 < i < m, if p; is a route on p;; then p;
is a right subpath of p; by [19, Remark b, page 7] and the fact that p; has no detour.
Therefore r = py + Z§=1 ki,p1, where py; are right subpaths of p;. Hence V,, = 0. &
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Example 2.2.9. Let I' be the quiver

7N
1774
3
and let A = AT/I where I =< SBa — v, aefo, 6efa >. Then A is a non-monomial
loosely constricted algebra which is not a weakly constricted algebra. Let A’ = &I’ /I,

where I' =< aefa, 6efa,evd >. Then A’ is a loosely constricted monomial algebra

which is not a weakly constricted algebra.

2.3 Monomial algebras and gradings

In this section, we will prove an analogous version of the main theorem in [4] using
the results in previous sections. The use of uniserial representations rather than the
Hochschild cohomology, an important part of the result in [4], seems more natural.
Let A be a finite dimensional &-algebra such that simple modules have f-dimension
1. (All our algebras satisfy this condition.) Let G be a group and assume that A is G-
gradable. Then there is a weight function W : T’y — G and a presentation A= RT/I,
where I is W-homogenous (see Section 1.6). Assume that A = A&I'/I. Consider the
corresponding covering algebra Ag = &I'w/Iw and the projection map 7 : Al'w —
AT with 7(e,) = a,7(e;,) = e;. Let p: Ag — A be the corresponding covering map.
First, we show that there is a correspondence between the level paths in the algebra

and in the corresponding covering algebra. Let J = rad(A) and Je = rad(Ag).

Proposition 2.3.1. p' is level in Ag if and only if m(p) is level in A.

Proof. Let n(p) = p and length(p) = length(p’) = m. Suppose p’ is not level in
Ag. Then ¢’ € Jg™ and so p/ — S o, kip, € Iw where k; € £ and p; € Al'w

i=1

with length(p)) > m + 1. Hence n(p' — >0, kip}) = p — Y kim(p}) € I. But

i=1
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length(m(p})) = length(p}) > m + 1, implies p € J™" and therefore p is not level in
A.

Now suppose that 7(p’) is not level in A. Then w(p)—> 7, kipi € I, where k; € R
and p; € AT with length(p;) > m + 1. Thus by the definition of Iy, p’ — Do kb €
Iw, with 7(p,) = pi. But length(p]) = length(p;) > m + 1, and so p’ is not level in
Ag. |

Proposition 2.3.2. If A satisfies the Vy-condition, then so does Ag.

Proof. Suppose that 7' is level in Ag. We need to show that Viy # @. Let p = n(p’ ).
By Proposition 2.3.1, p is level in A and so V,, # 0. Let U be a uniserial A-module
with mast p. Then U is a Ag-module via Nu = p(X)u, where X' € Ag, u € U and
p: Ag — A is the covering map. Moreover, U is a uniserial Ag-module with mast 7,
because p'U = p(p)U = pU # 0. B

Proposition 2.3.3. Suppose A is a G-graded R-algebra where the grading respects
simple modules. If A satisfies the V,-condition and Ag is loosely constricted then Ag

and A are monomial.

Proof. By Proposition 2.3.2, A¢ satisfies the V, condition and so is a monomial

algebra by Theorem 2.1.9. But this implies that A is monomial. g

Here, we can prove a version of the theorem in [4, Theorem 2.1} using uniserial

representations.

Corollary 2.3.4. Let A be a &-algebra of dimension d with Jacobson radical J. Then

the following statements are eguivalent.

(1) A is isomorphic to a monomial algebra.

(2) There is a presentation A’ = A of A such that A’ satisfies the Vi-condition and
is G-graded, where G = HaEI‘1 Z/d such that the following conditions hold:

(a) Every simple A'-module is G-gradable.
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(b) The covering algebra Ay is consiricted.

Proof. Suppose A = A/, where A’ is a monomial algebra. Then A’ is G-graded, with
G = [laer, Z/d satisfying the properties (a) and (b) [4, Theorem 5.1} and A’ satisfies
V,-condition by the Theorem 2.1.9.

The converse follows from Proposition 2.3.3. |

Note: The V,-condition on A’ can be replaced by the V,-condition on A by Theo-
rem 2.2.8.



Chapter 3

Extensions of uniserial modules by

uniserial modules

Suppose A = AI'/I is a triangular algebra; i.e., I' is a finite quiver with no oriented
cycles and [ is an admissible ideal. We will assume that U and V are uniserials with
masts p and P/, respectively, and p and p’ pass through the same sequence of vertices.

This will be assumed throughout this chapter except in Proposition 3.2.6.

By a theorem of A. Boldt [6, Proposition 1.1.2] an extension of a uniserial U by a
uniserial V is either indecomposable or a direct sum of two uniserial modules. How-
ever, if I" has no oriented cycles and U/JU = V/JV, then any non-trivial extension
of U by V is indecomposable (see Theorem 3.1.1). Hence, each nonzero element of

Ext} (U, V) give rise to an indecomposable module.

We will give an algorithm for a f-basis of Ext} (U, V). The procedure takes on a
simpler form for Ext} (U, U) where A is a monomial algebra. At the end, we give a
necessary and sufficient condition for the extension module to have simple top, i.e.,

to be a local module.

33
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3.1 Extensions of uniserial modules

Before looking at details, note that in the situation just described Boldt’s result takes

on a special form.

Theorem 3.1.1. Let A be a triangular algebra. Suppose that there is a nonsplit exact

sequence of A-modules
0—-V AN MU (3)

where U and V are uniserial modules with U/JU = V/JV. Then the middle term M

1s indecomposable.

Proof. By [6, Proposition 1.1.2], M is either indecomposable or M = Vi UV, where
Vi and V5 are uniserial modules. Assume that M = V; U V,. Let f = (g) and
g = (g1, 92). By tensoring the exact sequence (3) by A/J, we obtain:

V/IJV - WV /JViUV,a/JVoa - U/JU — 0.
Since V, Vi, V5 and U are uniserial modules, we have
VIV 2V/JVoa2V/JV.

Because f(soc(V)) # 0, at least one of fi(soc(V)) and fa(soc(V)) is not zero, say
fi(soc(V)) # 0. Thus f; is a monomorphism. We first prove that f; # 0, where
fi : V/JV — V4/JV; is the induced map from f;. Let z € V/JV. If fi = 0,
then fy(x) € JV;. Let m be an integer such that fi(z) € J™V;\J™V;. Then, fi
induces a map fi: V/JV — J™V1/J™V, by fi(z + JV) = fi(z) + J™V;. Hence,
V/JV = J™V;/J™1V; and therefore Vi /JV; = J™V;/J™1V;, which contradicts the
fact that A is a triangular algebra unless m = 0. Hence, fi # 0 and so f; is an
epimorphism. Therefore f; is an isomorphism.

Claim 1. g is a monomorphism. Suppose go(v) = 0 for some vy € V5. Thus,
vg € kerg = im f. Write vy = f(v) = f1(v) + fa(v) for some v € V. Thus, v = fo(v)

and fi(v) = 0. Thus, v = 0, since f; is a monomorphism. Hence vy = fo(v) =0
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Claim 2: g9 is an epimorphism. Let u € U. Then, u = ¢ (v1)+g2(vy) for some v; € V3
and vg € V. Also, v; = f1(v) for some v € V. Thus,

u = g1 f1(v) + ga(v2) = — g2 fo(v) + ga(v2) = g2(—f2(v) + ga(v2)) .

We fix a triangular algebra A and assume U = Ae/K and V' = Ae/L are uniserial
modules with mast p and p', respectively, where p and p' pass through the same

sequence of vertices and

K = Z A (ou — k(o,u)v(a, uw)) + Z Agq,

(ou)up q nonroute on p
with k(a,u) € & and v(a,u) is the right subpath of p with t(v(a, u)) = t(a).
We have the exact sequence 0 — K — Ae — U — 0. Hence,
Homy (Ae, V) —2= Homp (K, V) — Ext) (U, V) — 0

~ Homy (K, V)
- ime :

is exact and therefore Ext} (U, V)

Lemma 3.1.2. With the notation above, im ¢ = 0 if and only if K = L.

Proof. Let f : Ae — V be given by e — ke+ L where 0 # k € R, because the algebra
is triangular. Pick @ € K. Then f(a) = k(a + L). Hence f|x = 0 implies K C L.
However, U and V have the same #-dimension and hence, K = L. The converse is

clear. B
Lemma 3.1.3. With the notation above,

(i) If K = L, then Exty(U,V) = Homa(K, V).

(i) If K # L, then

dimg Ext} (U, V) = dimg Hom (K, V) — 1.
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Proof. (i) follows from Lemma 3.1.2.
(ii) If im ¢ # O then, as in Lemma 3.1.2, for 0 # f € Homa(Ae, V), f(e) = ke+L,0 #
k € £ Thus dimgim ¢ = 1. Therefore,

dimg Ext} (U, V) = dimg Homa (K, V) — 1.

Suppose p passes through 1 — 2 — -+ — n. We next pick a generating set for
K.

Lemma 3.1.4. Let K’ := 3, o, A(ou — k(e u)v(e,u)) + > g, where ¢ =
yiu;, with u; o right subpath of p, v € T1 and t(y:) € {1,2,...,n}. Then K' = K.

Proof. Let g € K be a non-route on p. Then by Remark 1.1.4, ¢ = ¢'yamum - - a1u;
for some m > 0 such that there exists a corresponding factorization p = p’'wp, - -~ wy
of p with the property that (o, u;) Q w; with t(a;) = t(w;) for each 0 < i < m and
t(y) ¢ {1,...,n}. We prove that ¢ € K’ by induction on m. If m =1,

g = gvequ; = ¢ (ayuy — E(ey, u)v(ea, ur)) + k(a1, ui)gvu(a, ui) € K.

