Robust Self-calibration and Fundamental Matrix
Estimation in 3D Computer Vision

by

Houman Rastgar

Thesis submitted to the
Faculty of Graduate and Postdoctoral Studies
in partial fulfillment of the requirements
for the Ph.D. degree in
Electrical and Computer Engineering

School of Electrical Engineering and Computer Science
Faculty of Engineering
University of Ottawa

(© Houman Rastgar, Ottawa, Canada, 2013



Abstract

The recent advances in the field of computer vision have troongany of the laboratory al-
gorithms into the realm of industry. However, one probleat #till remains open in the field
of 3D vision is the problem of noise. The challenging probl&3D structure recovery from
images is highly sensitive to the presence of input datadhatcontaminated by errors that
do not conform to ideal assumptions. Tackling the problerextfeme data, or outliers has
led to many robust methods in the field that are able to handidenate levels of outliers and
still provide accurate outputs. However, this problem r@sapen, especially for higher noise
levels and so it has been the goal of this thesis to addregssie of robustness with respect
to two central problems in 3D computer vision. The two prafdeare highly related and they
have been presented together within a Structure from MdB®) context. The first, is the
problem of robustly estimating the fundamental matrix frimnages whose correspondences
contain high outlier levels. Even though this area has bremsively studied, two algorithms
have been proposed that significantly speed up the compuitaitihe fundamental matrix and
achieve accurate results in scenarios containing more 38& outliers. The presented al-
gorithms rely on ideas from the field of robust statistics idew to develop guided sampling
techniques that rely on information inferred from residaishlysis. The second, problem ad-
dressed in this thesis is the robust estimation of cameniasit parameters from fundamental
matrices, or self-calibration. Self-calibration algbrits are notoriously unreliable for general
cases and it is shown that the existing methods are highbitsento noise. In spite of this,
robustness in self-calibration has received little attemtn the literature. Through experi-
mental results, it is shown that it is essential for a reaftlvself-calibration algorithm to be
robust. In order to introduce robustness to the existinghodg, three robust algorithms have
been proposed that utilize existing constraints for salilbcation from the fundamental matrix.
However, the resulting algorithms are less affected byenthian existing algorithms based on
these constraints. This is an important milestone sindecaébration offers many possibilities
by providing estimates of camera parameters without reguaccess to the image acquisition
device. The proposed algorithms rely on perturbation theguwided sampling methods and
a robust root finding method for systems of higher order pmiyials. By adding robustness
to self-calibration it is hoped that this idea is one stegetdo being a practical method of
camera calibration rather than merely a theoretical pdggib
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Chapter 1

Introduction

1.1 Scope of the Work

The issue of modeling the 3D world through photographs issana that has been intensely
researched in the scientific community for years. Since Blagminal work on stereo vision
[65], many computational methods have been proposed te soévproblem of retrieving the
three dimensional structure of the world through imagese @fithe most important methods
of determining 3D geometric information from images hasie process of Structure from
Motion (SfM) where the pinhole model of the camera is utiize represent the image pro-
jection process and the structure of the scene is infermedigin the motion of the camera(s)
in the scene. Various ideas from the field of photogramm@éid@] are then utilized to “re-
verse” the image projection process and to retrieve 3D nsddain the images acquired. Even
though the basic ideas in SfM were known as early as the 19ituige the field has been in
a constant flux and new methods and ideas are constantly peipgsed in order to improve
the existing algorithms. This is due to the fact that SfM isrdrerently ill posed problem and
to this day no general-purpose algorithm exists that caullbaarbitrary scenes and provide
accurate 3D geometry in all cases. In spite of this, seveitabtones have been achieved in the
SfM research field due to recent innovations in the field artdide of it. These innovations
include:

1. Faster CPUs.
2. Parallel implementations of 3D geometry recovery [34].

3. Availability of vast image databases on the Internet pnavide redundancy.
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4. Improved feature matching techniques [60].
5. Improved dense surface reconstruction techniques [#5]9

These innovations have in fact provided us with severalrneldgies that bring the innova-
tions in SfM to the forefront of commercial use. These inelddr example Photosyntd
which combines large Internet photo collections and ceeatgowerful navigation experience
to the user that draws upon both geometrical approachescating an environment and
also image-based techniquées [103]. Others include metthadsare able to reconstruct the
geometry of large scale city models such as those presemf®]84,/83]. These methods
have enabled researchers to build accurate models of leatgeenvironments based purely on
images via the SfM framework.

In spite of the multitude of the advances in the field of SfMe af the most challenging
issues is the problem of noise. In fact, a large proportiothefalgorithms presented in the
field aim to reduce the impact of non-ideal input data, or @o@nd to enable more robust
algorithms. Robustness is essentially enabling algosttorperform accurately regardless of
deviations in the assumptions made. As stated ih [67]:

The ultimate goal of computer vision is to mimic human viguaiception. There-
fore, in the broadest sense, robustness of a computer \afjonithm is judged

against the performance of a human observer performing aivadgnt task. In

this context, robustness is the ability to extract the digifarmation of relevance
for a specific task, even when this information is carried/doyl a small subset of
the data, and/or is significantly different from an alreattyed representation.

Therefore, a robust SfM algorithm must be able to discern 8@ngetry regardless of noise
in the input data. In fact, the goal of this thesis is to im@rtive robustness of the SfM process
in order to make a general and seamless SfM framework clogeractice. However, since
SfM is a “pipeline” rather than a single algorithm, robusteiés a multifaceted issue in this
regard. One of the most important of these facets is the psoockcamera tracking or pose
estimation. This intermediate stage in the SfM pipelineafireed in this thesis as spatially
localizing the position of the cameras in 3D spacel determining the optical properties of
the cameras. Since the SfM framework is able to retrieve Ihng&metry of the scene using
the motion of the cameras, quantifying the camera posit@onsoptical characteristics must
be carried out accurately. The details of the SfM pipelind background information on
camera tracking have been presented in Chapter 2. At thig gauffices to mention that
given a set of accurate point matches across images in arsgguend once cameras have
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been specified (their position and properties) the taskedtaorg a sparse 3D cloud from the
images is simplified. Subsequently, a dense 3D reconstrubtised on this initial estimate of
cameras and a limited set of points can be carried out via sed@tonstruction method [35].

Before specifying the adopted approach and the specifidggmabaddressed in the SfM
pipeline, an overview of some of the existing techniqueséytroblem of scene modeling will
be provided. In order to put the issues addressed in thigstimes larger context it is important
to mention various existing frameworks to the problem of 8Bonstruction.

1.2 Summary of Existing Methods

It is important to note one of the fundamental assumptionthim thesis. The goal of the
methods proposed herein is to enhance the robustness ofhé&&@nework that aims to
recover the geometry of rigid objects. In other words, waiassthat objects in the scene
do not undergo non-rigid deformations. Even though somé&eitethods proposed in this
thesis aim to account for local motion, which could inclugéadimations, these are considered
outliers with respect to the environment and no geometnyfexiied from such objects. There
are however established methods for estimating non-rigicttsire, for instance in [121]. In
all subsequent discussions presented in this thesis, shengsion is that the scene that is to be
visualized is rigid and that the SfM framework is based orritieity assumption. As a result,
all discussions that follow focus on the reconstructionigitirscenes.

As mentioned, the SfM framework is a method of visualizatioat proceeds by finding
the underlying geometry of a scene using photogrammetryveier, a completely separate
paradigm exists which aims to bypass geometric modelinge@B8D environment. One of the
routes that the research community adopted in the 90s wastdrapt to visualize the world
through photographs without having to find explicit geomeif the scene thus avoiding the
difficulties of explicit 3D geometric modeling. These malbare referred to as “image-based
rendering” [66, 99] and they found great use in modeling s&nabjects([53, 38] or in limited
navigable slideshow of an environment. One of the earliethods belonging to this category
is Quicktime VRM [17]. However, this method only enabled users to jump fromouss
points where photographs were perviously taken. Similémy popular Street Viel! tool of
Google enables users to merely “fade” from one pre-takeonaama to another. The reason
these methods are not able to provide a seamless navigatiba tiser is due to their lack of
any underlying geometrical information.

Given the two separate paradigms presented, there is atsoagnof intermediate methods
that leverage varying levels of geometry and purely imagetanformation to create a visu-
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alization of the world. The interested reader is referref@8) for a detailed survey of some of
these methods. In addition to the spectrum of algorithmisaima to visualize the world based
on varying levels of geometry and image data, there are hts®tthat incorporate non-visual
depth cues and those that use active sensors. One such neethedise of structured light
[96] where a light pattern is projected into the environmamdl the recorded intensities are
used to build a depth map. One popular technology leveratisgnethod is the Microsoft
Kinect sensor [5] which is able to build accurate 3D maps at-tiene. The Kinect device con-
tains an infrared laser emitter, an infrared camera and a8 B&nera. The infrared emitter
projects a specific pattern into the scene and the inframesbsg record this patterns and depth
is inferred by the displacement of known points on the past&rith respect to some reference
plane [52]. This can also be considered a structured lighinigue based on infrared patterns.
Many other methods also exist based on time-of-flight sensach as laser and radar sensors
[49]. The approach adopted in this thesis however is the ga@rapproach based on purely
visual information. However, within this subfield of 3D mdidg framework, there are also
several subcategories.

Visual odometry is the field of research concerned with iaoaj the camera with respect
to an environment by establishing a set of stable landmarisait environment. Rooted in the
field of robotics, a prominent example of this would be the Manar Simultaneous Localiza-
tion and Mapping (monoSLAM) as presented[in/[26]. Even tho8gAM is not necessarily a
subfield of SfM and can be considered more of a separate @hsihares many similar aspects
with SfM. The goal of SLAM is real-time, high frame rate trawf of the location of a sensor,
geared towards robotic navigation. However, SfM is geheransidered an off-line process
(but not always|[76]) and the goal is more focused on geommatrgeling rather than sen-
sor localization. Even though real-time performance isthetgoal of many SfM algorithms,
achieving results within reasonable time constraintslisastiesirable goal. Considering some
of the new directions of SfM which focus on building scenesifivery large Internet databases,
it is important not to neglect the computational cost aspéthe underlying algorithms. To
this end, computational efficiency has been one of the gddlsi®thesis and several of the
algorithms improve this aspect of SfM as will be shown by theezgimental results.

As explained, SfM is a pipeline which proceeds in severgistey repeatedly estimating
the pose of the cameras and performing 3D reconstructiore dflmer approach to structure
recovery which can find camera location and 3D locations afitgan space in one step is
the factorization method [114]. This algorithm uses thesiar value decomposition to find
the pose of the cameras and the 3D location of a set of pointheatacross a set of views.
However, this method is rather restrictive since it can avidyk with affine cameras (a subclass
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of general image acquisition scenarios) and also it regtivat the points whose 3D locations
are found be seen by all cameras. This renders the algorittsmitable for many practical
scenarios where objects disappear and reappear in thesrohgescene.

Within the SfM research, there are also several approachesiieving 3D geometry. One
way to categorize some of these methods is based on the awfokmiwledge one has with
respect to the scene, how much information is available wesipect to the cameras and what
type of geometric reconstruction is desired. Here, knogdedith respect to the cameras is
information regarding the optical properties of camerass,(intrinsic parameters) rather than
the 3D position of the cameras. Using this approach we cadelsfM algorithms to:

1. Projective 3D reconstruction. (no knowledge of camexad,no knowledge of the scene)
2. Affine 3D reconstruction. (some knowledge of cameras rarkhowledge of the scene)

3. Calibrated Euclidean 3D reconstruction. (full knowledd cameras, and no knowledge
of the scene)

4. Semi-calibrated Euclidean 3D reconstruction. (somenkedge of cameras, and no
knowledge of the scene)

5. Euclidean 3D reconstruction with known points in the gscenknown scene geometric
entities (e.g., planes, parallel lines, etc.). (no knowkedf cameras, some knowledge of
the scene)

6. Uncalibrated Euclidean 3D reconstruction. (no know&edficameras, and no knowl-
edge of the scene)

The first two methods reconstruct the scene but up to some efegorambiguity as will be
explained in Chaptédr] 2. This obviously renders them inadegjfor visualization purposes.
However, such reconstructions are important as internedigps for 3D Euclidean recon-
struction or other computer vision applications (e.g., earlocalization[[92]). As a result,
whenever 3D reconstruction is mentioned throughout thesithwithout being qualified with
the “projective” or “affine” prefix, itis assumed to be Eudmh. Under a Euclidean reconstruc-
tion, the aim is to create a model of the world that is mostisgalin terms of the geometric
properties of the scene (this will be expounded upon in Gt Calibrated 3D reconstruc-
tion is essentially when the properties of cameras are kuibyvn in advance. This is of interest
to scenarios where the image acquisition process can biibamntrolled. Semi-calibrated
3D reconstruction is where most properties of the camer&raven, except the focal length.
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Moreover, methods that use scene constraints depend amptssns on the existence of var-
ious geometric entities in the scene, such as vanishing bn@lanes. The goal of this thesis
has been the last item presented, or the uncalibrated EadidD reconstruction which uses
the least number of assumptions. Under this umbrella of ogsthno assumptions about the
scene or the camera properties are made except that theacparameters do not vary across
the views. Although many of the principles in this thesislaggpto the case of unknown but
varying camera parameters, the experiments and methodfmogs on the case of fixed cam-
era parameters. In fact, extensive experiments have beeadcaut showing the robustness of
the proposed algorithms with respect to varying cameranpaitexs.

The particular focus of this thesis within the field of unbadited SfM has been twofold.
This has been the robust and efficient estimation of the foneaigal matrix, and self-calibration.
The following section will outline the SfM pipeline and hotwese two processes fall within
the SfM context.

1.3 Problem Statement

The issue tackled in this thesis is improving robustnessediincdency in the estimation of the
fundamental matrix and camera parameters from purely indagg (i.e., without using ex-
tra constraints). The fundamental matrix is a geometrityewhich relates the corresponding
points in an image pair via the geometric relationship betwtbe two views. This entity which
is represented by & x 3 matrix is of utmost importance in many computer vision aggdion.
The second issue tackled in this thesis is the robust andeeffiestimation of the camera
intrinsic parameters using only visual information in arage sequence (i.e., only using the
images themselves). This is also referred to as “self-alitn” since no external means are
utilized to find these parameters. Although self-calilanais a difficult process and obtaining
accurate results are not always possible, the idea of a hétlabis able to obtain camera pa-
rameters without using complicated calibration methodgslireng specially made calibration
targets is of great interest to the field of computer visios a&esult, it has been the goal of this
thesis to improve the self-calibration accuracy in ordentike it possible for an uncalibrated
SfM algorithm to leverage this process. Interestingly,itipit to the self-calibration approach
utilized in this thesis is the set of fundamental matricemimied between the frames in a se-
guence. Therefore, the estimation of the fundamental matrd self-calibration are highly
related. In fact, one could consider our approach a proiyeesstimation technique where ini-
tially fundamental matrices are estimated and then cansseaneters are found based on these
fundamental matrices. Following this, the fundamentakimaan be upgraded to its calibrated
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counterpart (i.e., the essential matrix) and the uncdklr&M can be converted to a calibrated
SfM problem. Figuré 111 shows the adopted SfM framework is tihesis. The areas that are
addressed herein are highlighted. This diagram shows theted approach to SfM where a
series of images are utilized to create a 3D model of the ichageironment. The areas that
have been addressed in this thesis are prior to the struettweery. In other words, one could
consider the estimation of the fundamental matrix and caibration as intermediate steps
in SfM. Whereas, feature detection (finding prominent imagation) and feature matching
(finding correspondences between image features) areitia stages and structure recovery
(triangulation) and bundle adjustment (refining strucaurd camera pose) are the final stages.
The illustration is presented at this point in order to ilinate the focus of this thesis with
respect to an uncalibrated SfM framework. Note that theldek contains the steps related
to matching features and finding camera parameters andghehox contains the steps in-
volved in structure recovery. There are several differegtiods of handling uncalibrated SftM
and the methodology presented in Figuré 1.1 is one partieplaroach. Alternative methods
could include for example, Euclidean reconstruction otgdifrom an uncalibrated sequence
via stratified reconstruction where initially a projectireeonstruction is found and then up-
graded to an affine and then a Euclidean one. Chapter 5 cergtaimore detailed explanation
on these methods. Also the presented framework is simildred@pproach adopted in [102]
with the exception that the camera parameters are estimatesklf-calibration, rather than
being retrieved from the tagged information in the jpg fildg( are not always available and
when they are, not always reliable).

Even though the problem of the estimation of the fundamentstix and self-calibration
are presented within an SfM framework, these could be censitindependent general com-
puter vision techniques that have wide applicability inesaV fields. For instance, the fun-
damental matrix is used in motion segmentation, trackinggge rectification just to name
a few. Similarly, self-calibration is used whenever camaseameters are required, such as:
robotics, navigation, surveillance and etc. Since thelpralf SfM is perhaps one of the most
challenging and well-studied problem in computer visitis framework has been adopted in
order to present the proposed algorithms. However, sire@stimation of the fundamental
matrix and self-calibration have broad applicability immgauter vision outside of SfM both
ideas have been discussed independent of one another iei@bsgnse and their performance
is evaluated outside of an SfM algorithm. The next sectidiires the motivation behind the
emphasis on self-calibration and the fundamental matrikadso the importance of robustness
in these algorithms.
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1.4 Motivation

So far it has been argued that estimation of the fundameraaband reliable self-calibration
offer the ability to perform uncalibrated geometric modglusing the SfM framework. This
effectively enables an automatic structure recovery pipethere a user is able to estimate 3D
geometry of a scene without resorting to a calibration pgecé& herefore, as a result of their
importance to 3D computer vision, there is a large interesité areas of fundamental matrix
estimation and self-calibration. However, one of the athasstill remains challenging is the
issue of robustness as mentioned earlier. More specifithByissue of noise can adversely
affect the SfM framework which means that for many sequeS&swill either fail or produce
less than adequate results. Therefore, it has been the fgbid thesis to address the issue of
robustness in both areas of fundamental matrix estimatonsalf-calibration. As shown in
Figure[1.1, the left column of processes are responsiblerfsuring that no outliers make their
way to the structure recovery in the right hand column preegs Improving the robustness
in the fundamental matrix estimation and self-calibrathsignificantly improve the overall
robustness of the SfM pipeline relying on the two methods.

Even though robustness in the field of fundamental matrixegton has been addressed
in the literature, starting with the seminal work presentefl19,/116], the area still remains
a challenging one. Since the goal of this thesis is to enaddentess uncalibrated recon-
struction via self-calibration, it is essential that thedamental matrices used as inputs to
self-calibration be as accurate as possible. In fact, it bl shown in Chaptér]5 that self-
calibration is highly sensitive to the quality of the esttethfundamental matrix and therefore
a higher expectation is placed on the accuracy of the fundwheatrix than is normally
required. Also, one of the problems that has not receiveficgrit attention in the field of
robust estimation of the fundamental matrix is the problédocal motion. This basically is
the presence of independently moving objects in a scenéstbaing captured. As a result, it
is one of the goals of thesis to address this issue in ordenpoave the estimation of the fun-
damental matrix. Such scenes contain very large outliegaind also require the algorithms
processing their correspondences to avoid the typical adathrelying on matching scores in
order to infer validity of the data. This has been thorougidgmined in Chaptéld 4.

Unlike the fundamental matrix, robust self-calibratiors mot received much attention in
the research community. Chaptér 5 begins with a section dstrading the sensitivity of the
self-calibration procedure to various types of outliens fdct, it will be argued in this thesis
that the reason for the lack of reliability of most self-badition algorithms is their lack of
robustness with respect to the various types of noise. Asudtréhree algorithms that rely on
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different ideas in robustness are proposed to tackle the srobustness in self-calibration. It
is the goal of this thesis to move self-calibration closepriactice by improving the robustness
of the process. A reliable self-calibration procedure hamerous applications such as SfM,
augmented reality, visual navigation and novel view sysithe

1.5 Overview of the Proposed Approach

The common theme in this thesis has been robustness andatscainent in the estimation of
the fundamental matrix and self-calibration. In Chaptend imethods have been proposed in
order to improve the efficiency and accuracy of the estimaticthe fundamental matrix. The
methods in this chapter leverage ideas from robust staistiimprove the sampling process
in the estimation of the fundamental matrix. Using the asialpf the residuals in an iterative
framework two methods have been proposed to infer valichiia én order to steer the sam-
pling process in a way that outliers are pruned. The ideas bhaen tested rigorously using
synthetic correspondences. The test setups contain hinage correspondences where all
the parameters of the cameras in the scene are known and gaigsoms with ground truth
parameters can be made. The results show the improved nelssstnd speed of the robust
estimator for the fundamental matrix.

The second part of the contributed methods rely on improtiregrobustness of self-
calibration. Three different algorithms have been prodosgch with a different set of ad-
vantages and application scenarios. The proposed methedsased on ideas from robust
sampling techniques, parameter estimation, perturb#tieory and algebraic geometry. The
proposed methods offer a degree of robustness and rdlyatiit is not achieved by existing
methods. The proposed methods have been tested undertyg wdiseenarios including syn-
thetic and real image sequences. The results demonsteatdféttiveness of the proposed
self-calibration strategies.

Overall the aim has been to improve the robustness in twdyhighated and very funda-
mental areas in 3D vision. The results presented show theaeffiof the proposed methods
and their limitations.

1.6 Thesis Organization

Chaptel 2 presents the background and the terminology ine8Dnistruction and multiple
view geometry. The subsequent derivations and methoda@og\based on the foundation
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built in this chapter. Following this, Chapter 3 presents tiackground the terminology in
robust statistics. The formulations in this chapter areluseresent the proposed ideas with
respect to the robust estimation of the fundamental ma€kxaptef 4 contains a survey and
analysis of some of the advances in the field of robust estimaif the fundamental matrix.
The limitations of these methods are then outlined and twihots are proposed to improve
the robustness of the existing estimators. The chapteluwdes with the experimental results
comparing the two proposed algorithms and some of the egistiethods.

Chaptef b presents the portion of the thesis relating tostod®lf-calibration. This chapter
starts with a survey of some of the existing methods. Theghade are presented based on
the terminology presented earlier in Chajtier 2. The issuelafstness is then discussed and
the inadequacy of existing methods in dealing with even thallest amount of outliers is then
discussed. The chapter then presents the three proposeihaigs. Each individual algorithm
is presented in its own section with a stand-alone set ofraxpatal results. The chapter
finally concludes with a more extensive set of experimemsiiits which includes comparison
and analysis of the respective merits of the proposed algosi.

Finally, Chaptef 6 presents the conclusion of this thedigs €hapter contains a summary
of the whole thesis in addition to an outline of the contribns made. Furthermore, the open
guestions and challenges remaining in the areas that havedolelressed will be presented.



Chapter 2

Multiple View Geometry

2.1 Overview

The goal of computer vision is to reconstruct, interpret anderstand a three dimensional
scene from its two dimensional images. Similar to the humsmal system, this entails such

diverse tasks as: recognition (face, gait, emotion, etegasurement, navigation, etc. There
are different methods of categorizing subdisciplines imithe computer vision research; one
way to outline the different problems is by dividing computesion into three levels:

e Low level vision: feature extraction, texture extractietg.
e Mid level vision: 3D reconstruction, pose estimation joadtion, etc.
e High level vision: scene recognition and analysis

The context of this thesis as mentioned, is the robust estmaf camera parameters from
correspondences and the robust estimation of the fundammaitrix, which are mid-level
vision tasks. These algorithms pertain to the goal of rettoaon of a 3D model from two
dimensional images and resolving the location of the cafaeraAlso it has been assumed
that efficient low-level vision algorithms exist and can [sed as input data for the mid-level
tasks. Specifically I have made the assumption that reaoeffiective feature extraction and
matching techniques exist and can be applied to a wide rangeages.

As a research area that started in photogrammetry in thecEottury [44] and could even
be traced back to the 14th century, scene reconstructiom finaltiple images is a somewhat
aged science. In fact, many existing real-world applicegticely on techniques developed by
the researchers in this field. Some existing applicatiomsaiios are:

12
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e Machine inspectiori |3]
e 3D model building such as Bing map [4]
e Image stitchingl]1]

However, as explained earlier, there are still varioussaoéaomputer vision that are unsolved
or inadequately solved. Scene reconstruction and camesskirty is still a challenging task
and research is still ongoing towards improving the robessn scalability and reliability of
scene reconstruction.

Before outlining various relevant areas of scene recoctstm, a brief review of projec-
tive vision will be provided. This lays the foundation foretBubsequent discussions in 3D
computer vision. Following this, the problem of cameralwaiion, including the intrinsic and
extrinsic parameters will be provided. Next, the basicsvaf-tiew geometry will be outlined,
including the fundamental matrix, homography and the dsdematrix. Also pose estima-
tion will be discussed in this section. Subsequently, 3@mstruction will be defined where
stereo matching and triangulation will be explained. THengroblem of degeneracy will be
discussed within the context of 3D reconstruction.

2.2 Projective Geometry

The familiar Euclidean geometry is inadequate for studyireyrelationship between a scene
and its two dimensional images. This is due to the fact thatweh to denote the process
of capturing a 2D slice of our 3D world with a transformatidtowever, images often do not
preserve the shape of images, in other words, the pictureicf@ar object is not necessarily a
circle. Therefore, using a Euclidean transformation isapgtropriate for studying the imaging
process.

Projective geometry provides us with the toolkit requireGnalyze and study the process
of imaging. The following sections will outline some of thraportant concepts of projective
geometry needed for later chapters. For a more detailecueappbn see [29, 44].

2.2.1 Homogenous Coordinates

When thinking of pixels on an image, every point represenp@ssible line of sight of an
incoming light ray. In other words, any 3D point along the magjects to the same image
point, so only the direction of the ray is relevant, not thstalce of the point along it [71].
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In computer vision we need to represent this “visual sphefeiicoming rays. The solution
offered by homogenous coordinates is by arbitrarily chegpsiome 3D point along each ray
to represent the ray’s direction. This will effectively ratthe point to its visual ray. In
addition it has the significant advantage of making the infaggection process much easier
to mathematically deal with.

For example, suppose we have a pdinty) in the Euclidean plane. To represent this same
point in the projective plane, we simply add a third coortinaf 1 at the end:(z, y, 1). Since
Overall scaling along such a ray is unimportant, the p@int, 1) is the same as the point
(o, ay, ), for any nonzerev. In other words:

(z,y,w) = (Y, vy, Yyw) (2.1)
foranyy # 0.

2.2.2 Lines in Projective Space

The two dimensional line with equatian: + by + ¢ = 0 is represented in homogeneous
coordinates by the homogeneous equation, ¢) - (z,y, 1) = ax + by +c = 0. Note that lines
are represented homogeneously as 3 component vectorasjpsints are. This represents the
duality that exists in projective geometry between poimis Bnes and is a recurrent concept
in various computer vision discussions.

Using this notation, we can claim that a lihgoes through a point if 17x = 0. Similarly,
in 3D space points are represented by a 4-element ve&tdyr, 7, 1) = (¢ X, Y, Z,4). In
3D projective space the duals of points are planes and welaan that a pointX is on plane
ITif IITX = 0.

2.2.3 Conics

This section will briefly review the concept of conics and dpies in projective space. These
geometric entities are of importance in the discussion léfcsdibration in Chaptel]s.

A conic is basically a shape described by a second degreéi@yuathe plane. Euclidean
geometry contains three different conic types: ellipsasipolas and hyperbolas. The equation
of a conic in non-homogenous coordinates is simply:

ar® +bxy + ey’ +dr+ey+ f=0 (2.2)

which is a polynomial of second degree. In homogenous coates the equation of a conic
becomes:
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(a) Conic. (b) Dual conic.

Figure 2.1: Point and line conics.

ax% + brize + cx% + dxix3 + exaxs + fx§ =0 (2.3)

after replacing z, y) with (z1, o, z3) in our homogenous coordinates. In matrix format this
can be written more compactly as:
xTCx =0 (2.4)

where the conic coefficients are embedded’ias:

C = (2.5)

N NI
oo O oo
S~ N0 NI

Note that multiplying the above matrix with a non-zero canstwill not change the equation
and that the matrix is symmetric. Therefore, there are only fiegrees of freedom in the
equation of the conic.

Similar to points and lines, the intersection of a linmngent to a coni€' at pointx can
be written asl = Cx, the proof for this is omitted but the interested reader ederrto [44].

In addition to regular conics, another class of conics apontant in the study of multiple
view geometry. These are dual conics, or conics that areatefin lines rather than points.
Similar to lines and points that are duals of one anotherafeptive geometry, dual conics and
regular conics share the same mathematical definition. Mewveather than a regular conic
which is defined by a set of points, the dual conic is definedheyset of tangent lines to the
conic. The equation for a dual coniC; is defined in terms of the envelope of its tangent lines
as:17C*1 = 0. Figure[Z.Ib shows a regular conic and the dual conic.
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Figure 2.2: Example of a Quadric.

2.2.4 Quadrics and Dual Quadrics

A quadric is surface defined in 3D spa&&,according to a quadratic polynomial. Similar to a
conic, the form for a quadric in homogenous coordinates eanriiten as:

XTOX =0 (2.6)

whereX is the homogenous location of a pointlii space and is the4 x 4 symmetric
matrix that represents the coefficients of the quadric. &md conics inP?, the intersection
of a quadria®) with the planer at pointX is defined by:w = QX.

Similar to the case for conics, the dual quadric is definedlangs rather than points. In
other words, the equation for the dual quadypitccan be defined in terms of its tangent planes
7t and can be written as:

' Q*r = 0. (2.7)

Figure[2.2 shows an example of a quadric surface.

2.2.5 Transformations in Projective Space

A projective transformation is often called a collineatimna homography. For example, in
P2, a collineationh maps points to x” according to the following:

x' = Hx = h(x) (2.8)
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Table 2.1: Transformations in projective plane and spadeucollineationd

Entity before transformation after transformatior
point X Hx

line 1 H-T1

plane 0 H Tr

conic C HTCH™!

dual conic | C* HC*HT

quadric Q HTQH!

dual quadric| Q* HQ*HT

Here, the collineatiort/ is a linear and invertible mapping of the homogenous coatds) in
other words:

'} hiv hig hag| [z
zy | = |har ha hos| | 22 (2.9)
Ty hs1 hsa  hss T3

Similar to points, other geometric entities can be tramsf in the projective space using
a collineation. For instance, under a projective collireat{, a linel is transformed into
I’ according to :I' = H~T1. Table[2.1 describes how the projective collineation ti@mss
various entities in the projective space.

2.2.6 Stratification of 3D Geometry

Often when the inverse problem of reconstructing the warbdnfimages is carried out, the
geometry is defined up to an arbitrary transformation in ai@dar space. Under ideal cir-
cumstances, one obtains a geometry of the world up to anrampimetric transformation,
Tnetric- A metric transformation is a rigid transformation defingdaorotation and translation
as defined by:

To1 T2 T2z lx

Y 2.10)

T3l Tz T3z tz
O 0 0 1
In other words, the reconstruction of geometry up to an mtyitmetric transformation would
resemble the real geometry, except for a rigid transfownaftiom the reference coordinate
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system. This means that all important geometric entitiegpaeserved, angles and parallelism
and volume are all preserved under a metric transformafésu absolute measurements can
be made under this set of transformations since lengthsraseqwed and there is no scaling
involved in the transformation. This transformation camse6 degrees of freedom, three for
the rotation and three for the translation.

Under less ideal circumstances, one obtains a Euclideanete Tz .,.iiq.. Of the scene.
This is similar to the metric case except that there is nowadirsgo involved. This transfor-

mation is defined as:
OT91 OT9oy OTo3 UtX
OT91 OT99 OT93 Oty
TEuclidean = (211)

Or31 OT3y OT33 Oty
0 0 0 1

Under these circumstances the geometry of the scene resethiat of the world, however
metric measurements cannot be made under such a geometity theéemissing scale factor.
This set of transformations contain an additional scalfao the metric case, therefore there
are 7 degrees of freedom.
Under yet less ideal circumstances, one obtains an “affisetrgetry,l; ;... Of the scene.
This set of transformations contain 12 degrees of freedasnaas thus more general than the
previous cases and contain them as subclasses. An affiséomaation?’, ;. can be written
as:
dll d12 d13 d14
d21 d22 d23 d24
d31 d32 d33 d34

0 0 0 1
As a result of the shearing effects of this set of transfoionat often an affine reconstruction

seems a like scaled and sheared version of the world. Theesatities that are preserved under
this set of transformations are parallelism and ratios diwes.

