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Abstract

Jacod ([23]) established that the compensator of a simple point process on R, when
taken with respect to the point process’ internal history, exists as an essentially unique
predictable increasing process which determines the point process’ distribution. In
the present thesis, we endeavour to infer other distributional properties of a point
process from its compensator. Specifically, regarding point processes on R.,, we show
that the compensator, under appropriate assumptions, (i) determines a sequence of
“locally Cox” point processes of discrete support which approximate the original
point process’ distribution, (ii) determines the stochastic order of two point process
distributions with respect to three known partial orders on a certain space of point
process realizations, and (iii) determines the association of a point process under any
one of the same three partial orders. For the purposes of points (ii) and (iii), we
develop a tool called a “representation map”, which enables one to infer important
distributional properties of random elements of a partially ordered Polish space by
“representing” these elements as random sequences of f{.f. Regarding point processes
on the quadrant R2 := [0,00) x [0,0c), we define the compensator as a family of
compensators on R, induced by the planar point process, and show that, under
the assumption of strict simplicity and mild regularity conditions, this family exists,
is essentially unique, and characterizes the planar point process’ distribution - thus
generalizing Jacod’s result. As a subsidiary result, we develop a regenerative form
for the compensator of the non-simple, marked point process on R, generalizing

Jacod’s formula ({23]: Proposition 3.1) for the compensator of the simple, marked
point process.
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Chapter 1
Introduction

A thesis on the topic of point processes - which aims to study several distinct types of
“point processes” - could hardly achieve coherence without a preliminary discussion
of the kinds of point processes it purports to investigate. It is therefore important,
prior to any mention of results, to make explicit the various meanings that the phrase
“point process” shall take at different points of this thesis.

In its most general form, a point process on a topological space E is a random
distribution of points on that space. If E is endowed with a (partial) order, the point
process may also be viewed as a random (counting) measure on E, i.e. as an E-
indexed stochastic process taking values in the set of extended nonnegative integers,
or as a random cumulative distribution function on E with integral “jump points”.
To the reader interested in the general theory of point processes (and other random

measures) on abstract topological spaces, we recommend [28].

The present thesis restricts its scope of investigation to point processes either on
the half-line R, := [0, 00) or on the quadrant R2 := [0,00) x [0, 00). Both R.. and
R? are endowed with natural partial orders which allow three characterizations of
point processes on those spaces - as random measures, as stochastic processes and as
random cumulative distribution functions - to yield interesting results. Accordingly,
a preliminary division of this document would group parts pertaining to R, -indexed
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point processes (namely: Parts I and II) on the one hand, and the part concerned
with point processes on R2 (i.e. Part III) on the other.

Point Processes on R,

The most general type of R .-indexed point process studied in this document is found
in Chapter 3, where it is generically referred to as “the random measure yx”. This
point process is marked, non-simple and possibly ezplosive - characteristics which R.-
indexed point processes examined in the other chapters do not share. Let us briefly
explain how Chapter 3's “random measure u” is constructed, so as to identify the dif-
ferences which distinguish it from the other R -indexed point processes encountered
in Chapters 2 and 5 of Parts I and II (Chapter 4 does not pertain directly to point

processes; we shall explain its raison d’étre below).

As Section 3.1 explains in greater detail, the “random measure x” is one which counts
random pairs (T,, .X,) of the product space (0,00) x E, where E is assumed to be a
Lusin topological space (see Appendix D). More precisely, we assume the existence

of a sequence of positive, extended real random variables

T17T27--- : (Q,f,P) — (R+7B(R+))

(where B(R.,) denotes the Borel class of the Alexandroff compactification R, := [0, o0]
of R, ) ordered in such a fashion that for any w € Q,

i) 0<T(w) < Th(w) <... < Tyw(w) :=sup T, (w) < oo, and
neN

ii) for any n € N, if T, (w) < oc then T, (w) < T (w).

In other words, the T,’s are increasing in n and must not attain their supremum if
the latter is finite. As for the random elements X, X5, ..., we first compactify the
Lusin topological space E into E, where £ := E U {A} is obtained by adjoining an
element A ¢ E to E. Denoting the Borel classes of E, E and (0,00) by &, £ and
B ((0, 0c)) respectively, we let

Xn: (Q,F,P) — (E,E)
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be such that for any w € Q, X,(w) = A if and only if T (w) = co. Finally, for any
w € 2 and for any set B of the product o-algebra B ((0, 00)) ® £, we let

plw, B) :==|{n € N : (T, (w), Xp(w)) € B}|.
A few terminological clarifications are now in order.

e f0<T\(v) < Th(w) <...< Tp(w) < ... holds for all w € Q, then y is called

a simple point process; otherwise p is said to be non-simple.

o If To(w) = oo for all w € Q, then p is called a non-ezplosive point process;
otherwise u is said to be ezplosive.

e If E=R, and X, =T, for all n € N, whereby u is identified with a random
measure on (0,00), then y is called an unmarked point process; otherwise, y is

said to be marked with mark space E and marks X,,n € N.

In contrast to Chapter 3's “random measure x”, which is constructed in full generality
as a (possibly) explosive, marked and non-simple point process, the point processes
under consideration in Chapters 2 and 5 are all simple, unmarked and non-explosive.
When such restrictions are applied to a given point process, we view the latter as a
random element of a certain topological space of measures on R,. Let us specify this
space at once. The symbol N, when used in Parts I and II (it assumes a different
meaning in Part III), denotes the space of all fixed, locally finite counting measures on
R.. A measure v on R, thus belongs to NV if and only if v can be written as v(-) :=
> zer Pz0z(-), where I is a finite or countable subset of R, with no accumulation
points and where, for any z € I, n € N and 4, denotes the Dirac measure at
point z € R. As explained in Section 2.1, A can be topologized as a complete and
separable metric space by the so-called “metric of vague convergence”, which gives
rise to a Borel class denoted by B(N). The set Ny € B(N) consists of all v € N
which do not charge {0} and which do not give any point more than unit mass; that
is to say, v € Np if and only if 0 € I and n, =1 for all z € I. To emphasize their
nature as Ny-valued random elements of (A, B(NV)), simple, non-explosive, unmarked
point processes are usually denoted by

N : (Q,F, P) — (No, B(NG)),
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where B(N) = B(N) NN, denotes the restriction of B(N) to Ny. When we wish
to stress that a point process NV on R, is a random element of the Polish space
(W, B(N)), as we do in Chapter 5, we sometimes write

N:(Q,F,P) — (N,BWN)),

but even then it is to be understood that N(w) € A} for all w € Q.

Point Processes on R2

Such point processes are the subject of Part III. In this part, and only therein,
the symbol A denotes the space of all measures x on R2 which can be written
as p:= ) N Oz ) (Where, for any (z,y) € R?, d(;,) denotes the Dirac measure at
point (z,y)), and satisfy:

i) u({0,0}) =0, and

ii) the sequence {(z;,y;)}2, has at most one accumulation point in R2, and if
(z,y) is such an accumulation point, then z; < r and y; < y for all : € N.

In this context the space A is not topologized, but it is endowed with a c-algebra
F(N) generated by a certain class of “evaluation maps” (see Section 6.2). We then

define a point process on R2 as a random element
N:(Q,F,P)— (N,FN)).

In fairness, it should be mentioned that Part III makes use, as did Maziotto and
Merzbach {42] for a similar purpose, of a topological space (£, B(L)) of “lower layers”
on R2 (see Section 6.1) and then defines a “point process on £” as a random element
of a space (N, F(N¢)) of counting measures on £ (see Section 6.2). Spaces (£, B(L))
and (N, F(N¢)) are contrived for the sole purpose of inferring distributional prop-
erties of point processes on R2, and we therefore do not regard “point processes on
(L, B(L))” as objects of independent interest.
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The expression “point process” having been set in all of its possible meanings, we
may now address the substantial issues of this thesis.

Compensators, Distributions and Partial Orders of R..-indexed Point Processes

It has been known for quite some time (see [23]) that a simple, unmarked point
process N on R, is uniquely determined, in distribution, by the compensator of N
taken with respect to N’s internal history. This result is conceptually related to our
own results of point process approximation, stochastic order (coupling) and associa-
tion. These refer to the same notional framework and also use the compensator as
a criterion. We shall therefore explain the classical result in greater detail prior to
unveiling our own. At this point, the reader may review martingale theoretic facts

and definitions invoked in this thesis by consulting Appendix B.3.

Let N : (Q,F,P) — (M, B(NVg)) be a point process, which we also view as an
increasing R -indexed stochastic process {N, : t > 0}. The internal history of N is
the increasing family {F}" }:>¢ of R..-indexed sub-o-fields of F which, for any t € R,
satisfy FN := o(V, : s < t). By Appendix B.3 , there exists an increasing stochastic
process N7 : Q x R, — R, called the compensator of N, which is predictable with
respect to {F;}:>0 and such that {N; — N : ¢t > 0} is a martingale. The compensator
N7 is unique up to evanescence. Now fix the distribution P o N~! of N and consider
the “canonical” point process

x: (No,BM), PoN~') — (No, BING))
7 — 7
N and x share the same distribution. By what precedes, x admits a compensator
A : Ny x Ry — R, with respect to its own internal history. We call this compen-
sator the path compensator of N. This terminology is non-standard and we adopt it
for the sake of convenience. It should be noted, in this instance, that for any u € N
which is fixed in advance, the path t — A(u,t) is a deterministic function of t; how-
ever, for any t € Ry, if pu, v € Nj are such that ([0, s]) = v ([0, s]) for all s < ¢, then
A(p,s) = A(y, s) for all s < t, regardless of the possibility that u([0,u]) # v((0, u])
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for some u > t. This is because the internal history of x up to ¢t does not “see” the
realization of x,.

The classical result published by Jacod ([23]: Theorem 3.4) ensures that if
N:(Q,F,P) — (Mo, B(N,)) and N : (9, F, P) — (No, B(A,)) are two point pro-
cesses having the same path compensator A : My x R, — R, then Po N~! and
P o N-! coincide on B(No). Although Jacod’s theorem - which, incidently, applies
to all simple, marked and possibly explosive point processes - is formulated in terms
of the compensator (i.e. if N : (Q,F) — (Mo, B(MVo)) and F-measures P and P
generate the same compensator of N with respect to the internal history {F}}:>o,
then P and P coincide on the o-algebra \/,cp FN), we state the results of Chapters
2 and 5 in terms of the path compensator, because the latter lends itself more easily

to manipulation since its measure argument is deterministic.
What are these results, exactly?

Chapter 2’s Theorem 2.3.3 states that if V is a point process whose path com-
pensator A satisfies two continuity conditions (given in terms of the measure and
time arguments), then A determines a sequence {N"}.en of point processes which
converge in law to V, which are such that for every n € N, N™ takes support on the
dyadic set {3, %, ...}, and such that for any j € N, the random variable N* — N,’:__"l

an

is Bernoulli distributed with parameter

l“exp{— [A (N"'[o.f;%lv%) -4 (N"'[erljz;l)]}

Intuitive interpretations of this result are discussed in the introduction to Chapter 2.
Acting in conjunction with Theorem 2.3.3, Theorem 2.5.2 rigorously validates the
common method of approximating a point process’ finite dimensional distributions
by inverse time changes, provided certain hypotheses on path compensator regularity
(whose importance is discussed) do hold. The path compensator thus guarantees a
point process’ approximability in this case.
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Chapter 4, as has been previously mentioned, does not focus on point processes.
Rather, it is intended to provide the reader with an overview of results concerning
the stochastic orderings and association of probability measures on partially ordered
Polish spaces (POP-spaces). The known results - which predominate - are mostly
drawn or adapted from [29] in the case of stochastic orderings, and from [39] in the
case of association. The two theories (stochasic orderings and association) are pre-
sented in parallel on account of their remarkable analogies. The new results (to cur
knowledge) of Chapter 4 - namely: Theorems 4.2.7, 4.3.9 and 4.3.11 - concern
the characterization of stochastic orderings or association on abstract POP-space via

representation maps, which are defined in Section 4.3.

Chapter 5 applies the results of Chapter 4 to distributions of point processes viewed
as random elements of the Polish space (N, B(NV)). The tools constructed in Chapter
4 enable us to develop path compensator-based criteria for the stochastic ordering
and association of point processes with respect to three common partial orders on
(N, B(\)). It turns out the path compensator only needs to be “tested” over certain
classes of sets which themselves characterize the stochastic ordering or association of
point processes with respect to one of the three partial orders. Theorems 5.2.2 (for
stochastic orderings) and 5.3.7 (for association) constitute the main results to that
effect. Section 5.3 defines the self-ezciting property for point processes in a manner
which, unlike the definition given by Kwieciniski and Szekli in [37], applies to any
arbitrary partial order on (N, B(N)) (see Definition 5.3.5 and Remark 5.3.8). In
Section 5.4, two criteria for point process association (namely: the self-exciting prop-
erty and something we call the monotone kernel property) are compared in strength.
Theorems 5.4.1 and 5.4.3 each establish, for one particular order, the dominance
of one criterion over the other under varying hypotheses, while Example 5.4.2 illus-
trates the failure of the self-exciting property to imply the monotone kernel property
for the remaining partial order.

At last, Chapter 3 - which the reader will recall as dealing with the possibly non-

simple, explosive or marked “random measure p” - puts forth a so-called “regenerative
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form” for the compensator, or dual predictable projection, of this point process. For
simple point processes, the “regenerative form” of the compensator, as defined by
Brémaud [7], expresses the compensator at a certain point in terms of the distribu-
tion of the (future) (n+1)S* jump conditioned on the first n jumps. This regenerative
form, in the simple case, allows one to compute the joint distributions of the jump
points (see [23] on p. 243) and hence, the distribution of the point process itself. By
providing a regenerative form for the compensator of non-simple point processes (see
Theorem 3.3.2), we hope to facilitate the characterization of large classes of non-
simple point processes by their compensators. As noted in the chapter introduction,
we essentially follow Jacod’s approach for the compensator of simple processes [24],
but provide substantially more details.

A Compensator Scheme for R2 -indexed Point Processes

We now turn from partially ordered point processes to point processes with a partially
ordered index set, namely: R2. Theorems 2.1 and 3.4 of 23] ensure that for every

simple point process NV on R, the compensator A of V - taken with respect to N’s
internal history - is such that

i) it exists;
ii) it is unique up to indistinguishability;
iii) it characterizes N’s distribution.

Several attempts have been made to derive compensators for R? -indexed simple point
processes which replicate these three features. As explained in the introduction to
Chapter 6, none of these attempts, by which putative compensators were defined
as stochastic processes on R2, could demonstrably succeed on all three counts. In
Chapter 6, we argue in favor of a family of R -indexed compensators induced by
a given point process on R2. We show that when the latter is strictly sirnple, this
family, which always exists and is unique up to indistinguishability, characterizes the
R3 -indexed point process’ distribution. Features (i), (ii) and (iii) are thus replicated
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for strictly simple planar point processes by our proposed scheme.

The main result of Chapter 6 is Theorem 6.4.1, which establishes the existence
of an essentially unique and distribution-characterizing compensator family for the
strictly simple planar point process. Other intermediate results of interest include
Theorems 6.2.18 (characterization of the R2-indexed point process by its associ-
ated point process on £ (the space of lower layers)) and 6.3.5 (characterization of the
point process on R2 by a family of R, -indexed point processes), as well as Remark
6.2.8 (characterization of the associated point process on £ by the original point pro-
cess on R?2) and Corollary 6.3.8 (determination of the strictly simple point process
on R? by a family of compensators).



Part 1

Distributions and Compensators

10



Chapter 2
The Approximation Theorem

It is well known that the homogeneous Poisson point process on R.. can be approx-
imated, in distribution, by a sequence of homogeneous Bernoulli point processes of
discrete support (see, for example, [41], p. 114). The present chapter seeks to extend
this result to point processes with dependent increments. More precisely, let V be a
simple point process on R, with “path compensator” A, where A is defined on the
space Ay x R, and A denotes the set of simple, non-explosive integer measures on
(0,00) (see (2) on p. 17). The main result of this chapter shall state that if A satisfies:

1. A(p,-) : Ry — R, is continuous for all u € Np;
2. A(-,t) : Np — R, is continuous for all t € R,

then there exists a sequence {N"}22, of point processes which converges in law to V,
and such that, for any n € N, the realizations of N™ have support on the dyadic set
" {z=:%,...}. Moreover, foreveryn € N, j € Nu{0}, the random variable N’L, N’ér
will assume, when conditioned on the realization of N l(0 PRI} Bernoulli dlstnbutlon
with parameter
J+1 J
1 —exp {— [A(Nn |(o,§%], “on ) — AN |(o,5;r], g_n)] } -

From a heuristic perspective, the process { N ~ N *} (de<tcisly will behave approxi-
mately like a Cox process with intensity {A,—A *} {e<t<ibi}s thus supporting Karr’s

11
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intuitive observation ([30]: p. 64) that “a point process with a continuous compen-
sator is locally and conditionally a Poisson process in the sense that its mean and
variance are equal”.

There exists, at present, a sizeable corpus of literature pertaining to the question
of how the convergence in law of a sequence of compensators entails the convergence
of the corresponding sequence of point processes. This question has preoccupied,
amongst others, Brown [8], Kabanov et al. {27], Kurtz [35] and Jacod, who appears to
have given a definitive criterion for such a convergence to take place ([25]: Théoréme
4.1). Interesting as these results are in relating the convergence of point processes
to that of their compensators, they provide little assistance regarding our problem of
establishing the convergence N* =—> NV of approximating processes N™ (which will
later be properly defined), because they assume prior knowledge of the distributions
of the approximating processes - or of their compensators - and it is precisely these
distributions we seek to determine here. To our knowledge, McDonald [41] is the only
one who has studied, in the context of “discretization” of continuous-time processes,

a problem of the type we are now considering.

The chapter comprises five sections, the first three of which are technical in nature.
Section 2.1 formally endows the aforementioned set Ny with the so-called “metric of
vague convergence” and characterizes convergence in this metric. Section 2.2 defines
the “path compensator” A and relates it to the more classical notion of compensator
of a point process (see Appendix C.3). Section 2.3 consists of two lemmas and the
main theorem (Theorem 2.3.3). Section 2.4 illustrates Theorem 2.3 by applying it to
a Cox process with a discretely generated initial o-field, and uses a result of [41] to
ascertain independently that convergence does indeed take place. Section 2.5, at last,
invokes Theorem 2.3.3 to legitimize a common method of estimating numerically the
distribution that a point process assumes over a certain Borel subset of R, and ex-
plains why it is important for the path compensator to satisfy the stated hypotheses
of continuity for such a method to be valid.
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2.1 Topological Framework

First consider the space S := (0, o0] endowed with the metric p defined by the equality:

p(z,y) :=|e™* — e |,

where we take that e~ := 0 by convention.

The Borel sets S correspond to the “usual” Borel sets on (0,00), and admit
the singleton {oo} as measurable.

For any m € N U {oo}, we let S™ := @, S and define the metric p™ as
™z, y) = i P(m;'; Yi)
i=1 -
forany z = (zy,....,Zm), ¥y = (1, .-.Ym) € S™.
Note that p™ metrizes p-convergence coordinatewise in S™.

I[fm < oclet
I ={(z1,.sTm) €S™:0< 7, < ... < Ty}

and also define
J:={(z1,22,...) € S®:Vie N,z; < o0 = 1; < T;41, and lim z, = oo}
n—oo

It is readily inferred that J, € 8™ (J,, is open) and J € 8. Thus, J,; (resp. J)
may be regarded as metric space in its own right when endowed with the metric p™
(resp. p™) restricted to J,, (resp. J). The resulting Borel class will be noted B(J,,)
(resp. B(J)).

Now consider the space N of Borel measures 4 on R, := [0,00) such that,
for any t € Ry, u([0,t]) € NU {0}. NV can be metrized by the metric d of vague
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convergence, defined as follows. For any u € N, m € N, let p™ := p |jom). One
writes, for u,v € N,

- L(u™,v™)
dlu. ) ZQ”'(1+L ™ pm))

where, for any m € N,
L(#m,ym) = i[lf{h >0: /Jm([o)x - h‘]) —h < Um([()’ I])
<pu™([0,z+h]) +hVzeER}

(L measures the “distance” between two paths ¢t — p([0,¢]) and t — v([0,¢]), for
measures u and v of bounded support; in [18], L is called the Lévy metric). The space
N is complete and separable under d (see [18]: Theorems 4 and 5). Convergence in
the metric d is characterized as follows (this is easily established): for any u € N,
n € NU {0} let

() := inf{t € R, : u([0,t]) > n}

(Tn(12) is commonly described as the nt? jump point of x). Then, for any sequence
iy i1, M2, - - . in N we have that

d(im, ) — 0 <= p(Tn(ttm), Ta()) — 0V n € N U {0}

as m — oo. A subset of N of special importance is the (measurable) subset N of

simple measures. More precisely,

= {pEN:0=o(n) < Ti(W) < malu) < ...}.

The Borel class of N will be denoted by B(N). The restriction of B(N) to N will
be denoted by B(Np).

Given the characterization of vague convergence on N by the convergence of
the jump points, the next result is not surprising at all.

Proposition 2.1.1 The spaces (Ny,d) and (J, p®) are homeomorphic.
Proof Consider the map

®: Ny —J
p— (11(u), 2(p), -..)
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where, for any u € Ng,n € N,

To(p) := inf{t € Ry : u([0,t]) > n}

(inf@ := oo by convention). The map ® is evidently bijective, as every se-
quence {t,}°2, in (0,00] which is increasing and such that, for any n € N,
thn < 00 => t, < t,+, determines one and only one element of Ag. Finally, ® is
bicontinuous by virtue of vague convergence being characterized by convergence of
the jump points. O

Throughout the sequel, the symbol — . shall denote convergence in distribu-
tion.

Corollary 2.1.2 Let N,N',N2,... : (Q,F,P) — (M, B(Ng)) be point processes
on R,. Let n — oo. N —, N with respect to the vague topology if and only if
®(N™) — ®(N) with respect to the topology induced by the metric p.

Proof If h:(S,,S;) — (S2,&) is a continuous mapping between spaces S; and
S,, then, for probability measures P, Py, P;,... on (5,,8)), P, = P asn — oo
implies P,oh~! => Poh~! on (S3,S2) (see [4]: Theorem 5.1). If, in addition, A is a
homeomorphism, then P,oh™! => Poh~! on (S, S,) implies P,oh~'oh = P, =
P = Poh™'ohon (S1,851). The proof is complete by letting (S1, 8)) := (Ng, B(Mo)),
(52,82) :=(J,B(J)) and h:=®. 3

2.2 Choice of Filtration and Path Compensator

Let N : (Q, F, P) — (Mo, B(Ng)) be a point process on R, and let {F¥};50 be N’s
internal history, i.e. for any t € R, FY := o(V, : s < t). Suppose Fy is a sub-o-field
of F, and consider a filtration {F;}:>o given by F, := Fov F¥ forall t € R,. If
{Tn}32, represents the increasing sequence of N’s jump points and, for every n € N,
Fr, denotes the o-field o(AN{T, < t} : t € R, A € F,) associated to T, by the
augmented history {F,;}.>0, then the random measure v : 2 x R, — R, given by

._ > dP[Tn-i—l—Tn St—Tn Ian](w)
v (w, dt) = Z P [Tn+1 — Tn >t — Tu | an] (UJ) I{Tn(w)<tSTn+l(“’)}

n=0
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defines a version of N's compensator with respect to the filtration {F;}:>q, provided

that regular conditional probabilities are employed (see [23]: Proposition 3.1).

The following proposition will enable us to compute the random measure v
with respect to realized values of the T,’s and an arbitrary random variable 7 defined

at t = 0 (see (2.2) on p. 17). This will apply, in particular, to Cox processes (see
Appendix C.3).

Proposition 2.2.1 If 7, = o(w) for some parameter 7 : (Q,F, P) — (R, B(R)),
then, for any n € N,

Fr, = .7-'1:" VF=0c(T\,..T,)Vo(r)=0c(n,Th,...,Ty) .

Proof Thato (Th,...,T,) = F§ follows from [7] (Theorem A2.T30(i)). We therefore
only need to ensure that Fr, = F vV F,. The inclusion Fr, 2 F¥ v F is obvious.

For the reverse inclusion, consider the Q x R -valued process N= (f\},),zo defined by

Ne: (F,P) — (Qx R, F x B(R,))
w —  (w, Ve(w)).

Forany t € R,, o0 (M) VF C o(N) = F, C .7'-}'7, where {.ﬁﬁ}tzo denotes the
internal history of N. But this implies that Fr, C f-,’:i . By [7] (Theorem A2.T28),
we have f-,’f"l = J(N',AT", s 2 0). Furthermore, for any s > 0,4 € Fy, B € B(R,),

Ny (AxB)={weQ:we A Nar, (w) € B} = ANN;}. (B).
Now, if B = [0, m] for some m € N, then
N_,-Alr[-n (B) = {w eN: N,AT,‘(‘,) (w) < m}
= {we: Ny(w) <mor Ng, (w) <m}
= {weQ:N,(w) <m}uU{weN: N, (w) <m}

Q ifn<m
T >s] fn>m

} € U(le seey Tn)1

whence N (Ax B) € FoVo{Ty,..Ta} = FoVFY foralls >0, A € F,
B € B(R,); this entails Fr, C F¥ C FN v F. O
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We henceforth restrict our attention to the case where the parameter
7 : (Q,F,P) — (R,B(R)) has a discrete range, say S. Forany n € NU{0},s € S,
and z,,...,z, E R, with 0 < z; < ... < z,,, let

Fn-{-l(';S; Iyy.eny In) = P[Tn+l -1, <- l r=s;Ty=xz,..,.T, = zn]

be a regular version of the conditional probability distribution, and define the path
compensator A : N x R x Ry — R, of N with initial parameter 7 as

>3 dFni1(t = Ta(p); 8 11 (1), - Ta (i)
{ = Ls L7 . 1
Mo ) 3= D T T iy 5 ), o)) ety (1)

One may observe, in view of the last proposition and the discussion preceding it,
that forany w e Q and t € R, A(N(w), 7(w), t) := v(w, t) defines a version v of N's
compensator with respect to the filtration {F;}.5o := {FY Vo () }ee. Qualitatively, v
and A differ in that v is random in its first argument, whereas A, being computed from
known conditional probability distributions, is deterministic. When o(r) = {0, Q} is

trivial, the middle argument is suppressed and, for regular versions
Fn+l(';Ih ceey In) =P [Tn+1 - Tn <- | TI =Ty eeny T, = In]

of the probability distributions, A : My x R, — R, defined as

dFni1(t — T(p); Ti(p), ... 7a(p)
Ay, dt) := -rn . 9
(k) ,,ZZO 1= Foy1(t = ()i ma(w), ooma(u)) - I <sman G} @)

is simply called the path compensator of N. Our motivation for presenting the
compensator in this fashion will become clearer in the next section. The filtration

{fz}czo and path compensator A - with or without initial parameter - shall be retained
for the remainder of this chapter.

2.3 Discrete Approximation Theorem

As previously announced, this section comprises two lemmas and the main theorem.

In the context of notation introduced in Section 2.1, the lemmas provide a criterion
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for the convergence in law of J-valued random elements of (S, S%). Loosely para-
phrased, the main theorem states that if a point process has appropriately continuous
conditional interarrival distributions - or, equivalently, a path compensator A satis-
fying analogous continuity requirements - then it may be approximated in law by a
sequence of discrete binomial processes N™ with the property that for any j € N,
the random variable N@ - N"_,ir assumes a Bernoulli distribution with parameter
A = A &

Lemma 2.3.1 Let N = (T},T,...), N* = (T\\T},...), N* = (T} T%..)),
coe 2 (Q,F,P)— (S%,8%) be J-valued random elements. For any n € N and

Iy -y Im ES withz; < ... < Ty, let
Gi(-) := P[T; £}, GI(:) :== P[TT' < ],

Gm+l(‘;$l,---,$m) = P[Tm+1 < | T; =Z,...,1m =-’L'm]
and
Gru(izy,.zZm) = PIq, <-|TT =1,..., Tq = Zp]

be regular versions of the conditional probability distributions. Suppose that
1. foranym e NU {0}, z€ S, (z1,...,Zm) € Jm,

a) Gnei(z;-,...,-) is continuous over S™;

b) Gmi1(i 1y ..., Tm) is continuous over S\ {oo};

2. Gt — G pointwise as n — oo and, moreover, for any z € S, (z),...,Tm) €
Jm, for any sequence {(y7,...,y%)}2, in Jpn with limit (z\,...,z,), the con-
dition

Jim | Goi(Z3975 -5 Um) = Gt (Z5 97, y) =0
holds.

