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ABSTRACT

The admixture of harmonic oscillator shell model states
in the cluster model wave functions has been caleulated fér the
ground state (3/2-) and the second excited .state (3/2+) of He.
The sensitivity of the configuration mixing in the ground state
to wvariations of the cluster model width parameters has also

been calculsted and discussed. Some other features of the cluster

model wave functions have also been discussed briefly.
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ABSTRACT

The admixture of harmonic oscillator shell model states
in the cluster model wave functions has been caleulated for the
ground state (3/2-) and the second excited .state (3/2+) of Hes.
The sensitivity of the confipuration mixing in the ground state
to variations of the cluster model width parameters has also
been calculated and discussed. Some other features of the cluster

model wave functions have also been discussed briefly.
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CHAPIER I

Introduection

In the past decade the cluster model has achieved some
suceess in predicting the low-lying energy levels of certain
light nuclei (1), This thesis will be concerned especially with
the cluster model representation of the Hes nuclens. Pearlstein
et ot (2) have demonstrated that gnod results for the energies
of the first three levels in Hésv are obtained when the cluster
model is wused. Also, Tran Duc and Smith ( have calculated
the radiative transition probability from ths 3/2¢ (second excited)
state to the 3/2- (ground) state in Heg, and  obtain a result
which is in quite close agreement with the experimental value.
There are therefore some indications +that the cluster wmodel wave
functions provide a goed description of %he HeS nucleus.

In +the cluster model, different spatisl correlations
between nucleons may be favoured in different nueclear states.
On the other hand, +the harmonic oscillator shell model (HOSM)
treats the nucleons in a nucleus as independent particles mov="
ing in a common harmonic oscillator potential well. The HOSM
thus includes no spatial correlations between nucleons in the

-

nucleus at all.

Tn the cluster model, %the ground state of He is

-

assumed o consist of an alpha particle and a neuwtron, <The

state of whose relative motion is a 1p state (2), The second

o

excited state has a different cluster structure, and can

b

oe

described as econsisting of 2 <riton and a deuterony the state




of the relative mobtion of <the deuteron and the triton is a
es stat«a<2). Here it should be noted that the deuteron cluster,
the triton cluster and the alpha particle cluster are energeti-

cally in their ground states (1).

The cluster model spatial wave function of the ground

state 1is (2)

¢(3/2-)=exp(-%d¢?_ ;i|2)§'1f£(91)83rp(—% 3:'@12)exp(~%ﬂ1§cm2) (1-1)
=i

where

- b 4 by R Loz

ri'”ri"‘% 2— rj’ ﬁ.l:%‘f.. s Rcng rj'

=t j=i

The spatial wave function rf the second excited state 1is (2)

#(3/2+)=exp(=2 o(}_ r-"2 IRZ . "“)R eyo(--BP Yexp(- 2,(/,"‘ 2y (I-2)
iz
where
- 1 3 - = 4 3 ]_ 3 3 >
°"°r = rf=r ~;) r 3 -5 .
i 13;" ISR BZ?tk KZ'—'Lk

Here +the width parameters of,, ﬂ'for the pground state and é(,
Ls B. for the second excited state were determined by a
variational calculation of the energies of these states (2).
The width parameter i, associated with the (fietitious) center of
mass motion is chosen %o ba the same as that in the shell
model calculation (h)o

The FHOSM spatial wave funcition 1is 2 §i1”eC"b product of
the individual spatial wave function of' The individual nucleons,
eoch of which moves in the common harmonic oscillabor potential.
Thus, ©the HOSM spatial wave function is

FUL T )/ (197 YH(L,™>) =mommmemmeanoncf (1, ")

where
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Fig, 1 Harserndte  “ueillater Potentisl Well

H0SH,




o)y
B, Voexp(-bpry )rilmm (r 2>Yli(m : (1-3)

Note +that, since all' the nucleons are moving in the same
oscillator potential, ibe widih pafameter My ig  the same for all
the individual spatial wave fuactious,

For the sake of convewience, bthe following actation will
bz used throughout this work. The cluster model spatial wave
*snetions for the ground state eq.(T~1) and +the second excited
state eq.(T-2) are represented in the following way respectively:
7(3/2-)8{123L;5%), #(3/2+)2(123;L5),
and the HOSM spatial wave functions are denoted by (123L5).

The first two and the fifth positions represent +the neutrons,
Jhlle the third and fourtn posmtlons represent the protons.

The spin wave functions of the ground state of He5 in
bofh models are identical; the %total spin of the ground sﬁate
is S=%, since it ié formed by +%he coupling of the spins of
two neutrons and two protons in %the 1s spatial state (or in
the cluster model Ilanguage, an alpha particle cluster), which is
zero, and the spin of <the last single neutron. The spin wave
function can therefore be chosen %o be (5)

X=EO<4/QZO<3/84.O(

The cluster model spin wave function for the second excitad
state is formed by coupling the spin of t©he #writon and the
spin of +the deuteron. As was shown in Tran Duc's work (5)9

there are four different possible seos of spin wave functioﬁso

One of <them has %o be ruled out because It violates the



Pauli principle., Twe others give a vanishing electric dipole

matrix element, and s0 are arbitrarily disregarded. Thus the

only {5)

K=

pin wave function wused here is

“

(0(| BS+ 65 djl) 'Xl "'2 C\"!!g..l “} -]! (x";‘ 0(51
K]

5

The same set of {owr pogsible spin states exists in the HOSM
wave function for the gecond exeited state as well, For the

same 1reasons a3z were given above for the cluster model spin

>

2

wave function, the same spin wave funetion is adopted for the

Tn using the HOSM, it is correct to consider he
nucloons moving in pure single-particle orbits only if thers is
no residual interacticn in addition teo the =ffective harmonic
oscillator potential. in the absence of such a wresidual inter-

action, all states of k particles (naving the same n, 1, 3)

in the same configuration will be degenerate. Bub in the actual

nucleus, such interactions do exist., If 2 residual internucieon

potential Y55 is inhroduced wnich 1is strong enocugn to Temove

the . degeneracies, the energies of the state wiil change, and at
the same time the wave funcvions will also e changed by the
interaction. Such 2a mixed state can. bg vepresented as a super=
position of the wawe‘-functions of several pure states (with

-

same n, 1, J) whose energies are close to one another.,
Since the eipenfunctions of different sbales in <the
HOSM ave mubually crihozonil and form a complete seb, then any

wave funetion can be expended in  terms of these HOSM wave



o T

functions. Tor instance, "individual particle model™t wave

functions, alpha=particle model wave functions (6), and cluster

mocel wave functions (7) .can‘ be expanded in a sum of HOSM

wave funetions of all possible confipgurations.
S3 ‘ a1 e (8)
ince the eneorgy lovels, nuclear magnetic moments

{od .
Uy ommd so on, are quite sensitive

2

nuclear quadrnpole momewhs

to the configuration

A% the BOSM weve functions, +thus

the configuration mucng i

Ymore realistle wave functions!

may be helpful iu opis

batber  theorebisal wresults, In the
present work, ‘the expansios of 3She oluster model wave functions
as a linear combination «f HOBM wave funebions gives the equi~

valence between tne

model wave funeblons and the shell
model wave functions, in %he sense din which configurations are

mixed in calculations

the  fandividual  parvicle model.

In order %o

i ol oimgber  wmodel wave funetions as
& linear combination of wre 08M wave fuectlons, ‘the wave

functions for Doth wadels

e apbisymmebrized. The method

of antisymmeitrization used ix dirfers from <that of

{anellopoulos and Wilderriuth (19 in #®hat the proton énd
nevtron functions are antisymmetrized separately (Bﬁg), This
method has +“wo advantages; Ffirst, isospin need not be included
in the wave functions; and second, the calculation of the v

expansion coefficients is simplified.

% Here +the "individual particle model" means +that in addition

%0 ‘the common harmonic oscillator potential well, some kind of

H

esidual internucleon interactions are included,



The antisymmetrization operator ol is (11)
Aed

where

A -1 - = w
o D I M A0 SO R G U ¥
P=3,4

n=}25%
P is a permutation operator and (-1)" is the parity of the

permutation.

