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M.Sc. Thesis Paul-Eugéne Parent

Abstract

Formal and Non-Formal Homogeneous Spaces of Small Rank

The 2im of this thesis is to determine which 2-tori T make G/T formal for a compact
connected Lie group G of rank 3. We show that the only time there is a possibility of
a non-formal homogeneous space G/T is when the Lie algebra E of G is semisimple and

contains three simple ideals. In such a case, the Koszul complex is given by

(A(y'-'." Z2, Ié? Ifss zg), d)

and
r

dr3=—y3, drj=-22, and dzf = —(aye + Bz,

s

where a, 8 € Q. We prove
Theorem 5.5.4: This minimal ¢.g.d.a is formal if and only ifa =0 or 8= 0.

This, as we will see, indicates, in the case of non-formality, a special mixing of the

2-torus inside G.
Universit;r of Ottawa, June 1996.
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A grand-papa Jean-Paul,

“...mais & gqui d’autre voulez-vous qu’il l'ait donnée?
Jean-Paul Vandal, 1986.
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Introduction

The aim of algebraic topology is to find enough algebraic invariants of a given topo-
logical space (i.e. homotopy, homology,...) such that ultimately one could classify those
spaces up to homeomorphism. This, for example. was done in the case of compact con-
nected 2-manifolds with empty boundaries.

One such invariant is the real homotopy type of 2 differentiable manifold M. One
starts by first associating to M its commutative graded differential algebra (c.g.d.a) of
smooth forms (A" (M), d): the de Rham complex. Then, two smooth manifolds M and

N are said to have the same real homotopy type, if there exists a chain of ¢.g.d.a’s and
homomorphisms

(A" (M), d) — (A1,6)) — ... — (An, 6n) — (A" (N),d)

which, at each stage, induce an isomorphism on the level of cohomology. Thus two mani-
folds of the same real homotopy type must have isomorphic cohomology. The converse is
in general false.

A smooth manifold M is formal if its real homotopy type is a formal consequence of its
rational cohomology. To be more precise, M is formal if there is a c.g.d.e homomorphism
(A~ (M), d) 2 (H (M), 0) such that ¢ induces the ideatity on cohomnlogy.

Many interesting spaces (Lie groups, spheres, projective spaces and their products)
are forrual, but not all homogeneous spaces are. For homogeneous spaces of compact
connected Lie groups, one knows that G/H is formal iff G/T is, where T is a maximal
torus in H.

Recall that the rank of a compact connected Lie group is the dimension of an imbedded
maximal torus. The aim of this thesis is to determine all tori T of an arbitrary compact
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connected Lie group G of rank 3 for which G/T is formal. One knows that if dimT =1
or 3, this is automatic, so it is a question of determining all the possible imbedded 2-tori
T which make G/T formal.

Throughout the exposition we will be working over R. In Chapter 1, we introduce the
basic notions on graded algebras, Hopf algebras, and Lie algebras. We will show that if E
is 2 Lie algebra, then the exterior algebra over E” can be given a c.g.d.a structure. Thus
we can define the cohomology of such an algebra. Finally, for E reductive, we obtain

H(E) = APg,

where P is a graded vector space concentrated in odd degrees called the primitive subspace
associated to E. We will see that this vector space is crucial in solving our problem.

We present the de Rham complex in Chapter 2, and also give some information on
tangent bundles and vector fields.

In Chapter 3, we describe the important properties of our main object of study: Lie
groups. We will compute their cohomology in the compact connected case. Compact
connected Lie groups are formal spaces par excellence.

We return in Chapter 4 to the notions of real homotopy type and formality. Then,
given a compact connected Lie group G and a closed Lie subgroup H with asscciated Lie
algebras E and F respectively, one can construct a c.g.d.e, called the Koszul complex,

‘ (AQ.F'@APE,d)

where Pg is the primitive subspace associated to the Lie algebra E of G, Qr = P but
where the gradation is suspended up by one, and d is given by

d(Qr) =0, and d(Pg)C AQF.

The crucial results are that there is a homomorphism (AQr ® APg,d) 4 (A*(G/H),5)
which induces an isomorphism on the level of cohomology, and that

dimPe =dimQr+dimPy = G/H is formal,
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where Pg is a subspace of Pg consisting of elements that can be made into cocycles by an
appropriate transformation. We will thus deﬁnewﬁg and show how to construct the Koszul
complex’s differential. '

In Chapter 5, we determine which 2-tori T make G/T formal. One can show that in
the compact connected case din Pg = rk G. Thus in our case dim Pe = 3and dim Qp = 2,
and so for G/T to be formal we must construct a nonzero element of Pz. We finally show
that the only time there is a possibility of a non-formal G/T is when the Lie algebra E of
G is semisimple and contains three simple ideals. In such a case, the Koszul complex is
given by

(Ay2, 22,73, 23, 75), d)

and

drz = —y:f, dry = —23, and dzi= —(oye '*‘52'-’)2'

where a, 8 € Q. We prove

Theorem 5.5.4: This minimal ¢.g.d.a is formal if and only ifa =0 or 8 = 0.

This, as we will see, indicates, in the case of non-formality, 2 special mixing of the

>

2-torus inside G.
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Chapter I

Algebraic Preliminaries

In this chapter we will give an overview of the definitions, properties and important
results concerning the three following kind of algebras: graeded algebres, Hopf algebras,
and Lie algebres. The information for graded algebras can be found in [5], that for Hopf
algebras in [12], and the material on Lie algebras in [§] and [10].

