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Abstract

Real-time digital signal and image processing applications demand high speed opera-
tions for massive computations. The discrete Fourier transforms(DFT), the frequency
domain description of digital samples, are a special case of them. In this thesis, we
propose efficient systolic array architectures for the 1-D and the 2-D DFT using the
second-order Goertzel algorithm. This algorithm improves efficiency by reducing the
number of required multiplications by two, compared to the direct calculation or the
first-order Goertzel algorithm, and yields efficient systolic array mappings. For the
1-D DFT, two 1-D and one 2-D systolic arrays are proposed. The two 1-D structures,
a semi-systolic array and a pure-systolic array, are characterized by regular, modular
cell interconnections. Thus making the arrays compatible with VLSI design principles.
They require a total of N + 1 processing element, N of which are identical(where N
is the length of the DFT). The hardware complexity of a basic cell is 4 adders and 2
multipliers. In addition, for each N cells, there is a shared cell with 4 adders and 4
multipliers. These arrays perform at an effective throughput rate of one DFT sample
per clock cycle. The proposed 2-D array structure, obtains 2 higher throughput rate
of one DFT transform per clock cycle by increasing the number of processing elements
N times, while keeping the simplicity of the basic cell. As for the 2-D DFT, a 2-D sys-
tolic array architecture is developed which does not require a row-column transposition
while some delay units are needed between the two stages. The row and the column

computations of the 2-D transform are similar and can be realized on two identical



ckips. This array has a high throughput rate of one 2-D transform every N clock cy-
cles. All the above proposed systolic arrays can process continuous flow of input data
and perform at 100% efficiency. These structures are compared to other DFT systolic
arrays regarding complexity and real-time implementation. An error analysis is given

for the proposed systolic arrays and other existing DFT systolic arrays.
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Chapter 1

Introduction

1.1 DFT and real-time digital signal processing

Modern digital signal processing(DSP) plays an important role in a wide range of fields,
such as speech processing, data communication, weather, sonar, radar, video compres-
sion, HDTV and so on. It converts a continuous time signal to a series of discrete data
samples where digital computers can be used to extract characteristic parameters or to
process these sequences, such as removing interference. In general, the mathematical
and algorithmic techniques encompassed in DSP are diverse. However, most DSP al-
gorithms are dominated by convolution/correlation filtering, linear algebraic methods
and transform techniques [1], such as the discrete Fourier transform(DFT),

The DFT is a key algorithm in frequency-domain description of signals and lincar
system functions. The dominating aspects for the DFT, as well as for many other DSP
algorithms, are mathematically intensive computations and often real-time operation.
For example, the number of complex computations required to compute a N-point
DFT is proportional to N2. This computation is mathematically intensive, especially
when N is large. In addition, the DFT must be performed in real-time. A computation

rate in excess of 1 billion operations per second may frequently become necessary. This



requires essentially large throughput rates and huge amounts of data and memory.

A variety of DFT processors has been proposed and implemented to meet increas-
ing performance requirements of signal processing applications. In the past decade,
two approaches have been used to implement signal processing algorithms. One is
the programmable digital signal processors(DSPs). The DSPs strongly favor multi-
ply/accumulate based algorithms. Their programmable nature make them very flexi-
ble. They can be used in applications where throughput rates per sample ranging in
the tens of kHz are sufficient.

Another possibility is to build special-purpose DFT processors that are optimized
for processing specific task - e.g. the DFT computation. These usually require more
hardware than the DSPs but can achieve higher throughput rates. At this moment
these appears to be no reference with respect to an actually realized circuit. Only a
few potential realizations were reported [9] [12] [16] [13] [6] [17)-

To implement the time-critical and computationally complex DFT computations
in hardware in order to accelerate the speed of execution, the special-purpose DFT
processor has to be cost-effective in terms of production cost and design turn-around
time. Systolic array processors are a type of special-purpose systems that potentially
offer a promising solution to meet real-time processing requirements and has structural
properties that are suitable for very-large-scale integration{VLSI).

The fast Fourier transforms, known as FFT, derive their computational advantage
by transforming a DFT into a set of lower-order sections. When computed on a general-
purpose computer, they usually outperform any DFT algorithms reducing the order of
complexity of the transform from N? to NlogN, where N is the length of the DFT.
However, due to the characteristics of the algorithms, it has some drawbacks for systolic

array implementations as will be shown in chapter 2. Therefore, we shall focus on VLSI
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DFT array processors realizing the DFT in this thesis.

1.2 VLSI architectural design principles

VLSI architectures should fully exploit the potential of VLSI technology and also take
into account the cost of the silicon area and the input/output(1/O) pins; the layout
constraint and the resultant interconnection costs in terms of area and time. S.Y. Kung

summarized some VLSI design principles in [2]:

1. Regularity and Modularity
In designing special-purpose systems, there is an emphasis on keeping the overall
architecture as regular and modular as possible, thus reducing the overall com-
plexity. If a structure can be decomposed into & few types of simple substructures
or building blocks, which are used repetitively with simple interfaces, high speed

structures can be implemented.

2. Pipeline and Parallel Processing
Real-time DSP requires extensive concurrency by either pipeline processing or
parallel processing. The throughput rate is the overriding factor dictating the
system performance in many DSP applications. To optimize the throughput, a
different design choice is often made than that of minimizing the total processing
time. Pipeline techniques fit our goal of improving throughput rate. For signal
processing arrays, pipelining and parallelism at all levels should be pursued. It
may bring about an extra order of magnitude in performance with very little

additional hardware.



3. Local Communication vs Global Communication
When a large number of processing elements work simultaneously, coordination
and communication becomes significant - especially with VLSI technology. Since
communication in VLSI is very expensive in terms of area, power, and time
consumption, it has to be restricted to localized interconnections. To avoid global
interconnections, local, regular data movement is strongly preferred. Sometimes,
the broadcasting technique can be used to exploit the concurrency in algorithms
so that the throughput rate can meet the real-time requirements. Whenever
broadcasting is used, time skew has to be considered and the circuit layout must

be designed carefully.

Systolic array design that conforms to these rules will lead to cost-effective and

efficient VLSI implementation.

1.3 Systolic array architectures

Systolic arrays for DFT computation was first proposed by H.T. Kung{3]. Since then,
systolic arrays for VLSI implementation of many complex and computation-intensive
algorithms have been proposed[4] [26] [31] [34] [29).

A systolic array is a set of proccssing elements(PEs), each capable of performing a
simple function, interconnected in a regular pattern which depends on the function to
be performed. The systolic array typically communicates with outside world{memory,
1/0, or hose CPU) at the boundary cells. The structure is called systolic to draw an
analogy to the systolic pumping of blood by the heart in the body’s vascular system;
in a systolic array, data is rhythmically ‘pumped’ from one PE to the next. At each

PE, the data may undergo some operation to yield a modified value, that is then

5



pumped into the next PE in line. The key approach is to have local, rather than giobal
communications since each PE is directly connected only to its nearest aneighbors.
Also, the data undergo computation operations in sequence, and I/O occurs only at
the boundaries, thereby satisfying all the conditions for efficient VLSI design that were
discussed above.

The basic principle of a systolic architecture is shown in Figure 1.1. By replacing
a single processing element of a signal processing computer with an array of cells,
faster computation can be achieved. Once a data item is brought in the systolic array
it is used effectively at each cell of the array. This is possible for a wide class of
compute-bound computations where multiple operations are performed on each data
jtem in a repetitive manner. Here the terminology “compute-bound” means that in a
computation, the total number of operations is larger than the total number of input

(and output) samples.

Processing

—> Element >

- cell 1P cell HP cell ... P cell (P>

( The systolic array )

Figure 1.1: Basic principle of a systolic system

Besides the advantage of being able to use each input data item a number of times

(and thus achieving high computation throughput, the systolic approach has many

6



other advantages, such as modular expandability, simple and regular data and control
flows, use of uniform cells, elimination of global broadcasting, and fan-in and possibly
fast response time.

To evaluate the efficiency of a systolic array structure, one usually uses the following
criteria: number of processing elements, complexity of a processing element in terms
of multipliers and adders required per cell, the computation time and throughput rate
of the structure, communication complexity and whether the structure needs external
memory to provide or collect the data samples and results. We will use these criteria

to compare existing DFT systolic arrays in section 2.3.3.

1.4 Motivation and thesis -plan

As mentioned in the previous sections, many high-performance applications use frequency-
domain signal-processing techniques in which the DFT must be computed at very high
speed. To implement the time-critical and computationally complex DFT in VLS,
special-purpose processors are desirable. In this thesis, possible VLSI implementa-
tions, i.e., systolic array architectures, to implement the DFT are studied.

In chapter 2, the DFT and its systolic array realizations are reviewed. The 1-
D and the 2-D DFT and their properties are given and the computational algorithms
reviewed. Here, the first-order and the second-order Goertzel algorithm are emphasized
due to the fact that this algorithm is used in most of the existing DFT systolic array
implementations. These arrays are then surveyed, for the 1-D and the 2-D DFT,
respectively. The hardware complexity in terms of number of adders and multipliers,
together with some other VLSI implementation requirements, such as the throughput

rate and communication requirement, is presented. These structures are compared at



the end of the chapter.

In chapter 3, we introduce an improvement to the systolic array implementation of
the DFT by using the second-order Goertzel algorithm. For the 1-D DFT, two 1-D
and one 2-D systolic arrays are proposed, and one 2-D structure for the 2-D DFT.
The chapter ends with a comparison to the existing structures reported in chapter 2
concerning hardware complexity and several other VLSI implementation issues that we
mentioned above.

Chapter 4 gives, for the proposed DFT systolic arrays and other existing DFT
arrays in general, an error analysis for fixed-point and floating-point realizations. The
analysis shows both advantages and limitations on the use of the DFT systolic arrays.

Finally, in chapter 5, a conclusion is'given and topics for further studies are mentioned.



Chapter 2

Overview of DFT and its Systolic
Array Architectures

2.1 Introduction

In this chapter, the Discrete Fourier Transform is introduced and its systolic array
implementations are reviewed.

In the first part of the chapter, the 1-D and 2-D DFTs and their properties are
first given. The computational algorithms are reviewed, with empbasis on the first and
second-order Goertzel algorithms. The fast Fourier transforms are also introduced. In
the second part, existing systolic array architectures are surveyed, for 1-D DFT and
2-D DFT, respectively. The hardware complexity in terms of number of multipliers and
adders, together with the need for data exchange is presented. Finally, these structures

are compared with respect to hardware complexity and speed of operation.

2.2 The Discrete Fourier Transform

In this section, the 1-D and 2-D discrete Fourier transforms(DFT) are introduced and

their properties reviewed. The fast Fourier transforms(FFT) is also reviewed.



2.2.1 The 1-D Discrete Fourier Transform

The Discrete Fourier Transform is the accurate presentation of digital samples in fre-
quency domain.

The one-dimensional Discrete Fourier Transform of a finite duration discrete-time
signal is given by

N-1
X(k) =3 z(a)Wg* (2.1)

n=0
where Wy = e 9/N and k,n=0,1,2,---,N — 1, where

1. z(n) represents the discrete-time signal after sampling & continuous-time signal

at equally spaced time intervals (can be real or complex);
2. N is an integer number of the samples;
3. X(k) represents the discrete-frequency transform function, i.e. the spectral lines.