The antisymmetrized cluster model ﬁave functions are
D(3/2-)= A g(3/2=)=n. A { (1231550 X _},
P/es)=ud g(3/24)=n, o { (123;15) X } -
The nrormalization constants for both model wave functions are
determined from equaticns of the form
B3> = dp>. o (1-1)
The simplication occurs oecause «d is idempotent (i.e., A2=2.4),
If the cluster model wave fumetion |Fou™> e expanded
in a linear combination of +the HOSM wave functions of different
configurations |¢SMi::> (where J and T are the same as in

] ¢CM:>>° also 1 labels +the different configurations), then
. | . e _
| B S=a1| g Sag| Bgyp S>veeee= o | gy Dt=me-. (1-5)

Applying the antisymmetrization operator A to eq.(I=5), there

results

1 ::> 1 Qj s 8 | ¢ SMZ::> e meatd llgi SMl::> reomee,  (T=6) -

Since +the HOSM wave funcitions satisfy +the orthonormality condie’

/(J . {ﬁA P \:6’:-19 , (2=7)



man

then +the expansion coefficient a. can be obtained by taking

the scalar product of !(Z)SMJ'.> with |D CM>3

< ¢SM;‘LI"4*¢CM>“35.' (1-8)
Since the cluster model wave functions are normalized eas

shown in eq.(I-L), then from eqs.(I-5),(I-6) and (I-7) there

results *

< V(CM LA‘.,{‘ ¢CM>: }__—_i Iail 2”1. (I"9)

This is a condition on the eoxpansion coefficients which must be

satisfiedy; div provides a. chock which indicates when a sufficient
number of configurations has been included. The square of the
amplitude l aii 2 is physically more Interesting than the expan-
sicn covelficient ass it gives directly the weight of the HOSM

state 3 in the cluster model wave function.

In Chapter II and TIII +the HOSM expansions of the clus-
ter model wave functions for the ground sbtate and the second
excited state of Hés will Ye studied.

In Chapter IV +the width parameiers in the ground state
cluster model wave funetion will be  varied and +the correspond-
ing expansion amplitudes calculated. By comparing these results
with those given in Chapter II, <the sensitivity of +the expan-
sion coefficients +©o variations of +the width parameiers can be

devermined.



CIAPTER IT

Expansion of the Cluster Model Wawve Function

of the GCround State

1. The HOSH{ Scheme

~

The EOSM represeats the ground state of Hbs as consisting
of +two neutrons and two p;otons in the 1s level and one
neutron in the 1p level [denoted in the usual spectroscopic‘
notation as (ls)h(lp)1 ]. . The 1p neutron has one quantum of
energy fHWw relative to the 1s level.

Uging the L-3 coupling scheme, <the four 1ls nucleons
couple %o give 2zero spin and orbital angular momentum, and the
1p nucleon has s=%, 1=1, which forms the +%otal angular nomentun
and parity J=3/2-., However, as stated in Ch,I, the ground state
of e consists not only of the (1s)(1p)l configuration, but
21so hag some contributions from the configurations having two.
cuanta of excitation or even four quanta of excitation above
‘“he (ls)h(lp)l state.

The configurations having two and four quanta of excita-
tion above <the (ls)h(lp)1 state, =and which have +the same %obal
angular momentum and parity, are

Twe oguanta of excitation:
1) L), ()i, (e, (1p)"Hep)h
Four quante eof ercitation:

2.

-’ , - o . . \ -] "l
(1)"2(28)°, . (13) 226y 1)L, (1s) L(Bs)lg (1p) (BP)I,



=10 -

(197 ap) M) tep)t, () et
2. The General Formula for +the Expansion Coefficients

The unantisymmetrized HOSM wave function for the ground

state of He5 is

SOV

The antisymmetrized HOSM wave funetion is obtained by applying

the antisymmerization operator d to eq.(II-1):

Nomi
12

A Fss™ (3B, Bs%) { (X Ba= By eta) 45(123115)1

o B = ot ) (5231) + oa( B, os o, B (15312), } .

(II-2)

Here again the subseript i “‘on the wave function, the normaliza-
tion constant and <the spatial wave function designates the
various configurations.

The unantisymmetrized cluster model wave function for the
ground state of Hes is
Q)lCI‘-T‘-NCM(J-ZBL'-B’S:' A Baols Badls, (1T-3)
and the antisymmetrized cluster model wave function 1s

.‘\T "
, =~CM
A G s Bim By ) { (ot Bam Brota) s (1231:35)

w i ( B ols= oy Bs) £822031 )% Ko Bols= ol B (153D52) 1. (TT-1)

The normaligation nongtants Tor both medel wave JDTunctions are

determined by using eq.{I-li). The numerical results of these
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calculations are given in App. ITI.

From eq.(I-8) the expansion coefficients a; can be
obtained, as can be seen from the following equation,
ai=<<:¢sn1l“4‘¢cm >

Naers Wy |
o { < a2as), | (123055 (523051) > ) (11-5)

which is formed by taking the scalar product of eq.{II-1) ‘'with
eq.(II-). Equation (II-5) is 2 general equation which will be
used throughout in the calculation of the expansion coefficients
a; for the ground state of He®.

Before carryinr out ‘the calculation, the width parameters
for the cluster model (2) and HOSM () wave functions will be

given. These parameters are given in the following table,

F_?arameter Value (“1025cm°2) Reference
M, 3.65252 (L)
«, .33 (2)
/ 2.25
B .25 (2)
a 2.81 (@)
X 4,76 (2)
B 0.h22 (2)
Taeble 1. The width - peramebers for <the cluster imodel

and HOSHM wawve functions.

The <wo walues Tfor 87 avise iTom WO possible choices fox the

range and depth of bthe gpin-orbie potenticl used in Ref. (2).




caleculations are given in App. ITI,

From ¢q.(I-8) +the expansicr coefficients a; can be
obtained; as can be gceen from the following equation,
ai”<¢5rul A Aoy >

Ve Vo .
. 1; = { <:: (123h5)il (123h35)'(523h;1)::> } (1I-5)

which 3is formed by taking the scalar product of eq.(II-1) ‘with

-

eq.(II-L). Equasbien (II-5) is 2 general equation which will be
used throughout in the caleculation of the expansion coefficients
aj; for the ground state of Hes.

Before carryinr out +the calculation, the width parameters
for the cluster model @) and wosM M) yave functions will be

given. These parameters are given in the following table.

Parameter | Value ( lozscm'z) Reference

- .

H, 3.65252 ()

o h.33 (2)
’ 2.25

o< 2.81 - (2)

X L. 78 (2)

0.L22 (2)

Table 1. The width @ parameters for <©he cluster model

and UCSM wave funciions,

-

The two walues <for @' erise from two possible choices for the

range and depth of the gpin~orbit potential used in Ref. (2).
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3. Numerical Calculation of Expansion Coefficients

(i). The HOSM spatial wave funciion for the configura- .
tion (1s)h(1p)1 is |

5
(123L5) ‘"'GXP('”“ Z 2)1'5Y1 (Q 5)
Thus,

<i:(123h5)1l (123h;5):)>

2+rb2)—Br§?-C(r 'r-+r T AT T AT D 4T T 4D, o7 )

2,2

Dy Ty Ty Tt 7 | By [ 3G R AT )

| xd?j_d?gd-r‘3d?hd?5
and
< Qaas), | (s23150) >
=‘[-exp [-A(r22+r32+rh2+r52)aBrlz-G(Fé°§5+Féf?h+§é°?L+?2°;g+55°?g+;h'?5)
) e md md ed b wd e - ..»‘Hd...\_s -l l* 1
JD(rl°r2+r1:r3vrl-rhvrlor5)] Tg [%{r2+r3+ru+r5)url] Y, (fls)Yl (flgg

- - - - b

where
3.871512 _
A‘: /IJ 2“:( B Mlm { 30896512 } X lo2scm 2
8 LO
2 o My ¢ 3,091512 25
.’3; M‘ 'Em B '“'i'?;c 3 .h915’1? } A 10 Dcrﬂ

- ’ o oy
1 uB«“’ {Ojaglv}xyj‘wzz

A
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1 ¢ 0.28050L |, -
Dez(M- 8= { 0.020;301; } & 10%%en~2

The appearance of two values is due %o the two possible values
of the width parameter B'. Such pairs of values will appear
throughout the calculation of the expansion coefficient of the

ground state a. Using the method of App.I there results

0. 101'"6 <169 1
<i\(123h¢) | (123h si::> 0 09372 | * 10 109 en,

< (12315), | (523 1) e g 25321} x 1071 e,

Taking the normalization constants Ngpn and NCM from App.III,

and substituting the above values into ed.(II-S) leads to

0.6268
3" {0.63511}

Thus, the quantity [ai‘z - is

2. §0.393)
|2 1= {0102 °
(11). The HOSM spa’oial’ wave function for +the configuration
(ls)“l(Qs)l is

