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Abstract

The recent advances in the field of computer vision have brought many of the laboratory al-

gorithms into the realm of industry. However, one problem that still remains open in the field

of 3D vision is the problem of noise. The challenging problemof 3D structure recovery from

images is highly sensitive to the presence of input data thatare contaminated by errors that

do not conform to ideal assumptions. Tackling the problem ofextreme data, or outliers has

led to many robust methods in the field that are able to handle moderate levels of outliers and

still provide accurate outputs. However, this problem remains open, especially for higher noise

levels and so it has been the goal of this thesis to address theissue of robustness with respect

to two central problems in 3D computer vision. The two problems are highly related and they

have been presented together within a Structure from Motion(SfM) context. The first, is the

problem of robustly estimating the fundamental matrix fromimages whose correspondences

contain high outlier levels. Even though this area has been extensively studied, two algorithms

have been proposed that significantly speed up the computation of the fundamental matrix and

achieve accurate results in scenarios containing more than50% outliers. The presented al-

gorithms rely on ideas from the field of robust statistics in order to develop guided sampling

techniques that rely on information inferred from residualanalysis. The second, problem ad-

dressed in this thesis is the robust estimation of camera intrinsic parameters from fundamental

matrices, or self-calibration. Self-calibration algorithms are notoriously unreliable for general

cases and it is shown that the existing methods are highly sensitive to noise. In spite of this,

robustness in self-calibration has received little attention in the literature. Through experi-

mental results, it is shown that it is essential for a real-world self-calibration algorithm to be

robust. In order to introduce robustness to the existing methods, three robust algorithms have

been proposed that utilize existing constraints for self-calibration from the fundamental matrix.

However, the resulting algorithms are less affected by noise than existing algorithms based on

these constraints. This is an important milestone since self-calibration offers many possibilities

by providing estimates of camera parameters without requiring access to the image acquisition

device. The proposed algorithms rely on perturbation theory, guided sampling methods and

a robust root finding method for systems of higher order polynomials. By adding robustness

to self-calibration it is hoped that this idea is one step closer to being a practical method of

camera calibration rather than merely a theoretical possibility.
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Chapter 1

Introduction

1.1 Scope of the Work

The issue of modeling the 3D world through photographs is an issue that has been intensely

researched in the scientific community for years. Since Marr’s seminal work on stereo vision

[65], many computational methods have been proposed to solve the problem of retrieving the

three dimensional structure of the world through images. One of the most important methods

of determining 3D geometric information from images has been the process of Structure from

Motion (SfM) where the pinhole model of the camera is utilized to represent the image pro-

jection process and the structure of the scene is inferred through the motion of the camera(s)

in the scene. Various ideas from the field of photogrammetry [100] are then utilized to “re-

verse” the image projection process and to retrieve 3D models from the images acquired. Even

though the basic ideas in SfM were known as early as the 19th century, the field has been in

a constant flux and new methods and ideas are constantly beingproposed in order to improve

the existing algorithms. This is due to the fact that SfM is aninherently ill posed problem and

to this day no general-purpose algorithm exists that can handle arbitrary scenes and provide

accurate 3D geometry in all cases. In spite of this, several milestones have been achieved in the

SfM research field due to recent innovations in the field and outside of it. These innovations

include:

1. Faster CPUs.

2. Parallel implementations of 3D geometry recovery [34].

3. Availability of vast image databases on the Internet thatprovide redundancy.

1



Introduction 2

4. Improved feature matching techniques [60].

5. Improved dense surface reconstruction techniques [35, 9, 85].

These innovations have in fact provided us with several technologies that bring the innova-

tions in SfM to the forefront of commercial use. These include for example PhotosynthTM

which combines large Internet photo collections and creates a powerful navigation experience

to the user that draws upon both geometrical approaches of recreating an environment and

also image-based techniques [103]. Others include methodsthat are able to reconstruct the

geometry of large scale city models such as those presented in [9, 34, 83]. These methods

have enabled researchers to build accurate models of large scale environments based purely on

images via the SfM framework.

In spite of the multitude of the advances in the field of SfM, one of the most challenging

issues is the problem of noise. In fact, a large proportion ofthe algorithms presented in the

field aim to reduce the impact of non-ideal input data, or noise, and to enable more robust

algorithms. Robustness is essentially enabling algorithms to perform accurately regardless of

deviations in the assumptions made. As stated in [67]:

The ultimate goal of computer vision is to mimic human visualperception. There-

fore, in the broadest sense, robustness of a computer visionalgorithm is judged

against the performance of a human observer performing an equivalent task. In

this context, robustness is the ability to extract the visual information of relevance

for a specific task, even when this information is carried only by a small subset of

the data, and/or is significantly different from an already stored representation.

Therefore, a robust SfM algorithm must be able to discern 3D geometry regardless of noise

in the input data. In fact, the goal of this thesis is to improve the robustness of the SfM process

in order to make a general and seamless SfM framework closer to practice. However, since

SfM is a “pipeline” rather than a single algorithm, robustness is a multifaceted issue in this

regard. One of the most important of these facets is the process of camera tracking or pose

estimation. This intermediate stage in the SfM pipeline is defined in this thesis as spatially

localizing the position of the cameras in 3D spaceand determining the optical properties of

the cameras. Since the SfM framework is able to retrieve the 3D geometry of the scene using

the motion of the cameras, quantifying the camera positionsand optical characteristics must

be carried out accurately. The details of the SfM pipeline and background information on

camera tracking have been presented in Chapter 2. At this point it suffices to mention that

given a set of accurate point matches across images in a sequence, and once cameras have
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been specified (their position and properties) the task of creating a sparse 3D cloud from the

images is simplified. Subsequently, a dense 3D reconstruction based on this initial estimate of

cameras and a limited set of points can be carried out via a dense reconstruction method [35].

Before specifying the adopted approach and the specific problems addressed in the SfM

pipeline, an overview of some of the existing techniques to the problem of scene modeling will

be provided. In order to put the issues addressed in this thesis in a larger context it is important

to mention various existing frameworks to the problem of 3D reconstruction.

1.2 Summary of Existing Methods

It is important to note one of the fundamental assumptions inthis thesis. The goal of the

methods proposed herein is to enhance the robustness of the SfM framework that aims to

recover the geometry of rigid objects. In other words, we assume that objects in the scene

do not undergo non-rigid deformations. Even though some of the methods proposed in this

thesis aim to account for local motion, which could include deformations, these are considered

outliers with respect to the environment and no geometry is inferred from such objects. There

are however established methods for estimating non-rigid structure, for instance in [121]. In

all subsequent discussions presented in this thesis, the assumption is that the scene that is to be

visualized is rigid and that the SfM framework is based on therigidity assumption. As a result,

all discussions that follow focus on the reconstruction of rigid scenes.

As mentioned, the SfM framework is a method of visualizationthat proceeds by finding

the underlying geometry of a scene using photogrammetry. However, a completely separate

paradigm exists which aims to bypass geometric modeling of the 3D environment. One of the

routes that the research community adopted in the 90s was theattempt to visualize the world

through photographs without having to find explicit geometry of the scene thus avoiding the

difficulties of explicit 3D geometric modeling. These methods are referred to as “image-based

rendering” [66, 99] and they found great use in modeling smaller objects [53, 38] or in limited

navigable slideshow of an environment. One of the earliest methods belonging to this category

is Quicktime VRTM [17]. However, this method only enabled users to jump from various

points where photographs were perviously taken. Similarly, the popular Street ViewTM tool of

Google enables users to merely “fade” from one pre-taken panorama to another. The reason

these methods are not able to provide a seamless navigation to the user is due to their lack of

any underlying geometrical information.

Given the two separate paradigms presented, there is also anarray of intermediate methods

that leverage varying levels of geometry and purely image based information to create a visu-
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alization of the world. The interested reader is referred to[99] for a detailed survey of some of

these methods. In addition to the spectrum of algorithms that aim to visualize the world based

on varying levels of geometry and image data, there are also those that incorporate non-visual

depth cues and those that use active sensors. One such methodis the use of structured light

[96] where a light pattern is projected into the environmentand the recorded intensities are

used to build a depth map. One popular technology leveragingthis method is the Microsoft

Kinect sensor [5] which is able to build accurate 3D maps in real-time. The Kinect device con-

tains an infrared laser emitter, an infrared camera and an RGB camera. The infrared emitter

projects a specific pattern into the scene and the infrared sensors record this patterns and depth

is inferred by the displacement of known points on the patterns with respect to some reference

plane [52]. This can also be considered a structured light technique based on infrared patterns.

Many other methods also exist based on time-of-flight sensors such as laser and radar sensors

[49]. The approach adopted in this thesis however is the geometric approach based on purely

visual information. However, within this subfield of 3D modeling framework, there are also

several subcategories.

Visual odometry is the field of research concerned with localizing the camera with respect

to an environment by establishing a set of stable landmarks in that environment. Rooted in the

field of robotics, a prominent example of this would be the Monocular Simultaneous Localiza-

tion and Mapping (monoSLAM) as presented in [26]. Even though SLAM is not necessarily a

subfield of SfM and can be considered more of a separate entity, it shares many similar aspects

with SfM. The goal of SLAM is real-time, high frame rate tracking of the location of a sensor,

geared towards robotic navigation. However, SfM is generally considered an off-line process

(but not always [76]) and the goal is more focused on geometrymodeling rather than sen-

sor localization. Even though real-time performance is notthe goal of many SfM algorithms,

achieving results within reasonable time constraints is still a desirable goal. Considering some

of the new directions of SfM which focus on building scenes from very large Internet databases,

it is important not to neglect the computational cost aspectof the underlying algorithms. To

this end, computational efficiency has been one of the goals of this thesis and several of the

algorithms improve this aspect of SfM as will be shown by the experimental results.

As explained, SfM is a pipeline which proceeds in several steps by repeatedly estimating

the pose of the cameras and performing 3D reconstruction. One other approach to structure

recovery which can find camera location and 3D locations of points in space in one step is

the factorization method [114]. This algorithm uses the singular value decomposition to find

the pose of the cameras and the 3D location of a set of point matches across a set of views.

However, this method is rather restrictive since it can onlywork with affine cameras (a subclass
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of general image acquisition scenarios) and also it requires that the points whose 3D locations

are found be seen by all cameras. This renders the algorithm unsuitable for many practical

scenarios where objects disappear and reappear in the images of a scene.

Within the SfM research, there are also several approaches for achieving 3D geometry. One

way to categorize some of these methods is based on the amountof knowledge one has with

respect to the scene, how much information is available withrespect to the cameras and what

type of geometric reconstruction is desired. Here, knowledge with respect to the cameras is

information regarding the optical properties of cameras (i.e., intrinsic parameters) rather than

the 3D position of the cameras. Using this approach we can divide SfM algorithms to:

1. Projective 3D reconstruction. (no knowledge of cameras,and no knowledge of the scene)

2. Affine 3D reconstruction. (some knowledge of cameras, andno knowledge of the scene)

3. Calibrated Euclidean 3D reconstruction. (full knowledge of cameras, and no knowledge

of the scene)

4. Semi-calibrated Euclidean 3D reconstruction. (some knowledge of cameras, and no

knowledge of the scene)

5. Euclidean 3D reconstruction with known points in the scene or known scene geometric

entities (e.g., planes, parallel lines, etc.). (no knowledge of cameras, some knowledge of

the scene)

6. Uncalibrated Euclidean 3D reconstruction. (no knowledge of cameras, and no knowl-

edge of the scene)

The first two methods reconstruct the scene but up to some geometric ambiguity as will be

explained in Chapter 2. This obviously renders them inadequate for visualization purposes.

However, such reconstructions are important as intermediate steps for 3D Euclidean recon-

struction or other computer vision applications (e.g., camera localization [92]). As a result,

whenever 3D reconstruction is mentioned throughout this thesis without being qualified with

the “projective” or “affine” prefix, it is assumed to be Euclidean. Under a Euclidean reconstruc-

tion, the aim is to create a model of the world that is most realistic in terms of the geometric

properties of the scene (this will be expounded upon in Chapter 2). Calibrated 3D reconstruc-

tion is essentially when the properties of cameras are fullyknown in advance. This is of interest

to scenarios where the image acquisition process can be carefully controlled. Semi-calibrated

3D reconstruction is where most properties of the camera areknown, except the focal length.
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Moreover, methods that use scene constraints depend on assumptions on the existence of var-

ious geometric entities in the scene, such as vanishing lines or planes. The goal of this thesis

has been the last item presented, or the uncalibrated Euclidean 3D reconstruction which uses

the least number of assumptions. Under this umbrella of methods, no assumptions about the

scene or the camera properties are made except that the camera parameters do not vary across

the views. Although many of the principles in this thesis applies to the case of unknown but

varying camera parameters, the experiments and methodology focus on the case of fixed cam-

era parameters. In fact, extensive experiments have been carried out showing the robustness of

the proposed algorithms with respect to varying camera parameters.

The particular focus of this thesis within the field of uncalibrated SfM has been twofold.

This has been the robust and efficient estimation of the fundamental matrix, and self-calibration.

The following section will outline the SfM pipeline and how these two processes fall within

the SfM context.

1.3 Problem Statement

The issue tackled in this thesis is improving robustness andefficiency in the estimation of the

fundamental matrix and camera parameters from purely imagedata (i.e., without using ex-

tra constraints). The fundamental matrix is a geometric entity which relates the corresponding

points in an image pair via the geometric relationship between the two views. This entity which

is represented by a3× 3 matrix is of utmost importance in many computer vision application.

The second issue tackled in this thesis is the robust and efficient estimation of the camera

intrinsic parameters using only visual information in an image sequence (i.e., only using the

images themselves). This is also referred to as “self-calibration” since no external means are

utilized to find these parameters. Although self-calibration is a difficult process and obtaining

accurate results are not always possible, the idea of a method that is able to obtain camera pa-

rameters without using complicated calibration methods requiring specially made calibration

targets is of great interest to the field of computer vision. As a result, it has been the goal of this

thesis to improve the self-calibration accuracy in order tomake it possible for an uncalibrated

SfM algorithm to leverage this process. Interestingly, theinput to the self-calibration approach

utilized in this thesis is the set of fundamental matrices obtained between the frames in a se-

quence. Therefore, the estimation of the fundamental matrix and self-calibration are highly

related. In fact, one could consider our approach a progressive estimation technique where ini-

tially fundamental matrices are estimated and then camera parameters are found based on these

fundamental matrices. Following this, the fundamental matrix can be upgraded to its calibrated
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counterpart (i.e., the essential matrix) and the uncalibrated SfM can be converted to a calibrated

SfM problem. Figure 1.1 shows the adopted SfM framework in this thesis. The areas that are

addressed herein are highlighted. This diagram shows the adopted approach to SfM where a

series of images are utilized to create a 3D model of the imaged environment. The areas that

have been addressed in this thesis are prior to the structurerecovery. In other words, one could

consider the estimation of the fundamental matrix and self-calibration as intermediate steps

in SfM. Whereas, feature detection (finding prominent imagelocation) and feature matching

(finding correspondences between image features) are the initial stages and structure recovery

(triangulation) and bundle adjustment (refining structureand camera pose) are the final stages.

The illustration is presented at this point in order to illuminate the focus of this thesis with

respect to an uncalibrated SfM framework. Note that the leftbox contains the steps related

to matching features and finding camera parameters and the right box contains the steps in-

volved in structure recovery. There are several different methods of handling uncalibrated SfM

and the methodology presented in Figure 1.1 is one particular approach. Alternative methods

could include for example, Euclidean reconstruction obtained from an uncalibrated sequence

via stratified reconstruction where initially a projectivereconstruction is found and then up-

graded to an affine and then a Euclidean one. Chapter 5 contains a more detailed explanation

on these methods. Also the presented framework is similar tothe approach adopted in [102]

with the exception that the camera parameters are estimatedvia self-calibration, rather than

being retrieved from the tagged information in the jpg files (that are not always available and

when they are, not always reliable).

Even though the problem of the estimation of the fundamentalmatrix and self-calibration

are presented within an SfM framework, these could be considered independent general com-

puter vision techniques that have wide applicability in several fields. For instance, the fun-

damental matrix is used in motion segmentation, tracking, image rectification just to name

a few. Similarly, self-calibration is used whenever cameraparameters are required, such as:

robotics, navigation, surveillance and etc. Since the problem of SfM is perhaps one of the most

challenging and well-studied problem in computer vision, this framework has been adopted in

order to present the proposed algorithms. However, since the estimation of the fundamental

matrix and self-calibration have broad applicability in computer vision outside of SfM both

ideas have been discussed independent of one another in a general sense and their performance

is evaluated outside of an SfM algorithm. The next section outlines the motivation behind the

emphasis on self-calibration and the fundamental matrix and also the importance of robustness

in these algorithms.
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Figure 1.1: Uncalibrated Euclidean Structure from Motion (SfM) pipeline.
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1.4 Motivation

So far it has been argued that estimation of the fundamental matrix and reliable self-calibration

offer the ability to perform uncalibrated geometric modeling using the SfM framework. This

effectively enables an automatic structure recovery pipeline where a user is able to estimate 3D

geometry of a scene without resorting to a calibration process. Therefore, as a result of their

importance to 3D computer vision, there is a large interest in the areas of fundamental matrix

estimation and self-calibration. However, one of the areasthat still remains challenging is the

issue of robustness as mentioned earlier. More specifically, the issue of noise can adversely

affect the SfM framework which means that for many sequencesSfM will either fail or produce

less than adequate results. Therefore, it has been the goal of this thesis to address the issue of

robustness in both areas of fundamental matrix estimation and self-calibration. As shown in

Figure 1.1, the left column of processes are responsible forensuring that no outliers make their

way to the structure recovery in the right hand column processes. Improving the robustness

in the fundamental matrix estimation and self-calibrationwill significantly improve the overall

robustness of the SfM pipeline relying on the two methods.

Even though robustness in the field of fundamental matrix estimation has been addressed

in the literature, starting with the seminal work presentedin [119, 116], the area still remains

a challenging one. Since the goal of this thesis is to enable seamless uncalibrated recon-

struction via self-calibration, it is essential that the fundamental matrices used as inputs to

self-calibration be as accurate as possible. In fact, it will be shown in Chapter 5 that self-

calibration is highly sensitive to the quality of the estimated fundamental matrix and therefore

a higher expectation is placed on the accuracy of the fundamental matrix than is normally

required. Also, one of the problems that has not received sufficient attention in the field of

robust estimation of the fundamental matrix is the problem of local motion. This basically is

the presence of independently moving objects in a scene thatis being captured. As a result, it

is one of the goals of thesis to address this issue in order to improve the estimation of the fun-

damental matrix. Such scenes contain very large outlier ratios and also require the algorithms

processing their correspondences to avoid the typical method of relying on matching scores in

order to infer validity of the data. This has been thoroughlyexamined in Chapter 4.

Unlike the fundamental matrix, robust self-calibration has not received much attention in

the research community. Chapter 5 begins with a section demonstrating the sensitivity of the

self-calibration procedure to various types of outliers. In fact, it will be argued in this thesis

that the reason for the lack of reliability of most self-calibration algorithms is their lack of

robustness with respect to the various types of noise. As a result, three algorithms that rely on
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different ideas in robustness are proposed to tackle the issue of robustness in self-calibration. It

is the goal of this thesis to move self-calibration closer topractice by improving the robustness

of the process. A reliable self-calibration procedure has numerous applications such as SfM,

augmented reality, visual navigation and novel view synthesis.

1.5 Overview of the Proposed Approach

The common theme in this thesis has been robustness and its advancement in the estimation of

the fundamental matrix and self-calibration. In Chapter 4 two methods have been proposed in

order to improve the efficiency and accuracy of the estimation of the fundamental matrix. The

methods in this chapter leverage ideas from robust statistics to improve the sampling process

in the estimation of the fundamental matrix. Using the analysis of the residuals in an iterative

framework two methods have been proposed to infer validity data in order to steer the sam-

pling process in a way that outliers are pruned. The ideas have been tested rigorously using

synthetic correspondences. The test setups contain virtual image correspondences where all

the parameters of the cameras in the scene are known and so comparisons with ground truth

parameters can be made. The results show the improved robustness and speed of the robust

estimator for the fundamental matrix.

The second part of the contributed methods rely on improvingthe robustness of self-

calibration. Three different algorithms have been proposed each with a different set of ad-

vantages and application scenarios. The proposed methods are based on ideas from robust

sampling techniques, parameter estimation, perturbationtheory and algebraic geometry. The

proposed methods offer a degree of robustness and reliability that is not achieved by existing

methods. The proposed methods have been tested under a variety of scenarios including syn-

thetic and real image sequences. The results demonstrate the effectiveness of the proposed

self-calibration strategies.

Overall the aim has been to improve the robustness in two highly related and very funda-

mental areas in 3D vision. The results presented show the efficacy of the proposed methods

and their limitations.

1.6 Thesis Organization

Chapter 2 presents the background and the terminology in 3D reconstruction and multiple

view geometry. The subsequent derivations and methodologyare based on the foundation
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built in this chapter. Following this, Chapter 3 presents the background the terminology in

robust statistics. The formulations in this chapter are used to present the proposed ideas with

respect to the robust estimation of the fundamental matrix.Chapter 4 contains a survey and

analysis of some of the advances in the field of robust estimation of the fundamental matrix.

The limitations of these methods are then outlined and two methods are proposed to improve

the robustness of the existing estimators. The chapter concludes with the experimental results

comparing the two proposed algorithms and some of the existing methods.

Chapter 5 presents the portion of the thesis relating to robust self-calibration. This chapter

starts with a survey of some of the existing methods. These methods are presented based on

the terminology presented earlier in Chapter 2. The issue ofrobustness is then discussed and

the inadequacy of existing methods in dealing with even the smallest amount of outliers is then

discussed. The chapter then presents the three proposed algorithms. Each individual algorithm

is presented in its own section with a stand-alone set of experimental results. The chapter

finally concludes with a more extensive set of experimental results which includes comparison

and analysis of the respective merits of the proposed algorithms.

Finally, Chapter 6 presents the conclusion of this thesis. This chapter contains a summary

of the whole thesis in addition to an outline of the contributions made. Furthermore, the open

questions and challenges remaining in the areas that have been addressed will be presented.



Chapter 2

Multiple View Geometry

2.1 Overview

The goal of computer vision is to reconstruct, interpret andunderstand a three dimensional

scene from its two dimensional images. Similar to the human visual system, this entails such

diverse tasks as: recognition (face, gait, emotion, etc.),measurement, navigation, etc. There

are different methods of categorizing subdisciplines within the computer vision research; one

way to outline the different problems is by dividing computer vision into three levels:

• Low level vision: feature extraction, texture extraction,etc.

• Mid level vision: 3D reconstruction, pose estimation,calibration, etc.

• High level vision: scene recognition and analysis

The context of this thesis as mentioned, is the robust estimation of camera parameters from

correspondences and the robust estimation of the fundamental matrix, which are mid-level

vision tasks. These algorithms pertain to the goal of reconstruction of a 3D model from two

dimensional images and resolving the location of the camera(s). Also it has been assumed

that efficient low-level vision algorithms exist and can be used as input data for the mid-level

tasks. Specifically I have made the assumption that reasonably effective feature extraction and

matching techniques exist and can be applied to a wide range of images.

As a research area that started in photogrammetry in the 19thcentury [44] and could even

be traced back to the 14th century, scene reconstruction from multiple images is a somewhat

aged science. In fact, many existing real-world applications rely on techniques developed by

the researchers in this field. Some existing applications domains are:

12
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• Machine inspection [3]

• 3D model building such as Bing map [4]

• Image stitching [1]

However, as explained earlier, there are still various areas of computer vision that are unsolved

or inadequately solved. Scene reconstruction and camera tracking is still a challenging task

and research is still ongoing towards improving the robustness, scalability and reliability of

scene reconstruction.

Before outlining various relevant areas of scene reconstruction, a brief review of projec-

tive vision will be provided. This lays the foundation for the subsequent discussions in 3D

computer vision. Following this, the problem of camera calibration, including the intrinsic and

extrinsic parameters will be provided. Next, the basics of two-view geometry will be outlined,

including the fundamental matrix, homography and the essential matrix. Also pose estima-

tion will be discussed in this section. Subsequently, 3D reconstruction will be defined where

stereo matching and triangulation will be explained. Then the problem of degeneracy will be

discussed within the context of 3D reconstruction.

2.2 Projective Geometry

The familiar Euclidean geometry is inadequate for studyingthe relationship between a scene

and its two dimensional images. This is due to the fact that wewish to denote the process

of capturing a 2D slice of our 3D world with a transformation.However, images often do not

preserve the shape of images, in other words, the picture of acircular object is not necessarily a

circle. Therefore, using a Euclidean transformation is notappropriate for studying the imaging

process.

Projective geometry provides us with the toolkit required to analyze and study the process

of imaging. The following sections will outline some of the important concepts of projective

geometry needed for later chapters. For a more detailed explanation see [29, 44].

2.2.1 Homogenous Coordinates

When thinking of pixels on an image, every point represents apossible line of sight of an

incoming light ray. In other words, any 3D point along the rayprojects to the same image

point, so only the direction of the ray is relevant, not the distance of the point along it [71].
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In computer vision we need to represent this “visual sphere”of incoming rays. The solution

offered by homogenous coordinates is by arbitrarily choosing some 3D point along each ray

to represent the ray’s direction. This will effectively match the point to its visual ray. In

addition it has the significant advantage of making the imageprojection process much easier

to mathematically deal with.

For example, suppose we have a point(x, y) in the Euclidean plane. To represent this same

point in the projective plane, we simply add a third coordinate of1 at the end:(x, y, 1). Since

Overall scaling along such a ray is unimportant, the point(x, y, 1) is the same as the point

(αx, αy, α), for any nonzeroα. In other words:

(x, y, w) = (ψx, ψy, ψw) (2.1)

for anyψ 6= 0 .

2.2.2 Lines in Projective Space

The two dimensional line with equationax + by + c = 0 is represented in homogeneous

coordinates by the homogeneous equation(a, b, c) · (x, y, 1) = ax+by+c = 0. Note that lines

are represented homogeneously as 3 component vectors, justas points are. This represents the

duality that exists in projective geometry between points and lines and is a recurrent concept

in various computer vision discussions.

Using this notation, we can claim that a linel goes through a pointx if lTx = 0. Similarly,

in 3D space points are represented by a 4-element vector(X, Y, Z, 1) = (ψX, ψY, ψZ, ψ). In

3D projective space the duals of points are planes and we can claim that a pointX is on plane

Π if ΠTX = 0.

2.2.3 Conics

This section will briefly review the concept of conics and quadrics in projective space. These

geometric entities are of importance in the discussion of self-calibration in Chapter 5.

A conic is basically a shape described by a second degree equation in the plane. Euclidean

geometry contains three different conic types: ellipses, parabolas and hyperbolas. The equation

of a conic in non-homogenous coordinates is simply:

ax2 + bxy + cy2 + dx+ ey + f = 0 (2.2)

which is a polynomial of second degree. In homogenous coordinates the equation of a conic

becomes:
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(a) Conic. (b) Dual conic.

Figure 2.1: Point and line conics.

ax21 + bx1x2 + cx22 + dx1x3 + ex2x3 + fx23 = 0 (2.3)

after replacing(x, y) with (x1, x2, x3) in our homogenous coordinates. In matrix format this

can be written more compactly as:

xTCx = 0 (2.4)

where the conic coefficients are embedded inC as:

C =



a b

2
d
2

b
2

c e
2

d
2

e
2

f


 (2.5)

Note that multiplying the above matrix with a non-zero constant will not change the equation

and that the matrix is symmetric. Therefore, there are only five degrees of freedom in the

equation of the conic.

Similar to points and lines, the intersection of a linel tangent to a conicC at pointx can

be written as:l = Cx, the proof for this is omitted but the interested reader can refer to [44].

In addition to regular conics, another class of conics are important in the study of multiple

view geometry. These are dual conics, or conics that are defined on lines rather than points.

Similar to lines and points that are duals of one another in projective geometry, dual conics and

regular conics share the same mathematical definition. However, rather than a regular conic

which is defined by a set of points, the dual conic is defined by the set of tangent lines to the

conic. The equation for a dual conic,C∗ is defined in terms of the envelope of its tangent lines

as:lTC∗l = 0. Figure 2.1b shows a regular conic and the dual conic.
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Figure 2.2: Example of a Quadric.

2.2.4 Quadrics and Dual Quadrics

A quadric is surface defined in 3D space,P3 according to a quadratic polynomial. Similar to a

conic, the form for a quadric in homogenous coordinates can be written as:

XTQX = 0 (2.6)

whereX is the homogenous location of a point inP3 space andQ is the4 × 4 symmetric

matrix that represents the coefficients of the quadric. Similar to conics inP2, the intersection

of a quadricQ with the planeπ at pointX is defined by:π = QX.

Similar to the case for conics, the dual quadric is defined on planes rather than points. In

other words, the equation for the dual quadricQ∗ can be defined in terms of its tangent planes

π and can be written as:

πTQ∗π = 0. (2.7)

Figure 2.2 shows an example of a quadric surface.

2.2.5 Transformations in Projective Space

A projective transformation is often called a collineationor a homography. For example, in

P2, a collineationh maps pointsx to x′ according to the following:

x′ = Hx = h(x) (2.8)
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Table 2.1: Transformations in projective plane and space under collineationH

Entity before transformation after transformation

point x Hx

line l H−T l

plane π H−Tπ

conic C H−TCH−1

dual conic C∗ HC∗HT

quadric Q H−TQH−1

dual quadric Q∗ HQ∗HT

Here, the collineationH is a linear and invertible mapping of the homogenous coordinates, in

other words: 

x′1
x′2
x′3


 =



h11 h12 h13

h21 h22 h23

h31 h32 h33






x1

x2

x3


 (2.9)

Similar to points, other geometric entities can be transformed in the projective space using

a collineation. For instance, under a projective collineation H, a line l is transformed into

l′ according to :l′ = H−T l. Table 2.1 describes how the projective collineation transforms

various entities in the projective space.

2.2.6 Stratification of 3D Geometry

Often when the inverse problem of reconstructing the world from images is carried out, the

geometry is defined up to an arbitrary transformation in a particular space. Under ideal cir-

cumstances, one obtains a geometry of the world up to an arbitrary metric transformation,

Tmetric. A metric transformation is a rigid transformation defined by a rotation and translation

as defined by:

Tmetric =




r21 r22 r23 tX

r21 r22 r23 tY

r31 r32 r33 tZ

0 0 0 1


 . (2.10)

In other words, the reconstruction of geometry up to an arbitrary metric transformation would

resemble the real geometry, except for a rigid transformation from the reference coordinate



Multiple View Geometry 18

system. This means that all important geometric entities are preserved, angles and parallelism

and volume are all preserved under a metric transformation.Also absolute measurements can

be made under this set of transformations since lengths are preserved and there is no scaling

involved in the transformation. This transformation contains 6 degrees of freedom, three for

the rotation and three for the translation.

Under less ideal circumstances, one obtains a Euclidean geometry,TEuclidean of the scene.

This is similar to the metric case except that there is now a scalingσ involved. This transfor-

mation is defined as:

TEuclidean =




σr21 σr22 σr23 σtX

σr21 σr22 σr23 σtY

σr31 σr32 σr33 σtZ

0 0 0 1


 (2.11)

Under these circumstances the geometry of the scene resembles that of the world, however

metric measurements cannot be made under such a geometry dueto the missing scale factor.

This set of transformations contain an additional scale factor to the metric case, therefore there

are 7 degrees of freedom.

Under yet less ideal circumstances, one obtains an “affine” geometry,Taffine of the scene.

This set of transformations contain 12 degrees of freedom and are thus more general than the

previous cases and contain them as subclasses. An affine transformationTaffine can be written

as:

Taffine =




d11 d12 d13 d14

d21 d22 d23 d24

d31 d32 d33 d34

0 0 0 1


 (2.12)

As a result of the shearing effects of this set of transformations, often an affine reconstruction

seems a like scaled and sheared version of the world. The onlyentities that are preserved under

this set of transformations are parallelism and ratios of volumes.

In cases where there is no information regarding the parameters of the cameras, the geome-

try of the world can be reconstructed up to an arbitrary “projective” transformation,Tprojective.

This is the most general set of transformations and has 15 degrees of freedom. Under this

set of transformations the only things that are persevered are tangency and cross ratio. This
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Projective transformation

Affine transformation

Metric transformation

Euclidean transformation

Figure 2.3: Family of transformations.

transformation can be denoted as:

Tprojective =




d11 d12 d13 d14

d21 d22 d23 d24

d31 d32 d33 d34

d41 d42 d43 d44


 (2.13)

Figure 2.3 outlines the set of transformations discussed above. As it is shown, the most

general set of transformations are the projective ones. On the other hand, the most restrictive,

and thus desirable, in case of scene reconstruction are the metric and Euclidean reconstructions.

In these cases, the reconstructed scene differs from the actual scene by only a translation and a

rotation (and possibly scale), making it ideal for visualization.

