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Abstract

This thesis considers the problem of hypothesis testing for umbrella alternatives when

there are two groups, or strata, of observations. The proposed methods extend a

previously established general framework of hypothesis testing based on rankings to

stratified datasets by first aligning the strata. The tests based on the Spearman and

Kendall distances between ranking vectors lead to the traditional aligned-rank tests

and new methods which account for “misalignment” under the alternative hypothesis.

Asymptotic null distributions and simulation studies are given for the Spearman

distance. Diagnostic tools for the misalignment issue are illustrated alongside the

proposed tests on a dataset of IQ scores of coma patients. Extensions to three or

more strata and ”adaptive” tests are provided as future research directions.

KEY WORDS: nonparametric tests; ranks; aligned-ranks; umbrella alternatives;

stratified data; non-null tests; Spearman and Kendall distance.
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Chapter 1

Introduction

This thesis considers the problem of testing for umbrella alternatives when two groups,

or strata, are involved. Umbrella patterns are present in some applications where there

is a tendency for the response variable to increase in value up to a point and then to

subsequently decrease. As examples, such orderings may arise when measuring the

effectiveness of a drug over time, when judging the reaction to increasing dosage levels

of a drug, or when studying some type of mental or physical performance across age

groups.

In the unstratified case where there is only one group or stratum, the interest is

in testing the hypothesis that the data exhibit an umbrella ordering. This problem

was first considered by Mack and Wolfe (1981) and later by Simpson and Margolin

(1986), Hettmansperger and Norton (1987) and Shi (1988). Chen and Wolfe (1990)

adapted the Mack-Wolfe statistic to the case of unknown peak location. See also Chen

(1991) and more recently Millen and Wolfe (2005), who introduced modifications

and presented a simulation study. Kössler (2006) compared the test statistics due to

Chen-Wolfe, Hettmansperger-Norton and Shi. Alvo (2008) considered the unstratified

problem using a general hypothesis testing framework proposed by Alvo and Pan

(1997).

Less research has been done on methods for stratified data. Pan and Wolfe (1995,

1996) considered the hypothesis that the location of the peaks is the same for the

two strata, though there may be differences in magnitude between them. Both a

parametric test which assumes the underlying populations are normally distributed

(1996) and a nonparametric test based on ranks (1995) were proposed.

1



1. INTRODUCTION 2

In this thesis, we consider two strata of subjects, each of which are assumed to

be parallel under both the null hypothesis of no treatment effects and the alternative

hypothesis of umbrella patterns. We extend the results provided in Alvo (2008) to

develop nonparametric tests for umbrella alternatives with two strata.

For the first stratum, let X
(1)
i(1), ..., X

(1)
i(m1i)

, i = 1, ..., k, be independent random

samples from the k treatment groups, with X
(1)
i(l), l = 1, ...,m1i having an abso-

lutely continuous distribution function F1i (x) . Similarly, for the second stratum, let

X
(2)
i(1), ..., X

(2)
i(m2i)

, i = 1, ..., k, be k independent random samples with X
(2)
i(l), l = 1, ...,m2i

having an absolutely continuous distribution function F2i (x) . We denote the sample

where the peak of the umbrella pattern is located by p, with 1 ≤ p ≤ k.Additionally,

let n1i =
∑i

h=1m1h and n2i =
∑i

h=1 m2h for i = 1, ..., k, with n1 = n1k, n2 = n2k,

ñ1 = n1−m1p, ñ2 = n2−m2p, and n10 = n20 = 0. We further assume that the samples

for the two strata are independent of one another. Under the null hypothesis,

H0 : F1i (x) = F (x) for all x, (1.0.1)

F2i (x) = F (x+ δ) for all x, (1.0.2)

where δ is the difference in magnitudes between the two strata. Under the alternative,

each of the two strata is assumed to follow an umbrella ordering. Hence, we suppose

H1 : F1i (x) = F (x+ γi) for all x, (1.0.3)

F2i (x) = F (x+ γi + δ) for all x, (1.0.4)

where

γ1 ≤ ... ≤ γp−1 ≤ γp ≥ γp+1 ≥ ... ≥ γk, (1.0.5)

or alternatively

γ1 ≥ ... ≥ γp−1 ≥ γp ≤ γp+1 ≤ ... ≤ γk, (1.0.6)
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with at least one strict inequality. We remark that F1i (x) = F2i (x− δ) for all

i = 1, ..., k, an assumption of parallelism similar to what is often considered in the

aligned-rank test discussed next and also multivariate profile analysis.

Our tests first ”align” the two strata following the approach of Hodges and

Lehmann (1962). The general approach for s > 1 strata is to compute for each

stratum a measure of location for the pooled sample of all k treatment groups and

subtract the measure from the same pooled sample. For stratum i = 1, ..., s, let

X(i) = {X(i)
1 , X

(i)
2 , ..., X

(i)
k } be the pooled sample across all treatment groups and θi

be a scalar location estimate of X(i). Additionally, for treatment group q = 1, 2, ..., k

define the aligned sample for each treatment group from stratum i = 1, ..., s as

{X(i)
q − θi} = {X(i)

q(l) − θi, l = 1, ...,miq}, (1.0.7)

and define

X∗q = {X(i)
q − θi, i = 1, ..., s} = {X(i)

q(l) − θi, i = 1, ..., s, l = 1, ...,miq}. (1.0.8)

Rank tests for stratified experiments are typically constructed using either the

within-stratum ranks or the ”aligned-ranks” of the entire dataset (Mehrotra, Lu,

and Li, 2010). We now illustrate these two contrasting approaches in their simplest

forms for the stratified two-treatment problem with s > 1 strata. For i = 1, ..., s, let

X
(i)
1 = {X(i)

1(l), l = 1, ...,mi1} be the values from the first treatment group belonging

to stratum i following the distribution Fi1 and let X
(i)
2 = {X(i)

2(l), l = 1, ...,mi2} be

the values from the second treatment group belonging to stratum i, following the

distribution Fi2. We wish to test that for all i = 1, ..., s,

H0 : Fi1 (x) = Fi2 (x) (1.0.9)

for all x under the null hypothesis against the alternative that for all i = 1, ..., s,

H1 : Fi1 (x) = Fi2 (x+ γ) (1.0.10)



1. INTRODUCTION 4

for all x with γ 6= 0 for the two-sided alternative hypothesis and either γ > 0 or γ < 0

for the one-sided alternative hypothesis.

The first approach using the within-stratum ranks was introduced by Wilcoxon

(1946). The test statistic was given by

s∑
i=1

U(X
(i)
1 , X

(i)
2 ), (1.0.11)

where

U(X
(i)
1 , X

(i)
2 ) =

mi1∑
j=1

mi2∑
l=1

sign(X
(i)
1(j) −X

(i)
2(l)) (1.0.12)

is the Mann-Whitney-Wilcoxon statistic (Wilcoxon,1945, Mann and Whitney,

1947). A generalized class of tests

TvE =
s∑
i=1

ciU(X
(i)
1 , X

(i)
2 ) (1.0.13)

were studied by van Elteren (1959), which includes the test of Wilcoxon (1946)

as a special case when the regression coefficients or weights c1, ..., cs are equal. It

was proved that under the assumption of equal treatment effects across strata, the

weights resulting in the locally most powerful test are

ci = (mi1 +mi2 + 1)−1. (1.0.14)

Furthermore, van Elteren (1959) showed that under the null hypothesis of no

treatment effect, the test statistics given by (1.0.13) are asymptotically normally

distributed with mean 0 and variance

V ar(TvE) =
1

3

s∑
i=1

c2
imi1mi2(mi1 +mi2 + 1). (1.0.15)

Alternatively, Hodges and Lehmann (1962) proposed an aligned-rank test which

is performed in two steps. The first step consists of the alignment procedure described

above with k = 2 to obtain samplesX∗1 andX∗2 . The second step consists of computing

the Mann-Whitney-Wilcoxon test statistic using the entire dataset. The resulting test

statistic is then
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Talign = U(X∗1 , X
∗
2 ), (1.0.16)

with U defined as in (1.0.12).

The choice of stratum alignment estimators θi, i = 1, ..., s, has been discussed in

the literature. The one-sample Hodges-Lehmann estimator (Hodges and Lehmann,

1963) has been found to be robust for different underlying distributions (Mehrotra,

Lu, and Li, 2010). This estimator for stratum i = 1, ..., s can be computed by the

median pairwise average of the pooled data within the stratum,

Median{
X

(i)
(j) +X

(i)
(l)

2
, 1 ≤ j ≤ l ≤ ni}, (1.0.17)

with X
(i)
(j) and X

(i)
(l) being the jth and lth elements of the pooled sample X(i). The

origin of this estimator will be discussed in Chapter 5.

The structure of the thesis is as follows: In Chapter 2, we review the general

theory of hypothesis testing based on rankings proposed by Alvo and Pan (1997) and

extend it to aligned stratified samples with a specific focus on umbrella alternatives.

We also provide adjustments to our methods which address situations where the

alignment procedure fails to align the strata properly. Asymptotic null distributions

are derived and simulation results are given in Chapters 3 and 4, respectively. In

Chapter 5, we discuss nonparametric point estimators for a common treatment effect

in the stratified two-treatment problem, which we show can also be used to assess the

results of the alignment procedure. In Chapter 6, we illustrate the use of the methods

proposed on a real dataset consisting of measurements of mental performance in coma

patients. We conclude the thesis in Chapter 7 and provide a discussion on extending

the methods to three or more strata and developing ”adaptive” tests that remain

robust to all possible misalignments.



Chapter 2

Aligned-rank tests through a

general theory of hypothesis

testing

2.1 A general theory of hypothesis testing based

on ranks

Alvo and Pan (1997) proposed a general approach to hypothesis testing based on

the ranks of the observations. The method consists of defining a set of permutations

induced by the observations and an additional set of extremal permutations that

are ”most in agreement” with the alternative hypothesis. The test statistic is then

constructed based on a measure of the distance between these two sets. This approach

has led to both plausible new forms of tests as well as to existing tests that have

previously been established in the literature. Notably, the use of both the Spearman

and Kendall distances lead to the Mann-Whitney-Wilcoxon test when applied to the

two-sample location problem. The theory can be used to construct tests based on a

specified alternative hypothesis for a wide variety of problems. The resulting tests

can then be analyzed using well known theoretical properties of rank-based tests. The

general procedure, when there are a total of n observations, is as follows:

Let P = {µ : [µ (1) , ..., µ (n)]} be the set of all permutations of the integers

1, 2, ..., n, and let d (µ, ν) be a distance function between permutations µ and ν.

6



2. ALIGNED-RANK TESTS THROUGH A GENERAL THEORY OF
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Step 1: Rank all the observations together so that the smallest gets rank 1, the

next smallest rank 2 etc.. Let the n−dimensional vector π represent the ranks of

the data. In view of the continuity assumption on the distributions, ties among the

observations occur with probability zero.

Step 2: Define {π} to be the subclass of permutations ”equivalent” to the ob-

servable permutation π in the sense that ranks occupied by identically distributed

random variables are exchangeable within each distribution separately.

Step 3: Define E to be an extremal subclass of P consisting of all permutations

which are ”most in agreement with H1”. The extremal set E does not necessarily

correspond to the entire critical region but rather consists of those permutations which

provide the strongest evidence in favour of the alternative.

