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Abstract

Models written in terms of stochastic delay differential equations (SDDE’s) have recently
appeared in a number of fields, such as physiology, optics, and climatology- Unfortunately,
the development of a Fokker-Planck approach for these equations is being hampered by
their non-Markovian nature. In this thesis, an exact Fokker-Planck equation (FPE) is
formulated for univariate SDDE'’s involving Gaussian white noise. Although this FPE is
not self-sufficient, it is found to be helpful in at least two different contexts: with a short
delay approximation and under an appropriate separation of time scales.

In the short delay approximation, a Taylor expansion is applied to an SDDE with non-
delayed diffusion and yields a nondelayed stochastic differential equation. The aforemen-
tioned FPE then allows the derivation of an alternate and complementary approximation
of the original SDDE. This method is illustrated with linear and logistic SDDE’s.

Under the separation of time scales assumption, the FPE of a bistable system is reduced
to a form that is uniquely determined by the steady-state probability density when the
diffusion term of the SDDE is nondelayed. In the context of an overdamped particle with
delayed coupling to a symmetrical and stochastically driven potential, the resulting FPE is
used with standard techniques to express the transition rate between wells in terms of the
noise amplitude and of the steady-state probability density. The same is also accomplished
for the mean first passage time from one point to another. This whole approach is then
applied to the case of a quartic potential, for which all realisations eventually stabilise on an
oscillatory trajectory with an ever increasing amplitude. Although this latter phenomenon
prevents the existence of a steady-state limit, a pseudo-steady-state probability density
can be defined and used instead of the non-existent steady-state one when the transition
rate to these unbounded oscillatory trajectories is sufficiently small. The transition to this
peculiar attractor is investigated in more detail for a family of single-well potentials, and
interestingly, the transition rate follows Arrhenius’ law when the noise amplitude is small.

Overall, it is found that the Fokker-Planck approach can play a significant role in the
analysis of SDDE’s.



Résumé

Des équations différentielles stochastiques & délai (EDSD) ont récemment fait leur appari-
tion dans nombre de modeles, notamment en physiologie, en optique et en climatologie.
Malheureusement, 1’aspect non markovien de ces équations nuit a la mise au point d'une
approche de Fokker-Planck pour celles-ci. Une équation de Fokker-Planck (EFP) exacte,
quoique non suffisante, est développée ici pour des EDSD univariées impliquant du bruit
blanc gaussien. Cette EFP est ensuite utilisée dans le cadre d'une approximation des pet1ts
délais et dans celui d’une séparation d’échelles de temps.

Pour de petits délais, un développement de Taylor est utilisé afin de passer d'une EDSD
avec un terme de diffusion non retardé a une équation différentielle stochastique sans délai.
Une seconde équation approximative est ensuite obtenue a l'aide de I'EFP mentionnée ci-
dessus. Cette approche est appliquée & une EDSD linéaire et une EDSD logistique. |

Une séparation d’échelles de temps présentée par la suite permet & 'EFP d’un systéme
bistable d’étre entierement déterminée par la densité de probabilité stationnaire lorsque le
terme de diffusion de 'EDSD est non retardé. Dans le contexte d’une particule évoluant
de fagon suramortie dans un potentiel symétrique, retardé et stochastiquement forcé, 'EFP
résultante est alors utilisée avec des méthodes connues afin d’exprimer le taux de transition
entre les puits et le temps moyen de premier passage d’un point & un autre en fonction de
I'amplitude du bruit et de la densité de probabilité stationnaire. Pour le cas particulier du
potentiel quartique, la présence de trajectoires oscillatoires non bornées empéche l'existence
d’une telle densité de probabilité stationnaire. Il est cependant possible de définir une
densité de probabilité pseudo-stationnaire et de I’utiliser 4 la place de cette derniére lorsque
le taux de transition vers les trajectoires non bornées est suffisamment faible. La transition
vers cet attracteur inusité est étudiée plus & fond pour une famille de potentiels & un puit.
Tl est intéressant de moter que, dans ce cas, le taux de transition suit la loi d’Arrhenius
lorsque I'amplitude du bruit est suffisamment petite.

Dans V’ensemble, il est clair que ’approche de Fokker-Planck peut jouer un rdle signifi-
catif dans I’étude des EDSD.
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Chapter 1

Introduction

Ever since the creation of calculus by Newton and Leibniz in the seventeenth century,
differential equations have played a central role in science, notably in physics. Over the
years, they have been used both to formulate general principles, such as Newton'’s second
law of dynamics, and to model particular systems. In addition, the past century has seen
important developments that have increased even further the modelling power of differential
equations. Indeed, new types of differential equation that have been devised over that
period can be used in some cases where the traditional ones are inappropriate or yield
overly complicated models.

In Brownian motion, for instance, small particles present in water move in a seemingly
erratic fashion because of collisions with water molecules. Although this motion could
in principle be described using a set of ordinary differential equations, the huge number
of water molecules colliding with the particles prevents this method from yielding useful
results. On the other hand, the overall contribution of water molecules can be taken into
account using a stochastic process built according to their statistical properties. With this
latter approach, the evolution of each particle is then modelled by a stochastic differential
equation (SDE), which is intrinsically non-deterministic. The theory underlying SDE’s is
now well established [1,2], and these differential equations are frequently used to model
systems subjected to random fluctuations, also known as noise, whether these fluctuations
be of internal or environmental origin. Such a model is often reformulated in terms of the
probability density function associated with the dynamical variables of the SDE. This is
done by obtaining an evolution equation for the probability density function. For example,
the well-known Fokker-Planck equation (FPE) is the evolution equation that arises when an
SDE involves Gaussian white noise [1,2]. It is important to note that such an equation allows
the determination of more than the probability density itself. Indeed, it can also be used to



characterise rate processes between the various basins of attraction of a deterministically
multistable system. This is true whether the SDE is driver by Gaussian white noise [3-5],
Ornstein-Uhlenbeck noise [6,7], or dichotomous noise [8-13].

Blood cell regulation is another example where it is advantageous to consider an al-
ternate type of differential equation. In this case, the maturation time of the blood cells,
on the order of a few days, induces a significant delay in the feedback loop that regulates
their concentration. The variation in the number of blood cells at any given time therefore
depends not only on the value of the concentration at that time, but also on its value at
some time in the past. This delay can be accounted for by introducing the delayed value
of the blood cell concentration in the differential equation that describes the regulation
process [14]. If all past values are weighted according to a memory kernel, this results
in an integrodifferential equation. However, if only a discrete number of past values are
considered, there is no need for an integral, and a delay differential equation (DDE) is
obtained [15,16]. Because of the delay, systems described by DDE'’s, even univariate ones,
evolve in an effectively infinite-dimensional phase space. This means that limit cycles and
chaotic attractors may be present irrespective of the number of dynamical variables involved.
This modelling power, coupled with the omnipresence of delayed feedback in nature, has
caused DDE’s to be employed in a wide variety of fields in recent decades. For instance, they
have been used in modelling optical devices [17-20], population dynamics [21], physiological
systems (14,22, 23], neural networks [24], economic phenomena [25], chemical kinetics [26],
and climate fluctuations [27,28].

Stochastically driven DDE’s are called stochastic delay differential equations (SDDE’s).
Since noise is as ubiquitous as delayed feedback, these equations play an increasingly im-
portant role in modelling and are already being used in a number of fields, such as phys-
iology [22,29-31], optics [32,33], and climatology [34]. For instance, in Ref. 34, an SDDE
is suggested as a model for the climate fluctuation known as the Southern Oscillation and
composed of the El Nifio and La Nifa phases. In this case, the delayed feedback arises from
the coupling between the Pacific ocean and the atmosphere, and the noise represents the
overall contribution of varied short term weather fluctuations. In addition, multistability
and rate processes in systems exhibiting both random fluctuations and delayed feedback
have been the subject of several recent papers, with models ranging from SDDE’s [35,36] to
stochastic integrate-and-fire models with delayed recurrent loops [37], and from stochastic
integrodifferential equations [38—41] to stochastic delayed maps [42]. It is thus essential to
develop a good understanding of systems described by SDDE’s. Unfortunately, the presence
of delayed feedback prevents the evolution equations for the probability density, at least as



formulated for nondelayed SDE’s, from being used in the context of SDDE’s. Although
an approximate FPE has been recently obtained for a particular linear SDDE [43,44], the
derivation of such evolution equations for SDDE’s in general remains an open problem.

Correspondingly, this thesis is centred on the Fokker-Planck equation in the context of
SDDE'’s driven by Gaussian white noise. It is organised as follows:

Chapter 2 presents background information relative to both SDE’s and DDE’s. It also
summarises recent results in the field of SDDE’s that are relevant for this thesis.

Chapter 3 discusses the applicability of the Fokker-Planck approach for SDDE’s. Two
different FPE'’s are presented, in Secs. 3.1 and 3.3.2. The correspondence between Ito
and Stratonovich SDDE’s is also considered.

Chapter 4 presents a small delay approximation that leads from an SDDE to a nondelayed
SDE. When used in conjunction with the FPE presented in Sec. 3.1, this method yields
two complementary approximate SDE’s.

Chapter 5 considers rate processes in systems that exhibit delayed coupling between an
overdamped particle and a stochastically driven potential. In Sec. 5.2, the transition
rate to a peculiar attractor consisting of unbounded oscillatory trajectories is investi-
gated for a family of single-well potentials. In Sec. 5.3, rate processes in a symmetric
bistable potential are characterised under an appropriate separation of time scales by
using the FPE presented in Sec. 3.1 and the steady-state probability density.

Chapter 6 summarises the main conclusions of this thesis and offers some suggestions for
future research projects.

Appendix A discusses the numerical methods used for obtaining the results reported in
this thesis.

Appendix B lists the publications and the conference presentations that have been based

on material presented in this document.



Chapter 2

Background Information

This chapter summarises the key concepts underlying this research project. Section 2.1
first presents an overview of stochastic processes. In particular, it introduces what is known
as the Fokker-Planck equation and states its correspondence with stochastic differential
equations driven by Gaussian white noise. Section 2.2 then deals with delay differential
equations and includes a short review of recent results pertaining to differential equations
that are both stochastic and delayed.

2.1 Stochastic Processes

2.1.1 Probability Functions

A stochastic process is a collection of random variables parameterised by time [1,2,45].
Thus, at any given time, the value assumed by a stochastic process follows a probability
distribution instead of being deterministically determined. More precisely, a stochastic pro-
cess z(t) is defined through an infinite hierarchy [2] composed of the first-order probability
distribution function

F(z1,t;) = probability that z(t1) < z1,

the second-order probability distribution function
F(z1,t1; T2,t2) = probability that z(t1) < z1 and z(t2) < z2,

and so on. As illustrated in part (d) of Sec. 2.1.5, the state space of a stochastic process,
which is the set of values that can be assumed by the state variable z, may be either discrete
or continuous. In both cases, probability distribution functions are defined over the whole



real axis. If the state space is discrete, they vary only through discrete jumps at discrete
values of the state variable; if it is continuous, they can vary both continuously and through
discrete jumps.

A stochastic process defined over a discrete state space may also be characterised using
probability functions, such as the first-order probability function

P(z1,t1) = lim [F(z1,t1) — F(z1 — Az, ty)]
Ax1—0
and the second-order probability function
P(z1,t1;Te, te) = lim  [F(z1,t1; %2, t2) + F(z1 — A1, 81522 — AT, t2)

Az, Ax2—0
— F(z1 — Az1, t1; 22, t2) — F(z1, 81522 — Aza, t2)].

Here, P(z1,t) is the probability that z(t1) = z1, and P(z1,t1; Z2, t2) is the probability that
both z(t1) = z1 and z(¢2) = z2. It is also often useful to consider conditional probability

functions, such as
P(zy,t1; T2, t2)

P (zla tl) ’
which is the probability that z(t2) = z2 given that z(t1) = z;.
For stochastic processes defined over a continuous state space, probability distribution

P($21 tZlea tl) =

functions may increase continuously. Probability functions vanish at the points of state
space where this happens, since the probability of being exactly at those points is zero.
However, the probability of being in small regions around those points is not zero. This
is taken into account by probability density functions, such as the first-order probability
density function

) 1
p(z1,f1) = \lim —A—xz[F(xl,h) — F(z1 — Azy, ty)]

2

T1

F(xl,t1) (2.1)

and the second-order probability density function

1

lim — [F(z1,t1; T2, t2) + F(z1 — Az, t1; T2 — AT, T
Az, Ax2—0 A:z:lA:z:g[ ( 1,51, %2, 2)-'- (1 1,01, 22 2 2)

p(z1,t1;T2,t2) =

— F(:z:1 - A:B]_,t]_;:z:g,tz) — F(:Z:]_,tl;:zz - Azz,tg)]
62

_ —— M . 2-
axlax2F($1:t1732at2) ( 2)



For instance, p(z1,%1)dz, is the probability, up to first order in dz;, that z(t1) € [z1 —
dzi,z1]. Conditional probability density functions are then defined in the same way as
conditional probability functions. For example,

_ p(z1,t1; T2, t2)

’t 7t d = d .
p(z2, talx1, t1)dzo 2@ t) T2 (2.3)

is the probability, up to first order in dz2, that z(t2) € [z2 — dz3, z2] given that z(t1) = z1.
When considering a pair of stochastic processes z(t) and y(t), joint probability distri-
bution functions, such as

F(z1,t1;y2,t2) = probability that z(¢;) < z1 and y(t2) < yo.

also need to be considered. These joint distribution functions lead to joint probability
functions and joint probability density functions, such as

p(z1,t1;y2,t2) = [F(z1,t1; 92, t2) + F(z1 — Az, t1592 — Aye, t2)

li - -
A:r1,An;:/12—-0 AIlAyg
— F(z1 — Azq,t1392, t2) — F(z1, 81592 — Aye, t2)].

2.1.2 Realisations and Sample Paths

Each instantiation of a stochastic process is known as a realisation, and the set of values
assumed by the state variable as a function of time for a given realisation is called a sample
path. When the state space is discrete, the state variable can vary only through discrete
jumps and the sample paths must be either constant or discontinuous. On the other hand,
when the state space is continuous, the state variable may be allowed to vary continuously
as a function of time and the sample paths may in this case be continuous without being

constant.

2.1.3 Ensemble Averages

Ensemble averages (---) are defined as averages over realisations and are calculated using
probability functions or probability density functions. Over a discrete state space, the
ensemble average of the arbitrary univariate function G (z(t1)) is given by

(G(z(t1))) =D _ G(z1)P(z1, ta),



and the ensemble average of the arbitrary bivariate function G(z(t1), z(t2)), by

(G(z(tr), z(t2))) = D, G(z1,22)P(z1, t1; 22, t2)-

T1,T2

In the case of a continuous state space, these ensemble averages become

(Gaw) = [ dmGEpE,h)

and

(G(z(t1),z(t2))) = /_oc dzy /—oo dzoG(z1, T2)p(z1, t1; T2, t2)-

The mean p(t1) = (z(t1)) and the autocorrelation function Riz(t1,t2) = (z(t1)z(t2))
are two commonly used ensemble averages. The autocovariance function is also often en-
countered. It is defined as Crz(t1,t2) = Rez(t1,t2) — pa(t1)p=(t2) and yields the variance
o2(t1) = (z2(t1)) — (z(t1))? when evaluated at t =¢;. Another quantity of interest related
to these ensemble averages is the correlation coefficient

R’.L‘:L‘(tly t2)

Tzz(t11t2) = a'z(tl)o’:z:(t2).

This function, which can vary between —1 and 1, quantifies the extent to which the state
of the process at time £, is a linear function of its state at time ;. If 7z (t1,t2) = 1, the
state of the process at times t; and t; can be expressed as linear functions of one another.
On the other hand, if rz.(¢1,%2) = 0, there is no linear relation between the state of the
process at these two times, which means either that the states are not related or that the
relation between them has no linear component.

Using joint probability functions and joint probability density functions, ensemble av-
erages involving two stochastic processes, such as

(G(z(t1),y(t2))) = /-oo dz, /—oo dyaG(z1, z2)p(Z1, t1; Y2, t2),

may also be calculated. These averages lead, for instance, to the cross-correlation function
Rey(t1,t2) = (z(t1)y(t2))-

Furthermore, ensemble averages can also be defined using conditional probability func-
tions and conditional probability density functions. For instance, over a continuous state



space,

(G(z(t2))|z1, 1) = /—oo dzoG(z2)p(z2, t2|T1,t1)

and .

[o o]
dﬂ?z/ dz3G(z2, z3)D(T2, t2; T3, t3|T1,21)-
lo ] -0

(G(a(t), (ts)) |21, tr) = /

This leads to the conditional mean (z(t2)|z1,%1), the conditional autocorrelation function
(:C(tz)m(t;;)[.'l:]_,tl), etc.

2.1.4 Stationary Processes

A stationary process is one for which all statistical properties are invariant with respect to
the time of measurement [1,2,45]. In other words, a stationary process is one for which all
probability distribution functions, or equivalently all probability functions or probability
density functions, are invariant to time shifts. In particular, in the case of a process defined
over a continuous state space, this means that

p(z1,t1) = p(z1, 81 + At)
= p°(z1)

p(z1,t1; T, t2) = p(z1,t1 + At; o, t2 + At)

= p*(z1; T2, t2 — 1)

for all values of At. Since p*(z1) and p*(z1;z2,t2 — t1) are time-shift invariant, they are
called steady-state probability density functions. Stationary processes also possess time-
shift invariant conditional probability density functions, since these are defined as ratios of
non-conditional probability density functions. The same holds for conditional probability
functions.

Steady-state ensemble averages, which are denoted by (---)s, are defined using the
formulas presented in Sec. 2.1.3, but with respect to steady-state probability functions
and steady-state probability density functions. Whereas the mean u(t1) and the variance
o2(t1) are time-dependent, the steady-state mean and the steady-state variance are time-
independent and are thus denoted as yz = (z)s and 02 = (z2)s — (z)2. Similarly, the
steady-state autocorrelation function Rez(t2—t1) = (z(t1)z(t2))s, cross-correlation function
Roy(t2 — t1) = (z(t1)w(t2))s, autocovariance function Cez(ta — t1) = Ruez(to —t1) — p2, and
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correlation coefficient ’
Rq:z(t2 - tl)

o2 (2.4)

"':z::c(t2 - tl) =

only depend on the time difference At = t2 —¢;. The correlation time, which can be defined
as [1,46]

)
Teor = / Tzz (t) dt,
0

is the time scale over which rz(At) relaxes. This quantity characterises the memory of the
process, since the steady-state correlation coefficient . (At) approaches zero for At >> 7cor-

A process for which (z(¢1)) is independent of ¢; and (z(¢1)z(t2)) depends only on t2—%; is
said to be wide-sense stationary. Clearly, all stationary processes are wide-sense stationary,
but the converse is not true. The Wiener-Khinchin theorem (1] states that for a wide-sense
stationary process, the power spectrum, defined in general as

2

bl

LT e
Sol(w) = Jim = /0 =t (t) dt

is given by -
See(w) = / e~ R, (t)dt.

—0Q

Defining the Fourier transform S(w) of a function R(t) as

S(w) = F{R(t)}

o -
= / e~ R(t)dt, (2.5)
—-OQ
the inverse Fourier transform of S(w) is then given by

R(t) = FH{S(w)}

= L[~ e S (w)dw (2.6)
2T J_oo

and the power spectrum is seen to be the Fourier transform of the autocorrelation function.

Similarly, two stochastic processes are said to be jointly wide-sense stationary if each is

wide-sense stationary and if, in addition, their cross-correlation function is also time-shift

invariant. The cross-spectrum Sgy(w) of such two processes is calculated as the Fourier

transform of their cross-correlation function.



2.1.5 Markov Processes °
a) Chapman-Kolmogorov Equation

A stochastic process defined over a continuous state space is said to be Markovian if the
equality
p(ah, th; o5, t9; - - - |o1, t1; 21, 815 - - ) = p(Th, 895 25, 835 - - - [T1, 1), (2.7

where t; = max(#},/,---) and t; < min(t5,%5,---), holds for all its conditional probability
density functions [1]. In other words, once the state z(t) of a Markov process is known at
time t = t;, specifying z(t) for t < £; does not improve the predictability of z(t) for ¢ > ¢;.

