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Abstract

Bayesian nonparametric inference requires the construction of priors on infinite-dimensional
spaces, such as the space of cumulative distribution functions. Well-known priors on this
space include the Dirichlet process and the two-parameter Poisson—Dirichlet process. In
this thesis, we explore a distinctive functional of the Poisson point process, known as the
negative binomial process. While the increments of the negative binomial process are not
independent, they become conditionally independent given an underlying gamma variable.
We propose a novel point process representation for the negative binomial process, which
extends the Poisson-Kingman distribution and its associated random discrete probability
measure. The new proposed family of the discrete random probability measures which
is defined by normalizing the points of the negative binomial process provides a new set
of useful priors for Bayesian nonparametric models with more flexibility compared to the
random discrete probability measure which are obtained by normalizing the points of a
Poisson point process. We illustrate how this family encompasses several well-known priors,
such as the Dirichlet process, the normalized positive a-stable process, and the Poisson—
Dirichlet process. Using the same gamma Lévy measure, we derive an extension of the
Dirichlet process along with an almost sure approximation. Additionally, leveraging our
negative binomial process representation, we develop a new series representation for the
Poisson—Dirichlet process. Through simulations, we demonstrate how adopting priors from

this family can enhance the performance of Bayesian nonparametric hierarchical models.

In the literature, the term negative binomial process has been used to describe several
distinct stochastic processes, each playing a significant role in probability theory and statis-

tics, particularly in Bayesian nonparametric analysis. However, the presence of multiple,
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ABSTRACT i

and at times conflicting, definitions has led to considerable ambiguity. This thesis addresses
this issue by systematically reviewing the various definitions and clarifying their distinctions.
The aim is to provide a comprehensive overview that helps practitioners recognize the dif-
ferences between these processes and avoid potential misunderstandings. Furthermore, for
one of the definitions of the negative binomial process, we present an extension from the

univariate case to a bivariate form.

We also examine the Liouville distribution, a well-known conjugate prior for the multi-
nomial distribution, which addresses certain limitations of the Dirichlet distribution, particu-
larly its tendency to induce negative correlations. We construct a discrete random probability
measure based on a random vector following a Liouville distribution and establish its weak
limit to define the proposed Liouwille process. This process takes the form of a spike-and-slab
model, where the slab is represented by a Dirichlet process and the spike corresponds to a
single point drawn from its mean. These components are combined through a random con-
vex mixture, with weights governed by the Liouville distribution. By placing the Liouville
process as a prior over the space of probability measures, we derive both its posterior and

predictive distributions.
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Chapter 1

Introduction

In statistical data analysis, we often encounter datasets where the goal is to fit a model
to infer key characteristics of the underlying distribution. These characteristics can range
from simple parameters, such as the mean, to more complex descriptions, such as the entire
probability distribution. Regardless of the complexity, constructing an appropriate statistical
model that accurately reflects the data is essential. This process involves estimating a set of
parameters that capture the underlying structural aspects of the observed data. There are

two primary approaches to address this problem: the Frequentist and Bayesian frameworks.

The Frequentist approach interprets probability as the long-run frequency of events.
In this paradigm, data are treated as repeatable random samples, and the underlying pa-

rameters are assumed to remain fixed across repetitions of the experiment.

On the other hand, Bayesian parametric inference assumes that the data are gen-
erated from a family of probability measures {Fy : § € O}, where © C R? represents the
parameter space. Typically, the parameter 6 is finite dimensional and is treated as a random
variable, with a prior distribution assigned to incorporate any prior knowledge or beliefs
about its possible values. Bayes’ theorem then combines the likelihood of the observed data
with the prior distribution to form the posterior distribution of #. This posterior allows
us to make inferences about the parameters, such as calculating posterior means, standard

deviations, or credible intervals.



However, parametric models can be limiting if the chosen form of the model does not
adequately capture the underlying data-generating process, potentially leading to unsatisfac-
tory inferences. To address this limitation, Bayesian nonparametric inference provides
a more flexible framework by constructing priors over infinite-dimensional spaces, such as the
space of all possible distribution functions. In the literature, this nonparametric extension

of Bayesian inference is referred to as Bayesian nonparametric inference [22].

There are two key requirements when constructing priors in Bayesian nonparametric
settings: (1) the posterior distribution must remain mathematically tractable given the ob-
servations, and (2) there must be an efficient simulation algorithm to draw samples from
both the prior and posterior distributions. A desirable property in this context is conjugacy,
where the posterior distribution belongs to the same family as the prior distribution. Conju-
gate priors are particularly advantageous from a computational perspective, as they enable

the use of similar algorithms for sampling from both the prior and the posterior.

A prominent prior that plays a central role in Bayesian nonparametric inference is the
Dirichlet process, introduced by [I8]. However, the Dirichlet process is not universally suit-
able for all types of data. As a result, considerable research has focused on developing
generalizations and alternative processes to extend its applicability. Notable examples in-
clude the two-parameter Poisson-Dirichlet process [56], normalized random measures with
independent increments [58, 37, B38|, the normalized inverse-Gaussian process [47], the nor-
malized generalized gamma process [48], the beta process [26], and the beta-Stacy process

[66].

The outline of this thesis is as follows: In Chapter 2, we introduce foundational defini-
tions and concepts, along with a review of key properties of Bayesian nonparametric priors,
with a particular focus on the Dirichlet process and the two-parameter Poisson-Dirichlet
process. The notation and results presented in this chapter will serve as essential tools for

the subsequent chapters.

In Chapter 3, we derive a new representation for the negative binomial process directly
as a functional of the Poisson random measure. Then using this representation of the negative

binomial process, we provide a family of generalized Poisson-Kingman distribution and its



associated random discrete probability measure which contains many well-known priors in
nonparametric Bayesian analysis such as the Dirichlet process, the Poisson-Dirichlet process,
the normalized generalized gamma process, etc. A natural extension of the Dirichlet process
is formulated as a functional of the proposed series representation for the negative binomial
process. We also provide an almost sure convergent approximation for this extended Dirichlet
process. Another by-product of our proposed series representation for the negative binomial
process is a new series representation for the two-parameter Poisson-Dirichlet process. It
is shown that an approximation based on this new representation for the Poisson-Dirichlet

process is very efficient, as illustrated in a simulation study.

In Chapter 4, we apply the new family of priors introduced in Chapter 3 within a
Bayesian nonparametric hierarchical model. We then compare the results with those ob-

tained using a model based on the Dirichlet prior through a simulation study.

The term "negative binomial process" is used to describe various processes across dif-
ferent fields, particularly in Bayesian nonparametrics, leading to confusion due to conflicting
definitions in the literature. In Chapter 5, we address this ambiguity by systematically re-
viewing the various definitions of the negative binomial process and emphasizing their key
distinctions. The objective is to provide a clear and comprehensive overview that enables
practitioners to distinguish between these processes and avoid potential misinterpretations.
In addition, we extend the univariate negative binomial process introduced in Chapter 3 to

a bivariate form.

In Chapter 6, we address some limitations of the Dirichlet distribution, such as its
tendency to impose negative correlations, and explore the Liouville distribution as an effective
alternative. We introduce a discrete random probability measure based on a random vector
following a Liouville distribution and derive its weak limit to define the Liouville process.
The resulting process takes the form of a spike-and-slab model, where the Dirichlet process
serves as the slab, and a single point drawn from its mean represents the spike. These two
components are linearly combined with a random weight governed by a Liouville distribution.
By placing the Liouville process as a prior on the space of probability measures, we derive

its corresponding posterior and predictive distributions.



Finally, in Chapter 7, we provide a summary of the thesis and discuss potential directions

for future research.



Chapter 2

Basic tools and background

In this chapter, we lay the groundwork for the upcoming chapters by first introducing es-
sential tools and definitions. We then review key properties of some well-known Bayesian
nonparametric priors, with particular focus on the Dirichlet process, the two-parameter
Poisson-Dirichlet process, and pure jump processes. The notations and results presented
here will be applied throughout the subsequent chapters. For conciseness, the proofs of
these results are omitted, as they are available in the original literature with precise refer-

ences provided.

2.1 Definitions and concepts

Definition 2.1.1 (Random measure [59]). Let E be a Polish space and & be the Borel
o-algebra generated by the open sets in E. A measure u is called Radon if u(K) < oo for
any compact set K in E. Let M(E) be the space of Radon measures on E. Let M(E) be
the smallest o-algebra of subsets of M (E) making the maps p — u(f) = [ f dp from M(E)
to R measurable for all functions f € C}(E), where C}(E) denotes the set of continuous
functions f : E — [0,00) with compact support. Note that M(E) is the Borel o-algebra
generated by the topology of vague convergence. If p,,u € M(E), we say that (u,)n>1
converges vaguely to u (and we write p, — p ) if po(f) — u(f) for any f € CL(E). A

random measure on [E is any measurable map £ defined on a probability space (2, F, P) with
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values in (M(E), M(E)).

Definition 2.1.2 (Completely random measure [42]). A random measure ¢ is a com-
pletely random measure if, for any finite collection Aq,..., A, of disjoint sets, the random

variables £(A1),...,£(A,) are independent.

Definition 2.1.3 (Point process). Let E be a locally compact space with a countable
basis. Let & be a Borel g-algebra of subsets of E. Let {y;};>1 be a countable collection of
not necessarily distinct points of E. A point measure on E is a measure m of the following

form:
o0
m = E :5%’
i=1

where 0,, denotes the Dirac measure at y;, i.e., §,,(A) = 1if y; € A and 0 otherwise for
aset A € & Note that m is a Radon measure. Take M,(E) as the space of all point
measures defined on E and M,,(E) be the smallest o-algebra containing all sets of the form
{m € M,(E) : m(A) € B} for A € &, B € % where 4 is the Borel o-algebra generated by
the open sets in Ry. Alternatively, M, (E) is the smallest o-algebra making all evaluation
maps m — m(A) measurable for all A € &. A point process £ on E is a measurable map
from the probability space (€2, F,P) — (M,(E), M,(E)). Therefore, a point process is a
random element of M,(E).

The Laplace functional is a useful tool for determining the distribution of point processes.
Notably, the Laplace functional of a random measure uniquely characterizes the distribution

of that measure.

Definition 2.1.4 (Laplace functional of a point process). Let () be a probability
measure on (M,(E), M,(E)). If £ : (2, F) = (M,(E), M,(E)) is a point process, then the

Laplace functional of ¢ for a non-negative measurable function f on E is defined by

V() = E (exp{~€()}) = / exp{—€(w, )} Pld)

:/ eXp{ / }(dm).
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Definition 2.1.5 (Poisson random measure). Let A be a Radon measure on &. A point

process £ is called a Poisson point process or a Poisson random measure with mean measure

A, denoted by PRM(A), if it satisfies:

1. For A € &,
QAN A(A) < o0,

!
0 it A(A) = co.
2. For any n > 1, if A;,..., A, are mutually disjoint sets in &, then £(A4;),...,£(A,) are

independent random variables.

Therefore, ¢ is a Poisson random measure if the random number of points in a set A has
a Poisson distribution with parameter A(A) and the number of points in disjoint sets are

independent random variables.

Proposition 2.1.6. Let £ ~ PRM(A). The Laplace functional of PRM(A) uniquely deter-

mines the law of £. It is given for any nonnegative measurable function f by

Ue(f) = exp {— /E (1—e /@) A(dx)} : (2.1.1)

For proof, see [59, Proposition 3.6].

The following straightforward proposition derives a representation for the Poisson random
measure with Lebesgue mean measure. There are various approaches to demonstrate this
result. However, given that the recursive technique introduced in [5] proves useful in other

similar scenarios, we opt to present it here.

Proposition 2.1.7. Let £ ~ PRM(A) where A is the Lebesgue measure on [0,00). Then ¢

can be written as follows
£=> dr, (2.1.2)
i=1
where

Ii=E+ - +E, (2.1.3)

and (E;);>1 is a sequence of independent and identically distributed (i.i.d.) random variables

with an exponential distribution of mean 1.
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Proof. For any ¢ > 0, define
ft == Z 5Fi+t
i=1

such that & = £. Now, for any nonnegative function f on [0, 00),

qut(f) = E(e_gt(f)) =F (6_ P f(Fi"rt))

—E (E <e* TE T | ) = s))

:/ e’f(ert)\Ifgm(f)e’Sds.
0

Using a change of variable we get

()= [T (et

Differentiating both sides with respect to t, we have

Ve, (f) = exp (— /too(l - e—f<5>)ds> .

Ue, (f) = exp <— /OOO<1 — ef<s>)ds)

which equals (2.1.1)) with A(ds) = A\(ds) = ds.

Now, take t = 0 to get

Two important transformations of the PRM which we will use frequently in the next sections

are presented in the following two propositions. The first proposition shows that mapping

the points of a PRM yields a new PRM with a certain representation for its mean measure

while the other proposition shows that starting from a PRM on one dimension, we may

construct a new PRM whose points live in a higher dimension.

Proposition 2.1.8 (Proposition 3.7 in [59]). Let E;, i = 1,2, be two locally compact spaces

with countable bases and &;, i = 1,2, be the associated o-algebras. Suppose T': (E{, &) —
(Eq, &) be measurable. If ¢ is a PRM(u) on E;, then £=¢oT 1is a PRM(2) on E, such

that i = poT 1. If £ has the representation Y ;- dy, where (¥;);>1 are random elements on

El then g = Zzl 6T(Yz)
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Proposition 2.1.9 (Proposition 3.8 in [59]). Let E;, i = 1,2, be two locally compact spaces
with countable bases and ) ., dy; be a PRM(u) on E; and (U;);>1 are i.i.d. random elements
on Ey with common probability distribution F. Assume (U;);> are independent from (Y;);>;.

Then the point process Y .~ Oy, ;) on Eq x Ey is a PRM with mean measure p x F'.