Step 4: Let d (µ, ν) be a distance function between two permutations µ, ν. Define

the distance between {π} and an extremal set E by computing the sum of all

pairwise distances between them:

d ({π} ,E ) =
∑
µε{π}

∑
νεE

d (µ, ν) (2.1.1)

Small values of d ({π} ,E ) are inconsistent with the null hypothesis and consequently

lead to rejection ofH0. The construction described above is similar to that of Critchlow

(1992), but uses the sum of the pairwise distances instead of the minimum distance

between permutation sets in Step 4.

Alvo (2008) applied this general theory to umbrella alternatives, where there is an

increase (decrease) until a certain treatment group, followed by a subsequent decrease

(increase) across the remaining treatment groups. For the rest of this section, let

Xi(1), ..., Xi(mi), i = 1, ..., k, be k independent random samples with Xi(l), l = 1, ...,mi

having an absolutely continuous distribution function Fi (x) . Under the null hypoth-

esis

H0 : Fi (x) = F (x) (2.1.2)

for all x. Under the alternative, the data is assumed to follow an umbrella pattern

across treatment groups. Hence, it is supposed that
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H1 : Fi (x) = F (x+ γi) , (2.1.3)

where depending on the context, either

γ1 ≤ ... ≤ γp−1 ≤ γp ≥ γp+1 ≥ ... ≥ γk, (2.1.4)

or

γ1 ≥ ... ≥ γp−1 ≥ γp ≤ γp+1 ≤ ... ≤ γk, (2.1.5)

with at least one strict inequality. We note that for a set of k treatment groups,

an umbrella alternative contains the ordered alternatives as special cases when peak

p = k or p = 1. These special cases have been studied in their own right for the

unstratified case by Terpestra (1952), Jonckheere (1954), Page (1963) and Alvo and

Cabilio (1995). For the rest of this section, let ni = m1 + ... + mi, i = 1, ..., k, n =

nk, andñ = n−mp.

Let P = {µ : [µ (1) , ..., µ (n)]} be the set of all permutations of the integers

1, 2, ..., n, and let d (µ, ν) be a distance function between permutations µ and ν.

Step 1: Rank all the observations together so that the smallest gets rank 1, the

next smallest rank 2 etc.. Let the n−dimensional vector

π = [π (1) , ..., π (m1) |π (m1 + 1) , ..., π (m1 +m2) |...|..., π (n)] (2.1.6)

represent the ranks of the
{(
Xi(l)

)
, i = 1, ..., k, l = 1, ...,mi

}
and grouped by popula-

tions Fi, i = 1, ..., k. In view of the continuity assumption on the distributions, ties

among the observations occur with probability zero.

Step 2: Define {π} to be the subclass of permutations ”equivalent” to the ob-

servable permutation π in the sense that ranks occupied by identically distributed

random variables are exchangeable within each treatment group separately. This

subclass consists of all the permutations π where the rankings within each treatment

group are permuted among themselves only. The cardinality of {π} is given by the

product Πimi!.

Step 3: Define E to be an extremal subclass of P consisting of all permutations
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which are ”most in agreement” with H1. The extremal set E does not necessarily

correspond to the entire critical region but rather consists of those permutations which

provide the strongest evidence in favour of the alternative.

The enumeration of the extremal set E is a two-stage procedure. First, choose the

relative order of the (p− 1) pairs (Fi) , ..., (Fp−1) among (F1) , .., (Fp−1) , (Fp+1) , ..., (Fk) .

This can be done in c =
(
k−1
p−1

)
ways. Then partition the integers 1, ..., n in accordance

with the prescribed ordering of the treatment groups while taking into account cor-

responding sample sizes. The extremal set E is finally obtained by permuting the

integers within each treatment group. Population Fp where the peaks occur are al-

ways allocated respectively the last mp integers, namely positions ñ + 1, ..., n The

cardinality of E is therefore equal to c (Πimi!) .

Step 4: Let d (µ, ν) be a distance function between two permutations µ, ν and

define the distance between the two sets {π} and an extremal set E by computing

the sum of all pairwise distances between them:

d ({π} ,E ) =
∑
µε{π}

∑
νεE

d (µ, ν) (2.1.7)

Small values of d ({π} ,E ) are inconsistent with the null hypothesis and consequently

lead to rejection of H0.

The commonly used Spearman and Kendall distances in this context are given

respectively as

dS(µ, ν) =
1

2

k∑
i=1

mi∑
l=1

{µ(i(l))− ν(i(l))}2

=
n(n2 − 1)

12
−

k∑
i=1

mi∑
l=1

[ν(i(l))]{u(i(l))− n+ 1

2
}

(2.1.8)

and

dK(u, ν) =
n(n− 1)

2
−

∑
i1(l)<i2(l′)

sign{u(i1(l))− u(i2(l′))}sign{ν(i1(l))− ν(i2(l′))}.

(2.1.9)

For the rest of this section, only end results are given for conciseness, as the
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techniques used in the derivations of the test statistics are repeated more in depth in

the next chapter.

The test based on the Spearman distance is found to be

Sp =
k∑
i=1

miνi(π̄i −
n+ 1

2
), (2.1.10)

where

π̄i =
1

mi

mi∑
l=1

π(i(l)) (2.1.11)

for i = 1, ..., k and

νi =


c−1
∑k+i−p

j=i aij
(
j−1
i−1

)(
k−1−j
p−1−i

)
+ 1+mi

2
if i < p,

ñ+ 1+mp

2
if i = p,

c−1
∑k−i+p

j=k−i+1 bij
(
j−1
k−i

)(
k−1−j
i−1−p

)
+ 1+mi

2
if i > p,

(2.1.12)

with

aij = ni−1 + n− nk+i−j, (2.1.13)

and

bij = n− ni + nj+i−k−1. (2.1.14)

As min(mi)→∞, where mi

n
→ λi > 0, the test based on the Spearman distance

can be shown to normally distributed under the null hypothesis with mean 0 and

variance

V arH0(Sp) = (n+ 1)2

∑k
i=1mi(νi − ν̄)

12
, (2.1.15)

where ν̄ = 1
k

∑k
i=1 νi. Additionally, the covariance between the tests for peaks p

and p′ was given by

CovH0(Sp, Sp′) = σ2(n+ 1)2

k∑
i=1

mi(νi,p − ν̄)(νi,p′ − ν̄), (2.1.16)
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where

σ2 =
1

n− 1

k∑
i=1

mi∑
j=1

(
j

n+ 1
− 1

2
)2. (2.1.17)

On the other hand, the test based on the Kendall distance was given by

Dp =
∑

1≤i1<i2≤k

W (i1, i2)U(i1, i2), (2.1.18)

where

U(i1, i2) =

mi1∑
l=1

mi2∑
l′=1

sign{µ(i1(l))− µ(i2(l))} (2.1.19)

and

W (i1, i2) =


−c if 1 ≤ i1 ≤ i2 ≤ p,

c− 2H(i1, i2) if 1 ≤ i1 < p < i2 ≤ k,

c if p ≤ i1 < i2 ≤ k,

(2.1.20)

with

H(i1, i2) =

k+i1−i2∑
j=i1

(
j − 1

i1 − 1

)(
k − j − 1

p− 1− i1

)
=

k+p−i2∑
j=k+i1−i2

(
j − 1

k − i2

)(
k − j − 1

i2 − p− 1

)
.

(2.1.21)

Additionally, it was shown that for the statistics with known peaks p and p′ as

n→∞,

|Corr(Sp, Sp′)− Corr(Dp, Dp′)| → 0 (2.1.22)

The above result is useful for constructing a test for an unknown peak location

through the maximum-type procedure by Hettmansperger and Norton (1987) using

the k standardized test statistics for all possible peaks. This approach will be de-

scribed in Section 2.3 for our proposed methods. Such tests for an unknown peak

location in the unstratified case were shown to have good power in a simulation study
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(Alvo, 2008). In the next section, we develop similar tests for known peaks in the

case of stratified data.

2.2 Extensions to stratified data

In what follows, we extend the approach presented in the previous section to the

case of two strata. Let P = {µ : [µ (1) , ..., µ (n)]} be the set of all permutations

of the integers 1, 2, ..., n = n1 + n2, and let d (µ, ν) be a distance function between

permutations µ and ν. The procedure is as follows:

Step 1: For stratum i = 1, 2 calculate the one-sample Hodges-Lehmann estimator

θi from the pooled sample X(i) = {X(i)
1 , ..., X

(i)
k } given in (1.0.17). For each treatment

group q = 1, ..., k within stratum i = 1, 2, replace the raw observations with the

aligned data

X(i)
q ← {X(i)

q − θi} = {X(i)
q(l) − θi, l = 1, ...,miq}. (2.2.1)

Step 2: Following the alignment in Step 1, the magnitudes of the strata are now

comparable. We therefore rank all the observations together so that the smallest gets

rank 1, the next smallest rank 2 etc.. Let the n−dimensional vector

π = [
(
π(X

(1)
1(1)), ..., π(X

(1)
1(m11))|π(X

(2)
1(1)), ..., π(X

(2)
1(m21))

)
|...|...

...|...|
(
π(X

(1)
k(1), ..., π(X

(1)
k(m1k))|π(X

(2)
k(1), ..., π(X

(2)
k(m2k))

)
] (2.2.2)

represent the ranks of the
{(
X

(1)
i(l)|X

(2)
i(l∗)

)
, i = 1, ..., k, l = 1, ...,m1i, l

∗ = 1, ...,m2i

}
and grouped by populations (F1i|F2i) . In view of the continuity assumption on the

distributions, ties among the observations occur with probability zero. Furthermore,

let π̄1i = 1
m1i

∑m1i

j=1 π(X
(1)
ij ) and π̄2i = 1

m2i

∑m2i

j=1 π(X
(2)
ij ).

Step 3: Define {π} to be the subclass of permutations ”equivalent” to the ob-

servable permutation π in the sense that ranks occupied by identically distributed

random variables are exchangeable within each distribution separately. This subclass

consists of all the permutations π where the rankings within each population are

permuted among themselves only. The cardinality of {π} is given by the product
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(Πi (m1i!m2i!)) .

Step 4: Define E2>1 to be an extremal subclass of P consisting of all permu-

tations which are “most in agreement with H1” with observations from stratum 2

ordered above those from stratum 1 within each treatment group. The extremal set

E2>1 does not necessarily correspond to the entire critical region but rather consists

of those permutations which provide the strongest evidence in favour of the alterna-

tive. In the present context, permutations in E2>1 are such that ranks occupied by

observations from F1i are always less than those from F1i′ , if i < i′ ≤ p, whereas the

reverse is true if p ≤ i < i′. Similarly, ranks occupied by observations from F2i are

always less than those from F2i′ , if i < i′ ≤ p, whereas the reverse is true if p ≤ i < i′.

Moreover, ranks attributed to a distribution consist of consecutive integers.

The enumeration of the extremal set E2>1 is a two-stage procedure. First,

choose the relative order of the (p− 1) pairs (F1,i|F2,i) , ..., (F1,p−1|F2,p−1) among

(F1,1|F2,1) , .., (F1,p−1|F2,p−1) , (F1,p+1|F2,p+1) , ..., (F1,k|F2,k) . This can be done in c =(
k−1
p−1

)
ways. Then partition the integers 1, ..., n in accordance with the prescribed or-

dering of the treatment groups while taking into account corresponding sample sizes.