1.1 Graded Algebras

By a graded vector space we will mean a vector space V' together with distinguished

subspaces {V*};c2+ such that

V=@ v

kez+

An element in V* is called homogeneous ofdegre:k. A linear map ¢ : V — W between
two graded vector spaces is said to be homogeneous-of degree r if its restriction to V¥ is
such that

S(V5) C W+,

Definition 1.1.1: Let V be 2 graded vector space. We define sV, the suspension of V,
by -
(sV)**1=v* and (sV)°=0.

We thus get a canonical isomorphism V = sV of vector spaces which is homogeneous of
degree +1, i.e., for v € V* we have sv € (sV)*+1.



1.1 Graded Algebras 2

Definition 1.1.2: By a commutative graded algebra(c.g.a). we will mean a graded vector
space A equipped with 2 bilinear map u : A x A — A such that

(1) u(A4*. Al c 4% with 1 € A° as an identity element, and

(2) ab = (_l)dcgc-dcgbba_
If A° = R, we say that A4 is connected.
Let A be a c.g.a. The notation A* will designate the following ideal

P A~

k>0

Definition 1.1.3: Let A and B be two c.g.a’s. We define their tensor product to be the
c.g.a
A®B = (P48 B,
k

where (A ® B)* = @;4;=1A’ ® B?, together with multiplication defined by
(a®b)- (o' @) = (—1)deotdesa’nn’ & by,

Let V = @x>1V* be a graded vector space.

Definition 1.1.4: Let AV denote the free commutative graded algebra generated by V. It
is obtained via the following construction.

(1) Consider the following graded vector spaces

nt;uin&s
T(V)=R, T"(V)=VeV®..0V,(n>1),

and form the graded algebra T(V) = @32 ,T™(V') where the product is juxtaposition,
ie,

(2 ®...0zx)(2] ®..82) =71 ®..0 7, ®2] ® ... ® 1.
Note that T(V) is bigraded, i.e., T3, ® ... ® Ti, € TE(V), z;, € V', has length k, and

degree %) + ... + ix.
" (2) Let J denote the ideal in T'(V') generated by

Iy — (_1)deg=-degyyx’ T,y € T(V)' |
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Then AV is defined to be
[T(V)/J]

The notation A*V will refer to the subspace consisting of words of length k, while

(AV)* is the subspace of elements of degree k.

- If V is oddly graded, i.e., V2 = 0, then AV is an exterior algebra. Note that for
r € V¥, y € V! we have zy = —yz, and thus ° = 0.

- If V is evenly graded, i.e., V2*+1 =0, then AV is a polynomial clgebre. Note that for
r € V¥ y e V! we have 7y = yz. |

We note the following fact: (for a proof see [5; p.125])

Proposition 1.1.1: Let AV be a free c.g.a, and let Vogq = ©: V! and V,pen = & V2.
Then

AV =2 AVoqq @ AVyen.

Definition 1.1.5: Let A and B be c.g.a’s. A homomorphism of algebras is 2 linear map
¢ : A — B homogeneous of degree 0 such that

#(1)=1, and ¢(ab) = ¢(a)e(d).

Definition 1.1.6: Let 4 and B be c.g.0’s and ¢ : A — B a homomorphism of algebras.
A linear map & : A — B homogeneous of degree r is called a ¢-derivation of degree r if

§(ab) = ba - ¢(b) + (;1)'-*9°¢(a) - 6b.

In the case where ¢ = ¢4, we simply call § a derivation. Note that if we want to show
the equality of two ¢-derivations or two homomorphisms on the ¢.g.a AV, it is sufficient

to show the equality on V, i.e., on a generating set.

The next results can be found in [5]. They give us 2 way of extending linear maps to
homomorphisms and derivations.
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Let V" be a graded vector space concentrated in degree 1.
Proposition 1.1.2: Let 8 : V — V be a linear map. Then 6 can be uniquely extended to
(1) a homomorphism of algebras 6 : AV — AV:
(2) a derivation of degree 0 on AV such that #(R) = 0:
(3) a homomorphism of algebras 8 : AsV — AsV'; or
(4) a derivation of degree 0 on AsV such that 8(R) = 0.
The next result is basic to 2ll that follows and the proof can be found in [5; p.114].

Proposition 1.1.3: Let & : V — A*V be a linear map. Then it can be extended uniquelv
to a derivation of degree +1 on AV such that d(R) = 0.

The following construction will be the main object of our study.

Definition 1.1.7: A c.g.a. A, equipped with 2 derivation & of degree +1 such that 62 = 0,
is called a commutative graded differential algebra(c.g.d.a).

If (A,64) and (B,8p) are two c.g.d.a’s, their tensor product is the c.g.d.a (A ® B, §)
where

(1) A® B is the tensor product of c.g.¢’s, and

(2) 6(e®@b) =64a®b + (—1)%9% @ égb.

Definition 1.1.8: Let (A4,6) be a c.g.d.a We define the subspace of cocycles to be
Z*(A) = ker § and the subspace of coboundaries as B*(A) = Im 6.

Note that Z*(A) and B*(A) are naturally graded. Moreover, because § = 0 we have
B*(A) C Z*(A). Note also that by the derivation properties of §, Z*(A) is a subalgebra
of A, while B*(A) is an ideal in Z*(A). Thus we have
Definition 1.1.9: Let (A,8) be a c.g.d.a. The cohomology algebra of A is defined to be
the following quotient c.g.a

H(A,8) = Z°(4)/B"(4).

We will usually denote it by H(A) when § is understood.

