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In this thesis, finite-state models for components and systems
are presented. lf‘dr a component, its reliabill‘i\'ty behavior .is described
by a Markov model with two or more ‘state s, rather than just two
states, '' good'' and ! bad"‘,' as often used in the 1iterature:,_\ Thus
a new reliability function is defined. A general bir'-t“.h and deati‘i'
process is also defined by the same Markoﬁ model \ﬁ'i‘th some
modifications. ‘ .

Reliability Prediction Techniques for a system of d'é:.perigl’ent
failure and repair rate s are given. S'Lgnna1~f103§; grapb approach is

used to find reliability expressions. )
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thations
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the set of parameters, \

- the hazard rate. . 1

i=1,....,n-1; A .=bw . ;

either the number of operation st\a‘;_tcs or the number of
components in a r-out-of-n system. | .
either_ the operative sfate, i =1, . ..n, or the collapsed state in;

which i components have failed, i = 0,1,...,n-r, n-r+i.

the failure state.

the transition rate from si to s, { = i,..., n-1, » =0,

it+t’ _ n
the transition rate from s 'to’ Sf., i=1,,.., n
the set of paramet L= l,.. P A
f parameters, )Lt (Ki . )\n_i)

e T g o Mgy)

the set of parameters, \ = ()\1, s )\n-i'

n

}‘nfi""

the probability that a system is in s, at timet, i = 1,..., n.
. : 1

the probability that a system is in s;at time t.

the reliability function; R(t) = ¢ P, (t).
.=1 N
the expected hazard- rate., _ .
time-interval (piece-wise constant) hazard rate.
| | Ay
the midrange ofhj' s; h =< (h +h ).

the ps'eudo-intérval, i=1,..., n,

the two adjuéta.ble parameters.

th'e (initial value) transition rate from s to JE i=1, , n-1,
1
w = O .. K. = -a- w. - ’
n 1. 1 g : r—

th_e. sample average of hazard rates (of the pseudo-interv‘al 1.}, -

—

n+4i n+i

the probability that a system enters -sk before time t, given that

the/system is initially in s_l.‘

the Laplacie transform of Pik(t).

‘the (conditional) reliability of a system at time t, given that the

system is initially in s,.
o i
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the Iﬁrobability‘ rates of repair from state s, to state s, ,,
L i~

Ly
u

i=2,3,..., n.

the death rate of people at age (t, t+1).

the birth rate of people at age (t, t+l) .-

the minimum number of operat'ing components fc_;f a
r-out-of-n system operating.

a notation representing success of component i

a notation representing [ailure of component i

‘the i-th state of j failure set of states (Table 5. 1),

i='1,2,.’..,nJ where nl = Cn, j=0,1,..., n.

the j-th failure set of states st = (s 'sg, vy 57 )

' the probability of being in state s‘;

the failure rate of component i when jn-r= j = 0)

components have failed.
the repair rate of failed component 1 when j (n-r+i 2j 2 1)
components have failed.

o«

the probability rate of transition from state-sj to state s_+i, i.e.,

the failure rate that any one of the remaining n-j coinponents

will fail when j components have fdiled, j=0,1i,...,n-r .
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‘the repair rate that any one of the j failed components

the prob'a.bility that the

- permutations of 4§ out"of n.
P ‘ _‘4‘1 of 4 - n. _——

the probability rate of transition from state Sj to state s, {
: p ) j-
is repaired to operating condition given that j components

. - {r
have failed, j = 1,2,...,n-r+t

n-1 j ‘ -
A intermediate parameters (page 70}, j =0,1,...,n-r.

z
k=j 1k v

the m+1-th failed component (n-r = m > 0 ).

;T ?\iJ / (@) the probability that the j+1-th failed component

-j_ij ] J . -

is component ij giveh that components '10, il' S i
. ' J--
have failed, j =1,2,..,,n-r.

the probability that the system is in state s, at time t given

ime 0, i=0,1,2,...,n-rv+1.

in the failure state éf
at time t, where s.= s . :
f ‘n-rfi

the Laplace transform of Pi {t).

the Liaplace transform of Pf(t)

the steady-state probability that the system is in state s, .

the reliability function
the Laplace transform of R(t)

the availability ,funlétion

'the Laplace transform of A(t)

the steady-statei_ availabilit'y
mean-time -t'o—fi.rst-_system-failur‘e.
the determinant of a'signalrﬂow graph,

the co-factor of the path s-f.,. ) _

the path transmission of the ;:at_h é—f. ' A\

the loop transmission.

combinations of j: out of n. _ /’/

/
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INTRODUCTION

Reliability of an item [1] is the probablhty of the i /tem pcrformmg its -
purpose adequately for the period of time 1ntended undcr the Operatmg
condltxons encountered. Relxablhty theory has originated from practical
technical problems in connection with the appearance of complex automatm
systems coritalmng a large number of components, Mathematical relia- -
blllty theory contains a body of ideas, mathematical models, and methods ’
directed toward solving problems in.predicti‘ng; estimating,’ or optimizirgg '
the life distribution of components or systems. Finite-state @;rkov ' \

models are often used in the reliabili'ty analysis of systems'

L:.fe test data or simply failure data are obtamed from two sources;”
namelyr; the failure times of various items in a populatlon p].aced on a life test
under normal or accelerated envxronmental condztlons and the repalr
reports listing operating hours of replaced items in equlprnent already in.
field use. It might appear th@*xﬁf life test data are available, there is no
need for a mathematical model. _ However in obtaining conclusmns from
l1fe test data on the rehablhty behaw.or of other similar. items, it is-
useful to describe the data with a mathematical model So far many
mathematical models have been constructec; (2,3]. The cho1ce of a
re11ab1l1ty model must encompass more than just the problem of fitting
a curve with a formula If possible, one wshould choose a model ip which
parameters have'p}}_ysi'cal meaning. - .

In T"Cha.pf:e:t' II’;the existing reliability functions are reviewed, - -

Oof these emstlng functions the Welbull functions are the most popular

parametnc family of failure models. Tt is known that the We1bu11
distribution has monotonic hazard rate,

B = k™ L mos 1 S TORT
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zero at t = 0, Conversely if it is to be fltted to the burn-m ‘period, 'then

k is scale parameter “
mis shape parameter
For mo st 1tems the failure mecha.nism' in time is be(}t repre sented
by a hazard rate curve in the form of bathtub The mon tomc character

of the hazard rate of Weibull functions is in. c0ntrast with the . bathtub a

curve, as-Gorski r 44 points out that practical conSLderatlons are not '

conducive to thc acceptance of the Weibull functions as an ahalytic tool.
If the Weibull function, ({. 1), is going to be’ f1tted to the wear -out pel‘lOd

of a bathtub 'cur.ve then m ‘must be greater than 0, whereas h{t) becomes

m . 0, and h(t) becomes initially very large and goes to zZero as time

mcreases indefinitely, THus if a mathematmal de scription of the bathtub
curve is de81red, 1t is5- _]ust1f1ab1e to develop a new function, -

In Chapter III a new reliability function ( w1th 2n-1 parameters ) is

.defmed based on a specral Markov model, in which parameters represent

transition rates. To ehmmate the difficulty of finding estimates of para-
mete"rs, the concept of pseudo intervals which corre spond with states of
the special.Markov model ig mtroduced _

In ‘Chapter IVg‘ the spec1a1 Markov model is extended to a general finite-

state birth and de jh model for a general birth and death process,

" A birth and death process is a stationary Markov process whose path functmns

X(t) are normegatwe mteger values and whose: tranSLtwn probablhty functions
for -any two non-consecutive states are zero, The proces has been defined

by Feller and others ré6,7,8+. Ina reliability study, th rep ir and failore

. rates are equivalent to the b1rth and death rates and the state’ number i

is equivalent to a,value i &f the path function X(t), Then for a finite- state
( n-t-t states ) Markov model, i,e, » 2 <X(t) < n+i, the extended Markov

model ig a general model r 9'] for a birth and death process. ‘The model.

is general in the sense that it covers the ”conventwnal“ birth and death

model as a special casc,
The matrix method of solvmg a system of simultaneous equatlons ‘can

be transforrned into a topological method by the applncatmn of sngnal



flow gr_aphs. Thc method caa be used for any lmear d1scretc physical system

that may be GCrcscntcd by a sct of 51multancous equatlons
-Topologlcal methods of solvmg simulatneous equations were developcd by

Mason [10 11] and Tustin and Percival [12 {3, 14] These teclmiques '

have been appl1cd to 1e11ab111ty studies [15 16 {7, 18] The linear signal-"
flow graph was cxtcnded to the' stochastlc transmlon signal- ﬂow graph

by Huggins f197. Recently, Chan and Chu.ng l_ZO] applied a stochastic
tran51t10n signal -flow graph to queuing systems. A summary of linear
signal- flow approach is given in Chapter II. Since, in this thesis only the
linéar signal-flow graph is appllcd to our problems we wlll_not review

-

. the stochastic tran51t10n sxgnal flow graph. . \

Reliability theory has been concerned to a great extent with the
formulation of mathemati&a] models to describe comple\ sys(tem
reliability. Usually components in the system’ are assumed to ‘have
failure rates mdepcndcnt ofthelr environments, and repair rates do -
not change with states*of the system, so that a simple . Markov model can
~ be postulatecl From expenence and engineering judgement it was found
that this kind of mdependencc assumption often leads to poor approxi-
mation, Shooman 21] presented a technique for the formulation of
system models 1nclud1ng dependence between components. The technique
uses Markov’ chams for constructing rellab1llty models for dependent
system with'n elements After 1dent1fy1ng 2" system states, one
. ends up with determmlng 2 n transition probabﬂlﬁes and finally solving
Zn first order dlffe rential eqruations It is observed that the number
of systern states 1ncreascs greatly as the number of components

.4
1ncreases which is not reallstlc even if using a computer to solve for

the system reliability. Often reliability considerations of physxcal
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systems or subsystems suggest a r—oult-of'—n model; in which at least

r out"ofl:t c'omponCnt's must be func_:t‘ioninig for the system to be
considered operative. In Chapter V, reliability prediction techniques

" for a system with def_;endent' failure and're‘pa._ir rates are proposﬁ_d. |

In our model the number of system states is n-r+2, corresponding to
sets of states of Q_—faj.lure's; 1 fa.ilurg:, -2 failures, ...., n_-:r+1 failures,

- rather than 2n, wh}c}i greatly reduces complexity of the previous approach.
'. ' ’ '

o
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_ CHAPTER II . i

SUMMARIES OF RELIABILITY FUNC'I‘IONS AND
SIGNAL FLOW GRAPH AND SURVEY OF APPROA- |,
CHES ON COMPUTING SYSTEM RELIABILITY

Section 2.1 reviews. rellablhty functions whmh are used most
frequently in reliability theory, and . Section 2.2 summarizes the,
+ signal-flow graph a.nd its, apphcatwns to reliability stuchcs Section
2.3, . surveys methods of computing the rehablhty of senes parallel

series-parallel systems and Tech.mques of appronmatmg complex

system reliability,

‘2.1 Existing Reliability Functions | ) | \

. Th1s Section describes dlstnbutlons which are used rnost fre-

quently in reliability, v ‘ -

Severa,l fu.nctlons are equally- su1tab1e for describing a failure

.d1str1but10n d?’ﬁned as follows : /'"

X A nonnegative real . rafidom variable that denotes

the time to failure of an item,

F(x): ' The cumulative distribution function (CDF) .

R(x): The reliability function, R(x) + F(x) =
f(x) :  The probability density function (pdf) when it exists,
hix) : The hazard rate (or the condztlonal fallure rate}),

e(xt): Pr {Xgx |Xxt ] the conditional dlstrlbutlon
function, 3 {x,t) =0 ¥ t>x .
plx,t): 3 8(x,t) / ax

. - !

- ¢ L

;

n ! -

The relationships 'amdﬁ_g these reliability éxpres sions have be@/evaluated

(22] and are 1isted'on Table 2.1. Since 3(x, t) and ¢ (x,t) are little used / /

_t

in reliability theory, they are deleted from the table. - ' /
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Table 2.1
Relationships Among the Reliab;ilj.ty} Expressions
Given
\ F(x) R(x) h(x) £(x)
Require —
F{x) .- 1 - R{x) t - exp[-[“h(o)do] [#(u) du
o
B(x) { - Fx) - exp(- [h(c)do ] [ f(u) du o
‘ “ Q . . . o
hx) - ¢ E) o Ry i o f(x) S
: M-Flx) - Rx) | FHu) du
: ' N
£(x) F'(x) -R'(x) h(x) exp [ [ h(o)do]
; . o '
Typical contmuous failure distributions are:
(i) The exponentlal .
. S . 3
£x) = ae™ . hpge=a L as> 0 C . 3

~ The exponent:.al function was ﬁrst mtroduced for reliability analy51s |
' by Epsteln and Sobel in 1951, 'I‘hey publlshed an important paper
"life testing™ {237 in 1953. In this paper they found out that,in some cases, the

exponential function is a. 2. good distribution function.