For any stochastic process, the probability of going from an initial state z1(t1) to a
final state z3(t3) through a completely unspecified path can be expressed in terms of the
probability of going from z; (t1) to z3(t3) through an intermediate state z2(¢2). This is done
by summing over all the values that the intermediate state variable zo can assume. In the

case of a continuous state space, this is written as

p(z3,t3|z1, 1) =/dxzp(xs,tsll‘z,tz;xhtl)P(sz,tzlzl,tl), (2.8)

where t; < ts < t3. For a Markov process, Eq. (2.8) reduces to the Chapman-Kolmogorov
equation

p(za,talz1, t1) = / dzop(z3, talz2, t2)p(@2, talz1, £1), (2.9)

since the evolution from z; (1) to z2(t2) .and the evolution from za(t2) to z3(t3) are statis-
tically independent. The differential Chapman-Kolmogorov equation 1]

0
a—tap(xs, ts|z1,t1)

2

a 10
=- —a_:zg[A(I3at3)p($3a t3|z11 tl)] + 5 [B(xs’ t3)p($3,t3lxl, tl)]

dz%
+/dxz[w(msl-'vz,ts)P(Iz,tslxl,tl) — w(z2l|z3, t3)p(zs, talz1, t1)], (2.10)
can be obtained from Eq. (2.9) if, for all e > 0,

1
AI%EIO Ep(:z:g, t1 + Atlzy, t1) = w(ze|z1, t1) (2.11)
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converges uniformly in z1, t1, and z2 for [z2 —z1| 2 ¢, while

1 Ty-+€
—_— dza(zo — :z:l)p(xg, t1 + Atlzy, 0) = A(zy1.t1) + O(e) (2.12)
At—0 At Jz e
and
1 T1+€ 2
— d - =B t .
lim /x " dmaler — ) p(en t + Al ) = Blowt) + O (2.13)

converge uniformly in z2, t2, and e. The functions w(z2|z1,t1), A(z1,t1), and B(z1,t1) cor-
respond to three different types of physical phenomenon. The distribution of discontinuous
jumps is given by w(z1|z2,t2), while A(z1,t1) and B(z1,t1) respectively describe the de-
terministic drift and the diffusion. Equation (2.9) can also lead to the backward differential
Chapman-Kolmogorov equation [1]

—3—(:1: ts|z1,t1)
atlp 3,L3|L1, 01

0 1 92
= — A(z1, tl)éz—lp(xs,tslxl,h) - 53(1‘1, tl)a—x%P(ms,tslxhh)

+ / dzow(zo|z1, tl)[p(:t:3, talz1,t1) — p(z3, t3lza, tl)]. (2.14)

The fundamental difference between Eqs. (2.10) and (2.14) lies in the respective roles of ¢;
and t3. In Eq. (2.10), t1 is kept fixed and t3 is allowed to increase from t; to oo, subject to
the initial condition

p(z3, t1]z1,£1) = 6(z3 — Z1)- (2.15)

This equation, in which §(z) represents the Dirac delta function, simply states that z(t)
cannot assume two different values at the same time. In Eq. (2.14), on the other hand,

p(z3, talz1,t3) = 8(z3 — z1), (2.16)

is considered to be a final condition and £; varies between —oo and t3, which is held fixed.
Both equations are nevertheless considered to be equivalent, since they lead to the same

solutions for p(zs, t3|z1,t1) [1].
In the case of a stochastic process defined over a discrete state space, the Markov

assumption reads
P($,2) t5; 37,2,’ tl2l; te ll"n t1; xg.l,tg.l; see) = P(xl27 tf“l; 95,2,’ tl2,; -z, t) (2.17)

11



and the Chapman-Kolmogorov equation becomes

P(z3, tslz1, t1) = Z P(z3,t3|z2, t2) P(z2, t2|z1,t1). (2.18)
2
For such a process, the differential Chapman-Kolmogorov equation simplifies to the so-called
Master equation [1]

o]
—at—aP($3,t3|$1,t1) = Z[w(:l:gl:l:z,t;;)P(xz,t3[:l:1,t1) —-w(:z:gla:;;,t3)P(:z:3,t3|:z:1,t1)], (2.19)

2

since there can be no drift or diffusion. Similarly, the backward differential Chapman-
Kolmogorov equation reduces to the backward Master equation [1]

]
a—th(:zzg,tglzl,tl) =3 w(zalz1, t1)[P(z3, talz1, t1) — Pz, tslze, t1)]- (2.20)

T2

In Egs. (2-:19) and (2.20), w(z2|z1,t1) is now defined as
(Zalz1,t1) = lim —P(z2,t1 + Atlz1, 1) (2.21
w(z2|T1,t1 _AtEloAt T2,t1 Z,t1), . )

but still characterises the distribution of jump processes.

b) Homogeneous Markov Processes

A Markov process is called time homogeneous when its conditional probability density
p(z2, to|z1,t1) is time-shift invariant [1,2]. This invariance implies that A(z1,t1), B(z1,t1),
and w(zz|z1,t1) are independent of time, as seen from Egs. (2.11) to (2.13). It is important
to note that a time homogeneous process need not be stationary, even though a stationary
process is necessarily time homogeneous. However, several homogeneous processes tend to

a stationary limit as they evolve.

c) Types of Markov-Process

Not all Markov processes defined over a continuous state space are such that A(z1,t1),
B(z1,t1), and w(zz|z1,t1) are non-zero. Setting some of these quantities to zero leads to

particular types of Markov process.

Deterministic Processes For a deterministic system, there are no discontinuous jumps
and no diffusion. Thus, w(zz2|z1,t1) = B(z1,%1) = 0, and Eq. (2.10) reduces to the Liouville

12



equation

5]
—p(z2, t2|z1,t1) = ~3 [A(z2, t2)p(z2, t2|71, t1)]-

Oto To

This corresponds to a system whose evolution is given by [1]
—d—z(t) = A(z(t),t)
dt ) b

thus illustrating that A(z1,¢1) corresponds to the drift.

Diffusion Processes If only w(zi|z2,t2) is zero, Eq. (2.10) yields a diffusion process with
drift and reduces to the well-known Fokker-Planck equation (FPE) (1]

o o}
atzp(fcz, to|z1,t1) 52, J(z2, t2|z1, t1), (2.22)
where
1 8
J(z2,to|z1, t1) = A(z2,t2)p(Z2, to|T1,£1) — 55—1:—2-[3($2,t2)p($2,tzlzly t1)]

is a probability current density. Diffusion processes have continuous, but nowhere differ-
entiable, sample paths. For a time homogeneous process, both A(zi,t1) = A(z1) and
B(zi,t1) = B(z1) are time independent, as seen in part (b). Assuming the existence of the
steady-state limits

p’(z2) = Hm  p(z2,t2|z1.t1)
(t2—t1)—oco
and
Js(zz) = lim J(:Ez,tzlxl,t]_),

(ta—t1)—oco

Eq. (2.22) leads to
%Js(:vg) =0. (2.23)
The steady-state probability current density J*(z1) is thus equal to a constant determined
by the boundary conditions [1].
A boundary where the probability current density is set to zero and where the probability
density is left unspecified is called reflecting. When both boundaries are of this type,

Eq. (2.23) leads to the so-called potential solution
N / *2 , A(z)) )
() = —— dz , 2.24
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where N is a2 normalisation constant and c is arbitrary. However, if the probability density
at one of the boundaries is set to zero and the probability current density at that point
is left unspecified, the said boundary is then absorbing and there can be no steady-state
probability density. Indeed, absorbing boundaries act as drains for the probability density
and cause p(z2,t2|T1,t1) to identically approach zero as 3 — £1 — oo. The choice of the
names reflecting and absorbing for these two types of boundary condition is best understood
by considering an example where the state variable z(t) represents the position of a particle.
In such a case, reflecting and absorbing boundaries respectively correspond to points where
the particle is reflected and absorbed. '

For a diffusion process, the backward Chapman-Kolmogorov equation [Eq. (2.14)] leads
to the backward FPE [1]

] 8 1 b2
—p(z2, tolz1,t1) = —A($1,t1)a—95p($2,tzl$1,t1) - 53(1‘1,1?1 ) =—=p(z2, to|z1,%1). (2.25)

oty oz2
When working with this equation, the conditions used for obtaining the various types of
boundary differ slightly from those presented in the previous paragraph. This results from
the fact that zo and £, are the variables considered to be fixed in Eq. (2.25), while this
role is played by z; and t; in Eq. (2.22). In the context of the backward FFPE, reflecting
and absorbing boundaries are obtained by respectively setting dp(z2,t2|z1,t1)/0z1 and
p(z2, t2]z1,t1) to zero.

Jump Processes Setting A(z1,t1) = B(z1,t1) =0 in Eq. (2-10) leads to

0
a;p(xl’nt:ilxlytl) = /dx2['ZU($3|$2,t3)p($2,t3l$1,tl) —w(z2l$31t3)p(x31t3l$l7tl)]a

which is another form of the Master equation [1]. This equation describes a jump process
over a continuous state space, whereas Eq. (2.19) is concerned with jump processes defined
over a discrete state space. All jump processes, whether defined over a continuous or a dis-
crete state space, exhibit sample paths that are composed of constant sections interspersed

with discrete jumps.

d) Examples of Markov Processes

Ornstein-Uhlenbeck Process The Ornstein-Uhlenbeck process ¢(t) is a time homoge-
neous diffusion process for which A((1) = —k¢; and B({1) = D, where &k and D are positive
coefficients. The evolution of its conditional probability density function is thus given by

14
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Figure 2.1: Steady-state- realisation of the Ornstein-Uhlenbeck process with k=D =1

the FPE
2

1
%P(Cz,tzlfl,tl) = ka—aC;[Czp(Cz,thl,tl)] + §D§—C§P(C2,t2|ﬁ,t1)-

Choosing the whole real axis as the domain and specifying reflecting boundary conditions,
this equation yields a Gaussian univariate conditional probability density p(Ce, t2{C1, 1) [1]
with average

(CEIC tr) = Ge=F ) (2.26)

and variance D
(P (t2)IC1, t1) — (C(E2)[C1, t1)? = ﬁ(l — e72k(t2=t)) (2.27)

The steady-state limit of p((2,t2|¢1,%1) is obtained by letting (t2 — ¢1) — oo in Egs. (2.26)

and (2.27). This leads to
s - k —kC§
P (Cz)—\/wDexp( D )

The bivariate steady-state probability density p®((1;(2,t2 — t1) is then given by

p°(Gr; Ca, ta — t1) = p(Ca, t21€1, £1)P° (G1)),

from which the steady-state autocorrelation function is calculated to be

D
(G1(t1)G2(t2))s = ﬁe-k(tz_t‘),

and the correlation time, 7cor = 1/k. Figure 2.1 shows a realisation of the Ornstein-

Uhlenbeck process.
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Figure 2.2: Steady-state realisation of the symmetric dichotomous process with A =~v =1

Symmetric Dichotomous Process Dichotomous processes are time homogeneous jump
processes that are defined over a discrete state space composed of only two values. One
such process is the symmetric dichotomous process I(t), for which the two states £A are
equiprobable. This process is characterised by the transition rate matrix (2]

w(A]—At1)  w(AlA )
_ (—7/2 v/2 )
v/2 —v/2)’

where 7 is a positive coefficient, and the evolution of the probability vector

w(ty) = (w(-Al —At) w(—AIA,tl))

P(to|l1, 1) = P(=A,to|I1,t1)°
’ - P(Aat2[I1,t1)

is thus given by the Master equation

5]
g‘P(tlelatl) = w(t2)P(t2|I1, t1)-
2

Using the normalisation condition

P(-Av t'ZlIlatl) +P(A1 t2II11 tl) = 11
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Figure 2.3: Realisation of the Wiener process

this equation is easily solved to yield the steady-state probability vector

P’ = lim P(tz][l,tl)
ta—o0

(172
T \1/2)°

Furthermore, the steady-state mean of the symmetric dichotornous noise is zero, its steady-
state autocorrelation function is given by

(I (t1) Io(ta)) s = AZe™T02—t1),

and Teor = 1/7. A realisation of the symmetric dichotomous process is presented in Fig. 2.2.
The results presented in this section are easily generalised to the case, called asymmetric,
where the two states +A are not equiprobable [2].

Wiener Process The Wiener process W (t) is a diffusion process with a null drift coef-
ficient A(W1,t1) and a unit diffusion coefficient B(Wh,t1). It is thus characterised by the

FPE )

0 19

—p(Wa, t2|W; = = —=p(Wh, t1|Wh1, 1)

atzp( 2, 2| Wi, t1) 28W22p( 2, t1|Wh, 1)
Solving this equation over the whole real axis yields the Gaussian conditional probability
density function [1]

—(W2 — W1)2> ’ (2.28)

1
p(Wa, t2[W1,t1) = mm( (e — )



whose mean and variance are (W (t2)|W1,t1) = W1 and (W(t2) — W1)2|Wi,t1) = to — t1.
Since this conditional probability density is time-shift invariant, the Wiener process is time
homogeneous. However, its variance increases indefinitely with time. Thus, the Wiener
process does not possess a stationary limit. Furthermore, since W(¢) is a diffusion process,
its sample paths are continuous, but not differentiable. Figure 2.3 presents a realisation of
the Wiener process.

Gaussian White Noise Gaussian white noise £(¢) is, as its name implies, a Gaussian
distributed stochastic process. It is defined [1] through its mean

(g@) =o (2.29)

and its correlation function

(E(t1)€(t2)) = 6(t1 — t2), (2.30)

where 6(t) is the Dirac delta function. Using Egs. (2.29) and (2.30), the correlation time
of £(t) is calculated to be zero and the integral of £(t) is formally found to be the Wiener
process W (t). Since no stochastic process found in nature has a zero correlation time and
since the sample paths of the Wiener process are not differentiable, Gaussian white noise is
clearly a mathematical artefact. However, it is useful when modelling a fluctuating input
with a correlation time much smaller than all the other relevant time scales of the driven
system.

2.1.6 Stochastic Differential Equé.tions

Differential equations driven by stochastic processes are called stochastic differential equa-
tions (SDE’s). Since the driving stochastic process usually appears linearly, the equation

%m(t) = f(z(¢)) + og(z(t))n(t) (2.31)

can be seen as the archetypal SDE. In this equation, f(z) and g(z) represent known functions
and n(t) is an arbitrary stochastic process. Stochastic differential equations are classified
according to the definition of the function g(z). If g(z) is independent of z, the SDE is said
to be driven by additive noise. Otherwise, the noise is said to be multiplicative.

In most cases, SDE’s are interpreted using the usual rules of calculus. However, Gaussian
white noise £(¢) cannot be integrated in the Riemann sense, since it is the derivative of the
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non-differentiable Wiener process W (t). Because of this, £(t) can only appear in integral
equations. Thus, the differential equation

%:c(t) = f(z(t)) + og(z(t))&(¢), (2.32)

where o scales the noise amplitude, must be interpreted as representing the integral equation

ty ty
z(ty) = z(ta) + /t f(z(t))dt + o’/t g(z())dW (t). (2.33)

In this equation, the first integral is the well-known Riemann integral, the second one is a
Riemann-Stieltjes integral, and Z, and tp are respectively the starting and ending integration
times. In addition, dW (t) is the differential of the Wiener process and thus represents § (t)dt.

The Riemann integral of a function G(t) over the interval [ta,ts] is defined as the limit

ty n
[ 6= lim > Gk~ te-n), (234)

ta i=1
where t, = tp < t1 < .. < tne1 < tn = tp and t; € [t;—1,£]- On the other hand, the
corresponding Riemann-Stieltjes integral with respect to a given function H(t) is defined
as the limit . -
b

—_ 13 / ) .
G(t)dH(t) = lim > GE)H(t:) — H(ti-1)]- (2.35)

ta =1

The Riemann integral is thus a Riemann-Stieltjes integral with respect to H () =t
If the function H(t) is a stochastic process, the limit in Eq. (2.35) is understood to be
in the mean square [1]. This is written as

* G(OdH() = msim > GEH () — H(t) (236
ta i=1

and means that

<( /t t COAHE) - lim > GEEE) - H(ti_1)1>2> o,

=1

where the average is performed over realisations (see Sec. 2.1.3). Furthermore, if H(t) =
W (t), as in Eq. (2.33), the result of the limiting process in Eq. (2.36) depends on the exact
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choice of t}’s. If t; = t;_1, the Ito integral

z[" Gaw () = mslim > Gt )W) = W (t5-1)] (.37)

ta =1

is obtained. The identities [1]

I[* GOEWOF = mslin Y G-V (&) — W ()P
ta i=1
- [ G (2.38)

ta

and

193 n
[ G®AwW )]™d]" = ms-lim > Gti—1) W () — W (tamn)]™ (8 — tie1)™

ta i=1
=0, (2.39)

where m,n € N and m + 2n > 2, are two properties of Ito integrals that are frequently
used when studying SDE’s. They are usually summarised by stating that dW (t) is an
infinitesimal quantity of order 1/2. Another important feature of Ito integrals, which follows
from the independence of Wiener increments, is that [1]

[ cyaw ¢ — r)aw ()

ta

= K}ls;lg.glz G(ti—1)[W(t:) = W (t-1)][W (t: ~ 7) — W(tio1 — 7)]
=1

=0. (2.40)

This is true unless 7 = 0, in which case Eq. (2.38) is recovered.
The Stratonovich integral is an another type of stochastic integral that is useful in the
context of SDE’s. It is defined as [1]

z(ti-1) + z(t;)
2

s[* e, naw) = ngts;lgai e (

ta

,t,-_l) W () — Witit)]  (2.41)

=1

for a given function G(zZ,,t,) and a stochastic process z(t). There is no general relation
between the Ito and Stratonovich integrals of arbitrary functions.
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Since SDE’s driven by Gaussian white noise, like Eq. (2.32), are defined in terms of
integral equations, Ito and Stratonovich integrals lead to two different types of SDE. If the
Riemann-Stieltjes integral in Eq. (2.33) is interpreted as an Ito integral, Eq. (2.32) is called
an Ito SDE. If it is interpreted as a Stratonovich integral, then Eq. (2.32) is a Stratonovich
SDE. In order to differentiate between the two, Ito SDE's will be written as

dz(t) = f(z(t))dt + og(z(t))dW ®), (2.42)
and Stratonovich SDE’s, as
dz(t) = f(:n(t))dt + ag(x(t)) o dW (t). (2.43)

In these two equations, the differential of the Wiener process is used instead of £(t) to
acknowledge that they must be interpreted in terms of integral equations.

Even though there is no general formula relating the Ito and Stratonovich integrals of
arbitrary functions, there is a simple relation between Ito and Stratonovich SDE’s. Indeed,
the Stratonovich SDE (2.43) is equivalent to the Ito SDE [1]

2
dalt) = [fao) + Foe fma@)| _ de+ogle@)awe. @4
o To=2z(t)
Considering that Ito SDE'’s are more mathematically tractable than Stratonovich SDE’s,
Eq. (2.44) simplifies the analysis of the latter. This is extremely important, since the zero
correlation time limit of real stochastic processes leads to Stratonovich SDE’s. A relation
similar to Eq (2.44) is derived in Sec 3.2 for stochastic delay differential equations.
The rules used to perform a change of variable in an SDE driven by Gaussian white
noise depend on whether Ito or Stratonovich calculus is used. For an arbitrary function
G(z) and a process z(t) given by the Ito SDE (2.42), it can be shown that [1]

dG(z(t)) = [f(:z:o) —G(zo) + 229 (:z:o) G(xo)] dt

zo=x(t)

To=z(t)

[ag(zo) Lo awo. (2.45)

This equation is known as Ito’s formula. Using Eq. (2.45) and the relation between Ito
and Stratonovich SDE’s, the corresponding formula for a process z(t) described by the
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Stratonovich SDE (2.43) is found to be

dG(z(t)) = [B%G(m")] [f(z(t))dt + og(z(t)) 0 dW (t)]- (2.46)
o To=x(t)

Thus, changes of variables involving Stratonovich SDE’s follow the usual rules of calculus,

which is not the case for Ito SDE’s.

The stochastic input of SDE’s implies that their output is also stochastic. Thus, SDE’s
give rise to new stochastic processes. It can be shown that the evolution of the condi-
tional probability density p(z2, t2|z1,t1) associated with the stochastic process arising from
Eq. (2.42) is given by the FPE [1]

2 52
8%10(132, tolz1,t1) = —a—i;[f(:cz,tz)p(zz, tolz1, t1)] + %;—z%[gz(zz, t2)p(z2, ta|z1, t1)]-

(2.47)
Thus, an SDE driven by Gaussian white noise describes a diffusion process with drift, the
drift and diffusion originating respectively from the deterministic and stochastic terms of the
SDE. Conversely, a diffusion process can; under appropriate assumptions [47], be expressed
in terms of an SDE. For example, the Orsntein-Ulhenbeck process presented in Sec. 2.1.5
can be written as

d¢(t) = —k((£)dt + VDdW (¢).

A Fokker-Planck like equation for the conditional probability density of processes described
by SDDE'’s is derived in Chap. 3.

2.1.7 Example:r Logistic Equation

The logistic, or Verhulst, equation (2]

2
2.4

where o and (3 are positive coefficients and z is confined to the positive z-axis, was originally
developed in the field of population dynamics. It was used to model population growth in
an environment where resources are limited. In this context, o represents the Malthusian
growth rate and 3 scales the environmental constraints. Applying Gaussian white noise to
parameter « and using Stratonovich calculus leads to the SDE

dz = (az — Bz?)dt + oz o dW, (2.49)
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Figure 2.4: Steady-state probability density [Eq. (2.51)] for the nondelayed logistic SDE (2.49) with 8 =
02 =1 (see App. A.1). The dashed line corresponds to a =0.1, and the solid line, to . = 1.
where o scales the noise amplitude. The equivalent Ito SDE is

o2
dz = [(a + —9-) T — Bx2] dt + cxdW,

and the corresponding FPE,

5 2
3_15217(.'1:2,152[2:1, t1) =— Ozo { [(a * %> T2 62%] p(z2, t2lx1’t1)}
0.2 32
+ _2_a—$%-[a:§p(zz,t2l$1,t1)]-

(2.50)
For this FPE, the boundaries at the origin and positive infinity are both natural for & > 0 [2].