5, 2y= B 29y L
(12315) mexp (=5 44, . )Ty (Miry )Yy (),

-

where

g 3
1o DY e 2
Li(ﬂ,fl )‘—4 2‘-"}4‘3‘1

The o~nmcm’;i11 terms in <the integrals <(123{;5')2| (l23h;5)>
and ( (12)11‘5) ‘(5?))49113 are “%he same as those in

(1232;1:) \(1231‘5)\ and in <(1931<) \a523h;l)> respectively.,




However, one extra term (with AArI?) appears in the integrand,

so that, using the method outlined in App. II, +there results

< (123L5),, | (123h;5)>== {8:3‘;3% } x 107169 gt

< (12318, | (523432 = { 0286 | ¢ 10719l

Taking NSM? and NCM from App. IIT, . and substitution of the

above values into eq.(II-5) leads to

_ [ 0.3589
3 0.39117}

and

‘ ) l2{2{0.159}-

0.156

(121). The HOSM spatial wsve function for the configuration
(1s)"2(1p)2 is |

123L5) y=exp(=F 41 ) 2|1 1
( *P ,ri (12 >y,

L:

where

| 1 1>5,23c2;-\ 11> 10 >g\_,l,.9,>3"7—%l 1 o>5‘ 11>,
E o>3%| 1 1>5\1  g >2| 1 1>3
1 2> 1 2'\1 1>3,

Wi

nis can also be written in the following expliciv forms

5 .
- ot o 2y el [yt 0 O 0
(12_3b5) BDG.AP("';{ /"!' Z‘ f‘i ) (1 2 - q)-ﬁ S [ ;?X}_(D—S)Yl( QQ)YI( 3)

(53 T, ()5 (A E T, )7, (0,)

-:-l*le( 0

1 wlroy oy ]
_ AS)YL(_QQ)LLU 13).] .

A



=1lim

Again using the method of App, II,

< (12316)3' (123h35) >= {0.01667 } « 107169 1L
0.01542

and

<(123h5) l (523ls3 1)> { O’Zzzga}x 10"170, 1
07977

Substituting NS m and NC M from App. IIT and the wvalues of

< (12318), | (12318) > ana <(123h5) | (52351) > into eq.(TI-5)

gives

_0.L592
“lo, h589}

a
and

5 (0.210
| 33! = 0.210}

(iv). For the configuration (1p)nl(2p)1, the spatial wave

function for <the HOSM is

5o oL 5
(123L5)) = eyP("‘z‘//‘lZ riz).rg’LlB/ (,U,rgz)Yi(ﬂs)
where
3/2 LEQ
Ll (/ 5 ) T 5

Using the method of App. IT, there results

0.19105y _ _ =169 1}
<L 02318), | (122035)>={ ¢ 3geng 14 207 m
and
- e rDL0NBLT L -168 1)
< {123h%) ‘(@2":‘.1::1} S “©ND i,

. Iy SRS ( 0,00768 ) -
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Use of eq.(TI=5) with the given Mgas N

oM and the wvalues of

ihe integrals given above results in

.abm {g:ggi;}

and

2 0.12h
|ah| ‘”{0.123}°

The states of Subsecs. (ii), (iii) and (iv) are those

in the HOSM scheme having 'tW6_.quanta of excitation above the

‘ h
ground state configuration (13}h(1p)1“ In what follows, a cal-

culation is made of +the admixture  amplitude for states having

four quanta of excitation ahove the ground state configuration
(1) (1)

(v). If +wo nucleons have been exeited from the 1s shell to
the 25 shell each with *two quanta of energy, +then their & con-
Tiguration is (1s)°2(2s)29 For +this stote, the HOSHM spatial
wave funclticn is

. 5 o 2\ 24,1
(123h5)5mexp(w5gx.§: Py )r5L§(A4r1‘)L£(;grL )Yl(flg)
. Ll ' -

where

15 (M Q)Sf’w,kh?lzp E%(ﬁ%?52>2% ”/A“‘b2°

P using  the method in App. II as befors, there resulis
<ij(123u5}sl (123h35) =i 2:32?53 b 10"t



and

.02706 -
L (2318)g| (s23u51) >={ 0027 } x 207 Fcnt™,

0.02578

Thus, form App. III, we have

_ 7 0.3075
°5 {0.3085}

and

2 0,09
| 2 | °{o.095}-

(vi).  For +the configuration (15)"1(3s)*, the

function is

5 2.a % ' ‘
(123L5) mexp (= M, §j| r, )rSLé(;x,rl’?)Y?’l-(g )
where

1,..2y15 5 2 4,2 b
L;(/u'a.l )— 8 @ -é-/./('rl -_;/Jll‘l ®

Then applying the method in App. II gives

s | stss) >={ 00 x 10" o™

0.078L9
and ‘
0.02177 =169 1h
) , ( - (o = , O ) T .
< (2218) (523l51) >+ { 0.0207) x 10" em

Thus eq.(Ii=5) gives

0.116% §
%6 { 0,1165 !

HOSM spatial wawve



"‘17"’

and

26 1% {lon -

(vii). The amplitudes of the remaining configurations - given in
sec. 1, nmely, ()Gt aoZeotaa?, @)™ es) e’
(lp)-l(Bp)l, (ls)ul(?.’d)l have been caleulated, and were found to
be small. The amplitudes lail 2 for these states are two or
more orders of magnitude. smaller than 0.01 (i.e., 1%), and so
are negligible.

‘In order to check whether the above calculations satisfy
the condition (I-9), the sum of the squures of the expansion

coefficients is caleulateds it is

2 0,993
Z \31\2"{0.999 .

The sum rule is therefore satisfied o at least two significant

-~
{



CHAPIER ITI

Exponsion of the Cluster Model Wave Function

of the Second Excited State

i

ol

1. The HOSM Scheme

The HOSM interprets the second excited state of He5 as
three nucleonc in +the 1s shell and two nucleons in the 1p
shell [ (ls)3(lp)2, or (15);1(lp)1 %0 thé' ground state ]. The
total orbital angular momentum can ‘therefore be I=2, 1 or O.
Since the second excited state of Hés has positive parity,

I=1 is inadmissible. On théJ other hand, if 1=2, and since J=%,
then +the spin wave function must be orthogonal to that of the
cluster model. This is becausé"in +he cluster model spin wave
function S=%; that, is,. four nucleons have sﬁin typ" and one
nucleon has spin "down", while thev spin wave function of HOSM
would have <three nucieons with spin "down" and two nucleons
with spin "upﬁo Thus, only one choice remaing, namely L=0.

Then, as stated in Ch. I, the HOSﬁ spin wave function is the

£
L

same as <that of the cluster model.

The  configurations having three quanta of excitation and
o2 o n 8 - ),.j_(l )1 Lo hich
five quanta of exclvavion above the (s P state, whic
have +the same <tobal angular momentum and parity as the second -
eweited state (3/2+) are

Three quante of exeitvation:

sy 2 es)t, sy Ep)iGal,  (1e)Hep)is

4




Five quanta of excltation:

(19)31p)l(2s)2,  (15)"3(1p)t(2a)M(1a)L,  (1)-1Cp)"H(2p)%,

)21 te)}, s lea)ie)t,  (1s)"2aa) i),

(15)~2(1p) t(2a) .

2. The General Formula for +the Expansion Coefficients

The unantisymmetrized and antisymmetrized HOSM wave functions

for the second excited state of HeS are

sy (2318 [ (4 B ooty )obo2 s [ tets (171-1)

-
ol
s

Nsmi
'»A'¢S SMi

=
ML) W6

[ (afimfrcts) chs ks o5 [ (12315), ~(12L35) |

'3'(520(5" 0(2“35) 0(10(30(4_ [(5231_‘1)1”(521"31)]:] o

+(;850(|= A5 ) o2 d3 A4 [(l53h2)i~(15h32)i] } (ITI-2) J |
The subscript i has The same rﬁeaning as stated in the previous
chapter.

On +he other hand, the unantisymmetrized and antisymme-

trized cluster model srave Punctions for the second excited state

5

of Hs are

¢CM::‘I'12/I(1233&;)% [(d| gs - B' ‘)(3) 0\/3. '”2 O\ll ﬁl 0<3 ] d4‘ G<5‘ (III‘:B)

and




-20::

Noy i | " F
BT ( (o Brm Bacts) ot oy o5 [ (123505)-(121335) |

#(Bucly = ol f) ks s [ (523350)-(520331) |

H Boctim s fy) oot [ (153302)-(25532) ] }. (2IT-D)

The normalization constants for both model wave functions are

determined by eq.(I-L4) and the numerical values are given in
the second part of App. III.

