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Abstract

This thesis is devoted to the study of the existence and uniqueness of solutions for stochastic
partial differential equations (SPDEs) driven by Lévy noise. The main contributions of this
work are contained in the recent publications [32] and [5]. Article [32] focuses on a stochastic
wave equation with multiplicative Lévy noise. We establish the existence and uniqueness
of a random field solution, relying only on the integrability of the Lévy measure on the
region |z| < 1. Furthermore, we show that this solution has finite moments up to a certain
stopping time, which depends on a bounded region of space. Article [5] studies a broader
class of SPDEs driven by heavy-tailed Lévy noise, which includes the Parabolic Anderson
Model (PAM) and the Hyperbolic Anderson Model (HAM). Specifically, we demonstrate
the existence of solutions for SPDEs driven by symmetric a-stable Lévy noise. Using the
Lepage representation of the noise and techniques borrowed from the theory of multiple
stable integrals, we construct a solution that has a series representation which depends only
on the points of the jump measure associated with the noise.
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Chapter 1

Introduction

The study of stochastic partial differential equations (SPDEs) is motivated by the need to
model systems influenced by random perturbations. These stochastic equations capture the
interplay between deterministic dynamics and stochastic effects, providing a framework to
understand complex phenomena in various fields. Random perturbations appear in a wide
variety of fields, where systems are influenced by unpredictable external or internal forces.
For instance, in physics, Brownian motion exemplifies random particle movements due to
molecular collisions. In finance, the fluctuations of asset prices are modeled using stochastic
differential equations (SDEs) to reflect inherent market uncertainties. Mechanical systems
in engineering are often subject to random vibrations caused by environmental noise, while
in biology, population dynamics can fluctuate due to random environmental factors. One
way to interpret random perturbations is through the concept of noise.

There are several approaches to defining a noise in the literature. In this thesis, we
assume that a noise A on a set U is a stochastic process {A(A); A € % } that satisfies certain
conditions, such as o-additivity and independence over disjoint sets. Here, % represents a
collection of subsets of U that has a specific algebraic structure, e.g. it is a ring. The goal of
the thesis is to study the existence and uniqueness of solutions to non-linear SPDEs of the
form

Lu = o(u)A, (1.0.1)
subject to some initial conditions. We assume that L is a second-order partial differential
operator (such as the wave operator, or the heat operator), o : R — R is a Lipschitz function,
and A represents a noise defined on a domain U C R?. Specifically, this work focuses on the
case where A is a space-time Lévy noise without Gaussian component, and possibly infinite
variance, given by the Lévy It6 decomposition:

A(dt,dz) = bdt dx + / 2J(dt, dz, dz) + / 2J(dt, dx, dz),
{lz1>1}

{lz1<1}

where J is a Poisson random measure with intensity p(dt, dz,dz) = dt dx v(dz), where v is
a Lévy measure on Ry = R\ {0}, i.e

/ (1A 2*)v(dz) < 4o0.

4



1. INTRODUCTION 5

Here, 7 is the compensator of J, i.e. J=J-— L.

We say that a process u = {u(t,z);t > 0,7 € R%} is a mild solution of (1.0.1)) if it
satisfies the stochastic integral equation:

u(t,z) =w(t,z)+ /0 /Rd Gi_s(x —y)o(u(s,y))A(ds, dy), (1.0.2)

where GG is the fundamental solution of LG = §y, where dy is the Dirac measure in 0, and
w is the deterministic solution of Lw = 0 subject to the same initial conditions. We will
consider only mild solutions of equation (|1.0.1)).

The novelty of this thesis lies in the results presented in Chapters [5] and [6] which are
included in articles [32] and [5], respectively. These results can be summarized as follows:

(i) In Chapter , we generalize the results of [4] by establishing the existence and unique-
ness of a solution to the stochastic wave equation with multiplicative Lévy noise, con-
sidering only the p-integrability of the intensity in the region of small jumps, i.e.,
|z| < 1. Specifically, for a fixed interval [0,7], we show the uniqueness of a random
field solution u that satisfies ([1.0.2)) and

sup sup Ef|u(t, z) [P Loy 0y (t)] < +00,
tE[O,T} IEB

for all bounded domains D and N € N, where D is the topological closure of D,
and p > 0 is an exponent satisfying f|z‘<1 |z|Pv(dz) < 400, with v denoting the Lévy
measure of the noise. Here, 7y (D) is aistopping time associated with the light-cone
region corresponding to D.

(ii) In Chapter [ we prove the existence of a solution for a class of SPDEs of the form
Lu = uZ, where Z is a symmetric a-stable Lévy noise. Furthermore, we construct this
solution using the Lepage representation ( also called Ferguson Klass representation, see
also |26]) of the noise along with the multiple stable integrals developed in [50] 5] [52].

SPDEs with Lévy noises provide a mathematical framework to model diffusive or vibrat-
ing systems perturbed by heavy-tailed noises, which are useful for modeling a wide variety
of discontinuous phenomena across several fields, such as financial crashes, turbulent flows,
and certain types of cosmic radiation. The study of discontinuous random phenomena has a
long history in physics, dating back to the early 20th century when researchers first began to
explore systems with sudden changes. Classical models like Brownian motion were initially
used to describe continuous random fluctuations, but they proved inadequate for systems
exhibiting large, unpredictable jumps. This led to the development of models incorporating
discontinuities, such as Lévy processes, which allowed for the mathematical representation
of such phenomena.

Although the study of stochastic differential equations (SDEs) has been a very active
area of research since the development of It6’s stochastic calculus, there is still no unified
theory for solving SPDEs. To the best of our knowledge, there are two main mathematical
approaches to interpret SPDEs:
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(i) The random field approach, introduced by Walsh in [57], which considers the solutions
of SPDEs as real-valued random fields;

(ii) The infinite-dimensional approach, developed by Da Prato and Zabczyk in [21], which
views the solutions of SPDEs as stochastic processes taking values in a Hilbert space.

In this thesis, we focus exclusively on SPDEs driven by Lévy noises, using the random field
approach (i).

We briefly summarize the main developments in the study of SPDEs driven by Lévy
noise with infinite variance with respect to the approach (i).

One of the earliest works on SPDEs driven by infinite-variance Lévy noise was the article
[49] by Saint-Loubert Bié in 1998, where it was proved that the stochastic heat equation
(SHE) on the entire space R%:

%(t, r) = %Au(t, z) + o(u(t,z))A(t,z) t>0,zeR?, (1.0.3)

has a unique solution u that satisfies

sup  Eflu(t, z)["] < +oo0,
(t,z)€[0,T]x R4

provided that o is Lipschitz, the Lévy measure v of the noise A satisfies

/ |z|Pv(dz) < 400 for some p > 0 (1.0.4)
R
and
2
p<ltl. (1.0.5)

Condition (|1.0.5) comes from the requirement that fg Jpa GT_o(x — y)dyds < +oo, where

Gi(x) = (2mt)~4/? exp(—'é—'f) is the heat kernel.

Condition ((1.0.4)) does not hold for the a-stable noise with a € (0,2), for which the
Lévy measure is given by

v(dz) = (craz™ Moo (2) + cca(—2) " L Laog)(2)) dz,

for some ¢y > 0,c_ > 0; see Definition (2.1.9)) below.

In [38], Mueller proved the existence of a solution of (SHE) driven by a-stable Lévy
noise with @ € (0,1) and a non-Lipschitz function o(u) = «” (with 4 > 0) multiplying the
noise. The same problem for the case a € (1,2) was treated by Mytnik in [39]. In [38],
the Laplacian A is replaced by the fractional power of the Laplacian —(—A)#/2 for some

B e (0,2].
The problem of existence of a solution of a general SPDE with a-stable Lévy noise and

Lipschitz function o has remained open until 2014, when Balan [2] established the existence
of a solution of a large class of SPDEs on bounded domains, driven by an a-stable Lévy
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noise. The major breakthrough came in 2017, when Chong [17] finally solved the problem
for equations on the entire space R?. More precisely, he proved the existence of a random
field solution of , in the case when the driving Lévy noise A may have infinite variance.
His construction of the solution relied on the condition that the Lévy measure v of the noise
A satisfies the following condition:

/ |2|Pv(dz) +/ |z|7v(dz) < 400 for some 0 < g < p. (1.0.6)
{l=I<1} {lz>1}

In particular, condition (|1.0.6)) is satisfied by the a-stable Lévy noise.

In 2019, Chong, Dalang, and Humeau [18] generalized the results of [2] to a Lévy noise
with infinite variance, again focusing only on (SHE). They also proved the regularity of the
sample paths of the solution, on a bounded domain and the entire space R%.

In 2023, Balan [4] studied the stochastic wave equation (SWE) on R? with d < 2:

2 .
O t.a) = Bult,2) + ou(t. )AL ), 1> 0,7 R (10.7)

and established the existence of a solution using techniques inspired by [17].

Also in 2023, Berger, Chong, and Lacoin [IT] proved the uniqueness of the solution of
(SHE) on R?, in the case when

o(u) = Pu for some f >0 and v(—o0,0)=0.

However, the uniqueness of solutions for the non-linear (SHE) with a general Lipschitz
function ¢ remains an open problem.

In 2024, in [32], the author of this thesis proved the uniqueness of the solution to ((1.0.7)
on R? in dimension d < 2 , for any Lipschitz function . In the case d = 2, this was
established under the condition:

/ |z|Pv(dz) < 400, for some p € (0,2),
{l=I<1}

while in the case d = 1, no conditions on the Lévy measure were needed.

Regarding approach (ii), it is important to note that stochastic evolution equations
driven by a cylindrical a-stable Lévy noise have been studied extensively by various authors;
see [15], [33] 46] and the references therein. In the case of equations driven by Gaussian noise,
a direct comparison between the results obtained using approaches (i) and (ii) can be found
in [25]. A similar comparison is not available yet in the literature for equations driven by
Lévy noise.

We describe below the content of each chapter of the thesis.

In Chapter [2| we introduce the concepts of Lévy white noise and Lévy basis. In the
literature, there are different ways to define a Lévy white noise. In this thesis, we interpret a
Lévy noise as a random measure. We then present the theory of stochastic integration with
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respect to a Lévy basis, using the framework developed in [13] [19, [16], based on the concept
of Daniell mean. (The stochastic integral which appears on the right-hand side of is
understood in this sense.) This integration theory has been successfully applied to the study
of SDEs and SPDEs with heavy-tailed noises in |17, 16} 18] [4]. In addition, we introduce the
local property of the stochastic integral, which plays a fundamental role in this thesis.

In Chapter [3| we study in detail some auxiliary results that allow us to work “locally in
time” when dealing with a Lévy basis which may not have any finite moments. These results
are crucial for deriving desirable properties of the stochastic integral and ensuring that the
solution has finite moments, locally in time (up to a stopping time). Additionally, we briefly
explore the connection between this local property and suitable stopping times, which enable
us to obtain the existence of solutions on the entire space R%. It is worth mentioning that
these tools for solving SPDEs are inherited from the techniques developed by Protter in the
monograph [43] for SDEs driven by semi-martingales.

In Chapter [4 we study the groundbreaking results of [I7]. This was the first article to
prove the existence of a solution of an SPDE (namely (SHE)) on the entire space, driven
by a Lévy noise with possibly infinite variance. The techniques developed in [17] are also
applicable to (SWE), as shown by Balan in [4]. The main focus of this chapter is to delve
into the proofs of Theorem 3.1 from [I7] and Theorem 2.7 of [4].

In Chapter , we present the main results of the recent article [32], written by the

author of this thesis, concerning the existence and uniqueness of solutions for (SWE) in
spatial dimensions d < 2, extending the results of [4]. Specifically, we establish the following
results:
(i) We first prove the uniqueness of the solution, using a methodology similar to |17, 4],
based on the self-map property of the stochastic Volterra operator associated with (SWE),
and the past light-cone property (PLCP) of the wave equation. This result is obtained under
condition (1.0.6). Note that in the case of (SWE) in dimension d = 1, we only need to
impose the following condition:

/| |z|7v(dz) < 400, for some ¢ > 0. (1.0.8)
z|>1

(ii) Next, we establish the existence and uniqueness of the solution of (SWE), using tech-
niques different from those in [I7, 4]. This approach leverages the PLCP derived from the
compact support property of the fundamental solution of the wave operator. Remarkably,
this enables us to obtain a solution without requiring condition . Additionally, we de-
rive a novel bound for the moments of the solution, valid up to a stopping time that depends
on a spatial region in R?.

In Chapter [6] we present the results from the recent preprint [5], by the author of this
thesis and Balan. In this chapter, we introduce a novel method for solving the parabolic
Anderson model (PAM) and the hyperbolic Anderson model (HAM) driven by a symmetric
a-stable (SaS) Lévy noise. These models refer to equation ((1.0.1)) with o(u) = u, in the case
when L is the heat operator, respectively the wave operator. For (HAM), we assume that
the spatial dimension is d < 2. This method leads to an explicit series representation of the
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solution, and does not require the use of stopping times. The main tools used in this chapter
are the Lépage representation of the SaS Lévy noises, and the theory of multiple stochastic
integrals developed in [50, 51l 52, 53]. We should mention that the existence of a solution of
(PAM) driven by Lévy noise with positive jumps was proved in [9] using a different method
than in [5]. This method relies on the “continuum directed polymer” developed in [11], and
consists in solving the equation driven by the truncated noise with jumps that exceed a fixed
value a, and then let @ — 0. A different truncation method was used in [16], 17, [I8] for (SHE)
with general Lévy noise multiplied by a Lipschitz function o(u). This method relies on first
solving the equation driven by the noise truncated to the region {(z, z);|2| < Kh(x)} for a
suitable function h(z), up to a stopping time 7x, show that the solutions are consistent if
K < K', and finally paste together all these solutions. Unfortunately, this method does not
yield uniqueness of the solution. The same truncation method was used in [4] to show the
existence of a solution of (SWE) on R? with d < 2.

Finally, the appendices provide supplementary material and technical results that are
used in the thesis. Appendix A contains some basic results about stochastic integration with
respect to a compensated Poisson random measure. Appendix B contains some results from
analysis.

We conclude the introduction by specifying the notation used in this thesis.

e R, is the set of non-negative real-numbers: R, = [0, 00).

e Ry is the set R\{0} equipped with the distance d(z,y) = |[z7! —y71|.
e B(Ry) is the class of Borel subsets of Ry.

e 5,(RRy) is the class of bounded Borel subsets of Ry.

e (2, F,P) is a complete probability space, endowed with a right-continuous filtration
(ft)t€R+'

e [? is the set of all random variables defined on (2, F,PP), equipped with the norm
. 1,
|1 X, =E[|X]P]if0<p<1and||X]||,:=(E[X[F])? ifp>1

e [0 is the set of all random variables defined on (2, F,P), equipped with the pseudo-
norm || X||p := E[| X]| A 1].

e L is the set of all random variables defined on (2, F,P), equipped with the norm
|| X |0 :=1nf{C > 0: P(|X| < C) =1}.

e )\, is the Lebesgue measure in RY,
e B(E) is the class of Borel sets A C E, for some Borel set F C R%.
e B,(E) is the class of bounded Borel sets A C E.

e Py is the predictable o-field on €2 x R,.
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e P is the tempo-spatial predictable o-field on € x R, x R4,
e P is the set of all P-measurable maps ¢ : Q x R, x R? — R.
e Py is the set of all sets A € P such that there exists k € N with A € Qx [0, k] x [k, k]“.

B is the class of bounded domains in R?. (A domain is an open connected set.)

For D € 98, D is the topological closure of D with respect to the usual topology.

[R,S] :={(w,t) € 2 x Ry; R(w) <t < S(w)} for two Fy-stopping times R and S.

(R,S] == {(w,t) € 2 xRy; R(w) <t < S(w)} for two Fy-stopping times R and S.

For p € (0, 00|, BP is the set of all ¢ € P such that

l|o|pr = sup l|o(t, )||, < 400, forall T eR..
(t,z)€[0,T]|x R4

For p € (0, 00|, B

loc

is the set of all ¢ € P such that

l|6|lpr.r == sup sup ||o(t, )|, < +oo, forall T, R € R;.
tel0,T] |z|<R

If 7 is a F-stopping time, ¢ € B} (1) if ¢l € B, ie.,

loc loc?

sup sup ||o(t, x)Lpo-(t)|], < 400, forall T, R € R;.
te[0,T] |z|<R

B.(z) :={y € R%; |z — y| < r} for x € RY and r > 0.

A is the Laplacian operator, i.e.

d 82
A:Z;ax?.



Chapter 2

Lévy bases

In this chapter, we introduce the concept of Lévy white noise and establish the framework
for performing stochastic integration with respect to such noise. Notably, the Lévy noise
considered in this thesis may not have finite variance. Since [t6’s foundational work, several
theories of stochastic integration have emerged, depending on the properties of the noise and
its regularity. In this work, we use the theory of stochastic integration with respect to an
LP-random measure developed in [12, 13|, 19, B1]. However, this is not the only theoretical
framework for developing stochastic calculus, even within the random field approach. For
example, if we consider a noise that is a martingale in time, such as the Gaussian white
noise, the stochastic integration theory developed in [57| has had a profound impact on the
study of SPDEs with Gaussian noises, leading to breakthrough results, such as [22]. On the
other hand, if the noise exhibits a heavy-tailed distribution and behaves as a semi-martingale
in time, the stochastic integration theory developed in [57] is not well-suited for this case.
Hence, we will require using the theory for stochastic integration with respect to a semi-
martingale originated in [13], and later extended in [12} 19, BI]. In particular, this theory
relies on the concept of the Daniell mean, which allows us to perform stochastic integration
in the absence of moments. That is, we can integrate with respect to an L°-random measure
that may have infinite moments of any order.

This chapter is organized as follows. In Section[2.I] we introduce the concept of infinitely
divisible (ID) independently scattered random measure. In Section , we present the
construction of a Lévy white noise. Section introduces the concept of Lévy basis and
reviews the theory of stochastic integration with respect to this object, that will be used
throughout this thesis. In Section [2.4] we examine some local properties of the stochastic
integral with respect to a Lévy basis.

2.1 ID independently scattered random measures

In this section, we introduce the concept of infinitely divisible (ID) independently scattered
random measure, which is a generalization of a classical process with independent incre-
ments indexed by the real line. These objects play a crucial role in various fields, such as

11
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signal processing and mathematical finance. Many well-known noise processes belong to
this class, such as Lévy noises, Gaussian noises, and more general processes used to model
discontinuous phenomena. Although the notion of infinitely divisible noise is not recent and
has been studied from various perspectives since Lévy’s foundational work [36] in 1937, it
was not until 1989 that the formal characterization of an ID independently scattered random
measures was fully developed. In the foundational work [44], Rajput and Rosinski provided
the necessary structure for understanding how these random measures can be used to model
both spatial and temporal random effects. In particular, these authors provided the spectral
representation of an ID random measure, and provided the necessary and sufficient condi-
tions for integrability with respect to these objects, in the case of non-random integrands.
This theory extends classical results from finite-dimensional stochastic processes to more
complex infinite-dimensional settings. We note that the case of random integrands is not
studied in [44]. To address this case, first one has to embed the ID independently scattered
random measure into a Lévy basis, and then use the theory of integration with respect to
this object. This will be reviewed in Section 2.3]

Recall that a random variable X has an infinitely divisible (ID) distribution if for any
n > 1, there exist some i.i.d. random variables X;,..., X, such that X 4 X +...+X,.

We present now the definition of an ID independently scattered random measure, which
was introduced in [44].

Definition 2.1.1. Let E be a Borel-measurable subset of RY. An independently scattered
random measure on E is a collection M = {M(A); A € B,(E)} of random variables defined
on a probability space (2, F,P), with the following properties:

a) For any sequence {A;};cn of disjoint sets in By(E) with (J,.y Ai € By(E), we have:
M <U Ai> =Y M(4) as, (2.1.1)
ieN ieN
b) M(A;),...,M(A,) are independent, for any disjoint sets A;,..., A, € By(E).

If in addition, M(A) is infinitely divisible for any A € By(F), we say that M is an ID
independently scattered random measure.

Note that since the variables { M (A;)};>1 are independent, by Lévy equivalence theorem
(see Theorem 5.3.4 in [20]), (2.1.1)) is equivalent to

M (U AZ-) => M(A;) in L (2.1.2)

€N i€N

Note that convergence in the L°-norm is equivalent to convergence in probability, since
for any ¢ € (0,1),

1
| X||o <e+P(|X]|>¢e) and P(|X|>e)=P(|X|A1>¢)< EHXHLO.
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ID independently scattered random measures are characterized using the following class
of measures in R.

Definition 2.1.2. We say that v is a Lévy measure on R if it satisfies the following conditions:

/]R (1A 2*)v(dz) < +oo and v({0}) = 0.

Let M be an ID independently scattered random measure. Since M (A) is ID for every
A € By(FE), we have:

E [e"MD] = exp {z’uvo(A) — - U;(A) + /R(em —1- iUT(Z))VA(dZ)}a (2.1.3)

where v9(A) € R, v1(A) > 0, v4 is a Lévy measure on R and 7 : R — R is the truncation

function given by
z if |z] <1,
SORE S
1 if |z] > 1,
Moreover, vy and v; are signed measures on F.

The following result is presented in [44] in a slightly more general form.
Proposition 2.1.3 (Proposition 2.1 in [44]). Let E be a Borel-measurable subset of R?. For

any triplet (b, o, v) with b € R, 0 € R and v a Lévy measure, there exists an ID independently
scattered random measure M on F, such that for any A € By(F) and u € R,

2 2

E [ei“M(A)] = exp {)\d(A) (iub - u20 + /R(ewz -1- Z’LLT(Z))V(dZ)) } (2.1.4)

If (2.1.4) holds, we say that M has triplet (v, 0, v).

We include below a well-known example of an ID independently scattered random mea-
sure.

Example 2.1.4. A Gaussian space-time white noise on R x R? is a zero-mean Gaussian
process W = {W(A); A € B,(R; x R%)} with covariance:

E[W (AW (B)] = A1 (AN B) for any A, B € By(R, x R%). (2.1.5)
For this process,

2

E [ei“W(A)] = exp { — /\dH(A)%} for all A € By(R, x R%).

Note that T is a random measure that takes values in L?(Q), i.e. W : By(R,; xR?) — L?(Q),
and for any disjoint sets {A;}ien in By(Ry x RY) with J,.y Ai € By(Ry x RY), we have

W (U Ai) => W(A) in L*(Q).

1€N 1€EN
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We define W(14) = W(A). By linearity and a density argument, we can extend this
definition to all functions f € L%(R, x RY). We say that

W(f) :/R . f(t, x)W(dt,dx)

is the Wiener integral of f € L?(R, x R?) . Relation (2.1.5) can be extended as follows: for
any functions f, g € L*(R, x R9):

E[W(f)W(g)] = (f, g>L2(]R+><Rd)

In the case of random integrands, a theory of stochastic integration with respect to W
was developed in [57], using the concept of worthy martingale.

The random field W (t,z) = W([0,t] x [0,z]) is called a Brownian sheet. Below is a
simulation of this process on [0,1] x [0, 1].

0.0
1.0

Figure 2.1: Simulation of the Brownian sheet on [0, 1] x [0, 1]

Note that there exist Gaussian noises which are not independently scattered random
measures. For example, the fractional Gaussian noise (fGn) does not satisfy condition (b)
of Definition Recall that the fGn with indices Hy, Hy, ..., Hy € (%, 1) is a zero-mean
Gaussian process W = {W(A); A € By(R, x R?)} with covariance

EW W) = [ [ [Tl - P s,
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where t = (tg,t1,...,tq),s = (80,51, ..,54) € Ry x R Moreover, the f{Gn does not induce
a semi-martingale in time: for any A € By(R?), the process {W;(A) := W ([0,t] x A);t > 0}
is a fractional Brownian motion (modulo a constant), which is not a semi-martingale (see
[40]). Therefore, the stochastic integration in the Ito6 sense is not well-suited for fGns, and
one must consider the stochastic integral in the Skorokhod sense (see page 40 in [41]).

An important class of ID independently scattered random measures are the Poisson
random measures (PRMs). In particular, PRMs are key objects in the theory of stochastic
processes: any semi-martingale with cadlag (i.e. right continuous with left limits) sample
paths has a jump part which can be described by a PRM.

Before providing the definition of PRMs, we present some preliminary concepts.

Let E be a Borel subset of R and U = E x Ry. Let M,(U) be the set of point measures
on U, equipped with the topology of vague convergence. Recall that a point measure is a
Radon measure with values in the set {0,1,2,...}. (We say that p is a Radon measure on
U if u(F) < +oo for any compact set F' C U. If (u,)n>1 and p are Radon measures on U,
we say that (u,),>1 converges vaguely to p if p,(F) — p(F) for any compact set F' C U.)
We let M,,(U) denote the Borel o-field generated by M,(U).

Definition 2.1.5. A Poisson random measure (PRM) on U of intensity p is a map N : Q —
M, (U) which is M, (U)-measurable and satisfies the following properties:

(i) N'(F) has a Poisson distribution with mean p(F)Y for any Borel set F in U;

(ii)) N(Fy),...,N(F,) are independent, for any disjoint Borel sets Fi, ..., F, in U.

We denote by PRM(u) a Poisson random measure (PRM) with intensity measure p.

If NV is a PRM on U of intensity p, we define the compensated process N by
N (F) = N(F) - u(F)

for any Borel set F' in U with u(F) < oo. Unlike MV (w, ), /\A/'(w, -) is not a measure for any
fixed w € Q0.

A Poisson random measure N on (E,B,(E)) with finite intensity measure p can be
expressed as a sum of Dirac delta measures. Specifically, NV is represented as

VoS
=1

where {X;};>1 are iid. random elements in F with law p/u(E), and 7 is a Poisson-
distributed random variable with mean p(E). Each point X; is treated as an atom, and
dx,(A) is equal to 1 if X; € A, and 0 otherwise. Thus, the Poisson random measure can be
understood as a collection of point masses, where the measure N'(A) counts the number of
random points X; that fall within the set A, i.e. N(A) = card{i > 1; X; € A}.

An important component of a space-time Lévy noise is the jump part, which is governed
by a PRM on R, x R% x Ry. This PRM controls the frequency and magnitude of jumps,

!We use the convention that N'(F) = +oo a.s. if u(F) = 400
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ensuring that the larger jumps occur less frequently, but still contribute significantly to the
overall dynamics of the system, without causing singularities or concentrations of large jumps
in compact regions of space-time. Meanwhile, the small jumps, which often accumulate near
zero intensity, are typically modeled by the compensator of this PRM, ensuring that this
part behaves like a local martingale in time. In a bounded region of R? a Lévy noise can
exhibit an infinite number of jumps. A consequence of this is that a Lévy noise behaves as
a semi-martingale with respect to time. A PRM under these conditions is often given by a
PRM () on Ry x R? x Ry, where the intensity measure is given by

p(dt, dz,dz) = Ay (dt, dz)v(dz).

Here, v is a Lévy measure on R. Note that p(F) < +oo for all F € By(R, x R? x Ry).

On the other hand, if v is not a finite measure, i.e., there exists ¢ € (0, 1] such that
v({|z] < e}) = 400, then
p(A x{|z] <e}) = 400

for any A € By(R, x RY) with A\gy;(A) > 0. This implies that J has an infinite number of
points in the region {|z| < e}.

The notion of a Lévy white noise can be defined in various ways. In this thesis, we
define a space-time Lévy white noise as an ID independently scattered random measure on
R, x RY. For further details on the equivalence and unification of the definitions of Lévy
noises, we refer the reader to Chapter 2 of [28].

Definition 2.1.6. A space-time Lévy white noise is a process L = {L(A); A € By(R, x RY)}
given by:

L(A) = bAar1(A) + oW (A) + Loman(A) + Liarge(A) (2.1.6)
where b € R, 0 > 0, W is a Gaussian space-time white noise,
Loman(A) := / 2J(dt,dx,dz), and  Lige(A) == / 2J(dt, dx, dz).
Ax{lz|<1} Ax{lz[>1}

o~

Here J is a PRM independent of W with intensity p = A\gy1 x v, J = J —p, and v is a Lévy
measure. We say that (2.1.6]) is the Lévy—Ité decomposition of L.

Lemma 2.1.7 (Lemma 2 of [2]). A process L with representation (2.1.6]) is an ID indepen-
dently scattered random measure on F =R, x R? and has (b, 0,v).

Remark 2.1.8. (i) By Theorem 6.6 in [42], Lnan = {Lsman(A); A € By(R, x RY)} is a

centered process with finite variance

E [|Zonat(A)[2] = Ags1(4) / 121P0(dz) < +o0.

{lz1<1}

Moreover, the process t — Lgnan([0,1] x B) is a martingale for any fixed B € B,(R?).
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(ii) On the other hand, since p(Ax{|z] > 1}) < 400, the process Liarge = { Liarge(A); A €
By (R, x R%)} satisfies

| Liarge (A)| = Z]-A<,-Ti7Xi)Zil{|Zi\>1} < 400 a.s.,

1>1

where (T}, X;, Z;) are the points of J. Note that the sum above has a finite number of terms
that are non-zero. In addition, ¢ — Liuee([0,¢] X B) is a cadlag processes with trajectories
of bounded variation on any finite time interval.

Note that if ¢ = 0, we say that L is a pure-jump space-time Lévy white noise.
The following definition introduces an important class of Lévy white noises. SPDEs
driven by this type of noise will be examined in Chapter [6]

Definition 2.1.9. Let « € (0,2) be arbitrary. A Lévy noise L with triplet (b, o, v) is called
an a-stable Lévy noise if 0 = 0 and v = v, where

Va(dz) = (cxaz™ N (g00)(2) + cea(—2) " L (Loo)(2)) dz, (2.1.7)
for some ¢y > 0,c_ > 0. In particular, if b=0 and ¢y =c_ = %, then
1 —a—1
Vo(dz) = §a\z| L2101 dz, (2.1.8)

and we say that L is a symmetric a-stable (SaS) Lévy noise.

Note that an a-stable Lévy noise is in fact an a-stable random measure, in the sense of
Definition 3.1.1 of [53]. We discuss this briefly below. More properties of a-stable random
measures can be found in Chapter 3 of [53].

Definition 2.1.10. A random variable X has an «-stable distribution with stability index
a € (0,2), location parameter p € R, scale parameter o € [0, +00) and skewness parameter
g € [—1,1], if for any u € R,

E (ei“X) = exp {—|u\°‘0CY (1 —isgn(u) B tan %) + iuu} , fa#l,
or 9
E (e™X) = exp {—|U|0 (1 + isgn(u) f=In |U|) + WM} , ifa=1
s
We denote this distribution by S, (o, 3, ).

Definition 2.1.11 (Definition 3.3.1 [53]). An ID independently scattered random measure
M that satisfies
M (A) ~ Sa(m(A)"®, 5,0)

is called an a-stable random measure on (E,By(E)) with control measure m and skewness
intensity 5. If B =0, we say that M is a symmetric a-stable (Sa.S) random measure.
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n.o

1.0
Figure 2.2: Simulation of a symmetric a-stable Lévy sheet on [0,1] x [0,1], i.e. L(x,y) =
L([0,z] x [0,y]) for x,y € [0, 1], with o = 1.5.

Lemma 2.1.12 (Lemma 3 of [2]). An a-stable Lévy noise on R, x R? with drift term given
given by

f{|z|<1} 204(d2) if a<l,
b= (c- —cy) [[T(sinz — 2lqz<ay)z2dz i a=1, (2.1.9)
— f{|z|>1} 2v4(dz) if a>1,
is an a-stable random measure with control measure m given by:
*sinx !
m(A) = C ' A\gy1(A)  where O, = </ dx) , (2.1.10)
0o T

for any A € By(R,; x R?), and skewness intensity = cy —c_.

