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Abstract 

In this thesis, a theoretical description of mass transport through membranes used in pervaporation 

separation processes has been investigated for both dense polymeric membranes and mixed matrix 

membranes (MMMs). Regarding the dense polymeric membranes, the Maxwell-Stefan model was 

extended to consider the effect of the operating temperature and membrane swelling on the mass 

transport of species within the membrane. The model was applied semi-empirically to predict the 

membrane properties and separation performance of a commercial Polydimethylsiloxane (PDMS) 

membrane used in the pervaporation separation of butanol from binary aqueous solutions. It was 

observed that the extended Maxwell-Stefan model has an average error of 10.5 % for the prediction 

of partial permeate fluxes of species compared to roughly 22% for the average prediction error of 

the Maxwell-Stefan model. Moreover, the parameters of the model were used to estimate the 

sorption properties and diffusion coefficients of components through the PDMS membrane at 

different butanol feed concentrations and operating temperatures. The estimated values of the 

sorption properties were observed to be in agreement with the literature experimental data for 

transport properties of butanol and water in silicone membranes while an exact comparison for the 

diffusion coefficient was not possible due to large fluctuations in literature values. 

With respect to the MMMs, a new model was developed by combining a one-directional transport 

Resistance-Based (RB) model with the Finite Difference (FD) method to derive an analytical 

model for the prediction of three-directional (3D) effective permeability of species within ideal 

mixed matrix membranes. The main novelty of the proposed model is to avoid the long 

convergence time of the FD method while the three-directional (3D) mass transport is still 

considered for the simulation. The model was validated using experimental pervaporation data for 

the separation of butanol from aqueous solutions using Polydimethylsiloxane (PDMS)/activated 

carbon nanoparticles membranes and using data from the literature for gas separation application 

with MMMs. Accurate predictions were obtained with high coefficient of regression (R2) between 

the calculated and experimental values for both applications.  
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Résumé 

Dans cette thèse, une description théorique du transfert de matière à travers des membranes de 

séparation par pervaporation a été étudiée pour deux types de membranes : membranes 

polymériques denses et des membranes à matrice mixte (MMM). Pour les membranes 

polymériques denses, le modèle de Maxwell-Stefan a été modifié pour tenir compte de l'effet de 

la température d’opération et du gonflement de la membrane sur le transfert de matière des 

molécules pervaporées à travers la membrane. Un modèle semi-empirique a été utilisé pour prédire 

les performances de la membrane et pour caractériser une membrane commerciale de 

polydiméthylsiloxane (PDMS) pour la séparation par pervaporation des solutions butanol-eau. Il 

a été observé que l'extension du modèle de Maxwell-Stefan peut prédire avec une erreur moyenne 

de 10.5 % les flux partiels des espèces chimiques dans le perméat comparée avec une erreur de 

prédiction d’environ 22% pour le modèle de Maxwell-Stefan. De plus, les paramètres du modèle 

ont été utilisés pour estimer les propriétés de sorption et les coefficients de diffusion des espèces 

chimiques de la membrane PDMS à différentes concentrations d'alimentation de butanol et 

différentes températures de fonctionnement. Les valeurs estimées concordent assez bien avec les 

données expérimentales publiées dans la littérature pour les propriétés de transport du butanol et 

de l'eau dans les membranes de PDMS. 

Pour les MMMs, un modèle simple basé sur l’analogie d’un circuit de résistances électriques, 

corrigé à l’aide de simulations obtenues par la méthode de différences finies (DF), pour obtenir un 

modèle analytique pouvant prédire la perméabilité effective des espèces chimiques à l'intérieur de 

la MMM. La principale nouveauté de la méthode proposée est de contourner les temps de calcul 

importants de la méthode DF tout en considérant le transfert de matière de façon tridimensionnelle. 

Le modèle a été validé à l'aide de données expérimentales pour la séparation par pervaporation du 

butanol à partir de solutions aqueuses en utilisant des membranes PDMS/nanoparticules de 

charbon activé ainsi que pour la séparation de gaz. Des prédictions relativement précises ont été 

observées avec un bon coefficient de régression (R2) entre les valeurs calculées et expérimentales 

pour les deux applications. 
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Chapter 1: Introduction and structure of the thesis 

1.1. Introduction 

This study is conducted in the field of renewable energy, and particularly focused on the modeling 

of pervaporation separation of biobutanol from aqueous solutions. Fluctuations in the price of 

fossil fuels over the last decades and their impact on the environment have drastically increased 

the global awareness and the motivation to develop renewable energy and sustainable fuel 

technologies [1]. Among the various types of biofuels, biobutanol has been considered to be a 

potential alternative for the partial replacement of the traditional petroleum-based fuels [2–4]. The 

biological production of biobutanol is mainly performed via Acetone-Butanol-Ethanol (ABE) 

fermentation which uses Clostridia bacteria as the associated microorganism [5]. However, there 

are some important challenges, such as the toxic effect of butanol on microorganisms and the low 

final butanol concentration in the fermentation broth, which need to be resolved in order to make 

this fermentation process economically viable [6,7]. Various types of integrated recovery methods 

such as vacuum fermentation, adsorption separation, liquid-liquid extraction and pervaporation 

separation have been successfully applied to enhance the productivity of the fermentation process 

by reducing the toxicity effect of butanol on the microorganisms via the selective removal of a 

portion of the ABE solvent from the fermentation broth [8–12]. 

Pervaporation is one of the most promising solvent recovery methods which is essentially based 

on the selective permeation of species through a dense polymeric membranes [13,14]. In this 

process, a liquid feed solution to be separated is contacted with the membrane while the permeate 

side of the membrane is kept under vacuum or a sweeping gas is used to maintain a very low 

concentration of the migrating components [14]. High selectivity, low energy consumption and 

ease of design are the key advantages of pervaporation in comparison to the traditional separation 

methods such as distillation. Moreover, the pervaporation process have no or minimal impact on 

the viability of microorganisms [15–18].  

Membranes made of a variety of polymeric materials have been widely used for butanol separation 

by pervaporation process. Among them, Polydimethylsiloxane (PDMS) membranes are the most 

often used membranes for butanol separation due to their high level of hydrophobicity, high flux 

and selectivity, in addition to their good thermal, chemical and mechanical stability [13,19]. 
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However, similar to the majority of the polymeric materials, PDMS membranes are suffering from 

the trade-off between selectivity and permeate flux [20]. It has been reported that embedding some 

organic or inorganic fillers within the polymer matrix can enhance the separation performance as 

well as the thermal and mechanical stability of the membranes. Various types of filler materials 

such as zeolites, metal organic frameworks (MOFs) and activated carbons have been successfully 

used in the polymeric membranes to improve the separation performance (flux and selectivity) in 

the pervaporation process [13,21,22]. 

A theoretical description of the mass transfer through mixed matrix membranes is essential to 

enhance the material selection and to select operating conditions in addition of increasing the 

scientific knowledge about the permeation properties through these types of membranes. A mixed 

matrix membrane (MMM), as used in this study, consists of at least two phases: a polymeric matrix 

and an embedded filler [23]. To investigate the molecular permeation through MMMs, it is 

important to initially study the mass transport of migrating species in the two phases individually. 

Polymeric materials have been widely used as the continuous phase in mixed matrix membranes 

[13,21,24–27]. Therefore, investigating the mass transport through these membranes is paramount 

to predict the overall permeation properties of mixed matrix membranes. Species penetration 

through dense polymeric materials has been studied widely over the last decades. Various models 

such as solution-diffusion [28], thermodynamic of irreversible process (TIP) [29], pore flow [30] 

and Maxwell-Stefan [31] have been studied to describe the mass transport through numerous types 

of membranes. The simplest model, based on the solution-diffusion theory, was proposed by 

Graham (1866) to describe the permeation properties of gases through rubber septa. The model 

was then applied by Binning et al. for pervaporation separation applications [28,32]. Based on the 

solution-diffusion theory, the molecular transport through dense membranes consists of the 

following three steps [14,32–34]: 

1- Sorption of species on the feed side of the membrane 

2- Diffusion through the membrane due to the chemical potential gradient 

3- Desorption from the permeate side 

All three steps of the solution-diffusion theory could be encapsulated into a single parameter: the 

permeability of a migrating component within the membrane. Permeability has been widely used 

by many authors as a factor to compare membrane performances in both pervaporation and gas 



Chapter 1: Introduction and structure of the thesis 

 

3 
 

separation processes [1,13,21,35]. However, in many cases, the solution-diffusion theory is limited 

to the permeation of very dilute feed solutions when the effect of coupling fluxes is negligible in 

comparison with the individual permeation of the penetrants [32]. 

The Maxwell-Stefan theory is a more comprehensive model introduced by Stefan to describe the 

mass transport through membranes in the pervaporation separation process [32]. The model uses 

the combination of the solution-diffusion theory with the Maxwell-Stefan coupled diffusion to 

consider the effect of species coupling in the estimation of the permeate flux [32,36,37]. However, 

the lack of experimental method to measure the coupling diffusion limits the application of the 

Maxwell-Stefan model in different cases. Moreover, the temperature and concentration 

dependency of the diffusion coefficient and the solubility factor are other significant factors which 

have to be considered for estimating the species permeate fluxes at different operating 

temperatures and feed concentrations [1,32].  

Permeability of a species in the filler is another significant parameter which affects the overall 

permeability of components through mixed matrix membranes. The presence of a high permeable 

solid filler within the polymeric matrix could result in a more permeable composite membrane 

while a solid filler with lower permeability than the permeability of the polymer decreases the 

overall permeability of MMMs. However, according to the structure of porous material (especially 

nano fillers), it is not possible yet to experimentally measure the permeability of a solid filler by 

performing pervaporation tests. A number of studies have used different predictive models for the 

effective permeability of MMMs to estimate semi-empirically the permeability of the dispersed 

phase within the polymer matrix [38–40]. However, a better approach could be achieved by 

combining the effective diffusivity and solubility of species to estimate the permeability of 

components through the filler phase in MMMs [35,41,42]. The diffusion coefficient of slow 

penetrating components could be achieved by several classical methods such as sorption rate, 

microscopic diffusion measurements, frequency response and time lag measurements [41,43,44] 

while the diffusivity of fast diffusing components has usually been estimated theoretically using 

different diffusion mechanism such as Knudsen diffusion, molecular diffusion and surface 

diffusion [41,42]. Furthermore, the solubility factor of components in the filler material could be 

estimated using adsorption isotherm of species in the filler particles [35,41]. 
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Regarding the mixed matrix membranes, various types of models such as Maxwell [45], 

Bruggeman [46], Lewis-Nielson [47,48] and Pal [49] have been introduced to analytically estimate 

the effective dielectric or thermal conductivity of composite materials. These models were later 

applied to calculate the effective permeability of permeating species through ideal mixed matrix 

membranes [23]. The estimated effective permeability describes the steady-state transport of 

components through the MMMs with ideal interface morphology (no rigidification, interface void 

and pore blockage). Moreover, a number of investigations have recently been performed to 

accurately calculate the effective diffusivity of species through mixed matrix membranes by 

solving Fick’s 1st and 2nd law equations numerically [50–52]. However, the transport behavior 

reported in these studies denotes significant discrepancies. Indeed, the effect of particle size and 

the ratios of solubility factors and diffusion coefficients on the mass transport of species in 

membrane have shown important differences.  

For the purpose of this research, the main effort has been devoted to propose an extended 

resistance-based model by coupling an analytical simple model with a more accurate three-

dimensional finite difference solution to obtain an accurate analytical solution for estimating the 

effective permeability through mixed matrix membranes. Moreover, it was also desired to describe 

the mass transport through neat polymeric membranes in pervaporation separation by Maxwell-

Stefan model while the effect of coupling flux, operating temperature and membrane swelling has 

been taken into consideration.  

1.2. Research Objectives 

The objectives of this research project are twofold: 

1- Proposing a model to study the mass transfer of the components through dense polymeric 

membranes in a pervaporation membrane process by including the operating temperature 

and membrane swelling effect. 

2- Introducing an analytical model to estimate the three-directional mass transport of species 

through ideal mixed matrix membranes used in a pervaporation separation process. 

To achieve these objectives, the research was divided into two main sections:  
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1) To introduce a new modeling approach to include the effect of the operating temperature and 

membrane swelling on the parameters of the Maxwell-Stefan model. The new model is then 

validated with experimental data obtained from pervaporation experiments.  

2) To propose a simple analytical resistance-based (RB) model to estimate the effective 

permeability of migrating species through ideal MMMs. Correction factors, based on the 

comparison of the simple RB model and an accurate solution obtained by solving the problem with 

the finite difference method, were incorporated into the model to obtain an accurate extended RB 

model. 

1.2.1. Modeling of pervaporation using polymeric dense membranes 

A new approach of the Maxwell-Stefan (MS) theory was investigated to describe the mass 

transport of species for the pervaporation separation of binary solutions using neat polymeric 

membranes. The model was constructed using a linear sorption isotherm (Henry’s law) to represent 

the solubility factor of the migrating species within the membrane. Moreover, the effects of 

operating temperature and membrane swelling were considered for both the solubility factor and 

the diffusion coefficient. The coupling diffusion coefficient was estimated using a linear weighted 

combination of the individual component diffusion coefficients. The semi-empirical model was 

used to analyze the pervaporation separation of butanol from binary aqueous solutions with a 

commercial-type PDMS membrane. Pervaporation experiments were conducted at different 

butanol feed concentrations and operating temperatures to study the effect of these parameters on 

the membrane performance. Moreover, the estimated values of the diffusion coefficients and the 

solubility factors using the new model were presented and discussed. They were also compared to 

the ones reported in the literature. 

 

1.2.2. Modeling of pervaporation using polymeric Mixed Matrix membranes (MMMs) 

Three-directional species mass transport through ideal MMMs was investigated using a 

combination of a Resistance-Based (RB) model and Finite Difference (FD) method. The mixed 

matrix membrane was described by the repetition of a cubical membrane element which was called 

a RB element. Resistances to mass transport were defined as a function of the diffusion pathway, 

the area of penetration and the membrane permeability while Kirchhoff’s rules were applied to 
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estimate the effective resistance of a RB element of the mass transport of the migrating species. 

