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Vector of all generalized displacements (" component is A (z))
Non-redundant generalized displacement

Vector of non-redundant generalized displacements (" component is /NX, (z2))

Constants based on geometric and material properties of the plates as well as

their shape functions

Matrix with (i-))" component equal to ,d , d ,,d

g1ty 22

d, ,,d

s , dimensions
[T 1

3

3ANKX3NK
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xvili

Odlj ’Idlj ’2dl/ ’

]

Constants based on geometric and material properties of the plates, their

3d,’4d ’sd ’
' i Y . ..
shape functions and connectivity

Gdlj ’ 7dlj

0d.,d,,d,;d,  Matrix with (i-/)" component equal to \d, . d,.,d, . d,.,d,.;d,..d,..d,

.d,d,d,.d  dimensions N x N

Submatrices of ,d variable dimensions

NxN °
4,ld
0 [ (2) i"™ generalized distributed load
oS (Dpxa Vector of generalized distributed loads (i component is , f,(z))
Si(2) i™ generalized distributed moment
L (Dsnka Vector of generalized distributed moments (:" component is , f (z))
oS () it Vector of non-redundant generalized distributed loads
S (@ Vector of non-redundant generalized distributed moments
“ I i Vector of non-redundant generalized end loads
z(,é ol Vector of non-redundant generalized end moments
K Number of interconnected plates
m Index
n Index
N Number of non-redundant degrees of freedom

Narrow plate formulation

0€y 1€, >26,53,>  Constants based on geometric and material properties of the plates, their

sE,, ,.C .d .d shape functions and connectivity
g2ty

Department of Civil Engineering University of Ottawa



Xix

m,(z) i™ non-redundant generalized distributed moment (associated with lj, (2))
Z01\;1 , i™ non-redundant generalized end moment (associated with 0,(1))
p,(2) Generalized distributed longitudinal load
% P, Generalized longitudinal end load
1,(2) i™ non-redundant generalized distributed load (associated with U, ()
:Of i"™ non-redundant generalized end load (associated with U,(Z) )
U (2) i™ non-redundant generalized displacement
W(z) Generalized longitudinal displacement

Lagrange multipliers formulation

r Lagrange functional

1 mn(Z) ’ Zf;1111(z) »
1ﬁn11(z) ’4f;nn(Z)

Igmn (Z) 4 zg,,,,,(z) 3

Lagrange multiplier functions

Functions based on continuity constraints between plates m and »
3 gmn (Z) 24 gmn (Z)

Introduced in Chapter 5

1 Imaginary constant
K Boundary condition constant
K v Vector of boundary condition constants (i component is & )
n Number of zero generalized displacements
A, m"™ eigenvalue
L0() Matrix differential operator expressing boundary condition equations
Y, Dimension of Jordan block
@ Vector of constants on right hand side of boundary condition equations
N T Matrix of coefficients in SOLDE
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XX

oB vy First companion matrix of SOLDE
1 i J— Matrix based on b,
N : JP Matrix based on B, .~ and B, ., for non-singular SOLDE
f,j Fourier coefficient of applied load
SN Matrix of Fourier coefficients of applied loads (-H™ component is f,j)
H(z) vy Homogeneous solution to SOLDE
Loy NXN identity matrix

od (mv-g)(mv—y)  Jordan matric associated with singular SOLDE

I Jordan form of ,B,,,, ,,»
o m'"™ Jordan block of ,J ,y.un
M Number of terms in SOLDE
N, Shift matrix of nil-potency 7 —1
r(2) v Vector of functions on right hand side of SOLDE
oI (2D s Right hand side vector in linearized SOLDE
oS NN Right hand transformation matrix for Weierstraf} transformation
S unsan Left hand transformation matrix for Weierstraf} transformation
S vy Jordan transformation matrix
X(2) y Vector of unknown functions
o X(2) png Particular solution to SOLDE
Y (2) yn Linearized vector of unknown functions
Z,(2) i"™ transformed vector of unknown functions
Z(2)yna Linearly transformed vector of unknown functions (i component is Z(2))
Z(Z)(Mh i Vector of non-zero unknown functions
Z(Z),,X, Vector of unknown functions shown to be zero
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DISTORTIONAL ANALYSIS OF THIN WALLED BEAMS by ADAM RIVET
THESIS ABSTRACT

A general solution for the stress-deformation analysis of interconnected plates subjected to
general loading conditions is developed. The solution is based on the assumptions of thin-walled
plate theory and is limited to combinations of straight plates made of linearly elastic isotropic
material.

The principle of stationary potential energy is used in conjunction with series expansion for the
displacement fields to formulate the equilibrium conditions and boundary conditions. In general,
the differential equilibrium equations are coupled. A quasi-closed form solution for the
displacement fields is nonetheless provided.

The solution developed is successfully adopted to solve several example problems. Three of the
problems involve individual plates, while six involve multiply connected plates. Comparisons
with established finite element solutions demonstrate the ability of the model to accurately
capture the behaviour with a remarkably small number of degrees of freedoms.



CHAPTER 1 - INTRODUCTION

Many thin walled structures, such as girders or folded plate roofing structures, are assembled
from bolted or welded thin plates Such structures may be subjected to a variety of loads causing
bending and twisting of the assembly as a whole and may also expertence localized deformation
The abality to accurately model the displacements and stresses tn these structures 1s required to
produce a safe, durable, and economical design The model should be able to reproduce the three
dimenstonal shape of the deformed plates while being simple enough for use 1n engineering

practice

Shell finite element models can be used to accurately model thin walled structures under general
loading conditions However, the time and resources required for such an analysis have been a
major impediment 1n finite element being adopted as a design tool There 1s a need to develop a

stimple model that can accurately predict the displacements and stresses

In the current study, a simple and accurate model 1s introduced which can predict the behaviour
under general static Joading Some of the assumptions 1n previous theories are relaxed The
model postulates a series of displacement modes and develops the field equations as a function
of the longitudinal coordinate The resulting system of equations 1s exactly solved Particular

consideration 1S given on implementing the solution as a computer code

1.1 Terms and Concepts
In this section we will define a number of terms and explain a number of concepts critical to

understanding subsequent chapters
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Local Plate Directions

Figure 1.1 shows an undeformed plate, local coordinate axes (x, s, z) and the labels that we will

associate with specific orientations.

normal direction

Fig. 1.1 - Plate directions

The normal, transverse, and longitudinal directions will be used to identify the displacements and
stresses within an individual plate. For a straight beam assembled from several plates, the
longitudinal direction is common to all plates in the assembly. In general, the normal and
transverse directions will differ for each plate of the assembly. The transverse and longitudinal

directions are collectively referred to as the local in-plane directions.

Cross-section Distortion
Distortion of a thin walled beam refers to any deformation pattern that cannot be decomposed
into a combination of axial compression or extension, bending and torsion. Figure 1.2 shows the

effect each mode of deformation has on the cross-section of a square box beam.
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Extension/Compression Twisting

Bending (first axis) Section shearing distortion " :
"""" (BEF analogy) ;

Bending (second axis) ' ' Distortion 5

Fig. 1.2 - Deformation of a box beam cross section

The undeformed cross-section is shown as a dashed line and the deformed cross-section is a solid
line. Euler-Bernoulli beam theory can take into account the first three modes: extention,
compression, and bi-axial bending. Previous work on the distortion of thin-walled girders has
centered on shearing of a closed box cross section. This shearing is considered to be a form of
distortion but is specific to closed box sections. The deformed shape of a given cross-section
depends on the applied loads and may not have any of the shapes shown in Fig. 1.2 or any

combination thereof.

Cross-section Warping
A member consisting of any assembly of plates subject to torsion will, in general, undergo
longitudinal displacements and the deformed cross-section will not remain plane. This mode of

deformation is referred to as warping in the literature.

Shear Lag
Shear lag refers to the nonlinear distribution of longitudinal stress in a beam cross section. It

occurs in members that are not stiff enough to uniformly transmit longitudinal stresses across
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their width. Shear lag is not accounted for in the Euler-Bernoulli beam theory because the beam
is assumed to be infinitely stiff in shear. In members with bolted or welded connections, shear
lag will be most noticeable near connections where the load is unevenly transmitted to the cross-
section. In girders without significant connections, shear lag is generally observed in excessively

wide flanges. In such flanges, longitudinal stresses are largest at the connections to the web.

Shear Deformation

Shear deformation will affect a beam that is deep compared to its span. In this case, deflections
and stresses due to shearing of the member may be significant compared to those due to bending.
Significant shear stresses also cause a nonlinear distribution of longitudinal stresses through the
cross-section depth. The Timoshenko beam captures the effect of shear deformation and yields

better predictions of beam behaviour than the conventional Euler-Bernoulli theory.

1.2 Review of Past Methods

The purpose of this section is to summarize the analytical and numerical methods related to
theories aimed at capturing the behaviour of thin plates or sets of connected thin plates. We will
limit ourselves to direct methods, i.e. methods that use combinations of a priori known functions
to describe the displacement field. The methods are divided into two categories: Kantorovich

type methods and Ritz based methods.

1.2.1 Kantorovich Type Methods
Kantorovich and Krylov (1958) described a general method of reducing partial differential

equations to sets of ordinary differential equation. The authors assumed that the unknown
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multivariable function could be expressed as the product of one set of a priori known single-
variable function in one coordinate and an a priori unknown set of functions in the other
coordinate. The set of unknown functions were then determined using the either Galerkin’s
method or the principle of minimum potential energy. The method was applied to the Laplace
and biharmonic equations and was shown to converge as more functions were included. The
method has since become known as Kantorovich’s method. When applied to plate bending
problems in structural analysis, it is sometimes referred to as the Vlasov-Kantorovich method
(Vlasov, 1964). Vlasov also extended the method to problems in general elasticity which he then
named the method of initial functions (Babadzhanyan et al., 1975). Many well known models in
structural engineering implicitly employ a similar approach by making assumptions about the
displacements or stresses along one direction and deriving differential equations for the
remaining fields. In this subsection we will summarize such models related to thin-walled

structures.

Lévy’s Solution

Lévy’s solution can be applied to single rectangular plates subjected to normal loads (Reddy,
2007). The method assumes that the normal displacements can be expressed as the sum of a set
of a priori unknown functions in the longitudinal direction multiplied by sinusoids of increasing
frequency in the transverse direction. The resulting solution applies to plates with simply
supported Jongitudinal edges and unsupported ends. The method leads to closed form series

solutions if the loads are expressed as Fourier series.
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Classical Theory of Thin Walled Beams

The modern theory of thin walled bars was developed by a number of authors at the turn of the
20™ century and first published 1n a comprehensive monograph by Vlasov (1961) The theory
accounts for compression, extension, bending, twisting and warping of thin walled structures of
open cross-section The theory can be generalized to closed cross-sections by adding constant
shear stress around the cross section (Gjelsvik, 1981 or Slivker, 2006) Membrane stresses and
stresses due to twisting are also taken into account Beam cross-sections can be curved or
straight The bi-axial deflection and angle of twist of the cross section can be dernived as a
function of the longitudinal coordinate Relatively simple closed form solutions are developed
both for straight and curved girders The theory captures the bending, twisting, and warping of

shallow beams but does not account for distortion nor shear lag

Beam on Elastic Foundation (BEF) Analogy

The BEF analogy was first developed by Wright et al (1969) The method can be used to
determine the distorted shape of a closed box girder under loads causing “shearing” of the cross
section (see Fig 1 2) The distorted shape of the section 1s described n terms of the change 1n the
angle between the plates which are assumed to be pin connected This distortion 1s shown to be
orthogonal to other classical deformation modes Thus, the displacements and stresses can be
determined independently from distortion and then added to those from bending and twisting
The model takes 1nto account longitudinal and shearing stiesses Relatively simple closed form
solutions can be developed both for straight and curved girders under different boundary

conditions
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Many authors have tried to modify or generalize the BEF analogy. Zhang and Lyons (1984),
Dritsos (1991), Razagpur and Li (1994), Pavazza and Blagojevic (2004), and Park et al. (2005),
have extended the BEF analogy to closed multicell box girders. Boswell and Li (1995) added
out-of-plane plates bending to the model. Kim and Kim (2000) developed a method for the
analysis of distortion of single cell closed beams of arbitrary cross section. Some authors include
the effect of transverse bending while others include only warping and shear stresses.

Takahashi and Mizuno (1980) and later Saade et al. (2006) extended the method to beams with
open cross sections. They retained the assumptions of Wright et al. but neglected midplane shear
stresses. Goltermann (1992) derived the equations governing the distortion of a channel under a
point load and a restraining spring. In a similar way, Jonsson (1999a and 1999b) introduced a
model that takes into account transverse and longitudinal bending stresses as well as twist for a
single distorted shape. The method is applicable both to open and closed cross sections. However
it only allows for one distorted shape function. Hsu and Fu (2002) extended the method to open

box girders and included the effects of transverse bending.

Folded plate method

Folded plate theory assumes that each plate in an assemblage behaves as an Euler-Bernouilli
beam as it bends in the transverse direction (Kollbrunner and Basler, 1969). The plates are
assumed to be pin connected. A set of linear equations governing the displacements at each joint
between plates were derived based on Euler-Bernoulli beam theory and the static equilibrium of
each joint. The theory can account for types of distortion that do not involve curvature of the
plates in the plane of the cross section. The theory is limited to structures with open cross-

sections and does not incorporate shear effects.
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Generalized Beam Theory (GBT)

The basic formalism for GBT was presented by Schardt (1989) in German and then translated to
English by Davies and Leach (1989) and Leach (1994). The three middle surface displacements
of each plate are expressed as a series of transverse shape functions multiplied by longitudinal
interpolation functions. Distinct shape functions are used for each direction. The same
interpolation functions are used for both the normal and transverse directions. The Euler-
Bernoulli assumption is conserved through appropriate choice of transverse shape function and
by making the longitudinal interpolation functions equal to the derivatives of the transverse and
normal interpolation functions. The first four shape functions for the section are chosen to
represent the traditional compression, biaxial bending, and twisting of the cross section. The
cross section is then discretized and higher order shape functions associated with normal
displacements are made to vanish at all the nodes or at all but one of the nodes. The principle of
minimum potential energy is used to derive the interpolation functions and boundary condition

equations.

Shear Lag Models
Most analytical models for shear lag are based on work published by von Karman in 1923 and

Reissnerin 1941.

Von Karman (Timoshenko and Goodier, 1970) derived an equation for the stress in an infinitely
wide and infinitely long flange under a single web. Plane stress was assumed in the flange and
Euler-Bernoulli bending in the web. Stresses were expressed as an infinite trigonometric series.

The principle of minimum potential energy was used to determine the coefficients of the series.
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Reissner (Nakai and Yoo, 1988) developed a solution for shear lag in box beams by assuming a
parabolic variation of stresses in the flanges. The stress field was determined using the principle

of minimum potential energy.

Dowling and Burgan (1987) compiled an extensive review of both experimental and analytical
work on shear lag in a variety of structures. Recently, several authors have published finite-

element oriented shear lag models including Luo et al. (2004) and Wu et al. (2004).

1.2.2 Ritz based Models

Ritz based models differ from Kantorovich type models in that the interpolation functions for
both directions are chosen a priori. The field variables (e.g. displacements) are expressed as the
product of the two sets of functions. Each cross term is multiplied by unknown constants. The set
of constants is usually determined using the principle of minimum potential energy, though other

methods, such as least squares minimization and Galerkin’s methods, can also be used.

Navier’s Solution

Navier’s solution is similar to Lévy’s solution in that it can be applied to single rectangular plates
subjected to normal loads (Reddy, 2007). The method assumes that the normal displacements
can be expressed in a double sine series. The solution applies to plates which are simply
supported along all four edges. The method leads to closed form series solutions if the loads are

expressed as double sine series.
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The Finite Element Method

The finite element method employs a Ritz’s method in which the individual interpolation
functions are non-zero only within a discrete area or volume. Because the structure must be
discretized, the method is well adapted to problems with irregular geometry or boundary
conditions. Non-linear effects such as plasticity can also be taken into account. Boundary
conditions can be imposed exactly by the elements on the boundary. Since its inception in the
1960’s, the method has been adapted to almost every field of engineering and can be used to

solve a variety of beam, plate, and shell problems under various assumptions (Bathe, 1995).

The Finite Strip Method

The finite strip technique was developed primarily by Y. K. Cheung (Cheung and Tham, 1998)
for use in the design of bridges and tall structures. The method prescribes dividing shell and plate
structures into longitudinal strips. Each strip has an independent set of transverse shape functions
and longitudinal interpolations functions. The transverse displacement of each strip is governed
by the Euler-Bernoulli assumption in that longitudinal (warping) displacements are proportional

to the lengthwise derivative of transverse displacements.

Spectral Methods

In spectral methods the solution is approximated by functions which are continuous over the
entire domain. Sinusoids or Chebyshev polynomials are typically chosen as interpolation
functions (Boyd, 2001). Typically boundary conditions are approximately enforced using a type

of boundary collocation.
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1.2.3 Summary of Past Methods

While some methods can be applied to a variety of structures and geometries, others are specific
to certain types of structures. A given model will, in general, be geared towards certain features
while neglecting others. Table 1.1 lists all the methods discussed in this chapter and summarizes
their features. The table also indicates whether the method can be applied to single or multiple

interconnected plates, or shells.

Methods of lower complexity, such as the BEF analogy or Ritz’s method can be solved by hand
calculation. The more complex methods, such as the current formulation or the finite element
method, require the use of computers. The method introduced in the following chapters (i.e. the

current formulation) i1s also shown.
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Table 1.1 - Summary of direct methods in the static analysis of thin walled structures

Type of displacement or stress Type of structure
Compression/ _ . Shear ~ Shear . ) o Single  Multiple

Extension Bending Torsion Lag Defor. Distortion  Plasticity olate olates Shells
Lévy’s method e v v v
Euler-Bernoulli beam theory v v v Ve e
Classical beam theory (Vlasov) w4 Ve V4 Ve w4 v 2
Shear lag models e e Ve Ve v v
Timoshenko beam theory V4 V4 v e v
BEF analogy 4 v e v () () v
Folded plate theory V4 v Ve Ve v Ve
Generalized beam theory Ve v v v V4 Ve
Current formulation 4 e 4 v v v v v
Navier’s method V4 V4 v e
Ritz method v v v v v v v
Finite strip method V4 V4 V4 Ve v v ‘/(2)
Spectral methods Ve V4 v v Ve v e Ve e
Finite elements V4 Ve e w4 Ve V4 v v v e

(1) - Specific to certain types of distortion in a box section

(2) - Assumes constant radius of curvatures in the longitudinal direction
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1.3 Outline and Objective

The objective of the current study will be to extend the Kantorovich-type methods to complex
sets of plates and to implement the method using a computer program. The model should account
for shear effects as well as distortion in structures assembled using straight rectangular plates.
Implementing such a model on a large scale would enable a designer to perform the detailed
analysis of a complex structure without using the time and resources required for a finite element
analysis. The governing equilibrium equations for single plates are established in Chapters 2 and
3 for narrow and deep plates respectively. The formulation in Chapter 2 neglects shear effects
(shear lag and shear deformation) while the formulation of Chapter 3 includes them. The
relations established in Chapters 2 and 3 are generalized to multiply-connected plates in Chapter
4. In all cases, the stationarity of the potential energy is evoked to derive the governing
differential equations and boundary conditions. Chapter 5 presents some methods of solving the
governing coupled differential equations. In Chapters 6 and 7, the results from the current
method are compared to those resulting from finite element analysis using the commercial
software program ABAQUS. Chapter 6 focuses on the solution for individual plates while

Chapter 7 focuses on solutions for multiple connected plates.
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CHAPTER 2 - EQUILIBRIUM EQUATIONS FOR A NARROW PLATE

The displacement field equations for thin and narrow plates are developed using the principle of
stationary potential energy. The unknown displacement fields are expressed as a series of
displacement shape functions modulated along the length of the plate. The strains and internal
energy of the plates are derived within a set of assumptions specific to narrow plates. The total
potential energy of the system is the sum of the internal strain energy and the work gained by the
externally applied loads. Equilibrium is enforced by imposing stationarity of the potential energy
with respect to the generalized displacements. The result is a set of differential field equations

and boundary conditions.

2.1 Element Geometry

The undeformed and deformed configurations for the plate under consideration are shown in Fig.
2.1. A right hand coordinate system with origin O is selected as shown. The plate is rectangular
with length L, width b, and thickness 4. The location of a point, P, in the plate is given by
coordinates (x, s, 7). Coordinate s is taken along the width of the plate from the center of the
cross section. Coordinate z is taken along the length of the plate from one of the ends. The x
coordinate is the distance from the midplane. The displacements of point P are u(x, s, z),

v(x, s, z), and w(x, s, z), in the x, s, and z directions, respectively.

The six independent components of stresses at a point (o, 0y, 0--, Gy, 0,-, and o,;) are shown in
Fig. 2.2. In general, each stress component is non-zero. For a plate or a beam, some of the

stresses are neglected when formulating the displacement equations and strain energy.
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Deformed middle surface
- —T T T~ ~
/ P ~ /

Undeformed plate boundary

Undeformed middle surface

(a) Perspective view

/— Deformed cross section
v(x, s, z)

u(x, s, z)

Undeformed cross

x / section

_______ - —— ]

(b) Cross scction

Fig. 2.1 - Deformation of a plate

(¢) Profile

Department of Civil Engineering

University of Ottawa



16

Fig. 2.2 - Stresses at a point

2.2 Assumptions

Various assumptions are made in the subsequent analysis. These assumptions are summarized in
Table 2.1. We will limit ourselves to linear elastic analysis, that is, stresses are proportional to
the strains in shear, extension, and compression (assumption 1.2). We will also assume that the
strains are small enough that higher order strain terms are negligible compared to the linear terms
(assumption 1.1). Since we are primarily interested in the analysis of steel beams, the material
will be considered isotropic and homogeneous (assumptions 2.0). Assumptions 1.0 and 2.0 hold
for steel structures deforming in their elastic range. We will adopt all of Kirchhoff’s thin plate
assumptions: transverse normals (fibres along the x directions) are inextensible, remain straight
and perpendicular to the midplane after deformations (assumptions 3.0). We will further assume
that the plate deflects as an Euler-Bernoulli beam in the s-direction and that there is no net
extension or compression of the cross section in the s-direction (assumptions 4.0). Assumptions
3.3 and 4.3 assume plane stress in the plate and uniaxial membrane stress in the z-direction,
respectively. It should be noted that assumptions 3.2 and 3.3 as well as 4.2 and 4.3 are
contradictory (a plate cannot be both extensible and inextensible in the x-direction). However,

relaxing assumptions 3.2 and 4.2 would significantly complicate the governing equations.
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Table 2.1 - Assumptions

No. Name Description Equations

1.0  Linear elastic assumptions

1.1  Infinitesimal strains Deformations are small. -

1.2 Hook’s Law Stresses are proportional to strains. 2.7

2.0 Mechanical properties

2.2 Isotropy Material properties do not depend on direction. 2.7

2.3 Homogeneity The mechanical properties of the material are the 2.7
same everywhere.

3.0 Kirchhoff’s thin plate assumptions

3.1 Plane sections Lines normal to the midplane remain straight and 2.2
normal to the midplane after deformation. 2.2

3.2 Thin plate The plate is inextensible in the x-direction. 2.2

3.3 Plane stress Plate stresses are given by plane stress equations. 2.7

4.0  Euler-Bernoulli beam bending assumptions

4.1 Vlasov’s assumption Midplane shearing stresses are negligible. 2.5

4.2 Constant plate width The net plate width is assumed constant in the 24
formulation of displacement equations.

4.3  Membrane stress The transverse membrane stress is assumed zero in o
the calculation of the membrane stresses.

5.0 Geometric assumptions

5.1 Boundaries The plate has rectangular boundaries. -

5.2 Uniform thickness The plate has uniform thickness. -

5.3 No buckling The plate does not buckle. -

6.0  Time dependent assumptions

6.1 Static deformation Deformations occur quasi-statically. -

6.2 -~

Constant temperature  The temperature is constant and uniform.
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Relaxing assumptions 3.3 and 4.3 will results in an overly stiff model. In general, assumptions
3.0 are acceptable provided the plate thickness is small compared to its width (5/h >>10) and
assumptions 4.0 are acceptable provided the plate width is small compared to its length
(L/b>10). Finally, the plate boundaries are rectangular (assumption 5.1) and the plate thickness
is uniform (assumption 5.2). The plate does not undergo buckling (assumption 5.3). Only a static

analysis will be performed and thermal effects will not be considered (assumptions 6.0).

2.3 Displacement Relations
From Kirchhoff’s thin plate assumptions (assumptions 3.0) it is straightforward to show that

(Timoshenko and Woinowsky-Krieger, 1959)

u(x,s,zy=u(s,z) Q20
v(x,s,z)=—xiﬁ(s,z)+V(s,Z) 22)
ds
Jd _ _
w(x,s,z) = —xa—zu(s,z)+W(s,z) (2.3)

where u(s,z), v(s,z2), w(s,z) are the midplane displacements.

2.4 Assumed Forms of Midplane Displacement
If the plate deflects in the s-direction as an Euler-Bernoullr beam (assumption 4) one can show
that (Gjelsvik, 1981)

v(s,z2)=V(2) 24

W(Y,Z):_SaiV(Z)"'W(Z) (25)

whete V(z) and W(z) are the displacements at the center of the plate (s = ¥ = 0) 1n the s-direction

and z-direction respectively Oui final assumption 1s that the normal displacement, u(1,,7), can
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be expressed as the sum of N shape functions, ¥, (s), whose amplitudes vary along the length of

the plate, that is

i£(5,2)= Y U () ¥,() = W)y - U@y (2.6)

=1

Vectors U, (z) and y, ,(s) contain the N generalized displacements U, (z) and N shape
functions ¥, (s) respectively. The set of shape functions  (s) should be (a) linearly independent

and (b) able to accurately describe the deformed shape of the plate cross sections. No other

restrictions will be placed on the shape functions until Chapters 3 and 4.

2.5 Strain Energy in terms of Midplane Displacement
The membrane forces and moments (Figure 2.3) are obtained by integrating the stresses in the

plate across the plate thickness.

Fig. 2.3 - Thickness integrated forces and moments

Symbols N, and N-- denote the axial forces per unit width in the s and 7z directions, respectively.
Symbol N,- denotes the internal shear force per unit width. Moments M., and M.. are the plate

bending moments per unit width in their respective direction. Moment M.- is the twisting
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moment per unit width. The thickness integrated forces and moments can be calculated from the

midplane strains and curvatures as (Reddy, 2007)

N_(s,2) 1 v 0 g

N, (s,2)p= 7 v 1 0 £, (2.7a)
N, (s,2) 0 0 (d-wv)/2|\7,

and
M _(s,2) 1 v 0 K,
EW’
M (s,2)p=——|V 1 0 K, (2.7b)
12(1-v7)
M _(s,2) 0 0 a-v)/2]«x,

where E is the modulus of elasticity and v is the Poisson ratio. Symbols £ and &_ denote the
axial strains at the midplane, while x and x_ denote the curvatures along the s and z

directions, respectively. Symbols 7, and k,, denote the shear strain and twist at the midplane. It

should be noted that Equations 2.7 were derived under the assumptions of plane stress
(assumption 3.3). Imposing zero shear stress and zero transverse membrane stress (assumptions

4.1 and 4.3), we can simplify the expressions for the membrane forces (Equation 2.7a) to

N, (s,2)=0 (2.8a)
N_(s,2)=EhE_ (2.8b)
N _(s,2)=0 (2.8¢)

The strains and curvatures are defined in terms of the midplane displacements as

- _ow %
£ (s,2)= % K._(s,2)=— = (2.9a)
= _ 0w '
g\\ (S’ Z) - V aZ K'\\(S? Z) - asz (29b)
_ v Jdw %

(5,2)=—+— - 2.
O K50 =20 (2.9¢)
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In accordance with assumption 4.3, £ was expressed using Equations 2.8a and 2.9a. The

internal strain energy of the plate can be calculated by integrating the product of the thickness

integrated forces and moments with their respective strains and curvatures, that is

L b2

:—j'J' E N E +NE +M Kk +M_k_+M_K,)dsdz
-b/2
L b2 (2.10)
_jj (N_E_ +M_x +M_x_+M_x_)dsdz
-b/2
Expanding Equation 2.10 using Equation 2.7, 2.8, and 2.9, we have
__T”jz [8W(s,z)j2+ ER’ (azﬁ(s,z)]2+[82ﬁ(s,z)y
0 -b2 0z (1-v? dz* s’
(2.11)

(s,2)) . %i(s,z) 9%(s,2)
2(1— 2 dsd.
+2(1 v)( 3295 ] +2v Py 3% saz

Equation 2.11 is similar to the classical equation for the strain energy of a plate under in-plane
loads (Timoshenko and Woinowsky-Krieger, 1959) except that it lacks terms associated with

midplane shear and transverse stress. These stresses will be incorporated in Chapter 3.