The expansion coei‘ficien‘c bi is given by

Ngmi N,
b= -ﬂ—g—-g-’i < (12318, | (123318)-2(121:335)+(520531) >} (III-5)

3. Numerical Calculation of the Expansion Coefficients
(1). The HOSM spatial wave funetion for he configuration
(1))t s

5

2 g o \-
{ ] = 7
\12345)1 ev;v(-% My ; Ty )rL- rS‘O O g

where

1 =1 -1 1 0 0] .
\ 0 O>h5':7§‘¢ [ 1\1111)1 (2 ).‘Yl (Qh)Yl(D_S)myl(ﬂh)Yl(Qs) ] . .
Thus,

< )| 2359 >

fexp{ [A.(?"1 r2 Ty )-B(rL rg) C(; r,, xr.. r., r2°r.A )

.n.)..ana_\..s._\_:..:v..s
e k4 bl ey

1 : 3T, _:...l g .;mz., g 5 ) E'r' us] } ?ho-xes
2,

o Lo Zar o C0BF, B 00F R 228 T, (e

Mg e T3 TR T e

+D (?l T

- ..: - emd wd ed “x L= m& L
~

( - ol )Tr
ot T—i v-.9 .‘go.!.} 1"3.“(”1 (N °"‘C' —?aus lo> r_)l J

~/




< (23s), | (a2538) >

2 - -A-b
= jpexp{ - [A(r +r2 +rh )+B(r3 +r5 )+c(rl 2+r1 h 2 h)

w wd el el e @ @k md ek ) wd e -l ) -3 =
+D(rl-r3+r2-r3+r3-rh+r1-r5+r2-r5+rh-r5)+Er3~r5} } T)*Tg
- 1...2‘,2 ‘2*;“-& ...‘...x .a'-x 1(n 2 2 ;.:\..;
h[ §(r1 +1, 4Ty +2~1 r2+2r1 rh+2r2 rb)-é-,,(r3 +r5 +2‘3 rg)

-) =b

-_(r1~r34r2-r3+r3-1,*rl-15+r20r5+rh-r~)] drldrzdr drhdrs

and

< (12313), | (92b;31)j:>

=.j‘exp{'- [A(r +r92+r )+B(r +r )+C(r2 r5+rh 5+r2 rh)

-d -d - - - - -d -d - b - b, b - -2

+D(r3°r5+r2°r3+r3°rh+rl°r5+r1°r2+r1'rh)+Er1'r3] } T),°Tg

-l Y emd - - - - -t - -l - -l -
=%(?§°;L}r2~;5+?5orh+rlor5+rlor2+?i«ru)] drldrzdr3drhdr53

where

A——p,-.@o(v 5_3 212578 % 10% ™2
3 ~ 3 25 .2
== M .;-l-_ { e B 523, 32X 10 | .
BS g oK 20/33%1)198) 10 “em
2
C~c140( =’5’5 =‘/ ,5e0,037362 % '10 5
- ( 25 =2
== My =B )=0. 6h610h 10 o
5 1 2 2
et of ‘:‘iﬁﬁ 'g[," § = 532806 1‘ -

lere it should be pointved ouv that in ‘the determinavion

of




both normalizaticn constants and also in the integrations of
the type <::(123h5)i! (123;&5):>> some common factors have been
omitted; these will not affect the results because the same
factors havg beenfuneglected in both numerators and denorminators
of the expansion"goefficients.

By using tﬁé method of App. II, there results
<::(123h5)1| (123;h5)::>=o.23236><10'199cm16

.....
i

< (12a8) | (12)1;38) D>=-0.1067L x 10" %ent®

and

<::(123h5)1| (Szh;31):>>=o.ooo7h><10"199cm16.

Equation (III-5) then glves
b150.5h79
and

| b, | %=0.296.

(ii). The HOSM spatial wave function for the configuration

(15)52(11:)1(25)l is

5 ::L‘ ')- [ [RLY
123h5)2mexp(w%ﬁﬂ.§: ?iz}Li(ﬁgrl“)rh°rsl 9 O::>h5
=

vheire

SN R
Li(/‘/{'?l )c2 ‘=/“"’ﬁ°1 °

Since the exponmencial Term in the inbtegrals are all the same,
thay need not be wrivten cdown - explicitly. An application of

the methoed of App. IT then gives
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< (12318), | (123515) >=0.2068 % 10" e
< (123185 | (12L335) >=-0.09517 x 2072990

and : ‘
< (22318),, | (52ls31) >=0.00066% 167 e,
so ‘that '

b,=0.1013

and

| v, | Z=0.161.
(i13). The HOSM sfatial weve ‘fungtion for the configuration
(1) 2 () aa)" s |
5 =3 -d
(12315) y=exp(-3 M, ? riz)rlerh:-rsl 0 o>lh g
where
1 .
| 0 °>1h57§:{ | 1 12\1 1%l 2 2>
1
+ 1 =.1>hll' u1>5| 2 2>17:§’ [(! 1 1>ul 1 o>5
| +| 1 0>hl 1 1>S)l 2-=1>1+(\ 1 “1>h‘ 1 0>5
#| 1 o>£| T a2 12 |
1,0 . RN
-:-ﬁ(i ED NERREE 3 bR {1 1>5)| 2 0}

Apain applying  The method of App. II, +vhere results

. =109 1A
< (123215)3 \ (123;L5) >=-o°<n¢597 x 10" en




2l

<(123h5)31 (124335) > =-0 02116 1077 o6 -

(12319 | (525 $31)>> =0,00016x 107 en™,
Equation (III-S) gives flnally |

}

b =0,4L950
3 5
and

\ b, l 2-0.2L5.

(iv). The HOSM spatial wave function for the

(1) H(2p)" s
3/2 2
(123L5) mexp(-xx.§q r, %%, Tl (g )\ 0 0,;>L5
where ' ]
3/2 5 2
Ly (,u’rs?)m-a- - Myrg o
The method in App., IT gives

< (az3ks) | (223515) >-0.31600¢ 1071t

L a238), | (121338) >>=-0,10506 x 10 e®

=199 16
<(123h5)h| (521i331) >=0.0010 x 10 Pen®.

configuration

Again, from eq.,(IIInS)9 the expansion coefficient and its

arsa
b, =0,35h1
ol
l b, | %=0.125,

square
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{v). The HOSM spatis) wove function for the configuration
(ls).B(lp)1(2s)C is

(12318) crexp(-3 4, 37 v VW r DTE (L v ) |

12315) g=exp ""‘#'i;ri L (e WU T, | 0 o>,15

where

Li(/4r12)=% ;lﬁriz'

Using the same method as above gives
<i:(123h5)5| (lZJ;hS):>>=g.70969)<10“199cm16.
<::(123h5)5] (12h;35);:>=-o.o9650>:1o~199cm16
<L (12308), | (521331) > =0.00066 X 10”199;,“16,

and eq.(III=5)gives
b5=0°3323

and

| bs‘ 2=0,110,

(vi). The HOSM spatial wave funciion for <the configuration
=3 s /a0 .
(152 (1) 2y (1e) is

D

2 2 2y 22 =) .2100>
(123h5)6=exp(a§/1,;; z, )rl rh°rSLig(4z2.) e
where

. 2, 3 L2
L (4 )55 M5

~ - " . o . L K
and |0 0 >, is given in (4ii). Then the dintegrals are



=286

< (123L5) ¢ | (123315) —>=0,02331x 10777 cnl6
< (12309) ;| (1211538) >==0.01073 % 10" 19%n™®
< (12315) ¢ | (524331) > fc»'.oodc)'( x 107199 cnl
so that,

b 6=o .20L7

and

| b, | 2=0.002.

(vii). The HOSM spatial wave function for the configuration
- =l .
(15)~}(1p) (20)° is

| 5 2iw = 3/2 2,.3/2 2
(123L5) ~exp(=2 4, EL: r, )7 Ty (gL W), )| o O>h5

where

32, 2.2 .2
Ll (/U,I'i )=2 “'/U'.L'i o

Then +he numerical values of <The integrals are

~199 16
< (12316)?! {123343) >=0.30587X 10 Y o

-] 16
< (123115)7 I (12&335)>==«001h076 * 10 'L99cm

< (w23ks), | (52k330) >>=0.00097x 107 en™.

Tauation (ITT=5) gives then

v, =0.127
1



and
2
b =0,016.
v,
(viii). The amplitudes of +the other configurations given in

Sec.1 were also calculated, agd féund to be small, They are
three or more orders of nagnitude smaller than 0.01, and so
are negligible.

