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Abstract

The discontinuous Galerkin spectral element method (DGSEM) is a numerical scheme

that has risen in popularity, largely due to its high-order accuracy and geometrical

flexibility. It is well suited for convection dominated problems such as high-speed flows

and wave propagation. Despite these benefits, it still suffers from the drawback of a

high computational cost. In this thesis, we aim to model physics in complex geometries

using DGSEM with a focus on efficiency. We report on four different approaches to

improve efficiency.

First, we use a transfinite mapping to extend a Cartesian grid DGSEM solver for the

acoustic wave equation. This code possesses adaptive mesh refinement (AMR) capabil-

ities through both h-refinement where the elements are split, and p-refinement where

the polynomial order of the element is increased. hp-Adaptivity increases the capabil-

ities of simulating complex physics as resolution can be provided in select regions of

the domain where necessary. To address the load imbalance caused by AMR in parallel

computing, the Cartesian code is dynamically load balanced and was shown to scale

well in a high performance computing (HPC) environment. We were able to success-

fully model the acoustic wave equation in complex geometries using transfinite mapping

while retaining the high accuracy of the method. We tested the scaling performance

of the code after applying the transfinite mapping and compared to the Cartesian grid

performance. The transfinite mapped code scales relatively well but does incur some

computational overhead that affects the scaling. Based on the results, we pursued the

immersed boundary method as an alternative approach to model complex geometries.

The immersed boundary method (IBM) is a technique where an object is modeled,
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without conforming to the computational grid. We specifically use the volume penalty

method to model objects as porous obstacles for acoustic wave propagation problems.

The IBM promises time savings for the end user by simplifying the mesh generation

process, as only Cartesian grids are required. However, it does come with the tradeoff

of a loss in accuracy and oscillations. We address these issues with hp-adaptivity and a

low porosity parameter, where we observed an increase in accuracy and a reduction in

oscillatory behavior. In addition to the time savings during the mesh generation process,

computational savings can be obtained as the metrics associated with the transfinite

mapping are not required.

Next, we explore the half-closed discontinuous Galerkin (HCDG) method to model

incompressible flows. In the HCDG method, “half-closed” nodes are used which allow

for more efficient operator construction and good sparsity patterns. Complex geometries

are represented using unstructured grids. We successfully simulate the incompressible

Navier-Stokes equations for a variety of problems at low Reynolds numbers.

Finally, we improve efficiency by developing a new “eliminated” linear solver. We

use static condensation to eliminate degrees of freedom based on the local discontin-

uous Galerkin (LDG) switch function, and apply p-multigrid on the eliminated linear

system. We apply this eliminated p-multigrid solver on elliptic problems and the in-

compressible Navier-Stokes equations for both structured and unstructured grids. We

observed significant reductions in the number of degrees of freedom and number of

non-zero entries for such problems using our elimination procedure. In addition to the

benefits of operating on the smaller linear systems, we also observed reductions in the

number of V-multigrid-cycles required for convergence, up to a factor of two for elliptic

problems and a 20% reduction for the incompressible Navier-Stokes equations.

Keywords: Discontinuous Galerkin Spectral Element Method, hp-Adaptivity, Trans-

finite Mapping, Immersed Boundary Method, Wave Propagation, Half-Closed Discon-

tinuous Galerkin, Static Condensation, p-Multigrid, Incompressible Fluid Flow.
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Chapter 1

Introduction

The motivation for this thesis is computational science and engineering or scientific

computing. Due to the rapid rise in computing power over the years, there has been an

increased reliance on simulation for engineering design. Simulation techniques provide

an alternative when experiments are too costly to perform. Furthermore, theoretical

techniques can often be too difficult to apply to real world problems. Thus, simulations

have become an important tool for engineers. However, they do not replace the afore-

mentioned methods, rather they complement them, for example, by developing new

physical models or by reducing the number of experiments required. Many industries

which involve mechanical engineering heavily utilize simulation technology during the

design process such as automotive, biomedical, construction, and energy. Therefore, it

is crucial to continue to improve the field as it will have a widespread societal impact.

Despite the prevalence of scientific computing, there is still much more research to be

done to improve the accuracy and robustness of the methods in addition to ensuring the

methods effectively use high performance computing (HPC) resources. The research

in this thesis attempts to explore and improve the underlying numerical methods or

“numerics” for solving partial differential equations (PDEs), specifically for mechan-

ical engineering applications. Some examples of disciplines which numerically solve

PDEs include computational electromagnetics (CEM) [1], computational solid mechan-

ics (CSM) [2], computational fluid dynamics (CFD) [3], and multidisciplinary design
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and optimization (MDAO) [4].

To provide further motivation specifically for CFD, we highlight NASA’s CFD Vi-

sion 2030 report [5]. Although the report acknowledges the prevalence of CFD in the

field of aeronautics, many more improvements to CFD remain to be made. One chal-

lenging problem in computational aerodynamics is the accurate prediction of turbulent

flow separation. Thus, a much desired improvement to the field is the increased fidelity

of turbulent flow simulations. The current state of the art in industry uses turbulence

models such as the Reynolds-averaged Navier-Stokes (RANS) equations or large eddy

simulation (LES). In these turbulence models, some, if not all, the spatial and tem-

poral scales of turbulence are modeled rather than resolved. The ultimate goal is to

use direct numerical simulation (DNS), where the full range of spatial and temporal

scales of turbulence are resolved, not modeled. To make DNS practical, much more

research must be conducted in terms of algorithmic development for CFD. This is ex-

tremely important as aeronautics is dominated by turbulent flows. To demonstrate this

visually, an example of a DNS simulation over an aircraft wing in takeoff position is

presented in Figure 1.1. We observe important fluid mechanics phenomena associated

with turbulence such as turbulent flow separation and hairpin vortices. Even outside

the field of aeronautics, there is a wide range of engineering applications including au-

tomotive/motorsport [6], combustion [7], energy [8], and marine [9] to name a few,

that are dominated by turbulent flows. Thus, improvements made to the simulation

of turbulent flows will have widespread societal impact as it will enable the design of

more fuel efficient, economical, robust and safe engineering devices.

An approach to improved fidelity in numerical simulations is the use of high-order

methods. For the sake of clarity, a numerical method is said to be oth order accurate

when the error ϵ is proportional to: ϵ ∝ ho, where h is the mesh size. To aid in the

discussion of high-order methods with regards to CFD, we refer to the findings in the

paper by Wang et. al [11]. First, in the aerospace sector, the industrial standard

for CFD is second-order finite volume schemes. However, it is generally believed that
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Figure 1.1: Direct numerical simulation over the McDonnell Douglas 30P30N wing at
Rec = 1.83× 104. Reprinted from [10].

third-order and greater are considered by some as high-order. There has been extensive

research conducted on high-order methods producing schemes such as the: spectral ele-

ment method (SEM) [12], compact finite differences [13], spectral volumes [14], wavelet

collocation [15], and discontinuous Galerkin (DG) [16, 17] to list a few. Each has its

own advantages and disadvantages with respect to each other. However, high-order

methods have the following advantage. High-order methods have better convergence

properties. If a high degree of accuracy is desired, fewer mesh refinements are required

to achieve this degree of accuracy when compared to low-order methods. An example

of this is presented in Figure 1.2. Comparing the third-order and fourth-order error

curves, we observe only one element size refinement (moving right to left in the plot)

is required for the fourth-order approximation whereas the third-order approximation

requires three refinements to achieve the same error. Furthermore, for a given element

size (moving vertically in the plot), we obtain an order of magnitude reduction in error

as we increase the order of approximation.

Thus, high-order methods are more efficient for problems that require a high level

of accuracy. Furthermore, there are some applications that necessitate the use of

high-order methods such as unsteady vortex dominated flows and wave propagation

problems. Low-order methods are often too dissipative to sufficiently resolve unsteady
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Figure 1.2: h-Convergence test for −∇2u = f with different orders of convergence
plotted using the local discontinuous Galerkin discretization. Solution is u = esin(4πx)−
1, with domain x ∈ [0, 1], with Dirichlet boundary conditions x(0) = x(1) = 0.

vortical structures or possess too much dispersive error to properly model wave prop-

agation for long distances. Thus, for aeroacoustic simulations, high-order methods are

extremely prevalent as they are able to sufficiently resolve the propagation of waves.

Furthermore, high-order methods are very popular for LES and DNS simulations as

they are able to capture unsteady vortices in a flow field without excess dissipative

errors.

Despite the promising advantages of high-order methods, they do possess their draw-

backs [11]. While high-order methods produce higher accuracy, they are more com-

putationally expensive. For the same mesh, low order methods are computationally

cheaper to run. Additionally, they are not as robust as their low-order counterparts.

High-order methods can be more sensitive to shocks and under-resolution. One way to

address these disadvantages is by using adaptive mesh refinement (AMR). By utilizing

AMR, additional resolution can be provided specifically to regions of the domain with

more complicated dynamics such as a boundary layer or a vortex. An example of AMR

used for this purpose in an aerodynamic simulation is presented in Figure 1.3. This
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Figure 1.3: Adaptive mesh refinement used in a simulation over a plunging airfoil
(vorticity plot). Extra resolution provided to sufficiently resolve boundary layer and
vortices. Reprinted from [18].

helps mitigate the cost of high-order methods as it avoids uniformly refining the mesh,

potentially providing extra resolution where it is not required. Furthermore, AMR

helps address the robustness issue by avoiding under-resolution of complex features in

the solution. AMR also allows engineers to save time performing numerous mesh de-

sign iterations. By running a simulation using AMR, it can produce a grid that has

appropriate refinement, without a priori knowledge of the solution. The engineer can

use this adapted grid as a starting grid for a higher-fidelity simulation.

1.1 Numerical Methods

In this thesis, we focus on the discontinuous Galerkin spectral element method (DGSEM)

[19]. In the SEM, the domain is discretized into many elements and the solution is rep-

resented as a weighted combination of high-order orthogonal polynomials. For example,

we approximate a function f(x) as a weighted combination of orthogonal basis func-

tions:
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f(x) =
∞∑

n=0

anϕn(x),

=⇒ f(x) =
N∑

n=0

anϕn(x) +
∞∑

n=N+1

anϕn(x),

=⇒ f(x) =
N∑

n=0

anϕn(x) + τ,

=⇒ f(x) ≈
N∑

n=0

anϕn(x),

(1.1)

where ϕn are the orthogonal basis functions and an are the coefficients. We approximate

up to N + 1 terms where N is the polynomial order, thus incurring a truncation error

τ . In this thesis, Legendre polynomials are employed as the orthogonal basis functions.

A sample plot of the first six Legendre polynomials is presented in Figure 1.4.

Figure 1.4: Legendre polynomials defined from x ∈ [−1, 1]. Zeroth order up to sixth
order polynomials are plotted.

Exponential convergence to smooth solutions is obtained by increasing the polyno-

mial order of the approximation. In the SEM, continuity is enforced between elements,

making it well suited for elliptic problems. However, in the DGSEM, discontinuities are
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permitted at the boundaries between elements and are stabilized by numerical fluxes.

This gives the method a local stencil, suitable for parallel computing. Furthermore, the

use of a discontinuous function space is well suited for adaptive mesh refinement, since

adaptivity usually incurs nonconformities. Finally, stabilizing with numerical fluxes is

advantageous for convection dominated problems such as wave propagation. Despite

the attractive features of the DGSEM, it still possesses the typical issues of high-order

methods such as the high computational cost, which hinders adoption for use in indus-

trial applications.

1.2 Governing Equations

As mentioned previously, the ultimate goal is to simulate the full compressible Navier-

Stokes equations without the use of turbulence models or in other words DNS. However,

in this thesis, model PDEs are used to improve upon the numerics, by testing and

understanding the behavior of the scheme on each component of the equations. The

improved numerics will then be applied to the compressible Navier-Stokes equations

in the future. The first PDE considered in this thesis is the two-dimensional acoustic

wave equation

Ptt − c2∇2P = 0, (1.2)

ut = −Px, (1.3)

vt = −Py, (1.4)

where P is the pressure, c is the wave speed, t is time, and u, and v are the velocity

components. One of the reasons why we consider the acoustic wave equation is that it

is a model PDE for hyperbolic problems encountered in high speed flow. Additionally,

wave propagation problems necessitate the use of high-order methods to accurately

capture their shape and avoid dissipation and dispersion errors. Finally, acoustics is an
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important discipline within the field of mechanical engineering.

The second set of governing equations considered in this thesis is the non-dimensional

incompressible Navier-Stokes equations

∂u

∂t
+∇ · (u⊗ u) = −∇P +

1

Re
∇2u+ f , (1.5)

∇ · u = 0, (1.6)

where u is the non-dimensional velocity vector, Re is the Reynolds number and f is

the body force vector. The incompressible Navier-Stokes equations provide a high-

fidelity model for incompressible fluid flow, applicable to low speed aerodynamics and

hydrodynamics. It is a challenging case to solve numerically since the equations are

non-linear. In the context of this thesis, it provides an opportunity to model elliptic-

parabolic problems and a wide range of physical flows.

1.3 Thesis Objectives

The overall objective of this thesis is to push the DGSEM to model complex geometries,

in efficient ways. We work towards this goal in four approaches, exploring directions in

both discretization and linear solvers. First, we extend a Cartesian hp-adaptive DGSEM

acoustic wave equation code [20] to model curvilinear geometries by using transfinite

mapping. We then test its computational performance in a high-performance computing

(HPC) environment. We also try to extend the same Cartesian code to model more

complicated geometries by using the immersed boundary method (IBM) [21]. The

advantage of using the IBM is that the object of interest does not need to conform to

the underlying mesh as shown in Figure 1.5. Next, we investigate the properties of using

different “half-closed” nodes in the DGSEM to obtain optimal sparsity patterns. This

method is known as the half-closed discontinuous Galerkin (HCDG) method [22]. We

model complex geometries by using unstructured grids (Figure 1.5) and apply HCDG
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to the incompressible Navier-Stokes equations. Finally, we develop a novel linear solver

and specifically apply it to HCDG on unstructured grids for elliptic problems and the

incompressible Navier-Stokes equations.

Figure 1.5: Left: NACA 0012 airfoil represented using the immersed boundary method,
where object of interest does not need to conform to the Cartesian grid. Right: NACA
0012 airfoil represented with an unstructured grid of body-conforming quadrilateral
elements.
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1.4 Thesis Organization

This thesis is a collection of four works, in the form of one chapter and three papers.

T1 Chapter: A Parallel Transfinite Mapped hp-Adaptive Discontinuous Galerkin

Spectral Element Method Acoustic Wave Equation Solver

T2 Journal paper submitted to Computers and Fluids: A. Nayak, C. Mavriplis,

“Immersed Boundaries in the Discontinuous Galerkin Spectral Element Method

through hp-Adaptivity”.

T3 Conference paper published in the proceedings of AIAA SciTech 2025:

A. Nayak, Y. Pan, P.-O. Persson, “Half-Closed Discontinuous Galerkin Methods

For Incompressible Flow Problems”.

T4 Journal paper in preparation: A. Nayak, Y. Pan, P.-O. Persson, “Eliminated

p-Multigrid for Half-Closed Discontinuous Galerkin Methods”.

The background on the DGSEM formulation and the hp-adaptivity used is presented

in T2. Further background on DGSEM can also be found in [23]. Information on

the underlying codebase and the dynamic load balancing used for T1 and T2 can be

found in Shiqi He’s thesis [20]. The formulation for the HCDG is presented in T3,

further background on the HCDG formulation and its properties can be found in [22].

Background on multigrid methods is presented in T4.
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Chapter 2

A Parallel Transfinite Mapped

hp-Adaptive Discontinuous

Galerkin Spectral Element Method

Acoustic Solver

Contributions

For this chapter, the author implemented the transfinite mapping and performed all

the simulations on curved geometries which included the scaling tests on the transfinite

mapped code.
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Nomenclature

ai Covariant basis vector

ãn Modal coefficients

c Wave speed

d Constant

F Flux

F ∗ Numerical flux

J Jacobian

Jai Contravariant basis vector

kx, ky Wave components

Ln(x) Legendre polynomial

lj(x) Lagrange interpolating polynomial

N Number of elements

n̂i Boundary normal

P Pressure

p Polynomial order

q Vector of conserved variables

scali Scaling factors

t Time

u, v Velocity components

w Barycentric weights

Xξ, Xη, Yξ, Yη Metric terms

x, y Physical space coordinates

x̂, ŷ Unit vectors

Γ Curved boundary

ξ, η Computational space coordinates

σ Modal decay rate
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2.1 Background

This chapter explores extending a Cartesian grid based discontinuous Galerkin spectral

element method (DGSEM) solver to model curvilinear geometries. Shiqi He created a

DGSEM code for solving the two-dimensional acoustic wave equation [20]. This code

possess adaptive mesh refinement (AMR) capabilities to provide sufficient resolution

in the solution where necessary. However, using AMR causes a load imbalance during

parallel computing, as some processors may have a much higher computational load

than others. Shiqi He addressed this issue by using a space filling curve approach to

efficiently re-distribute the workload among the processors. Very promising results were

shown when scaling tests were performed on this code. The full details on the dynamic

load balancing procedure can be found in [20]. However, despite the computational

performance of the code, it is limited to running on Cartesian grids.

In this work, we follow the procedure outlined in [23] to extend the hp-adaptive

DGSEM code to curvilinear geometries using a transfinite mapping procedure. After-

wards, we test the effects of the transfinite mapping on the computational performance

by performing scaling tests. The scaling tests are then compared to the Cartesian grid

scaling tests.

2.2 Discontinuous Galerkin Spectral Element Dis-

cretization

We now briefly present the DGSEM discretization used for the wave equation solver.

The full derivation can be found in [23]. We start with the two-dimensional acoustic

wave equation:

∂2P

∂t2
− c2(Pxx + Pyy) = 0, (2.1)

ut = −Px, (2.2)

vt = −Py, (2.3)
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where P is pressure, u and v are the velocity components, and c is the wave speed.

Combining Equations (2.1), (2.2), and (2.3), the following is obtained:

∂2P

∂t2
+ c2 ((ux)t + (vy)t) = 0. (2.4)

We integrate Equation (2.4) with respect to time to obtain a first order PDE

Pt + c2 (ux + vy) = 0. (2.5)

Expanding Equation (2.5) in matrix-vector form produces:




P

u

v




t

+




0 c2 0

1 0 0

0 0 0







P

u

v




x

+




0 0 c2

0 0 0

1 0 0







P

u

v




y

= 0. (2.6)

Since the matrices in Equation (2.6) are constant, they are combined with the deriva-

tives to produce the following expression

qt + fx + gy = 0, (2.7)

where q is the vector of conserved variables, fx and gy are the spatial derivatives of the

flux vector F = f x̂ + gŷ. As such, we can write Equation (2.7) as a conservation law

to be discretized by a discontinuous Galerkin treatment

qt +∇ · F = 0. (2.8)

The DGSEM formulation uses the weak form of the PDE:

∂

∂t

∫

V

qdV +

∫

V

▽ · FdV = 0. (2.9)
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We apply the divergence theorem to obtain the following expression,

∂

∂t

∫

V

qdV = −
∫

S

F · n̂dS, (2.10)

where S is the surface, V is the volume, and n̂ is the outward facing normal vector.

To compute the integrals, we use Gauss-Legendre quadrature:

∫ 1

−1

f(x)dx ≈
N∑

i=0

wif(xi), (2.11)

where wi are the weights and f(xi) is the function evaluated at the Gauss-Legendre

nodes, which are the roots of the Nth+1 order Legendre polynomial. This quadrature

rule is exact for polynomials of order 2N-1 or less. The Gauss-Legendre nodes are also

the solution nodes as shown in Figure 2.1.

Figure 2.1: Quadrilateral element with polynomial order p = 2. Black dots show the
location of the Gauss-Legendre nodes and the purple squares show the locations of
numerical flux computations.

Note that in Figure 2.1, the nodes are not placed on the boundaries. Thus, an
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interpolation is required to calculate the numerical fluxes F ∗ on the boundaries. The

purple squares in Figure 2.1 show the location of the boundary flux calculations.

We use Lagrange (polynomial) interpolation for the interpolation procedures. An

interpolant is defined as a polynomial of degree N that interpolates a function fj at a set

of points xj. The Lagrange form of this polynomial is given by the following expression

pN(x) =
N∑

j=0

p(xj)lj(x), (2.12)

where lj(x) are the Lagrange interpolating polynomials defined by the following expres-

sion:

lj(x) =
N∏

i=0
i ̸=j

x− xi

xj − xi

. (2.13)

Specifically in our implementation, we use the barycentric formula for the Lagrange

interpolation

pN(x) =

∑N
j=0 p(xj)

wj

x−xj∑N
j=0

wj

x−xj

, (2.14)

where wj are the barycentric weights which are pre-computed. For the transfinite

mapping, we approximate the curved boundaries as a polynomial interpolant of the

same order as the solution, thus necessitating Lagrange interpolation.

