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Abstract

This thesis describes a study of reentrant metal-insulator transitions observed
in the inversion layer of extremely high mobility Si-MOSFETs. Magneto-
transport measurements were carried out in the temperature range 20 mK -
4.2K in a 3He/*He dilution refrigerator which was surrounded by a 15 Tesla
superconducting magnet. Below a melting temperature (Tp ~ 500mK) and
a critical electron density (s, ~ 9 x 10'° cm™?), the Shubnikov-de Haas os-
cillations in the diagonal resistivity displayed enormous maximum values at
the half filled Landau levels while maintaining deep minima corresponding to
the quantum Hall effect at filled Landau levels. At even lower electron densi-
ties the insulating regions began to spread and eventually a metal-insulator
transition could be induced at zero magnetic field.

The measurement of extremely large resistances in the milliKelvin tem-
perature range required the use of very low currents (typically in the 1072 A
range) and in certain measurements minimizing the noise was also a consider-
ation. The improvements achieved in these areas through the use of shielding,
optical decouplers and battery operated instruments are described.

The transport signatures of the insulating state are considered in terms
of two basic mechanisms: single particle localization with transport by vari-
able range hopping and the formation of a collective state such as a pinned
Wigner crystal or electron solid with transport through the motion of bound
dislocation pairs. The experimental data is best described by the latter
model, Thus the two dimensional electron system in these high mobility Si-
MOSFETs provides the first and only experimental demonstration to date
of the formation of an electron solid at zero and low magnetic fields in the
quantum limit where the Coulomb interaction energy dominates over the
zero point oscillation energy.

The role of disorder in favouring either single particle localization or the
formation of a Wigner crystal is explored by considering a variety of samples
with a wide range of mobilities and by varying the ratio of the carrier den-
sity (controlled by the applied gate voltage) to the impurity density (fixed
during sample growth). A phase diagram showing the boundaries between
the two dimensional electron gas, the Wigner solid, and the single particle
localization induced insulator is established in terms of carrier density and
sample mobility.
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Chapter 1. Introduction

In 1934 Eugene Wigner calculated the correlation energy due to the mutual
repulsion between free electrons in an electron gas [Wig34]. He noted that
this energy is minimized if the electrons are organized in a close packed lattice
and theorized that under certain conditions the Coulomb correlation energy
could dominate the electron energetics and force the electrons to form such
an ordered lattice. Later it was realized that the same phenomenon could
also occur in a two dimensional electron system (2DES), such as the inver-
sion layer of a silicon based metal-oxide-semiconductor field effect transistor
(Si-MOSFET). In time, this electron lattice came to be known as a Wigner
crystal or electron solid. Since then numerous detailed theoretical predictions
have been made about the Wigner crystal. Its phonon spectrum, transport
characteristics, and the range of temperatures and electron concentrations
over which it can exist have all been determined using a variety of different
assumptions about the underlying physics. Not until 1979, however, when
C. C. Grimes and G. Adams discovered a crystalline structure in electrons
suspended above the surface of liquid *He [Gri79], was there any direct ex-
perimental evidence for the existence of a two dimensional Wigner crystal,
and convincing evidence of a Wigner solid in a semiconductor based 2DES
was not detected until 1988 [And88).

This thesis discusses experiments which were carried out on extremely
high quality Si-MOSFETs and which, for the first time in the ”quantum
regime”, show a series of reentrant metal-insulator trausitions with many of
the characteristics of a Wigner crystal. Although reentrant metal-insulator
transitions have been previously observed in GaAs/AlGaAs heterostructures
near filling factor ¥ = 1/5 and attributed to the freezing and melting of a
Wigner crystal with changing magnetic field [Wil88, Gol90, Jiad0bj, these
experiments took place in the “extreme quantum regime”, where the cy-
clotron energy dominates the zero point motion energy of the electrons. This
work also describes a metal-insulator transition at zero magnetic field which
also shows the characteristic signatures of a Wigner crystal. This is the first
experimental system to show evidence for a zero field electron solid in the
quantum limit as was originally proposed by Wigner.

The Si-MOSFETs used in this work have remarkably high peak electronic
mobilities (up to 75000 cm?/Vs) and were fabricated in Russia in the mid
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1980’s. The magneto-transport measurements were performed in a %He/'He
dilution refrigerator (base temperature ~ 20 mK) with a 15 Tesla supercon-
ducting magnet. Some of the results have been reproduced in low tempera-
ture laboratories at Nijmegen, Oklahoma, Oxford and Chernogolovka.

The material presented in this thesis is in six chapters. The basic physics
of two dimensional electron systems in the quantum limit is summarized in
Chapter 2. Localization mechanisms are first discussed for non-interacting
particles, followed by a consideration of collective phenomena such as the
charge density wave and the pinned Wigner crystal. The discussion of Wigner
crystallization reviews the traditionally accepted predictions for the ideal
infinite system at zero temperature and with zero disorder. Special attention
is then given to the predictions of recent models which make more realistic
assumptions about the samples in which the Wigner crystal is expected to
form.

The Si-MOSFET samples used in this work were of remarkably high qual-
ity and their high mobility was crucial to the experiments. Chapter 3 gives
explicit information on how these MOSFETs were fabricated, and discusses
the experimental procedures used to characterize them. The experimental
techniques required to study the strongly insulating state at low tempera-
tures demanded that very low currents be used. Noise could also be amplified
by the high sample resistance, and in the dilute electron regime contact re-
sistances became appreciable. Thus, Chapter 3 gives details of some of the
steps taken in the design of the experiments to have small, stable currents, to
reduce the noise in the measurements and to demonstrate that contact effects
and Joule heating were not significant factors in the experimental results.

Chapter 4 is the first chapter of experimental measurements and analysis.
Since the Wigner crystal was initially observed as a series of metal-insulator
transitions which were reentrant with magnetic field, this chapter focuses on
the data obtained when the samples were subject to a perpendicular mag-
netic field. In addition to examining the raw data, several derived quantities
such as a thermal activation energy and a critical melting density are calcu-
lated by considering the temperature and electron density dependences of the
measurements. The results are initially analyzed in terms of various single
particle localization models, but none of these is compatible with all the data.
The model of a collective insulator such as a pinned charge density wave or
Wigner crystal is then considered and found to be capable of explaining all
of the results.

In Chapter 5, the results obtained at zero magnetic field are presented.
Much of the data is similar to that in Chapter 4, but some unique measure-
ments are presented. The broad band (1—300 kHz) voltage noise background
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and the detailed voltage noise spectrum in the 4—12 kHz regime are examined
to look for evidence of a moving periodic potential. A more detailed analysis
of the length scales appropriate for the measurements is also undertaken.
This length scale analysis provides further evidence that the insulating state
is not caused by single particle localization. Finally, 2 more specific analysis
of the data is undertaken with respect to the predictions of two specific col-
lective models; that of a pinned charge density wave with charge transport
through phase slip and that of a pinned Wigner crystal with charge transport
through the motion of bound dislocation pairs. These two models are known
to be compatible, and both of them make predictions which are borne out
by the data. The zero field insulator is best described as a pinned Wigner
crystal.

Chapter 6 contain a brief set of conclusions and some conjecture on the
direction of possible future research. The most important conclusion is that
a two dimensional Wigner crystal forms in the inversion layer of the high
mobility Si-MOSFETs studied in this thesis when the electron density and
temperature are sufficiently low, even in the zero magnetic field “quantum
regime” where no Wigner crystal has previously been observed.



Chapter 2. Theoretical Background

2.1 Two-Dimensional Electron Systems

2.1.1 Introduciag Si-MOSFETs

The subject of this thesis is the study of the electron solid or silicon metal-
oxide-semiconductor field effect transistors (Si-MOSFETs), which are one ex-
ample of a quasi two dimensional electron system (2DES). There are actually
two other physical systems which are commonly used to generate a quasi two
dimensional electron (or hole) system. One is a thin layer of superfluid ‘He
in a vacuum, where the electrons are restricted to a narrow region just above
the surface of the liquid helium. The other is a semiconductor heterostruc-
ture where the electrons (or holes) are found at the interface between two
semiconductors with different band gaps such as silicon and silicon germa-
nium (Si;,Ge.) or gallium arsenide (GaAs) and aluminum gallium arsenide
(Al;Ga,_,As). Evidence for the existence of the two-dimensional Wigner
crystal has now been found in all three of these systems, but this thesis will
focus on Si-MOSFETs.

Figure 2.1 shows a cross-section of a typical Si-MOSFET. The base is
a semiconducting silicon wafer which has been lightly p-doped by diffusion
of electron acceptor impurities such as boron. Then an insulating layer of
silicon dioxide is grown on top of the semiconductor. In those regions where
electrical contact with the quasi-two dimensional electron system is required,
the oxide is removed and a donor impurity such as phosphorous is diffused
into the semiconductor to create a small n-type contact region. The final part
of the structure is a layer of metal which is evaporated onto the oxide layer
to form the gate and on top of the n-doped contacts to create contact pads
which simplify the task of connecting external wires to the sample. Generally
the plane of the Si/SiO; interface is labelled the x-y plane and the z-axis is
the one which passes through the gate, the oxide and then the silicon itself
(i.e. from top to bottom in the figure).

In Figure 2.1 a positive potential known as the gate voltage, V, is applied
between the metal gate and one of the contact pads. Initially this potential is
zero and the p-doped silicon is a very poor conductor because the band gap
between the valence and conduction band edges at T' = 0K is 1.17eV, which
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is far greater than the thermal energies of 0.1 meV or less which electrons
have in the temperature regime below T = 1 K. Thus the initial band picture
for 2 MOSFET at low temperatures is the one shown in the upper half
of Figure 2.2. The Fermi energy, Er, lies well below the conduction band
edge, E¢, and slightly above the acceptor energy band, E4. Conduction
by holes released from the acceptor band is more likely than conduction
by electrons in the conduction band, but the ionization energies of typical
doping impurities (i.e. 45meV for boron) are still two orders of magnitude
greater than the thermal energies available in this temperature range, so the
MOSFET will act as an insulator in this state. If V; is gradually increased,
the gate will become increasingly positive with respect to the silicon and an
electric field will develop in the z-direction. This electric field influences the
potential of the bands in the silicon, causing them to bend downwards to
lower energies. At a specific value of V}, known as the threshold potential
(V4), the conduction band edge crosses the Fermi energy and electrons become
available for conduction. Increasing V, beyond this point moves the crossover
point further into the silicon layer and thus increases the number of electrons
in the conduction band. Eventually, the situation shown in the lower part
of Figure 2.2 develops, where electrons exist in a triangular well of width
Z;, bounded on one side by the extremely high potential barrier of the oxide
and on the other by the conduction band edge which rises linearly as it
moves away from the oxide. Since this triangular region has electrons as the
majority carrier rather than the holes which are expected for p-doped silicon,
it is called an n-type inversion layer. In a typical experimental situation Z
will be on the order of 504, which is why the inversion layer is a quasi two
dimensional system. The electrons are free to move in the x-y plane, but are
fixed in the z-dimension.

2.1.2 Electronic States in the Inversion Layer

The gate potential perturbs the Hamiltonian for a free electron only in the z-
direction, and even in that direction the electron wavefunction will normally
vary faster than the gate potential, so the standard effective mass approxi-
mation techniques developed in three dimensional systems can be used. This
gives a Hamiltonian of the form:

[ P + V(z)] U(z,y,2) = E¥(z,y,2) (2.1)

2m*
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For a parabolic band the variables are separable and for a perfectly isotropic
effective mass equation, this becomes:

pZ

2m* z) + sz ¥(z,y,2) = E¥(z,y,2) (2.2)

Here p, is the component of electron momentum perpendicular to the inter-
face and Py is the momentum component parallel to the interface and thus in
the inversion layer. The periodic potential of the crystal is accounted for by
the use of the effective mass approximation. The simplest way to solve this
system is to use the envelope function approximation (See [And82], [Wei91]
or [Ste67a] for details), in which:

¥(z,y,2) = C &(z) exp(i(k-z + kyy)) (2.3)

Here C is a normalization constant and ®;(z) is the eigenfunction in the
z-direction which is associated with the energy level of the electron in the
potential well which defines the inversion layer. The x and y portion of this
wavefunction is identical to that of free electrons in the three dimensional
effective mass approximation, so that the electrons have unrestricted move-
ment within the inversion layer. The equation which must then be solved in
order to obtain ®;(z) is simply:

2
[% + V(z)] . (z) = E19(z) (2.4)
The energy of an electron which is in level ! of the inversion layer potential
well can now be written as:

K2k2
% | E, (2.5)

E =
2m*

If the potential well is treated as a perfectly triangular well then the
equation defining ®,(z) can be made more explicit:

2

- 2’;_ d’?,Ez) + eF2®i(2) = Ei®i(2) (2.6)
where m* is the effective mass of electrons along the z-axis and F is the
electric field created by the potential difference between the gate and the
semiconductor. It is assumed that the potential barrier of the oxide is in-
finitely high and that the semiconductor-oxide interface is located at z = 0,
so that ®;(z) = 0 for z < 0. The other boundary condition is that ®;(z)
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should approach zero as z approaches infinity. The solutions for this equa-
tion must then take the form of Airy functions (Ai) and for this particular
differential equation the solutions turn out to be:

¢ 2mm \3
8,(z) = Ai ((#-ﬁ) (eFz — E,)) (2.7)
The energy levels in the well are given by:
2 F2ﬁ2 %'
E{ = - (ezm‘ ) a (28)

where a; is the ith sero of Ai{a). For small ], this can be approximated by:

i
B2 \® r3reF ¢ 3\\§
B~ (gm) (5 (+9) 29)
Thus the electron energies are fully quantized in the z-direction and so only
k. and k, can contribute to the density of states.
The triangular well approximation fits the Si-MOSFET particularly well,

but any quasi 2DES will exhibit this quantization of energy levels in one

direction and will thus have a two dimensional density of states {DOS) given
by:

1 dk
(27)? (2mky) dE
Here k| is the wavevector in the plane parallel to the plane of the 2DES (for
a Si-MOSFET this is the bulk silicon cleavage plane on which the oxide was
grown), g, is the spin degeneracy factor and g, the valley degeneracy factor.

For motion in the plane of the 2DES, we assume a simple parabolic band
structure and get:

dk
D2p(E) = Dan(k) 73 = gug. (2.10)

hzkﬁ
2m=
Thus the density of states in two dimensions for a single quantum state is
given by:

E= (2.11)

Dyp(E) = g;f:; (2.12)

This means that the DOS in two dimensions for a given value of E does not
depend on E but simply on the number of states for the quantized z-axis
which have energy less than E. It also leads to the very important conclusion
that the density of states for the lowest level in a two-dimensional system
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remains finite down to the very bottom of that level, whereas the density of
states for a three dimensional system tends towards zero as the energy ap-
proaches the bottom of the level. Thus, quantities which depend on the DOS,
such as optical absorption or scattering, do not approach zero in the limit of
very few electrons in the conduction band. This difference in the density of
states is illustrated by Figure 2.3, which shows the two dimensional DOS for
a 2DES with g, = 2 and g, = 1 contrasted with the three dimensional DOS
for an equivalent layer of the three dimensional semiconductor.
For a parabolic band structure, this gives:

kp = (4'””')% (2.13)

9:9v

where n, is the total number of electrons per unit area, so that the Fermi
surface reduces to a circle of radius kr. Perhaps the most important effect of
the reduced dimensionality, however, is its effect on the screening capability
of the electrons. In a three dimensional system, a point charge of magnitude
Ze (assumed sufficiently weak to allow a linear response model to be used)
will have a screened Coulomb potential of the form:

8= (22) exp(~QuR) (2.14)

where « is the dielectric constant of the medium, R is the distance from
the point charge, and @, is the three dimensional screening parameter for
the semiconductor. For a two dimensional system in which the electrons are
assumed to be in a perfectly 2D layer in the plane z = 0, and in which the
external charge is located at a point r = 0, z = zp £ 0, where r is a distance
in the z = 0 plane, the asymptotic form of the screened Coulomb potential
[Ste67b] is: :

i) 2Lt T)

95

Here & is the effective dielectric constant for the two dimensional layer (usu-
ally just the average of the dielectric constant in the two media on either
side of the interface which defines the 2DES) and §, is the two dimensional
screening parameter given by:

(2.15)

2re? dn,

%= k dEg

Comparing Equations 2.14 and 2.15 we see that the potential decays as an
inverse cube in the 2DES and as an exponential in the three dimensional

(2.16)

10
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Figure 2.3: The solid line is the DOS for a 2DES with g, = 2 and g, = 1,
whereas the dotted line indicates the DOS for a layer of a three dimensional
system with equivalent thickness, L.
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system, which means that, in general, potentials have much longer range in a
two dimensional system. This increases the effects of the Coulomb interaction
between electrons and also between charged impurities and electrons. Specific
details of these calculations, and of how to generalize the screening equations
to a finite width 2DES or to non-parabolic bands can be found in references
[Ste67a, And82, Basg88)].

2.1.3 Different 2DES Systems

It was stated in the beginning of this section that a two dimensional elec-
tron system can form at the interface between two different semiconductors,
between a semiconductor and an insulator, or at a vacuum interface. The
differences between these systems have important effects on the character-
istics of the electrons they contain. Table 2.1 lists some of the most basic
differences. The effective masses, m*, are given in terms of the free electron
mass, M., and the dielectric constants, &, are relative to vacuum, which is
why the electrons floating in a vacuum above the surface of liquid helium
have 2 value of one in both columns. The two semiconductor systems have
quite different effective masses, dielectric constants and valley degeneracies.

Figure 2.4 shows tke Brillouin zone of a silicon crystal. It has six equiva-
lent energy minima located along the (100) directions. Each of these minima
is called a valley and has its own electrons with effective masses which must
be calculated relative to the long axis of the valley, as was first studied by
J. Luttinger and W. Kohn [Lut55, Koh55). The effective mass for motion
perpendicular to the long axis of each valley is rn; = 0.19m, and the effective
mass for motion parallel to this axis is m; = 0.916m.. This six valley system
should produce a sixfold degenerate ground state for the electrons. Experi-
ments have revealed that this is not the case, however, because scattering can
occur between electrons in different valleys [Bal70]. The result is that the
electronic ground state in silicon is actually split into three separate levels
with degeneracies of 1, 2, and 3 respectively. The degeneracy is further re-
duced in the two dimensional case when the silicon crystal is cleaved so that
a MOSFET structure can be grown. It is usually cleaved perpendicular to
one of the (100) directions, and since the electrons in the inversion layer are
confined to move parallel to this cleavage plane, only two of the valleys will
contain electrons which move in the inversion layer with the lower effective
mass, m;, and have the higher effective mass, my, for motion perpendicular
to the inversion layer. Equation 2.8 showed that the confinement energy of
electzons in the inversion layer is inversely proportional to the effective mass
in the z-direction and so these two valleys will have lower electron energy

12
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2.D System m* Kk | gs
Electrons on Liquid Helium 1.0 {101
Si-MOSFET 019 | 7.7} 2
GaAs/GaAlAs Heterostructure | 0.067 | 13 | 1

Table 2.1: Three Different Two-Dimensional Electron Systems

states and will be filled with electrons first. This reduces the valley degener-
acy for electrons in a Si-MOSFET to g, = 2. The value of m* quoted in the
table is the effective mass, m,, in these remaining two valleys.

Another difference between the two semiconductor systems is the band
structure. Figure 2.5 shows the three dimensional energy levels along several
different axes for both silicon and gallium arsenide. The specific labelled
points correspond to certain symmetry points which can be seen in the Bril-
louin zone of Figure 2.4 (which applies equally to both semiconductors even
though only silicon has the six degenerate valleys). The energy scale is in
electron-Volts and has arbitrarily set the zero value at the top of the valence
band. Since effective mass is inversely proportional to the curvature of the
energy bands, it is easy to see that there are energy bands with different effec-
tive masses even at the same point in the Brillouin zone. The effective masses
which were used in Table 2.1 are those for the first conduction sub-band (i.e.
the band with the lowest energy above E = (eV), and for a typical Si-
MOSFET this is the only band which should be significant until the electron
concentration exceeds 2 x 10'>cm™2 [And82). The figure also clearly shows
that gallium arsenide is a direct gap semiconductor (i.e. the maximum en-
ergy position in the valence band is located at the I'" point, the same point in
the Brillouin zone as the minimum energy position in the conduction band),
whereas silicon is an indirect gap semiconductor in which the minimum en-
ergy gap occurs for an electron excited from the I' point to the minimum of
the first conduction sub-band which occurs along the I' — A — X' Axis. This is
" important because it means that exciting an electron to the conduction band
requires only energy in gallium arsenide, but both energy and momentum in
silicon. These differences must be kept in mind when analyzing experiments
performed on the different two dimensional systems.

13
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Figure 2.4: This figure shows the first Brillouin zone of silicon, revealing its
six equivalent energy minima along the (100) directions.
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Figure 2.5: The upper diagram shows the band structure of gallium arsenide
and the lower shows the band structure of silicon. The energy scale in each
case is relative to the top of the valence band.

15



CHAPTER 2. THEORETICAL BACKGROUND
2.2 Perpendicular Magnetic Fields

2.2.1 Landau Levels

It is a common technique in electronic transport measurements to apply a
magnetic field in the z-direction. This field exerts a Lorentz force on the
electrons moving in the plane of the 2DES, and quantizes their energy states
into Landau levels. This can be expressed mathematically by defining a
vector potential, A = (0, Bz,0), which corresponds to the magnetic field
B = (0,0, B). The Schrodinger wave equation for the x-y plane component
of the electron wave function, ¥, is given by:

L (57— AP U(z,y) = E¥(s,y) (217)

HY¥(z,y) = e

where 7' = (p,py,0) is the momentum of the electron in the 2DES. Substi-
tuting in the trial wave function ¥ = exp(ik,y)®(z), and using the standard

convention in which p, = —zﬁ% and p, = —zha% leads to an equation of the
form:
1 [-#%0° 272 2022

It is now convenient to define the terms, w. = eB/m*, as the cyclotron
frequency, and I = /h/eB, as the magnetic length. These define the funda-
mental scales of what can now be expressed as a shifted harmonic oscillator

problem.
m*w?

[2%_- + _'2_(3 - kyP)?] b(z) = Ed(z) (2.19)

The solutions of Equation 2.19 are quantized and have energies given by:
1
E,=hw(n+ 5) (2.20)

Here n is called the Landau level index and when periodic boundary condi-
tions are applied it becomes apparent that each Landau level can contain a
limited number of electron states per unit area:

1 2gveB
nB = Guduo = g gh (2.21)

The filling factor, v is then defined as the number of Landau levels which are
filled at a given electron density (i.e. » = n,/ng). This analysis reveals that

16
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the electronic states in a 2DES subject to a magnetic field are quantized in
energy so that each energy level for the confinement potential in the z-plane
is further broken down into Landau levels which are spaced further apart
as the magnetic field increases. All of the experiments discussed in this
thesis occur in the low electron density regime where all of the conduction
electrons are in the ground state of the confinement potential. Thus the
Landau levels form the main ladder of energy levels. There can also be
additional energy splittings due to spin and valley interactions, however, and
these create further sub-levels around each main Landau level. This modifies
Equation 2.20 to become:

1,1
En = hwc(n + 5) + 'ég‘p.BB + AU(B) (222)

Here ¢* is the effective g-factor which reflects the enhancement of the ex-
change energy due to electron-electron interactions, pp = eh/2m. is the
Bohr magneton, and A,(B) is the field dependent valley splitting energy (in
silicon, A,(B) = 2.4 + 0.6 B measured in units of Kelvin). This situation is
illustrated in Figure 2.6, where the density of states per unit energy is shown
for several Landau levels, first with no additional interactions, then with spin
splitting, and finally with valley splitting.

2.2.2 Quantum Hall Effect

Figure 2.7 shows a top view of a typical Hall bar configuration for a 2DES,
which has a longitudinal current, Isp, flowing from source to drain and three
pairs of contacts which can be used to measure both the longitudinal voltage,
Vi, or the Hall voltage, Vy. A maguoetic field applied in the z-direction
(orthogonal to the paper) will subject the electrons to a Lorentz force in the
y-direction of —evyB, where vy is the electrons’ drift velocity and B is the
magnetic field in Tesla. The classical Hall effect describes how this Lorentz
force will cause electrons to accumulate on one side of the Hall bar until the
electric field created by repulsion from the charge is sufficient to counter the
Lorentz force and the y-component of the electron drift is once again zero.
This creates a classical Hall voltage, Vi = IspB/en,. In a two dimensional
system, where the resistivity tensor has a very simple form, it is common to
convert Vy and Vi to resistivities.
VL VH B

= e | = — = 2.23
Pzz Isp %1/_ Pzy Tsp en, ( )

Thus the initial expectation is that p,, should be directly proportional to B
and p., should be constant. If p,, and p,, are measured for a good quality

17
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Figure 2.6: This figure shows the density of states per unit energy for a 2DES
in which a magnetic field has created Landau levels. The effects of spin and
valley splitting are also shown. Note that the density of states is a delta
function with non-zero values only at specific energy values.
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sample at low temperature, however, the results are much more complex, as
shown in Figure 2.8,

At low magnetic fields the Hall resistivity follows the expected classical
line of p., = B/en,, but there are oscillations in the value of p. from maxima
to minima as the magnetic field increases. These oscillations, which are called
the Shubnikov-de Haas effect, are caused by the Landau level quantization.

For this type of metallic conduction, only the electrons which are within
an energy interval of kgT of the Fermi surface can take part in the diffusion
process. The resistivity is proportional to the probability of an electron being
scattered, which is itself proportional to the density of states available for
the electron to scatter into. This density of states increases dramatically,
and thus p,, has a maximum, every time a Landau level passes through the
Fermi level such that:

l) heB,
2’ m*

Er=(n+ ';—)hwn =(n+ (2.24)
where n is the Landau level index and spin and valley effects have been
ignored for convenience. For small values of the magnetic field (correspond-
ing to large values of n) the dependence of Er on B can be neglected
and the Shubnikov-de Haas oscillations are periodic in 1/B, with a period
A(1/B) which depends on the Fermi energy and thus on the electron density,
n, = Dyp(E)EF, since we have assumed that only the first sub-band in the
inversion layer is filled. This leads to the expression:

he =heD2D(E)_ e (2.25)

A(l/B) = m*Er m*n,  2nhn,

This phenomenon can be used to accurately determine the electron den-
sity, n,, in a 2DES. The maxima can be labelled from high to low magnetic
field and a plot of maximum number versus inverse magnetic field should
then result in a straight line with slope 2n,k/e. The Shubnikov-de Haas ef-
fect can also be used to determine the quantum lifetime, 7,, (the mean time

between scattering events) in the 2DES using the temperature dependence
of the magnitude of the resistance peaks [Col91]:

2r2kpT [hw, -7
AR = 4R, sinh{2x2kgT [ hw,) P (wc'rq) (2:26)

Here, AR is the change in resistance at a maximum or minimum from the zero
magnetic field value, Ry. There are some important constraints, however,
which limit the regime in which the Shubnikov-de Haas effect is observed.