Definition 1.1.10: Let (A,64) and (B,6g) be c.g.d.a’s, and let ¢ : A — B be 2 homo-
morphism of algebras. If o064 = ép o ¢ then we call ¢ a c.g.d.a homomorphism.



1.2 Hopf Aleebras 5

Acgda homomofphism ® : A — B induces a homomorphism of algebras on the level

of cohomology by
6% : H(A) — H(B)

[a] — [6(a).
Theorem 1.1.4(Kiunneth Theoremﬂ[s; p.57|): For two c.g.d.a’s, (A.64) and (B, 6g),

there is an isomorphism of c.g.a’s

H(A® B) = H(A)  H(B).

1.2 Hopf Algebras

Definition 1.2.1: A graded connected Hopf algebra is a 4-tuple (A4, i, A, ¢) where

(1) (A,n) is a connected c.g.qa,
(2) A:A— A® A and ¢: A — R, called the comultiplication and co-unit respectively,
are homomorphisms of algebras such that

(i) A is co-associative with co-unit ¢, i.e.,

(A®:t)oA=(t®A)oA, and (®i)oA=i=(t®€)0A;

(i) for any @ € A* we have

Ale) =e®1+ 1®e+b, beATQAT.

Definition 1.2.2: An element a € A% is called primitive if
Ale) = ae®]1 + 1®a.

The set of primitive elements in A forms a graded vector space Pj4.
Lemma 1.2.1: If (4, 1, A, €) is 2 graded finite dimensional Hopf algebra, then P, is oddly
- graded.
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Proof: Let @ € P4 be of even degree. Since A is finite dimensional. there is a least integer
m > 0 such that ™ = 0 (for degree reasons). But then, since A is a homomorphism
of algebras and a is of even degree, we get

m

0=A@™)=A(a)" =(e®1+1@a)" = Z (T)ak ®a™ k.
k=0

But the right hand side is nonzero unless ¢ = 0. V'Q.z-:.n.

The next result, due to Hopf, is a very important structure theorem. Its proof can

be found in either [12] or [3].

Theorem 1.2.2(Hopf Theorem): If (A, u, A, €) is a graded connected finite dimensional
Hopf algebra, then the inclusion P4 — A extends to an isomorphism

APy =4
of Hopf algebras.

1.3 Lie Algebras

Definitions and Properties
Definition 1.3.1: A Lie algebra E is a vector space equipped with a bilinear map [, ] :
E x E — E, called the Lie bracket, such that

(1) iz,y] = —ly,z] for all z,y € E, and

@ =2l + iz 2]) + [2[z,y]) =0 forall z,y,2 € E.

The identity (2) is called the Jacobi identity. Note that over R, (1) is equivalent to
the requirement that [z,z] =0forallz € E.

A subspace I C E is called an ideal of E if [z,y] € I forallz € E, y € I. We call
the subspace of elements that commute with all the others,

Ze={z€F|jz,2]=0,z € E},

the center of E. It is an ideal in FE, as follows from the Jacobi identity. Clearly E is abelian
if and only if E = Zg. The derived algebra E’ is the subspace generated by all products
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[z,y], =,y € E. E' is an ideal in E. A Lie algebra is called simple if it is nonabelian and

contains no proper nontrivial ideals.

A homomorphism ¢ : E — F of Lie algebres is a linear map such that

é([z, ]) = [¢(2), o(y)]-

Let V be a finite dimensional vector space and consider the set of linear endomor-
phisms End(V) on V together with the following bracket

[0.9] = pov—vog, &9 € EndV).

Then (End(V),][, ]) is a Lie algebra. It is denoted by gi(V).

Definition 1.3.2: A representation of a Lie algebra F in a finite dimensional vector space
V is a Lie algebra homomorphism

f:E — gl(V).

Given a representation 6, we say that a subspace W C V is E-stableif 8(z)W C W
for all x € E. The set '
VE = {veV|8(z)v=0,z€E},

forms an FE-stable subspace of V. It is called the invarient subspace. Another E-stable
subspace of V is the subspace generated by all the vectors of the form 8(z)v, z € E,ve€ V.
We denote it by 8(V).

Deﬁniﬁon 1.3.3: The adjoint representation of a Lie algebra E is the representation
ed : E — gl(E), given by |

adz(y) = [z,y], z,y€E.
Using the Jacobi identity one easily shows that ad is indeed a representation.

Definition 1.3.4: Let @ be a representation. We can associate to E a symmetric bﬂmea.r
form Tp : E x E — R called the trace form of & given by

To(=z,y) = tr6(z) 0 6(y).
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It is symrmetric since in general tr AB = tr BA. for A. B € End(1"). If we combine

this fact with the Jacobi identity we find
To([z.y]. 2) + To(y.[z.2]) =0. z.y.z€ E.

In the special case where € = ad, the trace form is called the Killing form of E and is
denoted by (z,y) — K(z,%).

We record here a technical result associated to the Killing form which can be found
in [10].

Lemma 1.3.1: Let I be an ideal of E. If K is the Killing form of E and K is the Killing
form of I considered as a Lie algebra, then

KI = lexl"

Definition 1.3.5: A representation 6 is called semisimple if, for every E-stable subspace
W C V, there is an E-stable subspace W’ C V such that

V=WeageW.

A direct consequence of the definition is
Lemma 1.3.2: Let 8 be a semisimple representation. Then V = VE @ 4(V).

The following result can be found in either [10] or [2].
Proposition 1.3.3: Let E be a finite dimensional Lie algebra. Then the following condi-
tions are equivalent:

(1) The Killing form of E is nondegenerate.

(2) E is the direct sum of simple ideals.

