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Abstract

Under an appropriate regular variation condition, the affinely normalized partial sums
of a sequence of independent and identically distributed random variables converges
weakly to a non-Gaussian stable random variable. A functional version of this is
known to be true as well, the limit process being a stable Lévy process. In this thesis,
we developed an explicit construction for the a-stable Lévy process motion with values
in D(]0, 1]), by considering the cases &« < 1 and a > 1. The case o < 1 is the simplest
since we can work with the uniform topology of the sup-norm on D([0,1]) and the
construction follows more or less by classical techniques. The case a > 1 required
more work. In particular, we encountered two problems : one was related to the
construction of a modification of this process (for all time), which is right-continuous
and has left-limit with respect to the J; topology. This problem was solved by using
the Ito-Nisio theorem. The other problem was more difficult and we only managed
to solve it by developing a criterion for tightness of probability measures on the space
of cadlag fonction on [0, 7] with values in D([0, 1]), equipped with a generalization of
Skorohod’s J; topology.

In parallel with the construction of the infinite-dimensional process Z, we focus
on the functional extension of Roueff and Soulier [29]. This part of the thesis was
completed using the method of point process, which gave the convergence of the
truncated sum. The case o > 1 required more work due to the presence of centering.
For this case, we developed an ad-hoc result regarding the continuity of the addition
for functions on [0, 7] with values in D([0, 1]), which was tailored for our problem.
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Chapter 1

Introduction

Functional limit theorems for partial-sum processes of i.i.d. random variables have
been known for quite some time. These theorems can be divided into two main
groups depending on whether the second moments of the underlying random variables
are finite or infinite. In probability theory, we are often concerned with models
representing the result of a series of small events or influences. It is a remarkable
feature of such models that, even when very little is known about the precise nature of
these small effects, we can often say a great deal about the overall result. Indeed, it is
this universality at large scales which accounts for much of the success of probabilistic
methods in the natural and social sciences.

As an illustration, consider the following toy model. Suppose that we have a
collection of real-valued random variables X;, X5, ... which are independent and all
have the same distribution, and should model small-scale events. Denote by .5,, the
sum of the first n of these, that is, S, = X; + --- + X,,. We are then interested in
the behavior of .S,, when n is very large. In particular, suppose there exist sequences
ai1,0as, ... and by, by, ... such that the rescaled, recentered sums

a, L —y
converge in distribution to a random variable U. What distributions can U possess?
It emerges that only very few distributions can arise in this manner; they are called
the normal distribution and stable distributions, and they occupy a central position
in probability theory.

On the other hand, if we wish to capture in the limit not only the final sum S,
but also the whole path (S, Sz, ..., S,), we require the theory of stochastic processes.
A stochastic process X is a collection of random variables (X}):>0, with each X; rep-
resenting the position of X at time ¢t. The natural processes which arise as limits
in this context are Brownian motion and stable processes. In fact, the distribution
of a Brownian motion at any time is a normal distribution, while the distribution
of a stable process at any time is a stable distribution. Brownian motion has been



1. INTRODUCTION 2

extensively studied for many decades, and there is a huge body of research on a great
many aspects of the process. This is due in part to the wide variety of mathematical
tools which may be applied to its study, such as analysis via its generator, potential
theory and connections to differential equations, excursion theory, martingale theory
and stochastic calculus. Stable processes have proven more difficult to analyse by
these means, and have therefore historically taken second place to Brownian motion,
in spite of their central importance in the theory of stochastic processes. When study-
ing stable processes, we have access to the rich literature on general Lévy processes,
but do not restrict ourselves to continuous paths as in the case of Brownian motion.
In fact, any stable process has infinite jump activity, in that it is guaranteed to have
an infinite number of (mostly very small) jumps in any finite time period. Classi-
cal references in the i.i.d. case is the book by Feller [13], while in [24] we can find
an elegant probabilistic proof of sufficiency and a nice representation of the limiting
distribution. The asymptotic behavior of the processes Sy,(-) = a, Sy — [nt]b, as
n — o0 is an extensively studied subject in the probability literature. In our con-
siderations the index of regular variation « will be less than 2, which implies the
variance of X is infinite. In the finite-variance case, functional limit theorems differ
considerably and have been investigated in greater depth, see for instance [6] and [16].
A very readable proof of the functional limit theorem for i.i.d. sequences of regularly
varying random variables with infinite variance can be found in [28]. [11] considered
functional limit theorems for dependent random variables in the context of martingale
theory, while [23] studied this question in the context of extreme value theory.
Suppose X is a random variable with distribution function F. The outcome of
X may be thought of as the measurement of a sea-level, the daily loss from investing
in a stock, the total amount of claims faced by an insurance company in one year
etc. In such applications it is relevant to compute the probability of a very large
(extreme) outcome, for instance the probability that the sea-level exceeds a high
barrier, the probability that we make a large loss from an investment in the stock, or
the probability that the total amount of claims faced by the insurance company in one
year exceeds a high threshold. This means, we would have to compute 1 — F'(x) where
x is large. For this reason it is of course important to know what the distribution
function F' looks like for large x, e.g. at which rate the function 1 — F(z) tends
to zero as x — oo. If the decay is fast then the probability mass is concentrated
around the center of the distribution. As an example we may consider the standard
normal distribution where 1 — F(x) ~ (vv/2)7? exp(—%) as * — oo. In this case
we say that the distribution has light (right) tail. If, on the other hand, the decay
is slow, then there is a significant amount of probability mass far out in the (right)
tail of the distribution. The slow decay of the probability distribution as x — oo is
often referred to as heavy (right) tail. As an example we may consider the Pareto
distribution where 1 — F'(x) ~ ™%, as * — oo and « > 0. Similar considerations can
of course be made for the left tail as well. Then we consider the rate at which F'(z)
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tends to zero as x — oo. There is no precise definition of how fast or slow the decay
must be to say that a probability distribution has light or heavy tails. We will work
with a more precise concept called regular variation, which specifies the rate at which
1 — F(x) tends to zero.

In heavy-tailed distributions large values may occur with non-negligible probabil-
ity. This is often observed in insurance data, for instance in the so-called catastrophe
insurances including fire, wind-storm and flooding insurances. The large claims may
lead to large fluctuations in the cash-flow process faced by the insurance company, in-
creasing the risk in such portfolios. The situation is similar in finance where extremely
large losses sometimes occur, which indicate heavy tails of the return distribution.
The probability of extreme stock-movements has to be accounted when analyzing
the risk of a portfolio. Another application is queuing models where extreme ser-
vice times, modeled by heavy-tailed distributions, result in huge waiting times in the
system and large fluctuations in the workload process.

The concept of regular variation can be extended to random vectors leading to
multivariate regular variation. The authors of [25] extended this to infinite dimen-
sions, by introducing the concept of regular variation for processes with values in the
space D|0, 1] of right-continuous functions with left limits. For instance, X;(t) is the
high tide water level at time ¢ and location t € [0, 1] along a coast protected by a dike.
In finance, X;(¢) may represent the stock price at time ¢ in day ¢, and observations of
X; are made continuously during the time interval 9 a.m. to 5 p.m. (identified with
the interval [0, 1]).

The main result of this thesis shows that for a regularly varying sequence, the
properly centered partial sum process (S, (t)):cjo,1] converges to an a-stable Lévy pro-
cess with values in the space D endowed with Skorohods topology J;. In proving this
result we combine some ideas used in the i.i.d. case by Resnick [27, 28] with a new

point process convergence result from [29] and some particularities of the J; metric
on D that can be deduced from Whitt [34].

The outline of this thesis is as follows: In Chapter 2, we review some properties of
the multivariate stable distribution with special emphasis to spectral representation,
the different representations of the a-stable random vectors and the stable Central
Limit Theorem in R

In Chapter 3, we introduce the spaces D([0, 1];1D) and D([0, 00); D). We equip
this spaces with different metrics and discus the differences between them. We refer
to Whitt [34] for a detailed discussion on this concepts. By defining a new topology
for D([0,1]; D) (the Skorokhod topology) families of measures on this space can be
constructed and sufficient conditions for weak convergence specified.

In Chapter 4, we present the construction of an infinite-dimensional Lévy pro-
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cess with values in the space D of cadlag functions (equipped with Skorokhod’s .J;
topology) based on the Ito representation of a Lévy process.

In Chapter 5, we derive an extension of the stable functional central limit theo-
rem (FCLT) to the case of random elements in D.

In Chapter 6, we give a simulation of D-valued a-stable Lévy process using the
functional central limit theorem from chapter 5.

Finally, in Chapter 7, we present a summary of the thesis and outline plans for
future research problems.



Chapter 2

Multivariate stable distributions

2.1 Introduction

The stable distribution is a natural generalization of the normal distribution with
which it shares the property of being stable under addition, a property that is needed
in actuarial sciences for continuously compounded returns. Furthermore, stable distri-
butions are capable of capturing excess kurtosis shown by historical stock returns. In
this chapter, we give a characterization of stable distributions using Lévy-Khinchine
and spectral representations, and prove the Stable Central Limit Theorem in R? .

2.2 One-dimensional case

In this section, we review some proprieties of the univariate a-stable distribution,
using [30].

Definition 2.2.1. A random variable X has a stable distribution if for any positive
numbers A and B, there is a positive number C' and a real number D such that

AXD 4+ BX® Lox 4D (2.2.1)

where XN and X® are independent copies of X, and 2 denotes equality in distri-
bution.

Theorem 2.2.2. For any stable random variable X, there is a number o € (0, 2]
such that the number C' in (2.2.1) satisfies:

C* = A" + B,

In this case, we say that X has an a-stable distribution.
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Theorem 2.2.3. A random wvariable X has a stable distribution if for any n > 2,
there is a positive number C,, and a real number D,, such that

X +Xo+.. . + X, £C,X+D,
where X1, Xs, ..., X, are independent copies of X.

Theorem 2.2.4. A random variable X has a stable distribution if it has a domain
of attraction, i.e., there is a sequence of i.i.d. random variable Y1,Ys, ..., a sequence
{d,} of positive numbers and a sequence {a,} of real numbers, such that

Yi+Yo+... +Y,

i —|—ani>X,

d T
where — denotes convergence in distribution.

Theorem 2.2.5. A random variable X has a stable distribution if there are param-
eters0<a <2, 06>0,—-1<pB<1, and p € R such that the characteristic function
of X has the following form:

1. ifa#1, forallu e R

E(exp(iuX)) = exp ( A (1 — if8sgn(u) tan (%)) + iuu) (2.2.2)

2. ifa=1, forallu e R

E(exp(iuX)) = exp {—O‘ |ul (1 + iﬁ%sgn (u) In |ul ) + ipu (2.2.3)

Remark 2.2.6. The a-stable distribution requires four parameters for complete de-
scription: an index a € (0, 2] of stability (also called the tail index, tail exponent or
characteristic exponent) a skewness parameter § € [—1,1], a scale parameter o > 0
and a location parameter p € R. We denote by S, (o, 3, ) the a-stable distribution
with characteristic function given by (2.2.2) if @ # 1 and by (2.2.3) if « = 1. We
write X ~ S, (0,5, ).

The following result shows that the a-stable distribution (with o < 2) is a par-
ticular case of an infinitely divisible distribution (without the Gaussian component)
and gives the explicit form of the parameters (o, 3, 1) based on the Lévy measure v, ,
and the shift vector pu.
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Theorem 2.2.7. Let X be an infinitely divisible random variable with characteristic
function given by: for any u € R

E(exp(iuX)) = exp {ww /R (exp(m) 1 m1{|x,§1})ya,p(dx)}

with

Vap(dz) = [pozx_a_ll(opo) + qa(—x)_a_ll(_oqo)} dx
a € (0,2), p>0and p+q = 1. Then X has a S, (0,,n) distribution with:
0 =C1, B=p—qand

[ B2 fatl
u—{ A (2.2.4)
where 1— :
C, = { 12“(2—04) cos(75) ZfOé 71 (2.2.5)
2 ifa=1
and

a= /000 (sin(r) — 1l (7’))7”2617”. (2.2.6)

Proof. We consider separately three cases:
Case l: 0<a<l1

E(exp(iuX)) = exp {z’lw + / (exp(ium) -1- iux1{|x|§1}>ya’p(dx)}
= exp {zu7 —iu a:l{m leq1}Va,p(dz) + / (exp(iu:p) — 1) l/wp(dl')}
R
= exp ( :m/a,p(dx)> +poz/ (exp(iux) - 1>x_a_1d$
|2|<1 0

0
+ qa/ exp(iux) 1)(—x)_o‘_1dx).

[e.e]

Note that:

1 0
v — / TVap(dx) = ~v— (pa/ r~%dr — qa/ (—x)*adx)
|z|<1 0 —1

1

= 7-(—qa [ %z
0
«

= 7--d—

= 7tf——==u
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Using Lemma A.0.1 (Appendix A), we can establish the following results: for any
uelR

a/ooo (exp(iux) — 1)x’“’1d:v = _F(Zf—aa) |u|® exp ( — iBsgn(u)>, (2.2.7)

1 2
and
0 r2-
a/ (exp(ium) - 1> (—x)* ldo = _fe-q lu|® exp <2’Esgn (u))
oo 11—« 2
Then using the definition of C, and S we have,
r'e-
E(exp(iuX)) = exp (iu,u - pg |u|® exp < - i%sgn (u))
-«

D ey (s o)
= exp {z’u,u — Jul® % cos <%> (1 — itan (%)sgn (u)(p — q))}
= exp {iu,u — Ju|* Ot (1 — i tan <%>sgn (u)ﬁ)}

Case 2: 1 <a<?2

E(exp(iuX)) = exp {m+ /]R (exp(iux) 1o m1{x|§1})ya,p<dx)}
— exp {m+¢u / y 2V p(dz) + /R (exp(m) - 1—@'%)%@(@)}
— exp (m(w /| >1xua7p(d:v)> +pa /0 b (eXp(iu:E) 1 —iux)m_‘"_ldx
+ qo / 0 <exp(iuz)—1—ium>(—x)_a_1dm>.

—00

Note that

oo -1
v+ / TWp(dr) = v+ pa/ r%dr — qa/ (—x) %dx
|z[>1 1 —
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Using Lemma A.0.1 ( Appendix A), we can establish the following results: for any
uelR

o re-
a/ (exp(iux) — 1 — jux)r > tdr = _[2=-q) |u|™ exp ( — iﬂsgn (u)), (2.2.8)
; 1— 2
and
0 ['2-—a) e
. o o o —a—1 — - o et
a/_m(exp(zux) 1 —iux)(—x) dx —~—a |u|™ exp (z 5 Sen (u))

Then using the definition of C, and S we have,

I'2—a)

E(exp(iuX)) = exp (iu,u —p 1
—«

(2 -—
— D e (1T ()

_ «T(2—a) T
= exp | iup — |ul — o, cos <—>

, T
<1 — i tan (7)Sgn (w)(p—q)
= exp {iu,u — u|*C;t (1 — itan
Case 3: a=1
E(exp(iuX)) = exp {iuv + /(exp(z'ux) —1- iU$1{|x|§1})1/17p(d:1:)}
R

= exp (iu’y —|—p/ (exp(iuz) — 1 — iuzlyy<iy)z > (dx)
0

b a [ expling) = 1~ e ey (-a) () ).

—0Q0

Using Lemma A.0.1 (Appendix A), we can establish the following results: for any
u€eR

/ (exp(iux) — 1 — duzlg )z >(dz) = — |u] (g +dsgn (u) In |u|) +iau (2.2.9)
0
and

/_io(exp(iua:) — 1 —duxlpyg)(—z) *(dz) = — |ul (g —isgn (u)In |u|> — jau.
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Then using the definition of C'; and 8 we have,
E(exp(iuX)) = exp (iuv +p< - g |u| — dusgn (u)In |u| + iau)
T _ :
+ q( —3 |u| + dusgn (u)In |u| — zau))

= exp (@u<fy +a(p — q)) — g [ul (1 + z’%sgn (u) In |ul 5))

The conclusion follows noting that : ¢ = C;', B=p—qand u =~ +aB. O
Corollary 2.2.8. Let

_a_ll

v(dx) = (C+a$_o‘_11(x>o) +c_a(-z) (:v<0)) dx

for some cy,c_ >0 and a € (0,2), a # 1

— C_

- c
§*=C (cy +c.) and B = Ci o

where Cy, is given by (2.2.5). Let a > 0 be arbitrary.
a) If « < 1, then the variable Y with the characteristic function:

Blexp(iuY)) = exp {a"‘ /R (expliuy) — 1))y(dy)} ueER

has a S, (ad, 3,0) distribution.
b) If « > 1, then the variable Y with the characteristic function:

E(exp(iuY)) = exp {aa/ (exp(iuy) — 1 — @uy))l/(dy)} ,u€eR
R
has a S,(ad, 3,0) distribution.
Proof. a) We consider first the case a = 1. Let X be the random variable in Theorem

2.2.7 with v = f\xlﬁl TV p(dx), where p =cy /¢, ¢ = c_/c and ¢ = ¢4 + c_. Note that
X has characteristic function :

E(exp(iuX)) = exp { /R (exp(iuz) — 1))Va7p(dx)} .

By Theorem 2.2.7, X has a S,(0, 3,0) distribution with ¢* = C;! and 8 = p — q.

We have to find the relationship between X and Y. Let h = ¢/® and T), : R — R be
given by T (z) = hax. We have:

E(exp(iuhX)) = exp{ /R (exp(iuhx)—l))ump(dx)}
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— exp {/R (exp(iuy) —1))vap o Th’l(dy)}
= e {1 [ (explinn) = D)vastan}
e { [ (exatiun) - 1>)ya,p<dy>} — Blexp(inY)),

where for the third equality we used the scaling property v,, o T} 1= h®v, p, and

for the last equality we used the fact that v = cv, . It follows that ¥ L hX. By
Property 1.2.3 of [30], hX has a S,(ho,3,0) distribution. The conclusion follows
since 0% = c¢C;! = h®c® and hence § = ho. The case a # 1 follows by a similar
argument, using the scaling property of the measure v.

b) The argument is similar to the case > 1. We omit the details.[]

Remark 2.2.9. In Theorem 2.2.7, we obtain the following relation :

- f\x|§1 TV p(dr) ifa <1
P2 v+ f\x|>1 2V p(dx) if a>1

We will see that a similar relation holds for the a-stable distribution in R¢ .

2.3 Lévy-Khinchine and Spectral Representations

In this section, we derive the characteristic function of an a-stable random vector in
R?. Similarly to the case d = 1, we will see that this characteristic function can be
written in two ways, using the Lévy measure v (the Lévy-Khinchine representation)
or the spectral measure I' (the spectral representation). The references for the results
in this section are [31] and [30].

We let ||z]| = <zd ZL‘Q) be the Euclidean norm of x = (xy,...,24) € R? and

[N

i=1 L
Ty = Z?Zl x;y; be the scalar product of vectors z = (z1,...,24) and y = (y1, ..., Ya)-
We denote

a—1

Vo(dx) = ax™ "1 (g 00)de.

We define the polar coordinate transformation 7" : RZ — (0, 00) x Sz by:

7 =l 5 )

where R§ = R\ {0} and Sy = {z € R% ||z|| = 1} is the unit sphere in R?.
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Definition 2.3.1. A random vector X in R? has an infinitely divisible distri-
bution if for each n:

XL X0+ Xon+ .o 4 X

where Xy, Xop ... Xy, are i.4.d random vectors in R?.

Definition 2.3.2. A Borel measure v defined on RY is called a Lévy measure if
v{0} =0 and

/Rd(HxH2 A 1v(dx) < oo.

Theorem 2.3.3. (Lévy-Khinchine Representation) The characteristic function of an
infinitely divisible random vector X in R is given by: for all u € R?

1
E(exp(iu- X)) = exp <i,u U — §Au U +/ (exp(iu cx)—1—du- xl{uzug}) I/(da;))
R4

(2.3.1)
where A is a symmetric non-negative-definite d X d matrix, v is a Lévy measure on
R? and p € R, Relation (2.3.1) is called the Lévy-Khinchine Representation of the
characteristic function of X.

Remark 2.3.4. The triplet (u, A,v) is unique and its called the generating triplet
of X. The notation X ~ ID (u, A,v) will be used to denote an infinitely divisible
random vector X with characteristic function (2.3.1).

Remark 2.3.5. Let X ~ ID (u, A,v) with a characteristic function given by (2.3.1),
then X ~ ID (p., A,v) where the characteristic function is given by:

1
E(exp(iu- X)) = exp (z’uc U — §Au : u+/ (exp(z’u cx)—1—iu- LE’].{”xSc})V(d.%))
R4

(2.3.2)
where fic = 1+ [pa #1{1<)a<c} (x)r(de) and ¢ > 1

Definition 2.3.6. A random vector X = (X1, ..., Xy) in R? has a stable distribu-
tion if for any positive numbers A and B, there is a positive number C' and vector
D € R? such that

AXW 4+ BX® Lox 4D (2.3.3)

where XU and X® are independent copies of X and 2 denotes equality in distribu-
tion.

Theorem 2.3.7. Let X = (X1, ..., X4) be a stable random vector in R:. Then there

is a constant « € (0,2] such that, in (2.3.3), C' = (A* + Ba)é. In this case, we say
that X has an «-stable distribution.
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Theorem 2.3.8. Any linear combination of the components of an a-stable random
vector X of the type Y = Zizl bp Xy 1s an a-stable random variable.

Theorem 2.3.9. (Theorem 14.3 of [31]) Let X ~ ID (u,0,v) be a random vector in
R where i € Rand v is a Lévy measure. The following statements are equivalent:
(i) X has an a-stable distribution;

(ii) there exist ¢ > 0 and a probability measure I'y on Sy such that :

voT ' =cyy x Ty on (0,00) x Sy (2.3.4)
(1i1) v satisfies the following scaling property:
v(sA) =s"v(A) (2.3.5)
for any s > 0 and for any Borel set A C R,

Remark 2.3.10. Let Z be a random variable with a characteristic function given by
(2.3.2). If v satisfies (2.3.4), then Z has an a-stable distribution (see Remark 2.3.5).

Remark 2.3.11. It follows from (2.3.4) that
flz)v(dx) = c/ / f(rz)ve(dr)'y(dz) (2.3.6)
R saJ0

for any function f : R? — R which is integrable with respect to v.

Remark 2.3.12. Note that (2.3.4) implies that v is a Lévy measure on RY, since by
(2.3.6) we have:

/Rd(HxHQ/\l)V(d:c) - C/Sd/ooo(]|7’z|]2/\1)a7’a1drI‘1(dZ)

1 0
= ca(/ rl_o‘dr+/ T_a_ldr> < 00.
0 1

Lemma 2.3.13. If v satisfies (2.3.5) for any s > 0 and I = [y, x]° fory <0 < =z,
then v satisfies (2.3.5) for any s > 0 and for any Borel set A C R%. Here we define
[y, ] by

ly, x] = {z: (z1,...,2q) ERY y; < 2 <y = 1,...,d}

Lemma 2.3.14. (Proposition 14.5 of [31]) Let v be the Lévy measure of an a-stable
random vector in R%. Then.:

(1) a < 1 if and only if fIIxH<1 |z|| v(dz) < oo

(ii) o > 1 if and only if [ ||| v(dz) < oo.

[|l][>1 |
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Remark 2.3.15. Due to Lemma 2.3.14, we see that if X ~ ID(u,0,v) where v
satisfies (2.3.4), then the characteristic function of X has the following form:
(i) If a < 1, for any u € R,

E(exp(iu- X)) = exp {zu -l + /Rd <exp(z'u L) — 1>V(dl‘)} : (2.3.7)

(i) if a > 1, for any u € R?,

E(exp(iu- X)) = exp {zu -l + /Rd (exp(z'u cx)—1—du- x) u(dx)} . (2.3.8)

where

0 = { pw— fllxllél zv(dr) ifa<1 (2.3.9)

w4 waII>1 zv(dx) if o> 1.

The following result is an extension of Theorem 2.2.7 to R¢.

Theorem 2.3.16. (Spectral Representation) If X ~ ID(u,0,v) where p € R and v
satisfies (2.3.4), then the characteristic function of X can be written as follows:
(i) If « # 1, for all u € R?

E(exp(iu- X)) = exp {zu S AT <1 —isgn (u - z)tan (%))F(dz)} :

(ii) If « = 1, for all u € RY

E(exp(iu- X)) = exp {zu = |u- 2| <1 + i%sgn (u-z)ln|u- z| )F(dz)} ,

Sq

where I' is a finite measure on Sy given by:
[=cC;'Ty (2.3.10)

for a probability measure I'y on Sy, ¢ being the constant appearing in (2.3.4), Cy the
constant defined in (2.2.5) and the shift vector u° is given by

1= Ja< 2v(de) if o<1
=9 p+ fl|xH>1 zv(dr) ifa>1 (2.3.11)

p+ capt ifa=1
with a defined by (2.2.6) and the vector u' defined by:

pj = / 21 (dz). (2.3.12)
Sq



2. MULTIVARIATE STABLE DISTRIBUTIONS 15

Proof. We consider separately three cases:
Case 1: 0<a<1
From Remark 2.3.15, we know that

E(exp(in - X)) = exp {w O /R d <exp(iu ) — 1>u(dx)} (2.3.13)
with 40 given by (2.3.9). Due to (2.3.6), it follows that
/R (expiu-r) - 1 /S d /0 exp(iu - 72) — 1), (dr)T (d2)
¢ /S d /0 exp(ir(u - 2)) — 1) raﬂdrfl(dz).

From (2.2.7), it follows that
a /OOO (exp(z'r(u cz)) — 1) Ta1+1 dr = —% lu - z|* exp ( - i%sgn(u : z))
Then we obtain,
/Rd <exp(iu cxT) — 1)1/(d:v))

= C/S ( — F(ff_a&) lu - 2|" exp ( — i% sgn(u - z)))Fl(dz)

= c/S < — % lu - 2|* cos (%) (1 — i tan (%) sgn(u - z)))Fl(dZ)

= —cC;! /Sd (\u -z (1 — itan (?)sgn(u : z)))Fl(dz)

= — /Sd ( lu - 2z|* (1 — itan (?)sgn(u : z)))cC’;lfl(dz).

The conclusion follows using (2.3.10) and (2.3.13).
Case 2: 1 <a <2
From Remark 2.3.15, we know that

E(exp(iu - X)) = exp {zu N /R (exp(iu r)—1—iu- x)y(dx)} (2.3.14)

with 49 is given by (2.3.9). Due to (2.3.6), it follows that

/Rd (exp(iu.x)—l—@'u-x>y(dx):c/Sd/Ooo (eXP(W'TZ)—l—iu-rz>
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Va(dT)F;(dZ)
= c/sd /0 (exp(ir(u -2)) =1 —ir(u- z)) raoil drl'y(dz).

From (2.2.8), it follows that

a h exp(ir(u-z))—1—ir(u-z) a1+1dr:—w|u.z|aexp —imsgn(unz).
0 r 1l -« 2

Then we obtain,
/Rd (exp(iu 2)—1—iu- a:)y(dx))
- C/Sd (— F(ff_ao‘) |u-z|aexp(—@'%sgn(u-z)»rl(dz)
= C/Sd ( - % lu - z|* cos (%) (1 — i tan (%)sgn(u : z)))Fl(dz)
= —cC! /S (\u 2] (1 ~jtan (%)sgn(u - z)))Fl(dz)
- —/Sd <|u-z|a (1 —itan (?) sgn(u-z)))cc;ln(dz).

The conclusion follows using (2.3.10) and (2.3.14).
Case 3: a =1
Using 2.3.1 and 2.3.6 we have for any u € R%:

E(expliu- X)) = exp {zu it /R d (exp(iu 2)—1—iu- xl{zngl}(x))y(dx)}
— exp {zu - ’Hc/sd /OOO (expliu - r2)) 1~ ifus- m)1[0,1](r))%r1(dz>}
— exp {zu : u+c/Sd /Ooo (exp(ir(u 2) =1 —ir(u- z)1[0,1](r))%r1(dz)}

From (2.2.9), it follows that:

> d
/ <exp(ir(u-z))—1—ir(u~z)1[0,1} (r)) —Z = —g |u-z|—ilu-z|] sgn(u-z)In|u-z| +ia(u- z).
0 r

Then,

Elexp(iu- X)) = exp(—cg/Sd - 2] (1—2'% sgn(u-z)1n|u-z|>F1(d2)
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+ ica/u-zfl(dz)jtiu-u).
Sq

The conclusion follows by the definition (2.3.10) of I' (recalling that C;' = Z) and
the fact that

=+ ca/ 2 (dz).
Sq
This finishes the proof. [

Remark 2.3.17. An a-stable random vector X in R? is determined uniquely by
the measure I' (called spectral measure) and the shift vector pu° € R? appearing in
Theorem 2.4.2. We say that (T, u°) is the spectral pair of X.