19
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Figure 2.7: This is a top view of a commonly used Hall bar geometry in
which the 2DES is in the plane of the paper and the magnetic field is applied
perpendicular to it. A constant current fows from Source to Drain, and Vg
and Vi are simultaneously measured.
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Figure 2.8: The graph of psr in arbitrary units and py, in units of /e
versus B shows bow the longitudinal resistance approaches zero and the Hall
resistance is quantized at integer and specific fractional Landau level filling
factors. This figure is reproduced from [Saj90].
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The first of these is that the Fermi distribution function has a finite width
of kT, so that if the spacing between adjacent Landau levels is less than
kgT then it is not possible to distinguish between the Fermi level being
coincider* with a Landau level or lying between adjacent Landau levels. The
Shubnikov-de Haas effect is therefore only observed when B is large enough
that:

huw, > kgT (2.27)

The second constraint is caused by the quantum uncertainty in the energy of
electrons, AE = h/r,, where 7, is the quantum lifetime of an electron. This
uncertainty must also be less than the energy gap between Landau levels and
this leads to the equation A/7, < hw, or alternatively:

weTy > 1 (2.28)

Tke electronic transport mobility, which is commonly used as an indicator of
the sample quality, is defined in terms of the average time between scattering
events, y; = en/m*, but it is common to assume that » = 7, so that
Equation 2.28 can be expressed as:

eBm*u,
WeTy = —m‘

It is also important to realize that spin and valley effects also become impor-
tant at some finite magnetic field, and these must then be taken into account
in calculating n,. The general principle, however, is always the same.

The Shubnikov-de Haas effect is responsible for the oscillations in pz; at
low magnetic fields where p_, is still following the classical line, but at slightly
higher magnetic fields the minima in p;. become wider and deeper and occur
simultaneously with plateaus in p,, which have quantized values of the form
h/(je?), where j is an integer. This is called the integer quantum Hall effect
(IQHE). Very clear examples of the plateaus and corresponding minima are
shown in Figure 2.8 for j = 1 and j = 2. At even higher magnetic fields, the
fractional quantum Hall effect (FQHE) can occur. This manifests itself in
the same way as the IQHE, except that j can be one of a special hierarchy
of fractions, many of which are shown in Figure 2.8. The discovery of the
IQHE was initially made by K. von Klitzing, G. Dorda, and M. Pepper using
Si-MOSFET samples and was published in 1980 [KIi80]. The FQHE was
not discovered until 1982 [Tsu82], when high quality GaAs/AlGaAs samples
were available. In subsequent years, however, the FQHE was also observed
in Si-MOSFETSs [Pud84, Fur86], but the majority of experimental work on
the FQHE has utilized GaAs/AlGaAs heterostructures. The theory which
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underlies both the integer and fractional QHE has been well developed since
1982, and some excellent reference texts are available [Cha88, Pra90, Lan92].
It has become apparent that both phenomena are related to the interaction of
electrons with magnetic flux quanta. For the IQHE, this occurs in a regime
where electron-electron interactions through the Coulomb force are small
so that the charge per electron in the highest Landau level is the relevant
quantity (thus j is an integer) whereas for the FQHE it occurs in a higher
field regime where electron-electron interactions must be included because
the rigid binding of the electrons into cyclotron orbits reduces their kinetic
energy. In this regime the excitations which are measured are fluctuations
in the multi-electron groundstate called quasiparticles which have fractional
charge (allowing j to be a fraction).

Understanding the IQHE and FQHE requires one further addition to
the picture of Landau levels which was shown in Figure 2.6. In any real
sample the Landau levels are broadened by impurity scattering [Har85], so
that the density of states follows a Gaussian or Lorentzian form rather than
a delta function at the centre of each Landau level. An example of this
more realistic situation is shown in Figure 2.9. The density of states between
Landau levels is small enough that most of the electron states are localized
by impurity potentials, whereas the larger density of states near the centres
of the Landau levels allows some electron states to remain extended and able
to conduct. If the Fermi energy lies in the region of localized states between
Landau levels j and j+1 (so that v = j) and if kw, is large enough that there
is no overlap between the conducting regions near each Landau level centre,
then the concentration of conduction electrons, n,, which enters into the
equation defining p,, will remain at jnpg, the number of states contained in j
completely filled Landau levels, until the magnetic field increases sufficiently
that the Fermi energy reaches Landau level j and some of the electron states
start to depopulate. Combining Equations 2.21 and 2.23 (and ignoring spin
and valley splittings) results in a Hall resistivity of:

sz=——=—"—_—-=.— (2.30)

Thus the Hall resistance will be quantized over a finite range of the magnetic
field, just as is observed in the IQHE. The vanishingly small longitudinal
resistance can also be simply explained by noting that there are no unoccu-
pied extended states for the conducting electrons in the lower Landau levels
to scatter into when the Fermi energy lies between Landau levels. Thus the
scattering probability becomes extremely low and so does p;,. This provides
a simple explanation of the IQHE.
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Figure 2.9: The two dimensional density of states per unit energy under a
perpendicular magnetic field with impurity broadening of the Landau levels
is shown. There are cores of extended states at the centre of each Landau
Jevel surrounded by a Lorentzian distribution of localized states.
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In the FQHE regime, electrons can not be treated independently and it
is necessary to solve for the many electron wave function. This can not be
done exactly for a real system because there are too many electrons. It is
possible, however, to use variational methods to approach the solution for an
ideal system, a method which was first tried succesfully by R. B. Laughlin
[Lau83a, Lau83b]. He proposed a type of Jastrow function solution:

Ne N.
Un =[] (z; — z)™ [] e 7/ (2.31)
j<k i=1

Here z; = x; — iy; is the position of the j** electron (which is confined to a
circle of radius ! by the magnetic field) expressed as a complex number, N, is
the total number of electrons in the system, and m = 1/v is the inverse filling
factor. For m any odd integer, this wave function satisfies Fermi statistics
and is a possible solution for the multi-electron wave function. When the
probability distribution of the electrons, |¥,,|?, is worked out, it has the same
form as the probability distribution function of a classical liquid with particle
density pm = 1/(2nm). The energy of the system can also be worked out
numerically for this ground state as a function of ¥ and it turns out to
have cusps at the odd integer values of m. This means that any deviation
from these filling factors will require a finite amount of energy, which is
why the ground state of the FQHE is often referred to as an incompressible
electron liquid. The finite energy which is required to change the density by
a single particle in the classical liquid analogy must give rise to some type
of excitation in the multi-electron wave function. When Laughlin calculated
the wave function for this elementary excitation, it became apparent that it
carried a charge of te/m. He called the excitation with positive charge a
quasihole and the excitation with negative charge a quasielectron. Physically,
they can be thought of as an area of approximately #i* in which the local
electron density is slightly different from the average background density of
the liquid so that 1/m of an electron is either accumulated or expelled.
The quasielectrons and quasiholes behave very similarly to normal elec-
trons or holes in the lowest Landau level. They can exist in extended states
and conduct charge or they can be localized by impurity potentials. They
also exist in bands, although in this case the bands are not centred at com-
pletely filled Landau levels but at the fractional filling factors where the
FQHE ground state is stable. This means that in a manner exactly analo-
gous to that described above for the IQHE, the quasiparticles can give rise
to a quantized p., and a vanishing p,; when the magnetic field is between
two fractional filling factors and the small number of quasiparticles which
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exist so far from the stable filling factor are all in localized states. Going
one step further, it is even possible for the quasiparticles to form their own
incompressible quantum fluid. The ground states for these quantum fluids
will then have their own excitations which are quasielectrons and quasiholes
with different fractional charge. This series of different quantum fluids which
arises out of each of the initial » = 1/m states is called the hierarchy of
states. It explains most of the fractions in Figure 2.8 which do not fit the
initial v = 1/m (quasielectrons) or ¥ = 1 —1/m (quasiholes) model. The
first few fractions which develop from the v = 1/3 state, for instance, are
2/5, 3/7 and 4/9.

The only phenomena shown in Figure 2.8 which are not explained by
either the Shubnikov-de Haas effect, the IQHE or the standard FQHE models
are those which occur at the half integer filling factors, v = 1/2,3/2 and
5/2. The Hall resistivity does not deviate from the classical line at these
filling factors in Figure 2.8, but there are unusual features in pzz. Other
researchers have observed a quantized Hall plateau at ¥ = 5/2 in a single
layer 2DES [Wil87) and at a total filling factor of 1/2 in a double layer system
[Sue92, Eis92]. A new theoretical approach has been developed which has
had some success in explaining this phenomenon for » = 1/2 or v = 1/4 by
treating each electron as a fermion which carries an integer number of flux
quanta of a Chern-Simons gauge field [Hal94]. This produces an effective
magnetic field which changes the effective filling factor for the transformed
electrons.

Another fascinating property of the QHE is that it exhibits some universal
scaling phenomena. The half widths of the p.- maxima in between the IQHE
minima and also for some transitions between certain FQHE minima have
been measured to vary with temperature as AB o T* where x = 0.42£0.04.
At the same time, the maxima of dp.,/dB (which indicate the sharpness
of the transition from one plateau to the next) have been observed to van-
ish with increasing temperature as {dpzy/dB)msz  T=*. This value of x
appears to be a universal scaling exponent for many of the measured transi-
tions [Wei88, Jai90] in GaAs/AlGaAs heterostructures. In the IQHE regime,
another fundamental behaviour has been clearly observed. If the magnetic
Seld is held constant and the temperature lowered towards zero, then the
measured values of (0zz,0z,) will follow flow lines towards the fixed points
(zz F2y) = (0,n), where n is an integer [Wei85]. This is in agreement with
a theoretical two-parameter scaling theory developed by A. M. M. Pruisken
{Prug5]. The original diagram from Pruisken’s paper is repeated in Fig-
ure 2.10 to provide a more visual illustration of the flow and the fixed points.
This type of universal behaviour has led to the suggestion [Jai90] that all
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plateaus in both the IQHE and FQHE regimes can be assigned to one of
several universality classes of minima which occur at filling factors:

n

v = m (232)

In this theory all minima with the same value of m would correspond to
the same universality class and transitions between them should show the
same scaling behaviour and universal exponent, but for transitions between
minima in different universality classes the scaling behaviour would not be
observed.

2.3 Impurities and Localization

2.3.1 Introduction to Impurities

All samples are affected by the presence of impurities, since there are always
impurities incorporated into the sample during the growth process. This was
mentioned in the previous section in relation to the broadening of the density
of states about the Landau level centres and the reduction in the number of
extended electron states due to the presence of impurities. The impurities
have two basic effects. The first is that they act as scattering centers so that
the mean time between scattering events, 7, is decreased as the concentration
of impurities, n; increases. This smoothes out any discontinuous changes in
the density of states such as those which occur at the centres of Landau levels
or at the conduction band edge so that they take place over an energy range,
T = h/2r. Both charged {Coulombic) impurities and neutral irnpurities
(such as those caused by interface defects at the silicon-oxide interface in a
Si-MOSFET) can contribute to this broadening. The second effect is that
the Coulombic impurities can localize electrons within their potential wells,
destroying the extended states which are required for metallic conduction.
It is simpler to understand the effects of impurities and localization in the
absence of a magnetic field, so that is the first case which will be considered.

If the density of states (DOS) around the Fermi energy in a 2DES at zero
magnetic field is sufficiently high, the electrons will be able to screen the
impurity potentials and extended states will exist. The 2DES will then have
the transport characteristics of a metal, in that the diagonal conductivity,
02z, Will decrease with decreasing temperature, and at the low temperatures
(T < 1K) relevant to this thesis the diagonal resistivity, pz- < h/e* = 25Kkf).
When the DOS is low and the electrons are localized the 2DES becomes
insulating. In this case, oz Will decrease with increasing temperature and
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Figure 2.10: This figure shows the flow lines and the stationary points for the
quantum Hall effect as a diagram of o, versus oz from the scaling theory
of A. M. M. Pruisken [Pru85].

28



CHAPTER 2. THEORETICAL BACKGROUND

pze >> hJe?. The strict theoretical definitions are that for a metal, o, is
finite as T — 0 and for an insulator, 62z — 0 as T — 0, but since experiments
can not be performed at T = 0, the working definitions given above are
more useful. Since the DOS in a semiconductor at zero magnetic field (See
Figure 2.3) increases with increasing energy, there will always be some energy,
E.., above which the density of states is sufficiently large that there will be
extended states. E,, is called a mobility edge, because for Er > E,, the
electrons are in mobile extended states, whereas for Er < E,, the electrons
are localized. A transition in which the Fermi energy goes through E. (as
the concentration of electrons is decreased by reducing the gate voltage in a
Si-MOSFET for instance) is called an Anderson transition. It is a specific
example of the more general class of metal-insulator transitions.

There are two types of localization. These are strong localization, in
which the electrons are spatially localized at impurity sites, and weak lo-
calization, in which the electrons are free to move, but their coherence is
destroyed by the impurity potentials. The former is characterized by an ex-
ponential dependence of 0. on temperature, and the latter by a loga:ithmic
dependence of o, on temperature. Weak localization occurs at higher val-
ues of n, and requires longer length scales than strong localization. Even
a small magnetic field quickly destroys any possibility of weak localization,
however, because the magnetic length quickly becomes the limiting length
scale. Applied fields of tens or hundreds of Gauss (1T = 10000 G) are suffi-
cient to reduce the magnetic length below the electron mean free path which
prevents weak localization. This criterion can be expressed as:

5\2
(Eﬁ) < UFT (2.33)

There are also two commonly recognized methods by which the electrons
can become localized. Anderson localization (also known as single particle
Jocalization) is a single electron effect in which the potential wells created by
each impurity are assumed to have different, uncorrelated depths. When two
potential wells are unequal, it is impossible for an electron to form a symmet-
ric wave function which is shared equally between them. Thus the electron
is localized near the well created by one of the impurity sites. It is still pos-
sible, however, for electrons to be partially shared between wells which are
close in energy if they are also sufficiently close in space. The positions of
those wells which can share an electron state are called resonant sites, and a
group of connected resonant sites is called a cluster. The Anderson transition
from an insulator to a metal occurs when one cluster becomes infinite in size
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and there is an extended state which includes the entire sample. Since most
of the electron states are still localized when this occurs, it is common to
use percolation theory to describe the conduction near the transition. This
theory portrays the potential wells as a series of valleys surrounded by hills
of higher potential with the electrons as lakes of charge in the valleys. At a
specific energy, known as the percolation energy, the lakes will connect and
there will be a single coastline which extends throughout the sample. This
coastline is an extended state and so the percolation energy is equivalent to
the mobility edge.

Mott localization, the second major type, includes electron-electron ef-
fects but assumes that the impurities are regularly spaced and are all of
approximately the same strength, so that they form their own impurity sub-
band. In this case, the electrons can adjust to the periodic impurity potential,
just as they adjust to the potential of the underlying silicon lattice. The lo-
calization effect occurs because the Coulomb repulsion between any pair of
electrons makes it unfavourable for them to come together at the same impu-
rity site. Thus there is an energy gap with very low DOS when the impurity
band is half filled (i.e. n, = n;). If the Fermi energy is in this region the
sample will be localized. In most two dimensional electron systems, however,
the impurity potentials vary enough that a well defined impurity band with
a Coulomb gap does not form. Electron-electron interactions can still play
a role in Anderson localization by creating a Coulomb gap in the DOS near
the Fermi level, which affects the conductivity even in the localized regime
and changes the temperature dependence of oz,.

It has been suggested [Abr79) that at zero magnetic field an infinite, zero
temperature, two dimensional electron system will always be localized. Any
experimentally observed metal-insulator transition is then assumed to be a
transition between a weakly localized and strongly localized state. Although
experiments actually take place at finite temperatures on finite size samples,
the experiments discussed in this thesis occur at low enough temperatures
(T < 1K) and in large enough length samples (L > 1 mm) that this theory
still applies. More recent theoretical calculations for short range scatterers
[Azb92] have revealed that a true metallic state is possible even with B =
0 and T = 0 provided that the Fermi energy lies above a mobility edge.
Since most of the low temperature scattering in the inversion layer of a Si-
MOSFET is short range scattering, either from impurity ions located close to
the inversion layer (for low electron densities), or from surface defects at the
semiconductor oxide interface (for higher electron densities), a true metallic
state should be possible provided n, is large enough that Er lies above the
mobility edge.
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This brings up the point that there are distinct types of scattering which
affect the electronic characteristics of a semiconductor. It is important to un-
derstand the differences between the typical scattering mechanisms found in
GaAs/AlGaAs heterostructures and those found in Si-MOSFETs (electrons
on liquid helium will not be considered in this discussion because this system
has so few impurities) in order to determine the impurity concentration in
a given sample. The first consideration is how each semiconductor based
9DES is designed. In a p-doped Si-MOSFET, electrons are attracted to the
inversion layer at the semiconductor/oxide interface using the gate potential
so that electrons from a low concentration of n-type dopants over a volume
of the semiconductor can be concentrated in the relatively narrow width of
the inversion layer. The main source of impurities is not the intentionally
introduced dopants in the bulk of the silicon, but impurity ions which dif-
fused into the MOSFET during its fabrication. These can be as close to the
9DES as the width of the triangular well (ie. 45 — 80 A in a Si-MOSFET)
and each one acts as a point potential at that distance, which means that
the scattering is mostly short range. The other major source of scattering
is through surface defects at the interface between the silicon and the oxide
(surface roughness scattering) and since this is also very close to the 2DES,
each defect again acts as a point scatterer producing short range scattering.
At low temperatures (T < 1K), impurity scattering dominates at low elec-
tron densities and surface roughness scattering at high electron densities. In
GaAs/AlGaAs heterostructures the electrons come from an n-doped layer
which is separated from the 2DES by an undoped spacer layer. The most
important contribution to the scattering comes from the n-type impurities in
this layer. Since the spacer layer is typically 500 A, any potential fluctuations
on a length scale of less than 500 A will be averaged out before they reach
the 2DES. This means that the potential variations in a GaAs/AlGaAs het-
erostructure occur over longer distances than those in Si-MOSFETs at either
high or low electron densities and thus there is more short range scattering
in a Si-MOSFET than in a GaAs/AlGaAs heterostructure.

The next consideration is the influence of impurities on the transport
mobility, g, In the Drude model (as discussed in [Ash76]), the electrons
in the 2DES are treated as non-interacting particles in a gas which travel
in straight lines except when they collide. The collision mechanism is not
specified, but at low temperatures (I' < 1K) where thermal phonons are
frozen out, the main source of scattering is collisions with impurities or de-
fects. If every scattering event occurs over a wide angle so that it significantly
changes the direction of the electron’s motion, then the conductivity of the
2DFES will be inversely proportional to the number of scattering events and
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directly proportional to the mean time between scattering events, 7. Since
these scattering events affect the transport characteristics of the 2DES, 7 is
generally designaied using the subscript, ¢, for transport. Then the mobility
is defined as:

€T, Orx

== (2.34)

m* en,

An experimental measure of yi,; can thus be used to calculate 7, and from this,
the density of impurities affecting the 2DES. Detailed calculations for using
this technique on a Si-MOSFET have been published by A. Gold [Gol85,
Gol86a).

Both scattering due to Coulombic impurities and due to surface rough-
ness are accounted for in Gold’s calculations. The former depends principally
on the density of Coulombic impurities, n;, whereas the latter depends on
the height of the surface roughness, A, and the mean distance between sur-
face defects, A. Using experimental estimates of A and A, Gold obtained
an expression for the scattering rate, and thus the mobility, which only con-
tained a single unknown, the impurity density, n;. Setting this equal to the
experimentally determined transport mobility discussed above allowed him
to solve for n;. He noted that the results obtained using this method were
reliable for all the Si-MOSFETs he studied.

Some papers [Har85, Sar85, Col91] have suggested, however, that small
angle scattering may play an important role, particularly in GaAs/AlGaAs
heterostructures. Small angle scattering events have little effect on the elec-
trons’ drift velocity because they do not significantly change the direction
of electron motion. This means that they do not influence g, but they are
important in calculating the collision broadening of the single particle en-
ergy levels and thus the many physical quantities which are related to the
collision broadened density of states. In order to account for all scattering
events, it is necessary to use the quantum lifetime, 7;, which is similar to
T;, except that it weights scattering events at any angle equally, whereas 7
has a weighting factor of (1 — cos #) (where @ is the scattering angle), which
reduces the contribution of small angle scattering in the calculation of the
scattering probability. The temperature variation of the magnitude of the
Shuubnikov-de Haas resistance peaks can be used to calculate 4, as discussed
in the previous section. Experiments on a variety of samples have revealed
that the ratio of 7, to 7 is close to unity for Si-MOSFETs, but varies between
5 and 160 for GaAs/AlGaAs heterostructures. This is because the scattering
in Si-MOSFETs is mostly short range (and therefore more likely to be wide
angle), whereas the scattering in high quality GaAs/AlGaAs heterostruc-
tures with spacer layers is mostly long range, small angle scattering. Since

32



CHAPTER 2. THEORETICAL BACKGROUND

Gold’s calculations assume that all the Coulombic scattering is wide angle,

this makes them unsuitable for use with GaAs/AlGaAs heterostructures but
ideal for Si-MOSFETs.

2.3.2 Magnetic Field Effects

It was previously noted that a magnetic field applied perpendicular to the
plane of the 2DES will destroy any weak localization by reducing the mag-
netic length below the electron mean free path. At higher magnetic fields
where the Landau levels are resolved, the density of states varies with mag-

netic field. This can cause the oscillations in resistivity known as the Shubnikov-

de Haas effect, but if the oscillations in the DOS are large enough it may also
allow the mobility edge to pass down through the Fermi energy and the mag-
netic field may then produce a transition from an insulator back to a metallic
state. This has been experimentally observed in a low mobility 2DES, which
was a strong insulator at zero magnetic field but showed a distinct IQHE p..
minimum at v = 2 [Jia%4]. Thus a magnetic field can destroy both weak and
strong localization.

A perpendicular magnetic field can also induce a metal-insulator tran-
sition and create a localized state. Increasing the magnetic field tends to
increase the impurity binding energy and so the effects of any existing impu-
rities in a 2DES will be enhanced as the magnetic field increases and more
and more electrons are localized by the impurity potential. This phenomenon
is called magnetic freeze out, because the magnetic field essentially freezes
the electrons in place by causing them to become localized. After the elec-
trons have been localized, further increases in the magnetic field serve only
to increase the impurity binding energies even more and so magnetic freeze
out is characterized by a conductivity which starts to decrease at some spe-
cific value of the magnetic field and then continues to decrease rapidly as B
is increased. It is also true that the higher the impurity density, the lower
the magnetic field at which magnetic freeze out will occur. Finally, since
increasing the magnetic field continues to increase the binding energy, this
is one form of insulator which can not be removed by increasing the field
strength.

2.3.3 Characterizing Anderson Localization

Since much of the experimental work discussed in this thesis involves insu-
lating states, it is useful to describe the characteristics which are associated
with Anderson localized states. This will help to determine whether or not
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a given insulator is caused by single particle localization or by some other
effect.

One characteristic of every type of strong localization mentioned so far
(including Anderson localization) is the existence of a mobility edge. This
is simply an energy gap between the Fermi energy and the energy which is
required for an electron to be in an extended state where it can contribute to
conduction. Thermal energy causes the electrons to have a thermodynamic
distribution of energies and as the temperature is increased, more electrons
will move into extended states above the mobility edge. The net result is
a temperature activated conductivity. The initial work describing this type
of conduction was performed in the 1970s [Pep74, Mot75, Pep75], but more
modern reviews are also available [Shk84, Kas87]. The general agreement is
that the conductivity will be of the form:

-A
Gzz X EXP ( T ) (2.35)
Here A/2 is the magnitude of the energy gap (measured in Kelvin) between
Er and E,. It should be noted, however, that any other conduction mech-
anism in which electrons must overcome an energy gap in order to reach the
conducting states will also exhibit this thermally activated behaviour.

At lower temperatures, where very few electrons are above the mobility
edge there is a more specific prediction. Electrons can tunnel from one reso-
nant site to another site at a different location within the sample which has a
similar energy. A series of tunneling events allows the electron to move from
one end of the sample to the other and thus contribute to conduction. Since
the distance between the resonant sites may vary from one tunneling event
to the next, this process is called variable range hopping. The temperature
dependence of this conduction mechanism is called the Mott law and in two
dimensions it is given by:

1/3

Oz OX €XP (ﬁ) / (2.36)

T

where T, is a constant which varies from sample to sample. This equation
was developed by assuming that the density of states is constant near the
Fermi level, and the unusual exponent of 1/3 comes from the assumption
that only states near the Fermi level can contribute, so the average hopping
distance is related to the distance between states near the Fermi energy. From
the previous discussion of Mott localization, it is apparent that Coulomb
interactions can reduce the DOS and create a Coulomb gap under the right
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conditions. This requires a modification of the Mott law [Efr75] so that:
-7 1/2
_T“) (2.37)

The precise conditions under which each of these equations apply are hard
to quantify, but if either one of these temperature dependences is observed
experimentally then it is an indicator that the 2DES is Anderson localized
and that conduction is taking place through variable range hopping.
Another key signature of localization is that the electron wavefunctions
are, of course, localized. H some experimental measure can be taken of the
average extent of a localized electron’s wave function, then this localization
length, £, will increase as the Fermi energy comes closer to the mobility edge

and the average cluster size increases. Percolation theory defines this energy
dependence as:

Grz X €XpP (

(x |E-E "% < |n, - n]? (2.38)

where n, is the critical electron density at which percolation begins and § is
a universal exponent. For a two dimensional system, 8§ = 4/3 for classical
percolation and # = 7/3 if quantum tunneling is permitted (i.e. in the
variable range hopping regime).

The temperature dependence of o, and the electron density dependence
of ¢ are two characteristics of Anderson localization. The fact that an Ander-
son localized 2DES should be an insulator with o,, — 0 as 7' — 0 is another.
This means that the diagonal resistivity, p;z = 0--/(02; + 03,), will become
infinite at zero temperature. It has also been generally accepted that under
a magnetic field the Hall resistivity, pr, = 0.4,/(02, + 02,), of an Anderson
localized state will become infinite at zero temperature. Recently, however, a
new type of Anderson localized insulator, called the Hall insulator, has been
proposed [Kiv92, Fer93). It exists between certain quantum Hall states and a
global phase diagram has been suggested that determines which transitions
from the Hall insulator to 2 quantum Hall state are allowed. This model
is quite different from the Anderson localized states discussed previously in
that as T — 0, 0, — 0 and o, — 0 in such a way that o,, o (0..)*. This
allows p, — oo while p,, remains finite. In fact, p., retains its classical
value of B/en,, leading to the novel concept of a 2DES which is localized
and shows very large p.. cxcept at certain filling factors associated with the
QHE while simultaneously exhibiting a p,, curve which follows the classical
B/en, line interrupted by QHE plateaus.
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2.4 Charge Density Waves

2.4.1 Definitions and Descriptions

A charge density wave (CDW) is a system in which the electronic charge has
an ordered spatial variation in density as given by the equation:

P(F) = po + py cos(2Fp - 7+ ®) (2.39)

Here p(7) is the charge density as a function of spatial position 7, Ep is the
wave vector of the CDW, and & is its phase. The two dimensional Wigner
crystal (the subject of this thesis) consists of electrons which are confined to
specific sites by their mutual Coulomb repulsion. Since it involves charged
electrons in an ordered lattice, the Wigner crystal can be considered as a
specific form of two dimensional charge density wave. Thus, an understand-
ing of charge density waves and their characteristic experimental signatures is
useful in interpreting the results of experiments in the Wigner crystal regime.

The phenomenon of charge density waves has been studied mostly in
one-dimensional inorganic chain compounds such as NbSe; [Fle79], but some
work has also occurred in two-dimensional systems using inorganic layer com-
pounds or electrons on liquid helium {Jia90a). An excellent review of the field
was given by G. Gruner [Gru8g]. In the CDW state, the electron lattice is
usually incommensurate with the atomic lattice of the solid which contains
the CDW. This means that the positions of maximum electron density are
not correlated wit the positions of the atoms in the surrounding solid. The
CDW is affected Ly impurity potentials in the atoruic lattice, however, which
serve to pin it so that the phase is fixed. This leads to a gapless phase ex-
citation mode in the phonon spectrum, in contrast to the amplitude mode
which has a gap.