(3) Every representation of E in a finite dimensional vector space is semisimple.
Definition 1.3.6: A semisimple Lie algebra is such th;at it satisfies at least one of the
conditions above.

.. We notice that because of (2) in the last proposition if E is semisimple, then Z =0
and E' = E. : ;
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Definition 1.3.7: A Lie algebra is called reductive if
E=2Z2:sF,

and E’ is semisimple as a Lie algebra.
In fact, one can show using Proposition 1.3.3 that E is reductive if and only if the
adjoint representation is semisimple.

Definition 1.3.8: A Lie algebra E is called compact if there exists a negative definite

inner product <, > on FE such that
<[z.y,2>+<y,[z,2] >=0, z,3,z€E.

Clearly, if E is compact then it is reductive.(Given an E-stable subspace W ¢ E
under the ad representation then W+ is also an E-stable subspace.)

The next result is a very useful criterion to determine if a given representation is

semisimple. Its proof can be found in [2].
Proposition 1.3.4: A representation § of a reductive Lie algebra E in a finjte dimensional
vector space V' is semisimple if and only if its restriction to Zg is semisimple.

Multilinear Algebra

For the rest of this section, we will work witk the adjoint representation of a finite
dimensional Lie agebra E. We will essentially follow the exposition in [8; Chapter 5]. Note
that we will denote the duality between the two vector spaces V and V* by <, > and we
will consider E as a graded vector space concentrated in degree 1.

From the adjoint representation we can construct new representations.

Definition 1.3.9:
(1) Contragredient: We obtain a representation ad* on E* by letting

ad’a = —(ada)®, a€E.
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(2) Suspension: We obtain a representation on sE by the following rule:

a— soadaos™ !,

We still denote it by ad. The context should make it clear.

(3) Multilinear(exterior algebras): For ¢ € E, extending respectively each ada
and ad”e to derivations of degree 0 on the algebras AE and AE", we get two new
representations that we still denote by ad =nd ad” (Cf. Proposition 1.1.2).

(4) Multilinear(polynomial algebras): Again by extending respectively aeda and
ad™a to derivations of degree 0 on the algebras AsE and AsE" we get two new

representations that we still denote by ad and ad".

For a € E, consider the linear map p(a) : AE — AE defined by ple)b=aAb. be
AE, and its dual, the substitution operator, i(e) : AE* — AE".(Note that there is a
counterpart operator to x on the algebra AE" and a counterpart to i on the algebra AE.
We still denote them by p and i.) One can prove

Lemma 1.3.5: Let h€ E. Then

(1) i(h), is a derivation of degree —1 in the algebra AE".1
(2) i(h)z” =< z*,h >, z* € E~.}

Since the bracket on E is a skew-symmetric bilinear map it induces a linear map
O : A°E — E given by
Os(zAy)=|z,y), =z,y€E.

By Proposition 1.1.3 we can extend the negative dual —(3g)* : A2E* — E" to a derivation
8g : AE® «— AE" of degree +1.
Theorem 1.3.6: We have

(1) i(z)odég +bpo0i(z) = ad'z,

(2 & =0,

(3) (ad’z)oép = égpo(ad’z), z€kE.

r——

5; p.118]
- 15 p117]

oy
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Proot: (3) follows by applying (2) to (1). For (1), we have that

< (z)og + éi(z))x",y > =< bezx",z Ay >=< 2", —[z,y] >
=< ad" z(z"),y >, z,y€ E " € E~,
holds in E*. Thus, since both sides are derivations in AE”, it must be true in
general. Now to proove (2) we use (1), the fact that ad is a derivation on AE, and
the following relation
<Se(z° Ay )z AYyAZ>
=< (z)0p(z" Ay ), yAz >
=—-<z Ay ,edz(yAz) > — < bpilz)(z" Ay ), yAz>

=—<z"AY, [z, 9] Az + yA [T, 2] — TA[y.2] >,

where z,y,z € E, and z*,y"* € E*. Thus for any ® € A>E* we have
<be®,zAYAz>=~<@,[z,y]Az + yAlz,z] — zA[y,2]>.
In particular, by the Jacobi identity, we have for z* € E*
< &z z Ay Az >=< 2", [[r,y], 2] + [[2, 2], 9] + [[v, 2}, 2] >= 0.

Finally, since §% is a derivation, (2) must hold in general.
Q.ED.

Corollary 1.3.7: (AF",6g) is a c.g.d.a.
Definition 1.3.10: The cohomology of a Lie algebra E is defined to be the cohomology
algebra of the c.g.d.c (AE",8g). We will denote it by H(E).

Given a pair of dual basis {e,} and {€™*} of E and E" respectively, one can prove
the Koszul formula®, i.e.,

g = %g u(e™)ed e,,.

- = Cf. [8; p.177]
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Thus the restriction of é¢ to the invariant suba.lgébra. (AE")Z is 0. Thus the inclusion
i:((AE")£,0) — (AE".6g) is a c.g.d.a homomorphism. One can prove®
Proposition 1.3.8: If £ is a reductive Lie algebra, then 7 induces an isomorphism of
graded algebras on the level of cohomology; i.e.,

(AE")E = H(E).
We will present a proof of this fact in Chapter 3.

Since dim E < oo we must have dimH(E) < co. Thus the following integers are
defined.

Definition 1.3.11: The integers b, = dim HP(E) are the Betti numbers of E.
The next result gives us some information on the structure of the cohomology of a
compact semisimple Lie algebra. We refer the reader to [8; p.204] for the proof.