2.6 Variation of Total Potential Energy
2.6.1 Internal Strain Energy in terms of Generalized Displacements

Substituting Equations 2.4, 2.5, and 2.6 into 2.11, we can express the strain energy in terms of

the generalized displacements U (z), W(z), and V(z) as

Bt L N 2 N 5
v sy | 20— PR
t 24(1—v )j J [[ZU'(Z) v (‘)) +20 V)(ZU, (), (s)j +

0 -b/2 =l =i

+2v[iU, (2) v, "(s)j-[z U,"(z)-l//,(s))+[z U (z)~l//,(s)) ]dsdz (2.12)

L b2

I J W (2)—sV"(z )) dsdz

0 =h/2
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Expanding, integrating with respect to s, and grouping like terms one obtains

gl

N

(,,U. (U, (2)+,c,U/ (U, (2)+2,¢

M=

UII(Z)U (Z)+ c UII(Z)U]II(Z))

[Tl 0y~
[

~
I

(2.13a)
Eh b’
—| W' ()’ +=V"
5 ( (2)? > (2)* j}
with
E 3 +b/2
¢, =— (s s)ds 2.1
oG, 12(1—v-)_£2w W, (s) (2.13b)
E 3 +b/2
c, = (S '(s)ds
<, 6(1+V)J/2‘//' (W, (s) (2.13¢)
Eh”g +b/2
¢, =—— (W "(s)ds
= Ty J/ZI// (W, "(5) (2.13d)
Eh'& +h/2
c =V— S "(s)ds 2.
€, 12(1—v2)£,zw’( W, () (2.13¢)
Equation 2.13a can also be expressed in matrix form as
1 L
Hs - EJ(U(Z)LN € - U(D) +UI(Z)1TxN 1€ 'UI(Z)le +2U"(Z)|Tx1v “3Cwuw 'U(Z)le
’ (2.14)

U"(Z)IXN 0Cwxn U"(Z)le +Eh[bW (Z) +§)2V”( ) )]

where the (i-/)" component of the matrices ¢, is (€,

2.6.2 Work Done by Volumetric Loads
For general volumetric loads , p (x,s,2), ,p,(x,5,2),and , p.(x,s,z), acting along the x, s, and
z directions respectively, the work done, I, is

FhI2 AR L

I, = f I f(Dp\(x,s,z)~u(x,s,:)+Dp\(\,s,z (X, 8,2+, p (X,5,2) w(x,s,2))dzdsdx  (2.15)

—hi2-h120
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Substituting expressions for u(x, s, z), v(x, s, z) and w(x, s, z) using Equations 2.1 through 2.6 into

Equation 2.15, grouping like terms and changing the order of integration, we have

L bI2 hi2 bI2 hi2
HD=j[ZU(z)j [ o552 l//(s)dxds+ZU(z) [ [ =% 0p.(x5.2)-9, (s)dxds
0 —bl2-h/2 —bI2-hi2
bl2 hi2 +hi2+b12
+ZU (2) j j =X, p.(x,8,2) W, (s)dxds +V(2) _[ j » P.(x,s,2)dxds (2.16)
-bi2—hi2 /2 -b/2

b/2 hi2 bi2 hi2
+V'(z)j J- =5+, p.(x,8,2)dxds + W (2) _[ J. Dp:(x,s,z)dxdsjdz

=b/2-h/2 —b/2—~hi2

Integrals with respect to x and s can be replaced by resultant generalized distributed loads, that is

1=l

O'—-—-l\

(Z(U,(z)t,(z)+U,'(z)m,(z))+V(z)p\(z)+V'(Z)m,(Z)+W(Z)P:(Z)jdz (2.17)

Expressions and physical interpretations for t,(z), m,(z), p,(z), m (z) and p_(z) are provided

in Table 2.2.

Table 2.2 - Generalized distributed loads

Load Expression Description

2 J‘hlllz J.h,/; (,p.(x,5,2)V/(s) Generalized load causing normal
r, z —h/2Jd-hi2 i . .
—x-,p(%,5,2) W, '(s))dxds displacement, associated with ¥ (s) .

b2 2 Generalized load causing normal

m (2) [ | —x pp.r5.2)-p,(s)dxds . . .
b2 -hi2 v displacement, associated with ¥ (s) .
e Lateral load causing in-plane
p.(2) [ [ opxs,2)dds _
12 -b12 displacement.
e Lateral moment causing in-plane
a B,
m (2) '[ J- =5, p.(x,5,2)dxds ' S
~bi2—h/2 displacement.
hi2 hi2 . . . .
Axial load causing axial compression
p (2) J- J. p D-(x,8,2)dxds .
~b12 =112 or extension.
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2.6.3 Work Done by End Loads
The work performed by loads applied, II,,, at the boundaries z =0 and z = L is

+h/2 +b12

I, = J .[ (Opr(x, s)-u(x,s, z)|Z=O +,oP.(x,8)-v(x,s, z)LZO + P (x,8)-w(x,s, z)|z=0)a’sdx
-hi2-bi2
+hi2 +b/2 (2.18)
+ [ [ (Lpn9)utxs,2)|_, +,p,0o9)v(xs,2)| _, +, p.x8) w(x,s,2)]_, ) dsdx
-2 -b/2

where ,p (x,5), ,p,(x,5),,p, (x,5) are externally applied pressures and tractions at the end
z =0 acting along the x, s, and z directions and , p (x,s), , p,(x,5),, p.(x,s) are those applied
at z=L. The work I1, can be expressed in terms of resultant generalized loads and generalized

coordinates as

M, =Y (7 U, +oM, -U,'(z)lz=0)+ P V@l o+ oM,V @)+ P W),

N
N

(2.19)
2 (LU,@l L+ MU @)+ B V@MY@ P W,

=1

T

1> L

where [T, M, P, M

i

P

L M,, P, M, and P are the generalized loads on each

2 0

end. Expressions for the generalized loads are provided in Table 2.3.

2.6.4 Equilibrium Equations
The total potential energy, I1, is the difference of the internal strain energy and the work done
by externally applied loads, i.e.,

n=I1,-11, -1I1, (2.20)
Equilibrium field equations as well as boundary conditions are obtained by enforcing the

stationarity of the functional I1,1.e.,
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Table 2.3 - Generalized end loads

Genleor:(ljlzed Expression Description
bI2 phi2
T J._,,,ZI_,,,Z( o P (X8) Y, (5) Generalized load causing normal
o —x p, (5 8) Y, S)) dxds displacement, associated with y,(s).
e Generalized load causing normal
M, j‘ I -x-_ g, (x,5)-y (s)dxds _ . _
! e displacement, associated with y,(s).
e Lateral load causing in-plane
b [ [ .a.(xs)dxds : gin-p
’ iy displacement.
M bj-z "j-z (x.5)dxd Lateral moment causing in-plane
-s- x, s)dx _
v RPN 7 * displacement.
e Axial load causing axial
P [ [ . a.(xsdxds _ ,
’ i compression or extension.
Note: zp=0o0rzy=L
oIl I1 I1
o = Z 5U—— v sy Ny sw O, g O
"o, ou” ow ow 2.21)
- :
+§V8—H+§V’ J —+ V" aH” =0
av 1% oV

Details of the procedure, including performing integration by parts and grouping similar terms,

are outlined in Appendix A.

2.6.4.1 Equilibrium Field Equations

Two of the equilibrium field equations arising after integration by parts of Equation 2.21 are

—ERbW" (2)= p_(2) (2.22)
Ehl’; VY ()= p()-m!(2) (2.23)

Equations 2.21 and 2.22 are the same as the equation of conventionat beam theory (Timoshenko

and Goodier, 1970) for a rectangular section with dimensions /1xd . This is because we assumed
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that the plate deflected as an Euler-Bernoulli beam in the s-direction. The remaining equilibrium

equations are coupled. They are best expressed in matrix form as

0chN .UIV(Z)NXI + SCNxN 'UH (Z)le + 2cN><N 'U(Z)le = t(Z)le _ml(Z)le (2243)

with

+ ¢ (2.24b)

— T -_—
sCyun = 3cN><N 3CN><N 1Y NxN

Matrix Equation 2.24 represents N coupled equations which can be fourth order differential,

second order differential, or non-differential equations.

2.6.4.2 Boundary Conditions
The boundary conditions can also be derived by imposing stationarity of the potential energy.

Table 2.4 gives the boundary conditions at z = O for each of the generalized degrees of freedom

Table 2.4 - Boundary conditions at z =0 (for k=1, ...N)

Essential boundary condition Natural boundary condition
oW (2)|_, =0 EhbW' (0)=—,P,
3
é‘V(Z)L:O:O —E%V”I(O)=—OPS
3
V'), =0 e vroy=-um,
. 12
N N
5U‘ (Z)|r=0 =0 _Z 0y UJI” O)+ Z 7€y .UJI 0)= —OTA
J=1 J=l
N N
U, (2)| _, =0 > oy U O+ 1e, U (0)=— M,
) 7= =1

In Table 2.8 we introduced ¢, such that

(2.25)
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For each degree of freedom, either the essential or the natural boundary condition must be
satisfied. The natural boundary conditions correspond to the application of a generalized load on
a free end. The displacement boundary conditions correspond to the fixity or settlement of a
support. The conditions at the z = L end are similar to the ones for the z = 0 end except that the
signs of the applied loads have been inverted. The boundary condition equations at the z = L end

are given in Table 2.5.

Table 2.5 - Boundary conditions at z = L (for k=1, ...N)

Essential boundary condition Natural boundary condition
W (2)|_, =0 ERbW'(L)= P,
3
V(). =0 2 yLy= P
) 12
3
&V'(2)|_, =0 EM viriy= M
= 12
N N
6U‘ (Z)|1=L =0 _Z o€y 'UJI” (L) +Z 7Cy 'U/I (L)= LTA
J=1 =1
; N N
§UA (Z)|-:L =0 ZUCAJ 'UJH(L)_*_Z 1€y .UI(L): LMK
) Jj=1 =

The boundary equations for U;(z) (last two lines of Tables 2.4 and 2.5) can be collectively

expressed in matrix form as

_()chN 'Ul" (O)le + 7CN><N 'Ul (O)NX] = _OTNXI (2263)

0Cnxn -U" (0) s + 3Cun - U0y =— M, (2.26b)
and

08w gt (L)le T 7Chun 'UI(L)NXI = LTN><| (2.26c)

0 Cry 'U"(L)le + 3Chun 'U(L)le = LMN><I (2~26d)
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for the z = 0 and the z = L ends respectively. Just as the (i-j)™ component of the matrices Crxy 18

M T

-th
.C;» the i component of vectors T Nl 0

Nx12? O

Nx1* L and LMNxI are OT/’ OMi’ LTi’ and LMf
respectively. It should be noted that this boldface notation will be used throughout this work and
for various symbols in order to define vectors or matrices from sets of scalars. The solution of

the field and the boundary condition equations is discussed in Chapter 5.
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CHAPTER 3 - EQUILIBRIUM EQUATIONS FOR A DEEP PLATE

In this chapter we will revise the derivation performed in Chapter 2 while relaxing the Euler-
Bernoulli assumption for transverse displacement. The displacement field equations for the plate
are developed using the principle of stationary potential energy. Equilibrium is found by
imposing stationarity of the potential energy with respect to the new generalized displacements.

The result is a new set of differential field equations and boundary conditions.

3.1 General

In Chapter 2 we derived the equations governing the displacements in a thin plate under the
assumption that the plate will deform as an Euler-Bernoulli beam in the transverse direction.
Though that formulation is somewhat simpler, it will not capture effects such as shear lag and
shear deformation (as explained in Chapter 1). As such, it cannot accurately model plates that are
wide compared to their length (L /b >10) or plates forming part of a beam which has a closed
cross-section (see Chapter 4).

In this chapter we will relax the Euler-Bernoulli assumptions in Chapter 2. We will adopt all the
assumptions of Chapter 2 except those related to the transverse and longitudinal displacements

(assumptions 4.0).

The geometric conventions and symbols of the previous chapter will be used here. Figure 2.1

presents most of the necessary information.
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3.2 Thin Plate Displacement Relations
We will provide the displacement equations stemming from Kirchhoff s thin plate assumptions

as they will be used to express the generalized loads:

u(x,s,z)=u(s,z) (3.1a)
V(x,s,z)=—xi1«7(s,z)+v(s,z) (3.1b)
ds
d _ _
w(x,s,z) = —xa—u(s, 2)+w(s, 2) (3.1c)
Z

where u(s,z), v(s,z), w(s, z) are the midplane displacements.

3.3 Assumed Forms of Midplane Displacement
We will express the midplane displacements as series of shape functions whose amplitudes vary

along the length of the plate, that is

u(s,z)= Z[:;U,(Z)'V/,(S) =Y () - U(@) g (3.2a)

v(s,z)= IZI::V,(Z)-(I?,(S) = 0() i+ V(@ (3.2b)

w(s,z) = gw,(Z)"P,(S) = () ey - W(D) (3.2¢)
Individual sets of shape functions, such as {y,(s) ¥,(s) ... w,(s)}, should be linearly

independent and able to accurately describe the deformed shape of the plate cross sections. No

other restrictions will be placed on the functions until Chapter 4.
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3.4 Internal Strain Energy in terms of Midplane Displacements
We will now restate Equations 2.7 and 2.9 which give the plate strains, curvatures, and forces in

terms of the midplane displacements. The midplane strains and curvatures are given by

_ ow %7

gu-(S,Z)=a—Z ’(LZ(S,Z)=—8—Z2 (3.3a)
_ ov o’

gss(ss Z):a_z KH(S,Z):—? (3.3b)
_ _odv  odw o

7.(s5,2)= Y + 3 K, (s,2)=-2 59 (3.3¢)

where all symbols are explained in Chapter 2. The membrane stresses and plate moments in

terms of the midplane strains and curvatures are

N_(s,2) 1 v 0 g,

N_(s,2)7= " v 1 0 £, (3.4a)
N, (s,2) 0 0 d-v)/2}\7,

and
M (s,2) 1 v 0 K,
EW’
M_(s,2)p=——|V 1 0 K., (3.4b)
12(0-v*)
M _(s,2) 0 0 d-v)/2)\k,

The strain energy of the plate can be calculated by integrating the product of the thickness

integrated forces with their respective strains and curvatures, that is

L hi2
I, = %J' (NE,+N E_+NE +M x +N k_+M K, )dsdz (3.5)
0 -b/2

Expanding the integral using Equations 3.3 and 3.4 gives

Department of Civil Engineering University of Ottawa



32

L o2 owY (Y, ovow En ((ow) (ov) _ovow
:—II +|—| +2v——|+ — 1+ +2——
o (1 v ) os ds dz | 2(1+v)|\ os oz dz Os
ER oY (oY o\ . 0% %
|| =5 | +| == | +201-v) +2v dsdz
12(0-v*) | 0z Os 0z0s 9 3s®

Equation 3.6 is the classical equation for the strain energy of a thin plate in terms of the midplane

(3.6)

displacements. Unlike the expression for the strain energy of a narrow plate (Equation 2.11), it

includes contributions from midplane shear and transverse stress.

3.5 Variation of the Total Potential Energy
3.5.1 Strain Energy in Terms of Generalized Displacements

Using Equations 3.2 and 3.6, we can express the strain energy (Equation 3.6) in terms of the
generalized displacementsU (z), V (z), and W (z) . Grouping like terms and integrating with

respect to s one would obtain

%J(Zz a, W (Z)W (2)+2, a, W (Z)V (2)+ ,a , W,[(Z)le(z)
o\ J=I =t
+2.2.:4, V@V @)+ ja, W, (@W, (2)+25a, W, (2V/(2) (3.7)

J

=z

+

Mz

226UV, @+ ¢, (U, () +2,:6,0," U @)+ 6,V @, ”(z))

with
+b/2

(3.7b)

Oal[ = 1
-b/2

+h/2

- [ 999, (s)ds (3.7¢)

—hi2
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E]’l +b12
2, =1 | 4199, ()s (3.7d)
-b/2
Eh +b6/2
= _Lmsw, (s)ds (3.7¢)
Eh +b/2
= ()@, '(s)d
.a, 2(1+V);L!‘/2(/)'(S)(p} (s)ds 3.76)
Eh +b/2
T j K (5)¢, (s)ds (3.72)

and expressions for constants ¢, were given in Equations 2.13b-e. Equation 3.7a can also be

expressed in matrix form as

1L
I, = EJ‘(WI(Z)LN Ty 'W](Z)le +VI(Z)IT><N T3y 'VI(Z)le +V(Z)|T><N L VYRR A4 J
0

+W(2)p - By - WI(2) g +2W(2)1 * sBpen 'V](Z)le +2WI(Z)|T><N 18y - V(@ (3.8)
+U(Z)|T><N “2Cxay U@ g +U](Z)IT><N “1Cxn 'UI(Z)le +2U"(Z)|T><N 3y U(D) g

+U"(Z~)|T><N " 0Caxw 'U"(Z)le)dz

3.5.2 Work Done by Volumetric Loads
For distributed volumetric loads , p (x,s,2), , p (x,5,2),and , p_(x,s,2) acting along the x, s,

and z directions respectively, the work done is

+h/2+b/2 L

I, = J _[ I(Dp‘("‘"g’Z)'“(x’saZ)“'“up\(x’s’z)'V(X,S,Z)ﬂLDp:(x,S,Z)~w(x,s,z))dzdsdx (3.9)

—hi12-h12 0

Substituting expressions for u(x, s, z), v(x, s, 7) and w(x, s, z) from Equations 3.1 and 3.2,

grouping like terms and changing the order of integration we have

S (VP (D) +W(2)g,(2)+U, ()1, (2)+ U, (2)m,(2) dz (3.10)

1=l

I, =

& Gy
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We recognize here ¢ (z) and m, (z) already defined in Table 2.2. Expressions and physical

interpretations for ¢,(z), m(z), p,(z),and g,(z) are provided in Table 3.1.

Table 3.1 - Generalized distributed loads

Load Expression Description
J'm J'"/z (,p.(x,5,2)-W (s) Generalized load causing normal
—b123-n12 o !

t,(2) e pu (652w (5)) dids displacement, associated with ¥, (s).
b2 hi2 Generalized load causing normal

m, (2) _[.!./2_,,'[2_” o P: (%8, 2) Y, (s)dxds displacement, associated with y (s) .
+hi2+b/2 Generalized load causing normal

p.(2) _/.[/2 _[.[2 »Ps(%,8,2)9,(s)dxds displacement, associated with ¢ (s) .
bI2 hi2 Generalized load causing normal

q.(2) L../L/J./z p P-(%:5.2)¢,(s)dxds displacement, associated with ¢ (s).

3.5.3 Work Done by End Loads
The work, I1,, done by loads applied at the boundaries z =0 and z = L is

+h/2 +b/2

I, = j J- (OpY(x, §)-u(x,s, z)|A_=0 +,0.(x,8)-v(x,s, Z)|;=o +,p.(x,8)-w(x,s, z)’rzo)dsdx
oo

+ I j (Lp\(x, s)~u(x,s,z)}A:L +, p.(x, s)'v(x,s,z)l:ZL +,p.(x,8) - w(x,s, z)’sz)dlvdx

—hi2—=b/2

(3.11)

where ,p (x,5), ,p,(x,5),,p.(x,5) are externally applied pressures and tractions at the end
z =0 acting along the x, s, and z directions respectively and , p (x,s5), , p,(x,s5),, p.(x,s) are
those applied at z = L. The work II, can be expressed in terms of resultant generalized loads and

generalized coordinates as
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B

o
Il
M=

(oT, U, (2)|__y+oM, 'U,'(Z)L:o + PV (2|, +,Q -W,(Z)L:o)

(3.12)

+
M=

(7 U.@|, +.M, U@+, BV, +.0W@)|,)

i

where I, M, , P, 0O, T, M, 6 ,P,and ,Q are the generalized resultant loads on each end.

Expressions for the generalized end loads are provided in Table 3.2.

Table 3.2 - Generalized end loads
Load Expression Description

bi2 ahl2
J. 1/2.[ ”2( N ACHRAC); Generalized load causing normal

q x p.(65) W, '(s))dxds displacement, associated with ¥ (s) .

b2 /2 Generalized load causing normal
oM, I;“/z_lj:/z_x' o P (%) Y, (s)dxds displacement, associated with ¥, (s).
+h/2+b/2 Generalized load causing normal
2 F J,[/z *;[/2 N P, (x,5)@,(s)dxds displacement, associated with ¢ (s) .
612 hi2 Generalized load causing normal
©9 -z'!./z/'!./z t, P-(5,9)@,(s)dxds displacement, associated with ¢ (s).

Note: zp=0orzy=L

3.5.4 Equilibrium Equations
The total potential energy, IT is the difference of the internal strain energy and the work of the

externally applied loads:

=11, -1, -1, (3.13)

Equilibrium field equations as well as boundary conditions are obtained by imposing the

stationarity of the total potential energy:

QN T LU LU ML -
U U v T aw FYY oW

i

N
Il = [JU, orl +oU
n U

i

) (3.14)

i
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Details of the procedure, including performing integration by parts and grouping similar terms,

are outlined in Appendix B.

3.5.4.1 Equilibrium Field Equations

The equilibrium field equations for W(z) and V(z) are best expressed in matrix form as

53} 0][ V@ | [0 1= [V@ya | 52} 0)[V@ya] [Py 315
o ‘:roa W)y * 631:- 0 || W(@ya T 0 E4a W(2)yu - q(2) s G-

where the following relation has been introduced

a a

6y = 5By T 1Ay (3.15b)

where all sub-matrices have N XN dimensions and each matrix i1s 2N X2N . Also, the
equilibrium equations for the generalized normal displacements, U,(z), are found identical to

those derived in Chapter 2:

0 Cnxn 'UIV(Z)le *+ 5Coun Ut (D F 2€0n - U@y =2y _mI(Z)le (3.16)

Matrix Equation 3.15a represents 2N coupled equations which can be second order differential,
first order differential or non-differential equations. Matrix Equation 3.16 represents N coupled
equations which can be fourth order differential, second order differential or non-differential

equations.

3.5.4.2 Boundary Conditions
Boundary conditions based on the imposed loads and displacements can also be formulated from
the stationarity of the potential energy. Table 3.3 gives the boundary conditions at the ends for

each of the generalized degrees of freedom.
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Table 3.3 - Boundary condition equations

Essential boundary condition Natural boundary condition
N N
5VA(Z)|Z=‘-O =0 20, V(@) + ) sa, W (z) =% R
J=1 J=1
N ; N
oW, (2)|_ =0 Doty W2+ 4, Vi) =t O
T =l =1
> m > 1
5U;\(Z)|:=: =0 _Z OCAJ'U, (Zo)"'z 7CL,'U, (Z0)=iz0TA
0 =1 =1
N N
U| (Z)l--- =0 z o€y 'UJ” (Zo)+z 36y U, (zg) =%, M,
e g=1 j=1

Note: zp=0o0rzy=L

For each degree of freedom, either the essential or the natural boundary condition must be
satisfied. The natural boundary conditions correspond to the application of a load on a free end.
The displacement boundary conditions correspond to the fixity or settlement of a support. The

boundary condition equations for V (z) and W (z) can be collectively expressed in matrix form:

2t Oy || Vi @Dua | | O 3 s ([ V@I | [P 37

0N><N ; ()aNxN W](ZO)NXI ]aNxN ; 0N><N W(ZO)NXI h Zy QN><| )
The boundary conditions for V,(z) and W/(z) represent 2N coupled linear equations. For the
normal displacements, U (z), the equations are the same as those derived in Chapter 2:

“oCuxn 'Um(Zo)le T 2Cnxn ‘UI(ZO)le = i_7"TN><I (3.18)

and
0Cnxn 'U"(Zo)le *+ 3Chn 'U(Zo)le = iz Mle (3.19)

o

In Table 3.3 and Equation 3.17 the positive sign applies to the zo = L end while the negative sign

applies to the zo = 0 end.
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CHAPTER 4 - EQUILIBRIUM EQUATIONS FOR CONNECTED PLATES

The displacement fields for a combination of interconnected plates are developed using the
results from the previous chapters. Continuity of displacement and slope are imposed along
longitudinal plate joints. Two different methods are used to incorporate these constraints into the

displacement field and boundary conditions equations.

4.1 Assumptions and Notation

All the assumptions of Chapter 2 or Chapter 3 (Tables 2.1) apply to this chapter. In general, sets
of narrow plates and sets of deep plates are dealt with separately. In addition to the already stated
assumptions, we will only deal with sets of interconnected plates that start and end at the same z-
coordinate. The joint is located at the line of intersection of the plate midplanes. Continuity of
slope and displacement are assumed across a joint. For simplicity, we will model the
displacements in each plate using the same number of shape functions.

Left hand superscripts will be used to identify the plate to which are associated specific matrix
and vector quantities (e.g., "U,(z)and "¢, are associated with the m" plate). For scalar

quantities, right hand subscripts will be used (e.g. h,, and b,, are thickness and width of the m®
plate, respectively). The only exceptions to this rule will be for the narrow plate displacements

V(z) and W(2).

4.2 Continuity Equations at the Joints

Figure 4.1 shows a joint between two plates.
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\\ ﬁ”(m)(n' Z)
ﬁ”'("/vm’ Z)
(X, 2)

Plate n

Fig. 4.1 - Joint between two plates (cross section)

The first plate will be referred to as plate m while the second plate will be identified as plate n.

For both plates, the z-axis is oriented so that (x,,s,,z) and (x,,s,,z) form right hand coordinate

m? n?

systems. Since both plates start and finish at common edges in the longitudinal direction,

z,, =z, = z . The plates are joined at an angle 6,,, as shown. Each plate may continue past the

n

joint. Plates m and n are joined at s, ="y, and s, ="y respectively. The displacements and

rotations in the plane of the cross-section for both plates must be identical at the joint. Projecting

the normal displacements onto the local s-axes, the five continuity constraints can be written as

"

amu .l_r”('”l”’z :LTIH(”Z/H’Z)_ﬁIHH 1711( Z}I’Z (413)
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@ Vo X 2) = B 1, ("X )= 8,(" X, 2) (4.1b)
w, ("2, 0)=w,("%,.2) (4.1c)
5‘3:5,,,(”1,,, 2) = ais”ﬁ,, ("% 2) (4.1d)
5%5,,,(”1",, 2)= a%ﬁ“ ("%, 2) (4.1e)
where o, =cos(8,,) and B, =sin(8,,) . The last two equations relate the out of plane rotations

of the plates in the z and s directions. It should be noted that Equation 4.1e is guaranteed if

Equations 4.1a and 4.1b are met.

4.2.1 Continuity Equations for Narrow Plates
Using Equations 2.4 and 2.6, one can express Equations 4.1a and 4.1b in terms of the generalized

displacement as

1 X n n m mn N n m n
"V(Z):?“—Z,Wl( Zm)' U:(Z)_IB—Z l//:( /Zn) U/(Z) (4'23)
mn =1 =1
N 1 N
MOE IR AT AR NGRS WA ARNC (4.2)
=1

R

nmn mn 1=1

Also, from Equation 2.5 by substituting into Equation 4.1c, one has

_”ZW : '”VI (Z) + ’”W(Z) = —mln ’ ”VI (Z) + ”W(Z) (420)

The remaining constraint at the joint (Equation 4.1d) can be expressed in terms of the

generalized displacements, that is

N

N
"Wy, U= () U (2) (4.2d)
=1

‘ =]

If the plates are pin connected Constraint 4.2d should be omitted.
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4.2.2 Continuity Equations for Deep Plates

Using Equations 3.2, we can express Equations 4.1a and 4.1b in terms of the generalized

displacement:
N N N
&, """V =Y. "W, %) "U, ()= B, 2. "W,("x,)-"U,(2) (4.3a)
=1 1=1 1=l
N N N
@ > "G X)) VA= B Y W (X)UYW (") UL (2) (4.3b)

=1 1=1 =1

Also, for Equation 4.1c takes the form

Z"’«)(”Zm) "W (2) = Z '0,("x,) "W.(2) (4.3¢)

=1

The final constraint at the joint is that the angle between the plates be maintained after

deformation:

> () "L (2) = Z"v/ ("x,)"U,(2) (4.3d)

=1 =]

If the plates are pin-connected, constraint 4.3d should be omitted.