2.3 Adaptive Mesh Refinement

As mentioned previously, the Cartesian grid solver has adaptive mesh refinement ca-

pabilities. Two types of mesh refinements are used: h-refinement, where the elements

are split, and p-refinement, where the polynomial order of the element is increased. An

example of this is shown in Figure 2.2.
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Figure 2.2: Top: h-refinement where element is split into four smaller elements. Bottom:
p-refinement where the polynomial order of element is increased from two to four.

For h-refinement, we split an element into four smaller elements. For p-refinement,

we increase the polynomial order of the element by two. For coarsening, the reverse of

each procedure is done. To determine when to adapt, we use the modal decay error

estimator [24]. First, we convert to a modal representation of the solution

u(x) ≈
p∑

n=0

ãnLn(x), (2.15)

where ãn are the modal coefficients and Ln is the nth degree Legendre polynomial. In

our work, the error estimator is evaluated using the pressure. From the coefficients, the

error is estimated as

ϵest ≈
( ∞∑

n=p+1

ã2n
2n+1

2

)1/2

. (2.16)

If the estimated error is greater than a user-defined tolerance, we flag the element for

refinement. The decision to h- or p-refine is based on a smoothness indicator. First, we

fit the modal coefficients to an exponential decay:

ãn ≈ Ce−σn. (2.17)
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When the decay rate σ ≤ 1, the solution is not smooth and h-refinement is used to

provide sufficient resolution. However, when the decay rate σ > 1, the solution is

smooth and we use p-refinement to take advantage of the exponential convergence in

polynomial order for smooth solutions. The hp-adaptivity procedure introduces both

geometric (different element size) and functional (different element polynomial order)

non-conforming interfaces between elements. To address the errors induced by these

non-conforming interfaces, we utilize the mortar element method to maintain the high-

order accuracy of the discretization scheme. The details of the mortar element method

are described in Chapter 3 of this thesis. Further details on the mortar element method

can be found in [25].

2.4 Transfinite Mapping Procedure

To model curvilinear geometries, a transformation is made from the solution domain

to the reference square [23]. The computational domain is a reference square and the

solution domain is the physical domain of interest. The derivation of the transfinite

mapping procedure is briefly described here, while further details can be found in [23].

First, (ξ, η) will be known as the computational space coordinates and (x, y) are the

physical coordinates. The reference square is defined as Ω ∈ [-1, 1] × [-1, 1]. The

curvilinear geometries to be mapped are curved-sided quadrilaterals. The following

figure shows the mapping of a curved-sided quadrilateral from the reference square.
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Figure 2.3: Mapping of a curved-sided quadrilateral; Γi are the physical domain bound-
aries.

The boundaries of the physical domain are denoted by Γi. We approximate the

domain boundaries as polynomial interpolants of the same polynomial order as the

solution. A linear interpolation X is created between two opposing curves. Doing this

for Γ2 and Γ4:

X42(ξ̃, η̃) = (1− ξ̃)Γ4(η̃) + ξ̃Γ2(η̃), (2.18)

and for Γ1 and Γ3:

X13(ξ̃, η̃) = (1− η̃)Γ1(ξ̃) + η̃Γ3(ξ̃). (2.19)

Summing the interpolations produces

∑
(ξ̃, η̃) = (1− ξ̃)Γ4(η̃) + ξ̃Γ2(η̃) + (1− η̃)Γ1(ξ̃) + η̃Γ3(ξ̃), (2.20)

however, the sum is no longer consistent with the boundaries.

∑
(0, η̃) = Γ4(η̃) + {(1− η̃)Γ1(0) + η̃Γ3(0)}

∑
(1, η̃) = Γ2(η̃) + {(1− η̃)Γ1(1) + η̃Γ3(1)}

(2.21)

In order to match the boundaries, the linear interpolant of the terms in the braces is
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subtracted.

X(ξ̃, η̃) = (1− ξ̃)Γ4(η̃) + ξ̃Γ2(η̃) + (1− η̃)Γ1(ξ̃) + η̃Γ3(ξ̃)

− (1− ξ̃){(1− η̃)Γ1(0) + η̃Γ3(0)} − ξ̃{(1− η̃)Γ1(1) + η̃Γ3(1)} (2.22)

We then apply the following affine map to the above expression.

ξ̃ =
ξ + 1

2
, η̃ =

η + 1

2
(2.23)

Finally, we obtain the mapping function to the reference square,

X(ξ, η) =
1

2
[(1− ξ)Γ4(η) + (1 + ξ)Γ2(η) + (1− η)Γ1(ξ) + (1 + η)Γ3(ξ)]

− 1

4
[(1− ξ){(1− η)Γ1(−1) + (1 + η)Γ3(−1)}

+ (1 + ξ){(1− η)Γ1(1) + (1 + η)Γ3(1)}]. (2.24)

Equation (2.24) is used to develop the TransfiniteQuadMap algorithm presented

in Algorithm 8. Figure 2.4 illustrates the mapping from the reference square to two

different sample geometries.

Figure 2.4: Example mappings from the reference square to curvilinear geometries for a
single element with polynomial order p = 10. Blue circles are the element nodes. Left:
quarter annulus, right: quarter annulus with a straight edge.
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The derivatives of the mapping, also known as the metric terms, are required to

perform the change of variables. The metric terms are as follows:

∂X

∂ξ
=

1

2
[Γ2(η)− Γ4(η) + (1− η)Γ1′(ξ) + (1 + η)Γ3′(ξ)]

− 1

4
{(1− η)[Γ1(1)− Γ1(−1)] + (1 + η)[Γ3(1)− Γ3(−1)]},

(2.25)

∂X

∂η
=

1

2
[(1− ξ)Γ4′(η) + (1 + ξ)Γ2′(η) + Γ3(ξ)− Γ1(ξ)]

− 1

4
{(1− ξ)[Γ3(−1)− Γ1(−1)] + (1 + ξ)[Γ3(1)− Γ1(−1)]}.

(2.26)

Equations (2.25) and (2.26) are used to develop the TransfiniteQuadMetrics algorithm

in Algorithm 9. To finish the transformation from square to non-square geometries, we

require the Jacobian, boundary normal vectors and scaling factors.

First, we introduce two types of basis vectors. The covariant basis vector varies

along a coordinate line. The contravariant basis vector points normal to a coordinate

line. Figure 2.5 shows a visual representation of these vectors.

Figure 2.5: Covariant basis vectors (blue) vary along coordinate lines (black) and con-
travariant basis vectors (orange) point normal to coordinate lines.

The covariant basis vectors for the mapping x = X(ξ, η) are as follows:

a1 =
∂X

∂ξ
= Xξx̂+ Yξŷ, a2 =

∂X

∂η
= Xηx̂+ Yηŷ, a3 = ẑ. (2.27)

From Equation (2.27), the Jacobian can be produced:

J = a1 · (a2 × a3) = XξYη − YξXη. (2.28)
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We obtain the contravariant basis vectors by computing the cross product of the co-

variant basis vectors

Ja1 = a2 × a3 = Yηx̂−Xηŷ, (2.29)

Ja2 = a3 × a1 = −Yξx̂+Xξŷ. (2.30)

The scaling factors are calculated using the following equations:

scal1 =
√

Y 2
η +X2

η , (2.31)

scal2 =
√

Y 2
ξ +X2

ξ . (2.32)

Using the contravariant basis vectors, the scaling factors and the sign of the Jacobian,

we can calculate the boundary normal vectors:

n̂1 =
|J |
J

Yηx̂−Xηŷ√
Y 2
η +X2

η

, (2.33)

n̂2 =
|J |
J

−Yξx̂+Xξŷ√
Y 2
ξ +X2

ξ

. (2.34)

Now, all of the components for performing the transfinite mapping have been pre-

sented. The following section presents the algorithmic implementation of the mapping

procedure.

2.5 Algorithm Implementation

This section presents the algorithms in pseudocode format used to implement the trans-

finite mapping. The pseudocodes used in the implementation were developed by Ko-

priva [23]. To begin, a class is used to represent the curved boundaries. The following

pseudocodes present the CurveInterpolant class.
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Algorithm 1 CurveInterpolant Class

Attributes: N, nodesj, xj, yj, wj

Methods: Constructor, EvaluatePoint, DerivativePoint

Algorithm 2 CurveInterpolant Constructor

Input: N, nodesj, xj, yj

N ← N
for j = 0 to N do

nodesj ← nodesj
xj ← xj

yj ← yj
end for
wj ← BarycentricWeights(nodesj)

N denotes the polynomial order, nodesj are the Gauss-Legendre nodes in the interval

[-1,1] and (xj, yj) are the node locations. The barycentric weights used for Lagrange in-

terpolation are denoted by wj. The pseudocodes for computing the barycentric weights,

evaluating points and the derivatives at the points are given in Algorithms 3, 4 and 5

respectively. The pseudocodes for Lagrange interpolation and evaluating the Lagrange

interpolant derivative are presented in Algorithms 6 and 7.

Algorithm 3 BarycentricWeights
Input: xj

Output: wj

for j = 0 to N do
wj ← 1

end for
for j = 1 to N do

for k = 0 to j - 1 do
wk ← wk(xk − xj)
wj ← wj(xj − xk)

end for
end for
for j = 0 to N do

wj ← 1/wj

end for
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Algorithm 4 EvaluatePoint
Input: s
Output: x, y

x← LagrangeInterpolation(s, nodes, xj, wj)
y ← LagrangeInterpolation(s, nodes, yj, wj)

Algorithm 5 DerivativePoint
Input: s
Output: x′, y′

x′ ← LagrangeInterpolantDerivative(s, nodes, xj, wj)
y′ ← LagrangeInterpolantDerivative(s, nodes, yj, wj)

Algorithm 6 LagrangeInterpolation

Input: x, xj, fj, wj

Output: result

numerator← 0

denominator← 0

for j = 0 to N do

if x ≈ xj then result←fj

end if

t← wj(xj − xk)

numerator← numerator + tfj

denominator← denominator + t

end for

result← numerator/denominator
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Algorithm 7 LagrangeInterpolantDerivative

Input: x, xj, fj, wj

Output: result

numerator← 0

flag← false

for j = 0 to N do

if x ≈ xj then

flag← true

p← fj

denominator← −wj

i← j

end if

end for

if flag is true then

for j = 0 to N do

if j ̸= i then

numerator← numerator + wj ∗ p−fj
x−xj

end if

end for

else if flag is false then

denominator← 0

p← LagrangeInterpolation

for j = 0 to N do

t← wj/(x− xj)

numerator← numerator + t ∗ p−fj
x−xj

denominator← denominator + t

end for

end if

result← numerator/denominator
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Next, the pseudocodes that implement the transfinite mapping itself and the calcu-

lation of the metric terms are presented in Algorithms 8 and 9 respectively.

Algorithm 8 TransfiniteQuadMap

Input: ξ, η,Γj ▷ Γ is a CurveInterpolant object

Output: x, y

(x1, y1)← Γ1.EvaluatePoint(−1)

(x2, y2)← Γ1.EvaluatePoint(1)

(x3, y3)← Γ3.EvaluatePoint(1)

(x4, y4)← Γ3.EvaluatePoint(−1)

(X1, Y1)← Γ1.EvaluatePoint(ξ)

(X2, Y2)← Γ2.EvaluatePoint(η)

(X3, Y3)← Γ3.EvaluatePoint(ξ)

(X4, Y4)← Γ4.EvaluatePoint(η)

x← 1
2
[(1− ξ)X4 + (1 + ξ)X2 + (1− η)X1 + (1 + η)X3]

x← x− 1
4
[(1− ξ){(1− η)x1 + (1 + η)x4}+ (1 + ξ){(1− η)x2 + (1 + η)x3}]

y ← 1
2
[(1− ξ)Y4 + (1 + ξ)Y2 + (1− η)Y1 + (1 + η)Y3]

y ← y − 1
4
[(1− ξ){(1− η)y1 + (1 + η)y4}+ (1 + ξ){(1− η)y2 + (1 + η)y3}]

The points in the reference square are ξ and η, the four curved boundaries are

denoted by Γj, x and y are the mapped points (in the solution domain). The metric

terms are calculated in Algorithm 9 and correspond to Equations (2.25) and (2.26).
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Algorithm 9 TransfiniteQuadMetrics

Input: ξ, η,Γj ▷ Γ is a CurveInterpolant object

Output: Xξ, Xη, Yξ, Yη

(x1, y1)← Γ1.EvaluatePoint(−1)

(x2, y2)← Γ1.EvaluatePoint(1)

(x3, y3)← Γ3.EvaluatePoint(1)

(x4, y4)← Γ3.EvaluatePoint(−1)

(X1, Y1)← Γ1.EvaluatePoint(ξ)

(X2, Y2)← Γ2.EvaluatePoint(η)

(X3, Y3)← Γ3.EvaluatePoint(ξ)

(X4, Y4)← Γ4.EvaluatePoint(η)

(X ′
1, Y

′
1)← Γ1.DerivativePoint(ξ)

(X ′
2, Y

′
2)← Γ2.DerivativePoint(η)

(X ′
3, Y

′
3)← Γ3.DerivativePoint(ξ)

(X ′
4, Y

′
4)← Γ4.DerivativePoint(η)

Xξ ← 1
2
{X2 −X4 + (1− η)X ′

1 + (1 + η)X ′
3} − 1

4
{(1− η)(x2 − x1) + (1 + η)(x3 − x4)}

Yξ ← 1
2
{Y2 − Y4 + (1− η)Y ′

1 + (1 + η)Y ′
3} − 1

4
{(1− η)(y2 − y1) + (1 + η)(y3 − y4)}

Xη ← 1
2
{(1− ξ)X ′

4 + (1 + ξ)X ′
2 +X3 −X1} − 1

4
{(1− ξ)(x4 − x1) + (1 + ξ)(x3 − x2)}

Yη ← 1
2
{(1− ξ)Y ′

4 + (1 + ξ)Y ′
2 + Y3 − Y1} − 1

4
{(1− ξ)(y4 − y1) + (1 + ξ)(y3 − y2)}

Algorithms 8 and 9 provide the necessary prerequisites for implementing the trans-

finite mapping. Algorithm 10 encapsulates all of the important data necessary for

implementing the mapping in a so called “MappedGeometry class”. The pseudocode

for the MappedGeometry class constructor is presented in Algorithm 11.
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Algorithm 10 MappedGeometry Class

Attributes:

N ▷ Polynomial order

xi,j, yi,j ▷ These are the internal node locations

xboundaryi, yboundaryi ▷ These are the boundary node locations

Xξi,j, Xηi,j ▷ These are the metric terms in x

Yξi,j, Yηi,j ▷ These are the metric terms in y

Ji,j ▷ This is the Jacobian

n̂i ▷ This is the boundary normal

scali ▷ This is the scaling factor

Methods:

Constructor
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Algorithm 11 MappedGeometry Constructor

for j = 0 to N do

for i = 0 to N do

(xi,j, yi,j)← TransfiniteQuadMap(Γj,GLnodesi,GLnodesj)

(Xξ, Xη, Yξ, Yη)← TransfiniteQuadMetrics(Γj,GLnodesi,GLnodesj)

Ji,j ← (Xξ ∗ Yη)− (Xη ∗ Yξ)

end for

end for

for j = 0 to N do

(xboundaryj,2, yboundaryj,2)← TransfiniteQuadMap(Γj, 1,GLnodesj)

(Xξ, Xη, Yξ, Yη)← TransfiniteQuadMetrics(Γj, 1,GLnodesj)

J ← (Xξ ∗ Yη)− (Xη ∗ Yξ)

scalj,2 ←
√

Y 2
η +X2

η

n̂j,2 ← Sign(J) ∗ (Yη −Xη)/scalj,2

(xboundaryj,4, yboundaryj,4)← TransfiniteQuadMap(Γj,−1,GLnodesj)

(Xξ, Xη, Yξ, Yη)← TransfiniteQuadMetrics(Γj,−1,GLnodesj)

J ← (Xξ ∗ Yη)− (Xη ∗ Yξ)

scalj,4 ←
√

Y 2
η +X2

η

n̂j,4 ← −Sign(J) ∗ (Yη −Xη)/scalj,4

end for

for i = 0 to N do

(xboundaryi,1, yboundaryi,1)← TransfiniteQuadMap(Γj,GLnodesi,−1)
(Xξ, Xη, Yξ, Yη)← TransfiniteQuadMetrics(Γj,GLnodesi,−1)
J ← (Xξ ∗ Yη)− (Xη ∗ Yξ)

scali,1 ←
√

Y 2
ξ +X2

ξ

n̂i,1 ← −Sign(J) ∗ (−Yξ +Xξ)/scali,1

(xboundaryi,3, yboundaryi,3)← TransfiniteQuadMap(Γj,GLnodesi, 1)

(Xξ, Xη, Yξ, Yη)← TransfiniteQuadMetrics(Γj,GLnodesi, 1)

J ← (Xξ ∗ Yη)− (Xη ∗ Yξ)

scali,3 ←
√

Y 2
ξ +X2

ξ

n̂i,3 ← Sign(J) ∗ (−Yξ +Xξ)/scali,3

end for
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2.6 Implementation of the Transfinite Mapping into

the Code

This section describes how the algorithms presented in Section 2.5 are integrated into

the existing solver to implement the transfinite mapping. Each element possesses an ob-

ject of the MappedGeometry class. Next, when the solution is initialized, four CurveIn-

terpolant objects are constructed to set the desired mapped geometry. After the four

CurveInterpolant objects are constructed, the constructor of the MappedGeometry class

is called.

The main modification to the code is made in the procedure for obtaining the DG

time derivative. The first step of interpolating the solutions to the boundaries remains

the same. The interpolation to the boundaries is required since we are using Gauss-

Legendre nodes (no nodes are present on element boundaries). However, we multiply the

output of the Riemann solver by the scaling factor to obtain the appropriate numerical

fluxes. When computing the spatial derivative of the fluxes, we multiply the internal

fluxes with the appropriate metric terms. Finally, when calculating the final portion

of the time derivative, we divide by the Jacobian. The block diagram below shows the

modifications that were made to the time derivative routine.

Figure 2.6: Modifications made (in red) to the DG time derivative routine to implement
the transfinite mapping.
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2.7 Simulations on Curvilinear Geometries

2.7.1 Benchmark Case: Gaussian Plane Wave Propagation in

a Half-Cylindrical Domain

In this section, we demonstrate the transfinite mapping used to model curvilinear ge-

ometries on a test case which consists of a Gaussian plane wave propagation in a

half-cylindrical domain. The geometry is defined by the following expressions:

Γ1(ξ) = 0.5 + 4.5(ξ + 1)/2x̂+ 0ŷ,

Γ2(η) = 5cos(π(η + 1)/2)x̂+ 5sin(π(η + 1)/2)ŷ,

Γ3(ξ) = −0.5− 4.5(ξ + 1)/2x̂+ 0ŷ,

Γ4(η) = 0.5cos(π(η + 1)/2)x̂+ 0.5sin(π(η + 1)/2)ŷ,

(2.35)

and is illustrated in Figure 2.7. The initial and boundary conditions are given by the

exact solution to a Gaussian plane acoustic wave propagating through the domain:




P

u

v



=




1

kx
c

ky
c



e−

[kx(x−x0)+ky(y−y0)−ct]2

d2 , (2.36)

where kx and ky are the components of the wave vector and are set to kx = ky =
√
2
2

such that the wave propagates towards the top right. We set the parameter d = 0.2

2
√

log(2)

and the wavespeed c = 1. We show the initial condition in the domain in Figure 2.7.

We perform a polynomial convergence test of the calculation of the wave propagating

in the domain. The grid is discretized with 32 elements in both the radial and azimuthal

directions and a fixed small timestep ∆t = 5 × 10−5 is used in accordance with the

stability limits of the CFL condition. We calculate the L2 error with respect to the

exact solution in Equation (2.36), where the L2 error is defined as
√∫

Ω
(u− uexact)2dΩ.

The results of the polynomial convergence test are shown in Figure 2.8. We observe
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Figure 2.7: Initial condition for the Gaussian plane wave propagating in the half circular
cylinder domain.

exponential convergence is still obtained even on a very deformed geometry.

Figure 2.8: Polynomial convergence test of a Gaussian plane wave propagating in the
half circular cylinder domain. Exact solution given in Equation (2.36). Exponential
convergence is obtained as the polynomial order p is increased.

