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Abstract

Modeling a process, based on fully or partially corrupted observations, is of great interest
in areas of signal reconstruction and compression. It is particularly of interest to ensure
that the quality of the model is solely based on observed data and no other implicit
assumptions. To this end firstly, we propose a globally convergent algorithm, Modified
Equation Error Output Error (MEEOE), for modeling Infinite Impulse Response (IIR)
filters, where we have assumed full observation. Secondly, we offer another modeling
scheme, Maximum Entropy Kaiman Filter (MEKF), bas-ed on partial observations a;xd a
given set of constraints, that ensures the construction of the most appropriate model, i.e.
solely based on observed data and the a priori constraints. In both cases we have assumed
corrupted observations. The optimality of MEEOE under conditions of insufficient
modeling and colored input is shown. Application of MEKEF to image compression and

reconstruction is also demonstrated.
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Chapter 1 Introduction

In this thesis we address and offer solutions for two important issues in the field of
Digital Signal Processing (DSP): modeling and reconstruction of linear processes based
on fully or partially observed signals. These issues are crucial to applications where real-
time decision making in the presence of limited bandwidth or incomplete observation is
required. A typical example of such an application is digital image communication in
web browsing applications where a highly complicated sequence, i.e. an image, must be
transferred to the desired destination, over a band-limited network, in a timely manner.
Solutions to this problem may be approached in two ways. Firstly, an image may be
considered as the outcome of a system in response to a given input. The parameters of
this system then may be transmitted in place of the original image. Secondly, only the
relevant information within an image is sent aéross the network. In the former the hope is
that the model will require a substantially lower bandwidth to be transmitted compared to
the image. The image will be reconstructed on the receiver side as the output of the
model to a given input. The latter approach transmits as much relevant information
(based on certain criteria) as allowed by the application. On the receiver side, based on
partial information received, an image is reconstructed to satisfy the same criteria as the

one chosen by the transmitter.

1.1 Traditional methods
Current techniques, which allow for modeling of linear events, may be classified as Finite
Impulse Response (FIR) or Infinite Impulse Response (IIR). It is well known that

adaptive FIR filters have a unique stable optimum whereas, adaptive IIR filters most



often do not possess such properties. However, IIR filters are able to efficiently (in terms
of computational and temporal complexity) model systems with sharp frequency peaks.
In Chapter 3 we offer a novel adaptive IIR algorithm ihat, based on our simulations,
ensures optimal solution regardless of the initial point.

Under the Bayesian framework, an optimal reconstruction may be achieved for a given
cost function and joint probability distribution of the ideal signal and the observed one.
By far the most widely used cost function is the Mean Squared Error (MSE). Other
notable cost functions are the zero-one cost function, used in Maximum A Posteriori
(MAP) estimation, and the entropy cost function. Depending on the assumed form of the
joint probability distribution, different categories of approximation, such as Maximum
Likelihood (ML), may be realized. A variety of numerical methods like Expectation
Maximization (EM) or Newton-Raphson may be employed to construct appropriate
numerical solutions. Aside from implementation difficulties associated with these
methods notably stability, convergence, and uniqueness, the major obstacle in applying
them readily is that a priori knowledge of the joint probability distribution is needed.
Except for extremely trivial_cases such knowledge may not be available theoretically or
empirically, especially in case of images. In Chapter 4, we offer a modeling and
reconstruction method based on the principle of Maximum Entropy using only partially

observed data, with application to image compression, estimation and reconstruction.

1.2 Thesis Organization
Chapter 2 of this document provides some background on the traditional modeling
methods and reconstruction criteria along with their respective strengths and weaknesses.

In Chapter 3, we propose and give a detailed description of a novel adaptive IIR filtering

2



namel}", Modified Equation Error and Output Error (MEEOE). Chapter 4 introduces a
novel method for signal compression and reconstruction namely, Maximum Entropy
Kalman Filter (MEKF). A detailed description of application and implementation of the
MEKF in image compression and reconstruction is also provided in Chapter 4. Finally,
the last chapter discusses the ongoing work and possible elaboration with respect to both
the MEEOE and MEKF. Further possible improvements and applications will also be

described in this chapter.

1.3 Main Contributions

The main contributions of this thesis are as follows:

1- Analysis and development of a combined Equation Error and Output Error IIR filter.

¢ Proof of global convergence for a single pole model

- ® Development of a fully adaptive algorithm

e Evaluation of limitations of other methods

2- Analysis and development of a signal compression and reconstruction algorithm,
applicable to images, based on Maxxmum Entropy criterion

® Identification of the Kalman filter parameters, using Ma;cimum Entropy criterion

e Extension of the solution to 2-D signals, with finite domain

e Development of a image compression algorithm using 2-D MEKF

e Development of a 1-D and 2-D signal reconstruction algorithm using MEKF



Chapter 2 System Identification

Our aim in this chapter is to provide sufficient background in system modeling. We will
do so under the framework of linear structures assuming either a full set of observable

data, for process modeling, or a partially observable data, for signal reconstruction.

2.1 Process modeling

The complexity and variety of many current DSP applications necessitate the
development of generalized and powerful modeling methods. IIR filters are the most
logical step in this direction, as compared to FIR filters. Their attractiveness is due to the
efficient modeling, in terms of temporal and implementation complexity, of resonating
systems. As with many nonlinear problems however, closed form solutions for IIR filters
are either too complicated or undesirable, due to dynamics of the application. As such,
adaptive methods offer the only viable solution in IIR based prediction and modeling
applications. However, as we shall see proliferation of adaptive methods, and
consequently IIR filters, are hampered by major obstacles such as stability monitoring,

multiple optimal solutions and bias solutions.

2.1.1 Means and methods

The terminating criterion for adaptive processes may be utilized for two purposes. Firstly,
it may be used to interpret the adaptation process as optimization and secondly, to obtain
procedural means for the adaptation process. With respect to the former, any of the
statistical methods such as Simulated Annealing [40], Golden Section Search [S6],
Expectation Maximization [10}{31][30] and Steepest Descent [8][11][49] methods may
be employed. However, only the latter approach lends itself readily to real-time

4



applications. Thus the procedural means is often aimed at following the gradient of the
cost function. Two groups of algorithms may be considered in adaptive IIR filters.
Firstly, there- are those algorithms inspired by traditional FIR and linear regression
methods, most notably Equation Error (EE) and Output Error (OE) [23] [47], and their
composite variants [34][33][37][25][48]. Secondly, there are methods inspired by control
and stability theory such as Instrumental Variable [49], Hyper Stability [8], Extended
State Kalman Filter [49] and Unit Norm [42][45][26] approaches. Even though, the
former is often the special case of the latter (at least theoretically) however, the
practitioners of the field seem to heavily favor the former group, simply due to their ease
of implementation. Hence, recently there has been an impetus to resolve many of
disadvantages associated with EE and OE methods through composite approaches. In the

next section we will describe in detail the EE, OE and some notable composite methods.

2.1.2 Linear Regression Methods

Figure 2.1 depicts a general adaptive filter setup, in the context of system identification.
Figure 2.2 and Figure 2.3 respectively, show the setup for EE and OE algorithms. In
what follows we shall assume that the unknown system itself is an IIR filter, with filter

coefficients Aijear and Bijeqr.

2.1.3 Equation Error

As it can be seen from Figure 2.2, EE is a direct extension of FIR filter. Indeed, there is
no feedback associated with the filter during the adaptation process. However, it should
be noted that once the adaptation is terminated, the respective coefficients will be copied

to an IR filter. The MSE is the most frequently used measure in adaptive filtering. Eq.



(2.1) gives the error expression. Assuming a zero mean white additive noise, a mutually
independent zero mean white input and sufficient modeling, Eq. (2.2) (MSE expression)

results.

———.[ Unknown System

x(n) . eln)

=] Adiptive Filter
£

Figure 2.1 General Adaptive System Setup

—ol Unknown System

1 e(n)

| €os(n}

Figure 2.3 Output Error Setup
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& -1 Ng-1
where A, (q_l )= 2 Auead” B (q-! )= 2355, (n)g™ ,etc.,
=l i=0
g’ is the one step delay, N4 and Njp are the feed-back and feed-forward tap lengths,
respectively. Taking the mean square of Eq. (2.1) Eq. (2.2) is obtained.
N,~1 -~ Ng-~I - N,-~1 .
Elez )= Y Elab? + Y ElB2b2 + S E[a2, b2 402 +
i=t j=1 i=1
2.2)

Sel&] S elik, -+ S el 1S w0 )

u=lu=xv
where A, = Ay, —Ag - Aieat, Acg and Bigea, Bgp are the feed-forward and feedback

coefficients of the ideal system and adaptive system, respectively. o is the standard
deviation of the process f, Ry(.) is the cross-correlation matrix of processes f and g. E[.]
is the expectation operator.
It is noted that in the absenc.c of additive npise and exact modeling, the right hand side of
Eq.(2.2) is minimized, when the following holds.

Aye =Agp and B, =B, 2.3)
_ However, in the presence of the third term, the additive noise, minimization of Eq. (2.2)

will lead to solutions other than Eq. (2.3).

2.1.4 Output Error
With respect to Figure 2.3 it is observed that, unlike EE formulation, due to feedback

loop in OE adaptation the processes may become unstable and multiple minima may also
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exist. This is readily observed by noting the error expression of Eq. (2.5), where we note

that e(n) is an ARMA process, which depends on the past values of Agg and Bog.
€or (n) = 0(’1) —YoE (")
N,-1 Ng-1
=0(n)= Y, Ao, Yor (1 =)= 3 Bys ;x(n - j)

i=1 j=l

N, ~1 N,-1 Ny-1 (24)
=o(n)+ 3 Aggioe(n—i)= 3 Apg,0(n—k)= 3 Bos x(n—j)

i=l k=1 Jj=1

N,-1
=ez(n)+ onmeos (n—i)

i=l
where the last equality was obtained using Eq. (2.1). Assumjng that the solution has

converged to the global minimum, the expression for the MSE of OE is obtained as:

N,-1 N,-1
0% =0k + 3 AL0% +2 3 Aoy Eleos (n— jlee (n)]
j=1

i=l

N, -1 N1 N,
= 01255 + 2 A;EidgE +2 2 AOEJE[eOE (n - j{eos (n)— 2 Aoer€or (" - k):”

i=l = k=l

N,-1 2.5)
— 2 2 2
=O0g — z AOEidos

i=l

o

2
Cor =

2

EE

N,-1
[14— zAgs,.}

=l
where we have utilized Eq. (2.4) and assumed that epgf(.) at optimum is a white sequence.
Assuming sufficient modeling and using Eq. (2.2) the following expression is obtained:

N,.-1
[1 + 2 Ajb.,.]a,‘,"

2 i=l
Oor =+

N,
[1+ zAgg,.] (2.6)

i=l

Cor =0}
Noting the sufficient modeling assumption and hence the uniqueness of the global
optimum [2], Eq. (2.6) states that at optimum the only source of error, in MSE sense, is
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the observation noise. This in turn implies that the estimation at global minimum is

unbiased, in the MSE sense.

2.1.5 Combined metho;is

The motivation behind these methods is to combine the advantages of EE and OE
methods and to overcome problems such as biased estimation and multiple minima.
There are two main approaches in these methods. Firstly, there are those that combine the
outputs of EE and OE and secondly, there are those methods that combine the error
signals of EE and OE. Although, the latter can often be described in terms of the former,
in this presentation we will treat them separately, by describing one representative from

each class.