The effective resistance of a RB element was used to estimate the permeability of MMMs as a 

function of permeability in two phases (continuous and dispersed phases) as well as the volume 

fraction of the filler material within the polymer matrix. 

The finite difference method was used to solve the Fick’s second law and to calculate the three-

dimensional concentration profile within the RB element. Zero stage cut condition on the feed side 

and perfect vacuum on the permeate side of the RB element were assumed for the boundary 

conditions for the two planes of the RB element that are parallel to the flat membrane surfaces. 

Moreover, symmetrical conditions were used as the boundary conditions in the other four planes 

of the RB element and a linear concentration profile was used for the initial condition of the 

numerical solution to shorten the time to reach steady state. The component flux was calculated 

using the Fick’s first law at the top, middle and bottom planes of the pervaporation membrane. 

The numerical solution was performed iteratively as a function of time in Visual Basic for 

Applications (VBA) until steady state permeation was reached. The steady-state flux, the thickness 

of the RB element and the concentration driving force were used to calculate the effective 

permeability of species in the RB element. 

A new analytical model was developed by defining a correction factor for the RB model based on 

the ratio of effective permeability obtained from the accurate FD solution and the simple RB 

model. The correction factor was investigated for different ratios of permeability for the dispersed 

and continuous phases (Pd/Pc) and the volume fraction of the filler within the polymeric matrix (). 

The correction factors for MMMs containing high and low permeable fillers were modeled using 

two different Langmuir-type equations where the Langmuir parameters in both cases were 

observed to be strictly a function of the volume fraction . Two sets of polynomial equations were 

used to estimate the Langmuir parameters and, consequently, to obtain the final analytical model. 

Various sets of experimental data were obtained from the literature and used to validate the model 

for both pervaporation and gas separation applications. 

1.3. Thesis structure 

The main body of this thesis is mainly comprised of 4 chapters: introduction, modeling the 

pervaporation process with neat polymeric membranes, modeling the pervaporation process where 
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MMMs are used, and the conclusions and recommendations. Chapters 2 and 3 are two journal 

papers covering the entire scope of the research. These chapters have been written using the format 

of the particular journals. 

Chapter 1 presents some background information on the research considered in this thesis as well 

as the objectives and the structure of the thesis. Chapter 2 presents a new approach of the 

Maxwell-Stefan model to describe theoretically the mass transport of migrating species through 

polymeric membranes. Pervaporation experiments were conducted for the separation of butanol 

from binary aqueous solutions using a commercial PDMS membrane and the semi-empirical 

Maxwell-Stefan model was used to describe the membrane characterization and pervaporation 

performance. Chapter 3 presents a new analytical model to predict the effective permeability of 

permeating species through ideal mixed matrix membranes. Chapter 4 provides some overall 

conclusions of the research undertaken in this thesis as well as some recommendations for future 

work. 
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Abstract 

The mass transport of components during the pervaporation of binary butanol aqueous solutions 

using commercial PDMS membranes has been investigated. The effect of temperature and 

concentration on the selectivity and flux of pervaporation has been studied. A simplified approach 

of the Maxwell-Stefan model was extended to include the effect of membrane swelling and 

temperature on the diffusion coefficient and sorption properties into the model. Partial permeate 

fluxes obtained at different temperatures and concentrations have been fitted to determine the 

extended model parameters. The sorption properties, component diffusion coefficients and 

coupled diffusion coefficient of butanol and water have been estimated using fitted parameters at 

different temperatures and concentrations. Predicted values of the solubility and diffusivity were 

used to calculate and compare the permeability of the components under different operating 

conditions.  
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2.1. Introduction 

Butanol has been considered as a potential biofuel for the partial replacement of liquid fuel 

obtained from fossil fuels [1–4]. Biobutanol produced from Acetone-Butanol-Ethanol (ABE) 

bacterial fermentation was a century ago the second largest biotechnological industrial process 

after ethanol in term of production capacity [5,6]. Its bacterial production was later completely 

replaced by petroleum-based butanol for economic reasons. In recent decades with large 

fluctuations in the price of fossil fuels and the desire to develop renewable and more sustainable 

fuels, a resurgence in the production of biobutanol has occurred. However, there are some major 

challenges to overcome to make the production of biobutanol from ABE fermentation 

economically viable. The main challenges are the low final butanol concentration in the 

fermentation broth and the toxic effect of this alcohol on microorganisms [7,8]. To enhance 

butanol production from ABE fermentation, it has been suggested to selectively remove a portion 

of the butanol produced during the course of fermentation to alleviate its toxicity via integrated 

recovery technologies such as vacuum fermentation, gas stripping, adsorption, liquid-liquid 

extraction and pervaporation [9–13].  

One of the most promising solvent recovery methods is the pervaporation separation, which is a 

rapidly developing membrane-based process [14,15]. In this process, a liquid feed containing the 

chemical species to be separated is contacted with a dense membrane while the other side of 

membrane is kept under vacuum or a sweeping gas is used to maintain a very low concentration 

of the permeating components [16]. In comparison to distillation, adsorption, gas stripping, liquid-

liquid extraction and other traditional separation methods, pervaporation has some advantages 

such as high selectivity, low energy consumption and ease of design [17,18]. Moreover, the 

pervaporation process does not have a detrimental effect on microorganisms such that it can be 

used for in situ solvent recovery [19].  

Membranes made out of a variety of polymeric materials such as styrene butadiene rubber (SBR), 

ethylene propylene diene rubber (EPDM), polytetrafluoroethylene (PTFE), polypropylene (PP), 

polyurethane (polyether based) (PUR), polyether block-amide (PEBA), poly(vinylidinedifluoride) 

(PVDF), poly(methoxy siloxane) (PMS), polydimethylsiloxane (PDMS), poly(1-(trimethylsilyl)-

1-propyne) (PTMSP) and polyamide-imide (PAI) containing cyclodextrin (CD) have been used in 

butanol separation using pervaporation [14]. Among these polymers, PDMS membranes are the 
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most often used ones for butanol separation due to their high level of hydrophobicity, high flux 

and selectivity, their good thermal, chemical and mechanical stability [20]. In this study, 

commercial PDMS membranes were used to investigate the pervaporation separation of butanol 

from binary aqueous solutions. 

Modelling the mass transfer through membranes in the pervaporation process is important in order 

to gain a more comprehensive engineering understanding of the permeation process, to efficiently 

design membrane separation processes and to improve the membrane performance  [21]. Different 

models such as solution-diffusion model, thermodynamics of irreversible process (TIP), pore flow 

model, and Maxwell-Stefan model have been used to describe the transport phenomena through 

membranes in pervaporation processes [21]. According to the solution-diffusion theory, there are 

three major steps for the transport of species from the feed side to the permeate side of the 

membrane [16,21,22]: (1) sorption on the surface of membrane at the feed side, (2) diffusion 

through the membrane, and (3) desorption from the permeate side. 

In this study, a model based on the solution-diffusion theory using the Maxwell-Stefan model has 

been developed to predict the separation performance of membrane pervaporation of butanol from 

binary aqueous solutions. While the model was used to predict the performance of commercial 

PDMS membranes, it can be easily adapted for other pervaporation membranes. In addition, the 

effect of membrane swelling has been incorporated in the estimation of the component diffusion 

coefficients using an exponential relation between the diffusion coefficient and the degree of 

swelling at a fixed temperature. Moreover, Arrhenius-type equations were used to estimate the 

solubility and diffusivity parameters at different operating temperatures.  

2.2. Materials and methods 

2.2.1. Membrane and materials 

Commercial PDMS membranes (PDMS A4 size flat sheet membranes) were obtained from 

Pervatech B.V. (Rijssen, Netherlands). Even though the exact manufacturing details are not 

available, SEM image analysis of this commercial membrane (Figure 2.1) revealed that it consists 

of three layers: a thin PDMS active layer of approximately 5 µm thick mounted on a two-layer 

porous support (100 µm Polyimide (PI) thick and 100-150 µm thick Polyethylene (PET) as the 
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first and second layer, respectively(1)). Butanol (99% pure, Acros) was obtained from Fisher 

Scientific (Fair Lawn, NJ, USA). Deionized distilled water was used to prepare all binary aqueous 

solutions. 

 

Figure 2.1.SEM picture of the cross section of the Pervatech commercial PDMS 

2.2.2. Three-membrane Pervaporation Experimental System 

Figure 2.2 presents the schematic diagram of the experimental system that was used to carry out 

all pervaporation tests. The experimental system is comprised of three flat membrane modules 

placed in series where the retentate flow of the first module is the feed of the second module and 

the retentate flow of the second module is the feed of the third module. A peristaltic pump (Cole-

Parmer Instrument Company, Montreal, Canada) was used to pump the butanol aqueous solution 

from feed tank to the feed side of the first membrane module. The retentate flow of the third 

membrane module was returned to the feed tank. The flow rate was high enough to ensure nearly 

zero-stage cut condition (permeate flow rate was on average 2.5x104 times smaller than the feed 

                                                           
1 These thickness values for the commercial PDMS membrane were provided by Pervatech B. V. 
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flow rate). The three-module assembly was placed in a temperature-controlled oven. Prior to 

entering the first membrane module, the feed stream flowed through a long stainless steel coil 

located in the oven to be pre-heated to the desired temperature. A thermocouple was used to 

measure and record the temperature of the feed flow before entering membrane modules. 

The vapour permeate from each of the three modules was condensed, each using its own cold trap 

to independently measure the performance of each membrane. The three cold traps were immersed 

into a liquid nitrogen Dewar flask. The level of liquid nitrogen in the Dewar flask was controlled 

using an automatic time-fill controller. A vacuum pump (Scroll Pump, 78603-11, Cole-Parmer, 

Montreal, Quebec, Canada) was used to keep the permeate side of the membrane under very low 

pressure (3 Torr). The cumulative permeate samples were collected at the end of the experiment 

for each membrane module, weighed and analyzed individually for their concentration using high 

performance liquid chromatography (HPLC). The average values of experimentally obtained 

partial permeate fluxes of the two species have been reported in Section 2.4.2. 

  

Figure 2.2. Schematic diagram of the three-module pervaporation experimental set up. 

To investigate the effect of the operating temperature and feed concentration on the membrane 

performance, commercial PDMS membranes were tested for three different feed concentrations 
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(5, 20 and 50 g L-1) of butanol over a temperature range of 37-57°C. The first level of temperature 

was chosen based on the typical temperature under which an ABE fermentation is performed. 

Membrane performance in the pervaporation separation process is typically defined in terms of 

selectivity and total permeate flux. The permeate molar flux of species i is calculated using 

Equation (2.1) [14,23].  

 t i
i

M i

m y
J

tA M
  (2.1) 

where Ji is the mole flux of component i, mt is the total mass of the permeate collected in an 

experiment, yi is the permeate mass fraction of component i, AM is the membrane area, Mi is the 

molecular weight of component i and t is the duration of the specific experiment. 

Selectivity of component i is defined as a function of mass or mole fraction of a specific species 

in the feed and permeate side of the membrane as shown in Equation (2.2), generalized for a 

multicomponent system [24]. Under the assumption of steady state, the permeate stream mass or 

mole fraction can be calculated using the permeate mass or mole flux of the components as 

presented in Equation (2.3). 
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where αi is the membrane selectivity for component i, n is the number of components in the mixture 

and xi is the mass or mole fraction of component i in the liquid feed.  

The pervaporation separation index (PSI) is a parameter used to compare the performance of 

different membranes under different operating conditions. For a specific component, this 

parameter is defined in Equation (2.4) [14]: 
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 1i iPSI J    (2.4) 

2.3. Pervaporation modeling method 

In this section, a simplified approach of Maxwell-Stefan [15] model is briefly described and then 

used to represent the experimental data for the pervaporation of aqueous butanol solutions using a 

commercial PDMS membrane. The model was also extended to include the effect of the operating 

conditions on the solubility and diffusivity parameters. 

2.3.1. Maxwell-Stefan model 

The Maxwell–Stefan theory assumes that the movement of a species in a multicomponent mixture 

is caused by a concentration driving force, which is balanced by the friction of one species with 

the other species in the solution and its surrounding [23,25]. A simplified approach of the model 

was used by Aguilar-Valencia et al. to simulate the pervaporation process for the separation of 

ethanol from aqueous solutions using PDMS membranes [15]. According to the concept of 

irreversible thermodynamic, Equation (2.5) is applicable for the relationship between the chemical 

potential and friction resistances in multicomponent mixtures where n applies for all penetrants as 

well as the membrane material [23,26]. 

 
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i j j ii
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i j

x x
T P
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RT D


   (2.5) 

Based on momentum conservation, the coupling diffusion coefficients for the permeating species 

Dij and Dji in the Maxwell-Stefan equation are identical [23]. Therefore, for a one-directional 

transport of species of a binary solution through the membrane (b: Butanol, w: Water, M: 

Membrane), Equation (2.5) reduces to Equation (2.6) for the description of butanol transport 

within the membrane. An equivalent expression can be written for the water transport, as well. 

   b w w b b M M bb

bw b

b

M

x x u u x x u ux d

RT dz D D

  
   (2.6) 

According to Hittorf frame of reference [23], the membrane velocity can be set to zero. Moreover, 

velocities of species have been rewritten in terms of their fluxes and concentrations while the 
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expression M bMx D was replaced by 1 bMD  where bMD  is the Maxwell-Stefan diffusion coefficient 

of butanol in the membrane. 

b b w w b b

T bw T

b

bM

x d x J x J J

RT dz C D C D


 


 (2.7) 

where CT is the total molar concentration of the membrane. Equation (2.8) was used to relate the 

gradient of the chemical potential of component i within the membrane to the temperature and to 

its partial pressure gradient as the prevailing driving force for the pervaporation separation process. 

The calculation of the partial pressure in the liquid feed is given in Section 2.4.1 while a perfect 

vacuum was assumed on the permeate side of the membrane. Moreover, due to the low butanol 

concentration in the feed, it was assumed that Henry’s law is dominating as the sorption 

mechanism of butanol in the polymer. In addition, it has been reported that water sorption from 

binary ethanol aqueous solutions in PDMS membranes follows Henry’s law mechanism [15]. 