In other words, they are both naturally reflecting, and boundary conditions need not be
externally imposed [1]. In this regime, Eq. (2.50) leads to the steady-state probability
density

ps (1:2) = Nx§&/02—16—2ﬁzz/0‘2 ,

(2.51)
where N is a normalisation constant. As illustrated in Fig. 2.4, the shape of p*(z2) depends

on the relation between a and o2. If 0 < a < 02/2, p*(z2) diverges at the origin and

decreases monotonically as zp increases. On the other hand, if o > 02/2, p*(z2) is then
zero at the origin and reaches a maximum at z3 = (@ — a2/2)/B.
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2.2 Delay Differential Equations

2.2.1 Deterministic DDE’s

The variables and derivatives appearing in a differential equation are wsually evaluated at
the same point in time. For instance, in the ordinary differential equat¥on (ODE)

d
—z =1z,

dt

both z and dz/dt are implicitly assumed to be evaluated at time ¢, and this equation can
thus be written as

Elc—ii;z(t) = z(t).

In general, however, the quantities appearing in a differential equation may be evaluated
at different times. When this is the case, the differential equation is said to have deviating
arguments and is called a functional differential equation [15,16]. In such an equation, a
given dynamical variable or derivative may even be evaluated at more than one instant. For
example, in the equation

%z(t) — ozt — 7) + Bz(D),

r is evaluated at times t and t — 7, and its first derivative dz/dt is evaluated at time ¢.
While the delay T is constant in this particular example, deviations ma:zy in general be time
or state dependent.

Functional differential equations are classified in three categories: delay, advanced, and
neutral [15]. They are called delay differential equations (DDE’s) when

1. all the terms involving the highest order derivative of the state variable are evaluated
at the same time, and

9. the highest order derivative is never evaluated at earlier times than the state variable

and its lower order derivatives.

Equations for which item 1 holds and for which the word earlier is replaced with later
in item 2 are called advanced differential equations. All other equations with deviating
arguments are qualified as neutral.

This thesis concentrates on constant delay DDE’s of the form

%z(t) = (a(t), 2t — 7)), (2.52)
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where f(zo, Zr) is a given function. In this equation, the retarded variable z(t—T) represents
delayed feedback. Because of this retarded variable, a complete knowledge of z(t) over one
delay 7 is needed to uniquely specify the state of the system. In particular, integration
forward in time for ¢ > ¢ requires an initial function {z’(t)|t € [t' —7,t']}. This also implies
that systems described by DDE’s effectively evolve in an infinite-dimensional phase space,
thus allowing the existence of a large variety of attractors even in univariate DDE’s. For
example, depending on the value of the delay, the DDE

gt-x(t) =z(t —7) —z3(t—7),

which is studied in more detail in Sec. 5.3.4, exhibits fixed points, limit cycles, and aperiodic

behaviour.

2.2.2 Stochastic DDE’s

The expression stochastic delay differential equations (SDDE’s) refers to stochastically
driven DDE’s. As mentioned at the end of Sec. 2.2.1, systems described by DDE’s, and
therefore by SDDE's, evolve in a phase space that effectively contains an infinite number of
degrees of freedom. For instance, in the case of the SDDE

dz(t) = f(z(t), z(t — 7))dt + g(z(t))dW (2), (2.53)

uniquely specifying the state of the system requires the knowledge of z(¢) at all ¢’s within
a period of time equal to the delay 7. Even though an evolution equation for a probability
density defined over such an infinite-dimensional domain may be formally written (see
Sec. 3.3.2), it does not seem to be exactly solvable in general.

Most of the research on SDDE'’s has been concerned either with the existence and the
properties of its solutions [16,48-52] or the existence, uniqueness, and smoothness of the
probability densities [53]. In order to study the evolution of the probability densities,
Losson and Mackey [54] developed, through a discretisation procedure, an approximation
scheme for DDE’s and SDDE’s in terms of coupled map lattices. This approach allows
techniques developed for coupled map lattices to be used in the context of SDDE'’s, such as
the numerical computation of evolving probability densities. However, they did not obtain
analytical expressions for the probability densities. In fact, to our knowledge, no general
method for obtaining exact analytical expressions of the probability densities has ever been
devised for nonlinear SDDE’s.

On the other hand, a variety of techniques can be used to solve linear SDDE's for their
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probability densities. For example, Kiichler and Mensch [55] expressed the sample paths of
the process described by the linear SDDE

dz(t) = [az(t) + Bz(t — 7)]dt + ocdW(2), (2.54)

with o = 1, in terms of those of the Wiener process W (t). They used this expression to
determine the range of parameter values for which a stationary solution exists, to show that
the steady-state probability density p*(z) is a zero mean Gaussian, and to calculate the
covariance function of the process. Since a Gaussian is uniquely specified by its mean and
variance, they effectively determined the steady-state probability density.

Furthermore, Mackey and Nechaeva [56] analytically studied the stability of (z(¢1)) and
(z(t1)z(t2)) for systems described by Eq. (2.54) and by

dz(t) = [az(t) + Bz(t — 7)]dt + oz(t)dW (t). (2.55)

They also considered cases where these equations are driven by Ornstein-Uhlenbeck noise
instead of Gaussian white noise. Subsequently, Hunter and Milton [57] noted that the
assumption (z(t)2)s = (z(t)z(t — 7))s used in [56] to obtain a characteristic equation for
(z(t1)z(t2)) in the case of Eq. (2.54) is inappropriate. However, Hunter and Milton stressed
that this problem does not intervene in the characterisation of (z(t1)) and in the analysis
of Eq. (2.55).

In addition, Hunter and Milton [58] obtained the power spectrum of the state variable

for a system whose evolution is given by
dz(t) = [az(t) + Bz(t — 7)]dt + n(t)dt, (2.56)

where 7(t) is an arbitrary stochastic process, using Laplace transforms and the linearity of
the differential equation. An approach similar to theirs but formulated in terms of Fourier
transforms is presented in Sec. 2.2.3.
On a different note, Ohira [43,44] obtained an approximate FPE for the delayed Langevin
equation '
dz(t) = —oaz(t — 7)dt + cdW (1), (2.57)

with o = 1, in the limit where o <« 1. This was done by using a correspondence with a
discrete time random walk for which the transition probabilities at a given time depend
on the state of the system at a previous time [59]. Such an FPE is very interesting, since
it allows the determination of both the steady-state limit and the time evolution of the
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probability density. Unfortunately, the approach used by Ohira is specific to the linear
SDDE (2.57). Chapter 3 explores the possibility of obtaining a Fokker-Planck equation for
a general nonlinear SDDE.

2.2.3 Example: Delayed Linear Equation

The delayed linear equation p
Ex(t) = —az(t—T1), (2.58)

which was studied by Wright [60] and in which o and T are positive coefficients, regularly
appears when linearising nonlinear D*DE’s around fixed points. It is thus useful to perform
its stability analysis. Its complex eigenvalues A = u + fw, around its only fixed point
z(t) = 0, are obtained by substitutimg the trial solution z(t) = Ae. This results in the
characteristic equation

A+ae™ =0, (2.59)

which is equivalent to the pair of real equations

u+ ce # cos(wt) =0 (2.60a)
w — ae " sin(wt) = 0. (2.60b)

The number of roots of Eq. (2.59) depends on the value of the delay 7. When the
delay is zero, it has only one root, which is real and is given by A = —a. On the other
hand, when the delay is non-zero, Et has an infinite number of roots, all of which must
be determined numerically. Despite this fact, some properties of these roots can still be
studied analytically. For instance, since Egs. (2.60a) and (2.60b) are left unmodified by
the transformation w — —uw, all eigenvalues with non-zero imaginary parts must come in
complex conjugate pairs. Furthermore, by setting w = 0 in Eqgs. (2.60a) and (2.60b), it is
found that two of the roots are real when 0 < aT < 1/e and that there is no real root when
ar > 1/e. Numerically, it is found that all roots have real parts that are more negative
than —a when 0 < ot < 1/e. As crr-approaches zero, one of the real roots converges to
—a, the real parts of all the other xoots diverge to —oo, and the imaginary parts of the
complex roots diverge to +oo. If a7 increases, the two real roots merge and become a
complex conjugate pair as ot goes through 1/e. This pair crosses the imaginary axis when
at = /2, as can be seen by setting p =0 in Egs. (2.60a) and (2.60b).

The behaviour of the roots of Eq. (2.59) is illustrated in Fig. 2.5. In this figure, the eigen-
values have been determined using iterative techniques with appropriate initial conditions.
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Figure 2.5: Eigenvalues of the linear DDE (2.58) for & = 1 (see App. A.1) and various values of the delay.
Only the eleven pairs of eigenvalues with the least negative real parts are presented. They have been
numerically determined using iterative techniques, as discussed in Sec. 2.2.3. On graph (b), two eigenvalues
are merged on the real axis. On graph (c), two pure imaginary eigenvalues are located near the origin.

Parametric plots of Egs. (2.60a) and (2.60b) have led to the conclusion that

T 1

and

by %h‘<ﬁ> , (2.62)

where n € N,, constitute suitable initial conditions for the determination of the complex
roots (n = 0 is applicable only for ar > 1/e). The origin was used for the least negative
real root, and trial and error was used for the other one.

This eigenvalue analysis shows that initial conditions decay monotonically to zero when
T = 0, since the single eigenvalue is real and negative. For constant initial conditions, the
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same also holds when 0 < ar < 1/e, since the eigenvalue with the least negative real part
has no imaginary part. When 1/e < a7 < w/2, constant initial conditions lead to damped
oscillations, since all the eigenvalues have negative real parts and non-zero imaginary parts.
Finally, constant initial conditions lead to diverging oscillations when ar > /2, because
some of the eigenvalues have positive real parts.

Subjecting Eq. (2.58) to an arbitrary zero-mean and wide-sense stationary stochastic
process 7(t) leads to the delayed linear Langevin equation

%x(t) = —az(t — 1) + n(t), (2.63)

which is the simplest of all linear SDDE’s and will act as a reference point for the discussion
presented in this thesis. The linearity of this equation greatly facilitates the determination
of the steady-state probability density p®(z). Indeed, once the initial condition of z(t) has
decayed, Eq. (2.63) is a linear time-invariant transformation. Because of this, and since n(t)
is wide-sense stationary, n(t) and z(t) are jointly wide-sense stationary. In other words, their
means, autocorrelation functions, and cross-correlation function are all time-shift invariant.
In the particular case where 7(t) is Gaussian distributed, it also implies that z(t) is itself
Gaussian distributed and that the steady-state probability density p°(z) is thus uniquely
determined by its mean and variance.

Calculating the ensemble average of Eq. (2.63) leads to an evolution equation for the
mean (z(t)). Indeed, since (n(t)) =0,

2 (a(t)) = —tott = 7).

The stability analysis carried out for Eq. (2.58) also applies to this one. In particular,
(z(t)) = 0 is the only fixed point and is stable when a7 < /2. The steady-state probability
density thus has a zero mean.

Evaluating Eq. (2.63) at t = ¢;, multiplying it by z(t2), and calculating the ensemble
average of the product leads to

2 (alt)alin)) = —ala(ts = )a(t) + (e 2) (2.64)

Similarly, 5
a—m(n(h)x(tz)) = —a(n(ti1)z(tz — 7)) + (n(t1)n(t))- (2.65)

As mentioned above, once z(t) has reached steady-state, n(t) and z(t) are jointly wide-sense
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stationary and all their correlation functions are time-shift invariant. Thus, at steady-state,
Egs. (2.64) and (2.65) lead to

d
E&x(t) = aRf.x::x:(t + T) - Rn:z:(t)
and d
2 Roa(t) = —aRpa(t =) + Ban(t),
where ¢ = t, — t;. Taking the Fourier transform [see Eq. (2.5)] of these equations yields
iwSze(w) = €™ Spz(w) — Spz(w)
and
wSne(w) = —ae™™ Sz (w) + Spg(w),
from which

_ San(w)
Szz(w) = o? + w? —’m2aw sin(wT) (2.66)

This expression is compatible with the one obtained by Hunter and Milton [58] for a process
described by Eq. (2.56). The variance of the process z(t) can be obtained from the spectrum
Szz(w) through
0'3 = Rz-(0)
_1 ® Sqn(w)
21 J_oo 02 +w? — 20wsin(wT)

which completely determines the steady-state probability déensity p°(z) in cases where it is
a Gaussian.

2

The spectrum of the Gaussian white noise c§(¢) is found to be Sge(w) = o° using

Eq. (2.30). Thus, if n(t) is considered to be this type of process, Eq. (2.57) is recovered and

2 _ 0 [ 1

— dw. 2.67
92 = o1 J_o o2 + w? — 20wsin(wr) (2.67)
Numerical integration shows that this expression is equivalent, for 0 < ar < /2, to
2 -
5 0° [1+sin(ar)
= |t} 2.6
9= = 20 [ cos(aT) (2.68)

which is a special case of a formula obtained by Kiichler and Mensch [55] for a system
described by Eq. (2.54).
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Chapter 3

Fokker-Planck Approach to
SDDE’s

The central result of this thesis, a Fokker-Planck equation for Ito SDDE’s, is derived in
Sec. 3.1. A correspondence between Ito and Stratonovich SDDE’s is then established in
Sec. 3.2, thus allowing the FPE obtained in the first section to be used with both types
of SDDE. After this, Sec. 3.3 presents two alternate representations for SDDE’s and shows
that they yield yet another Fokker-Planck equation. Finally, these methods are applied to
a linear and a logistic SDDE in Sec. 3.4.

3.1 TIto SDDE’s

Characterising a stochastic process involves calculating its probability density functions. In
the case of nondelayed SDE's, presented in Sec. 2.1.6, the first-order probability density
function can be determined through the FPE [Eq. (2.47)]. In this section, the technique
used to obtain an FPE from a nondelayed SDE is applied to a general SDDE and is seen to
yield an integrodifferential equation involving the second-order probability density function
[see Eq. (2.2)]- Although the resulting equation is not self-sufficient, it is far from being
useless. Indeed, it is found to be helpful when used in association with either the small
delay approximation of Chap. 4 or the separation of time scales assumption of Sec. 5.3.
Moreover, it also leads to a better understanding of the problems involved in obtaining
evolution equations for the probability density functions of delayed systems.

In general, the drift and diffusion terms of an SDDE may both involve delayed feedback.
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Consequently, this section considers the Ito SDDE
dz(t) = f(z(t),z(t — 7))dt + og (z(t),z(t — T))dW (2), (3.1)

where f(zo,z-) and g(z,,zr) are given functions. In addition, the initial condition is set
to {z(t) = z'(¢)|t € [t — 7, t]}, where z/(t) is another given function, and the state variable
z is confined to the range [a,b]. The first step in obtaining the evolution equation for the
first-order probability density function associated with Eq. (3.1) is to derive the change of
variable equation for an arbitrary C? function G(z,) defined on [a,b]. A Taylor expansion
of G(z(t) + dz(t)) in powers of dz(t) in the differential

dG(z(t)) = G(=z(t) + dz(t)) — G(z(t)) (3.2)

leads to

dG(z(t)) = [di%c(xo)] dz(t) + ; [ dd 2G(a:o)] [dz()] + - . (3.3)

To =J:(t) zo==z(t)

Using the identity [dW (¢)]2 = dt [see Eq. (2.38)] and keeping terms up to first-order in dt,
Egs. (3.1) and (3.3) yield Ito’s formula {16, 48]

dG(z(t)) = [f(:z:o,:z:(t - T))E%G(zo) + égz (@0, z(t — 7')) G(:z:o)] dt

To=2z(t)

+ [crg (z0,z(t — 7)) %G(zo)] dW (t).- (3.4)

zo=x(t)

This chaﬁge of variable equation has the same form as for nondelayed SDE’s [see Eq. (2.45)].
In Eq. (3.4), dW(t) is independent of z(t) and z(t — 7), and its average is zero. Thus,
the ensemble average of Eq. (3.4) can be written as

(dG(z(t))|=',t")
b b
=/ dmo/ dz+p(To, t; T, t — 7|z’ t')
< ((@r) -Gtz) L o2 256 )d (35)

where z' and ¢’ represent the initial condition {z(t) = z'(¢){t € [t' — 7,t']}. Under the
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assumption that
lim G(z,) = hm G(:z:o) =0

To—a

and

G(:z:o) =

Jm, dxoG(zo) =0,

integrating the right-hand side of Eq. (3.5) by parts with respect to z, yields

zo—a dT,

(dG(z(t)) |z, ')

_/ d:z:oG(a:o)/ d:z:-r( Bz,

o2 92
T3 a2

z:)p(To, t; T, t — T|T, )]

[ 2($01 IT)p(:EOv t ZE—,—, - Tlx,7 t,)]) dt‘ (36)
From Eq. (3.2), the ensemble average of the differential dG (z(t)) can also be written as
b b
(dG(z(¥))|z',t') = / dz.G(zo) / dz.[p(To,t + dt; z,,t + dt — Tl|’, )
—p(Zo, t; 7, t — 7|, )] (3.7)

Equating the last two equations and dividing by dt results in

b b
/ dz,G(z,) / d:z:.rip(zo, t;zr, t — 7T’ t')
a a 6t

= /(zbdmf,G(zo) /abd:z:1-<—

z.)p(zo, t; T, t — T|Z', )]

a2
2 9z2

(6% (o 2V (Tor Tt —rlz',t')l). (38)

Since G(z,) is arbitrary, Eq. (3.8) leads to

b b
/ d:cq—zp(xo,t; Tt — 7’ ) = / d:c'r( [f (Zor Zr)D(Zo, t; T7, t — T]Z', T')]
. ot @ 6~°
o2
2 .
+ 78_133'[9 (zo; zf)p($01 t: Zr, t— Tlxl" t,)]) :

Inverting the order in which the integral and the derivatives are performed and defining

b
p(xm tolzlatl) E/ dz'rp(zmto;m'r:tflzl:tl) (39)
a
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and ,
D(Zo, teo; Tr, trlz, )

p(x"mtolxla tl)

o(zr, tr|To, to;:z:,, t,) = s (3.10)

this equation becomes

0 0 b ,
&p(zor tlfL", t,) =—- az (p(:sztlx,: t,) L dz-rf(xo: ﬂ‘r)?(xra t— le01 t;z, tl)>

o
0.22

+ At (p(zo,tlx',t') /b dz+9%( Lo, T+)D(Tr, t — T|To, t; :z:',t’)) . (3.11)
2 9z2 e
This integrodifferential equation describes the evolutfion of the conditional probability den-
sity p(zo,tlz’,t’) and thus corresponds to the FPE of nondelayed SDE’s [Eq. (2.47)]. Un-
fortunately, it is an integrodifferential equation and #he function p(zr,t — T|zo, t; ', t') ap-
pearing on its right-hand side implies that it is not sself-sufficient. The appearance of this
conditional probability density in Eq. (3.11) follows firom the presence of z(¢ —7) in the dif-
ferential dG (:z:(t)). If an arbitrary bivariate functions G(z,, z+) was used instead of G(zo),
the integral over z, in Eq. (3.8) could be removed in the same way as the one over z,.
However, since the differential dG ((z(t),z(t — 7)) imavolves the delayed variable z(t — 27),
the third order probability density p(zo,t; Tr,t — T3 T2s,t — 27|z, t") would now appear in
Eq. (3.8). Conditional averages would therefore still be present in Eq. (3.11), which would
now describe the evolution of the bivariate probability density p(zo,t; -, t—7lz’,t'). Repet-
itively increasing the number of independent variabless of the function G would thus lead to
an infinite hierarchy of integrodifferential equations tthat are not self-sufficient. This seems
to indicate that no finite-order probability density cosuld be determined independently from
higher-order ones. This would certainly make sense, :since all systems described by SDDE’s
effectively evolve in an infinite-dimensional phase space. Even though none of the FPE'’s
arising from this approach is self-sufficient, an approipriate closure scheme, where the prob-
ability density of a given order is expressed a priori i-n terms of lower order ones, may yield
a valid approximate FPE.

Equation (3.11) can be written in a more comspact notation by using the ensemble
averages

b
Flzo, tola' /) = / A1 f (30, T2 )P(Trs o — TTor to; 2, 1) (3.12)
a
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and

_ b
g2(zo, tolz’, ') E/ dz+9*(To, T+ )P(Tr,t — T|To, to; ', ). (3.13)
a

From Eq. (3.1), f(Zo,to|z’, ') is seen to be the average of dz(t)/dt at time ¢t = ¢, given that
z(t,) = T, and can thus be called a conditional average drift (CAD). Using flzo, tolz', )
and ¢2(zo, tolz’,t'), Eq. (3.11) becomes

__q_ o 9 & Y oy o* 9*
atp($07 tlx 1t ) - a [f(zm ﬂl’ 7t )p(zo: tlx 1t )] + ?a

[g2(zo, Iz, ¢)p(T0, tla', )]

(3.14)
This equation has the same form as the FPE (2.47), which is associated with nondelayed
SDE's. Furthermore, Eq. (3.14) simplifies to Eq. (2.47) as the delay vanishes. Indeed,
(o, tolTr,to — T; ', t') approaches the Dirac delta function 6(z, — =) in such a limit, thus
leading to f(To, tolZ’st') = f(To,To) and g2(Zo, tolz’,t’) = g*(T0, To). Equation (3.14) is a
novel result and is one of the central contributions of this thesis.