2.7.2 Acoustic Scattering off a Half Circular Cylinder

The next simulation is of an acoustic scattering off a half circular cylinder, which can

act as a simplified model of the acoustic loading on the surface of an aircraft (half

circular cylinder) from an engine noise source (initial condition) [23]. This case is used
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for the strong scaling tests. The geometry is the same as the previous test case and

is defined in Equation (2.35). We use the following initial conditions for a pressure

perturbation:

P (x, y, 0) = e−ln(2)(
(x−1.5)2+y2

0.1252
)

u(x, y, 0) = 0

v(x, y, 0) = 0. (2.37)

We impose wall boundary conditions on the bottom walls and the inner circular bound-

ary. Radiation boundary conditions are imposed on the outer circular boundary. We

show a sample simulation in Figures 2.9 and 2.10. The domain starts with 16 ele-

ments in both the radial and azimuthal directions with a polynomial order of p = 5

to sufficiently resolve the initial condition. We allow for two levels of h-refinement

and p-refinement up to p = 11. We observe the hp-adaptation following the profile

of the wave very well. There is mostly h-refinement accompanied with one level of

p-refinement. Furthermore, we observe additional p-refinement near the location of the

initial pressure perturbation.

2.7.3 Gaussian Wave Propagation in Curved Channel

Next, we simulate a Gaussian plane wave propagating in a curved channel. The geom-

etry is defined by the following expressions:

Γ1(ξ) = 3ξ/2x̂+−(0.3 + 0.35(tanh(2ξ) + 1)ŷ

Γ2(η) = 3/2x̂+ (0.289 + 0.35(tanh(3) + 1))ηŷ

Γ3(ξ) = 3ξ/2x̂+ (0.3 + 0.35(tanh(2ξ) + 1)ŷ

Γ4(η) = −3/2x̂+ (0.155(tanh(3) + 1))ηŷ.

(2.38)
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(a)

(b)

(c)

Figure 2.9: Half circular cylinder acoustic scattering: initial pressure perturbation. (a):
pressure, (b): polynomial order, (c): grid.

The initial conditions used are

P (x, y, 0) = e
−(

(

√
2

2 (x+1)

( 0.2

2
√

log(2)
)2

)

u(x, y, 0) = e
−(

(

√
2

2 (x+1)

( 0.2

2
√

log(2)
)2

)

v(x, y, 0) = 0. (2.39)

The boundary conditions are given by the exact solution of the Gaussian plane wave

propagating undisturbed through the domain. We show a sample hp-adaptive simula-
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(a)

(b)

(c)

Figure 2.10: Half circular cylinder acoustic scattering: propagation of initial perturba-
tion and wave reflection off half circular cylinder using hp-adaptation. Grid starts with
16 × 16 elements with polynomial order pinitial = 5. Two levels of h-refinement used
and p-refinement up to p = 11. (a): pressure, (b): polynomial order, (c): grid.

tion using this geometry in Figures 2.11 and 2.12. The domain starts with 8 elements in

each direction with a polynomial order of p = 5 to sufficiently resolve the initial wave.

We allow for 2 levels of h-refinement and p-refinement up to p = 11. The hp-adaptation

follows the profile of the propagating Gaussian wave well. There is mostly one level

of p-refinement, with additional p-refinement occurring near the location of the initial

wave position.
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(a)

(b)

(c)

Figure 2.11: Initial condition for the curved channel case. (a): pressure, (b): polynomial
order, (c): grid.

2.8 Scaling Tests

In this section, we test the parallel performance of the transfinite mapped code and

compare it to that of the Cartesian code by He [20]. We perform two types of scaling

tests, weak scaling and strong scaling, both using transfinite mapped grids. In the

weak scaling tests, the problem size scales with the computational resources. Whereas

in the strong scaling tests, the problem size stays constant and the computational

resources used varied. We use the Tuning and Analysis Utilities (TAU) profiling library

to measure the runtime and memory usage of the code during the scaling tests. TAU
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(a)

(b)

(c)

Figure 2.12: Gaussian plane wave propagation towards the right in curved channel.
Grid starts with 8 × 8 elements with polynomial order pinitial = 5. Two levels of h-
refinement used and p-refinement up to p = 11. (a): pressure, (b): polynomial order,
(c): grid.

is employed since it was previously used by He to measure the performance of the

Cartesian code [20].

2.8.1 High Performance Computing Platforms

The high performance computing platforms were provided by the Digital Research

Alliance of Canada (formerly Compute Canada). We use the Niagara cluster. The

specifications of which will now be presented.
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Niagara

The Niagara cluster possesses 40 cores per node with 202 Gb of memory per node. It

uses a Intel Skylake architecture, running at 2.4 GHz. Niagara uses an EDR Dragonfly+

network connection, with a bandwidth of 100 Gb/s. Niagara is located at the University

of Toronto and operated by SciNet. Ideally, the Graham cluster could have been used

for the scaling tests to match the platform used by He. However, due to technical issues

with Graham this year, we were forced to seek alternatives and we used Niagara for the

scaling tests.

2.8.2 Weak Scaling Test

For the weak scaling test, we use the case presented in Section 2.7.3 of the Gaussian

plane wave propagating in the curved channel. We use a non-adaptive grid with a

polynomial order of p = 6, however the resources used scale with the problem size.

The parameters for the weak scaling test are presented in Table 2.1. We also simulated

equivalent cases of a Gaussian plane wave propagating in a square domain using the

Cartesian code of He. The results of the weak scaling test are presented in Figure 2.13

and compared to He’s results.

Table 2.1: Weak scaling test parameters.

Elements in Each Direction Processors
64× 64 80
128× 128 320
256× 256 1280
512× 512 5120
1024× 1024 20480

The results show the transfinite mapped code scales similarly to the Cartesian code.

However, as expected, there is a slight increase in runtime. For the last three data

points, the transfinite mapped code has an approximately 24 % increase in runtime. The

increase in runtime can be attributed to the extra overhead incurred by the transfinite

mapping procedure. Overall, the transfinite mapped code shows a similar trend to the
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Figure 2.13: Weak scaling runtime results comparing transfinite mapped code (blue)
with Cartesian code (orange).

Cartesian code.

2.8.3 Strong Scaling Test

For the strong scaling test, we use the case presented in Section 2.7.2 of the acoustic

scattering of a half circular cylinder. The domain is discretized with 256 elements in

both the radial and azimuthal directions. We start with a polynomial order of p = 4 and

allow p-refinement up to p = 8. Furthermore, we allow for two levels of h-refinement.

We run the simulation for 20 time steps, adapting every five time steps. The simulation

ends with 69,115 elements. The runtime results and memory usage results are presented

in Figures 2.14 and 2.16 respectively. The results are compared to a strong scaling test

performed by He in Figures 2.15 and 2.17 respectively.

The runtime results in Figure 2.14 show an initial decrease as more computational

resources are used, however the execution time does eventually increase slightly. Over-

all, the runtime remains relatively in the same order of magnitude. Comparing to

He’s results in Figure 2.15, the transfinite mapped code unfortunately does not scale

as well. However, this is expected as the transfinite mapping procedure requires more

computational work. Next we observe the memory usage results in Figure 2.16. The

memory usage remains overall constant, with the memory plateauing after the second
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Figure 2.14: Strong scaling runtime results.

Figure 2.15: Cartesian code strong scaling runtime results, reprinted from [20].

case. Comparing to He’s results in Figure 2.17 we observe a similar trend of the memory

remaining overall constant, with a plateau after. However, we do note that the memory

usage in the transfinite mapped case is significantly larger. This is because during the

dynamic load balancing procedure, the mapped geometry class needs to also be sent in

order to maintain the transfinite mapping.

40



Figure 2.16: Strong scaling memory results.

Figure 2.17: Cartesian code strong scaling memory results, reprinted from [20].

2.8.4 Discussion and Future Directions

The results of the scaling tests will now be discussed. For the weak scaling test, we

observe a similar trend in runtime compared to the Cartesian code. However, as ex-

pected, there is more computational effort required for the transfinite mapping which

translates to increased run times. Unfortunately for the strong scaling tests, we observe

for the run times the transfinite mapping does not show the same scaling trend as the

Cartesian code. The runtime slightly increases but overall remains relatively constant.
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Furthermore we observe a significant increase in memory usage. This extra runtime and

memory can be attributed to the use of the mapped geometry class, shown in Figure

2.18.

Figure 2.18: Mapped geometry class showing attributes and methods.

During the load-balancing procedure, in addition to sending the solution O(Np2),

we also send each of the attributes in Figure 2.18 including the four metric term arrays

O(Np2), the Jacobian array O(Np2), the four boundary normal vector arrays O(Np),

the four scaling factor arrays O(Np), the two node coordinate arrays O(Np2) and the

four boundary node coordinate arrays O(Np). Comparing what is required for the

42



Cartesian code, the metric terms, Jacobian, and scaling factors are constant and can

be calculated on the fly. The normals are trivial either -1 or +1. The node coordinates

can also be obtained very easily given simply the four corners of the element. However,

for curvilinear geometries these simplifications cannot be made. The increase in time

and memory is due to sending the data for the mapped geometry class.

The transfinite mapping shows promising potential. Despite the additional runtime,

the transfinite mapping does allow for the modeling of more complicated geometries.

This is desirable as most engineering applications are not simply composed of rectangu-

lar geometries. In the future, different implementation approaches will be explored to

find something more optimized for parallel computing. Furthermore, a compromise can

be obtained by using straight sided elements and unstructured grids similarly to [26].

The DGSEM formulation is well suited for unstructured grids. In this way, the data as-

sociated with the transfinite mapping is drastically simplified, and complex geometries

can still be modeled.

Another approach which is explored in the next chapter of this thesis is the immersed

boundary method. In this method, we can model complex geometries using solely

Cartesian grids. Instead of the boundary of the obstacle conforming to the grid, the

obstacle is modeled by other means without conforming to the underlying grid. By

doing so one can ideally avoid the calculations and storage associated with the mapping.

However, the immersed boundary method does come with numerical issues such as a

loss of accuracy or oscillations. We aim to address these issues in the next chapter.
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Chapter 3

Immersed Boundaries in the

Discontinuous Galerkin Spectral

Element Method through

hp-Adaptivity

The previous chapter modeled complex geometries using a transfinite mapping. How-

ever, in this chapter, we take an alternative approach to model complex geometries by

using the immersed boundary method with simple Cartesian grids. This paper was

submitted to the Computers and Fluids journal, and has been revised based on the

reviewers’ comments.

Contributions

The author wrote this paper in collaboration with the co-author. The author imple-

mented the immersed boundary method and performed all of the simulations.
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Nomenclature

ãn Modal coefficients

c Wave speed

F Flux

F ∗ Numerical flux

fx,gy Spatial derivatives of flux

J Temporary variable

kx, ky Wave components

Ln(x) Legendre polynomial

N Number of elements

n̂ Boundary normal

P Pressure

p Polynomial order

q Vector of conserved variables

r Radial coordinate

Sn Surface

t Time

u, v Velocity components

w+,L, w−,R Left and right going waves

X(x, y) Masking function

x, y Physical space coordinates

x̂, ŷ Unit vectors

ϵ Error

θ Angle

ξ, η Computational space coordinates

σ Modal decay rate

ϕ Porosity parameter

Ωn Domain
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1. Introduction

Computational mechanics have drastically risen in popularity due to the

recent rise in computing power. Tools such as computational fluid dynamics

(CFD), computational acoustics and computational solid mechanics are rou-

tinely used for design and analysis of complex engineering systems. Despite

the ubiquity of these tools, the meshing process, i.e. the discretization of the

computational domain, can still consume a significant amount of user time,

often measured in weeks, to set up a reliable calculation [1, 2]. A variety

of approaches have been developed over the past few decades to automate

and/or alleviate the task, including: unstructured grids e.g. [3, 1, 4]; overset

grids e.g. [5]; and body-fitted structured grids e.g. [6]. Despite the vari-

ety of meshing techniques, grid generation remains a time-intensive task and

therefore a vigorous area of research and development. The CFD Vision 2030

report stated:

“Mesh generation and adaptivity continue to be significant bottlenecks in

the CFD workflow, and very little government investment has been targeted

in these areas. As more capable HPC [High Performance Computing] hard-

ware enables higher resolution simulations, fast, reliable mesh generation and

adaptivity will become more problematic. Additionally, adaptive mesh tech-

niques offer great potential, but have not seen widespread use due to issues

related to software complexity, inadequate error estimation capabilities, and

complex geometries.” [1]

Beyond finding a suitable starting grid for a calculation for which the aim

is firstly, to accurately represent the body or boundaries, and secondly, to

provide enough resolution to model the initial conditions, grid adaptivity or
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adaptive mesh refinement (AMR) [7] [8] can help simplify the grid generation

task. Error estimators or indicators can guide a calculation to automatically

increase refinement in areas of increasing complexity of the physical phenom-

ena to be modeled, while coarsening or reducing the mesh density in areas

where the physical phenomena are relatively simpler.

Many engineering applications involve complex geometries and physical

phenomena with a wide range of length scales, particularly in fluid dynamics

where turbulent flows are characterized by an energy cascade from larger

to smaller eddies over a range of several orders of magnitude. While reso-

lution of these scales can be accomplished by grid refinement, the number

of degrees of freedom required scales with Reynolds number, Re, as: Re9/4.

With Reynolds numbers reaching 106 and beyond in practical applications,

Direct Numerical Simulation (DNS) by full resolution of all the scales was

impractical for many decades and still is for industrial applications. In or-

der to accurately and efficiently resolve this wide range of scales, high order

methods were introduced and developed over the last few decades. As an

example, spectral methods [9] provide high accuracy through low dissipation

and dispersion errors with exponential convergence for smooth solutions. The

spectral element method (SEM) [10] was introduced in 1984 to combine the

advantages of high-order (“p”) methods with the geometric flexibility of finite

element (“h”) methods in order to handle complex geometries. Through the

continuous development of the SEM over the last decades and through the

use of Graphical Processing Units (GPUs), SEM methods now routinely cal-

culate DNS in complex geometries and are approaching exascale performance

[11].
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Nevertheless, gridding complex geometries for high order methods such

as the SEM remains a difficult and time-intensive task. Even fewer tools

exist for high order methods grids than for low order methods ones. High

order method grids use bigger elements than traditional (lower order) finite

element, finite difference or finite volume methods since higher order basis

functions are used within each element, typically polynomials of degree 5 to

12. Hence coarser elemental meshes are used and either smaller straight-sided

elements define the complex boundaries or simple curvature (e.g. circular arc)

elements are used to create curved side boundaries. In principle, geometries

can be defined by elemental polynomials of the same, or up to the same,

degree as the solution through an isoparametric mapping that preserves the

exponential convergence of the SEM [12]. This is rarely done, notably be-

cause the extra metric terms within the integrals of the variational Galerkin

formulation then incur quadrature errors unless they are “overintegrated”

which requires extra work.

Grid adaptivity through h-refinement by subdividing (or agglomeration

of) elements, e.g. [13] [14], and p-refinement by increasing (or decreasing)

spectral (polynomial) order can further increase the flexibility of the high

order SEM, e.g. [15, 16] but, as yet, is still not robust enough for big calcula-

tions and industrial applications. For ease of programming and, in particular,

for HPC applications, many adaptive codes simplify the refinement process

to mostly isotropic h-refinement: e.g. splitting elements equally in each di-

rection. Such choices simplify the data handling structures and allow for

scaling to hundreds of thousands of processors, as in the case of the popular

p4est AMR software library [17], which has been adopted in [13]. Others
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use strictly p-refinement to simplify this data structure problem, e.g. [18].

Certainly full hp-refinement is a data structure headache, especially in HPC

environments, where dynamically changing grids can wreak havoc with load

balancing. In [19], we implemented an effective Hilbert space filling curve ap-

proach to dynamic load balancing for full hp-adaptivity for the discontinuous

Galerkin SEM. The Hilbert curve preserves locality which is advantageous

in grid adaptive procedures.

While the SEM relies on inter-element C0 continuity, the discontinuous

Galerkin SEM (DGSEM) allows for discontinuities through a flux formula-

tion. Since hp-adaptivity incurs inter-element discontinuities due to geomet-

ric and/or functional nonconformities, it fits nicely into the DG framework.

Nonconformities are handled through the mortar approach which preserves

spectral accuracy [20]. The DG approach presents advantages for convection-

dominated flows through flux-enforced conservation and for parallel calcula-

tions on HPC platforms due to the local nature of the method [21] [22] [23]

[19]. Many works have applied DGSEM to compressible fluid flow [24] [25],

incompressible fluid flow [26] [22], the shallow water equations [27] [28], and

electromagnetics [29]. In this work, we solve the wave equation as a model

equation for fluid dynamics and acoustics through an hp-adaptive DGSEM.

Given the above-mentioned challenges to grid generation, we chose to

investigate the use of simpler Cartesian grids with immersed boundaries to

handle complex geometries in the context of the DGSEM. The immersed

boundary method (IBM) was developed by Peskin [30] where the method

was applied to simulate the fluid-structure interaction between blood and

heart valves. In the IBM, the fluid is discretized using an Eulerian formula-
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tion while the immersed object is modeled with a set of Lagrangian points

which do not necessarily conform to the computational grid where the bound-

ary forces are applied. Over the years, many different approaches have been

developed. The Brinkman penalty method [31] which was originally used

for incompressible flow, models obstacles as porous media with low porosity.

In the feedback forcing method [32] [33], body forcing is determined using a

feedback approach to satisfy the no-slip condition. The projection method

[34] algebraically follows the fractional step method [35] [36] where, simi-

larly to the pressure, the boundary force is used as a Lagrange multiplier,

making it well suited for simulating incompressible flows. The sharp inter-

face method [37] uses ghost cells inside the immersed boundary to enforce

boundary conditions on the surface, showing success for simulating higher

Reynolds number flows. In this, our first work in immersed boundaries, we

were inspired by the Brinkman penalty method [31] [38] due to its simplicity

in software implementation and robustness.

The Brinkman penalty method has been used in low order schemes, such

as finite volumes, e.g. [39]. It has also been used in high-order methods such

as high-order finite differences [40] [41], wavelet collocation [42] [43], flux

reconstruction (FR) [44], and discontinuous Galerkin methods (DG) [38] [45]

[46] for a variety of fluid flow regimes, producing very promising results.

In this paper, we explore the combination of the above-mentioned meth-

ods to simplify grid generation while providing higher accuracy results for

complex geometry simulations. Namely, we introduce a volume penalization

immersed boundary method as an alternative to meshing complex geome-

tries in a discontinuous Galerkin spectral element method framework, while
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utilizing both h- and p-adaptivity to address loss of accuracy and oscillatory

behaviour, without the use of limiters, filters or smoothers.

The remainder of this paper is organized as follows. First, the governing

equations and discretization scheme are presented. Next, the hp-adaptation

strategy is discussed. The IBM implementation via the volume penalty

method for the acoustic wave equation follows. Finally, we demonstrate

the behaviour of the method through a variety of numerical examples and

discuss our findings.

2. Governing Equations and Discretization

2.1. Acoustic Wave Equation

We consider the two-dimensional acoustic wave equation

Ptt − c2∇2P = 0 (1)

ut = −Px (2)

vt = −Py (3)

where P is pressure, c is the wave speed or speed of sound and u, v are the

velocity components. Next, we integrate Eq. (1) with respect to time with

proper initial conditions

Pt + c2 (ux + vy) = 0. (4)

Writing this as a system of equations,



P

u

v



t

+




0 c2 0

1 0 0

0 0 0







P

u

v



x

+




0 0 c2

0 0 0

1 0 0







P

u

v



y

= 0. (5)
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Since the matrices are constant, Eq. (5) can be written as

qt + fx + gy = 0 (6)

where q is the vector of conserved variables q = [P u v]T and fx = [c2ux Px 0]T ,

gy = [c2vy 0 Py]
T are the components of the spatial derivative of the flux F.

Finally, we can write Eq. (6) as a conservation law:

qt +▽ · F = 0. (7)

2.2. Discontinuous Galerkin Spectral Element Method

We use the nodal discontinuous Galerkin spectral element method (DGSEM)

to discretize the conservation law (7). First the spatial discretization used

to obtain the semi-discrete system will be briefly described, followed by the

temporal discretization. Further details on the method can be found in the

work of Kopriva [47].

