INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI films
the text directly from the original or copy submitted. Thus, some thesis and
dissertation copies are in typewriter face, while others may be from any type of
computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality illustrations
and photographs, print bleedthrough, substandard margins, and improper
alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete manuscript
and there are missing pages, these will be noted. Also, if unauthorized
copyright material had to be removed, a note will indicate the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand corner and continuing
from left to right in equal sections with small overlaps.

ProQuest Information and Learning
300 North Zeeb Road, Ann Arbor, Ml 48106-1346 USA
800-521-0600







STUDY OF CERTAIN ASPECTS OF A CLASS OF
NONLINEAR MULTIPLICATIVE SYSTEMS

by

M.N. Jafri

Submitted to the Department of Electrical Engineering
in partial fulfilment of the requirements for the

degree of Doctor of Philosophy csité g7
e Oy,
BIBLIOTHEQUES °

_l;..‘
oo LIBRARIES
% W2
"Sity of ©

The University of Ottawa
Department of Electrical Engineering
Ottawa, Canada
June, 1967



UMI Number: DC52359

INFORMATION TO USERS

The quality of this reproduction is dependent upon the quality of the copy
submitted. Broken or indistinct print, colored or poor quality illustrations and
photographs, print bleed-through, substandard margins, and improper
alignment can adversely affect reproduction.

In the unlikely event that the author did not send a complete manuscript
and there are missing pages, these will be noted. Also, if unauthorized
copyright material had to be removed, a note will indicate the deletion.

®

UMI

UMI Microform DC52359
Copyright 2007 by ProQuest LLC
All rights reserved. This microform edition is protected against
unauthorized copying under Title 17, United States Code.

ProQuest LLC
789 East Eisenhower Parkway
P.O. Box 1346
Ann Arbor, Ml 48106-1346



Approved for the Department
of Electrical Engineering

Supervisor

Chairman of the Examining
Qommittee

Chairman of the Department



ABSTRACT

In this thesis we present a study of certain as-
pects of a class of nonlinear multiplicative systems. This

study is carried out in three directions:

i) 1linear representation of nonlinear multi-

plicative systems

ii) dimprovement in the performance of systems
by introducing intentional multiplicative
nonlinearities

iii) stability study of systems in ii)

In Chapter II, it is shown that an open-loop non-
linear multiplicative system, if excited by a step function
input, can be represented exactly by a linear system multi-
plied by a "gain factor". The method presented here is
straightforward, and the representation for the nth order
nonlinear multiplicative systems can be written after two

complex convolution operations.

In Chapter III, it is shown that the performance
of linear systems up to third order, and some second order
nonlinear differential systems, can be improved by introdu-

cing intentional multiplicative nonlinearities in the for-
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ward path of the feedback control system. The resulting con-
trol systems are more sensitive to parameter variations than
direct feedback control systems. The transient response is
extremely insensitive to parameter variations due to high
controller gain and presence of multipliers. However, the
steady state output of the system changes with parameter
variations, but can be corrected by changing the gains of
the linear systems H2(s) and H3(s) as discussed in
Chapter III. The improvement in the response of the given
system, the relation between the number of multipliers and
the order of ﬁhe given linear system, and the relation of
the poles of the given linear system to the poles of H2(s)

and H3(s), are consistent in every case considered.

In Chapter IV, the stability of the systems dis-
cussed in Chapter III is studied and shows that; according
to Zubov's formulation, a closed form Liapunov function is
not possible. However, these systems always have an equili-
brium point, which is asymptotically stable and a Liapunov
function of the quadratic form can be constructed to give a
conservative estimate of the region of asymptotic stability

around the equilibrium point.

iv



ACKNOWLEDGEMENTS

The author wishes to express his profound grati-
tude to his supervisor, Professor G.S. Glinski for his ad-
vice, criticism and many stimulating discussions on various

parts of this thesis.

The author would like to express his thanks to:
Dr. I.H. Mufti of the National Research Council of Canada
for his valuable suggestions in preparation of chapter on
stability; Prdfessor J. Kruus and Professor S.G.S. Shiva

for their helpful suggestions and criticism.

The author also expresses his appreciation to his
colleague, Mr. S, Phansalkar for his stimulating discussions

and comments.

The author is grateful for the financial assist-
ance provided by the National Research Council of Canada,
Colombo Plan of Canada and the Pakistan Atomic Energy Com-

mission.




CONTENTS

Page
ABSTRACT .....'...'..l.....".'...'-.l..'l.l.0.".. iii
ACKNOWLEDGEMNTS .....0..!....0...'.........l‘.l.l. V
CHAPTER I - INTRODUCTION
l.2 Definitions 0.‘..0‘."'..'l‘lllll...‘..'. 1+
1.3 The Class of Nonlinear Multiplicative
Systems Under StUAY veeevueeevowenresnns. 6
CHAPTER II - REPRESENTATION OF A CLASS OF NONLINEAR
MULTIPLICATIVE SYSTEMS
2.1.1 Theorem 1. (Complex Convolution)... 10
2.1.2 Theorem 1.8 .uiveuvsnreveeennnnnnn. 10
2.1'.3 TheOI‘em l;b @& Vo000 00 00 sss s s s 0v 00 lo
2.2 Representation of Nonlinear Multiplicative
Systems ‘..O.l.'.l"’."l.l.l. llllll ® e 0 0 0 12
2.2.1 Hl(s) is First Order Linear System. 12
2.2.2 Hl(s) a Second Order Linear System
with Real Distinct Poles .......... 17
2.2.3 H;(s) a Second Order Linear System
with Real Repeated Poles .......... 21
2.2.4 Hl(s) a Second Order Linear System
with Complex Poles ......vveneenn. 23
2.3 COMMENtS  tivuiiunvennunennnnnnnennnnnnnn. 26
CHAPTER III - INTRODUCTION OF INTENTIONAL MULTIPLI-
CATIVE NONLINEARITIES TO IMPROVE THE
PERFORMANCE OF FEEDBACK CONTROL SYSTEMS
3.1 Review of the Previous Work ctecersescceas 33
3.2 Improvement in the Performance of Second
Order Linear Systems by the Proposed Scheme 36
3.2.1 Second Order Linear System with Real
Distinct POles wvvvvveveervenennas 38
3.2.2 Second Order Linear System with Real ‘

Repeated Poles ............. cessee 41

vi




CONTENTS (Continued)

3.3

3.5

3.2.3 Second Order Linear Systems with

Complex POleS sueeerenneeennnnenns
3.2.4 Second Order Linear System with Pure
Imaginary Poles ...ivvivrennnnn. .

Improvement of the Performance of Third Order
Linear Systems by the Proposed Scheme

3.3.1. Third Order Linear Systems with Real

Distinct Poles +........ cesesenue
3.3.2 Third Order Linear Systems with Real
Repeated Poles c.iviiveevninn... see

3.3.3 Third Order Linear Systems with One
Real Pole and a Pair of Complex Poles

Improvement in the Performance of Certain
Second Order Nonlinear Differential Systems

3.4.1 Second Order Nonlinear System with

. Nonlinear Velocity Term ..... veee
3.4.2 Second Order Nonlinear System with a

Nonlinear Position Term .........

Comments LA A L I O B Y IR B I I BT R TP Y Y S

CHAPTER IV - STABILITY ANALYSIS OF NONLINEAR MULTIPLI-

ok S g
oOnE W

b.7

4.8

CATIVE CONTROL SYSTEMS

Formulation of the Problem .............
Definitions ..iuveivuieeneonnoennennnenen.
Variational Equations and Study of Singular
Points ......... tr e e e s ece st s s e ans oo
Some Theorems on STability .uivteenveeees
Bounds for the Initial Values ..........
Stability Study of First Order Nonlinear
Multiplicative Control Systems ceserenn

4.6.1 Hl(s) is a First Order Linear System
L.6.2 An Estimate for the Bounds of Initial
Value for Equation (63) .........
L.6.3 Hl(s) is a Second Order Linear System
L.6.4 Hl(s) is a Third Order Linear System
L.6.5 Stability Study of the Systems of
Section 3ehel  tiiiiiiirrrinnennn.
L.6.6 Stability Study of a System of
Section 3.4.2 ...eiiiiiiiinnnnnn.

Stability Study of Second Order Nonlinear
Multiplicative Control Systems of Section

303 ® 0000080000000 00e00000cs00000 e 0000000

Commentls ® 5 0 2 0000000000460 050s0000¢00 ® o0 000 0

L6
L6

L9

49
51

53

53

55
57
57

63

66
69
71
72
73

82
88
93

97
100

102
108



CONTENTS (Continued)

CHAPTER V CONCLUSIONS AND SUGGESTIONS FOR

FUTURE STUDY 110
APPENDIX A - SENSITIVITY ANALYSIS OF NONLINEAR

MULTIPLICATIVE CONTROL SYSTEMS 113
APPENDIX B - PROOF OF EQUATION (16) 117
REFERENCES  =ccm oo oo ccmcemce e 120

BIBLIOGRAPHY mccmimm e mreeeeeea 123

viii



CHAPTER I

INTRODUCTION

In studying practical systems, we are aware that
every system is nonlinear except in some region around the
operating point. This region depends upon the type of the non-
linearity in the system. In case the nonlinearity is not
sharp, (saturation or slow variation) linear models of control
Systems obtained by the ﬁérturbation method of Poincaré
provide sufficient information about the performance of an
actual system around the operating point. However, for large
control signals, the behavior of ‘the System becomes completely
different and linear control System theory does not apply.
Nevertheless, the perturbation technique has been successfully
employed in cases, where one has confidence about the operating
region. In cases, where little is known about the physical
behavior of the System, this method is the only available

approach. In order to eliminate the element of uncertainty



-2

in the performance of the control system because/of idealiza-
tion, we always desire the-true nonlinear representation of
the system. This is possible only if complete information
about the system behavior is available. This representation
makes study of the control system more difficult, because of
nonlinear equations, (differential, integral, integro-
differential) which are usually difficult to solve. However,
if we overcome this difficulty, which is possible in a number
of cases by computational methods, and in a few cases by
analytic methods, the exact information obtained about the per-
formance of the control system will eliminate the element of
uncertainty due to idealization. Since, all physical systems
are nonlinear, we also observe some beneficial aspects of the
nonlinearity in the systems. This can be appreciated from the

following examples.

i) Development of digital computers and large
communication systems, which have on-off

characteristics.

ii) Development of magnetic amplifiers, which

depend on hysteresis loop.

iii) Saturation, without which electric machines
would run to excessive speeds and destroy

themselves.
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These are a few of the numerous examples of inherent
or intentional nonlinearities for achieving some desired per-

formance.

In feedback control systems, (linear or nonlinear),
where desired performance cannot be achieved by linear con-
trollers, it is desirable to introduce nonlinear controllers.
This technique has proved to be extremely successful especially
when, in addition to linear elements, relays or multipliers
are used as controller elements. These controller elements
could be located either in a feedforward path, feedback path

or both,of the control system.,

Little attention has been given to systems which in-
volve multiplicative nonlinearities in the forward path of the
feedback control system, which will henceforth be called non-
linear multiplicative control systems. These systems are
studied here for step function inputs, which are not too re-
strictive, since a fairly large number of systems operate on
d.c. inputs and so are slow systems, (e.g., chemical processes).

This study covers three aspects of these systems.

1) Representation of nonlinear multiplicative
system by a linear system multiplied by a
"gain factor". In this case, the system

is assumed to have zero initial state.
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i1) Improvement in the performance of the
systems by introducing intentional multi-

plicative nonlinearities.

iii) Stability study of the nonlinear multi-

plicative control systems of (ii).

1.2 Definitions

In this section we define certain terms, which will

be used frequently throughout this study.

i) System

A system s 1is a partially inter-
connected set of abstract objects 81, 85, a3,...., termed
the components of s. The components of s may be oriented
or nonoriented, they may be finite or infinite in number; and
each of them may be associated with a finite or infinite number

of terminal variables.

il) Linear System

Assume the responses of a system to
two different inputs x,(t) and xz(t) to be yl(t) and

¥,(t), respectively and c; and c, to denote two constants.

2
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A system s is linear if the response to x(t) = clxl(t)
szz(t) is y(t) = clyl(t) + czyz(t) for all values of

X19Xgy Cq and Coe This is known as superposition principle.

iii) Nonlinear System

If the superposition principle does
not hold for a system s, then it is called a nonlinear

system.

iv) Nonlinear Multiplicative System

A system s, which has linear systems
and multipliers connected as shown inside the dotted lines in
Fig. 1, is defined as a nonlinear multiplicative system. If
there are n multipliers in the system referred to above

then we call it an nth order nonlinear multiplicative system.

v) GControl System

A system which employs a controller
to maintain some variables at desired levels is called a con-

trol system.

vi) Optimum Control System

An optimal control system is defined
as one, which drives the system towards the desired state along

an optimum path with respect to some performance criterion.
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vii) Performance Criterion
A system is required to perform some
function in an environment. The measure of how well this func-

tion is performed, is called performance criterion.

1.3 The Class of Nonlinear Multiplicative Systems Under
Study

The class of nonlinear multiplicative systems to
be studied is shown in Fig. 1. The mathematical equation for

this system can be written as follows:

[ ] L~}

ceeees J Hn+l(Tl,T2,......,Tn+l)y(t-71)y(t-72)....