2.4.2 Transport Properties

The charge density wave has several clearly defined electronic transport
properties which have been experimentally established [Fle79, Zet82, Gru88,
Nad92]. These include a distinct melting temperature, a thermally activated
conductivity, non-linear I-V curves with a threshold electric field, and un-
usual noise characteristics in the region beyond the threshold field. All of
these properties can be incorporated into the theoretical models which are
used to describe charge transport in a CDW.

The first transport property is a melting temperature, T, above which
none of the characteristic CDW transport properties can be observed. This
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temperature is usually determined by a sharp increase in the exponent from
the exponential dependence of p.. on T' as the temperature decreases below
Ta. The fact that the CDW state is characterized by a higher resistivity
than the electron gas state is important. It is generally accepted that there
are impurities present in every sample which serve to spatially pin the charge
density wave. This situation is illustrated in Figure 2.11. A one-dimensional
CDW is shown as a graph of negative charge density, p(z) < {¥(z))?, where
¥(z) is the electron wavefunction, versus position. The wavefunction tails
overlap so that the electron density is always positive, and in the absence of
an external electric field the charge density varies sinusoidally (as given by
Equation 2.39) over the coherence length of the CDW. A positively charged
impurity is shown in the figure. It pins the central portion of the CDW in its
electrostatic potential well. If an external field is applied the CDW will de-
form around the pinning centre, as shown by the dashed curve in Figure 2.11,
but this deformation will not produce any current, because all of the elec-
trons are still spatially constrained by the phase coherence of the deformed
CDW. Any conduction which occurs in this regime has traditionally been
expected to come from those few electrons which remain in the uncondensed
electron gas phase [Gru88] which continues to exist even after most of the
electrons have undergone the transition to a CDW. Since the density of elec-
trons available for conduction is so low, the resistivity of this pinned CDW
state is high.

If the electric field is increased beyond a critical threshold value, E7,
however, the entire CDW will become depinned [Fuk78] and start to slide
coherently in the direction opposite to the electric field. Since all the electrons
in the CDW are now contributing to the current, the differential resistivity
will drop very sharply as this threshold field is exceeded. This is why the -V
curves measured for charge density waves are strongly non-linear, with a high
differential resistivity close to the origin which drops to a much lower value as
soon as the applied voltage causes the electric field to exceed the critical value.
Figure 2.11 only shows a small coherent portion of a one dimensional CDW,
pinned by a single impurity. In a real system, there are many separately
pinned coherent segments of the CDW, and since these may become depinned
at slightly different threshold fields, this smoothes out the -V non-linearity.
As the temperature is lowered, the coherence length decreases and eventually
phase coherence is lost [Zet82] so that the non-linearity becomes much more
difficult to detect. This is particularly noticeable in samples with many
impurities because the impurities contribute to a loss of phase coherence by
locking the phase at specific values at the randomly placed impurity centres.
A more detailed approach to the conduction mechanism for the CDW in the
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Pinning Impurity

Position

Figure 2.11: The negative charge density (ie. electron density) is plotted
versus position for a one-dimensional CDW pinned by a positive impurity
both with (dashed curve) and without (solid curve) an external applied field.
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above threshold regime will be discussed in Section 2.5.4.

This pinned CDW model also explains why there is thermally activated
conduction in the charge density wave stzte. The mixed state which contains
both a CDW and an electron gas phase must have an energy gap between the
CDW ground state and the conduction band in the electron gas. Electrons
can be thermally excited across this gap to become available for conduction,
even though the CDW itself remains pinned. Thus there should be a tem-
perature activated conductivity with an activation energy equal to the width
of this gap so that:

o = ggexp (;j;) (2.40)

At temperatures well below T}, it is possible that the electron gas phase
will be frozen out and only the CDW will remain. The conduction is still
thermally activated in this regime, but the activation energy is now the
energy required to change the phase of the local CDW within a coherent
segment by 2, as given by the phase slippage conduction model [Nad92]
(see Section 2.5.4).

Another feature of this simple model of a pinned CDW which is strained
and then depinned by an external electric field is that it predicts a precise
relationship between the current carried by the charge density wave and the
frequency spectrum of the voltage noise produced by the periodic electron
potential of the CDW sliding past stationary impurity potentials. In the
one-dimensional case the current carried by the CDW is simply:

. _ _ edd

Jopw = —enavopw = —p_— (2.41)
where n, is the concentration of electrons in the CDW, vgpw is the sliding
velocity of the CDW, and ¢(z,t) is the phase of the charge density wave.
The frequency of the narrow band noise is then:

vocDw
A

where X is the wavelength of the CDW over which the phase changes by 2x.
When the threshold field is exceeded and the CDW begins to slide, a sequence
of peaks can be observed in the Fourier transform of the potential measured
between two different points on the one dimensional sample. At tempera-
tures where the CDW is coherent, the fundamental frequency of these peaks
corresponds exactly to that predicted by Equation 2.42 as the electron con-
centration and CDW current are varied, but at temperatures which are well
below Tar, when the phase coherence length starts to decrease (below 100 K

_ Jjcow
engA

fo=

(2.42)
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in NbSe, for instance [Nad92]), the ratio of fo to jopw increases. There is
also a large increase in the background noise level over a wide frequency band
(up to MHz frequencies) as the threshold field is exceeded. This broad band
noise does not exhibit the frequency structure predicted by Equation 2.42,
and is thought to be created by the interference between noise generated in
different phase coherent segments of the CDW. Thus, the observed frequency
spectra are a superposition of the noise peaks at specific frequencies caused
by the periodic nature of the CDW and the broad band noise caused by the
phase differences between different microscopic segments of the CDW.

The size of the phase coherent segments is defined by the correlation
length, Lp. In the two dimensional case, it is possible to determine Lp for a
pinned CDW or Wigner crystal [Nor92] by using an experimental determina-
tion of the threshold electric field, E7, combined with a theoretical estimate
of the transverse shear modulus, K7.

L2 ~ KTG _ KTG
b 2rp.ET " 2men,Er

Here a is the average interelectron spacing in the 2DES and p, is the average
charge density (p. = n,e). There is a numerical prefactor in Equation 2.43,
but it is generally close to unity [Nor92], so it can be ignored.

Although most of these transport properties have been discussed in terms
of a one dimensional charge density wave, they also apply in the two dimen-
sional case. Thus it is legitimate to expect that a two dimensional Wigner
crystal will also show these characteristics.

(2.43)

2.5 The Wigner Crystal

2.5.1 Early Theories

In 1934, Eugene Wigner used perturbation methods to calculate the correla-
tion energy due to the mutual repulsion between free electrons in an electron
gas [Wig34]. He noted that this energy could be minimized if the electrons
were organized in a close packed body centred lattice with interelectron spac-
ing r. Wigner demonstrated that the correlation energy can be as high as
0.292¢2/r if the electrons’ kinetic energy can be neglected and he realized
that in a system where ihe electrons’ kinetic energy was much smaller than
0.292¢?/r, the system would settle into the ordered three dimensional lattice
he had described. The question was whether or not such conditions could
exist in any real system. At zero temperature the zero point oscillation mo-
tion of an electron (the only kinetic energy left available at zero temperature)
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gives it an energy which varies as r~2. Since the correlation energy varies
as r~1, it is obvious that if the electron density is lowered sufficiently, the
correlation energy will become the dominant factor and the electrons should
freeze into what is now known as a Wigner crystal.

Later the same theory was applied to two dimensional systems of electrons
using the specific examples of electrons suspended just above the surface of
liquid Helium by a perpendicular electric field [Cra71] and of electrons or
holes in a semiconductor inversion layer [Cha72]. The thecry of these two
dimensional Wigner crystals was extensively developed over the next few
years. L. Bonsall and A. Maradudin examined the static ground state en-
ergy for the five possible two dimensional Bravais lavtices and determined
that the minimum energy configuration was that of a hexagonal (or trian-
gular) lattice [Bon76]. Once the Bravais lattice is known, it is possible to
explicitly calculate the dispersion relationship for the phonon modes in this
lattice. Bonsall and Maradudin carried out this calculation [Bon76, Bon77]
and demonstrated that, in contrast to the three dimensional Wigner crystal,
the phonon frequencies approached zero as the wave vectors approached zero
(i.e. there were no gaps in the dispersion curves). Other groups attempted
to determine the exact value of r (and the corresponding electron density) at
which the electron gas would freeze into a Wigner crystal. The calculations
all used the same basic principle which had been suggested by Wigner, but
the detailed calculations of the correlation energy used different methods,
such as variational wave function treatments or Monte-Carlo simulations.

There are two fundamental elements to any calculation of this nature.
The first is the average potential energy per electron, < U >, in a 2DES due
to the mutual Coulomb repulsion. This can be expressed in cgs units (which
are traditionally used in theoretical discussions of the Wigner crystal and
are also consistent with the experimental convention of expressing electron
densities in cm™?%) as:

e e /rn,

rok K

<U>r

(2.44)

where & is the static dielectric constant in the system and ry is the average
interelectron distance in the two dimensional plane which can be expressed
in terms of the electron density, n, = (7r3)~!. The second is the mean value
of the electrons’ largest kinetic energy component, < K >. In order for the
crystal to form, < U > must be larger than this competing energy component
by some factor I'y so that:

<U>

<K>

=Ty (2.45)
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is the equation which defines the phase boundary of the crystal. There
are three different regimes where it is thought that the Wigner crystal can
exist and each one of these is associated with a different competing energy
component.

The first and simplest regime to consider is the limit of zero temperature,
where the only source of kinetic energy is the zero point motion of the elec-
trons due to the Heisenberg uncertainty principle. This is called the quantum
regime. In the Wigner lattice the electrons have a position uncertainty of
Az 2 1o, since their confinement to the positions in the triangular lattice
means that their wave functions should not overlap. This leads to a momen-
tum uncertainty of Ap & k/rg, where i = h/27x. The momentum uncertainty
means that the electrons have an intrinsic minimum kinetic energy caused
by quantum fluctuations of:

Ap® K wnh’

K >= = =
< 2m* 2rim*  2m*

(2.46)

In this case < U >x /n, and < K > n, 50 that if n, is increased above
some critical cold melting concentration, nca, the Wigner crystal will melt
even at zero temperature. The specific value of ncp in a given system can
be determined by substituting Equations 2.46 and 2.44 into Equation 2.45,

which reveals that: , 2
2e‘m*
noM = ( Tt Fo) (2.47)
Figure 2.12 shows a general first approximation phase diagram for the Wigner
crystal in the phase space of magnetic field, electron concentration and tem-
perature, In this diagram, the quantum regime is the segment on the n, axis
from the origin to ncum.

If the temperature is increased above zero then the zero point quantum
motion will not be the only source of kinetic energy. In the high temperature
limit, known as the classical regime, the largest source of kinetic energy is
the thermodynamic kinetic energy:

< K >=kgT (2.48)

where kg is Boltzmann’s constant. In this regime the Wigner crystal will
melt when the temperature is raised beyond some critical melting temper-
ature, Ty, or when the density is lowered below some critical value, nas.
The relationship between these two numbers is obtained by substituting the
specific equations for < U > and < K > into Equation 2.45, which reveals
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that: (kksTyTo)?
Kkpipmlo
= (2.49)
This equation suggests that if the electron density is sufficiently high, then
the Wigner crystal could actually exist at room temperature. This does
not occur, however, because if n, becomes too large then the kinetic energy
which comes from the zero point quantum motion of the electrons will become
larger than < U > [Ty and the crystal will melt. In order to account for
these circumstances when the temperature is not high enough to be in the
simple classical regime defined by Equation 2.48 and not low enough to be
in the T' — 0 quantum regime, P. M. Platzman and H. Fukuyama [Pla74]
used the Fermi function to evaluate the mean kinetic energy per electron:

d?p p?[2m"
(2)? g€zm— = (2.50)
Here p is the chemical potential energy (equivalent to the Fermi energy in an

electron gas) and n is the number density which must also be defined using
the Fermi function:

<K>—

n= 2] 21)2 = (2.51)
These two equations can be evaluated for a.rbltrary temperature and electron
density, and this leads to parametric equations for the phase boundary which
allow it to be expressed in terms of a dimensionless temperature T'/Ty, where
To = 2e*m"[kph®s®T2, and dimensionless electron density n,/nca. The
result is a curve like the one shown in Figure 2.12 in the (T, n,) plane, which
shows that there will always be some temperature, Tjso, beyond which the
crystal will melt regardless of the value of n,.

Now the third axis of the phase diagram will be considered. Figure 2.12
indicates that turning on a magnetic field tends to increase the stability of
the Wigner crystal both with respect to temperature and electron density.
This statement is a simplification of the complex physics which actually takes
place as the magnetic field is turned on, but it is possible to easily describe
the situation in the high magnetic field limit which is known as the extreme
quantum regime. In this regime the temperature is again assumed to be
close to zero and the magnetic field is high enough that the magnetic length
is lower than ry and thus the cyclotron energy is the largest component of
the electrons’ kinetic energy. For these high magnetic fields, all electrons will
be in the lowest Landau level and thus:

< K >= hw.(0 + )_eBh

(2.52)
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This leads to an expression for the critical magnetic field beyond which the
Wigner crystal will solidify regardless of the electron concentration:

2em*./7n,
Be = .—h;ﬁ;._ (2.53)

In real systems, however, the electron gas is not the ground state at very large
magnetic fields because the FQHE becomes deminant. Since the energy of
the Laughlin ground state has downwards cusps at specific fractional filling
factors, the Wigner crystal may freeze and then melt near a fractional filling
factor and then freeze again as the magnetic field is increased; a phenomenon
known as reentrant behaviour. Alternatively, in lower quality samples, mag-
netic freeze out (as discussed in Section 2.3.2) may occur before B is reached
so that neither the FQHE nor the Wigner crystal will be observed.

In all three regimes, the value of Tg is critical to calculating the phase
boundary for the Wigner crystal. Different melting mechanisms have been
proposed for the Wigner crystal and used to determine I'p. Platzman and
Fukuyama [Pla74], for instance, assume that the crystal melts through lat-
tice vibrations and use a self-consistent harmonic approximation (SCHA) to
calculate the phonon modes. When no self-consistent solution can be found
for a transverse mode (it is assumed that only an electron solid can exhibit
a transverse mode) the crystal is deemed to have melted. This means that
the transition will be first order, in that the state variables which define the
system will change discontinuously at the phase transition point, and it leads
to a value of 'y = 3 in the classical regime. In the quantum regime they use
the same technique but choose, like most theorists, to express the result in
terms of the critical Wigner-Seitz radius, r,., at which cold melting occurs.
The Wigner-Seitz radius expresses the inter-electron distance in terms of the
Bohr radius, r, = rofap = m*e?/(h*x,/7%,) and it has the advantage of
being dimensionless and leading to a result for r,. which is independent of
system specific parameters. Substituting into Equation 2.47, for instance,
gives: \

m*e To
Toe = ey =3 (2.54)
Platzman and Fukuyama calculate a value of r,. =~ 4.5. This is of the same
order of magnitude as I'y/2 = 1.5, but the factor of three difference indicates
ihe lack of subtlety in the simple treatment which has been described here.

A wide 1o ge of values have been assigned to both r, (for the quantum
regime) and T'o (for the classical regime) by theorists, depending upon the
calculation methods they used to solve the many body electron interaction
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Figure 2.12: This phase diagram shows a plausible phase space in magnetic
field, B, temperature, T, and electron density, n,, in which the Wigner crystal
may exist. The values of ngy and T indicated on the graph are arbitrary
and serve only to indicate what point in the phase diagram these terms refer
to.
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problem and also upon the assumptions they made about the precise melting
mechanism in the crystal. These vary from r,. = 4.5 up to r,c = 33 [CepT8,
Ima84] or r,. = 37 + 5 [Tan89], and from I'o = 3 up to 'y = 78 [Tho78)
or T = 95 [Hoc75). In recent years the most widely accepted value for
r,. has been 37 &+ 5, given by B. Tanatar and D. M. Ceperley [Tan89)] in
1989. Their calculations assume zero temperature and magnetic field and
that the sample is free of impurities. They use variational Monte Carlo
methods and fixed node Green’s function Monte Carlo methods to calculate
the ground state energies of the crystal and of the electron liquid over a
range of electron densities. This is, in principle, a very accurate method
of determining r,, but it does not account for the important effect which
impurities in a real system can have on the local potential and thus it is
not necessarily suitable for direct comparison with experiments. In contrast,
the most commonly accepted value for I'y comes directly from experimental
work. In 1979 C. C. Grimes and G. Adams reported the observation of
the sudden appearance with decreasing temperature of a radio frequency
(rf) resonance in a sheet of electrons suspended at the surface of a layer
of liquid helium [Gri79]. They attributed this resonance to a coupling of
plasmon-ripplon modes excited by the rf electric field with the periodicity of
the Wigner lattice. The temperature at which this occurred corresponded
to o = 137 + 15. Even today this number is still considered accurate. The
value, Ty = 127 £ 3, is a more modern experimental value with a smaller
error bar, but it still falls within the range defined by Grimes and Adams.

2.5.2 Experimental Work

The system of electrons at the interface between liquid helium ard a vacuum
was the first experimental system to exhibit strong evidence for a Wigner
crystal. The electrons are trapped at the surface by the combination of their
own image potential in the liquid which is a long range attractive force and
the short range repulsive barrier which prevents them from entering the lig-
uid. Their wavefunctions are typically confined to = 107® cm in the direction
normal to the liquid-vacuum interface, but they are free to move parallel to
the interface so they are usually held in place by a metal guard ring which
limits them to the small area of the liquid helium which is being studied.
Since liquid helium has very few impurities, this is almost an ideal system.
The electron density can be controlled using a filameat and a parallel plate
capacitor to be anywhere between 10°cm~2 and 10'°cm™2. This fulfills the
low electron density requirement for observing the Wigner crystal in the clas-
sical regime but falls far short of the densities required to be in the quantum
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regime. Higher electron densities cause a surface instability which allows
electrons to escape to either the lower electrode which is placed below the
surface of the liquid helium to attract electrons from the filament, or to the
guard ring electrode [Wil7l, Gor73]. The rf resonances and corresponding
absorption peaks observed by Grimes and Adams for electrons above the
surface of liquid helium have also been observed for positive ions trapped
beneath the surface [Mel90]. Both data sets can be interpreted as showing
the periodicity of a triangular lattice, which is convincing evidence for the
existence of a Wigner crystal. Other studies have examined shear waves in
the Wigner crystal [Dev84] or have used thin films of helium on top of a
rough substrate (such as glass) to investigate the effects of impurities on the
crystal [Jia89, Jia90a]. Electronic transport characteristics such as resistiv-
ity as a function of temperature, current as a function of applied voltage
(I -V curves) and voltage noise amplitude as a function of applied DC volt-
age were measured. These studies have shown that the crystal displays the
electronic transport characteristics of a two dimensional charge density wave
(CDW) which is pinned by impurities, as discussed in the previous section.
Since a Wigner crystal is an ordered array of charged electrons, it can be
described in terms of a pinned two dimensional CDW, and thus it is ex-
pected to display the characteristic signatures of low conductivity, a distinct
melting temperature, non-linear IV curves with a threshold electric field,
temperature activated conduction, and both broad band and narrow band
noise in the region above the threshold field where the crystal began to slide
coherently. This is exactly what was observed. Figure 2.13, for example,
which comes from [Jia90a), gives an example of both temperature melting of
the crystal and (in the insert) an R-V curve (similar to an I-V curve) with a
threshold electric field.

When high quality semiconductor based 2DESs became available they
were also good candidates to show the two dimensional Wigner crystal. Si-
MOSFETs were initially the subject of most studies, but during the 1980’s
the focus shifted to GaAs/AlGaAs heterostructures. In contrast to the case of
electrons on liquid helium, both of the semiconductor systems could easily be
made with high enough electron densities to exist in the quantum rather than
the classical regime. In fact the problem turned out to be that their typical
electron densities were too high, and lowering them to the theoretical value of
nop resulted in all the electrons being localized by impurity potentials before
the Wigner crystal formed. The differences between the three systems which
have been mentioned so far are highlighted in Table 2.2. 1t lists some physical
quantities for each system as well as n,. (calculated using both r,. = 10 and
rec = 37) and Ty (calculated using n,, a typical electron density at which
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Figure 2.13: This graph of p.. versus T shows the temperature melting of
the Wigner crystal. The inset shows the critical potential (i.e. threshold
field) at which sliding begins. This data is from electrons above a thin film
of liquid helium [Jia%0a].
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| Parameter Si-MOSFET | GaAs/Al:3GaerAs | Electrons on Helium |

m* 0.19 0.067 1.0
K 7.7 13 1.0
ag (A) 21 104 0.53

n, (cm™?) 8.0 x 10 8.0 x 101° 4.0 x 10°

neym (em™2) (r, =37) | 5.1 x 10° 2.1 x 10° 8.3 x 10%

ney (cm™%) (r,. = 10) | 6.9 x 10'° 3.0 x 10° 1.1 % 104
T (K) (T =127) 0.86 0.50 1.5

Table 2.2: Parameters Relevant to A Wigner Crystal in Three Systems

experiments to detect a Wigner crystal have been performed in each system,
and I'y = 127). The value of r,, = 10 comes from a specific calculation
which accounts for the impurities and valley splitting in silicon which will be
discussed later. This table reveals that theoretically the Wigner crystal will
solidify at a higher density and at higher temperatures in a system of electrons
on liquid helium than in either of the semiconductor systems, but that the Si-
MOSFET system is the more favourable of the two semiconductors. This is
particularly noticeable when comparing the experimentally studied densities
to the cold melting densities. For r,, = 10 in silicon, nga is very close
to a typical experimentally attainable density of n, = 8 x 101° cm™?. In
GaAs/AlGaAs, however, where r,. = 37 is a more appropriate value, nep
is over two orders of magnitude lower than the usual experimental density
regime, and even with r,. = 10, experimental densities must still be lowered
by an order of magnitude. This is why most studies using GaAs/AlGaAs
have focused on the extreme quantum regime, where the cyclotron energy is
lower than the zero-point motion energy, and thus cold melting will occur
at higher electron densities. The table also explains why the cold melting
transition in the quantum regime was inacessible using electrons on liquid
helium where the maximum electron density was on the order of 10'° cm™2.

Since its larger effective mass and smaller dielectric constant allow silicon
to have a higher value of nop than GaAs/AlGaAs for the same theoreti-
cal value of r,., it seems strange that the focus in the search for a Wigner
crystal moved from the former system to the latter. This makes more sense,
however, when the electronic mobilities, u, of the two systems are compared.
Few Si-MOSFETs have u; > 10*cm?/Vs, whereas modern GaAs/AlGaAs
heterostuctures often have p; > 10° cm?/Vs. Higher mobility is ususally as-
sociated with a decrease in the influence of impurity potentials. Reducing
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the influence of impurities makes it possible to attain lower values of n,;
before all the electrons are lost to single particle localization and the for-
mation of any correlated electron state becomes impossible. The value of
n,; = 8.0 x 10*®cm~2 which is given for silicon in Table 2.2 is for the re-
markably high quality Si-MOSFETs which were used in this work. Thus,
until the experiments described in this thesis began, no strong evidence had
been observed for the Wigner crystal existing in Si-MOSFETs and those who
were interested in finding the Wigner crystal in a semiconductor based 2DES
were studying GaAs/AlGaAs heterostructures in the extreme quantum limit
using high magnetic fields.

The first evidence for the existence of a Wigner crystal in GaAs/AlGaAs
heterostructures came from radio-frequency spectroscopy measurements made
in 1988 [And88). These measurements relied upon the fact that a Wigner
lattice (because of its rigidity to shear) has a gapless magnetophonon mode,
whereas an electron liquid does not. The frequency versus wavevector rela-
tionship for this magnetophonon branch can be expressed as:

w_ = (27rp,)°‘5q1’53'1 (2.55)

where 4, is the static shear modulus of the crystal and ¢ is the wavevec-
tor of the magnetophonon. An rf electromagnetic wave of wavevector ¢ and
frequency w introduced in the plane of the electrons will couple to the mag-
netophonon mode when the two frequencies match (i.e. w = w_(g)). This
can be detected by a decrease in amplitude of the transmitted electromag-
netic wave at those frequencies which are harmonics of w_(g). Since this
initial set of measurements, other experimental work using different tech-
niques has taken place. These have included all the electronic transport
measurements, using both AC and DC techniques [Wil88, Gol90, Jia90b,
Jia91, Wil91, Paa92, Gol93], which were carried out first on charge density
waves and then on the classical Wigner crystal. Although the distinct noise
frequency spectrum associated with a perfect lattice or CDW was not directly
observed, all of the other characteristics of a CDW or classical Wigner crystal
were seen, Figure 2.14, for instance, shows a plot of R;; on a logarithmic
scale versus T-! on a linear scale (an Arrhenius plot) using data taken from
a GaAs/AlGaAs heterostructure at high magnetic field [7ia90b). The linear
fit indicates that R., has an exponential dependence on T~! and thus fits
the temperature activated conduction model which has previously been asso-
ciated with a pinned CDW. This figure also conveniently shows the influence
of the magnetic field. At filling factor » = 0.21 the temperature dependence
of R, is strong, whereas at v = 0.302, the temperature dependence is much
weaker (i.e. the activation energy is lower). This is typical of the behaviour
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observed in the extreme quantum limit. The Wigner crystal exists only at
very high magnetic fields starting just below v = 1/5, so the decrease in
intensity of the characteristic signatures at higher filling factors is expected.
These experiments have also shown, however, that the v = 1/5 quantum Hall
effect plateau is still observed if the magnetic field is increased slightly, but
that the strongly insulating behaviour associated with the crystal becomes
dominant as the magnetic field increases beyond v = 1/5. This demonstrates
that, in accordance with the fact that the Laughlin wave function has a lower
energy ground state at specific fractional filling factors, the Wigner crystal is
actually reentrant with the Laughlin wave function of the QHE at v = 1/5,
melting and then recrystallizing as the magnetic field is increased. The den-
sities at which the Wigner crystal forms near v = 1/5 correspond to r,, =~ 2
[And88), indicating the stabilizing effect of the magnetic field.

The two other techniques used have been photoluminescence [Buh9l,
Tur92, Gol92] measurements, in which an additional line has been observed
in the luminescence specirum in the region of the phase diagram where the
Wigner solid is believed to exist, and cyclotron resonance [Bes92, Sum93], in
which long wavelength cyclotron excitations have also shown new absorptions
which indicate a change in the electron ground state coincident with the same
region in phase space. Since photoluminescence measurements are sensitive
to the energy spectrum of electrons in the 2DES, and it can be demonstrated
{Fer93] that this spectrum is unique for electrons in a periodic potential (ie.
in the crystallized state) subject to a magnetic field, the appearance of new
lines in the magnetoluminescence spectrum provides convincing evidence for
the formation of a Wigner crystal. In fact one group [Kuk94] has actually
used time resolved luminescence measurements to probe the precise structure
of the periodic potential and claims that it has the form of an ideal triangular
lattice, just as is predicted for a Wigner crystal.

