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Abstract

In this thesis we deal with statistical inference related to extreme value phenomena.
Specifically, if X is a random vector with values in d-dimensional space, our goal is
to estimate moments of ¢ (X)) for a suitably chosen function ¢) when the magnitude
of X is big. We employ the powerful tool of regular variation for random variables,
random vectors and time series to formally define the limiting quantities of interests
and construct the estimators. We focus on three statistical estimation problems: (i)
multivariate tail estimation for regularly varying random vectors, (ii) extremogram
estimation for regularly varying time series, (iii) estimation of the expected shortfall
given an extreme component under a conditional extreme value model. We establish
asymptotic normality of estimators for each of the estimation problems. The theoret-
ical findings are supported by simulation studies and the estimation procedures are

applied to some financial data.
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Chapter 1

Introduction

Extreme value theory (EVT) provides an asymptotically justified framework for the
statistical modeling of rare events. For independent, identically distributed (i.i.d.)
univariate random variables, the theory dates back to the 1920s and the celebrated
Fisher-Tippett-Gnedenko theorem that describes possible limits of normalized max-
ima. The limiting distributions are called Weibull, Gumbel or Fréchet. The Fréchet
distribution has regularly varying (i.e., power-law tail with a positive index «/). This
distribution and its maximum domain of attraction are suitable models for describ-
ing heavy-tail phenomena. Regular variation also provides a link between EVT and
powerful probabilistic tools such as point processes and their weak convergence. The
theoretical foundations triggered the development of suitable statistical methods, in-
cluding the Peaks Over Threshold (POT) approach and Generalized Pareto Distribu-
tion (GPD) fitting. In the Fréchet domain case, different estimators of the tail index,
including the celebrated Hill estimator, were studied. Although some statistical chal-
lenges remain, one can argue that EVT for i.i.d. random variables is well understood

and summarized in research monographs like [18] or [12].

However, the situation is more complicated when dealing with dependent (sta-
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tionary or non-stationary) or complex (such as multivariate or function-valued) data.
In this thesis we deal with statistical inference related to extreme value phenomena.
Specifically, if X is a random vector with values in R?, our goal is to estimate mo-
ments of (X)) for a suitably chosen function ¥ when the magnitude of X is big.
Since X has values in R?, we have to clarify what does it mean that the vector is big.
This will be achieved by a notion of regular variation of random variables, random
vectors and time series. This powerful tool will allow us to formally define limiting

quantities of interests and guide us through the estimation procedure.

The structure of the thesis is as follows:

e In Chapter 2, we provide some preliminary technical tools that are used through-
out the thesis. We first introduce the notion of regular variation. We cite some
important results such as the Uniform Convergence Theorem, Potter’s bounds,
Karamata’s Theorem and Breiman’s Lemma. We then extend the notion of
the univariate regular variation to a multivariate case. We discuss the dis-
tinction between extremal independence and extremal dependence. Then we
introduce the concept of regular variation for time series. We also consider the
Conditional Extreme Value model (CEV). The CEV is introduced to deal with
situations when the regular variation fails to capture extremal behaviour, like

in the aforementioned extremally independent case.

Most of the material presented in Chapter 2 is based on existing literature (e.g.
[28]), which is clearly mentioned in the appropriate places. However, some of
the results presented in Section 2.2 (a quasi-spectral decomposition) and of Sec-
tion 2.4 (properties of the Conditional Extreme Value model) are new and can

be found in the authors’ papers, [26] and [27], respectively.

e In Chapter 3, we summarize several results on weak convergence of stochastic
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processes. We consider weak convergence and discuss weak convergence using
entropy methods. The results here are not new and we based our presentation

on, respectively, [5] and [31].

e In Chapter 4, we discuss the weak convergence for tail empirical processes, using
the theory described in Chapter 3. The tail empirical processes is an extremal
counterpart of the classical empirical processes. We prove the weak conver-
gence for tail empirical processes based on i.i.d. random vectors. The results,
as stated, are new, but they follow a relatively classical path. We also state a
functional central limit theorem for tail empirical processes based on regularly
varying time series which is adapted from [25]. Finally, we prove a functional
central limit theorem for tail empirical processes based on i.i.d. extremally in-

dependent random vectors, which is new and based on the author’s paper, [27].

e Chapter 5 deals with the statistical inference and is the main part of the thesis.
These results are new and they can be found in the author’s papers, [26], [27]
and [30]. First, in Section 5.2, we discuss the estimation for i.i.d. vectors under
extremal dependence. We propose an alternative nonparametric approach for
estimating the conditional tail distribution that is based on the quasi-spectral
decomposition. We argue that the estimation procedure based on the quasi-
spectral representation may lead to an improvement in terms of efficiency or in
terms of the conditions required to achieve asymptotic normality, as compared
to other nonparametric methods. Then, in Section 5.3, we extend the ideas of
the preceding sections to the problem of estimation for regularly varying time
series with extremal dependence. We prove the asymptotic normality of ex-
tremogram estimators using deterministic and random levels. We present the

examples of AR(1) and a stochastic recurrence equation and conduct simula-
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tion studies and data analysis. Finally, in Section 5.4, we proceed with estima-
tion under extremal independence, specifically using the Conditional Extreme
Value model developed in Chapter 2. We also estimate the Marginal Expected
Shortfall. We construct an estimator and derive its asymptotic normality. We
compare the applicability of our results with [8]. We argue that our approach

is more applicable than in the latter reference.



Chapter 2

Preliminaries

In this chapter we discuss some preliminary technical tools that are needed in the
thesis, in particular, regular variation and measures of extremal dependence.

In Section 2.1 we introduce the notion of regular variation. First, in Section 2.1.1
we define regular variation of deterministic functions and quote important results like
the Uniform Convergence Theorem, Potter’s bounds and Karamata’s Theorem. The
results in this section are not original and they can be found in standard literature like
e.g. [7] and [28]. Then, in Section 2.1.2 we introduce the notion of vague convergence
and its relationship to weak convergence. Again, the results are taken from the
literature, e.g. [28]. In Section 2.1.3 we consider regularly varying random variables.
We connect regular variation to vague convergence and the latter to weak convergence
of conditional probabilities. Then, we establish different moment bounds and tail
asymptotics, like Potter’s bounds and Breiman’s Lemma. The results are not original
(see e.g. [28]), however, we re-prove some results to illustrate the techniques used.

In Section 2.2 we extend the notion of the univariate regular variation to mul-
tivariate regular variation. We include an important distinction between extremal
independence and extremal dependence. The regular variation implies the quasi-

spectral decomposition. This decomposition has not yet appeared in the literature in
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the present form, however, we note that in the time series context this decomposition
is known as the spectral tail process; see [3] for details.

In Section 2.3 we introduce the concept of regular variation for time series. As
in the multivariate case, we link regular variation to quasi-spectral decomposition.
Several examples (AR(1), solutions to Stochastic Recurrence Equations and threshold
ARCH) are given. The contents are again based on the existing literature.

In Section 2.4 we consider the Conditional Extreme Value model. This set-up
was studied rigorously in [20], [10] and [23]. Connections of CEV to the marginal
expected shortfall were mentioned in [27]. Some results in Section 2.4 are new and
can be found in the latter reference.

Section 2.5 introduces the extremogram, the measure of extremal dependence for

time series. We follow [11].

2.1 Univariate regular variation

In this section we introduce the notion of univariate regular variation of functions
and random variables. Most of the material is well-known and is taken from stan-
dard references like [7] and [28]. Some of the results are re-proven to illustrate the
techniques.

The structure of this section is as follows:

e Section 2.1.1 contains important results on regularly varying functions including

the Uniform Convergence Theorem, Potter’s bounds and Karamata’s theorem.

e Section 2.1.2 deals with an important concept of vague convergence. Compari-

son to weak convergence is discussed.

e Section 2.1.3 contains results on regular variation of random variables. We

link regular variation to vague convergence of measures, and the latter to weak
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convergence of conditional distributions. Furthermore, important results like

Potter’s bounds and Breiman’s Lemma are stated.

2.1.1 Regularly varying functions

Definition 2.1.1 A function f defined on [0,00) is said to be reqularly varying at
infinity if the limit

J () (2.1.1)

e (@)

exists for all t > 0.

With this definition, we can show that f(x) = z7log(z), v € R, is a regularly

varying function. Indeed

71 1 1
lim f(tz) = lim (tz)7 log(tx) — 7 lim og(t) +log() _—
ztoo f(x)  zotoo 27 log(z) s—+oo  log(x)

Similarly, one can also prove that functions such as f(z) = 27 log(log(z)) and f(z) =
27 (log(x))?, v, B € R, are regularly varying.

Under the single assumption that the function f is measurable, the following
Uniform Convergence Theorem characterizes the form of the possible limits and the

nature of the convergence.

Theorem 2.1.2 Let f be a positive measurable function defined on [0,00) such that

for allt >0, the limit (2.1.1) exists. Then there exists v € R such that

)
mh_)rgo (@) =17, (2.1.2)

for all t € (0,00) and the convergence is uniform on compact subsets of (0,00).

Moreover,
e Ifv >0, the convergence is uniform on sets [0,b], 0 < b < co;

e if v <0, the convergence is uniform on sets [b,00], 0 < b < 00;
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e if v =0, the convergence is uniform on sets [a,b], 0 < a < b < oco.

The parameter v is called the index of regular variation. If v = 0, then the
function f is called slowly varying (at infinity). In fact, each regularly varying function

f with index ~ can be expressed as

f(x) = a7l(z)

where / is slowly varying. The uniform convergence implies the following result.

Lemma 2.1.3 Let a, and b, be sequences of nonnegative real numbers such that
ap, by, — 00 and lim,_, a, /b, = ¢ € (0,00). Let f be a regularly varying function at
infinity with index v € R. Then

_ flan)
Jim Fbn) ¢t

Proof: Write f(an) = f((an/bn)b,). The conclusion of the lemma is immediate

by noting that for ¢ > 0, f(tb,)/f(b,) — 7 uniformly on [a,b], 0 < a < b < o0; see
Theorem 2.1.2. i

Remark 2.1.4 We can modify the result as follows. Let a,, and b, be sequences of
nonnegative real numbers such that a,,b, — 0 and lim,,_, a, /b, = ¢ € (0,00). Let

f be a regularly varying function at zero with index v € R. Then

_ flan)
Jim Fbn) ¢t

We now state Potter’s bounds.

Proposition 2.1.5 Let { be a positive function defined on [0,00), slowly varying at
infinity, locally bounded away from zero and oo. Then for each € > 0, there exist

positive constants c., C. such that, for allx > 1 and y > x,

cer” < Ul(x) < Cext, (2.1.3)
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ce (g) < % <C. (%) . (2.1.4)

We note that ¢(x) = log(z) does not fulfill the assumptions of the above proposition,

since it explodes at zero. In such cases, Potter’s bounds hold for x large enough. This
suffices for most of the applications.

One of the most quoted properties of regularly varying function is “Karamata’s
theorem”. It states that the integral of a regularly varying function is regularly

varying, unless the index of regular variation is —1.

Theorem 2.1.6 Let f be locally bounded on [0, 00), ultimately positive and regularly
varying at infinity with index v € R and let § € R.

(K1) If B+~ < —1, then [ t°f(t)dt < oo and
/OO tf(t)dt ~ —(v+ B+ 1) a7 f(x) .
(K2) If B+~ > —1, then [[“t° f(t)dt = co and

/ SRt~ (1 B4 1) P f ()

1

(K3) If v+ B = —1, then the function L defined by L(z) = [ ¢°|f(t)|dt is slowly
varying and 2° f(z) = o(L(z)).

Note: The proof is not original, the goal was to understand it and learn the technique.
Proof:  The integrability properties in (K1) and (K2) follows from Potter’s bounds.
Since f is regularly varying with index -, there exists a slowly varying function ¢ such

that f(z) = 27¢(z). Consider the case v+ 5+ 1 > 0. Then,

L _ [ aesllsm)
i ), PO = [ o0

By the uniform convergence theorem, if y+3 > 0, then the convergence of s777¢(sx)/((x)

to s7*7 is uniform on [0, 1] and thus the proof is concluded. If v + 8 € (—1,0], a
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little bit more care is required since the convergence is then uniform only on intervals
la, 1] with @ > 0. The trick is to “add and subtract” some ¢ > 0 small enough so that

v+ 3+ 1—¢e>0. Write then
/ el g / gl

Now the Uniform Convergence Theorem yields that s¢(sx)/¢(x) converges to s¢ uni-

formly on [0,1]. Since v+ f+ 1 —¢€ > 0, we can apply the bounded convergence

theorem and we obtain

1 E 1 ef 1 1
lim 37+5ﬂ ds = / s7HP=€ lim s(sz) ds = / ST dg = ——
=00 [ /p {(x) 0 z—o0 ((x) 0 y+B+1

The case v + < —1 is similar (and simpler). Consider now the case v+ f = —1.

We must prove that if ¢ is slowly varying at infinity, then L(z) = [ s '{(s)ds is
also slowly varying and dominates ¢(z). Assume without loss of generality that ¢
is positive. For ¢ > 0 and z large enough, we have, by the Uniform Convergence

Theorem,

L(z) [* {(sz)ds 15(81‘)% oe(1/e
0 =i 2] d s

Thus, limsup,_,., L(z)/¢(x) > log(1/e), and since € is arbitrary, this implies that
lim, o0 L(2)/¢(x) = c0. Next, to prove that L is slowly varying, note that for ¢ > 0,

we have, by the Uniform Convergence Theorem,

Ltz) = L(z) + ((z) / é((sf)) % ~ L(z) + () log(t) .

1
Since we have just proved that ¢(z) = o(L(z)), this shows that L(tz)/L(x) — 1,1ie. L

is slowly varying. i

2.1.2 Vague convergence on R\ {0}

A Radon measure on R\ {0} is a measure on the Borel sets which is finite on relatively

compact sets. The examples of relatively compact sets on R\ {0} are [a, b] for a > 0,
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b < oo and [—o0, —1] U [1,00]. On the other hand [a, c0) for a > 0 or [a, b] for a < 0,
b < oo are not relatively compact sets. In short, a relatively compact set in R\ {0}

cannot contain the origin.

Definition 2.1.7 A sequence of Radon measures {v,,n € N} on R\ {0} is said to
converge vaguely to a Radon measure v, denoted by v, — v, if lim, o v, (A) = v(A)
for all relatively compact Borel sets A which are continuity sets for v, that is v(0A) =

0, where QA 1is the topological boundary of A.

Vague convergence on R\ {0} is characterized by the intervals [z, c0] and [—oo, —1]
for z > 0 such that these intervals are continuity sets for the limiting measure v.
That is, it is enough to show that v, converges to v on sets [z, oo] and [—o0, —z].

The vague convergence can also be characterized by functions. Denote v, (f) =
[ f(z)v,(dx). The sequence v, converges vaguely to v if and only if lim,, e v, (f) =
v(f) for all functions f which are continuous v-almost everywhere with compact
support.

The fact that f only needs to be continuous v-almost everywhere is very impor-
tant when dealing with +00. A function f defined on (0, co] is continuous at infinity
if and only if its restriction to (0,00) has a limit at infinity. If the measure v puts no
mass at infinity (which will be the case of the measures of interest hereafter), then

such a requirement is not needed.

Weak vs. vague convergence. Weak convergence is defined in terms of bounded
continuous functions, whereas vague convergence is defined in terms of continuous
functions with compact support only. This distinction makes both types of conver-
gence significantly different. A sequence of finite measures may converge vaguely to
an infinite measure, although the limiting measure must be finite on each compact set.
If a sequence of probability measures converges weakly, then the limiting measure is

a probability measure as well. If it converges only vaguely, then the limiting measure
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may not be a probability measure. For instance, it is possible that a sequence of

probability measures converges vaguely, but not weakly, to the null measure.

2.1.3 Regularly varying random variables
Regular variation

Let X be a random variable. We assume that the so-called tail balance condition

holds:

xh_)r&% =pe0,1], (2.1.5)
for some p € [0,1]. A consequence of the tail balance condition is that the right tail
of | X| is also regularly varying with index —a for some o > 0. The parameter p is
called the skewness of (the distribution of) X. If p = 1 then the left tail is said to
be lighter than the right tail. This is the case, in particular, when X is non negative.

If p = 0 then the right tail is lighter than the left tail. The tail balance condition

excludes oscillating or other pathological behavior of the tail.

Definition 2.1.8 A random wvariable X with distribution function F is said to be
reqularly varying with index —c, o > 0, if its survival function F = 1 — F is reqularly

varying at infinity with index —« and the tail balance condition (2.1.5) holds.

We will then indifferently say that X is a regularly varying random variable with
index of regular variation —a or with tail index a.

Vague convergence

The regular variation of a random variable X can be equivalently expressed in terms
of vague convergence of measures on R\ {0}. To this purpose, we have the following

theorem. To state it, we will call {c,} a scaling sequence if ¢, — oo if n — co.
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Theorem 2.1.9 The random variable X is reqularly varying if and only if there exist
a scaling sequence {c,} and a non zero Radon measure v, that has no mass at {00},

such that the sequence of Radon measures
nP(c,'X € ) (2.1.6)

converges vaguely on R\ {0} to v.

Moreover, if ¢, and ¢, are scaling sequences such that
nP(c;'X €-), nP(d, ' X €-)
converge vaguely to non zero measures v and ' on R\ {0}, that have no mass at
{£o0}, then ¢, /c, converges to a non zero finite limit and v is proportional to v'.

Note: The proof is not original, my goal was to understand it and learn the technique.
Proof: We prove that regular variation implies vague convergence for measures
in (2.1.6). For simplicity we assume that X is positive.

Let X be a regularly varying random variable with distribution function F'. The

quantile function of F' (or of X) is its left-continuous inverse F'*, defined on [0, 1] by
Fo(t)=inf{z: F(x)>1t}.

It can be shown that F' is regularly varying at infinity with index —a < 0, if and only
if the function é defined on [1, 00) by

Q(t) = F (1 —1/t) (2.1.7)

is regularly varying at infinity with index 1/a. The function é will be called the
upper quantile function of X, since by definition, for ¢t > 1, @(t) is the quantile of
order 1 — 1/t of X. Equivalently, the function

Qp) = F~(1—p) (2.1.8)
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is regularly varying at zero with index —1/a.

Define the sequence ¢, by

e =Q(n) . (2.1.9)
Then it holds that

lim nP(X >¢,) =1. (2.1.10)

n—oo

With this definition, the regular variation of F' implies that, for all z > 0,

lim nP(X > ¢,x) =2 .

T—r00
Since vague convergence is characterized by the convergence on intervals [x, oo], this
precisely means that the sequence of measures nP(X € ¢,-) converges vaguely on

R\ {0} to the measure v, defined on (0, 00) by

va(dy) = ay™ im0 (2.1.11)

that is,
nP(X €c,) > v, . (2.1.12)
|

Vague convergence and conditional probabilities

Assume for simplicity that the random variable X is nonnegative and regularly vary-
ing. We have
nP(c'X €) S v, , n— oo . (2.1.13)

The sequence ¢, can be replaced by a regularly varying function ¢ defined by c(t) = ¢y

and

xP(—E)lﬂ/a, T — 00 .
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The function ¢ can be assumed to be non decreasing and thus we obtain equivalently

F@P (X er) S v,, T — 00 (2.1.14)
or
Pz 'Xe:) .
I . 2.1.15
PX > 1) — v, T — 00 ( )

This can be rewritten in terms of conditional probabilities. For y > 1,

lim P(X >y | X >2) =y * =v,((y,]) . (2.1.16a)

T—r00

That is, the conditional limiting distribution on [1,00) of X/x given X > z is the

standard Pareto distribution with tail index «.

Bounds and moments

We now state (and re-prove) a version of Potter’s bounds for regularly varying random

variables.

Lemma 2.1.10 (Potter’s bounds) Let X be a nonnegative random variable with
a reqularly varying right tail with inder —«, o > 0. For each € > 0, there exists a

constant C', such that for all x > 0 and all y > 0,

% < Oy v 1)+ . (2.1.17)

Note: The proof is not original, my goal was to understand it and learn the
technique.
Proof: If y <1, then P(yX > z) < P(X > z) so the requested bound holds
trivially with C' = 1. Assume now that y > 1. Then, for € > 0, writing P(X > z) =
x~%(x), the Uniform Convergence Theorem yields

PlyX >xz) lz/y) e l(tx)(tx)
x> Y i SV S e

< Cey™te.
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Potter’s bound can be used to prove the celebrated and useful Breiman’s Lemma.

Theorem 2.1.11 (Breiman’s Lemma) Let X and Y be independent non negative
random variables, such that X is regularly varying at infinity with indexr —a,, a > 0
and there exists € > 0 such that E[Y*T] < co. Then XY is reqularly varying with
inder —av and

. P(XY >ux)
lim ————= =E[Y9]. 2.1.18
oo P(X > 7) Y] (2.1.18)

Note: The proof is not original, my goal was to understand it and learn the
technique.

Proof:  For x > 0, define the function G,(y) = P(yX > z)/P(X > x). Applying

Lemma 2.1.10, for any € > 0 there exists a constant C' such that for all y > 0,
G.(y) <CAVy)*te. (2.1.19)

By definition of regular variation, the sequence of functions G, converges pointwise
to the function y — y® as * — oo. If E[Y*T] < oo, the bound (2.1.19) allows us to

apply the bounded convergence theorem, which yields (2.1.18). |

We have proved a slightly stronger result than Breiman’s Lemma, namely that
the sequence of functions G, (y) converges to y? in LP(Fy) for any p < 1+ ¢/a, where

Fy is the distribution of Y.

Proposition 2.1.12 (Truncated Moments) Let X be a random variable with dis-
tribution function F. If F is reqularly varying at infinity with index —c, a > 0, then
E[X?] < 00 if B < a and E[XP] = oo if B > a and

E[XP1{x<u)] Q@
li S 2.1.20
xljglo g;ﬁF(:Lv) B_a ’ 6>a’ ( )
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EX*lxse)] @
li — = . 2.1.21
TR a-p 7P (2.1.21)

Moreover, E[X®] may be finite or infinite, the function x — E[X*L{x<u] is slowly
varying at infinity and

. E[Xa]]-{X<x}]
| _— = . 2.1.22
ey R (2.1.22)

We will use vague convergence to prove (2.1.20). The limit (2.1.21) is obtained
similarly.

Note: The proof is not original, my goal was to understand it and learn the
technique.
Proof: (Vague convergence proof of (2.1.20))
Let v, be the measure defined on (0, oo] by v, ((y, >]) = P(X > zy)/P(X > x). Then
v, converges vaguely to v, on (0, 00] and

EX lixeny) ' 4
ﬁ@fsa—lv%@”

For ¢ > 0, by vague convergence, it holds that
1 1 1 _ _B-a
1
/ VP v, (dv) :/ Vv, (dv) = C(/ v Py = ol =€) :
€ € € B -«
When € — 0, the latter quantity converges to the required limit. Thus, there only

remains to prove that

€

lim [ v’v,(dv) =0. (2.1.23)

e—0 0

By the Uniform Convergence Theorem, we have, for n such that g —a —n > 0,

j€606»¢<dv>==/3j€€fﬂ_a_l_"€£%€%§§gxzd“

< Ce/ v dy = O(Pom) |
0

This yields (2.1.23) and concludes the proof. i
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The limits (2.1.20) and (2.1.21) entail the following bounds. There exists a

constant Cp such that, for all z > 0,

EXP1lixepn] < Cpa’F(z), a<p (2.1.24)

EXP1xsn] < Cpa’F(z), a> 4. (2.1.25)

2.1.4 Examples

e Standard Pareto. Let X be a Pareto random variable with distribution function

F(x)=1—2"% for x > 1. Then X is regularly varying with index —a.
e Reciprocal of normal.

Lemma 2.1.13 IfY ~ N(0,1), then X = |Y|™Y8, 8 > 0, is reqularly varying
with index —f3.

Proof: Clearly
P(X =P ! =P(|Y !
Let z = 1/2”, then z — 0 when x — co. We have

P(X>z)=P(Y|<2)=2P0<Y <2)~ z asz—0.

2
V2T
Hence,

2
P(X>x)~—2x_6 as v — 00 .
T
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2.2 Multivariate regular variation

In this section we consider a multivariate regular variation, an extension of the pre-

viously studied univariate one. Specifically,

e In Section 2.2.1 we define the multivariate regular variation and discuss its

consequences. The material is based on classical theory, e.g. [28];

e In Section 2.2.3 we introduce the Marginal Expected Shortfall (MES), one of the
risk measures used in finance. MES is well defined under multivariate regular
variation. However, it can vanish and this will motivate us later to consider

Conditional Extreme Value model in Section 2.4.

e Section 2.2.4 deals with a quasi-spectral decomposition of regularly varying

random vectors. This is a recent tool, developed in the context of time series

by [3].

2.2.1 Definition

We start with the following definition of regularly varying random vectors. We denote

0=(0,...,0) € R

Definition 2.2.1 A vector X = (X1,..., Xq) in R? is (multivariate) reqularly vary-
ing if there exists a non zero Radon measure vx on R* \ {0}, called the exponent
measure of X, such that vx (Ed \ RY) =0 and a scaling sequence {c,} such that the

measure nP(c;' X € -) converges vaguely on R* \ {0} to the measure vx, i.e.
nP(c'X €) Svx, onR'\{0}. (2.2.1)

The limiting measure is homogeneous with some index —a, o > 0. Let C be a
relatively compact set in R?. For y > 0 denote yC' = {yc: c € C}. Then vx (yC) =

y “vx(C). We call —« the index of regular variation of X.