Similarly, also assuming non-competitive sorption of species for butanol-water binary solutions, 

water sorption in binary butanol-water solutions should follow the Henry’s law mechanism in 

PDMS membranes. Hence, the two differential equations, as shown in Equations (2.9) and (2.10), 

can be written in terms of the partial pressures to account for the mass transport of both butanol 

and water through the membrane [15]. 

  i i

i

d dpRT

dz p dz



 (2.8) 

 -  
   -  b b w b w b w b

b

T bw bM

dp p J H p J H J
H

dz C D D
  (2.9) 

 -  
   -  w w b w b w b w

w

T bw wM

dp p J H p J H J
H

dz C D D
  (2.10) 

According to Krishna’s method [15,26], it is assumed that the concentration profiles of both 

species across the membrane are linear and the Maxwell-Stefan diffusivities are constant 

throughout the membrane. Moreover, to simplify the integration of the equations and, without loss 
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of generality, the partial pressure of component i throughout the membrane is considered to be 

constant and equal to the average partial pressure between the retentate and the permeate streams 

[15]. The butanol and water fluxes were obtained by integrating the two differential equations as 

presented in Equations (2.11) and (2.12). 
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where parameters Km (m =1 to 5) are defined in Equations (2.13)-(2.17).  

1
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The numerical values of these parameters were determined by performing a simultaneous 

nonlinear regression to minimize the sum of squares of the differences between the experimental 
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butanol and water fluxes (Jb and Jw, respectively) obtained at different temperatures and 

concentrations and the ones predicted by the models (by Eqs. (2.11) and (2.12)). 

2.3.2. Extended Maxwell-Stefan model based on the concentration and temperature effect 

Although the simplified Maxwell-Stefan model showed relatively good agreement with 

experimental data in the case of ethanol separation [15], the fact that the diffusion coefficients and 

the solubility factors are changing with the operating conditions indicates that values of parameters 

Km cannot be constant at different temperature and feed concentration. In order to extend Equations 

(2.13)-(2.17) for different operating conditions, the effect of temperature and concentration on the 

solubility and diffusion coefficients was investigated.  

2.3.2.1.  Solubility 

An Arrhenius-type equation (Van’t Hoff equation) was used to account for the effect of 

temperature on the Henry’s law constant [27,28]. 

* *
0

iH

RT
i iH H e



  (2.18) 

where ΔHi is the heat of sorption and Hi
* is the Henry’s law constant  -3 -3. / .g m g m . Equation (2.19) 

was used to convert the Henry’s law constant to the solubility factor from  -3 -3. / .g m g m  to 

 -3 1. .mole m bar  which has been used in Equations (2.13)-(2.17). This equation considers both 

concentration and temperature dependency of the solubility factor of component i in the 

membrane. 

* *
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   (2.19) 

2.3.2.2. Diffusivity 

Swelling of the membrane leads to an increase in the free volume of the polymer which results in 

an increase of the membrane diffusivity. Since the concentration of each species varies linearly 

across the membrane, swelling of a polymeric membrane will be higher on the feed side and will 
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progressively decrease to nearly no swelling at the permeate side of the membrane. In practice, the 

variation in the degree of swelling across the membrane implies that the diffusion coefficient will 

also vary. In the case of a dilute aqueous solution of butanol in contact with a PDMS membrane, 

the degree of swelling will be relatively small because of the low concentration of butanol and the 

low solubility of water in PDMS. As a result, the variation of the diffusion coefficients will be 

small. Therefore, it is assumed that the diffusion coefficients are constant within the membrane 

and equal to their average values for a given feed condition. To account for the variation of the 

degree of swelling as a function of the feed composition, an exponential relationship was used to 

express the diffusion coefficient of each component as a function of the degree of swelling () of 

the membrane at a fixed temperature (Eq. (2.20)). A similar type of expression was used by Shao 

and Huang to relate the diffusion coefficient to the feed concentration [29]. 

( , )

0
C Tfii

iM i

A
D D e


  (2.20) 

where Ai is a dimensionless constant. Assuming non-competitive sorption of the species in the 

membrane, the degree of swelling was calculated by dividing the summation of the sorbed phase 

concentrations of the two diffusing species of the binary feed solution by the density of the neat 

PDMS membrane (Eq. (2.21)). 
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(2.21) 

Furthermore, the diffusion coefficient also follows an Arrhenius-type relation with respect to 

temperature at a constant feed concentration [21]. 
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(2.22) 

where Edi is the energy of activation for the diffusion of component i in the membrane. By 

assuming that Ai and Edi are independent of temperature and concentration, the diffusion coefficient 
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of component i at any feed concentration and at an arbitrary reference temperature was estimated 

using Equation (2.20).  
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(2.23) 

 

Using Equations (2.21)–(2.23), an extended expression for the diffusion coefficient at various 

concentrations and temperatures was derived and resulted in Equations (2.24) and (2.25). 
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(2.25) 

The term of the coupling effect ( T bw
c D ) in Equation (2.7) represents the effect of one component 

on the mass transport of the other component for the diffusion penetration of butanol-water binary 

mixture through the membrane [23]. According to Maxwell-Stefan theory, increasing the coupled 

diffusion coefficient (Dij) results in a decrease in the frictional effect exerted by component i on 

component j. Moreover, in the case of a system with negligible coupling effect, the coupled 

diffusion coefficient tends towards infinity [21,30]. Dij is typically estimated using the diffusion 

coefficients of the components in the membrane [31] with respect to the experimental partial fluxes 

of the components [23,30]. In this study, it was assumed that the coupled diffusion coefficient is a 

linear weighted combination of the component diffusion coefficients as given by Equation (2.26).  
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ij i jiM jMD Q D Q D   (2.26) 

The total molar concentration of the membrane is assumed equal to the molar density of the swelled 

membrane. By considering that the effect of the change in volume due to swelling is negligible on 

the membrane density, the molar density of the swelled membrane was determined with the 

number of moles of the adsorbed phase, the molecular weights and the density of the polymer, as 

given in Equation (2.27). 

* *

fi i fj j M
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i j M

C H C H
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M M M


    (2.27) 

The expressions for the diffusion coefficients, Henry’s law constants and the total molar 

concentration of the membrane, written in terms of concentration and temperature, have been 

inserted into Equations (2.13)-(2.17) to express the Km values as functions of concentration and 

temperature. Then a non-linear regression was performed to optimize the parameters listed in 

Table 2.1 to minimize the sum of the squared residuals between the calculated and the experimental 

values for Jb and Jw in Equations (2.11) and (2.12).  

 

 

Table 2.1. List of the parameters determined in the Extended Maxwell-Stefan model 

Unknown Parameters 

Db0(TR)  Dw0(TR)  

Edb  Edw  

Ab Aw 

*

0bH  
*

0wH  

ΔHb  ΔHw  

Qb Qw 
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2.4. Results and discussion 

2.4.1. Feed partial pressure calculation 

The extended Raoult’s law was used to predict the partial pressure of components in equilibrium 

with the feed solution to be used in Equations (2.11), (2.12) and (2.19) [15,30]:  

S
i i i ip x p   (2.28) 

Margules model (Eqs. (2.29)-(2.30)) was used to estimate the activity coefficients for both 

components [32]. 
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(2.30) 

The infinite dilution activity coefficients for vapour-liquid equilibrium for butanol in aqueous 

solutions were obtained from the literature [33]. The infinite dilution activity coefficient for 

butanol as a function of temperature is presented in Figure 2.3. Values for butanol can be 

sufficiently well approximated by a linear relation with respect to temperature in the range of 303-

333 K. On the other hand, the infinite dilution activity coefficient for water in a butanol aqueous 

mixture is 5.06 at room temperature and progressively decreases to 3.27 at 343 K [34]. Since the 

initial feed is a dilute aqueous solution with a very small concentration of butanol, the activity 

coefficients of butanol and water are not sensitive to the infinite dilution activity coefficient for 

water under the operating conditions encountered in this investigation. Hence, this value for water 

was set equal to unity for the range of temperatures used in this investigation.  
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Figure 2.3. Experimental (▲) and calculated ( ) values of infinite dilution activity 

coefficient of butanol in water as a function of temperature [33]. 

Antoine equation was used to predict the saturation vapour pressures of butanol and water at 

different temperatures [35].  

 
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C T
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 (2.31) 

The parameters of Antoine equation for butanol and water were obtained from the literature [36]. 

The values of these parameters are given in Table 2.2. 
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Table 2.2. Antoine coefficients for vapour pressure of butanol and water [36] 

Parameter Butanol Water 

A  15.3144 16.3872 

B  3212.43 3885.70 

C  182.739 230.170 

2.4.2. Modeling of membrane performance 

The Maxwell-Stefan (MS) and the extended Maxwell-Stefan (Extended MS) approaches were 

used to describe the transport of both butanol and water through a commercial PDMS membrane. 

A 310 K reference temperature was used in the extended model. Moreover, since the molecular 

weight of the PDMS layer of the commercial membrane used in this investigation was not 

available, an assumed approximate value of 30 000 g.mol-1 was used(2). A value of 970 kg.m-3 was 

used as the density of PDMS layer of the membrane [37]. Given the large number of parameters 

that need to be determined by the nonlinear regression for the extended MS model, it is paramount 

to use the right order of magnitude for the initial guess values for these parameters. Table 2.3 

presents a set of Henry’s law constants of pure butanol and water in PDMS which were obtained 

from isotherms and sorption capacities available in the literature at different temperatures.  

The data in Table 2.3 were used in Equation (2.18) to estimate the parameters of the Arrhenius 

equation for the sorption of butanol and water in the PDMS membrane. These estimated values 

are presented in Table 2.4 and they were used as the initial guesses for the extended Maxwell-

Stefan model. 

Curve fitting was performed using the experimental data obtained at different temperatures for 

both Maxwell-Stefan and extended Maxwell-Stefan models by minimizing the differences 

between the calculated and experimental component fluxes to determine the parameters of each 

                                                           
2 The value of PDMS molecular weight could vary from 162 to 116 500 g.mol-1 based on the viscosity of the 
polymer [37] 
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model separately. The obtained parameters of both models are given in Tables 2.5 and 2.6, 

respectively. 

Table 2.3. Henry’s law constants of butanol and water in PDMS at different temperatures 

from literature. 

Component Temperature (K) Henry’s Law constant (g.L-1/g.L-1) 

Butanol 313 0.277  [38] 

Butanol 373 0.194(3) 

Water 283 0.00113  [39] 

Water 298 0.00134  [39] 

Water 298 0.00134  [40] 

Water 313 0.00152  [39] 

Water 333 0.00173  [39] 

 

Table 2.4. Initial guesses for the coefficients of Arrhenius equation for the solubility of 

butanol and water in PDMS. 

Component 
*

0H  (g.L-1/g.L-1) ΔH (J.mol-1) 

Butanol 0.03 -5785 

Water 0.022 6928 

 

 

                                                           
3 Isotherm was obtained from butanol adsorption isotherm at 313 K [38] and using the ratio of the maximum 
sorption capacity (pure component sorption) obtained from the Flory-Huggins parameters at 373 K [37] and 313 K 
[38] 
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Table 2.5. Values of the parameters for the Maxwell-Stefan model. 

K1 

(m2.h.mol-1) 

K2 

(m2.h.bar.mol-1) 

K3 

(m2.h.mol-1) 

K4 

(m2.h.mol-1) 

K5 

(m2.h.bar.mol-1) 

0.00073 0.05033 0.0041 0.0227 0.0197 

 

Table 2.6. Values of parameters determined from the extended Maxwell-Stefan model. 

Parameter Value Parameters Value 

Db0(Tr) (m2.h-1) 8.0210-9 Dw0(Tr) (m2.h-1) 8.1210-8 

Edb (J.mol-1) 26853.9 Edw (J.mol-1) 29692.25 

Ab (-) 9.9910-5 Aw (-) 16.3 

*

0bH  (g.m-3/g.m-3) 0.032 *

0wH  (g.m-3/g.m-3) 0.0238 

ΔHb (J.mol-1) -6362.76 ΔHw (J.mol-1) 4949.5 

Qb 9.91 Qw 17.11 

 

To evaluate the performance of the Maxwell-Stefan and the extended Maxwell-Stefan models, the 

predicted butanol and water fluxes obtained with both models as a function of butanol 

concentration at three different temperatures were compared with the experimental data. Results, 

presented in Figure 2.4, show that the permeate fluxes for both butanol and water increase with 

the concentration of butanol in the feed. According to the extended Raoult’s law (Equation (2.28)), 

by increasing the butanol concentration in the feed, the equilibrium partial pressure of butanol 

increases which results in a higher driving force for the mass transfer of butanol across the 

membrane. In addition, butanol has a higher affinity for PDMS which leads to a higher solubility 

in comparison to water [14]. Therefore, by increasing the butanol concentration in the feed stream, 
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a higher sorption of butanol in the PDMS membrane occurs accompanied by a higher degree of 

swelling. An increase in the degree of swelling of the membrane results in a higher free volume 

available for diffusion of components and consequently an increase in the permeate fluxes of both 

butanol and water [41]. In this investigation, because of the highly diluted butanol concentration 

in the feed (5-50 g.L-1), the water driving force remains essentially constant such that the observed 

increase in water flux is due to membrane swelling. The effect of membrane swelling on the 

diffusivity and flux is much more significant for water because of its smaller molecular size in 

comparison to butanol [42] (1.48 Å for water in comparison to 2.53 Å for butanol [43]). Altogether, 

the butanol flux increases with an increase in the butanol feed concentration due to the increasing 

concentration driving force. On the other hand, the membrane swelling, even though small, is the 

main reason for the increased water flux with the increase in the butanol feed concentration.  
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Figure 2.4. Estimated (MS Model , Extended MS Model ) and experimental (▲) 

butanol ((a) 310 K, (b) 320 K, (c) 330 K) and water fluxes ((d) 310 K, (e) 320 K, 

(f) 330 K) vs butanol feed concentration at different temperatures. 
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Figure 2.5 shows the effect of temperature on butanol and water fluxes at a feed concentration of 

20 g.L-1. According to the heat of sorption presented in Table 2.4, the sorption of butanol and water 

in PDMS membrane are exothermic and endothermic, respectively. Hence, as it will be shown in 

the next section, increasing the temperature reduces the sorption of butanol in PDMS while the 

sorption capacity of water slightly increases with temperature. At the same time, the increase of 

the chain motion of the polymeric membrane with an increase in temperature leads to a higher free 

volume and consequently higher diffusivity of both species within the membrane [14]. Equation 

(2.32) expresses the permeate flux of component i in terms of both partial pressure and 

concentration difference as the driving force for the transport of species in a system without 

coupling effect. According to the experimental data in Figures 2.4 and 2.5, the permeate fluxes of 

both species have increased with increasing temperature. For butanol, this is due to the higher 

temperature sensitivity of the diffusion coefficient than the sorption properties of this component. 