2.2.1. Spatial Discretization

We discretize the domain Ω ⊂ R2 intoN non-overlapping two-dimensional

quadrilateral elements Ωn. We consider straight-sided quadrilateral elements

in the x-y plane and map from the reference square element (ξ, η) ∈ [−1; 1]2

as shown in Fig 1. The mapping for the four vertices xi is:

x =
1

4
[x1(1−ξ)(1−η)+x2(1+ξ)(1−η)+x3(1−ξ)(1+η)+x4(1+ξ)(1+η)]. (8)

We present the discretization in terms of a reference element Ωn. The solution

is represented as tensor products of Legendre polynomials of degree p in both
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Figure 1: 2D quadrilateral element (right) mapped from reference element (left) with

polynomial order p = 4. Black dots denote Gauss-Legendre quadrature nodes. Purple

squares denote the location of the boundary flux calculations.

the x and y directions in Lagrange form, lp, for the conserved variables q and

the flux F as:

q ≈ Q =

p∑

i=0

p∑

j=0

Qi,jli(x)lj(y) (9)

F ≈ F =

p∑

i=0

p∑

j=0

(Fi,jx̂+Gi,j ŷ) li(x)lj(y). (10)

We use Gauss-Legendre nodes as our solution nodes and quadrature nodes.

We multiply the conservation law of Eq. (7) by test functions ϕi,j and inte-

grate by parts to give

(Qt, ϕi,j) +

∮

Sn

ϕi,jF
∗ · n̂dS −

∫ ∫

Ωn

F · ▽ϕi,jdxdy = 0 (11)

where F∗ is the numerical flux and n̂ is the normal vector (normal to the

surface Sn). In a Galerkin formulation the test functions are taken from the

same function space as the solution. The integrals are calculated by Gauss-

Legendre quadrature. Since the DGSEM formulation uses a discontinuous
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function space, we must resolve the numerical (boundary) fluxes at each

element boundary. For the choice of numerical flux, we utilize the exact

Riemann solver given in [47],

F∗(QL,QR, n̂) =




c
2
(w+,L − w−,R)

nx

2
(w+,L + w−,R)

ny

2
(w+,L + w−,R)


 (12)

where w+,L = QL
1 + c(nxQ

L
2 +nyQ

L
3 ), w

−,R = QR
1 − c(nxQ

R
2 +nyQ

R
3 ), R refers

to the right i.e. the exterior of an element surface as shown in Fig. 2, L

to the left, i.e. the interior, nx and ny are the x and y components of the

normal vector and the subscripts 1, 2, and 3 refer to the components of the

vector Q. To implement traditional wall boundary conditions, we enforce

unx + vny = 0 resulting in the following external state to be used in the

Riemann solver,

qwall =




P

(n2
y − n2

x)u− 2nxnyv

−2nxnyu+ (n2
x − n2

y)v


 , (13)

where the pressure and velocities are taken from the interior of the domain

boundary. To implement radiation boundary conditions, we use a zero exter-

nal state. The inter-element communication is ensured through the fluxes cal-

culated by the Riemann solver. Since all operations are performed element-

wise, the DGSEM formulation is perfectly suited to high-performance com-

puting where portions of the grid are allocated to different processors and

communication between processors needs to be minimized to maximize par-

allel performance.
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Figure 2: Riemann problem at the right element interface for a 2D quadrilateral element.

QL is the interior solution interpolated to the element boundary and QR is the exterior

solution, either from a neighbouring element or the boundary condition. The normal

vector is n̂ and the right and left going waves are w+,L and w−,R, respectively. The green

curve represents the solution in the element and the red curve is the solution exterior to

the element, i.e. in a neighbouring element.

2.2.2. Temporal Discretization

After spatially discretizing, we employ the explicit third-order low-storage

Runge-Kutta scheme (RK3) to integrate in time. The process is as follows.

The semi-discrete system produces the ordinary differential equation u̇ =

H(u, t). The time step is ∆t and un indicates the solution at the nth time

step. Then, to move to the next time step from un to un+1
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u← un,

J ← H(u, tn),

u← u+
1

3
∆tJ,

J = −5

9
J +H

(
u, tn +

1

3
∆t

)
,

u← u+
15

16
∆tJ,

J ← −153

128
J +H

(
u, tn +

3

4
∆t

)
,

un+1 ← u+
8

15
∆tJ.

(14)

The J in Eq. (14) is used as a temporary variable. The table of the

coefficients for the time integration method is presented in Table 1.

m am bm gm

0 0 0 1/3

1 -5/9 1/3 15/16

2 -153/128 3/4 8/15

Table 1: Coefficients of the explicit third-order low storage Runge-Kutta method.

2.3. hp-Adaptivity

DGSEM schemes are well suited to adaptive mesh refinement since they

are already discontinuous in nature. In our work, we utilize both h- and

p-adaptivity. When h-refining, we split the quadrilateral element into four

smaller elements as shown in Fig. 3. Conversely, when coarsening four ele-

ments are combined into one larger element. When p-refining, we increase the
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polynomial order of the element by two, and when p-coarsening we decrease

the polynomial order by two.

Figure 3: Illustrations of hp-adaptivity for a 2D quadrilateral element with polynomial

order p = 2. Left: h-refinement (the element is split into four elements) and h-coarsening

(four elements are combined into one). Right: p-refinement (polynomial order is increased

from p = 2 to p = 4) and p-coarsening (polynomial order is decreased from p = 4 to

p = 2).

The core driver for the hp-adaptation is the error estimator and smooth-

ness indicator. In 1D, following the approach in [15], we first obtain the

modal approximation of the solution

u(x) ≈
p∑

n=0

ãnLn(x), (15)

where ãn are the modal coefficients or spectrum and Ln is the nth degree

Legendre polynomial. Given the coefficients, we estimate the error as
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ϵest ≈
( ∞∑

n=p+1

ã2n
2n+1

2

)1/2

. (16)

If the error is above a user-defined upper bound we flag the element for

refinement and, conversely, if the error is below a user defined lower bound

we flag the element for coarsening. In this work, the error estimator was

applied on the pressure solution. The decision to h- or p-refine is based on

the following decision process. After obtaining the modal coefficients, we fit

the spectrum to an exponential decay,

ãn ≈ Ce−σn. (17)

If the decay rate σ > 1 in Eq. (17), the spectrum has an exponential de-

cay rate indicating that the solution is smooth and converging well, and we

therefore prescribe p-refinement. However, if σ ≤ 1 then the solution is not

properly resolved, i.e. we have not yet locked into the exponential conver-

gence range, and we prescribe h-refinement.

The timestep is chosen for each case such that the CFL number is re-

spected for the smallest possible element (maximum h-level) with the highest

possible polynomial order (maximum p-level). The hp-adaptation produces

non-conforming interfaces of two categories: geometric (neighbours have dif-

ferent element sizes) and functional (neighbours have different polynomial or-

ders). An example of geometric non-conforming interfaces is presented in Fig.

4. We utilize the mortar element method to handle these non-conforming in-

terfaces, i.e. to preserve the exponential convergence properties of spectral

methods, keeping the errors arising from the mismatches to the same order
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as, or below, the spectral approximation error. The full details are explained

in [20, 48]; here, we briefly describe the technique. The solution u(s) and the

Figure 4: Geometrically non-conforming interfaces caused by h-adaptation. Mortars (or-

ange) are used to preserve the accuracy of the method. Ω denotes the elements and Ξ

denotes the mortars.

projection of the solution onto the mortar Ψ(z) are represented as

u(s) =

p∑

k=0

u(sk)lk(s), (18)

Ψ(z) =
J∑

k=0

Ψ(zk)lk(z), (19)

where s is the element side coordinate and z is the mortar side coordinate

defined with the reference space , z ∈ [−1, 1]. The corresponding coordinate

on the element can be computed as s = a+ bz, where a is the offset and b is

a scaling factor. J is taken as the maximum polynomial order between two

elements of the non-conforming interface, J = max(pL, pR). We enforce the
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following for the projection onto the mortar Ξ

∫ 1

−1

(Ψ(z)− u(a+ bz)) lΞj dz = 0, j = 0, ..., J. (20)

After substituting Equations (18) and (19) we obtain

∫ 1

−1

J∑

m=0

Ψ(zm)l
Ξ
m(z)l

Ξ
j (z)dz =

∫ 1

−1

P∑

k=0

u(a+bzk)l
Ω
k (a+bz)lΞj (z)dz, j = 0, ..., J,

(21)

where Ω denotes the element. Defining operators M and S as

M =

∫ 1

−1

lΞm(z)l
Ξ
j (z)dz, j,m = 0, 1, ..., J, (22)

S =

∫ 1

−1

lΩk (a+ bz)lΞj (z)dz, j = 0, 1, ..., J, k = 0, 1, ..., P, (23)

where M is a square matrix of size (J + 1)2 and S is a matrix of size (J +

1)× (P + 1). Substituting these operators in Equation (21) results in

MΨ = Su. (24)

To obtain Ψ, we define the projection matrix PΩ→Ξ = M−1S thus resulting

in the L2 projection from the element to the mortar as

Ψ = PΩ→Ξu. (25)

For the projection of the numerical flux back from the mortar to the element

we follow a similar procedure. Taking an example of two mortars communi-

cating with one element we require the following condition

∫ o′

−1

(
F (s)− Φ(

s− a

b
)

)
lΩj (s)ds+

∫ 1

o′

(
F (s)− Φ(

s− a

b
)

)
lΩj (s)ds = 0, j = 0...p,

(26)
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where Φ is the numerical flux calculated on each mortar and F (s) is the

numerical flux that we map from the mortar to the element. o′ is the s value

where the two mortars join. The corresponding coordinate on the element

interface can be computed as z = s−a
b
. Simplifying Equation (26) results in

∫ 1

−1

F (s)lΩj (s)ds =

∫ o′

−1

Φ(
s− a

b
)lΩj (s)ds+

∫ 1

o′
Φ(

s− a

b
)lΩj (s)ds. (27)

We represent the fluxes as

F (s) =
N∑

m=0

F (sm)l
Ω
m(s), (28)

Φ(
s− a

b
) =

J∑

m=0

Φ(
sm − a

b
)lΞm(

s− a

b
), (29)

and substitute into Equation (27) to obtain the expression in operator form:

MF = SΦ. (30)

The projection matrix from the mortar to the element is PΞ→Ω = M−1S.

Thus the L2 projection of the numerical flux from the mortar to the element

is

F = PΞ→ΩΦ. (31)

The operator M is the same as in the projection from the element to the

mortar

M =

∫ 1

−1

lΞm(z)l
Ξ
j (z)dz, j,m = 0, 1, ..., J. (32)

The operator S requires a change of variable

∫ o′

−1

Φ(
s− a

b
)lΩj (s)ds = b

∫ 1

−1

J∑

m=0

Φ(zm)l
Ξ
ml

Ω
j (a+ bz)dz. (33)
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Note that in this case SΞ→Ω = b
(
SΩ→Ξ

)T
. Now we have all the operators for

the mortar element method to deal with the non-conforming interfaces.

For our hp-adaptive DGSEM implementation, we extend upon the code

by He [19] to implement the immersed boundary method. In that work, a

dynamic load balancing algorithm was developed to ensure that the adaptive

code scales well on HPC platforms, using a Hilbert space filling curve; further

details can be found in [19].

2.4. Immersed Boundary Method

The IBM implementation that we use is a volume penalty method inspired

by the Brinkman approach. We define a masking function X(x, y) that has

a value of 1 if a node is inside the immersed boundary, or a value of 0 if a

node is outside the immersed boundary. An example of this is shown in the

left of Fig. 5, where the red dots indicate the nodes within the immersed

boundary based on the masking function. Specifically in our hp-adaptive

framework, at the beginning of a simulation we flag any elements that have

a node within the immersed boundary for refinement, regardless of whether

the error estimator deems it unnecessary or not. This is to help capture the

immersed boundary geometry with more precision and to mitigate errors and

any ensuing oscillatory effects caused by the immersed boundary. As the grid

is refined through the hp-adaptive procedure, all new nodes within or on the

immersed boundaries are given a masking function value of 1, as shown in

red in Fig. 5 in the right image.

We introduce a porosity parameter ϕ to model walls as porous obstacles.

As ϕ → 0, this would imply an object that has no porosity, essentially an

idealized wall. Thus, for walls, the porosity ϕmust be very small. Specifically
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Figure 5: Masking function values for the immersed boundary technique. The red curve

represents the immersed boundary. The red dots represent the Gauss-Legendre quadrature

nodes on, or inside, the immersed boundary, while the black ones are outside the immersed

boundary. Left: Current grid. Right: Adapted grid.

for the acoustic wave equation, we penalize the gradient of the pressure which

is equal to the time derivative of the velocity components (ut = −Px, vt =

−Py) during the temporal integration

ut(1 +
X∆t

ϕ
) = −Px, (34)

vt(1 +
X∆t

ϕ
) = −Py. (35)

While the Brinkman approach for the Navier-Stokes equations of [38] penal-

izes the velocity in the momentum equations (with a permeability factor) and

the momentum in the mass conservation equation (with a porosity factor),

here we penalize the gradient of pressure in the wave equation with only one

parameter, which we call the porosity. In this sense, our approach is closer

to that of Paccou et al. [49] who penalize pressure itself, with a porosity

in the wave equation. As mentioned previously, we employ a low-storage
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explicit RK3 for the temporal integration. However, for the sake of clarity,

we demonstrate this below on a Euler forward (explicit) time step:

u(t+∆t) = u(t) + ∆t
−Px

1 + X∆t
ϕ

, (36)

v(t+∆t) = v(t) + ∆t
−Py

1 + X∆t
ϕ

. (37)

When the masking function X = 0, we recover the standard time integration

procedure. However, when the masking functionX = 1, the volume terms are

penalized, the level of which is controlled by the porosity value ϕ. Note that

in Eqs.(36) the porosity parameter ϕ is scaled with ∆t since a lower porosity

value can be used as the time step decreases (i.e. with more accurate time

integration), whereas low porosity values should not be used with larger time

steps in order to avoid instabilities.

The overall hp-adaptive immersed boundary DGSEM algorithm is given

in Fig. 6.

3. Numerical Results

3.1. Wave Reflection Off a Plane Wall

In the following test case, we model a plane wall using the immersed

boundary implementation. The domain is the unit square Ω = [−1, 1]2, with
the right half of the square x ≥ 0 as the immersed boundary. The initial

conditions are a Gaussian plane wave propagating towards the wall at the

right side of the domain:
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Figure 6: Flowchart for the hp-adaptive immersed boundary DGSEM algorithm.

P (x, y, 0) = e−ln(2)(
(x+0.2)2

0.052
)

u(x, y, 0) = e−ln(2)(
(x+0.2)2

0.052
)

v(x, y, 0) = 0. (38)
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Wall boundary conditions are used for the left, top and bottom boundaries.

The domain is discretized with N = 32× 32 = 1024 elements with a polyno-

mial order of p = 4. For this and all cases, we set the minimum polynomial

order to 4, as we need to sufficiently resolve the initial condition wave and

its passing through the domain. Furthermore, the error estimators require

at least 4 modes to estimate the error and calculate the slope of the modal

decay. The simulation is run with a fixed time step of ∆t = 4 × 10−5 until

a final time of t = 0.4, such that the Gaussian plane wave returns to its

original position. We choose fixed time steps that obey the CFL condition

for all tests in order to isolate the spatial errors. First, we vary the porosity

value ϕ ∈ [10−4, 10−5, 10−6, 10−8, 10−10] and observe the effects. The pressure

profiles along the horizontal centerline of y = 0 are shown in Fig. 7 for the

varying porosity values up till ϕ = 10−8.

We observe that as the porosity value is decreased, the amplitude of the

reflection approaches the exact solution. Thus, a lower porosity value is de-

sired to better approximate a solid wall boundary. However, we also observe

a trend of increased oscillations within the vicinity of the immersed boundary

as we lower the porosity value. The variation of the L2 error with respect to

the exact solution is plotted in Fig. 8 as a function of porosity. While the

error decreases due to the better approximation of the solid wall, undesirable

artifacts/oscillations near the immersed boundary remain problematic. It

should also be noted that the reduction in error plateaus beyond ϕ = 10−8,

as was reported in [38], [39] and [49]. From our numerical experiments, we

observe a convergence rate of 0.26 with respect to ϕ, whereas [38], [39] and

[49] show a theoretical convergence of 0.5 (square root of permeability).
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Figure 7: Pressure profiles for the plane wall reflection case at t = 0.4 with varying porosity

values using the non-adaptive DGSEM immersed boundary method. N = 32× 32 = 1024

elements, p = 4, ∆t = 4× 10−5.

Next, we perform an h-refinement spatial convergence test. We use a

polynomial order of p = 4 and start with the coarsest element size of h =

0.0625 (N = 32× 32 = 1024 elements). We use a porosity value of ϕ = 10−6.

The L2 error is computed with respect to the exact solution and plotted in

Fig. 9. The results illustrate the disadvantage of immersed boundaries: the

accuracy does not follow the theoretical accuracy of the spatial discretization

scheme. Next, we test the effect of changing the polynomial order. The

domain is discretized with N = 32× 32 = 1024 elements and the polynomial

order is varied: p ∈ [5, 6, 7, 8]. We again use a porosity value of ϕ = 10−6.

Figure 10 shows a negligible change in the reflected wave amplitude from

increasing the polynomial order. We note that the oscillations are localized
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Figure 8: Variation of L2 error with decreasing porosity value for the plane wall reflection

case. Parameters as in Fig. 7.

to the vicinity of the immersed boundary, limiting corruption of the solution

beyond the reflected wave. The L2 error is computed with respect to the

exact solution and is plotted in Fig. 11. There is a negligible change in error

despite increasing the polynomial order.

To remedy these issues, we utilize hp-adaptivity and decrease the porosity

value. The rationale behind the approach is to lower the porosity value to

produce more accurate wall reflections, while using hp-adaptivity to reduce

the oscillations near the immersed boundary and provide more resolution

where required. We run an adaptive simulation starting with N = 32× 32 =

1024 elements with a polynomial order of p = 4. The polynomial order can

be refined up to p = 8, we allow for two levels of h-refinement, and the error

tolerance is set to ϵ = 10−6. We use a porosity value of ϕ = 10−8. We
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Figure 9: Uniform h-refinement spatial convergence test for the immersed boundary plane

wall reflection case. Ninitial = 32× 32 = 1024 elements, p = 4, ∆t = 4× 10−5.

compare results in Fig. 12 with a non-adaptive case using p = 4, ϕ = 10−6,

and the element size is the same as the smallest element size in the adaptive

case (N = 128× 128 = 16,384).

Fig. 12 demonstrates that the combination of decreasing the porosity

value and using hp-adaptivity is successful in increasing the accuracy of the

immersed boundary approach. We obtain the benefits of using a very low

porosity value while mitigating the trade-off of spurious oscillations in the

vicinity of the immersed boundary. The h-adapted grid of the adaptive case

with a porosity of ϕ = 10−8 is shown in Figure 13.

We also present the non-adaptive cases with a porosity of ϕ = 10−8 for

polynomial orders of p = 4 and p = 6, and the adaptive case with a higher

porosity of ϕ = 10−6 for comparison purposes. The errors are computed
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Figure 10: Pressure profiles at t = 0.4 for the immersed boundary plane wall reflection

case for increasing polynomial orders. N = 32 × 32 = 1024 elements, p ∈ [5, 6, 7, 8],

∆t = 4× 10−5.

and presented in Table 2. CPU times for each of the cases and relevant

performance metrics from the work of [50] are given in Table 3. The

hp-adaptive case with a porosity of ϕ = 10−8 produces the lowest error. It

should be noted that all of the cases with the porosity value of ϕ = 10−8 have

an error an order of magnitude lower than all of the cases with a porosity

of ϕ = 10−6. However, Table 3 shows the benefits of using hp-adaptivity.

Despite the fact that non-adaptive cases with a porosity of ϕ = 10−8 produce

an error roughly the same as the adaptive case with the same porosity, the

CPU time for the adaptive case is much lower (a savings of 88%). Thus, hp-

adaptivity improves the accuracy of the immersed boundary in an efficient

manner. This can be further quantified when looking at the ratio of CPU
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Figure 11: p-Refinement spatial convergence test for the immersed boundary plane wall

reflection case. Parameters as in Fig. 10.

Table 2: L2 error for the planar wall reflection immersed boundary case, comparing hp-

adaptive to non-adaptive cases with low and moderate porosity.