_—0 a® -

....y(t-7n+l)d¢ld72....dT (1)

n+l
where

H )

n+l(Tl’T2”"""Tn+l) s hl('rl)hz('rz)....hn(Tn)hn+l(Tn+l

y(t) = Ke(t)

®
—
ct
~
]

r(t) - y,(t)

Equation (1) shows that the operation of the overall
system can be expressed compactly by (n+l) tuple convolution
of input y(t) and a (n+l) dimensional kernel Hn+l(Tl’T2’

R ). The expression of equation (1) is known as a

n+l

"regular homogeneous functional"™ of (n+l)th degree. Func-
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FIG. 1. A CLASS OF NONLINEAR MULTIPLICATIVE SYSTEMS
r(t) - Step Function Input
e(t) Error
K Gain of the Proportional Controller
y(t) Output of the Controller
Hi(s) Transfer Function of the ith Linear System
v, (t) Output of H, (s)
ym(t) Output of the Nonlinear Multiplicative

System.



tionals of this type were introduced and extensively studied

(1)

by Volterra "', The application of these functionals to non-

(2)

linear system representation and analysis was by Wiener s

(3) (4)

Barret and Smet

Instead of the functional approach, which is of course
general and well known, we will study some particular aspects
of this class from the point of view of the Laplace transform,
analog computations and differential equations. In this study,
Hi(s) (i=2,3,....., n+ 1) is a first order linear system

. . Q,
gl 1

defined as Hi(s) = +°-i

and Hi(s) is a first, second or

third order linear system. In Chapters III and IV, Hi(s)
is replaced in two cases by a second order nonlinear differ -

ential system.

It should be mentioned here that optimum output responses
in Chapter III could be slightly improved with respect to the in-
tegral squared error (ISE) criterion. This was not attempted

for the following reasons,

i) at the controller gain k > 14,0, the amplifiers simulating

the controller become saturated.

ii) the improvement in the ISE criterion is quite insignificant

after k > 10 in almost all the cases considered.



CHAPTER II

REPRESENTATION OF A CLASS OF NONLINEAR MULTIPLICATIVE SYSTEMS

In equation (1), if the kernel is separable and
y(t) 1is a step function input, then equation (1) can be re-
presented by the open loop system, shown inside the dotted
lines in Fig., 1., This system can be represented exactly by
a linear system multiplied by a "gain factor". If t?e step

k.
function input has a magnitude M and g.'s (g, = —i) are
i i oy

the gains of the linear systems, then for n multipliers the

n+l .
"gain factor" is defined as N(M,gi,n) = Mq.nigi. The equiva-
i=

lent linear system representation, as defined above, can be
obtained by real multiplication, which is commonly called
complex convolution. We state the following theorems(5) with-

out proof,
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2.1.1 Theorem 1. (Complex Convolution)

If fl(t) and fz(t) are Laplace-transformable
funetions having Laplace transforms Fl(s) and Fz(s) re-

spectively, then

_ L [eptie
LLEy (6) 55 (4) = 5= _ Fp(s-w) Fylw)du (2)
C2°'J
max (05118420057 + 055) (0,

Oa2 C ey (O -0, ,

in which C, 1s a real constant, ¢ = Re[s], and 0y,7 &nd
O,, @are the abscissae of absolute convergence of the functions

fl(t) and fz(t) respectively.

2.1.2 Theorem l.a

If fl(t) and fz(t) are Laplace transformable

functions having transforms Fl(s) and Fz(s) respectively,

A (s)
1 . . .
A
and if Fl(s) a §IT§7 1s a raticnal algebraic fraction, having

q first order poles and no others, then

L[fl(t)fz(t)] =k=l m) F2(S-—Sk) (3)

" '2.1.3 Theorem 1.b

Let fl(t) and fz(t) be Laplace transformable

functions, having Laplace-transforms Fl(s), F2(s), respectively,
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and let F,(s) be a rational algebraic fraction having n

distinct poles 51’82"""Sn with

Sq of multiplicity my

S5 of multiplicity m,

s of multiplicity m,

n
subject to the restriction my + My + oou. + m = q, then
m m -J -
8ok (1) € T M
L[fl(t)f,?(t)] =»Z (m_ - J)! ( Mk~ J Fg(s)]s=s-sk (4)
k=1 j=1 K .
in which
j-1 m :
1 d k
S

The above theorems provide us with sufficient mathe-
matical tool for an equivalent linear system representation of
the open-loop system of Fig. 1, enclosed by dotted lines. The
above theorems are stated for one multiplication. In a situa-
tion such as this, where n multiplications are involved, one
can successively convolve each pair and obtain the final result
after n complex convolution operations. At first, this pro-

cedure may appear laborious and time consuming. In fact, it
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is not, and after the first two complex convolution opera-
tions, the trend and form of the linear representation is such
that the linear representation for nth order nonlinear multi-

plicative system can be written by inspection,

In this study, we will take systems Hl(s) of
different order and show that the form of the linear repre-
sentation remains essentially the same in all cases for this

class of systems, First, we work out in detail the case

o

when H.(s) = L and show how the linear representation
1 s+al

for the nth order nonlinear multiplicative system can be ob-
tained with only the first two complex convolution operations.

For this, we will use Theorem 1.a.

2.2 Representation of Nonlinear Multiplicative Systems

2.2.1 Hl(s) is First Order Linear System

Let

%
Hy(s) = = (6)

Then open loop system of Fig. 1 enclosed
by the dotted lines can be broken into sections, each having

one multiplier, The first section is shown in Fig. 2.
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Define;
“1
Fl(s) = m (7)
%2
Fole)l = Srebay (8}
and Fl’z(s) = F; (s)*F,(s) (9)
where * denotes convolution in the complex domain. Using
Theorem 1.a.
2 1 1
F (s) = = B - (10)
l,? kZ; [s) (s oy )7 (s-s) ) (s-s, +a,)
where Sk' are the poles of Fl(s)
' denotes differentiation with respect to s
k denotes the number of poles of Fl(s)
The poles of Fl(s) lie at s; = 0, S, =-ay
Therefore,
Fi ,(8) = o, [c—o— - 1 ] (11)
1,2 2 s(s+a2§ (S+al)(s+al+a2)
1 1 1 1
or F §) == - = - + 12
1,2( ) s stoy s+a, s+o; +o, (12)
- (2s+eytay)
F = ¢ A
or *1,2(3) %1% Ls(s+a1)(s+a2)(s+al+a2)] (13)

After evaluating F; ,(s), we consider the next
’

section as shown in Fig. 3,
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1,2(5)

+a
STa,

FIG. 2. FIRST SECTION OF THE OPEN-LOOP SYSTEM OF FIG. 1.
o'
1

Fl(s) = S(S’*‘Ocl

Fols) = 3(3737;7 » Fp pls) = Fy(s)* Fyls)

1
S
——

FIG. 3. SECOND SECTION OF THE OPEN-LOOP SYSTEM OF FIG. 1.
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Again, applying Theorem 1l.a for poles of Fy 2(s)
. b

Sl = 0, S2 =_al’ SB - —042, Sl;» - -(al+a2) we obtain Fl;z’B(S)

as below.
F (s) = [ 1 1 _ 1
1,2,3'S a3‘5(5+a3) (s+al)(s+al+a3) (s+a2)(s+a2+a57
* e TaT(sras 7] (14)
stoy +a, ) (s+ay oy o L
or
1 1 1 1 1 1
== - - - +
Fl,2,3(s) S stay s+a, s+a3 * s+ay +on, s+al+a3

L 1 (15)
2

s+ +
S+o +a3 sta; +a, o
Equation (12) and equation (15) are similar in form.
Therefore, we do not have to repeat the complex convolution
operation n times; we can write the linear representation for

the entire system by inspection. Hence, if we have n multi-

pliers, Fl,2,....,n+l(s) can readily be written as follows:
1 n+l 1 n+l n+l 1
i o 1
F (s) = = - + = Z: -t ...
1,2, 000.,n+1 s iéi sta;, T2 L&y jZ; sta, +o
i#j
n+l n+l  n+l 1

RPN )
1 1 n+l n+l  n+l 1
n+
(-1) n+l.z: 'Z:....Z s+ai*aj+....+ap

1#J#. . . #p (16)

where
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F (s) 1is the output response of the nonlinear
1,200, ,nti
multiplicative system for a unit step function input, and

all gi's are unity. (See appendix B for the proof of Eq. (16) ).

If the magnitude of the step function input is M

and the gains of linear system Hi(s) s, 1=1,2,..... , nt1l are
F
g;» then ¥, o ... n+tt® is to be multiplied by a ''gain
n nt+i
1t I
factor M, ;o1 B SO that
n n+1
= .M, T 7
Tml® = Fy o, aed® oMo g (17

where

Ym(s) is the output of the nonlinear multiplicative
system. The transfer characteristic of the equivalent linear

system is :

G(s) = ﬂl_tBP_t:_ (18)
input
so that 1 n+i i 1 n+il n+i 1
= s[— - > z
G (s) Sl i§1 s+o.i * 2 igli j=1 s+a. ta
i#]j
n 1 n+l n+1i n+i {
- = +
t(-1) n igi j§1 "'Lz:li sta . ta.+t....taq,
P44, #M v
n+li n+1 n+1
n+i 1 i
(-1) n+1i ,E ,E oo Z sta,ta,t.,. ta
i=t j=1 p=1 1)
i#ji#....#p
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Equation (19) represents a series of decaying exponentials and
thus 1is convergent. It also shows the simplicity with which a
nonlinear multiplicative system of this class can be represented.,
Fig. 4 shows the linear representation of the open-loop non.
linear multiplicative system of Fig, 1 for the above specified

H; (s) (1=1,2,.04.,n+1).

Next we show that even if Hl(s) is of higher order,
the form of the linear representation remains essentially the
same. We demonstrate this property with Hl(s) a general

second order linear system.

2.2.2 Hl(s) a Second Order Linear System with Real Distinct

- Poles
Let
oo
172
H, (s) = (20)
1 (s+a1)(s+a2)
Applying Theorem l.a Fy 2(s) is
?
o o
FT 2(5) = %h[a Ea s+i + o 1-oz sia * s+i ]
= 2 71 1 172 2 3
o o
+ o fa * s+al+a * o ia s+al+a (21)
2 1 1 73 1 72 2 73
Let o o
o ? =4, o }a =B
2% 17%

Then equation (21) can be written as follows:



1

+ +..I‘+
1 a2 %

1
s*al+a3+....+a

s+t

ntl

1

FTOAteoeot
STa,ta, Sh41l

1

S+0, +o~t. .. o+
1% %4

FIG. 4. LINEAR REPRESENTATION OF THE OPEN-LOOP SYSTEM OF FIG. 1.

u(t) - Unit step function input
Note: Number of Blocks in each of the first Summers is
n+l _ (n+1) ¢
r (n+l-r)t rv?
the total number of variables, o, and r is

H
the number of variables involved fn any particular
summation.

given by C where (n+l) is




Bt R M AL L S L S e

- 19 -

A B L A ‘ B

1
F. . (s) ==« [ + =7 + + =/ (22)
1,2 s s+ay sta, s+a3 s+al+a3 s+a2+03
Theh, again, by Theorem l.a.
1 A B 1 1 1 1
Fl,Z,B(S) T s [s+al * sta, * s+a3 * s+ah]+A[s+alfq3 * s+al+a4]
1 1 A
+ B[ + ]+ - L
+ + +o, +
s+a2+a3 s-i-oz2 ah ] a3+al+ s+°‘l Ot3 t.)tl+
B
1 (23)
s+(xz‘*'013+ozLF

From equation (22) and equation (23), we can write

Fl 2,....,n+l(s) as follows:
n+2

' _ 1 A B - 1
Fl,z,.'..,n+1(s) T s T l:s+nzl * s+a, ¥ iZé s+ozi:|

n+2 n+2 n+2 n+2
+ +
+
iZ s+al+ql Z s+a +oz 2 Zj JZ s+a Ot
173
n+2 n+2 nt2 .
¢ (-1)P L . ~4
AEEEE] b n tronese s+al+ai.,.a.+,..+a
i=3 i=3 p=3 J p
i%j#.d.o#p
+2 n+2 n+2
(1)Ll 1 . ¥
= n teer s*a2+ai+a Toeoto
1=3 j=3  p=3 P
1£I# e e e o#D
n+2 n+2 nt+2
n+l 1 1
(-1 2 ) L. Z g ra (24)
i=3 j=3  p=3 P

1## e es#D

+
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Equation (24) is similar to equation (16) except that we have

more summation terms, which appear because of an additional

factor in Hl(s).

An organized form of equation (24) is:

+2 n+2 nt2
F () =Laa- L)Y 2 ANy 2
1,2,...,ntl s s+ sto +a 2 s+al+ai+aj
i: 1 i::3 j=3
i#]
+ n+2
R ) - ]
teee - n tre stay to; to L. Lt
1:3 Jj= p=3 J P
ifJ#. ... #p
n+2 n+2 n+2
1 1 1 1
BL- s+a2 * 2: sto,ta, T2 E: .E: S+a2+a;+aj oo
i=3 1 i=3 j=3 -

If the magnitude of the input is

the linear system Hi(S) (i =1,2,...

i=3 j:3 p=3
i#i#.. .. #p
n+2 1 1 n+2 n+2 1
Lo v ) L st
=t is3 =3
i#J
n+2 n+2 n+2 (25)

: E: s+a.+a.+%...+a ]
i=3 j=3 p=3 1 p

1£5F .. Fp

M and 8 is the gain of

.,n+1l), then equation (25)

n+l
is to be multiplied by a "gain factor" M- 8y, SO that

G(s) = output

input

.

i
i=1

+



1 n+2 1 1 n+2 n+2 -
G(s) = s[= + {- "t ) ST da ~ 5 TR teeos
s +al iZé s al o, 2 15 j=3 ] al ai aj
i#j
+2 n+2  n+2
eyt L RE T L }
L R} n LK 2K B » -S+al+ai+a-+'...+a
i=3 j=3  p=3 J P
1#5F e o oD
n+2 n+2 n+2
1 1 1 1
+ B{-— +Z rP Y R~ Z Z +lb-ovco
s+ s+o,+o 2 s+o,, o, o
2 i=3 2 71 i=3 j=3 : 2 71 j
1#]
411 in iiZ n+2 1
vyory + (""l)n - » o'ooz }
. n stoto, ta.t. .6t
i=3 j=3 p=3 2 i J Up
i%j#.'..#p
iiz 1 1 n+2 n+2
+ {- - + = + eV RO NSPPUIEOLOIVSIOROIGESLIGEDS
+ . +o, +o .
153 s ai 2 155 jZ; s ai aJ
i#]
n+2 n+2 n+2
o+l 1 ‘ 1 n+l
sves +(-1) n E: z:”"' z; stoy ot .t } igl &1 (26)
i=3 j=3 p=3 J Db

1#JF o e oD

The realizatlon of equation (26) is similar to the one shown
in Fig. 4.