The increase of the water flux with increasing temperature would be due to both its diffusion and 

sorption (H*) (endothermic sorption) increase with temperature.  

   *
i ii i iMiM

i

H D CH D p
J

 


   (2.32) 

 

Figure 2.5. Effect of temperature on butanol (a) and water (b) permeation fluxes at a feed 

butanol concentration of 20 g.L-1 (MS Model , Extended MS Model , 

Experimental ▲) 
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2.4.3. Simulation of membrane properties 

2.4.3.1. Sorption properties 

The fitted parameters for the estimation of the solubility factors in the extended MS model were 

used in Equations (2.18) and (2.19) to estimate the sorption properties of the components in a 

PDMS layer in term of Henry’s law constant (H*) and solubility factor (H), respectively. Results 

of Figure 2.6 show that the Henry’s law constant of butanol slightly decreases with an increase in 

temperature whereas the water Henry’s law constant smoothly increases with temperature. These 

trends are in agreement with the data reported in the literature for pure water and butanol sorption 

in PDMS membrane presented in Table 2.3. Moreover, the higher Henry’s law constant for butanol 

in comparison to the one for water shows a higher solubility of butanol in the hydrophobic PDMS 

membrane. This can be explained via the Hansen's solubility parameters, which consist of 

hydrogen bonding interactions, polar interactions and dispersion interactions. The distance 

between two substances based on their partial solubility parameter (called distance parameter) is a 

metrics usually used to investigate the affinity between the materials. A smaller value of the 

distance parameter indicates a higher mutual affinity of the pair of materials. It has been reported 

that the distance parameter of water-PDMS is larger than the one for butanol-water (41.4 in 

comparison to 13.0 MPa1/2, respectively) which indeed indicates higher affinity of butanol for 

PDMS membrane [14].   

Figure 2.6 also presents the predicted values for the solubility factor (H) of butanol and water in 

PDMS membrane at different operating conditions. According to Equation (2.19), the solubility 

factor is a function of the Henry’s law constant as well as the equilibrium partial pressure of the 

species on the feed side of the membrane. As it is mentioned previously, Henry’s law constants of 

butanol and water decrease and increase with increasing temperature, respectively. However, due 

to the exponential increase in the equilibrium partial pressure with temperature, the solubility 

factor for both species decreases (refer to Eq. 2.19). Moreover, due to the small change in activity 

coefficient () with concentration, a small increase was predicted for the solubility factor of butanol 

as well as smoothly decreasing solubility factor for water in the commercial PDMS membrane. 
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Figure 2.6. Simulated Henry’s law constant (H*) and solubility factor (H) of butanol ((a) for 

H* and (b) for H) and water ((c) for H* and (d) for H)) in a commercial PDMS 

membrane vs butanol feed concentration at different temperatures (310 K , 

320 K , 330 K ). 
 

Table 2.7 compares the estimated degree of swelling of the Pervatech PDMS membrane in contact 

with a butanol binary aqueous solution (Equation (2.21)) with data for silicone membranes 

reported in the literature [4]. The predictions are in agreement with reported literature data. It is 

believed that the small discrepancies could be due to the variability of swelling experiments and 

the difference in operating conditions. Although there might be some dissimilarities between the 
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structure and properties of these polymeric membranes, the first active layer of both membranes 

is made of silicone, which explains the similarities between their sorption properties.  

Table 2.7. Comparison between the estimated degree of swelling of Pervatech PDMS and the 

ones extracted from a graph for silicone membranes [4]. 

Butanol wt.% in Feed 
Silicone membrane  

φ (wt. %) [4] 

Estimated φ for Pervatech 

 PDMS (wt. %) 

1.4 1.0% 0.9% 

3 1.8% 1.5% 

4.8 2.7% 2.3% 

2.4.3.2. Diffusivity 

Equations (2.25) and (2.26) were used to estimate the diffusion coefficients of species in the 

membrane and the coupled diffusion coefficients, respectively using the parameters determined by 

the simulation. Figure 2.7 shows the results of the diffusion coefficients as a function of butanol 

concentration in the feed at different temperatures. It has been observed that water has a much 

higher diffusion coefficient in comparison to that of butanol which is mainly attributed to its 

smaller molecular size [42]. Moreover, according to the simulated values for Qw and Qb in Table 

2.6, the coupled diffusion coefficient is approximately 20 times higher than the diffusion 

coefficients of water and butanol, which clearly indicates the low impact of coupling effect on the 

component transportation across the membrane (CTDij →∞ in comparison to components 

diffusivity in the membrane). Therefore, the component transportation of butanol and water is 

dominated by their individual diffusion coefficients relative to the membrane. In addition, 

increasing the temperature leads to an increase of the polymer chain movement, which results in 

an increase of the available membrane free volume. Consequently, the diffusion coefficient of 

species within the membrane increases with temperature. In the case of concentration dependency 

of diffusion coefficients, diffusivity of water drastically increases with increasing the feed 

concentration while the butanol diffusion coefficient remains roughly constant. This observation 

confirms that the diffusion of water as the smaller penetrant is more sensitive to the swelling of 

the membrane. On the other hand, Figure 2.8 presents the term of the coupling effect (CTDbw) as a 
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function of butanol feed concentration at different temperatures. It can be observed that increasing 

both butanol concentration and temperature results in a decrease of the effect of coupling which is 

in agreement with the previous observation about the negligible coupling effect assumed in this 

study.   

Predictions of the diffusion coefficients were compared with some diffusion coefficients reported 

in the literature for commercial and laboratory-made membranes and presented in Table 2.8. An 

exact comparison cannot be made because the diffusion coefficients vary as a function of many 

factors such as the molecular weight of PDMS, the level of crosslinking and the preparation 

method.  

 

Figure 2.7. Simulated diffusion coefficients of butanol (a) and water (b) vs butanol feed 

concentration at different temperatures (310 K , 320 K , 330 K ) 
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Figure 2.8. Simulated coupling effect vs butanol feed concentration at different 

temperatures (310 K , 320 K , 330 K ). 

 

Table 2.8. Comparison between literature and simulated diffusion coefficients of butanol 

and water in PDMS. 

Component Temperature 

(oC) 

Reported Diffusion 

Coefficient (m2/s) 

Estimated Diffusion Coefficient 

by Extended MS model (m2/s) 

n-Butanol 30 6.510-11   [44] 1.7510-12 

n-Butanol 35 310-11   [45] 2.0810-12 

n-Butanol 80 5.510-10   [44] 7.9210-12 

Water 25 7.810-10   [46] 1.510-11 

Water 25 310-10    [44] 1.510-11 

Water 35 5.510-11    [45] 2.2210-11 

Water 80 1.210-9   [44] 9.710-11 
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According to the results of Table 2.8, the simulated diffusion coefficients for both species are 

approximately between 3-70 times less than the ones reported in the literature. Differences in the 

experimental set up, membrane fabrication, polymer properties and operating conditions might be 

some of the reasons for this range of variation. However, it can be observed that the diffusion 

coefficients of species in both literature and simulated data in this work follow a similar trend with 

temperature. Changing the temperature from 30 to 80oC corresponds to an approximate increase 

of 8 times in the butanol diffusion coefficient in PDMS membrane. Moreover, the diffusion 

coefficient of water in PDMS increases 4 times by varying the temperature from room temperature 

to 80oC. These ranges of variation were also observed for simulated data where the diffusion 

coefficient of butanol and water roughly increases by a factor of 4 and 6, respectively, in the same 

range of temperature. 

2.4.3.3. Membrane permeability 

The permeability of a chemical species in a membrane, assuming solution-diffusion permeation 

process, is defined through the Fick’s law of diffusion as the product of solubility and diffusivity 

(Equation (2.33)) of a specific species in the membrane [29,47,48].  

i i iMP S D  (2.33) 

The permeability of butanol and water in a commercial PDMS membrane was analyzed based on 

the predicted solubility factors and diffusion coefficients of species in the membrane. As shown in 

Figure 2.9, the permeability of both components increases with the concentration of butanol in the 

feed because of the increase in diffusion coefficient due to the swelling of the membrane, which 

is mainly due to the presence of butanol. Results of Figure 2.9 show that the permeability of the 

species in PDMS decreases with increasing temperature. As mentioned in previous sections, an 

increase in temperature leads to an increase in diffusivity for both species in the PDMS membrane. 

Moreover, although the dimensionless Henry’s law constant (H*) for water increases slightly with 

increasing temperature, the solubility factor (H) of both species decreases with increasing 

temperature because of the increase in equilibrium vapour pressure of the components on the feed 

side. Based on the results of the pervaporation experiments and the mass transport simulations, the 

rate of decrease in the solubility factor (H) is much more important than the increase in diffusivity 

with temperature. Hence, the permeability of both components decreases with an increase in the 
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operating temperature. Moreover, the permeability of butanol is more sensitive to temperature than 

the permeability of water.  

Figure 2.10 shows the butanol selectivity calculated from Equation (2.2) with respect to water as 

a function of butanol feed concentration for different temperatures. As can be seen from this figure, 

the selectivity decreases with increasing temperature because the water flux is more sensitive to 

temperature than the butanol flux is as can be seen in Figure 2.5. Moreover, increasing the butanol 

feed concentration results in decreasing the membrane selectivity for butanol. This can be 

explained by the effect of membrane swelling on available free volume for penetrant diffusion as 

the feed butanol concentration increases. Since water is the smaller molecule compared to butanol, 

water penetration is more affected by the membrane swelling, increasing its penetration. This 

decreases the butanol selectivity as the butanol feed concentration is increased. 

 

Figure 2.9. Simulated butanol (a) and water (b) permeability vs butanol feed concentration at 

different temperatures (310 K , 320 K , 330 K ). 
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Figure 2.10. Simulated selectivity vs butanol feed concentration at different temperatures 

(310 K , 320 K , 330 K ). 

2.4.3.4. Pervaporation Separation Index (PSI) 

The pervaporation separation index (PSI) was estimated using the results for the modelling of the 

membrane performance in Section 2.4.2, using Equation (2.4). Figure 2.11 shows the estimated 

PSI as a function of butanol concentration at different temperatures. Increasing the concentration 

and the temperature results in an increase in the butanol permeation flux (Figures 2.4 (a)-2.4(c)) 

and a decrease in selectivity (Figure 2.10). Although the selectivity decreases with an increase in 

temperature, a much larger increase in the butanol partial flux leads to an increase in PSI with 

respect to temperature according to Equation (2.4). Increasing the feed concentration also results 

in an increase in the PSI for the membrane performance. Within the operating conditions of this 

study, it was observed that the rate of change of PSI with the butanol feed concentration is 

considerably more than its change with temperature. 
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Figure 2.11. Simulated PSI vs butanol feed concentration at different temperatures (310 K 

, 320 K , 330 K ). 

2.5. Conclusions 

Solution-diffusion theory with the assumption of negligible coupling flux, i.e. Fick’s equation, is 

the simplest model to describe the transport of species for the pervaporation separation of species 

using polymeric membranes. To consider the coupling effect of the permeating components, the 

Maxwell-Stefan theory was implemented. In this investigation, Maxwell-Stefan model was 

initially used to describe the mass transport of binary butanol aqueous solutions through a 

commercial PDMS membrane. A nonlinear least square regression was used to determine the 

parameters of the model based on the experimental permeate fluxes of each component. It was 

observed that the calculated butanol and water fluxes had 30% and 14% errors with respect to the 

experimental data, respectively. To reduce the prediction error, the fitted Maxwell-Stefan model 

was improved by including the temperature and concentration dependence of the mass transfer 

parameters for this pervaporation application. The effect of membrane swelling on diffusivities 

was incorporated via an exponential relationship between the diffusion coefficient and the degree 

of swelling. Furthermore, an Arrhenius-type equation was used to estimate the effect of 

temperature on the diffusion coefficients of each species. In addition, Henry’s law was used as the 

dominating sorption mechanism and its temperature dependency was expressed by an Arrhenius-
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type equation. The coupled diffusivity of the penetrants was estimated to be a weighted 

combination of the component diffusion coefficients within the membrane.  

This extended Maxwell-Stefan model was fitted based on the experimental data and showed better 

agreement with experimental data with errors of 15% and 6% on butanol and water permeate 

fluxes, respectively. In addition, the model was validated using literature experimental values of 

the Henry’s law constant and the diffusivity of species within PDMS membranes. A good 

agreement was observed with the sorption properties whereas the fluctuation of literature diffusion 

coefficients makes it difficult to make an exact comparison.  