Case Degrees

of Freedom
L2 Error

# of Elements hp-Adaptive Porosity ϕ

Nfixed = 16384 No, p = 4 ϕ = 10−6 409600 7.39× 10−2

Nfixed = 16384 No, p = 4 ϕ = 10−8 409600 7.49× 10−3

Nfixed = 16384 No, p = 6 ϕ = 10−8 802816 8.82× 10−3

Ninitial = 1024 Yes, p ∈ [4, 6, 8] ϕ = 10−6 567238 7.39× 10−2

Ninitial = 1024 Yes, p ∈ [4, 6, 8] ϕ = 10−8 553108 7.33× 10−3

time to error. Comparing this metric for cases with the same porosity for

non-adaptive vs hp-adaptive cases, we observe a lower time to error ratio
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Figure 12: Pressure profiles at t = 0.4 for the hp-adaptive (yellow) immersed boundary

and the non-adaptive (red) immersed boundary solutions for the plane wall reflection

case. Non-adaptive: N = 128× 128 = 16,384 elements, p = 4, ∆t = 4× 10−5, ϕ = 10−6.

Adaptive: Ninitial = 32×32 = 1024 elements, p ∈ [4, 6, 8], ∆t = 4×10−5, ϕ = 10−8. Exact

solution in blue.

(one order of magnitude lower). Thus, to reach the same level of error, hp-

adaptivity is much more efficient. The overall efficiency of the hp-adaptive

simulations can also be demonstrated from the time per degree of freedom

ratios (one order of magnitude lower). The hp-adaptive simulations are thus

more efficient per degree of freedom. Finally, the error per degree of freedom

ratio is an order of magnitude lower when the porosity is ϕ = 10−8 compared

to ϕ = 10−6. This trend is consistent with the fact that a lower porosity

value allows for a better representation of a solid wall.
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Figure 13: Adapted grid at t = 0.4 for the hp-adaptive immersed boundary (black is the

immersed boundary): Ninitial = 32 × 32 = 1024 elements, p ∈ [4, 6, 8], ∆t = 4 × 10−5,

ϕ = 10−8.

3.2. Acoustic Scattering off a Circular Cylinder

The following case tests curved immersed boundaries. Kopriva [47] sug-

gests this case as a model for the acoustic pressure loading on an aircraft

fuselage (the cylinder) from a nearby engine source (on the wing). The do-

main is rectangular: Ω = [−5, 5]× [0, 5] with a half-circle wall of radius r0 of

0.5 centered on the bottom wall (at x=0, y=0) (see Fig. 14). The cylinder

and the source are symmetric about the x axis, so only the upper half plane

is simulated and the lower horizontal boundary has a symmetry boundary

condition. In the farfield we simply set the state to zero to simulate a radi-

ation boundary condition and stop the calculation before the perturbation

reaches it. The initial conditions are a pressure perturbation centered at
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Table 3: CPU times and relevant performance metrics for the adaptive and non-adaptive

immersed boundary plane wall reflection cases.

Case CPU Time

(Core Hours)

Error
DOF

Time
Error

Time
DOF

hp-Adaptive Porosity ϕ

No, p = 4 ϕ = 10−6 933 1.81× 10−7 1.26× 104 2.28× 10−3

No, p = 4 ϕ = 10−8 930 1.83× 10−8 1.24× 105 2.28× 10−3

No, p = 6 ϕ = 10−8 1627 1.10× 10−8 1.84× 105 2.03× 10−3

Yes, p ∈ [4, 6, 8] ϕ = 10−6 205 1.30× 10−7 2.77× 103 3.61× 10−4

Yes, p ∈ [4, 6, 8] ϕ = 10−8 198 1.33× 10−8 2.70× 104 3.58× 10−4

x = 1.5, y = 0:

P (x, y, 0) = e−ln(2)(
(x−1.5)2+y2

0.1252
)

u(x, y, 0) = 0

v(x, y, 0) = 0. (39)

A high resolution solution is run on a transfinite mapped grid implemen-

tation following the procedure of [47] (see details in [51], also based on the

code of He [19]) with N = 32 (in r) x 32 (in θ) = 1024 elements and poly-

nomial order p = 8. r and θ are the cylindrical coordinates centred at the

centre of the circular cylinder, with θ increasing counter-clockwise from the

x axis. The respective grids are visualized in Fig. 14. Pressure profiles along

the line 0.5 ≤ r ≤ 5, θ = 0° are used for the comparison. The simulation is

run until a final time of t = 3.

First, we vary the porosity value ϕ ∈ [10−4, 10−5, 10−6]. The domain is

discretized with N = 32×32 = 1024 elements with a polynomial order of p =
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Figure 14: Comparison of the immersed boundary grid (right) and the transfinite mapped

grid (left) for the acoustic scattering off a circular cylinder. The black line on the right

figure indicates the immersed boundary for the circular cylinder.

4 and the simulation is run with a time step of ∆t = 5× 10−5. The L2 error

decreases as the porosity decreases, as shown in Fig. 15. However, decreasing

the porosity comes with a trade off as shown in Fig. 16: the solution recovers

some of the amplitude of the reflected wave but exhibits more oscillations

in proximity to the immersed boundary. The error converges with porosity

with an experimental convergence rate of 0.15. As before in the plane wall

reflection case, the error plateaus beyond ϕ = 10−6.

Next, we fix the porosity value at ϕ = 10−6 with a polynomial order

of p = 4 and uniformly refine the element size starting with a grid size

of N = 16 × 16 = 256 elements. In Figure 17, the immersed boundary

implementation displays the common issue where the order of accuracy does

not match the spatial accuracy of the h-refinement scheme.

To demonstrate the benefit of using adaptivity, we run the case with h-

and p-adaptive mesh refinement. The grid initially has N = 32× 32 = 1024

elements and a polynomial order of 4. We allow two levels of h-refinement

and p-refinement up to p = 8 with a error tolerance of ϵ = 10−6. The solution

is compared to a non-adaptive simulation with the same starting grid in Fig.

18. Both simulations use a porosity value of ϕ = 10−6.
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Figure 15: Variation of L2 error with decreasing porosity value for the acoustic scattering

off a circular cylinder case. N = 32× 32 = 1024 elements, p = 4, ∆t = 5× 10−5.

We observe that adaptivity significantly reduces the oscillations upstream

of the reflected wave. However, it should be noted that the reflected wave in

the adaptive solution has a lower amplitude. Thus, hp-adaptivity allows for

the use of lower porosity values, and hence a more accurate representation

of the wall. As in the plane wall case, we lower the porosity value to ϕ =

10−8 to more accurately model the half-circle wall boundary, while utilizing

hp-adaptivity to reduce the oscillations. The simulation starts with N =

32 × 32 = 1024 elements and polynomial order p = 4. We adapt every 50

time steps, with a error tolerance of ϵ = 10−6, two levels of h-refinement

and p-refinement up to p = 8. The simulation run with hp-adaptivity and

ϕ = 10−8 is compared to a case where the element size is the same as the

smallest element in the adaptive case N = 128× 128 = 16,384 elements with
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Figure 16: Closeup of the reflected wave for varying porosity values at t = 3, θ = 0,

0.5 ≤ r ≤ 3.5. High resolution transfinite mapping (reference) solution in blue. Parameters

as in Figure 15.

a polynomial order p = 4 and a porosity of ϕ = 10−6. The hp-adaptive case

shows a drastic improvement in Fig. 19. The oscillations upstream of the

reflected wave are heavily diminished for the adaptive simulation. Combining

the adaptivity with a low porosity value allows the reflected wave amplitude

to match much more closely with the reference solution, as compared to the

non-adaptive case.

As in the plane wall case, we run non-adaptive cases with a porosity of ϕ =

10−8 with a polynomial order of p = 4 and p = 6, and the adaptive case with

a larger porosity of ϕ = 10−6. The smallest element size in the adaptive case

is the same element size in the non-adaptive case. The errors are presented

in Table 4 with the CPU times and relevant performance metrics in Table 5.
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Figure 17: Uniform h-refinement spatial convergence test for the acoustic scattering of

cylinder case. Ninitial = 16× 16 = 256 elements, p = 4, ∆t = 5× 10−5, ϕ = 10−6.

Table 4: L2 error for the acoustic scattering off a circular cylinder case, comparing low

porosity with hp-adaptivity to moderate porosity and no adaptivity.

Case Degrees

of Freedom
L2 Error

# of Elements hp-Adaptive Porosity ϕ

Nfixed = 16384 No, p = 4 ϕ = 10−6 409600 2.4× 10−3

Nfixed = 16384 No, p = 4 ϕ = 10−8 409600 1.4× 10−3

Nfixed = 16384 No, p = 6 ϕ = 10−8 802816 9.0× 10−4

Ninitial = 1024 Yes, p ∈ [4, 6, 8] ϕ = 10−6 497452 2.39× 10−3

Ninitial = 1024 Yes, p ∈ [4, 6, 8] ϕ = 10−8 496165 6.4× 10−4

As in the plane wall case, the hp-adaptive case with a porosity of ϕ = 10−8

produces the lowest error. In Table 5, we observe that the CPU times for
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Figure 18: Comparison of pressure profiles at 0.5 ≤ r ≤ 5, θ = 0, t = 3, in the acoustic scat-

tering off a circular cylinder case with (yellow) and without (red, “Static”) hp-adaptivity,

both with a porosity of ϕ = 10−6. Reference solution in blue.

the adaptive cases are much lower (a savings of 83% for the lowest error).

Comparing the ratio of CPU time to error for cases with the same porosity for

non-adaptive vs. hp-adaptive cases, we observe a lower time to error ratio.

Therefore, the same trends as the plane wall case hold here in terms of both

the increase in accuracy and improved efficiency when using hp-adaptivity.

The hp-adaptive simulations appear to be more efficient per degree of freedom

with lower time to degree of freedom ratios. The error to degree of freedom

ratio is again lower when the porosity is ϕ = 10−8 compared to ϕ = 10−6.

Overall, the same trends hold as in the previous case, however the gains

are not as large. This is to be expected as this case is a more challenging

problem.
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Figure 19: Pressure profile comparison at 0.5 ≤ r ≤ 5, θ = 0, t = 3, for the hp-adaptive

(yellow) immersed boundary and non-adaptive (red) immersed boundary solutions for

the acoustic scattering off a circular cylinder case. Reference solution in blue. Non-

adaptive: N = 128× 128 = 16,384 elements, p = 4, ∆t = 5× 10−5, ϕ = 10−6. Adaptive:

Ninitial = 32× 32 = 1024 elements, p ∈ [4, 6, 8], ∆t = 5× 10−5, ϕ = 10−8.

The plots of the pressure fields for both the transfinite mapped grid cal-

culation and the hp-adapted immersed boundary calculation are presented

in Figs. 20 and 21 respectively. The immersed boundary implementation

shows strong qualitative agreement with the reference transfinite mapping

solution. The final adapted grid for the immersed boundary case is shown in

Figs. 22 (polynomial order distribution) and 23 (h-refined elemental grid).

We observe that the grid adaptation follows the path of the wave propagation

well, with more p-refinement occurring downstream of the initial outgoing

wave.
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Table 5: CPU times and relevant performance metrics for the adaptive and non-adaptive

immersed boundary circular cylinder case.

Case CPU Time

(Core Hours)

Error
DOF

Time
Error

Time
DOF

hp-Adaptive Porosity ϕ

No, p = 4 ϕ = 10−6 1162 5.86× 10−9 4.84× 105 2.84× 10−3

No, p = 4 ϕ = 10−8 1184 3.42× 10−9 8.46× 105 2.89× 10−3

No, p = 6 ϕ = 10−8 2720 1.12× 10−9 3.02× 106 3.39× 10−3

Yes, p ∈ [4, 6, 8] ϕ = 10−6 459 4.80× 10−9 1.92× 105 9.23× 10−4

Yes, p ∈ [4, 6, 8] ϕ = 10−8 463 1.29× 10−9 7.23× 105 9.33× 10−4

Figure 20: Pressure at t = 3 for the acoustic scattering off a circular cylinder case using

the transfinite mapping implementation. N = 32× 32 = 1024 elements, p = 8.

3.3. Acoustic Scattering off a NACA 0012 Airfoil

Now that the benefits of combining hp-adaptivity with low porosity values

have been demonstrated, we apply our immersed boundary implementation

to more complicated geometries. In this test case, we model a Gaussian plane
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Figure 21: Pressure at t = 3 for the acoustic scattering off a circular cylinder case using

the hp-adaptive immersed boundary implementation. Parameters as in Fig. 19.

Figure 22: Polynomial order distribution in the adapted grid at t = 3 for the acoustic

scattering off a cylinder case using the hp-adaptive immersed boundary implementation.

Parameters as in Fig. 19.

83



Figure 23: Adapted grid at t = 3 for the acoustic scattering off a cylinder using the hp-

adaptive immersed boundary implementation. Parameters as in Fig. 19.

wave reflection off a NACA 0012 airfoil. The domain is a Cartesian domain

Ω = [−2, 2]2 discretized with N = 64 × 64 = 4096 elements with p = 4.

We use hp-adaptivity allowing for two levels of h-refinement, p-refinement

up to p = 8 with a error tolerance of ϵ = 10−6. We use a porosity value of

ϕ = 10−8. The domain and the immersed boundary are presented in Fig.

24. We compare to a similarly run hp-adaptive GPU-based DGSEM case

calculated by Tousignant [52] where an unstructured body-fitted grid was

used. The initial grid is shown in Fig. 25.
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Figure 24: Grid for the immersed boundary NACA 0012 airfoil case. Overall grid (left),

closeup near the immersed boundary (right).

The initial conditions are for a Gaussian plane wave:

P (x, y, 0) = e
−(

(

√
2

2 (x+0.75)+

√
2

2 (y+0.5))2

( 0.2

2
√

log(2)
)2

)

u(x, y, 0) =

√
2

2
e
−(

(

√
2
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√
2
2 (y+0.5))2
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2
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)
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√
2

2
e
−(

(

√
2

2 (x+0.75)+

√
2
2 (y+0.5))2
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2
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)

(40)

plotted in Fig. 26. The boundary conditions are given by the undisturbed

solution for the Gaussian plane wave propagating through the domain. The

simulation is run until a final time of t = 3 with a time step of ∆t = 2×10−5.

The simulation ends with a final total number of elements of N = 65,137 and

a total number of degrees of freedom of 5,223,017. To visualize the case, we

plot the pressure at t = 2.1 in Fig. 27.
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Figure 25: Unstructured grid for the NACA 0012 reference calculation by Tousignant.

Overall grid (left), closeup near the airfoil (right). [52]

Figure 26: Initial pressure condition for the Gaussian plane wave reflecting off an immersed

boundary NACA 0012 case. Ninitial = 64× 64 = 4096 elements, p = 4.
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Figure 27: Pressure profile at t = 2.1 for the Gaussian plane wave reflecting off an immersed

boundary NACA 0012 case. Ninitial = 64×64 = 4096 elements, p ∈ [4, 6, 8], ∆t = 2×10−5,

ϕ = 10−8.

Figure 28: Pressure profile for the Gaussian plane wave reflecting off a NACA 0012 using

a body-fitted unstructured grid. [52]

We observe that the immersed boundary implementation solution exhibits

structures in the pressure field similar to those in Fig. 28 which uses a
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Figure 29: Polynomial order distribution in the adapted grid for the immersed boundary

Gaussian plane wave reflecting off a NACA 0012 case. Parameters as in Fig. 27.

traditional wall boundary condition on the airfoil. (Note that the comparison

is for illustration purposes only: Fig. 28 results are obtained with a much

larger domain, a larger number of elements, three levels of h-refinement and

polynomials ranging from 4 to 16. They are also plotted at a slightly different

time.) The hp-adapted grid for the immersed boundary case is shown in

Figures 29 (polynomial distribution) and 30 (h-refined elemental grid). The

grid adaptation appears to follow the path of the Gaussian plane wave. With

this test we show that the immersed boundary implementation is capable of

modeling more complex geometries.
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Figure 30: Adapted grid for the immersed boundary Gaussian plane wave reflecting off a

NACA 0012 case. Parameters as in Fig. 27.

3.4. Irregular Surfaces

In this test case, we employ our immersed boundary implementation to

model walls with smaller length scales. We simulate acoustic reflections on

a sine wave wall and compare with a reference solution using a transfinite

mapped grid. We also simulate reflections off a square wave wall as a contrast.

The closeup views of the immersed boundary profiles for each wall are in Fig.

31, where the sine wave wall is the red curve and the square wave wall is the

black curve. The sine-wave wall has a profile of y = 0.05 sin(5π(x+1))−0.95

and the square-wave wall has a square-wave profile with five periods equally

spaced within [−1, 1] with an amplitude of 0.1. The domain is the square

Ω = [−1, 1]2 initially discretized with N = 32 × 32 = 1024 elements and
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polynomial order p = 4. The initial conditions for all the cases are visualized

in Fig. 32 and are:

P (x, y, 0) = e−ln(2)(
(x+1)2+(y+0.6)2

0.0752
)

u(x, y, 0) = 0

v(x, y, 0) = 0. (41)

Figure 31: Closeup of the sine wave wall (red) and the square wave wall (black) immersed

boundaries. Both immersed boundaries do not conform to the underlying Cartesian grid.

Figure 32: Initial pressure condition for both wavy wall immersed boundary cases.

Wall boundary conditions are imposed for the non-immersed boundaries.

We use a time step of ∆t = 2× 10−5 and run until a final time of t = 2. For

the transfinite reference simulation, we discretize with N = 16 × 16 = 256

elements, use a polynomial order of p = 21 and a timestep of ∆t = 1× 10−5.
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All the immersed boundary simulations are hp-adaptive, allowing for two

levels of h-refinement and polynomial refinement up to p = 8, with a error

tolerance of ϵ = 10−6, adapting every 10 time steps. The porosity value

for both cases is ϕ = 10−8. The sine-wave wall case ends with a final total

number of elements of N = 16,105 with a total number of degrees of freedom

of 1,251,657. The square-wave wall case ends with a final total number

of elements of N = 16,111 with a total number of degrees of freedom of

1,255,423.

We visualize the pressure fields for all the cases at an intermediate time of

t = 1. First we present the reference case in Figure 33 and compare it to the

immersed boundary case in Figure 34. The immersed boundary simulation

shows strong visual agreement with the transfinite mapped simulation. The

polynomial order distribution and adapted grid for the sine-wave wall are

also presented in Figs. 35 (polynomial order distribution) and 36 (h-refined

elemental grid). The hp-adaptation appears to follow the wave well. The

pressure profile of the square wall case is plotted in Fig. 37. We observe

that the shape of the wall does have a significant influence on the reflection

pattern. The sine-wave wall, as expected, appears to produce a smoother

reflection pattern. On the other hand, due to the sharp corners in the square-

wave wall, this case appears to exhibit a more fragmented reflection pattern.

The differences in the reflection patterns further validate that the immersed

boundary implementation is successful in modeling objects with small length

scales.
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Figure 33: Pressure profile at t = 1 for the sine wave wall using a transfinite mapped grid.

N = 16× 16 = 256 elements, p = 21, ∆t = 1× 10−5.

Figure 34: Pressure profile at t = 1 for the sine wave wall immersed boundary case.

Ninitial = 32× 32 = 1024 elements, p ∈ [4, 6, 8], ∆t = 2× 10−5, ϕ = 10−8.

4. Conclusions

The immersed boundary method enables the modeling of complex geome-

tries using simple Cartesian grids. This is a promising approach to drastically
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Figure 35: Polynomial order distribution at t = 1 for the sine wave wall immersed bound-

ary case. Parameters as in Figure 34

Figure 36: Adapted grid at t = 1 for the sine wave wall immersed boundary case. Param-

eters as in Figure 34

reduce user time spent in meshing complex geometries. However, it induces

errors and can cause instabilities if not implemented with care. In this paper,

the immersed boundary method was implemented in an hp-adaptive discon-
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Figure 37: Pressure profile at t = 1 for the square wave wall immersed boundary case.

Ninitial = 32× 32 = 1024 elements, p ∈ [4, 6, 8], ∆t = 2× 10−5, ϕ = 10−8.

tinuous Galerkin spectral element framework to solve the two-dimensional

acoustic wave equation using the volume penalization method. We show that

using hp-adaptivity driven by a modal decay indicator is successful in reduc-

ing oscillations, localizing the error to the vicinity of the immersed boundary,

while also allowing for the use of smaller porosity values, ultimately improv-

ing accuracy. Furthermore, we also demonstrate that using an hp-adaptive

approach is computationally more efficient compared to uniformly refining

the grid to improve accuracy. We tested our implementation on a variety of

cases, including complex geometries problems, showing that the hp-adaptive

immersed boundary implementation is capable of modeling boundaries with

different length scales using simple Cartesian grids.

Our work provides further flexibility to high-order methods for engineers,

as carefully constructed, time-consuming, high-order body fitted meshes can

be avoided. Furthermore, if higher accuracy is desired, body fitted meshes
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can be constructed from prototype meshes devised by our hp-adaptive im-

mersed boundary implementation. The method can determine where and

which (h- or p-) resolution is needed in the computational domain to capture

the physics with sufficient accuracy, providing a much better starting point

for mesh generation.

