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Abstract

In this thesis we deal with statistical inference related to extreme value phenomena.

Specifically, if X is a random vector with values in d-dimensional space, our goal is

to estimate moments of ψ(X) for a suitably chosen function ψ when the magnitude

of X is big. We employ the powerful tool of regular variation for random variables,

random vectors and time series to formally define the limiting quantities of interests

and construct the estimators. We focus on three statistical estimation problems: (i)

multivariate tail estimation for regularly varying random vectors, (ii) extremogram

estimation for regularly varying time series, (iii) estimation of the expected shortfall

given an extreme component under a conditional extreme value model. We establish

asymptotic normality of estimators for each of the estimation problems. The theoret-

ical findings are supported by simulation studies and the estimation procedures are

applied to some financial data.
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Chapter 1

Introduction

Extreme value theory (EVT) provides an asymptotically justified framework for the

statistical modeling of rare events. For independent, identically distributed (i.i.d.)

univariate random variables, the theory dates back to the 1920s and the celebrated

Fisher-Tippett-Gnedenko theorem that describes possible limits of normalized max-

ima. The limiting distributions are called Weibull, Gumbel or Fréchet. The Fréchet

distribution has regularly varying (i.e., power-law tail with a positive index α). This

distribution and its maximum domain of attraction are suitable models for describ-

ing heavy-tail phenomena. Regular variation also provides a link between EVT and

powerful probabilistic tools such as point processes and their weak convergence. The

theoretical foundations triggered the development of suitable statistical methods, in-

cluding the Peaks Over Threshold (POT) approach and Generalized Pareto Distribu-

tion (GPD) fitting. In the Fréchet domain case, different estimators of the tail index,

including the celebrated Hill estimator, were studied. Although some statistical chal-

lenges remain, one can argue that EVT for i.i.d. random variables is well understood

and summarized in research monographs like [18] or [12].

However, the situation is more complicated when dealing with dependent (sta-
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1. Introduction 2

tionary or non-stationary) or complex (such as multivariate or function-valued) data.

In this thesis we deal with statistical inference related to extreme value phenomena.

Specifically, if X is a random vector with values in R
d, our goal is to estimate mo-

ments of ψ(X) for a suitably chosen function ψ when the magnitude of X is big.

Since X has values in Rd, we have to clarify what does it mean that the vector is big.

This will be achieved by a notion of regular variation of random variables, random

vectors and time series. This powerful tool will allow us to formally define limiting

quantities of interests and guide us through the estimation procedure.

The structure of the thesis is as follows:

• In Chapter 2, we provide some preliminary technical tools that are used through-

out the thesis. We first introduce the notion of regular variation. We cite some

important results such as the Uniform Convergence Theorem, Potter’s bounds,

Karamata’s Theorem and Breiman’s Lemma. We then extend the notion of

the univariate regular variation to a multivariate case. We discuss the dis-

tinction between extremal independence and extremal dependence. Then we

introduce the concept of regular variation for time series. We also consider the

Conditional Extreme Value model (CEV). The CEV is introduced to deal with

situations when the regular variation fails to capture extremal behaviour, like

in the aforementioned extremally independent case.

Most of the material presented in Chapter 2 is based on existing literature (e.g.

[28]), which is clearly mentioned in the appropriate places. However, some of

the results presented in Section 2.2 (a quasi-spectral decomposition) and of Sec-

tion 2.4 (properties of the Conditional Extreme Value model) are new and can

be found in the authors’ papers, [26] and [27], respectively.

• In Chapter 3, we summarize several results on weak convergence of stochastic
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processes. We consider weak convergence and discuss weak convergence using

entropy methods. The results here are not new and we based our presentation

on, respectively, [5] and [31].

• In Chapter 4, we discuss the weak convergence for tail empirical processes, using

the theory described in Chapter 3. The tail empirical processes is an extremal

counterpart of the classical empirical processes. We prove the weak conver-

gence for tail empirical processes based on i.i.d. random vectors. The results,

as stated, are new, but they follow a relatively classical path. We also state a

functional central limit theorem for tail empirical processes based on regularly

varying time series which is adapted from [25]. Finally, we prove a functional

central limit theorem for tail empirical processes based on i.i.d. extremally in-

dependent random vectors, which is new and based on the author’s paper, [27].

• Chapter 5 deals with the statistical inference and is the main part of the thesis.

These results are new and they can be found in the author’s papers, [26], [27]

and [30]. First, in Section 5.2, we discuss the estimation for i.i.d. vectors under

extremal dependence. We propose an alternative nonparametric approach for

estimating the conditional tail distribution that is based on the quasi-spectral

decomposition. We argue that the estimation procedure based on the quasi-

spectral representation may lead to an improvement in terms of efficiency or in

terms of the conditions required to achieve asymptotic normality, as compared

to other nonparametric methods. Then, in Section 5.3, we extend the ideas of

the preceding sections to the problem of estimation for regularly varying time

series with extremal dependence. We prove the asymptotic normality of ex-

tremogram estimators using deterministic and random levels. We present the

examples of AR(1) and a stochastic recurrence equation and conduct simula-
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tion studies and data analysis. Finally, in Section 5.4, we proceed with estima-

tion under extremal independence, specifically using the Conditional Extreme

Value model developed in Chapter 2. We also estimate the Marginal Expected

Shortfall. We construct an estimator and derive its asymptotic normality. We

compare the applicability of our results with [8]. We argue that our approach

is more applicable than in the latter reference.



Chapter 2

Preliminaries

In this chapter we discuss some preliminary technical tools that are needed in the

thesis, in particular, regular variation and measures of extremal dependence.

In Section 2.1 we introduce the notion of regular variation. First, in Section 2.1.1

we define regular variation of deterministic functions and quote important results like

the Uniform Convergence Theorem, Potter’s bounds and Karamata’s Theorem. The

results in this section are not original and they can be found in standard literature like

e.g. [7] and [28]. Then, in Section 2.1.2 we introduce the notion of vague convergence

and its relationship to weak convergence. Again, the results are taken from the

literature, e.g. [28]. In Section 2.1.3 we consider regularly varying random variables.

We connect regular variation to vague convergence and the latter to weak convergence

of conditional probabilities. Then, we establish different moment bounds and tail

asymptotics, like Potter’s bounds and Breiman’s Lemma. The results are not original

(see e.g. [28]), however, we re-prove some results to illustrate the techniques used.

In Section 2.2 we extend the notion of the univariate regular variation to mul-

tivariate regular variation. We include an important distinction between extremal

independence and extremal dependence. The regular variation implies the quasi-

spectral decomposition. This decomposition has not yet appeared in the literature in

5



2. Preliminaries 6

the present form, however, we note that in the time series context this decomposition

is known as the spectral tail process; see [3] for details.

In Section 2.3 we introduce the concept of regular variation for time series. As

in the multivariate case, we link regular variation to quasi-spectral decomposition.

Several examples (AR(1), solutions to Stochastic Recurrence Equations and threshold

ARCH) are given. The contents are again based on the existing literature.

In Section 2.4 we consider the Conditional Extreme Value model. This set-up

was studied rigorously in [20], [10] and [23]. Connections of CEV to the marginal

expected shortfall were mentioned in [27]. Some results in Section 2.4 are new and

can be found in the latter reference.

Section 2.5 introduces the extremogram, the measure of extremal dependence for

time series. We follow [11].

2.1 Univariate regular variation

In this section we introduce the notion of univariate regular variation of functions

and random variables. Most of the material is well-known and is taken from stan-

dard references like [7] and [28]. Some of the results are re-proven to illustrate the

techniques.

The structure of this section is as follows:

• Section 2.1.1 contains important results on regularly varying functions including

the Uniform Convergence Theorem, Potter’s bounds and Karamata’s theorem.

• Section 2.1.2 deals with an important concept of vague convergence. Compari-

son to weak convergence is discussed.

• Section 2.1.3 contains results on regular variation of random variables. We

link regular variation to vague convergence of measures, and the latter to weak
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convergence of conditional distributions. Furthermore, important results like

Potter’s bounds and Breiman’s Lemma are stated.

2.1.1 Regularly varying functions

Definition 2.1.1 A function f defined on [0,∞) is said to be regularly varying at

infinity if the limit

lim
x→+∞

f(tx)

f(x)
(2.1.1)

exists for all t > 0.

With this definition, we can show that f(x) = xγ log(x), γ ∈ R, is a regularly

varying function. Indeed

lim
x→+∞

f(tx)

f(x)
= lim

x→+∞

(tx)γ log(tx)

xγ log(x)
= tγ lim

x→+∞

log(t) + log(x)

log(x)
= tγ .

Similarly, one can also prove that functions such as f(x) = xγ log(log(x)) and f(x) =

xγ(log(x))β, γ, β ∈ R, are regularly varying.

Under the single assumption that the function f is measurable, the following

Uniform Convergence Theorem characterizes the form of the possible limits and the

nature of the convergence.

Theorem 2.1.2 Let f be a positive measurable function defined on [0,∞) such that

for all t > 0, the limit (2.1.1) exists. Then there exists γ ∈ R such that

lim
x→∞

f(tx)

f(x)
= tγ , (2.1.2)

for all t ∈ (0,∞) and the convergence is uniform on compact subsets of (0,∞).

Moreover,

• If γ > 0, the convergence is uniform on sets [0, b], 0 ≤ b <∞;

• if γ < 0, the convergence is uniform on sets [b,∞], 0 < b <∞;
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• if γ = 0, the convergence is uniform on sets [a, b], 0 < a ≤ b <∞.

The parameter γ is called the index of regular variation. If γ = 0, then the

function f is called slowly varying (at infinity). In fact, each regularly varying function

f with index γ can be expressed as

f(x) = xγℓ(x) ,

where ℓ is slowly varying. The uniform convergence implies the following result.

Lemma 2.1.3 Let an and bn be sequences of nonnegative real numbers such that

an, bn → ∞ and limn→∞ an/bn = c ∈ (0,∞). Let f be a regularly varying function at

infinity with index γ ∈ R. Then

lim
n→∞

f(an)

f(bn)
= cγ .

Proof: Write f(an) = f((an/bn)bn). The conclusion of the lemma is immediate

by noting that for t > 0, f(tbn)/f(bn) → tγ uniformly on [a, b], 0 < a ≤ b < ∞; see

Theorem 2.1.2.

Remark 2.1.4 We can modify the result as follows. Let an and bn be sequences of

nonnegative real numbers such that an, bn → 0 and limn→∞ an/bn = c ∈ (0,∞). Let

f be a regularly varying function at zero with index γ ∈ R. Then

lim
n→∞

f(an)

f(bn)
= cγ .

We now state Potter’s bounds.

Proposition 2.1.5 Let ℓ be a positive function defined on [0,∞), slowly varying at

infinity, locally bounded away from zero and ∞. Then for each ǫ > 0, there exist

positive constants cǫ, Cǫ such that, for all x ≥ 1 and y ≥ x,

cǫx
−ǫ ≤ ℓ(x) ≤ Cǫx

ǫ , (2.1.3)
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cǫ

(
x

y

)ǫ
≤ ℓ(y)

ℓ(x)
≤ Cǫ

(y
x

)ǫ
. (2.1.4)

We note that ℓ(x) = log(x) does not fulfill the assumptions of the above proposition,

since it explodes at zero. In such cases, Potter’s bounds hold for x large enough. This

suffices for most of the applications.

One of the most quoted properties of regularly varying function is “Karamata’s

theorem”. It states that the integral of a regularly varying function is regularly

varying, unless the index of regular variation is −1.

Theorem 2.1.6 Let f be locally bounded on [0,∞), ultimately positive and regularly

varying at infinity with index γ ∈ R and let β ∈ R.

(K1) If β + γ < −1, then
∫∞
1
tβf(t) dt <∞ and

∫ ∞

x

tβf(t) dt ∼ −(γ + β + 1)−1xβf(x) .

(K2) If β + γ > −1, then
∫∞
1
tβf(t) dt = ∞ and

∫ x

1

tβf(t) dt ∼ (γ + β + 1)−1xβf(x) .

(K3) If γ + β = −1, then the function L defined by L(x) =
∫ x
1
tβ|f(t)| dt is slowly

varying and xβf(x) = o(L(x)).

Note: The proof is not original, the goal was to understand it and learn the technique.

Proof: The integrability properties in (K1) and (K2) follows from Potter’s bounds.

Since f is regularly varying with index γ, there exists a slowly varying function ℓ such

that f(x) = xγℓ(x). Consider the case γ + β + 1 > 0. Then,

1

xβf(x)

∫ x

1

tβf(t) dt =

∫ 1

1/x

sγ+β
ℓ(sx)

ℓ(x)
ds .

By the uniform convergence theorem, if γ+β > 0, then the convergence of sγ+βℓ(sx)/ℓ(x)

to sγ+β is uniform on [0, 1] and thus the proof is concluded. If γ + β ∈ (−1, 0], a
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little bit more care is required since the convergence is then uniform only on intervals

[a, 1] with a > 0. The trick is to “add and subtract” some ǫ > 0 small enough so that

γ + β + 1 − ǫ > 0. Write then
∫ 1

1/x

sγ+β
ℓ(sx)

ℓ(x)
ds =

∫ 1

1/x

sγ+β−ǫ
sǫℓ(sx)

ℓ(x)
ds .

Now the Uniform Convergence Theorem yields that sǫℓ(sx)/ℓ(x) converges to sǫ uni-

formly on [0, 1]. Since γ + β + 1 − ǫ > 0, we can apply the bounded convergence

theorem and we obtain

lim
x→∞

∫ 1

1/x

sγ+β
ℓ(sx)

ℓ(x)
ds =

∫ 1

0

sγ+β−ǫ lim
x→∞

sǫℓ(sx)

ℓ(x)
ds =

∫ 1

0

sγ+β−ǫsǫ ds =
1

γ + β + 1
.

The case γ + β ≤ −1 is similar (and simpler). Consider now the case γ + β = −1.

We must prove that if ℓ is slowly varying at infinity, then L(x) =
∫ x
1
s−1ℓ(s)ds is

also slowly varying and dominates ℓ(x). Assume without loss of generality that ℓ

is positive. For ǫ > 0 and x large enough, we have, by the Uniform Convergence

Theorem,

L(x)

ℓ(x)
=

∫ 1

1/x

ℓ(sx)

ℓ(x)

ds

s
≥
∫ 1

ǫ

ℓ(sx)

ℓ(x)

ds

s
→ log(1/ǫ) .

Thus, lim supx→∞L(x)/ℓ(x) ≥ log(1/ǫ), and since ǫ is arbitrary, this implies that

limx→∞ L(x)/ℓ(x) = ∞. Next, to prove that L is slowly varying, note that for t > 0,

we have, by the Uniform Convergence Theorem,

L(tx) = L(x) + ℓ(x)

∫ t

1

ℓ(sx)

ℓ(x)

ds

s
∼ L(x) + ℓ(x) log(t) .

Since we have just proved that ℓ(x) = o(L(x)), this shows that L(tx)/L(x) → 1, i.e. L

is slowly varying.

2.1.2 Vague convergence on R \ {0}

A Radon measure on R\{0} is a measure on the Borel sets which is finite on relatively

compact sets. The examples of relatively compact sets on R \ {0} are [a, b] for a > 0,
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b ≤ ∞ and [−∞,−1] ∪ [1,∞]. On the other hand [a,∞) for a > 0 or [a, b] for a < 0,

b ≤ ∞ are not relatively compact sets. In short, a relatively compact set in R \ {0}
cannot contain the origin.

Definition 2.1.7 A sequence of Radon measures {νn, n ∈ N} on R \ {0} is said to

converge vaguely to a Radon measure ν, denoted by νn
v→ ν, if limn→∞ νn(A) = ν(A)

for all relatively compact Borel sets A which are continuity sets for ν, that is ν(∂A) =

0, where ∂A is the topological boundary of A.

Vague convergence on R \ {0} is characterized by the intervals [x,∞] and [−∞,−x]

for x > 0 such that these intervals are continuity sets for the limiting measure ν.

That is, it is enough to show that νn converges to ν on sets [x,∞] and [−∞,−x].

The vague convergence can also be characterized by functions. Denote νn(f) =
∫
f(x)νn(dx). The sequence νn converges vaguely to ν if and only if limn→∞ νn(f) =

ν(f) for all functions f which are continuous ν-almost everywhere with compact

support.

The fact that f only needs to be continuous ν-almost everywhere is very impor-

tant when dealing with ±∞. A function f defined on (0,∞] is continuous at infinity

if and only if its restriction to (0,∞) has a limit at infinity. If the measure ν puts no

mass at infinity (which will be the case of the measures of interest hereafter), then

such a requirement is not needed.

Weak vs. vague convergence. Weak convergence is defined in terms of bounded

continuous functions, whereas vague convergence is defined in terms of continuous

functions with compact support only. This distinction makes both types of conver-

gence significantly different. A sequence of finite measures may converge vaguely to

an infinite measure, although the limiting measure must be finite on each compact set.

If a sequence of probability measures converges weakly, then the limiting measure is

a probability measure as well. If it converges only vaguely, then the limiting measure
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may not be a probability measure. For instance, it is possible that a sequence of

probability measures converges vaguely, but not weakly, to the null measure.

2.1.3 Regularly varying random variables

Regular variation

Let X be a random variable. We assume that the so-called tail balance condition

holds:

lim
x→∞

P(X > x)

P(|X| > x)
= p ∈ [0, 1] , (2.1.5)

for some p ∈ [0, 1]. A consequence of the tail balance condition is that the right tail

of |X| is also regularly varying with index −α for some α > 0. The parameter p is

called the skewness of (the distribution of) X . If p = 1 then the left tail is said to

be lighter than the right tail. This is the case, in particular, when X is non negative.

If p = 0 then the right tail is lighter than the left tail. The tail balance condition

excludes oscillating or other pathological behavior of the tail.

Definition 2.1.8 A random variable X with distribution function F is said to be

regularly varying with index −α, α > 0, if its survival function F̄ = 1−F is regularly

varying at infinity with index −α and the tail balance condition (2.1.5) holds.

We will then indifferently say that X is a regularly varying random variable with

index of regular variation −α or with tail index α.

Vague convergence

The regular variation of a random variable X can be equivalently expressed in terms

of vague convergence of measures on R \ {0}. To this purpose, we have the following

theorem. To state it, we will call {cn} a scaling sequence if cn → ∞ if n→ ∞.
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Theorem 2.1.9 The random variable X is regularly varying if and only if there exist

a scaling sequence {cn} and a non zero Radon measure ν, that has no mass at {±∞},
such that the sequence of Radon measures

nP(c−1n X ∈ ·) (2.1.6)

converges vaguely on R \ {0} to ν.

Moreover, if cn and c′n are scaling sequences such that

nP(c−1n X ∈ ·) , nP(c′n
−1
X ∈ ·)

converge vaguely to non zero measures ν and ν ′ on R \ {0}, that have no mass at

{±∞}, then cn/c′n converges to a non zero finite limit and ν is proportional to ν ′.

Note: The proof is not original, my goal was to understand it and learn the technique.

Proof: We prove that regular variation implies vague convergence for measures

in (2.1.6). For simplicity we assume that X is positive.

Let X be a regularly varying random variable with distribution function F . The

quantile function of F (or of X) is its left-continuous inverse F←, defined on [0, 1] by

F←(t) = inf{x : F (x) ≥ t} .

It can be shown that F̄ is regularly varying at infinity with index −α < 0, if and only

if the function Q̃ defined on [1,∞) by

Q̃(t) = F←(1 − 1/t) (2.1.7)

is regularly varying at infinity with index 1/α. The function Q̃ will be called the

upper quantile function of X , since by definition, for t > 1, Q̃(t) is the quantile of

order 1 − 1/t of X . Equivalently, the function

Q(p) = F←(1 − p) (2.1.8)
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is regularly varying at zero with index −1/α.

Define the sequence cn by

cn = Q̃(n) . (2.1.9)

Then it holds that

lim
n→∞

nP(X > cn) = 1 . (2.1.10)

With this definition, the regular variation of F implies that, for all x > 0,

lim
x→∞

nP(X > cnx) = x−α .

Since vague convergence is characterized by the convergence on intervals [x,∞], this

precisely means that the sequence of measures nP(X ∈ cn·) converges vaguely on

R \ {0} to the measure να defined on (0,∞) by

να(dy) = αy−α−11{y>0} , (2.1.11)

that is,

nP(X ∈ cn·) v→ να . (2.1.12)

Vague convergence and conditional probabilities

Assume for simplicity that the random variable X is nonnegative and regularly vary-

ing. We have

nP(c−1n X ∈ ·) v→ να , n→ ∞ . (2.1.13)

The sequence cn can be replaced by a regularly varying function c defined by c(t) = c[t]

and

xP

(
X

c(x)
∈ ·
)

v→ να , x→ ∞ .
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The function c can be assumed to be non decreasing and thus we obtain equivalently

c←(x)P
(
x−1X ∈ ·

) v→ να , x→ ∞ (2.1.14)

or
P (x−1X ∈ ·)
P(X > x)

v→ να , x→ ∞ . (2.1.15)

This can be rewritten in terms of conditional probabilities. For y ≥ 1,

lim
x→∞

P(X > xy | X > x) = y−α = να((y,∞]) . (2.1.16a)

That is, the conditional limiting distribution on [1,∞) of X/x given X > x is the

standard Pareto distribution with tail index α.

Bounds and moments

We now state (and re-prove) a version of Potter’s bounds for regularly varying random

variables.

Lemma 2.1.10 (Potter’s bounds) Let X be a nonnegative random variable with

a regularly varying right tail with index −α, α > 0. For each ǫ > 0, there exists a

constant C, such that for all x ≥ 0 and all y > 0,

P(yX > x)

P(X > x)
≤ C(y ∨ 1)α+ǫ . (2.1.17)

Note: The proof is not original, my goal was to understand it and learn the

technique.

Proof: If y ≤ 1, then P(yX > x) ≤ P(X > x) so the requested bound holds

trivially with C = 1. Assume now that y ≥ 1. Then, for ǫ > 0, writing P(X > x) =

x−αℓ(x), the Uniform Convergence Theorem yields

P(yX > x)

P(X > x)
= yα

ℓ(x/y)

ℓ(x)
≤ yα+ǫ sup

0<t≤1

ℓ(tx)(tx)ǫ

ℓ(x)xǫ
≤ Cǫy

α+ǫ .
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Potter’s bound can be used to prove the celebrated and useful Breiman’s Lemma.

Theorem 2.1.11 (Breiman’s Lemma) Let X and Y be independent non negative

random variables, such that X is regularly varying at infinity with index −α, α > 0

and there exists ǫ > 0 such that E[Y α+ǫ] < ∞. Then XY is regularly varying with

index −α and

lim
x→∞

P(XY > x)

P(X > x)
= E[Y α] . (2.1.18)

Note: The proof is not original, my goal was to understand it and learn the

technique.

Proof: For x > 0, define the function Gx(y) = P(yX > x)/P(X > x). Applying

Lemma 2.1.10, for any ǫ > 0 there exists a constant C such that for all y > 0,

Gx(y) ≤ C(1 ∨ y)α+ǫ . (2.1.19)

By definition of regular variation, the sequence of functions Gx converges pointwise

to the function y → yα as x → ∞. If E[Y α+ǫ] < ∞, the bound (2.1.19) allows us to

apply the bounded convergence theorem, which yields (2.1.18).

We have proved a slightly stronger result than Breiman’s Lemma, namely that

the sequence of functions Gx(y) converges to yp in Lp(FY ) for any p < 1 + ǫ/α, where

FY is the distribution of Y .

Proposition 2.1.12 (Truncated Moments) Let X be a random variable with dis-

tribution function F . If F̄ is regularly varying at infinity with index −α, α ≥ 0, then

E[Xβ] <∞ if β < α and E[Xβ] = ∞ if β > α and

lim
x→∞

E[Xβ1{X≤x}]
xβF̄ (x)

=
α

β − α
, β > α , (2.1.20)
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lim
x→∞

E[Xβ1{X>x}]
xβF̄ (x)

=
α

α− β
, α > β . (2.1.21)

Moreover, E[Xα] may be finite or infinite, the function x → E[Xα1{X≤x}] is slowly

varying at infinity and

lim
x→∞

E[Xα1{X≤x}]
xαF̄ (x)

= ∞ . (2.1.22)

We will use vague convergence to prove (2.1.20). The limit (2.1.21) is obtained

similarly.

Note: The proof is not original, my goal was to understand it and learn the

technique.

Proof: (Vague convergence proof of (2.1.20))

Let νx be the measure defined on (0,∞] by νx((y,∞]) = P(X > xy)/P(X > x). Then

νx converges vaguely to να on (0,∞] and

E[Xβ1{X≤x}]
xβP(X > x)

=

∫ 1

0

vβνx(dv) .

For ǫ > 0, by vague convergence, it holds that

∫ 1

ǫ

vβνx(dv) =

∫ 1

ǫ

vβνα(dv) = α

∫ 1

ǫ

vα−β−1dv =
α(1 − ǫβ−α)

β − α
.

When ǫ → 0, the latter quantity converges to the required limit. Thus, there only

remains to prove that

lim
ǫ→0

∫ ǫ

0

vβνx(dv) = 0 . (2.1.23)

By the Uniform Convergence Theorem, we have, for η such that β − α− η > 0,

∫ ǫ

0

vβνx(dv) = β

∫ ǫ

0

vβ−α−1−η
ℓ(xv)(xv)η

ℓ(x)xη
dv

≤ Cǫ

∫ ǫ

0

vβ−α−1−ηdv = O(ǫβ−α−η) .

This yields (2.1.23) and concludes the proof.
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The limits (2.1.20) and (2.1.21) entail the following bounds. There exists a

constant Cβ such that, for all x ≥ 0,

E[Xβ1{X≤x}] ≤ Cβx
βF̄ (x) , α < β (2.1.24)

E[Xβ1{X>x}] ≤ Cβx
βF̄ (x) , α > β . (2.1.25)

2.1.4 Examples

• Standard Pareto. Let X be a Pareto random variable with distribution function

F (x) = 1 − x−α, for x ≥ 1. Then X is regularly varying with index −α.

• Reciprocal of normal.

Lemma 2.1.13 If Y ∼ N(0, 1), then X = |Y |−1/β, β > 0, is regularly varying

with index −β.

Proof: Clearly

P(X > x) = P

(
1

|Y |1/β > x

)
= P

(
|Y | < 1

xβ

)
.

Let z = 1/xβ, then z → 0 when x→ ∞. We have

P (X > x) = P(|Y | < z) = 2P(0 < Y < z) ∼ 2√
2π

z as z → 0 .

Hence,

P (X > x) ∼ 2√
2π
x−β as x→ ∞ .
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2.2 Multivariate regular variation

In this section we consider a multivariate regular variation, an extension of the pre-

viously studied univariate one. Specifically,

• In Section 2.2.1 we define the multivariate regular variation and discuss its

consequences. The material is based on classical theory, e.g. [28];

• In Section 2.2.3 we introduce the Marginal Expected Shortfall (MES), one of the

risk measures used in finance. MES is well defined under multivariate regular

variation. However, it can vanish and this will motivate us later to consider

Conditional Extreme Value model in Section 2.4.

• Section 2.2.4 deals with a quasi-spectral decomposition of regularly varying

random vectors. This is a recent tool, developed in the context of time series

by [3].

2.2.1 Definition

We start with the following definition of regularly varying random vectors. We denote

0 = (0, . . . , 0) ∈ Rd.

Definition 2.2.1 A vector X = (X1, . . . , Xd) in Rd is (multivariate) regularly vary-

ing if there exists a non zero Radon measure νX on R
d \ {0}, called the exponent

measure of X, such that νX (R
d \ Rd) = 0 and a scaling sequence {cn} such that the

measure nP(c−1n X ∈ ·) converges vaguely on R
d \ {0} to the measure νX , i.e.

nP(c−1n X ∈ ·) v→ νX , on R
d \ {0} . (2.2.1)

The limiting measure is homogeneous with some index −α, α > 0. Let C be a

relatively compact set in R
d
. For y > 0 denote yC = {yc : c ∈ C}. Then νX (yC) =

y−ανX (C). We call −α the index of regular variation of X.
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The above definition implies that either all marginal distributions are regularly

varying with the same index −α or there exists at least one such marginal and others

are lighter. In the latter case the limiting measure is degenerated in the sense that it

is concentrated on a subspace of Rd. For example, if d = 2 and X1, X2 are regularly

varying with the indices −α,−β, β > α, then the limiting measure is concentrated

on the axis that corresponds to X1.

To cover the case of unequal margins, the concept of multivariate regular varia-

tion can be extended to:

Definition 2.2.2 A vector X = (X1, . . . , Xd) in R
d is (multivariate) regularly vary-

ing if there exists a non zero Radon measure νX on R
d \ {0}, called the expo-

nent measure of X, such that νX (R
d \ Rd) = 0 and a scaling vector {cn}, where

cn = (cn,1, . . . , cn,d), such that the measure nP(c−1n X ∈ ·) converges vaguely on

R
d \ {0} to the measure νX , i.e.

nP(c−1n X ∈ ·) v→ νX , on R
d \ {0} . (2.2.2)

Here, for two vectors a = (a1, . . . , ad) and b = (b1, . . . , bd), the operation a/b is the

coordinatewise division.

Here and in the sequel, we are focusing on the situation described in Definition

2.2.1. Now, we proceed as in the univariate case. The sequence cn in Definition 2.2.1

can be replaced by a regularly varying function c defined by c(x) = c[x] and (2.2.1)

becomes

xP

(
X

c(x)
∈ ·
)

v→ νX , x→ ∞ .

The latter convergence is equivalent to

c←(x)P

(
X

x
∈ ·
)

v→ νX , x→ ∞ . (2.2.3)
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Let ‖·‖ be a norm on Rd. The homogeneity of the measure νX and the application

of the convergence (2.2.3) to the set {x : ‖x‖ > y} yields, for all y > 0,

lim
x→∞

c←(x)P(‖X‖ > xy) = νX ({x : ‖x‖ > y}) = y−ανX ({x : ‖x‖ > 1}) .