4.3 Total Potential Energy

4.3.1 System of Narrow Plates

The strain energy of a system of plates is the sum of the strain energy of the individual plates.
Equation 2.13 can therefore be used to express the strain energy of a thin walled member

consisting of K narrow plates:
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¢, U(2)-'U () +¢c,- 'V (2)- 'V, (2)

NS} | —
Rty
M=
Mz

+25¢, - *U(2)-'U " (2)+ 4¢, - *U," (2)-*U " (2) ) dz (4.4a)

1 Kt k 7 2 bl? Ays 1 2
— Eh|b - "W +—=-"V'(z
2}[[ (@) +24 ()j
Also, the work done by the external volumetric loads is

K LN
I, = ZI(Z(AU,(Z)' ‘1(2)+'U, (2)- Am’(Z))+ Vi(z)-'p.(2) (4.4b)
o\ =1

+V'(2) - m () + W (2)-* p.(2))dz

and that of the end loads is

ZN:( WU D) oM, @) T |+ ) (Z)L:L)

5

AVI(Z)Lzo + tMS LAyt (Z)L:L + SR : kV(Z)L:O + ZR . AV(Z)L:L) (4.4¢)

(s
+i([P W(z)l +oP - W(z)' )

4.3.2 Potential Energy of a System of Deep Plates
Equation 3.7 can be used to express the strain energy of any set of interconnected thin plates. For

K plates, that would be
L
=3

N
2
=|

D)

1=l

l\JI'—‘

>
i)

Z[ZZ a,'W'(2)'W'(2)+2)a,'W'()'V ()+}a,'V, (2)'V, (2)

Mz

a, 'V ()'V/ (D) + ia, 'W(2)'W () +(a, ' W()'V () +5¢,"U ()'U (2)  (4.5a)

~
I

Mz

1=y

C LUII(Z)/\UII(Z>+2I;CU /\U'II (Z)AUJ(Z)+ (l\)cl/ I\UI/I (Z)AUJ” (Z))dz

Also, the work done by the external loads on all of the plates is
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L IS k A A A A A ! A (45b)
M, = [ > 2 (Vi) p,(2+ ' W,(2)'4,(2)+ U, (2)'1,(2)+ U, (2)" m,(2) dz
0 A=l =1
for the volumetric loads and
SR A A A
My =Y (5 U@ +iM, U/ @)+ B Vi@l + 50 W) )
A=l =l - - -
« (4.5¢)

ST U@, M, )+ R, o W) )

A=l 1=i

for the end loads.

4.4 Derivation of Equilibrium Equations using a Reduced Form of the Potential Energy
This section briefly explains how to derive the equilibrium equations for a system of
interconnected plates by expressing the potential energy of the system in terms of the non-
redundant generalized displacements. We will start with a treatment for sets of deep plates since

the implementation of the continuity constraints is simpler than that for sets of narrow plates.

4.4.1 Assembly of Deep Plates

4.4.1.1 Reduction of the Internal Strain Energy

Because there are four continuity constraints at the joint (Equations 4.3), four of the generalized
displacements used to express the potential energy (Equations 4.5) can be expressed as a linear
combination of the others. For each additional plate connected at the joint, four additional
generalized displacements can be expressed as a linear combination of the others. Generalized
displacements that are eliminated from the expression for potential energy using the constraint

equations will be referred to as redundant. For each of the continuity Equations 4.3, one of the

functions (‘U,(z) , AV,(z) or AWl(z) ) becomes redundant. In the following we will present a
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method to eliminate the redundant degrees of freedom regardless of the type of shape function,
numbering or arrangement of plates. We will start by pointing out that Equation 4.5 can be

rewritten as

1 L
I = _Q—J(A(Z)lrxwk “oBsnisank - A(Dnia +A1(Z)l7;<3NK 185k 'A](Z)3ka1
b

4.6a)
+A"(Z)1T><3NK L PV 'A"(Z)sNle +2AI(Z)ITX3NK 3 nank A3k (
+2AH(Z)IT><“$NK “aQaviank “A(Dsnka )dz
where
A@aw =("0@hw 1 ' V@i | W@y 11 U@ 1 V@l 1 “W@LW)  (4.6b)
;CNXN 0N><N ONxN ! ;
0N><N ;aNxN ON><N i E 0
0N><N 0N><N ;aNxN : . :
d | T N -
oWanksank Do
i e B o AR e - (4.6¢)
bl léchN 0sn 0psn
0 i i 0N><N l;aNxN 0N><N
L ; : NXN 0N><N IftaNxN n
:chN 0N><N 0N><N E E
ONXN ;aNxN ONxN E E 0
0N><N 0N><N (l)aNxN : ' :
_________________ .
1 iyiank = L R (4.6d)
e
\ | chNxN 0, n ONXN
0 i E 0N><N l;aNxN 0N><N
: ; 0N><N 0N><N lf)aNxN
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;chN 0N><N 0N><N ; ;
0N><N 0N><N 0N><N i E 0
Owr Own. Oy b 0 _
2 Divonk = e :__-_: _______________ _
-:i S E lf)chN 0vv Oy
0 i E 0N><N 0N><N ONxN
L : ‘l 0N><N ONXN 0N><N
ngN ngN 101\—/[><N E i 0
NxN NxN STNxN : ) :
O Bway Owo 3 b
e =) 3_'_'_:_ _________________
E i 0NxN ONXN 0N><N
0 i E 0N><N ONXN ]gaf\/xN
L : ; 0N><N KlaNXN 0N><N
1 | | b
(3CNXN 0N><N ONXN : :
ON><N 0N><N 0N><N i i 0
O Owv Opuy i =0 _
aDvieane = ________ﬂ________:_.__: _______________ _
E . i K3ch1v 0vv Oun
0 E i Ovv Oy Opy
L ; : ONXN NxN ON><N

The set of all continuity equations at the joints may be written in matrix form as

. = | . =
&-‘UNKWMNK A(Z)kax: _|:l§(1NKAN)><N I 2é(3NK—N)x(XNK~N):| A(Z)XNle _O(KNK—N)XI

where émNK—N)wa

matrices lg(”ﬂNK—N)xN and 2E—‘(“»NK—N)><(2NK~/(’)

(4.6d)

(4.6e)

(4.6f)

4.7)

contains the coefficients given by enforcing Equations 4.3 at each joints, and

respectively represent the coefficients associated with

the non-redundant and redundant degrees of freedom. The strain energy can then be expressed
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only in terms of the non-redundant generalized displacements (Appendix C). The reduced

expression for the strain energy will be

14 . " . . .
E :_J.(A(Z)lrxﬁ ol A@g, T AN DL b AN D, TAN D) 8y, AN D), (4.8a)
.8a

+2AN (D) - 3l - AR) g +2AT (D] - o8, AR, )d2

where A(z)is a vector containing only the non-redundant degrees of freedom. The Z& matrices

are the new system matrices given in Appendix C

3 _ T
!deN - l,dexN + 2,lde(3NK—N) 3g(’§NK—N)><I\7 + 3§Nx(%NK—I\7) 3,ld(wk—1\7)></\7
(4.8b)
+ &7: . d - . g ..
3DNX(NK-N) A1 (BNK-NXGNK-N) 3D(3NK-N)XN
where
|
l,ldeN :_ Mde(zNK N)
N roy T T T T T T = dyyank (4.8¢)
3,69 (ANK-N)xN : 417 (3NK -NIX(3NK -N)
and
3§(2NK—}\7)XI\./ = —2§(¥NK NXONK-NY 1§HNK~N)XN (4~8d)

4.4.1.2 Reduction of Load Potential
The expression for the work done by the external loads can be reduced in the same way as the

strain energy. Equation 4.5b can be rewritten as

= j( o f Dt A sy + 1. (D - A (g ) 2 (4.9a)

with
of @l ="t 1 'POhy 114Dy 11 "D | POy | AR ) (4.9b)
SOl = ("M 100 100, 1] KM 1 0L, 1 0L, (4.9¢)
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If we elimmate A (z) from Equation 4 9a using Equation 4 7, we have

( ([ (@+E o1 (@D) A@+( f(+E 1 £,(2) A'(2)dz (4 10)

s
c‘—-h

Applying 4 10 for all the continuity constraints will yield an expression with the non-redundant

generalized displacements only, that is

0, = [(of(2), A@,,+.f@), A'Q2),,)d @11)

O'—-(\

where f (z) and, f (z) are the new generalized distributed loads The same procedure can be

used to reduce the work from the boundary loads such that its final expression has the form

n,=,F A() +,G. Al(2)

IxN NxI| g IxN

L, A@y, | +1GL M@y, @12)

NxI| g IxN

G

where OF

U F and G are the new boundary load vectors

wxt? L s 2 xt

4.4.1.3 Equilibrium Equations

Equihibrium field equations and boundary conditions can be obtained by enforcing the
stationarity condition of the total potential energy with respect to the non-redundant degrees of
freedom Details of the procedure, including performing integiation by parts and grouping
similar terms, are outlined in Appendix C The 1esulting equilibrium field equations (Equation

C 15a) take the form

A, AV, +d,, A"() A(2)

= ()f(Z)le - lf (Z)le

A'(2)

N><] V><N le /\X/\ Nx]

(4 13a)

with
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sy =ad, +,d —d,, (4 13b)

NxN

oy =30y, +5d, (4 13c)

NxN NxN NxN

The set of boundary condition equations related to the application of boundary loads 1s

(Equations C 15b-c)

ZaNxN A" (Zo)le + 4aNxN A(Zo)le = iZoGNx] (4 143)

and
_2&N><N A III( U)le + 7aNxN Al(zo)le + 3aN><N A(Zo)le = izc FN><1 (4 14b)

with
7aNxN = 1aN><N - 4aN><N (4 14¢)

The plus sign 1s associated with zo = L and the minus sign with zo = 0 Equations 4 14a and 4 14b
can be divided so that different boundary conditions (fixity or load) can be applied to different
plates and 1n different directions Solving Equations 4 13 through 4 14 will only yield the non-
redundant generalized displacements The redundant displacement must then be calculated using

Equations 4 3

4.4.2 Assembly of Narrow Plates

4.4.2.1 Reduction of the Potential Energy

Although the narrow plate formulation uses stmpler displacement fields, 1t results into a moie
complex formulation when combining multiple plates This 1s because of the constraint
associated with the longitudinal displacement (Equation 4 2¢) which contains both derivatives
and non-derivatives of the displacement functions This contiasts with the equations for deep
plates (Equations 4 3) which contain no derntvatives There are several methods of eliminating the

redundant displacement fields from the potential eneigy expression Focus here will be on the
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method used to solve the sample problems in Chapter 7. The potential energy can be reduced

using the following steps:
»  All but one of the longitudinal displacement functions (*W(2)) are eliminated using
constraints 4.2c.
+  All the transverse displacement functions (*V(z)) are eliminated using constraints 4.2a

and 4.2b.

» The remaining continuity constraints (Equations 4.2d and part of 4.2a and 4.2b) are used
to eliminate redundant normal displacement functions (‘U (z)).

Regardless of which generalized displacements are retained, the strain energy will have the form

Z( &0, (U (2)+,&0, (U, (2)+:8,0,(0 " (2)

[/ ]
I =t

[
1]

l\)l»—‘
S —
M

(4.15)
+6,0," (20" (2)) dz+j2d 0" ()W (z)dz+jd (W' (2)) dz

o =l

where d,, d, ,and ¢, are constants stemming from the reduction, W(z) is the generalized

u?

longitudinal displacement of one of the plates and U i (2) 18 the set of non-redundant

generalized normal displacements for all the plates. The d,, term is the total longitudinal stiffness

of the section. Similarly the expression for the load potential will be

I, = [ZN:(f,(Z)’U,(Z)Jrﬁ%(Z)-U,’(z))+ p. (z)-W(Z))dz (4.16a)
0\ =1
m, =2 Z(:GT, U,(2)| L TaM, U.'(Z)}.Za))”f 2 P 'W(Z)':::[) (4.16b)

where f,(z), m(z), q_Tj, and \_“M, are the generalized loads for the non-redundant degrees of

freedom. They depend on the loads applied to each of the plates as well as the geometry of the
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section. The load p,(z) is the total distributed longitudinal load while _ P, are the total

longitudinal loads at the boundaries.

A practical closed form solution ford,, d, , ,¢,, £,(z), m,(2), T, and ZOA;I, for a given

assembly of plates and set of shape functions could not be found by the author. Closed form

solutions for the specific geometries and shape functions used in Chapter 7 are provided in

Appendix E.

4.4.2.2 Equilibrium Equations

Equilibrium field equations and boundary conditions can be obtained by imposing the
stationarity condition of the total potential energy with respect to the non-redundant degrees of
freedom. Details of the procedure, including performing integration by parts and grouping

similar terms, are outlined in Appendix D. The resulting field equation associated with the

variation of W(z) is

dW"()+>.d -U"(2)= p“z(Z) (4.17)

=l
while the field equations associated with the variation of 17‘ (z) are

iV

2080, @+ &U," (@ + 8,0 (D) +d, - W" () =i, ()= (2)

(4.18)
7=l
The natural boundary conditions associated with W(z) atz=0and z=L are
-~ N —~
2d, W' (0)+Y.dU" (0)=—,P, (4.19a)
1=l
~ N —
2d W (L)+> dU"(L)= P, (4.19b)

=1

The boundary condition equations associated with UA (z)in the absence of fixity are
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N -~ ~ i~
Z( o8y U, (2)+ 56, ‘UJ(ZO))—dAWI(ZO) =+.M, (4.202)

J=1

M=

(_OEkj '01”] (z9)+ 7EAJUJI (Zo)) —dW" (z))= , F (4.20b)

1

~
Il

where the positive sign is associates with zo = L and the negative sign with zo = 0. Equation 4.17
through 4.20 can also be expressed in matrix form. Solving them will yield the non-redundant

generalized displacements. The redundant displacements must be calculated using Equations 4.2.

It should be noted that if Equation 4.17 is used to express W (z) then 4.18 and 4.20 can be

written in terms of the normal displacements U ,(z) only. The resulting system will have the same

form as Equation 2.13 (see appendix D).

4.5 Formulating Equilibrium Equations using Lagrange Multipliers

The method of Lagrange multipliers provides a strategy for finding the maximum or minimum of
a functional subjected to constraints. In our case we wish to minimize the potential energy
subject to the constraints at each of the joints. In this section we will derive the equilibrium
equations for a system of narrow plates using Lagrange multipliers. The equilibrium equations
for deep plates will not be provided though they can be inferred from the ones for narrow plates.

It is required to minimize functional IT1 =11, —IT, —II, (as given by Equations 4.4) subject to

the constraints

N N
"w,("x,)-"U, ()= B, "w,("x)"U () -a,,"V(z)=0 (4.21a)
1=1 =1
Nm N”
B> "w, (") "V =Y v, (") U (D) -, "V (2)=0 (4.21b)
=1 =1
_HIZH nvl(z)+uW(Z)+mZ’” mvl(Z)_mW(Z):O (421(:)
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N"l N!l
Z mW’ v( nxm)mU’(Z) _Z nl//l '(mZn)"U, (Z) — O (421d)
=1

=1

for each joint between plates m and n. This is achieved by defining a the functional, I', given by

=TT+ > (£, 8D+ 3£ (22800 (D 3 Fon ()38, (DD + 4 £, (248, (D)2 (4.222)

o all joints
in which
N N
8 (D =2"V,("2,) "V ()= B, v (") "V (), "V (2) (4.220)
=1 =1
N, N,
28 (D)= B, 2. "W (' 2,) U (=3 "W, ("x,)"U, ()~ a,, "V (2) (4.22¢)
=l =1
3g”m(z) — _m/,(” nvl (Z) + "W(Z) + mZm mVI (Z) _ mW(Z) (422d)
N, N,
) g”m (Z) — Z n1l//I v( an)mU’ (Z) _ Z ”l//' |( mZ” )HU’ (Z) (4226)
=1 r=1

and | f, (2), , fon(2), 5 £, (2) 4 f,.,(2) are the Lagrange functions. The functional I" must be

mi

minimized with respect to each of the generalized displacements (‘U (z), 'V (z), and ‘W(z)),

their derivatives, and with respect to functions | f, (z), , f, (2}, ;f,,,(z),and , f (z).The

mn

variation of the Lagrange function is equal to the variation of the potential energy plus the

variation of the terms associated with the joint constraints, that is

L L
élﬁ = m + Z 5.[ |f,,,,,(Z),g,,,,,(Z)dZ +§J‘ Zﬁmt(z)}gmn(z)dz
0

all jomnts 0

) . (4.23)
+5J ?f‘m/l (Z) 3 gnm (Z)dz + 5]’ 4 f;llll (Z) 4 gm” ( Z)dzj
0 0

By studying the variation of the new terms associated with the Lagrange functions, we will be

able to determine how they influence the equilibrium equations.
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4.5.1 Variation of the Potential Energy
We recall that the variation of the potential with respect to all the generalized displacements for

all the plates is

LS Il oIl oIl oIl oIl
gl = otu MU +——5'U "+ S'W + o'w!
;[g[a‘u, ’+a‘U,’ '+a‘U,” ’ ) o'W o'W’ “424)
+aa%§‘v+aa$, §‘V’+%‘}75‘V”)=0

where II is given by Equations 4.4. Minimizing the potential energy alone would lead to a set of
equations identical to those given in Section 2.4 for each of the plates. Solving such a set of
equations would yield the solution for a set of disconnected plates subjected to their own loads
and boundary conditions. Imposing stationarity of the Lagrange function instead of the potential

energy will couple the set of equations and take into account the connectivity of the plates.

4.5.2 Variation of the First Lagrange Term

L
Taking the variation of J S ()1 8,,,(2)ds with respect to the generalized displacements and
0

the Lagrange multipliers we have

§[J.lfmn(z)lgmn(z)dz\]:.l. Ignm(z)‘gl.fnm dZ"I Ifmn(Z)'(S”v.dZ

0 \]

LN, m n
+J'Z |f;”l'(z)'M§mUl CIZ (4'25)

o =l nn

LN, ﬂ
_IZ lf;rm(z)'a,—”””l//: (’”/1/11>'5”Ur ‘dZ

0 =1 nin

The first term indicates that imposing stationarity with respect to | f, (z) reproduces the original

Hin

constraint (Equation 4.2a). The other lines of the equation give the terms that must be added to
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the functional A1 . It should be noted that there are no boundary terms resulting from Equations

4.25, because g, (z) contains only undifferentiated generalized displacements. Therefore

mn

constraint 4.2a does not influence the boundary condition equations.

4.5.3 Variation of the Second Lagrange Term

L
Taking the variation of J 2 Jon(2) 5 8 (2)ds yields
0

L L L
5.[( 2f;""(Z)zg’”"(z))dz = J. ngn(z) ’ §2fmn ) dZ _J- men(z) ’ 5’"‘/ . dZ
0 0 0
LN, B
D@ Ty, () 87U, de (4.26)
o =1 mn

L N, 1
DI ACEL A SRS

o =l

Again, the equation associated with &, f, ~will reproduce the original constraint. The other term

mn

must be added to the other field equations.

4.5.4 Variation of Third Lagrange Term

L
Taking the variation of J s fom(2)- 58, (2)ds with respect to the generalized displacements and
0

the Lagrange multipliers we have

L L

5.[(3fnm(z)' 3811111(2))dz = J ;g,””(Z)' 5?-}‘;7111 dZ

0 0

L L
—.[ 3‘fmnI (Z) ’ 5’"W ’ (lZ +J. 3f;mzl (Z) ’ é‘”W ’ dZ
0 ’ L (4.27)
L
+|:“Im ’ '5fvmn(2) ' 5mv:|() _J‘ ”/1/’" 3 nml (Z) é"”v 'dZ
0

"2, S8V ] +f " fu (2) 8"V dz
0
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Equation 4.27 shows that, unlike the other constrains, imposing continuity of displacement in the

longitudinal direction will modify the boundary condition equations at z = 0 and z = L. Only the

boundary condition equations for "V (z) and "V (z) will be modified. The field equations

for"V(z),"V(z), "W(z), and "W(z) will also be affected.

4.5.5 Variation of Fourth Lagrange Tem

L
Taking the variation of I oS (2)- .8, (2)ds with respect to the generalized displacements and
0

the Lagrange multipliers we have

L L
é‘J-( 4f;71n(z) ’ 4gmn(z))dz = J. 4gnm(z) ’ af;nn dZ
0 0

'"l//’ '( "/Kn) T4 -fmn (Z) . 5’”U, : dZ (428)

1

M;

-+

”

"W: '( mZn) T4 -fmn (Z) ’ 5”UV ’ dZ

S ey S C—
z

The equation associated with 0, f, reproduces the original constraint. Equation 4.28 is similar

in form to Equations 4.25 and 4.26. The coefficients in Equation 4.27 are related to the deriva-
tives of the shape functions, and Equation 4.28 does not contain the transverse displacements.

Constraint 4.2d will not influence the boundary condition equations.

3.5.6 Equilibrium Equations
In this formulation, it is necessary to solve for all generalized displacements and the Lagrange
multipliers simultaneously. The resulting set of coupled differential equations will have fourth

order terms, second order terms, first order terms, and non-differential terms. The coefficients
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can be determined by adding the terms associated with the variation of the Lagrange multipliers

(Section 4.5.2 through 5.5.5) to the set of uncoupled equations for individual plates (Equation

2.13). The boundary condition equations for the generalized axial displacements of plate k are

—Ehb, - 'W(0)- ,P.=0

Enhb ‘W (L)y-,P.=0

(4.30a)

(4.30b)

for z =0 and z = L, respectively. The boundary condition equations for the transverse

displacements are

3
E‘h bA AVIII(O)+ Z (l l\nf(o)) I\I)S:O
all joints
h.n

3
—Eh, % WVI0)- M, =0

and

“Eh bA LVIII(L)_ Z (n Anf(L)) ‘\PYZO
all jomnts
k.n

3
Eh, i’*z WL~ M, =0

Care should be taken when choosing the sign of the *”

(4.31a)

(4.31b)

(4.31¢)

(4.314d)

[ terms. If a positive value is chosen for

the boundary condition equation for plate k then a negative value must be chosen for plate n, and

this is valid for every joint. The boundary condition equations for the generalized normal

displacements for plate & are

Crxn Mot Dy + 7€0n - “U! Dy = —l\oTle
Cusn kU" (O)le 3 Crxn kU(O)le - l(\)Mle

and
_l(\)chN ) kU"](L)le Coxn MU L)yt = LTy

: kU” (L) Cuxn I\U(L)le - MNxI

N><N N><I

for z = 0 and z = L respectively.

(4.32a)

(4.32b)

(4.32¢)

(4.32d)

Department of Civil Engineering

University of Ottawa



57

CHAPTER § - CLOSED FORM SOLUTION TO THE EQUILIBRIUM EQUATIONS
The purpose of this chapter is to present methods of solving the system of differential equations
derived in Chapters 2, 3, and 4. The methods discussed will include solutions both to the field
equations and the boundary condition equations. Each of the field equations presented in the
previous chapters have the same form: that of a coupled system of ordinary linear differential
equations (SOLDE) with constant coefficients. Each of the systems is of order 4. Nonetheless,
we will present here the solution for a system of order M since this adds no complication to the

solution method.

5.1 System Linearization

Consider an M'" order SOLDE in N unknown functions

M-I dm
Y Py = X (@) = F(2) (5.1)
m=0 dZ

where b, , are some set of M matrices, X(2),,, 1s the vector of unknown functions, r(z),,,
is a vector of known functions, and i =1,... N is the number of unknown functions X(z),,,-

Equation 5.1 can be reduced (Gohberg et al., 2009) to the first order system

IBMNxMN ~Yl(Z)MNx] = 0B Y (D pna = oT (D iy (5.2a)
with
Y (2 = (XD | XDy | | XM (D) (5.2b)
B ]
B | ZMZDMAM N 1 T N 52¢c
1 MNN L ONX[M—I)N i M lCNxN ( )
[ 0 I
B MMy J MMM DN 52d
ORIy __()CNXN _\I-SCNXN i M-zCNxN ( )
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and

oDy = <01><(M~I)N : r(Z)lT><N> (5.2¢)

The last set of N lines of (B, .vs 1Buwsuy » a1 (T(2) 0. €Xpress Equation 5.1 while the other
lines are used to relate X(z) to its derivatives. Reducing Equation 5.1 to a first order system is

called a linearization. The linearization given here is not unique as the matrix blocks could have
been arranged in a different way. This particular choice of linearization is referred to as a first
companion linearization.

The solution to Equation 5.2 can be expressed as the sum of two parts: the particular part and the
homogeneous part. The homogeneous part is the solution to the system in the absence of a right
hand term. Constants that appear in the homogeneous solution must be determined from the
boundary conditions. The particular part is a vector of functions that addresses the right hand

side only (i.e. the distributed load) of Equation 5.2.

5.2 Homogeneous Solution

The homogeneous part of the solution must obey the condition

B BMNxMN 'Y(Z)Mle (5-3)

I
12 MMy Y (Dpnsa =0

Since no restrictions were placed on the system matrices, | B may be either singular or

MNXMN

non-singular. We will treat the case in which B, ., 1s non-singular in Section 5.2.1 and the

case in which |B is singular in Section 5.2.2.

MNxMN

5.2.1 The Non-Singular Case

If B,y 1S nON-singular, one can pre-multiply Equation 5.3 by B, .. tO get
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YI(Z)MNXI :(IB/_VIINXMN 0BMN><MN) Y (2 pna = 2By YDy 54

Any square matrix such as ,B,,, . » can be expressed as the product of three matrices (Noble,
1969), 1 ¢.,

— -1
ZBMNXMN - ZSMNXMN ZJMNXMN ZSMNXMN (5 5)

mn which both ,J .., and ,S,,. ., are unique for any given matnx ,B In Equation 5 5

MNXMN

»S vy 18 @ transformation matrix and , J ..,y 18 referred to as the Jordan canonical form of

B,,v.uv composed of the Jordan blocks on the diagonal and zeros elsewhere, that 1s

2

1,2JT,><Y, OT,xY

Z,ZJT xT

ZJMNXMN -

k,anxn

(56)

where _,J, ., are square Jordan block matrices The dimensions of the Jordan blocks may

differ, however they must all have the form

m,ZJT xT =

with the same value, 4

mn 7

—ﬂl"
0
0

1

ﬂl n
0

0 0
1 0
0 m 1
0 0 4,]

superdiagonal), and zero elsewhere If Y =1 then _,J; .

that several Jordan blocks have the same diagonal value, 4

n

into Equation 5 4 and pre-multiplying both sides by ,S;,

MN>MN

on the diagonal, unity directly above the diagonal (1 e on the

(57

15 just the scalar 4 It1s possible

From Equation 5 5 by substituting
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ZS;V'INXMN 'YI(Z)Mle = 2T wsmy ZS;INxMN “Y{(2) ynra (5.8)

Introducing the vector

L(2)pyy = ZS;/IINXMN “Y(2) yna (5.9

one can express Equation 5.8 as

ZI(Z)MNXI = 2L vy - (D v (5.10)

Equation 5.10 is a nearly uncoupled set of equations for the unknown functions Z (z) . If
>J sy 18 fully diagonal then all the equations are fully uncoupled. For each Jordan block of

size Y XY, _,inwhich Y >1 and starting at the m™ row of > s » the partially coupled

m?

equations for the associated functions are

I

Zm (Z) ﬂ'm 1 Z,” (Z)
Zn1+l(z) _ ﬂ'm o Z,,7+|(Z) (5 11)
Zm+T—I (Z) T //tm TXY Zm+T—l (Z) T

Starting with the last row in Equation 5.11, one can show that the solution for the entry Z (z) to
Equation 5.11 (Spiegel, 1980) is

(m+Y,—1)-n ]
Z ()= Z (/(”H %}A ) with m<n<m+7T, (5.12a)

J=0

where the set of constants x,, are to be determined from the boundary condition equations.

n+y

Equation 5.12a is also valid when Y, =1 in which case

Z,(2)=K,e™ (5.12b)

Department of Civil Engineering University of Ottawa



61

Using Equations 5.12 and 5.9 one can express the unknowns vectors Y(z),,y, OF, equivalently,
X(2)4yn 10 terms of the parameters of the Jordan transformation, ,J,,v.aw and S, v -

Matrices ,J v and ,S,,4..,y €an be obtained using various numerical techniques and

implementations exist for most programming libraries and software packages.

5.2.2 The Singular Case

If B,y 1S singular, one cannot use the method described in Section 5.2.1. In this case, one

can use WeierstraP decomposition to solve the initial equation (Kunkel and Mehrmann, 2006).