If m > 1 and we have the result for m — 1 and ¢ = ¢’y Uy, - - - @1u1, then

= ¢ YU + - * Qoug (U1 — k(g ur)v(a, ur))
+ k(ay, u1)q Y0mUm - - - Qauigv(an, uy) .

Therefore ¢ € K’ by the induction hypothesis. |

Lemma 3.1.5. With the same notation as in Lemma 3.14, if A = &, then

K= @ A(au — k(a,u)v(a,u)) ® @Aqi.

(a;u)up i=1

Proof. Note that the algebra is hereditary, i.e., there are no relations. Suppose
i A (o — ko, ui)v(os, ug)) + 370 pig; = 0, where Aj, iy € A, A = Aieyay) and

i=1
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Hj = HjCt(g;)-
Claim: For all i, A; = 0.

Otherwise, choose s such that A, # 0 and length(u,) is minimum. Then

—As(osus — k(as, us)v(as, us)) Z)\ oy — ko, u)v(ou, us)) + }: pigi - (4)
i#83 j=1
There exists a path ¢ such that go,u, appears non-trivially on the left side of (4).

Hence,

Case 1: qa,u, = q'oyu; with ¢ # s. But then u, = u; and o, = ;, which is a contradic-

tion.

Case 2: qasus = qv(0,u;) with ¢ # s. Then I(u;) < l(v(ew, w)) < I(u,), which is in

contradiction with the minimality of {u).

Case 3: qa,us = q'g;. This contradicts the choice of ¢;. (See Lemma 3.1.4.)

Therefore, since the algebra is hereditary, \; = 0 for all ¢ and thus ) ", sq; = 0.
Among all non-trivial expressions > .-, uig; = 0, choose one so that m > 1is minimal.
We have

m

0+# ma = Z = 4iGi - (5)

=2
There exists a path g such that gg, appears non-trivially on the left of (5) and therefore
qq1 = ¢'q; for some 7 # 1 and some path ¢'. But this implies ¢; = ¢;, by Lemma 3.14.

This is a contradiction. i

The following result is a special case of Proposition 3.2.5; it is included because

we will need it.

Proposition 3.1.6. Let A = AT, where I' has no oriented cycles, and U = Ae/K
and V = Ae/L be uniserial A-modules with masts p and 9, respectively, where p and
p’ pass through the same sequence of vertices, then dimg Homy (K, V) is equal to the

number of detours on p.
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Proof. Again suppose p passes through 1 —» 2 — --- — n and let y = e + L. By

Lemma 3.1.5, we may write

K = @ A (au — k(e u)v(a,u)) @ EBA%‘,

(a,u)up i

where t(g;) ¢ {1,2,...,n}. Let Ao, u) = oau — k(a,u)v(e,u). Then

Homy (K, V) = @ Homp (AA(a,u),V) @ éHomA(qu-,V).

(e u)up {

For each ¢, Homy(Ag;, V) = 0, since ¢(g;) ¢ {1,2,...,n}. Thus
dimgHoms (K, V) = > dimgHoms(AA(e,u), V).

(e u)ap
It suffices to show that for each (a,u) 0 p, dimgHoma(AA(a,u), V) = 1. Define
Fraw € Homa(AA(a,u), V) by flaw (Ao, u)) = w(a, u)y, where w(o, u) is the right
subpath of p' ending at t(a). Then {fw} is a R-basis for Homs(AA(e,v), V),
because given f € Homy(AA(a,u), V), we have f(A(a,u)) = kw(a,u)y with k € R
and therefore f = kf(o,u)- |

The extension associated with f(a) in Proposition 3.1.6 could be visualized as

follows:

e

3.2 Description of a basis for Homa (K, V)

Again fix a triangular algebra A = AI'/I and uniserial modules U = Ae/K and
V = Ae/L with masts p and p’, respectively, where p and p’ pass through the same
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sequence of vertices. In this section, we will describe a basis for Hom, (K, V) and

give an upper bound for its dimension. Let y = e+ L. We need the following lemma.

Lemma 3.2.1. Let V be any uniserial with mast p’, which is a route on p. If f €

Homy (K, V) and q is a non-route on p, then f(q) = 0.

Proof. Suppose p passes through 1 — 2 — .- — n. Then ¢ = ¢"¢’, where
t(¢) ¢ {1,2,...,n}. Thus ¢’ € K and f(q) = ¢"f(¢') = 0, since p’ passes through a
subsequence of 1 — 2 — -+ — n. | |

Let us first look at an example.

Example 3.2.2. Let A = &'/, where [ is the quiver

5
/ \
(5} Qg Qg
1 2 3 4
B Ba Bs

and I is the ideal in AT generated by r = a3f3281 + B30 + Baf200 + y2v1. Consider
the paths p = azapey and p' = B38261. The detours on p are (81,¢), (B2, 1) and

(B3, aga). Inserting the corresponding substitution equations
B2 Xian, feon & Xaagon,  faooa; = Xzp,

as well as ¢ = 0 whenever ¢ is a non-route on p, into the relation r yields V,, =
V(X1 X2 + X1 X3+ X9X3). The detours on p’ are (a1, ), (ag, /1) and (ag, B261). The

corresponding substitution equations are

on SYi61, b EYaBeB, asfefi =Yap .

Then ‘/pl = V(}/l + Y, +YE;) Suppose E = (kl,kg,kg) 1S ‘/p, l = (ll,lz,l;g) S V;,I,
U=%,k)and V==2,(). ThusU = Ae; /K, where K = A(fy — kyoy) + Ay —
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k;QaQal) -+ A(ﬂ;;azal - kgp) + Av, and kiky + kiks + koks = 0. Let f € HomA(K, V)
and let ¥ be a top element of V. Then,
f(Br—kiq) = t1fwy,
f(Bear — kococy) = tafofry,
f(Bsagans — ksp) = ts3p'y,
where #;,1; and t3 € &. Also we have
asBB = 3B — kiaq) + kioz(Baon — kaopa) + kikap,
BacpBy = Baaz(B — k1) + ki(Bzagon — kap) + kiksp,
BaBaon = Ba(facy — kaanay) + ke(Bzagon — kap) + kaksp.
Since kiko + ki1ks + koks = 0, we have
r = a3fe(B1 — k101) + kras(faon — koona)

+ Baaa(f1 — kion) + ki (Bzczon — kap)
+ Ba(Brcy — koaar) + ka(Bscpay — kap) + v -

Therefore,

f(r) = tieaBeBy + kitaasfefiy + tifsanbry + kitap'y + tap'y + kotap'y
= (tllg -+ k,'ltglg -+ tglg + kits +t + kzt;;)p’y
= ((l3)t1 -+ (kllg -+ lg + 1)t2 - (k?l -+ kg)tg)p,y.

Hence (11, t9,t3) is a solution of
Er(T) = (lg)T] -+ (klls -+ lQ + 1)T2 -+ (kl -+ kg)Tg =(.

Moreover any solution of E.(T) gives us an element of Homs(K,V) and we have
dimgHomy (K, V) =2. &

Now, we describe a basis for Homy (K, V). Let S = {r1,...7n} be aleft generating
set for I and fix r € S. Then

n i
r= Zlipi + Zlgq,-,

=1 i=1
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where I;, I} € & and p; are routes on p and ¢; are nonroutes on p. By Remark 1.1.4,
Pi = Wik, Us, -+ 01, Uy, Where p = plws, - wy, With (Om,, Um,;) X Wm, and w; a right
subpath of p,. Then,

Di = Wil Us, * - 'a2iu2i(alz’uli - klivli) + kliwiasiusi G Ug Wy,

We next look at (o, uz,vi,) Up. Let ky, = k(ag,,usv1,) and vy, = v(ay,,up,vy,).
Then,
Pi = Wil g, - Qg U, (0,1, — Ky, vn,) + Ky wicks, U, - g, us, (0, up,vs, — F,v2,)
-+ klikgiwiasiusi ... (e, U3, Vg, .
If we continue this process, we get
Pi = Wills, Us, - - - O, U, (0,01, — Ky, 01,) -+ Ky, Wi, Us, - - Qi3 s, (02,2, — Ko, 2,)

+ et + kl,‘ et k(s——l)i’wi (asiusiv(s-l)i - ksi’usi) + kli te ksiwivsi ) (6)

where vj, = v(0y;,, U;,V(—1),) and k;; = k(oy;, uzvG-1),). We have that w;v,, is a right
subpath of p and t(wv,,) = t(p;). But, t(p1) = -+ = t(p,) implies wiv,, = wjv,;.
Rename w := w;vs,. We have, since all the terms on the right of (4), except the last

one, are in K,

o= z lip; + Z l;ql = Z?:l likli e ks.;wi'Us,-
i=1 i=1
= (X bk, ks w.
Therefore,
Zlikli"'ksizoa (7)
i=1

and then by Equation (6), > ., lipi € K. Let f € Homa(K,V). By Lemma 3.2.1,
f(g:) = 0 for each g;. We have f(aj,u;, — kj,v;,) = T;,v,y, where T}, € &, vj, is the
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right subpath of p’ ending at t(e;,) and y = e + L is a top element of V. Thus

fr) = f(Zlipi‘g'Zlé%)

i=1 i=1
= O _lp)
i=1

n
/ /
= E li[Tliwiasiusi T Qg U, VY + T2ik1iwiasiusi Q3 U3 Uy Y +
i1
/
o0 + Tsikli PP ksiwiUSiy]

= Z li [Tlicli + TQikliCQz‘ +oet Tsikli T ksi] wlyv
i=1
where w' is the right subpath of p’ with #(w’) = t(p;) and c;; € & Note that
t(p1) =+ = t(pn). Therefore,

Z li [TL-CL. + TgikliCQi +-+ Tsikli T ks,-] =0. (8)
i=1
Let M be the m x d matrix of coefficients of these linear equations and [T(c, u)](aswup
be a column with d rows, where d is the number of detours on p. Then any element

f in Homy (K, V) gives us a solution for the homogeneous system M[T(e, u)] = 0.