By a direct calculation, it can be proved that

b=5

if a#1,

a —
where b is the constant given by (2.1.9) and 5 as in Lemma [2.1.12]

Remark 2.1.13. Let L be an a-stable Lévy noise with representation (2.1.6)) with o = 0.
Then, we have the following decompositions of L:
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(i) For any A € By(R, x R?),
L(A) = / zJ(ds,dy,dz), if a <1, (2.1.11)
AxR

and

o~

L(A) = / zJ(ds,dy,dz), if a>1, (2.1.12)
AXRO
provided b is chosen as in (2.1.9)).

(ii) f a=1,b=0, and ¢, = c_, then L satisfies

L(A) < lim zJ(ds,dy,dz). (2.1.13)

€20 J Ax{|z|>€}

Indeed, for € € (0,1), by the symmetry of the noise,

X.(A):=L(A) — / zJ(ds,dy,dz)
Ax{lz]2e)}
= 2J(ds, dy, dz) —/ zJ(ds,dy,dz) (2.1.14)
Ax{|z|<1} Ax{e<|z|<1}

= / 2J(ds, dy, dz).
Ax{|z|<e}

Note that X.(A) € L*(Q) although L(A) and [, ..., 2J(ds,dy, dz) may not be in
L?(Q). Hence, by (2.1.14) and Chebysev’s inequality, we have: for any § > 0,

2

1 N
IP’<|X6(A)| > 5) < SE / zJ(ds,dy,dz)
0 Axc{|z|<e}

1
== |z|*v(dz)dsdy — 0 as e — 0.
0 Ax{|z|<e}

Hence, (2.1.13) holds.

In a nutshell, an ID independently scattered random measure on E is a collection of
elements of L° (indexed by subsets of F), which are independent for disjoint regions of
E. Thus, it is natural to develop a stochastic integration theory based on convergence in
probability, as in [55], which was the first work to establish a theory of stochastic integration
for random integrators. This theory was later used in [44] to characterize the class of (non-
random) integrable functions with respect to an ID independently scattered random measure.
For Gaussian random measures such as W in Example Walsh developed a theory of
stochastic integration for predictable processes; see [57]. However, for Lévy white noises that
lack LP-integrability conditions, we can only develop a stochastic integration for deterministic
integrands, as in [44]. To develop a theory of stochastic integration for predictable processes,
it is necessary to embed the ID independently scattered random measure into a Lévy basis, as
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in [16]. This approach connects the concept of ID independently scattered random measures
in [44] with the theory of random measures established in [13], which will be discussed in

Section 2.3]

For the remainder of this section, we give the characterization of deterministic functions
that are L%-integrable with respect to an ID independently scattered random measure M,
as outlined in [44].

We say that f is a simple function if it is given by
= ail (@), (2.1.15)
i=1

where Ay, ..., A, are disjoint sets in By(F) and ay, . .., o, € R. We denote by S the collection
of simple functions of the form (2.1.15). If f is a simple function of the form ([2.1.15)), we
define the stochastic integral of f with respect to M by:

— /Ef(;c)M(dx) — Z@ZM A

and stochastic integral of f on the set A € B,(FE), with respect to M, by:

Mf):/Af(x) Zaz (AN A)

Definition 2.1.14. Let M be an ID independently scattered random measure in £ C RY.
A Borel measurable function f : E' — R is M-integrable if there exists a sequence {fntn>0
in S such that

i) fn— f as. for n — +oo,

ii) for every A € By(E), the sequence {I{(f,)}n>0 converges in probability, as n — +o0.

If f is M-integrable, we set
M(f) = lim 1Y(f).

n—-+o0o

One of the main goals in [44] is to characterize integrable functions with respect to an
ID independently scattered random measure, as follows.

Proposition 2.1.15 (Theorem 2.7 in [44]). Let E € B(R?) and M be an ID independently
scattered random measure on F, with triplet (b, o, ). Let f : E — R be a Borel measurable
function. Then f is M-integrable if and only if the following conditions hold:

i) [glbf (@) + Jg2f (@) (Lepey<r — Lsp<a)v(de)|de < +o00,

ii) fE lof(z)|*dz < 400,
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i) [, p(|2f(@)]? Al)dzr(dz) < +oo.

Moreover, if f is M-integrable, then

E [e"0)] = exp { /E (ibf ey - "22“2 F@)P + / CRIGESE iUf(x)T(z))V(dZ)>daf}-
(2.1.16)

Note that (2.1.16)) is the analog of the Lévy-Khintchine formula for classical Lévy pro-

cesses.

Remark 2.1.16. An extension of Proposition [2.1.15| to the case of random integrands is
given by Theorem 4.1 of [19], using stochastic integration techniques developed in [13].

Proposition gives a full characterization of non-random L% integrands with respect
to a Lévy white noise L, in terms of the triplet (b, o,v). However, if we aim to integrate
predictable processes with respect to M without any moment assumptions, we need to modify
the structure of the noise L. This issue will be addressed in Section 2.3l Note that the noise
L possesses moments of order p depending on the integrability properties of v. Indeed, for
any p > 0, we have:

/ |2|Pv(dz) < +oo < E[|L(A)P] < oo for all A € By(Ry x RY). (2.1.17)
{lz1>1}

Remark 2.1.17 (Pure-jump Lévy white noise with finite variance). Let L be space-time
Lévy white noise given by (2.1.6)) with o = 0. Suppose that the Lévy measure v satisfies:

/ |2]*v(dz) < +o0, (2.1.18)
{lz1>1}

and b= — [,y zv(dz). (Note that (2.1.18) implies that [, [2[v(dz) < +00.) Then for
all A € By(R; x R?), and

L(A) = / 2J(dt, dz, dz).
AXRU

Clearly, L is a centered process with finite variance. Hence, for a fixed B € B,(R?), the pro-
cess {X; = L([0,t] x B);t > 0} is a square-integrable martingale (with possibly discontinuous
sample paths), making it suitable for theories typically used for L?-random measures, such

as Gaussian noises and Walsh’s theory [57]. Additionally, in this case, the isometry property
holds:

2
E |/R+Xw f(s,y)L(ds, dy)

= m2/ E [|f(s,y)?] dyds,
Ry xRd

for any predictable function f, where my = [, |2/*v(dz). Consequently, the existence and
uniqueness of solutions to SPDEs with finite-variance Lévy noise can be established similarly
to the space-time Gaussian case (see for instance [0, [§]).
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2.2 Construction of a space-time Lévy white noise

In this section, we present a construction of the space-time Lévy white noise, as outlined
in Section 2 of [2]. Since the continuous part of Lévy noises has been widely studied in
the literature, we assume in this construction that the space-time Lévy white noise has no
Gaussian component.

Let J be a PRM on R xR4x R, with intensity measure pu(dt, dz, dz) = Agi1(dt, dz)v(dz),
where v is a Lévy measure on Ry. We assume that J has the point representation

J = Z 5(Ti7Xi7Zi)‘

i>1

Let {e;};>1 be a strictly decreasing sequence of positive real numbers such that ¢; | 0 as
j — +o0o and gy = 1. Let us define

I''={zeRje; <|z|<egjr},j>1, and Ip={ze€R;|z| >1}.
For any A € By(R, x R?), we define
Lj(A) = / sd(dt drdz) = Y Zidgery, §20. (2.2.1)
AxLy (T:,X;)eA

Note that L;(A) is a finite sum for all j > 0 since I'; is bounded away from 0, which implies
that J(A x I';) < 400 a.s. For any j > 0, the variable L;(A) has a compound Poisson
distribution with jump intensity measure Ag1(A) - v[r,, i.e.,

E[e*Fi )] = exp {)\d+1(A)/F (e™* — 1)u(dz)}, ue R (2.2.2)

j
It follows that

E[L;(B)] = Aier(A) /

Ly

.zu(dz), and Var[L;(A)] = A\g+1(4) / 22v(dz),

L

for any j > 0. Define

Y(A) =Y (L;(A) — E[L;(A)]) + Lo(A). (2.2.3)

Jj=1

The sum ([2.2.3) converges a.s. by Kolmogorov’s criterion, since {L;(A) — E[L;(A)]};>1 are
independent zero-mean random variables with

S Var[L;(4)] = A (A) / 2(dz) < oo

i>1 |z|<1
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By (2.2.2) and (2.2.3)), it follows that Y (A) is an infinitely divisible random variable with

characteristic function given by the Lévy-Khintchine formula, i.e.,

Ele™" ] = exp {)\d+1(A) /(6“” —1- W]l{z|<1})y(d2)}v u€R. (2:2.4)
R

In particular the process Y defined in (2.2.3)) is a space-time Lévy white noise with decom-

position (2 with b =0 and o0 = 0.

Remark 2.2.1. Iffl o1y [2v(dz) < oo then E[Y (A)] = E[Lo(A)] = Aa+1(A) [i,5q, 2v(d2)
is finite. In this case, if we define

Jj=0

then {L(A); A € By(R, x R?)} is space-time Lévy white noise with zero-mean, and charac-
teristic function:

R[] = exp {)\dH(A) /(ei“z -1- iuz)l/(dz)}, u e R.
R
If in addition, [, ., [2]*/(dz) < oo, then Var[L(A)] is finite and is given by:

Var[L(A)] = Aay1(A) /{ - |2’ (dz) < .

An example of such a process is the Gamma white noise for which the measure v is given by
v(dz) = az e Pl

for some @ > 0 and § > 0. For this process, X(A) := L(A) + afA\;11(A) has a Gamma
distribution with parameters a\;;1(A) and p.
(i) If fq.j<qy [2[v(dz) < oo, then 37, E[L;(A)] = [}, <y 2v(dz) is finite, and we can
define
A) =" Li(4)
Jj=0

Note that Z = {Z(A); A € By(R, x R?)} is space-time Lévy white noise with characteristic
function:

R[] = exp {)\d+1(A) /R(ewz - l)y(dz)}, u € R.

If in particular v is a finite measure, then Z is a compound-Poisson process.
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2.3 Lévy bases

In this section, we introduce the definition of a Lévy basis and present the construction and
main properties of the stochastic integral with respect to this object, closely following the
notation and terminology of [I6]. In a nutshell, a Lévy basis in space-time is a random
measure in the sense of [I3], with its space-time component acting as an ID independently
scattered random measure as in [44]. Specifically, the theory developed in [13| 19, [16] en-
ables integration of random processes with respect to a random measure, provided that
this random measure induces a semi-martingale in time. Note that in the absence of the
temporal component, we cannot define a semi-martingale, which means that results from
[13, 19} 16] cannot be applied without time. Therefore, in this section, we work exclusively
in a space-time region.

In this section, we assume that £ = [ x R, where I = [0, T for some T'> 0 or [ = R,.
For any t € I, we define

;.- T if I=10,T],
YT (t4o0)  if T=R,.

Let P be the predictable o-field on Q x R, x RY, i.e.
P = (&),

where £ is the class of linear combinations of elementary processes of the form (2.3.4)) below.

Let (2, F,P) be a probability space. We assume that this space is complete, i.e. if
A e F,P(A) =0and B C A, then B € F. We assume that (2, F,P) is endowed with a
right-continuous filtration (F;):>o. (Recall that a filtration is an increasing collection (F;):>o
of sub-o-fields of F. The filtration is right-continuous if Ngsy JFs = F; for all t > 0.) Let

75{3 = {A € P,; A C E}, where Py is the set of all sets A € P such that there exists k € N
with A C Q x [0, k] x [k, k]<.

Definition 2.3.1. A Lévy basis on E is a mapping A : PF — L° which satisfies the following:

(1) A(0) =0 aus. B B
(2) For any disjoint sets (A;)i>1 in P with (J,5, Ai € PF,

AUA) =AMy i 2
i>1 i>1
(3) For all A € PF with A C Q x [0,¢] x U, A(A) is F-measurable.
(4) For all A € PE and F € F; for some t € I,

AAN(FxI;xU))=1pAAN(Qx [, xU)) as. (2.3.1)

(5) For any disjoint sets (B;);>1 in By(E), {A(Q x B;)};>1 are independent. Moreover, if
B € By(E) is such that B C I, x U for some t € I, then A(2 x B) is independent of F;.

(6) For any B € B,(E), A(2 x B) has an infinitely divisible (ID) distribution.

(7) for any t € I and k € N, A(Q x {t} x [k, k]?) =0 as.
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Intuitively, a Lévy basis is a generalization of a Lévy process. But for our purposes, it
is important to realize that if A is Lévy basis, then the process Z defined by

Z(B) =A(Q2x B) forall B € B,(E) (2.3.2)
is an ID independently scattered random measure.

Similarly to the classical Lévy-Ito6 decomposition of a Lévy process, a Lévy basis on E
has a canonical decomposition (see Theorem 3.2 of [19]): for A € PF

A(A) = B(A) + A°(A) +/

Ex{lz|<1}

1a(t, 2)2N(dt, dz, dz) +/ 1a(t,x)zN(dt,dx,dz),

Ex{|z[>1}

(2.3.3)
which contains three terms:
(i) a drift term, given by a deterministic signed measure B on E;
(ii) a continuous component, given by a Gaussian random measure A“ on E with variance
measure C
(iii) a pure-jump component, characterized by an underlying Poisson random measure N on
U = FE x Ry of intensity measure p, whose compensated version is called N.

Moreover, B, C' and pu(-, dz) have respective densities b(t, x), ¢(t,z), and v(t, z, dz) with
respect to the Lebesque measure. When these densities do not depend on (¢, z), we say that
A is a homogeneous Lévy basis. If C' = 0, we say that A pure-jump. If b(t,z) = 0 and the
measure v(t,z,-) is symmetric for all (¢, x), then we say that A is symmetric.

Definition 2.3.2. A homogenous Lévy basis A with canonical decomposition (2.3.3]) with
B =0, A =0 and v = v, (with v, given by (2.1.8))) is called a Sa.S Lévy basis.

Note that if A is a SaS Lévy basis, then the process Z given by (2.3.2) is a SaS Lévy
noise, as specified by Definition [2.1.9

We recall now briefly the construction and main properties of the stochastic integral
with respect to a Lévy basis A, which shares many elements with the classical stochastic
integral with respect to semi-martingales.

Definition 2.3.3. (i) A simple integrand on E is a linear combination of indicators of the
form 1, with A € PE.
(ii) An elementary process is a linear combination of processes of the form

X(t,x) =Ygy (t)p(x), (2.3.4)
where Y is F,-measurable, 0 < a < b, (a,b] C I and B € By(U).

We let S be the set of all simple integrands and £ be the set of all elementary processes.

Recall that P = o(&). In particular, a set of the form A = F x (a,b] x B with F € F,,
0<a<b, (a,b] CI,and B € By(FE) is in PE. Moreover, by property (2.3.1)) of A, we have:

A(F x (a,b] x B) = 1pZ((a,b] x B). (2.3.5)

The next result gives another representation for P.
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Lemma 2.3.4. P =P, ® B(R%), where Py is the predictable o-field on Q x R,

Proof. Let £ be the set of all linear combinations of processes of form ([2.3.4)).

(a) We first prove that any process X € £ is P ® B(R?)-measurable. This will imply
that P C P ® B(R?), since P is the minimal o-field with respect to which all processes in £
are measurable.

Let X € &£ be arbitrary. Without loss of generality, we may assume that X is of the form
(2-3.4). Since (w,t) — Y (w)liy(t) is P-measurable, and z — 14(z) is B(R?)-measurable,
it follows that (w,t,2) — Y (w)1(ep(t)1a(z) is P ® B(R?)-measurable.

(b) For the reverse inclusion, it is enough to prove that R C P, where R is the set of
rectangles of the form F' x B, with F' € P and B € B(R%). For this, we will use a A — 7-class
argument. More precisely, let £ be the class of all sets F' € P such that F' x B € P for all
B € B(RY). Note that £ is a o-field.

We need to prove that £ = P. For this, we observe that P = o(A) where A is the
m-system consisting of sets of the form

k
F=()F, with F={(wt)€QxRy;X(wt)e A}, (2.3.6)

=1

where k > 1, X7,..., X are simple processes, and Ay, ..., Ay € B(R). It is enough to prove
that
AcCL. (2.3.7)

This will imply that P = o(A4) C £, and hence P = L. To prove (2.3.7), let F' be a set of
the form ([2.3.6). We have to prove that F' x B € P for all B € B(RY). Let B € B(R?) be
arbitrary. Then

Fx B=(F;x B) =({(w,t,2); Xi(w,t) € A,z € B}.

i=1 i=1

Note that

{(w,t,2); X;(w,t)1g(x) € A} ={(w,t,2); Xi(w,t) € Aj,x € B} U{(w,t,2);0 € A;,x € B°}.
The last set is @ x R, x BCif 0 € A;, or 0 if 0 & A;. Hence

{(w,t,2); Xi(w,t)1p(z) € AIN(Q xRy x BY) if 0 € 4

{(w,t,2); X;(w,t) € Aj,x € B} = { {(w,t,2); Xi(w, t)1p(z) € A;} if 0 ¢ A

In both cases, {(w, t,2); Xi(w,t) € A;,x € B} € P. Hence F x B € P. i

The two sets S and £ are not the same, but every process in £ can be approximated by
a process in S, as shown by the next lemma.

Lemma 2.3.5. For any process X € &, there exists a sequence (S,),>1 in S such that for
all (¢,z), S,(t,x) = X(t,x) as n — 400 and |S,(t,z)| < |X(t,z)| for all n.
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Proof. Without loss of generality, we assume that X is an elementary process of the form
(2.3.4). By Theorem 13.5 of [14], there exists a sequence (Y;,),>1 of simple random variables
such that Y, — Y, |Y,| < |Y] for all n, and each Y,, is a linear combination of indicator
functions of the form 1p with F' € F,. It suffices to take S,(t,x) = Y, 1(ay(t)15(x). |

For any A € PE, let [ 14dA = A(A). By linearity, we extend this definition to S. For
any predictable process H and p > 0, we define the Daniell mean:

/SdA

Recall that || - ||, is defined differently for p = 0, p € (0,1), and p > 1. See the notation
given in the introduction.

|H|[ap = sup (2.3.8)

SeS,|S|<|H]|

p

Note that the Daniell mean satisfies the triangular inequality:

[Hy + Hallap < 1Hillap + | H2llap- (2.3.9)

Definition 2.3.6. Let A be a Lévy basis and Z be the corresponding ID independently
scattered random measure (given by (2.3.2))). Let p > 0 be arbitrary and H be a predictable
process.

(i) We say that H is p-integrable with respect to A if there exists a sequence (S,),>1 in S
such that ||.S,, — H||ap — 0 as n — oo. If p = 0, we simply say that H is integrable with
respect to A.

(ii) We say that H is p-integrable with respect to Z if H is p-integrable with respect to A.

By simplicity, in the remainder of this thesis, we use the following notation:

-l =1 [lao-

We denote by L°(A) the class of integrable processes with respect to A, which is the closure
of § with respect to || - ||a. If Z is the ID independently scattered random measure induced
by A (via relation (2.3.2))), by abuse of terminology, we let

LNZ) = L°(A) and ||-]lz=1"[la (2.3.10)

For any S € S, we denote I*(S) = [ SdA. Unlike Itd’s theory, the map " S = I0is
not an isometry! But the fact that this map satisfies the following trivial inequality

IA(S) |0 < |S]la forall S €S (2.3.11)

is sufficient for extending I* from S to L°(A). More precisely, if H € L°(A) and (S,)n>1 is
the approximating sequence of simple integrands given by Definition [2.3.6| then {I*(S,,)}n>1
is a Cauchy sequence in L° since

172(S0) = I*(Sm)llzo < 1Sh = Swlla < 15w = Hlla + [|Sm — Hlla — 0,
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as n,m — oo. By definition, we set I*(H) = lim,, o, I*(S,,) in L°, and we say that I*(H)
is the stochastic integral of H with respect to A (or Z). We will use both notations:

INH) = /HdA = /HdZ =I%(H). (2.3.12)

By approximation, it follows that inequality ([2.3.11)) can be extended to L°(A):
| 7A(H)||o < ||H||a for all H € LO(A). (2.3.13)

In the case that H is p-integrable with respect to A, contraction property (12.3.13)) holds with
respect to || - ||ap, i-€.
M) < [ H lag- (2.3.14)

The stochastic integral I* satisfies the dominated convergence theorem. We include
this result below, since we will use it often in the present thesis. This result was stated as
relation (2.6) of [13]. The form that we present here corresponds to Theorem A.1 of [1§].

Theorem 2.3.7 (Dominated Convergence Theorem for I*). Let A be a homogeneous Lévy
basis. Let (H,),>1 be predictable processes such that (H,),>1 converges pointwise to H,
and |H,| < |Ho| for all n, for some Hy € L°(A). Then H,, H € L°(A) and ||H,, — H||» — 0.
Consequently,

NH,) - I*(H) in L°

Theorem 4.1 of [19] gives necessary and sufficient conditions for integrability with respect
to an arbitrary L°-random measure (see Definition 2.1 of [19]); by Remark 4.4 of [19], a Lévy
basis is an orthogonal L°-random measure. We include the statement of this result below for
a homogeneous Lévy basis, which is a generalization Theorem 2.7 of [44], that corresponds
to ID independently scattered random measures with deterministic integrands.

Theorem 2.3.8 (Theorem 4.1 of [19] for homogeneous Lévy bases). Let A be a pure-jump
homogeneous Lévy basis, with canonical decomposition ([2.3.3) (with A® = 0), and H be a
predictable process. Then H € L°(A) if and only if

/ U(H(t,x))dzdt < oo a.s. and / Vo(H (t,x))dzdt < oo a.s., (2.3.15)
E E

where

Ut) =ty + |

s (T(yz) — yT(z))V(dz) and Vy(y) = /R(\yz|2 A 1v(dz),

for any y € R, where 7(2) = 21{;<13-

In the particular case of a SaS Lévy basis, b = 0 and v = v, is given by (2.1.8). So, in
this case, U(y) = 0 (by symmetry) and Vy(y) = 52 |y|* (by direct calculation). This means
that condition (2.3.15)) is equivalent to H € L*(E) a.s. More precisely, we have the following
corollary.
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Corollary 2.3.9. Let A be a SaS Lévy basis, and H be a predictable process. Then
H € L°(A) if and only if

/|H(t,:1:)]ada:dt < 400 as. (2.3.16)
E

The following result shows that for elementary processes, the stochastic integral I
coincides with the It6 integral (defined in the Walsh’ sense [57]). We include its proof since
we could not find it in the literature.

Theorem 2.3.10. Let X be an elementary process of the form (2.3.4). If A is a pure-jump
homogeneous Lévy basis, and Z be given by (2.3.2)), then X € L°(A) and

INX)=YZ((a,b] x B) aus. (2.3.17)

Proof. Note that U(X(t,z)) = U(Y)1l@y(t)1p(x) and Vo(X(t,2)) = Vo(Y )1 (t)1p(x).
Hence, condition ([2.3.15)) holds, and X € L°(A).

Let (Sn)n>1 be the sequence of simple integrands given by Lemma [2.3.5(ii). More

precisely, if Y,, = ZZ L @inlp,, with a;, € Rand F;, € F, is the sequence of simple random
variable such that Y,, — Y and |Y,,| < |Y| for all n, then

kn
Sn(t,x) = Zazan 1(a b](t)lB<x)
=1

Using ([2.3.5)), we obtain that:

1(S,) = zﬂ:ai,nA(F, (a,b] X B) Zam (a,b] x B) =Y, Z((a,b] x B).

=1

Relation (2.3.17) follows letting n — oo, since I*(S,,) 4 IA(X), by Theorem [2.3.7

2.4 Local property of the stochastic integral

In this section, we discuss some local properties (in time) of the stochastic integral with
respect to a Lévy basis, as defined by . In particular, these properties are important
for constructing solutions of non-linear SPDEs, since they enable us to work up to a suitable
stopping time where the stochastic integral has some nice properties.

As in Section we assume that £ = I x RY, and we let (Q, F,P) be a complete
probability space, endowed with a right-continuous filtration (F;)¢>o.

We begin by recalling the following classical definitions.

Definition 2.4.1. A random variable 7 : Q — [0, +00] is a stopping time with respect to a
filtration (F;)e>o if {7 <t} € F, for every ¢ > 0.
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Definition 2.4.2. Let {X;};>0 be a stochastic process and B € B(R). Define
T =inf{t > 0; X, € B}.
Then 7 is called a hitting time of B for X.

Definition 2.4.3. We say that a process {X;}i>o is adapted with respect to a filtration
(Ft)e>o if X is Fi-measurable, for any ¢ > 0.

Theorem 2.4.4 (Theorem 3, Chapter 1 of [43]). Let {X;};>0 be a process with cadlag
sample paths, which is adapted with respect to a filtration (F;):>0. Let B be an open set.
If 7 is a hitting time of B for X, then 7 is a stopping time.

Theorem 2.4.5 (Theorem 4, Chapter 1 of [43] ). Let {X;};>0 be an adapted cadlag stochas-
tic process, and B be a closed subset of R. Then, the random variable

7=1inf{t > 0; X; € Bor X;,_ € B}
is a stopping time.

For the rest of this section, we assume that the filtration (F;):>o is fixed.

Definition 2.4.6. We say that a stopping time 7 is elementary if it takes finitely many
values, i.e. T can be expressed as
T = Z ti]lAi
i=1

for some t; > 0 and A; € F,, for any ¢ = 1,...,n.

Definition 2.4.7. Let A be a Lévy basis on E = [ x U. We say that a predictable process
H is locally integrable with respect to A (and we write H € LY _(A)) if there exists a non-

loc
decreasing sequence {7, }nen With 7, T 400 a.s. for n — 400, such that

H™ € L°(A) for all n € N, (2.4.1)
where H™ is the stopped process, defined by H™(t,x) = H(t,x)1o.,7(t).

Proposition 2.4.8 (Proposition 2.13 of [13]). For any Lévy basis A, L) (A) C L°(A).

The following local property of the stochastic integral plays an important role in this
thesis. While different versions of this property can be found in [13| 12} 31], we include its
proof here because we could not find a direct reference that addresses it with respect to a
Lévy basis, as defined in Section [2.3]

Proposition 2.4.9. Let A be a Lévy basis on F and H € L) (A). If 7 is an elementary
stopping time, then for any ¢t € I,

Lo (1) /0 /U H(s, y)A(ds, dy) = 1jo.1() /0 /U Hs,y)Lpo(s)A(ds,dy).  (24.2)
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Proof. Step 1. First, we prove that (2.4.2)) holds for a process H given by H(s,y) = 1a(s,y),
with 4 € 75bE We will prove that

]lﬁoﬁll(t)/o /U]lA(s,y)A(ds,dy):]l[[O,T]](t)/O /U1A(s,y)]l[[oyTH(S)A(ds,dy). (2.4.3)

Assume that 7 takes values 0 =ty < t; <ty < ... <{tn,+1. Then the stochastic interval
[0, 7] can be decomposed as

No
[0,7) = ({r = 0} x {t = 0} U [ {7 > tura} X (tu, tura]. (2.4.4)
n=0
Hence,
No
Lo = Lp=opgr=0) T Y Lirstusabx(tntusal- (2.4.5)
n=0

Observe that we can re-arrange the sum on in the following way:

No No No+1
Zﬂ{fzth}X(tn,th] = Z Z Tty Lt g = Z L=ty % (0,60 (2.4.6)
n=0 n=0 i=n+1
Then, we can re-write (2.4.5)) as
No+1
Lo = Lg—opeir=oy + D Lirmta}x(0tal- (2.4.7)
n=1

Hence, by (2), (4), (7) in Definition we have:
/ / La(s, 9) Lo (s)A(ds, dy) = A(AN ([0, 7] x U) N (@ x [0,4] x U))

= ZA (AN {7 >t} X (tny taga] X U) N (2% [0,8] x U))

- Zn{TZtHl}A(A N (X (tn, tna] X U)N(Q % [0,8] x U)) (2.4.8)

n=0

No t
gD DL A L R I
0 JU
N0+1

=3 1 tn}/ /ms 9)L 0.1 (5)A(ds, dy).
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Using the same argument as in (2.4.6) and the linearity of A on P,, we can re-arrange the
sum in the last equality of (2.4.8|) as follows:

No t
Z]l{rzml}/ /ﬂA(S’y)]l(tn,tnﬂ](S)A(d&dy)
n=0 0 JU

No+1

t
=y ]]-{Ttn}/ /]lA(Say)]l(O,tn}(S)A(dsady)'
n=1 0 JU

Additionally, for a fixed ¢ € {1,2,..., Ny}, it holds:

(2.4.9)

Lirmty Lo (8) = Tir=ry Lo, (1). (2.4.10)

Hence, by (2.4.7)), (2.4.8), (2.4.9)), and (2.4.10)), we have:

t
101 (1) / / a5, 1)1 o1 ()A(ds, dy)
0 U
No+1

t
S TR T0) / / 4(5, 1)1 (02, (5) A (ds, dy)
n=1 0 U

No+1

t
= Z ]l{thn}ll(o,tn](t)/ /]lA(S,y)]l(o,tn}(S)A(dS,dy) (2.4.11)
n=1 0 U

No+1

t
= Z L=ty L0.60) (1) / / La(s,y)A(ds,dy)
n=1 0 U

=10 (®) | s 0)A s dy).

Step 2: Consider now the case when H € L{ (A). By Proposition 2.4.8) H € L°(A).

loc
Then, there exists a sequence of simple integrands {5, },en such that ||H — S,|la0 — 0 as

n — 400. By the linearity of I* and Step I above, we have:

t t
]l[[O,‘r]] (t)/ / Sn(‘sv y)A(d87 dy) = ]l[[O,T]] (t)/ / Sn(say)]l[[O,T]] (S)A(d57 dy)a (2412)

0o Ju o Ju
for all n € N. Letting n — +o0 in (2.4.12]), we conclude that (2.4.2]) holds. |

The next result shows that Proposition holds for any stopping time 7.

Proposition 2.4.10. Let A be a Lévy basis on F and H € L (A). If 7 is a stopping time,
then for any ¢ € I,

]l[[mﬂ](t)/o /UH(s,y)A(ds,dy):]l[[o,ﬂ}(t)/o /UH(s,y)]l[[oyﬂ](s)/\(ds,dy). (2.4.13)
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Proof. Let {7,},>1 be a sequence of elementary stopping times such that 7, — 7 as
n — +o00. By Proposition m, H € L°(A). By Theorem m (Dominated Convergence
Theorem for random measures), I*(H™) — I*(H) in L°, as n — oo. Hence, there exists a
subsequence {ny}>1 such that

lim /Ot/UH(S,y)]l[[omk]](s)/\(ds,dy) :/Ot/UH(s,y)]l[[oyTﬂ(s)A(ds,dy) a.s.

k—+o0

In addition, it is clear that

lim 1g0., (0 /O t /U H(s, y)A(ds, dy) = Ty (1) /0 t /U H(s,y)A(ds, dy) as.

k—+o00

By Proposition [2.4.9] we have:

Lo (1) /O /U H(s,y)A(ds, dy) = 1jp., 1(0) /0 /U H(s,y) L, ()A(ds, dy).  (2.4.14)

Letting k£ — 400 in ([2.4.14)), we obtain ([2.4.13]).



Chapter 3

Truncated Lévy noises

In this chapter, we will introduce the truncated Lévy noise, which is a fundamental tool for
the construction of random-field solutions of SPDEs driven by infinite-variance Lévy noise.
The use of a truncated noise for constructions of solutions is a well-known technique for
solving stochastic differential equations (SDEs), as outlined in [I2, [43]. One of the main
challenges in working with SPDEs with heavy-tailed noises is the lack of p-moments and
finite variance. This makes approximating a solution a challenging task, as there is no
suitable Banach or Hilbert space in which a full solution can be constructed. In particular,
working with a truncated noise allows us to derive nice properties of the stochastic integral
operator, such as bounded moments and self-mapping properties. Using a pasting argument
with an increasing sequence of stopping times, we can then construct a global solution for
SPDEs with heavy-tailed noises.