Applying Proposition and on PRM(\) defined in (2.1.2)), we can derive useful

PRMs which in turn lead to other processes with applications in nonparametric Bayesian
inference. Take T'(z) = L™*(z) where L (the Lévy measure) is a Borel measure defined on

(0,00) by L(z) = L((z,00)) = [-° dL(u) and for each € > 0,
/oo L (u)du < oo, (2.1.4)

in which
L™ (y) =inf{z > 0: L(z) > y}.
Also, let (Z;);>1 be a sequence of i.i.d. random elements in a Polish space E, drawn from a

probability measure H, independent of (I';);>1. Obviously,

> 61-1r,) ~ PRM(L), (2.1.5)
i=1
> 8(z,L-1(ry)) ~ PRM(H x L). (2.1.6)

=1

For example, ) 3°, .-/ follows a PRM(L) with
L(x)=2"%= / au™* 'du, z >0, a € (0,1). (2.1.7)

In fact, (2.1.7) denotes the Lévy measure of the positive a-stable random variable S, =
>y Fi_l/a. Notice that since I';/i =% 1, S, converges for a € (0, 1), almost surely. In this
thesis, i), 2y, and =% denote convergence in distribution, convergence in probability, and

almost sure convergence, respectively.

As another example, we can set L as the gamma Lévy measure to construct both the gamma

process and the Dirichlet process, which we will explore in the next section.
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2.2 Bayesian nonparametric priors

In this section, we review some properties of Bayesian nonparametric priors, with special

emphasis on the Dirichlet process and the two-parameter Poisson-Dirichlet process.

2.2.1 The Dirichlet process

The Dirichlet process, formally introduced in [18], is considered the cornerstone of Bayesian
nonparametric inference. It is a prior law over the space of probability distribution functions,
whose finite-dimensional marginals have a Dirichlet distribution. We begin by recalling the

definition of the Dirichlet distribution.

Definition 2.2.1 (Dirichlet Distribution). The vector of proportions (pi,...,pn+1) fol-
lows a Dirichlet distribution with parameters («q,...,a,41), denoted by (p1,...,pPns1) ~
D(a,...,an41) if the n-dimensional distribution of (pi,...,p,) is absolutely continuous

with respect to the Lebesgue measure, with density

anp41—1

F (anll Oéi) n . n +

for, .o opn) = ==——=1|P"" 1= n Is, (p1,- - Dn) (2.2.1)
Hi:Jrll F(ai) H 12—;

where a; >0 foralli=1,...,n+ 1, and S, is the n-simplex

=1

In the above definition, ngf p; = 1, and
e 9]
[(x) :/ t*le7tdt, >0
0
is the gamma function.

Following [18], the Dirichlet process is defined as follows:

Definition 2.2.2 (Dirichlet Process). Let (E, &) be an arbitrary measurable space and
H be a probability measure on (E,&). Let § > 0 be arbitrary. A random probability
measure P = {P(A)}4ces is called a Dirichlet process on (E, &) with parameters § and H,
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if for any finite measurable partition {Ay, ..., Ay} of E, the joint distribution of the vector
(P(Ay),...,P(Ax)) has the Dirichlet distribution with parameters (6H(A,),...,0H(Ay)),
where k > 2. We assume that if H(A) = 0, then P(A) = 0 with probability one. If P is a
Dirichlet process with parameters a and H, we write P ~ DP(0, H).

Throughout this thesis, we use the same notation for the probability measure and its corre-
sponding cumulative distribution function, i.e., P(t) = P((—o0,t]) and H(t) = H((—o0,t])
when E = R.

For any A € &, P(A) has a beta distribution with parameters 6H(A) and (1 — H(A)).

Thus,
H(A)(1 - H(A))
1+6 '

E(P(A)) = H(A) and Var(P(A)) = (2.2.2)

The probability measure H is called the base measure of P. Clearly, from (2.2.2), H plays
the role of the center of the process, while # can be viewed as the concentration parameter.
The larger 6 is, the more likely it is that the realization of P is close to H. Specifically, for
any fixed set A € & and € > 0, we have P(A) — H(A) as 6 — oo since

H(A)( - H(A))

Pr{|P(A) — H(A)| > ¢} < (11 0)

The use of the Dirichlet process requires finding its posterior distribution, i.e., the conditional
distribution of the Dirichlet process given the sample. At first, we introduce a notion of a

sample from a random probability distribution.

Definition 2.2.3 (Sample from a random probability measure). Let P be a random
probability measure on (E, &). We say that X,..., X,, is a sample of size m from P if for
any n=1,2,... and sets By,...,B,,C,...,C,, € &;

Pr{X; € C1,..., Xpn € Co | P(By),..., P(B,),P(C),.... P(C)} = [[ P(C))

almost surely. See [18].

That is, X1,...,X,, is a sample of size m from P, if, given P(C}),...,P(C,,), the events
{X; € C1},....{X,, € C,} are independent from the rest of the process and independent
among themselves, with Pr{X,; € C; | P(C}),...,P(Cy,)} = P(C;) as. fori=1,...,m.
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The following theorem outlines the posterior distribution of the Dirichlet process given the
observed data. It shows that the Dirichlet process has the conjugacy property. That is, the
posterior distribution given the data is again a Dirichlet process. For the proof, see [I8],

[ 2M)

Theorem 1|. In the theorem and throughout the thesis, we use a as a superscript to

denote posterior quantities.

Theorem 2.2.4. If X;,..., X, is a sample from P ~ DP(0, H), then the posterior distri-
bution of P given Xi,..., X, coincides with the distribution of the Dirichlet process with

parameters 6* and H*, where

4 H n Z?Zl 5X1 )

0* =0 H* =
T 0+n +9—i—n n

(2.2.3)

Notice that the posterior base distribution H* is a convex combination of the base distribu-
tion and the empirical distribution. The weight associated with the prior base distribution H
is proportional to 6, giving another reason to call § the concentration parameter. The weight
associated with the empirical distribution is proportional to the number of observations n.
The posterior base distribution H* approaches the prior base measure H for large values of

f. On the other hand, for small values of 8, H* is close to the empirical distribution.

A very useful approximation of the Dirichlet process can be obtained from certain finite

mixture models. In particular, [34] proved the next result.

Theorem 2.2.5. For any N > 1, consider the finite-dimensional Dirichlet prior

Py () = ZP@N5Z,.('), (2.2.4)

where (Z;);>1 is a sequence of i.i.d. random variables with common distribution H, and
(p1ns - - -, pnv) has the Dirichlet distribution with parameter (6/N,...,0/N), independent
of (Z;)i>1. Let P be a Dirichlet process with parameters 6 and H. Then

PP ()= [ a@PEP(a) % Plo) = [ gla)P(ao)

as N — oo, for any measurable function g : R — R with [, |g(z)|H (dz) < co. In particular,
(PEP)n>1 converges in distribution to P, where PLP- and P are random variables with
values in the space M;(R) of probability measures on R, endowed with the topology of weak

convergence.
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To generate the sequence (py n,...,pnn), one can define p; v as
 Gin
pi,N — N )
> iz G

where (G; n)i>1 is a sequence of i.i.d. random variables with a Gamma(6/N, 1) distribution,

independent of (Z;);>1.

Ferguson (1973) proposed a series representation in [I8] as an alternative definition of the
Dirichlet process. This representation is based on the earlier work of Ferguson and Klass
(1972) |20], in which they provided a sum representation for processes with independent
increments (and no Gaussian part) based on the arrival times of a homogeneous Poisson
process. The representation is described in the following theorem. For the proof, see [20), 18],
9.

Theorem 2.2.6. Let (I';);>1 be defined as in (2.1.3)), and let (Z;);>1 be a sequence of i.i.d.

random variables with a common distribution H, independent of (I';);>1. Let

PFerg.(‘) _ ; Z;:T% (SZI_(.), (2.2.5)

where
L(z) = 9/ tle7tdt, x> 0. (2.2.6)

Then PT¢9 is a Dirichlet process with parameters 6 and H.

Note that L(z) = L([z,00)), where
L(dz) = 0z e " dx
is the (tail) Lévy measure of a random variable Y with a Gamma(#, 1) distribution, i.e.,

E(e™) = (1 —iu)™" = exp {e/ooo(em —1) L(d:c)} , ucR

From Theorem [2.2.6] it follows clearly that a realization of the Dirichlet process must neces-
sarily be a discrete probability measure, even when the base measure is absolutely continuous.
This fact was noted by [18], and [6]. It is worth mentioning that this discreteness property
is no more troublesome than the discreteness of the empirical process. In spite of the dis-
creteness property, the support of the Dirichlet process is very large. For more details, see

Proposition 3 of [18].
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Remark 2.2.7. The series Y >, L™'(I';) 0z(-) is the Ferguson and Klass representation of
the gamma process. Thus, the Dirichlet process can be viewed as a normalized gamma

process.

Sampling from the Dirichlet process based in ([2.2.5) is difficult in practice since there is no
closed form for the inverse of the gamma Lévy measure (2.2.6)). Moreover, to determine the
random weights in (2.2.5)), an infinite sum must be computed.

The Bondesson (1982) sum representation of the Dirichlet process with parameters § and H

is defined in the next theorem.

Theorem 2.2.8. Let (Z;);>1 be a sequence of i.i.d. random variables with common distri-
bution H and let (£]);>1 be a sequence of i.i.d. exponential random variables with mean 1,

independent of (Fi)izl and (Z’L)221 Then,

Bond. G e_Fi/eEz{
P = X s o) 227)
i=1 Li= i

is a Dirichlet process with parameters 6 and H.

Note that the Bondesson’s representation overcomes the problem of inverting the gamma
Lévy measure. However, the infinite number of terms to compute in (2.2.7)) make it difficult
to sample from the Dirichlet process. As an alternative, one can approximate the Dirichlet
process by using a truncation

N

e_Fi/gE{
P]%ond-(‘) — N—l(szl()
12_1: > i e K]

For a given tolerance value € € (0, 1), a truncation value N = N(¢) can be selected by

e_Fj/eEl.
N=infj: —L — <e€p.
Y e e

The Ferguson’s and Bondesson’s sum representation for the Dirichlet process are based
on the normalized Gamma process. A radically different (constructive) definition of the
Dirichlet process is given by Sethuraman (1994) in [63]| using a “stick-breaking” approach.

This representation is stated in the next theorem.
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Theorem 2.2.9. Let (8;);>1 be a sequence of ii.d. random variables with a Beta(1,0)
distribution. Define -

=05, b :ﬁiH(l —B), i>2.

k=1

Moreover, let (Z;);>1 be a sequence of i.i.d. random variables with common distribution H,

independent of (3;);>1. Define
PSt () = " pidz,(-). (2.2.8)
i=1
Then P is a Dirichlet process with parameters § and H.

Sethuraman’s stick-breaking representation can be used to approximately simulate the Dirich-
let process using a truncation argument. By truncating the higher order terms in the sum

we can approximate the Sethuraman stick-breaking representation by

N
P]?/em.(') = Zpiézi<')7
i=1

where (5;)i>1, (pi)i>1, and (Z;);>1 are as defined in (2.2.8) with Sy = 1 (hence Sy does not
have a beta distribution). The assumption that Sy = 1 is necessary to make the weights

add to 1, almost surely. A random stopping rule for choosing N = N(€) was proposed in

[51] where, for € € (0,1),

i1
N:inf{i:pizﬁin(l—ﬁk)<e}.

k=1

It is demonstrated in [67] that the weights in both Bondesson’s representation and the Sethur-
man sum representation are not strictly decreasing almost surely. This makes the truncated
stick-breaking representation and Bondesson’s representation inefficient for simulation pur-

poses. More precisely, it can be proved that, for i > 1,

o St I I g
Do e R YT e TOE; =0 k46’
and
> 0
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In [67], Zarepour and Al Labadi derive a finite sum representation of the Dirichlet process,
which almost surely converges to Ferguson’s representation . Due to the monotonically
decreasing nature of the weights in this new representation, it provides a highly accurate
approximation of the Dirichlet process. The details of this representation are presented in

the following theorem.

Theorem 2.2.10. Let Y,, be a random variable with distribution Gamma(6/n, 1). Define

_ _ > 1 —t40/n—1
Gn(z) =Pr(Y, >z) = /x —F(Q/n)e t dt
and

G Hy) =inf{z: G.(z) >y}, O0<y<l1.

n

Let L be the gamma Lévy measure (2.2.6)) and (Z;);>1 be a sequence of i.i.d. random variables

with values in E and common distribution H, independent of (I';);>1. Then, as n — oo

w1 (F_>
perkAlial - N7 L, 2 pres (2.2.9)
Sy e ()

on E with respect to the weak topology.

2.2.2 The two-parameter Poisson-Dirichlet process

An important extension of the Dirichlet process is the two-parameter Poisson-Dirichlet pro-
cess developed by Pitman and Yor (1997) [56]. We start by recalling the Pitman and Yor
(1997) stick-breaking definition of the two-parameter Poisson-Dirichlet process on an arbi-

trary measurable space (E, &).

Definition 2.2.11. Let 0 < a < 1, § > —a, and (8;);>1 be a sequence of independent

random variables with a Beta(l — «, 0 + i«) distribution. Define

i—1

=75, p=8]J0-8) i>2

j=1
Let p; > po > ... be the ranked values of (p});>1. Moreover, let (Z;);>1 be i.i.d. random

variables with values in E and common distribution H and independent of p!’s. Then the
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random probability measure
Popn(-) = > pidz () (2.2.10)
i=1

is called two-parameter Poisson-Dirichlet process with parameters o, 6, H, and denoted by

PDP(H; a,6).
It is worth mentioning that [31] referred to the process
Pa,G,H(') = Zp;6Zi(.)
i=1

as the Pitman-Yor process. Note that (p},p),...) ~ GEM(a,#) with the notation used
in [9). The law of the weights (pi1,pa,...) is called the two-parameter Poisson-Dirichlet
distribution, denoted by PD(«, ). The two-parameter Poisson-Dirichlet distribution has
many applications in different fields such as population genetics, ecology, statistical physics,
and number theory. See [17] for more details. On the other hand, the two-parameter Poisson-
Dirichlet process has been recently used in applications in Bayesian nonparametric statistics,

such as computer science [65], species sampling [39], and genomics [16].