It was about two years after the initial discovery of the Wigner crystal in
GaAs/AlGaAs heterostructures that it was also observed in Si-MOSFETs.
These experiments took place in the quantum regime using electronic trans-
port techniques on extremely high mobility Si-MOSFETs. An unusually
strong insulating behaviour was noticed when measuring R, versus B in
these MOSFETs at low temperatures and electron densities. This phe-
nomenon was unusual because the insulator was reentrant with the IQHE
R, minima at » = 1 and v = 2, and the peak resistance could change
by up to seven orders of magnitude with as little as a 30% change in n,.
Further experiments used a variety of different electronic transport measure-
ments, including AC and DC conductivity [DIo92a, DIo92b, Pud93a), Hall
measurements [Pud93b}, and noise spectra [Pud94a). All of these pointed to
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Figure 2.14: The data points {measured from a GaAs/AlGaAs heterostruc-
ture in the extreme quantum limit [Jia90b]) show a temperature activated
conductivity at » & 0.21. The dependence of the phenomenon on mag-
petic field is indicated by the much weaker behaviour at the lower field of
v = 0.302.
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the existence of a Wigner crystal under the right conditions in these very
high quality MOSFETs. It is only very recently that Si-MOSFETs were also
used to study the extreme quantum limit [Dol94). The basic nature of the
experiments performed on Si-MOSFETs has been similar to those performed
on CDWs, electrons on liquid helium and GaAs/AlGaAs heterostructures.
The differences are in how the data are used to determine different trends
and how they are then compared to theoretical predictions.

2.5.3 Models: Ideal to Real

The simple predictions made using the CDW analogy and even those made
for the rf spectroscopy, photoluminescence or cyclotron resonance methods
have generally assumed that the Wigner crystal can be treated as an ideal
system. Most theoretical predictions of r,. and Tas have also used assump-
tions which are difficult to apply to real systems. The effect of non-zero
temperature should be taken into account when comparing an experimental
n, with a theoretical r,., and the role of disorder in the sample is also criti-
cal. The fact that the Wigner crystal is assumed to be pinned by impurities
when studying its electronic transport properties means that experimental-
ists have implicitly assumed that disorder plays some important role, but its
precise effects on the crystal have seldom been quantified. It is particularly
important that the differences between disorder in the GaAs/AlGaAs het-
erostructures (where the introduction of a spacer layer limits the short range
potential fluctuations) and the Si-MOSFETs (where the ionic impurities and
surface roughness defects are close to the 2DES and the short range potential
fluctuations may be very large) be accounted for. A better understanding of
the effects of spin and valley splitting on the Wigner crystal would also be
useful.

Some attempts have been made to include these effects. Platzman and
Fukuyama [Pla74] were able to calculate the melting temperature correspond-
ing to any electron density, as described above, but their calculations did not
include disorder. In 1983, A. G. Eguiluz, A. A. Maradudin and R. J. Elliott
considered a two dimensional Wigner crystal in the presence of a random
array of pinning centers [Egu83]. They were able to calculate the spectral
density for the phonons of the electron lattice both with and without a mag-
netic field and concluded that at low temperatures (T’ < 1K), the presence
of the pinning centers helped to stabilize the crystal by lowering the mean
square displacement of electrons in the lattice from their equilibrium posi-
tions which could cause the crystal to melt. They assumed a uniform random
distribution of pinning centers, however, and this is not the case in a real
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sample where the pinning centers are associated with impurities which are
urlikely to have an even distribution throughout the sample. More recent
calculations of the phonon dispersion curves for a two dimensional Wigner
crystal have attempted to use more detailed models of the pinning potential
[Nor92, Ale94], but a precise phonon spectrum does not reveal under what
conditions the crystal will melt unless the melting mechanism is understood.
Two quite different mechanisms have typically been considered. The first is
melting through an increase in the lattice vibration until the ratio of the mean
square displacement of an electron from its equilibrium position (< 6r% >)
to the square of the interelectron spacing exceeds some critical value. This
is called the Lindemann criterion and for T = 0K it is given by [Egu83}:

< 6rt >
02

~ 0.0256 (2.56)

Since this ratio can be calculated from the phonon spectral density, it does
allow an estimate of the critical melting value of a (and thus of r,.) to be
made for zero temperature, although it does not determine if the transition
from a solid to a liquid should be first order, with discontinuous changes
in some of the measurable state variables, or second order, with the state
variables changing continuously. At higher temperatures the mean squared
lattice vibration in two dimensions becomes infinite and other quantities such
as the relative displacement of adjacent electrons must be used in place of ér.
Under these conditions, the results of using the Lindemann criterion may not
be reliable [Chu91a). The second mechanism involves melting at finite tem-
peratures through the creation of dislocation pairs or grain boundaries in the
crystal. This mechanism is associated with the Kosterlitz-Thouless criterion
which states that the crystal will melt when the interaction energy between
a pair of dislocations is Eg, = 2kgT. This allows a phase boundary to be
established wherever the dislocation energy can be calculated. If Kosterlitz-
Thouless melting is the appropriate mechanism then the transition should
have some first order characteristics {Gla90].

One study which is useful in understanding the effects of impurities in real
systems is that of I. M. Ruzin, S. Marianer and B. 1. Shklovskii [Ruz92], in
which they numerically calculate the magnitude of the pinning potential as a
function of the distance between the Wigner crystal and a charged impurity.
They find that impurities in a delta-doped layer located far from the 2DES
(d >> a) create only very weak pinning. This means that the correlation
length in the Wigner crystal, £, is much larger than the spacing between im-
purities, and thus the Wigner crystal is quite rigid. Impurities located close
to the 2DES, however, cause strong pinning so that the correlation length
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becomes smaller than the inter-impurity spacing and the phase coherence of
the crystal is broken at each impurity site. They also note that acceptors
cause much stronger pinning than donors. This type of calculation is impor-
tant, because it shows which types of impurities have to be considered in a
realistic model.

Another important factor in Si-MOSFETs is that the electrons can exist
in either of two valleys which are separate in k-space. The valley splitting
energy is large even at zero magnetic field, A, = 2.4 + 0.6 B (measured in
Kelvin), so that it is important to consider what effect this may have on
the formation of a Wigner crystal. One possibility is to treat the valleys as
two separate electron systems which are coupled only through the Coulomb
force. This is similar to a pair of electron lattices in adjacent quantum wells, a
system which was considered by L. Swierkowski, D. Neilson and J. Szymanski
[Swi91], who showed that the value of noas in such systems was increased by
a factor of 3.4 due to the increased Coulomb coupling between the electrons
in the two wells. Since each valley in a Si-MOSFET only contains half of the
total electrons, this means that the cold melting concentration for the total
two valley sysiem would actually increase by a factor of 6.8 [DIo92a]. This
leads to values of n,. which are as high as 4.5 x 10'*ecm™? in Si-MOSFETs
(calculated using r,, = 37 & 5), coming fairly close to the regime where the
characteristic signatures of a Wigner crystal have been observed.

The most realistic model yet developed for Si-MOSFETSs, however, is
probably that of S. T. Chui and B. Tanatar [Chu?3c]. They use Monte Carlo
calculations which take into account the valley degenaracy and the effects
of impurity scattering to calculate the ground state energies of the quantum
fluid (electron gas or liquid) and the Wigner crystal in fully polarized, par-
tially polarized and unpolarized states. Their choice of impurity densities
and other parameters is compatible with the Si-MOSFETs discussed in this
thesis. Specifically, they chose a donor concentration of 10'® cm™2 located at
a setback distance of 300 A, and a surface roughness potential with a corre-
lation length of 100 A and a fluctuation in surface height of 3 A, The results
indicated a transition from a partially polarized fluid to a fully polarized solid
at 7. = 10 (the value quoted in Table 2.2). For Si-MOSFETs it is currently
the most realistic value of r,. available because it results from direct ground

state energy calculations which take into account the specific parameters of
the Si-MOSFET.
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2.5.4 Phase Slip and Dislocation Pair Models

S. T. Chui also helped to develop a self consistent model of the conduc-
tion mechanism in the Wigner lattice which explains (and makes specific
predictions about) the activation energy, the electric field threshold and the
Hall resistivity [Chu9la, Chu91b, Chu93b]; three key components of the elec-
tronic transport signature of & Wigner crystal. This model assumes that the
most important charge carrying excitations in the crystal are bound disloca-
tion pairs and that melting occurs through a Kosterlitz-Thouless mechanism
involving dislocation pairs rather than individual dislocations. A single dis-
location is best visualized as a shift of the electrons from their equilibrium
lattice positions which has greatest magnitude near the centre of the dislo-
cation but decreases with increasing distance. It can be described in terms
of a displacement field. A dislocation pair consists of two dislocations with
displacement fields in opposite directions, so that any ciectron which is far
from the pair will be almost unaffected since the complementary displace-
ment fields will cancel each other. This is similar to the way in which the
field of an electric dipole decreases faster with distance than that of either
of its two component charges taken individually. Thus the energy to create
a dislocation pair is smaller than that required to create a single dislocation
and this is what binds the dislocation pair together. Since there is a net dis-
placement of charge in the area between the two dislocations, it is possible to
move this locally altered electron density and thus conduct charge by moving
the bound pair as a unit.

This model is remarkably similar to the model of transport through phase
slips in a charge density wave [Chu93b]. The picture of the entire CDW (or
a segment of it) sliding coherently past the impurities once £ > Er is too
simplistic. In a disordered sample where the number of impurities is large and
the length of the phase coherent segments small, it is important to consider
what happens at the boundaries between different coherent segments. This
question is addressed by the phase slip model, in which the CDW is assumed
to have its phase pinned at impurity sites and is analyzed in terms of the
energy required to cause the phase to change by 27 at such a site. The
energy can be provided either thermally or by the external electric field and
corresponds physically to a sudden relaxation of the strained CDW shown
in Figure 2.11 to an unstrained position where the pinning centre has moved
by one wavelength to the left with respect to the CDW. This is equivalent
to moving the edges of the coherent segment by one wavelength to the right
with respect to the fixed impurity. Thus, in one dimension the phase slip
model is directly equivalent to the model of a sliding CDW with multiple
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coherent segments.

In two dimensions the loss of phase coherence occurs in both directions,
so the CDW is divided up into phase coherent islands, pinned by impurities.
In 2 Wigner crystal this is equivalent to the idea of a single sample ~ontaining
many small crystallites, each of which is separately pinned. Here the phase
slip is propagated through the sample as a 27 phase soliton, a stable, moving
phase shift. I there are many solitons present, each one represents a moving
site of local displacement and they can aggregate into multi-soliton complexes
which are equivalent to dislocations [Bra9l, Nad92]. It is then possible to
view the sliding CDW (or Wigner crystal) as a single coherent unit contain-
ing moving phase scliton complexes (dislocations) or as a group of sliding
phase coherent islands (crystallites) separated by phase dislocations. Both
viewpoints are equivalent.

Since the phase slip model is so similar to the dislocation pair model
of charge transport which was created specifically for a Wigner crystal, it
should be possible to use some of the previous work on phase slippage to
make predictions about the electronic transport characteristics of the Wigner
crystal. Most of the previous work on phase slippage, however, has focused on
narrow superconducting channels or on quasi one dimensional charge density
waves. In order to compare the predictions of the phase slip model with
the experimental results, it is necessary to express them in a framework
that is compatible with a two dimensional Wigner crystal. Certainly, phase
slippage is characterized by non-linear I — V curves and thermally activated
conduction. It is also associated with both broad band and narrow band
noise. All of these characteristics, however, can also be determined from the
simpler model of a coherent CDW sliding past impurities. To get more precise
predictions it is necessary to use the expression which has been developed
[Bor86, Gil86, Nad92] for the current carried in a CDW undergoing phase
slippage, which can be written as:

Icpw = Ipexp [;—5;] sinh [neV] (2.57)

&T
where I, is the total current provided by a single 27 phase slip, F is the
energy barrier which must be overcome in order to shift the phase by 2=, V
is the voltage applied across the distance corresponding to a 27 phase slip
and n is the average number of electrons in the unit cell of the CDW over
which each phase slip event nucleates. In the framework of a two dimensional
Wigner crystal some of these quantities need to be redefined. Io remains the
basic unit of current, but now it is related to an integration of the phase
slips occuring across the entire width of the two dimensional sample, so it
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is more accurately defined as a constant which gives the magnitude of the
current rather than as a fundamental property of the microscopic pbysics.
The phase slip energy barrier can be identified with A, the experimentally
determined thermal activation energy. The voltage corresponding to a 27
phase slip is equal to the applied electric field multiplied by the distance over
which the electron phase changes by 2r (ie. the interelectron spacing) so
that V = E,ppe. Finally, the number of electrons in a unit cell of the CDW
can be assumed to be equal to the average number of electrons in a coherent
crystallite in the Wigner crystal, since all the electrons in each crystallite
must undergo phase slippage together or the crystallite will be destroyed.
Making these substitutions and dividing Equation 2.57 by V;.f where V. is
the potential measured between 2 pair of longitudinal contacts such as source
and drain or P1 and P3 and f = W/l is the geometrical factor given by the
width of the sample divided by the length between the pair of contacts used
to measure V.. results in the equation:

1 Il Il [—A] sinh [neaV,, 1

Oz = S VW VoW LT % T

(2.58)

This single equation makes a specific prediction about the relationship be-
tween o, and Vi, (or alternatively E,p, = Vio/l) and the relationship be-
tween o, and T. Since all three of these quantities can be varied and mea-
sured experimentally, this should give an excellent idea of whether or not the
phase slip model is valid for a given set of experimental conditions. If it is
valid, then this will be strong evidence for the existence of a CDW or Wigner
crystal under those conditions.

The dislocation pair model developed by S. T. Chui and others for the
two dimensional Wigner crystal [Chu91a, Chu91b, Chu93b] also makes some
specific experimentally verifiable predictions. S. T. Chui and K. Esfarjani
calculated that the energy required to create a single dislocation pair (ex-
perimentally identifiable with the thermal activation energy, A) followed the
form:

Ax (vp—v) (2.59)
where v, is the critical filling factor at which the crystal melts. At constant
magnetic field, v « n, and thus:

A x (nsc - n:) (2'60)

where n,, is the experimentally measured crystal melting concentration at
that magnetic field. In a later paper [Chu33b], it was noted that the applica-
tion of an external electric field may be sufficient to unbind a dislocation pair
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into two independent dislocations. In order for this to happen, the disloca-
tions will have to tunnel through the energy barrier A. The effective decay
length associated with this type of quantum mechanical tunneling is given

by:
h2 0.5
d= (2mdA) (2.61)

Here my is the effective mass for the moving dislocation wave (mq = 0.1m*).
The electric field threshold, E, associated with depinning the crystal will
occur when the energy gained from the field in breaking apart a dislocation
pair (proportional to E.d) is larger than the energy required to create a
dislocation pair {(A), and thus large numbers of unbound, charge carrying
dislocations will occur, creating the sudden increase in current associated
with the threshold field. Since these dislocations can also be viewed as the
boundaries between crystallites, this is the point at which the individual
crystallites begin to slide. Mathematically this can be expressed as:

hg 0.5
Etd = Et (2mdA) oC A (2.62)

Rearranging and substituting in the result of Equation 2.60 gives:
By o A' < (n,e — n,)!® (2.63)

This is another theoretical prediction which should be easy to test experi-
mentally.

The final important prediction of the dislocation pair model relates to
the Hall resistivity. For a Hall voltage created by the Lorentz force acting
on mobile dislocation pairs and through them on the whole electron lattice,
the Hall resistivity should have the form [Chu93a):

Pzy 14z  en,(l+2)

(2 54)

This means that the Hall resistivity will be equal to its classical value, g2,
divided by a scaling factor, (1 + z), where z is related to the material pa-
rameters of the sample and is typically very small (on the order of 10-18).
For experimental purposes, this means that p., in the Wigner crystal phase
should retain its classical value regardless of wnat happens to p...

These three predictions of the dislocation pair transport model give some
more specific transport characteristics of the Wigner crystal than those which
are generally inferred from the CDW analogy. The phase slip model, which
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he dislocation pair model, also provides a specific
relationship between 0zz, Eapp and T which can be experimentally verified.

These two models are quite realistic and if their predictions are observed in
a system it would lend support to the existence of a Wigner crystal in that

is roughly equivalent to t

system.
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Chapter 3. Experimental Details

3.1 The Samples

The experiments discussed in this thesis all made use of a set of extremely
high quality Si-MOSFET samples, which were fabricated at the Institute of
Microelectronics in Chernogolovka and were brought to Canada by Dr. V.
M. Pudalov. These unique samples, which were produced during the early
1980’s, have electronic mobilities, u, among the highest ever recorded for sil-
icon [Kru9la]. They allow electron transport measurements to be performed
in the normally inaccessible regime of extremely low electron densities.

3.1.1 Detailed Description

Fourteen samples from different wafers were studied, but three were deter-
mined to be the most suitable (in terms of their electronic mobility, contact
resistances, and overall homogeneity of the two dimensional layer) for study-
ing electronic properties in the dilute electron regime. All of them followed
the same basic design. A SiO; layer of approximately 0.2um was deposited
over a lightly p-doped Si substrate. The contacts were established in a Hall
bar geometry with a source, drain, and three pairs of Hall contacts by stan-
dard phosphorous diffusion. Then a final Al metallization layer was used
to create the gate and to provide an Ohmic contact between the bonding
wires and the sample. The sample itself was rectangular, with a length of
5.0 mm and a width of 0.8 mm. Thus the distance between adjacent longitu-
dinal contacts was 1.25 mm, giving a length to width ratio for conductivity
calculations of 1.6. Connecting the samples to the external electronics was
accomplished by ultrasonically bonding gold wires to the eight contact pads
and the gate, and then to gold plated posts on a 12 pin TO-8 header which
fit the probe.

It is possible to obtain a sense of how these samples compare with those
manufactured by other groups over the past decade by examining the rele-
vant peak electronic mobilities, y,, as well as the values of electron density
and temperature at which those mobilities occur. The significance of these
numbers and details of how they were calculated will be given later, but
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Authors Hp n, at pp T |
cm?/Vs | 10" em™2 | K
Wheeler [Cha80] | 22000 15 4.5
Furneaux [Fur87] | 33000 1.8 0.5
Kruithof [Son90] | 25000 6.0 1.1
Pudalov (Si-2) 22800 4.1 0.025
Pudalov (5i-5) 40800 3.2 0.025
Pudalov (Si-11) 33100 4.1 0.025

Table 3.1: Characterization Data for High Mobility MOSFETs

Table 3.1 lists the appropriate values and shows immediately that these Rus-
sian MOSFETSs had peak mobilities which were among the highest of any
Si-MOSFETs ever produced.

3.1.2 Fabrication

It is noteworthy that only a select few of the countless Si-MOSFETs studied
during the last three decades have had peak mobilities over 2.0 x 10 cm?/Ve.
This is why it is useful to study the fabrication process used to produce
these high quality MOSFETs. G. H. Kruithof [Kru9la] provides a detailed
discussion of the fabrication steps required, and private communications with
V. M. Pudalov and R. G. Wheeler have revealed that they used similar
techniques to those used by Kruithof.

Cleanliness is the single most important issue in fabricating high mobility
Si-MOSFETs. Every stage of sample processing must be designed to isolate
the sample from impurities which can degrade the two dimensional layer.
This means that the sample should be protected from the atmosphere as
much as possible, since atmospheric oxygen atoms can oxidize the silicon in
an uncontrolled fashion. It is also vital to use the highest purity chemicals
possible (impurity levels, especially of the light metallic jons which easily
diffuse into the oxide, should ideally be in the parts per billion range) in all
of the wet etching stages and to rinse the sample thoroughly between each
etch. The water used for rinsing the sample between etches must also be very
pure, as it is very easy for ions such as sodium or potassium to diffuse into the
silicon, creating Coulomb impurities. To help keep the chemicals and gases
used in each stage separate it is also beneficial if separate sets of vessels can
be used for each chemical etch and subsequent rinses, and separate furnaces
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for each high temperature stage. Cleaning the furnace tubes and rods before
each use with some type of fluorine or chlorine derived chemical such as HF
or CH3-CCl; further helps to reduce the possibility of contamination from
stray atoms which may be present in the furnace walls.

Another important issue is that of minimizing the surface roughness at the
interface between the silicon and the Si0, oxide layer. Ideally, the interface
should be as flat as possible. This was accomplished by repeatedly laying
down a thin oxide layer and then removing it before the final oxidation began.
Doping the contacts to be strongly n-type by implanting phosphorous atoms
is also a delicate step, since care must be taken not to let the phosphorous
diffuse into the main channel under the gate, where a small amount could
affect the doping over a wide area of the lightly doped p-type silicon. Finally,
it was important during the metallization of the gate and contact pads with
aluminum not to allow a charge to build up on the gate as it was being formed
because this could cause an electrical break down through the oxide layer,
permanently ruining the MOSFET. It was also essential to try and minimize
any external contaminants present during metallization as these could easily
diffuse into the oxide, lowering the mobility or even creating a break down
path from the gate to the silicon.

Aftes the initial fabrication, there are also concerns with how the samples
are handled. The samples must be stored in a static free environment and
once they have been connected to an external circuit they must be carefully
protected from any sudden electrical discharges. Failure to observe these pre-
cautions can result in a breakdown of the insulating oxide which separates
the gate from the silicon surface, severely damaging the MOSFET. Even a
voltage spike as low as 100 Volts between the gate and the two-dimensional
electron layer may cause shifts in the impurity distribution near the interface
which will shift the threshold gate voltage dramatically. Although the sam-
ples usually recovered from a shock of this second type after a few weeks of
equilibration at room temperature, it could still terminate an experimental
run prematurely. Even with all possible precautions, the samples could not
be maintained at base temperature for more than a month before their con-
tacts began to degrade and they had to be warmed up to room temperature
for a few days to recover. The precise reason for this slow degradation is not
known, but it should be noted that others have observed 2 long term degra-
dation of their samples [Kru91a] even when stored at room temperature. In
these Russian samples such degradation during storage was not a problem,
since the peak mobilities changed by less than 10% between 1990 and 1993.
The reproducibilities of the threshold gate voltage, insulator capacitance, etc.

63



CHAPTER 3. EXPERIMENTAL DETAILS

were also very good from one cooldown to the next, provided that the sam-
ples were cooled down very slowly (taking approximately four hours to cool
from 300K to 77K) while applying a constant gate voltage (usually V, = 9.0
Volts).

3.1.3 Characterization

All of the samples were characterized in several stages. First, a potential of
9.0 volts was applied between the gate and one contact, and the resistances
across all possible contact pairs and between the gate and each contact were
checked at room temperature. For these measurements a voltmeter was set
with a limiting current of approximately 1 zA so as not to damage the sample.
In order to pass this stage of testing, a sample had to have at least two contact
pairs (preferably source-drain and one other pair) which had path resistances
below 1M and could not have any gate-contact pathways with resistances
below 100MQ.

After successful room temperature testing, a sample would be cooled in
approximately 4-6 hours from room temperature to 77K and then from 77K
to 1.7K in an additional 2-4 hours. More detailed characterization could
then begin, starting with the determination of the electron density in the
9DES as a function of the gate voltage. This was accomplished using the
traditional assumption [And82] of treating the insulator in the MOSFET
structure as a parallel plate capacitor with the gate and the inversion layer
as the complementary charge accumulators. The threshold gate voltage, V;,
is defined as the potential when inversion first occurs and thus the efiective
voltage across the capacitor is obtained by subtracting V; from V;, the applied
gate potential. The capacitance is then given by Cins = @ [(V, = Vi), where
Q is the charge of the entire inversion layer. This leads to a simple formula
for the carrier density:

QG

T eA  ed
The area of the sample and the capacitance of the insulating layer are fixed
during sample fabrication, but as noted previously, the threshold voltage
is sensitive to the distribution of impurities near the interface and thus it
can easily be affected by sudden electrical discharges or even by the way
electronic traps are filled as the sample is cooled. Thus, although the slope
of the n, versus V, graph should not change significantly with time, the
threshold voltage should be checked every time the sample is cooled down
from room temperature and whenever it is suspected that the sample may
have undergone a shock.

(Vo= Vo) (3.1)
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Two methods of determining the insulator capacitance and threshold volt-
age were used. The first was to set the gate voltage and then measure the
resistance between a pair of longitudinal contacts as a function of transverse
magnetic field. An experimental plot of such a measurement using contacts
P1 and P5 from sample Si-11 is shown in Figure 3.1. It shows clear resistance
minima at the integer filling factors which correspond to the Integer Quantum
Hall Effect, with arrows indicating which filling factor corresponds to which
minimum. This correspondance is usually made by manually measuring the
resistance across a pair of Hall contacts when the longitudinal resistance
trace is observed to be at a minimum and deriving the filling factor from the
value of the Hall resistance plateau. In this case, four Landau levels were
filled at B = 1.16T, two at B = 2.35T, and only one at B = 4.68T. Since
each magnetic quantum level can contain 2.418 x 10!°B electrons per square
centimeter, where B is the transverse magnetic field measured in Tesla, a
filling factor of » at a magnetic field B corresponds to a carrier density of
2.418 x 10'°By cm™2T"!. Defining the electron density in the 2D layer as
n,, measured in em™2, gives:

1
1 Ns

~ B2.418 x 101°

Thus a plot of filling factor versus inverse magnetic field will produce a
straight line whose slope defines the electron density for the specific gate volt-
age used. Repeating the process for different gate voltages produces multiple
points on the graph of n, versus V; and allows a complete characterization
of n, as a function of V.

Sometimes, however, the minima can be quite large (See v = 1 in Fig-
ure 3.1), which leads to a high uncertainty in the values of B corresponding
to those filling factors and ultimately to a high uncertainty in Ci,, and V.
Since the experiments described in this thesis took place in the very dilute
electron density regime where V, — V} was often less than 0.1V, it was vitally
important that the value of V; be established accurately. To accomplish this,
a second method was employed, in which the magnetic field was held con-
gtant while the gate voltage was varied. This also leads to a graph where
the longitudinal resistivity has minima corresponding to each integer filling
factor, but now the density can be varied over a wide range in a single ex-
periment. Figure 3.2 shows such a plot of longitudinal resistance versus gate
voltage for sample Si-31. There are five large, distinct minima, with smaller
minima half-way between them becoming prominent at lower gate voltages.
The larger minima correspond to Landau levels with the spin and valley split-
tings unresolved whereas the smaller minima are due to the spin splitting.

v

(3.2)
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Figure 3.1: The resistance between a pair of longitudinal contacts on Hall
bar sample Si-11 (with geometry as indicated in the inset) is shown as the
magnetic field is varied from 0 to Tesla. The numbered atrows indicate
the filling factors corresponding to the three Integer Quantum Hall Effect
resistivity minima.
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At the lowest gate voltages, valley splitting induced minima start to become
visible between the spir split levels. The minimum number (starting from
the lowest gate voltage available and counting both spin and valley splitting
induced minima) can now be plotted versus gate voltage. This is essentially

a graph of v versus V; and it should have an intercept at V; where no Landau
levels are filled, and a slope, ¢, given by:

1 N,
V= Bragx oo - W (3.3)
Therefore,
n, = 2.418 x 10" Be(V, — V;) cm™? (3.4)

Here B is the constant magnetic field at which the gate voltage was swept
and c is the slope in units of V=!. Figure 3.3 shows a typical ‘fan’ diagram
of the type often used to characterize n,. There are three different lines, at
different magnetic fields, so that the average slope and intercept can be used
to determine Cin,/eA and V;.

The only drawback to this method of determining n, is that it may be
difficult to tell whether the spins and valleys are truly resolved or not, and
thus the slope may be wrong by a factor of two or four. This potential prob-
lem can easily be avoided by using different magnetic fields for the different
lines on the fan diagram. ¥ any of the slopes are incorrect the lines will
not converge at the same value of V;. Alternatively, the density at one of
the minima on each resistance versus gate voltage curve can be verified with
a manual Hall resistance measurement and that point can then be used to
determine whether the slope needs to be adjusted.

