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ABSTRACT

In this thesis we investigate the existence of a time optimal
control for systems with Discontinuous Right-Hand Side, whose

solutions are defined in the sense of Filippov.

We define a relaxed system corresponding to the original one
and prove that the attainable set for the relaxed system is closed.
This result is used further to prove the existence of a time optimal

control for the relaxed system.
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INTRODUCTION
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Up to the present time the existence of a time-optimal
control for the non-linear case has been investigated taking into
consideration systems with continuous right-hand side, ({27, part
III). The answer to this problem has been positively givén under a
certain condition ( [2], condition of convexity of R(t,x) in theorem 20.1
pg. 107).In this thesis we investigate the same problem for the case
at which the right-hand side of the given dynamical system has a
countable number of discontinuities.

In 1960 Filippov introduced a new concept of solution of
a differential equation, [1], and he studied properties of usual
interest of these solutions (existence, uniqueness, etc.). Under
certain limitations he proved a number of theorems regarding thé
existence uniqueness and continuous dependence (on the initial‘value)
of solutions with piecewise continuous right-hand side. As it is
mentioned in the Abstract, Filippov's definition is adopted in this
thesis and gives a convenient tool of insighting the situation in our
problem.

As one can observe in the following paragraph, 1.1, the
right-hand side of the given system is considered to be defined only
on the interval [0,T] ; this does not restrict our problem since

(by assumption) a solution exists and it is of the following form
t

x(t) = J" £(7,x(7), u()) dt for almost all t € [0,T].
o

Hence, if an optimal (minimum) time exists, it should lie in the

interval [0,T].

1.1 Description of the systems

Under consideration are differential systems of the
following type:
x(t) f(t,x(t), u(t)) a.e inl = [o,T]
S: i_

u €B

x(0)

X
o’
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where for each t ¢ [0,T], x(t) eRn, u(t) ERr; the functiox:;.f:I ®Rn® Rr—i’ Rn
satisfies the basic assumptions stated below; B is a class of

functions (class of admissible controls), also defined later in this

pait of the thesis.

1.2 Basic Assumptions

Throughout this thesis the function f is assumed to satisfy
the following properties:
P1: The function £(.,x,u) has, at most, a countable number of
discontinuities in I, for each (x,u) eRn @Rr at which it is defined;
for almostalltel and u eRl,' f(t, .,u) has at most a countable set of
discontinuities on Rn, and for almost all t €I, and x eRn (E(t,x,.) is
continuous in u on R".

PZ: f is bounded on every bounded set Q =1 D U clg RngRr'

The investigation that follows is based on a recent definition of

solution of differential equations with discontinuous right-hand side given by

Filippov, [ 1] pg.202). This is briefly discussed below.

Let a vector differential equation (system) be given as
() %(t) = o (t,x(t)) a.e in 1.

Definition 1

A vector function x(t) defined on an intervall is called a
solution of () if it is absolutely continuous and satisfies the following
inclusion:

x (t) €K (@ (t,x(t))} a.e inI, where,

K{eot,x)} = n N co @ (t, N (x)/M)
6>o0 MEAG(X)

CoA: is the closed convex hull of A

N6(x):is a & -neighborhood of x

A g(x) = { M; Mc Ng(x) with p (M) =03} and
* is Lebesque measure, and

N/M stands for set-theorefic difference .
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1.3 The Class of Admissible Controls B

The class of admissible controls B is defined as follows:

r
B = {uce¢ LQSI,R ): u(t) €eU}where UcR” is compact and convex,

A solution of the system S will be :understood in the sense of

definition, i.e.,
{ x(t) € K {£(t,x(t), u(t))} a.e in I
x(0) = x
o

where K {f(t,x,u)}= co f(t,Néx)/M,u)

n n
§>0 M€ A(x)
For almost all (t,x) €I @ R we define the set G(t,x) by
G(t,x) = {yeR™;, yeK { f(t,x,u)}, ueUY

Clearly G(t,x) is a set valued function of (t,x). We define now the

system:

S :

O

{ % (t) € G(t,x(t)) a.e inlI

x(0) = x_

We consider also the system
s { x (t) €co G(t,x(t)) a.e inl
x(0) = x,

Definition 2

Let AC (I,Rn) be the class of all absolutely continuous
functions from 1 to R™. We call the "solution set of system So " the
following class Xo:

Xo = {x eAC(I,Rn); x(t)eG(t,x(t)) a.e inI, x(0) = xo}
Similarly, we define the solution set Xr of the system Sr and the one

of the system S: X={x eAC(I,Rn; x(t)=£(t, x(t),u(t)), a.e inl, x(0)=xo} .

Definition 3

By the attainable set Ao(t) of system So at the point t we
mean the following set:

A(t) = [x(t): xeX )c R™(Similarly for A(t), and A(t)).
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1.4 Statement of the Problem

The purpose of this investigation is to prove certain
properties of the sets X and Xr.' equicontinuity and uniform boundedness .5
(conditional compactness) and furthermore the existence of a time
optimal control for systems of the above type S. We approach the
problem proving lemma 4 which allows us to take under consideration
the set Xo instead of its equivalent X and prove the above mentioned
properties for the set Xo. Since the absence of convexity in the right
hand side of the system So complicates the problem we direct our effort
to solve a more relaxed problem and we investigate the properties of
Xr with the further intention to obtain some general results for Xo
(and therefore X) searching the relationship between Xr and Xo
(we hope that Xo is dense in Xr). However, in the special case that
G(t,x) is a convex-set-valued function, the existence of a time -optimal

control for the system So (and consequently S) is proven in this thesis.