In cases where there is no information regarding the paemef the cameras, the geome-
try of the world can be reconstructed up to an arbitrary “‘pctaye” transformationy,,, ,jective-
This is the most general set of transformations and has 1fedegf freedom. Under this
set of transformations the only things that are persevemedamgency and cross ratio. This

Taffine - (212)
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Projective transformation

Affine transformatio

Euctidean transform

Metric transformatio

Figure 2.3: Family of transformations.

transformation can be denoted as:

dll d12 d13 d14
d21 d22 d23 d24
d31 d32 d33 d34
d41 d42 d43 d44

Figure [2.8 outlines the set of transformations discussedeabAs it is shown, the most
general set of transformations are the projective onesh®mwother hand, the most restrictive,
and thus desirable, in case of scene reconstruction aredtne@nd Euclidean reconstructions.
In these cases, the reconstructed scene differs from thalacene by only a translation and a
rotation (and possibly scale), making it ideal for visuatian.

Figure [2.4 shows the visual outcome of applying the variamsilfes of transformations
to a simple cubic shape. It is clear that the projective rettaction often renders a scene
unrecognizable since none of its geometric properties seeepved. On the other hand, the
metric reconstruction only applies a rigid transformatiothe cube.

(2.13)

T;m"ojective =

2.2.7 Lines and Plane at Infinity

The projective space contains a set of additional pointhécBuclidean space. Note the in-
tersection of two parallel line§:, b, ¢) and(a, b, ). In Euclidean geometry these two lines
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metric transformation
Em——

Euclidean transformation A
EE—

afflne transformation \

prOJectlve transformation

.I.I.I.I

Figure 2.4: Various transformations applied to a cube.
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do not intersect. However, in projective space the intéi@eof these lines can be found as:
(a,b,c¢) x (a,b,c') = (b, —a,0). This point has no non-homogenous equivalent since convert
ing it back to non-homogenous coordinates one obt&%}s*o—“). In projective geometry, such
points are referred to as ideal points or points at infinig][4n fact, all parallel lines in this
space meet at points at infinity.

Similarly in P? all parallel planes meet at the plane at infinity denotedrly. An inter-
esting property of the plane at infinity is that it can be usedggrade a reconstruction from
a projective space to an affine space. In other words, giveaxisting projective reconstruc-
tion, one can “upgrade” this to an affine reconstruction lalzing the plane at infinity (i.e.
finding its projective coordinates) and moving it to its caial location at(0, 0,0, 1) by an
appropriate transformation. This would account for the¢hadditional degrees of freedom
that a projective reconstruction has over an affine recoctstm. So, by localizing the plane at
infinity these three degrees of freedom are fixed and one cée afine measurements from
the reconstruction. For instance, once a scene is upgraai®dofojective to affine reconstruc-
tion, one can detect actual parallelism in the scene. THiegause now the scene is defined
up to an arbitrary affine transformation and as explainedgligdism is invariant under affine
transformations.

2.2.8 Absolute Conic and Dual Quadric

Another important geometric identity defined in tBé projective space is the absolute conic
Q.. Thisis a conic that is defined on the plane at infinity. In a metric frame, the plane at
infinity would be located in its canonical positiont,, = (0,0,0,1) and the absolute conic
would be defined by the equation:

XP+YP+25=0

Y =0.

Considering only the plane at infinity where all the pointgéhaoordinates such that = 0,
the equation of this conic can be defined by:

(2.14)

(XY, 2)I(X,Y,Z2)" =0 (2.15)

Therefore, using the compact definition of conics explaindeh.[2.5, we can s&f, = I,
defining a conic of purely imaginary points on the plane atitfir.,. One of the interesting
properties of the absolute conic is that it is unchanged uadg Euclidean transformations.
Therefore, given an arbitrary reconstruction of the geoynafta scene, if we locate the abso-
lute conic and moved it to its canonical position such thaai the coefficients represented by
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Moo

Figure 2.5: The absolute dual quadric.

the identity matrix,/, we can claim the scene is defined up to only a Euclidean tvemstion.
This means we can now measure all Euclidean properties aicéee such as angles and par-
allelism. In fact, the five degrees of freedom that the affiaegformation has over a Euclidean
one, can be eliminated by locating the absolute conic amgfimaming the scene such that it is
located in its canonical position. In fact, as shown in Sed#.5.4, this is one of the ways in
which a projective geometry is upgraded to a Euclidean gégrreself-calibration.

One of the disadvantages of using the absolute conic foragledf changing a geometry
from projective to Euclidean, is that it is represented by eguations Ed. 2.14, one to repre-
sent the plane at infinity and one to represent the absoluie.cA more convenient form of
representing both geometric entities, is the dual of thelabs conic. This is referred to as the
absolute dual quadric, represented®y which consists of all planes tangent to the absolute
conic as shown in Figufe 2.5.

As is seen in Figure 2.5, the absolute dual quadric is thefggioes tangent to the ab-
solute conic on the plane at infinity. The canonical repregemm of the absolute quadric in a
Euclidean reconstruction is:

o O =
O = O
_ O O

0
0

2.16
0 (2.16)

o]
]
]
[aw]

Since the absolute quadric contains implicitly the loaagiof the plane at infinity and the
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absolute conic, one can upgrade a projective reconstruttiia Euclidean one after localizing
the absolute quadric and transforming a scene such thapiaced in its canonic position.
In fact, the absolute quadric contains 8 degrees of freedbinhaare fixed after locating it,

making it possible to go from the projective geometry whies 15 degrees of freedom to
the 7 degrees of freedom for a Euclidean reconstructionadt) bne of the most prominent
self-calibration methods uses the localization of the hlteaquadric in order to upgrade a
projective geometry to a Euclidean one [122].

2.3 Camera Model

The camera model used throughout this thesis is the stapd#rdle camera model [44, 125]
as shown in Figuré_2.6. An ideal pinhole camera maps scengspinito the image by a
process that is completely determined by choosing a projecenter (or camera centec),
and a retinal or image plane. The projection of a scene pothein obtained as the intersection
of a ray coming from the scene point and passing through theeacenter with the image
plane.

Figure[2.6 shows the process of projecting two scene paibsthe image plane. The
example shows two corners of a cube being projected to thgamkane. Most cameras are
described adequately by this model for the purposes of SftMvé¥er, in certain cases addi-
tional effects such as radial distortion have to be taken &micount. In this thesis we have
assumed that all images follow this pinhole camera modétatrthey have been undistorted
to adhere to this model.

Note that the center of projectiofi; is a point where all rays must go through in order to
form a pixel on the image sensor. This is also referred to asémera center. In addition,
the line from the camera center perpendicular to the imaayeepk called the principal axis of
the camera and the point where the principal axis meets thgemlane is called the principal
point, or the optical center as shown in Figurég 2.6. Notetthabptical center is a point on the
image plane and so its location is denoted with pixel co@tgis.

The process of projecting a scene point into an image porotves three transformations:

1. AP3? — P3 transformation from the world coordinate system to the ganceordinate
system.

2. AP3? — P? transformation from the camera coordinate system to thgénpéane coor-
dinate system.
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image coordinates
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Figure 2.6: Pinhole camera model.
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3. AP? — P? transformation from the image plane coordinate systemedrttage pixel
coordinates.

Using homogenous coordinate systems the pXig used to represent the coordinates of
a point in the world coordinate systen?, as its coordinates in a camera coordinate systems
andx as its image coordinates.

It is often with respect to a coordinate system that is inddpat of the camera that the
reconstruction is carried out. Therefore, a similarityngf@rmation is often used to transfer
the coordinates of scene points to the camera’s coordigisters as shown in Figute 2.6 . This
similarity matrix maps coordinates according to:

Rt

X, =
0 1

X (2.17)

whereR andt denote the rotation and translation between the cameraarvdarld coordinate
system. The parameters of this similarity transformatienadten referred to as the extrinsic
parameters of a camera. This is due to the fact that thesenptees are independent of the
actual camera and are related only to its position in spatterespect to the world coordinate
system. In addition, the mapping from the camera coordisygem to the pixel coordinates
are carried out by:

x = K[I|0)X. (2.18)

whereK denotes the intrinsic parameters of the camera as explairibd next section. Also,
note that the overall transformation i$4 — P? transformation which embeds the transfer of
the scene point from the camera coordinates to the imagelicabdes and that of transferring
the image coordinates to pixel coordinates.

Combining all the transformations together, the processaosferring a scene poirX, in
the world coordinate system to an image pairih the image coordinates can be written as:

x = K[R[t]X (2.19)
For convenience, we can denote this set of transformatianaigex P such that: P =

K[R|t]. This matrix is of rank three and its null-space is the canserderC so thatPC = 0.

2.3.1 Intrinsic Parameters

Eq. [2.18 shows the matrix representation of the intrinsiapeters of the camera. These
parameters are due to the mechanics and optics of the cametaathus referred to as the
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intrinsic parameters or the intrinsics matrix. The actwathponents of this matrix can be more
clearly shown in the following:

fo 5 U
K=10 f, v (2.20)
0 0 1

where f,, and f, represent the focal length in theandy dimensions in pixel units. More
specifically,f, = fm, wherem,, is the number of pixels in unit distance along theimension
and f represents the distance between the focal plane and theaaemer. Similarlyf, =
fm,. Also the point(u., v.) represents the optical center in terms of pixel coordinatse
we can again write.. = m,p, andu, = m,p, where(p,,p,) is the physical location of
the optical center. Throughout this thesis focal length besn represented by itsandy
componenty, and f, except in cases where for illustrative purposes we haverassaspect
ratio ft—y is one. In such cases the subscript is dropped and focahléngimply represented as
f. Also at times, for brevity the x and y coordinates are corablimto a vector representation
asf.

In addition, the skew parametercan be decomposed as= f tan(am,) wherea is the
skew angle between the sensors in thendy directions. The skew factor is often assumed
to be zero since most modern cameras have almost perfecigmmicular sensors [44]. This
assumption has been made throughout this thesis and tinea@sti of the skew has been
ignored.

2.3.2 Camera Calibration

Calibrating a camera is an important step in most compusggowiapplications. This involves
resolving the coefficients in the projection matfx This includes estimating the five intrin-
sic parameters as outlined in the previous section, andxsidngic parameters including the
translation and rotation with respect to the world coortéreystem.

Some of the original methods of calibrating the camera patara involve using calibration
objects as shown in Figure 2.7. There are various methotibdiva proven to be effective in
resolving these parameters. One of the earliest such methasl the one presented in [126]
where the optical center is assumed to be given and variomp@oents of the projection
matrix are calculated explicitly using a linear method.

The process involves detecting the markers in the caltmabibject and using them to
find the coefficients of the projection matrix. Since the tama of the markers are known
in the world coordinate system, every single point detegigds two linear constraints on
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Figure 2.7: Calibration grid.

the coefficients of the projection matrix, at least six pgiate required to fully estimate the
coefficients.

In other words, a single point; = (x;,y;, w;), once detected in the image must obey
the projection equationx; = PX; whereX; = (X,,Y;, Z;, W;) is the space coordinates of
the point in our world coordinate system. Note that the liocabf both points are given in
homogenous coordinates. This gives two linear constraimtie unknown coefficients as:

mi
mi2
mis
mig
may
0t —w,XT, yXT, M2
XT, 0T —; XT;| | moas

Moy

=0 (2.21)

msi
msa

mss

ms3q

wherem,, is the ab-th element of the projection matrix. Stacking these casts, given

a sufficient number of points detected on the calibratiogetarwe obtain the typical least

squares form oAV = 0 whereV is the column format of the projection matrix. This equation

can be simply solved using a linear method. Once the projectiatrix is found, the actual

coefficients of the extrinsic and intrinsics matrix can berfd using QR decomposition [44].
Another prominent method of finding the calibration paramebf a camera is the method
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Figure 2.8: Vanishing point.

utilizing planar objects, presented In [132]. Using thikration method, various snapshots
of a planar calibration grid are taken. The locations of trerkars on the calibration grid
are then detected. However, in this case, it is assumedfbaworld coordinate system is
aligned with the planar target and that tHecoordinate of all the marker points is zero since
we have assumed that the plane resides on the plane Wwher®. Combined with Eq[ 2.23
our projection equation for such planar scene points besome

X
x T Te T3 tl Y r Te tl X X
Y| = K Ty Ts Tg tg 0 =K T4 Ty t2 Y| =KH|Y (222)
w r7 Trg T9 t3 " reorg t3| |V (G

where H is a3 x 3 collineation inP?> — P3 andr; andt, elements are the coefficients of
the rotation and translation of the extrinsic parametefisis 15 a linear one-to-one mapping
from the planar object to the image locations as will be dised in Sectioh 2.4.2. Every
such homography provides two independent constraintsepritjection matrix as proven in
[132]. With a sufficient number of views of the planar objesbegh such collineations can be
accumulated to solve for the calibration coefficients.

Another class of calibration techniques takes advantatfeeatoncept of vanishing points.
Two such methods can be found in [16]) 22]. Vanishing poingsthe result of the fact that
perspective geometry can make infinite scenes look finiteekample, parallel railway lines
are imaged as covering lines and their image intersectithieiganishing point for the direction
of the railway. Figuré 2]8 shows the vanishing point of twaatlal scene lines. Point’
denotes the projection center alkddenotes the vanishing point for the two shown parallel
lines.

The way vanishing lines are used in calibrating a camera eaufmmarized by the follow-
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ing equation. Considering the points at infinity correspogdo the three orthogonal directions
we can derive simple constraints on the elements of the giroie[22]:

1 00
r1 T2 X3
010
=P 2.23
Y1 Y2 Ys 00 1 ( )
w1 Wy W3 00 0

where the right matrix contains the location of three orthag vanishing directions and the
left matrix is the projection of those scene points in thegma Once the image location
of the orthogonal vanishing points are detected, one care sbk above equation using an
optimization routine. However, there are a few drawbackih his approach. The main
drawback being the lack of orthogonal parallel lines in esei\lthough suited for man-made
environment, this approach fails when there are not enoagtsking points in the scene.

2.4 Two View Relations

Two-view relations are mathematical entities that relatage pairs. The fundamental matrix,
homography and the essential matrix will be discussed. Tost general of these entities is
the fundamental matrix. Accurate estimation of the fundatalenatrix is an important stage
in the 3D reconstruction toolchain. This issue will be fertlliscussed in Chapter 4. Also the
problem of pose estimation from the two view geometry willaiglressed in this section.

2.4.1 Fundamental Matrix

The fundamental matrix is the algebraic representatiom®fepipolar geometry. In essence,
the epipolar geometry is the geometric relationship betwee intersections of two image
planes with the set of virtual planes that contain the caroengers of both cameras and scene
points. This is shown in more detail in Figure|2.9.

Figure[2.9 shows the projection of a scene paktinto two image planes. The image
points are denoted by andx’ and the camera centers are denotedCbgnd C’. At first
glance, it might seem that the projections of the scene oimt the two images do not have
any geometric relation. However, in closer inspection,dtene poiniX, the image pointk
andx’ and the two camera centers are all coplanar. In fact, foyesiagle point in the scene,
its image points in the two cameras and the two camera cestersoplanar. This means that
for every scene point, given the two camera centers onersbégplane that intersects the two
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epipolar plane

Figure 2.9: Epipolar geometry of two views.

images in two lines. Therefore, having located a pixel in iom&ge, one can limit the location
of the image of the same scene point in the other image to béiloa given by the intersection

of the epipolar plane with the other image. In fact, thistieleship is algebraically captured by
the matrix representation of the fundamental matrix. Thérm represents a mapping from
points in one image, into lines in the other image;> 1'. This can be written as:

I = Fx (2.24)

where F' is the matrix form of the fundamental matrix alids the epipolar line in the right
image corresponding to image powas shown in Figure 2.9. In fact, since the pathties
on the linel’, the equation can also be written as:

xXTFx =0 (2.25)

As it can be seen from Figufe 2.9, all epipolar planes inttnaith each image at the so
called “epipoles” as shown in the diagram &wnde’. This is in fact the intersection of the
baseline, or the line connecting the two camera centerh,thét two image planes.

The problem of scene reconstruction depends to a high dégtée accuracy of finding
matching image points. These are correspondences betwe#s in pairs or more views of a
scene. Using the fundamental matrix this can be done much eftactively since the search
region is narrowed significantly to a 1D search rather thamthole image. Therefore, finding
the fundamental matrix is an essential step in this procAts, as will be discussed many
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self-calibration methods rely on the fundamental matrigrtmduce accurate camera calibration
parameters.

One method of finding the fundamental matrix between two sisausing the projection
matrices of the given views. For instance, if image one hajeption matrix? = K[I|0] and
image two has”’ = K’[R|t], the fundamental matrix can be found as| [44]:

F=K""RKT[KR"t], = K" " ([t]xR)K* (2.26)

where[],. denotes the skew-symmetric matrix of a vector. Also underassumption that is
used in this thesis all cameras in a sequence or a image partha same set of intrinsic
parameters and s’ = K. This will be assumed throughout the thesis and the notatithn
reflect this by using a single set af parameters for all images.

However, the fundamental matrix is often found before tleengints of the projection ma-
trix become available. Thus a numerical method is requioefihtl the fundamental matrix.
Similar to the projection matrix in Eq._2.R1, this matrix da@ solved using a linear method
given a set of correspondences between the two images.dnwdtinds, having found a number
of x +» x’ one can estimate the fundamental matrix between two views.

In this case, every image point correspondence provideméedinear constraint over the 9
coefficients of the x 3 fundamental matrix. Seven point correspondences aresdtriguired
to estimate these parameters. The reason for this is thatridamental matrix is estimated up
to a scale and also there is a requirementdaatr’ = 0. Typically, there are many more than
seven points present and so a least squares solution caarzkudsing the formulation below:

fin
fi2
i3
fa
e 2y 2 yr vy v o x oy 1| | fa]l =0 (2.27)
23
fa1
[f32
3

wherex = (z,y,1)7 andx’ = (/,y',1)T andxTFx = 0. In this equation the fundamen-
tal matrix is represented in column format and the systengaf#@ons can be written more
compactly as:Ab = 0 whereb is the elements of thg x 3 fundamental matri¥" arranged

in a column. Stacking a sufficient number of points gives usugh constraints to solve this
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equation using least squares. Note that the constrainteoddterminant of the fundamental
matrix can be imposed after this estimation by using sinmgudlue decomposition and setting
the smallest singular value to zero. Also it is importantéofprm a data normalization on the
matrix A in order to prevent numerical instability [43, 118].

In most real scenarios, the above set of equations fail tdym® a reasonable solution due
to erroneous data points in tematrix due to matching errors. In fact, it is the goal of this
thesis to improve the robustness of the process of estigtitenfundamental matrix. Chapter
is devoted to the discussion on the robust estimation ofuhéamental matrix where the
pitfalls of using simple linear methods will be discussed.

2.4.2 Homography

Another important relation in multiple view geometry is th@mography. This is a collineation
in P? that maps points to other points, unlike the fundamentatimtitat maps points to lines.
In other words, if the homography is denoted By this transformation maps poigtto point
x' by : x’ = Hx. Since the points are denoted in their homogenous notdtiemteans that
the matrixH is 3 x 3. The scenario that is of relevance to this thesis is wherenveges are
related by a homography. This happens only when:

e Two camera are related only by a rotation around the centgrapéction (null transla-
tion).

e Two cameras both contain only images of the same scene plane.

The first case can simply be shown by the following examplesufAsng the first camera
is at the origin of the world coordinate system so tiat= K[|0] and the second camera
undergoes a rotation so tha?. = K[R|0] we can see that the projection of a scene pHint
in the first camera will be<[7|0]X = KX and the projection in the second camera will be:
K[R|0]X = KRX. Therefore, the relation between the projection of an imagjat with
its corresponding point in the other one will simply he: = KRK~'x = Hx where the
homography is simply K RK L.

In the absence of information regarding the intrinsic pagtars of the two camera&’ and
the rotationR, a numerical method can be used to find the coefficients of dneolgraphy.
A single point correspondence provides two independepalitonstraints on the unknown
coefficients of the homography such that:
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_ / — / — !
0 0 0 W —yw —ww Ty vy wy hoo | =0 (2.28)

wr wy ww 0 0 0 —r'r —2'y —2'w

wherex < x’ are corresponding points and= (z,y,w)? andx’ = (2/,%',w’)T are their
homogenous coordinates. Here we have again formed a homagest of equations in the
form of Ah = 0 whereh is the coefficients of the homography arranged in a columtovec
This set of equations can be solved using a least squaresdneth

2.4.3 Essential Matrix

One can think of the essential matrix as the calibrated datbe dundamental matrix. Whereas
the fundamental matrix maps points to lines in uncalibrateabe pairs (i.e. where the intrin-
sic parametersiy are unknown) the essential matrix does the same in the catnerdinate
system. This can be clarified by noting a pair of cameras wihieeds located in the canonical
position at the origin of the world coordinate systemio= K[I|0] and P = K|R|t]. If
the intrinsic parameters of the cameras are known, one cainabe “normalized” camera
coordinates by pre-multiplying all image coordinates with! so that we obtain the new nor-
malized coordinateg& from the image coordinates as : & = K ~'x. This means that are
projection matrices are now reduces to their extrinsicipatars and the intrinsic parameters
can now be assumed to be identity. In other Wotds;. ,aiizca = [£|0] @NAE) . iizea = [RIE].
This means that according to Eq. 2.26 the fundamental miatrigw:

E = Fpormatizes = K TRKT[KR"t), = I"TRIT[IR"t],, = R[R"t]. = [t]«R (2.29)

and so the essential matrix can be found from the fundameratizix if the intrinsic parameters
are known by:
E=KTFK! (2.30)
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Similar to the fundamental matrix, the essential matrix snppints in one image to lines
in the other, so that:
%'EX =0 (2.31)

wherex andx’ are corresponding points expressed in the camera cocedipstem.

Since the essential matrix consists of a rotation and alatms, there are five degrees of
freedom in an essential matrix. This is because the traoslhts a scale ambiguity and so it
can only be determined up to a scale.

One of the important properties of the essential matrix wWitibe utilized in the discus-
sion of self-calibration in Sectidn 2.5.4 is the one impobgdts singular values [46]. This
states that the first two singular values of the essentiatixnaiust be identical and the last
must be zero for the matrix to be a valid essential matrix. thepwords, any matrix with
such properties will be decomposable to the constitueatiost and translation, otherwise this
decomposition will not be valid.

2.4.4 Pose Estimation

Before we can reconstruct a scene from images, the extijsameters of the images have
to be found. This is to say that we must estimate the rotatiwhteanslation between every
image with the world coordinate system. We can further siypphis problem by assuming
that one of the images is located at the origin of the worlddmate system. This means that
all we have to estimate is the “relative” orientation andglation between the given image
pairs. Also, the translations are estimated up to a scalani$tM framework since there is a
scale ambiguity inherent in the problem [125]. As a resultoae only reconstruct our scene
up to an arbitrary Euclidean reconstruction.

The problem set up is illustrated in Figure 2.10 where thi rigansformations between
three frames need to be estimated.

Clearly, the simplest method of estimating these paramétdry calibrating the cameras
as in Eq.[2.2l1. However, it is often not practical to perforfulacamera calibration using
a target-based method. In the adopted SfM framework, thee@imntrinsic and extrinsic
parameters are inferred separately. Once the camerasiotpgarameters are found using self-
calibration, the extrinsic parameters can easily be found.

Given a set of point correspondences between a set of imiagesasy to find the funda-
mental matrices as shown in Section 2.4.1. Given the fundtahmatrices one can estimate
the intrinsic parametergs using self-calibration as will be shown in Chagtér 5. Thecoad-
ing to Eq.[2.3D one can estimate the essential matrfar each image pair. This matrix can
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Figure 2.10: Pose estimation.

then be decomposed to give the relative orientaftoandt. The decomposition ofs using

singular value decomposition provides four different sols for rotation and translation [44],
soif E = UWVT then:

R=UWVT t=+4u;
R=UWTVT t=+4u;
R=UWVT t=—u3
R=UWTVT t=—u;

This four-fold ambiguity can be resolved by performing a 3aanstruction on a single
point in the scene using all four different parameters aed tthoosing the setting that gives a
scene where the scene point falls in front of both scene plane

Note that once the parameters relating a pair of frames éireaed and the scene points
reconstructed, the remaining frames can be added to thestaotion using the process of
“resectioning”. This is basically using EQ. 2121 where thenera parameters are estimated
based on a set of known world points, but now the world poirgsestimated using a recon-
struction method rather than being predetermined usindpiactted calibration target. This
process can be repeated for any number of cameras once iahrggbnstruction using two
pairs of images is carried out.

(2.32)
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2.5 Structure from Motion

Structure from motion (SfM) , or more accurately “structéD motion” is the process of
estimating world geometry from a set of images of a scene ditiad to the position and
orientation of the cameras used in taking those images. plaieed, in our uncalibrated SfM
framework it is assumed that no prior knowledge exists imteof the parameters of the given
cameras or the scene. This section gives an overview of tteseary components for a SfM
framework using the previously defined concepts.

2.5.1 Image Matching and Triangulation

The first step in almost all SfM algorithms is the process afgematching. This is the process
of establishing correspondence between images of sceitie®lacross two or more views.
These entities can be lines [11] poirits/[60,101] or othengsoic entities. The main features
used in this work are the SIFT and SIFT-PCAI[60] 51] due tortrediability and invariance
to large perspective transformations between the viewsrelhave been many advances in
feature matching such as SURF[12] that improve the effigiefSIFT. However, this thesis
focuses on later stages of SfM, and throughout the work isssiaed an initial set of feature
matches exist across the views. The accuracy or qualityrestjaf these matches are however
more relaxed than some competing techniques. In other wtdsgoal of the techniques
presented in this work is to be able to cope with “low-quélithatches and still present a valid
reconstruction.

Figure[2.11 shows an example of the process of finding poiméspondences across two
views of the Merton sequence [6]. This is done through theofiS§FT matching technique.
The green lines show correct matches and red ones showectaratches.

Once point matches and camera pose has been estimated, tpeo8i2try of the point
matches can be estimated. This is done by back-projectingpatches into space and finding
their intersection which effectively finds their originagi scene point. This is shown in Figure
[2.12 where pointin one image and its correspondence in tiez hage has been found. Once
this correspondence is established, the 3D location ofddeespoint whose image points were
found can be estimated. However, for this to take place tbgegtion matrices of the two
cameras are required. As mentioned, once sparse correspmni established, one can use
various techniques to find the extrinsic and intrinsic pagtars of every camera. So given
image pointx andx’ and projection matrice® and P’ such thatx = PX andx’ = P'X the
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Figure 2.11: SIFT-based point correspondences using thiementation found in]7], images
from the Oxford sequence in/[6].

C/

Figure 2.12: Triangulation to find 3D scene geometry.
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Figure 2.13: 3D reconstruction of Merton College sequebte [

goal is to estimat&. This can be done through the following:

x=PX= xxPX=0 [X]XP)
= X =0 2.33
{ xX =PX= xXxPX=0 ([X’]XP’ (2:33)

which is an over-determined set of equations. This is edgmdo finding the point that most
closely fits between the rays starting from the camera cemted going through each image
pixel. Since these rays rarely intersect, this over-dateethset of equations effectively finds
the most likely scene point to have originated the imagetpd8E].

After pose estimation is carried out and the geometry of @mirset of sparse points
is found, one can obtain a 3D reconstructions of the scene.example of performing a
dense reconstruction is shown in Figre 2.13, where thediestene shown in 2111 is fully
reconstructed. Here the point cloud that is triangulatéagusq.[2.38 is used to create a mesh
via Delaunay triangulation. Further processing of the poiouds can take place by using a
dense reconstruction algorithm [95] and texture mappiegthlygons as done in [35].
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2.5.2 Projective Reconstruction

As shown in Figurd_214 a projective reconstruction oftendsaa scene appearing significantly
distorted. However, one advantage of a projective recocistn of a scene is that there are no
calibration requirements$ [28, 41]. In other words, usinggacd image correspondences one
can estimate an initial scene geometry without any knovdexfghe camera poses or intrinsic
parameters. Once this initial reconstruction is carriet warious methods can be used to
upgrade this to an affine or Euclidean reconstruction.
One way to form a projective reconstruction from a pair ofrfess without any knowledge

of cameras is to find the fundamental matrix between a pa@amwfras. Given the fundamental
matrix, two projection matrices of the pair of images candaenfl by:

P, = [I0]
{ Py = [[e]xF + evT|\e/] (2.34)

where\ can be set to unity and is an arbitrary 3-vector [85] and the subscript “p” denotes a
projective reconstruction ard is the epipole in the second image. This is also referred o as
canonic camera corresponding to a fundamental matrix.

Such a reconstruction suffers from the so-called projecimbiguity problem. In other
words, if triangulation is carried out on all the correspimigdpoints in the image pair via the
two projection matrices as found above, the results wilsgat whole family of world points
and projection matrices. Considering tlkat P, X, one can also obtair = (P,H ')(HX,)
whereH is an arbitrary collineation in 3D space affg, H ') is an entirely different projection
matrix and(HX,) is a different world point location. In fact, the search fbetEuclidean
geometry of the scene is the search for such a collineataimtbuld map the projective space
to the Euclidean spacéf, ..

2.5.3 Bundle Adjustment

One of the fundamental tools in photogrammetry is the pooédbundle adjustment [124].
Bundle adjustment is a global optimization that aims to fimelthaximum likelihood estimate

of a set of projection matrices and triangulated world poir@dften, this is the last stage of a
complete 3D reconstruction. Due to the complexity of thigotive function, it is necessary
to find a reasonable estimate of the structure and projentatnices to start the optimization
with. Letting a set of camera projection matrices and imagéches and their triangulated
3D world points bex? = P, X*, wherek denotes the frame number, the bundle adjustment
optimization can refine the structure by minimizing the oggection errorjx? — P, X*|. This
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is found by solving the following optimization:

min Y d(P,XF xF) (2.35)

k
P Xi T

whered(x,y) denotes geometric distance. A popular implementation lwtdkes advantage
of the sparse structure of this optimization problem is thplementation of the Sparse Bundle
Adjustment in[58].

Even though the above method of optimizing projection magican provide a good esti-
mate of the camera intrinsic parameters, it is importantad the optimization process with as
accurate of an estimation of these parameters as possibt tBere are many local minima,
the better an initial estimate used in the above formulatio® more likely it is to get a more
accurate set of final values.

2.5.4 Self-calibration

The goal of self-calibration is to find the camera intrinsarameters. However, unlike the
methods presented in Section 2]3.2 the aim of self-caldratigorithms is to find the camera
intrinsic parameters without resorting to the use of calilon targets or vanishing points or
other scene constraints. In fact, the only information thatsed in a typical self-calibration
algorithm is a set of point correspondences across an imaigeopan image set. Robust
self-calibration is in fact one of the goals of this thesigl @aimore detailed background will
be provided in Chaptér 5. However, using the already inttedwnotations, two general ap-
proaches to self-calibration will be briefly reviewed.

As explained in Section 2.2.8, the absolute quadric is a duatiric which encodes two
important geometric entities that are of great importancgd reconstruction. The first entity
is the plane at infinity whose localization in a projectivearstruction allows for an upgrade to
an affine reconstruction. The second is the absolute c@niowhich allows a further upgrade
to a Euclidean reconstruction. In fact, the absolute qeguhojects to the dual image of the
absolute conic (the dual of the image of the absolute cohie w™!) [82,[122]. This is shown
by the equation of the projection of the absolute quadric as:

w* = PQ: P (2.36)

whereP is the projection matrix of a camera. Also it is known that itln@age of the absolute
conicw* is equivalent ta K7 [44]]. Therefore, in a sequence of images with identical mara
eters, the absolute quadric projects to exactly the samégom all the images. Using this
equation it is possible to transfer constraints on the camparameters to the coefficients of
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the absolute quadric. It is possible to solve for the coefdfits of the absolute quadric using
a linear method if certain restrictive assumptions are nuadhe camera parameters. For in-
stance, if the camera is assumed to be calibrated exceptdoablength, the above leads to a
linear equation in the parameters of the absolute quadoweder, in the most general sense,
this requires the use of a nonlinear minimization method.