On the other hand,_ here may be soms contribution from
the . excitation of the twe onucleons in the lp level to the
2s level, with one quantum of excitation. for each nucleon.
Then, however the HOSHK spap}al wave function is completely
symmetric and therefore camiot be antisymmetrized; thus, no
contribution results. |

The sum of the sduares' of the expansion coefficients

(i.e., the intensities) is

7

Y | oy | 2=0.999.

=)



CHAPTER IV

Conclusion and Discussion

The HOSM describes the individual nucleons as moving in
a common harmonic oécillator potential well. It is dindeed a
very simple and easily understandable model, but tThis simple
model cannot describe details of nuclear structure very well.
The teason for this of course is that fhe oscillator potentiai
is not the vreal nuclear potential; in actual nuclei, the
nuclear potential is mofe complicated thaa the oscillator potential.
For instance, internuélecn"interactions must be accounted for in
the actual nuclear potential, énd these are not included in the
HOSM potential., Thus, the HOSH eigenstétes are not the eigen-
states of the actual nuclear potential, and so the nuclear
state wave funcbions camob be simply replaced by the HOSM
wave functions. If the oscillator potential is modified, then
the nueclear state wave functions will 'be’ modified. As was
mentioned in Ch. I, since the FHOSH eipenfunctions a&re ortho-‘
ponal to each other and span the whole configuration space, so
the modified eigenfunciions can be expanded as a linear combi-
nstion of +the HOSM .eigenfunctions. Thus, the modified eigenfunce
tions include no% only the basic HOSK gipenfunctions, but also
the higher excited eigenfunctions. This configuration mixing can
~lsc e caleculabed by the perterbation nevhod., If the additional

oteatial.  {or residual interaction) is taken as a paritrbation,
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CHAPTER IV

Conclusion and Discussion

The HOSM describes the individual nucleons as moving in
a ecommon harmonic oécillator potential well. Tt is indeed a
very simple‘ and easily understandable model, but this simple
model cannot describe details of nuclear structure very well.
The reason for this of course is that 'the oscillator potentiai
is not +the real nuclear vpotential; in ‘actual nuclei, the
nuclear potential is mofc complicated than the oscillator potential.
For instance, internuélecn“interactions must be accounted for in
the actual nuclear‘ potential, ‘énd these are not included in the
HOSM potential., Thus, the HOSH eigenstétes are not the eigen=-
states of the actual nuclear‘ potential, and so the nuclear
state wave functions cannot be simply replaced by the HOSM
wave functions. If +the oseillator potential is modified;, then
the nuclear state wave funcbions will vbe‘ modified. As was
mentioned in Ch., I, since the HOSM eipenfunctions are ortho-
econal %o each other and span the whole configuration space, SO
the modified eigenfunctions can be expanded as & linear combi-
nstion of <the HOSM .eigenfunctions. Thus, the modified eigenfunc—
tions include no% only the basic HOSM eigenfunctions, but also
the higher excited eigenfuncticns. This configuration mixing can
also e celculaved Dby the parturbation method., If ‘the additional

notential (or wresiduzl interacoion) is token as a perittrbation,



then the expansion coefficients may be determined by wusing the
perturbation method (12).

The HOSM siave funmtiOPS.:pgua;ly give energy Jlevels which
are oo low compared to the‘ experimentai results. In order to
have a more realistic model, the Jdifferences in énergy between
the actual nuclear 1levels and the HOSM predictions must be
reduced somechow. This can be accomplished by mixing in HOSM
states of higher energies. .The_ amounts of these higher states
included in the configuration mixing ‘aré' given simply by the
coefficients, |

It will be schowm in App. IV that the simple cluster
model (in which all +vhe width parameters are equal) is exactly
equivalent to the HOCM after +the wave functions have been
antisymmetrized. However, the generalized cluster model (in which
the width parameters are all different} used here for Hés
includes higher HOSM configurations automatically simply by
allowing the width parameters <©o differ from one andther°

The c¢luster model wave functions for the ground state
and +he second execited state of He5 seem %o be quite good,
at least in soms respscits, as for example the energy levels
and +the E1 +transition probability. The mixture of HOSM confi-
gurations in the cluster model wave function will show how

5

e” must be +treaved using the shell model in order to achieve
results of similar quality.
Toabhles 2 and 3 summarize the resulis of Ch. II and

Ch., ITI respectively for the intersities of the mixing of <the



HOSM configurations in the cluster model wave funcbions. in the
ground and second excited states. From first order perbturbation
theory, it 1s expected that configurations having the same
number of quanta of excitation should appear in roughly the
same amounts., This found to be the c¢ase in the present
caleulation, with the one exception that the (23)2 configura=
tions in both the ground and secondA excited states have
intensities of comparable magnitude to those 'of the two quantum
excltatiors., This may martly be due to the L=S coupling scheme;
since the nucleons witn ~the same 1 have very similar HOSM
wave functions, then, from perturbation theory, the matrix
olement between these states may be large even though the
energy difference is not samll.

It is' also interesting ‘to note ‘that, as was mentioned
in Ch. II, the 1d ievecl dces not contribute very significantliy
to the ground state; however, it can be seen from Table 3,
that the second excited state has & fairly large contribution
from the 1d level., Trom vperturbation theory, the matrix element
for +the 1d sbate should be "quite small, but the energy o -
difference is also small, so <that the expansion coefficient may
not be emall, Thig rather large cdh?riﬁation from the 1d level
indicates that <the energy of <the actual nuclear state is quite
near o <that of <the ™OSM 14 level.

Figs. 2 and 3 show that the cmTipuration nixing is
insensitive +to variations of <the cluster model width paramevers

for +the ground state when one paramster is held constant at
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Configuration Tntensityx (%)
(19" (1p)’ {35
6920 ()
(15)"2(1p)° {30 ]
(19)" (2p)’ [22)
e 2aey (o
(1) (35)" {13}
Total {55}
Table 2. he intensities of the different configura-

’oionai states found in the ground state cluster model wave
function with width parameters: &, =h.33><1025 cm"g,

8= 2% x 10Pen™ ama =3.65252 x 10%%en ™2,

)
The two different intensities correspond To The <Gwo different

. 2 . N . -
values of the width pavameter A5 of the cluster model.



Configuration - Intensity (%)
(1) (ap)t 30.0
(1s)-2(1p) L(2s)t ' 16.1
(1s)2(p) )t . 21,.5
(1s)~1(2p)? 12.5
(15)-3(1p) }(25)2 110
(18)"3 (1p) Hzs) (1)L h.2
(1s)t(p)tep)2 1.6
Total g 99.9

. Table 3. Tne intensities of the different configura-
tional states found in the second excited sbtate cluster model
wave function with width parameters: =2,81 x lOzscm"“2 5

2 =l.78%10%5en™2, P =0.122x10%en™® and 4 =3.65252X 1025en™2,

Pearlstein's value and the other is varied, In Fig.l of
Pearlstein et al (2) curves (¢) and (e) "are quite flat near
the minimum. This indicates that with = certain variation of

,' ¢ g L] (al L
the peramzter ﬁ around the minimum, the energy oL the

change very much. It is therefore not

[<'s

ground state does nO

surprising that the satensities of the configurations do nov
4 4 . . - - " - -
change  sppreciably when 3 is +aried, Tt was also menvioned
AN

\¢/

in the same work that ©the enerpy is insensiibive ©o the

it



compressibility of the alpha particle, In other words, the
energy of ths ground state is insensitive to wvariations of the
width parameter o when IQ' is held constanty Thus, it is
also plausible that‘ the mixbure ‘of tne various HOSM configura-
tions will also be insensitive %o the variation of .

The ratio of the cluster model width parameters ﬂ?hﬁ =
{ g:gg}'< 1; this indicates that the alpha particle cluster and
the ngutron wave functions deo not overlap greatly (13). Also,
according to the shell model, closed shell structures usually
remain energetically ﬁreferred even when the wave functions of
the nucleons in closed shells overlap those of surrounding nuc-
leons very strongly. Both of these points indicate that the
ground state of Hes is favourable to formation of an alpha-
neutron cluster structure. On the other hand, in the last para=v
graph, +the insensitivity of the configuration mixing tc the
variation éf one of %he cluste#hodel width parameters was seen.
This suggests that certain ‘collectiohs of nucleons exist which
are highly stable as free particlés aﬁd are bound toghther %o
form the ground state of Hesnothis is 9o because marked varia-
Yions im the width paraméters involved have wery little affect
on %he binding energy and on <the velative azmounts of the wvarious
configuraiions whieﬁ contribube o +the state. From ©he possible
choices of %he clusters which are highly stable and bouﬁd, it

may  be induced That the most f{avourable one is the alpha



particle-neutron structure. Thus, the results indicating the
insensitivity of +the configuration mixing %o ‘the variation of
one of the cluster model width parameters 1s consistent with
the cluster represen‘tntﬁ on of the ground state of He5 .