3.1.4 Mobility

Once the electron density in the inversion layer had been properly character-
ized for a given sample, the electronic mobility was determined by a single
experiment at zero magnetic field in which longitudinal resistance was mea-
sured while the gate voltage was swept over a wide range. In this type of
measurement each value of V, is converted to a corresponding value of n,,
and the zero field resistance, R?_, is converted to an electronic transpert
mobility, y;, using the formula:

enn 0o, 1 1 cm?
=L = EE = 3.5
b= o en, pl.en, IERgzen, Vs (3.5)

Here, 7; is the mean scattering time for electrons in the two dimensional
layer, m* is their effective mass in the plane of the inversion layer, o2, is the
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Figure 3.2: The longitudinal resistance is plotted as a function of applied
gate voltage for sample Si-31 at B = 4.0 T. Both spin splitting and, at the
lowest gate voltages, valley splitting can be observed.
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longitudinal conductivity in the 2DES at zero magnetic field, p2_ is the zero
field resistivity, { is the distance between the two contacts used to measure
R°, and W is the width of the sample. Figure 3.4 demonstrates the geome-
try, and also gives a typical example of mobility versus carrier density curves
at two different temperatures. Note that, as has previously been observed in
high mobility Si-MOSFETs at low temperatures [Cha80, Gol86a, Kru9lb],
the mobility rises as the temrperature decreases. This is because 7; in this
regime is dominated by scattering from Coulombic impurities near the inver-
sion layer and by surface roughuess scattering from the silicon-oxide interface,
and both of these scattering mechanisms are screened more effectively as the
temperature decreases. Also note that the peak mobility, u,, is limited by a
sharp deczease on the low carrier density side and by a slow fall off at higher
electron densities. This is because the lower density regime is dominated
by Coulomb scattering and the higher density regime by surface roughness
scattering, and these have different dependences on carrier density.

After a sample had been characterized at T = 1.7 K, it was cooled to
23 mK, the base temperature of the dilution refrigerator, and p, and V; were
rechecked. The best samples were selected on the basis of their low temper-
ature mobility (20000 cm?/Vs or greater) and their threshold gate voltage
(0<Vi<1V).

3.1.5 Sample Quality

Although the transport mobility is the simplest way of comparing the qual-
ity of different samples, it is not sufficient by itself. There are other factors
which may be important, depending upon the purpose for which the sam-
ples are required. The Russian MOSFETs studied here, for instance, have
peak mobilities which are an order of magnitude higher than those of typical
industrially produced Si-MOSFETs, but they are still two orders of magni-
tude below the mobilities of the best GaAs/AlGaAs heterostructures. This
suggests that the heterostructures would make a far better candidate for
studying the possible formation of the Wigner crystal. The silicon samples,
however, have a higher effective mass and lower dielectric constant, which
enhances the stability of the Wigner crystal. Furthermore, the regime where
the electron solid forms is not the same regime where peak mobilities occur.

Excellent references on the detailed scattering mechanisms for electrons
in silicon inversion layers [Ch280, And82, Gol85] and GaAs/AlGaAs het-
erostructures [Har85, Bas88, Col91] are available. These reveal that in the
high electron density range of 2 — 3 X 10" em~? and up, the peak mobility
in Si-MOSFETs is limited mostly by surface roughness scattering from the
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Figure 3.4: Electronic mobility is plotted versus electron density at two dif-
ferent temperatures for sample Si-5. Note the increase in mobility as tem-
perature is decreased.
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imperfect interface, whereas in GaAs/AlGaAs heterostructures the limiting
scattering mechanism is Coulombic scattering from remote ionized impuri-
ties. In the very low density regime where a Wigner crystal may form, how-
ever, the mobility drops sharply and ionized impurity scattering is dominant
in both systems. Table 3.2 shows the relevant data for comparing the Si-
MOSFETs and GaAs/AlGaAs heterostructures in this regime. In the silicon
samples, the bulk p-dopants (N4 /= 7x10' cm™?) are expected to be homoge-
neously distributed and thus the number of themin a typical two dimensional
layer of 50-100 A will be insignificant. Charged impurities in the oxide layer
created by improperly matched silicon atoms (eg. Sit or SiO*) or by diffused
metallic jons such as Nat do tend to be concentrated within a few atomic
layers of the interface. The number of these impurities can be estimated
(See Section 2.3.1) and for the Russian MOSFETs is n; & 4 —5 X 10°cm™2.
The setback distance, d, is the average distance of these impurities from
the centre of the confining well which defines the 2DES, and for an electron
density of n, = 8 X 10" cm™2 and assuming Ny = 7 x 10 cm™3 this gives
d = 45 — 80A. The potential fluctuations caused by these impurities may
be detrimental to the formation of an electron solid, but since the appro-
priate length scale for discussions of the Wigner crystal is the Bohr radius,
a5 = hzn/ m"e?, it is necessary to convert the setback distance into units of
the Bohr radius before deciding on the importance of the fluctuations. In a
Si-MOSFET the Bohr radius is about 20 A, so the setback distance to Bohr
radius ratio is approximately 2-4. it is now possible to compare with a typical
high quality GaAs/AlGaAs heterostructure, which will have a highly doped
layer {n; ~ 10'? cm~?) separated from the 2DES by a spacer layer (500 A is
a reasonable thickness). The setback distance in units of the Bohr radius
(approximately 100 A) is thus 5. This is similar to the setback distance in
the Si-MOSFET, but the ratio of impurities to 2D electrons (n;/n,) is more
than an order of magnitude less in the MOSFET. Thus, when the specific
conditions of the dilute electron density regime are considered, it is easy
to see how these Si-MOSFETs are comparable to the best GaAs/AlGaAs
heterostrictures, despite the large difference in their transport mobilities.

3,2 Equipment
3.2.1 Refrigerator and Magnet

The equipment used in all of the experiments was built around a TL400
top-loading Oxford Instruments dilution refrigerator, which has a base tem-
perature of 23 mK and a cooling power of 400 4 W at 100 mK. The top loading
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Si-MOSTFET | GaAs/AlGaAs Heterostructure
n; (cm™?) | 4 — 5 x 10%° = 10!
d (A) 45-80 = 500
o = 0.5 = 12
_Di
= 2-4 ~ 5

Table 3.2: Quality Comparison Data (Si vs GaAs/AlGaAs)

probe is inserted directly into the helium mixture, using a vacuum lock. The
probe is fitted with two copper thermal anchors; a screw thread anchor which
is linked to the top of the inner vacuum can at 4.2K, and a frictional conical
anchor at 1K which separates the dilution unit from the insert. In order to
prevent thermal shorts to room temperature, there is an insulating displacer
between the two anchors and another below the conical anchor. The total
volume of the 3He-*He mixture is 319 L. with a mixing ratio of 10% 3He. The
long glass tail which extends into the magnet has a fifteen millimeter diame-
ter access space and the probe is configured to allow 1 Lakeshore semiflexible
coaxial cable and up to 18 40-gauge wires to be connected. The wires are
arranged in twisted pairs to reduce thermal emf and exit from the top of
the probe using a shielded 18 pin Fischer connector. For experiments with
MOSFETS, the coax was typically used to control the gate voltage, since a
stable gate voltage is essential to any experiment at low electron density.

The thermometry in this refrigerator relied upon two calibrated carbon
Speer resistors. These were initially calibrated below 50 mK using a primary
nuclear orientation therrnometer. Above 50 mK they were calibrated against
a cerium magnesium nitrate magnetic thermometer which had itself been cal-
ibrated and checked by the National Institute of Standards and Technology
(NIST) using the NIST superconducting fixed point diode scale. Later, the
calibration was verified using a Lakeshore germanium resistor which was cal-
ibrated against a different cerium magnesium nitrate magnetic thermometer.
Finally, the base temperature was checked using %Co nuclear orientation
thermometry. The Speer resistors were subject to drift witk the thermal
cycling of the probe and there were also temperature uncertainties due to
magnetic field induced eddy currents or to thermal gradients within the mix-
ing chamber, but the total uncertainty of any temperature measurement
varied from as little as 2% at base temperature to as much as 10% in the
temperature region from 50 mK to 150 mK, where thermal stability was most
difficult to maintain.
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The system also contained an Oxford Instruments superconducting mag-
net. This was the company’s first hybrid NbaSn and NbTi magnet with a
persistent switch which could achieve B =15 Tesla at T = 4.2K. Due to the
large hoop stress on the magnet’s coils, it was not equipped with a lambda
plate to further increase the field at T = 2K, or with a cancellation coil to
allow zero field measurements. The large size of the magnet also meant that
the dilution refrigerator had to be scaled accordingly. The bottom half was
contained in the lab, but the top half protruded above the roof of the build-
ing in a specially built wooden hut. This put it in a direct line of sight with
at least one commercial radio transmitter, and since the probe was coupled
inductively to the cryostat, it could act as a radio frequency antenna. In
most experiments, this was not a problem, but in the very low electron den-
sity regime, the Si-MOSFET becomes highly resistive and tf pickup can be
greatly magnified. It was therefore necessary to implement some standard
techniques for reducing noise.

3.2.2 Instrumentation

One of the best ways to reduce the impact of noise on the experiments was to
integrate data for long periods of time. This was primarily useful in combat-
ting rapidly varying noise sources such as intrinsic Johnson noise in the highly
resistive samgle and rf pickup noise. There were also slowly varying changes
in the background potentials measured from the samples (corresponding to
noise frequencies of millihertz or sometimes even microhertz), and these were
removed by repeatedly zeroing and/or inverting the polarity of the current.
These complications meant that a large number of measurements were usu-
ally necessary to obtain a single experimental point when the sample was
in its highly resistive state, and thus it was preferable to use a computer to
control as much of the equipment as possible.

Figure 3.5 shows a schematic representation of the computer control sys-
tem used. Every instrument required in an experiment was connected by
a GPIB cable to an IOTECH 488/HS Bus Extender. If a piece of equip-
ment was not GPIB compatible, then a GPIB compatible voltage source was
used to trigger it or a GPIB compatible digital multimeter (DMM) was used
to read its analog output. All the instruments and the bus extender were
grounded together on racks, which were kept separate from the table contain-
ing the computer, plotter and printer. The only connection to the computer
was through the parallel cable linking the two bus extenders, which helped
to minimize the influence of noise from the computer CPU on the instru-
ments. The controlling computer was also connected to a GPIB compatible
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HP 7550A pen plotter and a HP 82905B printer. Two different CPU’s were
used at different times. The first was a HP 9816S computer which had the
traditional HP advantage of direct and simple access to the GPIB bus from
within programs. The second was an IBM compatible 80386 based machine,
using LabWindows software. It had the advantages of a superior user inter-
face and the ability to output the data on DOS diskettes which could then
be easily transferred to other computers for further processing. The actual
instruments used for most of the measurements were not unusual. They in-
cluded Stanford Research SR560 pre-amplifiers and SR530 lock-ins, as well
as HP 3458A DMM’s, and a Keithley 230 V-Source.

3.2.3 Noise

A variety of techniques were used to reduce the effects of noise on the mea-
surements. Different grounding and shielding arrangements were tried, until
finally one was found which was very successful. This consisted of a series of
battery operated instruments inside a shielded metal box near the top of the
cryostat. This box was linked by heavy grounding cable to the cryostat frame
and also to a copper pipe which carried signals between the instruments in
the box and the racks of GPIB controlled instruments in a different part of
the lab. A deep grounding spike was also connected to the copper pipe, just
before it reached the instrument racks. The goal was to perform the most
sensitive measurements in a magnetically and electrically shielded environ-
ment close to the cryostat using only battery cperated instruments which
would be less likely than equivalent line powered equipment to introduce 69
Hz noise or grounding loops into the measuring circuit. Where line powered
equipment was necessary, it was kept at a distance from the cryostat both
to protect the equipment from the magnetic field, and the sample from any
noise produced by the equipment. The shielding box was made of 0.25 inch
steel plate and had dimensions of 26 by 26 by 25 inches. It contained two
sliding shelves to hold any circuit components and instruments desired, and
had several small holes of varying diameter to allow electrical connections to
be made. A shielded cable connected the Fischer connector on the probe to
a shielded wiring box inside the main box. The various circuit components
and battery operated devices such as electrometers or pre-amplifiers were
connected to this wiring box, and any outputs which had to be transmitted
to the remote instrument racks were connected to coaxial cables which then
passed through a separate output hole and straight info the copper shield
pipe. Every circuit component or device inside the main box was contained
within a separate metal (usually copper or aluminum) case, and all of these
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instrument 1

HP 828058
Dot Matrix Printer

Instrument 2
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High Speed Parallel Cable
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Figure 3.5: A Schematic of the Computer Control System
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cases were grounded together to a common reference point which also served
as the ground for the sample. Only coaxial cables were used to connect the
circuit components inside the box. All cables outside the shielded box (in-
cluding the copper pipe) were linked to a separate grounding point on the
outside of the box. An example of how this arrangement worked for a typi-
cal measurement of a voltage versus current curve can be seen in the block
diagram of Figure 3.6.

A battery operated symmetric DC electrometer with input resistance of
10 ) was constructed to measure all DC potentials in the very low electron
density regime, when the sample resistance was in the gigaohm to terachm
range. A high impedance current source was also constructed using high
precision resistors of up to 101 ) to control currents down to femtoamperes.
A battery operated voltage source was used for the gate when it was being
held constant, but during sweeps of the gate voltage a Keithley 230 V-source
had to be used. Since the Keithley V-source was known to inject noise along
with its DC potential, a means was sought to break the direct link between
the V-source (which was used both to sweep the gate and to drive the current
source during current sweeps) and the sample. The solution came in the
form of an optical isolator which proved successful in passing DC signals
while virtually eliminating associated noise. One of these isolators was built
into the current source and another was created for general use, simply by
inserting it instead of a coaxial coupler anywhere in a circuit.

The total effect of all these measurement techniques was to reduce noise
to insignificant levels during almost all of the experiments. Depending upon
the resistance of the sample, the time of day, and various other factors, the
rms noise value as measured by the HP DMM or a digital oscilloscope in
the instrument racks varied from around 10xV to 10mV. The signal being
measured at the same point was often as high as 1.0V. If a high precision
measurement was required, the noise could be further reduced by integrating
the signal for long periods as described previously. The only time when the
noise was a serious problem was when a noise spectrum was being measured
from the sample itself. This AC noise was masked by a large DC signal and
it became necessary to use a sequence of notch filters to isolate each point in
the frequency spectrum and then integrate the data for many hours in order
to obtain a single intensity value.

The importance of these efforts to reduce the noise and their ultimate
success is demonstrated very well by Figure 3.7. The top graph shows an
I —V curve (current sweep) from sample Si-8 taken in 1991 before the noise
reduction efforts had been completed. The non-linear I — V caused by the
existence of a threshold voltage is barely distinguishable from the other jumps
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in the graph caused by short time scale noise, and it is not centered at (I,V) =
(0,0) because of the slowly varying offset potentials. The lower graph shows
a similar curve taken in 1993 after the noise reduction procedures had been
fully implemented. Sample 5i-11 is used for the second graph because sample
Si-8 was severely damaged in the Summer of 1991 and thus was not available
for direct comparison, but the two samples were of comparable quality so the
difference between the curves is not due to the change in samples. Obviously
the lower curve is much smoother and the offset potential problem has been
solved, indicating that the noise reduction techniques were effective.

3.2.4 Sample Effects

There were also two experimental considerations which were related directly
to the samples themselves. The first of these was associated with Joule heat-
ing. The power injected into the two-dimensional electron system during a
measurement, P = IV = I’R, could become large when the sample was in
its high resistance state, especially at the far end of a current sweep when 7
was at a maximum. If the 2DES was unable to transfer this power as heat to
the bulk of the sample and from there to the refrigerator itself, the electron
temperature in the 2DES would begin to rise and this could significantly
change the conduction characteristics by thermally exciting electrons into
conducting states. The I — V curves in the low electron density regime did
show a threshold field behaviour, where the differential resistance decreased
sharply once the applied field (created by an applied current) exceeded a crit-
ical threshold value. This was similar to results obtained by H. W. Jiang and
his coworkers [Jia91] in GaAs/AlGas heterostructures, which they attributed
to Joule heating. There are several differences, however, which indicate that
their measurements and ours did not occur in the same regime.

Figure 3.8 shows a graph of the threshold field, E;, and the corresponding
dissipated power, P;, for sample Si-5 as a function of inverse Landau level fill-
ing factor (which is equivalent to magnetic field). The threshold field changes
with filling factor, and so does the dissipated power, which contrasts with the
results of Jiang et. al. in which the threshold occurred at a constant value of
the dissipated power. It is also important to note that their threshold power
wae P, = 200 pW; two orders of magnitude higher than the threshold powers
observed in Figure 3.8. Thus with picoWatt peak powers being dissipated in
a sample completely immersed in the liquid 3He/*He mixture of a dilution
refrigerator with microWatt cooling power, it seemed very unlikely that Joule
heating could be affecting the electrons significantly. This was verified when
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the measurements were repeated at different temperatures and the thresh-
old field and corresponding dissipated power for any given value of magnetic
field and electron density were observed to be independent of temperature.
If Joule heating was occurring, then the amount of dissipated power required
to overheat the sample should have decreased as the temperature was raised.
Thus, provided that very low dissipated powers were used, Joule heating was
pot an issue. It was necessary, however, to ensure that a stable and noise free
current source was used to drive the I — V sweeps in this very low current
regime, which was one of the reasons why a commercial current source was
not used in these experiments.

The next concern which had to be addressed was related to the contacts
on the samples. All of the connections between the samples and the outside
world involve two stages; the first from the two dimensional layer to the
heavily n-doped region in the Si, and the second from that region to the
Al film which forms the contact pad. These connections could give rise to
highly resistive and possibly non-Ohmic phenomena such as Schottky barriers
or tunneling junctions. The non-linearities were easy to identify in the initial
characterization of the samples, so that any non-Obmic contacts could be
detected and ignored during the actual experiments. The resistance of the
contacts was more difficult to dismiss, since many of the measurements used
the same pair of contacts both to control the current and measure the voltage
drop across the sample (two contact geometry} so that the experimentally
measured resistance was actually the sum of the resistances of the 2DES and
of the two contacts. One way to solve this was to use one pair of contacts to
control the current (usually source and drain) and a different pair to measure
the voltage (four contact geometry). Figure 3.9 illustrates a single I — V
curve taken from sample Si-11 using both the two contact and four contact
geometries. The straight line obtained by subtracting the two contact voltage
from the four contact voltage is the linear 7 — V characteristic due to the
constant resistance of contacts P1 and P5. Thus, these contacts were Ohmic
and influenced the shape of the ] — V curve because of their contribution to
the two contact voltage. Fortunately, this does not affect the experimental
value of the threshold voltage, which is obtained by extrapolating the linear
portion of the I — V curve back to I = 0, because the contribution due to
the resistance of the contacts is zero at zero current. Thus, even for the
relatively low sample resistances shown in this figure, the contacts do not
hide the existence of a non-linear I — V curve or affect the value of V;, the
physically important parameter.

At lower electron densities, the sample resistances could become very high
and it was observed that four contact measurements showed more noise than
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equivalent two contact measurements. This was probably related to the extra
rf pickup and possible ground loops which were inherent in using additional
contacts, but in order to verify that there was no fundamental difference
between experimental values obtained using the two and feur contact tech-
niques in the high resistance regime, a comparison was made of two magnetic
field sweeps on sample Si-11. Figure 3.10 shows this graph of resistance, R,
versus magnetic field where the electron density is low enough that the first
of the large resistance maxima which will be discussed in subsequent chapters
becomes visible as the magnetic field varies between 1.1 and 1.5 Tesla. The
values obtained from the two contact measurement are indicated by open
circles and have error bars which are too small to show effectively on this
scale. The four contact resistances are indicated by the filled circles, and
their error bars are shown. It is evident that. within the limits of the error
bars, the two contact and four contact techuiques give the same values in
both the low resistance and high resistance regimes. Considering this and
the previous figure. it seems that the contacts are not significantly affecting
the experimental results. A standard procedure was adopted to use ‘wo con-
tact measurements in the highly resistive regime where noise was a concern
and four contact measurements when the sample resistance was very low.
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Chapter 4. Experiments Under Magnetic Field

4.1 Introduction

This chapter describes a variety of experiments which were carried out on
several extreziely high mobility Russian Si-MOSFET samples between 1990
and 1993. These experiments were motivated by the observation of an unex-
pectedly high resistance in the direction of the applied current, R;., occurring
in these samples at half-filled Landau levels when the electron density was
very low. The chapter will focus on experiments carried out in the presence
of a magnetic field applied perpendicular to the plane of the inversion layer in
the Si-MOSFET. The measurements described are firstly those in which the
sample resistance (both R, and R.,) is measured as a function of magnetic
field and secondly those in which the voltage between a pair of contacts on
the sample is measured as the current through the sample is varied with the
magnetic field held constant. Both of these measurements are carried out at
different temperatures and electron densities, and each of these variables can
be used in developing an understanding of the phenomenon. After present-
ing the basic experimental data and the temperature and electron density
dependences, some of the characteristic quantities (such as thermal activa-
tion energy and critical density) which can be derived from these dependences
will be discussed and the data will be interpreted within the framework of
existing single particle and collective excitation models. Except for the tem-
perature dependences, the data shown in this chapter were taken at or near
base temperature in the range 20 — 35 mK, as indicated on the individual
plots.

4.2 Magnetic Field Sweep

Figure 4.1 shows R,, as a function of magnetic field at various carrier den-
sities, n,, in units of 10'°cm™?. This data was taken from sample Si-11 at
constant temperature T = 25mK. The Shubnikov-de Haas oscillations i
the upper trace (n, = 11.1 x 10*° cm™2) have deep minima at filling factors
v = 1 and 2, typical of the integer quantum Hall effect, and maxima whose
amplitude does not exceed the classical Hall value of B/en,. As the electron
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density is decreased, however, the value of R., at the maxima starts to rise
as seen in the lower traces. The IQHE induced minima at v =1 and v = 2
are still present, as is a shallower minimum at v = 6. Thesce minima are
separated by very high R.; maxima occurring at v =~ 1.5 and v = 2.7. The
y = 4 minimum is washed out by the shoulder of the » = 2.7 maximum.
The peak values of the maxima are in the gigaohm range while the minima
are still in the 102 — 10*Q range. At lower densities the minima also begin
to rise, but even at n, = 6.98 x 10'° cm~?, where the v & 2.7 maximum has
reached one teraohm, the ¥ = 1 and v = 2 minima are still discernible. In
these resistance ranges, noise becomes a concern due to the input impedance
of the low-noise preamplifiers, the very low source-drain currents needed to
avoid heating and the ohmicity of the contacts themselves. The smoothness
of the curves indicates that noise is not a serious problem and the error bars
on the lower graph fail within the size of the points. Contrary to the usual
increase of the Shubnikov-de Haas oscillatory amplitude with magnetic field,
the v ~ 2.7 maximum is stronger than the » ~ 1.5 maximum and becomes
anomalously large at higher carrier density than its » & 1.5 counterpart.
The appearance of anomalously high R, maxima depends on the mobility
or the inherent disorder of the sample . Only samples Si-5 and Si-11, with
peak mobilities of 40800 cm?/Vs and 33100 cm?/Vs respectively, show the
pattern of well defined R, minima at the integer filling factors separated by
extremely high R, maxima. The lower mobility Si-11 exhibits onset of the
anomaly in the R, maxima at higher electron density and has higher R,
peak values for a given carrier density than sample 5i-5.

In order to understand the origin of the anomalous R, maxima, it 1is
necessary to measure the Hall resistance R., at these half-filled Landau lev-
els and also check that appropriately quantized plateaus in R, occur where
minima in the longitudinal resistance R, are found. Measuring R, when
R.. is extremely large is quite difficult, however, because Ry, retains its clas-
sical value and thus can be many orders of magnitude lower than R.,. Since
the noise levels tend to rise with R, long averaging times are required {(up
to an hour per point) when measuring R.,. The contacts on the samples are
not pexfectly aligned and they are finite in size which produces an admixture
of both R.. and R, components in the resistance measured between Hall
contacts. This leads to a dramatic increase in the nominal Hall resistance
near the R,. maxima. To solve this problem, two sets of measurements are
performed with the magnetic field applied in opposite directions. Since the
Hall voltage changes sign when the magnetic field is reversed but the longitu-
dinal voltage does not, the relatively small R, component can be extracted
by subtracting one set of nominal Hall resistances from the other. The result
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Figure 4.1: Measurements of the resistance between contacts P1 and P5 for
sample Si-11 are shown as a function of magnetic field. The numbers near
each curve are electron densities in units of 10'°cm™2. The upper part of
the graph shows the normal R, curve which is observed at high n,, and the
lower part of the graph shows three traces of the anomalous R, occurring
at lower values of n,. The arrows indicate the filling factors of the minima
for the n, = 8.76 x 10" cm~? trace.




CHAPTER 4. EXPERIMENTS UNDER MAGNETIC FIELD

is illustrated in Figure 4.2. Here, both R,; and R, are shown for sample
Si-5 at a density of n, = 9.33 x 10°cm™2. As expected from the integer
quantum Hall effect, the Hall plateaus at » = 1 and v = 2 occur at the
nominal quantized values k/e? and h/2e? within 1%. The Hall resistance be-
tween the plateaus follows the classical Hall line of Rif = psy = Bfen,, even
when R, is at its peak values. The individual points marked with error bars
correspond to measurements made at a very low current of 0.25nA, whereas
the solid line corresponds to measurements made using a current of 10nA.
The significance of these two different current values lies in the existence of
two conduction regimes which will be seen later in the non-linear J —V char-
acteristics. These regimes correspond to transport both below and above a
threshold electric field.

The results of a more detailed investigation of R, near » = 6 are shown
in Figure 4.3. This set of measurements comes from sample Si-5 at a density
of n, = 8.34 x 10°cm~2 . The experimental evidence for a plateau with a
resistance of h/6e? (within 8%) is clear. The full line and the data points
with error bars are experimental results taken at the same current values as
the larger field sweeps in Figure 4.2. Having established that only the lon-
gitudinal resistance at the Shubnikov-de Haas maxima become anomalously
large below some critical carrier density, it is important to study both the
carrier density and the temperature dependences of this anomaly.

4.3 Density and Temperature Dependence of R,

The carrier density can be varied easily in a MOSFET by changing the bias
voltage applied to the top metal gate. A measurement of the resistance
at a given R,; maximum as a function of the eleciron density requires an
adjustment of the magnetic field to keep the filling factor constant. Figure 4.4
shows R., versus electron density, n,, taken from the » ~ 1.5 and v %
2.7 maxima of sample Si-5. Both curves show a low resistance value at
high densities which increases exponentially as the density decreases below a
critical value, n,.. Below 8 x 101° cm™2, the exponential increase changes to a
much slower variation. These measurements give a first indication of a critical
carrier density which, for the v & 2.7 maximum, lies between 10 x 10" cm™?
and 11 x 10°cm~2. Similarly, n,. for the v = 1.5 maximum lies between
9 x 10 cm~2 and 10 x 10 cm™2.

As the bath temperature is decreased, the magnitude of R, at the max-
ima increases, as shown in Figure 4.5. This figure shows three R.; ver-
sus magnetic field curves taken from sample Si-5 at a carrier density of
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Figure 4.2: R.; and R., are plotted as a function of magnetic field. The mea-
surements come from sample Si-5 at electron density n, = 9.33 x 10" cm™2.
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the electric field threshold (J = 0.25nA, open circles with error bars) and
above it (I = 10.0nA4, solid line).
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n, = 8.7 x 10cm~2 at the temperatures indicated on the graph beside
cach curve. The contrast between the temperature dependent behaviour at
the maxima and the minima is shown more clearly in Figure 4.6, which shows
three plots of p,, versus B taken from sample Si-5 at an electren depsity of
n, = 8.34 x 101° cm~2. The temperatures for each curve are indicated on
the graph. The minimum at » = 6 is quite pronounced and the resistivity
at this point decreases with decreasing temperature. In the lowest temper-
ature curve, a minimum is also visible at ¥ = 10, but it is not sufficiently
developed at base temperature to follow its temperature dependence. The
maximum between these two minima is visible in all three curves, and it
shows a peak R.. which increases with decreasing temperature. This be-
havior does not agree with the normal behaviour in the high density regime,
where the amplitude of the Shubnikov-de Haas oscillations increases slowly
with decreasing temperature (as predicted by Equation 2.26 and as exhibited
by these samples at electron densities well above n,) rather than increasing
exponentially as it does here. It also contrasts with the behaviour exhibited
when localization effects become dominant, in which the amplitude actually
decreases with decreasing temperature.

