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ABS'YTRACT

In the present thesis we have Investigated the
lattice dynamics of diamond on the basis of the Cochran
version of the dipole approximation model; Results have
been presented for the dispersion curves, vibfation
spectra and Debye temperatures of diamond. We have also
obtained the vibration spectra and Debye temperatures of

germanium,
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CHAPTER I

INTRODUCTION

For crystals.with diamond lattice, a 2-constant theory
involving a radial and a non-central force between nearest
neighbours was first proposed by Born {1). Since Born's origi=-
nal theory employs only two force constants, it predicts a re-

lation between the three elastic constants:

by (eqq - °), )
(eqq + °12)2

A 3-constant theory was developed by Nagendra Nath (2)
and by Smith (3), which took into account a central force be-
Ttween next nearest neighbours. The models due to Born and to
Smith have been reviewed by de Launay ).

Smith's theory was applied to Ge and Si by Hsieh Lgl and
compared with experiment, Hsieh's calculations have been correct-
ed by Dayal and éingh (6).

A model die to Harrison (7) employs nearest neighbour cen-
tral forces and restoring forces maintaining the tetrahedral bond
angles. This mod%l Implicitly introduces forces between second
nearest neighbours in a plausible way.

Experimental studies of the inelastic scattering of slow

\
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neutrons by crystals have recently made it p&ssible to determine
directly the relation between frequency and wave number of the
normal modes of a crystal. Gérmanium was one of the first sub-
stances to be investigated by this technique by Brockhouse and
Iyengar (8) and by Ghose et al (9).

A detalled analysis of these results by Herman (10) and by
Pope (11) showed that to fit all the data concerned it was neces-
sary to include interagctions out to Tifth neighbours in the gene=
ral tforce model. v

Cole and Kineke (12) calculated the vibrational spectrum
of Ge using the force constants of Herman (10) and that of Si
using a set of three-neighbour force constants derived by
Learn (13) from X-ray scattering experiments.

Cochran (1l) applied a simple shell model to germenium.
Each atom was regarded as composed of a core of charge 2 coupled.
to an oppositely charged shell by means ofan isoﬁropic spring of
constant k. He assumes three types of nearest neighbour. interac-:
tions, the core-core, core-shell and shell-shell intersctions.
Two force constants specify each type. One is associated with
the radial force and the other with the angular force. The for-
mation of dipoles by the lattice wave gives rise to eléctrostatic
forces throughout the crystal. This interaction includes all
neighbours and requires no extra parameter. Therefore the shell
model involves a total of e ight parameters. One of them is shown
to be redundant and is eliminated by specifying the polarizabili-~,
ty B in terms of Z and k. Then Cochram reéduces the number to five
by setting the ratio ¥ of the angular force constant to the radial




-

force constant équal for %he three typos of short .range inter-
actlions. Under these PO"uPlCtLOQQ the Born identity is satig-
fied. Two of the remaining five parameters are fixed by fitting
them with the elastic constant data. The polarizability B is
then calculated Trom the experimental value of the dielectric
constant. The two remaininz barameters are chosen by trial
(along with a 5% ad justment ia 5) %o I'lt the Neutron Scattering
data. The agreement is reasonab*y Zood except for the longitu-
ainal acoustic mode in the (111) direction, where, for the roint
4 = Q. .4 the observed and calculated frequency differ by 14%.
Cochran has also provided some theoretical Justification

“or hils work by showing its € juivalence to the resgsults of

Maskevich and Tolpygo (15), w0 used a quantum mechanical ap-

Droach. It is now generaily »scomized that both models are
cssentially dipole approximitions. Cochran also showed that

the short range parameters deiermine a long range foroe.'

With the aid of &« sdlahatic approximation, the potential

ct

caergy of lattices of the <7 aaond t¥pe was found by Mashkevich
and Tolpygo '(15) in the o= >f a quadratic form in the dig-
Sracements and dipole morcnts of the electronic shells of all
atoms. In an extension o Tais work, Tolpygo (16) showed that
Cochran's procedure o introducing mixed terms corresponding to
“hne dipole momen§s of the immsdisate neighbours into fhe poten-
vial energy is Justified. This theory, while formally equivalent
to that of Cochran, was basod not or & model representation but

dnly on the concept of s weaic distontion of electron wave functions




due to atomic vibrations. It has nine paramefers..Tolpygo's
theory was épplied to germanlum by Demidenko, Kucher and
Tolpygo (17,18) and to silicén by Kucher (19),

Recently Warren, Wenzel and Yarnoell §21,222 hgve measured .
the dispersion curves for phonons propagating In the (100) and
(111) directions. .

In the‘present thesis we have investigated the lattice
dynamics of diamond on the basis of the Cochran version of the
dipole approximation model. Results have been presented for
the dispersion curves, vibration spectra and Debye tempar#tures
of diamond. We have also obtained the vibration spectra and
Debye temperatures of germanium.

While the present work was essentially complete, a paper
by Dolling and Cowley (25) has appeared in which they have ap~
plied a dipole approximation model %o diamond. This model in-
cludes second-nearest-neighbour interactions and.has 11 para- .
meters, . _

Recently Kucher and Nechiporuk (20) have calculated the
dispersion curves of diamon%?igge?gé§g§€;sa;ge§£¥fair agreement
with the experimental results of Warren et al except'?ﬁr the |

LO and TO branches in the (111) direction.

\




CHAPTER II

THE SECULAR EQUATION FOR THE SHELL MODEIL OF THE DIAMOND LATTICE

Following Cochran we shall divide the interaction in

two parts

A) Mechanical part

B) Electrostatic part

The physical picture is quite simple. Nearest neighbours are
connected by radial and angular forces. .The shell and core are
coupled to one another by an isotropic force constant and g di-
pole moment may be genersted by their relative displacemeﬁt. The
electrostatic interaction is taken to be between the component
dipoles throughout the crystal.

The equivalent of the adiabatic approximation is achieved
by taking the mass of each shell to be neglegible.

Throughout the thesis the term "rigid ion model" will be

used when the polarizability is taken to be zero.

We now derive the MECHANICAL PART of the secular equation,




l. The One-dimensional Shell Model

fig.(2.1)

Before we set up the formalism of the shell model we
shall treat the one-dimensional case. We éssume two inter-
penetrating lattices of particles each composed of a core
and shell. For simplicity we shall consider them as being
connected by springs only, which is equivalent to radial
forces, . .

Let K denote the force constant between a core and its

shell,
D, represent the farce constant for the interaction
of a core with its nearest neighbour core,
S, that of a shell with its nearest neighbour shell,
F_ that of a core with its nearest neighbour shell
or vice verss.
We shall neglect all other interactions. To make the physical
picture simpler, we shall call the particles of the first
Bravais lattice the black particles and those of the second
Bravals lattice the white partlcles. ﬁq@‘“§1) be the dis-

placement of the black core, u({2) that of the, white one, while




v(13 and v(2) represent those of the black shell and white
shell respectively. .

To set up the equations of motion for a black core we
must find the total force acting on it. We do this by adding
the reapective contributions of each component. The relgtive
displacement of a black core and its own shell is u(l)=-v(1)
when we'take.the equilibrium position of the black core as
origin. This contributes a force.-K(u(l)-v(l)), since K is the
force constant connecting these two components. Similarly the
relative dlsplacement of a black core and a white shell is
u(l)-v(2). This gives a contribution -Fo(u(l)-v(a)) to the

total force. Proceeding thus we finally get

F =mu(l) = -(K+2Do+2Fo)u(1) + D u(2) + Kv(1) + F v(2) (2.1)
and similarly for v(1l), u(2) and v(2),

m'V(1) = Ku(l) + Fou(2) - (K+2D +2F )v(1) + S, v(2) (2.2) :
ni(2) = Dbu(a) - (K+2D0+2Fo)u(2) + Fov(l) + Kv(2) (2.3)
m'v(2) = Fou(l) + Ku(2) + S v(1) - (K+2FO+ZSO)V(2) (2.4)

Equations (2.1) and (2.2) were written using a black particle
as origin. Equations (2.3) and (2.4) using a white particle as
origin. . |

We assume four plane waves going through the cores and
shells. For equgpion (2.1) and (2.2) they are:

u{l) = U(1l)exp(iwt) u(2)

U(2)exp(i(-kb+wt))
v(l) = V(1)exp(iwt) v(2)

It

V(2)exp(i(~kb+wt))
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We make the substitution, perform the differentiation and

cancel the term exp(iwt) %o get

-m maU(l)

- (K+2D +2F )U(1) + D_o~1*Pu(2) + kv(1) + Foe'ika(Z)

-m'wav(l)

Ku(1) + Fe™ Py(2) - (K+2D +25 ) V(1) + s _e™1¥Py(2)

The plane waves for equation (2.3) and (2.4) are
u(l) = U(1l)exp(i(ko+wt)) u(2) = U(2)exp(iwt)
v(l) V(1) exp (i (ko+wt)) v(2)

V(2)exp(iwt)

and we get

olkb

-m 0°U(2) = D,

U(1) - (K+2D_+2F_)U(2) + Foeika(l) + KV(2)

-m16®V(2) = FeMPu(1) + xu(2) + 5 e ¥Py(1) - (K+2D_+28 )V(2)

This is a homogeneous linear system which can be written -

in matrix form.