Figure 2.4 shows the visual outcome of applying the various families of transformations

to a simple cubic shape. It is clear that the projective reconstruction often renders a scene

unrecognizable since none of its geometric properties are preserved. On the other hand, the

metric reconstruction only applies a rigid transformationto the cube.

2.2.7 Lines and Plane at Infinity

The projective space contains a set of additional points to the Euclidean space. Note the in-

tersection of two parallel lines(a, b, c) and(a, b, c′). In Euclidean geometry these two lines
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metric transformation

Euclidean transformation

affine transformation

projective transformation

Figure 2.4: Various transformations applied to a cube.
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do not intersect. However, in projective space the intersection of these lines can be found as:

(a, b, c)× (a, b, c′) = (b,−a, 0). This point has no non-homogenous equivalent since convert-

ing it back to non-homogenous coordinates one obtains:( b
0
, −a

0
). In projective geometry, such

points are referred to as ideal points or points at infinity [44]. In fact, all parallel lines in this

space meet at points at infinity.

Similarly in P3 all parallel planes meet at the plane at infinity denoted byπ∞. An inter-

esting property of the plane at infinity is that it can be used to upgrade a reconstruction from

a projective space to an affine space. In other words, given anexisting projective reconstruc-

tion, one can “upgrade” this to an affine reconstruction by localizing the plane at infinity (i.e.

finding its projective coordinates) and moving it to its canonical location at(0, 0, 0, 1) by an

appropriate transformation. This would account for the three additional degrees of freedom

that a projective reconstruction has over an affine reconstruction. So, by localizing the plane at

infinity these three degrees of freedom are fixed and one can make affine measurements from

the reconstruction. For instance, once a scene is upgraded from projective to affine reconstruc-

tion, one can detect actual parallelism in the scene. This isbecause now the scene is defined

up to an arbitrary affine transformation and as explained, parallelism is invariant under affine

transformations.

2.2.8 Absolute Conic and Dual Quadric

Another important geometric identity defined in theP3 projective space is the absolute conic

Ω∞. This is a conic that is defined on the plane at infinityπ∞. In a metric frame, the plane at

infinity would be located in its canonical position :π∞ = (0, 0, 0, 1) and the absolute conic

would be defined by the equation:

X2
1 + Y 2

2 + Z2
2 = 0

ψ = 0.
(2.14)

Considering only the plane at infinity where all the points have coordinates such thatψ = 0,

the equation of this conic can be defined by:

(X, Y, Z)I(X, Y, Z)T = 0 (2.15)

Therefore, using the compact definition of conics explainedin Eq. 2.5, we can sayΩ∞ = I,

defining a conic of purely imaginary points on the plane at infinity π∞. One of the interesting

properties of the absolute conic is that it is unchanged under any Euclidean transformations.

Therefore, given an arbitrary reconstruction of the geometry of a scene, if we locate the abso-

lute conic and moved it to its canonical position such that ithas the coefficients represented by
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π∞

Q∗
∞

Ω∞

Figure 2.5: The absolute dual quadric.

the identity matrix,I, we can claim the scene is defined up to only a Euclidean transformation.

This means we can now measure all Euclidean properties of thescene such as angles and par-

allelism. In fact, the five degrees of freedom that the affine transformation has over a Euclidean

one, can be eliminated by locating the absolute conic and transforming the scene such that it is

located in its canonical position. In fact, as shown in Section 2.5.4, this is one of the ways in

which a projective geometry is upgraded to a Euclidean geometry in self-calibration.

One of the disadvantages of using the absolute conic for the task of changing a geometry

from projective to Euclidean, is that it is represented by two equations Eq. 2.14, one to repre-

sent the plane at infinity and one to represent the absolute conic. A more convenient form of

representing both geometric entities, is the dual of the absolute conic. This is referred to as the

absolute dual quadric, represented byQ∗
∞ which consists of all planes tangent to the absolute

conic as shown in Figure 2.5.

As is seen in Figure 2.5, the absolute dual quadric is the set of planes tangent to the ab-

solute conic on the plane at infinity. The canonical representation of the absolute quadric in a

Euclidean reconstruction is:

Q∗
∞ =




1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 0


 (2.16)

Since the absolute quadric contains implicitly the locations of the plane at infinity and the
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absolute conic, one can upgrade a projective reconstruction to a Euclidean one after localizing

the absolute quadric and transforming a scene such that it isplaced in its canonic position.

In fact, the absolute quadric contains 8 degrees of freedom which are fixed after locating it,

making it possible to go from the projective geometry which has 15 degrees of freedom to

the 7 degrees of freedom for a Euclidean reconstruction. In fact, one of the most prominent

self-calibration methods uses the localization of the absolute quadric in order to upgrade a

projective geometry to a Euclidean one [122].

2.3 Camera Model

The camera model used throughout this thesis is the standardpinhole camera model [44, 125]

as shown in Figure 2.6. An ideal pinhole camera maps scene points into the image by a

process that is completely determined by choosing a projection center (or camera center),C

and a retinal or image plane. The projection of a scene point is then obtained as the intersection

of a ray coming from the scene point and passing through the camera center with the image

plane.

Figure 2.6 shows the process of projecting two scene points into the image plane. The

example shows two corners of a cube being projected to the image plane. Most cameras are

described adequately by this model for the purposes of SfM. However, in certain cases addi-

tional effects such as radial distortion have to be taken into account. In this thesis we have

assumed that all images follow this pinhole camera model or that they have been undistorted

to adhere to this model.

Note that the center of projection,C is a point where all rays must go through in order to

form a pixel on the image sensor. This is also referred to as the camera center. In addition,

the line from the camera center perpendicular to the image plane is called the principal axis of

the camera and the point where the principal axis meets the image plane is called the principal

point, or the optical center as shown in Figure 2.6. Note thatthe optical center is a point on the

image plane and so its location is denoted with pixel coordinates.

The process of projecting a scene point into an image point involves three transformations:

1. A P
3 → P

3 transformation from the world coordinate system to the camera coordinate

system.

2. A P3 → P2 transformation from the camera coordinate system to the image plane coor-

dinate system.
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Figure 2.6: Pinhole camera model.
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3. A P
2 → P

2 transformation from the image plane coordinate system to the image pixel

coordinates.

Using homogenous coordinate systems the pointX is used to represent the coordinates of

a point in the world coordinate systems,Xc as its coordinates in a camera coordinate systems

andx as its image coordinates.

It is often with respect to a coordinate system that is independent of the camera that the

reconstruction is carried out. Therefore, a similarity transformation is often used to transfer

the coordinates of scene points to the camera’s coordinate system as shown in Figure 2.6 . This

similarity matrix maps coordinates according to:

Xc =

[
R t

0 1

]
X (2.17)

whereR andt denote the rotation and translation between the camera and the world coordinate

system. The parameters of this similarity transformation are often referred to as the extrinsic

parameters of a camera. This is due to the fact that these parameters are independent of the

actual camera and are related only to its position in space with respect to the world coordinate

system. In addition, the mapping from the camera coordinatesystem to the pixel coordinates

are carried out by:

x = K[I|0]Xc (2.18)

whereK denotes the intrinsic parameters of the camera as explainedin the next section. Also,

note that the overall transformation is aP3→ P2 transformation which embeds the transfer of

the scene point from the camera coordinates to the image coordinates and that of transferring

the image coordinates to pixel coordinates.

Combining all the transformations together, the process oftransferring a scene point,X, in

the world coordinate system to an image pointx in the image coordinates can be written as:

x = K[R|t]X (2.19)

For convenience, we can denote this set of transformation asmatrix P such that:P =

K[R|t]. This matrix is of rank three and its null-space is the cameracenterC so thatPC = 0.

2.3.1 Intrinsic Parameters

Eq. 2.18 shows the matrix representation of the intrinsic parameters of the camera. These

parameters are due to the mechanics and optics of the camera and are thus referred to as the
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intrinsic parameters or the intrinsics matrix. The actual components of this matrix can be more

clearly shown in the following:

K =



fx s uc

0 fy vc

0 0 1


 (2.20)

wherefx andfy represent the focal length in thex andy dimensions in pixel units. More

specifically,fx = fmx wheremx is the number of pixels in unit distance along thex dimension

andf represents the distance between the focal plane and the camera center. Similarlyfy =

fmy. Also the point(uc, vc) represents the optical center in terms of pixel coordinates. Here

we can again writeuc = mxpx anduv = mypy where(px, py) is the physical location of

the optical center. Throughout this thesis focal length hasbeen represented by itsx andy

componentsfx andfy except in cases where for illustrative purposes we have assumed aspect

ratio fx
fy

is one. In such cases the subscript is dropped and focal length is simply represented as

f . Also at times, for brevity the x and y coordinates are combined into a vector representation

asf .

In addition, the skew parameters can be decomposed as:s = f tan(αmy) whereα is the

skew angle between the sensors in thex andy directions. The skew factor is often assumed

to be zero since most modern cameras have almost perfectly perpendicular sensors [44]. This

assumption has been made throughout this thesis and the estimation of the skew has been

ignored.

2.3.2 Camera Calibration

Calibrating a camera is an important step in most computer vision applications. This involves

resolving the coefficients in the projection matrixP . This includes estimating the five intrin-

sic parameters as outlined in the previous section, and six extrinsic parameters including the

translation and rotation with respect to the world coordinate system.

Some of the original methods of calibrating the camera parameters involve using calibration

objects as shown in Figure 2.7. There are various methods that have proven to be effective in

resolving these parameters. One of the earliest such methods was the one presented in [126]

where the optical center is assumed to be given and various components of the projection

matrix are calculated explicitly using a linear method.

The process involves detecting the markers in the calibration object and using them to

find the coefficients of the projection matrix. Since the location of the markers are known

in the world coordinate system, every single point detectedgives two linear constraints on
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Figure 2.7: Calibration grid.

the coefficients of the projection matrix, at least six points are required to fully estimate the

coefficients.

In other words, a single pointxi = (xi, yi, wi), once detected in the image must obey

the projection equation:xi = PXi whereXi = (Xi, Yi, Zi,Wi) is the space coordinates of

the point in our world coordinate system. Note that the location of both points are given in

homogenous coordinates. This gives two linear constraintson the unknown coefficients as:

[
0T −wiX

T
i yiX

T
i

XT
i 0T −xiXT

i

]




m11

m12

m13

m14

m21

m22

m23

m24

m31

m32

m33

m34




= 0 (2.21)

wheremab is theab-th element of the projection matrix. Stacking these constraints, given

a sufficient number of points detected on the calibration target, we obtain the typical least

squares form ofAV = 0 whereV is the column format of the projection matrix. This equation

can be simply solved using a linear method. Once the projection matrix is found, the actual

coefficients of the extrinsic and intrinsics matrix can be found using QR decomposition [44].

Another prominent method of finding the calibration parameters of a camera is the method
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C
V

Figure 2.8: Vanishing point.

utilizing planar objects, presented in [132]. Using this calibration method, various snapshots

of a planar calibration grid are taken. The locations of the markers on the calibration grid

are then detected. However, in this case, it is assumed that the world coordinate system is

aligned with the planar target and that theZ coordinate of all the marker points is zero since

we have assumed that the plane resides on the plane whereZ = 0. Combined with Eq. 2.23

our projection equation for such planar scene points becomes:



x

y

w


 = K



r1 r2 r3 t1

r4 r5 r6 t2

r7 r8 r9 t3







X

Y

0

ψ


 = K



r1 r2 t1

r4 r5 t2

r7 r8 t3






X

Y

ψ


 = KH



X

Y

ψ


 (2.22)

whereH is a 3 × 3 collineation inP3 → P3 and ri and ti elements are the coefficients of

the rotation and translation of the extrinsic parameters. This is a linear one-to-one mapping

from the planar object to the image locations as will be discussed in Section 2.4.2. Every

such homography provides two independent constraints on the projection matrix as proven in

[132]. With a sufficient number of views of the planar object enough such collineations can be

accumulated to solve for the calibration coefficients.

Another class of calibration techniques takes advantage ofthe concept of vanishing points.

Two such methods can be found in [16, 22]. Vanishing points are the result of the fact that

perspective geometry can make infinite scenes look finite. For example, parallel railway lines

are imaged as covering lines and their image intersection isthe vanishing point for the direction

of the railway. Figure 2.8 shows the vanishing point of two parallel scene lines. PointC

denotes the projection center andV denotes the vanishing point for the two shown parallel

lines.

The way vanishing lines are used in calibrating a camera can be summarized by the follow-
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ing equation. Considering the points at infinity corresponding to the three orthogonal directions

we can derive simple constraints on the elements of the projection [22]:



x1 x2 x3

y1 y2 y3

w1 w2 w3


 = P




1 0 0

0 1 0

0 0 1

0 0 0


 (2.23)

where the right matrix contains the location of three orthogonal vanishing directions and the

left matrix is the projection of those scene points in the image. Once the image location

of the orthogonal vanishing points are detected, one can solve the above equation using an

optimization routine. However, there are a few drawbacks with this approach. The main

drawback being the lack of orthogonal parallel lines in scenes. Although suited for man-made

environment, this approach fails when there are not enough vanishing points in the scene.

2.4 Two View Relations

Two-view relations are mathematical entities that relate image pairs. The fundamental matrix,

homography and the essential matrix will be discussed. The most general of these entities is

the fundamental matrix. Accurate estimation of the fundamental matrix is an important stage

in the 3D reconstruction toolchain. This issue will be further discussed in Chapter 4. Also the

problem of pose estimation from the two view geometry will beaddressed in this section.

2.4.1 Fundamental Matrix

The fundamental matrix is the algebraic representation of the epipolar geometry. In essence,

the epipolar geometry is the geometric relationship between the intersections of two image

planes with the set of virtual planes that contain the cameracenters of both cameras and scene

points. This is shown in more detail in Figure 2.9.

Figure 2.9 shows the projection of a scene point,X into two image planes. The image

points are denoted byx andx′ and the camera centers are denoted byC andC′. At first

glance, it might seem that the projections of the scene pointX in the two images do not have

any geometric relation. However, in closer inspection, thescene pointX, the image pointsx

andx′ and the two camera centers are all coplanar. In fact, for every single point in the scene,

its image points in the two cameras and the two camera centersare coplanar. This means that

for every scene point, given the two camera centers one obtains a plane that intersects the two
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Figure 2.9: Epipolar geometry of two views.

images in two lines. Therefore, having located a pixel in oneimage, one can limit the location

of the image of the same scene point in the other image to be on aline given by the intersection

of the epipolar plane with the other image. In fact, this relationship is algebraically captured by

the matrix representation of the fundamental matrix. This matrix represents a mapping from

points in one image, into lines in the other image,x→ l′. This can be written as:

l′ = Fx (2.24)

whereF is the matrix form of the fundamental matrix andl′ is the epipolar line in the right

image corresponding to image pointx as shown in Figure 2.9. In fact, since the pointx′ lies

on the linel′, the equation can also be written as:

x′TFx = 0 (2.25)

As it can be seen from Figure 2.9, all epipolar planes intersect with each image at the so

called “epipoles” as shown in the diagram bye ande′. This is in fact the intersection of the

baseline, or the line connecting the two camera centers, with the two image planes.

The problem of scene reconstruction depends to a high degreeto the accuracy of finding

matching image points. These are correspondences between points in pairs or more views of a

scene. Using the fundamental matrix this can be done much more effectively since the search

region is narrowed significantly to a 1D search rather than the whole image. Therefore, finding

the fundamental matrix is an essential step in this process.Also, as will be discussed many
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self-calibration methods rely on the fundamental matrix toproduce accurate camera calibration

parameters.

One method of finding the fundamental matrix between two views is using the projection

matrices of the given views. For instance, if image one has projection matrixP = K[I|0] and

image two hasP ′ = K ′[R|t], the fundamental matrix can be found as [44]:

F = K ′−TRKT [KRT t]× = K ′−T ([t]×R)K
−1 (2.26)

where[]× denotes the skew-symmetric matrix of a vector. Also under the assumption that is

used in this thesis all cameras in a sequence or a image pair have the same set of intrinsic

parameters and soK ′ = K. This will be assumed throughout the thesis and the notationwill

reflect this by using a single set ofK parameters for all images.

However, the fundamental matrix is often found before the elements of the projection ma-

trix become available. Thus a numerical method is required to find the fundamental matrix.

Similar to the projection matrix in Eq. 2.21, this matrix canbe solved using a linear method

given a set of correspondences between the two images. In other words, having found a number

of x↔ x′ one can estimate the fundamental matrix between two views.

In this case, every image point correspondence provides a single linear constraint over the 9

coefficients of the3×3 fundamental matrix. Seven point correspondences are at least required

to estimate these parameters. The reason for this is that thefundamental matrix is estimated up

to a scale and also there is a requirement thatdetF = 0. Typically, there are many more than

seven points present and so a least squares solution can be found using the formulation below:

[
x′x x′y x′ y′x y′y y′ x y 1

]




f11

f12

f13

f21

f22

f23

f31

f32

f33




= 0 (2.27)

wherex = (x, y, 1)T andx′ = (x′, y′, 1)T andx′TFx = 0. In this equation the fundamen-

tal matrix is represented in column format and the system of equations can be written more

compactly as:Ab = 0 whereb is the elements of the3 × 3 fundamental matrixF arranged

in a column. Stacking a sufficient number of points gives us enough constraints to solve this
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equation using least squares. Note that the constraint on the determinant of the fundamental

matrix can be imposed after this estimation by using singular value decomposition and setting

the smallest singular value to zero. Also it is important to perform a data normalization on the

matrixA in order to prevent numerical instability [43, 118].

In most real scenarios, the above set of equations fail to produce a reasonable solution due

to erroneous data points in theA matrix due to matching errors. In fact, it is the goal of this

thesis to improve the robustness of the process of estimating the fundamental matrix. Chapter

4 is devoted to the discussion on the robust estimation of thefundamental matrix where the

pitfalls of using simple linear methods will be discussed.

2.4.2 Homography

Another important relation in multiple view geometry is thehomography. This is a collineation

in P2 that maps points to other points, unlike the fundamental matrix that maps points to lines.

In other words, if the homography is denoted byH, this transformation maps pointx to point

x′ by : x′ = Hx. Since the points are denoted in their homogenous notation this means that

the matrixH is 3 × 3. The scenario that is of relevance to this thesis is where twoimages are

related by a homography. This happens only when:

• Two camera are related only by a rotation around the center ofprojection (null transla-

tion).

• Two cameras both contain only images of the same scene plane.

The first case can simply be shown by the following example. Assuming the first camera

is at the origin of the world coordinate system so thatP = K[I|0] and the second camera

undergoes a rotation so that:P = K[R|0] we can see that the projection of a scene pointX

in the first camera will beK[I|0]X = KX and the projection in the second camera will be:

K[R|0]X = KRX. Therefore, the relation between the projection of an imagepoint with

its corresponding point in the other one will simply be:x′ = KRK−1x = Hx where the

homographyH is simplyKRK−1.

In the absence of information regarding the intrinsic parameters of the two cameras,K and

the rotationR, a numerical method can be used to find the coefficients of the homography.

A single point correspondence provides two independent linear constraints on the unknown

coefficients of the homography such that:
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[
0 0 0 −xw′ −yw′ −ww′ xy′ yy′ wy′

w′x w′y w′w 0 0 0 −x′x −x′y −x′w

]




h11

h12

h13

h21

h22

h23

h31

h32

h33




= 0 (2.28)

wherex ↔ x′ are corresponding points andx = (x, y, w)T andx′ = (x′, y′, w′)T are their

homogenous coordinates. Here we have again formed a homogenous set of equations in the

form of Ah = 0 whereh is the coefficients of the homography arranged in a column vector.

This set of equations can be solved using a least squares method.

2.4.3 Essential Matrix

One can think of the essential matrix as the calibrated case of the fundamental matrix. Whereas

the fundamental matrix maps points to lines in uncalibratedimage pairs (i.e. where the intrin-

sic parameters,K are unknown) the essential matrix does the same in the cameracoordinate

system. This can be clarified by noting a pair of cameras whereone is located in the canonical

position at the origin of the world coordinate system soP = K[I|0] andP ′ = K[R|t]. If

the intrinsic parameters of the cameras are known, one can obtain the “normalized” camera

coordinates by pre-multiplying all image coordinates withK−1 so that we obtain the new nor-

malized coordinateŝx from the image coordinatesx as : x̂ = K−1x. This means that are

projection matrices are now reduces to their extrinsic parameters and the intrinsic parameters

can now be assumed to be identity. In other words:Pnormalized = [I|0] andP ′
normalized = [R|t].

This means that according to Eq. 2.26 the fundamental matrixis now:

E = Fnormalized = K−TRKT [KRT t]× = I−TRIT [IRT t]× = R[RT t]× = [t]×R (2.29)

and so the essential matrix can be found from the fundamentalmatrix if the intrinsic parameters

are known by:

E = K−TFK−1 (2.30)
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Similar to the fundamental matrix, the essential matrix maps points in one image to lines

in the other, so that:

x̂TEx̂′ = 0 (2.31)

wherex̂ andx̂′ are corresponding points expressed in the camera coordinate system.

Since the essential matrix consists of a rotation and a translation, there are five degrees of

freedom in an essential matrix. This is because the translation has a scale ambiguity and so it

can only be determined up to a scale.

One of the important properties of the essential matrix thatwill be utilized in the discus-

sion of self-calibration in Section 2.5.4 is the one imposedby its singular values [46]. This

states that the first two singular values of the essential matrix must be identical and the last

must be zero for the matrix to be a valid essential matrix. In other words, any matrix with

such properties will be decomposable to the constituent rotation and translation, otherwise this

decomposition will not be valid.

2.4.4 Pose Estimation

Before we can reconstruct a scene from images, the extrinsicparameters of the images have

to be found. This is to say that we must estimate the rotation and translation between every

image with the world coordinate system. We can further simplify this problem by assuming

that one of the images is located at the origin of the world coordinate system. This means that

all we have to estimate is the “relative” orientation and translation between the given image

pairs. Also, the translations are estimated up to a scale in our SfM framework since there is a

scale ambiguity inherent in the problem [125]. As a result wecan only reconstruct our scene

up to an arbitrary Euclidean reconstruction.

The problem set up is illustrated in Figure 2.10 where the rigid transformations between

three frames need to be estimated.

Clearly, the simplest method of estimating these parameters is by calibrating the cameras

as in Eq. 2.21. However, it is often not practical to perform afull camera calibration using

a target-based method. In the adopted SfM framework, the camera intrinsic and extrinsic

parameters are inferred separately. Once the camera intrinsic parameters are found using self-

calibration, the extrinsic parameters can easily be found.

Given a set of point correspondences between a set of images,it is easy to find the funda-

mental matrices as shown in Section 2.4.1. Given the fundamental matrices one can estimate

the intrinsic parameters,K using self-calibration as will be shown in Chapter 5. Then accord-

ing to Eq. 2.30 one can estimate the essential matrixE for each image pair. This matrix can
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Figure 2.10: Pose estimation.

then be decomposed to give the relative orientationR andt. The decomposition ofE using

singular value decomposition provides four different solutions for rotation and translation [44],

so ifE = UWV T then:





R = UWV T t = +u3

R = UW TV T t = +u3

R = UWV T t = −u3

R = UW TV T t = −u3

(2.32)

This four-fold ambiguity can be resolved by performing a 3D reconstruction on a single

point in the scene using all four different parameters and then choosing the setting that gives a

scene where the scene point falls in front of both scene planes.

Note that once the parameters relating a pair of frames are estimated and the scene points

reconstructed, the remaining frames can be added to the reconstruction using the process of

“resectioning”. This is basically using Eq. 2.21 where the camera parameters are estimated

based on a set of known world points, but now the world points are estimated using a recon-

struction method rather than being predetermined using a fabricated calibration target. This

process can be repeated for any number of cameras once an initial reconstruction using two

pairs of images is carried out.
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2.5 Structure from Motion

Structure from motion (SfM) , or more accurately “structureAND motion” is the process of

estimating world geometry from a set of images of a scene in addition to the position and

orientation of the cameras used in taking those images. As explained, in our uncalibrated SfM

framework it is assumed that no prior knowledge exists in terms of the parameters of the given

cameras or the scene. This section gives an overview of the necessary components for a SfM

framework using the previously defined concepts.

2.5.1 Image Matching and Triangulation

The first step in almost all SfM algorithms is the process of image matching. This is the process

of establishing correspondence between images of scene entities across two or more views.

These entities can be lines [11] points [60, 101] or other geometric entities. The main features

used in this work are the SIFT and SIFT-PCA [60, 51] due to their reliability and invariance

to large perspective transformations between the views. There have been many advances in

feature matching such as SURF [12] that improve the efficiency of SIFT. However, this thesis

focuses on later stages of SfM, and throughout the work it is assumed an initial set of feature

matches exist across the views. The accuracy or quality required of these matches are however

more relaxed than some competing techniques. In other words, the goal of the techniques

presented in this work is to be able to cope with “low-quality” matches and still present a valid

reconstruction.

Figure 2.11 shows an example of the process of finding point correspondences across two

views of the Merton sequence [6]. This is done through the useof SIFT matching technique.

The green lines show correct matches and red ones show incorrect matches.

Once point matches and camera pose has been estimated, the 3Dgeometry of the point

matches can be estimated. This is done by back-projecting point matches into space and finding

their intersection which effectively finds their originating scene point. This is shown in Figure

2.12 where point in one image and its correspondence in the other image has been found. Once

this correspondence is established, the 3D location of the scene point whose image points were

found can be estimated. However, for this to take place the projection matrices of the two

cameras are required. As mentioned, once sparse correspondence is established, one can use

various techniques to find the extrinsic and intrinsic parameters of every camera. So given

image pointsx andx′ and projection matricesP andP ′ such that:x = PX andx′ = P ′X the
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Figure 2.11: SIFT-based point correspondences using the implementation found in [7], images

from the Oxford sequence in [6].

X

x

C x′

C′

Figure 2.12: Triangulation to find 3D scene geometry.
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Figure 2.13: 3D reconstruction of Merton College sequence [6].

goal is to estimateX. This can be done through the following:
{

x = PX⇒ x× PX = 0

x′ = P ′X⇒ x′ × P ′X = 0
⇒
(

[x]×P

[x′]×P ′

)
X = 0 (2.33)

which is an over-determined set of equations. This is equivalent to finding the point that most

closely fits between the rays starting from the camera centers and going through each image

pixel. Since these rays rarely intersect, this over-determined set of equations effectively finds

the most likely scene point to have originated the image points [33].

After pose estimation is carried out and the geometry of an initial set of sparse points

is found, one can obtain a 3D reconstructions of the scene. Anexample of performing a

dense reconstruction is shown in Figure 2.13, where the Merton scene shown in 2.11 is fully

reconstructed. Here the point cloud that is triangulated using Eq. 2.33 is used to create a mesh

via Delaunay triangulation. Further processing of the point clouds can take place by using a

dense reconstruction algorithm [95] and texture mapping the polygons as done in [35].
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2.5.2 Projective Reconstruction

As shown in Figure 2.4 a projective reconstruction often leaves a scene appearing significantly

distorted. However, one advantage of a projective reconstruction of a scene is that there are no

calibration requirements [28, 41]. In other words, using a set of image correspondences one

can estimate an initial scene geometry without any knowledge of the camera poses or intrinsic

parameters. Once this initial reconstruction is carried out, various methods can be used to

upgrade this to an affine or Euclidean reconstruction.

One way to form a projective reconstruction from a pair of frames without any knowledge

of cameras is to find the fundamental matrix between a pair of cameras. Given the fundamental

matrix, two projection matrices of the pair of images can be found by:

{
Pp = [I|0]

P ′
p = [[e′]×F + e′vT|λe′] (2.34)

whereλ can be set to unity andv is an arbitrary 3-vector [85] and the subscript “p” denotes a

projective reconstruction ande′ is the epipole in the second image. This is also referred to asa

canonic camera corresponding to a fundamental matrix.

Such a reconstruction suffers from the so-called projective ambiguity problem. In other

words, if triangulation is carried out on all the corresponding points in the image pair via the

two projection matrices as found above, the results will satisfy a whole family of world points

and projection matrices. Considering thatx = PpXp one can also obtainx = (PpH
−1)(HXp)

whereH is an arbitrary collineation in 3D space and(PpH
−1) is an entirely different projection

matrix and(HXp) is a different world point location. In fact, the search for the Euclidean

geometry of the scene is the search for such a collineation that would map the projective space

to the Euclidean space,Hp→e.

2.5.3 Bundle Adjustment

One of the fundamental tools in photogrammetry is the process of bundle adjustment [124].

Bundle adjustment is a global optimization that aims to find the maximum likelihood estimate

of a set of projection matrices and triangulated world points. Often, this is the last stage of a

complete 3D reconstruction. Due to the complexity of this objective function, it is necessary

to find a reasonable estimate of the structure and projectionmatrices to start the optimization

with. Letting a set of camera projection matrices and image matches and their triangulated

3D world points be:xk
i = PkX

k
i , wherek denotes the frame number, the bundle adjustment

optimization can refine the structure by minimizing the reprojection error|xk
i − PkX

k
i |. This
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is found by solving the following optimization:

min
Pk,X

k
i

∑

ik

d(PkX
k
i ,x

k
i ) (2.35)

whered(x,y) denotes geometric distance. A popular implementation which takes advantage

of the sparse structure of this optimization problem is the implementation of the Sparse Bundle

Adjustment in [58].

Even though the above method of optimizing projection matrices can provide a good esti-

mate of the camera intrinsic parameters, it is important to start the optimization process with as

accurate of an estimation of these parameters as possible. Since there are many local minima,

the better an initial estimate used in the above formulation, the more likely it is to get a more

accurate set of final values.

2.5.4 Self-calibration

The goal of self-calibration is to find the camera intrinsic parameters. However, unlike the

methods presented in Section 2.3.2 the aim of self-calibration algorithms is to find the camera

intrinsic parameters without resorting to the use of calibration targets or vanishing points or

other scene constraints. In fact, the only information thatis used in a typical self-calibration

algorithm is a set of point correspondences across an image pair or an image set. Robust

self-calibration is in fact one of the goals of this thesis and a more detailed background will

be provided in Chapter 5. However, using the already introduced notations, two general ap-

proaches to self-calibration will be briefly reviewed.

As explained in Section 2.2.8, the absolute quadric is a dualquadric which encodes two

important geometric entities that are of great importance in 3D reconstruction. The first entity

is the plane at infinity whose localization in a projective reconstruction allows for an upgrade to

an affine reconstruction. The second is the absolute conic,Ω∞ which allows a further upgrade

to a Euclidean reconstruction. In fact, the absolute quadric projects to the dual image of the

absolute conic (the dual of the image of the absolute conicω∗ = ω−1) [82, 122]. This is shown

by the equation of the projection of the absolute quadric as:

ω∗ = PQ∗
∞P

T (2.36)

whereP is the projection matrix of a camera. Also it is known that theimage of the absolute

conicω∗ is equivalent toKKT [44]. Therefore, in a sequence of images with identical param-

eters, the absolute quadric projects to exactly the same position in all the images. Using this

equation it is possible to transfer constraints on the camera parameters to the coefficients of
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the absolute quadric. It is possible to solve for the coefficients of the absolute quadric using

a linear method if certain restrictive assumptions are madeon the camera parameters. For in-

stance, if the camera is assumed to be calibrated except for afocal length, the above leads to a

linear equation in the parameters of the absolute quadric. However, in the most general sense,

this requires the use of a nonlinear minimization method.

One important aspect of the above method for self-calibration is the use of an initial projec-

tive reconstruction. Even though such a reconstruction hasno value in terms of visualization,

it enabled the estimation of the absolute quadric. In fact, the collineationT in 3D space that

would map the estimated location of the absolute quadric to its canonical location would also

transform the projective reconstruction to a Euclidean one. So if the absolute quadric is found

in our projective reconstruction, the collineationT such that:




1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 0


 = TQ∗

∞T
T (2.37)

can be used to upgrade the projective reconstruction from Eq. 2.38 as:
{
Pe = PpT

−1

Xe = TXp
. (2.38)

Therefore, the above method provides a set of camera parameters using the information ob-

tained from a projective reconstruction. Once the absolutequadric is found, the projective

reconstruction can be upgraded to a Euclidean one. Also the locations of the plane at infinity

and the absolute conic can be found. This in turns gives us thecamera parameters.

A second group of self-calibration methods rely solely on the fundamental matrix rather

than a projective reconstruction of a sequence of images. Anexample of this category of meth-

ods is the use of the properties of the essential matrix for self-calibration. As explained in Sec-

tion 2.4.4, the formula for the essential matrix isE = [t]×R. It was shown in [46] that because

the essential matrix is the product of a rotation matrix and askew symmetric matrix, it has the

special property that its first two singular values are identical. As a result, using a fundamental

matrix whose equation is given by:F = K−T (R[t]×)K
−1 one can search in the space of all

intrinsic parameters such that the resulting essential matrix fromE = K−TFK−1 has identical

first and second singular values. This is performed by minimizing the difference between the

singular values of the resulting essential matrix. In fact,the adopted self-calibration strategy

in this thesis uses this constraint as will be detailed in Chapter 5.
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2.5.5 Issue of Degeneracy in SfM

Oftentimes an SfM routine fails due to degeneracies inherent in the input images. The prob-

lem of degeneracy is one that affects a large number of visionalgorithms. Three types of

degeneracies are often encountered in the SfM context. These are:

1. Structure degeneracy: this is when structure cannot be instantiated from a pair of images

or an image set due to camera geometry or the scene structure or noise in the correspon-

dences.