2. Preliminaries 20

The above definition implies that either all marginal distributions are regularly
varying with the same index —a or there exists at least one such marginal and others
are lighter. In the latter case the limiting measure is degenerated in the sense that it
is concentrated on a subspace of R?. For example, if d = 2 and X, X, are regularly
varying with the indices —a, —f3, 8 > «, then the limiting measure is concentrated
on the axis that corresponds to Xj.

To cover the case of unequal margins, the concept of multivariate regular varia-

tion can be extended to:

Definition 2.2.2 A vector X = (X1, ..., Xq) in R? is (multivariate) reqularly vary-
ing if there ewists a non zero Radon measure vx on R’ \ {0}, called the expo-
nent measure of X, such that vx (Rd \ RY) = 0 and a scaling vector {c,}, where
¢n = (Cnas--sCna), such that the measure nP(c,'X € -) converges vaguely on

R’ \ {0} to the measure vx, i.e.
nP(c,'X €) S wvx, onR\ {0}. (2.2.2)

Here, for two vectors a = (ai,...,aq) and b = (by,...,by), the operation a/b is the

coordinatewise division.

Here and in the sequel, we are focusing on the situation described in Definition
2.2.1. Now, we proceed as in the univariate case. The sequence ¢, in Definition 2.2.1
can be replaced by a regularly varying function ¢ defined by c(x) = ¢f,) and (2.2.1)

becomes

(=)
P|—€-| vy, T — 00 .
c(x)

The latter convergence is equivalent to

X v,
¢ (z)P (— € ) —Vx , T — 00 . (2.2.3)
T
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Let ||-|| be anorm on R?. The homogeneity of the measure v x and the application

of the convergence (2.2.3) to the set {x : ||x| > y} yields, for all y > 0,
lim ¢~ (@B(|X] > 29) = vx({a: 2] > y}) =y vx({z: 2] >1}).

Since vx is not identically zero, it must hold that vx ({x : ||| > 1}) > 0. This
proves that || X || is regularly varying with index —a and

P(x*lX € vx(:)
P(X[>2)  vx({z: =] >1})

(2.2.4)

where again vague convergence holds on R’ \ {0}. If the sequence ¢, in (2.2.1) is
chosen as ¢, = Qx| (n) (cf. (2.1.7)), then vx ({z : ||z > 1}) = 1.
The vague convergence and the homogeneity property imply also that for each

1=1,...,d and y > 0 we have

with

vx({x: |z >1})
vx({z: |zl >1})

It may happen that ¥J; = 0 for some, but not all, indices ¢. This means that some of

191‘:

the components may have a lighter tail than the others, but there must exist at least
one component with tail index . For instance, if X; is a Pareto random variable and
X, is has a standard exponential distribution (not necessarily independent of Xj),
then (X, Xs) is regularly varying. The exponent measure is concentrated on the x
axis, and ¥ = 0. (We described such a situation previously to motivate Definition
2.2.2).

However, if all the random variables X;, 7 =1, ..., d, have the same distribution,
then necessarily 97 = --- =194 > 0 and all the subvectors of X are regularly varying
with the same tail index. In such a case (2.2.4) yields

o () Pz 'X e . vx(-) e
() = pmisn  oxle w1y rxt) (2.25)
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Note that the restriction of ¥4, to [1,00) x R? is in fact a probability measure. Hence,
the above vague convergence becomes weak convergence.
We finish this subsection with the important distinction between extremal inde-

pendence and extremal dependence.

Definition 2.2.3 If the limiting measure vx in Definition 2.2.1 is concentrated on
the axes we say that X has extremal independence. Otherwise, the vector has extremal

dependence.

Two typical situations for extremal independence are as follows. Let d = 2: If
X5 has lighter tail than X5, then the limiting measure is concentrated on horizontal
axis. If X; and X, have the same distribution but extremes of the same order do
not occur together (for example when X; and X, are independent), then the limiting

measure is concentrated on both axes.

In what follows we will need the following lemma.

Lemma 2.2.4 Let X be a reqularly varying random vector such that all components
have the same distribution function F' and are reqularly varying with the tail index
a. Let ¢ : RT — R, be a homogenous function with index . Let C' be a relatively

compact set in R’ \ {0}, s > € >0 and assume that for some § > 0 and xo > 0,

1 X

———E " [ =) Lixesmey| < 0. 2.2.6

e ™ [ (7) toxena] < e
Then

, 1 X Cu
" [w (?) H{XGS“’”}} - /c‘”(”)'”‘(d”) |

Proof:  Since v is homogenous, it is also continuous. We note that (2.2.6) implies

that

lim [ ¢ (v)vx(dv) < oo . (2.2.7)

T—r00 C



2. Preliminaries 23

Let v > 0 (the proof for v < 0 is analogous). For any A > 0 we have

ria ¢ (5) tir] =

1 X 1 X
— _—E — ]]_ sx ]]. T ——E - ]]- s ]]- x
7o) l@/) ( x) (xesscy Lwox/ >3A}} T F ) {@/) ( l,) (xeseCy Lp(x /z)>4)

e First term: we can just use the vague convergence

1 X
lim —F [ ( =) Lix o< Lixesecy | =
A E ) {@b(x) fu(x/x)<aylixe c}}

v F(dv) F(szdz)

I T N gy SRR
dm | V\G) eemsa e = im Y 52) Tpeasay Fz)

= 8’y lim 1/1 (z) ﬂ{w(sz)gA}VX (sdz)

Tr— 00
=5 / V(%) Ly(szy<ayvx (dz)
C

and we let A — oo which is allowed by (2.2.7).

e Second term: We have for § > 0,

1 X 1 X
mE [@/) (?) IL{XEszC}]l{w(X/z)>A}} <A 6mE VHS (;) ]]-{XESJJC}:|

and the term vanishes by letting first + — oo, then using (2.2.6) and finally

letting A — oo.

2.2.2 Tail Dependence Coefficient

Consider a bivariate case (X7, X3). Assume that (X, X5) is regularly varying in the
sense of Definition 2.2.1 with the exponent measure vx. Then the following limit

exists:

. ]P)(Xl > x,Xz > l’)
lim
T—00 P(Xl > :L')

T—00
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As mentioned above, the limit is nonzero in case of extremal dependence, while it
vanishes in case of extremal independence. Again, as mentioned before, extremal
independence can occur in several way, in particular, when X, has lighter tail than
X1. In the latter situation, it is however possible that the following limit does not

vanish:

ATpC = }}_}I%P(XQ > Qx,(p) | X1 > Qx,(p)) . (2.2.9)

where recall that for a random variable X, Qx(p) = F{ (1 — p); cf. (2.1.8). The
above quantity is called the Tail Dependence Coefficient. If A\ypc = 0 then we
will say that X; and Xy are asymptotically independent, otherwise if Arpc € (0, 1],
then they are asymptotically dependent.

Summarizing, if X = (X;, X») is regularly varying, then

e X is extremally independent if the exponent measure in the Definition 2.2.1 is

concentrated on the axes and in particular the limit in (2.2.8) vanishes;
e X is asymptotically independent if the tail dependence coefficient is zero;

e [t is possible that the vector is extremally independent, but asymptotically

dependent, like in the case of Xy = st, ¢ € (0,1);

e The concept of the tail dependence coefficient can be extended to arbitrary

random variables, not only those that are regularly varying.

2.2.3 Marginal Expected Shortfall

Financial institutions are required to calculate risk measures (credit risk, systemic
risk, operating risk among others). One of the typical approaches is to evaluate Value-

At-Risk of a loss variable X with a distribution function F, that is the quantile
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Qx(p) = F5 (1 —p) of the loss distribution function, when p is small. The Value-
At-Risk has some properties that are not desirable, like not being a coherent risk
measure (cf. [1]). Furthermore, it does not measure severity of the loss, when it
occurs. Alternatively, one can consider the conditional value-at-risk, which in the
case of continuous random variables is equivalent to Expected Shortfall (ES) defined

(if it exists) as
EX [ X >Qx(p)] -

This idea can be extended to multivariate portfolios. We will consider the bivariate
case d = 2 only and write (X,Y) for (X;,X3). In particular, Marginal Expected
Shortfall (MES) is defined as the expected loss of an equity given the occurrence of
an extreme loss in the aggregated portfolio. In this set-up, the previously mentioned
random variable X denotes the portfolio loss, while the new random variable Y de-
scribes the loss from one particular equity (another possible interpretation is that X
and Y denote a loss of the entire financial market and of the particular company,

respectively). In mathematical terms we can write MES as
6(p) = EIY | X > Qx(p)] . (2.2.10)

Under the assumptions of Lemma 2.2.4 (see also Corollary 2.4.4 below in a more

general context of the Conditional Extreme Value model) we have
lim E Y | X > Qx( ] / / v (dv, du) (2.2.11)
im v, du) 2.
r=0 [ Qx(p) *

where we write v for the limiting exponent measure of the vector (X,Y') as in Defi-

nition 2.2.1.

As mentioned before, there exist two fundamentally different cases: either the
exponent measure v is concentrated on the axes or it is not. The former means
extremal independence and the latter extremal dependence. In case of extremal de-

pendence the right hand side of (2.2.11) does not vanish and multivariate regular
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variation can be used to study MES. As for the extremal independence we consider
again two situations: either the exponent measure is concentrated on both horizontal
and vertical axes, like in case of two independent regularly varying random variables
with the same distribution (let’s call it the situation A), or v lives only on, say, the
horizontal axis. The latter situation appears e.g. when Y has asymptotically lighter
tail than X, like in the trivial situation Y = X? ¢ € (0,1) (we call it the situation
B). Regardless the situation, in case of extremal independence, the limit on the right
hand side of (2.2.11) vanishes. We do not gain useful information about the expected

shortfall from the regular variation of the vector (X,Y).

The assumption about the regular variation of (X,Y") can be modified as follows.
Let Fy and Fy~ be the distribution and the quantile functions of Y. If Y is regularly
varying with index a > 1 and the limit

1
lir% —P(X > Fy (1 —px),Y > Fy (1 —py)) = R(z,y) (2.2.12)
p—0p

exists for (z,y) € [0,00] \ {(c0,00)}, then (cf. [8])

[e.9]

. Y B o
Il)lg(l]E v ) | X > QX(p)] = /:13:0 R(z=* 1)dx . (2.2.13)

We note that in (2.2.11) and (2.2.13) we have possibly a different scaling factors in
the denominator. This approach can also possibly resolve the situation B described
above, since (2.2.12) is in fact the tail dependence condition for the ”standardized”
variables Fx(X), Fy(Y). That is, R(1,1) is the tail dependence coefficient defined
in (2.2.9).

However, it is still possible that R(x,y) = 0. This would be typically the situa-

tion A described above. Such situations will be resolved in Section 2.4.1.
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2.2.4 Quasi-spectral decomposition

In this section we assume for simplicity that all random variables are nonnegative.
As in the univariate case, we can link vague convergence to weak convergence of
conditional probabilities. For example, regular variation implies for y > 1 and A, B,

relatively compact sets in R \ {0}, R \ {0},

hm ]P)(xilXEAX(y,OO]XB‘Xz>x): VX(AX(y7OO]X§37Z

a—o0 vx([® ™ x (1,00] x R

(2.2.14)

In this spirit, regular variation implies the following quasi-spectral decomposition.

Proposition 2.2.5 Let X be a reqularly varying random vector with non-negative
components and such that all the components are regqularly varying with index —c.

Then conditionally on X7 > z,

X, X X

-1 1 2 d

Xq,..., X — ..., —

X ( 15 ) d) ) ( T ) Xl’ ) Xl)

converge in distribution as x — oo to random vectors (Vy,..., Vy) and (V1,04,...,04),

respectively where
1. Vi has the standard Pareto distribution;
2.0, =V;/Vi,7=2,...,d and (O, ...,0) is independent of V.

Note: The proof follows the lines of [3].

Proof: Since X is regularly varying we have for A € R,

iy D@ X € (y00] x A) - wx((y,00] x A)
eTreo P(X, > x) vx ((y,00] x Ri-1)

If moreover y > 1, the left hand side becomes the conditional probability

lim P(27'X € (y,00] x A | X; > 7).

Tr—r00
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In other words, conditionally on X; > z, z7* X converges weakly to a random vector,
say V. = (Vi,...,Vy). Therefore, for any f : R? — R bounded and continuous we

have

lim E [f (z7'X) | X; > 2] =E[f(V)].

T—00

Now, let g : R — R be bounded and continuous. Then

X, X X, X, X X,
Elg( 2222, 24 | Xy>a| =B |f (222 22 | Xy >z,
r X Xy x x x

where f(uy,...,uq) = g(uy,us/uy, ..., uq/uy) is also bounded and continuous when-

ever u; > 1. Hence,

. X, X X,
i B g (33205 1X0> 0] =BV Vol = Bl ViV VW)

In other words, conditionally on X; > =z,

XX,
converges in distribution to (Vi, Va/Vi,...,Va/Vi) = (V1,0,,...,0,4). It is obvious
that V; has a standard Pareto distribution. We claim that V; is independent of
(Og,...,0,). Indeed, for A; CR,i=2,...,d,
P(% >y,% €Ay, - ,%l € As| Xu >:c>
IP’(% >y, €Ay €A Xy >x)

IP)(X1>.I'>
Xo X
]P(Xl > XY, X 6142,"' 7)(_? 6Ad>]P>(X1 >IL‘y)

IP’(1X1 > xy) P(X; > )
P(X; > zy)
P(X; > z)

X5 Xy
—P (2 cAy - e Ayl X
(Xle 2 7X1€ d| 1>.I'y)

1

Va Va
Pl—=€A,, -, — €Ay | PV .
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On the other hand,

X1 X2 Xd
P(— 2 cA -, —cA X
(l’ >y7X16 2 7X16 d‘ 1>l‘>
Vo %
—P(Vi>y, —€Ay---,—€cAy].
(1 yVl 2 v, d)
Hence, (03 = V5 /V4,...,04, = V;/V) and V; are independent. |

Remark 2.2.6 Throughout the paper the quasi spectral-decomposition into Vi and
(Oa,...,0,) is obtained by conditioning on X;. We can condition on X; for any
j. Note however that for each different j we get different vectors V  (that depend
formally on j).

Remark 2.2.7 In extreme value theory it is a common practice to standardize marginals.

Define
0w = (125) @

Then V; = U(X;), j = 1,...,d, are regularly varying with index 1. Under the
conditions of Proposition 2.2.5, the decomposition of the limiting conditional law of
Vi, .., Va becomes VI, Oy, ..., 0y, where V{ is the standard Pareto, while ©; = O,

j=1,...,d.

Representation of conditional tail distribution

We use the quasi-spectral representation to express the conditional tail distribution.

The proof follows closely [3].

Proposition 2.2.8 Let X be a reqularly varying random vector with non-negative
components and such that all the components are regqularly varying with index —c.

Then for ja, ..., 51, Ji+1,-- -5 Ja € {1,...,d} and y; > 0 we have

lim P(Xj,,, >y, 2, ... X, > v,z | X1 >0, X, >2,...,X; > 1)

T—00
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E[(%) A...A<@+f> A Q0 A...@aA1]
. Yo Yig J2 Ju

E[©%A---0% A1)

(2.2.15)
Proof: Proposition 2.2.5 implies that for y; > 1, y9,...,y4 > 0,

lim P(X; >y, ..., Xg > yar | X >2) =P(Vi > y1,..., Va > ya)

T—r00

=P(V1 > y1,ViO2 > 1, ..., ViOq > y4)

= a/ P(Oy > yo/u,...,04 > yaq/u)u * 'du
Yy

1V1

a/ P ((%) >u Y (%) > u_o‘) uw du
y1V1 Y2 Yd
E[(iA%A...%> ] ,

Y1 Y2 Yd

Furthermore,

P(le+1 >yjl+1x7”’7de >ydeL' | X1 >ZL‘,X]'2 >IL‘,...,le >fL’) =
]P)(XjQ >IL‘,...,le >17,le+1 >yjl+1x""7de > YT | X >l’)

P(Xj2>17,...,le>fL'|X1>ZL')

and the result follows. |

We note that the numerator and the denominator in (2.2.15) can be expressed as

limits. In particular, via Proposition 2.2.5, the numerator in (2.2.15) equals

X, X, X X;
limE{g( 2o T Tw o ]d>|X1>x}
7o X X1 Y X YK
with a bounded and continuous function g(us,...,us) = (ug A --- Aug A 1)*. Conse-

quently, for y > 0, and setting (X1, Xs) = (X,Y)

limIP(Y>yx|X>x):EK@A1)a}: limEKLX/\l)a|X>x} .

(2.2.16)

This representation will be used for statistical inference.
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Representation of conditional tail expectation

The proof of the following result is original.

Proposition 2.2.9 Let X be a reqularly varying random vector with non-negative
components and such that all the components are regqularly varying with index —c.

Assume moreover that for some 6 > 0 we have

sup E <00 . (2.2.17)

>0

(%) |X1>ZL‘,Xj2>ZL',...,le>17

Then

a E[0;,(0,N N0, AL .
a—1 E[OF A...AO% A1
Proof: = We note first that (2.2.17) implies that o > 1. Let A C (0,00). Proposi-

X
E|: Id |X1>$,Xj2>l’,...,le>fL':| =
Xz

tion 2.2.5 implies that as x — oo

EVi,1p<v,, < lvis1,v;,>1,...v;,>13]

X
E|™1x com | Xi>2, X, >2,...,.X; >2| —
[x (X <an} | X1 >0, X5, > @ Z 4 E[O% A...AO% A1]

A computation similar to Corollary 2.2.8 yields that the numerator in the last ex-

pression is

(%

— - [0/, (), Ao AO AT

Furthermore, (2.2.17) implies

A—=00  gy00

X.
lim limsup E [%H{den/l} | Xi> 2, X, >z, X, >

< lim A%limsupE

A—ro0 T—00 x

X 146
(l) ‘X1>$,Xj2>x,...,le>x]:0.

In particular, if @ > 1 then setting again (X, X») = (X,Y),

T—00 T a—1 o — 1 z—o0

Y Y
lim E [— | X > x] =2 EOy) =2 lmE {} | X > x] = Norp (2.2.18)

and the limit is strictly positive in case of extremal dependence, that is when the

limiting exponent measure vx in (2.2.1) is not concentrated on the axes.
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Quasi-spectral vs. spectral decomposition

We recall the following well-known result (see [28, Theorem 6.1}). Let || - || be a norm
on R? and let S*! be the associated unit sphere. A vector X in R? is regularly
varying with index —q« if and only if there exists a constant ¥ > 0, a probability

measure A* on S9! and a scaling sequence {c,} such that, for all y > 0,

nP (HXH > Cny, > = Jy A", n— o0,

X S
Xl
where vague convergence holds on (0, cc] x §"~1. The crucial difference is that in the

quasi-spectral decomposition the limiting vector does not lie on the unit sphere.

2.2.5 Examples

The following lemma shows how to generate regularly varying random vectors. The
result can be considered as standard in theory of regularly varying random vectors,

but we provide a proof of it.

Lemma 2.2.10 Assume that
o R s reqularly varying with index —a;
o Z = (Zy,7y) is such that E|Z,|*" + E|Zy|**° < oo for some & > 0;
e R and Z are independent.

Then X = (X4, Xs) = RZ is reqularly varying.

Proof: For simplicity, we assume that Z; 4 Zo, and 21,75 > 0, R > 0. To show
that X is regularly varying we need to show that there exist a sequence ¢, and a

measure vx such that

nP(c, (X1, Xs) € ) S vx(-).
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Equivalently, since we assumed that the marginals are the same,

P(l‘il(Xl, Xg) c )

Fx, 5o vx0)

for a measure v% (-). The vague convergence is considered on ([0, oo] x [0, o0]) \ {0},

hence it suffices to show that for y;,ys > 0,
P(r~ (X1, X3) € ([0,31] x [0, 30])°)

— V}(([anl] X [O>y2])c) :

]P(Xl > I‘)
We have
P(a™! (X1, X5) € ([0, 3] x [0,52])°)
]P(Xl > I‘)
_ ]P)(Xl > l’yl) i P(XQ > l'y2> B ]P)(Xl > l'yl,Xz > l'y2> (*)
]P)(Xl > 33') P(Xl > .I') ]P)(Xl > 33') .

First, by Breiman’s Lemma (see Theorem 2.1.11), since EZ8™ < 0o, we have

P(Z1R > xy1) R
P(ZiR>z)

Similarly,

P(ZyR > wys) .
P(ZoR >z) 2

as ¢ — oo. For the third term in (*) we have

P(X1 > 2y, Xo > 2y) EP(R > xZ—?f>R > % | Z1, Z5)]

P(X; > ) B P(X, > z)
CEPR>x(ZVZE)| 21, 2)] E P(R>az(4VZ)|21,22)] P(R> 2)
P(X, > x) B P(R > ) P(Z\R > )
v,y 1
—-E||l=V= .
(Zl Zz) E(Z7)

We can exchange the limit with integration by Potter’s bounds (see Proposition 2.1.5).
iy
z- \/ =

(Zl Z2)

We apply Lemma 2.2.10 to the bivariate ¢ distribution.

Hence,

U ([0,01] X [0,10])) = 97" + 4, * +E

E(Zy)
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Example 2.2.11 Bivariate t. A two dimensional random vector X = (X7, X5) is
said to have the bivariate ¢ distribution with v degrees of freedom, mean vector p

and with 3 denoting the covariance matrix if X has the stochastic representation
v
VS

where S ~ x2 and Z ~ N(0,X) are independent. X is regularly varying with index

X=p+—F7272,

v. Indeed, 1//S is regularly varying with index —v which can be clearly seen for the
case of v =1 (see Lemma 2.1.13). Finally, the regular variation of the vector follows

from Lemma 2.2.10.

2.3 Multivariate regular varying time series

In this section we introduce the concept of regular variation for time series. As in the
multivariate case, we link regular variation to quasi-spectral decomposition following
the lines of [3]. Several examples (AR(1), solutions to Stochastic Recurrence Equa-

tions, threshold ARCH) are given.

Assume that {X;,j € Z} is a strictly stationary regularly varying time series
with values in R?. This means that all the finite-dimensional distributions are (mul-

tivariate) regularly varying with a positive tail index «; that is for all A > 0,

IP’(:E*l(Xo,...,Xh)e.) “ '
PiXo o) el (2.3.1)

for some non-zero Radon measure v, where —» denotes the vague convergence in

Rd(h+1) \ {0}, R=RU {—00,00} and | - || is a vector norm on R¢.

Tail process and spectral tail process. Let ||-|| be a norm on R?%. Since {X,j €
Z} is regularly varying, there exist processes {V;,j € N} and {©;, j € N} such that

for each h > 0,

7 (X, ..., Xy,
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conditionally on {||X|| > =}, converges in distribution to Vi, ..., V}, and
(X0, X0)
T I 0y++-s<xh)
1 Xoll
conditionally on {||Xy| > z}, converges in distribution to (®y,...,®y). In par-

ticular, V', = ||V||®), for all h > 1, V; and {©®;,j € N} are independent, while
P(|Vo| > vy) =y y > 1. See [3]. We note that formally the limiting processes
{V;,j € N} and {©,,j € N} depend on the choice of the norm | - ||. We call both
processes the tail and the spectral tail processes, respectively. We note that the term
spectral is not to be understood in the usual sense, since the random elements ©; are

not concentrated on the unit sphere in R?.

2.3.1 Examples

In this section we provide several examples of regularly varying time series. We give
(without a proof) conditions for existence of the stationary solution as well as regular

variation. The formulas for the tail and the spectral tail processes are given.

Example 2.3.1 Consider AR(1) process X; = pX;_1 +¢;, where, for simplicity, p €
(0,1) and {e;,j € Z} are i.i.d., nonnegative and regularly varying random variables.
The unique stationary solution exists and is given by
X;=) peju. j>0.
k=0
The stationary solution is also multivariate regularly varying and the tail index of X

agrees with the tail index of y. In particular, as © — oo,
1
P(Xy > x) ~ 171?(50 > ),
J— pOé

cf. [18, Lemma A3.26]. Furthermore, we have

. P(XO >z, X > 33')
lim
T—00 ]P(XO > x)

= (2.3.2)
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that is, the tail dependence coefficient equals p®. The above formula means also that

the tail process has the form V; = Vjp®, where V} is Pareto-distributed with index «.

This also means that ©; is degenerated, ©; = p. In general, ©; = p/*.
We verify (2.3.2):

I; IP)(AXPQ > x,Xl > .T)
z—00 P(Xy > x)
. P(Xo > x,pXo+ 61 > 1)
= lim
T—00 ]P(XO > x)
P(Xy > z, pXo > )
T—00 P(Xy > x)
= ].lm — Y =
z—o0 P(Xy > 7)

On the other hand, for § € (0,1)

P(XO >x, X > 33')

P(Xy > x)
 P(Xo>z,pXo+e1 > 2,60 >02)  P(Xo >, pX0+e1 > 7,6 < 01)
B P(Xo > ) P(Xo > )
- P(Xy > x)P(e; > dz)  P(Xo > z, pXo + 0x > )
P(Xy > x) P(Xy > x)
(1-9)
— P(e; > d1) + FXo > o X0 > 77

]P(X() > ZL‘)

Choose § so small so that 4=2)

> 1. Letting z — o0, we get

. P(X0>17,X1>17) 1-0\ “
lim < .
z—00 P(Xy > ) p

Now, letting 6 — 0, we have

. ]P)(XQ >z, X > ZL‘)
1 < p*.
e P(Xp>a)

Therefore, (2.3.2) holds. Similarly, we have

- P(Xo > wyo, X1 > 2y1) —1\ @
1 = Vv
lim P, > 1) (Yo Vyrp™)
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Example 2.3.2 Assume that {X,} is an AR(p) model
Xj=01 X+ -+, X, +¢, 720,
that satisfies the following conditions:
e the innovations {¢;} are i.i.d. and regularly varying with index a;

e the spectral radius of the matrix (the supremum among the absolute values of

the elements in its spectrum)

¢1 ¢2 ¢p

10 0
5= ,

10 0

is smaller than 1.
o if @ <2, then Y%  |¢;]? <1 for ¢ = min{l,a}.