The extended Maxwell-Stefan model was also used to predict the selectivity and pervaporation 

separation index (PSI) for different butanol feed concentrations and temperatures. Results show 

that the selectivity of PDMS membranes is decreasing by increasing both temperature and feed 

concentrations whereas the PSI increases with temperature and concentration. The ultimate 

decision on the actual operating conditions for this pervaporation application will involve a 

compromise between the total flux and the selectivity.  
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Nomenclature 

Ai Dimensionless constant in Equation (2.20) (-) 

AM Area (m2) 

A  Parameter in Antoine Equation 

B  Parameter in Antoine Equation  

C  Parameter in Antoine Equation  

C Concentration (mole.m-3) 

D  Diffusion coefficient (m2.s-1) 

D  Maxwell-Stefan diffusion coefficient (m2 s-1) 

Di0 Pre-exponential parameter of swelling-dependence for diffusion (m2 s-1) 
*

0iD  Pre-exponential parameter of Arrhenius equation for diffusion (m2 s-1) 

Ed Energy of diffusion (J.mol-1) 

H Solubility factor (mole.m-3.bar-1) 
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H* Dimensionless Henry's law constant (g.m-3/g.m-3) 
*

0iH  Pre-exponential parameter of Arrhenius equation for solubility (g.m-3/g.m-3) 

J Permeate flux (mole.m-2.h-1) 

K Constants defined in Equations (2.13)–(2.17) 

M Molecular weight (g.mole-1) 

mt Total permeate weight (g) 

p Pressure (bar) 

P Permeability (mole.m-1.h-1.bar-1) 

PSI Pervaporation separation index (g.m-2.h-1) 

Qi Linear coefficient of coupling diffusion (-) 

R Gas constant (J.K-1.mol-1) 

S Solubility factor (mole.m-3.bar-1) 

t Time (h) 

T Temperature (K) 

u Velocity (m.h-1) 

x Feed mole or mass fraction (-) 

y Permeate mole or mass fraction (-) 

α Selectivity (-) 

γ Activity coefficient (-) 

γ∞ Infinite dilution activity coefficient (-) 

δ Thickness of active layer of the membrane (m) 

ΔH Heat of adsorption (J.mol-1) 

μ Chemical potential (bar.m3.mol-1) 

ρ Density (g.m-3) 

 Degree of swelling (%) 

Superscripts 

S Saturation conditions 

Subscripts 

b Butanol 

f Feed 

i Chemical species 

j Chemical species 

M Membrane 

R Reference 
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T Total 

w Water 

Abbreviations 

HPLC High Performance Liquid Chromatography 

MS Maxwell-Stefan 

PDMS Polydimethylsiloxane 

SEM Scanning Electron Microscope 
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Abstract 

In this study, a model for the prediction of the mass transport through mixed matrix membranes 

(MMMs) for pervaporation and gas separation processes has been introduced. A Resistance-Based 

(RB) model was used in conjunction with a Finite Difference (FD) model to derive an analytical 

model for calculating the effective permeability of mixed matrix membranes. The proposed model 

was validated using experimental pervaporation data for the separation of butanol from binary 

aqueous solutions using Polydimethylsiloxane (PDMS)/activated carbon nanoparticle membranes 

and using data from the literature for gas separation using mixed matrix membranes. 
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3.1. Introduction 

Polymeric membranes are the most commonly used ones in membrane-based separation processes 

due to their good transport properties, ease of processing and low cost [1–3]. However, neat 

polymeric membranes usually suffer from the trade-off between selectivity and permeate flux [3–

6]. It has been reported that embedding proper organic or inorganic filler into the polymer matrix 

can enhance the separation performance (permeation flux and selectivity) as well as the thermal 

and mechanical stability of the membranes [1,7–9]. Various types of filler materials such as 

zeolites, metal organic frameworks (MOF’s) and activated carbons have been successfully 

incorporated within the membrane matrix to improve the separation performance in different 

applications such as pervaporation and gas separation processes [3,7–11]. 

The theoretical description of the mass transport through mixed matrix membranes is paramount 

to optimize the membrane separation processes. According to the solution-diffusion theory, three 

steps can be used to describe the mass transport of species within the membrane film: (1) sorption 

of species on the feed side of the membrane, (2) diffusion of components through the membrane, 

and (3) desorption from the permeate side of the membrane [12–15]. Therefore, the permeate flux 

of a component for pervaporation and gas separation processes is proportional to the partial 

pressure gradient (or concentration gradient) as the driving force, the membrane thickness and the 

permeability of the component. Moreover, the permeability is the product of the solubility and the 

diffusion coefficient of penetrants through the membrane. Equation (3.1) gives the expression of 

the permeate flux of component m. Solubility of a species in a membrane could be defined based 

on the equilibrium vapour pressure (S with units of mol.m-3.bar-1) or the mass concentration of the 

component (S* with units of g.m-3/g.m-3 where the first concentration is in the membrane whereas 

the latter one is in the feed solution). Therefore, the permeability of component m in the membrane 

could be expressed using different units (mol.m-1.h-1.bar-1 and m2.h-1) for which the permeability 

would obviously have different values. However, the type of driving force (partial pressure or 

concentration gradient) is the determining factor to select the proper units to express permeability 

without any impact on the estimation of partial permeate fluxes (See Equation (3.1) where the 

permeate flux is expressed in g.m-2h-1). 
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 (3.1) 

Various models such as Maxwell [16], Bruggeman [17], Lewis-Nielson [18,19] and Pal [20] have 

been introduced to estimate the effective permeability of ideal mixed matrix membranes for gas 

separation processes. These models are based on the permeability of the continuous phase, 

permeability of the dispersed phase and the volume fraction of the solid fillers within the polymer 

matrix [2]. Maxwell model is the most common model that is widely used for the prediction of the 

effective permeability of MMMs for gas separation applications (Equation (3.2)). The Maxwell 

model was originally presented to describe the dielectric properties of composite materials 

containing spherical particles. However, the Maxwell model is only applicable for low amounts of 

filler loading within the polymer matrix (less than 0.2 volume fraction of the filler) based on the 

assumption that diffusion in and around a particle is not affected by the diffusion streamlines 

around the neighbouring particles [2]. 

2 2 ( )

2 ( )

d c c d
Eff c

d c c d

P P P P
P P

P P P P

  


  




 (3.2) 

In addition, a resistance-based model has been proposed by Hennepe et al. to predict the effective 

permeability of the species in a mixed matrix membrane for pervaporation separation (Equation 

(3.3)) [21,22]. The model was able to predict the separation performance for the pervaporation of 

some alcohols from water using zeolite-PDMS mixed matrix membranes.  

 

1/3 1/3

1

1  1.5 
 + 

1 1.5

 

 




 

Eff

c c d

P

P P P

 
(3.3) 

The factor 1.5 in Equation (3.3) was added to account for the tortuosity factor due to the presence 

of the particles. As a result, the permeability prediction of the Hennepe’s model for an identical 

permeability of the components in both phases (Pc = Pd) deviates from the asymptotic 

permeability, and the prediction of the effective permeability is still a function of the filler volume 

fraction [22]. In addition, a small error for the determination of the diffusional area in the derivation 

of this equation was also made. Indeed, the denominator of the second term of Equation (3.3) 

should be  2/3 2/31c dP P    while excluding at the same time the tortuosity factor of 1.5 [22]. 
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In this work, it was desired to resort to a simple predictive model such that a Resistance-Based 

(RB) model has been introduced to estimate the effective permeability of migrating components 

in a homogenously dispersed mixed matrix membrane with the assumption of ideal polymer-filler 

interface morphology. In addition, an accurate solution was obtained by Finite Differences (FD) 

to predict the effective permeability of the mixed matrix membranes for different ratios of the 

respective permeability in the two phases and different volumetric filler contents within the 

polymer matrix. The results of these two models were compared to modify the RB model by a 

correction factor to account for the three-directional (3D) diffusional pathways. The new model 

was validated with different sets of experimental data for pervaporation and gas separation 

processes obtained from previously published studies. 

3.2. Modelling of the Mass Transport through MMMs  

3.2.1. Resistance-Based (RB) Model  

The resistance of a membrane for the permeation of a species m is a function of the diffusion 

pathway, the area available for permeation and species permeability (Equation (3.4)).  

m
m

m m

d
R

P A
  (3.4) 

Assuming a homogenous dispersion of the particles within the polymeric membrane, a mixed 

matrix membrane can be described as the repetition of a basic element, which consists of two 

different phases: the continuous and dispersed phases. Figure 3.1 presents a schematic diagram of 

a mixed matrix membrane with uniformly dispersed three-dimensional cubical filler particles (Fig. 

3.1(a)) and a basic repeatable unit where the cubical filler particle is located at the center of a 

cubical polymeric matrix unit element (Fig. 3.1(b)). Figure 3.1(b) shows that each repeatable unit 

of the mixed matrix membrane has four distinct regions: (1) the continuous phase above the filler, 

(2) the cubical filler particle located in the center of the unit, (3) the continuous phase below the 

filler and, (4) the continuous phase which surrounds Regions 1, 2 and 3.  
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Figure 3.1. Schematic diagram for (a) the mixed matrix membrane with uniformly dispersed 

cubical filler particles, and (b) a basic repeatable unit consisting of a cubical filler 

particle centered in a cubical polymeric matrix unit element. 

Considering the four regions of the repeatable basic unit of Figure 3.1(a), the effective resistance 

of a repeatable element for the permeation of a species is a combination of parallel and series 

resistances of the different regions where species permeation occurs. The equivalent electrical 

circuit representing the permeation resistances of a repeatable unit is presented in Figure 3.2. Using 

the Kirchhoff’s rule to determine the effective resistance of the basic element, Equation (3.5) is 

obtained. 

 

Figure 3.2. Equivalent electrical resistance circuit in a repeatable basic element. 

1 2 3 4

1

1 1
+ 

Eff

R R R R

R

 

  
(3.5) 
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Table 3.1 indicates the parameters that were used to determine each of the resistances (Equation 

(3.4)) of the four regions within a repeatable cubic element based on the phase material, size of 

the element and the size of the filler particle (Figure 3.1(b)).  

Table 3.1.Parameters of Equation (4) for each of the resistances required to calculate Reff. 

Region dm Am Pm 

Region 1 0.5 (L1 – L2) (L2)
2 Pc 

Region 2 L2 (L2)
2 Pd 

Region 3 0.5 (L1 – L2) (L2)
2 Pc 

Region 4 L1 (L1)
2 - (L2)

2 Pc 

For a homogenous dispersion of the filler throughout the polymeric matrix, the volume fraction 

() of the filler in each basic element should be equal to the one prevailing within the whole 

membrane. Therefore, Equation (3.6) defines the relation between the dimensions of the cubical 

element with the volume fraction  of the filler. 

 
1/3

2 1 1 L L L H  (3.6) 

where H is used to designate the cubic root of the filler volume fraction. Equations (3.6) and the 

resistance parameters (Table 3.1) were substituted into Equation (3.4) and, in turn, the resistances 

of each region were inserted in Equation (3.5) to develop an expression for the effective resistance 

of the repeatable element of the membrane (Equation (3.7)). As previously shown in Equation 

(3.4), the permeability of an element is a function of the resistance, the area and the diffusional 

pathway or thickness of the element. Therefore, Equation (3.8) defines the effective permeability 

of the repeatable unit and, consequently, the effective permeability of the mixed matrix membrane. 

 
 

1

2 22
1 , 21

1

1

1
1

Eff RB c d
c

c d

Eff
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H P
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R
  

       

   
(3.7) 
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1
1

c d
cEff RB

cEff d

P P HL
P H P

L R HP H P
   

   
(3.8) 

Equation (3.8) could be rearranged to estimate relative permeability of a MMM ( r eff cP P P ) 

based on the ratio of the permeability of the two phases ( d cP P ) and the volume fraction of the 
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filler content (). Since the relative permeability is independent of the units of the permeability (

* *

d c d cP P P P ), the estimated effective permeability of a MMM will have identical units to those 

of the permeability of the continuous and the dispersed phases. 

3.2.2. Finite difference method 

One of the main assumptions for the RB model is the one-directional transport of the components 

through a mixed matrix membrane. For a neat polymeric membrane with a constant permeability 

or with a solid filler with identical permeability as the polymeric membrane, the concentration 

profile for a given component through the membrane is indeed one-directional and perfectly linear 

[23–25]. However, the presence of solid fillers within the matrix of the membrane will usually 

result in the deviation of the concentration profile from linear to a more tortuous diffusional 

pathway depending on the permeability of each phase. If the permeability of the dispersed phase 

(solid filler) is larger than the permeability of the continuous phase, the solid particles will act as 

an attractor, which will make the concentration streamlines to deviate toward the solid particles. 

On the other hand, if the permeability of the dispersed phase is smaller than the one of the 

continuous phase, the concentration streamlines will deviate away from the solid particles. As a 

result, the driving force becomes three-dimensional even though the predominant driving force 

across the membrane still prevails. Because of the presence of the solid particles will favour or 

inhibit the overall component permeation flux across the membrane, an increase or a decrease of 

the effective membrane permeability will be observed based on the ratio of the respective 

permeability in the two phases. 

Our objective was to use a simple RB model to predict analytically the permeation flux of each 

species. To satisfy this objective, it was decided to retain the simple RB model (Equation (3.8)) 

with the addition of a correction factor to include the effect of the three-dimensional pathway. The 

correction factor, which should be a function of the permeability ratio and the volume fraction of 

particles within the membrane, will be obtained by comparing the permeation rate obtained by 

solving the diffusion equation by finite differences with the one obtained with the simple RB 

model. 

An ideal mixed matrix membrane with perfectly homogenous dispersion of cubical filler particles 

can be described by the repetition of a unique basic element. Therefore, the permeability of the 
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membrane will be equal to the permeability of the repeatable basic unit, which has been referred 

to as a “RB element” in this section. The finite difference three-directional mass transfer solution 

will therefore consider a single cubical RB element. The RB element can be described by a finite 

cube (0 ≤ x, y, z ≤ L1) containing at its center a cubical solid filler (  1 2 2L L  ≤ x, y, z ≤

 1 2 2L L ). The RB element was discretized into a sufficiently large number of mesh points to 

generate small cubical elements, each consisting of only one phase (continuous or dispersed phase) 

(Fig. 3.3(a)). Other finite difference simulations were performed with centered spheres and 

cylinders of different dimensions instead of cubical elements and it was found that the particles 

geometry has a negligible effect on the membrane effective permeability for filler volume fractions 

less than approximately 40-50%, which is much greater than the normal range of volume fraction 

that prevails in typical MMMs. 

y

xz

(a) (b)
 

Figure 3.3. Discretized RB element (a) and the (i, j, k) interior mesh point within the element (b). 

The concentration profile of each component within the RB element was obtained by solving the 

Fick’s second law (Equation (3.9)). A zero-stage cut condition at the feed side and perfect vacuum 

at the permeate side of the element were used as the boundary conditions in y-coordinate. Since it 

is assumed that the membrane is made of a large number of identical RB elements, symmetrical 

boundary conditions prevail at the two faces perpendicular to the x-axis and the two faces 

perpendicular to the z-axis. These four symmetrical boundary conditions are often refer to as 

periodic conditions. To reduce the convergence time to achieve steady state, a linear concentration 
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profile in the y-direction was used as the initial condition for the numerical solution. Table 3.2 

provides a summary of the initial and boundary conditions used in this investigation. 