2.1.5.1 Combined output
As a representative of this group we describe the Composite Regressor Algorithm (CRA)
[25]. As shown in Figure 2.4 the essence of CRA is that of combining the outputs of the

unknown process and OE via a scalar weight.

1‘8 CrRA }’—f vcdn)»
x(n) . V '
ycén) | z
Unknown o 7 @® - ecra(n)
; G
nn)

Figure 2.4 Composite Regressor Algorithm Setup



Furthermore, the coefficients Acrs and Bcgs are updated through ecr4 signal. Note that
for 3=0, CRA is identical to EE and for =1 it is identical to OE setup. The adaptation of
the coefficients is given by Eq. (2.7) [25].
8(n)=6(n—-1)+ ﬂ(”)¢(": Decga (n—1)
1+ p(n)p" (n—1)p(n-1)
6(") = [acm, (n)"”'acm,v (n)’bcm, (n)"”’bcm, (n)}r
7[)’cm(’l‘1)v”"}’cm(n—N)]+ r

p(n)=| -7y, (n—1),---, y, (n—N)] @2.7)
,x(n),-~-,x(n—M)

ecra(n) =& (n)+ 1A s (n)ecga (n—1)
{(n): yo(n)_o(n{)'O(n—1),'“,)’0(71—1\[),]

x(n),---,x(n—M)

Eq. (2.7) implies minimization of E[eZCRA ] as the error measure, where a linear
relationship between ecrs and adaptive coefficients is assumed. It is noted that for =1 the
adaptation is identical to the Modified Output Error (MOE) [34] of Pseudo Linear
Regression (PLR) algorithm [47], where the following approximation, Eq. (2.8), of

output gradient with respect to adaptive coefficients is assumed.

a Puz(")_-_ .
;_ai(;lT— }’PLR(”—‘)

d Puz(")__ .
el - - )

(2.8)

Although, CRA offers an intermediate performance between EE and OE formulations, it
suffers from two disadvantages. Firstly, as described above and noted in [25], parameter ¥
does not ensure both unbiased and unimodal error surface, due to the recursive

relationship of ecra. Secondly, there is no adaptive solution for varying ¥ optimally.
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Indeed, due to the bias in E[e’cra], for any %1, adaptations with respect to this measure

will also lead to biased solutions.

2.1.5.2 Combined error

To partially overcome the difficulties of the CRA approach, in particular the coefficient
bias (due to the recursive relationship in ecg4), the Combined Error (CE) method based
on combination of both outputs and errors of EE and OE has been suggested [37][34].

The update procedure for this method is shown in Eq. (2.9).

0(n)=6(n~1)+ p(n)p(n —1)es; (n—1)
6(”) = [acs, (’l)’ Tty Qcg, ('l)’ bc:sl (’l)’ T 'vbce,, (n)]r

Hoe(n -1),"',)’05("-1\')]'*' i (2.9)
o(n)=| =¥y (=1, yge (n— N)]
,x(n),---,x(n—M)

ece(n—1)=teoe (n 1)+ (1~ Y)ege (n 1)
It is noted that ecz does not have a recursive relationship. As such, in adaptive methods
that commence with 30 and terminate witi:u <1 the initial bias, due to EE formulation,
will not propagate. However, it is noted that for #=1 the formulation is identical to MOE
or PLR. Hence, if 1-4;4, is not Strictly Positive Real (SPR) the adaptive coefficients may
converge to arbitrary points on the error surface. As noted in [47], this is a particularly
common problem in system identification of oversampled systems, where the poles of

such systems tend to be outside of SPR region.

2.2 Summary

As stated previously the potential gains in employing IIR filters are often offset by the

undesirable characteristics of the MSE surface. We have briefly described some of these

11



obstacles along with traditional solutions. However, as noted in previous sections none of
these solutions offer a robust convergence under different operating environments. In the

next chapter we offer a globally convergent adaptive method with simple means of

implementation and analysis.

2.3 Signal reconstruction

The Bayesian estimator, i.e. an estimator that assigns a cost for every pair of ideal and
estimated signals, defines the best approximation of a signal as a signal with the
minimum average cost [51]. It can be shown that, under the quadratic cost function

assumption, the estimated signal is the conditional mean of a signal given an observed

signal [13]. That is

Xys = J"‘fxnz(xl zHx
- (2.10)

= [ e 21001 (i

where f, is the pdf of g,
Z is the observed signal, and
Xys is the optimum MSE approximation of x, the ideal signal.

Depending on the form of the a priori density, f;, three types of approximation are
realized. If f; is known a priori the approximation is referred to as Maximum A Posteriori
(MAP). If no a priori knowledge is available, i.e. Jfx is assumed uniform, the
approximation is referred to as Maximum Likelihood (ML), and if the a priori density is a

Gibbs distribution [54] then the approximation is referred to as Maximum Entropy (ME).
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2.4 Implementation

Although Eq. (2.10) expresses the optimum approximation as a simple function of the
conditional probability density fiz however, in reality determination of Jxz is often
impossible. Thus, simplifying assumptions are made to allow for a feasible
implementation of Eq. (2.10). The followiqg sections describe the traditional approaches
as they pertain to digital image processing [19]{43]. A common model that is often used,
with regard to the degradation process, is as follows:

zZ=s(x)+n .11

where z is the observed image,

X is the ideal image,

s is an arbitrary degradation function, and
n is the additive noise.

2.4.1 Maximum A Posteriori (MAP)
Using Eq. (2.11) as the observation process and assuming fx and fy are multivariate
Gaussian density functions, the a posteriori density, fxz, is maximized. It can be shéwn
[15] that this is equivalent to the minimization of the Eq. (2.12).
J=(x-2Y C2(x- £)+(z- s(x)) C2 (2 s(x)) @.12)
where C,, is the covariance matrix of y and £ is the estimate of x.
An iterative solution based on steepest descent, as shown in Eq. (2.13), may be devised to
bbtain a near optimum solution to Eq. (2.12).
X,.=%X,+aVJ(%,) (2.13)

where « is the step size, and VJ(£,) is the gradient of the cost function with respect to

X, .
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The major difficulty in implementation of MAP based algorithm is the evaluation of

VJ(£,), especially when the degradation function, s, is nonlinear.

2.4.2 Maximum likelihood (ML)

In the absence of any a priori knowledge of Jx. the best course of action is to maximize
the likelihood function fay. Under the same assumption as above, it can be shown [15]
that the maximization of Eq. (2.10) is equivalent to the minimization of the following
cost function.

J =(z-s(x)) C}(z-s(x)) (2.14) .

It is noted that if the degradation function, s, is linear this formulation is equivalent to the
deterministic least-squares method [15]. Hence, any one of LMS or RLS algorithms may
be used to identify the optimum approximation. However, for nonlinear degradation,
~ algorithms based on Newton-Raphson or Expectation-Maximization (EM) methods may

be employed [10][31][30].

2.4.3 Maximum Entropy (ME)

Although the notion of entropy is 6ften associated with the information content or the
uncertainty of a signal [7][5] however, entropy, in image processing, is often employed as
a measure -of the smoothness [15][57][24][36]. That is the following measure is
‘maximized to smooth the effects of observation noise and degradation.

H=H_+pH,

2.15
n’=n+B|,,.20 ¢ )

where H, is the entropy of the ideal image,
H, is the entropy of the modified noise, such that it is always positive,

p is a weighting scalar, and entropy of an NxM image x is defined as
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M N
H, =-3'% x(i, j)inx(i, j) (2.16)

i=l j=1

subject to the following constraint, for a given x;,,.

M N
Zom = 2, 2 x(. /) .17

=l j=l
It is easy to show [43] that, when Eq. (2.16) is maximized, the neighboring pixels tend to
have a same intensity value. Newton-Raphson based algorithms are often employed to

maximize Eq. (2.15).

2.5 Maximum Entropy Criterion as Information Measure

In this section we describe the ME criterion in the context of information measure, rather
than smoothness measure of the previous section. To this end we define the following
terms. Let result be the final status of a single trial, and outcome to refer to the whole

experiment [21][44]. As an example consider the experiment of tossing a coin twice. The

following table is obtained.
Outcome Probability Distribution
HH P(X=H)=1, P(X=T)=0
HT P(X=H)=0.5, P(X=T)=0.5

H=Head, T= Tail
Each row refers to an outcome, and each Head or Tail refers to a result. Let us further

assume that we wish to consider only the results where the first toss is a tail, that is the

subclass C, the shaded area.
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The ME estimation may be interpreted as that of a statistical inference, stated as follows:
Given no other information, constraint, which probability distribution will best represent
a typical result? The answer to this question can be quantified by the following theorem,

Concentration theorem [21][44].
Concentration Theorem:

Consider a fraction F of the outcomes in a class C, with entropy in the following range.
H, . —-AH<H(f,---f,)<H,_ - (2.18)
where there are n possible results, f; is the probability of the result i, H,., is the maximum
entropy of the outcome in class C and N trials have been conducted. It can be shown that
asymptotically, 2NAH is distributed over class C as chi-squared, xi, with k=n-m-1
degrees of freedom, independent of the nature of the constraints. That is
2NAH = y}(1-F) - (2.19)

where m is the number of linearly independent constraints, not including the constraint
that the sum of the probabilities should add up to unity.

It should be noted that Eq. (2.19) is combinatorial expressing the number of ways that the
class C may be realized. In order for this expression to become a probability statement

each outcome in class C is assumed to have the same probability.

To appreciate the implication of the Concentration theorem, we describe the Loaded Dice

example of [44].
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2.5.1 Loaded dice example

Consider the following experimental result. After 1000 tosses the average number of
spots on a dice is 4.5, rather than 3.5. The question is, in absence of any other

information, what is the best approximation of P, the probability distribution of the dice.

2.5.1.1 ME Solution

It can be shown that given the following constraints, i.e. m=]

iP(X =i)=1

= (2.20)
YiP(X =i)=45

i=l

the ME solution yields the following distribution [44].

P(X =1)=0.0543
P(X =2)=0.0788
P(X =3)=0.1142
P(X =4)=0.1654
P(X =5)=0.2398
P(X =6)=0.3475

2.21)

This distribution has &e maximum entropy, Hpma:=1.61358, amongst all other
distributions satisfying Eq. (2.20). Employing Eq. (2.19) and Eq. (2.18) for F=0.95 and
N=1000 the following inequality is obtained. |

1609 <H(f - f)<H,_ (2.22)
Eq. (2.22) asserts that out of 1000 trials, 950 of them will have a probability distribution
that satisfy Eq. (2.21) and Eq. (2.22).
Similarly, it can be shown that 99.99 percent of all allowable results have entropy .in the

following range.
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1602<H(f,---f)<H,,_ (2.23)

This means that 999.9 of the results satisfy both Eq. (2.21) and Eq. (2.23).
With respect to these observations it is clear that probability distributions with greatest
multiplicity, number of possible ways that they may be realized, are highly concentrated

around the distribution with the highest entropy.

2.5.1.2 Alternative Solution
Now consider the following alternative solution, which satisfies the same constraints as
Eq. (2.20).

5

P(X:i):( )9.7""0.3H i={1---6} (2.24)

The probability distribution of Eq. (2.24) has entropy H=1.4136=Hp.-0.200. Using Eq.
(2.19) it can be shown [44] that this probability distribution describes results with

multiplicity, i.e. F, of less than 1 in 10%* , in 1000 tosses.