The constant hazard rate X\ 1mp11es that previous yse of an item does
not affect its future life length. In other words, if an item has not failed
up to a time t, then the probability distribution of its fqture life length |
T-t is the same as 1f the.item was just placed in use at time t. The .
exponential functmn is the mostcsurnple distribution, but 1ts apphcab111ty
~ is limited because of the above -mentioned property.

There is, however,,_, another situation in which the exponential distri-

bution plays a prominent role. GConsider a system conlsistin'g of many



cornponents,n each enbject to an individual.pattern of malfunc.tion and
replacement and all parts making up the failure pattern of the systern
as a whole Under some reasonable general conditions [24 257, the
distribution of the time between systcm failure tends to the exponent:.al

‘as the complexlty and time of operation increase.

(ii) The Weibull

. m —kxm+1 ) i . !
f{ix)= kx e / (m+1) 5 h(x) = kx, m>-1 (2.2)
k scale parameter
rm shape parameter

]

]

The Weibull function is called the Type III asymptotic distributicn

of extreme values by Gumbel [26] » and it has been used to descrlbe
fatigue failure, vacuum tube fa:.lure [27], and ball- -bearing failure [28]
etc. It 1s the most popular parametrzc famlly of failure dlStI‘lbutlon
By appropriate cho1ce of the two parameters k and m, a Wlde range of
.hazard curvescan be approxunated [29 30,313, For 0 >m > -1, the.
.Wezbull function fits a decreasing hazard case. For m = 0 it becomes an
exponential function and for m >0 it fits an increasing hazard Gase. .
Physics of failure has told us that for most of 1terns the failure
mechanism in time is best ‘represented by the bathtub curve r3’} Yet the
intrinsic characterlstlcs of the Weibull function contradict this theory.
Practical consuiera.tmns are not COnducwe for accepting the Welbull _
function as an analytic tool. If the Welbull functmn is going to be fitted
to the wearout period of a bathtub curve, m must be greater than 0 .
whereas h becomes zero att = 0. Conversely if it is to be fitted to the
burn in period, then m < 0, and _(h becmes initially very large and goes
to zero as time mcreases mdefrmtely, these are in dlrect c@tradmtlon
to the behavior of thc bathtub curve. Thus if a mathematical descnptlon

of the bathtub curve (for pract:.cal usage, thc period before wearout )

'is desired it is justified to develop such a new fu.nctlon (see Chapter 3).

N -



i -{iii) The n-o‘rrnal : \.
fx) = ——— exp [ - (x-u)"/ 2¢ ] (2.3)
A ' :
or the truncated normal
NI B ' 2 2
fx) = ——— exp [-(x-w) /247, . (2.3a)
- 2w
. o .
where a = 1 - j f(t) dt : - (2.3b)
-0

where u and ¢ are the population mean and standard deviation of
. . !
time to failure respectively, Since x is non-negative, the normal

function is an acceptablé description of failure only if j‘o (t)dt is a
‘ ! -
negligible quantity, say u > 3 g. "Thus 1f u < 3 g, atruncated normal

dlstrlbutxon could be used Let f(x) be the normal probability density
. fanction and f (x) be the trmcated dlstnbutmn Then the truncated

function is deﬁned as :

A | | . .
£(x). = fx) ' (2.3d)
‘ i - &‘Of(t) dt

An item which follows a normal theory of_fallure displays a hazard rate
thCh has a very small value in the early ages but increases at an
accelerated rate throughout its life. The truncated normal distribu-
tion is observed in the .ca_se of gradhal failures of electric and me-
chanical f:omponents and is widely used in the analysis of the reliability

of complex systems when the deviations of the parﬁflj/f’:omponents

beyond admissible limits are taken into account,

. {iv) The gamma :

-

() = 0.+1# [ xuexp[-x/B],a>-1, 8;,-0, (2.4)
B T (a+1) o .
a shape parameter

B scale parameter




The gamma functmn can be used to fit many sets of e:vcpenmental
" data by proper choice of the two parameters a and B, but the We1bull
function is superlor for this task in reha.b:.llty work [3 Chapter 4 ].
The garnrna is a governing. chstrlbutlon for a standby system
Let 1:1 tZ' ceey t be the failure t1m§s of the on-line component and
the n-1 cold. standby components, the failure time of the system

ts=t1 +t2+ +t . It can be readily shown that if t1 t are ’

Eyr e
independent random, varlables and have an exponential dlstrlbutxon w1th
the same B, then ts is gamma distributed’ with the same f anda=n-1,,

g |

(v) The modified extreme value distribution

1 e -1 _ *
f) = S e - 5= +t1i b=, x>0 (2.5)

which is a modification of the 'I‘ype 1 asymptotic distribution of extreme

values given by

| Fx) = 1- exp [ e %, (2.5a)

where - o <u<e, A>0, and - o« ¢ x < o

(vi) The Rayleigh

2
f(x) = kxe /2. hix)=kx (2.6)

It is observed that the hazard rate increases linearly with time.
It can be readily shown that for all x such that kx/; < &, the
probability of failure-free operr;-':.ti.on of an itemn with the Rayleigh law
of distribution decreases with time much less rapidly than in the case "
of the exponential one, and that for all x such that kx/, > X, the
probablhty of fa:lure free 0perat10n of the Rayleigh distributed item
“decreascs with time much more rapidly than in the case of the exponentially

distributed one, Apparently, the Rayleigh law can be used together with



for any linear physical systern that may be represented by a set of

- 10 -

other laws of dxstnbutlon when predicting the rel:.ab111ty of a system

‘which has components with distinct aging effect, Cases were
- observed that some types of electrovacuum devices did obey a law

rof distribution wh1ch was close to the Rayleigh law,

Since in this thesis, attention: ig on continuous failure

distributions, we will not present details of discrete failure distri-

. butions.

2.2, Fundamentals of Signal-Flow Graph and

Its Applic'ati'ons to Reliability Studies,
' - ~

In the 19th century, Kirchhoff noted that a set of linear equat1ons could

be represented by , flow-graphand that the- determmant and co- factor

‘of the set of equations could be written down directly by inspection of

the flow-graph. [32] These t0polog1cal methods were little explored

~ until two decades-ago Mason , Tustin and Percival developed

these methods and extended their appllcablhty to modern control

systems.

From a mathematmal v1ewp01nt the ﬂow graph approach is a

‘transformation frorn the ‘matrix method of solvmg a system of simulta -

neous equations to a topological method. From the viewpoint of circuit.
theory, it rnay be convement to analyze a linear system from its
topological configuration. Evidently the signal-flow graph method need

not . be restricted in its application to electric circuits. It may. be used
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simultaneous equations, Htun [ 15] -has applied the method to reh/ab.ph %

N studxes, Chung r 16 -has also apphecht toProbabilistic seq/uentral circuits,.

S

' Mlsra (17, 18 Japplied the m\ethod to rellablhty analy8is of redundant

networks, Chan and Chung [20] apph%tmhasuc transition flow
graph to Queuing systems. . __—
o

-

-

The work -ofwMa,sbn"'é/t al can be briefly summariz‘eclby a general‘

expression of graph gain.

The g‘eneral expression for graph gain may be written as

1

r G & i
_ 3 . :
G = _k X X , | ‘ (2.7)
A ; _ 4
where )
G, = gain of the kth forward path : \ (2.7a)
o
A = 1- 2P 4+ TP -3 Pm3‘+... | | (Z.Tb)".
P = gain product of'the mth possible combination of -
mr ‘ (2.7¢)
'r nontouching loops. o
by =- the value of A for that part of the graph not

(z '?d)

touching the kth forwa.rd' path

St

-By analogy with the case of solving a set of equations by determ‘;na.nts, '

‘'we call A the detennma.nt of the graph, and call A, the cofactoa.* of the

k u

forward path k., Ak- is obtained from the graph determmant by strlkmg

— 3
- out all terms containing transmittance products of loops which touch kth -

forward path.

o
‘H
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Now a g'evi;ewcf Htun's work on application of signalfﬂow.g;'aph-to
reliability foilowg. . | 7
In general the set of differential equatmns wh:.ch describe the
rela.\t10nsh1ps of the state probabilities of the system is of the form
& Py = Pt)- C L (2.8)
dat : : o . A
o where. P(t) is a .roiv vector P(t) = (P (1';) P (t), .. .',P'-(t),P (t))‘ ,

where P, (t), i=1,...n, are the probab111t1es of being in system state 1,
and’ P (t) is the proba.bxhty of being in. the system fallure state n+1
(or the smk node in graph termmology) ‘

The rehabxhty (or availability) of a system is
v .m : , ,
R(t) = £ P, (t) o . ' (2.9)

i={
Hence to obtain the reliability (or ava:.la.bxhty) of a system, a get of
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Al
L

first-order differential equations hasto be s'cajlx?ed.

As mentioned earlier, ifa systcm can be modeled by a linear flow

‘graph, the solution may be obtained by inspection.

Since the flow graph

method is apphcable only in solving a set of linear algebraic equations,

‘to apply the flow graph method, we must first transform a'set of diffe-

rential equat:.ons to a set of lmear algebraic equatlons

achleved by La.place transformatlons
@ -st Ly
Denote Pi(s) = J‘ Pi(t) e dt: .
o .

Then the Laplace transform of (2.8) is
A
sB(s) - Plo) = Bs) - ¢
.' 1
Bls) = e (1) cs 4 gy
(2. 11) is\a set of line§r algebraic equations,
Denote f{(s) = Laplace transform of R(t)
H{s) = [T Rity et qt
‘ o . _

Then the Laplace tlzj;a'nsform of (é. 9) is

H(s) =le f—*i(s) - é o B  (5)

i=1 n+

This can be

(2.10)

(2. 11)

(2.12)

(2.13)

Since from (2. {1), a flow-graph of the system can be constructéd

(see Reference 155, Z[é (5) can be evaluated by the ﬂow-graph method

and then the- rel1ab111ty (or availability) in Laplace ~-transform form can

be obtained from (2.13). The inverse transform of (2. 13)

‘be done by usmg a;-computer.

can

The main advantage of using the flow-»gra.ph techmque in re11ab111ty is

that the mean and variance time to ﬁrst system failure can be easily

obtained from R( ), i.e., no inverse transformation is needed to obtain

the mean and variance time to the fir st system failure,
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;

The mean time to first system failuro, Tm' is defined as

T =T = J“” tf(t)d;"_: [7 Rty dt
0 ! o

N

A -
| R(,S) |
s§=0 \\'

In Chapter 5 1t will be showh that a closed form solutlon of T

r\g out - of - n/ system can bcT obtained.
/
."

L

where y
ey A
£é [7 7 gty at \
o |
A L
‘Dengte f{s) = The Laplac¢e transform of f(t)
A et - ‘ .
£(s) [% 5e) 7% aqp
o , .
Then. t2] = ['d—z i[(s) ]
. s=0
ds ) .
Lo GE(%)  _ df 1-R(t)) N c
Since (k) = — - dt at RME)
then A o
(s -[ sR{s)-1 ]
where th initial condition R(0) = 1,
Hence__ A .
- <~ R
t 2 [ds (s) ]s co
Thus

: \ .
The vafnance tlme to fllrst system failure, 'I‘V, 1s

A : 2
T, q t2lg R Y - (R,

(2. 14

for a
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2.3 Survey of Appreaches on Evaluating - K

Systemm R eliability,

‘ ; The 51mp1est structure in rel1ab1l1ty ana.lys1s is the series confi-
g

on. In the series case the reliable operatmn of the system

. depends on the proper operation of a.ll system Components. A system .- -

s represented by a parallel model if the system conflguratlon is

such that if one Or more system comporients fu.nctlon properly then the
system is in Operatwe condition., A system is represented by a

r-out -of-n model if at least r out of'n components must be functlonmg
for the system to be considered operative.Thus a {-out-of-n system is |
a parallel system. Chan [33] has presented a generalized reliability
function for systems of parallel components which 1nc1udes the above-
mentmned para.llel and r-out-of-n systems, Obviously this function
can be extended to be a generalized reliability function for series

parallel systems by imposing logJ.c "AND" to equation (4) of his paper.

B approach, which lcan be applied to a System with components connected
in any arbitrary configuration with the requ1rement that at least one

spec1al set of elementary pa.ths must operate successfully,

Drenick [24] has shown that even if component hazards are not
exponential , under some: reasonably su1ta.ble conditions.an exponential
-functlon -can be used.to approximate the reliability of a series system
as the number of cornponents becomes large, Messmger and Shooman
[357 extended this limit theorem showmg that under some special
conditions, the reha.b111ty of any system approached-a Weibull fu.nctlon
Evans [25] has simplified Drenick's limit theorem by usmg the time

-"behavmr instead of by the number of components,
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Some algonthms have been proposed to approxl.mate system

| rellab111ty B6,37, 38] Basically they are derived from minimal .

tie sets or m1n1ma1 cut sets, A tie set ofa. graph is a group of
branches which forms a connection between 1nput and output when
traversed in the arrow dlrectlon [3]. A tie set is said to be minimal
if no node is travbrsed more than once in tracing out a tie set. A cut
set of a graph is a set of branches which interrupts al) connectmns

" between input and output when removed from the graph A cut set

is minimal if the ellmmatlon of any one branch would no longer make
‘it acut. A set of minimal cuts is a set of cuts containing mifimum -
number of minimal eut sets. Algorithmsof finding minimal cuts have
been presented in [37,38]. A tie set is good if all.its components
(brqncheej are o'pferative and is bad if at least one component has

. failed A cut set is good if at 1east one of its componenth (branches)

is operatwe and is bad if all its components are bad.