The DFT is usually called the analysis transform and its inverse transform IDFT,

the synthesis transform,
1 N=1 o
z(n) = 5 > X(k)W5™ (2.2)
N =

where Wy =e~7*/N and k,n=0,1,2,---,N - 1.

2.2.1.1 Different computational algorithms for 1-D DFT

In digital signal processing applications, we deal with a sequence of a finite number of
samples. The DFT computes the frequency-domain representation of such sequences.
The computational algorithms for the DFT can be classified into two categories: the
DFT algorithms and the FFT(fast Fourier transforms) algorithms.

Among the many algorithms in the first category, the Goertzel algorithm is of great

interest to us, i.e., for systolic array implementation. Three forms of this algorithm
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have been developed: the first-order and the second-order Goertzel algorithms{5][7}
and the modified first-order Goertzel algorithm([6]. The first-order Goertzel algorithm
ond the modified first-order Goertzel algorithm have been used for several systolic
array implementations which are shown in section 2.3. The second-order Goertzel
algorithm is used for our proposed structures in this thesis, as presented in chapter
4. Initially , these three algorithms are described in detail in section 2.2.1.3~2.2.1.5.
For comparison, the method of direct calculation of the DFT is also described in
section 2.2.1.2. The systolic array implementations of these algorithms are introduced
in section 2.3.

For the second category, the FFT algorithm outperforms any DFT algorithm in
terms of number of operations. However, this type of algorithm has certain disad-
vantages for VLSI implementation. For this reason, we focus our attentien on DFT
systolic array architectures. A general review and discussion for the FFT algorithm is

given in 2.2,1.6.

2.2.1.2 Direct Calculation of the DFT

An obvious way to calculate the DFT of a signal x(n) is to implement the definition
of the DFT directly. This is done by computing the desired values X (k) according to
Eq.(2.1).

The number of arithmetic operations per output sample required by an algorithm
is an important me~asure of its efficiency. For a real input z(n), the number of real
multiplications needed for the computation of one frequency sample X(k) is 2N and
the number of additions is also 2V. In the case where z(n) is complex, the number of
real multiplications and additions is doubled to 4N. Therefore, to compute N frequency

samples X (k), the total number of both real multiplications £nd real additions is 4V2.

11



As for hardware implementation, 4V multipliers and 4N adders are needed for

direct real time calculation of the DFT.

2.2.1.3 The first-order Goertzel algorithm

The next approach is rather different from the direct calculation of the DFT. It was
shown that the DFT is the z transform of z(n) evaluated on the uuit circle[7]. In other
words, calculating the DFT is the same as polynomial evaluation[5]. The z transform
of z(n) is given by

N-1

X(z)= ) z(n)z™" (2.3)

n=0

This is illustrated for a length-4 sequence, which is a third-order polynomial, by
X(2) = z(0) + z(1)z~" + z(2)2~% + 2(3)27° (2.4)

The DFT from Eq.(2.1) can be found by evaluating Eq.(2.3) at z = Wg*, which

can be written as
X (k) = X(2)| s = DFTlz(n)] (2.5)
where
Wy = e~32/N (2.6)
The most efficient way of evaluating a polynromial is by “Horner’s rule”, also called
nested evaluation. This is illustrated for the polynomial in Eq.(2.3) by

X(2) = [z(3)z~ + z(2))e™" + z(1))z"" + z(0) (2.7)

This sequence of operations can be written as a linear difference equation of the form

of
y(n) =y(n— 1z + 2(N - n) (2.8)

12



with initial condition y(—1) = 0 and the desired result being the solution at n = N.
This is given by
X(z) =y(N) (2.9)

This can be viewed as a first-order filter with the input being the data sequence
in reverse order and the value of the polynomial at z being the solution sampled at
n = N. Applying this to the DFT gives the Goertzel slgorithm(7] for a particular k
which is

ye(n) = Whue(n = 1) +z(N —n), m(-1)=0 (2.10)
with
X (k) = y(N - 1) (2.11)

and the transfer function of the the system is[7],

Hk(2)= 1= !

—_— 2.12
W,’J"z‘l (2.12)

The flow graph of the algorithm is shown in Figure 2.1.

x(n) » y,(n)

Figure 2.1: Flow graph of an arithmetic cell for the 1st-order Goertzel algorithm

When comparing this algorithm with the direct calculation, it is seen that the

number of real multiplications and additions are the same. If the general input z(n)

13



and the coefficient Wx* are both complex, the computation of X (k) for a particular k
using the system of Figure 2.1 requires 4V real multiplications and 4V real additions.
The total number of operations are 4N? real additions and 4N? real multiplications.

Although this procedure is slightly less efficient than the direct method, it avoids
the propagation of the coefficients Wy* since these quantities are stored in each element
as in Figure 2.1, and are used there recursively for N cycles of computations.

The hardware requirement for the first-order Goertzel algorithm is 4N muitipliers

and 4N adders.

2.2.1.4 The modified first-order Goertzel algorithm

The first-order Goertzel algorithm uses the input data sequence in reverse order. This
requires a pre-arrangement of the sequence or a pre-loading phase for hardware imple-
mentation. Another form of the algorithm, ‘the modified Goertzel algorithm’ devcloped
in (6] eliminates this disadvantage.

In order to process a continuous flow of data sequences, the polynomial in Eq.(2.7)
should be evaluated with the data samples in the proper order. This is illustrated by
rewriting Eq.(2.7) with samples in the proper order and by replacing X (z) by A(2).

A(z) = [[2(0)z™ + 2(1))="" +2(2)]2"" + 2(3) (2.13)
As a recursive equation, Eq.(2.13) becomes

y(n) = y(n — )z + (N = n)
Ay = y(N ~1) (2.14)

where y(—1) = 0. It is possible to find X(z) from A(z),

X(2) = A(z™")z (2.15)
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Therefore, the desired DFT sample at n = NN is given by

y(n) =y(n— 1)z +z(N —n)
X(z)=y(N-1)z (2.16)

Now that the algorithm accepts input data. in the right order but the phase requires
correction shown as term ‘z' in the second equation of (2.16). This can be simplified

by eliminating this term ‘2, to form Eq.(2.17):
X(z) = [[=(0)z + z(1))z + z(2)]z + z(3)]2 (2.17)

If the 2 on the right hand side of Eq.(2.17) is moved inside the squared brackets
such that it multiplies one term of the polynomial at a time. By doing so, we end up

with the following identity,
X(2) = [[z'(0)z + z'(1)]z + z'(2))z] + ='(3) (2.18)

with

7'(2) = z(2)z (2.19)
The sequence of operations in Eq.(2.18) and (2.19) can now be described as,
y(n) = z{y(n — 1) + z(N — n)] (2.20)

and
X(z) =y(N -1) (2.21)

The corresponding linear recursive equations for the modified Goertzel algorithm of a

particular k£ become,

w(n) = Walwe(n — 1) + (N = n)],  w(-1)=0 (2.22)

15



with
X(k) = ye(NV - 1) (2.23)
Like the first-order Goertzel algorithm, the modified Goertzel algorithm does re-
quire the storage of only one coefficient W) per section. Further, it improves the
algorithm by taking the input data in the natural order. This avoids the problem
of pre-arrangement or preloading of the data that the first-order Goertzel algorithm
encounters for hardware implementation.
For this algorithm, the computation of a DF‘i‘ sample at a particular ‘K’ is 4V real
multiplications and 4N real additions. The total number of operations are 4N? real

multiplications and 4N? real additions. The hardware requirement is 4N multipliers

and 4N adders.

2.2.1.5 The second-or&er Goertzel algorithm

One of the reasons that the first-order Goertzel algorithm and the modified Goertzel
algorithm did not improve efficiency is that the multiplication in the feedback or re-
cursive path is complex and, therefore, requires 4 real multiplications. A modification
of the scheme to make it second order removes the complex multiplication and reduces
the number of required multiplications by two(7).

The system function of the second-order Goertzel algorithm can be obtained by
multiplying both the numerator and the denominator of Hi(z) in Eq.(2.12) by the
factor (1 — Wkz1) :

_ 1 - Wkz!
B2 = G a—wEa
1—-Wkz!

1— 2cos(2nk/N)z—1 + 22 (2.24)

The arithmetic cell of Figure 2.2 corresponds to the system of Eq.(2.24).
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Figure 2.2: Flow graph of an arithmetic cell for the 2nd-order Goertzel algorithm

With complex input, only two real multiplications per sample are required to imple-
ment the pole of this system, since the coefficients are real and the factor -1 need not be
counted as a multiplication. The complex multiplication by —W§ required to imple-
ment the zero of the system function is performed only after the Nth iteration. So the
total computation is 2V real multiplications and N real additions for the poles plus 4
real multiplications and 4 real additions for the zero. Therefore, the total computation
is 2(N + 2) real multiplications and 4(V + 1) real additions, about half the number of
real multiplications required with direct calculation and the first-order Goertzel algo-
rithms. Besides, we still have the advantage of static coefficients of 2cos(27k/N), and
possibly W,'J" as well, to be computed and stored.

The recursive form of Eq.(2.24) is
vk(n) = z(n) + 2cos(2rk/N)yr(n — 1) — ye(n — 2) (2.25)

Here, yx(n) represents the kth DFT sample at the nth recursive step and k,n =
0,1,2,---,N — 1. We suppose yx(—1) = 0, and yx(—2) = 0. After the Nth iteration,

yk(N —2) and yx(N — 1) are available. The frequency sample can be obtained by one
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extra step:
X (k) = ye(N = 1) = WRa(N - 2) (2.26)

While Eq.(2.25) is performed recursively N times in Part I of Figure 2.2, Eq.(2.26)

is computed only once after the Nth iteration in Part IIL.

2.2.1.6 The Fast Fourier Transforms

The FFT(fast Fourier transforms) algorithms derive their computational advantage
by transforming a DFT into a set of low-order ones. This transformation is achieved
by-a pair of one-dimensional to multidimensional index mappings on the input and
output sequences. Since Cooley and Tukey published the paper “An algorithm for the
machine calculation of the complex Fourier series” in 1965, many algorithms (8] for
efficient computation of DFT have been developed. The major ones are the Cooley-
Tukey and the split-radix FFT, the prime factor algorithm and the Winograd FFT.
The motivation for these algorithms is the number of operations needed for a particular
algorithm. When computed on a general-purpose computer, they usually outperform
any DFT algorithms reducing the order of complexity of the transform from N2 to
NlogN, where N is the length of the DF'T.

With the development of parallel processing, FFT parallel processors have appeared
[9]. Due to the characteristics of the algorithm, these processors have the following

disadvantages for systolic array implementations:

1. The length N of input sequence must be a composite number, i.e., N must be a
product of two or more factors. This brings about inconveniences for applications
where N is not such a number.

2. The FFT processor will not work until all the N-length sampling sequence (or
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most of them) have been entered. For a large N, there is a large latency.

3. The input data samples and the intermediate results require a special routing or
shuffling from one node to another. Usually, routing is very area consuming in

VLSI design.

For these reasons, there has been a great interest in designing DFT array processors.
In this thesis, we focus our attention on DFT systolic array implementations that meet

the VLSI design guidelines introduced in section 1.2.