Measuring the peak value of R, for a single maximum at a large num-
ber of different temperatures allowed a graph like Figure 4.7 to be plotted.
The points on this graph are R, values from the v = 1.5 peak of sam-
ple Si-5 at an electron density of n, = 7.07 X 10'°cm~2. Since R, is a
maximun (and thus Rz, > Ry), 0z < prL. The points can then be plot-
ted on a logarithmic scale against inverse temperature (an Arrhenius plot),
so that the straight line represents the best least squares fit of the form:
R.e & pez 03} o exp (A/T). In this case, the thermal activation energy
which is calculated from the fit is A = 0.64 K, where the energy is expressed
in Kelvin because Boltzmann’s constant has been dropped from Equation 4.1
to simplify calculations. Figure 4.7 shows that this model fits the data points
very well in the temperature range from approximately 160 mK to 500 mK.
Lower activation energies were obtained with data taken in the low tempera-
ture range from 25 mK to 150 mK and with data taken using above threshold
source-drain applied currents.

Figure 4.8 shows a plot of A (in units of Kelvin) versus electron density
for the ¥ = 2.7 maximum of sample Si-5. The best fit to the points is a
straight line. This linear dependence of A on n, is also observed for the
v & 1.5 maximum in sample Si-5 and in both maxima from sample Si-11.
The extrapolation of the best linear fit to zero activation energy gives the
critical carrier density below which the anomalous R, maxima develop. In
Figure 4.7, this occurs at n,. = 9.6 x 10'° cm™2,
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4.4 I -V Characteristics

One of the transport signatures of the CDW or the pinned Wigner crystal
discussed in Chapter 2 is the non-linear I — V characteristic from which a
threshold voltage or field can be extracted signalling a change in the conduc-
tion mechanism. The I -V curves are measured by setting the magnetic field
so that R, is at a maximum for a given electron density and then varying the
current and measuring the longitudinal voltage between two contacts. This
yields V as a function of I. The current is swept from negative to positive
values (usually with subtraction of the I = 0 value from each point) so that
dc current offsets and asymmetry effects can be easily detected if they are
present.

Typical I—V curves taken at the v = 2.7 maximum from sample Si-11 are
shown in Figure 4.9, with the electron density corresponding to each I — V
curve indicated in units of 10'° cm~2. Each curve shows a distinct threshold
voltage beyond which the differential resistance decreases sharply. The I~V
curves appear linear both below and above the threshold, but the slopes (je.
the differential resistances) are much higher below the threshold than above
it. The threshold field can be estimated by extrapolating the linear region
above the threshold back to I = 0. The current range must be selected
with care as demonstrated by the inset in the figure. Extrapolating back to

= 0 using only the inset would suggest that V; = 1.8 mV for this curve,
whereas the main graph suggests that V; = 3.7mV. Thus a sufficiently wide
range of current must be covered to correctly determine the threshold, while
a detailed sweep of the low current range is required to correctly determine
the differential resistance below threshold. As the electron density decreases,
the threshold voltage increases while the differential resistance above the
threshold does not change significantly.

An alternative way of determining V; is to plot the differential resistance,
dR = dV/dI, versus the voltage drop. The threshold voltage can be precisely
identified as the point above which the differential resistance is constant. In
Figure 4.10, the threshold voltage is V; = 3.9mV and is indicated by an
arrow. This figure also reveals that the differential resistance above the
threshold is greater than 10° © which is much larger than the typical resis-
tances of 10°§ or 10 Q observed in a two dimensional electron gas at this
temperature. The Hall resistance, R,,, as noted previously, is not affected by
changes in the applied current and has a linear I — V curve over the current
range studied.
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4.5 Density and Temperature Dependence of I-V

From Figure 4.9, the dependence of the threshold voltage on the carrier
density can be inferred: the threshold voltage and thus the threshold field,
E,, increases with decreasing density. The dependence of the threshold field
on carrier density is shown in Figure 4.11 for the v & 2.7 maximum of
sample Si-11. The solid line is a third degree polynomial fit to the data
which leads to the determination of a critical electron density where the
threshold field becomes zero at n,. = 9.82 x 10'°cm~?. Within the accuracy
of the measurement the threshold field decreases smoothly to zero at the
critical carrier density.

The changes in the ] — V curves as the temperature is varied are also
significant. Figure 4.12 shows three J — V curves taken from the v ~ 2.7
maximum of sample Si-11 at electron density, 7, = 7.75 x 10'%cm™%. The
temperature at which each curve was measured is indicated in mK next to
the curve. The lines have been drawn as a guide to the eye. With increasing
temperature, the I — V' curves become smoother; the differential resistance
below the threshold is thus smaller requiring a larger current to be applied
before the threshold field can be reached. All three curves converge towards
the same asymptote as the current increases meaning that the threshold field
itself has not been affected by the change in temperature. Thus, decreasing
temperature tends to increase R.. both below and above the threshold, but
it does not significantly change the threshold field value, even though it
smoothes out the transition. The fact that the three curves are converging
towards the same asymptote means that far above the threshold there will be
very little temperature dependence in R... This means that the thermally
activated conduction mechanism dominates below the threshold and may
exist as some sort of parallel conduction mechanism for a short range of
potentials near the threshold, but eventually it is completely displaced by
the electric field mediated conduction mechanism which creates the threshold
field.

In summary, the temperature and carrier density dependences of the lon-
gitudinal resistivity and the J — V' characteristics indicate that there is a
critical density below which an insulating phase, with its extremely high R..,
occurs and that this phase features non-linear current-voltage characteristics
and thermally activated conduction. The insulating phase disappears above
a critical temperature of ~ 500 mK depending on the sample and the carrier
density. The critical density at which the insulator appears is higher for the
vy #¢ 2.7 maximum than for the » & 1.5 maximum in each sample. At any
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given filling factor, the critical density is lower for the higher mobility sam-
ple, Si-5, than for sample Si-11. The non-linear 7 — V' characteristics and
the thermally activated transpo.t do not vanish immediately if the filling
factor deviates slightly from one of the maxima, but the critical carrier den-
sity decreases as the magnetic field moves away from the R,. maximum and
towards an integer quantum Hall effect minimum. For a given carrier density
below n,, the activation energy and the threshold field decrease smoothly as
the filling factor deviates from the position of one of the R, maxima.

4.6 Discussion and Analysis

The experimental data show that below a critical carrier density, n,., the
magnitude of the Shubnikov-de Haas maxima at half filled Landau levels
between filling factors ¥=1 and 2, 2 and 6, and 6 and 10 increase exponen-
tially with decreasing density and temperature. This behavior is typical of
an insulating state with R;; > 10°Q and dR_./dT < 0. The minima cor-
responding to the quantum Hall effect at » = 1,2 and 6 exhibit metallic
behavior, however, becoming deeper (or closer to zero) with decreasing tem-
perature and having R.. < 10°Q and dR.;/dT > 0. This means that as the
magnetic field is swept, the magneto-transport data shows a set of reentrant
metal insulator transitions. Some of the questions which must be addressed
are whether these transitions are single particle or collective in nature and
whether the data are consistent with known conduction mechanisms in the
localization regime.

4.6.1 Review of Localization

The first possibility to consider is that some form of localization is the un-
derlying mechanism for the metal-insulator transition at low magnetic fields.
One question which must then be addressed is whether or not localization
is likely to occur at half filled Landau levels. At filled Landau levels, where
the quantum Hall effect is observed, the electron gas can be treated as a
non-interacting ensemble of carriers. The Landau levels are broadened by
disorder due to impurities so that the density of states is not composed of
delta functions but is Lorentzian in shape with a narrow band of extended,
current carrying states at the center of each Landau level where the density
of states is a maximum and a tail of localized, non-current carrying states
(a mobility gap) where the density of states is a minimum between Landau
levels, The presence of some disorder is crucial to the observation of the
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quantum Hall effect since otherwise there would be no states in the gap be-
tween Landau levels. When the Fermi energy lies in the mobility gap, the
current carrying states are filled below the Fermi energy and empty above
it. There can be no elastic scattering of the carriers and the current flow is
dissipationless despite the presence of disorder. Thus the longitudinal resis-
tance is vanishingly small and the Hall resistance is quantised as h/ ve? over a
plateau whose width depends on the sample disorder. At finite temperature
there is a small longitudinal resistivity due to hopping processes between lo-
calized states at the Fermi level. As the Fermi level passes through the core of
extended states at the center of the Landau level, the longitudinal resistance
becomes appreciable and the Hall resistance changes from one plateau to an-
other. Thus the quantum Hall effect is understood in terms of localization of
carriers by the impurity potential near filled Landau levels. This localization
is made possible by the lack of screening which exists if a Landau level is
fully occupied. It is therefore more likely for an insulating state to occur
at a completely filled Landau level where there are fewer current carrying
states than at a half filled Landau level where current carrying states are
usually available and where the screening of impurity potentials should be
effective. The experimental observation of a reentrant insulating state which
occurs only at half filled Landau levels is therefore unexpected if it is to be
explained in terms of a disorder induced single particle localization state.

The onset of the insulating phase at half filled Landau levels occurs below
some critical carrier density, n,., which varies depending on the tempera-
ture, the filling factor and the sample mobility. A decrease in the density
means an increase in disorder as the ratio of the carrier density to the fixed
density of impurities becomes smaller. In samples of mobility lower than
25000 cm?/ Vs, the reentrant metal-insulator transitions are not observed. In
the higher mobility samples where the reentrant metal-insulator transitions
are observed, the increase in the longitudinal resistance at half filled Lan-
dau levels is more pronounced and occurs at higher carrier densities in the
lower mobility (higher disorder) samples. This means that increasing sam-
ple disorder increases the strength of the insulating state, but above some
critical disorder the phenomenon disappears. This is also unexpected in the
framework of disorder induced localization, where increasing disorder should
always increase the strength of the insulator.

Both Laughlin and Khmel’nitzkii [Khm83, Lau84] have suggested that
with increasing disorder, the Landau level broadening exceeds the Landau
level separation at low magnetic fields and the extended states become local-
ized as their energy exceeds that of the Fermi level. The result is an insulating
state. As the magnetic field is increased the Landau level separation increases
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such that the extended states can sink below the Fermi level and return to
the center of the Landau levels as a transition to the quantum Hall effect
takes place. Such magnetic-field induced delocalization has been observed in
disordered GaAs/AlGaAs heterostructures [Jia94] where the sample is in an
insulating state at zero magnetic field. This process should be accompanied,
however, by some anomaly in the longitudinal and possibly the Hall resis-
tances as the extended states sink below the Fermi level. In the Si-MOSFET
samples, the Landau levels are well separated at the fields where the reen-
trant metal-insulator transitions are observed and no evidence of the passage
of extended states through the Fermi level is observed in either the Hall or
the longitudinal resistance. As the magnetic field is further increased, the
Landau level separation continues to increase and this mechanism should not
produce any subsequent reentrant transitions. In the Si-MOSFET samples,
however, there is clearly more than one reentrant metal-insulator transition
as the magnetic field is increased.

Magnetic freeze out is another mechanism leading to an insulating state
where carriers are localized as their magnetic length shrinks with increasing
magnetic field. This localization depends on the magnetic field and both the
carrier and impurity densities. Magnetic freeze out usually sets in quickly
and permanently and the release of extended states with increasing magnetic
field is unlikely. Thus magnetic freeze out can produce a metal-insulator tran-
sition, but not a reentrant metal-insulator transition in which the insulator
is removed by increasing the magnetic field.

It is possible in very inhomogeneous samples to have long range variation
in the impurity potentials such that carriers separate into individual macro-
scopic conducting regions separated by potential hills. It is conceivable that
a highly inhomogeneous sample could display a series of reentrant metal-
insulator transitions, since the carrier density would be different in different
parts of the sample and thus they could become localized or delocalized at
different values of the magnetic field. Since the Si-MOSFETSs used in these
experiments were patterned in Hall bars with lengths of several millimeters,
the homogeneity issue is valid, and this must be taken into consideration
when analyzing the experimental data.

As discussed in Section 2.3, there are two comumon approaches to local-
ization, one developed by Mott and the other by Anderson. In the Mott
approach, an electron at a donor impurity site has a large Bohr radius which
encompasses many lattice sites of the underlying impurity sublattice. At low
electron density, Coulomb repulsion keeps the electrons far apart and there
is negligible overlap of their wavefunctions. The sample is thus insulating
at zero temperature. At high density, the electrons overcome the Coulornb
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repulsion so that there is wavefunction overlap and the material is metallic in
its behavior. Since the scattering in Si-MOSFETs is mostly short ranged and
thus the individual impurities will each generate separate potential fluctua-
tions with different strengths, Mott localization, which requires an ordered
sublattice of impurities is not likely here. The other approach is that of An-
derson, where the electrons see random impurity potentials. This approach
does not rely on any electron-electron interactions and allows each electron
to be localized at a different impurity site, so it is a case of true single par-
ticle localization. For low electron density, the energy spread in the random
potentials of the disordered system is large compared to the energy band-
width and the material is insulating. The extended states are present, but
are separated in energy from the localized states by a mobility edge. The
metal-insulator transition occurs when enough electrons are added to push
the Fermi level past the mobility edge from the localized to the extended
regime. This occurs at the critical electron density which separates the high
density metallic regime from the low density insulating regime. Thus both of
these models do predict a critical electron density above which the insulating
state becomes metallic.

In Section 2.3.3, the low temperature conductivity in Anderson local-
ization was shown to have a distinctive temperature dependence caused
by electrons trapped at impurity sites contributing to conduction through
phonon assisted tunneling to states of similar energy. As the temperature
is decreased, the resistance between neighbouring impurity sites increases
and exceeds the resistance between remote sites with energies close to the
Fermi level. Thus the distance the electron must tunnel through to get
to a state within kT of the Fermi energy varies, giving this process the
name “variable range hopping”. For hopping in two dimensions with a con-
stant density of states, the longitudinal resistivity varies with temperature as
P2 (T) o exp(To/T)'/® . If there is a Coulomb gap in the density of states,
however, then the density of states in two dimensions increases linearly in
energy away from the Fermi level and the temperature dependence of the
resistivity is of the type pL_(T) « exp(Ti/T)'/%. At higher temperatures
conduction occurs through a direct excitation of particles to the percolation
level at the center of the Landau level and p2.(T) « exp(A/T).

As single particle localization is impurity mediated, it is reasonable to ex-
pect that current-voltage characteristics will be non-linear since, in principle,
the applied field can be made large enough to overcome the binding energy
of the impurities. The threshold field at which this unbinding occurs can
be estimated using the activation energy, A, obtained from the temperature
dependence of the longitudinal resistance together with the electron mean
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free path, [;, and is given by E;* ~ Afel;. Since the loffe-Regel criterion
[Iof60] states that /; must be smaller than the de Broglie wavelength, Asgp,
for strong lccalization to occur, this places a lower limit on E;. For a typical
activation energy of 1.0 K and assuming a temperature of T' ~ 100 mK, the
minimum field necessary to overcome the binding energy of impurities and
depin electrons is E;” = 100 V/m.

Another distinguishing feature of metal-insulator transitions is the behav-
ior of the Hall resistance or the Hall conductivity in the insulating phase. Us-
ing scaling theory, Shapiro and Abrahams [Sha81] found that, in a disordered
non-interacting two dimensional system, both conductivity components van-
ish at the critical point with o,, & o2, so that the Hall resistance retains
its classical value at the metal-insulator transition. Viehweger and Efetov
[Vie91] arrived at the same result by considering a disorder induced metal-
insulator transition for non-interacting electrons in the lowest Landau level
and in the low frequency limit where o, « o2, & w?. The Hall resistance
remains finite in the insulating phase when w — 0 and p,, — oo. Thisis in
contrast with the Mott insulator where the Hall resistance diverges. Kivelson
and his coworkers [Kiv92] have coined the term “Hall insulator” to describe
the behavior of electrons in the limit of zero temperature where p.; — o0,
ozz — 0 and o4y — 0 with p,, retaining its classical value of B/en,.

In considering the experimental data, all of these characteristics will have
to be compared with the experimental results. It will also be useful to re-
member the energy scales for electrons in a silicon inversion layer. The
cyclotron energy is 3meV at B = 3T and for a typical electron density of
ns, = 8 x 10'° cm™? the Fermi energy is 0.5meV and the Coulomb energy is
9meV. All of these are much larger than the typical thermal energies of less
than 0.1 meV for temperatures below 1 K.

4.6.2 Single Particle Localization and the Data

A comparison between the experimental data and the expectations of the
single particle localization model will now be made. The anomalous longi-
tudinal resistance occurs at the Shubnikov-de Haas maxima or at half filled
Landau levels where a band of extended states resides and where the density
of states is a maximum. Localization should be most effective at filled Lan-
dau levels where additional electrons would not be screened from an impurity
potential. The insulating phase, however, sets in at half filled Landau levels
and disappears at filled Landau levels where the quantum Hall effect sets
in. If the insulating phase is mediated by single particle localization, then
the number of charge carriers should decrease as electrons become bound at
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impurity sites and are lost to the conduction process. The carrier density
can be experimentally determined from the position in magretic field of the
middle of the Hall plateaus or the minima in the longitudinal resistance. As
carriers disappear the minima should shift to lower magpetic fields. In Fig-
ure 4.13, the carrier density is shown as a function of the position in magnetic
field of the centre of the R, minima for several different filling factors. The
data was taken from sample Si-11 at a temperature of 24 mK. The straight
lines through the sets of points indicate that the ratio of electron density to
magnetic field is constant for a given filling factor. At filling factor v = 1,
however, there is a shift of the resistance minima towards higher magnetic
field below n, &~ 1 x 10" cm™?. This signals an increase rather than the
expected decrease in the carrier density. More recent measurements have
revealed the same upward shift near filling factors 2 and 6 [Chu94] and an
interpretation of this data will be given in Section 4.6.3. Thus the behavior of
the carrier density is not characteristic of single particle localization. More-
over the density of impurities which are responsible for the scattering in this
density regime is about an order of magnitude less than the carrier density
in the 2D electron system and so the single particle localization limit of one
impurity per carrier is never achieved in these samples. Another scenario to
account for the large resistance is to consider the possibility that impurity
scattering leads to a very short electron lifetime, 7,, so that the Landau lev-
els are broadened so much that they overlap (' = %/27,) and the extended
states float up above the Fermi energy. The well-defined Shubnikov-de Haas
minima and quantum Hall plateaus observed experimentally, however, are
characteristic of well separated levels.

The homogeneity of the samples must be checked to rule out the possi-
bility of gross inhomogeneities leading to effective narrowing of the sample
width and a corresponding increase in diagonal resistivity. This can be done
by measuring the real and imaginary parts of the sample impedance where
the real part of the impedance is inversely proportional to the conductivity,
0zs, and the imaginary part is a measure of the capacitance which in turn
is proportional to the area of the sample contributing to the conduction.
These measurements were performed on some of the Si-MOSFETs used in
this thesis [Kra91]. The results show that at half-filled Landau levels below
the critical carrier density where the diagonal resistivity increases by several
orders of magnitude, the diagonal conductivity develops minima, despite the
fact that the maxima in the density of states should lead to R, maxima in
the single particle picture. The imaginary part of the impedance shows that
the capacitance does not change by more than 1% as the insulating phase
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The data points were taken from sample Si-11 at a temperature of T =
24 mK. There is a significant discootinuity in the n, versus Blineforv=1
which occurs at the same critical density as the reentrant insulator appears.
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develops at half-filled Landau levels which demonstrates that the conduc-
tive area of the sample remains constant, ruling out the possibility of the
development of large insulating islands narrowing the sample width. These
measurements of the magnetic field dependence of the capacitance and the
real part of the impedance also confirm that resistive contacts are not the
source of the large resistance since the two measurements are very similar
although the impedance is sensitive to contact effects while the capacitance is
not. This is the same conclusion which was made in Chapter 3 by comparing
the two and four contact transport data.

As there is no effective narrowing of the sample width, it is possible to
use the data of the diagonal and Hall resistances to calculate conductivities
above and below the critical carrier density. Contrary to Pruisken’s scaling
diagram shown in Figure 2.10, the appearance of the insulating phase at half-
filled Landau levels marks the transformation of the maxima in o,, back to
the origin 0., = 0 and 0y = 0 with 63y € 05z, The reentrant transitions
occur between insulating states with ¢,, — 0 and 6,,/0z; — 0 and integer
quantum Hall states with o,; — 0 and o, — ve?/h. As the carrier density
is decreased the scaling diagram collapses towards the origin as the minima
in the quantum Hall effect are destroyed by increasing disorder and there
is a crossover to a highly resistive phase over the entire range of magnetic
field. Thus both diagonal and Hall conductivities vanish in the insulating
phase and as seen in Figure 4.2, the Hall resistance dces not change from
its classical value as the diagonal resistance increases by several orders of
magpitude. This is not typical of Mott localization or of magnetic freeze-
out, where both p;y and p., should approach infinity in the insulator phase
as the temperature approaches zero.

Although the Hall resistance data is in agreement with the Viehweger
and Efetov and Kivelson et. al. models of a metal-insulator transition with
the Hall resistance keeping its classical value while the diagonal resistance
becomes very large, the details of how this transition occurs experimentally
are not consistent with these theoretical models. Figure 4.14 shows the the-
oretical phase diagram of the Hall insulator from zero field to v = 1/2. The
X-axis i8 py, in units of h/e?, which is equivalent to magnetic field, and the
y-axis is pzg in arbitrary units, representing the density of impurities in the
sample, since p.; increases as n; increases. The regions inside the concentric
semicircles, labelled s, = n, are regions in which there are n delocalized
Landau levels below the Fermi level. Thus, the » = 1 plateau in p,, is as-
sociated with the sz, = 1 region, the ¥ = 2 plateau with the s, = 2 region
and so on. This model gives two very specific predictions. One is that p.,
in the insulating regions will retain its classical value and the other is that
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any transition from s, = n to the insulator must pass sequentially through
8zy = n—1,n~2,n—3.... This means that p,, and possibly p,, should
exhibit some sort of anomalous behaviour every time a band of delocalized
states rises in energy and passes through the Fermi energy. This prediction is
obvious from the diagram because any path taken from s;; = n to the insu-
lator (which is the area outside the s, = 1 semicircle) must pass through all
the lower numbered states. In the experimental data from the $i-MOSFETs,
there is no evidence for these multiple transitions as the diagonal resistivity
increases smoothly from a quantum Hall effect minimum to a half-integer
maximum and then back again. The Hall resistivity is even more convincing
because it clearly shows no unusual characteristics whatsoever as the tran-
sitions from a quantum Hall state to an insulating state and back again are
made.

Figure 4.15 is an experimental phase diagram taken from sample 5i-5 at
a temperature of 35 mK which shows the boundary between the metallic and
insulating states as a function of both magnetic field and sample disorder.
The disorder is represented by the ratio of the density of impurities to that
of the electrons, ni/n,, and the magnetic field is represented by inverse fill-
ing factor, ¥~! = eB/n,.h. The boundary is denoted by =; [N4e, with the
insulator lying above this boundary and the metal below it. The Hall in-
sulator model assumes a single electron valley and spinless system and for
the purpose of comparison, the two valley Si system is treated as a pair of
stacked independent two dimensional systems. Thus, the region from » = 0.5
to v = 2.5 is attributed to sz, = 1, the region from v = 2.5 to v = 4.5 to
szy = 2, and the region from v = 4.5 to v = 6.5 to s,y = 3. It is clear
from the diagram that for certain values of r,, there will be a transition from
the insulating state directly to the s, = 3 state as the magnetic field is de-
creased. This was observed experimentally as a transition from the v & 2.7
maxima to the v = 6 IQHE minimum (corresponding to sz, = 3). This
deviates from the Hall insulator phase diagram because there is no evidence
of the Fermi level passing through the s, = 1 and s,, = 2 states before it
reaches s;; = 3. In fact, there is a smooth exponential rise of the diagonal
resistivity and a gradual change of the Hall resistance {following the usual
B/en, dependence) as the magnetic field or the electron density are tuned.
It is possible that the non-zero temperature at which the experiments are
performed leads to a broadening of the anticipated features in p;- since the
theoretical limit of T = 0 and w — 0 does not commute with the experimen-
tal conditions of T — 0 and w = 0 [Zha92). It is also clear that the Hall
insulator model must be refined to treat disorder in a realistic way.
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Figure 4.14: The theoretical phase diagram for the Hall Insulator is shown.
The x-axis represents magaetic field (in terms of Hall resistivity) and the y-
axis represents the disorder of the sample (in terms of longitudinal resistivity
in arbitrary units). The concentric semicircles are regions with s, delocalized
Jevels below the Fermi energy and the Hall insulator occurs in the area outside
the sz, = 1 semicircle. This graph is based on an original by D. H. Lee
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Figure 4.15: This figure shows the experimentally observed phase diagram
of the insulator in terms of the density ratio of impurities to electrons (rep-
resenting disorder) versus the inverse filling factor (which is proportional to
magnetic field). The insulator occurs above the n;/n,. boundary. The data
come from sample Si-5 at a temperature of 35 mK.
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In considering single particle localization as the driving mechanism be-
hind the metal-insulator transition at low magnetic fields, it is very important
to determine the temperature dependence of the diagonal resistivity. As the
I — V characteristics are non-linear, both the regimes below and above the
electric field threshold must be considered. The data shown in Figure 4.7
indicates that, below threshold, the temperature dependence of R, is best
fitted by a exp(A/T) model rather than by exp(To/T)*/? or exp(Ty JT)Y2,
The activation energy, A, reaches a maximum at half-filled Landau level
and approaches zero in the quantum Hall effect regime at filled Landau lev-
els, mimicking the magnetic field dependence of the resistivity. The activa-
tion energy also increases linearly below the critical carrier density down to
n, ~ 7.5 x 10°°cm™2. Below this carrier density, the low temperature resis-
tivity remains activated but A increases more slowly as n, decreases. Above
threshold, the resistivity decreases by several orders of magnitude, but re-
mains much larger than thet expected for a two-dimensional electron gas
and the activated behavior persists with 8R/8T < 0, albeit with a reduced
activation energy. Since the typical thermal energies in this low tempera-
ture regime are more than an order of magnitude less than the Fermi energy,
hopping conductivity should be the dominant conduction mechanism if the
insulator is caused by single particle localization. The temperature depen-
dence of the diagonal resistivity is, however, incompatible with this model.

The non-linear I — V characteristics become broader as the temperature
is increased in that the threshold differential resistance changes by orders of
magnitude but the voltage drop across the sample remains unaffected. This
is not expected in the single particle localization picture where dV/dT should
be negative rather than zero. The magnitude of the threshold field must also
be considered. As described previously, the Ioffe-Regel criterion for strong
localization allows an estimate of E, to be made. The minimum value of
E; = 100 V/m which is calculated in this fashion is larger than the threshold
fields extracted from the experimental data at any value of n,, and is more
than two orders of magnitude larger than the threshold fields extracted near
Nye.