Remark 2.3.18. As a consequence of Theorem 2.3.16 and Remark 2.3.15, we see
that an a-stable random vector X with spectral pair (0,') has the characteristic
function given by: for any u € R?

Blexp(iu - X)) :exp{/R (explin-) - 1)y(dx)} if o< 1

d

E(exp(iu - X)) = exp { /R

and if a =1

(exp(iu-x) -1 —iu~x>l/(dx)} ifa > 1,

d

E(exp(iu- X)) = exp {zu A+ /Rd (exp(iu cx)—1—du- l’].{”xgl}(iﬂ))l/(diﬂ)}

where v and T are related by formulas (2.3.4) and (2.3.10), and g = —cap' with a
given by (2.2.6) and pu' given by (2.3.12).

2.4 Representations of a-stable random vectors

In this section, we give three representations of an a-stable random vector with spec-
tral pair (0,T") : the series representation, the integral representation and the Poisson
representation. We begin by recalling the definition of an a-stable random measure,
following Section 3.3 of [30]

Definition 2.4.1. Let (E,&E,m) be a measure space and & = {A € € : m(A) < oo}.
Let a € (0,2) and B € [-1,1] be arbitrary. Let M = {M(A)} ¢, be a collection of
random variables defined on a probability space (Q, F, P) such that:

o M(Ay),...,M(Ag) are independent random variables if Ay, ..., Ar € & are
disjoint
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o M(U Ax) = > o1 M(Ay) for any pairwise disjoint sets (Ay), C & such that

m(|J Ay) < 0o

k>1
e For each A € &, M(A) ~ Sa((m(A))‘l* 7570)-

We say that M is called an «a-stable random measure on (E,E) with control
measure m and constant skewness intensity 3.

Fix § € [-1,1]. Let (E,&,m) be a finite measure space and F,(m) the linear
space of the £-measurable functions such that:

1. ifa#1,
/ F(@)[* m(dz) < o0
E

2. ifa=1,
/E |/ (2)| m(dz) < 0o and /E B1(@) In|f ()| m(dz) < oo

For any f € F,(m), one can define the a-stable integral

1(f) = /E f(2)M(dz)

(see Section 3.4 of [30] ). The following result gives the finite dimensional distributions
of the process {I(f)} ez, om)

Proposition 2.4.2 (Proposition 3.4.3 of [30]). Let M be an a-stable random mea-
sure on E with a control measure m and constant skewness intensity 5. For any
fi, fay - fa € Fo(m), the random vector (I(f1),1(f2),--.,1(f4)) has an a-stable dis-
tribution with spectral pair (u°,T) constructed as follows. For any Borel set A C Sy

L(A) = pma(g~'(A)) + gma(g™ (= A)) (2.4.1)
d o/2
where p = (14 0)/2, ¢ = (1 — B)/2, my(dz) = (; sz(x)) m(dx) is a measure

on By = {x SN iff(m) > O} and g(z) = (91(2), g2(), ..., ga(z)) with g;(z) =
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fi(@) 75,J = 1,2,...,d. The shift vector p° = (u3, 13, ..., u3) has components

d
(£ 0

gwen by: for any j=1,2,....,d,

0 if a # 1

B\ =28 S (5@ ) )man) a1 B4

For this result, we need the following centering constants, which are encountered

also in the series representation of an a-stable random variable: for any i =1,2,...,d
(0 ifoo<1
La—1 . a—1 .
bl(.o‘) = K@ —@—-1)+) ifa>1 (2.4.3)

Theorem 2.4.3. Let (E,E,m) be a finite measure space. Let € [—1,1] and « €
(0,2). Letp=(1+B)/2 and ¢ = (1 — )/2. Consider {e1,ea,...},{V4,Va,...} and

{F_l, [y, .. } three independent sequences of random variables satisfying:
e Ple;,=1)=p,Ple;=—-1)=¢q

o (Vi);>, are i.i.d with values in E with law m(-)/m(E)
o I, = ¢; where (¢;);5, are i.i.d exponential random variables with mean 1.
i=1 -

Let f1, fa, ..., fa € Fa(m) be arbitrary. Define ng .1, = Mgy -, 1y,) where:

0 ifa# 1
7”:{§m@mww@gﬂ@mu@ ifa =1
For each 1 > 1, let
Wi = (fi(Vi), (Vi) ..., fa(V))
Then
X Z (Com(E)Y*Y (siff/“Wi - bgo‘)ﬁE(Wi)) -~ (2.4.4)

i>1

has an a-stable distribution in R? with spectral pair (u°,T) specified by (5.2.8) and
(2.4.2)
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Proof. For any f € F,(m), let I(f) = [, f(x)M(dx) be the a-stable integral with
respect to M and

S(f) = (Com(E))* Y (=T 1 (V) — VBEF(V)) + s

i>1

By Theorem 3.10.1 of [30],

(L), L(f2) - I(fa) £ (S(F1), S(f) .. S(fa))-

By Proposition 2.4.2, the vector X = (I(f1),I(f2)...,I(f4)) has an a-stable dis-
tribution in R? with spectral pair (u°,T'). On the other hand, the vector Y =
(S(f1),S(f2)...,S(fs)) has the series representation given on the right hand side
of (2.4.4). O

Based on the previous result, we obtain the series representation of an a-stable ran-
dom vector.

Theorem 2.4.4. (Series Representation) Let X be an a-stable random vector in R_d
with spectral pair (0,1"). Assume that T is given by (2.3.10) where ¢ > 0, a € (0,2), I'y
is a probability measure on Sy and Cl, is given by (2.2.5). Then X can be represented
as:

X ey (F;l/“Wi —~ bﬁ.“)E(Wi)> +1)

i>1
where bE“) is given by (2.4.3), (Ti)i>1 is the same as in Theorem 2.4.3, (W;)i>1 is

a sequence of i.i.d random variables on Sq with law T4, independent of (FZ-)Z.21 and
n=(N,n,--.,04) has components given by: for any j =1,...,d

ﬁj:{o if a # 1

cln(c)p; if a=1

Here p! is the vector defined by (2.3.12).

Proof. We apply Theorem 2.4.3 with F = S;;m = I',§ = 1 and the functions
fi :Sa — R given by f;(z) = z;, for j = 1,...,d. Note that in this case, V; = W, and

Com(E) = C,I(Sy) = CocCt = c.

Moreover Z;lzl fAz) = 322 = ||2||” = 1 for all z € Sg. Hence g(z) = z for all
1,

ze€Ry,and m;=m=I. Whena =1, C; = % and hence for any j d

n; = Ch ln(Clm(E))/ ziT(dz) = CiIn(e)eCr ! [ 2z T1(dz) = cln(c)p;.
Sd Sd

This finishes the proof. [
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Theorem 2.4.5. (Integral Representation) Let X = (X1, Xo,..., X4) be an a-stable
random vector in R? with the spectral pair (0,T'). Then X can be represented as :

x 2 (/S le(dz),/Sd ZQM(dz>,...,/Sd sz(dz)) (2.4.5)

where M s an «-stable random measure on S; with control measure m = I' and
constant skewness intensity 5 = 1.

Proof. We apply Proposition 2.4.2 with £ = S;;m = I', 8 = 1 and the functions
fi :Sa = R given by f;(z) = z;, for j = 1,...,d. As in the proof of Theorem 6.2.2,
in this case we have m; = m = I'. The fact that the shift parameter is 0 in the case

a = 1 follows because in this case u is given by: for any j =1,....,d
0 1 2
W= [ zin(z]*)m(dz) = 0.
m Sq

This finishes the proof. [

The last representation of an a-stable random vector is based on a Poisson ran-
dom measure. For this construction, we need the following preliminary result.

Lemma 2.4.6. Let N =), d;, be be a Poisson random measure on R of intensity
v and let I C R? be a set bounded away from 0. Define :

Z = /mN(das) = Jilyen.
I

i>1

Then, Z is a compound Poisson random vector with characteristic function given by:
for any u € RY

Blexp(iu - Z)) = exp { /I ((expliu - ) - 1)1/(d:1:)}.

Proof. Note that N|; < Y1, 0, where (T;);>1 are i.i.d. random vectors with values
in the set I, and distributions v/v(I), and 7T is a Poisson random variable of mean

v(I), independent of (7});>;. Then Z < S T, and for any u € R? we have :
E(exp(iu : Z)> = E(exp(iu- ZTZ)) = E(exp(i Zu -T3))
i=1 i=1

E(exp@;u.m )]

= K
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— Z (E(exp(iu . Tl))>kP(T = k)

= explooD) Y Elesalin- T

= exp < — V([))GXP <y(I)E(eXp(z’u : Tl)))
= exp {v(I)(E(exp(iuv-Ty) — 1))}

::exp{ﬂ]%[(@m@u-x—l”iﬁ%)}
= exp {/1 (exp(iu -z — 1))1/(dx)}.

This finishes the proof. [J

Theorem 2.4.7. (Poisson Representation) Let X be an a-stable random vector in
R® with spectral pair (0,T), where T is given by (2.5.10) for some ¢ > 0, a € (0,2)
and I'y a probability measure on Sq. Let N = .., 0, be a Poisson random measure
on R? of intensity v given by (2.5.4). Then X can be represented as follows:

(i) if <1

X £ lim zN(dz) +/ xN(dz)
e70 Jeqz) <1 lz>1
(i) if a > 1
X £ lim (/ xN(dx) —/ xu(dx))
e20 N z)>e ][ >e
(iii) if o =1

X £ lim (/ xN(dx) —/ xu(dw)) +p
0N el >e e<lzfl<1

with pu = —cap* where p' is given by (2.3.12) and a given by (2.2.6).

Proof. There are two methods for proving this result. The first method relies on the
general Poisson representation given by Theorem 3.12.2 of [31]. We present below
another method inspired by Section 5.5 of [28]. Let V. = {z € R% ||z|| > ¢} and
consider a sequence ¢, | 0 such that g = 1. Define

ZO = / xN(dx) = Z Ji1{||JiH>1} (2.4.6)
[lz||>1 i>1
and for each j > 1,

4= / Jal aN(dz) = ) Jilie,<i<e, -
gj<|lzl[<ej-1

i>1
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By Lemma 2.4.6, Z; is a compound Poisson random variable with characteristic func-
tion

E(exp(iu - Z;)) = exp {/I (exp(’iu cx) — 1) V(dx)} ,u € RY,

where I; = {z € R%e; < ||| < g1} for j > 1 and Iy = {z € R%|jz| > 1}.
particular, if Z; = (Z(I) ...,Zj(d)>, then for any [ =1,...,d

Vi Y

E(Zj(l)) :/ +Wv(dz) and Var(Zj(l)) :/ (a:(l))QV(dx).

By Lemma A.0.2 the variables (Z;);>0 are independent (since the sets (I;);>o are
disjoint). Let
Z=7Zy+ Y (Z;-E(Z)) as. (2.4.7)
J=1
Note that this series converges by Kolmogorov’s theorem since by Remark 2.3.12, for
any [ =1,...,d

> Var(z!) = /

>1 [|lz]|<1

v(dx) < /||a:§1 ||| v(dz) < oc.

Then,

k
Z 2 lim Yy (Z;-E(Z))+ Zy

k—o0 4
j_l

lim < Jilie, <\ gill<e;— / xu(da:))
ko0 Z el - ej<llall<ej—1

7=1 i>1

+ Z Jilgr)>13

i>1

- ,}LIEOZZ“{EKHJZHQJ 1} Z/ wv(dz)

i>1 j=1 i<llzll<ej—1

+ ) Ty

i>1

= i A l>en) —
kgﬁg@(Z;Jz {17:1>ex} /

erp<|lz[<1

k—o0

xu(dm)) = lim Z%).

Clearly
ZE) % 7 as k — oo
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implies that
7 L 7 as k — oo, (2.4.8)

We show that Z is an a-stable random vector. To see this, note that for any u € R?

E(exp(iu- Z)) = E(exp {zu (Zo+> (Z; - E(Zm)} >

_ E(exp {u e Y2 - E(Zj]))l}>
— B explin- Zo)) ﬁE(p fiu- (2, E(Zm})
- o [, ot - D)}
ﬁp ( /W“S%_l (expli- o) — 1) (da) — i /amj_l )

— exp ( /” $H>1<exp(m-x) ~ w(dz)

" ; (/ajmngejl <eXp(m - 1)V(dx> - Z/

§> ej<llzl|<ej-1

— exp {/R <exp(iu ) —1—iu- x1{1,”§1}) V(dl’)} .

This proves that Z ~ I D(0,0,v) (see Lévy-Kinchine representation; Theorem 2.3.3).
Note that v is a Lévy measure since it satisfies (2.3.4); see Remark 2.3.10. Using
Theorem 2.3.9 and the Spectral Representation (Theorem 2.3.16), we conclude that
Z has an a-stable distribution with spectral pair (u°,T'), where the spectral measure
I is given by (2.3.10) and the shift vector u° is given by

u- xu(dw)))

- fllzllﬁl zv(de) ifa<1
pd = Jiapsr zv(dz)  ifa>1 (2.4.9)

cajit if a =1.

The conclusion follows using (2.4.8), observing that the random vector X can be
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represented as
Z+ fIIxH<1 zv(de) ifa<1

X=X Z- fl|m|\>1 zv(de) ifa>1 (2.4.10)

7 — capt ifa=1.
This finishes the proof. [J

2.5 Stable Central Limit Theorem in R?

In this section, we show that an a-stable random vector in R? arises as the limit in
distribution of the partial sum of a sequence of i.i.d regularly varying vectors in R%.
This result will be proved using the method of point process convergence (Lemma

A4, Appandix A.2). We let Eg = [—00,00]"\ {0} and we denote by Mp(ﬁg) the set

of point measures on Eg. We refer to [28] for more details. Define = -y = Z;l:l Ty,

Theorem 2.5.1. Let (X;), be i.i.d. regularly varying random vectors in R? i.e there
exist a sequence (ap)nen with a, — 0o such that

X v —
nP (—1 € ) — v on Rg, (2.5.1)
an
where v is a non-null Radon measure on @3 with v <@§\Rd> =0. Let S, = > X;,.
i=1
(i) If a < 1 then,

where Z is an a-stable random vector in RY with characteristic function given by:

Elexp(iu - Z)) = exp { /R (expliv-a) - 1>y(dx)} | (2.5.2)

(i) If « > 1 and for any 6 > 0,

n

> (Xil{\\xi||s€an} - B [Xilqxscan] >

=0 poco -
i=1

lim lim sup P (

> an5> =0, (25.3)

then,

Z, = _PRx]S 2

Qn Qp
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where Z is an a-stable random vector in RY with characteristic function given by:

E(expliu - Z)) = exp { /R (exp(iu 2)—1—iqu- a:)u(da:)} . (2.5.4)

d

(i11) If « = 1 and if we suppose that (2.5.3) is satisfied then letting ¢ > 0 be such that
V<a {:1: e R |2 = c}) —0,

S, n d
Z, = — — —E [XllHXlHSC‘W] =2
Ay, Qn,

where Z is an a-stable random vector in R? with characteristic function given by:

E(exp(iu~Z)):eXp{ /R <exp(iu-x)—1—iu~x1{$||§c}>1/(d:t)}. (2.5.5)

d

Proof. The proof is divided into several steps:
Step 1. Using (2.5.1) and Lemma B.0.6, we have:

N,=Y0x SN =30 in M(Rp), (2.5.6)
=1 "

i>1

. . —d . .
where N is a Poisson random measure on R, of intensity v.
Step 2. Define the map

Xe : M (RY) —s RY
by

Xe <Z %) = in1{€<Hxi||<oo}-

i>1 i>1

Let A, be the subset of Mp(ﬁg) given by:
—d
A= { e M (RG); r (9V2) = 0},
—=d
where V. = {:p € Ry; [|z]| > 5}. Let € > 0 be fixed such that:

v(0V.) = 0. (2.5.7)
Note that such e exists because the set D = {e > 0;v(0V.) > 0} is countable and

hence D¢ is dense in (0,00). We make two claims:

Claim (1). P(N e A,) =1
To see this, note that E[N(0V.)] = v(0V.) = 0 by (2.5.7). Since N(0V;) is a
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non-negative random variable (it is a Poisson random variable), then we must have
N(0V.) = 0 a.s. which is equivalent to say that N € A, a.s.

Claim (2). x. is continuous on the set A,

To prove this let (my,), and m be point measures on @S such that m, — m. Let
K = V.. By Lemma B.0.10 (Appendix A) there exists N € N such that for any

p P
M| = E o (m and m|x = E O,
i=1 i=1

and xﬁ”) — x;, forall i = 1,2,...,p. Then for any 6 > 0, there exists Ns > N such
that for any n > Ns,

Ixe(mn) = xe(m)|| = < pd.

p p
i=1 i=1

p
. Z Hl‘z(n) — i
=1

This finishes the proof of Claim (2).
From Claim (2) we infer that A. C {u € M,(R%); x. is continuous at 1} and
hence Disc(x.) C AS where Disc(x.) is the set of discontinuity points of x.. Then

P(N € Disc(x.)) < P(N € A?) = 0.

By (2.5.6) and the continuous mapping theorem, it follows that:

X=(N) % xe(N),

which is equivalent to saying that

— X; d
Sit= —lxii>aney = D Jilinise) as = 0 (2.5.8)

i=1 i>1

To summarize, relation (2.5.8) holds for all € > 0 for which (2.5.7) holds.

Step 3. Let p, = nP(iﬁ € -). Let (Z;);j>0 be the sequence of independent variables

defined in the proof of Theorem 2.4.7 corresponding to a sequence ¢ | 0 with g =

¢ > 0 such that v(0V,,) = 0 for any & > 1. Note that in definition (2.4.6) of Z,

we now replace the value 1 by c. Note that the regularly varying condition (2.5.1)

implies that v satisfy (2.3.4). (This follows from the proof of Theorem 6.1 of [28]).
We consider separately three cases:
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Case 1: a <1
Let 555 = 3" | 214 x,<ane}- By Markov inequality,

=1 an
1
< -F
>5>_5 <

E( [ XiLgx) <aney | )
1
n

- 6anE<”X11{X1ISan€}”)'

n

PR
a {1 X[ <ane}

i=1 "
n
1

oa, 4
1=

n

PR
a {1 X;[<ane}

i=1 "

P([|Sf|| > 0) = P(

)

We make two claims:

Claim (3). ||.X|| is regularly varying of index —«
To see this, note that (2.5.1) is equivalent to (Theorem 6.1 of [28]) :

XA ]] X ) 0 .
nP €, €] = vy xTiin (0,00] X Sy
( i X4 ]|

which implies that for any = > 0

||X1|| Xl ) v _
nP >x,——— €Sy | = cx™ x '1(Sy)
( an [ X4

and finally
nP(|| X|| > xza,)—cz™.

Hence, || X|| is regularly varying of index —a.
Claim (4). We have :

«
Xl Tgxaane)) ~ o tne PIXi] > au), a5 1 = o0,

Recall that a, ~ b, means that a,/b, — 1 as n— oo To prove this, let Y =
1X1 ]l 14 <aney- Then,

E(| X1 Tyixy<ansy) = / P(Y > y)dy =/ Py < [|X1|| < ane)dy
0 0
- / PUIX > y)dy — aneP(IX0]| > ane).
0

From Claim(3), we know that ||.X|| is regularly varying of index —a. Then using
Karamata’s theorem (Theorem 2.1 of [28] ) we obtain

an€ 1
| POl > vy ~ e > ),
0
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which implies that

E(IX Yxisansy) _ 4 Jo  PAX I >)dy  «

n=oo apeP(|X1|| > ane)  n=oo aneP(|| X1 > ane) C1-a’

This finishes the proof of Claim (4).
From Claim (4), we obtain that, as n — oo

1
s (16 xizen ) ~ o P > an) ~ gomee™ (259)
Using (2.5.9), we obtain
) R . n a 1,
lim sup P(|S5=]| > 0) < lim EE<HX11{||X1||<LME}H> =T3¢
and then,
lgr(l)limﬁs;}p]g( |55 > 5> =0. (2.5.10)

Note that (2.5.10) is equivalent to the negligibility condition given by : for any § > 0

lim limsup P (||.S;° — S, || > d) = 0. (2.5.11)
=0 noco
Let
Z=170+) 7
Jj=1

where (Zj);>0 are defined as in the proof of Theorem 2.4.7 We claim that >, Z;
converge absolutely a.s. To see this, note that

EQ 1zl = E(Z

Z Jil{6j<||JiH§6j_1}

) < E( YD Il 1{ej<HJiHs€j-1})

=1 =1 |1 =1 i1
= E(Z > 1l 1{aj<||Ji||gaj,1}> = E(Z | Ji] 1{0<HJ—L||§C}>
i>1 j>1 i>1

_ E</o<||x<c ] N () :/O<x”<c||xu V(dz) < oo.

Then
7 L 7 as k — 0o (2.5.12)

where

k
2 =Zo+ ) Zi= ) Jilgusay-
=1

i>1
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From (2.5.8), (2.5.11), (2.5.12) and using the second converging together (see Theorem
A.0.2), we conclude that

Zin 4 Z, asn — 00
To complete the proof when o < 1 it remains to show that Z is an a-stable random

vector with characteristic function given by (2.5.2). To see this, note that for any
u € R?

E(exp(iu-Z)) = E

exp (zu (Zo + Z Zj))

Jj=1

= FElexp(iu- Zy)] H E[exp {iu - Z;}]

i=1

= exp { /| x”>1(exp(iu ) — l)y(dm)}

oo

H o { </€j<|lx§€j1 (eXp(iu | x) - 1> V(dx)> }

=1

] [ (exptn - ).

By Theorem 2.3.9 we conclude that Z has an a-stable distribution in R

Case 2: a > 1
Let € > 0 be such that (2.5.7) holds. From (2.5.1), Lemma B.0.7 and Lemma B.0.8
with K = {z € R% ||z]| > e} we have:

(KN S v(K N,

as measures on K. Using the continuous mapping theorem (with f(z) =2/, v € K
where x = (z1,...,249))

Xy

Qnp

-1
EE [Xll{HX1H>€an}} = n/ xP o ( ) dr — xu(dm). (2.5.13)
Qn llz[|>ean} l|z[|>e

{
From (2.5.8) and (2.5.13), it follows by Slutsky theorem that:

7 4 76 asn — 0o (2.5.14)

for any € > 0 which satisfies (2.5.7) where

n

X, n
210 =) S lxisean — o B [Xalgxpsean] = S0 - E(S7)
=1 " "
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and

A Z Jilgr>ey — / zv(dz).

i>1 [l >e

The negligibility condition (2.5.3) is equivalent to say that: for any § > 0

limlimsup P (|| 2\ — Z,|| > 6) = 0. (2.5.15)
e=0 noco
Let € J 0 with ¢y = ¢ be such that (2.5.7) holds for €, for all £ > 1. Let

Z= (2~ E(Z)) + Y (Z — E(Z))),

j=1

where (Z;),>0 are defined as in the proof of Theorem 2.4.7 . (In the proof of Theorem
2.4.7 we showed that the previous series converges a.s.). Note that

E | = 4 - lelvtaa) < o0
x||>c

by Lemma 2.3.14 since a > 1. Then

7 4 7 as k — oo (2.5.16)
where
k
7 = (Zy— E(Z0)) + Y (Zi = BE(Z)) = Jilgnsen — 4 ” wv(dz).
i—1 i>1 x||>€Ek

From (2.5.14), (2.5.15), (2.5.16) and using the second converging together (see The-
orem A.0.2), we conclude that

d
Ly — 4, as n — Q.

To complete the proof when o > 1 it remains to show that Z is an a-stable
random vector with characteristic function given by (2.5.4). To see this, note that for
any u € R?

E(exp(iu-Z)) = E |exp {Zu : <Z0 — E(Zy) + Z(Zj — E(Z]))) }

Jj=1

— E |exp {w (Z0 — B(Z0)) +iu- (Z(Zj B E(Zj>)> H

Jj=1
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= E [eXp <w (%o - E(Zo)))] ﬁE [exp {iu - (Z; — E(Z))) }]

j=1

= exp /”Z|>1 <exp(iu cx)—1—u- x)u(d:v)
Hexp (/aj<x||§aj1 <exp(iu cx)—1—du- x)u(dx))

_ exp{/Rd (exp(z'u~a:‘) . —iu-x)y(d:c)}

By Theorem 2.3.9 we conclude that Z has an a-stable distribution in R? (since v
satisfies (2.3.4)).

Case 3: a=1
From (2.5.1), Lemma B.0.7 and Lemma B.0.8 with K = {z € R%e < ||z| < ¢} we
have:
for any 0 < ¢ < ¢ satisfying (2.5.7). By continuous mapping theorem (with f(z) = 27,
r € K, where z = (z,...,2%))

o\ !
EE Xll{sa <HﬁH<C}i| = n/ zP o (—1) dr — xz/(daz)
n tollen 1= {ean<||z]|<c} An e<||z||<c
2.5.17)
From (2.5.8), (2.5.17) and using Slutsky theorem we have:
Z 4 70 asn — oo (2.5.18)
for any 0 < ¢ < ¢ satisfying (2.5.7) where
c " Xz n
Z9 =3 —lixigeany — K [X11fea, <)1) <can}]
i=1 " "
7(e) _ Z Jilg|gil>er — / zv(dx).
The negligibility condition (2.5.3) is equivalent to: for any § > 0
lim limsup P (|| Z) — Z,|| > 6) = 0. (2.5.19)
=0 pooo

We let Z be given by relation (2.4.7) in the proof of Theorem 2.4.7. The conclusion
follows using the converging together theorem (see Lemma A.0.2). The fact that
Z has an a-stable distribution in R? follows by Remark 2.3.10. The characteristic
function of Z is computed similarly to case 2. [



Chapter 3

Cadlag functions with values in D

In this chapter, we introduce the spaces D([0, 1]; D) and D([0, c0); D) of cadlag func-
tions defined [0, 1], respectively [0, 00), with values in ID. These spaces are equipped
with the Skorohod distance introduced in [34]. We examine briefly the weak conver-
gence of probability measures on these spaces, a topic which is developed at length
in the companion paper [3].

Some of the results presented in this chapter can be extended to the space
D([0,1]; S) where S is a complete separable metric space. However, our major re-
sult about tightness of probability measures on ([0, 1];.S) (Theorem 3.3.8) is specific
to S = ID. Moreover, the concept of regular variation for random elements with values
in S has only been developed in the literature in the case S = D.

3.1 The space D

In this section, we recall briefly from [5] the definition and basic properties of the
Skorohod space D.

We denote by D = [0, 1] the space of cadlag functions =z : [0,1] — R, i.e.
functions which are right-continuous and have left limits. Any function x € D has
countably many discontinuities. We denote by Disc(z) the set of discontinuity of
x € D. We denote by ||-|| the uniform norm in D:

|z]| = sup |z(t)] ,z €D
te[0,1]
Note that (D, ||-||) is a Banach space, but it is not separable. The space D is equipped
with the Skorohod distance d;, defined by

diy(w,y) = it (A el v [lo =y o A}

where e is the identity map on [0, 1] and A is the set of all continuous strictly increasing
functions A that map [0, 1] onto [0,1]. We write z,, By it dj, (x,,x) — 0. This is

33
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equivalent to saying that there exists a sequence (\,),>1 C A such that |\, —¢|| — 0
and ||z, o A\, — z|| — 0.

The space D is separable under d;,, but is not complete. However, there exists a
distance df}l on D) which is equivalent to d;,, under which D is separable and complete.
This distance is given by

&, 5) = it {AI°V o =y o A} (3.1.1)

log 20720

where [|\]|° = sup,_, . By taking A\ = e, we obtain that for all z,y € D

dy,(z,y) < |lz —yll and dj (z,y) < [lz —yl|.