No wvariation of the cluster moedel wiirl’ch parameters of
the second excited stete has been rterformed. However the
configuration mixing will probably be guite sengitive to the
variation of any one of the  three width parameters o, <
and B . This can be seen from Figs. 3, L and 5 of Pearl-
stein et al -(2), which show that if any one of the ‘three
cluster model width parameters are wvaried, a fairly large varia=-
tion of the enmergy results.

Fig. - I shous that for 0(,=ﬁ, the configuration mixing is
atill insensitive %o variation of <The él&sﬁer model width
parameter ﬂ' for the ground state except near the region of
g'=fi,, The phycical meaning of setting ef=M, is that the
alpha particle is treated . as 2 set of fouwr individual nucleons
without correlations. Hmaevér; :-_i‘ | ‘,9' is not equal ©o M, then
the extrx neutron fas cérs:‘ela'bicns v%i“l_,h” “the four nucleons. When
B’D,uog tne nucleon correlabions are completely broken down;
i.0., ¢The anbisyrmetrized ground svate cluster model wave funce
tion is compietely equivalent to bre HOSM wave function of the

(].s)l‘(lp)l jevel. Mathemaiically, this will be shown in App. IV,

]



The same sorv of diagram as schown in Tip. L will resulf if
8’2, and o, is varied. This means thab the two=body corres
lations between +the alpha particle and neutron are first
aliminated. If o, approaches M,, then the nucleon correlaﬁions
within the alpha pafticle become smaller and smaller., At o= U,
the nucleon correlations are .completely broken down as above,
and the same thing will happen again-i.e., the antisymmetrized
ground state cluster model wave function is equivalent to‘ the
FOSM wave function of the (is)(ip)* level.

Since ccnfiguratioﬁs (1), (i1), .(iv),. (v) and (vii) can
contribute to the El transition, then it is seen that the
HOSM configufation (1) 'can‘ only; contribute partiélky Yo the El
transition probability. Since ~the energy levels of the HOSM
wave functions are equélly spaced,i then an estimate of the
level width of the second excited state of H'e5 may be made
on the HOSM as 0;006859 relative to level width according to

e

the cluster mnodel., This 1is consistant with +the resulis of

(3)

Tran Duc and Smith , who estimate <the ratio

/ =1/(1, xxﬁd
rﬂv (s.po)’(TY(cluster model) /(L.55 )

Since nuclear quadrupole moments are quite sensitive to
admixtures of different configurations with +the same angular
momentun and parivy (9)9(1h), it may be interesting to extend
ithe present work o a quantitative discussion of the nuclear

: ; Voester medel wave funetdd £
cquadrupsle woment of Hew, in0C eluster medel wave funcuion oL

o~
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the ground state gives no quadrupole moment, because esséntiélly
no d-shate admixture is present (9). However, as Shown in..
Ch, III and Table 3, vthe second eixcited state does have. a
significant amount of d-state admixture, aﬁd so it may have a

large quadrupole moment, although it cannet be measured directly

at present.
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APPEIDIX T
Evaluation of Integrals of +the Type

- =FAr =
f (¥Br)e ™" drlerdTBdrhdr5

In most of the calculations in Gh II, as well as 1in
the calculation of the normalization constant of the ground state
cluster model wave function, integrals of the type
f €3 Br)e'l‘Ardr or ar drhdr g
must be evaluated, where A and B are 5x5 square matrices and
r is a colum matrix, Hore the symbol "~ " disignates the +trans-
pose of a matrix,

4 well known theorem in matrix algebra (15) states that
1Tf FAr and TBr are real quadratic forms and if TAr is
positive definite, thers exists 2 real non-singular linear trans-
formation r=Cz which carries ¥Br into ?12,12"’ %222+--~~-~+Kzn2

2 2

and FAr into 24 +222+~=~a-=w-+zn where |y fyacmm==,@ are the

rOo0Ls of | YA-B l =0%, Thig theorem is wuseful in +transforming
the integrands of +the above type to a form which may be
easily evaluaced

Led
T - STAL o = AT-1
T f $Br)e o 4w, d d_jd'rhdrs ( )

Tn order “o evaluate ©this integral, first apply an orthogonal

.. s N A 1 "
sransformavion O,‘ which diagonalizes =hAr (S), Then

- AN R"QDIU = - e A
Jw= JF(SOlE:)lu)G dugduafldldasp



whers o 1o the new coordinate system and D1 iz the diagonal

matrix. A second coordinate transformation:
- - -nd -dy - -d - -
t=JF 5, Ep=47, 5, t =/f, & 3 YedRE, bRy

(or it may write in the matrix form as s=Ht where

Tedlag(/Ve, o WP s Y /F s 1/WT1» Y/B)) is now applied to

the integral I, Here, f, fs fs Ay P are the roots of the

determinantal equation |A-AI|=0, This 2leads to

Trmme e (ﬁﬁlﬁoﬂﬁt)n tHDltht d'h dt dthdts
(AP F f’af})‘* o
1 ~ ~TIt
(tB,t)e” "~ 'a%.4dT dt_dF dt_ (AI-2)
(P.Mfma 2 172 s

whera B2=H6iB0

applicc to the ihtogrand in owxder to diagonalize 32, Thus,

lH. Finally, another orthogonal transformation O2 is

7 5Ts
I= (202 2>qm)e %4z dz d dzh 5

(Flpzf)B(é‘S')z

1 == (~ZD2(J)G ZIZ dZ QZhdaS . (AI-'3)
(ﬂ Prfsfafs)?

This simplification comsg aobout because O2 commutes with I and

5é02=19 so %hat this transformotion does not affect tThe exponen=

tial temm ab 2l &lsog 0ll transformotions except H (or
FEN - N - - . - . _
%i= AP 83) ars orthogona 1 tronsformations, and Go  theix dacoblan?

| 311, Tor the <wronsformation H, the dJacobian iz 7 =

1'" " a o -
“1/(P, P, Ps Pa P57, ond iz olroady included in ca. (AT=2).

hug, 0q.{8I-3) moy ba writien cxplicitly iu the Lollowing form



=30

'4' D SR . 22
(P.PJ’S&P;) Jff[fw e fig)

oxp(~z -z -~-w-~, d dz, -
XpA~2, =2, p? )Zl zzdzzjldzhdz5 (AI=L)

where ¢, fhy==w=m=, {7 are the roots of the determinantal equa=:
tion |B-P4 | =0, )

Since f|, Py==-==sf, are the roots of | A=AT | =0, then
(P P, P3Py Ps)=detA. Also, since the ¢ 's are the roots of
| B=¢A |[=0 (or iA'lB-‘;”I | =03 A"} exists becawse A is non-
singuler) then $<Pe %ﬂ%-z-‘[_)cw’rrace(l&'lm.

Eq.(AI-}) can now be integrated as follows:

L [(30 + PP P T ] | (AT-5)

I=
(PIPJ-IJP4-P5

where

T1= fj’fff zlzexp(-zlzﬂ 2n "Zh ~Zg )dz dz dz dzud:z.5

Il jg on wolementary integral, and may be evaluated very easily.

Tn the caleulation, an IBM subroutine program 1is used %o
evaluate Amlo The oanme prog*‘am determines (detA"l)zl/ (P P60 F P5)2
and Tracel <lp. "9y +thé prozrom, 'SDE(ded A"l)z and - TracesTraceh lB
Tn -serib of ‘thege quanvivies eq.(AI-5) can be writien as
T=SD x Trace X Iy,

The print-out ‘cheet abtached gives <The program used for
this purpose. Several remarks shouf]_d" Ee | made concerning this

program. Lo cham in the progrom, the finzl 7result is reached

o - o S b IR TN . . " - o ) K
sTher Tha prive shahement of  the ©I0c8. e rest of The



<40

DIUOFTGT 1z used to check the results. The first check is %o
determing twhether or rnot A"lAmI and B"1B=I. Since B is usually
singular, B™% does not exist so in our program B-1B is not
unitery. If B ig non-gingular, however, we can form B'lA, and
the second check is8 %o find the inverse of B'lA, which should
be equal to A"B. The second check was performed several times
and it did indicate that the subroutine is wvery good.