Throughout the study of SPDEs in this thesis we often omit the continuous part of a
Lévy basis, i.e. we assume that A = 0 in , since this part has been widely studied. To
be precise, we are interested in studying SPDES Wlth a pure-jump Lévy basis Aon F = I xU,
given by

A(A) =0 / L (t, z)dtdz + / Da(t, 2)2J (dt, dz, dz)
E Ex{|z[<1}

N (3.0.1)
+ / 1a(t,x)zJ(dt,dz,dz) for all A € PE,
Ex{|z|>1}

where b € R, J is a Poisson random measure on E X R with intensity m(dt dr,dz) =
dt dx v(dz), and J is the compensated Poisson random measure of J, given by J=J—m.
Here, v is a Lévy measure defined on R.

We fix n > 0, and we consider the truncation function

h(z) =1+ |z|", for all z € R%

Let N € N be arbitrary. The truncated Lévy basis Ay (corresponding to A and h) is

34



3. TRUNCATED LEVY NOISES 35

defined by:

-~

An(A) = b/ ]lA(t,x)dtd:I:—l—/ La(t,x)zJ(dt,dz, dz)
E Ex{lz[<1}

(3.0.2)

+/ 14(t,z)zJ(dt,dx,dz) for all A € ﬁbE
Ix{(z,2)eUxR;1<|z|<Nh(z)}

Note that Ay is a truncated version of A on the region I x {(z,2) € U x R;|z| < Nh(z)}.

Figure 3.1: Graphical representation of the non-standard truncation region {|z| > Kh(x)},
where h(z) = K(1 + |z|") with n > 0 and K > 2. The shaded gray region represents the
band {|z| < 1}.

In Figure [3.1] the blue shaded region corresponds to {(z,z) € U x R : |z| > Nh(x)},
while the gray shaded region represents the small jumps {(z,2) € U x R : |z|] < 1}. The
classical truncation region corresponds to the case h(z) = 1.

We introduce also another truncated version of A, which corresponds to the truncation
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function h(x) = 1, and is given by

o~

An(A) = b/ 1 4(t, x)dtdw+/ 1a(t,z)zJ(dt,dz,dz)
E Ex{lz1<1}

- (3.0.3)
+ / 14(t,2)2J(dt,dx,dz) for all A € PL.
Ex{1<|z|<N}

3.1 Moment inequalities

In this section, we study certain moment inequalities of the stochastic integral with respect
to the noises given by and , under specific integrability conditions on the Lévy
measure associated with these noises. For simplicity, we assume that F = [0,7] x R<.
However, the main results of this section can be easily adapted to E = [0,7] x U, where U
is a bounded domain of R?.

As in [I7], we introduce the following assumption.

Assumption 3.1.1. There exists 0 < ¢ < p such that

04! =/ |z|Pv(dz) < oo and 7o :/ |z|7v(dz) < o0, (3.1.1)
{lzI<1}

|z|>1

In addition, if p < 1, we assume that b = f{|2|<1} zv(dz).
Under Assumption [3.1.1, we have the following decompositions:

(i) If p <1, then

Aw(A) = / La(t, 2)2J(dt, dx, d2). (3.1.2)
Ex{|z|<Nh(z)}
due to the condition b = f‘z|<1 zv(dz).
(ii) If p > 1, then
An(A) = Dn(A) + Ln(A), (3.1.3)
where
Dy(A) = / T1a(s,y) (b —i—/ zu(dz)) dxdt
E 1<|z|<Nh(z)

and

-~

L(A) = / La(t,2) 2J(dt, dr, d2).
Bx{|2|<Nh(z)}

Proposition 3.1.2. Let h(z) = 1+ || for some 7 > 0, and suppose that Assumption [3.1.1]
holds. Then, the following inequality hold for any N € N:

[ leuds) < NP b (3.1.4)
|z|<Nh(y)
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If p>1, then
P

/1<| |<Nh( )zy(dz) < %(Nh(y)"™, (3.1.5)

< 277 (]bI + 9% (NA(y))P™?). (3.1.6)

and

b+ / zv(dz)
1<|z|<Nh(y)

Proof. For (3.1.4)), we have:

/ 2Pu(dz) = / l2[Pw(dz) + / (2[Pw(d2)
|z|<Nh(y) |z|<1 1<|z|<Nh(y)

- / |2[Pw(dz) + / 2P|z (dz)
|z|<1 1<|z|[<Nh(y)

< [l + Nuyye [ Japvaz)
|z|<1

1<|7]
< NP79(y1 + ) h(y)P 7.

For (3.1.5)), if ¢ € (0, 1], we get:

p
/ tdn) ) = | 21l 0(d2)
{1<|2|<Nh(y)} {1<[|2|<Nh(y)}

< | [Nh (1-9) 2% (dz
< ([ )] /{ e >>
< [Nh(y)P" =098 < [Nh(y)]P~995.

p

Now, assume that ¢ > 1: since N h(y) > 1 and p > ¢, we have:

p
(/ |Z|V(d2)) <7z < [NA(Y)]" "7
{1<|s1<Nhw)}

Inequality (3.1.6]) follows directly from (3.1.5) and the inequality |a + b|P < 2P~ 1(|al? + |b]?)
for a,b € R. |

For the subsequent lemma, we use the following notation.

(i) G: Ry x RY — R is a measurable non-negative function.
(ii) gp(t,2) = Gi'(x) + Ge(x)Lp>1y for p > 0.

(iii) Z¢2 () (s, y) == Gis(x — y)p(s, y)Lyss}, for any (¢, z) € Ry x R? and ¢ € P.
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(iv) Given ¢ € P, we define the random field T (¢) given by

Sw@)t)i= [ [ Gsle = ool u)An(ds.dy),

for all (t,z) € R, x R? where o is a Lipschitz function.

Lemma 3.1.3 (Lemma 3.3 in [I7]). Let 7 > 0 and N € N be fixed. If Ay satisfies

Assumption and
T
/ / gp(t, z) da dt < 400,
0 JRd

then we have the following estimations:

(i) For any (t,z) € [0,T] x R? there exists a constant C' = C(T, N,p) > 0 such that for
all ¢ € P, we have:

E[En () (¢ 2)"] < C/Ot /Rd gt = 5,2 —y) L+ E[lo(s,y)IP]) h(y)" " dy ds. (3.1.7)

(ii) For any (t,x) € [0,T] x R%, there exists a constant C' = C(T, N,p) > 0 such that for
all (t,x) € [0,7] x R and ¢y, ¢ € P with Ty (1) (¢, x), Tn(d2)(t,z) < +00 a.s., we
have:

E[|Tn(01)(t, ) — Tn(2) (t, 2)[]

3.1.8
s C/ /Rd 9p(t — 5,2 —y)E[[¢1(s,y) — da2(s,y) [P M(y)" ™ dy ds. ( )

Proof. Case p < 1: by decomposition (3.1.2) and (A.1.3)), we get:

/ /R by ts(x—y)la(aﬁ(s,y))\”|z!pu(dz)dydsl

Cr Ls(r — E||o(s,y) P z[Pv(dz) | dyds
<cr [ [ g te—u+E Qo y>'”</z|§wy>" ( >> y

E[|%n(0)(t,x)P] <E

<Cr [ [ g0 r =)0+ B ol )P Do) “dyis

(3.1.9)
where the last equality is due to (3.1.4)).
Case p € [1,2): using decomposition (3.1.3)), we have:
r P
E[[Tn(0)(t, )["] Scp{E [ Ge-s(z —y)a(d(s,y)) Dn(dy, ds) ]
R
- (3.1.10)

IR / t [ G.to = oot Lu(ds.

Iy
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First, we estimate the integral term with respect to integral Dy in (3.1.10]). Indeed, note

that
t p—1
< Crpe (/ Gis(x — y)dyds)
0 Jrd

[ [ 6= +1s6.00) (b o )zu(dz>> dsdy]

=OT,p,a/0 g Qt_s(fv—y)(l+]E[|cb(s,y)|p])<b+/1

p

B|| [ t [ 61e.(o = )oo(s.9) Dty ds)

E

p
zz/(dz)) dsdy
)

<|z|<Nh

< Crpo [ [ Giesle = )1+ Ellols. i) Do) "dsdy

(3.1.11)
where the last inequality is due to (3.1.6). Now, by (A.1.2), it holds:

. P

E / [ Gi-s(z = y)o(e(s,y)) Ly (ds, dy) ] <
0 JR
t

ce| [ [ 2 = Dlo(0(s, ) PlelPv(dz)dyds

0 JRIx{|z|<Nh(y)} (3.1.12)

< Crpo Gl (x—y)(1+E[o(s,y)lP 2[Pv(dz) |dyds
< Crpe [ [ OFue =m0+ (o y>u></|zw(y)u ( >>y

< Crpe [ [ |08 le =)0+ E (o5, PDAy "y

Now, we assume that p > 2. Clearly, inequality (3.1.11]) holds for p > 2. For the term
involving Ly, we use the maximal inequality (A.1.1)) as it follows:

p]
ya
2

< CE ( / / I CEL GO u<dz>dyds> (3.1.13)

E /0 » G s(x —y)o(é(s,y)) Ly (ds,dy)

- t
+ G / / gfs(fv—y)U(cb(s,y))l”lZl”V(dZ)dyds]-
| Jo JRix{l1<Nh)}

Regarding the second term in the right hand side of (3.1.13)), we can estimate it in the same
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way as in (3.1.12). For the first term on (3.1.13)), by Holder’s inequality, we have:

p

2

CE ‘ [ G — 1)o(0(s.9)) PlePo(d=)dyds
REx{[z|<Nh(y)}

<o [ [ ge—nasiy) ™ [ [ 62—+ Blloto.) Dt sy

C [ [ Gse =)+ G2 e = )1+ ElJo(o. ) DIty sy

where the last inequality is due to |z|* < |z| + |x[P for all p > 2.
(ii) can be proved in a similar way as in (i). |

Remark 3.1.4. Let || - ||o,, be the Daniell mean with respect to Ay (for p > 0), given by
233).

(i) By Lemma A.2 in [18], and using the similar arguments as in the proof of Lemma[3.1.3]
it can be proved that for ¢ € P and (t,z) € [0,T] x R?,

E HTN(QS)(t,iL‘)FD] < ||I(t,$)(0.(¢))||p\/1

An,p
< [ [ alt=so=) A+ Elon)lDheydyds

provided that Z()(o(¢)) is p-integrable with respect to Ay. (Note that the first
inequality above is due to the contraction property (2.3.14)).)

(i) Similarly, for all (t,2) € [0,7] x R? and ¢1, ¢ € P, such that T (o(¢;) and
ZE2) (o(py)) are p-integrable with respect to Ay, we get:

E | Tx (1)t 2) — T () (L 0] < 1T (0 (61) — o)L
<c / / Golt — 5,2 — Y)E[|61(5,) — dals,9)[) h(y)P~? dy ds.

For the noise Ay defined by (3.0.3), Lemma 6| holds under weaker conditions than
those in Assumption [3.1.1] Indeed, if we set:

@)t~ [ [ Gl =m0t Enlds.dy),

for any (t,7) € R, x R? and ¢ € P, then using the same calculations as in the proof of
Lemma [B.2.6] we obtain the following result.

Lemma 3.1.5. Let "> 0 and N € N be fixed. If there exists p > 0 such that

T
/ / gp(t,z)drdt < 400, and / |z|Pr(dz) < o0,
0o Jre l2|<1

then we have the following estimations:
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(i) For any (t,z) € [0,T] x R?, there exists a constant C' = C(T, N,p) > 0 such that for
all ¢ € P, we have:

EIEv@aP] <C [ [ aft—sa—n(+ElolsnPDdyds. (3110

(i) For any (t,z) € [0, T] x R%, there exists a constant C' = C(T', N, p) > 0 such that for all
(t,z) € [0, T]xR?and ¢y, ¢po € P with Ty (¢1)(t,2) < +oo a.s. and Ty (d2)(¢,x) < +00

a.s., we have:

E [|[Tn(61)(t 2) = Tw(a)(t, )]

(3.1.15)
<0 [ [ ot =55 0B 65.) — onls.0) ) s,
R
Proof. First, note that
/ 2 Pu(dz) = / 2 Pu(dz) + / 2w (dz)
|z|<N |z|<1 1<|z|<N (3116)
< / |z|Pv(dz) + NPv{l < |z| < N} < +o0.
|z|<1
and
P
|/ zv(dz)| < NP(r{l < |z| < N})P < +o0. (3.1.17)
1<|z|<N
If p< 1, we can write Ay as
An(A) = / La(t,2)2J (dt, do, d2). (3.1.18)
Ex{|z|<N}
due to the condition b = f\z|§1 zv(dz). If p> 1, we can write Ay as
An(A) = Dy(A) + Ly(A), (3.1.19)
where
Dy(A) = / Ta(s,y) | b +/ zv(dz) | dxdt,
E 1<|2|<N
and

Ta(A) = / La(t,2) 2J(dt, dx, d2).
Ex{|z|<N}
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Case p < 1: We use the decomposition - So, by (A.1.3), it holds:

/ / g y>|o<¢<s,y>>|p|z1pu<dz>dyds]
Rix{|z|<N}

<o [ [ g o= +Elots )P ( /. !zlpv(dz)> dyds

<Cr [ [ a0+ Ellots )iy,

E[|Zn(g)(t,z))] <E

(3.1.20)
where the last equality is due to (3.1.16)).
Case p € [1,2): using decomposition (3.1.3)),
p
E [[Ex(6)(t, )P Scp{E / Gr- oz~ 4)o(6(5,)) D (dy, ds) ]
R
) (3.1.21)
LR / G~ ) (9(s, ) En(ds, dy) ] }
R
Note that
P p—1
/ Gi—s(x —y)o(é(s,y))Dn(dy, ds) ] < Dp</ Gis(z — )dyds)
R4 Rd
p
/ Gi—s(x —y)(1 + [o(s,y) ") b+/ zv(dz) dsdy]
R4 1<|z|<N
p
—CT/ Gis(x —y) (L +E]|o(s,y)|P]) b+/ zv(dz)| dsdy
R4 1<|z|<N
<0r [ [ ey +Elots, P isay
0o Jr
(3.1.22)
where the last inequality is due to . Now, by , it holds:
t p
B[ [ [ 6o = volo(s.u) Tntds.dy)
0 JRd
t
CoE // gfs(x—y)|0(¢(87y))|p|Z|pV(dZ)dyd8]
0 JRO|2 <N} (3.1.23)

<cr [ [ ara—na+Efonr) ( /. |z|%<dz>) dyds

<o f t [ G2 =)+ B ol
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Case p > 2: note that inequality (3.1.22)) holds for p > 2. For the term involving Ly,
we use the maximal inequality (A.1.1]) as it follows:
p]

<CE ( / / NGO u(dz)dyds> (3.1.24)

P _ P|,|P
vOE| [ G el )Pl v(dz)dyds].

‘ /O y Gi_s(x —y)o(é(s,y)) Ly(ds, dy)

P

The second term in the right hand side of (3.1.24]) is bounded in the same way as in (3.1.23)).
For the first term on (3.1.24)), by Holder’s inequality, we have:

P
2

CE ‘ / / G2 (& — y)o (s, y) Pl (d=)dyds
Rax{|2|<N}

<o [ [ Gw-ast)™ [ [ 62 w— 0+ Blots sy
C [ [ e =)+ 68w =)0+ Bl )Py,

where the last inequality is due to |z|? < |z| + |z|P for all p > 2. |

3.2 Stopping times and local property

In this section, we assume that £ = R, x R? and we study the relation between A defined
by (3.0.1) and Ay defined by (3.0.2). Moreover, we show that under suitable conditions,
there exists a non-decreasing sequence {7y} y>1 of stopping times such that

A(A) =AN(A) as. on {t <7y},

for all A € P, with A C Q x [0,#] x R

Lemma 3.2.1 (Lemma 3.2 in [I7]). Assume that Assumption is satisfied. Let h(z) =
1+ |z|" with some n € Ry. For any N € N, we define

T
Ty = inf {T eR;: / / Lyp2isNa(@)y J(dt, dx, dz) # O}. (3.2.1)
0o Jrixr

If n > d/q, then 75 > 0 a.s. for all N € N and 7y 1 00 a.s. for N 1 oo.
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Proof. First, for a fixed N € N, let us define the set
RN = {(x,z) ERYXR : |z| > Nh(x)}.

So, note that
T
/ / L{ofsNn)y J(dt, dz, dz) = J([0,T] x RY)
0 RIxR

Then, we can re-write 7y as:

v = inf {T eR, : J([0,T] x R¥) # 0}-

Note that if we prove that
J0,T] x RY) < 0 as. (3.2.2)

then 7y > 0 a.s for all N € N. Otherwise, if 7y = 0, there exists a sequence {71}, },en C [0, 7]
such that T;, — 0 as n — oo and J([0,T;,] x RY) > 0, then there are infinitely many points
of J in [0,T] x RY, which is a contradiction with J([0,T] x RY) < +c0 a.s.

Now, we will show (3.2.2)). Consider the partition of R? defined as Uy = () and
U, ={z e R |z| <77 V2T(1+d/2)Y"nY*}\U,_1, neN,

This partition has the following properties: A\4(U,) = 1 for all n € N. For any z € U, we
have

h(z) > Cn—1)"" neN,
for some constant C' independent of  and n. Note that for any 7' > 0 and N € N fixed,
0,7] x {(x,2z) €U, xR : |z] > Nh(z)} C [0,T] x Uy, x {|z] > a,} = E,, n €N,

where {a,}nen C Ry is the sequence defined as a; = 1 and a,, = C N(n — 1) for n > 2.
Moreover, we can choose a; = 1 since Nh(x) > 1 for all z € R%. Then,

/ / Lyjz1>Nhyy J(dE, d, dz) / / Lo, (%) Lgp2js Na(@)y (2, 2) J(dt, dx, dz)
RIxR RIxR

sz / [ 1@ a2t o d2)
=170 JRIxR

=> J(E,)

(3.2.3)

Note that J(E,) is a Poisson random variable which is well-defined for each n € N, since
{lz| > a,} is bounded away from 0 for all n € N. So, if we prove that J([0, 7] x U,, x {|z| >
an}) # 0 a.s for a finite number of values n € N, then the sum in the last line of is
finite almost surely. Hence, J([0,7] x RY) < +o0 a.s.
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To prove that »_ -, J(E,) < +oc a.s is enough to show that

o0

> PHJ(E,) > 0}) < +oo, (3.2.4)

n=1
Hence, by Borel-Cantelli lemma, we have
?(UneE -n) -
n>1j5>n

This means there exists a random integer ng(w) such that J(E,) = 0 a.s for all n > ny.
Then, we have:

J([OTXRNgi iJ ) < oo as.

It remains to show (3.2.4]). Indeed, for all n € N, we have that

P({J(E,) > 0}) =1 —P{J(E,) = 0}) =1 — ¢ ")

_ 1 _ e-Trilzl>an))
< Tv({lz[ > an})

< T/ lv(dz)
|z|>an
2\
g/ — | v(dz)
|z|>an \ On
< Ta;q</ |z|q1/(dz)> =Tva,l,
|z|>1

where the equality in the last line is due to Assumption . By n > Cal, we get:

o0

ZP{J >O})<T722a;q<+oo.

n=1
Next, we will show that 7y 1 o0 as N 1 oo. For any t € R, fixed, there exists
Ny(t,w) € N large enough such that J([0,¢] x R) = 0 a.s., since J([0,#] x RY) < +00 a.s.
for all N € N. This implies that P({ry > t}) =1 for all N > N; due to
J([0,t] x RY) =0 a.s. in {7y > t}. (3.2.5)
This proves that 7y T oo as N T oc. |

The following result shows that A and Ay coincide up to time 7.
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Proposition 3.2.2. Under the assumptions of Lemma [3.2.1] for any N € Nand t € R, we
have:

AA) =AN(A) in {t <7pn},
for all A € P, with A C Q x [0,1] x R

Proof. By Lemma [2.4.2], we have:

t t
Lo () /0 [ Hs M) = T 1) /0 [ Hs. 010 ). (326)

On the other hand, for any A € P,, it follows that A can be decompose as
A(A) = AN(A) + Mlja\u/;ge(A)7 (327)

where t
Ml]a\,/;“ge(A):/ / /]IRNﬂA(S,y)ZJ(ds,dx,dz).
0o JreJr
By Proposition [2.4.10] note that

oy (DA(A N (Q X [0,2] X RY)) = Tyo (1) /Ot /Rd La(s, y)po.ryAlds, dy)
= ti0rt®) [ [ 1alo) (DAt
Fma®) [ [ [ s tato. ) bpori (92 s, dr. 2
— Lo (1) /O t /R a(5,9) o () (ds, dy),

the last equality above is due to

Lo ®) | t [, [ trs (s tals. i) g (s)2 s, do. dz) =
Then,
Loy (DA(AN (Q X [0,7] X RY)) = Ljo ) ()An (AN (Q x [0,7] x RY)).
|

The next result gives the local property of the stochastic integral with respect to A. Its
proof follows directly from Proposition [2.4.10| and Proposition |3.2.2]

Lemma 3.2.3. Let H € L _(A) and 7y defined by (3.2.1). Then, for ¢t >0

loc

t t
Loy (t) / H (s, 0)A(ds, dr) = 1jo 1 (1) / H (s, 2) () A(ds, o), (32,9
0 R 0 R

for all N € N.



3. TRUNCATED LEVY NOISES 47

For the rest of this section, we consider the case of the truncation functions h(z) = 1.
We fix T > 0, and let £ = [0, 7] x R4

The following result introduces a new stopping time 7.

Lemma 3.2.4. Let D be a bounded Borel set in R and T" > 0. Then, for each N € N,
7n(D) :=1inf{t € [0,T]; J([0,¢] x D x {|z| > N}) > 0} (3.2.9)

is a stopping time for all N € N. Moreover, Ty < Ty,1 a.s. forall N € N, and Ty = +o0
a.s. for sufficiently large N.

Proof. Note that J has a finite number of points in the region [0,t] x D x {|z| > N}, which
implies J([0,¢] x D x {|z| > N}) < 4+00. Hence, we can use the same argument as in the
proof of Lemma |

Using the same arguments as in the proof of Lemma(3.2.3] we have the following lemma,
which gives the local property of the stochastic integral with respect to A, using the stopping
time 7Ty. Its proof is similar to the proof of Lemma [3.2.3]

Lemma 3.2.5. Let D be a bounded Borel set in RY. Then, for any H € LY (A) and
t €10,7],

Liora1 (1) /0 /D H(s, 2)A(ds, dz) = 1or1 (0) /0 /D H(s, 2) 1051 (s)n(ds, dz),  (3.2.10)

for all N € N, where 7y (D) is the stopping time defined in (3.2.9)).



Chapter 4

Stochastic heat equation with Lévy
noises

In this chapter, we study the existence of solutions to the stochastic heat equation (SHE)
driven by an infinite-variance Lévy noise. Parabolic SPDEs, such as the SHE, play an
important role in several sub-fields of physics and mathematics, including polymers, spin
glass theory, and particle physics.

In this chapter, we study the SHE with multiplicative noise, i.e.

(4.0.1)

it x) = jAu(t,x) + o(ult,2)A(t,x) >0, xR,
u(0,z) = up(x) z € RY,

where A is a Lévy noise in F = Ry x R? as defined in (3.0.1), and uo is a deterministic
bounded function on R%. A mild solution of (4.0.1)) is a predictable random field u that
satisfies

u(t, x) = wolt,7) + / [ Greslo = o(u(s. ) Alds. ), (4.0.2)

where G,(7) is the heat kernel, i.e. Gy(z) = (27t)~%? exp (—%) L{¢~0y and

wo(t, ) = /Rd Gi(x — y)uo(y)dy.

In the remainder of this chapter, we assume that G, is the heat kernel.

In [I7], Chong proved for the first time that the heat equation driven by Lévy
noises with infinite variance, such as the a-stable Lévy noise, has a mild solution. Specifically,
Chong demonstrated the existence of a solution u = {u(t,z);t > 0,z € R?} such that for all
N e N,

sup E [Ju(t, z)| Ljo,ry(1)]” < +o00, for all T, R € Ry,
(t,2)€[0,T) X[~ R,R]?

where 7y is the stopping time defined in (3.2.1)).

48
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This chapter is organized as follows. In Section [4.1], we present some properties of the
heat kernel. In Section we present the results of [17] regarding the existence of a mild
solution to (4.0.1)).

4.1 Some properties of the heat kernel

In this section, we include some properties of the heat kernel that are used in the proof of
the main results of Section [4.2] and are also employed in the proof of Proposition [6.5.2] for

the verification of condition 1) in Chapter [6]
We will use the following property of the heat kernel:

d(l p)

Gl(x) = Kpat 2 Gyplz), with K,g=(2r) 2 pt. (4.1.1)
Lemma 4.1.1. In the case of the heat equation, for any p > 0, ¢t > 0 and = € R,
P P) d(1-p) —d/2
G (x — )dy—Kpdt with K,q= (2m) = p %2
R4
Consequently, if p < 14 %, then
t d(1—p) . F d
/0 /Rd GY_ (v —y)dyds = K,qgt 2 ' with K,q= d(lTJ;,_i_l'
2
Proof. This follows by direct calculation, using relation (4.1.1]). |

Lemma 4.1.2. In the case of the heat equation, for any v > 0, p > 0, ¢t > 0 and z € R?,

(| + 07,

/ G2z —y)ly['dy < T,
Rd

where

— — 27/2 v+d
— v-1 —/2

Consequently, if p <1+ 3 2 then

/ / GV Y|y dyds < C! pdt p)“(| | 4 17/2),
where
Cpd _ ~ 27/2 v+d
o =P g (277 (1Ap) T2 r . 4.1.2
v,p,d T d(l;p) +1 Pvd( )( p) + F(d/Z) 2 ( )
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Proof. Let X be a random vector with a Ny(0, (t/p)I;) distribution. By (4.1.1]), we have:
( —p)
/d Gy —y)lyl'dy = / tW)le —yldy = K, at / Gup(y)l = y["dy
R
= Kyat T Elr — X[" < K, t0PY2(271 v 1) (|2 + E|X]).

Let Z = X/+/t/p. Then Z a N4(0, ;) distribution, and E|X|" = (t/p)?/?z,, where

27/2 d
2, =E|Z]) = r(7+ )
)

I'(d/2 2
Hence,
o] + EIX[" < (14 2) (]2 +p72072) < (14 2,) (LA p) (|2 +1072).
This proves the first statement. The second statement follows by direct calculation. |

The following result is essentially contained in the proof of Theorem 3.1 of [17]. We
include its proof since we need the explicit form of the constant C, , 4.

Lemma 4.1.3. If GG is the fundamental solution of the heat equation, then for any n > 0
and 0 <p<1+2

];,eat (t,z) = / /(d HGtk+1 1 (Thr — 1) (1 + |2 |")dapdt <
() J(R

1 tn(d(17p>+1)
npd{1+|x|n”+tnn/2F< +m7>} al(l—)2 :
2 F(n(S52 +1)+1)

where t,.1 =t, x,y1 = x and

Cypd = 3K a2V 1)" [(%)W V1] F(@ +1). (4.1.3)

Proof. Let h(z) = 1+ |z|" for x € R%. By the generalized Holder’s inequality,

1/n
/ l_IGtk+1 Ct (Trr — 2p) M2 )de < H (/ HGka,tk (Tps1 — xk)h(xz)"d:l:>
]Rd
n 1/n
=11 ( /Rd) HGtkH _y, (zi)h(z — ij)"dz> . (4.1.4)
- j=i

=1

We estimate separately each of the integrals appearing in the product above. Using relation

(4.1.1), we write
—n o d(1—p) ~
T1G. @) =Ky a [ [trer —te) = T fxi (),
k=1 k=1



4. STOCHASTIC HEAT EQUATION WITH LEVY NOISES 51

where X1, ..., X} are independent random variables, X ~ Ng4(0, %Id), and fx, is the
density of X;. Hence,

- - —n T 0 o
/ [T eonte = 2))de = Ky [t — 1) " B[z - ZX il
(RN)™ 24 j=i k=1
Note that h(z — >, X;) < (2" 'V 1)(1+ |=|" + [ 3°7_; X;|7), and hence
Moreover, || = /30, |02 < ¢ 20, for any z = (z(1), ..., 2@) € R%, and hence,

d n d n
I <E (]S < e el S
(=1 j=i (=1 Jj=i

nn

[w—ZX } 2771v1)”3”1(1+|g;|’”7

,,,,,

Putting together these estimates, we infer that, for any i = 1, ..., n fixed,

/Rd)n H Gyt (Tr) M — Z z;)"dr < (4.1.5)
nn>

We will show that this can be bounded by a quantity not depending on ¢. Note that

. St — by t—
ZXJ@ ~ N(0,7;), where -~;:= Z Bl Tk o :
j=i

pr p

—p)

.....

<3Kpd(2" 1y 1) d”) H toat — )"

] =1

Recall that if Z ~ N(0,0%), then E|Z|? = (202)?/27~3T(X£2) for any p > 0. Hence,
nn/2
| e () = (5) e (45)
2 P 2
Using this estimate in , we obtain the following bound, which does not depend on :

/(d l_IGtk+1 t (7) (x—zxj)ndxé

r —p) n n 1+ nn
o) Intk+1_tk E <1+|$|n+tn/QF(T>),

=1




4. STOCHASTIC HEAT EQUATION WITH LEVY NOISES 52

where €/, := 3K,,d<2n by Dar((2)" v ).

Returning to , and integrating on T,,(t) we get:
heat nn nn/2 1+ nmn u d(1=p)
L (t,2) < (Cppa)™ |1+ [a]™ + "2 (—5— [tk — 1) =" at.
Tn(t) k=1

nin(a+1) . _
T(at+1)"t ithoa d(12 »)

Toarn 0 W > —1. The conclusion follows.

The last integral is equal to

4.2 Existence of solution

In this section, we review the main result of [I7] which gives the existence of a solution of the
stochastic heat equation (4.0.1). The proof of this result relies on a truncation technique.
First, we prove that the following equation:

{%(t, v) = Au(t,x) + o(u(t, ) An(t,z), >0,z R, (4.2.1)

u(0,2) = ugp(x), r € RY,

has a mild solution u™ in the space By . for each N € N, where Ay is the truncated noise
given by (3.0.1), and p is exponent from Assumption m Recall that u is a solution of

(4.2.1)) if it satisfies the integral equation

u(t,x) = w(t, x) / /Rd Gi_s(z —y)o(u(s,y))An(ds, dy). (4.2.2)

Then, we show that the random field u defined by u(t, z) := u™) (¢, ) on {t < 7y} is a mild
solution to (§ , where 7y is the stopping time given by -

We define the following stochastic-integral operator:
t
Tn(0)(t,) = w(t,x) + / / Grafa = )o(0ls,y)Ax(ds dy), for o€ P, (423)
0o JR

Following [17], we introduce the following assumption, which is similar to Assumption
[3.1.7] but includes some additional restrictions on exponents p and gq.

Assumption 4.2.1. There exist exponents p, ¢ € R satisfying 0 < ¢ < p < 1 +§ and
—L— < g, such that

1+(1+5-p)
/ |zypy(dz)+/ 12190(d2) < +o0.
{lz|<1} {lz1>1}

Also, if p < 1, we assume that b = f{|z‘<1} zv(dz).
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The following result gives the existence of a solution to (SHE) driven by the truncated
noise Ay.

Theorem 4.2.2 (Theorem 3.1 in [I7]). Suppose that Assumption holds and wy is a
deterministic bounded function. Then equation (4.2.1)) has a solution u™) = {u™) (¢, z);t >
0,z € R?} which satisfies: for every N € Nand T, R € Ry,

sup [|u (t, 2)|P] < +oc.
(t,x)€[0,T)x[-R,R]¢

Proof. We choose 7 € R, such that

n(p—CI) o -1

; ; (4.2.4)

d
n > — and
q

To simplify the writing, we drop the index N for the remaining of the proof. (The parameter
N will play an important role in the next theorem for constructing the solution of (4.0.1))
driven by A.)