Since νX is not identically zero, it must hold that νX ({x : ‖x‖ > 1}) > 0. This

proves that ‖X‖ is regularly varying with index −α and

P(x−1X ∈ ·)
P(‖X‖ > x)

v→ νX (·)
νX ({x : ‖x‖ ≥ 1})

, (2.2.4)

where again vague convergence holds on R
d \ {0}. If the sequence cn in (2.2.1) is

chosen as cn = Q̃‖X‖(n) (cf. (2.1.7)), then νX ({x : ‖x‖ ≥ 1}) = 1.

The vague convergence and the homogeneity property imply also that for each

i = 1, . . . , d and y > 0 we have

lim
x→∞

P(|Xi| > xy)

P(‖X‖ > x)
= ϑiy

−α ,

with

ϑi =
νX ({x : |xi| > 1})

νX ({x : ‖x‖ > 1})
.

It may happen that ϑi = 0 for some, but not all, indices i. This means that some of

the components may have a lighter tail than the others, but there must exist at least

one component with tail index α. For instance, if X1 is a Pareto random variable and

X2 is has a standard exponential distribution (not necessarily independent of X1),

then (X1, X2) is regularly varying. The exponent measure is concentrated on the x

axis, and ϑ2 = 0. (We described such a situation previously to motivate Definition

2.2.2).

However, if all the random variables Xi, i = 1, . . . , d, have the same distribution,

then necessarily ϑ1 = · · · = ϑd > 0 and all the subvectors of X are regularly varying

with the same tail index. In such a case (2.2.4) yields

νd,x(·) :=
P(x−1X ∈ ·)
P(|X1| > x)

v→ νX (·)
νX ({x : |x1| ≥ 1})

=: ν∗X (·) . (2.2.5)
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Note that the restriction of νd,x to [1,∞)×Rd is in fact a probability measure. Hence,

the above vague convergence becomes weak convergence.

We finish this subsection with the important distinction between extremal inde-

pendence and extremal dependence.

Definition 2.2.3 If the limiting measure νX in Definition 2.2.1 is concentrated on

the axes we say that X has extremal independence. Otherwise, the vector has extremal

dependence.

Two typical situations for extremal independence are as follows. Let d = 2: If

X2 has lighter tail than X1, then the limiting measure is concentrated on horizontal

axis. If X1 and X2 have the same distribution but extremes of the same order do

not occur together (for example when X1 and X2 are independent), then the limiting

measure is concentrated on both axes.

In what follows we will need the following lemma.

Lemma 2.2.4 Let X be a regularly varying random vector such that all components

have the same distribution function F and are regularly varying with the tail index

α. Let ψ : Rd → R+ be a homogenous function with index γ. Let C be a relatively

compact set in R
d \ {0}, s > ǫ > 0 and assume that for some δ > 0 and x0 > 0,

sup
x>x0

1

F̄ (x)
E

[
ψ1+δ

(
X

x

)1{X∈sxC}] <∞ . (2.2.6)

Then

lim
x→∞

1

F̄ (x)
E

[
ψ

(
X

x

)1{X∈sxC}] = sγ−α
∫

C

ψ(v)νX (dv) .

Proof: Since ψ is homogenous, it is also continuous. We note that (2.2.6) implies

that

lim
x→∞

∫

C

ψ1+δ(v)νX (dv) <∞ . (2.2.7)
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Let γ ≥ 0 (the proof for γ < 0 is analogous). For any A > 0 we have

1

F̄ (x)
E

[
ψ

(
X

x

)1{X∈sxC}] =

=
1

F̄ (x)
E

[
ψ

(
X

x

)1{X∈sxC}1{ψ(X/x)≤A}

]
+

1

F̄ (x)
E

[
ψ

(
X

x

)1{X∈sxC}1{ψ(X/x)>A}

]
.

• First term: we can just use the vague convergence

lim
x→∞

1

F̄ (x)
E

[
ψ

(
X

x

)1{ψ(X/x)≤A}1{X∈sxC}] =

lim
x→∞

∫

sxC

ψ
(v
x

)1{ψ(v/x)≤A}F (dv)

F̄ (x)
= lim

x→∞

∫

C

ψ (sz)1{ψ(sz)≤A}F (sxdz)

F̄ (x)

= sγ lim
x→∞

∫

C

ψ (z)1{ψ(sz)≤A}νX (sdz)

= sγ−α
∫

C

ψ(z)1{ψ(sz)≤A}νX (dz)

and we let A→ ∞ which is allowed by (2.2.7).

• Second term: We have for δ > 0,

1

F̄ (x)
E

[
ψ

(
X

x

)1{X∈sxC}1{ψ(X/x)>A}

]
≤ A−δ

1

F̄ (x)
E

[
ψ1+δ

(
X

x

)1{X∈sxC}]
and the term vanishes by letting first x → ∞, then using (2.2.6) and finally

letting A→ ∞.

2.2.2 Tail Dependence Coefficient

Consider a bivariate case (X1, X2). Assume that (X1, X2) is regularly varying in the

sense of Definition 2.2.1 with the exponent measure νX . Then the following limit

exists:

lim
x→∞

P(X1 > x,X2 > x)

P(X1 > x)
= lim

x→∞
P(X2 > x | X1 > x) ∈ [0, 1] . (2.2.8)
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As mentioned above, the limit is nonzero in case of extremal dependence, while it

vanishes in case of extremal independence. Again, as mentioned before, extremal

independence can occur in several way, in particular, when X2 has lighter tail than

X1. In the latter situation, it is however possible that the following limit does not

vanish:

λTDC := lim
p→0

P(X2 > QX2(p) | X1 > QX1(p)) , (2.2.9)

where recall that for a random variable X , QX(p) = F←X (1 − p); cf. (2.1.8). The

above quantity is called the Tail Dependence Coefficient. If λTDC = 0 then we

will say that X1 and X2 are asymptotically independent, otherwise if λTDC ∈ (0, 1],

then they are asymptotically dependent.

Summarizing, if X = (X1, X2) is regularly varying, then

• X is extremally independent if the exponent measure in the Definition 2.2.1 is

concentrated on the axes and in particular the limit in (2.2.8) vanishes;

• X is asymptotically independent if the tail dependence coefficient is zero;

• It is possible that the vector is extremally independent, but asymptotically

dependent, like in the case of X2 = Xφ
1 , φ ∈ (0, 1);

• The concept of the tail dependence coefficient can be extended to arbitrary

random variables, not only those that are regularly varying.

2.2.3 Marginal Expected Shortfall

Financial institutions are required to calculate risk measures (credit risk, systemic

risk, operating risk among others). One of the typical approaches is to evaluate Value-

At-Risk of a loss variable X with a distribution function FX , that is the quantile



2. Preliminaries 25

QX(p) = F←X (1 − p) of the loss distribution function, when p is small. The Value-

At-Risk has some properties that are not desirable, like not being a coherent risk

measure (cf. [1]). Furthermore, it does not measure severity of the loss, when it

occurs. Alternatively, one can consider the conditional value-at-risk, which in the

case of continuous random variables is equivalent to Expected Shortfall (ES) defined

(if it exists) as

E[X | X > QX(p)] .

This idea can be extended to multivariate portfolios. We will consider the bivariate

case d = 2 only and write (X, Y ) for (X1, X2). In particular, Marginal Expected

Shortfall (MES) is defined as the expected loss of an equity given the occurrence of

an extreme loss in the aggregated portfolio. In this set-up, the previously mentioned

random variable X denotes the portfolio loss, while the new random variable Y de-

scribes the loss from one particular equity (another possible interpretation is that X

and Y denote a loss of the entire financial market and of the particular company,

respectively). In mathematical terms we can write MES as

θ(p) := E[Y | X > QX(p)] . (2.2.10)

Under the assumptions of Lemma 2.2.4 (see also Corollary 2.4.4 below in a more

general context of the Conditional Extreme Value model) we have

lim
p→0

E

[
Y

QX(p)
| X > QX(p)

]
=

∫ ∞

1

∫ ∞

0

vν (dv, du) , (2.2.11)

where we write ν for the limiting exponent measure of the vector (X, Y ) as in Defi-

nition 2.2.1.

As mentioned before, there exist two fundamentally different cases: either the

exponent measure ν is concentrated on the axes or it is not. The former means

extremal independence and the latter extremal dependence. In case of extremal de-

pendence the right hand side of (2.2.11) does not vanish and multivariate regular
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variation can be used to study MES. As for the extremal independence we consider

again two situations: either the exponent measure is concentrated on both horizontal

and vertical axes, like in case of two independent regularly varying random variables

with the same distribution (let’s call it the situation A), or ν lives only on, say, the

horizontal axis. The latter situation appears e.g. when Y has asymptotically lighter

tail than X , like in the trivial situation Y = Xφ, φ ∈ (0, 1) (we call it the situation

B). Regardless the situation, in case of extremal independence, the limit on the right

hand side of (2.2.11) vanishes. We do not gain useful information about the expected

shortfall from the regular variation of the vector (X, Y ).

The assumption about the regular variation of (X, Y ) can be modified as follows.

Let FY and F←Y be the distribution and the quantile functions of Y . If Y is regularly

varying with index α > 1 and the limit

lim
p→0

1

p
P(X > F←X (1 − px), Y > F←Y (1 − py)) = R(x, y) (2.2.12)

exists for (x, y) ∈ [0,∞]2 \ {(∞,∞)}, then (cf. [8])

lim
p→0

E

[
Y

QY (p)
| X > QX(p)

]
=

∫ ∞

x=0

R(x−α, 1)dx . (2.2.13)

We note that in (2.2.11) and (2.2.13) we have possibly a different scaling factors in

the denominator. This approach can also possibly resolve the situation B described

above, since (2.2.12) is in fact the tail dependence condition for the ”standardized”

variables FX(X), FY (Y ). That is, R(1, 1) is the tail dependence coefficient defined

in (2.2.9).

However, it is still possible that R(x, y) ≡ 0. This would be typically the situa-

tion A described above. Such situations will be resolved in Section 2.4.1.
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2.2.4 Quasi-spectral decomposition

In this section we assume for simplicity that all random variables are nonnegative.

As in the univariate case, we can link vague convergence to weak convergence of

conditional probabilities. For example, regular variation implies for y ≥ 1 and A,B,

relatively compact sets in R
i−1 \ {0}, R

d−i \ {0},

lim
x→∞

P(x−1X ∈ A× (y,∞] ×B | Xi > x) =
νX (A× (y,∞] × B)

νX (R
i−1 × (1,∞] × R

d−i
)
. (2.2.14)

In this spirit, regular variation implies the following quasi-spectral decomposition.

Proposition 2.2.5 Let X be a regularly varying random vector with non-negative

components and such that all the components are regularly varying with index −α.
Then conditionally on X1 > x,

x−1(X1, . . . , Xd) ,

(
X1

x
,
X2

X1

, . . . ,
Xd

X1

)

converge in distribution as x→ ∞ to random vectors (V1, . . . , Vd) and (V1,Θ2, . . . ,Θd),

respectively where

1. V1 has the standard Pareto distribution;

2. Θj = Vj/V1, j = 2, . . . , d and (Θ2, . . . ,Θd) is independent of V1.

Note: The proof follows the lines of [3].

Proof: Since X is regularly varying we have for A ∈ Rd−1,

lim
x→∞

P(x−1X ∈ (y,∞] ×A)

P(X1 > x)
=

νX ((y,∞] ×A)

νX ((y,∞] × Rd−1)
.

If moreover y ≥ 1, the left hand side becomes the conditional probability

lim
x→∞

P(x−1X ∈ (y,∞] × A | X1 > x) .
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In other words, conditionally on X1 > x, x−1X converges weakly to a random vector,

say V = (V1, . . . , Vd). Therefore, for any f : Rd → R bounded and continuous we

have

lim
x→∞

E
[
f
(
x−1X

)
| X1 > x

]
= E[f(V )] .

Now, let g : Rd → R be bounded and continuous. Then

E

[
g

(
X1

x
,
X2

X1
, . . . ,

Xd

X1

)
| X1 > x

]
= E

[
f

(
X1

x
,
X2

x
, . . . ,

Xd

x

)
| X1 > x

]
,

where f(u1, . . . , ud) = g(u1, u2/u1, . . . , ud/u1) is also bounded and continuous when-

ever u1 ≥ 1. Hence,

lim
x→∞

E

[
g

(
X1

x
,
X2

X1
, . . . ,

Xd

X1

)
| X1 > x

]
= E [f(V1, . . . , Vd)] = E [g(V1, V2/V1, . . . , Vd/V1)] .

In other words, conditionally on X1 > x,

(
X1

x
,
X2

X1
, . . . ,

Xd

X1

)

converges in distribution to (V1, V2/V1, . . . , Vd/V1) = (V1,Θ2, . . . ,Θd). It is obvious

that V1 has a standard Pareto distribution. We claim that V1 is independent of

(Θ2, . . . ,Θd). Indeed, for Ai ⊆ R, i = 2, . . . , d,

P

(
X1

x
> y,

X2

X1
∈ A2, · · · ,

Xd

X1
∈ Ad | X1 > x

)

=
P

(
X1

x
> y, X2

X1
∈ A2, · · · , Xd

X1
∈ Ad, X1 > x

)

P(X1 > x)

=
P

(
X1 > xy, X2

X1
∈ A2, · · · , Xd

X1
∈ Ad

)

P(X1 > xy)

P(X1 > xy)

P(X1 > x)

= P

(
X2

X1
∈ A2, · · · ,

Xd

X1
∈ Ad | X1 > xy

)
P(X1 > xy)

P(X1 > x)

→ P

(
V2
V1

∈ A2, · · · ,
Vd
V1

∈ Ad

)
P(V1 > y).
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On the other hand,

P

(
X1

x
> y,

X2

X1
∈ A2, · · · ,

Xd

X1
∈ Ad | X1 > x

)

→ P

(
V1 > y,

V2
V1

∈ A2, · · · ,
Vd
V1

∈ Ad

)
.

Hence, (Θ2 = V2/V1, . . . ,Θd = Vd/V1) and V1 are independent.

Remark 2.2.6 Throughout the paper the quasi spectral-decomposition into V1 and

(Θ2, . . . ,Θd) is obtained by conditioning on X1. We can condition on Xj for any

j. Note however that for each different j we get different vectors V (that depend

formally on j).

Remark 2.2.7 In extreme value theory it is a common practice to standardize marginals.

Define

U(x) =

(
1

1 − F

)←
(x) .

Then Vj = U←(Xj), j = 1, . . . , d, are regularly varying with index 1. Under the

conditions of Proposition 2.2.5, the decomposition of the limiting conditional law of

V1, . . . , Vd becomes V ′1 , Θ′2, . . . ,Θ
′
d, where V

′
1 is the standard Pareto, while Θ′j = Θα

j ,

j = 1, . . . , d.

Representation of conditional tail distribution

We use the quasi-spectral representation to express the conditional tail distribution.

The proof follows closely [3].

Proposition 2.2.8 Let X be a regularly varying random vector with non-negative

components and such that all the components are regularly varying with index −α.
Then for j2, . . . , jl, jl+1, . . . , jd ∈ {1, . . . , d} and yj > 0 we have

lim
x→∞

P(Xjl+1
> yjl+1

x, . . . , Xjd > yjdx | X1 > x,Xj2 > x, . . . , Xjl > x)
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=
E

[(
Θjl+1

yjl+1

)α
∧ · · · ∧

(
Θjd

yjd

)α
∧ Θα

j2 ∧ · · ·Θα
jl
∧ 1
]

E
[
Θα
j2
∧ · · ·Θα

jl
∧ 1
] . (2.2.15)

Proof: Proposition 2.2.5 implies that for y1 ≥ 1, y2, . . . , yd > 0,

lim
x→∞

P(X1 > y1x, . . . , Xd > ydx | X1 > x) = P(V1 > y1, . . . , Vd > yd)

= P(V1 > y1, V1Θ2 > y2, . . . , V1Θd > yd)

= α

∫ ∞

y1∨1

P(Θ2 > y2/u, . . . ,Θd > yd/u)u−α−1du

= α

∫ ∞

y1∨1

P

((
Θ2

y2

)α
> u−α, . . . ,

(
Θd

yd

)α
> u−α

)
u−α−1du

= E

[(
1

y1
∧ Θ2

y2
∧ · · · Θd

yd

)α]
.

Furthermore,

P(Xjl+1
> yjl+1

x, . . . , Xjd > yjdx | X1 > x,Xj2 > x, . . . , Xjl > x) =

=
P(Xj2 > x, . . . , Xjl > x,Xjl+1

> yjl+1
x, . . . , Xjd > yjdx | X1 > x)

P(Xj2 > x, . . . , Xjl > x | X1 > x)

and the result follows.

We note that the numerator and the denominator in (2.2.15) can be expressed as

limits. In particular, via Proposition 2.2.5, the numerator in (2.2.15) equals

lim
x→∞

E

[
g

(
Xj2

X1
, . . . ,

Xjl

X1
,
Xjl+1

yjl+1
X1

, . . . ,
Xjd

yjdX1

)
| X1 > x

]

with a bounded and continuous function g(u2, . . . , ud) = (u2 ∧ · · · ∧ ud ∧ 1)α. Conse-

quently, for y > 0, and setting (X1, X2) = (X, Y )

lim
x→∞

P(Y > yx | X > x) = E

[(
Θ2

y
∧ 1

)α]
= lim

x→∞
E

[(
Y

yX
∧ 1

)α
| X > x

]
.

(2.2.16)

This representation will be used for statistical inference.



2. Preliminaries 31

Representation of conditional tail expectation

The proof of the following result is original.

Proposition 2.2.9 Let X be a regularly varying random vector with non-negative

components and such that all the components are regularly varying with index −α.
Assume moreover that for some δ > 0 we have

sup
x>0

E

[(
Xjd

x

)1+δ

| X1 > x,Xj2 > x, . . . , Xjl > x

]
<∞ . (2.2.17)

Then

E

[
Xjd

x
| X1 > x,Xj2 > x, . . . , Xjl > x

]
=

α

α− 1

E
[
Θjd (Θj2 ∧ · · · ∧ Θjl ∧ 1)α−1

]
.

E[Θα
j1
∧ . . . ∧ Θα

jl
∧ 1]

.

Proof: We note first that (2.2.17) implies that α > 1. Let A ⊆ (0,∞). Proposi-

tion 2.2.5 implies that as x→ ∞

E

[
Xjd

x
1{Xjd

≤xA} | X1 > x,Xj2 > x, . . . , Xjl > x

]
→

E[Vjd1{1<Vjd≤A}1{V1>1,Vj2>1,...,Vjl>1}]

E[Θα
j1
∧ . . . ∧ Θα

jl
∧ 1]

.

A computation similar to Corollary 2.2.8 yields that the numerator in the last ex-

pression is

α

α− 1
E
[
Θjd (Θj2 ∧ · · · ∧ Θjl ∧ 1)α−1

]
.

Furthermore, (2.2.17) implies

lim
A→∞

lim sup
x→∞

E

[
Xjd

x
1{Xjd

>xA} | X1 > x,Xj2 > x, . . . , Xjl > x

]

≤ lim
A→∞

A−δ lim sup
x→∞

E

[(
Xjd

x

)1+δ

| X1 > x,Xj2 > x, . . . , Xjl > x

]
= 0 .

In particular, if α > 1 then setting again (X1, X2) = (X, Y ),

lim
x→∞

E

[
Y

x
| X > x

]
=

α

α− 1
E [Θ2] =

α

α− 1
lim
x→∞

E

[
Y

X
| X > x

]
=: ℵCTE (2.2.18)

and the limit is strictly positive in case of extremal dependence, that is when the

limiting exponent measure νX in (2.2.1) is not concentrated on the axes.
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Quasi-spectral vs. spectral decomposition

We recall the following well-known result (see [28, Theorem 6.1]). Let ‖ · ‖ be a norm

on Rd and let Sd−1 be the associated unit sphere. A vector X in Rd is regularly

varying with index −α if and only if there exists a constant ϑ > 0, a probability

measure Λ∗ on Sd−1 and a scaling sequence {cn} such that, for all y > 0,

nP

(
‖X‖ > cny,

X

‖X‖ ∈ ·
)

v→ ϑy−αΛ∗ , n→ ∞ ,

where vague convergence holds on (0,∞]× Sh−1. The crucial difference is that in the

quasi-spectral decomposition the limiting vector does not lie on the unit sphere.

2.2.5 Examples

The following lemma shows how to generate regularly varying random vectors. The

result can be considered as standard in theory of regularly varying random vectors,

but we provide a proof of it.

Lemma 2.2.10 Assume that

• R is regularly varying with index −α;

• Z = (Z1, Z2) is such that E|Z1|α+δ + E|Z2|α+δ <∞ for some δ > 0;

• R and Z are independent.

Then X = (X1, X2) = RZ is regularly varying.

Proof: For simplicity, we assume that Z1
d
= Z2, and Z1, Z2 ≥ 0, R ≥ 0. To show

that X is regularly varying we need to show that there exist a sequence cn and a

measure νX such that

nP(c−1n (X1, X2) ∈ ·) v→ νX (·) .
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Equivalently, since we assumed that the marginals are the same,

P(x−1(X1, X2) ∈ ·)
P(X1 > x)

v→ ν∗X (·)

for a measure ν∗X (·). The vague convergence is considered on ([0,∞]× [0,∞]) \ {0},

hence it suffices to show that for y1, y2 > 0,

P(x−1(X1, X2) ∈ ([0, y1] × [0, y2])
c)

P(X1 > x)
→ ν∗X (([0, y1] × [0, y2])

c) .

We have

P(x−1(X1, X2) ∈ ([0, y1] × [0, y2])
c)

P(X1 > x)

=
P(X1 > xy1)

P(X1 > x)
+

P(X2 > xy2)

P(X1 > x)
− P(X1 > xy1, X2 > xy2)

P(X1 > x)
. (*)

First, by Breiman’s Lemma (see Theorem 2.1.11), since EZα+δ
1 <∞, we have

P(Z1R > xy1)

P(Z1R > x)
→ y−α1 .

Similarly,

P(Z2R > xy2)

P(Z2R > x)
→ y−α2 ,

as x→ ∞. For the third term in (*) we have

P(X1 > xy1, X2 > xy2)

P(X1 > x)
=

E[P(R > xy1
Z1
, R > xy2

Z2
| Z1, Z2)]

P(X1 > x)

=
E[P(R > x( y1

Z1
∨ y2

Z2
) | Z1, Z2)]

P(X1 > x)
= E

[
P(R > x( y1

Z1
∨ y2

Z2
) | Z1, Z2)

P(R > x)

]
P(R > x)

P(Z1R > x)

→ E

[(
y1
Z1

∨ y2
Z2

)−α]
1

E(Zα
1 )

.

We can exchange the limit with integration by Potter’s bounds (see Proposition 2.1.5).

Hence,

ν∗X ([0, y1] × [0, y2])
c) = y−α1 + y−α2 + E

[(
y1
Z1

∨ y2
Z2

)−α]
1

E(Zα
1 )

.

We apply Lemma 2.2.10 to the bivariate t distribution.
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Example 2.2.11 Bivariate t. A two dimensional random vector X = (X1, X2) is

said to have the bivariate t distribution with ν degrees of freedom, mean vector µ

and with Σ denoting the covariance matrix if X has the stochastic representation

X = µ +
ν√
S
Z ,

where S ∼ χ2
ν and Z ∼ N(0,Σ) are independent. X is regularly varying with index

ν. Indeed, 1/
√
S is regularly varying with index −ν which can be clearly seen for the

case of ν = 1 (see Lemma 2.1.13). Finally, the regular variation of the vector follows

from Lemma 2.2.10.

2.3 Multivariate regular varying time series

In this section we introduce the concept of regular variation for time series. As in the

multivariate case, we link regular variation to quasi-spectral decomposition following

the lines of [3]. Several examples (AR(1), solutions to Stochastic Recurrence Equa-

tions, threshold ARCH) are given.

Assume that {Xj, j ∈ Z} is a strictly stationary regularly varying time series

with values in Rd. This means that all the finite-dimensional distributions are (mul-

tivariate) regularly varying with a positive tail index α; that is for all h ≥ 0,

P(x−1(X0, . . . ,Xh) ∈ ·)
P(‖X0‖ > x)

v→ ν0,h(·) (2.3.1)

for some non-zero Radon measure ν0,h, where
v→ denotes the vague convergence in

R̄d(h+1) \ {0}, R̄ = R ∪ {−∞,∞} and ‖ · ‖ is a vector norm on Rd.

Tail process and spectral tail process. Let ‖·‖ be a norm on Rd. Since {Xj, j ∈
Z} is regularly varying, there exist processes {V j, j ∈ N} and {Θj, j ∈ N} such that

for each h ≥ 0,

x−1 (X0, . . . ,Xh) ,
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conditionally on {‖X0‖ > x}, converges in distribution to V 0, . . . ,V h, and

1

‖X0‖
(X0, . . . ,Xh) ,

conditionally on {‖X0‖ > x}, converges in distribution to (Θ0, . . . ,Θh). In par-

ticular, V h = ‖V 0‖Θh for all h ≥ 1, V 0 and {Θj, j ∈ N} are independent, while

P(‖V 0‖ > y) = y−α, y ≥ 1. See [3]. We note that formally the limiting processes

{V j, j ∈ N} and {Θj, j ∈ N} depend on the choice of the norm ‖ · ‖. We call both

processes the tail and the spectral tail processes, respectively. We note that the term

spectral is not to be understood in the usual sense, since the random elements Θj are

not concentrated on the unit sphere in Rd.

2.3.1 Examples

In this section we provide several examples of regularly varying time series. We give

(without a proof) conditions for existence of the stationary solution as well as regular

variation. The formulas for the tail and the spectral tail processes are given.

Example 2.3.1 Consider AR(1) process Xj = ρXj−1 + εj, where, for simplicity, ρ ∈
(0, 1) and {εj, j ∈ Z} are i.i.d., nonnegative and regularly varying random variables.

The unique stationary solution exists and is given by

Xj =

∞∑

k=0

ρkεj−k , j ≥ 0 .

The stationary solution is also multivariate regularly varying and the tail index of X0

agrees with the tail index of ε0. In particular, as x→ ∞,

P(X0 > x) ∼ 1

1 − ρα
P(ε0 > x) ,

cf. [18, Lemma A3.26]. Furthermore, we have

lim
x→∞

P(X0 > x,X1 > x)

P(X0 > x)
= ρα , (2.3.2)
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that is, the tail dependence coefficient equals ρα. The above formula means also that

the tail process has the form V1 = V0ρ
α, where V0 is Pareto-distributed with index α.

This also means that Θ1 is degenerated, Θ1 = ρα. In general, Θj = ρjα.

We verify (2.3.2):

lim
x→∞

P(X0 > x,X1 > x)

P(X0 > x)

= lim
x→∞

P(X0 > x, ρX0 + ε1 > x)

P(X0 > x)

> lim
x→∞

P(X0 > x, ρX0 > x)

P(X0 > x)

= lim
x→∞

P(ρX0 > x)

P(X0 > x)
= ρα .

On the other hand, for δ ∈ (0, 1)

P(X0 > x,X1 > x)

P(X0 > x)

=
P(X0 > x, ρX0 + ε1 > x, ε1 > δx)

P(X0 > x)
+

P(X0 > x, ρX0 + ε1 > x, ε1 ≤ δx)

P(X0 > x)

≤ P(X0 > x)P(ε1 > δx)

P(X0 > x)
+

P(X0 > x, ρX0 + δx > x)

P(X0 > x)

= P(ε1 > δx) +
P(X0 > x,X0 >

x(1−δ)
ρ

)

P(X0 > x)
.

Choose δ so small so that (1−δ)
ρ

> 1. Letting x→ ∞, we get

lim
x→∞

P(X0 > x,X1 > x)

P(X0 > x)
≤
(

1 − δ

ρ

)−α
.

Now, letting δ → 0, we have

lim
x→∞

P(X0 > x,X1 > x)

P(X0 > x)
≤ ρα .

Therefore, (2.3.2) holds. Similarly, we have

lim
x→∞

P(X0 > xy0, X1 > xy1)

P(X0 > x)
=
(
y0 ∨ y1ρ−1

)−α
.
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Example 2.3.2 Assume that {Xj} is an AR(p) model

Xj = φ1Xj−1 + · · · + φpXj−p + εj , j ≥ 0 ,

that satisfies the following conditions:

• the innovations {εj} are i.i.d. and regularly varying with index α;

• the spectral radius of the matrix (the supremum among the absolute values of

the elements in its spectrum)

Σ =




φ1 φ2 · · · φp

1 0 · · · 0
...

...
. . .

...

1 0 · · · 0




,

is smaller than 1.

• if α ≤ 2, then
∑p

i=1 |φi|q < 1 for q = min{1, α}.

The AR(p) process can be embedded into an Rp-valued vector-autoregressive Markov

chain

Yj = ΣYj−1 + Zj (2.3.3)

with

Yj = (Xj, . . . , Xj−p+1)
T , Zj = (εj, 0, . . . , 0)T .

Since the spectral radius of Σ is smaller than 1, the stationary solution to (2.3.3)

exists and is given by Yj =
∑∞

k=0 ΣkYj−k. Since the innovation sequence {εj} is

regularly varying, the chain {Yj} is also regularly varying with index α. The AR(p)

process is recovered by taking Xj = g(Yj) with g(y) = g(y0, . . . , yp) = y0 and {Xj}
is also regularly varying. We refer to [14] for more details.
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Example 2.3.3 Assume that {(Aj, Bj), j ∈ Z}, are i.i.d. random vectors of nonneg-

ative random variables and define

Xj+1 = Aj+1Xj +Bj+1 .

The stationary solution exists whenever −∞ ≤ E[logA0] < 0 and E[log+B0] < ∞;

see [2]. If there exists α > 0 such that E[Aα0 ] = 1, E[Aα0 log+A0] <∞ and E[Bα
0 ] <∞,

then the marginal distribution of the stationary solution is regularly varying by [21]

and [19]. Moreover, the sequence {Xj} is also regularly varying; see [2]. Furthermore,

lim
x→∞

P(X0 > x,X1 > x)

P(X0 > x)
= E[(A0 ∧ 1)α] .