2.2.2 The 2-D Discrete Fourier Transform

The 2-D DFT is required for applications such as image processing [10]. To calculate
the 2-D DFT directly requires a large number of computations. One efficient way to
compute the 2-D DFT is known as the row-column decomposition. This simple method
uses 1-D DFT algorithms and offers considerable computational savings compared with
direct computation. It is also the most popular 2-D DFT algorithm. In the following,
the direct computation and the row-column decomposition method for the 2-D DFT

are introduced.

2.2.2.1 Direct calculation of the 2-D DFT

The 2-D DFT for input samples z(n,ns) is

Ni—~1 M1
X(kik2) = 3 Y z{ng, ng) Wkt (2.27)
n1=0 n3=0

where 1, ky = 0,1,2,+--, Ny — 1 and na, k2 = 0,1,2,-+-, Np — 1.
From Eq.(2.27), directly computing each X (k,, k2) requires N,N; — 1 complex ad-

ditions and NN, complex multiplications. Since there are NN, different values of
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(K1, k2), the total number of arithmetic operations required in computing X (ki, k;)
from z(n;,n2) is N7N3 complex multiplications and NyNz(N\N; ~ 1) complex addi-
tions, or 4NN} real multiplications and 4Ny N3(Ny N; — 1) real additions.

2.2.2.2 The row-column decomposition

To develop the row-column decomposition method, we rewrite Eq.(2.28) as follows:

Na=1 N1
X(kuka)= 32 3. aln, n) Wi Wi (2.28)
na=0 ni=
Y (k1,n2)
where
Ni=1
Y (kr,m2) = az(n,,nz)m;h (2.29)
ng

Consider a fixed ny, say na = 0. Then z(n, na)|n,=0 represents a row of z(n,, na),
and Y (ky, nia)|n,=0 is nothing but the 1-D Ny-point DFT of z(n, ng)|n,=0 With respect
to the variable n,. Therefore, we can compute Y (&, 0) from z(n,, n2) by computing
one 1-D Ny-point DFT. Since there are N, different values for n, in Y(k;,ny) that
are of interest to us, we can compute Y (k;,n2) from z(n),nz) by computing Ny 1-D

N;-point DFTs.

Once we compute Y (ky, ng) from Eq.(2.29), we can compute X (k), k2) from Y (k1, n3)

as follows:
Na—1
Xk, ko) = 3 Y(ky,no) Wit (2.30)
ng=0

To compute X(ki,k;) from Y(k;,nz), consider a fixed k(, say k¥, = 0. Then
Y (k1,m2)|x,=0 represents a column of Y(ky,ng), and X (ki, k2)|x,=0 i8 nothing but the
1-D Np-point DFT of Y (ky, 72)|e,=0 with respect to the variable na. Therefore, we can
compute X (0,ks2) from Y(k;,n;) by computing one 1-D Ny-point DFT. Since there
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are N, different velues for k; in X (ki, k2) that are of interest to us, we can compute
X (ky, ky) from Y (k;, ny) by computing Ny 1-D Nz-point DFTs.

From the proceeding discussion, we can compute X (ky, k2) from z(ni,n2) with a
total of Ny 1-D Nj-point DFTs for the row operations and Ny 1-D Ni-point DFTs
for the column operations. Suppose we compute the 1-D DFTs directly. Since direct
computation of one 1-D N-point DFT requires N? multiplications and about N 2 ad-
ditions, the total number of arithmetic operations involved in computing X (ki, k») is
NiNo(N; + N,) complex multiplications and NiNa(N, + Nz) complex additions. This
is a significant computational saving relative to N2N? complex multiplications and
N2N2 complex additions required for direct computation of X (k;, k). In terms of real
operations, the row-column decomposition needs 4N\ Nz (N + N3) real muitiplications
and 4N No(N} + Np) real additions.

To further reduce the number of arithmetic operation, we can of course use 1-D
FFT algorithms to compute the 1-D DI’Ts in the proceeding discussion. However, for

the reasons presented in section 2.2.1.6, this is beyond our interest.

2.2.3 Discussion

In this section, the 1-D and the 2-D DFT are introduced and different computational
algorithms were briefly reviewed. For the 1-D DFT, the Goertzel algorithm was given
special attention because its high popularity for systolic array implementation. The
main characteristics of the FFT algorithms are also highlighted. As for the 2-D DFT,
the row-column decomposition method is introduced. The number of operations and
hardware complexity for VLSI implementations are provided for the algorithms studied.

These results will be used in the next section where existing systolic array structures,
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based on different DFT algorithms, are reviewed.

2.3 Survey of existing systolic arrays for the DFT

In this section, existing systolic array structures for the 1-D and the 2-D DFT are

surveyed and analyzed.

2.3.1 Existing systolic arrays for 1-D DFT

Several architectures have been proposed for mapping the 1-D DFT algorithm onto
systolic arrays. They can be classified into two rategories: one-dimensional and two-
dimensional. These architectures are first presented, and the characteristics are com-

pared and analyzed in section 2.3.3.

2.3.1.1 2-D array for matrix-matrix multiplication

The 1-D DFT of a finite length data segment can be expressed as a matrix-vector

multiplication:
X(0) we wo w° w°e wo z(0)
X(1) w°e w' w? w? wH z(1)
X2 | =| wo w2 wt wé¢ Wt || z(2) (2.31)
X(3) we w? wt wt wn z(3)
X(4) W wé wt w2 wie I_z(4)_|

Since we have, for N =5

wé=w!
wé=w?
W = W
w2 = w?
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Wt = w! (2.32)

Eq.(2.31) can be rewritten as below

X(0) 1 1 1 1 1 ][=0)
X(1) 1 W W? oW owe || (1)
X2 =1 w2 w* w! w? || z(2) (2.33)
X@3) 1 W3 Wl owt w2 | z(3)
X(4) 1 Wt w3 w? oWt || z(4)

For a sequence of such segments of data, the operation can be represented as matrix-
matrix multiplication.

Urquhart and Wood|[11] described a 2-D systolic array for such a matrix operation.
Figure 2.3 shows the array for three sequences, z1(n), 22(n) and z3(n) of length N = 5.
For this structure, a total of N? processing elements(PEs) are required, and N2 twiddle
factors are static in the array, one in each PE. The parallelogram shapes represent the
order of arrival of (1) the input data (right hand side) (2) the initial conditions (on
top) and (3) the output DFT samples. The input zi(n) (here, i = 1,2,3) are fed as
coluinns of a matrix. The resulting frequency samples Xi(k) are computed in the array
and exit in the order shown.

Such an architecture requires N? PEs and an extra network to reorder the input
data. At each clock cycle, N input samples are entered and N DFT samples leave the
array. So the throughput is one N-point DFT per clock cycle. The computation time

for a complete 1-D transform is 2N — 1 clock cycles.

2.3.1.2 1-D array for matrix-vector multiplication

A 1-D systolic array that realizes the 1-D DFT algorithm as a matrix-vector multipli-
cation is shown in Figure 2.4 for N = 5.

For this architecture, a total of N PEs are needed. At first, the NV input z(n) are
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Figure 2.3: Matrix-matrix 2-D systolic array for 1-D DFT, N =5
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Figure 2.4: Matrix-vector 1-D systolic array for 1-D DFT, N =5
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stored in PEs, one in each PE. Then the matrix of the twiddle factors Wg* iz passed
into the array with delays between each column on top of the array. A sequence of
initial values of zero is entered on the left hand side of the array. The computed DFT
samples X (k) exit on the right hand side.

This architecture needs N PEs. This is an improvement in terms of hardware
complexity. However, due to the initial preloading of the input data, this array can
not process continuous sequences of data, With the initial delay of N clock cycles, the
computation time for a DFT of length N is 3V — 1 clock cycles. The throughput rate

is one transform every 3N — 1 clock cycles.

2.3.1.3 1-D array using continuous data inputs

One 1-D systolic array structure can be obtained by direct mapping from the DFT
equation (2.1), An example of N =5 is shown in Figure 2.5.

The input samples 2(n) are entered into the leftmost PE and are passed to the
other N — 1 PEs with one clock cycle delay in between. The twiddle factors matrix
Wgk are passed into the array from the top while the partial results are retained in cach
PE. After N samples have passed through a PE, the partial result at that particular
PE is the computed DFT sample. While this result is removed from the PE, the PE
is reinitialized to zero therefore to be ready for the computation for the next sequence
of inputs. The throughput rate is one DFT per N clock cycles. The computation time
for the array is 2NV — 1. clock cycles.

2.3.1.4 Kung’s 1-D array

Based on the first-order Goertzel algorithm, a 1-D systolic array structure was proposed
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to compute the DFT by H.T. Kung[3]. The principle of the computation of N = 5 is
illustrated in Figure 2.6 for continuous clock cycles. The data sequence (except for the
last data which here is z(4)) is first loaded in the array, as shown in the first line of
the figure.

Then by moving the coefficients W¥, (k = 0,1,...,4), into the array, the DFT is
computed, as shown in the second line to the fifth line of the figure. The first frequency
sample X(0) appears at the output of the rightmost PE when the fifth coefficient is
loaded. Ther, the other four frequency samples follow in order at each clock cycle.
The function of the basic PE is also shown in Figure 2.6.

This architecture can be best usegl when a single DFT vector is needed or when
a series of DFTs are to be computed but not in a continuous fashion. To make it
suitable for a continuous flow of data sequences, some buffers for data management
are required. This along \;.vith the longer computational period (3N — 3 cycles for a
N-point DFT) is the disadvantages of this systolic array. The throughput rate is one
transform every 3N — 3 cycles.

2.3.1.5 Chang’s 1-D array

Chang and Chen[12] proposed an alternative approach for the 1-D DFT that also
uses the first-order Gocrtzel algorithm. Different from Kung's structure, the array is
arranged so that it can take continuous input data and no preloading time is necessary.

Figure 2.7 shows the array for N = 5. Each PE k is responsible for the compu-
tation of X(k) for ¥ = 0,1,2,...,N — 1. The coefficients W* flow ihrough the PEs
except the leftmost PE where the corresponding input is always 1. The input samples
enter the leftmost PE as the second input and is computed for complex addition and

multiplication before the intermediate results are passed to the right hand side PE.
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Figure 2.6: Kung’s 1-D systolic array for 1-D DFT at successive clocks, N =5
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The transformed value X(0) is obtained in PE 0 after N cycles. The intermediate Z
is then initialized to zero and is kept in a register. Since the computation of X (k)
is one cycle later than that of X(k — 1) for k = 1,2,...,, N — 1, the transformed val-
ues X (0}, X(2),..., X(N — 1) are available successively in PE 1, PE 2,...,, PE N — 1,
respectively, with one cycle delay between each other.

For the above model, N PEs are required. Although the input sequence Y for PE
0 is different from that of the other N — 1, it is suitable for a continuous flow of data
sequences. An N-point transformed sequence is obtained after 2N — 1 cycles. The

‘throughput is one N-point transform every N clock cycles.

2.3.1.6 Beraidin’s 1-D arrzys

Beraldin proposed a systolic array structure in [6] that uses the modified first-order
Goertzel algorithm also derived in [6]. As shown in Figure 2.8 for N = 4, the data
samples flow through the array in a pipeline fashion. Each data sample is used by a
PE for the computation of one DFT sample. The data samples are then shifted out
to their nearest neighbor. A new data sample is therefore available at each PE for the
computation of DFT sample. The recursive Eq.(2.22) is performed N times at each PE
and the result is then available. For this semi-systolic array, a bus or tree-like network
is used to collect the results.