22243 Hl(s) a Second Order Linear System with Real Repeated
Poles

Let a

Hy(s) = Tg;a;rz (27)
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Applying Theorem l.a,

o’ o
()= L Lo L 1 %
1,2 s stay (s+al) sta,  stogto, (s+a1+a2)2

Similarly,
F (s) = & . 1 01 1, 1
1,2,3'%/ =g~ s+oly - (s+al)8 s+a, s+o s+oy +a,
‘ o Y
1 1 1 1
+ + + 7 + 3
s+ay +ay S+a,tay (s+al+a2) (s+a1+a3)
o
T sta 1& ‘o, (s+a +o,t n o, )? (29)
172 73 g

From equation (28) and equation (29) we can’ immediately write

F1,2,....,n+l(s) as follows:

o n+l 1 lnﬂ.m&
Fl’z’dioo,ﬂ+l(5) =g+[—z S+ai +—é- Ly —s-_m"'ccwcco
i#j
n+l n+l n+l

n+1l 1
+ (-1) n+l Z z v Z s+ai+oz.+...'+oz ] +
=1 j=1 p3l J p

i#J%ooo'%p
1 n+l 1 1n+l n+l 1
l [@+a ot E: (s+a +cxi5a ) z: E: (sto +a +e ) +
r i=2 1 i=2 j=2 J
1#5
n+l n+l ni% 1 J
eDevEW + Z Zooo- a (30)
(840, +0, +Q . Te e otr
= j=2 p=2 B B p) :

1#J#. . #p
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Taking into account the magnitude of the input and the gains
of the linear systems, the transfer characteristic of the

equivalent linear representation of the open loop system of

Fige 1 is: :
1 n+l 1 n+l nif
G(S) = S[" +{-— —_ = Z + ¢rsCO0OODPEEDOEBOS
s+ 2 s+a +a
® 121 i i=1 =1
1#J
1 1 n+l n+l n+l 1
+
[- IR 1Y + ("‘l)n cesoy -+ . } +
n+l §=7 jzl le s+ai +aj cootol
1£5# e oo oD
1 n+1l 1 n+l n+1
al{-(8+al)a +izg(s+al +aijz = 2 z: 2: s+al+a ‘o 2t
i74.J
11 n+l n+l n+l 1
ceess + (-1 LY Z Z 2}]
0. 0. Tt e 0ot
n L, = b= (s+oy o, o ap)
LA5E . A nt
M. (31)
i= l

The realization of equation (31) is simlilar to the one shown

in Fig., 4.

2.2.4 Hl(s) & Second Order Linear System with Complex Poles

Let 3

“n

Hl(s) = Sd+2§w1§l+wf - (32)
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where € 1s the damping factor

w, 1s the natural frequency of oscillation,

Applying Theorem l,a.

. _1_1 1
Pl,z(S) = 3 1 (wnA + ¢) (s+gwn.)'a T (wnA +¢')2

T ) — ey (33)

sty ~ A ‘'n (s+§wn+al) + (wnA + @)
where

g = cos"lg

= T = &2
Similarly,
A +

F (s) =2 - p2- 41,1 e ) ]
1,2,3 S sta; © sta, A (s+§wn)8 + (w A+ @)

A +
L1 .1 (w, : g) _
stoqta, A (s+§wn+al) + (wnA + @)

L1 (wnA + @) (wnA + @)

-

A (s+8uw +ey)® + (0 A + @)% ~ A (58w toy te,)® +(w A+f)?

(34)
Let (w A + @) = B, then Fy 2,....,n+1(s) for the nth order

nonlinear multiplicative system is as follows:

n
Fl,z,ﬁ.’.,n+l(8) = % + [sizg éia % E: z: s&ai+a toseoses
. i

- J
soow + + teerot -t
] pgl S ozi aj Otp X

1£3#e e o #p

n+l

POP0 a8 0090000V + ("l)

1
n

1l =
g
L:

i



- 25 =

n

[-. 1»2 +z - - l ) + "V QO00aVENISDS
(S+§wn) +Ba i=1 (S+g0)n + Oti) + BE-

B
A

n n n '
nkl 1 ° , 1
Qews + (-l) 'I—l' Z z '.'QZ (S+§w +a.+a'+..“+a )3+B2 ] (35)

i=1 j=1  p=1 n 1 P

i#J#--ov%p
and
n n n
el 1,1 _1
G(S) = 8 [:S +{"'Z s+a‘ + 2 z z S+C)l.+0t. e BOVPIROGOVPSITDOGAGES
i=1 ¢ =1 j=1 Y
i#]
n n
11 1
"CQ+(1 nz .z .Q.'Z' s+ai +a.+....+a}+
j=1 p...]_ J p
1#3%.---%

n
1 1
A {- (S-i-gwn)d + Bz +iZl (s+§wn+ai)2 + Ba + Gves0s0esen

ntll v v 1
seee (17 S E: ,Zg"":z (s+§wn+ai+aj+....+ap)z v )]

1#J# e oo o#P My n g, (36)

The realization of equation (36) is similar to the one shown
in Fig. 4.

If § =0, then equation (36) becomes the equiva-
lent representation of the nth order nonlinear multiplicative

system where Hl(s) has pure imaginary poles.
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2.3 Comments

1.

We have shown that the above class of nonlinear multi-
plicative systems can be represented by linear'system
multiplied by a "gain factor". It is also shown that
the form of this representation does not change for
system Hl(s) of different order. Although we have
not shown, but it is obvious from this study that if
Hy(s) 1is higher than second order, the form of the

representation remains the same.

If a nonlinear system, excited by a step function in-
put,lcan be represented by the functionals of equa-
tion (1) (separable kernel), then each functional

can further be represented by linear system multi-

plied by a "gain factor".

The closed-loop response of a nonlinear multipli-
cative system differs from its open-loop equivalent
linear representation during transient, but the re-
sponse of the former is far superior to that of the
latter as regards rise time and overshoot. This is
an interesting property of these systems, since ap-
parently, due to the presence of multipliers, the
overshoot in the transient response is suppressed.
This will be the subject of the next chapter, where

we will show that the introduction of multipliers in
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the forward path of feedback control systems greatly

improves their performance.

Here, we are content to demonstrate the difference in
the quality of élosed—loop responses of the first order
nonlinear multiplicative System and its open-loop
equivalent linear representation. To demonstrate,

we take Hl(s) = H2(s) = E%T and unit step function

as the input. The equivalent linear representation of

the open-loop nonlinear multiplicative system is

G(s) = (s+l)?s+27' The block diagrams of closed-
loop systems for the above systems are shown in

Fig. 5 and Fig. 6. The optimum closed-loop responses
of these systems are shown in Fig. 7 and Fig. 8. The
response of the nonlinear multiplicative control
system of Fig. 5 (shown in Fig. 7), has no overshoot
and also the rise time and settling time are negli-
gible. This is the type of response which an engin-
eer will strive to achieve for the optimum perfor-
mance of a system. On the other hand, the optimum
closed-loop response of the linear system of Fig., 6
(shown in Fig. 8) is comparatively sluggish and has

some overshoot.
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If an open-loop system transfer function is given and
has a form similar to.the transfer functions ob-
tained in the preceding sections, then it can be
realized by a nonlinear multiplicative system. In
this way, one can achieve a better closed-loop re-

sponse than is possible with the linear system.
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FIG. 5. FIRST ORDER NONLINEAR MULTIPLICATIVE FEEDBACK SYSTEM

K - gain of proportional controller
u(t) - unit step function input

FIG. 6. FEEDB%CK SYSTEM WHOSE SYSTEM TRANSFER FUNCTION G(s) =
(s+1) (5+2) IS EQUIVALENT TO THE OPEN-LOOP FIRST ORDER

NONLINEAR MULTIPLICATIVE SYSTEM SHOWN INSIDE THE DOTTED
LINES IN FIG. 5.

K{s) - Proportional plus integral controller
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Fig. 7. Optimum Closed Loop Response of the First Order
1

Nonlinear Multiplicative System with Hl(s) = T
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Fig. 8, Optimum Closed Loop Response of the Open Loop

2
= (——_—s+l)(s+2)) of the

First Order Nonlinear Multiplicative System with

| o
Hi(s)_s+1’ HZ(S)‘ s+ °

T - Time constant of integration of the reset mode of
the controller.

Equivalent Representation (G{(s)

N.B. The scale throughout this study.
Horizontal scale 5 mm. / sec.
Vertical scale 20 mm. / volt.
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CHAPTER IIT

INTRODUCTION OF INTENTIONAL MULTIPLICATIVE NONLINEARITIES
TO IMPROVE THE PERFORMANCE OF FEEDBACK CONTROL SYSTEMS

The optimum performance of a control system has al-
ways been a subject of great importance. Early researchers
endeavored to achieve a compromise in performance criteria,
such as overshoot, rise time, settling time, etc. of the
transient response of a control system for the optimum per-
formance. The tolerances on these criteria were specified and
controllers designed to achieve them. Later, analytic criteria
were introduced., Two of the earliest and most widely used

performance criteria are:

i) Integral of the mean squared error criterion

(6)

due to Wiener , and

ii) Integral squared error criterion due to Hall(7).
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Later, several other performance critéria were intro-
duced, an excellent accouht of which is given in a paper by
Schultz and Rideout(S). Since the choice of the performance
criterion is a matter of individual ingenuity and since
optimum performance is defined by the performance criterion,
different persons may define a different "optimum" for the
same system. In this study, since we will be dealing with
regulator type systems, we define the optimum performance
with respect to the "integral squared error criterion". The
parameters of the controller for the optimum control system
are obtained from the condition for an extremum of the perfor-
mance criterion. This extremum is obtained elther analyti-
cally or by analog or digital computations. In case analy-
tic expressions become involved, analog or digital computa-
tion is adopted.

The systems considered in this chapter are time in-
variant, and analog computations will be sufficient to define
the optimum controller parameters for the minimum of the inte-
gral squared error. 1In Chapter I, we pointed out that one has
to try different combinations of linear and nonlinear elements
for the controller to achieve the desired performance. Also, in
Section 2.3 of Chapter II we remarked that the presence of a
multiplier in a control system suppresses the overshoot and

reduces the rise time of the transient response. In view of
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the above considerations, we propose the configuration of Fig. 1.

for the improvement of the performance of such systems, In
this configuration Hl(s) is some existing system, whose per-
formance we desire to improve. The remaining network is the,

so called, "controller". We want to make yl(t) optimum with

respect to the integral squared error criterion. At first, the

proposed control system diagram appears to be quite involved.

In fact, it is not, as we will see in the subsequent sections.

3.1 Review of the Previous Work

At'this stage, it will be appropriate to discuss
some of the previous work in nonlinear control of feedback
Systems. The concept of nonlinear feedback to improve the
transient response of a servomechanism was first introduced

by Lewis(9)

y whose system in block diagram form is shown in
Fig. 9. The proposed system configuration shows that the sys-
tem has nonlinear damping, which forces the output to follow

the instantaneous values of the input.

Ky (10,11)

studied the control of linear feedback

Systems by introducing the nonlinearities in either the feed-
forward, or feedback or both paths. KXu and Chen(lz) studied
the stability of a third order linear System with and without

nonlinear control. They found some improvement in stability

in comparison to the system without nonlinearity.



ichnansid

R A S TR

- 34 -

L o K —P@(—“ S
FIG. 9. NONLINEAR FEEDBACK CONTROL SYSTEM.,
Gl(s) ~ System Transfer Function
G2(s) -~ Linear System Intentionally Introduced
K - Controller Gain
r(t) ~ Step Input
s ~ Differentiator
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The work most relevent, is by Lewis(g). The case

L ).

considered, however, is very specific (Gl(S) = s(Ts+1

There is no discussion of the configuration of the control
system, for a different system transfer function. By "dif-
ferent" we mean that the system transfer function is of higher
order or has real multiple or complex poles. Also, the con-
slstency of the system configuration in such situations, is

not discussed.

In practice, many physical systems can be approxi-
mated by a second or third order linear system, The maximum
improvement in the performance of a second order linear sys-
tem employing the proposed scheme, is achieved with a propor-
tional controller of gain K and one multiplier preceded by
a first order linear system. In the case of a third order
linear system, the maximum improvement in the performance is
achieved with a proportional controller of gain K and two
multipliers each preceded by a first order linear system. This
scheme is simple and easy to instrument. It can also be em-
ployed to improve the performance of certain second order non-
linear differential systems. In all cases considered, the
optimum output responses yl(t), of the existing system with
a linear controller and with the proposed controller are com-
pared.