The AR(p) process can be embedded into an RP-valued vector-autoregressive Markov

chain
Y; =%Y, 1+ Z; (2.3.3)
with
Y= (X5, 0, Xjp)", Zp=(g,0,...,0)7 .

Since the spectral radius of ¥ is smaller than 1, the stationary solution to (2.3.3)
exists and is given by Y; = > 2 ¥*Y, ;. Since the innovation sequence {e;} is
regularly varying, the chain {Y,} is also regularly varying with index . The AR(p)
process is recovered by taking X; = ¢(Y;) with g(y) = g(vo, ..., ¥p) = yo and {X,}

is also regularly varying. We refer to [14] for more details.
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Example 2.3.3 Assume that {(A;, B;),j € Z}, are i.i.d. random vectors of nonneg-

ative random variables and define
Xjt1=AjnX;+ Bjir .

The stationary solution exists whenever —oo < E[log Ag] < 0 and E[log™ By] < oo;
see [2]. If there exists a > 0 such that E[AS] = 1, E[Ag log’ Ay] < oo and E[BS] < oo,
then the marginal distribution of the stationary solution is regularly varying by [21]

and [19]. Moreover, the sequence { X} is also regularly varying; see [2]. Furthermore,

. P(Xo >x, X > {L‘)
| =E[(Ag A 1)?].

This defines the tail dependence coefficient between X, and X;. We also have the

formula for the spectral process:
J
0, =]J4.
i=1
Example 2.3.4 Let £ € R. Assume that {X;} is T-ARCH model

Xj = (blo + bllX?_1)1/2€j]]-{Xj,1<§} + (b20 + bngjz_l)l/26j]]_{Xj712£} s (234)

that satisfies the following conditions:

the innovations {e;,j € Z} are i.i.d. such that E[|eo|’] < oo for all 8 > 0;

e the innovations have a density fz not vanishing in a neighbourhood of zero and

bounded;

the Lyapunov exponent
7 = plogbyt” + (1 — p) log by” + E[log(|eo])]

where p = P(gy < 0), is strictly negative;
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° (bll V b21)q/2E[|€0|q] < 1.

Under the stated conditions, the Markov chain {X;} has a stationary solution, see
[9, Theorem 2.2]. Moreover, the stationary distribution is regularly varying and the

index of regular variation of X is obtained by solving
31 El ol *Lco] + 051 Elleo| " Leyzo] = 1

see again [9].

2.4 Conditional Extreme Value (CEV) model

Consider the case of d = 2 and assume for simplicity that all random variables
are nonnegative. When the limiting measure in the definition of the multivariate
regular variation (Definition 2.2.1) is concentrated on the axes, we have extremal
independence and no information about joint behaviour of extremes can be inferred
from vx, where X = (Xj, X3). In order to deal with this, we consider the so-called
Conditional Extreme Value assumption, studied rigorously by [20], [10] and [23]. Since

we consider the bivariate case only, we will write (X, Y') instead of (X7, X5).

Assumption 1 Assume that X and Y are nonnegative random variables. There

exists a scaling function b and Radon measure p on (0, 00] X [0, +00] such that
1 X Y
—P(|—,— €| > — 2.4.1
st (i) €)oo .
on (0,00] x [0, 4+00] and for all yo > 0,
a. the measure p([yo, 00| X ) on Ry has no mass at +00;
b. the measure p([yo, 00| X -) on Ry is not concentrated at a point;

c. the measure p(- x Ry) on (0,00] has no mass at +oc.



2. Preliminaries 40

We say that (X,Y) is CEV with the function b.

The most important consequence of Assumption 1, is that the function b is regularly
varying with index ¢ € R (see [20, Proposition 1] and [23].) To put emphasis on the
regular variation of the function b, we call ¢ the conditional scaling exponent (see
[23]). Furthermore, Assumption 1 implies that the variable X is regularly varying
(with index «). On the other hand, there is no distributional assumption on Y.
These properties are the key features that we will use for the statistical inference.

Let us collect several further comments on Assumption 1; see [20], [10] and [23].

e The conditions a-c are the non-degeneracy assumptions. For example, part
¢ applies to the first coordinate only and can be recognized as the standard

condition for the stated regular variation of X;

e [f the random variables X and Y are independent, X is regularly varying with
index a and Y has distribution Fy, then b(x) = 1 and the limiting measure is
the product measure, pu = v, x Fy, where v,(dz) = ax=* *dz, x > 0. It is
possible that the limiting measure is the product measure even if X and Y are

dependent, see Example 2.4.7;

e There is no general relationship between the multivariate regular variation (as
stated in Definition 2.2.1) and Assumption 1. In particular, the multivariate
regular variation with extremal independence (that is, when the measure vx is
concentrated on the axes) does not imply that Assumption 1 holds, see Example

2.4.9;

e However, if the vector (X,Y') is multivariate regularly varying in the sense of

the Definition 2.2.1 and Assumption 1 holds, then:

— For the scaling function we have b(z) = x in case of extremal dependence.

In this case the measures vx and p coincide on (0, 0o x [0, o0];
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— For the scaling function we have b(x) = o(z) in case of extremal indepen-

dence.

The following lemma can be thought as the extension of Lemma 2.2.4 and was proven

in [23].

Lemma 2.4.1 Let Assumption 1 hold. Let g : R, — R be a continuous function.

Assume moreover that there exists & > 0 such that

supE{

zeRy

gt (%)' | X > x} <00, (24.2)

Then

lim E {g (%) | X > 4 - /100 /OOO g(v)p(du, dv) . (2.4.3)

The next lemma shows how CEV is preserved under marginal transformation of X.

The result is original.

Lemma 2.4.2 Let (X,Y) be CEV with function b. Let f be a strictly increasing
continuous function such that f* is reqularly varying with index 1/, v > 0. Define

X = f(X). Then (X,Y) is CEV withb=bo f*.
Proof: It suffices to prove that for y;,ys > 0, the limit

lim P(Y < b(z)ys, X > a2y, | X > )

T—00

exists and is finite. We have by setting v = [ (z)

~ - - P(Y < b X X
PY < b(a)ya, X > gz | X > 2) = DO < 0@)g2, X > gor, X > )

P(X > x)
_PY < b(f<(2))y2, X > 2(y1 V 1)) _ P <O(fT(2)y2, X > [T (x(p1 VD))
P(X > z) P(X > f<(z))
P (Y < b(o)ye, X > [ (@) R ) P (Y < bo)ys, X > vl )

P(X > v) B P(X > v)
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If © — oo, then v = f<(x) — oo. Since f is regularly varying with index ~, we

know that %w converges to c(y;) = (y; V 1)/7. Then

lim P(Y < b(2)ys, X >y | X > )

= Jim ZE RS ) ), ), 0,30

2.4.1 Marginal Expected Shortfall

Assume again that X,Y are nonnegative. In Section 2.2.3 we consider the Marginal

Expected Shortfall (cf. (2.2.10))
0p) = EY | X > Qx(p)]. (2.4.4)

We concluded that it vanishes under extremal independence. The CEV assumption

allows us to resolve this issue. Instead of considering the limit (2.2.11), that is

e |2 x> 0x)] = [ [ wiavaw,

we will study

. Y
E%E[MQX@»

where Qx(p) = F% (1 — p). In order to do this, we have to justify the existence and

|X>Qﬂﬂ,

finiteness of the limit

. Y
Nerg(g) = limE [

P B 0x () | X > Qx(p)} (2.4.5)

for some g > 0.

The following result is original contribution from the author.
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Lemma 2.4.3 Let Assumption 1 hold. Let ¢ > 0. Assume that one of the following

conditions is satisfied:

a) There exists § > 0 such that

limsup E

T—00

<0

(Wi))ﬁé | X >«

b) The limiting measure p is the product measure and E[Y?] < oc.

Then for s > sq > 0,

lim =——F Lixsgsy | = 972 “p(du,d 0, 2.4.6
im 0 (bq(x) (x> }> s /1 /0 vip(du, dv) € (0,00) ( )

and hence

Nere(q) :/ / vip(du, dv) . (2.4.7)
1 Jo
Conversely, if (2.4.6) holds then q¢ < «.

As noted above, if (X,Y) is regularly varying with extremal dependence, then As-
sumption 1 is automatically fulfilled with b(z) = x. Hence, recalling that in this case

the measures v and p coincide, we have

Corollary 2.4.4 Assume that (X,Y) is reqularly varying with the measure v that is

Y q+6
(—) |X>x]<oo,
x
1

Y4 00 0O
lim =——FE (—]l{an}) = sqo‘/ / vy (du,dv) € (0,00) . (2.4.8)
x)  \ s 1 Jo

not concentrated on the axes. If

limsup E

Tr—r00

then for s > sq

The existence of the limit in (2.4.7) is a key to estimation of #(p) defined in (2.2.10).
We conjecture that g¢ < « suffices for the finiteness of (2.4.6).
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Proof: (Proof of Lemma 2.4.3)
We start by noting that since the random variables X and Y are nonnegative, the
limit on the right hand side of (2.4.6) would vanish only when the limiting measure
p is concentrated on the horizontal axis. This is prevented, however, by Assumption
1b).

Now, we proceed with the proof of finiteness. For a) the result follows from [23],

while it is obvious under the assumption b). As for the converse, for A > sy set

//yududv

This quantity is finite by the assumption and its finiteness implies lim4_, 4(q) = 0.

On the other hand,

La(g) = lim Fxl(x)E { bﬂ) IL{X>zA}]
— lim Fi((xA) bi(zA) i 1 l Y4 Loy A}
woo Fy(z) bi(z) Fy(zA)  |bi(zA) 7oA

o BAEA) [y

Hence, lim_,o, 14(q) = 0 if and only if o > go.

Finally, replacing A with s in (2.4.9) yields the right hand side in (2.4.6). i

2.4.2 Examples

Example 2.4.5 This example can be treated as a generic model for CEV. Assume
that X,V are independent regularly varying random variables with index o > 0. For
¢ € (0,1) define Y = X?V. By Breiman’s lemma (see e.g. Theorem 2.1.11), Y is
also regularly varying with index « and tail equivalent to X. The pair (X,Y) is

bivariate regularly varying with index —a and the exponent measure concentrated on
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both axes and hence extremally independent. Also, the tail dependence coefficient
vanishes.
Since the sets (s, 00] x [0, ¢] characterize the measure in (0, co] x [0, 0], to verify

that (X,Y) is CEV with the function b(x) = 2%, it suffices to calculate

lim P(X > 2s,Y < 2%t)/P(X > 2) .

T—00

Regular variation of X entails

’ P(X > xs,Y < 2%) , P(X >xs) PY > 2%, X > xs)
im = lim —
T—00 ]P(X > x) T—00 P(X > :L') ]P(X > x)
o P(Y > 2%t X > xs)
=5 “— lim .
T—00 P(X > x)

Now, for the latter let v = xs, then

. P(Y > 2%, X > xs) . P(Y >0%t/s? X >v) .. P(X > xs)
lim = lim im
T—00 P(X > x) v—00 IP)(X > v) T—00 IP)(X > x)

V— 00

=5 lim P(Y > v%/s? | X > v) = s—a/ P(V > 2%t/s%)az"*"dz .
1

The last equality above follows from calculation of the limiting conditional probabil-

ities. Let F'x be the distribution function of X. Then

P(Y > v, X > v)
. ¢ — 1 ’
UIEEOP(Y>U t|X>U)—U1LI§O P(X > v)

1 1 =
= lim —— P(X°V > %t X > ) = i 7/ P(2°V > v%t) Fx(d
I e s EX >0) = i gy | PtV > o) Eldr)

1 oo oo
= lim — / P(V > 2 %) Fx(vdz) = / P(V > 2 %)az*"'dz .
1 1

The above integral is finite since floo az % 'dz = 1. We can interchange the limit
with integration by dominated convergence theorem by noting that the measure
[0}

Fx(v-)/Fx(v) converges weakly on [1,00) to the measure v((z,00)) = 2~ °.

In summary, CEV is fulfilled with b(z) = z¢ and

(5, 00] x [0,1]) = 5~ (1 - /1 TR > z—¢t/s¢)a2—a—1dz) |
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Example 2.4.6 As in [20, Section 6.2.1], let (U, V') be a bivariate regularly varying
random vector with the exponent measure v that is not concentrated on the axes.
Hence both U and V' are regularly varying with index « and tail equivalent. As such,
we can write

P YU, V)e-) .
P(U > u) v

on [0,00]?\ {0}, as u — co. Let (U;,V;), i = 1,2, be independent copies from (U, V).
For ¢,60 € (0,1) define

(X,Y) = B(U,, V) + (1 = B)(UY, Va)

where P(B =0) =P(B =1) = 1/2 and B is independent of U;,V;, i = 1,2. Both X
and Y are regularly varying with index « due to Breiman lemma and in fact P(X >
x) ~ 0.5P(U > z) as © — oo. Furthermore, (X,Y) is bivariate regularly varying,
with extremal independence (even though (U, V) may have extremal dependence.)
This implies that the tail dependence coefficient vanishes. CEV is satisfied and the
scaling function is given by b(z) = 2. Indeed, by repeating the argument in [20],

i

0 .. P(Y >2t X >uas
=5 % — lim
T—00 IP(X > :E)

=t p((s, 00] x [0,1]) .

P(X >uas,Y <at) P(X >xs) PY >a%, X > xs)
oz | P(X > 1) P(X > x)

)= {1 - w((100] x (195, 0])

In fact, only the part B(Uy, V;?) contributes to the limit. Indeed:

P(Y > 2%, X > xs) PV > 2%t Uy > xs) P(Vy > 2%, UY > x5)

=0.5 +0.5

P(X > x) P(X > x) P(X > x)
P(V > (zs)t/?/s,U > xs) P(U > ws) P(U? > xs)
~ P(U > xs) P(U > x) ( P(U > x) )

as x — oo and clearly the big O term vanishes since 6 € (0,1).
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Example 2.4.7 We present a modification of Example 7 from [10]. Consider a pair
(X,Y) with the following distribution function:

(1-—27*)(1 -y
L4 (zy)—

F(x7y> =

We note that this example is generated from the Ali-Mikhail-Haq copula with § = —1.
The marginal distributions of X and Y are clearly Pareto with index —a. CEV

assumption is fulfilled with b(x) = 1 and the limiting measure is the product measure
ul(s,00] x [0.1]) = s7(1 7).

Example 2.4.8 Assume that X is a regularly varying random variable with index
a > 0. Let ¢ € (0,1) and assume that U is a nonnegative random variable, inde-
pendent of X such that E[U*/¢*9] < oo for some § > 0. Define Y = X¢U. By
Breiman’s lemma, Y is also regularly varying with index a/¢. The pair (X,Y) is
bivariate regularly varying with index «, with the exponent measure concentrated on
the horizontal axes, and hence extremally independent. The main difference between
the current situation and Example 2.4.5 is that the extremal independence here is
linked to different tail behaviour of X and Y. CEV assumption 1 is satisfied with the

scaling function given by b(z) = .

Example 2.4.9 We now give an example, where the conditional laws do not exists.
Consider a pair of dependent standard normal random variables &;,&; and define
X =e% Y =% with e < 1 /2. Then X and Y are regularly varying. In this case,
extremal independence holds for the bivariate distributions, but a non trivial limiting
conditional distribution for ¥ given X > z does not exist. See [20, section 2.4].
In this case our approach using CEV is not applicable, however, due to extremal

independence, the method of [8] cannot be used as well.



2. Preliminaries 48

2.5 Extremogram

Assume that {X;,j € Z} is a strictly stationary regularly varying time series with
values in R?. In [11] the authors introduced the extremogram as a measure of eztremal
dependence for the stationary regularly varying time series. Assume that A4, B C R?
are sets that are bounded away from zero and such that vgo(A) > 0, von(0(A x

R4"=1 x B)) = 0. Then the following limit exists:
pap(h) = lim P(X, € xB | X, € zA) € [0,1] .
T—r00

We call the sequence pag(h), h > 0, the extremogram of {X,}.

Spectral tail process representation of the extremogram. For a norm || - ||
on R? take A = B ={u € R?: |Ju| > 1}. Let {V;,j € N} and {®,,j € N} be the

corresponding tail and spectral tail processes. Then the extremogram becomes
lim P(X, €xzB | Xo€xzA)=P(V, € B)=P(|Vy||®) € B)
T—>00

~ B(Valllew > ) ~E | / ay Iy | =E[|@ A1) . (251)

yy> (1O~ n{y>1}

Thus, for the specific sets A and B the extremogram can be represented as the
expectation of the spectral tail process. The choice of the sets A, B may seem to
be restrictive, but suffices in most applications. Also, one can easily extend our
considerations to the case of two different norms. For our choice of the sets we will

write p(h) to denote the corresponding extremogram. We note further that

X (e}
) =Ell@u AL = lim B | (1A AL) 11Xl > ]
I E Ll

Tail Dependence Coefficient. Assume here that {Xj,j € Z} is a univariate reg-
ularly sequence of nonnegative random variables. The marginal distribution function

is denoted by F'. The tail dependence coefficient at lag h is defined as

7(h) = lim P(X,, >z | Xo > x) .

T—00
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Thus, 7(h) = pag(h) for A= B = (1, 00).



Chapter 3

Weak convergence

In this chapter we summarize several results on weak convergence of stochastic pro-
cesses. In Section 3.1 we consider weak convergence in the space D, the space of all
real-valued functions that are right-continuous and have left limits, equipped with
the Skorokhod Ji-topology. Then, in Section 3.2, we discuss weak convergence using
entropy methods. The advantage of the latter is that it is in a sense dimension-free.
The results here are not new, we base our presentation on, respectively, [5] and [6]

(Section 3.1) as well as [31] (Section 3.2). We will use this theory in Chapter 4.

We start with the following classical discussion (see e.g. [6, Section 5]). Let S be
an arbitrary metric space and let S be a class of Borel sets. Recall that a sequence
{P,} of probability measures (defined on S) converges weakly to a probability measure

P if for all continuous functions f : S — R we have
lim | fdP, = /fdP.
n—oo
We write P, = P. The above definition is not very easy to use, hence alternative

criteria for weak convergence are needed. A sequence {P,} of probability measures is

relatively compact if every subsequence { P, } contains a further subsequence {P,,, }

such that P

niw = P for some probability measure P. We note that there is no guar-

20
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antee that the limit is the same for all subsequences. However, if finite dimensional
distributions of P, converge weakly to P, then also the entire sequence converges
weakly to P. Hence, relative compactness plus convergence of finite dimensional
distributions yields weak convergence of probability measures.

The relative compactness is still not the property that is easy to work with.
Instead, one can consider tightness. A sequence of probability measures { P, } is tight
if for every € > 0 there exists a compact set K € S such that P,(K) > 1 — e
Due to Prokhorov’s theorem (see e.g. [6, Theorem 5.1]), tightness implies relative
compactness.

As a consequence, we conclude that tightness along with convergence of finite
dimensional distributions yields weak convergence. Therefore, in what follows, we

will provide sufficient conditions for tightness in two particular cases of the space S.

3.1 Weak convergence in the space of cadlag func-
tions

Here, S = D = D([0,1]), the space of real-valued functions on [0, 1] that are right-
continuous and have left-hand limits and & = D is the associated Borel o-field. For
a probability measure P on (D, D), let Tp consist of those elements in ([0, 1]) for
which the projection is continuous except at points forming a set of P-measure 0. Let
X,, and X be random elements with values in ID. Write Tk for Tp, where P is the
distribution of X. We have the following theorem, that provides sufficient conditions
for weak convergence. In particular, (3.1.1) below yields tightness, which according

to the discussion above, implies relative compactness. See Theorem 13.5 in [6].

Theorem 3.1.1 Suppose that

(Xn(t1), -, Xn(tr) = (X(t1), - .., X ()
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holds whenever ty, ...ty all lie in Tx; that is P(X(1) # X(1—)) = 0; and that

P () — Xalt)] 2 A, [Ka(t2) = Ka()] 2 3) < 5o lolt) — o) (311)

fort; <t <ty andn >1, wherey >0, 8 > %, and g 1s a nondecreasing, continuous
function on [0,1]. Then X,, converges weakly to X in D([0,1]) equipped with the

Skorokhod Jy-topology.

There is a more restrictive version of (3.1.1) involving moments, namely

E{[Xa(t) — Xn(t1) " Xn(te) = Xu (O]} < [9lta) — g(t))? . (3.1:2)

Theorem 3.1.1 remains valid if equation (3.1.1) is extended as follows;

P{Xa(t) = Xn(t)] 2 A, [Xa(t2) = Xa ()] = A} < %[gn(ta) — gt (3.1.3)

where the functions g,, are all monotone increasing or all monotone decreasing, and
the sequence (g,) converges (uniformly on compact intervals) to a monotone contin-

uous function g. Likewise, g can be replaced by ¢, in the moment condition (3.1.2).

Comment: If g, is increasing (respectively, decreasing) for every n and the sequence
(g9n) converges pointwise to a continuous function g (which must be increasing or de-
creasing, respectively), then the convergence is uniform on compact sets. Billingsley
in [6] restricts attention to D([0, 1]), but the proof of tightness is almost identical for
D([0,b]) for 0 < b < co. This is enough for convergence in D([0, 00)) (see [6], Theorem
16.8).

We provide an argument that g can be replaced with g,, following closely the set-up
of [5]. All references and notations below refer to that book. Note that the goal is
to use Theorem 15.4 by showing that (15.11) holds: for every positive € and 7, there

exists 0, 0 < 0 < 1 and ng such that

PW"(X,,0) >¢€) <n, n>ny. (3.1.4)
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We follow exactly the proof in [6], pp. 128-130, replacing g with g, in (15.24), (15.26),
(15.29) and (15.30), then (15.30) is now

P{(X,,0) > €} < %{[Ign(l) = 9n(0) ][y, (26)7,

where K depends on € and /3, but not on n (see Theorem 12.5). Note that for any

ti,t2 € [0, 1], [gn(t2) — galtr)] < |g(t2) — g(t1)] + 25upeo ) [9n(t) — g(t)[. Therefore,
letting pp = 2sup;c(o ) |9n(t) — g(t)], we have

Wg, (0) < wy(0) + pn, (3.1.5)

and
2K

€

P{w" (X, 0) > €} < =-[lg(1) = g(0)] + pullwy(26) + pu] 1.

Since p,, — 0 as n — oo (by the aforementioned uniform convergence) and wy(6) — 0
as 0 — 0 (by continuity of g), given n > 0 we can choose ng and § so that the RHS of
(3.1.5) is less than 7 for all n > ny. This proves (3.1.4) under the assumption (3.1.3).

3.2 Weak convergence via entropy conditions

In this section we discuss weak convergence of processes using the dimension-free en-

tropy method. The material in this section is based on [31].

Let X be a measurable space. Let G be an arbitrary set and ¢*°(G) be the
set of bounded functions G : G — R, equipped with the supremum norm ||G||g =
sup,cg |G(g)|. A function G on £>(G) will be denoted by G = {G(g)}seg- The
supremum norm on £°°(G) induces a metric py, defined as po.(G1, Ga) = [|G1—Gallg =
sup,cg |G1(9) — Ga(g)|- Let X,,,n > 1 be a sequence of random elements defined on a
probability space (£2, F,P) with values in X = ¢*°(G). We denote X,, = {X,,(9) }4eq.
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Example 3.2.1 Let {X;} be a sequence of standard uniform i.i.d. random variables.

Define
Xn(t)=F,(t), tel0,1],

where F,(t) = X > -1 Lix;<iy- Then X,,(-) is a random element with values in £°(G),
where G is the class of bounded functions defined on [0, 1]. Later on we will use the

centered and the scaled version of X,, defined as follows

X, (t) = Vn{F,(t) -t} , te[0,1]. (3.2.1)

The weak convergence will be verified by proving finite dimensional convergence
and asymptotic tightness, which generalizes tightness introduced at the beginning of

this chapter (see [31, p.21]).

Definition 3.2.2 Let {X,,} be a sequence of random maps indexed by a class of func-
tions G, with values in (>°(G) equipped with the metric p, induced by the supremum
norm.

The sequence is asymptotically tight if for each ¢ > 0, there is a compact set

K C (>°(G) such that for any § > 0 we have

limsupP(X,, & K°) < ¢,

n—oo

where K° = {G € {°(G) : poo(G, K) < 8}, where poo(G, K) = infareg poo(G, G).

This definition is not very easy to work with. Assume that G is a compact semimetric

space equipped with a metric p.

Definition 3.2.3 ([31], p.37) Let p be a semimetric on G. Let {X,,} be a sequence
of random maps indexed by a class of functions G, with values in (>°(G). The sequence
is asymptotically uniformly p-equicontinuous (in probability) if for every e,n > 0 there

exists 6 > 0 such that

lim sup P ( sup X, (f) —Xu(g)| > e) <n.

n—00 1,9€G:p(f,9)<d
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In fact for the purpose of this thesis, these two concepts are equivalent ([31, Theorem

1.5.7)).

Proposition 3.2.4 A sequence {X,} is asymptotically tight if and only if {X,(9)}
is tight in R for every g € G and there exists a semimetric p on G such that (G, p) is
totally bounded and {X,} is asymptotically uniformly p-equicontinuous (in probabil-

ity).

In order to prove tightness, we need to control the size of the class G. This is done

using covering number or bracketing number.