Note also that

dy, (2,0) = d, (z,0) = ||z| for all z € D (3.1.2)
By relation (12.17) of [6],

sup [A(s) —s| < e’ =1 forall A € A. (3.1.3)

s€[0,1]

Taking A = e in (3.1.1), we obtain:

4, (z,y) < |lv —y| foral z,ye€D. (3.1.4)

For functions (z,),>1 and z in D, we write z, it df)]l(a:mx) — 0. For any
9 € (0,1), we consider the following modulus of continuity of a function x € D

w"(z,0) = sup (Jz(s) — z(s1)| A |z(s2) — x(5)]). (3.1.5)
51<5<s2,52—51<4
We denote by D the Borel o-field of D, i.e. the o-field generated by all open sets
(with respect to the J; topology). By Theorem 12.5 of [6], D coincides with the
o-field generated by the projections m; : D — R, given by m(z) = z(t).

In this thesis, we will work with random elements in ID. A random element in D
is a function X : Q — D which is F/D measurable, where (2, F, P) is a probability
space. This is equivalent to saying that X(¢) : Q — R is F-measurable for any
t € [0,1]. We denote by P o X! the law of X. We say that a sequence (X,), of
random elements of ) convergences in distribution to a random element X of D (and
we write X,, - X) if (Po X, }),>1 converges weakly to Po X 1.

The following result plays an important role in the definition of regular variation
for random elements in D (see Section 5.2). We include its proof since we could not
find a reference for it.

Lemma 3.1.1. The supremum norm ||-|| is Jy-continuous on D.
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Proof. Let (z,),>1 € D and x € D be such that z, o Let (A)n>1 C A
be such that ||\, —e|]| = 0 and ||z, 0o\, —z|| — 0. Then ||z, o \,|| — ||z| since
l||zn o Al = ||12]|] < ||#n © An — z|| . Note that

2]l = sup |z, (t)] = sup [z,(An(t))] = [J2n 0 Anll -
te[0,1] te[0,1]

Hence, ||z,| — ||=||.O0

3.2 Basic properties of D([0,1];D)

In this section, we introduce the definition of the space D ([0, 1] ;D) and discuss some
of its properties.
We denote by D ([0, 1] ;D) the space of functions x : [0, 1] — D with the following
proprieties:
(i)  is right continuous with respect to the J; topology, i.e. for any ¢t € [0,1] and
for any sequence (t,),~, C [0,T] such that ¢, — t and ¢, > ¢ for all n > 1, we have
z(t,) — z(t) in (D, J,);

(ii) = has left limits with respect to J; topology space, i.e. for any ¢ € [0, 1] there
exist an element in D denoted by z(¢—) such that for any sequence (t,),~, C [0,1]
such that t,, — ¢ and ¢, <t for all n > 1, we have z(t,) — z(t—) in (D, J;).
The Skorohod distance on D ([0, 1] ;D) is defined in [34] by :
dp(z,y) = inf {[[A — e[| V pp(z,y 0 A)} . (3.2.1)

for any x,y € D ([0, 1] ; D) where pp is the uniform distance on D ([0, 1] ;D) given by :

po(e,y) = sup dy (x(t), y(t)). (3.2.2)

te(0,1]

For any = € D ([0, 1] ; D), we define the super-uniform norm by:

zllp = sup [l=()] - (3.2.3)
t€(0,1]

Hence, dp(x,,x) — 0 if and only if there exists a sequence (\,),>1 C A such that

sup [An(t) —t[ =0 and sup dJ (z,(Aa(t)),z(t)) — 0. (3.2.4)

tef0,1] t€[0,1]

(By the discussion in small print on page 122 of [6], the set {x(¢); ¢ € [0, 1]} is relatively
compact in (D, J;), and hence, ||z||p < oo by Theorem 12.3 of [6].)
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By relation (3.1.2), it follows that for any = € D([0, 1]; D),
dp(x,0) = pp(z,0) = ||z|p. (3.2.5)
Note that for any x,y € ([0, 1]; D), we have:
dp(z,y) < po(z,y) < ||z — yllo. (3.2.6)

Lemma 3.2.1. a) If dp(x,,x) — 0, then x,(t) A x(t) for any continuity point t of
x (with respect to Jy ).
b) If dp(x,, x) — 0 and x is continuous on [0, 1] with respect to Jy, then pp(x,, x) — 0.

Proof: Let (A,),>1 C A be such that (3.2.4) holds. a) Then
dj, (2a(t), 2(t)) < dj (@a(t), 2(An(t))) + d, (z(An(1)), 2(2)) = 0.

b) Since x is continuous on the compact set [0,1], it is also uniformly continuous.
Hence

po(an, ) < g dj, (2 (t), 2(An(2(1)))) + g dj, (z(Aa( (1)), 2(1)) — 0.

0
The following result shows that the super-uniform norm is continuous on D([0, 1]; D).

Lemma 3.2.2. If (z,)n>1 and x are functions in D([0, 1]; D) such that dp(z,,z) — 0
as n — oo, then |z,||p = ||z|lp as n — oc.

Proof: Let (A,)n>1 C A be such that (3.2.4) holds. By (3.2.5), we have:

[z 0 Anllp = [[z]ln] = lpp (20 © An, 0) = pn(2, 0)] < po(zn 0 An, ) = 0.

The conclusion follows since ||z, o Ay|lp = ||zn|lp (because A, is a one-to-one map).
0
For any set T C [0, 1] and for any = € D([0, 1]; D), we let

wp(z, T) = t Stul[E)T d(}l ((t1), x(t2)).
1,02

The following result is proved similarly to Lemma 1 (page 122) of [6].

Lemma 3.2.3. For any x € D([0,1];D) and € > 0, there exist 0 = tn <t < ... <
t, = 1 such that
wp(z, [ti—1,t)) <e forall i=1,...,v.
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A consequence of this result is that for x € D([0, 1];D) and £ > 0, there can be
at most finitely many points ¢ € [0,1] such that d (z(t),z(t—)) > e. Hence, any
function z € D([0,1];D) has a countable set of discontinuities with respect to Ji,
which we denote by Disc(x). The maximum jump of z is defined by:

j(w) = Jup dj, (x(t), 2(t-))

For any 0 € (0,1) and x € D([0, 1]; D), we let

, P 1 . .
wp(z,d) = g}g Iax wp(x, [ti—1, 1)), (3.2.7)

where the infimum is taken over all -sparse sets {t; }o<i<v.
Clearly, the function wf(x,-) is non-decreasing. The following two results give
some further properties of wp(z, d).

Lemma 3.2.4. For any = € D([0, 1]; D),

lim wp(x,0) =0 (3.2.8)
6—0

wh(x,8) < wp(2,20) for any 6 € (0,1/2),

wp(z,0) < 2wp(x,0) + j(x) for any & € (0,1).

Proof: To prove the first relation, let € > 0 be arbitrary and {t; }o<i<, be the sequence
given by Lemma 3.2.3. Pick 0 < 6. < ming<;<,(t; —t;—1). Forany 6 € (0,0.), {t; }o<i<v
is 0-sparse, and hence wp(x,0) < max;<;<, wp(x, [t;—1,t;)) < €. The last two relations
are proved similarly to (12.7) and (12.9) of [6], using the triangle inequality in (D, %, ).
We omit the details. [J

Lemma 3.2.5. wp(+,0) is upper-semicontinuous on D([0, 1]; D) equipped with dp.

Proof: Let x € D([0,1];D) and € > 0 be arbitrary. We have to prove that there
exists n > 0 such that wp(y,0) < wp(z,d) + € for any y € D(]0,1];D) such that
dp(x,y) < n. This follows by the same argument as in Lemma 4 (page 130) of [6],
replacing |y(t) — z(A(t))| by dJ, (y(t),z(A(t))) and using the triangle inequality in
(,d,). O

The space D([0,1];D) equipped with dp is separable, but it is not complete.
Similarly to the distance dj on D, we consider another distance dp, on D([0,1]; D),
given by:

dp(,y) = AV (e, y 0 M)} (3.2.9)
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Then dp(xz,y) < e®E@) — 1 for all z,y € D([0, 1]; D).
Note that if z: [0,1] = D and y: [0,1] — D are given by z(t) = z, for all ¢ € [0, 1]
and y(t) = yo for all t € [0, 1], for some fixed functions zg, yo € D then

dp(v,y) = d%)(xay) = dOJl (w0, Y0)

Similarly to Theorems 12.1 and 12.2 of [6], and using the fact that D is separable
and complete under dgl, we obtain the following result. (See also Theorem 2.6 of
[34].)

Theorem 3.2.6. The metrics dp and d are equivalent. The space D([0,1];D) is
separable under dp and dY), and is complete under d3.

The following result characterizes the relatively compact subsets of D([0, 1]; D),
being the analogue of Theorem 12.3 of [6].

Theorem 3.2.7. A set A C D([0, 1); D) is relatively compact with respect to dp if and
only if it satisfies the following three conditions:

(i) 51D, llallp < o0;

(71) 1im;_,0 SUD ¢ 4 SUD; (o 1) W' (z(t),0) = 0;

(111) lims_,o sup,e 4 wp(x, 0) = 0.

Proof: Note that conditions (i) and (7i) are equivalent to saying that the set U =
{z(t);z € At € [0,1]} is relatively compact in (D, J;) (see Theorem 12.3 of [6]).
Suppose that A is relatively compact in D([0, 1]; D). We first prove that U is relatively
compact in (D, J;). Let {z,(¢,)}}n>1 be an arbitrary sequence in U, with z, € A and
t, € [0,1]. Since A is relatively compact, there exists a subsequence N C such
that dp(x,,z) — 0 as n — oo,n € N. Let (A\,)n>1 C A such that (3.2.4) hold
as n — oo,n € N. The sequence (t,),ey has a monotone convergent sub-sequence
(tn)nen with N” C N: either ¢, 1t or t, | t as n — oo,n € N'. Since A\, ! is strictly
increasing, either A 1(¢,) T ¢ or A} (t,) | t as n — oco,n € N’. Therefore, either

n

e () B z(t—) or 2(A1(t,)) B () as n — co,n € N’. In the first case,

d(J)H (xN<tn)7 :L’(t—)) < d(}l (xn(tn)v x(A;l(tn))) + d?h (x(/\gl(tn))a I(t—)) — 0,

asn — oo,n € N'. In the second case, d), (z,(t,),z(t)) = 0 as n — oo,n € N'. This
shows that the sequence {x,(t,)},>1 has a Jj-convergence subsequence.

To prove (iii), we apply Dini’s theorem, as stated in Appendix M8 of [6]. Since
wp(+, 1/n) is upper semi-continuous for any n, and wp(xz,1/n) | 0 for any = €
D([0, 1]; D), this convergence is uniform on compact sets. Hence sup,. 4 wp(z,n™') —
0 as n — oo. Condition (i) follows since wp(x, -) is non-decreasing.

Next, suppose that the set A satisfies conditions (i)-(iii). Since D([0,1];D) is
complete with respect to d3, the closure A of A is also complete. To show that A is
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compact, it suffices to show that A is totally bounded with respect to d) (see The-
orem of Appendix M5 of [6]). This follows as in the sufficiency part of the proof of
Theorem 12.3 of [6], by choosing H to be a finite e-net of the set U in D. [

Similarly to (3.1.5), for any € D([0,1];D) and 6 € (0,1), we consider the
following modulus of continuity:

wp(z,0) = sup (d5, (2(t), z(t1)) A dY, (z(t2), z(1))). (3.2.10)

t1<t<ta, ta—t1<d
The following result will be used in the proof of Theorem 4.3.7 below.
Lemma 3.2.8. For any z,y € D([0, 1]; D), we have:

w[/é(l’ + yud) < wﬁ]’)(:v,é) + ZHyHD'

Proof: Let t; <t <ty be such that t, —t; < §. By triangle inequality and (3.1.4),

B, (1) + y(0),2(t1) + y(t2)) < & (o(0) + y(2),2(0)) + 5, (o), (1)
+dj, (2(tr), 2(t) + y(t1))
< lly@ll + dj, (=(t), z(tr)) + lly(t)l
< dj, (a(t), 2(t1)) + 2[lyll.
Similarly, d5, (z(t)-+y(t), z(t2)+y(t2)) < dY (x(t), z(t2)) +2|yllp. If a1, as, by, ba,c € R

are such that a; < b; +c¢ for i = 1,2, then it is easy to see that a; Aas < by Aby+c. It
follows that d2 (x(t) + y(t), (t1) +y(t1)) AdS, (x(t) + y(t), x(t2) + y(t2)) is less than

dy, (2(t), 2(tr)) A dy, (2(t), 2(t2)) + 2[lyllp < wh(x,0) +2[lyllp-

The conclusion follows taking the supremum over all ¢; <t < 5 such that t5 —t; <.
O
The following result is the analogue of Theorem 12.4 of [6].

Theorem 3.2.9. A set A C D([0, 1]; D) is relatively compact with respect to dp if and
only if it satisfies the following three conditions:

(i) sup,eq [[#]lp < oo;

(21")

(a) limsosup,epqw”(x(t),6) =0

(b)  lims 0 SUP,e 4 SUPyepo ) [4(¢,6), (¢, 0) =

(¢) lims_,0Sup,eqy SUDteo,1] lz(t,1-),2(t,1 — §)| = 0;
(ii")

(a) limsowg(z,0) =0
(b) Tims o sup,c s &% (2(8), 2(0)) =
(¢) limggsupyey Y, (z(1-),2(1 —
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Proof: If A is relatively compact, then conditions (i)-(¢i¢) of Theorem 3.2.7 hold.
Condition (i¢") follows by applying inequality (12.31) of [6] to the function z(t) € D,
for any t € [0,1]. Condition (7ii’) follows by the following inequality (proved similarly
to (12.31) of [6]):

w(z,6) vV dy, (x(6),2(0)) vV dy (z(1-),z(1 - §)) < wy(z,26) (3.2.11)

Suppose that conditions (i), (i7) and (zi’) hold. The fact that A is relatively
compact will follow by Theorem 3.2.7, once we show that conditions (4i) and (éi7) of
this theorem hold. Condition (i7) follows from (i) by applying inequality (12.32) of
6] to the function z(t) € D for any ¢ € [0, 1]. Condition (iii’) follows by the following
inequality

wpy(z,6/2) < 12{wp(z,0) + dY, (x(6), z(0)) + dJ, (z(1=),z(1 = §))}. (3.2.12)

This is proved similarly to inequality (12.32) of [6], using the triangle inequality in D
and the fact that z,, 2> z implies that d, (@n,y) — d, (z,y) for any y € D. O

We conclude this section with a discussion about measurability and finite-dimensional
sets in D(]0, 1]; D). Let Dp be the Borel o-field of ([0, 1]; D) with respect to dp. For
any t € [0,1], we let 77 : D([0,1];D) — D be the projection given by 7P (z) = x(t).

By Lemma 2.3 of [34], 7P is Dp/D-measurable for any ¢ € [0,1]. By Theorem 2.7
of [34], Dp coincides with the o-field generated by the projections 72 for ¢ € [0, 1].
Similarly to the classical case, the function 77 has the following continuity properties.

Lemma 3.2.10. a) 7y and 77 are continuous with respect to dp.
b) For any t € (0,1), 7P is continuous at x with respect to dp if and only if x is
continuous at t with respect to Jy.

Proof: a) Assume that dp(x,,z) — 0. Let (\,),>1 C A be such that (3.2.4) holds.
In particular, since \,(0) = 0, we obtain: dY (2,(0),2(0)) — 0. This shows that
() S mo(z). Similarly, 77(z,,) Ao ().

b) Suppose that z is continuous at ¢ with respect to J;. Assume that dp(z,, ) —
0. Then 7P(z,) & 7P(x), by Lemma 3.2.1.a). Suppose next that z is discontinuous at
t with respect to Jy, i.e. dJ (z(t—),z(t)) > 0. Let \,, € A be such that \,,(t) = t—1/n,
and A is linear on [0,¢] and [t,1]. Define x,(s) = x(An(s)). Then dp(z,,z) — 0, and
2 (2,) = 2p(t) = 2( M\ (1) = 2(t — 1/n) S x(t—), and so 7P (x,) does not converge
in J; to z(¢). This shows that 72 is discontinuous at x with respect to dp. OJ

For an arbitrary set 7' C [0, 1], we let D}, be the class of finite-dimensional sets
of the form (7, )"'(H) forsome 0 <t; <...<t, <1, t; €T, He D" and k > 1.

Note that the o-field generated by D} coincides with o{n?;t € T}, the minimal
o-field with respect to which the maps 72, ¢ € T" are measurable.
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Theorem 3.2.11. If T C [0,1] is such that 1 € T and T is dense in [0,1], then:

a) Dp is the o-field generated by DfT,

b) vaT is a separating class of Dy, i.e. if P and Q) are two probability measures on
(D, Dp) such that P(A) = Q(A) for any A € D}y, then P = Q.

Proof: a) Since 77 is Dp-measurable, o{rP;t € T} C Dp. To prove the other
inclusion, it suffices to show that the identity i : D([0, 1];D) — D([0, 1]; D) given by
i(r) = z is o{nP;t € [0,1]}/Dp-measurable. For this, we use the same argument
as in the proof of Theorem 12.5.(iii) of [6]. For any 0 = {ti}izo,. x such that 0 =
to < t; < ... <ty = 1, we define the map A, : D([0,1];D) — D([0,1];D) b

A (z) =301, @(ti1) g, ) + (1)1 (¢). Similarly to Lemma 3 (page 127) of [6]
can be proved that

maxi<;<k(t; — t;—1) < 0 implies that dp(A,(z),z) < 0V wp(z,0). (3.2.13)

For any o as above, we consider also the map V, : D¥1 — ([0, 1]; D) given by
Vo(a) =38 i a1y, (1) + arlpy (), for a = (ag, ..., ;) € DFFL

The function V, : D*!' — D([0,1]; D) is pp-continuous (hence dp-continuous),
where D! is endowed with the product topology: if o™ «a € D are such that

J .
al' = a; asn — oo, for i =0,..., k, then

(Ve (a™), Vy(a)) = sup d31 (Vm(a”)(t),vm(a)(t)) = max d?,l(oz o) = 0.

te[0,1] 0<i<k

It follows that V, is D**!/Dp-measurable. If t; € T for all 4, then A, is o{7>;t €
T} /Dp-measurable, since A, = V, o w2 and is o{nP;t € T}/DE-
measurable.

For any m > 1, choose 0,,, = {t" }i—0..._x,, such that t/* € T" and max;(t]"—t!*,) <
1/m. By (3.2.8) and (3.2.13), it follows that dp (A, m(x),x) — 0 as m — oo. This
proves that the identity map 4 is the pointwise limit (with respect to dp) of the
sequence (Ay, )m>1 of a{rP;t € T}/Dp-measurable maps. Since Dy is the Borel
o-field corresponding to dp, it the map i is also o{7P;t € T} /Dp-measurable.

b) This follows by Theorem 3.3 of [7], since DY is a 7-system generating Dp. [

The characterization of tightness of probability measures on D([0,1];D) given
in Section 3.3 relies on certain events involving the functions wp (-, ) and wg(-,d).
Measurability of these functions is essential for this purpose. Before establishing this,
we need the following simple result (which is valid in any metric space).

Lemma 3.2.12. The map ® : D x D — [0,00) given by ®(x,y) = dY (z,y) is
continuous with respect to the product of J-topologies on D x D.

Proof: If z, & z and y, 2 y, then d9, (T, yn) — dY, (x, y) since

[, (T yn) — dj, (@, 9)] < 1d), (2, yn) — dy, (@, y0)| + |d5, (2, 90) — d, (2, )]
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< dj (2n,7) + dJ, (yn. y).
UJ
Lemma 3.2.13. The functions wp(-,6) and wi(-,d) are Dp-measurable.

Proof: The measurability of wp (-, d) follows by Lemma 3.2.5. For wf(-, d), note that
in the definition (3.2.10) of wfj(z,d), we may take t1,¢,ty to be rational numbers.
By Lemma 3.2.12, ® is D x D-measurable, and so the map & o W?tl given by x —
d9 (x(t),z(t1)) is Dp-measurable, for any t,,t € [0,1]. Therefore, the map =
d5, (z(t), z(t1)) AdJ, (x(t2), 2(t)) is Dp-measurable, for any rational numbers ty,t,t; €
[0,1] with ¢; < t < t3. The conclusion follows since the supremum of a countable
collection of measurable functions is measurable. [J

Finally, we recall the definition of a random element in ([0, 1]; D).

Definition 3.2.14. Let (2, F, P) be a probability space. A map X : Q — D([0, 1]; D)
is called a random element in D([0, 1]; D) if X is F/Dp-measurable, i.e. X(t) is F/D-
measurable for any ¢ € [0, 1].

3.3 Weak convergence and tightness

In this section, we study the weak convergence and tightness of probability mea-
sures on the space (ID([0,1]; D), Dp), following the discussion in Section 13 of [6] for
probability measures on (D, D).

Recall that if (P,),>1 and P are probability measures on (D([0, 1]; D), Dp), we
say that (P,),>1 converges weakly to P if [ fdP, — [ fdP for any dp-continuous
bounded function f : D([0,1];D) — R. In this case, we write P, — P. Since
D([0,1];D) is separable, there is a distance on the set of probability measures on
(D([0,1]; D), Dp) (called the Prohorov distance), which gives rise to the topology of
weak convergence (see page 72 of [6]).

If (X,)n>1 and X are random elements in ([0, 1]; D) (possibly defined on differ-
ent probability spaces) with respective laws denoted by (P,),>1 and P, we say that

(X,)n>1 converges in distribution to X if P, = P. In this case, we write X, 4 ox

For any probability measure P on (D([O, 1];D),DD), we let Tp be the set of
t € [0,1] for which the projection 7 is dp-continuous a.s. with respect to P. Note
that 0,1 € Tp. If t € (0,1), then ¢t € Tp if and only if P(J;) = 0, where J; = {z €
D([0,1];D); ¢ € Disc(z)}.

Using the same argument as in the classical case (page 238 of [6]), it can be
shown that P(J;) > 0 is possible for at most countably many ¢ € (0,1). Hence, the
complement of Tp in [0, 1] is countable. The following result follows by the continuous
mapping theorem.
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Lemma 3.3.1. Let (P,),>1 and P be probability measures on (D([0, 1];D), Dp) such
that P, = P. Then P,o (7p )" = Po(mp )" for any ty,... t, € Tp.

----------

We recall the following definitions.

Definition 3.3.2. A family II of probability measures on (D 1]; D), DD) is tight if
for every n > 0, there exists a dp-compact set K in D([0, 1]; D) such that P(K) > 1—n
for all P € II.

Definition 3.3.3. A family II of probability measures on (D([0,1]; D), Dp) is rela-
tively compact if for every sequence (P,),>; in I, there exists a subsequence (P, )r>1
which converges weakly to a probability measure ) (which is not necessarily an ele-
ment of II).

The following result follows by Prohorov’s theorem, since D([0, 1]; D) is separable
and complete (see Theorems 5.1 and 5.2 of [6]).

Theorem 3.3.4. A family I1 of probability measures on (D([0,1]; D), Dp) is tight if
and only if it is relatively compact.

The next result is an important tool for proving weak convergence in ([0, 1]; D).
Its proof is the same as in the classical case (see Theorem 13.1 of [6]). We include it
for the sake of completeness.

Theorem 3.3.5. Let (P,),>1 and P be probability measures on (D([0, 1]; D), Dp) such
that
Poo(my ) S Po(r) ) " inD" foranyty,... t, € Tp (3.3.1)

..........

and (P,)p>1 is tight. Then P, = P.

Proof: It is enough to prove that for any subsequence (ny)g>1, there exists a further
sub-subsequence (k;);>; such that Pnkl 5 Pasl — oo (see e.g. Appendix 5.1.2 of
[20]).

Let (ng)g>1 be an arbitrary subsequence. By Theorem 3.3.4, (P,),>1 is rela-
tively compact. Hence, there exists a sub-subsequence (k;);>; such that P, 5 Q

as | — oo, for some probability measure ) on (]D)([O, 1];]]])),1)@). By hypothesis,

w

Po, o (m )" = Po(m, ) " asl — oo, for any ti,...,# € Tp. By Lemma

3.3.1, P, o (7Tt1 _____ tk) 5 Q (mp .4 ) " asl— oo, for any ty,..., ¢ € Ty. Unique-

77777

Po(m, ) '=Qo(m )" forallty,... ty € TpNTg.

----------
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The set T' = Tp N Ty contains 0 and 1, and is dense in [0, 1] (since its complement in
[0,1] is countable). By Theorem 3.2.11, Dy is a separating class of Dp, and hence
P=@Q. 0O

We continue now with a discussion about tightness. The next result gives a crite-
rion for tightness, being the analogue of Theorem 13.2 of [6] for the space D(][0, 1]; D).
Conditions (i) and (%ii) of this theorem are similar to (13.4) and (13.5) of [6], but
(71) is a new condition, due to the space variable s of an element in ([0, 1];1D). Re-
call that w'(z(t),d) is given by (3.2.7), whereas wj(z,d) is given by (3.2.7), for any
x € ID([0,1];D) and ¢ € [0, 1].

Theorem 3.3.6. A sequence (P,),>1 of probability measures on (]D)([O, 1]; D),DD) is
tight if and only if it satisfies the following three conditions:

(i) We have:
lim limsup P, ({z; ||z[[p > a}) = 0. (3.3.2)
s S e )
(i1) For any e > 0,
lim lim sup P, ({z; w'(z(t),d) > ¢ for some t € [0,1]}) = 0. (3.3.3)
-0 pooo
(iii) For any e > 0,
lim lim sup P, ({z; wp(z,8) > e}) = 0. (3.3.4)
=0 nooo

Proof: We use a similar argument as in the proof of Theorem 13.2 of [6] (see also the
proof of Theorem 7.3 of [6]). Suppose that (P,),>1 is tight. Let n > 0 and € > 0 be
arbitrary. We have to prove that there exist a > 0, § € (0,1) and an integer ng > 1
such that for all n > ny,

(@) Pu({z; llzllo = a}) <7
(b)  Po({z; w'(z(t),0) > ¢ for some t € [0,1]}) <7n (3.3.5)
(€) Pu({z; wp(w,0) > ¢) <n.

We will show that (a)-(c) hold with ny = 1. By Theorem 3.3.4, (P,),>1 is relatively
compact. Hence, there exists a compact set K in D([0, 1]; D) such that P,(K) > 1—n
for all n > 1. The set K is characterized using Theorem 3.2.7. More precisely, we
know that:
(a') sup,ep [|zllp < o0
(b)) lims 0 SUP,e e SUPe(p 1 W' (a:(t), (5) =0 (3.3.6)
() limg_yosup,ecp wp(z,0) =0
Due to (a’), we can choose a > sup,ck ||z||p arbitrary. Then K C {z;||z||p < a} and

S0,
Pn({x; |z||lp > a}) < P,(K°)<n foralln>1.
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By (V'), there exists 6 € (0, 1) such that w'(z(t),0) < e for all x € K,t € [0, 1]. Hence,
K C {x; w'(z(t),d) < e for all t € [0,1]}, and so

P, ({z; w'(z(t),8) < e for some t € [0,1]}) < P,(K°) <n foralln>1.

By (), there exists 6 € (0,1) such that wp(z,d) < € for all x € K. Hence, K C
{z; wp(z,d) < e}, and so

P, ({z; w'(2,0) <e}) < Po(K°) <n foralln>1.

Suppose next that conditions (4)-(4ii) hold. Let n > 0 and € > 0 be arbitrary.
Then there exist ' > 0, ¢’ € (0, 1) and an integer ny > 1 such that (3.3.5) holds for all
n > ng (with o’ and ¢’ replacing a and §). We first prove that (3.3.5) actually holds for
all n > 1, for some values a and § which will be given below. Fix i € {1,...,nq— 1}.
Since ([0, 1]; D) is separable and complete, the single probability measure P, is tight,
and therefore it satisfies conditions (i)-(%i1). Hence, there exists a; > 0 and §; € (0,1)
such that

Pi({z; lzllo > ai}) <
P;({z; w'(x(t),0;) > € for some ¢ € [0,1]}) <7
P;({z; wp(z,8) >¢) <.