To avoid the bus or tree-like network, the pure-systolic array was proposed as an
alternative approach by adding two registers and combinational logic circuit in cach
PE, except for the last PE. As shown in Figure 2.9, the DFT samples are sent out
systolically without the bus or tree-like network. After an initial delay of 2N — 1
cycles, the DFT samples leave the array in sequence every cycle. So the successive

N-point DFT samples are computed every N clock cycles.
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This array requires N PEs and can handle continuous sequences of input data.
Since the twiddle factors are static in each PE, stored-product ROM’s can be used in
place of multipliers to reduce area and improve precision accuracy. The throughput
rate is one DFT of N per N clock cycles. The computation time for this pure-systolic

array is one transform every 3V — 2 cycles.

2.3.2 Existing systolic arrays for 2-D DFT

As introduced in section 2.2.2, the 2-D DFT is usually computed using the row-column
decomposition. This method applies 1-D DFT algorithms for the row computation as
well as for the column computation while a row-column transposition is needed between
the two stages. Figure 2.10 shows the system diagram of such a structure. The two
1-D DFT are usually identical and can be used for either the 1-D or the 2-D DFT. In
this case, any of the 1-D DFT systolic arrays introduced in section 2.3.1 can be used
for the computation of the 2-D DF'T, where a row-column transposition stage is added

between the two 1-D DFT arrays. One such structure is introduced in section 2.3.2.1.

| 1.D DFT RIC 1.D DFT
x(n,, 0, } systolic Transpo- systolic X(kk )
array sition array

Figure 2.10: System diagram for 2-D DFT array implementation

The structure can be adapted, however, so that the row-column transposition is not

required. Recently, a few such systolic array architectures have been presented. These
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are introduced in sections 2.3.2.2~.2.3.2.4.

2.3.2.1 2-D array with row-column transposition

As we have known, with the row-column decomposition method, any 1-D DFT array
can be used for the row computation or for the column computation. In this section,
we introduce a structure that applies the 1-C model using continuous data inputs to
compute the 1-D DFTs. The row-column transposition is needed between the stages.

Figure 2.11 depicts the 2-D array that computes the 2-D DFT for Ny = N, = 3.
The row computation part is composed of 3 1-D arrays for continuous data inputs as
shown in section 2.3.1.3. The coefficients W* enter the upper row of the array with
one delay between each column entry and are pipelined through to the lower PEs. At
the same time, rows of input samples ,, a, enter the leftmost PEs with one delay
between each entry to meet the W* coefficients at appropriate times. A data bus is
used for each array to pass the computed samples from the PEs to the R/C, the row-
column transposition stage where columns of the inputs become rows of the outputs.
The column computation part is identical to the row computation part and is also
composed of 3 1-D arrays where the same computation process applies. Finally, the
computed DFT samples X}, i, leave the 1-D arrays in sequence with one delay between
each row, just like the inputs of the structure.

This architecture needs 2N? PEs. Although no initial preloading of the input data
is required, an input buffer and an output buffer are needed to arrange the data, The
R/C part increases the hardware complexity and needs at least N — 1 delays. The
coefficients W flow through the PEs so that they are not static. The throughput is one

N by N transform every N clock cycles. The computation time for a 2-D transform is
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35



4N — 4 cycles.

2.3.2.2 Chang’s 2-D array

Chang[12] proposed a 2-D DFT systolic array based on his model(section 2.3.1.5) and
Kung's(section 2.3.1.4) for the two 1-D DFTs, both of which apply the Honor's rule.
The mixed model eliminates the time consuming preloading phase and no row-column
transposition is needed.

As shown in Figure 2.12, the connections of each row and each column are the same
as Chang's model and Kung’s model, respectively. The 2-D DFT can then be computed
as follows: the row transforms are performed in the corresponding rows of the array,
i.e., the 1-D DFT of the ith row of the input sequence is the same as the state of Kung's
model after the preloading phase. Then each column of the 2-D array computes the
column transforms of the 2-D DFT. The transformed sequence is obtained as in Kung’s
model and leave the array at the bottom.

The advantages of this mixed model are that no preloading phase is necessary before
performing the row transforms or the column transforms, and that the transformed
sequence leaves from the lower side of the array with no extra time necessary for the
PE output. The structure has N? PEs(for Ny = N; = 3), each of which has the
complexity of Chang’s model plus that of Kung’s. The number of cycles needed to
compute the 2-D DFT are 4N — 2, i.e., 2N — 1 cycles for the row transforms applying
Chang's model, and 2N — 1 cycles for the column transforms applying Kung's model.

The system latency between two successive 2-D DFT is 4N — 2 cycles. The throughput
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Figure 2.12: Chang’s array for 2-D DFT
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is one 2-D DFT every 4N — 2 clock cycles.

2.3.2.3 Zhu’s 2-D array

A 2-D DFT array processor was introduced by Zhu[9]. The array is based on the
modified Goertzel algorithm and accomplishes serial input, parallel output, parallel
processing in one time.

The recursive equations derived by Zhu are based on two cases:

(1) when input sequence varying from z(ny, n2) to z(ny + 1,7n3), then
1,n9) = Wik 1, ng) Wy lkrtha) 2.34
Yoo ka (11 + 1,12) = Yk i (R, 1) W + T + 1, ) Wy (2.34)
(2) when input sequence varying from (N, — 1,72} to 2(0,nz + 1), then
Yo ka0, 2 + 1) = [ ba (N1 — 1,70) + (0, mg + L)W+ (2.35)

Figure 2.13 shows the 2-D array. The input samples X (n,,ng) is broadcast to all
the PEs, one each clock cycles. Each PE computes one of the 2-D DFT samples. At
each iteration, two complex multiplications and one complex addition are computed
in the PEs. The array performs the 2-D DFT in one time, that is it does not need a
second processing of the first result. This is different from the conventional method,
which is to process first by row, then by column. When the sampling data enters, all
the PEs perform in parallel and the 2-D DFT result is carried out after the last data
enters and is calculated.

The structure needs N2 PEs(for Ny = Np = N). Global communication is required
for the broadcast input. Since the coefficients W* are static, ROM'’s can be used in

place of multipliers. The computation time for one 2-D transform is N? clock cycles.
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The throughput is one 2-D transform every N? clock cycles.

2.3.2.4 Chen’s 2-D array

Chen proposed a 2-D DFT array in [13]. The structure uses the modified Goertzel
algorithm to realize the two 1-D N-point DFT and compute the 2-D DFT in row-
column wise. The row-column transposition is not needed.

Figure 2.14 depicts the array. Each row and column is the same as Beraldin’s
model (section 2.3.1.5) with some modiﬁ;:ations. The row transforms are performed by
the corresponding rows of the input sequence. The intermediate results are pipelined
upward and then reenter the array for the column computation. The final DFT samples
leave the array at the bottom, with one delay between successive column.

This array is composed of N? PEs, each double the complexity of that of Beraldin’s
model. The input data enter the array in parallel and no preloading is necessary. The
coefficients W* are static for both the row and the column computations so ROM’s can
be used in place of multipliers. The throughput is one 2-D transform every N cycles

and the computation time is 5N — 2 cycles.

2.3.3 Discussion

The characteristics and performance of the seven 1-D DF'T arrays and four 2-D DFT
arrays are given in table 2.1 and 2.2, respectively. The results here were mentioned in

the previous sections. All the structures are described in the tables using the following

entries:

1. Number of PEs: the exact number of PEs used in the given structure. A PE is

defined as an arithmetic unit composed of multipliers, adders and registers.
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Figure 2.14: Chen’s array for 2-D DFT
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. Complexity of & PE: the number of multipliers and adders per PE for complex
data input. ‘

. Computation time: the number cf clock cycles required to calculate a transform

from the first data sample to the i:st DFT sample to exit the array, where the
clock cycle is the time delay introduced by one PE.

. Throughput rate: the number of clock cycles required to calculate successive

transforms.

. External memory requirements: the memory required off-array, usuaily to pr~

vide or collect the data samples and results.

. Communication complexity: type of links needed for exchanging information be-

tween the PEs.

. Row-column transposition: (for 2-D DFT only) if the row-column transposition

is needed between the two 1-D DFT stages.

[ Structure | #PE PE Comp. || Thrpt || Memory || Comm.
add. mult.

Matrix-m || N* 4 4 2N -1 1 Note1 || Note 3
Matrix-v N 4 4 AN—-1|3N—-1]| Notel || Note3
pipeline N 4 4 2N -1 N Note 2 || Note 3
Kung N-1 4 4 SN -3 3¥—-3| Note2 [ Note3
Chang N 4 4 2N -1 N Note 2 || Note 3
Beraldinl N 4 4 2N -1 N Note 2 || Note 4
Beraldin2 N 4 4 3N -2 N Note 2 || Note 3

Table 2.1: Comparison of the 1-D DFT systolic arrays
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Notes:

1: Memory large enough to store/retrieve data/results.
: Very low memory requirement.

Local type communications between the PEs.
Global communications required for data transfer.

The row-column transposition needed(only applies to 2-D DFT).

D @ oA W

The row-column transposition not required(only applies to 2-D DFT).

»: Static twiddle factors used.

Memory || Comm. | R/C

Structure || #PE PE
add. mult. |
R/C tramsp {| 2N* 4 4 [4N-4 N || Note1 | Note4 || Note 5
Chang N? 8 8 |4N-2[4N-2] Notel | Noted | Note 6
Zhu N 4 8 N? N? || Notel || Note4 || Note 6
~ Chen N? g8 8 |[SN=-2] N Note 2 || Note 3 || Note 6

"Comp. || Thrpt l

Table 2.2: Comparison of the 2-D DFT systolic arrays

For the 1-D DFT, all the arrays have the same complexity. The 2-D matrix-matrix
multiplication structure has the highest throughput of one N-point transform per clock
cycle but has N? PEs, N times larger than the other models. For the matrix-matrix
multiplication and Beraldin’s two structures, ROM’s can be used in place of multipliers
to improve accuracy and save area. Most structures can process continuous data se-
quences except the matrix-vector multiplication and Kung's structure since they need
preloading time. In terms of memory requirement, the matrix-matrix and matrix-vector
multiplication structures need fairly large memory to store/retrieve data/results. The

first of Beraldin’s two structures uses a data bus which requires global communications.
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Above all, for a moderate throughput rate, Chang’s, the pipeline and Beraldin’s
structures can all work well. The pure-systolic array of Beraldin's is the best among
them in terms of hardware complexity and communication requirement. To achieve a
higher throughput rate, the matrix-matrix multiplication structure is a good choice if
much larger chip ares is acceptable.

For the 2-D DFT, all the arrays have similar complexity in terms of number of PEs
and the PE complexity. With the modified Goertzel algorithm, both Zhu's and Chen’s
structures can use ROM's in place of multipliers. The comparatively longer computa-
tion time of Zhu's structure is due to the serial input. The throughput rate for Chang's
and Zhu's arrays are not as high as the R/C transposition structure and Chen’s. Ex-
cept Chen's array, all the others need buffers to pre-arrange the input data. Zhu's
need global communication which may not be uitable for the VLSI implementation.
Chang’s, Zhu’s and Chen’s all managed to eliminate the row-column transposition.
However, they lose the flexibility that can be used for either 1-D DFT or 2-D DFT.
Since the row transforms and the column transforms of the R/C transposition struc-
ture can be built on two identical chips, therefore, keeping the flexibility that can be
used for both the 1-D and 2-D DFT.