We then proceed to show the improvement in the'per-

formance of the systems, mentioned above. The comparison is
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based on the minimum integral squared error criterion. In

order to maintain the steady state output of the system equal
to the reference input, the linear controller consists of pro-
portional plus integral modes, while in our proposed scheme,
for a first order nonlinear multiplicative system, this is
achieved by & proportional controller of gain K and %ﬁ%

as the gain of Hz(s). In the case of second order nonlinear

multiplicative systems, this is achieved by a proportional

controller of gain XK and the gains of Hz(s) and H3(s)

equal to % @%%l)%, where M 1is the magnitude of the re-

ference input. The block diagrams for the feedback control
systems (Hl(s) is a second or third order linear system)
with linear controller and with the proposed scheme are shown

in Fig. 10,

3.2 Improvement in the Performance of Second Order Linear
Systems by the Proposed Scheme

In Fig. 10 let

Hy(s) = —le—— (37)

S +Esty
be a general second order linear system.
We will compare the optimum output responses,

yl(t), in the cases indicated in Fig. 10, and show that by em-

ploying this scheme, the degree of Iimprovement of the response
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u(t) +,-e(t) |CONTRO R y(t)

- (K+ ;g)

t
CONTROLLER | (1) V1 (t)

u(t)+ ~ e(t)
r H ' >~
“‘““f(F}—f~—* (K) 1 (s) yl(t)yz(t)

A A
ja s
N
———
)]
~—

CONTROLLER | y ()

u(t) +® e{t) N
=¥ (K)

(c)

FIG. 10. BLOCK DIAGRAMS OF FEEDBACK CONTROL SYSTEMS.

a) with Linear Control

b) with Proposed Scheme using one Multiplier

c) with Proposed Scheme using two Multipliers

Hl(s) - 1s some existing system whose per-
formance we wish to improve.

Hz(s),HB(s) - are first order linear systems, which

we introduce to improve the performance
of Hl( s).

Hl(s), Hy(s) and H3(s) have poles in the left half plane in-
cluding the origin.
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yl(t) is remarkably high. A second order linear system can
have different types of poles. In order to demonstrate the
general applicability of our scheme, we will consider all types

of second order systems.

3.2.1 Second Order Linear System with Real Distinct Poles

In equation (37), if &= a+B and y = @B , where
E,y,a,B are real nonnegative constants, then -o and ~B are
the poles of Hl(s)° We will study the optimum closed-loop
responses of the linear control and the control with the pro-

posed scheme, For this study two examples are chosen

1) a=2,8=5, (HI(s) = (S+23)L(gs+5)) and ii) @ = 0.2,
B = 0.5,( l(s) = T570. 2? i+0°5) ; and optimum responses,

yl(t), are recorded for various Hz(s)° The responses for
examples (i) and (ii) are shown in Fig. 11 and Fig. 12 re-
spectively, These figures show the degree of improvement as
compared to the response of the system with linear control.
The following conclusions are the results of extensive analog
simulation study.

i) Only one multiplier is required to achieve the
maximum improvement in the performance of the
control system with the proposed scheme. It is
found that, if we use two multipliers, the output

response, yy(t), deteriorates. We demonstrate
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Fig. 11. Closed Loop Optimum Re sponses of a Second Order Control
System with Real Distinct Poles a) Linear Control, b, c,d)
with Pr~ >osed Scheme. Using one Multiplier.
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this in 3.2.2 for a second order linear system
with real rebeated poles. Nevertheless, it is
also true in this case.

ii) If w-a, -B are the poles of the second order
linear system such that o < B and -0y (a2
is a nonnegative constant) is the pole of
Hz(s), then the inequally « < o, < B must be
be satisfied for the maximum improvement in the
performance of the system with the proposed

scheme,

3¢2.2 Second Order lLinear System with Real Repeated Poles

In equation (37), if & = 2¢ and y = ¢°, where
3
) o
€,y,a are real nonnegative constants, then Hl(s) = Ts+a)?

For this study, we consider three examples: a = 0.5, 1.0,
5.0, The optimum closed-loop responses for the above systems

are shown in Figs. 13, 14, 15 and 16. In Fig. 15,

(Hl(s) = Tg:%j:), we show that by introducing two multipliers,
we make the control system sluggish. This implies that for a
second order linear system, we need only one multiplier to
achieve the optimum performance, Also, from these graphs, we
find that the best response is obtained when 0, = O This

supports our conclusions in Section. 3.2.1, where we stated

that o < %o < Be
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(d)

with Proposed Scheme Using one Multiplier.
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3.2.3 Secend Order Linear Systems with Complex Poles

From equation (37), the poles of Hl(s) are

1
\o= = & % (8%-4y)?

A o= 5 . We consider here the case when g =1

l)

and y = 1, so that H;(s) has complex poles

YisY, = % [-1 £ j ¥/3]. The optimum output responses for the
linear control, and with the proposed scheme with different
Hz(s) are glven in Fig. 17. The improvement in the per-

formance is apparent. Fig., 17.c glves the best response when

a, =1 = % [(-1)® + (J§)2]%. This suggests that if the com-

plex poles of a second order system are at -a £ jb where a
and b are positive constants, then o, = (a3+ba)%. This was

checked for several cases, which are not included here.

3.2.4 Second Order Linear System with Pure Imaginary Poles

In equation (37), if € = 0 then Hl(s) has pure
imaginary poles. Here, we demonstrate the case with y =1
and show that by employing the proposed scheme, such an oscil-
latory system can be stabilized so that it attains a steady
state., We also observe from the comparison of Fig. 18, b,c,
and d, that the overshoot increases when we use two multipliers.
We conclude from the above study that the closed-
loop response of a general second order linear system can be
markedly improved by our proposed scheme. This scheme can

readily be applied to practical problems, which involve second
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order linear systems. Also, this scheme can be used to

stabilize oscillatory systems.

3.3 Improvement of the Performance of Third Order ILinear
Systems by the Proposed Scheme

In Fig. 10, let

H,(s) = & (38)
1 53+a52+bs+c

be a general third order system, where a,b,c are nonnega-
tlve constants. We will compare the optimum responses,
yl(t), in the cases indicated in Fig. 10, and show that by
employing this scheme, the degree of improvement of the re-
sponse yl(t) 1s remarkably high., We demonstrate the im-
provement in the performance of third order linear systems
with:

i) real distinct poles,

ii) real repeated poles,

iii) one real and a pair of complex poles.

343.1 Third Order Linear Systems with Real Distinct Poles

In equation (38), if a =6, b = 11 and

- _ 6
¢ = 6, then Hl(s) = Tst1) (s+2) (5737 ° The optimum output re-

sponses, yl(t), for this study are shown in Fig, 19. With a

proportional controller, this system becomes unstable for
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k >10. In Fig. 19, b,c,d, we find that these systems can
tolerate more gain than is permissible with linear control.
This implies that the proposed scheme can be used to stabilize
initially unstable systems. A comparison of Fig, 19.b with

c and d shows that for maximum improvement in performance
two multipliers are required. Also, the maximum improvement
is obtained when « < @, <y and a < aB <Y, where

-a , =B, -y are the poles of Hl(s) such that a« < B <y

and -0p,-04 are the poles of H,(s) and H3(s), respect-
ively. a,B,y,a2 and a3 are real nonnegative constants.
These conclusions are based on extensive analog simulation not
reported here, and are the same as those arrived at for the se-

cond order linear systems.

3.3.2 Third Order Linear Systems with Real Repeated

Poles
In equation (38), if a =3, b= 3 and
¢ = 1, then Hl(s) = ———1;3-. The optimum output responses,
(s+1)

yl(t), are shown in Fig. 20. With a proportional controller,
this system becomes unstable for k > 8. In Fig. 20, b,c,d,

we find that these systems can tolerate more gain that is per-
missible with linear control. Also, we find that the maximum
improvement in the performance is schieved with two multipliers

and @, = &3 = @, where -o is the multiple of pole of Hl(s),
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Hz(s) =
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and 0,0y are the poles of Hz(s) and H3(s) respectively.
a,az,a3 are real nonnegative constants. These conclusions are

again based on extensive analog simulation not reported here.

3+3.3 Third Order Linear Systems with One Real Pole
and a Pair of Complex Poles

In equation (38), if a =12, b =2 and

- - 1 . 1,./3
c =1, then Hl(s) = TePFs+1) [o%1) » With poles at -3 +j—— and

2 2
-1l. The optimum output responses are shown in Flg. 21, With
a proportional controller, this system becomes unstable for
k >3, In Fig, 21,b,c,d, we find that these systems can
tolerate more gain than is permissible with linear control.
This agaln demonstrates the stabllizing property of the pro-
posed scheme, Also, we find that the maximum improvement in
performance is obtained with two multipliers and
Y S <oy < (a3+b2)%, if y < (a3+ba)é, where =~y 1s the
real pole of Hl(s) and - a £ jb are the complex poles of
Hy(s) -0y,=0; are the poles of H,(s) and H3(s). These

conclusions are again based on extensive analog simulation.

344 Improvement in the Performance of Certain Second Order
Nonlinear Differential Systems

In this section, we consider second order systems

with nonlinear velocity terms, and nonlinear position terms.
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The above properties are very common in physical systems. In
this study, we initially investigated the use of both one multi-
plier and two multipliers. It was found that there was no
further improvement in the performance of the.nonlinear system
with two multipliers, and therefore, we will not consider it

in our subsequent sections.

The block diagrams for the feedback control systems
with a linear controller and with proposed scheme are shown in

Fig. 22.

We will compare the optimum output responses yl(t)

in the two cases indicated in Fig. 22.

3.4.1 Second Order Nonlinear System with Nonlinear
Velocity Term.

In Fig. 22, let N be a nonlinear system

which can be described by the following differential equation:

y+yp +y=x (39)
where |
X 1is input to N

y is output of N

Equation (39) is a special case of Lienard's equa-

tion. The optimum output responses, yl(t) with linear con-
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u(t) Jeye(t), | CONTROLLER v(t) . yq () _
> K o47= |
(a)
CONTROLLER | () v (t)

u(t) teyelt) o N
- ; K

(b)

FIG., 22, BLOCK DIAGRAM OF FEEDBACK CONTROL SYSTEM.

(a) with Linear Control
(b) with Proposed Scheme using one Multiplier

N 1is some second order nonlinear differential
system whose performance we desire to im-
prove.

H2(s) is a first order linear system which we
introduce to improve the performance of N.
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trol and with the proposed scheme with one multiplier, are given
in Fig. 23. The optimum output response of this system with
linear control has a large overshoot and very long settling
time, as shown in Fig. 23.a. Fig. 23.b and ¢ show the de-

gree of improvement in the output response, yl(t), with

the proposed scheme.

3.4.2 Second Order Nonlinear System with a Nonlinear
Position Term

In Fig. 22, let N Dbe a nonlinear system
which can be described by the following differential equation.
y+y+vy° =x (40)
where
X 1s the input to N
Yy 1s the output of N
The optimum output responses yl(t) with linear control and
with the proposed scheme using one multiplier are shown in
Fig. 24. The optimum output response, yl(t), of this
system with linear control shown in Fig. 24.a has a large
overshoot and a long settling time. Fig. 24.b,c, show the

improvement in the response, yl(t) with the proposed scheme.

3.5 Comments
1. The proposed scheme improves the performance
of the system in every case studied. Tt is

simple, easy to instrument, and hence practical.
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In the case of second order linear systems and sys-
tems of Section 3.4 , we require only one multi-
plier for the maximum improvement of the per-
formance of the given system. Whereas in the

case of third order linear systems, we require

two multipliers for the maximum improvement

in performance.

If -oo and -B are the poles of a second order
system and -a&, is the pole of Hz(s), then
<o, <B for maximum improvement of the per-
formance. In the case of the real repeated
poles (a = B), @, = &, if o =0 then

o, = 0, ’In the case of complex poles, if the

1
poles are Aq,A, =-a % jb, then a, = (a®+b? )=,

For the third order linear systems, if -a,-B
and -~y are the poles of Hl(S) and -a, and
~03 are the poles of H,(s) and H3(s), re-
spectively, then for the maximum improvement in
performance o < o, <Y and o < aB <vy. If
@ =B =v, then o, = aB = &, Where a,B,Y,az
and a3 are real nonnegative constants and a

and b are real positive constants.

We have shown all the responses for a unit. step

function input. However, if the input magnitude
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is M, the improvement in the performance of the
exlsting system is Jjust as good as in the case

of the unit step function input.,

The nonlinear systems differ so much in their
characteristics that we cannot talk about the
improvement in performance unless we study each
case individually. However, from the two cases
studied, it appears that this scheme can success-

fully be used for other second order nonlinear

differential systems,

n
In the proposed scheme, since .Hlyi(n=1,2,3,..o)
1=

rather than the system output yl(t), is com-
pared with the reference input, the proposed
control system is more sensitive to parameter
variations than the control system where system
output, yl(t), is directly compared with the
reference input, For example, in the case of
first order nonlinear multiplicative control
systems, if the effective gain of Hl(s) changes
by x percent, then, for the range of controller
gain K in this chapter, the steady state output
of Hl(s), changes by x/2 percent, Similarly,

for a second order nonlinear control system, the
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change in thg steady state output of Hl(s) is
2/3x percent. (See Appendix.) Since the sys-
tem parameters may change over a period of time,
and therefore changes occur in the effective
gain of Hl(s), the steady state output of
Hl(s) will not remain equal to the reference
input. However, we can overcome this diffi-
culty by comparing the steady state output of
Hl(s) (i.€4, yl(t)) with the reference input,
passing the error through a low pass filter and
" using this signal to change the gain of Hi(s)
(1 = 2,3,....); so that the steady state output
of Hl(s) is maintained equal to the reference

input.
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CHAPTER IV

STABILITY ANALYSIS OF NONLINEAR MULTIPLICATIVE CONTROL SYSTEMS

L1 Formulation of the Problem

In this chapter, we study the stability of the con-
trol systems discussed in Chapter III., More specifically, we
will confine our study to first order nonlinear multiplicative
control systems. Where possible, we will present the results
in general terms.