This type of decomposition takes the form

]
I(MN—U)X(MN—U) LO(MN—U)XU
1By = oS sy _6 ________ | _N-__ 1S sinnn (5.13a)
nx(MN-7) 1]
|
OJ(MN—U)X(MN—'I) ‘LO(MN—ﬂ)xr/
0By = oS wmn __6 ________ | __I____ 1Sy (5.13b)
7x(MN-7) | 7%y
where both S,y and S,y are non-singular, \J . .\, 18 @ matrix in the Jordan

canonical form, and N is a shift matrix (i.e. unit values on the superdiagonal and zeros

elsewhere). We can use the substitution

Z(D) 0 = 1S s~ Y (D pwsa (5.14)
to express Equation 5.3 as

I (MN -~}

| |
—— - et - 'ZI(Z)Mle =T f T~ i - 'Z(Z)Mle (5.15a)
I |

Equation 5.15a can be divided into two sub-problems:
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Zl(Z)(MN-r;)x| = OJ(MN—I])X(MNﬂ]) ’ Z(Z)(Mqu)xl (5-15b)

and

N, WA (Dpg = Z(Z),7Xl (5.15¢)

where Z'(z)( contains the first MN —7 functions of Z'(z),,,,, and Z'(z)”x1 contains the

MN -7)xI
last 77 functions. Equation 5.15b has the same form as Equation 5.10. The method described in

Section 5.2.1 can be used to find Z(z) For a Jordan block of size Y, >1 and starting at the

(N=)x1 -

th 1: . .
m - line of 0J(MI\H])X(M,\,_”), the associated functions are

=0

(m+Y¥, —1)—n i
Z (z2)= Z [’fw%}/’": m<n<m+Y¥Y, <N-7@ (5.16)

Finally, using Equation 5.15c, it can be shown that

Z,(2)=0 N-n<n<N (5.17)

Knowing Z(z),,,, from Equations 5.16 and 5.17, one can obtain Y(z),,, from Equation 5.14,
and subsequently X(z),,,from in terms of the parameter of the Weierstrap transformation,

o v ) ANG 1Sy - Matrices o J 0,y and (S, can be derived using different

numerical techniques though implementations that are not widely available in standard

programming libraries.

5.2.3 Representation of the Solution in terms of Matrix Exponentials
It is convenient to express the solutions in matrix exponential form. The exponential of a square

matrix B is
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1
e’ = Zka (5.18)
k=0 R -

For the non-singular case Equation 5.12a can be expressed as

Y (2w = 6)ZBMNXMNAzKMle = ZJMNXMN':K/V/le (5.19a)

ZSMNXMNe

where

K K,y (5.19b)

-1
MNx) — ZSMNxMN ’

The matrix under the exponential must in general be converted to its Jordan form for the series to
converge. Using the Jordan form, it is fairly straight forward to show that Equation 5.19a 1s

equivalent to 5.12. For the singular case (Section 5.2.2) the solution in exponential form is

0,cran-n)

I
_ ~1 (MN-1)X(MN-17) o (Nepn-g) T
Y(2) yp = ISMNXMN|: eI Ky, (5.20)

Finally, the vector of unknowns X(z),,y,, and its derivatives can be obtained by pre-multiplying

Y(2), - The m™ derivative of X(z),,, is

m

dZm X(Z)le :[OMNX(NHI)MN : IMNX(m—])MN : OMNX(MN*III)J.Y(Z)MN)(] (521)

Equation 5.21 is only valid up to the M"™ derivative. For higher order derivatives, X(z),,, must

be differentiated with respect to z using either 5.19a or 5.20.

5.2.4 Relation between the Jordan Form and the Eigenvalue Problem
If matrix B has a Jordan canonical form J, then the diagonal of J contains all the eigenvalue of

B . The number of times a value is repeated on the diagonal corresponds to that eigenvalue’s
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algebraic multiplicity. The number of Jordan blocks associated with a specific value is that
eigenvalue’s geometric multiplicity. If B is fully diagonalisable (i.e. all Jordan blocks have
dimension 1), the transformation matrix S contains the eigenvectors of B as row vectors.

If, on the other hand, B is non-diagonalisable, then S contains the generalized eigenvector of

B . The set of generalized eigenvectors includes the set of eigenvectors. A T XY Jordan block

is associated with one eigenvector and Y  —1 other generalized eigenvectors. For example,

assume that the first two Jordan blocks of B have the form

Al
a0 =2d00 = 0 A (5.22)

and that the first four generalized eigenvectors are |G, » 2Smunsxi > 3Smnsa » Ad 4Gyns Such that

T
MNXMN :[IQMNX] : ZGMNXI : 3€MN><I : 4€MN><I : "']MNXMN (523)

S

If the other Jordan blocks have eigenvalues distinct from 4, then 4 has an algebraic multiplicity of

4 and geometric multiplicity of 2. Vectors ,g,,v., and ,G,.,, are eigenvectors of B while ,g,,..,

and ,g,,.., are strictly generalized eigenvectors. Using Equation 5.12a, we can write
Z()=(Kk+Kz2)e" (5.24a)
Z,(2) = k,ze™ (5.24b)
Z(2)=(Kx,+K,z)e" (5.24¢)
Z,(2)=Kk,ze" (5.24d)

Now, using Equation 5.9, we can solve for, say, the first parts of Y,(z)and Y,(z) given by the
first two Jordan blocks
Y(2)= ¢ (K.l + Kzz)el: .6 'Kzze/l: 16 (K‘1 + K4Z)ek 6 K4Z€k RS (5.25a)

Y,(2)=,6-(x +KZZ)€L_ + zgz'Kzzek +.6 (K, +K4z)e'{‘_ LY 'K‘ﬂ-ek T (5.25b)
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and similarly for the other components of {Y,(z)}.

For the singular case (Section 5.2.2), the link to the eigenvalue problem is not as clear cut. In this
case we are determining the “eigenvalues” and “eigenvectors” related to a system of two
matrices. Some of these “eigenvalues” may be singular causing their associated functions to

vanish. For example, if A4 — —co and Y (z) = l(,eﬂ'Z then Y (z) — 0 which can be seen as an

interpretation of Equations 5.15c and 5.17. To explain how the matrix exponential is related to
the Jordan form we will consider the set of matrices B, J, and S from earlier. Using Equation

5.18 and the properties of matrix multiplication we have

eB? =eS".]Sz
=S"'¢7S
12 0
0 2Jx
=S"-e S
elJ:x:T O
Q! 2020 T
=S 0 e S

We will now drive the exponential of individual Jordan blocks. For the first block

T
D
B e:)‘ e(‘)" 'uo 0}
:_eo. e?’ (Ll) ﬂ

[ 0] 0 e
= . +7
0 e~ 0 0

(

0 1

Hﬁﬂgﬁggq
1o ol*2ls g}j

)
+
Az
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Repeating this procedure for the second Jordan block, multiplying by the transformation matrix

and an appropriate array of constants (see Equation 5.19), we will recover Equations 5.25.

5.3 Particular Solution using Fourier Series
If the right hand term of Equation 5.1 can be adequately approximated by a Fourier series

consisting of #+1 terms, ¢ being an even integer, one has

ol ] 00,

{ 1(/—/1/2):}
Nx(p+1)

e (5.26)

(u+1)x1

f f

NIy N2y

where f ey ATE Fourier coefficients for the loading functions, 1=+—1 denotes the imaginary

1)

Wi-pf2)z

'_”/2)2} . The exact

is the vector with i component equal to e

constant, and {e'(
(u+1)x1

particular solutions, ,X(z),,,, for the right hand side 5.26 can be expressed as a Fourier series

with the same number of terms. Using Equation 5.1 to solve for the Fourier series coefficients of

» X(2) y,, leads to

-1
-1 m
pX(Z)le :[ I:lm(l'—%) . mbu:| J fNX(ﬂH){e’(r/l/ﬂ:}ﬂ (527)
m=0 NXN

5.4 General Solution
The general solution is the sum of the homogeneous and particular parts. Any such solution can

be written as

X(2) g = H(ZD) yopy Ko + pX(Z)le (5.28)

where H(z),,,, is given either by Equation 5.19 or 5.21 and  X(z),,, Is as in Equation 5.27.

Department of Civil Engineering University of Ottawa



67

5.5 Boundary Conditions

The boundary conditions discussed here refer to displacements and rotation along a transverse
edge. It is also possible to impose boundary conditions along longitudinal edges by proper
selection of shape functions. However, this will not be discussed here. All the boundary

condition equations provided in Chapters 2, 3, and 4 can generically be expressed as

RG(X(ZO)le): P (5.29)

where , @( )is a linear differential operator and , @ is a vector of either specified displacements

or generalized boundary loads. The dimensions of ,®( )and , @ depend on the nature of the

boundary condition. By substituting of Equation 5.28 into Equation 5.29

kQ(H(ZO)NxMN)KMle =,0- kG)(pX(Z())NXI) (5.30)

In general, enough boundary condition equations must be formulated to solve for all the
boundary constants. For example, Table 5.1 gives typical boundary conditions for the single

plate out-of-plane bending problem.

Table 5.1 - Boundary conditions for out-of-plane plate bending

; Type of Free Displacement Fixed Displacement
0
Displacement O() @ «O() W @
. d’ d

0 Translation 0C e i B S d_z oLy Liw 0y,
. d’ d

0 Rotation 0 ~d—Z2+ 3Corn oM s I,.v e 0,

3

L Translation 0Crxn -%— 7€ 5? — T Ly - 0,
. ? d

L Rotation €y =5 T 3Chnn - M, INxN;~ 0,.,

Department of Civil Engineering University of Ottawa



68

In Table 5.1, the operators , @( ) must be applied to the generalized normal displacement vector

U(z2),,, - Each line 1n Table 5.1 will provide a set of N linear equations for constants x;. We

know that for the out-of-plane plate bending problem there are MN = 4M boundary condition
constants. Therefore, we will need to choose 4 sets of equations from Table 5.1 to determine all
the boundary constants. Table 5.2 gives typical boundary conditions associated with the in plane

displacements problem for a single plate.

Table 5.2 - Boundary conditions for in-plane displacements

Direction of Displacement Displacement Fixed
’ displacement O() W@ «0() @
0  s-direction [;a 0] . d%—[() sa ]Nsz —oPua [T 0], 054
0 z-direction [0 ,a],, diz —[0 saT]Nsz —Qua [0 1], 0,
L s-direction [,a ]N><2N 5{[0 53T ]Nsz 1Py [I O]NXQN 0,
L z-direction [0 ,a] ., (—;iz —[0 Sar]Nsz L Qv [0 1} .. 0,,

The operators @, ( ) must be applied to the generalized 1n-plane displacement vector

<V(z)lTxN W(z)lrxN >T Each line 1n Table 5.2 will provide a set of N linear equations for the

constants & . We know that for the in plane displacement problem, there are 4M boundary

condition constants (2N constants for each direction) Therefore, we will need to choose 4 sets of
equations fiom Table 5 2 to determine all the constants

Possible boundary conditions are not limited to those provided in Tables 5.1 and 5 2 Fos
example, we could impose specific displacements along the edges of the plate in order to

calculate the 1esulting stiesses 1n the 1est of the plate
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In a multiple plate problem, 1t 1s not as straight forward to state the boundary conditions
Different boundary conditions may be applied to different plates If Lagrange multipliers are
used, the solution to the field equation will yield fewer than MN constants Our choice of
boundary condition equations will depend on the conditions 1n the problem we are trying to
solve Regardless of the type of problem, we must formulate enough boundary conditions to
solve for the boundary condition constants, that 1s

10 (H (20) v ) R ‘(I)_IO(PXI(Zo)le)
Kunvx = 2@(H(Zo)NxMN) P, O(pX.(Zo)le) (53D

MNXMN
MNx!

which would allow us to determine all the boundary condition constants
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CHAPTER 6 - VERIFICATION PROBLEM FOR SINGLE PLATES

In this chapter, several sample problems are solved using the equations and methods developed
1n the preceding chapters The methods were implemented using Mathematica Scripts written by
the author are provided in Appendix F The validity and convergence of the method are
demonstrated The results are compared to results from a shell finite element analysis The
examples 1n this chapter involve single unconnected plates Multiple plate problems are solved 1n

Chapter 7

6.1 Shell Finite Element Analysis

The finite element analysis was conducted using the commerctal finite element analysis program
Abaqus All the models were created using the quadrnlateral shell element S4R which 1s internal
to the program The S4R element 1s a general purpose quadrilateral shell element with 4 nodes
(one at each corner) Each node has five independent degrees of freedom three translations and
two rotations The element uses reduced integration to form the element stiffness with the
mtegration point being at the center of the element When associated with a hinear elastic
material, internal calculations are performed 1n terms of thickness integrated forces and
moments By default, the element employs hourglass control since reduced 1ntegration elements
are prone to a membrane-mode and bending-mode hourglassing (a type of error associated with
the finite element method)

Unlike the current formulation, the S4R elements do not implement thin shell theory exactly and
account for some shear stress acioss the thickness As the elements become thinner their
behaviour approaches that of thin plates o1 shells In addition, the elements can account for finite

strains and laige 1otations whereas the curient formulation assumes small displacements and
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rotations. The material properties specified in Abaqus were identical to those used in the
Mathematica scripts. Namely, the material (steel) is linearly elastic with modulus of elasticity

E =200 GPa and Poisson ratio & = 0.3 . Elements were always square 10mm wide, 10mm long,

and 10mm thick. For a 1.0m by 1.0m plate, the total number of elements was 10000. It was
observed that in all cases, the number and distribution of elements produced a reliable solution.

Point loads were applied as concentrated nodal loads. Line loads were applied as shell tractions.

6.2 Implementation of the Current Method

Mathematica 7.0 was used to implement the current method. Integrals of the shape functions
were calculated by the program based on the functions entered by the user. The system matrices
were assembled and stored in memory. Mathematica’s Jordan decomposition routine was not
able to perform the required matrix transformations for most cases (Chapter 5). Thus, the
solution to the system of differential equations was determined using Mathematica’s
eigenproblem solver and subroutines written by the author. A symbolic form of the solution was
saved in memory. Mathematica was able to determine the boundary constants based on the saved
solution and a symbolic form of the boundary condition equations. Some post-processing of the
data, including output of the field data in figures and tables, was also handled using the scripts.
Because both the loads and shape functions were either symmetric or antisymmetric, it was
necessary to increase the number of shape functions in increments of two in order to increase the
accuracy of the solution. The number of shape functions was increased until the difference
between a given solution and the previous one was negligible. In general this took no more than
10 shape functions. Computational times were typically a few seconds regardless of the number

of modes.
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A major complication which must be mentioned is that the system of linear equations for the
boundary conditions (e.g. Equation 5.31) was generally identified by the linear equation solver as
being ill-conditionned or singular. This problem was observed to be more severe as more shape

functions were added and/or as the plate length increased. It is thought that this problem occurred

+300 ) ln

because of the presence of extremely large and extremely small values (i.e. of the order e
the system of linear equations. Because the problem occurred even when the system was fully
diagonal, it is believed that the systems were never actually singular. To circumvent the problem
calculations were performed using a high degree of arithmetic precision. It was nonetheless

impossible to solve multiple plate problems involving very long plates or many shape functions

with the available subroutines.

6.3 Shape Functions
The shape functions used for all the single plate problems were truncated power series centered

on zero, that is

P()=p(s) =y (s)=s" (6.1)

where / varies from 1 to the number of modes N. For a single plate, the first mode (i = 1)
corresponds to bending in the normal direction and the second mode (i = 2) corresponds to
twisting. The first mode is the only one that does not vanish at s = 0, while the second mode is

the only one not to have nonzero slope at s = 0.
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6.4 Example 1: Out-of-Plane Bending

Figure 6.1 shows the geometry and load acting on the plate under consideration.

3 10k 1 OkNl
e s j;i?=10mm
10k 05k 05k
f
L=10m hb=10m
(a) by

Fig. 6.1 - Dimensions and loading for example 1: (a) Elevation and (b) Cross-section

The plate is 1m long, Im wide, and 10mm thick. It is clamped at one end and free at the other.
The z-coordinate is measured from the fixed end. Three point loads are applied at the free end: a
downward 1.0kN load at the middle and upward 0.5kN loads on each comner. Under this load, the
plate does not undergo in-plane deformation. Figure 6.2 shows the distorted shape of the plate as

predicted by the current method.

Hignm)

o~

1000 %00

Fig. 6.2 - Normal displacement, z , versus midplane coordinates, s and z
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The plate takes on a U-shape at the free end, while no displacements nor rotations take place at

the fixed end, consistent with the applied loads and boundary conditions. Figure 6.3 shows the

deformed shape of the cross section at different distances, z, from the fixed edge.

15 A 15 -
10 4 10 1
05 A 05 A
£-500 250 250 500 | E-500 25 50 500
E 05 g -
N N=3 =
i -10 A
-1 0 —_— —N-S
15 A N=7 -15
X FEA
20 20 -
s (mm) s (mm)
(@) z=400mm (b) z=600mm
IS5 4 15 -
10 1 10 4
05 A1 05 A
500 500 500

o (mm)

20
s (mm)

(¢) z=800mm

Fig. 6.3 - Normal displacement, 7, versus transverse coordinate, s, at (a) z=400mm,

u(mm)

20

s {mm)

(d) z=1000mm

(b) z=600mm, (¢) z =800mm, and (d) z=1000mm

In general, there 1s good agreement between the current method and the finite element results.

There are few changes in the predicted displacements for N larger than 5 except near the zone of

500
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high curvature at s = 0. Figure 6.4 shows the transverse and longitudinal stresses at the point

(x=h/2, s=0, z) versus z.

0,: (MPa)
;s (MPa)

0 250 500 750 1000 0 250 500 750 1000
z{(mm) z{mm)

(@) (b)
Fig. 6.4 - (a) Longitudinal stress, o__, and (b) transverse stress, o , versus longitudinal

coordinate, z, at the point (x=h/2, s=0, z)

The transverse stress, g, is in general much larger than the longitudinal stress because the

curvature in the transverse direction is larger. Away from the point of application of the loads,
the computed stresses agree well with the results from the finite element analysis provided an
adequate number of modes are used. It was observed that as the finite element mesh was refined
the stresses at the point of application of the loads diverged. This is because the S4R element
takes into account some through-thickness shear effects and, in principle, those shear stresses
must be infinite under a normal point loads. Because the current model adopts thin plate theory,
no through-thickness shear stresses are taken into account in the formulation of the equilibrium

equations and the stresses converge under the point loads. Figure 6.5 shows the stresses at the

point (x=h/2, s=b/2, z) versus z.
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a,. (MPa)
o,,(MPa)

0 250 500 750 1000 0 250 500 750 1000
z(mm) z(mm)

() (b)
Fig. 6.5 - (a) Longitudinal stress, o_, and (b) transverse stress, o, versus longitudinal

coordinate, z, at the point (x=h/2, s=b/2, z)

Although, the results agree away from free end, some difference can be observed at the free end.
Figure 6.6 shows the percent difference between the results from the current method and the

results from finite element analysis for the displacement and stress at the point

(x=h!2, s=b/2, z=L/2). This point was chosen because it is away from externally applied

loads.
60% m
fxt_] < Displacement
o
T 40% 1
2 OTransverse Stress
2 %diff = 38.82N4 697
=
Z 20% |
I
2 Bodiff= 105.0N 7V
a.
0%

o 3
3 5 7 9

Numberof shape functions. N

Fig. 6.6 - Percent difference with FEA versus number of shape functions, N
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Because the finite element analysis used a very fine mesh, the error associated with the finite
element solution relative to the “true” solution will be smaller than the error associated with the
current method using a small number of modes. Best fit lines suggest that the current method
converges sublinearly with N. The displacements converge more rapidly than the stresses
because the stresses are related to the derivatives of the displacements. Figure 6.6 only provides
information about the convergence of the results at one point. Results from the current method
may or may not converge to the finite element results at other points in the plate. The rate of

convergence may also be different at other points.

6.5 Example 2: In-Plane Bending

The plate under consideration in this section is shown in Fig. 6.7.

. L=10m
7
/]
X / L
/ L
z % = 10mm 2 l
e 16 10100m j__*% | 1orim | b=1om
” s
/ ]
7t s
/ |
1 .
L=10m
{a) (bl

Fig. 6.7 - Dimensions and loading for example 2: (a) Elevation and (b) Plan view

The plate is Im long, Im wide, and 10mm thick. It is clamped at one end and free at the other.
The z-coordinate is measured from the fixed end. A 1.0 kN/m load in the positive s-direction is
applied at the free end along the midplane. Figure 6.8 shows the deformed shape of the plate as

predicted by the deep plate bending formulation (Chapter 3).
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Fig 6 8 - Deformed shape of plate by current method (deformation scale = 10°)

The plate takes on a shape that i1s consistent with the applied loads and boundary conditions We
can see from the grid lines (used for plotting) that transverse lines do not remain straight
Therefore, the Euler Bernoullt assumption would not be valid in this case Figure 6 9 gives the

transverse displacement along the line (x=0, s=0, z) versus z

35
30
25

20

v (um)

05

00 X =25 - - e -

0 250 500 750 1000
(mm)

Fig 69 - Transverse displacement, v, versus longitudinal coordinate, z, at the point

(x=0,3=0, )
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For N =4 or more, the displacements agree well with the displacements predicted by the finite

element analysis. Figure 6.10 shows the longitudinal stress profile in the cross section at different

distances from the fixed end.

500 1
N=2
— —N=6 300 1
N=10
X FEA 1
£ ’ ' ClN '
E1250 -750 -260 {X250 750 1250 | E-500 -100 ¢ 500
By “
-300 -300
-500 - =~ -500 -
o:: (kPa) o.- (kPa)
(@) z=0mm (b) z=300mm
/E\ M ’é\ T 1
2250 -13 250 | 2 -150 -50100 50 150
-300 -300
-500 - -500
o.-(kPa) o-- (kPa)
(¢c) - =600mm (d) 2 =900mm

Fig. 6.10 - Longitudinal stress, o_, versus, s, at (a) z=0mm, (b) z=300mm, (c)z= 600mm

and, (d) z=900mm

Because the plate is subjected to in-plane loading only, the stresses are uniform through the plate

thickness. In general, the stresses from the current method agree well with those from the finite
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element analysis. Some differences can be observed near the plate ends for N = 2. Away from the
ends, the stress distribution is linear implying constant shear stress. Near the ends, using more
than two shape functions allows the model to more accurately fulfill the boundary conditions. At
the fixed corners (z =0 and s =2500mm ) the stresses predicted with N = 11 are larger than
those predicted by the finite element analysis. This suggests that eleven shape functions provide
greater accuracy than the finite element mesh. Figure 6.11 shows the percent difference between

the current method and the finite element analysis for increasing V.

20% A
1y
< M
E 15% 1 A Longitudmaldisplacement
E
I < Transverse displacement
2 10% A
5]
;g 3 Longitudinalstress
kel
2 5% A
3
&
0% L R A % 8
/ 4] 6 8 10
5% - Numberof shape functions N

Fig. 6.11 - Percent difference with FEA versus number of shape functions, N

The stresses and displacements are compared near the center of the plate. At that point, the
transverse stresses are zero. The longitudinal stresses oscillate slightly as they converge to the

finite element results. The current method converges to the finite element results to within 1% at

N=10.
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6.6 Example 3: Shear Lag in a Plate

The plate and loading under consideration in this section is shown in Fig. 6.12 below.

L=10m

{a)

L=10m

L

i
/ —
/ 250mm
g S

I, S z > 500nun
/] ’ i
/ e |
5 8 e 250mm

10K/ m
b

Fig. 6.12 - Dimensions and loading for example 3: (a) Elevation and (b) Plan view

The plate is 1m long, Im wide, and 10mm thick. It is clamped along z = 0 and free along z = L.

Longitudinal 1.0 kN/m loads are applied at the free end. Half the load is acting in the positive z-

direction while the other half is acting in the negative z-direction (Fig. 6.12). Figure 6.13 shows

the deformed shape of the plate as predicted by the current method.

1000 e T
r—»—-“""’ ey
i : ) [
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2500 |- -
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-500 2250 0 250 500
s(mm)

Fig. 6.13 - Deformed shape of plate as predicted by current method (deformation scale = 10°)
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The deformed shape is consistent with the applied load and boundary conditions. Figures 6.13a

and 6.13b show the Jongitudinal displacements at the points (x=0, s=0, z) and

(x=0, s=b/2, z) versus z.

250 - 0
200 50
2 :
E = 100
£ 150 B
= £ 150
100 =
S 200
1} 50 “
= <
< L 250
3
0 . x 300 ; ; ; \
0 250 500 750 1000 0 250 500 750 1000
z{(mm) z(mm)

(a) (®)
Fig. 6.13 - Longitudinal displacements, w, versus longitudinal coordinate, z, along lines

(@) (x=0, s=0, z)and (b) (x=0, s=b/2, )

The maximum positive section displacements occurs at s = 0 while the maximum negative
displacement occurs at s = b/2. The results from the current model are consistent with those
based on finite element analysis. The current method converges with few modes and little change
in the displacements occur with more than five modes. Figure 6.14 shows the longitudinal stress

profile at different distances from the fixed end.
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Fig. 6.14 - Longitudinal stress, o_, versus transverse coordinate, s, at (a) z=0mm

(b) z=300mm, (c) z=700mm , and (d) z =1000mm

In general, the results from the current method agree well with those from the finite element

analysis. At the fixed corners (z =0 and s =1500mm ) the stresses predicted with N = 11 are

larger than those predicted by the finite element analysis. This suggests that eleven shape

functions provide greater accuracy than the finite element mesh. At the free end, the stress must

be equal to the applied load divided by the plate thickness. The results from the current method

converge fairly slowly to the step shape of the applied loading. Even when 11 modes are used
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(N =11) significant oscillation are observed. This is a natural outcome when continuous
displacement series (Polynomial, Fourier, etc) are used to behaviour under approximate
discontinuous functions. In contrast, the finite element method is capable of accurately enforcing
the traction boundary conditions. Therefore, no oscillations are observed in the finite element

results. Away from the free end, the current method agrees well with the finite element analysis.

Figures 6.15a and 6.15b show the longitudinal stress at the points (x=0, s =0, z) and

(x=0, s=b/2, z)versus z.

0 125 1 .
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= 50 < 100 1 /A X
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& = 2]
o
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z(mm) z(mm)

(a) (b)
Fig. 6.15 - Longitudinal stress, o__, versus longitudinal coordinate, z, at the points

(@) (x=0, s=0, z) and (b) (x=0, s=h/2, z)

Apart from the minor disagreements in stress at the free end, the two methods agree reasonably
well. It can be verified that the net axial load vanishes at each cross-section. Transverse stresses
in the plate are nearly zero and only occur because of the Poisson effect. Figure 6.16 shows the
percent difference between the current method and the finite element analysis as a function of the

number of modes.
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The stresses and displacements were compared at the point (x=0, s=5/2, z=L/2). The

results from the current method converge to the finite element results. The longitudinal stress

predicted by the current method converges to a value 1% below the finite element results. This

suggests that a refined finite element mesh would yield a smaller stress.
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Fig. 6.16 - Percent difference with FEA versus number of shape functions, N
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CHAPTER 7 - VERIFICATION PROBLEM FOR MULTIPLE PLATES

In this chapter several sample problems are solved using the equations and methods developed in
the preceding chapters. The examples are meant to illustrate the behaviour of steel girders and
involve multiply connected plates. The validity and convergence of the method are demonstrated

through comparison to solutions based on shell finite element analysis.

7.1 Shell Finite Element Analysis
The parameters used for the finite element analysis are identical to those described in Section
6.1. Because multiple plate problems involved a larger surface area, the element dimensions

were increased to S0mm by 50mm.

7.2 Implementation of the Current Method

The current method was implemented using Mathematica. Scripts written by the author are
provided in Appendix F. Overall, the program steps were the same as those described in Section
6.2. Four of the examples presented in this chapter involve transverse bending of individual

plates (Sections 7.4 through 7.7). For those examples, a narrow plate bending formulation was

used (Section 4.4.2). Expressions for the final stiffness matrices (e.g. ¢, , d , etc) are provided

in Appendix F. Because of numerical difficulties encountered in solving the system of linear
boundary condition equations (Section 6.2), it was not possible to fully implement the deep plate
bending theory described in Section 4.4.1. The last two examples (Sections 7.8 and 7.9) which
involve shear lag were implemented using the equations presented in Section 4.4.1 but neglect

out-of-plane displacement of individual plates.
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7.3 Shape Functions

The type of shape functions used to solve the examples problems depended on the end condition

of the plates involved. For a plate connected along its middle (s = Q) we used the power series

B(s)=0(s)=y, (s)=s"" (7.1)

For a plate connected along the edge s = /2, we used the functions

P(s)=9,(s)=y (s)= s—— i=2 (7.2)

For a plate connected along the edge s = -b/2, functions symmetric to those given by Equation

7.2 were used. For plates connected along both edges we used

g(s)=@ ()= (s)= 2(1_i)(%+%)- i=3 (7.3)

For illustration purposes, the first eight shape functions for each type of plate are shown in Fig.