Let T, i'= 1,... «d, be d minimal tie sets of a system. Let
1
C.,j=1,..., m, be m minimal cut sets of a system. The system

reliability is thus given by

R Pr {at least one tie set is good Y

(Ty+Ty+...+T,) T o (2.16)

2
or alternately in terms of't-he probability that all the tie séts are bad as :

-

R = (- Pr' { .a.ll’tie.sets are bael ]
= 1-Pr{51-7r2...?d] '(2.17)
If express'eci in terms of cut sete
R = Pr { all cut se;:e’are good j
= P {Cy.CpeiC ) (2.18)
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[ at least one cut set is -bad }
{-El‘+<_:2+....+‘“‘c—:m} S U (2.19)

Although the formulation of a system in terms of eé;uatioh (2.16) -

/ (2.19) is simple

, in'a many- compenents- sy stem there will be many

minimal tie sets and cut sets and hence the expansion of either equation

will become formidable work. Bounds and approx1mat10ns are obtained
by taking the first few terms of the e:_cpansmn of equations of (2. 16), (2.19),-

Some results are summarized as shown in Table 2,1

Table 2.2 Bounds and Approximations of the System -
Reliability >
7
/
Shannon Approximation
RU= - .z_ I-Jr{CJ.]
[1] giﬁg}
R = z Pr T1 1.
{i]m=ny
Expansion . Bounds
RUi =z Pr [Ti }
R'LI - ZPr {TJ -.E ..Pr {T'T'}
1<)
RUZ: TP AT3-T P {TT}#): P {TTJT
1<_] - igj<k

and so on ' : ’

or - P

’ = - C .
Ry =1-ZP (C,)

= - C P C c

RU2 - 1 by P ( ]+ E { ]

1<J
and B0 .on

k}

£ TR
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| ™~
where in Shannon approximation. [ 397, €. is the number of components
. 1 .
in the minimal tie set T and ni is the number of components in' the

minimal cut set C

and . - E

min{gi;mgz!"-! gd )

=
I

min {7, T,...., )

The bounds based on the tie sets are best in the low rellablhty region

and those based on the cut: sets are best in high reliability region.

Recently a method of computmg complex system reliability was proposed
. [40] . The method is composed of three phases.| Phase 1 involves
the reduction of all series, parallel, and series - pa\lallel :components to an '
irreducible non series - -parallel system, In phase 2 a.n algorithmic
recursive approach is proposed to enumerate all possible paths from

the source to thé sink of the .graph. Phase 3 computes the value of the

system rehab:.llty

For repaii'able systems, analytic techniques and network approaches
have. been presented [41,42,437 to evaluate system reliability.-
Tillman et al [ 44,45, 46, 477 has been concerned with optimization of

system reliability under multiple constraints. | oo o

On the formulatmn of mathematical models to descnbe complex S ‘ i
reliability conﬁguratmns components in the system are assumed to fail
independently so that a simple model can be postulated, Experlence and
engineering Judgement suggest that there are many physical situations in ;
which 1ndependence assu.mptmn often leads toa poor result, Shooman [21]
has proposed a2 technique for the formulation of system models which
consider dependence between components. The technique will be
~ discussed in Chapter 5. |

TR T N EER 4 e e R (P e e s e s
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CHAPTER III |
A NEW RELIABILITY FUNCTION ' i
|

2.1 'Introduction

In analyzing life test data on the reliabiflity behavior of similar
items‘, itfis useful to describei the data with a mathematical model.
So far, many ma‘thematica‘l moéels have been constructed, but the
choice of reliability models rﬁust encompass more than'just the problem
of fitti‘ng a curve with a formula. I/f possible, one should choose a
model which has physical significance. —_— ‘

The Weibull function is a popular parametric farmly of failure .
models. It has a monotone hazard rate, , ' .

ht)=kt™, my -1; ;. : (3. 1)

Since’'the Weibull hazard rate is rno_notc\)nic, it can not fit the well-knawn
hazard rate curve of Fig. 3. 1 ,the bathtub curye. |

Krohn 487 suggested selecting an appropmate hazard functlon for
each of the three periods of decresing, constant, and i incresing hazard,
and cnlling these h (t), h (t), andh (t) respectively. The population’
is presumed to be dupded into 3 parts, each part thh a probability p ,

=1,2,3. The hazard function is then developed :

.ho(t) = plh (t) + PZh 2(f:) + P h (t) ) {(3.2)"
As an examp}.e utilizing a Wexbull function for.each h (t) ¢ (3.2) can be:
rn ST
= 3 3.3
writtenas - h (t) = p lklt 14 Pk, + p3 3t ’ (3.3)
‘wherem <0, m_=0, m_ > 0. . This h (t) has 7 adjustabl'e parameter‘s

1 2 3
In this Chapter, based on a special Markov model we defme a Markov

distribution { Sec. 3. 2. 1). There are 2n - 1 parameters,
LR S S U ¥ ...,\, ), where a state s, is sufficiently defined
1 n-1 2n 1 ; A

n+1’

by ifts transition rates oA 4 The maximurmn likelihood estimates of.
i’ n+i o A ‘

A are difficult to find ( see equation ( 3. 7 })). By the introducton of
| pseudo intervals I yi=1, ..., n, (Sec. 3% 2.2 ), the parameter

becomc A= ( awl, cee am'n_l, bwn_l_,l..". . bwzn’) , where wi, » O are
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uniquely determined for a given pseudo- mterval I » and a and b are two !

-adjustable parameters for the best fit to the given fa11ure data. The techmque .
s

-of introducing pseudo-intervals el1m1nates the difficulty of finding maximum

likelihood estimates of parameter X\ and leaves only the parameters a, b

to be determxned forthe bestfit, Furthermore, since the parameters W, , w

i n+i .o
are umquely determined from I - the states s, are corresponding to the

pseudo-intervals i' Thus the state model dynamically characterizes the
behavior of a system. In Section 3. 3, three examples illustrate the
applicability of the model: Numerical results demonstrate that the number

of states or the number of pseudo-intervals, n-, plays a role for obtaining the
best fit.

3.2 A Special Markov Model

3. 2. l'Formation‘of a Markov Distribution

Assume that we have a system in which the reliability behavior is

defined by n + 1 states sl; 52 caey 5 n’ f’ where S 5 s are

P Spr e Sy
operative states and 5i is a failure state The signal flow graph for the

' model is shown in Fig. 3. Z,Where . /

A,i=1, .., n-1, is the tran,sifion'rate from s'i to Si+1
1 . ] e .

e

L TR e e

3

)\nis always 0 e . L

A ., i=1,...,n, is the transition rate from s, to s,.
nt ‘ i i
The transitions satisfy the following conditions:

(1 )Att=0, a system is in S

(2)Ifat 'the instant t the system enters state si{, then the proba y° 11ty
that it will enter state 511l in the 1nf1n1tes1ma1 1nterva1 (,V t + At )is

*)» Lt +Q (At) .
. where Q (At) is the probab111ty of more than one transition in the -

interval and is in the order of 0 (At) such that

0 (At
lim ——-A%L;o.
At -0 ‘ '
The probability that it will enter state S in that interval, i.e., fail,
is . n+k'At + Q (At

and the probability that it remains in 8 in that interval is

Ay
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(3) After: entering sta.te s the system will operate agcordtng to an

exponential law with a parameter )\2 .
n

The above 3 conditions completely determine the system behavior.

LetP (t) be the probability that the system ig in. s at. tlme t, i=1,...,n,

ans P, (t) be the probab111ty that the system isin sf at time t

-

The cllfferenhal equatlons for the systcm are

| - - t
Pye) oy 24 Py®) (3. 4)
! = =2,...,
Plt) .inkl )\kh-i-kp)‘(k' n)
P9 =, P (0) =0, k=2,..., n.
The reliability of the s;'steni is
. n
Rit) = = P
. 1
i=1
and the probability of failure before time t is N\
BJt) = 1« R(t) (3.5)

—The equationg 3, 4)are readily solved by Laplaée transforms,

. . ., - = 1’ .,‘ , - I, .
Assume that }\i + Rn+i. £ J\J. + Rn+j' i/ j n, i £ j, we obtain
‘ -(A,+h )
| +1
P,(t) = . (3.6)
2 R SRS
k-1 k X ( j n _])
P(t) = (= A) ¥ [ w (?\ x +h -)xnﬂ.)] e ,
K j=t 1 =1 i=g
1#.] * (k = 2: * n)
and _ n o SN ) ]
R(t) = L Pit) = £ C e (3. 7)
k=1 i=1
where : -1
n k-t k \
| C-i. = T (-Tr )\)[Ei (kj-hi+xn+j- n+i)] , (3. 8)
h;ﬁ& k=i J=1 J .
T JEL

e ——
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Hence P (t)=1-R({t)isa function of 2n - 1 parameters, Kk‘, k=1,‘ e e, 20,

‘In part 3.2.2, the reliability is made to be a function of only two

parameters a and b,
3.2, 2 Introduction of Pseudo- ~intervals to define the operation states of
an item and the correspondmg reduction of the number of parameters.
Step I: Asstme that the failure information consists of the following

mformahon In the time interval ( tJ-l’ t. ], n‘J items have, failed-
o}_xf of the N_] items that were on test at the beginning of that mterval
"efine time-interval hazardrate of failure data as
‘n)
J
h.(t)=N(t : ] tE(t._,t.],j=1,‘...,Np {3.9)

J . . .
Jor -l o
where Np is the number of original time intervals. ' \

Step-Z: Plot h (t)as shown in Fig.3.3. By observing the rate of change
of t:.me -interval hazard rate as shown in the histogram, it is
feasible to determine boundames of pseudo- mte{vals. For clarity, -
we use algorithmic steps to deterrmne boundaries. There are three
cases, a, b, c; they are used to pick an initial trial value ( lower
bound ) of n, .

Case a: The test of hypothesis on the exponentialify of the distribution -

of failure-free operation time (497, viz, n=1. If accepted, this L
L . N\

is Fig. 3.a; gorto step 3. Otherwise go'to case b. i

Ca.se b If the t1me -interval hazard rate ( h (t}) exhibit a bathtub shape,
let n=3, and go to step 3, after determmmg boundaries, otherwise
go to case cv/ Given n=3, we divide the whole 1nterva1 into 3 pseudo-
intervals. The exact boundaries can be set by choosing three straight -
lines [50] respectively for decreasing, constant and increasing
hazard rate. Lett', t'"' be time coordinates of intersections of three
consecutive lines, The th‘ree p_seudo-:intervals are I ={0, t‘l 1,

= = ot 'o=t, £ = ,t t is the
I2 (trl,trz‘],l (t ,t ],wheretl_j 5, =t ( ) is X

nearest or1g1na1 time-interval boundary tot!' (t''), as
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-shown in Fig.3.3h., The procedure of increasing the number of

I

pseudo- mtervals is the same as in case c.
Case c: ( neither case a nor case b ) The hJ (1 t,-) is decreasmg monotonically

" or mcreasmg monotonically, let n=2, and go to step 3 after determmmg

the center boundary (t')as follows

e

Find the midrange of h, (t)
A 1 J -

h = —( h +h . )
max min :

Choose t'l as the far endpoint of the hJ Wthh is nearest to that

midrange, as shown in Fig. 3.3c. ' ‘ o

In increasing n, we can further divide the pseudo mterval

H

where - - Co ‘. o
lh'(t'i)“h(t"- 12[h(t')-h(t'Jl)|. \

1,_]—1 2y vy m, jEL . .

1 = | t' 1 t'1] into two pseudo-intervals by the same procedure

In concluding step 2, since the hazard rates for most of components or
systems belong to these three cases, we would not consider those cases
other than cases a, b and ¢. We continue to proceed step 2 by mcreasmg
the number of pseudo-intervals until an optimal n for best {it to failure
data is obtam.ed During step 2, we have’ demded to use a constant hazard
( case a ) or a bathtub shape hazard ( case b Jor a str1ct1y monotomc
hazard ( case ¢ ). The lower bound of n is 1 for case a, 3 for case b

2 for case ¢, and the upper bound is Np' t_he number of or1gma1_ time
intervals. In step 2 we start from the lower bound and work up to an
optimum n.