Zo z2

Even though the integrodifferential nature of the evolution equation for the probability
density is not apparent when written as in Eq. (3.14), it is still present. Indeed, the func-
tions f(Zo,to|z’,t’) and g2(Zo,to|z', t') appearing in this equation are given by Egs. (3.12)
and (3.13). However, Eq. (3.14) can still be quite useful in certain circumstances. For
instance, it is interesting to note that the nondelayed SDE

dz(t) = f(z(t), tlz',t')dt + 0'\/ 92 (z(t), tlz’, t') dW (), (3.15)

would also lead to the FPE (3.14). Thus, if a given SDDE possesses well-defined condi-
tional averages f(To,tolz’,t') and g%(Zo, to|T’, '), there is a nondelayed SDE that exhibits
exactly the same probability density as the SDDE. In addition, two particular applications
of the FPE (3.14) are presented in Chap. 4 and in Sec. 5.3 in association with appropriate
approximation schemes.

Assuming the existence of the steady-state probability density

p*(z0) = lim p(zo, tlr',t')
t—o0
and of the steady-state averages

fo(zo) = tli_r.noo f(zoytolz’, t) (3.16)
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and
9.23(3:0) = t]-imoog-z(xo: tolx,: tl)1 3.17)
reflecting boundary conditions lead from Eq. (3.14) to the so-called potential solution,

p°(zo) = o) xp<a2 /z,, ’gf;s((z;) ) (3.18)

In this equation, c is an arbitrary point located within the support of p*(z,). This support

is the set of z’s over which p°(z,) is.non-zero, and it is necessarily contained within the
range [a, b] of the dynamical variable z. On the other hand, the constant N appearing in
Eq. (3.18) is determined from the normalisation condition

b
/ dzop®(z,) =1
a

and implicitly depends on T and c.

Systems where the diffusion term is not retarded are of particular interest, since the
steady-state CAD is in such cases uniquely determined by the steady-state probability
density. Once g(z(t),z(t — 7)) is replaced by g(z(t)) in Eq. (3.1), the conditional average
diffusion becomes g2(zo, tolz’,t') = g%(z,). Inverting Eq. (3.18) then yields

2
fs(mo) = 22-92($°)dizo In p*(z,) + 029(:1:0) diog ), (3.19)

which plays an important role in Chap. 4 and in Sec. 5.3.

3.2 Stratonovich SDDE’s

As mentioned in Sec. 2.1.6, a Stratonovich SDE can be converted to an equivalent Ito
SDE and vice versa. In this section, it is shown that the same can be done for SDDE’s,
and expressions relating the drift and diffusion terms of equivalent Ito and Stratonovich
SDDE’s are derived. Given that z(t) is a solution of the Stratonovich SDDE

dz(t) = fs(z(t), z(t — 7))dt + ogs(z(t), z(t — 7)) o dW(2), (3.20)
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where fs(zo,z-) and gs(zo, zr) are known functions, the goal is to determine functions
fr(zo, ) and gr(zo, z+) such that z(¢) is also a solution of the Ito SDDE

dz(t) = fr(z(t),z(t — T))dt + ogr (z(t),z(t — 7)) dW (t). (3.21)

In order to do so, the implicit Stratonovich integral in Eq. (3.20) must be expressgd in terms
of Riemann and Ito integrals.

The Stratonovich integral of the diffusion term in Eq. (3.20) can be defined as (see
Sec. 2.1.6)

S/t bags(:z:(t),:z:(t —7))dW(2)
(:I:(ti_l) + :z:(t,-) .’B(t,;_l —_ 7’) + :B(ti — T))

T

= ms-lim o

im ) oos
) A—1

2 ! 2
x [W(t;) — W (ti-1)]

= 1
= n:’lls_-_-’lgn E ogs (x(ti_l) + -2~d2(t{_.1),:z:(ti_1 — T) -+ %dx(ti_l — 7‘)) (3.22)
=1

X [W(t,,) —_ W(ti_.]_)],

where dz(t) is given either by Eq. (3.20) or Eq. (3.21). Expanding Eq. (3.22) in powers of dt
and dW (¢) using Eq. (3.21), while keeping terms only up to first order in dt [see Eq. (2.39)],
leads to

S bags (z(t),z(t — 7)) dW ()

ta

= n}Ls_-.lgn Zl ogs (:z:(ti_l), 2(ti_1 — 7')) [W(ti) — W(ti_1)] (3.23)
+ gims—limzn: [ 9 gs{(zo, z(ti-1 — 'r))]
2 ‘n—co oz, orTAnT To=z(ti—1)

=1 *

x gr(z(tio1), 2(tim1 — 7)) [W (t:) — W (&:-1)]°

2

o = 0
+ 5 nflls_-’lgn Z ‘a?r’gs (z(ti_—l), 257))]

i=1 L Tr=z(ti-1—T)

X g[(:B(ti_l — T),:B(ti_l — 21’))
X [W(ti - 7‘) - W(ti_l'— T)] [W(t-,_) —_ W(ti_l)].

On the right-hand side of this equation, the first term is the definition of the Ito integral
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[see Eq. (2.37)]. The second and third terms respectively come from the averages (z(ti-1)+
z(¢:)) /2 and (z(ti-1—7)+z(t:—7))/2 appearing in Eq. (3.22). Using Egs. (2.38) and (2.40),
the second term is seen to yield a normal Riemann integral and the third term is found to
be zero. Thus, Eq. (3.23) becomes

173
S| ogs(z(t),z(t — 7))dW(t)

ta

T ttb ogs(z(t), z(t — 7)) dW (2)

2ty
+ % /t [gf(a:o, z(t — 1)) 5%:95 (2o, z(t — —r))} dt. (3.24)

Zo=z(t)

Using Eq. (3.24), the Stratonovich SDDE (3.20) leads to the Ito SDDE

a? 0
dz(t) = [fs(xo, z(t — 7)) + 5 9r(er 2(t — 7)) 3—%95(%: z(t - T))] dt

To=z(t)

+ ogs(z(t), z(t — 7)) dW (¢).

Comparing this equation with Eq. (3.21) yields

2 8
fr(zo,z+) = fs(To, z+) + Or?gs(:vo, z-r)aTgS(xo’ zr) (3.25)
and
91(Zo, T7) = g5(Tor 1), (3.26)

which relate Ito and Stratonovich SDDE’s. Once a Stratonovich SDDE has been converted
into an equivalent Ito SDDE, it can be solved using the tools developed for the latter.

As seen is Sec. 2.1.6, the usual rules of calculus apply to changes of variables involving
nondelayed Stratonovich SDE'’s. The same also holds for Stratonovich SDDE'’s and can be
verified as follows. The Stratonovich SDDE (3.20) is equivalent to the Ito SDDE

2
dz(t) = [fs (zo,z(t — 7)) + %gs (2o, z(t ~ 7)) éi—ogg (zo, z(t — 'r))] e dt
+ogs(z(t),z(t — 1)) dW (¢), (3.27)

and applying Ito’s rule for SDDE's [Eq. (3.4)] on G(z(t)), where G(z,) is an invertible C?
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function and z(¢) is given by Eq. (3.27), leads to
4G (z(t)) = [fs(a:o,:z:(t 7)) -Gz
+ -2—295(1:0,:1:@ - 7)) (—ai—ogs(:z:o,x(t 'r))) ———G(:z:o)

+ ot 2 t—T) Ll G(z,) dt
2 gS(zo,x( - )dxg (e To=z(t)
d
+ [ogs(zouatt - ") Gtz L0 (3.28)
To=x(t

This equation can also be written in terms of the new state variable y(t) = G(z(t)). Defin-
ing fs(¥Yos yr) = fs (H(yo)7 H(y-r)) and §s(¥o, yr) = gs (H(yo)v H(y‘r)) , where H(y,) is the
inverse of G(z,), Eq. (3.28) can be written as

dy(t) = [fs (Yo, y(t — 7)) (iH (y°)> )

=) (ot ) ()
07 % (voy(t— 1)) (_H (y°)) ) dgy%H(y")} yo=y(t)dt
4 [ags(yo,y(t ~ 7)) (E%H(yo)) _1] o dW (t), (3.29)
since
Z;l_oG(%) - (dzo >_1 4emGlza)
ddzg G(zo) (d )> ) di:?:H(yO) pomG(ze)
and

d 19 .
.’Z:-,-) = <d_y:H(yo)> a_y:.qs(yo: y-r)

o
O0zo

Yo=G(Z0),yr=G(zr)
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Finally, converting Eq. (3.29) back to Stratonovich calculus yields

-1
dy(t) = [(d;;oH (yo)> ] [fs(y(®), y(t — 7))dt + ags(y(t), y(t — 7)) 0 dW (2)],

Yo=y(t)

which is equivalent to

dG(z(t)) = [dizoG(:z:o)] [fs(z(®), z(t — T))dt + ogs(z(t), z(t — 7)) o dW (t)]. (3.30)

zo=z(t)

This equation is the change of variable formula for Stratonovich SDDE’s. Similarly to the
nondelayed case, it corresponds to the usual rules of calculus.

3.3 Alternate Representations of SDDE’s

3.3.1 Sets of Non-Delayed Differential Equations

As stated in Chap. 2, systems described by delay differential equations, whether determin-
istic or stochastic, effectively evolve in an infinite-dimensional phase space. This can be
illustrated using a procedure that was suggested by Banks for deterministic DDE’s [61].
Generalising this approach to stochastic systems, the SDDE

%x(t) — F(z(t), 2t — 7)) + a(2(®), 2(t — 7)) 0(2), (3.31)

where 7(t) is an arbitrary stochastic process, can be converted to a set of nondelayed
equations consisting of an SDE and an infinite number of linear ODE’s.
Using the n + 1 variables {z;|i € N,, ¢ < n} defined by

T
zi(t) =z (t— ;) ,
Eq. (3.31) can be written as

d
S oo(t) = f (zo(t), Zn(t)) + g(zo(t), Zn(t))n(t)-
Furthermore, the z;’s are related by

zi-1(t) = T: (t + %) ,
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where 1 < i <n, and a Taylor expansion of this equation to O(72/n2) leads to the approx-

imate ODE d
—zilt) = g[rci-l(t) — zi(8)]-

Thus, the set of n + 1 equations

% i) — { F(20(), 2a(®)) + g (z0(t), za())n(t) for i =0 532

Blzi—1(t) — z:(t)] for1<i<n

approximates the SDDE (3.31) with zg(t) = z(¢). This approximation improves as n in-
creases, and SDDE’s are thus equivalent to infinite sets of nondelayed differential equations.

3.3.2 Integrodifferential Equations

In an SDDE, such as Eq. (3.31), memory effects are introduced solely through the value of
the state variable at discrete times in the past. In general, however, all the past values of
the state variable may be important. When this is the case, an integrodifferential equation,
such as

9 20(t) = £ (@0(2), 22(2)) + 9(z0(), 2+(0) 702

¢ (3.33)
z.(t) = /_ _K( =)ot

needs to be considered. In Eq. (3.33), K(t) is called the memory kernel and weights the
contribution of past values of the state variable. For instance, choosing K (t) = §(t —7) and
setting z,(t) = z(t) leads to Eq. (3.31). :

The gamma distribution function

artl n_—at
& the fort>0
Ga(t)y=¢ ™ -

0 for t <0,

where a is a positive real number and n is a non-negative integer, is a particularly interesting
kernel. Indeed, if n and « are increased to infinity in such a way that n/c is constant,
K (t) = G™~1(t) approaches §(t —n/c) and can therefore be used to study the discrete delay
limit of integrodifferential equations. In particular, if the n +1 variables {z;|i € N,,7 < n}
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are defined as

z(t) fori=0
zi(t) = { ) . _
f_co Gt —t)z(t)dt’ fori>0,

the set of equations (3.32) is recovered with T =n/a [62].
If n(t) represents Gaussian white noise, then n(t)dt = odW(t) and the set of equa-
tions (3.32) becomes

(3.34)

dzi(t) = f(zo(t), :Bn(t))dt + Ug(Io(t),xn(t))dW(t) for i =0
g Z(zi_1(t) — zi(t)]de for 1<i<n.

The method used to obtain an FPE from a univariate SDE subjected to Gaussian white
noise, mentioned in Sec. 2.1.6, can also be applied to multivariate SDE’s [1]- Defining T as
representing all the z;'s and specifying Z(t') = & as the initial condition, this method leads
from the set of equations (3.34) to

6 — = I\ __ a — — g/ __Tﬁ = 6 N A — — 2/
5:P(F 117 t) = = 5 —[f(@0,20)p(Z, tIZ', ) T; 52, (i1 — Z)R(Z,HE )]
+ 2 2 120, 20)p(E, 8 )] (3.35)
) 8:7:% 0s<Ln 1 ) . -

Unlike Eq. (3.14), this FPE does not require the prior determination of averages like
f(z,t|z’,¥') or g2(z, t|z’,¥'). In cases where the n — oo limit of this equation is well-defined,
it can thus be used as an arbitrarily precise FPE for the SDDE (3.31) with Gaussian white
noise. Unfortunately, although an analytical expression for the steady-state probability den-
sity can be obtained from Eq. (3.35) when f(Zo, Zn) is linear and g(zo, Tp) is constant [63],
we are not aware of any such result for the general case.

The “infinite-order” probability density obtained by taking the n — oo limit of Eq. (3.35)
must be contrasted with the one arising from the infinite hierarchy of FPE’s discussed in
Sec. 3.1. In that section, the “infinite-order” probability density is a function of the present
and past values of the state variable at intervals of one delay. Here, it considers the value
of the state variable at all times within one delay. These two probability densities are thus
very different from one another.
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3.4 Examples

3.4.1 Delayed Linear Equation
a) Fokker-Planck Equation

The delayed linear equation (2.57) can be used to illustrate the formalism presented in
Sec. 3.1. Kiichler and Mensch [55] have shown for Eq. (2.54), of which Eq. (2.57) is a
special case, that the steady-state probability density functions of all orders are Gaussian.
In particular, this implies that the second order steady-state probability density of the state
variable z in Eq. (2.57) is given by

1 T2 — 21y (T)ZoZr + T2
S(Zo, to; Trito —T) = exp| ——= LT T, 3.36
P teitrte =) = o T ( 2021 — 2, ()] (339

where o2 is the steady-state variance and r (t) is the steady-state correlation coefficient
function [see Eq. (2.4)]. The initial condition is omitted in Eq. (3.36) because its influence
disappears at steady-state. By integrating Eq. (3.36) over z., the first-order steady-state
probability density is found to be

1 z2
p*(zo) = Nzl exp (— 20‘2) : (3.37)
The steady-state CAD, defined in Sec. 3.1, can then be expressed as
Fo(z0) = —arzz(T)Z0, _ (3.38)
which leads to )
p*(z0) = %’f_@ exp (————ar”fr(; )m") (3.39)

using Eq. (3.18). Comparing Eqgs. (3.37) and (3.39) leads to the relation

2 o?

O = m (340)

between the variance and the correlation coefficient function. Using an expression of the
steady-state covariance function obtained by Kiichler and Mensch [55], the variance and the
correlation coefficient function are found to be given, respectively, by Eq. (2.68) and by

cos(aT)

i—m. (341)

Tzz(T) =
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Using these expressions, the equality (3.40), which arises from the Fokker—Planck approach
presented in Sec. 3.1, is seen to be fulfilled.

Equation (3.40) shows that the variance diverges when rz-(7) = 0, th.at is, when there
is no correlation between z(¢t) and z(t — 7). This can be explained by tthe fact that the
steady-state CAD, given by Eq. (3.38), is then identically zero. Indeed, F=q. (3.15) implies
that the steady-state FPE associated with the delayed linear equation ( 2.57) approaches
the FPE of the Wiener process as f*(z,) becomes zero. It is thus normal for o2 to diverge
when 7zz(7) = 0. Furthermore, it is interesting to note from Eq. (3.41) thaat 7zz(7) becomes
zero at oT = w/2. As seen in Sec. 2.2.3, this is the value of a7 at which thes system becomes
deterministically unstable. Thus, the divergence of the variance and thhe disappearance
of correlation between z(t) and z(t — ) are related to the instability of the underlying
deterministic system.

b) Set of Non-Delayed Differential Equations

Applying the formalism of Sec. 3.3 to the delayed linear Langevin equation (2.63) leads to

%xi(t) _ {——a:z:n(t) + n(t) fori=0 (3.42)

Rlzi_1(t) —z:(t)] forl<i<n.

The analysis performed in Sec. 2.2.3 for Eq. (2.63) can be applied almmost verbatim to
the set of Eqgs. (3.42). In particular, these equations constitute a line-ar time-invariant
transformation once the initial condition has decayed. In this limit, the z;: (£)’s are therefore
jointly wide-sense stationary, since 7(t) is itself wide-sense stationary. If,. in addition, 7(t)
is Gaussian distributed, the z;(t)’s are then jointly Gaussian and their joint probability
density is thus solely determined by their average and correlation functioms.

As is the case for (z(t)) in Sec. 2.2.3, the origin is the only fixed pointt for the (z:i(t))’s.
Deriving evolution equations for the steady-state correlation functions in. the same way as
in Sec. 2.2.3 leads to

%1?’-5{-‘5]' (t) == {a nTj (t) - R’lzj (t) fori = O
_g[Rf-ti_la:j(t) — ‘R’-Pi:Bj(t)] forl<i<n.

and
d | —0Rpz (&) + Ron(t)  fori=0
dtan,- (€)= {%[Rna:.-_l(t) — Ry, (t)] for1<i<mn,



where 7 € N, and j < n. Fourier transforms of these equations then yield

aSz,z; (W) — Snz; (w) fori =0
—2[51'_1Ij ((.d) - S:c,-:z:j (OJ)] for 1 S 7 S n

T 1

iwSpz; (W) = {

and
wSnz; (w) = —aSyz, (w) + S,m(w) fori=0
%[Sﬂxiq (w) — Sn:z:i(w)] forl <i<mn,
from which
Spp(w
SIOzO (w) = S TITI( ) - — . —
o2 [1+ (ex) ] + w? + iwa [(1—%) — (14 ) ]

wry2] ™
Seees@) = |1+ ()] Seaeole)
are obtained through simple algebraic manipulations. It is interesting to note that
nlggo Sziz: (W) = Szozo(w)

for all values of i between 0 and n. Thus, all the z;(¢)’s exhibit the same spectra in the
n — oo limit. Furthermore,

Spn(w)

o? + w? — 2awsin(wt)’

nl_i_’rr.}o Szoze (W) =

and Eq. (2.66) is recovered for all z;(t)’s. This result supports the validity of Eq. (3.42) as
an approximation of Eq. (2.63).

3.4.2 Delayed Logistic Equation

Since the diffusion term in Eq. (2.57) is state independent, the second term on the right-hand
side of Eq. (3.25) is zero and Stratonovich calculus is equivalent to Ito calculus. Another
system is therefore required in order to illustrate the difference between Ito and Stratonovich
SDDE’s. The DDE [64]

%z(t) = [a — Bz(t — 7)]|z(t) (3.43)
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is a delayed version of the logistic equation [Eq. (2.48)] and is an appropriate starting point
for such a system. In the context of population dynamics, it corresponds to cases where the
reaction of the population to environmental constraints is delayed. When z(t) approaches
zero in Eq. (3.43), its time derivative also approaches zero unless z(t—) diverges. Therefore,
non-pathological positive initial conditions lead to solutions that are bounded from below
by the origin, as appropriate for population dynamics.

Equation (3.43) has two fixed points, z; = 0 and z2 = /. The first one is always
unstable, while the stability of the second one depends on the value of 7. Indeed, linearising
Eq. (3.43) around z3 leads to

24t = oz —7)

where y(t) = z(t) — a/8. Equation (2.58) is thus recovered, and the stability analysis
performed for this delayed linear equation in Sec. 2.2.3 also applies to the fixed point z3 of
Eq. (3.43).

If Gaussian white noise o€(t) is added to parameter a in Eq. (3.43), it leads to an
SDDE with a nondelayed diffusion term. This equation is considered in Sec. 4.2.2. On the
other hand, if o€(t) is applied to parameter 3, the diffusion term is delayed. Depending on
whether Ito or Stratonovich calculus is used, either

dz(t) = [ — Bz(t — 7))z (t)dt + oz(t)z(t — 7)dW (t) (3.44)
or
dz(t) = [a — Bz(t — T)]q:(t)dt + oz(t)z(t — 7) o AW (2), (3.45)

is obtained. Equation (3.45) can be converted to its equivalent Ito SDDE
2
dz(t) = [a - Bz(t—7)+ %mz(t - 'r)] z(t)dt + oz(t)z(t — T)dW (t), (3.46)

using Egs. (3.25) and (3.26). The presence of z2(t—7)z(t) in the drift term causes the system
described by Eq. (3.46), and thus by Eq. (3.45), to be unstable even when 7 = 0, since the
drift term is positive for large enough values of z(t — 7). Even then, a pseudo-steady-state
limit can still be studied when &2 is sufficiently small.