Then N* —. N asn — oo (with respect to the topology induced by p™ on J C §).
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Proof Since N, N!, N2, ... are random elements of (S, §®), we may use the fact
that “for a countable product of separable spaces, the finite-dimensional sets form a
convergence-determining class” (see [4]: Exercise no. 7, pg. 22). It thus suffices to
establish that for any m € N,

(T7, ..., Tq) —c (Th, ..., Tm)

on (S™,8™) as n = oo. Fix m € N and consider the class U,, C S™ consisting of
sets of the form

(al,bll X ... X (am,bm]
where, for i = 1,...,m, 0 < a; < b; < co. Observe that (i) U,, is closed under the
formation of finite intersections, and (ii) for every (zi,...,z,,) € S™ and € > 0, there
exists A € U, such that (z,,...,z,) € 4° C A C B((z1,...,Zm)), the latter set

denoting the p™-open ball of radius € around (z,,...,z,,). Since S™ is separable,
Corollary 1, pg. 14 of [4] ensures that the condition:

Po(TT,...,Tn)"H(A) — Po(Ty,...,Tw) "' (4) (3)

as n — oc for all A € Uy, is sufficient to entail (TT,...,TR)—¢ (Th,...,Tm). Now a
straightforward inclusion-exclusion argument may be invoked to show that (3) holds
if and only if for any z,,...,z, € S,

PIT? < zi,..., T < Tm] — PTy S 71, ..., T < 2] (4)

as n — oc. We shall prove (4) by induction over m € N. For m = 1, it is a

consequence of the lemma’s hypothesis 1.(a) that
P[T'ln < .'L‘] =G';(.'L’) —_— Gl(I) = P[TI S.’E]

as n — oo for any z € S, whence (4) is trivially verified in this case. Suppose now
that (4) is verified for all integers not exceeding some m € N. Let z,,...,z, € S,
and consider, for some n € N, the expression:
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|P[TT S Ily"'1T:‘n+1 S xm-}-l] - P[Tl S zly"'mi-i-l S xm-{-l]l

|f{®._1(0.z.-]}n.l,,, P S zmu | TT = w1, .. T = ymldPrp 12 (y1, - -, Ym)

f{@"" (0,2 1}NIm P[Tm+l < Im+t I TI =Yty T = y‘m]dPTl ----- Tm (ylv seey ym)

= Ime I@"‘ 1(0,:.]Gm+l(zm+la Yisovoy ym)dP'IT,,T,',“ (yh seey ym)
- me I@:’;,(O.:g]Gm+l(Im+l; Yi,-- - Ym)dPr 1. (Y1, -, ym)l
| fo. 2Prp... 5 © Uapn, 020G st (Fmasi - )] ()

— fo1 Z4Pr,..Tm © lom (0.2)Cmt 1 (Tmar; - -, )] ()] -
fo.1)

Since the identity map is continuous on [0, 1], the last expression will tend to 0 once
it is shown that

PT{' ----- Y 5l o [[®m ;(O.I:]Gm—*-l(zm-i-ly 3. )]-l

-1
== PTI yosTm © [181';1(0.:.-]Gm+1(1'm+l§ R ')]

as n — oo. Consider the set

E = {(yh ey Jm) € J I@"‘ l(OJ:](yl Yoy y;;;) - GTr:l+l(Im+l; y?v ey yr’:;)
-+ Igp 0zi(Y1s - - - Ym) - m+x(=vm+1;y1, -1 Ym) @S T — 00,
for some sequence {(y7,...,y%)}2, with limit (y1,...,ym)}-

The separability of R, ensures the S™-measurability of E ([4]: pg.226). That
Prp .rn = Pr,. 1, is a direct consequence of the induction hypothesis. It therefore
suffices, in view of Theorem 5.5 of [4] to prove that Pr,

{(y?v .- 1ym)}n—l in Jm with limit (yla ... 1ym) € er

T..(E) = 0. For any sequence

.....

| Gt (Zm+1; 9T - - -1 Um) — G t(Tmet; Y1s - - -3 Ym) |
IGrr:Hv-I (xm-H.; y?’ LR ] yrr:z) - Gm+1($m+1; y;‘v sery y::;)l

+ IGm+1(~1’m+1; y{', cevy y;) - Gm+1(-’5m+1; Yiy---y ym)l



CHAPTER 2. THE APPROXIMATION THEOREM 21

for all n € N. As n — oo, the first and second term of the right-hand-side tend to 0
by the statements’s conditions (2) and (1a) respectively. Thus E may be written

E= {(yly seey ym) € J I@:';I(O,x.'](y?r ey y:l) —/_) [®:"_1(0,:.-](yh ceey ym)

as n — oo, for some sequence {(y7,...,y%)}5, with limit (y,...,ym)}

Observe, however, that if (y;,...,ym) € E, then y; = z; < oo for some i € 1,...,m.
That Pr,
j € N, P[T; = a] = 0. Proving the latter is easily done by induction over j € N.
[ndeed, for j = 1, the result holds by hypothesis (1b) of the statement. If it also
holds for an arbitrary j, we then have

T..(E) = 0 would therefore follow from a claim that for any ¢ < oo and

.....

P[Tj1=a] = P[Tj41 <a] - P[Tjy1 <4

j+l(a;ula---7uj)dPT1 ..... T}(uh---yuj)

< / |G]+l(a Ugy...,U ) Gj+l(a—;uh'"7uj)|dPT1,...,Tj(uly"'1uj)
= 0 by hypothesis (1b).

We conclude that Pr, 1, (E) = 0, completing our proof. O

Lemma 2.3.1 may be easily generalized by further conditioning the distributions of
the T;,’s on values taken by an arbitrary parameter « : (Q, 7, P)— (R, B(R)). This
is required in order to accommodate the full generality of the filtration described in
Section 2.2.

Lemma 2.3.2 Let N = (T}, T,...), N' = (T}, T},...), N* = (T3, T2,..), ... :
(Q, F, P)— (5%,8%) be J-valued random elements. Foranyn € N, z,...,zm € S
withz, <...<zZ,, ands € R let

Gi(8) =PIy <-|7= s], G*(+;s) == P[T} < - |7 =34],

Cms1(58 21, Zm) == P[Tn1 S - |7 =Ty =11,..., T = Trm)
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and
C.;:‘,,H(-;s;xl,...,xm) =PIy < -|r=8T=x,...,Tp = Zp)

be regular versions of the conditional probability distributions. Suppose that
1. foranyme NU{0},s€ R, z€ S, and (zy,...,Tm) € Jm,

a) Gmyi(z;s;-,...,) is continuous over S™;

b) Grms1(-8;Z1,. .., ZTm) is continuous over S\ {o0};

2. é’{(-;s) — G\(-,s) pointwise as n — oo and, moreover, for any = €
S, (z1,...,Zm) € Jm, for any sequence {(y7,...,y2)}2, in J with limit
(z1,...,Zm), the condition

lim | G (T 5390 yR) = Gt (T3 8507, .. 92) |= 0
holds.

Then N* — . N as n — oc.

Proof By Lemma 2.3.1, we already know that for any s € R, Pynjz=s => Pnjr=s
as n — 0o. Viewing Pynjz=,, Pyz=s as distributions over the metric space (J, B(J)),
we have that for any bounded and continuous function f : (J, B(J))— (R, B(R)),

/J f(u)dPya(u) = /R /J F(2)dPynpecs(u)dPy(s) —> /R /J £ (u)dPyjems(u)dPy(s)

as n — oo, since the (uniformly bounded) inner integral converges. But since the

limiting expression equals [, f(u)dPy(u), the convergence N® —. N ensues. O

Our main result may now be introduced and proved. The idea which under-
lies this theorem is that of local time changes. A point process N with a pathwise
continuous compensator and such that N, = oo a.s. may always be expressed
(stochastically) as the transformation of a Standard Poisson Process ([36]: Lemma
3.2), and this transformation is typically obtained by substituting random expo-
nential values into pseudo-inverse compensator arguments ([37]: pp. 1216-1217).
Here, the half-line is partitioned into intervals of size 2%, and it is the increments of
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the approximating process N™ which are determined over these intervals via local
time changes. The role of the array {Il(,;} : p € I,i € NU {0}} of independent
versions of the Standard Poisson Process is to generate independent exponential

random variables of varying parameter which are required in order to effect these
time changes.

An illustrative example shall be provided in the next section. The symbol 8
denotes the null measure on R..

Theorem 2.3.3 Let N : (Q,F, P)— (N, B(Np)) be a point process on (0,00)
and let m : (Q,F,P)— (R,B(R)) be a random variable with discrete range I.
Let A : Np x R x R, — R, denote N’s path compensator with initial param-
eter m (see Section 2.2); furthermore, assume the eristence of a denumerable array
{Ipy : p€ I,i € NU{0}} of independent versions of the Standard Poisson Process,

which is itself independent of (N, w). For any p € I, suppose A satisfies the two con-
ditions

1. A(u,p,-) : Ry — R is continuous for all p € Ny, and
2. A(-,p,t) : No — R, is continuous for allt € R,.

For any n € N let Qn := {0; 3=; ;.. .} and let N : (Q,F, P)— (N, B(Ny)) be a
point process with support in Q,, specified as follows: if w € Q let

AN"(w,0) :=0;
AN (w, '21?) = n{x(w),m(u.,%-)} (w, A(9, m(w), 2%)) AL
AN™(w, 2%) = [H{x(u),N"(w,i%-)}(wr A(NT |(o,z-£,;, m(w), 2%))

—n{n’(u),N"(u,z%-)}(wa A(Nn I(O,..,-‘ﬁ-]r ‘:T((.d), '_)Ln))] AT,

Alvn(w, '2‘%) = [H{“(w)’Nn(“'%_)}(w, 4)\(Nn l(o,j%‘l], W(W), -ZJrT))
L) 0 o (@5 AV g 550, T(), D] A T

Then N* — N as n — oco.
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Proof We first make an observation regarding continuity conditions (1) and (2)

imposed on A. Forany me NU {0}, pe l,and z,,...,z, € S with z; < ... < 1,
let

Gnn(p521, ..., Zm) = Pl (N) < - | r=p;i(N) = z1,..., 7m(N) = z,]

be a regular version of the conditional probability, Conditions (1) and (2) are equiv-
alent to conditions that for any z >0 and p € I,

1. Gue1(5;p; 1, ---,Zm) is continuous over (0, o0) and
2. Guyi(z;p;-,...,-) is continuous in its m arguments.

Conditions (1) and (1’) are equivalent by virtue of the distribution-to-hazard
function formula ([23]: Lemma 3.5); this formula relies on the expression for A
that was developed in Section 2.2. The equivalence of (2) and (2’) results for the
characterization of convergence in Ay by the convergence of the jump points: for
any sequence {um}3_; in My, pm converges to some g € Ny if and only if for any
n € N, 7,(im) converges to 7,(u) (see Section 2.1). The expression for A appearing
in Section 2.2, which involves the distributions of the type G (z;p;",.-.,-), thus
makes clear that conditions (2) and (2’) are equivalent, at least for “good” versions
of the Gpi(z:p; -, ..., ")'s.

We now check that the randomly indexed objects II(r;;, where i € N U {0},
have the desired measurability and distribution properties. For any A € B(A}),
{I{ziy € A} = U[{ﬂ' = p} N M3 € A}], whence the II(,;’s are measurable.

pel
Moreover,
P[{Iirsy € A} = 3 ¢ Pl{m = p} 0 {I{r € A}]
= Zpel P[{r =p}]-P [Mip € A] (by independence)
= Zpel Pl{m =p}] - P[H{po.i} € A] (for some py € I)

= P[H{po,;} e ‘4]7

so that, for any pg € I, the randomly indexed Il ; is equal to IIj,, ;} in distribution.
It is also important to note that the II(;’s are independent when i varies:



CHAPTER 2. THE APPROXIMATION THEOREM 25

Claim: For each k& € N, {7, [I{z1},..., Iz k}} is an array of independent random
elements.

Proof of Claim: Observe that the class consisting of @ and sets of the form
{m} x A} x ... x A, for some m € I and A,,...,Ax € B(Ny), is a 7-system
generating the product o-field {B(R) N 7(Q)} x {B(Ny)}*. For any such set we have
P[r = m, Mrny € Ar,.o o impy € Ag]
= Plr = m, Mim1y € Av, - Mimky € A
= Plr =m] - P[Ml{m1y € Ay} - ...  P[Il{my) € Ag] (by independence)
= Plr =m] - P[ll{zyy € A1]-... - P[ll{zs) € Ak]  (by the argument preceding
this claim).
The Claim follows. //

For the remainder of the proof, choose n € N, p € I and z,,...,z, € S
with 1, < ... < z,,, and consider

Gralspzy, .o om) 1= Pl (N?) < - | m=p;ni(N?) =z, ..., T (NT) = 1]

as previously defined. Clearly, our characterization of elements of Ay by their jump

sequences enables us to assume that, whenever z,, = oo,
. e . . o —_ n . e
Gm+l('1pv Iy5---3 Im) - 1[:00} - Gm+1('1 p:zy.-., Im)'

By Corollary 2.1.2, it suffices to prove that the G7 . ,, G, satisfy conditions (1) and
(2) imposed by Lemma 2.3.2 on 5’1‘,‘ 17 ém+1 respectively; a cursory check will confirm
this is the case when z,, = co. If, on the other hand, wehave0 < z; < ... < z,, < o0,
then we must determine G3,_,(-; p; Z1; . . . ; Tm) directly. If zy, ...,z do not all belong
to Qn, then we may arbitrarily set

G150 215 - - 5 Tm) 1= G (5D Z15 - - - . Zm)

because the jumps of N" are always in Q.. If z,,...,z,, € Q,, then for any z > z,,
let

z" :=sup{2z—n:i€N,2z—n$J:}.
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For z > z,,, we have:

1-Gr(zipizy, ..., Z;m)
= Pt (N") > z|m=p;ni(N™) =24, ..., Tn(N?) = 2]

= P[N* (2, 2" =0 | 7 =p; i(N™) = 21, ..., T(N?) = zp,]
= P(z m}(A(@m(z1,. .., Zm), T, Tm), A(@m(Z1 - - -, Tm), T, Z7)]) =0
|7 =p;mi(N®) =215 .. Tm(N") = zp)
(where @m(z),...,Tm) is the measure Y 1*, &, on (0, c))
= P[H{vr.m}(A(d)m(xh ceey -'l'm)apv Tm), A(¢m(111 ceey :L‘m),p, .-'En)]) =0
|7 =pi(N?) = z1;...; T (N™) = zp].
Observe now that (m, 7(N"),...,7m(N™)) is o {7, {x1}, - - -, {zm-1) }-measurable:
indeed, for any pp € I, b€ Ry and i € {1,...,m} we have

[ = po, i(N™) < b] = [M{pg,im1}(A(Bimi (T (NP), ..., Tim i (N™)), Do, et (NP)),
A(¢i_1(T1(1Vn), .oy Ti_l(Nn)),po,Qn)] Z 1] .

Since 7, [I{z 1}, ..., II{xm) are independent by the Claim, we deduce

1-Gr(@ipz,. .., Zm)

= Pz mp(A(Dm(Z1, - - - . Zm), Py Zm), M@z, - - ., Tim), Py Z™)]) = O]

= P[n{p.m}(A(¢m(Ilv o1 Zm)s Py Zm)s M(@m(Zy, . - -, Zm), Py ")) = 0]
(IT{x,m} and II{, =} having the same distribution)

=exp{-[A(@(z1,....Zm), . ") = A(S(Z1, . - ., Tm), P, Tm)]}

= exp{~In[l = Fry1 (2" — Zm; Di T1, - ., Zm)]}
(distribution-to-hazard function formula ([23]: Lemma 3.5))

=1-Fou(z® = Tmi P T, - - - Tin)

=1-Gnu(Z%piz1,-- -2 Zm)-

We may therefore write
Grn(zipzy, - Tm) = Gt (2% 05 21y - -, Tm) - [T 1@a ()
+Gm+1(Z; 05 21, - - - Tm) - (VIR 1ge (zi) }-

The condition (1) that Lemma 2.3.2 imposed on ~m.+l and Gp,, is already satisfied
by G7..1 and G4, respectively, by virtue of the present theorem’s hypothesis (as-
sumptions (1) and (2)). To verify that condition (2) of Lemma 2.3.2 also prevails,
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let {(y7,...,y%)}, be a sequence in J,, converging to (z1,...,ZTn) (remember that
T, <...< Iy < 00). Forany z > 0, if £ = oo we certainly - and trivially - have that
limsup | G (zipi 95 - - -5 Um) — Gt (T 9397, - -, ym) |= 0.
n—oo

If, by contrast, £ € (0, 00), then

limsup, o | Grii(T:Pi 21y .., Tm) — G (Z5D 2 Y, - yR) |
S limsup,_,o Gm+1 (T P YT - - - Ym) — Gt (Z* D1 YT, - - ym)
< limsup, oo Gt (T B YT - - -2 Up) = Grrt (2505 475 -+ -, yR)
(for some fixed k € N, {"}32, being increasing)
=G+t (TP T1; - - -, Tm) = G (5505 71, - - -, Tm)

(by assumption (1) of the theorem’s statement)

Under assumption (2) of the hypothesis, however, this expression can be made ar-
bitrarily small by letting ¥ — oc. Thus, by Corollary 2.1.2 and Lemma 2.3.2,
Nt —,,Nasn—o00. 0O

2.4 Application to Mixtures of Poisson Processes

An example illustrates how the sequence {N"}°, of approximating processes
of Theorem 2.3.3 converges to the limiting distribution N. We shall consider a
Cox point process N : (Q,F,P)— (Ny, B(Ny)) whose “initial information” is
generated by a parameter 7 : (2, F, P)— (R, B(R)) which takes a discrete range
I of realizations, and we shall verify independently that N* —: N by direct

computation. The point process N shall first be specified via its path compensator.

Suppose N has a path compensator A : Ay x R x R;— R, with initial
parameter 7 such that Vu e Mp,s € I,t € Ry,

s -t if I
A, s, t) :={ § s e

0 otherwise '

where 7, € (0,00) is some constant depending on s € I (note that there must exist

a point process having such a path compensator by [23]). Since 7 takes its values
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in I with certainty, we suspect that NV is in fact a Poisson process conditioned on 7
because, given m = s, it has a linear compensator with slope r,. Let us check that
this indeed is the case.

Given the event [ = s] and some n € N, it is readily seen from the formula
in the statement of Theorem 2.3.3, that N™ is distributed as a “discrete homogeneous
Bernoulli process of rate r,” in the sense of McDonald ([41]: pg. 111).

More precisely, by Proposition 4.2.2 of [41], conditionally on [ = s] we have:

1. The interarrival times {7m(N") — 77, (N™)}2_, of N® are independent and
geometrically distributed with parameter 1 — e%*;

2. N™ has independent increments;

3. N™ has stationary increments;
. , ony s
4.WeILJGNU{MPHNWﬂ=JIW=SF=([J])(%)( — B

where [-] denotes the integer part and where 4* := exp{—%+

If the limiting process N is a mixed Poisson process with initial paramenter , then
we expect, for every finite collection (u;,v,],..., (um, vm) of disjoint, bounded subin-
tervals of (0, c0) and for corresponding nonnegative, integer constants kiy... km, to
obtain the equality

P[N,, - Ny, =k,,...,N,, — N, = km]
= Z {H [TS(vt - 'u, "-("i-ui)} P[r = s,
serl

and such relations would uniquely characterize the distribution of N. But observe
that for finite n € N,

P[N} —N® =k;,...,N* — —d

u "m

{H ( @ (vt ) (5 a- 7;.)2“(11.--:‘.-)-1:,-} Pr = s],
s€§

=1
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and this expression, by a remark from [41] (pg. 114) coupled with a bounded conver-
gence argument, tends to

oA

sel

m PR 5
H ro(vs — w)l™ e w4 Plr = g
k;!
i=1

as n — 00, so that N is indeed the expected mixed Poisson process with initial

parameter .

2.5 Simulating Fidi’s: a Validation of Numerically
Computed Time Changes

A common method of “constructing” a certain point process distribution via a
given path compensator consists of using this path compensator to effect a time
change transformation on a version of the Standard Poisson Process. More pre-
cisely, let N : (Q, F, P) — (No, B(Ny)) be a point process with a path compensator
A: Ny x Ry — R, which is such that, for any u € N,

1. lim A(y,t) = oo, and
t—00
2. t — A(u,t) is continuous;

additionally, let TI : (,F,P) — (No,B(Ny)) be a Standard Poisson Pro-
cess on R,. For any ¢,...,t, such that for any ¢ € {l,...,m — 1},
ti < 00 = 0 < t; < tiy1, let @m(ty,...,tm) be the ANy-measure such that
T {Om(tts -1 tm)) = tiye oo Tm(Bm(tsy - - -1 tm)) = tm and Tri1(dm(ty, - - -, tm)) = 00,
and make the convention to denote the null measure on R, by ¢¢(0), where
“Q” represents an empty list of arguments. Define the “time change transform”
[ : (M, BWN)) — (N, B(My)) via its image jump points as follows: for any
measure u € N, let

sg := 0;
sy := inf{t > 0: A(¢0(0), (0,t]) > n(u)};
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Sp := sy +inf{t > 0: A(@1(s1), (51,81 + t]) = m(u) — n(w)};

Sm+1 = Sm + inf{t >0: A(@m(s1,.--,8m)) (SmySm + t]) 2 Tme1(p) — Tm(/‘)}

and put 7,,(I'(1)) := s, for m € N. Proposition 3.1 of [36] states that, under such
circumstances, N =g I'(IT) (where =4; denotes equality in distribution).

Now suppose that, for some nonempty, bounded Borel sets B,,...,Bn C Ry,
we would be interested in finding the distribution of the random vector
(N(B1),...,N(Bpn)). Except for some very simple (and trivial) cases, deter-
mining such a distribution in exact form would constitute a daunting combinatorial
problem in practice - all conceivable arguments would have to take the (random)
locations of the sequentially dependent jump points of NV into account.

In the face of such difficulties, we would be tempted to approrimate the dis-
tribution of (N(B,),..., N(Bn)) by means of simulations. Since we assume from
the outset that N's compensator A satisfies (1) and (2), the above construction of
['(IT) =4 NV suggests a way of specifying the desired simulation algorithm. Suppose
our software provides a pseudo-random exponential generator rand(). For any m
intervals I,,...,I,, € R, we would estimate P[N(B)) € I,,...,N(By) € I,] by
averaging the number of times the following procedure returns the value 1:

Procedure INDICATOR
begin %{procedure}¥,

1:=0;
1 :=0,...,%, :=0;
Ty :=0;
T:=0;
E :=0;

while T < sup ;- B do
begin %{begin while}%
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ti=1+1;

E :=rand();

T .= 1:'—1 + inf{t € R+ : A((éi—l(Tla s 1n-l)1 (n—lyt]) Z E};
T; =T,

forj:=1tom
if T; € B; then
iji=1+1;
end; %{end while}%
ifiyel,...,im € I, then
return 1 else
return 0.
end %{procedure}¥%

Here, we assume the pseudo-random exponential generator rand() simulates
the distribution of any given interarrival time of the Standard Poisson Process.

There is only one caveat arising from such an approach in practice. Because
computers can only generate discrete values, the values of rand() are bound to be
discrete - in other words, rand() can only approrimate an exponential distribution,
without ever being truly exponential. At this point, the reader may wonder what
all the fuss is about. After all, doesn’t any kind of numerical computation involve
round-off errors which can be kept within a certain margin of tolerance, provided the
computational device being used preserves enough digits?

This is not quite true in our case. The reason for this is that the errors in-
troduced can have a cumulative effect if the path compensator A is sensitive to
perturbations of its measure argument. The procedure INDICATOR produces
a value T; which simulates 7,(N), a value 7T, which simulates 7,(N), and so on.
However, since rand() is not truly exponentially distributed, 7 will not be equal in
law to 71(N) - in fact, Ti’s distribution will admit a discrete support that 7;(N)’s
distribution may not even charge. This is not the whole story. The procedure then
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uses rand() again, in conjunction with 7}, to produce the value T,. Since T} is
not distributed exactly as 7;(V) is, the obtained value of T, will reflect the errors
of both rand() and T,. Similarly, for any £ € N, the obtained value of T will
reflect errors inherent in rand(), T3,...,T¢_;. To see how such effects may lead to
a fundamentally erroneous approximation N’s distribution, consider the following
simple example:

Example 2.5.1 Suppose N has a path compensator A which is specified in the fol-
lowing fashion. For any (possibly empty) list of strictly increasing values t, < t; <

... <ty define the increasing, continuous path t — A(d(ty,...,tm),t) by writing

2t ift; € Q for somei € {1,...,m}

t otherwise

A(¢(th ceey tm)’ t) = {

Since rand() can only produce rational values, Ty would be a rational number in
this case; from the way A\ is specified, the distributions To — T\, T3 — T» ... would
approzimate an exponential distribution with parameter 2. However, since the count-
able set Q is not charged by the exponentially distributed 1,(N), the true interarrival
times T2(N) — 1 (N), 13(NV) — 72(N)... would actually be exponentially distributed
with parameter 1.

Fortunately, if, in addition to (1) and (2), we assume that A is continuous in its
measure argument for ¢ fixed, we will obtain a valid approximation of V's distribu-
tion. In fact, we shall now show that if this extra continuity requirement is satisfied
by A, then for any n € N, an algorithmic approximation which rounds the value of
rand() to the next multiple of 2%, is equal in distribution to the approximation N™
produced by Theorem 2.3.3.

Let n € N. Forany z € Ry let " := inf{s% : i € N,&& > z} . We define

'™ : (N, B(M)) — (Mo, B(MVg)) almost the same way we defined I, except that we
round the values of sy, s3,... up to the next integer multiple of 5‘; For any measure
u € Ny, let
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sg :=0;
sy := inf{t > 0: A(¢o(0), (0,¢]) > n(n)};
sz :=51" +inf{t > 0: A(¢:(31"), (31", 51" + £]) = () — u(p)}s

Sm+l 1= Sm + inf{t >0: A((p'm('gf", “eey Sm"), (sm"a Sm  + t]) 2 Tm+1(l‘) - Tm(l‘)}

and put 7,(I'(u)) := 55" for m € N.

Theorem 2.5.2 Let N : (Q,F,P) — (N, B(Np)) be a point process whose path
compensator A : Ny x R, — R satisfies:

1. ‘lim A(u,t) = oo Yu € Ny;

- 00
2. t— A(p, t) is continuous Vu € Np;
3. u— A(p,t) is continuous Vt € R,

For any n € N let N" be defined as in Theorem 2.3.3. IfI1 : (Q,F, P) —
(Mo, B(\Q)) is a version of the Standard Poisson Process, then N™ =g [™(II).

Proof In order to conform to the set-up of Theorem 2.3.3 (applied
to the case where there is no parameter =w), we start with a sequence
o, [Ty, Iy, ... : (Q,F,P) — (N, B(Np)) of independent versions of the Standard
Poisson Process, which are also independent of NV : (Q,F, P) — (Ng, B(Ng)). We
also let @ = ¢(0) denote the null measure on R,.