Note that for the special case when a = 0, (5;);>1 become a sequence of independent random
variables with Beta(1,6) distribution. Thus, the two-parameter Poisson-Dirichlet process
Pyp,n becomes simply the Dirichlet process. On the other hand, when 6 = 0, [56] show that
the two-parameter Poisson-Dirichlet process P, n becomes the normalized non-negative

Stable law process with index o € (0, 1).

Note that for any measurable subset A of [E, the two-parameter Poisson-Dirichlet process
has the following properties:
E{Poon(A)} = H(A),

11—«
14+6°

Var{P,ou(A)} = H(A)(1 — H(A))
For more details on the calculation of the moments for the two-parameter Poisson-Dirichlet
process, interested readers can refer to [9].

Similar to the Dirichlet process, the base measure H plays the role of the center of the

process. However, both o and 6 govern the variability of P, i around its base measure H.
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The next theorem derives the posterior distribution of P, i given the data set. Note that

unlike the Dirichlet process, the two-parameter Dirichlet process does not have the conjugacy
property.
Theorem 2.2.12. Let X,...,X,, be a sample from P, . Let k be the number of unique

values within n observations, and X7, ..., X denote the distinct values. Also, let n; be the

number of X; equal to X}. Then

k
d
(Paou | X1,...,Xp) = Z Widxy + Wi Pooska

j=1
where P, gikan ~ PDP(H, o, 0 + ko), (Wi,...,Wii1) ~D(ny —a,...,ng —a,0 + ka), and
P, otka,m and (Wi, ..., Wy4q) are conditionally independent given X, ..., X,.

Remark 2.2.13. In the above theorem, if we take o = 0, then
(Poom | X1,...,Xn) ~DP(0", H")
where 6* and H* are defined in (2.2.3)).

Remark 2.2.14. In 53], it is shown that the finite dimensional Dirichlet process PP,
defined in (2.2.4)), is a two-parameter Poisson-Dirichlet process with parameters —/N and
0,i.e. PLP- ~ PDP(H;—0/N,0). Consequently, if X1,..., X, is a sample from PFP-  then

k
d
(PEP I X0y, X)) £ Widxs + Wit Pooyno—koyn s,

j=1
where P—G/N,G—k@/N,H ~ PDP(H, —Q/N, 0 — kH/N), (Wl, ey Wk+1) ~ D(m —+ Q/N, ey Ny -+
0/N,0 —kO/N), and P_g/ng—ro/N,z and (Wi, ..., Wyq) are conditionally independent given
Xi,...,X,. f N — oo, then

(PP Xy,...,X,) ~ DP(6*, H*)
where 6* and H* are defined in (2.2.3)).

The infinite sum in (2.2.10)) makes it difficult in practice to draw a sample from the Poisson-

Dirichlet process. An approximation of the two-parameter Poisson-Dirichlet process can be
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made by truncating the higher order terms in the sum (2.2.10). For more details, see [3].

Let (B;)i>1 and (p;)i>1 be as defined earlier, with Sy = 1. The random probability measure

Pooan(-) = Zpi(szi(') (2.2.11)

is the finite approximation of the two-parameter Poisson-Dirichlet process. A random stop-

ping rule for choosing N = N(e), where € € (0, 1), is:

According to 3, Lemma 2.1, the weights (p;);>1 in (2.2.11)), prior to being ordered, are not
strictly decreasing with probability one. This suggests that the truncated representation
(2.2.11)) may not serve as an efficient approximation to the two-parameter Poisson-Dirichlet

process.

A different approach to construct the two-parameter Poisson-Dirichlet process is proposed

in [56, Proposition 22|. This is described in the next proposition.

Proposition 2.2.15. For 0 < a < 1 and 6 > 0, suppose that (p;(0,8),p2(0,6),...) and
(p1(, 0), pa(a,0),...) have respective distributions PD(0,6) and PD(«,0). Independent
of (p1(0,0),p2(0,0),...), let {pi(,0),ps(c,0),...},i = 1,2,..., be a sequence of inde-
pendent copies of (p1(a,0),pa(a,0),...). Let (p;);>1 be the descending order statistics of
{pi(0,0)p%(,0),4,5 =1,2,...}. Then (p1,ps,...) has a PD(«,6) distribution.

Note that in Proposition [2.2.15] the weights of the two-parameter Poisson-Dirichlet process
are constructed based on two different choices of parameters. One with o = 0 which cor-
responds to the Dirichlet process Fyg g and another when ¢ = 0 which corresponds to the
normalized Stable law process P,opm. The index of the Stable law process « is in (0,1).
Therefore, approximating the two-parameter Poisson-Dirichlet process necessitates simulat-

ing both the Dirichlet process and the normalized stable law process.

In [50, Proposition 10], it is shown that the sum representation of the normalized Stable law

process can be written as follows

oo Ffl/a

Poou(:) =Y ———1-07).

i=1 Z;.il Fi_l/a
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Therefore, the approximation of the normalized Stable law process is

N F-_l/a
Poonn() = Z NZ—M(SZZ,(-), (2.2.12)
im1 2im1 L

4—1/04

2
—1
R

Algorithm A of [3], Al Labadi and Zarepour propose an approximation of the two-parameter

for large enough N. Note that the weights ( ) are strictly decreasing. In
1<i<N

Poisson-Dirichlet process by first approximating the Dirichlet process using , followed
by approximating the normalized Stable law process with . They compare the accu-
racy of their approximation with the stick-breaking approximation given in . Through
simulations, they demonstrate that their approach yields more precise results than the stick-

breaking approximation in (2.2.11)).

2.2.3 Lévy processes

Definition 2.2.16 ([4]). A cadlag [[| (i-e., right-continuous with left limits a.s.) stochastic
process {X(t)}:>o defined on a probability space (£, F,P) is called a Lévy process if it

satisfies the following conditions:

1. X(t) starts at 0, i.e., X(0) =0 a.s.

2. X(t) has independent increments, i.e., the random variables X (¢o), X (¢1)—X (to), ..., X (tn)—

X(t,—1) are independent for alln > 1 and 0 <ty <t; <...<t,.
3. X (t) has stationary increments, i.e., X(t 4+ s) — X(?) < X(s) for all s,t > 0.
4. X(t) is stochastically continuous, i.e., for all € > 0 and for all s > 0,
lim Pr{|X(t) - X(s)| > ¢} =0,

or equivalently X (t) & X (s) as t — s.

!Some authors do not impose the cadlag property in the definition of a Lévy process. In fact, every Lévy
process (defined without he cadlag property) has a unique modification that is cadlag [62, Theorem 30].
Therefore, the cadlag property can be assumed without loss of generality ([IIl, Definition 3.1]).
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Note that, one may conclude (1) from (3) by setting s = 0. Condition (4) does not imply
that the sample paths are continuous. The Brownian motion, the Poisson process, and the
gamma process are some examples of Lévy processes. A Lévy process X (t) is called Brownian
motion if it has continuous sample paths and X (¢) ~ N(0,t). It is called a Poisson process of

intensity A > 0 if X (¢) ~ Poisson(At). It is called a gamma process with parameters a,b > 0
if X (t) ~ Gamma(at,b).

The Lévy-Khintchine representation theorem states that a Lévy process is the sum of a
deterministic function, a Brownian motion, and a pure jump part ([4]). Its characteristic

function is given by

| 1 :
E(e™X®M) = exp {i%u - goiut+ / (€™ =1 —iuslyy<y) Li(ds) } , ueR,
R\{0}

where (v;, 02, L;) is called the characterizing triplet. The Lévy measure L; satisfies L;({0}) =
0, Jus®/(14s%)L,(ds) < oo or equivalently fol s?Ly(ds) < oo and [ Ly(ds) < oo.

Lévy processes have been used in Bayesian nonparametric inference by [13] I8, 19, 21|, 26]

with the following additional properties (which in this case, X (t) is called a subordinator):
5. X(t) is defined on R*
6. X (t) is nonnegative: X (t) > 0 a.s.

7. X (t) is nondecreasing a.s.

For a comprehensive review of applications of the Lévy processes in Bayesian nonparametric

inference, refer to |2, Chapter 2 and 3.



Chapter 3

Random discrete probability measures

based on a negative binomial process

A distinctive functional of Poisson point process is the negative binomial process (NBP)
for which the increments are not independent, but are independent conditional on an un-
derlying gamma variable. In this chapter, using a new point process representation for the
NBP, we generalize the Poisson-Kingman distribution and its corresponding random discrete
probability measure. This new proposed family of the discrete random probability measures
which is defined by normalizing the points of the NBP provides a new set of useful priors for
Bayesian nonparametric models with more flexibility than the random discrete probability
measure which are obtained by normalizing the points of a Poisson point process. We illus-
trate how this family of random discrete probability measures contains the nonparametric
Bayesian priors such as the DP, the normalized positive a-stable process, Poisson-Dirichlet
process (PDP), and others. With the same gamma Lévy measure, we derive an extension
of the DP and its almost sure approximation. Using our representation for the NBP, we
develop a new series representation for the PDP. By applying a stopping rule, we truncate
this new series representation to obtain an approximation of the original series. We provide
a simulation study to compare the efficiency of this approximation with other approximation

of this process that exists in the literature, particularly, [3].

22
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3.1 Introduction

The Dirichlet process defined in ([2.2.5)) can be viewed as a functional of the Poisson random
measure (PRM) given in (2.1.6). Another important distribution which results from a PRM
is the Poisson-Kingman distribution. Consult [43] and [54] for properties and applications
of this distribution. The vector of the normalized points of the PRM defined in equation
(2.1.5)) will follow a Poisson-Kingman distribution denoted by PK(L), i.e.,
-1 -1

(Zél ;Fjgn), Z;él L(ngn)"”) ~ PK(L). (3.1.1)
Equation defines a random discrete distribution on the infinite dimensional simplex
Seo i=A{(z1,29,...) 1 2; >0,i=1,2,...,> 2 x; = 1}.

Equivalently, a Poisson-Kingman distribution can be constructed using subordinators. Let
(X¢)t>0 be a subordinator with Lévy measure L and write (AX; := X; — X;_);~0 for the
jump process of X, and AXt(l) > AXt@) > .- for the ordered jumps occurring prior to time
t > 0. Then

AXD Ax®
( X: : X: . > ~ PK(tL). (3.1.2)
We see that the weights of the random discrete probability measure identified in expression
(2.2.5)) are simply the Poisson-Kingman sequence specified in expression . In the rest of
this chapter, we will generalize the Poisson-Kingman distribution and the resulting random
discrete probability measure by utilizing a point process representation for the negative
binomial process. The point process representation for the negative binomial process which
we use here is itself constructed directly from a PRM, unlike the representation in [27], where

they use a trimmed subordinator.

3.2 The negative binomial process

In this section, we present a novel point process representation for the NBP, derived directly
from a PRM. Later, we use this representation to define a more general form of the Poisson-

Kingman distribution and its corresponding random discrete probability measure. First we
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note that for any constant ¢ > 0, a simple use of Proposition 2.1.8 shows that the process
Y ooy Orite is a PRM(A) on E = [¢,00), and ) .7, or, . follows PRM(cA) on E = [0, 00). Now,

for any positive integer r consider the random measure

n= Z 6Fr+i/rr'
=1

First note that conditional on {I', = u}, the process n follows PRM(u\) on E = (1, 00). So

the Laplace functional of 7 is

E(e T, = u)]

—E
/ E(e™ | T, =u) P(T, € du)

/0 Xp {— /100(1 — e /@) u)\(dx)} P(T, € du)
_ /OOO exp {—u /100(1 _ 1@ A(dx)} “TFE:)H du
— (1 + /100(1 — /@) /\(dx)) 77“.

Indeed, this represents the Laplace functional of the NBP as defined by [23]. We denote

D

this process by NBP(r, A) and write n ~ NBP(r, \) on the space E = (1,00). The preceding

result leads to the following theorem.

Theorem 3.2.1. With a decreasing bijection L : (0,00) — (0, 00) such that Y= L™1(I;) <

oo, the point process

KR = Z(SL (Tyai/Tr) (321)

follows an NBP(r, L) on E = (0, L7(1)).

The proof of the theorem is similar to that outlined above for the process 7.

The NBP was introduced by [23] purely via its Laplace functional, lacking a representation
as a point process. As it is seen, the point process representation of NBP(r, L) identified in

expression was derived directly as a functional of a PRM.
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Remark 3.2.2. In [27], a point process representation of the NBP, which equals the rep-
resentation identified in expression in distribution, was derived using ordered jumps
of a trimmed subordinator. If (X}):>o is a driftless subordinator with Lévy measure L, by
writing (AX; := X; — X;_);~0 for the jump process of X;, and AXt(l) > AXt@) > ... for the
ordered jumps at ¢ > 0, then the point process B") = Y 4; ;) follows NBP(r, L) where
J.(0) = AXUT AXD for all i € {1,2,...}.

Remark 3.2.3. In the literature, the terminology “negative binomial process” is used for
mathematically distinct concepts. Therefore, to avoid confusion, it seems wise to clarify
these concepts. In this chapter, as in works by [27], along with [28, 29, B0], we adhere to
the definition of the NBP as outlined by [23]. However, some authors in engineering and
computer science present alternative definitions. For example, the definition offered in [6§]
is different from the one given in [69] and [§], all of which differ from the Gregoire definition

which is the focus of our investigations in this chapter.

Following Definition 2.1 of [27], by normalizing the points of the NBP identified in expression
(13.2.1f), the sequence

LT /Ty) L' (Trye/T))
(Zfil L_l(rr+7;/FT>’ Z;Zl L_I(FTH/F,«)’ .- ) (322)

defines a 2-parameter random discrete distribution on the infinite-dimensional simplex S.
This distribution is called a Poisson-Kingman distribution generated by NBP(r, L) and is
denoted by PK™(L). Also, since an NBP(r, L) can be characterized as a PRM with ran-
domized intensity measure I'.L, i.e. PRM(T',L) 2 NBP(r, L), an equivalent construction of

the PK™ (L) sequence can be constructed from a gamma-subordinated Lévy process.