The (pseudo-)steady-state probability density is shown in Fig. 3.1. All the results were
obtained from numerical simulations using the techniques presented in App. A. Similarly
to the linear case presented in part (a) of Sec. 3.4.1, Eq. (3.18) is seen to yield the cor-
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Figure 3.1: (Pseudo-)steady-state probability density for the logistic SDDE with delayed diffusion,a =8 =1
(see App. A.1), and T = o2 = 0.1. The circles and the plus signs result from integrating Eq. (3.44) using
the Euler scheme. For the circles, p°(zo) has been determined directly from the sample paths, and for the
plus signs, through Eq. (3.18). The squares and the x’s have been obtained directly from sample paths
for, respectively, Eq. (3.46) integrated with the Euler scheme and Eq. (3.45) integrated with the midpoint
scheme.

rect steady-state probability density for Eq. (3.44). Furthermore, the same pseudo-steady-
state probability density was obtained by integrating Eq. (3.46) with the Euler scheme and
Eq. (3.45) with the midpoint scheme. Since the midpoint scheme mimics the definition
of the Stratonovich integral, this indicates that Eq. (3.46) is indeed the appropriate Ito
SDDE corresponding to the Stratonovich SDDE (3.45). This also supports the validity of
Egs. (3.25) and (3.26).
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Chapter 4
Small Delay Expansion

An exact Fokker-Planck equation [Eq. (3.14)] was derived in Sec. 3.1 for the probability
density p(zo, t|z’, ') corresponding to the SDDE (3.1). Unfortunately, the FPE (3.14) is not
self-sufficient, and an alternate means of obtaining an FPE is thus desirable. Section 4.1
presents a small delay approximation that leads to an approximate FPE in cases where.
only the drift term of the SDDE is delayed. This method is applied to the delayed linear
equation (2.57) in Sec. 4.2.1, and a delayed logistic equation in Sec. 4.2.2.

4.1 Formalism

In order to introduce the small delay expansion, it is appropriate to consider the Stratono-
vich SDDE
dz(t) = f(z(t),z(t — 7)) dt + og(z(t)) 0 dW(t), (4.1)

which has a nondelayed diffusion term, with the state variable z confined to [a, b]. Perform-
ing an O(72) Taylor expansion around 7 = 0 on the function f (z(t), z(t — 7)) yields
f(z(t),z(t —7))dt
a
~ f(z(t),z(t))dt — T [52— f(z(2), :z:,-)] dz(t)

z=xz(t)

~ f(z(t),z(t))dt — T [gi—rf(:z:(t), :1:.,—)] [f(z(t), z(t))dt + og(z(¢)) o dw (t)].

zr=z(t)

Using this result, the SDDE (4.1) can be approximated by the nondelayed SDE

da(t) = fa(o(t))dt + 0a(2(2)) 0 AW (2), (4.2)
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where the subscript a stands for approzimate, and where

Fal(@o) = F(ZorTa) [1 - raixff(zo,xf)]

T+=To

and

9a(z0) = g(zo) [1 — raif(:z:o, zf)}
Zr T+=ZTp

This approximation is expected to be valid for sufficiently small delays, as Egs. (4.1)
and (4.2) yield the same nondelayed SDE in the vanishing delay limit. It is interesting
to note that, although the diffusion term of the SDDE (4.1) is nondelayed, the delay ex-
plicitly appears in the function g,(z,)- This illustrates the fact that the drift and diffusion
terms of an SDDE like Eq. (4.1) are effectively coupled by the delay.

Using Eq. (2.44), the Stratonovich SDE (4.2) is found to be equivalent to the Ito SDE

o? d
) = [1eloo) + Foulo talon)|_ drtom(@0)WO. @)
o zo=x(t
As mentioned in Sec. 2.1.6, the first-order probability density associated with the state
variable of a univariate Ito SDE evolves according to the FPE (2.47). In the case of Eq. (4.3),
this FPE is written as

0 P 2] . o2 d 7oyl
2 pa(aartia' ) == 5o | (faloo) + G- 90(0) (o)) Pl ' ¥)
o® 8%  , v
+ ?azg [ga(a:O)pa(zO’ tlx 't )]1 (4'4)

where pa(Zo,tolz’,t') is the conditional probability density associated with variable z in
Eq. (4.3). Assuming the existence of the steady-state limit

Pi(xo) = tt}llnoopa(zm tolxlatl)

and specifying reflecting boundary conditions leads to the so-called potential solution

(4.5)

Pi(ze) = 3 exp( : / ™ g T %iga(xé)Ed;;ga(x;J

- T
93(zo) o? ° 93(z5)

in the same way as in Sec. 3.1. In Eq. (4.5), N, is the normalisation constant and c s located
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within the support of pg(z,), which may differ from the support of the exact probability
density p*(z,). Since fa(z,) and g.(z,) approach f(z., Z,) and g(z,) in the zero delay limit,
Eq. (4.5) yields the exact steady-state probability density for Eq. (4.1) when the delay is
Zero.

Substituting Eq. (4.5) in Eq. (3.19) allows the determination of the approximate expres-
sion

£ (@0 Z0) + 7% ¢(%0) = [ 5% £ (%0r 7)]

1—7 [a%f(xo, :z:.,-)]

Tr=Zo

fi(xo) =

o2 d
+ Tg(zo)ag(xo) (4.6)

Tr=ZTo

for the steady-state CAD f°(z,) of the SDDE (4.1). It must be noted that the second term
on the right-hand side of this equation arises because Eq. (4.1) is a Stratonovich SDDE.
When used in conjunction with Eq. (3.15), this expression for the CAD leads to the equation

dz(t) = F3(2(6))dt + og(2(£)) AW (1), (4.7)

which is another approximate nondelayed Ito SDE for the SDDE (4.1). Because of the way
f3(z,) is defined, the state variable z possesses the same steady-state probability density
pS(z,) whether Eq. (4.3) or (4.7) is considered. Furthermore, both approximate SDE’s are
equivalent in the zero delay limit. However, they differ in the way the delay-induced coupling
between the drift and diffusion terms of the SDDE (4.1) is taken into account. In Eq. (4.3),
the coupling appears in the diffusion term, whereas in Eq. (4.7), it appears in the drift
term. Indeed, the diffusion function of Eq. (4.7) is identical to the one of the SDDE (4.1),
whereas the diffusion function of Eq. (4.3) has been modified by the Taylor expansion. In
addition, the CAD’s of these two SDE’s also differ, since the CAD of a nondelayed Ito SDE
is simply equal to its drift function. Both fa(zo) + (62/2)9a(Z0)dga(z0)/dzTo and f3(z,) are
compared with numerical simulation results in Sec. 4.2.

It must be stressed that the O(72) Taylor expansion has been performed only on the
SDDE (4.1) and was not repeated in subsequent steps of the calculation. In particular,
pS(zo) and f3(z,) have clearly not been expanded to O(7?), since the delay T appears non-
linearly in them. Even though expansions of these functions to O(72) should not alter their
quantitative accuracy within their convergence radii, they may induce qualitative modifi-
cations outside this range. As illustrated with the delayed logistic example in Sec. 4.2.2,
the unexpanded expressions of pg(z,) and fi(z,) may be significantly more accurate than
the expanded ones. Because of this, systematic expansions of pj(z,) and fi(z,) should be
considered on a case by case basis.
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Figure 4.1: Steady-state variance for the linear SDDE (2.57) with a = 1 (see App. A.1). The circles and the
squares were obtained through simulations of, respectively, Eq. (2.57) and the approximate SDE (4.10). On
the other hand, the two lines represent analytical expressions for the variance. The continuous lines stands
for Eq. (2.68), and the dashed line, for Eq. (4.12).

4.2 Examples

4.2.1 Delayed Linear Equation

Applying the formalism presented in Sec. 4.1 to the delayed linear equation (2.57), for which
Ito calculus is equivalent to Stratonovich calculus, leads to

fa(zo) = —a(l + o)z, v (4.8)

and
go(zo) =1+ aT. (4.9)

Equation (2.57) can thus be approximated to O(7?) by the nondelayed SDE
dz(t) = —a(l + at)z(t)dt + (1 + ar)odW (). (4.10)

This equation yields the Gaussian steady-state probability density

3(z,) = N, e _om (4.11)
pa, o/ — a XP 0'2(1'*‘&7') ] .

where N, is the normalisation constant. The variance of this zero-mean probability density

is easily found to be )

o2 = g;(l + ar). (4.12)
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Figure 4.2: Steady-state probability density for the linear SDDE (2.57) with & = 1 (see App. A.1) and the
indicated values of the delay. The circles represent simulation results, and the continuous and dashed lines
are zero-mean Gaussians with variances given by, respectively, Egs. (2.68) and (4.12). In graph (a), the two
lines are practically indistinguishable.

Equation (4.12) can also be obtained by pérforming a Taylor e@mion on either Eq. (2.67)
or (2.68), both of which are exact expressions for the steady-state variance of variable z in
the SDDE (2.57).

As shown in Figs. 4.1 and 4.2, the results of the small delay expansion agree very well
with the exact results when the delay is small. At 7 = 0.1, the two steady-state probability
densities cannot be easily distinguished from one another. Even at 7 = 0.7, where there
is a 20% difference between the variances, the two steady-state probability densities still
look very similar. However, at 7 = 1.2, the variance is significantly underestimated and the
probability densities are now quite different. Overall, the O(72) Taylor expansion seems to
yield valid probability densities up to approximately 7 = 0.7, which constitutes a reasonably
large range of delays. '

As seen in Sec. 2.2.3, the eigenvalue of the DDE (2.58) with the least negative real part
initially becomes more negative as the delay increases from zero. This behaviour seems to
be in contradiction with Fig. 4.1, where the steady-state variance is seen to increase with

52



1 T T

56000009 ¢%
1¢ _

£3
E -E‘EL-B‘E-Q.
e = 8
92 B--G_B_ﬁ —
E-ag
3 - -
4 | |
0.0 0.5 1.0 1.5

T

Figure 4.3: Slope m of the steady-state CAD for the linear SDDE (2.57) with o =1 (see App. A.1).
The circles and the squares represent simulation results for, respectively, Eq. (2.57) and the approximate
SDE (4.10). The continuous and dashed lines stand for the slope of, respectively, the steady-state CAD
f2(xo) [Eq- (4.13)] and the approximate drift fa(z.) [Eq- (4-8)}.

the delay. This apparent paradox stems from the fact that the drift and diffusion terms of
the SDDE are effectively coupled through the delay, as shown by the presence of 7 in the
diffusion term of Eq. (4.10). Thus, as 7 increases, Eq. (2.57) initially becomes determinis-
tically more stable, but at the same time, more sensitive to noise. In this particular case,
the net result of these two opposing effects is an increase in the variance of z.

The steady-state CAD f$(z,) can be approximated using Eq. (4.6). Performing an
O(72?) Taylor expansion on the result leads to

Fi(zo) = —a(l — a7)z,, (4.13)
from which the approximate nondelayed SDE
dz(t) = —a(l — ar)z(t)dt + cdW (¥) (4.14)

is obtained. It is interesting to compare the deterministic eigenvalues of Eq. (2.57) with
those of Eqs. (4.10) and (4.14). The eigenvalues of Eq. (2.58), which is the deterministic
part of Eq. (2.57), were studied in Sec. 2.2.3. As seen in that section, the eigenvalue with the
least negative real part initially becomes more negative as the delay increases from zero. The
deterministic eigenvalue of Eq. (4.10), which is —a(1 4+ aT), captures this initial behaviour
and becomes more negative as T increases. However, éxa.ctly the opposite happens to the
deterministic eigenvalue of Eq. (4.14). Indeed, it is equal to —a(1 — at), which becomes
less negative as T increases. The reason for this disagreement is that the diffusion term of
Eq. (4.14) is, by construction, identical to the one of Eq. (2.57) and is thus independent

53



of 7. Since the variance of z increases with 7, regardless of whether Eq. (4.10) or (4.14) is
considered, the deterministic eigenvalue of Eq. (4.14) must decrease as T increases. Still, the
two approximate SDE’s are valid approximations of the SDDE (2.57). As stated in Sec. 4.1
for the general case, they simply compensate differently for the coupling between the drift
and diffusion terms of the SDDE (2.57). Figure 4.3 illustrates this difference by showing
the CAD’s of the two approximate SDE’s with numerical results obtained from.simulating
Egs. (2.57) and (4.10). Since Eq. (4.14) is designed to have the same CAD as Eq. (2.57), it
is a better approximation than Eq. (4.10) in cases where this quantity must be considered.

4.2.2 Delayed Logistic Equation

The small delay expansion, as formulated in Sec. 4.1, cannot be applied to the logistic
SDDE of Sec. 3.4.2, since its diffusion term is delayed. A logistic SDDE with nondelayed
diffusion can however be obtained if Gaussian white noise is added to parameter o instead
of A in Eq. (3.43). If Stratonovich calculus is used, this leads to ’

dz(t) = [a — Bz(t — 7)]z(t)dt + oz(t) o dW (1), (4.15)

which is equivalent to the Ito SDDE

dz(t) = [a + %—2- - Bz(t — 'r):l z(t)dt + oz(t)dW (t). (4.16)

The stability analysis performed for the DDE (3.43) also applies to the deterministic part
of the SDDE (4.16),

%x(t) = [a + % - Bz(t — 'r)] z(t), (4.17)

if o is replaced by & + ¢2/2 in the results of Sec. 3.4.2. The extra ¢?/2 obviously arises
because Stratonovich calculus is used for the diffusion term of the SDDE (4.15). Equa-
tions (4.15) and (4.16) correspond to systems with random fluctuations on the relative
growth rate of the population. Similarly to the DDE on which they are based, these
SDDE’s possess trajectories that are bounded by the origin when positive initial conditions
are considered. . ,

Performing the small delay expansion on Eq. (4.15) yields the drift function fa(zo) =
(1 + Brzo)(a — BzTo)To, the diffusion function ga(zo) = (1 + B7z,)z,, and the differential

equation
dz(t) = [1 + Brz(t)] [« — Bz(t)] z(t)dt + o[1 + Brz(t)]z(t) o W (2). (4.18)
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This nondelayed Stratonovich SDE is equivalent to the Ito SDE
dz(t) = [1 + Brz(t)] [a + 222- -6 - Toz)m(t)] z(t)dt + o[l + Brz(t)]z(t)dW (t), (4.19)

and the steady-state probability density associated with these two SDE’s is

2a/c?—1

aZo
PalTo) = i Bragy2er ra)/e? 1’ (4.20)

where N, is the normalisation constant. The moments of this probability density are given

b
d [(2a/0? + n)[(2/70® —n + 1)
(Br)"T'(2a/c?)L(2/T02 +1) ’

where ['(z) is the gamma function. This equation is valid when the arguments of the

(z™)s = (4.21)

gamma functions are positive, which is the case whenn <1+2 /To?. Using Eq. (4.21), the
steady-state mean is found to be

bz = 7, (422)

IR

and the steady-state variance,
o2 = ac?(l + aT)
2= PRe-r?)

Equations (4.22) and (4.23) are compared with numerical simulation results in Fig. 4.4.

(4.23)

For 7 = 0.1, these expressions for the mean and the variance are seen to be accurate for all
values of o2 between 0.0 and 2.0. In addition, Fig. 4.5 shows t_:hat the agreement between the
approximate steady-state probability density and the simulation results remains excellent
even at 7 = 0.1 and o2 = 2.0. This is true even though the origin, which is a local minimum
at small noise amplitudes, becomes the global maximum of the probability density at some
value of o2 between 1.0 and 2.0 for 7 = 0.1. Such a modification in the extrema of the
probability density is what Horsthemke and Lefever call a noise-induced transition [2]. This
transition in the type of extremum at the origin is also exhibited by the nondelayed case of
the logistic equation presented in Sec. 2.1.7. Thus, ps(z,) simply inherits from Eq. (2.51),
which is its 7 = 0 limit, its capability to appropriately describe the steady-state probability
density at all noise amplitudes when the delay is small.

Figures 4.4 and 4.5 also include results for o2 = 0.1 and various values of 7. As the delay
increases, the shape of the steady-state probability density obtained through simulations
of the SDDE (4.16) undergoes qualitative modifications. Around 7 = 1.4, its slope at the
origin changes from 0 to infinity, and for T larger than approximately 1.7, p*(z,) itself
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Figure 4.4: Steady-state mean and variance for the logistic SDDE with nondelayed diffusion and =g =1
(see App. A.1). The circles represent simulation results for the logistic SDDE (4.16). In (a) and (b), the
continuous line is given by Eq. (4.22), and in (c) and (d), by Eq. (4.23).

diverges at z, = 0. Since Eq. (4.20) results from a small delay expansion, it does not
predict this change of behaviour. Still, it is qualitatively accurate up to about 7 = 0.9, as
illustrated in Fig. 4.5. Furthermore, Eq. (4.22) accurately predicts the value of the mean
for all delays between 0.0 and 2.0. For the variance, Eq. (4.23) is reasonably accurate for
delays smaller than approximately 0.6. Indeed, at that value of 7, there is roughly a 20%
difference between the value of the variance predicted by Eq. (4.23) and the one observed
through simulations of the SDDE (4.16).

The steady-state CAD f°(z,) of the Stratonovich SDDE (4.15), and thus of the Ito
SDDE (4.16), can be approximated using Eq. (4.6). This yields

(a+'a;'_ﬁzo> )

=g _ To
fa(zo) = 1+ Bre. Brz, (4.24)
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Figure 4.5: Steady-state probability density for the logistic SDDE with nondelayed diffusion, a = 8 =1
(see App. A.1l), and various combinations of = and o?. The circles represent simulation results for the
SDDE (4.16), and the continuous line stands for the approximate probability density given by Eq. (4.20).
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from which the approximate Ito SDE

dz(t) = 1_;23(%(75 o+ é - ﬁx(t)) dt + oz (t)dW (£) (4.25)

is obtained. Performing an O(r2) expansion on Eq. (4.24) leads to

2
fg(zo) = zo(1 — 7o) (a + % - ,on> . (4.26)

Equations (4.24) and (4.26) have a similar accuracy for £, < 1 /BT, but their z, — oo limits
differ dramatically. Indeed, f3(z,) approaches —co in Eq. (4.24), and +oo in Eq. (4.26).
Because of this, an approximate nondelayed SDE built from Eq. (4.26) would need an exter-
nally imposed boundary condition in order to prevent divergence of the sample paths, while
Eq. (4.25) does not require one. Since such a boundary condition is not necessary in the case
of the original SDDE (4.16), Eq. (4.24) seems more faithful to this SDDE than Eq. (4.26).
As shown by this example, Taylor expansions on results that follow from the integration
of an expanded SDDE must be performed with great caré. Even if a Taylor expansion has
been applied to the original SDDE, subsequent expansions should be postponed until the
end of the calculation in order to allow a better analysis of their repercussions.

The delay-induced coupling between the drift and diffusion terms of Eq. (4.16) can be
investigated by looking at the drift terms of Egs. (4.19) and (4.25), similarly to what was
done in Sec. 4.2.1 for the delayed linear equation. The differential equation

L) = [fa(xo) + f—ga(xo)d%ga(w]

To=2x(t)

= [1 + Brz(t)] [a + 02—2 -B(1 - Taz)z(t)] z(t) (4.27)

has three fixed points: z1 = 0, z2 = (@ + 02/2)/[B(1 - r02)], and zz = —1/67. Since the
origin is repelling, as in Eq. (4.17), z(t) remains positive at all times and the fixed point z3
is never approached. Linearising Eq. (4.27) around the remaining fixed point, T2, yields the
negative eigenvalue —(a + 02/2)(1 + (o — 0%/2)7]/(1 — To2). As the delay increases from
zero, this eigenvalue initially becomes more negative and the fixed point z2 becomes more
stable, similarly to the corresponding fixed point of Eq. (4.17). However, the delay-induced
coupling between the drift and diffusion terms effectively increases the sensitivity to noise
for Eq. (4.16), as shown by the way the delay 7 appears in ga(To)- As mentioned earlier
in this chapter, f3(z,) incorporates these two contributions and can therefore be used to
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study the net effect of increasing the delay. The differential equation

d £s
Ex(t) = fa (Z(t))

2
= ﬁ—“;f_)—a:(t) <a + 52- ~ ﬁx(t)) , (4.28)
like Eq. (4.17), has only two fixed points. The first one is 71 = 0 and is always unstable.
Linearising Eq. (4.28) around the second omne, 2 = (@ + 2/2)/B, leads to the negative
eigenvalue —(a + 02/2)/[L + (a + 02/2)7]. As the delay increases, this eigenvalue becomes
less negative. This shows that the delay-induced coupling between the drift and diffusion
terms reduces the stability of Eq. (4.16) when the delay increases from zero, despite the
increased stability due to the drift term.