Definition 3.2.5 Let (G, ||-||) be a normed space of real valued functions. Let € > 0.
The covering number N(e,G, || - ||) is the minimal number of balls {g : ||g — f|| < €}
of radius € needed to cover the set G. The centers [ of the balls need not to belong to
G, but it is required that || f|| < co. The entropy (without bracketing) is the logarithm

of the covering number.

To define the bracketing number, let g, h € G, where (G, || - ||) is a normed space. The
bracket [g, h| is the set of all functions f € G such that g < f < h. The functions g
and h need not to belong to G, but they have to have finite norms. The e-bracket is
a bracket [g, h] such that ||g — h|| <e.

Definition 3.2.6 Let (G, ||-||) be a normed space of real valued functions. Let € > 0.
The bracketing number Njj(e,G, | - ||) is the minimal number of e-brackets needed to

cover the set G. The entropy with bracketing is the logarithm of the bracketing number.

Example 3.2.7 Let G be a class of indicators of the form 1, or, equivalently, of

the form 1), t € [0,1]. We equip G with the L9-norm, ¢ > 1:

17 = =1 = alle = ( [ 156) - gt "
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Let € > 0. If ¢y (x) = 1j94(2), then

Hwt - @Z)t—eqHLq = ||@/)t - Qﬁztjteq”/;q =€.

Hence, as the centers of the e-balls we can choose the functions vy, t; = je?, j =
1,...,J, where J is the smallest integer such that Je? > 1. This implies that the
covering number N(e,G, LY) = N(e,G, || - ||z«) is at most 1 4 1/(2¢€7).

As for the bracketing number, we consider brackets [ty ], Where t; =
(j— 1€’ j=1,...,[1/€) + 1. Then |[¢b, — V4,4l s = € and each function ),
s € [0, 1], belongs to one of the brackets. Hence, the bracketing number Njj(e, G, L9)
is at most 1+ 1/€?. The bracketing and the covering numbers are of the order e 7 as

e — 0. O

From the above calculations we obtain of course Njj(2¢,G, L) < 1+ 1/(2¢)9. Fur-
thermore, if a function 1, belongs to the bracket (¢, %, +(2¢)e], then it also belongs
to a ball with a center at T;tj = (Yr, + i, 4(20)2) /2 and radius e. This yields

N(e,G.L%) < Njj(2¢,G, L7) . (3.2.2)

However, the bound we obtained for the covering number N(e, G, L) (that is, 1 +
1/2¢9) is greater than 1 4 1/(2¢)? unless ¢ = 1. Hence, there is some room for
improvement for the covering number. This improvement is achieved precisely by
considering balls with centers at @tj. Note that those functions do not belong to G,

however, they still have finite L? norms. We have

Hi/th - T;thLq = W&ﬁ(%)q - T;thLq =€

and all functions v, such that v, < s < 9,4 (20« belong to the ball with cen-
ter at zljtj and radius e. Consequently, by choosing centers at 1/Nth, t; = j(2¢)1,
Jj=1,...,[1/(2¢)7 + 1 we cover the whole space G, yielding the covering number
N(e,G, L9) to be bounded by 1+ 1/(2¢)9, in agreement with (3.2.2).

We extend the above calculations to indicator functions indexed by ¢ € [0, 1]<.
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Example 3.2.8 Let G be a class of functions vy (x) = Ljg4(x), where t = (11,15) €
[0,1]? and = € R2. We equip G with the norm

1 p1 1/q
||f—9||m=(/0/O If(l’l,l’Q)—g(xl,xz)lquldxz) :

Then Yy (z) < 1(x) for all x if and only if ¢t; < s and £y < s5. Let 0 < € < 1.
Consider brackets [t 1,); V1, +e/2,151e1/2)], Where the points ¢ = (t1,1,) are chosen as
((1 —1)e?/2,(j — 1)e?/2), i,j=1,...,[2/€e"] + 1.

For a given point z € [0,1]%, ¥, 1,)(2) — Yty +eajatrerszy(x) = 1 if and only if

belongs to the union of two sets:
{lta b1+ /2] 5 [0,8 + €?/2H {10, + €7/2] x [t2, 82+ €7/2]}

whose Lebesgue measure is bounded by €?. Consequently,

|Vt t0) — ity ea/2,t0+ea2)||La < €.

We need (1+2/¢7)? brackets to cover the entire set G and the number is of order ¢4
as € — 0. In the same spirit, the class of indicators Ly, t € R?, has the bracketing

number at most 1/e44,

The above examples involved indicators of sets [0, ], ¢ € [0,1]? and the norm || - || q.
We extend the above considerations to the whole real line. Let P be a probability

measure and define

IF = sl = ( [ 1760 - g(a:)mwdx))l/q |

This defines the norm on L9(IP), the space of all functions g such that | gLy < oco.

Example 3.2.9 Assume that Xi,..., X, are i.i.d random variables with a common
law P and the distribution function F'(x) = P({w : Xi(w) < x}). Define the empirical

distribution function

1 n
Fu(t) = ~ > Lix<y,  tE(—00,00). (3.2.3)
j=1



3. Weak convergence 58

Assume moreover that F is continuous and strictly increasing. Then

1 1/q
|!f—gHLq<F>=(/O If(F“(y))—g(F“(y))V’dy) :

If G is the class of indicators ¥y (z) = Li—wyg(x), t € (—00,00), then ¥(F(y)) =
Ljo,rt)(y). It is obvious then that the bracketing and the covering numbers of G are

the same as in Example 3.2.7.

3.2.1 Tightness via bracketing

The above introduced bracketing and covering numbers allow us to introduce the
sufficient conditions for weak convergence. Specifically, we investigate conditions

under which processes indexed by class G converges weakly, that is
X, =X in ((G)

where X is a tight Borel measurable element. We will state several theorems that,
under different conditions, yield weak convergence of X,,. In order to proceed, we
introduce the envelope function:
G(z) =suplg(x)|, € X .
9eg
As the supremum is taken over an uncountable set, the envelope function G need not
to be measurable, hence its moments have to be evaluated in principle with respect
to the so-called outer expectation. However, we will not address this issue here since
it will not be important in the context of tail empirical processes. The next result is

an adaptation of Theorem 2.5.6 in [31].

Theorem 3.2.10 (Tightness via Bracketing I) Consider the process

%,(0) = 7= Y- {o(X) ~Elg(X,)}} . g€
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where { X} is a sequence of i.i.d. random elements with values in a measurable space
X and a common law P, and G is a collection of measurable, real valued functions

defined on X. Assume that E[G*(X;)] < oo and

/OOO V108 Nij(e, G. L2(P))de < o0 | (3.2.4)

Then X, is tight in >°(G).

Example 3.2.11 [Continuation of 3.2.8] For the class of indicators indexed by ¢ €
0,1]¢ equipped with the norm L?, we recall that the bracketing number is at most
1+ 1/ whenever € € (0,1). If € > 1 then we need one bracket to cover G. Hence,
it suffices to consider the integral (3.2.4) from 0 to 1. Since log(1l + a) < 1 + log(a)

for a > 1, we have by substitution u = 1 — 2d loge,

1 oo
1
/ Vv 1+ log(1/e*d)de = ﬁel/@d) / ul/?e )y < oo .
0 1

Therefore, the empirical process

1 n
X, (t) = v/n {; 2 Lix,<t) — t} , tel0,1]
pn
is tight.

Theorem 3.2.10 applies to empirical processes indexed by G based on i.i.d. random
elements {X;}. To deal with tail empirical processes later we need to extend this to
arrays of independent, but not necessary identically distributed processes. In order

to do this, we consider X,, to be

X,(9) = Y (Kuile) ~EKni(o)l} , g€,

where X,,;(g9), ¢ = 1,...,m, are independent stochastic processes and m,, — oo as
n — oo. In this thesis, the processes X, ;(¢g), i = 1,...,m, will have the following
form:

Xni(g) = ZQ(X ni)

where
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e X, ;= X,/u,, where X, are random variables with values in Ri and u,, is a

deterministic sequence, u,, — 00 as n — o0,

e the summation is taken over a particular subset of integers (that depends on 1),

9(x) = ge(w) = Lpanyy , x,t € Ri )

Instead of the bracketing number Njj(e, G, L*(IP)) we define a new bracketing number

as follows.

Definition 3.2.12 For each n > 1, we define the bracketing number Npj(e, G, L2) as
the minimal number of sets N, in a partition G = Uj\; ggj of the index set G into

sets G'; such that for all j =1,..., N, we have

Lz

E| sup [X.:(f) —X,i(g)| <€ . (3.2.5)

=1 [9€9;
With help of this definition we re-formulate the tightness criterion from Theorem
3.2.10 in the current setting. Recall that a metric space (G, p) is totally bounded if it
can be covered by a finite number of balls of radius e. Also, ||X,,;[lg = sup ¢ [X,.i(g)]-

The following result is an adaptation of Theorem 2.11.9 from [31].

Theorem 3.2.13 (Tightness via bracketing II) For each n, let X, 1,...,Xpm,
be independent stochastic processes indezed by a totally bounded metric space (G, p).

Suppose that

(E1) The set G consists of functions g such that E[g*(X,,1)] < oo for each n > 1.

The envelope function

G(r) = sup|g(z)|

geg

18 finite for all x.
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(E2) For every e > 0,

JE&ZE (11Xl Lys,fg>e] =0 - (3.2.6)
i=1
(E3) It holds
. . - 27
ll_r%hm sup  sup ZE [(Xn:(f) — Xni(9))7] = 0. (3.2.7)

n—00 f:g:p(f7g)<6 Z:1

(E4) For every sequence €, | 0,

n—oo

lim/ Vlog Nij(e,G, L2)de = 0. (3.2.8)
0

Then the sequence Y " (X, ; — E[X,,,]) is asymptotically uniformly p-equicontinuous

in 0°(G).

Example 3.2.14 [Continuation of Examples 3.2.1, 3.2.7, 3.2.8 and 3.2.11] Consider
the case X, ;(g) = n""2g(X;), where {X;} are ii.d. standard uniform random vari-
ables. If G is the class of indicators ¢, = Ly, t € [0, 1], and m,, = n, then obviously
Yo (X,i(g) —EX,0(g9)]) = X,(t), the empirical process defined in (3.2.1). We
equip G with the L?*norm, so that p(f,g) = ||f — gllzz. If p(f,g) — O then the
condition (3.2.7) holds:

% D E[(F(X:) = 9(X0))’] =EI(£(X1) — 9(X1))*] = p(f,9) = 0.

As for the condition (3.2.8) we choose the partition G*; = G ; as brackets [1)(;_1)e2, je2],
j=1,...,[1/é®] + 1. Then

E| sup [f(X1) = g(XD)?| =E [Lixepen] =€
f.9€Ge;

Hence, the bracketing number Njj(e, G, L2) agrees with Njj(e, G, L?) and is at most
1+ [1/€?]. The condition (3.2.8) is fulfilled.
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3.2.2 Tightness via random entropy

An alternative way to verify tightness for a sequence of independent arrays is via

random entropy.

Definition 3.2.15 Let X,,1,...,X,, ,,, be stochastic processes indexed by G. We de-

fine a random semi-metric by
The following result is an adaptation of Theorem 2.11.1 in [31].

Theorem 3.2.16 For eachn, let X, o, ..., X, ., be independent stochastic processes

indexed by a totally bounded metric space (G, p). Suppose
(F'1) The maps

zo

l
(@1, ) = sup Y e (K i(f) = X i(g)]
1.9€G.p(f.9)<0 ;4

are measurable for every § > 0, every vector (e, ... e, ) € {—1,0,1}™ every

n € N and both | =1, 2.

(F2) For every e >0,

lim Y B [ X illg L, o> =0 (3.2.10)
i=1
(F3) It holds:
limlimsup  sup ZE [(Xni(f) — Xn,i(g))ﬂ =0. (3.2.11)

6_)0 n—00 f:g:p(f7g)<6 Z:1

(F4) For any T > 0,

5
lim lim P* (/ V1og N(e, G, d,)de > 7') =0. (3.2.12)
0

d—0n—o0

Then the sequence Y " (X, ; — E[X,, o]) is asymptotically uniformly p-equicontinuous.
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Random entropy or bracketing. We comment on different conditions that ap-

pear above.
e (F2) is a strengthened version of (E2) and also implies the Lindeberg condition.
e (F3) is the same as (E3).

e The measurability condition (F1) holds whenever the processes {X,,:(g), 9 € G}

are separable, which is the case of all processes considered in this thesis.

e Condition (F4) is always fulfilled in case of finite dimensional index set, which

is the case of this thesis (R?).



Chapter 4

Tail empirical processes (TEP)

4.1 Introduction

The goal of this chapter is to establish results on weak convergence for tail empirical
processes, using the theory described in Chapter 3. These results will be used in
Chapter 5, where we deal with statistical inference. Although the results for i.i.d.
vectors presented here (as stated) are new, their proofs are relatively straightforward
and are provided for completeness only. On the other hand, for time series we quote

a result from [25].

We first discuss the empirical processes for i.i.d. regularly varying vectors in
Section 4.2. We prove weak convergence of tail empirical processes. The proof is
standard, but we provide it for completeness. In Section 4.2.2, we consider the weak
convergence of tail empirical processes based on random levels. Interestingly, the lim-
iting behaviour changes as compared to deterministic levels. In Section 4.3 we state
the functional central limit theorem for tail empirical processes based on regularly
varying time series. The result is adapted from [25]. Finally, in Section 4.4 we prove

the functional limit theorem for tail empirical processes based on i.i.d. extremally

64
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independent random vectors. The result is new (see [27]), however, the proof is rela-

tively straightforward.

We introduce some terminology. We say that {u,} is a scaling sequence if

u, — 0o0. We say that {r,} is an intermediate sequence if r,, — oo and r,/n — 0.

Notational convention: In Section 4.2 we use GG and G for the random elements and
processes that appear there; in Section 4.3 we use M and M, while in Section 4.4 we

use T and T.

4.2 TEP for i.i.d. vectors: extremal dependence

In this section we deal with tail empirical processes for i.i.d. regularly varying random
vectors. First, in Section 4.2.1 we state and prove a result on weak convergence
(Theorem 4.2.1). The proof is not novel, but we provide it for completeness, using
the theory described in Section 3.1. Then, in Section 4.2.2 we extend Theorem 4.2.1
to random levels, by replacing the unspecified scaling sequence u, with the user-
chosen order statistics (see Theorem 4.2.6). This method is based on [29], [22] and
[25]. Interestingly, in the latter case the limit changes as compared to deterministic

levels.

4.2.1 Weak convergence of tail empirical process

Assume that (X, Y) is a regularly varying random vector with index —a and the same
marginals. For simplicity, we shall consider nonnegative random variables only. We
denote the limiting measure that appears in the definition of the regular variation (cf.
Definition 2.2.1) simply by v. Let F' = Fx be the marginal distribution of X (and so

of Y'). We note here that we changed the notation from Chapter 2, where a bivariate
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vector was denoted by (X7, X5). This change is needed purely from the notational
point of view, so that we have a simple way to write samples from the vector (X,Y).
When dealing with extreme observations, we are often interested in estimating

E lw (X, Y) |(X,Y) € xC} : (4.2.1)

r X

where ¢ : R? — R, C'is a suitably chosen subset of R’ \ {0} and =z is large. Of course,
the function and the set have to be selected in such a way that the expectation is
finite.

Assume that we have an i.i.d. sample (X;,Y;), 7 =1,...,n, from the distribution
of (X,Y).

Let u,, be a deterministic scaling sequence, that is the sequence such that u,, — oo

and nF'(u,) — oo. For sy > 0, define the tail empirical function

Gh(s;9,C

(un Up, > {(X.iv)/})€5unc} ’ S 2 S0 , (422)

and
Gulsi0,C) = E[G,(s;0,C)] .

If ¢/ is homogeneous with index + then Lemma 2.2.4 implies

G(s;C ) = lim G, (s;C ) = 37_0‘/ (v, vo)v (dvy, dug) (4.2.3)
n—oo C

whenever 1 satisfies the integrability condition (2.2.6). Also, define
Gn(s), Gu(s), G(s)=s"“ (4.2.4)

to be én(s;w,C), Gn(s;1,C) and G(s;9,C'), respectively, for the function ¢ = 1
and the set C' = {(z1,x9) : 1 > 1}.
Consider the tail empirical process

G, (s;1p,C) = y/nF(u,) {Gn(s;@/),C’) — Gu(s;, C’)} , S>5p. (4.2.5)
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Also, define G,,(-) to be the process G,(+; %, C) for the function ¢ = 1 and the set
C = {(.%'1,.1’2) 1T > 1}
The main result of this section is the following weak convergence for the tail

empirical function.

Theorem 4.2.1 Let s > 0. Assume that (X;,Y;), 7 =1,...,n, are i.i.d. regqularly

Jr 7]

varying random vectors with inder —a and the same marginals. Assume moreover

that:

(a) We have u,, — oo and nF(u,) — 0o;

(b) The function v is homogenous of order v € R;

(c) For0 < sg<s <t wehavetC C sC;

(d) There exists & > 0 such that [, | (v1, v2)[*Pv (dvy, dvg) < oo;

then

(Gn(:), Gn(5 9, 0)) = (G(), G(; 4, C)) (4.2.6)

in D([sg, 00)) x D([sg,0)), where G(-), G(-;1,C) are Gaussian processes with the

covariance functions

Cov(G(s),G(t)) = (sVit)™™,

Cov(G(s;v,C),G(t;4,C)) = (s V1)1 /C@/)2(v1,v2)u(dvl,dv2) .

Proof of Theorem 4.2.1. The proof is relatively standard, but we provide it for
completeness. We start with the central limit theorem. Multivariate convergence
follows by the Cramer-Wold device. We prove the result only for G, (-; 1, C) (see Re-
mark 4.2.4). In what follows (X, Y') has the same distribution as any of (X, Y;). Also,
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since the set C' and the function ¢ are fixed, in our notation we omit a dependence
on them, unless it is necessary.

In the proof, w.l.o.g. we assume that ¢» > 0.

Lemma 4.2.2 Under the conditions of Theorem 4.2.1, for each s > sqg, G,(s;v,C)

converges in distribution to a centered normal random variable.

Proof: We prove the central limit theorem by checking Lindeberg’s conditions.

Let

1 X; Y, X. VY,
J nF(un) {w (Un ) Un) {(X;,Yj)€sunC} [?/f (Un Un) {(X;,Y))e nC}] }

so that G, (s;v,C) = 37 Zy ;. Clearly, E[Z, ;] = 0. Furthermore,

var(Gn(S;wa C)) = 7 ! E |fvb2 (E X) ]]-{(X,Y)EsunC}:|

F(uy) Uy Up

_ 1 XY ?

Since F(u,) — 0 as n — oo, Lemma 2.2.4 implies that the first term dominates and

lim,, o Var(G,(s;1, C)) exists.

Furthermore, noting that for arbitrary ¢ > 0 and any random variable 1{jy|s¢ <
[Y|°/c®, we have

1
E[Z2 14z . <~ __E[|Z,,*
[ n,j {‘Zn,]‘>(5}] = (nF(un))(g/g H J‘ ]

1 s (XY
WE {Qﬁ (u_n’u_n L{(x,y)esuncy

IN

and hence

S EIZ Mz, 0] < 0F (1) { o |29 (3 ) U] |

Y

Using Lemma 2.2.4 and since § > 0, the expression on the right hand side converges

to 0. |
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Lemma 4.2.3 Under the conditions of Theorem 4.2.1 the sequence of processes {Gy,(+;
n > 1, is tight in D([sg,0)) equipped with the Skorokhod Jy topology.
Proof:  For sy < s < t, define (s, tju,,C = (su,C) \ (tu,C) and
XY .
o) =0 (222 ) Loy s Uis) = Uing(o) = BfUs (51,
Un,j(s,t) = Unj(s) = Unj(t) . Uy j(s,t) = Uy (s) = Uy (1),
1 m
gu(sim) = =—=E[[Up;(s)["] ,  guls,tim) = ga(sim) — gu(t;m) .
Then
Gn 53 aO - Gn t7 70
(s;0,C) ;. C) = \/ﬂ Z
We use Theorem 3.1.1. For sg < s; <t < s we have
E [|Gn(31; wa C) - Gn(t; ¢> C)|2|Gn(t7 ¢> C) - Gn(52; wa C)|2}
1 - 2
= —=—3 2Bl (51, )U; 5(t, 52)) 7]
G 2 P it 52)
. 2
nF ) ZE (51, 0)) TE[(UZ (1, 52)) ] - (4.2.7)
Z#J

By noting that for s; < ¢t < sy we have U, ;(s1,t)U, ;(t, s2) = 0, we evaluate

(U (51, U3 5t 52))” = (Un g1, ) = B[Un (51, )])* (Un (2, 52) — E[Up (1, 52)))?
= U (51, )E?[Uy (£, 59)] + U3 (8, 82)E2[Up (51, 1)]
— 2Un,j(31, ) E[Upj(s1, IE*[Un (¢, 82)] — 2Us (L, 2)EUn (¢, 82)[E*[Uy (51, 1))
+ B2 (U, (51, )]E? (U (2, 52)]

¥, O},
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so that since ¢ > 0,

1
FQ(UH)

+ F(un)gn(t, 52;2)g2 (51, ;1)

E (U (51, 0U; (1 2))°| = Flun)ga(sr, :2)g2(t 52:1)

Next, we deal with the term in (4.2.7). For s < ¢t we have by Hoélder inequality

E[(Up;(s.)*] = E[(Un,j(s) — EUn;j(5) = (Un;(t) — EUL,;(1)))?]

Un.j())] + 2(B[Un j(s) = EUn;()])* + (E[Unj(s) = Un,;(1)])*
Unj(£)] + 3(E[Un,;(5) = Un;(1)])"

< AE[(Un(s) = Uny(1))°] -

= E[(Un;(s) =

< E[(Un;(s)

Hence, the term in (4.2.7) is bounded by

1 X 2 * 2
WE[(UM(&J)) JE[(Una(t,52))7]

1 XY
< — AR, 2 (A 1 .
= F(uy) ( [w (Un’ Un> {(X,Y)e(s1,1] nc}})
1 XY
_ AR |02 (2 1) 1 o
) F(uy) ( [w (un’ Un) {(X,Y)e(t,s2] nC}])

1 XY 2
< F2(u,) 4]E ’ o o ]l S1,82|U
— P (un) ( {1/} (un’ un) {(XY)e(s1,82] nC}})

= 16g;(s1,52;2) -

—

We used here the assumption that tC' C sC' for s < t. The tightness follows since

gn(s;2) converges uniformly to the continuous function, and by using Theorem 3.1.1. il

Remark 4.2.4 Note that

G, (s;1,C) = y/nF(u,) {/w('ul,vg)]l{(vl,w)egc}ﬂn(dvl,dvz)} , (4.2.8)
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where 7, = v, — E[v,,] and v, is a random measure
(=L 3 ()
vp()) = —=—— e v juy ()
nF(un) - (Xj/un,Yj/un)
7j=1
We can write a1G,,(s; 1, C)4a2G,,(s) in the form (4.2.8), replacing 1 (v1, v2) L, w)esc}
with
a177Z)(U1, UZ)]]-{(vl,vg)EsC} + a’2]]-{’l)1>5,’l}2>0} .
This in turn implies that the tail empirical processes G, (+; 1, C') and G,(-) converge
jointly.

4.2.2 Tail empirical process with random levels

To apply the weak convergence established in Theorem 4.2.1 one needs to choose u,,.
The sequence depends on the marginal distribution which is unknown. Hence, we
consider the tail empirical process with random levels. This method was considered
in [29] and [22].

The second issue is that the centering in the tail empirical process (4.2.5) is
G, (s; 1, C) not its limit G(s; v, C'). This will be handled by an appropriate "no-bias”
condition.

To proceed, choose a sequence k = k, such that k& — oo and k/n — 0 and
define u, by k = nF(u,). Let X,.1 < Xpip < --- < X,y be order statistics from X,
j=1,...,n. First, from Theorem 4.2.1 we conclude the following weak convergence.

Let G,(s) = F(suy)/F(uy,) (cf. (4.2.4)).

Proposition 4.2.5 Assume that the conditions of Theorem 4.2.1 are satisfied. Fur-

thermore, assume that the distribution function F' is continuous and that

lim G/ (s) = —as ™, (4.2.9)

n—oo

uniformly in a neighborhood of 1. Then

(“E {X B 1} ,Gn<.;w,c>> = (a7'G(1), G(+ ¢, ()

U,
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in R x D([sg,0)).