CHAPTER 2

EQUIVALENCE OF THE SYSTEMS S AND So .



2.1 Condition B

There is a constant C >0 such that for any x ¢ R" the

inequality 2
(B) (x.y) s C(1+ |[x||)

holds for ally ¢ G(t,x) = {y eRn; y€eK {f(t,x,u)}, u €U Juniformly on I,

where (x.y) stands for inner product and |] . l] is the usual norm in Rn.

Note that the boundedness does not depend on the continuity of
f at x. We give here two examples of discontinuous functions that

satisfy condition B.

2.2 Examples and Boundedness of X

Example 1

Consider the function f : R®@ [-1, 1]=—»R defined by

2
X +u , x<1

f(x,u) = { uel-1,1]

x +u+il, x >1
We have that G(x) = {y € R, y€ K{f(x,u)}, u € [-1,1]} and we
2
chose C = 3. Note that K { f(x,u)} = f(%x,u) =x +u for x <1 and

therefore substituting in (B) we are to verify that,
2 2
(1) x(x +u) < 3(1+|x|) , for x < 1

Indeed, for u = o we elicit

(1a) (x2+u) x <3 for every x so (left side is always negative).

Foru=< o and x < o it is true that

2
(1b) 0 < (x2+u)x s(xz-l)x < sup (x -1)x<3.
xE('vaJ
Also,
(1ic) sup (xz+u)x = 2 < 3
x €(o, 1)
uel-1,1]

Thus from (1a), (1b), ic) we imply (i) . -
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On the other hand, note that for x > 1

K{f{(x,u)} = x+u+t and therefore (B)

2
becomes x(x+u+l) s 3(i4+x ) or sz - (u+i) x+3 2 0 which we
are to verify. But this is true again for every x € R and |u| s 1

. 2
since A = (u+l) -24 <0 . To complete the verification we note
that
G(1) = (Y €ER, ¥ €K {f(1,u)}, u € [-1',1]] and that

K {f(1,u)} = [14u, 2 +u] . It is obvious then that (B) becomes

1.y < 6 which is {rue for every

y € G(1) = U [ 1+u, 2+u] = [0,3]
\16["1,1]

Example 2

2 2
We consider the function f: R — R defined by:

£, (%) 4 +2 signx, 6 x, >0
fx) = - - {\2) -
fz (x¢) 2-251gnx2 2 < <0
\e) 72

where x = (xi,xz). We can verify first that K {f(xl,o)}=xﬁ c RZ,

i.e a closed segment of the plane, which can be anakytically expressed as
K{f(x,,0)] = {(z,w) €R2,610[-2,6]: 2z+w = 10}.

It is clear that for x = (xi,xz) with xZ > o we have that

K (£x) ) = f0= (5] .

we are to verify, takes the following form

x4 6 2 2
(1) (xz) . (_2 s 9(1+x, +x, )

where we chose C = 9, and the dot stands for inner product. A simple

therefore (B), which

calculation transforms (1) into

2 2
(.9x1-6x1+9) + (9%, + 2x,) =z 0
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and this is true for every x, € R since 9x§ +2x, >0 (:\:2 > 0)

2
2
and 9x1 - 6x1 +9 >0 (complex roots) .

1

Similarly for x, < 0 we have that K {f(x)} = £(x) =(2), and
/4

(B) becomes

*q 2 2 2
(2) . s 9(1+x, + x_ ), which gives
x, 6 1 2

2 2
(9x1 -2x1+9) + (9x2 -6x2) 2 O0 . Butthis is again true for

similar reasons for every X, € R. To complete the verification it

suffices to note that

x1 [z >
(o) y \w) =xypz s 9(4xg)

for every y = (z,w) € K {£(x,,0)} = {(z,w) € [2,6] ® [-2,6] ;

2z + w = 10 },and for every x,€ R.

1

Theorem 1

If the function G(t,x) satisfies condition B then the solution
set Xo of So is uniformly bounded.
Proof

Let x € Xo, then if we set in (B) y = x (t) and x=2x(t) we obtain
%t— I x(t)“z < 2C(1+ |1x1]2) a.e in I, and this implies

2
=@ s (| x | "+ 1) exp {2CT}

2.3 The Function K(u) and its Properties

By the definition of K { f(t,x,u)} we imply that it is closed

and by property P, bounded, thus it is compact. Consequently if we fix

2
(t,x) we can define the following compact-set-valued function.

k: U—sCPR") defined by

k(u) = K { £(t,x,u)} , where CP(R") is the class of all compact
subsets of R®, (provided that f is defined at t).



Definition 4

The following function

oy CP(R™) @ CP(R")—sR defined by
2p (A,B) = max d(x,B)+ max (y,A), where,
H
x €A y €B
d(x,B) = min ||x-s| , (respectively for d(y,A))
seB

is a metric which we call Hausdorif metric.

Since the set K {f(t,x.u)} is defined in a maaner that
makes its use difficult , we wish to simplify it. The following lemma,
along with remark 1, serves this purpose and enables us to express

K { f(t,x,u)} in a more convenient and simple way.