This defines the tail dependence coefficient between X0 and X1. We also have the

formula for the spectral process:

Θj =

j∏

i=1

Ai .

Example 2.3.4 Let ξ ∈ R. Assume that {Xj} is T-ARCH model

Xj = (b10 + b11X
2
j−1)

1/2εj1{Xj−1<ξ} + (b20 + b21X
2
j−1)

1/2εj1{Xj−1≥ξ} , (2.3.4)

that satisfies the following conditions:

• bij > 0;

• the innovations {εj, j ∈ Z} are i.i.d. such that E[|ε0|β] <∞ for all β > 0;

• the innovations have a density fZ not vanishing in a neighbourhood of zero and

bounded;

• the Lyapunov exponent

γ = p log b
1/2
11 + (1 − p) log b

1/2
21 + E[log(|ε0|)] ,

where p = P(ε0 < 0), is strictly negative;
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• (b11 ∨ b21)q/2E[|ε0|q] < 1.

Under the stated conditions, the Markov chain {Xj} has a stationary solution, see

[9, Theorem 2.2]. Moreover, the stationary distribution is regularly varying and the

index of regular variation of X0 is obtained by solving

b
α/2
11 E[|ε0|α1ε<0] + b

α/2
21 E[|ε0|α1ε0≥0] = 1 ;

see again [9].

2.4 Conditional Extreme Value (CEV) model

Consider the case of d = 2 and assume for simplicity that all random variables

are nonnegative. When the limiting measure in the definition of the multivariate

regular variation (Definition 2.2.1) is concentrated on the axes, we have extremal

independence and no information about joint behaviour of extremes can be inferred

from νX , where X = (X1, X2). In order to deal with this, we consider the so-called

Conditional Extreme Value assumption, studied rigorously by [20], [10] and [23]. Since

we consider the bivariate case only, we will write (X, Y ) instead of (X1, X2).

Assumption 1 Assume that X and Y are nonnegative random variables. There

exists a scaling function b and Radon measure µ on (0,∞] × [0,+∞] such that

1

P(X > x)
P

((
X

x
,
Y

b(x)

)
∈ ·
)

v→ µ , as u→ ∞ , (2.4.1)

on (0,∞] × [0,+∞] and for all y0 > 0,

a. the measure µ([y0,∞] × ·) on R+ has no mass at +∞;

b. the measure µ([y0,∞] × ·) on R+ is not concentrated at a point;

c. the measure µ(· × R+) on (0,∞] has no mass at +∞.
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We say that (X, Y ) is CEV with the function b.

The most important consequence of Assumption 1, is that the function b is regularly

varying with index φ ∈ R (see [20, Proposition 1] and [23].) To put emphasis on the

regular variation of the function b, we call φ the conditional scaling exponent (see

[23]). Furthermore, Assumption 1 implies that the variable X is regularly varying

(with index α). On the other hand, there is no distributional assumption on Y .

These properties are the key features that we will use for the statistical inference.

Let us collect several further comments on Assumption 1; see [20], [10] and [23].

• The conditions a-c are the non-degeneracy assumptions. For example, part

c applies to the first coordinate only and can be recognized as the standard

condition for the stated regular variation of X ;

• If the random variables X and Y are independent, X is regularly varying with

index α and Y has distribution FY , then b(x) = 1 and the limiting measure is

the product measure, µ = να × FY , where να(dx) = αx−α−1dx, x > 0. It is

possible that the limiting measure is the product measure even if X and Y are

dependent, see Example 2.4.7;

• There is no general relationship between the multivariate regular variation (as

stated in Definition 2.2.1) and Assumption 1. In particular, the multivariate

regular variation with extremal independence (that is, when the measure νX is

concentrated on the axes) does not imply that Assumption 1 holds, see Example

2.4.9;

• However, if the vector (X, Y ) is multivariate regularly varying in the sense of

the Definition 2.2.1 and Assumption 1 holds, then:

– For the scaling function we have b(x) = x in case of extremal dependence.

In this case the measures νX and µ coincide on (0,∞] × [0,∞];
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– For the scaling function we have b(x) = o(x) in case of extremal indepen-

dence.

The following lemma can be thought as the extension of Lemma 2.2.4 and was proven

in [23].

Lemma 2.4.1 Let Assumption 1 hold. Let g : R+ → R be a continuous function.

Assume moreover that there exists δ > 0 such that

sup
x∈R+

E

[∣∣∣∣g
1+δ

(
Y

b(x)

)∣∣∣∣ | X > x

]
<∞ . (2.4.2)

Then

lim
x→∞

E

[
g

(
Y

b(x)

)
| X > x

]
=

∫ ∞

1

∫ ∞

0

g(v)µ(du, dv) . (2.4.3)

The next lemma shows how CEV is preserved under marginal transformation of X .

The result is original.

Lemma 2.4.2 Let (X, Y ) be CEV with function b. Let f be a strictly increasing

continuous function such that f← is regularly varying with index 1/γ, γ > 0. Define

X̃ = f(X). Then (X̃, Y ) is CEV with b̃ = b ◦ f←.

Proof: It suffices to prove that for y1, y2 > 0, the limit

lim
x→∞

P(Y < b̃(x)y2, X̃ > xy1 | X̃ > x)

exists and is finite. We have by setting v = f←(x)

P(Y < b̃(x)y2, X̃ > y1x | X̃ > x) =
P(Y < b̃(x)y2, X̃ > y1x, X̃ > x)

P(X̃ > x)

=
P(Y < b(f←(x))y2, X̃ > x(y1 ∨ 1))

P(X̃ > x)
=

P(Y < b(f←(x))y2, X > f←(x(y1 ∨ 1)))

P(X > f←(x))

=
P

(
Y < b(v)y2, X > f←(x)f

←(x(y1∨1))
f←(x)

)

P(X > v)
=

P

(
Y < b(v)y2, X > v f

←(x(y1∨1))
f←(x)

)

P(X > v)
.
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If x → ∞, then v = f←(x) → ∞. Since f← is regularly varying with index γ, we

know that f←(x(y1∨1))
f←(x)

converges to c(y1) = (y1 ∨ 1)1/γ . Then

lim
x→∞

P(Y < b̃(x)y2, X̃ > y1x | X̃ > x)

= lim
v→∞

P(Y < b(v)y2, X > vc(y1))

P(X > v)
= µ((c(y1),∞), (0, y2)) .

2.4.1 Marginal Expected Shortfall

Assume again that X, Y are nonnegative. In Section 2.2.3 we consider the Marginal

Expected Shortfall (cf. (2.2.10))

θ(p) := E[Y | X > QX(p)] . (2.4.4)

We concluded that it vanishes under extremal independence. The CEV assumption

allows us to resolve this issue. Instead of considering the limit (2.2.11), that is

lim
p→0

E

[
Y

QX(p)
| X > QX(p)

]
=

∫ ∞

1

∫ ∞

0

vν (dv, du) ,

we will study

lim
p→0

E

[
Y

b(QX(p))
| X > QX(p)

]
,

where QX(p) = F←X (1 − p). In order to do this, we have to justify the existence and

finiteness of the limit

ℵCTE(q) := lim
p→0

E

[
Y q

bq(QX(p))
| X > QX(p)

]
(2.4.5)

for some q > 0.

The following result is original contribution from the author.
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Lemma 2.4.3 Let Assumption 1 hold. Let q > 0. Assume that one of the following

conditions is satisfied:

a) There exists δ > 0 such that

lim sup
x→∞

E

[(
Y

b(x)

)q+δ
| X > x

]
<∞ ;

b) The limiting measure µ is the product measure and E[Y q] <∞.

Then for s ≥ s0 > 0,

lim
x→∞

1

F̄X(x)
E

(
Y q

bq(x)
1{X>xs}) = sqφ−α

∫ ∞

1

∫ ∞

0

vqµ(du, dv) ∈ (0,∞) (2.4.6)

and hence

ℵCTE(q) =

∫ ∞

1

∫ ∞

0

vqµ(du, dv) . (2.4.7)

Conversely, if (2.4.6) holds then qφ < α.

As noted above, if (X, Y ) is regularly varying with extremal dependence, then As-

sumption 1 is automatically fulfilled with b(x) = x. Hence, recalling that in this case

the measures ν and µ coincide, we have

Corollary 2.4.4 Assume that (X, Y ) is regularly varying with the measure ν that is

not concentrated on the axes. If

lim sup
x→∞

E

[(
Y

x

)q+δ
| X > x

]
<∞ ,

then for s ≥ s0

lim
x→∞

1

F̄X(x)
E

(
Y q

xq
1{X>xs}) = sq−α

∫ ∞

1

∫ ∞

0

vqν (du, dv) ∈ (0,∞) . (2.4.8)

The existence of the limit in (2.4.7) is a key to estimation of θ(p) defined in (2.2.10).

We conjecture that qφ < α suffices for the finiteness of (2.4.6).
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Proof: (Proof of Lemma 2.4.3)

We start by noting that since the random variables X and Y are nonnegative, the

limit on the right hand side of (2.4.6) would vanish only when the limiting measure

µ is concentrated on the horizontal axis. This is prevented, however, by Assumption

1b).

Now, we proceed with the proof of finiteness. For a) the result follows from [23],

while it is obvious under the assumption b). As for the converse, for A > s0 set

IA(q) =

∫ ∞

0

∫ ∞

A

yqµ(du, dv) .

This quantity is finite by the assumption and its finiteness implies limA→∞ IA(q) = 0.

On the other hand,

IA(q) = lim
x→∞

1

F̄X(x)
E

[
Y q

bq(x)
1{X>xA}]

= lim
x→∞

F̄X(xA)

F̄X(x)

bq(xA)

bq(x)

1

F̄X(xA)
E

[
Y q

bq(xA)
1{X>xA}]

= lim
x→∞

F̄X(xA)

F̄X(x)

bq(xA)

bq(x)
E

[
Y q

bq(xA)
| X > xA

]
= Aqφ−αℵCTE(q) . (2.4.9)

Hence, limA→∞ IA(q) = 0 if and only if α > qφ.

Finally, replacing A with s in (2.4.9) yields the right hand side in (2.4.6).

2.4.2 Examples

Example 2.4.5 This example can be treated as a generic model for CEV. Assume

that X, V are independent regularly varying random variables with index α > 0. For

φ ∈ (0, 1) define Y = XφV . By Breiman’s lemma (see e.g. Theorem 2.1.11), Y is

also regularly varying with index α and tail equivalent to X . The pair (X, Y ) is

bivariate regularly varying with index −α and the exponent measure concentrated on
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both axes and hence extremally independent. Also, the tail dependence coefficient

vanishes.

Since the sets (s,∞]× [0, t] characterize the measure in (0,∞]× [0,∞], to verify

that (X, Y ) is CEV with the function b(x) = xφ, it suffices to calculate

lim
x→∞

P(X > xs, Y ≤ xφt)/P(X > x) .

Regular variation of X entails

lim
x→∞

P(X > xs, Y ≤ xφt)

P(X > x)
= lim

x→∞

{
P(X > xs)

P(X > x)
− P(Y > xφt, X > xs)

P(X > x)

}

= s−α − lim
x→∞

P(Y > xφt, X > xs)

P(X > x)
.

Now, for the latter let v = xs, then

lim
x→∞

P(Y > xφt, X > xs)

P(X > x)
= lim

v→∞

P(Y > vφt/sφ, X > v)

P(X > v)
lim
x→∞

P(X > xs)

P(X > x)

= s−α lim
v→∞

P(Y > vφt/sφ | X > v) = s−α
∫ ∞

1

P(V > z−φt/sφ)αz−α−1dz .

The last equality above follows from calculation of the limiting conditional probabil-

ities. Let FX be the distribution function of X . Then

lim
v→∞

P(Y > vφt | X > v) = lim
v→∞

P(Y > vφt, X > v)

P(X > v)

= lim
v→∞

1

P(X > v)
P(XφV > vφt, X > v) = lim

v→∞

1

P(X > v)

∫ ∞

v

P(xφV > vφt)FX(dx)

= lim
v→∞

1

F̄X(v)

∫ ∞

1

P(V > z−φt)FX(vdz) =

∫ ∞

1

P(V > z−φt)αz−α−1dz .

The above integral is finite since
∫∞
1
αz−α−1dz = 1. We can interchange the limit

with integration by dominated convergence theorem by noting that the measure

FX(v·)/F̄X(v) converges weakly on [1,∞) to the measure ν((z,∞)) = z−α.

In summary, CEV is fulfilled with b(x) = xφ and

µ((s,∞] × [0, t]) = s−α
(

1 −
∫ ∞

1

P(V > z−φt/sφ)αz−α−1dz

)
.
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Example 2.4.6 As in [20, Section 6.2.1], let (U, V ) be a bivariate regularly varying

random vector with the exponent measure ν that is not concentrated on the axes.

Hence both U and V are regularly varying with index α and tail equivalent. As such,

we can write

P (u−1(U, V ) ∈ ·)
P(U > u)

v→ ν

on [0,∞]2 \ {0}, as u→ ∞. Let (Ui, Vi), i = 1, 2, be independent copies from (U, V ).

For φ, θ ∈ (0, 1) define

(X, Y ) = B(U1, V
φ
1 ) + (1 −B)(Uθ

2 , V2) ,

where P(B = 0) = P(B = 1) = 1/2 and B is independent of Ui, Vi, i = 1, 2. Both X

and Y are regularly varying with index α due to Breiman lemma and in fact P(X >

x) ∼ 0.5P(U > x) as x → ∞. Furthermore, (X, Y ) is bivariate regularly varying,

with extremal independence (even though (U, V ) may have extremal dependence.)

This implies that the tail dependence coefficient vanishes. CEV is satisfied and the

scaling function is given by b(x) = xφ. Indeed, by repeating the argument in [20],

lim
x→∞

P(X > xs, Y ≤ xφt)

P(X > x)
= lim

x→∞

{
P(X > xs)

P(X > x)
− P(Y > xφt, X > xs)

P(X > x)

}

= s−α − lim
x→∞

P(Y > xφt, X > xs)

P(X > x)
= s−α

{
1 − ν ((1,∞] × (t1/φ/s,∞])

}

=: µ((s,∞] × [0, t]) .

In fact, only the part B(U1, V
φ
1 ) contributes to the limit. Indeed:

P(Y > xφt, X > xs)

P(X > x)
= 0.5

P(V φ
1 > xφt, U1 > xs)

P(X > x)
+ 0.5

P(V2 > xφt, Uθ
2 > xs)

P(X > x)

∼ P(V > (xs)t1/φ/s, U > xs)

P(U > xs)

P(U > xs)

P(U > x)
+O

(
P(Uθ > xs)

P(U > x)

)

as x→ ∞ and clearly the big O term vanishes since θ ∈ (0, 1).
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Example 2.4.7 We present a modification of Example 7 from [10]. Consider a pair

(X, Y ) with the following distribution function:

F (x, y) =
(1 − x−α)(1 − y−α)

1 + (xy)−α
.

We note that this example is generated from the Ali-Mikhail-Haq copula with θ = −1.

The marginal distributions of X and Y are clearly Pareto with index −α. CEV

assumption is fulfilled with b(x) = 1 and the limiting measure is the product measure

µ((s,∞] × [0, t]) = s−α(1 − t−α) .

Example 2.4.8 Assume that X is a regularly varying random variable with index

α > 0. Let φ ∈ (0, 1) and assume that U is a nonnegative random variable, inde-

pendent of X such that E[Uα/φ+δ] < ∞ for some δ > 0. Define Y = XφU . By

Breiman’s lemma, Y is also regularly varying with index α/φ. The pair (X, Y ) is

bivariate regularly varying with index α, with the exponent measure concentrated on

the horizontal axes, and hence extremally independent. The main difference between

the current situation and Example 2.4.5 is that the extremal independence here is

linked to different tail behaviour of X and Y . CEV assumption 1 is satisfied with the

scaling function given by b(x) = xφ.

Example 2.4.9 We now give an example, where the conditional laws do not exists.

Consider a pair of dependent standard normal random variables ξ1, ξ2 and define

X = ecξ
2
1 , Y = ecξ

2
2 with c < 1/2. Then X and Y are regularly varying. In this case,

extremal independence holds for the bivariate distributions, but a non trivial limiting

conditional distribution for Y given X > x does not exist. See [20, section 2.4].

In this case our approach using CEV is not applicable, however, due to extremal

independence, the method of [8] cannot be used as well.
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2.5 Extremogram

Assume that {Xj, j ∈ Z} is a strictly stationary regularly varying time series with

values in Rd. In [11] the authors introduced the extremogram as a measure of extremal

dependence for the stationary regularly varying time series. Assume that A,B ⊆ R̄d

are sets that are bounded away from zero and such that ν0,0(A) > 0, ν0,h(∂(A ×
R̄d(h−1) × B)) = 0. Then the following limit exists:

ρAB(h) = lim
x→∞

P(Xh ∈ xB | X0 ∈ xA) ∈ [0, 1] .

We call the sequence ρAB(h), h ≥ 0, the extremogram of {Xj}.

Spectral tail process representation of the extremogram. For a norm ‖ · ‖
on R

d take A = B = {u ∈ R
d : ‖u‖ > 1}. Let {V j , j ∈ N} and {Θj, j ∈ N} be the

corresponding tail and spectral tail processes. Then the extremogram becomes

lim
x→∞

P(Xh ∈ xB | X0 ∈ xA) = P(V h ∈ B) = P(‖V 0‖Θh ∈ B)

= P(‖V 0‖‖Θh‖ > 1) = E

[∫

{y:y>‖Θh‖−1}∩{y≥1}

αy−α−1dy

]
= E [‖Θh‖α ∧ 1] . (2.5.1)

Thus, for the specific sets A and B the extremogram can be represented as the

expectation of the spectral tail process. The choice of the sets A,B may seem to

be restrictive, but suffices in most applications. Also, one can easily extend our

considerations to the case of two different norms. For our choice of the sets we will

write ρ(h) to denote the corresponding extremogram. We note further that

ρ(h) = E [‖Θh‖α ∧ 1] = lim
x→∞

E

[(‖Xh‖
‖X0‖

∧ 1

)α
| ‖X0‖ > x

]
.

Tail Dependence Coefficient. Assume here that {Xj, j ∈ Z} is a univariate reg-

ularly sequence of nonnegative random variables. The marginal distribution function

is denoted by F . The tail dependence coefficient at lag h is defined as

τ(h) = lim
x→∞

P(Xh > x | X0 > x) .



2. Preliminaries 49

Thus, τ(h) = ρAB(h) for A = B = (1,∞).



Chapter 3

Weak convergence

In this chapter we summarize several results on weak convergence of stochastic pro-

cesses. In Section 3.1 we consider weak convergence in the space D, the space of all

real-valued functions that are right-continuous and have left limits, equipped with

the Skorokhod J1-topology. Then, in Section 3.2, we discuss weak convergence using

entropy methods. The advantage of the latter is that it is in a sense dimension-free.

The results here are not new, we base our presentation on, respectively, [5] and [6]

(Section 3.1) as well as [31] (Section 3.2). We will use this theory in Chapter 4.

We start with the following classical discussion (see e.g. [6, Section 5]). Let S be

an arbitrary metric space and let S be a class of Borel sets. Recall that a sequence

{Pn} of probability measures (defined on S) converges weakly to a probability measure

P if for all continuous functions f : S → R we have

lim
n→∞

∫
fdPn =

∫
fdP .

We write Pn ⇒ P . The above definition is not very easy to use, hence alternative

criteria for weak convergence are needed. A sequence {Pn} of probability measures is

relatively compact if every subsequence {Pni
} contains a further subsequence {Pni(k)

}
such that Pni(k)

⇒ P for some probability measure P . We note that there is no guar-

50
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antee that the limit is the same for all subsequences. However, if finite dimensional

distributions of Pn converge weakly to P , then also the entire sequence converges

weakly to P . Hence, relative compactness plus convergence of finite dimensional

distributions yields weak convergence of probability measures.

The relative compactness is still not the property that is easy to work with.

Instead, one can consider tightness. A sequence of probability measures {Pn} is tight

if for every ǫ > 0 there exists a compact set K ∈ S such that Pn(K) > 1 − ǫ.

Due to Prokhorov’s theorem (see e.g. [6, Theorem 5.1]), tightness implies relative

compactness.

As a consequence, we conclude that tightness along with convergence of finite

dimensional distributions yields weak convergence. Therefore, in what follows, we

will provide sufficient conditions for tightness in two particular cases of the space S.

3.1 Weak convergence in the space of cadlag func-

tions

Here, S = D = D([0, 1]), the space of real-valued functions on [0, 1] that are right-

continuous and have left-hand limits and S = D is the associated Borel σ-field. For

a probability measure P on (D,D), let TP consist of those elements in D([0, 1]) for

which the projection is continuous except at points forming a set of P-measure 0. Let

Xn and X be random elements with values in D. Write TX for TP, where P is the

distribution of X. We have the following theorem, that provides sufficient conditions

for weak convergence. In particular, (3.1.1) below yields tightness, which according

to the discussion above, implies relative compactness. See Theorem 13.5 in [6].

Theorem 3.1.1 Suppose that

(Xn(t1), . . . ,Xn(tk))
d→ (X(t1), . . . ,X(tk))
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holds whenever t1, . . . , tk all lie in TX; that is P(X(1) 6= X(1−)) = 0; and that

P(|Xn(t) − Xn(t1)| ≥ λ, |Xn(t2) − Xn(t)| ≥ λ) ≤ 1

λ2γ
[g(t2) − g(t1)]

2β (3.1.1)

for t1 ≤ t ≤ t2 and n ≥ 1, where γ ≥ 0, β > 1
2
, and g is a nondecreasing, continuous

function on [0, 1]. Then Xn converges weakly to X in D([0, 1]) equipped with the

Skorokhod J1-topology.

There is a more restrictive version of (3.1.1) involving moments, namely

E{|Xn(t) − Xn(t1)|γ‖Xn(t2) − Xn(t)|γ} ≤ [g(t2) − g(t1)]
2β . (3.1.2)

Theorem 3.1.1 remains valid if equation (3.1.1) is extended as follows;

P{|Xn(t) − Xn(t1)| ≥ λ, |Xn(t2) − Xn(t)| ≥ λ} ≤ 1

λ2γ
[gn(t2) − gn(t1)]

2β (3.1.3)

where the functions gn are all monotone increasing or all monotone decreasing, and

the sequence (gn) converges (uniformly on compact intervals) to a monotone contin-

uous function g. Likewise, g can be replaced by gn in the moment condition (3.1.2).

Comment: If gn is increasing (respectively, decreasing) for every n and the sequence

(gn) converges pointwise to a continuous function g (which must be increasing or de-

creasing, respectively), then the convergence is uniform on compact sets. Billingsley

in [6] restricts attention to D([0, 1]), but the proof of tightness is almost identical for

D([0, b]) for 0 < b <∞. This is enough for convergence in D([0,∞)) (see [6], Theorem

16.8).

We provide an argument that g can be replaced with gn, following closely the set-up

of [5]. All references and notations below refer to that book. Note that the goal is

to use Theorem 15.4 by showing that (15.11) holds: for every positive ǫ and η, there

exists δ, 0 < δ < 1 and n0 such that

P (ω′′(Xn, δ) ≥ ǫ) ≤ η, n ≥ n0. (3.1.4)



3. Weak convergence 53

We follow exactly the proof in [6], pp. 128-130, replacing g with gn in (15.24), (15.26),

(15.29) and (15.30), then (15.30) is now

P{ω′′(Xn, δ) ≥ ǫ} ≤ 2K

ǫ2γ
[|gn(1) − gn(0)|][ωgn(2δ)]2β−1,

where K depends on ǫ and β, but not on n (see Theorem 12.5). Note that for any

t1, t2 ∈ [0, 1], |gn(t2) − gn(t1)| ≤ |g(t2) − g(t1)| + 2 supt∈[0,1] |gn(t) − g(t)|. Therefore,

letting ρn = 2 supt∈[0,1] |gn(t) − g(t)|, we have

ωgn(δ) ≤ ωg(δ) + ρn, (3.1.5)

and

P{ω′′(Xn, δ) ≥ ǫ} ≤ 2K

ǫ2γ
[|g(1) − g(0)| + ρn][ωg(2δ) + ρn]2β−1.

Since ρn → 0 as n→ ∞ (by the aforementioned uniform convergence) and ωg(δ) → 0

as δ → 0 (by continuity of g), given η > 0 we can choose n0 and δ so that the RHS of

(3.1.5) is less than η for all n ≥ n0. This proves (3.1.4) under the assumption (3.1.3).

3.2 Weak convergence via entropy conditions

In this section we discuss weak convergence of processes using the dimension-free en-

tropy method. The material in this section is based on [31].

Let X be a measurable space. Let G be an arbitrary set and ℓ∞(G) be the

set of bounded functions G : G → R, equipped with the supremum norm ‖G‖G =

supg∈G |G(g)|. A function G on ℓ∞(G) will be denoted by G = {G(g)}g∈G. The

supremum norm on ℓ∞(G) induces a metric ρ∞ defined as ρ∞(G1, G2) = ‖G1−G2‖G =

supg∈G |G1(g)−G2(g)|. Let Xn, n ≥ 1 be a sequence of random elements defined on a

probability space (Ω,F ,P) with values in X = ℓ∞(G). We denote Xn = {Xn(g)}g∈G.
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Example 3.2.1 Let {Xj} be a sequence of standard uniform i.i.d. random variables.

Define

Xn(t) = Fn(t) , t ∈ [0, 1] ,

where Fn(t) = 1
n

∑n
j=1 1{Xj≤t}. Then Xn(·) is a random element with values in ℓ∞(G),

where G is the class of bounded functions defined on [0, 1]. Later on we will use the

centered and the scaled version of Xn defined as follows

Xn(t) =
√
n {Fn(t) − t} , t ∈ [0, 1] . (3.2.1)

The weak convergence will be verified by proving finite dimensional convergence

and asymptotic tightness, which generalizes tightness introduced at the beginning of

this chapter (see [31, p.21]).

Definition 3.2.2 Let {Xn} be a sequence of random maps indexed by a class of func-

tions G, with values in ℓ∞(G) equipped with the metric ρ∞ induced by the supremum

norm.

The sequence is asymptotically tight if for each ǫ > 0, there is a compact set

K ⊂ ℓ∞(G) such that for any δ > 0 we have

lim sup
n→∞

P(Xn 6∈ Kδ) < ǫ ,

where Kδ = {G ∈ ℓ∞(G) : ρ∞(G,K) < δ}, where ρ∞(G,K) = infG′∈K ρ∞(G,G′).

This definition is not very easy to work with. Assume that G is a compact semimetric

space equipped with a metric ρ.

Definition 3.2.3 ([31], p.37) Let ρ be a semimetric on G. Let {Xn} be a sequence

of random maps indexed by a class of functions G, with values in ℓ∞(G). The sequence

is asymptotically uniformly ρ-equicontinuous (in probability) if for every ǫ, η > 0 there

exists δ > 0 such that

lim sup
n→∞

P

(
sup

f,g∈G:ρ(f,g)<δ

|Xn(f) − Xn(g)| > ǫ

)
< η .
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In fact for the purpose of this thesis, these two concepts are equivalent ([31, Theorem

1.5.7]).

Proposition 3.2.4 A sequence {Xn} is asymptotically tight if and only if {Xn(g)}
is tight in R for every g ∈ G and there exists a semimetric ρ on G such that (G, ρ) is

totally bounded and {Xn} is asymptotically uniformly ρ-equicontinuous (in probabil-

ity).

In order to prove tightness, we need to control the size of the class G. This is done

using covering number or bracketing number.

Definition 3.2.5 Let (G, ‖ · ‖) be a normed space of real valued functions. Let ǫ > 0.

The covering number N(ǫ,G, ‖ · ‖) is the minimal number of balls {g : ‖g − f‖ < ǫ}
of radius ǫ needed to cover the set G. The centers f of the balls need not to belong to

G, but it is required that ‖f‖ <∞. The entropy (without bracketing) is the logarithm

of the covering number.

To define the bracketing number, let g, h ∈ G, where (G, ‖ · ‖) is a normed space. The

bracket [g, h] is the set of all functions f ∈ G such that g ≤ f ≤ h. The functions g

and h need not to belong to G, but they have to have finite norms. The ǫ-bracket is

a bracket [g, h] such that ‖g − h‖ ≤ ǫ.

Definition 3.2.6 Let (G, ‖ · ‖) be a normed space of real valued functions. Let ǫ > 0.

The bracketing number N[ ](ǫ,G, ‖ · ‖) is the minimal number of ǫ-brackets needed to

cover the set G. The entropy with bracketing is the logarithm of the bracketing number.

Example 3.2.7 Let G be a class of indicators of the form 1[0,t] or, equivalently, of

the form 1(t,1], t ∈ [0, 1]. We equip G with the Lq-norm, q ≥ 1:

‖f − g‖ = ‖f − g‖Lq =

(∫ 1

0

|f(x) − g(x)|qdx
)1/q

.
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Let ǫ > 0. If ψt(x) = 1[0,t](x), then

‖ψt − ψt−ǫq‖Lq = ‖ψt − ψt+ǫq‖Lq = ǫ .

Hence, as the centers of the ǫ-balls we can choose the functions ψtj , tj = jǫq, j =

1, . . . , J , where J is the smallest integer such that Jǫq ≥ 1. This implies that the

covering number N(ǫ,G, Lq) = N(ǫ,G, ‖ · ‖Lq) is at most 1 + 1/(2ǫq).