We have tested the adaptive immersed boundary approach on the acous-

tic wave equation to provide a proof of concept, showing that dispersion and

dissipation errors can be controlled with the method. We expect that adding

viscosity or diffusion to our model equations in future work will pose even

less problems as viscous solutions are less prone to oscillations. We will ex-

tend our implementation to the full incompressible Navier-Stokes equations

to provide more efficient modeling capabilities for Direct Numerical Simu-

lations of flows in complex geometries. Extensions to three dimensions are

also planned. Future work will also include parallel scaling tests to ensure

proper performance on HPC platforms and performance comparisons to us-

ing transfinite mapped or other body fitted grids.
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Chapter 4

Half-Closed Discontinuous Galerkin

Methods for Incompressible Flow

Problems

This chapter focuses on the underlying discretization to improve efficiency by using so-

called “half-closed” nodes for more efficient operator construction and better sparsity

patterns. Complex geometries are modeled using unstructured grids. The following is

an edited and reprinted conference paper published in the proceedings of AIAA SciTech

2025.

Contributions

The author wrote this paper in collaboration with the other co-authors. The author

implemented the half-closed discontinuous Galerkin method and performed all of the

simulations.
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We utilize the new approach of using "half-closed" nodes for nodal Discontinuous Galerkin
(DG) methods for incompressible flow problems. Closed nodes in DG have element nodes
on each boundary interface. However, half-closed nodes weakly satisfy this constraint by
placing element nodes on a subset of boundaries in each element. This enables more efficient
construction of DG operators due to the increased flexibility in picking nodes, while preserving
the underlying properties of DG schemes and obtaining good sparsity patterns. The method is
applied here to a mix of problems ranging from low to moderate Reynolds numbers.

I. Nomenclature

𝐶𝐷 = Boundary stabilization parameter
𝐷 = Divergence
𝑑 = Dimension
𝐹 (𝑢) = Flux
𝐹̂ (𝑢) = Numerical flux
𝑓 = Forcing function
𝐺 = Gradient
𝑔𝐷 , 𝑔𝑁 = Dirichlet and Neumann boundary value
𝐾𝑛 = Element
𝐿 = Laplacian
𝑀 = Mass matrix
𝑃 = Pressure
𝑝 = Polynomial order
𝑞 = Geometry order
𝑅𝑒 = Reynolds number
𝑆𝑚𝑛 = Switch function
𝑡 = Time
𝑢, 𝑣 = Velocity
𝛼 = Angle of attack
𝜙 = Basis function
Ω = Domain
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II. Introduction

High-order methods for computational fluid dynamics (CFD) have gained popularity in recent years [1]. One
such example is the discontinuous Galerkin (DG) method. Some advantages of DG include geometric flexibility

to support unstructured grids, arbitrarily high order accuracy, capability of local hp-refinement and that it is highly
parallelizable [2] [3]. These advantages make it promising for use in simulations of turbulent flows. However, there is
still room for improvement before DG methods are competitive for use in aerospace applications.

One of the largest criticisms of DG is the computational cost. Much research has been conducted to improve the
efficiency resulting in methods such as the Hybridized Discontinuous Galerkin method [4], the Discontinuous Galerkin
Spectral Element Method (DGSEM) [5], and the Flux Reconstruction Method [6] to name a few. In this work, we aim
to address this issue by using the Half-closed discontinuous Galerkin (HCDG) method introduced in [7]. In HCDG,
the DG formulation is not modified, rather node placement enabling the use of “half-closed" nodes is used to improve
efficiency.

III. Overview of the Discontinuous Galerkin Method
Since HCDG does not modify the DG formulation, an overview of the DG method will now be presented. The

domain Ω is triangulated into elements 𝑇ℎ = {𝐾𝑛 :
⋃
𝐾𝑛 = Ω}. In this work, we only consider quadrilateral elements.

Then, an element-wise function space 𝑉ℎ is imposed as

𝑉ℎ = {𝑣ℎ |𝐾 ∈ 𝑉 (𝐾𝑛)}. (1)

For 𝑉 (𝐾𝑛), we utilize 𝑑-dimensional outer products of one-dimensional polynomials of degree at most 𝑝. Functions
have local support per element and are discontinuous along element boundaries 𝜕Ω. Thus, we utilize numerical fluxes
𝐹̂ on the boundaries. We utilize the discontinuous Galerkin discretization for a first-order system of conservation laws

𝜕𝑢

𝜕𝑡
+ ∇ · 𝑭(𝑢) = 0, (2)

where 𝑭(𝑢) is the flux function. We seek an approximation of 𝑢 ∈ 𝑉ℎ by multiplying Eq. 2 by a test function 𝑣 ∈ 𝑉ℎ
and integrating by parts,

𝜕

𝜕𝑡

∫
𝐾𝑛

𝑢𝑣𝑑𝑥 =
∫
𝐾𝑛

∇𝑣 · 𝑭(𝑢)𝑑𝑥 −
∫
𝜕𝐾𝑛

𝑣𝑭̂(𝑢) · 𝒏𝑑𝑠, ∀𝑣 ∈ 𝑉ℎ, (3)

where 𝒏 is the boundary normal. Popular choices of 𝑭̂ include Godunov, Lax-Fredrichs or HLLC (Harten-Lax-van
Leer-Contact) fluxes, and in this work we utilize the Godunov flux, which for the incompressible Navier-Stokes equations
simplifies to be the upwind flux. We utilize the nodal discontinuous Galerkin method, where the solution 𝑢 and the
numerical fluxes are represented as a linear combination of the basis functions 𝜙 𝑗

𝑢 =
∑︁
𝑗

𝜙 𝑗𝑢 𝑗 , 𝜙 𝑗 ∈ 𝑉ℎ . (4)

The test function 𝜙𝑖 is chosen as an arbitrary basis function 𝜙𝑖 ∈ 𝑉ℎ. This results in
∑︁
𝑛

∫
𝐾𝑛

𝜙𝑖𝜙 𝑗𝑑𝑥 · 𝜕
𝜕𝑡
𝑢 𝑗 =

∑︁
𝑑

∑︁
𝑛

∫
𝐾𝑛

𝜕𝜙𝑖
𝜕𝑥𝑑

𝜙 𝑗𝑑𝑥 · 𝐹𝑑 (𝑢 𝑗 ) −
∫
𝜕𝐾𝑛

𝜙𝑖 𝐹̂𝑑 (𝑢int, 𝑢ext) · 𝑛𝑑𝑑𝑠, (5)

where 𝑢int and 𝑢ext are the solution in the interior and exterior of the element 𝐾𝑛, respectively, and 𝐹𝑑 has been introduced
to denote the 𝑑-th spatial component of the flux 𝑭(𝑢). The operator on the left side of Eq. 5 is known as the mass
matrix with entries defined as

𝑀𝑖 𝑗 =
∑︁
𝑛

∫
𝐾𝑛

𝜙𝑖𝜙 𝑗𝑑𝑥, (6)

and the operator on the right hand side of the equation is the discrete divergence which acts on the flux 𝑭(𝑢) as

𝐷𝑑𝐹𝑑 =
∑︁
𝑛

∫
𝐾𝑛

𝜕𝜙𝑖
𝜕𝑥𝑑

𝜙 𝑗𝐹𝑑 (𝑢 𝑗 )𝑑𝑥 −
∫
𝜕𝐾𝑛

𝜙𝑖𝐹𝑑 (𝑢int, 𝑢ext) · 𝑛𝑑𝑑𝑠. (7)
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Fig. 1 Examples of switch functions in 1D and in 2D for quadrilateral elements.

Overall we obtain the semi-discrete system
𝑀 ¤𝑢 =

∑︁
𝑑

𝐷𝑑𝑭𝑑 . (8)

For second order partial differential equations such as Poisson’s equation

−∇2𝑢 = 𝑓 , (9)

we split into first order equations and utilize the local discontinuous Galerkin (LDG) method [8]. First, 𝒒 is defined as
∇𝑢. Substituting this into Eq. 9 we obtain

−∇ · 𝒒 = 𝑓 , (10)

𝒒 = ∇𝑢. (11)

Similarly for first order equations, we multiply by test functions 𝑣 and 𝜏 and integrate by parts.∫
𝐾𝑛

𝒒 · ∇𝑣𝑑𝑥 −
∫
𝜕𝐾𝑛

𝑣 𝒒̂ · 𝒏𝑑𝑠 =
∫
𝐾𝑛

𝑓 𝑣𝑑𝑥 ∀𝑣 ∈ 𝑉ℎ, (12)

∫
𝐾𝑛

(𝒒 + 𝑢∇) · 𝝉𝑑𝑥 −
∫
𝜕𝐾𝑛

𝑢̂𝝉 · 𝒏𝑑𝑠 = 0 ∀𝝉 ∈ 𝑉𝑑ℎ . (13)

On each element boundary, a switch function is defined to specify the fluxes 𝒒̂ and 𝑢̂. An example of a valid switch
function is shown in Fig. 1. For the boundary 𝜕𝐾𝑛 between element 𝐾𝑛 and neighbor element 𝐾𝑚, the switch function
𝑆𝑚𝑛 results in a value of -1 or +1 with the constraint that 𝑆𝑚𝑛 + 𝑆𝑛𝑚 = 0. We use the upwind-downwind flux also known as
the minimal dissipation LDG flux based on the switch function such that

𝒒̂ =

{
𝒒 |𝐾𝑛 if 𝑆𝑚𝑛 < 0,
𝒒 |𝐾𝑚 if 𝑆𝑛𝑚 > 0,

(14)

and

𝑢̂ =

{
𝑢 |𝐾𝑛 𝑖 𝑓 𝑆𝑚𝑛 > 0,
𝑢 |𝐾𝑚 𝑖 𝑓 𝑆𝑛𝑚 < 0.

(15)

Weakly imposed boundary conditions are used, the fluxes on the domain boundary are

𝒒̂ =

{
𝒒 − 𝐶𝐷 (𝑢 − 𝑔𝐷)𝒏 on Γ𝐷 ,

𝑔𝑁 𝒏 on Γ𝑁 ,
(16)

and

𝑢̂ =

{
𝑔𝐷 on Γ𝐷 ,

𝑢 on Γ𝑁 .
(17)
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Fig. 2 Visualization of node classifications.

Here, 𝐶𝐷 > 0 is a user defined stabilization constant. As with the conservation law, we represent both 𝑢 and 𝒒 as a
linear combination of the basis functions and use the same basis functions for the test functions. Writing the system of
equations in operator form (for arbitrary dimension),[

𝑀 𝐺𝑑

−𝐷𝑑
] [
𝑞𝑑

𝑢

]
=

[
0
𝑓

]
. (18)

Here, 𝐺 is the gradient operator related to the divergence operator via the adjoint property 𝐺 = −𝐷𝑇 . The solution 𝑢
can be solved for without needing to explicitly solve for 𝒒 by taking the Schur complement of Eq. 18 and by solving
−𝐿𝑢 = 𝑓 . Finally, the Laplacian operator 𝐿 is given by

𝐿 =
∑︁
𝑑

𝐷𝑑𝑀−1𝐺𝑑 . (19)

IV. Half-Closed Discontinuous Galerkin Method
The Half-Closed Discontinuous Galerkin (HCDG) method provides the advantages of increased flexibility in

operator construction and better sparsity patterns while retaining the underlying DG properties. Each advantage will
now be discussed.

A. Nodes
The name "half-closed" comes from the choice of nodes. For DG methods, commonly used nodes include

Gauss-Lobatto nodes and Gauss-Legendre nodes. Gauss-Lobatto nodes are an example of closed nodes since they have
nodes on the element boundaries whereas Gauss-Legendre nodes are an example of open nodes since they do not have
any nodes on the element boundaries. The visual distinction between closed, half-closed and open nodes is shown in
Fig. 2.

Closed nodes have the restriction that there must be nodes from neighboring elements 𝐾𝑛 and 𝐾𝑚 on the intra-element
boundary. In HCDG, at the intra-element boundary between an element 𝐾𝑛 and its neighbor 𝐾𝑚, element 𝐾𝑛 must place
nodes on the boundary such that the switch function satisfies 𝑆𝑚𝑛 + 𝑆𝑛𝑚 = 0. This relaxed constraint ensures that at each
intra-element boundary there exist nodes from at least one element, allowing for more efficient operator construction by
increasing flexibility for the choice of node placement. An example of node placement in HCDG is shown in Fig. 3
where the node on the boundary is set according to the switch function. In this work, we use Gauss-Radau nodes as our
half-closed nodes.

Similarly to the discontinuous Galerkin spectral element method (DGSEM), in the half-closed discontinuous
Galerkin method we use the solution nodes as the quadrature nodes. One advantage of using Gauss-Radau nodes
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Fig. 3 Half-closed node placement according to switch function.

for quadrature is that we obtain an extra degree of accuracy over the more commonly used Gauss-Lobatto nodes.
Gauss-Radau quadrature can exactly integrate polynomials of degree 2𝑛 − 2 while Gauss-Lobatto quadrature can only
exactly integrate polynomials of degree 2𝑛 − 3.

B. Sparsity Patterns
The sparsity pattern of the operators previously described in Section III will now be described briefly. The full proof

of the sparsity of these operators can be found in [7], however for conciseness only the final results will be presented
here.

1. Mass Matrix
The mass matrix presented in Eq. 6 is block diagonal, regardless of node choice since it solely consists of volume

terms. However, for certain choices of nodes the mass matrix can be diagonal if

𝑀𝑖 𝑗 =
∑︁
𝑛

∫
𝐾𝑛

𝜙𝑖𝜙 𝑗𝑑𝑥 = 𝑊𝑖𝛿𝑖 𝑗 (20)

where 𝑊𝑖 =
∑
𝑛

∫
𝐾𝑛
𝜙2
𝑖 𝑑𝑥. This occurs when the basis functions are pairwise orthogonal. Gauss-Radau nodes are

half-closed nodes that are known to possess this property. At the time of writing, there are no known closed nodes
that possess this property. Thus, there is an advantage to using Gauss-Radau nodes over closed nodes as it produces a
diagonal mass matrix, which is trivial to invert.

2. Divergence Operator
The divergence operator (and the gradient operator) consist of contributions from the volume integral and the

boundary integral terms as seen in Eq. 7. For the case of open nodes, an interpolation of all nodal values from an
element are required to calculate the boundary fluxes. This implies a communication pattern where all the nodes of
neighboring elements 𝐾𝑛 and 𝐾𝑚 communicate with each other ultimately resulting in a more dense operator. For the
case of closed nodes, nodes are placed on each intraelement boundary by each neighboring element. On the boundary,
the basis functions for the nodes not on the boundary are zero. This implies a communication pattern where only
the boundary nodes from neighboring elements 𝐾𝑛 and 𝐾𝑚 communicate with each other. This results in a more
sparse divergence operator when compared to using open nodes. In the case of half closed nodes, at each intraelement
boundary there exist nodes from one of the neighboring elements. This results in a mix of the procedures from both
open and closed nodes. An interpolation of all nodal values is required for the element that does not have nodes on
the boundary, while the element that does have nodes on the boundary relies only on the boundary nodal values. This
implies a communication pattern involving less nodes when compared to using open nodes, albeit involving more nodes
then when using closed nodes. Thus, using half-closed nodes has the advantage over open nodes of producing a sparse
divergence operator. A visual example from [7] of the different types of sparsities is presented in Fig. 4.

3. Laplacian Operator
The LDG Laplacian in Eq. 19 is composed using the divergence operator, the inverse of the mass matrix and the

gradient operator (𝐺 = −𝐷𝑇 ). Through considering the sparsity patterns of these operators, it was shown in [7] that the
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Fig. 4 Sparsity pattern comparison of the one dimensional divergence operator with three 𝑝 = 2 elements,
upwinding flux, and periodic boundary conditions [7]. Left to right shows: Closed nodes, open nodes, and
half-closed nodes.

Fig. 5 Comparison of sparsity patterns of the LDG Laplacian operator. Left to right: Mesh 𝑝 = 1, open nodes,
closed nodes, half-closed nodes. Half-closed nodes produce an identical sparsity pattern to closed nodes, while
open nodes produce a more dense Laplacian operator [7].

same sparsity pattern is obtained for the Laplacian when using half-closed or closed nodes, whilst a denser operator is
obtained when using open nodes. This is the case despite the fact that the divergence operator using half-closed nodes is
slightly more dense than the one using closed nodes. A visual example of the Laplacian operator sparsity patterns from
[7] is presented in Fig. 5.

V. Numerical Results
In this work, we consider the time-dependent non-dimensional incompressible Navier-Stokes equations,

𝜕𝒖

𝜕𝑡
+ ∇ · (𝒖 ⊗ 𝒖) = −∇𝑃 + 1

Re
∇2𝒖 + 𝒇 ,

∇ · 𝒖 = 0,

where 𝒖 and 𝑃 are the non-dimensionalized velocity and pressure, 𝒇 is the body force and Re is the Reynolds number.
We utilize the fractional step method by Perot to solve the governing equations [9] [10]. The convective terms are
integrated in time using the second order explicit Adams-Bashforth method while the diffusion terms are integrated with
the implicit Crank-Nicolson method. The steps are as follows (from [9] and [10]). First, we compute the intermediate
velocity field

𝒖∗ − 𝒖𝒏

Δ𝑡
= −((𝒖 · ∇)𝒖)𝑛+ 1

2 + 1
2Re

∇2 (𝒖∗ + 𝒖𝒏) + 𝒇 . (21)
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Next we solve the elliptic problem and perform the projection step

∇2𝜙𝑛+1 =
1
Δ𝑡

∇ · 𝒖∗ (22)

𝒖𝒏+1 = 𝒖∗ − Δ𝑡∇𝜙𝑛+1, (23)

and finally we use the following expression for the pressure update, where 𝑃𝑛+ 1
2 is the time centered pressure

(𝑀 + Δ𝑡
2Re

∇2)𝑃𝑛+ 1
2 = 𝜙𝑛+1. (24)

A. Taylor-Green Vortex
We first perform convergence tests using the Taylor-Green vortex problem to verify the high-order accuracy of our

method. The problem is defined on the domain Ω = [0, 2𝜋]2 with periodic boundary conditions. The exact solution is
given by

𝑢 = sin(𝑥) cos(𝑦)𝑒−2𝑡/Re, (25)

𝑣 = − cos(𝑥) sin(𝑦)𝑒−2𝑡/Re, (26)

𝑃 =
1
4
(cos(2𝑥) + cos(2𝑦))𝑒−4𝑡/Re. (27)

The Reynolds number is set to Re = 20 and the final time is 𝑇 = 1. The time step is set to Δ𝑡 = 1 × 10−5 to ensure
the spatial errors dominate over the temporal errors. First, we used a polynomial order of 𝑝 = 2 and refined the
element size starting from the coarsest size of ℎ = 1.2566. We also performed the convergence test using closed nodes
(Gauss-Lobatto) for comparison. The results are shown in Fig. 6. We obtain 𝑝 + 1 convergence in both velocity and
pressure using HCDG. HCDG appears to be more accurate by a constant in velocity and shows a higher order of
accuracy in pressure. It has been previously shown that solutions of higher accuracy are obtained at Gauss-Radau nodes
for LDG discretisations in 1D [11], although we are not aware of other results establishing this more generally for other
equations and in higher dimensions. This is something we plan to explore further in a future publication.

Fig. 6 𝐿2 Error with ℎ refinement for u-velocity (left) and pressure (right) with Polynomial Order 𝑝 = 2

We also performed a 𝑝-convergence test where we discretize the domain with a constant number of elements of
5 × 5 = 25 elements for a range of polynomial orders. The results shown in Fig. 7 demonstrate the expected exponential
convergence for both velocity and pressure with respect to polynomial degree.
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Fig. 7 𝐿2 Error with 𝑝 refinement for u-velocity (left) and pressure (right) with element Size ℎ = 1.2566

Fig. 8 Velocity magnitude (left) and pressure (right) for the lid driven cavity problem with Re = 1000. Domain
is discretized with 32 × 32 elements with a polynomial order of 𝑝 = 3.

B. Lid-driven Cavity Flow
We also test our implementation on the lid-driven cavity flow problem. The domain is a box Ω = [0, 1]2 discretized

with 32 × 32 elements in each direction and a polynomial order of 𝑝 = 3. The top wall is moving (𝑢 = 1 and 𝑣 = 0) and
the walls elsewhere are non-moving (𝑢 = 𝑣 = 0). The initial condition is 𝑢 = 𝑣 = 0. The Reynolds number is Re = 1000
and the simulation is run until a final time of 𝑇 = 30 with a time step of Δ𝑡 = 8 × 10−4.