Theorem 3.2.4. Let (X;):>0 be a driftless subordinator with Lévy measure L and let (0,0
be an independent gamma subordinator, i.e., a subordinator having Lévy measure specified
by expression ([2.2.6)) with § = 1. The sequence

<AXQ AXP >

2.
X, X, (3:2:3)

equal in distribution the representation identified in expression (3.2.2]).
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Given the form identified in expression (3.1.2)), the proof follows a similar logic to that used
to prove Theorem [3.2.1

Definition 3.2.5. Let (Z;);>1 be ii.d. random variables with values in E and common
distribution H. Then we may introduce the following random discrete probability measure
on E as a functional of expression ([3.2.1]) or using the sequence identified in expression (3.2.2)

to obtain

r+l/r ) .
P ZZ ey a ) (3.2.4)

We employ the notation PKP(T)(H ; L) for the distribution of the random discrete probability
measure defined in expression (3.2.4)), and we write P,z ~ PKP")(H;L). Note that if
r =0 and we set [y = 1, then expression (3.2.4)) reduces to the representation identified in

expression ((2.2.5)).

The mean and variance of P, g for a A € & are

E{P.Lu(A)} = H(A), Var{F.Lu(A)}=kH(A)(1 - H(A))

> L YT, /T) 2
k=k(r)=E {; (Z;?; Ll(Fm/Fr)) } |

They are obtained in a similar fashion as those derived in [52], section 3].

where

Direct calculation of k(r) may appear challenging. However it can be calculated from a
simple simulation. A simulation for k(r) is displayed in Figure for the case where L
represents the gamma Lévy measure specified in expression (2.2.6)). For positive integer r,
the points are connected by straight lines only for visual convenience. As it is depicted in
Figure , k(r) is a decreasing sequence of r; therefore, it suggests that we need to take a
moderately small value of r to avoid having a rigid prior when we use P, ; y as a prior in a

hierarchical nonparametric Bayesian model in Subsection [4.2]
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k(r)
0.03 0.05  0.06
| | 1

0.02
|

Figure 3.1: Plot of simulated k(r) when L is a gamma Lévy measure with 6 = 3.

3.3 The extended Dirichlet process and its approxima-

tion

When L is defined as the a-stable Lévy measure identified in expression ([2.1.7), the dis-
tribution PK™ (L) has been extensively studied. [28] derive its connection to other Pois-
son-Dirichlet models as r — co. Moreover, [30] apply this distribution to gene and species
sampling data. They also highlight some analytical advantages of using the additional pa-

rameter r.

We now take the probability measure identified in expression when L is the
gamma Lévy measure defined in expression to develop a prior distribution on the
space of all probability distributions. This prior would be a natural extension of the DP
(the DP appears when » = 0 and I'y = 1). In the following theorem we provide an efficient

approximation for this extended DP.

Theorem 3.3.1. Let G,, and G,! be defined as in Theorem [2.2.10, Also, let L be the
gamma Lévy measure as defined in expression (2.2.6) and (Z;);>1 be a sequence of i.i.d.

random variables with values in E and common distribution H, independent of (I';);>;.
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Then, as n — oo

n G- Lrgi 00 L1 Trys
n Frrn+1 a.s. Fr
Pn,r,H = E o T 5Zi ? PT,L,H = § - T 5Z2-
- =1 _2rti - —1 ( Lrte
=1 Zz‘:l Gn (Fan+1> i=1 Zz’:l L < T, )

on E with respect to the weak topology.

Proof. The proof is similar to that of Theorem 1 in [67]. Using the fact that G;* (z/(en)) =2
L~ (x/c), we have G ' (Tyys /(Do) 2% L7 (T,.44/T,) by taking the constant ¢ = T,

v =", and n/Tp =251 asn — oo. |

Our proposed approximation offers several advantages. Notably, our representation circum-
vents the need for an infinite sum, employing a finite number of weights. These weights
are derived from the quantile functions of the Gamma(6/n, 1) distribution, evaluated at
1 —=T,4/TTy11. In the previous representation, it is necessary to calculate L', which
cannot be written in a closed form. In addition, our introduced weights are stochastically
decreasing contrary to the stick-breaking weights in [27]. A similar proposal for the DP can

be found in [67].

3.4 A new alternative series representation for the Poisson-

Dirichlet process

The definition of the Poisson-Dirichlet process, along with some of its approximations, has
been discussed in Subsection[2.2.2] As noted in that subsection, [3, Lemma 2.1] demonstrates
that the p!’s are not strictly decreasing with probability one. Consequently, an approximation
of P, m using a truncation method has been shown through simulations to be inefficient.
Another approach, in particular Algorithm A in [3], was proposed to approximate P, g i
which was based on Proposition 22 of [56]. This approach was faster and more accurate
than the method based on truncating the stick-breaking representation, although it requires

more complex steps in its algorithm. In this section, we apply our new representation of
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the NBP to the Proposition 21 in [56] to give a new representation for the Poisson-
Dirichlet process. Then, we will show how simulating the Poisson-Dirichlet process driving
from this representation is less complex and more precise compared to the algorithm A in
13l

Now, following the Proposition 21 in [56], for § > 0 and 0 < o < 1, let (X;);>0 be a

subordinator with Lévy measure

L(x) = ﬁ/x u e "du, x>0 (3.4.1)

and let (0,),>0 be an independent gamma subordinator. Then

AXP AxP
Xr | Xyp

) ~PD(a,) if T =0y (3.4.2)

Comparing expression to expression we see that PD(a, 0) < pK©/ @) (L) with
L specified in expression . Also, since expression (3.2.3]) equals expression in
distribution, we can conclude that PDP(H; a, 0) < PKP(Q/O‘)(H; L) for 0 >0,0<a<1and
L identified in expression . In other words, the random probability measure

7"+Z/F ) .
’I‘LH Z Z H—Z/Fr)(szi( ) (343>

with L identified in expression (3.4.1) and r = 6/« distributed as either PDP(H; «, ) or
PKP/ a)(H ; L). Therefore, expression (3.4.3) provides another series representation of the

PDP for the case # > 0 and 0 < a < 1 through a negative binomial process.

Remark 3.4.1. If we take r = 0 and set ['y = 1, we see that normalized generalized Gamma
process introduced in [48] has the same representation, namely expression (3.4.3)), of the
PDP with r = 0.

Remark 3.4.2. Note that PK(L) < PD(a,0) for 0 < o < 1 and L identified in expression

(2.1.7) and also, PK(L) 2 PD(0,0) for # > 0 and L as specified in expression (2.2.6). See
[27] for stick-breaking representations of PK™ (L) with L as specified in expressions (2.1.7)

and 22.0).
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3.4.1 A novel approximation method for the Poisson—Dirichlet pro-

cess

By truncating this new series representation of the Poisson-Dirichlet process PDP(H; «, 0)
specified in expression (3.4.3|) we can approximate this process using the finite sum

N

& mur)
Purn) = Z:; SRS (344)

for L as specified in expression (3.4.1)) and r = 0/a where 0 < a < 1 and 6 > 0; we suggest

using the stopping rule N = N(e), where

1 ]
N = inf {Z . ZL (FT+Z/F7‘)
Zj:l L_l(rr-i—j/rr

) <e} for e € (0,1).

Since the weights
o Lil(rr-l-i/rr)
S LT /Ty

are strictly decreasing, simulating the PDP via the representation identified in expression

ie{l,...,N}

w;

(3.4.4) is very efficient. The main complexity in using this approximation lies in applying
the Newton-Raphson method to calculate L™! at points T',.;/T', in order to determine the

probability weights w;.

Here, we compare our approximation with Algorithm A in [3] which is based on Propo-

sition 22 from [56] and also presented as Proposition [2.2.15in Subsection [2.2.2]

In Algorithm A of [3], an approximation of the DP (0, H) is used to generate n probability
weights

(pl(ov 0)7172(0’ 9)’ s 7pn(07 0))

from PD(0,0). Additionally, an approximation of the normalized a-stable law process is

employed to obtain n i.i.d. copies of the weights

(pl(a7 0),])2(0(, 0)7 ce ,pm(Oé, 0))7

denoted as

(p1(,0), ..., pp(,0)), ..., (P(, 0), ..., ph(,0)),
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Figure 3.2: Sample paths of the Poisson-Dirichlet process, where H is the uniform distribu-
tion on [0, 1], & = 0.1, and 6 = 1,10,100. The red line denotes the cumulative distribution

function of H.

from PD(a,0). Finally, the PDP is approximated using a truncated version of expression

(3.4.3) with truncation value N = n x m and probability weights (p;)1<;<n equal to

(p1(0, 8)])1(@, 0)7 s 7p1<07 e)pin<a, O)a s 7pn(07 G)p?(a, 0)7 s 7pn(07 e)pnm(a7 0))

when arranged in a descending order.

Figures [3.2] 3.3} and [3.4] show sample paths for the approximate PDP for different values of
a and 0 (r = 0/a). Clearly, the approximation specified in expression (3.4.4)) outperforms
the approximation given in Algorithm A in [3] in all cases, as the sample paths for this ap-

proximation deviate less from the base measure H. This behaviour agrees with Chebyshev’s
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Figure 3.3: Sample paths of the Poisson-Dirichlet process, where H is the uniform distribu-
tion on [0, 1], & = 0.5, and 6 = 1,10,100. The red line denotes the cumulative distribution

function of H.

inequality. As is expected, a sample path should approach the base measure faster when

either o or 6 gets larger.

In the simulation, we set n = 20, m = 20 in Algorithm A of [3], and N = 20 x 20 = 400
in expression . In each simulation scenario we fixed the base measure H to be the
uniform distribution on [0, 1]. We also computed the Kolmogorov distance between the PDP
and H for different values of @ and 6 (r = 6/a). The Kolmogorov distance between Py, 1, i
and H, denoted by d(Pyn,r.m, H), is defined as

d<PN,r,L,H7 H) = sup |PN,7",L,H($> — H(x)]

z€R
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Figure 3.4: Sample paths of the Poisson-Dirichlet process, where H is the uniform distribu-
tion on [0, 1], & = 0.9, and 6 = 1,10,100. The red line denotes the cumulative distribution

function of H.

For different values of o and 6, we simulated 500 Kolmogorov distances and reported the
average of these values in Table [3.1] From the simulation results summarized in Table 3.1}

we can conclude that our proposed approximation outperforms in all cases.
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Table 3.1: This table reports the Kolmogorov distance d(Py ., H), where H is a uniform

distribution on [0, 1].

New  Algorithm A

o 0 r d d

0.1 1 10 0.03133 0.35899
0.1 10 100 0.03819 0.19301
0.1 100 300 0.06443 0.13835
05 1 2 0.14497 0.24855
0.5 10 20 0.06549 0.14268
0.5 100 200 0.04606 0.10126
09 1 1 0.09294 0.18038
09 10 11 0.05178 0.10100
0.9 100 111 0.03998 0.07124




Chapter 4

Applications

In this chapter, we first highlight key properties of samples from the random discrete prob-
ability measure introduced in Chapter 3. We then apply the new family of priors within
a Bayesian nonparametric hierarchical model and compare the results with those obtained
using a model based on the Dirichlet prior. To demonstrate the performance of these models,

we conduct a simulation study using both real-world and simulated datasets.

4.1 Regulating the number of clusters

We represent an i.i.d. sample of size n from a random discrete probability measure P, as
(X1,.... X)) |P% P

For a sufficiently large n, it is likely to observe ties within the sample with positive probability.
Let K, = k, where k € {1,...,n}, indicate the number of unique values within n observa-
tions. Denote these distinct values as X7,..., X;. Moreover, take n; = Y71, I(X; = XJ)
for j € {1,2,...,k} where I denotes the indicator function; obviously, ny + -+ + n; = n.
This framework can partition the set {1,2,...,n} into k subsets or blocks. Alternatively,
a partition can be represented by the blocks count vector M = (My, Ms, ..., M,), where
M; denotes the number of blocks with j representatives in a sample of size n. Hence,

Z?Zl jM; = n, and K,, = M; + --- + M,. The joint distribution of cluster sizes and the

35
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distribution of the number of clusters, when probability weights of P, g follow PK™ (L)
with L as specified in expression (2.1.7)), are provided in [28, Theorem 5.1] and Equation
(5.13) of that paper, respectively. That theorem can be rewritten for any Lévy measure L

satisfying > o~ L™(I';) < oc.

Theorem 4.1.1. The distribution of the number of clusters is given by
o plkl \n—t — (1) = (n—k+1)
Pr(K,=k) = | —2> B (xy A, ..U )\)d)\
(0, = 1) = | g B (1) oy

and the joint distribution of the cluster sizes is

18]

0 k B
e ) = fs /O A”—qu@)—’"—’fﬂqﬂ"ﬂ(x)m

where
M=+ 1). .t n—1), neN,
1
m@>:1+/“u—e*ﬂimw,
0

TV (N = (_1)3‘1%\1@) = /O 2e ™ (dx),

L(dz) = L(dz)I(0 < z < L7Y(1)),
and B, is the Bell partition polynomial, satisfying, for §; >0, j € {1,...,n}

n! L EN\T
Bn,k(él) s 7§n—k+1) - E ml‘ ol | | (j_]')
EERR L i !

meEAnk

where
A = {m = (ml,...,mn) 1m; > O,ijj = n)ij = k}
j=1 j=1
As demonstrated by [45] and [55] for the Dirichlet process, we have
K,/log(n) =60 as n — oo.