On the other hand, any solution of this system gives us an element of Hom (K, V).
Indeed, assume T = (t(@,u))(aumup 1S & solution. Then, by Lemma 3.1.5, fr €
Homgr(K, V), where fr((a, u) — k(a, u)v(e, u)) = t(a, uw)v(a, u) and fr(g) = 0, with
(o, u)2p and ¢ is non-route on p. Since (t(a, %)) (o,uup 18 & solution of the homogeneous
system M[T(a,u)] = 0, fr(r) = 0 for all r € S and thus for all r € I. Therefore fr

induces a A-homomorphism, which we again denote by fr.

Assume that for 1 < 4 < [, each T; = (ti(a, 4))(a,upup i8 & solution of the system
and [; € K. We have 22=1 ;T; = 0 if and only if Zi:l l;fr, = 0. Thus, a basis for the
null space of the matrix gives us a basis for Hom (K, V') and vice versa. Therefore

we have the following.

Proposition 3.2.3. Suppose A is a triangular algebra and U = Ae/K and V = Ae/L

are uniserial modules with masts p and p’, respectively, where p and p' pass through
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the same sequence of vertices, and let d be the number of detours on p. Then
dimg Homy (K, V) = nullity(M) = d — rank(M),
where M is described above.

Corollary 3.2.4. Suppose A = RU'/I is a triangular algebra and U and V' are unis-
erial A-modules with masts p and p', respectively, where p and p’' pass through the

same sequence of vertices. Then,

dimg Ext} (U, V) < the number of detours on p.

The following is a direct proof of the corollary but one which does not exhibit a
basis for Hom, (K, V).

Proof of Corollary 3.2.4 We have U = Ae/K where

K= Z A(ou — k(a, uw)v(o,u)) + Z Ag; .

(eyu)lip i=1

We can look at U as a AT-module using the surjection &' — A. Let U = Ae/L.
Then L = 3, uyup AL (0 — k(e w)v(a, u)) + 3277, Al'gi. From (2, Proposition 20.6]
(Wlth M =agr L,N =A V,W =A Aﬂ‘) we have:

Homgr (L, Homu (A, V)) = Homp (A ®ar L), V).

But Homy (A, V) & V. On the other hand we have A® L — K — 0 and we know

that Homy(—, V) is a contravariant left exact functor. Therefore
0 — Homu (K, V) — Homp (A ® L, V) & Homgr(L, V).
Hence by Proposition 3.1.6 we have

‘dimg Homy (K, V) < dimgHomgr(L,V) = the number of detours on p.
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In the case where A is a monomial algebra, the formula in Proposition 3.2.3 gives
a classification of the self-extensions. By Lemma 2.1.2, I is generated as a left ideal
by finitely many paths, say, pi,...,Pm- Let S = {p1,...,pm}, R = {routes on p}
and fix p; € SN R. Again, by the same method and keeping the same notation as in

Section 3.2, Equation (6) becomes
Pi = Wik, s, + -+ O, g, (g 01, — K, v1,) + K, wicis, s, - - e, 3, (0, U, 01, — K Vg,
ok ko), W (Ols,»usiv(s~1),. — ksivsi) + ki, o ks, wivs;
We call the (o, u;v(j-1),) the detours on p involved in p;. Let
B; = {(aj,, ujvg-1),) | kj; =0, but ky, # 0 for all I # i}
and let B =, csnr Bi-

Proposition 3.2.5. Let A = AI'/I be a triangular monomial algebra and U be a

uniserial A-module with mast p. Then

dimg Ext} (U, U) = (number of detours on p) — |B|.

Proof. In this case Equation (8) becomes
U [Tk, - o ks, + Tojkyks, kg + -+ Tk, - k1] =0. (9)

By Equation (7),.we have Lky,ky, - ks, = 0. But l; # 0, thus k;;, = 0 for some
1 < j < s. Then Equation (9) becomes

Tjiky - - k-1),kG+, ks = 0. (10)

Thus (ay;, u5,9-1),) € Bi, if and only if &y, - k(j-1),k(j+1), -+ ks; # 0 if and only if
T;, = 0 is the only solution of (10). Thus the nullity of the coefficient matrix M is
d - |B|. |

The next result is more general. Here U and V are uniserial A-modules, not
necessarily with the same mast and the quiver may have oriented cycles. We know
that any map ¢ in Homy(K,V) gives us an extension of U by V. This extension
does not split if ¢ does not lift to P, where P is a projective cover of U. The next

proposition says that the extension module has simple top if and only if ¢ is onto.
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Proposition 3.2.6. Let U = Ae/K and V be uniserial A-modules. Suppose ¢ €
Homy (K, V) does not lift to Ae. Then the corresponding extension module has simple

top if and only if ¢ is onto.

Proof. Suppose ¢ is onto. We have

0 » K —— Ae U 0
I
£: 0 » V M » U 0

where M is pushout of ¢ and ¢. Thus M = (Ae®V)/L where L = {(¢(k), —p(k)) | k €
K}. We know that £ is a non-split extension of U by V, since ¢ does not lift to Ae.
We show that M = A((e,0) + L). Let z € M. Then z = (le,v) + L for some
A€ A,veV. Butsince ¢ is onto, v = ¢(k) for some k € K. Thus

()\,'U) - ()‘ + l’(k)7 O) = (—L(k)7 (10(]{;)) €L.
Hence z = (A, v) + L = (A +u(k),0) + L.
Now suppose that M has a simple top. Hence JM = (Je®JV +L)/L. If ¢ is not

onto, then ¢(K) C JV. Thus L C Je® JV and so JM = (Je ® JV)/L. Therefore
M does not have a simple top, since (e,0) ¢ L and (0,z) ¢ L, where z € top(V). B

The following is a simple illustration of an extension with simple top.

Example 3.2.7. Let A = &' where I is the quiver

PP S S, S

T

5 ———— 6
€

Let U = Aej/Adc, V = Aes and ¢ : Ada — V defined by o(6a) = e5. Here M = Ae;.
1

|
/|
N

6 4

)

w



Chapter 4

Uniserial representations of biserial

algebras

B. Huisgen-Zimmermann [19] introduces a method for deciding when two uniserial
modules over a finite dimensional algebra are isomorphic. R. Vila-Freyer and W. Cra-
wley-Boevey [30] describe basic biserial algebras by means of quivers and relations.
Using these tools we characterize the isomorphism classes of uniserial modules over a
basic biserial algebra. B. Jue [23] has obtained the results in this section for the more

restricted class of special biserial algebras. The following lemma holds in general.

Lemma 4.0.1. Let A = AT/ be an algebra. If for pathsp and g, p—kg€ I, k € R,
and length(p) < length(g) then V, = 0.

Proof. ¢ is a non-route on p and so p — kg = p. |

4.1 Model biserial algebra

Suppose A is a model biserial algebra (see Section 1.5).

Lemma 4.1.1. Suppose p is a nonzero path in A and V, # 0. Then there is a good

path q in A such that p and q are the masts of the same uniserial modules.

46



CHAPTER 4. UNISERIAL REPR. OF BISERIAL ALGEBRAS 47

Proof. Let p = a, - - - o4 and i be the smallest integer such that o;;10; is a bad path.

We have a;10; # 0 and 80 @104 — ki € I, where ui0; is a good path. Thus
Oy = = QpoQ 1 QG v v - O kiog - qipolip1a; -0 € I.

Since V, # 0, k; # 0 and, by Lemma 4.0.1, lengthu;.; = 1. We write Gix1 = Ujs1.
Then

p— k1o qyrofiyio a1 €1,

where k; € &*. Let ¢1 = o, - - - y2Bi1105 - - . Now, if ;10841 is a good path we
write fi4o 1= a4 and if it is a bad path a; 9041 — kouir2Biy1 € I, where Uiy Bit1 1S
a good path and k; € 8*. Then ¢; —kogo € I, where g3 1=, - - - QiraUivafir10G - - - Q1.
We have p — kikago € I. Again by Lemma 4.0.1, length(u;yo) = 1. We write ;42 1=
u;+o. By continuing the method we get p — kg € I, where length(p) = length(q), ¢ is
a good path and k € . Then p and ¢ are masts of the same uniserial modules since
they have the same length and p = kq in A. g

Let (o, u) 2 p. Recall that V(a,u) = {vi(o,u) | i € I(e,u)}. In this chapter, we
assume that length(vi (@, u)) < length(va(a,u)) < - -+ < length(va (o, u)).

Proposition 4.1.2. Suppose A = AU/I 1is a quotient of a model biserial algebra
and p is a good path starting at e, with V, # 0. Then, any detour (a,u) U p, with

length(u) > 1 is inessential. Moreover, there is at most one detour (a,e) on p.

Proof. Suppose (o, u) ¥ p, with length(u) > 1. Then ou is a bad path and so
au=0or au =ka, --auin A, with k¥ € &,r > 1 and &, - - - vyu & good path with
t(ar) = t(a) and @, # . Thus, (o, u) is an inessential detour on p. Now we assume
that there is a detour {(a, e) 2 p. This detour is the only one, since we have at most

two arrows leaving e. |

The following remark is a special case of [23, Lemma 2.6 and Theorem 2.8].

Remark 4.1.3. Suppose A = RL'/I is a quotient of a model biserial algebra and p is

a path nonzero in A. Then V, =0 or V, = A™, for some m > 0.
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We first state the main result of this section which is a classification of isomorphism

classes of uniserial modules with mast p.

Theorem 4.1.4. Suppose A = AT/I is a quotient of a model biserial algebra and p
nonzero in A is a good path with V, # 0.