One important aspect of the above method for self-calinat the use of an initial projec-
tive reconstruction. Even though such a reconstructiombaslue in terms of visualization,
it enabled the estimation of the absolute quadric. In fdet,dollineation’” in 3D space that
would map the estimated location of the absolute quadritstoanonical location would also
transform the projective reconstruction to a Euclidean &wmif the absolute quadric is found
in our projective reconstruction, the collineatidrsuch that:

1 000
0100

=TQ* TT 2.37
00 10 Q% (2.37)
0000

can be used to upgrade the projective reconstruction frorf2 3§ as:

{Pe = p,T!

%1%, (2.38)

Therefore, the above method provides a set of camera paemeting the information ob-
tained from a projective reconstruction. Once the absajuidric is found, the projective
reconstruction can be upgraded to a Euclidean one. Alsamtiaibns of the plane at infinity
and the absolute conic can be found. This in turns gives usainera parameters.

A second group of self-calibration methods rely solely oa fimdamental matrix rather
than a projective reconstruction of a sequence of imagegxample of this category of meth-
ods is the use of the properties of the essential matrix féicaébration. As explained in Sec-
tion[2.4.4, the formula for the essential matrixis= [t], R. It was shown in[[46] that because
the essential matrix is the product of a rotation matrix aslew symmetric matrix, it has the
special property that its first two singular values are ia@ht As a result, using a fundamental
matrix whose equation is given byf = K~T(R[t])K ' one can search in the space of all
intrinsic parameters such that the resulting essentiaixfeam £ = K~7FK~! has identical
first and second singular values. This is performed by minimgithe difference between the
singular values of the resulting essential matrix. In féuot, adopted self-calibration strategy
in this thesis uses this constraint as will be detailed inpgidvab.
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2.5.5 Issue of Degeneracy in SfM

Oftentimes an SfM routine fails due to degeneracies intlieretine input images. The prob-
lem of degeneracy is one that affects a large number of viaigarithms. Three types of
degeneracies are often encountered in the SfM context eTdres

1. Structure degeneracy: this is when structure cannotdbaritiated from a pair of images
or an image set due to camera geometry or the scene structooese in the correspon-
dences.

2. Fundamental matrix degeneracy: this is when a uniqueaimedtal matrix cannot be
estimated due to camera geometry or the scene structuréserindhe correspondences.

3. Self-calibration degeneracies: when it is difficult opimssible to infer camera parame-
ters from correspondences alone due to camera geometrg scéime structure or noise
in the correspondences or noise in the estimation of thialipitojective reconstruction
or the estimation of the fundamental matrix.

In order for an SfM algorithms to be robust it needs to handéhscenarios. Even though
a degeneracy often means a solution cannot be determinedietiection of such cases is
of importance in order to avoid providing an erroneous seestilts. Degeneracies in self-
calibration are addressed in this thesis in Chdgter 5. Ther 6gpes of degeneracies are outside
the scope of this work but the interested reader is refea¢lli7 [ 86].

In order to lay the ground work for the presentation of theusikalgorithms presented
in this thesis, the next chapter presents basic ideas inraedd robust statistics that will be
utilized in the proposed algorithms.



Chapter 3

Robust Statistics

3.1 Introduction

Robust statistics is a field of study concerned with estingagiarameters when certain ideal
assumptions are violated. Robust techniques have a lotaphis the field of computer vision
[105,(68, 69, 119]. In fact, the popular RANSAC algorithmtthall be discussed in Section
[3.3.6 is one in a plethora of robust techniques used in coenpigion. Several of the most
widely used robust techniques in computer vision will beettyi reviewed in this chapter.
Initially the concept of linear regression is discussed sutasequent discussions of robustness
are presented based on the notation presented herein.

3.2 Linear Regression

The idea of linear regression is to fit a linear model to a setadd points. So for instance, if
there areV data points that we need to fit a model to, and for each data pai@ know thep
“predictor” values:z;y, ..., z;;, and “response” valug; and we wish to fit a model to describe
a linear relationship between the predictor and resporisesave can write:

p
=1

Or, rearranging the predictor values in matrix foym= X3 + u. The vector3 is the vec-
tor of coefficients that need to be estimated. In additigs, are the “errors” affecting the
measurements of the data points.

43
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One might observe that many of the problems mentioned in €h@pare similar to this
formulation. For instance the fundamental matfrix 2.4.1 i;naar model where the noise
componeni is the localization and matching errors as will be discussé&thaptef 4.

In order to estimate the unknown coefficients in the abovaédation of linear regression,
an explicit formula exists. This is done by finding:

N

ZTZZ(B) = min. (3.2)

=1
wherer?(3) is the squared residual of thieh data point as a function of the unknown co-
efficients3. In fact, the maximum likelihood estimation of the paramej@ are found by
minimizing the squared of the residuals [72]. Here the el are defined to be the error
terms of the estimation or the difference between the estidnaalue of the response and the
measured value of the response such thai3) = y; — v:(3). In order to accomplish this
minimization a simple explicit formula can be derived to fihé “least squares” fit as:

B=(X"X)"'XTy. (3.3)

Minimizing the squared error, or the least squared solyi®im fact the optimal method of
estimating the unknown parameters if the noise values areailty distributed/[72]. However,
most vision applications deal with problems that are fanfrihis ideal case. In such cases,
using a least squares method leads to highly erroneousseBigures 3.1a arid 3/1b illustrate
examples of least squares fitting in the presence of noiseit i8sshown in the figure, the
left column’s data points are affected by Gaussian noisdlamla least squares fit to the data
points provides a reasonable model for the data. On the b#met, the right column shows the
case where the noise affecting the data contains two ptiathiive such large errors that they
can be referred to as “outliers”. While the first row showshigtogram of the errors affecting
the data, the second row shows the QQ plot of this noise. A @Qipla graphical tool for
checking whether or not a sample data set belongs to a gartaistributions. This is done by
plotting the quantiles of the sample data versus those of@ar¢tical distribution to see if the
data belongs to that class of distributions|[64]. A quansilessentially the point under which
a given proportion of data lies, so the 40% quantile is thatpwhere 40% percent of the data
fall under (and the 50% quantile is the median). Deviatisosfa straight line in a QQ plot
as shown in the outlier contaminated data set in Figure Fdlindicative that the data does
not belong to the assumed distribution (the normal distidoun this case). Even though there
are only two outliers present in Figure 3.1b, the least sspiaolution has failed to provide
a reasonable solution. This examples illustrates the oaatey of least squares solutions in
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dealing with outliers. This clearly shows the need for usaligrnative methods to cope with
the non-ideal nature of the noise affecting measured data.

3.3 Robust Linear Regression

Oftentimes a number of assumptions must be made in ordemf@stmation technique to
provide an optimal solution. For instance, in the preseakanple of least squares line fitting,
the error in the data points is assumed to be Gaussian. In sitaiagions such assumptions are
invalid as is the case in computer vision. In addition, thet @ making such assumptions in
cases where they are not applicable is significant as shoWwigure[3.1b. This motivates the
need for estimators that do not depend on such assumptions.

However, before introducing the robust estimators, it seasial to review the types of
noise that are most likely to effect data in vision applicasi. There are generally three types
of noise that will be of concern in the discussions that fello

3.3.1 Gaussian Noise

In this case the error term in EQ._B.2 is drawn from a normal ansSian distributionu; =
N(0,0?). If the mean is not zero we consider the data to have a biasxamggle of this is the
feature localization error inherent in most feature detecf115]. Having assumed Gaussian
noise, the probability of a point having errocan be denoted as:
L =),

o

p(rlv) = (3.4)

e
oV 2T

Here the label is an indicator variable that denotes the event that a date iganot an outlier
(i.e., an inlier) and> denotes the even of the point being a outlier.

3.3.2 Non-Gaussian Noise

In this case the noise terms; are generated by more than one process. There is often a
Gaussian component as is described in the previous seationa non-Gaussian component
affecting the underlying data. This second component isnoftroduced by gross errors in
measurement. In the case of SfM, one source of this error eanifmatches between pixel
locations which can be modeled as a uniform distributionp@) = ;- [115] wherea

andb define the space of possible error values. In future chatitexshe outlier distribution

is simply abbreviated tp(r|0) = L wherew is the range of these outlier values defined in
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Figure 3.1: Least squares fitting of lines for a data set ¢oimiga Gaussian noise and one with
non-Gaussian noise. The fit to the data containing non-Gaussise is quite inaccurate. The
non-Gaussian data was created by merely adding two outhoigs to the set.
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Figure 3.2: Distributions for a Gaussian noise and for a Gansoise with outliers.

b — a. Having assumed Gaussian noise plus a non-Gaussian coniptiteeprobability of a
data point having errar can be denoted as:

1

1 (=
b—a

#) 4+ (1~ p)) (3.5)

p(r) = plo) e

wherep(v) denotes the probability of a point being an inlier, ahd- p(v)) denotes the proba-
bility of a point being an outlier, also indicated by Figure[ 3.2 shows the difference between
the distributions of Gaussian noise and one with outliersteHhe outliers are modeled with
a uniform distribution as in Ed._3.5, but it is also possilhiattthe outliers can take on other
distributions such as a Gaussian with very long tails. Oftenmixture model is a Gaussian
with “fat” tails which means points with very large errorgarow possible.

3.3.3 Multiple Structures

An even more challenging scenario is when the data not oniyages Gaussian and non-
Gaussian noise (i.e., outliers), but it contains multiplecures. In other words, the underlying
models generating the data are not merely a single modeexaonple, if there are two models
M, and M, that generate the data we can write:

yi=q g Pt e M (356)
Zj:l Zz'jej +&; 1€ M2

where the noise can be a combination of Gaussian distriteiiod outlier distributions so for
example:

u; = p(v[M1)N(0,03) + (1 — p(v|M1))U(0, a) (3.7)
e = p(v|Ma)N(0,07) + (1 — p(v|Ma))N(0, co?) (3.8)
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Figure 3.3: Error distribution for data with multiple sttuces. The errors also contain Gaus-
sian noise and outliers as indicated by the fat tails of ts&ributions. The errors have been
calculated with respect to one of the models.

where one of the models contains outliers from a uniformritistion and the other from a
Gaussian with a high variance. As it is shown, there are twdetsopresent)/; and M,. So
there are now two sets of coefficients to be estimated. Figi@rehows an example of the error
distributions for a case with two underlying structuresdidigion to outlier noise. There have
been few methods offered in solving such problems, suchqses#ially estimating the most
dominant model until only outliers are left. However, suchdels are difficult to estimate
even with a robust method [104]. In such cases the outlier cain be extremely high since
the inliers of one model act as pseudo-inliers with respeeahbther model as shown in Figure
[3.3. Eq.[3.¥ shows an example with two structures; howewegémeral case can contain an
arbitrary number of structures.

In addition to changing the way a regression problem is shltiee nature of the noise
affecting the data changes the measure of the “quality” df &nfiother words, one can opt for
minimizing the least squared value of the residuals in tise cd purely Gaussian noise. But
in case of an arbitrary noise distribution this will not be tiptimal quantity to minimize. The
way this problem is approached is using a maximum likelihestiimation technique. This set
of approaches attempt to estimate the coefficighssich that the probability of the errors of
all data points, denoted by is maximized. In other words we wish to maximize:

p(D|B) = Hp(n\ﬁ) (3.9)

where the logarithm is often used in order to turn the prothtota sum, so that in the case of
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Gaussian noise for instance, the following is minimized:

log (Hp(rzm)) = Zlog (U\}%e%(¥)2). (3.10)

This amounts to minimizing the square root of the errors.[33bwever, in the presence of
a non-Gaussian noise, this optimality condition will notchoAlso note the presence of
ando in Eq. [3.10. Although the mean is often assumed zero, the $&a&n unknown that
must be estimated before this expression can be minimizbi. i§ another reason why it is
important to carry out a density estimation on the errorshapgroblem that is to be solved
before devising an optimal estimator. As a result, in Chd@telarge portion of the discussion
on the robust estimation of self-calibration is dedicatedrnalyzing the types of noise that are
present in this scenario.

As argued, the assumption of Gaussian noise is often toocteat in real case scenarios
including those arising in the field of computer vision. Téfere, it is essential to devise
robust estimation techniques that are able to deal withmahassumptions on the measured
data. Figuré 3]4 summarizes the four cases and how leastesdfitting handles each case.
Figure[3.4h shows the simple case of fitting a line to a noise-$et. Figure_3.4b shows least
squares fitting to a case with Gaussian noise. As predidiedittis adequate and close to the
actual model. Figure_3.4c shows the inadequacy of usingsi $epiares fit in the presence
of outliers. However, this graph introduces a simple rolassimator that is able to handle
outliers. As it is shown, this estimator is able to fit a linethe data even in spite of the
outliers. This is referred to as an M-estimator and will becdssed further in Sectién 3.83.5.
And finally, Figure[3.40 shows the inadequacy of the leasasgpiand the M-estimator in
dealing with multiple structured data.

3.3.4 Leverage and Influence

Robustness often entails assessing the influence of siatgepdints and removing the ones
that exert an unusually large amount of influence on the finagbtich points are often referred
to as “leverage” points and they are often outliers. One efdimplest ways of assessing
whether or not a pointis an outlier is by analyzing the reaiglof an initial least squares fit. As
mentioned earlier, residuals are the difference betwesearghtionsy; and their corresponding
fitted valuesy,. Therefore, a residual can be thought of as the deviatiowdsst the data
and the fit. Also, under certain circumstances a residyatan also be thought of as the
model erroryu;. Therefore analyzing residuals can be an effective way s#ssng points that
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Figure 3.4: Summary of different line fitting methods in thregence of noise.
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are outliers. This is in fact one of the adopted strategiesolming the fundamental matrix
estimation problem as will be discussed in Chapter 4.

However, one of the disadvantages of using pure residuassassing outliers is the fact
that oftentimes the variance of the errors of the differatagoints are different. In order to
scale the residuals properly, first the relationship betwtbe model errors and the residuals
must be explained. Given Ef. B.3 one can write the transfiomaetween the fitted values
of y denoted ag and the observed values pfas:

y=XB8=XX"X)"'X"y = Hy (3.11)

where the matrixH is referred to as the hat matrix and is simplif: = X (X7X)"*X7,
According to this, the residuals can be rewritten as:

r=(I—H)y. (3.12)

In fact, the covariance of the residuals can be writterCasi(r) = 0?(I — H). Whereo is the
standard deviation of the model errarsAs a result, one can estimate the variance of a single
data point as:

var(r;) = o?(1 — hy) (3.13)
whereh;; is thei-th element of the diagonal of the hat matrix. Therefore,dt&ing of the

residuals can be done by dividing them by their standardadievi. This is referred to as
studentized residuals and can be writteri as [64]:

T
B \/MSres(l - hu)
whereM S,., is the estimate of the variance of the model errors. One astiwf this value
can be found by using the variance of the residuals as:

(3.14)

)

MSyes = Zimlri = 7)” (3.15)
N—p
whereN is the number of data points apds the number of parameters.

In addition to using residuals and studentized residula¢ésiteasure of leverage for a data
point i, denoted byh;; is a telling measure of the amount of its influence in the regjom
estimate (also denoted simply ldy). The leverage can be interpreted as the standardized
measure of the distance of thixth observation from the center of the space of all measured
points. As a result, a large value of leverafyg often reveals observations that are potentially
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influential due to their distance from the rest of the datdatn, points having leverage more
than% are often analyzed further due to their high likelihood ahigeoutliers [64].

In order to more accurately detect outliers, it is desirableombine both residuals and
leverage. There are many measures offered to combine thesbut one of the most promi-
nent measures is the Cook’s distarieg64] which is defined as:

di hii
TP l—hy

; (3.16)
This formula is in fact the product of the square of the sttided residuals With%i which
can be interpreted as the distanceidh data point to the rest of the data. Thereforg,
is consists of a component that indicates how well the moteltiei-th observationy; in
addition to a term that measures how far the point is from d¢isé of the data. However, there
is no known threshold for checking certain values of the Cdigkance, and an approximate
measure is to look for points having Cook distance larger tirty. There are also many other
metrics for assessing influence, such as DFBETAS and DFIF3[S Most of these quantities
also use various combinations of leverage and the datauadsid

To see the comparison of the mentioned values and their motikscovering influential
points, a simple regression is carried out for a quadratifase in Figuré_3J5. The example
consists of creating a quadratic surface and choosing 3forarpoints from the model in
addition to artificially creating an outlier that will be wséor the fitting example. Figuie 355a
shows that all points are ground truth data (i.e., noisedragliers) except one outlier shown
in red which is deliberately inserted into the mix. FigurBBshows the least squares fit to all
the data points including the outlier. Talple]3.1 shows themarison of the various metrics
on the used data points including the outlier which is in te# fow and is highlighted. It can
be seen that most of the quantities except for the pure rasidue highly indicative of the
outlier point. Therefore, one method of robustly fitting adabto noisy data is to use an initial
least squares fit and then by inspecting some of the outlinadtdies in measuring influence
removing points that are likely to be outliers. Howeverstimethod is only effective when the
number of outliers are fairly small. When a moderate numbeutiers are present in the data
they tend to mask each other’s influencel [64] and render suepproach ineffective.

3.3.5 M-Estimators

Even though the previous section outlines several meastiessessing whether or not a point
is an outlier, none provide an explicit objective functionbe minimized in order to robustly
fit a model to noisy data. Also as mentioned, such methodsightyhineffective at moderate
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Table 3.1: Measuring influence in the regression exampleeo§itiadratic surface.

Point number residual studentized residualsleverage | Cook’s distance
1 -4913.7015| -0.7419 0.16896 | 0.019007
2 -339.8279 | -0.048332 0.085214| 3.784e-005
3 9011.7265 | 1.4518 0.22174 | 0.095669
4 -5285.7539| -0.76835 0.10188 | 0.011356
5 -4720.3725| -0.66528 0.0506 | 0.004025
6 -6024.5182| -0.88519 0.11376 | 0.016915
7 4141.4113 | 0.64825 0.23104 | 0.021565
8 -3660.9325| -0.51634 0.059101| 0.0028791
9 -2779.4403| -0.40023 0.10145 | 0.0031235
10 3390.1373 | 0.50433 0.15469 | 0.0080061
11 10023.0814 1.704 0.27903 | 0.17353
12 17030.701 | 3.5313 0.33632 | 0.71261
13 -3915.3506| -0.55451 0.065213| 0.0036814
14 -5130.5323]| -0.725 0.052251| 0.0049271
15 -4485.8732| -0.65382 0.11282 | 0.0092817
16 -2823.0048| -0.40328 0.08696 | 0.002675
17 8566.6017 | 1.4196 0.26721 | 0.11751
18 -2248.6565| -0.31818 0.071815| 0.0013563
19 -4441.2866| -0.62574 0.052027| 0.0036747
20 5106.3114 | 0.75505 0.13278 | 0.014813
21 10934.6197 2.0379 0.37113 | 0.36106
22 -7154.535 | -1.1184 0.20158 | 0.052086
23 -4406.5411| -0.62036 0.050824| 0.0035248
24 3699.5727 | 0.76425 0.55542 | 0.12376
25 -8427.4113]| -1.3611 0.23356 | 0.090865
26 -876.3568 | -0.12382 0.072527| 0.00020836
27 -5369.085 | -0.79956 0.1425 | 0.017976
28 2688.5126 | 0.51835 0.49645 | 0.045538
29 8354.328 | 1.2832 0.15957 | 0.050736

53
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(a) Correct model plus one outlier shown in red. (b) Fitting to all points including outlier.

Figure 3.5: Measuring influence in regression. The exantpdes a set of points generated
on a quadratic surface plus an outlier. The fitted surfacaifgigntly deviates from the inliers
due to the influence of the single outlier.

noise ratios and often depend on heuristics to find a cuteftiéziding whether or not an
influential point is an outlier. A more effective way of findiran estimate of the unknown
coefficients without having to check for outliers is to use ttoncept of M-estimators (or
maximum likelihood estimators).

As mentioned earlier, in order to find the regression coeffits under Gaussian noise, the
maximum likelihood estimator is the one minimizing the sgaberrorsy.", r2. However,

without the normality assumption on the distribution of tieése, one can define the maximum

likelihood estimator to be:
N

mlnlﬁmlze ; p(r;) mlnlmlze Z ply; —x%:08) (3.17)
wherex®; denotes the transpose of th¢h row of the observation matriX. This is re-
ferred to as an M-estimator, or a maximum likelihood estonafAs we saw previously, the
p(r;) function amounts to a squared function of the errors for the<sian case. However,
the M-estimator definition is more general and can cope withugh larger array of noise
distributions.

In order to solve Ed._3.18 the derivative with respecBtmust be found:

Z¢ (y ’ﬂ) X (3.18)

wherev is the derivative op ands is a preliminary estimate of the scale which is introduced
to guarantee the scale invariance of the solution. Thiglrparameter of scale can be found
robustly using a measure such as the interquartile randgeeanéedian absolute deviation [64].
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Since Eq[3.18 leads to a nonlinear set of equations, ativteraethod can be used to solve
for the coefficients. The most common way of doing this is tigfoiteratively reweighted least
squares [72].

The important design issue when using an M-estimator isditegiwhat thep(r;) should
be. The goal is that “instead of minimizing a sum of squares,minimize a sum of less
rapidly increasing functions of the residuals”[47]. Thesrmoves the large impact that outliers
have on the fit of the coefficients. There are in fact a largebamof M-estimators, each with
unique properties. The Taklle B.2 outlines three popularsiMrators[131]. Note that each
has a tuning parametérwhich depends on the particular M-estimator.

M-estimator| p P w
- if [r] <k k 1
Huber s .
k(lr| = 3) ifjr[ >k ksgn(x) o
CaUChy k—; log (1 + (%)2 1+(x7§ 2 1+(1%)2
Ba—[1— ()2 ifjr <k 1— (5))2 1— (£)2)2
Bisquare 62( L =G iffr] < [l = ()] 1= ()]
E if [r| >k | |0 0

Table 3.2: Three different M-estimators.

These M-estimators are graphically captured in Figure Bsit is shown, the idea of an
M-estimator is to weigh the data points according to thesrdeals so that the penalty associ-
ated with regression does not increase proportionately thi¢ error. For example, ordinary
least squares has an unbounded penalty function that sesgmoportionately with the error
squared. Therefore, points having large errors will impm$arge amount of influence on the
regression coefficients. However, the robust M-estimatbosvn in Figuré_316 all taper off or
increase less rapidly than least squares when the erroe@seethreshold.

3.3.6 RANSAC

RANdom SAmple Consensus or RANSAC is an iterative samplirafegy for robust esti-
mation [31]. RANSAC is a highly effective strategy for essiting a model in a high-noise
situation. This hypothesis-and-verify algorithm proceéy repeatedly creating a hypothe-
sized model by drawing minimal subsets of data and fitting dehtm these points. Following
this, a score is assigned to the parameters estimated ssngihimal set with respect to the
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Figure 3.6: Four different M-estimator functions.

data. At the end, the best set of parameters that has achlevédyhest score is selected. The
flowchart presented in Figure 8.7 summarizes the iterativegss of RANSAC.

The number of iterations that the RANSAC algorithm has to thmough is calculated
statistically. This number is based on the number of iteratithat it takes to draw a minimal
sample consisting of only inliers with a given user definedficence level. This can be

expressed mathematically as: gl )
ogll —1
s = g1 = plv)™) (3.19)
wheren is the user desired confidence level, often s& %6 andp(v) is the inlier ratio andn
is the number of points in a minimal subset, i.e., 2 in the cdseline, and/,,,..,, is the number
of iterations. Note that hepgv) is not the probability of a single inlier, but the probalyilaf
any given point being an inlier, which amounts to the inlegio.
Interestingly, casting RANSAC as an M-estimator, it is cléwat the penalty function of

RANSAC amount to:

Z ifr>T
p(r) = _ (3.20)
0 ifr<T
whereT is the threshold and is any constant positive value. This threshold is directly-p

portional to the variance of the errors affecting the datae @ethod of setting this threshold
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is by: T' = 1.960 whereo is the standard deviation of the input d&ta [120] where thseno
distribution is assumed to be Gaussian. The threshold isechso that Gaussian inliers are
only incorrectly rejected five percent of the time.

Figure[3.8 shows an example of fitting a line to a set of dataithgenerated by two
different models. In addition, the data has been corrupye@dussian noise. The first graph
illustrates the underlying models used to generate the maitds. The second through the
last figure shows the successive progression of the RANS&Grighm. Here the black points
denote the minimal samples. In each graph a line has beeniibttandomly chosen points,
also referred to as the “minimal sample”. The score for eaodehis calculated based on the
number of points that fall within a certain threshold to thedeal. In this case the dashes lines
on either side of the estimated model show the limit of hovsela point ought to be to be
considered an inlier. The model with the highest score, ddfas the number of inliers, is the
final estimate of the model under consideration. It is cleat RANSAC is able to discover
the underlying model in spite of multiple structures witttie data.

3.4 Nonlinear Regression

Unlike the case for linear regression, where the equatidimeésr in terms of the unknown
parameterg3, the nonlinear models can take on any form. The general fdrenrmnlinear
model can be written as:

y=f(X,8)+u (3.21)

As opposed to the linear regression case whgre: X 3 + u. In this case no explicit solution
for 3 exists and the use of an iterative method is required. Usiisgform, the general least
squares solution for a nonlinear model can be found by miingi

N

> lvi— f(xi B). (3.22)
=1
There are various existing methods for finding the solutemthe above set of equations.
One of the most notable examples is the Levenberg-Marqumamlinear least squares [97]
whose implementation &t [57] is utilized in the coming cleapt
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iterations of RANSAC are displayed. Each hypothesized miode been shown with a solid
line and the dashed lines show the support region where aoirid be considered an inlier.



Chapter 4

Robust Motion Estimation

4.1 Introduction

As outlined in Sectioh 2.41.1, the fundamental matrix is @ajrimportance for many computer
vision tasks. This geometric entity is used in many domanuseh as:

e Dense point matching: by reducing the search space for im@agespondences.
e Outlier removal for correspondence data.

e Stratified Reconstruction: by providing an initial projgetreconstruction, refer to Eq.

2.34.

e Image rectification: by providing the image transformatiuatt leads to a rectified image.
[63]

e Self-calibration as discussed thoroughly in Chapter 5.

However, the accurate estimation of the fundamental mataxchallenging task due to the
very high noise ratio in the data. This data consists of thetpoatches between frames and
often contains large number of outliers. Figlrel 4.1 denratet an example of the process
of point matching between two image pairs using the SIFT tpwiatcher [[60]. The right
column of Figuréd 4]1 shows the QQ plot for the errors (or nesis)) of the correspondences
with respect to the ground truth fundamental matrix whicls i@nd from a set of correct
matches that were provided with the image sets [6]. Note@@@plots were briefly described
in Sectiorl 3.2 along with their usage for visually inspegtine normality assumption of a data
set. The fact that both QQ plots show a strong deviation fr@tmaght line demonstrates the

60
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fact that the errors are far from being simply Gaussian norstact, the underlying errors are
indicative of a large number of outliers which are very tybiof an image matching scenario.
These outliers or image mismatches are marked in red in theolemn.

As a result of the large number of gross outliers affectimgdlculation of the fundamental
matrix, combined with the essential role that the fundamematrix plays is many computer
vision tasks, there has been a great interest in devisinganewobust estimators to solve this
problem more effectively.

Before introducing some existing techniques to robusttineste the fundamental matrix,
some error metrics for assessing the quality of the fund#aheratrix will be introduced.

4.2 Error Metrics for the Fundamental Matrix

The simplest error metric to minimize in order to estimaefimdamental matrix is the alge-
braic error. Referring to Eq._2.28, this can be done by findirgminimum of||Ab|| where
b contains the elements of tex 3 fundamental matri¥’ arranged in a column and is the
matrix formed as shown in Ed._2]28. In addition, the rank 2dition can be imposed after
this minimization by finding the closest rank 2 matrix to tistéimatedF'. This can be done by
singular value decomposition by settiig = Udiag(o1, 02, 0)V whereF = UWVT ando,
ando, are the first and second singular valueg'adnd F” is the fundamental matrix with the
rank 2 condition properly imposed.

A more meaningful metric to minimize would be the “symmetrfipolar distance”. Here
the metric that is minimized is simply the distance of a ptirits corresponding epipolar line
in each image. Since ideally one expects the points to beeandbrresponding epipolar line,
this would be an intuitive metric to minimize. This distargan be written as:

Zal(x’i,FxZ-)2 +d(x;, FTx';)? (4.1)
=1
where thei-th point in the first image ix; and its match in the secondx$; and so we can
write x; < x’;. Also, d(x/;, F'x;) is simply the perpendicular distance between p&intind
its corresponding epipolar linEx;. Also, noteF'” is the reverse mapping of a point in the
second image into a line in the first image. ThereforeEd. glalminimum when the epipolar
lines are perfectly matched with their corresponding moint
An even more useful error metric is the Sampson error thahasvk to give better re-
sults than the symmetric epipolar error|[44]. This is thergetric distance to the first-order
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Figure 4.1: Two images from two separate image sequencest®sn shown with their raw
SIFT matches. Inliers have been shown in green and outhieedi. The right diagrams show
the errors of all the matches with respect to the fundamemalix estimated from the inliers.
The error magnitudes plotted in the QQ plots are calculag®aguhe Sampson error metric
defined in EqC412.
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approximation of the fundamental matrix:

i (XITZ'FXZ‘)2 (4 2)
< (Fx)7 + (Fxi)3 + (FTX5)t + (FTx)3 '

1=

where (F'x;)?, denotes the square of the-th entry of the vectof F'x;). Even though this
error cannot be minimized using an explicit formula, it canrbinimized using a nonlinear
optimization method. In fact, the Sampson error has beed tseughout this thesis as the
measure of the accuracy of the fundamental matrix. All sbametions, as outlined in Section
4.4.3 use this as a measure of error in fundamental matridese that the Sampson error
is the geometric distance to the first order approximatiotheffundamental matrix. For the
derivation of a more accurate measure of the geometric ezfer to [40].

Finally, the minimization of the reprojection error of thentlamental matrix is a compu-
tationally expensive method of obtaining a good solutiohisTs an ideal metric to minimize
when computation time is not an issue and a set of inliers bega identified. The reprojection
error of the fundamental matrix can be written as:

D d(xi, %) + d(x';, %)) (4.3)
i=1

wherex; is the reprojection of point; using the projection matrix which was obtained by the
fundamental matrix through E@._2I34. In other workls= P,X; andx] = PX; whereP,
and P, are the canonical projective cameras obtained ffoemdX; is the triangulation of the
pointsx; andx’; using these cameras. Therefore, the reprojection errbeiminimization of
the reprojection of matching points through a projectiverestruction due to the fundamental
matrix. In other words, a projective reconstruction is igafout using the obtained fundamen-
tal matrix and its reprojection error minimized to find the sheuitable fundamental matrix.
The minimization is carried out over the projective recamstion and the triangulated points.

Even though the minimized metrics do have an impact on theracg of the fundamental
matrix, the essential idea is that the fitting is done to aGetiers. Any of the aforementioned
metrics will lead to an appropriate objective function iéttlata used for the estimation is free
of outliers. However, if too many outliers exist in the dat@ne of the outlined objective
functions when minimized will produce a suitable fundamnaénatrix. As a result, a robust
method is required that is able to discern inliers from ewsliand to effectively fit an accurate
fundamental matrix to a set of image correspondences everahtains a large number of
outliers.
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4.3 Basic Estimation Methods

A RANSAC based algorithm, as discussed in Sedtion B.3.6iregtwo types of data fitting
strategies, one for the minimal solver and one for the firsestvhere a set of inliers has been
identified. This is the case regardless of the model that Ietéitted. These two techniques
are generally different since in the case of the minimal eobne can estimate an exact fit
but in the case of the final fit there are generally more comggrghan unknowns and some
measure of noise has to be minimized. In the case of the fued@nmatrix, the minimal
solver is referred to as the “7-point” algorithm and the gahsolver is referred to as the “8-
point” algorithm. Whereas the minimal solver is used ite@edy on randomly selected minimal
samples, the 8-point algorithm is used once to fit the modékdinal set of inliers. Note that it
is also desirable to perform a nonlinear optimization infthal stage of fitting the fundamental
matrix in order to further improve the accuracy. In this ceeoutput of the 8-point algorithm
can be used as a starting point for the nonlinear optimiaatigorithm and either the Sampson
error or the reprojection error can be minimized.