7.1.
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Shape function
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Fig. 7.1 - Shape functions for a 1.0m wide plate connected at (a) s =0mm, (b) s =500mm,

(¢) s ==500mm, and (d) s =500mm and s =500mm

For each set of shape functions, only one function has a non-zero value along an edge connected
to another plate. Also, only one function has a non-zero slope at an edge connected to another

plate. These shape functions were used because they simplify the enforcement of the continuity

equations at the plate joints (Chapter 4).
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7.4 Example 1: Angle Subjected to Twist and Biaxial Bending

Figure 7.2 shows the geometry and load on the angle under consideration.

/ 10k 1 0k

10 l
/] . ‘ \}
7 T .
/.____.;. z ) 1 O0m
5 ; ,———)1 Oy
/ L 1 0m

1
L =50m
() (b)

Fig. 7.2 - Dimensions and loading for Example 1: (a) Elevation and (b) Cross-section

The angle is 5.0m long, is free at one end and clamped at the other. The z coordinate is measured
from the fixed end. Both the horizontal and vertical plates are 1m long and 10mm thick. It should
be noted that typical hot-rolled angles have larger thickness-to-width (b/h < 10) ratios and may
not behave according to classical thin plate theory. Two 1.0 kN loads are applied normal to the
outside edge of each plate at the free end. These loads will cause twisting of the section along
with some biaxial bending and distortion. The displacements and stresses in both legs will be
numerically identical because of the symmetry of the applied load and boundary conditions.
Figure 7.3 shows the deformed shape of the cross section at different distances from the fixed
end. The coordinate axes shown are not associated with a specific plate and are given for scale

only.
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Fig 73 Deformed shape of cross section at (a) z=2000mm, (b) z =3000mm,
(¢) z=4000mm, and (d) z = 5000mm

We can see from Fig 7 3 that the cross section undergoes twisting primarily and that adequate
precision 1s obtained using N = 2 1n the current formulation Because curvature 1n the plane of
the c1oss section 1s neghgible, the addition of more shape functions does not increase the
accutacy of the current method Using NV = 2 with the narrow plate formulation results in 3
independent generalhized displacements two displacements relevant to bending and the angle of

twist The displacements indicated by Fig 7 3 would theiefore be 1dentical to those given by
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torsional beam theory. Figure 7.4 shows the largest longitudinal stress in the cross-section versus

Z.
100 1
—N=2
75 3
X FEA
£ 50 -
)
b”
25 |
0 T ; Y > X
0 1000 2000 3000 4000 5000

z(mm)

Fig. 7.4 - Largest longitudinal cross-section stress, o __, versus longitudinal coordinate, z

Good agreement with the finite element analysis is again achieved by taking two modes (N =2)
in the current method. There is a 15% difference in stress at the support. This may because of a
singularity in the stress field not captured by the relatively coarse finite element mesh. Also, the

narrow plate formulation does not accurately predict the stresses near a support providing

transverse restraint.

Department of Civil Engineering University of Ottawa



92

7.5 Example 2: Angle Subjected to Distortion

The angle in Example 3 is subject to a different load combination.

/ 10mm Lo T ORI
/ e N N
Vd T
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/] ——1 0KN
/ G
/ 1 1 0m
} .
L =50m
(a) (L)

Fig. 7.5 - Dimensions and loading for Example 2: (a) Elevation and (b) Cross-section

Loads of 1.0 kN loads are applied at the free end as shown. These loads will produce distortion
of the section and bending. Figure 7.6 shows a three dimensional view of the deformed angle

generated using the current method.

Z (mm})

Fig. 7.6 - Deformed angle (deformation scale = 15)

Displacements were multiplied by a factor of 15. The displacements are consistent with the

applied loading and boundary conditions. Distortion is most important near the free end and
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vanishes at the support. Figure 7.7 shows the deformed shape of the cross section at different
distances from the fixed end. The coordinate axes shown do not belong to a specific coordinate

system and are given for scale only.
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Fig. 7.7 - Deformed shape of cross section at (a) z=2000mm, (b) z=3000mm,
(¢) z=4000mm , and (d) z =5000mm (deformation scale = 15)

Excellent agreement with finite elements is observed using four shape functions in the current
method. The distortion of the section decreases quickly away from the free end and is almost

negligible at z = 3m. For this example, transverse stresses are larger than longitudinal ones.
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Figure 7.8 shows the transverse stress in the vertical plate at different distances from the fixed

end. The horizontal plate is connected at s =—-500mm.
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Fig. 7.8 - Transverse stress, o

(T3

versus transverse coordinate, s, in vertical plate at

(a) z=2000mm, (b) z=3000mm, (¢) z=4000mm, and (d) z =5000mm

In general, there is good agreement of the stresses with the finite element method when six shape

functions are used. Stresses are largest at the free end and rapidly decrease as one moves towards

the fixed end. Near the free end, the stress distribution is roughly linear suggesting the transverse

curvature also varies linearly.
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7.6 Example 3: I-beam Subjected to Uniaxial Bending

Figure 7.9 shows the geometry and load on the I-beam under consideration in this section.

/] 1 Ok 1 0kN
/ 10111\11,11 1 l l L
V4 T
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/ — ——— T
/
/
L = 10m 1 Om

Fig. 7.9 - Dimensions and loading for Example 3: (a) Elevation and (b) Cross-section (NTS)

The beam is 10m long, is free at one end and clamped at the other. The web and flanges are Im
fong and 10mm thick. Typical hot-rolled beams have larger thickness-to-width ratios and may
not behave according to thin plate theory. A 1.0 kN load is applied at the free end as shown. The
load will cause strong axis bending of the section with minimal distortion and no twist.
Downward displacements are almost uniform throughout the cross section. Figure 7.10 shows

the downward displacement of the cross-section versus coordinate z.
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Fig. 7.10 - Displacement of cross-section versus longitudinal coordinate, z
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The program written to model this problem uses a minimum of N = 4 shape functions. In general
there is good agreement between the two methods. Displacements predicted by the current
method are slightly smaller than those predicted by finite element method near the free end. This
may be because of deflection from shearing of the web, which is not taken into account in the

narrow plate formulation. Figure 7.11 shows the longitudinal stress in the top flange versus z.

103
S 08 - — N=4
§ X FEA
£ 061
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§ 02 1
00 : : : : ,
0 2000 4000 6000 8000 10000

z(mm)
Fig. 7.11 - Longitudinal stress in the top flange versus longitudinal coordinate, z
The stress linearly decreases with z and vanishes at the free end as predicted by simple Euler-
Bernoulli beam theory. There is good agreement between the current method and the finite
element analysis except at the fixed end. This may be because of the transverse fixity imposed by

the support which is not taken into account by the narrow plate formulation.
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7.7 Example 4: I-beam Subjected to Distortion

The beam of Example 3 is shortened to 5.0m and subjected to a different load combination.

/ 1 Ol2T 1 0T
10mm

/] L ! 1

/7 T e —
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/ P o) l‘_—‘————/\

/

/ 1 0k 10k
L=50m 1 0m

(aj (b)

Fig. 7.12 - Dimensions and loading for Example 4: (a) Elevation and (b) Cross-section

Two 1.0 kN are applied at the free end to the outside edges of the flanges. This load will cause

only distortion of the section with no bending, twisting nor shear lag. Figure 7.13 shows the

deformed shape of the beam as predicted by the current method.

i AR

TSI

Fig. 7.13 - Deformed beam (deformation scale = 15)
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Displacements were scaled by a factor of 15 The displacements are consistent with the applied

load and boundary conditions Bending of the flanges and the web are most pronounced at the

free end There 1s bending of the web on account of the rigid connection with the flanges Figure

7 14 shows the deformed shape of the cross section at different distances from the fixed end
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Fig 7 14 - Deformed shape of cross section at (a) z = 2000mm , (b) z =3000mm,

(c) z=4000mm , and (d) z =5000mm (deformation scale = 15)

Excellent agreement with the finite element analysis 1s obtained using N = 4 1n the cuitent

formulation The distortion of the section decieases quickly away ftom the free end and 15 almost
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negligible at z = 3m. For the loading and boundary conditions of this example, transverse stresses

are typically larger than longitudinal stresses. Figure 7.15 shows the largest transverse stress both

in the web and flanges versus z.

45
X
N=4
| I
E 30 / z
= N=8 =
¢ X FEA K
15 1
0 7F k4 T T Al '30 T T T T Al
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
z(mm) z(mm)
(a) Flanges (b) Web

Fig. 7.15 - Largest transverse stresses, o, in the cross section versus longitudinal coordinate, z,

in (a) the flanges and (b) the web

Both stresses are largest at the free end and rapidly decrease towards the fixed end. Two meters
from the free end, the stresses in the flanges and in the web are almost negligible. Very good

agreement with finite elements is achieved using N = 8 shape functions.
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7.8 Example S: I-beam Subjected to Shear Lag

The beam in Example 4 is subject to a different loading.

5 10n$n 1 0 kN/m
Vd T — ‘ ] T
/ —>2 : 1 0kN/m 4 1 0m
7 X 1
L
1
= 50m 1 0m
(@) ®

Fig. 7.16 - Dimensions and loading for Example 5: (a) Elevation and (b) Cross-section

A 1.0 kN/m longitudinal load is applied to the web at the free end. The load will cause extension
and shear lag in both the web and flanges. Figure 7.17 shows longitudinal stress contours both in

the flanges and web as predicted by the current method.

105 7 kPa
924kPa
791 kPa
658 hPa
526 LPa
39 3LPa
260 LPa
12 7kPa
06 LPa

z(mm)
2z (mr)

500 250 o 250 500 500 50 0 250 500
s (mm) s (mm)

a) Flanges b) Web

Fig 7.17 - Longitudinal stress, o_, contour plots for (a) flanges and (b) web

In general, the stress field is consistent with the applied loading and boundary conditions.

Stresses in the web are largest at the free end and rapidly decrease away from the applied load.
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Stresses in the flanges are smallest at the free end and increase as the end load is transmitted
from the web. Past 2.0m from the free end, the stress field is a uniform 33.3 MPa both in the
flanges and web. Stress concentrations in the flanges are most important at the connection with
the web (s = 0). Oscillations in the stress field can be observed in web and flange at the free end.
These fluctuations are discussed in more detail below. Figure 7.18 shows the stresses at the

middle of the flanges and in the middle of the web versus z.

‘@ =
[aW) =W
2 S
e 15 X  FEA ¢

10 A X

5 |

0 ' ; ' 30 : . ]

2000 3000 4000 5000 2000 3000 4000 5000
z(mm) z(mm)
(a) Flanges (b) Web

Fig. 7.18 - Longitudinal stress, o_, versus longitudinal coordinate, z, in the middle of (a) the

flanges and (b) the web

There is good agreement with the finite element analysis except at the free end. The discrepancy
at the free may be due in part to the current method not taking into account out-of-plane bending
of the plates. Distortion of the section is most significant at the free end because of transverse
shortening of the plates under the applied load. Also, from static equilibrium, longitudinal
stresses must be OMPa in the flanges and 100MPa in the web. These conditions are only

implemented approximately by the current method as can be seen in Fig. 7.19.
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30 3 1204
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-10 7 500 250 0 250 500
s (mm) s{mm)
(a) Flanges (b) Web

Fig. 7.19 - Longitudinal stress, o_, versus transverse coordinate, s, at the free end in (a) the

flanges and (b) the web

The stress distributions converge to their correct values (0 in the flanges and 100MPa in the web)
as more shape functions are included. Oscillations in the edge stress are significant even though

adequate accuracy is achieved away from the cantilever tip.
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7.9: Example 6: Box Section Subjected to Shear Lag

Figure 7.20 shows the geometry and load on the box beam under consideration.

ﬂ 10mm 1 0 kN/m 10 kN/m
‘L b—
N """~

1 Om

/
/ 1 0m

L =50m

\\j[
LWL
TKRKK{

(a) (b)
Fig. 7.20 - Dimensions and loading for Example 6: (a) Elevation and (b) Cross-section

The beam is 5.0m long, is free at one end and clamped at the other. The z coordinate is measured
from the fixed end. The webs (vertical plates) and flanges (top and bottom plates) are 1m wide

and 10mm thick. One kilonewton per meter tractions are applied to the webs as shown. This load
causes extension and shear lag in the webs and flanges. Figure 7.21 shows the longitudinal stress

contours both in the flanges and webs as predicted by the current method.

SO0
I—— ! 641 kPa
556 1Pa
471 kPa
+ 38 7kPa
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78 2 kPa
69§ kPa
61 3 kPa
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I
o
T
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o
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35

30h s
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0 250 500 2
5 {rum) s (mum)
a) Flanges b) Webs

Fig. 7.21 - Longitudinal stress, o, contour plots for (a) flanges and (b) webs
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In general, the stress field is consistent with the applied loading and boundary conditions.
Stresses in the webs are largest at the free end rapidly decrease away from the applied load.
Stresses in the flanges are smallest at the free end and increase as the end load is transmitted
from the webs. Past 2.0m from the free end, the stress 1s uniform, and a 50MPa stress is observed
in the webs and flanges. The stress fields in the flanges and webs are mirror images of one
another. Adding a uniform 1.0kN/m compressive load to the free end would result in an equal
and opposite stress distribution to the one observed. Figure 7.22 shows the stresses at the middle

of the flanges and middle of the web versus z.

50 110
40 100 1 X
—~ 30 90 1
& &
= 59 € 80
é
10 70 A
60 1
0
10 50 ,
i j ' A 2000 3000 4000 5000
2000 3000 4000 5000
z{(mm) z{(mm)
(a) Flanges (b) Webs

Fig. 7.22 - Longitudinal stress, o_, versus longitudinal coordinate, z, in the middle of (a) the

flanges and (b) the webs

Very good agreement with finite elements is observed except at the free end. The sources of

disagreement at the free end were explained in Section 7.8.
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CHAPTER 8 - CONCLUSIONS AND RECOMMENDATIONS

8.1 Summary

The principle of stationary potential energy was used with series expansions for the displacement
fields to formulate the field and boundary conditions equations for elastic plates and thin-walled
beams. The formulation was based on the assumptions of thin-walled plate theory. The solution
to the coupled differential field equations was expressed in terms of matrix exponentials. The
solution to the boundary condition equations was expressed in terms of the aforementioned
solution. The method developed was successfully used to solve several problems. Comparisons
with finite element solutions demonstrated the ability of the model to accurately capture the
behaviour of thin walled beams and plates with a relatively small number of degrees of
freedoms. In general, no more than ten shape functions were required to obtain a result within a

few percent of the finite element solution.

8.2 Advantages and Disadvantages of the Current Method

A main advantage of the current method, in comparison with the shell FEA, is its computational
efficiency. The method developed can very accurately predict the displacements and stresses
with few degrees of freedom. Excellent results for both displacements and stresses are obtained
using less than eight shape functions. In comparison, FEA required several thousand degrees of
freedom to obtain results of comparable accuracy.

Within a robust and generalized computer program, the simplicity of the new method relative to
a shell FEA has the potential to greatly reduce the modeling effort required by the analyst. The

method could be used to model structures assembled from thin walled beams.
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The principal shortcoming of the current method was the need to solve a set of linear equations
containing both very large and very small values. Conventional solvers were generally
ineffective for this type of system.

In addition, the current method involves solving an eigenvalue problem. Though determining the
system eigenvalues and eigenvectors was straight forward using conventional solvers, some
problems were encountered when using conventional solvers to determine the associated Jordan
form.

Finally, it was observed that the current method behaves relatively poorly in the neighbourhood

of line and point loads. Away from applied loads the method converged very rapidly.

8.3 Recommendation for Future Work

Further work on the current methodology should focus primarily on developing computer
subroutines capable of calculating the Jordan form of the system matrices and capable of solving
the boundary condition equations. Those were the principal numerical problems encountered in

the present study and they should be solved before extensions to the theory are sought.

The methodology developed in the present research lends itself to a variety of possibilities for
further research. Possible improvements to the model could include:
1. Orthogonalization of the differential equations through the selection of orthogonal shape
functions.
2. Deriving approximate closed form solutions for common types of loading using

appropriately chosen shape functions
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It may be possible to orthoganalize the equilibrium differential equations for certain sections. It
should also be possible to derive closed for solutions for specific loading on specific sections if a
limited number of approximate shape functions are used. Possible generalizations to the current
formulation include:

3. Modelling second order effects.

4. Analysis under dynamic loading.

5. Modelling thick plate behaviour.
Again, the equations derived for these generalizations may not be solvable though the dynamic
equations should have constant coefficients. Possible modifications to the problem geometry
include:

6. Modelling of curved girders, beams and plates.

7. Modelling plates of variable thickness or width.

8. Modelling girders with skewed ends.
Although formulating the equilibrium equations will be fairly straight forward, the equations
associated with curved or variable width plates will have variable coefficient and may be

solvable only using numeric techniques.
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APPENDIX A - VARIATION OF STRAIN ENERGY FOR A NARROW PLATE
The purpose of this appendix is to derive in detail the field and boundary equations for a single

narrow plate. This section uses the coordinate system and symbols introduced in Chapter 2.

A.1 Differentiation of a Double Series

In this section we will constider the derivative of

~ N N
M=32.7XY, (A1)

=21 (A2)

a1 &
—=>7X, (A.3)
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N N 9 )
—ZZ%][ jaX,\ ' 'an ]J
=ZZ}/’J (XJSM +X'61k)

=2 +7)X, (A4)

A.2 Variation of the Strain Energy

The expression for the internal strain energy is given by Equation 2.13:

:_I[ZZ ¢, U (DU (2)+,¢,U (U, (2)+2,c,U," (2U (2)+,¢,U," ()U," (2))

J=1 =l

(A.5)
+Eh(bW (2)? +b2V”(z) ]]
Using the identities A.2 and A .4, we can differentiate I1, with respect to the generalized
displacements yielding
o, 1
S0-=3l 2l )u 20,0 )i (A6
0 /=
o1, 17
et DAL (A6b)
o, 17
8U[S' :_2—'([;(( < +“C’\/)U/”(Z)+2 Sy /(Z)) (A.6c)
o, Emb’ ¢ .,
=—— |V (9dz (A.6d)
ov" 12 {
aI—I L
= Ehb|W' (2)dz (A.6e)
T

The variation of the strain energy is
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v (oI oIl oIl oIl oI
= ssu, + s sy 04 O gy o | ML syr ML sy
Zo[a o T Tau o J aw’ O Ty (A7)

From Equations A.6, by substituting into Equation A.7 we have

N [L N L
o= [IZ( ¢, U, ()+,¢, U ”(Z) oU,dz + J. €y 'U/,(Z)JUA[dZ
0

=1 0 J

(A.8)

L N L L
[ (o6, -U," @)+ 56, .U](z))(SU;’dz}+%jv”(z)5v”dz+bjhbjw’ (2)OW'dz
0 0

\]

where we have used the fact that ¢, = ¢, for£0, 1, or 2. The terms containing U, and W'

must be integrated by parts once while the terms containing SU," and W " must be integrated

twice by parts. Performing these integrations, the expression for I, becomes

m _‘-i Cy UJ(Z)'F;CJA'UIH(Z))é‘UAdZ
0

J=1

+i(|: c, - U' , (20U, ] j c, U"(z)5U dz}
+Z[

UJ” (Z)+ 1CI\J 'U/(Z))EU’\I ]: _[(0% .UJ”I(Z)_’- 1CA1 'U/I (Z))&Uk jI: (A,9)

L
j U ")+ e, U "(2))8U, dz

1=l o
Ehb

> =—[v"(2)6v ]—%[v’”(z)&\/}%iv””(z)a‘mz

+Ehb[w’ (2)5WJ - EhbJL'W” (2)0Wdz
0

Factoring &U, , 8U, , and SU] reduces the expression to
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0

+ i(ocb'U}"(Z)"'SCI\J'U/(Z))&UI\I} J (A.10a)
Ehb’ n s ERb’ m Ehb’ i
+T[V (2)6V ]O— [V ()5\/] il jv (2)6Vdz
+Ehb[ W' (z)b‘W]; - Ehbjw” (2)6Wdz
0

in which we recall the definitions 2.13b-¢e

R P
oCy = m»!ﬂw,(s)w, (s)ds (A.10b)
¢, = 6(11%1) ;j:l/f (), '(s)ds (A.10c)
26y = %5:]: v, (s, "(s)ds (A.10d)
<, =va?f——fw @, "(s)ds (A.10¢)

A.3 Variation of the Load Potential due to Volumetric Loads

The expression for the work due to a volumetric load, as given by Equation 2.17, is

L7 N
f(z (U (z)f,(z)+U,'(z)m,(Z))+V(Z)p\(z)+V'(z)m\(z)+W(z)p-(z)}/z (A1)
0

=1

The variation of the load potential is then

= oIl oIl a1l oIl
al,=> | —26U, +—=26U,' L —L6V+—Lov!
? Z[ 8UA’ ‘ )Jr aw Ty Ty A

= J.[ (r,(z)5UA +m,(2)0U,’ )+ p(2DV +m (2)6V' +p (:)5WJ(IZ
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The terms containing dU," and 6V " need to be integrated by parts. Performing the integrations

yields

mD = J-(Z(tL (Z)_mkl(Z))éUk +(ps(z)—msl (Z))§V+pz(z)§W)dZ
0 :zl L (A.13)
+[ mk(z)5U‘} +[ms(2)5V]§
k=1

0

Since loads applied to the ends will be considered in Section A.4, all volumetric loads (including
my(z) and m,(z) ) can be assumed to vanish at boundaries z = 0 and z = L. The last terms of
Equation A.28 can therefore be dropped and the variation of the energy from the distributed load

becomes

al, =

& by

(Z(rk(w—mk’(z))aw +(p,(2)-m,(2)) 6V + PZ(Z)5Wja'Z (A.14)

k=1

A.4 Variation of the Load Potential due to End Loads
The expression for the work done by pressures and tractions applied to the end z=0and z = L, as

given by Equation 2.19, is

N
I1, ZZ(OT. ~U:(Z)I;:0+0M, .UII(Z)|::0)+ P, .V(z)|:=0+ oM, .V'(Z)|::O+ P 'W(Z)l::o
" (A.15)
(T U@+ MU @)+ PV MV )|+ P W),
1=1 ) )
The variation of the load potential is then
N
M, =Y( 78U, ()|, +oM, -§U,'(z)‘_=0)+ WP SV + M8V ()|

=1 N <
N (A.16)

(76U, + M, 80U )| )+ RSV, + M SV )|
+

=1
o '§W(Z)|;:0 +, P '§W(Z)|;:L
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A.5 Equilibrium Equations
The variation of the total potential energy, I1, is

Al =¢6(I1, —11, -T1,) = A1, -d1, - dl, (A.17)

At equilibrium, the variation of the total potential energy is zero. Setting JI1 to zero and using

Equations A.10, A.14, and A.17 a to express JI1 in terms of the generalized displacements, one

obtains

i
U/ (2)+ SCLJU/

N
-{Z(—Qc U,"(2)+,¢,U,'(
J=t
N
+{Z( CUUJ”(Z)-'_ Cy J(Z>
=
L ~ 3
+J' I:lhzb V”"( )— (ps(z)_msl
0
3
_{ Eh2b V”’(Z)—i-LP‘)é‘V}
I =L
3
{ E}’f v"(z>—LM‘)5V’}
L -
gl

where ¢, = ¢, +,c,— ¢, and

(EnbW" (2)+ p (2)) SWdz +[(Ehbw’(z)—

")+ ,,U, ()~ (1 (2)-m{ (2))) U, dz

z)—LTk)é'Uk} {

. )5U[LL {

(z)))ﬁvdz

N
S (= U," () + ,¢,U," (2)+ T, ) SU

J=1

N
Z(OCUUJ” (2)+ 3C’\}UJ (2)+ OM‘ )5U"’

J=1

hb} m
(o],
_H Ehb’

<=0

P YW ] [ (EmW )+ ,P)oW ]| =0

7Clj - CU—1C

, - Since U, , 6V ,and oW are arbitrary, their

coefficients must vanish. The governing differential equations for the system are therefore

Z( CA/U/”II(Z)+ CAIL]JII(Z)-+_ZC’\JU/(Z)):tA —mkl (A-19a)
Elhg V") = p(2)-m(2) (A.19b)
ErbW" (2)=-p (2) (A.19¢)
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and the boundary condition equations for the system are

N
S (=oc,U," (D+,¢,U," (L) =T,

-

Z (_OC‘!UJ”] )+ 7CA;U/I (O)) ==,

i(OCKJUJH(L)+3C U (L)): LMA

(Y

= vi(Ly=-P
%v’”(())_ WP
%V”(L): M.
%V”(O)z—oM\

ERbW'(L)= P

ErbW'(0)=—,P.

or

or

or

or

or

or

or

or

or

or

SU(2)|._, =0  (A.20a)
SU ()|, =0  (A.20b)
sU' (2| =0 (A200)
su,’ (z)|:=0 =0  (A.20d)
V(2)|._, =0 (A.20e)
8V (z)|._, =0 (A.201)
V'(@|_, =0  (A20g)

SV'()|_, =0 (A20n)

SW(2)|_, =0 (A.201)

SW(2)|., =0 (A.20))

Equations A.19a and A.20a through A.20d must apply to all U, (z) from k =1 to k = N . For the

boundary condition equations (Equations A.20) one must choose either the equation on the right

or the equation on the left depending on the physical boundary conditions. Equation A.19a can

be expressed for all k as

0Crxn 'U]V(Z)Nxx 5 Cun 'U"(Z)Nxx + 5y - U@ g = U(2) g -m' (D nsa (A.21)
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APPENDIX B - VARIATION OF STRAIN ENERGY FOR A DEEP PLATE

The purpose of this appendix is to derive in detail the field and boundary equations for a single

deep plate. This section uses the coordinate system and symbols introduced in Chapters 2 and 3.

B.1 Variation of the Strain Energy

The expression for the internal strain energy (Equation 3.7) is

= I[ZZ a, W' (W ()+2,a, - W (2)V, (2)+,a,-

J=1 =l

W/ (W) (2)

+Zzza VIV (D) + .0, W, (W, (2)+25a,- W, (2)V/(2)

J=1 =1

J=

1

1

3V
=1

o

(B.1)

+> > ,c,U, (U, (2)+ ,c,U" (U, (2)+2,¢,U," (U (2)+ ,¢,U," (U "(z)jdz

Using Equations A.1 and A.4, we can differentiate Il with respect to the generalized

displacements

o 1S (10, )Y/ 200,)
L 0 J=!
M, 15
e[S w0 2
0 =l
o, 17 /

_ = + , W/ (Z)+2 P ,( )
aW‘/ 2_[;(( a, UGA) 1Ay )
325 :%Ji((zcﬂ\+’_’CA/)U/(Z)+2?C/AUI”(Z))(ZZ

L 0 =1
M 1FS ey )00

o /=

oI, ¢ /
_SZE'([Z((ZCIU+3aﬂ)v/(z)+2laﬂw/ (Z))dZ

(B.2a)

(B.2b)

(B.2¢c)

(B.2d)

(B.2e)

(B.2f)
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ol 1¢&
au’s’ =212 ({0 +00, U @+ 2,60, () 2 (B.2g)
& 0 s=1

The variation of the strain energy is

N
A1, :Z[ans SU +a&§ul+ ol SuU ! +aH5 Y% +a&éu/ +ans ov' + ansl JVVII) (B.3)

Z\ou, ' oUu' " ou" ' ov. ' oW ' oV ' oW

t

Using Equations B.2 to express the partial derivatives we have

aL =33 ||

A=t ;=1

l\/ /(Z)+l JAWJI(Z))(SVk-'_( (Z)+ a WJ(Z))WKI

k/ J

S oy 1~

B4

2C

U, () +,¢,-U,"(2))8U, + ¢, U'(2)8U ] dz

A

(2
(sa,W (2)+5a,V ()W, +(,a,W/ (2)+ ,a,V (2)) W,
(
(

OCA/ UJ” (Z)+ 1ij 'UJ(Z))EU’\” )dz

where we have used the fact that €, = (€, if£1s0, 1, or 2 and a, =4, if£1s 0,2, 3, or 4.
Integrating once by parts the terms containing SU,", 6V, and W' and twice the term

containing 6U,” , we have

on,=33

N
A=1 j=I

L
[I —a V() +a, W (2)+ 2ak,V/(z))é‘dez
0

L
+[(oa, W) (D)= ¢,V () + ,a,W,(2)) W, dz

0

[ B.5
+j o€y, 'Uj””(Z)-i' $C, "U,II(Z)+ 2C, 'UJ(Z))é‘UAdZ (B.5)

0

(
+ (KaAj'V)I(Z)"'ﬁa,A'WJ(Z))WJ]i—'_[(OaM W}'(z)—}—‘ak’ VJ(Z))W’](L)
(

+ “oCy U,III(Z)+7CA/'U/I(Z))5UA:|:+[(° Gy ”(Z)+ Wy v ( )) J(I))

where expressions for and ,a, are provided in Equations 2.13 and 3.7.