( Y ()
m U(1) K+2D_+2F, D -K F U(1)
olm U(2)| __ D* K+2D_+2F _ P -X u(2)

t - , (2.5)
m'V(1) -K F . K+2D +2S_, S V(1)
mtv(2) ¥ -X s K+2D +25_ | [ v(2)

\ ) \ JU

where D = -Do exp(ikb), F = -Foexp(ikb), etc...




For a non-trivial solution the associated determinant

must vanish, We get

K+2Do+2Fo-l D =K P
p¥ K+2D_+2F -} F -K '
, =0 (2.6)
-K F K+2D_+2S =X S
LI ' 3 ’
F K .8 K+2D _+25 =X
2 2

where A = mw“ and A = m'w°,
m denotes the mass of a core,
m' that of a shell.
Cochran puts m! = 0, which is equivalent to the adiabatiec
approximation. Determinant (2.6) now gives two solutions for ®

(the optical and acoustical branch).




2. The Diamond Lattice

fig.(2.2)

Fig.(2.2) The black circles represent atoms of lattice I.
The white circles represent the four nearest neighbours of 0
and are in lattice II.

The diamond structure is a lattice with a basis. It can
be represented by two Interpenetrating face-centered Brgvais
lattices, each of cube edge 2r°. Let us call the simple Bravais
lattice in which the atom 0 is located "lgttice I" (black cir-

cles). The atoms of lattice I are located by the vector

Fr(@) =[(a,+ 13, + (ng4n,)3, + (n g
rr(n) = n1 n3 e1 + n1 n2 §2 2 n3 3] rQ

The quantities nl, n2 and n3 are integers and the quanti-
ties 31, Eé and 33 are unit vectors pérallel to the x, y and z

axes respectively.




The second simple Bravais lattice, lattice II, can be

fzenerated by diéplacing the entire lattice I through a dis-

t e T
anc rl,a

-

1,2 = -(ro/z)(é’l+6*2+é’3).

Thus the location of the atoms in lattice II is given by

Po(n) =P (n) + 2
rIIn -rIn +I'1’2

= [(n1+n351/2)3i + (n1+n2-1/2)3é + (n2+n3-1/2)33] T

— - > -
Remark We have chosen Ty, o = -(ro/2)(el+ez+93) to conform.
‘ with Kellermann (23) and Cochran (L ), while

de Launay (l ) defines it with an opposite sign.

11
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u(1,0)

fig.(2.3) _ fig.(2.l)

Cochran(ll ) considers each particle as being composed of
a core and a shell. Fig.(2.3) shows the four nearest neigh-
bours of the particle 0. These four atoms have the same number-
ing as in fig.(2.2). '

To make the physical picture simpler we shall use the terms
"black cores" and "black shells" for the particles of 1attice-I,
"white cores" and "white shells" for those of lattice II.

Let 8(2,n) = (Rn,,qn, Qh) be the unit vector which indi-
cates the direction of the equilibrium line joining the parti-
cles. In our notations the first index is equal to one if the
vector 1s pointing towards a particle of lattice I and it will
be equal to two if it is pointing towards a particle.of lattice
II. The second index represents the label assigned to the par-
ticle according to the scheme of fig.(2.2). The quantities Ay

My and Qh are the direction cosines of the particle: whose po-

- -
sition vector is rip(n) = (%, Voo 2,)e
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We now give a table of the coordinates and direction
cosines for the nearest neighbours of the black central atom

labeled zero.

particle
no. *n n ’n * Kn Yn

1 -ro/2j-r /2 e /2 LA [ -IAB[-1A
2 r/2i v /2)-r /21143 | 1AB]-1A3
3 -r/2| v /2 r /2 {-14]3 IA3] 143
b -r/2l-r /21 v /2] LA[3 | -1AB] A3

Before we set up the complete set of equations for the
shell model we shall work out the special case of core-core
interaction, i.e. let us assume for the moment that there are
no shells. This formulation is parallel to de Launay's treat-;
ment (L) of the rigid ion model.

Let 3(1,0) denote the deplacement of the central black

core and H(Z,n) that of the notl

' -
white one. We denote by Fu(z,n)
the comhined radial and angular force due to the relative dis-

placement u(1,0)-u(2,n). (see fig.(2.4)). We have
F (2,n) = -a;)(ﬁ(l,o)-a'(z,m)-(aD-alg)[aa,n)-(a*(l,o)-a’(e,n) )]3(2,n)

where ap and aB-denote the radial and angular force constants for

the core-core intergction.




The summation over the four nearest neighbours gives us

the total force, therefore we can wrlte

é;lFu(2.§)
%El(u(l O)-u(a,n))

-(a -aD)z [e(z,m (8(1,0)-F(2,n))] &(2,n)

m u(l,O)

l.0e m ﬁ(l,o)

Using our table we can write out explicitly the three
cartesian components of this equation. After some rearrange -
ments we get the three first equations of pagel5 . To solve
these equations we assume that two Plane waves are passing
through the cores. The wave passing through the black cores
has the form U(l)exp 1 (0t+k-D I(n)) and that passing thrpugh
the white cores has the form U(2)exp i(mt+k-rII(n)), The re-
sult of substituting these plane waves into the equations of
.motion of the central black cere is a set of three simultaneous
homogeneous equations [(2 7),(2.8) and (2.9) written on page '

16] in the six unknown amplitudes U <(1)y.. »U, (2). These equa-
tions were obtained by making the substitutions

- #(1,0) = U(1)exp(iut), T(2,n) = T(2)exp 1(ot+k- B (n)),

performing the differentiation Z(1,0), cancelling the term
exp(iwt) and defining new constants D and D' in terms of a
and aD as follows D = u(aD+2aD)/3 and D = u(aD-aD)/3 To
obtailn three more equations one may develop the equations.of
motion for a white core such as core 1 in fig.(2.3). We got
equations (2,10), (2.11) and (2.12).
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Iy

L

m {ix(l,o) = -b,pux(l,o) + anglux(E,n) - p [2uy(2,3)+2uy(2,).|.)-g=:luy(2,n)]
, I

-8 [euz(z,a>+2uz<2,3)-;__jluz(z,n>]
3 5

m #(1,0) = ~bpu (1,0) + angluy(a,n) - g [gux(2,3)+2ux(2,l;)-n=lu%c(2,n)]
in

- p [2uz(2,2)+2uz(2,u)-n=luz(2»n)]

b | b
m 8, (1,0) = -4pu_(1,0) + B u,(2,m) - g [2ux<a,2>+eux<a,3)-1§1ux<a,n>]
L

- p [2u-y(2,2)+2%,(2,m-;luy(a,n)]
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The condition that both waves exist leads to the vae

nishing of the 6éx6 determinant shown below.

' / ! /
D=2 -Do8y  Doa,  Diag
1 4 . 4
Do-x Doa2 -Doal Doau
/ 7 /
Do-k Doa3 Doah -Doal
D o D' ¥ D" D -
oal o? o ] o)
’ ¢ 5k D «A
Dy 2 ~=Doaq Doah °
3% E3
D a3 D au -D a8y Doul
where A =n m2 m = mass of a core.

We are now prepared to set up the complete set of equa-
tions describing the mechanical part of the shell model. Let
V(1,n) denote the displacement of the nb® black shell and
?(2,n) that of the n'P white shell. Let k denote the isotropic

force constant connecting a core to its own shell. Let an and

Ggo denote the radial force constants for the core shell gnd
shell-shell interactions respectively. If a% and aé represent
the corresponding angular force constants, the equations of

motion will be
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(D3 [((wDp-(02)m) - (w1)2] X (Go-Tn)
4R
. ) =u
(w223 [((wf2)a=(0*T)m) +(2)2] I (4o-n)
T
T=u

(u'2)3 T (uf2)n=(0°1T)n)+ E.mr&

T8I3US0 B J0J

(aT°2)

TBa3ued 8 103 s (£T°2) uorgenbs oasym

T=u
((uT)n-(02)a) Mr_wa

=u
((w1)a~(02)a) wma

T=u
((u2)n=(0°1)a) X
T
1=u
((uf2)a-(0°1)4a) m:wma
I=u
((uT)a-(02)n) Lo
:
T=u

((u*T)n-(0°2)n) Mf

=U
((u2)a=(0°T)n) M@u

=u
((u*2)n-(0T)n) ,Mm_d

(0f2)ne1-

(0°1T)pa~

(0f2)an~

(0°T)ax~

S.mvm

12

(0°2)n

(0°T)n
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To solve these equations we assume thﬁt four plane
waves are propagated through the di amond lattice. The wave
passing through the black shells has the form V(1)exp 1(wt+k+P2 (n))
and that passing throﬁgh the white shells has the form
V(2)exp 1(wt+k-T1p (n)). The result of substituting the four
plane waves into.the equations of motlon is a set of twelve
simultaneoﬁs homogeneous equations in the twelve amplitude
components U, (1),.. ,Ux(2),.. ;Vx(l),.. sV, (2). The con-
dition for a solution leads to the vanlshing of the 12x12

determinant shown on page 2,

The system of 12 equations is given on page 33. We
label it SYSTEM (1).
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B) COULOMB PART

We now include the terﬁs which arise from the electro-
static interaction of units within the crystal. As previously
stated the shell model is essentlally a dipole-approximation
model, 1.e., the relgtive displacement of a core and shell pro-
duces a dipoie which in turn exerts some influence on the

other units of the crystal. We now give a simple example.