Overall, Chen’s structure outperforms the other three in terms of hardware com-
plexity and communication requirement. If splitting an array onto separate chips is
considered, R/C transposition structure would be 2 good choice because both the row

computation part and the column computation part can stand alone.
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2.4 Summary

In this chapter, the 1-D and 2-D DFT were introduced and different algorithms were
described, emphasizing the Goertzel algorithm. The computation complexity and hard-
ware requirements were also given. Then existing systolic array architectures were
surveyed, for the 1-D DFT and 2-D DFT, respectively. Finally, these array structures

were compared and analyzed.

45



Chapter 3

Systolic Array Implementation of
the 1-D and the 2-D DFT

3.1 Introduction

The Discrete Fourier Transform is one of the digital signal processing algorithms which
are given special attention for systolic array implementation. In chapter 2, we have
studied different 1-D and 2-D DFT algorithms. Based on these algorithms, existing
systolic array structures were surveyed and analyzed. In this chapter, we will propose
several structures using the second-order Goertzel algorithm. For the 1-D DFT, two
1-D and one 2-D systolic arrays are proposed, and one 2-D structure for the 2-D DFT.
These arrays yield systems with minimal complexity as well as high throughput rates.

The performance analysis is discussed in chapter 4.

3.2 Proposed systolic arrays for 1-D DFT using
the second-order Goertzel algorithm

In this section, three new and efficient systolic array realizations for the 1-D DFT are
introduced, two 1-D structures and one 2-D structure. Most PEs of the arrays require

only real computations and the only complex computation is performed at the last
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stage. The structures are mapped from the recursive equations of the second-order
Goertzel algorithm. Two 1-D arrays and one 2-D array are presented in section 3.2.1

and 3.2.2, respectively.

3.2.1 1-D systolic array implementation of the 1-D DFT

The second-order Goertzel algorithm reduces the number of real multiplications by a
factor of 2 compared to the first-order Goertzel algorithm or the direct computation. To
map the DFT onto a systolic array using the second-order Goertzel algorithm, special
arrangement is made to incorporate the above property besides modularity, pipelining,
and local communication. Two 1-D structures, the semi- and the pure-systolic arrays,

are now introduced.

3.3.3.1 Semi-systolic array

Figure 3.1 shows the semi-systolic array for a 3-point DFT, based on the second-order
Goertzel algorithm. The array comsists N = 3 PE-I's (PE#0, PE#1 and PE#2)
and 1 PE-II (PE#3). The data samples flow through the three PE-I's in a pipcline
fashion. Fach data sample is used by a PE-I for the computation of Eq.(2.25), of one
DFT sample. The data samples are shifted out to their nearest neighbor. A new data
sample is therefore available at each PE-I. When the intermediate results are computed
in the PE-I’s, they are passed to the PE-II for the computation of Eq.(2.26), which is
shared by the 3 PE-I's. One frame of three input samples {x(0), x(1), x(2)} is used to
show the process. The PE-I's outputs the intermediate results yx(/N — 1) and ye(N —2)
(yx(2) and g (1) for N = 3) from the PE-I's on buses, one per clock cycle, as inputs of
PE-IL. After the last stage of computation in PE-II, the DFT samples leave the array
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one per clock cycle.

PEH0 PE# PE#3
PE- - PE1 PE-1
x(2)x(1)x(0) ' ' &
2c0s0, 20056, | Wi A1 x@)X(1)X(0) ...
: et //

Figure 3.1: 1-D semi-systolic array for 1.D DFT, N =3

Oanly one static factor is stored per PE-I in the array. Eech PE-I contains one fixed
coefficient 2cosf;. The factor —W in PE-II is not static since it is shared by PE#0,
PE#1 and PE#2, and changes with different &.

The semi-systolic array for a three-point DF'T at successive clock cycles are shown in
Figure 3.2. At each PE-I, the recursive equation (2.25) is performed three times. Then,
the intermediate results are available at the PE outputs and passed to PE-II by way of
buses. The PE-I’s latches in the recursive path are cleared, thus making the PE-I ready
for the computation of the subsequent 3-point vector. Three frames composed of three
samples each are used to show the process of computing a DFT: {z(0),z(1),z(2)},
{='(0),Z'(1),z'(2)} and {z"(0),z"(1),z"(2)}. The intermediate results from PE-I's
are {(0),y(1),¥(2)}, {#'(0),%/(1),¥(2)} and {y"(0),"(1),%"(2)}. The resulting DFT
vectors are {X (0), X (1), X(2)}, {X'(0), X'(1), X'(2)} and {X"(0), X"(1), X"(2)}. The
first input sample 2(0) erters the array at t = 0, and the first output comes out of the
array at ¢ = 5.

Figure 3.3 shows details of PE-I for the semi-systolic array. At each clock cycle(clkl),
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Figure 3.2: Semi-systolic array at successive clock cycles, N =3
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one input sample z(n) enters the adder in the PE. When 4 real additions, 2 multipli-
cations and 2 negations are completed, the partial result yx(n) is obtained and the PE
is ready for the next input sample. After N input samples have entered the PE and
N operations, the accumulated results are yx(N — 1) and yx(N — 2). Passing through
the D-type flip-flops D, controlled by a clock signal clk2, yx(N — 1) and (N — 2) are
available on the data buses, which connect all the PE-I's to the PE-II. At the same
time, latches D, are reset by c/k2 and the PE is ready to compute a new sequence of
input samples.

The PE-II is shown in detail in Figure 3.4. At each clock cycle(clkl), the yx(N —1)
and yx(N — 2) signals, which come from the PE-I's enter latches D;. After a complex
multiplication and a complex addition, the DFT sample -7(k) is available at the next
clock clkl.

clkl has the maximum clock frequency of the chip and synchronizes all the events
for the systolic arrey. It is set by the delay time of the adder, the multiplier and the

latch,
1
= 3.1
fm Tlatch + Tmuuiplier + 2Taddcr ( )

clk?2 has a frequency that is N times of that of c/kl and pipelined through the PE-I's.
Figure 3.5 shows the clkl and clk2 signals as seen by all the PE's of the array.

Here, buses are used to pass the intermediate results. The semi-systolic array is
only good for short-length transforms. The limit on the transform length is affected by
the loading capacity or delay of the bus. For long transforms, the pure-systolic array
can be used, which yields local communication.

For an N-point DFT transform, N PE-I's containing one static factor each and 1

PE-II with one changing factor are required for this semi-systolic array. The hardware
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Figure 3.3: Details of PE-I for semi-systolic array
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Figure 3.5: Timing diagram for the semi-systolic array

complexity for the array is 2(N + 2) multipliers (most can be implemented by storcd-
product ROM's), and 4(N 4 1) adders. The computation time is 2V + 1 clock cycles.

Successive frames of input data are computed every N clock cycles.

3.3.3.2 Pure-systolic array

It is possible to avoid the buses found in the semi-systolic array by adding multiplexors
and D, latches, except in the last PE-I. Figure 3.6 shows the pure-systolic array re-
sulting from this modification for N = 3. The three PE-I's (PE#2, PE#1 and PE#0)
contain the static factors of 2cosfl, 2costh and 2cosfp while the PE-II (PE#3) contains
the factor of —W}%, which changes with k. The input samples are {x(0), x(1), x(2}},
the intermediate results yx(2) and y(1), and the outputs {X(0), X(1), X(2)}.

The data samples flow through the array in a pipeline fashion, similar to that of
Figure 3.2. The difference with the semi-systolic array is the way the intermediate

results from the PE-I's are passed to the next computation stage in PE-IL y(2) and
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Figure 3.6: 1-D pure-systolic array for 1-D DFT, N = 3

Yx(1) are available in PE#k (k = 0,1,2) at different time but are kept within the
PE by the latches which also keep the stored results from interfering with the ones
that are being computed for the next transform. When the intermediate results of all
the PE-I's are computed, a global clock controls the multiplexors of that PE to start
pipelining out the stored ye(2) and yx(1) of that PE, to the PE-II (PE#3) at the same
time. Figure 3.7 shows the pure-systolic array for a three-point DFT at successive
clock cycles. The first input date. z(0) enters PE#2 at t = 0, and the first output X (0)
leaves PE#3 at ¢t = 6.

Figure 3.8 depicts the details of PE-I for the pure-systolic array. Figure 3.9 is
the last PE-I in the array with multiplexors but no latches D, following these. The
computation part of both of the PE’s is the same as Figure 3.3. When the intermediate
results are available, yx(n) and yx(n — 1) enter the two-to-one multiplexors MLX,
instead of latches D, in Figure 3.3. With a control signal clk3, MLX sclects cither
the results of the PE-I or those of other PE-I's, to go through. The PE-II of this
pure-systolic array is the same as in the semi-systolic array, shown i _ure 3.4.

clkl has the maximum clock frequency of the chip and c/k2 has a frequency that is

N times of that of clkl as for the semi-systolic array. clk3 is a broadcast signal that
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selects one direction of the data to go through. Figure 3.10 shows the clkl, clk2 and
clk3 signals at each PE,

The hardware complexity for the pure-systolic array is about the same as the semi-
systolic array. For an N-point DFT transform, computation time of this array is 3N
clock cycles. Successive frames of input data are computed every N clock cycles. The

throughput is 1 DFT sample per clock cycle.

3.2.2 2-D systolic array implementation of the 1-D DFT

A 2-D systolic array structure is shown in Figure 3.11 which accommodates N parallel
inputs at a time so that a higher throughput of one N-point DFT per cycle is achieved.
The number of processing elements is, however, N times as large as for the 1-D systolic
array structure.

The 2-D array in Figure 3.11 is composed of rows of PE-I's which is shown by its
static coefficients 2cosf,. Each row of the array computes the intermediate results for
one frame of input samples as in Figure 3.2. Three frames composed of three samples
each enter the 2-D array as {zo, z1, 22}, {25, 21,25} and {zg,z{,z5} and flow through
one row of FE-I’s.

After the three input samples have entered one column of PE-I's, the intermediate
results are computed and available at the PE-II shown as —W*, where the computation
of Eq.(2.26) is performed in sequence, sharing the same hardware. The DFT samples
{Xo, X1, X2}, {A3, X}, X3} and {X¥, XV, X3} leave the PE-II's with one delay between
each column.

The PE-Is for the 2-D systolic array in Figure 3.11 is similar to those for the 1-D
array in Figure 3.6 with some modifications. Details are shown in Figure 3.12. Due to

the fect that the results of all the columns are pipelined out from the last row of PE-I's,
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Figure 3.10: Timing diagram for the pure-systolic array
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two-to-one multiplexors are used before the flip-flops D;. With the control signal clk2,
the multiplexor selects either the intermediate results yx(N — 1) and y(N — 2) of the
PE, or the y(N — 1) and y{N — 2) signals called 3/, 3., from the other PE-I's of
the column, to go through., Then passing the Dy, controlled by clkl, the computed
intermediate results of this PE and the former ones come out as ¥, ¥, in sequence.
clk2 is N times the frequency of clkl as in Figure 3.5. The 2-D structure needs N?
PE-I's and N PE-II's. The computation time is 5V + 1.