In the following sections we present some definit-

ions, theorems, and concepts necessary for the stability study.

L.2 Definitions

Lo2,1 Stabllity in the Sense of Liapunov

Definition:

Let ¢i(t) be a solution of the set of equations,

% = £y (x,t) (41)
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We define a new set of variables; Qq = X5 = ¢i'# If these are
substituted in (41), a new’set of equations results, which has
equilibrium position at q = 0., The equilibrium position is
called stable in the sense of Liapunov if for every ¢ > O ,
there exists a &(e) > O such that |[|q(t)|| ¢( ¢ whenever
[lalt )|]¢ & for all t© > t,e If q approaches zero as

t = « the equilibrium position is called "asymptotically

stable in the sense of Liapunov",

Le2.2 Definition:

The equilibrium of differential equation
(41) is called "exponentially stable™ if there exist two posi-~
tive constants « and B which are independent of the initial
values, such that for sufficiently small initial values the
inequality,

|p(t,%,,t,) [ Blx, | exp(-alt-t,)) (42)

is satisfied. Where, p(t,xo,to) is a particular solution of

equation (41).

Le2+.3 Definition:

The equilibrium of the differential equa-
tlon (41) is called "exponentially unstatle ™ f two positive
constants o and B exist and if there are initial values
(xo,to) in every domain Rh,T with arbitrary small h band

arbitrary large T such that
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3 ]p(t,xo,to)l> B[xolexp (a(t~t0)) (43)
; If this relation is valid for all initial points X
; with sufficiently small absolute values then the equilibrium
g is called "completely exponentially unstable".

Exponential stability, or exponential instability
? is known as the "significant behavior" of motions,
% bo2.h Definition of Liapunov Function
% Let v(x) be a function with the following
éf properties:
? i) v(x) is continuous together with its first
; partial derivatives in a certain open reglon
: Q about the origin.
i1) v(0) = O
§ iii) Outside the origin (and always in Q )
% v(x) 1is positive.
| iv) ¥(x) <0 in Q@ (¥(x) is the total time de-
% rivative of v(x).

Then v(x) 41is called a "Liapunov function!.

Le2.5 Definition

A function v(x,t) with v(0,t) =0 is

called "positive (negative) definite" if a continuous real
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function @(r), (defined in the closed interval o < r <h

~N

which vanishes at r = O and increases strictly monotenically

with r) exists such that the relation

vix,t) 2 @ (|x]) (-0 (Ix])) (44)

is satigfied in a half cylindrical neighborhood Rh £
_ *“o

Le2,6 Definition

A function v(x,t) 1is called "radially un-
bounded" irf inequality (44) is valid for arbitrarily large h

where @(r) increases unboundedly with r.

L,2,7 Definition

A function v(x,t) is called "decrescent™",
if a continuous real function @(r), with the above properties,

exists such that in a half c¢ylindrical neighborhood Rh t
J
o

Iv(x,t)| < & (|x]) (45)

4.3 Variational Equations and Study of Singular Points

In the stability study of nonlinear systems, when it
1s not possible to find a closed form Liapunov function, Zubov's
method(lB) can be used to approximate v by numerical com-
putations. This method may require a large number of computa-
tions for the exact determination of the stability regioﬁ, es-

pecially when the system is higher than second order.
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A study of the singular points provides information
about the behavior of the system in the neighborhood of the
singular point, Although this approach does not provide com-
plete information regarding the extent of the region of
asymptotic stability, it does give a fair idea of the behavior
of the solutions in a certain neighborhood of the singular
point.

Consider an nth order, time invariant, dynamical

System described by the following equation
% = f(x) (46)

The singular points of equation (46) are given by

% = 0. Hence they are the solutions of
f(x) =0 (47)

Let x = Xje De the ith solution of equation (47), then

equation (47) becomes

f(xie) =0 i =l,2,oona (48)

If each of the components of F(x) can be expanded
in a Taylor series about the ith singular point, the result
of considering only the linear system is

d

5 (x - xie) = %X = J(xie)(x - xie) (49)

where J(xie) is the Jacobian matrix evaluated at x = X.

that is,
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a4
oxl ax2 axn
af2 af2 812
axl sz oxn
J (xie) = . » ° (50)
afn afn .ifﬁ
ax ax OO0 ¢0 0o aX _ .
L 1 2 I | X=X

In terms of u = x - Xie» @ variable measured from

the singular point, equation (51) are the variational equations

4 = J(xie)u (51)

The variational equations are linear homogeneous dif-
ferential equations, which for the autonomous case under con-

sideration have constant coefficients, The stability of

" equation (51) can thus be determined from the roots of

(AT - J (%, )] =0 (52)

The nature of the roots determines the nature of

the singular points. We will not discuss it here but refer to

the book by Lefschetz(lh).
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L.sh Some Theorems on Stability

Let us assume that eguation (4L6) can be written in

the following form:

= Ax + g(x) (53)
where
A is an nxn matrix with constant coefficients
and g(x) 1is the nonlinear part of equation (53)
Let |
¥ = Ax , (54)
be an autonomous linear differential equation. Suppose that
functions gi(x) have, in the neighborhood of the origin, a
bower series expansion in the variables X11¥pseeen, X, be-
ginning with terms of at least second order., Then equation
(54) is the first approximation of equation (53).,
We state the following theorems, whiéh will be used
in the stability analysis of the nonlinear multiplicative con-

trol systems of Chapter III.

Lolh,1 Theorem
The equilibrium of eguation (54) is asymptoti-
cally stable if all the eigen~values of the matrix A have

negative real parts,
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holhe?2 Theorem (Liapunov)(l5)
The equilibrium is asymptotically stable
if there exists a positive definite decrescent function
v(x,t), so that its total time derivative T(x,t), for

% = £(x,t) 4is negative definite.

4ek.3 Theorem on Stability in the First Approximation

If the stability behavior of the differen-
tial equation of the first approximation is "significant",
then the equilibrium of the complete differential equation has
the same behavior as the equilibrium of the reduced equation,
Lobhol Theorem (Liapunov)(lB)

The equilibrium state Xo =0 of a con-
tlnuous-time, free, linear, stationary dynamic system of
equation (54) is asymptotically stable (a) if, and (b) only
if, given any Symmetric, positive -~ definite matrix Q there
exlsts a symmetric, positive-definite matrix P which is the

n(n+l)

unique solution of the set of 5 linear equations

AT 4 pa = g (55)

and xTBx is a Liapunov function for equation (54).
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4.5 Bounds for the Initial Values

When a closed form Liapunov function cannot be
found for the complete differential equation of the system,
one can have a conservative estimate of the asymptotic
stability region by constructing a Liapunov function for the
linear approximation of the differential equation.

Suppose that the linear part is asymptotically
stable. We consider a Liapunov function v(x) for the linear
part and its derivative ¥(x) for the total equation. Let
the function v(x) be radially unbounded, which is the case
in general for every definite form. If the nonlinearity is
bounded and if ¥(x) is negative-definite throughout the en-
tire state space, then according to a theorem due to Barbasin

and Krasovskii (16)

, the equilibrium is asymptotically stable

in the whole. However, if +V(x) vanishes for certain points

x # 0, we cannot draw this conclusion; but as long as one of
the hypersurfaces v(x) = constant lies completely in the in-
terior of the domain determined by V(x) = 0, then it certainly
belongs to the domain of attraction,of the origin. Hence it

is necessary to determine these surfaces vix) = constant,
which contact the surface ¥(x) = O from the inside and to
select from all these surfaces that one which corresponds to

the smallest value v, of the constant. Then

vi(x) (v, - (56)

is the subdomain of the domain of attraction.



- 72 -

4.6 Stability Study of First Order Nonlinear Multiplicative
Control Systems '

The control system to be analyzed for stability is

shown in Fig. 25.

u—(tli@_e_(_ti»CONTROLLER v(t) | H. (s) , .
- (K) 1 yw(t)yz(t)

FIG. 25. BLOCK DIAGRAM FOR THE FIRST ORDER NONLINEAR MULTI-
PLICATIVE CONTROL SYSTEM

In this study, the controller has a proportional
gain K, and Hz(s) is always a first order linear system.
The following cases are considered: Hl(s) is

i) a first order linear system

ii) a second order linear system

iii) a third order linear system
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L.6,1 Hl(s) is a First Order Linear System

k

. _ 1 _
In Fig. 25, let Hl(s) = Stay Hz(s) =
k
s+§ , then the differential equations for the system are
2
Vit oqyy = kK (Meygy,)
_ (57)
Vo toagyy = KK(M-yy,)
The system assumes an equilibrium position when
?l = iz = 0 and following conditions result.
Y1 y
AR (58)
4
o

where r 1is a constant.
From equilibrium condition of equation (57),
(il = ?2 = 0) and conditions (58), following quadratic equa-

tion results.

k Kr®+ a.a.r - KMa.o, = O (59)

kik, 1% 1%

The roots of equation (59) are
1
2 2 2 2
~oq @, (al ay” + hklsz Malaz)

r.,r, =
1272 2klk2K

(60)

Equation (60) indicates that there are two equilibrium points
ry and r, for the system of equation (57). Since Liapunov's
theory is based on the trivial solution (input free equations),

we define new variables (xl,xz) to shift the origin to-the
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equilibrium point r, so that
. ) ; rlkl
1 - N ay
(61)
r.-k
_ 172
X2 = Yo - a,
or
c a4 riky
Y1 17 Tag
rlk2 (62)
Y2 T T2 T e
Writing equation (57) in terms of new variables
(x;,%,)
172 ro ko koK rok *K
Fp = log T - g X - R
(63)
r. .k *K r k. k_K
.« _ 172 17172
Xy = mwg, Xy - (e o Jxy = kkxyx,

It may be mentioned that equation (63) is a general
case of the Volterra equations for the survival of two species,
which conflict with each other(l7). Thus our study is rele-

vant to the Volterra's problem.

The singular points of equation (63) are the origin
@ o, + 2rlklk2K oo, + 2rlklk2K)
) .
szal lea2

study the origin. The Jacobian matrix for equation (63)

0O and P(-

First we

evaluated at the origin is



2
rlklsz) | r kK
1 0‘2
J = oy . (64)
r °K r K
L2 -(a, + —l—l—g—) evaluated at
o 2 ozl

The 'stability of the origin can thus be determined
from the roots of
[A\I - J] = 0 (65)

which gives

2 1, 1 —
A+ (ql to, tr k. k. K(— + ) A+ a0, + 2r.k sz =0

17172 0y «, 2 11
(66)
In equation (66), since all the parameters are positive
1 1
oy + a, + r‘lklsz(a—- + a—-) > O
1 2
a0, + 2rik kK ) 0 (67)

The above inequalities are necessary and sufficient
for the negativity of the real parts of the roots of equation
(65) (Routh Hurwitz Method(lh)). According to Theorem 4..4.1,
the system of the first approximation of equation (63) is
asymptotically stable at the origin. Since all the eigen-
values have negative real parts, the reduced equation has
significant behavior and hence according to Theorem 4.4.3, the
behavior of the complete equation (63) is the same at the

origin as that of reduced equation (first approximation of

0
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equation (63)). This also indicates a stable region around

the origin for which a quadratic Liapunov function can be con-

structed.

Next we consider the singular point P. The Jacobian

matrix for equation (63) at P is

riklkZK o, r'lkl
R ki Klx + o)
&, 2 1
| J = @ rk r k. k K (68)
2 1 172 17172
: kX + o) e
1 2 1 evaluated
- ' -1 at P
for which the resulting characteristic equation is
Vo koK< + <L) ) - (ean + 2rk koK) = O (69)
17172 o o, 172 17172
In equation (69)
1 1
-rlklsz(al + &g) (0
(70)
_(alazK + 2rlklk2K) (0
25 The eigen-values of equation (69) are
1 1,1 1, 1y
Moty = 3 [rgkkK(= + =) « {(rpk koK (= + =)
1 2 1 2
1
i , 2
+ 4(ala2K + 2rlklk2K)} ] (71)

Since all the parameters of the system of equation (63) are

positive

L, 1yye 3 |
{(rlklsz(al + “2)) + hlogoK + 2r k k. K)}% ) 0 (72)

T RECMSTRRS

[ i s e
Hoae e
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Also,
1, 1y | 3 1,1
{(rlklsz(al + o£2)) t hlogak + 2r ki k,K) 12 ) rlklsz(al + az)
(73)
From inequalities (72) and (73), \sh, are real

with opposite sign, so that P is a saddle point.
Since P 1is an unstable singular point, it is in-
teresting to study its dependence on the system parameters.

We consider here the following two cases:

k k
i) L1, 2.
1 2
For this case the unstable singular point
P becomes .
1
- (1 _+ 4K°M)* (L + 4K°M)*

From equation (74) we find that, since K and M
are positive, P never reaches the origin; and'since P never
reaches the origin, there always exists a certain stable region
around the origin.

In Fig. 26 and Fig. 27, we show the trajectories of
the solutions for this system in the space of initial condit-
ions for @ = o, = M=K =1 by analog simulations and iso-
cline methods, respectively. From these figures, we can make
a conservative estimate of the region of asymptotic stability,
since any initial condition (XlO’X2O) ( OP reaches the .

origin asymptotically.
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STATE PLANE BY ANALOG COMPUTATIONS OF FIRST ORDER

NONLINEAR MULTIPLICATIVE CONTROL SYSTEM FOR

FIG. 26.
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FIG. 27.