(i) If there is no detour starting at e, V, = A"
(i) Let (o, e) U p.

(a) If p = ap' ort(p) # t(a) then for k and k' € V,, ®,(k) = @,(K).
(b) If p=~p' where t(y) = t(a) and v # o then ®,(k) = ®,(k') if and only if

koo, e) =kl (o, e) where v(a, €) = p.

Proof of (i): (i) follows from Proposition 4.1.2. i

In order to prove part (ii) of the above theorem, we need the following lemmas.
We assume that A = AI'/I is a quotient of a model biserial algebra and p nonzero in
A is a good path such that V, # 0. Suppose that there is a detour on p starting at e,
say (o,e) Wp. Let & = 3, 1,0 Xi(a, €)vi(, €). To simplify notation, we abbreviate
Xi(a,e) = X;,vi(a, e) = v;, and later Y(o, e) = Y.

Lemma 4.1.5. Let a = 3, 1, Xi(a, e)vi(ay€). If vi(a, ) = yul, v an arrow with
v # a and vi(a,e) # p then X;(a,e) = 0.

Proof. Assume the conclusion fails and let s be the smallest ¢ such that v;(a,e) =
i # p, v # « and X;(o, e) # 0.

We know that fa is a bad path and so o = 0 or o = kb,, - -G in A, with k € &,
m >1and 8, 1a is a good path with ¢(6,,) = t(f) and 8., # 8. Let

A={ieI(ae) |vi = #p}.
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If 8a = 0, then

0=0a§ Z X,-Hvi=ZXi9vi.

iel(a,e) €A
For i € A, @v; is a right subpath of p and so X; = 0 for all i € A. In particular

X, = 0, which is a contradiction.

fb6a=k0, --6iain A thenr =0a — kb, - -8, € 1. Thus,

r = Z X0v; — Z kX6 61v; .

iel(a,e) iel{a,e)
Notice that if 1 ¢ A then the corresponding term in the above sum is

Xi(e’l)i - kem ces 911)1:) = Xz(eav: — k@m - 91017};)
= Xz(kgm ce 9]0['0,: - kgm o 610[’();) = O .

Therefore,

r2 Y Xifvi— Y kXibpo-Ovi. (%)
i€A i€A
We know that 8v; Z Ov, and 6,, - - - 6,v; Z# v, for all i # s € A, since v is the shortest
one and for each i € A, 0v; is a right subpath of p. Moreover, v, is a right subpath of
p. Hence, if m > 1, 6, - - - 610, Z v, and so X, = 0. Therefore m = 1 and 0o = kb, a.

«a

Ny

e

€

(x) simplifies to
r =3 Xi(0vi —k6iv) . (+%)
icA
We have that 0 # 6,7 is a bad path and so 63y = 0 or 61y — k' -+ - 1y € I with
K € .1 > 1 and y---uyy is a good path with ¢(x) = t(0;) and w # 6;. But
617 # 0, otherwise by (x*), 7 = 3., X;0v; and then X; = 0 for all 1 € A. Hence,
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by —kpy-my € I 1 > 1, X, = 0 since fv, is the shortest one. Indeed, 0,v,
reduces to a linear combination of right subpaths of p strictly longer than ;v,. Hence
I = 1. We have fa = kb1, 8,y = k' and so kk' # 1 [30, Corollary 3]. By (*x)
X, — kk'X; = 0. Therefore, X, = 0 which is again a contradiction. |

Lemma 4.1.6. Suppose w is a right subpath of p ending at e = s(p). If aw is not a
right subpath of p then aw =0

Proof. If w = p then cw = 0. If w # p then w = fw’ where af is a bad path.

Y

e

Since af is a bad path then of = 0 or of = ko, - - - ;8 in A where a, # a. If af # 0,
then the good path o --- 3w is a non-route on p or a right subpath of p. There are

two cases.

Case 1: p = ap’ or t(p) # t(a). By Lemma 4.1.5, 0 = Zijel(me) Xi;v;, where v;; = avj .
Therefore, aw = ko, - -oqw = Zije Heve) X;vi;w. Each v;w is either longer
than p or is a right subpath of p; similarly for o, - - - a;w. However, each v;; =

cng where a, # a. Thus aw = 0.

Case 2: p = vp’ where v #  and t(y) = #(a). By Lemma 4.1.5, a = 3, 150 Xi, Vi, +

Xnvn, where v, = ong and v, = p. As in case 1, we get aw = 0.

Lemma 4.1.7. Suppose w is a right subpath of p ending at e, aw is a right subpath

of p and v; = av,. Then v;w = 0.

Proof. Let v; = av) = ap, - u15. We can assume that v;w # 0. Hence 0 # Jwis a
bad path. Thus, fw = k15, - Syw with r > 1, k; € £ and 5, --- fyw is a good path
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with 3, % 3. We have 0 # 3, is a bad path since ;3 is a good one. Then /~61/3r
k ,u&l) e (I)BT with r; > 1, ks € & and u(l) )ﬁr a good path with ,u # -

Thus, ulﬁw = klkgp,(l) mﬁr - yw with u(l) mﬁr - f1w a good path. But

1 2 2
O = @l )pﬁ)

withry > 1, k3 € & and ,um /,ng) uﬁl) a good path with um # py. Again 0 # Hg#m

0 # /,LQI,L is a bad path since ppp; is a good one. Then, /;1.2/1,

is a bad path and if we continue, we get

o= ) gl B B

If vaw 2 0, then, since (1)) = t(us) = e, pi - uﬁs) P pB - Bwis a
good path of length less than the length of p. It is, then, a right subpath of p ending

at e. But a,u( *) is a bad path since oy, is a good one. This contradicts Lemma 4.1.6. |

Now we are ready to prove Theorem 4.1.4(ii).

Proof of Theorem 4.1.4(ii): Suppose that there is a detour on p starting at e,
say (a,e) W p. Let us look at Sp(X,Y,Z) (see Section 1.2). Suppose that the path
p:e(l) =e— - - — e(l + 1) has precisely t right subpaths of positive length ending
in the starting vertex e = e(1) of p; say wi,...,w;. The system Sp(X,Y, Z), which
is here a single equation, will have the ¢ linear variables Zi, .. ., Z;. Consider the
following equation E(a,e) in A'[X,Y, Z].

E(a,e): ale+ Zijj) = Z Xivile + Z Z;w;) .

j=1 icl(ae) =1

Now expand both sides of this equation by successively inserting from the right the

a= E Yivi,

and the equivalences g = 0 for those paths ¢ € A" which fail to be routes on p. Then

t
Z Y’UZ -+ Z Z; GOaW; = Z Xi’l)z‘ + Z ZXiZjviwj . (11)

i€l(a,e) i€l(a,e) iel{a,e) =1

substitution equation

Let
J = {j | ow; is a right subpath of p} .
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By Lemma 4.1.6, aw; = 0 for j ¢ J and by Lemmas 4.1.5 and 4.1.7, X;v;w; = 0 for
4 € J. Therefore (11) becomes
Z Ywi—}—ZZjawj = Z Xiv; + Z ZXiZj’inj. (12)
i€l{a,e) JjeJ icl{a,e) iel{a,e) §¢J
For j € J, aw; is a right subpath of p and therefore aw; = v; for some i; € I{a,e).

On the other hand if v; = av} then v; = o, = aw, for some s € J.

If j ¢ J and v;,w; # 0 then v;,w; is a good path since fw; and v;, are good paths,
where (3 is first arrow of p. Hence v;,w; = 0 or v,w; = V4,5 = C“'”zit,j) is a right

subpath of p, with (4;,7) € I(e,e).

(a) Suppose p = ap’ or t(p) # t(e). By Lemma 4.1.5, X; =Y; =0 if v; = yv! with
v # a. Therefore Equation (12) reduces to
Z(Ylg + Zj)vij = Z Xijvij + Z ZXithU(it,j) :
jeJ jeJ ted jgJ
We look at the coefficient of a single v;;, j € J:
Y;J' + Zj = Xij + Z /\(5, ml)th Zs 5

s, my
with s ¢ J, 5 < j and A(s,m,;) = 0 or 1. Therefore, for £, k' € V,, the linear

system S,(k, k', Z) is consistent.
(b) Now suppose p = vp' where t(y) = t(a) and v # a. Suppose [ (a,€) =

{1,2,...,n} and v, = p. By Lemma 4.1.5 we have X; = 0 if v; = v} and
i # n. Therefore, Equation (12) becomes

Yavn + 3 (Vi + Z)vi, = Xt + 9 Xoyvi, + 3 Y XaZy(in, )

jed jed e jgJ
We consider coefficients of v, and the v;,,7 € J to get
Y,=X,
Vi, + Z; = Xi; + 25 my Mom) XmiDs
with s € J, s < j and A(sm) = 0 or 1. Therefore, for k,k' € V,, the linear
system S,(k,k, Z) is consistent if and only if kn(a, €) = k;(a, €). |

=) =
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4.2 Biserial algebras

Suppose A is a biserial f-algebra, where £ is an algebraically closed field and let p # 0
be a path in A passing through S = (S(1),...,S({ +1)). Then A = A’, where A’ is
a quotient of a model biserial algebra (see 1.5). If ¢ : A — A’ is an isomorphism, we

can look at a A’-module as a A-module by
Am=gA)mfor \€e Ame M.

Hence, we have a functor F : A’-mod— A-mod. We want to describe the uniserial
A-modules with mast p using the information available about uniserial A’-modules.
Suppose ¢ : A — A’ is an isomorphism induced by f : &' — AI'. By Saorin’s

Theorem, we have

f(p) =k1p1+"'+kmpm+ Z tin’;
Ug:)>1(p)

where k;,t; € & and p; are paths passing through S. There are at most two good
paths with a given sequence of simples in a factor of any model biserial algebra. Thus
f(p) = kipy + kaps + Zl(q;)zl(p) t'q! where pj, ps are good paths passing through S and
ki,t. € & We need the following definition.