The steady-state CAD of Eq. (4.16), determined using numerical simulations, is com-
pared with the drift functions of Egs. (4.19) and (4.25) in Fig. 4.6. The approximate steady-
state CAD f(z,) is seen to be accurate for roughly the same range of delays as pa(zo),
which seems normal since they are related by Eq. (3.19). In addition, the difference in
behaviour between fa(zo) + (62/2)ga(Z0)dg9a(z0)/dz, and f2(z,) appears again very clearly
in Fig. 4.6. The larger the delay, the faster fu(zo) + (62/2)ga(z0)dga(z0)/dz, decreases
at large values of z,, whereas exactly the opposite happens for f3(zo)- This once more
illustrates the fact that the system becomes more sensitive to noise as the delay increases.

Overall, the small delay expansion presented in Sec. 4.1 yields good results for the
delayed logistic equation (4.15) when the delay is small. This is true even when ¢? is so
large that it induces a qualitative change in the shape of the steady-state probability density.
Furthermore, as the delay increases with a2 = 0.1, results remain quantitatively accurate
up to about 7 = 0.6, which is far from being negligible.
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Figure 4.6: Steady-state CAD for the logistic SDDE with nondelayed diffusion, a =8 =1 (see App. A1),
and the same combinations of T and o2 as in Fig. 4.5. The circles represent simulation results for the
SDDE (4.16). The continuous line stands for the approximate steady-state CAD f2(z,) given by Eq. (4.24),
and the dashed line, for the drift function fa(Zo) + (62/2)ga(To)dga(z0)/dTs of the approximate SDE (4.19).
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Chapter 5

Noise-Induced Rate Processes

This chapter considers multistability and noise-induced rate processes in the context of
SDDE’s driven by additive noise. Section 5.1 shows that such SDDE'’s can arise, for instance,
when the coupling between an overdamped particle and a stochastically driven potential is
delayed. As discussed in Sec. 5.2, a large class of these SDDE’s are inherently unstable, but
exhibit metastability under appropriate conditions. Section 5.3 then presents a separation
of time scales assumption that can be used to study noise-induced rate processes between
coexisting metastable states. This approach is applied, in Sec. 5.3.4, to a particle evolving
in a quartic potential.

5.1 Potentials

The motion of a particle of mass m in a potential U(z) is described, when the velocity is
small, by the second order differential equation

d

L o= —u%m@, (5.1)

dt2 zo=z(t)

where z is the position of the particle and v is the damping coefficient. A delayed cou-
pling between the particle and the potential can be introduced in Eq. (5.1) by evaluating
dU (z,)/dz, at T, = z(t — ) instead of z, = z(t), thus leading to

d

m@) - ZUo) —V—m@) (5.2)

To=z(t—T)

dt2
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If the ratio v/m is such that |vdz(t)/dt| > |md2z(t)/dt?| at all times, the inertial term of
Eq. (5.2) can be neglected and the particle is said to be overdamped. When this condition
is verified, the first order differential equation

3 2(6) =~ - U(z0)

v dz,

(5.3)

zo=z(t—T)

straightforwardly follows from Eq. (5.2). In Eq. (5.3), the damping coefficient v only acts
as a scaling parameter for the potential U(z). Accordingly, Eq. (5.3) is often written as

d d -
Em(t) =- dz, Ul(zo) poma(t—r) ) (5.4)

where 1
U(zo) = ~U(zo) (5.5)

is a scaled potential.
If dU(z,)/dz, is a stochastic process, Eq. (5.4) becomes an SDDE. This is the case, for
instance, when
U(zo) = V(zo) — 0ToE(t), (5.6)

where V(z,) is a given scaled potential and o scales the amplitude of the Gaussian white
noise £(t). The scaled potential V(z,) is assumed to be such that the range of z(t) is
(—o0, +00). Using this definition for U(z,), Eq. (5.4) becomes

dz(t) = f(z(t — 'r))dt + odW (), (5.7)
where d
flzo) = Iz V(zo)- (5-8)

It is important to note that Eq. (5.7) is driven by additive instead of multiplicative noise.
This leads to more tractable calculations and, in particular, allows the use of a method
developed by Wu and Kapral [4] in order to calculate the phenomenological transition rate
between the two wells of a symmetrical double-well potential. Their approach is presented
in Sec. 5.3.2.
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5.2 Metastability

5.2.1 Unbounded Oscillatory Solutions

While investigating noise-induced rate processes between the wells of the quartic potential
presented in Sec. 5.3.4, a very important attribute of Eq. (5.7) was uncovered: unbounded
oscillatory solutions. These solutions play an essential role in the long time evolution of an
overdamped particle with delayed coupling to a stochastically driven potential. They must
therefore be considered in some detail before proceeding with .the analysis of noise-induced
rate processes in these systems.

For a large class of potentials V(z,), all particles evolving according to Eq. (5.7) eventu-
ally start to oscillate with an amplitude that increases indefinitely with time. This behaviour
arises because of the existence of unbounded solutions for the DDE

%z(t) = f(z(t — 7)), (5.9)

which is the deterministic part of Eq. (5.7). For instance, integrating Eq. (5.9) over one
delay yields

z(t' +71) fh
) 1+ el (5.10)
when the constant initial condition {z(t) = z'|t € [t' — 7,t']} is considered. If
lim (o) = — (5.11)
To——0OQ :Bo
and
lim f(=o) = —00, (5.12)

To—00 Ig

then the outer sides of V(z,) are steeper than those of any harmonic potential. In this case,
all values of |z’| larger than some threshold lead to —z (' +7)/z(t') > 1. In turn, if {z(¢'+7)|
is sufficiently large, then —z(¢ + 27)/z(t' + 7) > 1, and so on. Thus, when Egs. (5.11)
and (5.12) are satisfied, the DDE (5.9) exhibits unbounded oscillatory solutions for large
initial conditions. It must be noted that this conclusion applies to all initial conditions, and
not only to those that are constant.

The presence of these unbounded solutions is véry important when the particle evolves
according to Eq. (5.7). Since Gaussian white noise can make the particle reach arbitrarily
large values of z, it is guaranteed to eventually exhibit unbounded oscillatory behaviour.
Once this happens, the deterministic term of Eq. (5.7) rapidly dominates over the stochastic
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Figure 5.1: Deterministic evolution in the single-well potential [Eq. (5.14)] withn =3, a =7 =1 (see
App. A.1), and two closeby constant initial conditions. When the particle starts from x = 1.328, it oscillates
for a while and then slowly relaxes to z = 0 (dashed line). On the other hand, an initial condition of
z = 1.332 leads to an oscillation amplitude that increases indefinitely with time (solid line).

one, and the probability of escape from the unbounded trajectory becomes negligible. The
system can therefore be seen, on a coarse-grained level, as being composed of two states.
On one hand, the unbounded oscillatory trajectories constitute an extremely stable class of
attractors and act as a globally stable state. On the other hand, the basins of attraction
of all the usual attractors, such as fixed points and limit cycles, make up a metastable
suprastate that is characterised by an overall mean residence time called Tqeta- In the end,
all realisations relax to unbounded oscillatory trajectories. Because of this, the probability
density p(zo, to|z’,t’) continually widens and flattens over time, and z(¢) thus possesses no
steady-state limit. If T;;'ta is sufficiently small, however, some pseudo-steady-state limit may
be considered in order to study transitions within the metastable suprastate. In this limit,
steady-state quantities are replaced by pseudo-steady-state ones, such as the probability
density p™(z,) and the CAD f™(z,). Here, the superscript m stands for metastable and
denotes pseudo-steady-state quantities.

5.2.2 Example: Single-Well Potential

In order to clearly illustrate the transition to unbounded oscillatory trajectories, it is desir-
able to avoid the complications that could arise from coexisting attractors in the metastable
suprastate. In this context, the single-well potential

o kL5
V(zo) = 7%l +, (5.13)
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Figure 5.2: Boundedness of the deterministic trajectories in the single-well potential for a = 7 = 1 (see
App. A.1). (a) For 0 < n < 1, zs(n) is the amplitude of the limit cycle; for n > 1, it is the threshold above
which constant initial conditions lead to unbounded oscillatory trajectories. It was determined through
successive numerical integrations of the DDE (5.14). (b) The function h(zs(n),n) characterises where the
particle is located after starting from a constant inijtial condition of zs(n) and evolving for one delay [see
Eq. (5.15)]. i

where n > 0, is a particularly appropriate choice. With this potential, Egs. (5.8) and (5.9)
lead to the DDE 4
E:z:(t) = —asign(z(t — 7)) |z — 7)), (5.14)

which reduces to Eq. (2.58) when n = 1. For that value of n, the particle relaxes to the
origin when ot < /2 and, as long as z’ # 0, oscillates with an ever increasing amplitude
when ar > 7/2 (see Sec. 2.2.3). For n # 1, its asymptotic behaviour has been studied
using numerical simulations with the constant initial condition {z(t) = ='|t € [t/ —7,t']}.
When 0 < n < 1, the particle always approaches a bounded limit cycle unless z’ = 0. On
the other hand, when = > 1, the particle exhibits unbounded oscillatory trajectories if |z/|
is larger than some threshold and relaxes to zero otherwise (see Fig. 5.1). The function

(n) amplitude of the limit cycle for0<n<l1
Tp{n) =
threshold of z’ above which unbounded solutions are obtained for n > 1,

where the subscript b stands for boundary, is plotted in Fig. 5.2(a) for @ = 7 = 1. For this
set of parameter values, the initial condition threshold for unbounded oscillatory trajectories
increases from 1 to co as n approaches 1 from above. Then, as n decreases from 1 to 0, the
amplitude of the limit cycle increases from 0 to 1.

Although not readily apparent from its definition or from Fig. 5.2(a), there is a close
relation between z(n) for 0 < n < 1 and zp(n) for n > 1. Indeed, the quantity h(zs(n),n),
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Figure 5.3: Mean first passage time T(0, £100) in the single-well potential with delayed coupling, n = 10,
and a = 7 =1 (see App. A.1). It was determined using numerical simulations of the SDDE (5.17).

where

z(t' + 1)
T ()
= ol " -1 (5.15)

h(z',n) =

is obtained using Eq. (5.10), is continuous across n = 1 [see Fig. 5.2(b)]. This suggests
that the dynamics that yields the limit cycle when n < 1 is the same one that induces the
unbounded oscillatory trajectories when n > 1. The slight discontinuity in the slope of
h(zp(n),n) at n = 1 is probably due to the fact that z;(n) represents different quantities
forn<land n>1. ]

It is interesting to note that the n = 1 limit of A(zs(n),n) can be determined analytically

by considering .
zp(n) = (h(:cb('n.),n) + 1) nt ’ (5.16)

T

which follows from inverting Eq. (5.15). As mentioned earlier in this section, all constant
initial conditions relax to £ = 0 when n = 1 and ar < w/2. This indicates that z;(1)
is effectively infinite for these values of cr. On the other hand, z,(1) must be zero when
art > /2, since all constant initial conditions except =’ = 0 result in unbounded oscillatory
trajectories. In order for Eq. (5.16) to yield these two limits for z(n) as n approaches 1
from above, h(zp(1),1) must be equal to m/2 — 1. This is indeed the n = 1 limit exhibited
by h(zs(n),n) in Fig. 5.2(b).
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Figure 5.4: A particle that evolves according to the nondelayed SDE dz(t) = faw(z(t))dt + cdW (t), where
faw(To) = —dVaw(zo)/dzo and Vaw(xo) is a double-well potential (thus the subscript dw), is a good example
of a system where Arrhenius’ law can arise. For instance, under appropriate conditions, Arrhenius’ law
correctly predicts the dependence of the mean first passage time T(z’,z”), which is the mean time required
to reach the point z” for the first time when starting from z’, on the noise amplitude and on the height
of the potential barrier between the two wells. Indeed, as long as z’ is located near the bottom of the left
well and z” is chosen reasonably far to the right of the potential barrier, T'(z’,z”) follows the Arrhenius’
law T4 exp(2AVa/0?) when AVaw/o? is large [1]. In this case, AV}, is simply equal to AV4w, which is the
height of the potential barrier that must be overcome by the particle in order to reach the right well from
the bottom of the left well. On the other hand, T4 depends on the flatness around the bottom of the left
well and around the top of the potential barrier. The flatter are these portions of Vaw(Zo), the larger is Ta-

Using the potential (5.13) in Egs. (5.7) and (5.8) leads to the SDDE
dz(t) = —asign(z(t — 7)) |z(t — 7)["dt + odW (t), (5.17)

which is simply the DDE (5.14) subjected to additive Gaussian white noise. In order to
evaluate Tieta from simulations, there must be a clear criterion to determine when a particle
starts to exhibit unbounded oscillatory behaviour. Although it is unclear how the onset of
unbounded oscillatory trajectories could be detected, the particle can be assumed to be on
such a trajectory, with a high degree of certainty, if |z(t)| becomes significantly larger than
the boundary z(n) shown in Fig. 5.2. Since simulations of Eq. (5.17) have been performed
only for n > 1.25 and since z;(1.25) ~ 6.76, the time scale Tieta has been approximated by
the mean time required to reach z = £100 for the first time when starting from a constant
initial condition of z = 0. This quantity, known as a mean first passage time (see Sec. 5.3.3),
is denoted by T(0,%100). It is an accurate approximation for Timeta, as long as the latter
is much larger than the time required to reach z = +100 from the onset of unbounded
oscillatory trajectories.
Numerical simulations have shown that T'(0,2100) follows Arrhenius’ law

ZAVA)

(5.18)

T(0,£100) =Ty exp( —3
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Figure 5.5: Arrhenius’ law in the single-well potential. The parameters (a) AV, and (b) T4 appearing
in Eq. (5.18) are drawn as a function of n. They were determined using linear regressions on graphs of
log T(0, £100) as a function of 1/0* (see Fig. 5.3) that were obtained from numerical simulations of the
SDDE (5.17). Performing regressions on the linear part of these two graphs, it is found that AV4 and Ta
are respectively proportional to n~1-550£0:015 g4 51.31£0.05

where the subscript A stands for Arrhenius, when ¢ is small. This is illustrated in Fig. 5.3
for the case where n = 10 and o = 7 = 1. In the context of transitions between the two
wells of a nondelayed double-well potential, AV4 would represent the height of the potential
barrier to be overcome by the particle, and T4 would depend on the flatness of the bottom
of the starting well and of the top of the potential barrier (see Fig. 5.4). Both AV, and
T, are plotted as a function of n in Fig. 5.5, and it is found that AV, decreases and T4
increases as n becomes larger. This can easily be interpreted in terms of the boundary z(n)
and of the potential V(z,). Indeed, since the boundary z,(n) approaches 1 as n increases,
smaller values of z, and thus of V(z), need to be reached in order to trigger unbounded
oscillatory trajectories. This is why AVy decreases as n increases. Similarly, V(z,) becomes
flatter around z, = 0 as n increases, and it is therefore normal for T4 to increase with n
(see Fig. 5.4).

5.3 Bistability

This section is devoted:to rate processes between the wells of a potential. To this end, the
function V(z,) appearing in Eq. (5.8) is considered here to be a symmetrical double-well
potential, and the separatrix between the two wells is assumed to be located at z = 0.
Specialising the FPE (3.14) to the case of an SDDE with additive noise, such as Eq. (5.7),
yields

A (zo, t|z’, ) = — 9 [f(zo, tlz', t)p(z0, tlT' t’)]+£—32—p(&: tlz’,t") (5.19)
atp (-3} ) axo [e}] 3 01 3 2 azg 0 b] b} .
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Zo

Figure 5.6: Quadrants of the z,z- plane.

where the CAD f(zo, to|z’,t') is given by Eq. (3.12). As mentioned in Sec. 3.1, the condi-
tional probability density p(zr, to—T|Z0o, to; ', t') appearing in the definition of f(zo, tolz’, ')
prevents Eq. (3.14), and thus Eq. (5.19), from being self-sufficient. Under the separation
of time scales assumption presented in Sec. 5.3.1, however, the CAD can be approximated
by its steady-state limit. As shown in Secs. 5.3.2 and 5.3.3, this allows quantities charac-
terising the evolution of the probability density to be expressed in terms of its steady-state
limit using standard techniques. Although the existence of a proper steady-state limit is
assumed throughout Secs. 5.3.1 to 5.3.3, the results are still applicable in an appropriate
pseudo-steady-state limit when unbounded oscillatory solutions are present. Indeed, the
results of these three sections are illustrated in Sec. 5.3.4 using a potential that exhibits
unbounded oscillatory trajectories.

5.3.1 Separation of Time Scales

The statistical properties of a stochastic process like z(t), such as its probability densities,
obviously inherit the time scales over which the process evolves. One of these is defined
by the delay 7, which appears in Eq. (5.7). In the case of the bivariate probability density
D(Zo, to; Tryto — TIZ', t), at least two additional time scales may be relevant:

Tpop: time scale over which D(Toy to; Try to — T|Z', t') equilibrates between the four quadrants
of the z,z, plane (see Fig. 5.6) and

Tint: time scale over which p(%o, to; Zr, to — 7|2, t') relaxes within quadrants I and ITI, where
z, and z, are of the same sign.

The indices “pop” and “int” respectively stand for population and internal. The meaning of
population in this context is explained in Sec. 5.3.2. When 7p0p > T, the particle has a very
small probability of undergoing a transition from one well to the other within 7 units of time.
In this case, the bivariate probability density p(zo, to; Tr,to—7|z’, ') is therefore much larger
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in quadrants I and III than in quadrants IT and IV, and the conditional probability density
p(Z+,to — T|To, to; ', t') is much larger when z, and z, are i the same well rather than in
different wells. The CAD f(zo, tolz’, t'), which is defined in terms of p(zr, to — 7|0, to; ', ')
in Eq. (3.12), can consequently be approximated by

_ 0
f(zo, tolz, ¥) = / Az f(Zo, Tr)P(Tr to — T|To,to; T, t') (5.20)
—co
when z, < 0, and by
_ (o o]
flzo, tolz’, ') =~ / dzr f(Zo, T+)p(Trr to — FT|Toy to; T, ') (5.21)
0

when z, > 0. For times much larger than Tin:, p(Zo,to; Zr, to — T|Z',t') is approximately
proportional to its steady-state limit in each of quadrants I and III. Since the univariate
probability density p(zo,to|z’,t’) is defined as the integral of P(Zo, to; Tr\ o — T|z’,t') over =,
[see Eq. (3.9)], and since p(zo, to; Tr, to — Tlz',t') is much larger in quadrants I and III than
in quadrants II and IV when Tpop 3> T, D(Zo, tolz’, t') is itself approximately proportional to
its steady-state limit in each of the two wells. Considering that p(z-, to—T|Zo,to; ', t') is the
ratio of p(Zo, to; Trito — Tlz', t') and p(z,, to|z’,t’) [see Eq. (3.10)}], it is then approximately
equal to its steady-state limit when z, and z. are in the same well. From this, Egs. (5.20)
and (5.21) lead to

F(@o tole, ') = F¥(z0) (5.22)

for t, — ' > Tint. Since the integrals in Eqgs. (5.20) and (5.21) are truncated at =z, = 0, and
since p(Zo, tolz’, t') and p(zo, to; Tr, to — T|z', t’) cannot be prosportional to their steady-state
limits in the immediate neighbourhood of the z, and zr-axes until complete equilibrium
is reached, the difference between f°(z,) and f(zo,to|z’, ') may be somewhat greater near
£, = 0 than elsewhere on the z,-axis. Still, as long as f*(zo» and f(Zo,to|z’,t') are contin-
uous around z, = 0, the difference between the two should remain minimal, and Eq. (5.22)
is expected to be a good approximation for all values of z,.
Consequently, when mp0p > 7, the FPE (3.14) reduces to-

9 ’oaly __a_ £s r oy ?—_232_ r gl
&p(zm tlz',t") = BTy [f*(zo)p(z0, ', N+ > azgp(xortlz ') (5.23)

for t — ¥ > Tint [see Eq. (5.22)]. This approximate FPE and its equivalent backward FPE

%) a Fsfod 54 I o 02 royr
a;p(zo,tlx ,t ) = —f (x )—a—;p(:z:o, t|:z: ,t ) - —‘?—-—a'x—lz‘p(xo,tlfll ,t ) (5.24)
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can be used to study the equilibration of the probability density between the two wells of
the potential when Tp0p > T and Tpep >> Tint, regardless of the relation between 7 and Tine.
Since f%(z,) is uniquely determined by the steady-state probability density p*(z,) through
Eq- (3.19), the knowledge of p*(z,) is all that is required in order to use these two FPE’s.
The determination of p°(z,) however remains a nontrivial task. Approximation schemes,
like the small delay expansion presented in Chap. 4, can sometimes be used to obtain an
analytical expression for p®(z,). In other cases, numerical simulations may be the only
possibility.