Ste;ﬁ 3: Given n and the corresponding pseudo—intervals,

= ! ’ t‘ = ] t P e, y t ) i= I, ey .
Ii (_t i~1 i L 6! tp-l p 1 ( tp+q-l pt+q L ] ' n
The sample average of hazard rates, w 1’ is defined as L .
hi{t ). (t -t +... +ht Yoot - -t )
()t -t ) pia’ " Cpig " fprqoi
w . = : ( 3.10)
n+ t', -t :
i i-1 :
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Next we form the set %

MOy,

adjustable parameter to be determined for the best fit to life test

. . '\‘,‘-\.\
n_H,l-l,..-.,n, _

) =(b°’n+l' v+ , bw w, ), whereb1s an

a5

data. The transition rate from S, to S: 41 is inversely proportional
_ i ' .

to the length of the interval L. Thus we have a signal-flow graph

as shown in Fig.3, 4w1th the set of probablhty rates of tra.nmtlon

t —( K s )\n_) (a‘-l?l RPN awn)-l' where a is the second

parameter to be determined for best fit and where

O (T )'1

i i-—l )'i-:l, ey n“l.

To condlude Part 3,2. 2, it should be pointed out that the maximurﬁ likelihood

estimate oi' A=A A\ £\ ., 5 ) is d1f£1cu1t to find., Yet

17777 Paet’ Cnet’
the formafion of pseudo-intervals ehmxnates analytic and numerical

difficulties in finding. the maximum likelihood esttmates of parameters
A= )\1 o Kn- v 1N TRy 21.1) After determining tl'n'e‘bounda.ries of
the pseudo-intervals, the parametersmi,i =1, .., 2n, can be obtained

and then only two parameters a, b need to be determined for the best fit. .
Hence the formation of n pseudo-intervals corresponds to the ass1gnment

of n operation states, and reduces the number of para.meters from¢2n -1
to 2. The. step fromh, (t ) to the parameters w is to smooth the pxece—

‘ wise constant hazard é]ata by a continuous function. The step from the i

parameters w to the parameters A, i.e., finding an optimal (a, b ), and

the ircreasing of n is to fita curve.

The Markov ho.zard rate is

N B 1  dR(t) , ‘ .
(t)=- R(t})  dR - ‘ (3,11
| n . _ " - {n. *\ ) t :
ifl Ci (a, b} .‘ _(I)\i +xn+l ) e . n-H

C.(2,b). e Nyt

ne e

i=1

. by sobsti_tution of (3.7).
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The expected hazard rate is

' %t’t ) = the expectation of hazard rate at time ¢ —
. n )

igﬁ g Le)a

1]

n .
==}“P(t)

n | .
. / o B () (3.12)

nH
where Qj_ (t)is the probability that the system is in s at t1me t gwen
that it has survwed up.to time t, and ( t )= 1 in Sectmn 3. 3,

numerical results show that the eJ\pected hazard rate is very close to the

Markov ha zard rate,

3.2.3 Solv’iﬁg for .parameters a, b. _ | o

Now the problem becomes that of evaluatmg opt1rna1 values a, b,

It is a nonlinear 51mu1taneous equatlon with order 2. The optimal values
of a and b are subjected to computer evaluation as follow:

Let . 4 . i}
: , number of the remaining operative items at time t.
1

g ( ti.) T T ——— - )

i=1,2,...5 N

: - P

. where N_is the number of data points, i.e., g ( ti ) is the sample fraction
of failure—fre_e items at time ti and set

N
1 P

2 o
~ CEA(R(tI-g(t )) . : (3. 13)
NP" i=] ' ‘ l.v

be the mean square errors of approximating g (‘t )by R (t ; ), then our

E(a, b)=

problem is td fmd a, ‘b such that E {a, b )is a minimum. For minimum
’E(a b)wesetBE(a b)/aa=0, OE ( a, b)/ab=0,'andsolvefo'r
. the optn‘num & and b. '

A’computer program ( given in the Appendix in FORTRAN IV )
has been set up to find the optimal set { a, b ) by half-interval iterative

search cr1ter1on The Markov model, w1th|;fm1te state n, has discrete
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state ;-epresentatiop for a continuous func;tion. In order to retain the

correspondence betwéen the defined pseudo-intervals and the failure test

data ( part 3.2.2 of this. section ), the optimal values of a, b are expected to

be in the neighborhood of 1:_0, sa.y_-a',. b e 0..5, 2.0 ). Hence the optimal values

of a, b are computed by settin:g its initial values a, b'= 1.0 and by'ha.lf-intc;rval

iterative search criterion to find its lozal optimum values. |
After the optimal a, b are evaluated, the hazard function can be

from (.3. 11 ), a’nd_Mean Time to Failure is

MTTFzJ‘OR(t)dt:

$ C.(a,b)/(ag+bw ) ‘ (3.14)
3 am 1 1 n . !

i=1 H

by substituting { 3.7 ).

3.3 Examples v ) . y

‘Example l: A constant hazard case.

10 units are put on test at time 0. The failure data is listed on Table 3.1,

-~
1

. Table 3.1.Failure data for. ten hypothetical -

electronié comgoneﬁts [3]

Failure humber Operating time, hr Time intervals Hazard rate per hr.|
| hi(t) (£107°)
1 8 . 0.~ 8 1.25
2 20 8 -- 20 . 0.93
3 34 20 -- 34 - ' 0.96 t
4 46 '34 -~ 46 - 1.19
5 . 63 «db -- 63 0.98 )
6 86 63 -- 86 0.87.
7 111 : 86 --111 1.00 @;’J
8 141 . 111 --141 1.11 .
9 186 141 --186 1.11
10 266 186 --266 1.25
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By the test of hypothesis on the exponentiality of the distribution of

failure-free opera.tmn time, we find that this set of data fits an exponenhal

=t
reliability function R(t)=e M ope unbiased estimate for parameter x [517
' total failures - - 10 )
N = __lo ©
total time 961 0.0104.

For the Markov distribution approach, let n-='1, then the Markov

distribution becomes an exponential distribution

1

R(t):e-bmzt,s

as shown in Fig. 3.5,

Fig, 3.5, A signal-flow graph with n = 1.

w

where @, the sample average hazard rate, is

=0.0107,
P : =

Let the initial value of b = 1. 0. By computer evaluation we obtain the opt1rna1 b

*

b = 1. 05, with Ell2 =0,0195, The constant hazard rate is
=h . = = =0.011, ]
h(t ) he (t) X bwz ‘ _

Example 2: A human-mortality case. _
Given the data, column 1 and 2 of Table 3. 2, with N - 14, the first step

is to evaluate h _ (t) by (3 9). The computed values are on the fourth column
of Table 3.2, and Fig. 3’-| 6. Since hJ (t) has a bathtub shape, choose 3

;"
I3
-

<3
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Table 3.2 Commissioner 1941 standard

ordinary mortality table 37

Time h.(t) Markoy. Expected
x L x ‘interval ( f:er 100 yr) hazard hazard .
] ) (per 100 yr) (per\l 00 yr)

0 1,023,102 0-1 '2.2580 2.1045 2,1042°

1 1,000, 000 1-2 0.5770 1.1147 1.0828

2 994,230 . 2 .3 0.4039 0.6684  0.6504
3 990,114 3-4 0.3380 0.458] 0.4500

4 986,767 4.5 0.2990 0.3523 0.3489

5 983,817 5-.10 .Q.2442 0.2951 0.2937
10 . 971,804 10 - 15 0.1962 0.2232 0.2232

15 962,270 15 - 20 0.2238 0,2353 0.2353
20 951,483 20 - 25 0.2582 ~ 0,2733 0.2733
25 939,197 25 - 30 0.3106.  0.3312  0.3312
30 924,609 30 - 35 0.3905 0.4037 0.4037
35 906,554 35 _ 40 0.5121 0.4838 0.4838
40 883.342 '40 - 45 0.6971 0.5639 0.5639
45 852,554 45 . 50 0.9772 0.7022 0.6379 -
50 810,900 -

X = age in years ; 1:¥ = number of living at age x

~
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pseudo-intervals, i.e., n = 3, with1 = (0,47, I, =(4, 307, I, =(30, 507. .

We have ml = 0. 25, mz = 0.038,. t.d:3 = 0. Evaluate sample average of ha}zard
. . - * - p = . . -t. 1

_rate, h, (t ), then u)4 = 0.0089, ;“"’5 = 0. 00__2‘5, w6 0.0080. Let ini 1;a.1 values

of a, b = 1.0, the optimal setof (2, b )is (a =0.78, b=0,78), with rms

‘ 2 .
error El/ = 0. 0'%19. A |
To find an optimal value of n, we increase the number of states, i.e.,

the number of pseudo-intervals. Select the pseudo-intervals for each n as
shown on Table 3. 3.

Table 3. 3 Pseudo-intervals tl'orf‘n =6,9,11,13

n- JI. ‘ I - -1
s S R N R T e e T Lz 113

6 0--1--2.-4_-.230--45--50
9 0--1--2--3--4 _.30--35--40 --45 --50

11 0we-1 22230405 -n25--30.--35__40 --45 --50

13 0--1--2--3--4--5_--10--20--25--30--35--40 --45 -_50

For each n, find the optimal a, b, and the error. The results are

listed on Table 3. 4.

ooz !
Table 3: 4 Values of a, b, E :
for n*= 3, 6, 11, 13

A s g2 ¢

.n %

3 0.78 0,78 " 0,0119 v

6 0.80 0,80 0.0079 , -

9 0.82 0.83 0.0071 ' ‘ )
11 0.87 0.87 0.0061

13 0.92 0,93 0.,0048
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. 6.
The rehabxhty curves for n = 3, and n =13 are gra.phed in Fig. 3.
uted values of the Markov hazard rate and the expected hazard rate for
R If we let n "/14, i. e,

3. 2
n=13are hsted on the column 5 and 6 of Table thgh

1s,
the number of states = the number of ( fa.11ure data ) time-interva
e n | i

result is dominated by rounding errors.

S "
bl .

Example 3: 'A.decr.easing hazard case.

i i t
1,000 B—S;Z aircraft are put on flight test at time 0. Thle fa_tlurle data

is listed on Table 3. 5.

Table 3.5 Failure rate for B-52 aircraft 31

Time till Numbers of Hazard rate Markov Expected
failure, hr failure in h_(t) ‘hazard hazard
'~ each interval (pel‘ 100 hr) (per 100 hr) (per-100 kr)

0--2 . 222 11,10 © 12,10 12,10 =
2--4 45 . 2.89 6.53 - 4.84
4 .. ¢ 32 - 2.18 + 3.85 3.07
6.-8 27 1,92 2.60 2.30.
8 -~ 10 21 1.56 Yol.97 1.86
10 -- 12 15 1.13 ' 1.60 1.57
12 -- 14 17 1.33 T 1.36 1.35
14 -_ 16 R A 0.56 - 1,17 1.17
16 -- 18 14 114 g02 1.02
18 -- 20 g - : 0.75 . #40.90 0.90 :
& 20 -- 22 -8 0.68 0.80 0.80
22 -_ 24 3/420 0.26 . o0.71- 0:71




_ Thc optrmal setof (a, b )is { 2 =0.80,.b=1.,05 } with rms error = 0, 0200,

. which imply an optimal n is not near to 12, .the'original number, of time-

L =31

. Observe the time—i'n‘terval- hazard raté Table 3.5 and Fig.. 3.7, choose

!x
n = 6 in_case c.  The correspondmg pscudo -intervals are
L L o s I
0-2"2--4-28--14-_22 _. 24

'
[

.:Wehavem1=0.5 Gy 5045, 0y =025, @ =0.167, w_ = 0.125, o = 0.

‘3 5 6

Evaluating. the sample average of hazard rate in each pseudo-interval, we

—Oal 0 . - . =
have w7 1 g = 0. 0289 w9 0. 0205, “10 0.0134, @ 0.0078,

©)2 = 0-0026. The optimal sct of (a, b )is (a = 0.84, b = 1.09 |, ‘with

rrns error = 0.0184. The associated values i'or comparlspn are in Fig., 3.7.

From Flg 3.7, 1t is clear that the deviation of curve ii from data i is in the
interval ( 0, 8 J. Hence when increasing n by 1 the pseudo-intervals are

chosen as

Lo o I, 1L ‘ -

02-2--4--6--8--14--22_.24

w_h1ch implies that by increasing n, ‘El/z does not monotomcally decrease.

i I—_Ieth n =6 is an optimum. It can also be observed that for a decreasmg

: hazard case i “ , .. » Whereas from data ‘ @

h(te(10, 127 )<hitel1z, 147)
. h(te(14, 167 )<h (te (16, 187 )

intervals. - - . o '

] The op'timal n may 1’1@ » the original number of time ~-intervals.-
. ' P : .
'In example 2 the optimal n = I3 { Np = 14 }and in example. 3 the optimal

n=6(N =12), . o
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3.4 Concluding Remarks

. o : .
Numerical results ('I'ablcs 3:2 and 3.5) show that the expected

.lhazard rate (3.12) is apprommately equal to the Markov hazard rate (3 1}.
To prove the (apprommatlon) identity of the Markov hazard rate and the
expected hazard rate from analytical-viewpoint remains as an _open
problem. i |

Compare the hazard rate (3.2) éfKrohn (48] with the expected
hazard rate. We conclude that the two approachcs basmally come from

the same concept of usmg multiples of a hazard function as a mathematical

model for fitting to the general failure curve. The difference is that-in the

Krohn's approach causes of failure, Pive:s ,pn-, are constant and hazard

functions, (t),.. ., h (t), are functions 6ftime whereas i.n (2.12)

causes of failure are fu.nctlons of time and hazard functions are consta.nt

The la.tter approach is better than the former in that the hazard function

of our method (3. 11) or 3 12)) is derived in such a special Markov moclel

that as far as the estimate of parameters is concerned the number of

‘parameters of our method is reduced to 2 (a2 and b), whereas the number

of parameters of the former method (3.2) increases as n increases. - | i
, From (‘3’.7) we ha.ve g _

(N EA L \ :

B_Bm - _ n ' : N ’ ) s;l
Yol 1?1 Cp- R e | -

One nature of an negative expo‘nentiali function is the smoothness especially
in the tail end. ‘Hence it is obvious that for any positive number ¢ the re
exist a time t' such that fort >t', l ) R(t)/af] < g€ . This is shown in
Fig. 3.6 and 3.7 the. smoothness of the Markov reliébility function and the
Markov hazard‘ rate. Thus we may observe that for”a life test data with

relatively large | 3 R(t)/at [ the Markov distribution can not catch up

e e ———
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/_"?)-:-the best fit.

item which has very large | 3 R(t)/ 3t | in the tail end. Example 2.