Proposition 1.3.9: Let E = E, &...8 E,, be the decompasition of 2 compact semisimple
Lie algebra E into simple ideals. Then

(1) by = b2 =0, and
(2) b3 =m.
Finally we wish to show that (AE*)€ can be given the structure of a Hopf algebra.

It will give us an insight on the structure of (AE")E, i.e., by vsing Theorem 1.2.2, we

obtain
(AE")E = AP,
Let E be a reductive Lie algebra.

By Proposition 1.3.4, ad” is a semisimple representation of E in E* since ed*z =0
for z € Zg. Thus we have by Lemma 1.3.2

AE® = (AE")E @ad"(AE").
Consider the Lie algebra E @ E where the bracket is defined component wise. Then
E & E is still reductive with
Zeoe =292, and (E®EY=FE&F.
= Ct [8; p.189]
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Since the operators ed(z ®y) = Qon E& E for z,y € Zg, their extensions to the
algebra A(E* & E°) are also 0. Thus by Proposition 1.3.4 ad extends 10 a semisimple
representation ed” of £ & E in A(E” & E*). So by Lemma 1.3.2 we have

AME ®E") = (A(E"@E))P®E gad (A(E"© E™)).

Lemma 1.3.10(Cf. [5; p.120]): Let V and W be two finite dimensional vector spaces.
Then there is 2 canonical c.g.a isomorphism between A(V & W) and AV ® AW, given by
f:z@y—ii(z) Aia(y),

where i, and i> are the extensions to homomorphisms of the usual inclusions.

One can ecsily prove ad*(z @ y) o f = fo(ad*2® 1+ ¢ ® ad*y). Noticing that the
difference of the two sides is an f-derivation, it suffices to show the equality on E* ® 1 and
1® E*. For now on, we will identify ed™(z @ y) with ed*z ® ¢ +: ® ad”y. It is now clear
that

ad (A(E"® E")) = ad"(AE") @ AE® + AE" ® ad"(AE").

Theorem 1.3.11: If E is a finite dimensional reductive Lie algebra, then

(A(E" @ E"))F®% = (AE")E ® (AE")E.

Proof: By Proposition 1.3.10 we have
(A(E" ® E*))POF = (AE" ® AE")ESE
= ((AE")® ® AE" © od"(AE") ® AE")FOF
= (AE")E @ AE")59F @ (ad"(AE") @ AE")ECE
since each subspace is ad"-invariant. We also have
(ad”(AE") ® AE")EOF C (ad*(A(E" @ E*)))P®E = .

On' the other hand, v € ((AE")E @ AE*)F®E can be written as v = T e, ® by,
“with {ea} 2 besis of (AE")F and &, € AE". The fact that 0 = ed*(z ® y)(2) =
.Y €a ® ad y(ba), z,y € E, implies that ad*y(b,) = 0. L=

Q.ED.
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We can thus define the projection 7 : A(E* & E*) — (AE")Z @ (AE")¥ with kernel
aed"(A{E" © E=)).

Now consider the following l_inea.r map E@E — E:r®y— z+y Then by
Proposition 1.1.2 we can extend this map to a homomorphism g of algebras, and using
Lemma 1.3.10 we get

AEQAE =~ A(E®E) 2 AE

which is simply multiplication since
v @v = p(iy(u) Adz(v)) = p(i(v)) A pliz(v),

and for u = a; A ... A a; we have
p(@(u)) = ple1, 0) A A pler,0)=aei A...Aap =u.

. We will denote the multiplication map by u.
L;et A = nop® oi, where i : (AE")® — AE" denotes the inclusion map, and let
¢ : (AB*)¥ — (A°E")Z = R be the natural projection.
Lemma 1.3.12: Let & € (A*E*). Then

AP)=0Q1+103+¥, Ve (AtE ) Q(ATE")E.

Proot: We have A(®) = &, ® 1+ 1® $2 + ¥. Using the duality® between (AE*)E and
(AE)E we get

<®,e>=<A®),c®1>=< P, p(a®1) >=< $,a >
for a € (AE)®. Thus by dua.lify d, =&.
Q.E.D.
Theorem 1.3.13: If E is & reductive Lie algebra, then the 4-tuple ((AE*)E,A,A,¢) is 2
graded connected finite dimensional Hopf algebra.

* Cf [8; p.175]

J/
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Proof: Since ad” is a derivation ((AE*)E,A) is a c.g.a. Using the duality between (AE")E

and (AE)E we get that A* is simply multiplication in (AE)¥ and is associative. Thus
A is co-associative. Using Lemma 1.3.12 one can easily show that ¢ is a co-unit for
A. Next, define two automorphisms T" and T~ on (AE)Y @ (AE)E @ (AE)EQ(AE)E
and (AE")E ® (AE")f @ (AE")E ® (AE")E respectively by

T(z1 @22 @3 ®T4) = (—1)*9"2%IT32, @ 30 22 ® 24, and

T (31 @9:0:30 ;) = (—1)%9%2499, @ ;@ &, ® ¥4,

and consider the 4-tuple ((A(E" & E™))®*®E, Agoe, AseE, ¢EeE) Obtained from
the reductive Lie algebra £ & E. Then clearly we have gpgr = (1 ® ) o T and
Aese = (A ® A) o T". By dualizing the first one, we obtain '

AEGE =T o (A@A).

Using the natural relation® Ao A = (A®A) o Aggr, one ﬁna.lly gets
AoA=(A®N) oAres=(A®A)oT o (ABA)

=Agee o (A®A).

.Q.E.D.

Definition 1.3.12: Let E be a reductive Lie algebra. The primitive subspace Pg for E
is defined as the subspace of primitive elements P, ae-)e with respect to this Hopf algebra
‘styucture.