In the above-mentioned method +the exponential term was
first diapgonalized. On the qther hand, if B is non-singular,
the same method can be wumsed, exsept that B is diagonalized
first, Tt can be chown mathematically that these two different
approaches are strictly equivalent. This is confirmed in the

computations.
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SUBROUTINE MINV
DURPOSE

INVERT A MATRIX

USAGE
CALL MINV{AGN;DyL, M)
DESCRIPTICN OF PARAME TERS
A - INPUT MATRIX, DESTRDYED IN COMPUTATION AND REPLACED BY
RESULTANY INVERS
N — ORDER _OF MATRIX A
D - RESULTANY DETERMINANT
t HORKVECTOR—BFLENGTHN
M - WORK VECTGR OF LENGTH N
REMARKS

MATRIX A MUST BE A GENERAL MATRIX

SUBﬁggEINES AND FUNCTION SUBPROGRAMS REQUIRED

METHOD
THE STANDARD GAUSS—-JORDAN METHOD IS USED. THE DETERMINANT
TS ALSU CALCULATED. B DETERMINANT OF ZERO INDICATES THAT -

THE MATRTIX IS SINGULAR.
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S.CC02 DIMENSION A(25),L(5),M(5)

© 00 9000 00 000SC0000A0T 0000200600069 000920V O0VLNEVOT0O000COIOOD L0006 000!

IF 4 DOURLE PRECTISION VERSION OF THIS ROUTINE IS DESIRED, THE _

C TN COLUMN 1 SHOULD BE REMOVED FROM THE DOUBLE PRECISIDN
STATEMENT WHICH FOLLOWS.

DOUBLE PRECISICN A4D, BIGA HOLD

THE TUST _ACSU BE KtMUV“ﬂ_‘KUn DUUBLE PRECIOLUN STATEMENTS
APDﬁARING IN OTHER ROUTINES USED IN CONJUNCTION WITH THIS
ROUTINE .

CONTAIN

THE DOUBLE PRECISION VERSION DiﬂTHIS SUBRBUTINE MUST ALSO
LN DOUBLE— DR EC I STAN EORTRAN—AUNCTFENS—A3S—N-STA
10 MUST BE CHANGED TO DABS.

S 00 QCO0OGCO0O0O0O0O00G0C0000000000000000V0VV00V 000OIVVOO0O0DVO0000000000090000608

PP OO ONOOIOTO

UNIVERSITE BD’OTTAVA |
.
CENTRE BT CALCUL 3




ELEMENT

FOR LARGEST

SEARCH

'C\

DIVIDE COLUMN BY MINUS PIVCT (VALUE OF PIVOT ELEMENT IS

o
o~
'S
(e}
o~
-
e
ot
——
-
- %)
- = ~
- = S
<t = - i
— [e0] Q 0 o a)
w o Ly (&) (o8] (o [>T
@ o P E o e
<L [ U8 ] i - 1ot Ne! 'S |
[ < g D S} T (X ~r
-~ =2 o = < O o Ta N
=z x Z| < < qd 2|~ ~0 |< - B o~ (TR & = - g
- o~ e o] Dy I 'y o i =) T i~ le L] 3 SR 74
— e < | — | PO O S eal == : A
] ™ (LU fanlegy W o 1 It | [N L e e T0 - i S U
Mz N vt 3 T A o et ] oDow ~ <IN N jaa] ot T ™y <L < | f <1 et e T T
losvedwsaa [~ lownge—=zk =] ~xdz @ 1 i - Al wied | W oo =z |vwhz
OZChs It B il oroNon nes Z X IO ey~ [Z X I % xafill e O O U | g
°o | CZ A ZINZNHTL Yo == —ly O O it (e e 24 Z AN D @ e DDUPpZ L
=i || pxsgune | i I} = 2P -l 1] i} 4 N3 g~ 1 ™" —( e |~ =
1} 32 CRE weemg 32 0= (DN O UL =y o = (D TRTE Tl e L [| JTR - W PV e TSN 3 Wil WP sy (O
OZ O 4SO~ O~ A D = QT <T beptpmd =y ) T L <L <F =D 0L CP i =1 gD
(o]'y < n &) W P WO of Wi W
o oM o N o0 N i g ) n
[S18] 5] o PO
ko~ oo iy ~og ol (3l ATAREl pde el PN TN O @O O PO Ee 3TN
ook GO mieHmimitd —i et e PN TN TaNT SN s Ya VT oY VLo Y] ciriendnen e ed Ol T TN T
coopoduotoopcgoeog ccoodcOoE©O pocpooecog clcogocacpw
ocoopodeudoopodoedg cdoodpooio dootooooy clecodoonic
L] o o] @ e d o o £ s o L] * L * ® @ L] L L] L ] od L] L] o L ] P o L ] L] L] “ L] e 3 € Q ] +] L] o -] o
SSS#\uSQSSCﬂSS (Vo174 17217000 ¢ (Val Ve (VoY oXV oYV X Vgl 7o1Vg) 73921721 2372172 (%2122 %] [V (VR VX ¥ Y VaX Vel o XV el

/A

STTAVY

0’

UNIVERSITE

1

ENTRE BE CALCUL

gt




REDUCE MATRIX

w

[O)

=z

<

I

- (]

< =4

[&] tw

o -

[ 4 =z

Q. —

et

- (&S] <

- -~ VK] =

b [an] o 2

- > V] o}
<t — H > o © tn
(7] Q. C a8} (&) o o~
- > W e~ —t

o ™D > O o — [an} (] - o~

OO | X [sa] ™~ [a} < =z ~ o

o o | S L) > <1 <{ o] N Q

N | < = [Ta¥aal n = & o] —~ —

DD | de (] inde (& a M~ = '3 Ld pzd - L 4 —~
prad o ol e~ o = o s6) [en ot (&) o —d () [a) P —
o |ON| & ol O™ w N | ol Nemomred | o~ ey |O 0 ™) D
=t | ND D NZ et Lt — | M~ (& [ o Of =i il | X =G || bt 1) e
H e ll] O 1l -l 3 << oLl 1. w 1= &I o MO
heP= Calal oyl gue) Bl S~ @ O 2 DI —ed| e D Z~1s |

> Gl nZ > |2 $xiz g —ja Wz & — el OP<twil Qo
T P Pee] — [P~ o O] LW e (e ] VAN IR TN el I IS Mol [ bay
ST SR Y i ot B B R4 “Aae R o ~ VRt B A 4 o G L VMt 2| Z DO L ] N e (D 3L
L] I ~v e {1 b= Z [} |~ o N e L | 1) o I 9O E ]~ 1} It X2
wieke 'S Sy p Lo dw ar Junly p JRRLcd @] 1] - C Ul LA Ok Qe BjU e (R O e
errt () b ot bt N T D W ONL e <TED [} <L O Yz QD T NI A= (P T <T

N W (] T 9] < o I « o

O O N~ [ce) o P g —0 A

i = — ot o] —t

S1SI8 LL YOO oo

soéatas LT oNTs AR AT A] WO O [qV] O T ARSIy o X0aX & LT oNTs AR Tl I8T e o [Sa enlly JTaNTARE ML A}
K T Ul i n [TaYTaXV 2174 NNe] Vo) o] hNO O NERNSINGY FoRveT o [ al v o ol el ol i L oo, SR O O -
oCQOCDODOO OCC PO [} (o C dbochbogquoedtoecocpodocdooiso
cogououdpeo QOLOOKS (&) Sl boecpodquodpuopoguopuailo
o o o o | o @ e o | ® o] L o e l"lln.ll..ﬂuanOUOOGo
”)S,\rSSrTSS v nnis w To1%} dhvnbhhuwvvivn i Ui nd nnmn v

A

\

o
&

POVEA

(&4

)

CENTRE DE CALEUL




S.CCE¢ 130 AU JI} =HOLD
. S.CC87 GO 72 100
{ S.CC88 150 RETURN
| 5.c08% END
f SYZE OF COMMON 000000 PRUGRAM 00Z13%
. END_QOF COMPIIATION  MINV
|
i
}i
|
;
j
i
]
|
|
3
i
|
i
<‘?\‘7
|
UNIVERSITE D*OTTAVYA
CENTRE DI CALCUL



APPENDIX 1II
Evaluation of Integrale of the Type

~, ~ "'i"
j’ (¥Br) (¥Cr)e drldrzdrBdrl ‘3

This +type of integral’ 'ls not as simple as the one dealt

with in App. I. Howevwer, it may be somewhat simplified by using-
the same method as in App.T.