Let n € N. To simplify notation, we shall denote the jump points 7, (N"), (N"), ...
by 11, 72,... and 7 ([*(II)), (T™(IT)),. .. by T}, T, ..., respectively. We shall prove
that

—

i) forany m € N, P[r, > ] = P[Ty > 2], and

ii) for any my,...,my € N such that m; < m; < ... < mi and any m > my,

Plren>Rin=2.. .n=3]=P[Ten > BN =3,... ., T = F].
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It will follow that (1y,73,...) =g¢ (T1, T2, ...), whence N™ =g ['™(II).
For (i): Choose m € N. We have

P [Tl n
=P[A (¢o(0) (0, 2]) < n(1)]
=exp {—A(¢0(0), &)} (n:(I) is exponential with parameter 1)
— e {-A (0, 2))
= P [r(Tle) > A (6, )] (ni(Ilo) is exponential with parameter 1)
- [l oA 02) =0
= P (M (A (5, 5))
o (w0, 2)) ~ Tl (A (0 4)) =0,

rIo (w, A8, %)) — o (w, A (6, 521)) = 0]
=P[_w", =0,AN" =0,...,AN", _o]
an an Fa

=P [Tl > 2%] .
For (ii): Let m,,..., my, m be as hypothesized and recall the definition of Z" from p.
32. We have

P[Tk+l>2n|TI f)n’""Tk:%"k]
=P [Tk +inf{t > 0: A(ge(Th,. ... Tk), (T, T + t]) = Ten(IT) — (M)} > 2

|Tl = %1“'7Tk=%nh
= P [T + inf{t > 0: A(¢(Th, ..., Ti), (T, T + t]) 2 7o (1) — (D)} > 2
|TI Eﬁly Tk=%nk]

=Plinf{t>0:A (¢ (2L,...,28), (B, B% +£]) > mepr (1) — (D)}
> Ty =33...,.Tk = 2,,] .
Now 7i41 (IT) — 7, (IT) is, of course, independent of (7; (IT), . .., 7(IT)); since (T3, ..., T)
is o(n (M), ..., 7% (IT))-measurable, as may be checked by induction on k, it follows
that the last quantity is equal to
P Plinf{t>0:4 (¢k ), (B, B 4 t]) > e (1) — (D)} > 5]
= PA(ge (B4 38) . (55 5% + 25]) < men (D) — (D)

=exp{—A(¢k %,,%}):(%vzﬂ"])
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(Tk+1(IT) — 7(II) is exponential with parameter 1).

Likewise,

m m my
P[Tk+1>—;|7'1—;;,---,7'k—2—n]

—P[ANM—O ANEL#—O ceey

=P [Hk (w, A (¢k(Tlr"-ka 7 an )) Hk (W,A((ﬁk(’ﬁ,...,'fk), gn)) "’0
Hk (w) A (¢k(Tl1"'7Tk 122‘:’_2')) nk (wv A (ék(‘rlv"'17.k 1mén¢l)) _07

m
AN —OITI %...,Tk=?}]

Hk (ww/\ (¢k(711---yrk)7 2n)) nk (UJ A(¢k(‘rlv" Tk)1 2n )) =07

IT]. #7-~'7Tk=!22ﬁk]
=P [Hk (wv A (¢k(le"-aTk)3 ‘5_":.)) —nk (wv A (¢k(rl7'- Tk)v gn)) =0
|Tl—2n:--'7Tk=L;Kk]~

It may be shown by induction on & that (7,...,7) is o(Ilo,..., Ix_,)-measurable
(this was done in the proof of Theorem 2.3.3); since I[I; is independent of

(ITo, . .., k1), we obtain that the last expression is equal to

P er (wv A (¢k(2n 1'“1%)» gﬂn)) _Hk (UJ,.’\ (¢k(%’---7%)1 %ﬁk)) = O]
=exp [— {A (6 (35 55)  32) — A (o (B4 35) . 3]

=exp{-A (g (3. 5%). (3 2]}

sothatP[Tk+l> =T = 5+, ..,Tk=ﬂ]=P[Tk+l>2ﬂn|n=ﬂ,}...,Tkz%{i].
(]



Chapter 3

Compensator of the Non-simple

Point Process

The object of the present chapter is to determine a regenerative form for the compen-
sator of a non-simple point process indexed by the non-negative reals, with marks in
a Lusin topological space (see Appendix D). This extends the result of Jacod ([23]),
who determined the regenerative form for the compensator of a simple point process.
We essentially emulate Jacod'’s approach ([24]; pp. 83-86), while providing more de-
tails. Lemma 3.3.1 is simply assumed by Jacod ([24]), and our existence proof for
Theorem 3.3.2 is much more detailed than Jacod’s proof of Proposition 3.41 ([24]).

3.1 The Random Measure u

Let E be a Lusin topological space, i.e. a Borel subset of a compact metric space
(the Lusin property is required to ensure the existence of certain stochastic kernels,
as will become apparent later). It is possible to add a point A € E to E in a manner
which topologizes the set £ := E U {A} as a Lusin space as well, and so that the
topology of E relative to £ corresponds to E’s original topology (see Appendix D).
The Borel classes of E and E shall be denoted by £ and € respectively. We consider

a sequence

T11T21--' : (Q,f,P) — (ﬁ+18(ﬁ—|-))

36
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of random variables which satisfy

0= <h T L... LTy :=supT, < Ty :=00
neN

and such that, for any n € N,
T. <o =T, < T.
To every T,, n € N, we associate an E-valued random variable
Xn:(Q,F,P)— (E,€)

such that
Xo=A<=T, =00.
The random measure p on (0,00) x E is defined by putting
p(w; dt, dz) == §Tw), Xa(w)) (@t 4T) - L7, <oo)-
neN

Note that for each w € 2, t € Ry and B € &, u(w;(0,t] x B) counts the number of
pairs (T, X,) such that 0 < T,, < t and X, € B.

For any t € R, we put
G :=0(u((0,s]x B): s<t,Be€é)
and define, for some sub-o-field Fy of F, the filtration {F,}.>o via the relation
Fe:=FoVG,.

Because E is separable (every Lusin topological space is homeomorphic to a Borel
subset of [0,1]N by Dellacherie and Meyer ([13], pp. 48-49)), its topology admits a
countable base {G,}32,, which implies that the filtration {F,}:>o coincides with the
internal history of the (Q, %) x (R, B(RT))-valued process Y = (Y;):»0 defined by
the relation

K(w) = (w7 “((01 t] X Gl): [l((O, t] x G2)1 . )
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for all (w,t) € @ x R,. Since this ensures that the hypotheses of Theorem A2.T28
of [7] are satisfied, it follows that the o-field Fr associated to any {F }e>0-stopping
time T satisfies the equalities

Fr=o(Yra:t20)=F Va(u((0,TAt])xB:t>0,Be€&).
In particular, for any n € N,
Fr,=FVo(T;,X;:1<i<n).
Moreover, since Fr,, = FoV o(u((0,To At]) x B:t >0, B € £), one ensures

V Fr.=Fr,
neN

by checking that for any B € £ and t € Ry, u((0, TwoAt] x B) = sup u((0, T, At] x B).
neN

3.2 The Predictable Processes

In this section, we recall a conventional definition of predictability, along with the
special representation of predictable processes inferred from the filtration {Fe}eso's

structure. We first make an observation pertaining to that very structure.

Proposition 3.2.1 For anyn € Ng = NU {0}, t € R, and A € F,, there ezists a
set A, € Fr, such that

AN{t <Thn} = AN {t < Tps1}.
Proof Let us first adopt the convention that for any set A € F and any measurable
element X : (Q, F) — (E, ), X |4 denotes the restriction

Xla (A4, FNn4A) — (EE).

w —  X(w)
Now, for any n € Ny and t € R,
Fen{t <Tona} = [o(p((0,s] x B)):s<t,B€E)VFN{t < Tas1}

[0(T: - Ygic Xi i1ty 1 S 1 S 0) VI N {t < Togr}
g [O’(T,,.X,:ISiSn)Vfo]ﬂ{t<Tn+[}
an N {t < Tn+1}. a
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Let us now define the predictable o-algebra on 2 x R, x F.

Definition 3.2.2 The predictable o-algebra on Q x R, x E is the sub-o-algebra of
F Q@ B(R,)®E generated by the sets

i) Ax {0} x B, where A € Fy and B € £, and

i) ]0,T] x B, where T is an {F,}:>0-stopping time and B € £ (recall that |0, T] =
{(wt)eQxRL:0<t<T(w)})

It is denoted by P. A stochastic process on R, x E (i.e, one indezed by R, x E) is

said to be predictable if it is measurable with respect to P.

The representation of predictable processes may now be established: the restriction of
a predictable process to a stochastic interval of the form Ty, T+1] is Fr, @ B(R,)®€&-
measurable. This fact is invoked in the subsequent analysis.

Proposition 3.2.3 Let X = (X, : t € R,z € E) be an R, -valued stochastic
process on R, x E. X is predictable if and only if the process Xo = (X(0,z2))z¢E 5
Fo @ £-measurable, and for all n € N U {0,000}, there ezists an Fr, @ B(R.) ® &-

measurable process X" = (X[} _,: t € ,Z € E) such that
(t,x)

4¥ = 4Y0 hd 1[0])(5 + Z Xn i llTu,Tn+llXE + ‘/Ym ° I[Tm,m[XE'
neNg

Proof For sufficiency, we need to establish the predictability of processes of the
form

Xo- lpjxe + Z X" 1]T..,T,.+l]xE + X*. 1[Tm,oo[xEy
neNg

where, for any n € NU {0,00}, X" is Fr, @ B(R.) ® £-measurable. First observe
that for any a € Ry, {Xo - 1pjxe > a} = {Xqy > a} x {0}. As it can be verified that
P includes all sets of the form U x {0}, where U € F; ® £, it follows that X - 1gjx£
is predictable. To show that X" - 17, 7,,,1x£ and X°° - 11, co[x£ are predictable, for
any n € NU {0, 0o} consider the class

Cn ={Anx[0,t] x B: A, € Fr,,t e R, B€ £}
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Cn is a m-system which generates Fr, ® B(R,) ® £ (observe that Fr, = F;). But for
any member A, x [0,t] x B € C, (where n € N),

Laax0.4xB * YT Tusi]xE = N Tus, Tasint]xB

is predictable (note that for any stopping time T and set A € Fr, T4 = T on A4 and
T4 = oo on A%) . Also, for any Ay X [0,te] X B € Coo,

lawx(0.4)xB * YT ,00[xE = L{To s t]xB-

But A € Fr,= V,en Fr. and V, oy Fr, = Frz, by IILT35 of [12] in conjunction
with our current hypothesis that for any finite n, T,, < T unless T, = oo. Thus,
Tw 4., is a predictable stopping time, which entails the predictability of YT t}xB-
Sufficiency is now proven.

For necessity, suppose X is a predictable process. It follows from a monotone
class argument applied to the generators of P (the sets (i) and (ii) of Definition
3.2.2 constitute a m-system) that if a process Y is predictable, then Y is adapted,
i.e. for any t € Ry, Y, = (Y(iz))zee is Fi ® E-measurable. Thus, Xo = (X(oz))zeE
is Fo ® £-measurable. As for the existence of the desired X™ - which is trivially
obtained if X’s support is limited to {0} x E - one may restrict X, via a monotone

class argument on the generators of P, to a process of the form

X = 1 5x(u,0)x B>

where u € Ry, A € F, and B € £ (note that A x (u,00) x B =Jus,c0[xB). If
n = oo, we may take X := X because X is F, ® B(R.) ® £-measurable and

foo= V }-t=]:ov V gt'—'fov v O(Tl"Yly-”’Tran): V]:Tn =}.‘Tw.
R+ teR neN neN

If n is finite, then for any ¢ € {0,1,...,n — 1} let A, € Fr, be such that
AN {u < T:H’l} = Aq N {u < Tq+1}

(such an A, exists by Proposition 3.2.1). We claim that

X" = Z l[Aqn{TqSu<T.,+1}]x(u,oo)xB + l[Ann{TnSu}]x(u,oo)xB
q<n
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satisfies the theorem’s statement for all n € Ny.

Clearly, X™ as defined is Fr, ® B(R,) ® £-measurable, so there remains to
check that

‘Y - llTann-{—llxs = Xn : llTﬂvTﬂ+1IXE

foralne Ny. FixneNp,weQ, teR.andz € E. If

X Y 1)@, £, ) = Yax@uoo)ITa Tasnl}x8(W) £, T) = 1,

then w € A, uVT,(v) <t £ Th+1(w) and z € B. Observe that u < T, (w).
Let ¢ := inf{g € Ng : u < Tyyu}. We have w € AN{Tp. < u < Ty}
=Ag N{Tpe Su<Tpes}. Ifg" =n,thenw € A,N{T, <u},t>u, z€B
and T, (w) < t < Thi1(w), which implies

X" YT Tt E = Yann(Ta<u}]x(u00)x B(W: E, T) - Y1, o) e(ws t, ) = 1.

Ifg"<n,thenwe A N{T. Su< T}, u<t,z€ Band T, (w) <t < Tpi(w),
which implies

X" llTannHl"E = 1[.4,,-(\{7',,- $u<Tq-+l}]x(u.co)xB(w7t’ ) - llTnnTn+l]xE(w7 t,z) = 1.

Therefore,

‘Y . l]TnyTvH-l]"E = 1 = X" : 1]T,.,Tn+1]><s = 1'

If X Y47, 1 xe(w, t,z) = 0, then either z ¢ B, (w,t) € ]Tn, Thti] or (w,t) ¢
A x (u,00). If z ¢ B or (w,t) & |T,, T11], then X™ - Ly, 73, jxe(w, t,z) = 0. If
(w,t) ¢ Ax(u,00), theneitherw ¢ Aort < u. Ift < uthen X1, Tanjxe(w, t, 1) =
0. Having eliminated all other possibilities, there only remains the case when w ¢ A
but u VT, (w) < t < Thyi(w)- In this case, there exists ¢° < n such that T (w) <
U < Typeqr(w), but since AN{Te SuU<Tpei} =AN{Tp Su<Tpp}wg A=
w ¢ A= X" - Y1, 1, ,xe(w,t,z) = 0. We thus have X - L1, 1., jxe(w, t,z) =
X" Y7, T )xe(w. t, 2). O
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3.3 The Dual Predictable Projection

A technical lemma will precede the introduction of a dual predictable projection v for
p. The lemma may appear somewhat trivial, but it nevertheless justifies one crucial
line in the argument which proves the theorem that follows it.

Lemma 3.3.1 Let (E\,€£,), (E2, &) be measurable spaces, E, a Lusin space. If X, :
(QF,P) — (E1, &) and X, : (Q,F, P) —> (E,, &) are random elements and

f: E1 x E; — (R4, B(R4))

s a Borel function, then

E[f(xYl,‘Yg)] =E [/}; f(Xl, xg)dP[ng = xg|X1] .

Proof The regular conditional probability P[X, € -|.X,] exists because, E; being
Lusin, it is isomorphic to a Borel subset of R (see [13], pp. 48-49 and Theorem 6.6.5
of [1}). By a monotone class argument it suffices to consider f of the form

[f: EyxE; — R, ,
(,y) +— lyxa(z,y)

where 4; € £ and A; € &. We then have

E [f(X1, X2)] = E [1{x.ea} 1 (Xsea})
=E [l{xxérh}E [1{-\’2€A2}|X1]]
= E [1{x,ea} P [X2 € A2| Xi]]

=E |1{x,ea} /E 14,(z2)dP X2 = .’L‘gIXIIJ (definition of the integrai)
L 2

=E —‘/ 14‘11 (X[)].Az(xz)dp [XZ = .’L'2|1Y1]]

=E c f(XI,.’L'g)dP[Xg = I2|Xl]] a
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The sought regenerative form of the dual predictable projection v of p is now
in sight. As was previously mentioned, the proof of the following result is con-
siderably longer than that of Jacod’s Proposition 3.41 ([24]). It is not trivial -
at least to the present author’s mind - that for any n € Ny, any “random set”
Ax B € F®BR,)®E with sections A(w) x B, w € Q (where B € £), and any
conditional probability v, of (Ty+;, Xn+1) With respect to Fr,, the equality

E[vn(A(w) x B)] = P[Tp+1(w) € A(w), Xn+1 € B]

would necessarily hold almost surely; in fact, it may not even hold in general. That
it holds when A =]T;, cof is implicit in Jacod’s argument ([24]), but we would like
to highlight the fact that it is the specific structure of the set JT,,o0[ - i.e. its open
sections, and thus the possibility of approximating its v,-measure “from below” using
deterministic intervals - which warrants this property. The following theorem is the
promised generalization of Jacod’s regenerative form for the compensator of a simple
process ([24]: Proposition 3.41), which now includes the compensator of a non-simple

point process.
Theorem 3.3.2 For anyn € Ny, : € N let
U’r:-f-i(.) = P[(Tn-H'HYn.-i-i) € ';Tn+i = n+l|-7:Tn]

denote a regular version of the conditional probability. The random measure v on

(0,00) x E given by

va*i(dt, dz)
v(dt,dz) := Z (Z ([, 00] x E‘)) - YT <t<Tin}

neENg \ieN 1

constitutes a version of the dual predictable projection (i.e. compensator) of u; that
is:

i) for any B € €, the map (w,t, 1) — v (w,(0,t] x B) is P-measurable, and

ii) for any R. -valued, P-measurable process X,

E [ /( o e da:)] —E [ /( R LG d:z:)] .
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Proof The regular conditional probabilities v?** exist because, as a consequence of
Tychonoff’s theorem, the topological product of finitely many Lusin spaces is Lusin,
so that (0, 00] x E x [0, 1] is Lusin. To prove (i), observe that for any B € £, n € N,
and (¢t,z) e Ry x E,

0 t] X B llTn‘Tn-l—l]’(E

S [T+ vEi(du, B) Vi (du, B)
[(ZZ/ u”‘“ ([u, oo] x E')) Z/n yntl ([u oo| x E)} T Tl <E

p=0 (=1

Since the map

i [T uPti(du, B) = [* v''(du, B)
bz (ZZ«[r l/‘"*’1 ([u, 00| x E) )+(JZ=;/" Vr’;‘“([“’oo]xg))

p=0 i=1 YTp

is Fr, ® B(R,) ® £-measurable and v charges neither [0] x E nor [T, co[x E, the
map (w,t, ) — v (w, (0,t] x B) must be predictable by Proposition 3.2.3. To prove
(ii), observe that sets of the form A x (u,00) x B, where u € R, A € F, and B € &,
generate the class P N (J0,o0[xE) and constitute a m-system. Again using the fact
that v as written charges neither [0] x E nor [T, 0o[x E, (ii) will be proven once we
ascertain that

E [/ le(u,oo)dell] =E [/ le(u,oo)deV]
(0,00)x E (0.00)x E

for all such sets. But this equality will itself hold once we show that for any n € Ny,

E [/ 1 3 (u,00)xB * 1]T,.,T,.+,]xedu] =
(0,0)xE

E [/ 1ax(u,00)xB * 1]T..,T,.H]xEdV] .
(0,00)x E

Choose n € Ng, u € Ry, A € F, and B € £. The left-hand-side of the preceding
equality is decomposed as

E [/ 1Ax(u.oo)xB . llT,.,T,.+1]xEdl-‘]
(0,00)x E

(o o]
= ZE [].A(UJ) . l{Tn+i=Tn+l>Tn} : 1{“<Tn+i(w)<m} - IB(XYH’i(w))] -

=1
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As for the right-hand-side, observe that, by virtue of Proposition 3.2.3, there exists
an Fr, ® B(R,) ® £-measurable process X™ such that

Lax(uoo)xB * YT Tusi]xE = X" * T Tuii]xE> (5)

and X" may even be assigned, using the proof of Proposition 3.2.1, the explicit
formulation

X w, t, ) = Z l[Aqﬂ{Tq5u<Tq+1}]x(u.oo)xB(wvtv z) + I[Anﬂ{TnSu}]x(u,oo)xB(wy t, z),
q<n

where, for all ¢ < n, A4, € Fr, is such that
AN {ll. < Tq+l} = .“q N {u < Tq+1}.

We therefore have, by (5) and the definition of v in the statement of the theorem,
that

E [/ Lax(uc0)xB * I]Tn,Tn+1]xEdV]
(0,00)x E

=E [/ X" 1]Tn,Tn+|]xEdu]
(0,00)x E
Ta+1 o U"'H(dt d:L‘)
=E xX". n ! -
[/s /n ; yit([t,00] x E)

=SE[f [ magxe
i=1 (0,00] (0.oo)>< E

vi*i(dt, dz)
vr+i([t, oo] x E)

= ZE [ / 1T, <tcon} - Lie<s)
i=1 (0,00] J(0,]x E
) X"(¢, z)
vit+L([t, 00] x E)
X"(t, z)
=SNS"E 1 - _
Z [-/(o,oo]xs (Tase< }u,’:‘“([t, oo] x E)

i=1
. (/ Liecsyvnti(ds x E’)) vi+i(dt, d:z:)] (Fubini)
(0,00}

-yt (ds x E)] (by Lemma 3.3.1)

vt (dt, dz)vt (ds x E‘)]

=]
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/ 1 X"(t,z) .
(0,00]x E {Tn<t<col nti(ft, 00] x E)

[ / U7, o< X " (¢, )V T (dt, dx)J X
(0,00)x E

vitL([t, oo] x E)R+i(dt, da:)]

o0
> E
i=1

oC
Y E
i=1
Fix 7 € N to consider only one of the summands. We have

E [/ L7, co(x X" (¢, )V (dt, da:)]
(0,00)x E

= ZE [/ lleco[xE . 1["#”{7715“<T¢+l}lx(u.oo)xgu,’:*"'(dt’ d:l:)]
(0,00)x E

q<n

+E [ / 17, oofxE * l[Ann{TnSu}]x(u,oo)xBuy’:+i(dt1dx)] .
(0,00)xE

For any ¢ < n, we approximate the sections of ]T},, oo[ “from below” and invoke

monotone convergence to obtain

E [/ 17, oofxE * L[ Aqn{Ty Su<Tys1}ix(uc0)x BV T (dt, dl’)}
(0,0)x E

m
~F [/ 0D 3= 3~ (Lpr izt ctcpr dixtoe ot
(0,00)x E meN i " "

PEN) j=1

'lqun{Tq$u<T,,+l}]x(u.oo)xB) - UptHdt, dl’)]

m ~
= sup Z z E / 1[{p+1:-‘.ST..<p+J'-}nA.,n{'I:,gu<Tq+l}]x(w(p_‘_,,_)m)xB
meN pENG j=1 LY/ (0,00)x E m m L

-Vptt (dt, dz) |

m
= sup Z ZE 1{p+1;.—‘51..<p+1,,:}ﬂAqn{Tq5u<n+x} ) /

Vi (dt, dz)
mEN JeNo j=1 L (uv(p+L),00)x B

m ~
=sup DY B |l unior gt jnagn(TycucTyn
meN — L m m
PENQ j=1

-P [’UV (p+ J) <Tn+i= n+l < 00,/ n+i€B|fTu]]

m
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= sup ZZP[{p+—<T <p+ ]}ﬂAqﬂ{Tq$u<Tq+1}

meNPENoJ_
N {uV (p+ #) <Thii=Ths1 < oo} N{Xn4i € B}]
= P[Aqn {Tq Su< Tq-i-l}n{Tn <Thti=Th < oo}ﬂ{x n+i € B}]
= P[Aﬂ {Tq S u< Tq+l}n {Tn <Tn+i =1Ilp41 < Oo}n{Xn+i € B}]a

and moreover,

E [/ 117, 00[x E * L{Ann{T, <u}]x (u,00)x BV T (d, dz)]
(0,00)x E

=E [/ L[N {T <u}jx (u,00)x BV T (dE, dl')]
(0,00)x E

=K [lAnﬂ{TnSu} . / I/,':H(dt, d:l:)]
(u,00)x B

= E [Lanfucu} - Plu < Tnsi = Tost < 00; Xnoi € B|Fr,]]

=PlA, N {T, < u}n{u < Thyi = Thy1 < 00; Xyyi € B}

=P AN {Th Su<Thu}N{uVvT, < Thi=Thy <0} N {Xny € B}
=PAN{T, <u}nN{uVvT, < Thyi =Thi1 <0} N {Xpsi € B}].

Summing these expressions over all i € N, we obtain:

E [/ Lix(uc0)xB * 1]T,.,T..+‘]xEdV:|
(0,00)x E

=Z (ZP[AO{Tq L u < T} N {T: < Tpi = Tpt < 0} N { Xy € B}

=1 q<n

PIAN{Ty < u} N {uV Ty < Tops = Tart < 00} N {Xss € B}])

—ZZP[AH{T < < Ty} {uV Ty < Tagi = Taps < 00} N {Xayi € BY]

=1 q<n
+ PAN{T, <u}n{uVvT, < Thyi=Ths <o0}N{Xni € B}

[o o]
=) PlAN{uV T, < Tati = Tnst < 00} N { Xy € BY]

i=1

= Z E[IA ) l{Tn+s=Tn+l>Tn} - 1{u<Tu+;<oo} : lB(XrH-i)]

=1

8

3
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=E [/ ax(uo0)xB * Tp Tasxedp| - O
(0,00)x E



Part 11

Point Process Representations,

Couplings and Association
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Chapter 4

POP-spaces, Stochastic Order and

Association

As its title suggests, this chapter is an exposition on essential notions of partially
ordered Polish spaces, stochastic orderings of pairs of probability measures, and

association of single probability measures on such spaces.

Nachbin’s classical study of the interplay between topology and partial orders
on abstract spaces [44], as well as a result attributed to Strassen ([48]: Theorem
11) on the existence of probability measures on product spaces with stochastically
ordered marginals, led Kamae, Krengel and O’Brien [29], among others, to investigate
the stochastic orderings of probability measures on partially ordered Polish spaces
- in particular, on countable products of partially ordered Polish spaces - and to
identify conditions under which such orderings do hold.

Association emerged as a dependence property of collections of random vari-
ables. First introduced by Esary, Proschan and Walkup [17], this property found
immediate applications in reliability theory [16]. As central limit theorems were
later obtained for associated random variables (see, for example, [45], [10] and [11]),
probabilists sought to generalize the concept of association to abstract partially
ordered Polish spaces. Lindqvist [39] adapted techniques used by Kamae et al. [29] in

50
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their study of stochastic orderings, to derive important results on the association of
probability measures on partially ordered Polish spaces, and on countable products
thereof. As a result, the frameworks of the two theories (stochastic orderings and

association) have now much in common, as we shall show in this chapter.

Not surprisingly, the two sources from which we will most often quote are [29]
and [39] - the former as regards stochastic orderings, the latter in relation to
association. The bulk of the quoted results are taken from these sources. Results
involving representation maps (Theorems 4.2.7, 4.3.9 and 4.3.11) are, to our
knowledge, new. These maps reduce the question of orderings on a generic space to
a corresponding question on ﬁ.‘f

We first define partially ordered Polish spaces and related concepts in Section
4.1, while reserving the treatment of stochastic orderings and association for Sections
4.2 and 4.3 respectively. A deliberate attempt will be made to highlight the striking
similarities existing between criteria for stochastic orderings of pairs of probability
measures on one hand, and criteria for the association of a single probability measure
on the other.

In Chapter 5, we will apply some of these results to point processes on the
half-line, which will then be viewed as random elements of the partially ordered
Polish space (N, B(N)) if locally integer-valued, nonexplosive measures on R..

4.1 Partially Ordered Polish Spaces

A Polish space is a complete separable metric space. A Polish space S endowed with
the Borel o-field S generated by the metric of S is noted (S, S). Given a Polish space

(S.S), a closed partial order < on (S, S) is a binary relation satisfying the following
properties:

1. reflexivity: z <z Vz € S;
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(3]

=

transitivity: z < y and y < z together imply z < z V ,y,z € §;
antisymmetry: £ < y and y < z together imply z =y V z,y,z € S;

closure: if {z,}32, and {y,}32, are two sequences in S converging to z and y
respectively and, moreover, z, <y, Vn € N, then z < y.

The foregoing equips us to define partially ordered Polish spaces (POP-spaces) and

the related concept of increasing (resp. decreasing) sets:

Definition 4.1.1 Let (S,S) be a Polish space and let < be a closed partial order on

S.