2. Fundamental matrix degeneracy: this is when a unique fundamental matrix cannot be

estimated due to camera geometry or the scene structure or noise in the correspondences.

3. Self-calibration degeneracies: when it is difficult or impossible to infer camera parame-

ters from correspondences alone due to camera geometry or the scene structure or noise

in the correspondences or noise in the estimation of the initial projective reconstruction

or the estimation of the fundamental matrix.

In order for an SfM algorithms to be robust it needs to handle such scenarios. Even though

a degeneracy often means a solution cannot be determined, the detection of such cases is

of importance in order to avoid providing an erroneous set ofresults. Degeneracies in self-

calibration are addressed in this thesis in Chapter 5. The other types of degeneracies are outside

the scope of this work but the interested reader is referred to [117, 86].

In order to lay the ground work for the presentation of the robust algorithms presented

in this thesis, the next chapter presents basic ideas in the area of robust statistics that will be

utilized in the proposed algorithms.



Chapter 3

Robust Statistics

3.1 Introduction

Robust statistics is a field of study concerned with estimating parameters when certain ideal

assumptions are violated. Robust techniques have a long history in the field of computer vision

[105, 68, 69, 119]. In fact, the popular RANSAC algorithm that will be discussed in Section

3.3.6 is one in a plethora of robust techniques used in computer vision. Several of the most

widely used robust techniques in computer vision will be briefly reviewed in this chapter.

Initially the concept of linear regression is discussed andsubsequent discussions of robustness

are presented based on the notation presented herein.

3.2 Linear Regression

The idea of linear regression is to fit a linear model to a set ofdata points. So for instance, if

there areN data points that we need to fit a model to, and for each data point i we know thep

“predictor” values:xi1, ..., xip and “response” valueyi and we wish to fit a model to describe

a linear relationship between the predictor and response values, we can write:

yi =

p∑

j=1

xijβj + ui, i = 1, ..., N (3.1)

Or, rearranging the predictor values in matrix formy = Xβ + u. The vectorβ is the vec-

tor of coefficients that need to be estimated. In addition,uis are the “errors” affecting the

measurements of the data points.

43
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One might observe that many of the problems mentioned in Chapter 2 are similar to this

formulation. For instance the fundamental matrix 2.4.1 is alinear model where the noise

componentu is the localization and matching errors as will be discussedin Chapter 4.

In order to estimate the unknown coefficients in the above formulation of linear regression,

an explicit formula exists. This is done by finding:

N∑

i=1

r2i (β) = min. (3.2)

wherer2i (β) is the squared residual of thei-th data point as a function of the unknown co-

efficientsβ. In fact, the maximum likelihood estimation of the parameters β are found by

minimizing the squared of the residuals [72]. Here the residuals are defined to be the error

terms of the estimation or the difference between the estimated value of the response and the

measured value of the response such that:ri(β) = yi − ŷi(β). In order to accomplish this

minimization a simple explicit formula can be derived to findthis “least squares” fit as:

β = (XTX)−1XTy. (3.3)

Minimizing the squared error, or the least squared solution, is in fact the optimal method of

estimating the unknown parameters if the noise values are normally distributed [72]. However,

most vision applications deal with problems that are far from this ideal case. In such cases,

using a least squares method leads to highly erroneous results. Figures 3.1a and 3.1b illustrate

examples of least squares fitting in the presence of noise. Asit is shown in the figure, the

left column’s data points are affected by Gaussian noise andthus a least squares fit to the data

points provides a reasonable model for the data. On the otherhand, the right column shows the

case where the noise affecting the data contains two points that have such large errors that they

can be referred to as “outliers”. While the first row shows thehistogram of the errors affecting

the data, the second row shows the QQ plot of this noise. A QQ plot is a graphical tool for

checking whether or not a sample data set belongs to a particular distributions. This is done by

plotting the quantiles of the sample data versus those of a theoretical distribution to see if the

data belongs to that class of distributions [64]. A quantileis essentially the point under which

a given proportion of data lies, so the 40% quantile is the point where 40% percent of the data

fall under (and the 50% quantile is the median). Deviations from a straight line in a QQ plot

as shown in the outlier contaminated data set in Figure 3.1b are indicative that the data does

not belong to the assumed distribution (the normal distribution in this case). Even though there

are only two outliers present in Figure 3.1b, the least squares solution has failed to provide

a reasonable solution. This examples illustrates the inadequacy of least squares solutions in
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dealing with outliers. This clearly shows the need for usingalternative methods to cope with

the non-ideal nature of the noise affecting measured data.

3.3 Robust Linear Regression

Oftentimes a number of assumptions must be made in order for an estimation technique to

provide an optimal solution. For instance, in the presentedexample of least squares line fitting,

the error in the data points is assumed to be Gaussian. In manysituations such assumptions are

invalid as is the case in computer vision. In addition, the cost of making such assumptions in

cases where they are not applicable is significant as shown inFigure 3.1b. This motivates the

need for estimators that do not depend on such assumptions.

However, before introducing the robust estimators, it is essential to review the types of

noise that are most likely to effect data in vision applications. There are generally three types

of noise that will be of concern in the discussions that follow.

3.3.1 Gaussian Noise

In this case the error term in Eq. 3.2 is drawn from a normal or Gaussian distribution:ui =

N(0, σ2). If the mean is not zero we consider the data to have a bias. An example of this is the

feature localization error inherent in most feature detectors [115]. Having assumed Gaussian

noise, the probability of a point having errorr can be denoted as:

p(r|v) = 1

σ
√
2π
e

−1
2 (

r−µ
σ )

2

. (3.4)

Here the labelv is an indicator variable that denotes the event that a data point is not an outlier

(i.e., an inlier) and̂v denotes the even of the point being a outlier.

3.3.2 Non-Gaussian Noise

In this case the noise terms,ui are generated by more than one process. There is often a

Gaussian component as is described in the previous section,and a non-Gaussian component

affecting the underlying data. This second component is often produced by gross errors in

measurement. In the case of SfM, one source of this error can be mismatches between pixel

locations which can be modeled as a uniform distribution, sop(r|v̂) = 1
b−a

[115] wherea

andb define the space of possible error values. In future chaptersthis the outlier distribution

is simply abbreviated top(r|v̂) = 1
w

wherew is the range of these outlier values defined in
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(a) Least squares fit, Gaussian noise.
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(b) Least squares fit, non-Gaussian noise.

Figure 3.1: Least squares fitting of lines for a data set containing Gaussian noise and one with

non-Gaussian noise. The fit to the data containing non-Gaussian noise is quite inaccurate. The

non-Gaussian data was created by merely adding two outlyingpoints to the set.
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Figure 3.2: Distributions for a Gaussian noise and for a Gaussian noise with outliers.

b − a. Having assumed Gaussian noise plus a non-Gaussian component, the probability of a

data point having errorr can be denoted as:

p(r) = p(v)
1

σ
√
2π
e

−1
2 (

r−µ
σ )

2

+ (1− p(v)) 1

b− a. (3.5)

wherep(v) denotes the probability of a point being an inlier, and(1−p(v)) denotes the proba-

bility of a point being an outlier, also indicated byv̄. Figure 3.2 shows the difference between

the distributions of Gaussian noise and one with outliers. Here the outliers are modeled with

a uniform distribution as in Eq. 3.5, but it is also possible that the outliers can take on other

distributions such as a Gaussian with very long tails. Oftenthe mixture model is a Gaussian

with “fat” tails which means points with very large errors are now possible.

3.3.3 Multiple Structures

An even more challenging scenario is when the data not only contains Gaussian and non-

Gaussian noise (i.e., outliers), but it contains multiple structures. In other words, the underlying

models generating the data are not merely a single model. Forexample, if there are two models

M1 andM2 that generate the data we can write:

yi =

{ ∑p
j=1 xijβj + ui i ∈ M1∑p
j=1 zijθj + εi i ∈ M2

(3.6)

where the noise can be a combination of Gaussian distributions and outlier distributions so for

example:

ui = p(v|M1)N(0, σ2
2) + (1− p(v|M1))U(0, a) (3.7)

ǫi = p(v|M2)N(0, σ2
1) + (1− p(v|M2))N(0, cσ2) (3.8)
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Figure 3.3: Error distribution for data with multiple structures. The errors also contain Gaus-

sian noise and outliers as indicated by the fat tails of the distributions. The errors have been

calculated with respect to one of the models.

where one of the models contains outliers from a uniform distribution and the other from a

Gaussian with a high variance. As it is shown, there are two models present,M1 andM2. So

there are now two sets of coefficients to be estimated. Figure3.3 shows an example of the error

distributions for a case with two underlying structures in addition to outlier noise. There have

been few methods offered in solving such problems, such as sequentially estimating the most

dominant model until only outliers are left. However, such models are difficult to estimate

even with a robust method [104]. In such cases the outlier ratio can be extremely high since

the inliers of one model act as pseudo-inliers with respect to another model as shown in Figure

3.3. Eq. 3.7 shows an example with two structures; however the general case can contain an

arbitrary number of structures.

In addition to changing the way a regression problem is solved, the nature of the noise

affecting the data changes the measure of the “quality” of a fit. In other words, one can opt for

minimizing the least squared value of the residuals in the case of purely Gaussian noise. But

in case of an arbitrary noise distribution this will not be the optimal quantity to minimize. The

way this problem is approached is using a maximum likelihoodestimation technique. This set

of approaches attempt to estimate the coefficientsβ such that the probability of the errors of

all data points, denoted byD is maximized. In other words we wish to maximize:

p(D|β) =
n∏

i=1

p(ri|β) (3.9)

where the logarithm is often used in order to turn the productinto a sum, so that in the case of
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Gaussian noise for instance, the following is minimized:

log

(
n∏

i=1

p(ri|β)
)

=
n∑

i=1

log

(
1

σ
√
2π
e

−1
2 (

ri−µ

σ )
2
)
. (3.10)

This amounts to minimizing the square root of the errors [93]. However, in the presence of

a non-Gaussian noise, this optimality condition will not hold. Also note the presence ofµ

andσ in Eq. 3.10. Although the mean is often assumed zero, the scale is an unknown that

must be estimated before this expression can be minimized. This is another reason why it is

important to carry out a density estimation on the errors in the problem that is to be solved

before devising an optimal estimator. As a result, in Chapter 5 a large portion of the discussion

on the robust estimation of self-calibration is dedicated to analyzing the types of noise that are

present in this scenario.

As argued, the assumption of Gaussian noise is often too restrictive in real case scenarios

including those arising in the field of computer vision. Therefore, it is essential to devise

robust estimation techniques that are able to deal with minimal assumptions on the measured

data. Figure 3.4 summarizes the four cases and how least squares fitting handles each case.

Figure 3.4a shows the simple case of fitting a line to a noise-free set. Figure 3.4b shows least

squares fitting to a case with Gaussian noise. As predicted, the fit is adequate and close to the

actual model. Figure 3.4c shows the inadequacy of using a least squares fit in the presence

of outliers. However, this graph introduces a simple robustestimator that is able to handle

outliers. As it is shown, this estimator is able to fit a line tothe data even in spite of the

outliers. This is referred to as an M-estimator and will be discussed further in Section 3.3.5.

And finally, Figure 3.4d shows the inadequacy of the least squared and the M-estimator in

dealing with multiple structured data.

3.3.4 Leverage and Influence

Robustness often entails assessing the influence of single data points and removing the ones

that exert an unusually large amount of influence on the final fit. Such points are often referred

to as “leverage” points and they are often outliers. One of the simplest ways of assessing

whether or not a point is an outlier is by analyzing the residuals of an initial least squares fit. As

mentioned earlier, residuals are the difference between observations,yi and their corresponding

fitted valuesŷi. Therefore, a residual can be thought of as the deviation between the data

and the fit. Also, under certain circumstances a residual,ri can also be thought of as the

model error,ui. Therefore analyzing residuals can be an effective way of assessing points that
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Figure 3.4: Summary of different line fitting methods in the presence of noise.



Robust Statistics 51

are outliers. This is in fact one of the adopted strategies insolving the fundamental matrix

estimation problem as will be discussed in Chapter 4.

However, one of the disadvantages of using pure residuals inassessing outliers is the fact

that oftentimes the variance of the errors of the different data points are different. In order to

scale the residuals properly, first the relationship between the model errors and the residuals

must be explained. Given Eq. 3.3 one can write the transformation between the fitted values

of y denoted aŝy and the observed values ofy as:

ŷ = Xβ̂ = X(XTX)−1XTy = Hy (3.11)

where the matrixH is referred to as the hat matrix and is simply:H = X(XTX)−1XT .

According to this, the residuals can be rewritten as:

r = (I −H)y. (3.12)

In fact, the covariance of the residuals can be written as:Cov(r) = σ2(I −H). Whereσ is the

standard deviation of the model errorsu. As a result, one can estimate the variance of a single

data point as:

var(ri) = σ2(1− hii) (3.13)

wherehii is thei-th element of the diagonal of the hat matrix. Therefore, thescaling of the

residuals can be done by dividing them by their standard deviation. This is referred to as

studentized residuals and can be written as [64]:

di =
ri√

MSres(1− hii)
(3.14)

whereMSres is the estimate of the variance of the model errors. One estimate of this value

can be found by using the variance of the residuals as:

MSres =

∑N
i=1(ri − r̄)2
N − p (3.15)

whereN is the number of data points andp is the number of parameters.

In addition to using residuals and studentized residuals, the measure of leverage for a data

point i, denoted byhii is a telling measure of the amount of its influence in the regression

estimate (also denoted simply byhi). The leverage can be interpreted as the standardized

measure of the distance of thei-th observation from the center of the space of all measured

points. As a result, a large value of leverage,hii often reveals observations that are potentially
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influential due to their distance from the rest of the data. Infact, points having leverage more

than 2p
N

are often analyzed further due to their high likelihood of being outliers [64].

In order to more accurately detect outliers, it is desirableto combine both residuals and

leverage. There are many measures offered to combine these two, but one of the most promi-

nent measures is the Cook’s distanceDi [64] which is defined as:

Di =
di

p

hii

1− hii
. (3.16)

This formula is in fact the product of the square of the studentized residuals with hii

1−hii
which

can be interpreted as the distance ofi-th data point to the rest of the data. Therefore,Di

is consists of a component that indicates how well the model fits thei-th observation,yi in

addition to a term that measures how far the point is from the rest of the data. However, there

is no known threshold for checking certain values of the Cookdistance, and an approximate

measure is to look for points having Cook distance larger than unity. There are also many other

metrics for assessing influence, such as DFBETAS and DFFITS [93]. Most of these quantities

also use various combinations of leverage and the data residuals.

To see the comparison of the mentioned values and their role in discovering influential

points, a simple regression is carried out for a quadratic surface in Figure 3.5. The example

consists of creating a quadratic surface and choosing 30 random points from the model in

addition to artificially creating an outlier that will be used for the fitting example. Figure 3.5a

shows that all points are ground truth data (i.e., noise freeor inliers) except one outlier shown

in red which is deliberately inserted into the mix. Figure 3.5b shows the least squares fit to all

the data points including the outlier. Table 3.1 shows the comparison of the various metrics

on the used data points including the outlier which is in the last row and is highlighted. It can

be seen that most of the quantities except for the pure residuals are highly indicative of the

outlier point. Therefore, one method of robustly fitting a model to noisy data is to use an initial

least squares fit and then by inspecting some of the outlined quantities in measuring influence

removing points that are likely to be outliers. However, this method is only effective when the

number of outliers are fairly small. When a moderate number of outliers are present in the data

they tend to mask each other’s influence [64] and render such an approach ineffective.

3.3.5 M-Estimators

Even though the previous section outlines several measuresof assessing whether or not a point

is an outlier, none provide an explicit objective function to be minimized in order to robustly

fit a model to noisy data. Also as mentioned, such methods are highly ineffective at moderate
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Point number residual studentized residualsleverage Cook’s distance

1 -4913.7015 -0.7419 0.16896 0.019007

2 -339.8279 -0.048332 0.085214 3.784e-005

3 9011.7265 1.4518 0.22174 0.095669

4 -5285.7539 -0.76835 0.10188 0.011356

5 -4720.3725 -0.66528 0.0506 0.004025

6 -6024.5182 -0.88519 0.11376 0.016915

7 4141.4113 0.64825 0.23104 0.021565

8 -3660.9325 -0.51634 0.059101 0.0028791

9 -2779.4403 -0.40023 0.10145 0.0031235

10 3390.1373 0.50433 0.15469 0.0080061

11 10023.0814 1.704 0.27903 0.17353

12 17030.701 3.5313 0.33632 0.71261

13 -3915.3506 -0.55451 0.065213 0.0036814

14 -5130.5323 -0.725 0.052251 0.0049271

15 -4485.8732 -0.65382 0.11282 0.0092817

16 -2823.0048 -0.40328 0.08696 0.002675

17 8566.6017 1.4196 0.26721 0.11751

18 -2248.6565 -0.31818 0.071815 0.0013563

19 -4441.2866 -0.62574 0.052027 0.0036747

20 5106.3114 0.75505 0.13278 0.014813

21 10934.6197 2.0379 0.37113 0.36106

22 -7154.535 -1.1184 0.20158 0.052086

23 -4406.5411 -0.62036 0.050824 0.0035248

24 3699.5727 0.76425 0.55542 0.12376

25 -8427.4113 -1.3611 0.23356 0.090865

26 -876.3568 -0.12382 0.072527 0.00020836

27 -5369.085 -0.79956 0.1425 0.017976

28 2688.5126 0.51835 0.49645 0.045538

29 8354.328 1.2832 0.15957 0.050736

30 -5943.8235 -40810982.5325 0.97158 136.7431

Table 3.1: Measuring influence in the regression example of the quadratic surface.
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(b) Fitting to all points including outlier.

Figure 3.5: Measuring influence in regression. The example shows a set of points generated

on a quadratic surface plus an outlier. The fitted surface significantly deviates from the inliers

due to the influence of the single outlier.

noise ratios and often depend on heuristics to find a cutoff for deciding whether or not an

influential point is an outlier. A more effective way of finding an estimate of the unknown

coefficients without having to check for outliers is to use the concept of M-estimators (or

maximum likelihood estimators).

As mentioned earlier, in order to find the regression coefficients under Gaussian noise, the

maximum likelihood estimator is the one minimizing the squared errors
∑N

i=1 r
2
i . However,

without the normality assumption on the distribution of thenoise, one can define the maximum

likelihood estimator to be:

minimize
β

N∑

i=1

ρ(ri) = minimize
β

N∑

i=1

ρ(yi − xT
iβ) (3.17)

wherexT
i denotes the transpose of thei-th row of the observation matrixX. This is re-

ferred to as an M-estimator, or a maximum likelihood estimator. As we saw previously, the

ρ(ri) function amounts to a squared function of the errors for the Gaussian case. However,

the M-estimator definition is more general and can cope with amuch larger array of noise

distributions.

In order to solve Eq. 3.18 the derivative with respect toβ must be found:

N∑

i=1

ψ

(
yi − xT

iβ

s

)
xi (3.18)

whereψ is the derivative ofρ ands is a preliminary estimate of the scale which is introduced

to guarantee the scale invariance of the solution. This initial parameter of scale can be found

robustly using a measure such as the interquartile range or the median absolute deviation [64].
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Since Eq. 3.18 leads to a nonlinear set of equations, an iterative method can be used to solve

for the coefficients. The most common way of doing this is through iteratively reweighted least

squares [72].

The important design issue when using an M-estimator is deciding what theρ(ri) should

be. The goal is that “instead of minimizing a sum of squares, we minimize a sum of less

rapidly increasing functions of the residuals” [47]. This removes the large impact that outliers

have on the fit of the coefficients. There are in fact a large number of M-estimators, each with

unique properties. The Table 3.2 outlines three popular M-estimators [131]. Note that each

has a tuning parameterk which depends on the particular M-estimator.

M-estimator ρ ψ w

Huber





r2

2
if |r| ≤ k

k(|r| − k
2
) if |r| > k




k

ksgn(x)




1

k
|r|

Cauchy k2

2
log (1 + ( r

k
)2 x

1+( r
k
)2

1
1+( r

k
)2

Bisquare






k2

6
(1− [1− ( r

k
)2]3) if |r| ≤ k

k2

6
if |r| > k





r[1− ( r

k
)2]2

0





[1− ( r

k
)2]2

0

Table 3.2: Three different M-estimators.

These M-estimators are graphically captured in Figure 3.6.As it is shown, the idea of an

M-estimator is to weigh the data points according to their residuals so that the penalty associ-

ated with regression does not increase proportionately with the error. For example, ordinary

least squares has an unbounded penalty function that increases proportionately with the error

squared. Therefore, points having large errors will imposea large amount of influence on the

regression coefficients. However, the robust M-estimatorsshown in Figure 3.6 all taper off or

increase less rapidly than least squares when the error exceeds a threshold.

3.3.6 RANSAC

RANdom SAmple Consensus or RANSAC is an iterative sampling strategy for robust esti-

mation [31]. RANSAC is a highly effective strategy for estimating a model in a high-noise

situation. This hypothesis-and-verify algorithm proceeds by repeatedly creating a hypothe-

sized model by drawing minimal subsets of data and fitting a model to these points. Following

this, a score is assigned to the parameters estimated using this minimal set with respect to the
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Figure 3.6: Four different M-estimator functions.

data. At the end, the best set of parameters that has achievedthe highest score is selected. The

flowchart presented in Figure 3.7 summarizes the iterative process of RANSAC.

The number of iterations that the RANSAC algorithm has to runthrough is calculated

statistically. This number is based on the number of iterations that it takes to draw a minimal

sample consisting of only inliers with a given user defined confidence level. This can be

expressed mathematically as:

Imax =
log(1− η)

log(1− p(v)m) (3.19)

whereη is the user desired confidence level, often set to0.99 andp(v) is the inlier ratio andm

is the number of points in a minimal subset, i.e., 2 in the caseof a line, andImax is the number

of iterations. Note that herep(v) is not the probability of a single inlier, but the probability of

any given point being an inlier, which amounts to the inlier ratio.

Interestingly, casting RANSAC as an M-estimator, it is clear that the penalty function of

RANSAC amount to:

ρ(r) =





Z if r > T

0 if r ≤ T
(3.20)

whereT is the threshold andZ is any constant positive value. This threshold is directly pro-

portional to the variance of the errors affecting the data. One method of setting this threshold
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is by: T = 1.96σ whereσ is the standard deviation of the input data [120] where the noise

distribution is assumed to be Gaussian. The threshold is chosen so that Gaussian inliers are

only incorrectly rejected five percent of the time.

Figure 3.8 shows an example of fitting a line to a set of data that is generated by two

different models. In addition, the data has been corrupted by Gaussian noise. The first graph

illustrates the underlying models used to generate the datapoints. The second through the

last figure shows the successive progression of the RANSAC algorithm. Here the black points

denote the minimal samples. In each graph a line has been fit totwo randomly chosen points,

also referred to as the “minimal sample”. The score for each model is calculated based on the

number of points that fall within a certain threshold to the model. In this case the dashes lines

on either side of the estimated model show the limit of how close a point ought to be to be

considered an inlier. The model with the highest score, defined as the number of inliers, is the

final estimate of the model under consideration. It is clear that RANSAC is able to discover

the underlying model in spite of multiple structures withinthe data.

3.4 Nonlinear Regression

Unlike the case for linear regression, where the equation islinear in terms of the unknown

parametersβ, the nonlinear models can take on any form. The general form of a nonlinear

model can be written as:

y = f(X,β) + u (3.21)

As opposed to the linear regression case where:y = Xβ + u. In this case no explicit solution

for β exists and the use of an iterative method is required. Using this form, the general least

squares solution for a nonlinear model can be found by minimizing:

N∑

i=1

[yi − f(xi,β)]
2. (3.22)

There are various existing methods for finding the solution to the above set of equations.

One of the most notable examples is the Levenberg-Marquardtnonlinear least squares [97]

whose implementation at [57] is utilized in the coming chapters.
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Figure 3.8: Example of using RANSAC for fitting a line to data set which consists of multiple

structures (two underlying models) and Gaussian noise. Theground truth models and three

iterations of RANSAC are displayed. Each hypothesized model has been shown with a solid

line and the dashed lines show the support region where a point would be considered an inlier.



Chapter 4

Robust Motion Estimation

4.1 Introduction

As outlined in Section 2.4.1, the fundamental matrix is of great importance for many computer

vision tasks. This geometric entity is used in many domains,such as:

• Dense point matching: by reducing the search space for imagecorrespondences.

• Outlier removal for correspondence data.

• Stratified Reconstruction: by providing an initial projective reconstruction, refer to Eq.

2.34.

• Image rectification: by providing the image transformationthat leads to a rectified image.

[63]

• Self-calibration as discussed thoroughly in Chapter 5.

However, the accurate estimation of the fundamental matrixis a challenging task due to the

very high noise ratio in the data. This data consists of the point matches between frames and

often contains large number of outliers. Figure 4.1 demonstrates an example of the process

of point matching between two image pairs using the SIFT point matcher [60]. The right

column of Figure 4.1 shows the QQ plot for the errors (or residuals) of the correspondences

with respect to the ground truth fundamental matrix which was found from a set of correct

matches that were provided with the image sets [6]. Note thatQQ plots were briefly described

in Section 3.2 along with their usage for visually inspecting the normality assumption of a data

set. The fact that both QQ plots show a strong deviation from astraight line demonstrates the

60
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fact that the errors are far from being simply Gaussian noise. In fact, the underlying errors are

indicative of a large number of outliers which are very typical of an image matching scenario.

These outliers or image mismatches are marked in red in the left column.

As a result of the large number of gross outliers affecting the calculation of the fundamental

matrix, combined with the essential role that the fundamental matrix plays is many computer

vision tasks, there has been a great interest in devising newand robust estimators to solve this

problem more effectively.

Before introducing some existing techniques to robustly estimate the fundamental matrix,

some error metrics for assessing the quality of the fundamental matrix will be introduced.

4.2 Error Metrics for the Fundamental Matrix

The simplest error metric to minimize in order to estimate the fundamental matrix is the alge-

braic error. Referring to Eq. 2.28, this can be done by findingthe minimum of||Ab|| where

b contains the elements of the3× 3 fundamental matrixF arranged in a column andA is the

matrix formed as shown in Eq. 2.28. In addition, the rank 2 condition can be imposed after

this minimization by finding the closest rank 2 matrix to the estimatedF . This can be done by

singular value decomposition by settingF ′ = Udiag(σ1, σ2, 0)V T whereF = UWV T andσ1
andσ2 are the first and second singular values ofF andF ′ is the fundamental matrix with the

rank 2 condition properly imposed.

A more meaningful metric to minimize would be the “symmetricepipolar distance”. Here

the metric that is minimized is simply the distance of a pointto its corresponding epipolar line

in each image. Since ideally one expects the points to be on their corresponding epipolar line,

this would be an intuitive metric to minimize. This distancecan be written as:

n∑

i=1

d(x′
i, Fxi)

2 + d(xi, F
Tx′

i)
2 (4.1)

where thei-th point in the first image isxi and its match in the second isx′
i and so we can

write xi ↔ x′
i. Also, d(x′

i, Fxi) is simply the perpendicular distance between pointx′
i and

its corresponding epipolar lineFxi. Also, noteF T is the reverse mapping of a point in the

second image into a line in the first image. Therefore Eq. 4.1 is a minimum when the epipolar

lines are perfectly matched with their corresponding points.

An even more useful error metric is the Sampson error that is known to give better re-

sults than the symmetric epipolar error [44]. This is the geometric distance to the first-order
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(b) QQ plot for the residuals of Merton
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(c) Corridor SIFT matches.
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(d) QQ plot for the residuals of Corridor

matches.

Figure 4.1: Two images from two separate image sequences have been shown with their raw

SIFT matches. Inliers have been shown in green and outliers in red. The right diagrams show

the errors of all the matches with respect to the fundamentalmatrix estimated from the inliers.

The error magnitudes plotted in the QQ plots are calculated using the Sampson error metric

defined in Eq. 4.2.
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approximation of the fundamental matrix:

n∑

i=1

(x
′
T
iFxi)

2

(Fxi)21 + (Fxi)22 + (F Tx′
i)21 + (F Tx′

i)22
(4.2)

where(Fxi)
2
m denotes the square of them-th entry of the vector(Fxi). Even though this

error cannot be minimized using an explicit formula, it can be minimized using a nonlinear

optimization method. In fact, the Sampson error has been used throughout this thesis as the

measure of the accuracy of the fundamental matrix. All scorefunctions, as outlined in Section

4.4.3 use this as a measure of error in fundamental matrices.Note that the Sampson error

is the geometric distance to the first order approximation ofthe fundamental matrix. For the

derivation of a more accurate measure of the geometric errorrefer to [40].

Finally, the minimization of the reprojection error of the fundamental matrix is a compu-

tationally expensive method of obtaining a good solution. This is an ideal metric to minimize

when computation time is not an issue and a set of inliers havebeen identified. The reprojection

error of the fundamental matrix can be written as:

n∑

i=1

d(xi, x̂i)
2 + d(x′

i, x̂
′
i)
2 (4.3)

wherex̂i is the reprojection of pointxi using the projection matrix which was obtained by the

fundamental matrix through Eq. 2.34. In other words,x̂i = PpXi andx̂′
i = P ′

pXi wherePp

andP ′
p are the canonical projective cameras obtained fromF andXi is the triangulation of the

pointsxi andx′
i using these cameras. Therefore, the reprojection error is the minimization of

the reprojection of matching points through a projective reconstruction due to the fundamental

matrix. In other words, a projective reconstruction is carried out using the obtained fundamen-

tal matrix and its reprojection error minimized to find the most suitable fundamental matrix.

The minimization is carried out over the projective reconstruction and the triangulated points.

Even though the minimized metrics do have an impact on the accuracy of the fundamental

matrix, the essential idea is that the fitting is done to a set of inliers. Any of the aforementioned

metrics will lead to an appropriate objective function if the data used for the estimation is free

of outliers. However, if too many outliers exist in the data,none of the outlined objective

functions when minimized will produce a suitable fundamental matrix. As a result, a robust

method is required that is able to discern inliers from outliers and to effectively fit an accurate

fundamental matrix to a set of image correspondences even ifit contains a large number of

outliers.



Robust Motion Estimation 64

4.3 Basic Estimation Methods

A RANSAC based algorithm, as discussed in Section 3.3.6 requires two types of data fitting

strategies, one for the minimal solver and one for the final stage where a set of inliers has been

identified. This is the case regardless of the model that is tobe fitted. These two techniques

are generally different since in the case of the minimal solver one can estimate an exact fit

but in the case of the final fit there are generally more constraints than unknowns and some

measure of noise has to be minimized. In the case of the fundamental matrix, the minimal

solver is referred to as the “7-point” algorithm and the general solver is referred to as the “8-

point” algorithm. Whereas the minimal solver is used iteratively on randomly selected minimal

samples, the 8-point algorithm is used once to fit the model tothe final set of inliers. Note that it

is also desirable to perform a nonlinear optimization in thefinal stage of fitting the fundamental

matrix in order to further improve the accuracy. In this casethe output of the 8-point algorithm

can be used as a starting point for the nonlinear optimization algorithm and either the Sampson

error or the reprojection error can be minimized.

4.3.1 Seven Point Algorithm

It was previously explained that the fundamental matrix hasseven degrees of freedom. As a

result, given seven points it is possible to estimate a fundamental matrix that exactly fits the

data. This is done by forming the usual matrix form ofAb = 0. This would lead to a rank

7 matrix which would produce a family of solutions in the formof αF1 + (1 − α)F2. The

parameterα can be estimated by enforcing thedetF = 0 constraint so that:det(αF1 + (1 −
α)F2) = 0. This equation can be solved numerically and leads to an exact fit to the seven input

correspondences.

4.3.2 Eight Point Algorithm

This is a method that solves for the fundamental matrix givenmore than seven correspon-

dences. In a RANSAC framework it is generally used for the final fit of the data. The idea is to

use the general least squares formulation ofAb = 0 matrix and find the right nullspace using

singular value decomposition.

There are two problems when applying the 8-point algorithm.If a proper data normal-

ization is not applied, the results can be erroneous [118]. Also, the rank 2 condition must be

imposed after the solution has been found which is not desirable since ideally this constraint

should be imposed during the estimation. One way to enforce this constraint in the estimation
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process is by using the epipolar parametrization [44]. Thisparametrization leads to a set of

nonlinear equations and must be solved using a nonlinear optimization method.