Remark: P is not a subspace of E!

Corollary 1.8.14: (AE*)E = APg.

Corollary 1.3.15: #(E) is an exterior algebra over an oddly graded vector space, in
particular

H (E) = APg.

:.:/

* Cf. [8; p-200]



Chapter 11

The de Rham Complex

We will present in this chapter the main tool that will permit us to associate to
any differentiable manifold M a characteristic ¢.9.d a, A*(M), called the de Rham Com-
plez. Indeed, this will be 2 contravariant functor A”(-) from the category of differentiable
manifolds and smooth maps to the category of c.g.d a’s and their homomorphisms.

We start by constructing this functor in the special case of R™ and its open sets and
then generalize to abstact differentiable manifolds. We will essentially follow very closely
the exposition in [1].

2.1 Euclidean space

Let z,,...,z, be the linear coordinates on R™ and consider the following exterior
algebra over R

A" = A(dzy, ..., dz,)

where degdz; = 1. Thus A" is naturally graded by the length of words.
Now if we consider the C™ functions on R" as the usual algebra concentrated in
degree 0, we can then form the folloiving commutative graded algebra

A" (R") = C*(R") @r A".

Elements of this c.g.c are called C™ differentiable forms on R™. Thus if w is such a form,
- then w can be written uniquely as 3 f;, i d=i,...dz; , where the coefficients fiy..i, are

e

[N
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- C* functions. By construction, the natural grading ou A" induces one on A~ (R"), ie.,
: A_(Rn) = e‘::O‘Aq(Rﬂ)v
where A7(R") consists of the C* g-forms on R™. We will write w =} frdz; for w =

2 fiy.i,dTiy dz;, .

Consider the following linear map
d: A7(R") - AT'HR™),

defined by

1. if f € A°(R"), then df = ¥ 8f/dz:dx;,
2. ffw= z frdz;, then dw = Z dfrdz;.

Notice that this construction is consistent with the notation dz; since if we consider
z; € A°(R™) then d(z;) = dz;. We call d the exterior differentiation.

Proposition 2.1.1(Cf. [1; p.14]):
1) d is a derivation of degree +1, ie.,

d(r-w) = (dr)-w + (=1)%977. dw.

2) d*=0.

Definition 2.1.1: The algebra A”(R™) together with the derivation d is called the de
Rham complez on R™. We see, by Proposition 2.1.1, that (4°(R™),d) is 2 c.g.d.a.

Note that all the definitions and constructions so far are equally valid for an arbitrary
open set U of R". Thus we can speak of the de Rham complex on U, i.e.,

A" (U) = C=(U) &g A",

with the appropriate derivation d.
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2.2 The de Rham Cohomology

Let U C R™ be an open set. We have seen in Chapter 1 that to a given ¢.g.d.a we can

consider the subalgebra of cocycles, the ideal of coboundaries, and finally the associated
cohomology algebra. It is customary in the case of the de Rham complex to call a cocycle
w a closed form, and to call a coboundary T an exact form.

We will denote the subalgebra of closed forms by Z*(U') and the ideal of exact forms
by B*(U).
Definiticn 2.2.1: The cohomology algebra H(U) associated to the ¢.g.d.e (A°(U),d) is
calied the de Rham cohomology algebre of U.

As we have seen, the de Rham cohomology algebra is naturally graded, i.e.,
H(U) = &7 H(U),

where H9(U) = Z9(U)/B%(U).

Note that we can look at the de Rham complex as a set of differential equations,
whose solutions are the closed forms. Thus, for example, finding a closed 1-form fdzr+ gdy
on R? is equivalent to solving the differential equation dg/dz — 3f/3y = 0. The trivial
solutions are the exact forms which are automatically closed. Thus a measure of the size

of the space of “interesting” solutions is the de Rham cohomology algebra.

2.3 Pullbacks and Functoriality

Let {Z),.,Zm} &nd {y1,...,yn} be the standard coordinates on R™ and R" re-
spectively. Every smooth map f : R™ — R™ induces a map f* : A°(R™) — A’(R")
via :

fflo)=gof, geA(R").
We call f* the pullback. Notice that f*(g- k) = f*(g) - f*(h). We now want to extend f*
to all forms such that f* is a ¢.¢.d.¢ homomorphism.

Let f* : A"(R™) — A" (R") be defined by

P erdyndw,) = (or 0 f)dfu iy,
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where f, =y, o f is the i-th component of the function f.
Proposition 2.3.1(Cf. {1; p.19]):

1) f* is an algebra homomorphism.

2) f* commutes with d.

3) d is independent of the coordinate system on R™.

We thus get: A" (-} is 2 contravariant functor from the category of Euclidean spaces

{R"},.cz+ and smooth maps R™ — R™ to the category of ¢.g.d.a’s and their homomor-
phisms.

2.4 Differentiable manifolds

We will now extend the functor A"(-) to the category of differentiable manifolds.
For more detailed explanations on manifolds, we refer the reader to [11].

' A differentiable structure on a real manifold M of dimension n is given by an atlas,
i.e., a collection of pairs {(Ux, ®a)}aecr such that {U, }acr is an open cover for M and each
open set U, is homeomorphic to R” via ¢, : U, = R™; and on the overlaps U, NUs the
transition functions

$a 005" : 98(Ua NUs) — ¢a(Ua NUp)
are diffeomorphisms of open sets in R*. We will require the atlas to be maximal with
respect to inclusions and all manifolds to be Hausdorff and have a countable basis.