Then (3.3.5) holds for all n > 1, with @ = max{a’, max;<,,—1 a;} and § = min{d’, min;<,,, 1 d; }.
Let B = {z;||z|lp < a}. Then P,(B) > 1—n for all n > 1. By parts (b) and (¢)
of (3.3.5) with ¢ = 1/k and 7 replaced by 1/2F, there exists 6, € (0,1) such that for

alln > 1,
Ui

?7
where By = {z;supycoq w'(z(t),dr) < 1/k} and Cy = {z;wp(x,0;) < 1
A= BN (Ngz1 Be) N (M1 Cx) and K = A. Forany n > 1, P,(K) > P,(A) > 130,

since

Ui
Pn(Bk) Z 11— ﬁ and Pn(Ck) Z 1-—

Po(AY) < Pu(B)+ S PuBY) + Y PuCH <+ > a4y L —3y,

k>1 k>1 k>1 k>1

We show that K is compact in D([0,1];D). By Theorem 3.2.7, this is equivalent
to showing that K satisfies (3.3.6). Since ||z|jp < a for any z € B and A C B,
we have sup,.4 ||z][p < a. This shows that (a’) holds. Note that for any & > 1,
SUD,e 4 SUDepo,1) W' (2(t), 0k) < 1/k (since A C By,), and so (V') holds. Finally, for any
k> 1, sup,c 4 wp(x,0x) < 1/k (since A C C}), and hence (¢’) holds. This proves that
(Pn)n>1 is tight. O

The following result gives a replacement for condition (%) in Theorem 3.3.6. This
condition is the analogue of (13.6) of [6].



3. CADLAG FUNCTIONS WITH VALUES IN D 46

Corollary 3.3.7. Condition (i) of Theorem 3.3.6 can be replaced by the following
condition:
(i’) for each t in a dense subset T of [0, 1] which contains 1, we have:
lim limsup P, ({z;]|z(t)| > a}) = 0. (3.3.7)
=0 nco
Proof: Suppose that condition (i) of Theorem 3.3.6 holds. Then (i') clearly holds,
since {x; ||z(t)|| > a} C {z;|z|p > a} for any t € T
Suppose next that conditions (i') and (éi7) hold. We prove that (¢) holds, using

a similar argument as in the Corollary on page 140 of [6]. Let n > 0 be arbitrary. By
condition (i), there exist 0 € (0,1) and an integer n; > 1 such that

P, ({z;wp(x,0) > 1}) <n for all n > ny. (3.3.8)
Let {t;}i=1,.» be a d-sparse set with 0 = ¢y, < t; < ... < t, = 1 such that
wp(z, [ti—1, 1)) < wp(x,d6) + 1 for all @ = 1,...,v. Choose points 0 = sy < s1 <

. < sp = 1 such that s; € T and s; — s;_1 < 0 for all £ = 1,... k. Let
m(z) = maxi<j<k [|2(s;)]|. By (3.3.7), limg oo limsup,,_, o Py ({z;m(z) > a}) = 0.
So, there exist a > 0 and ny > 1 such that

P, ({z;m(z) > a}) <n for all n > n,. (3.3.9)
We claim that for any = € D([0, 1]; D),
lz||p < wh(z,d) +1+m(z). (3.3.10)

To see this, note that since {t;}; is d-sparse, each interval [t;_1,¢;) contains at least
one point s;, that we call s;,. For any ¢ =1,...,v and for any ¢ € [t;_1,t;),

le(@)]l = dj, (2(t),0) < dj, (x(t),2(s;,)) +dj, (2(s;,),0) = dj, (x(t), 2(s;,)) + | 2(s;)

Hence,

sup Iz} < wo(w, [tio1, 1) + [l2(s;) || < wp(w,0) + 14 m(z).
telti—1,ts

Relation (3.3.10) follows since [|z|p = max{maxi<i<, Supiep, , 1) |20 [[2(1)[}.
Let ng = max(ny,ns2). From (3.3.8), (3.3.9) and (3.3.10), we infer that

P, ({z; lzllp = a +2}) < P,({z;wp(x,8) + m(z) > a+1}) < 2n for all n > ny.
This concludes the proof of (7). O

The following result is the analogue of relation (13.8) of [6] (or Theorem 15.3 of
[5]), and it plays a crucial role in article [3] (see Theorem 2.4 of [3]).
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Theorem 3.3.8. A sequence (P,),>1 of probability measures on (D([0,1]; D), Dp) is
tight if and only if it satisfies condition (i) of Theorem 3.53.6 and the following two
conditions:

(17") For any e > 0,

(a) limg_olimsup, .. P,({x; w"(z(t),d) > e for somet € [0,1]}) = 0;
(b) limg_olimsup, . P,({x; |z(t,0) — x(t,0)| > & for some t € [0,1]})
(¢) limg_olimsup, . P,({z; |z(t,1=) — x(t, 1 — )| > & for some t € [0, 1

0;
) =o0.

(i1d") For any e > 0,

(a) limg_olimsup,,_, Pn({a:; wi(z,d) > ¢e}) =0;
(b) lims_yolimsup,_, Pn({z; dJ, (z(8),2(0)) > €}) = 0;
(¢) limg_olimsup,,_, . P.({z; d (z(1=),z(1=4)) >¢e}) =

Proof: This follows directly from Theorem 3.3.6. To see this, note that (i) is
equivalent to (i7) of Theorem 3.3.6, due to inequalities (12.31) and (12.32) of [6]),
whereas (7ii") is equivalent to (i7i) of Theorem 3.3.6, due to inequalities (3.2.11) and
(3.2.12). O

The following result is the analogue of Theorem 13.3 of [6].

Theorem 3.3.9. Let (P,),>1 and P be probability measures on D([0,1]; D) such that
(4.3.5) holds, (P,)n>1 satisfies parts (ii') and (iii'.a) of Theorem 3.3.8, and P satisfies

lim P({x; d, (z(1),2(1 = 0)) > e}) =0 foralle > 0. (3.3.11)

Then P, 5 P.

Proof: By Theorem 13.1, it is enough to prove that (P,),>; is tight. For this, we use
Theorem 3.3.8. We first check condition (i) given by Corollary 3.3.7, with T" = Tp.
Let t € Tp be arbitrary. The sequence {P, o (7)1}, is relatively compact in
D being weakly convergent. By Prohorov theorem, this sequence is tight. Hence,
for any n > 0, there exists a compact set K in D such that [P, o (7P)"!(K¢) < n
for all n > 1. By Theorem 12.3 of [6], M := sup,cg [|y|| < co. For any a > M,
{y € D;|lyll = a} C K* and

Pn({x; |lx(t)]] > a}) [P, o (7?)Y(K¢) <n foralln > 1.

Next, we check that part (b) of (i) holds. Let ¢ > 0 and > 0 be arbitrary.
By the right continuity of elements in D([0,1]; D), P({z;d5, ((8),z(0)) > }) — 0
as & — 0. Choose 0 € Tp small such that P({z;d5, (z(6),z(0))}) < n. By (4.3.5),
P, o (mys)™t = Po(mys)~t in D®. By Lemma 3.2.12, the set A = {(y1,12) €
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D?; dgl (y1,y2) > €} is closed in D? with respect to the product of Ji-topologies. By
Portmanteau theorem, it follows that

h?j}ip Pn({yc;dg1 (x(é),x([)))}) < P({Jv;dg1 (x(é),:r;(()))}) <.

We prove that part (c) of (izs") holds. By the left continuity of elements in
D([0,1]; D), P({z;d% (z(1-),z(1 — §)) > €}) = 0 as § — 0, for any £ > 0. By
(3.3.11), it follows that P({z;dj (x(1),z(1—)) > e}) = 0, for any € > 0. Hence,
P({z;d9, (z(1),z(1-)) > 0}) = 0. The rest of the argument is the same as for part
(b). O

The previous theorem can also be stated in terms of random elements, as follows.

Theorem 3.3.10. Let (X,,),>1 and X be random elements in D([0, 1]; D) defined on

the same probability space. Let Tx = {t € [0,1]; P(X(t) = X(t—)) = 1}. Suppose

that:

a) (Xn(tl) . ) i> ( )) in D*, for any t1,... ty € Tx;

b) dS, (X (1), X(l - 5)) 50 as 5 — 0

c) for any e > 0,
lims_yo lim sup,,_, o, P({w”(Xn(t),8) > ¢ for some t € [0,1]}) = 0,
lims_yo lim sup,, , . P(| X, (¢,0) — X,.(¢,0)| > € for some t € [0,1]) =0,
limg_, limsup,,, . P(|Xn(t,1—) — X,(t,1 — 0)| > € for some t € [0,1]) =

d) for any € > 0,
lim lim sup P(wp(X,,0) >¢) =0 for all e > 0. (3.3.12)

=0 nooo
Then X, L X in D([0,1]; D) equipped with dp.
Remark 3.3.11. Hypothesis ¢) of Theorem 3.3.10 may be difficult to verify in prac-
tice. In the proof of Theorem 3.14 of [3], this hypothesis is verified by showing that

inf sup P(||X, — X,,|lp >¢) =0 foralle>0. (3.3.13)

no21p>ng
Since for any ng > 1, the single probability measure P o X, 1 is tight in ([0, 1]; D),
part (i) of Theorem 3.3.8 gives:
lims_,o P ({w" (X, (t),0) > ¢ for some ¢ € [0,1]}) =0,
limg 0 P(| X, (¢, ) X (t,0)] > € for some t € [0,1]) = 0,
limg o P(| X, (t,1—) — X, (t,1 — §)| > € for some ¢t € [0,1]) = 0;

Hypothesis ¢) then follows from (3.3.13), using the following inequalities:
w” (X, (t),8) < w" (X (t),8) + 2| X5 — Xl
| Xn(£,0) = X (t, 0)] < [ Xng(£,6) = Xing (£, 0)] + 2[| X — Xing [l
| X (8, 1=) — X, (8,1 — 0)| < | Xy (8, 1—) — Xy (8,1 — 0)| + 2| Xy — X ||

0
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3.4 Ciriteria for existence and convergence

In this section, we give a criterion for weak convergence of random elements in
D([0,1];D), and a criterion for the existence of a process with sample paths in
D([0,1]; D) based on its finite-dimensional distributions. Both these results rely on
some maximal inequalities which are of independent interest.

The following result is the analogue of Theorem 10.3 of [6].

Theorem 3.4.1. Let T be a Borel set in [0,1] and {X(t)}rer a collection of random
elements in D defined on the same probability space (2, F, P) such that the map

T >t X(w,t) is right-continuous with respect to Jy, for anyw € Q. (If T is finite,
this imposes no restriction.) For any r,s,t € T with r < s <t, let

rst

ity = d, (X(r), X(s)) A dS, (X(), X(0) (3.4.1)

i Suppose that there exist « > 1/2, > 0 and a
finite measure p on T such that for any A > 0 and for any r,s,t € T withr < s <t,

_ J
and LJl (X) = SUPy 5 teT;r<s<t T

P(m’, > \) < %{M(T N (r, ]) }**. (3.4.2)

rst —

Then there exists a constant K depending on o and [ such that for any A > 0,
K 2«
P(Ly,(X) > \) < £ (T). (34.3)

Proof: We follow the same idea as in the proof of Theorem 10.3 of [6].

Case 1. T =10,1] and p is the Lebesgue measure. Let Dy = {i/2%;0 <14 < 2%},
Define By, be the maximum of all m;’fm for all t1,ty,t3 € Dy, with t; <ty < t3 and
Ay, be the maximum of mj,,, with ¢, = (i —1)/2%, t, = i/2" and t3 = (i +1)/2*, for
i=1,...,28 — 1. It can be proved that B, < 2(A; + ...+ Ay) for any k > 1. Note
that By < By for all £ > 1. We claim that:

To see this, let € > 0 be arbitrary. Let ty,t5,t3 € T be such that t; < t; < t3. For
each k > 1, there exist t},t5,t5 € Dy with t§ < 5 < % such that t¥ | ; as k — oo,
for i = 1,2,3. Since t — X (t) is right-continuous with respect to J;, X (t¥) S X(t;)
as k — oo, for i = 1,2,3. By Lemma 3.2.12, a;, = d5 (X(}), X(t5)) — a =
45, (X(t1),X(t2)) as k — oo and by = d (X(t5), X (t§)) — b = dI (X (t2), X(t3))
as k — oo. Hence, there exists k. such that a;, > a —¢ and by, > b — €. So,
aNb < ag, Nb,, +¢ < By, +¢e. Since tq,ts,t3 were arbitrary, we obtain that
LJI(X) S Bke + €.
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From (3.4.4), it follows that Ly, (X) <23, , A. From this, we deduce relation
(3.4.3) using (3.4.2) to estimate the tail probability of Ay (see page 110 of [6]).
The other cases follow as in the proof of Theorem 10.3 of [6]. [

The following result is proved exactly as Theorem 10.4 of [6].

Corollary 3.4.2. If condition (3.4.2) of Theorem 3.4.1 only holds for t —r < 26,
then

P(Ly(X,6) >\ < 2K

) sup (T At 20]),

0<t<1-26

where Ly, (X, 0) is the supremum of m?%, for allr,s,t € T withr < s <t andt—r <6,

rst

and m?Y, is given by (3.4.1). In particular, if T = [0, 1], then Ly (X,8) = w(X,9).

3.5 The space D (|0,00);D)

We denote by D ([0,7];D) the space of functions x : [0,7] — D which are right
continuous and have left limits with respect to J;. For any 7" > 0, we denote by drp
the Skorohod distance on D ([0, 7] ;D), which is defined similarly to (3.2.1) :

drp = inf {||]A—ell; Vprp(z,yo )} (3.5.1)
AEAT

for any x,y € D ([0,7];D), where prp is the uniform distance on D ([0, 7] ;D) given
by :
pro(z,y) = sup dj, (x(t),y(t)). (3.5.2)
te[0,7]
Here Ar is the set of continuous strictly increasing function A that map [0, 7] onto
[0, 7] and ||\l = sup,epo.r) [A()] for any A € Ap. For any z € D ([0,77;D), we define
the super-uniform norm by analogy with (3.2.3) :

[zll7p = sup [lz(?)]] (3.5.3)
te[0,77]
Note that
dTJD)(I, y) S pT,JD)(l', y) S HSC - y”TJD) (354)

In this section, we introduce the space ID([0, 00); D) and we list some of its prop-
erties.

For any fixed T' > 0, we let D([0,7]; D) be the set of functions =z : [0,7] — D
which are right-continuous and have left-limits with respect to J;. Let Ar be the set
of strictly increasing continuous functions from [0, 7] onto itself. Similarly to the case
T =1, we define the Skorohod distance on D([0, 7]; D) by:

drp(z,y) = inf {|A —ellz A prp(z,y o M)}, (3.5.5)
AEAT
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where || - || is the supremum norm on Ar, e is the identity function on [0, 7], and
prp is the uniform distance on D([0, T]; D) given by:

pro(e,y) = Sup dy, (x(1), y(t)). (3.5.6)

We denote by || - ||rp the super-uniform norm on D([0, 7]; D) given by:

[z]lrp = sup [lz(t)].
t€[0,T]

For any z,y € D([0,7]; D), we have

drp(z,y) < prp(z,y) < |z = yllrp. (3.5.7)

The Skorohod distance on the space D([0,00); D) is given by: (see (2.2) of [34])

doon(z,y) = /O et (o (o). re(w) A1)t (3.5.8)

where () is the restriction to [0,t] of the function z € D([0, c0); D).

By Theorem 2.6 of [34], D([0,00); D) equipped with distance d.p is a Polish
space. Its Borel o-field Dy, p coincides (by Lemma 2.7 of [34]) with the o-field gen-
erated by the projections {72;t > 0}, where 7 : D([0,00);D) — D is given by
7P (z) = x(t).

Similarly to page 174 of [6], if (P,),>1 and P are probability measures on
D([0, 00); D) such that P, < P then the marginal convergence (3.3.1) holds for all
t1,...,tx € Tp, where the set T, (defined as in Section 3.2 above) has a countable
complement. In fact, P, - P if and only if P, or;! = Por;! for any t € T, (see
also Theorem 2.8 of [34]).



Chapter 4

The D-valued a-stable Lévy motion

In this chapter, we give the construction of the a-stable Lévy motion {Z(t)},., with
values in D, following the method described in Section 5.5 of [28] for Lévy process
with values in RY.

For each ¢ > 0, Z(t) is a random element in D which we denote by {Z(t, s)},c (0.1
ie Z(t,s) = Z(t)(s). Intuitively, the process Z evolues in time and space: Z(t,s)
gives the value of this process at time ¢ > 0 and location s € [0, 1] in space.

We consider the function 7' : Dy — (0,00) x Sp given by T'(z) = <||ac|| : ﬁ),
where Dy = D\ {0} and Sp = {x € D; ||z|| = 1}. Recall that ||-|| denotes the uni-
form norm on D and 7, : Dy — R™ is the projection given by 7y, g () =
(x(s1),...,2(sp)) for fixed s1,..., 8, € [0,1]. We let v, the measure on (0, oo] given
by:

Vo(dr) = ar™* (9,00 (r)dr

We introduce the following assumptions that speak about a probability measure I'y
on Sp:

Assumption A. For any s € [0,1], I'1({z € Sp; 2(s) = 0}) = 0.

Assumption B. For any s € [0,1], I'1({z € Sp; s € Disc(z) = 0}) =0,
where Disc(z) is the set of discontinuity of z € Sp.

The results presented in this chapter are taken from the companion paper [2].

Definition 4.0.1. Let v be a measure on (D, D) such that v({0}) =0 and
vi=vol ' =cy, xI (4.0.1)

for some ¢ >0, a € (0,2), v # 1 and a probability measure I'y on Sp (which satisfies
Assumption A ). A collection {Z(t)}i>0 of random elements in D, defined on a prob-
ability space (Q, F, P) is a D-valued a-stable Lévy motion (corresponding to v)
if

(i) Z(0) =0 a.s.;

(i) Z(te) — Z(t1),...,Z(tx) — Z(tk—-1) are independent, for any 0 < t; < ... < tg,

52
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K >3;

(ili) Z(t2) — Z(t1) < Z(ty — t1) for any 0 < t; < to, where L means equality in
distribution;

(iv) for any t > 0, Z(t) = {Z(t,5) }sc0,1] 95 an a-stable process (with sample paths in
D) such that for any sy, ..., s, € [0,1] and for any uw = (uq, ..., uy,) € R™,

(4.0.3)

where y = (Y1, ... Ym), U-Y = 1"y Wili, and fig, s, =V O T,

From this definition, it follows that Z(¢,s) has an a-stable S,(t'/%cy, B, 0)-
distribution, for some constants o5 > 0 and 3, € [—1, 1] depending on s (see in Propo-
sition 4.2.1 below). Note that property (4.0.1) implies that f]D)O(HxH2 A 1v(dr) < oo,
by a change of variables.

The goal of this chapter is to prove the following result.

Theorem 4.0.2. a) For any measure v on (D, D) such that v({0}) = 0 and (4.0.1)
holds, there exists a D-valued a-stable Lévy motion {Z(t)}i>o (corresponding to mea-
sure v).

b) There exists a collection {Z(t)}o of random elements in D such that P(Z(t) =
Z(t)) =1 for any t > 0, and the map t — Z(t) is in D(]0,00); D) with probability 1.

Remark 4.0.3. The authors of [10] considered a-stable Lévy processes {Z(t)}i>0
with values in a normed cone K with a sub-invariant norm. By definition, these
processes have independent and stationary StaS increments, where StaS stands for
“strictly a-stable”. If a < 1, a D-valued a-stable Lévy motion (in the sense of
Definition 4.0.1) is an a-stable Lévy process on the cone K = ID, and therefore has the
series representation given by Theorem 3.10 of [10]. (Note that the space D equipped
with dY is a normed cone, as specified by Definition 2.6 of [10], and the sup-norm
| || is sub-invariant, as defined by relation (2.9) of [10], i.e. d5 (z + h,x) < ||h|| for
any z,h € D.)

This chapter is organized as follows. In Section 4.1, we introduce some compound
Poisson random variables which constitute the basis of our construction, and we
discuss some proprieties of the measure p, . ,,. In Section 4.2 and 4.3, we give the
proof of 4.0.2 in the case v < 1, respectively a > 1.
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4.1 The compound Poisson building blocks

In this section, we introduce the compound Poisson random variables which constitute
the building blocks of the construction, and we derive some important properties of a
Lévy measure ji,, .., associated to the finite-dimensional distribution of the process
{Z(t,5)} e, at spatial location sy, ..., s, € [0,1].

Let N =Y",., 0(r,.r,w;) be Poisson random measure on [0,00) x Dy of intensity
Leb x 7 defined on a complete probability space (€2, F, P) , where Dy = (0, 00] x Sp
and 7 is given by (4.0.1). By an extension of Proposition 5.3 of [28] to point processes
on Polish spaces, we can represent the points (73, R;, W;) as follows : {(T}, R;)} are
the points of a Poisson random measures on [0, c0) x (0, 00| of intensity Leb x 77, and
(W;)i>1 is an independent sequence of i.i.d. random elements in Sp. Note that Dy is
a Polish space endowed with the distance dg, given by (5.2.1) in Chapter 5 below.

As in Section 5.5 of [28], let (£;);>0 be a sequence of positive numbers such that
(¢j); $ 0and g = 1. We let I; = (g;,¢j-1], 7 > 1 and Iy = (1,00]. For each j > 0,
t>0and s € [0,1], [0,¢] x I; x Sp is a bounded set in [0, 00) x Dy, due to the form
of the distance dg,

For any £ > 0 and j > 0, we define the random variable

Z;(t, s) :/ rz(s)N(du, dr,dz) =Y RWi(s)l{ner,}- (4.1.1)
[Ot}XI XSD

T<t
Note that for any j > 0 and s € [0, 1], Z;(0, s) = 0.

Lemma 4.1.1. o) Z;(t, s) is well-defined and F-measurable for any j > 0,t > 0,s €
0,1]. b) For any t >0 and j > 0, the process Z;(t) = {Z;(t,s)}seo,1) has all sample
paths in D, with left limit at point s € (0,1] given by

Z;(t, s—) :/ rz(s—)N(du,dr,dz) = Y RWi(s—)1{r.er}.
[0,t]XI; XSp

T;<t

Proof: a) Z;(t, s) is well-defined since [0,¢] x I; x Sp is a bounded set in [0, 00) x Dy
(due to definition 5.2.1 of the metric d, on Dy), and the sum in (4.1.1) contains
finitely many terms. Z;(t,s) is F-measurable since N is a point process and the
map g — u(ws) = f(o,oo)st rz(s)p(dr, dz) is M,([0,00) x Dp)-measurable, where
Ts(r,z) = rz(s) (see Section 5.1 below for the definition of a point process).

b) This follows by the dominated convergence theorem, whose application is
justified by the fact that f[O,t]XvaSD rN(du,dr,dz) < co. O

For any sq,..., s, € [0, 1], we consider the function 7y,
given by:

.....

Tssm (T, 2) = (rz(s1),...,72(Sm))



4. THE D-VALUED o-STABLE LEVY MOTION 55

Note that 75,

-----

Lemma 4.1.2. For any j > 0, ¢t > 0 and s € [0,1], Z;(t,s) is compound Poisson
random variable with the characteristic function given by : for any u € R

E(exp(iuZ;(t,s))) = exp {t/l

jXSD

(exp(iurz(s)) — 1))v(dr, dz)} : (4.1.2)
In particular,

E(Z;(t,5)) :tgo(s)< /1]. rya(dr)> and Var(Z5(t, ) = t(s) /Ij reva(dr)).
where p(s) = [y 2(s)T1(dz) and $(s) = [y |2(s)PT1(dz)

Proof: Note that, for fixed ¢t > 0 and 57 > 0, the process N restricted to the set
0,¢] x I; x Sp has the following representation :

Nljo,gx1;x80 = E&mm

where < denotes equality in distribution, K is a Poisson random variable of intensity
tv(I; X Sp), (7:)i>1 are i.i.d. uniformly distributed on [0, ¢], {(.J;, W)} > are i.id. on
I; x Sp of law mﬂhjxgm (i.e. (J;)i>1 are ii.d. on I; of law ( sValt;, (Wi)iz1 are
i.i.d. on Sp of law I'y and (J;);>1 and (W;);>1 are 1ndependent) and K, (7i)i>1 and
{(Ji, Wi)}i5, ate mdependent

Therefore Z;(t,s) = ZZ L iWi(s). Note that J;W;(s) = %S(Jl,VVi). Hence
{JiWi(s)};5, are iid. with law Po(J;, W;)~to7, "t = mu!; w8y 075+ and Z;(t, s)

has a compound Poisson distribution with Characterlstlc function given by (4.1.2). In
particular, it follows that Z;(¢, s) has mean and variance given by :

E(Zj(t, s)) = t/I-XS rz(s)v(dr,dz) :tgp(s)</l rya(dr)>

Var(Z;(t,s)) = t/ 222 (s)v(dr,dz) = tgb(s)(/ TQVa(dT)>.
I; xSp Ij
This concludes the proof. [
Since a < 2,

> Var(Z(t, s)) Z/ r2ua(dr) = (s )/ v (dr) < oo.

J>1 j>1 (0,1]
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Moreover {Z;(t, s)}j>0 are independent since they are integrals with respect to N of

functions with disjoint support. By Kolmogorov convergence criterion (Theorem 22.6
of [7])

Z <Zj(t, s)— E(Z;(t, s))) converges a.s.. (4.1.3)
Jj=1
We denote by €2 s the event that this series converges, which P(€; ) = 1.

We now examine the distribution of the vector (Z;(¢, s1),. .., Z;(t, Sm)).
Lemma 4.1.3. For any j > 0,t > 0 and sy1,...,8, € [0,1], the wvector
(Zj(t,s1),...,Zi(t,sm)) has a compound Poisson distribution in R™ with character-
istic function : for any (uy,..., uy) € R™

E( exp {izukzj(t, sk)} ) =

= exp {t/{ . (exp {iurz(s1) + ... + tupn2z(sm)} — 1)) (dr, dz)}

Proof: Note that

K
(Zj<t781)7 7ZJ<t73m>> = ZJZ'(W1<51>7 7Wz<5m))
i=1
K
= Zﬁsl ..... sm<<]za Wz)
i=1
The vectors {7, . s, (i, Wi)};5, are i.i.d. in R™ with law
IR 1 _ _
Po (J;,W;) 1o 7T3117_”,5m = m’/‘fﬂs@ © 7%117...,3”1

By Lemma A.0.4 (Appendix A), it follows that (Z;(¢,s1),...,Z;(t, sm)) has a com-
pound Poisson distribution with characteristic function :

E(exp{iuw1Zj(t,s1) + ...+ tupnZ;(t, sm)})

= exp {t/]'xg (exp {iurz(s1) + ... + iupmz(sm)} — 1)) (dr, dz)}

This concludes the proof. [

The following scaling property of the measure 7 plays an important role in this
thesis.
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Lemma 4.1.4. The measure v given by (4.0.1) has the following scaling property:
for any h > 0 and for any set H € B(Dy),

7(hH) = h="7(H),

where

hH = {(hr,2); (r,z) € H}. (4.1.4)

Proof. Let h > 0 and H € B(D;) be arbitrary. ~We denote by
H,={re(0,00],(r,z) € H} the section of the set H at the point z € Sp. Then

hH, = h{r;(r,z) e H} ={hr; (r,z) € H} = {hr; (hr,z) € hH}
= {r/; (r,z) e hH} = (hH),

where (hH), is the section of the set hH at z. By Fubini theorem and the scaling
property of v, we have :

U(hH) = c(vexTh)(hH)=c | vo((RH) )I'1(dz)

)
Sp
B / va(H)Ty(dz) = b= (cve x Ty) (H)
= h“"ﬁ(zﬂl) )
This finishes the proof. [
For any sq,..., s, € [0,1], we consider the following measure on R™ :
=vom,' . =vow, . (4.1.5)

To conclude that the vector (Z;(t,s1),...,Z;(t,sm)) has an a-stable distribution in
R™, it suffices to show that s, is a Lévy measure which satisfies an appropriate
scaling property. Assumption A is needed to guarantee that ps, . ({0}) = 0.

Assumption A : For any s € [0,1], I'1({z € Sp; 2(s) = 0}).

Lemma 4.1.5. Suppose that Assumption A holds.

a) For any s1,...,8m € [0,1], ps, 1s a Lévy measure on R™, i.e.