. A One-Dimensionel Array of Dipoles

fig.(2.5)

Consider a linear array of dipoles as shown. Let r, denote
the distance separating two neighbouring particles at their

equilibrium positions. Let u, denote the displacement of

th

the n dipole situated at a distance nr g from the particle

labeled 0.




(9°2)*31s
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e

o
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The potential of the n®® aipole is given by
Vv = Ze _ Ze
L
_ Ze un
|x-nro| |x-nr°-%|
Ze U, :
= T since un<< nro
Ix-nrol
which can be :.qritten as
- d _'n
Vn = «Ze & lx-nrol (2017)
The force exerted on a core of charge Ze situated at x = 0
is given by
oV
n
Fp = "Ze(ax )x:O
Substituting Vn as glven by equation (2.17) we get
n -~ x=+0|3x2 Tx-nr ol *




2l

So the equation of motion for this core is given by
the prime means exclude n = 0
Substituting F, as given by equation (2.18) we get

. , 2 .
- m [T 8
2232 1im .

mu_ = (2.19)
o x~+0 a axa |x-nr I
o
Since we have a lattice wave creating a dipole at each
lattice site the displacement w, is of the form
w = Uexp(imt+knro) (2.20)

We substitute this plane wave into equation (2.19). After some

simplification we get

' 2
2 _ 5,22 lim E d exp(iknro)
mo = 2Z7e

x~0 n ax2

(2.21)
'x-nrol

Equation (2.21) shows us that the concept of a forece constant
does not appear in this problem. The expression on the right
hand side is called a bonding coefficient, in this case it is

a Coulomb coefficient. We designate it by the symbol Cix.

52 exp(iknro)

By definition €% = 72¢2 lim

1 -0 | & (2.22)

dx° jx-nrol

We have given this simple example as an illustration only. We:

now give Kellerman's definition for the Coulomb coefficients.
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5. Kellermann's Coefficients for the Diamond Lattice

Kellermam (23) has defined the Coulomb coefficients in
his work on the NaCl lattice. Cochran (14) has applied this

definition to the case of diamond. From Cochran's paper it
follows that

r 2 > =
1im exp(iger, )
72,2 1 >, 9 P I

Ol axdy 2R

ny(ll) 1 i

(2.23)

1im 2: o exp(iq.r, )
_ 2.2 2.2 !
Oxy(12) = ~2% {‘”‘P(iq "'1,2)};-’-..52.:

(2.2
[ 5wy TR h)

We have used a slightly different notation with the abbrevia-

tion ;l = ?I(I) (see page10 for a definitiom of ?I(n)).

In the following discussion we shall denote ny(ll) by C
d C c
an xy(12) by

1
2.

C1 represents the interaction of the black core 0 with
all the other black cores.
~C, represents the interaction of the black core 0 with
all the other black shells (i.e. exclude shell 0).
C, represents the interaction of the black core with all
the white cores.
-02 represents the interaction of the black core with ail(
the white shells.




)

1]
i

Restricting ourselves to the interaction of g core of
lattice I with the other cores of lattice I and al3l those of
lattice II we would get

The determinant ig of the form

C,—al C,

We now quote the complete 12x12 array representing the Coulomb
interaction. It is given on bage 27.

Adding the mechanical ang fhe Coulomb parts we get the secular
equation for the shell model. To quote this equation we will
refer to DET(1) pagéZO and page 27.

o-n XY c? 3™ czv c3?
7Y c{y-x' oy oy oY cI?
R S R CI'c 622
. ., . = 0
o3 oy o cz-A o g
ng* ng* ng* ¢y cdV-a cy?
022* ng* ng* cl® cy® 2%
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6. Numerical Formulae for Calculating the Coefficients

The results quoted in this section are taken from

Kellermann's pgper with the appropriate modifications for

the diamond lgttice;

The cell vectors for the diamond lattice are

28

-+ -
a; = r,(0,1,1) ?é’l = -7y 5 = (r,/2)(1,1,1)

g, = r_(1,0,1) v, = ng ' (2.25)
23 =r_(1,1,0)

The lattice vector ?i(z) is therefpre of the form
v (1) = Pollytlyslgtly, I+ ly) = v (1,1 ,1,)

Fi}u) = ro(ll+l3+1/2,13+11+1/2,ll+12+1/2) = ro(mx’my’mz)

2 1 =2N

§:m2=2N+3/2
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The reciprocal vectors ars given by

B, = (1/2r )(-1,1,1)
B, = (1/2r.)(1,-1,1) | (2.26)
5’3 = (1/2r_)(1,1,-1)

so that a vector in the reciprocal lattice is given by

ol
I

h (1/2r°)(h +h3-hl,h3+h - 2,hl+h2-h3)

(l/aro)(hx,hy,hz) b, hy,h all od(da 02::'7)9.11 sven

Qal
!

Now q1 1+q2 > +q3 3

= (1/2r ) (d4p+a3-07,93+4;-0,,8)+a,-0,)

(1/2r ) (ay,a.,49,) (2.28)

We now put ny(ll) and ny(12) in dimensionless form by multi-
plying them by the factor (v /e?)
So we redefine them as

xy
Cy

(va/ez)cxy(ll) |
(2.29)

Q

"

4
I

5" = Cva/ea)cxy(m)

W A4Sy VA X S




We now

cients

11
Xy

12

xy

H
Yy

£{1)
g(l)

V(el)

These equations only hold for q # (0,0,0).

30
quote Kellermann's formlae for the Coulomb coeffi-
(with modifications for the Diamond lattice).
= ell _ - 8 .3
Gy - ?iy 3vE © Oxy
(2.30)
12
G - H
xy ny
\
(h +q_)(h_+q_) 2
SR TT) Pt L2l LU - o (ﬁ’+3’2]
h (h+q)2 | Le
(h_+q_)(h +q_y) [~ 2
X X A T 2,22
T exp|- ——(h+d)%| exp|in(h_+h_+h_)
T (B9)2 P e ] [tntacingen, )]
' (2.31)
. - -
ZZ[-f(l)axy+g(l) —I-él exp(1nd-T) (7=0 excluded)
T ] )
= 2 ¢ exp(-eale) v Ylel) r
& 1° &
= A SBaxp(ae2) 4 b cexp(=€212) | 3y(ey)
v T l °

€l
2 L, .2
- \/T_t./c:exp(-f yag

171 = \} g

"/

The arbitrary parameter €

can be chosen such that the two series Zh: and Zl) converge rapldly.

AN SNl Yaxx




CHAPTER III

THE DISPERSION EQUATIONS FOR SPECTAL DIRECTIONS

l. The Secular Equation for Special Directions

Our starting point is the system of 12 linear equations,
obtained in the last section (see SYSTEM (1) page 33).

We shall work out the case (100) Transverse. In this in-

stance

w=e g =a, =0

consequently C1 = c C,=C, =1

¢ =cosf s = siné 9 = qr°/2

The atomic displacgments are fixed by symmetry to be perpen-
dicular to a mirror plane, which we take to be (Oli), so that

U =0, Up(1) =T,0) =u)

) - - -
with similar equations for U(2), V(1) and V(2)

31
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SYSTEM (1) now reduces to the set of equations of
page 3L. These contain two identical sets of I equations,

We extract one set to get

SYSTEM (2)

m @PU(1) = (aCy++D +F )U(1) + (aC,+D)U(2) + (-80, k) V(1) + (-aC,+F)V(2)

m @2U(2) = (ac§+D*)U(1) + (aCl+k+D°+F°)U(2) + (-ac§+F%)V(1) + (~aC,-k)V(2)

i

m' V(1) (-8, -k)U(1) + (-a02+F)U(2)‘+ (8C+k+S_+F )V(1) + (a0,+S)V(2)

n' 02V(2)

(-ac§+F*)U(1) + (=-aCy-k)U(2) + (ac§+s*)v(2) + (aCl+ka°+Fo)V(2)

where D = =D (cosg - ivpsing) with similar expressions for F and ‘
S with ¢ = qr_/2 (see Cochran (14)). We have included the cor-
responding Coulomb terms C1 = C?x + Ciy and 02 = ng + C;y. In
~general D = -D _Gp, with anologous expressions for F and S. We list 1

C, and Gp for the (100) end (111) directions.

_ oXX -
(100L. ¢, = cX Gy = c
(100)T €y = oTF + ¥ Gp = ¢ = iypys
(1)L ¢ = ¢ 4 2c7Y 6y = (cP-2yps®0) + 1(s3-2v %)

(111)T C, = C?x - C?y Gy = (c3+YD32c) + 1(33+chas)
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Now SYSTEM (2) has a non-trivial solution if the corresponding

determinant vanishes. Putting m’ = 0 we get
aCl+k+Do+Fo-h aCa+DoGD -aCl-k ' 'aCZTFoGT
o 3¢ : IR - -
aCZ*DoGD aCl+k+Do+Po-k ~a02fP°GT -aC1 k
’ =0 (3.1)
-acl-k -aCZ—FOGT aql+k+So+Fo aCZ*SoGS
3% 3¢ 3% 3%
-aCz-PoGT -aCl-k a02~SOGS aCl+k+So+F°

Determinant (3.1) is not in a very convenient form (we shall see

why in the next section). So we make the following transforma-

tilons,

Add the 3% and 4P colums to the 1%Fand 279 colums respectively,

add the 3d and uth rows to the 13% and 204 rows respectively.