Step 1: To prove that (4.2.2)) has a non-trivial solution, we consider the Picard iteration
sequence defined by ug(t,z) = 0 and

un(t,x) = w(t,z) + /Ot /Rd Gi_s(x — y)o(u,—1(s,y))An(ds, dy), for n € N. (4.2.5)

By Lemma 6.2 in [16], we can choose a predictable version of u,(t,z). By induction over n,

it can be proved that
E [Jun (£, 2)[?] < Cuy (1 -+ |a]"@) (4.2.6)

for all n € N. Indeed, if E [Ju,_1(t, z)[P] < Cpy (1 + |2|""D7@=D) | then by (3.1.7)), it holds:

| ]:

Ct/ /R (GY_s(x —y) + Gi—s(z — y)Lp>1) (1 + E[Jun—1(s,y)["]) h(y)" Idyds

d

, Gi_s(x —y)o(un—1(s,y))An(ds, dy)

t
<o [ [ (G2 e =)+ Guosla = )Ly (1 bl 7070) By s
R

< Ctn/ Gf s .’17 — + Gt s( — ) p>1) (1 + ’y|m7(p7q)) dde
R4
< G (1+ fo0-0)

where the last inequality is due to Lemma [{.1.1] Note that this calculation implies that
n € B e, forany T >0 and R > 0,

locy

sup E [Ju,(t, 2)|P] < o0.
(t,2)€[0,T]x [~ R,R]
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Step 2: Next, we will prove that {u,(¢,x)},>0 is a Cauchy sequence in Bl . In fact, we will
show that

Z |tun, — Un—1]lp1.R < 00. (4.2.7)

n>1

We abbreviate g,(t,z) = GY(x) + G(x)1,>1;. By Lemma 2, we have:

Eflun(t, z) — up-1(t, 2)[P] < CT/O /Rd gp(t=s,2=y)E [|up-1(s,y) — un—2(s,y) "] h(y)" " dy ds

(4.2.8)
for all n > 2. If we iterate this inequality n times, we obtain:

E [Jun(t, ) — up—1(t,2)|P] < C”/ /Rd / /Rd Gt —t1, o — 1) ... gp(tn1 — tn, Ty — Ty)

X Wz~ h(zy)P 9 dty, dr, . dty dry .
(4.2.9)

Using Lemma [£.1.3] we get that

_ vt o o (Lm0 —q) T —§(p—1)" rn(o—a)
E [Jun(t, ) — up—y1 (¢, z)P] < CLT ( 5 ) T+ 0= 2= 1) (1+ |z ).

(4.2.10)

Note that J ( )
mp —q

“p—1)- 11

5P —1) 5

due to the choice in (4.2.4). Returning to (4.2.8)), and using Proposition [B.2.7, we have for
(t,x) € [0,T] x RY,

1 - >0

C'I’L
BlJua(t, ) = s (6] € o i (4 ™) = (@), (1210
n
for all n > 2. Therefore,
sup E [[un(t,z) — un-a(t,2)|"] < Z sup Bn()
o (t@)El0.T]x [~ R, R} oo (t@)€l0.T)x [~ R,R)

- i) 2= (1+ Kz""™") < oo,
EN n' - p )

where Kr = max,c(_pg g |2|. This finishes the proof of (4.2.7)).

Step 3: Since {uy}n>1 is a Cauchy sequence in Bf , there exists u = u™) € BP such

that

loc? loc

lun, —ullprr =0 as n — oo, (4.2.12)

for every T, R € R,..
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In this step, we prove that u satisfies the integral equation (4.2.2)). For this, we let

n — 0o in . By construction, on the left-hand side, we know that w,(t, ) iy u(t, )
for a fixed ( t, x) € R, x R?. It remains to show the convergence of the right-hand side, i.e.

/ /Rd Gi-s(x —y)o(un(s,y))An(ds, dy) S / /Rd Gys(z — y)o(uls, y))An(ds, dy)

(4.2.13)
asn — 0o. By ([2.3.14), it is enough to prove that G;_.(x—-)o(u,,) converges to Gy_.(z—-)o(u)
with respect to the Daniell mean || - |[a, p, i-€.

|Vt —y o) 0 as n— oo, (4.2.14)
where ,
Vi (s,9) = Giosw = y)o (s, 9)) Lo (5),
VR (s, y) = Gl — y)o(u(s, y))Lpq(s)-
By Remark [3.1.4] and using the same arguments as above, note that Vn(t’x) is a Cauchy

sequence with respect to || - ||ayp- S0, by (2.7) in [13], V") converges to a limit with
| - l|ay.p- Moreover, by Remark (iii), we get that

t
Ve VN, < [ ot = s = y)E Junls0) — uls )| ey dyds
0 JR

Since {uy,(t, z)}n>0 is a Cauchy sequence with respect to LP(Q) for a fixed (¢, z) € [0,T] x R4,
there exists a sufficiently large n € N such that ||u,,(¢,z) — u,(t, z)||, < 1 for m > n, which
implies |[un(t, ) — up(t, 2)||5 < |lun(t, ) — um(t, v)|,. Hence,

lun(t, @) = u(t, 2) 5 < llun(t,2) —ult, o), < Y lu(t,2) —upa(t2)]lp, (42.15)
k>n+1

where the last inequality is due to Proposition [B.1.3] So, by (4.2.15) and the monotone
convergence theorem, we have:

Ve —ve <o / Lot =0 =) 3 lunlsn) = wecsls) (o)

k>n+1

/ / ot — 5,2 — ) (5. 9) — s (5,) | h)?"dyds

k>n+1

<C Z / /]Rd gp(t — 5,2 — ) B (y) by~ dyds

k>n+1

s [ e = s = )1+ 0 s

it (/d); (1-4(—1)-

k
=¢ —(1+ |:U|(k+1)77(p—q))7
k;m k) %1“1» 1)~ 1E-9)

where the last inequality is due to Lemma Thus, ||V7§t ) — V|| o — 0 asn — oo.
This completes the proof of m |
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For the following result, we recall that B? is the set of random functions, whose definition
can be found in the Notation part of the Introduction chapter. In particular, if ug is a
bounded deterministic function, we obtain the uniqueness of the solution of equation (4.2.1)).

Lemma 4.2.3. The solution u"¥) of (#.2.1)) in Theorem is the unique (up to modifica-
tions) solution in Bl of the fixed point problem

jN(U) =u,
(n) BIIZ)C (4216)
=Ty (up) == u as n — oo,

for any choice of ug € BP.

Proof. First, let us define the operators:

{Jm(qs) = J(¢), T0(6) = T(TOD(¢)),
TN (@) = Tn (), Ty = T(TE (),

for an integer n > 2 and ¢ € P. We define the composition operators 7™ and J ]s,n). Setting
T (¢), T8 (¢) = +00 as soon as T (), J]E,"_l)(gb) = 400.
Observe that the Picard iteration sequence can be expressed as

U = Tn(Un1) = In(TIn (Un-2)) = ... = T (ug),

given an initial condition uy € BP. So, the solution u = ™) that we found in the proof of
Theorem (4.2.2)) satisfies the ﬁxed point problem given by (4.2.16] m Assume that there exists
ave B, that satisfies ) for an initial condition vy € B? i.e.

JIn(v)
_ () Bioc
vy =Ty (Vo) —> v as n — 0.

By Lemma 2, we have:

B (unt0) = 0t < Cr [ [ gylt = 500 = ) 02 (59) = vus )V () s,

(4.2.17)
If we iterate (4.2.17) n — 1 times, we have:
E [|un(t, z) — v, (t, z)P] <
n—1
Cm/ / / / gp tlu xr — xl) 9 (t - tnu Tn—1 — xn)
R R
(14 E [Jug(tn, ) — vo(tn, zn)|P])R(21)P~ 9. . h(xy,)Pdtday, . . . dtyda (1.2.18)

tn 1
<C”/ / / / Gp(t —t1,z1)h(z —21)P 77 (bt — tn, )
Rd Rd

e —z1— ... —x,)P Yz, ... .dx dt, ... dt
< Bu(z),
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where the inequality follows from the same steps as in (4.2.11)). By (4.2.18)), it holds:
||y, — Vnllprr = 0 as n — oo, (4.2.19)

for every T, R € R,. By the triangle inequality in B . we obtain:

loc?
Ju —v|lpr,r < Ju—un|lpzr + [[tn — Vallp1,R + ||U0 = V[prR — 0,

as n — oo, for every T, R € R,. Hence, u = v. |

Finally, we present the result about the existence of a global solution of (4.0.1]).

Theorem 4.2.4 (Theorem 3.1 of [I7]). Suppose that Assumption holds, n > d/q, and
up is a deterministic bounded function. Then equation (4.0.1]) has a solution u = {u(t,z);t >
0,z € R?}. Moreover, for all N € Nand T, R € R,

sup E [|u(t, x)| 1[[077N]](t)}p < 0,
(t,2)€[0,T] [~ R, R]

where p is the exponent from Assumption

Proof. We define:
u(t,z) = uD(t, 2) 1 (t) + Zu () Liry 1 rng (). (4.2.20)

Without loss of generality, we assume that ug(z) = 0. By Lemma m,
u(M)(t,x)]l[[OyTN]](t,x) = u(N)(t,x)]l[[OyTN]](t,x) forall NM e NN < M.

Using the local property of the integral with respect to A given by Lemma [3.2.3] we obtain:

tora(®) | [ Giosle = piotu(s.p)A(ds. dy)

~ Lot / / Guo( = )05, ) Lo (5)A(ds, )

= ]l[[OJM]] (t)/ /Rd Gt—s(x - y)O’(U(S, y>]l|IO7TM]] (3>>A(d3, dy)
= tt0raa®) [ [ Gl =)ot 5.0 s )

= Lpory 1 (DU (8, 2) = Lo ryy (Hult, )
Letting M — oo, we obtain that u satisfies (4.0.2)), using the fact that 7, — oo a.s. |
Remark 4.2.5 (Uniqueness of the solution). (i) The solution u of (4.0.1)) defined in ([4.2.20)

is “unique”, in the sense that for any uy € BP fixed, u is the only solution in B} (7x) of the
fixed-point problem:

J(u) = v for T,R € R, NeN. (4.2.21)
1(w— T (o)) Lorytllpre = 0 as n — oo,
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Here p is the exponent from Assumption [4.2.1]

(ii) To the best of our knowledge, the uniqueness of the solution of equation for
a globally Lipschitz function ¢ remains an open problem, with the exception of the case
o(u) = Bu, when S > 0. As mentioned on page 13 in [I7], the main issue in finding a unique
mild solution to (4.0.1)) is that it does not seem possible to find a complete subspace of B
such that the stochastic-integral operator Jy given by is a self-map. Consequently, it
is not possible to establish the uniqueness of the solution of equation (4.0.1]) via the Banach
fixed-point theorem. A different strategy was employed in [9], where it was proved that there

exists a unique mild solution to (4.0.1)), when v(—o00,0) = 0 and o(u) = fu, with g > 0.



Chapter 5

Stochastic wave equation with Lévy
noises

In this chapter, we study the stochastic wave equation (SWE) driven by the same infinite-
variance Lévy noise as in Chapter 3| This chapter is based on the recent article [32] in which
the author of this thesis studied the existence of the solution of (SWE) (using techniques
similar to Chong’s article [17] for (SHE)), as well as the uniqueness of this solution. The
existence part is built upon and improves some of the techniques developed in the article [4].
In the last section, we present a new technique for proving the existence and uniqueness of
the solution under conditions that are weaker than those in [4, [I7]. This approach is based
on the past light-cone property, which is inspired by Dalang’s work in [24] and is included
also in [32].

Recall that we work on a complete probability space (€2, F,P) which is endowed with
be a right-continuous filtration (F;)¢cr,. We consider the stochastic wave equation:

J%u )

—(t,z) = Au(t,z) + o(u(t,x x r € R4
5 (t,x) = Au(t, a)u—i— (u(t, z))A(t, ), t>0,zeR”(d<2), (5.0.1)
u(0,x) = up(x), E(O’ x) = vo(x), r € RY,

where o is a globally Lipschitz function, ug and vy are assumed to be non-random measurable
functions, and A is a pure-jump Lévy basis in E =R, x R? given by (3.0.1]).

A predictable random field u = {u(t,z); ¢t > 0,2 € R} is called a mild solution of
(5.0.1)) if it satisfies the following stochastic integral equation:

¢
utia) =w(tn) + [ [ Grulo = y)otuls,p)A(ds.dy). (5.02)
0 JRrd
where G;(x) is the fundamental solution of the wave operator, defined as:

5 L{jzj<t) if d=1,
i d=2,

Gy(z) = {&\/;_1{ - (5.0.3)
T S22 T

59
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and w solves the homogeneous wave equation 275‘ —Au = 0 on R, xR? with initial conditions

matching those of (5.0.1)):

w(t,z) = (G * vg)(x) + %(Gt * ug) (). (5.0.4)

In the remainder of this chapter, we assume that G; is given by (5.0.3)).

We assume the following conditions for uy and .

Assumption 5.0.1. uy and vy are deterministic functions with the following properties.

e For d = 1, ug is locally bounded and continuous, and vg is locally bounded and mea-
surable.

e For d = 2, ug is continuously differentiable (C'(R?)), and v is locally go-integrable
with exponent gy € (2,00], i.e., vg € L (R?).

loc

Under Assumption [5.0.1], we obtain,

sup sup |w(t,x)| < +oo, foral TR € R,. (5.0.5)
t€[0,T] |z|<R

(5.0.5) can be proved similarly to Lemma 4.2 in [25] (see also Theorem 1.2 in [37]).

Despite the extensive literature on driven by L?random measures, to our knowl-
edge [4] is the only work that addresses the stochastic wave equation driven by a
multiplicative Lévy white noise which may have infinite variance. Specifically, in [4], it was
proved the existence of a mild solution to if v satisfies the following conditions:

f{|z‘>1} |z|9v(dz) < 400 if d =1, for some ¢ € (0,2),
(5.0.6)
f{lz\gl} |2[Pv(dz) + f{\z|>1} |z|9v(dz) < 400 if d =2, for some 0 < g <p < 2.

The regularity of the solution paths is also studied in [4].

The goal of this chapter is to establish the existence and uniqueness of solutions for the
stochastic wave equation ([5.0.1]) under conditions which are weaker than ([5.0.6]).

A core principle used throughout this chapter is the fact that the fundamental solution
G of the wave operator satisfies the following property: for any given point (t,z) € R x R?,
the function (s,y) — Gi—_s(x — y) has support in the conic region

Cio:={(5,y) €0,t] xRY; |z —y| <t —s}. (5.0.7)

The region C; , is called the past light-cone or the domain of dependence. In physics, the past
light-cone illustrates causality, ensuring that the effects at a point are only due to sources
within this cone. This ensures that solutions to the wave equation adhere to the principle
of causality, i.e., the information or energy can only travel within the constraint set by the
speed of wave propagation (see Theorem 14.1 of [56]).
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(N
7

(0.2) y=s )

s=20 "5 =t

The past light-cone property (PLCP) has also been used in [24] for the study of the
stochastic wave equation in dimension d = 3, driven by a colored Gaussian noise. Unlike the
Gaussian noise, which typically influences the entire random field uniformly, a Lévy noise can
introduce abrupt changes or jumps. This makes the analysis of dependencies and influences
within the past light-cone crucial for understanding how waves propagate in a heavy-tailed
random field.

This chapter is organized as follows.

In Section , we prove the existence of a unique (up to modifications) mild solution u
of that satisfies u € Bl (T) for all N € N, where {Ty },>1 is an increasing sequence
of stopping times with T — 400 as N — +o00. The main novelty of this section is the
uniqueness of a solution to for the class of random fields that lie in B (Tx) for all
N € N, employing the same techniques and stopping times used in [4, [I7]. Furthermore, we

extend these results to a broader class of wave equations.

In Section 5.2 we use a different strategy to show the existence and uniqueness of
solutions to (5.0.1) in a finite time interval, under conditions which are weaker than (5.0.6).
To be precise, by employing the PLCP, in Theorem , we construct a solution to (5.0.1))
without imposing the condition f{\z|>1} |z|9v(dz) < +oo for some ¢ > 0. In particular, our
results show that:

(i) If d = 1, there exists a unique solution to ([5.0.1)) in the interval [0, T, for a fixed T' > 0,
under Assumption [5.0.1]
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(ii) If d = 2, there exists a unique solution to ([5.0.1)) in the interval [0, 7], for a fixed T' > 0,
under Assumption and f{\ZISI} |z|Pv(dz) < o0 for some p € (0,2).

Our method for constructing a solution to equation , using the PLCP, differs from the
method in Section . For this, we use similar techniques as in [2] [I8] for solving SPDEs
on bounded domains. Additionally, we would like to point out that the uniqueness of the
solution, using the PLCP approach in Section [5.2] is obtained in a different class of random
fields compared to Section [5.1] Hence, it is natural to wonder how these two solutions are

related. In Theorem [5.2.3| we prove that these two solutions are identical almost surely for
all (t,x) € [0,T] x R,

5.1 Existence and uniqueness of a solution

In this section, we establish the existence and uniqueness of a solution to (5.0.1)) using the
same approach as in [4]. The novelty of this section, compared with the results of [4], is the

uniqueness of a mild solution to (5.0.1]). More precisely, using (5.0.7]), we show that (5.0.1))
has a unique (up to modification) mild solution that lies in Bf (7y) for each N € N, where

loc
Ty is given by (3.2.1)).
Before presenting the main results of this section, we provide some preliminary results.

Lemma will be a fundamental tool throughout this section. For the application of
Lemma [3.1.3] we have to consider the following assumption on v. In particular, if d = 1, we
can extend the constraint ¢ € (0,2) in ((5.0.6]) to ¢ € (0, +00).

Assumption 5.1.1. (i) For d = 1, there exists ¢ € (0, +00) such that

/ |z|7v(dz) < 4o0.
{lz[>1}
(7i) For d = 2, there exist 0 < ¢ < p < 2 such that

/ |z|Pv(dz) +/ |z|9v(dz) < 4o0. (5.1.1)
{l=1<1} {lz[>1}

Additionally, if p < 1, we assume b = f{‘z|<1} 2v(dz).

Notice that the fundamental solution G(x) of the wave operator given by (5.0.3) satis-
fies:
21-r¢ for any p > 0if d =1,
/ G?(l‘)dl‘ = (27r)1—p 2-p . - (512)
R St for any p € (0,2) if d = 2,
for all t € R;. We denote g,(t,z) = G} (x) + Gy(2)L>13-

In the following remark, we explain why we can extend the value of ¢ to interval (0, +00).



5. STOCHASTIC WAVE EQUATION WITH LEVY NOISES 63

Remark 5.1.2. For equation in dimension d = 1, there is no need to impose the
p-integrability condition f (o<1} |z| (dz) < 400 on the small jumps, since this condition is
automatically satisfied for all p > 2:

/ |z|Pr(dz) < / 12*v(dz) < +o0.
{lzl<1} {lzl<1}

Moreover, when d = 1, then fo fR GY(z)dxdt < +oo for all p > 0. Thus, for d = 1,
we can apply Lemma 3 1 3| with G, = Gt, and choose any value p > 2V ¢. On the other

hand, for equation in dimension d = 2, we must impose condition (5.1.1)), since
fo Jpa G¥ () daz dt < +o0 only holds for p € (0, 2).

To establish the existence of a mild solution to the stochastic wave equation ([5.0.1]), we
follow a strategy similar to [I7] for the stochastic heat equation. More precisely, we first
show that the stochastic wave equation driven by Ay,

0%u .
W(t,x) = Au(t,z) + o(u(t,z))An(t,2), t>0, 2R (513)
u(0,z) = up(x), %(O, x) = vo(x), T € RY

has a unique mild solution «™) in Bf _ for each N € N, i.e., u™) is the only (up to modifi-
cations) random field in B} . satisfying

uN )(t x) =w(t,z) / /Rd Gis(x —y ( (s y))An(ds, dy). (5.1.4)

We define the operator Ty : P — P by

Tv@)to) = u(ta)+ [ [ Giide= oo mivtisd), (19

for any ¢ € P. By Lemma 6.6 of [16], the random field Tx(¢) admits a predictable modifi-
cation. We will always work with this modification.

Using the compact support property of Gy, we establish the self-mapping property of Ty
in BY . Therefore, the existence of a unique mild solution for ((5.1.3)) will be a consequence of
the Banach fixed-point theorem applied to the operator 7y. Note that this approach cannot
be used to prove the uniqueness of the solution to equation (4.0.1). This limitation arises
from the fact that the operator Jy given by is well-defined from BP to B , but

loc?
lacks self-mapping attributes in B}, as mentioned in the previous section.

The following result gives the existence and uniqueness of the solution to the stochastic
wave equation with truncated noise Ay, and is similar to Theorem 2| (for the stochastic
heat equation).

Theorem 5.1.3. Assume that Assumptions[5.0.1]and [5.1.1]are satisfied. Then, for any fixed
N € N, equation ((5.1.3)) has a unique (up to modifications) mild solution «¥) that satisfies

sup sup E [|u (¢, z)|P] < +oo,
te[0,T] |2|<R
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for all T"> 0 and R > 0, where p is any arbitrary value such that p > ¢V 2ifd =1, and p
is the exponent from Assumption [5.1.1]if d = 2.

Proof. Step 1 (Ty is a self-map in BY
have:

). Note that for any 0 < s <t < T and |z| < R, we

loc

supp(Gi—s(z —+)) € Br(z) C Brir(0). (5.1.6)
Hence,
h(y)P~% < Cp(1+|R|") for all y € By, r(0), (5.1.7)

where v = n(p — ¢). Then, by Lemma “ -, and ( - for any ¢ € Bl _, we have:

‘ [ [ Gresta = atotsastas. ]

<Cr [ [ alt =2 =) 1+ BlloGo.)P) Ay s

t (5.1.8)
<Cr(+1RP) [ [ gt =52 =9 0+ E o)) dyds
< GCprr (1+ Sup - sup E[\(b(s,y)\p]) :
S€[0,T] [y|<R+T
Therefore, by ((5.0.5) and ( , we get:
sup sup E [|’TN( )(t, z)|P] < +oo, for all T, R € R,. (5.1.9)

t€[0,T] |z|<R

Step 2 (C’onvergence of the Picard iterations). In this step, we consider the Picard
iteration ul") = = {uM(t,z): t > 0, z € RY} given by: Uo )(t x) := Wy(t,z), where ¥y is an

arbitrary element of Bl | and ug ) = Tn(u 2_1) for all n € N, i.e.,

loc»
t
uN(t, z) = w(t, x) +/ Grs(x — y)o W™ (s, y))An(ds,dy), forn € N.  (5.1.10)
0 JRrd

By (5.1.9), it follows that uM e € By for all n € N by induction over n. Next, we will show

that {un }neN is a Cauchy sequence in Bj .. By Lemma M(ii), we have:
E |[uf"(t, ) — u) (¢, 0))7]
t
<Cr [ [ ot =50 9B [l 5.0) ~ 0y (o)1) by tdyds
o Jr
[terating ([5.1.11)), we get:
E |[uf(t, ) - u) (¢, 2))]

<C"/ / Gp(tivr — by, Tiv1 — T
W0 J @y H pllies =t et = 21 (5.1.12)

X Hh )P IE [|U (1, 21) — Wo(t1,$1)|p] dxdt,

(5.1.11)
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where t = (t1,...,t,), x = (x1,...,2,) and we set t,,1 = t and x,,; = z. For a fixed t,
note that the function Gy : (R%)™ — [0, +00) given by

n

Gy(x) = ng(tiﬂ — iy Tiy1 — xi)ﬂTn(t) (t),

i=1
has support in the set
{X S (Rd)n, |[L’Z‘+1 - {L‘Z| S ti—l—l - tz‘, for ¢ = 1, ce ,n}.

Hence, if t € [0,7] and |z| < R, the integral in (5.1.12)) can be restricted to the values x in
the bounded set

{xe ®RY)";|z;] <R+Tfori=1,...,n}, (5.1.13)
since
n—1 n—1
o — 2| < v — 2|+ o — ol S (E—tn) + D (o —te) =t —t; <t <T. (5.1.14)
k=1 k=1

Then, by (5.1.13)), it follows that

E []u%N)(t,x) - unji)l(t,x)\p} < CF sup  sup ( [\ul (t, $)‘p} +E[\\I/0(t :U)]p])

s€[0,T] ly|<R+T

/ / H Gp(tivs — ti, Tig1 — ;) H h(z;)P~Ydxdt.
Tn(t) (Rd)n =1 i=1

(5.1.15)
On the restricted set given by ([5.1.13)), we have:
T s IHL%R+T]_§C%LHMM) (5.1.16)
i=1 i=1
Hence, by (5.1.15)) and (| m we obtain:
E[uﬁlN) t,x —ugﬁ) t,x p}SC” / / gp(tiz1 — ti, w1 — x;)dxdt
|up, (2, ) (8, z))| L A llp(+1 1= T) (5.1.17)

= CF g AP (1).

Note that AP (t) does not depend on z. If p < 1, by (5.1.2) and Lemma [B.2.6| we get:

t(a—i—l)n

AP (1) u/ IIJH = O T T

where (), is a constant that depends on p, and

1 ifd=1,
o =
2—p ifd=2.
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Hence,
cn I if d =1,
if p <1, sup AP(t) < P (5.1.18)
te[0,T] Cponi—s =g if d=2.

Assume that p > 1. If d = 1, it holds that G} (x) = 2"PG,(x), so we can proceed in the
same way as for p < 1, which implies sup;c( A%p)( t) < 2nt-piCn gjn Ifd=2,by (5.1.2),
we have:

2— —1y,2— - (2m)! P
gp(t,x)dr = cpt” P+t < (c, + TP )t*7P, with ¢, = :
R2 2— p
Hence, sup,¢(o 1y AP() < (¢, + TP~ hroy T(?)gp): Thus,
if p>1 An @y < G oy fd=1, (5.1.19)
i : sup AP(t) < o) . 1.
b= te[o,pT} (cp + TP~ 1)”C”T$—d)p if d = 2.
Therefore, for both cases p < 1 and p > 1, it holds
ZCTR sup AP (t) < +oo. (5.1.20)

n>1 t€[0,T)]

By (5.1.17) and m {un }neN is a Cauchy sequence in B} .. Hence, there exists an

loc

element u(N € BP . such that ) Zloey 1, () a5 1 — o0,

Step 3 (Ewistence of the solution). In this step, we verify that u™) satisfies (5.1.4).
First, we apply Lemma m(u) with G; = G;. Then,

- U / | / Geso = )00 (5:9) — o s ) Ax(ds. )|

Hp\/l
AN7p

5.1.21
<cy / / gt — 5,2 — )E [[ul™ (s,) — u™ (s, y)P] h(y)" 1dyds (o421

< Crprp sup sup E“ (N )(s y)—u (s,y) |p / / gp(t — s,x — y)dyds,

s€l0,T] [yl <T+R

we used (5.1.6) and (5.1.7)) in the previous inequality. Now, if we let n approach infinity

n (5.1.21), we find that for a fixed pair (£,z) € Ry x R?, the expression Z(42)(o(uf\))
converges to Z"*)(o(u™)) with the semi-norm || - [}’ Vl . This convergence implies that

lim Ty (u¥)(t, z) = TN(U(N))(t,x) in LP(Q).

n—-+oo
Moreover we have u") = TN(ug)l) for all n € N, and the sequence {u;N)}neN converges to
u™) in the space Bl as n — +o0o. Therefore, we conclude that u™) satisfies (5.1.4).

loc
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Step 4 (Uniqueness of the solution). Assume that there exists another process vV) €
BP

P _that satisfies (5.1.4), i.e., Ty (v™)) = v™). Then, by Lemma M(ii), we have:

E [[ulV(t, 2) — o™ (t, ) |P]

t
< CT/ / gp(t —s, 2 —y)E [I N (s,y) — o )(s,y)lp] h(y)P~*dsdy.
0 JRA

[terating the inequality above as in (5.1.12)), and following the same steps as in (5.1.17]), we
get:
Uu(N)(t z) — oMt x)|p}

< C;LTR/T()/Rd ng i1 — ti, Tipr — ;) B [|U§N)(t1,371) _U(N)(tlaxl)‘p} dxdt
n t

< sup sup E[wl <s,y>—v<N><s7y>|p} v RAL(t) = 0,
s€[0,T] |y|<R+T

as n — +o0o. Therefore, u™ — o™ in BP asn — +oo. Alternatively, uy ' — u™) in BP

loc loc
as n — +00, which implies u™) = v™) in BY . |

(N)

The following result gives the existence of the global solution to the stochastic wave
equation driven by noise A. The existence part is similar to Theorem [4.2.4] (for the stochastic
heat equation), while the uniqueness part is new.

Theorem 5.1.4. Let 7y be the stopping time given by (3.2.1). Under the same assumptions
as in Theorem with n > d/q, equation (5.0.1)) has a unique (up to modifications) mild
solution u that satisfies

sup sup E [|u(t, x)|p]l[[07m]](t)} < 400,
te[0,T] |z|<R

for all T'> 0 and R > 0, where p is any arbitrary value such that p > ¢V 2if d =1, and p
is the exponent in Assumption if d = 2.

Proof. Step 1 (Ezistence of the solution). The existence of a solution to (5.0.1]) follows as in
the proofs of Theorem [4.2.4] First, note that A(BN ([0, 7n] x RY)) = Ay (BN ([0, 75] x RY))
for all B € P,. Therefore, by Lemma the random field u given by

U(t,[[‘) ( )(t x 1[[07_1]] —+ Zu t x ]]'(TN—lvTNﬂ(t)7

is a mild solution to ( , where u™) is the solution to given by Theorem m

Step 2 (Uniqueness of the solution). Assume that v is another solution of (| such
that v € B (7y) for all N € N. By Lemma and Lemma [3.1.3] we have:

E [|(u™(t, 2) — o(t, 2)) Lo,y (t)7]

< CT/O /Rd gp(t — s,z —y)E [|(ug)1(s, y) — v(s,y))]l[[(),m]](s)\p} h(y)P~dyds.
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Iterating the inequality above and using the same steps as in (5.1.17)), for ¢ € [0,7] and
|z| < R, we obtain that:

E|(u(t,2) = v(t, 2)) Ljo.r1 ()]

n

< C’%R< sup  sup [E [|u§N)(5,y)1[077Nﬂ(s)|p} —|—E[|v(s,y)]l[[0,m]](s)]p” >A7(lp)(t),

s€[0,T] [y|<R+T

where AP (t) is given by (5.1.17). Using the fact that sup;cpo 1 AP (t) = 0 as n — 400, we
conclude that

sup sup E [|(u£LN)(t, z) —v(t,2))Ljory()F] =0 as n — 400,
tel0,T] |z|<R

for all R,T > 0. On the other hand, note that u{") — u in B} (tn) as n — 400 for all

N € N. Then, u(t, z)Ljo(t) = v(t, x)1o-y(t) a.s., and letting N’ — 400, we obtain that
u(t,z) = v(t,z) a.s. for all (t,z) € Ry x R? due to 7y T +00 a.s. for N — +o0. |

Next, we investigate the stochastic wave equation driven by a more general heavy-tailed
noise, which contains also a Gaussian component, in dimension d = 1.

Consider L = {L(B); B € By(R; x R%)} given by

L(B) =b|B| +aW(B) + / 2J(dt,dz, dz) + / zJ(dt,dx,dz),  (5.1.22)
Bx{|z|<1} Bx{|z|>1}
where @ > 0 and W is a space-time Gaussian white noise, i.e., W := {WW(A); A € B,(R; x
R?)} is a zero mean Gaussian process with covariance
EW (AW (B)] = \a(AN B).