Lemma 1

Let ¢ be a function ¢: E—R" where E is any subset of a
Eucledian space. Suppose that ¢ is discontinuous on a subeet N° of E
with p (No) = o (p is Lebesgue measure). Then the following equality
is true,

N @E/N) = @E/N)

p (N) =o

where the intersection is meant over all the subsets NCE with measure

zero and the bar denotes closure,

Proof

Since cp(E/No) is a member of the intersection we imply that

n ®E/N) c QE/NO
N)=o0

It suffices then to prove that @(E/N°) < o (E/N) for every N
with p(N) =0. Let y € 9(E/N°), then there is a sequence cp(xn)
with x_ ¢ E/N® (n=1,2,...) such that lim @(x )=y ; i.e for

Neb 0

every £ > 0 there is a no(e) such that

P2l
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(1) lox ) -y | <€/2 for n 2n_(g).

Since x €E/N° (n =1,2,...) we have, by assumption, that ¢ is
continuous at x for every n ; therefore, for every £ > o thereis a

n
6(€ ) such that

(2) | x -z | < 8(€) implies |cp(xn) -@(z)] <g/2

and this is true for every n. But for each x and every N with p(N) = 0
we have that (E/N) N Ss(xn) £ ¢ (S6 is an open neighborhood of x
and & = §(g) ). Indeed, if we assume the opposite, i.e

(E/N) N SS (xn) = ¢ , we arrive to the following inclusion .

Sb(xn) c N ; thus p(N) = & > o and this is contradiction.

Therefore, for each x aﬁd every N with p(N) =o there is a y €E/N
. n
such that

(3) 1ep(xn)-¢p(yn)]<s/2, y=1,2,.....

Adding now (1) and (3) and using the triangle inequality we obtain
lety)-vll <e  for n=n€)

Thus y € @(E/N) for any NcE with w(N) = 0 and since

yE® (E/No) is chosen arbitrary,we imply that @(E/N°) c o(E/N)

for every such N. The equality that was to be proved follows now

directly. 0.E.D.

Remark |

Note that the following is also true.

n To@(E/N) = <6 @ (E/NO)
(N)= o

Indeed, it is obvious first that

(1) n <o ¢(E/N) c co o(E/N°)
K(N) =o

But it is true that,
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(2) ¢ (E/N®) c 9 (E/N°) < @(E/N) c <o @(E/N)

for every N c E with p(N) = 0. The second inclusion is a consequence
of lemma 1 and the third one comes from the definition of the closure

of a set and the fact that co @(E/N) is 2 closed set which contains the set
@(E/N). Finally we have from (2) that

€o @(E/N°) c <o w(E/N) for every N with g(N) =0

because, by definition, <o ¢@(E/N°) is the smallest convex closed set

that contains ®(E/N°). The desired result follows now directly.

Corrolary 1

The set K { f(t,x,u)} can be expressed as follows

(F) K { £(t,x,u)} = n & £(t, Ny (%) / M°,u)
n=1

where M® is the set of all points of R" at which the function f is

discontinuous.

Proof
The proof is direct consequence of remark 1.

For our convenience we introduce the following notation

Sn(u,M) =f(t,N1/n(x)/M, u) where M € Ai/n(x) .

Lemma 2
For arbitrary but fixed n ¢ ? (natural nurmbers) the set valued
function co Sn(u, Mo) is a continuous function of u € U in respect to the

Hausdorff metric.

Proof

Consider u € U to be an arbitrary but fixed point. By the
o

definition of Pey we have that,
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(1) 2p (5 Sn(uo,Mo), o S(u,M°)) = max d(s',<5S (u ,M))+
s'€TTS (u,M®) noo
+ max d(s,<o6S (u,M®)) < d(s',ToS (u , M%) +
s€coS_(u_M°) n © noo

—_— o

+ d(so, co Sn(u,M ))

— o —_ o
where 5, € coSn(uo,M ) and s") EcoSn(u SJMT) .

It is obvious, from (1), that for every s € co Sn(uo,Mo) and every

s' e_c_g Sn(u,Mo) the following is true.
_ o, — o
(2) ZpH (co Sn(uO,M ), coSn(u,M N s | s(‘)-s + 1 so-s' i
A theorem by Caratheodory ([5] Valentine, "Convex Sets" pg 14)

allows us to express s _ asa (n+1) - convex combination of points of

Sn(quo), where n, here, stands for the dimension of Rn, that

means
n o
(3) s, =i-_?o gif(t,xi,uo), where x, €N1/n(x)/M , i=0,1,...,n
n
T E. =1 and gi € [0,1),i=0,1,...n. Then
izo ! ' '
n _— o
it is obvious that s' = Z gif(t,x.l,u) € co Sn(u yM ™)
i=o
and
n
(4) Is,-s'l=1z% g [€t,x,u) -ft,x,)] | =

1=0

<n | f(t,xi,uo) -f(t,xi,u) "
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Thus from (4) and the continuity of f in respect to u we have that,

for every € > o thereisa § 1(8 ) such that

(6) | so-s'“ < g for | uo—u“ < 6,(€)

Similarly we can prove that for every € > o there is a 62(8) such that

(7) “s;—s"<62(8).