2.6 Closing remarks

It is clear, with respect to the discussions of the previous section, that inferences based on
any criterion other than ME will result in discarding a vast majority of possible solutions.
It should also be noted that Concentration theorem provides a vehicle to test hypotheses
on the observed signal. That is, for a given number of assumed constraints, if the
prediction by ME criterion tends to be greatly different from that of the observed signal
then one can confidently state that there must exist one or more constraints with salient
effect on the behavior of the observed signal. Otherwise, the current set of constraints

provides a satisfactory description of the signal.
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3 Adaptive lIR Filtering

An open issue in Adaptive IIR Filtering (AIF) is that of convergence to a global
minimum in the presence of observation noise when the system is insufficiently modeled
[14]. It is well known [23][47] that algorithms based on Equation Error (EE) formulation
contain a single minimum that may be biased whereas, algorithms based on Output Error
(OE) ensure the existence of an unbiased global minimum m presence of local minima.
Recently, there have been several attempts to combine these formulations [34] in order to
ensure the existence and uniqueness of an unbiased minimum. Works presented he;e,
Equation Error Output Error (EEOE) and Modified EEOE (MEEOE) are such attempts in
the context of system identification. Although the formulation of EEOE did not achieve
the desired outcome and was later found out to be similar to that proposed in [25]

however, the exploration of its limitations led to a superior algorithm namely, MEEOE.

3.1 Equation Error Output Error (EEOE)

With respect to Figure 3.1 the output of EEOE can be written as follows.

VEEg;( n)

Figure 3.1 EEOE Structure
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T S N | ol

=l
= 23 a1 = )+ 3 A4 W, gz (n— D) — 0m— )]+
i=l (3-1)
+ EA,‘ (mo(n— k)

k=1

Y ezoe (1) = ZB (Mx(n— -3 AW, (n)e(n—z)+2A (nYo(n—k)

i=l

where, N4 and NB are the number of taps in filters A and B respectively,
Aj and B; are the j™ element of filters A and B respectively,

Wis the weighting filter vector with tap values W; in the range 0-1,

o is the observed signal (noise induced ideal signal),

x(n) is a zero mean stochastic sequence,

Yeeok is the output of the Equation Error Output Error filter, and

e(n)= o(n) - yegoe(n).
For simplicity it is assumed that filter W has the same length as the filter A. With respect

to Eq. (3.1) the following expression for MSE of EEOE may be obtained.

Ele* ()= Eo(n) ]+E[2 S5, ()8, (n)(n— j)x(n - 1)}

j=0 j=0

k=1 k'=1

<8 $ S aaw o, (n)e(n—z)e(n—x)]w["ﬁ'"ﬁ:’m(nm (n)olin~ Kol K

_2E r"g’ "ZB (WA, ()W, (2)x( = f)eln =) |+ 2 "g "23 (n)A, ()x(n — Floln—k
-2E NS’ 2 A (n)W (n)A (n)o(n— k)e(n —z)- -2FE FNngj (nlx(n— j)o(n):,

| i=l k=l

[N, -1

+2E| 3 A,(nW,(n)e(n - i)o(n):l - 2E[ 2 A, (n)o(n — k)o(n)]

i=/ k=1

3.2)

where E is the expectation operator.
Assuming that coefficients of AIF vary much slower than the input signal x(n) and x(n) is

stationary, Eq. (3.2) may be simplified as follows.
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02 (n)=02(n)+ 2 23 ()B, (n)n (- )+ 2 §:A ()4, (AW, (2. ()R (i — )

+§ gA (n)A, ()R, (k — k) zg gs ()4, (W, (m)R,, (j — i) .
42 g §Bf (n)4, (n)R,, (j-k)—z“g'tg'Ai (W, (n)A, ()R, G — &)
+z§;A(n)w(n)R () 223 (R, (j)— 2§A ()R, (k)

where Ry; is the cross-correlation matrix of processes & and j.o; is the standard deviation
of the process x.

With respect to Eq. (3.1) and the definition of e(n), the sixth and seventh terms of Eq.

(3.3) may be expressed as follows

2"2_”2-,'8, (n)A(n)R,, (- k)—zrflvﬁ-lA.-(n)w'.-(n)Ak (n)R, (i~ k)=

j=0 k=1 i=l k=l

ZE{N‘Z—IA,C(n)a(n—k{ 3B (= 1)- S 4, ()W, (n)e(n_,)]} 3.4)

i=l

2 XA (R, ()-2 3" XA ()4, (2)R, , (j-k)

j=l k=l

Similarly, the last three terms of Eq. (3.3) may be rewritten as follows.

zzA(n)w(n)R (i)- 223 ()R, (j)- 25;,4 ()R, (k)=—2R,_(0) (3.5)

i=l k=1
Using Eqs (3.4) and (3.5), assuming that at optimum the error is orthogonal to input [16]

and the error sequence is white, Eq. (3.3) simplifies to Eq. (3.6).

~INg—1
2202+ S BB, R.(j- J)+2A2W2
j=0 j=0 (3.6)

-3 ZAk () Ay (R)R,, (k— k’)+22AkRyEma(k)—ZRMOE‘,(O)
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It is noted that Eq. (3.6), except for the fifth and sixth terms, is a sum of quadratic
functions, with respect to coefficients of A, B filters and W vector. Furthermore, due to

Eq. 3.1),R, () will always be non-zero for all values of W, other than 1.

3.1.1 The EEOE Adaptive algorithm
In this section we describe an update algorithm for the EEOE structure that attempts to
minimize Eq. (3.3) while satisfying the following constraints.

1. W )20V i

2. W.L)=1Vi

3. Wn)2W;(n-1)Vn

The first two constraints ensure that the solution at each time instance is a combination

EE and OE formulation. The last constraint ensures that at each time instance the

coefficients of the IIR filter move toward the OE solution, which is an unbiased solution.

3.1.1.1 IIR Coefficients Adaptation
Differentiating Eq. (3.3) with respect to coefficients of filters A and B the following is

obtained.

de?(n) de(n) = 2e(n) = x(n— )+ - de(n—i)
Sl 2o 22 z()[ (n= 48 4w, ()28 ()J

3.7
de’(n) . de(n) eln) —ofn — el — . ae(n—z)
5o Gy ey o= 2ele) oo+ W) S )=
Using the definition of e(n), Eq. (3.7) can be rewritten as
de’ (n) _ NN a)’seos(n_i)
E(n—)——Ze(n{x(n-J)-i— g{ A (n)W, (n)——aB.(n) J .

ae_z(n)=_2e(n’[o(n )= (el k)+ 3 4, o) 2 ) I)J

aA,‘ (n) =]
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Using the assumption of slow varying coefficients, similar to Simplified Recursive

Predictive Error (SRPE) formulation [47], Eq. (3.8) may be rewritten as follows.

3e*(n) _ —2e(’l{;(n -+ Mz" AW, M__’_):,

oB,(n) par * 9B,(n—i)
2e’(r) S B .
4. () = —Ze(n{o(n‘- k)-We(n—k)+ g{ AW, £:+n_l)]

Rewriting Eq. (3.9) in recursive form and moving in the opposite direction of gradient,
the following update equations for coefficients of A and B are obtained.

AB(n)=e(n)x, AA(n)=e(n)y, (3.10)
where xr and y; are the delayed-vector of Eq. (3.11) of appropriate size, with the first

element given as follows.

%, (n)=x(n)+ S A (W, (n)x, (n—1)

=t (3.11)

¥, - 1)=oln- 1)~ W, (- Ze(n- 1)+ 3. 4,2, (n)y, (n~ )

=l
It is noted that in Eq. (3.11) for Wi(.)=0 V i,n the updates degenerate to EE update and for

Wi(.)=1 V i,n the updates simplify to OE formulation.

3.1.1.2 Weighting Filter Adaptation

With respect to constr_aints 1-3, the adaptation of W may be accomplished either
deterministically or stochastically. In the former, starting from W(0)=0, small
predetermined increments -are taken until for some N, W(N)=I is reached. Although the
implementation of this approach is simple however, simulations have shown that in order

to reach convergence the increments should be quite small, thus increasing the number of

required iterations.
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The stochastic approach attempts to minimize e%(.) while satisfying constraints 1-3.
Employing the ALM (Augmented Lagrange Multiplier) method, the overall cost function

may be written as follows.

Ny -1
Cw (n)= ez(n,W) + Z'll'/,. +Aui'/’f2 + B +6i7f2 +0,9, +8l¢i2
=0

Cy (n)= Gy, (n)+ C5 (n)
where
Cy (n)=e*(n,W)

Nw -1

Co(n)= Y Ay, + 1yl + By, +0,7} + 0,8, +£,0? (3.12)
=0

v, = max(w.- (n)-l.—;"‘*;)
_ B,
¥, = max(—W (n), —g]

i

¢ =max(w,(n-1)-w,(nx-%j

Differentiating Eq. (3.12) with respect to coefficients of W the following expression is

obtained.
oy, (n) aw‘(n)
40035 2 o) 20«
gi;v((:;=§;: ((’,l,))"-”: B:(n ):;,‘((")) 26,(n)y,(n );;’,'((n )) (3.13)
9¢.(n) a¢.(n)
d(n)aW( ) +2e(mpln )aw,:(n)

Assuming similar conditions as Eq. (3.9), the first term of Eq. (3.13) (the unconstrained

part) can be written as follows.

aCy(n) _ 3e*(n) _ 2e(n)[ Acln— k+2AwayL(nz)] (3.14)

W, () oW, (n) W, (n—i)
Noting that in our algorithm the update of A precedes that of W, the recursive update of

W is advanced by one time step. Thus the unconstraint update is formulated as shown.
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AW (n)= e(n)W,
where 3.15)

W, (n)=e(n)+ 3 4 ()W, (27, (i)

i=l
where Ag=-1 has been employed. Using Eq. (3.12) the derivative of the constraint cost

function, Cy*, is written as follows.

9C, (n) _ |4+ 2u,(n,(m) i W, (n)> ——2l7)_

aW’,-(n) ) 0 Otherwise Zﬂi(n)i l
- B,(n)-26,(n}y, (n) v-uf,.(nb-% . 616
0 Otherwise
~6,(n)-2¢,()p, (n) yw,.(n-n_m(nb_;’(&))
0 Otherwise

Thus the constrained update of W moves in the opposite direction of Eq. (3.16).

The overall update of W may be achieved by moving in the opposite direction of Eq.
(3.132 or in opposite’ direction of Eq. (3.14) if the absolute sum of constraint violations is
below some predefined threshold and in the opposite direction of Eq. (3.16) otherwise. It
was found through a number of simulations that the latter has a faster rate of
convergence.

3.1.1.2.1 EEOE Limitations
Using Eq. (3.1) the following expression for error is obtained.

N,y-1
Ccor(n)=0(n)+ 3 AW R Jepop(n—i)
i=l

Np-1 N,-l
~ 3 B(n)x(n=j)=3 A (njo(n—k) (3.17)
ji=0

k=1

Nyl _
€eroe(N)=eg(n )+ XA,-(”)W',-(")eEEog('l—i)

i=]
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where egror is the same as e in Eq. (3.1) and egg is the error with respect to EE structure,
as described in Eq. (2.1). It is noted that Eq. (3.17) is an IIR filter with respect to errok,
similar to the definition of eor in Eq. (2.4). Hence, not only for all values of W, except
zero, the error surface may contain local minima, but also the initial coefficient bias
estimations, i.e. when Wy(.)s are close to zero, will permanently affect the error measure.
Indeed, as Wy(.)s grow larger the effect of the earlier eeeo(-)s also grow larger.
Therefore, in adaptations based on EEOE formulation it is not unusual to find that the

coefficients of adaptive filter remain biased even though, Wy(.)s have reached unity.