According to this result, the random number of distinct values K, grows slowly as n — oo,
only in a logarithmic fashion. The reason for this behaviour is because the Dirichlet process

prior assigns most of the largest weights to its initial points. This property causes inflexibility
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Table 4.1: The first ten probability weights in (3.2.4) when L is the gamma Lévy measure

[2-2.6) with 6 = 3.

r=20

0.367597022
0.168573239
0.165457071
0.149080111
0.058821776
0.056183134
0.012551887
0.007812625
0.003792634
0.001971704

0.24369485
0.23947841
0.10281577
0.08716432
0.07639968
0.05990201
0.03862790
0.03184211
0.02524151
0.01939928

0.16427045
0.14319002
0.12842541
0.10524699
0.07391248
0.06339345
0.05279059
0.04298598
0.03705701
0.03245281

0.06353087
0.05886303
0.05418117
0.05112053
0.04858739
0.04626107
0.04349017
0.03795044
0.03606621
0.03021665

in the use of the Dirichlet process as a prior mixing measure in nonparametric Bayesian
hierarchical mixture models or so called density estimation problem [49] 15, 3T, 47, 48].
Adding the new parameter r and working with expression instead of expression
enables us to remove those initial large probability weights and produce a more robust
allocation of the weights instead. For the case when L is the gamma Lévy measure, the
values reported in Table illustrates how choosing larger values of r leads to more robust
versions of the probability weights in expression (3.2.4). To generate this table, we used
Theorem [3.3.1] Recall that the Dirichlet process corresponds to the case when r = 0. In the
following section, we explore the benefits of using the random discrete probability measure

P, 1. instead of the DP in hierarchical nonparametric Bayesian models.

4.2 Hierarchical nonparametric Bayesian models

Here, we compare the hierarchical nonparametric Bayesian model that utilizes the prior P, 1, g

(with a gamma Lévy measure ) as the mixing measure, to the hierarchical nonparametric
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Bayesian model that employs the DP as the mixing measure. The structure of a hierarchical

nonparametric Bayesian model is as follows:
(X)) M 2V, ie{l.. 0}
(vi|P) < P (4.2.1)
P~

In this setting, the vector X = (Xj,...,X,,) represents the observed data, whereas ¥ =
(Y1,...,Y,) denotes unobserved random variables. These variables take values within a
measurable space (E,&). According to the model structure outlined at statement (4.2.1)),
we assume that the observed data, X;, are conditionally independent given the unobserved
variables, Y;. Furthermore, given a probability measure P, the Y; variables are independently

and identically distributed following P.

The hierarchical model we discuss is nonparametric, aimed at modelling the conditional
distribution of X; given Y;, denoted as Z(X;|Y;). This is achieved by modelling the distri-
bution of ¥; through a random probability measure . In this context, & specifically refers
to PKP")(H; L) or DP. Our focus is on comparing the use of PKP")(H; L) as an alternative
to the DP.

Additionally, the model can be extended to a semiparametric hierarchical model. This exten-
sion involves incorporating a finite-dimensional parameter p. Within this extended frame-
work, Z(X;|Y;, 1) represents the conditional distribution of X; given Y; and the parameter
L.

To draw samples from the posterior distributions in the model identified by statement ,
two algorithms are typically employed: the Polya urn Gibbs sampler and the blocked Gibbs
sampler. Constructing a Poélya urn Gibbs sampler requires knowledge of the predictive
distribution of the latent variables, i.e., the Y;’s. When P ~ PKP(T)(H ; L), this predictive
distribution, along with the corresponding Polya urn Gibbs sampler, is detailed in [24].
Specifically, if P ~ PKP(T)(H ; L), then the predictive distribution for Y1 given Y follows

the same law as

Pr(Y,1 € dy | V) = w” H(dy) + Zw Oy (dy)
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where

o 1)
n Ttk U (v)
w[() ) = " /0 v T gr(v,m) dv,

and for i € {1,... k},

() (ni+1)
U
w™ = / v—@)gr(v,n) dw.
0

z v (v)
In above, n = {ny,...,n;} and
k] n—1 _k
r v T, ()
gr(v,m) == — H\II (v), v>0.
@y T L

Remark 4.2.1. According to Proposition 1 in [7], PKP™ (H; L) is not a Gibbs-type prior.

In contrast, to construct the blocked Gibbs sampler introduced in [31], we need to have a
stick-breaking construction for the mixing prior in the model identified in statement (4.2.1]).
A stick-breaking random discrete probability measure which we denote it by P is as

follows
Pstick _ Zpk(SZk
k=1

where

k—1
=V, p=Vi[[(=V)), k=2,...
j=1

and the Vj, are independent Beta(ay, b) random variables and Zj’s are iid from a nonatomic
distribution H independent of V}’s. Since P*!“* is represented as an infinite sum, it is

approximated by truncating the sum, i.e.,

N
stick ~_ stick __ E
P ~ PN - pk‘(SZk
k=1

where

k—1
p=Vi, p=Vi[[0-V)), kef2,. .. N}
j=1

and the Vj, are independent Beta(ay,by) random variables for kK < N — 1 and Vy = 1. Note

that, in this case, p = (p1, ..., pn) follows the generalized Dirichlet distribution denoted by

P~ g(al,bl, Ce 7CLN71,bN71)-
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It is well-known that the generalized Dirichlet distribution is conjugate for multinomial
sampling. By [10], the density function of the generalized Dirichlet distribution equals
N-1
H F(ak + bk) pa1—1 paNfl_lprfl_l
F(ak)F(bk) 1 o FPN-1 N

ol (4.2.2)

X (1 _ Pl)bl—(a2+b2) o (1 _ ‘P]V_Q)1)1\772—(aN,l-i-bN,l)7
where P, = p1+...+pg. For DP, we take a;, = 1 and by, = 6. A stick-breaking representation
for PKP")(H; L) when L is the gamma Lévy measure specified in expression (2.2.6) is given
in |27, Theorem 4.1]. More precisely, it follows that P, py with L as the gamma Lévy

measure specified in expression (2.2.6)) is equal to P**“* in distribution if
Vil = v % Beta(1,00), ke {1,2,...}

where I', is a Gamma(r, 1) random variable. In this case, the density functions of Vj, and p,

respectively, are
r6 1

T l—a(1— (1 — )

fv. () x € (0,1)

and

f By LD PRI EE AT o

DLy pN_l(pl,..-,le)_gl_ Z_lpi{ - n<1_zz_11pi>} .

As we observe, both the Polya urn and blocked Gibbs samplers are computationally intensive
for the prior PKP™ (H; L). The former depends on a complex predictive distribution, while
for the latter, the distribution of p is somewhat complex. We choose to utilize the blocked
Gibbs sampler for two main reasons. First, beyond the limitations of the Polya urn Gibbs
sampler discussed in Section 4.3 of [31], Section 6 of the same paper compares the mixing
behaviour of the blocked Gibbs sampler with both the Pélya urn Gibbs sampler and its
accelerated (modified) version. The results indicate that the blocked Gibbs sampler not only
outperforms the standard Polya urn Gibbs sampler but also exhibits comparable performance
to the accelerated version. Second, if we choose to ignore specifying a prior on r and loosely

substitute I, during the simulation of Vj, we can continue to use the generalized Dirichlet

distribution specified in statement (4.2.2)).

The key strategy for achieving an efficient blocked Gibbs sampler for sampling from the
nonparametric hierarchical model identified in statement (4.2.1)) is to reformulate the model
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entirely with random variables. Let p = (p1,...,pn) and Z = (Z1, ..., Zy). Then the model

can be rewritten as
(X|2, K) N.,%(X-|ZK.) ie{l,...,n}
(Kilp) ~ Zpkék (4.2.3)
(p, Z) ~ Z(p)Z(2)

where K = (Ki,...,K,) and the K; are conditionally independent classification variables
that identify the Zj associated with each Y;. Specifically, note that Y; = Zk,. To extend
this model to a mixture of hierarchical models, we introduce a prior for ¢ in p and include
hyperparameters for Z. If we use the representation specified in statement , the model

we consider is

(Xi|Z7 K) NN(ZKi7UX)a

(Zlp,02) ~ N(p,02),
(klow) ~ N(0,0,), (4.2.4)
(0771, 72) ~ Gamma(ry, 73),
(0|v1, v9) ~ Gammal(vy, vg),
) (

(UX |71,72 ~ Gamma 71»72)-

where N (p, o) denotes a normal distribution with mean p and variance o.

To sample the posterior £ (p, Z, K, u,0z,0x,0|X) that corresponds to the model iden-
tified in statement (4.2.4)) using blocked Gibbs sampler, we need to complete six updates in
each cycle of the sampler:

(p,Z‘K,,U,Uz,OX,Q,X),
(Klp, Z, X),
(ulZ,0z2), (4.2.5)

(UZ|Za N))
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(01p),
(UX ’Z ) K > X )
See Appendix A for the derivation of the above conditional distributions.

The output of the Gibbs sampler can easily be used in density estimation problems in which
we estimate a predictive density for a future observation X, 1. Let f(X,1|X) represent the
predictive density for X, ., conditioned on the data X and let Y, .; be the corresponding

unobserved Y value. Then
FXalX) = [ FXaialVoer, o)A (Vo x| X)

://f(Xn+1|Yn+17UX)dg(Yn+1|P)d$(P,Ux|X)

For a probability measure P(-) = Z,ivzl Proz,(+),

N
[ FalYies )AL V| P) = 3o Kol Zas ). (1.26)
k=1

Consequently, f(X,11|X) can be approximated by averaging the mixture of normal densities
appearing in expression (£.2.6) over the sampled values (p®, Z®) O’X ) obtained from the
Gibbs sampler. A predictive density estimate can then be derived by evaluating the averaged

density over a refined partition.

4.3 An illustration

To compare the hierarchical nonparametric Bayesian model using the prior P,y (with a
gamma Lévy measure ) as the mixing measure with the hierarchical nonparametric Bayesian
model employing the DP as the mixing measure, we conducted experiments on both sim-
ulated data and real data. The simulated data were generated from a mixture of normal

distributions with unequal variances and mixing weights

sz (| iy o) (4.3.1)

where w; = wy = 0.1, wg = 0.15, wy = ws = 0.125, wg = wy = 0.2, (y,...,pu7) =
(—8,-5,0,5,7,11,15) and (o1, . .., 07) = (0.8,0.5,2,0.25,0.25,1,1.25).
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Figure illustrates the predictive density estimates identified in statement based on
100 simulated observations from the mixture specified in syayement , using the blocked
Gibbs sampling method with two different priors: the DP and the prior P, 1, g (incorporating
a gamma Lévy measure) with » = 3. Each density plot represents the average of 300 samples
collected after a burn-in period of 1500 iterations. For all density estimates, we set the
truncation level to N = 70 and used the hyperparameters 7, = 7 = 71 = 7 = 0.001,
v =2, 1, = 4, and 0, = 100. To maintain clarity in Figure .1, we only plot the density
estimates using the DP and the P,y prior with r = 3, as the results for the values of

r €42,3,4,5,6} are qualitatively similar.

Overall, we observe that employing the P, g prior (with a gamma Lévy measure) for

r €42,3,4,5,6} produces highly accurate predictive densities compared to the DP prior.

As an example involving actual study data, we reanalyzed the galaxy data in [60], represent-
ing the relative velocities of n = 82 galaxies from six well-separated conic sections of space.
The data have also been studied by [33] using the blocked Gibbs sampler outlined above and
also by [I5] using a Polya Gibbs sampler. In order to be able to compare our results with

their findings, we used the same values for the hyperparameters.

Figure illustrates the predictive density estimates identified in expression for the
galaxy data, using the blocked Gibbs sampling method with three different priors: the DP
and the prior P,y (incorporating a gamma Lévy measure) with r = 3 and r = 4. Each
density plot represents the average of 300 samples collected after a burn-in period of 1500
iterations. For all density estimates, we set the truncation level to N = 50 and used the
hyperparameter values 71 = 75 = 71 = 7 = 0.001, v; = 2, v, = 4, and o, = 100. To
maintain clarity in Figure [1.2] we only display the density estimates using the DP and the
P, .p prior with 7 = 3 and r = 4, as the results for the values of r € {2,3,4,5,6} are

qualitatively similar.

Overall, we observe that employing the P, y prior (with a gamma Lévy measure) for
r € {2,3,4,5,6} produces more accurate predictive densities compared to use of the DP

prior.

Tables [4.2] and [4.3] summarize the posterior probabilities of the number of distinct Y; values
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Figure 4.1: Posterior density estimates for the simulated data when we use DP and P, g
with L as the gamma Lévy measure as the prior: - - - - - , DP— — — —, P, g with r = 3,

——, true model

corresponding to Figures and [£.2] respectively. As observed, the tendency for overes-
timation becomes slightly more noticeable as the value of r increases. Furthermore, the
consistency of the posterior probabilities for the number of distinct values can be verified
by increasing n. For instance, in our simulated data, when n increased from 100 to 300, we
observed a rise in the posterior probabilities for k € {7,8,9, 10} for the prior with » = 3 and
r = 4. See Figure [4.3] and Table
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Figure 4.2: Posterior density estimates for the galaxy data when we use DP and P, ; y with
L as the gamma Lévy measure as the prior: - - - - - , Prpg withr =3, — — P, g with

r=4,— DP

Table 4.2: Posterior probabilities of the number of distinct Y; values from Fig. [A.1] for the

simulated data
k <6 7 8 9 10 11 12 13 14 15 16 17 >17

r=0 P(K,=kX) 024 012 021 0.19 0.11 0.08 0.04 0.01
r= P(K,=kX) 0.06 008 0.15 0.18 0.17 0.14 0.10 0.06 0.03 0.01 0.01 0.01
r=4 P(K,=kX) 004 005 009 013 014 014 0.12 011 0.06 0.04 0.03 0.02 0.03




4.3. AN ILLUSTRATION 46

Table 4.3: Posterior probabilities of the number of distinct Y; values from Fig. [4.2] for the

galaxy data
k <5 6 7 8 9 10 11 12 13 14 15 16 >16

r=0 PK,=kX) 016 0.09 018 019 017 0.11 0.05 0.04 0.01
r=3 P(K,=kX) 004 005 011 012 014 0.17 017 0.15 002 0.02 0.01
r=4 P(K,=kX) 001 003 009 009 012 013 015 0.16 006 0.05 0.04 0.04 0.03

Table 4.4: Posterior probabilities of the number of distinct Y; values from for the

simulated data
k <6 7 8 9 10 11 12 13 14

r=0 Pr(K,=%kX) 005 0.14 0.22 020 0.15 0.12 0.09 0.03

r=3 Pr(K,=kX) 002 016 023 020 0.16 0.2 0.08 0.03

r=4 Pr(K,=k|X) 002 0.15 022 021 014 0.14 0.10 0.01 0.01
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Figure 4.3: Posterior density estimates for the simulated data when we use DP and P, g
with L as the gamma Lévy measure as the prior: - - - - - , DP,— — — —, P, g with r = 3,

——, true model



Chapter 5

On a class of negative binomial processes

and their applications

In the literature, the term ‘negative binomial process’ is employed to describe various pro-
cesses, each playing a crucial role in stochastic processes and diverse statistical areas. These
processes are especially prominent in applications within Bayesian nonparametric. However,
ambiguity arises from the presence of conflicting definitions for negative binomial processes
across different contexts in the literature. This chapter aims to clarify the confusion by sys-
tematically reviewing the various definitions of the negative binomial process and highlighting
their distinctions. It provides a comprehensive account to help practitioners distinguish be-
tween them and avoid potential misunderstandings. Additionally, we extend the univariate

negative binomial process from Chapter 3 to a bivariate form.