However we usually neglect the wear- -out period of an

shows that the Markov function is a very good apprommatmn for the -
human - mortahty case (with age 0-50), Examples and 3 also illustrate
,that the Mar}cov function is sultable for the analysis of the decreasing and
constant ha.:ard cases, Note that an exponentlal distribution is a special

cagse of the Markov dlstrlbutlon with n = 1,

0
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failure

'\:\ Random failures —)L(—— Wearout
N

Early failures

|
J
|
l .
f

n+tl

Time

Fig. 3.1 Bathtub-shaped hazard-rate curve,

{ 2 3
> : >
7ki RZ K3
v v
n+2 n+3

Fig. 3.2 A signal flow graph
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! * Time
Fig. 3.3a Conétant hazard case n =1
- h(t) ;
A o , .
L . I
i
‘ L3_____,_/ [
: |
. . | 1S
LZ : ‘ i K ‘
~ . . - l .
I l h | 4
{ |
[ e .—7‘——,
AT e S
LT R
I ' i1 ! > Time
1 " t
? ¢ NP ’
- L—
t! '_t 1:2 tr .

Fig. 3.3b Determining initial boundaries for a bathtub
shape hazard case.



Time

Fig. 3.3c Determining boundaries for montonic hazard case.

h(t) - A .
A . : ‘ N

- 14& —»e-IS >,
» Time

'Fig. 3.3.d Construction of Psecudo-intervals by observing time-interval
hazard rate.

a : Time-interval hazard rate of life test data "

b : Pseudo-intervals hazard rate

¢ + Markov hazard curve.
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CHAPTER IV

A GENERAL BIRTH AND DEATH, PROCESS

' '4. i Introduction

In this Chapter, we extend the spemal Markov model (Pa.rt A,

Section 3. 2) to a general finite- state madel for berth and death process.

The model 15 general in the sense that for bounded random variables,

it covers the "conventional" birth and death model as a ‘special case.’
Denote X(t) as the path function of a random ‘va.ria.ble x [ 8] 3

A birth and death process is a stationary Markov process with X(t)

havmg positive integer values and Wlth a transition probablhty function

,c.lj(t) é. Pr {X(t+s) = | X(s) = 1} -

'The functior_x Cij(t) satisfies the conditions [ for at— 0]

ci,i+1 (at) = .Ki At + 0(at) ‘ - (fl.i)
(At) = 1 - (N +p.) At + O(at >
Ci;'i_i(At) = lli.At + 0{at) - . ,

where the constants X, |.Li ‘are the probability rates of transition .

1 i
from state i to state i 4 1, or from state i to state i-i’, with
i=1,2, ..., » . The birth and death process has been discussed .

in detail in [6, 7; 81].

Note that in reliability studiesthe repair and failure rates are

equivalent to the birth and death rates, and the state number i is
¢

s . P
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<

‘equivalent to a value x = i of the path function Xl(t).' “The system:

model (as shown in Fig: 3.2), a general pure death modhel, is
extended to include regeneration. Incorporating the probability
ratés My in the sta.f.e model of Fig. 3.2, with a finite number
of states, we have a general finite state birth and death model

with transition probability function satisiying the conditions

Ci qeg (88 = N At 4 0 (at)

ci,i (At) '=  1.- (}‘i‘+ M +.)\1‘1+i ). at- + 0 (At), kn =0, = 0
ci’i_i‘mt) =' m, At + 0 (at) qE

Ci,n_Hl(At) = A . At .+ 0(at) . ' (4..2)

&

with i=4,2, ...,n | | \

In Section 4. 2, the derivation is deécrib_ed of a pure death process

to a birth and death process. In Section 4.3, three examples
illustrate the applicability of the proposed models. Note that
for a finite number of states, the '"conventional birth a.nd-deat_h. Z

process is a special case of the general one proposed here:

ith N . = 0
wi n-+i
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4.2 Models I

4.2.1 A Gexiera.l Pure Death Process .

Assume that we have a syst'eﬁi or a component (in term of proba-
bility, the concerﬁed probability for a single component will be the
sgme as the percentage for a large popuiation of the same components),
© in Which the behavior of opera.tlon condition coulQ be defined by n+l states,
s‘i,s_z, N where S 28p0er ;s _are opera.tlon states and sf1s a
failure state., We have a signal flow graph as shown in Fig. 4.1,
where ‘)\1, )\2, -y _?\n_ita.re the probability rates of transition between
consecp’cive states, i.e. , )\1 is the probability rate of transitien from
sitos etc., and . A |

2’ n+i’ 7
of failure from states s1

..xz are, the probability 'rates

ERE "Sn A‘res;:ectively to state .sf.

Nete that in the previous state space approach for system reliability -
and availability [3, 15] the behavior of a single component is expressed
by oniy two states "good #t or "bad!, whereas in our model the behavior
of 2 single component can be expressed by more than two states (inclusive).

We may have some intermediate states from "good" to "had".

The model, Fig. 4.1, is the same as the one s\hown in Fig. 3.2.

Ité expressions are the same as those in Section 3.%2.1.



For the general initial conditions P (0);i = 1,2,...n, the
. 1

. .. o
reliability function R{t) can be generalized as follows.

Suppose that inital conditions satis ’fy

.1 . .
T P.(0) = {
e

and

t 2 P (0) >0 |
Let us denote symbols as belbw'.

Pik(t) : The probability that an item enters state s, at time t,

given that the item is initially in state 5; -

_ A S -
. Pik(s): The Lapla.ce. '-I‘“r;nsform of. Pik(t?.

T

R (t) , The reliability of an item at time t, given that the item is
1 . . ..

initially im state 85

Thus if an item starts at sta.tg' sy at time O, sthen o :
: ki
P (s) =" Mottt e ' T4 1)
ik’ 0 (s }‘:i+i)"‘ ‘(S*)ﬁ(“L kn+k )
or in the time domain . s ' : T
' k A -(}\j+)\ )t )
P(t) = s + k. +x_ )P, (s) c e (4.2)
| i) E i ndj ik '[s=-—()\.+)\ )
J=t . : . j n+]
. n ‘ h
Hence Ri(t)= }::. Pik(t) .
k=1
' :1; .
n :
and R{t) = I PL(O) . Ri(t)
: iz

1
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Kk -
+
) S (sHA AN J P (8) e 7
izt b xei =i 4 m ‘ --(x 3 +ﬂ
: ‘ (4.3)
n ~Ohpt Agogt
- cr e rT fn+r (4.4)
r=1 .
r ; ‘ . .
where C_r = E_ Pm(o) Ig\m.r(s) '(S+}‘\r+)kn+r)lsz_()\ o {4.5)
m=1 . . r n+r)
r B (0) (r—i "y l:r--if.( S |
= (o . T (A -N N .- A )]
m=1 ™ j=m-1 } j=m } r© nt) nitr

4,2.2 A General Birth And Death Process

Modify the condition (2) of Section 3. 2 1 as shown in Fig. 4. 2 :

_-where }.L is the proba.b111ty rate of transition (repalr) from the state S

to state 5. ¢ i=1, 2 ,,n. Then condition (2 ) becomes (2)' ' '7 ‘

1f at the 1nstant t the item enters state s then the probability that it

k.
w111 enter state sk ‘ in the infinitesimal interval (t,t 4+ At) is

)Qk At +‘ O(At-),
the 'iSrobability that it will go back to. state s,_q im the infinitesimal
interval (t, t+At) is —

. At + 0 (at)
o ‘

and the probability that it will enter state Sn+\ in that interval is
N At + 0 (at o
e (at ) y

| and the probability that it remains in state sy i.n\tha.t interval is

1 - ()\k+hn‘+k+ pk) At + 0(-At)

1
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Thus conditions (1), (2), {3} completely determine a finite flow '

of the operation behavior.

Similarly we can obtain the system of differential e_quatioﬁs.

PUE) = - O\ # N ) P4+ 1, Pot)
i . -H_<-‘1Pk-‘lﬁ);‘_—()\l<+>\ln+k+pk) Pl b P ® |
k=2,3, ..., n-4 . (4_5) .
PI‘;(t) N >\n-I.-Pn—i(t) ) (XZn t Mn) Pn(t) \ | |
with initial condition P(0) §1, P (0)=0, k=2, ..., n. -
LT in rnatr"uc form /f | |
PUYE) = APE) ¢ e

- with injtial condition P(0) ='I, the identity matrix _
where A is a nxn matrix

-’

R TIRRSR R N

Moo OtN T E) iy

. A = =.(a..).
* )\n—Z —()\n-f+ )LZn-i+ PLn-,-i) P
_ - N L LU
- - CRN . N . : : . .zf D= ". _1 .' . - '
.and uij p.i+1, ifj =i4d (Ki._*)\nﬂ + |J.i) ifj=1,; ?\i_i._l §J =1 '.

zero if lj—.ijl? .

4%
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. The existence, uniqueness and the~ana.lytic properties of P(t)
have been discussed in detail*in [6]. The solution of the sy.sf:em
(4.7) is e ‘

-At ‘ . . ' ‘ ’ -'.‘ )
Pt} = e P(0) - . 4.8y

The practical computation of (4.8) has been discussed in détail in

[52].

4.3 Applications

™ - For the propo_sed models, let us consider its application to some
- special cases, Example (i) is a case of the general death model, and
example (11) is a case of modlfxed general dea.th model with feedba.ck

and example (iii), is a case of the general birth and death model.

{1) A -system consists of two components in series, The ‘fa.xlurc
law of one- of the components follows an exponential d1str1but1on? with a K
. parameter g, while that of the other follows an Erlang d1str1but10n of

n type with a param.eter A . The sequential flow ‘grarph is the same as

the one shown in Fig. 4.1, with A, =X, X =g,i=1,...n-1,
- e 1 n+i S .
in = P ,U . !
We have _ .
Rit) = T P (0) CR,(t)
; i=1 1
where
Ri(t) ? E P (t)
k i .
d where B_(t) = 2" [ N ]
an where . = A
i . k-i+1
. ik (s+X+0o) H

0K (ot
"kt ¢
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Thus we obtain

n n k-i '
R(t)' = T P(0). 3 (M) e"'{)\'i'o'}t

oy i Kop oL (k-1 !

{(iiy A Human Population Process, /

Denote t as the a.ge in years. We have a discrete time sequential

flow graph as shown i in Fig. 4.3, where u1 az, Cen, up)a.re the proba._
n
, S

bility rates of failure from each state Si' 3 state s .. {

f
I

The resulting flow of transition satisfies the following conditions.

270

(1) As soon as a baby is born, He is in state si(Hereaﬁer we denote a baby

as an item).

‘-
: : - i
(2) T years after a.n item.is born, the item is in state. St+il and if the . \
"item survives in the interval (t t+1) then it will enter state st > with |

‘probability one. During the interval (t, t+1), a t+1 of the population in

St w111 die, and the populatmn (people) in state s will gWe birth

t+1
. to Bt { of its populatlon. Tran51t10ns are time sequential.

- {3} After the instant of entering state 5 the item will operate accoréing

{ to an exponential law,

- Thus we have the system of difference equations,

'

n . .

P (t¥1) = f(t) = ¢ B. P.{(t) ‘ (4.9)
1. T i

.Pk(t-!-l) = Pk_i{t) . (il;--ak_l') {(k =2,3,. - ,n}

Equation (4.9} is a set of recursive difference equations. Given the
initial conditions P,(to), ir =1,..., n, the solution for the‘system can be -
i .

l

computed by successiyeapplication of (4. 9)

{%“&]‘+T?ﬂb+1”‘*‘;- +[%un -
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For the analytic solution, substituteAPz(tH), .ves P (t+1) of the second
v n

equati?‘s of (4.9) into the first equation of (4.9). We obtain

P!(t-H)' =B ,(1-0 )P, (t-1)+ 8, ( 1-ﬁ1)(1-u2)P1(t-2)+ e s (4.10)

1)
.