The extremal set E2>1 is finally obtained by permuting the integers within each popu-

lation. Populations F1,p, F2,p where the peaks occur are always allocated respectively

the last m1,p + m2,p integers, namely positions ñ1 + ñ2 + 1, ..., n The cardinality of

E2>1 is therefore equal to c (Πi (m1i!m2i!)) .

Step 5: Let d (µ, ν) be a distance function between two permutations µ, ν and

define the distance between {π} and extremal set E2>1 by computing the sum of

all pairwise distances between them:

d ({π} ,E2>1 ) =
∑
µε{π}

∑
νεE2>1

d (µ, ν) , (2.2.3)

where again we specifically use the distances of Spearman and Kendall, defined

respectively as

dS (µ, ν) =
1

2

k∑
i=1

[
m1i+m2i∑
l=1

[µ (i (l))− ν (i (l))]2
]
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=
n (n2 − 1)

12
−

k∑
i=1

m1i+m2i∑
l=1

[ν (i (l))]

[
µ (i (l))− n+ 1

2

]
(2.2.4)

and

dK(µ, ν) =
n(n− 1)

2
−

∑
i1(l)<i2(l′)

sign{µ(i1(l))− µ(i2(l′))}sign{ν(i1(l))− ν(i2(l′))}.

(2.2.5)

Small values of d ({π} ,E2>1 ) are inconsistent with the null hypothesis and con-

sequently lead to rejection of H0.

Step 6: Repeat steps 2 through 5 now with extremal set E1>2 chosen such that

the values of stratum 1 are above stratum 2 within each treatment group. A test

based on both extremal sets E = E2>1 ∪ E1>2 can be obtained by defining the total

distance

d ({π} ,E ) = d ({π} ,E2>1 ) + d ({π} ,E1>2 ) (2.2.6)

In what follows, we derive tests following the above procedure using the Spearman

and Kendall distances.

2.2.1 The test statistic for a known peak corresponding to

Spearman distance

In this section, we derive the test statistic corresponding to Spearman distance under

the extremal set E when the location of the peak is known. Throughout, we shall as-

sume that permutations defined by the extremal sets are arranged in columns indexed

by 1 ≤ i (l) ≤ n in such a way that ranks are in increasing order for populations

(F1i, F2i) , i ≤ p and in decreasing order when i ≥ p.

We first begin with d ({π} ,E2>1 ). Under the hypothesis of parallelism, we sup-

pose the values of the second stratum are above those of the first stratum for each
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treatment group i = 1, ..., k. Suppose that (F1i, F2i) , i < p as a vector is in relative po-

sition j and hence populations (F11, F21) ...,(F1,i−1, F2,i−1) are in relative positions cho-

sen from among the first (j − 1) positions. Populations (F1,i+1, F2,i+1) ..., (F1,p−1, F2,p−1)

are then assigned positions chosen from (j + 1) , ..., (k − 1) . This can happen with fre-

quency
(
j−1
i−1

)(
k−1−j
p−1−i

)
. The positions of the remaining populations are then automati-

cally determined. Together populations (F11, F21) , ..., (F1,i−1, F2,i−1) and (F1,k+i−j+1,

F2,k+i−j+1), ..., (F1,k, F2,k) are assigned the first aij integers where

aij =

(
i−1∑
h=1

m1h +
i−1∑
h=1

m2h

)
+

(
k∑

h=k+i−j+1

m1h +
k∑

h=k+i−j+1

m2h

)
= (n1i−1 + n1 − n1k+i−j) + (n2i−1 + n2 − n2k+i−j) (2.2.7)

Populations (F1i, F2i) are assigned integers (aij + 1) , ..., (aij +m1i +m2i) whose sum

is equal to
(
aij + m1i+mi2+1

2

)
(m1i +mi2) . Consequently, F1i is assigned integers aij +

1, ..., aij + m1i, whereas F2i is assigned integers aij + m1i + 1, ..., aij + m1i + m2i.

The process of permuting ranks within individual population F1i implies that each

entry will contribute to the sum (m1i − 1)! times. Similarly for F2i, each entry will

contribute to the sum (m2i − 1)! times. Hence, for (F1i, F2i) for each entry taking

into account the permutations, we have

(Π (m1i!m2i!))

[(
aij +

m1i + 1

2

)
, aij +m1i +

m2i + 1

2

]
, i < p (2.2.8)

Finally, summing separately over each j

(Π (m1i!m2i!)) [

k+i−p∑
j=i

(
aij +

m1i + 1

2

)(
j − 1

i− 1

)(
k − 1− j
p− 1− i

)
,

k+i−p∑
j=i

(
aij +m1i +

m2i + 1

2

)(
j − 1

i− 1

)(
k − 1− j
p− 1− i

)
] (2.2.9)

On the other hand, for the data vector we have for each entry in (F1i, F2i)

(Π (m1i!m2i!))

[
π̄1i −

n+ 1

2
, π̄2i −

n+ 1

2

]
, (2.2.10)
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where π̄1i and π̄2i represent the averages of the ranks for the populations F1i, F2i

respectively.

Similarly for i > p, we may define

bij =

[(
k∑

h=i+1

m1h

)
+

(
j+i−k−1∑
h=1

m1h

)]

+

[(
k∑

h=i+1

m2h

)
+

(
j+i−k−1∑
h=1

m2h

)]

= (n1 − n1i + n1j+i−k−1)

+ (n2 − n2i + n2j+i−k−1) (2.2.11)

Hence the Spearman distance is

dS ({π} , E2>1) =
n (n2 − 1)

12
c (Π (m1i!m2i!))

2−c (Π (m1i!m2i!))
2 (S1p + S2p) , (2.2.12)

where

S1p =
k∑
i=1

m1iν1i

[
π̄1i −

n+ 1

2

]
(2.2.13)

S2p =
k∑
i=1

m2iν2i

[
π̄2i −

n+ 1

2

]
, (2.2.14)

and

v1i =



c−1
k+i−p∑
j=i

(
aij + m1i+1

2

) (
j−1
i−1

)(
k−1−j
p−1−i

)
i < p(

ñ1 + ñ2 + m1p+1

2

)
i = p

c−1
k−i+p∑
j=k−i+1

(
bij + m1i+1

2

) (
j−1
k−i

)(
k−1−j
i−1−p

)
i > p

(2.2.15)
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v2i =



c−1
k+i−p∑
j=i

(
aij +m1i + m2i+1

2

) (
j−1
i−1

)(
k−1−j
p−1−i

)
i < p(

ñ1 + ñ2 +m1p + m2p+1

2

)
i = p

c−1
k−i+p∑
j=k−i+1

(
bij +m1i + m2i+1

2

) (
j−1
k−i

)(
k−1−j
i−1−p

)
i > p

(2.2.16)

In like manner, we can also obtain the statistic for the partial extremal set E1>2

where F1i are assumed to be above F2i for 1 ≤ i ≤ k by swapping the labels, leading

to

dS ({π} , E1>2) =
n (n2 − 1)

12
c (Π (m1i!m2i!))

2 − c (Π (m1i!m2i!))
2
(
S
′

1p + S
′

2p

)
,

(2.2.17)

where

S
′

1p =
k∑
i=1

m1iν
′
1i

[
π̄1i −

n+ 1

2

]
(2.2.18)

S
′

2p =
k∑
i=1

m2iν
′

2i

[
π̄2i −

n+ 1

2

]
, (2.2.19)

and

v
′

1i =



c−1
k+i−p∑
j=i

(
aij +m2i + m1i+1

2

) (
j−1
i−1

)(
k−1−j
p−1−i

)
i < p(

ñ1 + ñ2 +m2p + m1p+1

2

)
i = p

c−1
k−i+p∑
j=k−i+1

(
bij +m2i + m1i+1

2

) (
j−1
k−i

)(
k−1−j
i−1−p

)
i > p

(2.2.20)
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v
′

2i =



c−1
k+i−p∑
j=i

(
aij + m2i+1

2

) (
j−1
i−1

)(
k−1−j
p−1−i

)
i < p(

ñ1 + ñ2 + m2p+1

2

)
i = p

c−1
k−i+p∑
j=k−i+1

(
bij + m2i+1

2

) (
j−1
k−i

)(
k−1−j
i−1−p

)
i > p.

(2.2.21)

The test dS({π}, E) based on the entire extremal set will have weights which are

simply the sum of both the original and the swapped weights, given as

v1i + v
′

1i = v2i + v
′

2i =



2c−1
k+i−p∑
j=i

(
aij + m1i+m2i+1

2

) (
j−1
i−1

)(
k−1−j
p−1−i

)
i < p

2
(
ñ1 + ñ2 + m1p+m2p+1

2

)
i = p

2c−1
k−i+p∑
j=k−i+1

(
bij + m1i+m2i+1

2

) (
j−1
k−i

)(
k−1−j
i−1−p

)
i > p

(2.2.22)

which is equivalent to the unstratified test of Alvo (2008) with Fi := (F1i, F2i)

for 1 ≤ i ≤ k. This implies that using the entire defined extremal set leads to the

traditional aligned-rank approach in the case of the Spearman distance. It is therefore

instructive to recall that for the unstratified case when mi = m observations are taken

from each population, it was shown that aij = bij = (j − 1)m and

vi =


c−1

k+i−p∑
j=i

(
jm+ 1−m

2

) (
j−1
i−1

)(
k−1−j
p−1−i

)
i < p

km+
(

1−m
2

)
i = p

c−1
k−i+p∑
j=k−i+1

(
jm+ 1−m

2

) (
j−1
k−i

)(
k−1−j
i−p−1

)
i > p,

(2.2.23)

using the identity (12.16) in Feller (1968, p.65)

vi =


n i
p

+
(

1−m
2

)
i ≤ p

n (k+1−i)
k+1−p +

(
1−m

2

)
i > p

(2.2.24)
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It follows that

Sp = mn

{∑
i≤p

i

p

[
π̄i −

n+ 1

2

]
+
∑
i>p

(k + 1− i)
(k + 1− p)

[
π̄i −

n+ 1

2

]}
. (2.2.25)

2.2.2 The test statistic for a known peak corresponding to

Kendall distance

In this section, we first review the derivation of the unstratified test statistic based on

the Kendall distance before extending to the stratified case. Consider for now there

is only one observation per sample. Fix 1 ≤ i1 < p < i2 ≤ k. Suppose that the integer

j1 is assigned to Fi1 and integer j2 is assigned to Fi2 , with j2 > j1. The frequency

with which this can occur is given by(
j1 − 1

i1 − 1

)(
j2 − j1 − 1

j2 + i2 − i1 − k − 1

)(
k − j2

i2 − p

)
, j2 > j1. (2.2.26)

If q is the number of samples among F(i1+1), ..., F(p−1) which are assigned ranks

greater than j1 but less than j2, then we must have

q + i1 + k − i2 = j2 − 1. (2.2.27)

Their ranks are chosen from j1 + 1, ..., j2 − 1. Summing over j2 we obtain the

total number of negatives,

H(i1, i2) =

k+i1−i2∑
j1=i1

(
j1 − 1

i1 − 1

)(
k − 1− j1

p− 1− i1

)
. (2.2.28)

Alternatively, by instead summing over j1 we obtain

H(i1, i2) =

k+p−i2∑
j1=k+i1−i2

(
j2 − 1

k − i2

)(
k − 1− j2

i2 − p− 1

)
. (2.2.29)

It follows that the sum over the signs is given by the positives less the negatives

c− 2H(i1, i2). It follows that the Kendall test statistic becomes
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∑
i1<i2

W (i1, i2)sign{π(i1)− π(i2)}, (2.2.30)

where

W (i1, i2) =


−c, if 1 ≤ i1 ≤ i2 ≤ p

c− 2H(i1, i2) if 1 ≤ i1 ≤ p ≤ i2 ≤ k

c if p ≤ i1 ≤ i2 ≤ k.