5.1 Introduction

The negative binomial process appears across diverse domains, including stochastic pro-
cesses, statistics, machine learning, and computer science. Its versatility is reflected in the
various definitions and representations it assumes. Originating from the negative binomial
distribution, characterized by two parameters, the process takes on distinct forms when these

parameters are substituted with positive finite measures, yielding alternative definitions.

48
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The negative multinomial distribution denoted by NMn(r, p) is given by the probability

distribution

P(X:.’B):P(X1:$17---7Xn:$n)_ I(‘ZT+Z 1xl Hp

and probability generating function
Po "
G<817-..,8n) — (—n> 3 (817-.-,Sn) e I:O, 1}’”’
L= i pisi

where

n—1

T>O, p:(p07p17"'7pn71)7 pnzl_zp’w pz>07 220717277n
=0

r;=0,1,2,... i1=1,2,....,n.

See [64] for more on NMn. The univariate case of NMn, when n = 1, is the negative binomial

distribution denoted by NB(r, p) with p = py.

[68] define a particular type of a negative binomial process by replacing the dispersion
parameter r of a negative binomial distribution with a positive finite measure. In fact, in this
case, it is not necessary to find the finite dimensional distributions of this process and only one
dimensional negative binomial distribution will be sufficient. They also introduce a random
sum representation for this process and use it in joint count and mixture modeling, applied
to topic modeling problems and Poisson factor analysis. For other numerous applications

see also [46] and references therein.

An entirely different definition for the negative binomial process is given in [23] by intro-
ducing this process as a mixed Poisson random measure. The finite dimensional distribution
of this process follows a negative multinomial distribution with certain p;’s. Later, [27]
employing trimmed subordinators, provide a point process representation for this process.
Then, they use this representation to define a generalized Poisson-Kingman distribution
and obtain its related Ewens’ sampling formula to employ in a genetic diversity study in
species sampling, see [30]. Another series representation, known as Ferguson and Klass [20]
series representation, is our proposed point process for this definition of the negative

binomial process.
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In the literature, various definitions and representations exist for the negative binomial
process. Consequently, it is necessary to present a comprehensive review and clarification of
these conflicting definitions and representations. This effort aims to reduce confusion among

researchers, particularly in the fields of Bayesian nonparametric and stochastic processes.

5.2 The first definition for the negative binomial process

In the following definition, we provide the official description of the negative binomial process

as utilized in [68] .

Definition 5.2.1. Let G be a Radon measure on (E, &) and p € (0,1). Then the point pro-
cess ¢ is a negative binomial process, denoted by & ~ NBPW(G,p), if £(A) ~ NB(G(A),p)
for a subset A of E, and the number of points in disjoint subsets of E are independent random

variables.

Remark 5.2.2. We can extend the Definition by replacing p with a vector of probabil-

ities p = (po, p1,---,Pn1) and p, = 1 — Z;:Ol pi. In this case, we write £ ~ NBPY (G, p).

The negative binomial distribution is widely recognized as a gamma-Poisson (mixture)
distribution. In this context, if we consider a Poisson distribution with a parameter \, where
A is a random variable distributed according to a gamma distribution with shape parameter
r and rate p/(1 — p), integrating A out results in the negative binomial distribution NB(r, p).
Similarly, the negative binomial process outlined in Definition is also characterized as
a gamma-Poisson (mixture) process. The exploration of this association is presented in the

subsequent theorem. However, before presenting the theorem, a brief setup is warranted.

If for a ¢ > 0 and a base measure G, on E, we take
L(x) = GO(E)/ u e du

then the random measure given by

Q=310
=1
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defines a gamma process on E x R, denoted by GaP(Gy,c). Also, the atoms w;’s are i.i.d.
from Gy/Go(E) and independent of I';’s. This implies that for disjoint sets Ay, ..., Ay, the
random variables {Q(A;)}1<i<x are independent and Q)(A4;) has a gamma distribution with
shape parameter Go(A;) and scale parameter of 1/c. Independence follows since @) is a pure

jump Lévy process. See [34] for more details.

Furthermore, it is important to observe that, for consistency with our notations, the

parameter p in [68] should be modified to 1 — p.

Theorem 5.2.3. For p € (0,1) and the base measure Gy on E, if (|G ~ PRM(G) and
G|(Go,p) ~ GaP(Gy, p/(1 — p)), then ¢[(Go, p) ~ NBPW(Gy, p).

Proof. For a positive measurable function f on E, we derive the Laplace functional of

()= B (exp{—/E(l e ””))G(dx)}>
E(exp{ /1—e @) ZL T;)d,, d@})

=F (exp {— i(l — e_f(“”))L_l(Fi)})

To evaluate the above expectation, we use the recursive method introduced in [5]. Therefore,

&

Ve(f) =

let for any t > 0

M(t)=F (exp {— i(l — e NI, + t)})

i=1
I'h=u,w = w)]

E (exp {— i(l — e f@N LY, + t)}
- Go(dw)

:/]E/OOOeXp{_(l_e_f(“’))L_l(u"‘t)}M(t-l-u)e_“dum

Substitute v =u + ¢t

e " M(t) // exp{ (1—e" “’) }M _”dvcé)o(gg))

Now, differentiate both sides with respect to ¢

=F

—e_tM(t)jLe_ta]\g—ft):—/]EeXp{ 1— e TNL ()} M(t)e Go®)
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M(t) = exp [— /too/E(l—eXp{—(l—ef(”))L1(3)}) %)0((%;%5}

Therefore, we have

We(f) = M(0) = exp [—/E/Ooo (1 exp {—(1— /@)L (s)}) Cé)o(&;)ds]

Now, take z = L~1(s) which also gives ds = L(dz) = Go(E)z ‘e T7°dz and then use the

Frullani integral to get

Ue(f) = exp UE n (1 — _pp)e_f(w)) Go(dw)] | (5.2.1)

Remark 5.2.4. Instead of Laplace functional, the probability generating function is com-
monly used by authors. To derive the probability generating function, simply take f(w) =
—In (s4@) in (5.2.1)) for a subset A of E. Hence,

E (s™) = exp {/Eln (1 ~a _i)eln(s’f*(‘”)) Go(dw)}

—o i () [} = (=)

In the forthcoming theorem, we derive the Laplace functional of the random sum rep-

resentation introduced by [68] to determine its equivalence with Definition [5.2.1] First, we
establish a clear understanding of logarithmic distribution. The multivariate logarithmic
distribution denoted by Log(p) is given by the probability distribution

(i @i =D e
In(po) Ll

(2

P(Xlzl'l,...,Xn:l'n):—

and the probability generating function

In(1 — Z?zl DiSi)
In(po)

G(sl,...,sn) =

where
n—1

b= (p07p17"'7pn71)7 pnzl_zpw Di >07 i:071727"'7n;
=0
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r=01,2... i=12..n Y z;=12. ..
i=1
The univariate case of the logarithmic distribution, when n = 1, is denoted by Log(p) with
P = Po.

Theorem 5.2.5. For p € (0,1) and the base measure Gy on E, let N follow a Poisson
distribution with parameter —Gy(E)In(p) and let (Y;);>1 be an i.i.d. sequence of random
variables distributed as Log(p). Also, independent of (Y;);>1, let (w;);>1 be an i.i.d. sequence
sampled from Gy/Go(E). Then the random measure & = SV Y;4,, follows NBPY (G, p).

i=1
Proof. We use the Laplace functional to prove the theorem. The Laplace functional of £ is

qu(f) =k (e—ﬁ(f)) =F (e_ Zi\[:1 Yif(wi))

= F [E <6_Z7]LV:1 Yz‘f(wi)|Nﬂ - F ([E (e—Ylf(wl))}N> )

However,
E (e*Ylf(wl)) - F [E (efylf(wl)p/’l)] = F (y(}/'l))
where
_ _ G (dwl)
V)= E Yif(wi)|y, :/ Y1 f(wi) ZOVEL
s = Bl = L)
Therefore,

Ve(f) = B ([B()]Y) = B (12 ()")
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which is the same as in (5.2.1)). |

We can generalize the random sum ¢ given in Theorem by replacing p with a
vector of probabilities p = (po, p1,.-.,Pn-1) and p, = 1 — Z;.:Ol p;. Let N follow a Poisson
distribution with parameter —Go(E)In(pg) and let (Y;);>; be an i.i.d. sequence of random
variables distributed as Log(p). Also, independent of (Y;);>1, let (w;);>1 be an i.i.d. sequence
sampled from Go/Go(E). Then the random measure € = S~ V4, follows the negative
binomial process introduced in Remark , ie. £ ~ NBPY(Gy,p).

5.3 The alternative negative binomial process

As highlighted in [64], we can generate an NMn random variable through compounding of
independent Poisson random variables with a gamma distribution. Let Xi,..., X,|m be

independent Poisson random variables,

n

P(Xy=2,...,X, =x,/m) = H e (mA) " ).

Placing gamma prior on m as follows

1 m\ "1 —m/a
flm) = al'(r) <E> " ar>0,
implies
F(T + Zr’il JZZ) 1 " (I)\i i
P(X =x) = = —— ] -
( 2 D) T, x! \1+ad N E L+ad ) N

Similar to above, a well-known definition of the negative binomial process is given in [23]
in terms of a mixed Poisson random measure. For r > 0, let I, be a Gamma(r, 1) random
variable. Also, let v be a Radon measure. Then the negative binomial process x on (M, .#)
with parameters r and v, denoted by NBP®(r,v), is defined and characterized uniquely
by a mixed PRM with a mixing randomized mean measure vI', with the following Laplace

functional

U (f) = /OOO exp {— /Eu - ef(x))uz/(d:c)} P(T, € du)
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- (1 1 /E(1 - e_f(x))u(dx)) - (5.3.1)

The terminology “negative binomial” arises from the finite-dimensional distribution associ-
ated with this process. If By,..., B, are pairwise disjoint bounded Borel sets of E, then the
numbers of points of NBP? (r,v) in By,..., B, follow a negative multinomial distribution
with parameters r and probabilities

_ 1 _ v(B;)
T 1+uUL By VT i+ u(UL, By

Do 1=1,...,n.

In Chapter 3, we presented two point process representations for N. BP(2)<7”, v), one defined

in (3.2.1) and the other discussed in Remark (3.2.2|

5.3.1 Asymptotic results when r — oo

An N BP(Q)(T, v) with » = 1 is typically called geometric process and we denote it by
CeoP(v). We can see that an NBP@ (r, 1) is distributed as sum of r iid GeoP(v). Therefore,

we may write the following central limit theorem for NBP® (r, 1), when r — oo.

Theorem 5.3.1. If s follows an NBP® (r,v) and (1;);>1 be an iid sequence from GeoP(v),

then as » — oo, the set indexed process

k- d > i i — rE(m) 4 aq
NG NG

where GG, is a Gaussian process (a signed measure) with mean zero and covariance matrix

with components
Cov(Gy(Ai), Gu(4;)) = v(Ai N Aj) + v(Ai)v(4;)
for any A;, A; € &.

The proof straightforwardly follows an argument similar to that in [70], Section 7.8.

For the sake of simplicity, we skip the discussion of the functional central limit theorem, as
done by [70]. Note also that, using the Laplace functional of the negative binomial process

and Poisson process, we can see that NBP®(r,v/r) approaches to PRM(v) when r — oco.
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5.4 The bivariate negative binomial process

There are past efforts to generalize a univariate negative binomial random variable to a
bivariate negative binomial random variable, see [14} 50 44]. In [41], they use Lévy copulas
to construct bivariate Lévy jump processes. In this section, with a different approach, we
extend the univariate negative binomial process outlined in Section [5.3]to include a correlated

bivariate negative binomial process. To that end, we first need to define a bivariate PRM.

Theorem 5.4.1. let {(U;1,U;2)} be an i.i.d. sequence of random vectors on (0, 00) x (0, 00),
with joint distribution H(-,-), constructed so as to be independent of {I';}. Then the point

process
o
Z 6(Ui,lri7Ui,2Fi)
=1

is a PRM with the following Laplace functional

exp (—/ / / (1- e_f(““”’””)) dH(uhuQ)dx) . (5.4.1)
o Jo Jo

Similarly, for any Lévy measure v, and vy satisfying (2.1.4), the point process
2,
(= Z 6('/fl(Ui,lri)W{l(Ui,zFi))
i=1
is a PRM with the following Laplace functional

exp (— / / / (1 — e_f(vl_l(um),ug_l(uz:v))) dH(ul, Ug)dl‘) . (542)
0 0 0

Proof. We only prove (5.4.2)). The proof of (5.4.1)) follows analogously. For ¢ > 0, define

2~ _
G = Z O (0 L U (Pt )) g (Usa (1))
=1
Then,
g, (f) = E(e_QCt(f)) - B (6— Zi—’ilf(yl—l(Ui,l(ri+t)),l,;1(Ui,2(ri+t))))
t
= F (E <67 > f(l/fl(U¢,1(Fi+t)),V§1(Ui,2(F¢+t)))|F1 = w, Ul,l = uy, U1,2 — u2>>

= / / / e*f(l/fl(ul(wﬁf)),vgl(uz(ert)))\IJZCw+t (f)6_wdH<u1, u2)dw.
0 0 0
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Use the change of variable x = w + t and differentiate both sides with respect to t. Now,
applying a similar approach to the proof of Theorem and solving the derived simple
linear differential equation implies ((5.4.2)) (need to evaluate the solution at ¢ = 0). |

The following theorem introduces a point process which follows a correlated bivariate

negative binomial process with the required marginals.