7777 Sm
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Proof. a) By the definition of pg,

Usiosm({0}) = T({(r,2) € (0,00) X Sp; 12(51) = ... = r2(sm)
= U4 (0,00) T ({(2 € Sp; 2(s1) =...=2(sm) =0

Here, we use the usual convention from measure theory that oo -0 = 0 (see page 199
of [7]). The second property follows because

2 — 2 —
/ ‘y’ Hsy,....sm (dy) = /(0 w ‘7TS1 ~~~~~ Sm (Ta Z)‘ 1{‘ﬁ31 AAAAA sm(r,z)yﬁl}y(dn dz)
,00) XOp

C T
{VZrEeP<1) T

—1/2

(S lz(s0)1?)
:C/SD</0 rl/adr>2|z ]Fldz
m a/2
_ CQfa/SD (Z\z(si)]2> I'1(dz) < oo

i=1

/ Hsy,..., Sm(dy) - / 1{*
ly|>1 (0,00)xSp

c Ve

_ . /S ( /( OO%Z(SZ_)F)W vo(dr) )T (d2)

and

b) For any h > 0 and for any Borel A C R™ we have:

fiss s (RA) =TT, (hA)) =T(D)

77777

where B = {(r,z) € (0,00) X Sp; (rz(s1),...,72(8m)) € hA}.

Let H = {(r,z) € (0,00) X Sp; (r2(s1),...,72(5m)) € A} = 7! , (A). Note
that the blow up of a set in (0,00) X Sp is defined by blowing up only the variable r
and not the variable z (see relation (4.1.4)). Therefore

hH = h{(r,z) € (0,00) x Sp; (rz(s1),...,72(sm)) € A}
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= {(hr,z) € (0,00) X Sp; (hrz(s1),...,hrz(s,)) € hA}
= {(r,,z) € (0,00) X Sp; (1 2(s1),-..,7 2(sm)) € hA} = B.

By the scaling property of 7 (given by Lemma 4.1.4), we have
(4).

----- Sm

This finishes the proof. [

In particular, the scaling property of the measure pu, in R allows us to derive an
explicit formula for this measure, as the next result shows.

Lemma 4.1.6. For any s € [0,1], the measure ps is given by :

ps(dy) = (e ay™ o) + g al(=y) ™ <o) dy
where ¢ = g (1,00) and ¢; = pg (—oo0, —1).

Proof. For any a > 0, since (a,00) = a (1, 00), by the scaling property of us we have:

ps (a,00) = a *ps (1,00) = cj/ ay~* dy.

Similarly, since (—oo0, —a) = a (—o0, —1) for any a > 0,
s [ et

The conclusion follows since us({0}) = 0. O

We denote by D, ([0, 00); D) the set of functions z : [0, 00) — D which are right-
continuous and have left limits with respect to the uniform norm || - || on D. Clearly,
D, ([0, 00); D) is a subset of ([0, c0); D).

Lemma 4.1.7. For any j > 0, the process { Z;(t) }1>0 has all sample paths in D, (]0, c0); D),
with left limit at t > 0 given by Z;(t—) = {Z;(t—, s)}scjo,1), where

Zi(t—,s) = / rz(s)N(du,dr,dz).
[O,t)XIjXSD

Proof: We first show that the map ¢t — Z;(t) is right-continuous in (D, || - ||). Let
t > 0 be arbitrary and (t,),>1 such that t,, — ¢ and ¢,, > ¢ for all n > 1. Then

1Z;(tn) = Z; ()] = sup
s€0,1]

/ rz(s)N(du,dr,dz) g/ rN(du,dr,dz),
(t,tn]XI]'XS]]) (t,tn}XIjXSD
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and the last integral converges to 0 as n — oo by the dominated convergence theorem.
Next, we show that the map t — Z;(t) has left limit Z;(t—) in (D, || - ||). Let ¢t > 0
be arbitrary and (¢,),>1 such that ¢, — t and ¢, <t for all n > 1. Then

< / rN(du,dr,dz),
(tn,t)XIj XSp

and the last integral converges to 0 as n — oo by the dominated convergence theorem.
OJ

12;(t=)=Z;(ta)|| = sup

s€0,1]

/ rz(s)N(du,dr,dz)
(tn,t)xXI1; XSp

For any € > 0, ¢t > 0 and s € [0, 1], we let

Z(E)(t,s) :/ ( )N du dr, dZ ZR W 1{3 €(e,00)}- (4.1.6)
[0,t] X (€,00) XSp

T;<t

Using this notation, we have:
k
ZE(t,s) = Zi(t,s), forall k>0. (4.1.7)
=0

Remark 4.1.8. Similarly to Lemma 4.1.1 and Lemma 4.1.7 for j = 0, the process
ZE(t) = {2914, $) }sepo] has all sample paths in D for any ¢ > 0, and the process
7)) — {Z 5)( ) }+>0 has all sample paths in D, ([0, 00); D).

4.2 Construction in the case a < 1

In this section, we give the construction of the a-stable Lévy motion with values in
D, in the case o < 1, i.e. we prove Theorem 4.0.2.a). Throughout this section we
assume that the probability measure I'; satisfies Assumption A.

In this case, for any ¢t > 0 and s € [0, 1] fixed, the following series is convergent :

> E(Z,(t,s)) _tZ/XSD 7(dr, dz) = tep(s )/ rva(dr).

i>1 i>1 (0,1]

Therefore on the event €2, ; we can split the series (4.1.3) into two convergent series :
>is1Z4(t,s) and Y. E(Z;(t,s). We consider only the first term of these series, to
which we add Zy(¢,s). On the event €2 5, we define

= Z Zi(t,s). (4.2.1)

On the event O, we let Z(t, s) = o, for arbitrary zo € D.
We denote by S, (o, 3, ) the a-stable distribution with characteristic function
(2.2.2) (see Remark 2.2.6) and by C,, the constant given by (2.2.5)
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Proposition 4.2.1. For any t > 0, the process Z(t) = {Z(t, s)}scp) given by (4.2.1)
is a-stable with finite-dimensional distributions given by (4.0.2). In particular, for any
t >0 and s €[0,1], Z(t,s) has a Sy(t'/*0y, B,0) distribution with parameters

+ _ —
CS cs

szcil + s d s — )
o (cf+c;) and B =

(4.2.2)

where ¢t and ¢ are given in Lemma 4.1.6. Moreover, Z(t, si) 4 Z(t,s) as k — oo,
for any s € [0, 1] and for any sequence (s)r>1 with sy — s and s;, > s for all k > 1.

Proof: By the independence of {Z;(t,s)} .., the characteristic function of the ran-

dom variable Z(t, s) is given by

207

E(exp(iuZ(t,s))) = [[E(exp(iuZ;t,s)))

= Hexp {t/I . (exp(iurz(s)) — 1))v(dr, dz)}

— exp {t /m,oo)xsm (expiur=(s)) — 1))p(dr. dz)}
— exp{t [ (expliun) — D, @)}

By Corollary 2.2.8 a), it follows that Z(t, s) has a S, (t'/%o,, Bs,0), with parameters o
and f; given by 4.2.2. We now examine the distribution of (Z(t, s1),..., Z(t, sp)) for
fixed t > 0 and si,...,s, € [0,1]. By the independence of the vectors

(Z;(t,s1),...,2Z;(t, Sm))j>1, we infer that the characteristic function of the vector
(Z(t,s1),...,2Z(t,8m)) is
E(exp(iui Z(t,51) + ... + iumZ(t, 5m)))
= H E(exp {iU1Zj<t, 81) + ...+ iuij(t, Sm)})

Jj=0

= exp {t /(o,oo)st (exp {iurrz(s1) + ... + tuprz(sm,)} — 1)v(dr, dz)}

— exp {t/m (exp(iu-y) — 1)) p, ... sm(dy)} :

Usy...sm(RH) = h™%us, s, (H) , we conclude that the vector (Z(t,s1),...,Z(t, Sm))
has an a-stable distribution (see Remark 2.3.15 a) and Theorem 2.3.9).
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The last statement follows from the fact that E(e®Z(ts)) — F(efZ(ts)) ag k —
oo. To see this, note that limy_,o 2(sg) = 2(s) for any z € Sp. By the dominated
convergence theorem,

/ (eiurz(sk) . 1)7(6[7’, dz) N (eiur‘z(S) _ 1)§(d7~, dz), as k — oo.
Do

Do

The application of this theorem is justified using the inequalities [e™*(5) —1| < |urz(s)|
if r <1and e —1|<2ifr >1. 0

The next result shows that for any ¢ > 0 fixed, the process Z (t {Z (t,s }SE[O 1

given by (4.2.1) has a cadlag modification which can be obtamed as an almost sure
limit with respect to the uniform norm. Recall that {X(s)}scpo,q is a modification of

{Y(s)}sep if P(X(s)=Y(s))=1forall se[0,1].

Lemma 4.2.2. If a <1, then for any t > 0, there exists a random element Z(t) =
{Z(t,s)}sep) in D such that P(Z(t,s) = Z(t,s)) =1 for all s € [0, 1], and

lim | ZE9)() — Z(0)] =0 a.s.
k—o00

Proof: For t = 0, we define Z(0) = 0. We consider the case ¢ > 0. By (4.1.1),
HZj(t)H = Zizl Ril{RiGIj}l{TiSt} - f[o,t]XIjXSD rN(du,dr,dz). Hence,

ES12() ||<EZ/

j>1 j>1 1x1I; XSD

N(du,dr,dz) = / rv(dr,dz) < oo,
(0 1]><S]D)

which implies that >, [|Z;(#)|| < oo a.s. We denote by 2 the event that this series

converges, with P(£);) = 1. On the event €2, the sequence {Z)(t) = Z?:o Z;(t) }e>o0
is Cauchy in (D, | - ||), and we denote its limit by Z(¢). On the event Qf, we let
Z(t) = xo. By Lemma4.1.1.a), Z(t, s) is F-measurable for any s € [0, 1]. Hence, Z(t)
is a random element in . On the event 2, ;NQ;, Z(t,s)—ZEW (¢, 5) = Y sk Zi(t,s),
and hence -

290t 8) = Z(t ) < 37 125 < 3 1120 0.

j>k+1 J>k+1

On the other hand, on the event €, Z©*)(t,s) — Z(t,s) for any s € [0,1]. By the
uniqueness of the limit, Z(t,s) = Z(t,s)) on the event €, , N Q. O

Lemma 4.2.3. Let (S,d) be a separable metric space. Let XT(LU, o ,XT(Lk) and X, ..., X%
be random elements in S defined on a probability space (2, F, P), such that d(XT(Li), X@) —
0 as. foranyi=1,....k. If X}LI), . ,X,(Lk) are independent for any n > 1, then
XO . X® gre independent.



4. THE D-VALUED o-STABLE LEVY MOTION 63

Proof: We assume for simplicity that k& = 2, the general case being similar. To
simplify the notation, we let X, = X" and Y, = X\?. Clearly, d(X,, X) = 0
and d(Y,,Y) £ 0. Note that the space S x S equipped with the product metric is
separable and (X,,, X) is a random element in S x S (see p.225 of [5]). By Corollary
to Theorem 3.1 of [6], X, <4 X and Y, % Y. By Theorem 3.2 of 5],

(PoX,; ') x (PoY, ') S (PoX ) x (PoY™) on Sx8. (4.2.3)

On the other hand, (X,,Y,) — (X,Y) a.s. with respect to the product distance in
S x S. Hence, again by Corollary to Theorem 3.1 of [6], (X, Yy,) A (X,Y)in S xS,
ie.

Po(X,,Y,) ' B Po(X,Y)™' on Sx&. (4.2.4)
Finally, Po (X,,Y,) ' = (Po X 1) x (PoY, !) for any n > 1, since X,, and Y}, are
independent for any n > 1. The fact that Po (X,Y)™! = (Po X 1) x (PoY ™)
follows from (4.2.3) and (4.2.4), by the uniqueness of the limit. [J

The next result proves Theorem 4.0.2 a) in the case a < 1.

Theorem 4.2.4. If a € (0,1), the process {Z(t) }4>0 defined in Lemma 4.2.2 is a D-
valued a-stable Lévy motion (corresponding to v). This process is (1/a)-self-similar,
i.e.

[Z(e)hiso £ ™ Z(W)}is0 for any >0, (4.2.5)
where £ denotes equality of finite-dimensional distributions.

Proof: We first show that the process {Z(t) }+>¢ satisfies properties (i)-(iv) given
in Definition 4.0.1. Property (i) is clear. To verify property (ii), we apply Lemma
4.2.3 to the space S = D equipped with dj . By Lemma 4.2.2, for i = 2,... K,
XY= ZE0 () — ZED (1) — XD = Z(t;) — Z(t;_1) as. as k — oo, in (D, ]| - ),
and hence also in (D, J;). The variables X ,f), e, X ,fo are independent for any k,
since X" is F}  ,-measurable and the o-fields 7 . i=2,..., K are independent.
Here FJ is the o-field generated by N((a,b] x B) for any s < a < b < t and
B € B(Dy). It follows that X® ... X) are independent.

For  property (i), we  have to  show  that  vectors
X = (Z(ta, 81) — Z(t1,51), ... Z(ta,81) — Z(t1,8m)) and Y = (Z(ta—t1,51), ..., Z(ta—
t1, Sm)) have the same distribution, for any s1, ..., s, € [0,1]. By (4.2.1) and Lemma
4.2.2, on the event €, s N Qy, s N Qy N Qy,,

Z(ty,s) — Z(t1,s) = Z(ta, 8) — Z(tr,8) = Y _ (Zj(ta, 5) — Z;(t, 5)).

320
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As in the proof of Proposition 4.2.1, it follows that the characteristic function of X is

B(e) :exp{(tg—tl) / (™Y — ), sM(dw}, weR™

m

which is the same as the characteristic function of Y. Hence X < V.. Finally, property
(iv) was shown in Proposition 4.2.1 for Z(t), and remains valid for its modification
Z(t).

To prove relation (4.2.5), we have to show that {Z(ct) }+>0 < {cM*Z ()} for any
¢ > 0. Since both processes have stationary and independent increments, it is enough
to show that Z(ct) < ct/Z(t) for any t > 0, i.e. vectors U = (Z(ct, 1), ..., Z(ct,5m))
and V = c/%(Z(t,s1),...,Z(t,sm)) have the same distribution, for any si,...,s,, €
[0,1] and t > 0. Let h.(y) = c"/*y for y € R™. By the scaling property of the measure
Usy .5, given in Lemma 4.1.5.b),

Hsi,.ism (hc_l(A)) = HUsq,....8m (C_l/aA) = Cllsy,....sm (A),

Be) = epft [ (€= i)}

= e {et [ @)}

for any u € R™, which is the same as the characteristic function of U. Hence U Ly,

O

The following result is an extension of Lemma 5.2 of [28] to the case of functions
with values in an arbitrary metric space. Its proof is elementary and we include it
for the sake of completeness.

The following result proves Theorem 4.0.2.b) in the case o < 1.

It shows that the D-valued process {Z(t)};>0 has a modification {Z(t)};=o whose
sample paths are in D, ([0, 00); D). This modification will be needed in the approxi-
mation result (Theorem 5.5.2 below).

Theorem 4.2.5. If a < 1 and {Z(t)},5, is the process defined in Lemma 4.2.2,

then there exists a collection {Z(t) 1= of random elements in I, such that P(Z(t) =
Z(t)) =1 forallt >0, and for any T > 0,

§1<l$ 1ZE0 () — Z(t)| = 0 a.s. as k — oo (4.2.6)

Moreover, the map t — Z(t) lies in Dy ([0, 00); D) a.s.
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Proof: For any 7' > 0, we denote by D,([0,T]; D) the set of functions z : [0,7] — D
which are right-continuous and have left-limits with respect to the norm || - || on D.
Note that D,([0,7];D) is a Banach space with respect to the super-uniform norm
given by (3.3.3):
(P E—
t<T

Using the same idea as in the proof of Theorem 5.4 of [28], we will show that
there exists an event €2 of probability 1, on which we can say that for any 7" > 0,

{Z©)()}rs1  is a Cauchy sequence in D, ([0, T]; D), (4.2.7)

where D, ([0, 77]; D) is equipped with the norm || - ||z p. We denote by {Z(t)}te[O,T] the
limit of this sequence in D, ([0, T]; D) (on the event (). Relation (4.2.6) then holds by
definition. Since T' > 0 is arbitrary, Z (w, t) is a well-defined element in D for any ¢ > 0
and w € Q. For w & Q, we let Z(w, t) = o for any t > 0, where zq € D is arbitrary.
For any w € Q and t > 0, Z(w,t) € D and we denote Z(w, t,s) := Z(w,t)(s) for any

€ [0,1]. Clearly, E(t,s) is F-measurable for any s € [0,1], being the a.s. limit of
the sequence {Z©#) (¢, 5)}4=1 This proves that Z(t) is a random element in I for any
t>0.

By Lemma 4.2.3 with S = D equipped with the norm ||-||, the map ¢ — Z(¢) lies
in D,([0,00); D) (on the event ). From relation (4.2.6) and Lemma 4.2.2, we infer
that || Z(t) — Z(t)|| = 0 a.s. for any ¢ > 0

It remains to prove (4.2.7). For this, it suffices to prove that for any § > 0,

lim lim P( max [|Z¢¥) — ZC0)|0p > 6) = 0. (4.2.8)

K—o00 L—0 K<k<L

Let § > 0 be arbitrary. For any K < k < L, ¢t > 0 and s € [0, 1],

Z(ak)(t’ s) — Z(EK)(t, 5) = / rz(s)N(du,dr,dz) Z RiWi(8)1ie,<Ri<erc)s
[0,¢] % (ek,e x| XSp T, <t
and hence
12 () = ZED W] <7 Rilieycpizery = / rN(du, dr, dz).
T,<t [07t]X(8k,8K]XSD

Taking the supremum over ¢ € [0, T followed by the maximum over k with K < k <
L, we obtain:

max || 2 — Z2CE0)||1p S/ rN(du,dr,dz).
K<k<L [0 T}X(&‘L 6K}><S]D)
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By Markov’s inequality,

1
P( max [|ZE) — ZE)||pp > 0) < < E (/ rN(du, dr, dz))
5 [O,T]X(EL,EK]XSD

K<k<L
T

T
== ro(dr,dz) = — rVo(dr) -0 as K,L — oo,

0 J

(eL,ex]*xSp ELEK]

using the fact that f(eL 1 TV (dr) — fol TVq(dr) < oo, as L — oo. This proves (4.2.8).
U

4.3 Construction in the case o > 1

In this section, we prove Theorem 4.0.2.b). In this case, E(Zy(t, s)) = to(s) [ rva(dr)
is finite. Recall that €2 ; is the event where (4.1.3) holds. For any ¢ > 0 and s € [0, 1],
on the event ), ; we define

Z(t,s) =Y (Zi(t.s) — E(Z;(t,s))). (4.3.1)

320

Note that Z(0,s) = 0 for all s € [0,1]. On the event Qf, we let Z(t,s) = xo, for
arbitrary xo € D.

Proposition 4.3.1. For anyt > 0, the process Z(t) = {Z(t, S)}SE[O ) gwen by (4.3.1)
15 a-stable with ﬁmte-dz’mgnsz'onal distributions given by (4.0.3). In particular, for
any t > 0 and s € [0,1], Z(t,s) has a S,(t"/%0,, B,,0) distribution with parameters

os and B, given by (4.2.2). Moreover, Z(t, s;,) 4 Z(t,s) as k — oo, for any s € [0,1]
and for any sequence (Si)k>1, with s, — s and s > s for all k > 1.

Proof: Using the independence of {Z;(t, s)},,, we infer that Z(t, s) has character-
istic function: -

E(exp(iuZ(t,s))) = HE(eXp(iqu(t,s)—E(Zj(t,s))))

= Hexp {t/j . (exp(iurz(s)) — 1 — iurz(s)))v(dr, dz)}

~ exp {t /(o,oo)xsm (expliur=(s)) — 1 — iur=(s)))w(dr, dz)}
= exp {t /R (exp(iuy) — 1 - iuy)us(dy)}



4. THE D-VALUED o-STABLE LEVY MOTION 67

By Corollary 2.2.8.b) Z(t, s) has a S, (t'/%a,, 3, 0) distribution with the same parame-
ters o, and 3, as in the case a < 1. Similarly it can be seen that (Z(t, s1),..., Z(t, 5m))
has characteristic function given by (4.0.3). Since ps, . s, is a Lévy measure on R™
which satisfies the scaling property given by Lemma 4.1.4, the vector
(Z(t,s1),...,Z(t, sm)) has an a-stable distribution (see Remark 2.3.15.b) and Theo-
rem 2.3.9).

The last statement follows from the fact that E(e™Z(ts8)) — F(e™Z(15)) since

/ (e™r=sn) — 1 —jurz(s))o(dr,dz) — [ (™) —1 —iurz(s))o(dr, dz).

]D)O ﬁO
The application of the dominated convergence theorem is justified using the inequal-
ities [e™*(®) — 1 —jurz(s)| < L|urz(s)|? if r < 1 and [e™*(5) — 1 —jurz(s)| < 2Jurz(s)]
ifr>1.0

For any ¢ > 0, t > 0 and s € [0, 1], let

7%, s) = 20, s) — BE(ZO(t,s))

= / rz(s)N(du,dr,dz)—tcp(s)/ TVadr.
[0,t] x (£,00) xSp €
By (4.1.7)

?mmgzzyamg—ﬂamgn (4.3.2)

J

Remark 4.3.2. For any probability measure Q on (D, D), there exists a cadlag
process {Y(s)}sej0,1], defined on a probability space (€', F', P), whose law under P’
is . This is simply because we may take (', ', P') = (D, D, Q) and Y (s) = =, for
all s € [0,1]. This fact will be used in the proof of Lemma 4.3.4 below.

Lemma 4.3.4 below is the analogue of Lemma 4.2.2 for the case o > 1. The crucial

elements of its proof are: (i) tightness of the sequence {7(6k)(t)}k21 in D, proved in
[29]; and (%i) the improved version of It6-Nisio theorem for random elements in D,
given in [4]. (The original version of It6-Nisio theorem in D can be found in [19].)
Recall that in the case a > 1, the process Z(t) = {Z(t,s)}sepq) is given by (4.3.1).
We recall below the It6-Nisio theorem from [4].

Theorem 4.3.3 (Theorem 2.1 of [4]). Let {X;} be a sequence of independent random
element in D([0,1]; E) where (E,||5) is a separable complete Banach space and let
Sn =51 Xj. Suppose there exist a random element Y in D([0,1]; E) and a dense
set T of [0,1] such that 1 € T and for any ty,--- ,t, €T

(Sp(tr), +, Sulte)) = (Y(t1), -+, Y () as n— o
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Then there exist a random element S in D([0, 1]; E) with the same distribution as 'Y
such that:

e S, — S a.s. uniformly on [0,1], provided X,, are symmetric.

e if X,, are not symmetric, then
Sp+Yn — S a.s. uniformly on [0,1] (4.3.3)

for some y, € D([0,1]; E) such that limy,_ooyn(t) = 0 for everyt € T.

o Moreover, if the family {|S(t)|z : t € T'} is uniformly integrable and the func-
tions t — E(X,(t)) belong to D([0,1]; E), then one can take in (4.3.3) given

by
yn(t) = E(S(t) — Su(t)).

there exists a random element Z(t) =

Lemma 4.3.4. If « > 1, then for any t > 0,
)= Z(t,s)) =1 for all s € [0,1], and

{Z(t,5)}sepo) in D such that P(Z(t,s
Jim 1Z0) -z =0 as. (4.3.4)
—00

Proof: Fort = 0, we define Z(0, s) = 0 for all s € [0, 1]. We will assume for simplicity
that t = 1, the case of arbitrary ¢ > 0 being similar. To simplify the notation, in this

proof we denote 7 = {7(6’“)(3) = 7(€k)(1, $)}sepo and Z = {Z(s) = Z(1, 8) }sep.1)-
From the last part of the proof of Theorem 2.12 of [29], we know that (7(5k))k21

is tight in (D, J;). By Prohorov’s theorem, (7(Ek))k21 is relatively compact in (D, J).
Hence, there exists a subsequence N’ C Z, and a probability measure @ on (D, D)

such that Po (?(Sk))_1 5 Qas k — 00,k € N'. By Remark 4.3.2, let Y be a random

element in D with law @, defined on a probability space (£, ', P'). Then, Z 4y
in (D, J;) as k — oo,k € N’, which implies that

Z (1), .., 2 (5m)) S (V(51),s- .., Y (5m)), (4.3.5)

as k — oo,k € N/, for any si,...,8, € T, where T' = {s € (0,1); P'(s € Disc(Y)) =
0} U{0,1} is dense in [0, 1] (see p.124 of [5]). By (4.3.1) and (4.3.2),

Z(s) = lim 7(6'“)(3) a.s. for any s € [0,1]. (4.3.6)

k—o0

By (4.3.5) and the uniqueness of the limit, it follows that for any sq,...,s, € T,

(Z(s1), ..., Z(sm)) Z (Y(s1),-..,Y(sm)).
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Consider now another subsequence N” C Z, such that P o (?(Ek))*1 5 Q) as
k — oo,k € N” for a probability measure @' on (D,D). Let Y’ be a random
element in D with law @’, defined on a probability space (2", F", P"). Let T" = {s €
(0,1); P"(s € Disc(Y’)) = 0} U {0,1}. The same argument as above shows that for
any si,...,8n, €1’

(Z(51), .., Z(sm)) Z (Y'(51)s- .., Y (5m)).

Hence, (Y(s1),...,Y (sm)) < (Y'(s1),...,Y'(sp)) for any si1,...,s, € TNT'. Since
T NT"is dense in [0,1] and contains 1, by Theorem 12.5 of [6], we conclude that

@ = @'. This shows that any subsequence of { Po (Z(Ek)

in fact converges weakly to (). Therefore, P o (?(Ek))*1 5 Q as k — 0o, and relation
(4.3.5) holds as k — oo (not only along the subsequence N').
(k) k
Note that Z “'(s) = > i=o (Z;(1,s) — E(Z;(1,s))) and

{X; =2;(1,-) — E(Z;(1,-)) };>0 are random elements in D (by Lemma 4.1.1), which
are independent and have mean zero. The existence of a cadlag process {Z(s)}sejo,
such that limy_, . ||7(€k) — Z|| = 0 a.s. will follow by Theorem 2.1.(iii) of [4]. Rela-
tion (2.1) of [4] holds, due to (4.3.5). We only have to prove that {|Y(s)[}sejo) is
uniformly integrable, which is equivalent to {|Z(s)|}scjo,1] being uniformly integrable.
This will follow from the fact that:

)~} which converges weakly,

sup E|Z(s)|P < oo forany 1 <p< a. (4.3.7)

s€[0,1]
To prove (4.3.7), recall from Proposition 4.2.1 that Z(s) has a S, (s, 8s,0)-
distribution. By Property 1.2.17 of [30], E|Z(s)|P = 0?(cqa.p.(p))P, where

p/2c
(Cap. (D)) = ¢, (1 + 32 tan? ogr) cos <§ arctan (Bs tan %))

/20
<e¢ (1 + tan? O;—W) for all s € 0,1],

and ¢, > 0 is a constant depending only on p. (The form of the constant ¢, g(p) plays
an important roles in the argument above. This constant was computed in [15].) Note
that for any s € [0, 1],

g, = Ca(s+ +e)=Cotis({y eR;ly| > 1)
= Co'7({(r,2) € (0,00) x Sp;7|z(s)| > 1})
< 7((1,00) x Sp) = C; ey ((1,00)) < o0,

where for the last equality we used definition (4.0.1) of 7. Relation (4.3.7) follows. [J

The following result proves Theorem 4.0.2.a) in the case o > 1.
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Theorem 4.3.5. If a € (1,2), the process {Z(t)}i>0 defined in Lemma 4.3.4 is a D-
valued a-stable Lévy motion (corresponding to v). This process is (1/a)-self-similar,
1.€.

{Z(ct) hiso £ MY ZM) im0 for any ¢ >0, (4.3.8)

where £ denotes equality of finite-dimensional distributions. Moreover, for any t > 0
and for any monotone sequence (ty)g>o with ty | t,

kh_}lrolo |Z(tx) — Z(t)]| =0 a.s. (4.3.9)

Proof: We first show that the process {Z(t)}:>o satisfies properties (i)-(iv) given in
Definition 4.0.1. Property (i) is clear. To verify property (%i), we assume for simplicity
that k£ = 3. The case of arbitrary £ > 3 is similar. We apply Lemma 4.2.3 to the space
S = D equipped with d5 . By Lemma 4.3.4, for i = 1,2, Xk = 7(8k)(ti+1)—7(ak)(ti) —
X; = Z(tiy1) — Z(t;) as. as k — oo in (D, ||-]]) and hence in (D, J;). The variables
XF and X% are independent for any &, since XF is .EZZV 1;,,-measurable and the o-fields
F . Fl,, are independent. Here F; is the o-field generated by N((a,b] x B) for
any s <a < b<tand B € B(Dy). It follows that X; and X, are independent.