Let R° = Do + ZFO + S°

R =\ -R Gp

-R Gp R =)
To 'ToGT
-T G T,

and T0 = Fo + So’ we get

T -T G,

o oT
-7 G T,
aCl+k+S°+F° aCa-SoGS
acz-SoG* 8C, +k+S _+F

0 (3.2)

-BEquation (3.2) contains one redundant parameter. To eliminate

it we multiply row 1 and 2 by l/To, mﬁltiply colum 1 gnd 2 by

1/T, end define By = T2/(+F,), B, = So/(k+F.), B = a/(lsF )

we get




f e

(cl+1+132)/131 (ca-BEG)/B1

(03-B,G)/B,  (Cy+14B,)/B,

36

(3.3)

Equation (3.3) now contains 7 paremeters (R , B, Bos By YRs Ygs Tp).
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2. Reduction to the Rigid Ion Model for k =

Since k denotes the force constant between a core and its
shell, the case k =w represents a rigid ion. If we denote the

corresponding force constants by aR‘and aé then

. _' N P W |
aR = aD+2aF+aS, aR = aD+2aF+aS

RIGID ION
MODEL

SHELL MODEL
WITH k=oco

When we use R and R; instead of ap and aé we get

’ 4 4 4
Ry = D+2F +8_, R, = D_+2F _+5

Since vy = Ré/Ro by definition we get

t 1 ’
Yy = D +2F +S
D +2F 48
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We now substitute k=w into determinant (3. 1) Since
By = 2/(k+F‘ )s By = S_/(k+F,) and B = a/(k+F ) by definition

we get B, = B, = p 0 when k=w . So determinant (3.1) becomes
Rd-A -ROGR 1 GT
* »
=0
0 0 1 0
0 0 0 1
Expanding we get Rc;-)\ -R oGR
_ = 0

»

-ROGR Ré-)\
e, (R-1)? - R2a6"= 0
il.e. mco2 = Ro ‘_-I_-. lRI
As expected we have obtained the diépersion equation fc;r the

rigid ion model where Ro, Ré and Yp are the corresponding rigid

ion parameters.




3. Derivation of the Result m w2 =

39

Ay * Al

In this section we present the derivation of the dispérsion

curves.

We get

-ROGR 1
Ry~ -Gy
~B; Gy, U
B, v

]

We use the determinant (3.3) as our starting point. Mul-

tiply rows 3 and | by By, let U = (1+B2+B01) and V = (BCZ’BEGS)‘

0 (3.44)

By means of row and column manipulaﬁions we shall reduce

this Uxli determinant to a 2x2 determinant. Divide rows 3 and L

by U,

Ro-x-Bl/U
3% 36
=R Gp+B,Gp/U
Bl/U

-BlGi/U

In this way we produce

-ROGR+B1G

R,=A=B, /U 5(GT+V /T)

-BlGT/U

Bl/U

T/U 0

1

v¥ /o

- (Gp+V/U)
0

v/U

=0

subtract row 3 from row 1 and row 4 from row 2. We ~get

(3.5)

zeros in desiredllocations.

_EEmmTs
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Now multiply row i by ~V/U and add to row 3, multiply row 3
by -UV¥, then divide by o = UE-vv™, add row 3 to row b bo get
RO-K-BI/U =R Gp+B, GT/U 0 -(GT+V/U)
+B e /U Ry=A=B,/U = (Go+V"/U) 0
o ‘ =0 (3.6)
Bl(U+G§V)/h =B, (GpU+V) /a 1 0
=B, (GpU+V¥) /a B, (U+GpV™) /a 0 1
Now multiply row 3 by G*-i-V*/U, then add it to row 2, multiply
row lf by G+V/U, then add it to row 1.
5 | . 3% E 2
{1t =2=B, [U(1+6,60) 46,V +GpV]/a ~R,Gp+B, [26,0+v+v*6E ) /a 0 0
b 3 & 2 e S L%
~R Gp+B; [26,0+V+v6E] /a Ro-x-BIEU(1+GTGT)+Gv +V GTJ/a 0 0
=0 (307)
By (U+G;V) /a =B, (GpU+V)/a 10
Feoo 3 3
=B, (GpU+V )/a Bl(U+GTV Y/ a 0 1
Expanding determinant (3.7) we get
3* 3, 3 a2
RO-K-BI[U(1+GTGT)+GTV +qu]/h -R Gp+By [26,U+V+V Gl/a N
=0 (3.8)
-R Gp+B, (263 U+v*aval] /e R =A=B, [U(14G GT)+GV “w¥e,]/a
Determinant (3.8) is of the form
A -2 A
3 A =\ =0 (3.9)




ha
% where
i LR 3* '
Ay = Ry=B, [U(146,67)+v* Gp+VGal/a
— 3,2 ;
& = <R Gp+B, [206,+v+v*62) /a |
Rewriting in terms’ of the original quantities
3% | s $& % i
A =R - B, (1+B2+ﬁcl)(1+GTGT) + (Bce'BaGT)GT + (BCZ'BaGT)GT (3.10)
: 2 3% 3
| (1+Bz+pcl) - (BC2 -B2GS)(502-B2GS)
) 3o e, 2 ) R
, 2(1+B,+BC )Gy, + (BC,-B_G.) + (BC¥-B.G%)g
A = -RGp + By 2*f%) T2 PPa By iaiT)T (3.11)
. K} k]
(1+B,+8C, )< - (pca-BZGS)(BCZ-BZGS
2 - :
mo” = A+ JA| (3.12)

the + sign referring to optic modes and

the -~ sign referring to acoustic modes.,




CHAPTER IV

ANOLOGOUS DISCUSSION FOR THE SECULAR DETERMINANT

Chapter III sets the pattern for the discussion of the
12x12 determinant, so our first section is called

l. Transformation of the 12x12 Determinant

We start with DET(1l) from page 20.and 27.
Firstly we add the 7°2 colum to the 15° colum,

gth colum to the 2794 column,

9th column to the 3rd column,

. . L] . . . L] . L] . ot o . 3

12th colurm to the 6th column.

Secondly we add the 7th row to the ISt row,

th row to the 6tn row.

12
Again let Ro = Do + 2Fo + SO, TO = Fo + So'
We get DET(2) shown on page 43 and LL.
Now we want to eliminate the redundant parameter, so multiply
rows 7 to 12 by 1/T°, multiply colums 7 to 12 by 1/To and
again let B, = Ti/(k+Fo), B, = So/(k+Eo), B = a/(k+Fo).
We get DET(3) shown on page L5.and Lé6. )
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2. Reduction to the Rigid Ion Model

When k = DET(3) reduces to DET(L.) shown on page U48.
Expanding DET(4) (starting along row 12 and working our way
up to row 7) we reduce it to the 6x6 portion. of the top left
hand corner. This 6x6 determinant is identical to the one de-
rived far the core—coré interaction (see equation of pagel?7 )
when we replace D° and Dé by Ré and Ré respectively. This equa-
tion was derived by temporarily removing the shells from our
discussion, i.e. it is the secular equation for the rigid ion

model.
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3. Summary of the Derivations

The determinant DET(1l) of page 20 and 27 is of the form

D+ C —al F-C :
0] (L4.1)

F-C : S+C

where the quantities D, F, S,C and | ' are 6x6 arrays.
For example D is defined by the top left hand corner of DET(1)
page 20 and C is defined by the top left hand corner of DET(1)
page 27. o

We now write (in matrix form) the system of linear equa-

tions corresponding to equation (4.l). We get

2 (™ O\ fu D+C F-cC\/U
o o/\v F-C s+c/\v

(4.2)

where O represents a 6x6 array of zeros,
m is a 6x6 diagonal matrix with each diagonal element
equal to m,
U is a 6 element column vector, the corresponding row
vector being given by .
U= [qx(ls, Uy(1), U,(1), U (2), u.(2), Uz(2)]
V is defined in a similar fashion.

[N —
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‘Remembering that equation (4.2) represents a system of
linear equations, we note that the following rules are valid
for the associated matrix equationA: 1) rows can be added to

rows, 2) columns can be added to columns.

Adding the bottom row to the top row in both sides of
equation (4.2) we get

- (M O\/U D+F F+S\/U
W
o o/\v/ \F-c s+c/\v

I

(4.3)

Adding the second column to the first columm in both
sides of equation (4.3) we get ‘

5 m O\/U D+2F+S F+S\ /U

w = 1 (h.h)
O O/ \V F+S. S+CJ/\w el

Let D +2F+S =R ana F+S=T we get

/m U R T U :
W2 O - (ly.5)
o 0o/ \v T s+c/\w

where W= -y

s BTETASIIUIEN
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The associated secular equation is

R—al T ; -
=0 o (4.6)

T S+C
We recognlize equation (L.6) as being the secular equation
DET(2) of page 43 and ll.

Apart from beilng a useful shorthand these equations
help us to visualize thé different types of intergctions
occurring in the lattice.

To 1llustrate the point we write equation (4.2) in
the form

W m-'U

(D+.C)U+ (F—C)V | (4.22a)

o= (-F-C) U+ (S+ C) Vv (l4.2b)

To obtain these equations we simply carried out the multi-
plication according to the usual rule of matrix algebra.

We now show how equations (L4.2a) and (L.2b) can be
visualized with the help of fig.(L.l). For example the
mechanical part of the core-core interaction can be written

as .