STATE PLANE BY ISOCLINE METHOD FOR THE lst ORDER NONLINEAR

k k
MULTIPLICATIVE CONTROL SYSTEM FOR -% 2

=1, == =1, M=1,
oy %
K=1, a) =a, = 1.



R

ii) —= =1,

This condition for the parameters was derived
from the study of Chapter III, This is important, since from
this study we can draw certain conclusions about the extent of
the region of asymptotic stability of the trivial solution of
the systems proposed in Chapter III. The singular point P
for the above conditions for the parameters is independent of

al and az and is

(- M(1 + A(K-I)K)% (1 + Lp(K-l)K.)%

(Xl’x2) K-1 y = K-1 ) (75)

D =
as K - e

Fig. 28 shows the dependence of X5 and Xpp OR
K- and M. For the above system a conservative estimate of the
region of asymptotic stability is an ellipse. From equation
(75), we note that x2p is independent of the input. In the
Systems proposed in Chapter III, we intentionally introduced
Hz(s) and consequently X5 and therefore, we have complete
control over the initial conditions of Xoo This leaves us
with the dependence of the stability region on X5 which is

a function of the magnitude of the input, and in the limiting

case (K - ») is equal to -2M.
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X, for M =
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FIG. 28. LOCATION OF UNSTABLE SINGULAR POINT P FOR

VARIOUS VALUES OF INPUT M AND CONTROLLER
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L.6.2 An Estimate for the Bounds of Initial Value for
Equation (63)

Using Zubov's method for obtaining the

Liapunov function, the following partial differential equation

results.
Sv(x x..) r.k.-k K r.k.?K
1272 17172 171
3% [(“1 A Jx; + X, + kK x1x2]
1 2 1
3V (x,,x,) r-k ”Kv r.-k. k. K
1272/rt172 17172
T % = a, ¥+ oy + =5 ) %y + koK x1"2]
2 2 1
= P(x,x,)[1 - v (x7,%,)] (77)
where

v(xl,xz) is a Liapunov function
¢(xl,x2) is some positive definite function.
We find that equation (77) is not integrable in the closed
form.
Equation (77) was also considered for possible numeri-

cal solution with v(xl,xz) and ¢(xl,x2) of the following form.

JM j+1 o] -
vixx,) = ) ) Ay x1(J K, xz( H (78)
j=2 k=1
and
¢(xl,x2) = Yxla + §x23 | (79)
where

djk are the coefficients of the terms in the power

series of v(xl,xz).
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JM 1is the highest power in the serieé
y,& are two consfants.
It was found that in order to satisfy equation (77),
a high order power series for the approximation of the Liapunov
function is required. Since up to JM = 3, the convergence
was very slow, this approach for the determination of the
stability region was abandoned. The computation time and
labor do not justify it.
However, as we outlined in Section L.5, an estimate
of the stability region can be obtained from the linear part
of the system differential equation. This we show for the

following two cases.

i) Let the conditions for system parameters be as

follows:

=g, =—+=-2=N=K = »
“ % T g TG, M=K-=1 (80)

for conditions (80), equation (63) is

il = --l.6xl - O.6x2 - XX,
(81)

X5 = -O.6xl - l.6x2 - XX,

The equations for the first approximation of equation (81) are

X, = - 1.6 x, - 0.6x
1 1 2 (82)

X, - O.6x1 - l.6x2
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The equilibrium of equation (82) is asymptotically
stable, therefore according to Theorem L.b.Lh, there exists a

negative definite function ¥, such that
Vo= -x® - x, (83)

for which the positive-definite quadratic form v is given
by

v = 0.362 xla - 0.272 x;x, + 0.362 x23 (84)

Then ¥ for the complete equation (81) is

ﬁ(8l) = —Xla(0.954 + 0.453 x,) - x22(0.95h + 0.453 %) (85)

Equation (85) is then plotted for 0(81) = 0, (Fig.
29), which gives the boundary of the stability region. The

smallest value of v is at (-2.2, -2.2),
- 3 2 _
v = 0.362 x{° - 0.272 XX, + 0.362 X,” = 2.27 (86)

Then

v ( 2.27 (87)
is the subdomain of the domain of attraction and is plotted in

Fig. 29.

ii) Let the conditions for System parameters be as

follows:

k k

2 _K-1
=1, K=10, M = 10,5-2-=—T{F,1=0.09 (88)
For the above conditions for system parameters,’

equation (63) is as follows:
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FIG. 29.

AN ESTIMATE OF THE DOMAIN OF ATTRACTION BY CONSTRUCTING A
LIAPUNOV FUNCTION v FOR THE FIRST APPROXIMATION OF EQUA-
TION (81) AND ¥ FOR EQUATION (81) FOR THE FIRST ORDER NON-

k k
LINEAR MULTIPLICATIVE CONTROL SYSTEM WITH _1 = 2 = M = 1

- - = (o] (0%
K—al—a2 1. 1 2



- 86 -

X, = - 10.5 Xq ~795 X5 = 10 X1%,
(89)
kz = - 0.95 x; - 10.5 X, = 0.9 X%,
The first approximation for equation (89) is
il = - 10.5 x; - 95 X,
(90)
Xy = - 0.95 X, = 10.5 X,

The equilibrium of equation (90) is asymptotically
stable, therefore according to Theorem A4.4.4, there exists a

negative definite function V¥ such that
° 2 3
o= o-x® - ox, (91)
for which the positive-definite quadratic form v is given by
= 2 2
v = 0,165 X% - 2.66 X%, +12.1 x, (92)

The total time derivative ¥ for the complete dif-

ferential equation, equation (89) is

T(gg) = %17 (0.98 + 0.66 x5) - x,°(3 - 2.4 x;) + 1.k x;x,

(93)
The plot for ﬁ(89) = 0 1is given in Fig. 30. The

smallest value of v is at (1.5, 1.5) and is
- 3 a _
v = 0.165 x;° = 2.66 x;x, + 12.1 x,° = 21.6 (94)
Then

v ( 21.6 (95)
is the subdomain of the domain of attraction and is plotted in

Fig. 30,
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FIG. 30.
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AN ESTIMATE OF THE DOMAIN OF ATTRACTION BY CONSTRUCTING THE
LIAPUNOV FUNCTION FOR THE FIRST APPROXIMATION OF EQUATION
(89) AND ¥ FOR EQUATION (89) FOR THE FIRST ORDER Nog-

LINEAR MULTIPLICATIVE CONTROL SYSTEM WITH o = &, = -L = 1,
K

-2 = 0,09, K =10, M = 10.

%2
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The study of the above two cases indicates that for
these systems, there alwayé exists a certain region of asympto-
tic stability in the neighborhood of the origin, and a Liapunov
function can be constructed. This method can also be used for

higher order Systems, although calculation becomes more involved.

4.6.3 Hl(s) is a Second Order Linear System

k
. _ 1
In Fig. 25, let Hl(s) = gr;ml,
k .
Hz(s) = s+§ » then the system differential equations are
2

Yo+ Y+ oqyy = kgK(Meyyy)

Writing equation (96) as a set of first order differential

equations, let

Y15 %10 91 % 2p vy, =gy (97)
so that

él = 2,

Z, =-a 2, - Bz, + le(NLleB)

éB = -a2z3 t sz(M;leB) (98)

The system of equation (98) attains an equilibrium position

when

él = éz = é3 =0 (99)
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From equation (98) and equation (99) the following set of

equations results.

!

@z, = le(NLzlz3)

@yzy = sz(M;ZIZB) (100)

The following relations result from equation (100)

2 2

El = Ei = r (101)
1 -2

R

where r is a constant.
From equation (100) and relation (101), we get the following

quadratic equation.

klszrz + aja,r - KMoy, = O (102)

1

The roots of equation (102) are

1
2 3 2 )
- a0, % (al ay® + 4k1k2K Mdlaz)

r.r (103)
2 2klk2K

where ry»Ts are two equilibrium positions for the system of
equation (98). We define another set of variables which shifts

the origin to the equilibrium position ry, SO that

Xy = 2z, - T1
1 1 al
X2 = 25 (104)
r.k
_ 1%
X3 T 23 o
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Writing equation (98) in terms of the new variables

X, = x, ]
r.k.k, K r. k.“K
. 17172 171
X, = - (al + %, )xl - sz - o X3 = lexlx3
2
r.k. K r-k. k. K
I 1°1%2 )

%% The singular points of equation (105) are the origin and

ala2 + 2rlklk2K 0 ala2 + 2rlklk2K)
, -
szal ’ lea2

P(-

First we study the origin. The Jacobian matrix

evaluated at the origin for equation (105) is

_ _
0 1 0
r-k.k.K r.k.*K
J=  |-le + L2 -8 L (106)
) |
-]
i rlk2 K 0 e + rlklk2K)
@, 2 @y evaluated
- — at O

H The stability of the origin, then, can be determined

from the roots of the characteristic equation

NI - J] =0 (107)

which results in the following equation



£

f

| - 91 -
IS

é r.k k. K Br.k.k K
o+ (8 +a + =222 4 (go, + L1 2
| 2 o : 2 o
i 1 1
| r ok kK
ooyt —-a;———)x tajo, + 2rik koK = 0 (108)

Since all the system parameters are positive in equation (108)

r.k.-k, K

B+a2+__].‘_;“2_)o
el
| Br-k.k.K r k.k.K
: Sa, + 1a1 2 ‘ay + 1a1 2y,
u 1 2
ajo, + 2rik kK ) 0 (109)
r.k.k.K Br.k.k.K r.k.k K
(B+az+——-—-——la12)(8a2+ ilz +al+—*———lé2)
g 1 1 2
-~ (oqo, + 2rik kK) ) 0

Inequalities (109) are necessary and sufficient conditions for
the presence of negative real parts in the roots of equation
(108). Therefore, according to Theorem boh.l, the trivial

i solution for the first approximation of equation (104) is

asymptotically stable and since the reducedrequation has

"significant behavior", according to Theorem L.4.3, the com-

plete equation (104) has the same stability behavior.

Next, consider the singular point P. The Jacobian

matrix for equation (104) evaluated at P is
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-
0 1
J = rlklkZK
o -B
2
o r.k
k K(_;_ +_l_g) 0
2 le a2

for which the resulting characteristic equation is

r.-k.-k_K

3 + -i_l‘_.z__ 2
A (B - al ) A° - rlklsz
_(alaz +

We note that for a large A
(111) is positive, and, at

tion (111) has a negative value.

(2 + )

% %

2rlklk2K)

A

= 0

(110)

evaluated
at P

(111)

the left hand side of equation
A =0 the left hand side of equa-

This means that it crosses

the positive real axis at least once, and implies that equa-

tion (111) has at least one root with a positive real part.

Therefore, P

is an unstable singular point.

Nevertheless, as we have shown earlier, there always

exists a small region of asymptotic stability around the origin.

This can be studied further and a quantitative estimate of the

region of asymptotic stability obtained according to the method

outlined in Section 4.6.2.
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L.6.4 Hy(s) is a Third Order Linear System

ky
In Fig. 25, let Hl(s) = =3 5
s”+ys +Bs+al
k
Hz(s) = ——g—, then the system differential equations are
s+a,

¥1 * vy By + a;y; = le(M-ylyz)
(112)
Yo + epvy = kpk(M-y1yy)

The transformed equations for the origin shift,

with the new set of variables (xl’x2’x3’x4)’ are

X T X
%, = Xq )
r-k_ k. K r.k, K
o 112 171
= - + - - - -
Xq (ozl %, )xl sz yx3 o xh lexlx[+
2
r k. .°K r k. k.K (113)
A 1%1%2 )
X, = - = Xq - (a2 + o )xh szxlx4

The singular points of equation (113) are the origin and

+ +
2 2rlklk2K 0 0 a0 2r1k1k2K )
) ) y =

k2Kozl lea2

(04

First, we study the origin. The Jacobian matrix

for equation (113) evaluated at the origin is



0 1 0 0
0 0 1 0
_ <
J = e+ rlklsz) . ) i rlkl K (114)
1 a Y o
2 1
2
rlk2 K rlklkZK
-~ 0 0 —(a2 + p )
2 1 evaluated

at O

and the characteristic equation resulting from this Jacobian

matrix is

r k. kK yr k. k. K
p L1727 3

2 al

Br k.k, K
(Bo, + —2 L2 + 01

&

Aot (v+ a

aja, + 2rlklk2K =0 (115)

In order that the trivial solution be asymptotically stable,

the following necessary and sufficient conditions must be

satisfied.
r-k.k.K
y o+t 112"
o
1
yr k-k K
Ya2+_________ll2 + 80 (116)
%
Br-k.k.K r.-k.k.K
B, + —=E2 4+ o + 112
1 %o
ala2 + 2rlklk2K > 0

and



r k. k. K yrok k. X ' r k. k_K
17172 2 17172 : 17172
(Y7 + 2vae, + o )+Y(a2+8+ya2)>al+——~—a
1 1 2

33y 363
1 71 72 :
3 {yB + Yoy - Zalaz} +
1 %2
r12k12k22K2 ; , ,
72 L3yB - Seqlay” + (yay *+ v%B - 2va)a,
&1 %2
2 2
T - Bloya, - o ° + (117)
r.k.k.K
17172 3 2 2 2 2
_—EIEZ_ { (2yB- 3al)a2 + (ayBy T 2¢7B - o - 3eqy - B)e,
+ (8- 3)oqays + (B - 2)y® + (Ba, + ag)yB) +
3 2 2
(By - al)a2 + (By - al)ya2 - Boya, + (a2 + al)By - > 0

Since all the system parameters are positive, inequalities
(116), which are necessary conditions for the presence of
negative real parts in the roots of equation (115), are in
general readily satisfied. Inequality (117) may not be
generally true, but it is satisfied for all the cases dis-
cussed in Chapter III. Therefore, according to Theorem k.h4.l

and Theorem A4.4.3, these systems are stable at the origin.