The steady-state CAD f*(z,) can be considered as arising from an effective potential
Ve(z,) defined according to the equation

Fo(z0) = —ﬁ;ve(zo). (5.25)

This potential would yield the FPE (5.23) if an overdamped particle evolved in it with
nondelayed coupling. This is thus an example of the correspondence, mentioned in Sec. 3.1,
between delayed and nondelayed systems. The effective potential V.(z,) can also be defined
in terms of the steady-state probability density p°(z,) when the particle is subjected to
additive noise, as is the case in this chapter. Indeed, substituting Eq. (5.25) in Eq. (3.18)
with g(z,) = 1 results in

p°(z,) = N exp (—2‘/:;#0)) . (5.26)

As mentioned in Sec. 3.1, f(Zo,tolz’,¥’) = f(z,) when the delay vanishes. In this limit,
Eq. (5.22) becomes an exact relation, as do Egs. (5.23) and (5.24), and Ve(z,) = V(z,)-

5.3.2 Phenomenological Transition Rate

When experimentally studying ensembles of multistable systems, it is customary to monitor
the fraction of realisations in each state as a function of time. This quantity is known as the
population number. For a particle evolving in a double-well potential, each well is usually
considered as a distinct state. Thus, the separatrix between the two wells being located at
z = 0, the population numbers are defined as

0
N_(to|z', ) :.—'/ dzop(To, tolz’, ') (5.27)
—QQ

and o
Ny (tola ) = / dzop(Tos tol ', ). (5.28)
0
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Since the probability density is normalised,
N_(tolz',¥') + Ni(to|z',t') = 1. (5.29)

This relation simply means that each realisation must always be within one of the two wells
at any given time. In the limit where Tpop >> T and Tpop > Tint, introduced in Sec. 5.3.1, the
univariate probability density p(z,,%0|z’,t’) is expected to share the time scales T,qp and
Tint Of the bivariate probability density p(z,,to; Zr,to — T|z’,t’). It therefore relaxes within
each well on a time scale 1,; and equilibrates between the two wells of the potential on
a time scale Tpop. Because of this, the population numbers N_(t,|z’,t") and Ny (zo|z',t)
approach their steady-state limits 77— and 74 on a time scale Tpop, thus the “pop” in Tpep.-
Mathematically, this is written as

to —t
Naltol#'#) = 1 + (Mo, ) = ) exp (225 ). (5.50)
pop

Considering that the double-well potential is symmetrical, n— = n4y = 1/2.
Wu and Kapral [4] have studied the dynamics of population numbers for the nondelayed
version of Eq. (5.7) with the quartic potential

where o and 3 are positive real constants. The corresponding FPE can be written as

%p(zo, tiz',t) = Lyp p(zo, t|z'; '), (5.31)
where 5 2 g2
= _ g o
Lep = Oz, flzo) + 2 0z2

is called the Fokker-Planck operator, f(z,) is defined by Eq. (5.8), and z(t') = z’ is the
initial condition. The approach developed by Wu and Kapral is based on this FPE and is
outlined in the following paragraph.

In order to obtain an evolution equation for the population numbers, the projection
operators

Pg(zo,to) = ) nz'p*(zo) H(£2o) / ~ dzoH (£25)q(z5, to) (5.32)
+ —~co

and Q = 1 — P are defined. In Eq. (5.32), ¢(zo, o) is the function on which the projection
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operator is applied,
0 forz, <0
H(z,) =41/2 forz,=0
1 forz, >0

is the Heaviside step function, and p*(z,) is the steady-state probability density. The oper-
ators P and Q@ respectively project onto the population numbers and onto the other degreeé
of freedom of q(zo,t,). Using these projection operators and the FPE (5.31), standard
techniques yield

to
Ny (tolz!,t") — Np (02, ) = > /0 dt, K+ (t.)Ni(to — th), (5.33)
+
where oo
Kato) 27" [ dooB(z0) Lepe?reiop' (o) H (o) (5.34)
-0

are called rate kernels. The evolution of both N_(t,|z’,t') and Ny (to|z’,t’) is determined by
Eq. (5.33), since these two population numbers are related by Eq. (5.29). If the rate kernels
K+(t,) approach plateau values on a time scale much smaller than the one over which the
population numbers Ny (t,|z’,t') decay, Eq. (5.33) leads to the phenomenological rate law

%N...(tlz',t') = —kgNi(t|lz', t') + k- N_(t|lz',t'), (5.35)
where the rate constants are given by
kf= ’tjl_l?w K (to)

and
k- = im K_(t).
to—o0
It must be noted that integrating Eq. (5.35) from t = t’ to t = t, and defining

1

Tpop = Ef_-{-—k—r (536)

allows Eq. (5.30) to be recovered in a rigorous fashion. The rate kernels K.(t,) can be
expressed in terms of the eigenvalues and eigenfunctions of the projected Fokker-Planck
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operator QLrp. This allows to show, among other things, that

k=kf=k = é [/Oco dzp®(z) ‘/oz 5% (1 — 2/:’ dzps(z))] - (5.37)

in the small o2 limit. The forward and reverse rate constants are in this case equal because
of the symmetry of the potential.

Although this theory has been developed by Wu and Kapral in the context of a particu-
lar system, the derivation is rather general and the results seem to apply to all symmetrical
double-well potentials. It should thus be applicable to systems described by the SDDE (5.7)
as long as the effective potential Ve(z,) is composed of two symmetrical wells. This conclu-
sion is supported by the example presented in Sec. 5.3.4.

5.3.3 Mean First Passage Time

The time required to reach a given point from another one for the first time is known as
the first passage time. This quantity obviously depends on the initial condition and varies
from one realisation to another. In the particular case of a time homogeneous process z(t),
the first passage time is independent of the initial time and can be denoted as T'(z’,z"),
where z’ is the initial point and z” is the end point. The mean T(z’,z") of this quantity,
the mean first passage time (MFPT), can be calculated for a homogeneous process using
the procedure described in the following paragraphs [1]. It must be noted that the details
of the calculation depend on whether z’ < z” or z’ > z”.

Assuming that ' < z”, the point £ = z” must be specified as an absorbing boundary
and z = —oo as a reflecting boundary. With this choice of boundary conditions, a given
particle can reach z” only once and obviously remains in the interval (—oo,z”) until this
happens. The probability Fr(z”,t"|z’,t’) that the particle reach z =z at t =¢t" or at an
earlier time, given that it starts from z = z’ at ¢ = t/, is therefore equal to the probability
that the particle be missing from the interval (—o0,z") at time ¢”. In other words,

xl’
Fr(z",t"|z/,¢) =1 -—/ dzop(zo, |2/, t'), (5.38)
-0

where the end point z” is excluded from the integral. The function Fr(z”,t"|z,t’) is the
probability distribution function of T'(z’,z"), and the MFPT can thus be written as (see
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Sec. 2.1.3)

_ oo o

T(.’B,, .’B”) —_ L dt”(t” - tl) at”
*° I g&tis a {4 n 4 7

=_/tl dt"(¢" ¢ lL = Fr(a", ¢'la',¢)

FT(:Z?”, t"lzl, t,)

(o o]
= dt”[1 — Fr(z",t"|',t")]. (5.39)
tl

Between the second and third lines of Eq. (5.39), an integration by parts has been performed
under the assumption that

tllim " - t)[1 - Fr(z”,t"|z,t)] =0,
I_’w

which simply states that the probability of not having reached z = z” at ¢t = t” or at
an earlier time must decrease sufficiently rapidly as t” increases. Since z(t) is a time
homogeneous process, p(Zo,to|z’,t’) is time-shift invariant and so is Fr(z”,t"|z’,t'). This
allows Eq. (5.39) to be written as

o0
T(z', ") = / ds[1 — Fr(z", slz’, 0)],
0

where s = ¢/ — ¢/, which shows that T(z’,z"”) is also time-shift invariant. This supports the
idea, mentioned at the beginning of this section, that T'(z’, ") is independent of the initial
time ¢ for homogeneous processes.

The time-shift invariance of p(z,, to|z’,t’) implies that

0 rogry _i Y
Bt’p(zo’t"‘x :t) - atop(moatol:B 1t )a

and with this result, the backward FPE (5.24) becomes

) - ) a2 82
—op(xo, tolz’, t) = f*(2") 572 (2o, tolz' t') + 5 527 P(Tor tolz’, ). (5.40)

Integrating Eq. (5.40) from z, = —oo to z, = z” and from ¢, = t’ to {, = 00, and using
Egs. (5.38) and (5.39), leads to the differential equation
- _ o2 82
P26 + s

5 azlz'f(:z:',:z:") = -1. (5.41)
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In order to solve this equation, appropriate boundary conditions must first be specified.
Since the particle is immediately absorbed if ' = z”, then

T(z', ") g = 0-

For 2/ = —oo, the reflecting boundary condition is obtained by enforcing [see part (c) of
Sec. 2.1.5] )

8 -
z,EIE.loo ﬁp(xm tolz :t ) - 01

which implies that

d rooanN
fgrgma -T'(z,z") = 0.

With these boundary conditions, Eq. (5.41) yields

_ /! y
T(', ") = }23 /:c' E’% dzp®(z), (5.42a)

which is valid when z’ < z”. A similar procedure leads to

T(z',2") = = i _dy_ dz *(z) (5.42b)
’ a? o @) Sy T ‘

when z/ > z”.

5.3.4 Example: Quartic Potential
The quartic potential

Vizo) = Ba: - %xﬁ, (5.43)

where o and 3 are positive coefficients, is an archetypal example of double-well potentials
and is therefore an appropriate test-bed for the methods presented in this section. Substi-
tuting V(z,) in Egs. (5.7) and (5.8) leads to the SDDE

dz(t) = [az(t — ) — B3 (t — 7)|dt + cdW (¢), (5.44)
the deterministic part of which is

dz(t) = [az(t — 7) — Bz(t — 7)]dt. (5.45)
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Range of delays Asymptotic limit
7<0.785 Trajectories approach a fixed point located at z = —1.

0.786 <7< 1.538 Trajectories approach a limit cycle. Particles are confined to the left well for
r < 1.260. Around T = 1.260, they start to cross the boundary between
the two wells, but they do not reach the bottom of the right well until ap-
proximately T = 1.325. For delays larger than 1.325, the limit cycle spans
beyond both local minima. It is symmetrical for 1.325 < 7 < 1.522, and be-
comes asymmetrical around 7 = 1.523. In addition, it undergoes a sequence of
period doubling bifurcations between approximately = = 1.534 and 7 = 1.538.

1.539 <7< 1.725 Trajectories are aperiodic, except for some windows of T where they approach
a limit cycle.

1.726 <t Trajectories diverge.

Table 5.1: Bounded asymptotic limits of the deterministic trajectories in the quartic potential with delayed
coupling, @ = B8 = 1 (see App. A.1), and the particle initially located in the left well (z < 0). The range of
delays for which the various behaviours are observed have been determined through numerical integration
of the DDE (5.45) with constant initial conditions over ¢ € [—,0].

The DDE (5.45) has three fixed points: z1 = —y/a/B8, 22 =0, and z3 = v/ o/B. Linearising
it around z; or z3 yields
dy(t) = —2ay(t — )dt, (5.46)

where y(t) = z(t) — 13- The results of the stability analysis performed in Sec. 2.2.3
are easily adapted to Eq. (5.46). In particular, z; and z3 are stable when ar < w/4 and
unstable when ar > 7/4. On the other hand, the fixed point z3 is always unstable, as can be
shown by linearising the DDE around it. This analysis indicates that a particle evolving in
accordance with Eq. (5.45) should relax to either z; or 3 when a7 < m/4 and exhibit other
types of asymptotic behaviour when a7t > /4. The asymptotic limits of its trajectories can
be studied in more detail with numerical simulations. Using these, it was found that the
DDE (5.45) exhibits both bounded and unbounded trajectories (see Table 5.1 and Fig. 5.7).
The presence of unbounded trajectories clearly prevents the existence of a steady-state
probability density for the SDDE (5.44). As mentioned in Sec. 5.2, however, a pseudo-
steady-state probability density p™(z,) can nevertheless be defined when the transition
rate T, from bounded to unbounded trajectories is sufficiently small. It can then be used
as a substitute for p*(z,) in Eqs. (5.37) and (5.42).

As the delay decreases, the values of z required to reach deterministically unbounded
trajectories become arbitrarily large (see Fig. 5.7) and T, therefore approaches zero. The
pseudo-steady-state probability density p™(zo) is thus well-defined in this limit and can be
approximated using the small delay expansion presented in Chap. 4. Setting the integration
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Figure 5.7: Boundedness of the deterministic trajectories in the quartic potential with delayed coupling,
a = 8 = 1 (see App- A.1), and constant initial conditions. The boundary zs, which separates the initial
conditions leading to bounded (B) and unbounded (U) solutions of Eq. (5.45), has been determined using
numerical simulations. It must be noted that all constant initial conditions lead to unbounded trajectories
when the delay is larger than 1. ~ 1.725. For small delays, z seems proportional to 1//T.

constant c¢ to zero in Eq. (4.5) leads to

m z2 1 + 2at — 1887202 1-ar
P (zo) = Naexp [_ 3102 987202 ln(l —art+ 3ﬂ7’:z:§)] ’ (5.47)
which is formally valid for 7 < 1. Similarly,

Fm (o — 6fr0%)zo ~ B3

fa'(zo) = (5.48)

1 —7(a — 36z2)

follows from Eq. (4.6). These approximate expressions for p™(z,) and f™(z,) are quite
accurate when o = 7 = 1 and 7 = o2 = 0.1, as shown in Fig. 5.8. In addition, Egs. (5.47)
and (5.48) qualitatively agree with numerical simulation results up to roughly o2 = 1 when
o=7=1and T =0.1, and up to about 7 = 0.4 when @ =7 =1 and ¢% =0.1.

Before Egs (5.37) and (5.42) can be used, the separation of time scales assumption
that led to the FPE (5.23) must first be verified. To do so, Tpop and 7ine must obviously
be determined. As mentioned in Sec. 5.3.2, p(Zo, tolz’, ') and p(Zo, to; Zr, to — Tiz',t') are
expected to relax on similar time scales when Tpop > 7 and Tpep > Tint- This allows 1pep
and Ty to be determined from the transients of p(z, to|z’, '), which is somewhat simpler
than considering p(Zo, to; Tr, to — T|Z', t’) directly. For 7 = o2 = 0.1, it was found through
numerical simulations that Tin is of order one and that 7Tpep = 341 £ 22. The separation
of time scales is thus valid for this set of parameter values, and Egs. (5.37) and (5.42) can
be used to determine Tpep and T'(z’,z”). In fact, as shown in Figs. 5.9(a,b) and 5.10(c,d),
these equations yield values that are of the right order of magnitude for a significant range
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Zo

Figure 5.8: Pseudo-steady-state (a) probability density and (b) CAD in the quartic potential with delayed
coupling, & = B = 1 (see App. A.1), and 7 = o2 = 0.1. In (a) and (b), the circles represent simulation
results for the SDDE (5.44), and the continuous lines stand for the approximate functions pz' (z.) and ™ (z0)
[Egs. (5.47) and (5.48)]. The effective potentials in (c) correspond to the probability densities of (a) and
were obtained using Eq. (5.26) with values of N such that their global minima are zero. The barrier between
the two wells of the potential determined from numerical simulations has a height of 0.235 £+ 0.002.

of 7 and o2. It is important to note, however, that they lead to significantly more accurate
results when p™(z,) is determined through numerical simulations rather than approximated
by p7(zo) [Eq. (5.47)]. Indeed, Egs. (5.37) and (5.42) seem very sensitive to discrepancies in
the (pseudo-)steady-state probability density, even in regions where its magnitude is small.
The key in understanding this sensitivity lies in the effective potential Ve(z,). For instance,
Eq. (5.47) seems to perfectly predict the shape of the pseudo-steady-state probability density
when 7 = 02 = 0.1 [see Fig. 5.8(a)]. However, some subtle differences are present and lead
to significant discrepancies in Ve(z,) [see Fig. 5.8(c)]. In particular, the effective potential
barrier between the two wells is smaller when p™(z,) is considered instead of p™(z,), and
it is thus more easily overcome by the particle. This is why p;*(z,) leads in this case to
values of Tpop and T(—1,1) that are significantly smaller than those obtained with p™(zo)
[see Figs. 5.9(b) and 5.10(a)].
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Figure 5.9: Time scale Tpop in the quartic potential with delayed coupling and & = 8 = 1 (see App. A.1).
Results are given for (a) 7 = 0.1, (b) ¢® = 0.1, and (¢) T = 1.0. The circles represent data obtained
from phenomenological simulations of Eq. (5.44). On the other hand, the squares and the solid line both
result from Eqs. (5.36) and (5.37). For the squares, p™(zo) was determined using numerical simulations of
Eq. (5.44); for the solid line, it was approximated by pg'(z.) [Eq- (5.47)]. The solid line is omitted from
graph (c) because Eq. (5.47) is not valid for + = 1.0.

It is therefore essential to use the most accurate representation of the pseudo-steady-
state probability density in Eqs. (5.37) and (5.42) in order to obtain proper values for
Tpop and T(z/,z”"). It must however be stressed that even an exact expression for p™(z,)
would not yield exact values for Tpep and T(z’,z"), since approximations have been used in
deriving Egs. (5.37) and (5.42). In particular, only when 7 = 0 does Eq. (5.22), and thus
Egs. (5.23) and (5.24), reduce to an exact relation. In all other cases, the FPE (5.23) and
the backward FPE (5.24), on which Egs. (5.37) and (5.42) are based, are only approximate.
Furthermore, as discussed in Sec. 5.3.1, the f(zo,to|z',t') = f3(z,) approximation may be
somewhat less appropriate around z, = 0 than elsewhere on the z,-axis. Since Egs. (5.37)
and (5.42) are fairly sensitive to discrepancies in p™(z,) around z, = 0, this may lead
to some inaccuracy in the values obtained for Tpop and T'(z',z”). Once again, this can
be illustrated using the 7 = o2 = 0.1 example. For these values of 7 and o2, Eq. (5.37)
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Figure 5.10: Mean first passage time T(z’, ") in the quartic potential with delayed coupling anda=8=1
(see App. A.1). For 7 = ¢? = 0.1, the MFPT from z’ = —1 to a whole range of end points is given on (a) a
linear scale and (b) a semilogarithmic scale. In addition, the MFPT from z’ = —1to z” = 1 is given for (c)
+ = 0.1, (d) 0® = 0.1, and (e) T = 1.0. The circles represent data obtained from simulations of Eq. (5.44).
On the other hand, the squares and the solid line both result from Eq. (5.42). For the squares, p™(z0)
was determined using numerical simulations of Eq. (5.44); for the solid line, it was approximated by o7 (xa)
[Eq. (5.47)]. The solid line is omitted from graph (e) because Eq. (5.47) is not valid for 7 = 1.0.
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Barrier height

Delay Toop 1—,(_1’ 1)
0.1 0.243 £ 0.006 0.24 +-0.04
1.0 0.0082 £0.0005 0.0083 + 0.0001

Table 5.2: Arrhenius’ law in the quartic potential with delayed coupling and o = § =1 (see App. A.1). The
effective barrier height AV, appearing in Eq. (5.18) is given for both Tpop and T(z',z"”). It was obtained
using regressions on the linear part of the numerical simulation results (circles) in Figs. 5.9(a,c) and 5.10(c.e)-

with a numerically determined p™(z,), believed to be accurate, led to 7pep = 283 £ 8.
On the other hand, phenomenological simulations yielded 7pop = 341 & 22. Even though
these two values are of the same order of magnitude, they are nevertheless significantly
different. This discrepancy is also observed for T(—1,z"), but is larger for z” € [0,1]
than for z” € [—1,0] (see Fig. 5.10). This last observation indicates that the accuracy
of the f(zo,tolz’,t') ~ f°(z,) approximation may be inadequate around z, = 0. Overall,
although Egs. (5.37) and (5.42) can be used to determine the order of magnitude of 7,05 and
T(z',z") when T and o2 are sufficiently small, they should not be relied on in the context
of SDDE’s when accurate values are required.

As is clear from Figs. 5.9(a,c) and 5.10(c,e), Tpop and T(—1,1) follow Arrhenius’ law
[Eq. (5.18)] when o2 is small, whether 7 = 0.1 or 7 = 1.0. The latter case is particularly
interesting, since the deterministic attractors consist of limit cycles (see Table 5.1). It is
another example of a transition where Arrhenius’ law applies without both attractors being
fixed points, the first one being the transition to unbounded oscillatory trajectories in the
single-well potential presented in Sec. 5.2.2. As expected, the effective barrier height AV4
appearing in Arrhenius’ law varies with the delay and, for a given value of 7, is the same for
both 7Tpep and T(—1,1) (see Table 5.2). The value of AV4 corresponds to the height of the
potential barrier between the two wells of Ve(z,) when 7 = 0.1 [see Fig. 5.8(c)], but not when
7 = 1.0. In fact, when limit cycles are present, a bivariate probability density and a bivariate
potential would probably characterise more appropriately the system than univariate ones.
This could explain, along with the breakdown of the flzo, tol|z’, t') =~ f*(z,) approximation,
why Egs. (5.37) and (5.42) do not predict the right values for 1p0p and T(z',z") when the
delay is large [see Figs. 5.9(b,c) and 5.10(d,e)].
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Chapter 6

Conclusion

The well-known Fokker-Planck equation plays a very important role in the analysis of sys-
tems described by nondelayed stochastic differential equations. Unfortunately, the presence
of delayed feedback in a differential equation implicitly entails the existence of an infinite-
dimensional phase space. Because of this, the FPE associated with a stochastic delay
differential equation has to be formulated in terms of an infinite number of independent
variables in order to take into account all the available degrees of freedom. Although this
can be formally done in a number of ways (see Secs. 3.1 and 3.3.2), some kind of projec-
tion or truncation is required if the FPE is to be used in any practical application. In
this respect, the derivation in Sec. 3.1 of the exact FPE (3.14) corresponds to a particu-
larly simple projection scheme. However, important information is improperly discarded by
this approach, and Eq. (3.14) cannot independently yield the univariate probability density
function.