Coefr.
1S
1 - "
S
~ as
o "
o 2
oSy X3 1 TS5 F3 25 3 35 -
eut t:o.ﬂ. Evohstion x10*
o2
o F —— — AP APt Pt i
= 02}
0.4 M
El
~0-85 X3 1 5 2 =25 3 35 -
R Weighting < Ber. mvomstion x10°
T
L od ———
»os}
os|
045 GE 0 TS 2 =5 3 EX3 r
[e] -

Figure 3.2 EEOE Divergence, Starting from Optimum

An example of this situation is shown in Figure 3.2. In this example the initial condition
was the exact model of the unknown system with W(0)=0.5, Gaussian observation noise
and SNR=1 . However, it is noted even when W(.) reaches unity the coefficients of the
adaptive filter are far from their desired values. In fact, the input coefficients are
diverging. One should expect a similar behavior, regardless of update methods, as long as

the recursive relationship of Eq. (3.17) holds.
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3.2 Modified Equation Error Output Error (WEEOE)

To overcome the above problem, the recursive relationship in Eq. (3.17) must be

abandoned. One way to achieve this objective is to modify Eq. (3.17) as follows.

N,-1
Cumoe(n)=0(n)+ > A(n W, (nJep(n—i)

i=1

Np-1 N,-1
=Y B, (n)xln— )~ 3 A(n)o(n—i)
=0

i=]

where epg-0-yoE.

With respect to Eq. (3.18) the following equality is obtained.

N,-1
Euezor(n) =eep(n)+ 3. A(n)Wi(n)eop(n—i)

=1

where for W=1, eyeeoe= eok, similar expression in [47] and [14] has been found.

Eq. (3.18) corresponds to a filter with the following output.
Ny—-1 N,~I
Yuezos () = B (mx(n — j)+ 3 A ()W (n)y op(n — )
j=0 i=I
NI -1
+ 3 A ()1 =W, (n))o(n — k)
k=1 :

Figure 3.3 graphically depicts the operation of MEEOE.

v,..(g ) .

otk T -
Figure 3.3 MEEOE Structure
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Noting the definition of epr and based on similar derivations as in Section 1, the
following expression, Eq. (3.21), for the MSE surface is obtained. It is noted that due to

Eq. (3.20), unlike EEOE, the cross-correlation between the observed signal and filter

output will be zero.

¢u-£ - 2
j=0

Eq. (3.21) confirms the existence of a quadratic surface near the assumed optimum point

N,-1 N,~IN,-1
BB R (- )+ S AW 62— $ A () A (MR, (k- k) B.21)

i=] k=! k'=I

'Z‘M'.

however, it does not prove the uniqueness of such a point. This issue will be addressed in

detail in Section 3.2.1 and Section 3.2.2.
The derivation of an adaptive algorithm for MEEOE is identical to EEOE, with

consideration of the new error measure. The results are provided below.

4B (n) = €yrroE (n)x I (n) AA(") = €MEEOE (”)y r (”)

where

%, (n)=x(n)+ 3 4,(x)W, () (n—1) (3.22)

i=1

3, (n) = o)W, (neoe () + 3. 4,(n )W, (n)y , (n — )

i=l

4 W(n) = €yEroE (")W I (n)
where (3.23)

W, (0)= eos (n)+ S A, (W, (1), (n—i)

i=l

- where the constrained adaptation are the same as Eq. (3.16).

3.2.1 Single Pole Filter

For a single pole filter we may ascertain a rigorous observation with respect to

aaifEEOE(W )

<0, which
ow

o yesoe( W ) as a function of W. In particular we can show that
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in tum indicates that o4.y0:(W) is a decreasing function with respect to W, thus
ensuring the existence of unique minimum, within the allowable range of W.
Using Eq. (3.18), Eq. (3.23) and Eq. (3.24) the derivative of Ymeeoe With respect to W, is

shown in Eq. (3.25).

N,-1
eyeeoc(N) = e, (n)+ XA,.({z)(Wi(n)-l)eOE(n—i) (3.29)

i=]

%{5)@ = —2E[emm (")[eoe (n)+ A(n) () ayg;(ffz(:lg I)H (3.25)

7 oW(n—-1)

=ZE[[—eoe(n)+A(n)(l—W(n))eos(n-l) o () AG() ay,,m(,,_l)ﬂ

Furthermore, linearly approximating the derivative of Eq. (3.20) with respect to W, as

shown in Eq. (3.26), Eq. (3.27) is obtained

ayMEEOE (n) o
W) - —-A(n)e,z (n—1) (3.26)

ao;;fgz)(n) =2E [—‘eos (") +A(n)1- W(n))eos (n— I)Ieos (n) —A*(n)W (n)eos (n— 1)]

=202, WY1+ A°W(1-W))+2R,_

roscor W DA(I-W + AW)

3.27)
where Ry (Wp,n) is the n lag auto-correlation of process x and y, when the current weight
is Wp. With respect to Eq. (3.27), two cases may be considered. First, when the
contribution of the second term is insignificant and second, when the second term has a
significant contribution. In the former case, it is noted that the term enclosed in
parenthesis is always positive, assuming stability bounds on A, hence ensuring that the
error function is a monotonically decreasing function of W. In the latter case, noting that

[39]
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—0oe(W)SR,, Wi)<ol (W) (3.28)

OE€OoE

Two extreme cases may be comsidered, by substituting Eq. (3.28) in Eq. (3.27).

Reoceo,_- (W’I) = 0'55 (W)

i’a%q)# =202, (W)[—— 1+ AW +(1-w)A(l - A2W)]

(3.29)

W.1)=~05:(W)

R‘os‘oe

%&3@) =205 (W)-1+4'W - (1-W)a(- 4*W)]

(3.30)

Noting that Al and W are both less than one, assuming stability, Eq. (3.29) and Eq (3.30)
may be further approximated as shown in Eq. (3.31) and Eq. (3.32). It is noted that with
respect to domains of A and W, the derivatives in Eq. (3.31) and Eq. (3.32) are always
negative. In fact, using exhausttive numerical substitution, it can be shown that the same

conclusion holds for Eq. (3.29) and Eq. (3.30).

ao':lzsas(n),__ 2 _ _
W) =205 (WY-1+(1-W)A] (3.31)

00 yzows (1) — 2 1 _{1_
W (o) =202 (WY-1-(1-W)A] ,(3.32)

3.2.2 Muiti-Pole Filter
In this section we attempt to gain an overall insight with respect to Coeeoe(W ) as a

function of W, for a general IIR filter. Taking the mean square of Eq. (3.19) the following

is obtained.
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=l

R 2
EleZezor ()= EleZ (n)]+ E[ S 4, ()W, (n)eg(n -i)] +
(3.33)

N,-1
25[ S 4, (W)W, (n)ey(n —ikg(n)]

i=]
Assuming that A and W adapt at much slower rate than the input signal, for a given
W=W,, Eq. (3.33) can be written as follows. .
N -IN,~
Ouezoc(W =W, )=0(W =W, )+ 2 zAiAj‘Vo,‘Va/UgE(W =W,)
= (3.34)
+2 XA,W,,IRWE ()

=1
Evaluating Eq. (3.34) for W= Wy+&, where £is a ball of sufficiently small radius & [52],
the following expression is obtained. (The nonlinear terms of the Taylor expansion have

been omitted.)

0 epos(W =W, +6) = o—maE(W W, )+2£E[ 2 Ay, Wy eop (n— ])XA% e (n— k)]

j=1

v2e8] $ay eopla e

| j=I

o :!EEOE(W =W, +¢&)=0 ilEEOE(W =W,)

[ne-1 ' N, -1
+2¢E ZA%keOE(n—k{eEE(n)-i- XA%jWOJ.eOE(n—j)H
k=1

=

N-1
Crnezoe(W =W, +8) = 0lopeon(W =W, )+ 26 3 A, R (W =W, k)

k=1

(3.35)

where the last equality is obtained using Eq. (3.19). It is noted that unlike the Single-pole
. . do i!EEOE (W)
configuration, where it was proven that —#££25____~ - (the second term of Eq. (3.35)),

oW

such claim may not be made with respect to Eqg. (3.35), at least not to our knowledge. All
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that may be established is that since the summation term is bounded, i.e. assuming BIBO

stability, the contribution of the second term in Eq. (3.35) can be adjusted, using

apbropriate & such that the optimum of the O eeoc(W =W, +¢&) is arbitrarily close to

that of the 64z00-(W =W, ). With respect to Eq. (3.19) and Egq. (3.35) the following
conjecture is made. At the beginning of adaptation, W=0), the error surface is
characterized by a single biased optimum. As W increases other local minima may alsc;
appear, the existence of these local minima is due to the fact that as W increases EMEEOE
tends towards egg, which in turn is a non-linear function of A and B. However, assuming
that for W= W, the adaptive coefficients have had sufficient time to reach their optimum
'values, albeit biased, for sufficiently small & the optimum coefficients for W= Wy+¢ will
be arbitrarily close to that of W= W,. Hence, the new optimum coefficients are reachable
from the initial points that are the optimum for W= Wj. Proceeding in the similar manner,
our conjecture is that the global optimum for W=1-£ will be arbitrarily close to that of the
W=1, the unbiased solution, and hence reachable. The sufficient-time requirement can

easily be achieved by adapting W at slower rate than A4 and B.

3.2.3 Simulation results

In this section four sets of simulations are presented, in order to verify the statements of

the previous section.

3.2.3.1 Error surface evolution
In this section we verify the behavior of the MSE surface for a given W. The unknown

system [47] has the following transfer function.

0.05-04;"! (3.36)
1-1.1314 z7' +0.25 22

H(z)=
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With the adaptive filter defined as

H(z)=—2_ (3.37)

l-a,z
The first order approximation of this system has a local minimum with a pole at -0.519
and a numerator coefficient at 0.114, and a global minimum with a pole at 0.906 and a
numerator coefficient at —0.311. The simulation result using a Gaussian white noise input
with variance 1 and observation noise of variance 10 for different values of W is shown in
Figure 3.4, where L, and Gy, are the theoretical local and global minimum [47] and m is
the current minimum. The error surfaces have been normalized with respect tp total
energy of MSE. It is noted that as W increases the current minimum, m, moves toward

the theoretical global minimum, Gy, and thé local minimum appears at W=1.

3.2.3.2 MEEOE error surface

To demonstrate the uniqueness of the optimum, the above example with 20 different
initial points around the region of interest has been simulated. The result is depicted in
Figure 3.5. As shown in Figure 3.5 the adaptive filter reaches a unique optimum
independent of the initial point, as W approaches unity. The IIR and Weighting filter step

sizes are Se-3 and le-4 respectively. Constraint tolerance is set at le-1.
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Figure 3.4 MSE Surface Evolution

3.2.3.3 Convergence of MEEOE from an initial point on a local minimum

In this example, [22], a single trial, starting from the theoretical local minimum with the
similar step sizes and parameters as the previous section, is presented.

The unknown system has the following transfer function.