(2.2.31)

In the general case of unequal sample sizes, the extremal set is determined by ad-

ditionally permuting within each sample. The weight function will remain unchanged,

as it is still only a function of the terms π(i1(l)) − π(i2(l′)), which are determined

entirely by the ordering of the treatment groups. The data set on the other hand

consists of permuting the ranks within each sample, leading to a double sum

U(i1, i2) =

mi1∑
l=1

mi2∑
l′=1

sign{π(i1(l))− π(i2(l′))}. (2.2.32)

Hence the test based on the Kendall distance when the sample sizes are unequal

for an extremal set E becomes

Dp =
∑
i1<i2

W (i1, i2)U(i1, i2), (2.2.33)

where U(·, ·) is the Mann-Whitney-Wilcoxon statistic given by (1.0.12). The tests

of Mack and Wolfe (1981) and Millen and Wolfe (2005) also employ the sums of Mann-

Whitney statistics across samples. Notably they do not include comparisons across

the peak, which can result in a loss of efficiency (Hettmansperger and Norton 1987).

The extension to data with two strata is easily found from the construction of the

extremal set, where for each 1 ≤ i ≤ k, (F1i, F2i) are grouped together. It follows that

the comparison between treatment groups remained unchanged, but there are now

also within-treatment comparisons which depend on the specific ordering of (F1i, F2i)

chosen for the extremal set. The tests for each of the two components of the full

extremal set are given by
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D(1>2)p = Dp +
k∑
j=1

U(i1j, i2j) (2.2.34)

and

D(2>1)p = Dp +
k∑
j=1

U(i2j, i1j), (2.2.35)

where Dp is the conventional aligned-rank test and i1j and i2j represent the jth pop-

ulation of the first and second stratum, respectively. We note that the additional

terms are equal to the stratified test statistic of Wilcoxon (1946) given by (1.0.11)

with the strata and treatment information of each observation being swapped after

the alignment step. Similar to the Spearman test, the sum over both orderings of the

strata within each treatment group removes the stratum information, as

U(i1j, i2j) = −U(i2j, i1j). (2.2.36)

Based on the above relationship, the test using the entire extremal set E is the

traditional aligned-rank test corresponding to Dp in Alvo (2008).

2.3 The use of partial extremal sets for unequal

sample sizes

In this chapter, we have shown that the test statistics based on the Spearman and

Kendall distances constructed using the entire extremal set in the stratified case lead

to the established aligned-rank test statistic corresponding to the unstratified test

based on the same distances.

We note that in some situations, a test based on only one of the two partial

extremal sets as discussed in Chapter 2 can be preferable. This suggestion is ex-

plained by the fact that the alignment step does not properly align the data under

the alternative hypothesis when there are unequal sample sizes.

We demonstrate this issue with the alignment by considering the difference

in Hodges-Lehmann estimators of the pooled samples of each stratum in the two-
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treatment problem. We simulate 100000 sets of samples under the alternative hy-

pothesis with a treatment effect of 2 for a given set of sample sizes and densities. For

each of the 100000 iterations, we calculate the difference between the two alignment

estimators θ1−θ2, where θ1 and θ2 are the one-sample Hodges-Lehmann estimators of

the pooled samples X
(1)
1 , ..., X

(1)
k and X

(2)
1 , ..., X

(2)
k , respectively. The average across

all iterations is given for each combination of sample size and underlying density in

Table 2.1.

The distributions are standardized so that the variance is always equal to 1,

with density functions of the normal, double-exponential, logistic and exponential

densities, respectively given by

fN(x, µ) =
1√
2π

exp(
1

2
(x− µ)2), −∞ < x <∞, (2.3.1)

fD(x, µ) =
1√
2

exp(−
√

2|x− µ|), −∞ < x <∞, (2.3.2)

fL(x, µ) =
exp((x− µ)/

√
3
π2 )√

3
π2 (1 + exp((x− µ)/

√
3
π2 ))

, −∞ < x <∞, (2.3.3)

and

fE(x, µ) = e−x, x > 0. (2.3.4)

Table 2.1 shows that when there is no difference in sample sizes, the average

difference in alignment estimators is approximately 0. This result indicates an un-

biased alignment procedure, implying the stratum information is of no value after

alignment. The traditional aligned-rank approach obtained through the use of the

full extremal set E is recommended in this case, as the resulting test statistic ignores

stratum information after alignment.

On the other hand, the difference in alignment estimators is not equal to 0

when the sample sizes are unequal, indicating a bias in the alignment procedure.

When present under the assumption of parallelism, this ”misalignment issue” results

in a stochastic ordering of the samples after alignment matching one of the partial
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Mean difference between
Sample sizes stratum alignment estimates

m11 m12 m21 m22 Normal D-exp Logistic Exp
15 15 15 15 0.00 0.00 0.00 0.00
14 16 16 14 0.15 0.14 0.14 0.16
13 17 17 13 0.29 0.28 0.29 0.32
12 18 18 12 0.44 0.42 0.44 0.48
11 19 19 11 0.59 0.58 0.59 0.63
10 20 20 10 0.73 0.73 0.74 0.77

Table 2.1: Mean differences between stratum alignment estimates when
k = 2, δ = 0 and γ2 − γ1 = 2

extremal sets E2>1 and E1>2. The test statistics based on these partial extremal

sets are therefore of interest, as they capture additional evidence against the null

hypothesis H0.

Table 2.1 also shows that for the chosen treatment effect of 2, there is an approx-

imately linear relationship between the average difference between the two alignment

estimators θ1 − θ2 and the difference in sample sizes m21 − m22. The underlying

density used in the simulation does not effect the results to the same extent as the

sample sizes. The average difference between the two alignment estimators θ1 − θ2 is

larger when the underlying density is exponential when compared to the symmetric

densities used.

We proceed by deriving the asymptotic properties of the tests based on the Spear-

man distance with only the partial extremal sets and compare them in simulations to

the corresponding traditional aligned-rank approach obtained using the full extremal

set.



Chapter 3

Asymptotic distributions of the

test statistics

3.1 Asymptotic distributions of the test statistics

based on the Spearman distance when the peak

location is known

In this section, we find the asymptotic distribution of the two-strata test statistics

under the null hypothesis when the location of the peak location is known. To prove

the asymptotic distribution of the two-strata test statistic when the peak location is

known based on the partial extremal set E2>1, we require the following alternative

notation: let for i = 1, 2, ..., 2k,

m̃i =

{
m1i i ≤ k

m2(i−k) i > k

(3.1.1)

ν̃i =

{
ν1i i ≤ k

ν2(i−k) i > k

(3.1.2)

24
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˜̄πi =

{
π̄1i i ≤ k

π̄2(i−k) i > k

(3.1.3)

π̃(Xi(l)) =

{
π(X

(1)
i(l)) i ≤ k

π(X
(2)
(i−k)(l)) i > k.

(3.1.4)

Using this notation,

S(2>1)p ≡ S1p + S2p =
2k∑
i=1

m̃iν̃i,p

[
˜̄π − n+ 1

2

]
. (3.1.5)

Alternatively, the test statistic is equal to the normalized linear rank statistic

S(2>1)p = (n+ 1)
2k∑
i=1

ν̃i,p

m̃i∑
l=1

[
R̃i(l)

n+ 1
− 1

2

]
. (3.1.6)

As with the asymptotic results of the aligned-rank test of Hodges and Lehmann

(1962), the following theorem assumes the alignment step has been applied to the

dataset, resulting in each of the 2k samples being equal under the null hypothesis H0.

Theorem 1. Assume that min (m̃i)→∞ with

m̃i

n
→ λi > 0. (3.1.7)

Define

σ̃2
p = (n+ 1)2

∑2k
i=1 m̃i (ν̃i,p − ¯̃νp)

2

12
, (3.1.8)

where ¯̃νp = 1
2k

∑2k
i=1 ν̃i,p.

Then the test statistic S(2>1)p corresponding to the Spearman distance and the

partial extremal set E2>1 is asymptotically normal with mean 0 and variance equal to

σ2
p.
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Proof: Representing S(2>1)p as the normalized linear rank statistic (3.1.6), since
m̃i

n
converges to a constant, it follows that as min (m̃i)→∞,

max
i

(ν̃i,p − ¯̃ν)
2∑2k

i=1 m̃i (ν̃i,p − ¯̃ν)
2 ≤ 1

min m̃i

max
i≤2k

(ν̃i,p − ¯̃ν)
2∑2k

i=1 (ν̃i,p − ¯̃ν)
2

→ 0. (3.1.9)

Following Hájek, Šidák, and Sen (1999, pg. 183-184), the above result proves

the asymptotically normality of S(2>1)p. The mean and variance follow from Hájek,

Šidák, and Sen (1999, pg. 61-62).

Similar results follow for the test statistic dS({π}, E1>2) ≡ S(1>2)p ≡ S
′
1p + S

′
2p.

3.2 Asymptotic distributions of the test statistics

based on the Spearman distance when the peak

location is unknown

The test based on the Spearman distance using the partial extremal set E2>1 , as in

the unstratified case, may be constructed using the approach of Hettmansperger and

Norton (1987). We first define the standardized statistics for all possible peaks as

S∗(2>1)p =
S(2>1)p

σ̃2
p

, p = 1, ..., k. (3.2.1)

The null hypothesis H0 is rejected whenever the test statistic

S(2>1) max = max
p

S∗(2>1)p. (3.2.2)

is large. As with the case of a known peak location, the following theorem

assumes the alignment step has been applied to the dataset, resulting in each of the

2k samples being equal under the null hypothesis H0.

Theorem 2. Let the vector S = (S(2>1)1,...,S(2>1)k)
Tand let Cov(S) = BBT . Under

H0, if min m̃i → ∞ with m̃i/n → λi > 0, i = 1, , , k, then S has asymptotically
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the distribution of BZ, where Z is multivariate normal with mean 0 and covariance

matrix I. Consequently, Smax has asymptotically the distribution of maxBZ.

Proof: Using the same notation as in the previous section, we note that the

components of the vector S are linear combinations of the average ranks over each

population. Let d1, ..., dk be a set of arbitrary coefficients and consider the linear

combination

k∑
p=1

dpS
∗
(2>1)p =

2k∑
i=1

d′i(π̃i −
n+ 1

2
), (3.2.3)

where

d′i = (
k∑
p=1

dpν̃i,p
σ̃p

m̃i). (3.2.4)

The asymptotic normality of (3.2.3) follows as in the proof of Theorem 3.