8(\)
3
c
I

DU ' (Le7)

e o e AT
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Equation (4.7) is equivalent to equations (2.10) to ('2.12)

of pagelb

with u={( 2% ' (4.8)
U(2) T

o N '
i where U(1l) and U(2) are the amplitudes for the vibrations of
the black cores and white cores respectively.

Adding the Coulomb interaction to equation (4.7) we get
o my = (D+c)u o (14.9)
Adding the core-shell interaction terms to equation (4.9) we get
o mU = <D+C>U +<F:—C)V. (4.10)

Equation (4.10) can be represented as follows

CORE g CORE SHELL

To get the complete picture we need an equation of the type

-

SHELL- CORE SHELL

i.e. @& mV = (F—C) U + (S‘*‘C) V o (4.11)

J RS =




Putting M'= O in equation (4.11) we get

o = (F —c)v,-.u +(s+C) v

Equations (4.10) and (4.12) are identical to equations
(u-oaa) and (M.Zb).

Sl

- (h.12)




CHAPTER V'

SPECIAL ASPECTS OF THE SHELL MODEL

: The purpose of this chapter 1s to derive certain useful
formulae from the dispersion equation for special directions.
Before we start we make a few remarks asbout the notation.

For the speclal case (100)T the functions R, S and T
ars given by R = -Ro(coso + iYRsino) with analogous expres-
slons for R, S and T and where § = qro/é.

R; S and T are complex numbers, so they can be written
either in cartesian or polar form. For.example we can write S

In two ways as shown below.

z=x+17 z = |z] exp(id)

S = [-Socodhro/é)]+ i[-SoYSsin@rQ/é)] S [S[exp(i¢s)

y=-S,¥gsinlar,/2) Is|

A\

=-Socos(qro/2)

CARTESI AN FORM POLAR FORM
55
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X. The Case q - 0 with YR = Yo

Cochran (1) shows that for YR = Yp with q =+ 0
(for acoustical waves) the dispersion equation for the
shell model reduces to that of the rigid ion model.

We write lGR = IGRlexp(iéﬂ) with analogous expressions
for Gy, G and C,. Substituting into equation (3.12) and
keeping only the terms of 2nd order,

the dispersion equation m w° = A - JA]

reduces to mao

R, « [R]

This means that when YR = Yp we can usé the experimental
values for the elastic constants to calculate Ro-and Yg*
(see Appendix A section 2) If g # Yp this calculation can

be used to get a rough estimate for these parameters.

N i SN
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2. The Raman Frequency

Substituting into the equations (3.10) and (3.11) we get

~2(1+B,+BC;) - 2(pC,=B,)

(14B,+80,)% - (B0, +B,)2

2(14B,+6C, ) + 2(BC,-B,)

A =-R°+B1

(1+B2+(301)2 (pCl+B2)2

2
with m o =4 + |4

Simplifying the expressions for Ao and A we get

Ay = Ry - 2B,/(1+B,)

A= -Rj + 2B1/(1+B2)

As expected the acoustical frequency is zero and the optical

frequency is given by

m @® = 2R, - uBl/(1+B2) (2.1) (Raman frequency)

Equation (§.1) gives us a useful relationship between B, and

B2 once the parameter Ro is determined.

e e e BT
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3. The Zone Boundary Points (q = qmax)

For q = Uax W Will show that by =dp = by = ¢

even when v, # Yg # Yp (but with the restriction
Yg > 1/2, 5 > 1/2 and vp > 1/2).

We shall work out the case (111)L. We have for

1= %Gyax
R = {-Ro(l-2YR)/2\l—2}(l + 1)

S = {-So(l-ZYS)/Z\/_Z}(l + 1)

+3
i

{-2,(1-2vp)/2W2) (1 + 2

10.67 (1 + i)

Writing them in the form R = [RIexp(id>R) when vp > 1/2,

Yy > 1/2 and Yp > 1/2 we get
R = {RO(ZYR-I)/Z \[—2}exp(i1r/).|.)
= {B,(2vg-1)/2 Y2} exp(1m/ly)

-
~

{R,(21p-1)/2 Vajexp(1m/4)

3
]

10.20 exp(in/l)
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These expressions for R, S, T and 02 are of the form
positive constant X exp(im/l)

Therefore ¢C = ¢R‘= ¢S = ¢T = n/h for this ca;e.

We now list R and Ce-for the cases of;interest. We get

MODE R | c,
(100)L 0 | 0
(100)T R ypexp(in/2) 10.67 exp(ijr/a)
(111)L {RO(ZYR-I)/Z \/"é}exp(in/u) | ' 10.20 exp(1a/L)
(111)T {Ro(le)/Z\/T?}exp i(5a/l) 5.10 exp(isa/l)

From the case (100)T we see that negative values of YRs Yg
or ¥, are excluded if we want to keep the equality
¢c =9 =¢g =% for q = q ...

So we let ¢C = d’R = ¢g = d’T = ¢ for q =Q. . and we write

C, = |02| exp(ie), ~GR = IGR'exp(icb) with similar expressions
for Gy and Gy substituting into equations.(3.10) and (3.11)

we get




"A "R -5 [(1+B2+£301)(1+|GT|2) - 2(p|c,| -BZ|GT,)|GU‘?!'
.0 o

(L4B+C1 )2 = (B] G, +B, |G| )2 |

| 2
2(2+B,+6C, ) |G| + 2(p]C,|-B, G }) (1+]c
A={-R |Gg| + B’ (148,460, ) [Op | + 2(pC,|-Bylag]) (14]ay) )J oxp(19)

(14B,+p0,)2 - (8c,] - 132'!GS])2
Let X = (1+B,+gC, ) Y = (B]Co]#B5]Cg|)  we get
A, x |al = Ro(l-_i-_lGR|) + Bl[-X(1+|GT|2i2|GT|) +

+ Y(2|Gg) ililGle)]/ x2 . y2

= R, (Lx[eg]) - By (xfep|)%/(x + 7).

So that at q = qﬁéﬁ

2
m o =R (1£[Gg]) - By (1xfeq]) |
° 1+ B(Cli|02|) + Ba(lilGSl)

(5.2)

~the + sign referring to optic modes and

the - sign refefring to acoustic modes.

60
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For (100)T |G

Rl = Ygs |Gg] = Ys end  |Gq]

qQ = qmax for YR+ YS, Yp > 0.

Equation (5.2) now becomes

2

m(‘o.'-'Ro(l_'t YR) -

61

]
=

at

1+ p(Cyx|C]) + B, f1+yg)

We 1list lGRI for all cases of interest.

Mode

(100)L
(100)T
(111)L

(111)T

IGRl at q = C -
0
YR
(1-2vg)/2

(L+vg)/2

From the table we see that the modes (100)LA and LO are

degenerate at q = Gox *

3
B R
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| dx

fig.(5.2)
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i+ The Polarizability

We apply a uniform electric field to the crystal. The

dipole moment p of an atom is given by
p=.ZeSX

To simplify the diagram we have kept the cores fixed. The

force F acting on such a core is given by
F =2e E
The polarizablility of an atom is given by

a = p/E

Cohbining equations (5.3), (5,4) and (5.5) we get

a = Z2

62 5x/F

When a uniform field is applied the cores move together and
the shells move together ‘i.e. there is no core-core and no
core-shell interaction and we can write

~

F = (K+Fo)6x

63

(5.3)

(5.4)
(5.5).

(5.6)

(5.7)




6l
Combining equations (5.6) and (5.7) we get
a = 2%%/(K + P ) (5.8)
Let B = a/’va vy = vol. of trigonal unit cell
' (see page 28 )
So- that B = (ez/va) z2 (5.9)
K + Fo

The polarizabllity as given by equation (5.9) is related to
the dielectric constant € by the Claussius - Mossoti formule

(Cochran (14))

2 €=1 (5.10)

N . is:o200 50




CHAP TER VI

NUMERICAL CALCULATIONS

1. Determination of the Parameters Ry9B1sBs,Bs YR, ¥g and Yo

Rough values for Ro and Yg were used as a starting point.
We now describe the procedure.

As our starting point we set YR = Yp- Using the data of
table (1) we calculated Ro and YR*

equation (A2l) yields R = 15.295 10° d/em.  (6.1)
equation (A25) yields Yg = .682 (6.2)
equation (A26) yields YR = .58 (6.3)

Using the Neutron Scattering data of Warren et al we get
another wvalue of YR (curves were drawn through the experimental

points and the slopes calculated from the linear portions).
equation (A31) yields Yg = .68 (6.4)

Equations (6.2) and (6.4) reflect the compatibility of the

.65
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Neutron Scattering data with the elastic constants measured
by McSkimin and Bond. Warren (22) reached this conclusion
using the linear chain model. Our observation is based on
the shell model with YR = Yp 88 q = O i.e. the rigid ion
model for the diamond lattice.