4.4 Existing Algorithms

In order to estimate the fundamental matrix accurately, oneneeds a robust estimator to discern

inliers from outliers, in addition to having an accurate optimizer that would refine the esti-

mated fundamental matrix once inliers have been found. However, the contributions and the

outline of the existing methods presented herein focus on the first step; the fast and accurate

classification of data points as inliers and outliers. This is a far more important step in the pro-

cess of estimating the fundamental matrix since once inliers are found most simple nonlinear

minimization routines can be used to refine an initial estimate of the fundamental matrix found

by a linear method.

In order to improve the robust estimation of the fundamentalmatrix we have adopted the

RANSAC framework since the other algorithms reviewed in Chapter 3 do not perform as effec-

tively as RANSAC in the robust estimation of the fundamentalmatrix. A thorough analysis of

the use of various robust estimators for the estimation of the fundamental matrix has been car-

ried out in [119] and it was concluded that the best algorithmwould be one where RANSAC is

used to find the set of inliers and then the results refined using another method. Other methods

such as M-estimators are usually unsuitable since they are not as effective in handling higher

error ratios. Therefore, the focus of this chapter will be onthe RANSAC framework for robust

estimation.

The following is a review of some existing methods for robustestimation of the fundamen-

tal matrix. They have been grouped according to the stage that they address in the RANSAC

pipeline as shown in Figure 3.7. Following this, the proposed algorithms are presented and the

chapter concluded with the experimental results.

4.4.1 Methods for Improving Score Metric

The following is a discussion on the different score measures in the literature for aggregating

the minimal hypotheses results in the RANSAC framework. ThevariableQ is used to indicate

the score of the whole dataset whereasqi is used to denote the penalty incurred by a single

correspondence point. This is similar to the idea of the robust M-estimator functions presented

in Section 3.3.5. In fact, using the terminology used in Section 3.3.5,qi = ρ(ri). Note that, the

terms “score” and “penalty” have been used interchangeablyin this thesis. These two terms
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are used to denote either a value that is to be maximized or oneto be minimized respectively,

therefore a score function is simply the reverse of a penaltyfunction.

As described in Section 3.3.6, RANSAC is an iterative algorithm that draws minimal sam-

ples and scores the generated hypotheses on these minimal samples according to the number

of inliers. In other words, once a random sample is drawn, a model is fit to this random sample

and then the number of points having less than a threshold error with respect to this model

is counted. This would amount to drawing seven data points, or correspondences, in the case

of the fundamental matrix and using the 7-point algorithm tofit a model to each sample. A

penalty is then calculated based on:

qi =





Z if ri > T

0 if ri ≤ T
(4.4)

whereri is the square root of Sampson error of thei-th point with respect to a given minimal

hypothesis andZ is a fixed score. There are a few problems with this score however, one being

the unknown parameterT . The second being the fact that this is a binary score function and

it assigns a fixed penalty to the error values. Therefore a point having a zero error and one

having errorT get assigned the same score. A more plausible score functionthat scores inliers

not only based on the fact that they are inliers, but also on how well these inliers fit the model,

is the MSAC (M-estimator SAmple Consensus) [120] penalty:

qi =





T if ri > T

ri if ri ≤ T
(4.5)

where the penalty is merely the error value when the data point is an inlier, and a constant

value otherwise. This is an improvement over the RANSAC score since the quality of inliers

is also taken into account. However, an even more efficient score function was introduced in

MLESAC [120] where a maximum likelihood framework is used topenalize error values. This

score function is a continuous function and is based on a mixture distribution that accounts for

the distribution of the outliers and inliers as discussed inEq. 3.3.2. This score function is given

by:

Q = −
n∑

i=1

log p(ri|F ) = − log

n∑

i=1

(
p(v)

1

σ
√
2π
e

−1
2 (

r−µ
σ )

2

+ (1− p(v)) 1
w
.

)
. (4.6)

In this score formulation, there are still three parametersthat need to be estimated. One is

the scale valueσ, and one is the inlier ratio for the entire data setp(v). The third variable is the
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“window size”w or the range of possible error values that an outlier can takeas explained in

Section 3.3.2. This depends on the search window size and canbe set according to the size of

the image. The inlier ratiop(v) must be estimated using expectation maximization as shown

in [120]. This has to be done every time a new best hypothesis is found.

One issue with the MLESAC score is the fact that the parameters of the distribution change

during iterations. In other words, one can have an entirely different function of the residuals in

one iteration than the next. Therefore, comparing two scorefunctions in two different iterations

does not always yield sensible results.

An improvement over the MLESAC score function was presentedin [115] where each point

is assigned an individual probability of being an inlierp(vi) and this is used in the calculation of

the score. This probability is also used in the sampling process, as will be described in the next

section, and is estimated from the matching scores between the correspondences. Therefore,

this matching score is a modification of Eq. 4.6 where we have:

Q = −
n∑

i=1

log p(ri|F ) = − log

n∑

i=1

(
p(vi)

1

σ
√
2π
e

−1
2 (

r−µ
σ )

2

+ (1− p(vi))
1

w
.

)
. (4.7)

Even though, unlike the MLESAC score, the parameters of thisscore function do not change

during the iterations, the score is still dependent on ana priori probability for the correspon-

dences that is unknown and has to be estimated separately based on matching scores. As will

be argued in Section 4.5, inlier probabilities that are driven from matching scores are often less

than adequate in many cases.

Another measure of the score of each data point as presented in [130] is the value of the

kurtosis (or peakedness) of the distribution of the residuals of that point throughout all the iter-

ations of RANSAC. This is used by generating hypotheses, saving the error for each data point

at every iterations and then calculating the kurtosis of theresulting histogram. The authors

argue that the kurtosis of inliers and outliers will form separable clusters in the kurtosis space.

The authors argue that the distributions of the errors of an inlier point is more likely to have

strong peak near zero and thus have a high kurtosis, whereas an outlier will form a uniform

distribution without any strong peaks. Based on this they use a clustering method to classify

each data point depending on the kurtosis of its error distribution. To this end, the value of the

kurtosis is used as a feature in a classification framework. Figure 4.2 shows the error distri-

butions of two sample inliers versus two sample outliers forthe Corridor sequence during 500

RANSAC trials. The top row shows the histogram of the residuals of the two inliers and the

lower row shows the histogram of the residuals of the two outliers. Clearly the distributions

are different and this information can often be used to discern between inliers and outliers.
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Figure 4.2: Distributions of the residuals of two sample inliers and two sample outliers over

500 RANSAC iterations and their kurtosis.

The authors admit that the method begins to deteriorate beyond a0.65 outlier ratio. In

addition, the method requires a fixed set of iterations, independent of the number of outliers.

Also, a question that arises here is whether or not “phantom”outliers will be formed by the

classifier if no actual outliers exist in the underlying data.

Figure 4.3 summarizes the three main penalty functions described so far. The MLESAC

function is shown with three different values forp(v). As discussed, each penalty function is a

function of the matching errors with respect to a fundamental matrix. The goal is to minimize

such a penalty function in order to obtain the more accurate fundamental matrix. Clearly the

MLESAC function shown in Figure 4.3 is superior to the other two; since unlike MSAC and

RANSAC functions MLESAC is a smooth function of the error.

There are also additional penalty measures, such as Least ofMedian squares (LMedS)

[131] where the median of the residuals is used as the score, or Least trimmed squares (LTS)

where the value of a certain subset of the residuals is used asthe value to be minimized [93].

These methods are robust but they have a breakdown point of0.5 outlier ratio.
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Figure 4.3: Summary of three popular penalty functions in the RANSAC framework which

have been discussed so far. RANSAC in Eq. 4.4, MSAC in Eq. 4.5 and MLESAC in Eq. 4.6

for three different values ofp(v).

4.4.2 Methods for Improving Hypothesis Generation

Once a minimal sample is chosen, the traditional RANSAC algorithm uses the 7-point algo-

rithm to fit a model to this minimal sample. However, there arealternative methods of fitting

minimal samples. One would be to add additional points by drawing more than the required

minimal sample, such as 8 points in the case of the fundamental matrix. Also, it is possible

to fit a new model to the inliers found from the minimal samplesusing the 8-point algorithm

as done in Lo-RANSAC [21]. The estimated fundamental matrixat each iteration can also be

further refined by using a nonlinear optimization method to re-fit the inliers. Figure 4.4 shows

the difference between the residuals of the 7-point algorithm and those of a further refinement

by refitting to the inliers of the minimal sample. It is shown that the residuals decrease when

the inliers are further processed. The refitting to inliers via the 8-point algorithm has a slight

advantage since it uses a larger number of constraints to fit the hypothesized fundamental ma-

trix. The authors in [21] also propose an additional method whereby sampling is done on the

inliers of the minimal fit and new models are fit to this new inlier set. This improves the results

but comes at a computational cost that might not be generallyacceptable.

4.4.3 Methods for Improving the Sampling Process

An important effort in improving RANSAC has been to improve the sampling process. Or-

dinarily, points are picked randomly from the entire set of correspondences. The selection of

which points are chosen is highly relevant to the final outcome of RANSAC. If noa priori

information is provided on the correspondences, as is the case in the original RANSAC algo-

rithm, points are chosen with equal probability in the sampling process. This presents a worst
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Figure 4.4: Examples of only fitting using the 7-point algorithm to the minimal samples versus

refining the hypothesized fundamental matrix by refitting itto the inliers of the 7-point fit. The

above shows the residuals of the fundamental matrices fit to the inlier correspondences of two

frames in the Merton College sequence using these two methods. The experiment is repeated

100 times and the results of the mean errors over all correspondences are plotted.

case scenario since all points have the same likelihood of being chosen regardless of whether

or not they are outliers or inliers. The solution to alleviating this problem is to use non-uniform

sampling to give higher priority to points that are more likely to be inliers. The proposed algo-

rithms RES-RANSAC and LEV-RANSAC are detailed in Sections 4.6 and 4.7 also belong to

this set of methods that attempt to improve the sampling process. Basically a sampling method

that is more likely to draw inliers, and “good” inliers at that, is the faster and more accurate ro-

bust estimator. In this context, a good inlier is one that provides a better span of the parameter

space so that the model can extrapolate the rest of the data. It is not sufficient to merely find

inliers, but “good” inliers that can provide more useful constraints in the parameter space. In

other words, inliers are not created equal!

The following sections outline some of the existing methodsthat attempt to improve the

sampling process and therefore the speed of convergence andthe quality of the estimated

model.

Sampling Based on Residuals

Methods based on residuals or the error terms use the error ofeach data point with respect to

all generated hypotheses as a measure for guiding the sampling process. The error terms can

be indicative of an outlier if they are consistently high andinlier if otherwise.

RES-RANSAC [90] is one of the contributed algorithms of thisthesis and will be discussed

in Section 4.6. This method uses the value of residuals and their distribution to guide the
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sampling process.

Multi-GS RANSAC [18] presented, 2 years after RES-RANSAC, offers a sampling method

based on the proximity of the residuals in a preprocessing step where residual neighborhoods

are formed. This algorithm is capable of discerning multiple structures in the underlying data.

Sampling Based on Geometric Relationship of Data

These set of methods attempt to infera priori data information based on the geometric proper-

ties of input data.

NAPSAC [73] is one of these methods. The argument behind NAPSAC is that points

that belong to the same manifold cluster together. Therefore sampling is performed by taking

an initial point and selecting the remaining points from a hypersphere centered on this initial

point. The distances are estimated in the 4D space of correspondences. The algorithm increases

the accuracy over traditional RANSAC. However, points thatare nearby are often on the same

object and form nearly planar structures, often leading to degenerate configurations. Therefore,

unless planar structures are scarce in the scene, application of this algorithm leads to a poor

estimate of the fundamental matrix.

SCRAMSAC [94] is another algorithm that attempts to improvethe samples by using a spa-

tial consistency filtering process. The proposed sampling process results in favoring matches

that belong to the same structure. Again, the problem with this approach is the high likelihood

in using samples that belong to fronto-parallel degenerateplanar configurations.

GroupSAC [75] is another algorithm that attempts to find clusters of data points for sam-

pling, arguing that inliers are more likely to belong to the same color segment. The segments

are made using a color segmentation or an optical flow clustering algorithm. Since this method

relies on color segmentation and a clustering algorithm foroptical flow, the outcome is highly

dependent on the performance of these two auxiliary algorithms.

In conclusion, methods that rely on grouping data together and sampling based on various

spatial relationships that lead to the formation of these groups are often prone to inadvertently

picking degenerate samples on planar scenes. These effectsmight not be as prominent on

scenes devoid of large planar structures, but this disadvantage will reveal itself on sequences

containing dominant planes. Also, the assumption that inliers cluster together is often incor-

rect in cases with large amounts of textures where inliers and outliers can exist side by side.

Also, the idea of clustering data into neighborhoods means that a scale or threshold for deter-

mining membership to such clusters must exist, which can be difficult to set and is usually set

heuristically in the above algorithms.



Robust Motion Estimation 72

Sampling Based on Matching Scores

Another set of algorithms that attempt to finda priori information on input data are those re-

lying on matching scores. These methods argue that a correspondence with a higher matching

score is more likely to be an inlier.

GUIDED-MLESAC [115] is the first method in this category to use a Bayesian approach

to infer a priori on the sample matches. The authors use the correlation scores to form a

distribution over each point on how likely it is to be an inliers. GUIDED-MLESAC uses the

zero-normalized cross-correlation value between grey-level patches around the match points

in the source and destination images to find a measure of the validity of a correspondence.

Letting Si be the set of matching scores of pointi in the left image against all its possible

candidates in the right image:Sj = {si1, si2, ..., sik} wheresik denotes the correlation score

between pointsi andk. Also, lettingvi be the event that thei-th correspondence is valid and

v̄i otherwise and similarly lettingvik the event that pointi correctly matches against pointk,

the algorithm presents a measure of validity as:

p(vi)← p(vik|si1, ..., sin) (4.8)

where an experimental probability density function is devised that maps the set of correlation

scores of a given point to a set of probabilities. Even thoughthis scheme leads to higher ac-

curacy in the results presented in the paper, the method onlyworks when there is only one

structure present in the data. In other words, the correlation scores can be used as a measure

of the likelihood that a point when there is only one motion present in the scene. For instance,

Figure 4.5 shows an example where the scene contains local motion in addition to the egomo-

tion of the camera. It is shown that even though many of the features are correctly match on

the object that undergoes a movement between the pairs, these correspondences are still gross

outliers with respect to the fundamental matrix. Such matches might have high correlation

scores but are in fact outliers.

PROSAC [19] is another method that relies on the matching scores to calculatea priori

values for the data points. PROSAC orders the correspondences by their similarity score and

operates on progressively increasing correspondence setsto generate hypothesis. Although

this method leads to higher quality sample sets, it is also only applicable to cases with a single

motion is present in the data, and it is prone to degeneraciessince points with high correlation

scores are often on the same fronto-parallel structures.
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(a) Outlying correspondences. (b) Inlying correspondences.

Figure 4.5: Inliers and outliers for an image pair containing two motions; the egomotion of the

camera and the movement of the tea container. The motion vectors of the inliers are shown

with green lines in the right image and the outliers are shownwith red lines in the left. Many of

the features on the tea container have been matched correctly but are considered outliers with

respect to the fundamental matrix.

4.4.4 Methods Based on Improved Hypothesis Verification

The runtime of a RANSAC based robust estimator can be expressed as [20]:t = k(tm+m̄sN),

wherek is the number of samples drawn,tm is the time to instantiate a model from a minimal

sample,m̄s is the average number of models per sample (2.3 for the fundamental matrix) and

N is the number of samples. Here the time it takes to verify a single correspondence with

respect to a hypothesis is set to the unit amount of time. Figure 4.6 shows the proportion of

the time that is spent in RANSAC on verification of the generated hypotheses. Clearly this

occupies the largest portion of the RANSAC computation time.

As a result of this several, methods have been proposed to reduce the computation time

of RANSAC by improving the hypotheses verification step. Also, since the contributed algo-

rithms, RES-RANSAC and LEV-RANSAC have been devised to address the issues of sam-

pling, they are easily combined with the hypothesis verification acceleration algorithms. In

fact, the experimental results show that the fastest relative algorithm amongst the implemented

methods is the combination of LEV-RANSAC with the probability ratio test that will be dis-

cussed shortly.

Bail-out test RANSAC [15] proposes an exit strategy from theverification process. In other

words, when a certain condition is met, the data verificationloop prematurely exits, thus saving

the time that would have been needed to go through all correspondences. More specifically,

whenever the probability of finding more inliers than the best found hypotheses drops below a

threshold, the evaluation is terminated, and the hypothesis is discarded as incorrect.
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Figure 4.6: Verification time and overall RANSAC computation time when the outlier ratio is

30%.

Preemptive RANSAC [76] is an algorithm designed for real time implementations. Here

the best hypothesis is selected from a fixed number of generated hypotheses. In other words,

the algorithm is independent of the inlier ratio and returnsthe final result within a scheduled

pre-allotted time. When the fraction of inliers is too low for the predetermined number of

hypotheses, the method fails.

Randomized RANSAC withTd,d is another method that uses theTd,d test. This test requires

that for a single hypothesis to be verified, it must be consistent with d data points out ofd

selected data. The optimal value ofd is mathematically derived to be one point. Therefore,

during the hypothesis verification step, if the first randomly chosen point is not consistent with

the model, the model is not verified further. As with other randomized RANSAC algorithms,

this means that some good models will also be rejected. However, the algorithm achieves an

overall computation time improvement by an early rejectionof bad hypotheses.

Randomized RANSAC with Sequential Probability Ratio Test or SPRT [20] is another

randomized verification algorithm whereby the speed of RANSAC is improved by finding the

optimal number of data points to verify given the current estimate of the inlier ratio. This

algorithm uses Wald’s decision theory [127] to perform an optimization to find the optimal

number of data points to verify based on the current estimateof the inlier ratio. Since this

method is combined with the proposed algorithms in order to achieve a lower computational

cost as discussed in Section 4.7, it will be briefly expanded upon.

SPRT-based RANSAC essentially reduces the RANSAC computational cost by approach-
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ing the verification of hypothesized models as a sequential testing similar to those performed

in industrial inspection. The problem is to decide whether abatch is “good” or “bad” by mak-

ing the smallest number of observations while minimizing the possibility of rejecting a good

model or accepting a bad model. This is based on Wald’s sequential probability test which

calculates a likelihood ratio as:

λi =

i∏

j=1

p(zj |Hb)

p(zj |Hg)
= λi−1 ×

p(zj|Hb)

p(zj|Hg)
(4.9)

whereHb is the hypothesis of having chosen a bad model andHg is that of a good model. When

zj is consistent with a model it takes the value of 1 and zero otherwise where this consistency

is based on the Sampson error being less than a threshold. Theprobability of a random points

being consistent with a good model orp(1|Hg) is simply the inlier ratio and the probability

of a data point being consistent with a bad hypothesis is modeled as a Bernoulli distribution

whose value is analytically derived. This ratio is sequentially updated during the verification

of a hypothesized model and once it exceeds some thresholdA the model under consideration

is rejected. This value is the only parameter that needs to beoptimized based on the latest

estimate of the inlier ratio and the desired probability of rejecting a good hypothesis. In fact,

the value ofA is recalculated based on an analytical formula whenever a new estimate of the

inlier ratio is obtained by finding a new model with the highest score.

For a more complete survey of RANSAC algorithms for improving the computation time

and real-time performance the interested readers can referto [87].

4.4.5 Methods Based on an Improved Termination Criterion

Another important question in RANSAC is the problem of the number of iterations, or the

termination criterion. The traditional RANSAC algorithm proposes that given a confidence

value,η, the number of required samples isImax = log(1−η)
log(1−p(v)7)

for RANSAC. This formula

is a statistical measure of how many iterations it will take before RANSAC takes a minimal

sample consisting only of inliers. This is however a very overoptimistic approximation. As

observed in several works, including [115], it is not enoughto only take inlier samples, but

the samples should span the manifold well enough. This meansthat often the actual required

number of iterations required is higher than the one in traditional RANSAC. As a result, some

modifications to this termination criterion have been proposed.

Ensemble RANSAC [130] and Preemptive RANSAC [76] uses a predetermined number

of iterations for their methods. The advantage of this is that it guarantees a certain amount of
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time for the RANSAC procedure, but the number of iterations can become independent of the

actual number of inliers. Also, the methods do not extend to higher outlier ratios.

Randomized RANSAC with Sequential Probability Ratio Test or SPRT [20] offers a modi-

fied termination criterion. This algorithm modifies the traditional RANSAC’s formula in order

to incorporate their proposed stochastic hypothesis verification. This is due to the fact that

this algorithm does not verify a hypothesis against all datapoints and instead uses a stochastic

method of deciding how many data points to verify against. Therefore, in this case it is possible

to have a good sample but reject it due to an error in the randomized verification. As a result

the termination criterion has been modified to take this intoaccount.

LEV-RANSAC as described in Section 4.7 offers a terminationcriterion based on the con-

vergence of the proposeda priori information as will be explained.

4.5 Proposed Algorithms

In spite of the large number of modifications offered to the traditional RANSAC, there are still

open challenges in the case of robust motion estimation. Some of these are:

• Inadequacy of existing methods in dealing with higher errorratios.

• Challenge of multiple structures in images due to local motion.

• Computation time and the requirement of real-time applications for faster algorithms.

• Accuracy: the impact of poor fundamental matrix estimationon self-calibration and

scene reconstruction.

• Degeneracies, their detection and handling.

The following are the two proposed algorithms that aim to improve the accuracy and speed

of RANSAC. The first algorithm, RES-RANSAC [90] is a residual-based RANSAC algorithm

and the second is LEV-RANSAC [89] which is based on the regression diagnostics. The two

algorithms are presented and the experimental results are shown afterwards.

4.6 RES-RANSAC

RES-RANSAC is an extension to the MLESAC algorithm that aimsto improve the sampling

process. This is carried out by incorporating attributes ofthe residuals from the hypotheses
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estimations to the minimal samples and using them as prior validity of correspondences and

refining these probabilities during the iterations of RANSAC. This algorithm is based on the

idea that residuals belonging to inliers often have lower magnitudes than the outlier residuals.

Also the inliers tend to cluster in one area and have a lower dispersion. In order to illustrate

this fact Figure 4.7 shows two instances of the RANSAC estimation process for two frame

pairs from the Wadham And Merton College sequences with different magnitudes of outliers

inserted into the set of correspondences. The plots containthe mean of the residuals and their

standard deviation for those iterations where a new model isacquired. Since ground truth

correspondences are available for these sequences and the outliers are artificially added, it

is possible to record the residuals of the actual inliers versus outlier during the iterations of

RANSAC. It is shown that the mean of the residuals are indicative of their status as an inlier or

an outlier. Also as the plots for the standard deviations of the residuals show, the inliers often

have a much lower dispersion and cluster together. This is used to incorporate a histogram

of residuals and their magnitude in calculating the dataa priori measures. Thesea prioris,

denoted byp(vi) are used to improve the sampling by allowing it to pick pointsthat are more

likely to be inliers. Experimental results show that at various outlier ratios, the RES-RANSAC

algorithm reduces the Sampson error and is also faster (in terms of the number of trials) in

comparison with existing algorithms.

4.6.1 Validity of Correspondences

We evaluate the validity of correspondencei using the conditional probabilityp(vi|ri) when

the errorri is observed. Error here being defined as the square root of theSampson error as

explained. We approximate the conditional probabilityp(vi|ri) as:

p(vi|ri) ∝ 1− p(0 ≤ r ≤ ri) (4.10)

wherep(0 ≤ r ≤ ri) is the probability of an error valuer, lying in the interval[0, ri]. The

larger the conditional probabilityp(vi|ri) is, the more valid the corresponding pair will be.

The justification for this formulation can be seen by noting that if a given correspondencei

is associated with the manifold currently being estimated,the errorri will be small as shown

in Figure 4.7b. With a small error, the length of the interval[0, ri] is reduced. This makes

the probability of the error being inside the interval very small. Consequently, the conditional

probabilityp(vi|ri) will be large. On the other hand, when the error is large, the length of the

interval is also large. This causes the probability of the error being inside the interval large,

making the conditional probabilityp(vi|ri) small.
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(a) Merton College sequence residuals, 30% outlier ratio.
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(b) Wadham College sequence residuals, 50% outlier ratio.

Figure 4.7: Mean and standard deviations of the residuals ofinliers and outliers for two frame

pairs from two sequences with varying levels of artificial outliers in the correspondences. The

residuals are those from the iterations of RANSAC where a best model is estimated.
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A practical question is how to model the probabilityp(0 ≤ r ≤ ri). A straightforward

solution is to employ a Gaussian function to model the probability distribution:

p(r) ∝ e
−r
2σr (4.11)

with σr being the standard deviation calculated from the overall set of errors. However, the

evaluation of this formula is time-consuming and the probability p(0 ≤ r ≤ ri) is sensitive to

the variation of the errorri. To avoid this, we quantize possible values ofr into a finite number

of intervals with each interval having the same size. In thisimplementation, we are using 100

bins with every bin beingmedian(r)
100

pixels in size. Errors outside this range will be assigned to

the last interval. In order to ensure the correctness of our parameters we verified the feasibility

of this approach experimentally against various other bin assignments and found that using this

value guarantees the highest likelihood of convergence. LetQl,c be the midpoint of the interval

(Ql, Ql+1) then the probability distribution is approximated as:

p(Ql < r ≤ Ql+1) ∝ e
−Ql,c
2σr . (4.12)

Also in order to utilize the fact that inliers cluster closely together, a measure of how frequently

the residuals occur in each bin of the histogram has been utilized. LetH(Ql, Ql+1), be the pro-

portion of errorsri in the interval(Ql, Ql+1), then we can argue that the higher this value, the

more likely the points in that interval are to be inliers. Therefore, the probability distribution

within the interval(Ql, Ql+1) is modified as:

p(Ql < r ≤ Ql+1) ∝ H(Ql, Ql+1)× e
−Ql,c
2σr . (4.13)

Normalizingp(Ql < r ≤ Ql+1) results in:

p(Ql < r ≤ Ql+1) =
H(Ql, Ql+1)× e

−Ql,c
2σr

∑100
l=1H(Ql, Ql+1)× e

−Ql,c
2σr

. (4.14)

Consequently, the probabilityp(0 ≤ r ≤ ri) is represented by:

p(0 ≤ r ≤ ri) =
L∑

l=0

p(Ql < r ≤ Ql+1) (4.15)

with L determined byQL < ri ≤ QL+1. To summarize, the probability of a data point being

an inlier is assigned by the residuals of the said data point with respect to the latest hypothesis.

In addition, this probability is modeled using a Gaussian combined with a binning algorithm

that assigns a higher score to bins with higher number of residuals.
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4.6.2 Estimation of the Prior Validity

As described in Section 4.4.4, the prior probabilityp(vi) is a measure of the validity of a

correspondence before a random sampling trial is performed. As an estimate of the prior

validity of a correspondence, we propose that the conditional probabilityp(vi|ri) becomes the

prior:

p(vi)← p(vi|ri). (4.16)

Letting p(v(j)i ) be thea priori of the i-th point at iterationj, we can use the above formula-

tion to assign its value. However, the value ofp(v
(j)
i ) is unknown since thep(r(j)i ) is derived

from the current model at thej-th iteration, and is not known at this stage. LettingM rep-

resent a model being estimated, andM∗ denote the best model found so far in the iterations

before thej-th trial, we can calculate the probabilityp(v∗i |ri(M∗)) using the data set associated

with the best modelM∗ that has been attained so far. In our formulation, we use the condi-

tional probabilityp(v∗i |ri(M∗)) to approximate the prior validityp(v(j)i ) at thej-th trial, i.e.

p(v
(j)
i ) = p(v∗i |ri(M∗)). This approximation is reasonable when we consider that themodel to

be estimated is the one that is associated with the dominant data in the complete set of putative

correspondences.

After the current modelM (j) is derived, it is determined whether or not it is better than the

best model found so far. If so, the best modelM∗ and the conditional probabilityp(v∗i |ri(M∗))

will be updated, respectively, byM∗ = Mj andp(v∗i |ri(M∗)) = p(v
(j)
i |ri(M (j))). Otherwise,

the current modelM (j) is discarded and no update on the estimates of the conditional probabil-

ity p(v∗i |ri(M∗)) will be carried out. It is possible that an early unreliable estimate of the prior

probability can make the final estimates of our algorithm diverge from the true model. This

is due to the fact that if a decision is made too early about thevalue of the prior validities, it

can trap the algorithm in an incorrect solution. To reduce this possibility, the estimation of the

conditional probabilityp(v∗i |ri(M∗)) is performed only after at least 10% of the total number

of trials have been completed. The feasibility of this approached was verified experimentally.

The prior probabilities are used in a Monte Carlo sampling strategy where points with

higher priors are likely to be picked more often. This is similar to the sampling strategy pre-

sented in [115]. The experimental set up and the results showing the effectiveness of this

strategy are presented in Section 4.8.
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4.7 LEV-RANSAC

LEV-RANSAC presents an improvement to RANSAC where regression diagnostics informa-

tion is incorporated in RANSAC in order to improve accuracy and speed. Similar to RES-

RANSAC presented in Section 4.6 this algorithm aims to estimate correspondencea priori

values in order to improve the sampling process. This improvement in the sampling stage

speeds up the estimation by taking advantage ofa priori information derived from regression

diagnostics calculated from the residuals during the iterations of the minimal sampling. Also, a

new stopping criterion is presented that enables a much higher speed in the estimation process

and guarantees that the iterative estimation is stopped as soon as the best model is found. In

addition, LEV-RANSAC can easily be combined with existing randomized hypothesis verifica-

tion techniques, such as SPRT which was discussed earlier, to achieve an even higher accuracy

and speed. The algorithm shows a marked improvement in the accuracy of the estimation and

a speed up of more than three times over the traditional RANSAC.

4.7.1 Overview

As argued, there is readily available information from the iterations of the RANSAC process

that can be used to estimatea priori information that will guide the sampling process. Thea

prioris estimated by LEV-RANSAC are based on a more statistically meaningful measure than

pure residuals (i.e., RES-RANSAC) and a more general one than matching scores (i.e., Guided

MLESAC). In addition, the method works well independently of the number of motions present

in the scene since it does not rely on matching scores.

4.7.2 Regression Diagnostics

In LEV-RANSAC, the values of thea priori probabilities are derived from the measure of

each correspondence’sinfluence. In other words, the amount by which a single correspondence

influences the estimation of the fundamental matrix is used as a measure of its probability to be

an inlier. Influential points tend to “pull” the regression coefficients in their direction and are

often outliers as reviewed in Chapter 3. In order to assess the influence of the correspondences,

the value of Cook’s distance is adopted in the proposed algorithm since the fundamental matrix

is a linear model and the same principles used in standard linear regression apply here. This

quantity was explained in Section 3.3.4 as is stated again as:

Di =
di

p

hii

1− hii
. (4.17)
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Figure 4.8: Example of the mean Cook distances for outliers versus inliers in the iterations

of the proposed algorithm in the Merton College sequence residuals (30% outlier ratio) and

Wadham sequence (50% outlier ratio).

where in this casedi is the studentized residuals of a correspondence with respect to the funda-

mental matrix andhii is the leverage of said point. In the proposed algorithm, Cook’s distance

for all data points is iteratively updated and thea priori probabilities are estimated based on

this distance. Since Cook’s distance is more meaningful than mere residuals, the algorithm

is able to discern between inliers and outliers more effectively than the RES-RANSAC algo-

rithm. Figure 4.8 shows an example of the Cook’s distance measure for the inliers and outliers

for two different frame pairs with artificial outlier noise.The measure of Cook’s distance is

highly indicative of the inliers and outliers and is a more effective means of detecting them.

4.7.3 Sampling with Regression Information

In order to use Cook’s distance as a measure of a probability,a density function has to be

defined that maps Cook’s distance to a probability value. In this case a probability density

function is chosen to be a Gaussian function defined by:p(Di) = 1√
2πσ2

e−
(Di)

2

2σ2 . The mean

of the Cook distances is assumed to be zero, and the standard deviation is calculated using

the median absolute deviation [64]. In other words, a smoothfunction of the Cook distance

measures is used to denotea priori probabilities, and so:p(vi)← p(Di).
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4.7.4 Termination Criterion

Normally the number of iterations that the RANSAC algorithmhas to run through is calculated

statistically as shown in Eq. 3.19. Here we propose a new stopping criterion where the itera-

tions are stopped when thea priori probabilities converge. The convergence is detected when

the mean absolute difference between thea priori values between two consecutive updates is

below a threshold,G. Similar to the traditional method of stopping the RANSAC iterations,

the user has to specify this threshold. In other words, the iterations of LEV-RANSAC are

terminated when:
n∑

i=0

|p(v(j)i )− p(v(j−1)
i )| < G (4.18)

wherep(v(j)i ) is thea priori probability assigned toi-th data point during thej-th update, and

G is set to 0.05 in the experiments. This value was found experimentally; higher threshold

values will generally sacrifice accuracy for speed and lowervalues will achieve a lower error

at a higher computational cost. This is true in a probabilistic sense; in other words, a lower

threshold will on average, produce more accurate results. Note that unlike the RANSAC

termination criterion, the proposed criterion does not explicitly consider the probability of

choosing an inlier set. Rather, the proposed criterion ensures that no additional iterations are

performed once the values for the probabilities come to a point of convergence, since a better

sample is highly unlikely to be picked at this point. Also it is unlikely for the probabilities

to converge when a good model has not been found yet, since fitting to outlier sets leads to

highly variable errors which do not tend to the same values insubsequent iterations. Figure

4.9 shows an example of thea priori values for the inliers versus outliers for two frame pairs.