\l/ 71/’
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B.2 Variation of the Load Potential due to Volumetric Loads

The expression for the load potential due to a volumetric load, as given by Equation 3.10, is

I, = [ 3 (V.(2)p, () +W,(2)4,(2) + U, (2)1,(2) + U, (2)m, (2) dz (B.6)

1=1

The variation of the load potential is then

N
a1, Z
A=

0

Dau aD(SU aDma DSV,
aU’ oW, v,

IZ 1 (z)5U +m, (z2)0U," + p, (2)6V, +qk(z)5W) (B.7)
0 A=

The term containing U, ' can be integrated by parts yielding
L

al, = J.Z( t (Z)—mkl(z))5Uk+Pk(Z)5VL +qk(z)§WA)dz+[ka(z)§Uk} (B.8)

k=1 0

Since loads applied to the ends will be considered in Section B.3, all volumetric loads (including
my(2)) can be assumed to vanish at the boundaries z = 0 and z = L. The last term of Equation B.7

can therefore be dropped and the variation of the load potential becomes

dal, = fﬁ:( (1. (2)=m () 0U, + p, (2)V, +q,(2)0W, ) dz (B.9)
0

=

B.3 Variation of the Load Potential due to End Loads
The expression for the work from pressures and tractions applied to theend z =0 and z = L, as

given by Equation 3.12, is

M=

I, = (UT’.U,(Z)L:O+OM,AUI/(Z)|_=O+ P +OQ,-vv,(z)|::0)

(B.10)

M=

+ (LT: U, ()|, + .M, 'U:I(Z)LL +, PV +,0 W) )

1
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The variation of I, is then

N
T, = Y ( T 8U, (), +oM,-8U, ()], + BV, (2)| y + 00, - W,(2)]
- (B.11)
(T80, (D), +,M,-8U, (D) |+, B8V, (2|, + .0 - oW, (2, )
1=1
B.4 Equilibrium Equations
The variation of the total potential energy, I1, is
Al=d1, -dl,-adl, (B.12)

At equilibrium, the variation of the total potential energy is zero. Setting it to zero and using

Equations A.5, A.9, and B.11 to express Il in terms of the generalized displacements we get

k=1 j=

0= Z[I[Z( s V' () +a, W/ ()+,a, j(z)) pk(z))ﬁ\/jdz

~

+.[ Z(UGUWJH(Z)— & j(Z)‘*‘ 4 J(Z)) QA(Z)JéWJdZ
o\ y=

~
Il

+I YNL( UM (@) +5¢,U " (2)+ CAJUJ(Z))—(tk(z)—mA’(z))]é‘U‘dz

~

N T N
* Z(1‘lkjvjl(z)+ ﬁa/AWJ(Z))_LB\JWJ +}i[Z(OaUW}](Z)+|aljvj(z))—LQk)§WJ:|

~

_ (La,V'()+ a/AWI(z))+0PA)5VI —[(Z(O a, W' (2)+ ,aV (2))+ OQA)éW/:'

= J=

z

~

.

N N
+HZ(—OC U " () ,c,U, (D), jau } {([ZO% (D) + 50U (z)j A](SU"}
—H[i—ocMU/”'(zH U, (z)]+ T, ]5UA} ~l:{[iOCA/U "( ,)+gcA,U/(z)j+0MA}5UA’}

-=L

-=0
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where a, is defined in Equation 3.15b. Since the variation of all the displacement fields are

arbitrary, their coefficients must vanish. The governing equations for the system are therefore

> (oc U, @+ e U, (2 + 16U, (D)) =1, (2) = m] (2)

~

Z(_?akJVJ” (Z)+ Ga/KWJI (Z)+ Zakjvj(z)) =P (Z)

~

M=

~
]

and the boundary condition equations for the system are

N
> (=oc U, (L) +,c,U) (L)) =T,

~

Z(—OCI‘IUJ[” (0) + 7ijU/I(O)) ==l

~

N
Z(OC‘/U/II(L)+ ’%C/\/UJ(L)) = .M,

~
Il

N
Z(()CK/U/” O+ 1CA;U/(O)) =—oM,

~
Il

M=

(va,V/ (L)+,a,W (L))= P,

T

i(*a’\/vll 0+ ia;AW; (O)) = _OPA

j=

Z(‘)a‘/W/I(L) + IaA/v/(L)) = LQA

i(oamw/l(OH 1%‘/,(0)) ==

J=l

(oaAjW/” (@) 6akjvjl (2)+ 4a/\jW] (Z)) =4 (2)

or

or

or

or

or

or

or

or

(B.14a)
(B.14b)

(B.14c)

oU(2)|_, =0  (B.15a)
SU,(2)|._, =0 (B.15b)
§Uk'(z)|:=L =0  (B.15¢)
SU' ()| _, =0  (B.15d)
V(z)|._, =0 (B.15¢)
V(2)._,=0 (B.15f)
W (2)|_, =0 (B.15g)

SW(z)|._, =0 (B.15h)

Equations B.14 and B.15 apply to all U, (z), V,(z), W,(z) from k=1 to k =N . For the

boundary condition equations (Equations B.15) one must choose either the equation on the right

Department of Civil Engineering
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or the one on the left depending on the physical boundary conditions. The field equations can be

collectively expressed in matrix form as

0Cnxn 'U]V(Z)le + 5Chn 'UH(Z)le + 2 Chn 'U(Z)le = t(Z)le -m' (Z)le (B-l6)

@l 01(vi)" [ 0 !all{vi}] [.al0 {V(@} {p(z)}
B [ s - = B.17
{0 ;oanm} J{—sa | OH{W&)} o allwel  law B0
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APPENDIX C - VARIATION OF STRAIN ENERGY FOR MULTIPLE DEEP PLATES
The purpose of this appendix is to derive the field and boundary condition equations for the deep

plate formulation. This section uses the coordinate system and symbols introduced in Chapters 2,

3, and 4.

C.1 Reduction of the Strain Energy
In this section, we will eliminate the redundant generalized displacements from the expression of

strain energy. From Equation 4.6, the strain energy can be written as

1k
I = EJ-(A(Z)ITXBNK “o@snank A3k +A](Z)lr><3NK L ETVaRy 'AI(Z)zNle
0

C.1
+A"(Z)£<1NK L PR 'A"(Z)wkxl +2AI(Z)IT>GNK 3 veank A (D g D

+2A" (Z)lTx%NK “avoank - A(D3nka )dZ

We will define | ,d d d and ,,d

LETNXN > 2,8 Nx(3NK-N)> 3L (3NK-N)XN

(£=0,1,2,3,4) such that

(N NXOANK-N)

|
__d _______ _]I___d _________ = odyngink (C.2)

3L BNK NN : 4N NIXOINK=N)

An expression for the redundant displacements, A(z) in terms of the non-redundant

(ANK-N 17

ones, A(z) follows from Equations 4.7 and 4.8d:

(3NK-NxI’

A(Z)HNK—N)XI = %E-'(WK NIXN 'A(Z)an (C.3)

Using Eq. C.2 into C.3, after some algebra the term A(2)}, .. - o@svenine - A(2)snrg DECOMES

A(Z)Zkal odwkxwk ’A(Z)WKX[ = A(Z)Z/x] oaNxN 'A(Z)le (C.4a)

in which
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T
+ 20d1\7x(3NK—1\7) ’ 3§(3NK—1\7)><1\7 + 3§I\7><(3NK—1\7) ’ 3,0d(3NK—N)x/~'/
(C.4b)

) §(3NK—N)><N

o = 10855
3 ed . .
Nx(3NK-N) 407 (BNK-N(3NK-N) 3

NxN
INKX3INK 2d3NK><3NK ’

Similar manipulations can be performed to the terms of Equation C.1 (i.e. ,d

3@ vksank » and ,dy, o) in order to eliminate the redundant degrees of freedom from the strain

energy.

C.2 Variation of the Internal Strain Energy
Once all the redundant displacements have been eliminated, the strain energy will have the form

- ~ ~ < =
=_.[ A@ys oy AR, + AN (D), 1y AN (D),
(C.5a)
A"(Z)IXN 2 NxN A"(Z) 2A (Z)lxN 3 A(Z)le
+2A"(2) b 'A(Z)le)
ILNI\-/~~~ N N NN~~ <
ZEJ ZZOdUAI(z)AJ(z)+ZZ !(2)A!(2)+ ZZ. d,A"(2)A) (2)
o\ J=l = == =1 =
NN - N8 . (€.5b)
+22:,Z|: d,AN DA ()+2).) d Al (2)A, (z))dz
=t = 7=l =l
Differentiating I1; with respect to the generalized displacements one has
(C.6a)

JA ()+2,d A (2)+2,d, A" (2)

i A (C.6b)

(C.6¢)

The variation of the strain energy is

University of Ottawa
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YoM, .~ oIl .-, oI, .-
Al = S 5A +—=S8A"'+—55A ”) (C.7)
s ;)[ 0A, ' 9A' ' 9A" ?

From Equations C.6 by substituting into Equation C.7 one has

a1, =35 (oA, () 1, A0+ A ) A, +(,d, A0+ 14, A, () 53

(Y]
k=l y=1

D>l

(,d,A," ()+,d,A () 54! )dz

where we have used the identity ,c?,] = (c? , for£is 0, 1, and 2. Integrating by parts the terms

containing §A’, and SA” , one has

N N (L - o - N
Al =ZZ[I (,d,AY (2)+.d, A" (2)+ (d,A! (2)+,d,A" (2)) 5Adz
A=t =1\ g

(4, A" @ +,d, A )+ d, A, (0) 64, | (C.99)

‘: [V}
+[ (,d,A"(2)+,d A () 64! ] )

where

ﬁd:/ = 4dl/ + 4&11 - Iju (Cgb)
6d~11 = "ﬁdNU + 3d~jl (C9C)
C.3 Variation of the Load Potential
From Equations 4.12 and 4.13, the variation of the load potential is
L ~ ~
M, = [(o f ()], - 6AR), + . f ()] -6A1(2),,, ) dz (C.10)
0
and
a1, = FT 5A(Z>N~x.‘ _+,GT A (z)le‘__U
R ) (C.11)

IXN IxN

+.FL, -0A(),, |  +.Gl, 6A'D

NXI|. -4
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where we have neglected the boundary terms in Equation C.10.

C.4 Equilibrium Equations
The variation of the total potential energy, I1, is

M =1, -1, -1, (C.12)

At equilibrium, the variation of the total potential energy is zero. Setting it to zero and using

Equations C.9, C.10, and C.11 a to express M1 in terms of the generalized displacements, we get

>l [Z(zék,il,’”(m d Al (2)+ (d,A] () + dA,A,”<z>)—of,<z>+.ﬁ'(z)}é&dz

+ Z(—QJLJAJIH(Z)+7(2AJAJ’(Z)+ dA, j(z))— F)é‘AA}

z=L

+ Z(zéA,A;'(Z)+4JA]AJ(z))-L@)&i{} (C.13)

_ i( A/A;”I(Z)+ d A ()+.d A,(Z))+0E\)5AA}

=0

N —~ o~ -~ -~ o~ -~
_ Z(szjAJH(Z)+4dA/Aj(z))+0G‘]5/&"} =0
=0

Since 51:\A are arbitrary functions, their coefficients must vanish. The governing field equations

for the system are

D=

(,d,AY (2)+ . d, A (2)+ (d Al (D) + ,d, Al (D))= o (D)= (2) (C.14a)

t

~
i

and the boundary conditions are

Z( ‘/Ajll(z)+7gA/A;(Z)+ dkf J(Z)) or 5UA(Z)I_-=L=O (C.14b)

7=l
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Z( Am( )+, d A (z)+ dL, J(Z)) or 5UA(Z)L 020 (C 14¢)

\.

> (.d,A" )+ ,d,A ()=, or U2 =0 (Cl4d)

.

Mz

(,d,A"(2)+,d, A (2))=-,G, or SU/(D)|_ =0 (Clde)

“~

The equations apply for every k from 1 to N For the boundary condition equations (all the
equations except C 14a), one must choose either the equation on the right or the equation on the

left depending on the physical boundary conditions The equations can also be collectively

expressed 1n matrix form as

ZdeN A]V(Z) N><N AH(Z)NX] N><N ‘A](Z)le-'-0 NXN A(Z)NXI (C 153‘)
Zof(Z)le_nf (Z)le

e A" @)y * ol Az =%,G (C 15b)

_ZaNxN A"](Z())le aN><N A (ZO)NXI ~N><N A(Z0>N><l :iZ»Fle (C 15C)

where the plus sign 1s associated with zo = L and the minus sign with zo =0
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APPENDIX D - EQUILIBRIUM EQUATIONS FOR MULTIPLE NARROW PLATES
The purpose of this appendix is to derive the equilibrium equations for multiple interconnected

plates. This section uses the coordinate system and symbols referred to in Chapters 2 and 4.

D.1 Variation of the Strain Energy

The strain energy for a set of connected narrow plates is (Equation 4.15)

1 L N N
M, =— {22 (.60,0,@+ &0/ U, @+:6,0,@0," 2)
0o D.1)
+,6,0,"(2)U " (2)) a’z+jzd U "(2)-W' (z)dz+jd (W (z))
o =l
Differentiating Equation D.1 with respect to the generalized displacements, we have
o, 17
= [ 3 (16, +,6,)U,(2)+2,6,0," (2))dz (D.2a)
aUA 2 0 J=
aHS 1 r ~ ~ i
— == ¢, + ¢, U (z2)dz (D.2b)
aUAI 2_([;(1 sk A/) 7
aHS 1 cy - ~ ~ o ~ 4 i Y4
e ZEIZ((OQA +46,)0, (z)+2}cAjAj(z))dz+JAdk W (2)dz (D.2¢)
A 0 /= 0
o, & p
=[>4,-0, (z)dz+j2d W' (2)dz (D.2d)
aW 0 J=l
The variation of the strain energy is
I1, I, I, _
a1, Z oU, —* ‘ +6U," /9 +6U," LU W al?s, (D.3)
aAA 8AA BAA” ow

From Equations D.2 by substituting into Equation D.3
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L

N ~ -~ ~ ~ ~
+ (=48, U,"(2+,8,-U,(2)) U, —d, ~W"(z)5UA}
0

-y : (D.4)
+ Z(OE‘,-Uj”(z)+35A,U,(Z))&jﬁdk-W’(z)wq ]

0

—_[[2dWW"(z)+ZN:dI ~ljj"'(z))é“Wdz+M2d“W'(z)+id} U (z))aw}
0

J=1 J=1 0

D.2 Variation of the Load Potential

From Equations 4.16a and 4.16b the variation of the work from applied loads are

a1, = J‘[i(ﬁ(z)—nﬁ,’(z))&], +p, (Z)'m(z))dz (D.52)
éTIB: ZZ(.‘)f,'é‘U,(Z)’_T +:()M,'§U,I(Z)‘_=_ )+ mP" §W(Z) B (DSb)
9=0 o=l o R o

for the distributed and boundary load.

D.3 Equilibrium Equations

Using Equations D.4 and D.5 we can express the variation of the total potential energy
Al =dl,-dl,-dl,

= Z(I[Z(o@, _Ujlv (2)+ 56, .(]III(Z)-{- .Gy, '0/(2))+dA .‘,f/m(z)—fA (z)+m] (z))é‘l]kdz
A=1\ g\ =l

!

(—OEA,.0/"’(z)+75“-U/’(z)—dAW"(Z))ﬂj‘} ->[. B0, |

0 =0

M=

~
]

L

(v6, U," ()46, U, (2)+d W' (z))ﬁ]*’} -3 M 60!

0

+
D=

Department of Civil Engineering University of Ottawa
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~ j (2dwu7” (2)+>.dU"(2)-p, (z)]éWdz
0 7=
+H2dwu7’(z)+Zde]"(z))5W} =YL P oW ()]

=24
0 : _(I)‘
o=

Setting JI1 to zero for all arbitrary variations of the field variables, we can extract the field

equation for W(z) :

17 i 1 1 N oI
/4 (Z)ZE[IJZ—(Z)_Z{"Z‘{"U‘ (z)) (D.7a)

w

We can also express the other derivatives of W(z)

17 ] [ o T U
W'@)=— [ [P ()= d,-U, (z)]+C (D.7b)
o 1l I({p I(Z) 1< v
= |2 Ng U
W' (2) 2( o dﬂ; U, (z)) (D.7¢)

where C is some constant that can be determined from the boundary conditions. The load
boundary condition equation at z = 0 associated with W (z) can be extracted from second last line

of Equation D.6:

N o~
2d W' 0)+Y d U " (0)+,F, =0 (D.8)

J=t

Using Equation D.7b to express W' (0) in terms of the other generalized displacements yields

0 N B N -
U p,(gXg-> d, U," (0)J+ 2d,C+>dU " (0)+,P, =0 (D.9)
0 A 4=

The A/ (0) terms vanish as does the integral of the distributed axial load. Equation D.9 then

yields
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c=_ob (D.10)

2d

w

Applying the boundary condition equation at the other end will yield the equation
L
[pu(2)dz=,P,+ P, D.11)
0

which is a statement of static equilibrium. In general, one cannot use the load boundary condition

at both ends. The displacement W (z) must be specified at one of the ends. The field equations

for the generalized displacements U ,(2) are

> (480" @+8 U @)+, U, () +d, - W" (=i (D) +m{ () =0 (D.12)

N
=

i

Using Equation D.7c to express W (z), expanding and grouping like terms we have

A .o dod -, . o i 3 4 ,
;([ocg“ oy ].Uj (2)+5¢,-U, (Z)+5ij-UI(Z))ZI‘(z)—mk(Z)—jp“ () (D.13)

13 W

The first boundary condition equation for U ,(2) 18

(=8, U, " (2)+ 16, U, () -dW" (z))=%+_ P, (D.14)

N
J=1

where the plus sign is associated with zp = L and the minus sign with zo = 0. Using Equation D.7a

to express W (z,), expanding, and grouping like terms yields

v o od d\ - L N
Z[_(OCA/_ ;d ])'U,”I(ZU)+7CI\/‘U/I(ZO)JZi-UPA (Dls)
J=1 W

where we have assumed that the distributed axial load vanishes at the boundary. The second

boundary condition equation for U/(z) is
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M=

(OEA/ 'U,”(Zo)"' 35Aj '01 (ZO))+dk 'WI(ZO) = izoMA (D.16)

-~
Il

where the plus sign is associated with zg = L and the minus sign with zo = 0. Using Equation D.7a

to express W" (z,), expanding, and grouping like terms yields

d ~ dL'd, 3 u ~ 77 [ Y d
& — =210 "(z))+ 46, U (z,) |=*| , M, - _P, (D.17)
;[[0 A 2dw J J 0 3%k J 0 0 A 2dw 0

where the plus sign is associates with zo = O and the minus sign with zp = L. Equations D.13,

D.15, and D.17 are equilibrium field and boundary equations for the reduced set of generalized

displacements U . (2). They do not contain W(z) and have the same form as the single plate

equations for U, (2).
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APPENDIX E - SYSTEM MATRICES FOR NARROW PLATE EXAMPLE PROBLEMS

The purpose of this appendix is to provide expressions for the ¢, , d,, 1(z), m(z), :077(1) and

0 M,(z) terms in the potential energy for angle of sections 7.4 and 7.5 and the I-beam of sections

7.6and 7.7.

E.1 Two plates Connected along One Edge

Figure E.1 shows two plates connected along one edge.

I

Fig. E.1 - Two plates connected along one edge

The first plate dimensions are b, <A XL, and those of the second pate are b, xh,XL,. The two

plates are joined at an angle € as shown. The plates are rigidly connected (i.e. welded or bent).
The coordinate system is such that 7, = z; = z. If the shape functions are taken from Section 7.3

then the continuity equations at the joint (Equations 4.2) become
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V(z) =tan(8)'U,(z) —sec(8)’U,(2) (E.la)
2V (2) =(cos(6) + sin(©) tan(8)) 'V, ()~ tan(6) U, (2) (E.1b)
U,(2)="U,(2) (E.1c)
W)= W@+ (5 V' 45,V () (E.1d)

E.1.1 Strain Energy
Using Equations E.1, we can eliminate V), V(z), 2U2(z) ,and 'W(z) from the expression

for the strain energy (Equation 4.4a). In this case, the vector of non-redundant generalized is

0.}, ={U. 1.0 . U Uk U Ve .. Uy}, — E2

By substitution of Equations E.1 into Equation 4.4a one has

L& , | |
:_2—.([2]2'( Cu+82,/'zcr7+612 2C /) U,(2) U/(Z)
P
+(|CU+52, 1€ 2 +8,,2' 2, )U (Z)U (2)
+2(C+62,~;c,.z+6,2~3 )'U.@'U (2)
+(gc, +8,, 20, 48,4 0e,, ) U (2 )U”(z))

%jzﬁ( ¢,"U(2)U () +7c,’U, ()U ' (2)+25c, U (2)°U " (2)
0

0 , UII(Z) U II(Z))

-(Ehb, (4625 +60bb, +3b7 )+ Exhoby ) ('U," () dz

(E.3)

: ~(E b} (46, + B6b,)+ b3 (3Ehb, + E,hb, ) ) (°U " (z))2 dz

K

L
il Jz (4Enb +6BE D, + B°b; (3Ehb, + Eib,))('U," (2)-°U" (2)) dz

L
+lj (4Ehb +6BE b, + B7b; (3Ehb, + E.hb,))(*U," (2)-'U," (2)) dz
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g B0} (0 @2 )

1 " I
—jEE,h]b, (b, + Bb) (U, (2)- W' (2)) dz

0

+£% (Ehb, + Ehb, ) (*W' (2) ) dz

from which ¢ , d, and d,, can be determined by inspection.

iy?

E.1.2 Load Potential
By substituting Equations E.1 into Equation 4.4b the reduced expression for the work done by

volumetric loads is

Up= Ii('U (2) ( t,(z)+6,,2-2r2(z))+ 'U,'(z)-('m,(z)+6,‘z-zmz(z)))dz

+Ii(2U,(Z)' %t (2)+ U/ (2)-*m(2))dz
0

(E4)

from which 7(z) and M (z) can be determined by inspection. Similarly, by substituting

Equations E.1 into Equation 4.4c we have for the work done by loads applied on the ends
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Ug=Y. i(( T8, X))+ (M 48, ML) U/ (2)

_2R+_lRﬁ AIPY+22PYﬁ
+Z % S0 1U|(Z)_ o 0 2U1(Z)
: (04 (24

(E.5)
+ZL( :()ZM\(Z)+ g“lMsﬁ'i' ;OlP: ﬁb[ +(Z)b2 j IU]I(Z)
=0 a 2
zy=L

_Z l(rzMY(Z)‘*‘ :1]M5ﬁ+ ;(IP; ,Bb| +b2 j ZU]I (2)
= A 0 ) 2
zp=L

+3 (P + 2P)W()

=0
=L

from which %f(z) and ZnJ\ZI(Z) can be determined by inspection.

E.2 I-beam

The cross section of the beam under consideration is shown in Figure E.2.

b
X
/

hlI — Plate 1 J—

h,

Plate 2

b,

h z:[ b Plaic 3 —t
| |
b,
Fig. E.2 - I-beam cross-section
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The upper flange, web, and lower flange have width b, by, and b; respectively. Their
thicknesses are A, hy, and h3. The plates are rigidly connected at right angles as shown. The z-
axes for each of the plates point into the page such that z; = z; = 3 = z. If the shape functions are

taken from Section 7.3 then the continuity equations between the web and the top flange become

V(2)="U,(2) (E.6a)
V(z2)=-"U,(2) (E.6b)
'U,(2)="U,(z) (E.6¢)
W)= W@+ 2V (2) (E.60)

Similarly, continuity between the web and lower flange yields

V(2)="U;(2) (E.7a)
V(z)=="U\(2) (E.7b)
U,(2)="U,(z) (E.7¢)
W)= WD-2 V'@ (E7d)

If we use Equation E.6b to express 'V (z), then Equation E.7b is only useful in that it yields

U (z)="U,(2) (E.7e)

which will allow us to eliminate ?U,(Z) in favour of 'U (z).
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E.2.1 Strain Energy
Using Equations E.6 and E.7 we can eliminate 'V (z), *V(z), V(z2), 'U,(z), *U,(z), *U,(z),

'W(z)and ‘W (z) from the expression for the strain energy (Equation 4.4a). In this case, the

vector of non-redundant generalized is

{0.@}={v, V,(2 ... 'U,(2) ...
i (2) U;(2) Us(z) *Ug(2) ... Uyp(2) (E.8)
U,(2) Uy(2) Us(2) V) - Uy},

IN-3)X(3N-3)

By substitution of Equations E.6 and E.7 into Equation 4.4a one has

+3,,3¢,,) U (2)'U (2)

1 L N N 1
U.S :EJ-ZZ((ZCU +82] 2C12
0N
+(1c, +8, 1, +8,, 10, )'U (D)'U,' (2)
+2(3'c,j +82!J . ;C,,z +95,, - :Cz,, ) lU,(Z)'Uj"(z)
+(gc, +8,, a6, +8,, 00, ) U (@'U," (2))de
+ljii((zc +8, le 48 . -le, +8, -l +0 ,- ¢ )ZU( YU (2)
> 26, 2, 2C62T0,27 26, 4, 26270, 47,6, A2 ,\2
o =1 =l
+(%CI/ +62 ;- IICI,Z +6:,2 ) IICZ J +64,/ ) :CIQ +6' 4’ 13C2 /) ZU'I (Z) 2U/[(Z)
+2(3¢, +8,, 16, 8,510y, T8, 1, +8,, 5, ) U (U, (2)
+(5Clj +62 (;CI,Z +6: 27 (;CZ,I +64 J ’ (;CI 2 +61 4’ (}CZ J ) 2U1”(Z)2UJ” (Z))dz (E'9)
+lj‘iﬁ:( 'ic "SU (Z)}U (Z)+ 3C KUI(Z)zU I(Z)+2 lC 3U (Z)KU ”(Z)
20/=1,=x 2%y ’ 7 17y i ] Iy [ J
+0]CU XU,”(Z) XUIH(Z))GIZ
1 ¢ b2 2
+§j3(35,h,b, + Eyhob, +3E1b,) (U, (2)) dz
0
1 ¢ Ehb’ E.hb. 2
+— I (2 555 (g0, dz
7!( LU @) =2 (U )
W () +(ERb, + Ehb, + Eib,) (W' (2)?)) dz

+jl(b2 (Eub, - Ehb)('U" (2)-
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from which ,¢, , d, and d, can be determined by inspection.

iy?

E.2.2 Load Potential
By substituting Equations E.6 and E.7 into Equation 4.4b the reduced expression for the work

done by volumetric loads is

i(('t,(mahl C1(2))'U () +('m, (2) 48, *my(2)) U, () dz

c!—‘(\
[
Ho
N

-+

Mz

(248, 6 (2)+8,, - '1,(2)) U, (2)) dz

i

Mz

+ (m(z)+6 mz(z)+6,‘4-3m2(z))'U,'(Z))dZ

Mz

+ Y (1)U, () + 'm(2)- U, (2))dz (E.10)

‘.a

+[(=2p,(2)- U ()+' p,(2)- U (2)+ ' p,(2)- U (2)) dz

+ [[ m, (z)+— p:(z)~'l)f(z)))'U,'(z)+'mx(z)~2U1'(z)+‘m\(z)ﬁU}’(z))dz

H (' P (D+7p.(2+ () W (2)dz

I
I
[
I
|
I

from which 7 (z) and 1 (z) can be determined by inspection. By substituting Equations E.6 and

E.7 into Equation 4.4c we have for the work done by loads applied on the ends

Uy =S 2 (748, 1) U+ M, 45, M,)'0 ()
=0 =1
o=L 122
+Zi((i? 8. [T +5,,-T) U(Z)) (E.11)

+Z Z(( UM 45, ML 15, ML) U (2) de
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FY (T U M, U () de

L < Hp I

b 2

from which :Of(z) and _%)]\;Il(z) can be determined by inspection.
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APPENDIX F - SOURCE CODE
The current method was implemented using the Mathematica programming language. Programs
were written to solve the example presented in Chapters 6 and 7. Included in this appendix are

listings of those programs. There are a total of 6 programs that individually model

¢ asingle plate subjected to in-plane loads (pages F- 2 to F-4),

* asingle plate subjected to out-of-plane loads (pages F-5 to F-7),

® an angle made of two narrow plates (pages F-8 to F-12),

® an [-beam made of three narrow plates (pages F-13 to F-17),

¢ an [-beam made of three deep plates subjected to doubly-symmetric longitudinal loads
(pages F-18 to F-22),

¢ and a box section made of four deep plates subjected to doubly-symmetric longitudinal

loads (pages F-23 to F-26)

The geometric and material properties are hard coded into the programs. These can be changed
and the program re-run to model different materials and geometries. The loading conditions are
also hard coded into the programs. As with the material properties, the end loads and boundary
conditions can be change by modifying the code and re-running the model. The number of shape
functions and the numerical precision used in the calculations are specified with the rest of the
input data. The programs can output a grid of displacements and stresses at specified coordinate
intervals, two or three dimensional images of the deformed plates, and stress contour plots. The
structure of each of the programs is the same. Figure F.1 is a flowchart showing the major steps

for the programs.
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Define Geometric and Material Properties

T

Define Shape Functions

Calculate System Matrices (¢; and ¢, ) from Input

L

Formalate and Solve Eigenvalue/Jordan Pecomposition Problem

Formulate End Load Vecter ]

y

l Solve Boundaryv Condition Equations

}

l Calculate and Save Equations For Displacements and Stress

y

\vf

Qutput Grids of Displacements and Stresses

!