Equations (6.2) and (6.3) indicate that we must set
T # Yg-

We now solve for B1 in equation (5.1) to get
B, = {(2R_-mw®)/2}B, ~ (2R -mw?)/l
1 o o 2 o o (6.5)
Solving for B in equation (5.2) for (100)L, we get

B 1+ B .
B = - 2 (6.6)
Cl(Ro-mm ) C1

As a first approach, different values of B2 were tried.
From equation (6.5) we get Bl’ we then get B from equation
(6.6). Substituting these values of Bl’ 82 and B into equation
(5.2) and setting YR = ¥g = .68 we get 6 different values for Yo,

A program was written in which B2’ YR and Yg Were scanned
(our IBM 1620 was used). - The 6 values of Yp corresponding to each
set were printed. The output was examined to find sets of para-
meters which gave compatible values for Yoo Haviné found several

sets we used the following method to improve them.
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Substituting B, into equation (5.2) and rearranging we get

2R _—mwS

(C +1e,1)8 + | (1+]6e]) -~ 1/2 ——0 0 1+la.[)2]B
1£1C1)8 ]G] / Ro(liYR)-m‘?(i‘l ol )%(B,

2R -mw

R (1+] |) J—

[eJI\V)

— (1x]6p)% (6.7

Equation (6.7) yields a system of 7 linear equations in B and
BZ'

The values previously obtained for Ro, Yr» Yg and Yp were
fed as data for a least square fit determining § and BZ' Bl was
computed using equation (6.5)

A finer scanning of Ro, Yrs Ys and'YT was made, and the
difference between calculated and experimental frequencies were
computed. Whenever the mean error & was below a éertain predeter-
mined value, the machine would print &, the 7 parameters, the 7
calculated frequencies and the ratios of calculated to experimen-
tal frequencies. Thousands of values were e xamined before a rea-
sonably good set was obtained. |

The final values for Diamond are given in Table (2 ) to-

gether with the values for germanium obtained by Cochran.
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Table 1. Data for Diamond

Elastic constants &

= 10.76 x 10%° dynes/cn.,

-0
[
=

I

¢i5 = 1.25 x 1012 dynes/cm.

), 5.758 x 1012 dynes/cm._

b

Lattice constant 2r° = 3,567 x 10"8 cm,

Raman frequency ° mR(r) = 2,509 x 101h rad/sec.

Dielectric constant d € 5.66

Table 2. Parameters

R, By B, 8 YR Ys Yo

germanium | | 2.9233| L.099 [ 3.2 .105 | .6905 | .6905 | .6905

diamond 15.5 13.668 | .982| .09l | .68 16 .96

where R_ and B, are in units of 10° dynes/cnm.

"~ a) H.J.MeSkimin and W.L.Bond, Phys.Rev., 10 ,» 116, (1957)

b) Amer, Inst. Phys. Handbook .
¢) F.A.Johnson and R.Loudon, Proc.Roy.Soc., A, 261 pp.27u-289,(196u)
d) D.F.Gibbs and G.J,Hill, Phil.Mag, Vol.9, p.367, (196l)
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e e e e e B,

. FREQUENGY ® (in units of 10™* rad/sec)

versus REDUCED WAVE VECTOR q/qmax (dimensionless)

(100) DIRECTION

Ve | 9pa “ro Dpa Do
0 .00 | 2.50 .00 | 2.50
.2 61 | 2.50 .39 | 2.46
A 1.17 | 2.46 77 | 2.38
o6 1.6L 2.40 | 1l.12 2.26
.8 1.99 2.33 l.h42 2.12
1.0 | 2.21 | 2.21 | 1.57 | 2.02

(111) DIRECTION

Y Yax | 9pa o Opp o)
0 .00 2.50 .00 2.50
1/3 .93 2.51 .51 2.hly
2/3 1.7% | 2.47 .93 2.30
1 2.27 2.28 1.11 2.23

Dispersion Curve data for diamond.
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2. Obtaining the Vibration Spectra snd @y (T)

The following method was.used to find g(v) for germanium
and diamond. The reciprocal space (f.c.c,lattice) was divided
into miniature cells with axes one-fortieth of the length of the
reciprocal lattice cell. Vibration frequencies were calculated
from the rooté of the secular determinant for 1686 - 1 = 1685
wave vectors in the 1/4,8 of the first Brillouin zone.

The point q = (0,0,0) was left out because of equations
(2.31) page 30. Each point is weighted according to the number
of points equivalent to it by symmetry. The total number of
points in the whole zone was thus 40> - 1 = 63999, and that of
the frequencies 192000 - 6 = 191994. The vibration spectra weiwe
then constructed using Blackman's sampliqg technique.

The especific heat at constant volume is given by

%m x292 :
¢, =3R ?—E_ETE g(v) dv vhere x = hy/kT
° € -

f"{;(u) v =1

The equivalent Debye . temperature(9D was calculated from these

equations,.
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The experimental data was taken from P. Flubacher, A. J. Leadbetter and
J. A. Morrison, Phil. Mag., Vol. 4, No. 39, p. 273, March 1959.
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3. Reducing the secular equation.

Though the calculations were carried out using DET(3)
of page L5 and page L6 it is easier to discuss equation (4t.5)

R-al T
T S+C

(4+.5)

We note that A's appear in the first six diagonal elements
only. Consequently, a diagonalization of the associated 12 x 12

matrix would not yield the correct roots. A simple example will

. show why
2=A 1
the equation = 0 yilelds A=l and A=3
1 2= )
2=-A 1
but the equation = 0 yilelds A=l.5
1 2 '

To solve equation (4.5) we must reduce it to an equation

of the form
IB-A||=O (6.8)

where B is a 6 x 6 matrix,

we get 6 roots Aysee sA, for each value of q.

POeD ¢ wanms o




!\Xt“

7

Theoretically this can be done as follows. ‘Equation (4.5)

can be written in the form
@MU = RU+TV | (4.5a)

o =~TU.+ (S+C)V (lt.5b)

Solving equation (L4.5b) for V we get

v=-(s +c)" TU
Subvstituting back into equation (4.5a) we get
osamu=[R‘—T(S+C)"T]U

For a non-trivial solution the associated determinsnt must

vanish, so we get

|R=T (s+¢)" T-all=0

|B=-all =0

where B = R<T (SJ} C)"T ond A =mod

This solution requires the inversion of the matrix S+C
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We now glve a practical solution. By means of row-column
manipulations we shall reduce the determinant and break off the
6x6 portion containing the A's.

For convenlence denote the 12x12 array by A.

Firstly divide® the 12%® column by A1osqa
st

then multiply the 12th row by A1,12 and subtract from the 1" row,

12th row by A2,12 and subtract from the an row,

* L 4 * . L L4 * - - . . L L] Ld * L L) L] * * L4 * -

12th row by A11’12 and subtract from the 11th TOW.

Secondly divide the 11%® column by A
th

11°11
then multiply the 11 row by Al’ll and subtract from the ISt rowv,
the 11th row by A2’11 and subtract from the 2nd row, ,

the 11th row by Alo’ll and subtract from the 10th rov.

Thirdly divide the 10°" column by A -,

etec.

Arter the 1°% step the determinant is of the form

~ /(C/‘/)/}/ /’/ijqo
////l =0
<>;/,//(;/ /’4ix

5% : W 3=
divide by A,5,,, means multiply by Alz,lz/(Alz,12 Al5s15)




After the 6th step the determinant is of trke form

|l =o (6.9)
X AN |

Repeating the same procedure with row 12 to row 7 we further

reduce it to the form

B -al O
1 =0 ' (6.10)
0] D

where B is the same as in equation (6.9),D is diagonal.
Expanding the determinant (we start with column 12 and work

our way to column 7) we get
|IB-all =0 (6.11)

In practice we stop at equation (6.9) since the manipulation

used to pass from'.(6.9) to (6.10) does not alter B.
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L. Determining the Roots of the Secular Equation

Our first approach was to diagonalize the matrix B of
equation (6.l4) using the Jacobl method (29), A fortran -

program was made and thoroughly checked, using standard ma-
trices of known eigenvalues (for example see the complex ma-
trix of page.108).

We then realized we would have a time problem, i.e. we
estimated that two runs, requiring approximately 33000 diago-
nalizations, would take about 100 hours on our IBM 1620. We
scanned the literature and came across a method due to
Householder (28) which was much faster (but still not fast
‘enough on the IBM 1620). The final calculatlons were done on

an IBM 360 (two runs of 2 1/2 hours each).

80

The following block diagram illustrates the cglculations.

Some of the more important detalls are given in Appendix B.

Calculate the
Kellermann coefficients <:>

v

Read in the matrix = |-- «=--. (:)

17
Reduce 1t to a 6x6 |- - === (:)
1
Reduce the 6x6 to .
tridiagonal form = [[TT°°°° <:>

4

Calculate the roots
from the corresponding |--- - -- (:)
Sturm sequence
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Steps @ and @ summarize Householder's method. He devised

a simple rotation matrix Rwhich reduces a whole row and colurm

to triple diagonal form in one step.,

The post-multiplication by R reduces the row,

the pre-multiplication by R'the colum.

The first rotation R'BR reduces the first row and colum.

After four rotations we get

(o,

\

c1

The eigenvalues are then found, using the corresponding Sturm

sequence Po ’

g
]

We i1llustrate

Pl, LR J

(br - x)PI"I -

’ Pn defined as

56

r<1 Cpt Fpop

(r=2,3 .., 6

the basic property of this sequence by mesans of a

simple example.
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Consider the 2x2 matrix shown below.

1 i
-1 1

The corresponding Sturm sequence 1s

Po = 1

':"Pl =1« x

P2 = (1 - x)Pl - (1) (-i)PQ
x(x - 2)

We wish to find the eigenvalues of B using Sturm's method.
Firstly take x = 3

we get Po = 1 +
Pl = 2 -
P2 = 3 +

The number of changes of sign is equal to two. The Sturm pro-
perty says that there are two roots smaller than x = 3.