In the case d = 2, since [} [, G? (v — y)dsdy = +oo, there is no mild solution of (5.0.1)
driven by L instead of A. Therefore, using the same steps of Theorem [5.1.3] and Theorem
[.1.4] we have the following result.

Corollary 5.1.5. Under Assumptions [5.0.1] and [5.1.1], the stochastic wave equation

0%u 9%u .
W(t’ x) = @(t, :B)a—l— o(u(t,z))L(t, x), t>0, xR, (5.1.29
u(0.2) = w(a),  5:(0,2) = wola) r€R,

has a unique (up to modifications) mild solution u that satisfies

sup sup E [|u(t,z)[PLjory(t)] < +oo, forall p> 2,
te[0,T] |z|<R

forall TR € R, and N € N.
Proof. We use the same argument as in the proof of Theorem [5.1.4l For this argument,

we apply Lemma 3.3 of [I7], which is stated there for a general Lévy noise which contains a
Gaussian component. |
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For the remaining part of this section, we present an extension of Theorem to a
more general class of stochastic wave equations driven by multiplicative noises with a non-
linear term o(t,x, w)A and drift f (t,xz,u). More precisely, we consider the stochastic wave
equation:

%(t,x} = Au(t,z) + f(t, 2, ult,z)) + o(t, z, u(t,2))A(t,z), t>0, v€R?(d<2),
u(0, ) = uo(x), %(0,%) = vp(x), T € R4

(5.1.24)
where ug and vy are the same initial conditions as in (5.0.1). We impose the following
conditions on the processes ¢ and f.

Assumption 5.1.6. 0 and [ are functions defined as 2 x R, X R — R which are
measurable with respect to P x B(R). In addition, we assume there exist positive processes
Cs, Cy € B2 such that for all (t,x) € Ry x R? and Iy, Iy € R, we have:

loc
lo(t,z, L) —o(t,z, )| < Co(t,z) [l — lo]  as., (5.1.25)

and

|[f(t 2, ly) — f(t, 2, lo)| <Cp(t,x) |l — o]  as. (5.1.26)

Denote oo(t,x) = o(t,z,0) and fo(t,z) = f(¢t,2,0). A mild solution to (5.1.24]) is a
predictable random field u that satisfies

u(t,x) — ZU(t, Qj) _|_/0 /Rd Gt—s(x - y)f(S,yaU(S»y)) dy ds (5127)

+ /Ot /Rd Gis(v —y)o(s,y,u(s,y)) A(ds, dy).

Theorem 5.1.7. Under Assumptions [5.0.1] [5.1.1 and [5.1.6] the following results hold.

(i) For d =1, assume that there exists p > 2V ¢ such that oy and f; belong to B}, , then
(5.1.24) admits a unique (up to modifications) mild solution u satisfying

sup sup E [|u(t,x)]pllﬂo7m]](t)] < 400,
te[0,7] |z|<R

forall TR >0 and N € N.

(i) For d = 2, assume that oy and fy belong to B} ., where p is the exponent in (5.1.1]).
Additionally, if p < 1, we impose f(¢,z,l) = 0 a.s. for all (¢t,z,1) € R, x R?x R. Then,
equation (5.1.24) admits a unique (up to modifications) mild solution u satisfying

sup sup E [|u(t,x)|p]l[07m]](t)] < +00,
t€[0,T] |z|<R

forall TR >0 and N € N.
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Proof. First, we prove that the operator &y : P — P given by
t
Sw(O)(t.) = wltn) + [ [ Grslo = 9)f(s.p.0(5.)dds
o Jr

—+ / Gt_s(l’ - y)0<57y7 ¢<S7y))AN(dS7dy)’
0 R4

is a self-map in B} , for each fixed N € N. Note that Sy is well-defined since o(t, z, ¢(t, z))
and f(t,z, ¢(t,x)) are predictable for all ¢ € P as a consequence of ¢ and f being measurable
with respect to P @ B(R). Hence, by Lemma 6.2 in [I6], Sn(¢)(t,2) has a predictable
modification. Now, by Lemma [3.1.3[ (5.1.6]), (5.1.25), and Hélder’s inequality || XY||; <

|| X |]oo]|Y]|1, for any ¢ € [0,7] and |z| < R, we have:

E“Atwf%xx—wd&%damew&@w1

: C/ / 9ot = 5,2 = Y)E [|o(s,9, 0(s,9)) ] h(y)* *dyds

(5.1.28)
<Cprn( sup s [ICo(s,p)I[% V Elloo(s y)I’] )
s€[0,T] [y|<T+R
x (sup sup Eflg(s )] +1).
s€[0,T] [y|<T+R
Hence, if ¢ € B}, then
t

sup sup E U/ / Gi_s(x — y)a(s,y,gb(s,y))AN(ds,dy)‘p] < +00. (5.1.29)

te[0,T] |z|<R 0 JRd

Next, we examine the integral that corresponds to the drift f. Recall that if p € (0,1), we
assume that f = 0. Hence, we consider only the case p > 1. By Holder’s inequality and

(5-1.26), for any t € [0, 7] and |z| < R,
E U/O /Rd Gis(z —y)f(s,y, d)(s,y))dydéﬂ
t p—1 [t
ths - dyd ths - E ' I ) Pldyd
<([ [ Geo—nas)” [ [ Gisa—nBNFG 000 dvds

<Cr( s suwp |ICss,y)lIE VE[fols, )] ) ( sup sup E[lo(s,p)l] +1).
s€[0,T] [y|<T+R s€[0,T] |y|<T+R

(5.1.30)
Then,
¢ P
sup sup E “/ / Gis(r — y)f(say7¢(5ay))dyd3’ } < +o0.
te[0,T) |z|<R 0 JRd
Therefore, by (5.1.29)) and ([5.1.30)),
sup sup E[|Sn (o) (¢, 2)|F] < +o0. (5.1.31)

te[0,T] |z|<R
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Now, consider the Picard’s iteration sequence {U;N)}nzo given by uéN) (t,x) :== Wy(t, x)
where ¥y € BP  and

loc?

t
WYt 2) = wlt, z) + / Gyl — y) f (5,5, ul (s, ))dyds
0 Rd

t (5.1.32)
[ [ Gt = oty .9 Ands. dy).
0 Jrd
By (5.1.31)), it follows that
sup_sup E [[ul™) (¢, 2)|"] < +oo.
t€[0,T] |z|<R
for all R,T" > 0 and n € N. Similarly to (5.1.29) and (5.1.30)), we obtain
E |[uf"(t, ) — u) (¢, 2))7]
(5.1.33)

t
<Cr [ [ ot =50 9B [ (5.0) ~ a0 1] by vdsdy
0 JR

Following the same procedure as in the proof of Theorem [5.1.3] by iterating inequality
(5.1.33]), we obtain that:

E|lu(t,2) - uM\ (¢, 2)F| < CprndP(2),

n n—

where A (t) is defined as in (5.1.17). Hence, {u%N)}neN is a Cauchy sequence in B

loc*
Consequently, there exists a limit «() in B} .. The existence and uniqueness of a solution u

to ([5.1.24)) follow in the same manner as in the proof of Theorem m

|
5.2 Past light-cone property
In this section, we fix 7" > 0 and consider the stochastic wave equation in the interval [0, 77,
0%u , p
W(tax) :Au(t,x)+a(u(t,x))/\(t,x), te (OvT]v z € R, d < 2, (52 1)
u(0,7) = up(x), %(O,x) = vp(x), z € RY,

where o is a globally Lipschitz function, ug and vy satisfy Assumption [5.0.1 By exploiting
the PLCP of the wave equation, we will show the existence and uniqueness of a solution to
(5.2.1) without imposing the assumption of g-integrability over the large jumps: for d = 1,
no assumptions are required. For d = 2, the only assumption that we impose is

/ |z|Pv(dz) < 400, for some p € (0,2).
{lz[<1}
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The PLCP has been extensively studied for hyperbolic PDEs in the literature. For
instance, in [24], it was proved that the solution of the stochastic wave equation, in dimension
d = 3, driven by a colored Gaussian noise remains invariant in a region of space, if the problem
is restricted to that region. As in Section 6 of [24], for a fixed region D € B, we define the
conic region

KP(s):={yeR; dy,D) <T — s}, foranysec][0,T]
Clearly, £ (0) = Uyepor £ (1)-

As we do not impose the assumption,

/ |z|7v(dz) < 400, (5.2.2)
{lz>1}

the stopping time 7y given by (3.2.1) may not be well-defined. Therefore, we consider
another stopping time given by

m5(D) :=inf {t € [0,T]; J([0,¢] x K”(0) x {|z| > N}) >0}, NeN, DeB. (52.3)
Note that 7 (D) > 0 a.s., and 7y (D) < 7n11(D) a.s. forall N € N. Moreover, 7n(D) = 400,

for large N.
Additionally, for a fixed (¢, z) € [0,7] x D, note that supp(H®) C [0,t] x KP(0), where

H(tvx) (57 y) = Gt_s(.ili - y)ﬂ{t28}7

This implies that for a fixed (t,2) € [0,T] x D, the value u(t, z) of the solution of (5.0.2)
only depends on the values of A on [0,7] x K (0). Thus, for any (t,z) € [0,T] x D, if ¢ is
integrable with respect to A,

Lomon® | [ Gus(e = y)o(6(s,1)A(ds, dy)
o /O/Rd (5.2.4)

= Lo,y (p)(?) /Ot /Rd Gis(@ — ) (6(5,9)) Lm0y (5) An(ds, dy),
due to Proposition [2.4.10 and the fact that
A([0,¢] x A) = An([0,8] x A) on {t <7n(D)},
for all A € By(R?), with A C KP(0).

The stopping times defined in (5.2.3]) are analogous to those used in [2, 18] for solving
SPDEs driven by Lévy noise in bounded domains in R, For example, in [I8], it was proved
that for any fixed 7' > 0 and D € ‘B, the stochastic heat equation on D,

ou .

1
E(t,x} = éAu(t,x) + o(u(t,z))A(t, x), te (0,T], x € D,

u(t,z) =0, t€[0,T), x € OD, (5.2.5)
u(0, ) = up(x), reD,
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has a unique solution u = {u(t,x) ; t € [0,T], x € D} that satisfies

sup supE Uu(t,x)|p]l[0,m(m]](t)} < 400,
te[0,T) z€D

for all N € N. Here, Ty (D) is the stopping time defined by . However, the main issue
associated with the use of 7y (D) for SPDEs on the entire space (such as and (4.0.1))
is that if D = RY, then 7y (D) = 0 almost surely for all N € N. This happens because the
region [0,1] x R? x {|z| > N} may contain infinitely many points of .J. By contrast, using
the PLCP, we can construct a “local solution” u(”) of on [0, T] x D using the stopping
times given by . As these local solutions are consistent and agree almost surely on the
same region in space, we can construct a mild solution to .

The resemblance between 7n(D) and 74(D) is not a coincidence. The primary result of
this section shows that the solution u to (5.2.1)) given by Theorem satisfies
uP)(t,x) = u(t,x) as. forall (t,z) € [0,T] x D ,

where (") is a predictable process satisfying the stochastic-integral equation:

WPt,3) = wit.) + [ t [ Gl = 0o (s ) Lo (A (s, ). (5:26)

Note that the integrand of the stochastic integral on the right-hand side of equation ([5.2.6))
has support on KX (0). Hence, we can solve (5.2.6]) using 7n(D) similarly to solving SPDEs
driven by Lévy noise on bounded domains.

Furthermore, since the method that we use to construct a solution to essentially
requires the same integrability condition on v as for solving SPDEs on bounded domains,
it suffices to consider only the assumption on the small jumps: || (=1<1y |2['v(dz) < 400 for
some p > 0. More precisely, we only need this assumption on the srﬁaﬁ jumps for the wave
equation ((5.2.1)) in dimension d = 2, while for dimension d = 1, no additional conditions are
required.

The following theorem is the main result of this section.

Theorem 5.2.1. (a) If d = 1, (5.2.1) has a unique (up to modifications) mild solution u
that satisfies

sup supE [|u(t,x)|p]l[[oyTN(D)]](t)] < 400, forallp>2, NeN,and D e B.
tE[O,T] $€5

(b) If d = 2, suppose that there exists p € (0,2) such that
/ |z|Pv(dz) < 400, (5.2.7)
{lz[<1}

and if p < 1, then b = f{|z‘<1} zv(dz). Then (5.0.1) has a unique (up to modifications) mild

solution u that satisfies

sup supE [u(t, )" Ljo,ry(pyj(t)] < +oo0, for all N € Nand D € B.
tE[O,T] Z‘Eﬁ
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Proof. As in the previous section, the main distinction between d = 1 and d = 2 lies
in the integrability properties of G;. If d = 1, fo Jpa GY(z)dtdz < +oo for all p >
0, and f{| \<1}‘Z‘ v(dz) < +oo for all p > 2 by Remark - In contrast, if d = 2,

fo Jga G¥ (2) dt dz < +00 holds only for p € (0,2), which requires imposing the p-integrability
of v on the small jumps.

Step 1 (Ezistence and uniqueness of a local solution). Let D € B. By employing a
similar approach as in the proofs of Theorem and Theorem [5.1.4, we can establish the
existence of a unique solution u(?) to (5.2.6) that satisfies

sup sup E “u(D)(t,w)’p L10,mx (D)] (t)] < 400, forall NeNand R > 0.
t€[0,T] |o|<R
Additionally,
uP (t,2) = uPNM(t,z), on {t<71n(D)},

where u(P"N)(t, ), up to modifications, is the unique solution to the truncated problem,

u PN (t, ) = w(t,x) +/O /Rd Gis(x — y)o (WP (t,2))Ln ) (y)An(ds, dy),  (5.2.8)

that satisfies
sup sup E [‘U(DN (t x)‘p} < 400, forall R > 0. (5.2.9)
t€[0,7] |z|<R

Here, Ay is the noise Ay in (38.0.1) when h(z) =1, i.e.,

An(dt,dz) = bdt dz +/

{lzI<1}

2J(dt, dz, dz) + / zJ(dt,dx,dz). (5.2.10)
{1<|2|<N}

Notice that u(P"M) (¢, x) is the limit in B of the Picard iteration sequence {u%D’N)}nZO, given

(D,N) and

by w, \IJ(D) with \I/( being an arbltrary element of B

loc»

t
WPt ) = wta)+ [ [ Gele— p)al s, 0) koo () En(ds. ), (5:2:10)
0 JR4

for n € N.

The primary distinction from the proofs of Theorem [5.1.3] and Theorem is that
we can apply Lemma for Ay ( Ay when h(z) = 1), without condition (5.2.2), i.e.,
considering only condition (5.2.7)); this same observation can be found on page 477 of [4].
This enables us to demonstrate that

sup sup E [’u )(t,x) — u(D’N)(t,a:)|p} — 0, forall R >0, (5.2.12)
te[0,7) [z|<R

as n — 400, without (5.2.2). The uniqueness of the solution u(”) can be proven using the
same arguments of the proof of Theorem [5.1.4

The proof for constructing local-truncated solutions u(PY) for D € 9B is essentially the
same as in Theorem 2.8 of [4]; the only differences are that the initial condition w satisfies
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(5.0.5) and we used the compact support property ((5.0.7] - to obtain the self-map property of
the truncated operator related to the fixed-point problem . This implies that we can
obtain a unique (up to modifications) mild solution to that satisfies (5.2.9)).

Step 2 (Consistency). For any A, B € 98 with A C B, we will show:
u(t,z) = uP(t,x) as., forall (t,z)€[0,T] x A, (5.2.13)

where u4) (resp. u(P)) is the solution of (5.2.6) found in Step 1 with D = A (resp. D = B).

Our goal is to demonstrate that

sup E [|(u(A)(t, ) — uP (,2)) Lo, (ByArw (A)] )] =0 forall NeN. (5.2.14)
(t,)€[0,T]x A

If (5.2.14)) holds, then,
IL[[O,TN(B)/\TN(A)]] (t)u(A)(t,l‘) = HHO,TN(B)ATN(A)]] (t)u(B) (t,iL‘) a.s. for all (t,a:) S [O,T] x A.

Letting N be sufficiently large, we obtain (5.2.13). Now, for any (¢,x) € [0,T] x A, by the
triangle inequality, we have:

E [|(u(A)(t,x) —u® (t, 2)) L0,y (B) ATy ()] ( m

< & [E [Nt 2) = uf(E2) Lo (o) ﬂ<t>|p]

FE [Nt ) — uBN(t, 2)) Lo s (O] (5.2.15)
+ B[P (1, 2) = P 2) Lo o (] .

where u/"") (resp. u%B’N)) is the sequence defined in (5.2.11)) when D = A (resp. D = B).
In (5.2.15), we used the fact that 75 (B) < 75(A) a.s. for all N € N. By (5.2.12), the first
and third terms on the right-hand side of converge to zero. Therefore, to prove
(5.2.14)), it remains to show that:

sup E U(uﬁlA’N)(t,x) ulBMN(t, 7)) Lo (3] N@OF] =0 asn— +oo. (5.2.16)
(t,)€[0,T]x A

For a fixed (¢,z) € [0,7] x A and fixed n € N, we define the set A as

Abr) . — {(t,x,sl,yl, ey SnyUn) € ([0, 7] X Rd)"“;

n

t>81>8>...>8,>0,uy, € By, |5, (Y1), k:l,...,n},

where, (so, o) = (t, ). In contrast with the previous section, we use the reverse order index
for the simplex defined in Lemma [B.2.6] i.e., t > s3 > 59 > ... > s, > 0. We denote

S = (517527"'78n)7 and y = (3/171/27---7%1)-
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Additionally, note that

/( /d ng Si-1 — 8i,Yio1 — ¥i) dy ds = AP (t), (5.2.17)
Th(t R

where T (t) := {(s1,...,82) € (0,8)"; 8, < ... < 51}, and AP (¢) is defined as in (5.1.20).

By the triangle inequality, note that
B, _s,(yic1) C KA(s;) € KB(s;), foralli=1,...,n. (5.2.18)

for any (¢,x,s1, Y1, -, Sn, Yn) € AL Due to (5.2.18]), we have:

(A,N)
Upy g1 (Sk—1,Yr—1) = W(Sk—1, Yr-1)
Sko1 ( N) (5.2.19)
/ /d seor—sn (b1 — Yk)o (uy "y (sk, yk)) A (dsi, dyg)
R
and
uff’,i\i)l(sk_l, yk—l) = w(sk—la yk—l)
St (5.2.20)
"‘/ Giy—si (Y1 — yk)U(U;B;iV)(Sk i) ) An (dsy, dyg).
0 Rd
fork=1,....,n
Let

A I
V(s ) 1= (a2 () = ul 20 (s ) Lo g (50,
for all K = 0,1,...,n. Then, using (5.2.19)), (5.2.20), Proposition [2.4.10, and Lemma m,

we have:

E [V, N1 (k-1, Yr—1) "]

‘ . (5.2.21)
< C'T/ /d 9p(Sk—1 = Sty Y1 — i) B [|Y, % (s, ) IP] dyie dsye,
0 Jr

for k =1,...,n. Observe that the constant Cr in ([5.2.21)) differs from the constant in (3.1.8)).
However, this is not an issue as this constant depends only on N, T, o, and p.

Now, by (5.2.21]), we can iterate the following inequality n — 1-times:

t
E[[V,(t )] < CT/ /dgp(t — s,z —y)E [[V (s1, )] dy dsa, (5.2.22)
0 JR

over (t,2,51,Y1,. .., 5n,Yn) € AG® . Thus,

E [V, o(t, 2)[”] <C”/ /d) Gp(8ic1 — $isYim1 — Y)E [|[Y2 (50, ya) P] dyds. (5.2.23)
R nz 1
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Therefore, by (5.2.23), (5.2.17)), (5.1.18) and (5.1.19)),
E [Jug™™ (¢, 2) = uiM (8, 2)Ljo.ry (o ()]

n AN B,N
< Cf / ( / s = s —m)E @ug Nt 20) = ug"™ (50, y0) [P | dyds
Tn(t) J (R ;25

< sup sup E [|ué’4’ (s,y) — (B (s,y)|p} sup CrAP (1) =0, asn — +oo,
s€[0,T] [y|<Ra+T te[0,T)

where Ry 1= sup,.z |z|.

Step 3 (Global solution). Let u = {u(t,x);t > 0,2 € R?} be the random field defined
by
u(t,z) = uP¥(t,x), if (t,x)€0,T]x [k, k%, (5.2.24)

where Dy, = (—k, k)¢ for all k € N. Here, u(P*)(t, z) is the solution to (5.2.6) when D = Dy.
Note that u is well-defined due to (5.2.13]). Furthermore, u defined in ([5.2.24) is a solution to
(5-2.1). To demonstrate this, let us fix (t,z) € [0,7] x R%, and define V7, = {y € R% |y| <
T + |z|}. Then, we have:

wit)+ [ [ Giosle = potuts.m)aids.dy
= w(t,x) / /]Rd Gis(z — (u(VT*I)(s,y))]l,Cvaz(s)(y)A(ds,dy)

= (V7o) (t ) = u(t,x) as.

This shows that u is indeed a solution to ([5.2.1)).

Step 4 (Uniqueness of the solution). We assume that v is a mild solution of ([5.2.1)) that
satisfies

sup supE [[v(t,2)[PLjo.rypy(t)] < +o0, (5.2.25)
tE[O,T} Ieﬁ

for all N € N and D € B, where 7n(D) is given by (3.2.1). We will show that for any D:
u(t,z) = v(t,z) as. forallte[0,7)and x € D,

where u is the solution to ((5.2.1]) on the previous step.

First, we define

Vrp:={y€R% |yl < T+ Rp}, where Rp = sup |z|.
z€D

Note that for all (t,x) € [0,7] x D, we have:

u(t,z) = u"r0)(t ) as.
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Also, recall that u(Vr:0) (¢, x) = u(V2.2:N) (¢, ) a.s. on the event {t < 75 (Vrp)} (see Step 1).
Hence, by the triangle inequality,

sup SUBE U(U(t, ZL’) - U(ta x))]]‘HO,TN(VT,D)]] (t)|p}
tE[O,T] x€eD

< 2”_1( sup sup B [|(u"" 2 (t, ) — ul 2N (t, 7)) Lo ry (v, o)) (D)7
tG[O,T] x€D

+ sup sup E [|(ul™2N (8, 2) = 0(t, 2)) Ljo.r (v py1 (1) 7] )>
t€[07T} .TEE

where unVT‘D’N) is the sequence in ([5.2.11)) with respect to Vp p. The first term on the right
hand side of the inequality above converges to 0 by (5.2.12]). It remains to show that:

sup supE [|(u,(1VT’D’N) (t, ) — v(t, ) Lo,y vy (E)P] = 0 as n — +oo,
tG[O,T] $€5

for a fixed N € N.
Let (t,2,81,Y1,- -, Sn,Yn) € A ysing the same argument as in (5.2.18)), we get:

By, —s(yi1) CKP(s)) c KVTP(sy), foralli=1,...,n. (5.2.26)

Then, by (5.2.26)) and ((5.2.4]), we have:

Lo, 7 (Ve o)1 (Sk—1 / /d so_1—sn (Uk—1 — U)o (V(Sk, Yr) ) A(ds, dyg)
R

=Ljo,r (vp)1 (85-1) (5.2.27)
Sk—1 o
/ /d sio1—sk (Uk—1 = Ye)o (V(8k, Ur)) Ljo,mn (v o)) (Sk) A (dsi, dyi),
R

fork=1,...,n

Now, let us define,

V- N
W (st wi) = (2™ (s, m) = 0(58, 1)) Lo.mas (v o1 (55

for k =1,...,n. Using (5.2.18)), (5.2.27), (5.2.4), and Lemma |3.1.3| we obtain:

E “Wrﬁlkfl(sk_b yk—1)|p:|

t v (5.2.28)
< CT/ /d 9p(Sk—1 — S Ykt — Yi) B [[Wk (s, y) P] dyie dsie,
0 R

for k=1,...,n. Applying the same reasoning as in Step 2, we get:

E [[Wo(t, )["] <cn/T § /Rd ng sic1— 5 Y1 —U)E [[W2 (50, y)P] dyds. (5.2.29)
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Therefore, by (5.2.25), (5.2.17)), (5.1.18) and (5.1.19)),

sup supE [|(ul ™2 N (¢, 2) = v(t, 2)) Lo,y (v o)) (8) ]
t€(0,7] zeD

Vr p,N n
< sup sup E |:’(u(() P )(87 y) - U(‘Sa y))]l[[O,TN(VT,D)]] (S)lp] sup CTA;p) (t) — 07
s€[0,T] [y|<Rp+T te[0,7)

as n — +o00o. Finally, we conclude that

u(t, ) Ljo,ry (v o)) (B) = Loy v (ot 2)  as.,  forall (t,2) € [0,T] x D.
For sufficiently large N € N, we have 75 (Vr,p) = +oo a.s. Consequently, u(t,z) = v(t,z)
a.s., for any (t,z) € [0,7] x D. i
The following remark is derived directly from the proof of Theorem [5.2.1]
Remark 5.2.2. Let u be the solution to given by Theorem . Then
u(t,z) =uP)(t,x) as., forall (t,x) € [0,7T] x D,

where u(P) is the solution to (5.2.6) constructed in Step 1 of Theorem
A natural inquiry at this point is the relationship between the solution obtained in
Theorem for a fixed time interval [0, 7], and the solution to (5.0.1)) derived in Theorem

5.1.4] under identical initial conditions and same function o. The following theorem confirms
that both solutions are almost surely identical for all (¢,z) € [0,7] x R<.

Theorem 5.2.3. Under the same assumptions as in Theorem [5.2.1] if v is a mild solution

to (5.2.1]) that satisfies

sup sup E [|v(t, )" 1jo7,](t)] < +o0, forall N € Nand R >0,
t€[0,T] |z|<R

where p is the same exponent as in Theorem |5.2.1 and {7} n>1 is a non-decreasing sequence
of stopping times such that 7 1T +o00 a.s. for N — +o0o, then

v(t,z) = u(t,z) as. for all (t,z) € [0,T] x R,
where u is the solution to given by Theorem m

Proof. Let Vrp = {y € R?; |y| < T+R} for afixed R > 0. Note that u(t, z) = u"7:®) (¢, z)
for any ¢t € [0,7] and |z| < R Hence, by the triangle inequality,

sup sup E H (t,z) —v(t, 37))]1[[0 FNATN (Vr, R)]]( )‘P]
t€[0,7] |z|<R

< 2p1< sup sup E [‘(U(VT’R’N) (t,z) — u;VTvRvN) (t, 7)) Ljo 75 Arn (Ver)] (t)‘p]
t€]0,7] |z|<R

+ sup sup E [}(U;VT’RyN) (t, :E) - U(t? x))]l[[o,?NATN(VT,R)]] (t) |p:| ) :
t€[0,T] |z|<R
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The first term on the right-hand side of the inequality above converges to 0. For the second
term, using the same arguments as in Step 4 of the proof of Theorem [5.2.1] it can be shown
that this term also converges to 0. Consequently, u(t,z) = v(t,x) a.s. for all (t,z) €
0, 7] x R |

Remark 5.2.4. Theorem implies that under Assumptions [5.0.1] and [5.1.1] and with
the same initial conditions and function o, the solution to (5.2.1)) given by Theorem is
almost surely identical to the solution to (5.0.1)) given by Theorem on [0, 7] x RY.




Chapter 6

SPDEs with symmetric a-stable Lévy
noise

This chapter is based on the recent preprint [5], which contains some new results regarding
the existence of a solution of a general SPDE driven by a symmetric a-stable Lévy noise,
and gives a series representation of this solution.

In this chapter we fix T" > 0 and we consider the equation:

Lu(t,x) =u(t,x)Z(t,z), te[0,T],zecR? (6.0.1)

with constant initial condition 1, where L is a second-order pseudo-differential operator, and
Z is a SaS Lévy noise as in Definition 2.1.9]

As examples, we consider the case of the heat operator

o 1
T
and the case of the wave operator
32

These examples are referred in the literature as the parabolic Anderson model (PAM), re-
spectively the hyperbolic Anderson model (HAM).

Note that by Lemma [2.1.7, Z is an ID independently scattered random measure. More-
over, by Lemma [2.1.12) for any B € B,, Z(B) has a S,(m(B)",0,0) distribution with
characteristic function

E[eiuZ(B)] = e B for any u € R,

where m is given by (2.1.10)), i.e. Z is a SaS random measure on [0, 7] x R%.
Recall that S, (u, 0,b) denotes the a-stable distribution given by Definition [2.1.10 with

stability parameter a € (0, 2), location parameter p € R, scale parameter o > 0 and skewness
parameter 5 € [—1,1].

81
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By Remark [2.1.13] Z has the following decomposition:

Z(B) :/ zN(dt,dx,dz), if «a<l,
BX]RQ

Z(B) :/ ZN(dt,dz,dz), if a>1,
BXRO

and

Z(B) £ lim ZN(dt, dx,dz), if o =1, (6.0.2)

e20 ) Bx{|z|>¢}

where N is a Poisson random measure N on [0, T] x R? x Ry of intensity pu(dt, dz,dz) =
dtdzv,(dz), Ry = R\{0}, N(F) = N(F) — u(F) is the compensated version of N, and v, is
given by ([2.1.8)). Note that (6.0.2) is a particular case of (2.1.13)).

On the other hand, note also that Z has the LePage series representation: for any
B e Bb,

_ 1
Z(B) =S el V*———15(T}, X;) as., (6.0.3)
provided the points of N are chosen as

N - Z 5(8i]~—‘;1/a¢_1(Tivxi)vTiin),

i>1

where (g;);>1 are i.i.d. Rademacher random variables, i.e.

{T; = 22‘:1 E;,i > 1} are the arrival times of a Poisson process on R, of intensity 1 (with
(E;)i>1 1.i.d. exponential random variables of mean 1), and {(7;, X;)}i>1 are i.i.d. random
variables on [0, 7] x R? with law m,,(dt, dz) = ¢*(t, z)dtdx, where 1 : [0,T] x R? — (0, 00)
is an arbitrary measurable function satisfying

/T Y (t, x)dxdt = 1. (6.0.4)
0 R4

The sequences (g;)i>1, (E;)i>1 and {(T}, X;)}i>1 are independent. Note that the series on

the right-hand side of (6.0.3)) converges a.s. since W; = mlg(ﬂ, X;) are i.i.d. random

variables with E [W?] < oo (see Theorem 1.4.2 of [53]).
For simplicity, throughout this work we will use a weight function v of the form:
U(t,z) =T V(x) for all (t,z) € [0,T] x RY, (6.0.5)

where ¢ : R — (0,00) is a measurable function such that [, ¢*(z)de = 1. Therefore,
(T});>1 are ii.d. random variables with a uniform distribution on [0,7], (X;);>1 are i.i.d.
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random vectors in R? with density ¢%(z), and (T});>; and (X;);>; are independent. The
LePage series representation (6.0.3) becomes: for any B € By,

Z(B) =T"* Z 81'171/& 15(T;, X;) a.s.

1
i>1 ¢(Xy)

Recall that a mild solution of (6.0.1) is a predictable random field u = {u(t,z);t €
0, 7],z € R?} which satisfies the integral equation:

u(t,z) =1 +/O /]Rd Gi_s(x —y)u(s,y)Z(ds, dy), (6.0.6)

where G is the fundamental solution of the deterministic equation Lu = dy. By convention,
we let Gy(z) =01if ¢ <0.