We note that the normal convergence of the order statistics is standard (see e.g. [12,
Theorem 2.4.1]), but we need to argue that the convergence holds jointly.
Proof:  The argument is similar to that of [29].

e By Theorem 4.2.1 and the Skorokhod representation theorem, there exists a
probability space, a sequence of processes {@n(~),@n(-;w,0)} and processes
@(), @(, Y, C') with the same distributions as, respectively, {G,,(+), G, (-; ¥, C)},
G(-) and G(-;9,C), such that

Gu() = G().  Gul(,0) = G(59.C) (4.2.10)

almost surely, uniformly on compact subsets of [sq, 00). In what follows, for sim-
plicity of notation we will write G,,(-), G,(-;¢,C), G(-) and G(-;9, C), without
using the ~ notation.

e Recall (4.2.4). Let G5 and (G,)* be the right continuous inverses of G, and
G, respectively. Then, GS(1) =1, (Go)(1) = Xpini/un and, since F is
continuous, for all s € [F(0)/F(u,),0], G.(G5 (s)) = s.

e The (random) functions G, and G¢ belong to I. Furthermore, their almost
sure limits G and G are continuous and G* is strictly decreasing. Hence, the

convergence (4.2.10) and Theorem 3.1 in [32] imply that
Gu(Gi () = VE{Guo G (5) = s} = GG (5))
almost surely, uniformly on compact subsets of [sg, 00).
e Vervaat Lemma ([12, Lemma A.0.2]) implies that
\/E{(én 0 GE) (s) — s} S GG (s))

almost surely, uniformly on compact subsets of [sg, 00).
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e Assumption (4.2.9) implies that G,, is continuous and strictly decreasing in
a neighborhood of 1. Thus, there exists € > 0 such that G, o (G,)"(s) =
(GnoGS)(s) for se (1—e€1+¢) and

VE{Gy 0 (G () = s} = —G(G(5)) | (4.2.11)

almost surely uniformly with respect to s € (1 —¢,1 + €).

e Since k — oo and (G,)" (1) = Xpn—r/Un, (4.2.11) implies that G, (X,.—x/un)
converges almost surely to 1. Since G(1) = 1 and G,, converges uniformly to
G in a neighborhood of 1, this implies that X,,.,,_x/u, converges almost surely

to 1.
e By Taylor’s expansion, there exists ¢, such that |¢, — 1| < [(G,)"(1) — 1| and

Gu((Ga) (1) = 1= Gul((G) (1) = Gu(Gy (1))

= G(a) {(@-() -G ()}

= G () {Xnmre /U — 1} . (4.2.12)

e Thus, (4.2.9), (4.2.11) and (4.2.12) yield that

¢E{Xmlk_1}_+éGu), (4.2.13)

Unp

almost surely.

e Since the convergences G,,(+;1, C') — G(+; ¢, C) and (4.2.13) hold almost surely,
they hold jointly. Coming back to the original probability space, we obtain the

joint weak convergence.

Furthermore, we impose the following no-bias condition:

lim sup VE|Gp(s;1,C) — G(s;4,0)] = 0. (4.2.14)

n—00 5>
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This condition has to be verified for each problem separately. This leads to the

following empirical processes

Gu(s;9,C) = Vk {@n(S; ¥, C) = Gu(s; 9, C)}

&.(s:,0) = VE {én@;w, C) — Guls: ¥ 0)} ,
where
N 1 — X. V.
G’n(S7 @Z), C) = E ]le (u—:, U—ZL> ]]'{(Xjayj)€5xn:n—kc} (4215)
and

= 1< X; Y;
Gn(3a¢a0) = E Zw (X .j k’ X 'j k;> 1{(X‘7-,Y]-)68Xn:n_k0} .

Theorem 4.2.6 Assume that the conditions of Theorem 4.2.1 are satisfied. Fur-
thermore, assume that the distribution function F is continuous, (4.2.9) holds and

(d/ds)G(s; 1, C) exists and is finite in a neighborhood of 1. Then
G531, C) = G5, C) + =G/ (13, C)G(1) (1.2.16)
a
and

én(s; ), C) = G(s;9,C) + és”“G'(l; v, CYG(1) — 13””“(1(1; WV, CYG(1) (4.2.17)

«

in D([so,00)). If moreover (4.2.14) is satisfied, then the centering G, (s;1,C) can be
replaced with its limit G(s;¢,C).

Proof:  If (4.2.14) holds, it is obvious that the centering G,, can be replaced with
G. We work under this condition. Note that @n(s;w, C) = én(an:n_k/un;w, ),



4. Tail empirical processes (TEP) 75

where G, and G, are the tail empirical functions defined in (4.2.2) and (4.2.15),

respectively. Then, by the homogeneity property (4.2.3),

@n(s; wa C) = Gn(SXn:nfk/un; 1/}7 C)
+ S’Y—a\/E{G(Xn:n—k/un; wa O) - G(17 ¢7 C)} = Il(s) + S’Y_QIQ(S) .

By Proposition 4.2.5

\/E{X”Z”"“ - 1} R\ l<GT(1) : (4.2.18)

Up !
jointly with G,,(+; ¢, C). In particular, X,,.,_x/u, converges in probability to 1. Thus,
by Theorem 4.2.1, the term I; converges weakly to G(-;v,C), while by the delta

method the term I5(s) converges weakly to
1
~G(Ly, O)6(1) .

This finishes the proof of (4.2.16). Furthermore,
Xn:nfk

én(S,w,C) = ( )’Y Gn(SXnn—k/unuwaC)

n

+VE (M) - {G (X nm—k/Uun; ¥, C) — G(s X pon—i/un; ¥, C)}

n

+Vk { (X":"’“)V — 1} (s Xnm—k/un)""" G(L;4,C)

Unp

+ ks {G(Xpn—r/un; ¥, C) — G(1;4,C)}
+ \/E{G(s; ), C) = Gu(s;0;C)}

Un
Again, by Theorem 4.4.1 and X,., x/u, — 1, the first term converges weakly to
G(+;4,C). The second term as well as J3(s) vanish by (4.2.14). Furthermore, the
delta method, the first order Taylor expansion of G(-;4,C) around 1 and (4.2.18)
yield that s7=%(J5(s) + I2(s)) converges to

—%SW—GG(L b, C)G(1) + ésv—aG’(L b, C)G(1) .
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The convergence (4.2.17) is proven. i

4.3 TEP for time series

In this section we consider a multivariate regularly varying time series {X;} with
values in R?. See Section 2.3 for the precise framework. Let || - || be a vector norm
on R% d > 1. Let F be the distribution function of || X,||. Consider the sequence
u, — oo such that nF'(u,) — co. Let ¢ : R* — R. Fix sy > 0 and for s > sy define

the tail empirical functions

n—~h
Y 1
Mulsih) = TF I 1> sunt 1 j Sun} 4.3.1
(5:h) nF(un); (11X 511> s} LI X n ][> 5} ( )
M (3 h ( J h) ]1{||Xj||>sun} . (4.3.2)
J=1 Un,

Set
My(sih) =E [ My(sih)| . MY(sih) = E [M(s:h)] |
and consider the tail empirical processes
M, (s; h) = \/nF(u) {Mn(s; h) — M, (s; h)} : (4.3.3)
MY (s; h) = /nF (uy) {Mff(s; h) — M¥(s; h)} . (4.3.4)

Furthermore, under the multivariate regular variation (as defined in Section 2.2) the
following limits exist:

P([Xoll > sz, [| Xl > s)

M(s;h) = lim M,(s;h) = lim , 4.3.5
(50) = B M5 1) = 0 = B (1ol > a) 439
MY (s;h) = lim MY(s;h)
n—o0

1 Xy X
—lm———— R |y (22 2 ol 43.6
A B(Xol > 2) M z > {10l }} (4.3.6)
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The latter limit requires a moment condition on 1, however, we shall assume that

is bounded.

We proceed as follows. In Section 4.3.1 we introduce the [-mixing (absolute
regularity). In Section 4.3.2 we adapt results on weak convergence of tail empirical
processes for time series from [25] to the present setting. The main statement of that

section is Proposition 4.3.2.

4.3.1 Weak dependence condition

In order to establish limit theorems for stationary time series, we need some extra
weak dependence conditions. The suitable one is f-mixing (absolute regularity). For

arbitrary o-fields F and G define
B(F,G) =sup > Y |P(A; N By) — P(A)P(B;)| ,
(]

where the supremum is taken over all partitions A; of F and B; of F. (Note that
sometimes B(F,G) is defined with the coefficient 1/2, but it is not relevant for our

purposes.)

Definition 4.3.1 Let {X;} be a stationary sequence. Let F! = o(X,,...,X;).
Define 3, = sup; B(F ., Fit™). We say that the sequence is S-mizing if 3, — 0.

4.3.2 Weak convergence of tail empirical processes

We adapt results on weak convergence of tail empirical processes for time series from
[25] to the present setting. The results there are in turn an adaptation of the theory
in [16].

We consider the classical anticlustering condition. Recall that sq > 0 is fixed.

For sequences {u,} and {r,}, u, — oo, r, — 00, we will say that Condition S(uy,,)
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holds if for every s,t > s

L 1
lim lim sup = Z E [1{||X0||>sun}1{||Xj||>unt}} =0. (S(tn,rn))

L—oo 500 (Un) L<lf|<rn

To describe the covariance structure of the limiting processes, we introduce the fol-
lowing quantities. Recall the definition of the measures v p, h > 0 from (2.3.1). For

x = (xg,...,x5) € R+ define

P(|| X x
eofs,8) = Tim SUXoll > (th);EL, H) il > (s V Hu,)
n—00 Un

= / Lfjjao)>(sve)} Ljznl>(sve)} Vo,n(de)
RA(h+1)

while for j > 1 and y = (yq, ..., ¥Y,.1) € RA(+7)

P(|| X || > sup, | X || > sun, | X ;|| > tu,, || X ; > tu,
¢;(51) — lim ZUXol w||ﬂ|s%HyH i |1 X ] > tu)
n—oo un

= / gy s Ly i=st Ly, 1>t Ly i1 Yo,+1(dY) -
Ra(h+3)

Define the covariance function
Cs,) = cols, 1) + 3 {ess,1) + ¢t 8)} (4.3.7)
j=1

Likewise, for a bounded function v define

y E [W <f—:, %) 11{||x0||>(svt)un}]
cy(s,t) = lim

n—o0 F(uy)

= / UV (@0, Th) Ljm|>svi} Yo,n(de) |
RA(h+1)

(5.0) = 1 £ [w <% %> Y <f— J,Th) L1 - sun} L1511 r0n )
C: S = 11m —
A n—00 F(un)

= /R oo P W0 YR (U5 Y Lioll>o Ly 15 Vo341 (1Y)
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and
C¥(s,t) = ¢ (s, 1) + i{c}”(s, t)+ c}p(t, s)}. (4.3.8)

Proposition below is the promised adaptation of [25].

Proposition 4.3.2 Let {X,,j € Z} be a strictly stationary regularly varying se-
quence with values in R, {u,} be a scaling sequence and {r,} be an intermediate
sequence such that Condition S(u,,ry,) holds. Assume that the sequence {X;,j € Z}
is absolutely reqular (i.e. beta-mixing) with coefficients {B,,n > 1} and there exists

a sequence {,} such that
by — 00, Ly/rpn — 0, lim nBy, /r, =0. (4.3.9)
n—0o0

Assume that the distribution function F of || Xl is continuous and

lim nF(u,) =00, lim r,F(u,)=0. (4.3.10)

n—oo n—oo

Furthermore, suppose that v is bounded. Then, for each sq > 0, the processes M,,,
MY defined in (4.3.3)-(4.5.4) converge weakly to the centered Gaussian processes M,
MY with the covariance functions C and C¥ defined in, respectively, (4.3.7)-(4.3.8).

The convergence holds jointly.

4.4 TEP for i.i.d. vectors: extremal independence

The set-up of this section is the same as of Section 2.4. The random vector (X,Y)
with the marginal distributions F'y and Fy fulfills the Assumption 1. The main result
of this section is Proposition 4.4.1, where we prove weak convergence of tail empirical

processes.
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4.4.1 Tail empirical process

Let (X;,Y;) are i.i.d. copies of (X,Y). Recall that the random variables X;,Y; are

7=

nonnegative. Let u, — oo be such that nFx(u,) — oo and sy € (0,1). Define the

bivariate tail empirical distribution function (hereafter TED) by

n

n(S’ t) TLFX (Un) i—=1 H{Xj>u”5=Yj§b(un)t} ) S Z So,t >0 ’
( ) L En Tix >
Zn §,00) = = Sunst , S So -
nF (Un) ‘ {X;>uns} 0

Obviously T}, (s, c0) agrees with G, (s) in (4.2.4). Furthermore, define
P(X > u,s, Y < b(uy,)t)

T (s.1) = 5> s t>0. 44.1

(5,1) P(X > uy) 5= (4.4.1)
P(X > u,s)

T (s,00) = —2 = UnS) o5 o 4.4.2

(5, 00) P(X >u,) = (4.4.2)

Then the functions T,,(s,t) and T,,(s,00) defined in (4.4.1)-(4.4.2) can be written as

T(s,t) = E[T,,(s,1)], Tu(s, 00) = E[T},(s,00)]. Define further
T(s,t) = nh—>Holo Tn(s,t), T(s)= nh—>Holo T,(s,00) . (4.4.3)
Again, T'(s) agrees with G(s) in (4.2.4). Consider the tail empirical process
T,(s,t) = \/nFx(u) {Tn(s,t) - Tn(s,t)} s> s0.t>0. (4.4.4)
The main result of this section is the following weak convergence for the tail empirical
processes.

We need the following assumption.

Assumption 2 Let sg € (0,1). The function T(-,-) defined in (4.4.3) is continuous

on [sg,00) X R, .

Proposition 4.4.1 Let Assumptions 1 and 2 hold. Then the sequence T, converges

weakly to a Gaussian process T with the covariance function

Cov(T(s,t), T(s',t) =T(sV s, tALt).
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The proof is relatively standard, but we provide it for completeness. Similar proof in
a much more involved context of univariate time series can be found in [24]. We start
with the central limit theorem. Multivariate convergence follows by the Cramer-Wold

device.

Lemma 4.4.2 Let Assumptions 1 holds. For each s > sg, t > 0, T, (s,t) converges

in distribution to a centered normal random variable and

lim Cov(T,(s,t), T,(s',t") =T(sVs,tAl).

n— oo
Proof: We prove the central limit theorem by checking Lindeberg’s conditions.
Let
1 _
Znj(8,1) = —= L{X, > uns,Yy<blun)ty » Znj(8,8) = Znj(s,t) — E[Zy5(s,1)]
nFx (uy)
(4.4.5)
so that Ty (s, 1) = >0, Z, i(s,1). Clearly, E[Z, ;(s,t)] = 0. Furthermore,
Var(Tn(37t>> = = ! E [1{X>u $,Y1<b(u )t}] - FX(un) = ! E [1{X>u 5,Y1<b(u )t}} 2 .
FX(U/n) nS, I1> n FX(UTL) nS, I'1> n

Since Fx(u,) — 0 as n — oo, Assumption 1 implies that the first term dominates

and lim,, o, Var(T,(s,?)) exists.

Furthermore, noting that for arbitrary ¢ > 0 and any random variable Y and

¢ > 0 we have Iyy > < |Y]°/¢’, we have

E[Z2 (s, t)1qz, , (sp>e] < e °E[|Z, (s, 1))*™]

K

= (nFx (un))1+6/2E [1{X7'>“”5’Yj§b(u")t}]

and hence

1

D E[Z2 (s, )Lz, snise) < K (nFx (uy)) 724 — E [1{x>unsyi<b@n)d] ¢ -
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Using Assumption 1 and since § > 0, the expression on the right hand side converges
to 0.

Finally, recalling that the vectors (X}, Y}), 7 > 1, are independent, we have

Cov(Ty(s,t), Tn(s',t")) = Cov (Z Znj(5:0), ) Zni(s, t’))
j=1 i=1

=) Cov(Zn(s.1), Znil(s', 1))
j=1 i=1
= nCov(Zn1(8,t), Zna(s', 1))
1

= 7 (un)E[H{X>uns,Y1§b(un)t}1{X>uns/7Y1§b(un)t/}] —o(1),

where o(1) stands for

_ 1 1
FX(un) (WE []]-{X>uns,Y1§b(un)t}}> (mE []]-{X>uns’,Y1§b(un)t’}]> .

We obtain

lim Cov(T,(s,t),T,(s,t") =T(sVs,tAt).

n—00

We proceed with stochastic equicontinuity. We use the methodology from Section

3.2.2.

Let (F, p) be a function space equipped with a semi-metric p. Recall from Def-
inition 3.2.2 that the sequence of processes {Z,,n > 1} indexed by (F, p) is asymp-
totically uniformly p-equicontinuous if for every ¢ > 0 and an arbitrary sequence
on 40,
limsupIP’( sup | Zu.(f) — Zu(9)| >€> =0.

n—r00 f:gp(f7g)<6n
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Let Z,(g), j =1,...,my, be independent stochastic processes indexed by a class F.

Define the random semi-metric d,, by
di(fa g) = Z{Zn,](f) - Zn,j(g)}Q :
j=1

Let N(e, F,d,) be the minimal number of balls needed to cover F. In the present

context,
F ={Gsp:5 > 50,t >0}, Gst(®,y) = Ligssy<ty
the metric p is given by
P(gst: gsrwr) = p((5,1), (s',1)) = [s7% = (') + |T(s0,) = T'(s0,1")]| -

Here, we have Z,(g) = >_", Zn;(9) = D51 Znj(s,t), where Z, ;(s,t) is defined in

Lemma 4.4.3 Let Assumptions 1 and 2 hold. Then the sequence T,(-,+) is asymp-

totically uniformly equicontinuous.

Proof: According to Theorem 3.2.16, we need to verify

lim Y B [[|1Zagl7 112, ,1-50] =0, (4.4.6)
j=1
. . - 2 o
lim limsup sup ZE[{Zn](f) —Zyi(9)}]=0, (4.4.7)

0—0 noo0o p(f,9)<0 =1

where || Z,,;ll7 = sup,er [Zn,;(9)] = SUPgs4y450 [Zn,j(5,1)|, and finiteness of the en-
tropy integral, which is obvious since we consider cells in R2.

We have
E (1 Zujl 512, 1550] < € °E 1 Zajl 7] < € °E[|Zn,;(s0, 00)[*1]

and we can conclude (4.4.6) by the same argument as in the proof of Lemma 4.4.2.
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As for (4.4.7) we note that for sy < s < s’ and ¢, € R, we have

|11y, <bp (un)t, X > sun} = L{Y;<bp ()t X;>5'un} |

< Dsun<Xj<siun} T Lienr<v; bn (un)<tvery L{X ;> soun} -
Fix € > 0. The above decomposition yields
nE [{Zn1(s,t) = Zo1 (s, 1)}?] < e+ [T(s,00) = T(s', 00)| + |T(s0,t) — T(s0,1')|

where € comes from the uniform convergence of T,,(-,00) to T'(-, 00) and T),(so, ) to
T(So, )
Therefore,
limlimsup sup nE [{Z,1(s,t) — Z,1(s',t')}?]
020 oo p(f,g)<s

<lim sup {e+p((s,t),(s,t)}=¢€.
0=0 p(f,9)<6

Since € is arbitrary, the proof is concluded. i



Chapter 5

Statistical Inference

In this chapter, we discuss statistical inference. In Section 5.1 we introduce some
notations and collect some standard results that will be used throughout this chapter.
We discuss the convergence of order statistics, second order regular variation and the
Hill estimator.

In Section 5.2 we discuss the estimation for i.i.d. vectors under extremal de-
pendence. We propose an alternative nonparametric approach for estimating the
conditional tail distribution that is based on the quasi-spectral decomposition intro-
duced in Section 2.2.4. We argue that the proposed estimation procedure based on
the quasi-spectral representation may lead to an improvement in terms of efficiency or
in terms of the conditions required to achieve asymptotic normality, as compared to
other nonparametric methods. We discuss estimation of the conditional tail distribu-
tion in Section 5.2.1, while expected shortfall is discussed in Section 5.2.2. Simulation
studies are conducted in Section 5.2.3, while real data analysis is considered in Sec-
tion 5.2.4. The material discussed in this section is the original contribution of the
author, see [26].

In Section 5.3 we discuss estimation for regularly varying time series with ex-

tremal dependence. In Section 5.3.1 we prove the asymptotic normality of extremogram

85
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estimators using deterministic levels. In Section 5.3.2 we replace the deterministic
levels with random levels and obtain limit theorems for the appropriately modified
estimators. We note that the limiting behaviour changes as compared to the case
with the deterministic levels. Section 5.3.3 is devoted to the extremogram estimators
when the tail index has to be estimated. The particular case of the tail dependence
coefficient is discussed in Section 5.3.4. In Section 5.3.5 we present AR(1) and a
stationary solution to the stochastic recurrence equation as examples. Simulation
studies and data analysis are performed in Sections 5.3.6 and 5.3.7, respectively. The
material discussed in this section is based on the author’s original contribution, see
[30].

In Section 5.4, we use the conditional extreme value model from Section 2.4 to
estimate the Marginal Expected Shortfall defined in (2.4.4). In Section 5.4.1, we con-
struct an estimator and state its asymptotic normality. We discuss the estimation of
the scaling function, estimation of the tail index and the conditional scaling exponent
and estimation of expected shortfall. We also compare our results with [8] in terms
of applicability and assumptions. In Section 5.4.2 we give some examples where our
theory applies, followed by the case where our approach does not work. Sections
5.4.3 and 5.4.4 deal with simulation studies and data analysis. Proofs are given in
Section 5.4.5. The material discussed in this section is based on the author’s original

contribution, see [27].

5.1 Some notation and technical preliminaries

We start with some notation that is used throughout this chapter. Let k& — oo be
such that k/n — 0. The sequence u,, will be defined by k = nFx (u,) or k = nF(u,),

as appropriate, so that u, — oo and nFx (u,) — oo, nF(u,) — co.
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5.1.1 Convergence of order statistics

For a sample X1, ..., X, from the distribution Fly, let X,,.; < --- < X,,., be increasing

order statistics. Recall the process G, (-) from Section 4.2.1; see the comment after

(4.2.5):

Un Zl ]]-{X >uns}] }

In Proposition 4.2.5 we argued that for i.i.d. random variables X; we have

G,(s) = \/nFx(u,) { () Zlﬂ{x Suns} —

\/E{M - 1} S —a7'G(1) (5.1.1)

Up
jointly with another process G, (-;1, C') considered there.

Now, in the univariate case the process M,,(+;0) defined in (4.3.3) reduces to G,,.
Hence, Proposition 4.3.2 and the same technique as the one used to prove Proposition
4.2.5, imply (5.1.1) for dependent random variables X;, with G replaced with M(-;0).
Again, the convergence holds jointly with the processes M, (+; h), M¥(-; h) considered
there.

Finally, the same comments apply to the process T,, considered in Section 4.4.

In summary, for the purpose of this chapter, (5.1.1) holds jointly with different

processes used in the construction of our estimators.

5.1.2 Second order regular variation

The following concept is used to control the bias in case of estimation of extremal

quantities.

Definition 5.1.1 Let Fx be a distribution function. We say that Fx is second order
regularly varying with indices —a and 3, in shorthand Fx € 2RV (—a,f3), if there

exists a bounded non increasing function n* on [0,00), regularly varying at infinity
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with index —af for some 5 > 0, and such that lim;_,., n*(t) = 0 and there ezists a

measurable function n such that for x > 0 and constant ¢ # 0,

P(X > 2) = ez~ exp (/1 () du) , (5.1.2)

u

AC >0, Yu>0, |n(u)|<Cn*(u). (5.1.3)

We note that there are several different definitions that are called second order reqular
variation; see [28, Exercises 3.15-3.17], [12, Section 2.3|. Here, use the one that was
introduced in [15] and used in the context of tail empirical processes in both [15] and
22].

Under the second order assumption we have the following bound; cf. [22, Lemma

41].

Lemma 5.1.2 If (5.1.2) and (5.1.8) hold, if n* is regularly varying at infinity with
indexr —af, for some B <0, then for any € > 0, there exists a constant C' such that

P(X > st)
P(X > t)

Vi>1, Vs>0, ‘ — 57 <Ot (t)s TP (s v sh)e.

Lemma 5.1.2 and Potter’s bound (see Lemma 2.1.10) imply that for n large enough

and a § > 0 we have

Fx(suy,)

Fx(un)

—Q

nFx (u,) sup

$>80

< nFX (un)ufaﬁﬂs sup 87&(54’1)4’6 ) (514)

n
$>80

The above bound will be used to control the bias that appears when dealing with tail
empirical processes. See Theorem 5.3.1 along with Remark 5.3.2, Assumption 5 of

Theorem 5.4.4.

5.1.3 Hill estimator

If X is regularly varying with the tail index «, then the tail index is usually estimated

by the Hill estimator:
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Under the general conditions (like i.i.d. or weak dependence) together with the sec-
ond order regular variation, the Hill estimator of 1/« is asymptotically normal with
mean zero. Moreover, if the random variables are i.i.d., then the limiting variance is
1/a?. Furthermore, in case of weak dependence and nonnegative random variables
the limiting variance is

0

a2 {1 +2) E[(©; A 1)&]} :
j=1

where O; is the spectral tail process introduced in Section 2.2; cf. [25].

Remark 5.1.3 For every choice of k, we obtain another estimator for 1/a. We
usually plot the estimates Hj, against k. However, these plots typically are far
from being constant, which makes it difficult to use the estimator in practice without

further guideline on how to choose the value k.

5.2 Estimation for i.i.d. vectors: extremal depen-
dence

Let (X,Y) be a regularly varying random vector with index —« (see Definition 2.2.1)
and the same marginals denoted by F' = F. For simplicity, we assume that the

random variables are nonnegative. In this section our goal is to estimate quantities

like
E [w (%%) |(X,Y) € xC} : (5.2.1)

where ¢ : R — R, C' is a suitably chosen subset of R’ \ {0}, 0 = (0,0) and = is
large. For example, x can be chosen as ¢ = x, = F5 (1 —p) = Qx(p), where p is
small (The value x, is called in financial applications the Value-at-Risk). Of course,

the function and the set have to be selected in such the way that the expectation is
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finite. Special cases include estimation of the conditional tail distribution

lim P(Y >yz | X >xz), y>0, (5.2.2)

T—r00

the tail dependence coefficient (cf. Section 2.2.2) or the marginal expected shortfall

(cf. (2.2.10))

EY X >Qx(p)] -

In specific cases estimators of (5.2.1) can be obtained in a parametric or semi-
parametric way and rely on a particular model chosen. Alternatively, one can consider
nonparametric approaches (see [4, Chapter 9] for related theory and methods, as well
as an extensive list of references). Specifically, having an iid. sample (X}, Y;),

j=1,...,n, from (X,Y), estimation of the conditional tail distribution in (5.2.2)

can be achieved by
1 n
E Z :[I‘{}/j>an:n—k=Xj>Xn:n—k} ? y > O ? (523)
j=1

where k is a deterministic sequence such that k — oo, k/n — 0 and X3 < --- < X,
are the order statistics from Xj,..., X,,. However, in order to provide reliable esti-
mates of the conditional tail distribution one needs an appropriate number of pairs
of observations such that the both components exceed the level X,,.,,_r. This usually
requires a very large number of observations. In summary, the estimator (5.2.3) may

not be particularly useful in practice.