Finally combining (2), (6) and (7) we obtain that for every £> o there
isa §(€) =min {6 1(8), 62(5) } >o such that

P_(coS (u Mo) coS (u Mo)) < §& for every u

H n ’ n' o’
that satisfies “ u_-u “ < §(g); This completes the proof.

Q.E.D.

Lemma 3

The set valued function k defined as a function ofuon U

is continuous in respect to the Hausdorff metric.

Proof
From formula (F) (pg.10 ) it is clear that for eachu ¢ U

we have lim co Sn(u,Mo) = K { f(t,x,u)} = k(u), or equivalently,
n—o

for every £ > o thereis a no(e ,u) such that

— o
(1) PH (k(u), co Sn(u,M )) < £/3 for n > n_ (€ ,u)
and every u € U . In particular we have that

(2) pH(k(uo), co Sn(uo.Mo)) <g/3 for m=2mn/ (€ .uo)

But lemma 2 certifies that for every & > o there is §(€) > o

such that
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— o, — o

(3) P(co S (u,M"), o S,(u . M7)) < g/3for |u -u] <s(€)
By addition of (1) and (3) and use of the triangle inequality we obtain
4 — o

(4) Py (K(v), T S_(u ,M°) < 2€/3

and this is true for everyn > no(e ,u) and every u € U such that
| u_-u | < 6(€). To the end of the proof we add (2) and (4) and using

again the triangle inequality we obtain
(5) PH(k(uo), k(u)) < € for every u € U such that

uu-uo ” < 6(€) . This completes the proof. -
Q.E.D.

2.4 Equivalence between S and S0

Lemma 4
The systems S and So are equivalent i.e a function ¢ (t)

on I is a solution of So iff it is a solution of S.

Proof

The necessity is obvious: ®(t) € K { £(t,®(t),u(t))}=G(t, @(t)).
For the sufficiency we prove first the following. Suppose that r eRn
is fixed, then we show that for fixed (t,x) the set

Vo(r) = {ueU; r €K {f(t,x,u)}} is compact

It suffices to show that it is closed. Indeed let un be a sequence of

points of Vo(r) such that u — u. By lemma 3 we have that for

every £ > 0 thereisa n_ (€) such that

(1) PH (k(u), k(un)) < g/2 for every n > no(e) or



- 14 -

(2) 2p (k(u) k(u )) = max d(s, k(u )) + max d(z,k(u)) <€,
s € k(u), n z €k(un)
for every n 2> n (€). Since u €V (r), n=1,2,... it
o n o
follows that r € k(un), n=1,2,... . Hence from (2)

we imply that d(r,k(u)) < € for every £ > 0, and since k(u) is
closed, r € k(u); thus u ¢ Vo(r).
Suppose now that ¢ is a solution of So, then

(3) & (t) € G(t, p(t))= {YER™; yEK{£(t,p(t),w)}hue U} a.ein I,
or equivalently we can say that there is a set Io’ with
p.(Io) = 0 such that (3) is true for every t €1' = I/Io
This implies that for every t € I' there is at least one
u* ¢ U depending on t that satisfies

(4) p(t) € K { £(t,p(t), vwH)]
Suppose that,

V_(§(t) = [u €Us () €K [t 0(t),w)}]
We know already that V (cp(t)) 1s compact for every t €1I' and therefore its
projection to any coordinate axis of R" is a compact subset of R and it has
a minimal element. Thus we can select from V (cp(t)) the element u with the

smallest first coordinate. If there is more than one we select the one w:.th

the smallest second coordinate and so on. Let then u(t) = (u1 (t) ,

Z(t), heay U (t)) .so chosen. We shall show by .induc'tion that the
functions u (t), cees, U (t) are measurable. Suppose that ui(t), ceesU 1(t)
are measurable. (If s =1 there is nothing to assume). We must show
that u (t) is measurable. By Lusin's theorem, for any £>0 there is a
closed set E cI' such that w(I'/E) < € and the functions cp(t), 1(t), .o
.oy ua-l(t) are continuous on E. We shall show that for any number

B € R the set _
(5) {.t € E ; us(t) <B}is closed. Suppose it is not, then there is

a seguence tne E such that
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—b' -
(6) tn t'eE and us(tn)s us(t') &:1, €1>0.

Since u(tn) is a sequence of points of U it is bounded and therefore
there is a convergent subsequence of u(tn). (We take it to be the
original one, i.e.

lim u(t ) =u' = (ui', ul ,..., ur')) .

N—s n 2
The continuity of the function k(u) =K { f(t,x,u)} implies that

(7) K { £f(t', o(t"), u(tn))}-—-bK { £(t', (tY), u')} , with respect to
the Hausdorff metric. By the assumption that ¢ is a solution, we have
that

(8) cp(tn) EK{f(tn, @t ), u(t )}

and since @ is continuous on E, for every g>othere is a no(g) such that

(9) d(c.p (tn), cﬁ(t')) < £, for everyn zno(s) .
Therefore from (8) and (9) we obtain

d(ep ("), K {f(tn,cp(tn), u(tn))}) <g, for everyn zno(s) .
Hence due to (7) we find that @(t') € K {£(t',p(t"), u') } .
This implies that u' eVo(cp(t')) and on the other hand we have from (6)
that ué < us(t') . this leads to contradiction of the fact that us(t') is
the smallest. Thus us(t) is measurable on E. Since now E cI' and
wI'/E) < £ , we can let £-0 and obtain that u_ is measurable on I'

and furthermore on 1I. .
Q.E.D.