To give a meaning to the right-hand side of equation , we need a stochastic integral
which can be defined for random integrands. This case is not discussed in [53| or [44]. It
turns out that the theory of stochastic integration with respect to a-stable random measures
developed by the first author in [2] (as a multi-dimensional extension of the theory of [27])
is too restrictive, and the best approach is to use the theory of stochastic integration with
respect to L%-random measures, which was introduced in [13] and was developed further
in [34, 35, 12, T9]. This theory was used in the literature for other studies of SPDEs with
heavy-tailed noise, such as [16}, 17, 18]. To implement this method, we need embed the SaS
random measure Z into a more general process A (called a Lévy basis), indexed by subsets of
Q x [0,T] x RZ. This will unavoidably increase the technical level of the work, but the gain
will be substantial. At the same time, we need to preserve the series representation ,
to define the multiple integrals with respect to Z. This delicate technical issue is addressed
in Section below, where we give an explicit construction of a Lévy basis A which allows
us to achieve both goals. This construction uses as the source of randomness of the three
sequences (€;);>1, (I');>1 and {(T;, X;) };>1 to define a Poisson random measure N, which in
turn is used to define A, via its canonical decomposition. Specifically, u(t,z) is represented
as a series of random multilinear forms that depend only on (€;)i>1, (I':)i>1, {(T3, Xi) }is1,
and G.

Note that the first integral appearing in series (6.0.8)) is f(f Jgi Gi—s(x —y) Z(ds, dy), and
this integral is well-defined if and only if

t
/ Gy (x — y)dyds < oo. (6.0.7)
0 JRrd

In the case of the heat equation, (6.0.7) is equivalent to o < 1 + %, whereas in the case of

the wave equation in dimension d < 2, (6.0.7)) holds for all « € (0,2). In light of this, we

introduce the following assumption:

Assumption 6.0.1. The fundamental solution (¢, x) — G;(x) of the operator L is a jointly
measurable function on [0, 7] x R? which satisfies the following condition:

T
/ G (z)dzdt < oo.
0o Jre
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Note that Assumption does not hold for the wave operator in dimension d > 3,
since the fundamental solution is a distribution.

In this chapter, we introduce a different method for solving , which is more robust
than the method developed in the previous chapters, does not require any truncation, and
can be applied to a large class of SPDEs, being inspired by the methodology used in the
Gaussian case. We explain this method below.

Writing
U(S, y) =1+ / / Gs—r(y - Z>U(T7 Z)Z(d?“, dZ),
0 JRd
and inserting this into , we obtain:

t
u(t,z) =1+ / Gis(v —y)Z(ds, dy)+
]Rd

/Ot O/Rd Gis(z —y) (/08 /Rd Gsr(y — 2)ulr, z)Z(dr, dz)) Z(ds, dy).

Intuitively, it should be possible to iterate this procedure, and therefore obtain that the
solution has the “stable chaos expansion™

u(t,z) = 1 +Z/ Falt, s ozt 2) Z(dtr, dan) - Z(dt, da), (6.0.8)
([0, T xRd)n

n>1

where the kernel f,(-,t,z) is given by:

folt, zr, ot T 6, 0) = Geey (@ — ) - Gyt (2 — 1) Ljoct, < <t <t (6.0.9)

and the integral is interpreted as a “multiple stable integral”, which was introduced and stud-
ied in [51] 52|, using series representations (originating from the LePage series representation
(6.0.3)). The construction and basic properties of the multiple stable integrals are recalled

in Section [6.1.11

We expect that if the series (6.0.8)) is well-defined, the corresponding partial sum se-
quence will coincide with the sequence (uy,),>0 of Picard’s iterations, defined by: wg(t, z) = 1,

¢
Upi1(t,x) =1 +/ / G(t — s,z — y)un(s,y)Z(ds,dy), n >0. (6.0.10)
0 JRrd

This procedure is well-established in the case of equations with Gaussian noise or finite
variance Lévy noise, using tools from Malliavin calculus (see e.g. [30, §]). The goal of this
chapter is to show that this method can be extended to the case of the SaS noise, using the
LePage series representations of the noise and of the associated multiple stable integrals.

Guided again by the intuition gained from the Gaussian framework, we expect this
solution to be unique. But uniqueness turns out to be a delicate problem in our framework.
The fact that our noise may not have any moments forces us to work in the space L° of
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random variables equipped with the pseudo-norm ||-||o. Since the topology induced by || - || 1o
is not locally convex, we do not have access to the same techniques as in a Hilbert space,
such as L?, nor do we have the Banach space structure of L? for p > 0. As a consequence,
proving the uniqueness of the solution remains an open problem.

We are now ready to state the main result of this chapter. But first, we need to introduce
some notation and assumptions. For any ¢ € [0,T], z € R? and p > 0, we define:

(p)(tal") 3:/ ()/(Rd) fP(ty, 1, ..ty Ty ty @ Hgbo‘ P(xy)dzdt, (6.0.11)
Wt n i)

withx = (z1,...,2,), t = (t1,...,t,) and T,(t) = {t € [0,¢]™; 11 < ... < t,}.
Assumption 6.0.2. There exists p € (, 2] such that for all (¢,x) € [0,T] x RY,
» 1/2 N n/2
3 (T<a—1>"K;P>(t,x)> (er v/ ) < o0 s, (6.0.12)
n>1 j>1

Assumption 6.0.3. There exists p € (o, 2] such that for all (¢,z) € [0,T] x RY,

O‘Ti\l n(aAl)
< (Z—1)n // G (v —y)KP)(s, y)dyd5> (Zr;p/“> " <oo as. (6.0.13)
n>1 Re

Jj=1

The following theorem is the main result of this chapter.

Theorem 6.0.4. Suppose that the fundamental solution G satisfies Assumption [6.0.1}

(a) If Assumption holds, then the series on the right-hand side of (6.0.8]) converges
absolutely almost surely, for any (¢, z) € [0,T] x R%.

(b) If Assumptions|6.0.2|and [6.0.3[ hold (with possibly different values p), then the pro-
cess {u(t,z);t € [0,T],z € R} given by (6.0.8) is a solution of equation (6.0.1). Moreover,
for any (t,z) € [0,T] x R,

t
/ / Gy (z—y)lu(s,y)|*dsdy < oo as. (6.0.14)
0 Jra

and u(t, z) has representation:

n/o —1/a  —
u(t,x):l—{—ZT/n! Z Hsjkf‘jk/¢ jk)fn( iy X1, Xt x)  as

n>1 1< <jin k=1

- (6.0.15)
where f,(+,t, ) is the symmetrization of f, (-, ¢, z).

To verify Assumptions and [6.0.3] we introduce the following condition on ¢:

Assumption 6.0.5. There exist some ¢y > 0 and ¢ > 0 such that

1
—— < (14 |z°) for all z € R4 6.0.16
S <l +la) (6.0.16)
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Remark 6.0.6. An example of a function ¢ > 0 which satisfies Assumption [6.0.5] is

¢(x) = c(1fjaj<1y + |$|_61{\x|>1}), (6.0.17)

with 6 > d/a, and value ¢ = ¢(a, 0) > 0 chosen such that [, ¢*(z)dz = 1.

As an application of Theorem [6.0.4] we obtain the following result.

Theorem 6.0.7. Suppose that ¢ satisfies Assumption [6.0.5] If either
(i) £ = %2— A is the heat operator and v < 1+ 2, or
(ii) £ = 25 — A is the wave operator and d < 2,

then Assumptions[6.0.2] and [6.0.3 are satisfied, and consequently, the conclusion of Theorem

6.0.41(b) holds.

This chapter is organized as follows. In Section 6.1} we introduce the necessary back-
ground material, related to multiple stable integrals and Lévy bases. In Section [6.2] we give
the proof of Theorem .(a), i.e. we show that the series converges absolutely
almost surely. In Section , we show that the partial sum sequence (uy,),>0 associate with
series satisfies the recurrence relation . In Section , we show that the pro-

cess u(t, z) defined by (6.0.8) satisfies the integral equation (6.0.6)). In Section [6.5] we give
the proof of Theorem [6.0.7] i.e. we show that Assumptions and are satisfied in

the case of the heat and wave equations.

The notation ¢~1(x) is used for 1/¢(x) (not for the inverse function of ¢).

6.1 Background

In this section, we include the necessary background material, which is substantial, since it
covers two topics: multiple stable integrals (Section [6.1.1) and integration with respect to
Lévy bases (Section [2.3). In Section [6.1.2) we give the construction of the noise.

6.1.1 Multiple stable integrals

In this section, we review the construction of the multiple stable integral with respect to
the SaS random measure Z, following [51], 52]. The results contained in these references
are stated for SaS random measures on R, but they can be easily extended to more general
spaces, such as [0, 7] x R%

Before we begin, we recall that the stochastic integral I;(f) = [ fdZ of a deterministic
function f with respect to Z is constructed using the classical procedure, starting with simple
functions, followed by approximation. This is explained in Chapter 3 of [53]. It turns out
that the integral I,(f) is well-defined for any function f € L%([0,T] x R?), and the process



6. SPDES WITH SYMMETRIC o-STABLE LEVY NOISE 87

{L(f); f € L*([0,T] x R%)} has a-stable finite dimensional distributions. In particular, I;(f)
has a S, (o, 0, 0)-distribution, where

1/a
of = </ |f(t,x)|am(dt,dx)> :
[0,T)|xR4

This property is in fact valid even in the non-symmetric case, when v,(z,00) = pz~® and
v(—o00,—2) = q(—2)~* for all z > 0, for some p,q > 0. From this perspective, a-stable
random measures are similar to isonormal Gaussian processes from Malliavin calculus, in
which case the integrals ;(f) live in the first Wiener chaos. This analogy is further enhanced
by the fact that, in the symmetric case (when v, is given by ), it is possible to define
a multiple integral with respect to Z, and this is what we will explain below.

Remark 6.1.1. If a € (1,2), then [__, |2[va(d2) < oo, then by Remark [2.1.13,(i), Z(B) =

Il BxRe N (dt,dz,dz). In view of this, one may try to define the multiple integral with respect
to Z of a function f : ([0,T] x RY)"™ — R by:

«

~ ~

I.(f) = / flty, x1, .oty xn)z1 - 2o N (dEy, dxy, d2y) ... N(dty,, dzy, dz,).
([0, T)]x R4 xRg)™

This procedure works for finite-variance Lévy noise (see [§]), but fails for the infinite variance

noise 7, since the multiple integral with respect to IV is defined only for functions which are
square-integrable with respect to the measure p" (see Section 5.4 of [1]).

A different idea, which has been exploited successfully in [51], 52], is to start with
a SaS random measure Z which has the LePage representation , and extend this
representation to multi-index series. We explain this procedure below. To simplify the
writing, we let £ = [0,T] x RY, B be the class of Borel sets of E, and ¢ be the Lebesgue
measure on R. Let By = {4 € B;{(A) < oo}.

The first step is the construction of the product stable measure Z™. For this, we recall
that a symmetric rectangle of E™ is a set of the form

B = U Bﬂ(l)x...XBﬂ(n)
TEX

for some disjoint sets By, ..., B, € By, where ¥, is the set of all permutations of {1,...,n}.
Defining
Z™(B) :=nlZ(By)...Z(B,),

and using the Le Page representation (6.0.3)) for each B;, we obtain that:

n —1/a ; —
Z0WB)=nl Y T[enl o (T, Xo)1s(Th, Xy T X)) (6.1.1)

jl<---<jn k=1

The following theorem shows that this representation can be extended to more general
sets. First, we need to introduce some notation. Let B$) be the o-algebra generated by
the symmetric rectangles and Bff’()] ={B ¢ B,(f);f(”)(B) < oo}, where ¢ is the Lebesgue
measure on E™.
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Theorem 6.1.2. For any set B € B the series

n,07
—1 a
_n' Z Hgﬂk / TJMX )13(7}17Xj17“'7j}n7Xjn)
J1<...<jn k=1
converges a.s. if and only if

> Hrjj/a (Ti, X;)16(T5 . X0, ... T, X)) <00 as. (6.1.2)

]l< <]nk 1

In this case, we let Z™(B) := S,,(B) a.s.

We proceed now with the construction of the multiple stable integral. We recall some
terminology.

Definition 6.1.3. Let f : E” — R be an arbitrary function. We say that:
a) fis symmetric if for any xy,...,z, € E and for any 7 € 3,,,

f(mlv cee 7xn) = f(xﬂ'(l)7 <. >xﬁ(n))a
b) f wvanishes on the diagonals if f(z4,...,x,) = 0 whenever x; = z; for some i # j.

Lemma 6.1.4. A symmetric B"-measurable function f : E™ — R which vanishes on the
diagonals is Bés)—measurable.

We say that f : E" — R is a simple function if it is the form f = Zle a;1p,, for

some aq,...,a, € R and disjoint sets By,..., By € BS%. If ZW(B;) is well-defined for any
1=1,...,k, we say that f is n-times integrable with respect to Z, and we let

6.1.2 Construction of the noise

In this section, we give the construction of the noise.

Let (&)i>1, (I'i)i>1 and {(T}, X;)}i>1 be the sequences mentioned in the introduction,
defined on a complete probability space (€2, F,P). Note that ( I 1 O‘) o1

of a PRM on Ry of intensity v,. Therefore, using a procedure called “augmentation” (see
Proposition 3.8 of [45]), the process

Jo = Z 5(T¢,Xi,aiF;1/°‘) (6.1.3)

i>1

are the points
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is a PRM on [0, T] x R? x Ry of intensity my X v,. Consider the transformation Ty(t,z,2) =
(t,x, m) By Proposition 3.7 of [45], the process

_ -1 _ _
Nw - Jd’ © T¢ - Z 5Tw(Ti’Xia5iF¢_l/a) o Z 5(T¢,X¢,€¢F;l/a¢’1(Tszz‘))

i>1 i>1
is also PRM on [0,7] x R? x Ry of intensity

(my X vy) 0 del = Leb x Leb x v,.

Now, using the PRM N, we define the homogeneous Lévy basis A on [0, 7] x R%:

T T
A(A):/ / / 1A(t,$)ZNw<dt,d.§C,dZ)+/ / / 1A(t7x>ZNw<dt,d$,dZ),
0 JReJ{z<1} 0 JREJ{|z]>1}
(6.1.4)

where N, is the compensated version of Ny.

We let (F)tejo,r] be the filtration associated with Ny, i.e.
Fi =0 {Ny([0,s] x Bx F);s€0,t], Be By, F € By(Ry)} . (6.1.5)

Remark 6.1.5. If A is a SaS Lévy basis with canonical decomposition (2.3.3)), then the
process Z defined by (2.3.2)) is a SaS random measure with representation (2.1.11)) if « <1

and (2.1.12) if a > 1.

For any B € By, we define Z(B) by (2.3.2). Then A is a SaS Lévy basis (see Definition
2.3.2)), and Z is a SaS random measure (see Remark |6.1.5). The next result shows that Z
has the series representation ([6.0.3)).

Lemma 6.1.6. If A is the Lévy basis given by (6.1.4]), then the process Z given by (12.3.2))
has the LePage series representation ((6.0.3)).

Proof. Let ¢ € (0,1) be arbitrary. By the symmetry of v,, zdtdzvy(dz) = 0

fo{a<\z|g1}

and hence,
/ z@(dt,dm,dz) :/ 2Ny (dt, dx,dz),
Bx{e<|2|<1} Bx{e<|2|<1}
and
Z(B) = / zm(dt,dx,dz) +/ ZNy(dt, dz,dz) =: Z.(B) + S:(B).
Bx{0<|z|<e} Bx{|z|>e}

Note that Z.(B) B0ase > 0, since E[|Z:(B)] = [4, (ecpsi<1y 27 dtdava — 0 as e — 0, by
the dominated convergence theorem. Next, we prove that:

S.(B) 5 S(B) ase— 0, (6.1.6)
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where S(B) is the sum on the right-hand side of (6.0.3)). Note that

-1 a el
S(B) =l T T X)L ooy, oy LB(T X2) =2 SL(B).

i>1

By the Cauchy-Schwarz inequality,

1/2

I5(B)llo = E[ min (1, S.(B)])] < {E[min (1,[5.(8)*)] |

Using the inequality E[min(1, |X|)] < min(1,E|X|) and the orthogonality of (&;);>1,

E|min (1, [S.(B)) | (s, (T, (X0)i

. 2/a
< min (1, 30T 02T X)L ooy, oy 18 (T X0)).

i>1

Taking expectation in the above inequality, we obtain:
. = . 2 a
E[mm(LySE(B)\?)} gE[mm( ZF oy (T3, Xi)1 - 1/a§5¢(TZ_7XZ_)}1B(7},XZ-)>}.

The term on the right-hand side above converges to 0 as ¢ — 0, by an application of the
dominated convergence theorem, which is justified by the fact that

-2 a
X = ZF / ,I‘Z’X )1{F71/a<w(Ti,Xi)}1B(ﬂ7Xi) = /B><{| <1) ZQNQP(dt’dl‘adZ) <00 as.

1>1

since B [X] =[5, (1.1<yy #°dtdava(dz) < cc. i

The following result gives an alternative representation for A. Its proof follows essentially
using a change of measure, which allows us to pass not only from Ny to Jy, but also from

]/V; to j; (although these are not measures), using the symmetry of v,,.

Proposition 6.1.7. Let A be the Lévy basis given by (6.1.4). For any A € Py, we have:

T
z —
= — Jy(dt, dx, d
/ /]Rd /| 1<v(t,z)} 1A(t’x)¢(t ) oldh, d, dz) ¥

/ /Rd /{Mm Al %W oy Jeldts dz, dz), (6.1.7)

where j; is the compensated version of .J,,. Moreover, if a € (0, 1), then for any A € ﬁb,

:/T/Rd /R 1A(t,x)%@J¢(dt,dm,dz) (6.1.8)

=Y ar; e o X)1 A(T3, X;). (6.1.9)

i>1
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Proof. We first prove (6.1.7)). Let € € (0,1) be arbitrary. We write

T T
—/ / / 1A<t7$)2Nw(dt,d$,dZ)+/ / / 1a(t, 2)zNy(dt, dz, dz)+
o Jre Jiz<e) o JriJe<pz<1)

T
0 JRYJ{z>1}

and then we let ¢ — 0. Since Ny, = J,, 0 T, ', using a change of measure, we have

Ty — //Rd/||>m tx)w ol dr. dz).

By Ito’s isometry, T} () L —> 0 as ¢ — 0. For the second term,

T

= alt,x)z t,dx,dz the symmetry ot v,

Ty’ /// La(t, 2)2Ny(dt, dz, dz) (by the symmetry of v,)
R? J{e<|2|<1}

T
z

= 1a(t, x)———Jy(dt,dx, dz since Ny, = Jy 0T !

/ /Rd/{s< =<1} al )w(t>$) “ ) v vooe )

/ hedecs
(t,z)

z
1A )
{w(lfﬂ‘x)gl} U(t, x)

j;(dt, dx,dz) (by the symmetry of v,)

t ¥4
<1} w(t,ﬂf)

j];(dt, dr,dz) ase—0.

R4
The last convergence holds by It6’s isometry, using the fact that

2

2z
(L <5} ¢2(ta$)

=K a2 v, (d dtd
/0 /]Rd La(t, 2)* *(t, ) (/{MQ}Z Vol z)) t x]
2—a T
_ 26_ B VO /Rd 1A(t,x)dtd4 .

This proves (6.1.7). Relation (6.1.8) follows directly from , since

Jo(dt, dzx, dz)

Rd

z —
e 2/}(t’g[:)t]d,(clzf,alar:,dz)
z
dt,dx,dz).
s /Rd/{ o ATy ]

w(z
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To see this, note that by Fubini’s theorem and the symmetry of v,,

T
/ / / 1a(t, 2)2* (¢, z)dtdzv, (dz) = 0.
0 JrdJ{ Lzl <1y

Y(t,z) =

To justify the application of Fubini’s theorem, we note that since a < 1,

T 1 T
/ / La(t, 2)eo (4, 7) ( / |z|ua(dz)) ddt / / La(t, 2)dtdz < oo,
0 Jre {lzI<v(t.2)} l—ajy Jpe

Finally, (6.1.9) follows directly from (6.1.8)), using definition (6.1.3)) of J. |

Remark 6.1.8. When a € (0, 1), relation (6.1.9) extends the LePage series representation
to sets A € 751,. This relation will play an important role in proving the recurrence
relation ; see the proof of Theorem below. We do not know if this representation
holds for sets A € Py, when a € [1,2).

For integration purposes, we will use the following representation of A.

Proposition 6.1.9. Let A be the Lévy basis given by (6.1.4). For any A € Py, we have:

T
( ) /0 /]Rd /{|Z|<1} 1A(t7x)¢(t,:)§)(]w( t,dr, Z)—I—

' z
/0 /Rd /{|Z>1} 1A<t’x)@/)(t,x) Jy(dt,dx, dz). (6.1.10)

Proof. Consider the following (non-homogeneous) Lévy basis:

T T
Ly(A) = / / / 1a(t, )2y (dt, da, dz) + / / / 1a(t, 2)2Jy(dt, dz, dz).
0 JRE J{|z|<1} 0 JRI J{[z[>1}

(6.1.11)
This is an orthogonal L°-random measure which has the canonical decomposition (3.2) of
[19], with respect to the truncation function 7(2) = zlf.j<1y, with b =0, C =0, u = Jy,
v(dt,dx,dz) = Y(t, x)dydrv,(dz), i.e. A(dt,dz) = dtdr and K(t,x,dz) = *(t,x)v,(dz).
For this L°-random measure, we have:

Ult,x,y) =b(t,z)y +/ (T(yz) — yT(z))K(t, x,dz) =0,

Ro
2
Voltoo) = [ (2 A (t.d2) = 32— lylun(t)
Ro -
By Theorem 4.1 of [19], if H is a predictable process, then
H € L°(Ly) if and only if [ [, 4*(t, )| H(t,z)|*dzdt < o0 as. (6.1.12)

In particular, 149! € LO(Ly), for any A € b,
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By Theorem 3. 5 of [19] we can define a null-spatial L°-random measure H - L, by
(H - Ly)(A) = [14(t)H(t,2)Ly(dt,dx) for suitable sets A € P, and this has canonical
decomp051t10n

(H - Ly)(A) = / ()7 (H (8, 2)2) T (dt, de, d=)+
[0,T]xR4xRg
/ La(t) (H(t,2)z — T(H(t, x)2)) Jy(dt, dz, dz).
[0,T]xR4xRg
On the other hand, using the canonical decomposition (6.1.11)) of L, we have:
(H - Ly)(A) = / () H (8, 2)7(2) Ty (A, da, d=)+
[0,T]xR4xRg

/[OT] . LA H(t, 2) (2 — 7(2)) Jy(dt, d, dz).

Combining these two expressions and writing them for A = Q := Q x [0, T, we obtain:

T
(H - L,)(@) = / / / Ht,2)2 0 (dt, d, d=)+
0 JRIJ{|H(t,z)z|<1}
T
/ / / Hit,2)2J(dt, d, d=)
o Jra J{HE2)>1)
T ~
:/ // H(t,x)zJy(dt,dx, dz)+
0 JreJ{zl<1}
T
/// H(t, z)zJy(dt, dx,dz).
o Jra Jyz>1)

We apply this for H = 1,497 with A € P,. The conclusion follows by (6.1.7)). |

Finally, we give the following representation for the integral with respect to A.

Proposition 6.1.10. For any H € L°(A), we have:

/ H(t,x)A(dt,dx) / / / H(t,x) jw(dt,dx,dzﬂ—
Rd R J{z<1} t, )

/0 /Rd /{|z|>1}H(t’x)w(t,x) Ty (dt, dz, dz). (6.1.13)

Proof. By Proposition , relation (6.1.13]) holds for H = 14 with A € ﬁb, ie.

Z/O /Rd 1A(t’m)1/}(t1 l‘)Lw(dtdI), (6114)
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where L, is the Lévy basis given by (6.1.11)). By Corollary [2.3.9, H € L°(A) is equivalent
to [|H(t,x)|*dtdx < co a.s., which in turn is equivalent to Hy~' € L°(Ly), by (6.1.12).

By Theorem 13.5 of [14], there exists a sequence (.S,,),>1 of simple integrands such that
Sn — H and |S,| < |H]| for all n. By Dominated Convergence Theorem (Theorem [2.3.7)),

NS, B IMNH) and  TP¢(S,ut) B e (Hy ™).

By (6.1.14), 1*(S,) = I+ (S, 1) for all n. By uniqueness of the limit, I*(H) = I*+(Hy™1).
|

The following result will be used in the proof of Lemma|[6.3.7] m below (in the case o > 1).
Proposition 6.1.11. Assume that a € [1,2). For any H € L°(A) and a € (0, 1), we have:

/ H(t,z)A(dt,dx) / / / H(t,x) Jw(dt, dx,dz)+
Rd Ré J{|z|<a} (t, z)
H(t,x Jy(dt, dx,dz).
/0 /Rd /{|z>a} ( >1/J(t,l‘) ‘/’( )

Proof. In (6.1.13)), we write the first term on the right hand-side as the sum of two integrals
corresponding to sets {|z| < a} and {a < |2| < 1}. Notice that

T 5 R T .
H Jy(dt, de, dz) = H Ty (dt, dr, dz).
/0 /Rd Aa<|2|<1} (t;l‘)w(t’l,> d)( t) x) Z) \/O /Rd \/{'a<2|<1} (ty x)¢(t’x) d)( t, IL‘, Z)

This is because fOT Joa Jracpi<ny H(t, @) 2027 (¢, w)dwdtv,(dz) = 0, by Fubini’s theorem and
the symmetry of v,. To justify the application of Fubini’s theorem, we need to prove

T
/ |H (t, )| (t, x) (/ |z|ya(dz)> dxdt < 00,
0 JRrd {a<|z|<1}

which is equivalent to fOT Jga [ H(t, x)[1p*7 1 (t, x)dzdt < oo. This last fact is clear when o = 1,
and can be proved using Holder’s inequality with p = a;, when « € (1, 2). |

Definition 6.1.12. Let f : E™ — R be a B™-measurable symmetric function which vanishes
on the diagonals of E™. We say that [ is n-times integrable with respect to Z if there exists
a sequence { )}, of simple functions which are n-times integrable with respect to Z such
that:

(i) {f®™}r>1 converges to f in the measure ¢

(ii) for any B € B, the sequence {L,(f®1p)}x>1 converges in probability to a limit denoted
by I(f1p).

In this case, we let I(f15) be the limit in probability of {I(f*15)}is1.

Recall that the symmetrization of a function f is defined by:

~ 1
f(iL‘l, Ce ,mn) = E Z f(l’ﬂ(l),...,{ljﬂ(n)).

ﬂ'ezn
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A B"-measurable function f which vanishes on the diagonals is n-times integrable with
respect to Z if its symmetrization f is so; in this case, we let I,(f) = I.(f).

We use the notation

In(f) = f(tl, L1y ,tn, Zn>Z(dt1, d.iUl) Ce Z(dtn, dl‘n>,

E’IL
and we say that I, is the multiple integral of order n of f with respect to Z.
We now present a criterion for integrability.

Theorem 6.1.13. A symmetric B"-measurable function f : E” — R which vanishes on the
diagonals is n-times integrable with respect to Z if and only if

—2/a ; —
S TIm2 T, X ) AT, Xy T, X)) < 00 as. (6.1.15)
1< <in k=1
In this case, the series
—1/a  —
Sn(f) = nl Z ngkrjk / (G I(Y}k7Xjk)f(7}17le7 s 7Tjn7Xj )
J1<.<Jn k=1

converges a.s. and I,(f) = S,(f) a.s.

A sufficient condition for (6.1.15) is

|f(t1,.§lf1, oo 7tn7xn)‘ "
¢(t1, xl) s 2ﬁ(tna xn)

Under this condition, the multiple integral has the following asymptotic tail behaviour:

1
dtidxy ... dt,dz, < oco.

/ ‘f(tlaxlw"atnaxn)‘a |:1n+

)\0[
: — | a—2_n—1 «a > 1.
)\lg{)lo Ayt /\)n_llP’(\In(f)\ > A) =n(n)* " | flla,, foranyn>3, (6.1.16)

where [|f[|%,, = [ou [ f(t1 21, tn, 20)|%dbrday . dtpdz,. Relation (6.1.16) holds also for
n = 2 under the additional condition:

|f(t1, 21, T, 22)| 0. |f(t1, 21,12, 22)]
w(tlaxl>w(t2ax2) - ¢(t1,$1)¢(t27332)

/E2 |f(t1, 21,12, 22)|" Iny dt dxdtadxy < 00.

This concludes our summary about multiple stable integrals.

6.2 Convergence of the series

In this section, we give the proof of Theorem W(a) First, we show that under a condition
weaker than the one given by Assumption [6.0.2} the series on the right-hand side of (6.0.8))
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converges in probability. Then, we show that under Assumption [6.0.2] this series converges
absolutely almost surely. For the rest of the chapter, we will denote this series by u(t, z):

u(t,r) =14y L(fal,t,2) = 1+ Li(fult,2)). (6.2.1)

n>1 n>1

Recall that f,(-,t, ) is the kernel given by and f;(, t,x) is its symmetrization.
By Theorem [6.1.13} the multiple stable integral I,,(f,(,t,2)) is well-defined if and only if

WOt a) =T m)? Y T[0T, Xy T X, t7) < 0o as,

J1<...<gn k=1

and in this case, it has the LePage series representation:

rs n/o -1/ —
L(fuo ) =70t > T[enDi o () T, X0, T, Xt 7) - as.

J1<.<Jn k=1

(6.2.2)
We have the following result.
Lemma 6.2.1. Let (g;);>1 be i.i.d. with P(¢; = 1) = P(e; = —1) = 1/2. Let {a;,. ;.;1 <
J1 < ... < Jn,Ji € N} be an array of non-negative numbers. The series
Z Z Ejy -+ Ejnj, ;. converges in L?({)
n>1 j1<...<jn
if and only if 37 o, >, . _; @i _; < oo, and in this case,
2
Z Z 6]1 o 6jna]1 ----- Jn = Z Z a’_?l ..... In
n>1 71<...<jn n>1 j1<...<jn
Proof. The terms of the series are orthogonal in L*(f2) since
- 1 lf{jl,7]n}:{k1,,]€m},
Bleg einfh o hnl = { 0 otherwise.
|

Remark 6.2.2. Let n € N fixed. If 37, _ . af . < oo, then by the generalized Khint-
chine inequality (Proposition 1 of [51]), the series ) €jy -+ €., COLVETges a.s.

jl<...<jn
and in LP(Q2) for any p > 0.
Using Lemma [6.2.1] we see that
POt ) = E[|L(Fu, )] (D), (1), (X0)]. (6:23)

The following basic conditioning fact will be used several times in the sequel: if X and
Y are independent random elements with values in measurable spaces (FE, &), respectively
(F,F),and f: E x F — [0,00] is a measurable function, then

E[f(X,Y)|X = 2] = E[f(z,Y)]. (6.2.4)
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Lemma 6.2.3. Let t € [0,7] and x € R? be arbitrary. If

r) =Y hP(t,x) <oco as., (6.2.5)

n>1
then the series ) -, In(ﬁl(-, t,x)) converges in probability.

Proof. Recall that convergence in probability is equivalent with the convergence in L°
equipped with the norm || X ||p = E[min(1, |X])].

Let S, =) _, Ik(ﬁ(-, t,x)). By the Cauchy-Schwarz inequality, for any n > m,
Efmin(1, ]S, — Snl)] < (Emin(1, S, — Su[*)])"”.
Conditioning on (I';), (73), (X;), we have:
Elmin(L,|Sy — Sul*)] = E[E[min(1, |S, — Snu[*)|(T3), (T3), (X3)]]-

Using the inequality E[min(1,|X|)] < min(1, £|X|), followed by Lemma we have:

E[min(1, |S, = Sul*)|(Ti) = (%), (T1) = (t:), (Xi) = (xs)]
n k 2
. o —1/a — ra
=FE |min [ 1, Z Tk Z ngﬂje / O @s) fultins Tiys oty Ty 1, T)
k=m+1 J1<..<Jr £=1
n k 2
. ey —1/a  — ra
< min Z T k! Z Héjﬂjz / & @i,) faltins Tiys oty Tjps 1, T)
k=m+1 J1<...<ji £=1
. a —1 a ry
:Inll’l{l, Z T2 k' Z H / x]e f2(tj17xj1v~--7tjkaxjkat7$)}'
k=m+1 J1<...<Jg =1

This means that

E[min(l,\Sn—Sm|2)‘(Fi),(ﬂ-),(X ] < mln{ Z h2) t,x }

k=m+1

Hence,

E[min(1,]S, — Swm|[*)] < E

min (1, i h,(f)(t,x)>].

k=m+1

By (6.2.5) and the dominated convergence theorem, the last term above converges to 0 as
n,m — oo. This proves that (S, ),>1 is a Cauchy sequence in L°. |

The following result gives a criterion for verifying (6.2.5)). Recall that K @) (t,x) is defined

by (6.0.11).
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Proposition 6.2.4. Let t € [0,7T] and x € R? be fixed. If there exists p € («, 2] such that

S TED RO (1, ) ( 3 F;p/"‘)n <o as, (6.2.6)

n>1 j>1
then (6.2.5) holds, and consequently, > - I, (ﬁ(, t, a:)) converges in probability.