Let {u,...,un} be the standard coordinate system on R™. We can write ¢, =
(z1,...,Zn) where z; = u; 0 ¢, are a coordinate system on U,. A function f on M is
‘diﬁ'emtiable if for each U, the function f o ¢! is a differentiable function of R™.

Let p € M and f a differentiable function on M. Choose a chart (Us, @) such that
p € U,. Then we define the i-th partial derivative at p, 8f/0z;(p), with respect to the
chart (Us, ¢a) to be the ith partial of the pullback f o ¢Z! on R™, ie.,

af 6(fo¢;‘)
3P = — 5 (%alp):

A differential form w on M, is a collection of forms w, on U, in the atlas defining
M such that we have compatibility on the overlaps, i.e., if 7 and 7 denote the inclusions

U U Us —— Up
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then i*(ws) = j%(ws) in A" (Us NUs). Thus, we can extend the definitions of exterior
differentiation and product of forms on R” in a compatible way on forms on an arbitrary
manifold. We thus obtain the following c.g.d.a: (A" (M), d).

Moreover, just as for R®, a smooth map of differentiable manifolds f : M — N
induces in a natural way a pullback map on forms f* : A4°(M) — A~(N) which is a
c.g.d.a homomorphism. Thus A°(-) becomes a contravariant functor on the category of
differentiable manifoids.

We can now talk about the de Rham cohomology algebra H(M) associated to a
differentiable manifold M. As we have seen in Chapter 1, given f : M — N, the pullback
J* induces 2 homomorphism of algebras on the level of cohomology which is denoted by

Vi :‘H.(M) — H(N).
If g : N — Q is another smooth map, then clearly we have

ffog® = (go f)*, and Lﬁ:LH(M).

Thus, the de Rham éohomology algebra is a snooth inverient of the differentiable manifold
M.

We will now give some classical results on cohomology and refer the reader to [6]
for their proofs. ' |

Let M be a differentiable n-manifold.

Proposition 2.4.1: If M is connected, then H°(M) = R.
This justifies why we call a ¢.g.a A connected if A°=R.

Proposition 2.4.2: If M is any compact manifold, then

dimH (M) < .

Our manifolds M will always be compact, since we will be studying compact con-
nected Lie groups and their homogeneous spaces.
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Corollary 2.4.3: If M is compact, then the Betti numbers b, = dim HP (M) are defined.
If, in addition, M is orientable, then

bp = bn—p, 0 <p<n (Poincaré duality).

We will show in Chapter 3 that Lie groups are parallelizable, and thus orientable.
Thus, they enjoy Poincaré duality.
2.5 Geometric Interpretation of Forms

We will start with R™. The extension to an arbitrary differentiable n-manifold will
be straightforward since the work is done locally. We will follow very closely the exposition
in [15].

Definition 2.5.1: To each p € R™ we associate

LR") = {(pv)|veR"}.

It can be made into a vector space in the obvious way, by defining

(o) + (pw) = (p,v+w),
a-(p,v) = (p,av).

We call T,,(R™) the tangent space of R™ at p. We will denote the elements (p,) € T,(R™)
by X, and call then tangent vectors at p.

Let {(e1)p,.... (én)p} be the canonical basis of T,,(R™) and consider a differentiable
function f : R® — R. Then its differential Df(p) at p is a linear map from Tp(R™) to
Ty (R) = R. Thus Df(p) is 2 linear functional on T,{R™), i.e.,

Df(p) € T;(R").
Take f = x;, the i-th coordinate on R™. Then, if X, =3 aj(e;)p, o; € R, we have

Dz:(p)(Xp) = os.
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W

So {Dzy(p). ... Dz~ (p)} is just the dual basis to {(e1)p, ..., (en)p}-

Now using the isomorphism™ between A"T; (R™), and the space of skew-symmetric

k-linear maps on T,{R™), k = 1....,n, we have that the expression

[T < 15

can be interpreted as a skew-symmetric k-linear map on T,(R™), where f;,....;, € C®(R").
Thus letting dz; = Dz; we see that we can associate to any form w € A" (R“) 2 map on
R™ such that

w(p) € AT;(R").

All this discussion can be readily extended to general differentiable n-manifolds since
when we evaluate a form w € A° (M) at p € M everything becomes local by construction
of w. Thus by taking an appropriate chart, we can reduce the case to R".

Thus for X},..., X¥ € T,(M) and w € A*(M) the expression
w(p; X3, X5)

makes sense and characterises completely w.

Note that tangent vectors can be thought naturally as tangent vectors to smooth
curves on a manifold. Let ¢ : M — N be 2 smooth map between manifolds. Let p € M
and z(t) a curve on M such that z(0) = p and £(0) = X, € T,(M). Then we have

Definition 2.5.2: The differential at p of ¢ is the linear mapping
bp : Tp(M) = Ty (N)

such that ¢},(X;) is the tangent vector to the curve ¢(z(t)) at ¢(p) = ¢(=(0)).
If ¥ : N — O is another smooth map, then the differentials satisfy naturally the
chain rule |
(¥ 0 )y = Yy(p) © Fp-

* Cf. [5; p-145]
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Thus, given a smooth map ¢ : M — N, its pullback ¢ is determined by the

expressions

& (W) Xpy e X5) = w(B(B); $(X;)s - Bp(XE)),

where w € A*(NV) and ¢, is the differential at p of ¢.

2.6 Vector Fields

In this section we will give some complementary information on tangent bundles and
vector fields. For more details, we refer the reader to [6).