Next, we consider the singular point P. The

Jacobian matrix for equation (113) evaluated at P 1is
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0 1 0 0
0 0 1 0
J = (118)
rlklsz » . Kl a2 N rlkl)
a2 1 sz al

al rlk2 rlklkgK

sz(k Tt ) 0 0 —— &
1 2 o‘l evaluated

- at P

and the characteristic equation resulting from this Jacobian

matrix is
r-k_k. K Br.k.k, K

Ao (s - 1a1 2) 33 4y - 1a1 27) 2
1 1
- Yo+ L)y -
rik kK (“1 + az) A - (ega, + 2rk.kK) =0 (119)

We note that the left hand side of equation (119) changes sign
from positive to negative when ) 1is very large and when A\
is zero. This means that it crosses the positive real A axis
at least once. Therefore, equation (119) has at least one root
which has a positive real part and P is an unstable singular
point.

Since the systems of Chapter III are asymptotically
stable at the origin, further study can be carried out to

determine the extent of asymptotic stability as outlined in

Section 4.6.2.
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L.6.5 Stability Study of the Systems of Section 3.h4.1

The stability study of the system in Section
3.4.1 is quite similar to that carried out in Section 4.6.3 Let

the nonlinear system be described by the following differential

equation

where
x 1is the input to the nonlinear system

Y1 is the output of the nonlinear system

kl is a constant

k
. . %2
Referring to Fig. 22, let Hz(s) = St then the
system differential equations are
3.’2 + 062}’2 = kZK(M‘ylyz) (121)

As in Section 4.6.3, the input-free differential

equations of the above system are

X, = X, 2
r.-k.-k.K r k. “K
) 15152 11 i o
Xz = -(al + %, )xl - Bryx, - 2y Xy - BX;x, lexlx3
r.k 2K r-k- k.K
. 1% 1%1%2
*y = - - (o o ——EI——~)x3 - koKx; %, (122)



RPN

j: ._98...
The singular points for equation (122)‘are the
a,a, + 2r-k -k K o, + 2r k.k. K
. 172 17172 172 17172
origin and P(- , 0, - )
szal ? lea2
First we study the origin. The Jacobian matrix for
equation (122) evaluated at the origin is
B T
0 1 0
r.k.k K r k. %K
J= |-(e +-LL2) -8r L (123)
1 o 1 o
2 1
2
i rlk2 K 0 e+ rlklkZK
« 2 % evaluated
- ' - at O
The stability of the origin, then can be deter-
mined from the roots of the characteristic equation
[AI - J] =0 (124)

S A e e b s A R e el e R T S e e Dk e e e

which results in the following equation

k.k.K Br.%k.k. K
3 15150 2 1 %1%2
AT+ (Brl +oa, + ——a————) PO (Brla2 o
1 1
rlklsz
+ Otl + "—"&';——-))\ + ala2 + 2I‘lklk2K =0 (125)

Since in equation (125) all the system parameters are posi-
tive,the following necessary and sufficient conditions for

é the presence of negative real parts in its roots are readily

satisfied.

AT R R TR A T S b o
RIS R



r.k.k, K
Br. + o, + 112
1 2 al
8r-°k.k. K
1 7172
Brl a2 + al +
ala2 + 2rlklk2K > 0
r.-k .k K
17172
(Brl + 0y + ——EI—_—)(

> O

r.k

(04

Br. o, +

2

(e,

k_K
s L 12

+ 2rlk k.K)
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> O

2
Brl'klsz

+ o
al 1

172

r
+ 112)__

> O

(126)

k_k_K

)

Therefore, due to Theorem L.4.1l, the trivial solu-

tion of the system of equation (122) is asymptotically stable.

Since the reduced equation has "significant behavior", ac-

cording to Theorem L.4.3,

the complete equation of equation

(122) has the same behavior as that of reduced equation.

Next, we study the singular point P.

bian matrix for equation (122) evaluated at

-
0
J = rlklkZK
%
o r -k
1 172
k. K( + )
2 le a2

-B(r

1-

1

ala2+2r k-k. K

17172 )
szal

0]

The Jaco-

is

a, Tikg
LK o)
2 1

le(

rlklsz

&

The characteristic equation for this Jacobian matrix is

(127)

evalua-

N ted at P
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B(ala2 + 2r-k sz) r k.k. K

3 171 17172 2
A’ + (Br, -~ + ) A
1 kZKocl . o
Br.k Br.-°k.k.K r.k.k.K
171 A 17172
+ = (ala2 + 2rlklk2K) - - - p ) A
1 1 2
-(ala2 + 2rlklk2K) =0 (128)

When )\ 1is large the left hand side of equation (128) is
positive and when A is zero it is negative; it therefore
crosses the positive real \ axis at least once. This in-
dicates that equation (128) has at least one root with a
positive real part and that P is an unstable singular
point.,

Again, the domain of attraction can be studied for

this system in a way similar to Section 4.6.2.

4.6.6 Stability Study of a System of Section 3.4.2

The stability study of the systems of Sec-
tion 3.4.2 with a nonlinear position term is similar to that
of Section 4.6.5. Here, we discuss a particular case of
Section 3.4.2 with the following differential equation
which describes the nonlinear system.

. . 2
yl * yl + yl =X (129)

where
x 1s input to the nonlinear system

¥y is the output of the nonlinear system
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The optimum response of this system for Hz(s) =

1.8

S+ K =10 and M =1, is shown in Fig. 24.b, The dif-

ferential equations for the system of Fig. 22 with the above

parameters are
. . 2
Yy * ¥y typT =10 (1-yyy,)
y2 + 2Y2 = 18 (l“ylyz) (130)

To write equation (130) as a set of first order differen-

tial equations, we define

yl = Zl’ il = 22; y2 = ZB ‘ (131)
so that
2y = z,
5. = -z, - z.° 4 10 (1-2,2,)
2 2 1 1°3
iy = —223 + 18 (l-zlz3) (132)

In order to shift the origin to the equilibrium position,
we define a new set of variables (xl,xz,xB). Writing equa-

tion (132) in terms of new variables we get

X1 % %

Il

o 2
%, -llxl - X5 - le3 - X - lelx3

iB = --16.2xl - 20x3 - l8xlx3 (133)

The only singular point of equation (133) is the origin, since
the other two roots are complex. The Jacobian matrix for

equation (133) evaluated at the origin is
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0 1 0
J = 11 1 -10 (134)
-16.2 0 -20 evaluated at O

The characteristic equation for the above Jacobian

matrix is

A o+ 2102 £ 31 + 58 = 0 (135)

Equation (135) satisfies the necessary and sufficient condi-
tions for the negativity of the real parts of its roots, and
therefore the trivial solution for equation (133) is asympto~
tically stable. Since the reduced equation of equation (133)
heas "significant behavior", according to Theorem L.L.3, the
complete equation (133) has the same behavior. This assures
stability in the small and that a Liapunov function can be

constructed around the origin as in Section 4.6.2,

4.7 Stability Study of Second Order Nonlinear Multiplicative
Control Systems of Section 3.3

The block diagram for the feedback System

is given in Fig. 10.c. Let,

k k k
1 2 3
H.o(s) = H,o(s) = , Hy(s) =
1 83+x32 + BS+al’ 2 s+a2 3 s+oz3 ¢

The differential equations for the above system are
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fi + Yyl + Byl + alyl_: le(M-Y1Y2Y3)

Y2 + azYz = sz(M—YlYZYB)

F3 *oagyy = kyK(M-y y,v,) (136)

To write equation (136) as a set of first order differential

equations we define

lezl, }yl=22’ ylr'ZBs y2=zl+, YB=25

so that
21 =z,
éz = 2q
23 = -azy - Bzz - Y24 + le(M_ZlZAZS)
éh = ~0y2) + k2K(M-zlzhz5)
é5 = -0, + kBK(M'lehZ5) (137)

When the system assumes an equilibrium state.

i

éh = és = 7, =0 (138)

&
which results in the following relations:

Z
i 2 = p (139)
2 3

0 29 ) a224 o
k1 k

where r is a constant.

From equation (137), equation (138) and relation (139)

3 _
k1k2k3Kr + ala2a3r - alazaBKM =0 (140)

Equation (140) has one real root and two complex roots.
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Therefore, the system of equation (137) has onlylone equili-

brium point, which is given as follows:

3.3 3 M2a 2 2 2

1~ [% MilEZEBK‘+(% a13a23a33 3+% /12“22“32 25/2 ]1/3 .
17273 k1k2k31< klk2k3K
S B P
17273 kl k2 k3 K kl k2 k3 K
(141)

Define a new set of variables (xl,xz,XB,xh,x5) which shifts

the origin to the equilibrium point, such that

r.k
_ 171
X1 % %1 - oy
X = 2
S (142)
X3 = 23
% =z - rk,
L b 05
r.k
X = g o 3
5 5 a3

Then equation (137) in terms of the new variables is

X1 T %
X, = X
2 3
2 2 2
k. k. k. .Kr k. "k .Kr
%y = -(a, + =23 1 )%, - BX, - yx, - ——2— L
3 1 oI 1 2 3 o0 L
2°3 173
k. %k K. 2 k.k.Kr k. k. Kr
_ 51 %M e A L el A
ala2 5 a3 17 o 175
kl2Krl
- = x4x5 lexlxhx5




2 2 2 2 2
. - k2 kBKrl y (. + klkaBKrl Ve klk2‘Krl y
L a2a3 1 2 ala3 N ala2 5
2
k.k.Kr k."Kr k.k Kr
- 23771 _ 2 1 _ 1271
a3 Xlxa a2 xlx5 al x4x5 szxlxhx5
2 2 2 2 2
. _’k2k3 Krl N klkB Krl . - (o + klkzszrl ) x
5 a2a3 1 ala3 L 3 ala2 5
2

k."Kr k.k.Kr k.Kr
R 231 . L31 -
a3 xlxh az xlx5 al xhx5 kBKxix4x5

(143)

For equation (143) the origin is the only equilibrium point,
since other two roots are complex. The Jacobian Matrix for

equation (143) evaluated at the origin is

0 1 0 0 0
0 0 1 0 0
2 2 2 2
5= lete klk2k3Krl) P . i k1 kBKrl } kl k2Krl
1 a2a3 ala3 o, 0,
R 2 2 2 2
k."k,.K
2 K3 rq klkaBKrl klk2 Krl
= oo 0 0 -(Otz‘*‘ o ) - = (144)
273 173 172
2 2 2 2 2
k . k. .k
_k2 3 Kr':L 0 0 _klkg Krl (e +kl > 3Krl )
a2a3 ala3 3 ala2

evaluated at O

and the characteristic equation for the Jacobian matrix of

(144) is



- 106 -

2
k. k. k. Kr
5 172%3%1 1 1 L
Ao+ (o, + oo, oy o+ - (= + =)) 1* +
2 3 oy oy a3
k1k2k3Kr12 1, 1 3
(B + ajay + oy (a2 + a3) + o (2 + vy (a; + a-))) AT+
3
K.k k. Kr. a
172%30 1 1 1 2
(a; + Bla, + ay) + a0y + (2ytB (= + =)+ )) A
1 2 3 273 oy @, a3 a2a3
2, B 1 1
+(a2a35 + al(a2 + a3) + 2klk2k3Krl (EI + &; + E;)) A+
2 _
oy 2p0 + BklkaBKrl =0 (145)

Since all the system parameters are positive, the
necessary condition for the presence of negative real parts
in the roots of equation (145) is satisfied. The sufficiency
condition for the presence of negative real parts in the
roots of equation (145) depends upon system parémeters, since
in the equations for the sufficiency condition some terms
are negative. Therefore this sufficiency condition can be
determined if the system parameters are known. However, in
all cases presented in Chapter IIT this condition is satis-
fied and the origin is asymptotically stable. This assures
the stability of the system in the small.

Here we consider the following example

In Fig. 10.c, let
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_ 6
H, (s) =
1 sB+6sz+lls+6
_ _1.93
Hz(s) - HB(S) - S+2
K =14.3, M=1.0 (146)

The optimum response of this system is given in Fig. 19.d.

From equation (141)
r; = 1.0 (147)

The system equations after shifting origin to the equili-

brium point are

X, = x

1 2
kz = x3
iB = --85.8xl - llx2 - 6x3 - 82x4 - 82x5 - 82xlx4

—82xlx5 - 85‘8X4x5 - 85.8xlx4x5

ih = --26xl - 28'7X4 - 26.7x5 - 26.73{leF - 26.7xlx5 (148)
—27.8x4x5 - 27.8xlxhx5

is = --26xl - 26.7x4 - 28.7x5 - 26.7xlxh

—26.7xlx5 - 27.8xhx5 - 27.8xlxhx5

From equation (148), we find that the origin is the only
equilibrium point. The characteristic equation for the origin
as given by equation (145) for the above parameters, is.

A2+ 630% & 46203 +137402 +1780% + 980 = O (149)
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Equation (149) satisfies both the necessary and'sufficient
conditions for the presenée of negative real parts in its
roots., Therefore, the origin is asymptotically stable.
Since the reduced equation of equation (148) has "signifi-
cant behavior", according to Theorem 4.4 .3, the complete
equation (148) has the same behavior at the equilibrium

; point. This assures stability in the small for the above

system.