As for the bracketing number, we consider brackets [ψtj , ψtj+ǫq ], where tj =

(j − 1)ǫq, j = 1, . . . , [1/ǫq] + 1. Then ‖ψtj − ψtj+ǫq‖Lq = ǫ and each function ψs,

s ∈ [0, 1], belongs to one of the brackets. Hence, the bracketing number N[ ](ǫ,G, Lq)
is at most 1 + 1/ǫq. The bracketing and the covering numbers are of the order ǫ−q as

ǫ→ 0. �

From the above calculations we obtain of course N[ ](2ǫ,G, Lq) ≤ 1 + 1/(2ǫ)q. Fur-

thermore, if a function ψs belongs to the bracket [ψtj , ψtj+(2ǫ)q ], then it also belongs

to a ball with a center at ψ̃tj = (ψtj + ψtj+(2ǫ)q)/2 and radius ǫ. This yields

N(ǫ,G, Lq) ≤ N[ ](2ǫ,G, Lq) . (3.2.2)

However, the bound we obtained for the covering number N(ǫ,G, Lq) (that is, 1 +

1/2ǫq) is greater than 1 + 1/(2ǫ)q unless q = 1. Hence, there is some room for

improvement for the covering number. This improvement is achieved precisely by

considering balls with centers at ψ̃tj . Note that those functions do not belong to G,

however, they still have finite Lq norms. We have

‖ψtj − ψ̃tj‖Lq = ‖ψtj+(2ǫ)q − ψ̃tj‖Lq = ǫ

and all functions ψs such that ψtj ≤ ψs ≤ ψtj+(2ǫ)q belong to the ball with cen-

ter at ψ̃tj and radius ǫ. Consequently, by choosing centers at ψ̃tj , tj = j(2ǫ)q,

j = 1, . . . , [1/(2ǫ)q] + 1 we cover the whole space G, yielding the covering number

N(ǫ,G, Lq) to be bounded by 1 + 1/(2ǫ)q, in agreement with (3.2.2).

We extend the above calculations to indicator functions indexed by t ∈ [0, 1]d.
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Example 3.2.8 Let G be a class of functions ψt(x) = 1[0,t](x), where t = (t1, t2) ∈
[0, 1]2 and x ∈ R2. We equip G with the norm

‖f − g‖Lq =

(∫ 1

0

∫ 1

0

|f(x1, x2) − g(x1, x2)|qdx1dx2
)1/q

.

Then ψt(x) ≤ ψs(x) for all x if and only if t1 ≤ s1 and t2 ≤ s2. Let 0 < ǫ < 1.

Consider brackets [ψ(t1,t2), ψ(t1+ǫq/2,t2+ǫq/2)], where the points t = (t1, t2) are chosen as

((i− 1)ǫq/2, (j − 1)ǫq/2), i, j = 1, . . . , [2/ǫq] + 1 .

For a given point x ∈ [0, 1]2, ψ(t1,t2)(x) − ψ(t1+ǫq/2,t2+ǫq/2)(x) = 1 if and only if x

belongs to the union of two sets:

{[t1, t1 + ǫq/2] × [0, t2 + ǫq/2]}
⋃

{[0, t1 + ǫq/2] × [t2, t2 + ǫq/2]} ,

whose Lebesgue measure is bounded by ǫq. Consequently,

‖ψ(t1,t2) − ψ(t1+ǫq/2,t2+ǫq/2)‖Lq ≤ ǫ .

We need (1 + 2/ǫq)2 brackets to cover the entire set G and the number is of order ǫ−2q

as ǫ → 0. In the same spirit, the class of indicators 1[0,t], t ∈ R
d, has the bracketing

number at most 1/ǫqd.

The above examples involved indicators of sets [0, t], t ∈ [0, 1]d and the norm ‖ · ‖Lq .

We extend the above considerations to the whole real line. Let P be a probability

measure and define

‖f − g‖Lq(P) =

(∫
|f(x) − g(x)|qP(dx)

)1/q

.

This defines the norm on Lq(P), the space of all functions g such that ‖g‖Lq(P) <∞.

Example 3.2.9 Assume that X1, . . . , Xn are i.i.d random variables with a common

law P and the distribution function F (x) = P({ω : X1(ω) ≤ x}). Define the empirical

distribution function

Fn(t) =
1

n

n∑

j=1

1{Xj≤t} , t ∈ (−∞,∞) . (3.2.3)
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Assume moreover that F is continuous and strictly increasing. Then

‖f − g‖Lq(F ) =

(∫ 1

0

|f(F←(y)) − g(F←(y))|qdy
)1/q

.

If G is the class of indicators ψt(x) = 1(−∞,t](x), t ∈ (−∞,∞), then ψt(F
←(y)) =1[0,F (t)](y). It is obvious then that the bracketing and the covering numbers of G are

the same as in Example 3.2.7.

3.2.1 Tightness via bracketing

The above introduced bracketing and covering numbers allow us to introduce the

sufficient conditions for weak convergence. Specifically, we investigate conditions

under which processes indexed by class G converges weakly, that is

Xn ⇒ X in ℓ∞(G) ,

where X is a tight Borel measurable element. We will state several theorems that,

under different conditions, yield weak convergence of Xn. In order to proceed, we

introduce the envelope function:

G(x) = sup
g∈G

|g(x)| , x ∈ X .

As the supremum is taken over an uncountable set, the envelope function G need not

to be measurable, hence its moments have to be evaluated in principle with respect

to the so-called outer expectation. However, we will not address this issue here since

it will not be important in the context of tail empirical processes. The next result is

an adaptation of Theorem 2.5.6 in [31].

Theorem 3.2.10 (Tightness via Bracketing I) Consider the process

Xn(g) =
1√
n

n∑

j=1

{g(Xj) − E[g(Xj)]} , g ∈ G ,
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where {Xj} is a sequence of i.i.d. random elements with values in a measurable space

X and a common law P, and G is a collection of measurable, real valued functions

defined on X . Assume that E[G2(X1)] <∞ and
∫ ∞

0

√
logN[ ](ǫ,G, L2(P))dǫ <∞ . (3.2.4)

Then Xn is tight in ℓ∞(G).

Example 3.2.11 [Continuation of 3.2.8] For the class of indicators indexed by t ∈
[0, 1]d equipped with the norm L2, we recall that the bracketing number is at most

1 + 1/ǫ2d whenever ǫ ∈ (0, 1). If ǫ > 1 then we need one bracket to cover G. Hence,

it suffices to consider the integral (3.2.4) from 0 to 1. Since log(1 + a) ≤ 1 + log(a)

for a ≥ 1, we have by substitution u = 1 − 2d log ǫ,
∫ 1

0

√
1 + log(1/ǫ2d)dǫ =

1

2d
e1/(2d)

∫ ∞

1

u1/2e−u/(2d)du <∞ .

Therefore, the empirical process

Xn(t) =
√
n

{
1

n

n∑

j=1

1{Xj≤t} − t

}
, t ∈ [0, 1]

is tight.

Theorem 3.2.10 applies to empirical processes indexed by G based on i.i.d. random

elements {Xj}. To deal with tail empirical processes later we need to extend this to

arrays of independent, but not necessary identically distributed processes. In order

to do this, we consider Xn to be

Xn(g) =

mn∑

i=1

{Xn,i(g) − E [Xn,i(g)]} , g ∈ G ,

where Xn,i(g), i = 1, . . . , mn are independent stochastic processes and mn → ∞ as

n → ∞. In this thesis, the processes Xn,i(g), i = 1, . . . , mn will have the following

form:

Xn,i(g) =
∑

j

g(Xn,j) ,

where
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• Xn,j = Xj/un, where X j are random variables with values in Rd
+ and un is a

deterministic sequence, un → ∞ as n→ ∞,

• the summation is taken over a particular subset of integers (that depends on i),

•
g(x) = gt(x) = 1{x>t} , x, t ∈ R

d
+ .

Instead of the bracketing number N[ ](ǫ,G, L2(P)) we define a new bracketing number

as follows.

Definition 3.2.12 For each n ≥ 1, we define the bracketing number N[ ](ǫ,G, L2
n) as

the minimal number of sets Nǫ in a partition G =
⋃Nǫ

j=1 Gnǫ,j of the index set G into

sets Gnǫ,j such that for all j = 1, . . . , Nǫ we have

mn∑

i=1

E

[
sup

f,g∈Gnǫ,j

|Xn,i(f) − Xn,i(g)|2
]
≤ ǫ2 . (3.2.5)

With help of this definition we re-formulate the tightness criterion from Theorem

3.2.10 in the current setting. Recall that a metric space (G, ρ) is totally bounded if it

can be covered by a finite number of balls of radius ǫ. Also, ‖Xn,i‖G = supg∈G |Xn,i(g)|.
The following result is an adaptation of Theorem 2.11.9 from [31].

Theorem 3.2.13 (Tightness via bracketing II) For each n, let Xn,1, . . . ,Xn,mn

be independent stochastic processes indexed by a totally bounded metric space (G, ρ).

Suppose that

(E1) The set G consists of functions g such that E[g2(Xn,1)] < ∞ for each n ≥ 1.

The envelope function

G(x) = sup
g∈G

|g(x)|

is finite for all x.
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(E2) For every ǫ > 0,

lim
n→∞

mn∑

i=1

E
[
‖Xn,i‖G1‖Xn,i‖G>ǫ

]
= 0 . (3.2.6)

(E3) It holds

lim
ǫ→0

lim sup
n→∞

sup
f,g:ρ(f,g)<ǫ

mn∑

i=1

E
[
(Xn,i(f) − Xn,i(g))2

]
= 0 . (3.2.7)

(E4) For every sequence ǫn ↓ 0,

lim
n→∞

∫ ǫn

0

√
logN[ ](ǫ,G, L2

n)dǫ = 0 . (3.2.8)

Then the sequence
∑mn

i=1 (Xn,i − E [Xn,i]) is asymptotically uniformly ρ-equicontinuous

in ℓ∞(G).

Example 3.2.14 [Continuation of Examples 3.2.1, 3.2.7, 3.2.8 and 3.2.11] Consider

the case Xn,j(g) = n−1/2g(Xj), where {Xj} are i.i.d. standard uniform random vari-

ables. If G is the class of indicators ψt = 1[0,t], t ∈ [0, 1], and mn = n, then obviously
∑mn

i=1 (Xn,i(g) − E[Xn,0(g)]) = Xn(t), the empirical process defined in (3.2.1). We

equip G with the L2-norm, so that ρ(f, g) = ‖f − g‖L2. If ρ(f, g) → 0 then the

condition (3.2.7) holds:

1

n

n∑

i=1

E
[
(f(Xi) − g(Xi))

2] = E[(f(X1) − g(X1))
2] = ρ(f, g) → 0 .

As for the condition (3.2.8) we choose the partition Gnǫ,j = Gǫ,j as brackets [ψ(j−1)ǫ2 , ψjǫ2],

j = 1, . . . , [1/ǫ2] + 1. Then

E

[
sup

f,g∈Gǫ,j

|f(X1) − g(X1)|2
]

= E
[1{X1∈[0,ǫ2]}

]
= ǫ2 .

Hence, the bracketing number N[ ](ǫ,G, L2
n) agrees with N[ ](ǫ,G, L2) and is at most

1 + [1/ǫ2]. The condition (3.2.8) is fulfilled.
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3.2.2 Tightness via random entropy

An alternative way to verify tightness for a sequence of independent arrays is via

random entropy.

Definition 3.2.15 Let Xn,1, . . . ,Xn,mn be stochastic processes indexed by G. We de-

fine a random semi-metric by

d2n(f, g) =

mn∑

i=1

(Xn,i(f) − Xn,i(g))2 . (3.2.9)

The following result is an adaptation of Theorem 2.11.1 in [31].

Theorem 3.2.16 For each n, let Xn,0, . . . ,Xn,mn be independent stochastic processes

indexed by a totally bounded metric space (G, ρ). Suppose

(F1) The maps

(x1, . . . , xnm) → sup
f,g∈G,ρ(f,g)<δ

mn∑

i=1

ei |Xn,i(f) − Xn,i(g)|l

are measurable for every δ > 0, every vector (e1, . . . , emn) ∈ {−1, 0, 1}mn, every

n ∈ N and both l = 1, 2.

(F2) For every ǫ > 0,

lim
n→∞

mn∑

i=1

E
[
‖Xn,i‖2G1‖Xn,i‖G>ǫ

]
= 0 . (3.2.10)

(F3) It holds:

lim
ǫ→0

lim sup
n→∞

sup
f,g:ρ(f,g)<ǫ

mn∑

i=1

E
[
(Xn,i(f) − Xn,i(g))2

]
= 0 . (3.2.11)

(F4) For any τ > 0,

lim
δ→0

lim
n→∞

P
∗

(∫ δ

0

√
logN(ǫ,G, dn)dǫ > τ

)
= 0 . (3.2.12)

Then the sequence
∑mn

i=1 (Xn,i − E [Xn,0]) is asymptotically uniformly ρ-equicontinuous.
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Random entropy or bracketing. We comment on different conditions that ap-

pear above.

• (F2) is a strengthened version of (E2) and also implies the Lindeberg condition.

• (F3) is the same as (E3).

• The measurability condition (F1) holds whenever the processes {Xn,i(g), g ∈ G}
are separable, which is the case of all processes considered in this thesis.

• Condition (F4) is always fulfilled in case of finite dimensional index set, which

is the case of this thesis (R2).



Chapter 4

Tail empirical processes (TEP)

4.1 Introduction

The goal of this chapter is to establish results on weak convergence for tail empirical

processes, using the theory described in Chapter 3. These results will be used in

Chapter 5, where we deal with statistical inference. Although the results for i.i.d.

vectors presented here (as stated) are new, their proofs are relatively straightforward

and are provided for completeness only. On the other hand, for time series we quote

a result from [25].

We first discuss the empirical processes for i.i.d. regularly varying vectors in

Section 4.2. We prove weak convergence of tail empirical processes. The proof is

standard, but we provide it for completeness. In Section 4.2.2, we consider the weak

convergence of tail empirical processes based on random levels. Interestingly, the lim-

iting behaviour changes as compared to deterministic levels. In Section 4.3 we state

the functional central limit theorem for tail empirical processes based on regularly

varying time series. The result is adapted from [25]. Finally, in Section 4.4 we prove

the functional limit theorem for tail empirical processes based on i.i.d. extremally

64
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independent random vectors. The result is new (see [27]), however, the proof is rela-

tively straightforward.

We introduce some terminology. We say that {un} is a scaling sequence if

un → ∞. We say that {rn} is an intermediate sequence if rn → ∞ and rn/n→ 0.

Notational convention: In Section 4.2 we use G and G for the random elements and

processes that appear there; in Section 4.3 we use M and M, while in Section 4.4 we

use T and T.

4.2 TEP for i.i.d. vectors: extremal dependence

In this section we deal with tail empirical processes for i.i.d. regularly varying random

vectors. First, in Section 4.2.1 we state and prove a result on weak convergence

(Theorem 4.2.1). The proof is not novel, but we provide it for completeness, using

the theory described in Section 3.1. Then, in Section 4.2.2 we extend Theorem 4.2.1

to random levels, by replacing the unspecified scaling sequence un with the user-

chosen order statistics (see Theorem 4.2.6). This method is based on [29], [22] and

[25]. Interestingly, in the latter case the limit changes as compared to deterministic

levels.

4.2.1 Weak convergence of tail empirical process

Assume that (X, Y ) is a regularly varying random vector with index −α and the same

marginals. For simplicity, we shall consider nonnegative random variables only. We

denote the limiting measure that appears in the definition of the regular variation (cf.

Definition 2.2.1) simply by ν . Let F = FX be the marginal distribution of X (and so

of Y ). We note here that we changed the notation from Chapter 2, where a bivariate
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vector was denoted by (X1, X2). This change is needed purely from the notational

point of view, so that we have a simple way to write samples from the vector (X, Y ).

When dealing with extreme observations, we are often interested in estimating

E

[
ψ

(
X

x
,
Y

x

)
| (X, Y ) ∈ xC

]
, (4.2.1)

where ψ : R2 → R, C is a suitably chosen subset of R
2 \{0} and x is large. Of course,

the function and the set have to be selected in such a way that the expectation is

finite.

Assume that we have an i.i.d. sample (Xj, Yj), j = 1, . . . , n, from the distribution

of (X, Y ).

Let un be a deterministic scaling sequence, that is the sequence such that un → ∞
and nF̄ (un) → ∞. For s0 > 0, define the tail empirical function

G̃n(s;ψ,C) =
1

nF̄ (un)

n∑

j=1

ψ

(
Xj

un
,
Yj
un

)1{(Xj ,Yj)∈sunC} , s ≥ s0 , (4.2.2)

and

Gn(s;ψ,C) = E[G̃n(s;ψ,C)] .

If ψ is homogeneous with index γ then Lemma 2.2.4 implies

G(s;C, ψ) ≡ lim
n→∞

Gn(s;C, ψ) = sγ−α
∫

C

ψ(v1, v2)ν (dv1, dv2) , (4.2.3)

whenever ψ satisfies the integrability condition (2.2.6). Also, define

G̃n(s) , Gn(s) , G(s) = s−α (4.2.4)

to be G̃n(s;ψ,C), Gn(s;ψ,C) and G(s;ψ,C), respectively, for the function ψ ≡ 1

and the set C = {(x1, x2) : x1 > 1}.

Consider the tail empirical process

Gn(s;ψ,C) =
√
nF̄ (un)

{
G̃n(s;ψ,C) −Gn(s;ψ,C)

}
, s ≥ s0 . (4.2.5)
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Also, define Gn(·) to be the process Gn(·;ψ,C) for the function ψ ≡ 1 and the set

C = {(x1, x2) : x1 > 1}.

The main result of this section is the following weak convergence for the tail

empirical function.

Theorem 4.2.1 Let s0 > 0. Assume that (Xj, Yj), j = 1, . . . , n, are i.i.d. regularly

varying random vectors with index −α and the same marginals. Assume moreover

that:

(a) We have un → ∞ and nF̄ (un) → ∞;

(b) The function ψ is homogenous of order γ ∈ R;

(c) For 0 < s0 ≤ s ≤ t we have tC ⊆ sC;

(d) There exists δ > 0 such that
∫
C
|ψ(v1, v2)|2+δν (dv1, dv2) <∞;

then

(Gn(·),Gn(·;ψ,C)) ⇒ (G(·),G(·;ψ,C)) (4.2.6)

in D([s0,∞)) × D([s0,∞)), where G(·), G(·;ψ,C) are Gaussian processes with the

covariance functions

Cov(G(s),G(t)) = (s ∨ t)−α ,

Cov(G(s;ψ,C),G(t;ψ,C)) = (s ∨ t)2γ−α
∫

C

ψ2(v1, v2)ν (dv1, dv2) .

Proof of Theorem 4.2.1. The proof is relatively standard, but we provide it for

completeness. We start with the central limit theorem. Multivariate convergence

follows by the Cramer-Wold device. We prove the result only for Gn(·;ψ,C) (see Re-

mark 4.2.4). In what follows (X, Y ) has the same distribution as any of (Xj, Yj). Also,
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since the set C and the function ψ are fixed, in our notation we omit a dependence

on them, unless it is necessary.

In the proof, w.l.o.g. we assume that ψ ≥ 0.

Lemma 4.2.2 Under the conditions of Theorem 4.2.1, for each s ≥ s0, Gn(s;ψ,C)

converges in distribution to a centered normal random variable.

Proof: We prove the central limit theorem by checking Lindeberg’s conditions.

Let

Zn,j =
1√

nF̄ (un)

{
ψ

(
Xj

un
,
Yj
un

)1{(Xj ,Yj)∈sunC} − E

[
ψ

(
Xj

un
,
Yj
un

)1{(Xj ,Yj)∈sunC}

]}

so that Gn(s;ψ,C) =
∑n

j=1Zn,j. Clearly, E[Zn,j] = 0. Furthermore,

Var(Gn(s;ψ,C)) =
1

F̄ (un)
E

[
ψ2

(
X

un
,
Y

un

)1{(X,Y )∈sunC}

]

− F̄ (un)

(
1

F̄ (un)
E

[
ψ

(
X

un
,
Y

un

)1{(X,Y )∈sunC}

])2

.

Since F̄ (un) → 0 as n → ∞, Lemma 2.2.4 implies that the first term dominates and

limn→∞Var(Gn(s;ψ,C)) exists.

Furthermore, noting that for arbitrary δ > 0 and any random variable 1{|Y |>c} ≤
|Y |δ/cδ, we have

E[Z2
n,j1{|Zn,j |>δ}] ≤

1

(nF̄ (un))δ/2
E[|Zn,j|2+δ]

≤ 1

(nF̄ (un))1+δ/2
E

[
ψ2+δ

(
X

un
,
Y

un

)1{(X,Y )∈sunC}

]

and hence

n∑

j=1

E[Z2
n,j1{|Zn,j |>δ}] ≤ (nF̄ (un))−δ/2

{
1

F̄ (un)
E

[
ψ2+δ

(
X

un
,
Y

un

)1{(X,Y )∈sunC}

]}
.

Using Lemma 2.2.4 and since δ > 0, the expression on the right hand side converges

to 0.
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Lemma 4.2.3 Under the conditions of Theorem 4.2.1 the sequence of processes {Gn(·;ψ,C)},
n ≥ 1, is tight in D([s0,∞)) equipped with the Skorokhod J1 topology.

Proof: For s0 < s < t, define (s, t]unC = (sunC) \ (tunC) and

Un,j(s) = ψ

(
Xj

un
,
Yj
un

)1{(Xj ,Yj)∈sunC} , U∗n,j(s) = Un,j(s) − E[Un,j(s)] ,

Un,j(s, t) = Un,j(s) − Un,j(t) , U∗n,j(s, t) = U∗n,j(s) − U∗n,j(t) ,

gn(s;m) =
1

F̄ (un)
E [|Un,j(s)|m] , gn(s, t;m) = gn(s;m) − gn(t;m) .

Then

Gn(s;ψ,C) −Gn(t;ψ,C) =
1√

nF̄ (un)

n∑

j=1

U∗n,j(s, t) .

We use Theorem 3.1.1. For s0 < s1 < t < s2 we have

E
[
|Gn(s1;ψ,C) −Gn(t;ψ,C)|2|Gn(t;ψ,C) −Gn(s2;ψ,C)|2

]

=
1

(nF̄ (un))2

n∑

j=1

E[
(
U∗n,j(s1, t)U

∗
n,j(t, s2)

)2
]

+
1

(nF̄ (un))2

n∑

i,j
i 6=j

E[
(
U∗n,i(s1, t)

)2
]E[
(
U∗n,j(t, s2)

)2
] . (4.2.7)

By noting that for s1 < t < s2 we have Un,j(s1, t)Un,j(t, s2) = 0, we evaluate

(
U∗n,j(s1, t)U

∗
n,j(t, s2)

)2
= (Un,j(s1, t) − E[Un,j(s1, t)])

2(Un,j(t, s2) − E[Un,j(t, s2)])
2

= U2
n,j(s1, t)E

2[Un,j(t, s2)] + U2
n,j(t, s2)E

2[Un,j(s1, t)]

− 2Un,j(s1, t)E[Un,j(s1, t)]E
2[Un,j(t, s2)] − 2Un,j(t, s2)E[Un,j(t, s2)]E

2[Un,j(s1, t)]

+ E
2[Un,j(s1, t)]E

2[Un,j(t, s2)] ,
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so that since ψ ≥ 0,

1

F̄ 2(un)
E

[(
U∗n,j(s1, t)U

∗
n,j(t, s2)

)2]
= F̄ (un)gn(s1, t; 2)g2n(t, s2; 1)

+ F̄ (un)gn(t, s2; 2)g2n(s1, t; 1) .

Next, we deal with the term in (4.2.7). For s < t we have by Hölder inequality

E[(U∗n,j(s, t))
2] = E[(Un,j(s) − EUn,j(s) − (Un,j(t) − EUn,j(t)))

2]

= E[(Un,j(s) − Un,j(t))
2] + 2(E[Un,j(s) − EUn,j(t)])

2 + (E[Un,j(s) − Un,j(t)])
2

≤ E[(Un,j(s) − Un,j(t))
2] + 3(E[Un,j(s) − Un,j(t)])

2

≤ 4E[(Un,j(s) − Un,j(t))
2] .

Hence, the term in (4.2.7) is bounded by

1

(nF̄ (un))2
E[(U∗n,1(s1, t))

2]E[(U∗n,1(t, s2))
2]

≤ 1

F̄ (un)

(
4E

[
ψ2

(
X

un
,
Y

un

)1{(X,Y )∈(s1,t]unC}

])

× 1

F̄ (un)

(
4E

[
ψ2

(
X

un
,
Y

un

)1{(X,Y )∈(t,s2]unC}

])

≤ 1

F̄ 2(un)

(
4E

[
ψ2

(
X

un
,
Y

un

)1{(X,Y )∈(s1,s2]unC}

])2

= 16g2n(s1, s2; 2) .

We used here the assumption that tC ⊆ sC for s < t. The tightness follows since

gn(s; 2) converges uniformly to the continuous function, and by using Theorem 3.1.1.

Remark 4.2.4 Note that

Gn(s;ψ,C) =
√
nF̄ (un)

{∫
ψ(v1, v2)1{(v1,v2)∈sC}ν̄n(dv1, dv2)

}
, (4.2.8)



4. Tail empirical processes (TEP) 71

where ν̄n = νn − E[νn] and νn is a random measure

νn(·) =
1

nF̄ (un)

n∑

j=1

δ(Xj/un,Yj/un)(·) .

We can write a1Gn(s;ψ,C)+a2Gn(s) in the form (4.2.8), replacing ψ(v1, v2)1{(v1,v2)∈sC}
with

a1ψ(v1, v2)1{(v1,v2)∈sC} + a21{v1>s,v2>0} .

This in turn implies that the tail empirical processes Gn(·;ψ,C) and Gn(·) converge

jointly.

4.2.2 Tail empirical process with random levels

To apply the weak convergence established in Theorem 4.2.1 one needs to choose un.

The sequence depends on the marginal distribution which is unknown. Hence, we

consider the tail empirical process with random levels. This method was considered

in [29] and [22].

The second issue is that the centering in the tail empirical process (4.2.5) is

Gn(s;ψ,C) not its limit G(s;ψ,C). This will be handled by an appropriate ”no-bias”

condition.

To proceed, choose a sequence k = kn such that k → ∞ and k/n → 0 and

define un by k = nF̄ (un). Let Xn:1 ≤ Xn:2 ≤ · · · ≤ Xn:n be order statistics from Xj ,

j = 1, . . . , n. First, from Theorem 4.2.1 we conclude the following weak convergence.

Let Gn(s) = F̄ (sun)/F̄ (un) (cf. (4.2.4)).

Proposition 4.2.5 Assume that the conditions of Theorem 4.2.1 are satisfied. Fur-

thermore, assume that the distribution function F is continuous and that

lim
n→∞

G′n(s) = −αs−α−1 , (4.2.9)

uniformly in a neighborhood of 1. Then
(√

k

{
Xn:n−k

un
− 1

}
,Gn(·;ψ,C)

)
⇒ (α−1G(1),G(·;ψ,C))
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in R× D([s0,∞)).

We note that the normal convergence of the order statistics is standard (see e.g. [12,

Theorem 2.4.1]), but we need to argue that the convergence holds jointly.

Proof: The argument is similar to that of [29].

• By Theorem 4.2.1 and the Skorokhod representation theorem, there exists a

probability space, a sequence of processes {G̃n(·), G̃n(·;ψ,C)} and processes

G̃(·), G̃(·;ψ,C) with the same distributions as, respectively, {Gn(·),Gn(·;ψ,C)},

G(·) and G(·;ψ,C), such that

G̃n(·) → G̃(·) , G̃n(·;ψ,C) → G̃(·;ψ,C) (4.2.10)

almost surely, uniformly on compact subsets of [s0,∞). In what follows, for sim-

plicity of notation we will write Gn(·), Gn(·;ψ,C), G(·) and G(·;ψ,C), without

using the ∼ notation.

• Recall (4.2.4). Let G←n and (G̃n)← be the right continuous inverses of Gn and

G̃n, respectively. Then, G←n (1) = 1, (G̃n)←(1) = Xn:n−k/un and, since F is

continuous, for all s ∈ [F̄ (0)/F̄ (un), 0], Gn(G←n (s)) = s.

• The (random) functions Gn and G̃←n belong to D. Furthermore, their almost

sure limits G and G← are continuous and G← is strictly decreasing. Hence, the

convergence (4.2.10) and Theorem 3.1 in [32] imply that

Gn(G←n (s)) =
√
k
{
G̃n ◦G←n (s) − s

}
→ G(G←(s))

almost surely, uniformly on compact subsets of [s0,∞).

• Vervaat Lemma ([12, Lemma A.0.2]) implies that

√
k
{

(G̃n ◦G←n )←(s) − s
}
→ −G(G←(s))

almost surely, uniformly on compact subsets of [s0,∞).
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• Assumption (4.2.9) implies that Gn is continuous and strictly decreasing in

a neighborhood of 1. Thus, there exists ǫ > 0 such that Gn ◦ (G̃n)←(s) =

(G̃n ◦G←n )←(s) for s ∈ (1 − ǫ, 1 + ǫ) and

√
k
{
Gn ◦ (G̃n)←(s) − s

}
→ −G(G←(s)) , (4.2.11)

almost surely uniformly with respect to s ∈ (1 − ǫ, 1 + ǫ).

• Since k → ∞ and (G̃n)←(1) = Xn:n−k/un, (4.2.11) implies that Gn(Xn:n−k/un)

converges almost surely to 1. Since G(1) = 1 and Gn converges uniformly to

G in a neighborhood of 1, this implies that Xn:n−k/un converges almost surely

to 1.

• By Taylor’s expansion, there exists ςn such that |ςn − 1| ≤ |(G̃n)←(1) − 1| and

Gn((G̃n)←(1)) − 1 = Gn((G̃n)←(1)) −Gn(G←n (1))

= G′n(ςn)
{

(G̃n)←(1) −G←n (1)
}

= G′n(ςn) {Xn:n−k/un − 1} . (4.2.12)

• Thus, (4.2.9), (4.2.11) and (4.2.12) yield that

√
k

{
Xn:n−k

un
− 1

}
→ 1

α
G(1) , (4.2.13)

almost surely.

• Since the convergences Gn(·;ψ,C) → G(·;ψ,C) and (4.2.13) hold almost surely,

they hold jointly. Coming back to the original probability space, we obtain the

joint weak convergence.