4.3.1 Seven Point Algorithm

It was previously explained that the fundamental matrix $mgen degrees of freedom. As a
result, given seven points it is possible to estimate a fomeddal matrix that exactly fits the
data. This is done by forming the usual matrix formA¥ = 0. This would lead to a rank
7 matrix which would produce a family of solutions in the foohaF; + (1 — «)F,. The
parametery can be estimated by enforcing thet /' = 0 constraint so thatdet(aF; + (1 —
«)Fy) = 0. This equation can be solved numerically and leads to art ékéxthe seven input
correspondences.

4.3.2 Eight Point Algorithm

This is a method that solves for the fundamental matrix givene than seven correspon-
dences. In a RANSAC framework it is generally used for the fihaf the data. The idea is to
use the general least squares formulatiodbf= 0 matrix and find the right nullspace using
singular value decomposition.

There are two problems when applying the 8-point algoritifra proper data normal-
ization is not applied, the results can be erronebus|[118o,Ahe rank 2 condition must be
imposed after the solution has been found which is not dasirsince ideally this constraint
should be imposed during the estimation. One way to enfdisecbnstraint in the estimation
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process is by using the epipolar parametrization [44]. Plaisametrization leads to a set of
nonlinear equations and must be solved using a nhonlineamization method.

4.4 Existing Algorithms

In order to estimate the fundamental matrix accurately,rm®gls a robust estimator to discern
inliers from outliers, in addition to having an accurateimiter that would refine the esti-
mated fundamental matrix once inliers have been found. Keweéhe contributions and the
outline of the existing methods presented herein focus erfitst step; the fast and accurate
classification of data points as inliers and outliers. Thia far more important step in the pro-
cess of estimating the fundamental matrix since once shee found most simple nonlinear
minimization routines can be used to refine an initial estined the fundamental matrix found
by a linear method.

In order to improve the robust estimation of the fundamemiadrix we have adopted the
RANSAC framework since the other algorithms reviewed in@ba3 do not perform as effec-
tively as RANSAC in the robust estimation of the fundamentatrix. A thorough analysis of
the use of various robust estimators for the estimation@fahdamental matrix has been car-
ried out in [119] and it was concluded that the best algorittonld be one where RANSAC is
used to find the set of inliers and then the results refinedyusiother method. Other methods
such as M-estimators are usually unsuitable since theyarasneffective in handling higher
error ratios. Therefore, the focus of this chapter will balenRANSAC framework for robust
estimation.

The following is a review of some existing methods for rolestmation of the fundamen-
tal matrix. They have been grouped according to the stagehibp address in the RANSAC
pipeline as shown in Figufe 3.7. Following this, the propbalgorithms are presented and the
chapter concluded with the experimental results.

4.4.1 Methods for Improving Score Metric

The following is a discussion on the different score measurehe literature for aggregating
the minimal hypotheses results in the RANSAC framework. Wdmgable( is used to indicate
the score of the whole dataset whereas used to denote the penalty incurred by a single
correspondence point. This is similar to the idea of the sobtestimator functions presented
in Sectior£3.35. In fact, using the terminology used in ®e.3.5,5; = p(r;). Note that, the
terms “score” and “penalty” have been used interchangealilyis thesis. These two terms
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are used to denote either a value that is to be maximized orodoe minimized respectively,
therefore a score function is simply the reverse of a peffaitgtion.

As described in Sectidn 3.3.6, RANSAC is an iterative alponi that draws minimal sam-
ples and scores the generated hypotheses on these minmyaksaaccording to the number
of inliers. In other words, once a random sample is drawn, dahis fit to this random sample
and then the number of points having less than a threshabd @ith respect to this model
is counted. This would amount to drawing seven data poimtspwespondences, in the case
of the fundamental matrix and using the 7-point algorithnfit@ model to each sample. A
penalty is then calculated based on:

Z ifr,>T
qi = . (4.4)

0o ifr,<T
wherer; is the square root of Sampson error of & point with respect to a given minimal
hypothesis and is a fixed score. There are a few problems with this score hexvene being
the unknown parametér. The second being the fact that this is a binary score functial
it assigns a fixed penalty to the error values. Therefore atgwving a zero error and one
having errorl’ get assigned the same score. A more plausible score furibidacores inliers
not only based on the fact that they are inliers, but also enwell these inliers fit the model,
is the MSAC (M-estimator SAmple Consensus) [120] penalty:

T ifr;,>T
4 = ) (4.5)

r; ifr, <T
where the penalty is merely the error value when the datat ian inlier, and a constant
value otherwise. This is an improvement over the RANSAC essimce the quality of inliers
is also taken into account. However, an even more efficiesresiunction was introduced in
MLESAC [120] where a maximum likelihood framework is usegyamalize error values. This
score function is a continuous function and is based on aum@xdistribution that accounts for
the distribution of the outliers and inliers as discussdfqri3.3.2. This score function is given

by:

Zlogp ri|F) = logz (

In this score formulation, there are still three parametieas need to be estimated. One is
the scale value, and one is the inlier ratio for the entire dataset). The third variable is the

%(%)2 (1 —p(v))%.) . (46)
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“window size” w or the range of possible error values that an outlier candakexplained in
Sectior 3.3.2. This depends on the search window size anbecaet according to the size of
the image. The inlier ratip(v) must be estimated using expectation maximization as shown
in [120Q]. This has to be done every time a new best hypothe$mind.

One issue with the MLESAC score is the fact that the paramefeahe distribution change
during iterations. In other words, one can have an entiriélgrént function of the residuals in
one iteration than the next. Therefore, comparing two sitoretions in two different iterations
does not always yield sensible results.

An improvement over the MLESAC score function was presem§HlL5] where each point
is assigned an individual probability of being an inli¢r;) and this is used in the calculation of
the score. This probability is also used in the samplinggsecas will be described in the next
section, and is estimated from the matching scores betweeodrrespondences. Therefore,
this matching score is a modification of £q.]4.6 where we have:

Zlogp ri|F) = logz ( %(?)2 +(1 —p(vi))%.) L@

Even though, unlike the MLESAC score, the parameters ofdtise function do not change
during the iterations, the score is still dependent o @miori probability for the correspon-
dences that is unknown and has to be estimated separately basnatching scores. As will
be argued in Sectidn 4.5, inlier probabilities that areefrifrom matching scores are often less
than adequate in many cases.

Another measure of the score of each data point as presenj&dd] is the value of the
kurtosis (or peakedness) of the distribution of the redglagthat point throughout all the iter-
ations of RANSAC. This is used by generating hypothesesgakie error for each data point
at every iterations and then calculating the kurtosis ofrdseailting histogram. The authors
argue that the kurtosis of inliers and outliers will form aggble clusters in the kurtosis space.
The authors argue that the distributions of the errors oh&aripoint is more likely to have
strong peak near zero and thus have a high kurtosis, wheneastlger will form a uniform
distribution without any strong peaks. Based on this theyaislustering method to classify
each data point depending on the kurtosis of its error Oigion. To this end, the value of the
kurtosis is used as a feature in a classification framewoiturE[4.2 shows the error distri-
butions of two sample inliers versus two sample outlierdlierCorridor sequence during 500
RANSAC trials. The top row shows the histogram of the redslothe two inliers and the
lower row shows the histogram of the residuals of the twoiexst! Clearly the distributions
are different and this information can often be used to disbetween inliers and outliers.
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Figure 4.2: Distributions of the residuals of two sampleeird and two sample outliers over
500 RANSAC iterations and their kurtosis.

The authors admit that the method begins to deterioratertoby®.65 outlier ratio. In
addition, the method requires a fixed set of iterations, pedeent of the number of outliers.
Also, a question that arises here is whether or not “phantomtiiers will be formed by the
classifier if no actual outliers exist in the underlying data

Figure[4.8 summarizes the three main penalty functionsribestso far. The MLESAC
function is shown with three different values fa(v). As discussed, each penalty function is a
function of the matching errors with respect to a fundamentdrix. The goal is to minimize
such a penalty function in order to obtain the more accuratddmental matrix. Clearly the
MLESAC function shown in Figure 4.3 is superior to the otheoi since unlike MSAC and
RANSAC functions MLESAC is a smooth function of the error.

There are also additional penalty measures, such as Leddediin squares (LMedS)
[131] where the median of the residuals is used as the scot@ast trimmed squares (LTS)
where the value of a certain subset of the residuals is ustttaglue to be minimized [93].
These methods are robust but they have a breakdown pdirit ofitlier ratio.
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Figure 4.3: Summary of three popular penalty functions s RANSAC framework which
have been discussed so far. RANSAC in Eq] 4.4, MSAC in[Eq. ABBMLESAC in Eq.[4.b
for three different values qf(v).

4.4.2 Methods for Improving Hypothesis Generation

Once a minimal sample is chosen, the traditional RANSAC rdlgm uses the 7-point algo-
rithm to fit a model to this minimal sample. However, there @ternative methods of fitting
minimal samples. One would be to add additional points byvarg more than the required
minimal sample, such as 8 points in the case of the fundaineatiaix. Also, it is possible
to fit a new model to the inliers found from the minimal samplesg the 8-point algorithm
as done in Lo-RANSAC [21]. The estimated fundamental mattigach iteration can also be
further refined by using a nonlinear optimization methodetditrthe inliers. Figuré 414 shows
the difference between the residuals of the 7-point allgoriand those of a further refinement
by refitting to the inliers of the minimal sample. It is shovinat the residuals decrease when
the inliers are further processed. The refitting to inligesthe 8-point algorithm has a slight
advantage since it uses a larger number of constraints teefltypothesized fundamental ma-
trix. The authors in[[21] also propose an additional methb@ngby sampling is done on the
inliers of the minimal fit and new models are fit to this newenlset. This improves the results
but comes at a computational cost that might not be genexatigptable.

4.4.3 Methods for Improving the Sampling Process

An important effort in improving RANSAC has been to improve tsampling process. Or-
dinarily, points are picked randomly from the entire set @frespondences. The selection of
which points are chosen is highly relevant to the final outea@hRANSAC. If noa priori
information is provided on the correspondences, as is tbe icethe original RANSAC algo-
rithm, points are chosen with equal probability in the sangpprocess. This presents a worst



Robust Motion Estimation 70
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Figure 4.4: Examples of only fitting using the 7-point algiom to the minimal samples versus
refining the hypothesized fundamental matrix by refittinig ithe inliers of the 7-point fit. The
above shows the residuals of the fundamental matrices figtantier correspondences of two
frames in the Merton College sequence using these two metidee experiment is repeated
100 times and the results of the mean errors over all correpwes are plotted.

case scenario since all points have the same likelihoodin§lmnosen regardless of whether
or not they are outliers or inliers. The solution to alleingtthis problem is to use non-uniform
sampling to give higher priority to points that are more Ijki® be inliers. The proposed algo-
rithms RES-RANSAC and LEV-RANSAC are detailed in Sectio® @nd 4.7 also belong to
this set of methods that attempt to improve the samplingge®cBasically a sampling method
that is more likely to draw inliers, and “good” inliers at thes the faster and more accurate ro-
bust estimator. In this context, a good inlier is one thatgles a better span of the parameter
space so that the model can extrapolate the rest of the dasandt sufficient to merely find
inliers, but “good” inliers that can provide more useful straints in the parameter space. In
other words, inliers are not created equal!

The following sections outline some of the existing meththdg attempt to improve the
sampling process and therefore the speed of convergencéhamlality of the estimated
model.

Sampling Based on Residuals

Methods based on residuals or the error terms use the ereacbfdata point with respect to
all generated hypotheses as a measure for guiding the semubcess. The error terms can
be indicative of an outlier if they are consistently high amicer if otherwise.
RES-RANSACI|90] is one of the contributed algorithms of tiiesis and will be discussed
in Section(4.6. This method uses the value of residuals agid distribution to guide the
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sampling process.

Multi-GS RANSAC [18] presented, 2 years after RES-RANSAfiers a sampling method
based on the proximity of the residuals in a preprocessigyg where residual neighborhoods
are formed. This algorithm is capable of discerning mudtgtiructures in the underlying data.

Sampling Based on Geometric Relationship of Data

These set of methods attempt to indgpriori data information based on the geometric proper-
ties of input data.

NAPSAC [73] is one of these methods. The argument behind M&PE that points
that belong to the same manifold cluster together. Theeefampling is performed by taking
an initial point and selecting the remaining points from pérgphere centered on this initial
point. The distances are estimated in the 4D space of camegpces. The algorithm increases
the accuracy over traditional RANSAC. However, points Hratnearby are often on the same
object and form nearly planar structures, often leadingetygetierate configurations. Therefore,
unless planar structures are scarce in the scene, apmtaatihis algorithm leads to a poor
estimate of the fundamental matrix.

SCRAMSAC [94] is another algorithm that attempts to imprtheesamples by using a spa-
tial consistency filtering process. The proposed samplinggss results in favoring matches
that belong to the same structure. Again, the problem withapproach is the high likelihood
in using samples that belong to fronto-parallel degengiat@ar configurations.

GroupSAC [75] is another algorithm that attempts to find tdtsof data points for sam-
pling, arguing that inliers are more likely to belong to tlaen® color segment. The segments
are made using a color segmentation or an optical flow clagtaigorithm. Since this method
relies on color segmentation and a clustering algorithnofiical flow, the outcome is highly
dependent on the performance of these two auxiliary algyost

In conclusion, methods that rely on grouping data togethdrsampling based on various
spatial relationships that lead to the formation of theseigs are often prone to inadvertently
picking degenerate samples on planar scenes. These efiggts not be as prominent on
scenes devoid of large planar structures, but this disadgarwill reveal itself on sequences
containing dominant planes. Also, the assumption thagisicluster together is often incor-
rect in cases with large amounts of textures where inliedsautliers can exist side by side.
Also, the idea of clustering data into neighborhoods melaatsa scale or threshold for deter-
mining membership to such clusters must exist, which canfbeudt to set and is usually set
heuristically in the above algorithms.
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Sampling Based on Matching Scores

Another set of algorithms that attempt to fiagriori information on input data are those re-
lying on matching scores. These methods argue that a comdspce with a higher matching
score is more likely to be an inlier.

GUIDED-MLESAC [115] is the first method in this category toeus Bayesian approach
to infer a priori on the sample matches. The authors use the correlationsstmferm a
distribution over each point on how likely it is to be an imie GUIDED-MLESAC uses the
zero-normalized cross-correlation value between gregtlpatches around the match points
in the source and destination images to find a measure of {itityaf a correspondence.
Letting .S; be the set of matching scores of poinin the left image against all its possible
candidates in the right imagel;, = {s;1, si2, ..., Sir } Wheres;;, denotes the correlation score
between points andk. Also, lettingv; be the event that theth correspondence is valid and
v; otherwise and similarly letting;, the event that poini correctly matches against poikt
the algorithm presents a measure of validity as:

p(vi) < p(vik|Sity -y Sin) (4.8)

where an experimental probability density function is dedithat maps the set of correlation
scores of a given point to a set of probabilities. Even thaingghscheme leads to higher ac-
curacy in the results presented in the paper, the methodwemils when there is only one
structure present in the data. In other words, the coroglacores can be used as a measure
of the likelihood that a point when there is only one motioagant in the scene. For instance,
Figure[4.5 shows an example where the scene contains lot¢aimiie addition to the egomo-
tion of the camera. It is shown that even though many of theifea are correctly match on
the object that undergoes a movement between the pairg, tbeespondences are still gross
outliers with respect to the fundamental matrix. Such megamight have high correlation
scores but are in fact outliers.

PROSAC [19] is another method that relies on the matchingescto calculate priori
values for the data points. PROSAC orders the corresporddnctheir similarity score and
operates on progressively increasing correspondencacsgtnerate hypothesis. Although
this method leads to higher quality sample sets, it is al$p @pplicable to cases with a single
motion is present in the data, and it is prone to degeneraties points with high correlation
scores are often on the same fronto-parallel structures.
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(a) Outlying correspondences. (b) Inlying correspondences.

Figure 4.5: Inliers and outliers for an image pair contagrtiwo motions; the egomotion of the
camera and the movement of the tea container. The motioorgeat the inliers are shown
with green lines in the right image and the outliers are shawtimred lines in the left. Many of
the features on the tea container have been matched cgtectihre considered outliers with
respect to the fundamental matrix.

4.4.4 Methods Based on Improved Hypothesis Verification

The runtime of a RANSAC based robust estimator can be exgulessi[20]:t = k(¢,, +mN),
wherek is the number of samples draws, is the time to instantiate a model from a minimal
sampleyn, is the average number of models per sample (2.3 for the fuadthmatrix) and
N is the number of samples. Here the time it takes to verify glsisorrespondence with
respect to a hypothesis is set to the unit amount of time. rE[dW shows the proportion of
the time that is spent in RANSAC on verification of the genedatypotheses. Clearly this
occupies the largest portion of the RANSAC computation time

As a result of this several, methods have been proposed twedtie computation time
of RANSAC by improving the hypotheses verification step.dilsince the contributed algo-
rithms, RES-RANSAC and LEV-RANSAC have been devised to esllthe issues of sam-
pling, they are easily combined with the hypothesis vetiiicaacceleration algorithms. In
fact, the experimental results show that the fastest velatgorithm amongst the implemented
methods is the combination of LEV-RANSAC with the probaliliatio test that will be dis-
cussed shortly.

Bail-out test RANSACI[15] proposes an exit strategy fromubgfication process. In other
words, when a certain condition is met, the data verificdtbop prematurely exits, thus saving
the time that would have been needed to go through all cayrelgmces. More specifically,
whenever the probability of finding more inliers than thetlfeand hypotheses drops below a
threshold, the evaluation is terminated, and the hypaghesiiscarded as incorrect.
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Figure 4.6: Verification time and overall RANSAC computatitme when the outlier ratio is
30%.

Preemptive RANSACL[76] is an algorithm designed for realdimmplementations. Here
the best hypothesis is selected from a fixed number of gestehgtpotheses. In other words,
the algorithm is independent of the inlier ratio and retutresfinal result within a scheduled
pre-allotted time. When the fraction of inliers is too low filne predetermined number of
hypotheses, the method fails.

Randomized RANSAC witff; ; is another method that uses thig, test. This test requires
that for a single hypothesis to be verified, it must be coasistith d data points out ofi
selected data. The optimal value &fs mathematically derived to be one point. Therefore,
during the hypothesis verification step, if the first randpotiosen point is not consistent with
the model, the model is not verified further. As with otherdamized RANSAC algorithms,
this means that some good models will also be rejected. Hemvdwe algorithm achieves an
overall computation time improvement by an early rejectbbad hypotheses.

Randomized RANSAC with Sequential Probability Ratio TesSPRT [20] is another
randomized verification algorithm whereby the speed of RANS$s improved by finding the
optimal number of data points to verify given the currenireate of the inlier ratio. This
algorithm uses Wald’s decision theory [127] to perform atirojzation to find the optimal
number of data points to verify based on the current estimftie inlier ratio. Since this
method is combined with the proposed algorithms in orderctoexe a lower computational
cost as discussed in Section]4.7, it will be briefly expandszhu

SPRT-based RANSAC essentially reduces the RANSAC comipuotdtcost by approach-
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ing the verification of hypothesized models as a sequemrisiing similar to those performed
in industrial inspection. The problem is to decide whethkath is “good” or “bad” by mak-
ing the smallest number of observations while minimizing gossibility of rejecting a good
model or accepting a bad model. This is based on Wald’s séigipnobability test which
calculates a likelihood ratio as:

- Pz | Hy) p(zj|Hy)

v=em) = e, (*.9)

J

whereH,, is the hypothesis of having chosen a bad model/pn that of a good model. When
z; is consistent with a model it takes the value of 1 and zeroraiise where this consistency
is based on the Sampson error being less than a thresholgrdbability of a random points
being consistent with a good model pil|H,) is simply the inlier ratio and the probability
of a data point being consistent with a bad hypothesis is feddes a Bernoulli distribution
whose value is analytically derived. This ratio is sequaiytiupdated during the verification
of a hypothesized model and once it exceeds some threghibld model under consideration
is rejected. This value is the only parameter that needs tophienized based on the latest
estimate of the inlier ratio and the desired probabilityejécting a good hypothesis. In fact,
the value ofA is recalculated based on an analytical formula whenevemnaesémate of the
inlier ratio is obtained by finding a new model with the higihssore.

For a more complete survey of RANSAC algorithms for imprgvihe computation time
and real-time performance the interested readers cantoefiér]).

4.4.5 Methods Based on an Improved Termination Criterion

Another important question in RANSAC is the problem of thentner of iterations, or the
termination criterion. The traditional RANSAC algorithmoposes that given a confidence
value,n, the number of required sampleslis,, = % for RANSAC. This formula
is a statistical measure of how many iterations it will talefdne RANSAC takes a minimal
sample consisting only of inliers. This is however a veryropéimistic approximation. As
observed in several works, including [115], it is not enotglonly take inlier samples, but
the samples should span the manifold well enough. This niban®ften the actual required
number of iterations required is higher than the one in tiaal RANSAC. As a result, some
modifications to this termination criterion have been psgzb

Ensemble RANSAC[130] and Preemptive RANSACI[76] uses agigrchined number

of iterations for their methods. The advantage of this i$ ithguarantees a certain amount of
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time for the RANSAC procedure, but the number of iteratioss become independent of the
actual number of inliers. Also, the methods do not extenddbér outlier ratios.

Randomized RANSAC with Sequential Probability Ratio TessBRT [20] offers a modi-
fied termination criterion. This algorithm modifies the titamhal RANSAC'’s formula in order
to incorporate their proposed stochastic hypothesis gatifin. This is due to the fact that
this algorithm does not verify a hypothesis against all gaiats and instead uses a stochastic
method of deciding how many data points to verify againseréfore, in this case it is possible
to have a good sample but reject it due to an error in the rarmshmhverification. As a result
the termination criterion has been modified to take this agcount.

LEV-RANSAC as described in Sectidn 4.7 offers a terminatioterion based on the con-
vergence of the proposedpriori information as will be explained.

4.5 Proposed Algorithms

In spite of the large number of modifications offered to tlaglitional RANSAC, there are still
open challenges in the case of robust motion estimation eSwithese are:

¢ Inadequacy of existing methods in dealing with higher eratios.

Challenge of multiple structures in images due to local oroti

Computation time and the requirement of real-time appboatfor faster algorithms.

Accuracy: the impact of poor fundamental matrix estimatiomself-calibration and
scene reconstruction.

Degeneracies, their detection and handling.

The following are the two proposed algorithms that aim torowe the accuracy and speed
of RANSAC. The first algorithm, RES-RANSAC [90] is a resicimsed RANSAC algorithm
and the second is LEV-RANSAC [39] which is based on the regjpesdiagnostics. The two
algorithms are presented and the experimental resulthavensafterwards.

4.6 RES-RANSAC

RES-RANSAC is an extension to the MLESAC algorithm that aimsnprove the sampling
process. This is carried out by incorporating attributethefresiduals from the hypotheses
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estimations to the minimal samples and using them as priatityaof correspondences and
refining these probabilities during the iterations of RANSA his algorithm is based on the
idea that residuals belonging to inliers often have lowegmnitaides than the outlier residuals.
Also the inliers tend to cluster in one area and have a lowsgedtsion. In order to illustrate
this fact Figurd_4]7 shows two instances of the RANSAC egtongprocess for two frame
pairs from the Wadham And Merton College sequences witleifft magnitudes of outliers
inserted into the set of correspondences. The plots cotitaimean of the residuals and their
standard deviation for those iterations where a new modatdgired. Since ground truth
correspondences are available for these sequences andtlieesocare artificially added, it
is possible to record the residuals of the actual inlierswgoutlier during the iterations of
RANSAC. Itis shown that the mean of the residuals are intlieaif their status as an inlier or
an outlier. Also as the plots for the standard deviationfefresiduals show, the inliers often
have a much lower dispersion and cluster together. Thisad ts incorporate a histogram
of residuals and their magnitude in calculating the dafaiori measures. These prioris,
denoted byy(v;) are used to improve the sampling by allowing it to pick pothest are more
likely to be inliers. Experimental results show that at gas outlier ratios, the RES-RANSAC
algorithm reduces the Sampson error and is also faster riimstef the number of trials) in
comparison with existing algorithms.

4.6.1 Validity of Correspondences

We evaluate the validity of correspondencesing the conditional probability(v;|r;) when
the errorr; is observed. Error here being defined as the square root &ahmgson error as
explained. We approximate the conditional probabjity;|r;) as:

p(vilr;) < 1 —p(0 <7r <) (4.10)

wherep(0 < r < r;) is the probability of an error value, lying in the interval0, r;]. The
larger the conditional probability(v;|r;) is, the more valid the corresponding pair will be.
The justification for this formulation can be seen by notihgttif a given correspondence
is associated with the manifold currently being estimatied errorr; will be small as shown
in Figure[4.7b. With a small error, the length of the interféal;] is reduced. This makes
the probability of the error being inside the interval venyadl. Consequently, the conditional
probability p(v;|r;) will be large. On the other hand, when the error is large, ¢hgth of the
interval is also large. This causes the probability of threrebeing inside the interval large,
making the conditional probability(v;|r;) small.
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(a) Merton College sequence residuals, 30% outlier ratio.
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(b) Wadham College sequence residuals, 50% outlier ratio.

Figure 4.7: Mean and standard deviations of the residuatdiefs and outliers for two frame
pairs from two sequences with varying levels of artificiatlieus in the correspondences. The
residuals are those from the iterations of RANSAC where arbeslel is estimated.
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A practical question is how to model the probabilitp < r < r;). A straightforward
solution is to employ a Gaussian function to model the praibadistribution:

p(r) eZor (4.11)

with o, being the standard deviation calculated from the overalbterrors. However, the
evaluation of this formula is time-consuming and the prdlitgtbp(0 < r < r;) is sensitive to
the variation of the error;. To avoid this, we quantize possible values @fito a finite number

of intervals with each interval having the same size. In itmiglementation, we are using 100
bins with every bin beiné% pixels in size. Errors outside this range will be assigned to
the last interval. In order to ensure the correctness of atameters we verified the feasibility
of this approach experimentally against various other sigmments and found that using this
value guarantees the highest likelihood of convergencellLebe the midpoint of the interval
(@1, Q111) then the probability distribution is approximated as:

7Ql,c

p(Qr <7 < Q) x ez . (4.12)

Also in order to utilize the fact that inliers cluster clogdgether, a measure of how frequently
the residuals occur in each bin of the histogram has beepadilLetH (Q);, Q);+1), be the pro-
portion of errors; in the interval(@;, @;+1), then we can argue that the higher this value, the
more likely the points in that interval are to be inliers. Tdfere, the probability distribution
within the interval(@;, Q1) is modified as:

7Ql,c
p(Qr <7 < Q1) o< H(Qr, Qi) X e (4.13)
Normalizingp(Q; < r < Q,11) results in:
H(Q Q ) 7Ql,c
, X e 2or
PQ <7< Q) = — b il = (4.14)
11 H(Qr, Quyr) X e 2or
Consequently, the probabilip(0 < r < r;) is represented by:
L
pO<r<r)=> p(Q <r< Q) (4.15)

=0

with L determined byY, < r; < Q1. To summarize, the probability of a data point being
an inlier is assigned by the residuals of the said data pdthtrespect to the latest hypothesis.
In addition, this probability is modeled using a Gaussiambimed with a binning algorithm
that assigns a higher score to bins with higher number ofluess.
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4.6.2 Estimation of the Prior Validity

As described in Section 4.4.4, the prior probability;) is a measure of the validity of a
correspondence before a random sampling trial is performfsl an estimate of the prior
validity of a correspondence, we propose that the conditiprobabilityp(v;|r;) becomes the
prior:

p(vi) < p(vilr;). (4.16)

Letting p(v\”) be thea priori of thei-th point at iterationj, we can use the above formula-
tion to assign its value. However, the valuept()ﬁi(j)) is unknown since thp(rgj)) is derived
from the current model at thgth iteration, and is not known at this stage. Lettihgrep-
resent a model being estimated, alid denote the best model found so far in the iterations
before thej-th trial, we can calculate the probabilityv;|r;(A/*)) using the data set associated
with the best model/* that has been attained so far. In our formulation, we use @dhdie
tional probabilityp(v;|r;(M*)) to approximate the prior vaIidity(vfj)) at thej-th trial, i.e.
p(vi(j)) = p(vf|r;(M*)). This approximation is reasonable when we consider thahtbdel to
be estimated is the one that is associated with the domiadainithe complete set of putative
correspondences.

After the current modeM V) is derived, it is determined whether or not it is better tham t
best model found so far. If so, the best modtEl and the conditional probability(v; |r;(M*))
will be updated, respectively, by/* = M; andp(v?|r;(M*)) = p(v? |r;(M©)). Otherwise,
the current model/ V) is discarded and no update on the estimates of the condificotzabil-
ity p(v}|r;(M*)) will be carried out. It is possible that an early unreliatdémate of the prior
probability can make the final estimates of our algorithmredye from the true model. This
is due to the fact that if a decision is made too early about#hge of the prior validities, it
can trap the algorithm in an incorrect solution. To redud® plossibility, the estimation of the
conditional probabilityp(v}|r;(M*)) is performed only after at least 10% of the total number
of trials have been completed. The feasibility of this ajgefed was verified experimentally.

The prior probabilities are used in a Monte Carlo samplingtegy where points with
higher priors are likely to be picked more often. This is $anto the sampling strategy pre-
sented in[[115]. The experimental set up and the results isigotie effectiveness of this
strategy are presented in Section 4.8.
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4.7 LEV-RANSAC

LEV-RANSAC presents an improvement to RANSAC where regoesdiagnostics informa-
tion is incorporated in RANSAC in order to improve accuracyl apeed. Similar to RES-
RANSAC presented in Sectidn 4.6 this algorithm aims to esténtorrespondence priori
values in order to improve the sampling process. This imgmoent in the sampling stage
speeds up the estimation by taking advantage jfiori information derived from regression
diagnostics calculated from the residuals during thetit@na of the minimal sampling. Also, a
new stopping criterion is presented that enables a muctehgpeed in the estimation process
and guarantees that the iterative estimation is stoppedasas the best model is found. In
addition, LEV-RANSAC can easily be combined with existiagdomized hypothesis verifica-
tion techniques, such as SPRT which was discussed eavlghteve an even higher accuracy
and speed. The algorithm shows a marked improvement in theaxy of the estimation and
a speed up of more than three times over the traditional RABISA

4.7.1 Overview

As argued, there is readily available information from ttegations of the RANSAC process
that can be used to estimaepriori information that will guide the sampling process. Tde

prioris estimated by LEV-RANSAC are based on a more statisticatigmmgful measure than
pure residuals (i.e., RES-RANSAC) and a more general omertfaching scores (i.e., Guided
MLESAC). In addition, the method works well independentiylee number of motions present
in the scene since it does not rely on matching scores.

4.7.2 Regression Diagnostics

In LEV-RANSAC, the values of the priori probabilities are derived from the measure of
each correspondencé‘gluence In other words, the amount by which a single correspondence
influences the estimation of the fundamental matrix is usedraeasure of its probability to be
an inlier. Influential points tend to “pull” the regressiooetficients in their direction and are
often outliers as reviewed in Chapiér 3. In order to assesmfluence of the correspondences,
the value of Cook’s distance is adopted in the proposed igttgosince the fundamental matrix

is a linear model and the same principles used in standagdrliregression apply here. This
guantity was explained in Sectibn 3.3.4 as is stated again as
N E L —hi

(4.17)

)
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Figure 4.8: Example of the mean Cook distances for outliersus inliers in the iterations
of the proposed algorithm in the Merton College sequendduats (30% outlier ratio) and
Wadham sequence (50% outlier ratio).

where in this casé; is the studentized residuals of a correspondence with cegpthe funda-
mental matrix and; is the leverage of said point. In the proposed algorithm KZodistance
for all data points is iteratively updated and theriori probabilities are estimated based on
this distance. Since Cook’s distance is more meaningful thare residuals, the algorithm
is able to discern between inliers and outliers more effettithan the RES-RANSAC algo-
rithm. Figurd 4.8 shows an example of the Cook’s distancesoredor the inliers and outliers
for two different frame pairs with artificial outlier nois@.he measure of Cook’s distance is
highly indicative of the inliers and outliers and is a morieefive means of detecting them.