We propose an alternative nonparametric approach for estimating the conditional
tail distribution and more generally for expressions like the one in (5.2.1). The idea
is based on the quasi-spectral decomposition introduced in Section 2.2.4.

As a consequence of Proposition 2.2.5, since we assumed for simplicity that all

random variables are nonnegative, the conditional tail distribution can be expressed
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in terms of O, as

(0% Y (03
limIP(Y>y:E|X>x):E[(%/\1>}:limEl(—/\l) |X>x};
T—00 Y T—00 yX

(5.2.4)
see (2.2.16). Thus, the estimator (5.2.3) can be replaced with

I/ Y \“
E E (—)é> ]]'{X,7'>Xn:n—k} . (525)
j=1 \YA

We will argue below that the estimator (5.2.5) is more efficient than the one in (5.2.3).
Of course, if «a is unknown, it needs to be replaced with its estimator, however, we will
provide conditions that guarantee that estimation of a does not influence the limiting
behaviour of the estimator of the conditional tail distribution. Our theoretical results
will be also confirmed by simulation studies. Also, we note that the bivariate case
can be easily extended to a general multivariate situation, still requiring only one
component to be large.

Furthermore, the quasi-spectral decomposition can be useful in approximating

the expected shortfall. It turns out that

lim 2 'E[Y | X > 2] = E[V}]E[@s] = —— lim E[(Y/X) | X > ]

T—00 a— 1 z—c

whenever a > 1. Using the above identity we can construct two estimators of the
expected shortfall. Asymptotic normality of an estimator that is based on the left-
hand side of the above expression requires finiteness of the second moment, while an
estimator motivated by the quasi-spectral representation on the right-hand side may

have finite variance even when o € (1,2).

In summary, the proposed estimation procedure based on the quasi-spectral rep-
resentation may lead to an improvement in terms of efficiency or in terms of the
conditions required to achieve asymptotic normality, as compared to other nonpara-

metric methods.
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We discuss estimation of the conditional tail distribution in Section 5.2.1, while
expected shortfall is discussed in Section 5.2.2. Simulation studies are conducted in
Section 5.2.3, while real data analysis appears in Section 5.2.4.

The material discussed in this section is the original contribution of the author,

see [26]. In what follows, we apply Theorems 4.2.1 and 4.2.6.

5.2.1 Conditional tail distribution

In Section 4.2 we considered the tail empirical process based on i.i.d. random vectors.

The tail empirical function was defined as

Gnlisi (un U > {(X;,Y)€sunC 5 s> S0 ; (5.2.6)

see (4.2.2), where u, — oo, nF(un) — oo. If we choose ¥y = 1 and C' = {(z1,x2) :

x1 > 1,29 >y}, y > 0, then G (3‘1/1, C') becomes

G(l ( Yj>suny} - (527)
Furthermore,
P(X > sup,, Y > su,y) _
GS)(SW) = - = G(l)(s;y) =S a/ v (dvy, dvy) ,
P(X > u,) (1,00] x (y,00]
(5.2.8)

where v is the exponent measure of (X,Y) that appears in the definition of the
bivariate regular variation. Hence, GV (1;y) = lim, oo P(Y > u,y | X > u,) is the
limiting conditional tail distribution and G (1;1) is the tail dependence coefficient
(since we assumed that X and Y have the same marginal distribution). Theorem 4.2.1
implies that \/m {éf})(s; y) — Gfll)(s; y)} converges to a Gaussian process, say,

GW(s;y) with the limiting variance that can be expressed in terms of the quasi-

~u |2 1)] | (5.2.9)

spectral representation as
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If we choose ¥(xy, 72) = (z2/(yz1) A1)® and C = {(x1, 22) : &1 > 1} then G, (s; ¢, C)

becomes
GO (s;y) Z ( > L (x> sun) (5.2.10)
]:1
GO (sip) = =B (2 A1) Tpon] s G (siy) = lim 6P (s;y)
" F(uy) yX " n—oo "
(5.2.11)
In particular, using (5.2.4),
) %\ Z
G (Ly)=E|l—A1 = lim P(Y > uny | X > u,) .
y n—o0
Certainly,
GV (1Ly) = GP(Ly) = G(1;y) (5.2.12)

Theorem 4.2.1 implies that \/nF (u,) {ég)(s; y) — Gg)(s; y)} converges to a Gaus-

sian process, say, G®(s;y) with the limiting variance

(% A 1)21 , (5.2.13)

which is smaller than the one given in (5.2.9) whenever y > 1.

s K

Hence, both tail empirical functions in (5.2.7) and (5.2.10) can be used to con-
struct estimators of the limiting conditional tail distribution. Specifically, we can

use

1
= E Z ]]‘{)/j>an:n7k7Xj>Xn:n7k} ? (5214)
=1

]_ «

the latter one when « is known. The above discussion indicates that the second

estimator can be asymptotically more efficient than the first one.
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Unknown «

Let @ be an estimator of o. For example, we can choose @ to be the Hill estimator

considered in Section 5.1.3. We redefine @ﬁf)(l; y) from (5.2.15) as

We have

1~/ Y, a
Vk . (—J/\l) Il{xv>xn:nk}—G(2)(1;y)}

7j=1
1 i Y} 1 n V. o
- k ~ M) L - = AT Ty
\/_ { k‘ P (y j ) {X]>Xn:n7k} k, ]Zl (yX] ) {X]>Xn:nk}}
Ly Y ’ (2)
Vi k X L) Igx;> Xy — G7(Liy) ¢ = Ui(y) + Ua(y) -
=1 NI

We already know from Theorem 4.2.6, that
Us(y) = GP(Ly) + o H(GP) (11)G(1)

cf. (4.2.16), given that the bias condition (4.2.14) holds. Using the first order Taylor

expansion for @ — z¢, we have

. I~ /(Y; Y;
Ul(y) = \/E{OP(Q_Q)EZ (yX /\1> IOg (y—)i,/\]_) ]]'{X7>Xnn—k}}
J

Let k = o(k,) and ay, be the Hill estimator based on k, order statistics. Since Xj,
j > 1, are i.i.d. regularly varying random variables, from Section 5.1.3 we know that
Vko(Qk, — a) converges to a centered normal random variable. Hence, in order to

show that U (y) is of a smaller order than Us(y) it suffices to justify that

2 (1) e ()
- A1) log (= A1) Lixox,
]{I;(yXJ yX] {X;>Xnin—k}

is bounded in probability, uniformly in y. Assume that for § > 0 we have

E [(02 A 1)*"|log(©2 A 1)['H] < 00, (5.2.17)
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where recall that ©, is the random variable that appears in the quasi spectral de-
composition, as discussed in Section 2.2.4. Then recalling that k = nF(u,) and
Xn:n—k/un i> 1a

limsup E

n—oo

Yj
log y—X7 /\ ]- ]]'{Xj>Xn:n—k}

] — Y «
e (%)

j=1 J

S E [(@2 A\ 1)a| lOg(@g A ].)” .

Hence, U;(y) is negligible and there is no effect of estimation of «. The reason for this
phenomena is that the estimator of & was chosen to have the faster rate of convergence
1/vk,, than the tail empirical process, as long as k = o(k,). Of course, if we choose
k ~ k,, then estimation of a will affect the limit. Furthermore, if k, = o(k), then
estimation of a will completely determine the limiting distribution.

The above argument relies on the condition (5.2.17). Intuitively, this condition
is fulfilled whenever we have a strong extremal dependence. Consider for example the
following simple linear model: Y = ¢X + o|Z|, where ¢ € (0,1), o0 > 0, X is Pareto
with @ > 0 and Z is standard normal, independent of X. Then O, = ¢ and (5.2.17)
is clearly satisfied. On the other hand, if X and Y are independent, then ©, = 0 and
the condition is not fulfilled. However, in this case there is no reason to estimate the

conditional tail expectation at the first place.

Summary of the results for the tail dependence coefficient

We summarize the above discussion in the following corollaries, gathering the condi-
tions needed in Theorems 4.2.1, 4.2.6, applied to the present context.

The first corollary deals with estimators ég)(s; Y), ég)(s; y) defined in (5.2.7)
and (5.2.10); see also (5.2.8), (5.2.11). It uses Theorem 4.2.1 only.

Corollary 5.2.1 Assume that (X;,Y;), j = 1,...,n, are i.i.d. regularly varying
nonnegative random vectors with index —a and the same continuous marginals. Let

u, be a deterministic sequence such that u, — 0o, nF(u,) — co.
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1. Let sy € (0,1). Assume that for each y > 0,

lim \/nF(uy,) sup |GV (s;y) — GO (s;9)| = 0. (5.2.18)
n—o0 5250
Then for
é(l)(s'y) = ; i Lix; > sun,Y;>suny}
n ) nF(un) . j>8Un,Y;>suny
7j=1
we have
2 e M a o [(©2 4 1)
nF(un){Gn (s;y) — G (s;y)}—>N 0,s “E ?/\1 :
2. Let sg € (0,1). Assume that for each y > 0,
lim y/nF(u,) sup |G (s;9) — G@(s;9)| =0 . (5.2.19)
n— oo $>50
Then for
~ I /Y “
Gg)(S,y) = - (—] A 1> 1 X;>sunt
nf(uy,) ]Zl yX; {Xg>sun}
we have

\/nE (uy,) {ég)(s; y) — G (s; y)} SN (O, sE (% A 1) 21) :

Remark 5.2.2 We note that (5.2.18) and (5.2.19) hold for some values of u,, (and
hence of k) due to (5.2.8) and (5.2.11). The choice of k is not discussed here.

The next two results rely additionally on Theorem 4.2.6.

Corollary 5.2.3 Assume that (X;,Y;), 7 =1,...,n, are i.i.d. reqularly varying non-
negative random vectors with index —a and the same continuous marginals. Assume

moreover that

uniformly in the neighbourhood of 1, where Gy, (s) = P(Xy > su,)/P(Xo > u,). Let

u, be a deterministic sequence such that u, — oo, nF(u,) — co. Set k = nF(u,).



5. Statistical Inference 97

1. Assume that for each y > 0, (5.2.18) holds. Assume that (GM)(1;y) =
(d/ds)GW (s;y) |s=1 is finite. Then for

GV (15y) = % Zn: Ly >y X X5 > X}
j=1
we have
VE{GD (1) = GO (Liy) } 5 G(Liy) — (GDY (Ly)G()
where G(1;y) is a centered normal random variable with variance

(100 x (oo == (2 1) ]

and G(1) is a standard normal random variable.

Corollary 5.2.4 Assume that (X;,Y;), 7 =1,...,n, are i.i.d. reqularly varying non-
negative random vectors with indexr —a and the same continuous marginals. Assume
moreover that

: d —a—1
nh_)rglo &Gn(s) = —as :

uniformly in the neighbourhood of 1, where Gy, (s) = P(Xy > su,)/P(Xo > u,). Let

u, be a deterministic sequence such that u, — oo, nF(u,) — co. Set k = nF(uy,).

1. Assume that for each y > 0, (5.2.19) holds. Assume that (G®)(1;y) =
(d/ds)G? (s;y) |s=1 is finite. Then for

~ /Y, “
2)(1:q) := = I
we have
VE{G2(159) - 6Ly | S 6 (1) - (GDY (159)G()
where G*(1;y) is a centered normal random variable with variance

(5]

/ (vy/(yv1) A 1)* v (dvy, dvy) = E
(1,00) X (y,00)

and G(1) is a standard normal random variable.
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2. Moreover, if ai,, is the Hill estimator of a and k = o(k,), then

VE{GDA(1y) — GD(159)} 5 6 (1) - (G2) (Ly)GA)

5.2.2 Conditional tail expectation

Here, we briefly discuss the estimation, without precise limiting statements, as in
Section 5.2.1. Let o > 1. If we choose ¥ (z1,22) = 29 and C' = {(xy,22) : ¥ > 1}
then G,(s: 1, C) in (4.2.2) becomes

n

~ 1 Y.
G®(s) = — R PR 5.2.20
Also,
GP(s) = =—E [Xﬂ{an}] GO (s) = 5170 / vaw (dvr, duy) .
F(U/n) U/n (1700]><(0700]

We note that if additionally o > 2 then the limiting variance of \/nF (u,)G%(s) can

be represented as

«

e E[©3] . 5.2.21
#2_g[e} (5.221)
If we choose ¢ (71, 29) = 257 and C' = {(x1,22) : 1 > 1} then
~ 1 O =Y
G (s) = — L 1x,5sun) - 5.2.22
Also,
GW(s) = lim Eégl) 5)] = sTo—— / 2 (dv ,dvy) .
(9= Jm EEPE) =5y [ )

In particular, by (2.2.18)

Y
GO(1) =2 limE [} | X > u,

(5.2.23)

o — 1 n—oo n—o0

Y
zlimE[—\X>un
Un
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We have furthermore

2
oo 1
Var(G(4)(3)):S—a< o ) / V2 / —v(dvy, dvy) (5.2.24)
(0,00) 1 U

a—1

2 0o
<57 ( a > / v%/ v (dvy, dos) . (5.2.25)
a—1 000) J1

The integral in (5.2.25) is finite whenever o > 2. However, the integral in (5.2.24)

may exists even when v < 2 (take trivially the situation of Y = X or Y = ¢ X +0|Z],
where ¢ > 0, X is regularly varying with index —a and support contained in (e, c0),
€ > 0, independent of a standard normal random variable Z.)

The limiting variance Var(G® (s)) can be written as

3_0‘( a )2E[@§]. (5.2.26)

a—1
We note that for s = 1 the limiting variance in (5.2.26) is smaller than the one in

(5.2.21). Furthermore, the effect of estimating « is negligible if we use an estimator

of a with a faster rate of convergence, as described in Section 5.2.1.

5.2.3 Implementation. Simulation studies

We perform simulation studies to illustrate our theoretical results. We consider esti-

mation of the tail dependence coefficient
)\TDC = zh—gloP(Y > | X > x) ,

cf. (2.2.9) bearing in mind that X and Y have the same distribution. We use the
estimators G4 (1;1), G2 (1;1), GP%(1;1) defined in (5.2.14), (5.2.15), (5.2.16). At
the first step we plot estimates computed for different numbers & of order statistics.
Next, we conduct Monte Carlo estimation for particular choices of k (5%, 10%, 20%,
30% and 40% of observations). Number of Monte Carlo iterations is chosen to be

1000.
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Our simulations indicate that the quasi-spectral method is less variable and more
robust (in terms of the choice of k) than the standard empirical method, even if the

parameter o has to be estimated.

A toy example: simple linear model

We simulate 1000 observations from the model Y = ¢X + ¢|Z|, where ¢ € (0,1),
o > 0, X is Pareto with a > 0 and Z is standard normal, independent of X. In this
case the tail dependence coefficient is ¢*, which is obvious since Y is approximately
¢X when X is large (the random effect of Z is negligible).

Figure 5.1 shows the estimated values using the three estimators, computed for
different values of k, where k is the number of order statistics being used. On the x-
axes actual values of order statistics X,,.1, ..., X,., are plotted in the increasing order.
Hence, the estimators computed at the left-end of each plot use a large number of order
statistics, while at the right-end they use few order statistics, unlike the usual Hill
plot. The first property (not surprisingly) is that the empirical estimator @%1)(1; 1)
is very sensitive with respect to the number of order statistics k, and is completely
useless when plotted against large values of order statistics. The estimators motivated
by the quasi-spectral representation are more ”stable”, even if the parameter a has
to be estimated.

Figures 5.2 and 5.3 show Monte Carlo estimates of TDC using G (1; 1), G (1;1)
(Figure 5.2) and @g)’a(l; 1) (Figure 5.3), where the estimators are computed based on
k = 5%, 10%, 20%, 30%, 40% upper order statistics. The parameter « in @%2)@(1; 1)is
estimated using the Hill estimator based on k., = 5%, 10%, 20%, 40% of upper order

statistics.
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Figure 5.1: Estimation of TDC for the model Y = ¢X + o|Z| with ¢ = 0.8,
a =4, 0 = 0.1. The dash-dotted line shows the true value ¢®. Top panel, left:
estimator @511)(1; 1); top line, right: estimator @512)(1; 1); bottom panel: estimators
@%2)’6(1; 1), where « is estimated using the Hill estimator based on 10% (left
picture) and 20% (right picture) of order statistics.
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Figure 5.2: Monte Carlo estimation of TDC for the model Y = ¢X + ¢|Z| with
¢ =08, a =4, 0 = 0.1. The dash-dotted line shows the true value ¢“. Left
panel: estimator @S)(l; 1); right panel: estimator @%2)(1; 1). Each figure shows
the boxplots for estimated values of the conditional probability computed for five
different values of k. The first boxplot is computed based on 40% of observations,
the second one based on 30% of observations, and the remaining ones based on

20%, 10% and 5%.
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Figure 5.3: Monte Carlo estimation of TDC for the model Y = ¢X + ¢|Z| with
¢ = 0.8, a = 4, 0 = 0.1 using different estimates of . The dash-dotted line
shows the true value ¢®. Estimators @%2)’6(1; 1) computed for & obtained by the
Hill estimator based on 5% (top left), 10% (top right), 20% (bottom left) and
40% (bottom right) order statistics. Each figure shows the boxplots for estimated
values of the conditional probability computed for five different values of k. The
first boxplot is computed based on 40% of observations, the second one based on

30% of observations, and the remaining ones based on 20%, 10% and 5%.
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Bivariate ¢

In Figure 5.5,we simulate 1000 observations from the bivariate ¢-distribution, that is
(X,Y) = VW(|Z1|,|Zs]), where o/ W is chi-square with o = 4 degrees of freedom
and (Z1,Z,) are standard normal with correlation ¢ = 0.9. In this case the tail
dependence coefficient is 0.63, see [13]. The findings are very similar as for the toy
model.

In Figures 5.5, 5.6 and 5.7 we show Monte Carlo estimates of TDC using GY (1;1),
@%2)(1; 1) for different av and ¢. It seems that the smaller o and higher ¢ are, the
better performance of the estimators are. In addition, the quasi-spectral estimators
have not only smaller variation but also less bias.

In Figure 5.8, we also show Monte Carlo estimates of @%2)@(1; 1) for various levels
of order statistics. It is clear that the estimator is not very sensitive to the choice of

order statistics.
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Figure 5.4: Estimation of DTC for the bivariate ¢ with a = 4 and ¢ = 0.9. Top
panel, left: estimator @53)(1; 1); top panel, right: estimator @512)(1;1); bottom
panel: estimators ng)’a(l; 1), where « is estimated using the Hill estimator based
on 10% (left picture) and 20% (right picture) of order statistics.

Summary of the simulation study: Our simulations indicate that the quasi-
spectral method could be less variable and more robust (in terms of the choice of k)

than the standard empirical method, even if the parameter o has to be estimated.

5.2.4 Data analysis

We estimate the tail dependence coefficient for the absolute log-returns of S&P500
and NASDAQ composite indices from January 2, 2013 until June 24, 2014.! The
scatter plot in Figure 5.9 indicates strong dependence in the upper tail. This is
confirmed by the estimation of the tail dependence coefficient. Again, in Figure 5.10

the quasi-spectral method is less variable than the empirical one and robust with

1Source: https://ca.finance.yahoo.com
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Figure 5.5: Estimation of TDC for the bivariate t with @ = 4 and ¢ = 0.9. Left
(1;1); right panel: estimator @,&2)(1; 1). Each figure shows
the boxplots for estimated values of the conditional probability computed for five
different values of k. The first boxplot is computed based on 40% of observations,
the second one based on 30% of observations, and the remaining ones based on
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Figure 5.6: Estimation of TDC for the bivariate ¢t with & = 10 and ¢ = 0.9. Left
panel: estimator Gy’ (1;1); right panel: estimator @,&2)(1; 1). Each figure shows
the boxplots for estimated values of the conditional probability computed for five
different values of k. The first boxplot is computed based on 40% of observations,
the second one based on 30% of observations, and the remaining ones based on
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Figure 5.7: Estimation of TDC for the bivariate ¢t with @ = 4 and ¢ = 0.5. Left
panel: estimator Gy’ (1;1); right panel: estimator @,&2)(1; 1). Each figure shows
the boxplots for estimated values of the conditional probability computed for five
different values of k. The first boxplot is computed based on 40% of observations,
the second one based on 30% of observations, and the remaining ones based on
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Figure 5.8: Estimation of TDC for the bivariate ¢. Estimators @,(12)’6(1; 1) com-
puted for & obtained by the Hill estimator based on 5% (top left), 10% (top right),
20% (bottom left) and 40% (bottom right) order statistics. Each figure shows
the boxplots for estimated values of the conditional probability computed for five
different values of k. The first boxplot is computed based on 40% of observations,

the second one based on 30% of observations, and the remaining ones based on
20%, 10% and 5%.
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Figure 5.10: Estimation of TDC for S&P and NASDAQ. Left plot: empirical
method; middle plot: quasi-spectral method with k, = 0.1n; right plot: quasi-
spectral method with k, = 0.2n

5.3 Estimation for regularly varying time series

The set-up is as in Sections 2.3 and 4.3. We consider a multivariate regularly varying
time series {X;} with values in R? || - || is a vector norm on R% d > 1; F is the
distribution function of || Xg||. As usual, we consider the sequence u,, — 0o such that
Take A= B ={u € R?: ||lu|| > 1}. Let {Y,,j € N} and {©;,j € N} be the
corresponding tail and spectral tail processes. Then the extremogram (cf. Section
2.5 and Eq. (2.5.1)) becomes
lim P(X, € 2B | Xy € 2A) =E[||@4]* A 1] .

T—r00

Thus, for the specific sets A and B the extremogram can be represented as the
expectation of the spectral tail process, similarly to Section 5.2. The choice of the
sets A and B may seem to be restrictive, but suffices in most applications. Also, one
can easily extend our considerations to the case of two different norms. For our choice

of the sets we will write p(h) to denote the corresponding extremogram at lag h.
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Extremogram estimation using the spectral tail process. If {©,,j € N} is
the spectral tail process, then for "nice” functions f : R — R (see Section 2.3 for

details) we have

Bl = lm |7 () 11Xl > 2]

Hence

X (e}
i) =E(l@u AL = lim B | (1A AL) 11Xl > ]
I E

Thus, for the sets A = B = {u € R?: ||ul| > 1} we have two methods of estimating

the extremogram p(h):

n—h
dimn Lx s Lxnli>un)

pem(h) = - , (5.3.1)
> e Lix >
i (M A 1)a Loix 1> un)
pb(h) = — Gt ' : (5.3.2)

2 =1 L, 15w
The first estimator was introduced in [11]. Of course, below we will replace u,, with
random levels and « with its estimator.

In this section we proceed as follows. In Section 5.3.1 we discuss extremogram
estimation using (5.3.1) and (5.3.2) (see Theorem 5.3.1). The latter theorem is fol-
lowed by the estimation using the random levels, where u,, is replaced with the order
statistics (see Theorem 5.3.3). In Theorem 5.3.5 we extend the latter result to the
case of estimated a. In Section 5.3.4 we apply our theory to the tail dependence coeffi-
cient. For two time series models, AR(1) and the solution to the stochastic recurrence
equation, we are able to evaluate the limiting variance explicitly. We argue that the
spectral method yields smaller variability; see Section 5.3.5. Our theoretical findings

are supported by simulation studies. We conclude with financial data analysis.
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5.3.1 Extremogram estimation: deterministic levels

Recall the notation from Section 4.3. In this section we consider the estimators
o (h) and pP(h) (cf. (5.3.1), (5.3.2)) defined with the help of the deterministic

Sequence Uy,.

Theorem 5.3.1 Let { X} be a reqularly varying sequence with values in R? such that
the conditions of Proposition 4.3.2 are satisfied. Assume moreover that the following

conditions hold:

nF(u,) lim sup {M,(s;h) — M(s;h)} =0, (5.3.3)
n—00 g>g,

nF(u,) lim sup { MY (s;h) — MY (s;h)} =0. (5.3.4)
n—0o0 5>50

Then

nF(un) {5y (h) — p(h)} = M(1; h) — p(h)M(L;0) ,

nF (uy) {57 (h) — p(h)} = M*P(1; ) — p(h)M(1;0) .
Remark 5.3.2 We note that (5.3.3)-(5.3.4) are ad-hoc conditions that guarantee
that the bias is negligible. Because convergence in (4.3.5)-(4.3.6) is uniform in s > s,
the conditions are certainly satisfied for some sequences u,,. In particular, if d = 1 and

h =0 in (5.3.3), then the latter can be recognized as the classical no-bias condition

that can be handled using the second order regular variation; see Section 5.1.2.
Proof: By Proposition 4.3.2 we have joint convergence
(Mo (5 0), Ma (5 ), M (5 ) = (MI(0), MI(:, ), MY(; h))

Recall the definition of p™P(h) given in (5.3.1) and of the tail empirical function
given in (4.3.1). We have
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— \/nF(uy) {Mna;h) —p(h)} 4 ML (1 h)y/nE (uy) {ﬁ - 1} .