Definition 4.2.1. [19] Let A-uni(p) be the set of isomorphism classes of uniserial

A-modules with mast p.

Proposition 4.2.2. Suppose A is a biserial algebra and S = (5(1),...,5(1+1)) s a
sequence of simple modules. Let ¢ : A — A’ be an isomorphism induced by f where A’

is a factor of a model biserial algebra and p is nonzero in A, a path passing through

S.

(a) If f(p) = kip1 + Zl(q;)zl(p) tiq, with ky # 0 and p1 a good path, then A-uni(p) =
F(N -uni(p)).

(b) If f(p) = k1p1+k2p2+zl(q£)21(p) tiql with k; # 0, p; good paths and length(p) > 2,
then A-uni(p) = F(A’-uni(p;) |JA' -uni(ps)). Moreover, the union

A’ -uni(py) | _J A -uni(py)
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s disjoint.

Proof. (a) Let U € A'-uni(p;). Then p.F(U) = f(p)U = kipsU # 0if kg # 0,

since the ¢/ are nonroutes on p;. Therefore A-uni(p) 2 F(A’-uni(p,)). Now
let U € A-uni(p). Then ;i F~Y(U) = o @)U = k7'pU # 0. Thus U €
F(A -uni(py)).

We first show that if U is a uniserial A’-module with mast p;, then poU = O;
i.e., the union A’ -uni(p;) |JA' -uni(py) is disjoint. Let py = o - a2y, p2 =
B -+ - B2 where a; # 3;, m > 2.

B Ba Bm
1 2 3 -eeom m+1
oy Qo Ay

(B1,e1) Wp and U = Aey /K where

K=AB - Y k(Be)ui(B,er))+ > A

i€l(B1,e1) 7; nonroute on p1

We have v;(31,e1) = a;. Since m > 2, by Lemma 4.1.5, k1(61, e1) = 0. There-
fore poU = B -+ - f21U = 0. Now we have

p.F(U) = (kip1 + kap2)U = kipU # 0.

Hence F (A'-uni(p;) |JA'-uni(ps)) € A-uni(p). On the other hand, if U €
A-uni(p), then p(p)F~(U) = pU # 0 and so (k1p1 + kapa) F~1(U) # 0. Thus
pFH(U) # 0 or ppF~1(U) #0.

The following example shows that in the above theorem, case (b), the condition

length(p) > 2 is necessary.

Example 4.2.3. Let I' be the quiver
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and A=A =8 Let p: A—> AN by fla)=a—Fand f(f)=0. Let p=p1 =«
and p, = 3. Then U = A'e/A'(a — ) is a uniserial A’-module with masts p; and ps,
but pF(U) = p(p)U = (e — YU = 0.



Chapter 5

Irreducible maps of uniserials

5.1 Introduction and general results

In Section 1, we quote some of the basic properties of irreducible morphisms and then
we get some results about an almost split sequences of the form 0 — DTrU —- M —
U — 0 where U is a uniserial module. Recall [3, page 173] that a(U) is the number of
the indecomposable summands in a direct sum decomposition of M. In Section 2, we
prove that if U is a non-projective uniserial module over a left m-multiserial algebra
then a(U) < m. In Section 3, we give necessary and sufficient conditions on a class
of algebras, including left multiserial algebras and monomial algebras, which make
JU — U irreducible. These confirm a conjecture of A. Boldt [6, Conjecture 1.2.1] for

these cases.

Proposition 5.1.1. If g: B — C is an wrreducible morphism in mod A, then g is

either a monomorphism or an epimorphism.

Proof. See [3, Lemma V.5.1]. |

Proposition 5.1.2. If g: B — C is an irreducible morphism and B’ is a nonzero

direct summand of B, then the induced map B’ — C is irreducible.

Proposition 5.1.3. Let 0 » A — B — C — 0 be an almost split sequence. Then

56
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(i) If C is not simple, then 0 — soc(A) — soc(B) — soc(C) — 0 is ezact.
(i) If C is simple, then soc(A) = soc(B).
Proof. For (i) see [3, Lemma V.3.2(d)]. (ii) follows from the fact that soc is left

exact, C is simple and B — C is not split. Indeed, if 0 — soc(A) — soc(B) is not an

isomorphism, C is isomorphic to a submodule of B, which is impossible. B

Corollary 5.1.4. Let U be a non-projective uniserial module, then

a(U) < dimgsoc(DTrU) + 1.

Proof. Let 0 — DTrU — B — U — 0 be an almost split sequence. Then either
0 — soc(DTrlU) — soc(B) — soc(U) — 0 is exact, or soc(DTrU) = soc(B) by
Proposition 5.1.3. Therefore

a(U) < dimgsoc(B) < dimgsoc(DTrU) + dimgsoc(U) = dimgsoc(DTrU) + 1.

Let 0 — DTrU L s Bi £, U — 0 be an almost split sequence with U uniserial.
We next show that at most one of the induced maps g;: B; — U is a monomorphism

and the number of epimorphisms is less than or equal to dimgsoc(DTrU).

Lemma 5.1.5. Let R be a left artinian ring with Jacobson radical J. If U, Uz € R-
mod are uniserial, M, N are indecomposable modules and f: M — Uy and g: U = N

are irreducible injective and surjective R-linear maps respectively, then

(1) There exists an isomorphism ¢ : JU;y — M so that fo is the natural radical
embedding JU; — Uj.

(2) There erists an isomorphism ¥ : N — Us/soc(Us) so that 1g s that natural

socle factor projection Us — Us/soc(Us).
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Proof. (1) Since im(f) is a proper submodule of Uy, im(f) = J'U; with [ > 1 and
M = J'W, via f. However, if [ > 1, then J'U; — J"1U; — U; would be a non-trivial
factorization of J:U; — U; and gives us a factorization of f, which is impossible. The
proof of (2) is similar to that of (1). ]

Let e, f be primitive idempotents in A. For a nonzero element a € fJe, the A-
module Ae/Aa is indecomposable and non-projective. We consider the almost split
sequence ending in Ae/Aa. We are interested in the case where this module is a

uniserial module.

Proposition 5.1.6. If U = Ae/Aa is a uniserial module, then a(U) < 2.

Proof. Af -+ Ae — Ae/Aa is the start of a minimal projective presentation of
Ae/Aa, where .a denotes the right multiplication by a. From [3, Proposition V.6.1]
we have that the middle term B in the almost split sequence 6: 0 — DTrU — B —
U — 0 has a decomposition B = B’ Ll B” with B’ indecomposable and such that if
B” = 0, the induced morphism g”: B” — U is an irreducible monomorphism. But,
by Lemma 5.1.5, B” & JU is indecomposable and therefore a(U) < 2. B

Proposition 5.1.7. Let 0 — DIrU R | s B 2, U — 0 be an almost split

sequence where U- is a uniserial module and the B; are indecomposable, then

(i) At most one of the induced maps g;: B; — U is a monomorphism.
(ii) If B; 2, U is an epimorphism and soc B; is simple, then

soc(B;) C f(soc(DTrU)).

(i4) Let I' = {i € I such that g;: B; — U is an epimorphism }. Then,

\I'| < dimgsoc(DTrU).

Proof. (i) Suppose g; and g, are monomorphisms. Hence By & JU and By =

JU. The induced irreducible morphism B; U By — U cannot be an epimorphism
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Yy

and therefore is a monomorphism and B; U By = JU by Lemma 5.1.5, which is a
contradiction.

(ii) We have soc(B;) N ker(g;) # O since ker(g;) # 0 and soc(B;) is essential in B;.
But soc(B;) is simple, so soc(B;) C ker(g;). We know that 0 — soc(DTrU) AN
|;ersoc(B:) N soc(U) is exact. Hence soc(B;) C ker g = im f. Therefore, soc(B;) C
f(soc(DTrU)).

(iii) By (i) we know that there is at most one irreducible monomorphism g;: B; — U.

Case 1: There is one ¢ such that g; is a monomorphism. Then

|I'| = a(U) — 1 < dimgsoc(DTrU).

Case 2: For each 1 € I, g; is an epimorphism. If U is simple then

a(U) < dimgsoc(u B;) = dimgsoc(DTrU).
i€l

Otherwise, the exact sequence

0 — soc(DTrU) g, Usoc(Bi) 2, soc(U) — 0

iel

shows, by (ii), that soc B; is not simple for some ¢. Then

a(U) < dimﬁsoc(l__l B;) — 1 = dimgsoc(DTrU) .

iel

We next give a first necessary condition for JU — U to be irreducible.

Proposition 5.1.8. Let U be a uniserial A-module with mast p.

(i) If (a,€) Up, then JU — U is not irreducible.

(i) If ae is a nonroute on p, then JU — U is not irreducible.
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Proof. (i) Suppose p = p' with 3 € I'y and U = Ae/K where

K= z A (5u—— Z ki(é,u)vi(é,u)) + Z Ag.
(

&,u)p i€l {8,u) g nonroute on p

Let V = Ae/L with

L= Z A (6u—— Z ki (6, u)vi(é,u)) + Z Ag.

(8,u)lip, (,u)7(ave) 1€l (6,u) g nonroute on p

We prove that JU — U factors nontrivially through V. Indeed
JU -2V 24U,

where (8 + K) = 3+ L and ¢(e + L) = e+ K. Then ¢ = id|;u.