+8 _(1-a,) (1-a,) ...(i-an_i)'Pi(t-n)

Equation (4.10) is a linear difference equation of constant coefficients
with degree n+1, the solution has been discussed . in detail in {537 ;and

P (t+1) can be evaluated by

L T ' , |
PtH) = v (1-a) P (t+i-) © (i =2,3,...0) © (4. 11)
j:i . .

For large n, the solution of (4. 10) can be obtained by computer compu-

tation, o T : \/

Note that in-this human population process, n bma.-y be as 1arge‘as
80 or 100. To reduce the number of states, we.regraph Fig., 4.3 as _
/

.sll’}f:).\f\—i-_'(j-“]fl.l‘-‘lgf 4,4a, where s1 £ s1 2,...,3“.;1-,5_2 1,s2 2,,_-_,32 né.;/

F

5

ki’ sk IR sk , are operation stai_:es, whgre n1+n2+. . rﬁc = n and

‘where Bij. and Pij(t) é,ré respectively the co'rresporiding rate of givipg‘ .
birth and the cor?esponding probability of being in state s ;. at time t, where
i=4,2,..000 0 = L2, m e -~

We can x:‘xle_rged the original state model :of Fig. 4.4a into a modi fied

state mod‘el‘ as ShOWI'l. in Fi . 4.4b, where state S,,y) S.,35-.43 8. are
4
il 12 1 ni.

*
merged into a state s, i=1,..., k. The relationships of parameters
and fungtioné‘betweén the two state models, Fig. 4.4a and Fig. 4.4b,

are as follows : - - . 1

* o ni '
Pty = ¢ P.(t) - v ' : . (4.12)
1 j.=1 1) . ] )
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f (t) = f(gi’ Pi (t)u i = 1,-..| k)
= T o, P, (t) . (4.122a) -
i=t * ! .
where '
o, = Exp’ [B i; } \;vi_th respect to j
nj
= z .. B..
z 845 By
where
¢'1J' = the probability that an item is in state Sij given
that the item is in one of the statess,,, s.,,...,5.
: if" i in,
o i
P.. .
= g (4. 12b)
T P.. ' :
j=t \‘J IR | |

‘ )
From the second equation of (4.9),

PiZ(t) .= (1 - aii.-) Pii (t-1) ‘ '

Pot)= (t-a ) (1-a,,) P, (t-2)

P.mi(t) = (t-ag ) (1-a,) - .. (1-.a_1ni_1) P, (t-n +l )

-

Assume that the population in state Si‘i does not change much in the time

i - = - = = - 1y = .
interval (¢, t+n.), P, (E-1) = P, (£-2) = ... = Py (t-n 1) = Py

then
P - (1-2;0) Fiq - |
P, = (1-3,) (i-aiz‘) Py | (4.13)
| .y ‘
P.mi = “ (1-3"11_) ‘( i—a.iz) x (1--21..1 ni'i) P“.
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Hence ¢ij is evaluated as

i

T 5 (tea, )
- _m=1 im :
¢ij ni41 3 . ' I = 2’..‘.,,‘“1 ('4.138.)
1+ % T (1 - aim ) ) } _
j:i m=1 The Numerator = 1, for J.—.l

The set of difference equations for the system of Fig. 4.4b is

- . .

p* (t+1) = x P(t) + [ - *
! = iE.i g, Pi(t)+ [ 1 - (N +p)]P,IE)
| ) (4. {4)
: P* (t+1)'— x '133&= t { - * : .
i =N P DO ) IR G2
- y
where, .
KoS Exp { aij}' with re.spect to j
™ | . ' T (4. 14a)
= T o¢,. A
jzi 1) 1}

and A is obtained from the equivalent of the p0pulétion of the flow
from state s, to state s, . (Fig 4,4a) and that from state
. in, i+1 1 : :
f i . . H .‘ Ll |
.31 to state 5_1'*_1 (Fig 4_4b) i.e
{ | 15 £) = A Pt o 4.14b
( _ain.) in.( ) - i i ( ) . ( 4 )
1 1
which implies

P, (t) - (l-a; )

A= % Yy
1 ]
Pi (t)
oy
. w(1- a . ) ‘
=1 i
= e | (4. 14¢) 4
i+ ¢ n (l-a,
j=1 m:i ) lm

after substitution of (4. 12) and (4, 13).

o
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(iii) A ,.s'yétem consists of two compoxieni'ts Ai_and Az in' series.
Component A1 is expehsﬁre and non-replaceable, and thgfefore is
designed with a very high reliability. Its failure law follows -an
‘exponentlal d1str1bu ion with a parameter g. Component 'A

repau-a.ble {with constant repair rate p ) with n-1 redundant ltems, and
the failure law of each {tem follows an exponent1a.1 distribution with

a parameter \. Assume that the sensmg of falled repa.lra.ble items

is perfeét, and fha,t there are sufficient repair men to repair any failed
items, Then the éequential flow graph of the system is the same as that

shown in Fig. 4.2, with N = (@-ikDN, A= 0,i=1,2,...,n-1, and

N =hto, o= E-De, =12

4,4 Concluding remarks.

' For the system shown in Fig. 4.2, 'if.)\nH =0,i=1,.
" then the general birth and death process becomes the "conventional"

birth and death process.  Since in the te_q:hnica_.l'sense, the path function
X{t) is often bounded, thus the proposed general‘birth and death model

makes sense and does apply to real problems.
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Fig. 4.1 A signal flow graph of a general death model.




¥

-53a

Fig. 4.2 A signal  flow

graph of a general birh
and death model,’ T
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CHAPTER V

RELIABILITY PREDICTION TECHNIQUES FOR SYSTEMS WITH
DEPENDENT FAILURE AND REPAIR RATES

‘5.1 Introduetmn

Usuallyina reliability study we ‘assume ‘that comi.)onents (or systems)

in a system are functioning independently of each other and the repalif

rates do not change with system states, so that a simple Markov fnodel

can be formulated {3,157 . However, in many physical situations

(such as in the case of circuit designs) this kind of independence

'assu_mpt:.on often 1eads to poor resultsm reliability computation. Factors

such as heat dis sxpatlon, vxbra.tmn, etc., often cause dependence among
components of a system. The: repair rates of components ina systém.
might be changed due to the system design and the mamtenance poli.cy..‘ -

In this chapter a Markov model for systems of components with dependent

failure and repair rates are formulated to obtain a better result in
' 8

y
reliability computa.tlon.

In genera.l a Markov model for an mcomponent system has v sta.f;es,

but as far as the reliability and th

g
¥

- -- - + ) I -
e availability of a -system are concerned, -

the number of - -gystem states, corresponding to the numbe;.' of failed #ompo-

nets, can be reduced to m+1 as proposed by Shooman (3, p 2377 .

Thus a r-out-of-n system can be

described by n- -r42 system state"s.'

Evidently n-r+2 18 a minimurn number of states. It is assumed that

failure rates of a component in different system gtates arg not the same,

but all are exponentially distributed. The system is expressed bya

flow graph, in which only transition between consecutive sta._tes are possible

so that it is straxghtforward to evaluate mean-time -to-ﬂrs‘t'—system-failure

and ste\:a.dy-sta.te availability by signal flow graph techm.ques [10,11,15].

5.2. A r-out-of-n system

5.2.1 On defining syst’sern states and the corresponding transition rates.
.. : ;

Consider a system consisting of n c:omponents../ The system is

considered successful, if at least r-out-of-n components are in operating
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L .

condition. Assume that n components are in perfect condztmn att =0,

A

and one repair man is ava:.la.ble for servxcmg
Further assume that the failure and repair tlme distributions of all

components in all states are exponentially dlstnbuted ‘The failure

. 0
rate of component i, i = 1,2,..., nis )L when all components are in

operatmg condition, while the failure ra.te of component i is )\1 when

one, component ha failed, and so on, i.e. ):? is the fallure rate
1

of component i when J (excluamg component 1) out of n components

have falled, is= 1,2, A ,n i=0,1,...n-r. Note that the estimated

i’
value h can be obtamearom accelerated h\fe testing based on pre-

d1cted workmg conditions. Similarly, p.i‘] is the repair rate of failed

component i when j (including component i) out ofn components

have failed, i =1,2,..., n, J=4,2,..., n-r+i.

We will define system states after reviewing the prew.ous
' approach [21]. .
[ . .
A .
In the previous approach [2.1] n states are requlred for des -
crlbmg the system sta,tes to obtam reliability and avalla.blhty formu.la

where

B>

2 - .
.n0+n1+n+...+nn1+nn = 28 (5.1)

and i n

nt = ol (5.2)
: i ) ; ‘

Let x  represent success of component i

; Tepresent failure of component i
a

~

al!

o

Then system states are defined as shown on Table 5.1,

"firstcome first-ge rved",

.
i
|
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Table 5.1 System state notations

L 0 . |
fail ' = '
Z.‘._eio A‘a1 ures . ‘81 xi xz x3 x‘n-i xn
One fail ' st = x
- One 2llure .51 4 1% x3 X1 X
.r o :
! - si = x‘ ;:- x
- R T *n-1 *n
51_ = x,x.x
T *n-1 %n
, 1 n..
\ (n = C) .
\ i . { -
L e “n-1 *a
y b
”s‘1 = X, X, x x
Y 1%2 %3 *n-1 *n
.n -
._Tw.o failures . sf’ = ;1 ;é‘k3 . xn'.i R ‘
2 = %oxx x =
2 1.2°773 n-1 "n
' 2 . 3 x x |
| %30 T Ry Xy X g%
o _
2= G S
- - 2 v _‘ —
I B R *n-2"n-1"n
n -1 o
2 - - -
T e S SR LT NP L S
r-: n ' .‘
3 o = X
n failures §1@ ) x3 xn_i n
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Total number Of states, fz Cg' + C
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4
&

n "~ _.n

n
1+...+C = 2

n )

Since if more than n-r+{ components havefailed, the system is bad,

Tﬁus_ the sufficient number of states for a r-out-of-n system

n n .
= C "+ C, + ...
o . { :

i

n
+ C
n-

by

The corresponding transition matrix is shown on table 5.2,

" Table 5.2 State Transition Matrix For A System‘ with 2" states

.

1

2

+ 1, where 1 is due to the merged failure sfate.

n
Failures Failures Failures-. :O Fajlures
-0 S 2 2 2’ n
1 1 Szt %y % 2 s
1 n n.
0 . n 0 .
' Failures so -z )P. Y )\O \ RO 0 0 ... 0 0
1 1 1 I 2 n I,
: . L~
{ i
' n i 1] 1
5! 0. £ Xy 0w 0| Ay Auut X000 0
& [PREN § n
' - - ni i
- s.; 0 0 paL.. o0 x: 0 ;\; e 0 0
if2t :
Failure . - L] . <.'|
.i . al” ; .'t. : "
s 0 0 . g 0 o0...n O 1 0
R | Gd P by »
2| o 0 (; 0 I-::Z xz‘o 0 0
5 s Mo
b /—1\ .?‘-_1’2 ;12 2
2 g2 \ 0 0 0. 0 0 E A.0...0
2 : S PifL,3 *,
‘Failures . . ‘I 0
| 2
2 ’ n 2
8 0 0 0 0 0 0 L- 0
nZ r*nz_i’n '
0
n _ onm
Failures s‘; 0 0. .. 0 0 . 00..0 . O
' ‘;
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It is observed tha.t in obtaining the rehab:.hty functmn one R

ends up with solving a set of 2" first-order differential equations. It

"is not practlcal to process a 2® x 2" matrix (for large n) even by a

| computer Wlthout obtaining solutmns the model is unreahstm

Thus if it is necessary to solve the system, some realistic: method .