4.8 Comments

ﬁ 1. The stability study of the above systems shows
y that according to Zubov's formulation for the
determination of a Liapunov function, a closed
form Liapunov function is not possible. How-
ever, an approximate solution for the partial
differential equation in Zubov's formulation
can be obtained numerically; this requires a

large number of computations.

2. In the first order nonlinear multiplicative con-

trol systems, there exist two equilibrium points.

One equilibrium point is asymptotically stable,
the other is asymptotically unstable. In second
order nonlinear multiplicative control systems,

there exists only one equilibrium point, which
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? is asymptotically stable. Since these‘systems
! always have a stéble equilibrium point, there
always exists a certain region of asymptotic
stability, for which a Liapunov function can be

constructed.

3. This analysis can be used to study the Volterra
equations for the survival of species which con-
flict with each other and also certain chemical

systems.
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CHAPTER V

CONCLUSIONS AND SUGGESTIONS FOR FUTURE STUDY

In Chapter II of this thesis, it is shown that an
open-loop nonlinear multiplicative system, if excited by a
step function input, can be represented exactly by a linear
system multiplied by a "gain factor". The method presented
here is straightforward and, for the class of systems con-
sidered in this thesis, the representation for the nth
order nonlinear multiplicative systems can be written after

two complex convolution operations.

In Chapter III, it is shown that the performance
of linear systems up to third order, and some second order
nonlinear differential systems, can be improved by introdu-
cing intentional multiplicative nonlinearities in the for-
ward path.of the feedback control system. In this method,

the output of the system under control is not compared
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directly with the reference input. This makes’the control
system more sensitive to barameter variations of the system
than direct control. The transient response is extremely in-
sensitive to the parameter variations, since the controller
gain is fairly high and presence of multipliers suppresses the
overshoot. However, as discussed in Chapter III, the steady
state output of the system changes with variation in system
parameters, but can be corrected by changing the gains of the
linear systems Hy(s) and HB(S) as proposed in Chapter III.
The improvement in the output response of the given system, the
relation between the number of multipliers and the order of
the given linear System, and the relation of the poles of the
glven linear system to the poles of H,(s) and H3(s), are
consistent in every case considered. Since the analytic
treatment of the problem is exXtremely difficult, the conclus-
ions of Chapter III are based on extensive analog simulation.
It would be desirable to establish a sound mathematical basis
for the results presented in Chapter III. It would also be
interesting to investigate the applicability of this scheme to
higher order linear systems and multivariable linear systems.
In Chapter IV, the stability of the systems dis-
cussed in Chapter IIT is studied and shows that, according

to Zubov's formulation, a closed form Liapunov function is
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not possible. However, these systems always have an equili-
brium point which is asymptotically stable, and a Liapunov
function of the quadratic form can be constructed to give a
conservative estimate of the region of asymptotic stability
around the equilibrium point. This stability analysis can
be used for the study of ecological system (Volterra
equations for the survival of species) and certain chemical
systems. Further work should be done to determine more
closely the boundry of the stability regions of these sys-
tems by constructing more general Liapunov functions than

quadratic forms.

If in the control systems of Chapter III, the pro-
portional controller is replaced by a proportional plus
integral controller, then the classical theory of Liapunov,
which is based on the equilibrium of a point, cannot be
applied. Since in this case, for first order nonlinear
multiplicative control systems, one is concerned with the
study of the stability of hyperbolas defined by M= X %5,
where M 1is the magnitude of the step function input and
X194, are state variables. This system has little practi-
cal value for a control engineer, since there will be an

infinite number of equilibrium points. Nevertheless, it is

an interesting problem and needs further investigation.
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APPENDIX

SENSITIVITY ANALYSIS OF NONLINEAR MULTIPLICATIVE
'CONTROL SYSTEMS

1. First Order Nonlinear Multiplicative Control Systems

The equations for the equilibrium of first order
nonlinear multiplicative control systems, introduced in
Chapter III, are as follow:

0¥y = kK (M-yyy,)

a2Y2 = sz(M"ylyz) (A-l)

The symbols are as previously defined. From equation (A-1)

1_72
10k
&l a2 (A—Q)
Ko ko1
Also from Chapter III, a; = e
. Ky
Define — = A (A-3)

1
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We wish to determine the percentage change in the steady

state output, Y15 of the given system for a percentage

change in A,

From equation (A-1), equation (A-2) and equation (A-3)

- M{-1 £ /1 + LAK(K-1)}
V1,2 = 2(K-1) (A-4)

In equation (A-4), the first root is of interest. Then

d
D , KM (A-5)
dA VT ¥ LAK(K-1)
k)
If == =4 =1, then
1
dy
1 _ KM
dA ~ 2K-1 (A-6)

From equation (A-6), we find that percentage change in the

steady state output vi is approximately half the percent-

age change in A,

2. Second Order Nonlinear Multiplicative Control Systems

The equations for the equilibrium of second order
nonlinear multiplicative control systems, introduced in

Chapter III, are as follow:

— \
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From equation (A-7)
y y y
BTt (a-8)
2L 2 3
oy @, oy
Also from Chapter ITT,
k k 1
2 -3 _1 Kk-1\% -
o o M (KK_) (4-9)
2 3
Define
k
L= (A-10)
1
From equations (4-7),(A-8),(A-9) and (A-10),
2 2.3
3 AM™ AM K _
U "KkI V1 g1 <O (A-11)
Equation (A-11) has one real and two complex roots. The
real root is of interest and is given by
1 2 K-1 9 (K-l)3 kL (K_l)z
1A% 1 a3 1 _akg? (1/2 1/3
(5 k-1 - (§ —3*i ——~——§) ) J (A-12)
(K-1) (K-1)

We wish to determine the percentage change in the steady

state output,

change in A,

Y15
Thus

of the given system for percentage
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dyl
dA

3.2
) A 4 ATKT ),
2773 (K-1)° (K-l)2 ]

(A-13)
In equation (A-13) for A =1 and K in the range of values
as in Chapter III, the percentage change in the steady state

output Y1 is approximately two-thirds of the percentage

change in A,
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APPENDIX - B
_ff PROOF OF EQUATION (16)
From Eq. (12) and Eq. (15), we conjecture the following
. form of the equation for n multipliers :
n+i n+i1 n+i
1 1 1 1
F = = - b + ...
1,2,...., +1(S) s i=1 s+a 2 iz=>1j=1 s+o,i+aj
i 7]
ny RFL on¥t nid 1
- -z cee T +
t(-1) n i=1 j§ t=1 s+ai+aj+...a4‘
1 #. ... #L
n 1 nt+l n+1i n+1. 1
: - T— z 00
i (-1) n+1 i;ai j=1 PE:1 sta,ta.+ .., +a
L i 3 P
iZj#..... #p (B-1)
To prove that this form is also true gor n + 1 multipliers
let us convolve Eq. (B-1) by F (s) = nt2z which results
n+2 sta
n+2
in the following
&
n+1
. -1 1 L
. Fl,Z, vees n+1( ) s n+2(S " s  s+ta ) 12=1 s +a,
n+2 i
. ngi { . 1 nz-l- 1 n+1 !
; i=1 s+a. +a ‘2 2 i=1 j=1 S+ai+a.
i#j
1 nz+1 nz+1 1 .
i T2 i%1 j%1 s+a fa.ta T oeeees
;% i + 2
‘“} i#]

mrr
BSHEIRLIR
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n 1 n+i n+d n+1 1
+(-1) = = Z e,
(-1) n i={ j= 62:1 sta,ta, +.., a ¥
i 7j 4
iEj#F . ... 7
n+i n+1 n+1
n |1 1
(-1)" = =, =, .....,=
. = = L=
n i={ j=1 1s+ui+aj+...+aé+an+2
iFj #..... #4
iy 1)n+1 { n2+1 nz+1 n+i 1
ntl i=1 j=1"""" p'=t sta ta t .+aP
1#j#... 7‘13
14 nt+l n+1i n+i {
+(-1) — 5 = e 2
= 1 1 = =
n+i 1 J =1 p=1 s+ai+a,+...+a +0.n+2
i#j#.....%p
(B-2)
or
- o) 1 nz+2 i +i n2+2 n;z 1 .
1,2,....n+2 T s i= 1 s+ui 2 i=1 j=1 s+ai+<1j
1#j
n+1 n+2 n+2 n+2 1
e e o a +(-1) ——— .2 LY
n+t i= j=1 =1 s+a.+a.+...+u&
1]
i F.. EA
nt2 nt+2 n+2
n+2 1 1
t-1) nt2 iz jéi'“"pE:i s+ai+aj+...+ap
1#3’?‘.....#13 4

(B-3)
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which is of the same form as the result for n multipliers (Eq. (B-1)).
In other words the result is true whenever we take a certain number
of multipliers, whatever the number may be, it is true when we

increase the number by one. This proves that the result of Eq, (B-1)

1s universally true.



Volterra, V,

Wiener, N.

Barret,'J.F.

Smets, H.B.

Gardner, M.F,.
Barnes, J.L.

Wiener, N,

- 120 =

REFERENCES

"Theory of Functionals and Inte-
gral and Integro-differential
Equations."

Dover Publications, New York,
1959.

"Nonlinear Problems in Random
Theory".

The Technology Press, M.I,T.,

Cambridge, Mass. and John Wiley

& Sons, N.Y., 1958,

"The Use of Functionals in the
Analysis of Nonlinear Physical
Systems".

Journal of Electronics and Con-

trol. Vol. 15, 1963.

"Analysis and Synthesis of Non-
linear Systems",

IRE Trans. Professional Group on

Circuit Theory, CT-7, 4, pp. 459-
L69, Dec., 1960.

"Transient in Linear Systems".
Vol. 1, John Wiley & Sons, Inc.
1942.

"The Extrapolation, Interpolation
and Smoothing of Stationary Time
Series",.

John Wiley & Sons, Inc., N.Y.,

1948,



10.

11.

12.

13.

Hall, A.C.

Schultz, W.C,.
Rideout, V.C.

Lewis, J.B.

Ku, Y.H.

Ku, Y.H.

Ku, Y.H.
Chen, C.F.

Zubov, V.I.

- 121 -

"The Analysis and Sysﬁhesis of
Linear Servomechanisms".

The Technology Press, M.I.T.,
Cambridge, pp. 19; 1943.

"Control System Performance
Measures: Past, Present and
Future".

I.R.E. Trans. on Automatic Con-

trol, Vol. AC-6, pp. 22-35,

Feb., 1961,

"The Use of Nonlinear Feedback

to Improve the Transient Response
of Servomechanism".

Trans. AIEE, Vol. 71, Part II,

PP. 449-453; 1952,

"Analysis of Servomechanisms with

Nonlinear Feedback Control".
Trans. AIEE, Vol. 75, Part II,
pp. 402-406; 1956.

"The Phase Space Method of Analy-

sis of Nonlinear Control Systems".
Trans. ASME, Vol. 79, pp. 1897-
1903; 1957.

"Stability Study of a Third Order
Servomechanism with Multiplica-
tive Feedback Control'.

Trans. AIEE, Vol. 77, Part II,

pp. 131-136; 1958.

"Questions of the Theory of the

Second Method. Construction of



13.

14.

150

16.

17.

(Conttd.)

Lefschetz, S.

Liapounoff, A.

Barbasin, E.A.
Krasovskii, N.N.

Volterra, V.

- 122 -

the General Solution in the Do-
main of Asymptotic Stability".
Prikladnaya Mathematika i Mechanika,
Vol. 19, pp. 179-210; 1955,

"Differential Equations: Geomet~-
ric Theory".
John Wiley & Sons, New York, 1962.

"Problém Général de la Stabilité

du Mouvement", Annals of Math.
Series No. 17, Princeton University
Press, 1949. (Reprint from Annals
de la Faculte des Sciences de

Toulouses, second series, 9, 1907.

"On the Existence of Liapunov
Functions in the Case of Asymp-
totic Stability in the Large".

PMM 18, 345-350 (1954).

"Legons sur la théorie mathé-
matiques de la lutte pour la vie".
Paris, 1931.



Halany, A.

Cunningham, W.J.

Hahn, W.

Ku, Y.H.

Zadeh, L.A.

Desoer, C.A,

.Derusso, P.M,

Roy, R.J.
Close, C.M,

Kalman, R.E,
Bertram, J.E.

- 123 .

BIBLIOGRAPHY

"Differential Equations".
Academic Press, New York, 1966.

"Introduction to Nonlinear
Analysis™.
McGraw-Hill Book Co, Inc. 1958.

"Theory and Application of Lia-
punov'!s Direct Method".
Prentice-Hall Inc. Englewood
Cliffs, N.J., 1963.

"Analysis and Control of Non-
linear Systems".
The Ronald Press Co., N.Y., 1958.

"Linear System Theory".
The State Space Approach. McGraw-
Hill Book Co., Inc., N.Y., 1963,

"State Variables for Engineers".
John Wiley & Sons, Inc., N.Y.,
1965.

"Control System Analysis and De-
sign via the 'Second Method? of
Liapunov, 1. Continuous-Time
Systems",

Trans. ASME, Journal of Basic Eng-

ineering, Vol. 82, Series D, No. 2

June, 1960.

bl



Name:
Born:
Educated:

Secondary:

University:

- 124 .

<
I
=3
|

M. Noman Jafri

India, September, 1939

Islamia High School, Moghalpura,
Lahore, Pakistan.

(a) Government College of Eng-
ineering and Technology,
University of the Panjab,
Lahore, Pakistan.

1960 B.Sc. Engg. (with honors)

in Electrical Engineering

(b) University of Ottawa,
Ottawa, Canada.

1964 M.Sc. Electrical Engin-
eering.