Claim 1: ¢ is not split monomorphism. Otherwise, suppose x: V — JU is a splitting
of ¢. Then x(e+ L) = kyw; +- - -+ knw, + K where wy, ..., w, are right subpaths of p
with t(w;) = e and w; # e for all i. But we have x¢ = id. Thus, xp(8+K) =+ K.
Therefore ki fw; +- - - +knfw,+K = f+K. Then, 3 € J2U, which is a contradiction.
Claim 2: ¢ is not split epimorphism. Otherwise, we would have x;1: U — V such
that ¥x; = id. Hence x1(e + K) = (le + 3, liw;) + L, where [,l; € & and each w;

is a nontrivial path with ¢(w;) = e. Then

e+ K=vxi(e+ K)=19¢ ((le+2liwi)+L> = (le-}-Zliwi)-i—K.
=1

=1
Therefore I = 1 and 3 Lw; € K. Let w:= 37 Liw;, ki := ki(a,e) and v; =
vi{a, e). Then,

XI(K)=X1((Q—' Z kivi)+K): (a" Z kivi—}—(a—— Z lcw,-)w)-%—L.

i€l {a,e) iel(e.e) i€il(ae)

Therefore,
a— Z kv + (o — Z kvi)w € L.
ie[(a&) iGI(a,e)
This is a contradiction, since L is generated by linear combinations of paths of length

greater than one or not starting with a.
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(11) By (1)7 U = AE/K Where K = Zq nonroute onpAq' Let L = Zd;éq nonroute onpAq
and V = Ae/L. Then,
JU v U,

where @ and 1 are defined as above. As in the proof of (i), ¢ is not a split monomor-
phism. Moreover, 1 is not split epimorphism. Otherwise, we would have x;: U — V
such that ¥x; = id. Then, similarly, x:(e + K) = e + w, where w = » ., Liw; € K.
Then,

xi(K)=xi(a+K)=(a+aow)+ L.

Therefore, @ + aw € L, which is again a contradiction.

5.2 On «o(U) over left multiserial algebras

Uniserial representations of left multiserial algebras have been studied in [23]. (See
Section 1.4.) Here we find an upper bound for a(U) where U is a uniserial module
over a left m-multiserial algebra. In particular we show that, when m > 2, o(U) < m,

where U is a uniserial module over a left m-multiserial algebra.

Theorem 5.2.1. ‘Let U be a non-projective uniserial module over a left m-multiserial
algebra A with m > 2, then a(U) < m.

Proof. Suppose p is a mast for U. Put p = a;---a;. By Remark 1.4.2, we can
assume that for every arrow o in 'y, Aa is uniserial. Let A = {Ayp |~y €T}
Any two members of A are comparable; i.e., for 71,7, € I'y, either Ay;p € Ayep or
Avap C Av;p, since Aa; is uniserial. Hence, there exists a maximal element in A, say

A7yp. Notice that Ayp can be zero. This happens when Jp = 0.

Case 1: There is neither a detour nor a nonroute starting at e := s(p). Here, Ae is
uniserial and since U is not projective, we have vp # 0 in A and U = Ae/Avp.
Therefore a(U) < 2 < m by Proposition 5.1.6.
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Case 2: There are detours (a;,e) 2 p and nonroutes &e starting at e := s(p), where
0 <j<landl+1 <t < n Notice that n < m — 1, since A is m-
multiserial. Let a; = 0; — i r(a Kiley, e)viay, €) and a; = 6. If Ayp = 0,
then U = Ae/Y ) _oAa;. Otherwise U = Ae/(37_oAa;+ Ayp). Let 0 —
pTrU L |z Bi 2, U — 0 be an almost split sequence. By Proposi-
tion 5.1.8, all the induced irreducible maps g;: B; — U are epimorphisms. By
Proposition 5.1.7(iii), a(U) < dimgsoc DTrU. But by (3, Proposition IV.1.11],
we know that soc DTrU = P, /J P, where P, — Ae — U is a minimal projective
presentation of U. Therefore a(U) < m.

When A is left 1-multiserial, i.e., left serial, and U is uniserial then the proof of
Theorem 5.2.1 shows a(U) < 2.

Corollary 5.2.2. Suppose U is a non-projective uniserial module with mast p over a

left m-multiserial algebra A. Then

(i) If p has no detour or nonroute starting at e = s(p), then o(U) < 2.

(i) If m =2, i.e., A is a left biserial algebra, and Jp =0, then o(U) = 1.

Proof. Part (i) follows from proof of the above theorem. In part (ii), there is either
one detour (a,e) or one nonroute § starting at e = s(p). Then U = Ae/Aa, where
4= Q= ) iciae kivi OF a = 6. Hence a(U) =1 by [3, Proposition V.6.3|, because
the image of Af —— Ae is not in J2%e. |

5.3 Irreducible radical embeddings of uniserials

Let 0 — DTrU -1 Uier Bs —5 U — 0 be an almost split sequence with U a uniserial
module and the B; indecomposable. Proposition 5.1.7(iii) gives us an upper bound

for the number of irreducible epimorphisms B; — U. Also Proposition 5.1.7(i) says
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that there is at most one irreducible monomorphism B; — U; if there is one, it is
isomorphic to JU — U. Therefore it is interesting to know whether JU — U is
irreducible or not. In this section, first we give some necessary conditions, in addition
to Proposition 5.1.8, for this to happen and then we state a conjecture by A. Boldt [6]
which proposes necessary and sufficient conditions for irreducibility in the case where
the quiver does not have oriented cycles. We then will show that this conjecture
is true for a large class of algebras including left multiserial algebras, and also for

monomial algebras.

Recall that a detour (o, u) on a path p is called inessential if

ou =S8+ Z kivi(o, u)
iel(a,u)
in A, where s is a f-linear combination of paths, none of which is a route on p, and

k; € & for all i € I{a,u). A detour is essential if it is not inessential.

Recall that the set I(,u) indexes those right subpaths v;(a,u) of p which are
longer than u, and end in the same vertex as a. The following generalizes [6, Conjec-
ture 1.2.1, (1)=-(2)a], by weakening the assumption that the quiver has no oriented
cycles. The method used also differs from that in [6].

Theorem 5.3.1. Let U be a non-simple uniserial module with mast p, where p does

not start with an oriented cycle. If JU <« U 1s irreducible, then

(i) All detours on p are inessential.

(1i) All non-routes are in Jp.

In particular, U = Ae/Jp, where e = s(p).

Proof. Recall from Proposition 5.1.8 that no detour or non-route starts at e = s(p).

Let p = ay, - - - o and suppose (§;, u;) Upfor 0 <i < m. Let Np =3 Age

g nonroute on p

and

Aj = (5]'“3' - Z ki(djauj)vi(5j’uj) .

iel(aj ,'u.j)
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Proof of (i): We first assume that & # Z,. Suppose U = Ae/K, where K =
Yoy AA; + Ng, with m minimum. If m >0, let U = Ae/L where L =7 " ) AA; +

§=2

JA; + Ng. Notice that eJe C Np by our assumption on p; hence elU’ = —ﬁﬁg—L— Let

vuJu
V—_"—H_—'—,

where H = A(p+ L,kp + L) + A(Ay + L, Ay + L) with 0,1 # k € & We have
JU v 24U,

where p(c; + K) = (a + Lyoy + L) + H and 4((e + L,0+ L) + H) = se + K and
Y((0+ Loy + L)+ H) = loy + K, with s5,] € & such that s+!=1and s +1k = 0.
Note that such elements exist, since £ # Z,.

1. @ is well-defined:

QO(K)=(p(A1+K)=(A1+L,A1+L)+H=H.

2. ¢ is well-defined: We have ¢((p+ L,kp+ L) + H) =sp+1lkp+ K =0+ K, and
¢((A1+L,A1+L)+H) =8A1+ZA1 +K=0+K.
3. ’QZJ(p:idl_jul

vp(ay + K) =¢((a1 + Lyoy + L)+ H) = sag +lon + K = a1 + K.

4. ¢ is not a split monomorphism: Otherwise there would exist x € Hom AV, JU)
such that ¢ = id. Then x((e + L,0+ L) + H) = 0+ K. Hence,

o1+ K =xplog + K) = x((e1 + Lyen + L) + H) = x((0+ L,y + L) + H) .
Then x((0 + L,a; + L) + H) = oy + K. Therefore,

X(H) = x{(p+Lkp+ L)+ H)=x((p+ L, L) + H) + x((L,kp + L) + H)
= kp+K#£K,
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which is a contradiction. Therefore, 9 splits; i.e., there exists x; € Homy(U, V') such
that ¥x; = id. Hence x1(e+ K) = (s~te+ L, L) + H because of the assumption that

p does not start with an oriented cycle. Then,
xi(BK)=x1(A +K) = (s'Ay+ L, L)+ H=H.
Then, (s71A; + L,L) € H. Hence,
(s7'Ay+ L, Ly=z(p+ Lkp+ L)+ 2 (A + LA+ L),
with z,2’ € A. Therefore we have

sIA+L = zp+2ZA+ L,
L = kzp+2ZM0+L.

Then, s7'A;+L = (1—k)zp+L. Hence A;—s(1—k)zp € L. Thus A; ~s(1—k)zp =
S il + vA; +w with p; € &,v € J and w € Np. Then s(1 - k)zp € K. This
implies zp € Jp, since pU # 0. Hence A; € L. This is in contradiction with the
minimality of m.
Now suppose & = Z,. With the same notation, let
_uuJuuJu’
j% )
where H = A(O+L,p+L,p+L)+A(Ay+L, A+ L, A1 4 L). Then as in the previous

case,

v

JU 2L v XU,

is a nontrivial factorization of JU «— U through V, where ¢(an + K) = (a + L, oy +
L,oqn+L)+H and ¢¥((e+L,0+L,0+ L)+ H) = e+ K, $((0+L,c; +L,0+ L)+ H) =
o+ Kand ¥((0+L,0+ Loy +L)+H)=oq + K.