The threshold field and activation energy exist over the same range of
electron density, filling factor, and temperature, suggesting that the same
process provides the carrier transport whether it is initiated by temperature
or electric field. In fact, below the threshold electric field, the transport
is activated with A « (E; — E) and (8A(E)/OE) ~ Ao/E:, where Ag is
the value of the activation energy as E — 0. If single particle excitations
are responsible for the conduction, then the derivative dA/edE = { will be
the characteristic length scale of this system. Calculating £ reveals that it
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is many times larger than the interelectron spacing, a = (wn,)~Y/?, which
means that the electrons are not strongly localized on individual impurity
sites. For sample Si-11 at the v =~ 2.7 maximum for instance, data taken
at an electron density of n, = 8.9 x 10%cm™? gives ¢ = 18.9nm but { =
249 pm. Thus, £ is a valid length scale for the conduction mechanism which
is characterized by Ay and E;, but its magnitude suggests that the transport
mechanism is not due to the excitation of single electrons from individual
impurity potential wells. In conclusion, single particle localization does not
provide either qualitatively or quantitatively a framework which accounts for
the experimental data.

4.6.3 The Pinned Wigner Solid and the Data

Since single particle localization cannot readily account for the experimental
data, a collective excitation or a many-body interaction approach should be
considered. The energetics in this material system certainly favour many-
body excitations since the Coulomb interaction energy is the dominating
energy scale, with E.. = (7n,)/?e?/x ~ 100K, being larger than either the
cyclotron energy (~ 12K at B = 2T) or the zero-point oscillation energy
(~ 6K). The experimental observation of enormous resistance growth with
decreasing temperature and non-linear J — V' curves are both typical char-
acteristics of a solid rather than a liquid or gaseous state. Two different
descriptions of an electron solid are those of the Wigner solid (WS) and the
charge density wave (CDW). Here it is assumed that the low magnetic fields
used in these experiments, where the cyclotron energy is always less than the
Coulomb interaction energy, act simply as a perturbation of the zero mag-
netic field “quantum regime” Wigner crystal, rather than driving the system
into the “extreme quantum regime” (as discussed in Section 2.5). Since the
reentrant metal-insulator transitions in Si-MOSFET's occur in higher Landau
levels where v > 1 and the magnetic length is larger than the mean inter-
electron spacing, the charge density wave model may be a more appropriate
description than that of the traditional Wigner crystal. In a magnetic field,
however, the charge density wave is equivalent to a Wigner solid of quasi-
electrons or quasi-holes. Impurities in the vicinity of the two dimensional
electron layer also play a role by acting as pinning centers for the electron
solid or the CDW. It will thus be most profitable to discuss the results in the
framework of a pinned electron solid but to remember that the distinction
between a pinned Wigner solid and a pinned charge density wave is extremely
blurred in the regime where these experiments take place.

The pinned Wigner solid is expected to show insulating behavior because
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of the Coulomb correlation potential which holds individual electrons in their
respective lattice positions and the impurity pinning potential which prevents
the crystal from moving coherently. The current-voltage characteristics will
also show some non-linearity, since it should be possible to apply an electric
field large enough to overcome the pinning impurity potential and force the
solid lattice to slide coherently. This allows all the electrons in the Wigner
crystal to participate in conduction and produces a significant reduction in
the differential resistance. Since the ratio of the Coulomb correlation en-
ergy to the quantum zero point motion energy of electrons gets larger with
decreasing electron density while the thermal kinetic energy of individual
electrons gets larger with increasing temperature, the Wigner crystal should
exhibit a critical melting density and a melting temperature, as discussed in
Section 2.5. The existence of a critical density is observed experimentally in
plots of Rz, A, or Ey versus n, (See Figures 4.4, 4.8 and 4.11) and a melting
temperature is also observed in that all three of these signatures disappear at
temperatures above T ~ 500 mK. As the carrier density is decreased and the
effective disorder increases, the activation energy and threshold field values
grow, underlining the importance of disorder and pinning.

The CDW model predicts that the magnetic field should have a stabilizing
influence on the formation of the CDW which, however, should be suppressed
at filled Landau levels. The experimental results show that the effect of the
magnetic field is to favour the insulating state at half filled Landau levels
and suppress its formation at integer filling factors until the carrier density
is quite low (n, & 7 x 10" cm™?). At filling factor » = 1 (corresponding to a
magnetic field of approximately 4 Tesla), the valley splitting is approximately
4.8 K which is much larger than the level broadening and the insulating state
does not set in until the carrier density is low and the relative disorder is high.
At filling factor =2, the splitting at 1.7 Tesla is only 1.4 K and the insulating
state appears at higher carrier density than at v = 1. An elegant formulation
of this magnetic field dependence has recently been given [Chu94] which
accounts for both the apparent competition between the Wigner solid at half
filled Landau levels and the quantum Hall effect at filled Landau levels and
the shift towards higher magnetic fields of the Landau level fan diagram below
the critical carrier density. The chemical potential in the liquid or gaseous
phase exhibits quantum oscillations as a function of magnetic field while
the chemical potential of the solid is a monotonically decreasing function of
magnetic field. In order to maintain the equality of the chemical potential in
both phases, the boundary between these two phases must oscillate. Thus
the reentrant transitions are not caused specifically by the quantum Hall
effect or by changes in the energy gap but by whether the liquid or the solid
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state has the lowest chemical potential at a given field.

Since the solid is pinned by impurities, it is also expected that there will be
a mobility dependence, and that samples with fewer impurities will be more
weakly pinned and thus show lower values of A and E, at any given electron
density. The presence of impurities close to the electron layer, however, can
destroy the long or medium range order which is required for a correlated
electron crystal. The sample is therefore polycrystalline with the size of the
crystallites depending on the disorder or the number of pinning impurities.
There is perfect coherence within each crystallite but phase dislocations occur
at the borders between crystallites. As the carrier density decreases and
the ratio of impurities to electrons approachs unity, the crystallites become
smaller in size and eventually a glassy state ensues in which there is no
long range order. Increasing the number of impurities still further (until
n,[n; ~ 1) will totally destroy the Wigner crystal, because each electron will
be pinned at a different impurity site. This is the single particle localization
limit. Thus, the observed mobility dependence in which the insulator in the
lower mobility Si-11 is pinned more strongly than in Si-5, and iz which the
even lower mobility Si-2 fails to show the characteristics of the other two
samples, agrees with the predicted mobility dependence of a Wigner crystal.

The experimental I — V curves are very similar to those previously ob-
served for charge density waves in linear chain compounds, and depinning
of a charge density wave by an electric field was described in detail in Sec-
tion 2.4. This threshold is certainly not due to Joule heating (for reasons
detailed in Section 3.2.4) and it is too small to be caused by depinning of
localized electrons (as demonstrated by the calculation of E; from the loffe-
Regel criterion). The fact that the conduction mechanism is still activated
after the threshold field has been exceeded and that the resistance is still at
least two orders of magnitude too high to describe a non-interacting elec-
tron gas suggests that the conduction mechanism above threshcld is due to
a coherent sliding crystal.

As seen in the discussion of single particle localization the tempera-
ture dependence of the diagonal resistivity is not consistent with hopping
mechanisms at low temperature but is typical of a thermally activated pro-
cess. In the framework of the pinned WS, the current is carried by lat-
tice defects such as vacancies, interstitials, or dislocation pairs, which does
result in temperature activated conduction. S. T. Chui and his cowork-
ers [Chu9la, Chu9lb, Chu93a, Chu93b, Chu93c] have considered a pinned
Wigner crystal with charge transport through the motion of extended de-
fects. This model can be expressed in terms of a pinned charge density wave
by assuming that the extended defects are the phase dislocations which occur
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at the ends of coberent segments of a CDW or at the boundaries of individual
crystallites in a Wigner crystal. Thus, it is already compatible with ali the
basic trends in the experimental data which were discussed previously. If
charge ‘ransport below the threshold is by the motion of extended defects
(dislocztion pairs in this case) then p., should retain its classical value (as
described in Section 2.5.3). This also accounts for the large values of £ since
dislocation motion involves many electrons being moved slightly from their
equilibrium lattice positions and thus is a collective process. The J —V char-
acteristics are non-linear because beyond the threshold, the electric field is
strong enough to break the dislocation pairs apart. This results in a con-
stant stream of dislocation pairs being generated and then broken, creating
a sudden decrease in the differential resistance. This is consistent with the
observation that the nature of the transport mechanism is the same both
below and above the threshold field (in that it occurs through the creation
of dislocation pairs). The thermal activation energy in this model should
depend linearly on én, = (n,. — n,). This is in excellent agreement with
the linear dependence of A on n, in Figure 4.10. Finally, a quantum Monte
Carlo simulation [Chu93c] of electrons in a real two dimensional system with
impurities has been performed for this model. Using parameters appropriate
for silicon (ie. two valleys, impurity scattering, etc.) a value of r,c = 10 was
obtained. This corresponds to a critical electron density of approximately
n,e = 6.9 x 10" cm~? for a zero field Wigner crystal, which is fairly close
(especially considering that a magnetic field should enhance the formation of
the crystal) to the critical densities of n, = 9 — 10 x 10'° cm™? that were de-
termined for Si-5 and Si-11 under a magnetic field. It seems that this model
can successfully account for all of the experimental data.

In conclusion, the data is not well described by the standard localization
models and the large length scale and small electric field suggest that it is
more likely the result of some collective phenomenon than of single particle
localization. It is true that if n, is decreased sufficiently, then E, will con-
tinue to increase and eventually £ may approach the SPL limit (just as n,
will eventually approach n;), but this is clearly not the case near n,.. The
fact that the metal-insulator transition is multiply reentrant as the magnetic
field changes is unusual, but it is consistent with a Wigner crystal which is
in equilibrium with a quantum fluid. A pinned Wigner crystal also explains
the activated transport, non-linear I — V curves, melting temperature, cold
melting density and the mobility dependence of n,.. A theoretical calculation
of nop for a pinned Wigner crystal which uses parameters appropriate for
these Si-MOSFETs is in reasonable agreement with the experimentally de-
termined values of n,.. Thus the best explanation for the anomalous R, and

119



CHAPTER 4. EXPERIMENTS UNDER MAGNETIC FIELD 120

all the other characteristics that were subsequently found is that a pinned
Wigner crystal is formed near the half integer filling factors in these very
high mobility Si-MOSFETs when the temperature and electron density are
sufficiently low.



Chapter 5. Experiments At Zero Magnetic Field

5.1 Introduction

The previous chapter described a variety of experiments carried out in the
presence of a perpendicular magnetic field. Anomalously high values of R,
were observed with maxima near filling factors v = 1.5 and v ~ 2.7 when
the electron density was below a critical value, n,., separated by integer
quantum Hall effect minima at » = 1,2 and 6. This insulating phase showed
properties such as thermally activated transport and a threshold electric
field, which suggested that it represented a Wigner crystal. If the electron
density was decreased sufficiently the insulating phase began to spread over a
wider range of magnetic field until eventually the integer quantum Hall effect
minima and the metallic zero field state all became insulating. A detailed
study of the zero magnetic field insulator was undertaken because it held
the possibility of being the first manifestation in the quantum regime of a
zero field Wigner crystal. This chapter focuses on the experiments carried
out in the absence of a perpendicular magnetic field. The measurements
described are of three types: measurements of the sample resistance (Rze
only since B = 0}, measurements of voltage between a pair of contacts as the
current through the sample is varied and measurements of the voltage noise
between a pair of contacts as the current is varied. All of these measurements
can be carried out at different temperatures and electron densities with the
results used to calculate some typical parameters such as thermal activation
energy and critical density. The addition of noise data and some calculations
based on specific models are used to enhance the discussion of whether or
not the zero magnetic field insulator which is observed at sufficiently low
electron densities represents a quantum Wigner crystal. At zero magnetic
field, all three samples tested showed similar characteristics, and a phase
diagram is developed which shows the range of electron densities over which
the Wigner crystal is expected to exist at zero magnetic field as a function
of the sample mobility. Once again, all of the measurements except the
temperature dependences were performed near base temperature, and unless
otherwise noted the uncertainty in each measurement is within the size of
the points on the graph.
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5.2 Temperature and Density Dependence of R,

Figure 5.1 shows p., as a function of carrier density, n,, taken from sample
Si-2 at T = 33 mK. The current passed through the sample from source to
drain had to be changed several times during this measurement because of
the changing resistivity, but in each case the current was high enough that the
resistivity could be measured accurately and low enough that the dissipated
power was not sufficient to heat the sample. As n, decreases below a critical
density, n,., which lies between 10.0 x 10'®cm™? and 10.5 x 10°cm™2, p.,
increases exponentially over four orders of magnitude. For densities below
approximately 8.5 x 10*°cm™2, the increase of p,. with decreasing carrier
density levels off. In the region above n,. the sample has resistivities of a
few kQ (appropriate for a two dimensional electron gas at this temperature)
but in the region below n, = 8.5 X 10°cm™? the resitivity values are over
100 Mf2, and the sample is strongly insulating.

Figure 5.2 shows Arrhenius plots of resistivity versus inverse temperature
from sample Si-2 at three different electron densities (indicated in units of
16'° cm—2 on the graph). These curves divide the temperature axis into two
regimes. At higher temperatures (500 mK > T > 120 mK), each data set is
characterized by a linear fit with a relatively high slope (and correspondingly
high activation energy, A,), whereas at the lowest temperatures a linear fit
with much lower slope and activation energy, A;, is more appropriate. The
linear fits are least squares best fits of the form p., & exp(A/T'), identical to
that used to calculate the activation energies in Chapter 4. The source-drain
currents are low enough that the measurements are all below the threshold
in the I — V curves discussed in the next section. Measurements above the
threshold result in much lower activation energies. Other common exponents
(such as pgz o exp(To/T)? and p.. x exp(T1/T)Y/?) associated with differ-
ent transport models were also tried but the linear least squares best fit with
two different temperature regimes most closely matched the data. Various
combinations of two exponent models were also tried, to determine if a single
curve could be made to fit all the data points, but none was found which
could satisfactorily fit the entire curve. This suggests that the conduction
mechanisms in the two different temperature regimes do not exist in parallel,
but that each only exists over a limited temperature range.
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Figure 5.1: A graph of resistivity versus electron density taken from sample
Si-2 is shown. A critical density, n,., below which the resistivity starts to
increase exponentially is visible between n, = 10.0 x 10" cn™? and n, =
10.5 x 109 ¢cm=2.
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existence of two different temperature regimes, with the activation energies

A; and A; respectively.
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5.3 J -V Characteristics

When the carrier density is below n,., an important transport signature of the
CDW or pinned Wigner crystal can be observed. This is the non-linear I -V
characteristic and associated threshold electric field which was discussed in
Chapter 2 and observed in Chapter 4 near the half integer filling factors. The
I —V carves are measured by setting the gate voltage (and thus the electron
density) to a specific value and measuring the voltage drop, Vz., across a pair
of longitudinal contacts as a function of the current applied between source
and drain. The voltage is measured as the current is swept from negative
to positive values (usually with the current at zero voltage subtracted from
each point) so that any asymmetry effects or dc current shifts can easily be
detected.

Figure 5.3 shows three typical 7 — V curves measured from sample Si-
5 at the electron densities indicated on the graph. These curves have the
same form as those observed in Chapter 4. There are two linear regions
separated by a distinct threshold voltage, Vi. The differential resistance
(slope of the curve) is much higher below V; than above it, and both V;
and the differential resistance below V; increase substantially with decreasing
carrier density. This figure also shows that above some critical density (which
lies between n, = 7.79 and 8.23 x 10 cm™? in this case) the non-linearity
in the I — V curves disappears and the threshold voltage becomes zero.
Changes in temperature, although not specifically shown here, do not affect
V, until the melting temperature is reached, just as was observed in Chapter 4.
The precise value of V; is calculated for each I ~ V curve by extrapolating
the linear region above the threshold back to I = 0, or, if sufficient points
were measured below the threshold, by plotting differential resistance versus
voltage.

If a sufficient number of I — V curves are measured for the same sample
at different carrier densities, a graph of V; (or equivalently FE;, the threshold
electric field) versus n, can be plotted. Figure 5.4 shows such a plot using
data from sample Si-2. The open circles are the threshold electric field val-
ues and the filled circles are values of the activation energy (actually A,)
measured at the same electron densities. Both the linear fit to the activation
energy data and the cubic polynomial fit to the threshold electric field data
lead to the same value of the critical density, n,. = 10.05 X 101° cm™2. Thus,
both the non-linear I — V characteristics and the thermally activated trans-
port disappear above the same critical carrier density and the fact that both
of these quantities decrease smoothly to zero as n, passes above n,. suggests
that this phase transition is second order. More recent measurements on the
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same samples [Pud94c], however, have used very sensitive techniques to focus
on the value of E, near n,. and have detected a small step from a finite value
to zero at the phase tramsition. This indicates that the transition is weak
first order rather than second order.

Repeating this measurement for the other two samples reveals that the
higher the mobility of the sample, the lower the critical density at which the
unusual transport characteristics appear. Sample Si-5, with a peak mobil-
ity of 41000 cm?/Vs, has a critical density of approximately 7.8 x 10" ¢cm~?
whereas sample Si-2, with a peak mobility of 23000 cm?/Vs, has a critical
density of approximately 10.0 x 10'® cm~2. Sample Si-11, with an interme-
diate mobility of 33000 cm?/Vs, also has an intermediate critical density of
8.5 x 10'° cm=2.

5.4 Noise Measurements

If the electric field threshold represents the point at which a pinned Wigner
crystal becomes depinned and starts to slide coherently, then the simple CDW
analogy discussed in Chapter 2 implies that above the threshold there should
exist a specific voltage noise spectrum associated with the periodic structure
of the electric charge in the crystal moving past stationary ionic impurities.
For a one dimensional, perfectly coherent CDW, the frequency spectrum is
calculated in Equation 2.42 to have a root frequency, fo = jopw/en,A, where
) is the wavelength of the CDW. For a Wigner crystal in a two dimensional
Hall bar, jopw should be replaced by I./y, where I. is the source-drain
current and y is the width of the Hall bar, and A should be replaced by
d,, the length of one of the Wigner crystal lattice vectors. This defines a
series of frequency peaks fn = I./en,yd,. In large samples such as these Si-
MOSFETS, however, it is more realistic to expect multiple separately pinned
crystallites, each of which will generate its own noise spectrum. Since there
will be phase differences between the noise from each crystallite and since
not all the crystallites will necessarily move in the direction of macroscopic
current flow at any given time, the frequency spectrum is expected to have
broad peaks which may not be centred at the precise frequencies fo.

The lower half of Figure 5.5 shows an I — V curve taken from sample
Si-2 using contacts P1 and P3 at an electron density of 8.32 x 10*°cm™.
The upper half of the figure shows a measurement of the root mean square
voltage noise in the frequency band from 1kHz to 300 kHz under the same
conditions and over the same current range. There is a marked increase
in the voltage noise level as the threshold field is exceeded. This increase
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Figure 5.4: This figure shows both the activation energy, A, (taken from the
temperature regime, T' > 120mK) and threshold field, E;, measured from
sample Si-2 at different values of the electron density. Both the linear fit to
A and the third degree polynomial fit to E, lead to the same value for the
critical density, n, = 10.05 x 10'°cm™32.
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in the broad band noise level just beyond the threshold is observed in all
three samples. It indicates an increase in the voltage noise spectrum as the
threshold is exceeded, but since it integrates the noise over a wide frequency
range it is insensitive to the specific noise frequency spectrum and gives no
information about the coherence of the noise generated in different parts of
the sample. The asymmetry between the noise generated at negative and at
positive currents is interesting. It can not be attributed to any measurement
uncertainty in the experiment, since the instruments used for this measure-
ment were very accurate and the error bar on each individual point would be
too small to see on the scale of this graph. There were some external noise
sources, however, such as pickup noise from the probe, which varied over
time and these could be responsible for the small scale differences between
the positive and negative current segments of the graph. The fact that the
left noise peak is wider than the right peak suggests a hysteresis effect, since
this phenomenon depended on the direction in which the current was swept.

Figure 5.6 shows two separate voltage noise frequency spectra obtained
from sample Si-2 at an electron density of 8.32 x 10" cm™? using a current of
50 pA (which is above the threshold for this sample under these conditions).
A current of 50 pA was selected so that the theoretically predicted noise
peaks would fall in the measurable frequency range. This is limited on the
low side by the 1/ f noise which makes measurements below 4 kHz impossible,
and on the high side by the RC time constant associated with the MOSFET
gate capacitance which cuts off measurements beyond approximately 12kHz.
The similarity of these two independently measured specira, demonstrates
that the general shape of the spectrum is reproducible. The lines drawn
through the points are a guide to the eye, to suggest what a continuous
spectrum might look like. The error bars (shown only for one set of points to
avoid confusion on the graph) indicate that there is flexibility in the precise
identification of the peak frequencies (indicated by the arrows on the graph),
but two of the peaks are clearly visible in approximately the same positions
in both spectra.

These frequency spectrum measurements are difficult to make because
the amplitude of the signal is in the nV/Hz!/? range, and there are other
noise sources in the lab which are in the xV/Hz!/? range. Reducing the error
bars to the level shown requires each point to be measured separately using a
tunable amplifier with the width of the band pass about 1% of the frequency
being measured. Comparing the output signal from the tunable amplifier
when the 50 pA current is turned on with the output at zero current, allows
that part of the noise signal in a narrow frequency band which was specifically
attributable to the current to be isolated. Both the I = 50 pA signal and
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Figure 5.5: The upper section of this figure shows the root mean square
broad band noise in the frequency range from 1 — 300 kHz versus the source-
drain current across sample Si-2 at an electron density of 8.32 x 10%° cm™2.
The lower part of the figure shows the corresponding potential drop across
contacts P1 and P3. Note the sharp increase in the noise amplitude as the
threshold is exceeded.
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the I = O signal are integrated for five to ten minutes before subtraction
so that every ten to twenty minutes a new data point is obtained for the
current frequency value. When enough data points have been obtained that
the standard deviation is low enough to indicate whether that frequency
value lies at 2 maximum, a minimum, or somewhere in between, the tunable
amplifier is reconfigured and the noise in a 1% band about a new frequency
value is measured.

Figure 5.7 shows two measurements of the voltage noise frequency spec-
trum taken at different values of the source-drain current. These also used
contacts P1 and P3 on sample 3i-2 at T = 30 mK and n, = 8.32 x 10*° cm™%.
The empty circles represent points from a 50 pA spectrum and the filled cir-
cles represent points from a spectrum with 7 = 75pA. The three original
peaks in the 50 pA spectrum are indicated by the downwards pointing ar-
rows. The middle peak is not readily visible from the positions of the points,
but it can be inferred from a knowledge of the peak positions in the previ-
ous two spectra shown in Figure 5.6. The absolute frequency positions of
these three peaks have shifted slightly upwards, but this is not surprising
because several days elapsed between the measurement of the two spectra
shown in Figure 5.6 and of the two spectra shown in Figure 5.7. Since the
threshold gate voltage of each MOSFET drifted slowly with time after its
initial cooldown, the actual electron density may have varied between the
two data sets, although the nominal electron density was 8.32 x 10'° cm™2
in both cases. The most important feature is that in the 75pA spectrum
the divergent 1/f noise signal followed by the first two peaks (indicated by
the upwards pointing arrows) are shifted to higher frequencies than in the
50 pA spectrum. Since these two spectra were taken on subsequent days,
this change can not be explained by a drifting gate voltage. It indicates
a frequency spectrum which is current dependent, as predicted for a slid-
ing CDW or Wigner crystal, although the exact linear dependence predicted
by Equation 2.42 is not observed. These measurements are still at an early
stage, however, and more detailed spectral analysis is required before a defini-
tive statement can be made about the agreement between the prediction of
Equation 2.42 and the experimental data.

The experimental results for the zero magnetic field case can be simply
summarized. Below some critical electron density, n,., (which is lower for
higher mobility samples) a strongly insulating phase develops which exhibits
thermally activated conduction and non-linear J — V' characteristics. This
phase disappears above some critical temperature, which varies with sample
and carrier density, but is typically in the range 400 — 600 mK. The threshold
voltage, above which the differential resistance decreases sharply, increases
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Figure 5.6: This figure shows the amplitude of the noise received in a narrow
band of about 1% of the centre frequency for various points between 4 kHz
and 9kHz. The noise potential was measured between contacts P1 and P3 of
sample Si-2 at an electron density of 8.32x 10'° cm™? with a source-drain cur-
rent of 50 pA. The filled circles and empty circles represent two independent
measurements of the same spectrum. The arrows indicate the approximate
locations of three peaks in the noise spectra. The lines conzecting the points
are a guide for the eye.
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Figure 5.7: This figure shows two measurements of the amplitude of the noise
potential between contacts P1 and P3 of sample Si-2 at an electron density
of 8.32 x 10" cm=2. The empty circles represent the frequency spectrum
mensured with I = 50pA and the filled circles represent the I = T5pA
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with decreasing temperature and there is a rise in the broad band voltage
noise measured between a pair of longitudinal contacts as that threshold is
exceeded. The frequency spectrum of the voltage noise in the region above
threshold shows reproducible peaks at specific frequencies in the 4 — 12kHz
range, and these peaks shift to higher frequencies when the current is in-
creased.

5.5 Discussion and Analysis

The results observed at zero field bear a remarkable resemblance to those
observed under a magnetic field. Below a certain critical density an insulat-
ing phase with very large R,. develops. The conduction in this insulator is
thermally activated with two different activation energies in different tem-
perature regimes and shows non-linear I — V' curves with a threshold electric
field. Although the values of n,. below which the insulator develops is lower
at zero magnetic field than it was at the half integer filling factors, the typical
magnitudes of A, F; and R, below n,, are all very similar to those observed
at the half integer filling factors. Even the critical melting temperature of
~ 500 mK is the same as the melting temperature for the insulator observed
under a magnetic field. The fact that magnetic field sweeps at different val-
ues of n, show a smooth transition from a situation where the sample is only
insulating near the half integer filling factors to one where it is insulating
everywhere also suggests that the zero field insulator is caused by the same
phenomenon as the reentrant insulator observed in the previous chapter. It
is therefore likely that the insulating state observed at zero field is not due
to single particle localization but is a collective state better described by a
pinned Wigner crystal.

5.5.1 Varying Length Scales

In the previous chapter the fact that the threshold field and activation energy
both disappear at the same critical density and that the activation energy
decreases as the electric field increases were used to suggest that both temper-
ature and applied field were affecting the same transport mechanism. This
means that a length scale, £, can be defined for this conduction mechanism
using the formula:

{r L (5.1)
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where A, is the value of the activation energy for very low currents (i.e.
close to zero applied electric field). In the zero field case, this length scale,
is typically in the pm range, and is one or two orders of magnitude larger
than the typical de Brogiie wavelength, A45, for electrons at these tempera-
tures (20 mK to 500mK) and three or four orders of magnitude larger than
the typical interelectron spacing, a. This demonstrates that the conduction
mechanism is either a multi-electron effect so that & &~ Ay/neE;, where n is
the number of electrons involved, or a single electron effect which occurs over
long distances. Neither of these possibilities is compatible with the model of
strong localization at individual impurities. It is possible, however, that the
insulator corresponds to a localized state with conduction through some type
of percolation or hopping conductivity. The average length of a single hop
in the hopping conductivity model, for instance, can easily be much larger
than either a or Agp.