Proof. By the sub-additivity of the function ¢(x) = /2,2 > 0, we have:

/2
(h§3>(t, @)p < h®) (¢, 2), (6.2.7)

where
WP (t ) = TP (nl)P Y Hl”’/a (X (T5, X, Ty, X, 1 ).
Jl< <]nk 1

Hence,

APt x) <Z< t:r)p/<2h (t,x) = A,(t, ).

n>1

We will prove that A,(t,xz) < oo a.s. For this, we apply Remark to X = (I')i>1
and Y = {(T}, X;) }i>1. We will show that:

E[A,(t,z)|(I';)] < o0  as. (6.2.8)

By the independence between (I';); and {(7}, X;)};, we have:

n

B[, 0)|(0)] = Tty 3 T[T B[ [[6 P60 BT X T X, 0)]|-

J1<...<jn k=1 k=1

For any j; < ... < j, fixed, we denote

A(p) i) = (n!)’E

-----

Hgb_p(Xjk)ﬁZ(z}l?le?” TJn’XJnv ) )] (6'2'9>

k=1

We now use the explicit expressmn of A(p (t, x), given by Lemma |6.2.5( below, which in

77777

particular, shows that A _____ ;. (t,z) does not depend on ji, ..., jn. It follows that
E (b0 (t,2)|(Ty)| = TW"K® (1, o Z Hr ol

< TP/t g p)(¢ g) (ZF p/“> , (6.2.10)

j>1
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where for the last inequality, we used the fact that for any a; > 0,

Z aj, ...a; < (Zaj>n. (6.2.11)

J1<.<Jn j=1

By the strong law of large numbers, I';/j — 1 a.s., and hence )., T “PI% < 50 a.s. Finally,

(6.2.8) follows by (6.2.6)), since
E[A,(t2)|(T)] = ) E[hff’) (t, x)|(Fi)] < SO TR0 (¢ ) (Z rjp/a> _

n>1 n>1 i>1
|
The following lemma gives the explicit expression for A ..... it ).
Lemma 6.2.5. For any t € [0,T], z € R p >0 and j; < ... < j,, we have:
®) )
AT (t,x) = ﬁKn (t,x). (6.2.12)
Proof. By the definition of fn(, t,x),
() _ P
Ajllj ..... In (t’ x) - E H ¢ < Z fn ]w(l ]7r(1 T77‘r(n) ? X]ﬂ'(n) ? t’ x)) ]
TFEZn
P
_F Z Ju(T, Jr@1) j7r(1)7 e 7Tj7r(n>7ij<n>7t’ ) ' (6.2.13)
L \reX, ¢(X]7\'(1)) e ¢<XJW(TL))
We now present two methods leading to the desired relation (6.2.12)).
Method 1. (due to G. Samorodnitsky) Recall that f,(Tj, ., Xj. 0 Doy Xy 6 )
contains the indicator of
0<Tj oy <...<Tj,, < (6.2.14)

For fixed values Tj,,...,T;, € [0,t], there is a unique permutation 7 for which (6.2.14)
holds. Therefore, the sum over all permutations above in fact contains only one term, all
the other terms vanishing. The vector (Tjﬂ(l) s Xy Ly Xjﬂw)) corresponding to that

term has the same distribution as (7(1), X1,..., ), Xy), where T(1y < ... < T{; are the
order statistics of T1,...,T,. Hence,

AP (1x) H¢ (Xi) 2Ty, Xay - -+ s Tinys Xons t, )

|
:ln/ / fg(thxla" tn7$n7t € H¢ xk dxl dxndtl...dtn,
™ Jr, (1) J ®ayn

using the fact that (Ty),...,7(»)) has a uniform distribution over the simplex T,,(T"). The
desired relation follows since f,(t1,z1,. .., tn, Ty, t,z) =01if ¢, > t.
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Method 2. From (6.2.13), since (T},, Xj,, ..., T},, X;,) has density 7" [[,_, ¢*(zx), we
obtain:

P n
_ Jo(tz(), Tx(1)s - - s tr(n)s Ta(n), L, 7)
AV (ta)=T ”/ / > e | [ o () dedt
e o1 @iy \ S ¢ - O(Tr(n)) P

(ZL’W(l)) ..
P n
—Tn Z / / Z fn(tﬂ'(l)7 'ITI'(l)J s 7t7r(n)7 xﬂ(n)a t? x) H ¢a(xk)d$dt
pex, Y 0<ty() <o <tpmy <t JRO™ \ 15 ¢(x7r(1)) s ¢(x7r(n)) b1
n(t ) 7"'7tn7 n7t7 P
— T Z / / (f ( p(1)> Lp(1) p(n)> Lp(n) l’)) H¢a($k)d$dt
pezn 0<tp(1)<~“<tp(n)<t (Rd)" ¢<xp(1)) e ¢($p(n)) k=1

B fn(tl,xl,...,tn,xn,t,x))p ~
=T7""n! / / ( *(xy,)dzdt.
0<t1<...<tn<t J (Rd)n o(z1) ... o(zn) g #la)

The following result shows that a condition stronger than (6.2.5)) implies the a.s. absolute
convergence of the series ([6.2.1)), and thus proves Theorem[6.0.4} (a). The fact that the series
converges absolutely will play a crucial role in Section when we will show that the process
u(t, ) given by is indeed a solution of equation (6.0.1)).

Proposition 6.2.6. Let t € [0,7] and z € R? be fixed. If there exists p € (o, 2] such that

(6.0.12) holds, then V(t,x) :== > o |I, (ﬁl(,t,x)ﬂ < 00 a.s.

Proof. We apply Remark to X = {(I;), (T3), (X;)} and Y = (g&;). We will prove that:
E[V(t, 2)|(0)), (T)), (Xi)] <00 as.

By Jensen’s inequality for conditional expectation and (6.2.3)), we have
- 1/2
Bl (Falt 0)) (D), (T0), (X0) < (B (t,2))

1/2
and hence E[V(t,xﬂ(ﬂ), (T3), (XZ)} < Do (h,@(t,x)) . We take power p/2. Using
sub-additivity of the function p(x) = /2,2 > 0 and (6.2.7)), we get:

(B[ 2)Ir). @) (Xi)Dp/ N (t,x))p/ = (h;m(t,a;))” "Bt a).

To prove that B,(t,z) < oo a.s., we use Remark with X = (I;) and Y = {(T3), (X))}
We will show that:
E[B,(t,z)|(I)] < oo as. (6.2.15)

We will use the following inequality:

E(X”|G) < (E[X|G])” ifpe (0,1) and X > 0, (6.2.16)
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which is Jensen’s inequality applied to the concave function ¢(z) = 2P,z > 0. Hence,

BiB, (6 200] = SB[ (106.0) 0] < 3 (B[ e o))
< 3 (oD ) ()

n>1 7>1
where the last inequality is due to (6.2.10]). Relation (6.2.15]) follows by (/6.0.12]). |

6.3 The recurrence relation

In this section, we prove that the partial sum sequence (u,),>0 given by

up(t,x) =1 and wu,(t,z) =1+ zn:]k(fk(-,t,x)), n>1 (6.3.1)
k=1

is indeed the Picard’s iteration sequence, i.e. it satisfies the recurrence relation ([6.0.10J).

By linearity, instead of proving (6.0.10]), it is enough to show that for any n > 0,

healGanto) = [ [ Goeso = (Gl 5.0 25,

where fo(s,y) =1 and [y(z) = x. For this, we define the multiple integral process:

For any n > 0, t € [0,T] and x € R? fixed, we have to prove that:
(i) the multiple integral process is integrable wr.r.t. Z, i.e.

X0 e [9(7); (6.3.2)
(ii) the integral w.r.t. Z of the multiple integral process coincides with I, 11 (fns1(:, ¢, 2)):

(X)) = L (fasa (1, 3)). (6.3.3)

These facts will be proved separately in the following two sections.

6.3.1 Integrability of the muliple integral process

In this section, we give the proof of (6.3.2). By Corollary [2.3.9, we need to check that

n(t,x) = / / Gy (= y)| L (fuley8,9))|%dyds < 0o a.s., (6.3.4)

provided that X8 s predictable. The next lemma addresses the issue of predictability.
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Lemma 6.3.1. The process {I,(f, (- t,z));t € [0,T],z € R?} has a predictable modification.
Using this modification, X,St’x) is predictable.

Proof. We only need to prove the first statement, since the map (w, s,y) — Gi_s(z — y) is
clearly predictable. By LePage representation (6.2.2)), I,,(f,(-,t,2z)) = S, (¢, z) a.s. where

S”(t’ I) =T""n Z H ejkrj_kl/agb_l(Xjk)ﬁl(ijXjn s ’Tjna ij t, l‘)

Hence, it is enough to prove that .S,, has a predictable modification. For this, we proceed
as in the proof of Lemma 6.2 of [16]. For any x € R?, let SP' (-, z) be the extended predictable

projection of S, (-,x), given by Theorem 1.2.28 of [31], i.e. S¥(-,x) is P-measurable and
SP(. x) = E[S,(t, z)|F,_] a.s. for all t € [0,T).

By Proposition 3 of [54], there exists a predictable process S, such that §n(t,m) =
SP(t,x) a.s. for all (¢, 7). Hence, for all (t,x) € [0,T] x RY,

Sp(t,x) = E[S,(t,x)| Fi—] = Su(t,x) a.s.,

where the last equality is due to the fact that S, (¢,z) is F,_-measurable, which is true
because S, (t, ) is a function of the points of N, situated in [0,¢) x R? x Ry. (Recall that
(Ft)tefo,r is the filtration associated with Ny, given by (6.1.5)).) i

We continue now with the verification of (6.3.4]). This will be the consequence of the
following more general result, which will be needed for the proof of Theorem below.

Theorem 6.3.2. Suppose that Assumption holds. Let ¢t € [0, 7] and = € R? be fixed.
If there exists p € («, 2] such that (6.0.13)) holds, then

ZIn(t,a:)ﬁ <00 as. (6.3.5)

n>1

Moreover, if there exists p € («, 2] such that

t
/ G2 (@ — ) KW (s, y)dyds < oo, (6.3.6)
0 R4

then Z,(t,z) < oo a.s., and consequently X\ e LY(Z).

Proof. We only need to prove the first statement. The second statement is proved in the
same way, dropping the sum over n > 1.

We consider first the case @ < 1. We will prove that:

C(t,x) := ZIn(t,x) <00 as.

n>1
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We apply Remark with X = (I';) and Y = {(T3), (Xi), (¢:)}. We will prove that:
E[C(t,z)|(T)] < o0 a.s. (6.3.7)

We use the fact that E[C(¢, z)|(T;)] = E[E[C(¢, z)|(T), (T7), (X,)]|(T;)], and we estimate sep-

arately the inner conditional expectation. By Jensen’s inequality,

E[C(t, 2)|(T)). = / / G2 (@ — PEL(fuler5.9) || (D), (T)), (X)) dyds

n>1
o (2) a/2
Gy ( (R (s,y)) " dyds.
n>1 R4

We now use the following form of Jensen’s inequality: if (£, &, u) is a finite measure
space with p(F) = a, then for any measurable function f: £ — Ry,

/ fPdp < a*™? (/ fdu)p for any p € (0, 1]. (6.3.8)
E E

We apply this inequality to the finite measure p(ds,dy) = G (s — y)low(s)dsdy (whose
total mass we denote Cy), and the exponent p’ = a/p. We obtain:

t a _a t P %
/ / Gy (z—vy) (hg)(s, y)) 2 dyds < C'tl P </ / Gy (r—v) (hg)(s, y)) 2 dyds)
0 R4 0 R4

It follows that
(/ / Gy (x —y) (WP(s ,y))gdyds)p (Fi)]
R‘i

(/ | G ey [<h$><s,y>>”/21<n>]dyds)”7

using ((6.2.16)) (with exponent p’ = a//p) for the last inequality. We now pass from (hq(f)(s, y))P/?
to hP (s,y) (using inequality (6.2.7)), and estimate E[h( )( ,9)|(T;)] using (6.2.10). We get:

E[C(t,z)|(T})] < Otlf% Z (T(p/a—l)n F P/a / / GO (z — (s y)dyds)
7j>1

n>1

'U\Q

E[C(t,2)|(T)] < C

IA
's\s:

o
P

The last series converges with probability 1, due to (6.0.13)). This proves (6.3.7)).

Next, we consider the case a > 1. We will prove that:

C'(t,z) = Z (In(t,:zr;))é <00 as.

n>1
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By the same application of Remark as above, it suffices to prove that:
E[C'(t,z)|(T;)] < o0 a.s. (6.3.9)

We use again double conditioning relation, and we estimate separately the inner conditional
expectation. By Jensen’s inequality (6.2.16]),

EIC(t,2)](T2), (T2, (X0] = DB (Zult,)) * (T), (1), (X))

<3 ([ne.niro.m x])”
—Z(// G (@ — PE[L (a5, 9) (T, (T ><X>]dyds)“

Qlm

< Z ( / G- v —y) (W2 (s,))" Zdyds)

Conditioning on (I';), and using again the conditional Jensen’s inequality (6.2.16]) to push
the power 1/« outside the conditional expectation, we get:

E[C'(t,2)|(T)] < Y E (/ G h2(,y))a/2dyds)i

n>1

<Z(/ [ Gt = L ) s

n>1

ol

@

To arrive to the desired exponent p/2 for hg)(s, y), we apply Jensen’s inequality E(|X||G) <
(E[|X|p\g])1/p for p > 1. Combining this with bound (6.2.7), we obtain:

TR

E[(h2)(s.9)"(T)] < (EL(AD (s.9))”*(T)])* < (BIAD (s, 9)(1,))

Finally, we use (6.2.10]) to estimate the last conditional expectation. Therefore,

Bl <3 ([ [ 6o =) (s, 0]) ducs

@

n>1
<y < Tlo/a- 1>n/ / Go(x — y) KP (s, y)dde) <erp/a>n/p‘
n>1 =

Relation (6.3.9) follows by (6.0.13)). |
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6.3.2 The integral of the multiple integral process: a € (0,1)

In this section, we give the proof of in the case a < 1. For this, an essential role is
played by LePage representation (6 Of A(A) for A € Py, obtained in Section m

We start with a preliminary result, which gives the series representation for %4 (X,(f’x)).

Theorem 6.3.3. Assume that o € (0,1). Let t € [0,7] and x € R? be fixed. Suppose that
there exists p € (a, 1] such that Kffﬁl(t, x) < 0o, and Z,(t,z) < oo a.s. Then

IZ(X(tx Tl/az F 1/“

i>1

Gt (= X)) L(fo (- T;, X3))  as. (6.3.10)

Proof. Condition Z,(t,z) < 0o a.s. ensures that X9 e LY(Z).

Step 1. In this step, we prove that the series on the right hand-side of (6.3.10|) converges
absolutely a.s., i.e.

U= T (X)Gon, (v — Xi) | L (fu(, T1 X)) | < 00 as.

i>1

Since p < 1, by subadditivity,

UP < T 0(X)GE g (v — Xo) [ L (ful T X)) [P =2 U

i>1

So it is enough to prove that U’ < oo a.s.

Using the LePage representation (/6.2.2), the subadditivity of the function ¢(z) = |z|?,
and the fact that f,(t1,z1,...,tn, Ty, t,x) = 0if t; =t for some i = 1,...,n, we have:

L (ful T X)) < TP () Y HF PTG (T Xy T Xy Ty X0)

J1<e <jn k=1

< e Z Z HF PG (X ) FA(T. Ir 0y Xiwyr - Tiniys Xy Tor Xi).

J1<..<jn mwEX, k=1
Z%{]l 7777 ]TL}

We multiply this inequality by T'; ” /e pp (Xi)GY_p,(x — X;), then we take the sum for all
i > 1. We use the fact that G}_p (x — Xi) f2(-, T, Xi) = fr1 (-, Ti, Xi, t,2). We obtain:

U < TPn/e Z F;p/agb_p(Xi) Z Z H F—P/Oé )

i>1 J1<.<Jn mEX, k=1
'LQ{]l ----- ]n}
D
n+1<TjTr(1) ) Xjﬁu)’ ce ?Tjwm) ) X;

Ir(n)?

Tzia Xia t: $)
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Z Zah(l) 77777 .]7r(n) Z Ay, (6.3.11)

11<...<Jn TEX, J1,--,Jn=>1 distinct
Hence,
e Y [
1>1 J1yeesjn>1 distinet k=1
7‘&{]1 7777 .]’ﬂ}
fg“rl(iz—jjl’le?" T]n’XJn?T X t x)
n+1
— Tpn/a Z Hr v/a g X[ Ty, Xy oo T Xjar s 6 )
J1yeeesint1>1distinct k=1
n+1
_ n/o /a
= S0 I oG X0 T X Ty X £:9)
J1<.<Jn+1 k=1 TEXn+1
= BY)\(t,). (6.3.12)

We prove that Bn+1(t, x) < 0o a.s. For this, we apply Remark |B.3.2{ with X = (I';) and
Y = {(T;, X;)}. We will prove that

E[BY), (t,2)|(T;)] < oo a.s.

Note that (T}, ), Xj1)s s Dinuinyr Xingnsry) has density T~/ [T 2 (). Hence,
n+1 1
E H ¢_p<Xjk) 7IZ+1 (T77r(l) ? ij(l)’ R 1—.‘7.77(77,+1) ? ij(n+1) ? t’ l‘) - W‘Kﬁbﬁl(t7 ZE)’
k=1

and

n+1

n/o —p/ ]'
BB (L o)|(T)] =1 3 T3 (0 D) e K ()

J1<.<Jn+1 k=1

n+1
mn /o 1 — «
S T(H—H)/aKfﬁl(t,x) (Z r;” ) < 00 a.s.

j21

Step 2. Since X s predictable, by Theorem 13.5 of [I4], there exists a sequence
(Sk)k>1 of simple integrands such that Sy — X as k — oo, and |Sk] < |X (&) \ for all k.
Note that X\ € LP(Z), since T,(t,z) < 0o a.s. By Theorem 2.3.7, I(S;) = IZ(X{"™) as
k — oo. This convergence is a.s., along a subsequence.

Since Sy is a linear combination of sets in ﬁ,, by the LePage representation (6.1.9)),

~1/a e
17(Sy) = => &l T X)S W(Th, X5).

1>1
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Relation (|6.3.10)) follows letting & — oo. On the right hand-side, we use the dominated
convergence theorem, whose application is justified by Step 1. |

Theorem 6.3.4. Assume that o € (0,1). Let ¢t > 0 and z € R? be arbitrary. Suppose that

there exists p € («, 1] such that Kfffl(t,x) < o0 a.s. and Z,(t,x) < oo a.s. Then (6.3.3)
holds.

Proof. We use ((6.3.10), in which we replace I, ( fu( T X )) by its LePage representation
(6.2.2)). Using the fact that fn( i Xy 1, X, T, Xa) = 0if i € {41, ..., jn ), we have:

X)) =T Y el Vo (X)Grn(r - X)) Y He]k 67 (X5)

i>1 <.<jn k=1
iZ{j1,-dn}
E : fn(Tjw(lejw(l)? s 71}7((n)7Xj7r(n)7ﬂ’ Xl)
TESY

We now use the fact that G, r.(x — X;)fu(, T3, X;) = fur1(s, T3, Xy, t, ), and we apply
(6.3.11)) two times. We obtain:

PR - YA Y e e )

i>1 J1,e--,Jn>1distinet k=1
iZ{j1,-»dn}
fn+1( Jis ]17" En?Xjn7T X t l’)
n+1
n+l —1/04 _
=T« Z Héjkrjk ¢ Jk)f”'H( Jlﬂleﬂ"'7Tjn+17Xjn+17tax)
J15esin+1>1distinct k=1
n+1

n+l —l/a _
T« § : § : H 5jkrjk gb ]k)fn+1< Jw(1)7Xj7r(1)7 T 7Tj7r(n+1)7ij(n+1)’t7 x)

J1<.<Jnt1 T€EX 41 k=1
n+1

n+l —1/a , —
=T = (n+1)! Z ngkrjk/ (b jk)fnJrl( J17XJ'1>'"77}n+17Xjn+17t7x)

J1<.<Jn+1 k=1

= n+1(ﬁz+1<'>tﬂx))'

6.3.3 The integral of the multiple integral process: a € [1,2)

In this section, we give the proof of (6.3.3]) in the case o > 1. The proof is significantly more
involved than in the case a < 1, being the most technical part of the chapter. The reason
is that in the case @ > 1, we are not able to prove a LePage representation for A(A) for all

A€ 751,, as it was mentioned in Remark .
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We fix £ > 1. In the LePage representation (6.2.2)) of I, (ﬁl(, s,y)), in front of [},

we introduce the factor 1 = 1 Since I‘j_ll/a > .. > Fj_nl/a, we see

{Fj_nl/a>k*1} + 1{Fj—nl/agk71}.
that {F;nl/a > k7 = ﬂ;.‘zl{l“il/a > k~1}, We obtain the decomposition:

L(fal5,9)) = T0 (s,9) + RP(s,y), (6.3.13)

where

n/o -1
jrgk)(s,y) T/ Z Heh ji /o 1{F ok 1}¢ gl J@)fn< G X e Ty Xjus 8, 9),

J1<.<Jn =1

n/a 1/«
ng)(s y) =T /o) Z 1{r 1/a<k 1}H5L gz/ Jz)fn( 1 Xjio e Loy Xy S Y).

,]1< <]n

The following result shows that R (t,z) is asymptotically negligible in probability,
when k& — oo.

Lemma 6.3.5. Assume that o € [1,2). Let t € [0,7] and € R? be arbitrary. If there
exists p € (a, 2] such that K,(Ip)(t,x) < o0, then RY (t,x) 5 0ask — oo

Proof. We argue as in the proof of Lemma [6.2.3] By the Cauchy-Schwarz inequality,

1/2

IR (¢, 2)l| o = B[ min (1,|Ry(t, 2)])] < (E[min (1,[Ry(s,9))])

By Lemma and the inequality E[min(1, | X|)] < min(1, E|X|), we have:
E[min (1, R} (s,9)I*) | (Ta). (T3), (Xi)] <

mln( T2n/a n' Z 1{F 1/0¢<k 1}Hrj12/a ]z f2( Jl’X]N" En’X]n’ )>

]1< <]n

The last expression converges to 0 as k — oo, by the dominated convergence theorem. To
justify the application of this theorem, we bound the indicator above by 1, which leads to
min(1, A\ (t,x)). To see that hg)(t,x) < o0 a.s., we apply Remark M to X = (I';) and
Y = {(T}), (X,)}, noting that, by (6.2.7) and (6.2.10)),

E[(h? (t,2))"|(T)] < E[RY)(t,2)|(T,)] < TP K (1, 2) (Z r/’/‘*) <oo as.

n
Jj=1
Finally, another application of dominated convergence theorem shows that

E[min(1, |R® (¢, 2)|?)] = E[E[min (1, |R¥) (¢, 2)) | (T}), (T3), (Xi)]] — 0.
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Note that, if there exists p € («a, 2] such that (6.3.6)) holds, then the same argument as
in the proof of Theorem shows that

t
/ / G (z — )| TW(s,y)|*dyds < oo a.s.
0 R2

and

//Gf‘s — ) |RW (s, y)|*dyds < 0o a.s.
R2

Choosing predictable modifications for the processes Yéf,f)(s, y) = Gi_s(x — y)jrgk)(s, y) and
fo;f)(s, y) = Gi_s(x — y)R%k)(s, y), we infer that these processes are in L°(Z), by Corollary

2.3.9, By decomposition (6.3.13)),
N [ Grte—naP ezt i+ [ [ G- RO 2(ds.d)
R4 Rd

Hence, to prove that IZ(XT(f’x)) = I, (fn+1(~,t, :c)), it suffices to show that the first term
converges in probability to I, ( for1(yt, a:)) as k — oo, and the second one is negligible.
This will be achieved by the following two lemmas.

Lemma 6.3.6. Assume that a € [1,2) and Assumption holds. Let ¢t € [0,7] and
r € R? be arbitrary. If there exists p € («, 2] such that K£L€Z1(t>$) < oo and ([6.3.6) holds,
then

t
A= [ [ Grste ~ RO s, Zlds.dy) 50 as ko
0 R4

Proof. By Proposition [6.1.10] we have the decomposition:

a— [ Gro(z — )RW (s, y)——— T, (ds, dy, d
= Ly G ‘%( g AT

/ / / Gi_s(z —y)RW¥ (s,y) Jy(ds,dy,dz) = TH 4 7P,
R J{Jz1>1) w< Y)

We treat separately the two terms. Recall that ¢(s,y) = T~Y%¢(y).

Step 1. First, we treat T\". Since Jy has points {(T}, Xj,&;T'; 1/a)}j21, we have

(k) _ —1/a (k)
1 —Zgjrj 1{r;1/“>1}Wn,j’

j>1

with
W = TVGy g, (2 — X RINT;, X;)67 (X,). (6.3.14)

Using the fact that Fj_l/a < F;Q/a on the event {Fj_l/a > 1}, we obtain:

|T2(k)‘ < Zr;z/al{rgl/a>1}| | < ZF Q/QIW(’C

7>1 7>1
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We use the following fact for any random variable X and sub-o-field G,
1X 2o < [[E[XTIGI] - (6.3.15)
This leads to the following inequality:

70 < ST WS s < [ S wl o],

‘ ; (6.3.16)
j>1

We fix j > 1. By Holder’s inequality for conditional expectation,
1/
B[ Wil |mod < (B[ |ea])

Note that R (T3, X;) is a series depending on multi-indices j; < ... < j, and each

term in this series contains the factor fn(Th,Xh, 1., X,,,T;, X;), which vanishes if
Jj € {j1,---,Jn}- So, we can assume that j ¢ {jl,...,jn}. Moreover, Rgf)(Tj,Xj) is a
function of the sequences (51')1'21, (Fi)iZh (ﬂ)zZly (Xz>221

We apply the basic conditioning fact (6.2.4) to X = (I';); and Y = {(&:)s, (T3):, (Xi):}-
Using the definition of Rslk)(Tj, X;), we obtain:

o 1
711i|:TE|: a,.l’—X‘
E[ W] | = () (@ = X s
n/o -1 a
T Z _1/(’<k 1}H6J17]1 / Jz)fn( g Xjuo oo Ly X5 T, X) }
j1<---<j7z
]€{31 77777 ]n}

We use the fact that for independent random elements X and Y with values in measur-
able spaces (E, &), respectively (F,F), and a measurable function f : E x F' — [0, 0],

E[f(X,Y)] = /EE[f(x Y)|P (d) [/ f@Y Px(dx)} |

where Px denotes the law of X. We will use this fact with X = (7}, X;) (which has law
T (y)dsdy) and Y = {(&;)i>1, (T3, X;)ix; }, to compute the previous expectation:

t
o 1
711i|:TE / Gafsx_y—
o[t =0 =2 [ [ ov.o-0
)T%n! Do Llpvege I}Hm;”“ (X (T3, X0y Ty, XG5, y) T1¢a<y>dyds].
j1<~--<jn
]g{]l 7777 Jn}

Using again the basic conditioning fact (6.2.4]) for the expectation above, we infer that

oo < [f s
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«

il Y e, 1}Hejz 0T G T X Ty Xsy) | |(Ta)i = ()

1< <jn
J€{g15dn}

In summary, we have proved the following non-trivial fact:

o] =& [[ [ e RG] @], @2

k k)|«
A = E||w

where

k n/o -1/«
wa)(s y) T / n! Z 1{F;n1/a§k*1}H5jiFji/ ¢ ( Jz)fn( Jio Jl"' TjrnXJm Y )
1< <n =1
]Q{]l ----- Jn}

We continue with the estimation of Agfj Using a double conditioning argument for the

term on the right hand side of (6.3.17)), we see that Ag? = E[Q(k). (Fi)i], where

0= [ [ 6o —vE Rl

Using Holder’s inequality for conditional expectation, we have:

(T (T, (0] < (B [IRGs 0) [(0e (@s (01])* =5 (10505.9))

t a
Q) < / [ G = (1)) s
o 2 »
b (/ /Rth [z —vy hw(s y))p/ dyds) ,

where for the last line we applied Jensen’s inequality (6.3.8)), exactly as before. Hence,

( / | G —y)(h;’f;(s,m)p”dyds)z (ri)i]

(/ /RdG?s ~ E[((s )" (T, ]dyds)a/p, (6.3.18)

where for the last line we used Jensen’s inequality (6.2.16]), and we switched the dyds integral
with the conditional expectation.

(L'3)s, (15)s, (Xz)z] dyds.

B[R (s, 0l

We obtain that:

A < ¢, R

w

To continue the previous estimation, we need to evaluate h ( ,y), which is in fact very
similar to A (s,y) (see (6.2.3))):

k n/o -2 a
h'EL,])(Sy> - T2 / (TL')Q Z {F 1/a<k 1} HP / f2(7_1]1an1a e j—‘]»me]n) » Y )
J1<.<UJn
JQ{]l ----- Jn}
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We take power p/2, which we then move inside the sum, by sub-additivity. Dropping the
restriction j & {ji,...,jn}, and recalling definition of A(p i (8,9), we obtain:

.....

J1<.<Jn =1

where for the last line, we used the expression of A _(s,y) given by Lemma|6.2.5, Plugging

this into (6.3.18]), we obtain:

(k) 1-2 a—1)n e a
AN <, (T(p/ ) Z e 1}I_II‘ P ) (/ /Rd Gy J( K(P (s, y)dyds>

J1<e<Jn

=3
p

By the dominated convergence theorem, the first factor converges to 0 as. as k — oo.
The second factor is a constant, that we denote C;. Therefore A ;> 0as ask —

oo. Moreover, A( < C o’ [T(p/o‘_l)”(szI F;p/a)n}a/p(]{, due to mequality (6.2.11). By
another apphcatlon of the dominated convergence theorem,

ZFWO‘ ) 50 as. ask— oo.

j>1

In particular, the previous sum converges in probability to 0, as £ — co. Recalling inequality
(6.3.16|), we infer that T2(k) L0ask — 0o, which concludes Step 1.

Step 2. Next, we treat Tl(k). Note that for any (tg,zo) fixed, the process

t
Mt(to,xo) — / / / Gto—s<x0 _ y)R;k)<S, y) < (]d)(dS, dy, dZ), t e [O, T]7
0 JRe J{|z<1} ¥(s,y)

is a local martingale. By Lenglart’s inequality, for any ¢ > 0 and n > 0,

¢ 2
P M| > o) < Lip (/ / / G2 (zo—y)|RW (s, 2 Z ds,dy,dz) > 8> .
(1M >e) < o Jao S O (o — y)I Ry (s,)] 1) w(ds, dy, dz)

We apply this inequality to (fo,z) = (¢, z). Using the points of J,, we obtain:

—2/a
(k) 77 (k) L
P(T"|>e) < 5+ (ZG X)) RW(T;, X;)) 1{Fj_1/a§}m>e).
7j>1 J

We will show below that:

F—Q/a
(k ; P
) — ZG?_TJ( )‘R )(T X )| 1{Ff1/a§1}m — 0 as k — oo.
j>1 ! J

(6.3.19)
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It will follow that limsup,_, . (\T ] > ¢) < n/e? for any € > 0 and n > 0. Letting
n — 0, we infer that limy_, ]P’(]T,fl)| > ¢) =0 for any € > 0, i.e. Tk( ) 50 as k — .