Proof of (ii): Again, we first assume that & # Z,. By part (i), U = Ae/K
where K =3 » Afu; + Jp, and each S;u; is nonroute on p with u; a right subpath
of p, B; € I'1. Assume m is minimum. If m > 0, then let U’ = Ae/L where
L=("",ABu; + Jp) and
_uuJu

V
_H b
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where H = A(p+ L, kp + L) + A(Byus + L, fruy + L) for some k € &,k # 0,1. We
have

JU 2 v v,
where p(a; + K) = (a1 + L,eq + L) and ¥((e+ L, L) + H) = se + K, and ¥((L, o, +
L)+ H) = la; + K with 5,1 € & such that s+{ =1 and s+l = 0. Similar to (i), we
can see that o, are well-defined, ¥ = id|;y, and ¢ is not a split monomorphism.

Therefore 1) splits; i.e., there is a x € Hom,(U,V) such that x = id. Hence
x(es +K)=(s"'e+ L,L)+ H. Then |

x(K) = x(frur + K) = (5’151’&1 +L, LY+ H.

Therefore, (s 'yuy+L, L) = w(p+L, kp+L)+w'(B1u1 +L, frus + L) where w,w' € A.
Hence,

shu+L = wp+wphu + 1L,
L = kwp+wBiu+L.

Therefore s fuy + L = (1 — k)wp + L. Hence

s By + (k—1Lwp=wvp+ szﬂiui ’ (13)
=2

where v € J and w; € A. If we multiply equation (13) by ¢(8:) from the left, we get
that t(;)wp is zero or a nonroute on p, since t(#;) # t(p). Then equation (13) is in

contradiction with the minimality of m since it expresses ;u; as an element of L.
Now suppose that £ = Z,. With the same notation, let
vuJuuJu
1% ;
where H = A(0+ L,p+ L,p+ L) + A(brws + L, Brug + L, fruy + L). We have

V =

JU v LU,

where p(ay + K) = (ay + L,en + Lyog + L) and ¢((e + L, L, L) + H) = e+ K,
Y((L,os + L, L)+ H) =y + K and ¢((L, L,oq + L) + H) = o1 + K. Similarly, this
is a nontrivial factorization of JU < U through V. |
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Suppose now that I" is a finite quiver without oriented cycles. To prepare for our

analysis in this section, we fix a uniserial left A-module U with mast

p: 1_.‘1_1__.;2._?3_)3...&71

We now name all the arrows in I that touch p, classifying them according to the type

of contact with p. The notation and the following diagram are from [6].

Bi={feTils(8) € {1,...,n—1} and (8) ¢ {1,....n}},

B' = {f eT1|s(8') = n},

C:={yes(y) ¢ {L,...,n} and t(y) € {2,...,n}},

C' = {y eijt(v) =1}, |

D :={5ey|{s(6),t(®)} c {1,...,n} and 6 ¢ {,...,0n1}}.

We illustrate these definitions with an example. Consider the following quiver I,

together with the path p = asasa; :

(<
X
<

%&
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We then have

B ={8},
B' = {6,055},
C={"},
C'={7},
D = {66}

Conjecture 5.3.2. [6, Conjecture 1.2.1] The following statements are equivalent:

(1) The embedding JU — U 1is irreducible.
(2) U is not simple and satisfies both (a) and (b) below:

(a) For every B € B,
Basgy-1-o1 € Jp,

and for every § € D,
501s(5)—1 0y € ﬁa’t(é)—l Q.

(b) There exists a subset R C J such that {rp + J?p | r € R} forms a &-basis
for Jp/J?p and (i) and (ii) both hold:

(i) For every v € C there exists w € pJ such that, for everyr € R,
TOp—1 " Q)Y = TW.
(1) For every 6 € D and everyr € R,

Tt " Ott(g)é € Brap_1- - Os(5) -

A. Boldt [6] proved (2) = (1) and (1) = (2)(a). Theorem 5.3.1 is a generalization
of (1) = (2)(a) and our proof also uses a different method from the one in [6].
Moreover, we will show that this conjecture is true for left multiserial algebras as well

as monomial algebras.



CHAPTER 5. IRREDUCIBLE MAPS OF UNISERIALS 69

5.4 The conjecture for a class of algebras including

left multiserial algebras

Throughout this section we assume that the quiver I" has no oriented cycles. Here we

prove that the conjecture is true if the algebra in addition has the property that
dimﬁ (Jan_l/Jzan-l) _<_ 1.

In particular, the conjecture is true for left multiserial algebras with a presentation
so that for each o € Ty, A is uniserial (see 1.4.2). The following lemma holds only

assuming I' has no oriented cycles.

Lemma 5.4.1. Let U be a uniserial module with mast p and 3’ be an arrow. If

JU < U is irreducible and §'p # 0, then there is a uniserial module with mast 3'p.

Proof. There is a basis {8p + J?p | 1 < i < m, B € ['1} for Jp/J?p, with 8 = §'.
Let

(s o Qp—1
p= 1-22,90-22,3 ..._2__.,717

and n + 1 := ¢(8), ¢ :== B'p and suppose (§,u) Wg. If () € {1,2,...,n}, then
(6,u) W p and so by Theorem 5.3.1(i), du € Ray)-1---01. If t(6) = n + 1, then by
Theorem 5.3.1(ii), éu € Jp. Hence,

bu=0LBp+ LG+ +Ilnbp+wp, (14)

with w € J%1; € A If for some 8 € I'y, fu is a nonroute on ¢, then it is a
nonroute on p as well and so fu € Jp and t(8) ¢ {1,...,n+ 1}. Hence, in this case,
Bue Y, RBip+ J*p. Define V = Aey /L, where

Li=Jg+) ABp+ Y, A(fu-ha). (15)

=2 (6,u)g,t(8)=n+1
Thus, V is a uniserial module. We only need to show that ¢V # 0. Suppose ¢V = 0.
Then, ¢ € L and by equations (14) and (15), we get ¢ € Jg+ Y.y ABjp+ J*p. Then,

g=vg+ Y Afip+u'p, (16)

§==2
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with v € J, \; € A and w' € J?. Multiply equation (16) by #(3'). Since the quiver
does not have oriented cycles, vg = 0, which contradicts the choice of the basis of
Jp/ J?p.

Lemma 5.4.2. Suppose dimg Jo,_1/J%a,1 = 1. Then there exists an arrow 3’ such
that ﬁﬁ’an_l -+ J,BICI{n.._l = chn_l.

Proof. By the hypothesis there is some 3’ € I'; with a,21°¢ J?a,-1. We will show
that J2a,_1 = JB an-;. For this we only need to show that any path in J2a,-; is in
JB a,-1. If not, let g be a longest path in J2a,_;\JB apn-1. Then ¢ = v 11051,
where v; € I'y and yap,-; € J%a,_1, otherwise ¢ could be replaced by a longer path.
Hence yi0,-1 = kB'ap_1 + w1, where 0 . k€ Rand w € J2. Therefore,

g=" N1 =kY VB 1+ Y VoW1

Since 9, - - - VoW1 is a linear combination of paths in J2%q,; longer than g, and

therefore v, - - - Yowan,_1 € JF -1 and so is g. This is a contradiction. | |

Theorem 5.4.3. Let A be an algebra where the quiver has no oriented cycles and U
be a uniserial A-module with mast p = ap_1---03. If dimg Jan_l/Jzan_l <1, then

the following statements are equivalent:

(1) The embedding JU — U is irreducible.
(2) U is not simple and satisfies both (a) and (b) below:

(a) For every § € B,
ﬂas(ﬁ)—l e € Jp7

and for every 6 € D,
Sag()—-1 -1 € Roy(sy-1-7-0a .

(b) Jp/J*p = 0 or there is an arrow (3’ such that {3'p + J*p} forms a R-basis
for Jp/J?p and (i) and (i) both hold:
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(i) For everyy € C there exists w € pJ such that

Ban-1 i)y = Fw.

(ii) For every 6 € D
Blom_1- - ass)0 € RB'0n-1- - ag(s) -

Proof. Note first that, under the present hypotheses, the conditions (2) are equiva-

lent to those in Conjecture 5.3.2. The conditions 2(a) are identical.

We have that dimg JJoy,_1/J%0,-1 < 1 so that, by Lemma 5.4.2, we can take the
set R of Conjecture 5.3.2(2)(b) to be {#'p+ Jp} or . Then Conjecture 5.3.2(2)(b)(i)

and (ii) reduce to the corresponding parts of this theorem.

Now we get (2) = (1) from [6]. We get (1) = (2)(a) by Proposition 5.3.1, or [6,
page 18].
(1) = (2)(b)(1):
Suppose Jp/J%p # 0. Let 'p € Jp\J?p with §' € T'y. Then f'a,1 € Jon_1\J?a—1
and {# an-1 + J*a,-1} is a basis for Jap_1/J?an—1. We will show that for v € C,
Bom_y Yy € B'pJ. By (2)(a), we know that U = Aei/Jp. Let ¢ = f'p and
K = Jp. By Lemma 5.4.1, there exists a uniserial module U, = Ae/L with mast g,
where

L=Jg+ > (bu—1(uq).
(8 w)up, t(8)=t(q)

Let
U, U JU, U Ae,

H b
where H=A(g+ L,q+ L,0) + A(L,n-1- - @1 + L, 1 - 0ty(y)y) With €5 = s(7).

V =
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Uy

ay AN
AN
/1 N
t N
i \,
i N,

Notice that e,V = f(e; + L,0, 2) + H, where z is a linear combination of paths from
s(y) = e, to ;. We have
JU v 2,

where p(a1+K) = (au+L, 01+ L, 0)+H and ¢((es+L, L,0)+ H) = es + K, ¢((L, o1 +
L,0) + H) = 0 and ¢((L,L,e;) + H) = 0. Then ¢(K) = ¢(f'on-1--a1 + K) =
(g+ L,g+ L,0) + H = 0 and so ¢ is well-defined.