1.

The triplet (S, S, <) is called a partially ordered Polish space (POP-space for
short).

A set A C S is said to be <-increasing (or simply increasing when the order
is unambiguous) if, for anyz € A, y€ S, z <y => y € 4. A is said to
be (<-)decreasing if it is the complement of a (<-)increasing set. If A C S is

arbitrary, we note
Inc(A):={yeS:3z€e A3z <y}
and
Dec(d):={yeS:3ze A>3y =<z}
Obuviously, Inc(A) is increasing by the transitivity of <, and Dec(A) is a de-

creasing set because its complement is increasing. If A = {z} is a singleton, we
write C, for Inc(A) and D, for Dec(A).

An increasing set A C S is said to be compact generated if there exists a compact
set K C S such that A = Inc(K); a decreasing set B is said to be compact
generated if there erists a compact set K C S such that B = Dec(K )-

Remark 4.1.2 If A C S is compact generated (as an increasing or decreasing set),

the sequential criterion for compactness may be invoked along with the closure of the

partial order < to show that A is closed, and thus measurable. This fact will be used

later.
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As POP-spaces have been defined, we may now introduce a special variety of POP-
spaces, namely, product POP-spaces:

Definition 4.1.3 Let (51,8, <), (S2, S, <2),... be POP-spaces endowed with met-
rics dy, dy, . . . respectively. Let n € NU {oo}. We define the product partially ordered
Polish space (S™, 8™ <) as follows:

1. S™ =@ S; is endowed with the product metric d* defined by

n

d (Z;,yt
d*(z,y) Z 2i[1 + di(z:, )]

foranyz = (z,...,2,), y= (y1,...,¥n) in SM™;
2. S = @', Si is the product Borel o-field generated by the product metric d;

3. For any (z1,...,Zn), (Y1,-..,Yn) € SM™), <* satisfies:

(Ilv”'vrn) <n (yh""yn)

if and only if z; <; y; for alli = 1,...,n. Observe that <" is a closed partial
order on account of the fact that the <;’s are closed partial orders, and that

convergence in (S™, d"™) corresponds to coordinate convergence.

A technical, but desirable property for a POP-space to have is that of normal
orderliness. This property will be invoked, in particular, to ensure that associa-
tion is preserved under weak convergence of probability measures (see Theorem 4.3.3).

Let (S, S, <) be a POP-space endowed with a metric d. For any pair 4, B C S of
nonempty sets let

d(A, B) :=inf{d(u,v) : u € A,b € B}.

Definition 4.1.4 The POP-space (S, S, <) is said to be normally ordered if there
ezists a metric d on (S, S) such that

(N1) d(D;,C,) =0 impliesy < z for allz,y € S;
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(N2) d(D;,C;) <d(D.,Cy) +d(D,,C.) forall z,y,z € S.

“Normal orderliness” has been defined a great many different ways in the literature
(see, for example, [44], [49] and [39]). Our definition is stronger that Lindqvist’s ([39]),
but conditions (N1) and (N2) have been used by Lindqvist ([39]: Theorem 5.2) to
establish the following important result - which he phrases differently, in accordance
with his own definition:

Theorem 4.1.5 If (S;,81,<1), (S2, 82, <2),... are normally ordered POP-spaces,
then the product POP-space (§(®), 8(*), <) is normally ordered.

At last, we consider two normally ordered POP-spaces, one of which we shall use
frequently. Let R, := [0, 00| be endowed with the metric d defined by

d(z,y) :=|e™* —e™|

for any z,y € R, where e~ = 0 by convention. The Borel sets B(R..) of R corre-
spond to the “usual” Borel sets on [0, 00) and admit the singleton {oo} as measurable.
It is clear that (R.,d) is a Polish space, and that the usual partial order < is closed
on (R4, B(R.)). It is also clear, by inspection, that conditions (N1) and (N2) are met
by the POP-space (R, B(R.), <), so that (R, B(R.), <) is normally ordered. By
Theorem 4.1.5, the POP-space (R%®, B(R®), <*) is also normally ordered. We shall
later use (R, B(R®), <) to define representation maps for closed partial orders
on abstract Polish spaces (see Definition 4.3.8). For the sake of legibility and future

reference, let us summarize these points as follows:

Remark 4.1.6 The POP-spaces (Ry,B(R.),<) and (R®,B(R%),<®) are nor-
melly ordered.

4.2 Stochastic Orderings of Probability Measures
on POP-spaces

This section summarizes and adapts results extracted from [29]. Our presentation

is designed to highlight the close analogies between criteria that ensure a coupling
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reiation on the one hand, and criteria which secure association on the other. The cur-
rent section deals with the stochastic ordering (i.e. coupling) of pairs of probability
measures, whereas its successor will address association of single probability measures.
Let (S, S, <) be an arbitrary POP-space.

Definition 4.2.1 Let P, and P, be probability measures on (S, S, <).

1. We say that P, is stochastically smaller than P, (with respect to < if the order

is ambiguous) if, for any <-increasing set A € S,
Py (A4) < Py(A).

We denote this relationship P, < P, and say that P, and P, satisfy a coupling
relation, or a coupling for short.

2. If X1, X2 : (Q,F,P) — (S,8,<) are two random elements of S such that
PoX[' < Po X5, we say that X, is stochastically smaller than X, and
denote this relationship

X, <st X,.

As random elements cannot be confused with probability measures, we also say,

in this case, that X, and X, satisfy a coupling (relation).

It turns out that not all <-increasing sets A need be substituted in the relation
P;(A) < P;(A) for a coupling to be proven. Indeed,

Theorem 4.2.2 Let P, and P> be probability measures on (S, S, <). The following

statements are equivalent:
1. P < Py;
2. P,(A) < Py(A) for all closed, <-increasing sets A C S;

3. Pi(A) < Py(A) for all <-increasing, compact generated sets A C S.
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Proof The equivalence of (1) and (2) is proved in [29] (Theorem 1). As (3) is a
special case of (2), only the implication (3)==(2) requires an explanation. Suppose
(3) holds and let A C S be closed and increasing. Since (S, S) is Polish, for any € > 0
there exists a compact set K C A such that P,(A\ K) < € ([4]: Theorems 1.1 and
1.4). But as Inc(K) C A is compact generated, we obtain P;(A) < P;(Inc(K)) + €
< Py(Inc(K)) + € < P2(A) + ¢, and since ¢ is arbitrary, (2) follows. O

The partial order < is closed, i.e. for any sequences {z,}3,, {ya}2, in S
converging to z and y respectively, if z, < y, for all n € N, then z < y. This
property is mirrored by pairs of componentwise coupled weakly convergent sequences
of probability measures. More precisely, according to [29] (Proposition 3),

Theorem 4.2.3 Let {P,}%2,, {Q.}32, be two sequences of probability measures on
(8,8, <) converging weakly to probability measures P and Q respectively. If P, < Qn
for alln € N, then P < Q.

Now turning to product POP-spaces, let us state how the coupling of two proba-
bility measures on a product POP-space relates to the couplings of their respective
marginals. According to Proposition 2 of [29], one measure is stochastically smaller
than another on a product POP-space if and only if the marginals of the former are
stochastically smaller than the marginals of the latter on the projection spaces. In

mathematical notation, this is expressed as follows:

Theorem 4.2.4 Let (S() §(®) <®) be a countable product of POP-spaces
(Sl:'sly <1 ): (527821 ~2 )r' .. For anyn € N let

Tn S(e) — S
(z1,22,...) ¥ (T1,-..,Zn)
denote the projection map associated to the first n coordinates. If P and Q are two
probability measures on (S, S(>)), then P < Q if and only if Pon' < Qo' on
the product space (S, S, <*) for alln € N.

Remark 4.2.5 Kamae et al. [29] only proved sufficiency in Theorem 4.2.4, but
necessity follows from this simple observation: for any n € N, if A € 8™ is <*-

increasing, then A X Sp;1 X Spy2 X ... is both <*-increasing and S(™)-measurable.
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Theorem 4.2.4 characterizes couplings of probability measures on an infinite product
of POP-spaces via corresponding couplings of the finite dimensional marginals on the
projection POP-spaces. Its import, however, is more theoretical than practical, be-
cause it provides no criterion for ensuring the couplings of finite dimensional marginals
in the first place. One such criterion, which constitutes the so-called “discrete-time
comparison theorem” in the terminology of [29], uses stochastic kernels; stochastic
kernels - or transition probabilities, as they are sometimes called - are handier in
practice because probability laws on product spaces tend to be more often specified
via their stochastic kernels than via their joint distributions. In Theorem 4.2.4’s
notation, Kamae et al. ([29]: Theorem 2) state:

Theorem 4.2.6 For anyn € N, if
P QR 80N x S,y — [0,1]

denote the unique stochastic kernels in S"*) = 8™ x S,., such that, for any
Al e S, Antt € Snti,

/Am PitYzy, ..., Zn, App1)dP o7 (zy, ..., 2n) = Pom Il (A™ x Au)
and
/.-\(n) QatYz1y oy Tny Ans1)dQ o T (21, .., 2n) = Qo Tl (A x Anyy),
and if
1. Por! <, Qony! and
2. for any (z1,...,Zn), (Y1,---,Yn) € S™ such that (z1,...,Z,) <" (Y1,---+Yn),

P::+1(Il1 ceesTn, ') ~<n Q:+1(y11 cr s Yn, ')

as probability measures,

then P <> Q on (§(®), §(®) <=},
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We conclude this section with a result that relates a coupling relation on an arbitrary
POP-space to an induced relation on the space (RP, B(RY), <*). Our motivation
for doing this is to complete the remarkable parallel to be drawn from criteria which
ensure coupling relations on one hand and criteria which establish the property of
association on the other. The instrument we invoke here - a representation map - will
be formally defined in the next section.

Theorem 4.2.7 Let (S,S,<) be a POP-space. Suppose there ezists an injective,

measurable map

b, :(S,8) — (R®, B(RY))

such that for any z,y € S, £ < y if and only if & (z) <™ ®,(y). Then, for any two
probability measures Py, P, on (S,S), P, < P; holds if and only if PLo®Z! <™ Pod!
holds on (R, B(RY)).

Proof For sufficiency, suppose P, < P, on (S,S), and let A € B(R®) be a <*-
increasing set. Then ®Z'(4) is <-increasing in S. We therefore obtain P, o ®Z!(A) =
P(22'(4)) < P(9Z(A)) = Pro®Z}(A), and so Pio®Z! <™ Pyo®z!. For necessity,
suppose A € S is <-increasing. As (S,S) and (RP, B(R®)) are Polish and & is
injective, ®.(A) € B(RY) by Kuratowski’s theorem ([33]: Corollary 2 of Theorem
13.1.9). Also, for any € > 0, Billingsley ([4]: Theorems 1.1 and 1.4) warrants the
existence of a compact set K’ C ®_(A) such that P,o®Z!(A\ K) < e. Observe, then,
that ®Z'(Inc(K)) C A, as ®Z! preserves orders and A is increasing. It follows that
Pi(A) £ PLo® ! (Inc(K)) +€ < Pyo &2 (Inc(K)) + € < Py(A) +e¢. As € is arbitrary,
the conclusion follows. O

Remark 4.2.8 Sufficiency does not require that & be injective in the proof of The-
orem 4.2.7. In general, if (S1, S, <1) and (Sz, S2, <2) are POP-spaces and

¢ : (511 SI) <1) -— (521 ‘S27 *2)

is measurable and increasing (meaning that V z,y € Si, = <; v = ¢(z) <2 6(y)),
the coupling P, <, P, of two probability measures on (S;, S, <) entails the coupling
Pio¢™! <, Pyo¢™! of the corresponding probability measures induced by ¢ on (S2,Ss).
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Remark 4.2.9 If, in the statement of Theorem 4.2.7, the property that z < y if
and only if & (z) <> ®_,(y) is replaced by the property that x < y if and only if
O, (y) <™ B, (z), then P, < P» holds if and only if P o ®' <™ P, o ®! holds
on (RP, B(RY)). That is, when & defines < “in reverse”, the pre-image of a <*-

increasing set is a <-decreasing set.

4.3 Association of Probability Measures on POP-

spaces

This section relies primarily on [39]. When unspecified, (S, S, <) shall denote an
arbitrary POP-space. Let us first define the property of association:

Definition 4.3.1 Let P be a probability measure on (S, S, <).

1. P is said to be associated (or associated (<) when the order is ambiguous) if,

for any pair A, B of measurable, <-increasing subsets of S,
P(AN B) > P(A) - P(B).

This relationship holds if and only if
P(AN B) > P(A) - P(B)

for any pair of <-decreasing sets .I, BeS.

2. A random element X : (Q,F,P) — (5,8,<) of S is said to be associated
(or associated (<) when the order is ambiguous) if its distribution Po X! is

associated (<).

Theorem 3.1 of [39] includes a practical characterization of association which closely
reflects Theorem 4.2.2’s characterization of stochastic order:

Theorem 4.3.2 Let P be a probability measure on a POP-space (S, S, <). The fol-

lowing statements are equivalent:
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1. P is associated (<).

2. P(CynC,y) > P(C,) - P(C,) for all pairs C,, C, of <-increasing (resp.
<-decreasing), closed subsets of S.

3. P(G, N G,) > P(G,) - P(G,) for all pairs G,, G, of <-increasing (resp.
<-decreasing) compact generated subsets of S (see Remark 4.1.2).

The usefulness of Theorem 4.3.2 resides in (2) being a special case of (1) and (3)
being a special case of (2).

Recall Theorems 4.2.3 and 4.2.4. They stated, respectively, that coupling re-
lations are preserved by weak limits, and that coupling relations on product spaces
are characterized by coupling relations on the projection spaces. We ask ourselves if

and when similar results could hold for association, namely:

1. When is association preserved by weak limits of associated probability mea-

sures? - and -

2. When is a probability measure associated on a countable product of POP-

spaces?

It is here that the generality of Section 4.2 cannot be replicated entirely. The prop-
erty of normal ordeliness is necessary to answer either question. Insofar as weak

limits on abstract POP-spaces are concerned, we have the following theorem from
[39] (Theorem 3.5):

Theorem 4.3.3 If (S, S, <) is normally ordered and {P,}®, is a sequence of as-
sociated probability measures on (S, S, <) converging weakly to a probability measure
P, then P is associated.

Similarly, on a normally ordered product POP-space, a probability measure is asso-
ciated if and only if its finite dimensional marginals are associated on the projection
spaces. Theorem 5.1 of [39] may be stated as follows:
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Theorem 4.3.4 Let (S(®) 8(®) <®) be a countable product of POP-spaces
(S1,S1, <1 ), (S2,85,<2 ),... Foranyn € N let

T : S(ee) — St

(.’L’[,.’L’g, ...) — (.’L‘[,. ..,In)

denote the projection map associated to the first n coordinates. If (S(*), 8(*), <=) is
normally ordered, then a probability measure P on (S, §() <) is associated if

and only if Pom;' is associated on the product space (S™,8™, <") for alln € N.

In particular, by virtue of Remark 4.1.6,

Remark 4.3.5 A probability measure P on (RP, B(RY), <®) is associated if and
only if Pow;! is associated on (R", B(R"), <") for alln € N.

We have thus characterized the association of a probability measure on a normally or-
dered product POP-space as the association of its finite dimensional marginals. Still
lacking is a criterion guaranteeing association on the product space - a certain charac-
teristic of the measure which could be verified by way of computation. With Theorem
4.2.6 in hindsight, the reader may suspect this criterion will involve stochastic kernels.

Define the monotone kernel property as follows:

Definition 4.3.6 Let (S(®) S(®) <=) be a countable product of POP-spaces
(S1, 81, <1), (S2,82,<2),. .., and let P be a probability measure on (S(>), §(°), <),
For any n € N, let
m:  S® ., §w
(z1,%2,...) — (T1,...,Tn)

denote the projection map associated to the first n coordinates, and let
PS50 x S, — [0,1]

denote the unique stochastic kernel in S"+Y = S x S, ., such that, for any A™ ¢
S(n)’ ‘4n+l € Sn+l:

/( )P:+I(Ih"'1zns ‘4n+l)dP°7r;l(Ilv-'~yzn) = Poﬂ';—(l-l(‘4(n) x An-H.)-
Aln

If, for any n € N,
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1. P**\(zy,...,z,,") is associated (<n41) for all (zy,...,z,) € S™, and

2. for any (z1,...,Za), W1s.--,Yn) € S®, (z1,...,2,) <" (Y1,--.,Yn) implies
PMYzy, ..., Zn,*) <ns1 PP Y1, .., Yn, ) as probability measures,

then P is said to satisfy the monotone kernel property, or, equivalently, is said to

ezhibit monotone kernels.

This leads to the following criterion for association, which is a direct consequence of
[39] (Theorem 4.1):

Theorem 4.3.7 Let P be a probability measure on a countable product
(S§(®), §(®) < ) of POP-spaces. If P satisfies the monotone kernel property, then

P is associated.

It should be noted that the monotone kernel property is strictly stonger than

association in general ([39]: p. 120), so that Theorem 4.3.7 does not have a converse.

It must also be mentioned that in Lindqvist’s terminology, a “monotone stochas-
tic kernel” is one which satisfies (2) of Definition 4.3.6, whereas an “associated
stochastic kernel” is one which satisfies (1). We took the liberty of combining the
two properties into one definition on account of the fact that (R, B(R®), <*)
will be the only product POP-space ever encountered in this thesis, and that (1) is
automatically satisfied by (R®, B(R?), <*) for all n € N, as R, is totally ordered
by < (probability measures are always associated with respect to total orders).

The monotone kernel property is one of the easiest ways of ensuring the asso-
ciation of a probability measure on (R, B(R®),<®). In this regard, R® is a
privileged POP-space, one for which association may easily be verified. On more
abstract POP-spaces, however, the criterion of kernel monotonicity is seldom
available (the spaces in question may not even be product spaces). It is therefore
of interest to try to take advantage of ﬁ°+°’s simple structure by attempting to

characterize the association of a probability measure on an abstract POP-space via
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the association of a related probability measure on (RP, B(R), <*°). Whence the

appropriateness of a tool called representation map - our own creation.

Definition 4.3.8 Let (S, S) be a Polish space, and < a closed partial order on (S, S).

A representation map ®. for < is an injective, measurable map
o< : (S, S) — (RY, BRY))
such that either
1. 2 <y b (z) <® O (y) for all z,y € S, or
2. <y <<= b (y) <® b (x) forallz,y € S.

If (1) holds, then ®. is said to be order-preserving; if (2) holds, it is said to be
order-reversing.

The usefulness of such maps becomes apparent with this result:

Theorem 4.3.9 Let P be a probability measure on a POP-space (S, S, <). If there

erists a representation map
o : (S, 8) — (RT,B(RY))
for <, then P is associated (<) if and only if P o ®! associated (<>).

Proof For necessity, let us assume that P is associated (<). If A, B € B(RY)
are two <*-increasing sets, then $2!(A) and ®2!(B) are either both <-increasing or
both <-decreasing, depending on whether & satisfies (1) or (2) of Definition 4.3.8.
Therefore, :
Po®'(ANB) = P[®Z!(A)N &-!(B)]

> P[®!(4)] - P[@N(B)]

=Po®Z!(A)- Pod!(B)
and it follows that P o ®7! is associated (<*). For sufficiency, suppose that P o ¢!
is associated (<*°), and let A, B € S be two <-increasing sets. As (S,S) and
(R, B(RY)) are two Polish spaces and ®. is both measurable and injective, Kura-
towski’s theorem ([33]: Corollary 2 of Theorem 13.1.9) ensures that the image sets
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®.(A) and ®(B) are in B(R?). Also, the fact that (R®, B(R)) is Polish im-
plies, by Theorems 1.1 and 1.4 of [4], that, for any € > 0, there exists compact sets
K, C ®.(A) and K, C ®,(B) such that

[P o @7 (®<(4) \ K1)] V[P o @3 (3<(B) \ Ka)] < e.
Pick ¢, K} and K3 accordingly and consider G, := Inc(K)) and G, := Inc(K>) if &

is order-preserving, G, := Dec(K,) and G, := Dec(K) if ®. is order-reversing. By
Theorem 4.3.2 we know that

Po ‘D:l(Gl N Gg) 2 Po (I’:I(Gg) -Po (D:l(GQ),

and we also observe that ®Z'(G,) C A and ®2!(G;) C B as ®. is a representation
map. [t follows that

P(ANB) > P[®3'(G1) N &31(Gy)]
=PodZH(G,NG2)
> Po®7(Gy) - P o ®3H(Gy)
2 [P(A) —¢€]-[P(B) — €]
> P(A) - P(B) — 2¢ + €2.
As € is arbitrary, we obtain P(AN B) > P(A) - P(B), which results in P being
associated (<). O

Remark 4.3.10 Sufficiency does not require that ®. be injective in the proof of
Theorem 4.3.9. In general, if if (S|, Si, <) and (S2, Sz, <2) are POP-spaces and

¢ : (Slvsly <l) — (521 &7 <2)

is measurable and monotone (meaning that V z,y € S, either z <, y == ¢(z) <2
#(y) or z <1 y => @(y) <2 ¢(z)), then the association of a probability measure
P on (S, 81, <1) entails the association of the probability P o ¢~! induced by ¢ on
(S2, Sz, <2).

At last, we tackle the problem of preserving association under the weak convergence
of associated probability measures on abstract POP-spaces. This will be done by
exhibiting representation maps for the closed partial orders considered, which are
continuous almost surely in the limiting distribution.
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Theorem 4.3.11 Let P, P,,... be probability measures on a POP-space (S,S, <)
converging weakly to a probability measure P. If P, is associated for all n and there

exists a representation map
o, : (S, 8) — (R, BRY))
for < such that the set

{z € S:®_(z) is discontinuous at }
is P-null, then P is also associated.

Proof Assuming the P,’s are associated and such a ® exists, P,o®Z! is associated
(<) for all n € N by Theorem 4.3.9. The convergence P, = P, coupled with the
continuity of ¢ everywhere outside a set of P-measure 0, entails that P, o ®7! =
PodZ! on (RP, B(R)) as n — oo ([4]: Theorem 5.1). But since (R, B(RY), <)
is normally ordered, Po®Z' must be associated (<*®) on (R®, B(R®)). This implies,
by Theorem 4.3.9, that P is associated on (S, S, <). O.



Chapter 5

Couplings and Association of Point

Processes

In this chapter we investigate various criteria which ensure couplings and association
of point processes when viewed as random elements of the metric space (N, B(Np)),
which is itself embedded in the Polish space (N, B(N)). Three closed partial orders
on (N, B(N)) will be considered, along with corresponding representation maps.

The stochastic ordering of point processes finds wide application, including
the study of “repairable sytems with schemes of planned replacements” (see [38], as
well as their references). On the other hand, Burton and Waymire have established
that certain stationary random measures (including point processes) which are
associated satisfy “classical scaling limits” ([9]: Theorem 4.1). As we shall see, the
stochastic ordering or association of point processes is often related to the stochastic
ordering or association of random variables which characterize these point processes
(interarrival times, for example). See the examples of Kwiecifiski and Szekli [37].
We may thus state unambiguously that there exists an independent interest for both
stochastic orderings and association of point processes.

Section 5.1 defines, in the manner of Kwieciiski and Szekli [37], the three
partial orders <, <p and < on (N, B(N)), and associates representation maps

66
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to each of the three (representation maps were discussed in Section 4.3). Section 5.2
provides criteria on the path compensators of two point processes which ensure that
the latter are stochastically ordered with respect to one of the three aforementioned

partial orders. This section uses background material introduced in Section 4.2.

In a similar fashion, Section 5.3 develops criteria on the path compensator of
one point process which ensure the latter is associated with respect to one of the
three partial orders; in passing, it redefines a unified self-exciting property that
Kwiecinski and Szekli [37] had formalized separately for the three orders. Section

5.3 refers to results in Section 4.3.

Finally, as an application, Section 5.4 attempts to replicate, from the angle of
monotone kernels, Kwieciniski and Szekli’s result ([37]: Theorem 4.2) that a point
process which is self-exciting with respect to one of the three partial orders, is
automatically associated with respect to that order.

5.1 Orders on (N,B(N))

Recall that (N, B(N)) is the topological space consisting of all measures u on
(R4, B(R.)) such that, for any t € R, u([0,t]) € N U {0}. This space is made
complete and separable by the metric of vague convergence, which ensures that a
sequence {u,}32, in N converges to some pg € N if and only if for any m € N,
Tm(tta) — Tm(y) in Ry as n — oo. The three closed partial orders on (N, B(NV))
tiiat we shall define and represent are <, <p and <.

<a is commonly called the thinning order. For any u, v € N, one writes
p<nv if p(B) < v(B) for any bounded Borel set B C R,. =<y is obviously a
reflexive, transitive and antisymmetric binary relation, and its closure has been
established by Kallenberg ([28]: 15.7); it is thus a bona fide closed partial order on
(W, B(N)).
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The first representation map @9}, we shall define for <, involves a countable
class of relatively open intervals of Ry. Let {r,}2, be an enumeration of the
nonnegative rationals, define the class

T® = {[0,7a) : n € N}U {(r1,7m) : m,1 € N},

and let {C,}32, be an enumeration of the elements of 7). We claim:
Proposition 5.1.1

) : N — R
u (#(01)1/-‘(02)7--')

defines an order-preserving representation map for <.

Proof Let us first show that ®%) is injective. Observe that the class TV is a
m-system generating the Borel o-field over R, and that both x and v are o-finite
over TW. If &) (u) = @) (v), then  and v agree on 7, and must therefore agree
on o(T™") = B(R,) by Theorem 10.3 of [5]. As for @92, being order-preserving, it
is clear, by the definition of <y, that u< v — Qg‘b(u) <™= (DQ},(U). Conversely,
if @9_2,(;;) <™ <I>(<ll,(u), one may invoke the regularity of locally finite measures on
bounded open subsets of a metric space ([4]: Theorem 1.1), along with the fact that
both p and v are integer-valued, to show that for any bounded Borel set B C R,,
there exist a finite, disjoint collection Bi,,...,B;, of members of T!) such that
B ¢ U, B;, 7=1 #(Bi;) = p(B) and > i=1¥(Bi;) = v(B). In this event, the
inequality ®%), (1) <= @) (v) entails u(B) = =1 1(Bi;) < 370 v(By,) = v(B);
as B is arbitrary, the relation u<,v ensues. O

Another representation map (I>(<IJ)V for <54 may be obtained by modifying the
“dissecting class” 7). Using the same enumeration {r,}>, of the nonnegative
rationals, define the class

T :={[0,7s] : n € N}U{(r1, 7] : m, L € N},
along with the corresponding map
%2 . N — R
g o= (w(C),u(l),...),
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where {C,}°, is an enumeration of members of 7.

Proposition 5.1.2 <I>(<22, is an order-preserving representation map for <r.

Proof As every coordinate function of Q(fz, is the limit of a decreasing sequence of

coordinate functions of @9},, it is clear that <I>(3_2, is measurable. (I)(fl, may also be
shown to be injective and order-preserving by repeating the argument used for QQ},,
substituting “7®” for every occurrence of “7(\”,

Remark 5.1.3 Neither @92, nor <I>(<2)v are continuous in the metric of vague conver-
gence. To show @9{, is not continuous, observe that [0,1) belongs to T"). Then
Pn = 61_%—> @ = 6, in the metric of vague convergence as n — oo, but
pn((0,1]) =1 /> u((0,1]) =0, so @92, is not continuous. A similar reasoning may

be used to show ‘I’(j}v is discontinuous at measures which charge the left endpoints of

members of T

Let us now turn our attention to the partial order <p, commonly referred to
as the Skorokhod order. Let u,v € N. We write u<pv if, for any t € R,
r([0,¢]) < v([0,t]). As the intervals [0,t] constitute a w-system which generates
B(R.), it is clear that the binary relation <p is antisymmetric in addition to being
reflexive and transitive. Another characterization of the relation u<pv is to say
that 7,(u) > 7,(v) for all n € N. Thence, the characterization of vague convergence
by convergence of the jump points enables one to conclude that the order <p is closed.