It remains to prove (6.3.19)). We proceed as for Tl(k). Recalling definition (6.3.14) of
W™ we see that

n?] ’

T =Y T ey (W )2

7j>1
We use again inequality (6.3.15)), with G the o-field generated by (I';);, (T3)s, (X;);. We
obtain:
k -2/« k
1T s < || D171 ooy B
Jj=1

fe<1yPng

(6.3.20)

Lo

where
szkg) = E[(Wr(zl?)z [(T)i, (T7)i, (X0)i]
= 1G] g, (@ = X,)67 (%) B[R (T3, X,)|* (D) (1), (X0).

Similarly to ((6.2.3),
E[|RW T, X0)[ (T, (T, (X

2n & —2/a , — ry

=T (n!)Z z : 1{F;n1/°‘§k*1} Hrji / ¢ 2<Xj¢>fr%(7}1>Xj1> - T]n’X]naT X)
1< ljn i=1
]¢{11 7777 ]n}

< W2(T}, X;),

where for the last line, we just bounded 1 by 1. Therefore,

T,/ <k
BY) < 1?°q2 7 (& = X;)0 (X)) (T;, X5).

We will prove that
B(k) — 0 as. ask — oo, forany j > 1, (6.3.21)

and
S = TG g, (x = X))o (X)hP(T), X)) <00 as. (6.3.22)
Jj=1
_z/al{pgl/aq}BfLJ) — 0 a.s. as k — oo.

Consequently, by (6.3.20)), ||T3 ||0 — 0 as k — oo. This proves (6.3.19).
We now prove (6.3.21]). We fix j > 1. It is enough to prove that

Then, by the dominated convergence theorem, » i1
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This follows from the dominated convergence theorem, provided that we show that

M=) Y HF_Q/O‘ XV (T, Xy Ty X5, Ty X)) < 00 aus,

J1<.<jn =1
]g{]l 7777 ]77«}

For this, we proceed as in the proof of Proposition [6.2.4] By sub-additivity,

M <y S TI 0 PGB T Xy Ty X30s Ty X,) = M,
J1<..<jn =1
]g{]l 7777 ]n}

So, it is enough to prove that M, < oo a.s. Note that M is a measurable function of
independent random elements X = {(I';);, T, X;} and Y = {(T})i2;, (X;)i»; }. Using Lemma
[B.3.0] it suffices to prove that

E[Mp ‘(FZ%,CT],XJ} < 00 a.s.
Using the basic conditioning fact (6.2.4), we see that

[M ‘ ’}/,L)“T —t X —xj}

:(n!)p Z H,y—p/a [H¢ J17Xj17" TJMXJnatJ?xj)

‘]1< <.7‘n =1
{1, sdn}

O | C )

n1<.<jn =1
]Q{]l 7777 jn}

using Lemma for the last line. Hence,
n! e
E[M, |(T:);, Tj, X;] = ﬁKff’)(Tj,Xi) > Hfjip/

1<l =1

]e{Jl ----- ]n}
1 AN
SﬁKff’)(Tj,Xi) (ijp/> < oo as.
i>1

Finally, we prove (6.3.22)). We denote by 722)(-,15, x) the symmetrization of f7$2)(-, t,x).
Note that f2(-,t,z) < %77(12)(-,15795). Therefore,

2n a _()
WP Ty, X;) < Tonl ) Hr]f/ XV (T X, T, X0, Ty X5)
1< <jn =1
]g{]l 7777 ]n}
and
S<TEY T X(X)GE o (2 — X))

ji>1
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—2 a
Z Z HF / .71 f2( Jﬂl)?XJw(l)?‘"JEw(n)Jij(nw]}?Xj)

J1<.<Jn 7EX, i=1

]g{jl ~~~~~ ]n}
_TQZF 2/a GfT( - X;)
j>1
Z HF—2/a X fATh, Xy Ty X, T X5),
15ee,dn>1 distinet =1
]€{31 7777 ]n}

where for the last line we used (6.3.11]). We now use the fact that G7_r. (z—X;) f2(-, T}, X;) =
21(-, Ty, X, t,x). Denoting j = jn41, it follows that

n+1
2n —2 2
S<Te Z HF /a Xj) Faa (T, X oo Ty X s 1, @)
J1<e.<Jn41 =1
n+1
2n —2/a 2
=T Z Z H I XidJasr Ty Xiniyr -+ Tinusnyr Kinuiny 152,

J1<.<Jnt1 mEXp41 =1

Where for the last line we used again (6.3.11)). Taking power p/2, and recalling definition
(6.3.12), we obtain that S*/? < B£L421( T) < 00 as. i

Lemma 6.3.7. Assume that o € [1,2). Let t € [0,7] and z € R? be arbitrary. If there
exists p € (a, 2] such that Kr(fgl(t, z) < oo and (/6.3.6]) holds, then

t
By = / / Grulz — 9) TP (s,9) Z(ds, dy) 55 Toas (frss (1 1,2)) s k — oo.
0 R4

Proof. Applying Proposition [6.1.11| with a = k!, we have:

B /// Gi_s(x — j S,y - j\ds,dy,dz—l—
o Re J{|z|<k—1} . v) ( )@/1(579) o )
Gis(r—y j,ﬁ’“) 5,y _c ds,dy,dz) =: Stk 4 gk,
/O/Rd/{.zbk-l} o = 1) o) S ol dy. ) = 51+ 8,

We will prove that:

5t L0 as ko oo, (6.3.23)
S L Loy (fanr (1, 2)) as k= oo. (6.3.24)

We prove ((6.3.23)). As in the proof of Lemma[6.3.6| (Step 2), by Lenglart’s inequality, it

suffices to prove that:

)= ZFf/al{r]fl/%k—l}G?—Tj(x — X)|TW (s, ) 2072(X;) L0 as k- oo
j=1

(6.3.25)
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For this, denote Vé’kj) =Gy, (l‘—Xj)Lng-)( X;)|¢72(X;). Using again inequality (6.3.15),

we obtain:
—2 a
1S™][ 0 < H§ i e

where
szk]) = E[(Vn(,kj))2 |(T)is (Th)i, (Xa)i]
= G} g, (¢ = X))o (X) E[| 70 (T3, X)) | (T, (T, (X))
By direct calculation,
E[|7"(T;, X; |2‘ Dis (T, (X)) =

2/ ry
(n!)Z Z HF / {F 1/a>k 1}¢ ( ji)fg(TqujN" TjanJn’T X)
1<...<jn =1
JE1dn}

which we can bound by 7"« “nd (T3, X;), using the fact that 1{Ff1/a>k_1} < 1. Hence,

k _2n 2/ _
15510 < | 775 DT v gy G (& = X)0 7 (X)W (T;, X))

j>1

LO

By the dominated convergence theorem, the last series converges to 0 a.s. as k — oco. The

application of this theorem is justified due to (6.3.22)). This proves (|6.3.23]).

We prove ((6.3.24)). Using the points of J,,, we write:

£ F—l/a
= ZGFT]«@U - Xj) «7( )(T X; )1/1(T X. )1{F;1/“>k*1}'

Jj=1

Recalling the definition of jrgk)(s ), we see that
—1/a

j>1

—1
Z th 7 / 1{I‘_1/a>k 1}¢ ( ]z)fn< Jis .717" T7n7X]7L7T X)

J1<..<jn =1
FEAVIRN Iy

Using the same argument as in the proof of Theorem |6.3.4, with I‘j_l/ “ replaced by

L5 "™ 1/ ) We obtain:

n+1
k n+tl -1
S =m+nr= Y J[er Lips s @ X)) focr(Th X5y Ty, Xt )

J1<e.<Jn+1 t=1
k
n(—i-)l(t7x) — In+1 (fn-l—l('vtax))?

since I, 41 (fn+1(-,t,3:) — jﬁ)l(t, x) = ’Rgﬂzl(t, x) L oask — 00, by Lemma [6.3.5] |
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6.4 Solvability

In this section, we give the proof of Theorem m(b) More precisely, we show that the
process {u(t,z);t € [0,T], 2 € R?} defined by (6.2.1)) is indeed a solution of equation ([6.0.1)).
This will be achieved in Theorem |6.4.1} by letting n — oo in the recurrence relation (6.0.10)).

The last statement of Theorem [6.0.4}(b) does not require any effort: relation (6.0.14) is
a restatement of the fact that v®® € L°(Z), where

v (s,y) = Gis(w —y)uls,y), s€[0,T],y € R,

according to Corollary [2.3.9) while the fact that wu(t,z) has representation (6.0.15]) fol-
lows from definition (6.2.1) of u(t,z), combined with the series representation (6.2.2)) of

In(fn(-,t,x)).

Theorem 6.4.1. Suppose that Assumption holds. If Assumptions|[6.0.2| and [6.0.3| hold
(with possibly different values p € («, 2]), then for any (¢, z) € [0,T] x RY, v&®) € LO(Z) and

u(t,z) =14+ 17(w")  a.s. (6.4.1)
Proof. Step 1. Denote v,(f’z)(s, y) = Gi_s(x — y)u,(s,y). In this step, we show that:
v e L%(Z) and [jo®) — &P, = 0. (6.4.2)
By Proposition for any (s,y) € [0,t] x R, 37 o1 [[n(fu(-, 5,9))| < 00 a.s., and so,

o (5, ) — vt (s, ) = Gy s( —y)(un(s y) (S,y))
=Gy s 3/ Z Ik fk _>O a.s.

k>n+1

Notice that we have the following natural dominator:

n

0 (5,9)] < ool — ) S el 5.0 < Coale = ) 3 Ul fule,5.9)) ] = 00 (s, ).

k=1 n>1

Recalling our convention m the desired conclusion (|6 - will follow by Theorem 2.3.7),
provided that we show that 7*) € L°(Z), which is equivalent to: (see Corollary [2

t
// 5 (s, y)|[*dyds < 0o a.s. (6.4.3)
0 JRrd

To prove (6.4.3)), we will use Minkowski’s inequality in L2([0, ] x RY). Recall that for a
measure space (E, &, 1) and a measurable function f: E — R,

1/a
Il = [ 1% <1 and ||f||La<E>=(/ |f|°‘du> a1
E E
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Hence,

_1
< 3 L(t,2)[#.

La([04]xRd)  n2l

> Gz — )L (ful-, )

n>1

Hv(t )HLa [0, xRd) =

By Theorem [6.3.2] the last series converges almost surely.

Step 2. In this step, we show that holds almost surely. For this, we let n — oo
in (6.0.10). On the left hand-side, un41(t,2) — u(t, z) almost surely, by Proposition [6.2.6]
The term on the right hand-side of m ) is equal to 1 —|— I Z(v m)), which converges in
probability to 1+ IZ(v®®)), due to and property (2.3.13) of integral IZ. i

6.5 Applications: the heat and wave equations

In this section, we give the proof of Theorem [6.0.7 We consider separately the heat and
wave equations.

6.5.1 Heat equation

In this section, we show that Assumptions|[6.0.2|and [6.0.3] are satisfied in the case of the heat
equation.

The following result gives an estimate for KY (t,z) in the case of the heat equation.

Lemma 6.5.1. Suppose that ¢ satisfies Assumption [6.0.5] In the case of the heat equation,
foranya<p<1+— we have:

1+n (5
KP(t,2) < ¢ npd{l " |g;|’”7+tm7/2r( 2 n)} D(n(452 +1) +1)°
n(S52 1) +

where n = §(p — a), and C,, 4 is given by (4.1.3).
Proof. Recall definition of K (t,z). Using (6.0.16]), we see that

¢ 7P(z) < &1+ |zPPY)  for any x € R? (6.5.1)
The conclusion follows by Lemma [1.1.3] i

To find upper and lower bounds for the Gamma functions appearing in the above esti-
mate, we use Stirling’s formula. For any a > 0, I'(an + 1) ~ a®*/2(27n)1=9/2(pl)e, and
hence

C"(n)* <T'(an+1) < CY(nh)* for all n > 1, (6.5.2)



6. SPDES WITH SYMMETRIC o-STABLE LEVY NOISE 119

where C, > 11is a constant depending on a. Moreover, for any a > 0 and b € R, I'(an+1+b) ~
['(an + 1)nb, and hence

Cop(n)* <T(an+1+0) < CFy(n!)* forall n > 1. (6.5.3)
where Cpp, > 1 is a constant depending on a and b.

The following result shows that Assumptions [6.0.2] and [6.0.3] are satisfied in the case of
the heat equation.

Proposition 6.5.2. Suppose that ¢ satisfies Assumption L If L = —t — —A is the heat

operator and @ < 1+ 2, then ([6.0.12) and (6.0.13) hold for any (t,x) € |0, T] x R?, and for
any a < p < 1+— suchthat

0<d(p—a)<dl—p)+2. (6.5.4)
Proof. We use the estimate for Kﬁp)(t, x) given by Lemma [6.5.1] Recall that n = 6(p — o)

and C,, 4 is given by (4.1.3).
Step 1. We first verify (6.0.12)). By (6.5.2) and (6.5.3]), there exist some constants

Cap > 1 and C,, > 1 such that for all n > 1,

r(n(w +1)+1) 2 Co) T and r(l *’2”") < Cn ()2,

Hence,
tn( M—l—l)

K}lp)@, .I') § Cm(l + ’m‘m] + tnn/2)w’
(n))” =+

with C' = ¢ *C,, p,aCapCy. Tt follows that

» 1/2 /e n/2
5 (i) () <
i>1

n>1 J=

Tz(d(l P)+ )

n/2
C«n/? 1+ |z|™ +tn77/2 1/2 < 1—\.—p/a> ‘

n>1

The last series converges provided that 0 < n < d(1 — p) + 2. This proves (6.0.12)).

Step 2. Next, we verify (6.0.13]). Using Lemma we have:

d(l P))

T
~bn Gy y) KW (s,y)dyds < ¢y Cr
/ /R ol (s:9)dyds < o= o @i 1y 1)

1+
{/ /dG?s 1+\y|"”)dyds+t”"/2r( m’)/ /dG?s y)dyds}.
R R
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We use Lemmas [4.1.1] and 4.1.2] to estimate the two integrals above. We get:

Tn(g+d(12—1>))
D(n(M2 1) +1)

{Ka,dtda‘?m“ + Oyt T ([ 4 472) 4 Kool (1 +2m7) t”"*%‘““ﬂ} .

/ [ Gt a =KD sdds < 70y,
Rd

Recalling definition (4.1.2) of C?  ;, and denoting

< 21/ +d
* _ v,p,d —1 _ /2 ol
= = (27 VD) (1Ap) 21 r 6.5.5
= P2 = v naan R e e (] 68
we obtain:
P Tn( d(l p))
Tt // Gy (z—y) KW s,y)dyds < P
w Y o ) 4 )
< 1 + n nn+d(l—a)
Ka,d{t e [1+C*nad(lw|’”‘"+t”ﬂ/2)] +r( 5 ")t“‘fﬂ}

Using inequalities (6.5.2) and (6.5.3)), we obtain the estimates: C:: < o™ (n!)"/2,

nn,o,d —
r (n(w + 1) + 1) >C ()T and T (1 —|—2n77) < C"(nh)"?,

where C' > 0 is a constant that depends on (n,d, p). Hence,

(2—1)n ' @ (p) n(p—a) Tn(§+@) 2n
e / Gi_s(z —y) KP (s, y)dyds < ¢ np.d TEEY
0 JRrd (n)—=*

BT () VR(fa] )| 4 ¢ e

FUFRHL g g /2
() T2+ (nl) = '

Ko {t

(63 n nd( ) n
_COp )C dT 1p+ 02 Kad{

Using this estimate, it is not difficult to see that condition (6.0.13]) holds, since %—i—l >0
(due to condition (6.5.4))). |
6.5.2 Wave equation

In this section, we show that Assumptions [6.0.2] and [6.0.3| are satisfied in the case of the
wave equation.

Lemma 6.5.3. If GG is the fundamental solution of the wave equation in dimension d < 2,
then for any > 0 and for any p > 0 if d = 1, respectively p € (0,2) if d = 2, we have

L (t, z) / / HGtk-H (T — 2p) (14 || ddt
W (t) J (Re)n
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tan
<om (1 gy
pd( +"T| + )F(an+1)’
where t,.1 =t, T,y = 7,
2 ifd=1,
a= (6.5.6)
3—p ifd=2,
and the constant C, , 4 is given by
321 v 1)2tr ifd=1,
C’?vp,d - (27T)1—p (657>

3277V 1) 5 [(3—p) ifd=2.

Proof. We use similar arguments to those contained in the proof of Theorem 2.4 of [32]. In

both cases d = 1 and d = 2, the product [[;_, G}, _;, (zr41 — 7}) contains the indicator of
{lzg — x| < te —ty,..., |z —x,| <t —t,}. On this set, forany k =1,...,n

n

o — e <Y wp = <Y (=) =t =t <t

J=k Jj=k

and |zg| < 2] 4 |2p — 2] < |z] +t. Hence JTp_; (1 + |zx]") < CP(1 4 |z[™ + ¢"7), where
C, =327t Vv 1). It follows that

I;i:/;ve < C’n(l + |Qj‘|”77 tnn / / H Gthrl —ty (I‘k_;’_l k)dmdt
Th(t) J (R?)2

n

H (/ Gy tk(xk)dxk> dt.

k:l

— o1y ]a:|"’7+tm7)/

Ifd=1, [, G(x)dx =2""7t for any p > 0, and

t2n
wave 1-p nn m7 o 1-p nn nn
e < (G2 7Y (1 + [af™ + ¢ / Htkﬂ )t = (G2 (L o] 4 7)o

If d =2, [, G(x)de = %7427 for any p € (0,2), and

n

2P\ "
e < (cn(g) ) i een [ Tl - 0
-Dp To(t) 11

ey e T(3 = p)rtnp
‘(C" 2—p) R A (oS
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Lemma 6.5.4. Suppose that ¢ satisfies Assumption In the case of the wave equation
in dimension d < 2, for any p > 0 if d = 1, respectively p € (0,2) if d = 2,

an

I'(an+1)’
where n = 6(p — ), a is given by (6.5.6), and C,,, 4 is given by (6.5.7)).

Proof. This follows using the definition (6.0.11)) of K (¢, z), the bound (6.5.1) for ¢ (z)
and Lemma [6.5.3] |

KW(t, z) < cg(p_a) a1 |2 4 1"")

Note that for any p > 0 if d = 1, respectively for any p € (0,2) if d = 2, we have:
t
/ GY_ (z — y)dyds = C,t*, (6.5.8)
0 JRrd

where a is given by (6.5.6), and C, = 277 if d = 1, respectively C, = % ifd=2.

The following result shows that Assumptions [6.0.2| and [6.0.3] are satisfies in the case of
the wave equation.

Proposition 6.5.5. Suppose that ¢ satisfies Assumption 6.0.5l If £ = a% — A is the wave

operator in dimension d < 2, then (6.0.12)) and (6.0.13)) hold for any (¢,z) € [0,T] x R, and
for any p > 0 if d = 1, respectively for any p € (0,2) if d = 2.

Proof. We use the estimate for K’ (t,x) given by Lemma Recall that the constant
Cy.p.a is given by (6.5.7) and a is given by (6.5.6)).

Step 1. We first prove that (6.0.12) holds. By (6.5.2)), there exists a constant C, > 1
such that T'(an 4+ 1) > C,™(n!)® for all n > 1. Hence,

tan
EP(t,x) < C™(1+ [a]™ 4+ ") —

(nh)*’
where C' = ¢f “C,, .aC,. It follows that

Z (T(p/a—l)n ép)(t’x»l/z(ZFjp/a)n/z -

n>1 §>1
1/2 T5(a+5-1)

> CmP(1 | 4 ) (erp/a)"/2 < 0.

n>1 (nh)z N5

Step 2. Next, we prove that (6.0.13) holds. Note that G ,(x —y) contains the indicator
of the set By, := {s € (0,t),y € R% |z —y| <t — s}. For any (s,y) € B, we have:

L+ |y|™ + 8™ < 1T+ (|z] + )™+ < 14+ 2™V 1) (|2 +77) + " < C™(1 + |o["™ + ™),
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where C' > 0 is a constant depending on 7. Combing this with (6.5.8)), we infer that:

1)"/ / G (z —y) KW (s,y)dyds

2—1—|—an
< pmelgn T C™(1 + |z|™ + ") GO‘ y)dyds
— 0 npdr(an+ ) t— s y
(2 —1+4a)n
_ n(p—a) T n n an
Co npdmc (1“‘ |x| n +t 77) t

From this estimate, it is not difficult to see that relation (6.0.13)) holds. |

6.6 Simulations

In this section, we include some simulations for the profile of the solution of an SPDE with
additive noise: '
Lu(t,z) = u(t,z)Z(t, ) (6.6.1)

as a function of (¢, z) € [0,1]*. We assume that the initial condition is 1, so that the solution
of equation (|6.6.1)) is given by:

u(t,z) =14+ /Ot » Gi_s(x —y)Z(ds,dy), (6.6.2)

where GG is the fundamental solution of the operator £. Using the LePage representation
(6.0.3) of the noise Z, we see that this solution has the series expansion:

u(t, x) —1‘1‘281 1/a

i>1

GtT( - X5).

We consider the case when L is the heat operator or the wave operator, and we simulate
separately the solution of (SHE) with additive noise and (SWE) with additive noise on
[0,1] x R, when a = 0.7 and a = 1.5. We approximate the series by the partial sum
up to n = 1000, and we used the function ¢ given by with § = 1.5.

Remark 6.6.1. If d = 1, the solution of (SHE) is continuous in = for any fixed ¢, for any

€ (0,2) (by Theorem 3.1 of [1§]), and if a < 1, it is also continuous in ¢ for any fixed z
(by Theorem 3.5 of [I§]). However, the solution is not jointly continuous in (¢, x); see the
comment on page 125 of [1§].
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(b) a=1.5

Figure 6.1: Simulation of the solution of (SHE) with additive SaS Lévy noise

(a) a=0.7 (b) a=1.5

Figure 6.2: Simulation of the solution of (SWE) with additive SaS Lévy noise



Appendix A

Integration with respect to PRM

In this chapter, we present some results related to maximal inequalities and stochastic inte-
gration with respect to Poisson random measures (PRM) and their compensated versions.
Recall that PRMs have been given by Definition 2.1.5]

Throughout this chapter, we let N be a PRM on the space U = R, x R? x Ry, of
intensity
p(dt,dz, dz) = dtdzv(dz),

where v is a Lévy measure on R, i.e. v satisfies:
v({0}) =0 and /(|z|2 A 1)v(dz) < oo
R
The compensated version of N is defined by ]/\7(F) = N(F) — p(F), for any Borel set F
in U with pu(F) < oc.
A.1 Maximal Inequalities

In this section, we present some maximal inequalities for the stochastic integral with respect
to IV, which are taken from [6]. Recall that “cadlag” stands for “continue & droite avec limites
a gauche”: a cadlag process has right-continuous sample paths with left limits.

Theorem A.1.1. Let Y = {Y(¢)};>0 be a process given by:

///stz (ds,dz, dz).
Rd

Then, there exists a cadlag modification of Y such that for any ¢t > 0 and p > 2, it holds:

([ [ froenore dz>dms> ]
—|—E/Ot/Rd/R]H(s,x,z)]py(dz)dxds}.

125

s<t

E[[squ( )P <B {

(A.L1)
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Theorem A.1.2. a) For any predictable process H and p € [1, 2],

]
p
sup / / /H s,x,2)N(ds,dz,dz)| | < C, E / / |H(t,x z)\pl/(dz)dxdt]
s<T Rd Rd
(A.1.2)
where C}, > 0 is a constant depending on p.
b) For any predictable process H and p € (0, 1],
t p T
/ / /H(s,x,z)N(ds,dx,dz) <FE / / /|H(s,a:, 2)|Pr(dz)dzdt|. (A.1.3)
0o JriJr 0o JraJr

A.2 Stochastic integration

In this section, we recall some key components of the integration theory with respect to the
compensated process V.

The stochastic integral with respect to the compensated process N is defined similarly
to the Ito integral, as explained for instance in Chapter 4 of [I]. More precisely, for any P x

B(Ro)-measurable process H with E [, H*dy < oo, the stochastic integral IN(H) =/ XdN
is a zero mean random variable with I[:*:|IN(H)|2 =E [, X?dp, and {M, = ]ﬁ(1[07t}H);t >0}
is a square-integrable martingale. The definition of the integral can be extended to processes
H satistying fU |H|?du < oo a.s., and in this case M is a local martingale, which satisfies:

t
P(|M;| > ¢) < % +P (/ / H?(s,x, 2)pu(dz, dz, dz) > 77)
€ 0 JR?JRg

for any ¢ > 0 and n > 0. The process M has a cadlag modification (denoted also by M),
whose jump at time s is given by

AMS = Z H(ﬂ, XZ'7 Zi)l{Ti:s} Where N = Zi21 5(TiaXi,Zi)'
i>1

By Lemma 1.4.51 of [31], the quadratic variation of M is

(M), =) (A =Y H T, Xi, Zi)liz<q) _/ / H?(s,x,z)N(ds, dz, dz).

s€[0,¢] i>1
By the Burkholder-Davis-Gundy inequality for cadlag local martingales,
E (sup Mf) < E[M],,
s<T

for any stopping time 7, i.e. the process M} = sup,., M? is L-dominated by [M] (in the
sense of Definition 1.3.29 of [31]. By Lenglart’s inequality (Lemma 1.3.30 of [31]),

t
(Sup|M|>€)<—+IP’(/ / Hz(s,x,z)N(dz,dx,dz)>77),
0 Jrd JR,

s<t

for any € > 0 and n > 0.



Appendix B

Basic tools from analysis

In this chapter, we present several results from analysis, which have been used in the thesis.

B.1 Banach fixed-point theorem

In this section, we present some results about Banach spaces and fixed-point theorems, which
are fundamental to understand the existence and uniqueness of SPDEs.

Theorem B.1.1 (Banach fixed-point theorem). Let (X, || - ||x) be a Banach space, and
T : X — X a map such that T is a contraction i.e. there exists ¢ € (0, 1) such that

T () = T(y)llx <cllr—yllx for all z,y € X.
Then, there exists a unique u € X for which

Tu = u. (B.1.1)

Given a map T : X — X, we define the composition operator for n € N as
T () == T(T" V()
for all x € X.

Theorem B.1.2. Let (X, || - ||x) be a Banach space, and 7 : X — X a map such that for
all z, y € X we have:

> T () = T ()| |x < +o0 (B.1.2)
n=1
and 7 is continuous on (X, || - ||x). Then, (B.1.1) has a unique solution in X.

Proof. Let zy € X arbitrary, and {z,},>¢ the sequence in X given by:
Tps1 =T (z,) neN.

127



B. BASIC TOOLS FROM ANALYSIS 128

For any n > m,
m—1 m—1
[n = ml[x <D e —axllx = D NT® (@) = T (o)l
k=n k=n

By (B.1.2)), for any € > 0, there exists N. € N such that

m—1
STIT® () = TO (o)l x < e.
k=n

for all n > m > N.. So, the sequence {x,},>0 is a Cauchy sequence in (X, || - ||x), which
implies there exists x € X such that z,, — = as n — oo in the norm || - ||x. Now, by the
continuity of the operator 7, x is a solution of (B.1.1)). Indeed,

o= Jim s = Jim Tm) = T(e),

Proposition B.1.3. Let (X, || - ||x) be a Banach space. If {x,},>¢ is a sequence in X such

that
Z ||xn - xn—l”X < 0,

n>1

then, there exists © € X for which ||z,, — z||x — 0 as n — co. Moreover,

|z — 2f|x < Z |2k — 21l x- (B.1.3)
k>n+41

B.2 Classical tools from analysis

In this section, we review some classical tools from analysis, including some basic integral
inequalities.

Theorem B.2.1 (Hoélder’s inequality). Let (X, X, 1) be a measure space and let p, ¢ > 1
with i + % = 1. Then, for all measurable real-values functions f and ¢ on .S,

| 1@l mdx_(/u P dx) </|g )i dx>. (B2.1)

The following remark gives an immediate consequence of Theorem [B.2.1]
Remark B.2.2. If 4(X) < oo in Theorem then

( /X !f(w)lu(dx)> sz)J“( /X !f(x)!pu(d:v)>-
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Moreover, if u(dz) = @(x)dx , we can re-write the equation above as

(/X|f(:v)|g0(a:)d$> < (/Xgo(x)dx) (/X|f(:v)|pg0(x)dx). (B.2.2)

Theorem B.2.3 (Holder’s inequality for multiple products). Let (X, X, 1) be a measure
space and assume that pi,...,p, € (0, 00| such that

k=1 Pk

Then for all X -measurable functions fi,..., f,, we have:

n n 1/pk
J T fomtao) < (H / \fk(x)\pku(dw>)

k=1

Theorem B.2.4 (Minkowski’s inequality). Let (X, X, u) and (Y, ), ) be measure spaces
such that (X x Y, X Q Y, u X v) is o-finite. If f(x,y) is a measurable function with respect
to this product space, then

(/Y (/Xf(Ly)W(dx))pu(dy)); S/X(/Ylf(x,yﬂpu(dy))pu(dx),

The following result gives a well-known property of the normal distribution.

Lemma B.2.5. If X is an N(0, 0?)-distribution random variable, then for every p € (—1, 00)
we have

1
E[|X["] = (20%)*x~ 1T <—; p)

The following lemma can be proved by induction using properties of the Beta function.

Lemma B.2.6. For any 5, > —1,...,5, > —1,

/ [T —t)%dn .. dt, = U T +D sy yen
w(t) j21 F(Zj:l Bj+n+1)

where T),(t) := {(t1,...,tn) € (0,)"; t; < ... <t,} and t =t, 1.

The following remark gives a property of the Gamma function, which can be proved
using Stirling’s formula:

F(z+1) ~a%e *V2rx asx — 00
and the fact that I'(z + b) ~ I'(x)2® as © — oo, for any b € R.

Remark B.2.7 (Remark 2.3 in [29]). For any ¢ > 0 and b € R, there exists positive
constants C,; and ¢, depending on a and b, such that

Cap(n))* <T(an+1+4b) < Cgp(n!)® for all n € N.
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B.3 An application of Fubini’s theorem
In this section, we include an application of Fubini’s theorem which is used frequently in

Chapter [6]

Lemma B.3.1. Let X and Y be independent random variables with values in measurable
spaces (E, &), respectively (F,F), and f : E x F — [0,00] be a measurable function. Let
Px be the law of X. If f(x,Y) < oo a.s. for Px-almost all x € E, then f(X,Y) < oo a.s.
In particular, if E[f(x,Y)] < oo for Px-almost all z € E, then f(X,Y) < o0 a.s.

Proof. We know that P(f(z,Y) < oo) =1 for all z € N° where Px(N) = 0. By Fubini’s
theorem,

P(f(X, //1{fry) oo} Px (dz)Py (dy) = / (Ll{f(x,y)zm}PY(dy)> Px(dz)
— [ B(t@Y) = c)Px(do) 0.

Remark B.3.2. Note that h(z) = E[f(z,Y)] < oo for Py-almost all x € E is equivalent
to h(X) < oo a.s. On the other hand, h(X) = E[f(X,Y)|X] a.s., since X and Y are
independent. So the criterion given by Lemma can be stated as follows: for independent
random variables X and Y,

if E[f(X,Y)|X] < 0o a.s., then f(X,Y) < 00 as.

Here we use a generalized definition of the conditional expectation E[Z|G] of a random
variable Z given a o-field G, for which Z does not have to be integrable.
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