, , , , , ,x y z x y z x y z
C C C C

D D D
t x x y y z z

    
        

    

      
  

      
 (3.9) 

Table 3.2. Initial and boundary conditions of the FD model 

Initial Condition    

   1
,0, , ,

, , ,0,
0 1

x z x L z

x y z x z
t y

C C
C C

N


 


 

BC: At y = 0    
*

,0,,0, x zfx z
C C S

 

BC: At y = L1
 

 1, ,
0

x L z
C 

 

BC: At x = 0 and x = L1

 

10

0
x x L

C C

x x 

 
 

   

BC: At z = 0 and z = L1

 

10

0
z z L

C C

z z 

 
 

   

The Fick’s second law of diffusion is used to determine iteratively the concentration at each mesh 

point within the membrane. For a mesh point (i, j, k) located within the membrane, such as in 

Figure 3.3(b), Equation (3.9) is discretized and the solution of the concentration for each species 

(m) at mesh point (i, j, k) at the next time step (t+t) is obtained using Equation (3.10). The 

instantaneous change in concentration at mesh point (i, j, k) during the time interval t only 

depends on the concentration at (i, j, k) and the six neighbouring mesh points at time t.  
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
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(3.10) 

Because the solubility of the six neighbouring mesh points may be different than the solubility at 

mesh point (i, j, k), as indicated in Equation (3.10), the concentrations of the neighbouring mesh 

points are multiplied by the solubility ratio such that all concentrations are defined on the same 

basis as the center mesh point (i, j, k). Equation (3.10) is defined for an interior mesh point. For 

the boundary mesh points at (x = 0 and L1) and (z = 0 and L1), where symmetry prevails, the mesh 

points locate outside the boundary is simply replaced by the first interior mesh point. For the 

boundary mesh points at (y = 0 and L1), the concentrations are set constant according to the 

boundary conditions specified in Table 3.2. 

Because the phases of neighbouring mesh elements may be different and have distinct solubility 

and diffusivity, it is important to determine the effective diffusivity in order to calculate the mass 

fluxes at each of the six faces of the mesh element (i, j, k). A simple mass balance was used to 

estimate the effective diffusivity between the central mesh point and its six neighbouring mesh 

points. Equations (3.11) and (3.12) give the effective diffusivity in the x-direction between mesh 

point (i, j, k) and its left neighbour (i-1, j, k), and between mesh point (i, j, k) and its right neighbour 

(i+1, j, k), respectively. Similar equations were derived for the effective diffusion coefficients in 

the other two dimensions. All these effective diffusivities were used in Equation (3.10). 
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The finite difference algorithm was programmed in Visual Basic for Applications (VBA). In the 

current investigation, the cubical RB element was discretized using 21 nodes in each direction (Nx 

= Ny = Nz = 21). The mesh independency was validated for this number of mesh points. The total 

size of the RB element was 40 nm and the size of the central cubical particle was varied to calculate 

the concentration profile for different volume fraction of the dispersed phase. It was assumed that 

the solubility and the diffusivity of each permeating species, different for the continuous and 

dispersed phases, remained constant throughout the RB element and the membrane. The 

permeation flux of each component was calculated in the y-direction at the feed side, at the 

midpoint of the RB element and the permeate side using the Fick’s first law. Equations (3.13) and 

(3.14) provides the equations that were used to calculate the permeation flux at the permeate side 

of the RB element. Similar equations were used to calculate the permeation flux at the feed side 

and at the midpoint of the RB element. The simulation was run until the permeation fluxes at the 

three above-mentioned surfaces of the RB element were the same to within a relative error of 

0.01% that is when steady state conditions were achieved. The effective permeability of the MMM 

was then calculated using the predicted permeate flux, the RB element size and the concentration 

difference across the RB element (Equation (3.15)). 
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Contrary to the findings of Singh et al. [26] and Yang et al. [27], for linear solubility factors, the 

product of the diffusivity and solubility, i.e. permeability, dictates the permeation flux of a species 

across the membrane and not their individual values. This has been our findings in this 

investigation and recently corroborated by Monsalve-Bravo and Bhatia [28]. To illustrate this 

finding, the effective permeability of mixed matrix membranes was obtained numerically for 

different ratios of the respective diffusivity and solubility of a permeating species of the two phases 
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of the membrane. In this study, the values of the diffusion coefficient and the solubility factor were 

varied while the ratio of the permeability of a permeating species in the two phases remained 

constant. Table 3.3 gives the values of the ratio of the diffusion coefficients and solubility factors 

along with the estimated relative permeability of the MMM for a 16.6% filler volume fraction. 

These results clearly indicate that the effective permeability is the permeability of a migrating 

species in the two phases of the MMM and not on the individual values of diffusivity and solubility. 

Table 3.3. Effect of ratio of the diffusion coefficient and solubility factor of the two phases of a 

mixed matrix membrane on the estimation of the relative permeability for a 

percentage volume fraction of 16.6%. 

1.d cD D   * * 1.d cSS   * * 1.d cP P   * * 1.eff cP P   

0.1 100 10 1.46 

1 10 10 1.46 

100 0.1 10 1.46 

0.2 2500 500 1.68 

0.5 1000 500 1.68 

10 50 500 1.68 

100 5 500 1.68 

Moreover, different sizes of elements were used in the computer program to investigate the effect 

of the particle size on the effective permeability of MMMs. It was observed that the variation in 

the size of an element, and consequently the size of a particle, does not affect the effective 

permeability of MMMs. This observation is in agreement with the results of computational 

simulation for MMMs containing spherical fillers obtained by Singh et al [26]. However, in 

practice, increasing the particle size could result in a deviation from a homogenous dispersion of 

the particles within the membrane. In addition, the polymer-particle interface interaction may 

diverge from ideal morphology when the size of the particle increases [6,26,29]. Therefore, the 

model may lose its validity since the fundamental assumptions of an ideal mixed matrix membrane 

would not prevail anymore. 
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3.2.3. Correction factor of the resistance-based model 

To develop a simple and accurate analytical model that could be used to predict rapidly the 

permeation flux across a mixed matrix membrane, the effective permeability for each numerical 

FD simulations were compared to the permeability estimated by the resistance-based model under 

identical conditions for the permeability of the continuous and dispersed phases as well as the 

volume fraction of the solid filler. This comparison allowed determining a set of correction factors 

(τ) for the RB model defined in terms of the ratio of the effective permeability obtained by finite 

differences and the permeability prediction calculated with the RB model (See Equation (3.16)). 

All the individual correction factors were used to determine a global correlation that could predict 

the correction factor as a function of the ratio of permeabilities of the dispersed and continuous 

phases and the volume fraction of the dispersed phase. Two such correlations were obtained: one 

for high permeable fillers (HPF) and one for low permeable fillers (LPF). Figure 3.4 shows the 

prediction of the effective permeability using both the RB and FD models as a function of the ratio 

of the permeabilities of the dispersed and the continuous phases for a fixed volume fraction of the 

filler ( = 0.42). Figure 3.4 clearly indicates that the prediction of both models follow a sigmoidal 

variation as a function of the ratio of the permeabilities at a fixed filler content. For a solid filler 

with a lower or similar permeability of the dispersed phase relative the continuous phase, the two 

models are relatively equivalent for the estimation of the effective membrane permeability. For a 

solid filler with higher permeability, the RB model is underestimating the effective membrane 

permeability. 
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Figure 3.4. Predictions of RB and FD models for different ratios of permeability and for a fixed 

filler volume fraction (=0.42). 

The correction factor was then used to adjust the predicted effective permeability of the mixed 

matrix membranes by the RB model (Equation (3.17)).  
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To generalize the RB model, two correlations for the correction factor were developed: one 

correlation for high permeable solid fillers and one correlation for low permeable solid fillers. It 

was observed that at a fixed filler volume fraction, a Langmuir-type equation could be used to 

predict the correction factor as a function of the permeability ratio of the dispersed to the 

continuous phase ( * * or d c d cP P P P ). Equation (3.18) was therefore used to model the correction 

factor for the RB model in the MMM containing a solid filler having a higher permeability than 
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the continuous phase. The parameters bHPF and CM-HPF of Equation (3.18) were found to be a 

function of the volumetric filler content only. Two polynomial correlations were obtained by curve 

fitting the correction factor data set to calculate the parameters bHPF and CM-HPF as a function of 

the volumetric filler content (Eqs. (3.19) and (3.20)). Figure 3.5 shows the experimental correction 

factors obtained from the Equation (3.16) with the ones estimated by Equations (3.18)-(3.20). As 

can be observed in Figure 3.5, there is a very good agreement between the experimental and the 

model predictions with an average relative prediction error of less than 0.5%. This indicates the 

relatively high accuracy of Langmuir-type equation for predicting the correction factor for the 

effective permeability of a MMM containing a high permeable filler. 
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1 1
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 (3.18) 

20.0923 0.0563HPFb   
 

(3.19) 

3 22.2115 4.2545M HPFC        (3.20) 



Chapter 3: Mass transport in mixed matrix membranes (MMM’s) 

 

65 
 

 

Figure 3.5. Experimental and estimated correction factor for mixed matrix membranes containing 

a HPF. 

Figure 3.6 compares the prediction of the new RB model with the Maxwell and Hennepe models 

for a MMM containing a high permeable filler for different ratios of the permeability as a function 

of the volumetric filler loading. Results show that the prediction of the effective permeability as a 

function of the filler volume fraction obtained with the new model starts to deviate from the 

Maxwell and Hennepe models at lower filler volume fraction. The magnitude of the deviation is 

more important in MMMs containing higher permeable particles. Moreover, increasing the volume 

fraction of the filler within the membrane up to 40%, a larger difference between the model 

predictions is observed. All three models converge to an identical value of Pd.Pc
-1 when the volume 

fraction of filler approached unity. The observed difference is undoubtedly due to the influence of 

the three-dimensional tortuosity effect of the mass transport of the components through the 

membrane. Furthermore, the predicted values in this study show similar trends to the simulated 

values obtained by Singh et al. [26] for a MMM with randomly dispersed particles. 
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Figure 3.6. Comparison between the predictions of the extended RB model ( ), Maxwell 

model ( ) and Hennepe model ( ) for HPF. 

A similar analysis was performed to develop a correlation for the correction factor for the case 

where the permeability of the solid filler is lower than the permeability of the continuous phase. 

Akin for the HPF, a Langmuir-type equation (Equation (3.21)) was used to correlate the correction 

factors for a mixed matrix membrane containing low permeable fillers (LPF). The correlation 

parameters bLPF and CM-LPF were modeled via two different polynomial functions (Eqs. (3.22) and 

(3.23)). Equations (3.21)-(3.23) were used to predict the correction factor for a MMM with low 

permeable fillers, and results were then compared to the experimental correction factors (Figure 

3.7). An average relative prediction error of less than 0.1% was observed between the experimental 
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and calculated correction factors, which clearly indicates that the RB model along with the 

correlations for the correction factors can be used with confidence to predict the effective 

permeability of a mixed matrix membrane.  
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 (3.21) 

3 21.6758 4.4098 2.734LPFb      
 

(3.22) 

4 3 21.2077 2.7016 1.995 0.4593M LPFC           (3.23) 

 

Figure 3.7. Experimental and estimated correction factors for a mixed matrix membrane 

containing LPF. 

The predictions of the effective permeability obtained with the new model for low permeable fillers 

were compared in Figure 3.8 to the Maxwell and Hennepe models. The deviations observed for 

the various models for the predictions of the effective permeability of a MMM containing low 
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permeable fillers are smaller than the deviations observed for the high permeable fillers. It turns 

out that the Maxwell and Hennepe models are more applicable for MMMs where the dispersed 

phase is less permeable than the continuous phase. It is interesting to note that the Maxwell model 

is surprisingly accurate given that, in addition to be simple, it was derived more than a century ago 

for estimating the effective electrical conductivity of a continuous matrix material in which were 

embedded spherical solid particles. Greater deviations are observed at higher relative permeability 

ratio and intermediate filler volume fraction. 

 

Figure 3.8. Comparison between the predictions of the extended RB model ( ), Maxwell 

model ( ) and Hennepe model ( ) for LPF. 
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With the number of numerical nodes (21 for each direction) used in this investigation, simulations 

with the FD method were limited to a volume fraction of the filler in the membrane of roughly 

86%. As a result, the proposed RB model is applicable for the prediction of the effective 

permeability of ideal mixed matrix membranes in the range of 0-86% of the volumetric filler 

content. It was desired to cover the widest range possible for the volumetric filler content even 

though realistically such a filler content cannot be achieved. Indeed, for each particle shape and 

their orientation, there exists a maximum packing capacity. Moreover, similarly to the original RB 

model, the prediction of the relative permeability in the extended RB model is independent of the 

units of permeability.  

3.3. Applications 

The validation of the extended RB model was first performed using experimental data obtained in 

our laboratory for the pervaporation separation of butanol from aqueous binary solutions using a 

PDMS/Super Activated Carbon Powder membrane [7]. The model validation was also performed 

for gas separation using  two different types of mixed matrix membranes reported in the literature 

[30]. 