Two representation maps, one continuous and one not continuous, will be
constructed for <p. The continuous representation involves the jump point of the

measure argument; the non-continuous one involves intervals of the form [0, t].
Proposition 5.1.4 The map
. _
(D(_(L : N — R?P
u o — (Tl(“)v TZ(#)s .. ')

s a continuous, order-reversing representation map for <p.
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Proof A measure of N is uniquely determined by its jump points, so <I>(<1,)J is
injective. <I>(<1,)J is also continuous (in its coordinate functions), because the vague
convergence of A -measures is equivalent to the convergence of their jump points.
At last, @QL is order-reversing as a result of our characterization of <p by the very
same jump points. O

To define the second representation map for <p, retain our previous enumera-

tion {r,}32, of nonnegative rationals.

Proposition 5.1.5 The map

2 : N — RY
o (“([037'1])7/-‘({077.2])a

is an order-preserving representation map for <p.

Proof In addition to being measurable (see the proof of Proposition 5.1.2), <I>(3,),
is injective because the class of intervals of the form [0, r,] is a 7-system generating
B(R..) over which any u € N is o-finite. It also results from a simple approximation
argument that <I>(<21), is order-preserving. O

Remark 5.1.6 As in Remark 5.1.3, one can show that <I>(<21), is not continuous in the

melric of vague convergence.

The last partial order to be studied is <., the “infinity” order. For any pu,v € N,
write pu<ooV if Th(p) — Th-1{pt) = Ta(v) ~ Ta-1(v) for all n € N. As the inter-jump
distances of N -measures determine the jump points themselves, it is clear that <.
is antisymmetric, as well as reflexive and transitive. It is also closed by virtue of the
characterization of vague convergence by convergence of the jump points. As we did
for <p, we introduce two representation maps for <., one continuous, the other not
continuous.

Proposition 5.1.7 The map

(” : N — R
p — (Xi(w), Xo(u), Xa(p),...)
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where, for any n € N,

3

Xa(p) = Ta(lt) = Tao1(p) o a1 () < 00
hed oo otherwise

is a continuous, order-reversing representation map for <.

Proof An argument similar to that of the proof of Proposition 5.1.4 may be
invoked. O

At last, the non-continuous representation map <I>(3L for <. will involve a
class of intervals which, in contrast with previously used classes, will depend on the
measure argument of Q(*ZL As usual, retain the enumeration {r,}32, of nonnegative
rationals. For any u € N define the class Z* as

T := {(Tn(p): a(n) +rm] : m,n € N} U {[0,r] : L € N},
and enumerate it as {[#}3 .
Proposition 5.1.8 The map
? . N — R
p— (p(Il),p(13),...)

is an order-preserving representation map for <.

Proof Let us first show that Q(f; is measurable. For any [,m,n € N, the set
{b € N2 p((malp), ma(p) + 1)) 2 1} is equal to {u € N : Tpi(p) — Talp) < T}
likewise, {1 € N : p([0,7]) > {} is equal to {u € N : 7(1) < Tm}. As the jump
points are continuous functions of their measures, the coordinate functions of Q(fc)n
must be measurable. <I>(33,° is injective because, for any u € N, n € N U {0}, the
distance 7,(1) — Th+1(p) can be recovered from the values p((7,(u), Ta(1) + m]) by
letting the index | € N vary; similarly, the point 7;(x) can be situated using the
values ([0, r(]) and letting ! vary. Finally, as regards the order-preserving character
of <I>(<23°, it is immediate that if u<.v in A, then <I>(3°)° () <= Q(fzo (v). Conversely, if
<I>(2° () <= <I>(<2L (v), then one must have 7(u) > 71 (v) from u([0, i) < v([0,r]) for
alll € N; p(p) —71(p) 2 m2(v) ~1(v) from p((m1(k), 71 () +7)) < v((m(v), i(v)+11))
for all l € N,... and so on to obtain p<.v. O
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Remark 5.1.9 It may be shown that <I>(3°)° is discontinuous at measures p which

charge the right endpoint of a member of I#. The argument is similar to the one

which was developed in Remark 5.1.3.

This completes our survey of closed partial orders on (N, B(N)). The reader should
take note of the concluding remarks.

Remark 5.1.10 As we have ezhibited continuous representation maps for closed par-
tial orders <p and <, Theorem 4.3.11 secures the following result: let {P,} be a

sequence of probability measures on (N, B(N")) which are associated which converge

weakly to a probability measure P.

1. If <€ {<p, <} and P, is associated (<) for all n € N, then P is associated
(<)

2. If P, is associated (<) for all n € N and the set
{ue N: 02, is discontinuous at 1}
1s P-null, then P is associated (<yx).

Remark 5.1.11 [t is clear that <p is weaker than either <, or <. in the sense
that if u=<axv or u<v in N, then u<pv. The orders <5 and <o, however, are not
comparable: it is easy to construct examples which show that p<v does not imply

<ol and < v does not imply u<v in general.

5.2 Compensator Criteria for Point Process Cou-
pling

In light of the previous section, Theorems 4.2.4 and 4.2.7 entail the following result as
pertains to the closed partial orders <, <p and <, on (N, B(N)) (recall that point
process relizations are by definition Np-valued and therefore do not charge {0}).

Theorem 5.2.1 Let Ny, N, : (Q, F, P) — (N, B(N)) be two point processes. These
three statements hold:



CHAPTER 5. COUPLINGS AND ASSOCIATION OF POINT PROCESSES 73

LNy =y, Ny = 08 (V) <3 %), (V) <= %, (V1) <5 @2, (N2) if and
only if

(NM(zunl)s - Ni(Zmy ym)) <G (N2((z1, 1)), - - -, No((Tm, Ym))

fOT all (xlr y1)1 sy (xmn ym) € R?i-’
2. N, N. oM (W) <= o) (i, 2 (N) <= P (N,) if and
- N =pg, Np &= D, (Vo) <G O, (V1) = B, (V1) <5 ¢5,(NV2) if an
only if

(Nl((01 tl])7 ceey lvl((ov tm})) _:gnt (NZ((01 tl])7 ey N2((01 tm]))

forallty,....t, € R,.

3. Ni <oy N2 = 3 (N,) <% o) (V) = &2 (Ny) <% &2 (N,) if and
only if

(M((1a (M), Ta(N1) + E1])s - - o, Ni((Ta(N1), (VL) + t]))
<t (N2((ta(N2), Ta(N2) + 1), - .., No((Tn(N2), Ta(N2) + tm)))

foralln e Nu {0}, t1,...,tn € R,.
It may be inferred from results in [36] and [47] that, provided some regularity condi-
tions hold, the path compensators of Ny and N, may be tested over the same classes of

intervals - taken individually - as those appearing in the preceding theorem to ensure
a coupling of the two point processes. More precisely:

Theorem 5.2.2 Let N, N, : (Q,F,P) — (N, B(N)) be two point processes with
path compensators A, A, : Ny x Ry — Ry respectively, such that Ni(R,) =

N2(Ry) = oo almost surely and Ay, Ay are pathwise continuous.

1. If Ay and A, are pathwise absolutely continuous and A,(u, (s,t]) < A2(v, (s, t])
for any s,t € Ry, p,v € Ny such that s < t and u<v, then

Ny <nyy No;
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2. If Ai(p, (0,t]) < Aa(v,(0,¢]) for all t € R, whenever p,v € Ny satisfy u<pv,
then

lVl *Dst N?;

3. If M, (Ta (), () +1]) < Aa(v, (Tn(v), Ta(v) +t]) for any t € Ry, n € NU{0}
and p,v € Ny such that p<v, then

N, <°°st N,.

Proof 1. Rolski and Szekli ({47]: Theorem 2) assert that if A\, and \; are (path)
densities of A, and A, respectively, then the condition A(u,t) < A(v, t), satisfied for
all t > 0 and p,v € Ny such that u<,v, entails NV} <N, N2 But by the current
hypothesis we may write A\;(y, t) := lim,_,,- Mﬁ%’—m < lim,_,,- 3(—‘”_—(’5—‘12 =: Aa(y, t).

2. Follows from {36] (Theorem 3.1 and Remark 3.1), once a few simple nota-
tional changes are made. The reader is reminded that two ANp-measures g and v

satisfy u<pv if and only if (1) > m(v) for all n € N U {0}.

3. LetIT: (ﬁ, F,P) — (Mo, B(MV,)) be a Standard Poisson Process on R.;
let 8 represent the null measure on R, and furthermore, for any ¢,,...,t, such
that for any i € {1,...,m — 1}, t; < 00 = 0 < t; < tiy1, let dm(ty, ..., tm) be
the AVp-measure such that 71(dm(ti,-.-,tm)) = tiye- oy Tm(Om(ty, .-, tm)) = tm, and
Tm+1(@m(tL,.--,tm)) = co. Consider the maps [}, : (Ng, B(AVy)) — (No, B(NL))
defined as follows: for any measure p € Ny, let

sy :=inf{t > 0: A(8,(0,t]) > n(w)};
sz := 81 +inf{t > 0: A(d1(s1), (51,81 +t]) > a(p) — n(w)};

Sm41 = Sp + inf{t >0: Al(¢m(slv ceey sm)v (srm Sm + t]) > Tm+l(l‘) - Tm(ﬂ)}

and put 7,(I"1 (1)) := sm for m € N; similarly let
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ty :=inf{t > 0: A(0,(0,t]) > n(u)};
tr ;= 8 + inf{t >0: A2(¢1(t1), (tl,tl + t]) 2> T2(l‘) - Tl(“)};

tm+1 =8m+ inf{t >0: A2(¢m(tly seey tm)v (tmv tm + t]) Z Tm+1(ﬂ) - Tm(l‘)}

and put 7,([2(x)) ;= t, for m € N.

According to [36] (Proposition 3.1), Ny =g [(IT) and Ny =g [o(IT). As-
suming the current hypothesis (i.e. YVt > 0,n € NU {0}, A (g, (Ta(12), Ta(p) + t]) <
Ao(p, (Ta(v), T(v) + t]) whenever pu=<v in Np), we shall obtain N} <oog, N2
once we show that [)(u)<e[2(u) for all 4 € N, or, equivalently, that
Tast(T1(k)) = m(Ti()) 2 msi(T2(p)) — ma(T2(p)) for all 4 € Ap and all
n € N U {0} such that 7,(';(1)) < oo. This, however, is easily shown by induction
over n. 0.

We have now developed criteria for the coupling of two point processes which
use their respective path compensators. Historically, criteria which ensure the
association of individual random elements have generally been crafted to resemble
criteria which were already known to ensure the stochastic orderings of pairs of
random elements - we have stressed this aspect throughout the present chapter. In
the next section, we shall endeavour to develop a criterion for the association of a
point process (with respect to one of the three common partial orders) that uses the
compensators in a fashion similar to that exhibited in Theorem 5.2.2. The notion of

self-ezciting point process will emerge from this endeavour.

5.3 Compensator Criteria for Point Process Asso-
ciation

Using Theorems 4.3.4 and 4.3.9, the association of a point process on R, with respect
to <u, <p Or < is characterized as follows:
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Theorem 5.3.1 Let N : (2, F,P) — (N,B(N)) be a point process. These three

statements hold:

1. N 1s associated (<y) if and only if (Dgl,(N ) is associated (<*°) if and only if
@gl,(N) is associated (<) if and only if

('N((Ily yl])1 ceey Nl((zm: ym])) is assoctated (Sm)

fO"' all (Ilv yl)s sy (xmr ym) € Ri‘

2. N is associated (<p) if and only if QQI),(N) is associated (<) if and only if
<I>(3L(N) s associated (<*°) if and only if

(N((0,t1]), ..., N((0,tr])) is associated (<™)

forallty,....t, € R,.

3. N is associated (<) if and only if @QL(N) is associated (<) if and only if
Q(EL(N) s associated (<*°) if and only if

(N((ma(N), (N) + t1]), - - - N((7a(N), Ta(N) + t1n])) is associated (<™)
forallne NU {0}, t,,...,tmn € R,.

As previously announced, the aim of this section is to produce criteria on the path
compensator of N which entail its association of NV with respect to <y, <p or <,

and which resemble those used in Theorem 5.2.2 to ensure coupling relations.

It is here that we introduce the notion of a self-ezciting point process. Kwieciniski and
Szekli (1996) have been the first to formalize such a notion in relation to the partial
orders <y, <p and <. Our definition is more general in that it is not restricted to
these three orders, and does not impose conditions of absolute continuity on the com-
pensator (see [37]). Intuitively speaking, if < is a closed partial order on (N, B(N)),
a point process N on R, is self-exciting with respect to < if, for any ¢ > 0, knowing
that the realization of NV restricted to (0,t] is “large” in terms of <, enables one

to forecast that the realization on N restricted to (¢, 00) is likely to be “large” as well.
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Our definition will hinge on a formal object called an echelon set. For any set
ACN xRy, let A*:={te R, :(ut) € A}.

Definition 5.3.2 A subset A,;, of N x Ry, wheren € Ny and 0 < z <y < 00, is
called an echelon set if, for all p € N,

An“,z,y = {t €R,:(ut) € An,z.y} = (Ta(p) + 2, T (p) + y]-

Echelon sets are notationally convenient tools used in comparing measures over inter-
vals of the form A% . = (7a(u) + z, Ta (1) + y]. For the purposes of defining the self-
exciting property with respect to a certain closed partial order < on (N, B(N)), the
echelon sets we shall consider are those which satisfy the property of “<-concordance:”

Definition 5.3.3 If < is a closed partial order on (N, B(N)), an echelon set A, -,
is said to be <-concordant if, ¥V u, v € Ny such that u < v,

w(AR 2 y) S V(A7)

Given a closed partial order < on (N, B(N)) and a measure u € N, the value
(A% . ) of the p-measure of the section (at p) of the <-concordant set Anz,
constitutes an “indicator” of how “big” u is in terms of <.

Echelon sets have been taylored to produce familiar <-concordant sections
when < € {<x, <D, < }; these sections are of the same forms as the intervals over
which a point process was evaluated in the last theorem. Indeed:

Proposition 5.3.4 Let A, ., be an echelon set. Then:
1. Ap zy is <ar-concordant if and only if n = 0;
2. Anpzy ts <p-concordant if and only if n =0 and z = 0;
3. Apzy 1S <o-concordant if and only if £ = 0.

Thus,
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® Anzy is <y-concordant <= AL = (z,y]V peN;
® Az, is <p-concordant <= A4 = (0,y]V u €N;
® Anzy 18 <o-concordant <= Ak = (Ta(p), Ta(p) + Y]V p € N.

Proof 1. If n = 0, then V u, v € ANy such that ¢ <5 v we have
p(Ahzy) = pl(zy]) < v((z,y]) = v(Af,,), which implies that Anz, = Agz,
is <ar-concordant. If n # 0, let v € Ny be such that 7,,,,(v) = 7,(v) +y + 1 and
7i(v) = i (v) + (z + y)/2 for i > n + 2. Construct u € N such that 7;(u) = 7 (v)
for i € {1,....,n — 1} and 7(u) = i1 (v) for i > n. Then, clearly, 4 <y v but
p(AL 2 ) > v(4; ;) = 0. Therefore, A,z is not <,-concordant if n # 0.

2. If n = 0 = z, then V u, v € ANy such that 4 <p v we have
n(Ago,) = p((0,3]) < v((0,y]) = v(Af,,), which implies that An., = Agg,
is <p-concordant. If n # 0, construct x and v as for (1). Then g <p v but
u(AL2,) > v(dy.,), so Anz, is not <p-concordant if n # 0. Now consider
Anzy = Agzy With £ # 0. Let v € A be such that 7 (v) = /2 and ™(v) = y + 1;
let © € My be such that 7y(p) = (z + y)/2 and 7(p) = 7i(v) Vi > 2. Aoz, is not
<p-concordant because u <p v, while u(Ag. ) > v(4f, ).

3. Ifz =0, then ¥ p, v € Ny such that g <, v we have p(dh,,) =
p((Ta(p), T(p) + y]) < v((Wm(v), (V) +9]) = v(Ay0,y)- Therefore, A,y = Ang,y is
~<oo-concordant if z = 0. If £ # 0, let v € Nj be such that 7,4, (v) = [27.(v) + 7]/2,
Ta+2(v) = y+ 1, and 7(v) = 7 (v) + 1 for i > n+3; lee u € Ny be
such that n(p) = w(v) for ¢ € {1,.,n}, ma(e) = m) + (z + y)/2, and
Ti(#) = Tit (W) +[r(v) —Tio1(v)] for i > n+2. Then p <o v but p(4%, ) > v(A4%, ),
whence A, ., is not <,-concordant if £ # 0. O

We are now poised to define the self-exciting property formally:

Definition 5.3.5 Let < be a closed partial order on (N,B(N)). A point process
N :(Q,F,P) — (N, B(N)) with path compensator A : Ny x R, — R, is said to
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be self-ezciting with respect to < if, for any <-concordant echelon set A, ., € N xRy,

/ Alp,dt) < / A(v, dt)
ARy A3

13

holds whenever u, v € Ny satisfy u < v.

Remark 5.3.6 By Proposition 5.3.4, a point process N : (Q, F, P) — (N, B(N))
with path compensator A: Ny x R, — R.,...

1. ...1s self-ezciting with respect to < if and only if

Ay, (z,9]) < A(v, (z,9])
for any z,y € Ry, u,v € Ny such that u<pyv;

2. ...is self-exciting with respect to <p if and only if
Ap, (0,t]) < A(v, (0, ¢])
for any t € R, pu,v € Ny such that p<pv;

3. ...1s self-exciting with respect to < if and only if

A, (Ta(p), Talp) + 1)) € AW, (Ta(v), Ta(v) + £))
foranyt € Ry, n € NU {0}, and p,v € Ny such that p<v.

At last, the compensator criterion for association may be stated. It was essentially
formulated in [37]. The reader may ascertain that according to Remark 5.3.6, Theo-

rems 5.3.1 and 5.3.7 constitute a direct analogue to Theorems 5.2.1 and 5.2.2.

Theorem 5.3.7 Let N : (Q,F,P) — (N,B(N)) be a point process with a path
compensator A : Ny x R, — R, that is pathwise continuous, and such that, almost
surely, N(R.) = oo. These three statements hold:

1. If A i3 pathwise absolutely continuous and N is self-exciting with respect to <,
then N is associated (<yr).
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2. If N is self-ezciting with respect to <p, then N is associated (<p).
3. If N is self-exciting with respect to <o, then N is associated (<o)-

Proof 1. Kwiecinski and Szekli ([37]: Theorem 4.2) have shown that if A admits a
density A : Np x R, — R, then the condition

Mu,t) < Ay, t)

for all ¢ > 0 and all u,v € N such that u<,rv, entails that NV is associated (<yr).

Under the current hypothesis, however, for any such g, v and ¢t we may put

AMp, t) := lim Al (s, 8]) < lim A (s 8) = Ay, t).

st t—s st~ t—s
2. This follows immediately from Theorem 4.2 of [37] and Remark 5.3.6.
3. With proper notational changes effected, Kwieciniski and Szekli ([37]: Theorem

4.2) assert that if, for any u,v € Nj such that u<,v, any n € N and any t > 0, the
condition

A . ras (Ta(1), () +2]) < AW o7y (Ta (), Ta(v) + 8])

entails that NV is associated (<,). One observes, however, that u<,v implies
K l{0,7a(s)] <ockt l{o,ra(r)}» SO that, under the current hypothesis, such a condition is
met by Remark 5.3.6. O

Remark 5.3.8 Our definition of the self-exciting property coincides with that of
Kuwieciriski and Szekli for the cases <= < and <= <p when the hypotheses of The-
orem 5.3.7 are fulfilled. When <= <., however, our definition is strictly stronger,
since renewal processes with increasing failure rates are self-exciting with respect to
< tn Kuwieciriski and Szekli’s definition, but not in ours (see the remark of [37]
inserted between Lemma 4.2 and Ezample 4.2, as opposed to Theorem 3.1 of [46]).
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5.4 The Self-exciting Property and Monotone
Kernels as Criteria for Point Process Associa-
tion

Let < € {<wn,<p,<w}- Two criteria may be inferred from the material pre-
sented in this chapter and the preceding one to ensure that a point process

N :(Q,F,P) — (N, B(N)) be associated (<).

The first criterion is that for some representation map
@, : (N, BW\)) — (RT, BRY))

for <, the distribution P o ®_(/N)~! exhibit monotone kernels. Indeed, in such
an event, the random element ®_ (V) is associated (<*°) by Theorem 4.3.7, which
implies, in turn, that NV itself is associated (<) by Theorem 4.3.9.

The second criterion is simply that N be self-exciting with respect to (<) and
satisfy the hypotheses of Theorem 5.3.7 which specifically apply to (<).

The question at hand is whether the second criterion implies the first. This
question is very broad and - unfortunately - elicits no simple answers. Depending on

~, varying conclusions may be reached.

Easiest is the case <= <, &, = le, for which a clean result has been
obtained:

Theorem 5.4.1 Let N : (2, F,P) — (N,B(N)) be a point process with a path
compensator A : Q x R, — R, that everywhere admits continuous paths. If N is
self-exciting with respect to <, then P o ‘I>(<1c),=,(z\l')_1 satisfies the monotone kernel

property, and N 1is therefore associated (<o).

-1
Proof Suppose N is self-exciting with respect (0 <. To prove that Pofbgl, (N)

satisfies the monotone kernel property, it suffices to show that for all n € N and
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z 2 0, the inequality

P{Xns1 >z | Xi(N) = Xy (p), - - -, Xn(N) = Xn(n)]
2 P[Xni1 >z | Xi(N) = Xi(v), ..., Xa(N) = Xa(v)] (6)

whenever g <, v in Np. If X,(u) = oo, then the left-hand-side of (6) equals 1.
If Xa.(u) < oo, then X, (V) < oo since p <o v. Without loss of generality we
may assume Tp4+;(g) = Th+1(v) = oo without altering the conditional probabilities
or the relation u <, v; this is because the only information that is provided by the
conditioning arguments are the first n jump points of x and v respectively, and the
very same information would be provided by all measures sharing the same first n

jump points. Accordingly,

P[Xn1 >z | Xi(N) = Xi(), - - - Xa(N) = Xn(u)]
= P[Xnt1 > 2| i(N) = 1i(p), - - ., Ta(N) = ma(p)]
=1~ Plra(N) S z+ 7(p) | i(N) = 1i(), - - -, T(N) = 7 ()]
=1- Foal(z;ni(p), ..., m(u))

= exp {—[A(p; T + () — Ay T(p))]}
(by Lemma 3.5 of [23], A being pathwise continuous)
= exp{— [7o*" Au, dt)}
> exp{— f;"((:;)ﬂ A(v,dt)} (N being self-exciting w.r.t. <o)
= P[Xny1 > 2| Xi(N) = Xy (v),..., Xa(N) = Xa(v)] . O
A similar theorem would not be valid for the case <= <p and &, = <I>(<l1),, as the

following counterexample illustrates:

Example 5.4.2 Let N : (Q,F,P) — (N,B(N)) be a point process with a path
compensator A : Q x R, — R, specified as follows: for any p € Ny, t € R, if
mi(p) <1 let
t ifo<t<3
Alp,t) =49 3+3(t-3) if3<t<5 ,
4 ift>3
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otherwise let

t f0<t<2

A, t) = 2+1(t-2) if2<t<d4
t—1 fd<t<53
4 ift>5

-1
Then N is self-exciting with repect to <p, but POQSL does not satisfy the monotone

kernel property.

Proof It is obvious that A(u,t) < A(y,t) for all t € R, whenever u <p v in A,
so N is self-exciting with respect to <p (such a point process exists by Theorem 3.6
of [23]). Let u,v € Nj be such that 7 (u) = 2, 7(u) = 4, 13(u) = oo and 1 (v) =1,
T2(v) = 4, 13(v) = 0. Then u <p v and if Po <I>(<lz),-l were to satisfy the monotone
kernel property, one would expect

P[r3(N) > 5| ni(N) = 2,m(N) =4] > P[r3(N) > 5 | ni(N) = 1, a(N) = 4],
but computations reveal:

P[m3(N) > 5| 1(N) = 2,72(N) = 4]
= Pr3(N) = 7o(N) > 1| 7 (N) = 2, 7(N) = 4]

= exp{— [] A, dt)}
= i < 715
= exp{— [; A(v,dt)}

= P[r3(N) = 2(N) > 1| n(N) = 1, (N) = 4]

= P[r3(N) > 5| n(N) = 1,72(N) = 4],
-1
and we conclude that P o <I>(<l1)J does not satisfy the monotone kernel property. O
Although we do not have counterexamples to illustrate that N being self-exciting
: -1
with respect to <p does not necessarily entail that P o <I>(<21), exhibits monotone

kernels, we suspect this is the case.

Finally, the case < = <, is problematic because known representation maps
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for the partial order <, - namely, @9}, and Q(fl, - produce sequential vectors whose
entries cannot be ordered in an intuitively coherent fashion. By that we mean
that the image vector’s entries, in general, list values taken by a measure over a
certain class of subets of R, and these subsets cannot be enumerated with an in-
dex whose values correspond to the order of appearance of the subsets on the half-line.

If, however, a point process N : (Q,F,P) — (N, B(N)) is self-exciting with
respect to <, and satisfies the hypotheses of Theorem 2.3.3, then the sequence
{Nm} | of approximating processes whose existence Theorem 2.3.3 guarantees, is
such that for any n € N, N™ admits a representation whose distribution exhibits
monotone kernels.

Pick n € N. Recall that Q, = {0,5,2,...} according to Theorem 2.3.3's
statement. Define

NG = {p € No: p(R+ \ Qn) = 0}.

It is obvious that N is a closed subset of A, and thus (N, B(N)NNF, <) becomes
a POP-space in its own right. Let

¢, NG — (R, B(RY))
g — (2({0}), s({z=}, s({z}H,--)

Evidently, ®7  constitutes a representation map for the order <, restricted to N

Theorem 5.4.3 Let N : (Q,F,P) — (N, B(N)) be a point process satisfying the
hypotheses of Theorem 2.3.3. If N is self-ezciting with respect to <, then the se-
quence { N}, of approzimating processes is such that, for alln € N, Po®" (v ny~t

satisfies the monotone kernel property.

Proof Borrowing all relevant notation irom the statement of Theorem 2.3.3, we
suppose the parameter w is, in fact, deterministic, so that we may rewrite the
array {Ilp;3 : p € I,i € NU{0}} as {Il;}iev and A : Q x R x R,— R, as
A:Q x R,— R,, suppressing the middle argument.
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Let m,n € N. Assuming N is self-exciting with respect to <, we must
show

P[AN;ML,IAN;_iﬁ:&l,...AlV:;..K:&]<P[AN" | ANT, _5;,.../_\N%r=5;n]

whenever 4y, ...,8,,01,...,d,, € {0,1} are such that §; < 8! fori = 1,...,m. Picking
the 4;, 8! accordingly, let u, v € Ap be defined by

#((0,¢]) == Z 1[2—"‘54 - 0i; v((0,¢]) = Z 1[24,‘54 -6
i=1 i=1

fort € R+. Then p <y v. Let a := pu(Ry), b:=v(R,). We now have

P[AN%, | ANT =6,,..., AN}, = bn)
=1- P {M (Al 2), A, 34)]) = 0}

2
=1 —exp{— [A(, BE) - A(p, 32)]}
< 1—exp{- [A(v, ) - A(v, 2)]}
(V is self-exciting w.r.t. <)
=1-P{I, (A 2),A(v, Z)]) =0}

= PIANZ, | AN =4),..., AN = &,],

completing the proof. O

Corollary 5.4.4 If N : (Q,F,P) — (N,B(N)) is a point process which is self-
ezxciting with respect to <, and which satisfies the hypotheses of Theorem 2.3.3, then
N is associated (<y).