0.05 - 0.42!-l (3.38)
1-1.1314z7' +0.25z2

H(z)=

With the adaptive filter defined as

H(z)=—2 (3.39)

1-a,z™
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The first order approximation of this system has a local minimum with a pole at -0.519
and a numerator coefficient at 0.114, and a global minimum with a pole at 0.906 and a

numerator coefficient at -0.311.
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¥ 1] T
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‘
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a as 1 1.5 25 p 35 n x10¢

Weighting Coefficients
1 T
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0.

g=

e
-

n x10¢

Figure 3.5 Converge)zce to Unique Optimum from Random Initial Points
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The simulation result using a Gaussian white noise input with variance 1 and additive

white noise with the same variance, i.e. SNR=1, is shown in

FesdBack Coeff. Evoiution

15
-1 k. L L . L 2
0 1000 2000 3000 4000 S000 6000
mnput Coof?. Evolution
o4
o2
=2 or
-02
-0.4 L L L i L 1 5
[s] 1000 2000 3000 4000 SU00 8000
, Weighting Coeff. Evolution
1
08|
06}
>
[= B ¥ 3
02
0 L A A L A V'
o 1000 ) 2000 3000 4000 S000 6000

Figure 3.6. It is noted that even though the values of the initial coefficients were the same
as those of the local minimum nonetheless, the algorithm managed to reach the global
minimum in presence of the -observation noise. The IIR and Weighting filter step sizes -

are Se-3 and le-4 respectively. Constraint tolerance is set at le-1.
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FeecdBack Coeff. Evolution
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Figure 3.6 MEEOE Convergence Starting on Local Minimum

3.2.3.4 Convergence of MEEOE for Colored Input

In this section the performance of MEEOE under conditions of insufficient modeling and

colored excitation source is examined [12]. This setup is shown in Figure 3.7.

__.{ Unknown System

Y idear (1)

r e(n)

win}
ﬂ Coloring Filter s

—-{ Qdﬁu‘ve Filter
e

Figure 3.7 MEEOE System with Colored Input

3.2.3.4.1 Insufficient modeling
The unknown system has the following transfer function
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| 1
H = 3.40
(2) 1-1.842'+1.0822 02162 (3.40)

with the adaptive filter defined as

b
H(z)= ] 341
() l1+a,z27" +a,z7? (3.41)

and the following coloring filter
H(z)=(1-062")({1+06z") (3.42)

The second order approximation of this system has a local minimum with the first pole at
—0.9, the second one at -0.35 and a numerator coefficient at —0.33, and a global minimum
with the first pole at 1.6, the second one at —0.7, and a numerator coefficient at 1.14. The
IIR and Weighting filter step sizes are le-4 and Se-6 respectively. Constraint tolerance is
set at le-1.

The simulation result using a white Gaussian noise input with variance 1 and additive
- white noise with the same variance, i.e. SNR=1, is shown in Figure 3.8. It should be noted
that the weighting factors. w; and w; are increasing at a very slow rate, towards unity.
Again it is noted that even though the values of the initial coefficients were the same as
those of the local minimum nonetheless, the algorithm managed to reach the global
minimum in presence of the observation noise. The square-error of coefficients averaged
over the number of adaptive taps is 0.0041627.

_ To investigate the effect of a single weighting factor, the above example using the same
setup and a single weight was executed. The result is shown in Figure 3.9. The square-

error of coefficients averaged over the number of adaptive taps is 0.0073466.
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Figure 3.8 MEEOE Performance for Insufficient Modeling and Colored Noise

2.6.1.1.1 Sufficient Modeling
The unknown system has the following transfer function

1
H(x) = 3.43
(2) 1- 142" +04922 (3:43)

with the adaptive filter defined as

H(z)= 4 (3.44)

and the following coloring filter
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Figure 3.9 MEEOE Performance for Insufficient Modeling and Colored Noise Single
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and the following coloring filter
H{z)=(-0.7z"f (+0.72) (3.45)

The second order approximation of this system has a local minimum with the -first pole at
-1.35, the second one at -0.49 and a numerator coefficient at —-0.22, and a global
" minimum with the first pole at 1.4, the second one at -0.41, and a numerator coefficient
at 1.

The IR and Weighting filter step sizes are le-3 and 3e-5 respectively. Constraint
tolerance is set at le-1. The simulation result using a white Gaussian noise input with

variance 1 and additive white noise with the same variance, i.e. SNR=1, is shown in
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Figure 3.10. The square-error of coefficients averaged over the number of adaptive taps is
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Figure 3.10 MEEOE Performance for Sufficient Modeling and Colored Noise
To investigate the effect of a single weighting factor, the above example using the same

setup and a single weight was executed. The result is shown in Figure 3.11. The square-

error of coefficients averaged over the number of adaptive taps is 0.00054549. However,.

in this example it is noted that the weighting factor has reached its steady state in a much

longer time, as compared to Figure 3.10.
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Figure 3.11 MEEOE Performance for Sufficient Modeling and Colored Noise Single

Weight

3.2.3.4.2 Fast Adapting Weight
So far, in all stated examples, the weighting factor step size has been about one 10" of

that of the respective adaptive coefficients, which is in line with our stated requirement of
Section 3.2. To verify the validity of this requirement, in this example, we allow the
weighting factors, W, to adapt at the same rate as the coefficients A and B, using the same

setup as that of the Section 3.2.3.3. Figure 3.12 is obtained. It is noted, even though the



weighting factor has reached unity, the adaptive coefficients have returned to their initial

point, i.e. the local minimum of OE formulation.
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Figure 3.12 MEEOE Performance for Insufficient Adaptation Time

3.3 Conclusion and summary

In this chapter a novel method for AIF was presented namely, MEEOE. Based on our
‘simulations, it was shown that for weight factor step size less than that of the coefficients
of AIF, typically one tenth, global convergence to a correct optimum for insufficiently
modeled system in presence of observation noise and colored input may be achieved.

We have shown the deficiencies of Combined Output methods [25] and how MEEOE

resolves them. Furthermore, it is also noted that MEEOE belongs to the family of
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Combined Error algorithms, as mentioned in Chapter 2. In fact if we were to use a single
weighting factor, allow for the deterministic update of W and employ PLR method for the
update of A and B, MEEOE would be identical to the methods represented by [33].
However, we have shown that more flexibility and faster convergence may be obtained
by multiple weighting factors. Furthermore, allowing for non-deterministic update of W
allows for faster convergence, independent of dynamics of the process. Lastly, unlike
PLR, SRPE ensures convergence to an optimum point on MSE surface. Thus unlike

Combined Error algorithms convergence to an optimum can be assumed.
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Chapter 4 Maximum Entropy Kalman Filter

Adaptive processes often attempt to minimize the MSE to filter a partially observed
digital signal. While mathematically tractable, the MSE criterion causes over-smoothing
of the filtered signal. In this chapter, we propose using Maximum Entropy (ME) as the
optimization criterion to avoid over-smoothing of the signal. This criterion is motivated
by the fact that ME methods make no assumptions regarding the unobserved data. The
Maximum Entropy Kalman Filter (MEKF) presented in this chapter employs ME as its

optimization criterion to identify the appropriate parameters of the standard Kalman

filter.

4.1 Introduction

Intuitive justification of the ME principle may be established by considering the
following example. Let x(n) be a finite length time series (critically sampled version of
x(t)) with X(0)...X(N-1) corresponding to its DFT. Furthermore, assume due to bandwidth
limitations, half of x(n) samples were dropped. Let the down-sampled sequence be called
x’(n) with its respective DFT X’( 0).'. X'(N/2-1). We wish to estimate X(0)...X(N-1) given
X’(0)...X'(N/2-1). Given N unknowns and N2 equations, in the absence of any a priori
information, there is an infinite number of possible solutions to this problem. The
" premise of the ME method is to assume a priori that the entropy, i.e. uncertainty or
information content, of the reconstructed DFT sequence is maximized.

Theoretical justifications for ME criterion is based on Concentration theorem [21], as

reviewed in Chapter 2. Briefly, the theory states that among all probability distributions,
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which satisfy a given number of constraints, those with higher entropy have a much
higher muitiplicity.

When filtering a partially observed stochastic signal, one must define i) a filtering
criterion, ii) a cost function, and iii) an optimization method. Within the Bayesian
framework Maximum a posteriori (MAP), Maximum Likelihood (ML), and Maximum
Entropy are the most commonly used filtering criteria. The main advantage of the ME
over MAP and ML is that it makes no assumption regarding the unobserved data [21].
The cost function, which ultimately defines the mode of> convergence, should preferably
allow for the existence of a unique optimum. Finally, an efficient search method is
needed to find the optimum. Kalman filter defines the trace of the error covariance matrix
as its cost function, and gradient search as its optimization method. Furthermore, the
proposed MEKF defines the process model so as to maximize the entropy of the filtered
signal.

This chapter is organized as follows. In Section 2, we develop a method for modeling
digit.';ll signals using the ME principle. In Section 3, application of MEKF in image
compression is discussed. In Section 4, a more general framework of estimation using the
ME principle is developed. In Section 5, application of MEKF in image reconstruction is

discussed. Finally, future work and possible improvements are discussed.

4.2 1-D Maximum Entropy Kalman Filter (MEKF) for modeling

In this section we seek to dévelop plant and observation dynamics such that for a given
auto-correlation function the output of the Kalman filter will be a ME sequence. It is

noted that, unlike the more general problem of estimation, both of these dynamics may be
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chosen freely. A typical Kalman filter is described by the process model and the

observation model [29][6] given by:

Xy =A X, +Bw, @1
Ve =Crx; +v,

where, xi(Nx1) and y,(Mx1) are the state of the process and observation, respectively, at
time index k,

Ak (NXN) is the state transition matrix,

By (Nx1) is the coloring filter,

Ci (MxN) is the observation matrix, and :

Wi ~ (0,0) and vi~ (O,R) are uncorrelated, zero mean white Gaussian noise processes

with variances Q, R and dimensions (Ix] ), (Mx1) , respectively.
Assuming a time invariant, stationary and auto-regressive (AR) process, with an
observation matrix Ci, Eq. (4.1) can be rewritten as:

xk+l=Akxk+[o .« . lrwm

€y - - Cm. 4.2)
Ye=| - . . L x 4w,

CMI ot CIW k
Note that the output of a Kalman filter may be expressed as [29]:
%.,=0-K,C, )AZ, +KYin (4.3)

where K is the Kalman gain at time index k.
Eq. (4.3) may be rewritten as follows:
X =AE +K (0, ~CrAx,)
=A%, +K,,, Oirs —Crus®i,,)
=A. X, + K€

= xk+l + Kk+I§k+I

(4.4)

where £, is the one-step prediction of X,,,, i.e. time update, and &, ,, is the innovation

process at time index k+/. Assuming the dynamics are stationary and the transients have
vanished, &,,; can be characterized by a white Gaussian noise (0, o) [16]. The MEKF

requires A and K., to be such that £ is a ME sequence, where o may be expressed as
follows.
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O = E [(.Vk+1 —CraArX, )()’k+1 —CiuAx, )T]
=E [(Ck+l Xpo TV )(Ck+l Xie T Ve )T ]"‘ E [(qu-lAkfk XCk+lAk£k )T] (4.5)
= Ck-HRkaTH +R +Ck+IAkR£A: CI:H
= Ck+leC:+l +R+C,, AkaA: C:-n

where the last equality follows from the basic assumption that the output sequence should
have a similar auto-correlation function as the desired sequence.
In order for a sequence, x™E, to be a maximum entropy sequence, for a given auto-

correlation function r, £ must be an AR process, as described in Eq. (4.6) [7][5]:

N-1
ME _ ME _ME
Xi+1 ——Za Xe—i T2 (4.6)
i=0

satisfying the following equalities:

RMEgME _,
4.7)

QME - r(O)-aMErr

where z; ~ (0, 0"%) and R™ (NxN) is the auto-correlation matrix corresponding to the
given auto-correlation function r.
Eq. (4.6) may be written in state form as follows:

[ 0 1 o i
0 0 1 0
i =l - N 7
| —a)® —(;;’E ) —aNf
+o . . 1z, (4.8)
i =A" x40 . Ty,

where the a™* coefficients are determined using the Levinson-Durbin algorithm.
In order for ¥ to be a ME sequence, comparing a time-invariant dynamics of Eq. (4.4)

and (4.8), the equalities in Eq. (4.9) should hold.
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A=A ME

(4.9)
K., = [0 - - - UMEJT
for all k, where
QME
Oye = 4_10
ME s, ( )
Furthermore, it is assumed that C is (IxN).
Noting that Kalman gain may be expressed as follows [29]:
Kk+l = Pk+ICZ+lR-, (4"'1 1)

where Py, is the posteriori error covariance matrix. Equating the Kalman gain definittion
in Eq. (4.9) and Eq. (4.11), the following is obtained.