Furthermore, we impose the following no-bias condition:

lim
n→∞

sup
s>s0

√
k|Gn(s;ψ,C) −G(s;ψ,C)| = 0 . (4.2.14)
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This condition has to be verified for each problem separately. This leads to the

following empirical processes

Ĝn(s;ψ,C) =
√
k
{
Ĝn(s;ψ,C) −Gn(s;ψ,C)

}

̂̂
Gn(s;ψ,C) =

√
k

{
̂̂
Gn(s;ψ,C) −Gn(s;ψ,C)

}
,

where

Ĝn(s;ψ,C) =
1

k

n∑

j=1

ψ

(
Xj

un
,
Yj
un

)1{(Xj ,Yj)∈sXn:n−kC} (4.2.15)

and

̂̂
Gn(s;ψ,C) =

1

k

n∑

j=1

ψ

(
Xj

Xn:n−k

,
Yj

Xn:n−k

)1{(Xj ,Yj)∈sXn:n−kC} .

Theorem 4.2.6 Assume that the conditions of Theorem 4.2.1 are satisfied. Fur-

thermore, assume that the distribution function F is continuous, (4.2.9) holds and

(d/ds)G(s;ψ,C) exists and is finite in a neighborhood of 1. Then

Ĝn(s;ψ,C) ⇒ G(s;ψ,C) + sγ−α
1

α
G′(1;ψ,C)G(1) , (4.2.16)

and

̂̂
Gn(s;ψ,C) ⇒ G(s;ψ,C) +

1

α
sγ−αG′(1;ψ,C)G(1) − γ

α
sγ−αG(1;ψ,C)G(1) (4.2.17)

in D([s0,∞)). If moreover (4.2.14) is satisfied, then the centering Gn(s;ψ,C) can be

replaced with its limit G(s;ψ,C).

Proof: If (4.2.14) holds, it is obvious that the centering Gn can be replaced with

G. We work under this condition. Note that Ĝn(s;ψ,C) = G̃n(sXn:n−k/un;ψ,C),
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where G̃n and Ĝn are the tail empirical functions defined in (4.2.2) and (4.2.15),

respectively. Then, by the homogeneity property (4.2.3),

Ĝn(s;ψ,C) = Gn(sXn:n−k/un;ψ,C)

+ sγ−α
√
k {G(Xn:n−k/un;ψ,C) −G(1;ψ,C)} =: I1(s) + sγ−αI2(s) .

By Proposition 4.2.5

√
k

{
Xn:n−k

un
− 1

}
d→ 1

α
G(1) , (4.2.18)

jointly with Gn(·;ψ,C). In particular, Xn:n−k/un converges in probability to 1. Thus,

by Theorem 4.2.1, the term I1 converges weakly to G(·;ψ,C), while by the delta

method the term I2(s) converges weakly to

1

α
G′(1;ψ,C)G(1) .

This finishes the proof of (4.2.16). Furthermore,

̂̂
Gn(s;ψ,C) =

(
Xn:n−k

un

)−γ
Gn(sXn:n−k/un;ψ,C)

+
√
k

(
Xn:n−k

un

)−γ
{Gn(sXn:n−k/un;ψ,C) −G(sXn:n−k/un;ψ,C)}

+
√
k

{(
Xn:n−k

un

)−γ
− 1

}
(sXn:n−k/un)γ−αG(1;ψ,C)

+
√
ksγ−α {G(Xn:n−k/un;ψ,C) −G(1;ψ,C)}

+
√
k {G(s;ψ,C) −Gn(s;ψ;C)}

=

(
Xn:n−k

un

)−γ
I1(s) + J1(s) + sγ−αJ2(s) + sγ−αI2(s) + J3(s) .

Again, by Theorem 4.4.1 and Xn:n−k/un
p→ 1, the first term converges weakly to

G(·;ψ,C). The second term as well as J3(s) vanish by (4.2.14). Furthermore, the

delta method, the first order Taylor expansion of G(·;ψ,C) around 1 and (4.2.18)

yield that sγ−α(J2(s) + I2(s)) converges to

−γ
α
sγ−αG(1;ψ,C)G(1) +

1

α
sγ−αG′(1;ψ,C)G(1) .
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The convergence (4.2.17) is proven.

4.3 TEP for time series

In this section we consider a multivariate regularly varying time series {Xj} with

values in Rd. See Section 2.3 for the precise framework. Let ‖ · ‖ be a vector norm

on Rd, d ≥ 1. Let F be the distribution function of ‖X0‖. Consider the sequence

un → ∞ such that nF̄ (un) → ∞. Let ψ : R2d → R. Fix s0 > 0 and for s ≥ s0 define

the tail empirical functions

M̃n(s; h) =
1

nF̄ (un)

n−h∑

j=1

1{‖Xj‖>sun}1{‖Xj+h‖>sun} , (4.3.1)

M̃ψ
n (s; h) =

1

nF̄ (un)

n−h∑

j=1

ψ

(
Xj

un
,
Xj+h

un

)1{‖Xj‖>sun} . (4.3.2)

Set

Mn(s; h) = E

[
M̃n(s; h)

]
, Mψ

n (s; h) = E

[
M̃ψ

n (s; h)
]
,

and consider the tail empirical processes

Mn(s; h) =
√
nF̄ (un)

{
M̃n(s; h) −Mn(s; h)

}
, (4.3.3)

M
ψ
n(s; h) =

√
nF̄ (un)

{
M̃ψ

n (s; h) −Mψ
n (s; h)

}
. (4.3.4)

Furthermore, under the multivariate regular variation (as defined in Section 2.2) the

following limits exist:

M(s; h) = lim
n→∞

Mn(s; h) = lim
x→∞

P(‖X0‖ > sx, ‖Xh‖ > sx)

P(‖X0‖ > x)
, (4.3.5)

Mψ(s; h) = lim
n→∞

Mψ
n (s; h)

= lim
x→∞

1

P(‖X0‖ > x)
E

[
ψ

(
X0

x
,
Xh

x

)1{‖X0‖>sx}

]
. (4.3.6)
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The latter limit requires a moment condition on ψ, however, we shall assume that ψ

is bounded.

We proceed as follows. In Section 4.3.1 we introduce the β-mixing (absolute

regularity). In Section 4.3.2 we adapt results on weak convergence of tail empirical

processes for time series from [25] to the present setting. The main statement of that

section is Proposition 4.3.2.

4.3.1 Weak dependence condition

In order to establish limit theorems for stationary time series, we need some extra

weak dependence conditions. The suitable one is β-mixing (absolute regularity). For

arbitrary σ-fields F and G define

β(F ,G) = sup
∑

i

∑

j

|P(Ai ∩Bj) − P(Ai)P(Bj)| ,

where the supremum is taken over all partitions Ai of F and Bj of F . (Note that

sometimes β(F ,G) is defined with the coefficient 1/2, but it is not relevant for our

purposes.)

Definition 4.3.1 Let {Xj} be a stationary sequence. Let F j
i = σ(X i, . . . ,Xj).

Define βn = supj β(F j
−∞,F j+n

∞ ). We say that the sequence is β-mixing if βn → 0.

4.3.2 Weak convergence of tail empirical processes

We adapt results on weak convergence of tail empirical processes for time series from

[25] to the present setting. The results there are in turn an adaptation of the theory

in [16].

We consider the classical anticlustering condition. Recall that s0 > 0 is fixed.

For sequences {un} and {rn}, un → ∞, rn → ∞, we will say that Condition S(un, rn)
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holds if for every s, t ≥ s0

lim
L→∞

lim sup
n→∞

1

F̄ (un)

∑

L<|j|≤rn

E
[1{‖X0‖>sun}1{‖Xj‖>unt}

]
= 0 . (S(un, rn))

To describe the covariance structure of the limiting processes, we introduce the fol-

lowing quantities. Recall the definition of the measures ν0,h, h ≥ 0 from (2.3.1). For

x = (x0, . . . ,xh) ∈ R
d(h+1) define

c0(s, t) = lim
n→∞

P(‖X0‖ > (s ∨ t)un, ‖Xh‖ > (s ∨ t)un)

F̄ (un)

=

∫

Rd(h+1)

1{‖x0‖>(s∨t)}1{‖xh‖>(s∨t)} ν0,h(dx) ,

while for j ≥ 1 and y = (y0, . . . ,yj+h) ∈ Rd(h+j),

cj(s, t) = lim
n→∞

P(‖X0‖ > sun, ‖Xh‖ > sun, ‖Xj‖ > tun, ‖Xj+h‖ > tun)

F̄ (un)

=

∫

Rd(h+j)

1{‖y0‖>s}1{‖yh‖>s}1{‖yj‖>t}1{‖yj+h‖>t} ν0,j+h(dy) .

Define the covariance function

C(s, t) = c0(s, t) +
∞∑

j=1

{cj(s, t) + cj(t, s)} . (4.3.7)

Likewise, for a bounded function ψ define

cψ0 (s, t) = lim
n→∞

E

[
ψ2
(

X0

un
, Xh

un

)1{‖X0‖>(s∨t)un}

]

F̄ (un)

=

∫

Rd(h+1)

ψ2(x0,xh)1{‖x0‖>s∨t} ν0,h(dx) ,

cψj (s, t) = lim
n→∞

E

[
ψ
(

X0

un
, Xh

un

)
ψ
(

Xj

un
,
Xj+h

un

)1{‖X0‖>sun}1{‖Xj‖>tun}

]

F̄ (un)

=

∫

Rd(j+h)

ψ(y0,yh)ψ(yj ,yj+h)1{‖y0‖>s}1{‖yj‖>s} ν0,j+h(dy)
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and

Cψ(s, t) = cψ0 (s, t) +

∞∑

j=1

{cψj (s, t) + cψj (t, s)} . (4.3.8)

Proposition below is the promised adaptation of [25].

Proposition 4.3.2 Let {Xj, j ∈ Z} be a strictly stationary regularly varying se-

quence with values in Rd, {un} be a scaling sequence and {rn} be an intermediate

sequence such that Condition S(un, rn) holds. Assume that the sequence {Xj, j ∈ Z}
is absolutely regular (i.e. beta-mixing) with coefficients {βn, n ≥ 1} and there exists

a sequence {ℓn} such that

ℓn → ∞ , ℓn/rn → 0 , lim
n→∞

nβℓn/rn = 0 . (4.3.9)

Assume that the distribution function F of ‖X0‖ is continuous and

lim
n→∞

nF̄ (un) = ∞ , lim
n→∞

rnF̄ (un) = 0 . (4.3.10)

Furthermore, suppose that ψ is bounded. Then, for each s0 > 0, the processes Mn,

Mψ
n defined in (4.3.3)-(4.3.4) converge weakly to the centered Gaussian processes M,

Mψ with the covariance functions C and Cψ defined in, respectively, (4.3.7)-(4.3.8).

The convergence holds jointly.

4.4 TEP for i.i.d. vectors: extremal independence

The set-up of this section is the same as of Section 2.4. The random vector (X, Y )

with the marginal distributions FX and FY fulfills the Assumption 1. The main result

of this section is Proposition 4.4.1, where we prove weak convergence of tail empirical

processes.
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4.4.1 Tail empirical process

Let (Xj, Yj) are i.i.d. copies of (X, Y ). Recall that the random variables Xj , Yj are

nonnegative. Let un → ∞ be such that nF̄X(un) → ∞ and s0 ∈ (0, 1). Define the

bivariate tail empirical distribution function (hereafter TED) by

T̃n(s, t) =
1

nF̄X(un)

n∑

j=1

1{Xj>uns,Yj≤b(un)t} , s ≥ s0, t > 0 ,

T̃n(s,∞) =
1

nF̄X(un)

n∑

j=1

1{Xj>uns} , s ≥ s0 .

Obviously T̃n(s,∞) agrees with G̃n(s) in (4.2.4). Furthermore, define

Tn(s, t) =
P(X > uns , Y ≤ b(un)t)

P(X > un)
, s ≥ s0, t > 0 , (4.4.1)

Tn(s,∞) =
P(X > uns)

P(X > un)
, s ≥ s0 . (4.4.2)

Then the functions Tn(s, t) and Tn(s,∞) defined in (4.4.1)-(4.4.2) can be written as

Tn(s, t) = E[T̃n(s, t)], Tn(s,∞) = E[T̃n(s,∞)]. Define further

T (s, t) = lim
n→∞

Tn(s, t) , T (s) = lim
n→∞

Tn(s,∞) . (4.4.3)

Again, T (s) agrees with G(s) in (4.2.4). Consider the tail empirical process

Tn(s, t) =
√
nF̄X(un)

{
T̃n(s, t) − Tn(s, t)

}
, s ≥ s0, t > 0 . (4.4.4)

The main result of this section is the following weak convergence for the tail empirical

processes.

We need the following assumption.

Assumption 2 Let s0 ∈ (0, 1). The function T (·, ·) defined in (4.4.3) is continuous

on [s0,∞) × R+ .

Proposition 4.4.1 Let Assumptions 1 and 2 hold. Then the sequence Tn converges

weakly to a Gaussian process T with the covariance function

Cov(T(s, t),T(s′, t′)) = T (s ∨ s′, t ∧ t′) .
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The proof is relatively standard, but we provide it for completeness. Similar proof in

a much more involved context of univariate time series can be found in [24]. We start

with the central limit theorem. Multivariate convergence follows by the Cramer-Wold

device.

Lemma 4.4.2 Let Assumptions 1 holds. For each s ≥ s0, t > 0, Tn(s, t) converges

in distribution to a centered normal random variable and

lim
n→∞

Cov(Tn(s, t),Tn(s′, t′)) = T (s ∨ s′, t ∧ t′) .

Proof: We prove the central limit theorem by checking Lindeberg’s conditions.

Let

Zn,j(s, t) =
1√

nF̄X(un)
1{Xj>uns,Yj≤b(un)t} , Z̄n,j(s, t) = Zn,j(s, t) − E[Zn,j(s, t)] ,

(4.4.5)

so that Tn(s, t) =
∑n

j=1 Z̄n,j(s, t). Clearly, E[Z̄n,j(s, t)] = 0. Furthermore,

Var(Tn(s, t)) =
1

F̄X(un)
E
[1{X>uns,Y1≤b(un)t}]− F̄X(un)

(
1

F̄X(un)
E
[1{X>uns,Y1≤b(un)t}])2

.

Since F̄X(un) → 0 as n → ∞, Assumption 1 implies that the first term dominates

and limn→∞Var(Tn(s, t)) exists.

Furthermore, noting that for arbitrary δ > 0 and any random variable Y and

c > 0 we have 1{|Y |>c} ≤ |Y |δ/cδ, we have

E[Z2
n,j(s, t)1{|Zn,j(s,t)|>ǫ}] ≤ ǫ−δE[|Zn,j(s, t)|2+δ]

≤ K

(nF̄X(un))1+δ/2
E
[1{Xj>uns,Yj≤b(un)t}

]

and hence

n∑

j=1

E[Z2
n,j(s, t)1{|Zn,j(s,t)|>ǫ}] ≤ K(nF̄X(un))−δ/2

{
1

F̄X(un)
E
[1{X>uns,Y1≤b(un)t}]} .
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Using Assumption 1 and since δ > 0, the expression on the right hand side converges

to 0.

Finally, recalling that the vectors (Xj, Yj), j ≥ 1, are independent, we have

Cov(Tn(s, t),Tn(s′, t′)) = Cov

(
n∑

j=1

Zn,j(s, t),
n∑

i=1

Zn,i(s
′, t′)

)

=

n∑

j=1

n∑

i=1

Cov(Zn,j(s, t), Zn,i(s
′, t′))

= nCov(Zn,1(s, t), Zn,1(s
′, t′))

=
1

F̄X(un)
E[1{X>uns,Y1≤b(un)t}1{X>uns′,Y1≤b(un)t′}] − o(1) ,

where o(1) stands for

F̄X(un)

(
1

F̄X(un)
E
[1{X>uns,Y1≤b(un)t}])( 1

F̄X(un)
E
[1{X>uns′,Y1≤b(un)t′}]) .

We obtain

lim
n→∞

Cov(Tn(s, t),Tn(s′, t′)) = T (s ∨ s′, t ∧ t′) .

We proceed with stochastic equicontinuity. We use the methodology from Section

3.2.2.

Let (F , ρ) be a function space equipped with a semi-metric ρ. Recall from Def-

inition 3.2.2 that the sequence of processes {Z̄n, n ≥ 1} indexed by (F , ρ) is asymp-

totically uniformly ρ-equicontinuous if for every ǫ > 0 and an arbitrary sequence

δn ↓ 0,

lim sup
n→∞

P

(
sup

f,g:ρ(f,g)<δn

|Z̄n(f) − Z̄n(g)| > ǫ

)
= 0 .
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Let Zn,j(g), j = 1, . . . , mn, be independent stochastic processes indexed by a class F .

Define the random semi-metric dn by

d2n(f, g) =
n∑

j=1

{Zn,j(f) − Zn,j(g)}2 .

Let N(ǫ,F , dn) be the minimal number of balls needed to cover F . In the present

context,

F = {gs,t, s ≥ s0, t > 0} , gs,t(x, y) = 1{x>s,y≤t} ,
the metric ρ is given by

ρ(gs,t, gs′,t′) = ρ((s, t), (s′, t′)) = |s−α − (s′)−α| + |T (s0, t) − T (s0, t
′)| .

Here, we have Zn(g) =
∑n

i=1 Zn,j(g) =
∑n

j=1Zn,j(s, t), where Zn,j(s, t) is defined in

(4.4.5) and Z̄n(g) = Zn(g) − E[Zn(g)].

Lemma 4.4.3 Let Assumptions 1 and 2 hold. Then the sequence Tn(·, ·) is asymp-

totically uniformly equicontinuous.

Proof: According to Theorem 3.2.16, we need to verify

lim
n→∞

n∑

j=1

E
[
‖Zn,j‖2F1{‖Zn,j‖F>ǫ}

]
= 0 , (4.4.6)

lim
δ→0

lim sup
n→∞

sup
ρ(f,g)≤δ

n∑

j=1

E[{Zn,j(f) − Zn,j(g)}2] = 0 , (4.4.7)

where ‖Zn,j‖F = supg∈F |Zn,j(g)| = sups≥s0,t>0 |Zn,j(s, t)|, and finiteness of the en-

tropy integral, which is obvious since we consider cells in R2.

We have

E
[
‖Zn,j‖2F1{‖Zn,j‖F>ǫ}

]
≤ ǫ−δE

[
‖Zn,j‖2+δF

]
≤ ǫ−δE[|Zn,j(s0,∞)|2+δ]

and we can conclude (4.4.6) by the same argument as in the proof of Lemma 4.4.2.
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As for (4.4.7) we note that for s0 < s < s′ and t, t′ ∈ R, we have

|1{Yj≤bh(un)t,Xj>sun} − 1{Yj≤bh(un)t′,Xj>s′un}|

≤ 1{sun<Xj≤s′un} + 1{t∧t′<Yj/bh(un)≤t∨t′}1{Xj>s0un} .

Fix ǫ > 0. The above decomposition yields

nE
[
{Zn,1(s, t) − Zn,1(s

′, t′)}2
]
≤ ǫ + |T (s,∞) − T (s′,∞)| + |T (s0, t) − T (s0, t

′)| ,

where ǫ comes from the uniform convergence of Tn(·,∞) to T (·,∞) and Tn(s0, ·) to

T (s0, ·).
Therefore,

lim
δ→0

lim sup
n→∞

sup
ρ(f,g)≤δ

nE
[
{Zn,1(s, t) − Zn,1(s

′, t′)}2
]

≤ lim
δ→0

sup
ρ(f,g)≤δ

{ǫ+ ρ((s, t), (s′, t′))} = ǫ .

Since ǫ is arbitrary, the proof is concluded.



Chapter 5

Statistical Inference

In this chapter, we discuss statistical inference. In Section 5.1 we introduce some

notations and collect some standard results that will be used throughout this chapter.

We discuss the convergence of order statistics, second order regular variation and the

Hill estimator.

In Section 5.2 we discuss the estimation for i.i.d. vectors under extremal de-

pendence. We propose an alternative nonparametric approach for estimating the

conditional tail distribution that is based on the quasi-spectral decomposition intro-

duced in Section 2.2.4. We argue that the proposed estimation procedure based on

the quasi-spectral representation may lead to an improvement in terms of efficiency or

in terms of the conditions required to achieve asymptotic normality, as compared to

other nonparametric methods. We discuss estimation of the conditional tail distribu-

tion in Section 5.2.1, while expected shortfall is discussed in Section 5.2.2. Simulation

studies are conducted in Section 5.2.3, while real data analysis is considered in Sec-

tion 5.2.4. The material discussed in this section is the original contribution of the

author, see [26].

In Section 5.3 we discuss estimation for regularly varying time series with ex-

tremal dependence. In Section 5.3.1 we prove the asymptotic normality of extremogram

85
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estimators using deterministic levels. In Section 5.3.2 we replace the deterministic

levels with random levels and obtain limit theorems for the appropriately modified

estimators. We note that the limiting behaviour changes as compared to the case

with the deterministic levels. Section 5.3.3 is devoted to the extremogram estimators

when the tail index has to be estimated. The particular case of the tail dependence

coefficient is discussed in Section 5.3.4. In Section 5.3.5 we present AR(1) and a

stationary solution to the stochastic recurrence equation as examples. Simulation

studies and data analysis are performed in Sections 5.3.6 and 5.3.7, respectively. The

material discussed in this section is based on the author’s original contribution, see

[30].

In Section 5.4, we use the conditional extreme value model from Section 2.4 to

estimate the Marginal Expected Shortfall defined in (2.4.4). In Section 5.4.1, we con-

struct an estimator and state its asymptotic normality. We discuss the estimation of

the scaling function, estimation of the tail index and the conditional scaling exponent

and estimation of expected shortfall. We also compare our results with [8] in terms

of applicability and assumptions. In Section 5.4.2 we give some examples where our

theory applies, followed by the case where our approach does not work. Sections

5.4.3 and 5.4.4 deal with simulation studies and data analysis. Proofs are given in

Section 5.4.5. The material discussed in this section is based on the author’s original

contribution, see [27].

5.1 Some notation and technical preliminaries

We start with some notation that is used throughout this chapter. Let k → ∞ be

such that k/n→ 0. The sequence un will be defined by k = nF̄X(un) or k = nF̄ (un),

as appropriate, so that un → ∞ and nF̄X(un) → ∞, nF̄ (un) → ∞.
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5.1.1 Convergence of order statistics

For a sample X1, . . . , Xn from the distribution FX , let Xn:1 ≤ · · · ≤ Xn:n be increasing

order statistics. Recall the process Gn(·) from Section 4.2.1; see the comment after

(4.2.5):

Gn(s) =
√
nF̄X(un)

{
1

nF̄X(un)

n∑

j=1

1{Xj>uns} − E

[
1

nF̄X(un)

n∑

j=1

1{Xj>uns}

]}
.

In Proposition 4.2.5 we argued that for i.i.d. random variables Xj we have

√
k

{
Xn:n−k

un
− 1

}
d→ −α−1G(1) , (5.1.1)

jointly with another process Gn(·;ψ,C) considered there.

Now, in the univariate case the process Mn(·; 0) defined in (4.3.3) reduces to Gn.

Hence, Proposition 4.3.2 and the same technique as the one used to prove Proposition

4.2.5, imply (5.1.1) for dependent random variables Xj, with G replaced with M(·; 0).

Again, the convergence holds jointly with the processes Mn(·; h), Mψ
n(·; h) considered

there.

Finally, the same comments apply to the process Tn considered in Section 4.4.

In summary, for the purpose of this chapter, (5.1.1) holds jointly with different

processes used in the construction of our estimators.

5.1.2 Second order regular variation

The following concept is used to control the bias in case of estimation of extremal

quantities.

Definition 5.1.1 Let FX be a distribution function. We say that F̄X is second order

regularly varying with indices −α and β, in shorthand F̄X ∈ 2RV (−α, β), if there

exists a bounded non increasing function η∗ on [0,∞), regularly varying at infinity
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with index −αβ for some β ≥ 0, and such that limt→∞ η
∗(t) = 0 and there exists a

measurable function η such that for x > 0 and constant c 6= 0,

P(X > x) = cx−α exp

(∫ x

1

η(u)

u
du

)
, (5.1.2)

∃C > 0 , ∀u ≥ 0 , |η(u)| ≤ Cη∗(u) . (5.1.3)

We note that there are several different definitions that are called second order regular

variation; see [28, Exercises 3.15-3.17], [12, Section 2.3]. Here, use the one that was

introduced in [15] and used in the context of tail empirical processes in both [15] and

[22].

Under the second order assumption we have the following bound; cf. [22, Lemma

4.1].

Lemma 5.1.2 If (5.1.2) and (5.1.3) hold, if η∗ is regularly varying at infinity with

index −αβ, for some β ≤ 0, then for any ǫ > 0, there exists a constant C such that

∀t ≥ 1 , ∀s > 0 ,

∣∣∣∣
P(X > st)

P(X > t)
− s−α

∣∣∣∣ ≤ Cη∗(t)s−α−αβ(s ∨ s−1)ǫ .

Lemma 5.1.2 and Potter’s bound (see Lemma 2.1.10) imply that for n large enough

and a δ > 0 we have
√
nF̄X(un) sup

s>s0

∣∣∣∣
F̄X(sun)

F̄X(un)
− s−α

∣∣∣∣ ≤
√
nF̄X(un)u−αβ+δn sup

s>s0

s−α(β+1)+ǫ . (5.1.4)

The above bound will be used to control the bias that appears when dealing with tail

empirical processes. See Theorem 5.3.1 along with Remark 5.3.2, Assumption 5 of

Theorem 5.4.4.

5.1.3 Hill estimator

If X is regularly varying with the tail index α, then the tail index is usually estimated

by the Hill estimator:

Hk,n :=
1

α̂
=

1

k

n∑

j=1

log

(
Xn:n−j+1

Xn:n−k

)
.
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Under the general conditions (like i.i.d. or weak dependence) together with the sec-

ond order regular variation, the Hill estimator of 1/α is asymptotically normal with

mean zero. Moreover, if the random variables are i.i.d., then the limiting variance is

1/α2. Furthermore, in case of weak dependence and nonnegative random variables

the limiting variance is

α−2

{
1 + 2

∞∑

j=1

E [(Θj ∧ 1)α]

}
,

where Θj is the spectral tail process introduced in Section 2.2; cf. [25].

Remark 5.1.3 For every choice of k, we obtain another estimator for 1/α. We

usually plot the estimates Hk,n against k. However, these plots typically are far

from being constant, which makes it difficult to use the estimator in practice without

further guideline on how to choose the value k.

5.2 Estimation for i.i.d. vectors: extremal depen-

dence

Let (X, Y ) be a regularly varying random vector with index −α (see Definition 2.2.1)

and the same marginals denoted by F = FX . For simplicity, we assume that the

random variables are nonnegative. In this section our goal is to estimate quantities

like

E

[
ψ

(
X

x
,
Y

x

)
| (X, Y ) ∈ xC

]
, (5.2.1)

where ψ : R2
+ → R, C is a suitably chosen subset of R

2 \ {0}, 0 = (0, 0) and x is

large. For example, x can be chosen as x = xp = F←X (1 − p) =: QX(p), where p is

small (The value xp is called in financial applications the Value-at-Risk). Of course,

the function and the set have to be selected in such the way that the expectation is
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finite. Special cases include estimation of the conditional tail distribution

lim
x→∞

P(Y > yx | X > x) , y > 0 , (5.2.2)

the tail dependence coefficient (cf. Section 2.2.2) or the marginal expected shortfall

(cf. (2.2.10))

E [Y | X > QX(p)] .

In specific cases estimators of (5.2.1) can be obtained in a parametric or semi-

parametric way and rely on a particular model chosen. Alternatively, one can consider

nonparametric approaches (see [4, Chapter 9] for related theory and methods, as well

as an extensive list of references). Specifically, having an i.i.d. sample (Xj, Yj),

j = 1, . . . , n, from (X, Y ), estimation of the conditional tail distribution in (5.2.2)

can be achieved by

1

k

n∑

j=1

1{Yj>yXn:n−k ,Xj>Xn:n−k} , y > 0 , (5.2.3)

where k is a deterministic sequence such that k → ∞, k/n→ 0 and Xn:1 ≤ · · · ≤ Xn:n

are the order statistics from X1, . . . , Xn. However, in order to provide reliable esti-

mates of the conditional tail distribution one needs an appropriate number of pairs

of observations such that the both components exceed the level Xn:n−k. This usually

requires a very large number of observations. In summary, the estimator (5.2.3) may

not be particularly useful in practice.

We propose an alternative nonparametric approach for estimating the conditional

tail distribution and more generally for expressions like the one in (5.2.1). The idea

is based on the quasi-spectral decomposition introduced in Section 2.2.4.

As a consequence of Proposition 2.2.5, since we assumed for simplicity that all

random variables are nonnegative, the conditional tail distribution can be expressed
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in terms of Θ2 as

lim
x→∞

P(Y > yx | X > x) = E

[(
Θ2

y
∧ 1

)α]
= lim

x→∞
E

[(
Y

yX
∧ 1

)α
| X > x

]
;

(5.2.4)

see (2.2.16). Thus, the estimator (5.2.3) can be replaced with

1

k

n∑

j=1

(
Yj
yXj

)α 1{Xj>Xn:n−k} . (5.2.5)

We will argue below that the estimator (5.2.5) is more efficient than the one in (5.2.3).

Of course, if α is unknown, it needs to be replaced with its estimator, however, we will

provide conditions that guarantee that estimation of α does not influence the limiting

behaviour of the estimator of the conditional tail distribution. Our theoretical results

will be also confirmed by simulation studies. Also, we note that the bivariate case

can be easily extended to a general multivariate situation, still requiring only one

component to be large.

Furthermore, the quasi-spectral decomposition can be useful in approximating

the expected shortfall. It turns out that

lim
x→∞

x−1E[Y | X > x] = E[V1]E[Θ2] =
α

α− 1
lim
x→∞

E [(Y/X) | X > x]

whenever α > 1. Using the above identity we can construct two estimators of the

expected shortfall. Asymptotic normality of an estimator that is based on the left-

hand side of the above expression requires finiteness of the second moment, while an

estimator motivated by the quasi-spectral representation on the right-hand side may

have finite variance even when α ∈ (1, 2).