At zero magnetic field, the analysis of length scales was taken a step
further. £, the length scale for the zero field conduction mechanism was
calculated at different electron densities. Figure 5.8 shows a logarithmic plot
of £o versus én, = (.~ n,) using data from sample Si-2. This characteristic
length scale changes with electron density, getting smaller as the density
decreases below the critical density. In fact, the line of best fit reveals that
€o o (6n,)°%. This is important, because of the possibility of percolation or
bopping conductivity. Both of these mechanisms have a specific dependence
of the localization length on electron density, as defined in Equation 2.38.
This is of the form £ o (6n,)~?, where 8 = 4/3 in the classical percolation
model and B = T7/3 if quantum tunnelling is included {i.e. in the hopping
regime). Neither of these are close to # = 0.8 and thus this length scale is
definitely not compatible with these types of localization models either.

Figure 5.8 also shows another length scale, Lp, plotted as a function of
én,. This length scale is calculated by assuming that the conduction above
the electric field threshold is caused by a sliding Wigner crystal which can
be treated like a sliding charge density wave. This may be toc simplistic,
but it does give a general idea of a possible length scale for conduction above
threshold. The model used was taken from [Nor92], and is described in
Section 2.4.2. It assumes that the CDW is weakly pinned and that the
amplitude of the CDW, the pinning energy and the elastic modulus of the
CDW are all constant. This may not be true in the immediate vicinity of the
phase transition near n,., however, so this model may not be valid for small
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Figure 5.8: This figure shows the length scales for sample Si-2 calculated
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values of én,. In the region where the model is valid, it predicts that:

Kra 0.19x 107 V
Ey= 5 & 2 py
2ren,Lp Ly cm

(5.2)

where K is the transverse shear modulus of the CDW, a is the interelectron
spacing, and Lp is the correlation length (or domain length) in the CDW. It
is therefore possible to use the experimental data for E, at different values
of n, to calculate Lp as a function of n, (and thus of én,). The plot in
Figure 5.8 reveals that Lp can also be fitted with a power law dependence
on én,, but in this case the exponent is § = 0.88. It is interesting to note
that the values of Lp were much lower than the corresponding values of o
for the same values of 6n,. The lowest value of Lp is only about four times
larger than a at that electron density, which indicates that the domains can
become very small if the density is decreased far below n,.. Eventually Lp
will diminish sufficiently that it is of the same order as a, at which point the
model of a CDW with coherent domains no longer makes sense since each
domain will only include one electron. At that point the model of single
particle localization would be more appropriate and Lp would no longer be

a valid length scale.

5.5.2 Single Particle Localization

In seeking an explanation for the insulating phase, several types of localiza-
tion can be quickly dismissed. Magnetic freeze out or a lifting of the extended
states above the Fermi level due to broadened Landau levels are both im-
possible, since there is no magnetic field present. Mott localization is also
extremely unlikely due to the random nature of the impurity potentials in a
Si-MOSFET. Inhomogeneities in the sample leading to an effective narrow-
ing of the sample width as the electron density is reduced are also ruled out
because of the capacitance measurements which were described in Chapter 4.

The only single particle localization model which is reasonable is that
of Anderson localization. There are several specific pieces of experimen-
tal evidence, however, which indicate that Anderson localization is not re-
sponsible for the insulating phase. The localization length, £, calculated
from the threshold field is much larger than the de Broglie wavelength and
the interelectron spacing, so that the electrons do not appear to be local-
ized at individual impurity sites. The electron density dependence of &
is incompatible with the predictions for percolation or hopping conductiv-
ity, so that localization at clusters of resonant sites where several electrons
are shared by a group of impurities (and thus §o can be as large as the
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cluster size) is also ruled out. The fact that the conductivity is thermally
activated with po-(T) o« exp(A/T) rather than p..(T) x exp(Tp/T)Y3 or
pz=(T) o exp(Ty/T)'/? also discriminates against variable range hopping,
which is the expected conduction mechanism in an Anderson localized sys-
tem at low temperatures. Finally, the differential resistance in the above
threshold regime is typically larger than 10°{ and the conductivity is still
thermally activated, indicating that the threshold does not represent a depin-
ning of electrons from impurities back into a normal two dimensional electron
gas state.

Since single particle localization can not explain many of the experimental
observations and is actually in direct contradiction with some of them, it is
necessary to seek some other explanation for the insulating state. The most
likely candidate for a two dimensional collective insulator is a pinned Wigner
crystal or charge density wave, so a detailed study of how the predictions of
these models compare with the experimental data must be carried out.

5.5.3 CDW - Phase Slip Model

The qualitative predictions about the transport characteristics of a pinned
CDW were listed in Section 2.4.2. These include thermally activated trans-
port, non-linear I —V curves, and a current dependent noise frequency spec-
trum in the above threshold regime. Above a melting temperature, Ty, all of
these characteristics disappear. These predictions are supported by the data.
The I — V curves (See Figure 5.3) are definitely non-linear with a thresh-
old field above which the differential resistance decreases and the conduction
both below and above the threshold is thermally activated (See Figure 5.2).
There is also a definite melting temperature (Th ~ 500 mK) beyond which
all these characteristics disappear. Figure 5.5 shows the increase in the back-
ground noise over a wide frequency range which is expected as the threshold
field is exceeded, and Figure 5.6 demonstrates that this noise exhibits distinct
peaks in its frequency spectrum in the 4 — 9kHz range. This is compatible
with Equation 2.42, which describes the fundamental frequency of the volt-
age noise spectrum for a sliding CDW as fy = jcpw/en,Acpw, where Acpw
is the wavelength of the charge density wave. For a two dimensional system
with Hall bar geometry, jocpw can be replaced by I./y, where I is the source-
drain current and y is the width of the Hall bar, so that fo = I./en,yAcow.
For a fundamental frequency of fo &~ 5kHz with n, = 8.32 x 10'°cm™2,
I, = 50 pA and y = 0.8 mm, this gives Acpw =~ 90nm. This is a reason-
able value when compared with the interelectron spacing at this density of
e = 20nm. Finally, Figure 5.7 shows that the spectrum moves upwards in
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frequency as the current is increased, also in accordance with Equation 2.42,
although the exact linear dependence of fundamental frequency on current
is not experimentally observed in this preliminary measurement.

An even more specific prediction of the pinned CDW model is related to
the phase slip model for conduction which has been extensively developed
with respect to one dimensional charge density waves [Bor86, Gii86, Nad92].
This model assumes that the CDW is broken into many small phase co-
herent segments {equivalent to individual crystallites in the Wigner crystal
model) and that charge transport occurs by a series of phase slips in which
the phase of the CDW within a single segment changes by 2, shifting the
electrons in that segment by one CDW wavelength with respect to the sta-
tionary impurities. Phase slips are propogated through the sample as 27
phase solitons, stable travelling waves of phase displacement. If many phase
solitons are present, such as in the region beyond the threshold, they have
been predicted to aggregate into multi-soliton complexes which are equivalent
to dislocations [Bra91, Nad92]. The soliton complexes are then equivalent
to the dislocations which are responsible for charge transport in a pinned
Wigner crystal framework. This model was discussed in Section 2.5.4, and
it was shown that it could be related to a two dimensional system, resulting
in an equation which expressed the relationship between conductivity, oz,
applied field, E,;p, and temperature, T. Repeating the final result previously
shown in Equation 2.58 gives:

_ Il ~A7 . neaVoy 1
VW exp[ T ]smh[ T (5.3)

In this equation, I is the distance between the contacts used to measure V;,
so that E,p, = Vi/! and W is the width of the Hall bar sample. A is an
activation energy, n is the number of electrons involved in a single phase
slip event, I is a magnitude constant related to the size of the phase slip
current over the entire sample and a is the interelectron spacing, which is
assumed to be the distance over which the phase of the CDW changes by 27.
It is difficult to relate I, and n to specific experimental parameters, but A
should be similar to the activation energy, A;, which is found from standard
Arrhenius plots and all the other values can be found experimentally. This
gives a precise form for the temperature and applied potential dependence of
the sample conductivity if the conduction in the insulating regime is indeed
caused by phase slippage in a pinned CDW or Wigner crystal.

The experimental points contained in any I — V' curve can be converted
to a gz — Eapp curve for one value of T. Using different 7 — V curves
measured at different temperatures but at the same value of n,, a picture of

a'z::
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Oz; as a function of Epy and T can be developed. If the phase slip model
accurately describes the charge transport mechanism in the Si-MOSFETs
then a single fit to Equation 5.3 with its three unknown parameters, Ip, A,
and n, should yield a theoretical curve for each temperature which matches
the experimental o;; — E,p, curve measured at that temperature. Figure 5.9
gives one example of this type of fit. A pair of 0., versus E,, curves taken
-from sample Si-5 at 2n electron density of 6.69x 10'° cm~? and at two different
temperatures (indicated by the values of T-! on the graph) are shown. The
starred points with error bars are the experimental values. The two solid
lines were produced using a single least squares best fit to Equation 5.3.
There is excellent agreement between both sets of experimental data and
the fitted curve. This process was repeated for many other data sets at
different values of n, from sample Si-5 and for some data sets from the other
two samples [Cam94]. In almost all cases the phase slip model provides fits
which are within the experimental uncertainties. Data sets taken at very low
temperatures, however, are not compatible with the phase slip model. This
is expected, since a change in the activation energy to a much lower value,
Ay, is observed as the temperature is lowered below approximately 120 mK,
so a change in the dominant conduction mechanism at very low temperatures
is compatible with the experimental data.

The fact that the phase slip model fits the experimental data so well
suggests that the transport datain the temperature regime from =~ 120 mK to
~ 500 mK is compatible with the phase slip model. This is further validated
when the values of A, one of the three fitting parameters in the phase slip
model, are compared with the values of A, obtained from Arrhenius plots
of p,, versus T~!. Figure 5.10 shows a set of five values of A obtained from
the phase slip model using sets of I — V' curves measured on sample Si-5 at
different values of n,. The solid line is a line of best fit to the three middle
points. The point with the lowest electron density is ignored because it does
not fit with the others and is probably influenced by the beginning of the
transition to singie particle localization which can occur at very low densities
(as mentioned in the previous section). The point with the highest density
is also ignored in the linear fit because it is slightly above the critical density
for sample S1-5. This is verified by the fact that the solid line of best fit
to the three valid points indicates that A = 0K at n,. & 7.7 x 10°cm™2
which occurs before the last point. This value of n,. is in excellent agreement
with the critical density of n,. = 7.8 x 10'°cm~? which was calculated for
sample Si-5 at zero field using experimental values of A; and E,. Thus, the
phase slip model produces conductivity versus temperature and applied field
curves which agree with the experimental data and activation energies which
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Figure 5.9: Two 0z versus E,p, curves are plotted in this figure. The data
points come from two I — V curves from sample Si-5 at an electron density
of 6.69 x 10" cm™2 and at the temperatures indicated by the values of T}
on the graph. The solid lines represent the results of a single fit to the data
at both temperatures using the phase slip model.
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are similar in size to the values of A; obtained from standard Arrhenius
plots. These activation energies are linear with én,, just as the values of
A, are (See Figure 5.4) and they lead to the same value of n,.. All of this
evidence suggests that the pinned CDW with charge transport through phase

slippage is an excellent model for describing the zero field insulating state
observed in the Si-MOSFETs.

5.5.4 Wigner Crystal - Dislocation Pair Model

If the insulating state can be explained as a charge density wave then in
this very low density regime where the interelectron spacing and the Bohr
radius are both of the same order of magnitude, the overlap of the electron
wavefunctions will be quite small and the system can also be regarded as a
Wigner crystal. Quantitatively, the pinned Wigner crystal shares the same
transport characteristics as a pinned CDW. Thus all of the previous discus-
sion with respect to activated transport, non-linear I — V curves, melting
temperature and noise characteristics also holds true in the Wigner crystal
framework. Some more quantitative predictions are required to determine
if the zero field insulating state really is best described as a pinned Wigner
crystal.

Sample disorder has a strong influence on the results at zero magnetic
field. All three high mobility samples (Si-2, Si-5 and Si-11) showed the same
transport characteristics, but the critical density above which these charac-
teristics disappeared was higher in the lower mobility samples and for any
given value of n,, the insulator was stronger the lower the sample mobility.
It is therefore important to use a model of the Wigner crystal which takes
into account the effects of impurities in the sample. In Section 2.5.4, a model
developed by S. T. Chui and coworkers [Chu9la, Chu91lb, Chu93b, Chu93c]
was discussed. This model suggests that the transport below threshold oc-
curs principally through the mechanism of mobile bound dislocation pairs
and that above the threshold the electric field provides enough energy to
unbind the dislocation pairs so that a large current is carried by a steady
stream of dislocation pairs being formed and then breaking apart. The en-
tire crystal is not sliding coherently above the threshold, but the unbound
dislocations can be considered as the edges of coherent crystallites so that
this model considers the motion of the crystallite boundaries rather than
the crystallites themselves. It can also be related to a phase slip model,
where the dislocations are equivalent to aggregated groups of phase solitons
[Bra91, Nad92, Chu93b]. There are three specific predictions which arise
from this model and which can be compared with the experimental results
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Figure 5.10: The values of the activation energy parameter from the phase
slip fits to sample Si-5 at several different values of the electron density are
plotted to determine the critical density. The solid line is a fit to the middle
three points. It reveals that n,. 2 7.7 x 10!%cm™2.
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at zero magnetic field.

The first prediction comes from quantum Monte-Carlo calculations of the
ground state energy of the quantum fluid versus the electron solid [Chu93¢].
Using parameters which took into account the valley degeneracy and specific
scattering mechanisms present in high mobility Si-MOSFETs such as Si-2,
Si-5 and Si-11, the cold melting density at zero magnetic field was predicted
to be ngy = 6.9 x 10'®cm~2. This is very close to the experimentally de-
termined range of critical densities for the metal-insulator transition at zero
magnetic field of n,. = 8 —10x 10 cm™?. Thus the observed metal-insulator
transition is occuring at the same electron density as the theoretically pre-
dicted phase transition from a quantum fluid to a Wigner crystal.

The second prediction is that the thermal activation energy should depend
linearly on énr, = (n.. — n,), as originally noted in Equation 2.60. This
prediction is clearly satisfied by the data (See Figure 5.4 and Figure 5.10).
The third prediction relates to the specific tunneling mechanism by which
the dislocation pairs are broken apart in the regime above the threshold field,
E;. It was originally stated in Equation 2.63, which gives the criterion that
E; « (n,c —n,)*". This criterion is also satisfied by the experimental data.
Figure 5.11, for instance, shows a logarithmic plot of E; versus én, using
data taken from sample Si-2. The solid line is the line of best fit and it gives
a power law dependence of E; « §n}#+%2_ This is very close to the predicted
dependence which is indicated on the graph by the dashed line, and other
similar plots have shown even better agreement with exponents such as 1.7
and 1.5 [Pud94a]. Thus, the dislocation pair model succesfully predicts the
dependences of both A and £, on én,.

This model of the insulator as a pinned polycrystalline Wigner solid, with
transport through the motion of dislocation pairs (which are equivalent to
complexes of phase solitons in a CDW) seems to explain all of the experi-
mental data. There should be a metal-insulator transition when the electron
density falls below the cold melting density, noas, and the electrons freeze
into a pinned crystal, so the large values of R, associated with densities be-
low n,. are expected. The theoretical value of ngys using this model is also
very close to the experimental range of n,.. This also explains the observed
melting temperature, since a zero field Wigner crystal will always melt above
some critical temperature Ty. Dislocation pair creation is a thermally acti-
vated process and beyond a certain threshold field, E;, the electric field will
break the pairs apart, allowing free dislocations to carry a large current. This
explains the activated transport and the non-linear I — V curves. Indeed,
the electron density dependence of both E; and A which is predicted from
this theory agrees with their experimental dependences on én,. The facts
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Figure 5.11: This figure shows E; versus én, = (nse — n,) on a logarithmic
scale. The data were measured from sample Si-2 at a temperature of 30 mK,
and can be fit by E; = énl®, as indicated by the solid line on the graph. The
dashed line shows the theoretical dependence of E; = &n;*, predicted by S.
T. Chui {Chu91b, Chud3b].
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that the conduction mechanism is still activated above threshold and that
the activation energy is observed to decrease as the electric field increases
also fit in the framework of this model, since conduction both above and be-
low the threshold occurs through the same mechanism. The increased noise
above the threshold field is expected to occur as unbound dislocations move
past stationary impurities. These dislocations involve the displacement of
electrons from their equilibrium positions, so that although they have an
urderlying periodic structure, {hat period gets warped by the presence of
the dislocation. This helps to explain why the peaks in the noise voltage
spectrum are so small in comparison to the background noise and why their
dependence on current does not follow the ideal model for a perfectly coher-
ent crystal or CDW. The long length scales, &, calculated from A and E,
also fit within this framework, since the dislocation pair is a multielectron
excitation with a finite size which is many times the interelectron spacing.
Finally, when conduction is considered in terms of the equivalent model of
phase slip in a CDW, the temperature and electric field dependence of the
conductivity can be fit by a single phase slip equation which produces values
of A and n,,. that agree with those from the more direct experimental results.

5.5.5 Zero Field Phase Diagram

There is one final calculation which ties many of the separate concepts pre-
viously mentioned together. Both of the length scales shown in Figure 5.9
are dependent on én,, so that if n, is decreased sufficiently, the interelectron
spacing, a, which increases as n, decreases, will eventually become the largest
length scale in the system and the single particle localization (SPL) model
will become appropriate. Figure 5.12 is a plot of electron density versus peak
mobility. The experimentally measured zero magnetic field values of n,. for
the three samples discussed in this chapter as well as for an additional low
mobility sample (5i-39) and a new high mobility sample (Si-15) are plotted
as filled circles. The densities coresponding to the transition to SPL were
calculated for the three samples discussed in this chapter by extrapolating
Lp versus én, from Figure 5.8 (and similar data sets for samples Si-5 and Si-
11) down to Lp = 2a. These were plotted as the filled triangles. The dashed
line is a theoretical estimate for the critical density at which the transition
to SPL occurs in a Si-MOSFET. This estimate was obtained by deriving the
density of impurities from the peak mobility using the techniques of A. Gold
described in Section 2.3 [Gol85, Gol86a]. Another calculation by A. Gold
and W. Gotze [Gol86b] of the critical density for the transition to SPL as a
function of the impurity density in a Si-MOSFET was then extrapolated to

146



CHAPTER 5. EXPERIMENTS AT ZERO MAGNETIC FIELD

Jower densities in order to obtain the final result shown. The empty squares
plotted in the figure are experimental measurements of the critical density
corresponding to the onset of thermally activated transport in a series of low
mobility Si-MOSFETs [Yag80].

The solid line on the graph is a theoretical estimate of the cold melting
density, ncu, as a function of mobility in Si-MOSFETs. It was calculated in
the following manner. An initial value of ngp = 4.5 % 10'° cm~2 was assumed
to be reasonable for a Si-MOSFET with no impurities at zero temperature
and magnetic field. This value was previously calculated in Section 2.5 us-
ing 5. = 37 £ 5 (as calculated by B. Tanatar and D. M. Ceperley [Tan89]
for a perfectly coherent Wigner crystal) and an additional factor of 6.8 ob-
tained by treating the two valleys in (100)-Si as separate coupled electron
lattices (as described by L. Swierkowski et. al. [Swi91] for a pair of lattices
in adjacent quantum wells). The effects of impurities were then introduced
using the calculations of the phonon spectral density and the mean squared
displacement of electrons from their equilibrium lattice positions, {6r?), de-
veloped by A. G. Eguiluz et. al. [Egu83]. The authors of this paper had
explicitly calculated the critical value of {§r%)/a? in a perfect lattice corre-
sponding to a cold melting density of 4.5 x 10'°cm™* and so this was taken
as the melting criterion for a Wigner crystal with any level of impurities.
The paper also provided the results of calculations of (ér?)/a?, as a function
of the electron density, n,, at various values of the impurity density ratio
¢ = ni/n, using a phonon spectral density mechanism. It was then possible
for a specific value of ¢ to determine the precise value of neay which would
give the critical melting value of {§r%)/a?. Finally, since each value of peak
mobility in Figure 5.12 corresponds to a specific value of n;, each specific
value of ¢ = n;/n, gave a curve on the density versus mobility graph. At
some point this curve would intersect the horizontal line given by n, = nom
for the corresponding value of ¢, and this gave a single point on the solid line
shown in the figure. After calculating several points explicitly the rest of the
line was interpolated. This means that the solid line is a purely theoretical
derivation of the phase transition to « Wigner crystal and contains no fitting
parameters taken from the experimental data.

The extrapolation of the solid line to lower mobilities was stopped where
it intersected the dashed line corresponding to the transition to single par-
ticle localization. Any sample with peak mobility lower than approximately
12000 cm?/ Vs will not show any evidence of a transition to a Wigner crystal
with decreasing density because it will enter the SPL regime first. This re-
sults in a division of the phase diagram into three sections. At high densities
the 2DES in the Si-MOSFET is metallic (denoted by metal on the graph) and
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at low densities it is in a single particle localization state (denoted by SPL),
where every electron is localized at a separate impurity site. For high mobil-
ity MOSFETSs (peak mobility beyond 12000 cm?/Vs) there is also a narrow
range of electron densities where the 2DES forms an electron solid {denoted
by ES). This electron solid is not a perfectly coherent Wigner crystal, but
a multi-crystallite or polycrystalline state in which the coherence length de-
creases with decreasing electron density until eventually the crystallites are
so small that SPL becomes dominant. There is excellent agreement between
the experimentally measured critical densities and the theoretically calcu-
lated phase boundaries for both the transition to an electron solid and the
transition to SPL. The fact that sample Si-39 did not show the characteristics
of a Wigner crystal at any density, in marked contrast to the high mobility
Si-15 provides further verification of the validity of this phase diagram.

In concluding this chapter, the characteristics of the insulator observed
at zero magnetic field must be summarized. This insulating phase shows
a critical cold melting density and a melting temperature, non-linear 7 — V
curves with a distinct threshold electric field, thermally activated conduction,
a broad band noise background which increases as the threshold is exceeded,
and noise frequency peaks which shift upwards in frequency as the current is
increased. The temperature dependence of the conductivity and the electron
density dependence of the length scale ¢ calculated from Ay and E; are both
incompatible with the variable range hopping conduction mechanism which
is associated with Anderson localization in this temperature regime. Sample
inhomogeneity effects were ruled out in Chapter 4 and Mott localization is
highly unlikely in a Si-MOSFET where the scatterers are close to the 2DES
and randomly spaced. Thus this insulating phase is not compatible with tra-
ditional localization models, and an alternative explanation is required. One
explanation which does seem to fit all of the data is that of a pinned Wigner
crystal. In addition to the qualitative agreement between the observed char-
acteristics and those generally predicted for a pinned Wigner crystal, there
is also quantitative agreement between the data and the specific models of
charge transport by dislocation pairs in a Wigner crystal or phase slip in a
CDW. This comes in the form of the dependence of A and E, on én, agreeing
with the dislocation pair transport model and the dependence of o, on E;pyp
(or Vz.) and T agreeing with the phase slip model. Finally, theoretical calcu-
lations of the phase transition from a metallic state to an electron solid and
then from the electron solid to a single particle localization state agree with
the observed transitions in both the samples examined in this chapter and
an additional pair of samples which were tested later by Dr. V. M. Pudalov.
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Figure 5.12: This graph shows the critical density for a phase transition
versus the peak electronic mobility. The filled circles are experimental n,.
values and the filled triangles are experimental values for the transition to
single particle localization (SPL) calculated using Lp = 2a. The empty
squares also represent experimental points at which an Anderson transition
was observed [Yag80]. The dashed line is a calculation of the critical density
for a transition to SPL and the solid curve is a calculation of the cold melting
density at which a Wigner crystal will form.



Chapter 6. Conclusions

Magneto-transport measurements on the two-dimensional electron system in
extremely high mobility Si-MOSFETs have been described in this thesis.
The experiments were carried out at very low temperatures (20mK < T <
4.2K) and magnetic fields in the range 0 — 5 Tesla. The appearance below
a critical temperature, Tyy ~ 500 mK, and carrier density, n,. ~ 9 x 10'°
cm™2, of reentrant metal-insulator transitions in the diagonal resistivity at
half-filled Landau levels led to a study of the temperature and carrier density
dependence of the insulating state. At even lower electron densities the
samples also became insulating at zero magnetic field, although there were
still well defined integer quantum Hall effect states at filling factors v = 1
and v = 2. The transport characteristics of both the zero field insulator and
the half filled Landau level insulators were found to be very similar and the
roles of both electron density and sample mobility in terms of relative sample
disorder were studied to investigate how disorder related to the onset of the
insulator.

The insulating state exhibited a thermally activated transport mecha-
nism with the activation energy depending linearly on én, = (n,. — n,). It
also exhibited a threshold field behaviour in which the differential resistivity
declined sharply as the applied electric field exceeded a certain critical value
which depended on electron density but not significantly on temperature.
Both the threshold field and the activation energy declined to zero at the
same value of the critical melting density as was determined from the initial
plots of R, versus n,. The length scales calculated for the phenomenon were
much larger than those associated with single particle localization models,
and this, combined with the relatively small threshold fields suggested that
the insulating state was more likely the result of a collective rather than a
single particle phenomenon. It was observed that if n, was decreased suffi-
ciently, then E; continned to increase and eventually the localization length,
¢, could approach the SPL limit (just as n, would eventually approach n;),
but this was clearly not the case near n,.. The fact that the metal-insulator
transition was multiply reentrant as the magnetic field changed was unusual,
but it could be explained in terms of a Wigner crystal in equilibrium with a
quantum fluid. A pinned Wigner crystal also explains the activated trans-
port, non-linear I — V' curves, critical melting temperature, cold melting
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density and the mobility dependence of n,, in which samples with higher
mobility experienced the onset of the insulating phase at lower electron den-
sities. This possibility was further strengthened by the fact that a theoretical
calculation of ngas for a pinned Wigner crystal using parameters appropriate
for the Si-MOSFETs studied in this thesis agreed with the experimentally
determined values of n,,.

The zero magnetic field insulator showed additional evidence in favour of a
pinned Wigner crystal. A sharp increase in the broad band noise background
measured from the sample was observed as the threshold field was exceeded.
A spectral analysis of this noise revealed a series of distinct frequency peaks
which shifted upwards in frequency as the current was increased. This was
consistent with a pinned Wigner crystal which was depinned by the applied
field and began to slide, reducing the differential resistivity beyond the de-
pinping field and creating a voltage noise spectrum as the regularly spaced
electrons in the crystal matrix moved past sharp impurity potentials in the
sample. There was even more specific agreement between the experimental
data and the equivalent models of charge transport by dislocation pairs in
a Wigner crystal or phase slip in 2 CDW. This came in the form of the de-
pendence of A and E; on én, agreeing with the dislocation pair transport
model and the dependence of o2z 00 Eapp (or V;;) and T agreeing with the
phase slip model. Finally, theoretical calculations of the electron densities
corresponding to the phase transition from a metallic state to an electron
solid and then from the electron solid to a single particle localization state
agreed with the observed transition densities for all the samples studies in
this thesis.

Thus the best explanation for the anomalous R.r and all the other char-
acteristics that were subsequently found is that a pinned Wigner crystal is
formed near the half integer filling factors in these very high mobility Si-
MOSFET: when the temperature and electron density are sufficiently low,
and that at even lower electron densities this Wiguer crystal also appears at
zero magnetic field. This means that the experiments described in this thesis
were the first to show evidence for the existence of a quantum Wigner crystal
in any system. A

This work could be extended to better reveal the underlying periodicity
of the Wigner electron lattice. This could be achieved by noise measurements
using low temperature amplification of the signal or possibly an optical probe
of the local order such as photoluminescence spectroscopy. It would be in-
teresting to study other silicon based heterostructures such as Si/SiGe to
confirm the role of the Coulomb interaction energy on the onset of the insu-
lating state. This would also allow an extension of the present phase diagram
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for the Wigner solid due to the higher mobilities which can be achieved in
such systems.
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