The mean of the probabilities tend to be significantly higherfor the actual inliers, indicating

the improvement in the sampling process.

4.7.5 Overall Algorithm

Algorithm 1 outlines the various stages of the LEV-RANSAC method. Here,j denotes the

number of the current iteration,hii andri denote the values of leverage and error residual for

the i-th point. p(vi) denotes the measure of the validity of pointi calculated using Cook’s

distance.F (j) denotes the fundamental matrix that is estimated at iterationj using the minimal

sample that is found in this iteration, andF ∗ denotes the best model found so far.Q(j) denotes

the score at iterationj andQ∗ denotes the best score found so far. Note that the score used in

LEV-RANSAC is the MSAC score [120] due to its robustness and simplicity. Also, the error
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Figure 4.9: Example of thea prioris for outliers versus inliers in the iterations of the proposed

algorithm in the Merton College sequence residuals (30% outlier ratio) and Wadham sequence

(50% outlier ratio).

residualri is based on the square root of the Sampson error of correspondencei with respect

to the hypothesized fundamental matrix.

The algorithm proceeds by updating the probabilities when abest new sample is found

using the new values of leverage and the new residuals calculated from this best model. From

this point on, the sampling process is guided based on the newprobabilities. The probabilities,

p(vi) are updated only when a new best model is found. When this occurs, the set of inliers

with respect to the new model are found based on some threshold,T which is set to be1.96∗σ
and whereσ is often taken to be 1 pixel [119].

Finally the algorithm ends when one of two termination criteria is met. The first termination

criterion is the traditional one used in RANSAC and the second is the proposed criterion 4.18.

However, almost in all cases, the proposed criterion is met first since the presented guided

sampling improves the quality of the samples and so almost always a lower number of iterations

is needed than plain RANSAC.

4.8 Experimental Results

In order to test the proposed algorithms, a synthetic correspondence generation framework is

devised. For every single test, a random camera pair set up isgenerated where the two cameras

have an arbitrary rotation and translation (non-convergent setups are rejected). Once this setup

is created the camera intrinsic parameters are set to some initial values (image size is 512x512,
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Algorithm 1 Guided Sampling with Regression Diagnostics

1: Detect image matches

2: Initialize: p(vi)← 1, j = 0,Q∗ = 0

3: while j < jmax do

4: take minimal sampleSmin usingp(v(j)i )

5: fit modelF (j), find errors,ri w.r.t. F (j), find scoreQ(j)

6: if Q(j) < Q∗ then

7: update:Q∗ = Q(j) andF ∗ = F (j)

8: form inlier setSin = {i|rj < T}
9: update leverage of inliers from design matrix:X(Sin)

10: find Cook distancesDi andp(vi) for all the data

11: if
∑n

i=0 |p(v
(j)
i )− p(v(j−1)

i )| < G then

12: Terminate and ReturnF ∗

13: end if

14: end if

15: end while

16: return F ∗

focal length is 700). Then a set of random points in space thatare seen by the two cameras are

projected into both images and the set of image correspondences are created. This data is then

corrupted by two separate noise processes. The locations ofthe feature matches are affected by

a Gaussian noise with a one pixel standard deviation to mimicthe process of feature detection

and its inherent localization errors. The outliers are alsogenerated by adding an arbitrary

value from a uniform distribution to the locations of matches in one image. For any given

outlier ratio, 200 such tests are created and the results areaveraged over all the tests. Each test

configuration consists of 1200 points projected in each of the cameras. Figure 4.10 shows a

sample of an instance of a generated synthetic image pair with their correspondences. While

the synthetic noise-free matches and their corresponding epipolar lines are shown in Figure

4.10a, Figure 4.10b shows the corrupted correspondences with the outliers marked in red.

The comparisons were made between MSAC, MLESAC, RANSAC, RES-RANSAC and

LEV-RANSAC, and plain RANSAC with SPRT and LEV-RANSAC combined with SPRT for

accelerated verification. Guided MLESAC was omitted due to absence of correlation values

since the tests are synthetic and so no texture information exists.

The first set of tests results, as shown in Figure 4.11a presents the comparison of the mean

error averaged over the number of tests for varying levels ofnoise contamination. In other
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(a) Ground truth matches and epipolar lines for

a synthetic frame.

(b) Matches corrupted by noise to form artifi-

cial outliers.

Figure 4.10: Synthetic correspondence generation with artificially added outliers and Gaussian

noise.

words, for every contamination level, 200 tests are performed. The results of a given test for

each algorithm is a final estimation of the fundamental matrix. Therefore, the mean error for

every algorithm is defined as the mean error of its hypothesized fundamental matrix with re-

spect to the ground truth matches, averaged over the number of trials. As it is shown, the error

of the fundamental matrices found using LEV-RANSAC is significantly lower than other algo-

rithms except for higher outlier ratios compared with RES-RANSAC. This performance drop

is negligible when considering the fact that LEV-RANSAC finds this solution in a significantly

lesser amount of time.

The second set of test results, as shown in Figure 4.11b, presents the computation time

comparison between the tested algorithms. Note that MLESAChas a much higher computation

time because of the expectation maximization step [120]. Itis clear that the LEV-RANSAC

method has a much lower computation time than the competing algorithms. Even though the

leverage values need to be calculated, this only happens when a best model is encountered

which is only log(k) times wherek is the number of iterations [20]. This additional cost

incurred for calculating the leverage is well compensated by the lower number of iterations

due to the higher quality samples.

The third and fourth sets of results demonstrate the effectiveness of combining LEV-

RANSAC with two existing hypothesis verification methods. Figures 4.12a and 4.12b show

the error and time comparison between theTd,d method with LEV-RANSAC combined with

Td,d. The combination of LEV-RANSAC with randomized verification shows a lower error for

all outlier ratios due to the higher quality of the samples. Although the computation time of
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the fundamental matrix.

Figure 4.11: Comparison of the performance of the proposed algorithms.

the plainTd,d is better for lower error ratios, the combined method maintains its steady com-

putation time for all outlier ratios, whereasTd,d degrades quickly as the contamination levels

increase.

Finally, the last set of experiments, as shown in Figures 4.13a and 4.13b show the accu-

racy and timing comparisons of SPRT versus LEV-RANSAC with SPRT. Similar to theTd,d
case, this combination yields an even faster method than thepure SPRT case. Here again, the

combination of SPRT with LEV-RANSAC method has a lower estimation error for all outlier

ratios. In the case of the computation time, LEV-RANSAC performs worse than plain SPRT

in lower ratios, but the timing remains steady in the higher error ratios, whereas plain SPRT’s

speed degrades very quickly in these higher error ratios.

4.9 Summary

The robust estimation of multiple view geometry, mainly thefundamental matrix via the

RANSAC framework has been discussed in this chapter. Several methods that have built upon

the traditional RANSAC algorithm have been reviewed. Even though various improved sam-

pling techniques exist, many rely on information that is notaccurate in all cases. Two algo-
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Figure 4.12: Comparison of LEV-RANSAC combined withTd,d test with plainTd,d.
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rithms have been presented, namely LEV-RANSAC and RES-RANSAC, that do not depend

on any domain knowledge such as matching scores or geometricproximity of correspondences

to form sampling probabilities. The results show the improved speed and accuracy of the pro-

posed methods. In addition, both methods can be combined with randomized verification

algorithms. This has been in fact tested with LEV-RANSAC andthe results show the time

improvement of this algorithm when combined with randomized verification and speedups of

up to three times over RANSAC.



Chapter 5

Robust Self-calibration

5.1 Introduction

Camera self-calibration is the process of estimating the camera parameters using only the in-

formation available through an image sequence [46]. It enables 3D reconstructions from a

sequence of uncalibrated images without having to rely on a formal calibration process. Such

formal calibration processes are often cumbersome as discussed in Section 2.3.2. Also, access

to the original acquisition device is not available in many cases such as applications involving

Internet image databases. Therefore, the idea of self-calibration, or auto-calibration, is highly

attractive for the computer vision community, offering thepossibility to infer camera parame-

ters using only the images themselves. Furthermore, accurate and robust self-calibration offers

the possibility of a consumer level 3D reconstruction toolkit with no need for any external

information other than the images.

There are several widely used categories of self-calibration methods that will be reviewed.

The first category uses the projective geometry of a scene andthe absolute quadric, as described

in Section 2.2.8 to estimate the camera parameters [82]. An initial projective reconstruction

has to be available before self-calibration can be achieved; this is a computationally intensive

step since bundle adjustment needs to run through the projective reconstruction to ensure an

accurate estimation of the parameters.

The second category is based on the Kruppa equations that usean imaginary conic with

complex points, namely the absolute conic, as described in Section 2.2.8 [112]. Its performance

relies on precise localization of the epipoles, which is notalways possible since the locations

of the epipoles are highly sensitive to noise.

The third category uses algebraic properties of the essential matrix to provide camera pa-

90
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rameter estimates [128, 70, 36]. However, the methods in this category have to deal with

finding a global minimum from a difficult objective function.The methods offered in this the-

sis belong to the last category, since this set of methods only relies on an accurate estimation of

the fundamental matrix. As described in Chapter 4, it is possible to estimate the fundamental

matrix accurately in very high-noise situations. Also, this set of methods does not require local-

ization of the epipoles or the computationally expensive projective reconstruction. However,

as mentioned, the challenge with this set of methods is the minimization of a difficult objective

function that contains many local minima. In addition, the contributed methods address the

problem of robustness in self-calibration, defined as immunity to certain inherent degenerate

configurations and noisy input data (i.e., fundamental matrices). Robust self-calibration is an

idea that is often neglected in the literature but is of greatimportance, considering the sensitiv-

ity of self-calibration to input noise and degenerate and near-degenerate configurations.

To this end, three methods have been developed that will be discussed in this chapter.

Before that, the basics of the aforementioned three existing self-calibration methodologies will

be reviewed. Due to the nature of self-calibration algorithms, the review of existing methods

will be divided into a review of existing constraints that can be used for self-calibration and

those methods that can effectively obtain solutions using these constraints. Subsequently, the

proposed methods are outlined, and finally the experimentalresults are presented.

5.2 Existing Constraints

There are several constraints for finding the camera parameters in a self-calibration framework,

some of which make assumptions about the scene (e.g., planes[123]) or the camera motion

(e.g., pure rotation [42]). However, the most general algorithms depend only on correspon-

dences between the images in a sequence and are independent of special motion or structure in

the scene. Four main categories of self-calibration constraints will be discussed in the follow-

ing section.

5.2.1 Estimation of the Absolute Quadric from Projective Reconstruc-

tion

Originally proposed in [122] and [82], these methods perform an upgrade from a projective

space to a Euclidean one by using the location of the absolutequadric as described in Section

2.2.8. As reviewed in Chapter 2, the projection of the absolute quadric to the image of the

absolute conic can be written as:
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KKT = ω∗ = PQ∗
∞P

T (5.1)

whereK is the matrix of the intrinsic camera parameters defined as:

K =



fx s uc

0 fy vc

0 0 1


 (5.2)

andQ∗
∞ denotes the matrix containing the coefficients of the absolute quadric andP denotes

a projection matrix. In order to estimate the camera parametersK, the coefficients of the

absolute quadric have to be found first. The method in [82] proposes a minimization of the

objective function:

min
n∑

i=1

∥∥∥∥
KKT

‖KKT ‖ −
PiQ

∗
∞P

T
i

‖PiQ∗
∞P

T
i ‖

∥∥∥∥
2

(5.3)

where the subscript‖.‖ denotes the Frobenius norm and eachPi is the projection matrix of a

camera in a projective space. This objective function is minimized using a nonlinear optimiza-

tion method. As mentioned previously, a projective reconstruction is required to instantiate the

above objective functions and the resolution of the parameters using this constraint requires a

good initial estimate. Also, the objective function suffers from numerical instabilities which

have been remedied in a newer edition of the algorithm proposed in [85].

5.2.2 Modulus Constraint

Similar to the case of the absolute quadric, the use of the modulus constraint requires an initial

projective reconstruction. However, the upgrade from projective to metric reconstruction is

now done in two separate steps. This is also referred to as a stratified reconstruction where

the plane at infinityπ∞ (discussed in Section 2.2.7) has to be found first. This helpsupgrade

the projective reconstruction to an affine space. Followingthis, the camera parameters are

estimated which helps to upgrade the reconstruction fully to the metric space. This algorithm

was initially proposed in [84]. Letting the plane at infinitybe defined as:π∞ = (p, 1)T and a

camera projection matrix defined in a projective space as:Pi = [Ai|ai] it is known that:

Ai − aip
T = KRiK

−1. (5.4)

whereRi is the relative rotation of thei-th frame with respect to the reference coordinate

system. SinceKRK−1 is conjugate to a rotation, it has a set of known eigenvalues [81]. As
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a result we can assume the eigenvalues of the left side of the equation are known and this

gives a set of polynomials in terms of the characteristic equation of the(Ai − aip
T ) matrix.

Solving these equations using a continuation method gives aset of answers that can be filtered

through using additional frames in the sequence. Once the equation for the plane at infinity

is resolved the reconstruction can be upgraded to an affine reconstruction. Subsequently, the

camera intrinsic parameters are found using a linear methodand refined through a nonlinear

minimization.

In addition to having the same issues as the method using the absolute quadric, this method

depends on localizing the plane at infinity which is very sensitive to noise [44]. Several meth-

ods have been devised to incorporate scene constraints in order to improve the localization of

the plane at infinity such as the method proposed in [56].

5.2.3 Kruppa Equations

Another group of self-calibration constraints are based onthe Kruppa equations [30, 112].

This is one of the earlier self-calibration methods that usethe fundamental matrix as input.

The Kruppa equations are algebraic representations of the correspondences of epipolar lines

tangent to the absolute conic. The complete geometric explanation of this equation is beyond

the scope of this thesis, however, a brief description is provided.

The Kruppa equations relate the absolute conic to the fundamental matrix and its epipoles

by:

[e′]T×ω
∗[e′]× = λFω∗F T . (5.5)

whereλ is an arbitrary scale factor ande′ is the epipole. Methods utilizing this constraint

either attempt to explicitly calculate this scale factor [39] or eliminate it altogether [62]. One

way of eliminating this scale factor is by using the ratio of the corresponding elements from

either side of the above equation leading to six constraintsas:

([e′]T×ω
∗[e′])11

(Fω∗F T )11
=
([e′]T×ω

∗[e′])12
(Fω∗F T )12

=
([e′]T×ω

∗[e′])22
(Fω∗F T )22

=

([e′]T×ω
∗[e′])13

(Fω∗F T )13
=

([e′]T×ω
∗[e′])23

(Fω∗F T )23
=

([e′]T×ω
∗[e′])33

(Fω∗F T )33
.

(5.6)

This leads to six polynomials in the unknowns of the calibration matrixK. It was shown in

Section 2.5.4 that dual of the image of the absolute conicω∗ is defined as:ω∗ = KKT and

so solving the above equations leads to solutions in the intrinsic parameters. However, from

the above six equations only two are independent, and therefore the task of choosing which
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ones to use or how to combine the results together can be a challenging problem on its own

[59]. In fact, much research has been carried out on improving the performance and numerical

stability of the Kruppa equations. One variant of the Kruppaequations that is designed to

improve its reliability is presented in [112] and used lateron in this thesis in order to initialize

an optimization for one of the proposed algorithms in Section 5.6.

5.2.4 Huang-Faugeras constraint

This constraint is based on properties of the essential matrix [46], and is commonly referred to

as the Huang-Faugeras constraint. As discussed previously, the essential matrix can be written

in terms of the fundamental matrix as:

E = KTFK = [t]×R. (5.7)

Note that the intrinsic parameters of the two cameras that are used to calculateF are assumed

to be identical as mentioned in the introduction.

Given Eq. 5.8, one can deduce that the essential matrix has two identical singular values

and a third singular value that is zero [46]. The fact that thefundamental matrix has rank two

enforces the constraint on the third singular value, but theconstraint that the other two singular

values are equal is only met when the essential matrix is calculated from the correct camera

intrinsic parameters. This in fact provides two constraints over the intrinsic parameters [70].

Therefore, givenN fundamental matrices,F1, . . . , FN the objective function over the intrinsic

parameters can be formulated as:

min
N∑

i=1

(
wi∑N

m=1 wm

σ(1,i) − σ(2,i)
σ(2,i)

)
(5.8)

whereσ(1,i) is defined as the first singular value of thei-th essential matrix obtained from the

i-th fundamental matrix using Eq. 5.8 with the parameterizedcamera intrinsic parametersK.

Similarly σ(2,i) is the second singular value of thei-th essential matrix. Also, the weights are

denoted bywi and represent the confidence in the estimation of the fundamental matrix. Al-

ternatively, they can be set according to the number of inliers, or a function of the residuals for

the fundamental matrix as detailed in [70]. An equivalent but algebraically different objective

function that can be derived from the above formulation was proposed in [36]. This objective

function can be written as:

min‖2EETE − tr(EET )E‖F . (5.9)
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Using a sufficient number of fundamental matrices, the intrinsic parameters of the camera can

be found by minimizing the above objective functions. However, due to various degenera-

cies and numerical instabilities and noise affecting the fundamental matrices, this is a chal-

lenging problem. The following section discusses the issueof robustness in the context of

self-calibration and the subsequent sections offer the three contributed methods towards this

end.

5.2.5 Trivedi Constraint

Given that the essential matrixE has only six degrees of freedom,S = EET also has six

degrees of freedom (refer to Section 2.4.3). In fact:

S = EET = ([t]×R)([t]×R)
T = [t]×[t]

′
× =



t22 + t23 −t1t2 −t1t3
−t2t1 t23 + t21 −t2t3
−t1t3 −t2t3 t21 + t22


 . (5.10)

Since the above formulation decimates the rotation matrix,the resulting matrix only has three

degrees of freedom belonging to the displacement matrix. Asa result, it can be shown that:

4S2
ij − (tr(S)− 2Sii) ∗ (tr(S)− 2Sjj) = 0 (5.11)

whereSij is theij-th element of matrixS. The above can be used as an objective function to

be minimized in search of a set of intrinsic valuesK, in the same way as the Huang-Faugeras

constraint. In fact, the above formulation has been shown tobe equivalent to the Huang-

Faugeras equations [61].

5.2.6 Special Cameras and Camera Motions

The attempt in this thesis has been to solve for the set of intrinsic parameters of a general image

sequence when assuming camera parameters are fixed. However, for specific types of cameras

and camera motions, simplified self-calibration can be derived. Two of these methods will be

briefly mentioned for completeness.

One such specialized camera motion is that of rotating cameras. This is a commonly occur-

ring situation since pan-tilt cameras are a common imaging device. These methods often rely

on the homography relating the images of a scene taken by the camera undergoing rotation [8].

Constraints over the calibration matrixK can be derived from these homographies.

An example of a special camera is that of a semi-calibrated camera. Such a camera is fully

calibrated except for an unknown focal length. This can be due to known assumptions over
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the camera. For instance, if a camera is known to have aspect ratio of unity and an optical

center which coincides with its image center, the only parameter that is left to search for is

a single value of the focal length. An example of an algorithmbased on this assumption is

presented in [54] where the fundamental matrix and the unknown focal length is estimated

from the correspondences between a frame pair in a RANSAC framework.

5.3 Existing Robust Methods

Robust self-calibration is an area that has received littleattention in the research community.

There are very few methods that have proposed ideas that improve the robustness in the self-

calibration process. One of these methods relies on the confidence in the fundamental matrix in

order to introduce robustness to the underlying process. The algorithm presented in [70] uses

a method of weighing the fundamental matrices in the optimization used to find the calibration

parameters according to their confidence levels, based on the regression characteristics of the

estimation of the fundamental matrices. The proposed weighing scheme uses either the number

of inliers used to calculate a fundamental matrix or the meanof its residuals as a measure of

confidence. This is an effective robust strategy to obtain a measure of robustness against error

in the fundamental matrix caused by outlying matches; however, as will be discussed, there

are other sources of error involved in self-calibration which this method does not address.

Comparisons have been made against this weighing scheme in the experimental results sections

of this chapter where this method is referred to as the Geometric algorithm, referring to the use

of geometric error in estimating the weights.

Another attempt at producing robustness in self-calibration was made by the work pre-

sented in [59] where the covariance of the fundamental matrix estimates are used to compute

weights for each constraint. The covariance of the fundamental matrix is obtained as a byprod-

uct of the estimation of the fundamental matrix as proposed in [25]. The use of the covariance

of the fundamental matrix follows the same strategy as the previously mentioned method of

using the geometric error, since both algorithms use measures of numerical stability of the fun-

damental matrix for weighing the fundamental matrices. This method achieves mixed success

since the results for higher noise ratios show oscillatory behavior as mentioned by the authors.

The self-calibration method proposed in [128] uniformly samples the parameter space and

uses a gradient descent in conjunction with a Genetic Algorithm iteratively. Due to the stochas-

tic nature of this optimization, the algorithm is naturallyable to avoid the problem of local

minima. However, they ignore the estimation of the optical center. Furthermore, since no

prior distribution is assumed over the parameter space, this method suffers from redundant
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computations due to over-sampling.

The proposed numerical normalization in [85] aims to improve the robustness of self-

calibration with respect to numerical instabilities. Thisrelies on making assumptions about

the range of possible values for the intrinsic parameters inorder to condition the projection

matrices to have a uniform range of values which would lead tobetter numerical stability.

A method offered in [82] uses a stability analysis method to detect which sequences are

suitable for self-calibration. This method aims to find degenerate or near degenerate image

sequences with respect to self-calibration. This is carried out by examining the singular values

of the Jacobian matrix in the optimization for the image of the absolute conic. When a near-

zero singular value is detected the problem is indicated as unstable and the sequence flagged

as degenerate.

A preliminary work on the sensitivity of self-calibration to noise was carried out in [45].

The author presents a Least of Median squares (LMedS) approach, briefly explained in Section

4.4.3. This simple statistical approach to robust estimation has a breakdown point at 50%

outlier ratio. Also the proposed method is based on the assumption that the motion between

cameras is purely rotational. The presented algorithms in this chapter are tested in significantly

higher error ratios and apply to general camera motions.

5.4 Robust Self-calibration Strategy

There are multiple sources of error for self-calibration algorithms. Often more than one of these

sources of error affects the results of self-calibration. These four noise generation processes

are:

• Error in the fundamental matrix.

• Degeneracy or near degeneracy.

• Incorrect assumptions over the intrinsic parameters.

• The inherent difficulties in finding a global minimum in the objective function for self-

calibration.

First and foremost, in spite of using robust methods, often afew outliers are used in the final

estimation of the fundamental matrix. The results of self-calibration are highly sensitive to this

noise. Even though this noise might not visibly change the epipolar geometry, the effects on

the results of self calibration are pronounced. Figure 5.1 shows the effects of a single outlier
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Figure 5.1: Effects of a single outlier on the objective function.

on the results of self-calibration for two different image sequences. These are the Wadham and

Merton College sequences obtained from [6]. The number of correspondences are in the order

of hundreds as displayed in the diagram, but as it is shown, a single outlier can significantly

change the shape of the objective function for the estimation of the focal length. This single

outlier has been artificially added to the set of inlying correspondences and this in turn used to

calculated the fundamental matrices involved in calculating the objective function. This single

outlier is created randomly within the image dimensions. The objective function in this case

has been shown in terms of a single variable, namely the focallength, for illustration purposes.

The second issue affecting self-calibration is the presence of degeneracies [111]. Degen-

erate configuration or critical motions are specific motionsof the camera that cause the self-

calibration constraint to fail to provide a stable solution. There are several known degeneracies;

however a prominent degeneracy that effects all self-calibration methods is the case of pure

translation. Under these circumstances it is not possible to use self-calibration techniques to

estimate the parameters of the camera. Figure 5.2 shows the effects of degeneracy on the shape

of a 1D slice of the self-calibration objective function when only the focal length is varied. The

objective functions shown are generated from synthetic image sequences. Each set contains

three images where two are parallel and a third is non-parallel. The figure shows the super-

position of the objective function of the parallel (degenerate) camera pair and the non-parallel

camera pair from the same sequence of three images. It is clear that the objective function is

invalid in cases of pure translation. In addition, near-degenerate cases can also cause numerical

instability.



Robust Self-calibration 99

0 200 400 600 800
0

2

4

6

8

focal length

va
lu

e
o

fo
b

je
ct

iv
e

fu
n

ct
io

n Synthetic example A, f=451

non-parallel camera pair
parallel camera pair

600 800 1,0001,2001,400
0

2

4

focal length

va
lu

e
o

fo
b

je
ct

iv
e

fu
n

ct
io

n Synthetic example B, f=985

non-parallel camera pair
parallel camera pair

Figure 5.2: Influence of degeneracies on the objective function.

Another source of errors occurs when assumptions on the intrinsic parameters are violated.

Oftentimes algorithms in self-calibration ignore the estimation of the optical center, arguing

that it is very close to the image center and so it can be assumed predefined. Also, some argue

that since the value of the optical center does not influence the reconstruction significantly, it

can be ignored [13] (for a review of the definition of the optical center, refer to Section 2.3).

While the first assumption is not always true, one thing that is certain is that assuming that the

optical center is predetermined can lead to inaccuracies inthe estimation of the focal length.

Figure 5.3 shows the effects of making an incorrect assumption about the optical center on

the objective function. This set of experiments have also been performed on the Wadham and

Merton college sequences. In both cases the shape of the objective function based on using the

correct set of values for the optical center and the ones based on using an incorrect value for

this quantity have been shown. The erroneous objective functions have been estimated when

making a 100 pixel error on the location of the optical center. Considering the image widths

are 1024 pixels, this constitutes approximately 10% error.This has a very large impact on the

location of the minimum of the objective function. As a result, particular attention has been

paid in this thesis to the estimation of the optical center.

Incorrect assumptions can also come into play when assumingan aspect ratio of unity

or a skew of zero when these assumptions are not valid. Also, when assuming the camera

parameters are constant across a sequence when in fact they vary, one can incur further errors.

The latter issues have been addresses in this thesis and experimental results will be presented
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Figure 5.3: Influence of making incorrect assumptions aboutthe optical center (abbreviated to

“OC”).

which demonstrate the robustness of the proposed methods with respect to this type of error.

However, for all experiments it has been assumed that skew iszero and the search for the

self-calibration parameters has been performed in a 4D space in this thesis as mentioned in the

introduction.

Another challenge in the accurate estimation of the camera parameters through self-calibration

is the fact that oftentimes the objective function is difficult to minimize. This is due to local

minima and flat regions where the gradient approaches zero and thus causes either a termina-

tion in the nonlinear optimizer or a change in direction to anerroneous location on the surface

of the objective function. Figure 5.4 shows the objective function of two different image se-

quences, namely the Corridor and the Valbonne sequences. Here, only focal length in the x

direction,fx and the x-axis component of the optical center,uc are varied and the other three

parameters of the intrinsics matrix are set to their ground truth value. It is difficult to observe

the local minima from this 3D slice of the 5D objective function; however it is clear that the

global minimum is difficult to locate since a clear basin is absent in both cases.

5.5 Proposed Algorithms

Various problems involving self-calibration have been addressed in the previous section. As

a result of these issues, it is clear that a naive approach to self-calibration without consider-
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Figure 5.4: Objective function for focal length and x-axis of optical center.

ation for the these sources of error is bound to produce erroneous results. As a result, three

algorithms have been proposed to alleviate the issues involved with self-calibration. The next

sections provides a brief overview of the adopted self-calibration strategy, the proposed algo-

rithms and following this the experimental framework used to assess the proposed algorithms

is outlined. Subsequently, the proposed algorithms are presented in their full detail.

5.5.1 Self-calibration Strategy

The proposed methods in this chapter aim to improve the robustness of self-calibration from

fundamental matrices of an image sequence whose frames haveconstant, or near-constant in-

trinsic calibration parameters. Self-calibration has been defined as estimating this set of intrin-

sic values which contain all parameters except skew and without using any scene geometric

constraints, assuming specific camera motions or known points in the scene. As explained,

there are different categories of constraints for self-calibration of a general image sequence.

These can be mainly categorized into the algorithms that usefundamental matrices, and those

that use an initial projective reconstruction. The focus onthe proposed thesis has been that of

self-calibration from the fundamental matrix due to several reasons. First and foremost, since

the goal of this thesis is to present a generic self-calibration algorithm which is independent

of a particular application it is desirable to avoid having to perform a projective reconstruction

if possible. Also, using a fundamental matrix-based self-calibration approach is more general

since it is not always possible to create an initial projective transformation in cases where it

is hard to relate all the images into a single projective frame [81]. Moreover, it is shown in

[79, 77, 78] that projective reconstruction suffers from more than merely the projective ambi-
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guity. In fact, the error surface for the Euclidean reconstruction has better numerical properties

than the projective one. As a result, it has been the aim of this thesis to provide a framework

for obtaining camera calibration first and then carrying outa Euclidean reconstruction.

Within the self-calibration techniques relying on the fundamental matrix, we have chosen

to utilize the properties of the essential matrix presentedin Section 5.2.4 rather than the Kruppa

equations. There are several reasons that make the Kruppa equations less suitable for devising

a robust method. These issues are:

1. The known difficulty in estimating the scale factors in theKruppa equations [39].

2. Difficulty in choosing which of the six dependent equations per fundamental matrix to

use [59].

3. Additional degenerate configurations than other self-calibration methods [110].

4. The sensitivity of the solutions to the positions of the epipoles (often numerically unsta-

ble) [44].

The last item mentioned renders the results of the Kruppa equations particularly sensitive to

any inaccuracy in the estimation of the fundamental matrix.To illustrate this point Figure 5.4

shows the performance degradation of both self-calibration constraints when the fundamental

matrix is perturbed with a noise matrix with variance of10−6‖F‖ where‖F‖ is the Frobenius

norm of the fundamental matrix. The figure shows the one dimensional objective function for

varying focal length where all other parameters are set to their ground truth value after and

before noise is introduced. As shown in the diagram, the Kruppa equations are affected by

this noise to a much higher degree than the equations based onthe Huang-Faugeras constraint.

As a result, the focus of the proposed thesis has been on incorporating robustness into this

particular self-calibration constraint.

5.5.2 Overview of Proposed Algorithms

The first proposed algorithm for robust self-calibration based on the Huang-Faugeras constraint

is the Randomized Multi-Start optimization that uses a simplified Kruppa constraint to initial-

ize the optimization process and then performs a guided search in the parameter space. This

algorithm has the ability to overcome the difficulties of finding the global minimum when the

objective function is a difficult one to minimize in additionto performing a random selection

of the fundamental matrices which leads to a reasonable degree of robustness with respect to

outliers. The second algorithm is based on perturbation theory and uses a weighted nonlinear
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Figure 5.5: Performance degradation of self-calibration constraints in the presence of noise

for the Kruppa equations and the Huang-Faugeras constraints. The correct value of the focal

length is indicate by the dashed red vertical lines.
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optimization framework, where the weights are iterativelyrefined based on a measure of the

expected error of each fundamental matrix with respect to self-calibration as determined by

results from perturbation theory. This algorithm is simplyreferred to as “Perturbation” in the

experimental comparisons. Finally an algorithm is proposed based on the localization of the

convergence of a set of roots of bivariate polynomials. The set of roots (or zero curves) are

used in a geometric optimization framework to find the hypothetical point of convergence. This

algorithm is referred to as the Zero Curves algorithm. At thecore of the proposed algorithm is

the Huang-Faugeras constraint based on the fundamental matrix.

The algorithms have been applied to the problem of retrieving the constant intrinsic param-

eters of an image sequence. The methods extend just as well tovarying parameters; however

in such cases more images are needed to meet the required constraints. Also in all subsequent

performance comparisons, the full set of parameters belonging to the camera intrinsic param-

eters have been retrieved except the skew factor which can besafely assumed to be zero in

modern cameras.

5.5.3 Experimental Framework

In order to assess the performance of the proposed algorithms, they have been tested in two

different segments. In the first set of tests, each individual algorithm is compared with two

benchmarks in order to show its merit on its own. This is carried out in the final section of

each individual proposed algorithm and it involves assessing the robustness of the algorithm

being discussed under a synthetic test framework. In the second stage of testing presented in

a final Section 5.9 of this chapter, all the algorithms have been compared to one another in

a more comprehensive framework. This includes evaluating the performance of the proposed

algorithms with respect to varying levels of matching outliers, varying numbers of corrupted

fundamental matrices, increasing variance in Gaussian noise, timing comparisons and scala-

bility assessment. These have been performed on real and synthetic image sequences and will

be fully explained in Chapter 5.9.