Claim: ¢ is not a split monomorphism; otherwise there would exist x: V — JU
such that xo = id. We have oy + K = x¥p(aq + K) = x(aa + L,y + L,0) =
x(oq + L, L,0) + x(L, 1 + L,0) = x(L, vy + L,0), because x(e1 + L, L, 0) = 0. Also
we have x(L, L,e,) = 0. But

(H) = x((Ly G+ 01 + Ly oy - i) + H) = 0 - 0o + K # K,

which is a contradiction. Therefore 1) splits, since JU < U is irreducible. Hence there
exists x1 : U — V, with ¢¥y; = id. We have x1(e1 +K) = ((ex + L, L, Y1~ kawi) + H),
where w; are the paths from e, to e; and k; € . But ¢ € K and so

0=x(K)=xi(g+K)=(q+L, L,y _kqu)+H.
i=1

Hence,

(@+L,L, > kiqw) € Mg+ L,q+L,0) + A(L,ang o1+ Lyan 1+ (7).

i=1
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Then, by Lemma 5.4.2

(q + L7 L, Zkzqwz) = k(q + L7 g+ L70) + lﬁ’(L, Op-1 Q1+ L: Clpoy - at('y)f)/))
i=1
+ Z liuzﬂ’(L, Qn-1 03+ Lop - "at(-y)’Y) ,

l(ui)zl

where k,[,[; € R. Therefore k =1 and | = —1. Hence,

(*) Blopq-: Qg(y)Y = — Z kifop—y - oqw; — Z Luiflan—y - ()Y -
l(ui)ZI
If we multiply (%) from the left by #(3'); using the fact that quiver does not have
oriented cycles, (' )u; = 0. Then,

Blom 1 ayyyy = — Z/ﬁiﬁlan—l aqw; € BpJ.

(1) = (2)(b)(ii):
Suppose § € D. We will show that F'an—1 - ays)d € BB on-1 - as). Let d: 1 — 3
and ¢ := F'an—1 -+ - . Again let U, = Ae;/L be the uniserial with mast g, with L as

above. Let
_ U, U JU, U Ae;

H H

v

where
H=A4g+L,g+L0)+ALapny- o1+ Loyq-00) + AL, Lyan1 ).

We have
JU v 2L,

where (a1 +K) = (ay+L,0n+L,0)+H and ¥((ey+L, L,0)+H) = ey + K, ¥((L,on +
L,0)+H)=0and ¢v((L,L,e;) + H) =0.

Claim: ¢ is not a split monomorphism; otherwise there would exist x: V — JU such
that x¢ = id. Then we would have o1+ K = xp(an+K) = x((an+L, a1 +L,0)+H) =
x({eq + L,L,0) + H) + x((L,as + L,0) + H) = x((L,0q + L,0) + H), because
x((ex + L, L,0) + H) = 0. Also we know that x((L,L,e;) + H) = ko1 - o1 + K,
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where k € & . Thus, x(H) = x((L, L, 0n—1 - - - ;) + H) = kan_y - - -1 + K. Therefore,
k= 0. But

x(H) = x((Lyan-1 a1+ Lyanq - 08) + H) = an1-ronon + K # K,

which is a contradiction.

Therefore, 1 splits, since JU — U is irreducible. Hence there exists x; : U — V
with ¥x; = id. We have x1(e1+K) = (e;+L, L,0)+ H. Hence, x1(K) = xa(g+K) =
(g1 + L, L,0) + H. Therefore,

(g+L,L,0) € A(g+L,q+L,0) +A(L,an—1-- 01+ L,any - 056)
+A(L,L,Otn_1 .o 'Ot.i).

Then, by Lemma 5.4.2

(g+L,L,0)=k(g+L,g+L,0)+18(L,onr 01+ L,any- - 0)
+ Z LusB (L, 0my -+ -y + L, @pq - - - 56)

I(us)>1

+o(L, Lo - 04),
where [,l, € &, u, € J and v € A. Hence k =1 and ! = —1. Therefore,

(x%) gz =Fopy- 050 = Z lusfan1 -6 +von_1- -,
Hus)21

in Ae;. If we multiply (x#) from the left by ¢(4’); using the fact that there are no
oriented cycles, t()u; = 0. We get

Ban_y- a6 =t van1 - a.

Then t(8")van_1 € Jan-1. But Jan—1 = &B'an_1 + JB ap-y by Lemma 5.4.2. There-
fore,

ﬁ,an~l i '%‘5 = kﬁlan—l et wfana o,

where w € J. But, t(#)w = 0, since there are no oriented cycles. Therefore,
ﬂ,an——l e aj(s = kﬁlanal cre Q. l
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5.5 The Conjecture for the monomial algebras

In this section we prove that the conjecture is true for monomial algebras.

Theorem 5.5.1. Suppose A is a monomial algebra whose quiver has no oriented
cycles and U is a uniserial A-module with mast p. Then the following statements are

equivalent:

(1) The embedding JU — U is irreducible.
(2) U is not simple and satisfies both (a) and (b) below:

(a) (i) For every B € B, Baspgy-1-- a1 =0,
(ii) For every § € D, ogsy—1---c1 =0.

(b) For every 3’ € B’ such that §'p # 0 we have:
(i) For every~y € C, Ban_1--ayyy =0,
(ii) For every 6 € D, flan_1 -+ ays)0 = 0.

Proof. Note first that, since the algebra is monomial, the conditions (2) are equiva-

lent to the ones in Conjecture 5.3.2.

As in Theorem 5.4.3, we have (2) = (1) and (1) = (2)(a).
(1) = (2)(b)(D):
Let p= @n_q---0; and U = Ae; /K. Suppose that there is 8’ € B’ such that Bp+#0
and foy,_1-- 05y # 0 for some v € C, where 54, withz ¢ {1,2,...,n}. By
condition 2(a), V, = {0}. Let

[y—— I * — I
q=Fan1-0, =0 a1y

Since A is a monomial algebra and ¢; # 0; Proposition 2.1.3 says that 0 € V,, fori =1
and 2. Let Uy, := ®,,(0) = Aey/L and Uy, = @4,(0) = Ae,/F, where e, = s(7). Let

Uy UJUy UUg

V= 7 ,
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where
H=A(q1+L,q1+L,F)+A(L,an__1---a1+L,an_1---ai'y+F).

Once again, for v € V, e;v = (key + L, L, z+ F) + H, where z is a linear combination
of paths from s(7) to e;. However, such a path goes through e; and so is a non-route
on ¢, i.e., z € F. We have

U v v,

where ¢: JU — V by + K — (oq + Loy + L, F)+ H and ¥: V — U by
(et +L,L,F)+Hw—e;+K,(Lyay+L,F)+H— 0+K and (L, L,e; +F)+H — 0.
Similar to the proof of Theorem 5.4.3, ¢ and 1 are well-defined, ¢¢ = id|jy and ¢
is not a split monomorphism. We will prove that ¢ is also not a split epimorphism,
which contradicts the irreducibility of JU «— U.

Claim: % is not a split epimorphism; otherwise there would exist x : U — V with
Yx = id. We have x(e; + K) = (e + L,L,F) + H. But ¢; = f'ap1-- 1 € K.
Hence x(K) = x(g1 + K) = (g1 + L,L,F) + H is zero in V. Then (q + L, L,0) =
k(gi+L,q1+L,0)+18 (an-1 -+ 01+L,Qn1 - - - 0yy)y+L, F), where k,[ € R. Therefore
k=1, k+1=0, | =0, which is a contradiction.

(1) = (2)(b)(ii):

Suppose there is 3’ € B’ such that 8'p # 0 and B'ay,_1 - - - o0 # 0 for some § € D.
Let §: i — j. By (a)(ii), s(6) =i # 1. Let

! /
g = an1-01,G 1=5Oén—1"'06j5-

and let U, = Ae;/L; be the uniserial module corresponding to 0 € Vg, for ¢ = 1,2

Let
Uy, UJU, U Ug,

H ?
where H = A(g1,q1,0) + A0, 01 - - 01, o1 - - 050).

14
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Uf]l

o JUg, Uy

We have
JU v 2.,

where p: JU — Vbyay +K — (a3 + L,ay + L,F)+ H and 9: V — U by
(ey+L,L,F)+Hw e, +K,(Lyay + L,F)+H— K and (L,L,e; + F) + H — K.
Similarly, ¢ and v are well-defined.

Claim: ¢ is not a split monomorphism.

Suppose there exists x: V — JU such that x¢ = id. Then, we have oy + K =
x¥(a+K) = x(a1+L, 01 +L, F)+H = x((e1+L, L, F)+H)+x((L, s + L, F)+H) =
x((L,ay + L, F) + H). Also we know that x((L,L,e; + F) = ka;_1 - - - a1 + K, where
k€ & . Then x((L,L,b¢; + F) = kb1 - - - o + K = 0, by (a)(ii), and

X(H)=X(Laan—1"'al+Laan—1"'aj5+F)=Otn_.1"'012(11+K7éK,

which is a contradiction.

Claim: 1 is not a split epimorphism.

Suppose there exists x; : U — V with ¥x; = id. We have x1(e1+K) = (e1+L, L, F)+
H. Hence x1(K) = x1(q1+K) = (@1 +L, L, F)+ H. Therefore (1 +L,L,F)+H = H,

and so
(+LLF)eNg+ L+ L F)+AF(Liany- o+ L,any- 050+ F).

Then (Q1 +LaLaF) = k(Ql+L7Q1 +L7F)+lﬂl(L7an—l'“a1 +Laan——1"'aj5+F)7
with k,1 € &. Therefore k =1, k+1 =0, [ =0, which is a contradiction.
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