Even though the phase space in which evolves a system described by a delay differential
equation is effectively infinite-dimensional, the various degrees of freedom are in general par-
tially slaved to one another by the integration process. Consequently, it may be possible to
approximate the long term behaviour of an SDDE by using a set of differential equations de-
fined over a finite-dimensional phase space. For instance, the Taylor expansion presented in
Chap. 4 leads from a univariate SDDE with nondelayed diffusion to a univariate nondelayed
SDE [Eq. (4.2)] on which the usual Fokker-Planck approach can be applied [see Eq. (4.4)].
This approximation is expected to be valid for short delays, provided that the possible os-
cillatory modes of the original SDDE be strongly damped. It must be noted that although
the FPE (3.14) does not initially intervene in this approximation scheme, substituting the
results of the Taylor expansion in this equation leads to an alternative and complementary
approximation of the original SDDE [see Eq. (4.7)]. Thus, despite its limitations, this FPE
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can still be helpful when used in association with appropriate approximation schemes.

This is particularly true when dealing with bistable delay differential equations driven
by additive noise. Under the separation of time scales assumption presented in Sec. 5.3,
Eq. (3.14) reduces in this case to an FPE [Eq. (5.23)] that is uniquely determined by the
steady-state probability density. This FPE can then be used to characterise noise-induced
rate processes in such systems. For instance, in the context of an overdamped particle with
delayed coupling to a symmetrical and stochastically driven double-well potential, it can be
used with standard techniques to express the transition rate between the two wells of the
potential in terms of the noise amplitude and of the steady-state probability density (see
Sec. 5.3.2). The same can also be done for the mean first passage time, which is the mean
time required to go from one point to another for the first time (see Sec. 5.3.3).

However, there exists no steady-state probability density for the quartic potential con-
sidered in Sec. 5.3.4. For this system, as for a large number of SDDE’s with no instantaneous
feedback, all realisations eventually stabilise on an attractor that is best described as an
unbounded oscillatory trajectory (see Sec. 5.2). Since on this trajectory the dynamical
variable oscillates with an amplitude that increases indefinitely with time, there exists no
steady-state limit and thus no steady-state probability density. Still, in regimes where the
transition rate to this globally stable attractor is sufficiently small, the transitions between
the basins of attraction of the remaining attractors may be studied in a pseudo-steady-state
limit. This allows the transition rate and the mean first passage time mentioned in the pre-
vious paragraph to be calculated using a pseudo-steady-state probability density instead of
the non-existent steady-state one.

For this quartic potential, the transition rate between the two wells and the mean first
passage time from the bottom of one well to the bottom of the other both follow Arrhenius’
law when the noise amplitude is small. It is particularly interesting to note that this is
true even when the delay is so large that the attractor in each well is a limit cycle instead
of a fixed point. Similarly, the transition rate to unbounded oscillatory trajectories in
the single-well potential presented in Sec. 5.2.2 also follows Arrhenius’ law when the noise
amplitude is sufficiently small. These two examples clearly show that Arrhenius’ law can
be valid even when the attractors involved are not all fixed points. However, the dynamics
that leads to Arrhenius’ law in these two cases is not yet fully understood. The use of
probability densities and effective potentials defined over higher-dimensional phase spaces
could play a crucial role in this respect. On a different note, it would be important to verify
if the existence of unbounded oscillatory trajectories depends on the fact that a particle is
overdamped and if they exist in inertial systems.
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The separation of time scales approach introduced in Sec. 5.3 can be adapted to a
wide range of systems. Indeed, the derivation of the approximate FPE (5.23) in Sec. 5.3.1
does not depend on the symmetry of the potential or on the number of wells. It can thus
be used with potentials that are asymmetrical or possess more than two wells. Similarly,
the expressions obtained in Sec. 5.3.3 for the mean first passage time can also be applied
to these cases without any modification. On the other hand, the formula presented in
Sec. 5.3.2 for the transition rate between wells needs to be generalised before it can be
used with these potentials. This separation of time scales approach can also be employed
with SDDE’s involving multiplicative noise. If the diffusion term is delayed, however, the
resulting FPE includes steady-state averages of both the drift and the diffusion terms of the
SDDE [see Egs. (3.16) and (3.17)] and cannot be expressed solely in terms of the steady-state
probability density.

With regard to the short delay approximation of Chap. 4, higher-order expansions could
be achieved by using the integral form of the Taylor expansion formula [47]. Such a technique
would also allow an SDDE with delayed diffusion to be approximated by a nondelayed SDE.
Unfortunately, this approximation would still be limited to short delays, and the presence
of multiple stochastic integrals would prevent the usual FPE from being used. On the other
hand, approximate and self-sufficient FPE’s for SDDE’s with delayed diffusion and relatively
large delays could possibly be obtained by projecting or truncating the infinite-dimensional
FPE’s discussed in Secs. 3.1 and 3.3.2. In Sec. 3.1, for instance, a closure scheme in which
a given multivariate probability density is written in terms of lower-order ones may prove
to be a viable approach. '

Throughout this thesis, the focus has been on delay differential equations driven by
Gaussian white noise. This is an appropriate choice when the correlation time of the
fluctuations is negligible compared to the deterministic time scales of the system, but when
this condition is not verified, the fluctuations need to be modelled using a stochastic process
that has a non-zero correlation time. The Ornstein-Uhlenbeck and dichotomous processes
are often used for this purpose. Consequently, it would be important to adapt the results
of this research to SDDE’s involving these stochastic processes. This should be particularly
easy for the small delay approximation of Chap. 4, since it is merely based on a Taylor
expansion.

Overall, it was found that the Fokker-Planck approach can play a significant role in
the analysis of stochastic delay differential equations. Considering that these equations are
now recognised as an important modelling tool, it is essential that the development of this

methodology continue to be actively pursued.
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Appendix A

Numerical Simulations

A.1 Units

When performing numerical analysis, each parameter characterising the system under study
must obviously be set to some numerical value. Because of this, the analysis must be
repeated for several sets of parameter values in order to appropriately sample parameter
space. However, the number of sets that are required can often be reduced by properly
choosing the units in which the various quantities are expressed. This can be illustrated
using Eq. (2.58),

%x(t) = —az(t—T1). (A1)

If ¢ and T are scaled in such a way as to be expressed in units of =1, Eq. (A.1) becomes
4 2t) = —z(t — 1) (A.2)
dt - ’

and only T needs to be varied in order to completely sample parameter space. On the other
hand, if ¢ and « are respectively measured in units of 7 and 77, the equation

%z(t) = —az(t—1) (A.3)

is obtained and only a needs to be varied. There is no universal rule for choosing the most
appropriate units. The optimal choice depends on the particular application.

Instead of writing two versions of the same equation, it is often possible to specify
parameter assignments that allow the scaled equation to be obtained from the original one.
For instance, Eq. (A.2) is simply Eq. (A.1) with @« = 1. The units used in this thesis,
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i Units Assignments
Equations " z - W

g a B T o

(2.49) /a o/ — 1/va Jo 11 — —
(2.57) /e of/Va 1l/a 1/« — 1 — — 1
(2.58) 1/a — 1/a — — 1 — — —
(3-44), (3.45) /e /8 1l/a 1/Ja B/ Ve 1 1 — —
(4.15) 1/a a/f 1/ 1/ Va 1 1 — —
(5.14) with n # 1 r (er)t™ — — — 1 — 1 —
(5.17) with n # 1 r (@)t —  JF ot 2 1 — 1 —
(5.44) l/a e/ 1l/a 1/Va  ofVB 11— —
(5.45) 1/a +/a/f 1lla — — 1 1 — —

Table A.1: Units used for the numerical analysis of the various differential equations. Whenn =1, Eqs. (5.14)
and (5.17) reduce to Eqs. (2.58) and (2.57) respectively. ’

and the corresponding assignments, are listed in Table A.1 for each differential equation on
which numerical analysis has been performed.

A.2 Algorithms

A.2.1 Integration Schemes

Throughout this research project, differential equations have been numerically integrated
using either the Euler, the stochastic Euler, or the stochastic midpoint integration scheme.
These three methods follow more or less directly from the definitions of the Riemann, the
Tto, and the Stratonovich integrals [Egs (2.34), (2.37), and (3.22)}.

a) Euler

The deterministic equation
t+At
z(t + At) = z(t) + / fz@),z(t — T))dt (A.4)
t

involves only a Riemann integral. Specifying n = 1 and ¢;’ = ¢; in Eq. (2.34) yields the
approximate iterative equation

o(t + At) =~ z(t) + f(z(t), z(t — 7)) At, (A.5)

which is the well-known Euler integration scheme. This method was used for numerically
integrating all deterministic DDE’s.
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b) Stochastic Euler

The stochastic Euler integration scheme, which is a generalisation of the previous method,
was used for Ito SDDE’s. In this case, the equation

t+At t+At
z(t + At) = z(t) + / Flz@), z(t —7))dt + I/ og(z(t), z(t — 7))dW (¢)
t t

involves both a Riemann and an Ito integral. Treating the Riemann integral in the same
way as in the Euler integration scheme and setting n =1 in Eq. (2.37) leads to

z(t + At) =~ z(t) + f(z(t), z(t — 7)) At + og(z(t), z(t — 7)) AW, (A.6)

where AW = W (t + At) — W(t)- As can be seen from Eq. (2.28), AW is a Gaussian
distributed random variable with a zero mean and a At variance. Furthermore, since W (t)
is Markovian and since the integration steps do not overlap, the values assumed by AW for
any two steps are independent of one another.

c) Stochastic Midpoint

In the classical midpoint integration scheme, the Riemann integral appearing in Eq. (A.4)
is approximated by

t+At . . . .
/t f(z(t),z(t—‘r))dtzf< (&) + 2(t+At),$(t )+a:2(t+At ))At’

where the value of z(t + At) appearing on the right-hand side is approximated using the
Euler integration scheme. It is interesting to note that setting n = 1 in Eq. (3.22) leads to
a similar equation for Stratonovich integrals. Indeed, this yields

t+At - . s .
S/t g(:z:(t),x(t—f))dW(t)zg< () + 2(t+At)’ (t )+:z:2(t+At ))AW’

where AW is defined in the same way as in part (b). Using these approximate expressions
for Riemann and Stratonovich integrals, the equation

t+At t+AL
z(t + At) = z(t) + /t f(z(t),z(t — 7))dt + S/t og(z(t), z(t — 7))dW (t)
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becomes

z(t + At) ~ z(t) +f($(t) +$2(t+ At)’ z(t — 1) +g;2(t+At _ 7.)>At

+ 0.g<z(t) +z(t+At) z(t—T1)+z(t+ At —T)

2 ' 2 ) AW, (A7)

where the value of z(¢t+At) appearing on the right-hand side can now be approximated using
the stochastic Euler integration scheme. Since Eq. (A.7) is a straightforward generalisation
of the midpoint integration scheme, it seems natural to call it the stochastic midpoint
integration scheme. This method was used for integrating the Stratonovich SDDE (3.45) in
Sec. 3.4.2.

A.2.2 Sampling

In a stochastic simulation, all quantities involving the value of the state variable are in fact
random variables. This is true even for statistical properties, such as the probability of being
in a certain region of phase space, since a simulation cannot yield the infinite number of
sample values that would be required for an exact determination. It is therefore important
to evaluate, at the very least, both the mean and the variance of each quantity resulting from
a stochastic simulation. This can be done, in general, by using sample ensemble averages.
If a given quantity X is calculated for each of n distinct realisations, thus leading to the
sample set {X;|i € N,i < n}, its mean and variance can be respectively approximated by
the sample mean

(X)':%ZX,-

=1

Xe

and the sample variance

2y L l" 2 in .2
(X2) = (X) _n_l{n;xl (n;X”
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where the subscript e stands for ensemble average. Another quantity that must often be
calculated is the variance of the sample mean X.. It is given by

o =2 _ (X3 -—(X)?
(%2) — (Rgr = EA XV
1 1 n 1 n 2
~ 1 l:;i iE=1 X,2 —_ ('r_z ,—=E . Xi) } . (A.S)V

A stationary process for which ensemble and time averages are equivalent is termed
ergodic. For such a system, the sample mean and the sample variance of a quantity X(t)
can be determined from a single realisation. For instance, they can be calculated using

(X) = % 3 X(iAY)

i=1

Xt

and

n n 2
2y _(xy2~_" |1 20ia8) — (2 ;
(X?) ~ (X)? = — [n ZX (iAt) (n ZX(zAt)> ] ,
=1 =1
where n represents the number of times at which X (¢) is being sampled, At is the time
interval between successive samplings, and the subscript ¢ stands for time average. Since

the various values of X (¢) may be correlated, the correlation time Teor of X (see Sec. 2.1.4)
must be taken into account when calculating its variance. It can be shown that

(R2) — (%2 = (1+

~ = i - (1 + 2Zt> [% é X2(iAt) — GL iX(iAt))z] (A.9)

=1

27eor | (X 2) — (X)2
At ) n

when At € Teor < nAt [46]. On the other hand, correlations can be neglected when
At > Teor. In this large At limit, 7eor can be set to zero in Eq. (A.9) and there are no
restrictions on the value of n.

In this research project, all stochastic simulations involved the calculation of a mean
value, whether through an ensemble or a time average, as the last step of the computation.
Throughout the thesis, the numerical results arising from stochastic simulations are thus of
the form “mean + standard deviation of the mean”, where the standard deviation is defined
as the square root of the variance. In graphs, the standard deviation is represented by an
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error bar. It is however omitted for points where it would be smaller than the symbol.

A.2.3 Steady-State Measurements
a) Mean and Variance

In Sec. 4.2.1, for the linear SDDE, the variance of z(t) was determined by successively
performing ensemble and time averages. Indeed:

1. The variance of z(t) was determined as a function of time from a set of sample
realisations.

9. The transients were dropped from the values of the variance obtained in step 1.

3. The mean of the variance resulting from step 2 was calculated using a time average.
The standard deviation of this mean was given by Eq. (A.9). The correlation time
appearing in this equation was also determined from the results of step 2.

In Sec. 4.2.2, for the logistic SDDE, the order of these calculations was modified in order
to avoid the necessity of calculating correlation times. In this case:

1. The time required by the mean and the variance to reach steady-state was determined
through preliminary simulations.

2. For each of several realisations:

(a) The system was allowed to relax for the amount of time determined in step 1.

(b) Once at steady-state, the mean and the variance of z(t) were determined through

time averages.

3. Ensemble averages were performed on the values of the mean and the variance ob-
tained in step 2. The standard deviations of these quantities were given by Eq. (A.8),
where no correlation time comes into play.

Because of its advantage in the determination of the standard deviations, this second frame-

work was also used for the steady-state probability density and the steady-state CAD.

b) Probability Density

The steady-state probability density p°(z,) was obtained from simulations by periodically
sampling and binning sample paths after transients had relaxed. More precisely:
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1. The time required by the mean and the variance to reach steady-state was determined
through preliminary simulations. All other quantities of interest were then assumed
to relax on similar time scales.

2. The z-axis was divided in bins of equal width.
3. For each of several realisations:

(a) The system was allowed to relax for the amount of time determined in step 1.

(b) Once at steady-state, the residence time in each bin was evaluated by periodically
sampling z(t). This step basically corresponds to a time average.

4. The mean of the residence times obtained in step 3(b) was calculated for each bin.

5. The average residence times of step 4 were divided by the time span of step 3(b) and
by the width of the bins to yield the steady-state probability density at the centre of
each bin.

In Sec. 5.3.4, the pseudo-steady-state probability density p™(z,) in the quartic potential
was determined using the same approach, but with step 3(b) slightly modified. When
an unbounded oscillatory trajectory was spawned, sample points on it were discarded. A
new realisation was then initiated and allowed to relax, and sampling was resumed. This
continued until the required number of samples was attained.

c) Conditional Average Drift

The approach used to obtain the steady-state CAD f%(z,) was similar to the one presented
in part (b). Steps 3 to 5 were simply replaced by these two:

3. For each of several realisations:

(a) The system was allowed to relax for the amount of time determined in step 1.

(b) Once at steady-state, f(z(t),z(t — 7)) was periodically sampled and binned ac-
cording to the value of z(t).

4. The mean of f(z(t),z(t — 7)) was calculated for each bin. This yielded f*(z,)-

In the case of the delayed linear equation in Sec. 4.2.1, only one realisation was used. The
sampling time was however chosen large enough to allow the determination of the standard
deviation without having to worry about the correlation time.
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A.2.4 Dynamical Measurements
a) Phenomenological Time Scale

In Sec. 5.3, the time scale Tpop Was obtained from simulations in two different ways: through
Eq. (5.37) and the steady-state probability density p®(z,), and directly through phenomeno-
logical simulations. The algorithm used in conjunction with Eq. (5.37) was based on the
one described in part (b) of Sec. A.2.3. In this case, steps 3 to 5 were replaced by:

3. For each of several realisations:

(a) The system was allowed to relax for the amount of time determined in step 1.

(b) Once at steady-state, the residence time in each bin was evaluated by periodically
sampling z(t).

(c) The steady-state probability density was normalised [see step 5 in part (b) of
Sec. A.2.3]. )

(d) The time scale Tpop was determined using Egs. (5.36) and (5.37).

4. An ensemble average was performed on the values of 7pop oObtained in step 3.

For phenomenological simulations, all realisations were initiated from a point in the left
well and the population numbers Ny (t,|z’,t’) were evaluated by monitoring the fraction of
samples located in each well as a function of time. When a phenomenological rate law was
valid, graphs of In(Nx(%,|z’,#') —n+) as functions of ¢, were then linear [see Eq. (5.30)] and
Tpop Was easily extracted from their slope. In Sec. 5.3.4, the order of magnitude of Ty was
similarly determined, but by considering the variance of the state variable in the left well
instead of the population numbers.

b) Mean First Passage Time

Throughout Chap. 5, the mean first passage time was determined from simulations by
averaging the first passage time over realisations. In Sec. 5.3, however, it was also calcu-
lated from the steady-state probability density. This was done by using the first approach
presented in part (a), except that Egs. (5.36) and (5.37) were replaced by Eq. (5.42).
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Appendix B

Publications and Conferences

B.1 Refereed Publications

e S. Guillouzic, I. L’Heureux, and A. Longtin. Small delay approximation of stochastic
delay differential equations. Phys. Rev. E, 59:3970-3982, 1999.

Erratum: A term arising from the use of Ito calculus is missing from the definition of
the approximate drift fo(z,) [Eq. (15a)]. The expression for f,(z,) is however correct
if Stratonovich calculus is used in Eqgs. (1) and (14). The analysis of the linear SDDE
is unaffected by the omission, but the one of the logistic SDDE would need to be
revised according to the approach presented in this thesis. On a different note, the
dashed line appearing in Fig. 8 represents the drift function of Eq. (37) instead of the
one of Eq. (A8). Finally, the noise amplitude ¢ is missing from the diffusion term of
the latter equation.

e S. Guillouzic, I. L'Heureux, and A. Longtin. Transition rates for stochastic delay
differential equations. In D. S. Broomhead, E. A. Luchinskaya, P. V. E. McClintock,
and T. Mullin (eds.), Stochastic and Chaotic Dynamics in the Lakes, vol. 502 of AIP
Conference Proceedings, American Institute of Physics, Melville, NY, 2000, pp. 456—
461.

e S. Guillouzic, I. L'Heureux, and A. Longtin. Rate processes in a delayed, stochastically
driven, and overdamped system. Phys. Rev. E, 61:4906-4914, 2000.

Erratum: The base 10 logarithm was used instead of the natural logarithm in the
calculation of the effective barrier height for the captions of Figs. 5, 6, and 8. Conse-
quently, the values of AU listed in these captions should be multiplied by In 10.
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B.2 Conference Presentations

e Approximation des petits délais pour les équations différentielles stochastiques a délai.
Congres de I’ Association canadienne-frangaise pour I’avancement des sciences, Ottawa,
Canada, May 1999.

e Transition Rates for Stochastic Delay Differential Equations. International Conference
on Stochastic and Chaotic Dynamics, Ambleside, United Kingdom, August 1999.
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