CHAPTER 3

EXISTENCE OF A TIME-OPTIMAL CONTROL
FOR THE RELAXED SYSTEM.
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3.1 Properties of the Function G(t, x)

The purpose of this paragraph is to prove that the set G(t, x)
‘is compactfor almostall (tx)€1 @Rn. This is an important result
because it provides the possibility of considering continuity of the

function G with respect to the Housdorff metric.

Lemma 5

For almost all (t,x) €I ®Rn the set G(t,x) is a closed subset
of R™.
Proof

Let C = { k(u), u € U}C:CP(Rn) ; the continuity of k implies
that C is a compact subset of CP(Rn) with respect to the Fausdorff topology.

We express G(t,x) as follows,

(1) G(t,x) = u { yeRn; y€Q }and we let p to be an accumulation
QeC
puint of G(t,x). Then by the definition of an accumulation point we have
(2) u (N, (@/{p}nR] # ¢
QeC
where N“ (p) is an open 1/n - neighborhood of p. Therefore there is a
n

sequence Qne C such that Qn N {Niln(p)/ {p}} # ¢, and a subsequence

Q of Qn that converges in C(C is compact), i.e.
n,
J

(3) 1im Q = Q% (with respect to the Hausdorif metric) whereQ%¢C.
j—e T
for j =1,2,... and therefore there is
Clearly an n {Nllnj(p)/ {p}} # ¢ for ]
a sequence of points xj € Qn , (3 =1,2,... respectively) such that
J
(4) I p-xj Il < 1/nj
On the other hand we have from (3) that for every £ >0 there is a jo(s)
such that
, Q%) < £ forevery jz j_ (E).
(5) e Q. Q*) < € yizlig

From (4) and (5)° we obtain

d(p, Q%) < d(xj,Q*) + “p-xj | <¢e+ 1/nj
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for every j 2 jo(&‘,) and for every £>0. Thus if we let £ =0 and j— =
we obtain that d(p,Q%) = 0 and since Q% ¢ C(i.e. Q* is compact) we
imply that p ¢ Q* and consequently, from (1), p € G(t,x).

Q.E.D.
Lemma 6

For almost all (t,x) €1 ®Rn the set G(t,x) is a bounded subset

of Rn.
Proof
The proof follows from the condition B since ilez‘) ”2 <C
for every x ERn and y € G(t,x) uniformly on I.
Q.E.D.

Theorem 2

For almost all (t,x) €1 ®Rn the set G(t,x) is a compact subset
of Rn.
Proof

The proof follows directly from lemmas 3 and 4.

Q.E.D.
Remark 2 Theorem 2 allows us to talk in terms of continuity (with respect

to the Hausdorff metric) about the function G(t,x) defined as follows:

£(t,x,U) , t,x) € I @R /M)

G2 UK e, %, 1)) o (6,%) €1 @ MO

where M® c R” is the set of all points of R™ at which the function f is
discontinuous in x; clearly p.(Mo) = 0. Due to the nature of the Hausdorif
metric the function G(t,x) is defined and continuous at every point (t,x) at
which f is, and generally a discontinuity of f at t or x results a disconti-
nuity of G(t,x). To maintain this argument it suffices to point out that

for (t_,x_) €I ® (R%/M®) and (t,x) € I @R"/M°) the following is true.

pH(f(tO,xo\’U)’ f(t,X,U)) < “ f(to’xo’u) - f(t’x’u")ll

for someu €U and u'e¢€ U.
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3.2 An Approximation of G(t,x) by Continuous f‘unctions

Definition 5

By a convex combination of two sets A. and B we mean the
following,

AA +(1-\) B ={z €R"; 2= x+(1-\y,x €A,y €B},where \e[0,1].

Suppose that Q =I1@Dcl @Rn is a bounded set and let (ti’xj)’
i=1,2;...,j=1,2,... be the points of I D at which the function f is

. . . . s s n
discontinuous. We consider a sequence of disjoint open sets B,. such
1)

2 -]
that (ti,xj) € B?J and p.(B ) < E‘, /an , where ¥ £ .sa <«and n is any
i,j 1
natural number. For our convemence we deﬁneJ: y = (t,x) €I ® Rn. Since
Bi? is compact and the functional L(y) = " y” is continuous and convex it

attains its maximum and minimum in Blilj . The norm “ . l] used here is
meant as

Iyl =ltl+ = | where |. |and {|.{| arethe usualnorms in R respectively,

#n R™. We define, in R®
"ziju = max_ Iyl . Bys = lwij I = min_ Iyl
y€EB i y eBij

and furthermore the following set-valued function :

{G(Y). yeQ/ij; i=1,2,...5 j=1,2,...

F_(y) - i=1.2
n a..- b Y“ B-- 1 2Ly e
1! “ “ w..) + \‘ 1' G(Z..)’YGBT’: ,j=1’2,-00
a.. -B.. 1) a,. - B.. ij ij
ij ij ij 1_]
22 ® 2
Then p {y €Q: Gly) # F_(¥)} 'M{IU [J U1B 1) < 1/<:Ln1>:1:'>:1e:J 1/n" .