Proof By Theorems 5.4.3, 4.3.7 and 4.3.9, N™ is associated (<) for all n € N.
But since N®* — . N, by Remark 5.1.10 it suffices to show that the set

{fwe: <I>(2) is discontinuous at N(w)}

is P-null. Observe, however that the set {u € N : <I>(2) is discontinuous at u} is
contained in the set

U {kenN:u{r) >0}

reQNR+



CHAPTER 5. COUPLINGS AND ASSOCIATION OF POINT PROCESSES 86

Since A is pathwise continuous and N has unit jumps, for any r € Q N R, we have

Plwe Q: Nw)(r) >0] = E{AN,}
= E{AA/}
= 0

Since the set of nonnegative rational numbers is denumerable, the set
2) . .. A
{we: <I>(<2, is discontinuous at N(w)}

is P-null and it follows that \V is associated (<y). O
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Point Processes on Ri

87



Chapter 6
Planar Point Processes and Flows

According to Jacod ([23|: Theorems 2.1 and 3.4), every simple point process N on
R. which does not charge 0, and such that E{V,] < oo Vt € R, admits an essen-
tially unique dual predictable projection (compensator) A with respect to its internal
history; furthermore, A characterizes the distribution of N in the sense that no two
simple point processes having different distributions admit the same compensator.
The essential features of A are therefore

i) its existence;
ii) its (essential) uniqueness;
iii) its power to characterize the underlying point process distribution.

Several attempts - none entirely satisfactory - have been made to generalize these
three features to (putative) compensators of simple point processes on R2. Points
(i) and (ii) follow from the Doob-Meyer decomposition of submartingales of class
(D) on R,. Because every point process is an increasing process and every (locally
integrable) increasing process is a (local) submartingale of class (D), some authors
(e.g. Brennan [6], Dozzi [15], Gushchin [19]) have sought outright generalizations
of the Doob-Meyer decomposition to planar submartingales; others have restricted
the scope of their investigation to planar increasing processes (e.g. Merzbach and
Zakai [43]), while others still (e.g. Ivanoff [20], Ivanoff and Merzbach [21]) have

88
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specifically focused on planar point processes. These Doob-Meyer decompositions
vary in form and assumptions, depending on how the authors extend the notions of
“past”, “predictability” and “compensator” - which are natural and unambiguous
on R, - to the planar context (competing notions of “past” and “compensator”
are discussed in Section 4, while the reader may glance at pp. 58-59 of [19] for
an exhaustive list of the many types of “predictability”). A common assumption
made by Dozzi ([15]: Proposition 1), Merzbach and Zakai ([43]: Proposition 6) and
Gushchin ([19]): Theorems 2, 3, 6 and 9) in stating their decomposition results, is
the so-called Cairoli-Walsh - or “F4” - condition on a planar filtration {fz}zeni :
for any z,y,s,t € Ry, o-fields F(z+sy) and Fzy+e) are conditionally independent
given F.,). This condition, which is quite strong, appears crucial in guaranteeing
the existence of regular versions of martingales of the type {E(1.|F:)}.crz ([2):
Théoréme on p. 152), and such versions seem, in turn, to ensure both the existence
([14]: Proposition 5) and uniqueness ([3]: Theorem 2) of the predictable projections
necessary to establish the uniqueness of the compensator ([3]: Theorems 3 and 4).
Proposition 1.1 of Ivanoff [20] guarantees the existence of a compensator for simple
planar point processes without recourse to “F4”, but still relies on “F4” for the
compensator’s uniqueness. At last, Maziotto and Merzbach did prove the existence
of a compensator for a point process with linearly ordered jumps ([42]: Theorem
2.4); this chapter, in fact, owes much to their idea of embedding the “lower layers” of
a point process in a space which is “larger” than the plane and where these “layers”
are totally ordered. Nevertheless, as emerged from a private conversation with one
of the authors, it is the compensator’s uniqueness as a stochastic measure on the
predictable sets which was established, rather than its uniqueness as a process. We
can only conclude, based on these sources, that the existence of a unique Doob-Meyer

decomposition has yet to be proven for simple R2 -indexed point process in general.

As regards a compensator’s power to characterize the distribution of a under-
lying simple point process on R2, results in this direction have been fragmentary.
Ivanoff and Merzbach ([21]: (2), pg. 401) have shown that the so-called compensator
does not characterize the underlying point process distribution in general, but
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have also shown the so-called *-compensator does characterize the point process’
distribution when this point process is Poisson or Cox ([22]: Theorem 5.3.1).

Compensators and *-compensators are discussed in Section 4.

In this chapter, we argue in favor of a family of R, -indexed compensators in-
duced by a planar point process, rather than suggesting a single RZ-indexed
compensator. We show that, under mild conditions, the three essential features of
existence, uniqueness, and power to characterize the underlying distribution, are
retained by our proposed scheme.

The approach taken was inspired by Mazziotto and Merzbach [42], and con-
sists of embedding R2 (R2, in fact) in the so-called space (L, B(L)) of lower layers of
R2. Lower layers are closed subsets of R2 which are decreasing with respect to the
coordinate partial order <. It so happens that if u is an integer valued measure on
R2, then for any integer n € N, the set L* = {z € R%2 : u({z € R2 : 2’ < z}) < n}
is a lower layer; additionally, LY C L5 C L% ..., a property which is used repeatedly.

The measure z on R2 determines, and is determined by an associated measure f on
L which “counts” the L¥'s.

Such a correspondence is explicitly exhibited in Section 2, along with an anal-
ogous correspondence which accommodates the measure p being randomized into a
planar point process N. To this effect, Remark 6.2.8 states that P o N~! uniquely
determines P o N —1 while Theorem 6.2.18 asserts the converse. Section 2 does

not involve any discussion of compensators; this is saved for Section 3.

Section 3 introduces the notion of flow. A flow is an injective, increasing and
right-continuous map f : R, — £ which “traverses” the space £ in a sense which
will be later clarified. Every flow f gives rise to a point process N/ on R, which
itself induces a compensator A/ with respect to its internal history. Theorem 6.3.5
states that the law P o N~! uniquely determines, and is uniquely determined by the
family of “fow process” distributions P o N/~'. Corollary 6.3.8, which may be
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viewed as the ultimate objective of this chapter, guarantees that if N satisfies the
property of strict simplicity, then P o N~! is uniquely determined by the family of
linear compensators A/ = {A{},>0.

In addition to summarizing the main results of this chapter (Theorem 6.4.1),
Section 4 stresses the advantages of the current approach, in comparison to past
attempts of determining a planar point process distribution by the latter’s “compen-
sator(s)”. Emphasis is put on the differing notions of “past information” which have

surfaced in connection with contemporary studies of R? -indexed processes.

At last, in Section 1, which immediately follows, the space L is topologized
and its subsequently invoked properties are outlined.

6.1 The Topological Space (L, B(£))

Consider a compact metrization of the extended half-line R, := [0, oc]. The extended
plane R2 := [0, 0o] x [0, 00}, endowed with a product metric derived from that of R,
is (locally) compact, Hausdorff and second-countable. In turn, the space K consisting
of all non-empty, compact subsets of R2 may then, according to Matheron ([40]:
Corollary 1-4-1 and Proposition 1-4-4), be topologized as a locally compact, Hausdorff
and second-countable (LCS) space using the Haudorff metric p defined by writing

p(K, K') := max {sup d(z, K'), sup d(z, K)} ,
zeK ek’

where d represents the metric on ﬁi and K, K' are nonempty compact subsets of
R2. We let B(K) denote the Borel o-field on K induced by p.

Consider the coordinate partial order < on R2 defined via the relation
(z,y) £ (¢,¢) &= z < 2 and y < ¥'. An “infimum” A and a “supremum” V may
naturally be defined on R2 by writing

(T, A, Y) = (A, yAY)
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and
(zy)v(d,y)=(zv,yvy),
and it is straightforward to ascertain the continuity of R2 x R2 — R2-mappings

(z2,2) ~ 2A 2 and (z,2') ~ zV 2.

The space (L£,B(L)) will appear as a subspace of (K, B(K)) and will soon be
shown to constitute an LCS space in its own right. The elements of (£, B(L)) shall
be called the lower layers of the extended plane; they are similar in concept, though
not identical, to what Maziotto and Merzbach ([42]) have called sets of separation.

Definition 6.1.1 A lower layer of R? is a closed (and hence, compact) subset L of
I—{?,, which satisfies the following two conditions:

i) (0,0) e L;

i) for any z, 7', y, ¥ € Ry, (z,y) € L and (', ¢') < (z,y) together imply
(«',y') € L.

In other words, a lower layer is a closed, nonempty and <-decreasing subset of R2.
The set of all lower layers of ﬁi is noted L.

The following proposition is a consequence of Matheron’s so-called “tractable conver-

gence theorem”, which was invoked for a similar purpose by Mazziotto and Merzbach

([42]).
Proposition 6.1.2 L is a closed subset of K in the Hausdorff topology induced by p.

Proof Since R? is compact, Theorems 1-2-2 and 1-4-1 of [40] yield the following

characterization for convergence in K: a sequence {K,}%, in K converges to some
K € K if and only if

i) for any z € K there exists, for every sufficiently large n € N, a point z, € K,
such that lim,_,, z, = z topologically;

ii) for every subsequence {K,,}2, of {K,}, and every corresponding sequence
{zn }2, such that z,, € K,, for all k € N, if {2z, }°, converges, then
limk_’w zﬂ,k 6 K.
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Let {L,}32, be a sequence in £ converging to some L € K. As a consequence
of part (ii) of the convergence criterion, L is a closed subset of R2 which con-
tains the origin. If (z,y) € L and some (2/,y’) satisfies (z/,y') < (z,y), then,

by part (i), there exists a sequence {(Imyn)}ﬁizv(,, converging te (z,y) with the

property that (zn,yn) € L, for all n > N ). For) any such n, however, the el-
ement (z/,y') A (Zn,yn) = (£’ AZn, ¥ Ay,) must belong to L, because L, is a
lower layer. But since the binary operation A : R2 x R2 — R2 is continuous,
{(' A 20, ¥’ A yn) }nsn,,, converges to (2 Az,y’ Ay) = («,y), and this limit must
be in L by part (ii) of the criterion. L is therefore a bona fide lower layer and the

closure of £ ensues. O

Corollary 6.1.3 £ is an LCS topological space. Its Borel class shall be denoted by
B(L).

The space (L£,B(L)) may be endowed with the partial order < derived from the
relation of inclusion: L < L' <= L C L'. This binary relation is obviously reflexive,
transitive and antisymmetric. As for the extended plane, a “minimum” A and a
“maximum” V may be defined - in this case using the set operations of intersection
and union:

LAL :=LNL
and
LvL =Lul

forany L,L' € £. The £ x L binary operations (L,L') ~ LAL' and (L,L') ~ LV L'
are also continuous by virtue of the “tractable convergence criterion” used in the
proof of Proposition 6.1.2. Moreover, the definitions of A and V may be extended
in an obvious way to cover lattice infima and suprema of countable subsets of L,
and it is clear, by the way the metric p is defined, that any decreasing sequence of
lower layers will converge topologically to its lattice infimum. A transitive, but not
reflexive binary relation << on £ may be obtained by strengthening < as follows:
for any L,L' € L, one writes L << L'if L< L'and L € {L" € L: L" < L'}°
(the interior being taken with respect to the Hausdorff topology). An important
property of (£, B(L)) is “separability from above” with respect to the strengthened
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partial order <<. The expression “separability from above” was introduced by Kurtz
([34]) and subsequently used by Maziotto and Merzbach ([42]), but we have altered
its meaning somewhat to signify the property proven to hold here:

Proposition 6.1.4 There erists a countable and dense subset Lo of L\ {R2}
which is closed under finite iterations of A, and such that for any L € L\ {R%},
there ezists a sequence {L™}2 | in Ly which converges to L and which satisfies
L<<...<<L® << L@ << LM,

Proof For any n € N, let C™ denote the class of all “squares”

m _ [i—-1 i ji—-1 73 _li=1
Cy = [ on ,'27] X [—gn ’57]’ Cio 1= [—2n "o x {oo}
and S
ij:={oo}x[]9n ‘,J—,.] ijeN,

and let U, denote the class of all lower layers different from R2 which are unions
of members of C(™). Because any lower layer in i, must have a finite number of
“corners”, U, is countable. Let Ly := UneN U,, and let us now show that every
element of L € £\ {R?} can be “approximated from above” by members of ;. Let
L e £\ {R%}. We construct the approximating sequence {L(™}% as follows: for
any n € N, we let L™ be the intersection of all members of U, which cover L (note
that L™ € U,), and we let L(™ be the smallest member of U, which covers L™
and whose border does not intersect that of L(™. It is clear that L), L ... thus
defined satisfy L << ... << LW << L?® << LM and converge to L. O

Separability from above, coupled with the continuity of the binary operation
A, gives rise to the following interesting property:

Proposition 6.1.5 Let L,L' € L satisfy L < L' and L # L'. There ezxists a de-
creasing sequence {Z<"> }2, in £ with lattice infimum L, and with the properties that
L<IM™M <L andL#L™ #L for alln € N.

Proof Let L,L' € L be as stated, and consider the sequence {L(™}% , which ap-

proximates L from above as described by Proposition 6.1.4. Let us first show there
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exists an ng € N such that L' £ L(™), If no such ng exists, then L' < L™ ¥n € N,
which implies, by the continuity of A, that L' = L' AL®™ — L'AL = L as
n — oo, i.e. that L = L', which contradicts the hypothesis. With ng € N set,
observe that L' £ L™ for all n > ng by transitivity. Let us check that setting
LW .= Lo+ A L' n e N completes the proof. We clearly have L < L™ < L',
so there only remains to prove that L # L™ # L' foralln € N. Fixn € N. If
L™ = L', then L(™+mo) N L' = L', which implies L' < L+ contradicting our choice
of ng. If L = L™, then L("+"0) A L' C L, which implies (L) \ L) N L' = @ which,
at last, entails that L' C L by the fact that L' is a lower layer. But this contradicts
the hypothesis because L # L'. O

6.2 A Point Process on the Plane and its Associ-

ated Process on L

In this section, a point process N on RZ is formally defined, along with a corre-
sponding random measure N on L. Relations between the respective distributions

of N and N are scrutinized. The salient results of this section are Remark 6.2.8 and
Theorem 6.2.18.

For the purposes of the present chapter, ' = N(R2Z) shall denote the space
of all point measures p := Y. d:, on R2 with the restrictions that

i) ©({0,0}) =0, and

ii) the sequence {z;}ien = {(z:, ¥i) }ien has at most one accumulation point in R2,

and if z = (z, y) is such an accumulation point, then z; < z and y; < y for all
t € N.

Condition (i) is imposed for technical reasons which will become apparent later,
whereas condition (ii) ensures the measure u is uniquely characterized by the val-
ues it takes on the sets [(0,0),z], z € R%. Of course, for any set A belonging to
the class B(R?), u(A) is defined as the cardinality of the set {i € N : z; € A}. To
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simplify notation, for any z € R2 we write
p= == p(((0,0), z] N RY).

Since we will study random elements of N, it is important to endow the space N
with a o-algebra F(N) (N will not be topologized, however). Define the “canonical”
o-algebra F(N) on N as the one generated by all the evaluation maps ¢, : N —
(R4, B(R,)) which, for any fixed point z € R2, associate to the measure u € N the
value ¢.(1) = p.. Our definition of a point process on R2 is certainly not universal,
but is nevertheless convenient:

Definition 6.2.1 A point process on R2 is a random element N : (Q,F,P) —
WV, F(N)).

As in the case of point processes on the line, a point process N may be viewed as a

collection of {V;}.crz of extended random variables such that for any z € R2,
N: := N({(0,0), z]),
and this notation is consistent with the one expressing u. as u([(0,0), z]), for some

pEN.

With u € N chosen, let us now define, as promised in the chapter introduc-
tion, the point measure fi:= ) ..\ 0+ on (£, B(L)) by constructing the lower layers
L¥ corresponding to the measure y as follows: for any i € N let

LY :={zeR2%:p. <i}.
Let us verify the L!’s are bona fide lower layers with the following
Proposition 6.2.2 For any i € N, L? is a lower layer.

Proof For any i € N, (0,0) € L! because u does not charge the origin. Since L¥ is
also closed in ﬁi, it remains to check that for any 2 € L, 2’ < z implies 2’ € L?. If
z € LY, there exists a sequence {2,}32, converging to z, and such that u_ < i for all
n € N. Furthermore, if 2’ < z, then the sequence {2’ A z,}%, converges to 2 Az = 2/
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by the continuity of the binary operation A on ﬁ.ﬁ_ x I_{i But since p,/a., < i for all
n € N, 2’ must be in LY. O

The following observation is trivial:
Observation 6.2.3 0 << LY < LY < L{<....

Evidently, 1 uniquely determines ji. As has already been reported by Maziotto and
Merzbach ([42]; Theorem 1.4), the converse is also true in the following sense: if « is
a point measure on L of which it is known beforehand that there exists a measure u
on R2 such that x = f, then « uniquely and explicitly determines u (by “explicitly”,
we mean that x determines the values u., z € R%).

To see this, adopt the following notation: for any z = (z,y) € RZ2 define
D.e L as
D.:={(u,v) eR2:u<zorv<y}

D. has the geometric appearance of an “L-shaped” region which is the union of two
perpendicular “bands”, each band adjacent to one extended axis. Also, if L is a lower
layer, let iy be the value

j=a({L'e £: L' < LY}).

That x determines p in the previously expounded sense is a direct consequence of the
following

Remark 6.2.4 Foranyz € R%, u, = jip,.

Proof Pick z€ R2. Foranyi€ N, L¥ < D,

= {(u,v)€R2 :py,)<i}CD,

<> {(u,v) €R2:pu,) <i}CD. (D; is closed)
— #:_{_(l'L) Z i Vn € N

= u.>1 (by the way pu is specified).

Thus, fip, = [{i eN: L < D} = [{i eN: p, 2 i} = . O
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We now focus our attention on the analogous question of determining one
measure from the other, but as it pertains to point processes. More precisely, if
N : (Q,F,P) — (N,(N)) is a point process on R2, is the associated random
measure N on £ such that the distribution of N uniquely determines that of f\?, and

vice-versa?

Note that it makes no sense to talk about “the distribution” of N if the ran-
dom map w ~ N (w) has not been properly defined. In this case, an appropriate
image space of integer measures on (C£,B(L)) must be specified. To alleviate
notation, define the L-elements {(0,0)} and l_i?,_ as O¢ and oo respectively, and for
any L,L' € L let

[L,L'|:={L"elL:L<L"<L}

Definition 6.2.5 Let N denote the space of all point measures « := ZieN 0, on L
which satisfy

i) k(0z) =0, and

i) the sequence {L;}ien admits at most one accumulation point in L, and if L is

such an accumulation point, then L; << L for alli € N.

Let F(N¢) denote the “canonical” o-algebra on N generated by all evaluation maps
ér : Nc — Ry, i.e. those that map the measure k € N¢ to the value oL(Kk) = K.

A point process M on L shall be understood as a random mapping M : (Q, F, P) —
(Ne, F(N)).

Observe the mapping u ~ [ takes its images in Nz for u € N. The question of its
F(N)/F(N¢)-measurability naturally arises, and will be settled forthwith:

Proposition 6.2.6 The map ®: (N,F(N)) — (N¢, F(Ne)) is measurable.
7 — 7

Proposition 6.2.6 is a consequence of the next proposition, which itself constitutes a
generalization of Remark 6.2.4.
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Proposition 6.2.7 For any p € N, if uy,...,u, € R2, then
ADuA.nD, = DD piy,.
Proof We first argue that
| () {L¥:ieN,L¥ < D, } = inf [{L¥:i€ N,L¥ < D,}I.

1<k<n
1<k<n ="=

Let k* € {1,...,n} be such that

{L¢:ieN,L* < D,.}|= inf |{L*:ieN,L*< D,}I

1<k<n

Since N ¢xcn{Lf : i € N, LY < D, } C {L{ : i € N,L < D,,.}, we certainly
have that |,y {L¥ : i € N,L¥ < Dy, }| < |{L¥ : i € N,L¥ < D,,.}|. On the
other hand, if, for some iy € N, L% < D,,., then iy < [{L¥ : i € N,L¥ < Dy,.}|
= infi<k<a [{L¥ : i € N,L¥ < D, }|, the inequality holding by virtue of the fact
that L{ < Ly < ... Thus, for any k € {1,...,n}, ip < [{L¥ : i € N,L* < D, }|,
which implies L} € {L{ : i € N,L} < D,} (because LfY < L§{ < ..)),
ie. Liy € Mickenllt : 1 € NJL¥ < D, }. We have therefore shown that
{L¥ : i € N\L¥ < Dy} € Micxen{l® : i € N,L* < D,,}, which entails
{LY : i€ N, LY < D, .}| < IﬂK,:(n_{Lf :i € N,L! < D, }|. Since the reverse
inequality has already been establ;sl;ed, we have that [{L} : ¢ € N,L¥ < D,,.}|
= |Micken{Lt : i € N,L¥ < D,,}|, as claimed. To complete the proof observe:
Aounorde, = (L1 € N,L¥ < DA Dy} = | Miceen(LE 1 € N, L < Dy}
= infick<n [{LY : 1 € N, LY < Dy }| = infick<n Ap., = infick<n pu,, the last equality
following from Remark 6.2.4. O

We now proceed to the

Proof of Proposition 6.2.6 To prove that ® : (N, F(N)) — (N, F(NZ))

b — 7
is measurable, it suffices to verify that for any L € £ and £ € N, the set
e e Ne: kL 2k} = {u€ N : jir > k} belongs to F(N). For any such L
and k, if L = oo, this immediately follows from the equalities {u € N : iy > k}
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= Unen{tt € N : fip,, ,,, = k} = Unen{tt € N : pnny > k}, guaranteed by Remark
6.2.4. Suppose, therefore, that L # ocos. Observe that, by the way the elements of
N¢ were specified, if {L™},en is a decreasing sequence in £ which converges to L,
then fiz,) | jir as n — oo, which would imply

{peN:fL>k}={peN:jzm >k}
neN
Construct the sequence {L(™}.cn as follows: let {zm}men be an enumeration of
2\ L, and for any n € N set L) .= D. A...AD,,. Clarly, L™ | L as n — oo.
Using Proposition 6.2.7, we thus have {u € N : iy > k} =,en{t €N : g 2 k}
= (pen{tt € N @ fip,arpD., = k} = pen{p € N @ infigicnp:, > k}
= Mnen nlgign{# €N :p, >2k}eFWN). O

At this point, the measurability of the map & : (N,F(N)) — (Ng, F(NZ))

7 — i
enables us to make the following remark, the first milestone of our program outlined

in the chapter introduction:

Remark 6.2.8 If N : (Q,F,P) — (N, F(N)) is a point process, then the distri-
bution P o N~!' of N on R2% uniquely determines the distribution P o N-1 of the

associated point process N= ®(N) on L.

We dedicate the rest of this section to proving the “converse” of Remark 6.2.8,
namely, that if M : (Q, F, P) — (N, F(N¢)) is a point process on £ of which it
is known that there exists a point process N : (Q, F, P) — (N, F(N)) on R2 such
that M = N, then the distribution P o M~! uniquely determines the distribution
P o N~ This will be achieved by exhibiting the finite dimensional distributions of
N on a determining class of cylinders as transformations of the finite dimensional
distributions of N.

The setup is as follows: for any n € N, we shall consider n? distinct elements
Z(L,1)r- -1 3(1,n)1 3(2,1)1- -~ Z(2n) 1+ - s Z(m, 1)1 - -+ s Z(n,n) of R_z*_ arra.nged in such a fashion
that for any ¢ € {1,...,n}, z41), .. 2in) belongs to a common horizontal line (row),
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and for any j € N, 2),.-., 2@, belongs to a common vertical line (column).

We further require that if 1 < i < k < n, points z;),...2n) lie above points
Z(k,1)s - - - Z(k,n), aDNd points z(;), ..., 2,4 lie to the left of z4),..., 2(n k). Also, for
simplicity, assume z(, ;) = (0,0); this will imply that points 21,1, ..., z(n,1) lie on the
y-axis, and points 2(, 1), ..., Z(n,n) lie on the z-axis. For the sake of convenience, we

shall call the set {z; ;y}*._, a planar grid of size n, or a grid for short.
(iJ) fi,j=1

For any set 4 C R2, agree to call an element z € A minimal in A if there
exists no 2’ € A\ {z} such that 2’ < 2. The following procedure is intended to
produce an ordered list U = {uy; ua;. ..; un2} of the grid {z(1,1), . - -, Z(n,n) }, along with
a corresponding list £Y := {l;;...;l,2} of lower layers placed in increasing order.
The procedure itself is not deterministic (i.e. it can produce several versions of U and

LY), but we shall later exhibit a concise characterization of all of its possible outputs.

PROCEDURE

Let S := {Z(l,l)a s Z(n)r e ey Z(nyl)s - z(n.n)}'

STEP 1 Let S, := {z € S: z is minimal in S} (= {z@a.y} = {(0,0)})
Choose u; € S; and set [, := A{D.:z€ S} (=D, = Do)

STEP 2: Let S; :={z € S\ {u1} : z is minimal in S\ {u;}}
Choose u; € S; and set I, := A{D. : z € S,}.

STEP k: Let Sy :={z€ S\ {u1,....ug-1}: z is minimal in S\ {w,...,ug-1}}
Choose u; € Sk and set [ := A{D. : z € Si}.

STEP n?: Let S,: := {z € S\ {u,...,up2_1} : zis minimalin S \

{ur,...,un21}} (= {zam})

Choose u,2 € S,z and set I,z :== A{D.:z2€ S} (=D, ). O

(l.n})
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Let us make three observations regarding the ordered sets I/ and £V produced by
this procedure.

Observation 6.2.9 For anyi,j € {1,...,n?}, i < j implies u; £ u;.

Proof Leti,je€ {1,...,n%} with i < j. Let us first show that, for any z € S; (see
the procedure), either

i) z€ §;, or
ii) 3 v € S; such that v < z.

We prove this for j = ¢ + 1, the case j > 7 + 2 following by induction. Accordingly,
assuming j = i+1 z € S;\S; = Si+1\S;, we must show 3 v € S; such that v < z. Now,
z e S,'.H ==z € S\{ul,. . .,u,—} =z € S\{Ul, .. .,u,-_l}. If ﬁ U E S\{ul, .. .,u,-_l}

such that ¥ < z, then z is minimal in S\ {u,,...,u;—}, which implies z € S; and thus
contradicts the hypothesis. Therefore, 33 € S\ {u,,...,u;~,} such that ¥ < z; since
S; counsists of the minimal elements of S\ {u,,...,u;_1}, by Zorn’s lemma there must

exist v < 0,v € S; such that v < 2. Having validated (i) and (ii), we now prove the
statement. If u; € S;, then the fact that u; is minimal in S\ {uy,...,u;—} implies
u; £ u; because u; # u;. If u; € S;, then, by the preliminary argument, 3 v € S; such
that v < u;. But then, u; < u; would imply v < u;, which would imply, in turn, that
u; = v owing to the minimality of u; € S\ {uy,...,u;—}, which would entail, at last,

that u; = u;, a contradiction. Thus, u; £ u; if u; € S;. O

Observation 6.2.10 For any k € {1,...,n%}, [y = Dy, ADy  A...A D, ,. In
particular, [; < [, < ... < [,2.

Proof For any such k the procedure yields [, = A{D. : z € Si}. Now
Sk is included in S \ {w,...,uk—1} = {uk,Ugs1,.--,Un2}, so it is clear that
lk 2 Dy, A Dy, A...AD,_,. To establish the reverse inequality, it suffices to prove
Iy < D,, forallie {k,k+1,...,n2%}. According to the previous observation, for any
such ¢ either

i) u; € Sk, or
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ii) 3 v € Sk such that v < u;.

If uy € Si, then Iy = A{D. : z € Sx} < D,,; if 3 v € Si such that v < u;,
then Iy = A{D. : z € S} < D, < D,,. In either case, [y < D,, whence
le < Dy ADyy A...AD, ,. O

The third observation is a converse of the first; from these two observations
will emerge an elegant characterization of the ordered set U.