For  property (i4i), we  have to  show  that  vectors
X = (Z(ta, 81) — Z(t1,51), ... Z(ta,81) — Z(t1,8m)) and Y = (Z(ta—t1,81), ..., Z(ta—
t1,8m)) have the same distribution, for any sq,...,s, € [0,1. We let
Q. ={Z(t,s)=Z(ts)}, by (4.2.1) and Lemma 4.3.4, on the event Q, s N Oy, N
Q,, N,

t1,s t2,s?

(tg, 8) — Z(tl, S)

=) (zj(tg, s) — B(Z,(ts, s) — Zi(tr, 8) + E(Z(t, s))

N

Z(tg,S) — Z(tl,S) =

<
%

As in the proof of Proposition 4.3.1, it follows that the characteristic function of X is

E(e™®) = exp {(tz — tl)/ (€Y — 1 —iu-y)us,... Sm(dy)} , u &R,

m

which is the same as the characteristic function of Y. Hence X < Y. Finally, property
(iv) was shown in Proposition 4.3.1 for Z(t), and remains valid for its modification
Z(t).

To prove relation (4.3.8), we have to show that {Z(ct)}i>0 L {cY*Z(t)} >0 for any
¢ > 0. Since both processes have stationary and independent increments, it is enough
to show that Z(ct) < ¢/ Z(t) for any ¢ > 0, i.e. vectors U = (Z(ct,s1),...,2Z(ct, sm))
and V = c/%(Z(t,s1),...,Z(t,sm)) have the same distribution, for any si,...,s,, €
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[0,1] and ¢ > 0. Let h.(y) = c"/*y for y € R™. By the scaling property of the measure
Usy .5, given in Lemma 4.1.5.b),

Hsi,....sm (hc_l(A)) = Hsy,..cr8m (C_I/QA) = Clsy,....sm (A),

for any Borel set A C R™. Therefore, the characteristic function of V is
B ) = ep{e [ @01 o))}
= exp {ct / (™Y =1 —iu-y)ps,,.. sm(dy)}

for any u € R™, which is the same as the characteristic function of U. Hence U Ly,

We now prove (4.3.9). For this, we apply again Theorem 2.1.(iii) of [4] with
E =R. For any ¢ > 1, let X; = Z(t;_1) — Z(t;). By property (ii) in Definition
4.0.1, (X;);>1 are independent random elements in D (with zero mean). Let Sy =
S Xy = Z(ty) — Z(ty,) for all k > 1, and Y = Z(ty) — Z(t). We first show that for
any si,...,Sny € [0,1],

(Sk(s1)y- -, Sk(sm)) KN (Y(s1),...,Y(sn)) ask — oo.

To see this, note that (Sk(s1),...,S%(sm)) < (Z(to — tgys1),- -, Z(to — tg, Sm)) by
property (iii) in Definition 4.0.1) (stationarity of the increments). It is now clear
that we have the following convergence the characteristic functions: for any u =
(U1, .. upy) € R™,

E(e S tetiunSibn)) = exp {(to — 1) / (€™ =1 —iu-y)p,..., Sm(dy)} :

= (et et n)) = exp {(to —1) / (e™V — 1 —iu-y)p,..., sm(dy)} :

m

as k — oo. It remains to show that {|Y(s)|}scp,1 is uniformly integrable, which is
equivalent to saying that {|Z(to—1, s)|}sc[o,1) is uniformly integrable, by the stationar-

ity of the increments. By the self-similarity of {Z(t)}:>0, Z(to—t, 5) 2 (to—t)2Z(1, s)
for all s € [0,1]. Using (4.3.7) and the fact that Z(1,s) = Z(1, s) a.s. for any s € [0, 1],
it follows that for any 1 < p < «,

sup E|Z(tg —t,s)|P = (to — t)P/* sup E|Z(1,s)|P < oc.

s€[0,1] s€[0,1]

(Recall that in (4.3.7) we used the notation Z(s) = Z(1,s).) Hence, {|Z(t; —
t,5)|}sejo,1) is uniformly integrable. By Theorem 2.1.(iii) of [4], it follows that Sy —
Z(ty) — Z(t) a.s. in (D, || -||), as k — oo, which is the same as Z(tx) — Z(t) a.s. in
(D, |- ), as k — oco. O

The following preliminary result will be used in the proof of tightness of (7(6k) Jk>1-
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Lemma 4.3.6. For anye >0 and T > 0,

E|Z9|rp < Te 151—‘1

«

(0%

Proof: By definition, for any ¢t € [0,7] and s € [0, 1], we have

126, 5)]| < /

[0,t] % (£,00) XSp

r|z(s)|N(du, dr,dz) < / rN(du,dr,dz) =:Y.

[0,T] % (£,00) XSp

Hence [|Z9||lrp <Y and E||Z9|lrp < E(Y) =T [_ )y, 77(dr, dz) = Teg2qe'
O

The next result plays a crucial role in the proof of Theorem 4.0.2.b) in the case
a > 1. Its proof uses some results related to sums of i.i.d. regularly varying random
elements in D, which are given in Section 5.6 below.

Theorem 4.3.7. If Assumption B holds, then (7(6k))k21 is tight in D([0, 00); D).

Proof: It is enough to prove that (7(5k))k21 is tight in D([0, T]; D) for any T > 0.
Without loss of generality, we assume that 7" = 1. Let P, be the law of 7 we
verify that (Py)r>1 satisfies conditions (i)-(iii) of Theorem 3.3.6. To prove this, we
argue as in the last part of the proof of Theorem 2.12 of [29].

For condition (7), it suffices to show that the following two relations hold:

lim P(|Z|p > A) =0 forall gy >0 (4.3.10)
—00
lim sup P(|Z¥ —Z"|p>n) =0 forallp>0. (4.3.11)

€040 0<e<eg

To see this, let n > 0 and p > 0 be arbitrary. By (4.3.11) and the fact that ¢, | 0,
there exist £ € (0,1) and ko such that P(||7(ak) —7(€°)HD > 1) < p/2 for any k > k.

By (4.3.10), there exists Ag > 0 such that P(||7(€6)||D > Ay) < p/2. Let ag = n+ Ao.
Then, for all k > kg,

P(IZ|lp > ap) < PUIZ™ = ZV|Ip > n) + PIZ |l > Ao) < p.

This proves that condition (7) holds.
To prove (4.3.10), let £y > 0 be arbitrary. For any A > 2||E(Z¢0)||p,

—\& € 2 & 2 a e
PUIZ®llo > 4) < PUIZp > 4/2) < ZIE(Z)]|p < STe——=<t™",

using Markov inequality and Lemma 4.3.6. Relation (4.3.10) follows letting A — oc.
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To prove (4.3.11), we use an indirect argument. Consider a sequence (X;);>1
of i.i.d. regularly varying elements in D (as given by Definition 5.2.1 with limiting

measure 7 given by (4.0.1)). Let S5 be given by relation (5.4.1) below. Similarly
to Theorem 5.6.4 below (which is based on the fact that the probability measure I'y
satisfies Assumptions B), it can be proved that for any 0 < & < €,

S© — g0 _ p(se — gy 4 7O 7 p(jo, 1) D), (4.3.12)

where D([0, 1]; D) is equipped with distance dp. For any ¢ > 0 and s € [0, 1], we define

[nt]

1
SyE(t,s) = %E;X )L{Ix ) <ane}-

Then S = S, — S=¢. Hence, S\ — S = §5% — §<¢ and relation (4.3.12) becomes:
S0 — 55— B(S70 — 5 579 —Z i D([0,1]; D).

Since || - ||p is dp-continuous (see Lemma 3.2.2), by the continuous mapping theorem,

we have: ||S550 — S — F(S50 — S<¢)Ip N \]7(8) —?(aO)HD as n — 0o0. Let n > 0 be
arbitrary. By Portmanteau theorem,

P(|Z% = Z|lp > n) < liminf P(|S5 — S5 = B(S5 = $5%) b > n)
< Timsup P([ S5 — B(S5) [l > n/2) + P(|S5° = B(S5) o > 1/2).

n—0o0

We take the supremum over all € € (0, &), followed by the limit as €9 | 0. We obtain
that lime, o supg..., P(||7(E) - 7(50)”]@ > 1) is less than

hﬂn limsup P(]| S5 — E(S:°0)||p > n/2) + hm sup limsup P(||S55 — E(S:9)||p > n/2).

0 nooo 00<s<eo n—o00

Since S¢ = S, — S,(f), both these terms are zero, by relation (5.6.1) below (with
T =1). This concludes the proof of (4.3.11).

We prove that (Py)g>1 satisfies condition (7i) of Theorem 3.3.6. Let n > 0 and
p > 0 be arbitrary. It suffices to show that there exist § € (0,1) and g9 > 0 such that
for all € € (0, ¢9),

(a) P(w ( (t J) > 77 for some ¢t € [0,1]) < p
) P(Z ( 5) — Z9(t,0)] > n for some t € [0,1]) < (4.3.13)
() PUZ9t1-)-Z9¢,1-9 )|>nforsomet€[0,1])<p.

By (4.3.11), there exists €y > 0 such that

P(|Z9 —Z|lp > n/4) < p/2 forall e € (0, <) (4.3.14)



4. THE D-VALUED o-STABLE LEVY MOTION 74

Since D([0, 1]; D) endowed with df) is separable and complete (see Theorem 3.2.6), by

Theorem 1.3 of [6], the single probability measure P o (7(80))_1 is tight. Hence, by
condition (i) of Theorem 3.3.6, there exists 6 € (0,1) such that

P(w"(E(EO)(t, d) > n/2 for some t € [0,1]) < p/2 (4.3.15)
P2 (t,8) — Z°9(t,0)| > n/2 for some t € [0,1]) < p/2 (4.3.16)
P(Z"(t,1-) — Z(t,1 - §)| > /2 for some t € [0,1]) < p/2. (4.3.17)

Using the fact that

w'(x +y,0) <w'(x,0) +2||y|| forall z,yeD,

we infer that w”(Z\7 (t),8) < w"(Z*(t),8)+2|[Z ~Z”||5, and hence P(w"(Z" (t),6) >
n for some t € [0, 1]) is smaller than

Pw"(Z(t),8) > n/2 for some t € [0,1]) + P(|Z° = Z"||p > n/4).

Part (a) of (4.3.13) follows from (4.3.14) and (4.3.15). Similarly, part (b) of (4.3.13)
follows from (4.3.14) and (4.3.16), using the fact that

Z9(t.0) - Z9(t.0) < 1Z%(t.6) - Z(t.0)| + 2|27 — Z||.
whereas part (c) of (4.3.13) follows from (4.3.14) and (4.3.17), since
Z91-) =201 - 0) < [Z%(1-) = Z 11 - 0) + 2|2 = Z°|n.

It remains to prove that (Py)i>1 satisfies condition (%ii) of Theorem 3.3.6. Let

n > 0 and p > 0 be arbitrary. Note that 7(8)(0) = 0. We will show that there exist
d € (0,1) and g9 > 0 such that for all € € (0, &),

(a) Pup(Z,8)>n) <p
b PUZ20)>n) <p (4.3.18)
() P9 (Z91-),Z91—06)) > 3n/2) < p.

Let € be such that (4.3.14) holds. Using again the fact that P o (7(50))_1 is tight,
but invoking this time condition (%ii) of Theorem 3.3.6, we infer that there exists
§ € (0,1) such that

Pwi(Z,6) > 1/2) < p/2 (4.3.19)
PUIZ @) > n/2) < p/2 (4.3.20)
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P(d5 (Z (1=) = Z(1 = 6)) > n/2) < p/2. (4.3.21)

By Lemma 3.2.8, P(w’(Z'"7,8) > n) < P(w(Z*,8) > n/2)+ P2Z° - Z"||p >
n/2) < p. Part (a) of (4.3.18) follows using (4.3.19) and (4.3.14). Part (b) of
(4.3.18) follows using (4.3.20) and (4.3.14), since [Z2(®)|| < 2V )| + 2% -
7 |p- To see that part (c) of (4.3.18) holds, note that by the triangular inequality,
d9, (7(8)(1—),7(6)(1 —0)) is smaller than

@, (290122 1) + 5, (27 (1), 2 (1= 0) + &5, (27 (1-0). 27 (1-9)).

We treat separately these three terms. For the second term, we use (4.3.21). For the
last term, we use (4.3.14), since this term is bounded by H7(EU)(1 —9) — 7(5)(1 —9)|
which is smaller than ||?(EO) - 7(5)”@. For the first term, we also use (4.3.21), since
this term is bounded by ||7(€)(1—) —7(60)(1—)H which is smaller than ||7(€0) -z |-
To see this, note that by Remark 4.1.8, ?(E)(l—) = lims_, 7(8)(1 —9)in (D, || - ||) and
?(EO)(l—) = lims_, 7(60)(1 —4)in (D, ] - ||), and hence

— () —(c0) () —(c0) —(©) (=)
1Z70=) =27 (1) =lm 27 (1 =0) = 27 (A=) <27 = 27 |Ib.

O
The following result proves Theorem 4.0.2.b) in the case o > 1.

Theorem 4.3.8. If a € (1,2) and Assumption B holds, then there exists a collection
{Z(t)}i+>0 of random elements in D such that P(Z(t) = Z(t)) =1 for allt > 0, the
map t — Z(t) is in D(]0, 00); D), and

Z0) 4 Z() in D([0,00); D) (4.3.22)

as k — oo, k € N', for a subsequence N' C Z,, where D([0,00); D) is equipped with
the Skorohod distance doop given by (3.5.8).

Proof: Step 1. By Theorem 4.3.7, there exists a subsequence N’ C Z, such that
ZMO A y() i D0, 00); D), (4.3.23)

as k — oo,k € N’, where Y is a random element in D([0,00); D), defined on a
probability space (', F', P"). We prove that for any t,...,t, > 0,

(Z(th), ..., Z(ty) £ (Y(t1),...,Y(t,)) inD" (4.3.24)
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To see this, note that (4.3.23) implies that (Z™ (t,), ..., Z™(t,) % (Y(t1), ..., Y ()
in (D", Jy), for any tq,...,t, € Ty = Tpy-1 (see page 138 of [6]). On the other
hand, by (4.3.4), (Z(t),.... Zt,)) B (Z(t), ..., Z(t,)) in (D", Jp) for any
t1,...,t, > 0. By the uniqueness of the limit, (4.3.24) holds for any tq,...,t, € Ty.
To see that (4.3.24) holds for arbitrary t¢q,...,t, > 0, we proceed by approxima-
tion. Since Ty is dense in [0,00), for any ¢ = 1,...,n, there exists a monotone
sequence (t¥), C Ty such that t* | t; as k — oo. By (4.3.9), (Z(t}),...,Z(t*)) &
(Z(t1),...,Z(ty)) in (D™, J7') as k — oco. Since Y has all sample paths in D([0, c0); D),
(Y (%), ..., Y(t5)) = (Y(ty),...,Y(t,)) in (D™, J}) as k — oo. Relation (4.3.24) fol-
lows again by the uniqueness of the limit.

Step 2. Relation (4.3.24) shows that processes {Z(t)}i>0 and {Y(t)}i>0 have
the same finite-dimensional distributions. The process {Y(¢)};>o has sample paths
in ([0, 00); D), which is a Borel space (being a Polish space). By Lemma 3.24 of
[21], there exists a process {Z(t)};>o defined on the same probability space (Q, F, P),
whose sample paths are in D([0, 00); D), such that P(Z(t) = Z(t)) = 1 for all ¢t > 0.
In particular, {Z(t)}i>o has the same finite-dimensional distributions as {Z(t)}iso,
hence also as {Y(t)}+>0. Since finite-dimensional distributions uniquely determine
the law, it follows that the random elements Z(-) = {Z(¢) }iso and Y (-) = {Y (£) =0
have the same law in ID([0, 00); D). Relation (4.3.22) follows from (4.3.23). O



Chapter 5
Stable FCLT in D

In this chapter, we show that the a-stable process with values in D constructed in
Chapter 4 can be obtained as the limit (in distribution) of the partial sum sequence
associated to i.i.d. regularly varying element in I, with suitable normalization and
centering. This result can be viewed as an extension of the stable functional central
limit theorem (FCLT) to the case of random elements in . Our proofs rely on
arguments borrowed form [29] which we extend to include the time variable. Similarly
to [29], we use the method based on point process convergence.

Recall that Assumptions A and B where given at the beginning of Chapter 4.
The goal of this chapter is to prove the following result. Note that the concept of
regularly varying element in D is given by Definition 5.2.1 below.

The results presented in this chapter are taken from the companion paper [2].
Theorem 5.0.1.  Let X, (X;)i>1 be i.i.d. random elements in D such that X €
RV({a,},7,Dy). Let a be the index of stability of X and T'y be the spectral mea-
sure of X. Suppose that the probability measure I'y given by (5.2.5) satisfies As-
sumptions A and B. For any n > 1, t > 0, let S,(t) = {Su(t,5)}scp1), where
Su(t,s) = a? Zﬂ Xi(s) for s € [0,1]. Let {Z(t)}i=0 be the process constructed
in Theorem 4.0.2, which may not be defined on the same probability space as the
sequence (X;)i>1-

a) If a <1, then

Sp() S Z() in D(]0,00); D).
b) If a > 1, let S,(t) = Su(t) — E[Sa(t)], where E[S,(t)] = {E[Sa(t, )] }scpo-

—~

if

k
> (Xilgixii<ans) — EIXiL{x,<aney])

i=1

lim lim sup max P (
e=0 p oo’ k<[0T

> an6> =0 (5.0.1)

forany 6 >0 and T > 0, then

S5 Z() in D(]0,00); D).

7
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Assumption B is the same as Condition (A-i) of [20], whereas (5.0.1) is a stronger
form of Condition (A-ii) of [20], which is needed for the functional convergence. The
proof of Theorem 5.0.1 uses the method of point process convergence, instead of the
classic method of finite-dimensional convergence and tightness. In Section 5.1, we
introduce some basic facts related to point processes on Polish spaces.

In Section 5.2, we recall the definition of regularly variation in D and we give
some of its proprieties. In Section 5.3, we establish the continuity of the summation
functional. In Section 5.4, we prove the convergence of the truncated sums. In
Sections 5.5 and 5.6, we give the proof of Theorem 5.0.1 in the case a < 1, respectively
a > 1. B B

The limit process Z = {Z(t)}scj0,1) has simple paths on D([0,1];1D). One can
also develop an analogue limit theorem in which the limit is a stable Lévy sheet
with sample paths in D([0, 1]?) (see Theorem C.0.12, Appendix C). The advantage of
Theorem 5.0.1 is that it yields a process which may not have independent increments
in the space variable s.

5.1 Point process on Polish spaces

In this section, we review some basic concepts related to point processes on Polish
spaces, following [8]. Similar concept are considered in [28, 27] for point processes on
LCCB spaces (i.e. a locally compact space with countable base).

Let (E,d) be a Polish space (i.e. a complete separable metric space) and & its
Borel o-field. A measure g on E is boundedly finite if u(A) < oo for any bounded
set A € €. (Recall that a set A is bounded if it is contained in an open ball B, (z) =

{y € E;d(z,y) < r}). We denote by ]\//L(E) the set of all boundedly finite measures
on E and by M,(E) its subset consisting of point (or counting) measures (i.e Z-

valued measures where Z; = {0,1,...}). A measure p € M,(E) can be represented
as [ = 2121 dz, for some (x;);>1 C F, where ¢, is the Dirac measure at z. In this

case, (;);>1 are called the atoms (or points) of . A measure p =, d,, € ]\//TP(E)
is called simple if p({z}) <1 for all z, i.e. (z;);>; are distinct.

The set ]\/4\+(E) is equipped with the topology of w-convergence: i, @ uon E
if for any bounded set A € £ with u(0A) =0,

tn(A) = p(A). (5.1.1)
This is equivalent to saying that for any f € C (E),

pn(f) = 1), (5.1.2)

where u(f) = [, fdp and C (E) is the set of continuous bounded functions f : £ — R
which vanish outside a bounded set.
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We denote by M\+(E) and M\p(E) the Borel o-fields of M\+(E) respectively
]\//.TP(E) By Proposition 9.1.1V. of [§], ]/\4\+(E) and M\p(E) are Polish spaces, M\+(E)
is the o-field generated by the projections ]\/ZJF(E) S pur— u(A), A€ &, and M\p(E)
is the o-field generated by the functions ]\/ip(E) S u— u(A), A€é.

A point process on E is a function N : Q — ]\/I\p(E) which is }"/ﬂp(E)—

measurable, where (€, F, P) is a probability space. Since ﬂp(E) is the o-field
generated by projections, this is equivalent to saying that N(A) : Q — Z, is F-
measurable, for any A € £. We denote by P o N~! the law of N.

The Laplace functional of a point process N on FE is defined by

Ln(f) = E(e™™W)

for any bounded £-measurable function f: E — R with bounded support.
We say that a sequence (IV,),, of point processes on E converge in distribution to

the point process N on E (and we write IV, % Nin ]\/ZI,(E)) if (Po N, 1),>1 converges

weakly to P o N~! as measures on M,(E). By Proposition 11.1.VIII of [8], this is
equivalent to saying that

L. (f) = Ly(f) for any f € C(E).

Definition 5.1.1. Let v € J\7+(E) be arbitrary. A point process N on E is called
a Poisson random measure on E of intensity v if it satisfies the following two
conditions:

o for any bounded A € £, N(A) has a Poisson distribution with mean v(A)

e for any bounded disjoint sets Ay,..., Ar € €, N(Ay),...,N(Ay) are indepen-
dent.

The Laplace functional of a Poisson random measure N of intensity v on F is:

Lo(h) =ep{~ [ (1= exp(-f(aNian) (5.1.3)

for any bounded £-measurable function f: E — [0, 00) with bounded support.

The following result plays a crucial role in this thesis. It is an extension of
Proposition 3.21 of [27] to point process on Polish spaces, with which it shares the
same proof based on Laplace functionals. Recall that a random element in E is a
function X :  — E which is F/&-measurable where (2, F, P) is a probability space.

Proposition 5.1.2. Let E be a Polish space and v € ]\7+(E) For anyn > 1, let
(Xin)iz1 be i.i.d random elements in E and N, = Y 6(nx,,)- Let N be a Poisson
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random measure on [0,00) X E of intensity Leb x v, where Leb denotes the Lebesque
measure. Then N, % N in ]\/4\1)([0, o0) x E) if and only if

nP(Xy, € ) 2 v on E.

__ We conclude this section with few words about finite measures. We denote by
M¢(E) the set of finite measures p on (E, ), i.e. measures p satisfying the condition
u(E) < oo. This space is equipped with the usual topology of weak convergence:
ftn — p if (5.1.1) holds for any set A € £ with u(0A) = 0. This is equivalent to
saying that (5.1.2) holds for any f € Cy(F), where Cbg) is the class of continuous

bounded functions f : E — R. Finally, we denote by M, ;(E) the set of finite point
measures on F, equipped also with the topology of weak convergence.

5.2 Regular variation in D

In this section, we introduce the notion of regular variation for random elements in
D and discuss some of its properties.

In Section 2.5, we saw that the regular variation of a random element in RY was
defined by removing 0 from the space and adding the oo-hyperplanes . More pre-

cisely, we considered the vague convergence of the sequence 9, = nP <£ € >}
n>1

an

of measures on the space Rg = [—00,00]*\ {0} to a non-null radon measure v with
the property y(@g\Rg) = 0. Equivalently this condition can be expressed in polar

coordinates as the vague convergence of the sequence {ﬁn =nP (?, %) € } of
n n>1

measures on the space (0, 00] X S; to the product measure cv, x I'y, for some ¢ > 0,
a > 0 and a probability measure I'y on the sphere S; = {$ e RY; |z| = 1}, where
Vo (dr) = ar=® (g o) dr.

In the case of random elements in 1), there is no natural analogue of an oco-
hyperplane. However, in his Ph.D thesis [25], Lindskog introduced an ingenious
method of defining regular variation for random elements in D, based on the product
space

ﬁo = (0, OO] X S]D)

where Sp = {z € D; ||z|| = 1}. This method was based on the earlier article [12] (for
the case of random elements with values in the space C [0, 1] of continuous functions
on [0,1]) and was developed further in [17]. We will use this method here.

Since the supremum norm ||-|| is J;-continuous, the polar coordinate transforma-
tion 7' : Dy — (0, 00] X Sp given by
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is a homeomorphism on Dy = D\ {0}. Unlike [17] we do not identify Dy with T'(Dy) =
(0,00) x Sp. Therefore, we will not say that Dy is a subset of Dy. Note that the space
D, is a Polish space equipped with the the distance dg, given by: for any (r,2),
(r',2) € Dy

1 1

- 7

; vdy (2,2) (5.2.1)

ds, ((r.2),(7,2)) =

with the convention 1/co = 0 where d, is given by (3.1.1).

Definition 5.2.1. We say that a random element X in D is regularly varying if
there exist a sequence (@n)n>1 C Ry with a, 1 0o and a boundedly finite measure U
on Dy with 7(Dy\T(Dyg)) = 0 such that

IXI X ) ) a =
nPl|— 7)€ ) =7 on D (5.2.2)
(< an || X] ’

In this case, we write X € RV ({an} T, ﬁo).

It can be proved that the measure 7 in the Definition 5.2.1 satisfies the following
scaling property : for any a > 0 and A € B(Dy)

7(ad) = a=°T(A) (5.2.3)

for some o > 0 (see Remark 3 of [17]). We say that « is the index of X. Note that
in the present thesis, we define for any a > 0 and A € B(DDy),

aA = {(ar,2);(r,z) € A}. (5.2.4)

Moreover, by Theorem 4 of [17], a random element X in D is regularly varying if and
only if for any r > 0

P(I1x) > tr, 55 € )
P([IX][ > 1)

w

—r “I't() on Sp (5.2.5)

as t — oo, for a probability measure I'y on Sp (called the spectral measure of X).
We denote by B(Sp) the Borel o-field on Sp (under the distance dY,) .

If X € RV({a,},7,Dy), then || X| is regularly varying of index —a: for any ¢ > 0,
nP(|| X|| > ane) = ™%, as n — oo, (5.2.6)

where the constant ¢ > 0 is given by Proposition 5.2.2 below. From this, we infer
that if @ > 1, E||X|| < oo, and hence F|X(s)| < oo for all s € [0, 1]. In this case, we
define E[X] = {E[X(s)]}scp,1]-

The following result gives the relationship between the measures 7 and I';.



5. STABLE FCLT IN D 82

Proposition 5.2.2. If X € RV ({a,},7,Dy) then,
U=cr, xT (5.2.7)
with a and T'y given by (5.2.5), ¢ =7 ((1,00) x Sp) and ve(dr) = ar=* 1 ) (r)dr.

Proof. Let P be the class of the sets A, g = (r,00) x S with r > 0 and S € B(Sp).
If we denote V. ¢ = {x eD; |z|| >, Mol € S}, then T'(V,.s) = A, 5. By Remark 5
of [17]
(A
I'v(9) = @ for any S € B(Sp), (5.2.8)

where ¢ = U(A;s,). (This fact is stated in [17] in terms of the subsets V. ¢ of Dy.
Since we do not identify Dy with (0, 00) x Sp, we expressed this relation in terms of
the subsets A, g of (0,00) x Sp.) Note that for any a > 0

aV,s = {ax eD; |az| > ar, 4T € S} = Virs.
[laz]]
Similarly, for any a > 0, by relation (5.2.4),
aA,s = a{(s,z) € (0,00) xSp; s>r, z€ S}

= {(as,z) € (0,00) X Sp; as >ar, z € S} = Ay 5.

In particular, A, s = rA;s. Using (5.2.3) and (5.2.8), it follows that for any r > 0
and S € B(Sp)

U(Ag) =1 D(A1s) = cr °T1(S) = (cvo X I'1) (A 5).