Lemma 7

For any fixed n € ¢ the function Fn(y) is continuous on Q.

Proof _
Let y_ be an arbitrary but fixed point of Q.
1f Y, € Q/BJ =1,2,...3 j=1,2,... then by remark 2, Fn(y) is
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. n . .
cont1m%ous at Yor Suppose then that Yo € Bij for some fixed (i,j) € 3 ® & .
‘It is known that

(1) 2py (F (v ), F_(y)) = max d(s,F (y)) + max d(s', F_(y_))
s €F (y,) s'€F (y)

= d(s_. F(y) + dls), F_(y))

h ! ' it i
where s € Fn(yo) and s € Fn(y). But it is clear that s(') depends

uppon y and from the definition of Fn it follows that for every y € BT
1)
we have
a.. - llyll Iyl - 8.
(2) s! = _1.]____— gl + _———]-'l gl
o a.. - B.. zZ a_.. - B.. w
ij ij ij ij

1 L] 3
where gz € Fn(zij) and gw an(wij). In particular we have that

TR Iy, Il - &;
. .. Z Q.. B-- w
ij ij 1) 13
where g_ € Fn (zij) and g, € Fn(wij)'

On the other hand, from (1) it ensues that
(4) 20, (F_(y ), F oty s Dsy-st Il +1sg - s ||

and this is true for any s € Fn(yo) and s' ¢ Fn(y). Let us chose s

and s' to be as follows,

a.. - Iy 1 Iy Il - 8.
(5) s = 0'11 - B (o] g|z + :__2:_8__31 glw
ij ~ Pij ij ~ Pij
a.. - |lyll I yll- 8,
(6) s'=——J————a1_B g, *+ —" -81 g,
ij ~ Fij ij ~ Pij

Then, again, from the definition of Fn we have that s € Fn(yo )

and s' ¢ Fn(y) and it is matter of calculations to verify that
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™ s —arl = Iyl- 1yl
lls, - 51l el ge, g,
] -
(8) st -s] = l_)t”_ Blol.yoll e -g
i ij

By addition of (7) and (8) and use of inequality (4) we obtain

Uyt - 11y 1l

— (] g,-g,li+ fer - g 1)
aij - Bij _‘ z °w e, W
If g, = g, and g‘z = g"” the continuity of Fn at Yo follows trivially.

(9 20, (F_(y ), F_(y) s

If g, 3 gw or g"'5 = g"" then for every g£>o0 we chose §(g)to be
2g(®.. - B..)
ij ij .
6(g) = = 7 and we claim
le,-g I +1le, - el il
n
that pH (Fn(yo), Fn(y)) < £ for every y € Bij

such that | Y-¥, Il < &(g) . Indeed, this is verified by substitution of
6§ (€) in (9) and therefore proves the stated lemma.
Q.E.D.

The same way we can define on Q the following function,

&Gily), v € Q/B?j, j=1,2,...; i=1,2,...

G (y) =1 a.- |yl Iyl -8, =1,2,.
n A G Gw,,) + —_—B—-‘-’ T Glz, ), y GB?_ ’

ai. R. ij a.. .. J J i_q12..

i ij ] i=1,2,

where a.., B.., z.., W,, are defined as before. The G' s are also
1) 1] 1) n

ij
continuous and this is due to the following lemma.

Lemma 8

n
If G(y) is a set valued function with values in CP(R ), then the

function €6 G(y) is continuous at every point y at which G is.
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Proof

Suppose that (e function G is continuous at the point Yo then,

for every £ >0 there is a §(g) such that

ly,-yl < sie) implies o (G/y ). &ly) <&/2(n+1)
where n stands for the dimension of R". Hence, by the definition of

pH we have,

(1) 2Py (Gly ),Gly)) =max d(s,G(y))+max d(s',G(y ) < €/n+i
s €G(y) s'eG(y)

Consider p to be any point of G(yo), then we claim that for
every y with || Y,oY | < 8(€) there is a point p'¢€ G(y) such that ||p-p'||
< £ /n+1 . Indeed, if we assume that this is not true then we imply that
there is a p* ¢ G(yo) such that ||p*-z| 2 €/n+1 for every z ¢ G(y), where y
issome eiement of the §-neighborhood of Yoo namely, y € Ns(yo). But
this implies,

d(p*, G(y)) = inf || p*-z|] = €/n+1
z € G(y)

which contradicts to inequality (1). Consider now the following equality
(2) 2P (S5 Gly ), coG(y)) =max d(x, co G(y))+ max d&(w,T35 G(y))=
H © X € co G(yo) w €coGl(y)
% — —_
= d(x ,co G(y)) + d(w*, co G(y ))

where x* GEG(YO) and w¥* ¢ co G(y) .