Pk+IC:+! R-l = [0 ot UME]T
[(P Tkl )-l +C:+1 R Ceu TICZ+1 R'= [0 - O ME]T .
_7 “4.12)
Ciu = [(P—’“") +Ci, R’ Criur IO o+ Oy R
Ckr-u _CZ+ICk+I [0 O yE ]T = (P-"*” )_1[0 O-MER-I

where P is the a-priori error covariance matrix. Eq. (4.12) may be simplified as followss.
[c,- OmeCrCyr C;=0CoCy - Cy =0, C\ Cyy Z+1 =[a;--ay ]k+lr (4.13)
where the & vector corresponds to the right hand side of Eq. (4.12). Solving for Cy, the

following is obtained.

cz-—L c,+2 ¢
O-ME O-ME
4.14
1 i\/ L4 (4.14)
o“ME GME O-ME

where the time indices are implicitly assumed.
The first issue in determining Cy is to ensure that it is a real value. If at some time step §
the term under the square root becomes negative, R will be adjusted according rto

following.
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1 o _
- =
GME o'ME

y 4 (4.15)

where yis a real number 2 0. Substituting for ay, according to Eq. (4.12), in Eq. (4.15)
the following is obtained.

R
—qdwue™ _ (4.16)

O me O me

where guy is the (N,N) element of (P)"..

Substituting Eq. (4.10) in Eq. (4.16) the following is obtained.

O
OME =X +4quwR @4.17)

Using the expression of Eq. (4.5) in the above, the following results.
Crn RxCL—l +R+C, AR A/ Cin= Q" x +40"q mrR

R(l - 4qNNQME) = ZQME - Cl:+l RxC:H - Ck+l Alc R.tAIZ-CZH (4’ 18)
R= 2O —Crn RXCL,I _Ck+lAkaAZ Cz;l
1—-4q,, 0"

The second issue is to determine which of the two possible solutions of Eq. (4.14) leads

to a desirable solution. Possible solutions to Eq. (4.14), at time index k, are as follows.

1 1 a, (k+1)

+ >—4

L L e (4.19-a)
3 :

Cylk+1)=

2
o o
ME . ME (4.19-b)

1 _‘/ L on(k+])

g
Cy (k+1)=—2E

To identify the suitable solution for Cy, the following simplifying assumption is made,
which is in line with the requirement that the observation matrix C be real at every time

index i.
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O <<1 (4.20)

Employing the above assumption in Eq. (4.19), the following is obtained.

1
C \k+1)e<
v+ D) Oz (4.21-a)

Cylk+1)o<n (4.21-b)

where 77 is some small value > O.
The following observation with respect to Eq. (4.5) is made.

o, =< C} (k) (4.22)
It is also noted that with respect to Eq. (4.10), the following holds.

1

Cyg <O 2 (4.23)

~ From Eq. (4.22) and Eq. (4.23), Eq. (4.24) is obtained.
| Oug o< Cy (4.24)

Combining the expressipns in Eq. (4.21-a) and Eq. (4.24) the following relationship is

obtained.

I
o< C.,lk .
O v(k) 4.25)

Cy (k+1)= BK)C, (k)

Cpk+1)e<

‘ It is noted that the above yields to a stable solution if |fl<1, for all time steps k. To avoid
unstable solutions, update based on Eq. (4.19-b) is employed. In fact our simulations
have shown that updates based on Eq. (4.19-a) yield to unstable solutions for Cy.

Employing both Eq. (4.12) and Eq. (4.19-b), other observation coefficients are obtained

as follows, at time index k+1.

53



% i=1--N-I (4.26)

f T (1~0,&Cy)
4.2.1 1-D MEKF modeling algorithm
The following pseudo-code summarizes one possible implementation of MEKF, where
we have assumed that the data points are generated by a stationary process.

1. Inidalization
e Randomly initialize Cy (IxN)

e Choose a small initial R
e Choose a small positive ¥
e For the given r (IxN ), calculate the transitional matrix A (NxN)

e Set the diffusion matrix B=/0 ...1]7 (Nx1)

2. Analysis - encode all data points
e Using Equations (4.26), (4.19-b), (4.7), (4.5) and if necessary Eq. (4.18) calculate

a new observation matrix Cy, QME and R

e Generate encoded observation sequence y;

3. Synthesis - decode all observation points
® Generate Kalman filter approximation with observation sequence y, parameters

A, B, C, R and Q=0"¢

4.2.2 MEKF based modeling results

Two sets of AR and ARMA process simulations are described here.

4.2.2.1 MEKF modeling of an AR signal
In the first set, the actual model, as given by Eq. (4.2), is described by an AR model

Ardear=[0.5,-0.1,0.2,-0.3], wy ~(0,1), Figure 4.1 shows 1:4 analysis-synthesis using DCT

54



(the first ¥4 DCT samples are kept). Figure 4.2 shows the simulation results using MEKEF,

with observation vector, C, of size (Ix4). Results are summarized in Table 4.1.

Idea! “_ DCT < > Ideal - MEKF -
- - 10 T v — T v v
) v - v .
. i st 4
: ) 3 _
§ ] =} g
! % 20 40 a0 T 199, 120
2 Ideal 7o=v = *ExF M 2 40
15 v v v
K] ] v
- N e J
) 20 40 [T] a0 100 120 140 s
n FeoSH E
Ideal r,“*" DCT r;“o™ ok T $
12 r
7S 4 sy 15 2 X 3 as P
. MeKF - P
osf b 10 -
re X4 4 4
X1 b a9
a 10 F “\
o2f 4
ar Y .
02 L 1 ] 5 10 15 20 25 10 as
v 15 2 25 3 3s . n

AR A 255 2

Table 4.1 MEKF modeling of an AR signal

It is noted although the DCT transformation has a lower MSE, however, its auto-
correlation- function, r,, poorly approximates that of the ideal signal. Furthermore, it
should also be noted that DCT has an unfair advantage over MEKF in that it is a non-
causal analysis-synthesis reconstruction, i.e. it is block-based transform. The a posteriori

error covariance, P, in Figure 4.2 shows that P is nearly Toeplitz. This indicates that the
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error signal is stationary, which in turn implies, as expected, the MEKF reconstruction is

stationary.

4.2.2.2 MEKF modeling of an ARMA signal

The second set of simulations was performed on a ARMA sequence where the actual
model is described by @rea;=[0.5,-0.1], Bigewr=[0.2,~0.2], wx ~(0,1), Figure 4.3 shows
1:4 analysis-synthesis using DCT while application of the MEKF algorithm is depicted in
Figure 4.4. Results are summarized in Table 4.2.

Evidently, MEKF performs poorly, as expected, when the dynamics of the process are
ARMA, which has lower entropy with respect to a comparable AR process. Based on this
observation, in the next section we offer a hybrid analysis-synthesis method for images,
where depending on the local entropy of the image either ZOH or MEKF reconstruction

is employed.

A b o N a
¥ T

1 1.5 2 , 25 3 as

t .5 2 25 3 as D) "

Figure 4.3 ARMA Signal DCT Reconstruction Figure 4.4 ARMA Signal MEKF Reconstruction
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Table 4.2 MEKF modeling of an ARMA signal

4.3 2-D Maximum Entropy Kalman Filter (MEKF) for modeling

To apply MEKEF to 2-D signals, particularly images, two issues must be addressed firstly,
dimensions of the filter and secondly, the range of approximated signal. The most
convenient way to address the former is to vectorize all segments within a signal and treat
them as a 1-D signal, in which case the 2-D correlation of the signal is lost. A convenient
way of addressing this issue is to expand a 1-D filter to a 2-D one assuming separability
of the filter and auto-correlation function (which in general, one does not imply the other
[19][43]). Assume that a is the optimal, linear strictly-causal, prediction filter over the
signal U. That is,

[7(x,y)=a(x—Nx,y—N).)U(x—Nx,y'—Ny)+...+a(x-—l,y—l)U(x—l,y—I) 4.27)

where x and y are the two spatial coordinates, U is the predicted signal, and N; and Ny
are the segment sizes.

And further assuming stationarity within all segments, Eq. (4.27) can be written as
follows:

U(x,y) = a(N,,NYU((x—N_y-N))+..+a(,LDU(x-1,y-1) (4.28)
Finally, assuming a sub-optimal separable prediction filter, Eq. (4.28) may be written as
the following:

U(x,y)=a®*(N)a*(NU(x=N,,y—N ) +..+a"Da U (x-1y—-1) (4.29)
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where a® and a€ are the prediction filters in row and column directions respectively.
This in turn can be expressed as follows:

U(xy)=(a* ®a‘)U (4.30)

where ® is the Kronecker multiplication operation.
The question is whether such a separable expansion can result in a ME sequence.
Assuming a separable Kalman filter where a® and a€ are the ME prediction filters in row
and column direction respectively and similarly R® and R€ are the correlation matricgs in
row and column direction, the ME condition [7] may be ;vritten as follows:
Ra=r
(R*®R)@a* ®a)=r (4.31)
(R*a®*)®(Ra“)=r
where r is the auto-correlation function.
The last equality shows that, under the assumptions of filter and auto-correlation function
separability, a ME sequence can be achieved.
The second point of interest in 2-D applications, especially images, is that the predicted
pixels must lie within a given range, typically between O and 255. These constraints may
be imposed on the Kalman gain. Although, this formulation is by no means unique

however, it is convenient. Thus application of Augmented Lagrange Multiplier (ALM)

[4][55] over the original cost function, one obtains the following cost function.

N N
G =tr(B )+ Ay W a+ @+ Yy 03+ B0’

j=I i=]
A
2a,

Wi =max(X; — Xy, — ) (4.32)

)

My
@y =max( =X+ Xpyy,— >
B
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where, tr(P) is the trace of the error covariance matrix,
A and u are the Lagrange multipliers,

wand ¢ are the cost functions,

o and S are the cost function step sizes, and

xpmax and xpqy are the constraints.