The velocity, pressure, streamlines and vorticity are presented in Figs. 8 and 9. The results were also compared with
the reference data from [12]. The comparison of the velocity components along the geometric center lines is shown in
Fig. 10. The numerical results show good agreement with the reference data.

C. Flow over NACA0012 Airfoil
The final test case we explore is the flow over a NACA0012 airfoil with an angle of attack 𝛼 = 30◦ at a Reynolds

number of Re = 1000. The grid is shown in Fig. 11. The left, top and bottom boundaries are inlets with 𝑢 = 1 and 𝑣 = 0.
Outlet boundary conditions are imposed on the right boundary and wall boundary conditions are imposed on the airfoil.
The initial condition is set to a uniform velocity of 𝑢 = 1 and 𝑣 = 0. We run the simulation with a polynomial order of
𝑝 = 3 with a polynomial order of the geometry of 𝑞 = 3 for a total time of 𝑇 = 3 with a time step of Δ𝑡 = 1 × 10−4.

Figures 12 to 17 show the flow over the airfoil at different times during the simulation. These results are meant
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Fig. 9 Streamlines (left) and vorticity contours (right) for the lid driven cavity problem. Parameters as in Figure
8.

Fig. 10 Comparison of velocity components along geometric centers to reference data [12] at Re = 1000. Left:
along vertical centerline, right: along horizontal centerline.
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Fig. 11 Grid for the flow over NACA 0012 problem at AoA 𝛼 = 30◦. Domain discretized with 1008 elements
with polynomial order 𝑝 = 3. Simulation is run until a final time of 𝑇 = 3 with a timestep of Δ𝑡 = 1 × 10−4.

to demonstrate that the method is capable of simulating external aerodynamic flows at moderate Reynolds numbers
without additional stabilization.

Fig. 12 Velocity magnitude at 𝑇 = 0.5. Parame-
ters as in Figure 11.

Fig. 13 Pressure at 𝑇 = 0.5. Parameters as in
Figure 11.
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Fig. 14 Velocity magnitude at 𝑇 = 1.5. Parame-
ters as in Figure 11.

Fig. 15 Pressure at 𝑇 = 1.5. Parameters as in
Figure 11.

Fig. 16 Velocity magnitude at 𝑇 = 3.0. Parame-
ters as in Figure 11.

Fig. 17 Pressure at 𝑇 = 3.0. Parameters as in
Figure 11.

VI. Conclusion
In this work, we have applied the newly developed half-closed discontinuous Galerkin method to the simulation of

incompressible flows. The use of half-closed nodes obtains a combination of the advantages of open and closed nodes
such as efficient operator construction and good sparsity patterns. We performed a variety of tests using a fractional step
method to demonstrate its high-order convergence and feasibility for aerodynamic simulations. In the future, we wish to
take advantage of the sparsity and communication patterns of HCDG to construct efficient linear solvers. Furthermore,
we will run simulations at higher Reynolds numbers.
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Chapter 5

Eliminated p-Multigrid for

Half-Closed Discontinuous Galerkin

Methods

The previous chapter focused on discretization. Now we focus on a new linear solver

to improve efficiency. We test this new linear solver using the half-closed discontinuous

Galerkin discretization on both structured and unstructured grids. The following is a

journal paper in preparation that will be submitted in the near future.

Contributions

The author wrote this paper in collaboration with the other co-authors. The author

implemented the eliminated p-multigrid method and performed all of the simulations.
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Nomenclature

A Matrix

b Linear system right hand side

CD Boundary stabilization parameter

D Divergence

d Dimension

e Error vector

F (u) Flux

F̂ (u) Numerical flux

f Forcing function

G Gradient

gD, gN Dirichlet and Neumann boundary value

h Element size

Kn Element

L Laplacian

M Mass matrix

N Number of elements

P Pressure

p Polynomial order

Re Reynolds number

r Residual vector

Sm
n Switch function

t Time

u Solution

Vh Discontinuous function space

v Test function

xd Spatial coordinate

α Angle of attack

∂Ω Boundary

ρ Relative residual reduction factor

ϕ Basis function

Ω Domain
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Abstract

We present an “eliminated” linear solver designed for local discontinuous

Galerkin (LDG) discretizations. We apply static condensation by eliminat-

ing nodes based on the LDG switch function, and solve using p-multigrid

operating on the eliminated system. A cost analysis was conducted, show-

ing significant savings in key operations in the p-multigrid procedure, such

as smoothing and restriction / extension. Numerical tests were performed

using the half-closed discontinuous Galerkin (HCDG) discretization on two-

dimensional quadrilateral elements. Significant reductions in degrees of free-

dom were shown for high polynomial orders. Furthermore, we observed a

reduction in the number of p-multigrid V-cycles required for convergence

compared to traditional p-multigrid for both elliptic problems and incom-

pressible flow. The combination of operating on a reduced size linear system

and the reduction in number of V-cycles required leads to a significant im-

provement in performance.

Keywords: Discontinuous Galerkin, Linear Solvers, p-Multigrid, Static

Condensation, Incompressible Flow
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1. Introduction

High-order discontinuous Galerkin (DG) methods have risen in popularity

due to numerous benefits including arbitrarily high order of spatial accuracy,

parallizability due to its local nature and the capacity to support complex ge-

ometries through unstructured meshes [1, 2]. However, despite these benefits,

the computational cost is still an ongoing challenge to make these methods

competitively feasible for industrial applications. In this work, we attempt

to address this high cost by developing a more efficient “eliminated” linear

solver for DG methods.

Multigrid is an extremely prominent linear solver technique which has

been applied to elliptic problems [3]. The multigrid method operates using

a hierarchy of grids such that low frequency errors after smoothing on finer

grids can be efficiently dealt with by solving for a correction on coarser grids.

It has been used extensively for computational fluid dynamics (CFD) in

schemes such as the finite volume method [4, 5, 6]. The multigrid method

has also been applied to high-order DG methods. In the context of high-order

DG methods, there is the h-multigrid where the coarse grids are generated

by the coarsening of elements [7, 8], the p-multigrid where the coarsening is

done by reducing the polynomial order [9, 10], and the hp-multigrid which

combines both approaches [11, 12, 13].

Static condensation is a technique in which degrees of freedom are elimi-

nated such that a reduced linear system can instead be solved [14]. Although

static condensation has been used extensively in the finite element method, it

has also been applied to DG methods [15]. Static condensation is attractive

for use in implicit high-order methods, as the resulting Jacobian matrices
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can often be very large.

In our work, we introduce an “eliminated” p-multigrid by applying static

condensation through eliminating nodes based on the local discontinuous

Galerkin (LDG) [16] switch function, this is combined with using p-multigrid

on the eliminated system as a linear solver. The idea is to help mitigate the

cost of the high-order DG discretization by operating on a reduced size linear

system. A similar approach combining p-multigrid and static condensation

was introduced in [17], however this work was based on spectral element

method discretizations. To the best of the authors’ knowledge, there has

been no work for DG discretizations that utilizes p-multigrid operating on a

statically condensed system.

We apply our method to the half-closed discontinuous Galerkin method

(HCDG) [18]. In this method, “half-closed” nodes are placed on exactly

half the boundaries of each element, based on the LDG switch function. The

benefits of HCDG include efficient construction of DG operators and optimal

sparsity patterns. While our method can be used for standard DG methods

using LDG, in this work we focus on two-dimensional quadrilateral elements

using the HCDG discretization.

The rest of this work is as follows. In Section 2 we present the HCDG

method for both first and second-order operators. In Section 3 we de-

scribe our elimination procedure and corresponding costs. Next, in Sec-

tion 4, we outline the traditional p-multigrid and our eliminated p-multigrid

method. We then provide a direct comparison of the costs associated with

each method. In Section 5 we first show the benefits obtained by elimination.

Next, we apply our method to Poisson problems on both structured and un-
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structured grids and compare with the traditional p-multigrid. Finally, we

use our eliminated p-multigrid for an incompressible flow case. We conclude

and discuss future directions in Section 6.

2. Discontinuous Galerkin Discretization

In this work we use the HCDG method. The HCDG method directly

follows the standard DG discretization, however the difference is in the choice

of nodes and node placement. We use Gauss-Radau nodes as our solution

nodes and our quadrature nodes. Gauss-Radau nodes have the benefit of an

extra-degree of quadrature accuracy over the commonly used Gauss-Lobatto

nodes. The general DG discretization procedure will now be outlined, while

further details on HCDG can be found in [18].

2.1. First Order Equations

The domain Ω is discretized into a set of elements Th = {Kn :
⋃
Kn = Ω}.

We then introduce a discontinuous function space:

Vh = {vh|K ∈ Vh(Kn)}, (1)

where for our quadrilateral elements Vh is chosen as the outer-product poly-

nomials of a given degree p. We apply the discretization to the conservation

law:
∂u

∂t
+∇ · F (u) = 0, (2)

where u is the conserved quantity and F (u) is the flux function. We multiply

Eq. (2) by a test function v ∈ Vh and apply integration by parts,

∂

∂t

∫

Kn

uvdx =

∫

Kn

∇v · F (u)dx−
∫

∂Kn

vF̂ (u) · nds, ∀v ∈ Vh. (3)
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Since functions are discontinuous along ∂Ω, we have introduced numerical

fluxes F̂ at the discontinuities. Here, we use the upwind flux as our numerical

flux. The solution u is represented as a linear combination of the basis

functions ϕj ∈ Vh,

u =
∑

j

ϕjuj. (4)

Furthermore, the test function is chosen from the same family of basis func-

tions ϕi ∈ Vh, producing the following expression:

∑

n

∫

Kn

ϕiϕjdx·
∂

∂t
uj =

∑

d

∑

n

∫

Kn

∂ϕi

∂xd

ϕjdx·Fd(uj)−
∫

∂Kn

ϕiF̂d(u
int, uext)·ndds,

(5)

where d denotes the spatial dimension and uint and uext are the solution in

the interior and exterior of the element, separated by the element boundary

with unit normal n. The left hand side of Eq. (5) produces the mass matrix

Mij =
∑

n

∫

Kn

ϕiϕjdx, (6)

and the right hand side produces the discrete divergence operator

DdFd =
∑

n

∫

Kn

∂ϕi

∂xd

ϕjFd(uj)dx−
∫

∂Kn

ϕiF̂d(u
int, uext) · ndds. (7)

We ultimately obtain the discontinuous Galerkin spatial discretization

Mu̇ =
∑

d

DdF d. (8)

2.2. Second Order Equations

Poisson’s equation is used as our model problem for second-order partial

differential equations

−∇2u = f. (9)
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We introduce q as the gradient of u, split into a system of first order partial

differential equations, and utilize the local discontinuous Galerkin method

[16]

q = ∇u, (10)

−∇ · q = f. (11)

Next, we multiply Eq. (10) and Eq. (11) by test functions v ∈ Vh and τ ∈ V d
h

respectively, and integrate by parts

∫

Kn

q · ∇vdx−
∫

∂Kn

vq̂ · nds =
∫

Kn

fvdx ∀v ∈ Vh, (12)

∫

Kn

(q + u∇) · τdx−
∫

∂Kn

ûτ · nds = 0 ∀τ ∈ V d
h . (13)

We use a so-called ”switch function” to specify the numerical fluxes. The

switch function either has a value of −1 or +1. The switch function is defined

on each boundary of each element with the constraint that on any boundary

separating elements Kn and Km, the summation of the switch functions from

neighboring elements is Sm
n +Sn

m = 0. Based on the switch function, we utilize

the following upwind-downwind flux in Eq. (14) and Eq. (15)

q̂ =




q|Kn if Sm

n < 0,

q|Km if Sn
m > 0,

(14)

and

û =




u|Kn if Sm

n > 0,

u|Km if Sn
m < 0.

(15)
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Boundary conditions are imposed weakly. The following fluxes are used

to imposed either Dirichlet or Neumann boundary conditions.

q̂ =




q − CD(u− gD)n on ΓD,

gNn on ΓN ,

(16)

and

û =




gD on ΓD,

u on ΓN ,

(17)

where gD and gN are the values of the Dirichlet and Neumann boundary

conditions respectively, and CD > 0 is a stabilization parameter for Dirichlet

boundary conditions. In this work we use CD = 1000
h

, where h is the boundary

element size, however lower values can be used. The system of equations in

operator form (regardless of spatial dimension) is written as:


 M Gd

−Dd




q

d

u


 =


0
f


 . (18)

The divergence and gradient operator are related by the adjoint property

D = −GT . To solve for u, we take the Schur complement of Eq. (18) to

obtain the Laplacian operator

L =
∑

d

DdM−1Gd. (19)
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3. Static Condensation

3.1. Method

The discretized system can be partitioned into independent and depen-

dent nodes [14] 
AII AID

ADI ADD




uI

uD


 =


bI

bD


 . (20)

Then, the Schur complement of the system can be calculated:

Ã = AII − AIDA
−1
DDADI , (21)

b̃ = bI − AIDA
−1
DDbD. (22)

The solution at the independent nodes can then be found by solving the

following linear system:

ÃuI = b̃. (23)

After obtaining the solution at the independent nodes, the solution at the

dependent nodes can be directly solved for using the expression

uD = A−1
DD(bD − ADIuI). (24)

Specifically in our work, the independent nodes are the boundary nodes where

the LDG switch function is positive (Sm
n > 0). The dependent nodes are all

the other nodes in the element. Examples of the elimination on both half-

closed and closed nodes elements for both simplex and quadrilateral elements

are shown in Figure 1.
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Figure 1: Static condensation for p=2 simplex (top) and quadrilateral (bottom) elements.

Left to right: LDG switch functions, closed nodes, closed nodes after static condensation,

half-closed nodes, half-closed nodes after static condensation. Reprinted from [18].

3.2. Costs

The cost of eliminating and reconstructing the full solution will now be

discussed. The full problem is discretized with N elements with polynomial

order p. The size of the full linear system Ap is N(p+1)2×N(p+1)2. We will

often consider our operator as an N ×N block matrix where the blocks are

dense of size (p+1)2× (p+1)2. For a two-dimensional quadrilateral element

after applying static condensation, (p + 1)2 nodes is reduced to (2p + 1)

independent nodes and p2 dependent nodes. The size of the components

from Eq. (20) are shown in Table 1.

The cost to form the eliminated linear operator Ã using Eq. (21) will

now be outlined. The matrix A−1
DD is calculated once and stored. However,

A−1
DD is block diagonal due to the choice of nodes to eliminate, so the inverse

can be precomputed efficiently element-wise. The cost of calculating the
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Table 1: Sizes of operator partitions from static condensation for 2D quadrilateral ele-

ments.

Partition Size

AII N(2p+ 1)×N(2p+ 1)

AID N(2p+ 1)×Np2

ADI Np2 ×N(2p+ 1)

ADD Np2 ×Np2

uI and bI N(2p+ 1)× 1

uD and bD Np2 × 1

inverse of the block diagonals is O(Np6). Next, Ã is computed by a series of

matrix multiplications and subtractions. For the second term, ADI and AID

are block sparse, however, we will assume the blocks are dense to obtain a

conservative estimate for the cost. Based on the sizes in Table 1, the cost for

each matrix multiplication is O(Np5). The cost for the matrix subtraction

is O(Np2). Therefore, the total cost for forming the condensed system after

precomputations is O(Np5).

Next the cost to form the eliminated right hand side will be outlined.

Since the matrix multiplication AIDA
−1
DD is already required to calculate Ã,

it will be neglected for the cost of forming b̃ since AIDA
−1
DD is stored and

since b̃ will be calculated multiple times during the V-Cycle. The cost for b̃

includes the matrix-vector multiplication of AIDA
−1
DD and bD: O(Np3), and

the vector subtraction O(Np). Thus the cost to form b̃ is O(Np3).

The cost to calculate the solution for the dependent degrees of freedom

uD is as follows. The matrix multiplication A−1
DDADI is precomputed as
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A−1
DDADI does not change. The cost to calculate uD comes from the matrix

multiplication and subtraction inside the parenthesis in Eq. (24): O(Np3)

and the matrix multiplication of A−1
DD afterwards: O(Np4). Thus the total

cost of computing uD is O(Np4). A summary of all the costs associated with

the static condensation are presented in the Table 2.

Table 2: Precomputation and construction costs for forming statically condensed system.

Operation Big-O

Construct Ã O(Np5)

Construct b̃ O(Np3)

Construct ud O(Np4)

Precompute A−1
DD O(Np6)

Precompute A−1
DDADI O(Np5)

Precompute AIDA
−1
DD O(Np5)

4. p-Multigrid

4.1. p-Multigrid Method

In the p-multigrid method, instead of coarsening by element size coars-

ening is done by reducing polynomial order. In our work we use V-cycles,

dividing the polynomial order by 2 and take the floor to obtain the coarse

grid levels as seen in Fig. 2.

In our work, we use a direct sparse method as our bottom level solver for

p = 1. There are other possible bottom solvers that can be used, such as

geometric/algebraic multigrid or preconditioned iterative solvers. However,

since the focus of this paper is on the p-multigrid we have not investigated
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Figure 2: Example V-cycles, left: top level p = 8, right: top level p = 7. Subsequent lower

levels are determined by dividing by two and taking the floor.

these choices. Our p-multigrid pseudocode is outlined in Algorithm 1. Next,

the smoothers and restriction/prolongation operators will be discussed.
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Algorithm 1 p-Multigrid V-Cycle: VG(uold
p , bp)

Input: uold
p , bp

Output: unew
p

if p ̸= pmin then

Apply block smoothing ν1 times on Apup = bp

rpcoarse ← Ipcoarsep (bp − Apup)

epcoarse ← VG(0, rpcoarse)

up ← up + Ippcoarseepcoarse

Apply block smoothing ν2 times on Apup = bp

return up

else

Solve Apup = bp using bottom solver.

return up

end if

4.1.1. Restriction and Prolongation Operators

The restriction and prolongation operators are used to transfer the resid-

ual and errors between polynomial levels. The prolongation operator from

level pcoarse to level p acts on a vector:

Ippcoarseupcoarse = up. (25)

The prolongation operator used in our work is element-wise polynomial in-

terpolation. The restriction operator is defined as the transpose of the pro-

longation operator:

Ipcoarsep = Ip
T

pcoarse . (26)
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The restriction and prolongation operations are performed element-wise,

therefore the corresponding matrices are block sparse. Thus, the cost of re-

striction or prolongation from one polynomial level to another isO(Np2p2coarse).

4.1.2. Smoothers

We utilize block based smoothers such as block damped Jacobi or block

Gauss-Seidel due to the discontinuous Galerkin discretization:

u(i+1) = u(i) + ωS−1r(i). (27)

For block damped Jacobi, S is the block diagonal D. For block Gauss-Seidel,

S is the lower triangular portion of the operator and the block diagonal

(L +D). The damping factor is ω and the residual is r(i) = b − Au(i). The

cost of applying block damped Jacobi will be now analyzed, however the

analysis also applies to block Gauss-Seidel as the cost is on the same order.

First, the inverse of the block diagonal S = D−1 will be pre-computed and

stored as it is constant, the cost in Big-O notation is O(Np6). Now the

cost of an individual smoother iteration after S has been pre-computed will

be discussed. The cost to calculate the residual includes the matrix-vector

multiplication O(Np4) and vector subtraction O(Np2), ultimately resulting

in a cost of O(Np4). The cost to update to u(i+1) involves another matrix-

vector multiplication and vector addition. Thus, the cost for an iteration

of block damped Jacobi is: O(Np4). If block Gauss-Seidel was used as the

smoother, the cost would be on the same order of O(Np4).

4.2. Eliminated p-Multigrid

The core idea behind the eliminated p-multigrid is to operate (smooth-

ing/bottom solving) on the statically condensed or reduced degree of freedom
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linear system. The eliminated p-multigrid pseudocode is outlined in Algo-

rithm 2. First, some specific aspects of the eliminated p-multigrid will be

presented. Smoothing, restriction, prolongation, and bottom solving is done

on the statically condensed system. The full solution is constructed only at

the very end of the V-cycle. At the top level b̃ is pre-calculated since b is con-

stant. However, at the lower polynomial levels, b̃ must be calculated before

smoothing since the right hand side is the residual from the upper level, which

changes every V-cycle. Each aspect of the eliminated p-multigrid will now

be analyzed. A visual comparison of the operating grids for the traditional

p-multigrid and eliminated p-multigrid is presented in Figure 3.