Hence, when restricted to (0,00) x Sp, the measures 7 and cv,, x I'; coincide for
sets in the class P. It is easy to see that P is a m-system: A, s N A ¢ = A 7 59
for any 7 > 0,7 > 0 and S, S’ € B(Sp). To show that 7 = cv, x I'; on (0,00) x Sp,
it suffices to show that

o(P) = B((0,00) x Sp), (5.2.9)

where B((0,00) x Sp) is the Borel o-field on (0, 00) x Sp (with respect to the distance
dﬁo). The fact that 7 = cv,, x I'; on Dy will follow since both measures are zero on
Do\ T (D).

We prove (5.2.9). Since (0, c0) and Sy are separable, B((0, 00)xSp) = B((0, 00)) x
B(Sp) (see e.g. p.225 of [5]). Since the product of two o-fields is the o-field generated
by the rectangles, relation (5.2.9) is equivalent to

o(P)=0{Ax S, AeB((0,00),5 € B(Sp)}.
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The C inclusion is clear since P C B((0,00) x Sp). To prove the other inclusion, it
suffices to show that

Ax S eo(P) for any A € B((0,00)),S € B(Sp). (5.2.10)
For this, we use a m — A-system argument. Let J = {(r,00);7 > 0} and
M={A€ B((0,0)); Ax S €c(P) for all S € B(Sp} .

Clearly, J is a m-system in (0,00), and J C M (since (r,00) x S € P C o(P) for
any S € B(Sp)). We show that M is a A-system. First (0,00) € M since for any
S € B(Sp), (0,00) x S = Up>1 ((£,00) x S) € o(P). Second, if A € M then A° € M
since A° xS = ((0,00) x S)\ [(A x S) U ((0,00) x S)] € o(P). Third if (4,), C M
are disjoint then U, A,, € M since (U, A4,) x S = U, (4, x S). By the 7 — A theorem
(Theorem 3.2 of [7]) it follows that o(J) C M. Since o(J) = B((0, 00)), we conclude
that M = B((0, 00)). This concludes the proof (5.2.10). O

Using Proposition 5.1.2, we obtain a useful characterization of regular variation
on D using the point process convergence.

Proposition 5.2.3. Let (X;);>1 be i.i.d. random elements in D. For each n > 1,
consider the following point process on [0,00) x Dy :

N, = 25(1- Il x; )

i>1 \" oan Xl

Let N be a Poisson random measure on [0, 00) X Dy of intensity Leb x U where U is
given by (5.2.7). Then X1 € RV ({a,},v,Dy) if and only if

N, % N in M,(]0,00) x Dy).

5.3 Continuity of summation functional

In this section, we establish the continuity of the truncated summation functional
defined on the set on the set of point measures on (0,00) x Dy. This will constitute
an important step in the proof of the main result. The proofs presented in this
section are extension of those of [29] to point measures where atoms include also a
time variable.

We endow the spaces [0,00) x Dy and [0, T] x D with the product topologies, I
being equipped with Skorohod’s Ji-topology.

For fixed T > 0 and ¢ > 0, we define W : M, ([0, 00) x D) — M, ;([0,T] x D) by:

‘ll(m) = m|[0,T}><(5,oo)><SD o w_l
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where m|jo 7]x(e,00)xs, denotes the restriction of m to [0,7] x (g,00) x Sp, and the
function ¢ : [0,00) X (g,00) x Sp — [0,7] x D is given by ¥(t,r,2) = (t,72). Note
that W(m) is a finite measure since [0,7] x (g,00) X Sp is a bounded set.

The application of the function ¥ has a double effect on a measure m: it removes
the atoms (t;,7;,2;) of m whose second coordinate r; is less than e or is oo, and
transforms the remaining atoms using the “inverse polar-coordinate” map (r,z)
rz, while leaving the first coordinate ¢; of these atoms unchanged (provided that
t; < T). More precisely, if m = Y .o 0triz) € ]\//Tp([O, o0) x Dy) then ¥(m) =
ZtigT 6(ti7rizi) 1{7“1‘6(/8,\00)}'

For any m € M,([0,00) x Dy) and for any measurable function f : [0,7] x D —
[07 OO),

A)T} Df(t,x)\lf(m)(dt,dx) :/ f(t,rz)m(dt,dr, dz). (5.3.1)

[0,T] % (£,00) XSp

Lemma 5.3.1. The function V is continuous on the set A of measures m € My([0, 00)x
Dy) which satisfy the following two conditions:

m([0,00) x {e,00} x Sp) =0 and m({0,T} x (g,00) X Sp) = 0.

(The function ¥ = V. and the set A = A.r depend on € and T. To simplify the
writing, we drop the indices €, T'.)

Proof: Let E = [0,00) x Dy, E' = [0,00) x (g,00) x Sp and E” = [0, T] x D. Since E'
is a bounded set, ]\Z(E’) = M, ;(E'). Note that ¥ = U, o ¥y, where U : ]\/ZP(E) —
M, ¢(E") is the restriction ¥;(m) = m|p and Wy : M, ¢(E') — M, ((E") is given by
Uy(m) =mop™,

Similarly to Proposition 3.3 of [14], it can be shown that ¥, is continuous on A.

The fact that Wy is continuous follows from the continuity of function 1, exactly as
in the proof of Proposition 5.6.(a) of [28]. O

Definition 5.3.2. We consider the space M ([0, T] x D) of all finite point measure
p=>" 1 0@ on [0,T] x D which satisfy the following conditions :

1. The points (t1,x1), ..., (ty, z,) are distinct.
2. Disc(z;) N Disc(x;) =0 for all i = 1,...,p with i # j.
3. No vertical line contains two points of .

The following result gives an alternative characterization of the set M ([0, 7] x
D). Its proof is straightforward and we omit it.

Lemma 5.3.3. The set M ([0,T] x D) coincides with the set of all finite point
measures ju on [0,T] x D which satisfy the following conditions :
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(i) p is simple, i.e. u({(t,x)}) <1 for any (t,x) € [0,T] x D;

(i1) ,u( {(t, ), (t/,x/)}> <1 for any (t,z),(t,x") € [0,T] x D such that x # x" and
Disc(z) N Disc(z') # 0;
(1ii) p({to} x D) <1 for any ty € [0,T].

Recall that D([0,7];D) is the space of functions x : [0,7] — D which are
right-continuous and have left limits, which respect to J;. (See Section 3.8).

Theorem 5.3.4. The summation functional
@ : M, (0,T] x D) - D([0,7]: )
defined by

p
P (p) = (Z $z> if p= 25(“,@)
te[0,7) =1

t; <t

is continuous on M ([0,T] x D), where D([0,T];D) is equipped with the Skorohod
distance given by (3.5.1).

Proof. We use a similar argument to page 221 of [28] combined with the argument
contained in the proof of Lemma 2.9 of [29]. Let (pn)n C M, ¢([0,7] x D) and

w € My ([0, T] x D) be such that ju, = . Say =" 6,2, Then
pin(A) = p(A), (5.3.2)
for any set A € B([0,T] x D) with u(0A) = 0. In particular,
11 ([0, T] x D) — p([0, T] x D) = p.

Since p1,([0,7] x D) € Z, for all n > 1, there exists an integer Ny > 1 such that
1 ([0, T] x D) = p, for any n > Ny. Since p is simple, there exist r > 0 small enough
such that u(B,(t;,7;)) = 1 and for any 7" € (0,7), (0B, (t;, z;)) = 0.

By (5.3.2), it follows that for any i = 1,...,p and r' € (0,7),

n(By (b)) = (B () = 1.

Since pi, (B, (t;,7;)) € Z, for all n > 1, then there exists an integer N;(r') > Ny such
that
tin(B,: (t;, ;) = 1, for all n > N;(r).

In particular for r' = Z, if we let N; = N;(r/2), then for all n > N;

pin(Brj2(ti, zi)) = 1 (5.3.3)
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i.e. uy has exactly one atom in the ball B, j5(t;, z;). We denote this atom by (tﬁ."), xE"))
Note that this atom may be different than (¢;, z;).

Let N = max;<;<, N;. Then for any n > N, p, =Y, 5(t(n) ) and hence

O () = | D

(n)<
st t€[0,7T7]

We now prove that for any : =1,...,p

(", i) — (ti,2;) in [0,T] x D, (5.3.4)
ie t™ =t in [0,7) and 2{™ — z; in (D, .J;).

To prove (5.3.4), fixi=1,...,p and let v € (0,7/2) be arbitrary. By (5.3.3) for
any n > Ny(r'), p, has exactly one atom in the ball B (t;,x;). Since B, (t;,z;) C
B, 5(t;, x;) and in the ball B, 5(t;, 2;) we already know that s, has only one atom,
namely (¢, 2™), the atom of p, in B, (t;, 2" must be (£, 2™). Hence for any
n > Ni(r'), (tS”), xﬁ”)) € B,/ (t;,z;). This finishes the proof of (5.3.4).

Note that ¢;,%,,...,t, are distinct since p cannot have two atoms with the same
time coordinate, by property 3) in Definition 5.3.2 of M} ([0, 7] x D). Suppose that
th <ty <...< tp. Pick 50 > 0 such that tiv1 —t; > 2(50 for anyi = 1,...,p— 1.
Let § € (0,09) be arbitrary. Then the intervals (¢; — 0,¢; +9) @« = 1,...,p are non
overlapping.

Since xz(-") By foralli=1,...,pand Disc(z;) N Disc(z;) = 0 for all i # j, by

Theorem 4.1 of [34],
k

k
le(-n) S le for all & < p. (5.3.5)

=1 =1

It follows that there exists nq(d) > N such that for all n > n;(9)

tl(-n)—tz- <dforalli=1,...,p (5.3.6)
k k

d, (le(»"), Za@) <dforallk=1,...,p. (5.3.7)
=1 i—1

For any n > N we consider the function A, : [0,7] — [0, 7] such that: X,(0) =
0, \.(T) =T, )\n(tgn)) =t;foranyi=1,...,pand ), is defined by linear interpolation
between tl(-n) and tgi)l for i = 0,...,p where we let t(()n) =0 and tz(fl)l =T.

Clearly, for any ¢t € [0, T

() (1) = Y ™ and D(u)(t) =Y _ w;. (5.3.8)

<y st
<
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Recalling the definition of the uniform distance (3.5.2) on D ([0, 7] ;D), we have

pro(®(n), ®(pa) 0 ATY) = sup df, (D(u)(t), D(ka) (A, (1))
te[0,7
- (sz, > )
te[0,7 <t (”)gxgl(t)
= s & (Ta X )
te[0,T <t A (t(n))
= sup dJ1(Zx“Zx("))
te[0,7] ti<t  ti<t
k k
_ | (n)
— lrggé)dj (z;xz_;m ) (5.3.9)
< 6 (5.3.10)

where for the last inequality we used (5.3.7). Note that (5.3.9) is justified by the fact
that

k
in:iniftk§t<tk+1 for k=0,...,p

t; <t i=1

k
Sal =S "aM it b <t <ty for k=0,...,p
=1

t; <t
with tg = 0 and ¢,.; = T". Hence

(0 ifo0<ty <t
a, (Yol > w) = (o)) Hhstsh g
hsto b &9, (w1 + @9, 2 + 25) ity <t <t
|
By relation (7.20) of [28], we know that for any n > n4(0),
A — ellp < 36. (5.3.12)

Then recalling definition (3.5.1) of the Skorohod distance drp on D ([0,7]:D), we
infer from (5.3.10) and (5.3.12) that for all n > ny(J)

drp(®(1), ©(ptn)) < [ = ell V prp(@ (1), ®(1a) 0 A1) < 30.
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Since § € (0, dp) is arbitrary, we conclude that ®(p,) — ®(u) in D ([0, 7] ;D) equipped
with the Skhorohod distance drp. Hence, ® is continuous at p. [

The following corollary is an immediate consequence of Lemma 5.3.1 and Theo-
rem 5.3.4.

Corollary 5.3.5. The function Q = ® o ¥ given by

Q: My([0,00) xDy) — D([0,7];D)

m = Z 5(151',7’1',22‘) — (Z rizil{ne(em)}>
t<T

i>1 ti<t

is continuous on the set U = ANW™" (M ([0, T] x D)) where D([0,T]; D) is equipped
with the Skorohod distance drp. (The function Q = Q. and the setU = U. r depend
on e and T. To simplify the writing, we omit the indices €,T'.)

Proof. Let m € U and (my,), C Mp([o, o0) x Dy) be such that m,, % m. We want
to prove Q(m,,) — Q(m) in the space D ([0,7];D) equipped with the distance drp.
By Lemma 5.3.1, since m € A

W(m,) — ¥(m) as measures on M, ([0, 7] x D).
Then by Lemma 5.3.4, since W(m) € M, ([0,7] x D)
&(W(m,)) — B(W(m)) on D (0,7];D)
where D ([0, 7] ;D) is equipped with distance drp. O

Remark 5.3.6. The set U consists of measures m = » -, 0, r, ;) Which satisfy the
following conditions :

1. m([0,00) x {e,00} x Sp) = 0;
2. m({0,T} x (g,00] x Sp) =0;
3. U(m) = Zizl 5(%7%'21')(')1{ti§T,Tz‘€(€7OO)} is simple;

4. Disc(z;) N Disc(z;) = 0 for any 7 # j such that t; < T, r; € (¢,00), t; < T and
rj € (g,00);

5. No vertical line contains two atoms of ¥(m), i.e. U(m)({to} x D) < 1 for any
to € [0, T7.



5. STABLE FCLT IN D 89

5.4 Convergence of truncated sums

In this section, we consider a sequence (X;);>; of i.i.d. regularly varying random
elements in D, and we prove that for any £ > 0 the sequence (S,(f))nzl of truncated

sums defined by:

[nt]
1
Sff)( E Xilgx,|>aney, for any ¢t >0 (5.4.1)
=1

Ap <

converges in distribution in the space D([0, c0); D) to the process Z©) given by (4.1.6).

The following result together with Corollary 5.3.5 will allow us to apply the
continuous mapping theorem. Recall that Assumption B was stated at the beginning
of Chapter 4.

Theorem 5.4.1. Let N be a Poisson random measure on [0,00) x Dy of intensity
Leb x 7, where U is given by (5.2.7). If I'y satisfies Assumption B, then

Nel.r as.

for any e >0 and T > 0, where U, 1 1s the set given in Corollary 5.5.5.

Proof: We have to show that with probability 1, N satisfies the two conditions listed
in Lemma 5.3.1, and §{ = U 1(N) € My ([0, T] x D).

We begin with the conditions of Lemma 5.3.1. For any n > 1, E[N([n — 1,n) x
{e,00} X Sp)] = cvo({g,00}) = 0 and hence N([n — 1,n) x {e,00} x Sp) = 0 a.s. By
additivity, N([0,00) x {g,00} x Sp) = 0 a.s. Similarly, N({0, 7} x (¢,00) x Sp) =0
a.s. since E(N({0,T} x (¢,00) x Sp)) = Leb({0,T})v, (¢,00) = 0.

Next, we show that with probability 1, ¢ satisfies conditions (i)-(iii) given in
Lemma 5.5.3. First we show that ¢ is a Poisson random measure on [0,7] x I of
intensity Leb x 1) where (&) = D(eo0)xsy © U™ and U : (g,00) X Sp — D is given
by U(r, z) = rz. Note that & is a point process since N is a point process and U, 7 is
measurable. So, it suffices to show that the Laplace functional of £ is given by (5.1.3).
Let g : [0, 7] x D — [0, 00) be a bounded measurable function with bounded support.

By (5.3.1),
gdf)] {exp (— / g(t,rz)N(dt,dr, dz))}
[0,T] % [0,T] % (£,00) XSp

!
= exp { / (1 — e~ 9 dtw(dr, dz)}
T)x (g,00) XSD

= exp{ 1 — 790 gt ) (dx)}
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Since Leb x v(®) is diffuse, £ is simple a.s., so £ satisfies condition (i) with probability
1.

To show that & satisfies condition (i) with probability 1, we represent its points
as follows. Let P; = /%y, /* where y; = 2321 E; and (E;);>1 are i.i.d. exponen-
tial random variables of mean 1. Let (W;);>1 be an independent sequence of i.i.d.
random elements in Sp of law I'y. By the extension of Proposition 5.3 of [28] to
Polish spaces, > .., 0(p,w,) is a Poisson random measure on (0,00) x Sp of inten-
sity 7, and so0, ).~ 0(p,w;)1{p>e} i a Poisson random measure on (g,00) x Sp of
intensity ﬁ\(e,oo)xgm._ By the extension of Proposition 5.2 of [28] to Polish spaces,
Y i>10pw, 1p>e is a Poisson random measure on D of intensity v, Finally, by
the extension of Proposition 5.3 of [28], & = >".o, 0(r, pw;)l{p>e} is a Poisson ran-
dom measure on [0, 7] x D of intensity Leb x v(*), where (7;);>; are i.i.d. uniformly
distributed on [0, T, independent of (E;);>1 and (W;);>1. Hence £ = ¢

Consider the event A = N, 4;A; ;, where A; ; = {Disc(W;) N Disc(W;) = 0}. Let
F ={(z,y) € Sp x Sp; Disc(z) N Disc(y) # 0}. By Fubini’s theorem and Assumption
B,

PUL) = POV W) € F) = (T x T)(F) = [ Tu(FT(dsn) =0,
D
where F, = {y € Sp; (z,y) € F'} = Usenise(x){¥ € Sp; s € Disc(y)}. Hence, P(A) = 1.

Let B be the event on which £({(¢,z), (¢',2')}) < 1for all (¢, z), (¢, 2") € [0,T]xD
with « # 2’ and Disc(z) N Disc(z’) # (), and B’ the similar event with & replaced by
¢'. Since & < ¢, P(B) = P(B'). We claim that A C B'. (To see this, let w € (B')".
Then, there exist (¢, z), (¢',2') € [0,T] x D with « # 2’ and Disc(z) N Disc(a’) # 0
such that &' (w;{(t,x),(t,2’)}) > 2. This means that both (¢,z) and (¢,2’) are
atoms of ¢'(w). But the atoms of &'(w) are of the form (7;(w), P;(w)W;(w)) with
P,(w) > e. Hence, there exist i # j with Pj(w) > ¢ and Pj(w) > ¢ such that
(t,z) = (1i(w), Py(w)W;(w)) and (t',2") = (7j(w), Pj(w)W;(w)). This proves that
w € Af; C A°.) Hence, P(B) = P(B') = P(A) = 1. This proves that ¢ satisfies
condition (i7) with probability 1.

Finally, to show that ¢ satisfies condition (iii) with probability 1, we let C' =
Niz;Ci j, where C; ; = {7, # 7;}. Note that P(C) = 1 since for all i # j

P == =75 [ [ emndriy=0

Let D be the event on which £({to} x D) < 1 for all ¢, € [0,7], and D’ the similar
event with £ replaced by £'. Since & 2 ¢, P(D) = P(D"). We claim that C C D'.
(To see this, let w € (D')°. Then there exists ¢ € [0, 7] such that &'(w; {to} x D) > 2.
This means that {'(w) has at least two atoms with time coordinate ¢y. Using the form
of the atoms of ¢'(w), we infer that there exist ¢ # j such that 7;(w) = 7;(w) = to.
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This proves that w € Cf; C C°.) Hence, P(D) = P(D') = P(C) = 1. This proves
that & satisfies condition (i7i) with probability 1. O

The next result gives the convergence of the truncated sums of i.i.d. regulary
varying elements in .

Theorem 5.4.2. Let (Xi)i>1 be i.i.d random elements in D such that X, €
RV ({a,},7,Dy). Let o be the index of X and I'y be the spectral measure of X.

Suppose that o < 2, o # 1 and 'y satisfies Assumption B. Let {ST(ZE) (t)} be given
>0
by (5.4.1) and Z©)(-) given by (4.1.6). Then for any e >0 and T > 0,

SO S 2€() in D([0,T]; D)

n

where the space D([0,T] ;D) is equipped with the metric drp given by (3.5.1). More-
over P(s € Disc(Z©)(t)) for some t > 0) = 0 for any s € [0,1].

Proof: By Proposition 5.1.2, with E = Dy and X;,, = (|| Xi]| /an, Xi/|| X)),

N = 25(% bl ) SN,

ST\ an T

where N is a Poisson random measure on [0, 00) x Dy of intensity Leb x 7.

We apply the continuous mapping theorem with the map () of Corollary 5.3.5.
Note that Q(N,) = S5 and Q(N) = Z©. Using Theorem 5.4.1, we obtain that
S 4 7@ i D([0,T]; D), equipped with distance drp.

To prove the last statement, we fix s € [0,1] and we let Qp = Ucjor{s €
Disc(Z©)(t))}. Tt is enough to prove that P(Qr) = 0 for all T > 0. From (4.1.6), we
see that if 1W; is continuous at s for all i > 1, then Z)(¢) is continuous at s for all
t € [0,T]. Hence, Qr C U;>1{s € Disc(W;)}. The fact that P(27) = 0 follows by
Assumption B, since P(s € Disc(W;)) =T'1 ({z € Sp; s € Disc(2)}) =0. O

5.5 Approximation in the case a <1

In this section, we give the proof of Theorem 5.0.1.a). The first result shows that a
certain asymptotic negligibility condition holds automatically in the case a < 1.

Lemma 5.5.1. Let (X;);>1 be i.i.d.  random elements in D such that X; €
RV ({a,},7,Dy), Let a be the index of X. Suppose that a € (0,1). Let {ST(LE),n > 1}
be given by (5.4.1) and S,(t) = a;* Zyﬂ X; forallt > 0,n>1. Then for any § > 0
and T > 0,

lgfgllimsup P(||Sn — 59| 7p > 6) =0,

n—oo

and in particular, lim, o limsup,,_, .. P(drp(Sy, Sq(f)) > 4) =0.
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Proof: Let 0 > 0 and 7" > 0 be arbitrary. Since S,,(¢)— S (t) =a;? Z Xil{lXillgane}a

[nT]

1
< = IXillgx<ane-

nzl

1
HSn_S HT]D)— — Inax
Ay, k<[nT]

Z Xil{xili<ane}

By Markov’s inequality,
. 1
P([|Sn = 5 lzp > 6) < S [nT] E( X1l 1% )1<ane})-

Since || X1|| is regularly varying of index o < 1, E(||X1[|1qx,)<2}) ~ 1552 P(|| X1]] >
x) as © — 00, by Karamata’s theorem (e.g. Theorem 2.1 of [28]). Here f(z) ~ g(z)
as x — oo means that f(z)/g(x) — 1 as © — oo. Hence, by (5.2.6),

n a Y
—E([[X1l[1xi<aney) ~ —— asnP(||X1|| > apE) ~ " ce! as n — oo
Therefore,
T «
li P(||S, — S¢ >6) < — e
imn Sup (Il NIz > 6) < 5 T CC

The conclusion follows letting € | 0, and using the fact that a < 1. [

The next result gives the proof of Theorem 5.0.1.a).

Theorem 5.5.2. Let (X;);>1 be i.i.d. random elements in D such that X, €
RV ({an},7,D). Let o be the index of X and I'y be the spectral measure of X. Sup-
pose that a < 1 and T’y satisfies Assumptions A and B. For anyn > 1, t > 0, let
Su(t) = {Su(t,8)}scio1], where Su(t,s) = S Xi(s) for s € [0,1]. Let {Z(t)}s»0
be the process constructed in Theorem 4.0.2, which may not be defined on the same
probability space as the sequence (X;)i>1. Then

Su() % Z() in D([0,00);D).
Proof: By Corollary 2.8 of [34], it is enough to prove that
Su() S Z(-) in D(0,T]; D)

for any T' > 0. This follows by Theorem A.0.2, Appendix A (Theorem 4.2 of [5]),
whose hypotheses are verified due to Theorem 4.2.5, Theorem 5.4.2 and Lemma 5.5.1.
O
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5.6 Approximation in the case a > 1

In this section, we prove Theorem 5.b).
The following result is the counterpart of Lemma 5.5.1 for the case a > 1.

Lemma 5.6.1. Let (Xi)i>1 be ii.d.random elements in 1D such that
X; € RV({an},7,Dy). Suppose that o € (1,2), where o is the index of Xy. Let
{S,(f),n > 1} be given by (5.4.1). For anyt >0 andn > 1, let S,(t) = Z[nt X;/an,

591 = SO) — BI[SE®)]  and Fn(t) = Su(t) — E[Sa(1)].

n n

If (5.6.6) holds for any § >0 and T > 0, then for any 6 >0 and T > 0,

lim lim sup P(||S,, — q(f)HT,D >0) =0, (5.6.1)

el pnooo

and in particular, lim, o limsup,,_, P(dTm(gn,gS)) >0) =

Proof: Let
Yin = a," (Xil{x<aney — E(Xil{x,)<ane)))-

Since S, (t) — gf) (t) = Z;ﬂ Y, then

19 = S )lrp = sup [[Sa(t) — S ()] = max

ZYm -
te[0,T] k<[nT]
By Lévy-Octaviani inequality, which is valid for independent random elements in a
normed space (see Proposition 1.1.1 of [22]), for any § > 0,

>0 /3) .

To deal with the centering constants, we need to use the fact that addition is
continuous in the space D([0,7];D) equipped with the distance drp. To deduce
this, we cannot simply apply Theorem 4.1 of [34] with (S,m) = (D, dY,), since we
do not know if the relation d} (z +y,2’ +y') < d5, (x,2") + d% (y,y') holds for any
x, 2’ y,y €D, as required on p.78 of [34]. Although the general question of continuity
of the addition on ([0, 7]; D) remains open, we were able to find a weaker version of
this result which is sufficient for our purposes. This is contained in the lemma below.

k

> Yia

i=1

P(|[Sn —Sn HT]D) > 0) < 3 max P(

kE<[nT]

The conclusion follows by (5.6.6). O
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Lemma 5.6.2. Let (f,)n>1 CD and f € D be such that f, N f. Consider (yn)n>1 C
D([0,T); D) and y € D([0,T]; D) defined as follows: for any t € [0,T],

Yn(t) = [n—;]fn and y(t) =tf. (5.6.2)

Then prp(Yn,y) — 0. Moreover, if f is continuous, then for any sequence (xy,)n>1 C
D([0,T];D) and = € D([0, T); D) such that drp(x,, z) = 0, we have:

drp(zy, + yn, v +y) — 0. (5.6.3)

Proof: We first prove that prp(y,,y) — 0. Since f, IS f, there exists a sequence
(pn)n>1 C A such that [|p,]|° — 0 and ||f, — f o pall = 0. Let 2,(¢) = %f Let
e > 0 be arbitrary. Then, there exists N. such that for all n > N, ||p.||° < ¢ and
| fn — fopnll <e/T. Hence, for any ¢t € [0,7] and n > N, |lyn(t) — 2, (t) 0 pnl| <
tl| fn = f o pnll < and

3, (Yn(t), 20 (1)) < Mlpall® V lya(t) = 2a(t) 0 pull <.
On the other hand, there exists N/ such that, for any ¢ € [0,7] and n > N/,

45, (2 (), y(t)) < |lza(t) — y(@)]| = [nt]

B s < 20 <
n n
This shows that prp(Yn,y) = sup,cor 47, (Yn(t), y(t)) < 2¢ for any n > N,V N

We now prove (5.6.3). For any t € [0,7], we denote x(t) = {x(t,s)}scj0,1), and
we use a similar notation for y(t), z,(t) and y,(t). Let € > 0 be arbitrary. Since f
is uniformly continuous, there exists d. € (0,¢) such that for any s,s" € [0, 1] with
|s — §'| < 4.,

If(s) — f(s)] <e. (5.6.4)
Because drp(z,, ) — 0, there exists a sequence (\,)n,>1 C Ar such that ||\, —
ellr — 0 and prp(z, o A\y,z) — 0. Pick 0 < n. < ¢ A In(d; —|— 1) arbitrary.

Then, there exists Ni" such that for any n > N, SUDye(o, T1)|)\ —t| < € and
Sup,c(o.71 A, (Tn(An(t)), 2(t)) < 7. Using deﬁmt10n (3 1.1) of dj,, it follows that for

any n > N and for any ¢ € [0, T, there exists ,ut ) € A such that ||,ut ||0 < 1. and

sup |20 (A (8), 1™ (5)) — 2(t, 8)] < 7. (5.6.5)
se|0,

By inequality (3.1.3) and the choice of 7., supyep |p£n)(s) — sl <e* —1<0..