4.7.3 Sampling with Regression Information

In order to use Cook’s distance as a measure of a probatalitiensity function has to be
defined that maps Cook’s distance to a probability value.his tase a probability density

. . . . . (D;)?
function is chosen to be a Gaussian function definedzgy?;,) = Vzi?e_ﬁ' The mean

of the Cook distances is assumed to be zero, and the stanelaation is calculated using
the median absolute deviatidn [64]. In other words, a sméaathktion of the Cook distance
measures is used to denat@riori probabilities, and sa(v;) < p(D;).
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4.7.4 Termination Criterion

Normally the number of iterations that the RANSAC algorithas to run through is calculated
statistically as shown in E¢._3119. Here we propose a newpsigriterion where the itera-
tions are stopped when tlaepriori probabilities converge. The convergence is detected when
the mean absolute difference betweendhaiori values between two consecutive updates is
below a threshold¢z. Similar to the traditional method of stopping the RANSAEr#tions,

the user has to specify this threshold. In other words, t@tions of LEV-RANSAC are
terminated when:

ST ped) - pf ) < G (4.18)
7=0

Whet’Ep(vi(j)) is thea priori probability assigned toth data point during thg-th update, and
G is set to 0.05 in the experiments. This value was found exparially; higher threshold
values will generally sacrifice accuracy for speed and loveduwes will achieve a lower error
at a higher computational cost. This is true in a probakilis¢nse; in other words, a lower
threshold willon average produce more accurate results. Note that unlike the RANSAC
termination criterion, the proposed criterion does notliekly consider the probability of
choosing an inlier set. Rather, the proposed criterion resstinat no additional iterations are
performed once the values for the probabilities come to atgdiconvergence, since a better
sample is highly unlikely to be picked at this point. Alsostunlikely for the probabilities
to converge when a good model has not been found yet, siniog fitt outlier sets leads to
highly variable errors which do not tend to the same valuesulbsequent iterations. Figure
4.9 shows an example of tlzepriori values for the inliers versus outliers for two frame pairs.
The mean of the probabilities tend to be significantly higieerthe actual inliers, indicating
the improvement in the sampling process.

4.7.5 Overall Algorithm

Algorithm[1 outlines the various stages of the LEV-RANSACthuel. Here,; denotes the
number of the current iteration,; andr; denote the values of leverage and error residual for
the i-th point. p(v;) denotes the measure of the validity of pointalculated using Cook’s
distance.F'U) denotes the fundamental matrix that is estimated at iteratiising the minimal
sample that is found in this iteration, aftd denotes the best model found so 1@f/) denotes

the score at iteratiojp andQ* denotes the best score found so far. Note that the scoremised i
LEV-RANSAC is the MSAC score [120] due to its robustness aintpficity. Also, the error
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Figure 4.9: Example of tha prioris for outliers versus inliers in the iterations of the pragubs
algorithm in the Merton College sequence residuals (30%epuatio) and Wadham sequence
(50% outlier ratio).

residualr; is based on the square root of the Sampson error of correspoadwith respect
to the hypothesized fundamental matrix.

The algorithm proceeds by updating the probabilities whdrest new sample is found
using the new values of leverage and the new residuals esdclfrom this best model. From
this point on, the sampling process is guided based on theravabilities. The probabilities,
p(v;) are updated only when a new best model is found. When thigscthe set of inliers
with respect to the new model are found based on some threg§hwlhich is set to bé .96 x o
and wherer is often taken to be 1 pixel [119].

Finally the algorithm ends when one of two termination crités met. The first termination
criterion is the traditional one used in RANSAC and the sédsrthe proposed criteridn 4.18.
However, almost in all cases, the proposed criterion is mgtt $ince the presented guided
sampling improves the quality of the samples and so almastyeal a lower number of iterations
is needed than plain RANSAC.

4.8 Experimental Results

In order to test the proposed algorithms, a synthetic cpardence generation framework is
devised. For every single test, a random camera pair seiggmerated where the two cameras
have an arbitrary rotation and translation (non-convergetups are rejected). Once this setup
is created the camera intrinsic parameters are set to satmaévalues (image size is 512x512,
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Algorithm 1 Guided Sampling with Regression Diagnostics
1: Detect image matches
2: Initialize: p(v;) < 1, =0,Q* =0
3: while j < juee dO
4:  take minimal samplé,,;, usingp(v\”)
5. fit model ), find errors;; w.r.t. FY9), find scoreQ)
6: if QU < Q*then
7: update:Q* = QU andF* = FU)
8
9

form inlier setS;,, = {i|r; < T}
: update leverage of inliers from design matriX(.S;,)
10: find Cook distance®, andp(v;) for all the data

1 i, () = pef V)] < G then
12: Terminate and Returf™

13: end if

14. end if

15: end while
16: return F™*

focal length is 700). Then a set of random points in spacegditeaseen by the two cameras are
projected into both images and the set of image correspaedare created. This data is then
corrupted by two separate noise processes. The locatidhs tdature matches are affected by
a Gaussian noise with a one pixel standard deviation to ntimeiprocess of feature detection
and its inherent localization errors. The outliers are @enerated by adding an arbitrary
value from a uniform distribution to the locations of matshe one image. For any given
outlier ratio, 200 such tests are created and the resultsvaraged over all the tests. Each test
configuration consists of 1200 points projected in each efddimeras. Figufe 4]10 shows a
sample of an instance of a generated synthetic image pdirthagir correspondences. While
the synthetic noise-free matches and their correspongipplar lines are shown in Figure
4.104&, Figuré 4.10b shows the corrupted correspondentiesheioutliers marked in red.

The comparisons were made between MSAC, MLESAC, RANSAC,-RESISAC and
LEV-RANSAC, and plain RANSAC with SPRT and LEV-RANSAC comled with SPRT for
accelerated verification. Guided MLESAC was omitted duebt®eace of correlation values
since the tests are synthetic and so no texture informaisise

The first set of tests results, as shown in Figure 4.11a pieteacomparison of the mean
error averaged over the number of tests for varying levelsaide contamination. In other
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(a) Ground truth matches and epipolar lines for (b) Matches corrupted by noise to form artifi-
a synthetic frame. cial outliers.

Figure 4.10: Synthetic correspondence generation witliceatly added outliers and Gaussian
noise.

words, for every contamination level, 200 tests are peréarnThe results of a given test for
each algorithm is a final estimation of the fundamental maifherefore, the mean error for
every algorithm is defined as the mean error of its hypotleesiandamental matrix with re-

spect to the ground truth matches, averaged over the nurhbr&ls. As it is shown, the error

of the fundamental matrices found using LEV-RANSAC is siigaintly lower than other algo-

rithms except for higher outlier ratios compared with RESNSAC. This performance drop

is negligible when considering the fact that LEV-RANSAC #rttlis solution in a significantly

lesser amount of time.

The second set of test results, as shown in Figure #.11bemqsethe computation time
comparison between the tested algorithms. Note that MLEB#&a much higher computation
time because of the expectation maximization step|[120f d¢tear that the LEV-RANSAC
method has a much lower computation time than the compeljogitnms. Even though the
leverage values need to be calculated, this only happens wheest model is encountered
which is onlylog(k) times wherek is the number of iterations [20]. This additional cost
incurred for calculating the leverage is well compensatgdhle lower number of iterations
due to the higher quality samples.

The third and fourth sets of results demonstrate the effentiss of combining LEV-
RANSAC with two existing hypothesis verification methodsgures4.12a and 4.1Pb show
the error and time comparison between g method with LEV-RANSAC combined with
T4.4- The combination of LEV-RANSAC with randomized verificatishows a lower error for
all outlier ratios due to the higher quality of the samplesthdugh the computation time of
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Figure 4.11: Comparison of the performance of the propokgdithms.

the plainT; , is better for lower error ratios, the combined method manstiés steady com-
putation time for all outlier ratios, whereds ; degrades quickly as the contamination levels
increase.

Finally, the last set of experiments, as shown in Figlre8atand 4.13b show the accu-
racy and timing comparisons of SPRT versus LEV-RANSAC wiBRS. Similar to thel} 4
case, this combination yields an even faster method thaputeSPRT case. Here again, the
combination of SPRT with LEV-RANSAC method has a lower estiion error for all outlier
ratios. In the case of the computation time, LEV-RANSAC parfs worse than plain SPRT
in lower ratios, but the timing remains steady in the highreoreratios, whereas plain SPRT'’s
speed degrades very quickly in these higher error ratios.

4.9 Summary

The robust estimation of multiple view geometry, mainly fli@damental matrix via the
RANSAC framework has been discussed in this chapter. Sewethods that have built upon
the traditional RANSAC algorithm have been reviewed. EXeyugh various improved sam-
pling techniques exist, many rely on information that is acturate in all cases. Two algo-
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Figure 4.12: Comparison of LEV-RANSAC combined with, test with plainT ;.
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Figure 4.13: Comparison of LEV-RANSAC combined with SPRThaplain SPRT.
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rithms have been presented, namely LEV-RANSAC and RES-RXINShat do not depend
on any domain knowledge such as matching scores or geompetximmity of correspondences
to form sampling probabilities. The results show the imgbgpeed and accuracy of the pro-
posed methods. In addition, both methods can be combinddrastdomized verification
algorithms. This has been in fact tested with LEV-RANSAC #nel results show the time
improvement of this algorithm when combined with randordizerification and speedups of
up to three times over RANSAC.



Chapter 5

Robust Self-calibration

5.1 Introduction

Camera self-calibration is the process of estimating timeta parameters using only the in-
formation available through an image sequence [46]. It EsaBD reconstructions from a
sequence of uncalibrated images without having to rely armdl calibration process. Such
formal calibration processes are often cumbersome asstiedun Section 2.3.2. Also, access
to the original acquisition device is not available in maage&s such as applications involving
Internet image databases. Therefore, the idea of selbfratitbn, or auto-calibration, is highly
attractive for the computer vision community, offering fhassibility to infer camera parame-
ters using only the images themselves. Furthermore, aecamna robust self-calibration offers
the possibility of a consumer level 3D reconstruction t@doldth no need for any external
information other than the images.

There are several widely used categories of self-caldmatiethods that will be reviewed.
The first category uses the projective geometry of a scentharabsolute quadric, as described
in Section 2.2.8 to estimate the camera parameters [82].naliprojective reconstruction
has to be available before self-calibration can be achieheslis a computationally intensive
step since bundle adjustment needs to run through the pix@eeconstruction to ensure an
accurate estimation of the parameters.

The second category is based on the Kruppa equations thanuseaginary conic with
complex points, namely the absolute conic, as describeddi@{2.2.8[[112]. Its performance
relies on precise localization of the epipoles, which isadatays possible since the locations
of the epipoles are highly sensitive to noise.

The third category uses algebraic properties of the esdenétrix to provide camera pa-

90
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rameter estimates [128, 70,/36]. However, the methods s dhaiegory have to deal with
finding a global minimum from a difficult objective functiomhe methods offered in this the-
sis belong to the last category, since this set of methodsrehés on an accurate estimation of
the fundamental matrix. As described in Chapler 4, it is ixdss$o estimate the fundamental
matrix accurately in very high-noise situations. Alsosthet of methods does not require local-
ization of the epipoles or the computationally expensivagqmtive reconstruction. However,
as mentioned, the challenge with this set of methods is themzation of a difficult objective
function that contains many local minima. In addition, tlemtributed methods address the
problem of robustness in self-calibration, defined as imitgun certain inherent degenerate
configurations and noisy input data (i.e., fundamental iced). Robust self-calibration is an
idea that is often neglected in the literature but is of gima@rtance, considering the sensitiv-
ity of self-calibration to input noise and degenerate aratHtegenerate configurations.

To this end, three methods have been developed that will §mused in this chapter.
Before that, the basics of the aforementioned three egiseif-calibration methodologies will
be reviewed. Due to the nature of self-calibration algonghthe review of existing methods
will be divided into a review of existing constraints thanhdae used for self-calibration and
those methods that can effectively obtain solutions udiegé constraints. Subsequently, the
proposed methods are outlined, and finally the experimeasalts are presented.

5.2 Existing Constraints

There are several constraints for finding the camera paeamieta self-calibration framework,

some of which make assumptions about the scene (e.g., {B2@} or the camera motion

(e.g., pure rotation [42]). However, the most general algors depend only on correspon-
dences between the images in a sequence and are indepeigfsattial motion or structure in

the scene. Four main categories of self-calibration cairgss will be discussed in the follow-

ing section.

5.2.1 Estimation of the Absolute Quadric from Projective Reonstruc-
tion

Originally proposed in[[122] and [82], these methods penf@an upgrade from a projective
space to a Euclidean one by using the location of the absgiigdric as described in Section
[2.2.8. As reviewed in Chaptér 2, the projection of the alisofuadric to the image of the
absolute conic can be written as:
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KK" =w* = PQ*_PT (5.1)

whereK is the matrix of the intrinsic camera parameters defined as:

fo s U
K=10 f, v (5.2)
0 0 1

andQ?_ denotes the matrix containing the coefficients of the alteauadric and” denotes

a projection matrix. In order to estimate the camera pararséf, the coefficients of the
absolute quadric have to be found first. The method_ in [82ppses a minimization of the
objective function:

n 2

minz
=1

where the subscrigl.| denotes the Frobenius norm and edtlis the projection matrix of a
camera in a projective space. This objective function ismized using a nonlinear optimiza-
tion method. As mentioned previously, a projective recarcs$ion is required to instantiate the
above objective functions and the resolution of the paramsatsing this constraint requires a
good initial estimate. Also, the objective function susférom numerical instabilities which
have been remedied in a newer edition of the algorithm pregos[85].

KKT  PQLP!

. (5.3)
IKKT||  |PQ:P

5.2.2 Modulus Constraint

Similar to the case of the absolute quadric, the use of theutneatonstraint requires an initial
projective reconstruction. However, the upgrade fromgutiye to metric reconstruction is
now done in two separate steps. This is also referred to awsi#fistl reconstruction where
the plane at infinityr, (discussed in Sectidn 2.2.7) has to be found first. This hghgsade
the projective reconstruction to an affine space. Follovilng, the camera parameters are
estimated which helps to upgrade the reconstruction follpé metric space. This algorithm
was initially proposed in[84]. Letting the plane at infinltg defined astro, = (p, 1)” and a
camera projection matrix defined in a projective space’as: [A;|a;] it is known that:

A; —ap’ = KR,K'. (5.4)

where R; is the relative rotation of theth frame with respect to the reference coordinate
system. Sincéd RK ~! is conjugate to a rotation, it has a set of known eigenval@&k [As
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a result we can assume the eigenvalues of the left side ofghatien are known and this
gives a set of polynomials in terms of the characteristicagiqn of the(4; — a;p”) matrix.
Solving these equations using a continuation method giges$ af answers that can be filtered
through using additional frames in the sequence. Once thatieq for the plane at infinity
is resolved the reconstruction can be upgraded to an affoomséruction. Subsequently, the
camera intrinsic parameters are found using a linear metdhddefined through a nonlinear
minimization.

In addition to having the same issues as the method usindpudde quadric, this method
depends on localizing the plane at infinity which is very g@resto noise [44]. Several meth-
ods have been devised to incorporate scene constraintden tarimprove the localization of
the plane at infinity such as the method proposed in [56].

5.2.3 Kruppa Equations

Another group of self-calibration constraints are basedhenKruppa equations [30, 112].
This is one of the earlier self-calibration methods that tiefundamental matrix as input.
The Kruppa equations are algebraic representations ofdirespondences of epipolar lines
tangent to the absolute conic. The complete geometric Baptn of this equation is beyond
the scope of this thesis, however, a brief description isigex.

The Kruppa equations relate the absolute conic to the fuedéahmatrix and its epipoles
by:

[elw* €], = AFw*FT. (5.5)
where ) is an arbitrary scale factor and is the epipole. Methods utilizing this constraint
either attempt to explicitly calculate this scale factod][8r eliminate it altogethef [62]. One
way of eliminating this scale factor is by using the ratio lo¢ torresponding elements from
either side of the above equation leading to six constraisits

([eTweDu _(eTweDi _ ([ew ez _

(FM*FT)H (FM*FT)lg (FM*FT)QQ
(el _ (el _ (€hwfedn O
(FM*FT)B (FM*FT)Q?, (FW*FT>33 )

This leads to six polynomials in the unknowns of the calibraimatrix K. It was shown in
Section 2.54 that dual of the image of the absolute comis defined asw* = KK” and
so solving the above equations leads to solutions in thangitrparameters. However, from
the above six equations only two are independent, and tireréfie task of choosing which
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ones to use or how to combine the results together can be kergialg problem on its own
[59]. In fact, much research has been carried out on impgotvia performance and numerical
stability of the Kruppa equations. One variant of the Krugggations that is designed to
improve its reliability is presented i [112] and used laterin this thesis in order to initialize
an optimization for one of the proposed algorithms in SedSd.

5.2.4 Huang-Faugeras constraint

This constraint is based on properties of the essentiaixjdé], and is commonly referred to
as the Huang-Faugeras constraint. As discussed prevjtlslgssential matrix can be written
in terms of the fundamental matrix as:

E=K"FK = [t]«R. (5.7)

Note that the intrinsic parameters of the two cameras tleatised to calculaté’ are assumed
to be identical as mentioned in the introduction.

Given Eq.[5.8, one can deduce that the essential matrix faglemtical singular values
and a third singular value that is zefo [46]. The fact thatftirelamental matrix has rank two
enforces the constraint on the third singular value, buttmstraint that the other two singular
values are equal is only met when the essential matrix isutzkd from the correct camera
intrinsic parameters. This in fact provides two constiaimter the intrinsic parameters [70].
Therefore, givenV fundamental matricegy,, . . ., Fiy the objective function over the intrinsic
parameters can be formulated as:

N
: Wy O(1,6) — 9(24)
min E <ZN ) (5.8)
=1

whereo, ;) is defined as the first singular value of thth essential matrix obtained from the
i-th fundamental matrix using Ef. 5.8 with the parameterizatera intrinsic parameters.
Similarly o, ;) is the second singular value of tih essential matrix. Also, the weights are
denoted byw,; and represent the confidence in the estimation of the fundtanmatrix. Al-
ternatively, they can be set according to the number ofrslier a function of the residuals for
the fundamental matrix as detailed in [70]. An equivaleritdigebraically different objective
function that can be derived from the above formulation wagpsed in[[36]. This objective
function can be written as:

min|2EETE —tr(EET)E||r. (5.9)
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Using a sufficient number of fundamental matrices, thenstd parameters of the camera can
be found by minimizing the above objective functions. Hoemrwue to various degenera-

cies and numerical instabilities and noise affecting thelimental matrices, this is a chal-
lenging problem. The following section discusses the issuebustness in the context of

self-calibration and the subsequent sections offer theetlbontributed methods towards this
end.

5.2.5 Trivedi Constraint

Given that the essential matrix has only six degrees of freedorfi, = EET also has six
degrees of freedom (refer to Section 214.3). In fact:

t24+12 —tity  —tits
S =FEE" = ([t]xR)([t]«R)" = [t]x[t]yx = | —tots 3+ —tots | . (5.10)
—tits  —tyts 13+ 13

Since the above formulation decimates the rotation matrxyesulting matrix only has three
degrees of freedom belonging to the displacement matrixa &esult, it can be shown that:

457 — (tr(S) — 25y * (tr(S) — 25;5) = 0 (5.11)

wheresS;; is theij-th element of matrixS. The above can be used as an objective function to
be minimized in search of a set of intrinsic valu€sin the same way as the Huang-Faugeras
constraint. In fact, the above formulation has been showbet@quivalent to the Huang-
Faugeras equations [61].

5.2.6 Special Cameras and Camera Motions

The attempt in this thesis has been to solve for the set afigitrparameters of a general image
sequence when assuming camera parameters are fixed. Hpfeegpecific types of cameras
and camera motions, simplified self-calibration can beveeri Two of these methods will be
briefly mentioned for completeness.

One such specialized camera motion is that of rotating casndihis is a commonly occur-
ring situation since pan-tilt cameras are a common imagewice. These methods often rely
on the homography relating the images of a scene taken byathera undergoing rotation/ [8].
Constraints over the calibration matiix can be derived from these homographies.

An example of a special camera is that of a semi-calibrateteca. Such a camera is fully
calibrated except for an unknown focal length. This can be tduknown assumptions over
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the camera. For instance, if a camera is known to have asgictaf unity and an optical

center which coincides with its image center, the only patamthat is left to search for is
a single value of the focal length. An example of an algoritbessed on this assumption is
presented in[54] where the fundamental matrix and the unkrfocal length is estimated
from the correspondences between a frame pair in a RANSAGefnark.

5.3 Existing Robust Methods

Robust self-calibration is an area that has received httiention in the research community.
There are very few methods that have proposed ideas thabwapine robustness in the self-
calibration process. One of these methods relies on thedsmde in the fundamental matrix in
order to introduce robustness to the underlying process.aldgorithm presented in [70] uses
a method of weighing the fundamental matrices in the opttion used to find the calibration
parameters according to their confidence levels, basedeoregression characteristics of the
estimation of the fundamental matrices. The proposed virgggdtheme uses either the number
of inliers used to calculate a fundamental matrix or the mafats residuals as a measure of
confidence. This is an effective robust strategy to obtaireasure of robustness against error
in the fundamental matrix caused by outlying matches; heweas will be discussed, there
are other sources of error involved in self-calibration eththis method does not address.
Comparisons have been made against this weighing schethreeerperimental results sections
of this chapter where this method is referred to as the Gaonadgorithm, referring to the use
of geometric error in estimating the weights.

Another attempt at producing robustness in self-calibratvas made by the work pre-
sented in[[59] where the covariance of the fundamental mnastimates are used to compute
weights for each constraint. The covariance of the fundaahematrix is obtained as a byprod-
uct of the estimation of the fundamental matrix as proposddi]. The use of the covariance
of the fundamental matrix follows the same strategy as tegipusly mentioned method of
using the geometric error, since both algorithms use measimumerical stability of the fun-
damental matrix for weighing the fundamental matrices sThethod achieves mixed success
since the results for higher noise ratios show oscillat@tydvior as mentioned by the authors.

The self-calibration method proposed|in [128] uniformlyngdes the parameter space and
uses a gradient descent in conjunction with a Genetic Adigiariteratively. Due to the stochas-
tic nature of this optimization, the algorithm is naturadiigle to avoid the problem of local
minima. However, they ignore the estimation of the opticatter. Furthermore, since no
prior distribution is assumed over the parameter space,ni@thod suffers from redundant
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computations due to over-sampling.

The proposed numerical normalization in [[85] aims to imgrakie robustness of self-
calibration with respect to numerical instabilities. Theties on making assumptions about
the range of possible values for the intrinsic parametexsdier to condition the projection
matrices to have a uniform range of values which would ledzktter numerical stability.

A method offered in[[82] uses a stability analysis methodetedt which sequences are
suitable for self-calibration. This method aims to find degrate or near degenerate image
sequences with respect to self-calibration. This is cawigt by examining the singular values
of the Jacobian matrix in the optimization for the image @& #bsolute conic. When a near-
zero singular value is detected the problem is indicatechatable and the sequence flagged
as degenerate.

A preliminary work on the sensitivity of self-calibration hoise was carried out in [45].
The author presents a Least of Median squares (LMedS) agprbaefly explained in Section
4.4.3. This simple statistical approach to robust estiomatias a breakdown point at 50%
outlier ratio. Also the proposed method is based on the gssomthat the motion between
cameras is purely rotational. The presented algorithnssrchapter are tested in significantly
higher error ratios and apply to general camera motions.

5.4 Robust Self-calibration Strategy

There are multiple sources of error for self-calibratiqgoaithms. Often more than one of these
sources of error affects the results of self-calibratiohe§e four noise generation processes
are:

e Error in the fundamental matrix.
e Degeneracy or near degeneracy.
e Incorrect assumptions over the intrinsic parameters.

e The inherent difficulties in finding a global minimum in thejettive function for self-
calibration.

First and foremost, in spite of using robust methods, oftiewaoutliers are used in the final
estimation of the fundamental matrix. The results of salfbration are highly sensitive to this
noise. Even though this noise might not visibly change thpagar geometry, the effects on
the results of self calibration are pronounced. Figuré Bdns the effects of a single outlier
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Figure 5.1: Effects of a single outlier on the objective fuma.

on the results of self-calibration for two different imaggjsences. These are the Wadham and
Merton College sequences obtained from [6]. The numberwéspondences are in the order
of hundreds as displayed in the diagram, but as it is showmghesoutlier can significantly
change the shape of the objective function for the estimaifadhe focal length. This single
outlier has been artificially added to the set of inlying espondences and this in turn used to
calculated the fundamental matrices involved in calcatathe objective function. This single
outlier is created randomly within the image dimensionse ©bjective function in this case
has been shown in terms of a single variable, namely the fergth, for illustration purposes.

The second issue affecting self-calibration is the presefidegeneracies [111]. Degen-
erate configuration or critical motions are specific motiohthe camera that cause the self-
calibration constraint to fail to provide a stable solutidhere are several known degeneracies;
however a prominent degeneracy that effects all self-cidn methods is the case of pure
translation. Under these circumstances it is not possibiesé self-calibration techniques to
estimate the parameters of the camera. Figuie 5.2 showHé¢htsef degeneracy on the shape
of a 1D slice of the self-calibration objective function whenly the focal length is varied. The
objective functions shown are generated from synthetigemsequences. Each set contains
three images where two are parallel and a third is non-gdrallhe figure shows the super-
position of the objective function of the parallel (degeaie) camera pair and the non-parallel
camera pair from the same sequence of three images. It istbkgathe objective function is
invalid in cases of pure translation. In addition, nearefeggate cases can also cause numerical
instability.
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Figure 5.2: Influence of degeneracies on the objective fonct

Another source of errors occurs when assumptions on thasidiparameters are violated.
Oftentimes algorithms in self-calibration ignore the estiion of the optical center, arguing
that it is very close to the image center and so it can be asspneelefined. Also, some argue
that since the value of the optical center does not influelne@dconstruction significantly, it
can be ignored [13] (for a review of the definition of the opticenter, refer to Sectidn 2.3).
While the first assumption is not always true, one thing thaertain is that assuming that the
optical center is predetermined can lead to inaccuraciéiseirestimation of the focal length.
Figure[5.8 shows the effects of making an incorrect assumgbout the optical center on
the objective function. This set of experiments have alsmlgerformed on the Wadham and
Merton college sequences. In both cases the shape of theigéjinction based on using the
correct set of values for the optical center and the onesdbase@ising an incorrect value for
this quantity have been shown. The erroneous objectiveibmechave been estimated when
making a 100 pixel error on the location of the optical cen€@onsidering the image widths
are 1024 pixels, this constitutes approximately 10% eirbrs has a very large impact on the
location of the minimum of the objective function. As a re@sphrticular attention has been
paid in this thesis to the estimation of the optical center.

Incorrect assumptions can also come into play when assuaringspect ratio of unity
or a skew of zero when these assumptions are not valid. Alsenvassuming the camera
parameters are constant across a sequence when in facatlyegive can incur further errors.
The latter issues have been addresses in this thesis antdheaptl results will be presented
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Figure 5.3: Influence of making incorrect assumptions ablmibptical center (abbreviated to
“OCH).

which demonstrate the robustness of the proposed methalsegpect to this type of error.

However, for all experiments it has been assumed that skeaers and the search for the
self-calibration parameters has been performed in a 4Degpdhis thesis as mentioned in the
introduction.

Another challenge in the accurate estimation of the canamanpeters through self-calibration
is the fact that oftentimes the objective function is diffid0 minimize. This is due to local
minima and flat regions where the gradient approaches zerthas causes either a termina-
tion in the nonlinear optimizer or a change in direction teeatoneous location on the surface
of the objective function. Figufe 8.4 shows the objectivection of two different image se-
guences, namely the Corridor and the Valbonne sequences, éldy focal length in the x
direction, f, and the x-axis component of the optical centerare varied and the other three
parameters of the intrinsics matrix are set to their grouathtvalue. It is difficult to observe
the local minima from this 3D slice of the 5D objective fumetj however it is clear that the
global minimum is difficult to locate since a clear basin isett in both cases.

5.5 Proposed Algorithms

Various problems involving self-calibration have beenradded in the previous section. As
a result of these issues, it is clear that a naive approacélteaibration without consider-
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Figure 5.4: Objective function for focal length and x-axisptical center.

ation for the these sources of error is bound to produce eowmnresults. As a result, three
algorithms have been proposed to alleviate the issuesviestalith self-calibration. The next
sections provides a brief overview of the adopted selfecation strategy, the proposed algo-
rithms and following this the experimental framework use@ssess the proposed algorithms
is outlined. Subsequently, the proposed algorithms argepted in their full detail.

5.5.1 Self-calibration Strategy

The proposed methods in this chapter aim to improve the tobss of self-calibration from
fundamental matrices of an image sequence whose framegbastant, or near-constant in-
trinsic calibration parameters. Self-calibration hasbaefined as estimating this set of intrin-
sic values which contain all parameters except skew andowithsing any scene geometric
constraints, assuming specific camera motions or knowntgairthe scene. As explained,
there are different categories of constraints for selibcation of a general image sequence.
These can be mainly categorized into the algorithms thaturstamental matrices, and those
that use an initial projective reconstruction. The focushenproposed thesis has been that of
self-calibration from the fundamental matrix due to sele¥asons. First and foremost, since
the goal of this thesis is to present a generic self-calimadlgorithm which is independent
of a particular application it is desirable to avoid haviogerform a projective reconstruction
if possible. Also, using a fundamental matrix-based selibcation approach is more general
since it is not always possible to create an initial projectransformation in cases where it
is hard to relate all the images into a single projective &#gB81]. Moreover, it is shown in
[79,[77, 78] that projective reconstruction suffers fromrenthan merely the projective ambi-
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guity. In fact, the error surface for the Euclidean recangton has better numerical properties
than the projective one. As a result, it has been the aim sftti@sis to provide a framework
for obtaining camera calibration first and then carryingatiuclidean reconstruction.

Within the self-calibration techniques relying on the fangental matrix, we have chosen
to utilize the properties of the essential matrix preseit&ectior 5.2.4 rather than the Kruppa
equations. There are several reasons that make the Krupptiats less suitable for devising
a robust method. These issues are:

1. The known difficulty in estimating the scale factors in Kreppa equations [39].

2. Difficulty in choosing which of the six dependent equasiguer fundamental matrix to
use [59].

3. Additional degenerate configurations than other sdibtion methods [110].

4. The sensitivity of the solutions to the positions of theefes (often numerically unsta-
ble) [44].

The last item mentioned renders the results of the Kruppateans particularly sensitive to
any inaccuracy in the estimation of the fundamental mafixillustrate this point Figure 5.4
shows the performance degradation of both self-calibmatenstraints when the fundamental
matrix is perturbed with a noise matrix with variancel6f || /|| where|| F'| is the Frobenius
norm of the fundamental matrix. The figure shows the one d#ioel objective function for
varying focal length where all other parameters are seteéo tiround truth value after and
before noise is introduced. As shown in the diagram, the gaupquations are affected by
this noise to a much higher degree than the equations badbée éluang-Faugeras constraint.
As a result, the focus of the proposed thesis has been onpm@ting robustness into this
particular self-calibration constraint.

5.5.2 Overview of Proposed Algorithms

The first proposed algorithm for robust self-calibratiosdhon the Huang-Faugeras constraint
is the Randomized Multi-Start optimization that uses a $ifieg Kruppa constraint to initial-
ize the optimization process and then performs a guidealseéarthe parameter space. This
algorithm has the ability to overcome the difficulties of fimgithe global minimum when the
objective function is a difficult one to minimize in additibm performing a random selection
of the fundamental matrices which leads to a reasonableedegfirobustness with respect to
outliers. The second algorithm is based on perturbatioorjhend uses a weighted nonlinear
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optimization framework, where the weights are iterativedfined based on a measure of the
expected error of each fundamental matrix with respect lfecaéibration as determined by
results from perturbation theory. This algorithm is simpyerred to as “Perturbation” in the
experimental comparisons. Finally an algorithm is propdsased on the localization of the
convergence of a set of roots of bivariate polynomials. Tdteo$ roots (or zero curves) are
used in a geometric optimization framework to find the hyptital point of convergence. This
algorithm is referred to as the Zero Curves algorithm. Atdbie of the proposed algorithm is
the Huang-Faugeras constraint based on the fundamentamat

The algorithms have been applied to the problem of retrgethie constant intrinsic param-
eters of an image sequence. The methods extend just as wallying parameters; however
in such cases more images are needed to meet the requireéchodss Also in all subsequent
performance comparisons, the full set of parameters beigrig the camera intrinsic param-
eters have been retrieved except the skew factor which caafeéy assumed to be zero in
modern cameras.