It is known already that since x%* belongs to co G(yo) it can be expressed

as a (n+1) - convex combination of points of G(yo), i.e.

n

= 0,1] for i=0,1,2,...,n and
i=o
I)E E. = 1. We chose an element y € Na(x) and the points x{ € G(y) s
i=o 1!
i=0,1,...,n such that ]] xi-xi' “ < £/n+1. Clearly
n _—
x = X € x! € coG(y) and consequently
. i=0 i 1 R .
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n n
(3) d(x*, co G(y)) < [x*-x|| = |z g.(x.-x))| =s(n+1) £ |x -x!| <€
j=o i 1 1 j=o 1 i
Similarl * _ %
imilarly, tti = . ’ .
y, setting w i2=o§1wi where w. € G(y), g{ € [0,1] .
n
fori=0,1,2,...,n and I %‘ = 1, and introducing the point w = ¢ E! w!
i=o ' i=o 1 1

where " wi-w{“ <&/n+1, we proceed with the same technique and we find,

(4) dw®, S0 Gly ) <€

Finally, by addition of (3) and (4) and comparison with (2) we obtain that,
for every £ >o there is a §(€) such that

ly_-y | < &(€) implies p (S0 G(y), TGy ) < €

Q.E.D.

Lemma 9

For every bounded set Q c1I ®Rn the sequence Gn(y)

converges to co G(y) a.e in Q with respect to the Hausdorff metric.

Proof
We set
© @® n . A n
B = y [u B,.], then we have that. ( by definition of B_,'s{pg.18)
n .o . ij 1
i=1 j=1
(-] (- -]
(1) y WB) < & 1/n? <= and
n=1 n n=1
(2) B = {y €Q; Gn(y) £ <co G(y)}

But (1) implies that almost all x € Q lie in at most finitely many of the
sets B , ([4], Rudin, "Real and Complex Analysis" pg. 30) and

n
therefore from (2) it ‘ensues that Gn(y) =co G(y) a.e in Q for all large

enough n € ¢ (natural numbers).

Remark 3

One can see that the only points at which the convergence
G (y)—;c_:z G(y) is not realized are the points Yij = (ti,xj) of discontinuity
n

of f. Indeed, we know that (ti,xj) € B; for every n and

~
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n

n 2
B (Bij) < gij/'un . If Bi' 's are chosen to be open balls then

S

i n @ -] k -] [~} k ©
im Bi=n U B =y N B = n BY. =(t,,x,)
neew n=l ‘k=n n=1 k=n J n=1 IJ *
Therefore,
® n
B =1lim B =1lm Yy B. ={(t.,x);i=1,2,...:5j=1,2,...
@ noo n n—»o i,j i) { i J) J }

Also, it is obvious from (2) of the pfevious lemma that

B_= {y er co G(y) # lim Gn(Y)}

3.3 Boundedness and equicontinuity of Xr

Lemma 10

The solution set Xr of the relaxed system Sr is uniformly

bounded.
Proof

It is sufficient to show that Sr satisfies the property B as

stated for S. This follows from the observation that

TS Clt,x} = {ay H1i-a)y,; e €[0,1], y,,y, €G(t,x)]

and the fact that for every x € Rn the following is true,
2
2
(x.[a y +(1-a)y, D) = a(x.y,)H(1-a)x.y,) s aC(1+ Jx [ )+(1-a)C(t+ ] )
= C(1+ ||x “2), for all Yy, €G(t,x) and for alla € [0,1] .

Lemma {1

e
The set £ = UG QG(y) is bound for every bounded set
b4

Q c 1 & R". The same holds for the set £, = UE(-S; G(y)
y

Proof

This follows from property PZ and the fact that K { f(t,x,u)} <
To f(QeU) for every (t,x) =y € Q which implies that £cco f(Q ®U). The
second statement can be easily proved by considering the points of
EG(y) as (n+1) - convex combinations of points of G(y), where n, here,

n
lstands for the dimension of R . Q.E.D.

~
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3.4 Existence of aTime Optimal Control

Lemma 12

For every t ¢ the attainable set Ar(t) of the relaxed system S
r
is compact and the set-valued function Ar(t) is continuous on I with
respect to the Hausdorff metric.

Proof

We prove first that Ar(t) is compact for every t €I. Since
Ar(t) cRn, it suffices to prove that it is closed and bounded for every
t €I. Let us consider t ¢I to be arbitrary, then it 1s obvious that A (t)
is bounded (xeA (t) implies that “x“ “ x_ + I f(g ,x(g), u)dg" <
”xc" + ‘r Md €, where M is the bound of f). Suppose now that p is an
a.ccumulat).on point of Ar(t) Then, there is a sequence P, of points of
Ar(t) such that P—P and since Ar(t) = {x(t), x € Xr} we imply that
there is a sequence of functions xne Xr such that xn(t)--»p. In lemma 10
we proved that Xr is bounded and from lemma 11 it ensues that it is
also equicontinuous. If follows, then, that there is a subsequence of x
which converges uniformly to an absolutely continuous function x. For
simplicity in the notation, we take it to be the same original sequence and
we write xn-l”-yx. Clearly x(t) = p, and we shall prove that x € Xr .