Differentiating Eq. (4.32) with respect to the Kalman gain K; the following is obtained.

dG, dtr( P ) W,k Pix ¢zk
A +a, —+ + 4.33
dK, 4K, Z; *dK, kg ;” o ra (4.33)

The derivative of a scalar with respect to a matrix is defined as

[ dG dG

dKll dKlM
a6 _| - T : (4.34)
dK i .. )

dG dG

dK,,  dK,, |

Noting the following relationships

0 - <—L
dy ; 1™ Frax 2a;
= =i me{l---M}
nm Ji / Otherwise (4.35)
iK,, |

M
Xigws = ,k+1+ZK,.)’.k+1 lek+12K]m ml Je{IN}

i=l =1 m=/

where k is the time index, n and j are process state indices, and m is the observation state
index, it follows that,
0 j#n

dxj
dk,. Z C,.%x;  Otherwise

=] k

(4.36)

which is independent of process state index j. Hence the following equality is obtained.

ilj W”‘ = (Jae), 4.37)

J=1

where A4, J and e are defined as follows:
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7, =0 i#j
J

J=4J;=0 x;—x,,, <--i
2a;
Ji; =1 Otherwise )
e=(y—Cxf (4.38)
A= ['11 . Z’N]

Similar sets of equations may be found for other terms of Eq. (4.33), as follows:

Ny d
>a; d;"‘ =2Kxe-2x,,, Jae

Jj=I

le.

i=I

=-Lye (4.39)

Zﬁ’ d¢"‘ —2Mxe -2x,,, LBe

i=l

where L, M and K are defined as follows:

L;=0 i#j K;=0 i#j
L={L,=0 —x+x, <-til Kk={g,=0 x-x, <2
25: f ‘ 20,
L,= Otherwise (NN K, =« Otherwise (NN )
. 4.40)
M;=0 ]
72
M={ M,=0 -—x +x,, <———L
ii i MIN 2ﬁ‘-
M, =p, Otherwise (NN )

Using Eq. (4.37) through Eq. (4.40) and equating Eq. (4.33) to zeros, the following
expression is obtained:

0.5J2—-0.5Lyu —x,,,, Ja— xM,NL,8+NKe + Nx~
CPC" +R

K, =K/ + e (4.41)

where K" is the unconstrained Kalman gain,
N is M+K,

X is the prior estimate of the states, and

F is the prior of the error covariance matrix.
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It is noted, in Eq. (4.41), that K; appears on both sides of the equality. Hence an iterative
solution, using Kj.; instead of K on the right hand side, is used to obtain a solution for
K. Furthermore, with respect to Eq. (4.41) it is seen that the unconstrained solution, the

initial guess, is the correct one if all the constraints are satisfied.

4.3.1 2-D MEKF modeling algorithm
The following pseudo-code summarizes one possible implementation of 2-D MEKF for
image modeling. |
1. Initialization
e Set N, analysis-synthesis ratio
e Segment the signal ( WWx VW)

¢ Proceed with the same initialization steps as Section 4.2.1

2. Analysis — encode all segments
e Obtain row and column ordered vectors, based on the current segment

Obtain the aR, aC, QR and QC, for each vector above, using Levinson-Durbin

algorithm

o If QRQC is less. than a predetermined threshold, transmit the average value and
perform ZOH to recover the segment, as discussed in Section 2, otherwise,

e Update C as described by equations (4.26) and (4.19-b)

e Calculate A as the state description of Eq. (4.30)

e Generate observation sequence y;

3. Synthesis — decode all observation points
® Apply standard Kalman filter, with parameters A,B, C and observation points y;,

to reconstruct row ordered image vector

e If the reconstructed points violate the constraints, use Eq. (4.41)
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4.3.2 MEKF modeling of 2-D signals

In this section we present the simulation results of MEKF, DCT, and MEKF-ZOH
modeling method using 572x512x8 images of Baboon, Barbara, and Lenna with 1:16
analysis-synthesis ratio. The original images are shown in Figure 4.5, Figure 4.6 and
Figure 4.7. For each image we will provide an image of Q%QF to identify a proper

threshold.

Figure 4.5 Original Baboon Image

In Figure 4.8, Figure 4.9 and Figure 4.10 the dark areas correspond to sections of the
image where the entropy is .minimum hence, the use of ZOH, using the local average, is
appropriate. However, regions with high entropy, light areas, are more appropriately
modeled using MEKF. The threshold value of 0.08, segment size of 4x4 for MEKF and

MEKF-ZOH and 8x8 for DCT was found to provide a satisfactory result.
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Figure 4.7 Original Lenna Image
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For comparison purposes analysis-synthesis based purely on MEKF and DCT are also
provided. Based on these variance images, we expect that MEKF-ZOH to provide a
superior performance for Baboon and Barbara images and not for Lenna image.

It is observed, from Figure 4.11 through Figure 4.19, that in Baboon image, use of
MEKF-ZOH has prevented the blockiness artifact, as compared with the DCT
reconstruction. It has also preserveci the texture in Barbara image whereas, no clear
benefit is obsefved in Lenna image. It is noted that in the former two, MSE does not

present an appropriate subjective measure.

Variance of the AR Noise Min=0.0045648 Max=0.94175
N e T A e a2 " K

Figure 4.8 Baboon AR Variance Distribution



Variance of the AR Noise Min=0.0035015 Max=0.98011

Figure 4.9 Barbara AR Variance Distribution

Variance of the AR Noise Min=0.0042539 Max=0.95698

Figure 4.10 Lenna AR Variance Distribution

65



DCT Reconstruction MSE=16.2657

Figure 4.11 Baboon Reconstruction Based on DCT

MEKF Reconstruction MSE=27.6695

Figure 4.12 Baboon Reconstruction Based on MEKF
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MEKF-ZOH Reconstruction MSE=19.2542

Figure 4.13 Baboon Reconstruction Based on MEKF-ZOH

DCT Reconstruction MSE=11.4574

¢ )

Figure 4.14 Barbara Reconstruction Based on DCT
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MEKF Reconétrucﬁon MSE=29.9847

Figure 4.15 Barbara Reconstruction Based on MEKF

Figure 4.16 Barbara Reconstruction Based on MEKF-ZOH
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DCT Reconstruction MSE=7.3863

Figure 4.17 Lenna Reconstruction Based on DCT

MEKF Reconstruction MSE=28.8097

Figure 4.18 Lenna Reconstruction Based on MEKF
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MEKF-ZOH  paconstruction MSE=8.0089

i Zid

Figure 4.19 Lenna Reconstruction Based on MEKF-ZOH

4.3.3 2-D Maximum Entropy Kalman Filter (MEKF) for compression

In the previous section we described a modeling approach based on ME criterion. In this
section we propose a co;nprcssion scheme based on MEKF-ZOH. This method separates
the signal into two parts. The first part is the observation sequence yi, as described by
Egs. (4.26), (4.19-b), (4.7), (4.5) and if necessary Eq. (4.18), and the seconci part is the
-error signal. The error signal is defined as the difference between the reconstructed signal
and the original signal, only at segments where QfQC is below a prescribed threshold,
and zero otherwise. These signals are then uniformly quantized, coded and decoded using
JPEG standard [46]. Details of implementation are described in the following pseudo-

code.
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Initialization
- The same as Section 4.3.1

2. Compression .
e For each segment obtain y;, as in Section 4.3.1, and pass it through a u-law

compressor [19]
e Uniformly quantize the resulting sequence using 8 bit accuracy
e Reconstruct the signal using the decoded observations
¢ Generate the error signal, as described above, using the reconstructed signal
® Code the error signal by passing through a g-law compressor, uniform quantizer

and finally through a JPEG coder

Reconstruction

e Pass both y, and the error signal through u-law expander, with appropriate
parameters
o If QRQc is above a given threshold use the method of Section 4.3.1 to reconstruct
the segment, otherwise
e Reconstruct .usi_ng JPEG decoder
For comparison purposes, the reconstructed signal using MEKF-ZOH and JPEG standard
are presented, Figure 4.21 to Figure 4.28. For the JPEG method, the quality factor of 25
was used, where the quality factor 100 corresponds to no compression. MEKF-ZOH
parameters were as follows:
e Segment size of 8x8
e 1:64 ratio
e p-law compandor with parameter p 20 and S for error and yx sequences respectively,

and v 120. See Eq. (4.42)

71



e JPEG quality factor of 5 for the error signal
o 0% threshold value of 8e-2

¢ The g-law compandor is defined in Eq. (4.42).

vinj 1+ Elxl
v
/uiu - ln(l + P) Sgn(x)
™ lbl(l+p) (4’42)
i v _ 1
:uout = sgn(ﬂm)
p

where x is the input,
v and p are the y-law compandor parameters,
Min is the compressor output and

Mou 1s the expander output
The original images are shown in The original images are shown in Figure 4.5, Figure

4.6, Figure 4.7 and Figure 4.20.

Figure 4.20 Original Mountain Image
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Figure 4.22 JPEG Compression Compression of Mountain Image
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ion of Babbon Image

4.23MEKF-ZOH Compression Compress

Figure

ion of Babbon Image

4.24JPEG Compression Compress

Figure
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Figure 4.26JPEG Compression Compression of Barbara Image
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Figure 4.28 JPEG Compression Compression of Lenna Image
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4.3.3.1 Discussion and conclusion

0.1289

0.1106 0.0840
0.0783 0.0781
0.0569 0.0513

With respect to Table 4.3, it is noted that for compression ratios less than that of JPEG,
MEKF-ZOH has retained the sharpness of the image in textured regions and edges. As
expected, noting Table 4.4, the MSE of an equivalent JPEG reproduction is lower than
MEKF-ZOH. However, it should be noted that neither the quantizer table nor the
entropy-coder table were optimized for MEKF-ZOH usage. Certainly, lower compression
ratios at lower MSE can be obtained if the zero regions of the error signal would have

been coded separately and a smoothing Kalman filter was employed, versus the strictly

causal one used for these simulations.
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4.4 1-D Maximum Entropy Kalman Filter (MEKF) for estimation

In this section, we develop an estimation scheme based on the principle of ME. We
differentiate between modeling and estimation on basis of controllability of the operating
environment. Unlike modeling, in estimation, the observation matrix, C, is dictated
externally. As such we do not expect to obtain results as good as those in modeling case.
Indeed, for a given C, a ME sequence may not be realizable. Thus for practical purposes
certain assumptions must be made. The theoretical conditions are developed. Justification
and implication of implicit assumptions are also discussed. |

In order for £ to be an ME sequence, comparing Eqs (4.3) and (4.8), it is noted that
firstly, the term Kj.s y&+s must be whitened and secondly, A should be chosen such that
the first terms of the two equations become equal.

Thus pre-multiplying Eq. (4.3) by S (a whitening filter), the following is obtained:

8%, =SI-K, CA%,
+SK, 1 Yiu
£, =S -K,,,CA,S'%,
+SK, .1 Yiu

(4.43)

Furthermore, equating the first terms of Egs (4.8) and (4.43), the following expression for
A, the state transition matrix, is obtained:

A,=I-K,0C) TSTAMES 4.44)

where A is defined in Eq. (4.8).

An expression for S may be obtained as follows [29]:
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STS=v"
| 4 =E[KkykyZKkT]
V= E[Kk (Cx, +v, XCx, +V, )T K:] (4.45)
=E[K.C,x, + K,y \xTCTKT +vIKT)|
_ E[K,‘Ck x,xICTKT + KkCtxkv[K;J
+K, v, x;C/KX +K,v,vIK?

Assuming stationary signal, Eq. (4.45) can be written as follows:

V =KCR,C'K” + KC E|x, v kT

(4.46
+KEp,xTC"KT + KR, KT )

where R, is the auto-correlation matrix of the process x;, and
R, is the auto-correlation matrix of the observation noise vg.
Assuming uncorrelated process dynamics and observation noise the second and third

terms of (4.46) are eliminated. Hence the following expression for S is obtained:

V=K(CR,C" +R KT

V=KR KT

v:!= (m Kr)-l (4.47)
y

S = (KR,KT)_;

where R, is the auto-correlation matrix of the observation process y;. To ensure that the
variance of SKi.; yi+1 is the same as the desired ME sequence of Eq. (4.6), the following

modification to Eq. (4.47) is applied.