5.5.3 Experimental Framework

In order to assess the performance of the proposed algattimay have been tested in two
different segments. In the first set of tests, each individigorithm is compared with two
benchmarks in order to show its merit on its own. This is earout in the final section of
each individual proposed algorithm and it involves assgstie robustness of the algorithm
being discussed under a synthetic test framework. In thenskestage of testing presented in
a final Sectio 519 of this chapter, all the algorithms havenbeompared to one another in
a more comprehensive framework. This includes evaluatiegperformance of the proposed
algorithms with respect to varying levels of matching @i varying numbers of corrupted
fundamental matrices, increasing variance in Gaussiasentiming comparisons and scala-
bility assessment. These have been performed on real attte§grimage sequences and will
be fully explained in Chaptér 5.9.

However, the synthetic results provided within the sectbeach algorithm will be ex-
plained here in order to avoid having to duplicate this infation while presenting the pro-
posed algorithms. In the individual comparisons sectionstder to show the effectiveness of
each proposed algorithm two types of synthetic experimeat®e been devised. In each set,
synthetic data has been created consisting of five camepagiomed in a random arrange-
ment in space. The cameras all start out with the same otiemtand position, and then their
locations are perturbed with a random amount of change nithpre-determined range. The
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non-convergent geometries are rejected. Each cameralsasupdifferent set of intrinsic pa-
rameters. In other words, each camera has different lotwafar its optical center, different
focal length and the aspect ratios have been randomly sdleta wide range between 0.8 and
1.2. Subsequently, 200 points are randomly created in 3Despiad projected to all cameras.
Those points that are visible in all cameras are kept, otiserasnew point is created. Follow-
ing this, fundamental matrices are fit to the point matchéwden these cameras. The input
fundamental matrices used in the self-calibration alparg have all been estimated using the
LEV-RANSAC method proposed in Sectibn 4.7. This is a sinslanthetic testing framework
as used in Sectidn 4.8 for testing the proposed robust fuadimatrix estimation strategies.
However, in the current context, the framework consistssdrées of images and their feature
tracks, rather than only a pair of cameras. Also, in ordergate outliers, two different meth-
ods are utilized leading to two sets of synthetic experimenhese two synthetic experiments
differ in the way outliers are created. In the first set of expents, outlying fundamental
matrices are created by adding outlying matches to the poméspondences used in calcu-
lating the fundamental matrices. In this case, two funddaedenatrices (out of a total of ten)
have been corrupted by varying degrees of outliers. Thdtiegdundamental matrices are
then used as input to the self-calibration algorithms. Hfiisctively tests the robustness of
the proposed algorithms with respect to matching errorelwvlgad to poor estimation of the
fundamental matrix. The second set of synthetic experiadeasults also consist of measuring
the performance of the algorithms with respect to outlyimgdamental matrices. However,
in this experiment outlying fundamental matrices are @@aia creating a deviation from the
assumption that the intrinsic parametekSare constant across all the frames. These experi-
ments are also carried out using synthetic data containmegrames where one frame has a
different focal length than the others. Therefore, fourdamental matrices in the set of the to-
tal of ten fundamental matrices will produce erroneousltesthen a self-calibration method
assumes the camera parameters are constant. Such outigoteniental matrices are clearly
inliers with respect to their feature correspondences abdgt as outliers with respect to self-
calibration with constant parameters assumption. Thisate often arise when a sequence
is obtained from a zooming camera or when images in a seq@eaabtained with multiple
acquisition devices.

Each experiment for a given outlier magnitude is repeatédtit@es for each outlier level
and the performance is averaged over all these experimeméserror reported is the error in
the estimated focal length in terms of the percentage ex@rthe ground truth focal length.
The estimation of the optical center has been ignored umgileixperimental results Section
5.9. This error value has also been reported as a percenvage¢he correct value for the
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optical center. Since both the focal length and the optieater have two components, in x
and y directions, the error reported for both quantitiehédverage percentage error in both
components. In other words:

j:;:_fx fy_fy
ocal — 100
et = 1P 4 1)
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600=§(| " | + | . ) x 100

where @4 is the reported focal length error angds the optical center errog?; andf; are
the estimated values for the focal length in the x and y doastandf, and f, are the true
values for these quantities. Similarty, andv. are the estimated values for the optical center
in the x and y directions and. andv, are the true values for these quantities.

In each individual section, three algorithms are compasedgithe above method. These
consist of the robust method under consideration, a nouastaélgorithm which uses iden-
tical weights for all fundamental matrices, and the methoappsed in[[70] which uses the
geometric error residuals of the fit for the fundamental rnaesras a measure of the reliabil-
ity of the fundamental matrix, presented under the Geomatgorithm as mentioned in the
introduction.

The following sections present the details of the proposdmlist self-calibration algo-
rithms accompanied by the synthetic experiments as odtkbe®ve. Following this, Section
[5.9 presents a more detailed comparison of all the propdgedtams with other algorithms
which includes real image data and analysis of the results.

5.6 Randomized Multi-Start Optimization

This method presents a random sampling framework for casefaalibration with model-
ing of the camera intrinsic parameter space. The focal kerggytnodeled using a Gaussian
distribution derived from the results of the Kruppa equasiovhile the optical center is mod-
eled based on the assumption that the optical center is tdabe image center but deviates
from it due to some manufacturing imprecision. This modell@es us to narrow the search
range of the parameter space and therefore reduce the catiopat cost. In addition, a ran-
dom sampling strategy is utilized in order to avoid localimgt, where the samples are drawn
according to this model. The algorithm involves randomlgsing a minimal number of fun-
damental matrices as inputs for the optimization in ordeguarantee outlying fundamental
matrices do not affect the final results. In brief, the praubalgorithm is a randomized multi-
start optimization algorithm where the input data to tharoj#tation is randomized and also
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the parameter space is sampled via a calculated distribufibe result is a robust algorithm
which is able to find a near-global minimum and is also ablectdgsm accurately in spite of
outlying fundamental matrices. The optimization framewisrbased on minimizing the dif-
ference between the singular values of the essential matrthe Huang-Faugeras constraint
[46]. The Levenberg-Marquardt optimization routine is dige the core of the algorithm to
produce candidate solutions based on the sampled ingidirsd points and using the selected
minimal sets of fundamental matrices. The proposed sampiethod shares similarities with
the random sampling method in [128] where the search spaemdomly sampled in a Hill
Climbing algorithm based on Genetic Algorithms. Howevee proposed strategy estimates
distributions over the parameter space in order to avoidsawvepling the large parameter space
by emphasizing the more likely regions of this space. In taltli fundamental matrices are
also sampled as well as points in the parameter space. In aoynthe proposed methodol-
ogy is able to robustly obtain accurate solutions by avgidotal minima and by reducing
the effects of outlying fundamental matrices. Experimerdaults show the performance of
the algorithm compared with two benchmark methods (i.e. Geometric and the non-robust
algorithms).

5.6.1 Modeling of Focal Length

We use a Gaussian distribution to model the search rangevadreafocal length. The param-
eters of this Gaussian distribution are determined fromstiiation a linear variation of the
Kruppa equations that only aims to estimate the focal leagibroposed in [112]. The Kruppa
equations provide a rough approximation for the focal lerafteach frame. These results are
often close to the true solution but not sufficiently acceiraerom the results of the Kruppa
equations, we determine the mean and variance of this Gewudsstribution as:

N

Hfocal = Zwif(i,Kruppa) (5-12)
i=1
N

Uf200al = Zwi(f(i,Kruppa)_,Mfocal)2 (5.13)
i=1

where f; kruppa) IS the focal length estimate as calculated from e fundamental matrix in
the sequence according to the Kruppa equatiogs, is the weighted mean of the focal length
values and N represents the number of fundamental matridbs sequence. The weights,
can be set according to the confidence in the estimation afittem fundamental matrix as in
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[70] and are assumed to have been normalized Eé;,l w; = 1). In our experiments, we set
these weights equal tﬁ since all the fundamental matrices were estimated from thergl
truth data provided with the image sets.

5.6.2 Modeling of the Optical Center

The model for the optical center is also chosen as a Gaussiaithdtion centered on the image
center. This strategy was adopted by noting that the opterater is usually close to the image
center but deviates from it due to some manufacturing imgigat that can be modeled as a
Gaussian distribution. In the experiments we model the xyandmponents of the optical
center as individual Gaussian distributions whose meadmeisénter of the image and whose
30 point coincides with the limits of the width and the heightorfexample, by setting the
mean of the distribution of the optical center in the x dil@tf the image at the center of the
image, and th&c to be half of the image width, we ensure that more than 99%eptints
generated by this model fall inside the image but are mosthyered around the image center.
This leads to a standard deviationﬁégtl and% for the distributions of the optical center
in the x and y directions.

5.6.3 Sampling of the Fundamental Matrices

Since the goal of this chapter is the robust estimation otHmera via self-calibration, out-
lying fundamental matrices must be considered. As expthiné&ectiori 5.5, various sources
of noise can affect a fundamental matrix with respect to-cglibration. In order to obtain
results that are accurate, we adopt a similar strategy to B\for selecting fundamental
matrices to be used in self-calibration. In other words,raloan minimal set of fundamental
matrices is used at every iteration of the algorithm. Oneoirtgmt consideration is the number
of required fundamental matrices in a minimal sample. Ddp®gnon the number of param-
eters that are being searched for, different numbers ofdiongshtal matrices are required in a
minimal sample.

It was shown in[[82] that givetV frames, assuming constant intrinsic parameters, we can
estimate the number of frames required according to:

Nx(B—k+(N—-1)xk>8 (5.14)

wherek is the number of parameters that are searched for. Accotditigs formula, when
more than two parameters are assumed unknown in the itpa@sameters of the sequence
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at least three frames are required. Since we are lookingofargarameters in the intrinsics
matrix, the value ofV is set to three in the proposed algorithm.

The stoping criterion of the proposed algorithm is also das®this number of minimal
samples. In other words, the variable “MaxlIter” which regaets the maximum number of
iterations, as shown in the algorithm outlide 2 is set to emswery possible combination of
minimal sets is chosen. Unlike RANSAC, the number of inliarthe above random sampling
technique cannot be determined since the errors do notspane to physical quantities (as is
the case with fundamental matrix errors). As a result, amestive search strategy is chosen
that ensures every possible minimal sample is picked. Theswaf Maxlter is set accord-

ing to: Maxlter = w which is the probability of picking every arrangement ofetar
N

3
fundamental matrices at least once with a probabilit9.65. This formula is similar to the
RANSAC equation Eq[3.19 where the desired outcome is amjust picking all possible
minimal sets rather than picking a set of all inliers.

5.6.4 Complete Random Sampling Framework

In order to guarantee that we have not chosen a local minimunperform the nonlinear op-
timization combined with a guided sampling technique. Idiadn, the fundamental matrices
that are used for each sample are randomly selected. Inwthres, the optimization is run
multiple times where each instance of the optimizationiigated with a sampled point in the
parameter space according to the distributions over thexsaneters as defined previously and
with a different minimal set of fundamental matrices. Thalffiesult is chosen as the solution
with the lowest error. In order to guarantee that the scoage Bimilar scale, the fundamental
matrices are normalized in a preprocessing stage. Thisvesgetting the Frobenius norm of
each fundamental matrix to unity.

Algorithm[2 details the summary of the proposed random sgngplonlinear optimization
framework. The lines 1-3 show the distributions defined @aah of the variables in the pa-
rameter space. Initial points for the focal length paramesed in the nonlinear optimization
will be chosen from the distributiop( /) wherepsoca andoyecq are defined in Eq.5.13, and ini-
tial points for the camera center are chosen fggm ) andp(c,) where the distributions have
been previously estimated as mentioned. “Residual(sdirmstthe error of a given solution,
s. “RandomSelection” performs the random selection of th&ainsolution s;,;; according
to the models of parameter space. Inside the loop of theiitersampling, random minimal
sets of fundamental matrices are used as denotetl,Dy.p.. “OPtiMIZe(s;nit, Sminsampie)”
shows the optimization step from starting poift; and using an objective function over the
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Algorithm 2 Random Sampling Least Squares Self-calibration

1 p(f) = N(tocal, Uf20ca|)

2: p(es) = N(3, %)

3 ple,) = N(4,2)

4: while numSample< Maxlterdo

5. s = RandomSelectidify <— p(f), xo < p(cz), Yo < p(cy)]

6:  Select random minimal s&ét,,;,,sample

70 SpumSample = OPUMIZE Sinit, Sminsample)

8: if Residuals,umsampie) < MiNResiduathen
9 SBest = SnumSample

10: minResidual= Residuals,,,msampic)

11:  endif

12:  numSample= numSamplet- 1
13: end while

14: Setsoptimal = SBest

fundamental matrices in the random minimal set denoted, By;.mp.. The “Maxiter” vari-

able which determined the stopping criterion is set acogythh the proposed formula and the
number of unknown parameters. After the maximum numbermdoen samplings has been
reached, the optimization stops and sets the kept solutjQn, as the final optimal estimates

Soptimal -

5.6.5 Experiments

To illustrate the robustness and the accuracy of the pralsaécalibration technique, the two
synthetic tests outlined in Sectibn 5J5.3 have been predentFigure 5.6. In the first set of
experiments shown in Figure 516a, the proposed Randomiz#ti-&tart optimization method
has been compared to the two benchmark algorithms. The togbe self-calibration algo-
rithms consist of ten fundamental matrices, two of whichehlagen contaminated by increas-
ing levels of matching outliers. The proposed method maista reasonable performance for
all levels of matching error. The non-robust method’s pariance degrades quickly as soon
as the error ratio goes above zero. The Geometric methodrpesfbest when the outlying
fundamental matrix is affected by matching error, sincesgsithe epipolar geometric error
as the inverse weighting factor in self-calibration. In geeond set of experiments shown in
Figurel5.6b, the error is due to having one frame whose fecajth is different from the rest
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Figure 5.6: Synthetic performance evaluation of the RandedMulti-start method compared
with two standard self-calibration techniques.

and so the Geometric algorithm’s performance degradesimitasfashion to the non-robust
algorithm. However, the Multi-start Optimization methocimtains a roughly 18% error in
the estimation of the focal length. The reason why the pregadgorithm performs worse
than the competitors in a lower noise ratio is due to the faat only minimal numbers of
fundamental matrices are used in the optimization and salhatailable constraints are taken
advantage of. Unlike the application of RANSAC to the estioraof the fundamental matrix,
as detailed in Chaptél 4, where a final estimation is carrigdusing the best inliers in the
iterations of RANSAC, no final estimation using an all infieset is carried out in the pro-
posed algorithm. This is due to the fact that unlike the fittf epipolar geometry, the error in
self-calibration does not have a physical meaning and sceatibld cannot be determined for
discerning inliers from outliers. Therefore, the optintiaa is only carried out with minimal
sets of fundamental matrices, which is not optimal wheniengtlare not present. The next
sections outline two algorithms that are able to maintaiteady performance advantage over
non-robust methods in low noise situation in addition tongeibbust against outliers.
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5.7 Self-calibration using Perturbation Theory

As outlined in the previous sections, the task of self-catibn is fraught with multiple sources
of error. As a result, performing an optimization using athdlamental matrices in a sequence
often leads to erroneous results as shown in Figure 5.1. efdrer an optimal approach to
self-calibration should take into consideration the utyileg errors affecting the fundamental
matrices. Existing methods such as ones proposed in [7]uge the geometric error or the
number of inliers are not adequate for coping with all sosi@feerror in self-calibration, as be
demonstrated.

The algorithm proposed in this section uses ideas from geation theory as applied to the
singular value decomposition to create a robust weightiédakbration optimization method.
The proposed algorithm is an iterative estimation methatlitidirectly estimates the noise in
each fundamental matrix while refining the estimate of thegrisic parametersiy. The es-
timated magnitude of the noise affecting each fundamengatixis used to inversely weigh
a given fundamental matrix in the subsequent iterationkiwia weighted nonlinear mini-
mization framework. This effectively reduces the impacttaise fundamental matrices that
are corrupted by noise while increasing the weights of timelfunental matrices with lower
levels of noise. Noise is defined previously in Secfiod 5.8 ean be caused by erroneous
matches used in calculating a fundamental matrix, seibiclon degeneracies or violations
in assumptions on the intrinsic parameters. The iteratafribe proposed algorithm consist
of the estimation of the weights, followed by a nonlineargimed regression using the most
recent estimate of the weights.

The proposed algorithm proceeds by first defining an erroaesipn for the self-calibration
objective function. This error expansion will contain terfor the error in the intrinsic param-
eters and error in the fundamental matrix. We then derivdtamate error expansion which
focuses on the noise in the intrinsic parameters ratherttie@noise in the fundamental matrix
part of the equation. Subsequently, an approximate valuaéoerror bound for the objective
function is derived based on perturbation theory of singuddues to account for errors in the
estimation of the intrinsic parameters. Once this is eggohave can find how much of the
error residual in the self-calibration optimization witkspect to a single fundamental matrix is
due to the error in the estimated value/fof and how much is due to the error in the underlying
fundamental matrix. This will then be used to derive a set eights that effectively filter out
noisy fundamental matrices by reducing their impact in terall optimization. The algorithm
proposed in this section is simply referred to as the Peatiob method in the experimental
results section.
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5.7.1 Perturbation of the Singular Values of the Essential Mtrix

Let matrix A be some estimated value for matrixconsisting of an error term 4 such that:
A=A + A (5.15)

Using the above definition, matrix perturbation theory jeg various insights on how func-
tions of matriced'(A) are related to their noisy estimatds{A + A 4). Note that in this thesis
all estimated values of various quantities have been itelisg@ithouta tilde. However, in this
section the difference between noise-free and estimaggsrie be drawn and so all estimates
are denoted by the tilde sign whereas noise-free quangiteedenoted simply by the symbol.

The specific domain of perturbation theory that is of inteneshe proposed algorithm is
the perturbation of the singular values of a matrix. Sinégighow the objective function of
self-calibration is defined, we will exclusively focus oretperturbation theory as it applies to
the singular values of a matrix. In fact, a simple relatiopgxists between the singular values
of a matrix and its noisy counterpart. According/to [106]:

Here the standard definition of the matrix Euclidean ndiy, ||, is used as:|A4ll. =
1?25% and the Euclidean vector norijx| is defined as:|z|. = (z7z)z. The ma-
trix Euclidean norm can be calculated from the definitionedlie largest singular value of a
matrix [37]. Therefore, the difference between thé singular value of a noise-free matrix
and thei-th singular value of the noisy version of that matrix mustéss than the Euclidean
norm of the noise matrix)\ 4, or its largest singular value. Before this theory can bdiagpo
the objective function for self-calibration, we need toxamine the self-calibration equations.

Our objective function Ed. 5.17 is defined in terms of theati#hce between the first and
the second singular values of the essential matrix andtatesshere, without the normalizing
factor, as:

min'S — Y (ons — 00 ) (5.17)
;(Z (0 = @)

m=1 Wm
where the value ;. ; is thek-th singular value of thé-th essential matrix and the;s are the
weighting factors for each fundamental matrix. The reasbg the denominator of Ed. 5.8
is removed is that a different normalization will be adopiethis section. In order to create
a uniform set of values for this objective function acrodsgualdamental matrices, we ensure
their largest singular value is one by dividing a fundamlemigtrix with the appropriate factor.
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The estimate of the essential matrix can be written in terhtiseonoise-free and the error
values of the fundamental matrix and the intrinsic paramsetesing the same notation as Eq.
(.15 as:

E= (K" + ALYF + Ap)(K + Ag). (5.18)

Expanding the above terms, one obtains the error term oethdtng essential matrix\ i as:

Ap=ALFK + KTFAg + ALFAg + ALARK + KTApAg + ALARPAg + KTARK.
(5.19)

A bound on the value of the above error term can be found fronfEL6. However, we
wish to set a bound fdé; — 75| rather tharjo; — o;| as in Eq[5.16. Rearranging Eqg. 5.16 by:
|o1 — 03| = |(61 —01) — (02 — 02) + (01 — 09)| < |01 — 02| + 2| AE]|2 We arrive at the desired
bound:

|o1 — 02| < |oy — oa| + 2||Ag||2 (5.20)

In other words, the distance between the first and secondlaingalues of a noisy matrix, must
be less than the distance between the first and second ginvglla of the noise-less matrix
plus two times the Euclidean norm of the error matrix. It mhestoted that this formula holds
for an error of arbitrary size [106]. In addition, consiaeyithe fact that our objective function
is merely the distance between the singular values of trengakmatrix and that the noise-
free essential matrix has identical first and second simgalaes (i.e.g; = 03), the bound on
our objective function can be simplified to:

lo1 — 02| < 2||Agls. (5.21)

Therefore, using the above formulation, a bound is estichfie our objective function,
which is defined in terms of the difference between the sexgudlues of an approximated es-
sential matrix in terms of the error expansiadxy; of this estimated essential matrix. Note that
the magnitude of this error depends on two error quantitieserror in the intrinsic parameters
Ag and the error in the fundamental matlx-. If the fundamental matrix and the intrinsic
parameters are exact, this bound approaches zero.

Figurel5.7 shows two examples of the estimated bound for twvddmental matrices from
two different sequences where the ground truth fundameméddix and intrinsic parameters
are available and so the exact bound can be computed. Eachreeghas two examples,
one where noise is added to the fundamental matrix, and athetlvé noise-free fundamental
matrix. The x-axis shows the error in the focal length of thiimsic parameters used to
estimate the essential matrix from the fundamental matrix.
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Figure 5.7: Examples of the objective function and its boforchoisy and noise-free funda-
mental matrices.
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5.7.2 Robust Estimation Using Perturbation Bound

The above formulation of the bounds on the objective fumcfar self-calibration using the
fundamental matrix can be utilized effectively in designanrobust estimation method that is
able to obtain calibration results even if a number of fundatal matrices used in the self-
calibration process are noisy or violate certain basicragsions of constant parameters. This
method works via a modified form of the error definition showrEig. [5.19. This reduced
error expansion does not account for errors due to the noisieei fundamental matrix but
does account for errors in the intrinsic parameters. A bdarilen derived from this error
form using Eq[5.21 and this bound is then used to calculaterar Discrepancy (ED) value
that indicates how much of the error is not accounted for leyrttodified bound and must
therefore be due to noise in the fundamental matrix. Thikes tused in a weighing scheme
which penalizes fundamental matrices in the optimizatiat have an error larger than their
designated bound. This is due to the simple fact that anyselaicger than our reduced bound
must be due to errors in the fundamental matrix. As a resuttddmental matrices which
contain sizable errors are effectively removed from thénoigtition. This process is repeated
in an iterative scheme where the reduced bound and the vailes intrinsic parameters are
both refined in each iteration.

Ideally, it would be desirable to find a modified form of Eq. $which only contains the
terms that are due to the errors in the intrinsic parameidns. would then be an ideal bound
for detecting errors that are too large and must be due todtigi@nal terms which contain
errors in the fundamental matrix. However, since no expkobwledge of the error in the
fundamental matrix\ - exists, an alternative way of finding this bound has to bes#el/i This
is done by using the following form of error, designated’gs, which does not depend on
explicit knowledge of the error in the fundamental matiix or the ground truth fundamental
matrix £ :

A, = ALFK + KFAL + ATEFAL (5.22)

where F = F + Ap. This formulation of the error in the essential matrix exgano the
full error in Eq. [5.19, except for the terdd” Ax K. This term is in fact the most dominant
term among the error terms since the largest norms of thereaimiginsic parameter& are
far larger than the ones in the fundamental matrices the error in the intrinsic parameters
matrix Ag. Note that this is always guaranteed since in our algoritkieryefundamental
matrix is divided by its Euclidean norm in a pre-processitags, thus setting their norm to
unity, whereas the norm of the intrinsics matrix is in theesrdf the focal length.

An important property of the new error definitidxi; is that it tends to approximate the full
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error expansion\ i for cases where the error in the fundamental matrix appesazéro, since
in this casek” A K becomes zero. Thus using the modified error, we can deviserallibat
tends be higher than the actual error for the cases wherarrs @ the fundamental matrix
are small, and lower for cases where the error in the fundtaheratrix increases.

The new error bound is then used in Eq. 5.22 &', ||,. Figurel5.8 shows an example of
the new error bound. Two sequences are used here, similaguoefs.T, showing the value of
the objective function for varying levels of noise in thelsttion of the focal length, with the
addition of the new error bound. As it is shown, while the elvound derived from the full
error terms is clearly larger than the error values for albemagnitudes, the modified error
is less than the actual error for most values of the errorénféical length in the case of the
noisy fundamental matrix. However, for the noise-free famental matrix, the error bound
is identical to the full error bound and these two coincides aresult, the modified error
bound is always larger than the actual error for the caseeohthise-free fundamental matrix.
As explained, this is because the modified error bound diffierm the full error bound by a
single term that disappears in the case of noise-free fuadthmatrices.

This idea is used to devise an iterative strategy to find afseemhts for the set of fun-
damental matrices available for self-calibration in orttereduce the impact of the outlying
fundamental matrices. In the following discussion of tleeative approach we denote the esti-
mate of the intrinsic parameters at th¢h iteration byf{ (), thei-th fundamental matrix as;.
Also, the error of the essential matrix calculated fromithle fundamental matrix at iteration
j is denoted as@i(j) and the estimate of the error in the intrinsic parametertegdtion; is
denoted byAg?. The algorithm starts by a weighted minimization of the obje function
where all fundamental matrices are weighted equally. Thdimear minimization then finds
a set of values for the intrinsic parametéf§), starting from some initial valu& ©. At this
point, the error of each fundamental matr%, with respect to the estimated solutida(!) is
estimated by simply taking the difference between the finst the second singular value of
the given essential matrix found using the estimated smiutirhe modified boundA/Em is
also calculated for every fundamental matrix at every ftera This is done by approximating
the value of the intrinsic parametef$ by the latest estimate of the intrinsic parameters, in
this casell = K and by approximating the error in the intrinsic parameteasrixwith its
change since the last iteratioAy’) = K — KU~ The amount of change in the estimate of
the intrinsic parameters in two consecutive iterationadsdative of how stable the results are
and is a reasonable estimate of the error in the underlyihgign. Note that for estimating
the error bound, the actual value of the error parameterSeointrinsic parameters is not of
consequence. It is the norm of these parameters that isesestt and as long as the norms
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Figure 5.8: Modified perturbation bound for the objectivedtion for self-calibration for two
sequences.
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of the estimates are within reasonable proximity of the trakies, the bound will serve its
purpose in helping determine the appropriate weights folh &andamental matrix.

Once the modified bound“A’E@ |2 for each fundamental matrixis found at iteratiory,
a measure of how much the actual errors fall within this boisrfdund using an estimate of
the Error DiscrepancyK D). The E D for thei-th fundamental matrix at thgth iteration is

defined as: )
. o) _ 5(2,0)
EDZ(”) _ (W . (5.23)

In other words, the error of a fundamental matrix with respeche latest estimate of the in-
trinsic parameters via self-calibration, over the modigear bound for that given iteration is
used as an indicator of how likely a fundamental matrix isa@broneous. To see this, note that
when the modified bound exceeds the error in the numera®ialue of ED will be small,
otherwise this value will increase. Also, errors that refwam poor estimates of the intrin-
sic parameters will be common to all fundamental matricebénoptimization, but when the
source of the error is a particularly noisy fundamental mathe measure of th& D will be
disproportionately large for that fundamental matrix. F&5.9 shows an example of finding
the ED measure for ten fundamental matrices from two framaes two separate sequences.
All fundamental matrices in these sets are fit to ground tcotinespondences, except the first
three fundamental matrices (i.€%,,F> and F3) which are fit to a set of correspondences con-
taining 10% outliers. The indices of theaxis show the number of the fundamental matrix,
the first three of which are outlying fundamental matricesaddition, the self-calibration ob-
jective function is estimated to an incorrect set of intiénsarameters where the focal length
is changed by 10% of its magnitude for both sequences. Tirexedll objective functions are
deviating from their optimum value via errors in the caliiwa parameters and some due to
noise in the fundamental matrix in addition to this. As ith®®/n, although all objective func-
tions are estimated for an incorrect value for the focalllenifpe ED measures are significantly
higher for the noisy fundamental matrices.

As a result one can use the outlying valuegzidd measures to find outlying fundamental
matrices. In order to do this, theD measures are used to derive a set of weights used in
the subsequent iteration of the nonlinear minimizationisTé done by mapping thEDZ@
measures, to a set of smooth values via an exponential imcthe weight for theé-th funda-
mental matrix, at thg-th iteration is found via:

| e
wi(J) = eXp(LQ) (5.24)
Sj
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Figure 5.9: Using the Error Discrepancy index to discerienstin a set of 10 fundamental
matrices fit to the first five frames of the Corridor and Wadhaguences where the first
three fundamental matrices are corrupted by 10% outligeerand all focal length parameters
corrupted with 10% error.

Here, thes; is a robust measure of the standard deviation of Ali¢ values at iteratiory
which is found using the median absolute deviation (MAD)0D values according te; =
1.4826MAD [64]. These weights are then used for the next iteratiointhe algorithm. The
iterations are stopped once the estimate of the error imthasic parameterAg) approaches
some valud'. This value is simply the tolerance in the accuracy of thieregted results desired
for the algorithm and is set by the user. Also, the iteraticas be stopped via a maximum
iteration cap.

Algorithm[3 shows the outline of the robust self-calibratadgorithm.
width 0 widh

Here, K,,;; is defined ask;,; = 0 width % which is our starting point

0 0 1
for the calibration parameters for a wide-angle camera &iner other prior information is

provided. This constitutes® ° field of view camera. The values ofidth andheight are the
width and height of the image respectively and the sequentins/V fundamental matrices.
The weighted nonlinear minimization is carried out via trevénberg-Marquardt algorithm.
In our experiments the maximum number of iterations is set which was found to be a
reasonable value, balancing accuracy in the solution angbatation time.
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Algorithm 3 Robust self-calibration via perturbation bound

1: Estimate normalized fundamental matrices in the seqUﬁé}ﬁe
2: Initialize: j = 1,w!" « 1, foralli and K© = K,

3: while AY) > T andj < maxiterdo

4 Set starting point for optimization t& ="

o )
5. KU = arg min (Zyzl ( — ) 01"0532 ))

K m=1"m
6: SetAY « KU — KG-D
Estimate errot\’ , for all fundamental matrices via Elg. 5122
Ei

Estimate Error DiscrepanoyDZ(j ) for all fundamental matrices via EQ. 5123
Set weights for next iteratiom;z(j) via Eq.[5.24

10:  j=j+1

11: end while

12: return KU

5.7.3 Experimental Results

In the first set of synthetic experimental results shown guFe[5.10b outlying fundamental
matrices are created by adding outlying matches to the poméspondences used in calcu-
lating the fundamental matrices, as explained previouslgection 5.5]3. In this case two
fundamental matrices have been corrupted by varying degreeutliers. As shown in the
graph, the non-robust method performs worst by producingséimate that is at most within
50% of the ground truth. On the other hand, the Geometric adephoduces the best results,
with an average performance of about 7% error. The propdgeditham is able to produce
results that are independent of the magnitude of the errmreader the performance is slightly
worse than the Geometric algorithm. This is due to the fadtiththis particular case, the error
was due to errors in the matching stage in the self-calimatipeline, which is exactly what is
used as a measure of confidence in the fundamental matridée Iieometric method. Note
that the levels of confidence in the fundamental matricesutatled via the Geometric method
and the perturbation-based method can in fact be combirea wiixing parameter in a hybrid
weighing scheme.