3.3.1. MMM for the Pervaporation Separation  

The experimental data presented by Azimi et al. [7] for the separation of butanol from aqueous 

solutions by pervaporation using PDMS/Super Activated Carbon Powder membranes was first 

used to validate the extended RB model. It was not possible to find a reliable source for the 

permeability of the permeating species through the PDMS and the activated carbon such that the 

permeability of butanol and water in the neat PDMS membrane was estimated based on 

experimental pervaporation data. In addition, the permeability of both water and butanol in the 

activated carbon nanoparticles was estimated by combining the theoretical calculation of diffusion 

coefficients with the experimentally obtained sorption properties of species in the nanoparticles 

(Sections 3.3.1.1 – 3.3.1.4). Then, the partial permeate fluxes of the species were estimated using 

the calculated effective permeability of the penetrants through the mixed matrix membrane using 

the extended RB model (Section 3.3.1.5).  
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3.3.1.1. Thermodynamic of Vapour-Liquid Equilibrium 

The vapour-liquid equilibrium of each permeating species was calculated using the extended 

Raoult’s law (Equation 3.24) [24]. Moreover, Margules model was used to estimate the activity 

coefficients of the species in binary butanol-water solutions (Eqs. (3.25) and (3.26)) [31].  

s
m m m mp x p   (3.24) 
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According to a previous study, the limiting activity coefficient (activity coefficient at infinite 

dilution) of butanol in binary aqueous solutions follows a linear relation with respect to 

temperature over the range of 303-333 K [24]. Moreover, due to the dilute butanol concentration 

in the feed, it was assumed that the water activity coefficient is equal to unity [24]. In addition, the 

saturation pressures of butanol and water at different temperatures were predicted using Antoine 

equation (Equation (3.27)) [32]. Table 3.4 presents the values used in this study for the parameters 

of Antoine equation for butanol and water [33]. 
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 (3.27) 

Table 3.4. Antoine coefficients for calculating the vapour pressure of butanol and water [33]  

Parameter Butanol Water 

A  15.3144 16.3872 

B  3212.43 3885.70 

C  182.739 230.170 

 

3.3.1.2. Estimation of the Species Permeability in PDMS 

According to the solution-diffusion theory, the permeability of component m in a membrane is a 

function of the solubility factor (S) and the diffusion coefficient (D) [12–15]. These two parameters 
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depend on the properties of the permeating species and the membrane as well as on the operating 

conditions [12,13,15,24]. Henry’s law is the dominating sorption mechanism for both components 

in dilute butanol aqueous solutions in PDMS membranes [24]. Moreover, Henry’s law constant 

follows an Arrhenius-type relation with respect to temperature (Equation (3.28)) [24,34]. 

Therefore, Equation (3.29) was used to represent the solubility factor of butanol and water in the 

PDMS membrane at different temperatures. 
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The diffusion coefficient also follows an Arrhenius-type relation with respect to the temperature 

at a constant feed concentration (Equation (3.30)) [9,15]. Therefore, assuming zero-stage cut 

condition, perfect vacuum on the permeate side and a constant butanol concentration on the feed 

side, the partial permeate fluxes of each species can be estimated by an Arrhenius-type relation 

(Equation (3.31)) [15,35]. 
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Table 3.5 presents the calculated values for the activation energy of permeation (Epm = Edm + ΔHm) 

and the pre-exponential permeation flux parameter (Jm0) for the separation of butanol from aqueous 

solutions by pervaporation using the laboratory-made neat PDMS membranes [7]. Figure 3.9 

compares the experimental partial flux data with the partial flux values estimated using Equation 

(3.31).  

Table 3.5. Estimated values for the parameters of Arrhenius equation for the partial permeate 

fluxes. 

 Butanol Water 

Ep (J.mol-1) 66124 50033 

J0 (g.m-2.h-1) 8.74x1010 2.66x109 



Chapter 3: Mass transport in mixed matrix membranes (MMM’s) 

 

72 
 

 

 

Figure 3.9. Experimental and calculated partial permeate fluxes of the butanol and water for the 

separation of a 5 g.L-1 butanol binary aqueous solution by pervaporation using neat 

PDMS membranes. 

Equation (3.31) was then used to predict the butanol and water permeabilities in neat PDMS 

membranes at different temperatures. Results of Figure 3.10 show that the permeability of both 

components in PDMS slightly increases with an increase in temperature. This is due to the increase 

in the diffusion coefficient and in the species partial pressure whereas the solubility factor 

decreases with an increase in temperature. It seems that for the permeation of butanol and water in 

PDMS, the rate of change in diffusivity is moderately greater than the rate of change in the 

solubility and partial pressure following an increase in temperature. As a result, the permeability 

of both components increases as a function of temperature. Moreover, according to Figure 3.10, 

the permeability of water in neat PDMS membranes is higher than the permeability of butanol 

when the partial pressure gradient is used as the driving force. However, the permeability of 

butanol would be higher than the one of water if the concentration gradient is used as the driving 

force of the mass transport. This phenomenon is due to the difference in the vapour-liquid 
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equilibrium properties of the components, which would affect the solubility factor and 

consequently the permeability of species. As it was mentioned in the introduction, although the 

values and units of the permeability are different depending on the selected driving force, the final 

estimated permeate flux remains independent of the selected units. Table 3.6 gives the values of 

the permeability of water and butanol in the two sets of units. It seems that the ratio of the 

permeability of the two components in a membrane is not a suitable pervaporation performance 

metrics since it is dependent on the type of driving force used. Therefore, it seems to be more 

practical to use the composition of components on two side of the membrane to investigate the 

membrane selectivity since they are independent on the chosen driving force. 

 

Figure 3.10. Experimental and calculated permeabilities of butanol and water in PDMS as a 

function of temperature at a fixed feed concentration of 5 g.L-1. 
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Table 3.6. Estimated values of the permeability of butanol and water in neat PDMS membranes 

expressed in two different sets of units. 

Temperature (K) 

 

Butanol Water 

(m2.h-1) (mol.m-1.h-1.bar-1) (m2.h-1) (mol.m-1.h-1.bar-1) 

310 3.83x10-8 0.0018 3.036x10-9 0.00266 

320 8.53x10-8 0.002 5.6x10-9 0.00288 

330 1.81x10-7 0.0023 9.97x10-9 0.00312 

 

3.3.1.3. Estimation of Permeabilities in Activated Carbon 

The determination of the permeability of the two migrating species in the filler of the mixed matrix 

membrane was achieved by estimating separately their solubility factor and diffusion coefficient. 

The solubility factor of butanol on the activated carbon was obtained experimentally through a 

series of batch adsorption tests to determine the adsorption isotherm. It was not possible to measure 

the solubility factor of water in the dispersed phase such that it was assumed identical to the 

continuous phase. On the other hand, the diffusion coefficients were estimated theoretically by 

considering the combination of possible diffusion mechanisms in porous material. 

3.3.1.3.1. Solubility Factor 

The sorption property of butanol in the super activated carbon powder was investigated by 

performing liquid batch adsorption tests over the temperature range of 310-330 K. Experiments 

were performed by adding an accurately weighted amount of adsorbent (1 g) to 5 flasks. Each flask 

contained 50 mL of binary butanol aqueous solution of different concentrations (1, 3, 5, 10, 15, 20 

and 25 g.L-1). An automatic thermostat shaker was used to keep the temperature constant 

throughout the experiments. Agitation was provided for 48 h, which was much larger than the time 

needed to reach equilibrium. Samples were taken every 6 h and analyzed using gas 

chromatography (GC). A mass balance was performed for each flask to determine the amount of 

butanol adsorbed. 

Figure 3.11 presents the butanol isotherms on activated carbon at three different temperatures 

(310-330 K). Butanol activity (p/ps) was obtained using the vapour liquid equilibrium discussed 

in Section 3.3.1.1. Moreover, the Sips isotherm model (Equation (3.32)) was used to represent the 
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very favourable adsorption behaviour of butanol on the AC nanoparticles [9,36,37]. Table 3.7 

gives the parameters (n, b* and q*) of the Sips isotherm equation for the adsorption of butanol on 

the activated carbon at different temperatures.  

 

Figure 3.11. Experimental and modelled adsorption isotherms of butanol on AC nanoparticles at 

different temperatures. 

* *
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q b p
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b p
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 (3.32) 

Table 3.7. Fitted Sips parameters for the prediction of butanol sorption isotherm at different 

temperatures 

Temperature (K) b*
 q* n 

310 1.136 0.625 0.154 

320 1.046 0.41 0.101 

330 1.044 0.307 0.033 

Hashemifard et al. suggested a combination of Fick’s law, Darken equation and adsorption 

isotherm to represent the solubility of the dispersed phase inside mixed matrix membranes for 
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Langmuir, dual-site Langmuir and Sips adsorption models [9]. Equation (3.33) can be used to 

predict the solubility of a species in the dispersed phase while the Sips isotherm is used to predict 

the amount of component m adsorbed in the filler.  
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 (3.33) 

Equation (3.33) was used in this study to calculate the solubility of butanol in the solid filler. 

Sorption of water in both PDMS and activated carbon is assumed small in comparison to butanol. 

Therefore, it was assumed that the filler had the same water sorption properties as the neat PDMS 

membrane. Table 3.8 gives the parameters of an Arrhenius equation for the sorption of water in 

PDMS [24]. Equation (3.28) was used to approximate the solubility of water in the filler. 

Table 3.8. Parameters of Arrhenius equation for the sorption of water in neat PDMS membranes 

[24] 

Parameter Value 

*

0wH  2.38x10-2 

*

wH  (J.mol-1) 4949.5 

 

3.3.1.3.2. Diffusion Coefficient 

The effective diffusivity of component m in a porous filler is a function of the porosity, the 

tortuosity and the intrinsic diffusion coefficient of the component in the mobile phase within the 

pores of the filler (Equation (3.34)) [38]. The intrinsic diffusion coefficient is a combination of the 

different diffusion mechanisms such as Knudsen diffusion, molecular diffusion and surface 

diffusion [9,38,39]. However, surface diffusion is only significant at high pressures and 

temperatures, which does not prevail in the case of the pervaporation process [39].  
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Equations (3.35) and (3.36) have been commonly used to calculate the Knudsen and molecular 

diffusion coefficients, respectively [9,40–42].  
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Table 3.9 gives the parameters that were used to calculate the Knudsen and the molecular diffusion 

coefficient of butanol and water in the super activated carbon powder. 

Table 3.9. Some parameters for the calculation of Knudsen and molecular diffusion coefficients 

[41] 

Parameter Reported Value 

(ε/k) butanol 454 K 

σ butanol 5.27 Å 

(ε/k) water 356 K 

σ water 2.649 Å 

dpore [41] 3.5 nm 

 

The intrinsic diffusion coefficient of the permeating species as a function of pressure was 

calculated using Equation (3.37) [9,38]. According to Equations (3.35) and (3.36), only the 

molecular diffusion coefficient depends on pressure. The intrinsic diffusion coefficient was 

calculated as a function of pressure and temperature. The results of Figure 3.12 show that the 

intrinsic diffusion coefficient is independent of the pressure up to atmospheric pressure, which 

corresponds to the range of pressure within the membrane for the pervaporation separation process. 

Hence, it was assumed that Knudsen diffusion coefficient is the main mechanism to determine the 

intrinsic diffusion coefficient of both species in the solid filler embedded within the membrane.  
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Figure 3.12. Variation of the intrinsic diffusion coefficient for butanol and water in the activated 

carbon powder. 

Equation (3.34) was used to calculate the effective diffusion coefficient of the species in the filler 

where Knudsen diffusion was used to determine the intrinsic diffusivity of each component 

(Equation (3.35)). Moreover, a tortuosity factor of 5 was assumed for the transport of the 

components within the pores inside the filler and the porosity of activated carbon nanoparticles 

was calculated to be roughly 44% based on the information provided by the manufacturer [44]. 

3.3.1.4. Estimation of MMMs Thickness and Volume Fraction of Filler in MMMs 

Equation (3.38) was used to predict the thickness of a MMM by assuming a constant membrane 

area and ideal interaction between the polymer and the particles. The addition of the filler into the 

polymer matrix of the membrane can result in a change of density of the MMMs, which leads to a 

change in the total volume of the membrane.  
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Figure 3.13 compares the thickness measure experimentally with the estimated values for the 

thickness of PDMS/Activated Carbon mixed matrix membranes as a function of the weight 

fraction of the filler content. Results show that the values of the predicted thickness are in good 

agreement with the experimentally measured thickness. 

 

Figure 3.13. Comparison of the experimental and estimated values of the thickness of MMMs as 

a function of the activated carbon nanoparticle content. 

The volume fraction of the filler is also a function of the density of two phases as well as the weight 

fraction of the filler content. Equation (3.39) was used to estimate the volume fraction of the filler 

within an ideal mixed matrix membrane. The predicted volume fractions were then used in the 

extended RB model to calculate the effective permeability of components in MMMs for different 

filler volume fractions. 
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3.3.1.5. Model Validation 

The extended RB model was used to estimate the effective permeability of butanol and water in 

PDMS/Super Activated Carbon Powder Mixed Matrix Membranes. Equation (3.31) was used to 

predict the permeability of both species in the continuous phase using the parameters presented in 

Table 3.4. The permeability of the migrating species in the filler was calculated using the diffusion 

coefficient and the solubility factor as per Sections 3.3.1.3.1 and 3.3.1.3.2. According to Equation 

(3.33), the solubility of butanol is a function of the partial pressure of butanol in both the feed and 

the permeate sides of the membrane. The partial pressure of the species in the permeate side of the 

membrane was calculated using Dalton’s law (Equation (3.40)) while the partial pressure of 

butanol in the feed side obtained from Section 3.3.1.1. 
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A VBA program was used to predict the solubility factor of the components in the activated carbon 

nanoparticles and the effective permeability of the MMM simultaneously. The estimated effective 

permeability of MMMs were then used in Equation (3.1) to predict the partial permeate fluxes of 

both components at different temperatures and weight fractions of the filler. Figure 3.14 presents 

the comparison between the experimental and estimated values for the partial permeate fluxes for 

butanol and water for a series of pervaporation experiments conducted with different solid mass 

fraction. A good agreement was observed between the experimental and estimated values with an 

average error of almost 13%.  
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Figure 3.14. Comparison between the experimental (310 K (■), 320 K (▲) and 330 K (●)) and 

predicted permeate fluxes (310 K ( ), 320 K ( ) and 330 K ( )) of butanol 

(a) and water (b) as a function of the nanoparticle mass fraction at different 

temperatures. 

Figure 3.15 presents the parity plot of the permeation flux for the pervaporation experimental data 

and the predicted values with the proposed RB model. The value of the regression coefficient R2 

exceeds 0.8, which indicates a relatively high accuracy of the model for the prediction of the 

pervaporation separation performance using mixed matrix membranes. 



Chapter 3: Mass transport in mixed matrix membranes (MMM’s) 

 

82 
 

 

Figure 3.15. Parity plot between experimental and estimated partial fluxes for the separation of 

butanol using a pervaporation MMM 

3.3.2. Mixed Matrix Membranes for Gas Separation  

In this section, the extended RB model is validated for gas separation processes. Experimental data 

for the permeation of different gases through the Polyvinylidene fluoride (PVDF)/MCM-41 and 

PVDF/Zeolite 4A mixed matrix membranes were obtained from the literature [30]. Table 3.10 

presents the literature values that were obtained for the permeability of the various permeating 

gases in the continuous and dispersed phases. 
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Table 3.10. Permeabilities of gases through the continuous and dispersed phases of MMMs [30]. 