The delta method and the Slutsky theorem yield that the second term converges in
distribution to —p(h)M(1;0). Furthermore, under the condition (5.3.3) the process

nF(un) { Mo (5 ) = M(5 1)}
also converges weakly to M(+; k). In summary, using the joint convergence,
nF (uy) {py™"(h) — p(h)}

converges in distribution to M(1; k) — p(h)M(1;0), as desired.

The same approach yields the asymptotics for pP(h). |

5.3.2 Extremogram estimation: random levels

In this section we replace the deterministic sequence w,, in (5.3.1)-(5.3.2) with order
statistics. Set V; = || X[ and let V., > Vip—y > ... > Viq be the corresponding

order statistics. If we choose k to be an integer such that k = nF(u,) then

Vk { Yont _ 1} 2 a7 'M(1;0) . (5.3.5)

Unp

This follows from the convergence of the process M, (+;0), together with Vervaat’s
Lemma. The convergence (5.3.5) holds jointly with M¥(-; h) which in turn follows
from the Skorokhod representation. We refer to Section 5.1.1 for the detailed expla-
nation.

The above considerations suggest the following estimators:

1 n—h

ﬁn?li;np(h) = E Z ]]‘{‘/Tj>vnzn—k}:[l‘{vj+h>vn:n—k} ) (536)
j=1
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1 n—h V. @

~ 'S +h

Prge(h) = A ({/—Jr A 1) Levis Vi i} (5.3.7)
= J

Theorem 5.3.3 Let { X} be a reqularly varying sequence with values in R? such that
the conditions of Proposition 4.3.2 are satisfied. Assume moreover that (5.3.3)-(5.3.4)
hold. Then

VE{D,5™(h) = p(h)} 5 M(1; h) — p(h)M(1;0) ,
VE{p, 2 (h) — p(h)} = M*(1;h) — p(h)M(1;0) .

Remark 5.3.4 We note that the limiting distributions in Theorems 5.3.1 and 5.3.3
are the same. Furthermore, in the proof we will skip some technical steps; the argu-

ments below can be made precise following [29], [22] or [25].
Proof:  Note that
P (h) = Mo (Vo )
and recall that M(1;h) = p(h). Thus
VRS0 = p(h)} = VE{ Mo (Vis 03 1) = o) }

= M, (Vien /s )+\/_{M( inie/Un; ) — M(1; h)}
+ \/_{M (Vien—i/tn; h) = M (Vi /tun; )} =11 + Io + I3 .

By (5.3.5), Vim_ir/un, — 1. Since the convergence in Proposition 4.3.2 is uniform
on compact sets of (0,00), we have I; < M(1;h). The last term I3 is negligible by
(5.3.3).

As for I, we note that M(s; h) defined in (4.3.5) can be written as

M(s;h) = von((s,00) x R x (5 00)) .

The homogeneity of the limiting measure implies that M(s;h) = s~ *M(1;h). The
delta method and (5.3.5) imply that

= VE{(Von—/un) "> = 1} M(1;h) % —M(1;0)M (1; h) = —p(h)M(1;0) ,
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as desired.

A similar argument applies to the spectral estimator p, " (h). |

5.3.3 Extremogram estimation: estimated «

The argument here follows the same lines as in [17]; see also Section 5.2.1. Let & be

an estimator of . We redefine p, 7 (h) from (5.3.7) as

n—h a

~ SD.OV 1 V h

Pk (h) =7 < oA 1> LV s} - (5.3.8)
=1 N

A Taylor expansion of the function a@ — 2% gives

atA(a—a) (

A . 1 .
2% — 2% = 2%og(2)(a — a) + 57 log 2)*(@ — a)? ,

where A is a random number between 0 and 1. The functions z — 2%log(z) and

z — 2%log?(z) are bounded for z € (0,1] and for @ in a neighbourhood of a. Thus
VE{BR) = ) b =
n—nh e
1 Vi V;
—\/_OZ—O[— (] )10g(]+h/\1):ﬂ_v,v‘
]i] - V’] V. {Vi>Van—i}

j= J

n—h
Zﬂ{v >V k})

7j=1

| =

+VE(@ - (
— VE@ — a)Ji + Op (x/Ea—a ) . (5.3.9)
Assume that for 6 > 0 we have
E [([©4]l A 1) |1og(||©]| A D] < 00 . (5.3.10)
Then recalling that k = nF'(u,) and sy € (0,1),

n—h «
sup Z (M A 1) log <Vj+h A 1> Liv,>sun}
5250 j=1 ‘/3 ‘/3 ‘

E

lim su
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< 50 “E[(|©n]] A 1)*[log (O] A D] -

Since for sufficiently large n, V,,.,_r/u, lies in a neighbourhood of 1, we conclude that

Jp is bounded in probability.

Asin case of (5.2.17), we have to justify the finiteness of the expression in (5.3.10).
As before, this condition prevents extremal independence. For example, it is clearly
fulfilled if the time series is AR(1).

Assume now that k, — oo, k,/n — 0 and for a nondegenerate random variable

A we have

Vg (@—a) S A
Depending on the interplay between k and k., we conclude:

Theorem 5.3.5 Let {X;} be a regularly varying sequence with values in R? such
that the conditions of Proposition 4.3.2 are satisfied. Assume moreover that (5.5.4)
and (5.3.10) hold and \/E/ka — 0. Denote r = lim,,_,o k/kq € [0,00). Then:

VE{B,2(h) — p(h)}
< MR (15 h) — p(h)M(1;0) + FAE [(|©]], A 1)* log (O]l A 1)] -

Remark 5.3.6 The condition v/k/k, — 0 guarantees that there is no contribution
from the second term in (5.3.9). If v/k/kq — 0, then there is no effect of estimation
of a.

In general, the joint distribution of M *?(1; h) — p(h)M(1;0) and A is impossible
to obtain. Typically, the tail index is estimated using the Hill estimator. Then,
under the conditions of Proposition 4.3.2, A is a normal random variable that can be

expressed as an integral functional of the tail empirical process M, (+; 0); see [25].
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5.3.4 Application to the tail dependence coefficient

Note that M(1;h) = p(h) and for the specific choice of

(o, 21) = min{([|zx /|20l 1},

we also have MY (1;h) = p(h). For this choice of 1, we write MnSp, M. 5P M*P instead
of using the -notation.

We note that

pemn(h) = Solih) ey MUk,
M,(1;0) M, (1;0)
hence to obtain limiting distribution for both estimators we need to study weak
convergence of tail empirical processes defined in (4.3.3)-(4.3.4).
In this section we shall assume that {Xj;,j € N} is a univariate regularly se-
quence of nonnegative random variables. Hence, we have F' = Fx, where F'x is the

distribution function of X,. The tail dependence coefficient at lag i (see Section 2.2)

is defined as
)\(h) = )\TDC(h) = h_)m ]P(Xh >x ‘ Xo > l‘) .

Thus, A(h) = pap(h) for A =B = (1, 00).

Empirical estimator
The empirical estimator (5.3.6) becomes

1 n—h

ﬁni’f;np(h) - E Z ]]'{Xj>Xn:n—k:Xj+h>Xn:n—k} * (53]‘1)
j=1
Theorem 5.3.1 implies the limiting distribution of the estimator is

M(1; h) — A(R)M(1;0)
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where M(+; h) is a Gaussian process with the covariance
h h h
CW(s,t) = e (s,6) + > {c (s,) + (L, 9)} |
j=1

where

h . P(Xo > (sVt)up, Xp > (sVit)uy,)
Cé )(Sat) = nh—>I£lo Fx(u )

)

(s, 1) = lim D0 > Sttns X > tends Xy > st Xy > butn)

) > 1.

)

Using the associated tail process {Y;} or the spectral tail process {©;} (w.r.t. the

norm ||x|| = z), the coefficients c§h)(1, 1) can be represented as:

M) =PV, >1|Yy>1)=E[0F Al
and for j > 1:

A1) =P(Ys > 1,Y; > 1, Y > 1] Yy > 1)
=E[{O©,N0; AO; 1}  A1] .
This yields
Var (M(1;5)) = C™(1,1) = E[Of A1) +2) E[(©, A©; AO;4)* Al], (5.3.12)
j=1

Var (M(1;0)) = C©(1,1) =1 +2 iE[@? A (5.3.13)

j=1
Furthermore
COV(M(3§ h)a M(t3 O)) = 60<87 t) + Z{ej(87 t) + fj(sv t>} )
j=1

where

. P(Xo > (sVt)u,, X > su,
) = i FEEEE 2 s

Y
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P(Xo > suy, Xp, > suy,, X; > tuy,)

e;(s,t) = lim

n—00 FX(un) 9
fj(S,t) — lim P(X] > Sunan_’-i-h > sun,XO > tun)
so that
Cov(M(1; h), M(1;0))
=E[Of All+ ) E[(©4A6;)* A] *ZE A AT "

j=1
Combination of (5.3.12) and (5.3.14) (with A > 1 and h = 0) yields
Var (M(1; h) — A(h)M(1;0)) = (5.3.15)

=E[Of A1]+2) E[(©, AO; AO;up)* Al

J=1

+ A3 (h) {1+2§:E[@y/\1]}

j=1

—2X(h) {E O A1 + iE[(@h NO;H* N1+ iE[(@h ANO; ANOjpn)* A 1]} :

j=1 j=1
Spectral Estimator

Here the spectral estimator (5.3.7) becomes

Anfis L Z ( ZEL A > Lix, > X} - (5.3.16)

The limiting distribution has the form

M*P(1; k) — A(h)M(1;0) ,
where M*P(-; h) is a Gaussian process with the covariance

D" (s,t) = di (s,t) + > {d (s,1) +d"(t,5)}
j=1
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with

1
d(h)(s t) = lim

= E

X 2
0

and for j > 1

1 X ‘(X “
d(h (8 t) = lim — E [(l A 1> ( - A 1) 1{X0>SUn}1{X,j>tUn}

n—oo FX Un) X]

(
=35 °E [(@h N 1)a( ]+h@ A 1) 1{Yg@j>t/s}}
=5 B [(0n A1) (0,510, A1) (O;s/t AN1)%] .

Furthermore

Cov (M *P(s; 1), M(;0)) = go(s, t) + > _{g;(s,) + hy(s,0)} .

j=1
where
() )]
go(s,t) = nhiﬂlo ~; FX(USO>( Vt)un}  (sVHE[©) AL |
. E [(% A 1>a ]]‘{Xo>sun}]]_{xj>tun}:|
g;(s,t) = lim Pt |
— [(X;(—J;h A 1)0‘ H{Xj>sun}1{Xo>tun}]
uls:f) = P () ,
so that

g;(L1) =E[(On A1) Lvpe,>13] =E[(©n A1)¥(O; A1),

hi(1,1) = E[(0,010; " A1) Livpe,>13] = E [(0;410; 1 A1)*(O; A1)%] .
Recalling (5.3.14) (for h = 0) and combining calculations from this section we obtain
Var (M *P(1; h) — A(R)M(1;0)) = (5.3.17)

=E[(©,A1)*] +2 iE [(On A1) (0,410 A1) (O; A1)°]

j=1
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+ A3 (h) {1+2§:E[@y/\ 1]}

j=1

—2>\(h){ o5 A] +ZE (OLA1D)*(O; A1)” +ZE ]+h@j1/\1)a(@j/\1)“]}.

7j=1
5.3.5 Examples
AR(1)

Consider AR(1) process X; = pX;_1 + ¢;, where p € (0,1) and {¢;} are i.i.d., non-
negative and regularly varying random variables. For this process we can calculate

all the expressions of interest explicitly.

We have A(h) = p"*, ©; = p7, j > 0. Thus

Var (M(1; h) — A(h)M(1;0)) =

pha+22p(j+h)a +p2ha {1_"_22pj0¢}

j=1

Qpha{pha+zpha_'_ Z pja+zpj+h)oc}

j=h+1
}—Qtha{l—l-h—'—

Furthermore, for the spectral estimator we have:

= (" + p™*) {1 + } : (5.3.18)

1—po 1—po

Var (M*(1; h) — A(R)M(1; 0)) =

p2hoc +22p(j+2h)a +p2ha {1 _'_2Zp]oc}

j=1 j=1

_2phoc {pha+phazpja+phazpja}
j=1 j=1

2 2
=2p2ha{1+ }—2p2ha{1+ }:0.
1—pe 1—po

That is, the only contribution to the limiting variance comes from estimation of the

tail index. Set k = k,. Let @y be the corresponding Hill estimator. From Section 5.1.3
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we know that the limiting distribution for the Hill estimator of 1/« is asymptotically

normal with mean zero and variance

a—2{1+2§:1@[(@j/\1)a]} :a—2{1+ 1_2pa} :

J=1

The delta method and Theorem 5.3.5 yield the asymptotic variance of the spectral

estimator with the estimated « to be

9 -2
ot {1 + } x (p"hlog(p))* .
1—po
Heuristic for AR(1): We note that when X is large, then X;,;/X; behaves like p".
Thus, the estimator in (5.3.7) behaves like (1/k))p* > L X i} = p", Hence,

the estimator becomes deterministic. The only randomness comes from estimation of
a. Using the first order Taylor expansion, the asymptotic distribution of the spectral

estimator is the same as that of
VE(@ — a)p" log(p) -

This is a short proof in case of AR(1).

Stochastic Recurrence Equation (SRE)

Assume that (A4;, B;), j € N, are i.i.d. random vectors of nonnegative random vari-

ables and define
Xj1 = Aj1 X+ Bjpa, 720

The stationary solution exists whenever —oo < E[log A;] < 0 and E[log" By]; see [2].
If there exists a > 0 such that E[A?] = 1, E[A¢log™ A;] < co and E[B$] < oo, then
the stationary solution is regularly varying by [21] and [19]. Moreover, the sequence
{X;} is regularly varying; see [2].

In particular, ARCH(1) is defined as

Xj = O'ij (5319)
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ol =B+AX7 (5.3.20)

where Z; are i.i.d. standard normal. The sequence {X j2} can be written in terms of

SRE with
A;j=\Z, B;=pBZ;.

The stationary solution exists when A < 1. Then ©; = ngl A;. Set h = 1. Note
that ©;11/0; = A;.; is independent of ©;, i < j. Furthermore, A\(1) = E[(4; A 1)%].
Using formula (5.3.17) we have

Var (M *P(1; 1) — A(1)M(1;0)) =
=E[(4 A1)*] +2E[(A; AD)" iE (01 A1)*(0; A 1)7]

+ A%(1) {1+2iE[@?/\ 1]}

j=1

—2)\(1){E[A?Al]+iE[(A1A1)O‘(@j/\1)] [(A; A1) iE O, A1) }

j=1

=E [(A; A1)*] +2X(1) {E [(Ay A 1)) + iE (1 A1)*(O; A 1)“]}

+ A1) {1+2iE[@?/\1]}

—2)\(1){)\(1)+E[(A1A12°‘ +ZE (AL AD)(O; A1) ZE [(©; A1) }
=E [(4; A 1)*] — E* [(4; A 1)*] = Var((4; A 1)) . (5.3.21)

Since ©; = Ay, we can estimate the last quantity by calculating the sample variance

of Uj,,, where
Uj,k = ((Xj+1/Xj)a A 1)]]'{Xj>Xn:n—k} y j = ]_, e, — 1. (5322)

Of course, a has to be estimated in practice.
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Heuristic for SRE: When X is large, then random variables (X;11/Xj;), j > 1, are
approximately ©; = A; and hence independent. Thus, the only contribution to the
limiting variance is Var(©¢ A 1) = Var(A® A 1). The case of h > 2 is more involved,
since the random variables (X,/X;), 7 > 1, (when X; is large) are h-dependent.
A similar discussion is valid for Markov chains that have multiplicative structure

of the tail process.

5.3.6 Implementation. Simulation studies

We perform numerical studies on estimation of the tail dependence coefficient. We
consider the ARCH(1) process defined in (5.3.19)-(5.3.20) with 8 = 0.1, A = 0.7 and
Zy being standard normal. According to Table 8.4.8 in [18] this set of parameters
yields the tail index of X? to be 1.59. The exact value of the tail dependence coeffi-
cient at lag 1 is E[(A; A 1)], where A; = A\Z?. This value is estimated by the Monte

Carlo simulation based on 1000 replicates.

First, we perform the Monte Carlo experiment (with 1000 repetitions), where
we simulate 1000 observations from the ARCH(1) process and estimate the tail de-
pendence coefficient using the empirical estimator (5.3.11) and the spectral estimator
(5.3.16). Both estimators are based on 5%, 10%, 15% and 20% of the largest ob-
servations. The tail index in (5.3.16) is estimated using the Hill estimator with the
corresponding number of order statistics. The results are depicted in Figure 5.11.
Along with the boxplot, we summarize the results by calculating the interquartile
ranges and median absolute deviations of the estimates as shown in Tables 5.1 and
5.2, respectively. We see reduction in the variability, similar to Section 5.2.

Finally, the full applicability of the spectral method is illustrated on Figure 5.12,

where we depict the Hill plot for the spectral estimator along with the confidence
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Figure 5.11: Boxplots for estimators for the tail dependence coefficient: empirical
estimator (5.3.11) - (left panel) and spectral estimator (5.3.16) - (right panel).
From the left to the right: 20%, 15%, 10% and 5% of order statistics used.

Table 5.1: Values of the interquartile range for the estimates of the tail dependence

coefficient.

1.0

08

0.6

0.4

0.2

0.0

spectral method

k Empirical | Spectral || Improvement
20% 0.05 0.047 6.20%
15% 0.06 0.053 11.05%
10% 0.08 0.067 15.85%
5% 0.12 0.097 19.01%
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k Empirical | Spectral || Improvement
20% 0.025 0.023 5.78%
15% 0.033 0.027 17.42%
10% 0.040 0.034 15.34%
5% 0.06 0.048 19.10%

Table 5.2: Values of the median absolute deviation for the estimates of the tail
dependence coeflicient.

interval obtained by the method described in (5.3.22), again with « replaced with its
Hill estimator with the corresponding number or order statistics. We also plot the

empirical estimator, however its confidence interval requires some resampling scheme.

5.3.7 Data analysis

We analyse daily stock price for Exxon Mobil. from January 4, 2010 to November 3,
2015.2 We calculate squared log-returns and estimate the tail dependence coefficients
for lags 1, 2 and 3. Interestingly, lags 2 and 3 have stronger tail dependence; see thick
blue lines on Figure 5.13. The Hill plots for lags 2 and 3 stabilize around the value
of 0.2.

Do the data follow GARCH(1,1) model? Tt is very often assumed in the econo-
metrics literature that financial time series follow a GARCH(1,1) model. We fitted
a GARCH(1,1) model X; = pu+0;Z;

j, 07 =w+ a1 X7 | + o7 to the log-returns

of the Exxon Mobil data. The estimated parameters are p = —3.601310e — 04,
w = 3.651305e — 06, a; = 7.858571e —02 and B; = 8.960275e¢ —01. Hence, ay+5; < 1
yielding stationarity. The Jarque-Bera test rejects normality of the residuals. We fit-

2Source: https://ca.finance.yahoo.com
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Estimation of Tail Dependence Coefficient
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Figure 5.12: Estimation of the Tail Dependence Coefficient: thick solid blue line -
the spectral estimator; thin solid black lines - confidence interval; thick solid green
line - the empirical estimator.
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ted t-distribution with 6 degrees of freedom.

Then, we simulated 100 GARCH(1,1) processes with the estimated parameters,
of length 1468 (the same as the Exxon Mobil series) and produced the Hill plots for
the tail dependence coefficients of the squares of the simulated GARCH at lags 1, 2,
3 (see Figure 5.13). One can argue that GARCH(1,1) methodology overestimates the
extremal dependence for the log-returns at lag 1, but captures properly the extremal

dependence at lags 2 and 3.
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Figure 5.13: Estimation of the Tail Dependence Coefficient for GARCH(1,1)

model;

lag 1 - top panel, lag 2 - middle panel, lag 3 - bottom panel.

Black

thin lines - estimates for 100 realizations. Blue thick line - nonparametric estimate
using the empirical (left panel) and spectral estimator (right panel).
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5.4 Estimation of the Marginal Expected Shortfall
under extremal independence

Recall the conditional extreme value model from Section 2.4. Our goal is to estimate

the Marginal Expected Shortfall defined in (2.4.4):
0p) = EY | X > Qx(p)]. (5.4.1)

We proceed as follows.

In Section 5.4.1 we construct the estimators of 0(p); see equations (5.4.7) and
(5.4.8). We prove the consistency and asymptotic normality of the estimator of the
scaling function b (see Proposition 5.4.1). Then, we discuss estimation of ¢, the index
of regular variation of b. The main result is stated in Theorem 5.4.4, where we prove
the asymptotic normality and consistency of the estimator of 6(p). The section is
concluded with several comments (comparison with [8], discussion of assumptions,
etc.). Section 5.4.2 contains a number of examples which indicate that our approach
is, in general, more favorable than the one from [8]. We continue with a simulation
study and data analysis. We conclude with proofs. The material of this section is

based on author’s original contribution, see [27].

5.4.1 Asymptotic normality of MES estimators

Assumption 1 leads to the following estimation procedure for (p) defined in (5.4.1).
Since the tail distribution Fx of X is regularly varying with the index —a, the function
Qx(p) = F5 (1 —p) is regularly varying at 0 with index —1/a. Let k = k, — o0
be a sequence of integers such that k/n — 0 and let p = p, be such that p, — 0 as

n — 0o. Assume that

kn
lim — =7 € (0,00) .
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Hence, by Lemma 2.1.3 along with Remark 2.1.4 applied with f = )x, when n — oo,

1/a
@%{;ﬁf%) - ( fp) sy (5.4.2)
Recall that k, = nFx (un). If Fx is continuous and strictly increasing, then u, =
Fi (1= k) = Qx(ku/n).

Noting that

0(pn) = E[Y | X > Qx(pn)], O(kn/n) =E[Y [ X > Qx(kn/n)] = E[Y | X > uy] ,

Lemma 2.4.3 implies that

lim M = lim 6(kn/n)
n—o0 b(Qx(pn))  noo b(uy)

W.lo.g. we shall assume that RXorg(1) = 1. The latter expression, regular variation

of the function b and Lemma 2.1.3 applied with f = b imply that

¢/ ¢/
0(n) ~ b (@xlp) ~ W Qxlbn/) (1) vt (22) L )
Combining (5.4.3)-(5.4.4) we get
¢/a
0(pn) ~ 0(kn/n) (:—;l) ~ O(ky /n)r®’ | n— oo . (5.4.5)

From now on, we will omit the subscript n in k, and p,.

Assume that we have an ii.d. sample (X;,Y;) from (X,Y). We can estimate
Qx(k/n) by Xk, where X, > Xpno1 > -+ - > X1 are the order statistics from

Xi,...,X,. Hence 6(k/n) can be estimated by

~ 1 &
0(k/n) = % ZYjﬂ{prm,k} - (5.4.6)

J=1

This leads to the following estimators 6(p)

O, (p) = 0(k/n) (ﬁ)wa , (5.4.7)

np
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when « and ¢ are known and
R R L ¢/
0,.(p) = 0(k/n) (n_p) , (5.4.8)
when « and ¢ have to be estimated.
The goal is to prove consistency and central limit theorem for these estimators.

We proceed as follows:

e In Proposition 5.4.1 we state consistency and the central limit theorem for

O(k/n). The proof uses the techniques based on tail empirical processes devel-

oped in Section 4.4. In due course we introduce several assumptions.
e Then we discuss how to estimate o and ¢.
e In Theorem 5.4.4 we finally state the central limit theorem for the estimators.

e Next, we discuss the assumptions and compare our approach to [8].

Estimation of the scaling function

Assume that we have an ii.d. sample (X;,Y;), 7 =1,...,n, from the distribution of
(X,Y). Recall that k is a sequence of integers such that & — oo, k/n — 0. Let u,
be the sequence defined by u, = Qx(k/n), that is k may be chosen as k = nFx (u,).
We note that u,, — co and nFx (u,) — oo. Also, from Section 5.1.1 we have

Xn:nfk i> 1.

Unp

~

Hence, 0(k/n) defined in (5.4.6) can be viewed as an estimate of §(k/n), which in turn
can be approximated by Rerg(1) X b(u,); see (2.4.5). To state the limit theorem for
é\(k: /n) we need additional moment, continuity and bias assumptions. The conditions

are stated in the language of u, but can be re-phrased using k. To proceed, recall

that (cf. (4.4.1))

T,(s,t) =
(5:%) P(X > uy,) n—o00
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For consistency we need:

Assumption 3 Let so € (0,1). The function T(-,-) is continuous on [sg,00) x R, .

Note that it appeared already as Assumption 2, before Proposition 4.4.1.

Assumption 4 For g = 1,2 there exists 6 > 0 such that

q+6

limsup E | X > u,| <oo.

n—00 bq+6(un)
In fact for consistency one needs the latter assumption with ¢ = 1 only, while ¢ = 2
is needed for the asymptotic normality.

For asymptotic normality we also need the following no-bias conditions. To in-

troduce the first one, recall the second order assumption, cf. Definition 5.1.1 and

inequality (5.1.4).
Assumption 5 We assume that Fx € 2RV (—a, 3) and for some § > 0,

lim /nFx (u,)u, “* ™ =0. (5.4.9)

n—o0

Assumption 6 We assume that

lim \/nFx(u,) sup(/ / yT,,(dz,dy) — / / dexdy)—O
n—oo s>s0

We are ready to state the following result. The proof is given in Section 5.4.5.

Proposition 5.4.1 Let Assumptions 1, 3, 4 (with ¢ = 1) hold. Then

-~

(k/n)
b(un)

= Nere(1) .