In summary, the proposed estimation procedure based on the quasi-spectral rep-

resentation may lead to an improvement in terms of efficiency or in terms of the

conditions required to achieve asymptotic normality, as compared to other nonpara-

metric methods.
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We discuss estimation of the conditional tail distribution in Section 5.2.1, while

expected shortfall is discussed in Section 5.2.2. Simulation studies are conducted in

Section 5.2.3, while real data analysis appears in Section 5.2.4.

The material discussed in this section is the original contribution of the author,

see [26]. In what follows, we apply Theorems 4.2.1 and 4.2.6.

5.2.1 Conditional tail distribution

In Section 4.2 we considered the tail empirical process based on i.i.d. random vectors.

The tail empirical function was defined as

G̃n(s;ψ,C) =
1

nF̄ (un)

n∑

j=1

ψ

(
Xj

un
,
Yj
un

)1{(Xj ,Yj)∈sunC} , s ≥ s0 ; (5.2.6)

see (4.2.2), where un → ∞, nF̄ (un) → ∞. If we choose ψ ≡ 1 and C = {(x1, x2) :

x1 > 1, x2 > y}, y > 0, then G̃n(s;ψ,C) becomes

G̃(1)
n (s; y) :=

1

nF̄ (un)

n∑

j=1

1{Xj>sun,Yj>suny} . (5.2.7)

Furthermore,

G(1)
n (s; y) :=

P(X > sun, Y > suny)

P(X > un)
, G(1)(s; y) := s−α

∫

(1,∞]×(y,∞]

ν (dv1, dv2) ,

(5.2.8)

where ν is the exponent measure of (X, Y ) that appears in the definition of the

bivariate regular variation. Hence, G(1)(1; y) = limn→∞ P(Y > uny | X > un) is the

limiting conditional tail distribution and G(1)(1; 1) is the tail dependence coefficient

(since we assumed that X and Y have the same marginal distribution). Theorem 4.2.1

implies that
√
nF̄ (un)

{
G̃

(1)
n (s; y) −G

(1)
n (s; y)

}
converges to a Gaussian process, say,

G(1)(s; y) with the limiting variance that can be expressed in terms of the quasi-

spectral representation as

s−αE

[(
Θ2

y
∧ 1

)α]
. (5.2.9)
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If we choose ψ(x1, x2) = (x2/(yx1)∧ 1)α and C = {(x1, x2) : x1 > 1} then G̃n(s;ψ,C)

becomes

G̃(2)
n (s; y) :=

1

nF̄ (un)

n∑

j=1

(
Yj
yXj

∧ 1

)α 1{Xj>sun} , (5.2.10)

G(2)
n (s; y) :=

1

F̄ (un)
E

[(
Y

yX
∧ 1

)α 1{X>sun}] , G(2)(s; y) = lim
n→∞

G(2)
n (s; y) .

(5.2.11)

In particular, using (5.2.4),

G(2)(1; y) := E

[(
Θ2

y
∧ 1

)α]
= lim

n→∞
P(Y > uny | X > un) .

Certainly,

G(1)(1; y) = G(2)(1; y) =: G(1; y) (5.2.12)

Theorem 4.2.1 implies that
√
nF̄ (un)

{
G̃

(2)
n (s; y) −G

(2)
n (s; y)

}
converges to a Gaus-

sian process, say, G(2)(s; y) with the limiting variance

s−αE

[(
Θ2

y
∧ 1

)2α
]
. (5.2.13)

which is smaller than the one given in (5.2.9) whenever y ≥ 1.

Hence, both tail empirical functions in (5.2.7) and (5.2.10) can be used to con-

struct estimators of the limiting conditional tail distribution. Specifically, we can

use

Ĝ(1)
n (1; y) :=

1

k

n∑

j=1

1{Yj>yXn:n−k,Xj>Xn:n−k} , (5.2.14)

Ĝ(2)
n (1; y) :=

1

k

n∑

j=1

(
Yj
yXj

∧ 1

)α 1{Xj>Xn:n−k} , (5.2.15)

the latter one when α is known. The above discussion indicates that the second

estimator can be asymptotically more efficient than the first one.
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Unknown α

Let α̂ be an estimator of α. For example, we can choose α̂ to be the Hill estimator

considered in Section 5.1.3. We redefine Ĝ
(2)
n (1; y) from (5.2.15) as

Ĝ(2),α̂
n (1; y) =

1

k

n∑

j=1

(
Yj
yXj

∧ 1

)α̂ 1{Xj>Xn:n−k} . (5.2.16)

We have

√
k

{
1

k

n∑

j=1

(
Yj
yXj

∧ 1

)α̂ 1{Xj>Xn:n−k} −G(2)(1; y)

}

=
√
k

{
1

k

n∑

j=1

(
Yj
yXj

∧ 1

)α̂ 1{Xj>Xn:n−k} −
1

k

n∑

j=1

(
Yj
yXj

∧ 1

)α 1{Xj>Xn:n−k}

}

+
√
k

{
1

k

n∑

j=1

(
Yj
yXj

∧ 1

)α 1{Xj>Xn:n−k} −G(2)(1; y)

}
= U1(y) + U2(y) .

We already know from Theorem 4.2.6, that

U2(y) ⇒ G
(2)(1; y) + α−1(G(2))′(1; y)G(1) ,

cf. (4.2.16), given that the bias condition (4.2.14) holds. Using the first order Taylor

expansion for α→ zα, we have

U1(y) =
√
k

{
OP (α̂− α)

1

k

n∑

j=1

(
Yj
yXj

∧ 1

)α
log

(
Yj
yXj

∧ 1

)1{Xj>Xn:n−k}

}
.

Let k = o(kα) and α̂kα be the Hill estimator based on kα order statistics. Since Xj ,

j ≥ 1, are i.i.d. regularly varying random variables, from Section 5.1.3 we know that
√
kα(α̂kα − α) converges to a centered normal random variable. Hence, in order to

show that U1(y) is of a smaller order than U2(y) it suffices to justify that

1

k

n∑

j=1

(
Yj
yXj

∧ 1

)α
log

(
Yj
yXj

∧ 1

)1{Xj>Xn:n−k}

is bounded in probability, uniformly in y. Assume that for δ > 0 we have

E
[
(Θ2 ∧ 1)α+δ| log(Θ2 ∧ 1)|1+δ

]
<∞ , (5.2.17)
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where recall that Θ2 is the random variable that appears in the quasi spectral de-

composition, as discussed in Section 2.2.4. Then recalling that k = nF̄ (un) and

Xn:n−k/un
p→ 1,

lim sup
n→∞

E

[
1

k

n∑

j=1

(
Yj
yXj

∧ 1

)α ∣∣∣∣log

(
Yj
yXj

∧ 1

)∣∣∣∣1{Xj>Xn:n−k}

]

≤ E [(Θ2 ∧ 1)α| log(Θ2 ∧ 1)|] .

Hence, U1(y) is negligible and there is no effect of estimation of α. The reason for this

phenomena is that the estimator of α was chosen to have the faster rate of convergence

1/
√
kα than the tail empirical process, as long as k = o(kα). Of course, if we choose

k ≈ kα, then estimation of α will affect the limit. Furthermore, if kα = o(k), then

estimation of α will completely determine the limiting distribution.

The above argument relies on the condition (5.2.17). Intuitively, this condition

is fulfilled whenever we have a strong extremal dependence. Consider for example the

following simple linear model: Y = φX + σ|Z|, where φ ∈ (0, 1), σ > 0, X is Pareto

with α > 0 and Z is standard normal, independent of X . Then Θ2 = φ and (5.2.17)

is clearly satisfied. On the other hand, if X and Y are independent, then Θ2 = 0 and

the condition is not fulfilled. However, in this case there is no reason to estimate the

conditional tail expectation at the first place.

Summary of the results for the tail dependence coefficient

We summarize the above discussion in the following corollaries, gathering the condi-

tions needed in Theorems 4.2.1, 4.2.6, applied to the present context.

The first corollary deals with estimators G̃
(1)
n (s; y), G̃

(2)
n (s; y) defined in (5.2.7)

and (5.2.10); see also (5.2.8), (5.2.11). It uses Theorem 4.2.1 only.

Corollary 5.2.1 Assume that (Xj , Yj), j = 1, . . . , n, are i.i.d. regularly varying

nonnegative random vectors with index −α and the same continuous marginals. Let

un be a deterministic sequence such that un → ∞, nF̄ (un) → ∞.
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1. Let s0 ∈ (0, 1). Assume that for each y > 0,

lim
n→∞

√
nF̄ (un) sup

s≥s0

|G(1)
n (s; y) −G(1)(s; y)| = 0 . (5.2.18)

Then for

G̃(1)
n (s; y) :=

1

nF̄ (un)

n∑

j=1

1{Xj>sun,Yj>suny}

we have

√
nF̄ (un)

{
G̃(1)
n (s; y) −G(1)(s; y)

}
d→ N

(
0, s−αE

[(
Θ2

y
∧ 1

)α])
.

2. Let s0 ∈ (0, 1). Assume that for each y > 0,

lim
n→∞

√
nF̄ (un) sup

s≥s0

|G(2)
n (s; y) −G(2)(s; y)| = 0 . (5.2.19)

Then for

G̃(2)
n (s; y) :=

1

nF̄ (un)

n∑

j=1

(
Yj
yXj

∧ 1

)α 1{Xj>sun} ,

we have

√
nF̄ (un)

{
G̃(2)
n (s; y) −G(2)(s; y)

}
d→ N

(
0, s−αE

[(
Θ2

y
∧ 1

)2α
])

.

Remark 5.2.2 We note that (5.2.18) and (5.2.19) hold for some values of un (and

hence of k) due to (5.2.8) and (5.2.11). The choice of k is not discussed here.

The next two results rely additionally on Theorem 4.2.6.

Corollary 5.2.3 Assume that (Xj, Yj), j = 1, . . . , n, are i.i.d. regularly varying non-

negative random vectors with index −α and the same continuous marginals. Assume

moreover that

lim
n→∞

d

ds
Gn(s) = −αs−α−1 ,

uniformly in the neighbourhood of 1, where Gn(s) = P (X0 > sun)/P (X0 > un). Let

un be a deterministic sequence such that un → ∞, nF̄ (un) → ∞. Set k = nF̄ (un).
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1. Assume that for each y > 0, (5.2.18) holds. Assume that (G(1))′(1; y) =

(d/ds)G(1)(s; y) |s=1 is finite. Then for

Ĝ(1)
n (1; y) :=

1

k

n∑

j=1

1{Yj>yXn:n−k ,Xj>Xn:n−k} ,

we have

√
k
{
Ĝ(1)
n (1; y) −G(1)(1; y)

}
d→ G(1; y) − (G(1))′(1; y)G(1) ,

where G(1; y) is a centered normal random variable with variance

ν ((1,∞) × (y,∞)) = E

[(
Θ2

y
∧ 1

)α]
,

and G(1) is a standard normal random variable.

Corollary 5.2.4 Assume that (Xj, Yj), j = 1, . . . , n, are i.i.d. regularly varying non-

negative random vectors with index −α and the same continuous marginals. Assume

moreover that

lim
n→∞

d

ds
Gn(s) = −αs−α−1 ,

uniformly in the neighbourhood of 1, where Gn(s) = P (X0 > sun)/P (X0 > un). Let

un be a deterministic sequence such that un → ∞, nF̄ (un) → ∞. Set k = nF̄ (un).

1. Assume that for each y > 0, (5.2.19) holds. Assume that (G(2))′(1; y) =

(d/ds)G(2)(s; y) |s=1 is finite. Then for

Ĝ(2)
n (1; y) :=

1

k

n∑

j=1

(
Yj
yXj

∧ 1

)α 1{Xj>Xn:n−k} ,

we have

√
k
{
Ĝ(2)
n (1; y) −G(2)(1; y)

}
d→ G

∗(1; y) − (G(2))′(1; y)G(1) ,

where G∗(1; y) is a centered normal random variable with variance

∫

(1,∞)×(y,∞)

(v2/(yv1) ∧ 1)2αν (dv1, dv2) = E

[(
Θ2

y
∧ 1

)2α
]
,

and G(1) is a standard normal random variable.
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2. Moreover, if α̂kα is the Hill estimator of α and k = o(kα), then

√
k
{
Ĝ(2),α̂
n (1; y) −G(2)(1; y)

}
d→ G

∗(1; y) − (G(2))′(1; y)G(1) .

5.2.2 Conditional tail expectation

Here, we briefly discuss the estimation, without precise limiting statements, as in

Section 5.2.1. Let α > 1. If we choose ψ(x1, x2) = x2 and C = {(x1, x2) : x1 > 1}
then G̃n(s;ψ,C) in (4.2.2) becomes

G̃(3)
n (s) :=

1

nF̄ (un)

n∑

j=1

Yj
un
1{Xj>sun} . (5.2.20)

Also,

G(3)
n (s) :=

1

F̄ (un)
E

[
Y

un
1{X1>sun}

]
, G(3)(s) := s1−α

∫

(1,∞]×(0,∞]

v2ν (dv1, dv2) .

We note that if additionally α > 2 then the limiting variance of
√
nF̄ (un)G̃

(3)
n (s) can

be represented as

s2−α
α

α− 2
E[Θ2

2] . (5.2.21)

If we choose ψ(x1, x2) = α
α−1

x2
x1

and C = {(x1, x2) : x1 > 1} then

G̃(4)
n (s) :=

1

nF̄ (un)

α

α− 1

n∑

j=1

Yj
Xj

1{Xj>sun} . (5.2.22)

Also,

G(4)(s) := lim
n→∞

E[G̃(4)
n (s)] = s−α

α

α− 1

∫

(1,∞]×(0,∞]

v2
v1
ν (dv1, dv2) .

In particular, by (2.2.18)

G(4)(1) =
α

α− 1
lim
n→∞

E

[
Y

X
| X > un

]
= lim

n→∞
E

[
Y

un
| X > un

]
. (5.2.23)
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We have furthermore

Var(G(4)(s)) = s−α
(

α

α− 1

)2 ∫

(0,∞)

v22

∫ ∞

1

1

v21
ν (dv1, dv2) (5.2.24)

≤ s−α
(

α

α− 1

)2 ∫

(0,∞)

v22

∫ ∞

1

ν (dv1, dv2) . (5.2.25)

The integral in (5.2.25) is finite whenever α > 2. However, the integral in (5.2.24)

may exists even when α < 2 (take trivially the situation of Y = X or Y = φX+σ|Z|,
where φ > 0, X is regularly varying with index −α and support contained in (ǫ,∞),

ǫ > 0, independent of a standard normal random variable Z.)

The limiting variance Var(G(4)(s)) can be written as

s−α
(

α

α− 1

)2

E[Θ2
2] . (5.2.26)

We note that for s = 1 the limiting variance in (5.2.26) is smaller than the one in

(5.2.21). Furthermore, the effect of estimating α is negligible if we use an estimator

of α with a faster rate of convergence, as described in Section 5.2.1.

5.2.3 Implementation. Simulation studies

We perform simulation studies to illustrate our theoretical results. We consider esti-

mation of the tail dependence coefficient

λTDC := lim
x→∞

P(Y > x | X > x) ,

cf. (2.2.9) bearing in mind that X and Y have the same distribution. We use the

estimators Ĝ
(1)
n (1; 1), Ĝ

(2)
n (1; 1), Ĝ

(2),α̂
n (1; 1) defined in (5.2.14), (5.2.15), (5.2.16). At

the first step we plot estimates computed for different numbers k of order statistics.

Next, we conduct Monte Carlo estimation for particular choices of k (5%, 10%, 20%,

30% and 40% of observations). Number of Monte Carlo iterations is chosen to be

1000.
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Our simulations indicate that the quasi-spectral method is less variable and more

robust (in terms of the choice of k) than the standard empirical method, even if the

parameter α has to be estimated.

A toy example: simple linear model

We simulate 1000 observations from the model Y = φX + σ|Z|, where φ ∈ (0, 1),

σ > 0, X is Pareto with α > 0 and Z is standard normal, independent of X . In this

case the tail dependence coefficient is φα, which is obvious since Y is approximately

φX when X is large (the random effect of Z is negligible).

Figure 5.1 shows the estimated values using the three estimators, computed for

different values of k, where k is the number of order statistics being used. On the x-

axes actual values of order statistics Xn:1, . . . , Xn:n are plotted in the increasing order.

Hence, the estimators computed at the left-end of each plot use a large number of order

statistics, while at the right-end they use few order statistics, unlike the usual Hill

plot. The first property (not surprisingly) is that the empirical estimator Ĝ
(1)
n (1; 1)

is very sensitive with respect to the number of order statistics k, and is completely

useless when plotted against large values of order statistics. The estimators motivated

by the quasi-spectral representation are more ”stable”, even if the parameter α has

to be estimated.

Figures 5.2 and 5.3 show Monte Carlo estimates of TDC using Ĝ
(1)
n (1; 1), Ĝ

(2)
n (1; 1)

(Figure 5.2) and Ĝ
(2),α̂
n (1; 1) (Figure 5.3), where the estimators are computed based on

k = 5%, 10%, 20%, 30%, 40% upper order statistics. The parameter α in Ĝ
(2),α̂
n (1; 1) is

estimated using the Hill estimator based on kα = 5%, 10%, 20%, 40% of upper order

statistics.
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Figure 5.1: Estimation of TDC for the model Y = φX + σ|Z| with φ = 0.8,
α = 4, σ = 0.1. The dash-dotted line shows the true value φα. Top panel, left:

estimator Ĝ
(1)
n (1; 1); top line, right: estimator Ĝ

(2)
n (1; 1); bottom panel: estimators

Ĝ
(2),α̂
n (1; 1), where α is estimated using the Hill estimator based on 10% (left

picture) and 20% (right picture) of order statistics.
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Figure 5.2: Monte Carlo estimation of TDC for the model Y = φX + σ|Z| with
φ = 0.8, α = 4, σ = 0.1. The dash-dotted line shows the true value φα. Left

panel: estimator Ĝ
(1)
n (1; 1); right panel: estimator Ĝ

(2)
n (1; 1). Each figure shows

the boxplots for estimated values of the conditional probability computed for five
different values of k. The first boxplot is computed based on 40% of observations,
the second one based on 30% of observations, and the remaining ones based on
20%, 10% and 5%.
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Figure 5.3: Monte Carlo estimation of TDC for the model Y = φX + σ|Z| with
φ = 0.8, α = 4, σ = 0.1 using different estimates of α. The dash-dotted line

shows the true value φα. Estimators Ĝ
(2),α̂
n (1; 1) computed for α̂ obtained by the

Hill estimator based on 5% (top left), 10% (top right), 20% (bottom left) and
40% (bottom right) order statistics. Each figure shows the boxplots for estimated
values of the conditional probability computed for five different values of k. The
first boxplot is computed based on 40% of observations, the second one based on
30% of observations, and the remaining ones based on 20%, 10% and 5%.
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Bivariate t

In Figure 5.5,we simulate 1000 observations from the bivariate t-distribution, that is

(X, Y ) =
√
W (|Z1|, |Z2|), where α/W is chi-square with α = 4 degrees of freedom

and (Z1, Z2) are standard normal with correlation φ = 0.9. In this case the tail

dependence coefficient is 0.63, see [13]. The findings are very similar as for the toy

model.

In Figures 5.5, 5.6 and 5.7 we show Monte Carlo estimates of TDC using Ĝ
(1)
n (1; 1),

Ĝ
(2)
n (1; 1) for different α and φ. It seems that the smaller α and higher φ are, the

better performance of the estimators are. In addition, the quasi-spectral estimators

have not only smaller variation but also less bias.

In Figure 5.8, we also show Monte Carlo estimates of Ĝ
(2),α̂
n (1; 1) for various levels

of order statistics. It is clear that the estimator is not very sensitive to the choice of

order statistics.
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Figure 5.4: Estimation of DTC for the bivariate t with α = 4 and φ = 0.9. Top

panel, left: estimator Ĝ
(1)
n (1; 1); top panel, right: estimator Ĝ

(2)
n (1; 1); bottom

panel: estimators Ĝ
(2),α̂
n (1; 1), where α is estimated using the Hill estimator based

on 10% (left picture) and 20% (right picture) of order statistics.

Summary of the simulation study: Our simulations indicate that the quasi-

spectral method could be less variable and more robust (in terms of the choice of k)

than the standard empirical method, even if the parameter α has to be estimated.

5.2.4 Data analysis

We estimate the tail dependence coefficient for the absolute log-returns of S&P500

and NASDAQ composite indices from January 2, 2013 until June 24, 2014.1 The

scatter plot in Figure 5.9 indicates strong dependence in the upper tail. This is

confirmed by the estimation of the tail dependence coefficient. Again, in Figure 5.10

the quasi-spectral method is less variable than the empirical one and robust with

1Source: https://ca.finance.yahoo.com
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Figure 5.5: Estimation of TDC for the bivariate t with α = 4 and φ = 0.9. Left

panel: estimator Ĝ
(1)
n (1; 1); right panel: estimator Ĝ

(2)
n (1; 1). Each figure shows

the boxplots for estimated values of the conditional probability computed for five
different values of k. The first boxplot is computed based on 40% of observations,
the second one based on 30% of observations, and the remaining ones based on
20%, 10% and 5%.
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Figure 5.6: Estimation of TDC for the bivariate t with α = 10 and φ = 0.9. Left

panel: estimator Ĝ
(1)
n (1; 1); right panel: estimator Ĝ

(2)
n (1; 1). Each figure shows

the boxplots for estimated values of the conditional probability computed for five
different values of k. The first boxplot is computed based on 40% of observations,
the second one based on 30% of observations, and the remaining ones based on
20%, 10% and 5%.
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Figure 5.7: Estimation of TDC for the bivariate t with α = 4 and φ = 0.5. Left

panel: estimator Ĝ
(1)
n (1; 1); right panel: estimator Ĝ

(2)
n (1; 1). Each figure shows

the boxplots for estimated values of the conditional probability computed for five
different values of k. The first boxplot is computed based on 40% of observations,
the second one based on 30% of observations, and the remaining ones based on
20%, 10% and 5%.
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Figure 5.8: Estimation of TDC for the bivariate t. Estimators Ĝ
(2),α̂
n (1; 1) com-

puted for α̂ obtained by the Hill estimator based on 5% (top left), 10% (top right),
20% (bottom left) and 40% (bottom right) order statistics. Each figure shows
the boxplots for estimated values of the conditional probability computed for five
different values of k. The first boxplot is computed based on 40% of observations,
the second one based on 30% of observations, and the remaining ones based on
20%, 10% and 5%.
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Figure 5.9: Scatter plot for S&P vs. NASDAQ

respect to the number k of the order statistics and estimation of α.
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Figure 5.10: Estimation of TDC for S&P and NASDAQ. Left plot: empirical
method; middle plot: quasi-spectral method with kα = 0.1n; right plot: quasi-
spectral method with kα = 0.2n

5.3 Estimation for regularly varying time series

The set-up is as in Sections 2.3 and 4.3. We consider a multivariate regularly varying

time series {Xj} with values in Rd; ‖ · ‖ is a vector norm on Rd, d ≥ 1; F is the

distribution function of ‖X0‖. As usual, we consider the sequence un → ∞ such that

nF̄ (un) → ∞.

Take A = B = {u ∈ Rd : ‖u‖ > 1}. Let {Y j, j ∈ N} and {Θj , j ∈ N} be the

corresponding tail and spectral tail processes. Then the extremogram (cf. Section

2.5 and Eq. (2.5.1)) becomes

lim
x→∞

P(Xh ∈ xB | X0 ∈ xA) = E [‖Θh‖α ∧ 1] .

Thus, for the specific sets A and B the extremogram can be represented as the

expectation of the spectral tail process, similarly to Section 5.2. The choice of the

sets A and B may seem to be restrictive, but suffices in most applications. Also, one

can easily extend our considerations to the case of two different norms. For our choice

of the sets we will write ρ(h) to denote the corresponding extremogram at lag h.
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Extremogram estimation using the spectral tail process. If {Θj, j ∈ N} is

the spectral tail process, then for ”nice” functions f : Rd → R (see Section 2.3 for

details) we have

E [f(Θh)] = lim
x→∞

E

[
f

(
Xh

‖X0‖

)
| ‖X0‖ > x

]
.

Hence

ρ(h) = E [‖Θh‖α ∧ 1] = lim
x→∞

E

[(‖Xh‖
‖X0‖

∧ 1

)α
| ‖X0‖ > x

]
.

Thus, for the sets A = B = {u ∈ Rd : ‖u‖ > 1} we have two methods of estimating

the extremogram ρ(h):

ρ̂ emp
n (h) =

∑n−h
j=1 1{‖Xj‖>un}1{‖Xj+h‖>un}∑n

j=1 1{‖Xj‖>un}

, (5.3.1)

ρ̂ sp
n (h) =

∑n−h
j=1

(
‖Xj+h‖

‖Xj‖
∧ 1
)α 1{‖Xj‖>un}∑n

j=1 1{‖Xj‖>un}

. (5.3.2)

The first estimator was introduced in [11]. Of course, below we will replace un with

random levels and α with its estimator.

In this section we proceed as follows. In Section 5.3.1 we discuss extremogram

estimation using (5.3.1) and (5.3.2) (see Theorem 5.3.1). The latter theorem is fol-

lowed by the estimation using the random levels, where un is replaced with the order

statistics (see Theorem 5.3.3). In Theorem 5.3.5 we extend the latter result to the

case of estimated α. In Section 5.3.4 we apply our theory to the tail dependence coeffi-

cient. For two time series models, AR(1) and the solution to the stochastic recurrence

equation, we are able to evaluate the limiting variance explicitly. We argue that the

spectral method yields smaller variability; see Section 5.3.5. Our theoretical findings

are supported by simulation studies. We conclude with financial data analysis.
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5.3.1 Extremogram estimation: deterministic levels

Recall the notation from Section 4.3. In this section we consider the estimators

ρ̂ emp
n (h) and ρ̂ sp

n (h) (cf. (5.3.1), (5.3.2)) defined with the help of the deterministic

sequence un.

Theorem 5.3.1 Let {Xj} be a regularly varying sequence with values in R
d such that

the conditions of Proposition 4.3.2 are satisfied. Assume moreover that the following

conditions hold:

√
nF̄ (un) lim

n→∞
sup
s≥s0

{Mn(s; h) −M(s; h)} = 0 , (5.3.3)

√
nF̄ (un) lim

n→∞
sup
s≥s0

{
Mψ

n (s; h) −Mψ(s; h)
}

= 0 . (5.3.4)

Then
√
nF̄ (un) {ρ̂ emp

n (h) − ρ(h)} d→ M(1; h) − ρ(h)M(1; 0) ,
√
nF̄ (un) {ρ̂ sp

n (h) − ρ(h)} d→ M
sp(1; h) − ρ(h)M(1; 0) .

Remark 5.3.2 We note that (5.3.3)-(5.3.4) are ad-hoc conditions that guarantee

that the bias is negligible. Because convergence in (4.3.5)-(4.3.6) is uniform in s ≥ s0,

the conditions are certainly satisfied for some sequences un. In particular, if d = 1 and

h = 0 in (5.3.3), then the latter can be recognized as the classical no-bias condition

that can be handled using the second order regular variation; see Section 5.1.2.

Proof: By Proposition 4.3.2 we have joint convergence

(
Mn(·; 0),Mn(·; h),Mψ

n(·; h)
)
⇒ (M(·; 0),M(·, h),Mψ(·; h)) .

Recall the definition of ρ̂ emp
n (h) given in (5.3.1) and of the tail empirical function

given in (4.3.1). We have

√
nF̄ (un) {ρ̂ emp

n (h) − ρ(h)} =
√
nF̄ (un)

{
M̃n(1; h)

M̃n(1; 0)
− ρ(h)

}
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=
√
nF̄ (un)

{
M̃n(1; h) − ρ(h)

}
+ M̃n(1; h)

√
nF̄ (un)

{
1

M̃n(1; 0)
− 1

}
.

The delta method and the Slutsky theorem yield that the second term converges in

distribution to −ρ(h)M(1; 0). Furthermore, under the condition (5.3.3) the process

√
nF̄ (un)

{
M̃n(·; h) −M(·; h)

}

also converges weakly to M(·; h). In summary, using the joint convergence,

√
nF̄ (un) {ρ̂ emp

n (h) − ρ(h)}

converges in distribution to M(1; h) − ρ(h)M(1; 0), as desired.

The same approach yields the asymptotics for ρ̂ sp
n (h).

5.3.2 Extremogram estimation: random levels

In this section we replace the deterministic sequence un in (5.3.1)-(5.3.2) with order

statistics. Set Vj = ‖Xj‖ and let Vn:n ≥ Vn:n−n ≥ . . . ≥ Vn:1 be the corresponding

order statistics. If we choose k to be an integer such that k = nF̄ (un) then

√
k

{
Vn:n−k
un

− 1

}
d→ α−1M(1; 0) . (5.3.5)

This follows from the convergence of the process Mn(·; 0), together with Vervaat’s

Lemma. The convergence (5.3.5) holds jointly with Mψ
n(·; h) which in turn follows

from the Skorokhod representation. We refer to Section 5.1.1 for the detailed expla-

nation.

The above considerations suggest the following estimators:

ρ̂ emp
n,k (h) =

1

k

n−h∑

j=1

1{Vj>Vn:n−k}1{Vj+h>Vn:n−k} , (5.3.6)
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ρ̂ sp
n,k(h) =

1

k

n−h∑

j=1

(
Vj+h
Vj

∧ 1

)α 1{Vj>Vn:n−k} . (5.3.7)

Theorem 5.3.3 Let {Xj} be a regularly varying sequence with values in Rd such that

the conditions of Proposition 4.3.2 are satisfied. Assume moreover that (5.3.3)-(5.3.4)

hold. Then

√
k
{
ρ̂ emp
n,k (h) − ρ(h)

}
d→ M(1; h) − ρ(h)M(1; 0) ,

√
k
{
ρ̂ sp
n,k(h) − ρ(h)

} d→ M
sp(1; h) − ρ(h)M(1; 0) .

Remark 5.3.4 We note that the limiting distributions in Theorems 5.3.1 and 5.3.3

are the same. Furthermore, in the proof we will skip some technical steps; the argu-

ments below can be made precise following [29], [22] or [25].