Theorem 5.4.2. Let {(U;1,U;2)} be an i.i.d. sequence of random vectors on (0, c0) x (0, 00),
with joint distribution H(-,-), constructed so as to be independent of {I';}. Then for any
Lévy measure vy and v, satisfying (2.1.4), the point process

o0

2

K = E ) —1(UiaTr4i\  —1(Ui2lrti
— Y1 Tr o
1=

T

follows a bivariate negative binomial process which we denote it by BA/BP® (ryvy, v, H).

The Laplace functional of 2k is given by

(1 + / / / (1 — e_f("l—l(“w)v”z_l(uﬂ))) dH (uy, uz)d:t) )
1 Jo Jo

Proof. First, note that (?x|T, = 2) is a PRM with the following Laplace functional

exp {—Z/ / / (1 - e_f(”fl(“lx)”’;l(UQJ”))) dH (uy, w)dw} )
1 Jo Jo

Therefore,

(1 + / / / (1 — e_f(”l_l(ulm)v”gl(uﬂ))) dH (uy, u2)d$) )
1 Jo Jo

The marginal process of a bivariate negative binomial process is itself a univariate nega-
tive binomial process, as stated in the following theorem. The proof relies on the invariance

property of PRM (see [35] for details). Specifically, the invariance property states that if
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v is a positive and continuous Lévy measure satisfying (2.1.4), and if {U;} are iid positive

random variables independent of {I';}, then

i Oviir) = Z 0
i=1 (E(U1 >)

Theorem 5.4.3. Suppose that v is a positive and continuous Lévy measure satisfying (2.1.4]).
If {U;} are iid positive random variables independent of {T';}, then

Za (Bess) 25_1( . )NNBP@)(T,E(Ufl)y). (5.4.3)

=
E(U; Dy

Proof. Note that, conditional on I', = w, the left and right hand side point processes in
(5.4.3) have the same distribution using the invariance property of PRM. They both are
PRM with mean measure wE(U; ')v on (0,v7*(1)). Now, if we denote the left hand side

point process in (5.4.3) by 7, we can write its Laplace functional as follows
B(e™) = E[E(e™ Y, = w)]

= / E(e™ I, = w)P(I, € dw)
w>0

v=1(1) wle—w
= />0 exp {—w/o (1- e_f(x))E(Ul_l)V(dx)} de

_ <1+/V_1(1)<1_e—f(z))E(Ul_l)V(dx)>

which is the Laplace functional of NBP (r, E(U; )v). i

If v; and vy are selected to be gamma Lévy measures as defined in but with
different parameters 0, and if we let (Y;);>; be an i.i.d. sequence of random variables taking
values in E with a common distribution P, and further assume these are independent of
the I';’s and the pairs {(U;1,U;2)}, then we can generalize the bivariate gamma process as
defined in [35] by

omi1-ttcn- 5 (5. (S s

In other words, by setting » = 0 and ['y = 1, we recover the bivariate gamma process as

defined in [35]. In this case, the Dirichlet bi-measure defined in [35] which was applied to an
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image enhancement problem using blocked Gibbs sampling, is extended accordingly by

G GP0)
G'(E®) GyE®))

(2 (), 2{()) = (



Chapter 6

The Liouville process

The Liouville distribution is a well-known conjugate prior for the multinomial distribution.
In this chapter, we introduce a discrete random probability measure constructed from a
random vector following a Liouville distribution and subsequently derive its weak limit to
define our proposed Liouville process. The resulting process is a spike-and-slab process,
where the Dirichlet process serves as the slab and a single point from its mean acts as the
spike. These two components are linearly combined using a random weight governed by the
Liouville distribution. By using the Liouville process as a prior on the space of probability

measures, we derive the corresponding posterior process as well as the predictive distribution.

6.1 Introduction

The Dirichlet distribution is widely recognized as a popular prior for the multinomial dis-

tribution. If the vector of proportions (pi, ..., p,+1) has Dirichlet distribution with density
function (2.2.1)), then we can write

i1
p1 = T, pi:ﬂ-iH(l_ﬂj); i:2,...,n—|—1,
j=1
where 7;’s are independent and m; ~ Beta(a;, Z;L;lﬂ a;) fori=1,...,n and m,41 = 1.

When the proportions p;’s represent failure times, imposing independent priors on the

60
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hazards m;’s (as done by the Dirichlet prior) often does not realistically reflect prior beliefs
about the hazard function in many real-world cases. For further discussion, see [1], [10], and

[40] and references therein.

Another limitation of the Dirichlet distribution is that it always imposes a negative
correlation structure on the proportions, regardless of the values of the hyperparameters.
In cases such as failure time analysis, where the sample space is the positive real line, it is
quite plausible that there could be a positive correlation between the probabilities of failure

in intervals that are close to each other. For further discussion, see [12, p. 834], and [57].

The Liouville distribution (see also [25]) serves as an alternative prior that not only
addresses the limitations of the Dirichlet prior but also offers a broader class of conjugate

priors for the multinomial distribution.

A random vector (qi,...,¢n+1) has a Liouville distribution denoted by (qi,...,¢,) ~

L(Y,aq,...,a,)if

f(Ql>' . 7Qn) = AHq?iilqﬂ (Z qz) ISn(q17' . 7qn)7
=1 =1

where ¢;+---+¢u1 =1,a; >0foralli =1,2,...,n,and ¢ : (0,1) — (0, 00) is a continuous

function such that

1
/ Y= gt < oo
0

-1
=AW, aq,...,a,) = (HZlFal /¢ 11‘”_1du) .

Z 1&1

Also,

It is easily seen that ¢(t) = (1 — ¢)™+71 0 < t < 1,a,,1 > 0, represents the Dirichlet
distribution (Dirichlet distribution is a member of the Liouville family). There is also another
type of Liouville family corresponding to Inverted Dirichlet distribution which is not of our

concern here.

Additionally, for each i € {1,... n},

A(wvala'--yan) o a; fO tzg 195 ¢
Al ar,oai+ 1,00 a) Y0 [Ty tzjzlaj, 0

E(CI@) =
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Now, suppose that (Xi,Xo,...,X,) ~ Multi(m,q, ¢, ...,q,) where m = Y " X; and

(41,92, -+, Gn-1) ~ L(Y,a1,...,an,_1). Then for posterior distribution we have
(qu. a2, @n-1)|[(z1, - 20) ~ L(d, a1 + 21, Gy + To1)

where ¢(t) = (t)(1 —t)*.

For an example of positive correlation, see [57], where for n = 2, they consider ¥(u) = ¢,
with u = q1 +qo, a; = 3, and ay = 5. The covariance of ¢; and ¢, is calculated for values of 3
in [—10,100]. It is observed that when § exceeds approximately 25, the covariance between

¢1 and ¢ becomes positive.

It is important to note that the limitations discussed above for the Dirichlet distribution
also extend to the Dirichlet process. In the next chapter, we develop the Liouville process

as an alternative to the Dirichlet process to address these restrictions.

6.2 The Liouville process

In this section, we give a constructive definition of the Liouville process. The Liouville
process will be a random convex combination of a Dirichlet process and a random point
mass. Recall that the Dirichlet process has a stick-breaking representation. For a > 0 and
probability measure H on the measurable space (E, &), the Dirichlet process P ~ DP(a, H)
can be written as follows

o0 i1

P() = (1= Vi)dy, () + D (1= Vi) [T Vidw. ().

=2 j=1

where V; w Beta(a, 1) is stochastically independent of Y; “ H. Note that the Dirichlet

process P is uniquely characterized by the following distributional equality
PLVP+(1-V)sy, (6.2.1)

where on the right hand side, V' is independent of P, V' ~ Beta(a, 1), and Y ~ H. Now, we

define the Liouville process as follows.



6.2. THE LIOUVILLE PROCESS 63

Definition 6.2.1. Let P ~ DP(a,H), V ~ L(¢,a), and Y ~ H, where V, P, and Y are

mutually independent. Then, define
Q=VP+(1-V)dy, (6.2.2)
as a Liouville process with parameters ¢, a, H, and denote Q ~ LP (¢, a, H).

Remark 6.2.2. As seen in Definition [6.2.1] the construction of the Liouville process @ still
follows the stick-breaking approach. However, in this case, each stick length is scaled by a
random variable V| which follows a Liouville distribution and is independent of the stick-
breaking sequence V;. As a consequence, the resulting stick lengths in the Liouville process

become dependent.

Note that in the above definition, when ¢ (t) = 1 for ¢t € (0, 1), the random variable V" is
distributed as Beta(a, 1) distribution, then @ will be a Dirichlet process as shown in (6.2.1).

The intuition behind the definition of the Liouville process in equation (6.2.2)) stems from a
connection between the Liouville and Dirichlet distributions, as established in [25], Theorem

3.1], along with the finite-dimensional Dirichlet prior (2.2.4)).

The following theorem from |25, Theorem 3.1] offers a representation of a general Li-
ouville distribution in terms of a Dirichlet distribution and a univariate Liouville random

variable.

Theorem 6.2.3. Let (q1,...,q,) ~ L(,aq,...,a,). Then

d
(QIa S 7Qn) = (plv o 7pn)tn7

where (p1,...,p,) and t, are mutually independent, (pi,...,p,) ~ D(aq,...,a,), and ¢, 4
Do G~ LY, Y i)

The following theorem provides a key theoretical justification for our proposed Liouville
process, as introduced in Definition [6.2.1] Specifically, it shows that the Liouville process )

arises as the weak limit of a sequence of the point processes @,,, defined below.
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Theorem 6.2.4. Using the notations from Theorem [6.2.3] let a; = a/n,i = 1,...,n, and

¢;’s are independent of Y; ~ w H,i=0,1,...,n. Define

Qn = by, + (1= )by, Eta ¥ pidy, + (1= )0y, = tu P+ (1 = t,)0,.

=1

Then for each real-valued measurable function ¢, integrable with respect to H,
d
Qnl(g) = /ngn — Q(g) = /ng-

Proof. From [34], for a real valued measurable function ¢ that is integrable with respect to

H, we have

Qu(9) = taPu(g) + (1 — £)g(Yo) —= Q(g) = tP(g) + (1 — t)g(Y)

where () is as defined in Definition [6.2.1] Also, notice the fact that the distribution of ¢, =t
is free from n and t £V =V, ~ L(1,a) (V as defined in Definition [6.2.1)) and Y LY, 1

To analyze the asymptotic behaviour of () when a — oo, we calculate the mean and variance

of Q(A) for any measurable set A € & here. The mean is given by
E(Q(A)) = E(Va)H(A) + (1 — E(Va))H(A) = H(A).
Moreover, the second moment of Q(A) is given as follows

E(Q*(A)) = E (VaP(A) + (1 - V,)dy (A))?)
— E[V2P2(A) 4 (1 — V,)262(A) 4 2V, (1 — V,) P(A)dy (A)]
H(A)(1+aH(A))

+ E[(1=V,)*] H(A) +2E(V, — V) H?(A).

Therefore,

— E*(Q(4))

Q*(4)
( (vs) + 1+ E(V?) - 2E(V, )) H(A)

(%

Var(Q(A)

+

+
Er +2E(V,) —2E(V?) — 1) H?*(A).
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Notice that, as a — oo, for any continuous function v,

fol v L (v)dw
Jo vt w)dv

To verify (6.2.3)), we only need to check for ¢ of the form ) (v) = v™, for some non-negative in-

E(VF)

a

— 1. (6.2.3)

teger m, since ¢ can be uniformly approximated by a polynomial on [0, 1] (Stone-Weierstrass
approximation, see [61]). Therefore, Var(Q(A)) — 0 as a — oo. Consequently Q(A) con-

verges to H(A) in probability as a — oc.

Remark 6.2.5. Assume V, ~ L(1), a), with 1) be a continuous function free from a on [0, 1],
then we have V, =2+ 1 as a — oo. Therefore, Q = Q, approaches weakly to the Dirichlet
process as a — oo. Since all asymptotic results are already established for the Dirichlet

process, they can be easily extended to @, as a — co. See [36] for more details.

6.3 Posterior and predictive distributions

In this section, we will study the posterior and predictive probability measures when the
non-parametric prior is assumed to be the Liouville process @Q = V P+ (1—V)dy, introduced
in Section [6.2] Thus, the goal is to derive both Q|X and E(Q|X) where X1, ..., X,, be a

random sample of size m from Q).

First, note that when sampling from the Liouville process @), we are effectively drawing
sample from the Dirichlet process P with probability V' and from the mean measure of P,
denoted by H, with probability 1 — V. We follow the same steps as in [32] to derive the

posterior. Define the latent indicators K; “ Bernoulli(V') for i € {1,...,m}, ie.,
Pr(K;=0|V)=1-V,and Pr(K; =1|V)=V.

Therefore, when K; = 1, which occurs with probability V' ~ L(1,a), we have X; ~ P.

Conversely, when K; = 0, which occurs with probability 1 —V, X; =Y ~ H.