However, the synthetic results provided within the sectionof each algorithm will be ex-

plained here in order to avoid having to duplicate this information while presenting the pro-

posed algorithms. In the individual comparisons sections,in order to show the effectiveness of

each proposed algorithm two types of synthetic experimentshave been devised. In each set,

synthetic data has been created consisting of five cameras, positioned in a random arrange-

ment in space. The cameras all start out with the same orientation and position, and then their

locations are perturbed with a random amount of change within a pre-determined range. The
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non-convergent geometries are rejected. Each camera setuphas a different set of intrinsic pa-

rameters. In other words, each camera has different locations for its optical center, different

focal length and the aspect ratios have been randomly selected in a wide range between 0.8 and

1.2. Subsequently, 200 points are randomly created in 3D space and projected to all cameras.

Those points that are visible in all cameras are kept, otherwise a new point is created. Follow-

ing this, fundamental matrices are fit to the point matches between these cameras. The input

fundamental matrices used in the self-calibration algorithms have all been estimated using the

LEV-RANSAC method proposed in Section 4.7. This is a similarsynthetic testing framework

as used in Section 4.8 for testing the proposed robust fundamental matrix estimation strategies.

However, in the current context, the framework consists of aseries of images and their feature

tracks, rather than only a pair of cameras. Also, in order to create outliers, two different meth-

ods are utilized leading to two sets of synthetic experiments. These two synthetic experiments

differ in the way outliers are created. In the first set of experiments, outlying fundamental

matrices are created by adding outlying matches to the pointcorrespondences used in calcu-

lating the fundamental matrices. In this case, two fundamental matrices (out of a total of ten)

have been corrupted by varying degrees of outliers. The resulting fundamental matrices are

then used as input to the self-calibration algorithms. Thiseffectively tests the robustness of

the proposed algorithms with respect to matching errors which lead to poor estimation of the

fundamental matrix. The second set of synthetic experimental results also consist of measuring

the performance of the algorithms with respect to outlying fundamental matrices. However,

in this experiment outlying fundamental matrices are created via creating a deviation from the

assumption that the intrinsic parameters,K are constant across all the frames. These experi-

ments are also carried out using synthetic data containing five frames where one frame has a

different focal length than the others. Therefore, four fundamental matrices in the set of the to-

tal of ten fundamental matrices will produce erroneous results when a self-calibration method

assumes the camera parameters are constant. Such outlying fundamental matrices are clearly

inliers with respect to their feature correspondences and yet act as outliers with respect to self-

calibration with constant parameters assumption. This scenario often arise when a sequence

is obtained from a zooming camera or when images in a sequenceare obtained with multiple

acquisition devices.

Each experiment for a given outlier magnitude is repeated 100 times for each outlier level

and the performance is averaged over all these experiments.The error reported is the error in

the estimated focal length in terms of the percentage error over the ground truth focal length.

The estimation of the optical center has been ignored until the experimental results Section

5.9. This error value has also been reported as a percentage over the correct value for the
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optical center. Since both the focal length and the optical center have two components, in x

and y directions, the error reported for both quantities is the average percentage error in both

components. In other words:

efocal =
1

2
(| f̃x − fx

fx
|+ | f̃y − fy

fy
|)× 100

eOC =
1

2
(| ũc − uc

uc
|+ | ṽc − vc

vc
|)× 100

where efocal is the reported focal length error and eOC is the optical center error.̃fx andf̃y are

the estimated values for the focal length in the x and y directions andfx andfy are the true

values for these quantities. Similarly,̃uc andṽc are the estimated values for the optical center

in the x and y directions anduc andvc are the true values for these quantities.

In each individual section, three algorithms are compared using the above method. These

consist of the robust method under consideration, a non-robust algorithm which uses iden-

tical weights for all fundamental matrices, and the method proposed in [70] which uses the

geometric error residuals of the fit for the fundamental matrices as a measure of the reliabil-

ity of the fundamental matrix, presented under the Geometric algorithm as mentioned in the

introduction.

The following sections present the details of the proposed robust self-calibration algo-

rithms accompanied by the synthetic experiments as outlined above. Following this, Section

5.9 presents a more detailed comparison of all the proposed algorithms with other algorithms

which includes real image data and analysis of the results.

5.6 Randomized Multi-Start Optimization

This method presents a random sampling framework for cameraself-calibration with model-

ing of the camera intrinsic parameter space. The focal length is modeled using a Gaussian

distribution derived from the results of the Kruppa equations, while the optical center is mod-

eled based on the assumption that the optical center is closeto the image center but deviates

from it due to some manufacturing imprecision. This model enables us to narrow the search

range of the parameter space and therefore reduce the computational cost. In addition, a ran-

dom sampling strategy is utilized in order to avoid local optima, where the samples are drawn

according to this model. The algorithm involves randomly selecting a minimal number of fun-

damental matrices as inputs for the optimization in order toguarantee outlying fundamental

matrices do not affect the final results. In brief, the proposed algorithm is a randomized multi-

start optimization algorithm where the input data to the optimization is randomized and also
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the parameter space is sampled via a calculated distribution. The result is a robust algorithm

which is able to find a near-global minimum and is also able to perform accurately in spite of

outlying fundamental matrices. The optimization framework is based on minimizing the dif-

ference between the singular values of the essential matrix, or the Huang-Faugeras constraint

[46]. The Levenberg-Marquardt optimization routine is used in the core of the algorithm to

produce candidate solutions based on the sampled initial starting points and using the selected

minimal sets of fundamental matrices. The proposed sampling method shares similarities with

the random sampling method in [128] where the search space israndomly sampled in a Hill

Climbing algorithm based on Genetic Algorithms. However, the proposed strategy estimates

distributions over the parameter space in order to avoid oversampling the large parameter space

by emphasizing the more likely regions of this space. In addition, fundamental matrices are

also sampled as well as points in the parameter space. In summary, the proposed methodol-

ogy is able to robustly obtain accurate solutions by avoiding local minima and by reducing

the effects of outlying fundamental matrices. Experimental results show the performance of

the algorithm compared with two benchmark methods (i.e., the Geometric and the non-robust

algorithms).

5.6.1 Modeling of Focal Length

We use a Gaussian distribution to model the search range of camera focal length. The param-

eters of this Gaussian distribution are determined from thesolution a linear variation of the

Kruppa equations that only aims to estimate the focal lengthas proposed in [112]. The Kruppa

equations provide a rough approximation for the focal length of each frame. These results are

often close to the true solution but not sufficiently accurate. From the results of the Kruppa

equations, we determine the mean and variance of this Gaussian distribution as:

µfocal =

N∑

i=1

wif(i,Kruppa) (5.12)

σ2
focal =

N∑

i=1

wi(f(i,Kruppa)− µfocal)
2 (5.13)

wheref(i,Kruppa) is the focal length estimate as calculated from thei-th fundamental matrix in

the sequence according to the Kruppa equations,µfocal is the weighted mean of the focal length

values and N represents the number of fundamental matrices in the sequence. The weights,wi

can be set according to the confidence in the estimation of thegiven fundamental matrix as in
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[70] and are assumed to have been normalized (i.e.,
∑N

i=1wi = 1). In our experiments, we set

these weights equal to1
N

since all the fundamental matrices were estimated from the ground

truth data provided with the image sets.

5.6.2 Modeling of the Optical Center

The model for the optical center is also chosen as a Gaussian distribution centered on the image

center. This strategy was adopted by noting that the opticalcenter is usually close to the image

center but deviates from it due to some manufacturing imprecision that can be modeled as a

Gaussian distribution. In the experiments we model the x andy components of the optical

center as individual Gaussian distributions whose mean is the center of the image and whose

3σ point coincides with the limits of the width and the height. For example, by setting the

mean of the distribution of the optical center in the x direction of the image at the center of the

image, and the3σ to be half of the image width, we ensure that more than 99% of the points

generated by this model fall inside the image but are mostly centered around the image center.

This leads to a standard deviation ofwidth
6

and height
6

for the distributions of the optical center

in the x and y directions.

5.6.3 Sampling of the Fundamental Matrices

Since the goal of this chapter is the robust estimation of thecamera via self-calibration, out-

lying fundamental matrices must be considered. As explained in Section 5.5, various sources

of noise can affect a fundamental matrix with respect to self-calibration. In order to obtain

results that are accurate, we adopt a similar strategy to RANSAC for selecting fundamental

matrices to be used in self-calibration. In other words, a random minimal set of fundamental

matrices is used at every iteration of the algorithm. One important consideration is the number

of required fundamental matrices in a minimal sample. Depending on the number of param-

eters that are being searched for, different numbers of fundamental matrices are required in a

minimal sample.

It was shown in [82] that givenN frames, assuming constant intrinsic parameters, we can

estimate the number of frames required according to:

N × (5− k) + (N − 1)× k ≥ 8 (5.14)

wherek is the number of parameters that are searched for. Accordingto this formula, when

more than two parameters are assumed unknown in the intrinsic parameters of the sequence
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at least three frames are required. Since we are looking for four parameters in the intrinsics

matrix, the value ofN is set to three in the proposed algorithm.

The stoping criterion of the proposed algorithm is also based on this number of minimal

samples. In other words, the variable “MaxIter” which represents the maximum number of

iterations, as shown in the algorithm outline 2 is set to ensure every possible combination of

minimal sets is chosen. Unlike RANSAC, the number of inliersin the above random sampling

technique cannot be determined since the errors do not correspond to physical quantities (as is

the case with fundamental matrix errors). As a result, an exhaustive search strategy is chosen

that ensures every possible minimal sample is picked. The value of MaxIter is set accord-

ing to: MaxIter= log(1−0.95)

log(1− 1

(N3 )
)

which is the probability of picking every arrangement of three

fundamental matrices at least once with a probability of0.95. This formula is similar to the

RANSAC equation Eq. 3.19 where the desired outcome is adjusted to picking all possible

minimal sets rather than picking a set of all inliers.

5.6.4 Complete Random Sampling Framework

In order to guarantee that we have not chosen a local minimum,we perform the nonlinear op-

timization combined with a guided sampling technique. In addition, the fundamental matrices

that are used for each sample are randomly selected. In otherwords, the optimization is run

multiple times where each instance of the optimization is initiated with a sampled point in the

parameter space according to the distributions over these parameters as defined previously and

with a different minimal set of fundamental matrices. The final result is chosen as the solution

with the lowest error. In order to guarantee that the scores have similar scale, the fundamental

matrices are normalized in a preprocessing stage. This involves setting the Frobenius norm of

each fundamental matrix to unity.

Algorithm 2 details the summary of the proposed random sampling nonlinear optimization

framework. The lines 1-3 show the distributions defined overeach of the variables in the pa-

rameter space. Initial points for the focal length parameter used in the nonlinear optimization

will be chosen from the distributionp(f) whereµfocal andσfocal are defined in Eq. 5.13, and ini-

tial points for the camera center are chosen fromp(cx) andp(cy) where the distributions have

been previously estimated as mentioned. “Residual(s)” returns the error of a given solution,

s. “RandomSelection” performs the random selection of the initial solution sinit according

to the models of parameter space. Inside the loop of the iterative sampling, random minimal

sets of fundamental matrices are used as denoted bySminsample. “Optimize(sinit, Sminsample)”

shows the optimization step from starting pointsinit and using an objective function over the
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Algorithm 2 Random Sampling Least Squares Self-calibration

1: p(f) = N(µfocal, σ
2
focal)

2: p(cx) = N(w
2
, w
6
)

3: p(cy) = N(h
2
, h
6
)

4: while numSample< MaxIterdo

5: sinit = RandomSelection[f0 ← p(f), x0 ← p(cx), y0 ← p(cy)]

6: Select random minimal setSminsample

7: snumSample = Optimize(sinit, Sminsample)

8: if Residual(snumSample) < minResidualthen

9: sBest = snumSample

10: minResidual= Residual(snumSample)

11: end if

12: numSample= numSample+ 1

13: end while

14: setsoptimal = sBest

fundamental matrices in the random minimal set denoted bySminsample. The “MaxIter” vari-

able which determined the stopping criterion is set according to the proposed formula and the

number of unknown parameters. After the maximum number of random samplings has been

reached, the optimization stops and sets the kept solution,sBest as the final optimal estimates

soptimal.

5.6.5 Experiments

To illustrate the robustness and the accuracy of the proposed self-calibration technique, the two

synthetic tests outlined in Section 5.5.3 have been presented in Figure 5.6. In the first set of

experiments shown in Figure 5.6a, the proposed Randomized Multi-start optimization method

has been compared to the two benchmark algorithms. The inputto the self-calibration algo-

rithms consist of ten fundamental matrices, two of which have been contaminated by increas-

ing levels of matching outliers. The proposed method maintains a reasonable performance for

all levels of matching error. The non-robust method’s performance degrades quickly as soon

as the error ratio goes above zero. The Geometric method performs best when the outlying

fundamental matrix is affected by matching error, since it uses the epipolar geometric error

as the inverse weighting factor in self-calibration. In thesecond set of experiments shown in

Figure 5.6b, the error is due to having one frame whose focal length is different from the rest
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Figure 5.6: Synthetic performance evaluation of the Randomized Multi-start method compared

with two standard self-calibration techniques.

and so the Geometric algorithm’s performance degrades in a similar fashion to the non-robust

algorithm. However, the Multi-start Optimization method maintains a roughly 18% error in

the estimation of the focal length. The reason why the proposed algorithm performs worse

than the competitors in a lower noise ratio is due to the fact that only minimal numbers of

fundamental matrices are used in the optimization and so notall available constraints are taken

advantage of. Unlike the application of RANSAC to the estimation of the fundamental matrix,

as detailed in Chapter 4, where a final estimation is carried out using the best inliers in the

iterations of RANSAC, no final estimation using an all inliers set is carried out in the pro-

posed algorithm. This is due to the fact that unlike the fitting of epipolar geometry, the error in

self-calibration does not have a physical meaning and so a threshold cannot be determined for

discerning inliers from outliers. Therefore, the optimization is only carried out with minimal

sets of fundamental matrices, which is not optimal when outliers are not present. The next

sections outline two algorithms that are able to maintain a steady performance advantage over

non-robust methods in low noise situation in addition to being robust against outliers.
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5.7 Self-calibration using Perturbation Theory

As outlined in the previous sections, the task of self-calibration is fraught with multiple sources

of error. As a result, performing an optimization using all fundamental matrices in a sequence

often leads to erroneous results as shown in Figure 5.1. Therefore, an optimal approach to

self-calibration should take into consideration the underlying errors affecting the fundamental

matrices. Existing methods such as ones proposed in [70], that use the geometric error or the

number of inliers are not adequate for coping with all sources of error in self-calibration, as be

demonstrated.

The algorithm proposed in this section uses ideas from perturbation theory as applied to the

singular value decomposition to create a robust weighted self-calibration optimization method.

The proposed algorithm is an iterative estimation method that indirectly estimates the noise in

each fundamental matrix while refining the estimate of the intrinsic parameters,K. The es-

timated magnitude of the noise affecting each fundamental matrix is used to inversely weigh

a given fundamental matrix in the subsequent iterations within a weighted nonlinear mini-

mization framework. This effectively reduces the impact ofthose fundamental matrices that

are corrupted by noise while increasing the weights of the fundamental matrices with lower

levels of noise. Noise is defined previously in Section 5.5 and can be caused by erroneous

matches used in calculating a fundamental matrix, self-calibration degeneracies or violations

in assumptions on the intrinsic parameters. The iterationsof the proposed algorithm consist

of the estimation of the weights, followed by a nonlinear weighted regression using the most

recent estimate of the weights.

The proposed algorithm proceeds by first defining an error expansion for the self-calibration

objective function. This error expansion will contain terms for the error in the intrinsic param-

eters and error in the fundamental matrix. We then derive an alternate error expansion which

focuses on the noise in the intrinsic parameters rather thanthe noise in the fundamental matrix

part of the equation. Subsequently, an approximate value for the error bound for the objective

function is derived based on perturbation theory of singular values to account for errors in the

estimation of the intrinsic parameters. Once this is estimated, we can find how much of the

error residual in the self-calibration optimization with respect to a single fundamental matrix is

due to the error in the estimated value ofK, and how much is due to the error in the underlying

fundamental matrix. This will then be used to derive a set of weights that effectively filter out

noisy fundamental matrices by reducing their impact in the overall optimization. The algorithm

proposed in this section is simply referred to as the Perturbation method in the experimental

results section.
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5.7.1 Perturbation of the Singular Values of the Essential Matrix

Let matrixÃ be some estimated value for matrixA consisting of an error term∆A such that:

Ã = ∆A + A. (5.15)

Using the above definition, matrix perturbation theory provides various insights on how func-

tions of matricesF (A) are related to their noisy estimates:F (A+∆A). Note that in this thesis

all estimated values of various quantities have been indicatedwithouta tilde. However, in this

section the difference between noise-free and estimates needs to be drawn and so all estimates

are denoted by the tilde sign whereas noise-free quantitiesare denoted simply by the symbol.

The specific domain of perturbation theory that is of interest in the proposed algorithm is

the perturbation of the singular values of a matrix. Since this is how the objective function of

self-calibration is defined, we will exclusively focus on the perturbation theory as it applies to

the singular values of a matrix. In fact, a simple relationship exists between the singular values

of a matrix and its noisy counterpart. According to [106]:

|σ̃i − σi| ≤ ‖∆A‖2, i = 1, . . . , n. (5.16)

Here the standard definition of the matrix Euclidean norm‖∆A‖2 is used as:‖∆A‖2 =

max
x 6=0

‖∆Ax‖2
‖x‖2 and the Euclidean vector norm‖x‖2 is defined as:‖x‖2 = (xTx)

1
2 . The ma-

trix Euclidean norm can be calculated from the definition to be the largest singular value of a

matrix [37]. Therefore, the difference between thei-th singular value of a noise-free matrix

and thei-th singular value of the noisy version of that matrix must beless than the Euclidean

norm of the noise matrix,∆A, or its largest singular value. Before this theory can be applied to

the objective function for self-calibration, we need to reexamine the self-calibration equations.

Our objective function Eq. 5.17 is defined in terms of the difference between the first and

the second singular values of the essential matrix and is restated here, without the normalizing

factor, as:

min
n∑

i=1

(
wi∑n

m=1 wm

(
σ(1,i) − σ(2,i)

))
(5.17)

where the valueσ(k,i) is thek-th singular value of thei-th essential matrix and thewis are the

weighting factors for each fundamental matrix. The reason why the denominator of Eq. 5.8

is removed is that a different normalization will be adoptedin this section. In order to create

a uniform set of values for this objective function across all fundamental matrices, we ensure

their largest singular value is one by dividing a fundamental matrix with the appropriate factor.
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The estimate of the essential matrix can be written in terms of the noise-free and the error

values of the fundamental matrix and the intrinsic parameters, using the same notation as Eq.

5.15 as:

Ẽ = (KT +∆T
K)(F +∆F )(K +∆K). (5.18)

Expanding the above terms, one obtains the error term of the resulting essential matrix,∆E as:

∆E = ∆T
KFK +KTF∆K +∆T

KF∆K +∆T
K∆FK +KT∆F∆K +∆T

K∆F∆K +KT∆FK.

(5.19)

A bound on the value of the above error term can be found from Eq. 5.16. However, we

wish to set a bound for|σ̃1− σ̃2| rather than|σ̃i − σi| as in Eq. 5.16. Rearranging Eq. 5.16 by:

|σ̃1− σ̃2| = |(σ̃1−σ1)− (σ̃2−σ2)+ (σ1−σ2)| ≤ |σ1−σ2|+2‖∆E‖2 we arrive at the desired

bound:

|σ̃1 − σ̃2| ≤ |σ1 − σ2|+ 2‖∆E‖2. (5.20)

In other words, the distance between the first and second singular values of a noisy matrix, must

be less than the distance between the first and second singular value of the noise-less matrix

plus two times the Euclidean norm of the error matrix. It mustbe noted that this formula holds

for an error of arbitrary size [106]. In addition, considering the fact that our objective function

is merely the distance between the singular values of the essential matrix and that the noise-

free essential matrix has identical first and second singular values (i.e.,σ1 = σ2), the bound on

our objective function can be simplified to:

|σ̃1 − σ̃2| ≤ 2‖∆E‖2. (5.21)

Therefore, using the above formulation, a bound is estimated for our objective function,

which is defined in terms of the difference between the singular values of an approximated es-

sential matrix in terms of the error expansion,∆E of this estimated essential matrix. Note that

the magnitude of this error depends on two error quantities,the error in the intrinsic parameters

∆K and the error in the fundamental matrix∆F . If the fundamental matrix and the intrinsic

parameters are exact, this bound approaches zero.

Figure 5.7 shows two examples of the estimated bound for two fundamental matrices from

two different sequences where the ground truth fundamentalmatrix and intrinsic parameters

are available and so the exact bound can be computed. Each sequence has two examples,

one where noise is added to the fundamental matrix, and one with the noise-free fundamental

matrix. The x-axis shows the error in the focal length of the intrinsic parameters used to

estimate the essential matrix from the fundamental matrix.
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(a) The value of the objective function and its bound for a single fundamental matrix in the Merton

sequence.
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(b) The value of the objective function and its bound for a single fundamental matrix in the Wadham

sequence.

Figure 5.7: Examples of the objective function and its boundfor noisy and noise-free funda-

mental matrices.
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5.7.2 Robust Estimation Using Perturbation Bound

The above formulation of the bounds on the objective function for self-calibration using the

fundamental matrix can be utilized effectively in designing a robust estimation method that is

able to obtain calibration results even if a number of fundamental matrices used in the self-

calibration process are noisy or violate certain basic assumptions of constant parameters. This

method works via a modified form of the error definition shown in Eq. 5.19. This reduced

error expansion does not account for errors due to the noise in the fundamental matrix but

does account for errors in the intrinsic parameters. A boundis then derived from this error

form using Eq. 5.21 and this bound is then used to calculate anError Discrepancy (ED) value

that indicates how much of the error is not accounted for by the modified bound and must

therefore be due to noise in the fundamental matrix. This is then used in a weighing scheme

which penalizes fundamental matrices in the optimization that have an error larger than their

designated bound. This is due to the simple fact that any errors larger than our reduced bound

must be due to errors in the fundamental matrix. As a result, fundamental matrices which

contain sizable errors are effectively removed from the optimization. This process is repeated

in an iterative scheme where the reduced bound and the valuesof the intrinsic parameters are

both refined in each iteration.

Ideally, it would be desirable to find a modified form of Eq. 5.19 which only contains the

terms that are due to the errors in the intrinsic parameters.This would then be an ideal bound

for detecting errors that are too large and must be due to the additional terms which contain

errors in the fundamental matrix. However, since no explicit knowledge of the error in the

fundamental matrix∆F exists, an alternative way of finding this bound has to be devised. This

is done by using the following form of error, designated as∆′
E , which does not depend on

explicit knowledge of the error in the fundamental matrix∆F or the ground truth fundamental

matrixF :

∆′
E = ∆T

K F̃K +KF̃∆T
K +∆T

K F̃∆
T
K (5.22)

whereF̃ = F + ∆F . This formulation of the error in the essential matrix expands to the

full error in Eq. 5.19, except for the termKT∆FK. This term is in fact the most dominant

term among the error terms since the largest norms of the camera intrinsic parametersK are

far larger than the ones in the fundamental matricesF̃ or the error in the intrinsic parameters

matrix ∆K . Note that this is always guaranteed since in our algorithm every fundamental

matrix is divided by its Euclidean norm in a pre-processing stage, thus setting their norm to

unity, whereas the norm of the intrinsics matrix is in the order of the focal length.

An important property of the new error definition∆′
E is that it tends to approximate the full
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error expansion∆E for cases where the error in the fundamental matrix approaches zero, since

in this caseKT∆FK becomes zero. Thus using the modified error, we can devise a bound that

tends be higher than the actual error for the cases where the errors in the fundamental matrix

are small, and lower for cases where the error in the fundamental matrix increases.

The new error bound is then used in Eq. 5.21 as2‖∆′
E‖2. Figure 5.8 shows an example of

the new error bound. Two sequences are used here, similar to Figure 5.7, showing the value of

the objective function for varying levels of noise in the estimation of the focal length, with the

addition of the new error bound. As it is shown, while the error bound derived from the full

error terms is clearly larger than the error values for all error magnitudes, the modified error

is less than the actual error for most values of the error in the focal length in the case of the

noisy fundamental matrix. However, for the noise-free fundamental matrix, the error bound

is identical to the full error bound and these two coincide. As a result, the modified error

bound is always larger than the actual error for the case of the noise-free fundamental matrix.

As explained, this is because the modified error bound differs from the full error bound by a

single term that disappears in the case of noise-free fundamental matrices.

This idea is used to devise an iterative strategy to find a set of weights for the set of fun-

damental matrices available for self-calibration in orderto reduce the impact of the outlying

fundamental matrices. In the following discussion of the iterative approach we denote the esti-

mate of the intrinsic parameters at thej-th iteration byK̃(j), thei-th fundamental matrix as̃Fi.

Also, the error of the essential matrix calculated from thei-th fundamental matrix at iteration

j is denoted as̃E(j)
i and the estimate of the error in the intrinsic parameters at iterationj is

denoted by∆(j)
K . The algorithm starts by a weighted minimization of the objective function

where all fundamental matrices are weighted equally. The nonlinear minimization then finds

a set of values for the intrinsic parametersK̃(1), starting from some initial valuẽK(0). At this

point, the error of each fundamental matrix,F̃i, with respect to the estimated solution,K(1) is

estimated by simply taking the difference between the first and the second singular value of

the given essential matrix found using the estimated solution. The modified bound,∆′
E

(j)
i

is

also calculated for every fundamental matrix at every iteration. This is done by approximating

the value of the intrinsic parametersK by the latest estimate of the intrinsic parameters, in

this caseK = K̃(1) and by approximating the error in the intrinsic parameters matrix with its

change since the last iteration:∆
(j)
K = K̃(j)− K̃(j−1). The amount of change in the estimate of

the intrinsic parameters in two consecutive iterations is indicative of how stable the results are

and is a reasonable estimate of the error in the underlying solution. Note that for estimating

the error bound, the actual value of the error parameters or the intrinsic parameters is not of

consequence. It is the norm of these parameters that is of interest, and as long as the norms
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(a) Modified bound for a single fundamental matrix in the Merton sequence.
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(b) Modified bound for a single fundamental matrix in the Wadham sequence.

Figure 5.8: Modified perturbation bound for the objective function for self-calibration for two

sequences.
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of the estimates are within reasonable proximity of the truevalues, the bound will serve its

purpose in helping determine the appropriate weights for each fundamental matrix.

Once the modified bound,2‖∆′
E

(j)
i

‖2 for each fundamental matrixi is found at iterationj,

a measure of how much the actual errors fall within this boundis found using an estimate of

the Error Discrepancy (ED). TheED for the i-th fundamental matrix at thej-th iteration is

defined as:

ED
(j)
i =

(
σ(1,i) − σ(2,i)

2‖∆′
Ei

j

‖2

)2

. (5.23)

In other words, the error of a fundamental matrix with respect to the latest estimate of the in-

trinsic parameters via self-calibration, over the modifiederror bound for that given iteration is

used as an indicator of how likely a fundamental matrix is to be erroneous. To see this, note that

when the modified bound exceeds the error in the numerator, the value ofED will be small,

otherwise this value will increase. Also, errors that result from poor estimates of the intrin-

sic parameters will be common to all fundamental matrices inthe optimization, but when the

source of the error is a particularly noisy fundamental matrix, the measure of theED will be

disproportionately large for that fundamental matrix. Figure 5.9 shows an example of finding

the ED measure for ten fundamental matrices from two frames from two separate sequences.

All fundamental matrices in these sets are fit to ground truthcorrespondences, except the first

three fundamental matrices (i.e.,F1,F2 andF3) which are fit to a set of correspondences con-

taining 10% outliers. The indices of they-axis show the number of the fundamental matrix,

the first three of which are outlying fundamental matrices. In addition, the self-calibration ob-

jective function is estimated to an incorrect set of intrinsic parameters where the focal length

is changed by 10% of its magnitude for both sequences. Therefore, all objective functions are

deviating from their optimum value via errors in the calibration parameters and some due to

noise in the fundamental matrix in addition to this. As it is shown, although all objective func-

tions are estimated for an incorrect value for the focal length, the ED measures are significantly

higher for the noisy fundamental matrices.

As a result one can use the outlying values ofED measures to find outlying fundamental

matrices. In order to do this, theED measures are used to derive a set of weights used in

the subsequent iteration of the nonlinear minimization. This is done by mapping theED(j)
i

measures, to a set of smooth values via an exponential function. The weight for thei-th funda-

mental matrix, at thej-th iteration is found via:

w
(j)
i = exp(

−ED(j)
i

sj
) (5.24)
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(a) Values of the ED index for Corridor sequence.

0 2 4 6

F1

F2

F3

F4

F5

F6

F7

F8

F9

F10

value of ED

fu
n

d
am

en
ta

lm
at

rix

(b) Values of the ED index for Wadham sequence.

Figure 5.9: Using the Error Discrepancy index to discern outliers in a set of 10 fundamental

matrices fit to the first five frames of the Corridor and Wadham sequences where the first

three fundamental matrices are corrupted by 10% outliers noise and all focal length parameters

corrupted with 10% error.

Here, thesj is a robust measure of the standard deviation of theED values at iterationj

which is found using the median absolute deviation (MAD) ofED values according tosj =

1.4826MAD [64]. These weights are then used for the next iterationsof the algorithm. The

iterations are stopped once the estimate of the error in the intrinsic parameters∆(j)
K approaches

some valueT . This value is simply the tolerance in the accuracy of the estimated results desired

for the algorithm and is set by the user. Also, the iterationscan be stopped via a maximum

iteration cap.

Algorithm 3 shows the outline of the robust self-calibration algorithm.

Here,Kinit is defined asKinit =



width 0 width

2

0 width height
2

0 0 1


 which is our starting point

for the calibration parameters for a wide-angle camera where no other prior information is

provided. This constitutes a90 ◦ field of view camera. The values ofwidth andheight are the

width and height of the image respectively and the sequence containsN fundamental matrices.

The weighted nonlinear minimization is carried out via the Levenberg-Marquardt algorithm.

In our experiments the maximum number of iterations is set to4 which was found to be a

reasonable value, balancing accuracy in the solution and computation time.
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Algorithm 3 Robust self-calibration via perturbation bound

1: Estimate normalized fundamental matrices in the sequenceF̃i

‖F̃i‖2
2: Initialize: j = 1, w

(1)
i ← 1, for all i andK̃(0) = Kinit

3: while ∆
(j)
K > T andj < maxIterdo

4: Set starting point for optimization tõK(j−1)

5: K̃(j) = arg min
K

(∑n
i=1

(
w

(j)
i∑N

m=1 w
(j)
m

σ1,i−σ2,i

σ2,i

))

6: Set∆(j)
K ← K̃(j) − K̃(j−1)

7: Estimate error∆′
E

(j)
i

for all fundamental matrices via Eq. 5.22

8: Estimate Error DiscrepancyED(j)
i for all fundamental matrices via Eq. 5.23

9: Set weights for next iteration:w(j)
i via Eq. 5.24

10: j=j+1

11: end while

12: return K̃(j)

5.7.3 Experimental Results

In the first set of synthetic experimental results shown in Figure 5.10b outlying fundamental

matrices are created by adding outlying matches to the pointcorrespondences used in calcu-

lating the fundamental matrices, as explained previously in Section 5.5.3. In this case two

fundamental matrices have been corrupted by varying degrees of outliers. As shown in the

graph, the non-robust method performs worst by producing anestimate that is at most within

50% of the ground truth. On the other hand, the Geometric method produces the best results,

with an average performance of about 7% error. The proposed algorithm is able to produce

results that are independent of the magnitude of the error. However the performance is slightly

worse than the Geometric algorithm. This is due to the fact that in this particular case, the error

was due to errors in the matching stage in the self-calibration pipeline, which is exactly what is

used as a measure of confidence in the fundamental matrices bythe Geometric method. Note

that the levels of confidence in the fundamental matrices calculated via the Geometric method

and the perturbation-based method can in fact be combined via a mixing parameter in a hybrid

weighing scheme.

The second set of experimental results also consists of measuring the performance of the

algorithms with respect to outlying fundamental matrices.As explained, in this experiment

outlying fundamental matrices are created via deviation from the assumption that the intrinsic

parameters are constant across all frames. This is done by creating a synthetic image sequence
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Figure 5.10: Synthetic performance evaluation of the Perturbation-based method compared

with two standard self-calibration techniques.

of five frames with fixed parameters and then changing the focal length of one of the frames.

As it is shown in Figure 5.10b, in this case the perturbation-based method is able to produce

significantly better results than the other two methods. This is due to the fact that the weights

calculated in this algorithm are dependent on the error withrespect to the self-calibration con-

straint, unlike the Geometric method which relies on the confidence in the epipolar geometry.