From Hájek, Šidák, and Sen (1999, p.62), we calculate

Cov(S∗(2>1)p, S
∗
(2>1)p′) = σ2(n+ 1)2

2k∑
i=1

m̃i(
ν̃i,p − ¯̃νp
σ̃p

)(
ν̃i,p′ − ¯̃νp′

σ̃p′
) (3.2.5)

σ2 =
1

n− 1

2k∑
i=1

m̃i∑
l=1

(
l

n+ 1
− 1

2
)2. (3.2.6)

As noted by Hettmansperger and Norton (1987), while the distribution of maxBZ

does not have a closed-form solution, it can easily be simulated. The approximate

p−value of the test is given by

P (maxBZ ≥ s(2>1) max), (3.2.7)

where s(2>1) max is the observed value of S(2>1) max.



Chapter 4

Simulation results

In this section, we report results on a limited simulation study for the distribution

of the Spearman statistics for known and unknown peak locations based on the full

extremal set and each of the two partial extremal sets. All simulations were performed

using the R programming language. Four families of underlying distributions were

considered: the normal, the double exponential, the logistic, and the exponential.

The normal has short to medium tails, the logistic and double exponential have

longer tails, whereas the exponential is skewed. The variance for each distribution

was set equal to 1. Let k = 5, p = 3 and let the distributions F1, ..., F5 have location

parameters equal to 0, w, 2w,w, 0 respectively under the alternative, with w = 1/4

when the peak location is known and w = 1/3 when the peak location is unknown.

We considered the case where the sample sizes are equal (Table 4.1) as well as when

they are unequal (Table 4.2 and Table 4.3). In the unequal sample size case described

in Table 4.3, the difference between the sample sizes remains the same as the value

of m increases and therefore the impact of the unequal sample sizes diminishes for

larger n. On the other hand, the difference between two sample sizes grows linearly

as n gets larger in the case described in Table 4.2.

For each value of m, we used 10000 repetitions. The simulations were done for

the Spearman test statistics under the extremal sets E, E1>2, and E2>1.

28
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Stratum
Treatment

1 2 3 4 5

1 m m m m m
2 m m m m m

Table 4.1: Equal sample size case, m = 5, 6, 7, 8, 9, 10, 15

Stratum
Treatment

1 2 3 4 5

1 m− 2 m m+ 4 m m− 2
2 m m m m m

Table 4.2: Nearly equal sample size case, m = 5, 6, 7, 8, 9, 10, 15

Stratum
Treatment

1 2 3 4 5

1 m 2m 3m 2m m
2 2m 2m 2m 2m 2m

Table 4.3: Unequal sample size case, m = 3, 4, 5, 6, 7

4.1 Simulation results for known peak location

When the location of the peak is known and the sample sizes are equal in Table 4.4,

we find that the test based on the full extremal set E has an empirical level closer

to the nominal level than either of the tests based on the partial extremal sets E2>1

and E1>2. We also see that the test based on E has approximately 1 − 2% higher

empirical power than the tests based on the partial extremal sets in most cases. The

tests based on E2>1and E1>2 in turn have equal empirical levels and powers.

It is seen in Tables 4.5 and 4.6 that the test based on the partial extremal set

E2>1 tends to have an empirical level closer to the nominal value compared to the test

based on E when the sample sizes are unequal. The test based on E2>1 also tends to

outperform the test based on E, with empirical power values between 1− 2% higher

in the more unbalanced scenarios. The test based on the partial extremal set E1>2

has a much worse performance than the other two tests and also does not maintain

an empirical level near the nominal level as compared to the other two tests.
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The difference in performance between the tests based on E2>1 and E can be

explained by the misalignment issue describes in Section 2.3. When the sample sizes

are equal, there is no misalignment under either the null or alternative hypotheses

and therefore the tests based on partial extremal sets unnecessarily account for in-

formation independent of the problem. On the other hand, the misalignment issue

is present under the alternative hypothesis when the sample sizes are unequal. Our

choices of unequal sample size designs have a larger proportion of the stratum 1 ob-

servations near the peak compared to the proportion of stratum 2 observations. As a

result, stratum 1 would be below stratum 2 after the alignment and that additional

information would be captured by the test based on the extremal set E2>1 . The test

based on E1>2 takes the same information as evidence instead in favour of the null

hypothesis, explaining the worse performance in the cases considered. The two tests

based on extremal sets would have the opposite results in cases where the alignment

step leads to the observations of stratum 1 being above those of stratum 2.

In most cases considered, the performances of the tests based on E2>1 and E differ

to a greater extent when the underlying distribution is normal or logistic compared

to when the underlying distribution is double exponential or exponential. In the case

of equal sample sizes, the relative advantage the test based on E has compared to the

test based on E2>1 appears to diminish by a small margin as the value of m grows.

We suspect this is a result of a higher proportion of the test statistic based on E2>1

being made up of between-treatment comparisons when m is larger. In the first case

of unequal sample sizes, the relative disadvantage of the test based on E compared

to the test based on E2>1 diminishes by a similar margin as m gets larger due to

the shrinking difference in proportions of the observations near the peak for the two

strata. For the second case of unequal sample sizes, the results do not appear to be

influenced by the value of m, as the misalignment does not lessen for large values.
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Level Power
Test m Normal D-exp Logistic Exp Normal D-exp Logistic Exp

5 0.0516 0.0480 0.0526 0.0497 0.3480 0.4399 0.3660 0.5740
6 0.0509 0.0485 0.0508 0.0517 0.3802 0.5059 0.4193 0.6419
7 0.0523 0.0517 0.0502 0.0464 0.4354 0.5650 0.4660 0.7229

E 8 0.0493 0.0515 0.0501 0.0518 0.4727 0.6017 0.5093 0.7625
9 0.0476 0.0450 0.0523 0.0503 0.5174 0.6536 0.5556 0.8092
10 0.0507 0.0503 0.0461 0.0501 0.5558 0.6940 0.5959 0.8461
15 0.0511 0.0476 0.0482 0.0492 0.6965 0.8378 0.7476 0.9503
5 0.0464 0.0430 0.0465 0.0465 0.3246 0.4152 0.3449 0.5516
6 0.0444 0.0433 0.0458 0.0478 0.3616 0.4829 0.3976 0.6225
7 0.0460 0.0457 0.0454 0.0430 0.4130 0.5445 0.4456 0.6991

E1>2 8 0.0442 0.0466 0.0436 0.0472 0.4512 0.5803 0.4870 0.7385
9 0.0427 0.0387 0.0462 0.0472 0.4950 0.6323 0.5333 0.7917
10 0.0455 0.0450 0.0419 0.0483 0.5345 0.6753 0.5752 0.8296
15 0.0457 0.0419 0.0418 0.0469 0.6780 0.8260 0.7318 0.9417
5 0.0465 0.0431 0.0469 0.0446 0.3264 0.4186 0.3456 0.5485
6 0.0446 0.0433 0.0460 0.0457 0.3597 0.4841 0.3967 0.6193
7 0.0466 0.0456 0.0453 0.0443 0.4150 0.5432 0.4464 0.7006

E2>1 8 0.0436 0.0465 0.0437 0.0492 0.4509 0.5816 0.4864 0.7424
9 0.0417 0.0389 0.0466 0.0473 0.4934 0.6313 0.5334 0.7897
10 0.0453 0.0443 0.0431 0.0468 0.5327 0.6745 0.5751 0.8312
15 0.0459 0.0416 0.0414 0.0427 0.6783 0.8257 0.7308 0.9423

Table 4.4: Level and power for the Spearman based tests: k = 5, p = 3, equal
sample sizes and known peak location



4. SIMULATION RESULTS 32

Level Power
Test m Normal D-exp Logistic Exp Normal D-exp Logistic Exp

5 0.0437 0.0409 0.0391 0.0460 0.3187 0.4229 0.3540 0.5486
6 0.0482 0.0465 0.0459 0.0434 0.3635 0.4853 0.4061 0.6310
7 0.0410 0.0449 0.0449 0.0446 0.4155 0.5518 0.4837 0.7046

E 8 0.0479 0.0430 0.0469 0.0484 0.4772 0.6016 0.5128 0.7632
9 0.0445 0.0488 0.0489 0.0484 0.5138 0.6643 0.5683 0.8099
10 0.0451 0.0489 0.0506 0.0481 0.5502 0.6947 0.6019 0.8553
15 0.0484 0.0520 0.0494 0.0519 0.7075 0.8494 0.7566 0.9568
5 0.0476 0.0452 0.0434 0.0488 0.3327 0.4386 0.3685 0.5637
6 0.0495 0.0497 0.0471 0.0450 0.3747 0.4958 0.4166 0.6420
7 0.0433 0.0464 0.0459 0.0433 0.4198 0.5575 0.4875 0.7093

E1>2 8 0.0484 0.0435 0.0478 0.0492 0.4799 0.6060 0.5159 0.7630
9 0.0441 0.0487 0.0489 0.0464 0.5148 0.6656 0.5656 0.8070
10 0.0443 0.0487 0.0497 0.0464 0.5489 0.6918 0.6005 0.8544
15 0.0466 0.0495 0.0468 0.0518 0.7009 0.8457 0.7503 0.9535
5 0.0315 0.0304 0.0297 0.0369 0.2661 0.3655 0.3016 0.4888
6 0.0373 0.0345 0.0347 0.0344 0.3146 0.4362 0.3616 0.5821
7 0.0317 0.0352 0.0342 0.0395 0.3673 0.5056 0.4377 0.6594

E2>1 8 0.0382 0.0351 0.0361 0.0411 0.4350 0.5590 0.4694 0.7236
9 0.0366 0.0403 0.0391 0.0419 0.4777 0.6235 0.5252 0.7801
10 0.0383 0.0403 0.0412 0.0433 0.5102 0.6591 0.5619 0.8279
15 0.0400 0.0450 0.0414 0.0458 0.6771 0.8284 0.7303 0.9458

Table 4.5: Level and power for the Spearman based tests: k = 5, p = 3,
nearly equal sample sizes and known peak location
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Level Power
Test m Normal D-exp Logistic Exp Normal D-exp Logistic Exp

3 0.0417 0.0425 0.0438 0.0440 0.3519 0.2704 0.3799 0.6019
4 0.0438 0.0426 0.0425 0.0454 0.4343 0.3320 0.4691 0.7106
5 0.0423 0.0418 0.0389 0.0420 0.5070 0.3959 0.5571 0.8061

E 6 0.0428 0.0412 0.0421 0.0484 0.5679 0.4433 0.6127 0.8708
7 0.0460 0.0460 0.0412 0.0466 0.6183 0.4928 0.6843 0.9173
3 0.0434 0.0460 0.0464 0.0462 0.3647 0.2834 0.3927 0.6139
4 0.0466 0.0450 0.0447 0.0455 0.4469 0.3425 0.4815 0.7246

E2>1 5 0.0466 0.0439 0.04411 0.0446 0.5210 0.4084 0.5698 0.8171
6 0.0462 0.0434 0.0449 0.0490 0.5812 0.4572 0.6236 0.8782
7 0.0483 0.0484 0.0439 0.0466 0.6320 0.5039 0.6969 0.9211
3 0.0311 0.0319 0.0323 0.0371 0.2995 0.2220 0.3235 0.5391

E1>2 4 0.0325 0.0308 0.0310 0.0355 0.3753 0.2791 0.4080 0.6593
5 0.0307 0.0311 0.0276 0.0332 0.4461 0.3420 0.4951 0.7554
6 0.0316 0.0302 0.0320 0.0388 0.5047 0.3887 0.5572 0.8291
7 0.0352 0.0346 0.0320 0.0400 0.5624 0.4325 0.6227 0.8836

Table 4.6: Level and power for the Spearman based tests: k = 5, p = 3,
unequal sample sizes and known peak location
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4.2 Simulation results for unknown peak location

When the location of the peak is unknown and the sample sizes are equal in Table

4.7, we again find that the test based on the full extremal set E has an empirical

level closer to the nominal level than either of the tests based on the partial extremal

sets E2>1 and E1>2. We also see that similar to the known peak case, the test based

on E has higher empirical power than the tests based on the partial extremal sets in

most cases and the tests based on E2>1and E1>2 in turn have equal empirical levels

and powers.