If moreover Assumptions 4 with ¢ =2, 5 and 6 hold then

Vk <0b((ku/7;) — NCTE(1)> S 20+ 7y,
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where

Z1 = / / yT(d.’L',dy) ) ZQ - a_lT(la OO)/ yT(l’dy) ’
1 0 0

and T is a Gaussian process defined on [sg,00) X (0, 00) with the covariance function

T(sVs tAt).

Remark 5.4.2 The limiting variable is the sum of two dependent normal random
variables with mean zero. The formulas for Var(Z;), Var(Z,) as well as Cov(Z1, Z5)
involve the unknown function 7" and hence are not particularly useful. The limit-
ing variance can be in principle estimated by resampling techniques, but this is not

addressed here.

Remark 5.4.3 Again, note that Assumptions 5 and 6 hold for some values of u,, (or,

equivalently, k).

Estimation of the tail index and the conditional scaling exponent

The tail index a of X is estimated by the standard Hill estimator; see Section 5.1.3:

().

Q)I

nnk

Under the conditions stated in Section 5.1.3, the estimator is asymptotically normal
with mean zero and variance 1/a?. To estimate ¢ we note that in [24] the authors
showed that under Assumption 1 and additional technical conditions, the random
variable XY is regularly varying with index ¢ := «/(1 + ¢). Thus, we can estimate
¢ by E, the Hill estimator based on the order statistics of X,;Y;, 7 =1,...,n. Again,
regular variation of the product implies consistency of Z If moreover the second order

condition holds for XY then we also have

Al thorod)
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~

However, the dependence structure of (a, () is rather complicated. As such one can

conjecture that the limiting distribution of

say, A, is normal but the question about its variance remains open.

Nevertheless, this suggests the following estimation procedure for ¢.
e Estimate the tail index o of X using e.g. the Hill estimator a;
o Let ( =a/(1+ ¢). Estimate ¢ using the Hill estimator Zbased on XY;

e Estimate ¢ by ($: a/Z— 1.

Estimation of the expected shortfall

We combine the above results into the following theorem. To state this we need

another "no-bias” assumption.

Assumption 7 We have

iy i [Nl (1Y)

n—300 0(p) np

We note that this assumption is needed for the asymptotic normality only, since the
expression in the bracket converges to zero under CEV and the moment assumptions.
This follows from (5.4.3) and (5.4.5). Hence, Assumption 7 holds for some sequence
k, but the valid range of k£ has to be justified for each model.

Theorem 5.4.4 Let Assumptions 1, 3, 4 (with g = 1) hold. Then
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If moreover Assumptions 4 with ¢ =2, 5, 6 and 7 hold, then

Vi { 6u(p) _ 1} = (Nere(1) "2y + Z,) (5.4.10)

and

~

Vi { (D) _ 1} 25 Rere(1) 21+ Zo) + A

0(p)

where A is a distributional limit of \/k log (%) (3— 6), =0/, 5: g/g/a and g/g, a

are estimators of ¢, «, respectively.

Proof: We have
\/E{gn(p) — 1} = VE®Rcrr(1) ™! {é\(k/n) - NCTE(D}

0(p) b(un)
g(k/n) Nerg(1) X b(un) (K ¢/a B
Nere (1) b(un)\/E{ 0(p) (np) 1} '

The first expression converges in distribution to (Rere(1))™1(Z; + Z3) by Proposi-
tion 5.4.1, while the second one converges in probability to zero by Assumption 7 and

since

~

0(k/n)/(Nere(l) x blu,)) = 1

again by Proposition 5.4.1.
Furthermore, set = ¢/a and B is an estimator of 5. Then
b.(p) 0k/n) (Y
Vk —1p=vVk —) -1
0(p) 0(p) \np

e ) e ()

We have already proven that the first part converges to (Rerr(1))™'(Z; + Z2) by

-~

(5.4.10). Since 0(k/n)/0(k/n) = 1 we can ignore it in further consideration of the
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second part. We apply the second order Taylor expansion to the such modified second

part to obtain:

Viog (1) B (L)~ L O e (5)"

0(p)

g g

A =op(1)

where 3, = ﬁ+)\(3—ﬁ) and A is a (random) value between 0 and 1. By (5.4.5) the first
part converges in distribution to A, while the second term converges in probability

to zero.

Assumptions: discussion

We discuss Assumptions 3, 4, 5, 6 and 7.

e Assumption 3 is a relatively mild continuity condition. In the trivial case of X
and Y being independent, we have T'(s,t) = s *P(Y < t) and it clearly suffices

that the distribution function Fy of Y is continuous.
For more complicated models, the assumption will be verified directly.

e Assumption 4 implies, by Lemma 2.4.3, that the limiting conditional expecta-
tion is well-defined. It is also needed for validity of the central limit theorem.

If X and Y are independent, then it suffices that E[Y?*°] < co. If X =Y then,

bearing in mind that X is regularly varying with index «, one needs o > 2.

Otherwise, we will verify this condition for each model separately.

e Assumption 5 follows from the classical second order regular variation as indi-

cated in Section 5.1.
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e Assumptions 6 is the ad-hoc condition to deal with the bias in the bivariate
tail empirical process. It is used only at the beginning of the proof of Proposi-
tion 5.4.1 and can be replaced by either

lim \/nFx(u,) sup |Tn(s,t)—T(s,t)] =0
n—00 §>50,t>0
or uniform convergence of (d/ds)T,(s,t). We believe that Assumption 6 is easier

to verify than the latter two. We verify it for specific models.

e Assumption 7 is another ad-hoc assumptions to deal with a different source of

bias. Again, we will verify it for some specific models in Section 5.4.2.

Marginal transformation

The Marginal Expected Shortfall is invariant under a transformation of X. As such,
we should obtain the same estimator for the original situation and for the transformed

one. The next example shows that this is the case.

Example 5.4.5 Take f(x) = 27, v € (0,00). If b(u) is regularly varying with index
¢, then bo f is regularly varying with index 5 = «/7, while the marginal distribution
of X is regularly varying with index o /7. It is clear that the estimator (5.4.8) remains

the same for both models.

Comparison with [8]

Let us focus first on the bivariate regularly varying random vector (X,Y). To il-
lustrate the difference in terms of applicability between bivariate regular variation,
the conditional extreme value assumption and the approach from [8], let us consider
the following simple toy model. Let X be regularly varying random variable with
index —a, @ > 1. For ¢ € (0,1), define Y = X?. Then (X,Y) is bivariate regu-
larly varying with the exponent measure concentrated on the horizontal axis. Hence

(X,Y) is extremally independent and the limit in (2.2.11) vanishes. The transformed
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model (X,Y/?) is obviously extremally dependent and R # 0, where R is defined
in (2.2.12). Hence, [8] is applicable whenever the bivariate regularly varying vector
with (possibly) extremal independence can be transformed to extremally dependent
vector. For example, in [8] the authors consider a vector (X,Y) = (|U|*?,|V]), where
(U, V) is standard Cauchy distribution on R%. We note that (X,Y) is bivariate reg-
ularly varying with extremal independence, but it can be transformed to (|U],[V])
which is extremally dependent.

However, [8] is not applicable when R = 0 and we will provide several examples
in Section 5.4.2 below.

When we drop the bivariate regular variation assumption, we have the following

difference in terms of applicability:

e Our approach: (X,Y) fulfills CEV assumption (Assumption 1). This implies
that X is regularly varying with index a > 0.

e [8]: (X,Y) fulfills (2.2.12) and Y is regularly varying with index v > 1. There

is no assumption on the marginal behaviour of X.

In terms of technical assumptions imposed in the main theorems, the main difference

is that for the asymptotic normality we impose Assumption 7.

5.4.2 Examples

In what follows we give some examples when our theory applies, followed by the case
when our approach does not work. The first example is the generic model for CEV
(See Example 2.4.5) and we provide all details for Assumptions 1, 3-7. The second
one is a continuation of Example 2.4.6. Next, we verify the conditions for consistency
in case of Example 2.4.7. In all these cases we argue that the approach of [8] is not

applicable.
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This is followed by an example that can be handled by both [8] and our approach,
however, one can argue that the former approach is favourable. It is a continuation

of Example 2.4.8.

Example 5.4.6 Let (X,Y) be as in Example 2.4.5, that is X,V are independent
regularly varying random variables with index a > 1 and for ¢ € (0,1), Y = X?V.
The pair (X, Y) is bivariate regularly varying with index o and the exponent measure
concentrated on both axes and hence extremally independent. Also, R = 0 and the
approach from [8] is not applicable.

We have already checked Assumption 1 with the limiting measure

(5, 00] x [0,1]) = 5~ (1 - /1 TRV > z—¢t/s¢)a2—a—1dz) |

From the above formula we conclude also that Assumption 3 is fulfilled whenever the
distribution function of V' is continuous.

As for Assumption 4, we have by the regular variation of X,

v\ 20 Yoy 2
lim E || — | X >u| =lim E | —— | X >u
= E[VH‘S]/ PARle T e P (5.4.11)
1

The above integral is finite if @ > ¢(2 4 §) (and hence we also recover the necessary
condition in Lemma 2.4.3).

Finally, for Assumptions 6 and 7, let us assume in this example that X is Pareto,
that is P(X > x) = 27, « > 1. We do not make any additional assumption on V,

except of the aforementioned regular variation with o > 1. Then, for any x > 1,

E[Y | X > u] :E[V]E[W|X>u]=E[V]af¢u¢= (Q_S‘(Qa_(b)m

From this we can conclude

2

(a=D(a-9)

Y
U—r 00 u
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Using the conditional expectation formula we observe that the expressions in As-
sumptions 6 and 7 vanish.
Now, we discuss Assumption 6 in the general case of regularly varying X. Recall

that Assumption 6 states that

lim nFX (uy) sup (/ / yT,(dz,dy) — / / yT'(dz dy) 0.
n—oo s>80

Integration by parts yields

1 Y 1 X¢
T, d d E 1 wst| =ElV]= E|—1 W s
/ / yTuld, dy) = 7 [b(u@ {X”}} Y et {uz {X”}}

BV o/ Fela)

=E[V] {s(b%—kgbs sz )/mv¢_1FX(vsun)dv} :

The latter expression converges to

E[V] {s(b_o‘ + qu_aa;fgb} :

Hence, Assumption 6 is fulfilled if

N - Fx(ups) 4
lim \/nFx(u,)sup |s®—=——""2 — 597 =
n— 00 X( )5>£) Fx(un)
and
Fx(vsuy,
lim /nFx(uy,)sup s / s Xvsu)—('us)’a dv=0
n—oo $>80 FX Un)

The first condition is implied by Assumption 5, while the second one we bound using

Lemma 5.1.2 by

nFx (un)u, T sup P /oo 1 (@B+D)+e=0) q,,
1

$>80
The integral and the above sup, are finite. In summary, if Assumption 5 holds then

Assumption 6 is fulfilled as well.

We summarize this example as follows:
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e Assumption 1 is fulfilled with b(u) = u?;
e Assumption 3 holds whenever the distribution function of V' is continuous;
e Assumption 4 is fulfilled with ¢ = 1 whenever ¢ < a.

These assumptions suffice for consistency of the estimator. As for the central limit

theorem:
e Assumption 4 is fulfilled with ¢ = 2 whenever 2¢ < «;

e Assumption 5 imposes second order regular variation on X and it implies that

Assumption 6 holds as well.

e Assumption 7 is valid when X is Pareto.

Example 5.4.7 We consider the situation from Example 2.4.6. Recall that (U,V)
is a bivariate regularly varying random vector with the exponent measure v that is
not concentrated on the axes. Hence both U and V' are regularly varying with index
—a and tail equivalent. As such, we can write

Pu YU, V)e:) .
PU>u) "

on [0,00]?\ {0}, as u — co. Let (U;,V;), i = 1,2, be independent copies from (U, V).
For ¢,0 € (0,1) define

(X,Y) = B(U,, V) + (1 — B)(UY, Va)

where P(B =0) =P(B =1) = 1/2 and B is independent of U;,V;, i = 1,2. Both X
and Y are regularly varying with index —«a due to Breiman lemma and in fact P(X >
u) ~ 0.5P(U > u) as u — oo. Furthermore, (X,Y) is bivariate regularly varying,
with extremal independence (even though (U, V) may have extremal dependence.)
This implies that R = 0 and the [8] approach is not applicable.

We have already verified that Assumption 1 holds.
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For Assumption 3 we need to assure that the measure v that appears in the defini-

tion of regular variation of (X,Y’) does not have atoms. This holds when the joint

distribution of (U, V') is continuous.

We consider Assumption 4. We have

1 y 1+9

i g | () o] -
1+46 1)

o v - AN
RiYZoR <W> RS i [ T

oo oo 1 Vo Fy(u'/?) u0+9/0
_ $(1+6) m— — J
_/ / yu . dy) i ey (M) U | T ) s

1 0

(S SIS F (ul/G) u(1+5)/9
_ d(1+9) (1+9) i v

= [ [ vy« [y anay i S

if the assumptions of Corollary 2.4.4 are fulfilled for the regularly varying pair (U, V).

As noted there, the finiteness of the second integral implies o > 1. However, we need

to guarantee that

FU(ul/G) 2 (1+9)/0
lim —=
U—00 FU(U) u(1+0)é

is finite. For this, it suffices that
(a—=1)/0 >a—¢

which is in fact an additional restriction that has to be imposed.

We summarize this example as follows:
e Assumption 1 is fulfilled with b(u) = u?;
e Assumption 3 is fulfilled when the joint distribution of (U, V) is continuous;

e Assumption 4 is fulfilled with ¢ = 1 whenever (o —1)/0 > a — ¢.
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These assumptions suffice for consistency of the estimator.

Example 5.4.8 As in Example 2.4.7 consider a pair (X,Y’) with the following dis-

tribution function:
1—a)(d-y*)
Lt (zy)
We note that this example is generated from Ali-Mikhail-Haq copula with § = —1.

F(x7y> =

The marginal distributions of X and Y are clearly Pareto with index a. Arguing
as in [10], we have R = 0, Assumption 1 is fulfilled with b(u) = 1 and the limiting

measure is the product measure
ul(s,00] x [0,4]) = s7(1 7).

In particular, Rcre(1) = E[Y] = =27 whenever o > 1. Assumption 3 is clearly
fulfilled while Assumption 4 holds with ¢ = 1 whenever o > 1. Hence, for consistency

we only need o > 1.

Example 5.4.9 Recall the situation from Example 2.4.8. Assume that X is a reg-
ularly varying random variable with index —a, o > 1. Let U be a nonnegative
random variable, independent of X such that E[U*/¢+%] < oo for some § > 0. For
¢ € (0,1) define Y = X®U. By Breiman’s lemma, Y is also regularly varying with
index —a/¢. The pair (X,Y) is bivariate regularly varying with index —c, with the
exponent measure concentrated on the horizontal axes, and hence extremally inde-
pendent. The main difference between the current situation and Example 2.4.5 is
that the extremal independence here is linked to different tail behaviour of X and Y.

Assumption 1 is satisfied with the scaling function given by b(u) = u®. On the
other hand,

R(z,y)=E[zV yUO‘/‘ﬂ .

That is, the function R is not identical to zero and the model can be handled by the
approach from [8]. One can argue that this is the way to go, since one does not need

to estimate the parameter ¢, as in case of CEV methodology.
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5.4.3 Simulations

In this section we conduct simulation studies to illustrate the performance of our

estimation procedure.

Example 5.4.6 Continued

The first experiment involves the situation from Example 5.4.6. We simulate n = 1000
observation from the model with v = 4 and ¢ = 1/2. First, we estimate «, ¢ and the
ratio ¢/« using the appropriate Hill estimators. The results are depicted on Figure
5.14. We notice that although the estimation of o and ¢ is not very good, the results
for ¢/a are much better (and this is what really matters for the performance of the
estimator of the expected shortfall).

Next, we deal with estimation of the expected shortfall (5.4.1) with p = 0.01

—1/e and we can

using the estimators (5.4.7)-(5.4.8). In our example, Qx(p) = p
evaluate that
2

(@ =1)(a =)

Figure 5.15 shows the Hill plot for the estimators of the expected shortfall. For

0(p) = p e =1.52381p~ 1%

comparison purposes, we illustrate on Figure 5.16 how the method of [8] works in
case of model of Example 5.4.6 (more precisely, how it doesn’t work). As mentioned
in the Example, the approach from [8] is not theoretically justified in this case. aaaa

Next, we perform a Monte Carlo study for the model described above. We
estimate the Expected Shortfall using = 5%, 10%, 15%, 20% order statistics. The
boxplots for the estimates obtained in N = 1000 simulations are shown on Figure

5.17. Again, we show that the [8] method is not applicable.
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Figure 5.14: Hill plots for a (top panel); ¢ (middle panel); ¢/a (bottom
panel)

Bivariate regular variation

In this section we consider the model X = |ZU|, Y = |ZV|, where Z is Pareto with
a=4,U =sin(V), V = cos(¥), ¥ is uniform on [0, 27| and is independent of Z. In
this case ¢ = 1, both X, Y are regularly varying with index a and the vector (X,Y)
is regularly varying with extremal dependence. Also, the [8] method is applicable.
Figure 5.18 shows boxplots for the estimates of the Expected Shortfall based
on N = 1000 simulations. We note that the method from that [8] provides better
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Estimation of Expected Shortfall

3.0

2.9

theta.p
2.7

25 2.6
l

24

I I I I
50 100 150 200

Number of Order Statistics

Figure 5.15: Plots for the Expected Shortfall. Solid line - estimation using
(5.4.8); dashed line - (5.4.7); horizontal line - the true value of 6(p).

estimates (less variability). This is not surprising since it requires estimation of the

index of regular variation of Y only, instead of o and ¢.

5.4.4 Data Analysis

We analyse stock prices for Exxon Mobil Corporation and Goldcorp Inc.® The time

period is January 2, 2005 to Nov 4, 2015. For the absolute log-returns (X and Y in

3Source: https://ca.finance.yahoo.com
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Estimation of Expected Shortfall
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Figure 5.16: Plots for the Expected Shortfall using [8] method.

what follows) we note that the Hill plot indicates the tail indices to be around 4, while
different techniques to ”verify” the extremal dependence, like the tail dependence
coefficient, comparison of the estimated tail indices of X and min(X,Y"), as well as
X and XY do not give a clear answer whether the extremal dependence can be
assumed.* Furthermore, the standard correlation coefficient is very low (around 0.1).
In other words, it is not clear for us if the extremal dependence holds and hence if [8]
method is applicable.

We proceed with the method of the present paper. Figure 5.19 shows the Hill plot
for the estimation of the scaling exponent. For the order statistics k = 50, ..., 300 the
plot stabilizes below 1, indicating extremal independence. We apply our procedure

to estimate the expected shortfall at the level p = 0.001. We note that the method

4The plots are not included in the thesis.
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Figure 5.17: Boxplots for the Expected Shortfall. The boxplots correspond
to k = 20%, 15%, 10%, 5% of order statistics being used.

of this paper provides a reasonable estimate to be in the range (0.03,0.035) (based
on the order statistics k& = 50,...,300), while the [8] method does not provide any

conclusive answer, since the plot seems to have a positive trend.

5.4.5 Proofs

Proof of Proposition 5.4.1

We use notation from Section 4.4. Let &, = Xwnzk We have

= wn .

/:o /OOO yTn(dz,dy) = \/E/:o /Ooo y(T,(dz, dy) — T, (dz, dy))

“VES L 1 —VE T, (dz, d
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Figure 5.18: Boxplots for the Expected Shortfall - bivariate regular variation.

~

—VE <‘9(k/"> - NCTE(1)> +Vk (NCTE(l) - /;O /OOO yTn(dx,dy)) :

b(uy,)

Hence,
0(k/n)
( ) NCTE(”)

1 o0 o0 [ee] o0
= —/ / yT,(dz, dy) + </ / yT,(dz, dy) — NCTE(l)) =J,+ J
Vk Je, Jo e Jo

and

\/E <é\b((ku/7f;) — NCTE<1)> = \/Ejl + \/EJQ =1L+ 1.
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Estimated scaling exponent
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Figure 5.19: Conditional scaling exponent.

We deal with J; and I simultaneously. First, we will show that

_ 00 00 00 S . 1 ~
7= / / y T (dz, dy) = / / yT(dz,dy) . o= -1, %0, (54.12)
z=1 Jy=0 z=1 Jy=0 \/E

and this will be followed by verifying that

L -] =

1 oo .
/ / y']I‘n(dx,dy)‘ =0, |[J1—4]>0. (5.4.13)
r=£n Jy=0

As a consequence, I, 5 Z; and J;, = op(1).

Fix A > 0 and decompose

_ A A A poo
I :/ / yT,(dx, dy) —1—/ / yT,(dx,dy)
z=1Jy=0 z=1Jy=A
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Figure 5.20: Expected Shortfall.

00 A 00 9]
+/ / yTn(dxady)+/ / yTo(de,dy) == Iy + Lo + iz + 114
z=A Jy=0 z=A Jy=A

Define J;; = (1/\/%)?11, 1=1,...,4. Since T,, converges weakly by Proposition 4.4.1,

it converges uniformly on compact sets. Hence

Iy = / / yT(dz,dy), J1 2>0.
1 Jy=0
To conclude (5.4.12) we need to show that

lim limsup P(|.Jys + Jia| > ¢) =0, llm limsupP(|I1y + L14] > ) =0, (5.4.14)

A—=00 oo A—00  poo

and

hm limsup P(|J13] > ) =0, hm limsup P(|13] > &) =0 . (5.4.15)

A—=00  pco =0 n—oo
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For (5.4.14), it suffices to verify that

Sl ome]

1y
lim limsup Var (/ / yT,(dz, dy)> =0.

The first part of (5.4.14) is bounded by

lim limsupE T, (dz,d
A—roo n—>oop (\/_/z 1/y Y y)

< lim limsup k:E (b(u )ﬂ{x>un}ﬂ{Y>b(un)A})

A—=00 pooo

n 1 Y1+5
< /}gr;o hgl_)Solip k:A‘SE (mﬂ{){mn}) .

A—00  poo

lim limsup E {

and hence vanishes by Assumption 4 with ¢ = 1 only. For the second part of (5.4.14)

we need Assumption 4 with ¢ = 2:

0o poo n Y
o (VE [ [ o) = var (st

Y2
< lim limsup — IE (mﬂ{X>un}ﬂ{Y>b(un)A})

A= poo K

n 1 y?2+o
< i T sup sk (b2+6(un) H{X”‘"})

y2+96
= Ahm hmsup ij(SF)((Un)E (bQT(un) | X > Un)

—0  np—oo

) ) 1 Y2+6
— Allm hmsupEE (m | X > un) =0.

—0  p—oo

For (5.4.15), we argue that

1 o) A
lim limsup E T, (dz,d =0
A—roo n—>oop [\/E /zzA /y=0 ¥Ta{ y)}

and

00 A
hm lim sup Var (\/E/ / y']I'n(dx,dy)) =0.
Ao peo z=A Jy=0
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Note that any random variables U, V' such that E[|U]|] + E[V?] < oo we have E[|U —
E[U]]] < 2E[|U]], Var(]V — E[V]|) < Var(V). We apply these bounds in the compu-

tations that follow.

Recalling that, by Lemma 2.4.3, Assumption 4 used with ¢ = 1 implies ¢ —a < 0,
we have

lim lim E

A—00 n—00 |: —oon—oo k

Y
y']I‘ (dzx, dy) D <2 hm lim E (mﬂ{x>unA}ﬂ{Y<b(un)A})
U,

y=0
< — < 9= — .
QJEI;O kE (b(un) ]l{X>unA}) N hm A 0

Likewise, using Assumption 4 with ¢ = 2 and Lemma 2.4.3 (so that 2¢ — a < 0) we

have

0o A 2
. . Y
Jggo nhjgo Var (\/E /z:A /y:O yTn(d:E,dy)) < f}gf;o nIEIOIO k‘E (ml{X>unA}]]-{Y<b(un)A}>
Y2
S lim nE (bQ( )]]-{X>unA}) S N lim A2¢_O‘ =0.

A—oc0

Hence, we have shown (5.4.12).

Now, for arbitrary €, ¢ > 0,

P(|I, — I,| > €)
=P(|L — L] > €6 — 1| > €) + P([; = L} > ¢, |&, — 1| <€)

<P(é =1 > )+ P(|L — L] > 6,6 — 1] <€) .

We know that &, = 1, hence P(|§, — 1| > €/) — 0. Also

P(L— T > e, |6~ 1| <¢) <P ( " YT (de, dy)

We obtain

n

) |

1 Up (1—€' i<u €
b(u,) {un(1—¢")<X;<un(1+ )}>

| =

P(|, — Ih| > €,& — 1] < €) < € *Var <\/E

j=1
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< EiQn Y2 —1 ’
>~ Lk b2( ) {un(1—€)<X<upn(l+€)}

—e?{(1—€)* (1+ €)% a}/ / T(dz,dy) ,

as n — oo by Assumption 4 and Lemma 2.4.3. Letting ¢ — 0, the limit is 0. The
similar calculation is applied to Ji using Assumption 4 with ¢ = 1 only. The identity

(5.4.13) is proven. This concludes the proof of convergence for I; and J;.

We proceed with J, and I,. Convergence of order statistics and the uniform

convergence of T;, to T" imply that

/:O /OooyTn(dx,dy) =/100 /OooyT(dx,dy):NCTE(l)_

Hence, J, converges to 0 in probability. Furthermore, Assumption 6 yields that it
suffices to consider the integral, where T,, is replaced with 7. The delta method and

convergence of order statistics imply that
I 5 a7 'T(1, oo)/ yT'(1,dy) = Z,
0

jointly with Z;.
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