The Geometric method performs better in the first test scenario due to the fact that the errors

of the fundamental matrices with respect to the correspondences is the method by which the

outliers in this experiment are created. However in the second scenario, the Geometric error

is no longer indicative of the outlying nature of the fundamental matrices and so the proposed

algorithm which does not rely on this information performs best.

In summary, perturbation theory offers an insight into the behavior of the objective func-

tion used in self-calibration and this fact can be used in devising a robust estimator for self-

calibration. The performance of this algorithm is competitive with the Geometric method that

uses information from fitting the fundamental matrices whenthe source of error is solely in

the correspondences used to fit the multi-camera relations.However, the proposed algorithm

outperforms the Geometric method in cases where the source of errors is violation of the con-

stancy of the intrinsic parameters. Therefore, the proposed method is more general and does

not rely on matching information and can solely perform on the provided fundamental matri-
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ces for an image sequence and provide accurate estimates of intrinsic parameters in spite of

outlying fundamental matrices.

5.8 Self-calibration by Localization of the Convergence of

Zero Curves

5.8.1 Introduction

The algorithm proposed in this section falls within the samerobust method of retrieving the

camera parameters as the Perturbation method and the Randomized Multi-start method pre-

sented previously in Section 5.7. However, unlike the previous algorithms, the proposed

method in this section does not rely on a nonlinear optimization routine to solve for the self-

calibration equations. In fact, only a root finding algorithm is required to use this method.

Unlike the previous algorithms that attempt to use the singular values of the essential matrix to

solve the self-calibration problem, a polynomial objective function is used which is based on

the norm of the essential matrix, as proposed in [36]. In addition, the proposed method can han-

dle multiple acquisition devices and degeneracies and can handle large errors in the underlying

camera relations used for self-calibration. As in the case of previous algorithms, the emphasis

has been placed on the robustness of the algorithm with respect to outliers as defined in Section

5.5. As explained previously, the issue of outliers has a dramatic impact on self-calibration.

As a result the goal of this algorithm is overcoming the sensitivity of self-calibration to the

various outliers that have been presented.

Unlike similar methods of finding the solutions to a set of polynomials, the proposed

method can handle significant outliers and does not rely on computationally expensive methods

of finding solutions to sets of polynomials. In fact, only theroots to single univariate polyno-

mials are estimated using the Companion Matrix method [27] which only involves finding the

eigenvalues of an8 × 8 or 4 × 4 matrix in our algorithm. Therefore, the only mathematical

library required is one for calculating eigenvalues.

Unlike the method presented in [36] where the global optimization method of Interval

Analysis is utilized, here a robust method of solving the setof eight degree polynomials based

on the norm of the essential matrix is adopted. The advantageof the proposed method over

Interval Analysis is computation time, robustness and simplicity of the implementation. The

runtime of the Interval Analysis self-calibration method is in the order of 30 minutes for a

sequence of five images, where an un-optimized implementation of the proposed algorithm
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runs in microseconds. Most importantly, as with the other proposed self-calibration methods,

the presented algorithm is able to deal with high levels of outliers as explained in Section 5.5.

Solving systems of multivariate polynomial equations is generally an NP-hard problem

[24]. Generally the solution involves constructing a Gröbner basis [10]. This approach, while

being computationally expensive has already been exploredin the computer vision literature

for the pose estimation problem [107]. A more established method in the computer vision com-

munity is the homotopy continuation method which has also has been used in self-calibration

in solving the Kruppa equations. Initially, the method presented in [61] used an earlier im-

plementation of this method to solve the Kruppa equations. Since over-determined sets of

polynomial equations are not expected to have any solutions[24], the authors choose to use a

minimal set of such equations and find all solutions of such subsets and then consolidate all

the non-imaginary results and find the one with the lowest error. However, the number of solu-

tions derived from these minimal sets is rather high, since according to Bezout’s theorem [55]

the number of possible solutions isdN whered is the degree of the polynomial andN is the

number of equations in the system. In the case of the algorithm proposed in [61] this amounts

to 25 possible solutions for each subset. Another technique for solving polynomial objective

functions inspired by Algebraic Geometry is one proposed in[54] using the Hidden Variable

Method. This method for estimating the motion and the focal length is highly effective for the

six-point semi-calibration scenario where the only unknown is the focal length. If the number

of unknowns increases from one to four in the case of full calibration, this method would also

have to deal with a very large number of possible solutions. Unlike such methods that need to

prune a large number of solutions for minimal subsets of polynomials, the proposed method

can seamlessly accommodate an arbitrary number of equations and solve an over-determined

set of multivariate polynomials without any ambiguities inthe solution. Most importantly, the

proposed method can accommodate polynomials that are derived from outlying fundamental

matrices and share no common roots with other polynomials inthe system.

Another self-calibration method that also utilizes systems of multivariate polynomials is

proposed in [39] where the authors use homotopy continuation to solve for the scale factor in

the Kruppa equations. Similar to the previous case, this method requires filtering through a

large number of solutions and does not handle outliers.

Section 5.8.2 defines the objective function and the resulting polynomial constraints. The

method of finding families of solutions is proposed in Section 5.8.3. The localization of the

unique calibration solution from these families of solutions is proposed in Section 5.8.4 and

some experimental results pertaining to degeneracies and multiple acquisition devices are also

presented in Section 5.8.4. Similar to the other self-calibration algorithms presented, the com-
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parisons with other methods have been presented in Section 5.9.

5.8.2 The Polynomial Objective Function

Another form of the Huang-Faugeras constraint was presented in [61]. This is the objective

function that is used in the proposed algorithm and is statedas:

2tr((EET )2)− (tr(EET ))2 = 0. (5.25)

SinceE = KTFK then the same constraint can be restated as:

2tr((KTFKKTF TK)2)− (tr(KTFKKTF TK))2 = 0. (5.26)

Expanding this constraint one obtains an eighth degree polynomial in the unknowns of the

intrinsic camera parameters. This polynomial is denoted as: φ(fx, fy, uc, vc) = 0. In total

there are as many such equations as there are fundamental matrices in the image sequence.

As explained before, previous works have attempted to solvethis equation using minimal sets

using homotopy continuation. However, in order to achieve robustness and a reduction in com-

putation time, it is important to ensure that outlying fundamental matrices do not interfere with

the estimation. As a result, in this algorithm the equation is solved for each fundamental matrix

separately. However, unlike the minimal sets, this means that the solution is under-constrained

and there are infinitely many solutions. These solutions generally form a connected differen-

tiable curve as will be discussed in the next section. Once these solution curves are estimated

for each single fundamental matrix, they will be aggregatedand a solution is estimated via a

consensus method that localizes the most likely solution tosuch a system. To see how this

differs from other possible approaches, three categories of methods of solving systems of mul-

tivariate polynomial equations will be reiterated. Essentially, givenm polynomials ofn un-

knowns, assumingm > n, there are three methods of solving such a system. The first method,

is to use allm equations and solve this problem at once. For example this can be achieved

via a nonlinear optimization routine that minimizes some measure of the overall error in allm

equations, such as least squares. However, this idea suffers from the fact that the summation

of errors cancels many of the convexities of the individual polynomials which means the final

outcome is likely to diverge from the global minimum [54]. Inaddition solving a polyno-

mial system by the general nonlinear minimization approachof using an initial starting point

iteratively minimizing the error will yield trajectories that do not converge and many other

trajectories will converge to the wrong solution [61]. Using an algebraic geometry approach

would also fail when using allm equations together since when using more polynomials than
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category generation # solutions aggregation

minimization min
∑n

i=1 |gi(x)| 1 none

algebraic

geometry

Z := {x ∈ Cm|gt1(x)
= gt2(x) · · · = gtm(x) = 0}
t selectsm subset of eqs

(
m
n

)
× dn Kernel voting

Score minimization

proposed
Zk := {x ∈ Cm|gk(x) = 0}

for all k
∞

⋂n
i=1Zi

Table 5.1: Finding the solutionx∗ to a system ofnmultivariate polynomials,P (x) = ((g1(x) =

0, g2(x) = 0 . . . gn(x) = 0) of degreed with m unknowns (i.e.,x ∈ Rm). The polynomials are

defined as:g(x) =
∑

α∈Zm,α1+α2+···+αm≤d

pαx
α1
1 x

α2
2 . . . xαm

m .

unknowns, the system is often inconsistent and no solutionsexist. The second method of find-

ing the solution to this system is by using minimal sets, i.e., usingn equations at a time, as

explained in the introduction. This approach requires computationally expensive methods and

the number of generated solutions is
(
m
n

)
× dn, whered is the degree of the polynomial. These

solutions need to somehow be filtered which is also an ambiguous process.

Since the goal of this thesis is robustness, an approach thatdoes not “bundle” more than

one fundamental matrix at a time is required. As a result of this, for each fundamental matrix

Fi, the polynomialφi(fx, fy, uc, vc) = 0 is solved separately. As mentioned, this leads to

infinitely many solutions. However, these solution sets have particular structural properties that

can be taken advantage of in designing a consensus-based algorithm to find the best solution

which is free of any of the noisy fundamental matrices in the sequence. Table 5.1 summarizes

these three categories of solving multivariate polynomialsystems of equations. The second

column labeled “generation” denotes the method used to generate the set of solutions. The

“aggregation” column denotes the method used to isolate a unique solution from the generated

solutions.

As it is shown, the proposed method differs from the other main approaches in that poly-

nomials are solved one at a time, therefore making it possible to detect and prune out outlying

fundamental matrices. However, the challenge in this case is the aggregation of the results.

Essentially, in the proposed method, the aggregation step is finding some intersection among

the series of solution curves as shown in the table. Althoughnot specifically an intersection

operation between the solution sets, the goal is to find a location in the solution space that min-

imizes the distance of the curves to this location, or maximizes some measure of consensus.
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This will be discussed in detail in Section 5.8.4. Also, notethat the solutions are shown to

belong to the complex domain. Generally the roots of the equations used for self-calibration

are complex. Dealing with spurious solutions and the complex components will be addressed

in Section 5.8.4.

5.8.3 Finding Solution Curves

Before discussing the localization of the unique solution from the zero curves (or solution

curves) provided by each individual polynomial in the next section, the method of producing

these curves will be discussed. In order to reduce the computation time, the polynomials from

the objective function,φ(fx, fy, uc, vc) = 0 are separated into polynomials,φ(fx, fy, uc =

u∗c , vc = v∗c ) = 0 andφ(fx = f ∗
x , fy = f ∗

y , uc, vc) = 0. For brevity, the polynomial in the focal

length is denoted as:Zf
i = φ

f
i (fx, fy) = 0 and the polynomial in the optical center is denoted

byZoc
i = φoc

i (uc, vc) = 0. Heref ∗
x , f

∗
y represents the latest estimate of the focal length in hori-

zontal and vertical pixels andu∗c , v
∗
c represents the latest estimate of the location of the optical

center. In other words, this polynomial in four dimensions has been interchanged with two

polynomials in two dimensions. Although not generally an acceptable method of approaching

an optimization problem, the aggregation method is robust to reasonable deviations in the as-

sumed parameters when evaluating the minimum. In other words, the estimates of the focal

length fromφ(fx, fy, uc, vc) = 0 andφ(fx, fy, uc + ∆uc , vc + ∆vc) = 0 are sufficiently close,

given that the errors in the components of the optical center∆uc and∆vc are reasonably small.

This is in fact shown from the experiments where the robustness of the proposed algorithm is

tested against incorrect assumptions about the assumed fixed parameters.

Before the above equations are analyzed, the fundamental matrices are computed between

all pairs in the given image sequence. Having obtainedN fundamental matrices, there are now

N number of the above equations. So for each fundamental matrix, Fi, we form:

φi(fx, fy, uc = u∗c , vc = v∗c ) = 0 (5.27)

φi(fx = f ∗
x , fy = f ∗

y , uc, vc) = 0. (5.28)

The solving of the above two equations is done in two separatesteps. The equation in the

focal length is solved first using the image center as the bestestimate of the optical center.

Following this, the estimated overall solution in the focallengths is used in the equation for

the optical center.

In order to generate solutions from each polynomial, the zero curves of each will need to

be resolved in some predetermined interval for both the focal lengths and the optical centers.
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Zero curves in this context refer to the set of all the roots ofthe bivariate polynomials under

consideration. The zero curves for the focal lengths,Z
f
i and the optical centerZoc

i for the

fundamental matrixFi are generated as follows:

Z
f
i := {(fx, fy) ∈ C

2|φi(fx, fy, uc = u∗c , vc = v∗c ) = 0, ǫ ≤ fx ≤ 3w, ǫ ≤ fy ≤ 3w} (5.29)

Zoc
i := {(uc, vc) ∈ C

2|φi(fx = f ∗
x , fy = f ∗

y , uc, vc) = 0, ǫ ≤ uc ≤ w, ǫ ≤ vc ≤ h} (5.30)

wherew is the width andh is the height of the image. Bounding the focal length to be less than

three times the width limits the camera focal length to thosebelonging to wide angle and mid-

range focal lengths, ruling out telephoto lenses which are not commonly used for capturing

an environment for the purpose of visualization. Also,ǫ denotes some minimum bound on the

value of the focal length. This is generally set very low to ensure against zero values which can

occur for degenerate scenarios. This will be addressed in Section 5.8.4. The zero curves are

essentially numerical representations of a quantized segment of the roots of the polynomials

in the parameter space. These form sets of tuples where in thecase of the focal length and the

adopted convention the first component of the tuple isfx and the second isfy.

The family of solutions, or the zero curves,Zf
i andZoc

i are found by solving for the roots

of the bivariate equations in a specific interval. The methodof calculating these points is by

simply fixing one parameter and solving the roots of the univariate polynomial and sweeping

the parameter space, similar to the earlier methods of stability analysis of 2D FIR filters [98].

Specifically, the focal length in the horizontal pixels,fx is varied uniformly in the range, so

that the solution curve,Zf
i containsN elements, where thej-th element is calculated as:

Z
f
i (j) = (fx = jδ, fy = β) whereφf

i (jδ, β) = 0. (5.31)

Note that the space of the focal length in thex direction is divided intoN equal sized

elements of lengthδ and for each value of the focal length in the x direction the value of the

focal length in they direction is calculated using the matrix companion method [27]. This

amounts to finding the roots of a4-th degree polynomial by finding the eigenvalues of a4 ×
4 matrix which is a very fast operation. The zero curve of the optical center is calculated

similarly; however in this case the resulting univariate polynomial is of8-th degree and so it

requires finding the eigenvalues of an8× 8 matrix. The reason for the difference between the

degrees of the polynomial in the optical center and the focallength is that the polynomial in the

focal length is sparse and can be reduced to a4-th degree polynomial by simple substitution,

which is not the case for the polynomial in the optical center. Another important step in
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calculating the zero curves is filtering out the spurious solutions. Clearly, there will be four, or

eight roots depending on which zero curve is being estimated. The correct root is picked as the

one with a non-zero real part and an approximately zero imaginary part. In the ideal case, this

root would contain a zero imaginary part. However, due to noise and numerical imprecisions

the imaginary part of the chosen root will not always be non-zero. When this is encountered,

the imaginary part is discarded and the real part of the root used as the final value.

An important property of the zero curves of the objective polynomials is that they always

form analytic curves in the parameter space except for caseswhere the zeros split into multiple

components [32]. Another way to see that roots often form smooth varying curves is via the

fact that the roots of the polynomial are eigenvalues of a matrix formed with the coefficients of

the polynomial according to the matrix companion method. Since it is known that eigenvalues

of a matrix are differentiable with respect to its entries, the same idea can be applied to the

roots of a polynomial. In fact this has been used to set boundsfor the roots of polynomials

in [74]. This property is an important assumption in the proposed algorithm as will become

apparent when the method of finding a unique solution from thezero curves is presented.

To see how the zero curves form smooth curves in the parameterspace, several examples

are shown in Figure 5.11. Figure 5.11a shows the zero curves for the polynomials derived from

four fundamental matrices of a synthetic sequence. The leftdiagram shows the zero curves for

the focal length and the right shows the zero curves for the optical center. The correct solution

is marked with a “plus” sign in the graph. The same process is repeated below, in Figure 5.11b

for the Rathaus image sequence [2]. As it is shown, the zero curves form smoothly varying

curves and approach the real solution depending on the amount of noise in the fundamental

matrix. In fact, ideally, all the zero curves should go through the correct solution; however, due

to noise this does not always occur. Since the curves are generally smooth varying, the number

of samples does not exert a large amount of influence in the overall results. A reasonable

number of samples used in this thesis is 100. However, depending on how much accuracy is

required this amount can be adjusted.

During the self-calibration of an image sequence containingN fundamental matrices, the

above procedure is carried out for all fundamental matrices. In certain cases, such as when

encountering degeneracies, some of the zero curves will collapse to zero. These will be dis-

carded from the set of zero curves. The solution is calculated by first finding the point in the

2D parameter space,(fx, fy), with the highest “consensus” from all the zero curves. Thisvalue

is used in the next step where the same procedure is repeated to find the optical center. The

details are presented in the next section.
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(a) Zero curves for five fundamental matrices from a noise-free synthetic sequence.
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(b) Zero curves for five fundamental matrices for the Rathaussequence.

Figure 5.11: Examples of four zero curves for a real and a synthetic image set. The true

solution is marked with a plus. Each color-coded curve is obtained from a fundamental matrix.
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5.8.4 Localizing Unique Solution

When all the zero curves have been calculated for the focal length and optical center, in other

words whenZf
1 , Z

f
2 , . . . Z

f
N andZoc

1 , Z
oc
2 , . . . Z

oc
N have been estimated, the camera parameters

can be estimated. The numerical estimation of these zero curves is a very fast operation. For a

sequence of 10 images, calculating all of the zero curves takes approximately1.3s for a total of

45 pairs of zero curves. The computational complexity of estimating the zero curves is linear

in the number of the fundamental matrices.

When the numerical estimates of the zero curves have been collected, the task is finding a

point that would lie on all the curves. This would be the one point that is in common between

all the zero curves (i.e., an intersection). Effectively this would be finding the intersection of

the zero curves or:(f ∗
x , f

∗
y ) =

⋂N
i=1 Z

f
i and(u∗c , v

∗
c ) =

⋂N
i=1Z

oc
i . This would be a reason-

able method of localizing the solution of the system if noisewas not present in the underlying

fundamental matrices as in the case of Figure 5.11a. Even though the zero curves of the poly-

nomials of a noise-free intersect, such an assumption cannot be made for arbitrary sequences

as shown in Figure 5.11b.

In order to find what is the most likely intersection of the noise-free version of the zero

curves, several strategies can be adopted. Since the zero curves are merely possible solutions in

the solution space, an approach based on Hough transform canpotentially be adopted [48, 131].

One issue with using this approach is that the density of the data points is not necessarily

sufficient for Hough transform to provide a clear solution (depending on the number of images

in the sequence). Moreover, there is no clear method for deciding the quantization interval.

Another possible approach is using a clustering method suchas k-means clustering to find

the cluster with the highest number of members from all the zero curves. This method has

also been attempted. However, there is no way of fixing the number of clusters. Another

method that has also been attempted is mode seeking algorithms, specifically the Mean Shift

algorithm [23]. This approach also has the challenge of setting an appropriate bandwidth

and poor localization when insufficient samples are used, such as in cases with fewer images.

However, the fundamental issue with all the mentioned algorithms is their approach to treating

every single sample as independent from all other samples. In fact, the data segments form

highly dependent structures in the parameter space (smoothcurves). Treating every point in

the curves as independent from every other point in the same curve is ignoring the underlying

structure of the data.

The approach adopted in this algorithm is to solve this from the perspective of a geometric

optimization problem [14]. In other words, the goal is to finda solution whose distance from
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all zero curves is minimized. In other words, for the case of the focal length we define the

solutionf∗ = (f ∗
x , f

∗
y ) as:

f∗ = arg min
f

N∑

i=1

d(f∗, Zf
i ). (5.32)

Here, d(f∗, Zf
i ) is a distance between a point in the parameter space and one ofthe zero curves,

defined as d(f∗, Zf
i ) = inf{‖ f∗ − x ‖ |x ∈ Z

f
i }. Clearly, this would be the intersection of

the curves if such a point did in fact exist, as in the ideal synthetic case. However, in the

presence of noise, this point would approach a point where the zero curves are most likely to

pass through and effectively find a likely location for the solution of the problem.

One modification to the formulation in Eq. 5.32 that has been adopted is using a function of

the distance that favors intersections and closer proximities. In other words, we have adopted

to maximize max
∑N

i=1 ρ(d(f
∗, Zf

i )) whereρ is a smooth penalty function that heavily favors

intersections and closer proximities. This function is simply the exponential function:ρ(d) =

exp(−d/σf ) which has its highest value atd = 0. The normalizing factor,σf is used to create a

uniform set of values for the distance, regardless of camerageometry. This is a function of the

assumed interval for the possible values of the focal lengthand the optical center and is set to

be one tenth of the allowable range for the parameter that is being searched for . This has the

effect of producing the same distribution of distances regardless of the camera parameters.

When maximizing this function of the distances,ρ(d), the estimated point would be one

that is most likely to be on an intersection of a set of curves.Rather than merely minimizing

distance of the curves, this means that now we are searching for a point that is most likely to

be an intersection. Although in synthetic cases the two approaches would produce identical

results, in cases where noise is present this formulation leads to a solution that is more likely

to be formed by intersections of the zero curves. To illustrate, Figure 5.12 shows a set of zero

curves and the resulting objective function formed by a synthetic sequence with two outlying

fundamental matrices. The parameter space in this example is the focal length and the objective

function is defined as the negative exponent of the sum of distances of a point to all zero curves

as defined above.

This problem is a nonlinear optimization which can be solvedusing a standard optimization

routine. However, since a nonlinear optimization has the issues of convergence in cases where

the starting point is not close enough to the global minimum,an alternative solution is sought.

This method is based on assuming that the solution belongs toone of the zero curves. This is

a reasonable assumption since ideally the solution has to bea member of at least one of the

zero curves. This has the effect of reducing the search spaceto points that are only on the

zero curves. This will change the optimization formulationas (removing the superscript which
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Figure 5.12: Zero curves and the objective function for a synthetic sequence consisting of

five frames (10 fundamental matrices) with two outlying fundamental matrices. The correct

solution is marked with a red circle.
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denotes focal length):

f∗ = Zk∗(j
∗) where k∗, j∗ = arg min

k,j

N∑

i=1,i 6=k

ρ(d(Zk(j), Zi)) (5.33)

where the optimal solution is now defined asZk∗(j
∗) the j∗-th point on thek∗-th zero curve

having the highest score as defined byρ(d) as explained above. Also,Zk∗(j
∗) has to be higher

than zero to avoid picking one of the spurious solutions generated by the root finding method.

In addition, the distance between a point on one zero curve and another zero curve will be

defined as:

d(Zk(j), Zi) = Zk(j)− Zi(j). (5.34)

This is a simplification that significantly reduces the computation cost and is a reasonable

approximation since the zero curves are generally slowly varying and are defined on the same

range of values. The search parameters in the optimization formulation above are simply the

two indices that identify a particular zero curve and a specific element in its set. The advantage

of this formulation is that now a global optimum to this modified problem can be found without

using a nonlinear optimization routine. Since the parameter space is now reduced to a number

of zero curves and the difference operation simply involvesa subtraction, an exhaustive search

can be performed in a reasonable amount of time to find the optimum solution. In addition,

the computational complexity of this search increases linearly with the number of fundamental

matrices.

An example of the application of the proposed method in finding the camera parameters of a

real sequence (Rathaus [2]) is shown in Figure 5.13. The objective function for the focal length

for a total of 21 fundamental matrices calculated between the frames in this sequence have

been used in the optimization. The solution of a nonlinear search versus the proposed method

of finding the global solution have been marked in addition tothe ground truth solution. It can

be seen that the proposed method finds a solution very close tothe global minimum whereas

the nonlinear search converges to one of the many local minima in one of the creases of the

objective function.

In addition, Figure 5.14 shows the timing graph for the nonlinear exhaustive search versus a

nonlinear optimization method. The timing diagram in Figure 5.14a shows that both methods

increase in computation time linearly with the number of fundamental matrices. The next

diagram shows the difference between the computation cost of the global reduced search versus

a nonlinear optimization when the number of samples change for the zero curves. Figure 5.14b

shows that when the number of samples in the zero curves exceed 370, the computation time

starts to change in the favor of nonlinear minimization. However, this is considerably higher
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Figure 5.13: The objective function and the zero curves for the focal length estimation of the

Rathaus sequence. The red circle marks the ground truth focal lengths and the green circle

marks the solution of the proposed method. The blue diamond marks the result of using a

nonlinear optimization routine.
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Figure 5.14: The left diagram shows the computation time of the proposed search method and

nonlinear optimization for different number of fundamental matrices. The right diagram shows

the computation time of the two methods for varying number ofsamples of the zero curves.

than the required number of samples for a reasonable degree of accuracy in the estimated

camera parameters.

Overall, the algorithm is able to find the optimal solution without resorting to a nonlin-

ear optimization. This avoids the problem of local minima while maintaining a reasonable

computation time. In addition, the algorithm can accommodate multiple acquisition devices in

the scene, which is a common scenario when performing 3D reconstruction from large image

databases retrieved from the Internet for a particular scene [103]. Since the solution is the

cross section of the zero curves, multiple acquisition devices in the scene will simply manifest

as multiple peaks in the search for points with highest scores. This would mean that the al-

gorithm simply has to find peaks rather than the maximum in thesearch space. Even though

this has not been implemented in the final algorithm, Figure 5.15 shows the search space and

its ability to highlight multiple underlying camera parameters. Figure 5.15a simply shows the

zero curves for a synthetic sequence example where two different camera parameters have been

used in generating the fundamental matrices. Clearly thereare two different points of intersec-

tion of the zero curves. Figure 5.15b is the resulting searchspace and the associated scores for

the points sampled on the zero curves. All the resulting score points have been plotted with

their original x-axis and the results superimposed. There are two lines marking the location
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Figure 5.15: The left diagram shows the zero curves for focallength for a synthetic sequence

with ten fundamental matrices formed by two different camera geometries. The ground truth

solutions are marked. The right diagram shows the scores of the sample points for the same

test. Vertical lines denote the location of the solution forthe underlying camera focal lengths.

where the actual camera parameters would be. There are two discernable peaks along these

two lines as shown.

In addition, the method offers a simple numerical method of detecting degeneracies. The

issue of degeneracies is a challenging problem for all self-calibration algorithms. Even though

an extensive theoretical background on this topic has been presented in [110, 111, 109, 50],

simple numerical methods of detecting them have not been offered. The only work to the

author’s knowledge is the method of detecting the stabilityof the solution offered in [82]

as explained in Section 5.3. The proposed method leads to a simple numerical method of

deciding whether or not a zero curve is the result of a degenerate camera geometry. This is

based on the observation that theoretically the objective function collapses for a degenerate

configuration and so all values of the camera parameter lead to a zero in the objective function.

This translates to zero curves whose values for the estimated roots amount to zero. However

in other cases a noisy near-degenerate configuration can lead to a polynomial whose roots are

highly uncharacteristic of the expected value of the input problem. Therefore, we use our

predefined bound in Eq. 5.30 to simply find the percentage of out of bound values for the zero

curves. A measure of the likelihood of the degeneracy of a particular camera arrangement is

denoted by degen(Z). For instance, the degeneracy likelihood of thek-th fundamental matrix
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Figure 5.16: Zero curves for two fundamental matrices from two different sequences. Both

cases are degenerate with respect to self-calibration. Thesynthetic camera pair has image size

of 1024× 768

is denoted by:

degen(Zf
k ) =

|{(fx, fy) ∈ Zf
k |fy ≤ ǫ or 3w ≤ fy}|
|Zf

k |
. (5.35)

In other words, the proportion of the out of bound elements for a zero curve can be used as an

indicator of the likelihood of its degeneracy. In the above formulation, only thefy elements

in each solution sample is checked since thefx values are predetermined in the zero curves.

This is due to the fact that thefx components are swept in a predetermined interval while the

fy values are estimated. In the proposed method the threshold of this ratio is set to 50%. Zero

curves that contain a higher ratio of out of bound elements, indicated by degen(Zf
k ) are simply

rejected and not used in the final calculation. Figure 5.16 shows two examples of zero curves

derived from camera pairs that are degenerate with respect to self-calibration. The figure on

the left is a synthetic camera pair with parallel optical axis and the right is a fundamental

matrix from the Tsukuba sequence [95] where images are rectified to adhere to parallel camera

geometry. In the synthetic example most of the points in the zero curves exceed the threshold

significantly and in the Tsukuba case the zero curve is simplycollapsed to a set of zeros. As

shown, the exact magnitude of the bound is not very importantsince most such examples either

fall to zero or very large values.

Even though this method of detecting degeneracies does not necessarily identify the type

of degeneracy or even discern degeneracies from cases wherethe root finding method simply

fails for a large number of values, it offers the possibilityof pruning out camera pairs from
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the sequence that would adversely effect the self-calibration process. It is possible to speed

up this process by using methods that find bounds for the rootsof multivariate polynomial

[80]; however generally estimating the zero curves is a reasonably fast operation. Algorithm 4

shows the outline of the Zero Curves algorithm.

Algorithm 4 Robust self-calibration via Zero Curves

1: Estimate fundamental matrices in the sequenceF1 . . . FN

2: Estimate focal length zero curves:Zf
1 . . . Z

f
N

3: Find focal lengthf∗ = (f ∗
x , f

∗
y ) by minimizing:

∑N
i=1 ρ(d(f

∗, Zf
i ))

4: Estimate optical center zero curves:Zoc
1 . . . Zoc

N

5: Find optical centeru∗ = (u∗c , v
∗
c ) by minimizing:

∑N
i=1 ρ(d(u

∗, Zoc
i ))

6: return f ∗ andu∗

5.8.5 Experiments

The proposed algorithm is able to localize an accurate solution in spite of significant out-

liers. This is due to the fact that rather than minimizing theerror of the objective function,

the proposed algorithm minimizes a geometric objective function in the space of a set of hy-

pothesized solutions for each individual fundamental matrix. These hypothesized solutions, or

“zero curves” are essentially the set of roots of bivariate polynomials derived from the objec-

tive function of Huang-Faugeras constraint. These continuous curves in the parameter space

ideally form an intersection where the optimal solution resides. However, due to noise such

a clear intersection is often not found and so the problem is approached as a minimization of

a distance score which finds the closest point to an intersection. The method is robust since

only the polynomials that lead to a unique solution form a cluster in the parameter space. The

noisy or degenerate objective functions often form independent segments in space and do not

form a coherent cluster. As a result, when minimizing the score metric that was defined, the

solution approaches the intersection of the inlying fundamental matrices and is not affected by

the outliers. This method in fact has a high breakdown point,since even if the majority of the

zero curves are outliers, the score is still minimum at the remaining few that form an intersec-

tion. Degenerate and erroneous cases can be discarded by defining a broad interval of expected

values. This means that rather than minimizing errors in a noisy or degenerate fundamental

matrix in a bundled optimization, which often leads to incorrect results, we can discard such

camera pairs before the final optimization.

In order to test the algorithm, two sets of tests on syntheticsequences have been carried
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Figure 5.17: Synthetic performance evaluation of the Zero Curves method compared with two

standard self-calibration techniques.

out as outlined in section Section 5.5.3. Further results onreal image sequences will be pre-

sented in Section 5.9. The synthetic results have been presented in Figure 5.17. The proposed

algorithm is referred to in the experimental figures as the “Zero Curves” method.

The first set of experiments shown in Figure 5.17a measures the error percentage in the

estimated focal length for the proposed algorithm and the two standard benchmark algorithms

used previously. As it is shown, the proposed algorithm maintains a very low level of error

in the estimated focal length for all levels of noise. The second set of experiments shown

in Figure 5.17b shows the percentage error of the estimated focal length while varying the

difference between the focal length of one outlying frame from the rest of the focal lengths.

As it is shown, the proposed algorithm is able to estimate a rather accurate set of focal lengths

for all levels of the focal length deviation.

5.9 Experimental Results

This section contains comparative results pertaining to the proposed algorithms. Before pre-

senting the additional experiments, a complete comparisonbetween the proposed algorithms

and the two benchmark methods is presented. This is a summaryof the previously used syn-
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thetic experiments containing all the algorithms so far andincluding the estimation of the

optical center. Figure 5.18a contains the experiments involving the evaluation of the estimated

focal length for varying levels of matching outliers for to all the algorithms. The Zero Curves

method has the strongest performance of all the proposed algorithms. The Perturbation and the

Multi-start algorithms maintain a reasonable accuracy, slightly lower than the Geometric error

for all outlier ratios. Figure 5.18b shows the synthetic experimental results in the case where

outliers are formed by deviating the intrinsics of one of theframes in the sequence of five

frames from the rest of the cameras. In this case the Perturbation method and the Zero Curves

method performs the best among all the proposed algorithms.As expected, the Geometric

algorithms performs as poorly as the non-robust algorithms. Overall, the zero curves and the

Perturbation method maintain the strongest accuracy in theestimation of the focal length while

maintaining a low computation time. In addition, in this setof experiments the optical center

errors have also been included. Figure 5.18c shows the performance of the five algorithms in

terms of the accuracy of the estimated optical center for varying levels of matching outliers

included in the estimation of the fundamental matrix (same experiment as in Figure 5.18a).