Note that ||f, — f|| — 0, since f, i f and f is continuous. Hence, there exists
N such that SUPsepo [ fn(s) — f(s)] < € for any n > N®. By (5.6.4), for any
n>NYv NG,

£t (5)) = F(8)] < [ Fa(u(5)) — £ ()] + [ F (i (5)) — f(s)] < 2.
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Choose NE(O) such that 1/n < ¢ for any n > Ng(o). Then, for any n > NE(O) and
t€[0,7],

n n

[N, ()] _t' < A ()] An(t)‘ | At) —t] < %Jre < 2.

Since [|f, — f|| = 0, it follows that C' := sup,5, || fal| < co. Let N, = N v

NY VNS, Using the definitions of y,, and y, it follows that for any n > N, t € [0, T]
and s € [0, 1],

i n(0usd”6) ot < [P G 1+ 0 9) - 10)
< 2e(C+T).

and hence, by (5.6.5),

(@ 4 yn) M (8), 18 (5)) = (& + 9)(t, 8)| < 1+ 25(C + T) < e[l +2(C + T)).

To summarize, we have proved that for any n > N_, and t € [0, T, there exists uﬁ”) €

A such that || ]|° < 1. < £ and ||(zn+yn) An () 0pt™ — (z+9) (1)]| < e[1+2(C+T)).
By definition (3.1.1) of dY,, this implies that for any n > N, and ¢ € [0, 7],

dgl ((mn + yn) (An(t)), (z + y)(t)) <e[l+2(C+T).

Therefore, for any n > N,

Pro((Tn +Yn) 0 An, T +y) = tSBI;} d0J1 ((xn + ) (An(t)), (z + y)<t)) <e[l+2(C+T).

Since || A, —¢l|7 < €, using definition (3.5.1) of drp, we conclude that dpp(z, +yn, v+
y) <e[l+2(C+T)] for any n > N.. O

Remark 5.6.3. In the proof of Theorem 2.12 of [29], it was shown that, in a more
general context than here, the function s — E[Z()(1,5)] is continuous on [0,1]. In
our case, E[Z)(1,s)] = cp(s) [7°rva(dr), and the continuity of ¢ can be proved
directly as follows. By the dominated convergence theorem, ¢ is a cadlag function.
To show that ¢ is left-continuous, note that for any s € [0, 1],

o) ~olo) = [ (el o)) = [ STa),

where z{s} = z(s) — z(s—) is the jump of z € Sp at s. By Assumption B, the set in
the last integral above has I'y-measure 0, and hence this integral is equal to 0.
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Theorem 5.6.4. Let (X;);>1 be ii.d.  random elements in D such that
X1 € RV({a,},7,Dg). Let a be the index of X and I'y be the spectral measure of
X. Suppose that o € (1,2) and I'y satisfies Assumption B. Let {Sq(f),n > 1} and Z©)
be given by (5.4.1), (4.1.6) respectively. For anyt > 0, let ?S) (t) = S (t) - E[SE (1))
and Z°(t) = ZO(t) — B[ZE)(1)].

Then, for any e >0 and T > 0

S 579 in D(0,T);D),
where D([0,T); D) is equipped with distance dpp.

Proof: Let X, = 5\ and X = Z). For any ¢ > 0 and s € 0, 1],

yn(t,s) = —E[S,f)(t, s)] = —%E[X1(8)1{X1>ane}] = [:ll—ﬂfn(s),
with fn(S) = _%E[Xl(8)1{||X1||>ans}]a and
y(t,s) == —E[Z©)(t,5)] = —tc/ rz(s)ve(dr)T'i(dz) = tf(s),
(g,00)XSp

with f(s) = —c;%43e'%p(s) and ¢(s) = [; 2(s)T'1(dz). This shows that the functions
(Yn)n>1 and y are of the same form as in (5.6.2). By Remark 5.6.3, ¢ is continuous
on [0, 1].

By Theorem 5.4.2, X, 4 X in the space D([0, T]; D) equipped with drp. Since
this space is separable (by Theorem 3.2.6), by Skorohod’s embedding theorem (Theo-
rem 6.7 of [6]), there exist random elements (X ),>1 and X’ defined on a probability

space (€, F', P') such that X/ L X, for all n, X' £ X’ and drp(X/),X') = 0 as.
By Lemma 5.6.2, it follows that

drp(X,, + yn, X' +y) = 0 as.

This implies that dpp(X], + yn, X' +y) — 0 in probability (and in distribution). By
Corollary to Theorem 3.1 of [6] (and using again the fact that D(]0,7]; D) equipped

with drp is a separable space), we infer that X, +y,, KN X'+y in D([0, T]; D) equipped
with drp. Since (yn)n>1 and y are deterministic, X, + y, 2 X! + y, for any n, and

Xty X+ y. It follows that X,, + v, X+ y in D([0,T; D) equipped with drp.
0
The following result proves Theorem 5.0.2.(b)

Theorem 5.6.5. Let X, (X;);>1 be i.i.d. requlary varying random elements in D. Let
a > 1 be the index of stability of X and I'y be the spectral measure of X. Suppose that
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the probability measure I'y given by (5.2.5) satisfies Assumptions A and B. For any
n>1,1t>0, let Sy(t) = {Su(t,s)}ecion), where S,(t,s) = S0 Xi(s) for s € [0,1].
Let {Z(t)}1=0 be the process constructed in Theorem 4.0.2, which may not be defined
on the same probability space as the sequence (X;)i>1. Let Sy, (t) = S,(t) — E[Sn(t)],
where E[S,(t)] = {E[Su(t,s)|}scpa)- If

lim lim sup max P

e=0 pooo k[T (

k
> (Xilgxiicans — EXidxi<ans) || > an5) =0 (5.6.6)
=1

forany 6 >0 and T > 0, then
Su() 5 Z() in D([0,00); D).

Proof: This follows by Theorem 4.2 of [5] whose hypotheses are verified due to
Theorem 4.3.8, Lemma 5.6.1 and Theorem 5.6.4. []



Chapter 6

Simulations

In this chapter, we simulate an approximation of the sample paths. the sample paths
of a D-valued a-stable Lévy motion using Theorem 5.0.1, by focusing on two examples
of a regularly varying process X in D.

6.1 The first example

The simplest example of a regularly varying process X = {X(s)}s¢jo,1) in D is the
a-stable Lévy motion, which can be simulated using the stable central limit theorem.
We recall briefly this result below. Let £, (§;);>1 be i.i.d. regularly varying random
variables in R, i.e.

P(|¢] > z) =27 *L(z) and mh_)rgo% =p, (6.1.1)

for some a € (0,2), p € [0,1] and a slowly varying function L. Let (a,),>1 be a
sequence of real numbers with a,, 1 co such that nP(|¢| > a,) — 1 as n — oo, i.e.
a ~ nL(a,) as n — oo. Condition (6.1.1) is equivalent to the vague convergence
nP(¢/a, € -) = vy, in Ry, where

Vap(dz) = (paz™" g0y (2) + qa(—2) L (Loo0)(2))dz (6.1.2)

with ¢ = 1 — p. In other words, for any = > 0,

lim nP <£ > x) =pzr ® and lim nP (i < —x) =qu .
n—o0 Qap, n—o0 Qan,
In this case, we write & € RV ({a,}, Vap, Ro). In particular, if

lim L(z)=C >0, (6.1.3)

T—00

98
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then a? ~ Cn. We assume that o # 1. Let p=0ifa<land u=FE(§)ifa>1. A
classical result, which can be deduced for instance from Theorem 2.7 of [33], states

that
[n]

S -mSX() in D (6.1.4)
j=1

where X = {X(5)}scpo,1] is an a-stable Lévy motion, with X (1) having a S, (04, 3,0)-

distribution. Here ¢ = C;! with C, given by (2.2.5), and 8 = p — ¢q. By Property

1.2.15 of [30], lim, 0o x*P(X (1) > x) = p and lim, , 2*P(X (1) < —x) =¢q. If L

satisfies (6.1.3), this implies that X (1) € RV ({a,}, Cva,, Ro), since

1
an

nP <X(1) > x) = (na,”) - (a,z)*P(X(1) > apx) - 27 — Cpz™®

Qn

as n — oo, and similarly, nP (%}) < —x) — Cqgz~. By Lemma 2.1 of [18], it

follows that X € RV ({a,},7, D) for a boundedly finite measure 7 on Dy. Note that
the normalizing sequence {ay }, for the regular variation of X in D is the same as for
¢, if L satisfies (6.1.3). In the simulations, we take a, = (Cn)"/®, where C is given
by (6.1.3).
In view of (6.1.4), for any s € [0,1], X(s) ~ -~ Zgzsl] (& — 1), when m is large.
Next, we consider n i.i.d. copies of X. For thig, let (&i;)ij>1 beii.d. copies of &.
When m is large, we have the following approximations for any s € [0, 1]:

[ms]

1
Xi(s) =~ Q_Z(&j —p), forall i=1,... n.

m =1

By Theorem 5.5.2, the following approximation gives a D-valued a-stable Lévy motion

Z:

[nt] [nt] [ms]

25 % > X5~ 3 (6 )

i=1 i=1 j=1

for any t,s € [0,1], when n and m are large. (By Theorem C.0.12 below, this
approximation yields in fact an a-stable Lévy sheet, which is an example of a ID-
valued a-stable Lévy motion, according to Theorem C.0.11 below.)

We consider 6 examples of regularly varying random variables ¢ which satisfy
(6.1.3):

(i) & ~ Pareto(a), i.e. £ has density f(z) = az=* ! if z > 1; then L(z) = 1;

(7i) € has a two-sided Pareto distribution, i.e. ¢ has density given by f(z) =
paz™®tif r > 1 and f(x) = qa(—x)™*'ifz < =1, for p € (0,1) and ¢ = 1 — p;
then L(x) = 1;
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(iii) & ~ Fréchet(a), i.e. & has density f(x) = ar™le™® " if x > 0; then
Lz)=2%1—e*") = 1asx — oc;

(iv) € ~ Burr(a,b) with a,b > 0, i.e. £ has density f(x) = abx®"1(1+ 2%)72" for
x > 0; in this case a = ab and L(x) = (1 +27°)% — 1 as x — oc;

(v) & ~ Sy(o, B, p1); in this case L(z) — C := Cho® as © — oo.

The following pictures are the 3-dimensional plots of (tg,s;, Z(tx,s;)) for k =
1,...,nand [ =1,...,m, with ¢, = k/n and s; = [/m, when n = 400 and m = 250.

406081

o
o 02

(a) a=0.5 (b) a=1.5

Figure 6.1: a-stable Lévy sheet based on Pareto distribution
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04 4,

t

(b) a =15

Figure 6.2: a-stable Lévy sheet based on Fréchet distribution
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04 06 08 1
o 02 04 06 08 1 o 02

(a) a=0.5
Figure 6.3: a-stable Lévy sheet based on stable distribution
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36-008

26-008

16-008

(a) a=0.5

Figure 6.4: a-stable Lévy sheet based on Burr distribution

6.2 The second example

In this example, X = {X(s)}sc(0,1) is a regularly varying random element in D given
by a series, as explained in Example 4.1 of [9]. Let Y, (Y});>1 bei.i.d. random elements
in the space C = C([0, 1]) of continuous functions on [0, 1], such that

0< Cyqy = E( sup |Y(s)|o‘> < 0 (6.2.1)

s€[0,1]

for some a € (0,2). Let (g5);>1 be i.i.d. random variables which take values 1 and —1

with probability 1/2, and I'; = Y°7_, E; where (E;);>; are i.i.d. exponential random

variables of mean 1. Assume that (Y;);>1,(¢j);>1 and (E;);>1 are independent. By
0,1

Theorem 1.4.2 of [30], for any s € [0, 1], the series
X(s) = Z Eij_l/aY}(s) converges a.s. (6.2.2)
i>1

and has a S,(0s, 0, 0)-distribution, with ¢ = C;'E|Y (s)|* and C, given by (2.2.5).
Moreover, the process X = {X(s)}scp,1) has sample paths in C, and is regularly
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varying in ID. More precisely, X € RV ({a,},7, D) with sequence (a,), chosen such
that a2 ~ nCy,, and limiting measure 7 specified by (4.3) of [9].

In the simulation below, we truncate the series in (6.2.2) by considering only the
first K terms (for K large), and we take Y = W where W = {W(s)}scjoq is the
Brownian motion. (The fact that W satisfies condition (6.2.1) is proved in Appendix
A.) We simulate K i.i.d. copies of W using Donsker theorem. Let &, (§;x);x>1 be 1.i.d.

random variables with mean 0 and variance 1. When m is large, W;(s) ~ \/Lm ZZZSI] ik
for any j = 1,..., K, and X(s) = Zjil »sjl"j_l/aWj(s) ~ \/LH Z;; Zglsl] sjl—‘j_l/afjk
for any s € [0, 1].

Next, we consider n i.i.d. copies of X. Let (£;;);;>1 beii.d. copiesof e, (Eyj)ij>1
iid. copies of Ey and (&jk)ijk>1 1.1.d. copies of & Let I';; = > 7 _, Eiy. We take
an = (NCyo)Y* where Cy,, is computed by approximation. By Theorem 5.5.2,

[nt] [nt] K [ms]

Z(t,s) ~ % D Xils) ~ aml/m DD D euly G

i=1 i=1 j=1 k=1

is an approximation of a D-valued a-stable Lévy motion, when n, m and K are large.
The following pictures are the 3-dimensional plots of (tx, s, Z(tx, s;)) for k =
l,...,nand [ =1,...,m, with t; = k/n and s; = [/m, when n = 400 and m = 250.

Figure 6.5: D-valued a-stable Lévy motion based on a regularly process in
D given by series (6.2.2) in which (Y;),>1 are i.i.d. Brownian motions



Chapter 7

Conclusion

The study of the asymptotic behaviour of the sum or maximum of regularly vary-
ing variables is a classical problem, with applications in finance and environmental
studies. In the case of independent observations, under suitable normalization, these
converge respectively to a stable distribution, and a Fréchet distribution. A method
which is used for proving both results relies on the convergence of a sequence of point
processes.

In chapter 3, we introduce the space D([0, 1] ; D) of functions defined on [0, 1] with
values in the Skorohod space D, which are right-continuous and have left limits with
respect to the J; topology. This space is equipped with a Skorohod-type distance.
Following the classical approach of [5, 6], we give several criteria for tightness of
probability measures on this space, by characterizing the relatively compact subsets
of this space. In particular, one of this criteria is used for proving the existence of a
D-valued a-stable Lévy motion. Finally, we give a criterion for weak convergence of
random elements in D([0, 1]; D), and a criterion for the existence of a process with
sample paths in ([0, 1] ;D) based on its finite-dimensional distributions.

The first goal of this thesis was to give a construction of an a-stable process Z
with values in the Skorohod space D of cadlag functions defined on the interval [0, 1],
i.e. right continuous functions with left limits. The process Z shares many properties
with the classical a-stable Lévy motion (such as self-similarity and stationarity and
independence of increments), but takes values in the infinite-dimensional space D.
This task was a main objective of the thesis and has been completed in Chapter 4.

The second goal of this thesis was to shows that the process Z can also be
obtained as the limit (in distribution) of the partial sum sequence associated with
independent identically distributed regularly varying elements in D, with suitable
normalization and centering. This result is a functional counterpart of the stable
CLT obtained recently by Roueff and Soulier [29] for random elements in D, and can
be viewed as an infinite-dimensional extension of the classical stable functional central
limit theorem (FCLT).This goal has been achieved in Chapter 5. For the proofs of
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these results, I used techniques from the theory of point processes, weak convergence
and tightness of probability measures on arbitrary metric spaces, combined with a
recent version of Ito-Nisio theorem for random elements in ID. First, the mathematical
techniques needed to construct the approximations have been discussed, then the
proofs showing the convergence of the approximations to the actual processes have
been provided.

The research contained in this thesis can be extended in various directions. Some
of these are:

1. Using the stable functional central limit theorem (FCLT) of Chapter 5 of the
thesis in some real applications.

2. Develop an explicit construction for the a-stable Lévy process motion with
values in D([0; 1]) and a stable functional central limit theorem (FCLT) for the
case a = 1.

3. Develop a max-stable limit theorem instead of working with the sum in the case
of i.i.d. regularly varying random variables with values in D.



Appendix A

Some fundamental results

Lemma A.0.1. (Lemma 14.11 of [31]) For 0 < a < 1

/ (exp(z’r) — 1>T_1_ad7“ =TI'(—a) exp(i%), (A.0.1)
0
forl<a<?2
/ <exp(ir) —1- ir) r 1 7%r = T'(—a) exp(i%), (A.0.2)
0
and for z > 0
o . . L Tz .
(exp(zzr) —1- zzrl[oyl](r)>r dr = —5 izln(z) + iaz (A.0.3)
0
where

a= /000 (52'71(7’) - 7‘1[071](7’)>7’*2d7’.

Theorem A.0.2 (Theorem 4.2 of [5]). Suppose that {X,(Lk), X® v, Xin>1,k> 1}

are random elements of metric space (S,d) and are defined on the same probability
space. Assume that for each k > 1,

x® 4 X® s n — oo

and
X® 4 X a5k — oo
Suppose further that for all 6 > 0,

lim limsupP [d(XP,Y,) > 6] = 0.

P n
—0  n—oo

Then
YngX as n — 0o
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Lemma A.0.3. Let N be a Poisson random measure on E of intensity v and f,g
two positives measurable functions with disjoint supports, Then N(f) and N(g) are
two independent random variables, where N(f) = [, fdN and N(g) = [, gdN.

Lemma A.0.4. Let 7 be a Poisson random variable of mean A > 0. Let (X;)i>1
iid random vectors in R™ with law F. Then X =" | X; has a compound Poisson
distribution with characteristic function

Blexp(iu - X)) = exp {)\ /

In particular, if m =1, E(X) = X [ F(dz) and Var(X) = X [, 2*F(dx)

(exp(iu - z) — 1))F(da¢)} ,u e R™

n

Theorem A.0.5. Let W = {W(s)}scpo) be the Brownian motion. Then,

E( sup |W(s)|a> <oo forall a€(0,2).
s€[0,1]
Proof: We give an indirect argument, based on Donsker’s theorem. Let X, (X;)i>1
be i.i.d. random variables with F(X) = 0 and F(X?) = 1. By Donsker’s theorem,

n 12570 x4 W) in €([0,1]). Since the supremum is continuous on C([0, 1)),

[ns]
d
M, == — sup | XZ| — M = sup |W(S)|
V1 seo1] ZZI s€[0,1]

By Skorokhod’s representation theorem, there exist random variables (M), and M’

(defined on another probability space), such that M, 4 M for all n, M L M’ and
M) — M"a.s. asn — oo. Hence M/* — M'® a.s. We will prove below that (M)*),>1
is uniformly integrable. Then, by Theorem 16.14 of [7], we infer that E(M'™) < co.
This concludes the proof, since E(M®) = E(M'*).
To show the uniform integrability of (M/*),>1, it is enough to prove that sup,, E(M/*?) <
oo for some p > 1, or equivalently
sup E(MS?) < oo for some p > 1. (A.0.4)
n>1
To show (A.0.4), let ¢ = ap. Note that E(M?) = [~ P(M? > z)dx = [[° P(M, >
y)qy?tdy. We consider separately the integrals on [0,1] and (1,00). The integral
on [0,1] is bounded by 1, since P(M,, > y) < 1. For the integral on (1,00), we use
Kolmogorov’s inequality:

1 1
— < 2y —
P(M, > y) = Plmax|Si] > yvin) < =5 B(5) = 5.

where S, = Y°F | X;. Hence, [ P(My, > y)qy™tdy < q [Ty dy = q/(2 —q) if
q < 2. To satisfy the condition ¢ < 2, we choose 1 < p < 2/a. This proves (A.0.4).
O



Appendix B

Vague Convergence

In this section, we assume that F is a locally compact space with a countable basis
(LCCB). We denote by & the class of its Borel sets.

Lemma B.0.6 (Therorem 5.3 of [28]). For each n, suppose that {X, ;;j > 1} are
i.i.d random elements in (E,E). Let p be a Radon measure on (E,E). Define N, =
> i1 0x,,. Let N be a Poisson random measure on E of intensity . Then

nP(X,1 €)= uon E if and only if N, 4 N in M,(E). (B.0.1)

Lemma B.0.7 (Therorem 15.7.6 of [20]). Let (un)n>1 and p be finite measures on
E. The following statements are equivalent:

(i) pn = pt

(i) pin = o and (i, (E)—=p(E)

(i) pin > p and inf peglimsup,, . jtn(B¢) = 0

Lemma B.0.8 (Proposition 3.3. of [14]). If
fin = 1,
then for any set K € € such that 1(0K) = 0, we have
pn (KN -) = p(K N-),
as measures in K (orin E)

Lemma B.0.9 (Therorem 3.2 of [28]). Let i and (u,)n>1 be Radon measures on E.
The following statements are equivalent:

1. fin = pi.

2. pn(B) — p(B) for all relatively compact B satisfying p(0B) = 0.
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3. For all K € K(E), we have

lim sup in(K) < u(K)

n—o0

and for all G € that are relatively compact, we have

lim inf i, (G) = p(G)

n—oo

v
where — denotes the vague convergence.

Lemma B.0.10 (Lemma 7.1 of [28]). Suppose m,,n > 0, are point measures on a
LCCB space E and m, — my. Let K be a relatively compact set in E, such that
mo(OK) = 0. Then there exist an integer n(K) > 1 such that for alln > n(K), there
exist labeling of the points of m,, and mg in K for which

ma(-NK) =3 8,0 () andmo(- 1K) =3 d,0()

and
@™ 1<i<p) — (&

7

1 <i<p)inEP asn— oo.



Appendix C

The a-stable Lévy sheet

In this section, we show that the a-stable Lévy sheet can be viewed as an example of
a D-valued a-stable Lévy motion restricted to the time interval [0, 1].

First, we recall briefly the construction of the a-stable Lévy sheet, as described
in Section 4.8 of [26]. Let M = ) .., d(z.s,) be a Poisson random measure on
[0,00) x [0,00) x Ry of intensity Leb x Leb X v, where v, is given by (6.1.2), for
some a € (0,2), # 1 and p € [0,1], with ¢ = 1 —p. Let (g;);50 be a sequence of real
numbers such that ; | 0 and g = 1. Let I; = (g;,¢;1] for j > 1 and [, = (1, 00).
For any ¢,s € [0,1] and j > 0, let

Lj (t, 8) = / ZM(dUl, dUQ, dZ) = Z Jil{JiGF]’}l{TiSt,SiSS}'
[0,t]x[0,s]xT;

i>1

Note that L;(t, s) is a compound Poisson random variable with characteristic function

E[eiuLj(t,S)] = exp {ts/
T.

J

(e — 1)Va7p(d2)} , uwé€eR.
By Kolmogorov’s criterion, the series ijl (Lj (t,s)—E(L;(t, s))) converges a.s., since
Var(L;(t,s)) =ts [ 2*Vayp(dz) for any j > 1 and f‘z|<1 22V p(dz) < 0.

We define L(t,s) = >iso Lit,s) if a < 1 and L(t,s) = > >0 (L;(t,s) —

E(L;(t,s))) if @ > 1. It can be proved that there exists a process {L(t, s)}(s)ep,1]2
with sample paths in D([0, 1]?) such that L(t,s) = L(t, s) a.s. for any t,s € [0, 1], and

sup |LEW(t,s) — L(t,s)] - 0 as. if a<l, (C.0.1)
(t,s)€[0,1]2

sup |Z(€k)(t, s)—L(t,s)] =0 as. if a>1, (C.0.2)
(t,5)€[0,1)2

where L) (t,5) = S5 Li(t,s) and L™ (8, 5) = LE(t, 5) — E(LE (8, 5)) (if a > 1).
Here D([0, 1]?) is the space of functions z : [0,1]> — R which are continuous at any
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point (¢,s) when this point is approached from the upper right quadrant, and have
limits when the point is approached from the other three quadrants. Moreover,

E[eiuL(t,s)] = exp {ts/(eiuz — 1)ya7p(dz)} if a<l,
R

E[eiuL(t,S)] = eXp {tS/(e'LUZ _ 1 _ iuZ)Va,p(dZ)} lf o > 1
R

Consequently, L(t,s) has a Sa((ts)l/aC’;l, B, O)—distribution with 6 = p — ¢ and C,
given by (2.2.5). The process {L(t, 5) }(¢,5)cjo,1)2 is called an a-stable Lévy sheet. Note
that both processes {L(t, s) }iej0,1) and {L(t, ) }scpo,1) are a-stable Lévy motions with
paths in D.

Theorem C.0.11. Let L(t) = {L(t, 5) }scjoq) for anyt € [0,1]. The process { L(t) }iepo]
is an D-valued a-stable Lévy motion (according to Definition 5.2.1).

Proof: We show that {L(t)}:cjo,1) satisfies conditions (%)-(iv) of Definition 4.0.1. We
assume that o < 1, the case a > 1 being similar. Clearly L(0) = 0, so property (%)
holds.

For property (4i), note that by (C.0.1), L) (t;) — L(t;) a.s. in (D, ||-||) as & — oo
for i = 1,..., K, and hence L) (t;) — L) (t;_1) — L(t;) — L(t;_1) a.s. in (D, || - ||)
as k — oo, for any ¢ = 2,..., K. By Lemma 4.2.3, L(t;) — L(t;_1),i = 2,..., K are
independent, since L&®) (¢;) — L) (t;,_1),i = 2,..., K are independent for any k.

To verify property (iii), we observe that for any t; < ¢t and s € [0, 1],

L{ts,8) = L(tr,5) = T(tn,5) = Tlta,5) = 3 / M (duy, duy, dz)  as.
]20 (tl,tQ]X[O7S]><F]‘
From this, it can be proved that L(ty) — L(t1) = {L(t2,s)—L(t1,5) }sc[o,1] is an a-stable
Lévy motion with characteristic function

E[e(Et29)~Lt9)] — exp {(t2 - tl)s/(eiuz - 1)1/a,p(dz)} , forallueR.
R

On the other hand, L(ty —t1) = {L(t2 — t1,5) }scpp,] is also an a-stable Lévy motion
with the same characteristic function. Hence, L(ty) — L(t) < Lty —t1).

To verify property (iv), we assume first that ¢ = 1. The process L(1) =
{L(1,s)}sepo,1) is an a-stable Lévy motion, so it is an a-stable process. It follows
that for any si,..., s, € [0,1], (L(1,s1),...,L(1, s,,)) has an a-stable distribution in
R™ with Lévy measure s,

----- Sm*

E(eimL(1,51)+...+iumL(1,sm)) = exp {/ (eiu-y N 1)#31...,sm(dy)} . u= (Ula o 7Um> c R™.
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In particular, (L(1, s1), ..., L(1, s,,)) is regularly varying with limiting measure ys, ..
On the other hand, by Lemma 2.1 of [18], L(1) is regularly varying in D (in the
sense of Definition 5.2.1), i.e. L(1) € RV ({a,},7,Dp) for a boundedly finite measure
7 on Dy with 7(Do\T(Dy)) = 0. Moreover, ¥ = cv, x I'; for some ¢ > 0 and a
probability measure I'; on Sp. Let v = 7o S™! where S : (0,00) x Sp — Dy is the
inverse of the map T, i.e. S(r,z) = rz. By Theorem 8 of [17], (L(1,s1),...,L(1,5m))
is regularly varying with limiting measure v, 5 = v o 7r;11 . By the unicity of
the limit, pus, = Us,...sm- Finally, property (iv) for general ¢ follows using the

and the fact that {L(t, s)}scp,] 4 {tl/aL(l, $)}sep,1)- O

~~~~~ Sm

In relation with the simulation procedure described in Example 6.1, we include
the following result, which can be proved using the same argument as in Section 48
of [26].

Theorem C.0.12. Let &, (&;;)i>1 be i.i.d. regularly varying random variables, i.e.
nP|—=¢€-] =>vy in Ry,
Qn,

for some a,, 1 0o, a € (0,2),ac # 1 and p € [0, 1], where v,, is given by (6.1.2). For
any t,s € 0,1], let T, (t, s) = a, a,} Zyﬂ gﬁi} (&j— ), where p=0if o < 1 and

p=E) ifa>1. Let L ={L(t,s)}usecp12- Then

Tom %L in D([0,1]%), as mn,m — oco.

where D([0, 1]%) is equipped with a Skorohod topology similar to the Ji-topology. Here,
L is a modification of L with sample paths in D([0, 1]?).
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