Figure 3: Visual comparison of traditional p-multigrid and eliminated p-multigrid. Left:

traditional p-multigrid with top level p = 3 and bottom level p = 1. Right: eliminated

p-multigrid with top level p = 3 and bottom level p = 1.
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Algorithm 2 Eliminated p-Multigrid V-Cycle: VGelim(u
old
p , bp)

Input: uold
p , bp

Output: unew
p

if p = pmax then

Apply block smoother ν1 times on ÃpupI = b̃p

rpcoarse ← IpcoarsepI
(b̃p − ÃpupI )

epcoarseI ← VGelim(0, rpcoarse)

upI ← upI + P pI
pcoarseI

epcoarseI

Apply block smoother ν2 times on ÃpupI = b̃p

upD ← A−1
pDD

bpD − A−1
pDD

ApDI
upI ▷ Only construct full solution at end

of V-Cycle

return up

else if p ̸= pmin then

b̃p ← bpI − ApIDA
−1
pDD

bpD

Apply block smoother ν1 times on ÃpupI = b̃p

rpcoarse ← IpcoarsepI
(b̃p − ÃpupI )

epcoarseI ← VGelim(0, rpcoarse)

upI ← upI + P pI
pcoarseI

epcoarseI

Apply block smoother ν2 times on ÃpupI = b̃p

return upI

else

b̃p ← bpI − ApIDA
−1
pDD

bpD

Solve ÃpupI = b̃p using bottom solver.

return upI

end if

138



4.2.1. Eliminated Restriction and Prolongation Operators

The eliminated prolongation operator is essentially a subset of the pro-

longation for the traditional p-multigrid

IpIpcoarseI
= Ippcoarse [Independent, Independentcoarse], (28)

which transfers the condensed (independent nodes) coarse grid error to the

fine grid as a condensed correction. As with the traditional p-multigrid, the

operator is block sparse. Now, the cost scales with the size of the condensed

block of (2p + 1) × (2pcoarse + 1). Thus, the cost of applying the eliminated

prolongation operator is O(Npcoarsep). The eliminated restriction operator

is also a subset of the restriction operator from the traditional p-multigrid.

IpcoarsepI
= Ipcoarsep [:, Independent]. (29)

However, it transfers the condensed residual from the fine grid to the full

residual on the coarse grid, since the full residual is required on the coarse

grid to calculate b̃. The cost of the restriction operation is: O(Np2coarsep).

4.2.2. Eliminated Smoothers

The smoothing costs follows an identical pattern to smoothing on the full

system; however, the costs now scale with the size of the condensed blocks

and system. Similarly to the cost analysis for the traditional p-multigrid,

we take block damped Jacobi from Eq. (27) as an example. The cost of

pre-computing S = D−1 is O(Np3), since the block size is (2p+1)× (2p+1).

The cost to calculate the residual vector is now: O(Np2). This is also the

cost to update to ui+1 as it also involves a matrix-vector multiplication and

vector addition. Thus, the total cost for an iteration of block damped Jacobi
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on the eliminated system is O(Np2). As with the non-eliminated case, the

cost for block Gauss-Seidel are on the same order when smoothing on the

eliminated system.

4.3. Comparison of Costs

The estimated costs of the traditional p-multigrid and the eliminated p-

multigrid are compared in Table 3. We observe valuable efficiency gains by

operating on the eliminated system. Smoothing on the eliminated system is

more efficient by a factor of p2 and precomputing the eliminated smoothing

operator is more efficient by a factor of p3. We also observe gains for re-

striction and prolongation in the eliminated p-multigrid. Restriction is more

efficient by a factor of p and prolongation is more efficient by a factor of

ppcoarse. For the eliminated p-multigrid there is still the precomputing b̃ at

the start of each polynomial level. However, this is still a factor of p cheaper

than a smoothing iteration on the full system. Furthermore, constructing uD

is only done at the end of the V-cycle, and is roughly equivalent to smooth-

ing on the full system. Overall, these savings are promising as multiple

pre-smoothing, post-smoothing, restriction, and prolongation are prominent

components of a V-cycle.

5. Numerical Results

5.1. Static Condensation

To quantify the effect of eliminating on the linear system, we apply static

condensation to an unstructured grid seen in Fig. 4. We obtain the ratio of

degrees of freedom and the ratio of non-zero entries from p = 1 to p = 7.
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Table 3: Comparison of operation costs for traditional p-multigrid and eliminated p-

multigrid 2D quadrilaterals elements.

Operation p-Multigrid Eliminated p-Multigrid

Smoothing O(Np4) O(Np2)

Precompute Smoothing Operator O(Np6) O(Np3)

Restriction O(Np2p2coarse) O(Npp2coarse)

Prolongation O(Np2p2coarse) O(Nppcoarse)

Precompute b̃ N/A O(Np3)

Construct uD at end of V-Cycle N/A O(Np4)

The results are shown in Fig. 5. We observe a drastic reduction in both the

degrees of freedom and non-zero entries as the polynomial order grows. This

is promising for the eliminated p-multigrid as smoothing on the higher levels

of the V-cycle become much more economical. For lower polynomial orders

there is still a significant reduction, in p = 2 approximately a factor of two

reduction in degrees of freedom and non-zero entries.

5.2. Poisson’s Equation - Structured Grid

We compare our eliminated p-multigrid method with traditional p-multigrid

using Poisson’s equation on a structured grid. The domain is defined Ω ∈
[−1, 1]2 and is discretized with 21 elements in each direction resulting in a

total number of elements N = 441. We impose Dirichlet boundary conditions

and the solution is chosen as

u(x, y) = esin(πx) sin(πy). (30)
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Figure 4: Circular domain with unit radius, unstructured grid with N = 356 quadrilateral

elements.

Figure 5: Ratio of degrees of freedom in eliminated system to degrees of freedom in non-

eliminated system (left). Ratio of non-zero entries in eliminated system to non-zero entries

in non-eliminated system (right).

We iterate with the multigrid method until the relative residual ∥b−Au∥
∥b∥ is no

greater than 10−8. Different polynomial orders were tested, p ∈ [2, 3, 4, 5].

The relative residual with respect to the V-cycles for both the eliminated
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and traditional p-multigrid for p = 5 is shown in Fig. 6. The eliminated p-

multigrid terminates in approximately half the number of V-cycles. The total

number of V-cycles required to reach the set tolerance for each polynomial

order tested is shown in Fig. 7. The eliminated p-multigrid overall requires

less V-cycles to converge, approaching almost half the number of V-cycles

required for higher polynomial order.

Figure 6: Relative residual vs V-cycles for p = 5 and N = 441 elements (structured grid

case) for the eliminated p-multigrid and traditional p-multigrid.

Next, we calculate and compare the reduction factor of the relative resid-

ual

ρ =
∥b− Au∥i+1

∥b− Au∥i
, (31)

where i is the V-cycle iteration. We calculate the reduction factor using

the relative residual from the final two V-cycles, avoiding the initial rapid

reduction from the first V-cycle. The reduction factors for the eliminated
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Figure 7: Number of V-cycles until convergence for p ∈ [2, 3, 4, 5] and N = 441 elements

(structured grid case) for the eliminated p-multigrid and traditional p-multigrid.

and traditional p-multigrid for each polynomial order are shown in Table

4. The eliminated p-multigrid is shown to have a significantly better reduc-

tion factor, at a minimum twice as effective and at a maximum an order of

magnitude more effective.

Table 4: Residual reduction factor per polynomial order p (structured grid case) for the

eliminated p-multigrid and traditional p-multigrid.

Polynomial Order ρ ρEliminated

2 0.026 0.010

3 0.111 0.026

4 0.036 0.010

5 0.099 0.017
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5.3. Unstructured Grid

Next, we perform the same test case for an unstructured grid (Fig. 8)

with a very similar number of elements N = 468. We test polynomial orders

ranging from p ∈ [2, 3, 4, 5]. The relative residual with respect to the V-cycles

for both p-multigrid methods with p = 5 is shown in Fig. 9. The eliminated

p-multigrid converges in exactly half the number of V-cycles required for

the traditional p-multigrid. Fig. 10 shows that the eliminated p-multigrid

consistently outperforms the traditional multigrid. Especially for p > 3,

requiring consistently approximately half the number of V-cycles to converge.

Figure 8: Unstructured mesh of square domain with N = 468 quadrilateral elements.

The reduction factor for the relative residual ρ was calculated for each

case and is shown in Table 5. The eliminated p-multigrid shows a signifi-

cantly better reduction factor, with an order of magnitude improvement over

traditional p-multigrid for p > 3.
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Figure 9: Relative residual vs V-cycles for p = 5 and N = 468 elements (unstructured grid

case) for the eliminated p-multigrid and traditional p-multigrid.

Table 5: Residual reduction factor per polynomial order p (Unstructured Grid) for the

eliminated p-multigrid and traditional p-multigrid.

Polynomial Order ρ ρEliminated

2 0.050 0.013

3 0.158 0.029

4 0.100 0.017

5 0.186 0.026

146



Figure 10: Number of V-cycles until convergence for p ∈ [2, 3, 4, 5] and N = 468 elements

(unstructured grid case) for the eliminated p-multigrid and traditional p-multigrid.

5.4. Incompressible Navier-Stokes

For the final numerical experiment, we apply our eliminated p-multigrid

to the unsteady non-dimensional incompressible Navier-Stokes equations,

∂u

∂t
+∇ · (u⊗ u) = −∇P +

1

Re
∇2u+ f ,

∇ · u = 0,

where u and P are the non-dimensionalized velocity vector and pressure, f is

the body force vector and Re is the Reynolds number. To solve the governing

equations, we use the fractional step method in [19, 20]. The procedure is

as follows. The diffusive terms are treated with the Crank-Nicolson method

and the convective terms are treated with the Adams-Bashforth 2 method.
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We first obtain the intermediate velocity field by solving Eq. (32) for u∗.

u∗ − un

∆t
= −((u · ∇)u)n+ 1

2 +
1

2Re
∇2(u∗ + un) + f . (32)

Next we solve the elliptic problem and perform the projection step

∇2ϕn+1 =
1

∆t
∇ · u∗ (33)

un+1 = u∗ −∆t∇ϕn+1. (34)

To update the pressure, we use the following expression where P n+ 1
2 is the

time centered pressure

(M +
∆t

2Re
∇2)P n+ 1

2 = ϕn+1. (35)

We apply our eliminated p-multigrid for a single timestep to solve for

both the intermediate velocity in Eq. (32) and the elliptic problem in Eq.

(33). We also compare to the traditional p-Multigrid.

The test case we apply our method to is the flow over a NACA 0012 airfoil

at an angle of attack of α = 30◦ with a Reynolds number of Re = 1000, which

was previously run in [21]. We use an unstructured grid with N = 1008

elements (Fig. 11) and a polynomial order of p = 4. The left, bottom and

top boundaries have inlet boundary conditions, the right boundary has outlet

boundary conditions and the airfoil has wall boundary conditions imposed.

We use a timestep of ∆t = 2× 10−5. For the sake of a visual description of

the test case, the flow field at t = 3 is shown in Fig. 12 and Fig. 13.

Both p-multigrid methods solved for the intermediate velocity using one

V-cycle. The comparison of the relative residual is shown in Fig. 14. We ob-

serve that the eliminated p-multigrid converges in 20% fewer V-cycles com-

pared to the traditional p-multigrid. While the gain is not as drastic as the
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Figure 11: Unstructured mesh for flow over a NACA 0012 airfoil at Re = 1000 and α =

30◦. Domain discretized with N = 1008 quadrilateral elements and polynomial order of

p = 4.

Figure 12: Velocity magnitude at t = 3 for flow over a NACA 0012 airfoil at Re =

1000 and α = 30◦.
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Figure 13: Pressure at t = 3 for flow over a NACA 0012 airfoil at Re = 1000 and α = 30◦.

previous cases, there is also the benefit that in addition to fewer V-cycles,

each V-cycle is operating on a smaller linear system.

Figure 14: Relative Residual vs V-Cycles for the flow over a NACA 0012 airfoil elliptic

problem Eq. (33), unstructured grid with p = 4 and N = 1008 elements.
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We also compute the reduction factors and compare in Table 6. We

observe that the eliminated p-multigrid has a notably smaller reduction factor

compared to the traditional p-multigrid.

Table 6: Comparison of Reduction Factor for Eliminated vs Non-Eliminated p-Multigrid

for solving Pressure Poisson Equation

Method ρ

Eliminated 0.0894

Non-Eliminated 0.2540

6. Conclusion

In this work, we developed a new linear solver approach specifically for

LDG viscous discretizations where p-multigrid is used on an eliminated sys-

tem via static condensation. We eliminate degrees of freedom based on the

LDG switch function. This approach allows for operation on drastically

reduced linear systems while maintaining optimal sparsity. We applied this

method to two-dimensional HCDG discretizations for Poisson’s equation and

incompressible flow cases with unstructured quadrilateral grids. We showed

that as the eliminated procedure is applied to higher polynomial order dis-

cretizations, larger reductions are obtain in terms of degrees of freedom and

number of non-zero entries. This is favorable for the use of very high poly-

nomial orders p > 5. Even for moderate polynomial orders eg: p = 2, a

significant reduction is still obtained, approximately a factor of two. We

compared our eliminated p-multigrid to a traditional p-multigrid for struc-

tured and unstructured grids. We observed essentially a factor of two reduc-
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tion in the number of V-cycles required for convergence. The reduction in

V-cycles coupled with operating on a reduced linear system is very promising

for mitigating the cost of high order methods. We also successfully applied

our method to an incompressible flow problem and showed a reduction in the

number of V-cycles required compared to traditional p-multigrid.

For future work, we will test our method on DG discretizations with

closed nodes such as Gauss-Lobatto nodes as they are very commonly used

in DG implementations. Furthermore, we will explore using our method on

compact discontinuous Galerkin discretizations since it extends from LDG

[22]. Other future work includes using our method on simplex elements and

three-dimensional elements with both closed and half-closed nodes. We have

used our method as a linear solver, however, we will investigate the properties

when used as a preconditioner for Krylov methods. Finally, since we obtain

large reductions in the linear system, we will apply our method on fully

implicit DG discretizations.
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Chapter 6

Conclusions

In this thesis, several different approaches were taken to push the discontinuous Galerkin

spectral element method (DGSEM) to model complex geometries in more efficient ways

than currently available. Research was conducted on both underlying discretizations

and linear solvers. The first two works model acoustic wave propagation problems

while the final two works model incompressible fluid flow. Each work produced its own

conclusions, which will now be discussed.

In the first chapter, a transfinite mapping was used to extend an existing dynamic

load balanced hp-adaptive DGSEM acoustic wave equation solver which could only

support Cartesian grids. Both strong and weak scaling tests were performed to observe

the effect of the curvilinear geometry interface on the existing code. The weak scaling

tests show that the code scales very similarly to the Cartesian grid code, however there

is a slight computational overhead incurred by the transfinite mapping. Unfortunately,

the strong scaling tests show the code does not scale very well compared to the Cartesian

grid code. After observing the results, we decided to explore the immersed boundary

method to model complex geometries as an alternative since only Cartesian grids are

required.

In the second paper, the immersed boundary method (IBM) was implemented in the

hp-adaptive DGSEM acoustic wave equation code to model complex geometries. The

advantage of using the IBM is that it drastically simplifies the meshing process for mod-
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eling complex geometries, as only simple Cartesian grids are required. We utilized the

volume penalty method to model walls as porous obstacles. While it is possible to by-

pass a complicated meshing process through transfinite mapping or unstructured grids,

the IBM does incur a loss of accuracy and produces oscillatory behavior. This issue was

addressed by utilizing hp-adaptivity and using a low porosity parameter. Accuracy was

improved and oscillations were dampened by the use of hp-adaptivity. Furthermore,

it was possible to model complex geometries with small length scales, which would

prove to be very difficult using transfinite mapping. Overall, the IBM method showed

promising results. The implications of this work is that it lowers the barrier to entry

for engineers to use high order DGSEM methods. Furthermore, given our hp-adaptive

approach, an engineer could use this method to determine a preliminary starting grid

to know what portions of the domain require more refinement. The engineer could

then use this grid either with the IBM or use it as a prototype for traditional meshing

techniques.

In the third paper, unstructured grids were used to model complex geometries for

incompressible flow, however the focus was on the underlying discretization scheme

to improve on efficiency. The HCDG method was used to model the incompressible

Navier-Stokes equations. The HCDG method provides the advantages of good sparsity

patterns and increased efficiency in DG operator construction. Using half-closed nodes

produces better sparsity patterns compared to using open nodes for first and second

order operators and identical sparsity patterns to closed nodes for second order opera-

tors. Using Gauss-Radau nodes also provides an extra degree of quadrature accuracy

compared to using the commonly used closed nodes Gauss-Lobatto nodes. An increase

in solution accuracy was also observed when using HCDG. The results are promising,

but more work will be conducted to further investigate the properties of using these

nodes.

In the final paper, a new linear solver is developed and is applied to the HCDG

method since it uses the local discontinuous Galerkin (LDG) [27] viscous discretization.
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This linear solver uses p-multigrid operating on a system eliminated by static conden-

sation [28]. The static condensation procedure is specified by the LDG discretization.

Drastic reductions in degrees of freedom are obtained using the elimination procedure,

making this method well suited for very high-order discretizations. Remarkably, a re-

duction in V-cycles up to a factor of two required for convergence for elliptic problems

was observed as well. This method was also applied to the incompressible Navier-Stokes

equations where a 20% reduction in V-cycles was also observed. The compounding ef-

fect of operating on a reduced degree of freedom system and a reduction of V-cycles is

very encouraging for addressing the issue of computational cost for high-order DGSEM.

All of the research conducted in this thesis works towards making DGSEM more

practical for industrial use, either by aiding the modeling of more complex geometries

or by improving the underlying cost. Ideally, with further research and development,

high-order DGSEM will become popular for industrial CFD. This would improve the

modeling of turbulent flows which would have impacts in the aerospace, energy, marine,

and weather prediction sectors. Additionally, improvements to high-order DGSEM can

be beneficial to academia, as they can provide a more accurate framework for studying

the fundamental turbulent flow physics of high-speed flows. Furthermore, by improving

the underlying numerics for high-order DGSEM, other high-order methods can also see

improvement by applying and extending the improved approaches accordingly. This

would hopefully lead to better scientific computing beyond just CFD, potentially im-

pacting fields such as computational chemistry and computational finance since these

fields also numerically solve PDEs. It should also be mentioned, higher order simu-

lations will also produce more accurate data for use in data driven methods such as

reduced-order modeling (ROMs) or machine learning (ML). If the data is not of suf-

ficient quality, the data driven methods will not be effective in real world scenarios.

Thus, it is crucial to ensure the production of high quality data as society increasingly

utilizes data driven technologies.

Despite the progress made and the promising potential, there are still improvements
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that can be made through future research. The future directions of all the works will

now be discussed.

Future Works

Each research work in this thesis has possible future directions to improve the methods

or to simulate more realistic scenarios. For the transfinite mapping of the Cartesian

hp-adaptive DGSEM acoustic code, further research would be to improve scaling per-

formance by investigating alternative software implementations for the transfinite map-

ping, which are better suited to parallel computing. Since this code is designed to solve

hyperbolic conservation laws, this code can be extended to model the two-dimensional

compressible Euler equations.

For the IBM research, one direction is to perform scaling tests using the IBM im-

plementation and compare to the transfinite mapped code to obtain a formal measure

of the performance gains. As mentioned previously in the context of this code, an-

other future direction is to model the two-dimensional compressible Euler equations.

However, in this case, the penalization procedure would have to be heavily modified

as in this work the penalization procedure was designed specifically for acoustic prob-

lems. Another direction is to model a PDE with viscosity. Since the current research

was done without viscosity, adding viscosity should further aid in reducing oscillations.

Furthermore, extending the code to three-dimensional problems allows for more realistic

simulations.

For the HCDG research, further investigation will be conducted on the properties

of using Gauss-Radau nodes. For example, we will investigate the stability of using

Gauss-Radau nodes for LES simulations. The superconvergence properties of Gauss-

Radau nodes will also be investigated. Simulating the three-dimensional compressible

Navier-Stokes equations is of interest since DG formulations are well suited for modeling

compressible flows and it allows for more realistic aeronautics simulations. Implement-

ing hp-adaptivity is desired, given the local nature of HCDG and the observed benefits
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from the other works in this thesis.

For the eliminated p-multigrid research, further investigation will include applying

the method on closed nodes and different element types (three-dimensional quadrilat-

erals, two- and three-dimensional simplexes) since these other node types and element

types are also commonly used in DG. Implementing the method in a production code

and performing wall-clock time tests will provide a more realistic measure of the gains

from the eliminated p-multigrid. To ensure the eliminated p-multigrid is widely ap-

plicable, this method will be tested on fully implicit DG formulations. Additionally,

testing the use of this method as a preconditioner for Krylov methods such as GMRES

can also be explored.
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