Normally one would expect the same trends in the estimation of the optical center as the focal

length. However, in this diagram the Randomized Multi-start method performs worse than all

other algorithms even though it has a better performance than the non-robust method and the

Geometric method for the focal length. This can be explaineddue to the fact that the self-

calibration constraints are poorly conditioned in the localization of the optical center and the

Randomized Multi-start uses less constraints than all other algorithms since it uses the minimal

samples. Figure 5.18d shows the errors in the estimation of the optical center. This diagram

contains the results when the outliers are created by varying the focal length of a single frame

from the rest as in Figure 5.18b. The optical center estimation in this case also follows the

same trends as the estimation of the focal length in the same experiment, but with the except

of the Randomized Multi-start which is performing poorly asexplained.

The next set of results presented in Figure 5.19 contain the performance evaluation of the

self-calibration algorithms with respect to varying number of outlying fundamental matrices

on real and synthetic sequences. In these experiments, the robustness of the proposed algo-

rithms are measured with respect to varyingnumberof outlying fundamental matrices each

with a fixed outlier ratio in its correspondences. These outlying fundamental matrices have

been estimated from a set of matches that consist of 50% outlying correspondences. In other

words, for a sequence of five frames, consisting of ten fundamental matrices we increase the

number of corrupted fundamental matrices in order to evaluate the performance degradation

of the given algorithms. Figure 5.19a shows the synthetic experiments where the x-axis is
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Figure 5.18: Complete synthetic performance evaluation for assessing robustness of the three

proposed self-calibration algorithms and two benchmark methods. Evaluations include focal

length percentage error and optical center percentage error.
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Figure 5.19: Performance comparison when the variable is the number of fundamental matrices

that have been contaminated by 50% matching outlier.

the number of corrupted fundamental matrices. For all levels of noise contamination the Zero

Curves algorithm performs best except for the final set of outlier ratio which consist of eight

corrupted fundamental matrices out of a total of ten. The Geometric method maintains a steady

performance for all levels of contamination. This is again due to the fact that the nature of the

artificial noise used in this experiment is related to the type of metric that this algorithm uses

in its weighted estimation scheme. The next set of experiments shown in Figure 5.19b are per-

formed on the five frames of the Wadham College sequence [6] which contains ground truth

correspondence information. During this set of tests the matching information provided with

this sequence was used to estimated the fundamental matrices. In order to create the number

of outlying fundamental matrices 50% of the correspondences were contaminated by outly-

ing noise. The performance evaluations show that in this case the Randomized Multi-start

optimization algorithm and the Zero Curves algorithm perform the best among other methods.

The next set of experiments shown in Figure 5.20 evaluate therobustness of the algorithms

with respect to matching errors in real sequences. In this set of experiments, four real image

sequences have been tested. The performance has been evaluated for increasing number of

outlier fundamental matrices. Each sequence consists of seven frames (leading to 21 funda-

mental matrices), or has been reduced to contain only seven frames in order to create a uniform
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scenario across all four sequences. The correspondence information has been found using the

SIFT matcher [60]. Outlying fundamental matrices in this setup are created by including all

the raw SIFT matches in its calculation. A noise-free (i.e.,non-outlier) fundamental matrix

in this experiment is obtained by using the robust LEV-RANSAC algorithm proposed in Sec-

tion 4.7 but a fundamental matrix marked for being set an outlier is simply fit to ALL the

correspondences found by SIFT, including the outliers, viathe 8-point algorithm [44]. The

utilized sequences are: Valbonne [6], Rathaus, Castle-P19and Fountain-P11 sequences [108].

From the diagrams one thing that stands out is that the Perturbation algorithm performs the

best when no error is deliberately injected into the data, atthe lowest level of contamination

on the x-axis. The Randomized Multi-start algorithm performs reasonably consistently across

the outlier ratios. In other words, the Randomized Multi-start method maintains the same level

of accuracy in spite of the outliers. This is often not the best level of accuracy among the

methods; however outliers do not have an impact on the performance of this algorithm due to

its ability to prune through outliers. However, since the inliers are not all fully taken advantage

of, this consistent performance is often not comparable to the best performing algorithm. This

happens to be the Zero Curves method which for reasonable contamination levels maintains

a very high level of accuracy. However, when the number of contaminated fundamental ma-

trices increases, spurious peaks can be found in the objective function used by this algorithm

as explained in Section 5.8.4. The Perturbation algorithm performs poorly in moderate levels

of noise, which can be attributed to the fact that the overallError Discrepancy scale is found

using a robust method with a relatively high breakdown point. Therefore, this method is best

utilized at low error levels where it performs relatively better than the others. The Geometric

algorithm is also relatively constant in its performance expressed as the focal length error. As

explained, this algorithm performs poorly when the source of the error is other than noise in

the fundamental matrix and so this algorithm does not extendto all scenarios. Furthermore,

the performance of the Zero Curves method is overall stronger in lower error levels than the

Geometric method.

Outliers are generally assumed to contain error values thatcannot be attributed to a Gaus-

sian distribution. However, the performance of the robust algorithms have been compared

when various levels of Gaussian noise are present. In the following experiment, shown in

Figure 5.21 Gaussian noise has been added to the correspondences of all the frames of the

synthetic sequence of five images. As before, random geometry of cameras has been assumed

for each level of noise and the results averaged over 100 experiments. However, unlike the

previous cases the amount of noise is normally distributed with the varying standard devia-

tions as shown on the x-axis. In this case, none of the fundamental matrices are outliers per



Robust Self-calibration 145

0 5 10
0

20

40

60

80

number of noisy fundamental matrices

fo
ca

ll
en

g
th

er
ro

r

Non-robust Geometric
Randomized Multi-start Perturbation
Zero Curves

(a) Rathaus sequence.

0 5 10
0

20

40

60

80

number of noisy fundamental matrices
fo

ca
ll

en
g

th
er

ro
r

Non-robust Geometric
Randomized Multi-start Perturbation
Zero Curves

(b) Valbonne sequence.
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(c) Castle-P19 sequence.

0 5 10
0

20

40

60

80

number of noisy fundamental matrices

fo
ca

ll
en

g
th

er
ro

r

Non-robust Geometric
Randomized Multi-start Perturbation
Zero Curves

(d) Fountain-P11 sequence.

Figure 5.20: This experiment measures the accuracy of the estimated focal lengths for differ-

ent number of fundamental matrices that have been estimatedto raw image correspondences

without the use of a robust fundamental matrix estimator andare therefore outliers. The x-axis

shows the number of such erroneously calculated fundamental matrices. All sequences contain

seven images and 21 fundamental matrices.
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Figure 5.21: Synthetic evaluation of self-calibration with respect to normally distributed noise

added to all the image correspondences used to calculate thefundamental matrix.

se and so one expects the non-robust algorithm to perform thebest. Although the differences

between the performances are not very significant, the Perturbation algorithm performs better

than other algorithms for higher levels of noise level. Thisis due to the fact that the Error Dis-

crepancy measure defined in this algorithm is able to prune out noisy fundamental matrices,

even when the noise is small. However, the Zero Curves algorithm performs poorly in this case,

most likely due to the fact that at higher levels of normally distributed noise the localization

of the convergence point gets less precise. The surprising results are the results for the error

in the estimation of the optical center shown in Figure 5.21b. In this diagram the Zero Curves

method achieves the highest accuracy in the estimation of the optical center across all levels

of normally distrusted noise. This is very likely due to the fact that a different mechanism is

used for finding the solutions which might be more suitable for finding the optical center. As

mentioned, the estimation of the optical center is inherently more difficult than the focal length

when using typical gradient based optimization methods.

The next set of experiments examine the scalability of the given algorithms in terms of

performance and computation time, shown in Figure 5.22. Figure 5.22a shows the accuracy of

the estimated focal lengths for increasing number of frameswhen one frame contains outliers.

In this set of experiments, the image features of a single frame have been corrupted by noise
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Figure 5.22: Performance and computation time comparison for increasing number of frames.

and so all of the fundamental matrices involving this frame are contaminated. For example,

if there are five frames, four fundamental matrices relatingthe noisy frame to others will be

contaminated by 50% outliers. It can be observed that the accuracy of all robust algorithms

slowly increases with the number of frames for most methods since there are more constraints

available as a percentage of the total number of fundamentalmatrices increases. Figure 5.22b

shows the computation time for self-calibration based on varying number of frames with no

outliers. The Randomized Multi-start algorithm has been removed since it is significantly more

time consuming than the other methods. In fact, it is ten times more computationally costly on

average than Zero Curves method.

The final set of presented experiments is the set of results ofall the algorithms as tested on

a set of benchmark sequences shown in Table 5.2. This table contains the estimated results of

self-calibration for our compared method, whereas the errors for these experiments is provided

in the accompanying Table 5.3. The fundamental matrices of these algorithms are estimated via

the LEV-RANSAC method proposed in Section 4.7 from matchingdata found using the SIFT

matcher. No artificial noise has been added to the fundamental matrices of these sequences.

The experiments have been repeated 50 times for each sequence and the results averaged over

all the trials. Due to space limitations, the Zero Curves method is abbreviated to “ZC”, the

Randomized Multi-Start method to “RMS” and the Perturbation method to “PBW”. Averag-

ing over all the focal length errors for all the sequences, the Zero Curves method achieves
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the highest accuracy by a 14.8% error in the estimation of thefocal length. The second most

accurate method is the Randomized Multi-start method with a17.1% accuracy and the third

is the Perturbation method with a 20.1% accuracy level. The worst performing algorithms are

the Geometric method with a 25% error in focal length estimation and the non-robust with

29%. However, the results for the optical center indicate that the Perturbation algorithm per-

forms best with 16% error and the rest of the algorithms average in a close range between 20%

and 27%. However, since the estimation of the focal length isof primary interest, it is clear

that the Zero Curves algorithms has the highest performancerate. The Randomized Multi-

start algorithm can not be recommended in a typical SfM scenario due to its high computation

time. The Perturbation theory, while moderately accurate still lags behind the Zero Curves

method. In terms of a weighted optimization framework; however, it is superior to the Geo-

metric method since the weights rely on the properties of each fundamental matrix as it related

to self-calibration. On a final note, the result with respectto the Corridor sequence are quite

poor for all the given algorithms. This is due to the fact thatthis sequence is nearly degener-

ate due to the motion of the camera being purely translational (inside and sideways out of the

corridor).

5.10 Discussion

Three robust self-calibration algorithms have been proposed and their performance tested

against a number of synthetic and real image sequences. These tests included robustness as-

sessment with respect to varying levels of outliers in the correspondences used to estimate the

fundamental matrix, Gaussian noise, number of noisy fundamental matrices, changing frame

parameters with respect to the sequence and also computational time evaluation. The first al-

gorithm, the Randomized Multi-start algorithm is a computationally costly search in the space

of parameters and in the input fundamental matrices. The algorithm is able to overcome local

minima and outliers at the expense of large computation time. Also, since the self-calibration

constraints are only enforced on minimal sets of fundamental matrices, very accurate results

are not obtained. When off-line self-calibration is the context, this algorithm is more applica-

ble due to its high computation time. The second algorithm uses perturbation theory to obtain

a set of weights for the fundamental matrices at each iteration. The weights are based on the

likelihood of a fundamental matrix to be an outlier based on some measure of how much its

error in the objective function deviates from some expectedthreshold derived from perturba-

tion theory. This algorithm performs moderately well at a lower computation time than the

Randomized Multi-start algorithm. As demonstrated, the performance of the Perturbation al-
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gorithm is superior to that of the Geometric algorithm for the real image sequences. Also, no

information about the correspondences are needed in order to perform this iterative weighted

optimization. The last algorithm proposed is the Zero Curves algorithm which uses a geometric

optimization in the space of a set of zero curves of the polynomials derived from the objective

functions based on the fundamental matrices. This algorithm is computationally feasible in

addition to being accurate for real scenarios. Also, in synthetic experiments it provides very

accurate self-calibration results and is robust against outlying fundamental matrices. Also it

avoids local minima in the objective function since a globalsearch is carried out.
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Table 5.2: Self-calibration comparison results on real image sequences. Best results based on

focal length accuracy are highlighted. The ground truth intrinsic parameters provided along

with the image sequences are shown in the “quantity” column.

sequence quantity ZC RMS non-robust Geometric PBW

Corridor fx = 495.23 333.39 462.72 959.20 824.67 663.76

fy = 496.92 669.34 600.30 1266.36 1151.28 1038.77

uc = 272.50 207.76 253.98 335.89 304.05 272.99

vc = 279.98 245.35 213.23 257.61 263.78 281.79

Wadham fx = 1150.86 1101.80 1150.35 303.53 447.42 284.72

fy = 1138.18 1111.36 1270.83 968.12 1003.73 1042.63

uc = 534.65 296.05 542.16 622.05 607.41 622.21

vc = 388.79 550.29 324.97 392.71 359.97 399.17

Merton1 fx = 1116.02 1279.20 1123.73 1139.52 1129.69 1137.04

fy = 1101.77 477.06 1333.98 1327.88 1318.21 1353.69

uc = 435.65 441.46 519.74 535.55 531.51 537.32

vc = 351.58 436.43 464.47 458.22 458.64 447.74

Merton2 fx = 1161.37 919.32 1061.49 1051.36 1032.73 1037.69

fy = 1167.33 1017.76 1186.75 1227.04 1262.23 1211.61

uc = 466.88 588.68 537.95 526.04 526.86 526.25

vc = 347.78 476.12 373.39 374.94 329.06 392.02

Merton3 fx = 1022.95 1032.52 1101.30 1104.87 1107.70 1110.84

fy = 1036.60 998.97 1466.46 1033.45 1065.33 1051.35

uc = 542.92 116.43 404.33 442.77 444.63 438.88

vc = 401.18 371.34 220.84 380.84 370.49 382.16

Rathaus fx = 1977.35 2126.01 1703.68 1562.46 1661.46 1981.87

fy = 1974.00 2022.65 1994.85 1758.98 1819.64 1945.61

uc = 809.95 869.75 768.31 713.15 744.86 827.40

vc = 575.70 573.77 553.18 304.69 327.63 573.66

Valbonne fx = 681.35 691.00 468.05 360.06 380.17 524.13

fy = 679.28 660.90 516.31 554.03 561.66 654.66

uc = 258.80 491.60 193.70 203.87 211.97 168.18

vc = 383.19 483.47 375.21 82.43 100.08 268.43

Castle-P19 fx = 1379.74 1382.90 1318.75 1326.46 1339.04 1350.21

fy = 1382.08 1362.81 1352.31 1370.12 1374.93 1390.88

uc = 760.35 750.94 775.07 702.76 714.21 738.70

vc = 503.40 515.13 494.11 495.44 499.28 495.11

Fountain-P11 fx = 1379.74 1224.99 1375.76 283.56 344.97 362.87

fy = 1382.08 1364.75 1361.73 1395.35 1397.46 1385.33

uc = 760.35 746.02 740.90 907.14 898.23 876.34

vc = 503.40 560.05 536.45 582.97 601.48 659.75
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Table 5.3: Self-calibration percentage errors on real image sequences. Best results based on

focal length accuracy are highlighted.

sequence quantity ZC RMS non-robust Geometric PBW

Corridor
efocal 32.98 39.64 109.62 92.65 68.14

eOC 19.64 25.11 28.16 16.06 10.20

Wadham
efocal 15.06 11.34 44.18 36.37 43.96

eOC 46.96 19.88 12.91 12.66 13.97

Merton1
efocal 47.08 15.62 12.95 11.52 13.21

eOC 18.67 24.70 24.91 24.51 23.65

Merton2
efocal 19.87 13.64 10.97 10.65 10.70

eOC 46.65 30.03 31.22 23.75 31.74

Merton3
efocal 4.64 25.82 7.24 6.13 7.62

eOC 44.13 38.30 13.52 14.22 15.16

Rathaus
efocal 4.99 7.74 16.49 12.44 1.67

eOC 6.44 7.63 32.48 27.59 3.71

Valbonne
efocal 11.11 33.13 32.93 30.77 14.38

eOC 70.59 33.16 49.87 45.98 33.65

Castle-P19
efocal 1.99 9.80 3.92 2.76 1.84

eOC 2.13 20.26 6.29 4.87 2.87

Fountain-P11
efocal 6.28 5.01 40.34 38.17 37.38

eOC 9.26 6.52 18.28 18.87 23.74



Chapter 6

Conclusion

The goal of this thesis has been to focus on improving the robustness of two of the most impor-

tant stages in SfM, namely fundamental matrix estimation and self-calibration. In addition to

being of utmost important to the SfM tool-chain, these two areas of computer vision are of use

to many other problems. The introduction in Chapter 1 presented the challenges of visualizing

the world through images and the inadequacies of existing methods, thus providing the moti-

vation behind improving the robustness in the uncalibratedSfM pipeline. Overcoming some

of the challenges of working towards a general and robust uncalibrated SfM framework were

then presented as the goals of the thesis. The following provides a summary of the thesis and

the algorithms proposed.

6.1 Summary

The thesis begins with an introduction to the field of 3D vision and the SfM pipeline. The

issue of robustness is then discussed along with its importance in 3D reconstruction. Once

the motivation for robust methods in the field is presented, the importance of the fundamental

matrix in the field of 3D vision is outlined. The problem of robustness in the estimation of the

fundamental matrix is then discussed followed by an introduction to self-calibration. It is then

argued that robustness in self-calibration is essential for a real-world scenario. The thesis then

proceeds by providing two background chapters on 3D vision and robust statistics. Following

this, the first set of contributions in robust estimation of the fundamental matrix are detailed in

Chapter 4. Subsequently the second set of contributions areoutlined in Chapter 5 where robust

self-calibration is discussed. A summary of the above chapters will now be presented.

Chapter 2 contains the preliminary ideas from the field of 3D vision that set the terminology
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and the background for the thesis. This chapter starts by describing the pinhole camera model

which is used throughout this thesis. Following this, multiple-view relations are described

and their utility in the SfM is provided. These include the homography, the essential matrix

and the fundamental matrix. The different levels of structure recovery from images are also

enumerated: projective, affine and Euclidean and metric reconstruction. Camera calibration

is also explained and several general methods of approaching this problem are stated. The

preliminary ideas for self-calibration such as the absolute conic and quadric are also explained.

The chapter ends with a brief overview of the topic of degeneracy.

Chapter 3 contains the preliminary ideas used from the area of robust statistics. This chap-

ter begins by detailing the problem of linear regression andthe issue of noise. Then the idea

of robust regression is presented accompanied by several experiments showing the importance

of robustness of parameter estimation and the effects of even small amounts of outliers on this

process. The problem of noise is then examined and differenttypes of noise are discussed. Sub-

sequently, the issue of influence is presented along with themeasure of leverage which is used

later in developing a robust sampling method. Following this, RANSAC and M-estimators are

presented as two general approaches to the problem of robustestimation.

Chapter 4 presents the first portion of the contributions, namely, robust estimation of the

fundamental matrix. The problem of estimating the fundamental matrix from correspondences

that can often contain a large number of outliers is reviewed. Various metrics for assessing the

quality of the fundamental matrix are also provided. Following this, several categories of the

innovations in this field are presented. Each category includes several recent methods in the

literature which are reviewed and analyzed. It is pointed out that many of the methods that im-

prove the sampling of RANSAC are not general and fail in the presence of local motions. Two

algorithms were then proposed to alleviate these issues. The first algorithm, RES-RANSAC

was described in Section 4.6, it relies on the analysis of theresiduals and the idea that inlier

residuals cluster together and are normally lower in magnitude than outlier residuals. Using

this idea a guided sampling method is adopted to improve the robustness and the accuracy and

speed of the RANSAC process. This work was published in the 2008 proceedings of the In-

ternational Conference on Pattern Recognition [90]. An algorithm devised based on a similar

residuals-based strategy as RES-RANSAC but using not just the last residual update, but all

previous residuals is published in the 2009 proceedings of the International Symposium on

Visual Computing [129]. Also a US Patent based on this strategy was filed [91]. The sec-

ond algorithm in this chapter, LEV-RANSAC was introduced inSection 4.7. This algorithm

also relies on residual analysis to steer the sampling process towards inliers. However, in this

algorithm a superior quantity than pure raw residuals is utilized. Regression diagnostics in-
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formation is derived from the iterations of RANSAC which arethen used to estimate thea

priori information for guiding the sampling. This work was published in the 2012 proceedings

of the International Symposium on Visual Computing [89]. The experimental results are then

presented comparing the performance of the two proposed algorithms with existing methods.

Chapter 5 presented the second set of contributed works in the context of self-calibration.

The challenging problem of calibrating image sequences from purely image-based data was

presented along with the challenges facing existing self-calibration methods. Several of the

most important self-calibration constraints are then presented. It is then argued that the Huang-

Faugeras constraint is the most suitable for use in a robust and general-purpose self-calibration

context. Following this, the sensitivity of self-calibration to outliers was demonstrated using

experimental results. Three methods were then proposed forimproving the robustness of ex-

isting self-calibration methods. The first method used a guided sampling of the search space

in order to avoid local minima, outlined in Section 5.6. Thismethod was initially published

in 2010 proceedings of the International Symposium on Visual Computing [88]. The second

method proposed relies on perturbation theory to find an approximation for the upper bound for

errors derived from the singular values of the essential matrix. This is then utilized to perform

a weighted nonlinear optimization where the weights are derived from an Error Discrepancy

measure based on the bounds for the error values. The last proposed algorithm for robust self-

calibration is based on a geometric optimization where a solution is found based on its level

of consensus from a number of zero curves. These zero curves are defined as the families of

solutions derived from individual fundamental matrices and are effectively the set of roots for

the resulting multivariate polynomial derived from each fundamental matrix. Finally experi-

mental results based on synthetic and real images are presented and the proposed methods are

compared and analyzed. The Perturbation algorithm and the Zero Curves method are currently

in the process of being prepared for submission to a relevantjournal.

6.2 Contributions of the Thesis

This thesis has achieved several contributions towards thegoal of robust 3D vision. The con-

tributions have been focused on the important areas of fundamental matrix estimation and

self-calibration. Below a summary of the contributions is presented.

• RES-RANSAC which is a novel algorithm was proposed for improving the sampling for

RANSAC. This algorithm shows that the residuals from the iterations of RANSAC can

be used for more than merely measuring the level of consensus. From analysis of the
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residuals, it is inferred that residuals for inliers are lower in magnitude regardless of the

quality of the models, and that they tend to cluster together. Both of these ideas are uti-

lized to improve the sampling of RANSAC via an algorithm thatestimatesa prioris for

the correspondence data. This algorithm reduces the error of the estimated fundamental

matrix by 9% compared to MLESAC and reduces the required number of iterations by

an average of 16%.

• The LEV-RANSAC method was developed where regression diagnostics are incorpo-

rated in the sampling process of RANSAC. This is an algorithmthat brings ideas from

the field of robust statistics into the domain of computer vision. Using Cook’s distance

which is a well known quantity in the field of robust statistics, validity information is

derived from the residuals of the RANSAC process. This is then used as ana priori

measure that guides the sampling process. Also the stoppingcriterion of RANSAC

is modified to depend on the convergence of the validity measures. The experimen-

tal results show that this method performs as much as seven times faster than traditional

RANSAC while maintaining a higher accuracy in the estimate of the fundamental matrix.

Note that this strategy is applicable to any model being estimated using the RANSAC

framework including homography estimation and essential matrix estimation in cali-

brated sequences.

• A Randomized Multi-Start Optimization algorithm was presented to explore the self-

calibration constraints in scenarios where noise is a majorfactor. This algorithm is based

on using a distribution over the parameter space that improves the sampling of these

parameters. This scheme also contains sampling of the fundamental matrices in order to

reduce the impact of noise. We combined sampling strategieswith the Kruppa equation

and a distribution based on its solutions to help infer calibration data. The resulting

algorithm can estimate the camera intrinsic parameters up to 60% more accurately than

the non-robust method when the source of the error is poor estimation of the fundamental

matrix and up to 50% more accurately than the non-robust method and the Geometric

method in higher error ratios when the source of the error is incorrect assumptions over

the camera parameters.

• A novel algorithm was presented which combines perturbation theory to create a bound

on the errors from the self-calibration constraints on the essential matrix. Using these

a weighted optimization strategy is devised that is robust and time efficient. The pro-

posed algorithm achieves up to 60% more accuracy than the non-robust method when
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the source of the error is noise in the estimation of the fundamental matrix and up to

50% higher accuracy when the source of error is incorrect assumptions about camera

parameters.

• A robust strategy was presented for finding solutions to setsof multivariate polynomi-

als. This is combined with self-calibration constraints toproduce a robust method that

is highly efficient and accurate. This method can also be applied to other applications

where solutions of systems of polynomial equations are to beestimated. This algorithm

is as much as 12 times more accurate than the non-robust method and three times more

accurate than the robust Geometric method when the source ofthe error is the noise in

the fundamental matrix. When the source of the errors is incorrect assumptions on the

camera parameters, the Zero Curves method performs as much as 20 times more ac-

curately than the competing methods. In addition, this method can potentially discern

multiple acquisition devices in the self-calibration process. Degeneracy detection is an-

other venue explored using this method and results show thatdegeneracy detection can

be feasible using the proposed approach. The Zero Curves method only uses an eigen

decomposition function for finding the roots of a polynomialand so unlike previous

methods does not rely on a nonlinear optimization technique.

In summary, two areas have been addressed and improved upon during this work. The

important problem of motion estimation has been addressed and two method that improve both

the speed and the accuracy of the process have been presented. The method based on regression

diagnostics has the ability to maintain a nearly constant computation-time over a long range of

outlier ratios. This is a significant improvement over existing methods since their accuracy and

speed degrade exponentially at higher outlier ratios. Thisimprovement can have significant

benefits for real-time vision applications where an upper bound on the computation time is

required. Also the issue of the robustness of self-calibration has been addressed. Even though

self-calibration has existed in the literature for a long time, most algorithms based on self-

calibration are not reliable due to their high noise sensitivity. In order to address this, three

algorithms have been presented that are able to overcome this shortcoming of existing self-

calibration techniques. These algorithms provide solutions where a non-robust self-calibration

algorithm completely fails.
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6.3 Future Work

Due to its central place in many computer vision problems, the estimation of the fundamental

matrix is of great importance. In this thesis we have provided various insights on the residu-

als derived during the iterations of RANSAC and how they can be used to derive the validity

information. The properties of these residuals can be further investigated in order to devise

more rigorous validity data. Also using the “history” of a point’s residuals should be incorpo-

rated into this measure of validity. In addition, analysis of residuals can be used in order to

not only discern inliers, but also the presence of local motion in the scene. Preliminary tests

have shown that the histograms of scenes with local motions contain multiple peaks that can

be used to perhaps estimate multiple motions at once or at least infer validity information for

the independent motions during a single run of RANSAC to be used in subsequent iterations

to estimate the local motions. The field of robust statisticshas also be applied to robust esti-

mation of the fundamental matrix. Additional ideas can be used in order to refine the validity

measures. Regression diagnostics can be further used to infer degenerate configurations. Also

the regression diagnostics information can be used asa priori information not just in the sam-

pling process, but also in the reconstruction process and during bundle adjustments. Weighing

certain points according to the level of their confidence that is estimated during LEV-RANSAC

can be helpful in improving the final results of bundle adjustment. Also the applications of the

two proposed motion estimation methods can be tested on the homography estimation.

With respect to self-calibration, robustness remains at very early stages. As a result, several

directions exist within this research, for instance, the improvement of the estimation of the

optical center. This has remained a difficult problem regardless of the constraints used for self-

calibration. In addition, better modeling of the position of the optical center can be carried out.

In our proposed sampling algorithm the deviation of the optical center from the image center is

modeled as a Gaussian. This can be further refined using knowledge from lens manufacturing

or by compiling specs from a large number of cameras. Finally, the Zero Curves method can be

investigated as a general purpose solution estimator for large systems of equations. Detecting

degeneracies is also another venue that can be explored further using the Zero Curves method.

The experimental results showed that we were able to detect degeneracies for a simple example

of a degenerate camera motion, however more complicated cases can also be examined.

One important idea that has not been explored during this thesis is the idea of detecting

key-frames. Key-frame detection is finding reliable framesfrom within a sequence of images

to initiate the SfM process from. Knowledge of the intrinsicparameters of this initial pair of

key-frames means that we can find the calibration parametersof the rest of the images in the
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sequence via resectioning [44]. Therefore, using the confidence in the estimation of the camera

parameters during self-calibration can provide a good clueas to which frames to use to initiate

the SfM process. For instance, using the Perturbation method one can use the estimated camera

parameters during self-calibration to initiate the SfM process from the pair of frames having

the highest weights. Similarly, the Zero Curves methods provides a measure of consensus for

the estimated solution. This measure of consensus can be used to decide which frames have

been calibrated with the highest level of confidence and thenin turn used as key-frames in

SfM. Although there are other important aspects of choosingkey-frames [113], the above self-

calibration criterion can be incorporated into existing methods that aim to find the most stable

key-frames to start SfM from.
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List of Symbols

C Conic

C∗ Dual conic

P3 3D space

P2 2D space

X Point in 3D space

Xi i-th point in 3D space

x Point in 2D space (e.g., image plane)

xi i-th point in image

x′
i i-th point in second image

x↔ x′ Correspondence between two image points in two different views

H Homography

T Transformation matrix

π∞ Plane at infinity

Ω∞ Absolute conic

I Identity matrix

Q∗
∞ Absolute dual quadric

R Rotation matrix

t Translation vector

K Intrinsic camera parameters, or intrinsics matrix, or camera optical matrix

C Camera center

fx Focal length in the x-direction

fy Focal length in the y-direction

f Vector representation of the x and y components of the focal length, i.e.,f = (fx, fy)
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f Focal length when the aspect ratio is unity (i.e.f = fx = fy)

uc Optical center, (x-component)

vc Optical center, (y-component)

OC Optical center

P Projection matrix

V Vanishing point

F Fundamental matrix

Fi i-th fundamental matrix

e Epipole

e′ Epipole of second view

[t]× Skew symmetric matrix of a vectort

E Essential matrix

d(x,y) Distance betweenx andy

ri Residual of thei-th data point

di Studentized residual of thei-th data point

hii or hi Leverage of thei-th data point

Di Cook’s distance of thei-th data point

σ Standard deviation

p(vi) Probability that thei-th data point is an inlier

N Number of data points

p(v
(j)
i ) Probability estimate during iterationj that thei-th data point is an inlier

p(v∗i ) Probability of data pointi-th being inlier estimated during the last iteration where

a best model was found

M∗ Best model found so far during the RANSAC iterations

Mj Model found at iterationj during the RANSAC iterations

Ã The estimated value of a matrix A

∆A The error in the estimate of matrix A

∆
(j)
A Error in the estimate of matrix A during thej-th iteration

σi i-th singular value

‖A‖2 Euclidean norm of matrix A

‖A‖F or ‖A‖ Frobenius norm of matrix A

ED
(j)
i Error Discrepancy measure during iterationj for thei-th data point

wi Weight for data pointi

Zi Zero curve, or the connected components defining the zeros ofa multivariate poly-

nomial of the objective function, derived from thei-the fundamental matrixFi
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Z
f
i Zero curves for the focal length

Zoc
i Zero curves for the optical center



Bibliography

[1] Autostitch. [online]. http://www.cs.bath.ac.uk/brown/autostitch/

autostitch.html . Accessed: 2012-09-30.

[2] EPFL CVLAB dataset. [online]. Available:http://cvlab.epfl.ch/data/

strechamvs/ . Accessed: 2012-09-30.

[3] KLA-Tencor. [online]. http://www.kla-tencor.com/ . Accessed: 2012-09-30.

[4] Microsoft Bing Map. [online].http://www.bing.com/maps/ . Accessed: 2012-

09-30.

[5] Microsoft kinect. [online]. Available: http://www.xbox.com/en-us/

kinect/ . Accessed: 2013-01-30.

[6] Oxford visual geometry group dataset. [online]. Available: http://www.robots.

ox.ac.uk/ ˜ vgg/data/ . Accessed: 2012-09-30.

[7] Sift keypoint detector. [online]. http://www.cs.ubc.ca/ ˜ lowe/

keypoints/ . Accessed: 2012-09-30.

[8] L. Agapito, E. Hayman, and I. Reid. Self-calibration of rotating and zooming cameras.

International Journal of Computer Vision, 45(2):107–127, 2001.

[9] S. Agarwal, N. Snavely, I. Simon, S.M. Seitz, and R. Szeliski. Building rome in a day.

In IEEE International Conference on Computer Vision (ICCV), pages 72–79, 2009.
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