Observation 6.2.11 Let V = {v;...;v,2} be an ordered enumeration of S =
{za1))-- 2 2m)s -3 2myr -+ -1 Zamy }- If V' is such that for any 4,7 € {1,...,n%},
i < j tmplies v; £ v;, then the aforementioned procedure for choosing U could yield
U= {u;...;up2} ={v1;...;v2} = V.

Proof The criterion i < j = v; £ v; ensures v; = 2z, = u;, and thus
{v1} is a possible version of {u;}. Let £k € {1,...,n% — 1} and suppose that
for any i < k, {vi;...;v} is a possible version of {u;...;u;}. To show that
{vi;...;Uk; Uk} is a possible version of {u1;...; uk; ugs1 }, it suffices to prove
that viy; is minimal in S\ {vy,...,%} = S\ {uy,...,ux}. Suppose this is
not the case; that is, 3 v € S\ {v,..., v} such that v # viy, and v < g4y
But then, v € {vk42,...,Vs2} and v < vy, contradicting the hypothesis. In con-

clusion, vg4 is minimalin S\ {v,, ..., v} and the induction argument is complete. C

Let us give a name to the ordered set U produced by the procedure, and let

us state once and for all how its order is characterized:

Definition 6.2.12 An ordered set U = {uy;...;up2} is called a labeling of the grid
{2010 20n)s - -1 2l s - - - Z(nn)} (@ labeling for short) if its elements are those
Of {z(l,l)v SRR B Y TR ¢'18 § PR z(n,n)}: and if: fOT any i?j € {11 sy n2} with 1 < j:

Uuj ﬁ U;.

Remark 6.2.13 An  ordered subset U of R2 is a labeling of
{z1ys -5 2m)s - - Zm1)s - - - +2(nn)} if and only if it constitutes a possible out-
put of the previoucly stated procedure.
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That an ordered set LY of lower layers is constructed in the same time as the labeling
U by the procedure, is in no way a happenstance; these two sets are used to relate,
in a very special case, the finite dimensional distributions of a point process on R2

to those of its associated point process on L, as the following lemma demonstrates.

Lemma 6.2.14 Let U = {u);...;u,2} be a labeling, and LY = {l;;...;l,2} the
ordered set of lower layers associated to U by the procedure. Ifk,,..., k,2 are integers
such that 0 < k; < ky < ... < k2, we have that

{l‘eN:/-‘u; Zkhl—"uz 2> kz,---,uun, 2> knz}
={#€N:ﬁh 2 klvﬂlz > k?y”'aﬁl": > kn2}°

Proof By Proposition 6.2.7 and Observation 6.2.10, for any i € {1,...,n?} we have

(LeN: L, >k} = {ueN: I:lD..‘.A.../\D.."2 > ki}
= {peN: inf p, >k}

i<j<n?
= () BeN:p, 2k}
i<j<n?
= (BEN 2k} [ {BEN >k}

i+1<j<n?

However, since k; < ko < ... < k2, it results that

{(eN:f, 2k, 2 ks, 2 Kn2}
= n {peN:u >k}

1<i<n?

| {BeNip 2k}in [ {HEN:m 2k}

1<i<n? i+1<j<k?

= n {#EN:ﬂuiZki}

1<i<n?
= {I‘GN:ﬂul 2> klyﬂuz 2k21"'7#‘un2 anz}- o

It is not clear, at this point, whether the finite dimensional distributions of a point

process N on R2 are entirely characterized by the measures of the reverse images of
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the sets expressed in the foregoing lemma. We now aim to prove that this is indeed
the case. In order to do this, we must introduce a special kind of permutation on
labelings, then to ask ourselves whether the resulting ordered sets are still labelings
and, should they be, whether they comprise enough cases to characterize the finite
dimensional distributions of .

Definition 6.2.15 Let U = {u,;...;u,2} be a labeling of the grid {z; ;}? Sup-

t,j=1*
pose there ezist ki, ks € {1,...,n?} such that ky < ko and u, £ ui, (and ug, € ug,,
necessarily). Let

Ukt :={kef{ki+1,...,kp— 1} : up, < uch;
Uk2 = {ke {k["l"l,...,kg—l} c Uk Sukz};
U,ff ={ke{ki+1,...,ka— 1} : ug, € ug and ug £ ug,}.

Let {li;...;{ye,} be an enumeration of the elements of U respecting their order of
appearance in U; let {m,;...; mIngl} and {n,;... ;nlUf’l} be analogous enumerations
1
for Uk, and U,fl’, respectively.
Define the permutation a,':f on {1,...,n%} as follows:
o ifke{l,....k — 1} set of2(k) := k;
e set a,':f(kl) =my;
aff(kl + 1) :=my;
k
Ok, (k1 + [Uk,| — 1) == myy, 5
o set o',:f(kl + |Uk,) := ko;
e set a’,:f(kl + |Uk,| + 1) :=ny;
0’,’::(,61 + lUk:I + 2) = Mo,
o2 (ky + |Uk,| + [UE?]) := 0 ks ;
k) 2 kg 1/ - |ka2|’

o set a’,':f(kl + |Uk,| + |U,ff| +1) :=ky;
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e set a'kz(kl + U, | + |Uk2| +2) =y
o (ky + |Ux,| + UE 2|+ 3) == la;

(kl+|Uk2|+| |+|U"‘|+1)—ak (k2) = Ly

o ifk€ {ky+1,...,n%} set og2(k) :=k.

Lemma 6.2.16 Let U = {u;;...;u,2} be a labeling of {zun}tjzie If ki ke €
{1,...,n?} such that k| < k2 and ux, £ ug, (and ug, £ ui, ), then V := {v1;...; va2}
defined by writing

 —— — . 2
Uk .—uak,(k), k=1,2,...,n°%

is another labeling of {2 ;) }7;-,

Proof As they relate to U, define U"‘,ka and Ug,, as well as their respective
enumerations, in the same fashion as in Definition 6.2.15. We now proceed to show
that for any k, &’ € {1,...,n*} such that k < k', vpr £ v. Pick any such k and &'.
The argument embraces a multitude of cases and subcases.

Forke{l,...,k; —1}:

o if k' <k, — 1, then vp = up £ ux = vi because U is a labeling;

e if K’ > k|, then vp £ v because {vi,,...,Un2} = {ug,,-.., “k,.z} (as unordered

sets) and U is a labeling.

For kl SkSk[‘f’lUkzl—lI

o if k' < ki + |Uk,| — 1, then vy £ v because up,,..., Um,, | appear exactly in
2
that order in U;

o if k' = k| + |Uk,|, then vp < vie=>ux, < u,, for some m € Uy,; however, since
Um < Ug,, this would imply u,, = wu,, contradicting the fact that the Z(ij)'s are
distinct;
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if by +|[Ug| +1 < K < ky + |Ug,| + IU,ffl, then vy < vye=u,
some n € U,':f, m € Ug,; but since u,, < ug,, this would imply u,

U, for

<
S Uk, by

transitivity, which contradicts the definition of U,ff;

if & = ki + |Uk,| + |U/f: | +1, then v < vx would imply ug, < u, for some
m € Uy,; but since u,, < u,,, we would obtain the contradiction u,, = u,;

if by + |Ug,| + IU,'c‘fl +2 < k' < ks, then v < v would imply u; < u,, for some
l € U" and m € Uy,; but as u,, < u, and u, < u, this would entail the
contradiction ug, < uy,;

if £ > ks + 1, then v < v would imply up < u,, for some m € Uy,, which
contradicts m < k' in this case.

For k = ky + |Uy,|:

if k) +|Ug,|+1 < k' < k1+|Uk2|+|U,fl’|, then vy £ vk because u, £ u, Vn € U,':f;

if £ =k + |Ug,| + lU,ffI + 1, then v £ vk because ug, £ ug,;

if ky + |Uk, | + |U;ff| +2 < k' < ko, then v £ vk because u; £ ug, VI € U (the
opposite would imply ux, < ug, by transitivity);

if ' > k2 + 1, then v < vx would imply up < ug,, which cannot hold because
ko2 < K’ in this case.

For ki + |Us,| + 1 < k < ky + [Usy| + [UF]:

if £/ < ki + |Ug,| + IU,ffl, then vy £ v because uy,,,...,u, «, appear exactly
L
in that order in U,ff;

if ' = ky + |Us,| + |U,ff| + 1, then vy < vy would imply u, < u, for some
n e U

2, which is a contradiction;

if ky + Uk, | + lU,ffI +2 < k' < k5, then vpr < v cannot hold because this would
imply ug, < u; < u, for some n € U,ff and le UR (up, £ u, Y € U,':l’);
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o if ¥ > k; + 1, then vpr < v would imply up < u, for some n € U,’:f, which
would contradict n < k' in this case.

For k = ky + |Us,| + US| + 1:

o if k) + |Uy,| + IU,ffl +2 < k' < ks, then v < v would imply u; < uy, for some
[ € U*; but since ug, < uy, the contradiction u; = ug, would ensue in this case,
as [ # ki;

o if ' > ko +1, then v < v, would imply up < ug,, contradicting k£, < &’ in this
case.

For ki + Uk, | + [US| + 2 < k < ko

o if k' < ko, then v £ v because [y, /s, .. -y ljyx,| are listed exaclty in this order
in U;

e if ¥ > ky + 1, then v < v would imply up < u; for some { € U, but this
cannot happen because [ < kK’ in this case.

As all cases have been exhausted, we conclude that vy £ v if & > &', and hence,
that V' = {vi;...;vs:} is a bona fide labeling of {2 ;}};-,. O

Innocuous as it may appear, the following theorem nonetheless constitutes the
pivot on which much of this chapter hinges. It does suggest the manner by which
labelings will be used in characterizing the finite dimensional distributions of a point
process on R? - although this particular point will be explicitly addressed in the
subsequent corollary.

Theorem 6.2.17 Let U := {ui;...;uq2} be a labeling of {2 ;} ;= and let k:=

(k1,---,kn2) be a vector of nonnegative integers such that for all i,j € {1,...,n?},
tf u; < u; then k; < kj. There exists a permutation ¢ on {1,...,n%} such that
V = {uo(1);---;Ugm2y} is a labeling of {2 9 }j=1 and such that, in addition, 0 <

ka(l) <...< ka(nz)-
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Proof With U and k as given, let us first acknowledge the following fact: if i < j
and k; > kj, then u; £ u; and u; £ u;. Indeed, if i < j, then u; £ u; by the fact that
U is a labeling. Moreover, if u; < u; were to hold, the hypothesis that k; < k; would
be contradicted.

Given any labeling W := {w,;...;w,2} and any vector h = (hyiy...,hy.) of
corresponding integers, define the procedure SWAP(W, H) as follows (this procedure
is expressed in pseudo-code; W and A are accepted as input and are returned,
possibly modified, as output):

Procedure SWAP (W, &)
begin ¥%{procedure}’,
J=0
while (j <n? and B¢, j € {1,...,n%} such that i < j and ; > ;) do
j=J+1
if (j < n®) then
begin %{begin if}%
choose i € {1,...,j — 1} such that {; > [};
WL = W) - -5 Wnt 1= Woa(nayi
hy ;== h’a';'(l); R ha{(nz);
end; %{end if}%
end %{procedure}¥%

In view of Lemma 6.2.16 and the observation we made at the beginning of
this proof, it is clear the procedure SWAP(W,k) returns a bona fide labeling of
{2(.j)}}j=1, along with a vector whose entries are a permutation of the procedure’s
input vector’s entries. Starting with labeling U and integer vector &, we create the

following sequence of labelings and corresponding vectors:

(U, £y .= SWAP(U, k);
(U, k) := SWAP(UW, El);



CHAPTER 6. PLANAR POINT PROCESSES AND FLOWS 110
(UB, KBl .= SWAP (U, £121);

(Ulm+1 lm+1]y .= SWAP(U™, £lml).

Claim: There exists M € N such that (U™ gml) = (UM gM); for all m > M

(in other words, the procedure stops modifying its input after a finite number of

iterations).
Proof of Claim: Recall the lexicographic order <; on R™: if ¥ = (z1,...,Zn2) and
7 = (y1,...,yn2) are vectors of R**we declare 7 < ¥y and § <; £ if £ = §; otherwise

we take i* := inf{i € {1,...,n%} : z; # y;} and write £ <, Fif ;- < y;o, T <, T
if ;- < z;-. Clearly, <, is a total order, and thus a transitive and antisymmetric
relation. We argue that

LSRR < R <k

Let m € N, and suppose, without loss of generality, that k™ # km+l Writ-

ing £ = (&l™ . ['"]) klm+l = (k[lm+ll,...,k£l'?+l]),U[’"] = (u[{"];...;ug;']) and
Uttt = (o™, o4y - there thus exists 4,5 € {1,...,n?} such that i < j,
k™ > k™ and k["‘*” = ki'j”;)”, k- kf”j‘(*;‘) By the way o7 is defined, it is
clear that K™Y = g™ TRl gml - we claim b < b7 [ndeed, by the

way o} is defined, either

i) glmHl = kg-m] < k™ or

i) there exists | € {i +1,...,7 — 1} such that u[™ < ug-'"] and o} (¢) = I; but then,
under the current hypothesis, £™*! = &f™ < kg-'"l < k™.

We conclude that kl™+! < E[”‘l, whether £m = Em+1 or not. If there exists no
M € N such that (U™, k™) = (UIM] EM]) for all m > M, then the <;-decreasing
sequence {E[’"l }2_, must have infinitely many terms, since <; is transitive and
antisymmetric. But this contradicts the fact that there are only finitely many
permutations of {1,...,n?}; such an M € N therefore exists. //
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Let M € N be such that (U Elm) = (UM EM)); for all m > M. The
M iterations of the procedure SWAP(W,R) guarantee that for any m > M,
0< k[{"] < kg’"] <...< k[q ; moreover, U™ remains a labeling of {zap}? =1 DY
virtue of Lemma 6.2.16 acting in conjunction with the hypothesis. The permutation
o therefore exists. O

The next result shall conclude this section; it establishes the long anticipated

converse of Remark 6.2.8, namely, the determination of Po N~! by Po N-!.

Theorem 6.2.18 Let M : (Q,F,P) — (N, F(N¢)) be a point process on L of
which it is known that there ezists a point process N : (Q, F, P) — (N, F(N)) such
that ®(N) = N = M. The distribution Po M~ uniquely determines the distribution
PoN~1. In particular, Po N~! is uniquely determined by the distributions of random
vectors of the form (1‘\7,1, Nf,,, ey Kf,nz), where, for some grid {Z(i,j)}?.j=1 and labeling
U= {ui;...;un2} of {za)}Pjo1, b = Duy A ADy ,,lo =Dy Ao ADy 4, ... 12 =
D,,=D

Z(1l.n) "

Proof The o-field F(N) is such that a(N) is generated by random vectors of the

form (Ve 1)e-o s Nenyreoo1 Nean)s - - N:..): where {z;;}?;_, is a planar grid of

size n. Hence, the m-system which consists of the F-sets [V, s = Ky - yNeyny 2

k(l.n)v IV:( ") > k(n,l)v .. V:( ) > k(n,n)] where k(l,l), .o k(n,n) e NuU {0} forms

a determining class for P o N~!. For such sets, without loss of generality it may
be assumed that for any ¢,7,j,j° € {1,...,n} such that z;j; < 2, we have

k(i j) < k,j)- Since a labeling of the grid {z(; ;) }7;=
may enumerate the z(; j,'s for left to right and from bottom to top), by Theorem 6.2.17
there exists a labeling U = {u;;...;un2} and an ordered enumeration {k;...;kp2}
of {k(;;}?,;=1 such that
(Neay 2 k- Ny 2 kiays -2 Neoyy 2 knatys -1 Nao ) = Kinm))
= [Nul > k1yeens Nup 2 kn2
and such that, forany i,j € {1,...n}and! € {1,...,n%}, z; ;) = w implies ki ;) = ki

In particular, for any {;,l € {1,...,n%}, [} <, implies k; < k,. But then, by Lemma

, always exists (for example, one
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6.2.14,

[Nul > kl, .o ,Nunz Z kn‘.'] = [2\/'/\15',5"2 D, > kl, N/\zgisrﬂ Dy > kg, .oy j\fl)un2 > k’nzl.
As

P[Nul 2 kly"'vNunz Z knzl

= P[IVAISiSnz D"i 2 kl’ NA’.!SI’SA"’ Du,- Z k21 vy jVDunz 2 kn’]

is determined by the distribution Po M~! = Po N-1, it is clear the latter determines
PoN-!as well. O

6.3 Flow Processes and Flow Compensators

In this section, we first define a flow on £. We then proceed to reveal how a planar
point process gives rise to a family of point processes on R, which is indexed by all
the flows on £; and then, how the distributions of such processes determine that of the
planar measure. At last, we provide a sufficient condition on the planar measure for
the compensators of the flow processes to determine the planar measure’s distribution.

Definition 6.3.1 A flow on L (a flow for short) is an injective mapping f : R, —

L which satisfies the following three conditions:
i) £(0) = {(0,0)} and f(cc) = RE;
i) for any s,t € Ry, s <t => f(s) < f(¢);

i) f is right-continuous, i.e. if {t,}%, is a decreasing sequence in R, with infi-
mum t, then {f(t,)}32, is decreasing in L and /\ f(ta) = f(2).
neN
For any L,,...,L, € L, a flow f is said to pass through L,,...L, if L,,...,L, all
belong to the range of f.

The following proposition is used in proving Theorem 6.3.5. It also illustrates how
common flows are.
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Proposition 6.3.2 For any L,,...L,, € L which satisfy L, < L, < ... < L, there
ezists a flow f passing through L,,...,L,.

Proof As f(0) = {(0,0)} and f(co) = R% must hold by definition, one may assume,
without loss of generality, that the (distinct) lower layers L, ..., L, are all different
from {(0,0)} or R2. For any m € Ny := NU {0} let D,, := {55 : i € Ny} and let
D := U, ,en, Dm be the set of nonnegative dyadics. As an intermediate step we shall
define an injective and increasing map f:D— by defining its images f (Do),
f(Dy), f(D,), ... successively. First, as regards f(Dy), let

P(%) =70 =00 =L,

/1 . - -
F (2—0) = F(1) = Ly, f(2) = Loy ... f(n) = Ln

and for j > n + 1 define f (2-%) = f(j), recursively, as some L; € L which satisfies
Ly << L; # R2 (such an L; exists by Proposition 6.1.4). Now f(Dy) is determined.
For any m > 1 determine the image set f(D,,) recursively as follows. For any
35 € D, if 35 € Dpn_y then f(5%) is already defined; if 75 € Dy \ Dy, then set

t

where L . € L is such tha.F L.?-lx_ <L, < L.z%, p(L%,LE;"_) < = and Lo #
L, # Ly (observe that sl e DT—l if 5% € Dm \ Dp—, and that such an
L . exists by Proposition 6.1.5). Now f : D — L is completely determined as an

increasing and injective map. We exhibit the requisite f : R, — R2 by defining

{(0,0)} ifz=0
f(z) =4 R} ifz =00
A{f(Q)IqéD,q>I} if0<z<oo

Requirements (i) and (ii) of the definition of flow are clearly satisfied by f. This f is
also injective as a consequence of the density of D in R, and of the antisymmetry of
the order < on £. Requirement (iii) of the definition is met by the easily verifiable
fact that lattice infima of countable subsets of £ are well-defined. Thus f is a
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flow. Moreover, f(i) = L; for any ¢ € {1,...,n}, so that f indeed passes through
L,...,.L,.0O

We may now define the R, -indexed point process N/ associated to a given
flow f.

Definition 6.3.3 Let f : R, —> L be a flow and N : (Q,F,P) — (N,(M)) a
point process on R%. The flow point process N/ on R, is defined by writing

N{ = Ny,
forallt e R,.

Observe that N/ is not a simple point process in general.

Definition 6.3.4 Given any planar grid {z(; ;) }};-, and labeling U := {u,;...;un2}
of {z(i.j)}2i=1, a flow f : R, — L is said to ezhaust {zi.5)}1;=1 along U if f passes
through ly := Dy, A ... A Dy, la: =Dy A. .ADy 4.0, lg2 = D,,=D:. If the

S(1.n) "

labeling U is not specified, f is just said to ezhaust the grid {z j}

n
=1

We shall henceforth denote by F the family of flows which exhaust non-trivial grids:
F:={f:R, — L| f is a flow; f exhausts a planar grid of size n > 1.}

This section’s first result relates the distribution of a planar measure to those of its

associated flow processes. It constitutes the first of this section’s two principal results.

Theorem 6.3.5 Let N : (R, ,P) — (N, B(N)) be a point process on R%2. The law
PoN~! uniquely determines, and is uniquely determined by the family { PoN/ —l} fEF
of flow point processes.

Proof That Po N-! determines Po Nf™" for any flow f results from the fact that
P o N-! determines P o N~!. Conversely, by Theorem 6.2.18, P o N~! is uniquely
determined by distributions of random vectors of the form (JV,, . ﬁh, . 1‘\7""2 ), where,
for some grid {z;)}?,=, and labeling U := {uy;...;un2} of {z)}j=1: it = Dy, A
oo ADy 4, la =Dy, A... A Dy ,,---ilp2=D,, = D, ,, and where, without loss of
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generality, it may be assumed that n > 1. But since [} < [ < ...[,2, there exists,
by Proposition 6.3.2, a flow f : R, — L passing through [,,...,l,2. Such a flow
belongs to F by definition. Moreover, writing s; := f~!({}), ..., Sp2 := f~!(l,2) one
immediately realizes that

(Niy Nig, -+, Ny ) = (Nf, N, ... NT ).

As this random vector’s distribution is uniquely determined by that of N7/, it is clear
that the family {P o N/ ™'}, . g determines Po N-!. O

While it comes as no surprise that the distribution of the planar measure de-
termines the distributions of the flow measures and vice-versa, a less trivial question
arises as to whether the distribution of the planar measure is determined by the
compensators of the flow processes. Let us elaborate: if N : (Q,F, P) — (N, B(N))
is a point process on R2 and f : Ry — L is a flow, let the filtration =4 }eo
be the internal history of the flow process N/ on R, and let {A/};5¢ be the dual
predictable projection of N/ with respect to {f'{ }t>0. Retaining the symbol F to
denote the class of all flows exhausting grids of size greater than one, is Po N~!
determined by the family {{ Af },ZO}IGF?

We know from Jacod ([23]: Theorem 3.4) that if {V'},5¢ is a simple point
process on R, generating an internal history {F;}, then the law of N’ is uniquely
determined by the compensator {A}}.;>¢ of N’ with respect to {F;}. So it is
reasonable to ask whether for any fiow f : R, — L, the compensator A/ determines
the law of N/ (and this would be sufficient, by the previous theorem, to ensure that
P o N-! be determined by the compensators {A] }t>0). The difficulty stems from
the fact that N/ is not a simple point process in general; as is well known, a point
process admitting multiple jumps on a set of nonzero measure cannot be determined

by its compensator.

In the following paragraphs we proceed to a condition on the planar point
process N sufficient to ensure that, for a certain class of flows f large enough to
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determine P o N-! from the distributions P o N/ -l, the point process N/ admits
simple realizations on a set of measure 1. Any N satisfying this condition shall be
called strictly simple. Strictly simple planar processes have surfaced in connection
with the study of “planar compensators” (see, for example, Lemma B.1 of [20]); it is
therefore pleasant to acknowledge their usefulness in a new approach to compensators
of processes indexed by more general sets then R.,.

Definition 6.3.6 A planar measure p € (N, B(N)) is said to be strictly simple if,
for any z € Ry, p({(z,y) : y € Ry}) <1 and pu({(y,z) : y € Ry}) < 1. A point
process N : (Q, F, P) — (N,B(N)) is said to be strictly simple if N(w) is strictly
simple for P-almost all w € Q.

In other words, a point process is NV strictly simple if, with probability one, N does
not charge any vertical or horizontal line with a measure greater than one. It is now
time to grasp the nettle: the determination of P o N~! by the class of compensators

{A/} ser will emerge from the following

Theorem 6.3.7 Let N : (Q, F,P) — (N, B(N)) be a strictly simple point process
on R%. For any grid {z;;)}?,-, and labeling U := {u,;...;un:} of {20y} =1, there
exists a flow fy : Ry — (L, B(L)) which ezhausts {2 ;)}?;=, along U, and such
that the point process NV on R, is simple.

Proof Let N, {z;;}?=;; and U be as specified. We shall construct fy so as
to satisfy the statement. By definition we must have fy(0) := Do) = D,,
and fy(oo) := R2Z. Defining fy(t) for other values of t will require a relabel-
ing of {z(,-,j)};"jﬂ. For any & € {1,...,n}, agree to call z; the common ab-
scissa of points 2(; k), Z(2.k), - - - Z(nk): and to call y; the common ordinate of points
Z(n—-k+1,1)r Z(n—k+1,2)1 - - - + Z(n—k+1,n) (thus, Zn) = (0,0) = (z1,31), 2(1i,n) = (Zr; Yn),
etc.). Furthermore, for any ¢ € {1,...,n%} let oy, € {1,...,n} be such that
u; = (Zg,,yr,)- If t > n? — 1, simpiy let

fu(t) = D(z, yost-(n2-1))-
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At last, if there exists ¢ € {1,...,n% — 1} such that i — 1 < ¢ < ¢, then define a, and

bg as
La; if oi=n
a; .=
t Zg + [t - (1 - 1)](1'0,-“ - xgi) otherwise

and

b, := Yr, if Ti=n
a Y + [t — (¢ = 1)](yn,, — Tr) otherwise

respectively, and put

Dui+1 AN A D"'n2 A D(Io‘,bg) ifo,=n
fU(t) = D“--H A A Dunz A D(a‘,yri) if T,=n
Dy A A D“n2 A D(za‘..b.) A D(ac.yf.’) ifo; V7 <n

Claim: For any i € {1,...,n% -1},

fu(@) = Du..H ALA D“n'-"

Proof of Claim: We distinguish the mutually exclusive cases 0; = n, ; = n and
o; VT <n.

If o, = n, then ; < n because u; # uy2. This implies (z,,,b;) = (Zs,, Yr+1)-
Suppose (zq,,Yr,+1) & {Uit1....,Un2}. Then there exists i* € {1,...,n} such that
(ZToi1 Yri41) = Uie = (To, Yr. ). If 3" =i, then (zo,, yr+1) = i = (T4,,Yr), which is a
contradiction. If i* < i, then u; £ u;. because U is a labeling; but this contradicts
Ui = (Zo;,Yn) < (To,s Yri41) = uio. Thus, (Toy, Yri41) € {Uis1.. .., un2} if 0, = 75 in
particular, fy(i) = Dy, A ... A Dy, AD, yr 1) = Duyy A-.. A Dy, insuch a
case.

If 7; = n, the reasoning is similar.