If we define Wy =1 -V, W, =V, and K = (Ky,...,K,,), then (W7|K) ~ L(¢,a + m,)
where ¢(t) = (1 —t)™(t), m; = >." I(K; = j) for j € {0,1}, where I denotes the

indicator function.
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Theorem 6.3.1. Suppose Xj,...,X,, is an iid sample from @ = VP + (1 — V)dy where
V ~L(,a), P~ DP(a,H), and Y ~ H, with V| P, and Y mutually independent. Then,
the posterior process @ given X = (X7,...,X,,) is characterized by

Z(QIX) =) Z(QX,K)Pr(K), (6.3.1)

where the sum is over all K, where

Pr(K) = Pr(K:) | [ Pr(KG|Ky, ... Kioy) = EWi,) [ [ EWV, | K1, . Kisy) - (6.3.2)
i=2 1=2

is the prior for K and
ZQIX,K)=2ZL{V'P"+ (1 =V")dx~}, (6.3.3)

in which V* £ (W1 K) and P* is the posterior of P based on the observations when K; = 1.
Therefore, P* ~ DP(a*, H*), where

a 1 m
= d, H* = H Kidx..
a a + mq, and, R +a+m1izl X;

In (6.3.3), X* represents the observations from the Dirac probability measure dy. When

mgo = 0, we can express dx+ as Oy .

Proof. The equations (6.3.1)) and (6.3.2)) follow directly from the definitions, so it remains
to prove Equation (6.3.3). Conditional on K, we know which observations originate from P

and which from dy, allowing the posterior to simplify to
Q| X, K~V*"P" +(1—=V")dy-,
where

VLV | K~ L(¢,a+my), with ¢(t) = (1 — £)™0(t),

ol £ ST Kb,
a-+m ’

rrLp|X,K~DP (a+m1,

VLY | X, K~H(|{X;: K; =0}).

This completes proof. |
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Note that for any integer i > 2, (Wi|Ky,...,Ki—1) ~ L(¢,a + m};) where ¢(t) =

t)moinp(t) and mj; = >\ I(K; = k) for k € {0,1}. Taking

=1

st = [ (e (1 — e,

we get S( k,—k+2)
@D»a‘*‘ T +2
E —
(W) S@W,a,1)
S(,a+mi +k,mo—k+2)
EW.K) =
(Wi K) S(,a+my,mo+ 1) ;
and
S(,a +mi + Kimi; — Ki+2)
EWg,|K1,... Ki1) = ’ |
(WKZ’ 1, , g 1) S(w’a[{—mii,mai“_l)
Therefore,

PI’(K) = E(WKl) ﬁE(WKJKI, ce ’Ki—l)

=2
_S(¢,a+K1, —-K;+2) H w,a+m“+Kl,mol K;+2)
B S(t,a,1) - V,a+mi;,mg,; +1) '

To derive the predictive probability measure, for a measurable set A € &, notice that

Pr(Xma € A| X) = E(Q(A) | X)

E(Q(A) | X, K) Pr(K)

E(VIPY(A) + (1 = V7)ix-(4)) Pr(K)

(E(VH)EP(A) + (1 = E(VT))E(0x-(A))) Pr(K)

NN N RN

(S(¢,a+m1+1,mo+l)H*(A)

S(,a+my,my+1)

S, a+ my,mg + 2)
S(¢7a+mlam0+1)

E(5x*(A))> Pr(K)

where E(dx+(A)) = dx«(A) if my # 0, and E(0x+(A)) = H(A) if my = 0.

(1-

Remark 6.3.2. We observe that the general form of the posterior distribution of @ is

a mixture of mixtures. However, conditional on K, the posterior of () retains the same

structural form as the prior.



Chapter 7

Conclusions and future work

7.1 Conclusions

One of our main contribution in Chapter 3 was to define a new family of priors in Bayesian
nonparametric inference based on the negative binomial process. We first derived a new rep-
resentation for the negative binomial process directly as a functional of the Poisson random
measure. Then using this representation of the negative binomial process, we provided a fam-
ily of generalized Poisson-Kingman distribution and its associated random discrete probabil-
ity measure which contains many well-known priors in nonparametric Bayesian analysis such
as the Dirichlet process, the Poisson-Dirichlet process, the normalized generalized gamma
process, etc. A natural extension of the Dirichlet process was formulated as a functional
of the proposed series representation for the negative binomial process. We also provided
an almost sure convergent approximation for this extended Dirichlet process. Another by-
product of our proposed series representation for the negative binomial process was a new
series representation for the Poisson-Dirichlet process. It has been shown that an approxi-
mation based on this new representation for the Poisson-Dirichlet process is very efficient,

as illustrated in a simulation study.

In Chapter 4, we demonstrated that the new family of priors introduced in Chapter 3

offers greater flexibility and yields more accurate predictive densities in Bayesian hierarchical

68
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models compared to the traditional Dirichlet process prior. To illustrate this, our simulation

study employed both real-world and simulated datasets.

In the literature, the term "negative binomial process" is used to describe various pro-
cesses, each playing a vital role in stochastic processes and different areas of statistics. These
processes are particularly prominent in Bayesian nonparametric applications. However, am-
biguity arises from the existence of conflicting definitions across different contexts. In Chap-
ter 5, we addressed this confusion by systematically reviewing the various definitions of the
negative binomial process and highlighting their key distinctions. Our aim was to provide
a comprehensive overview that enables practitioners to recognize their differences and avoid
potential misunderstandings. Furthermore, we extended the univariate negative binomial

process introduced in Chapter 3 to a bivariate form.

In Chapter 6, after discussing some of the limitations of the Dirichlet distribution such
as its tendency to impose negative correlations, we found that the Liouville distribution
offers an effective alternative to address these shortcomings. We then introduce a discrete
random probability measure built from a random vector following a Liouville distribution
and then derived its weak limit to define the Liouville process. The resulting process was a
spike-and-slab model, where the Dirichlet process acts as the slab and a single point from
its mean represents the spike. These two components are then combined linearly with a
random weight that follows a Liouville distribution. Finally, by placing the Liouville process
as a prior over the space of probability measures, we derived both posterior and predictive

distributions of this process.

7.2 Research extensions

The research contained in this thesis can be extended in various directions. Some of these

are:

1. Develop a stick-breaking representation for the prior P, 1y defined in (3.2.4) for Lévy

measures L other than the gamma and a-stable cases.
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2. Incorporate Metropolis-Hastings steps to sample from the posterior distributions of p

and r in the block Gibbs sampler used in the simulation study in Chapter 4.

3. Implement the Polya urn Gibbs sampler as an alternative to the block Gibbs sampler

in the simulation study conducted in Chapter 4.

4. Derive the posterior and predictive distributions of the extended bivariate Dirichlet
process obtained using the bivariate negative binomial process introduced in Chapter

d.

5. Apply the extended bivariate Dirichlet process, derived from the bivariate negative

binomial process discussed in Chapter 5, to real-world applications.

6. Implement the Liouville process, defined in Chapter 6, in real-world applications.



Appendix A

Conditional distributions for the blocked

(Gibbs sampler

The conditional distributions of Z, K, u,07,0x,p, and 6 required for the blocked Gibbs

sampler in Chapter 4, are provided below:

1. The conditional distribution of Z is

W, 0z) H f(Xi|ZK;) f(ZKUMOZ)-

f(Z|KaM7UZaX)O< Hf(ZKJ*
J=1 {e:Ki=K7}

The first term corresponds to the product of conditional normal

(ZK;-‘ K’M7O-Z’X) NN(M;,O}],),
where
w=oy | nwjoz+ > Xifox |,
{i:K=K}}
oy, = (nj/ox+ 1/o7)7t and K7,. .., K}, represent the unique set of K;’s and n; is the

number of times K7 occurs in K. Also, Z K corresponds to those values in Z excluding

Zg = (Zgsy - Zk)-
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. The conditional distribution of K; is

N
(Kilp, Z, X) ~ > pi i),
k=1
where

1 -1
(P, Phi) X | p1exp (XZ-—Zl)2 ..., PN EXp —(Xi—ZN)2 )
) ) 2 20.

OXx X

. The conditional distribution of w is
(M|Zv 0z, Uu) ~ N(H*, UZ)u

where

x N
pt=-Lt ZZ’“ 1/o, = Njoz +1/0,.

. The conditional distribution of o is

N
(0,'Z, ) ~ Gamma (7‘1 +N/2,m + Z(Zk — M)2/2> :

k=1

. The conditional distribution of oy is

(0x'1X, Z, K) ~ Gamma (71 +n/2,7 + Z(Xz - ZKJQ/Q) :

i=1
. The conditional distribution of p is
(p|K, ‘9) ~ g(a; b; tot 70’7\/—17 b?\f—l)?

with

N
ap=1+my, by=0+ > my ke{l,... N-1}
j=k+1
where m,, is the number of K;’s which equal k.

. The conditional distribution of 0 is

N-1
(0|p) ~ Gamma <N +uv— 11— Z log(1 — Vk)> .

k=1



Appendix B

R programs

Here is the R codes used in Chapter 4.

rm(list = 1s(Q))
library(LaplacesDemon)

library(ggplot2)

mix_pdf <- function(x, loc, scale, weights) {
d <- rep(0, length(x))
for (i in seq_along(loc)) {
d <- d + weights[i] * dnorm(x, mean = loc[i], sd = scale)
}

return(d)

n<-82
x<-c(9.172,9.350,9.483,9.558,9.775,10.227,10.406,16.084,16.170,18.419,18.552,
18.600,18.927,19.052,19.070,19.330,19.343,19.349,19.440,
19.473,19.529,19.541,19.547,19.663,19.846,19.856,19.863,19.914,
19.918,19.973,19.989,20.166,20.175,20.179,20.196,20.215,20.221,20.415,
20.629,20.795,20.821,20.846,20.875,20.986,21.137,21.492,21.701,21.814,21.921,
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21.960,22.185,22.209,22.242,22.249,22.314,22.374,22.495,
22.746,22.747,22.888,22.914,23.206,23.241,23.263,23.484,23.538,23.542,
23.666,23.706,23.711,

24.129,24.285,24.289,24.366,24.717,24.990,
25.633,26.960,26.995,32.065,32.789,34.279)

grid <- seq(min(x), max(x), 0.001)

N<-50

#N<-150
tul<-0.001
tu2<-0.001
s.teta<-100
nul<-2
nu2<-4
gammal<-0.001
gamma2<-0.001

n.sims<-300

mixDensity<-NULL
samp.K.after.burn<-NULL
number.of .clusters<-NULL

for (s in 1:n.sims){

# initializing the parameters

n.burn<-1501

start.p<-rep(1/N,N)
#start.p<-as.vector(rdirichlet(1,rep(2,N)))
start.K<-sample(1:N, size = n, prob = start.p, replace=TRUE)

start.teta<-mean(rnorm(10,0,10))
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start.

start.

start.

start.

S

samp.

samp

samp.

samp.

samp

samp.

samp

samp

samp.

samp

samp.

samp.

samp

samp.

for

sx<-mean(rinvgamma(10,shape=0.1,scale=0.1))
sz<-mean(rinvgamma(10,shape=0.1,scale=0.1))
Z<-rnorm(N,start.teta, (start.sz)~0.5)

alpha<-mean(rgamma (10, shape=2,scale=4))

amp . p<-matrix(0,nrow=n.burn,ncol=N)
Z<-matrix(0,nrow=n.burn,ncol=N)
.K<-matrix(0,nrow=n.burn,ncol=n)
teta<-c()

sx<-c()

.sz<-c()

alpha<-c()

.mixDensity<-matrix(0,nrow=n.burn,ncol=length(grid))

.pl1,]<-start.p
Z[1,]<-start.Z
.K[1,]<-start.K
teta[l]<-start.teta
sx[1]<-start.sx
.sz[1]<-start.sz

alpha[1]<-start.alpha

(i in 2:n.burn){

# Updating p

mk<-c ()
for (k in 1:N){
counter<-0
for (j in 1:n) {if (k== samp.K[i-1,j]) counter<-counter+1}

mk [k] <-counter
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Mk<-rev (cumsum(rev (mk)))
Mk<-Mk [-1]
V<-cQ
v2<-c()
for (t in 1:(N-1)) {V[t]l<-rbeta(l,1+mk[t], (1*samp.alphal[i-11)+Mk[t])}
W<-cumprod (1-V)
W<-c(1,W)
V2<-c(V,1)
p<-V2xW

samp.p[i,]<-p

# Updating Z
for (j in 1:N) {
kseq.p <- which(samp.K[i-1,] == j)
sigmaz.3 <- 1 / (length(kseq.p) / samp.sx[i-1] + 1 / samp.sz[i-1])
th.3 <- sigmaz.3 * (sum(x[kseq.pl) / samp.sx[i-1] + samp.tetali-1] / samp.sz[i-1])

samp.Z[i,j] <- rnorm(1, th.3, sd = sqrt(sigmaz.3))

# Updating K
for (j in 1:n) {
pr <- p * dnorm(x[j], mean = samp.Z[i,], sd = sqrt(samp.sx[i-1]))

samp.K[i,j] <- sample(1l:N, size = 1, prob = pr / sum(pr))

# Updating theta
sigma.c3 <- 1 / (N / samp.sz[i-1] + 1 / s.teta)

samp.tetali] <- rnorm(1l, sum(samp.Z[i,]) * sigma.c3 / samp.sz[i-1], sqrt(sigma.c3))

# Updating sigmaz

samp.sz[i]<-rinvgamma(1,tul+N/2,tu2+0.5*sum((samp.Z[i,]-samp.tetal[i])~2))
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# Updating sigmax

samp.sx [i]<-rinvgamma(1,gammal+n/2, gamma2+0.5*sum((x-samp.Z[i,] [samp.K[1,]11)°2))

# Updating alpha
samp.alphal[i]l<-rgamma(1,N+nul-1,nu2-sum(log(1-V)))
}
number . of .clusters[s]<-length(unique(samp.K[n.burn, 1))
mixDensity<-rbind(mixDensity, mix_pdf (grid, samp.Z[n.burn, ],
sqrt (samp.sx[n.burn]), samp.pln.burn, 1) )

b

mixDensity<-apply(mixDensity,2,mean,na.rm=T)

hist(x, breaks = 40, prob = TRUE, col="white" ,main = "")

lines(grid, mixDensity, lwd = 1,lty="solid", ylim=c(0,0.9))
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