\V4
| Output 2D and 3D Plots }

Fig. F.1 - Program Flowchart
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(» This program computers the displacements 1n a plate subjected to in-

plane end loads «)

(#+ Basic ainput =)

M=9,
Mn = 2xM,
prec = 15,

$MinPrecisaon = 65,

b = SetPrecisionl 0, prec},

L = SetPrecision|l 0, prec]

v = SetPrecasion[0 3, prec],

h = SetPrecasion[0 01, prec],

E;, = SetPrecision [200 X 10’, prec] ,

A= SetPrec;sxon{(l 0)/ (l—vz), prec],

G = SetPrecision{(l 0) / (2x (1 +v)), prec],

(» Shape functions =)
d[s] = {},
For[:. =0, 2 <M, 2++,
{¢», [s_1 = SetPrecxs;on[s‘, prec],

AppendTo[¢[s], 4.[s]]}]

(* System matrices based on shape functions »)

For[J. =0, 2<M, 2++4,

For[j =0, J<M, J++,

b/2

{‘;[1' 3} =A% ¢.[s] x¢,[s] ds,
2

b/

b/2
al1, 3] =Axvxj $.[s] x 6. [s] ds,
1 b/2

2
:21[1, 3] :Axf @, ' [s] x¢,'[s] ds,
b

‘2
/2

afa, 3] -Gx ¢ [s] xd;[s] ds,
3 b2
b/2
afi 3] =Gx b, [s] x¢,'[s] ds,
4 -bs2

/2
af1 3] :er ¢, ' {s] xo,[s] ds,
b2

?

alx 3] = (:[1, 3] -ala, 31)

al

n

Array[a:, {M, M}, 0]

al

Array[a, {M, M}, 0]

1

a2 = Array[a, {M, M}, 0]
2

a3 = Array[a, {M, M}, O]
3
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ad = Array[a, {M, M}, 0] .
4

a5 = Array [a, {M, M}, 0] P
5

a6 = Array[a, {M, M}, 0]:
6

b0 = ArrayFlatten{[{{~-a3, 0}, {0, -a0}}],
b5 = ArrayFlatten{{ {0, -Transpose[a6]}, {a6, 0}}],
b2 = ArrayFlatten{{{a2, D}, {0, ad}}];

Bl = ArrayFlatten[{ {IdentityMatraix[2 xM], 0}, {0, bO}}],
B0 = ArrayFlatten[{{0, IdentityMatrix[2xM]}, {-b2, -b5}}],
B3 = Inverse([Bl] BO,

(+ Determaine solution to SOLDE 2)
A - Exgenvalues[ N[B3, prec] ],
B = Take [Eaxgenvectors[ N[B3, prec] ], 2xMn, Mn],

B4 = ArrayFlatten|{(
{0, 0, 0, 0, b2},
{0, 0, 0, b2, 4 xb5},
{0, 0, b2, 3xb5, 12xb0},
{0, b2, 2xb5, 6 xb0, 0},
{b2, 1 xb5, 2xb0, 0, 0}
|3
P = SetPrecision[NullSpace[B4], prec],

ZeroEigen = Dimensions [P][[1]]

X(z_] = SetPrecision[0, prec],

vars = {},

For[:. =1, 1 $4xM-ZerocErgen 1++,
{%[2_] = X[=] + K, xTake[B[[2]], {1, Mn}] x *[[2]]xz,
AppendTo [vars, K,]}]

For{1=1, 1 £ ZeroEigen, 1++,
[Py = Take[P[[1]], {OxMn+1, 1xMn}},
P, = Take[P[[{2]] {1xMn+1, 2xMn}],
P, = Take[P[{2]], {2xMn +1, 3xMn}],
Py - Take[P[[1]], {3xMn +1, 4 xMn}],
P, = Take[P[[1]], {4xMn+1, 5xMn}],
X[z_] =X[z] +q.x (Po+P1xz +Pyx2” +Pyxz’ +Byxz’),

AppendTo [vars, q,] } ]

(*# Load vector )}
LoadV = ConstantArray([SetPrecision [0, prec], M},
LoadW —- ConstantArray|[SetPrecision[0, prec], M],

12
Forj{ai =0, 1<M, 1++, LoadV[[1+1]] = OxSet:PreCJ.sxon[J.h ¢, [s] ds, prec]]

b 2

Department of Civil Engineering University of Ottawa



143

For[i =0, 1 <M, 1++,

b/4

b/4 b/2
LoadW[[i+1]] = -1000 xSetPrecxsxon[J ¢.[s] ds -j é.[s] ds +j é.[s] ds, prec]]
b/4 b/4

b/2
Load = Join[LoadV, LcadW];

(* Solve boundary condition equations )
bl = ArrayFlatten[{{0, Transpose([a5]}, {al, 0}}1];
egns =
{
X[0] == ConstantArray([0, 2 xM],
-b0.X'[L] +bl.X[L] = Load / (Ey xh)
};

sol = Solve[egns, vars, WorkingPrecision - prec];

V{z_] = Take[X[z2], M] /. sol;
W[z_] = Take[X[z], -M] /. sol;

]

(* Streses and displacements «)

vis_, z_] =V[z].d[s];

wis_, z_] =W[z].¢[s8];
vis_, z_] =v[s, 2][[1]],
wlis_, z_] =wls, z][[1]];
B
Gz [8_, 2] = ° x (O, wis, z] +vx38,v[s, z]) /1073;
1-v*?
Eo
Os[8_, 2.1 = 2x(c'j,v[s, z] +vxd,w[s, z]) /1073;

1-v

(x Output grid of displacements =»)

TableForm[Table[Re[v([s, z] x1000000000])], (s, -b/2,b/2, 0.1}, {z, O, L, 0.1}]]
(+ NANOMETERS )

TableForm[Table[Re[w[s, z] «1000000000], {s, -b/2,b/s2, 0.1}, {2, O, L, 0.1}]1}]
(» NANOMETERS «)

TableForm[Table[Re[o,.[s, z]], (s, -b/2,b/2, 0.1}, {z, 0, L, 0.1}]] (» kPa =)
TableForm[Table[Re[o..[s, 2]}, (s, -b/2, b/ 2, 0.1}, {z, 0, L, 0.1}]1] (% kPa «)

(x Plots x)

scale = 100000;

ParametricPlot[{s + scalexv([s, z], z+scalexw[s, z]},

{s, -b/2, b/2}, {z, 0, L}, Axes - False]

ContourBlot {Re{o,, [s, 2}], {s, -b/2, b/2}, {z, 0, L}, ColorFunction - "Rainbow”,
Contours - Function[{min, max}, Range[min, max, (max-man) /10]]]

ContourPlot [Re[o.s{s, z]], (s, -b/2, b/2}, {z, 0, L}, ColorFunction - "Rainbow",

Contours — Function[{min, max}, Range[min, max, (max-min) /10]]}
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(* This program calculates the out-of-

plane displacements i1in a plate subjected to arbitrary end loads =)

~~ LinearAlgebra MatrixVan_.pulation

(* Basic input «)

M=11;

prec = 100;

$MinPrecision - prec - 25,

b = SetPrecasion[l.0, prec];
L = SetPrecasion{l.0, prec],

v = SetPrecision[0 3, prec],

h = 0.01;
E; = 200 x10°;
Eg Xh3
Ep = SetPrec:Lsion[——, prec];
12x (1-v?)

Afz_] = SetPrecasion[0, prec],

vars = {},

Iden = SetPrecision([IdentityMatrix{M], prec];
Zero = SetPrecision{ZeroMatrix[M], prec]:;
ZeroCol = Flatten[ZeroMatrax[1l, M]];

(x Shape functions )

Go[x_] = SetPrecision{l1.0, prec],
G, [x_] = SsetPrecision|x, prec],
G, [x_] = SetPrecision [xz ’ prec] H
G3[x_] = SetPrecision [x3, prec] ,
Gy [x_] = SetPrecision [x“, prec]
Gs[x_] = SetPrecision [xs, prec]
G¢[x_] = SetPrecision [xc, prec] ,
Gq [x_] = SetPrecaisaion {x7 . prec]
Gy {x ] = SetPrecision [xg, prec]
Gyx_]

Giof{x_] = SetPrecxslon[xw, prec},

SetPrecaision [xg, prec] ;

G[s_] = Take][
{Go[s], G1[s], Gz[s], G3[s], Gals], Gs[s], Ge[s], Gy[8], G3[s], Gy[s], Gio[s] }, M],

(* Load vector «)
F = ZeroCol,
For(i1 =0, 2 <M, 24+, F[[2+1]] - SetPracision|
+500xG,{-b/2] -0 O0xG,[-b /4] ~1000xG,[0] +0 0xG,[b/ 4] +500xG,[b/2], prec]]
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ad = Array[a, {M, M}, 0] '
a5 = Array [u, {M, M}, 0] ,

aé = Arxuy[a, {M, M}, 0],

b0 = ArrayFlatten[{{-a3, 0}, {0, -a0}}],
b5 = ArrayFlatten[{{0, -Transpose[a6]}, {a6, 0}}],
b2 = ArrayFlatten([{{a2, 0}, {0, ad}}],

Bl = ArrayFlatten[{{IdentatyMatraix{[2 xM], 0}, {0, bO}}},
B0 = ArrayFlatten[{{0, IdentatyMatrax[2xM]}, {-b2, -b5}}],
B3 = Inverse[Bl] BO,

(+ Determine solution to SOLDE #)
A = Eigenvalues|[ N[B3, prec] ],
B = Take [Ergenvectors[ N[B3, prec] ], 2xMn Mn],

B4 = ArrayFlatten]{
{6, 0, 0, 0, b2},
{6, 0, 0, b2, 4 xDb5},
{0, 0, b2, 3xb5, 12 xb0},
{0, b2, 2xb5, 6 xb0, 0},
{b2, 1 xb5, 2xb0, 0, 0}
.
P = SetPrecasion{NullsSpace[B4], prec],

ZeroRigen = Dimensions [P][[1]],

X[z_] = SetPrecision{0, prec],

vars = {},

For[l =1, 1 $4xM-ZeroEigen 1++,
{%12_] = %{2] + K, xTake[B[[2]], {1, Mn}] x e*[Bx11x,
AppendTo [vars, Kl]}]

For[:. =1, 1 £ ZeroEigen, 1++,

{po = Take[P[[1]], {O0xMn+1, 1xMn}],

P, = Take[P[[1]], {1xMn+1, 2xMn}],
P, = Take[P[[1]], {2xMn +1, 3 xMn}],
P, = Take[P[[2]], {3xMn+1, 4xMn}],
P; = Take[P[[2]], {4xMn +1, 5xMn}]},

X[z ] =X[z] +a x (Po+P1xz+Py;x2°+P;xz’ +Pyx2%),

AppendTo [vars, q,] }]

(* Load vector «)
LoadV = ConstantArray[SetPrecision{{, prec], M],
LoadW - ConstantArray[SetPrecision|[0, prec], M],

12
Forf{i1 =0, 2 <M, 1++, Loadv[[2+1]] =0 xSetPrec1sxon[f

i 7¢>1[s] ds, prec]]
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For[i=1, 156, i++,

{Po = Take[P[[i]], {OxM+1, 1xM}],

P, = Take[P[[i]], {1xM+1, 2xM}],
P, = Take[P[[i]], {2xM+1, 3xM}],
Py = Take[P[[i]], {3 xM+1, 4 xM}],
P, = Take[P[[i]], {4xM+1, SxM}],
Ps = Take[P[[i]], {5xM+1, 6xM}],

A[z_] =A[z] +q, % (Po +Py;xz+P; xz? +Py3x2’ +P, x 2* +P5x25),

AppendTo([vars, q.], }]

(¥ Solve boundary condition equations )
eqns =
{A[0] == ZexoCol,
A'[0] == ZeroCol,
Transpose([c7] .A'[L] ~cO0.A"'"'[L] == F / Ey,
c0.A''[L] + vyx Transpose[c3] .A(L] == ZeroCol};

(* Streses and displacements )

uls_, z_] =A[z].G[s] /. Solve[egns, vars];
uls_, z_] =Re[u[s, z]1[{1]11];

uls_, z_] =A[z].G[s] /. Sclvel[eqns, vars];
uls_, z_] =ufs, z][[1]];

By h

Ozuls_, z_] = - X —x (8,8, uls, z] +vx0,0,uls, z]) /10"6;
1-v2 2
Eo h

C..[8., 2] = - x —x (8, ,uls, z] +vx9, ,u[s, z1) /10*6;
1-v2 2

(* Output grid of displacements +)

TableForm[Table[Re [u[s, z] x 1000}, (s, -b/s2, b /2, 0.1}, {2z, 0, 1.0, 0.1}}]
TableForm[Table[Re [c,.[=s, 2]], {s, -b/2,b/2, 0.1}, {z, 0, 1 €, 0.1}]]
TableForm[Table [Re[o,, (s, 2]], (s, -b/2,b/2, 0.1}, {2z, 0, 1.0, 0.1}]]

(» Plots =)

Plot3D[uls, z], (s, -b/2, br2}, (z, 0, L},

ViewPoaint -» {1.0, 1.0, 1.0}, AxesLabel -» Automatac])
DensityPlot{o..[s, z], {s, -b/2, b/2}, {(z, 0, L},

AxesLabel » Automatic, ColorFunction - Hue, ClippingStyle 5 Automatic]
DensityPlot[o,, (s, 2z}, {8, -b/2, b/2}, (z, 0, L},

AxesLabel » Automatic, ColorFunction - Hue, ClippaingStyle - Automatic]
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(* This program calculates the displacements in an angle assembled from
two narrow plates of equal length subjected to arbitrary end loads )

(* Subroutine for asgsembling system matrices »)
MakePerp[Locml_, Locm2_, LocM_ ] := Mcodule[{Loc},
Loc = ArrayFlatten[{{Locnml, 0}, {0, Locm2}}];

Loc[[2]] += Loc{[LocM + 2]];
Loc[[All, 2]] += Loc[[All, LocM +2]];
Loc = Drop[Loc, {LocM + 2}, {LocM +2}]

(* Basic input «»)

M=2;
Mn =2xM-1;
prec = 100;

$MinPrecision = 90;

=z SetPrecision[l1.0, prec];

1

SetPrecision{5.0, prec];

SetPrecision[0.3, prec];

= 0.01;

E, = 200 x 10°;

Ep = SetPrecision[(Eo xh3) / (12 x (1 - vz)) , prec] ;

Dy = SetPrecision{(Eg xh), prec];

b
L
v
h

(* Shape functions +)

;'o[s_] = SetPrecision{l.0, prec];

ii [s_] = SetPrecision{s -0.5, prec];
bis) = {Jolsl, hilo1}:

3/0 [s_] = SetPrecision[1.0, prec];

i; [s ] = SetPrecision{s + 0.5, prec};
Vo1 = (¥o121, Ho1):

For[i =0, §<M-2, i++,

1 .
{dl“, [s_] = SetP:cecisj.on[s1 x (s8-~0 .5)2, prec] R

2
¥ .ls_) = Se\'.P.recis;i.on[s1 x (s +0 .5)2, prec] ,

1 1
AppendTo [4’[5] s Yaaz [s]] ’

2 2
AppendTo [tl/[s] ; ¥a.2 [5]]
]

(x System matrices based on shape functions «x)

For[k:l, k<2, k++,
For[i:O, i <M, b,

E‘or[] =0, J<M, J++,
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D/2 X

{etis 31 = | wisl=v,l=]ds,

° -b/2

. B/2 X

$la, 31 = | ¥, '[s1x¥;'[s] ds,
1 -b/2

N /2 K k
ri, 31 J ¥, ' [s] x¥, ' ' [s] ds,

2 -b/2

. B/2 k

clx, 31 = ¥, "' [s] x¥,[s] ds,
3 -bs2

For[i =0, L<M, i++,

For[j =0, <M, j+s,

{E:[i, 5] = vx&[i, 3] +vxels,
5 3 3

2 2 2
clz, 3] = vxc[i, j] +vxc[3,
s 3 3

c01 :Arzay[cla, {M, M}, 0]; c02
o

c21 :Array[é, {M, M}, 0; c22
2

31 =Array[<l:, {M, M}, 0]:‘ c32
3
1

51 = Array[c, {M, M}, 0]; c52
5

c71 = Array[é, {M, M}, 0]? c72
7

1

[2, 3] = (2x<1-v>x{:[i, 3 -vx s, 3],

i]-2x(1-v) xe[i, 31,
1

i]1-2x (1-v) xr::[i, j]}]]

2
Array[c,
[
2
Array[c,
2
2
Array[c,
3
2
Array[c,
5

2
Array[c,
7

1
cO[[1, 1]] += {“-‘— Xbﬂ.XDg/Eb;
3 8

3 8

11
cO[[M+1, M+1]] += [—-—]xb:’xDo/Eh;

1

4

1
eO[[1, M+1]] += [————)xbaxDo/Eb;
8

1 1
cO[[M+1, 1]] += [g—:

(» Solve SOLDE «x)

xbsxDo/Eb;

{M,

M,

(Ml

M,

{M,

M}, 0];
M}, 0];
w, o;
My, o]

M}, 0];

c0 = MakePerp[c01l, c02, M];
c2 = MakePerp[c2l, 22, M];
c3 = MakePerp[ec3l, «32, M];
c5 = MakePerp[c51, c52, M];

c7 = MakePerp[ec7l, c72, M];

ml = ArrayFlatten[{{c5, c0}, {IdentityMatrix[Mn], 0}}];
m2 = ArrayFlatten[{{c2, 0}, {0, -1.0 x IdentatyMatrax{Mn]}}];

m = SetPrecision[Inverse[ml].m2,

A =8qrt[-1xEigenvalues[m]];

B = Take [Eigenvectors[m], 2 xMn, Mn];

prec];
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m3 = ArrayFlatten((

{0, 0,0,0,0,0,0,0,0, c2},

{0, 0,0,0,0,0, 0,0, c2, 0},

{0, 0,0,0,0,0,0, c2, 0, 72xc5},

{0, 0, 0,0, 0,0, c2, 0, 56xc5, 0},

{0, 0, 0,0, 0, ¢2, 0, 42xe5, 0, 3024 x 0},
{0, 0, 0,0, ec2, 0, 30xc5, 0, 1680 x c0, 0},
{0, 0, 0, c2, 0, 20 xc5, 0, 8B40 xc0, 0, 0},
{0, 0, c2, 0, 12xc5, 0, 360 xc0D, 0, 0, O},

{0, c2, 0, 6xc5, 0, 120xcO, O, O, O, O},
{ec2, 0, 2xc5, 0, 24%xc0, 0, 0, O, O, O}

1.
P = NullSpace[m3];

ZeroEagen = Damensaions [P][[1]] /2,

Aflz_] = SetPrecision(0, prec]

vars = (]},

E‘or[l =1, 12 £2xMn-Z2eroBigaen, 1++,
{n1z_] =

Alz] +K, xTake[B[[1]]., {1, Mn}] xe*1}11X2 L g  xTake[B[[1]], {1, Mn)] x e ?{[4] xz,

AppendTo [vars, K,],
AppendTo[vars, K ,], }]

E’or[l =1, 1 £ ZeroEigenx 2, 1++,
{Po = Take[P[[2]], {OxMn+1, 1xMn}],
P, = Take[P[[1]], {I1xMn+1, 2xMn}],
P, = Take[P[[1]], {2xMn+1, 3 xMn}],
Py = Take[P[[1]], {3xMn+1, 4 xMn}],

P, = Take[P[[2]}, {4xMn+1, BxMn}],
Ps = Take[P[{2]], {5xMn+1, 6 xMn}],
Pg = Take [P[[1]], {6xMn+1, 7T xMn}],
Py = Take[P[[2]]}, {7xMn+1, 8 xMn}],
Py = Take[P[[1]}], {8xMn+1, 9xMn}],
Py = Take[P[[i]], {9xMn+1, 10 xMn}],
Alz_] -

Alz] +qxx(P0+P1XZ+P2XZZ+P3XZ3+P‘XZ‘+P5XZSQ-Psxzs+P7XZ7+PBX28+P9XZQ),

AppendTo[vars, q_.], } ]

(* Load vector «)
Fl = ConstantArray[SetPrecision[0, prec], M],
F2 = ConstantArray[SetPrecision[0, prec], M],

FOI{.‘L =0, 13 <M, L++,

1 1 1
Fi[[s+1]] = SetPrecxslon[—lOOOxwl[—O 5]1-0 Ox¢ [0 0] +0 Ox¢ [0 5], prec”

For[l 20, 1<M, 1+, F2[[1+1]] =

2 2 2
Setpreclsmn[o Ox¢, [-0 5] +0 Ox 4 [0 0] -1000x4y, [0 5], precH

F1[[2]] +-F2[[2]],
F2 = Drop[F2, {2}],
F = Joan[Fl, F2],
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(* Solve boundary condition equations )
eqns =
{A[0] == ConstantArray(0, Mn],
A'[0] == ConstantArray[0, Mn],
cO0.A''[L] + vyx Transpose[c3] .A[L] == ConstantArray({0, Mn],
Transpose[c7] .A'[L] -c0.A"''[L] ==F /E
}:

sol = Solve[eqne, vars];

(» Streses and displacements «)

Al[z_] = Take[A[z], M] /. sol;

A2[z_]
Join[ Take[A[z], {M+1, M+1}] , Take[A[z], {2, 2}] , Take[A[z], 2-M} ] /. sol;

ulfs , z ]=Bl[=]-$'[sli

u2f[s_, z_] = A2[z] .jr[s];
ulfs_, z_] =ulfls, z][[1]];
u2fs_, z_] =uw2{s, z][[1]];
vi{z_] = a2(z}1[[1, 1]];
v2(z_] = -al[2][[1, 1]} ;

temp(s_, z_] =

—Eo)(

b b
s x0,0,(v2[z]) - ;x@,c‘), (A1[=z][[1, 1])) + —x 9,0, (R2[z][[1, 1]])];
4

Eg h
X —x (0,0,u2[s, z] +vx3,0,u2[s, z]) -
1 -2 2

T2z [57, 27] = -

b b
Eo x [8X0,0= (V2[z]) - —x 0,0, (Al[z] [[1, 1]]) + —x 8,90, (A2[=z][[1, 1]]));
4 4

E;

i

x —x (0, ,u2[s, z] +vx3, ,u2[s, z]);
1-v? 2

cusls_, 2_]
{* Output grid of displacements and stresses =r)

TableForm[Table[Re [u2{s, z] x1000], (s, -b/2,bs2, 0.1}, {2z, 0, L, L/10}1]

(+ mm «)

TableForm[Table [Round[V2[z] x 100C, .0001), (s, -»/2, b /2, 0.1}, {z, O, L, L/10}}}]
(» mm «)

TableForm|Table[Re[o,,[s, z] /1000000}, {s, -b/2, b/2, 0.1}, (z, 0, L, L/10}1]

(* MPa x)
TableForm[Table[Re[o.,,[s, z] /1000000], (s, -b/2,b/2, 0.1}, (z, 0, L, L/10}]]
(x MPa )
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(» Plots =)
Plot3D[ul(s, 2], {s, -b/2, b/2}, {z, 0, L}]
Plot3D[u2([s, z], {s, -b/2, b/2}, {z, 0, L}]

scale = SetPrecision[10000, prec];

ulfs_, z_] = scale »uls, z];

u2fs_, z_] = scale xu2{s, z];

V1i[z_] = scalexV1[z];

V2[z ] = scalexV2[z};

ParametricPlot3D([{ (ul[s, z}, z, b/2-s8-V1i[z]},
{s+b/2+vVv2[z], z, u2{s, z]} }, {s, -b/2, b72}, {=z,

ulfs_, z_] =ul[s, z] / scale;

u2fs_, z_] =u2[s, z] / scale;

V1[z_] =V1[z] / scale;

V2[z_] =V2[z] / scale;
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(* This program calculates the displacements in an I-beam assembled from
three narrow plates of equal length subjected to arbitrary end loads «)

(» Subrxoutine for assembling system matrices =)

MakeW|[Locml_ , Locm2_, LocMl_, LocM2_] = Module[{Loc},
Loc = ArrayFlatten[{{Locml, 0, 0}, {0, Locm2, 0}, {0, O, Loeml}}],
Loc[[LocMl +2]] += Loc[[2]]:
Loc[[All, LoeMl +2}] += Loc{[R11, 2]];

Loc[[LocMl + 4]] += Loc[ [LocMl + LocM2 + 2],
Loc[[All, LocMl +4]] += Loc[[All, LocMl + LocM2 +2]],

Loc[[1]] += Loc[[LocMl + LocM2 + 1]],
Loc[[All, 1]] += Loc[[All, LocMl +LocM2 + 11},

Loc

Drop [Loec, {2}, {21],
Loc = Drop[Loc, {LocMl + LocM2 + 1}, {LocMl + LocM2 +1}],
Loc = Drop [Loc, {LocMl + LocM2}, {LocMl + LocM2}]

]

(» Basic input =)

M1l =4,

M2 =4,

Mn = M1 + M2 + M1 - 3,
prec = 100,

$MinPrecaision = 85,

b = SetPrecision{l 0, prec]

L = SetPrecasion[l0 0, prec],

v = SetPrecision[0 3, prec],

h = 0 01,

Eo = 200 x 10°,

Dy - SetPrecxsxon[(Eo x h3) / (12 B (1 - vz)) prec] ,

D¢ = SetPrecision|[(Eg x h), prec],

(* Shape functions =)

1
¥[s] = {1},

For[:. =0, 2 <ML, 1++,
1
{’I’, [s_] = SetPrecision [s‘, prec] ,

appendro[u(s], ¥,s1]}]

F
Y, ls 1 = SetPtec).s:Lon[Zx (L+s)x (0 5-5)°, prec]
2
¢ [s_] = SetPrecxalon[(s«yO 5) x (0 5—5)2, prec],
2
d,(s_] = SetPrecls:Lon[2 x (1-5)x (0 5+8)° prec],

2
¥y(s_] = SetPrecision[(s-0 5) x (0 5+s)?, prec],
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2 2 2 2 2
vs] = {¥o[21, ¥,[s], ¥2l=1, ¥sls1},

For[:. =0, 1 <M2-4, 1+%+,

2
{w“‘[s_] = SetPrec1sxon{s‘ x {8 -(.!.5)2 X (8 + 0.5)2, prec] N

Appenato[§(s1, b...01]}]

(+ System matrices based on shape functions «)

For[:. =0, 2 <M1, 2++,

For[) =0, J<Ml, J++,

b/2 g 1

{é[l, 1 = ¥.[s] x ¥, [s] ds,

0 b/2

1 /2 9 1

ef1, 31 = ¥, '[s]l xy, [s]ds,
1 -k/2

1 /21 1
:[‘Ll 3] =r “’;"[s]ij"[s] ds,

b/2
N /2y 1
el1, 3] =f v, " [s] =¥ [s]ds,
3 -b/2
1 1 1
clx, 3] = (Zx (1-v)xefa, 3] ~vxec[1, j])
7 b3 3