Proof: Note that

ρ̂ emp
n,k (h) = M̃n(Vn:n−k/un; h)

and recall that M(1; h) = ρ(h). Thus

√
k
{
ρ̂ emp
n,k (h) − ρ(h)

}
=

√
k
{
M̃n(Vn:n−k/un; h) − ρ(h)

}

= Mn(Vn:n−k/un; h) +
√
k {M(Vn:n−k/un; h) −M(1; h)}

+
√
k {Mn(Vn:n−k/un; h) −M(Vn:n−k/un; h)} := I1 + I2 + I3 .

By (5.3.5), Vn:n−k/un
p→ 1. Since the convergence in Proposition 4.3.2 is uniform

on compact sets of (0,∞), we have I1
d→ M(1; h). The last term I3 is negligible by

(5.3.3).

As for I2 we note that M(s; h) defined in (4.3.5) can be written as

M(s; h) = ν0,h((s,∞) × R
d(h−1) × (s,∞)) .

The homogeneity of the limiting measure implies that M(s; h) = s−αM(1; h). The

delta method and (5.3.5) imply that

I2 =
√
k
{

(Vn:n−k/un)−α − 1
}
M(1; h)

d→ −M(1; 0)M(1; h) = −ρ(h)M(1; 0) ,
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as desired.

A similar argument applies to the spectral estimator ρ̂ sp
n,k(h).

5.3.3 Extremogram estimation: estimated α

The argument here follows the same lines as in [17]; see also Section 5.2.1. Let α̂ be

an estimator of α. We redefine ρ̂ sp
n,k(h) from (5.3.7) as

ρ̂ sp,α̂
n,k (h) =

1

k

n−h∑

j=1

(
Vj+h
Vj

∧ 1

)α̂ 1{Vj>Vn:n−k} . (5.3.8)

A Taylor expansion of the function α→ zα gives

zα̂ − zα = zα log(z)(α̂− α) +
1

2
zα+λ(α̂−α)(log z)2(α̂− α)2 ,

where λ is a random number between 0 and 1. The functions z → zα log(z) and

z → zα̂ log2(z) are bounded for z ∈ (0, 1] and for α̂ in a neighbourhood of α. Thus

√
k
{
ρ̂ sp
n,k(h) − ρ̂ sp,α̂

n,k (h)
}

=

=
√
k(α̂− α)

1

k

n−h∑

j=1

(
Vj+h
Vj

∧ 1

)α
log

(
Vj+h
Vj

∧ 1

)1{Vj>Vn:n−k}

+
√
k(α̂− α)2OP

(
1

k

n−h∑

j=1

1{Vj>Vn:n−k}

)

=:
√
k(α̂− α)J1 +OP

(√
k(α̂− α)2

)
. (5.3.9)

Assume that for δ > 0 we have

E
[
(‖Θh‖ ∧ 1)α+δ| log(‖Θh‖ ∧ 1)|1+δ

]
<∞ . (5.3.10)

Then recalling that k = nF̄ (un) and s0 ∈ (0, 1),

lim sup
n→∞

1

nF̄ (un)
E

[
sup
s≥s0

n−h∑

j=1

(
Vj+h
Vj

∧ 1

)α
log

(
Vj+h
Vj

∧ 1

)1{Vj>sun}]
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≤ s−α0 E [(‖Θh‖ ∧ 1)α| log(‖Θh‖ ∧ 1)|] .

Since for sufficiently large n, Vn:n−k/un lies in a neighbourhood of 1, we conclude that

J1 is bounded in probability.

As in case of (5.2.17), we have to justify the finiteness of the expression in (5.3.10).

As before, this condition prevents extremal independence. For example, it is clearly

fulfilled if the time series is AR(1).

Assume now that kα → ∞, kα/n → 0 and for a nondegenerate random variable

∆ we have

√
kα (α̂− α)

d→ ∆ .

Depending on the interplay between k and kα we conclude:

Theorem 5.3.5 Let {Xj} be a regularly varying sequence with values in Rd such

that the conditions of Proposition 4.3.2 are satisfied. Assume moreover that (5.3.4)

and (5.3.10) hold and
√
k/kα → 0. Denote r = limn→∞ k/kα ∈ [0,∞). Then:

√
k
{
ρ̂ sp
n,k(h) − ρ(h)

}

d→ M
sp(1; h) − ρ(h)M(1; 0) +

√
r∆E [(‖Θ‖h ∧ 1)α log(‖Θ‖h ∧ 1)] .

Remark 5.3.6 The condition
√
k/kα → 0 guarantees that there is no contribution

from the second term in (5.3.9). If
√
k/kα → 0, then there is no effect of estimation

of α.

In general, the joint distribution of M sp(1; h)− ρ(h)M(1; 0) and ∆ is impossible

to obtain. Typically, the tail index is estimated using the Hill estimator. Then,

under the conditions of Proposition 4.3.2, ∆ is a normal random variable that can be

expressed as an integral functional of the tail empirical process Mn(·; 0); see [25].
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5.3.4 Application to the tail dependence coefficient

Note that M(1; h) = ρ(h) and for the specific choice of

ψ(x0,xh) = min{(‖xh‖/‖x0‖)α, 1} ,

we also have Mψ(1; h) = ρ(h). For this choice of ψ, we write M̃ sp
n , M sp

n , M sp
n instead

of using the ψ-notation.

We note that

ρ̂ emp
n (h) =

M̃n(1; h)

M̃n(1; 0)
, ρ̂ sp

n (h) =
M̃ sp

n (1; h)

M̃n(1; 0)
,

hence to obtain limiting distribution for both estimators we need to study weak

convergence of tail empirical processes defined in (4.3.3)-(4.3.4).

In this section we shall assume that {Xj, j ∈ N} is a univariate regularly se-

quence of nonnegative random variables. Hence, we have F = FX , where FX is the

distribution function of X0. The tail dependence coefficient at lag h (see Section 2.2)

is defined as

λ(h) = λTDC(h) = lim
x→∞

P(Xh > x | X0 > x) .

Thus, λ(h) = ρAB(h) for A = B = (1,∞).

Empirical estimator

The empirical estimator (5.3.6) becomes

ρ̂ emp
n,k (h) =

1

k

n−h∑

j=1

1{Xj>Xn:n−k,Xj+h>Xn:n−k} . (5.3.11)

Theorem 5.3.1 implies the limiting distribution of the estimator is

M(1; h) − λ(h)M(1; 0) ,
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where M(·; h) is a Gaussian process with the covariance

C(h)(s, t) = c
(h)
0 (s, t) +

∞∑

j=1

{c(h)j (s, t) + c
(h)
j (t, s)} ,

where

c
(h)
0 (s, t) = lim

n→∞

P(X0 > (s ∨ t)un, Xh > (s ∨ t)un)

F̄X(un)
,

c
(h)
j (s, t) = lim

n→∞

P(X0 > sun, Xh > unt, Xj > sun, Xj+h > tun)

F̄X(un)
, j ≥ 1 .

Using the associated tail process {Yj} or the spectral tail process {Θj} (w.r.t. the

norm ‖x‖ = x), the coefficients c
(h)
j (1, 1) can be represented as:

c
(h)
0 (1, 1) = P(Yh > 1 | Y0 > 1) = E [Θα

h ∧ 1]

and for j ≥ 1:

c
(h)
j (1, 1) = P(Yh > 1, Yj > 1, Yj+h > 1 | Y0 > 1)

= E [{Θh ∧ Θj ∧ Θj+h}α ∧ 1] .

This yields

Var (M(1; h)) = C(h)(1, 1) = E [Θα
h ∧ 1] + 2

∞∑

j=1

E[(Θh ∧ Θj ∧ Θj+h)
α ∧ 1] , (5.3.12)

Var (M(1; 0)) = C(0)(1, 1) = 1 + 2

∞∑

j=1

E[Θα
j ∧ 1] . (5.3.13)

Furthermore

Cov(M(s; h),M(t; 0)) = e0(s, t) +
∞∑

j=1

{ej(s, t) + fj(s, t)} ,

where

e0(s, t) = lim
n→∞

P(X0 > (s ∨ t)un, Xh > sun)

F̄X(un)
,
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ej(s, t) = lim
n→∞

P(X0 > sun, Xh > sun, Xj > tun)

F̄X(un)
,

fj(s, t) = lim
n→∞

P(Xj > sun, Xj+h > sun, X0 > tun)

F̄X(un)

so that

Cov(M(1; h),M(1; 0))

= E [Θα
h ∧ 1] +

∞∑

j=1

E[(Θh ∧ Θj)
α ∧ 1] +

∞∑

j=1

E[(Θj ∧ Θj+h)
α ∧ 1] . (5.3.14)

Combination of (5.3.12) and (5.3.14) (with h ≥ 1 and h = 0) yields

Var (M(1; h) − λ(h)M(1; 0)) = (5.3.15)

= E [Θα
h ∧ 1] + 2

∞∑

j=1

E[(Θh ∧ Θj ∧ Θj+h)
α ∧ 1]

+ λ2(h)

{
1 + 2

∞∑

j=1

E[Θα
j ∧ 1]

}

− 2λ(h)

{
E [Θα

h ∧ 1] +
∞∑

j=1

E[(Θh ∧ Θj)
α ∧ 1] +

∞∑

j=1

E[(Θh ∧ Θj ∧ Θj+h)
α ∧ 1]

}
.

Spectral Estimator

Here the spectral estimator (5.3.7) becomes

ρ̂ sp
n,k(h) =

1

k

n−h∑

j=1

(
Xj+h

Xj

∧ 1

)α 1{Xj>Xn:n−k} . (5.3.16)

The limiting distribution has the form

M
sp(1; h) − λ(h)M(1; 0) ,

where M sp(·; h) is a Gaussian process with the covariance

D(h)(s, t) = d
(h)
0 (s, t) +

∞∑

j=1

{d(h)j (s, t) + d
(h)
j (t, s)} ,
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with

d
(h)
0 (s, t) = lim

n→∞

1

F̄X(un)
E

[(
Xh

X0
∧ 1

)2α 1{X0>(s∨t)un}

]
= (s ∨ t)−αE

[
(Θh ∧ 1)2α

]
,

and for j ≥ 1

d
(h)
j (s, t) = lim

n→∞

1

F̄X(un)
E

[(
Xh

X0
∧ 1

)α(
Xj+h

Xj
∧ 1

)α 1{X0>sun}1{Xj>tun}

]
=

= s−αE
[
(Θh ∧ 1)α(Θj+hΘ

−1
j ∧ 1)α1{Y0Θj>t/s}

]

= s−αE
[
(Θh ∧ 1)α(Θj+hΘ

−1
j ∧ 1)α(Θjs/t ∧ 1)α

]
.

Furthermore

Cov(M sp(s; h),M(t; 0)) = g0(s, t) +

∞∑

j=1

{gj(s, t) + hj(s, t)} ,

where

g0(s, t) = lim
n→∞

E

[(
Xh

X0
∧ 1
)α 1{X0>(s∨t)un}

]

F̄X(un)
= (s ∨ t)−αE [(Θh ∧ 1)α] ,

gj(s, t) = lim
n→∞

E

[(
Xh

X0
∧ 1
)α 1{X0>sun}1{Xj>tun}

]

F̄X(un)
,

hj(s, t) = lim
n→∞

E

[(
Xj+h

Xj
∧ 1
)α 1{Xj>sun}1{X0>tun}

]

F̄X(un)
,

so that

gj(1, 1) = E
[
(Θh ∧ 1)α1{Y0Θj>1}

]
= E [(Θh ∧ 1)α(Θj ∧ 1)α] ,

hj(1, 1) = E
[
(Θj+hΘ

−1
j ∧ 1)α1{Y0Θj>1}

]
= E

[
(Θj+hΘ

−1
j ∧ 1)α(Θj ∧ 1)α

]
.

Recalling (5.3.14) (for h = 0) and combining calculations from this section we obtain

Var (M sp(1; h) − λ(h)M(1; 0)) = (5.3.17)

= E
[
(Θh ∧ 1)2α

]
+ 2

∞∑

j=1

E
[
(Θh ∧ 1)α(Θj+hΘ

−1
j ∧ 1)α(Θj ∧ 1)α

]
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+ λ2(h)

{
1 + 2

∞∑

j=1

E[Θα
j ∧ 1]

}

− 2λ(h)

{
E [Θα

h ∧ 1] +

∞∑

j=1

E [(Θh ∧ 1)α(Θj ∧ 1)α] +

∞∑

j=1

E
[
(Θj+hΘ

−1
j ∧ 1)α(Θj ∧ 1)α

]
}
.

5.3.5 Examples

AR(1)

Consider AR(1) process Xj = ρXj−1 + εj, where ρ ∈ (0, 1) and {εj} are i.i.d., non-

negative and regularly varying random variables. For this process we can calculate

all the expressions of interest explicitly.

We have λ(h) = ρhα, Θj = ρj , j ≥ 0. Thus

Var (M(1; h) − λ(h)M(1; 0)) =

=

[
ρhα + 2

∞∑

j=1

ρ(j+h)α

]
+ ρ2hα

{
1 + 2

∞∑

j=1

ρjα

}

− 2ρhα

{
ρhα +

h∑

j=1

ρhα +

∞∑

j=h+1

ρjα +

∞∑

j=1

ρ(j+h)α

}

=
(
ρhα + ρ2hα

){
1 +

2

1 − ρα

}
− 2ρ2hα

{
1 + h +

2

1 − ρα

}
. (5.3.18)

Furthermore, for the spectral estimator we have:

Var (M sp(1; h) − λ(h)M(1; 0)) =

=

[
ρ2hα + 2

∞∑

j=1

ρ(j+2h)α

]
+ ρ2hα

{
1 + 2

∞∑

j=1

ρjα

}

− 2ρhα

{
ρhα + ρhα

∞∑

j=1

ρjα + ρhα
∞∑

j=1

ρjα

}

= 2ρ2hα
{

1 +
2

1 − ρα

}
− 2ρ2hα

{
1 +

2

1 − ρα

}
= 0 .

That is, the only contribution to the limiting variance comes from estimation of the

tail index. Set k = kα. Let α̂k be the corresponding Hill estimator. From Section 5.1.3



5. Statistical Inference 123

we know that the limiting distribution for the Hill estimator of 1/α is asymptotically

normal with mean zero and variance

α−2

{
1 + 2

∞∑

j=1

E [(Θj ∧ 1)α]

}
= α−2

{
1 +

2

1 − ρα

}
.

The delta method and Theorem 5.3.5 yield the asymptotic variance of the spectral

estimator with the estimated α to be

α4

{
1 +

2

1 − ρα

}−2
× (ρhαh log(ρ))2 .

Heuristic for AR(1): We note that when Xj is large, then Xj+h/Xj behaves like ρh.

Thus, the estimator in (5.3.7) behaves like (1/k))ρhα
∑n

j=1 1{Xj>Xn:n−k} = ρhα, Hence,

the estimator becomes deterministic. The only randomness comes from estimation of

α. Using the first order Taylor expansion, the asymptotic distribution of the spectral

estimator is the same as that of

√
k(α̂− α)ρhα log(ρ) .

This is a short proof in case of AR(1).

Stochastic Recurrence Equation (SRE)

Assume that (Aj, Bj), j ∈ N, are i.i.d. random vectors of nonnegative random vari-

ables and define

Xj+1 = Aj+1Xj +Bj+1, j ≥ 0 .

The stationary solution exists whenever −∞ ≤ E[logA1] < 0 and E[log+B1]; see [2].

If there exists α > 0 such that E[Aα1 ] = 1, E[Aα1 log+A1] < ∞ and E[Bα
1 ] < ∞, then

the stationary solution is regularly varying by [21] and [19]. Moreover, the sequence

{Xj} is regularly varying; see [2].

In particular, ARCH(1) is defined as

Xj = σjZj , (5.3.19)
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σ2
j = β + λX2

j−1 , (5.3.20)

where Zj are i.i.d. standard normal. The sequence {X2
j } can be written in terms of

SRE with

Aj = λZ2
j , Bj = βZ2

j .

The stationary solution exists when λ < 1. Then Θj =
∏j

i=1Ai. Set h = 1. Note

that Θj+1/Θj = Aj+1 is independent of Θi, i ≤ j. Furthermore, λ(1) = E[(A1 ∧ 1)α].

Using formula (5.3.17) we have

Var (M sp(1; 1) − λ(1)M(1; 0)) =

= E
[
(A1 ∧ 1)2α

]
+ 2E [(A1 ∧ 1)α]

∞∑

j=1

E [(Θ1 ∧ 1)α(Θj ∧ 1)α]

+ λ2(1)

{
1 + 2

∞∑

j=1

E[Θα
j ∧ 1]

}

− 2λ(1)

{
E [Aα1 ∧ 1] +

∞∑

j=1

E [(A1 ∧ 1)α(Θj ∧ 1)α] + E [(A1 ∧ 1)α]
∞∑

j=1

E [(Θj ∧ 1)α]

}
.

= E
[
(A1 ∧ 1)2α

]
+ 2λ(1)

{
E
[
(A1 ∧ 1)2α

]
+
∞∑

j=2

E [(Θ1 ∧ 1)α(Θj ∧ 1)α]

}

+ λ2(1)

{
1 + 2

∞∑

j=1

E[Θα
j ∧ 1]

}

− 2λ(1)

{
λ(1) + E

[
(A1 ∧ 1)2α

]
+

∞∑

j=2

E [(A1 ∧ 1)α(Θj ∧ 1)α] + λ(1)

∞∑

j=1

E [(Θj ∧ 1)α]

}
.

= E
[
(A1 ∧ 1)2α

]
− E

2
[
(A1 ∧ 1)2α

]
= Var((A1 ∧ 1)α) . (5.3.21)

Since Θ1 = A1, we can estimate the last quantity by calculating the sample variance

of Uj,n, where

Uj,k = ((Xj+1/Xj)
α ∧ 1)1{Xj>Xn:n−k} , j = 1, . . . , n− 1 . (5.3.22)

Of course, α has to be estimated in practice.



5. Statistical Inference 125

Heuristic for SRE: When Xj is large, then random variables (Xj+1/Xj), j ≥ 1, are

approximately Θj = Aj and hence independent. Thus, the only contribution to the

limiting variance is Var(Θα
1 ∧ 1) = Var(Aα1 ∧ 1). The case of h ≥ 2 is more involved,

since the random variables (Xj+h/Xj), j ≥ 1, (when Xj is large) are h-dependent.

A similar discussion is valid for Markov chains that have multiplicative structure

of the tail process.

5.3.6 Implementation. Simulation studies

We perform numerical studies on estimation of the tail dependence coefficient. We

consider the ARCH(1) process defined in (5.3.19)-(5.3.20) with β = 0.1, λ = 0.7 and

Z1 being standard normal. According to Table 8.4.8 in [18] this set of parameters

yields the tail index of X2
1 to be 1.59. The exact value of the tail dependence coeffi-

cient at lag 1 is E[(A1 ∧ 1)α], where A1 = λZ2
1 . This value is estimated by the Monte

Carlo simulation based on 1000 replicates.

First, we perform the Monte Carlo experiment (with 1000 repetitions), where

we simulate 1000 observations from the ARCH(1) process and estimate the tail de-

pendence coefficient using the empirical estimator (5.3.11) and the spectral estimator

(5.3.16). Both estimators are based on 5%, 10%, 15% and 20% of the largest ob-

servations. The tail index in (5.3.16) is estimated using the Hill estimator with the

corresponding number of order statistics. The results are depicted in Figure 5.11.

Along with the boxplot, we summarize the results by calculating the interquartile

ranges and median absolute deviations of the estimates as shown in Tables 5.1 and

5.2, respectively. We see reduction in the variability, similar to Section 5.2.

Finally, the full applicability of the spectral method is illustrated on Figure 5.12,

where we depict the Hill plot for the spectral estimator along with the confidence
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Figure 5.11: Boxplots for estimators for the tail dependence coefficient: empirical
estimator (5.3.11) - (left panel) and spectral estimator (5.3.16) - (right panel).
From the left to the right: 20%, 15%, 10% and 5% of order statistics used.

k Empirical Spectral Improvement

20% 0.05 0.047 6.20%

15% 0.06 0.053 11.05%

10% 0.08 0.067 15.85%

5% 0.12 0.097 19.01%

Table 5.1: Values of the interquartile range for the estimates of the tail dependence
coefficient.
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k Empirical Spectral Improvement

20% 0.025 0.023 5.78%

15% 0.033 0.027 17.42%

10% 0.040 0.034 15.34%

5% 0.06 0.048 19.10%

Table 5.2: Values of the median absolute deviation for the estimates of the tail
dependence coefficient.

interval obtained by the method described in (5.3.22), again with α replaced with its

Hill estimator with the corresponding number or order statistics. We also plot the

empirical estimator, however its confidence interval requires some resampling scheme.

5.3.7 Data analysis

We analyse daily stock price for Exxon Mobil. from January 4, 2010 to November 3,

2015.2 We calculate squared log-returns and estimate the tail dependence coefficients

for lags 1, 2 and 3. Interestingly, lags 2 and 3 have stronger tail dependence; see thick

blue lines on Figure 5.13. The Hill plots for lags 2 and 3 stabilize around the value

of 0.2.

Do the data follow GARCH(1,1) model? It is very often assumed in the econo-

metrics literature that financial time series follow a GARCH(1,1) model. We fitted

a GARCH(1,1) model Xj = µ + σjZj , σ
2
j = ω + α1X

2
j−1 + β1σ

2
j−1 to the log-returns

of the Exxon Mobil data. The estimated parameters are µ = −3.601310e − 04,

ω = 3.651305e−06, α1 = 7.858571e−02 and β1 = 8.960275e−01. Hence, α1+β1 < 1

yielding stationarity. The Jarque-Bera test rejects normality of the residuals. We fit-

2Source: https://ca.finance.yahoo.com
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Figure 5.12: Estimation of the Tail Dependence Coefficient: thick solid blue line -
the spectral estimator; thin solid black lines - confidence interval; thick solid green
line - the empirical estimator.
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ted t-distribution with 6 degrees of freedom.

Then, we simulated 100 GARCH(1,1) processes with the estimated parameters,

of length 1468 (the same as the Exxon Mobil series) and produced the Hill plots for

the tail dependence coefficients of the squares of the simulated GARCH at lags 1, 2,

3 (see Figure 5.13). One can argue that GARCH(1,1) methodology overestimates the

extremal dependence for the log-returns at lag 1, but captures properly the extremal

dependence at lags 2 and 3.
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Figure 5.13: Estimation of the Tail Dependence Coefficient for GARCH(1,1)
model; lag 1 - top panel, lag 2 - middle panel, lag 3 - bottom panel. Black
thin lines - estimates for 100 realizations. Blue thick line - nonparametric estimate
using the empirical (left panel) and spectral estimator (right panel).
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5.4 Estimation of the Marginal Expected Shortfall

under extremal independence

Recall the conditional extreme value model from Section 2.4. Our goal is to estimate

the Marginal Expected Shortfall defined in (2.4.4):

θ(p) := E[Y | X > QX(p)] . (5.4.1)

We proceed as follows.

In Section 5.4.1 we construct the estimators of θ(p); see equations (5.4.7) and

(5.4.8). We prove the consistency and asymptotic normality of the estimator of the

scaling function b (see Proposition 5.4.1). Then, we discuss estimation of φ, the index

of regular variation of b. The main result is stated in Theorem 5.4.4, where we prove

the asymptotic normality and consistency of the estimator of θ(p). The section is

concluded with several comments (comparison with [8], discussion of assumptions,

etc.). Section 5.4.2 contains a number of examples which indicate that our approach

is, in general, more favorable than the one from [8]. We continue with a simulation

study and data analysis. We conclude with proofs. The material of this section is

based on author’s original contribution, see [27].

5.4.1 Asymptotic normality of MES estimators

Assumption 1 leads to the following estimation procedure for θ(p) defined in (5.4.1).

Since the tail distribution F̄X ofX is regularly varying with the index −α, the function

QX(p) = F←X (1 − p) is regularly varying at 0 with index −1/α. Let k = kn → ∞
be a sequence of integers such that k/n → 0 and let p = pn be such that pn → 0 as

n→ ∞. Assume that

lim
n→∞

kn
npn

= r ∈ (0,∞) .
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Hence, by Lemma 2.1.3 along with Remark 2.1.4 applied with f = QX , when n→ ∞,

QX(pn)

QX(kn/n)
∼
(
kn
npn

)1/α

∼ r1/α . (5.4.2)

Recall that kn = nF̄X(un). If FX is continuous and strictly increasing, then un =

F←X (1 − kn/n) = QX(kn/n).

Noting that

θ(pn) = E[Y | X > QX(pn)] , θ(kn/n) = E[Y | X > QX(kn/n)] = E[Y | X > un] ,

Lemma 2.4.3 implies that

lim
n→∞

θ(pn)

b (QX(pn))
= lim

n→∞

θ(kn/n)

b (un)
= ℵCTE(1) ∈ (0,∞) . (5.4.3)

W.l.o.g. we shall assume that ℵCTE(1) = 1. The latter expression, regular variation

of the function b and Lemma 2.1.3 applied with f = b imply that

θ(pn) ∼ b (QX(pn)) ∼ b(QX(kn/n))

(
kn
npn

)φ/α
= b(un)

(
kn
npn

)φ/α
. (5.4.4)

Combining (5.4.3)-(5.4.4) we get

θ(pn) ∼ θ(kn/n)

(
kn
npn

)φ/α
∼ θ(kn/n)rφ/α , n→ ∞ . (5.4.5)

From now on, we will omit the subscript n in kn and pn.

Assume that we have an i.i.d. sample (Xj, Yj) from (X, Y ). We can estimate

QX(k/n) by Xn:n−k, where Xn:n ≥ Xn:n−1 ≥ · · · ≥ Xn:1 are the order statistics from

X1, . . . , Xn. Hence θ(k/n) can be estimated by

θ̂(k/n) =
1

k

n∑

j=1

Yj1{Xj>Xn:n−k} . (5.4.6)

This leads to the following estimators θ(p)

θ̃n(p) = θ̂(k/n)

(
k

np

)φ/α
, (5.4.7)
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when α and φ are known and

θ̂n(p) = θ̂(k/n)

(
k

np

)φ̂/α̂
, (5.4.8)

when α and φ have to be estimated.

The goal is to prove consistency and central limit theorem for these estimators.

We proceed as follows:

• In Proposition 5.4.1 we state consistency and the central limit theorem for

θ̂(k/n). The proof uses the techniques based on tail empirical processes devel-

oped in Section 4.4. In due course we introduce several assumptions.

• Then we discuss how to estimate α and φ.

• In Theorem 5.4.4 we finally state the central limit theorem for the estimators.

• Next, we discuss the assumptions and compare our approach to [8].

Estimation of the scaling function

Assume that we have an i.i.d. sample (Xj , Yj), j = 1, . . . , n, from the distribution of

(X, Y ). Recall that k is a sequence of integers such that k → ∞, k/n → 0. Let un

be the sequence defined by un = QX(k/n), that is k may be chosen as k = nF̄X(un).

We note that un → ∞ and nF̄X(un) → ∞. Also, from Section 5.1.1 we have

Xn:n−k

un

p→ 1 .

Hence, θ̂(k/n) defined in (5.4.6) can be viewed as an estimate of θ(k/n), which in turn

can be approximated by ℵCTE(1) × b(un); see (2.4.5). To state the limit theorem for

θ̂(k/n) we need additional moment, continuity and bias assumptions. The conditions

are stated in the language of un but can be re-phrased using k. To proceed, recall

that (cf. (4.4.1))

Tn(s, t) =
P(X > uns , Y ≤ b(un)t)

P(X > un)
, T (s, t) = lim

n→∞
Tn(s, t) .
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For consistency we need:

Assumption 3 Let s0 ∈ (0, 1). The function T (·, ·) is continuous on [s0,∞) × R+ .

Note that it appeared already as Assumption 2, before Proposition 4.4.1.

Assumption 4 For q = 1, 2 there exists δ > 0 such that

lim sup
n→∞

E

[
Y q+δ

bq+δ(un)
| X > un

]
<∞ .

In fact for consistency one needs the latter assumption with q = 1 only, while q = 2

is needed for the asymptotic normality.

For asymptotic normality we also need the following no-bias conditions. To in-

troduce the first one, recall the second order assumption, cf. Definition 5.1.1 and

inequality (5.1.4).

Assumption 5 We assume that F̄X ∈ 2RV (−α, β) and for some δ > 0,

lim
n→∞

√
nF̄X(un)u−αβ+δn = 0 . (5.4.9)

Assumption 6 We assume that

lim
n→∞

√
nF̄X(un) sup

s≥s0

(∫ ∞

s

∫ ∞

0

yTn(dx, dy) −
∫ ∞

s

∫ ∞

0

yT (dx, dy)

)
= 0 .

We are ready to state the following result. The proof is given in Section 5.4.5.

Proposition 5.4.1 Let Assumptions 1, 3, 4 (with q = 1) hold. Then

θ̂(k/n)

b(un)

p→ ℵCTE(1) .

If moreover Assumptions 4 with q = 2, 5 and 6 hold then

√
k

(
θ̂(k/n)

b(un)
− ℵCTE(1)

)
d→ Z1 + Z2 ,
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where

Z1 =

∫ ∞

1

∫ ∞

0

yT(dx, dy) , Z2 = α−1T(1,∞)

∫ ∞

0

yT (1, dy) ,

and T is a Gaussian process defined on [s0,∞)× (0,∞) with the covariance function

T (s ∨ s′, t ∧ t′).

Remark 5.4.2 The limiting variable is the sum of two dependent normal random

variables with mean zero. The formulas for Var(Z1),Var(Z2) as well as Cov(Z1, Z2)

involve the unknown function T and hence are not particularly useful. The limit-

ing variance can be in principle estimated by resampling techniques, but this is not

addressed here.

Remark 5.4.3 Again, note that Assumptions 5 and 6 hold for some values of un (or,

equivalently, k).