1

S =(0"* KR KT )2 (4.48)

¥y

where Q" is defined in Eq. (4.7).

Thus, application of Eq. (4.43) and Eq. (4.44) ensures that the output of the Kalman

filter, X, is indeed an ME sequence.
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It is noted that in Eq. (4.47) for the inverse to exist, in the usual sense, K must be full
rank. A necessary, but not sufficient, condition is that K must be NxN, which can only
occur if C is also NxN. Noting that K may be expressed as follows [29].

K., =P, CT(CP;,CT" +R) (4.49)

where R is defined in Eq. (4.1).
Furthermore, assuming noiseless observation, it follows that

CK,, =CP_,C" (CPk:-ICT )

CK, K =1 (4.50)
k+1 —

If C and K are both full ranks it follows from Eq. (4.50) that
K.C=CK,, =1 4.51)

Under these assumptions, Eq. (4.47) simplifies to the following:
V =K(CR.CT )K"
V=R,

vi_g - (4.52)

Nl“ L]

S=R

X

In cases where the observation matrix C is not full rank we use Eq. (4.52) as an
approximation of Eq. (4.47).

4.4.1 Implementation of the proposed MEKF
In this section, we describe an algorithm implementing MEKF, for the purpose of
estimation. It is noted that in Eq. (4.44) and Eq. (4.47), the Kalman gain K must be
known ahead of time. Although this may be achievable via a two-pass filter, however, it
would be of little practical value. To overcome this problem, the following algorithm is
suggested. |
1. Initialization

e Set NV, number of states

e Let K be a vector of small random number
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e Segment the signzl

2. TIteration for all segments
e Calculate § as given in Eq. (4.47) or Eq. (4.52), where K is equal to the Kalman

gain of the previous segment.

e Calculate A based on Eq. (4.44), where K is equal to the Kaiman gain of the
previous segment.

21 Iterate in the current segment

* Apply standard Kalman filter with Kg.; yxs whitened by S and A as the
transitional matrix.
e Update A as described by Eq. (4.44), where the current K is used for the

update.

4.4.2 MEKF based estimation results -

Two sets of simulations are described here. Both AR and ARMA processes have been
simulated. In the following examples, no observation noise is assumed. To further
evaluate the performance of MEKF, reconstruction resulting from the direct substitution

of AME of Eq. (4.8) in Eq. (4.1) is also provided.

4.4.2.1 MEKF estimation of an AR signal

In the first set, the actual model, as given by Eq. (4.2), is described by an AR model
Q14ear=[0.5,-0.1,0.2,-0.3], wx ~ (0,1), and C=[0.25,0.25,0.25,0.25]. Such observation
vector, C, effectively implies analysis-synthesis ratio of 1:4. Figure 4.29 shows the

simulation results, where A™F is directly substituted for A. Figure 4.30 depicts
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application of the Section 4.4.1 algorithm in the same model. With respect to Table 4.5,

the superior performance of MEKF is evident.

Direct Substitution
Ideal “-.” Reconstructed *-”
-20
20 an /O n RO 100 120 140
. Ideal r. “*~ R dr, “o”
b
0.5k -
LY S I I +
0.5 -
1 1.5 2 25 ¢ 3 35 4
o Reconaracsest - P
10 v T v T
af N
» i \\\‘\ 9
107 s s
o 5 10 15 20 25 30 as

n

Figure 4.29 Estimation of an AR Signal using Direct Substitution in the Kalman Filter

Tdeal *- ™ Reconstructed *-
140
[« X 4 ES
' ot I by +
e 1.5 2 25 as <
N Recanstructed - P
10
E
10° | 3
o F S —X
10 ¥ 3
107
o B 10 15 20 25 3o 3s

Figure 4.30 Estimation of an AR Signal using MEKF
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0.171

0.3631 0.1096

4.4.2.2 MEKF estimation of an ARMA signal

The second set of simulations was performed on a ARMA sequence where the actual
model is described by a1dear=[0.5,-0.1], Bigeas=[0.2,-0.2], w; ~ (0,1), and
C=[0.25,0.25,0.25,0.25]. Figure 4.31 shows using direct substitution while application of

the MEKF algorithm is depicted in Figure 4.32. Results are summarized in Table 4.6.

Direct Substitution
Ideal “-" Reconstructed -

140

0.5 +
1 1.5 2 25 3 as a4
. Recrnumacsed - P
10 - v
of
= r% ‘
107" +
o s 10 1s 20 2s ao as

n

Figure 4.31 Estimation of an ARMA Signal using Direct Substitution in the Kalman
Filter
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MEKF

Ideal - Reconstructed “-"
1 v r v
oS5 .
g o ~
0Sp -
1 A . s . . N
[ 20 40 RO N L0 100 120 140
. Ideal r, “*™ Reconstructed r, “o™
1 T v v v
PR b
¢
r
of I -
‘ L 4
0.5 - .
1 15 2 25 ¢ 3 35 4
] Reconstructed - P
10 v v
a Ou F X b
-1
10 o
0 5 10 15 20 25 30 as

Figure 4.32 Estimation of an ARMA Signal using MEKF

Comparing the above results with those of Section 2, It may seem that MEKF with a
-fixed C vector has a similar performance however, this is not the case in general. In fact
the performance of the latter is highly dependent to the observation vector, and typically
worse than those shown in Section 2. The reason for choosing this particular observation
vector was to obtain a fair comparison between transform based methods such as DCT

and MEKEF.
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4.5 2-D Maximum Entropy Kalman Filter (MEKEF) for estimation

A similar algorithm to that of the Section 3 has been implemented. As with the
implementation of Section 3, an alternative reconstruction method should be considered
when the segment of interest is not best represented by a ME model. Since most
observation degradations, C, are low pass filters, we have found that reconstruction using
ZOH to be satisfactory. The pseudo-code of this algorithm is given below.
1. Initialization
e Set N, number of states
e Segment the signal
2. TIteration for all segments
e Obtain row and column ordered vectors based on the current segment
e Obtain for each vectors above, the a® ,a€ , Q® and Q° using Levinson-Durbin
algorithm
e If QF0" is less than a predetermine threshold, perform ZOH to recover the
segment 0thérwise,
e Calculate § as given in Eq. (4.47) or Eq. (4.52), where K is equal to the Kalman
gain of the previous segment.
e Calculate A based on Eq. (4.44), where K is equal to the Kalman gain of the
previous segment.
2.1 Iterate in the current segment
* Apply standard Kalman filter with K. ye+s whitened by S and A as the
transitional matrix.

e If the constraints are not satisfied use Eq. (4.41)
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e Update A as described by Eq. (4.44), where the current K is used for the update.

4.5.1 MEKEF reconstruction for 2-D signals

A similar set of images to those of the Section 3 has been used with the observation

matrix C=[0.0625...0.0625], analysis-synthesis ratio 1:16 and threshold of 0.05.

MEKF-ZOH °Reconstruction MSE=23.0316

rs

MEKF-ZOH Reconstruction

Figure 4.33 Baboon

With respect to Figure 4.33, Figure 4.34 and Figure 4.35 once again, as with analysis-
synthesis, the best results are obtained when an image is mainly made up Segments of
. high entropy. It is also noted that due to restrictions on the observation matrix C, the
results obtained in estimation are not as good as those obtained in Section 3. Results are

summarized in Table 4.7.
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MEKF-ZOH °Reconstructiors MSE=12.4126

Figure 4.34 Barbara MEKF-ZO'H Reconstruction

MEKF-ZOH Reconstruction WMSE=8.9996

Figure 4.35 Lenna MEKF-ZOH Reconstruction
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Table 4.7 Reconstruction MSE of MEKF for test images

4.5.2 Summary and future work

We have demonstrated the suitability of the ME criterioﬁ in signal modeling,
compression and reconstruction. Furthermore, methods using the classical Kalman filter
have been developed to this end. A simple application of MEKF as a method for
modeling, compression and reconstruction of degraded signals, both 1-D and 2-D, was
demonstrated. Future work will include the smoothing operation (using both past and
future information) in the Kalman filter and non-separable expansion to achieve a better
signal reproduction. Although, at first sight Linear Predictive Coding (LPC) and (MEKF)
may seem similar however, it should be noted that unlike LPC, MEKF assures the
maximum entropy dynamics on the reconstructed signal and not on the assumed
dynamics of the plant process. The advantage of the latter has been shown in simulations

of Section 4.4.2.1 and Section 4.4.2.2.
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Chapter 5 Summary and future work

In this thesis, we have described and proposed solutions to various aspects of the problem
of system identification. In particular, the problems of local minima in IIR adaptive
signal processing and of modeling based on partially observed data have been addressed.
With respect to the former, we observed that global convergence to a correct optimum for
insufficiently modeled system in presence of observation noise and colored input may be
achieved. Furthermore, we were able to show the uniqueness of the global minimum for a
single-pole approximation. Although our simulations have shown the same to be true for
multi-pole systems however, the main task of future work is to derive the same result for
multi-pole systems.

We have shown the deficiencies of Combined Output methods [25], particularly that of
the biased coefficients and local minima, and how MEEOE resolves them. It was noted
that our method, i.e. Modified Equation Error Output Error (MEEOE), belongs to the
family of Combined Error algorithms. As mentioned in Chapter 3, if we were to use a
single weighting factor, allow for the deterministic update of W and employ Pseudo
Linear Regression (PLR) method for the update of A and B, MEEOE would be identical
to the methods represented by [33]. However, we have shown &at more flexibility and
faster convergence may be obtained by multiple weighting factors. Furthefmore, allowing
for non-deterministic update of W allows for faster convergence, independent of
dynamics of the process. Lastly, unlike PLR, Simplified Recursive Predictive Error
(SRPE), our method of update, has lead to convergence to an optimum point on MSE

surface, in all our simulations.
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For the problem of modeling, based on partial observation, we have demonstrated the
suitability of the maximum entropy criterion in signal modeling, compression and
reconstruction of 1-D and 2-D signals. We observed its advantages as compared to MSE
criterion, when a complete set of data is unavailable. Furthermore, methods using the
classical Kalman filter have been developed to this end. Future work may include the
smoothing operation (using both past and future information) in the Kalman filter and
non-separable expansion to achieve a better signal reproduction, in image processing
applications.

Although, it may be tempting to draw direct analogy between Linear Predictive Coding
(LPC) and our method, Maximum Entropy Kalman Filter (MEKF) however, it should be
noted that unlike LPC, MEKF assures the maximum entropy dynamics on the
reconstructed signal and not on the assumed dynamics of the plant process. The
advantage of the latter has been shown in our simulations.

We have attempted to resolve some of the outstanding problems in adaptive signal
processing that are based on methods well understood within this field. As with many
other such attempts, the theoretical coherence is inversely proportional to empirical
diversity. In fact, as seen in Chapter 3, closed-form description of the evolution of the
error surface, except for a single-pole system, becomes an intractable task. It is therefore
rewarding to note that the application of the principle of maximum entropy, in image
processing, does indeed result in what was expected.

However, it is our opinion that the intrinsic tradeoff between practical utility and
mathematical rigor is inherent in application of linear methods to non-linear problems

[1]. Therefore, the main contribution of the future works will be on application of well-
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established non-linear methods to the traditional adaptive signal processing problems. It
should be noted that a vast majority of current problems can be resolved by application of

simple non-linear methods that are easily derived from the linear ones [9].
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