‘should be déveloped In this cha.pter an, appro‘c:l_matmn method is

’ developcd to solve the system

For clarity, firstly consider a simple {-out —o?—B_nonrepaira,ble
system. Its transition mderix is ‘shown on Table 5,3, and its transition

~graph is shown in Fig. 5.1a. p(t) .= p(t) A

Table 5.3  State Transition Matrix For a i'—q}lt—of-S Sys‘te;n

S0 | t o2 T s o
Failures Failure ’ _Failures Failures © o
0 1 e g2 2 2 3 |
| { 1 °2 3 % %2 %3 s ;
0 0 1, .0 0 S0y S 1
sy -(x +x ) : NN N o. 0 0 l ;0 I
o ' |I T i
. O | S | | i
s 0 (n,+2;) R S S - 0 :
1 { , b1 1 -
- 0 0
s, 0 0 (N +>‘rl~— 0 . )‘1 x3 |
1 1 11 - { ‘1 R
. N ! % o
S5 0 0 0 (A A, )I 0 7‘1_ |
________________ ]
2 2 [ 2
52 0 0 0 R
-
2 : 2
s, 0 E 0 0 0 -\ 0 N
/ 5 L
6’ 0 ] 0 0 0 0 0 -\ 2| .
3 . 1 1 -
_______________________ —d
si 0 0 0 0 0 0 0 0
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It can be
i.e., ' .
kj = )\j‘
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easily -shown that if cdmponents are iélenticalf' \

' j=0,1,2 - (5.3)

then the probabilities in the general and the collapsed model (Fig. 5.1b)are

related by
..PS )

3
Ps =
) S
- Ps _
2
P =

B

3

{ . (5.4)

N

A =
3?\0
1
8 = 2h1 (5.5)
¢ 2
b = Ay |
1t can also be shown that sufficient conditions for (5.4) and (5.5) are
weaker than that of (5.3), and are
j Y i3
= = =1,2 5.6
x@ X, = kg i=h (5.6)
It can be extended to 2 general r-out-of-n system. A general
Markov md&del, where sjstem states are deﬁned on Table 5.1 can be

reduced to a

L‘(_

general collapsed model as shown in Fig. 5.2,

j = 1’2‘: ’

N, ik=t/0.,my

n-r .
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Then the probabilities in the general and the collapsed models are

related by
A\
/
P = P - ! g
S, SO
{
. ni -
P = .E P. . wheren =Cy, j=1,..., n-r (5.8)
N j i=t s, v P
. i '
' p - i Y ; o '
Ps = P n-—rﬁ-i » Wwhere s .r+ is the merged failure state,
n-r+i s.i., ;
A R
and hazards satisfy _ %
Moo= me) L 504, ne (5.9)
L . u -
For the general case h‘; £ )CL i, k = 1,,.-.., , 1 Ek; j= O ,n-1,

L hy - (5. 10)

We proposc an equivalent collapsed model whose transition graph .

is the same as the one shown in Fig. 5.2, with approximated parameters .’

f

N as defmed in equation (5, 14). Since dependences of iailure_.rates have
been mcorporated in J\J is= 1,...',n, j=0,1,..., n-r+l, if j out of ’
n components have failed then the occurence of failure of one of the

n-j remaining components is 1\ndependent of thT océ:urence of a.ny one of
the other remaining components A failure of'one of the n-j remaining

components w111cause the system to change from a set of state\;, - o
J' J J+1 J+1 j+1 )

S . ) to a set of states s’ = (s s, ,.“,Snjfi

= (51,: s
n

. : . +1
Thus as far as the tran51t10n from 5 J

]

to 5 is concerne.d the n-j

remammg coxp{:or\lents are in series con.nectlon in terms of reliability.
Assign a nu.n.‘(ber to\ach component, where numbers are in the order
of 0, 1,... ’.,_1_1_1,:\ Let i ,. m=0,1,2,... ,n-r be the number of m+i-th .

faileci.compo’nent, im €(1,2,...,n). If components io, ii’ e Ay

[
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'have falled “then the trans1t1on from the j~th fa11ure set of states

= Byr 8,e s _] ) to the j+i-th £a1lure set of states

41 LSRR S SR TS B
53 = s‘]1 . 5‘1_:- ) eees 8 ) will follow_ an exponential law with a
. j ' ' nJ+1 ' S
parameter w = bN AT _ . - {5.11)
k=j 'k :

The pé.ra.meter A\’ is obtained by taking theexpectation of w?

G Exp {w ] with re5pect to all permutations obtained by -
n (5.12)
i taking' j out of n in order, P,
: : J
where N =  the probability rate of transition from state sj to
-state s, 417 i.e., the fa11ure rate that any one of the remammg n-j
components will £a11 when j components have falled J=0, iQ* ,-T.
.'/.
S
I/V’ )
Denote symbols as follows : 7
i Wi, ...,L represent component id'ii’-' .. -im‘ have failed in
0 1! ’ m . . . )
- the ordér of component io, component ii’ and so on.
pj _ . )\J / mj, . the probability‘that the
i1 ’ o1, vi. 1 -
0" 1 j-17j J

j+1-th failed component is component ij given .that

i. . have failed j=0, {,...,n-T

componcnts 10,11’t"e' J...i (5.13)
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From (5.12) it can be shown that .

)\0 =  the failure rate of any one of n components given that '
all n components are operative B\
. n : ) .
= ﬁ. T )\9 ' . . . - - -,
. m=l 'm '
)\1\ = Exp { the failure rate of any one of the n-1 rema.mmg
components, given that one component has failed )
n - n :
o 1 nt. 0 1
= 5 P, Lo = r P, (T \( )
:1_0=1 0 '10 =1 0 k=1
. - k#l
g
j n n 0 .
N = 3 T T P, p! ..p! <
i=1 i,=1 i, =1 ' 0 5% 11 .
0 1 j- = 01 {)_)—1
11#10 13_1#1 JEL #1 d
' (5.14) ,
| o - N
Dernote ' . -2 -
1,;3. = the probability rate of tré.nsition‘ from state sj to state s. 1-, ’

i.e., the repair rate that any one of the j failed components
is repaired to operating condition given that j components

have failed, j = 1 2,..;n-r+1.

the o
S1m11ar15(, p. can be obtained by taking expectatmn of the j-th failure’

set of sta.te}\s = (.si, sJ vy 8 j ) to the (j~1)-th failure set of states

2’ .
. . n’
SJ—i =(sJ-1, sJ 1,..., j-1 } . It can be shown that for a first-
i 2 it - - .
come first- served one repa.u'rnan system. the repair rates are
1 R0 t ‘
l"” = E P' . p'i
ig=1 0 0 .
2 n n . 0 1 2 n 0o 2
B = z T P, P,. K. = I P W
~ i - ) fo- 't P i=t Yo Vo



Wo- %% z P’ p! . P! W
iozi 1i=1 1J_1=1 1o 0%y 104 1.]"1 0
i #i _
bo i g# L_Z#...ﬁfiﬁio (5.15) )
. i
=% P’ stz Snera,
it oo o

For a first-come first-served k r_epé.irrnan system, assume that

any failed component is repaired by only one of k repairmen thed the

repair rates are . ' , _ Q
n n n
' 1 -1
We= ¢ % . T B’ p P’ ¥
t=1 jr=f i =1 Yo fo't totitrtyog
0Tt M7 YT J
11#10 i {{_.1 }Ea'..#il#io (5.15a)
-1 j-2
— ]
where -
- o
yoo= ;% if i <k
m=0 m (5. 15b)
¥ = DI if i >k
" 1 .
m=0 m ‘
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Liet us denote
Pi(t) : Probability t_hatl the sys';tem is in state i_at time ‘t,
i=0,1,2,..., n-r+i,
. P o(t)=1 . _ ‘
. . . .

a

*Thus we can obtain the set of dlfference equatlons from the .
sequent1a1 flow graph Assume that the probability of more than one

transition in an 1nﬁn1te51ma.11y small interval (t, t+ At)is O(At) such that

. 0(at)
lim ——— =
At=0 L\t_ : L
We obtain the set of differential equations for the reliability function
et L P
' 0 1 i}
= - t
P0 (t) _?\ Po(t) + Pl( ) = L |
. i L
t i-1 i i i+1 .
= - .o,n-r-1
Pi {t) A Pi_i(t_:) { N+ ) Pi(t) + 1 P1+1l( ), i=1, n-r
1 n-r-1{ n-r zN-T
= . - ; t 5.16
Poee® = MR @ - 07T TR @ - (5.16)
' n-r
_ PAt) = X P___(t)
or m matrix form
P (t) = Pt). A ' . C(5.17)

" where P(t) is a row matrix

P(t) Pyt | Py() ... B () Pyt) ]

- n

and

A isa (n-r+2) by (n-r+2) matrix
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_ )\0 XO" .
: -1 { -
33 “(NHpT) A ‘
2 2 2
2 -Hef)
: | _
w3 \BoT
n-r-1 -r+i -r41 e i
a S C R T W G
1 n- ) ] )
u r _()\n I‘+IJ'11‘I') . ?\n r
0o 0 0 0 0 0
I J
The reliability of the system is - Lo,
n-r : .
R{t) = g% P, (t) . o - (5.18)
. 1 . ‘ .
1=0 | _
= 1 - Pf (t) |
Similarly the set of differential equationsfor the Availability function is
' -0 . i .
P (t)= =X P.(t) + p P, (t) o
0 ‘ 0 1 | o
i (5.19)
' i~ i i i+ _ :
= - i= 1.2 ...,n-r.
P, (t) NP8 - (V) P(t) + P (t), 1= 1,2, .oyneT
! ' n-r N ) n-r+i ] ~
.Pf (t) = L Pn_r(t),- ) Pf(t)
or in métrix form

where B is a (n-r+2) by (n-r+2) matrix
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30 20" ’
1 11 i
BN ) N
2 2 2 2
B =) oo
xn-r—l
' n- ' -r. - -
. IJ- r _( ?\n r+p.n I')l )\n by
- n-r+f

The availability of the system is

n-r

b2

tH

A () Po(t) - (5.21)

i=1

i

= .1- P (f)

The reliability and availability functions can.also be evaluated by a linear _
signal—ﬂ.ow graph [ 9,10]or bya stochastic transition signal-ﬂox.ﬂv graph [17]l .
Holweve'r closed form solutions for the reliability function and the availability
function a.re still not'availaﬁle;But, whereaswe can find a closed-form
solution f;:)r steady-state availability. The value of mean time to first

system faiBre can also be computed as stated in Section 5.2.2 and

5.2.3 .

1 5,2,2 Mean-time-to-first-system-failure

Since the reliability measure is also expressed by the mean time

to first system failure, " ,
A A
= = - .22
T . J R@) at | Ris) | oo (5.22)
o | ,

- .
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we evaluate _Tm for the r-out-of-n system, -

Define the notation

. A . ' .
P, = "P (=) = limsP(s) : ' {5.23)
1 1. 1 .
5-»0 '
. " on-r " -
Since R(t) = T Pi (£) , : ' (5.24)
i=o ‘
Then ﬁ
| R(s) |s=__o = | = PBls)|__. (5.25)
Hence ‘
‘ n-r . :
Tm = I Pi | ' . {5.26)
i=o _
The flow graph for cietermining' Pi is- shown in Fig. 5.4
There are n-r lorops
- o | R |
L _ A . B - e
1 - U o 1.4
A X AR
L. xi p.Z
A 1 12 2 '
(N} (N4 ) .
L-_ _ .Xn—r-ip'n-r |
W n-r ()\nrr—i+ﬁn—r~s()\n r+pn-r)
. i-1 i :
or L. = A op 1’ - - .o i=1,..., n-r (5.27)
i-1 - i i
- O lgdthot st |
: o
. p =0
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The graph determinant is
| n-r L n-r-2n-r ‘ n-r-4 n-rI-Zn-r .
A = - y+ T ¢ LL - . § & ¢ LLL ...
i=t ' og=t oy=3 0 T 0 j=3 k=5 * 1 k . ® ()
jti
it :
it (5.28)
? ~r+1/2
where R {A) = (-1)n r+t/ L.L_...L ifn-r is odd
: 173 n-r
n-r/2
-1
(-1) I"1L3 ) Ln—r-i
. _ >
+ (-1)n' ¥/ LZL‘...L if n-r is even
. 4° -
P. can be Shown as -
; \
po= ! a
0 : )LO
0
1 A
Py = [ 13/
0 AR
(5.29)
i-1 j i
T i=1 n-r
P. = J=O / A 7 LN
! N °=0
T (W) K
Therefore Tm = _PO + PI t o+ Pn-r
0 . 0 n-r-1
N
= [+ ki ittty A n-r n—r]/A
AT A+ AN ) (A e )
S
i-0 & :
n-r _ X OQ' 7 !
= [t+ g ( Jd=ei Y1/ N4 (5.30)
i=1 1
' 'rr ()qi+ o)
!
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Leaf 71 omitted
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5.2.3 Steady-state availability

-The steady-state flow graph of the system is the same as-

the one shown in Fig. 5.3 . The method of solving the problem is

based on

{ steady-state probability'ﬂowing out of state 5.}
. i

= {steady-state probability flowing into state 5.}
w 1

i=90,1,2,..., n-r+l

It can be readi.br/showh that

, il

o N
= _J]=© =
P1 : . Po i=1,
1 J -
w_ B
SRS
Hence - n-r . j .
S 5 X
P, = = _j=o p
£ n-r+i n-r+i  j o 0
. w B
i=1
Sin. n-r+i
ince - P - g
i=o : '
i-1 j
. n-r+i L A -1 L=
then Pyo= [1+ ¢ ( =2 ) 3 '
i=1 b oo
e
The steady-state availability is.
o ; n-r ; ' i-1 j
. N n-r+l T Ao
Ap= 1 -P =1 - (A% (14 po(dze )
H ’_L — .

i:wi . J o

- (5.32)

1

(5.33)2

(5.34)
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"5.3 An exampl-e'

.-';—J ’ " . ' )

L

Con;idcr a 3-o_ut—df—5 systemjthe low gx--a.phr.-is shown in - ; a

)

- Fig. 5.5.