1

For[l =0, 32 <M2, 1++,

E‘or[] =0, 73 <M2, 3++,

2 b/2 g 2
{etz a1 = | wils)xv,ls1 a5,
3 ~b/2
2 b/2 2 2
Sf2, 3] = | W, '[s]x¥,"[s]ds,
1 -b/2
2 b/2 3 2
Sla, 31 = | ¥, [=] x¥, " [s]ds,
2 -b/2

b/2 2 2
j ¥, ' [s] ij[s] ds,

2
e[, 3}
3 -bs2

2 2 2
cl1, 3] = (ZX(I-V) xcfy, 3] -vxc[a, J])
7 1 3

1]

E‘or[l =0, 1 <M1, 1++,

For[j =0, 3 <Ml, 3++,

1 1 1 1
cfx, 3] =vxelz, j]+v><c[3,1]—2x(1-v)xc[1,j]”
5 3 3 1
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For[i =0, i<M2, i+e,

For[j =0, j<M2, 4,
2

2 2 2
e[, 3] = vxel[x, 3] +vxely, 1] -2x (1-v) xela, 31]]
5 3 3 1

c01

Array[::, {M1, M1}, O]; c02 =Array[12:, {M2, M2}, O]; c0 = MakeW[c01, <02, M1, M2];
0 0

c21 =Array[é, (M1, M1}, o],- c22 =Aruy[e’:, (M2, M2}, o]; €2 = MakeW[c21, €22, M1, M2];
2 2

o3l = Axray[é, (M1, M1}, o],- c32 Anay[é, (M2, M2}, o],- c3 = MakeW[c31, €32, M1, M2];
3 3

c51 = Arra é, M1, M1}, 0|; 52 = Arra é, M2, M2}, 0|; c5 = MakeW[c51, 52, M1, M2];
h 4 y
5 5

e7l = A:ray[é, {M1, M1}, O]; e?2 = Arruy[cz:, {M2, M2}, O]; e7 = MakeW[c71l, 72, M1, M2};
7 7

7 Do
cO[[1, 1]] += — xb®x —;
12 Dy
1 Do
cO[[M1, M1]] += — xb’ x —;
12 Dy
1 Do
cO[[M1+2, M1+2]) += — xb’x —;
12 Dy,

(* Solve SOLDE =)

ml = ArrayFlatten[{{c5, 0}, {IdentityMatrix{Mn], 0}}],

m2 = ArrayFlatten[{{c2, 0}, {0, -1.0 x IdentityMatrix[Mn]}}];
m = SetPrecision[Inverse{ml] m2, prec};

A = 8qrt[-1 x SetPrecision[Eigenvalues[m], prec]];

= Take[SetPrecision[Eigenvectors[m], prec], 2xMn, Mn]:

m3 = ArrayFlatten|{

{0, 0,0,0,0,0,0,0,0,c2},

{6, 0,0,0,0,0,0,0, c2, 0},

{0, 0,0,0,0,0,0, c2, 0, 72 xc5},

(0, 0,0,0,0,0, c2, 0, 56x¢c5, 0},

{0, 0, 0,0,0, c2, 0, 42xc5, 0, 3024 x a0},
{0, 0, 0,0, ¢c2, 0, 30xc5, 0, 1680xc0, 0},
(0, 0,0, c2, 0, 20 xc5, 0, 840 xc0, 0, 0},
{0, 0, c2, 0, 12xc5, 0, 360xc0, 0, 0, 0},

{0, c2, 0, 6xcb, 0, 120xc0, O, 0, O, O},
{c2, 0, 2xc¢5, 0, 24x¢c0, 0, O, O, 0, 0)
11

P = SetPrecision[NullSpace[m3], prec];

ZeroEigen = Dimensz:ons{P][[1]] / 2,
Afz_] = SetPrecision[0, prec];

vars = {},

E‘or[x =1, 1 22xMn-ZercEagen, 1 ++,
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{a1z_1 =
Alz] +K, x Take[B[[2]], (1, Mn}] xe? 11 y K  xTake[B[[2]], {1, Mn}] x e *[(21]x=,
AppendTo[vars, K,],
AppendTo[vars, K_i]}]
For[i =1, i 5 ZeroEigenx2, i++,
{Pc = Take[P[[i]], {0 xMn+1, 1xMn}],
P; = Take[P[[i]], {1 xMn+1, 2xMn}],

P, = Take[P[[i}], {2xMn+1, 3 xMn}],
P; = Take[P{[[1]], {(3xMn+1, 4 xMn}],
P, = Take[P[[i]], {4xMn+1, 5xMn}],
P, = Take[P[[i]], {5xMn+1, é xMn}],
Py = Take[P[[2]], {6xMn+1, 7TxMn}],
P; = Take[P[[i]], {7xMn+1, 8xMn}],
Py = Take[P[[i]], {8xMn+1, 9xMn}),
Py = Take[P[[1]], {9xMn+1, 10xMn}],
Alz_] =

Afz] +q1x(Po+Plxz+P2xzz+P3xza+P<x24+P5xzs+P5xzs+P7xz7+Paxze+P9ng),

AppendTo[vars, 4q,] }]

(+ Load vector )

Fl = ConstantArray(SetPrecisaon[0, prec], M1l];
F2 = ConstantArray(SetPrecision{0, prec], M2];
F3 = ConstantArray(SetPrecision{0, prec], Ml];

For[1 =0, 121 <M1l, 1++,
1 1 1
Fl[[2+1]] = SetPrec:Lsion[—0.0xd’x[—O.S] ~1000x ¢ _[0.0] +0 Ox 4 [0.5], p:ec”
For[l =0, i<M2, i+s, F2[[1+1]] =
2 2 2
SetPrec;s.x.on[O O0xy [-0.5]-0.0x¢ [0.0} +0.0xy [0 5], prec”
For[l =0, 2 <M1, 1++, F3[[2+1]] =

1 1 1
SetPrec1310n[0 OxW [-0.5]+0.0x%, [0.0] +0 0xy [0 5], prec]]

F2[[2]] +=F1({[2]],
F2[[4]] +=F3[[2]],
F1[[1]1] +=F3[{1]],

¥l = Drop[F1l, {2}];
F3 = Drop[F3, {2}],
F3 = Drop[F3, {1}],

F = Joan[F1l, F2, F3},

(x Solve boundary condition eguations )
eqns =
{A[0] == ConstantArray[0, Mn},
A'[D] == ConstantArray({0, Mn],
c0 A''[L] + vxTrarspose[c3] A[L] == ConstantArray([0, Mn],
Transpose{c7] A'[L] -e¢0 A'''[L] -~ F /D,
).
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sol = Solve[eqns, vars];

Al[z_] = Join| Take[A[z], {1, 1}] .,

Take[A[z], {M1 +1, M1 +1}], Take[A[z], {2, M1 -1}} }] /. sol;

A2[z_] = Take[A[z], (M1, Ml1+M2-1}] /. sol;
A3[z_] = Join[ Take[A[z], {1, 1}],

Take[A[z], {M1l +3, M1 +3}], Take[A[z], 2 -M1] 1 /. =ol;

(+ Streses and displacements )
ulfs_, z_] = Al[z] .:tr[s];
w2ls_, z_] = A2[z].¢[s];

u3[s_, z_] = A3[z] .:&[s],‘

ul[s_, z_.] =ul(s, =z][{1]];
u2[s_, z_.] =u2is, 2zJ{[1]1]);
ulds_, z_]) =u3(s, z][[1]]),

Vv3[z_] =Vv1l{z_] = A2{z} [[1, 1]];
V2[z_] = -al[z][[1, 11];

ufs_, z.] =ul[s, z];

Viz ] =0;
Ep h
Oz [, 2] = - X —x (8,0;u[s, z] +vx0,0,uls, z]) +Ey x (-5 x0,0, (V[z]));
1-4v? 2
Ep h
Osss_, z_] = - x —x (9, sufs, 2] +vx8; ,uls, z]);
1-v2 2

(+x Output grid of displacements and stresses #)

TableForm[Table [Re[u[s, z] x1000], {(s, -b/2,b/2, 0.1}, {z, O, L,

(* mm %)

L/10}]]

TableForm[Table[Round[V{[z] x 1000, .0001]}, {s, -b/2, b/2, 0.1}, {2z, 0, L, L/10}}]

(* mm %)
TableForm[Table [Re[o,, [s, 2} /1000000], {s, -b/2,b/2, 0.1}, {=z,

(+ MPa »)
TableForm[Table[Re[os, (s, 2] /1000000], {s, -b/2, b/2, 0.1}, {z,
(» MPa «)

(» Plots «)

Plot3D{ul(s, z], {8, -b/2, b/2}, {z, 0, L}]
Plot3D{u2[s, z], (s, -b/2, b/2), {z, 0, L}]
Plot3D[ul3([s, z], (s, -b/2, b/2)}, {z, 0, L}]

0, L, L/10}]]

0, L, L/10}]]
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scale = SetPrecision[0.5x 10°, prec];

ul{s_, z_] = scalerulls, z];

u2{s_, z_] = scale »u2(s, z];

u3d(s_, z_] = scale ru3[s, z];

Vi[z_] = scalexV1[z];

V2[z_] = scalexV2([z];

V3[(z_] = scalexV3[z];

ParametricPlot3D[{ (s +V1[z], z, ul(s, z] +b/2}, {u2{s, z], z, -s-V2[z]},
{s+V3[z), z, -b/2+ u3le, 21} }, {e, -b/2, b/2}, {z, 0, L}}

ul(s_, z_] =ul{s, z] / scale;

u2fs_, z_] = u2{s, z] / scale;

u3fs_, z_] = u3[s, z] / scale;

Vi[z_] =V1[z] / scale;

v2[z_] =V2[z] / scale;

Vv3{z_] =V3[z] / scale;
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(+ This program calculates the displacements in an I-beam assembled from three
deep plates of equal length subjected to longitudinal end loads «)

(» Subroutine for assembling system matrices =x)
MakePerp{[flange_, web_, M_] := Module[{Loc},
Loc = ArrayFlatten[{{flange, 0, 0}, (O, web, 0}, (0, 0O, flange} }];

Loe[[3xM+1]] += Loc[[M+1]];

Loc[[All, 3xM+1]] += Loe[[All, M+1]]);
Loc[[3xM+1]] +=Loc[[5xM+1]];
Loc[[All, 3xM+1]] += Loc[[All, 5xM+1]],

Loc

Droplloe, {SxM+ 1}, {5xM+1}];
Drop[Loc, {M+1}, {M+1}]

Loc

]

(x Basic input =)

M=4;
Mn = 6xM-2;
prec = 120;

S$MinPrecision = 110,

b = SetPrecision[l.0, prec],

L = SetPrecision[4.0, prec],

v = SetPrecision[0.3, prec],

h = SetPrecision([0.01, prec];

E; = SetPrecision [200 x10%, prec} H

A = SetPrecision[(1.0) / (1-v7), prec];
G = SetPrecision{{(1 0)/ (2x {1 +v)), prec];
(* Shape functions =)

1

#ls] = {};

For[:. =0, i <M, i++,

1
{4:) [s_] = SetPrecision [sz’“, prec] ,

AppendTo[;)[s], ;x[s]]}l

2
¢,[s_] = SetPrecision[1.0, prec];
2 2
sls1 = {d1s1};
For[i =1, i<M
2
{4)1[5_] = SetPrecision [51’1 x {s8~0 85) x{s+0 5), prec],

AppendTo [;[s] , ‘zti [=] ] }]
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(* System matrices based on shape functions =)

For[k =1, kX €2, ke,

For[l =0, 12 <M, L+,

E‘or[j =0, 3<M, J++,

" x x
{:[1, 3} - Ax $,[s] x,[s] ds,
2

alpl

alpl

a2pl

a3pl

adpl

aSpl

aépl

bopl
b5pl
b2pl
b7pl

b0p2
b5p2
p2p2
plp2

1

X 12 k
a1, 3] =A><V><f é,[s] x¢, [s]ds,
bs2

x /2y X

af1, 3] AxJ.b ¢, '[s] xd, ' [s] ds,
2 b 2

x /2y x

alz, 3] -6x | &, [s]xs,[s]ds,

3 b/2

x /2% x

af1, 3] =Gx ¢, '[s]x¢,'[s]ds,
4 -b/2

x 12y X

afr 3] =Gx ¢, '[s) x¢,[s] ds,
5 b/2

X X x

S0 9) = (302 91 12, 91

6 5 1

= Array[é, {M, M}, 0], alp2 = Array[g, {M, M}, O
0 0

= Auay[é, M, M}, o], alp2 = Array[é, M, M}, 0
1 1

= Array[;, {M, M}, 0] , A2p2 = Array[i, {M, M}, O
2 2

- Array[;, {M, M}, 0] adp2 - Array[g, M, M}, 0
4 P

- Array[;, {M, M}, 0], abp2 - Array[;, {M, M}, O
s

]
]
]
= Array[;, {M, M}, 0], al3p2 = Array[g, {M, M}, 0],
3 3
}
- ]
]

= Array[;, {M, M}, 0], aép2 = Array[i, {M, M}, O
6 €

= ArrayFlatten{{{-a3pl, 0}, {0, -aOpl}}],

= ArrayFlatten[{{0, -Transpose [a6pl]}, {aépl, 0}}],
= ArrayFlatten[{{a2pl, 0}, {0, adpl}}],

- ArrayFlatten[{{0, Transpose[a5pl]}, {alpl, 0}}],

= ArrayFlatten[{{-a3pz, 0}, {0, -a0Op2}}],

= ArrayFlatten[{{0, -Transpose[ab6p2]}, {aép2, 0}}],
= ArrayFlatten[{{a2p2, 0}, {0, ad4p2}}},

= ArrxayFlatten[{{0, Transpose[aSp2]} {alp2, 0}}],

b0 - MakePerp[blpl, b0p2, M],
D5 = MakePerp[b5Spl, b5p2, M],
b2 = MakePerp[b2pl, b2p2, M],
b7 = MakePerp[b7pl, b7p2, M]
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(* Solve SOLDE «)

Bl = ArrayFlatten[{{IdentatyMatrix[Mn], 0}, {0, b0}}],

B0 = ArrayFlatten[{{0, IdentaityMatrix([Mn]}, {-b2, ~-b5}}],
B3 = Inverse[Bl] BO,

A = Exgenvalues[ N[B3, prec] ],
B = Take [Exigenvectors [ N[B3, prec] ], 2xMn, Mn];
B4 = ArrxayFlatten({

{0, 0, 0, 0, b2},

{0, 0, 0, b2, 4 xb5},

{0, 0, bz, 3xb5, 12xb0},

{0, b2, 2xb5, 6xb0, C},

{b2, 1xb5, 2xb0, 0, 0}

1.

P = SetPrecision[NullSpace(B4], prec],

ZeroEigen = Damensions [P [{1]],

X[z_] = SetPrecision[0, prec]

vars = {};

For[:. =1, 1 £2xMn-ZeroEigen, 1++,
{X[z_] =X[2] +K xTake[B[[2]]., {1, Mn}] x e'{[+1]x=,
AppendTo{vars, Kl]}]

For[:. =1, 1 £ ZeroEigen, 1++,
{Po = Take[P[[2]], {OxMn+1, 1xMn}],
Py = Take[P[[2]], {1xMn+1, 2xMn}],
P, = Take[P[[1]] {2xMn+1, 3xMn}],
P; = Take[P[[2]], {(3xMn+1, 4 xMn}],
P; = Take[P[[1]] {4xMn+1, 5xMn}],

X{z_ ) =X[=z]} + xPD+Plxz+P2xzz+P3xzs+P xz‘,
qx 3

AppendTo[vars, q ] ] ]

(* Load vector =)

LoadVl = ConstantArray[SetPrecision[0.0, prec], M],
LoadWl = ConstantArray[SetPrecision{0 0, prec], M]
LoadW2

LoadV3 = ConstantArray[SetPrecision{0

ConstantArray[SetPrecision][0

0
0

LoadV2 = CenstantArray[SetPrecasion{0 0, prec], M]
0, prec], M]
0, prec], M]
0

LoadW3 = ConstantArray[SetPrecision{0 0, prec], M],

For{1 =0, 2 <M, 12++ LoadVl[{2+1]] = SetPrecisaon[0 0, prec]]
Forf{a =0, 1 <M, 1++ LoadWl[[1+1]] = SetPrecision[0 0 prec]]
For{a1 =0, 2 <M, 1++ LoadVZ2[[1+1]] = SetPrecision[0 0 prec]]

12 5

E‘or[l =0, 2<M, 1++ LoadW2[[21+1]] = SetPrec:Lsxon[lOOO 0 xr $. [s] ds, p:ec”

b/2
For{1 =0, 1 <M, 1++ LoadV3[[1+1]] = SetPrecasion[0 0 prec]]
For[i1 =0, 1 <M, 1++ LoadW3[{1+1]] = SetPrecasion[0 0 prec]]
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LoadW2[[1]] += LoadWl[[1]];
LoadW2[[1]] += LoadW3[[1]];
LoadWl = Drop[LoadWl, {1}];
LoadW3 = Drop[LoadW3, {1}];
Load = Join[LoadVl, LoadWl, LoadV2, LoadW2, LoadV3, LoadW3];

(* Sclve boundary condition equations »)
eqns =
{
X[0] == ConstantArray|[SetPrecision[0.0, prec], Mn],
-b0.X'[L] +b7.X[L] = Load / (E; xh)
};
sol = Solve[egns, vars];
vi[z_.]) = Take[X[z], {1, M}] /. sol;
Wl{z ] = Join{ Take[X[z], {3xM, 3xM}], Take[X[z], {M+1, 2xM~-1}] ] /. sol;

v2[2_] = Take[X[z], {ZxM, 3xM-1}] /. sol;
W2[z_]) = Take[X[z], {3xM, 4dxM-1}] /. sol;

(+ Streses and displacements )
vils_, z_] = Vi[z] .;[s];
wi{s_, z_] = W1[z] .;[s];
v2([s_, z_] = V2[z] .425[5];

w2[s_, z_] =W2 [z].:&[s];

vif{s_, z_.]1 =vl[s, z1{[1]1};
wils_, z_]) =wl[s, zJ[[1}};
v2{s_, =z_] =v2[s, z][[1]);
w2([s_, z_] =w2(s, =z][[1)];

vis_, z_]

vais, z];

wis_, z_] =w2(s, z];

E,
oyfs_, z_] = x {9,wl[s, z] + vx3,vl[s, 2]) /1073;
1-v2
Eq
o;[s_, z_] = x (8, w2fs, z] + vxO,v2{s, 2]) /10*3;
1-v?

(» Ooutput grid of displacements and stresses )
TableForm[Table[Re{o; [s, z]], {s, -b/2,b/2, 0.1}, {2z, 1, 4, 0.2}]] (= kPa =*}
TableForm[Table[Re[o,[s, 2}], {8, -b/2, b/2, 0.1}, {2z, 1, 4, 0.2}]] (» kPa «)

(* Plots «)

ParametricPlot[{s + scale xv[s, z], z +scalexw(s, z]},

(s, -b/2, b/2}, {z, 0, L}, Axes - False]

ContourPlot [Re{co; [s, 2]], {s, -b/2, b/2}, {2z, 2, 4},
ColorFunction -» "Rainbow", Framelabel » {s, z},

Contours - Function[{min, max}, Range[min, max, (max-min) /10]]]
ContourPlot [Re[oa(s, z]], (s, ~b/2, b/2}, {z, 2, 4},
ColorFunction —» "Raainbow", Framelabel - {s, z},

Contours - Function[{min, max}, Range[min. max, (max-min) /10]1]]
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(* This program calculates the displacements in an box section assembled from
four deep plates of equal length subjected to longitudinal end loads =)

(» Subroutine for assembling system matrices =)
MakePerp(a_, M_] = Module[{Loc},
Loc =

ArrayFlatten{{ (a, 0, 0,0}, {(0,a,0, 0}, {0,0,a, 0}, {0,0,0, a} }],

Loc[[M+1]] +=Loec[[TxM+1]];
Loc[[All, M+1]] +=Loe[[All, 7xM+1]];

Loc[[M+1]] +=Loc[[3 xM+1]],
Loc[[All, M+1]] += Loc[[ALl, 3xM+1}],

Loc[[M+1]] +=Loc{[5xM+1]];
Loc{[All, M+1]] += Loc[[All, SxM+1]];

Loc = Drop{Loc, {T7xM+1}, {TxM+1}],

Loc = Drop(Loc, {5xM+1l}, {S5xM+1}],
Loc = Drop[Loc, {3 xM+1}, {3xM+1}]

(x Basic anput x)

M= 4,
Mn = 8xM-~3,
prec = BO,

$MinPrecisaon = 70,

b = SetPrecasaon{l 0, prec],

L = SetPrecisionf4 0, prec],

v = SetPrecision[0 3, prec},

h = SetPrecision[0 01, prec],

Eo = SetPrec:Lsz_on[ZOO X 10’, prec] R

A= SetPreczslon[(l 0) / (1 - 72) B prec] B

G = SetPrecisaon[(l 0) / (2x (1 +v)), prec],

(» Shape functions =x)
¢o{s_] = SetPrecision[l 0, prec],
¢ls] = {($o[=]},

Eor[l =1, 2 <M, 1++,
{d’;[s ] = Set.Precms:LOl"l[sl 'x(s-0 5)x(s+0 5), prec] .
AppendTo[¢[s], ¢x[5]]}]

For[l =0, 1 <M, 1+¢,

E‘or[j =0 J<M, J++,

br2
{ar2. 2 =ij 6. [s] x$,(s] ds,
a b 2
b/ 2
af1, 3] =Axvxf .[s] x¢ ‘[s]ds,
1 b/2

b 2
afz1, j]-Axf ¢, ' [s]1x¢,'[s]ds,
2 b/2
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al
al
a2
a3
a4
ab
aé
b0
b5

b2
b7

bo
b5

b2
b7

Bl

BO
B3

(*

X = Eigenvalues [ N[B3,
B = Take[Eigenvectors[ N[B3, prec] ], 2xMn, Mn];

B4

/2

afi, j]
3 -b
b2

ali, 3l
4 -b/2

G x LN

G6x |  ¢.08) x#,[s] ds,
/2

'[8] x5 [=] ds,

72
afi, 3] :er $. ' [s] x¢p,[s] ds,
s -b/2

/

afi, 3]
6

il

System matrices based on shape functions 1)

= Array[z;, {M, M},
= Array[tls, {M, M},
= Arxay[z:, {M, M},
= Array[z, {M, M},
= Array[:, (M, M},
= Array[rz, {M, M},

=Array[a, (M, M},
6

(215, 31 -a12, 31)

o];

= ArrayFlatten[{{-23, 0}, {0, -a0}}}];

= ArrayFlatten[{{0, -~-Transpose[a6]}, (a6, 0}}];

= ArrayFlatten[{{a2, 0}, {0, ad4})}];

= ArrayFlatten[{ {0, Transpose{aS5]}, {(al, 0}}];

= MakePerp[b0, M];
= MakePerp[b5, M};

= MakePerp{b2, M];
= MakePerp{b7, M];

= ArxrrayFlatten[{{IdentityMatrix[Mn], 0}, {0, bO}}];
= ArrayFlatten[{ (0, IdentityMatrix[Mn]}, {-b2, -b5}}];

= Inverse[Bl] .B0;

Solve SOLDE «)

= ArrayFlatten|[{
{0, 0, 0, 0, b2},

prec] ];

{0, 0, 0, b2, 4 xb5},

(0, 0, b2, 3xhb5, 12 x b0},
{0, b2, 2xb5, 6xb0, 0},
(b2, 1xb5, 2xb0, 0, 0}

1

P = SetPrecision[NullsSpace{B4], prec];
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ZeroEigen = Dimensions [P][[1]];

X[z_] = SetPrecision[0, prec];
vars = {},

E‘or[i =1, i £2xMn-ZerocEigen, i++,

{x[z_] = X[z] +K, xTake{B{[i]], {1, Mn}] x e*llx})x=

AppendTo [vars, K,] }]

For[1 =1, 1% ZercEigen, 1++,
{Po = Take[P[[i]], (OxMn+1, 1xMn}],
P, = Take[P[[i]], {1 xMn+1, 2 xMn}],
P, = Take[P[[il]l, {2xMn+1, 3xMn}],
Ps = Take[P[[2]], {3xMn+1, 4§ xMn}],
P, = Take[P[[1]), {4xMn+1, 5xMn}],

X[z_] = X[z] +a, x (Po +P1xz+szz2+93sz+P;xz‘),

AppendTo[vars, q,] } ]

(+ Load vector «)

LoadVl = ConstantArray[SetPrecision[0.
LoadWl = ConstantArray[SetPrecision[D.
LoadV2 = ConstantArray[SetPrecision[O0.
LoadW2 = ConstantArray[SetPrecision[0.
LoadV3 = ConstantArray[SetPrecision[0.
LoadW3 = ConstantArray[SetPrecision[0.
LoadV4 = ConstantArray[SetPrecision[0.
LoadW4 = ConstantArray([SetPrecision(0.

For{i =0, i<M, 1++, LoadVi[[2+1]] =
For{i=0, 1<M, 1++, LoadWI[[i+1]] =
For{a =0, i<M, is++, LoadVv2[[a +1}]] =

For[i =0, 2 <M, 1++, LoadW2[[i +1]]

For[i =0, 21 <M, 1++, LoadV3{[i+1]] =

For[i =0, i <M, i++, LoadW3[[i

For[i =0, 1<M, i++, LoadV4[|[a

For[i =0, 1i<M, i++, LoadWwd [[i

LoadWl[[1]] += Loadw2{[1]];
LoadWl[{1]] += LoadW3{[1]};
LoadW1l[[1]] += LoadW4[[1]];

LoadW2Z = Drop [LoadW2, {1}],
LoadW3 = Drop [LoadW3, {1}],
LoadW4 = Drop{Loadw4, {1}],

11]
1]]

1]]

, prec], M];
. prec], M];
. prec], M];

0
0
1]
0, prec], M];
0, prec}, M];
0, prec], M],
0, prec}, M}];
0

, prec], M];

SetPrecision[0.0, prec]]
SetPrecision[0 0, prec]]
SetPrecision{0 0, prec}]

/2

Secprecismn[looo.o x &, [s] ds, p:ec]]

-b/2
SetPrecision{0 0, prec]]
SetPrecision{[0 0, pree]]

SetPrecision{0.0, prec]]

72
SetPrecis:.on[lOO0.0 xf ¢, [s] as, prec]]

-b/2

Load = Join[LoadVl, LoadWl, LoadV2, LoadW2, LoadV3, LoadW3, LoadV4, LoadW4],
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(*» Solve boundary condition equations )
eqns =
{
X[0] == ConstantArray[SetPrecasion[0.0, prec], Mn],
-b0 X'[L] +b7 X[L] == Load / (Ey, xh)
3.

sol = Solve[eqns, wvars],

Vvl[z_] = Take[X[z], {1, M}] / sol;

Wl{z_] = Take([X[z], {(M+1, 2xM}] /. sol;
V2[z_] = Take[X[z], {2xM+1, 3xM}] /. sol,
W2[z_] =
Joan| Take[X{z], {1, 1}] , Take[X[z], {3xM+1, 4 xM-1}}] 1 /. so};

(* Streses and displacements )
vl[s_, =z_] = V1[z].¢[s],

wl[s_, z_] =Wl[z] ¢[s],

v2[s , z_] =V2[z].$[s];

w2[s_, z_] =wW2{2z] ¢[s];

vli{s_, z_.] =vl][s, 2][[1l]},
wlf{s_, z_] =wl[s, z][[1}]}],
v2{s_, z_] =v2[s, z][[1l}],
w2[s_, z_] =w2[s, =z][[1l]},

Eo
o1fs_, z_] = x (6,wl[s, z] +vx@8,vl[s, z]) /10~ 3;
1-v?
Eo
ox{s_, z_] = x (8, w2[s, z] +vx3,v2[s, 2]) /10*3,
1- v

(» Dutput grid of displacements and stresses =)
TableForm[Table[Re[o, (s, z2]], {5, -b/2,b/2, 0.1}, {z, 1, 4, 0 25}}] (» kPa )
TableForm[Table[Re[o;[s, z]}, {s, -b/2, b/2, 0.1}, {z, 1, 4, 0.25}]] (» kPa x)

(« Plots )
ContourPlot [Re{oy[s, 2]}, (s, -b/2, b/2},

{z, 2, L}, ColorFunctaon - "Rainbow", FrameLabel - (s, z},
Contours - Function[{min, max}, Range[min, max, (max -man) /10]]]
ContourPlot [Refos (s, z] +50], {s, -b/s2, b/2}, {z, 2, L},
ColorFunction - "Rainbow", Framelabel -» (s, z},

Contours - Function[{min, max}, Range[min, max, (max-min) /10]]]
{(*ContourLabels—oTruex)
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