3.3 Proposed systolic array for 2-D DFT using the
second-order Goertzel algorithm

A 2.D DFT is generally realized using two 1-D DFT arrays where a row-column trans-
position is needed between the stages. The two 1-D DFT arrays are identical and
can each be used for either a 1-D or a 2-D DFT. The structures can be arranged so
that the row-column transposition is not required. Several systolic arrays for the 2-D
DFT have been reviewed in chapter 2.3.2. In this section, a new efficient systolic array
structure for the 2-D DFT is presented. Based on the second-order Goertzel algorithm,
thic system not only avoids the row-column transposition but also keeps the fexibility
of being used for either a 1-D or a 2-D DFT. Some delay units are needed between
the two stages as shown in Figure 3.13. High computution speed is achieved as well as
minimal complexity of the system.

At first, the second-order Goertzel algorithm for the 2-D DFT is introduced[7]. Its
recursive form is then mapped to the 2-D systolic array. Like its counterpart for the
1-D DFT, most PE's of the array require only real computations and the only complex

computation is performed at the last stage of the row and column computations of the
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Figure 3.13: System diagram of the proposed array for 2-D DFT

9-D transform. Therefore, the structure has the advantage of significantly reduced PE

complexity.

3.3.1 The second-order Goertzel algorithm for the 2-D DFT

Extending the Goertzel algorithm from the 1-D DFT to the 2-D DFT, we get the
following recursive form of Eq.(2.29) for n; =0,1,2,...,N1 — 1,

y(ky, 71, 2) = z(n1, na) + 2co8(2mky /N )y(k1, 11 — 1,m2) — y(kr, 1 — 2, ny) (3.2)

After the Nyth iteration, y(k, Ny — 1,n2) and y(ki, Ny — 2,n,) are available. The

intermediate result after the row computation is obtained by one extra step:
Y(kn‘"a) = y(ky, Ny — 1=n2) - Wﬁ‘y(kl, N -2, nz) (3.3)
For Eq.(2.30), n2 =0, 1,2,...,, N2 = 1,
z(ky, 1z, ka) = Y (K1, n2) + 2cos(2rk/N)z(k1, 2 = 1, k2) — z(ky,m2 — 2,k;)  (3.4)

After the Nyth iteration, z(ky, ko, N2 — 1) and z(ky, k2, N2 — 2) are obtained. The 2-D
DFT sample X(k,, kz) is completed by:

Xk, ko) = z(ks, N2 — 1, kz) — WP 2(k1, N2 ~ 2, k2) (3.5)
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Here, y(k:,n1,n2) indicates the kj,noth DFT sample at the n;th step for the row
computation of the 2-D DFT. z(ky, s, k) represents the ky, koth DFT sample at the
nath step for the column computation of the 2-D DFT. We suppose y(ki, —1,m3) =
y(k1, —2,n2) = 0 and z(ky, -1, k2) = z(k1, 2, k2) = 0.

3.3.2 2-D systolic array implementation of 2-D DFT

The second-order Goertzel algorithm reduces the number of arithmetic operations and
can be mapped onto systolic arx:ay architectures efficiently. For the 1-D DFT, several
proposed structures were presented in detail in 3.2. Here, an efficient 2-D systolic array
is introduced for the 2-D DFT.

Our 2-D DFT systolic array uses two identica! 1-D DFT arrays, each accomplish-
ing either the row or the column computation. The usual row-column transposition is
avoided by the special arrangement of the data flow after the first 1-D DFT computa-
tion.

A 2-D array for Ny = N, = 3 is shown in Figurc 3.14. The structure consists of
three parts: the row computation part on the left hand side, the delay units in the
middle and the column computation on the right hand side. The 2-D structure for the
1-D DFT (Figure 3.11) introduced in section 3.2.2 is used for both the row computation
part and the column computation part. The input data zn,n, (here, ny,n2 = 0,1,2)
enter the array with columns in paralle! for the row computation. The three 1-D arrays,
each consisting of three PE-I's in a column, process that particular column of input
data. The intermediate results from the three 1-D arrays are pipelined out in rows to
the PE-II on right hand side. The results after this row computation are Y}, n,. After
some delay units, Yj, a, enter the other 2-D array in rows for the column computation.

The resulting 2-D DFT samples X, +, emerge finally.
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Figure 3.14: 2-D systoiic array for 2-D DFT
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We have shown before that the 2-D array that is used for both the row and col-
ume computation here, has the advantages of no prearrangement of input date, high
throughput rate and low complexity. It has another special property - the direction
of the data flow changes from vertical to horizontal. The input data for the row com-
putation enter the array in columns and are computed in a column of PE-I's. The
intermediate results, however, are pipelined out in rows and share the second part of
the row computation in the PE-II of that row. This same arrangement accomplishes
the row-column transposition that otherwise would be necessary before the second
column computation stage.

T_he delays are necessary here. We require that the input samples z(n,,0) for
the row computations are entered into the PEs at the same time. After the row
computation, the outpui:s Y (ky,n2) emerge from the PEs at different times (one cycle
delay between each column of the PEs). We put N —1 delay units at the end of the first
column, N — 2 units for the second column, - -+, 1 unit for the (N — 2)th column and no
delays for the (N — 1)tk column. The delay units introduced between the two stages
guarantee that the input samples Y(0, n,) for the column computations are entered in
the PEs simultaneously. The final 2-D DFT samples leave the PE array with one cycle
delay between each row.

The PE-I and PE-II for the row and column computations are the same as those
for the 2-D systolic array for 1-D DFT. They are shown in Figures 3.12 and 3.4,
respectively.

There are some advantages for this structure. First, based on the second-order
Goertzel algorithm, it reduces the number of real multiplications by a factor of 2. Sec-
ond, the inputs are in the natural order so no prearrangement of the data is necessary

and the output samples appear in natural order as well. Third, the transposition is
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eliminated between the row and column transforms while sorre delay units are needed.
Fourth, the static coefficients require a minimal area and I/0 lines for the coeficients
and stored-product ROM's can be used in place of multipliers. Further more, the two
systolic arrays for the row and the column computations are exactly the same and can
be realized on two identical chips. The same chip can be used for either the 1-D or the
2-D DFT computations.

The 2-D array has a total number of 2N? PE-I's and 2NV PE-II’s. The first output
sample emerges 4N + 2 cycles after the first input samples enter into the systolic array.
The number of cycles needed to compute the 2-D DFT with this model is 8NV -+1. And
the throughput of the system is one 2-D transform every N cycles.

3.4 Discussion

In this chapter, several structures have been introduced for the 1-D DFT and the 2-D
DFT. The characteristics of these arrays are shown in table 3.1 and table 3.2. The
entries of the table are the same as those in section 2.3.3 which pertain to existing
arrays.

Notes:

1: Memory large enough to sicve/retrieve data/results.

2: Very low memory requirement.

3: Local type communication between the PEs.

4: Global communication required for data transfer.

5: The row-column transposition not required(only applies to 2-D DFT).
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Array #PE PE Comp. || Thrpt || Memory (| Comm. | R/C
PE-1 PE-II add. mult.
. 4 4
semi | N 1 | 4+= 2+= |2W+1| N | Note2 | Noted | N/A
4 .. 4
pure N 1 4+ w 2' + i 3N N Note 2 || Note3 | N/A
2 . 4 . 4 . I
2-D N2- N |[4+ i 2"+ (ﬁ) 2N 1 Note 2 || Note 3 | N/A
Table 3.1: Characteristics of the proposed 1-D DFT systolic array
Array #PE PE Comp. || Thrpt || Memory || Comm. | R/C
PE-I PE-II add. muit.
2 4 L] 4 []
2D || 2N* 2N |[4+ N 2° 4+ (ﬁ) SN+1f N Note 1 | Note 3 | Note 5

Table 3.2: Characteristics of the proposed 2-D DFT systolic array
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*: Static twiddle factors used.

For the 1-D DFT, the semi-systolic array and the pure-systolic arrays have the
same number of PEs and the same throughput rate. The PE of the pure-systolic array
is slightly more complex due to a modified output path and therefore, needs N — 1
cycles more computation time for one transform. In return, the pure-systolic array
enjoys local communication. Both of the two 1-D arrays have about half the number of
multipliers compared to the existing 1-D structures in table 2.1. The 2-D array, obtains
higher throughput by increasing the number of PEs and enjoys local communication.
Compared to the 2-D structure of matrix-matrix multiplication in tavle 2.1, it has the
advantage of reduced PE complexity and no extra memory to store or retrieve data
and results is needed. The computation time and throughput rate of both structures
are about the same.

For the 2-D DFT, our structure avoids the row-column transposition while some
delay units, or extra memory, is needed between the two stages. The two arrays for
the row and the column computations are exactly the same and can be realized on
two idenvical chips. The same chip can be used for either the 1-D or the 2-D DFT
computations. The R/C transposition structure in table 2.2 uses the similar approach
but a row-column transposition is needed, besides the extra memory to arrange input
data. Chen’s structure combines the two 1-D DFT computations on an N by N array,
which has static twiddle factors in the PEs. Chang’s and Zhu’s structures are not
recomme -ded due to the global communication requirement and the low throughput
rates. Inladdition, our structure requires the lowest number of multipliers, about half
of that of the other 4 structures.

Above all, our structures enjoy lower PE complexity and static twiddle factors.
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Stored-product ROM?’s can be used in place of multipliers to further reduce area and
increase accuracy. With three structures for the 1-D DFT, and one for the 2-D DFT
to choose from, we believe these provide a variety of good choices to satisfy different
requirements. In chapter 4, we will study the performance of all the DFT systolic
arrays for both fixed-point and floating-point realizations.
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Chapter 4

Performance Analysis of the DFT
Systolic Arrays

4.1 Introduction

In this chapter, the effects of fixed-point as well as floating-point arithmetic in the
implementations of DFT systolic arrays are analyzed. The performance of the DFT
systolic arrays seen in chapter 2 and 3 are assessed by means of an error analysis for the
first and second-order Goertzel algorithm. In the first part of the chapter, the overflow
problem and the signal-to-noise ratio(SNR) for the second-order Goertzel algorithm
are studied for the fixed-point implementation. These results are then compared to
those of the first-order Goertzel algorithm. Finally, the floating-point realizations of

DFT systolic arrays are discussed.

4.2 Fixed-point error analysis of the DFT systolic
arrays

As seen in chapter 2, the Goertzel algorithm implements the DFT as a finite impulse
response recursive filter. Here, we study the SNR and the overflow problem of the

Goertzel algorithm for ﬁxed-péint implementations. In the next two sectioms, the
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second-order Goertzel algorithm, upon which our proposed structures are based, is
studied. The error analysis for the first-order algorithm can be found in [14]. We will

use its results for comparison with those for the second-order algorithm in section 4.2.3.

4.2.1 Overflow analysis of the second-order Goertzel algo-
rithm

In this section, the overflow problem is studied and the scaling factor s is derived.
The second-order Goertzel algorithm implements the DFT as a finite impulse re-

sponse recursive filter. The filter realization of the algorithm is shown in Figure 4.1.

critical node critical node

x(n)

Figure 4.1: Filter realization of the sccond-order Goertzel algorithm

The signal at each node within the filter must be constrained to a magnitude smaller

than 1 in order to avoid overflow [7]. We sce that A and B are two critical aotes in

Figure 4.1.