If o; V7 < n, then (z,,,b;) = (24, yr,+1) and (ai, yr,) = (Zo,+1, Yr), in which case we
show (x4, yr+1), (ZTo;+1,Yr) € {Uis1,--.,Un2} as was done previously. It will follow
that fy(i) = Dy, A...ADy,. //

As the previous claim’s statement remains trivially true for i = 0, fy satisfies
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the requirement that it pass through Doy = Dy, A ... A Dy ;s Dy, A ... A Dun,,. .
D, ,. It may also be checked by inspection that fy is both continuous and injective.
As fy is now a bona fide flow, there only remains to show the R, -indexed
point process N/U is simple. It can be assumed, without changing the
essence of the argument (but alleviating its notation significantly!), that N(w)
is a strictly simple planar measure for all w € €, rather than just for all
w outside of a P-null set. With this in mind, let us adopt the notation

that for any t > 0 and z,y € Ry, Nf¥ = limye N/° := lim, e, N7,
AN/ = N[v — NfY, Ngwy = limgNes = limg,eee Ngs and
Nig—y) = limgpy Nigyy = limgp st NVis,y)- Since NV does not charge (0,0), it

suffices to check that AN/Y <1 for allt > 0. For t > n? — 1 we have

ANfv = Nfv - N[v

= Ny —lUm Ny,

—~

—lim NV
Disnyn+e-(n2-1y !*l#tll Dizpyn+s-(n2=1y)

I

Nizpynt+t=n2=1)) = Nizpyn+t—(n2~1)-)
<1

the inequality owing to our assumption that N be everywhere strictly simple. If there
exists an ¢ € {1,...,n? — 1} such that i — 1 < t < i, we face the usual and mutually
exclusive cases 0; = n, ; = n and 0; V 7; < n. We only address the case o; V 7; < n,

the other two cases being simpler and handled similarly. In this event,

AN = Ny - lslgg Npy(e)

Nu.‘+1 A...A IV,‘“2 A N(Ia,- be) N N(“tvyfi)
“Nuy N ANy, ANz, by A Nag-gr,)- (7

By virtue of n'’s strict simplicity, Nz, b) — Nz, be-) < 1 and Naey,) = Nae-gr) < 1.
The right-hand-side of equation (1) must therefore be bounded by unity. O

The chapter’s main result is now within hand’s reach:
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Corollary 6.3.8 If N : (Q,F,P) — (N,B(N)) is a strictly simple point process
on R2, then the distribution P o N~! is uniquely determined by the family {Af} e
where, for every f € F, {A{ }t>o0 is the compensator of the point process N/ on R,.

Proof By Theorem 6.2.18, P o N~! is determined by the distributions of the
random vectors (ﬁ,l,...,f\-f,n,) where, for some grid {z;;}?;-; and labeling
U = {u,...,un2} of {z5}tjcty b = Duy A...A Dy, for k = 1,2,...n%
Let fy be the flow exhausting {z;};~, along U garanteed by Theorem 6.3.7.
(N,l,...,ﬁf,n,) = (N({”,...,Nrfé’_l) by definition of N/v. But since N/V is sim-
ple, Theorem 3.4 of [23] ensures the distribution of N/v - and hence, that of
(N({”, ey Nrfé’_l) - is uniquely determined by the compensator {A{"}zzo» As f € F,
the theorem ensues. O

The next section dicusses the “past information” carried by the family {A/ : f a flow}
of R, -indexed compensators, as opposed to the “past information” carried by the
R2-indexed compensators researchers have hitherto considered. It also addresses
the question of how variously defined “compensators” have - or lack - the power to
characterize the distribution of a planar point process.

6.4 Of Compensators and Filtrations

Let (92, F,P) be a probability space. For any R,-indexed filtration {F;}:>o of
sub-o-fields of F, there is no ambiguity in what one means when referring to the
“past” at any point t € R : the past is the o-field F, itself, which represents all the
information available up to time t: F, =V, F;.

The situation is not as simple in the planar context. If {fz}zeni is a R2-
indexed filtration (i.e. a R2-indexed collection of sub-o-fields of F such that
F., C F., whenever z < 2’ coordinatewise), there are many possible interpretation of
the “past” at a given point z € R2. To our knowledge, the literature identifies two
types of “pasts” at point z. The first is the so-called “strict past”, which corresponds
to F. itself, and therefore embraces only the information available at points z’,
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where 2’ < z: F, =V, ., - (see Figure 1). The second type of “past” heretofore
encountered is the so—call-ed “wide past”, which, at point z, covers all the information
comprising the strict pasts of points not strictly larger than z coordinatewise. More
precisely, the “wide past” at z is represented by the o-field F; obtained via the
relation F7 :=\/ ., . . Fr where, for any z = (z,y), 2’ = (z’,¢/) € R}, z << 2 if
and only if £ < ' and y < v’ (see Figure 2).

Figure 1 Figure 2

The two filtrations {F:}.crz and {F}}.cr: give rise to two different R -indexed
compensators for planar point processes. If N : (Q, F,P) — (£, B(L)) is a point
process on R2 adapted to the filtration {F:}:enz, then:

e a compensator of N is an R2-indexed increasing process A := {A:}:epz which

is adapted to {F.}.cr2 and such that, for any 2,2’ € R with z << 2/,

E[N((z, Z)IF:] = E[A((z, ZDIF]5

e a *-compensator of N is a R2 indexed-increasing process M := {A’[z}:eni which
is adapted to {F}}.cpz and such that, for any z, 2’ € R} with z << 7,

E[N((z, Z])IF] = E[M((z, Z])| F].

Remember that a simple point process on R, which does not charge 0 and admits
at most one accumulation point per realization is guaranteed a compensator with
respect to its internal history; this compensator is unique up to indistinguishability
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and characterizes the distribution of the point process ([23]: Theorems 2.1 and
3.4). The essential features of such a compensator are therefore its existence, its
uniqueness and its power to characterize the process’ distribution. As we have
stated in the chapter introduction, however, no planar compensator - whether it is
the compensator per se or the *-compensator - replicates these three features in full
generality. The compensator may not exist if “F4” is not assumed, and is known not
to characterize the point process distribution ([21]: (2), pg. 240); on the other hand,
the *-compensator is only known to characterize the point process distribution when
the latter is Poisson or Cox ([22]: Theorem 5.3.1).

Let us therefore appraise the present chapter’s material in view of the limita-
tions inherent to compensators defined as R2-indexed increasing processes. In our
jargon, every planar point process N : (Q,F,P) — (N, B(N)) gives rise to the
family {V/ : f a flow} of non-simple point processes on R, the internal histories of
which, in turn, produce the family {Af : f a flow} of corresponding compensators.
Combining the statements of Theorem 6.3.5 and Corollary 6.3.8, we obtain this
characterization:

Theorem 6.4.1 Let N : (Q,F,P) — (N,B(N)) be a planar point process. The
distribution P o N~! determines the family

{Af: f a flow; Af the compensator of N/} .
Furthermore, if N is strictly simple, then the family

{A: f a flow; A! the compensator of N/ }
determines Po N~1.

Since the family {A/ : f a flow} always exists as a result of the Doob-Meyer
decomposition theorem for R -indexed processes, we may claim that, in essence, this
family acts as analogue to the compensator of simple point processes on R.,. Indeed,
the three principal features of the R -indexed compensator, namely its existence,
its uniqueness and its power to characterize the distribution of the simple point
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process, are all replicated by the current scheme. This suggests that, for purposes of
fixing a certain planar point process distribution via a “compensator”, focusing on
the family {Af : f a flow} of linear compensators may yield more satisfactory results
than attempting to determine the distribution via the R2-indexed dual predictable
projection, if it exists. Of course, we are still ignorant of conditions required for a
given family {Af : f a flow} of increasing processes on the line to be the family of
flow compensators. associated to a given distribution. Futher investigation will be
required to determine any such conditions.

We would like to close this section by addressing some of the questions an en-
quiring reader may have about the kind of “past” the family {A/ : f a flow}
generates. For any flow f : R, — (£, B(L)), let {F/ }:>0 denote the internal history
of the point process N/. If {'7:2}:68.3, denotes the internal history of the planar point
process IV, we would like to compare, for any z € R2, the o-fields F, and F; to the
o-field G. := o(F/ : f a flow passing through D.,t = f~1(D.)). It appears that G,
properly contains F; but is strictly included in F;. In the following illustration (see
Figure 3), z is an arbitrary point of the plane, whereas points marked with an “x”
and labeled A, B, C and D respectively, are the atoms of a given realization p of
a planar point process V. The lines labeled L;, L,, L3 and L, represent the lines
LY, L%, L5 and L% respectively (we omitted the superscript so as not to clutter the
figure).
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Figure 3

As can be verified, points 4 and B are captured by all three o-fields. Point
D is only captured by F;: the “strict past” of z does not capture D because point
D is not smaller than z and, moreover, since the smallest of the L*’s on which point
D lies is L5 and L§ £ D., point D cannot be captured by G. either. Finally, point
C is captured by both F} and G., but obviously not by F.. That C is captured by
G: is due to the fact that point C is an exposed point of the line LY and LY < D.:
gleaning the information produced by all flows passing through the current line L%
and D, it is possible to trace back the location of point C.
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Appendix A
Stopping Times and Predictability

We recall elements of the classical theory of point processes on R, = {0, 00) which

pertain to filtrations, predictability, martingales and the Doob-Meyer decomposition.

The symbol B(R..) designates the o-field of Borel subsets of R,. The Alexandroff
compactification R, = [0, 0] of R also generates a Borel o-field which we denote
by B(R,). We observe that B(R.) "R, = B(R..) and that {oo} € B(R,).

We fix a probability space (92, F, P).

A.1 Filtraticn and Stopping Times

Definition A.1.1 A filtration on R (a filtration for short) is an R, -indezed collec-
tion {Fi}i>0 of sub-o-field of F such that, for any s,t € Ry, s < t implies F, C F..
Furthermore, if {F.}i>0 satisfies the property that

Fe={)Fu
u>t

then {Fi}i>0 is said to be a right-continuous filtration (right-continuous for short).

By convention one writes F, := F and Feo— = V Fe.
teR 4
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For the sequel we suppose (2, F, P) is endowed with the right-continuous filtration
{Fe}e>o-

Definition A.1.2 A random variable T : (Q,F,P) — (Ry,B(R.)) is called a
stopping time with respect to {F,}:>0 (a stopping time if the filtration is unambiguous)
if, foranyt € R,

{T <t} ekF.

If T is a stopping time, the class
Fr={AeF:An{T<tle F,VteR,}
is called the o-field of events that occur by time T, and
Fro=FVo(AN{t<T}:te Ry and A € F,)
is called the o-field of events strictly prior to T.

One may check that Fr = F, and Fr_- = F,_ = V}', is unambiguous when

<t
T =t € R, is constant.

Remark A.1.3 IfT: (Q,F,P) — (R.,B(R.)) is a stopping time, then
o(T) C Fr- C Fr.

Definition A.1.4 Let T : (Q,F,P) — (R,,B(R.)) be a stopping time and let
A € Fr. We define T, : (Q, F, P) — (R4, B(R,)) by writing

Tw) ifwe A

+00 otherwise

TA(UJ) = {

T, is a stopping time.
The following facts are classical (see, for example [12]).

Proposition A.1.5 Lett € R, ; let S and T be stopping times, and let {T,}nen be
a sequence of stopping times.
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i) /\ T, and V T, are stopping times;
neN neN

it) T +t is a stopping time;
itt) for any A € Fs, AN{S <t} € Fr (in particular, Fs C Fr if S<T);

iv) events {S < T},{S < T} and {S =T} belong to both Fs and Fr.

A.2 Stochastic Intervals and Predictability

We now focus our attention on certain classes of sets of F ® B(R..).

Definition A.2.1 Let X = (X, : t € R,) be a stochastic process. X is said to be
measurable if the map (w,t) — X (w), defined on Q x R, is measurable with respect
the the o-field F @ B(R..).

Definition A.2.2 Let S and T be stopping times. We define the stochastic intervals
1S, T}, [S.T), 1S, T[ and [S, T via the relations

15, 7] := {(w,t) e xRy : S(w) <t < T(w)},

[S,T] = (1) € U x R, : S(w) < £ < T(w)},
1S, T[={(w,t) e 2 xR, : S(w) <t < T(w)},

and

[S,T[={(w,t) e2x R, :S(w) <t<T(w)}
respectively. The graph [T] of T is defined as [T] := [T, T}.
It can be shown by an approximation argument that if S and T are stopping times,

then the stochastic intervals | S, T}, [S, T], 1S, T[ and [S, T all belong to F @ B(R.;).
More can be said:

Definition A.2.3 Let X = (X, : t € R,) be a measurable stochastic process. X is
said to be adapted (to {F,}ier, ) if, for any t € Ry, X, is measurable with respect to
Fi.
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Remark A.2.4 Let S and T be stopping times. The stochastic processes 1jsrty,
1is,11, Y)s,7[ and 1isT1 are adapted.

Stochastic intervals are used to define the optional and predictable sub-o-fields of F.
Definition A.2.5 The optional o-field O C F ® B(R.,) is defined via the relation
O :=0o ([0,T[: T a stopping time);
the predictable o-field P C F ® B(R.,) is defined by writing
P:=0([04,T] : T a stopping time, A € Fp).

Processes and sets measurable with respect to O are said to be optional; processes and

sets measurable with respect to P are said to be predictable.

If we agree to define a finite, measurable process X = (X, : t € R,) as left-continuous
(respectively, right-continuous, continuous) if, for every w € , the path t — X,(w)
is left-continuous (respectively, right-continuous, continuous), then we obtain the fol-
lowing characterizations of optional and predictable processes (see [26]: Definition
[.1.20 and Remark I.1.26; [32]: Theorems 3.4.15 and 3.4.17 and Corollary 3.4.16).

Proposition A.2.6 i) The optional o-field is generated by all adapted

right-continuous processes;
ii) the predictable o-field is generated by all adapted continuous processes;

iii) the predictable o-field is generated by all adapted left-continuous processes.
Corollary A.2.7 All predictable processes are optional.

A straightforward approximation argument which uses adapted left-continuous (re-
spectively, right-continuous) generators of P (respectively, @) produces other char-
acterizations of P (respectively, O):

Proposition A.2.8 i) P=0(Bx {0},Ax (s,t|]: B€ Fy,s <t and A€ F,)
=0 (B x {0},]sa,t] : B€ Fy,s <t and A€ F,);
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i) O=c(Ax|[s,t]:s<tand A€ F)=0([sa,t] :s<tand Ac F,).

It is immediate for the definition that if T is a stopping time, then the set [0,7] is
predictable (this is equivalent to saying that 0, T} is predictable because [0,T] =
[0Ju]O, T] and [0] = Q x {0} is predictable). Likewise, the set [0, T'[ is optional, but
not predictable in general.

Definition A.2.9 Let T be a stopping time. T is said to be predictable if the stochas-
tic interval [0, T'[ is predictable.

Predictable stopping times are characterized by the fact that they are announceable
(see [26]: Theorem [.2.15):

Theorem A.2.10 Let T : (Q,F,P) — (R.+,B(R.)) be a stopping time. These
two statements are equivalent:

t) T is predictable;

ii) there erist a sequence {Tp}.en of stopping times such that, for any n € N,
T, £ Thy1r < T P-almost surely on {T > 0}, and such that lim,enT, = T
almost surely.

If T is a predictable stopping time and A € Fr, then the stopping time T’y may or
may not be predictable. However, we have this result ([26]: Proposition 1.2.10):

Proposition A.2.11 Let T : (, F,P) — (Ry,B(R.)) be a predictable stopping
stopping time. If A € Fr_, then the stopping time T, is predictable.

For any stopping time T' andlany constant ¢ > 0, the stopping time T+t is predictable.
As [04,T] = n [04,T + ;[ for any A € Fy, an ultimate characterization of the

neEN
predictable o-field is obtained:

Proposition A.2.12

P = o([S,T[: S and T are predictable stopping times)
= o ([0,T[: T is a predictable stopping time) .



Appendix B

Martingales and Increasing

Processes

We hereby define martingales and increasing processes so as to state the Doob-Meyer
decomposition for “submartingales of class (D)”.

We fix a probability space (Q,F,P), which we endow with a right-continous
filtration {ft}czg.

B.1 Martingales

If f: Ry — R is a function, agree to call f cddldg if, for every t € (0,00),
f(t) = limy_,y f(s) and lim,_,,_ f(s) exists.

Definition B.1.1 Let X = (X, :t € R,) be a finite-valued, measurable process such
that, for P-almost all w € S, the path t — X,(w) is cadlag, and such that X, is
integrable for allt e R,. We say X 1s

i) a submartingale if X, < E(X,|F,) for all s,t € R, with s <t;
1) s supermartingale if X, > E(X,|F,) for all s,t € R, with s < t;

i) a martingale if X; = E(X,|F,) for all s,t € R, with s < t.
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Doob’s Optional Sampling Theorem states that, provided a supermartingale is closed
by a terminal random variable, the defining inequalities extend to indices which are
stopping times (see [26]: Theorem 1.1.39):

Theorem B.1.2 Let X be a supermartingale such that there erists an integrable
random variable Y with X, > E(Y|F,) forallt € R,. If S and T are two stop-
ping times, then the variables Xsli{s<wo} and X71{r<co} are integrable and satisfy
Xs 2 E(Xr|Fs) on {S<T < x}.

We close this section by defining local martingales, submartingales and supermartin-
gales.

Definition B.1.3 A stochastic process X is said to be a local martingale (respec-
tively local submartingale, local supermartingale) if there ezist an increasing sequence

{T.}nen of stopping times such that sup,en Tn = oo almost surely and such that for
every n € N, the process

X = (Xiar, i t € RY)

is a martingale (respectively submartingale, supermartingale).

B.2 Increasing Processes

Definition B.2.1 A measurable stochastic process A is said to be increasing if A

adapted and for every w € 2, the path t — A,(w) is non-decreasing and cidlag with
.“o(w) =0.

It is thus clear that if A is an increasing process, then every w € Q determines a path
t — A,(w) which is the distribution function of a measure on the Borel subsets if R

The “differential” dA therefore makes sense when employed in a Stieltjes integral.

Notation B.2.2 Throughout this thesis, if A is an increasing process and B is a
Borel subset of Ry, for any w € Q the symbol A(w, B) denotes the quantity [, g dA(w)
and the symbol A(B) denotes the corresponding random variable.
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We recall the definition of indistinguishability prior to introducing the result which
establishes a correspondence between o-finite measures on F ® B(R..) and “locally

integrable increasing processes”.

Definition B.2.3 Let X = (X, : t € Ry) and Y = (Y, : t € R,) be stochastic
processes. X and Y are said to be indistinguishable if the set

{weQ:3te R, such that X,(w) # Yi(w)}
is P-null.

When a process possessing a certain characteristic is unique up to indistinguishability,

we also say that it is “essentially unique”.

The following result can be found in Dellacherie ([12]: IV.T41).

Theorem B.2.4 i) Let A = (4, : t € R,) be an increasing process such that
E(A;) < oo for all t € R,. There erists a unique o-finite measure p, on

F @ B(R..) such that, for any nonnegative measurable process
X=(X,:teR,),

/ Xdu, = /n /(om) X,(w)dA(w)dP(w) = E [ / XdA] .

i) Let pu be a o-finite measure on F @ B(R..). There ezxists an essentially unique
increasing process A = (A, : t € R..) such that E(4,) < oo for allt € R, and

such that
/Xdu= E [/‘XdA]

for all nonnegative measurable processes X = (X, :t € R.).

B.3 Doob-Meyer Decomposition

This is where martingale theory and increasing processes meet. We shall invoke the
Doob-Meyer decomposition result in the subsequent appendix.

Let us first define what is meant for a process to be “of class (D)”.
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Definition B.3.1 Let X = (X, :t € R,) be a finite-valued, measurable stochastic
process. X is said to be of class (D) if the collection of random variables

{Xr : T a finite-valued stopping time} is uniformly integrable.

The Doob-Meyer decomposition for submartingales may be stated as follows (see [26]:
Theorem [.3.15):

Theorem B.3.2 Let X be a submartingale of class (D). There erists an essentially

unique predictable increasing process A such that the process
X-4=(X,—4,:teRy)
s a martingale of class (D).

A special case of Theorem B.3.2, stated in slightly different form, arises when X is a
“locally integrable” increasing process. In this case, X is a submartingale which is not
necessarily of class (D), but which nevertheless admits a Doob-Meyer decomposition.
According to Dellacherie ({12]: V.T28), the following holds.

Theorem B.3.3 Let A be an increasing process such that E(4,) < oo forallt € R,.
There ezists an essentially unique predictable increasing process AP such that, for any
nonnegative, predictable process X, we have

E/XdA:E/XdA".

Let us give a name to this process AP.

Definition B.3.4 Let A and AP be as in Theorem B.3.3. AP is called the dual pre-
dictable projection, or compensator, of A.



Appendix C

Point Processes and their

Compensators

C.1 Defining a Point Process Compensator

A simple, unmarked point process on R, is an R, -valued stochastic process
N = (N, :t € R,) constructed as follows: we let

T\ T, ...: (Q,F, P) — (R4, B(RY))

be such that
T =0<Ti<D<...

and for any w € Q,t € Ry we let
New) = 3 1z cq ).
neN

Observe that Ny(w) < oo for all ¢t € R, if and only if T;,(w) — oo as n — oo; N thus
is not an increasing process in general as the trajectories t — N (w), w € Q may not
necessarily be the graphs of R -valued functions. Speaking of the “compensator of
N” does therefore not make sense in general, according to Definition B.3.4. However,
it is easy to see that N induces a measure gy on F ® R, via the relation

pn (A x (s,t]) :=E LZ 1.4n(s<Tn$t}]

€N
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for all s,t € Ry with s < ¢t and all A € F (the expectation may be infinite).
Additionally, px thus defined is o-finite because uy takes value at most 1 at the sets

{(wt)eQxRy : T (w) <t <Tp(w)}, n€N,
and equals 0 at the set
{(w,t) e 2 x Ry : sup Ty (w) < t < oo}
neN

Theorem B.3.3 suggests, by its formulation, a way of defining a compensator for V.
In this instance, supposing the process N = (V, : t € R.) is adapted some right-
continuous filtration {J-}}gzo, we would define a compensator of NV as a predictable,
R, process A= (A, : t € R.) such that, for P-almost all w € Q,

i) -/\0((‘}) = 07
ii) Ag(w) € Ae(w) for all s,¢t € R, with s < ¢ and
ii) A(w) = limy,eq Ay(w) for all t € Ry,

and such that, for all nonnegative, predictable processes X,

E/X,dNt = E//Ygd.’\g

(for the right-hand side to make sense, it suffices to consider the stopping time
T::=inf{t e Ry : A, =00} and set [VidA, = 0 for ¥ :=]TA,00). It so
happens that if there exists a sub-o-field ¢ of F such that, for any t € R,
Fi =GV a(Ns : s <t), then such process A exists and is unique up to indistin-
guishability (see [23]: Theorem 2.1, as well as the remark on same page guaranteeing
the right-continuity of {F;}:>¢ in this case). In such a situation we shall refer to the
process A as the compensator of the point process V.

In Chapter 3, we argue that the compensator still exists when the hypothesis

0<Ti<Th<...
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is relaxed to
0<TT <Th<...,
provided that for any m € N and any w € Q, T;n(w) < sup,en Tn(w) holds. In fact,

the result is generalized to compensators of “marked point processes” which Chapter
3 generically refers to as “the random measure u”.

C.2 A Finite Compensator for a Finite Point Pro-

cess

Chapters 2, 4 and 5 assume that if N is a simple, unmarked point process on R,
such that Vy(w) < ocoforallw € Qand t € R, (ie. forall w € Q, T,,(w) = oc as
n — oc), then, supposing the filtration {F;}.>o satisfies 7, = o(N, : s < t) for all
t € R, the compensator A of N can be chosen so that A,(w) < oo for all w € Q and
t € Ry. Since E(V;) may not necessarily be finite for all ¢ € R, Theorem B.3.3
cannot be used to infer this. Let us first prove a preliminary result:

Proposition C.2.1 Let N be a simple, unmarked point process on R, such that
Ni(w) < oo for all w € Q and all t € R,. Suppose the filtration {Fi}e>o satisfies

Fi=0(Ns;:s <t), and let A be a version of N'’s compensator. We have that
PlweQ: A(w) =00 for somet € Ry =0.

Proof Let us first prove {w € Q: A;(w) = oo for some t € R, } is a measurable set.
As before, define the R, -valued random variable T2 be writing

T :=inf{t € R, : A, = o0}.
TA is a stoppixig time, so that
[we Q: Ayw) = oo for some t € R,| = {TA < o} € F.

Suppose P{.To‘}> < oo} = n for some 7 > 0. Since lim,_, T, = 0o be hypothesis, we
have
{T4 < oo} = J{TE < T},

neN
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so that there exists a n* € N and a § > 0 such that P{T2 < T;,.} = §. Observe that
{T4 < T,.} is the projection onto Q of the stochastic interval JTA, T,..], which is a
predictable set. Therefore, by the Predictable Section Theorem ([12]: IV.T10), there
exists a stopping time T such that T2 < T < Tj,. almost surely on {T < oo}, and
such that

P{T<oo}>P{TA<T,.}-=>

N o,
| Oy

Since At = oo almost surely on {T < oo} and P{T < oo} > 0, it must follow that
E [Ar1{7<c0}] = 00. However, computations reveal

E[ATI{T<°°}] = E /1{T<oo}1]0,T]dA]

L

= E /1{T<w}110vﬂ1]°'Tn‘ldA]

< E /I]O,Tn.]df\]

/ llg'Tn.ldN] (because ]0,T,-] € P)

i
=

< n

)

which is a contradiction. We conclude P{TA < o0} =0. O

The next proposition will establish the existence of a finite compensator for
the finite, simple, unmarked point process.

Proposition C.2.2 Let N, A and {F,}:>0 be as in the statement of Proposition
C.2.1. There erists a version A of N's compensator which is such that Kt(w) < 00
forallweQ and allt € R,.

Proof Define T2 : (Q, F, P) — (R4, B(Ry)) as in the proof of Proposition C.2.1.
Because A is predictable, the stopping time T2 is predictable as well ([26]: Proposition
1.2.13), so that stochastic intervals ]J0,TA[ and [T, oo[ are predictable. For any
weNteR,,let

Ae(w) == Ae(w) - Yyozag(w, t).
Since A < oo everywhere on J0, TA[, A is always finite. Since P{T2 < oo} = 0, it is
also clear that the paths ¢ — A, are almost everywhere cadlag and non-decreasing. O
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C.3 The Poisson and Cox Processes

For the sake of completeness, we hereby define some special point processes mentioned
in this thesis.

Definition C.3.1 Let N be a simple, unmarked point process on R..

e N is called a Poisson process with intensity f if there ezists a Borel function
f : R. — R, such that _I:f(:l:)d.’l.‘ < oo for all t € R, and such that,
forany ty,...,t, € Ry with0 < t, < ... < t,, random variables N,, — N,
Ny, — Ny ..oy Ny, — Ny, are independent and Poisson distributed with param-
eters fot ' f(z)dz, [,? f(z)dz, ..., ft:"_l f(z)dz respectively;

e N is called a Standard Poisson Process if it is a Poisson process with intensity
1;

e N is called a Coz (or doubly stochastic) process if there erists an increasing
process A = (A, : t € R.) such that, foranyt,,...,ta, e Ry with0 < t;... < t,,
random variables N, — Ng, N;; — Ny, ..., Ny, — N,,_,, when conditioned on the
event [A,l — A=z, Ay — Ay =2, Ay, — Ag,_, = :1:,,], are independently

Poisson distributed with respective parameters x|, za,...,Zn.



Appendix D
Lusin Space Compactification

A Lusin topological space is a Borel subset of a compact metric space. We prove
that an element can be added to a Lusin space in a way which preserves the Lusin
property.

Proposition D.0.2 Let E be a Lusin topological space. It is possible to find A ¢ E
such that E := EU {A} can be topologized as a Lusin space.

Proof Let X be a compact metric space such that E is a Borel subset of X. If
E # X, simply choose A € X \ E; E := E U {A} will then be a Borel subset of
the compact metric space X. If E = X, let £ := EU {A} =: X be the Alexandroff
compactification of X. Since X is compact - hence locally compact - and Hausdorff,
E = X is Hausdorff ([31]; p. 150). By [31] (p. 125), to show that X is metrizable, it
suffices to ascertain that X is 7} and regular, and that its topology admits a countable
basis. That X is T} (i.e. its singletons are closed sets) follows from the fact that X
is Hausdorff. To show that X is regular (i.e. every point admits a system of closed
neighborhoods), observe that, since .X is compact, A must be an isolated point of X
([31]; p. 150). From the fact that X itself is a metric space follows that evey point
of X, including A, admits a system of closed neighborhoods. Thus, X is regular.
Finally, X's topology admits a countable basis because X is Lusin (and therefore,

homeomorphic to a Borel subset of [0, 1]N by [13], pp. 48-49) and A is an isolated
point of X. O
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