-

-

5.5.1. Reliability and Availability modéls

v

Denote -

‘ _lgi(s) : The Lapiacé transform of P, (t) . R
. . i
A
‘ Pf(s) :  The Laplace transform of Pf(t)
: IQ (5)' : T_he Laplace transform ,o'f' R(t)

. L 1

The rc11ab111ty flow graph for determining Pf (5) is shown in Fig. 5, 6
Then® . ‘ .
| LA ‘ o

RAs) = P o(8) + P [(s) + 13\(5) = = - P, (s) (5.35)

IS\ (s) 15 the Sourc:e to—Smk Transrmssmn,

ﬁ\(s)
\E\

where A is the dete mlnant of the llow graph, T fis the pﬁth

(5.36)

. transmlssmn from source to sink (s-f- path) and Asf ist}Eeo-factor of the

1

" s- f—pa.th
There are 5loops in Fig.. 5.6, ' T l‘ o
g S 1 : A
o =A-“'k/? - o ' ]
o plepl) ‘ - : :
1. 4 5! .
2 2‘ l
L I ) ' : - B
r S8 , "
0t
L é L_L : \
o01q . ;3.2 ’
| N Q. X
bz - "2
B ‘



—

: 0 1 2.2 04 g2 . - \
AY = 1 4 [L + (A +p ) 4 (At ‘-)'_)\ }.2 A EL o
o ’ g 8 S \ _'3" . s s

: 0 i 4 0 .2 2 t 1 2 2 ‘042
, + E)\ (A +p ) A (N 4p ) O )0ty A }\Oui()\zmz_)
. <20 2 2 - 3 - N =]
B8 o s 5 s ,"'S .

0.t 122 .
AN HRT) (AR )
3

s L4

: '. - '+

—_

3.0 1.2 1 22 0.1 02 02 : .
= o 8 AN AN PN R )s (U N4 A +h0u +>\1>\2+x pl+pip2)s+kohi.k2

L . 3 i
B ] . - - 5 a . : |
. ) ) . -
Asf E t .
{
- - ;)\0)\ )\2 R
sf . 54 10 ';']
ot ’
. : \ .
Thus Pys) = =22 . (5.37)
© 8 . A . -
and from:' equation (5.35) C | ' !
. ] ‘ it , “ %, . )
AT . o o : i
R(s) = 8 + C1 s + C2 | _ !
' 3 > : - _ (5.38) . l
o tCys +CZS+C"3. | : - -
‘“where Ci =.'»J)\0+)\>+K'+p.1+p. , o . ’
. e - - | Boob
) . 2 02. 1.2 21 12
C2-='_).0k1._+)\_0)n +>\p-+hr\+hp+pp-- : :
c. = OhE - ‘ 3 !
3 . ;
. ; !
& i
L} E
. |
. .l o
; & 5 i
. - i
K . ’ .
. , T v :
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-, Similarly, the‘avéilz‘s."bil.ity flow éraph for détermining Plf\(s} is |

shown in Fig. 5.7. - : ‘ @' :
Then - | - =

A A A A 1 A -
oA = = - -
Als) = Pols) £ Pys) 4+ By(s) = T - B
~. and 'ﬁff'(-'s) is given by equation (5.36). :
b - P | .

There ar& 7 loops in Fig. 5.7,

L4

1, ..-_).\E_‘
: - 0 "_ 8
11 T
L = At )
o s
a - 2 2
S € W T |
2 -3
‘ I
- L3 = s
: 01
Lo A
01 2
. 'i >
i, — L_P‘_ , I
i2 2
. ] -
)\2 ‘3 i
L., = =t
23~ .72, - . |
/ 5 2

A = 1.‘-°[.L0|‘+\I'...1A+L2+L_3 :'L01‘+L12'+Lé3;]' -
\ + Ly +L0L2+I?..0L3+L:1L2+L1L3+I.j2.1_.3) | N e
oo . Ly, (L2+L3) %iiz(L6+L3+L23(;O+Li)J ' o ’
- [(I;,nL1I:2+LOL1L3+L(I)L.2L3.;!-L1in;3) T
I+'L0L11;23“.+L0L3L f’é*LstL;01 1
+ Lo L"iLZ‘ Ly o
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: 1.2
= +~—(x +A +?\+|J.+p.+|.t)+-

-

2
2(7\(?\+7\+}J.+}.L)+)\()..+}.L)

21 12 13 2
+?\p+1¢u+p#+pp3') N \ !
F10012 013 023 g1z3 302,173
.'. ‘ +_.3(xxx+xxp+xpp+ppp)_3\_?~_f_u_ ;
_ 5 - s ‘
-= 1 -
‘Asf, _ l‘
0)\1)\2 -.f
Tet 4 “'L
s -
- 0712 '
. S N S §
Thus Pfy(s)— 4 -
S 7. A , .
: .
d ./’\: | .
A0 s +dis3+d252+d;-g+d4 |
Als) = Z 3 R . (5.39)
. s( s +d'1s +dzs +d35 + d4 ) | g
o, .2 1 2 ‘
where d, = A +x 4 Fu o pt gl
. 0. 1.2 23 {2 21 12 13 2 :
d.2 = K(K+}\+}1+}.L)+K()\+}.L3)+_7\.|J-+|.L}J: L VS +;.Lp3 N !
0.1 2 23...123 - .
- d3 = X\ )\i?s. + ?\07\1)\3-.+,h0p. oo i i
- , : : W !
: _ . ‘ L
1 013 023 123 .o . B
.d3= LD N N T TR A TR TR TR : ‘ F
*‘ i
0.2 1 3 !
d4 R N0 S TR i l
For quantitative values of \'s, p's, rooté‘of the déhominator in : {
equations (5..38), {5.39) can be found and R{t} can be evaluated by ;
using a computer. | ‘ {

E’

—
ey ————



5.3.2 Mean-Tirne-To-First-System-Failure Model o . - o
The flow graph for determmmg P is shown in Fxg. 5.8. The ' Co !
graph determinant of Fig. 5.8 is ) 7 :
A = 1 - XO ""1 - )\1 P-z . i
d1° 0 .2 27
L LR A N T J\i-l-p.i o . S -
b2 - 1
= = |
(A WA ) e o | : o ‘ L:
Therefore A
' t
T =
o P0+P1+P2AT |
ST U G R G G
=t o~1T 1" o 1 172 2 /¢
. AA (M) N () (M Hp)
' " i / ‘ .
7 0.1, 0. 272 1122
- xk+..k(k+u)+(k+p)(x+p),
— — . 2 = .
20 x1 2N o .
5.3.3 Steady-state Avaiﬂiability " S
: ] o |
From equation (5 31) we have N '.
X0 i
= A p i
1 ’i * 0 7 - . ) i
T - . Ly
p. = X0l ' : 1‘
L2 "2 . i
. KO 1
2’ :
P = /’ xoxix = 3
3 123 0
[ L O : A
! r .
. - ;"F Y o 7] ~i
L .~ o
I/ ,J:'; .
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Using equation (5.33) -0 . 7 . E "
o . 0.1. 0 o :
P = [_1,+-L- + AN + l\_ﬁ_iﬁ_- -1 Lo T e T
'! o0 ' t - 12 ‘123.-l S . Lo

T o s B

R

R T . s
" Thus the steady-state availability is

Ay = Pyt P-1“+‘P2 T S o : o -
, 20 Z0!
(14 5p * T2
= ) A -
00 1 0,1

“a

‘ . 5.4. Concluding Remarks

Note that in equations (5. 14), (5.15), 7\ s and p. s are expressed

in suznmatxon form so that the quantitatwe values of }». s a.nd p 's can

@‘)Dund by using 2 computer

o The advantage of defining system states corresponding fo
numbers of failed component is that only transition between consecuﬁwe -
states .is. possible 80 tha.t evgaluatmns of ‘steady.- state avallablhty and

mean time to first system failure are stralghtforward.
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- Fig, 5.1 Markov gfaph for a '1—out.-of-3 system o
(a) general model (b) collapsed model
4 1
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o

CONCLUSIONS AND SUGGESTIONS FOR FURTHER STUDY

. w T
.
In tHis thes;.s _new ﬁnJ.te state Markov models are presented,
A simple Ma.rkov model is presented to charactenze dynammally
the reliability behavmr ofa component Furthcrmore the model
generalizes the lfxrth apd death process for a bounded path function..
Reliability prediEtion teéﬁni‘ques are presented for systems with -

" dependent failure and repair rates,

The follgdwing problemsmay be worthy of farther investigation.

A, Development of models and prediction techniques
- for the evaluation of the sys':tem reliability of
practical systems. in which domirant dependent

factors are taken ingo account.

2. Designation of an optimal policy in te'rmjs' of the cost
of Burn-in and the cost for the degree of the impro-

vernent of manufacturing techniques.
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.  APPENDIX S ‘s

In this ai:pendix the optimal values of a and b i’(ﬁr a given n-
are eval..uate‘d.' |
Let

git) =

1

numbers of the remaining Yéc;ative items at time t,
. : ! 1

" total numbers o} items tested o i=1,2,.4.

i.e., g(ti) is the probability of failurg-{ree ope}ation at time ti. and set

N "\.’ ' L
1P
Efa,b) = o 1 (R(t) - gl |

be 'the"mean square érrors of approximating g(t by R‘(ti), then our
problem is to find 2,b such that E (a,b) is a minimum. '

. For minimum E(a,b) we set §E(a,b)/ sa =0, §E(a,b) / §b'=0.

Solve N - 1 | \

 6E (a,b) Np R (t.) _
——— = _2 5 (R(t)- glt)) | |

Qa N j=1 . J : J ‘.I\.‘

¥ (A1) N

§ E(a,b) N : 5R (t. ) , - \\

_ =2 R (t.) - glt. ALl
e j}i1 ( (J) g(_J)) b ( )

P ' . oo } \ . ‘ . ‘ I



Y
- P
o ' SN
"ol ) -r9.2-- i C N
. -
ﬁhere_ ' ‘ N R
- 6. R(t, } . n 5 <:i (a,b) SR
. J = ( I o - Ci (‘a,b‘) p..i t.‘) * @
ba i=t ba . J ‘
6R{t;) © n 8 C(aB) C
_ -: E ( A ——————e————— Q (a’b) |J. _'t.) b
6b i=1 b ! _ nti )

after simple evaluati,c_:f; from (3.12),

and where el a'l»!-m' 0 -1k

ap o,

i i
. i
(‘\?ui bp D‘H.) tj i:
: (A2) /
| -
/

{ = :)(i-l-.'zn'

il

C. (2,b)
. 1 .

L

) U, {a,b) *= V. (a,b)-
RS i )

6 Ci (a,b)_ ( (i-"'i) = ‘x. (a’b)) H U. (a,b) e V_ (a’b).
’ 2 1,1 1 1
ba - a o
. n-1 k~i+1
+ U, (a,b) = T W . (a,b)( "
@b H0 2 W ()
& Ci {a,b) T :
— =- ( U (a,b) V. (3,B) X, ,(2,b)
i i R AR
6b ‘ . e e
| + U (2,0}( Z W
1 k:i 1. T .
where )
- i-1 ap
U, (a,b) = m - R .
' m=1 (s+tap_ + bpn-l-\r'hsj-( ap, + b}.tn+i)
ot ' n-1 k AR
Vi(a,b)= 1 .+ Z . r
" ksim™N st apm+1‘+bi+'m+l. :
1

m=1s+ap +bu 's=-(apk+bp ), k=im=i stap
m ‘ntm 1 n+i o m+l 1n+m

-~ Y
i

L (@B L fab) |

s-(ap; b )

‘1|\ \ 1 ) »
+b s==(ap'+bp)
"R 4mA1 (a“if L{'1)+i _

. Y
s (A3)

.

(A'.ﬁ)

§=4,2, =--, n-1

(AT

i=n



. ;.; 3= \‘\ ;‘L
- \ A
- " . \ l‘ :
’ “ ‘ ap_ . v 1o
\ m . i
w . {a,b) = ®w == _ - o : .
. L -0 . ) Ao
ik ' m=i 5+ ap + bp s=~(ap, + bp ) - ¢ -8) T
: . m 1 nfm+l . i o . : -
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g0 = E " T L a9
. ! m=1{ s+ap_+ bR s=-( ap, + 'bp,m_i) o
2T I " (A.10)
1 7 m={ s+ ap +bp.n+m s--( ap, +b:n+1) S .( )
W Al -
(a b) 1..(2 ;o2 (‘lm+1‘-ui) I
1.k. P -t Vot ay - (A.11)
ComEt et ag Ptma (3w iy ) .
x 2 (n n+m+1 hi) " ’ .
(Al 12}

SR 4 L fup) = T |
i .
. (i - .om= 8 + ap +1+ p. 0 s=~( ap, + bp.n+i )

after some evaluation. -
TRAN program is given, comprising

In the subsequent pages 2 FOR

one rmain prograrn and six subroutines, for computing t the optimal values

of a and b for a given n, and a FORTRAN program of computmg the

Markov hazard rate.
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NAME : © Ying Chin YEH
" BORN ‘: 1 June 1945, Taiwan, China
'EDUCATED :
Primary ": Taiwan . o .ﬁlil\

0 _ )

Secondary : Provincial Tainan First Middle School,-

Tainan, Taiwan.

University :

S

(a) Cheng Kung University,
Tainan, Taiwan, China,

. - 1967, B.S. in E.E.

{b) National Taiwan University,
Taipei, Taiwan, China,

1970, M.S. inE.E.