Unlike for the known peak case, when the sample sizes are unequal and the peak

location is unknown in Tables 4.8 and 4.9, the test based on the partial extremal

set E2>1 did not maintain an empirical level as close to the nominal level as that of

the test based on E. We instead find that the test based on E2>1 tends to have an

empirical level slightly lower than the test based on E. On the other hand, the test

based on E2>1 tends to outperform the test based on E in terms of empirical power,

similar to when the peak location is known. The test based on the partial extremal

set E1>2 again has a much worse performance than the other two tests and also does

not maintain an empirical level near the nominal level as well as the other two tests.

The difference in performance between the tests based on E2>1 and E can once

again be explained by the misalignment issue describes in Section 2.3. As when

the peak location is known, the performances of the tests based on E2>1 and E for

unknown peak location differ to a greater extent when the underlying distribution is

normal or logistic compared to when the underlying distribution is double-exponential

or exponential. The difference in power across the different underlying densities

considered follows the same pattern as the unstratified case (Alvo, 2008). We find

that m influences the differences in empirical powers similar to the previous section.

The similarity between the results for here and the last section is expected, as the

tests for unknown peak location is constructed using the k possible tests for known

peak location.



4. SIMULATION RESULTS 35

Level Power
Test m Normal D-exp Logistic Exp Normal D-exp Logistic Exp

5 0.0482 0.0517 0.0486 0.0501 0.3300 0.4546 0.3537 0.5675
6 0.0487 0.0506 0.0455 0.0483 0.3788 0.5168 0.4307 0.6551
7 0.0483 0.0515 0.0489 0.0455 0.4482 0.5754 0.4951 0.7324

E 8 0.0483 0.0505 0.0494 0.0450 0.4890 0.6488 0.5443 0.8036
9 0.0508 0.0508 0.0480 0.0468 0.5375 0.7017 0.5867 0.8461
10 0.0476 0.0472 0.0470 0.0486 0.5862 0.7448 0.6369 0.8873
15 0.0489 0.0471 0.0486 0.0511 0.7691 0.9045 0.8251 0.9792
5 0.0413 0.0435 0.0409 0.0481 0.3053 0.4165 0.3222 0.5405
6 0.0416 0.0439 0.0386 0.0445 0.3464 0.4875 0.3990 0.6208
7 0.0424 0.0441 0.0425 0.0429 0.4166 0.5527 0.4641 0.7052

E1>2 8 0.0440 0.0435 0.0415 0.0405 0.4553 0.6172 0.5159 0.7715
9 0.0453 0.0441 0.0427 0.0436 0.5086 0.6698 0.5602 0.8271
10 0.0411 0.0426 0.0390 0.0433 0.5592 0.7236 0.6004 0.8656
15 0.0443 0.0407 0.0440 0.0473 0.7472 0.8920 0.8041 0.9730
5 0.0407 0.0423 0.0426 0.0445 0.3006 0.4172 0.3234 0.5353
6 0.0416 0.0432 0.0390 0.0434 0.3475 0.4875 0.3927 0.6175
7 0.0446 0.0432 0.0409 0.0413 0.4108 0.5460 0.4644 0.7019

E2>1 8 0.0435 0.0436 0.0420 0.0413 0.4622 0.6225 0.5151 0.7781
9 0.0452 0.0435 0.0425 0.0427 0.5120 0.6757 0.5523 0.8235
10 0.0405 0.0417 0.0407 0.0445 0.5552 0.7236 0.6066 0.8617
15 0.0423 0.04396 0.0448 0.0460 0.7431 0.8899 0.8047 0.9731

Table 4.7: Level and power for the Spearman based tests: k = 5, p = 3, equal
sample sizes and unknown peak location
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Level Power
Test m Normal D-exp Logistic Exp Normal D-exp Logistic Exp

5 0.0436 0.0440 0.0433 0.0439 0.2966 0.4131 0.3326 0.5459
6 0.0441 0.0469 0.0443 0.0461 0.3617 0.5045 0.4099 0.6467
7 0.0454 0.0449 0.0477 0.0466 0.4309 0.5791 0.4798 0.7282

E 8 0.0425 0.0453 0.0403 0.0480 0.4923 0.6482 0.5549 0.8002
9 0.0462 0.0445 0.0439 0.0467 0.5538 0.7169 0.6047 0.8444
10 0.0479 0.0466 0.0524 0.0486 0.5917 0.7627 0.6545 0.8975
15 0.0469 0.0509 0.0506 0.0524 0.7818 0.9091 0.8350 0.9802
5 0.0409 0.0413 0.0423 0.0422 0.3189 0.4321 0.3513 0.5714
6 0.0404 0.0435 0.0417 0.0451 0.3789 0.5145 0.4258 0.6592
7 0.0425 0.0422 0.0454 0.0434 0.4306 0.5938 0.4829 0.7378

E1>2 8 0.0415 0.0417 0.0373 0.0452 0.4956 0.6531 0.5546 0.8006
9 0.0426 0.0429 0.0424 0.0459 0.5525 0.7182 0.6069 0.8447
10 0.0426 0.0449 0.0476 0.0463 0.5863 0.7555 0.6545 0.8924
15 0.0424 0.0462 0.0469 0.0506 0.7710 0.9053 0.8313 0.9807
5 0.0329 0.0348 0.0345 0.0367 0.2308 0.3265 0.2572 0.4627
6 0.0349 0.0376 0.0346 0.0376 0.2993 0.4203 0.3404 0.5678
7 0.0361 0.0371 0.0385 0.0413 0.3587 0.5114 0.4068 0.6632

E2>1 8 0.0358 0.0377 0.0323 0.0432 0.4248 0.5824 0.4847 0.7464
9 0.0388 0.0384 0.0381 0.0417 0.4916 0.6594 0.5467 0.8084
10 0.0384 0.0413 0.0423 0.0455 0.5330 0.7184 0.5954 0.8684
15 0.0406 0.0449 0.0448 0.0458 0.7393 0.8876 0.7991 0.9725

Table 4.8: Level and power for the Spearman based tests: k = 5, p = 3,
nearly equal sample sizes and unknown peak location
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Level Power
Test m Normal D-exp Logistic Exp Normal D-exp Logistic Exp

3 0.0556 0.0542 0.0518 0.0493 0.3534 0.4923 0.4164 0.6340
4 0.0531 0.0525 0.0493 0.0546 0.4608 0.6129 0.5073 0.7557
5 0.0431 0.0395 0.0452 0.0435 0.5469 0.7099 0.5984 0.8585

E 6 0.0502 0.0500 0.0473 0.0484 0.6270 0.7847 0.6925 0.9182
7 0.0459 0.0467 0.0488 0.0479 0.6991 0.8533 0.7455 0.9492
3 0.0558 0.0527 0.0499 0.0487 0.3794 0.5130 0.4357 0.6528
4 0.0524 0.0504 0.0478 0.0537 0.4788 0.6322 0.5313 0.7768

E1>2 5 0.0524 0.0418 0.0433 0.0437 0.5670 0.7246 0.6221 0.8707
6 0.0486 0.0493 0.0454 0.0452 0.6474 0.8023 0.7080 0.9280
7 0.0440 0.0456 0.0457 0.0461 0.7187 0.8593 0.7655 0.9534
3 0.0455 0.0442 0.0417 0.0409 0.2835 0.4063 0.3258 0.5529
4 0.0402 0.0407 0.0397 0.0432 0.3840 0.5322 0.4255 0.6892

E2>1 5 0.0356 0.0324 0.0334 0.0364 0.4617 0.6275 0.5118 0.8051
6 0.0421 0.0375 0.0382 0.0400 0.5464 0.7189 0.6087 0.8826
7 0.0374 0.0380 0.0382 0.0404 0.6165 0.7950 0.6695 0.9217

Table 4.9: Level and power for the Spearman based tests: k = 5, p = 3,
unequal sample sizes and unknown peak location



Chapter 5

Estimators for common stratum

treatment effect in stratified

two-sample location problem

5.1 Introduction

This chapter discusses nonparametric estimators for the common stratum treatment

effect in the two-treatment, s−strata problem with the assumption of parallelism.

We propose the novel application of these estimators to estimate the misalignment

issue central to the thesis. These estimators are typically associated with the tests

discussed in Chapter 1 both in construction and application. Alternatively, there

have been nonparametric hypothesis tests for the null hypothesis of equal treatment

effects against the alternative of unequal treatment effects (i.e. Dai and Stern, 2022).

The estimators discussed in this chapter would be of interest in the tests for equal

treatment effects if the test does not reject the null hypothesis.

In the unstratified case, a common approach is to use estimators proposed by

Hodges and Lehmann (1963) based on a rank test h(X1, X2), where X1 and X2 refer

to the first and second sample is given as follows:

Define

∆∗(X1, X2) = sup{∆ : h(X1, X2 −∆) > E[h(X1, X2)|H0]} (5.1.1)
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and

∆∗∗(X1, X2) = inf{∆ : h(X1, X2 −∆) < E[h(X1, X2)|H0]}. (5.1.2)

The estimator is defined as

∆̂(X1, X2) = [∆∗(X1, X2) + ∆∗∗(X1, X2)]/2. (5.1.3)

The definition above shows the similar alignment idea that the same authors proposed

for the aligned-rank test around the same time. A more convenient form of the

estimator when h is the Mann-Whitney-Wilcoxon test U(·, ·) given in Chapter 1 was

shown to be

∆̂(X1, X2) = med(V ), (5.1.4)

where V is the set of all pairwise differences X1(i) −X2(j) for i = 1, ...,m1 , j =

1, ...,m2. We will refer to this statistic as the two-sample Hodges-Lehmann estimator.

The one-sample Hodges-Lehmann estimator used to align the strata in Chapter 2 is

derived in a similar way based on the signed-rank test of Wilcoxon (1945).

In the remainder of this chapter, we present three estimators which are available

in closed form and provide a small set of simulation results to study their perfor-

mances. We then review bootstrap confidence intervals in the context of analyzing

the misalignment issue central to this thesis.

5.2 Estimators for stratified samples

From the fact that both the one and two sample unstratified Hodges-Lehmann es-

timators have closed-form expressions, it follows that we can easily obtain a closed

form estimator related the aligned-rank test described in Chapter 1. The estimator

is given as

∆̂Aligned(X1, X2) = ∆̂(X∗1 , X
∗
2 ), (5.2.1)
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where for treatment group q = 1, 2,

X∗q = {X(i)
q − θi, i = 1, ..., s} = {X(i)

ql − θi, i = 1, ..., s, l = 1, ...,miq, }. (5.2.2)

are the aligned observations in treatment group q and θi is the one-sample Hodges-

Lehmann estimator calculated from all observations of the ith stratum for i = 1, ..., s

given by (1.0.17).