72



If w(n) denotes the value of the signal at node A and h(n) denotes the impulse

response from the input z(n) to that node, then,

N-1
| w(n} i=| Eo[x(n — m)h(m)] | (4.1)

Here, the recursion is performed only N times, and if Tmex denotes the maximum of

the absolute value of z(n), then,

N-1
| w(n) |< Tmaz 3 | (m) | (4.2)

m=0

Since | w(n) | must be smaller than 1, thus

1
Tmar < ~ (43)

2 [ h(m)|

m=i}

The system function at the critical node A in Figure 4.1, where the recursion results

accumulate, is
1

Hz) = 1 — 2cos0z—! + 2—2

(4.4)
From Eq.(4.4), the impulse response can be derived (shown in Appendix A),

_ si'n[ﬂk(m +1)]
sind,

h{m)

(4.5)

For | w(n) |< 1 OF Zmaz Tohao | A{m) |< 1, thus

1

Trnar < o1
2 [ h(m) |
m=0

| sinby |
= i (4.6)

Y- | sinf0i(m +1)] |

m=0
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The right hand side term in Eq.(4.6) varies. When 6, = 0 or , the worst case, a bound

of WZ-H)' is found and
2
Zmes < T D) @)
thus, the required scaling factor is
2
8= m (48)

Similarly, we can find the scaling factor for node B is Té'ﬁ' which is larger than
that of node A. So the condition for no overfiow of the system in Figure 4.1 is Eq.4.8.
When the input is scaled down by s, the signal-to-noise ratio at the output of the
system will be reduced, because the noise is injected after the scaling. The ratio.of
signal power to noise power in the scaled system is s® times that of the same system
without scaling. We will see this in the next section, where the SNR is discussed in

detail.

4.2.2 Signal-to-noise ratio of the second-order Goertzel al-
gorithm

In this section, the signal-to-noise ratio{SNR) of the second-order Goertzel algorithm
is studied. We assume that all the partial results are rounded to B bits after every
recursion and kept in the PE-I's the DFT array structures until the intermediate results

yx(N —1) and ye(N — 2) are obtained and passed to PE-II (as shown in Figure 3.1 and
3.6).

Expanding Eq.(2.25) into the real and imaginary parts, we can write the following

equations for the complex input samples:
Refu(n)] = Rela(n)] + 2cos(2nk/N)Relye(n ~ 1)] - Relyi(n — 2)
Im[y(n)] = Im[z(n)] + 2cos(2nk/N)Imfye(n — 1)] ~ Im[pe(n ~ 2)] (4.9)
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where, n,k=0,1,...,N -1, and

Re|X(n)] = Rely(N-1)]- cos(2nk/N)Re[ye(N - 2)] — sin(2xk/N)Im[ye(N — 2)]
Im{X(n)] = Im[y(N —1)] — cos(2nk/N)Imfy(N — 2)] + sin(2wk/N) Relye(N — 2)]

where, n,k=0,1,..,N = 1.

For fixed-point arithmetic, roundoff errors are introduced only by multiplications.
For fractional numbers, the product of two B-bit numbers(excluding sign bit) gives
a result smaller than one but with an accuracy of 2B bits. Therefore, rounding or
truncation to B bits becomes necessary when no extra bits for increased accuracy are
providgd.

The rounding effect is treated as an additive noise signal [7]. Figure 4.2 shows
the model for the error analysis of the second-order Goertzel algorithm. z(n) is the
complex input signal and yi(n) is the complex output. Part I and Part II are shown °
for the two computation stages. Node A at the output of Part I is the crucial node
for the analysis. The error sources e(1) and e(2) intervene N — 1 times and e(3), e(4),
e(5) and e(6) only once.

Before we start calculating the SNR, let's define the following notations:

e 9:-(n): complex impulse response from the input signal Re[z(n)] to the system

ocutput.

e gi(n): complex impulse response from the input signal Im[z(n})] to the system

output.

e h(n): complex impulse response from the noise source e(k) to the output of the

system.

e o2: Variance of input signals.
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Re[x(m)] Refy, (n)]

Im([x(n))

Im(y, (n))

Figure 4.2: Flow graph of a basic cell for the realization of the 2nd-order Goertzel
algorithm

76



e o2: Variance of output signals.

=N

e g2: Variance of errors caused by rounding.

e o2: Variance of roundoff errors at the system output.

b

The SNR is defined as the ratio of the variance of the output signal o} and the
variance of the roundoff errors at the output o’}. From the impulse responses of the
signal and the errors, one can derive 03 and a}, respectively.

From Appendix B, the impulse responses of the system in Figure 4.2 are:

Relger(n)] = Im[g.i(n)] = cos(8n)
Im[g,(n)] = —Re[gzi(n)] = sin(fkn) (4.10)

The variance of the signal at the real part of the output is,
o = a2{ 3 (Re’[gzr(n)] + Re’[gz(n)]} (4.11)

= a:{’vz-:ll(cosgkn)z + ("Sinakn)z}

= 02N

With the assumption that the input signal has a uniform distribution of amplitudes,

it can be found that the relationship of the scaling factor s and o2 is

2
Since s = ; as shown in section 4.2, it is found that
N(N + 1)! by T
1 2
2 _ i 12
% = slymwan N
= —4—— 4,13)
~ 3N(N +1)2 (4
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Similarly, the impulse responses from the noise sources e(1) ~ e(6) to the output

of the system can be found,

Refhat(n)] = Imlhea(n)] = cos(0yn)
Im{hey(n)] = —Relhea(n)] = sin(8in)
Refhea(n)] = Imfhes(n)] = 1
Imfhes(n)] = Relhes(n)] = 0
Refhes(n)] = Imfhes(n)] =0
Imjhes(n)] = Refhes(n)] = 1 (4.14)
here, O, = 2nk/N, n,k=0,1,..N -1,

The variance of roundoff errors at the real output is equal to

8 o0
of = D oa2 huln)
k=1

N—
= o 2 (R’ lher(n)] + Re{hea(m))
+ i (Rez[heg(n)] + R62[h¢4(n)] + Re? [hes(n)] + Rez[heg(n)])}
n=/y

= of{Nz-:l[(cosB,.:n)2 + (—sinfen)® + (1 + 0+ 1+ 0]}
n=0
= a'g(N +2) (4.15)

The rounding error o? can be nbtained with the assumption that each noise source

has a uniform distribution of amplitudes over the quantization interval [7],

(4.16)

So,

(4.17)



It follows that the SNR for second-order Goertzel algorithm is equal to

o3

SNR = %
ay
il 4.18
N(N+1*(N+2) (4.18)

In the next section, this result is compared to that of the first-order Goertzel algo-

rithm.

4.2.3 Comparison of the first and second-order Goertzel al-
gorithm

This section presents a comparative study of the second-order Goertzel a.lgorithr.n an-

alyzed in this chapter along with the first-order Goertzel algorithm(14] for fixed-point ‘

implementations.

The scaling factors and the SNR of the algorithms to be compared are summarized
in table 4.1, where B is the accuracy , or wordlength of the method, and N is the DFT
length.

The scaling factors in table 4.1 for different algorithms are based on the worst case.
Therefore, they are very conservative and may not be used for actual implementations
in this form. Nevertheless, they give the characteristics of the three algorithms.

The results are presented graphically on Figure 4.3 4.4, 4.5, 4.6 and 4.7. The first-
order and the modified first-order Goertzel algorithm as seen on the graphs give about
the same results. The second-order Goertzel algorithm has the lowest SNR due to its
small scaling factor to prevent overflow. This factor is proportional to 1/N? and is
introduced by the higher order of the recursive part of the algorithm. However, when
N is small, i.e. N =8, the three methods have about the same SNR.

Now, we further our study of the algorithms to the comparison of different wordlength
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algorithms || scaling factor SNR
1 228
1st-order *‘\/-i—ﬁ m
_ 1 92B-1
modified N N
9 d d 9 2QB+4
nlorde V NN+1) | NN+

Table 4.1: Comparison of the scaling factor and SNR for the Goertzel algorithm

requirements for the same SNR. Since the SNRs for the first-order and the modified
Goertzel algorithm are very close, we will choose one of them, the first-order Goertzel
algorithm, to compare to the second-order algorithm. To achieve the same SNR for
the two algorithms, we have

SNRy=S8NR; (4.19)
So,
251 9By+4
N(N+1)  N(N+1)2(N +2)
Here, B, and B,, SN R, and SN R; stand for the accuracy and SNR for the first-order

(4.20)

and the second-order Goertzel algorithm, respectively. Then,

22(32—81) = (N + 1)(N +2)

= (4.21)
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SNR, B=12 bits

70,0

2  fimt-order
60.0 & modified
o sccond-order

SNR (dB)

L 2 1 & 1] 2 ] 3 e 2
20.0 3 4 5 6 7 8

Log base 2 of N

Figure 4.3: SNR vs N for the three methods when B=12 bits

Let AB = By — B, to represent the extra bits the second-order algorithm has to use

vs its first-order counterpart, Eq.(4.21) becomes

208 _ \/(N+1iéN+2) (4.22)
< N—H. )
= 4
Thus,
AB = log, Y : 2 (4.23)
= logy(N —-2)-2
When N > 1,
AB =logy, N — 2 (4.24)

Table 4.2 shows some examples for different DFT lengths using Eq.(4.24).
As we can see, as N getting larger, AB is very close to (log, N — 2). Therefore, to

achieve the same SNR, the second-order algorithm has to use (k — 2) bits more for the
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SNR, B=16 bits

@ first-order
& modified

SNR (dB)

3 4 5 6 7 8
Log base 2 of N

o
o

Figure 4.4: SNR vs N for the thre: methods when B=16 bits

SNR, N=8
110.0
100.0 : O fint-order -
L ® modified -
80.0 B gecond-order 3

SNR (dB)

"2 13 14 15 16 17
Accuracy (bits)

Figure 4.5: SNR vs accuracy for the three methods when N=8
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SNR, N=128

SNR (dB)

- 0.0 A [l 4, ] i L
! 12 12 14 15 16 17

Accuracy (bits)

Figure 4.6: SNR vs accuracy for the three methods when N=128

SNR, 2nd-order Goertzel algorithm

B=18
B=16
B=14
B=12

SNR (dB)

-20. ' 1 A L g 1 2 4
0 3 4 5 6 7 8
Logbase 2 of N

Figure 4.7: SNR vs accuracy for the 2nd-order Goertzel algorithm when B=12,14,16,18
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DFT length N | AB =B, — B,
8 1.32
16 2.13
32 3.07
64 4.04
128 5.02
256 6.01

Table 4.2: Examples of wordlength increases for the 2nd-order Goertzel algorithm over
the wordlength required for the 1st-order Goertzel algorithm with different lengths of
the 1-D DFT
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accuracy (where 2% = N, and k = 0, 1,2....) than the. first-order algorithm.

From the above analysis, it has been found that for fixed-point implementations,
the second-order Goertzel algorithm requires & scaling factor proportional to 1/N3. In-
stead, the first-order and the modified first-order algorithm need only a scaling factor
proportional to 1/N. Subsequently, the SNR study favors the two first-order algo-
rithms.

However, as discussed in chapter 3, the systolic array architectures based on the
second-order Goertzel algorithm greatly reduces hardware complexity. Therefore, we
have a choice of using the second-order algorithm for less multipliers but longer wordlength,
or using the first-order algorithm for shorter wordlength but more multipliers. The sit-
uation would be different if the floating-point realizations are used. The need for such
scaling can be essentially eliminated by using the floating-point realizations.