Component Material Permeability (Barrer) 

He PVDF 3.94 

He MCM-41 1510000 

He Zeolite A4 1255.5 

CO2 PVDF 1.18 

CO2 MCM-41 320000 

CO2 Zeolite A4 139.5 

O2 PVDF 0.14 

O2 MCM-41 380000 

O2 Zeolite A4 2 

N2 PVDF 0.04 

N2 MCM-41 400000 

N2 Zeolite A4 0.048 

The proposed RB model was used to predict the effective permeability of different permeating 

gases through mixed matrix membranes. Figure 3.16 compares the estimated and literature 

permeability of the various gases in mixed matrix membranes for different filler volume fractions4. 

Although there are some deviations between the predicted values and the experimental data, 

especially for the permeation of N2 through PVDF/Zeolite A4 MMMs, results show a relatively 

good agreement between the predicted and literature effective permeability. These results validate 

the use of the extended RB model for the prediction of the gas separation performance using mixed 

matrix membranes. In addition, some researchers have used a three-phase Maxwell model to take 

into account the non-ideal particle-polymer interface morphology within a MMM [30]. However, 

based on the results obtained in this study, the experimental data are in good agreement with the 

results obtained with the model assuming ideal mixed matrix membrane. Furthermore, Figure 3.17 

presents the parity plot between the estimated and literature permeability where a coefficient of 

regression R2 equal to 0.98 was obtained. 

                                                           
4 The values of effective permeabilities were obtained from the graphs published in the literature [30] 
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Figure 3.16. Comparison between the experimental (He (▲), CO2 (●), O2 (■) and N2 ()) [30] 

and predicted permeabilities in PVDF/MCM-41 (a) and PVDF/Zeolite 4A (b) as a 

function of the volume fraction of the filler in polymer matrix 

 

 

Figure 3.17. Parity plot between the experimental and estimated permeabilities of gases in mixed 

matrix membranes. 
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Figure 3.18 compares the average prediction error of the model presented in this study with the 

ones estimated by the Maxwell and Hennepe models.  According to this figure, the extended RB 

model shows the best agreement with experimental data for both pervaporation and gas separation 

applications. Moreover, model prediction of the permeability for all sets of data for both 

pervaporation and gas separation processes were also compared and an average prediction error 

for each model was calculated as shown in Figure 3.18(c). This figure shows that the best 

agreement with an average error of 13.5% was obtained with the extended RB model. 

 

Figure 3.18. Comparison between the error of predictive models for pervaporation (a) and gas 

separation (b) processes and the total comparison between predictive models (c). 

3.4. Conclusions 

Despite the high accuracy of the finite difference method to estimate the mass transport within the 

mixed matrix membranes, long computation time is an important limitation for the application of 

this method for various applications. Instead, in this investigation, it was desired to develop a 

simple resistance-based model with a correction factor based on the results of the finite difference 

numerical simulations to represent more accurately and more rapidly the effective permeability of 

mixed matrix membranes. The correction factor takes into account the deviation of the 

concentration streamlines due to presence of a more or less permeable dispersed phase within the 

matrix of the polymeric membrane. When the dispersed phase has a higher permeability than the 
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continuous phase, the effective permeability is greater than the permeability of the neat continuous 

phase, and vice-versa for the less permeable dispersed phase. The correction factors were modeled 

successfully using a Langmuir-type relation with the model parameters obtained by performing 

data curve fitting on the set of predicted correction factors. The correction factor is function of the 

ratio of the dispersed phase permeability to the permeability of the continuous phase, and the 

volume fraction of the dispersed phase. The extended RB model was verified with experimental 

data for pervaporation and gas separation processes. High precision for the prediction of the 

effective permeability was observed with a reasonable coefficient of regression. 
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Abbreviations 

AC Activated Carbon 

MMM Mixed Matrix Membrane 

PDMS Polydimethylsiloxane 

PVDF Polyvinylidenefluoride 

Nomenclature 

A Area (m2) 

A  Parameter of Antoine Equation 

b Parameter of Correction Factor Equation (-)  

b*
 Parameter of Sips Equation (bar-1) 

B  Parameter of Antoine Equation 

C Concentration (g.m-3) 

CM Parameter of Correction Factor Equation (-) 

C  Parameter of Antoine Equation 

d Diffusion Pathway (m) 

dp Diameter of Filler Nanoparticle (m) 

D Diffusion Coefficient (m2.h-1) 
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D0 Pre-Exponential Parameter of Arrhenius Equation for Diffusion (m2.s-1) 

Ed Energy of Diffusion (J.mol-1) 

Ep Activation Energy of Permeation (J.mol-1) 

H Variable Defined in Equation 3.6  

H* Henry's Law constant ( 3 3. .g m g m  ) 

H*
0 Pre-Exponential Parameter of Arrhenius Equation for Solubility ( 3 3. .g m g m  ) 

J Permeate Flux (g.m-2.h-1) 

J0 Pre-Exponential Parameter of Arrhenius Equation for Permeate Flux (g.m-2.h-1) 

K Boltzmann Constant (m2.kg.s-2.K-1) 

L1 Size of the RB Element (m) 

L2 Size of the Filler (m) 

M Molecular Weight (g.mol-1) 

n Parameter of Sips Equation (-) 

N Number of Nodes 

p Pressure (bar or kPa) 

P Permeability (mole.m-1.h-1.bar-1) 

P* Permeability (m2.h-1) 

q Sorption Capacity (g.g-1) 

q* Parameter of Sips Equation (g.g-1) 

R Gas Constant (J.K-1.mol-1) 

Ri Resistance (h.bar.mole-1) 

S Solubility Factor (mole.m-3.bar-1) 

S* Solubility Factor (g.m-3/g.m-3) 

t Time (h) 

T Temperature (K) 

wd Mass Fraction of Filler in Mixed Matrix Membrane (-) 

x x Coordinate or Liquid Mole Fraction 

y y Coordinate or Vapor Mole Fraction 

z z Coordinate  

 Thickness (m) 



Chapter 3: Mass transport in mixed matrix membranes (MMM’s) 

 

88 
 

 Porosity of the Filler Particle (-) 

 Volumetric Filler Content (-) 

 Activity Coefficient (-) 

 ∞ Limiting Activity Coefficient (-) 

 Density (g.m-3) 

σmn Average Collision Diameter  (0A) 

τ Correction Factor (-) 

τd Tortuosity Factor 

Ω Temperature Dependent Parameter of Collision Integral (-) 

ΔH Heat of sorption (J.mol-1) 

 

Superscripts 

L Left 

R Right 

s Saturation conditions 

vac Vacuum 

 

Subscripts 

c Continuous Phase 

d Dispersed Phase 

Eff Effective 

f Feed 

FD Finite-Difference Method 

HPF High Permeable Filler 

i x Coordinate for Node Position in FD Model 

int Intrinsic 

j y Coordinate for Node Position in FD Model 

k z Coordinate for Node Position in FD Model 

K Knudsen Diffusion 
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LPF Low Permeable Filler 

m Component  

M Molecular Diffusion 

MMM Mixed Matrix Membrane 

n Component 

p Permeate 

pore Pore of the Filler 

r Relative 

RB Resistance-Based Model 

t total 
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Chapter 4: Conclusions and recommendations 

Pervaporation is one of the promising membrane-based solvent recovery methods. Pervaporation 

system could be integrated to the Acetone-Butanol-Ethanol (ABE) fermentation process to 

increase butanol productivity by selectively removing of this alcohol from fermentation broth and 

to partly alleviate butanol inhibition. Based on a literature survey, among the various types of 

polymeric membranes, Polydimethylsiloxane (PDMS) membranes show the best performance for 

the separation of butanol from aqueous ABE model solutions and fermentation broths. However, 

PDMS membranes suffer from the typical membrane trade-off between selectivity and permeation 

flux. To partly overcome this limitation, mixed matrix membranes (MMMs) can potentially 

increase both the selectivity and permeation flux. In mixed matrix membranes, filler materials are 

embedded within the polymer matrix. Solid fillers with a different permeability than the polymeric 

matrix modify the concentration profile within the membrane and consequently the overall 

permeability of components through the membrane. If the permeability of a migrating species in 

the solid filler is greater than the permeability of the polymeric membrane, the permeation flux 

and potentially the selectivity should increase. The theoretical description of the mass transport of 

species through mixed matrix membranes leads to a better understanding of the pervaporation 

process. To gain a better understanding of the permeation process in MMMs, the mass transport 

through neat polymeric membranes and mixed matrix membranes were investigated using two 

different approaches: (1) Maxwell-Stefan model adapted to include the effect of swelling and 

temperature on the pervaporation separation using neat polymeric membranes, and (2) an extended 

resistance-based model to determine the permeate fluxes of components in a pervaporation 

separation process as a function of permeability of the polymeric matrix and the solid filler as well 

as the solid filler volume fraction. 

In Chapter 2, a new approach of the Maxwell-Stefan model was implemented to describe the mass 

transport of butanol and water through a commercial PDMS membrane. The effect of membrane 

swelling and operating temperature on the sorption property and diffusion coefficient of the 

permeating species through the membrane was considered. An exponential relationship between 

the diffusion coefficient and the degree of swelling of the membrane was used to estimate the 

diffusion coefficient for different butanol feed concentrations at fixed temperature. Moreover, an 

Arrhenius-type equation was incorporated to the diffusion coefficient equation to extend the 
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prediction range for different operating temperatures. It was assumed that Henry’s law is the 

dominating sorption mechanism and an Arrhenius-type equation was used to investigate the 

temperature dependency of Henry’s law constant. The coupled diffusivity of the penetrants was 

estimated to be a weighted combination of the component diffusion coefficients within the 

membrane. The numerical values of the model parameters were determined by performing an 

overall nonlinear regression to minimize the sum of squares of the differences between the 

experimental butanol and water fluxes obtained at different temperatures and concentrations and 

the ones predicted by the models. It was observed that the estimated fluxes are in agreement with 

the experimental values with an average prediction error of roughly 10.5%. The parameters of the 

model were then used to predict the sorption properties and diffusion coefficients of species 

through the PDMS membrane. It was observed that the sorption properties are in relatively good 

agreement with the literature values considering the wide fluctuation in reported diffusion 

coefficients, which makes it difficult to make an exact comparison. The model was also used to 

estimate the membrane separation performances in terms of selectivity and pervaporation 

separation index (PSI) for different butanol feed concentrations and operating temperatures. It was 

observed that the selectivity of PDMS membranes is decreasing when increasing both temperature 

and feed concentration whereas the PSI increases with temperature and butanol feed concentration. 

In Chapter 3, a resistance-based (RB) model was initially introduced to predict the effective 

permeability of species through ideal mixed matrix membranes containing homogenously 

dispersed cubical particles. The model was derived based on the assumption of uni-directional 

mass transport within the membranes. To consider the three-directional mass transport, the RB 

model was extended by adding a correction factor, which was obtained by comparing the 

permeation flux using a simple RB model with an accurate value of the permeation flux obtained 

by solving the diffusion coefficient by finite differences. The correction factor takes into account 

the deviation of the concentration streamlines due to presence of a more or less permeable 

dispersed phase within the matrix of the polymeric membrane. It was observed that the correction 

factor is only a function of the permeability ratio of the two phases and the volume fraction of the 

solid filler within the polymer matrix. The correction factors were then correlated successfully 

using a Langmuir-type relation. The proposed extended RB model was validated with 

experimental data for pervaporation and gas separation processes. Good precision for the predicted 

values was observed with a reasonable coefficient of regression. 
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Future works should be directed towards considering non-homogenous distribution of particles 

with various particle shapes and orientations within the membrane. Moreover, in this study, it was 

assumed that the solubility of both phases are independent of concentration (Henry’s law 

domination); therefore, another case of study would be the estimating the effective permeability 

of MMMs while one or both phases sorption properties follows non-linear sorption isotherms. 

In this study, solubility of butanol in the dispersed phase was estimated by liquid batch adsorption 

test whereas the water solubility was assumed to be identical in both phases. However, these 

methods lack precision for the estimation of solubility factor and, consequently, the permeability 

in the filler material. Therefore, it would be highly desirable to use Temperature Gravimetric 

Adsorption (TGA) as a more accurate measurement method to obtain the sorption properties of 

the permeating components on the solid filler content as well as on polymeric materials. 
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A.  Appendix 

Appendix A contains three figures which provide the concentration profile through the RB element 

obtained by the finite difference method. The concentration data was obtained for a 5 g.L-1 feed 

butanol aqueous solution. An identical solubility factor was set for both the dispersed and 

continuous phases while the filler diffusivity was chosen to be more 1000 times more than the 

diffusivity of the continuous phase. As a result, the permeability of the dispersed phase is 1000 

times larger than the one of the continuous phase in the simulation. Figure A.1 shows the 3D 

concentration profile of component through the RB element (40 nm element size and a volume 

fraction of 0.166 filler material within the polymer matrix).  

 

Figure A.1. Overall concentration profile within a RB element for a permeability ratio 

Pd.Pc
-1 = 1000, solubility ratio Sd.Sc

-1 = 1 and a filler volume fraction of 0.166 for 

a butanol feed concentration of Cf = 5 g.L-1) 

Figure A.2 presents a contour plot of the concentration profile in two directions (x and y) at the 

central node of the z direction. Moreover, Figure A.3 presents a surface plot of the concentration 

profile with the identical properties used for Figures A.1 and A.2. 
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Figure A.2. Contour plot of the concentration profile in two directions of x and y at central 

position of z direction for a permeability ratio Pd.Pc
-1 = 1000, solubility ratio 

Sd.Sc
-1 = 1 and a filler volume fraction of 0.166 for a butanol feed concentration 

of Cf = 5 g.L-1). 

 

Figure A.3. Surface plot of the concentration profile in the central position of z direction 

for a permeability ratio Pd.Pc
-1 = 1000, solubility ratio Sd.Sc

-1 = 1 and a filler 

volume fraction of 0.166 for a butanol feed concentration of Cf = 5 g.L-1). 

 