Now trying x = 1/2

we get
Po= 1 +
P, = 1/2 + )
P, = - 3/lk -

There is one change in sl gn and consequently one root smaller

than 1/2.
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So we conclude 1/2 < A, < 3.

A Characteristic polynomial Po(x)

Root )\2 \,

Wes 2. L2820 e s 2 2 2 27

1/2"

positive

¢ 22 2222 /'/J//:

3

N
Tl

‘negative

A\J

We now describe the bisection method whereby we can approxi-
mate 12 to any desired accuracy. .

Bisect the hatched interval (A,B) = (1/2, 3) to get x = 7/k.
Checking the sign of the characteristic polynomial we find that
it is nehative. So we let A = 7/l and keep B = 3. Bisect again to b
get x = 19/8, the characteristic polynomial is now positive, so
xeep A = 7/44 and let B = 19/8. 1n two steps we have found

1.75 < 12 < 2.375 ( we know that 12 = 2)

Speed of convergence : once a root is isolated between
A and B, N steps of the bisection method squeezes it within
(B - A)/2Y. Taking B - A = 1 and solving for N we get
N = log ¢ /1log 2.

"
il

Bishop (26) and Wilkinson (27) give the formulae for a
real matrix only. The necessary modifications for a complex

matrix are given in Appendix B page 104.
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DISCUSSION

As far as possible we have attempted to keep the
values of the parameters not far from the values expected
for the rigld ion model and consistent with other physical
data.

We quote below the rigid‘ion values obtained on the

assumption YR = Yo

15,295 x 105 dynes/cm.

=
i

Y = 0682

which may be compared to the corresponding values in Table 2.
The atomic polarizability can be calculated using the dielectric
constant given in Table 1.

Thus @ = ;— ji;—l = .07
Bt €+ 2

The value adopted here 1s larger than this value but physically
quite regsonable. We may note that the results are rather sen-

sitive to the values of B, YR and Yo but not very much to the

4value of Yge+ | )

The fit of the dispersion curves in the (100) direction is
quite satisfactory. The differences between experimental points

and theoretical curves being of the same order as the estimated




85

(5

accuracy of the experimental data, given as ~3% by Warren
et al (22), .

But in the (111) direction the theoretical LA curve de-
viates appreciabiy from the experimental points. We may note
that for germanium, with this model, Cochran (1L) was also
not able tq achieve agreement between theory and experiment
for this branch. The agreement for the IO branch is also not
completely satisfactory. It is'of interest to note that
Kucher and Nechiporuk (20) even with a nine parameter model
could not obtain agreement for L0 and TO branches; indeed
their results are less satisfactory than ours.

The vibration spectrum for diamond obtained here,
fig.(6.3), is quite similar to that obtained by Dolling and
Cowley (25) from an eleven parameter model.

It is customary to express heat capacity mgasurements
in terms of the variation of the Debye temperature © as shown
in fig.(6.5). At temperatures greater than 150° K the theore-
tical curve is in agreement with the experimental data within
the combined experimental errors of the thermo-dynamic and
neutron scattering data (~3 %). But & low temperatures the
theoretical values are too low. The theoretical curve due to
Dolling and Cowley also lies below the experimental points.

Our histogram for the vibration spectrum of germahium,
rig.(6.2), is in satisfactory accord with that obtained by
Fray et al (2li) using the same model.

The Debye temperature curve, fig.(6-h), is seen to'fall
slightly below the experimental values and is very close to

“that obtained by Dolling and Cowley (25) from a ll-parameter

- e DRETR,
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model.

The behaviour of the_dispersion curves of diamond and
germanium shows that the two substances are not homologous (22).
This 1s also reflected in the different shapes of the vibration

spectra of the two substances.

- RESDELER




APPENDIX A

THE RIGID ION MODEL

1. The Dispersion Relation for Special Directions

In chapter IV section 2 we obtained the secular equation

(6x6 determinant) for the rigid ion model by putting k=w . We
noted that it was identical with the determinant of page .
when Dy and D/ were replaced by R, and Ré. To derive the
dispersion equation for these special directions it is easier
to use the system of 6x6 homogeneous equations rather than
the determinant. These are equations (2.7) to (2.12) with Ro
and R; instead of D, and Dé. We now seek the dispersion equa-
tion for special directions. We shall work out the case (100)

transverse, i.e. we set

consequently G, =c¢  C, = C3 =1

I
/]
wn
I
w
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1
o

We must also set U, (1) Uy(l) U(1) ﬁz(l).

]
o

U (2) = Ug(2) = U(2) U, (2)

The system of 6 equations reduces to two identical

‘sets of 2 equations of the form

m wZU(l)

ROU('l) + .(-Roc-&-iR'os)U(Z) (A1)

| m «?0(2) = (-R c-1R(8)U(1) + RJU(2) (A2)

Equations (Al) and (A2) are of the form

m w2U(1)

RGU(1) - R GpU(2) (43)

m ?U(2) = -RGFU(1) + RU(2) (Al

where Gp = c-iyps and yp = R;/Ro by definition.

Ve now list all cases of interest

(100)L GR c

(100)T G, = c-iYRs

(1i1)L Gp (c3-2yhszc) + 1(83-2YR028)

(111)7T Gp (c3+YRsac) + 1(33+Yhszc)




The condition for a non-trivial solution of equations (A3)

and (AlL) is

Ro=A =R Gg )
R G* = 0 A=mnmauw
o R RO-K
or Ro-l R -
s \ =0 R = -ROGR
R Ro—
which yields mo® = R, * IR| (A5)

the + sign referring to optic modes and

the - sign referring to acoustic modes.

89
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2. The Elastic Constants

We shall derive relationships between Cy9s Cyo» chh
and the parameters Ro and Yg+ We then show thaet Born's re-

lationship is satisfied,

Our starting point is eqﬁation (A5) which can be written as

2 :
m @ =R (1 + |Gg]) (A6)

Since the elastic constants are related to the veloclity

of propagation of the waves in special directions, we rewrite

equation (A6) in terms of this velocity U.
We have U8 = w?/q? . (A7)
Since we are comparing our lattice with g homogeneous solid

we must replace the mass m by an expression involving the

density p. From de Launay (L ) (page 293) we have

p = m/r (48)

- Combining equations (A6), (A7) and (A8) we get

pUZ = R (1 #[6p)/rlq” (49)
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To get the velocity of propagation fdr long waves of
acoustical frequency we take the 1limit g - 0 and select the
minus sign., We get | .

3 - /o?
pU° = (R /r]) éirg [(1 |GR|)/‘.1] (410)

Now de Launay (L ) (page 266) gives the comnection between
U agnd Cqqs Cqos cuu. Again we are interested in the modes
listed below

= ¢ (A11)

[ AV

(100)L pU 11

(100)T p Up ey, (A12)

(111)L pU -(cll+2c12+ucuu)/3 (A13)

i
!

(L1)T p UT = (011'_‘012+9,+)+)/3 (Alll-)

where the subscript L and T refers to longitudinal and

transverse modes respectively.

In general pU° = c _ (A15)
where ¢ = linegr combination of cll’ 012 and chh'
Combining equations (Al0) and (Al5) we get

= (R /rd). }li’g[l - |eg])/e%] (a16)
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CASE I (100)L

For this case equation (A16) is

o1y = (R/r2) 1im [(1 - |GR|)/q2] | (AL7)
q-0
where Gy = cosf 6 = qr /2 for this case
as  a=0 Gr-1-6%/2=1-q%%8
2 2 '
so that lim[(l - IGRl )/a ] = r°/8 (A18).
g-Q J

Combining equations (Al7) and (A18) we get

Cqq = Ro/Bro ~ (A19)

CASE IT (lo0)T

For this case equation (Al6) is

- 3 2]
¢, = (R/r7) lim [(1 - |6g|)/a (420)
a-0
where GR = cosf + iYRsin 6
therefore ,GRI = Vc0520 + iYgsinz.O

as q = 0 IGR|»41-92+Y§¢92




Expanding (using the Binomisl theorem) we get

o
'GR| -+ 1 - 1/2(1 - YR)oe =1=-1/2(1 - Yﬁ)qarg/h

2 2 /a0
so that élﬁirg[(l -|GR|)/q] = (r5/8)(1 - ¥3)

Using equation (A20) we get
e, = (R /8r (1 - ¥2)
Ly o’ "o R

Using equation (A 19) we get

ey, = Cq1(1 = 13 (421)

CASE IIT (111)T

For this case equabion (Al6) is
- 3 [ 2]
(eqg=eqprey)/3 = (R/rg) 1im|(1 - | og]1/a (422)
; — 3 2 3 2
where GR = (cos 9+Yhsin @cosf) + i(sin 8+thos 9sing)

with ¢

ar /243

as q * 0 GR -+ 1 - (3/2)02 + Yhoe +-iYR0

|Gal~ J(l - (3/2)0% + v0%)% + v26°

93
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b ey

L d

oL
. 2,.2
Expanding IGR‘ +1-1/2(3 - 2¥g5 '-YR)G
so 1= IGR[ - 1/2(3 = 2y, - Yﬁ)qarg/iz
2 2
md n [ - [eg|1ve] = /213 - 2vy - 42)
q- :
Using equation (A22) we get
(e1g=cqp%e)))/3 = (Ry/rd)(x2/24) (3 - 2y, - )

Using equation (A21) and (A19) we get

_ >
0y7=C1p+c1; (1 = ¥§) = ¢11(3 = 2y = vg)

Solving for ¢12 Cip = °11(2YR - 1) _ (A23)

We list our results

)q = R(J/Bro (A19)
2
ey = 017(1 = 12) (a21)

We rewrite them as

o 8r0011 (A2).|.)’