The second set of experimental results also consists ofuringghe performance of the
algorithms with respect to outlying fundamental matricAs. explained, in this experiment
outlying fundamental matrices are created via deviatiomfthe assumption that the intrinsic
parameters are constant across all frames. This is donebirgy a synthetic image sequence
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Figure 5.10: Synthetic performance evaluation of the Peation-based method compared
with two standard self-calibration techniques.

of five frames with fixed parameters and then changing thd fength of one of the frames.
As it is shown in Figuré 5.10b, in this case the perturbabased method is able to produce
significantly better results than the other two methodssT$due to the fact that the weights
calculated in this algorithm are dependent on the error meisipect to the self-calibration con-
straint, unlike the Geometric method which relies on thefidemce in the epipolar geometry.
The Geometric method performs better in the first test scedlaie to the fact that the errors
of the fundamental matrices with respect to the correspueteis the method by which the
outliers in this experiment are created. However in the sg@szenario, the Geometric error
is no longer indicative of the outlying nature of the fundama¢ matrices and so the proposed
algorithm which does not rely on this information perfornest

In summary, perturbation theory offers an insight into tieddwvior of the objective func-
tion used in self-calibration and this fact can be used ingiey a robust estimator for self-
calibration. The performance of this algorithm is compeitvith the Geometric method that
uses information from fitting the fundamental matrices wtiensource of error is solely in
the correspondences used to fit the multi-camera relatidosiever, the proposed algorithm
outperforms the Geometric method in cases where the sotiereoss is violation of the con-
stancy of the intrinsic parameters. Therefore, the progposethod is more general and does
not rely on matching information and can solely perform om phovided fundamental matri-
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ces for an image sequence and provide accurate estimatesio$ic parameters in spite of
outlying fundamental matrices.

5.8 Self-calibration by Localization of the Convergence of
Zero Curves

5.8.1 Introduction

The algorithm proposed in this section falls within the sawitaust method of retrieving the
camera parameters as the Perturbation method and the Riedoktulti-start method pre-
sented previously in Sectidn 5.7. However, unlike the pmesialgorithms, the proposed
method in this section does not rely on a nonlinear optimopatoutine to solve for the self-
calibration equations. In fact, only a root finding algomiths required to use this method.
Unlike the previous algorithms that attempt to use the dargralues of the essential matrix to
solve the self-calibration problem, a polynomial objeetiunction is used which is based on
the norm of the essential matrix, as proposed in [36]. Intaaidithe proposed method can han-
dle multiple acquisition devices and degeneracies and aadlé large errors in the underlying
camera relations used for self-calibration. As in the cdggevious algorithms, the emphasis
has been placed on the robustness of the algorithm witheegpeutliers as defined in Section
B.5. As explained previously, the issue of outliers has andti&c impact on self-calibration.
As a result the goal of this algorithm is overcoming the s@nsi of self-calibration to the
various outliers that have been presented.

Unlike similar methods of finding the solutions to a set ofymamials, the proposed
method can handle significant outliers and does not rely orpepationally expensive methods
of finding solutions to sets of polynomials. In fact, only tleets to single univariate polyno-
mials are estimated using the Companion Matrix method [2¥¢lvonly involves finding the
eigenvalues of aB x 8 or 4 x 4 matrix in our algorithm. Therefore, the only mathematical
library required is one for calculating eigenvalues.

Unlike the method presented in |36] where the global optatin method of Interval
Analysis is utilized, here a robust method of solving theadetight degree polynomials based
on the norm of the essential matrix is adopted. The advardatee proposed method over
Interval Analysis is computation time, robustness and Beitp of the implementation. The
runtime of the Interval Analysis self-calibration methadim the order of 30 minutes for a
sequence of five images, where an un-optimized implementati the proposed algorithm
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runs in microseconds. Most importantly, as with the otheppsed self-calibration methods,
the presented algorithm is able to deal with high levels dliens as explained in Sectién b.5.

Solving systems of multivariate polynomial equations is@ally an NP-hard problem
[24]. Generally the solution involves constructing a Grébbasis [10]. This approach, while
being computationally expensive has already been explardte computer vision literature
for the pose estimation problem[107]. A more establishethotein the computer vision com-
munity is the homotopy continuation method which has alsobeen used in self-calibration
in solving the Kruppa equations. Initially, the method re®d in [61] used an earlier im-
plementation of this method to solve the Kruppa equationsceSover-determined sets of
polynomial equations are not expected to have any soluftjsthe authors choose to use a
minimal set of such equations and find all solutions of sudsssts and then consolidate all
the non-imaginary results and find the one with the lowestreHowever, the number of solu-
tions derived from these minimal sets is rather high, simocealing to Bezout’s theorem [55]
the number of possible solutionsd§ whered is the degree of the polynomial aid is the
number of equations in the system. In the case of the algoftoposed in [61] this amounts
to 2° possible solutions for each subset. Another techniquedivirgy polynomial objective
functions inspired by Algebraic Geometry is one proposefd4} using the Hidden Variable
Method. This method for estimating the motion and the foeagth is highly effective for the
six-point semi-calibration scenario where the only unknaswthe focal length. If the number
of unknowns increases from one to four in the case of fulbeation, this method would also
have to deal with a very large number of possible solutiondikg such methods that need to
prune a large number of solutions for minimal subsets of patyials, the proposed method
can seamlessly accommodate an arbitrary number of egeatimhsolve an over-determined
set of multivariate polynomials without any ambiguitieghe solution. Most importantly, the
proposed method can accommodate polynomials that areederiom outlying fundamental
matrices and share no common roots with other polynomialsarsystem.

Another self-calibration method that also utilizes systevh multivariate polynomials is
proposed in[[39] where the authors use homotopy continmatigolve for the scale factor in
the Kruppa equations. Similar to the previous case, thihatetequires filtering through a
large number of solutions and does not handle outliers.

Section 5.8.2 defines the objective function and the regpfiblynomial constraints. The
method of finding families of solutions is proposed in Setlo8.3. The localization of the
unigue calibration solution from these families of solatds proposed in Sectign 5.8.4 and
some experimental results pertaining to degeneracies attgpbla acquisition devices are also
presented in Sectidn 5.8.4. Similar to the other self-catibn algorithms presented, the com-
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parisons with other methods have been presented in Sécflon 5

5.8.2 The Polynomial Objective Function

Another form of the Huang-Faugeras constraint was predentff1]. This is the objective
function that is used in the proposed algorithm and is stased

2tr((EET)?) — (tr(EET))? = 0. (5.25)

SinceE = KT FK then the same constraint can be restated as:

r(K"FKKTFTK)?) — (t((KTFKKTFTK))? = 0. (5.26)

Expanding this constraint one obtains an eighth degreenpatyal in the unknowns of the
intrinsic camera parameters. This polynomial is denoted @&f,, f,, u.,v.) = 0. In total
there are as many such equations as there are fundamentelesia the image sequence.
As explained before, previous works have attempted to gbigeequation using minimal sets
using homotopy continuation. However, in order to achi®lristness and a reduction in com-
putation time, it is important to ensure that outlying fundantal matrices do not interfere with
the estimation. As a result, in this algorithm the equatsosolved for each fundamental matrix
separately. However, unlike the minimal sets, this meaaisthie solution is under-constrained
and there are infinitely many solutions. These solutionggaly form a connected differen-
tiable curve as will be discussed in the next section. Onesetlsolution curves are estimated
for each single fundamental matrix, they will be aggregated a solution is estimated via a
consensus method that localizes the most likely solutiosutth a system. To see how this
differs from other possible approaches, three categofiegethods of solving systems of mul-
tivariate polynomial equations will be reiterated. Essdlyt given m polynomials ofn un-
knowns, assuming: > n, there are three methods of solving such a system. The fitsiothe
is to use allm equations and solve this problem at once. For example thiveaachieved
via a nonlinear optimization routine that minimizes somesuge of the overall error in ath
equations, such as least squares. However, this ideastriden the fact that the summation
of errors cancels many of the convexities of the individudypomials which means the final
outcome is likely to diverge from the global minimum [54]. &ddition solving a polyno-
mial system by the general nonlinear minimization apprazfalising an initial starting point
iteratively minimizing the error will yield trajectorie&t do not converge and many other
trajectories will converge to the wrong solution [61]. Ugian algebraic geometry approach
would also fail when using ath equations together since when using more polynomials than
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category generation # solutions| aggregation

minimization| min>_" | g:(X)| 1 none
Z = {x € C"|g(x)

algebraic m . Kernel voting
=g,(X) - =g, (X) =0} | () xd L

geometry Score minimization
t selectsn subset of egs
7 = {x e C™|gp(X) =0

proposed k= XE a0 =01 ) iz Zi

for all £

Table 5.1: Finding the solutioti to a system of multivariate polynomialsP(x) = ((¢g1(x) =
0,92(x) =0...g,(x) = 0) of degreed with m unknowns (i.e.x € R™). The polynomials are

defined asy(x) = > Patytay? . T
acZ™ a1+ag++am<d

unknowns, the system is often inconsistent and no soluégiss. The second method of find-

ing the solution to this system is by using minimal sets, usingn equations at a time, as

explained in the introduction. This approach requires aataiponally expensive methods and
the number of generated solutions{ﬁgé) x d", whered is the degree of the polynomial. These
solutions need to somehow be filtered which is also an amhbgpocess.

Since the goal of this thesis is robustness, an approaclidest not “bundle” more than
one fundamental matrix at a time is required. As a resultigf for each fundamental matrix
F;, the polynomialg;( f., f,,u.,v.) = 0 is solved separately. As mentioned, this leads to
infinitely many solutions. However, these solution setshaarticular structural properties that
can be taken advantage of in designing a consensus-basethaigto find the best solution
which is free of any of the noisy fundamental matrices in thguence. Table 5.1 summarizes
these three categories of solving multivariate polynomjatems of equations. The second
column labeled “generation” denotes the method used torgenthe set of solutions. The
“aggregation” column denotes the method used to isolatecuarsolution from the generated
solutions.

As it is shown, the proposed method differs from the othemnagiproaches in that poly-
nomials are solved one at a time, therefore making it passibtietect and prune out outlying
fundamental matrices. However, the challenge in this cagle aggregation of the results.
Essentially, in the proposed method, the aggregation stépding some intersection among
the series of solution curves as shown in the table. Althaugtspecifically an intersection
operation between the solution sets, the goal is to find ditwcan the solution space that min-
imizes the distance of the curves to this location, or maz@sisome measure of consensus.
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This will be discussed in detail in Section 518.4. Also, nitat the solutions are shown to
belong to the complex domain. Generally the roots of the egusused for self-calibration
are complex. Dealing with spurious solutions and the comptenponents will be addressed

in Sectiorl 5.84.

5.8.3 Finding Solution Curves

Before discussing the localization of the unique soluticont the zero curves (or solution
curves) provided by each individual polynomial in the nexttson, the method of producing
these curves will be discussed. In order to reduce the catipattime, the polynomials from
the objective functiong(f., f,, u.,v.) = 0 are separated into polynomiaks(f., f,, u. =
ul,v. =v;) = 0ando(f, = f7, fy = f;, ue, ve) = 0. For brevity, the polynomial in the focal
length is denoted asZif = <b{(f$, f,) = 0 and the polynomial in the optical center is denoted
by Z7¢ = ¢7°(u., v.) = 0. Herefy, f represents the latest estimate of the focal length in hori-
zontal and vertical pixels and, v} represents the latest estimate of the location of the dptica
center. In other words, this polynomial in four dimensiomas been interchanged with two
polynomials in two dimensions. Although not generally anegtable method of approaching
an optimization problem, the aggregation method is rolustasonable deviations in the as-
sumed parameters when evaluating the minimum. In othersydhg estimates of the focal
length fromo(f., f,, ue, v.) = 0 ando( fy, f,, uc + Ay, v + A,.) = 0 are sufficiently close,
given that the errors in the components of the optical ceihferandA,, are reasonably small.
This is in fact shown from the experiments where the robsstioé the proposed algorithm is
tested against incorrect assumptions about the assumeddfxameters.

Before the above equations are analyzed, the fundamentatessare computed between
all pairs in the given image sequence. Having obtaiNddndamental matrices, there are now
N number of the above equations. So for each fundamentalxnatriwe form:

¢i(fmafyauc:uzavc:’(1:) =0 (527)
¢i(fo = fo: fy = [y ue,ve) = 0. (5.28)

The solving of the above two equations is done in two sepatefes. The equation in the
focal length is solved first using the image center as the ésgnate of the optical center.
Following this, the estimated overall solution in the folalgths is used in the equation for
the optical center.

In order to generate solutions from each polynomial, the zerves of each will need to
be resolved in some predetermined interval for both thel flecaths and the optical centers.
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Zero curves in this context refer to the set of all the rootthefbivariate polynomials under
consideration. The zero curves for the focal lengti§,and the optical centeZ for the
fundamental matrix; are generated as follows:

sz = {(fa:vfy) € CZ|¢i(fa:afyauc = ,U’Z?UC = 'U:) = 076 S fa: S 3w7€ S fy S 3w} (529)
72 = {(ue,v.) € C*|ds(fo = f1, fy = [y te,ve) = 0,6 <ue <w,e < v, < hy (5.30)

wherew is the width and: is the height of the image. Bounding the focal length to be fean
three times the width limits the camera focal length to tHoslenging to wide angle and mid-
range focal lengths, ruling out telephoto lenses which atecommonly used for capturing
an environment for the purpose of visualization. Alsdenotes some minimum bound on the
value of the focal length. This is generally set very low teuwe against zero values which can
occur for degenerate scenarios. This will be addresseddtioBé&.8.4. The zero curves are
essentially numerical representations of a quantized segof the roots of the polynomials
in the parameter space. These form sets of tuples where ca#ieeof the focal length and the
adopted convention the first component of the tuplg iand the second i,.

The family of solutions, or the zero curvﬁgf and Z¢¢ are found by solving for the roots
of the bivariate equations in a specific interval. The metbbdalculating these points is by
simply fixing one parameter and solving the roots of the uae polynomial and sweeping
the parameter space, similar to the earlier methods oflgyadmalysis of 2D FIR filters[[98].
Specifically, the focal length in the horizontal pixefs,is varied uniformly in the range, so
that the solution curveZ! containsN elements, where thgth element is calculated as:

Z!1(j) = (f. = jo, f, = B) whereg! (46, 5) = 0. (5.31)

Note that the space of the focal length in thelirection is divided intoNV equal sized
elements of lengtlki and for each value of the focal length in the x direction thieieaf the
focal length in they direction is calculated using the matrix companion mett@d.[ This
amounts to finding the roots of4ath degree polynomial by finding the eigenvalues df a
4 matrix which is a very fast operation. The zero curve of th&aap center is calculated
similarly; however in this case the resulting univariatéypomial is of 8-th degree and so it
requires finding the eigenvalues of &x 8 matrix. The reason for the difference between the
degrees of the polynomial in the optical center and the fiecth is that the polynomial in the
focal length is sparse and can be reduced 4etfadegree polynomial by simple substitution,
which is not the case for the polynomial in the optical cent@nother important step in
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calculating the zero curves is filtering out the spuriousisohs. Clearly, there will be four, or

eight roots depending on which zero curve is being estimdted correct root is picked as the
one with a non-zero real part and an approximately zero in@agipart. In the ideal case, this
root would contain a zero imaginary part. However, due te@a@nd numerical imprecisions
the imaginary part of the chosen root will not always be nerez When this is encountered,
the imaginary part is discarded and the real part of the reed @s the final value.

An important property of the zero curves of the objectiveypoimials is that they always
form analytic curves in the parameter space except for easese the zeros split into multiple
components [32]. Another way to see that roots often formamwarying curves is via the
fact that the roots of the polynomial are eigenvalues of aismnttrmed with the coefficients of
the polynomial according to the matrix companion methodc8it is known that eigenvalues
of a matrix are differentiable with respect to its entridse same idea can be applied to the
roots of a polynomial. In fact this has been used to set botordhe roots of polynomials
in [74]. This property is an important assumption in the m®gd algorithm as will become
apparent when the method of finding a unique solution fronzéne curves is presented.

To see how the zero curves form smooth curves in the parasaee, several examples
are shown in Figurle 5.11. Figure 5.11a shows the zero cuovéisef polynomials derived from
four fundamental matrices of a synthetic sequence. Thdieffram shows the zero curves for
the focal length and the right shows the zero curves for thieaenter. The correct solution
is marked with a “plus” sign in the graph. The same processgsated below, in Figufe 5.11b
for the Rathaus image sequence [2]. As it is shown, the zemgesdorm smoothly varying
curves and approach the real solution depending on the anebuoise in the fundamental
matrix. In fact, ideally, all the zero curves should go thgbihe correct solution; however, due
to noise this does not always occur. Since the curves areagngmooth varying, the number
of samples does not exert a large amount of influence in thealbvesults. A reasonable
number of samples used in this thesis is 100. However, dépgod how much accuracy is
required this amount can be adjusted.

During the self-calibration of an image sequence contgifinfundamental matrices, the
above procedure is carried out for all fundamental matridescertain cases, such as when
encountering degeneracies, some of the zero curves witipsad to zero. These will be dis-
carded from the set of zero curves. The solution is calcdlbsefirst finding the point in the
2D parameter spacéf;, f,), with the highest “consensus” from all the zero curves. Vhalse
is used in the next step where the same procedure is repedfied the optical center. The
details are presented in the next section.
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(a) Zero curves for five fundamental matrices from a noise-Bynthetic sequence.
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(b) Zero curves for five fundamental matrices for the Rattsagience.

Figure 5.11: Examples of four zero curves for a real and ahgfittimage set. The true
solution is marked with a plus. Each color-coded curve isinleid from a fundamental matrix.
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5.8.4 Localizing Unique Solution

When all the zero curves have been calculated for the fongtteand optical center, in other
words whenz/, zJ ... z{ andz¢, Zg, ... Z% have been estimated, the camera parameters
can be estimated. The numerical estimation of these zevesis a very fast operation. For a
sequence of 10 images, calculating all of the zero curvestagproximately.3s for a total of
45 pairs of zero curves. The computational complexity ahesting the zero curves is linear
in the number of the fundamental matrices.

When the numerical estimates of the zero curves have belatteal, the task is finding a
point that would lie on all the curves. This would be the onmpthat is in common between
all the zero curves (i.e., an intersection). Effectivelis tivould be finding the intersection of
the zero curves or(f;, f:) = (L, Z/ and (v}, v}) = i, Z*. This would be a reason-
able method of localizing the solution of the system if naises not present in the underlying
fundamental matrices as in the case of Figure 5.11a. Evemgthihe zero curves of the poly-
nomials of a noise-free intersect, such an assumption tdoenmade for arbitrary sequences
as shown in Figure 5.11b.

In order to find what is the most likely intersection of the seiree version of the zero
curves, several strategies can be adopted. Since the zeas@ure merely possible solutions in
the solution space, an approach based on Hough transforpotamtially be adopted [48, 131].
One issue with using this approach is that the density of #ta goints is not necessarily
sufficient for Hough transform to provide a clear solutioagending on the number of images
in the sequence). Moreover, there is no clear method fodderihe quantization interval.
Another possible approach is using a clustering method asdkrmeans clustering to find
the cluster with the highest number of members from all the zeirves. This method has
also been attempted. However, there is no way of fixing thebmunof clusters. Another
method that has also been attempted is mode seeking algeriipecifically the Mean Shift
algorithm [23]. This approach also has the challenge ofrggtin appropriate bandwidth
and poor localization when insufficient samples are useth a8 in cases with fewer images.
However, the fundamental issue with all the mentioned #lgmis is their approach to treating
every single sample as independent from all other samptefact, the data segments form
highly dependent structures in the parameter space (sncoogks). Treating every point in
the curves as independent from every other point in the samve ¢s ignoring the underlying
structure of the data.

The approach adopted in this algorithm is to solve this froengerspective of a geometric
optimization problem.[14]. In other words, the goal is to fengolution whose distance from
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all zero curves is minimized. In other words, for the caseheffocal length we define the
solutionf* = (f7, f) as:

N
f* = arg min » _d(f*, Z/). (5.32)

f i=1
Here, df”, ZZ.f) is a distance between a point in the parameter space and trezdro curves,
defined as (*, z/) = inf{|| f* — x || |x € Z/}. Clearly, this would be the intersection of
the curves if such a point did in fact exist, as in the idealtlsgtic case. However, in the
presence of noise, this point would approach a point whereéhno curves are most likely to
pass through and effectively find a likely location for théusion of the problem.

One modification to the formulation in Elg. 5132 that has betpted is using a function of
the distance that favors intersections and closer prodmiin other words, we have adopted
to maximize ma_~ | p(d(f*, Z/)) wherep is a smooth penalty function that heavily favors
intersections and closer proximities. This function is@liyrthe exponential functionp(d) =
exp~%/7s) which has its highest value dt= 0. The normalizing factory; is used to create a
uniform set of values for the distance, regardless of cageoanetry. This is a function of the
assumed interval for the possible values of the focal leagththe optical center and is set to
be one tenth of the allowable range for the parameter thagirglsearched for . This has the
effect of producing the same distribution of distances rdigas of the camera parameters.

When maximizing this function of the distanceg), the estimated point would be one
that is most likely to be on an intersection of a set of cunRather than merely minimizing
distance of the curves, this means that now we are searobiregdoint that is most likely to
be an intersection. Although in synthetic cases the twoagmires would produce identical
results, in cases where noise is present this formulatiaasléo a solution that is more likely
to be formed by intersections of the zero curves. To illustrRigurd 5.12 shows a set of zero
curves and the resulting objective function formed by alsgtit sequence with two outlying
fundamental matrices. The parameter space in this exasiie focal length and the objective
function is defined as the negative exponent of the sum adiss of a point to all zero curves
as defined above.

This problem is a nonlinear optimization which can be solvgidg a standard optimization
routine. However, since a nonlinear optimization has teees of convergence in cases where
the starting point is not close enough to the global minimamalternative solution is sought.
This method is based on assuming that the solution belongsa®f the zero curves. This is
a reasonable assumption since ideally the solution has torbember of at least one of the
zero curves. This has the effect of reducing the search dpageints that are only on the
zero curves. This will change the optimization formulaté@(removing the superscript which
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Figure 5.12: Zero curves and the objective function for attsgtic sequence consisting of
five frames (10 fundamental matrices) with two outlying fantental matrices. The correct
solution is marked with a red circle.
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denotes focal length):

N
= Z(7) where K —argmin 3 p(d(Z().Z)  (5.33)
ki ik

where the optimal solution is now defined Zs.(j*) the j*-th point on thek*-th zero curve
having the highest score as defineddjy) as explained above. Alsd,.-(j*) has to be higher
than zero to avoid picking one of the spurious solutions gerd by the root finding method.

In addition, the distance between a point on one zero curdenanther zero curve will be
defined as:

d(Zi(5), Z:) = Zi(j) — Z:(5)- (5.34)
This is a simplification that significantly reduces the comagion cost and is a reasonable
approximation since the zero curves are generally slowlying and are defined on the same
range of values. The search parameters in the optimizatiomulation above are simply the
two indices that identify a particular zero curve and a dpeelement in its set. The advantage
of this formulation is that now a global optimum to this moekfiproblem can be found without
using a nonlinear optimization routine. Since the paransgiace is now reduced to a number
of zero curves and the difference operation simply involveabtraction, an exhaustive search
can be performed in a reasonable amount of time to find thenojpti solution. In addition,
the computational complexity of this search increasealigevith the number of fundamental
matrices.

An example of the application of the proposed method in figdive camera parameters of a
real sequence (Rathaus [2]) is shown in Figure]5.13. Thetgsfunction for the focal length
for a total of 21 fundamental matrices calculated betweenfidlimes in this sequence have
been used in the optimization. The solution of a nonlinearcdeversus the proposed method
of finding the global solution have been marked in additiothtoground truth solution. It can
be seen that the proposed method finds a solution very cldbe global minimum whereas
the nonlinear search converges to one of the many local maimnone of the creases of the
objective function.

In addition, Figuré 5.14 shows the timing graph for the noedir exhaustive search versus a
nonlinear optimization method. The timing diagram in Fej6r14a shows that both methods
increase in computation time linearly with the number ofdamental matrices. The next
diagram shows the difference between the computation €dst global reduced search versus
a nonlinear optimization when the number of samples chamgéé zero curves. Figure 5.14b
shows that when the number of samples in the zero curves@®83x: the computation time
starts to change in the favor of nonlinear minimization. ldwer, this is considerably higher
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Figure 5.13: The objective function and the zero curvesHerfocal length estimation of the
Rathaus sequence. The red circle marks the ground truth [Brggths and the green circle
marks the solution of the proposed method. The blue diamoatksrithe result of using a
nonlinear optimization routine.
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Figure 5.14: The left diagram shows the computation timé&efroposed search method and
nonlinear optimization for different number of fundamématrices. The right diagram shows
the computation time of the two methods for varying numbesashples of the zero curves.

than the required number of samples for a reasonable defjr@ecoracy in the estimated
camera parameters.

Overall, the algorithm is able to find the optimal solutiortivaiut resorting to a nonlin-
ear optimization. This avoids the problem of local minimailelmaintaining a reasonable
computation time. In addition, the algorithm can accomnte@daultiple acquisition devices in
the scene, which is a common scenario when performing 3Dhstaaction from large image
databases retrieved from the Internet for a particulares¢@&@3]. Since the solution is the
cross section of the zero curves, multiple acquisitionckvin the scene will simply manifest
as multiple peaks in the search for points with highest scofidhis would mean that the al-
gorithm simply has to find peaks rather than the maximum irst#@ch space. Even though
this has not been implemented in the final algorithm, Figui& Shows the search space and
its ability to highlight multiple underlying camera paratees. Figuré 5.15a simply shows the
zero curves for a synthetic sequence example where twoetitfeamera parameters have been
used in generating the fundamental matrices. Clearly teréwvo different points of intersec-
tion of the zero curves. Figure 5.15b is the resulting sespette and the associated scores for
the points sampled on the zero curves. All the resultingespoints have been plotted with
their original x-axis and the results superimposed. Theszewao lines marking the location
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Figure 5.15: The left diagram shows the zero curves for flesajth for a synthetic sequence
with ten fundamental matrices formed by two different caangeometries. The ground truth
solutions are marked. The right diagram shows the scordseoc$ample points for the same
test. Vertical lines denote the location of the solutiontfe underlying camera focal lengths.

where the actual camera parameters would be. There are s@erdable peaks along these
two lines as shown.

In addition, the method offers a simple numerical methodesédting degeneracies. The
issue of degeneracies is a challenging problem for alledibration algorithms. Even though
an extensive theoretical background on this topic has bessepted in [110, 111, 109, 150],
simple numerical methods of detecting them have not beerenff The only work to the
author’'s knowledge is the method of detecting the stabdityhe solution offered in[[82]
as explained in Sectidn 5.3. The proposed method leads tmglesnumerical method of
deciding whether or not a zero curve is the result of a degeéme&amera geometry. This is
based on the observation that theoretically the objectimetfon collapses for a degenerate
configuration and so all values of the camera parameter éeadéro in the objective function.
This translates to zero curves whose values for the estihmatds amount to zero. However
in other cases a noisy near-degenerate configuration cdndeapolynomial whose roots are
highly uncharacteristic of the expected value of the inpabfem. Therefore, we use our
predefined bound in Eq._5.30 to simply find the percentage bébloound values for the zero
curves. A measure of the likelihood of the degeneracy of tiquéar camera arrangement is
denoted by degél). For instance, the degeneracy likelihood of thth fundamental matrix
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synthetic Tsukuba sequence
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Figure 5.16: Zero curves for two fundamental matrices fram different sequences. Both
cases are degenerate with respect to self-calibrationsyitetic camera pair has image size
of 1024 x 768

is denoted by:

{(f, £,) € Z]f, < eor3w < f,}]
|Z{| '

In other words, the proportion of the out of bound element@fpero curve can be used as an
indicator of the likelihood of its degeneracy. In the abowefulation, only thef, elements
in each solution sample is checked since fhealues are predetermined in the zero curves.
This is due to the fact that th& components are swept in a predetermined interval while the
[, values are estimated. In the proposed method the threshthis @atio is set to 50%. Zero
curves that contain a higher ratio of out of bound elementicated by dege{lz,f) are simply
rejected and not used in the final calculation. Figure]5.18vshtwo examples of zero curves
derived from camera pairs that are degenerate with respeslf-calibration. The figure on
the left is a synthetic camera pair with parallel opticalsaand the right is a fundamental
matrix from the Tsukuba sequence|[95] where images ardiegtto adhere to parallel camera
geometry. In the synthetic example most of the points in #re zurves exceed the threshold
significantly and in the Tsukuba case the zero curve is siroplhapsed to a set of zeros. As
shown, the exact magnitude of the bound is not very imposiace most such examples either
fall to zero or very large values.

Even though this method of detecting degeneracies doesegessarily identify the type
of degeneracy or even discern degeneracies from cases thlea@ot finding method simply
fails for a large number of values, it offers the possibitifypruning out camera pairs from

degeriz/) = (5.35)
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the sequence that would adversely effect the self-caltorgirocess. It is possible to speed
up this process by using methods that find bounds for the fotsultivariate polynomial
[80]; however generally estimating the zero curves is amealsly fast operation. Algorithid 4
shows the outline of the Zero Curves algorithm.

Algorithm 4 Robust self-calibration via Zero Curves

1: Estimate fundamental matrices in the sequefice . Fy
Estimate focal length zero curves; ... 7,
Find focal lengttf* = (f, £;) by minimizing: 37, p(d(f*, Z/))
Estimate optical center zero curves*. .. Z3¢
Find optical centeu* = (u’,v}) by minimizing:zij\i1 p(d(u*, Z¢9°))
return f* andu*

o a ks wd

5.8.5 Experiments

The proposed algorithm is able to localize an accurate isoluh spite of significant out-
liers. This is due to the fact that rather than minimizing éneor of the objective function,
the proposed algorithm minimizes a geometric objectivetion in the space of a set of hy-
pothesized solutions for each individual fundamental maithese hypothesized solutions, or
“zero curves” are essentially the set of roots of bivariailypomials derived from the objec-
tive function of Huang-Faugeras constraint. These cootisicurves in the parameter space
ideally form an intersection where the optimal solutiondes. However, due to noise such
a clear intersection is often not found and so the problemppsaached as a minimization of
a distance score which finds the closest point to an inteessectThe method is robust since
only the polynomials that lead to a unique solution form atduin the parameter space. The
noisy or degenerate objective functions often form indelpah segments in space and do not
form a coherent cluster. As a result, when minimizing theseoetric that was defined, the
solution approaches the intersection of the inlying funeiatal matrices and is not affected by
the outliers. This method in fact has a high breakdown psinte even if the majority of the
zero curves are outliers, the score is still minimum at timeaie@ing few that form an intersec-
tion. Degenerate and erroneous cases can be discardedrogglafbroad interval of expected
values. This means that rather than minimizing errors iniaynor degenerate fundamental
matrix in a bundled optimization, which often leads to irreot results, we can discard such
camera pairs before the final optimization.

In order to test the algorithm, two sets of tests on synthssuences have been carried
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Figure 5.17: Synthetic performance evaluation of the Zaro/€ method compared with two
standard self-calibration techniques.

out as outlined in section Sectibn 5J5.3. Further resulteeahimage sequences will be pre-
sented in Section 5.9. The synthetic results have beenniessimn Figuré 5.17. The proposed
algorithm is referred to in the experimental figures as thertZurves” method.

The first set of experiments shown in Figlre 5117a measueesrtior percentage in the
estimated focal length for the proposed algorithm and tleestandard benchmark algorithms
used previously. As it is shown, the proposed algorithm taams a very low level of error
in the estimated focal length for all levels of noise. Theosetset of experiments shown
in Figure[5.17b shows the percentage error of the estimaieal fength while varying the
difference between the focal length of one outlying franmfrthe rest of the focal lengths.
As it is shown, the proposed algorithm is able to estimatéleraccurate set of focal lengths
for all levels of the focal length deviation.