We note that this is not the Hodges-Lehmann type estimator for the aligned-rank

test, but rather the Hodges-Lehmann type estimator of the unstratified data post-

alignment. The true Hodges-Lehmann type estimator could be approximated through

numerical methods, but this would be computationally expensive when combined with

the bootstrap approach discussed in the next section and is ignored for our purposes.

Rashid (2003) proposed a general method which involves minimizing the sum

of within-stratum dispersion functions. In the case of two treatment groups, the

estimator simplifies to the weighted average of within-stratum two-sample Hodges-

Lehmann estimators. For large sample sizes, the weights simplify and the estimator

is given by

∆̂Rashid(X1, X2) = [
s∑
j=1

mj1mj2

mj1 +mj2

∆̂(X
(j)
1 , X

(j)
2 )]/[

s∑
j=1

mj1mj2

mj1 +mj2

]. (5.2.3)

The author noted a motivation for this method being the lack of literature on

a Hodges-Lehmann type estimator based on the van Elteren test. More recently,

the Hodges-Lehmann type estimator based on the van Elteren test was discussed by

O’Kelly (2003) as well as by Mehrotra, Lu, and Li (2010). However, in both papers

it was explicitly stated that the estimator is obtained using numerical methods. We

derive a closed-form version of the estimator in the Appendix, which to our knowledge

is novel. The estimator is calculated as follows:

Step 1. Generate sets Vi, i = 1, ..., s of all the pairwise differencesX
(i)
1(j)−X

(i)
2(l), j =

1, ...,mi1, k = 1, ...,mi2, similar to the two-sample Hodges-Lehmann estimator.

Step 2. Produce ri =
∏

j 6=i(mj1 +mj2 + 1) replicates of Vi for i = 1, ..., s.

Step 3. Define V as the set of length
∑k

i=1mi1mi2ri comprising of all replicates

for all the strata.
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Step 4. The estimator ∆̂vE(X1, X2) is defined to be the median of V.

Instead of producing replicates, the estimator can equivalently be expressed as

the weighted median of the pooled within-stratum pairwise differences with weights

wi =
ri∑s

j=1 mj1mj2rj
, i = 1, ..., s (5.2.4)

for each of the within-stratum pairwise differences from stratum i. Weighted

medians have been used as robust alternatives to weighted averages in multiple sta-

tistical contexts in recent literature, including genetics (Bowden et al., 2016) and

meta-analysis (Hartwig et al. , 2020).

The following tables exhibit the mean squared errors of the three estimators

under the same two-strata, two-treatment scenarios seen in Table 2.1.

Sample sizes Mean squared error
m11 m12 m21 m22 Normal D-exp Logistic Exp
15 15 15 15 0.072 0.048 0.063 0.030
14 16 16 14 0.072 0.048 0.063 0.030
13 17 17 13 0.073 0.048 0.064 0.030
12 18 18 12 0.075 0.050 0.066 0.031
11 19 19 11 0.077 0.052 0.067 0.033
10 20 20 10 0.080 0.054 0.071 0.034

Table 5.1: Mean squared error for the van Elteren Hodges-Lehmann estima-
tor
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Sample sizes Mean squared error
m11 m12 m21 m22 Normal D-exp Logistic Exp
15 15 15 15 0.142 0.098 0.126 0.067
14 16 16 14 0.144 0.099 0.126 0.067
13 17 17 13 0.142 0.098 0.125 0.067
12 18 18 12 0.143 0.098 0.126 0.066
11 19 19 11 0.143 0.098 0.125 0.067
10 20 20 10 0.142 0.098 0.126 0.067

Table 5.2: Mean squared error for Rashid’s estimator

Sample sizes Mean squared error
m11 m12 m21 m22 Normal D-exp Logistic Exp
15 15 15 15 0.071 0.048 0.062 0.032
14 16 16 14 0.071 0.048 0.063 0.033
13 17 17 13 0.071 0.049 0.063 0.037
12 18 18 12 0.076 0.056 0.069 0.046
11 19 19 11 0.091 0.074 0.084 0.067
10 20 20 10 0.123 0.112 0.119 0.109

Table 5.3: Mean squared error for aligned-rank Hodges-Lehmann estimator

While no detailed comparison of these estimators exists in the literature more

generally, we are specifically interested in their performance as a measure of mis-

alignment between two strata. From Table 5.2, we see that Rashid’s estimator had a

higher mean squared error than the other two estimators in practically all of the situ-

ations, despite being the most robust to highly unbalanced sample sizes. Comparing

Tables 5.1 and 5.3 show the aligned-rank based estimator had a lower mean squared

error than the van Elteren based estimator for equal sample sizes, but a higher mean

squared error for unequal sample sizes. This speaks to the misalignment issue dis-

cussed in Section 2.3 from a different perspective. For this reason, the van Elteren

based estimator is used for our purposes, as the misalignment issue only occurs for

unequal sample sizes.
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5.3 Bootstrap confidence intervals to diagnose mis-

alignment

Besides the typical applications, the estimators reviewed in the previous section can

be used to provide a useful diagnostic tool for measuring the misalignment of two

strata in aligned-rank tests as described in Chapter 2. When using the estimators for

this purpose, the treatment and stratum labels for each observation are interchanged

after the alignment step. Additionally, we can estimate the sampling distribution

of the misalignment estimator by applying resampling methods before the alignment

step. We describe the bootstrap approach that was first introduced by Efron (1979)

adjusted to our context.

Step 1. For each bootstrap replicate, indexed by b = 1, ..., B:

(a) Generate bootstrap sample of size n by sampling with replacement mij obser-

vations from the original mij observations within each combination of strata i = 1, 2

and treatment group j = 1, ..., k.

(b) Perform the alignment step.

(c) Interchange the stratum and treatment group information for the full dataset.

(d) Compute the bth replicate ∆̂(b) from the bth bootstrap sample.

Step 2. The bootstrap estimate of F∆̂(·) is the empirical distribution of the

replicates ∆̂(1), ..., ∆̂(B).

Confidence intervals can be obtained from this sample of bootstrapped estimates.

While there are many ways of constructing confidence intervals from the sample of

bootstrapped estimates, here we review the well known percentile confidence interval

as well as the ”bias corrected” and ”adjusted for acceleration” (BCa) confidence

interval, both developed by Efron in a series of articles (1981,1982,1985,1987).

Suppose that ∆̂(1), ..., ∆̂(B) are the ordered bootstrap replicates of the statistic ∆̂.

From the empirical distribution function of the replicates, compute the α/2 quantile

∆̂(α/2), and the 1−α/2 quantile ∆̂(1−α/2). The (1−α)∗100% percentile bootstrapped

confidence interval is simply given as

(∆̂(α/2), ∆̂(1−α/2)). (5.3.1)

The BCa bootstrap confidence interval modifies the percentile bootstrap confi-
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dence interval and has been shown to have better theoretical properties and perfor-

mance in simulations. The bias correction factor is computed by

ẑ0 = Φ−1(
1

B

B∑
b=1

I(∆̂(b) < ∆̂)), (5.3.2)

where Φ is the distribution function of the standard normal distribution and ∆̂

is the estimate from the original sample. The acceleration (or skewness) factor is

â =

∑n
i=1(∆̄∗(.) −∆∗(i))

3

6[
∑n

i=1(∆̄∗(.) −∆∗(i))
2]3/2

(5.3.3)

where ∆∗(1), ...,∆
∗
(N) are the jackknife or leave-one-out replicates and

∆̄∗(.) =
1

n

n∑
i=1

∆∗(i).

It is important to note that as with the bootstrap resampling, the removal of the

observation should be done prior to the alignment step when obtaining jackknife

replicates. The (1− α) ∗ 100% BCa confidence interval is given by

(∆̂(α1), ∆̂(α2)), (5.3.4)

where

α1 = Φ(ẑ0 +
ẑ0 + zα/2

1− â(ẑ0 + zα/2)
), (5.3.5)

α2 = Φ(ẑ0 +
ẑ0 + z1−α/2

1− â(ẑ0 + z1−α/2)
), (5.3.6)

and zα = Φ−1(α).



Chapter 6

Illustration on IQ data for coma

patients

In this section, we illustrate the tests from Chapter 2 and the diagnostic methods

from Chapter 4 on the real dataset of Wong, Monette, and Weiner (2001). The

dataset contains information on 200 patients who sustained traumatic brain injuries

resulting in comas of varying duration. After awakening from their comas, patients

were periodically administered a standard I.Q. test. A score for mathematical I.Q.

and another for verbal I.Q. were provided, with the average of the two scores being

used in our analysis. Furthermore, we remove the data corresponding to follow-up

tests some patients participated in.

We stratify by coma duration to demonstrate our methods. We include a short

coma duration (< 7 days) stratum and a long coma duration (≥ 7 days) stratum. The

total sample sizes of the strata are nearly equal, with 99 and 101 patients in the short

and long coma duration strata, respectively. The sample sizes for each combination

of coma duration group and age group are given in Table 6.1, while Table 6.2 includes

the proportion of observations in each stratum that belong to different age groups.
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Coma Duration
Age Group ≤ 20 (20, 30] (30, 40] (40, 55] > 55

Short 13 32 22 17 15
Long 22 47 12 13 7

Table 6.1: Sample sizes of the Wong Dataset

Coma Duration
Age Group ≤ 20 (20, 30] (30, 40] (40, 55] > 55

Short 0.13131 0.32323 0.22222 0.17172 0.151515
Long 0.21782 0.46535 0.11881 0.12871 0.069307

Table 6.2: Proportion of observations within each stratum across age groups

We see that the long coma duration stratum has a much higher proportion of

patients in the ≤ 20 and [20, 30) age groups and a much lower proportion in the other

age groups compared to the short coma duration stratum. Under the alternative of

a strict umbrella pattern, this imbalance in proportions in the younger age groups

leads to a relatively lowered alignment estimate for the long coma duration stratum.

The imbalance would result in the long coma duration stratum being systematically

below the short coma duration stratum after the alignment step.

The one-sample Hodges-Lehmann alignment estimate for the short coma dura-

tion stratum was calculated to be 90.00004 while for the long coma duration stratum

it was found to be 85.00005. Figure 6.1 shows the data after the alignment step.
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Figure 6.1: I.Q. scores of Wong dataset after alignment

The p-values for the unknown peak location tests described in Chapter 2 are

0.179 for the full extremal set, 0.177 for the partial extremal set with Short > Long

and 0.236 for the partial extremal set with Short < Long. On the other hand, the

p-values for the known peak tests with the peak at age group [30, 40) are 0.047 for

the full extremal set, 0.048 for the partial extremal set with Short > Long and 0.067

for the partial extremal set with Short < Long.