We get

Yp = y1- /%11

TR (1 + eyp/cy;)/2

hegyleqq =) = (eqq + eqp

)2
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(A25)

(A26)

To get Born's identity we eliminate Yg from. equations (423)
and (A2U)

(A 27)
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3. Upper Bound for YR
For the limiting case g - O the parameter g cen be
written in terms of the ratio coT/mL of the transverse and
longitudinal frequencies for the acoustical branches in the
(100) direction.
For (1000 mo = R(1L-|Gg|)  |Ggl = cose
- 2 2
when q =0 map > R 6°/2 (A28)
) .
For (100)T m g _ _J 2 2
MO = R(1 - |6g]) |Ggl=yoos®e + v2sine
when d >0 m w.% -+ (1 - Yﬁ)ez (A29)

Dividing equation (A29) by equation (A28) we get

for 4 = 0 (o% / coi - 1 - Yl% (A30)
. 2 2
Solving for Yg we get Yp = Jl - O / @p, (A31)

Equation (A31) yields g < 1

“
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APPENDIX B

1. Kellermann's Coefficients for the Diamond Lattice

Various tests showed that for the choice € = 1 the
sums ;, ZI: and }"; had t.o be carried out using 15, 42, and °
68 terms respectively to obtain good accuracy. A program
was written in which y(]) =/le“§2d§ was calculated by
means of an approximation du:; to Hastings (30). To reduce
the computing time, tables were made for f£([), g(l)/lz,
f{m), g(m)/ma, cos a , and sin a, where a = “(hx"'%r"'hz)'
This program was checked against Cochran's table. We also
completely reproduced Kellermann's tablés for Na Cl (exe-
cution time = 8 minutes on the IBM 1620). Practically all
values were within the 1% accuracy of Kellermgnn's results.;
In the foilowing tables we have left out the different sign

combinations for [ and m.



h, hy h, cos al| sina
1 0 0 |0 1 0
2 0 o | 2 -1 0
3 0| o |-2 -1 0
Iy o| 2| o -1 0
5 0| -2 0 -1 0
6 2 0 0 -1 0
7 -2 0 0 -1 0
8 1 1 1 0 -1
9 1] -1 | -1 0 1
10 1 1| -1 0 1
11 -1 -1 1 0 -1
12 1] -1 1 0 1
13 -1 1| -1 0 -1
1 -i 1 1 0 1
15 1] -1 -1 0 -1

98
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clgxlfg?;ia‘t:gns Ix | ly| I (1, g(1)/1°
1 |1 o
b x 3 =12 1 | 0| 1] .924416 x 201 | 291372
o 1] 1
.............. St -_O_ R U
2x3=6 0 | 2| o .575143 x 1072 | .146471 x 107t
o | o] 2
R O
8 x 3 =2l 1| 2| 1| .502372 x 1073 | .118351 x 10~2
1| 1| 2
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Number of m m, m £ (m) : g(m)/m
comblnations| ~ .

b x3l=U4 |= 5 |= 5 |- 5105042 | 5.623052

- e .me u o - e w amun mee me wa v sae

=
~

w
]

12| .5 | 1.8 .5| .304008 x 1071 | .856262 x 1071

-2

4 x 3 =12 | =1.5 |- .5 |~1.5 .225371 x 10~ .553387 x 10

- e m o wme - — - e - - -
- - - x SEAr ettt R et fth ts fce e e cenlh o e .. e m e e -

bx1=l 1.5 | 1.5 1.5] .209350 x 1073 | .48LB10 x 10~

e w e m e eme e m - e be - = )

Lx3=12 |- .5 |=2.5|- .5] .209350 x 102 | ".48LS10 x 1073

-—-—ee - m ---- - cPm e e e s cmeat e = caf e e @ e e ey e = e e e wEEamer W e e e e =

.5 2.5 1.5
lns OS 2'5 .
L x 6 = 24 ‘ .215522 x 10'“ 482589 x 10'u
1.5 2.5 5
2.5] .3 1.5

2.5| 1.5 .5
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2. Determinant Evaluation

Starting with a 12x12 determminant and carrying out
11 steps of the reduction procedure described on pp. 78 and 79,
we reduce it to the triangular form. The product of the

diagonal elements gives the numerical value of the deter-

minant. This procedure was programed (flowchart 1) and used
to reduce the secular equation. The following test was ap-

plied.

]

Let Jn J be of order n ( see page 108)

then' " Det (Jn)

n+ 1

so that Det(/-\h) (n + 1)3 where An = Jg—.

This result holds for arbitrary 6.

Det(Aé) = (7)3 = 343 theoretical value
Det(Ag) = 4 343.047 6 = n/3 calculated

343.032 e = /it
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flowchart 1.

Divide kP co1.
by Ay

o
li
=
+
r
=

100 CONTINUE ——

, no yes

Ci;é’;j all 4;,; =0 ? ) )

no yes
A 4

Y v
@ -

PRINT A
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3+ Root Evaluation

As previéusly stated the roots were computed by re-
ducing B to tridiagonal form (see page 10lJ)) and then isola-
ting the roots using the Sturm seqﬁence (see flowchart 2).
Two roots are considered equal if contained within € = 10'5.
The program was tested using matrix F%)of page 108. 20 steps
of the bisection method were épplied to each root, giving

an accuracy € ~ 10'5.

Theoretical Calculated Roots

Roots for Ay ~ o _ " o _ 173 6 = 2/

54.95598 54.95597  5L4.95597  54.95597 '

34.23250 34.23249 34.232149 34.23249

14.61702 14.617028 14 .617028 1l4,.617007

3.75972 3.759726 3.759726 3.759725
+4:2699 126990 426990 4126990
.00776 .007766 .007768 .007766

For real symmetrical matrices Householder's method described
in Bishop's book (26). We now give the necessary modifications

for the case of a complex hermitian matrix.




The derivation for the real case can be modified as follows.

The rotation matrix is of the form

R=1-nZZ

vhere Z is a columm vector, the corresponding row vector
being glven by

D .2
o Ky

! 3
Z = (Zi, ZZ’ eee Zn)

and u = 1/7'-7 (B1)

We seek z,, 2,, «s. , 2z, such that the rotation matrix R
will reduce the matrix B to tridiagonal form by reducing a

wnole row at a time. The necessary condition is

1=2# PiB}Z (B2)
where /0{8} denotes the first row of B
i.e. /O{B} = (D45 Pras «c 5 bra).
and where Z' = (o, z':., Dy3s ++ 5 Pyn)

we seek z, such that equation (B2) is satisfied.

We rewrite (B2) as follows

2/0{B§'Z =277 (B3)

ok
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Equation (B3), when written in full, gives
3

3 ' 3t % - 3
2(b1'2z2 + b"sb"s + L) + b‘.nb'.n) = (Zz Zz + b"abz:a + LX) + b"nb1'n) (BL'..)

Since Z'+Z is real, the left hand side of squation (Bl) is real,

therefore z c B, - (BS)

where c some real constant,

Using equation (BS5) we substitute z, back into equation (Bl) to

get
2(c + xa) = 02 + xa
2 _ 3 h 5 3%
Where x - (b1'3b’|3 + e b],nb1.ﬂ)/b1v2b1l2.
2 .
Solving for ¢ we get c =1+ VI + X (B6)

Since Z is now determined completely,the rotation matrix is

known and we can reduce our matrix B to tridiagonal form. We

th

now write the formulae for the r step of the process.

—

Let B stand for the reduced matrix.

Since we want c#0 we select the + sign in equation (B6)




n
2 _ 3 3%

j=r+1

(O ~ for j < r+l
2%
z]=4,br'r+1 <1+V1+x2) for j = v+l

oY, | | for § > r+l

.

po= 1/[2 Dyrbren Y1+ xz({l + %%+ 1)]

Y=B=

W= 2p(Y = paz) o ’

B=B-WZ'-=zw'
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200 CONTINULE

Y

Q?oot within |A - B| ¢ 1075 ?).

Y no

Bisect the interval |
x = (A+B)/2

4

C&lculafe the
Sturm index r(x)

A\

7(x) < k + 1ﬁ)
y

yes no

n

yesY

Calculate the
maltiplicity M

A\

Label the roots A,
k = 6:5:un" s 6-M

Let B=x

Let A=x, Y

7(x) = k+1

One root kk isolated
Bisect (A,B) ten times

we get

A, within e = 4B

v

flowchart 2.

(Is this the 6B Root 7 j—<—F

\'Y A4

no yes

(so9

Regset A and B

PRINT A, k=1,\61
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where

Cefo €6 = 1200

elgenvalues

"eigenvalues .

Complex Test Matrix

a
2 a
ar 2 a
3%
. a 2 a
3%
a a
3
a 2/

la 62> a3 o o-\\
20 152 6a° a3 o0
158" 20 15a 6a® a3
622 15a° 20 15a 6a°
a%3 6a'x'2 ISa* 20 lla

cos® + 1 sineg

=-1/2 + V3/2'1
-1/2 - /3/2 1
L .

=1 cosé(z—(%f—ﬂ) for J

A = 6l cosé(_.ﬂg_.). for A

2(N+1)
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K =1,2,..,N

K = 1,2,..’N
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