It is known that,

x (t) -x (1) t,
x(t)-x(T) _ 1 n n - 1 -
t-T1 ]ﬁl—rrnoo t-r Llinm t-7T ITXn(g) dg

= lim J‘ x_ (Tt - T) s) ds

n—»

Using the approximation which we have already introduced previously,
we obtain that, for every € <0 there is a ko(g) such that

(1) o, (Gy (7, x (1), TEG(r,x (M) < &2

for every k 2k _(£), every fixed n, and almost all T €I. (Lemma 9 and
o
the remark that follows it justify this result). Since x (T)G c7G(-r,xn(t))
for almost all t€l, it easy to imply from (1) that n( T) € G (X (n) <

a.e inI, for every € >0, k 2 ko(&‘,) and every particular n; note that
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€ .
C‘vk/2 (T ,xn( T)) is not a Hausdorff neighborhood but it is defined as:

GE/2 (.x (1) = {y € R™: d(y,Gy(nx (M) s £/2)

The continuity of Gf{s on Q and the continuity of xn's on I assert that

for every € >0, there is a no(s) > 0 such that,

(2) 0 (GE/% (1 ,x_(v)), G¥/?

and every k ¢ ¢. Therefore, since x (7) € GC/ (T,x ('r)) a.e. in I for

(t,%(t))) <€/2 forn zn (€), |t-1|<E ,

every k = k (8) and for everyn € § , we imply from (2) that x (T)EG (t,x(t))
for almost a.11 t €I, k =k _(€),and |t-7 < 6(€).Hence x (THE- ‘T)S)GG (t,x(t)) for
almost all s €[0, 1], and since Gs (t,x(t)) is convex, the mean value
theorem for vector-valued fu.nct).ons asserts that for every ng¢ ¢

x (t)-x (T) 1
n -’ "n = [ % (THE-9s)ds eGF (£, x(t)

t- v
for almost all t €I where k 2k _(€) and |t-7] <6(€). Consequently the

fact that Gi (t,x(t)) is closed, shows that &:)—:%ﬂ € Gi (t,%(t))

for k > ko(s) and ]t-'r] < §(€). If we let now rt—t,k—+» and E€-=o we
obtain x(t) €€o G(t,x(t)) provided that x(t) exists. But x(t) is absolutely
continuous and therefore the above inclusion is meaningful almost every-
where inI. Thus, x € Xr and consequently p = x(t) eAr(t), showing that
Ar(t) is closed. To complete the proof it remains to prove that Ar(t)

is continuous with respect to the Hausdoriff topology. Indeed, suppose
that Py € A (t) then P, = ® (t ) where & € X . Considering also the point
P,=p(t,)€EA (t ), it is easy to see that \]p1 p2 | = lL M d'r]sM\t -t, |,

where M is the bound of the function f. This means that for every ple Ar(ti)
there is a point p, EA (t,) such that lh)i-pz I =M ]1:1-1:2 |. Hence,

max d(s,A (t )) = M\t -t \ Similarly, we can see that
SEA (t )

max d(s,A ft,) = M\ t 2\ . It is trivial now to verify that for every
s € Ap(ty)

£ >0 there is a §(€) = €/M such that pH(Ar(tl)'Ar(tZ))<€ ,for ]ti-tZ |<8(g)

showing that Ar(t) is continuous on I. “

Q.E.D.



- 26 -

As we have mentioned previously, the existence of solutions of the
system S is assumed. An obvious consequence of the assumption is the
existence of solutions of the system S. (lemma 4) and furthermore of

the system Sr' Once this is established we can see that a solution of
Xr must be of the form

t

plt) = x_ + [ #(t,x(r),u)dr for almostallt € [0,T].
o
Consequently the question of the existence of a time -optimal control for

the system Sr consists in finding a t* €[ 0, T] such that

tk =inf [t € [0, T]); =z(t) €A(t)}, where =z(t)is the
trajectory of the target, which is assumed to be continuous.

The answer is given by the following theorem.

Theorem 3

Let S be a dynamical system that satisfies properties P1
and PZ' If Sr is the relaxed system corresponding to S, then there
exists a time optimal control for Sr.

Proof

Let us suppose that z(T) eAn(T) (i.e a solution exists).
We define t¥=inf {t € [0,T]; =z(t) eAn(t)} and we shall show that
z(t*) € An(t*). Suppose that tn is a sequence of times that converges

to t#*, namely, t — t*, such that z(t_) € A (t ) for eachn. Let
n n n'n
n n
i = . Then,
® € Xr with (tn) z(tn) en

e %) - 29 | s |1 o (o9 - @ (8) [+ [lzte)-=t0) || =

t
s lat) -zen| + [7 Mdr
o
n
where M is the bound of | f(t,x,u)]]. Therefore lim @ (t¥) = z(t¥)

n—sco

and since @ "(t*) ¢ A_(t*) and A (t¥) is (bylemma 12)closed, it follows

that =z(t%) €A (t*¥), which was to be proved.
i Q.E.D.
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CONCLUSION

As can be seen, theorem 3 partially solves the problem
of existence of a time-optimal control, with Discontinuous Right-ﬁa.nd
Side. Strictly speaking the existence of a time-optimal control is a
direct consequence of theorem 3 in the special case at which the right
hand side of the system So is a convex set-valued function. This is
due to the fact that, in this case, G(t,x) = co G(t,x) which implies

X = X and furthermore, bylemma 4, X =X =X,
o r r o

In order to solve the general problem of existence of a time-
optimal control for a system with countably many discontinuities in the
right hand side, a suggestion would be to prove that the solution set X

is dense in Xr.

Another, more general, problem for the non-linear case
would be, to prove the existence of a time-optimal control for systems
whose right hand side is measurable. The approach followed in this
thesis might . prove successful if we use Plis's theorem [3 ] ,

to approximate the function. G(t,x) .
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