Let
It= f (¥Br)(¥Cr)e™ rAr drldr dr. drbdx‘5 (AXT-1)

An orthogonal transiormziion 01 is first applied to diagonaiizeﬂ.
A, and then Hediag(l//F, , 1//B 5 /b s YJ/E s Y/P) is used

~ . . . - v’*\
to get %Iz in the exponential term, as in App.I. Thus “‘\

[(so s) (..OJ_CO s)e"sml 43, d5_d5.ds, ds

172 3L 5.
l Shnend NtIA' o ed  eD e e
a (¥, BO_ Ht) (“ HD 100 Ht)e '4%. 4%, d%. dt, 9%
(Fr P, Py Pe £ )2 171 e b A
= e - (uB T;)(OC u)e% ud‘ulduzd‘fz d\,hd*c,a (ATI-2)
P fufsFeP5)2

vhere B r-uC)lBOl'H and Cf?fﬁvi(‘}()l H., Another orthogonal <transformation
02 cen thea be applied. %o diaéonalize B2 or 02, (depending on
vileh will be more: offeotive). That is, it B2 is more comnpli-
cated then 02 , ‘vhen it is diagonalized wother <Than 02,
Assume Tor definivonsss thad B, 3o %o be diagonalize “hen

foom eq. (ATT-2)



=41A -

—

/
Ry 3 (“D u)(uo Q,ule” -t 4%, 4% du du, du
{ﬁgi’éfi.fs)?;j O % LS
' .
AR ] (’p“ 7‘u9 *’~~~~+¢’ )(uC )e
(Pw{,: ;jz ,V.;_ {‘;E)ej

du u du do du
1 2 3

b5

(ATI=3)

ghers CBQQQGZO 2 and L jedetd.  Thus,
1 - (& 1, ) L)
Loy p ’E +" o+ [ o-l[‘l AII_
(2,0, 8, Py PR h (

whisre
N S R g2 g2 g o=
Too §ou, S{86_wye MaT 4u du, du dn (1=1,2,3,L,5). (AII-L*)
LIS A | 3 PR R R PR

Tn order 4o evalvate I' a different progran from that
ased in App.T e be  emploved; since 0y, the P's, H, 02
and the 's mugt be determived, an IBM subroutine program to
~ind  the elpenvalnes and elgenvectors of A and 82 is employed.
The diagomallzation oif A glves the P's, 0 and 0q%; B2 and

be 4 ,
C? may | evalueted v nsing another ghort program. Then we can
faed B, o the  saoe  program vo find its elgenvalues and eigen=
weS ol This celermines the ¢ 's and 0 29 and ‘thereby
C.. 3iuee  bhe  quadratic form (ﬁcau) ig not a scalar, 1t must
be berme in wiad  that  all  Whe orogE terms are actually scalar

by @D e
oreducts of  Wwo vechors, e.g., Ty-Tps ¥3¢0gs and so on, <hus
velove capcyimg owt the integrobions I in eq.(AIT=L?), the
inbeprationg over angles mush first be evalueted, When this is
% The wransiormabion mabrix T o whe program  has  been checked
. . - s LT

and  Go  indoed an  orthogomal Eransiormoulon matris, f.e., 1=l



done, the quadratic form WUCyu becomes ﬁchu (where Ch is a
matrix representation of ‘the scalar quadratic form), and on.(r77

eq.(AII-L') becomes
o 2,0 .,ﬁ'Iu e e . .
I, f uy (uChu)e dulduedquuhdus, (ATI-L")

The Gauss-Laguerre method (26) iz now applied in order to get
the mumerical wvalues of the Iio "'I'he integral I' can now be
evaluasted using eq.{AIT-L) and these results, i.e., the .P's,
the (¥s and Ij.

I+ may seem qui‘cé wareasonable at first sight to caleu=
late I' by the above method: why not apply the Gauss-Laguerre
method at the beginning? The reason forl "+his 1is that experience:

has shown <that if the integrand 18 complicated, then <he

B
&

accuracy of +the result: is poor. The situation is dimproved con-
siderably when %he integrand’ ig first ”simplified, as was done
above, -

If more “than ﬁhree - quadrabic k‘foz“ms occur in the inte-
grand, <the same method of diagonalizing: two of them may be
used: one is the exponential term and the other is chosen for

convenience. Thus, I 38 glven by eq.(AIT h), with the I;! in

=)

the following Lo

- 2w - mﬁIEu}&Q-&w:’lnl
I= f th (uCBn)(xEBLX)-fuwue duldu2du3dnhduso

~

Tt somobimesn oceurs Uhat alter diagonaiization of A ond
eq. {(i1I-2) hac be=n obtained, the remaining Tactors BZ and C 5 ‘
ave porlect  sguared. That 1c wo Bay, ‘tB?im (’EL,‘ 3 Ll'i;) and



«ue%n(LL )(L 1) Then the product (%ﬁ;)(th) iz 2 quadratic form,
and eq,(AII-z) becomes

f (th)(th)e dt at_dt_dt, dt

(P{%Famg) 1723 LS

where KﬂLng A single orthogonal *transformation ocan then be
used to diaponalize the *two  resulting quadratic forms. . This
simplifies the caleulation and gives the result up to five
signifieant figures. Although this situation does not occur in
211 cases it neverthelsss does arise in owr calculation several
simes. This is useful In checking the vesults of the Gauss-
Laguorre method.

In our programming for Iy of eq.(AII-4"), an IBM
library program for the Gauss-Laguerre wethod and its data sets
are used. However, 1o was nob possible to run for 32 points
(or roots) because about 25 minutes are then required for each
cen. Tnstead 15 pointe sre used in this compubations this
gives three %o four significant figures, and is quite sabis-
factory for the present purpose.

The program for evaluating‘ the eigenvalues and eigenvecen

tors g abbached.
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NATRIX A IN DESCENDING ORDER,
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EVELC 1JULG6 IBM 1S/360 BASIC FORTRAN IV (E) COMPILATION
C
¢
C 0..D.GO..IO.G...'.OOD.‘O0.000'OBOO.CO.Q'GO...Q0..0.0‘090..‘0000.00‘
s G
E SURROUT INE LOC
C PURPOSE
C {‘ﬂMOHTC A \LFFT(‘]Q QHQQFDTDT CDD ng! gl EMEN! ’N A MATQ!\{ ne
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i C USAGE
i s CALL 1 0C {1,de10 N,M, MS)
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¢ DESCRIPTION OF PARAMETERS
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L i — O TIMMN N IMREQ FlF C{ EMENT
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r ve - ONE DIGLT NMUMRER EQR STORAGE MCGDE OF MATRIX ‘
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¢ 2 - DIAGONAL
C REMARKS
E NONE
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¢ METHOD
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Normalization Consbanbs

The numerical calcualtion of the normalization constants
is wvery oimpie. The normalization constants for +the HOSM wave
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Here it should be pointed onut that in the calculation of

the normalization consteouds as well as of the other integrals

some cormon constants fave ‘been omitted. This was pointed out

ix Ch, TIT. This has %een done In all the caleulations; since

the seme constanbs apnesy Gn the wmumerators and  denorminators

of he final expansicn coefficients, they play ne role in tie

soloulabion,
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APPEVDIX IV

The Equivalence of

the Cluster HModel

and the

HOSM Vave Tunctions

7% has been shovm that if

parameters are ecual  to
state {ihus glving the “oimple®
symmebrized cluster menel
identiond Lo

siate {13.

Yo shovn  heie that

sewe  fov  the ground state and the

(v, The cluster nodel wave

given in Ch, II,

.
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paramebers o, f3

all the cluster model width

the HOSM width parameter for a given
cluster model) then the anti-
ware function for that state 1is

the an%igsmmebrized HOSM wave function for the

the azbove statement 1is

5

second excited state of He

function for the ground
(11-3)

Eqs, and (II=l) are

and entisymmetrized cluster model wave

ctively, The. spatial wave function (123L35) is

of +the nucleon

s\,-b-&.,.sa..;
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are made equal
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to +the HOSM widbh parameter A, <hen
Asd M, B=3 M, C=D=0.

The cluster model wave function “then becomes

~
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This simplification occurs because exp(=3 M Z riz) is a totally

=}

symmetric function "of the five coordinates and therefore can b=
ignored while carrying out fthe. antisymmetrization. Thus, there

remains only (1)
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When +%his wavc function is normalized, the constants are equal

NCMcNSMl, so that

A G, (3/2ms o= = )= Al (372

If a ocalar product of the Fgn is formed with V4¢cy(3/2-;

7 .
Aym [7 o= L then =1 and a,.=a,=a,=a~a,=0,".Tn
yo 3= LY, them ay 278373 ag=ag=0.’ is check has been

carricd out by computation and is shown in Fig. k.

(ii). This sort of -equivalence can also be shown for the second

excited state; the cluster model spatial wave function for this

state 1is -
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