In floating-point representations, a real number is represented by the exponent of
the scale factor characteristic and the fractional part mantissa. This provide a con-
venient means for maintain both a wide dynamic range and small quantization noise.
Therefore, the use of floating-point arithmetic entails incressed wordlength and in-
creases complexity in the arithmetic unit. Its major advantage is that it essentially
eliminates the problems of overflow, :;nd if a sufficiently long mantissa is used, quanti-
zation also becomes much less of 2 problem.

For the three forms of the Goertzel algorithm in the floating-point representation,
the scaling factor required in the fixed-point realizations, becomes unnecessary. Over-
flows are can be avoided and better SNR can be expected.

Thus, for DFT systolic array implementations, the hardware complexity in terms
of number of multipliers and adders becomes the main consideration. The proposed

systolic array structures are the best among the existing structures. Based on the
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second-order Goertzel algorithm, these structures use about half of multipliers of other

structures, therefore, greatly reduced hardware complexity.

4.3 Discussion

In this chapter, the effects of using fixed-point arithmetic in the implementations of
DFT systolic arrays have been analyzed.

The performance of the DFT systolic arrays seen in chapter 2 and 3 are assessed
by means of an error analysis of the first and second-order Goertzel algorithm. This
algorithm bas been chosen owing to the fact that it embraces most of the existing
implementations of . DFT asa systolic array.

It has been fovad t"lmt the first-order Goertzel algorithm is more effective than its
second-order counterpzrt for fixed-point implementations. The second-order algorithm .
required a scaling fuctor proportional to 1/N2. Instead, the first-order and the modified
first-order algorithm need only a scaiing factor proportional to 1/N. When N is small,
i.e. N =8, their SNR are about the same.

However, our proposed systolic array structures that are based on the second-order
Goertzel algorithm greatly reduce the hardware complexity. Therefore, we have a
choice of using the second-order algorithm for less multipliers but longer wordlength,
or using the first-order algorithm for shorter wordlength but more multipliers.

For floating-point realizations, the proposed systolic arrays perform the best among
existing structures. Since the need for scaling can be essentially eliminated, the hard-
ware requirement in terms of number of multipliers and adders has become the main

consideration.
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Chapter 5

Conclusion

The field of special purpcse digital processor development is evolving rapidly. This
results in part from advances in the VLSI technology, which promises low-cost, high
density and fast special-purpose devices able to perform tasks like the discrete Fourier
transforms using parallel architectures. The repetitive use of common structures (i.e.,
modules) and minimization of “random” interconnections are crucial to reducing the
design efforts and to creating producible integrated circuits.

The systolic array concept has been presented as simple mesns for mapping a
signal processing algorithm onto a parallel architecture. The simple processing elements
communicate in a regular fashion with their necarest neighbors, which is amenable to
VLSI circuit implementation.

In this thesis, the systolic array resalizations for the computation of the DFT have
been studied. A survey of available computational algorithms, has been presented, with
emphasis on the first and second-order Goertzel algorithm, which are most interesting
for systolic array realization. The criteria for evaluating these algorithms are based on
the actual number of arithmetic operations required as well as the degree of complexity
of the communication between the processing elements.

Subsequently, existing systolic arrays for the computation of 1-D and the 2-D DFT
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have been surveyed. Most of these are based on one of the Goertzel algorithms or on
the direct calculation of the DFT. A comparison of seven 1-D DFT systolic arrays has
shown that the matrix-vector multiplication and Kung’s 1-D structures cannot be used
in applications where the DFT of a continuous flow of sequences is required. The 2-D
matrix-matrix multiplication structure has the highest throughput rate by increasing
the number of processing elements but need an input buffer to pre-arrange the data.
For Beraldin’s two arrays, stored-product ROM’s can be used for the multipliers due to
the static coefficients. All these arrays, together with a few other structures introduced,
require processing elements that have 4 multipliers and 4 adders.

Then four 2-D DFT systolic arrays have been reviewed. Zhu’s structure has a
low throughput rate and needs global communication, which is not suitable for VLSI
implementation. Chang’s structure combines two 1-D array structures but has a low
througilput rate as well. The 2-D DFT requires two 1-D DFT arrays and a row-
column transposition between the two stages. The R/C transposition structure, as
its name, needs a row-column transposition section between the two 1-D DFT stages.
Chang’s structure is the best among the four available in terms of throughput rate and
hardware complexity. However, this 2-D DFT array cannot be used for the 1-D DFT
computation due to its structure.

Therefore, several new systolic arrays have been proposed for the calculation of the
1-D and the 2-D DFT using the sccond-order Goertzel algorithm. For the 1-D DFT,
the semi-systolic array and the pure-systolic array have the same number of PEs and
throughput rate. The PE of the pure-systolic array is slightly more complex due to a
modified output path and therefore, needs N —1 cycles more computation time for one
transform. In return, the pure-systolic array enjoys local communication. Both of the

two 1-D arrays have about half the number of multipliers of that of the existing 1-D
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structures. The 2-D array obtains higher throughput rate by increasing the number of
PEs and enjoys local communication. Compared to the 2-D structure of matrix-matrix
multiplication, it has the advantage of reduced PE complexity and no extra memory to
store or retrieve data and results is needed. The computation time and throughput rate
of both structures are about the same. For the 2-D DFT, our structure not only has
reduced PE complexity but also avoids the row-column transposition while some delay
units, or extra memory, is needed between the two stages. The two arrays for the row
and the column computations are exactly the same and can be realized on two identical
chips. The same chip can be used for the 1-D or for the 2-D DFT computations.
Then we proceeded with an analysis of the effects o‘f the fixed-point as well as the
floating-point arithmetic in the implementation of DFT systolic arrays for the first-
order, the modified first-order and the second-order Goertzel algorithms, which realize
the proposed DFT systoiic arrays. It has been found that the first-order Goertzel
algorithm is more effective than its second-order counterpart for fixed-point implemen-
tations. The second-order algorithm required a scaling factor propcrtional to 1/N2.
Instead, the first-order and the modified first-order algorithm need only a scaling factor
proportional to 1/N. When N is small, i.e. N = 8, their SNRs are about the same.
Only when N gets large, the second-order arithmetic nced about (log, N —2) bits more
for the wordlength to achieve the same SNR as the first-order algorithm. However, our
proposed systolic array structures, that are based on the second-order Goertzel algo-
rithm, greatly reduce the hardware complexity. Therefore, we have a choice of using
the second-order algorithm for fewer multipliers but longer wordlength, or using the
first-order algorithm for shorter wordlength but more multipliers. For floating-point
realizations, the proposed systolic arrays perform the best among existing structures.

Since the need for scaling can be essentially eliminated, the hardware requirement in

89



terms of number of multipliers and adders has become the main consideration.

Though, this research work has been concerned only with systolic array realizations
of the 1-D and the 2-D DFT, other digital signal processing algorithms can benefit from
the study, i.e. the discrete cosine transforms(DCT). Since the DCT is nothing but the
real part of the DFT, all the proposed systolic array structures can be used to efficiently
compute the DCT with minor modifications. Today, 8 x 8 2-D DCT is widely used
for video compression and HDTV applications, the structure we proposed for the 2-D
DFT is a promising choice for the task.

The original contributions of this thesis research are the development of efficient
systolic array structures for the computation of the 1-D and the 2-D DFT by mecans
of the second-order Goertzel algorithm. Another contribution is the error analysis of

the second-order Goertzel algorithm.
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Appendix A

In this part, the impulse response at the critical node A in Figure 4.1 of section 4.2.1
is derived from its system function.

The system function at the critical node A in Figure 4.1 is, as shown in Eq.(4.5),

1

H(z) = 1 —2cos0pz~! + z—2 (5.1)
The roots of H(z) are,
2y = cosl + jsindy
z3 = cosly — jsindy (5.2)
Eq.(5.1) can be rewritten as,
H(z) = 1
2 = (1 = zz71)(1 = 2p271)
A B

= + (5.3)

l=zjz7t 1 =227

The facters A and B can be found,

A 1—5'2€t9f7k
B = 1+J2Ct90k (5.4)
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The impulse response of the system can be found from the transfer function,

h(n) = Azju[n]+ Bzju[n]

= l‘_fg—a"-(msek + jsinfi) uln]
G LI o0, — jsing)uln]

2
= -12- {[(cos8y + jsinbi)" + (cosfy — jsinbi)"]

—jetghi[(costy + jsind)" — (cosby — jsindi)™] Yu[n] (5.5)

Let, a = costy and b = jsinfy, then

M) =3 e+ 0 +@= 8 - 55la+0" —@=B hln)  66)
Since, .
(a+bB)" = Cla™°+ Cla"'b+ Cia™"%? + Cla™%°
Foo + CP ™ 4 CRa" (5.7)
(a—b)* = C2a"t® —Cla™'b + C2a™"?h* — Cla™~°b°
+... = C* 111 4 CRa%" (5.8)
one can find,

(648" + (a—b* = 2[C%"° + C2a™ %2 + ... + CT~2a%"2 + Cla"t"
= 2[C%(cost)™ ~ C2(costi)™2(sinby)? + ...
—CP*(cos0k)?(sinx)"2 + CO(sinbi)"]
= 2cosfin (5.9)
(645" —(a—-b)" = 2[CLla"'b" + C3W™ b + ... + C2-%%"* + C37a'b™ )
= 2j[C}(cosOk)™ " (sinli) — C3(cosby)"~3(sinfi)® + ...
—~C™3(cos0s)*(sind)""2 + CO_,(cosby) (sinfi)™~"]
= 2jsinfn (5.10)
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Thus, the impuise response of the system at node A is equal to

h(n)

_ sin[Bk(n + 1)]

{48+ (=8 = 15{(a +8)" - (@~ )] Juln]
[(cosbin) — jetg8.(sinfen)lu(n]

sin(ﬂkn) [c“")“j (okn)Singk + cosf)ksin(()kn)]u[n]

1 .
m.ﬂﬂ(ak + Okn)u[n]

sinf (5:11)
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Appendix B

In this part, the impulse responses of the system in Figure 4.2 of section 4.2.2 are
derived.

From the transfer function of the second-order Goertzel algorithm in Eq.(2.24),
one can find the transfer function from input Re[z(n)] to the real part of the output
Relyk(n)] in Figure 4.2,

1 — coslrz™!
— 2coslz"1 4 272

Re[Gr(2)] = Re[H(2)) = 1 (5.12)

From Eq.(5.12) and (4.5) the impulse response from input Re[z(n)] to the real part of

the output y(n) can be found,
_ Refy(n)]
Relgzr(n)] = Re[::(n)]

sin[0k(n + 1)]
sindy
sin[0x(n + 1)] — cosOrsin{fin)

= (1 - costcb(n —1))

(sin[0kn]cosly + cos[Okn]sindy) — cos[frxn]sind,
sinOk

= cos(Oin) (5.13)

The transfer function from input Re[z(n)] to the imaginary part of the output

Im[yx(n)] is:
sinfz™!

Im(Gzr(2)] = Im[H(2)] = 1 = 2cosfiz2=! 4+ z—2

(5.14)
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Then the impulse response from the input Re[z(n)] to the imaginary part of the output
yk(n) is equal to,
_ Im[ye(n)]
el = ezt

= gsinby §(n— 1)————87:“[9"(“ +1)

sind;
= sin(fxn) (5.15)
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