The van Elteren Hodges Lehmann estimate of misalignment calculated with the

original data was found to be 0.9999918. To further understand the misalignment, we

use the bootstrap approach discussed in Chapter 4. Figure 6.2 displays a histogram of

the sample of bootstrap replicates. The variance of the sample of bootstrap replicates

is approximately 0.513, while the skewness and excess kurtosis are approximately

0.279 and 0.215, respectively.
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Figure 6.2: Histogram of bootstrap replicates

Based on 50000 bootstrap replicates, the 90% percentile confidence interval was

calculated to be [−0.249984, 2.249886]. On the other hand, the 90% BCa bootstrap

confidence interval was calculated to be [0.000043, 2.499991]. This speaks to the

misalignment being nontrivial and further supports the use of the partial extremal

set to account for the misalignment.



Chapter 7

Discussion

7.1 Conclusion

This thesis extended to stratified samples the general theory of hypothesis testing

based on rankings by Alvo and Pan (1997). We pursue this extension by first aligning

the data as is done in the aligned-rank test of Hodges and Lehmann (1962). Our

extension leads to both the traditional aligned-rank tests while also providing new

statistics which account for possible misalignments seen for unequal sample sizes. We

focus on umbrella alternatives, which contain ordered alternatives as special cases.

Our simulation study results show that when chosen correctly, the new statistics

can offer an advantage over the traditional aligned-rank approach when the peak of

the umbrella pattern is both known and unknown. We also provided estimators and

confidence intervals which can be used to assess the misalignment issue and illustrated

these diagnostic tools alongside the proposed tests on I.Q. data of coma patients.

Tests constructed here and more broadly through the general theory of Alvo and

Pan (1997) are based on extremal sets corresponding to the alternative hypothesis.

Non-null models like these allow for tests addressing a variety of alternative hypothe-

ses to be constructed. This thesis presents a novel advantage of taking a non-null

approach to hypothesis testing to account for issues related to pre-testing transforma-

tions on the data. In our context, the transformation is the alignment of the strata

prior to testing, which we have shown only works correctly for equal sample sizes.

We conclude the thesis by discussing future directions for research, which include

extensions to more than two strata, adaptive tests to address the subjective choice
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of extremal set, and the construction of tests robust to various umbrella shapes and

underlying distributions.

7.2 Future research directions

7.2.1 Three or more strata

The methods from Chapter 2 to this point have been restricted to two strata, which

is often not the case in practice. The way we have extended the general theory of

hypothesis testing by Alvo and Pan (1997) easily accounts for the inclusion of more

than two strata. For s strata, we would have s! partial extremal sets corresponding

to the s! possible orderings of the strata inside each treatment group. In the cases

of the Spearman and Kendall distances, it can easily be shown that the sum of the

tests based on all partial extremal sets again results in the traditional aligned-rank

test. However, with three or more strata, it may not be obvious which ordering is

appropriate based solely on the sample sizes. This issue will be addressed in the next

section.

We can also obtain s! misalignment values from the s strata by considering each

pairwise misalignment value. These pairwise misalignment values could be analyzed

individually and bootstrap confidence intervals could be constructed. The multiple

comparisons problem would exist if any type of inference is being made and the level

of the confidence interval would need to be adjusted accordingly. Other quantities of

interest could be the average and maximum misalignment values and their resulting

bootstrap confidence intervals.

Another possible direction would be to obtain ”coherent” misalignment esti-

mates, satisfying

∆̂12 + ∆̂13 = ∆̂23. (7.2.1)

This concept is used in network meta-analysis, with a goal of including both

direct and indirect comparisons between treatments in an interpretable way (Dias et

al., 2018). We could follow a similar approach as network meta-analysis, treating the

strata as treatments and the misalignment estimates as the direct comparisons in the

network. As in network meta-analysis, obtaining coherent estimates would allow for
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an estimate of the strata ordering after alignment, which will be useful in the next

section on adaptive tests. Additionally, the coherent estimates satisfy the triangle

inequality and therefore the matrix
0 |∆̂12| ... |∆̂1s|
|∆̂21| 0 ... ...

... ... ... ...

|∆̂s1| ... ... 0

 (7.2.2)

is a distance matrix. This fact would allow for further exploration through mul-

tivariate methods such as hierarchical clustering and heat maps.

7.2.2 Adaptive tests

To address the subjectivity of deciding between the partial and full extremal sets in

Chapter 2, so called adaptive tests could be developed in the future. Adaptive tests

make use of the data itself to adjust the test procedure. The idea when first proposed

in papers by Randles and Hogg (1973), Hogg (1974), and Hogg, Fisher, and Randles

(1975) involves a discrete set of possible procedures which are chosen based on a

”selector” statistic calculated from the data. There are also continuously adaptive

tests, which have a continuous mapping of the selector statistic to a continuum of

possible procedures (Ruberg,1986). Another continuously adaptive set of tests was

proposed more recently by Alvo (2021), who used the Pearson system of equations

to estimate a locally most powerful score function based on pooled sample skewness

and traditional kurtosis.

Two interesting observations were made by Neuhäuser and Hothorn (2005).

Firstly, that maximum-type tests as seen in this thesis are a special case of adap-

tive permutation tests. Secondly, by performing adaptive tests as permutation tests

and calculating a separate selector statistic for each permutation, both the indepen-

dence between the selector statistic and the possible test statistics as well as the

continuousness of the underlying distribution is no longer necessary. This is useful in

our context, as both the misalignment estimator and the procedures depend on the

alignment step.

For the case of two strata, one possible way of pursuing a continuously adaptive
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approach would be to use the bootstrap sample of misalignment values discussed in

Section 3.3. The adaptive statistic would be defined as

Sadaptp = w(1>2)Sp(1>2) + w(2>1)Sp(2>1), (7.2.3)

with weights

w(1>2) =
1

B

B∑
i=1

[1(∆̂(i) < 0) +
1

2
1(∆̂(i) = 0)] (7.2.4)

and

w(2>1) =
1

B

B∑
i=1

[1(∆̂(i) > 0) +
1

2
1(∆̂(i) = 0)] (7.2.5)

which is the sample proportion of the bootstrap replicates indicating a specific

ordering. This construction would result in the use of a test similar to the traditional

aligned-rank test when there is little misalignment in the data, while putting most of

the weight on one of the partial extremal sets in the presence of misalignment.

The use of coherent estimates and their resulting ranking of the strata as dis-

cussed in the previous section would allow us to generalize this idea to more than

two strata. A tie in the rankings from a bootstrapped set of coherent estimates

could contribute equally to all statistics which do not contradict any of the remaining

inequalities. As an example, a ranking

Stratum 3 > Stratum 1 = Stratum 4 > Stratum 2 (7.2.6)

would contribute equal weight to the statistics Sp(3>1>4>2) and Sp(3>4>1>2).



Appendix: Derivation of

Hodges-Lehmann estimator of van

Elteren test

Suppose first that
∑k

i=1mi1mi2ri is odd, say
∑s

i=1mi1mi2ri = 2z+ 1 for some integer

z and let V (q) be the q−th smallest element of the set V . Here we express the van

Elteren test using an alternative definition of the Mann-Whitney-Wilcoxon statistic

Ui(X
(i)
1 , X

(i)
2 ) =

mi1∑
j=1

mi2∑
l=1

1(X
(i)
1j > X

(i)
1l ), (7.2.7)

where

1(X
(i)
1j > X

(i)
1l ) =

1, if X
(i)
1j > X

(i)
1l

0, else.
(7.2.8)
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∆∗∗ =inf(∆ :
s∑
i=1

Ui(X
(i)
1 , X

(i)
2 −∆)

mi1 +mi2 + 1
<

s∑
i=1

mi1mi2

2(mi1 +mi2 + 1)
)

=inf(∆ :
s∑
i=1

Ui(X
(i)
1 , X

(i)
2 −∆)(

∏
j 6=i(mj1 +mj2 + 1))

(
∏s

j=1(mj1 +mj2 + 1))
<

s∑
i=1

mi1mi2

2(mi1 +mi2 + 1)
)

=inf(∆ :
s∑
i=1

Ui(X
(i)
1 , X

(i)
2 −∆)(

∏
j 6=i

(mj1 +mj2 + 1)) <
s∑
i=1

mi1mi2(
∏s

j=1(mj1 +mj2 + 1))

2(mi1 +mi2 + 1)
)

=inf(∆ :
s∑
i=1

Ui(X
(i)
1 , X

(i)
2 −∆)(

∏
j 6=i

(mj1 +mj2 + 1)) <
1

2

s∑
i=1

mi1mi2(
∏
j 6=i

mj1 +mj2 + 1))

=inf(∆ :
s∑
i=1

Ui(X
(i)
1 , X

(i)
2 −∆)(

∏
j 6=i

(mj1 +mj2 + 1)) < z +
1

2
)

=V (z+1).

(7.2.9)

Similarly,

∆∗ =sup(∆ :
s∑
i=1

Ui(X
(i)
1 , X

(i)
2 −∆)

mi1 +mi2 + 1
>

s∑
i=1

mi1mi2

2(mi1 +mi2 + 1)
)

=sup(∆ :
s∑
i=1

Ui(X
(i)
1 , X

(i)
2 −∆)(

∏
j 6=i(mj1 +mj2 + 1))

(
∏s

j=1(mj1 +mj2 + 1))
>

s∑
i=1

mi1mi2

2(mi1 +mi2 + 1)
)

=sup(∆ :
s∑
i=1

Ui(X
(i)
1 , X

(i)
2 −∆)(

∏
j 6=i

(mj1 +mj2 + 1)) >
s∑
i=1

mi1mi2(
∏s

j=1(mj1 +mj2 + 1))

2(mi1 +mi2 + 1)
)

=sup(∆ :
s∑
i=1

Ui(X
(i)
1 , X

(i)
2 −∆)(

∏
j 6=i

(mj1 +mj2 + 1)) >
1

2

s∑
i=1

mi1mi2(
∏
j 6=i

mj1 +mj2 + 1))

=sup(∆ :
s∑
i=1

Ui(X
(i)
1 , X

(i)
2 −∆)(

∏
j 6=i

(mj1 +mj2 + 1)) > z +
1

2
)

=V (z+1)

(7.2.10)

.

Thus, ∆̂ = V (z+1)+V (z+1)

2
= V (z+1).

On the other hand, if
∑k

i=1 mi1mi2ri is even, say
∑s

i=1 mi1mi2ri = 2z for some
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integer z, the last two lines of the above derivations are now

∆∗∗ =...

=inf(∆ :
s∑
i=1

Ui(X
(i)
1 , X

(i)
2 −∆)(

∏
j 6=i

(mj1 +mj2 + 1)) <
1

2

s∑
i=1

mi1mi2(
∏
j 6=i

mj1 +mj2 + 1))

=inf(∆ :
s∑
i=1

Ui(X
(i)
1 , X

(i)
2 −∆)(

∏
j 6=i

(mj1 +mj2 + 1)) < z)

=V (z+1)

(7.2.11)

and

∆∗ =...

=sup(∆ :
s∑
i=1

Ui(X
(i)
1 , X

(i)
2 −∆)(

∏
j 6=i

(mj1 +mj2 + 1)) >
1

2

s∑
i=1

mi1mi2(
∏
j 6=i

mj1 +mj2 + 1))

=sup(∆ :
s∑
i=1

Ui(X
(i)
1 , X

(i)
2 −∆)(

∏
j 6=i

(mj1 +mj2 + 1)) > z)

=V (z)

(7.2.12)

.

Consequently ∆̂ = V (z)+V (z+1)

2
.

In both cases,

∆̂ = med(V ). (7.2.13)
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