Estimation of the tail index and the conditional scaling exponent

The tail index α of X is estimated by the standard Hill estimator; see Section 5.1.3:

1

α̂
=

1

k

n∑

j=1

log

(
Xn:n−j+1

Xn:n−k

)
.

Under the conditions stated in Section 5.1.3, the estimator is asymptotically normal

with mean zero and variance 1/α2. To estimate φ we note that in [24] the authors

showed that under Assumption 1 and additional technical conditions, the random

variable XY is regularly varying with index ζ := α/(1 + φ). Thus, we can estimate

ζ by ζ̂, the Hill estimator based on the order statistics of XjYj, j = 1, . . . , n. Again,

regular variation of the product implies consistency of ζ̂. If moreover the second order

condition holds for XY then we also have

√
k

{
1

ζ̂
− 1

ζ

}
d→ N

(
0,

1

ζ2

)
.
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However, the dependence structure of (α̂, ζ̂) is rather complicated. As such one can

conjecture that the limiting distribution of

φ̂ = α̂/ζ̂ − 1 ,

say, ∆, is normal but the question about its variance remains open.

Nevertheless, this suggests the following estimation procedure for φ.

• Estimate the tail index α of X using e.g. the Hill estimator α̂;

• Let ζ = α/(1 + φ). Estimate ζ using the Hill estimator ζ̂ based on XY ;

• Estimate φ by φ̂ = α̂/ζ̂ − 1.

Estimation of the expected shortfall

We combine the above results into the following theorem. To state this we need

another ”no-bias” assumption.

Assumption 7 We have

lim
n→∞

√
k

{
ℵCTE(1) × b(un)

θ(p)

(
k

np

)φ/α
− 1

}
= 0 .

We note that this assumption is needed for the asymptotic normality only, since the

expression in the bracket converges to zero under CEV and the moment assumptions.

This follows from (5.4.3) and (5.4.5). Hence, Assumption 7 holds for some sequence

k, but the valid range of k has to be justified for each model.

Theorem 5.4.4 Let Assumptions 1, 3, 4 (with q = 1) hold. Then

θ̃n(p)

θ(p)

p→ 1 .
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If moreover Assumptions 4 with q = 2, 5, 6 and 7 hold, then

√
k

{
θ̃n(p)

θ(p)
− 1

}
d→ (ℵCTE(1))−1(Z1 + Z2) (5.4.10)

and

√
k

{
θ̂n(p)

θ(p)
− 1

}
d→ (ℵCTE(1))−1(Z1 + Z2) + ∆ ,

where ∆ is a distributional limit of
√
k log

(
k
np

)(
β̂ − β

)
, β = φ/α, β̂ = φ̂/α̂ and φ̂, α̂

are estimators of φ, α, respectively.

Proof: We have

√
k

{
θ̃n(p)

θ(p)
− 1

}
=

√
k(ℵCTE(1))−1

{
θ̂(k/n)

b(un)
− ℵCTE(1)

}

+
θ̂(k/n)

ℵCTE(1) × b(un)

√
k

{
ℵCTE(1) × b(un)

θ(p)

(
k

np

)φ/α
− 1

}
.

The first expression converges in distribution to (ℵCTE(1))−1(Z1 + Z2) by Proposi-

tion 5.4.1, while the second one converges in probability to zero by Assumption 7 and

since

θ̂(k/n)/(ℵCTE(1) × b(un))
p→ 1

again by Proposition 5.4.1.

Furthermore, set β = φ/α and β̂ is an estimator of β. Then

√
k

{
θ̂n(p)

θ(p)
− 1

}
=

√
k

{
θ̂(k/n)

θ(p)

(
k

np

)β̂
− 1

}

=
√
k

{
θ̂(k/n)

θ(p)

(
k

np

)β
− 1

}
+
θ̂(k/n)

θ(k/n)

√
k
θ(k/n)

θ(p)

{(
k

np

)β̂
−
(
k

np

)β}
.

We have already proven that the first part converges to (ℵCTE(1))−1(Z1 + Z2) by

(5.4.10). Since θ̂(k/n)/θ(k/n)
p→ 1 we can ignore it in further consideration of the



5. Statistical Inference 138

second part. We apply the second order Taylor expansion to the such modified second

part to obtain:

√
k log

(
k

np

)
(β̂ − β)

︸ ︷︷ ︸
d
→∆

θ(k/n)

θ(p)

(
k

np

)β
+

1

2

√
k log2

(
k

np

)
(β̂ − β)2

︸ ︷︷ ︸
=oP (1)

θ(k/n)

θ(p)

(
k

np

)βn
,

where βn = β+λ(β̂−β) and λ is a (random) value between 0 and 1. By (5.4.5) the first

part converges in distribution to ∆, while the second term converges in probability

to zero.

Assumptions: discussion

We discuss Assumptions 3, 4, 5, 6 and 7.

• Assumption 3 is a relatively mild continuity condition. In the trivial case of X

and Y being independent, we have T (s, t) = s−αP(Y ≤ t) and it clearly suffices

that the distribution function FY of Y is continuous.

For more complicated models, the assumption will be verified directly.

• Assumption 4 implies, by Lemma 2.4.3, that the limiting conditional expecta-

tion is well-defined. It is also needed for validity of the central limit theorem.

If X and Y are independent, then it suffices that E[Y 2+δ] <∞. If X = Y then,

bearing in mind that X is regularly varying with index α, one needs α > 2.

Otherwise, we will verify this condition for each model separately.

• Assumption 5 follows from the classical second order regular variation as indi-

cated in Section 5.1.
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• Assumptions 6 is the ad-hoc condition to deal with the bias in the bivariate

tail empirical process. It is used only at the beginning of the proof of Proposi-

tion 5.4.1 and can be replaced by either

lim
n→∞

√
nF̄X(un) sup

s>s0,t>0
|Tn(s, t) − T (s, t)| = 0

or uniform convergence of (d/ds)Tn(s, t). We believe that Assumption 6 is easier

to verify than the latter two. We verify it for specific models.

• Assumption 7 is another ad-hoc assumptions to deal with a different source of

bias. Again, we will verify it for some specific models in Section 5.4.2.

Marginal transformation

The Marginal Expected Shortfall is invariant under a transformation of X . As such,

we should obtain the same estimator for the original situation and for the transformed

one. The next example shows that this is the case.

Example 5.4.5 Take f(x) = xγ, γ ∈ (0,∞). If b(u) is regularly varying with index

φ, then b◦f← is regularly varying with index φ̃ = α/γ, while the marginal distribution

of X̃ is regularly varying with index α/γ. It is clear that the estimator (5.4.8) remains

the same for both models.

Comparison with [8]

Let us focus first on the bivariate regularly varying random vector (X, Y ). To il-

lustrate the difference in terms of applicability between bivariate regular variation,

the conditional extreme value assumption and the approach from [8], let us consider

the following simple toy model. Let X be regularly varying random variable with

index −α, α > 1. For φ ∈ (0, 1), define Y = Xφ. Then (X, Y ) is bivariate regu-

larly varying with the exponent measure concentrated on the horizontal axis. Hence

(X, Y ) is extremally independent and the limit in (2.2.11) vanishes. The transformed



5. Statistical Inference 140

model (X, Y 1/φ) is obviously extremally dependent and R 6≡ 0, where R is defined

in (2.2.12). Hence, [8] is applicable whenever the bivariate regularly varying vector

with (possibly) extremal independence can be transformed to extremally dependent

vector. For example, in [8] the authors consider a vector (X, Y ) = (|U |2/5, |V |), where

(U, V ) is standard Cauchy distribution on R2. We note that (X, Y ) is bivariate reg-

ularly varying with extremal independence, but it can be transformed to (|U |, |V |)
which is extremally dependent.

However, [8] is not applicable when R ≡ 0 and we will provide several examples

in Section 5.4.2 below.

When we drop the bivariate regular variation assumption, we have the following

difference in terms of applicability:

• Our approach: (X, Y ) fulfills CEV assumption (Assumption 1). This implies

that X is regularly varying with index α > 0.

• [8]: (X, Y ) fulfills (2.2.12) and Y is regularly varying with index γ > 1. There

is no assumption on the marginal behaviour of X .

In terms of technical assumptions imposed in the main theorems, the main difference

is that for the asymptotic normality we impose Assumption 7.

5.4.2 Examples

In what follows we give some examples when our theory applies, followed by the case

when our approach does not work. The first example is the generic model for CEV

(See Example 2.4.5) and we provide all details for Assumptions 1, 3-7. The second

one is a continuation of Example 2.4.6. Next, we verify the conditions for consistency

in case of Example 2.4.7. In all these cases we argue that the approach of [8] is not

applicable.
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This is followed by an example that can be handled by both [8] and our approach,

however, one can argue that the former approach is favourable. It is a continuation

of Example 2.4.8.

Example 5.4.6 Let (X, Y ) be as in Example 2.4.5, that is X, V are independent

regularly varying random variables with index α > 1 and for φ ∈ (0, 1), Y = XφV .

The pair (X, Y ) is bivariate regularly varying with index α and the exponent measure

concentrated on both axes and hence extremally independent. Also, R ≡ 0 and the

approach from [8] is not applicable.

We have already checked Assumption 1 with the limiting measure

µ((s,∞] × [0, t]) = s−α
(

1 −
∫ ∞

1

P(V > z−φt/sφ)αz−α−1dz

)
.

From the above formula we conclude also that Assumption 3 is fulfilled whenever the

distribution function of V is continuous.

As for Assumption 4, we have by the regular variation of X ,

lim
u→∞

E

[(
Y

uφ

)2+δ

| X > u

]
= lim

u→∞
E

[(
XφV

uφ

)2+δ

| X > u

]

= E[V 2+δ]

∫ ∞

1

zφ(2+δ)αz−α−1dz . (5.4.11)

The above integral is finite if α > φ(2 + δ) (and hence we also recover the necessary

condition in Lemma 2.4.3).

Finally, for Assumptions 6 and 7, let us assume in this example that X is Pareto,

that is P(X > x) = x−α, x > 1. We do not make any additional assumption on V ,

except of the aforementioned regular variation with α > 1. Then, for any x > 1,

E[Y | X > u] = E[V ]E[Xφ | X > u] = E[V ]
α

α− φ
uφ =

α2

(α− 1)(α− φ)
uφ .

From this we can conclude

ℵCTE(1) = lim
u→∞

E

[
Y

uφ
| X > u

]
=

α2

(α− 1)(α− φ)
.
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Using the conditional expectation formula we observe that the expressions in As-

sumptions 6 and 7 vanish.

Now, we discuss Assumption 6 in the general case of regularly varying X . Recall

that Assumption 6 states that

lim
n→∞

√
nF̄X(un) sup

s≥s0

(∫ ∞

s

∫ ∞

0

yTn(dx, dy) −
∫ ∞

s

∫ ∞

0

yT (dx, dy)

)
= 0 .

Integration by parts yields
∫ ∞

s

∫ ∞

0

yTn(dx, dy) =
1

F̄X(un)
E

[
Y

b(un)
1{X>uns}] = E[V ]

1

F̄X(un)
E

[
Xφ

uφn
1{X>uns}]

= E[V ]
1

F̄X(un)

∫ ∞

uns

(x/un)φFX(dx)

= E[V ]

{
sφ
F̄X(uns)

F̄X(un)
+ φsφ

1

F̄X(un)

∫ ∞

1

vφ−1F̄X(vsun)dv

}
.

The latter expression converges to

E[V ]

{
sφ−α + sφ−α

φ

α− φ

}
.

Hence, Assumption 6 is fulfilled if

lim
n→∞

√
nF̄X(un) sup

s>s0

∣∣∣∣s
φ F̄X(uns)

F̄X(un)
− sφ−α

∣∣∣∣ = 0

and

lim
n→∞

√
nF̄X(un) sup

s>s0

sφ
∫ ∞

1

vφ−1
∣∣∣∣
F̄X(vsun)

F̄X(un)
− (vs)−α

∣∣∣∣ dv = 0 .

The first condition is implied by Assumption 5, while the second one we bound using

Lemma 5.1.2 by

√
nF̄X(un)u−αβ+δn sup

s>s0

sφ−α(β+1)+ǫ

∫ ∞

1

v−1−(α(β+1)+ǫ−φ)dv .

The integral and the above sups are finite. In summary, if Assumption 5 holds then

Assumption 6 is fulfilled as well.

We summarize this example as follows:
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• Assumption 1 is fulfilled with b(u) = uφ;

• Assumption 3 holds whenever the distribution function of V is continuous;

• Assumption 4 is fulfilled with q = 1 whenever φ < α.

These assumptions suffice for consistency of the estimator. As for the central limit

theorem:

• Assumption 4 is fulfilled with q = 2 whenever 2φ < α;

• Assumption 5 imposes second order regular variation on X and it implies that

Assumption 6 holds as well.

• Assumption 7 is valid when X is Pareto.

Example 5.4.7 We consider the situation from Example 2.4.6. Recall that (U, V )

is a bivariate regularly varying random vector with the exponent measure ν that is

not concentrated on the axes. Hence both U and V are regularly varying with index

−α and tail equivalent. As such, we can write

P (u−1(U, V ) ∈ ·)
P(U > u)

v→ ν

on [0,∞]2 \ {0}, as u→ ∞. Let (Ui, Vi), i = 1, 2, be independent copies from (U, V ).

For φ, θ ∈ (0, 1) define

(X, Y ) = B(U1, V
φ
1 ) + (1 −B)(Uθ

2 , V2) ,

where P(B = 0) = P(B = 1) = 1/2 and B is independent of Ui, Vi, i = 1, 2. Both X

and Y are regularly varying with index −α due to Breiman lemma and in fact P(X >

u) ∼ 0.5P(U > u) as u → ∞. Furthermore, (X, Y ) is bivariate regularly varying,

with extremal independence (even though (U, V ) may have extremal dependence.)

This implies that R ≡ 0 and the [8] approach is not applicable.

We have already verified that Assumption 1 holds.
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For Assumption 3 we need to assure that the measure ν that appears in the defini-

tion of regular variation of (X, Y ) does not have atoms. This holds when the joint

distribution of (U, V ) is continuous.

We consider Assumption 4. We have

lim
u→∞

1

F̄X(u)
E

[(
Y

uφ

)1+δ 1{X>u}] =

= lim
u→∞

1

F̄U(u)
E



(
V φ
1

uφ

)1+δ 1{U1>u}


+ lim

u→∞

1

F̄U(u)
E

[(
V2
uφ

)1+δ 1{Uθ
2>u}

]

=

∫ ∞

1

∫ ∞

0

yφ(1+δ)ν (dx, dy) + lim
u→∞

1

F̄U(u1/θ)
E

[(
V

u1/θ

)1+δ 1{U>u1/θ}] F̄U(u1/θ)

F̄U(u)

u(1+δ)/θ

u(1+δ)φ

=

∫ ∞

1

∫ ∞

0

yφ(1+δ)ν (dx, dy) +

∫ ∞

1

∫ ∞

0

y(1+δ)ν (dx, dy) lim
u→∞

F̄U(u1/θ)

F̄U(u)

u(1+δ)/θ

u(1+δ)φ

if the assumptions of Corollary 2.4.4 are fulfilled for the regularly varying pair (U, V ).

As noted there, the finiteness of the second integral implies α > 1. However, we need

to guarantee that

lim
u→∞

F̄U (u1/θ)

F̄U(u)

u(1+δ)/θ

u(1+δ)φ

is finite. For this, it suffices that

(α− 1)/θ > α− φ

which is in fact an additional restriction that has to be imposed.

We summarize this example as follows:

• Assumption 1 is fulfilled with b(u) = uφ;

• Assumption 3 is fulfilled when the joint distribution of (U, V ) is continuous;

• Assumption 4 is fulfilled with q = 1 whenever (α− 1)/θ > α− φ.
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These assumptions suffice for consistency of the estimator.

Example 5.4.8 As in Example 2.4.7 consider a pair (X, Y ) with the following dis-

tribution function:

F (x, y) =
(1 − x−α)(1 − y−α)

1 + (xy)−α
.

We note that this example is generated from Ali-Mikhail-Haq copula with θ = −1.

The marginal distributions of X and Y are clearly Pareto with index α. Arguing

as in [10], we have R ≡ 0, Assumption 1 is fulfilled with b(u) = 1 and the limiting

measure is the product measure

µ((s,∞] × [0, t]) = s−α(1 − t−α) .

In particular, ℵCTE(1) = E[Y ] = α
α−1

whenever α > 1. Assumption 3 is clearly

fulfilled while Assumption 4 holds with q = 1 whenever α > 1. Hence, for consistency

we only need α > 1.

Example 5.4.9 Recall the situation from Example 2.4.8. Assume that X is a reg-

ularly varying random variable with index −α, α > 1. Let U be a nonnegative

random variable, independent of X such that E[Uα/φ+δ] < ∞ for some δ > 0. For

φ ∈ (0, 1) define Y = XφU . By Breiman’s lemma, Y is also regularly varying with

index −α/φ. The pair (X, Y ) is bivariate regularly varying with index −α, with the

exponent measure concentrated on the horizontal axes, and hence extremally inde-

pendent. The main difference between the current situation and Example 2.4.5 is

that the extremal independence here is linked to different tail behaviour of X and Y .

Assumption 1 is satisfied with the scaling function given by b(u) = uφ. On the

other hand,

R(x, y) = E
[
x ∨ yUα/φ

]
.

That is, the function R is not identical to zero and the model can be handled by the

approach from [8]. One can argue that this is the way to go, since one does not need

to estimate the parameter φ, as in case of CEV methodology.
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5.4.3 Simulations

In this section we conduct simulation studies to illustrate the performance of our

estimation procedure.

Example 5.4.6 Continued

The first experiment involves the situation from Example 5.4.6. We simulate n = 1000

observation from the model with α = 4 and φ = 1/2. First, we estimate α, φ and the

ratio φ/α using the appropriate Hill estimators. The results are depicted on Figure

5.14. We notice that although the estimation of α and φ is not very good, the results

for φ/α are much better (and this is what really matters for the performance of the

estimator of the expected shortfall).

Next, we deal with estimation of the expected shortfall (5.4.1) with p = 0.01

using the estimators (5.4.7)-(5.4.8). In our example, QX(p) = p−1/α and we can

evaluate that

θ(p) =
α2

(α− 1)(α− φ)
p−φ/α = 1.52381p−0.125 .

Figure 5.15 shows the Hill plot for the estimators of the expected shortfall. For

comparison purposes, we illustrate on Figure 5.16 how the method of [8] works in

case of model of Example 5.4.6 (more precisely, how it doesn’t work). As mentioned

in the Example, the approach from [8] is not theoretically justified in this case. aaaa

Next, we perform a Monte Carlo study for the model described above. We

estimate the Expected Shortfall using = 5%, 10%, 15%, 20% order statistics. The

boxplots for the estimates obtained in N = 1000 simulations are shown on Figure

5.17. Again, we show that the [8] method is not applicable.
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Figure 5.14: Hill plots for α (top panel); φ (middle panel); φ/α (bottom
panel)

Bivariate regular variation

In this section we consider the model X = |ZU |, Y = |ZV |, where Z is Pareto with

α = 4, U = sin(Ψ), V = cos(Ψ), Ψ is uniform on [0, 2π] and is independent of Z. In

this case φ = 1, both X, Y are regularly varying with index α and the vector (X, Y )

is regularly varying with extremal dependence. Also, the [8] method is applicable.

Figure 5.18 shows boxplots for the estimates of the Expected Shortfall based

on N = 1000 simulations. We note that the method from that [8] provides better
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Figure 5.15: Plots for the Expected Shortfall. Solid line - estimation using
(5.4.8); dashed line - (5.4.7); horizontal line - the true value of θ(p).

estimates (less variability). This is not surprising since it requires estimation of the

index of regular variation of Y only, instead of α and φ.

5.4.4 Data Analysis

We analyse stock prices for Exxon Mobil Corporation and Goldcorp Inc.3 The time

period is January 2, 2005 to Nov 4, 2015. For the absolute log-returns (X and Y in

3Source: https://ca.finance.yahoo.com
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Figure 5.16: Plots for the Expected Shortfall using [8] method.

what follows) we note that the Hill plot indicates the tail indices to be around 4, while

different techniques to ”verify” the extremal dependence, like the tail dependence

coefficient, comparison of the estimated tail indices of X and min(X, Y ), as well as

X and XY do not give a clear answer whether the extremal dependence can be

assumed.4 Furthermore, the standard correlation coefficient is very low (around 0.1).

In other words, it is not clear for us if the extremal dependence holds and hence if [8]

method is applicable.

We proceed with the method of the present paper. Figure 5.19 shows the Hill plot

for the estimation of the scaling exponent. For the order statistics k = 50, . . . , 300 the

plot stabilizes below 1, indicating extremal independence. We apply our procedure

to estimate the expected shortfall at the level p = 0.001. We note that the method

4The plots are not included in the thesis.
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Figure 5.17: Boxplots for the Expected Shortfall. The boxplots correspond
to k = 20%, 15%, 10%, 5% of order statistics being used.

of this paper provides a reasonable estimate to be in the range (0.03,0.035) (based

on the order statistics k = 50, . . . , 300), while the [8] method does not provide any

conclusive answer, since the plot seems to have a positive trend.

5.4.5 Proofs

Proof of Proposition 5.4.1

We use notation from Section 4.4. Let ξn = Xn:n−k

un
. We have

∫ ∞

ξn

∫ ∞

0

yTn(dx, dy) =
√
k

∫ ∞

ξn

∫ ∞

0

y(T̃n(dx, dy) − Tn(dx, dy))

=
√
k

n∑

j=1

Yj
kb(un)

1{Xj>Xn:n−k} −
√
k

∫ ∞

ξn

∫ ∞

0

yTn(dx, dy)
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Figure 5.18: Boxplots for the Expected Shortfall - bivariate regular variation.

=
√
k

(
θ̂(k/n)

b(un)
− ℵCTE(1)

)
+
√
k

(
ℵCTE(1) −

∫ ∞

ξn

∫ ∞

0

yTn(dx, dy)

)
.

Hence,

(
θ̂(k/n)

b(un)
− ℵCTE(1)

)

=
1√
k

∫ ∞

ξn

∫ ∞

0

yTn(dx, dy) +

(∫ ∞

ξn

∫ ∞

0

yTn(dx, dy) − ℵCTE(1)

)
:= J1 + J2

and

√
k

(
θ̂(k/n)

b(un)
− ℵCTE(1)

)
=

√
kJ1 +

√
kJ2 := I1 + I2 .
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Figure 5.19: Conditional scaling exponent.

We deal with J1 and I1 simultaneously. First, we will show that

Ĩ1 :=

∫ ∞

x=1

∫ ∞

y=0

yTn(dx, dy)
d→
∫ ∞

x=1

∫ ∞

y=0

yT(dx, dy) , J̃1 =
1√
k
Ĩ1

p→ 0 , (5.4.12)

and this will be followed by verifying that

|I1 − Ĩ1| =

∣∣∣∣
∫ 1

x=ξn

∫ ∞

y=0

yTn(dx, dy)

∣∣∣∣
p→ 0 , |J1 − J̃1| p→ 0 . (5.4.13)

As a consequence, I1
d→ Z1 and J1 = oP (1).

Fix A > 0 and decompose

Ĩ1 =

∫ A

x=1

∫ A

y=0

yTn(dx, dy) +

∫ A

x=1

∫ ∞

y=A

yTn(dx, dy)
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Figure 5.20: Expected Shortfall.

+

∫ ∞

x=A

∫ A

y=0

yTn(dx, dy) +

∫ ∞

x=A

∫ ∞

y=A

yTn(dx, dy) := Ĩ11 + Ĩ12 + Ĩ13 + Ĩ14 .

Define J̃1i = (1/
√
k)Ĩ1i, i = 1, . . . , 4. Since Tn converges weakly by Proposition 4.4.1,

it converges uniformly on compact sets. Hence

Ĩ11
d→
∫ A

x=1

∫ A

y=0

yT(dx, dy) , J̃11
p→ 0 .

To conclude (5.4.12) we need to show that

lim
A→∞

lim sup
n→∞

P(|J̃12 + J̃14| > ε) = 0 , lim
A→∞

lim sup
n→∞

P(|Ĩ12 + Ĩ14| > ε) = 0 , (5.4.14)

and

lim
A→∞

lim sup
n→∞

P(|J̃13| > ε) = 0 , lim
A→∞

lim sup
n→∞

P(|Ĩ13| > ε) = 0 . (5.4.15)
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For (5.4.14), it suffices to verify that

lim
A→∞

lim sup
n→∞

E

[
1√
k

∣∣∣∣
∫ ∞

x=1

∫ ∞

y=A

yTn(dx, dy)

∣∣∣∣
]

= 0 ,

lim
A→∞

lim sup
n→∞

Var

(∫ ∞

x=1

∫ ∞

y=A

yTn(dx, dy)

)
= 0 .

The first part of (5.4.14) is bounded by

lim
A→∞

lim sup
n→∞

E

(
1√
k

∫ ∞

x=1

∫ ∞

y=A

yTn(dx, dy)

)

≤ lim
A→∞

lim sup
n→∞

n

k
E

(
Y

b(un)
1{X>un}1{Y >b(un)A})

≤ lim
A→∞

lim sup
n→∞

n

k

1

Aδ
E

(
Y 1+δ

b1+δ(un)
1{X>un}) .

and hence vanishes by Assumption 4 with q = 1 only. For the second part of (5.4.14)

we need Assumption 4 with q = 2:

Var

(√
k

∫ ∞

x=1

∫ ∞

y=A

yTn(dx, dy)

)
=
n

k
Var

(
Y

b(un)
1{X>un}1{Y >b(un)A})

≤ lim
A→∞

lim sup
n→∞

n

k
E

(
Y 2

b2(un)
1{X>un}1{Y >b(un)A})

≤ lim
A→∞

lim sup
n→∞

n

k

1

Aδ
E

(
Y 2+δ

b2+δ(un)
1{X>un})

= lim
A→∞

lim sup
n→∞

n

k

1

Aδ
F̄X(un)E

(
Y 2+δ

b2+δ(un)
| X > un

)

= lim
A→∞

lim sup
n→∞

1

Aδ
E

(
Y 2+δ

b2+δ(un)
| X > un

)
= 0 .

For (5.4.15), we argue that

lim
A→∞

lim sup
n→∞

E

[
1√
k

∫ ∞

x=A

∫ A

y=0

yTn(dx, dy)

]
= 0

and

lim
A→∞

lim sup
n→∞

Var

(√
k

∫ ∞

x=A

∫ A

y=0

yTn(dx, dy)

)
= 0 .
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Note that any random variables U, V such that E[|U |] + E[V 2] < ∞ we have E[|U −
E[U ]|] ≤ 2E[|U |], Var(|V − E[V ]|) ≤ Var(V ). We apply these bounds in the compu-

tations that follow.

Recalling that, by Lemma 2.4.3, Assumption 4 used with q = 1 implies φ−α < 0,

we have

lim
A→∞

lim
n→∞

E

[
1√
k

∣∣∣∣
∫ ∞

x=A

∫ A

y=0

yTn(dx, dy)

∣∣∣∣
)

≤ 2 lim
A→∞

lim
n→∞

n

k
E

(
Y

b(un)
1{X>unA}1{Y <b(un)A})

≤ 2 lim
A→∞

n

k
E

(
Y

b(un)
1{X>unA}) ≤ ℵ lim

A→∞
Aφ−α = 0 .

Likewise, using Assumption 4 with q = 2 and Lemma 2.4.3 (so that 2φ − α < 0) we

have

lim
A→∞

lim
n→∞

Var

(√
k

∫ ∞

x=A

∫ A

y=0

yTn(dx, dy)

)
≤ lim

A→∞
lim
n→∞

n

k
E

(
Y 2

b2(un)
1{X>unA}1{Y <b(un)A})

≤ lim
A→∞

n

k
E

(
Y 2

b2(un)
1{X>unA}) ≤ ℵ lim

A→∞
A2φ−α = 0 .

Hence, we have shown (5.4.12).

Now, for arbitrary ǫ, ǫ′ > 0,

P(|I1 − Ĩ1| > ǫ)

= P(|I1 − Ĩ1| > ǫ, |ξn − 1| > ǫ′) + P(|I1 − Ĩ1| > ǫ, |ξn − 1| < ǫ′)

≤ P(|ξn − 1| > ǫ′) + P(|I1 − Ĩ1| > ǫ, |ξn − 1| < ǫ′) .

We know that ξn
p→ 1, hence P(|ξn − 1| > ǫ′) → 0. Also

P(|I1 − Ĩ1| > ǫ, |ξn − 1| < ǫ′) ≤ P

(∣∣∣∣∣

∫ 1+ǫ′

1−ǫ′

∫ ∞

0

yTn(dx, dy)

∣∣∣∣∣ > ǫ

)
.

We obtain

P(|I1 − Ĩ1| > ǫ, |ξn − 1| < ǫ′) ≤ ǫ−2Var

(
√
k

1

k

n∑

j=1

Yj
b(un)

1{un(1−ǫ′)<Xj<un(1+ǫ′)}

)
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≤ ǫ−2
n

k
E

[
Y 2

b2(un)
1{un(1−ǫ′)<X<un(1+ǫ′)}]

→ ǫ−2
{

(1 − ǫ′)2φ−α − (1 + ǫ′)2φ−α
}∫ ∞

1

∫ ∞

0

y2T (dx, dy) ,

as n → ∞ by Assumption 4 and Lemma 2.4.3. Letting ǫ′ → 0, the limit is 0. The

similar calculation is applied to J̃1 using Assumption 4 with q = 1 only. The identity

(5.4.13) is proven. This concludes the proof of convergence for I1 and J1.

We proceed with J2 and I2. Convergence of order statistics and the uniform

convergence of Tn to T imply that

∫ ∞

ξn

∫ ∞

0

yTn(dx, dy) =

∫ ∞

1

∫ ∞

0

yT (dx, dy) = ℵCTE(1) .

Hence, J2 converges to 0 in probability. Furthermore, Assumption 6 yields that it

suffices to consider the integral, where Tn is replaced with T . The delta method and

convergence of order statistics imply that

I2
d→ α−1T(1,∞)

∫ ∞

0

yT (1, dy) = Z2

jointly with Z1.
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