5.9 Experimental Results

This section contains comparative results pertaining éopttoposed algorithms. Before pre-
senting the additional experiments, a complete compatstween the proposed algorithms
and the two benchmark methods is presented. This is a sunoh#rg previously used syn-
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thetic experiments containing all the algorithms so far amduding the estimation of the
optical center. Figurie 5.1Ba contains the experimentdvingthe evaluation of the estimated
focal length for varying levels of matching outliers for tibthe algorithms. The Zero Curves
method has the strongest performance of all the proposedtalgs. The Perturbation and the
Multi-start algorithms maintain a reasonable accuracghslly lower than the Geometric error
for all outlier ratios. Figuré 5.18b shows the syntheticemkpental results in the case where
outliers are formed by deviating the intrinsics of one of fteames in the sequence of five
frames from the rest of the cameras. In this case the Petiombaethod and the Zero Curves
method performs the best among all the proposed algorithhssexpected, the Geometric
algorithms performs as poorly as the non-robust algorith@erall, the zero curves and the
Perturbation method maintain the strongest accuracy iagtimation of the focal length while
maintaining a low computation time. In addition, in this eéexperiments the optical center
errors have also been included. Figure 5.18c shows therpaafe of the five algorithms in
terms of the accuracy of the estimated optical center foyingrlevels of matching outliers
included in the estimation of the fundamental matrix (saxgeement as in Figure 5.18a).
Normally one would expect the same trends in the estimatidimeooptical center as the focal
length. However, in this diagram the Randomized Multitstaethod performs worse than all
other algorithms even though it has a better performanaetti@non-robust method and the
Geometric method for the focal length. This can be explaithegl to the fact that the self-
calibration constraints are poorly conditioned in the lzedion of the optical center and the
Randomized Multi-start uses less constraints than alratigerithms since it uses the minimal
samples. Figure 5.18d shows the errors in the estimationeobptical center. This diagram
contains the results when the outliers are created by @t focal length of a single frame
from the rest as in Figurie 5.18b. The optical center estonati this case also follows the
same trends as the estimation of the focal length in the sapwrienent, but with the except
of the Randomized Multi-start which is performing poorlyeagplained.

The next set of results presented in Figure 5.19 containéhfenance evaluation of the
self-calibration algorithms with respect to varying numbéoutlying fundamental matrices
on real and synthetic sequences. In these experimentspltistness of the proposed algo-
rithms are measured with respect to varymgnmberof outlying fundamental matrices each
with a fixed outlier ratio in its correspondences. Theseyougl fundamental matrices have
been estimated from a set of matches that consist of 50%ingttyrrespondences. In other
words, for a sequence of five frames, consisting of ten furedah matrices we increase the
number of corrupted fundamental matrices in order to evalttee performance degradation
of the given algorithms. Figure 5.19a shows the synthetpegments where the x-axis is
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Figure 5.18: Complete synthetic performance evaluatiom$sessing robustness of the three
proposed self-calibration algorithms and two benchmarkoas. Evaluations include focal
length percentage error and optical center percentage erro
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Figure 5.19: Performance comparison when the variableistimber of fundamental matrices
that have been contaminated by 50% matching outlier.

the number of corrupted fundamental matrices. For all wéhoise contamination the Zero
Curves algorithm performs best except for the final set oieutatio which consist of eight
corrupted fundamental matrices out of a total of ten. Then@ac method maintains a steady
performance for all levels of contamination. This is agaie tb the fact that the nature of the
artificial noise used in this experiment is related to theetgpmetric that this algorithm uses
in its weighted estimation scheme. The next set of expetisrsown in Figuré 5.19b are per-
formed on the five frames of the Wadham College sequence [&hwdontains ground truth
correspondence information. During this set of tests theehmag information provided with
this sequence was used to estimated the fundamental nsathicerder to create the number
of outlying fundamental matrices 50% of the correspondemeere contaminated by outly-
ing noise. The performance evaluations show that in thie tle Randomized Multi-start
optimization algorithm and the Zero Curves algorithm perfehe best among other methods.
The next set of experiments shown in Figure 5.20 evaluatmtiestness of the algorithms
with respect to matching errors in real sequences. In thisfsexperiments, four real image
sequences have been tested. The performance has beertesVétwmancreasing number of
outlier fundamental matrices. Each sequence consistsvehdeames (leading to 21 funda-
mental matrices), or has been reduced to contain only sexeres in order to create a uniform
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scenario across all four sequences. The correspondemcemation has been found using the
SIFT matcher[[60]. Outlying fundamental matrices in thisupeare created by including all
the raw SIFT matches in its calculation. A noise-free (in@n-outlier) fundamental matrix
in this experiment is obtained by using the robust LEV-RANIS&gorithm proposed in Sec-
tion[4.7 but a fundamental matrix marked for being set ani@ui$ simply fit to ALL the
correspondences found by SIFT, including the outliers,tiv@a8-point algorithm[[44]. The
utilized sequences are: Valbonne [6], Rathaus, CastleaRd%ountain-P11 sequences [108].
From the diagrams one thing that stands out is that the Pattan algorithm performs the
best when no error is deliberately injected into the datéhetiowest level of contamination
on the x-axis. The Randomized Multi-start algorithm parfsreasonably consistently across
the outlier ratios. In other words, the Randomized Muléirsimethod maintains the same level
of accuracy in spite of the outliers. This is often not thetbbegel of accuracy among the
methods; however outliers do not have an impact on the pradoce of this algorithm due to
its ability to prune through outliers. However, since thigeirs are not all fully taken advantage
of, this consistent performance is often not comparablbedest performing algorithm. This
happens to be the Zero Curves method which for reasonabtarnoration levels maintains
a very high level of accuracy. However, when the number ofammmated fundamental ma-
trices increases, spurious peaks can be found in the olgdatiction used by this algorithm
as explained in Sectidn 5.8.4. The Perturbation algoritenfopms poorly in moderate levels
of noise, which can be attributed to the fact that the ovétaibr Discrepancy scale is found
using a robust method with a relatively high breakdown poiifterefore, this method is best
utilized at low error levels where it performs relativelytiee than the others. The Geometric
algorithm is also relatively constant in its performancpressed as the focal length error. As
explained, this algorithm performs poorly when the sourcthe error is other than noise in
the fundamental matrix and so this algorithm does not exterall scenarios. Furthermore,
the performance of the Zero Curves method is overall stnomgewer error levels than the
Geometric method.

Outliers are generally assumed to contain error valuescHratot be attributed to a Gaus-
sian distribution. However, the performance of the roblgbrithms have been compared
when various levels of Gaussian noise are present. In th@niolg experiment, shown in
Figure[5.21 Gaussian noise has been added to the correspesdef all the frames of the
synthetic sequence of five images. As before, random gegmitameras has been assumed
for each level of noise and the results averaged over 100riexgets. However, unlike the
previous cases the amount of noise is normally distributekd the varying standard devia-
tions as shown on the x-axis. In this case, none of the fundehmatrices are outliers per
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Figure 5.20: This experiment measures the accuracy of tiraaed focal lengths for differ-
ent number of fundamental matrices that have been estin@tedv image correspondences
without the use of a robust fundamental matrix estimatoraedherefore outliers. The x-axis
shows the number of such erroneously calculated fundatmeataces. All sequences contain
seven images and 21 fundamental matrices.
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Figure 5.21: Synthetic evaluation of self-calibrationtwiéspect to normally distributed noise
added to all the image correspondences used to calculatertti@mental matrix.

se and so one expects the non-robust algorithm to perforrneste Although the differences
between the performances are not very significant, the iation algorithm performs better
than other algorithms for higher levels of noise level. Tikidue to the fact that the Error Dis-
crepancy measure defined in this algorithm is able to prun@aigy fundamental matrices,
even when the noise is small. However, the Zero Curves dfigomperforms poorly in this case,
most likely due to the fact that at higher levels of normalistdbuted noise the localization
of the convergence point gets less precise. The surprissgts are the results for the error
in the estimation of the optical center shown in Figure 5. 2hkhis diagram the Zero Curves
method achieves the highest accuracy in the estimationeobptical center across all levels
of normally distrusted noise. This is very likely due to tlaetfthat a different mechanism is
used for finding the solutions which might be more suitabldifuding the optical center. As
mentioned, the estimation of the optical center is inhéyanore difficult than the focal length
when using typical gradient based optimization methods.

The next set of experiments examine the scalability of tivergialgorithms in terms of
performance and computation time, shown in Figure]5.22ure[$.22h shows the accuracy of
the estimated focal lengths for increasing number of frawiesn one frame contains outliers.
In this set of experiments, the image features of a singladrhave been corrupted by noise
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Figure 5.22: Performance and computation time comparisoiméreasing number of frames.

and so all of the fundamental matrices involving this frame @ntaminated. For example,
if there are five frames, four fundamental matrices relatiregnoisy frame to others will be
contaminated by 50% outliers. It can be observed that theracg of all robust algorithms
slowly increases with the number of frames for most methouseshere are more constraints
available as a percentage of the total number of fundameratices increases. Figure 5.22b
shows the computation time for self-calibration based awiag number of frames with no
outliers. The Randomized Multi-start algorithm has be@maeed since it is significantly more
time consuming than the other methods. In fact, it is tensimere computationally costly on
average than Zero Curves method.

The final set of presented experiments is the set of resuth thfe algorithms as tested on
a set of benchmark sequences shown in Table 5.2. This tableins the estimated results of
self-calibration for our compared method, whereas thegfory these experiments is provided
in the accompanying Takle 5.3. The fundamental matricdsesit algorithms are estimated via
the LEV-RANSAC method proposed in Section]4.7 from matchdata found using the SIFT
matcher. No artificial noise has been added to the fundaineatiaices of these sequences.
The experiments have been repeated 50 times for each secaththe results averaged over
all the trials. Due to space limitations, the Zero Curveshuétis abbreviated to “ZC”, the
Randomized Multi-Start method to “RMS” and the Perturbatiwethod to “PBW”. Averag-
ing over all the focal length errors for all the sequences, ZBro Curves method achieves
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the highest accuracy by a 14.8% error in the estimation ofdbal length. The second most
accurate method is the Randomized Multi-start method witfi.4% accuracy and the third
is the Perturbation method with a 20.1% accuracy level. Toestyperforming algorithms are
the Geometric method with a 25% error in focal length estiomaand the non-robust with
29%. However, the results for the optical center indicag the Perturbation algorithm per-
forms best with 16% error and the rest of the algorithms ayeenaa close range between 20%
and 27%. However, since the estimation of the focal lengthf {grimary interest, it is clear
that the Zero Curves algorithms has the highest performeatee The Randomized Multi-
start algorithm can not be recommended in a typical SfM stewdae to its high computation
time. The Perturbation theory, while moderately accurétkelags behind the Zero Curves
method. In terms of a weighted optimization framework; hesveit is superior to the Geo-
metric method since the weights rely on the properties df @&aedamental matrix as it related
to self-calibration. On a final note, the result with resgedhe Corridor sequence are quite
poor for all the given algorithms. This is due to the fact tthag sequence is nearly degener-
ate due to the motion of the camera being purely transldt{amsde and sideways out of the
corridor).

5.10 Discussion

Three robust self-calibration algorithms have been pregasnd their performance tested
against a number of synthetic and real image sequencese Téss included robustness as-
sessment with respect to varying levels of outliers in threespondences used to estimate the
fundamental matrix, Gaussian noise, number of noisy fureaaah matrices, changing frame
parameters with respect to the sequence and also commatitime evaluation. The first al-
gorithm, the Randomized Multi-start algorithm is a compiotzally costly search in the space
of parameters and in the input fundamental matrices. Tharigthgn is able to overcome local
minima and outliers at the expense of large computation. téwh&o, since the self-calibration
constraints are only enforced on minimal sets of fundaniengdrices, very accurate results
are not obtained. When off-line self-calibration is the teom, this algorithm is more applica-
ble due to its high computation time. The second algorithesyeerturbation theory to obtain
a set of weights for the fundamental matrices at each iterafThe weights are based on the
likelihood of a fundamental matrix to be an outlier based ome measure of how much its
error in the objective function deviates from some expetiteeshold derived from perturba-
tion theory. This algorithm performs moderately well at wén computation time than the
Randomized Multi-start algorithm. As demonstrated, thégumance of the Perturbation al-



Robust Self-calibration 149

gorithm is superior to that of the Geometric algorithm foe tieal image sequences. Also, no
information about the correspondences are needed in argrtorm this iterative weighted
optimization. The last algorithm proposed is the Zero Csialgorithm which uses a geometric
optimization in the space of a set of zero curves of the patyiats derived from the objective
functions based on the fundamental matrices. This algarithcomputationally feasible in
addition to being accurate for real scenarios. Also, inlsgtit experiments it provides very
accurate self-calibration results and is robust againgyiag fundamental matrices. Also it
avoids local minima in the objective function since a gladedrch is carried out.
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Table 5.2: Self-calibration comparison results on realgensequences. Best results based on
focal length accuracy are highlighted. The ground truthinsic parameters provided along
with the image sequences are shown in the “quantity” column.

sequence H quantity ‘ ZC ‘ RMS ‘ non-robust‘ Geometric| PBW
Corridor fo =495.23 | 333.39 | 462.72 | 959.20 824.67 663.76
fy =496.92 | 669.34 | 600.30 | 1266.36 1151.28 | 1038.77
u. = 272.50 | 207.76 | 253.98 | 335.89 304.05 272.99
v, =279.98 | 245.35 | 213.23 | 257.61 263.78 281.79
f»=1150.86| 1101.80| 1150.35| 303.53 447 .42 284.72
fy=1138.18| 1111.36| 1270.83| 968.12 1003.73 | 1042.63
u. = 534.65 | 296.05 | 542.16 | 622.05 607.41 622.21
v. = 388.79 | 550.29 | 324.97 | 392.71 359.97 399.17
fo=1116.02| 1279.20| 1123.73 | 1139.52 1129.69 | 1137.04
fy=1101.77| 477.06 | 1333.98 | 1327.88 1318.21 | 1353.69
u. = 435.65 | 441.46 | 519.74 | 535.55 531.51 537.32
v. = 351.58 | 436.43 | 464.47 | 458.22 458.64 447.74
Merton2 fo=1161.37| 919.32 | 1061.49 | 1051.36 1032.73 | 1037.69
fy =1167.33| 1017.76| 1186.75 | 1227.04 1262.23 | 1211.61
u. = 466.88 | 588.68 | 537.95 | 526.04 526.86 526.25
v. =347.78 | 476.12 | 373.39 | 374.94 329.06 392.02
Merton3 fo=1022.95| 1032.52| 1101.30 | 1104.87 1107.70 | 1110.84
o ; fy, =1036.60| 998.97 | 1466.46 | 1033.45 1065.33 | 1051.35
m u. =542.92 | 116.43 | 404.33 | 442.77 444.63 438.88
v. =401.18 | 371.34 | 220.84 | 380.84 370.49 382.16
Rathaus fo=1977.35| 2126.01| 1703.68 | 1562.46 1661.46 1981.87
fy =1974.00| 2022.65| 1994.85 | 1758.98 1819.64 1945.61
- u. = 809.95 | 869.75 | 768.31 | 713.15 744.86 827.40
v. =575.70 | 573.77 | 553.18 | 304.69 327.63 573.66
Valbonne f»=681.35 | 691.00 | 468.05 | 360.06 380.17 524.13
= “‘ fy=1679.28 | 660.90 | 516.31 | 554.03 561.66 654.66
ﬁ u. = 258.80 | 491.60 | 193.70 | 203.87 211.97 168.18
v, =383.19 | 483.47 | 375.21 | 82.43 100.08 268.43
Castle-P19 || f, =1379.74| 1382.90| 1318.75 | 1326.46 1339.04 1350.21
SATE T fy, =1382.08| 1362.81| 1352.31 | 1370.12 1374.93 1390.88
u. = 760.35 | 750.94 | 775.07 | 702.76 | 714.21 738.70
v. =503.40 | 515.13 | 494.11 | 495.44 499.28 495.11
Fountain-P11|| f, =1379.74| 1224.99| 1375.76| 283.56 344.97 362.87
]| fy, =1382.08| 1364.75| 1361.73| 1395.35 1397.46 | 1385.33
| u. = 760.35 | 746.02 | 740.90 | 907.14 898.23 876.34
v. =503.40 | 560.05 | 536.45 | 582.97 601.48 659.75
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Table 5.3: Self-calibration percentage errors on real enggfjuences. Best results based on
focal length accuracy are highlighted.

‘ sequence H quantity‘ ZC ‘ RMS ‘ non-robust Geometric‘ PBW ‘

Corridor €tocal 32.98| 39.64 | 109.62 92.65 68.14
eoc 19.64| 25.11 | 28.16 16.06 10.20
€tocal 15.06 | 11.34| 44.18 36.37 43.96

Wadham
eoc 46.96 | 19.88| 12.91 12.66 13.97
€focal 47.08 | 15.62 | 12.95 11.52 13.21

Mertonl
eoc 18.67 | 24.70 | 24.91 24.51 23.65
€focal 19.87 | 13.64 | 10.97 10.65 10.70

Merton2
eoc 46.65 | 30.03 | 31.22 23.75 31.74
€tocal 4.64 2582 | 7.24 6.13 7.62

Merton3
eoc 44,13 | 38.30 | 13.52 14.22 15.16
€tocal 4.99 7.74 16.49 12.44 1.67

Rathaus
eoc 6.44 7.63 32.48 27.59 3.71
€focal 11.11| 33.13 | 32.93 30.77 14.38

Valbonne
eoc 70.59| 33.16 | 49.87 45,98 33.65
Castle-P10 €focal 1.99 9.80 3.92 2.76 1.84
eoc 2.13 20.26 | 6.29 4.87 2.87
. €focal 6.28 5.01 | 40.34 38.17 37.38

Fountain-P11

eoc 9.26 6.52 | 18.28 18.87 23.74




Chapter 6
Conclusion

The goal of this thesis has been to focus on improving thestoless of two of the mostimpor-
tant stages in SfM, namely fundamental matrix estimatiah seif-calibration. In addition to
being of utmost important to the SfM tool-chain, these twesarof computer vision are of use
to many other problems. The introduction in Chapter 1 priesktine challenges of visualizing
the world through images and the inadequacies of existinads, thus providing the moti-
vation behind improving the robustness in the uncalibr&gd pipeline. Overcoming some
of the challenges of working towards a general and robustlibrated SfM framework were
then presented as the goals of the thesis. The followingges\a summary of the thesis and
the algorithms proposed.

6.1 Summary

The thesis begins with an introduction to the field of 3D wisand the SfM pipeline. The
issue of robustness is then discussed along with its impogtéan 3D reconstruction. Once
the motivation for robust methods in the field is presented jinportance of the fundamental
matrix in the field of 3D vision is outlined. The problem of tdiness in the estimation of the
fundamental matrix is then discussed followed by an intotidn to self-calibration. It is then
argued that robustness in self-calibration is essentiad feal-world scenario. The thesis then
proceeds by providing two background chapters on 3D visimhrabust statistics. Following
this, the first set of contributions in robust estimationted fundamental matrix are detailed in
Chaptel 4. Subsequently the second set of contributiormdliaed in Chapter]l5 where robust
self-calibration is discussed. A summary of the above araptill now be presented.
Chaptel 2 contains the preliminary ideas from the field of &on that set the terminology
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and the background for the thesis. This chapter starts byridasy the pinhole camera model

which is used throughout this thesis. Following this, npliview relations are described

and their utility in the SfM is provided. These include thentumraphy, the essential matrix

and the fundamental matrix. The different levels of strtetecovery from images are also
enumerated: projective, affine and Euclidean and metriocnstcuction. Camera calibration

is also explained and several general methods of appraacthis problem are stated. The

preliminary ideas for self-calibration such as the absobainic and quadric are also explained.
The chapter ends with a brief overview of the topic of degaoer

Chaptef B contains the preliminary ideas used from the dnagbast statistics. This chap-
ter begins by detailing the problem of linear regression taedssue of noise. Then the idea
of robust regression is presented accompanied by sevgratiments showing the importance
of robustness of parameter estimation and the effects of @vall amounts of outliers on this
process. The problem of noise is then examined and difféypas of noise are discussed. Sub-
sequently, the issue of influence is presented along witmikeesure of leverage which is used
later in developing a robust sampling method. Following tRANSAC and M-estimators are
presented as two general approaches to the problem of redtirsiation.

Chaptef 4 presents the first portion of the contributionsyelg, robust estimation of the
fundamental matrix. The problem of estimating the fundataenatrix from correspondences
that can often contain a large number of outliers is reviewadious metrics for assessing the
quality of the fundamental matrix are also provided. Folloyhis, several categories of the
innovations in this field are presented. Each category dediseveral recent methods in the
literature which are reviewed and analyzed. It is pointetttioat many of the methods that im-
prove the sampling of RANSAC are not general and fail in trespnce of local motions. Two
algorithms were then proposed to alleviate these issues.fifdt algorithm, RES-RANSAC
was described in Sectign 4.6, it relies on the analysis ofék&luals and the idea that inlier
residuals cluster together and are normally lower in magheithan outlier residuals. Using
this idea a guided sampling method is adopted to improvedestness and the accuracy and
speed of the RANSAC process. This work was published in ttf8 20o0ceedings of the In-
ternational Conference on Pattern Recognition [90]. Amaigm devised based on a similar
residuals-based strategy as RES-RANSAC but using notheslast residual update, but all
previous residuals is published in the 2009 proceedingd®firiternational Symposium on
Visual Computing([129]. Also a US Patent based on this gsateas filed [91]. The sec-
ond algorithm in this chapter, LEV-RANSAC was introducedSection 4.7. This algorithm
also relies on residual analysis to steer the sampling psosvards inliers. However, in this
algorithm a superior quantity than pure raw residuals ikzetl. Regression diagnostics in-
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formation is derived from the iterations of RANSAC which dahen used to estimate tlee
priori information for guiding the sampling. This work was pubgshin the 2012 proceedings
of the International Symposium on Visual Computihgl [89].eTéxperimental results are then
presented comparing the performance of the two proposeditims with existing methods.
Chaptef b presented the second set of contributed work®iodhtext of self-calibration.
The challenging problem of calibrating image sequences foarely image-based data was
presented along with the challenges facing existing sdibation methods. Several of the
most important self-calibration constraints are thengmésd. It is then argued that the Huang-
Faugeras constraint is the most suitable for use in a robdsj@neral-purpose self-calibration
context. Following this, the sensitivity of self-calibi@t to outliers was demonstrated using
experimental results. Three methods were then proposedhfoving the robustness of ex-
isting self-calibration methods. The first method used aeggiisampling of the search space
in order to avoid local minima, outlined in Sectibn15.6. Thisthod was initially published
in 2010 proceedings of the International Symposium on Vi€wanputing [88]. The second
method proposed relies on perturbation theory to find ancqipiation for the upper bound for
errors derived from the singular values of the essentiatirathis is then utilized to perform
a weighted nonlinear optimization where the weights arévddrfrom an Error Discrepancy
measure based on the bounds for the error values. The Igsig®d algorithm for robust self-
calibration is based on a geometric optimization where atgoi is found based on its level
of consensus from a number of zero curves. These zero cumweketined as the families of
solutions derived from individual fundamental matriced ane effectively the set of roots for
the resulting multivariate polynomial derived from eachdamental matrix. Finally experi-
mental results based on synthetic and real images are peesamd the proposed methods are
compared and analyzed. The Perturbation algorithm andehe@urves method are currently
in the process of being prepared for submission to a relggamal.

6.2 Contributions of the Thesis

This thesis has achieved several contributions towardgdhéof robust 3D vision. The con-
tributions have been focused on the important areas of fuedéal matrix estimation and
self-calibration. Below a summary of the contributionsiiegented.

¢ RES-RANSAC which is a novel algorithm was proposed for invprg the sampling for
RANSAC. This algorithm shows that the residuals from theatiens of RANSAC can
be used for more than merely measuring the level of consersosn analysis of the
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residuals, it is inferred that residuals for inliers are éown magnitude regardless of the
quality of the models, and that they tend to cluster togetReth of these ideas are uti-
lized to improve the sampling of RANSAC via an algorithm teatimates prioris for
the correspondence data. This algorithm reduces the drtbe @stimated fundamental
matrix by 9% compared to MLESAC and reduces the required mumobiterations by
an average of 16%.

e The LEV-RANSAC method was developed where regression distigs are incorpo-
rated in the sampling process of RANSAC. This is an algorithat brings ideas from
the field of robust statistics into the domain of computeroris Using Cook’s distance
which is a well known quantity in the field of robust statistizalidity information is
derived from the residuals of the RANSAC process. This imthged as a@a priori
measure that guides the sampling process. Also the stogpitegion of RANSAC
is modified to depend on the convergence of the validity nreasuThe experimen-
tal results show that this method performs as much as seves faster than traditional
RANSAC while maintaining a higher accuracy in the estimétaée fundamental matrix.
Note that this strategy is applicable to any model beingrestd using the RANSAC
framework including homography estimation and essentiatricn estimation in cali-
brated sequences.

e A Randomized Multi-Start Optimization algorithm was pretsel to explore the self-
calibration constraints in scenarios where noise is a nfiagbor. This algorithm is based
on using a distribution over the parameter space that ingsrélve sampling of these
parameters. This scheme also contains sampling of the rioerakal matrices in order to
reduce the impact of noise. We combined sampling strate@gteghe Kruppa equation
and a distribution based on its solutions to help infer catibn data. The resulting
algorithm can estimate the camera intrinsic parameters 60% more accurately than
the non-robust method when the source of the error is poonasbon of the fundamental
matrix and up to 50% more accurately than the non-robust adesimd the Geometric
method in higher error ratios when the source of the errarderrect assumptions over
the camera parameters.

e A novel algorithm was presented which combines perturbdtieory to create a bound
on the errors from the self-calibration constraints on tegeatial matrix. Using these
a weighted optimization strategy is devised that is robusttame efficient. The pro-
posed algorithm achieves up to 60% more accuracy than theatust method when
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the source of the error is noise in the estimation of the fometgal matrix and up to
50% higher accuracy when the source of error is incorreatraggons about camera
parameters.

e A robust strategy was presented for finding solutions to setsultivariate polynomi-
als. This is combined with self-calibration constraintgtoduce a robust method that
is highly efficient and accurate. This method can also beiegpb other applications
where solutions of systems of polynomial equations are testienated. This algorithm
is as much as 12 times more accurate than the non-robust dnatidcthree times more
accurate than the robust Geometric method when the soutbe efror is the noise in
the fundamental matrix. When the source of the errors isrrecbassumptions on the
camera parameters, the Zero Curves method performs as rauh tmes more ac-
curately than the competing methods. In addition, this wettan potentially discern
multiple acquisition devices in the self-calibration pees. Degeneracy detection is an-
other venue explored using this method and results showddteneracy detection can
be feasible using the proposed approach. The Zero Curvdsothehly uses an eigen
decomposition function for finding the roots of a polynomaald so unlike previous
methods does not rely on a nonlinear optimization technique

In summary, two areas have been addressed and improved upog this work. The
important problem of motion estimation has been addressetiao method that improve both
the speed and the accuracy of the process have been presimgedethod based on regression
diagnostics has the ability to maintain a nearly constamtpgdation-time over a long range of
outlier ratios. This is a significant improvement over drigimethods since their accuracy and
speed degrade exponentially at higher outlier ratios. Whgovement can have significant
benefits for real-time vision applications where an uppearigoon the computation time is
required. Also the issue of the robustness of self-calitmndtas been addressed. Even though
self-calibration has existed in the literature for a longdj most algorithms based on self-
calibration are not reliable due to their high noise sevigjti In order to address this, three
algorithms have been presented that are able to overcomehhirtcoming of existing self-
calibration techniques. These algorithms provide sohstiwhere a non-robust self-calibration
algorithm completely fails.
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6.3 Future Work

Due to its central place in many computer vision problems gstimation of the fundamental
matrix is of great importance. In this thesis we have prodidarious insights on the residu-
als derived during the iterations of RANSAC and how they carmubed to derive the validity
information. The properties of these residuals can be durithvestigated in order to devise
more rigorous validity data. Also using the “history” of aipts residuals should be incorpo-
rated into this measure of validity. In addition, analysigesiduals can be used in order to
not only discern inliers, but also the presence of local aroin the scene. Preliminary tests
have shown that the histograms of scenes with local motionsam multiple peaks that can
be used to perhaps estimate multiple motions at once or sttitdar validity information for
the independent motions during a single run of RANSAC to kelus subsequent iterations
to estimate the local motions. The field of robust statigti@as also be applied to robust esti-
mation of the fundamental matrix. Additional ideas can bedus order to refine the validity
measures. Regression diagnostics can be further usectaledenerate configurations. Also
the regression diagnostics information can be used@#ori information not just in the sam-
pling process, but also in the reconstruction process andglbundle adjustments. Weighing
certain points according to the level of their confidence ighastimated during LEV-RANSAC
can be helpful in improving the final results of bundle adjusit. Also the applications of the
two proposed motion estimation methods can be tested orothedraphy estimation.

With respect to self-calibration, robustness remains it ®arly stages. As a result, several
directions exist within this research, for instance, th@rovement of the estimation of the
optical center. This has remained a difficult problem relgassiof the constraints used for self-
calibration. In addition, better modeling of the positidrilee optical center can be carried out.
In our proposed sampling algorithm the deviation of theagdttenter from the image center is
modeled as a Gaussian. This can be further refined using kdgelfrom lens manufacturing
or by compiling specs from a large number of cameras. FinthiléyZero Curves method can be
investigated as a general purpose solution estimator fge Isystems of equations. Detecting
degeneracies is also another venue that can be exploradifuting the Zero Curves method.
The experimental results showed that we were able to detgetebracies for a simple example
of a degenerate camera motion, however more complicated cas also be examined.

One important idea that has not been explored during thsghe the idea of detecting
key-frames. Key-frame detection is finding reliable frarfresn within a sequence of images
to initiate the SfM process from. Knowledge of the intrinperameters of this initial pair of
key-frames means that we can find the calibration paramefeh® rest of the images in the
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sequence via resectioning [44]. Therefore, using the cendie in the estimation of the camera
parameters during self-calibration can provide a good atu® which frames to use to initiate
the SfM process. For instance, using the Perturbation rdethe can use the estimated camera
parameters during self-calibration to initiate the SfMqass from the pair of frames having
the highest weights. Similarly, the Zero Curves methodsiges a measure of consensus for
the estimated solution. This measure of consensus can deasgecide which frames have
been calibrated with the highest level of confidence and theéarn used as key-frames in
SfM. Although there are other important aspects of chookaygframes|[113], the above self-
calibration criterion can be incorporated into existinginoels that aim to find the most stable
key-frames to start SfM from.



Appendix A

List of Symbols

C Conic

C*  Dual conic
P3 3D space
P2 2D space

X  Pointin 3D space

X; i-th pointin 3D space

x Pointin 2D space (e.g., image plane)

x; i-th pointinimage

x';  i-th pointin second image

x +» X' Correspondence between two image points in two differaawsi
H  Homography

T  Transformation matrix

Tso Plane at infinity

~ Absolute conic

I Identity matrix

Q% Absolute dual quadric

R Rotation matrix

t  Translation vector

K Intrinsic camera parameters, or intrinsics matrix, or canoptical matrix
C Camera center

f.  Focal length in the x-direction

f,  Focallength in the y-direction

f  Vector representation of the x and y components of the fecath, i.e.f = (f., f,)

[©)
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[ Focal length when the aspect ratio is unity (ife= f, = f,)
u.  Optical center, (x-component)
v.  Optical center, (y-component)
OC  Optical center
P Projection matrix
V' Vanishing point
F Fundamental matrix
F;  i-th fundamental matrix
Epipole
'’ Epipole of second view
[t]x ~ Skew symmetric matrix of a vecter
E  Essential matrix
d(x,y) Distance betweer andy
r;  Residual of the-th data point
d;  Studentized residual of theth data point
h;; orh;  Leverage of the-th data point
D; Cook’s distance of theth data point
o  Standard deviation
p(v;)  Probability that the-th data point is an inlier
N Number of data points
p(vi(j)) Probability estimate during iteratiginthat the:-th data point is an inlier
p(vf)  Probability of data poini-th being inlier estimated during the last iteration where
a best model was found
M=  Best model found so far during the RANSAC iterations
M;  Model found at iteratiory during the RANSAC iterations
A The estimated value of a matrix A
A, The error in the estimate of matrix A
A(j) Error in the estimate of matrix A during theth iteration
o; i-th singular value
|All2  Euclidean norm of matrix A
|Al|7 or|[|A||  Frobenius norm of matrix A
EDZ@ Error Discrepancy measure during iteratipfor thei-th data point
w;  Weight for data point
Z;  Zero curve, or the connected components defining the zerasrafltivariate poly-
nomial of the objective function, derived from tiwhe fundamental matrix;

e
e



List of Symbols 161

7! Zero curves for the focal length
z¢¢  Zero curves for the optical center
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