Let M be a differentiable n-manifold and consider the disjoint union

TM = U TP(M)s

peEM

and define a map mps : Tpy — M by the natural projection
wm(Xp) =p, Xp € Tp(M).

On can show® that there is a unique smooth manifold structure on Tar such that Ty is
locally diffeomorphic to M x R™ and makes 75, smooth.

Definition 2.6.1: T)s is known as the tangent bundle of M.
Remark: The 4-tuple (Tar, war, M,R™) is an example of a vector bundle.

With the set of differentials {¢}}peas of 2 smooth map ¢ : M — N we can define a
bundle map D¢ : Tpy — Tiv by

D¢(X;) = ¢;,(-Xp), Xp € TP(M )-

We call this map the derivative of ¢.

Definition 2.6.2: A vector field on M is a smooth map X : M — T such that

Remark: The set of vector fields x(M) on M forms a C*(M)-module.

- Cf. [6; p.94]
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Let {{Uqa, o)} be a coordinate cover of M. Recall the definition of the opera-
tors {8/0z.i(p)}1, from Section 2.4. One can show that they span T,(Af}. Thus in the
neighborhood of p € U, C M, 2 vector field X can be written as

x=Y f,—a%, fi € C=(U,).

Given another vector field ¥ one can construct a new vector field [X.Y] which in

the neighborhood of p has the form

%.Y] = 3 (7(32) - ax(22)) -

F Oz 0z’ / Bz;’

whereY = 3 gi'a'%a 9: € C°(Ua)-

Proposition 2.6.1(Cf. [6; p.108]): x{M) equipped with the bracket operation [, ] is a
real Lie algebra. In particular it satisfies the Jacobi identity:

[X.Y),2] + [[¥.2],X] + [[2,X],Y] = 0, X.,Y,Z € x(M).

Let ¢ : M — N be a diffeomorphism. Then D¢ is an isomorphism since each ¢, is
a linear isomorphism. Thus there is 2 map ¢. : x(M) — x(N) defined by

¢.X = DpoX, X ex(M),

with {¢.X)(é(p)) = ¢5(X (p))-
Proposition 2.6.2(Cf. [6; p.110]): ¢. is a Lie algebra isomorphism, i.e.,

$.[X, Y] = [¢.X,0.Y], XY €x(M).



Chapter III

Lie Groups

In this chapter we will describe some important properties of our main object of
study: Lie groups. We will present the computation of their cohomology in the compact
connected case. Such Lie groups are formal spaces par excellence.

We will essentially follow the development in [7], and will use the notation and some
results from differential geometry. We refer the reader to Section 2.6.

3.1 Definitions and Properties

Definition 3.1.1: A Lie group is a topological group equipped with a smooth manifold
structure, such that the multiplication map p and the inversion map v

u:GxG—-G, v:GoG

(a,b) —ab a— a1

are smooth. We will denote the unit element of 2 Lie group by e.

A homomorphism of Lie groups ¢ : G — T is a smooth homomorphism of groups.
An isomorphism of Lie groups is 2 map that is both 2 homomorphism and a diffeomor-
phism.

For each a € G we have two automorphisms on G definred by

Aao(z) =az, and p.(z) =zea.
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They are called left and right translation by a. We will denote their derivatives by
L,:Tg—Tg, and R;:T¢ —T¢

respectively, where T denotes the tangent bundle over G.

Recall that if ¢ : M — N is a diffeomorphism then it induces a Lie algebra isomor-
phism
¢ = X(M) = x(N).
Thus (A;). and (p,). are automorphisms of the Lie algebra x(G) of vector fields on G.

We will now show that the tangent bundie of a Lie group G is isomorphic to the
trivial bundle G x T.(G), i.e., G is parallelizable. We will denote the elements in T,(G) by

lower case letters, &,k, ...

Definition 3.1.2: A vector feld X € x(G) is called left invariant if
(AQ)UX - Xy a € G.

Note that the left invariant vector fields form 2 subalgebra x, (G) of x(G).

The derivatives of the muitiplication and inversion maps are bundle maps,
D,u. M TGxG s TG, and Dv: T(; — TG,

and an application of the identification Tgxg = Te x T gives
Lemma 3.1.1: Let X, € T,(G), Y» € T5(G). Then
(1) Du(Xe,Ys) = RyXq + LoYs, and
(2) Dv(X,) = —Lg-1 o Rg21 X,
Proposition 3.1.2(Cf. [7; p.26]): T¢ is isomorphic to the trivial bundle G x Z7,.(G) via

a: (a,h) = Lo(h) = Dp(0a, k), @ €G, ke T(G).

Thus there is a canonical isomorphism x,(G) — T.(G) given by X — X(e).

—

Moreover == _
dimx, (G) =dimG.
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Definition 3.1.3: The unique left invariant vector field generated by A € T,(G) will be
denoted by X", and is defined by
X h (e) = h.

The Lie algebra structure on x, (G) induces a Lie algebra structure on T.{G) via
(R, K] = [X*, X*)(e), bk, ke T.(G).

Suppose that ¢ : G — H is 2 Lie group homomorphism. Then we must have
¢(e) = e and so the differential at e restricts to

¢, : T(G) — T.(H).

We will denote this map by ¢'.
Noticing that ¢ 0 Ay = Ag(a) © & We get ¢'(X%(a)) = X**(é(a)), h € T.(G), a € G.

One can then show

Proposition 3.1.3: ¢’ is a2 Lie algebra homomorphism.

3.2 Representations

We call (T.(G),[,]) the associated Lie algebra to G and it will be denoted by E.

Definition 3.2.1: A representation of a Lie group G in a finite dimensional vector space
V is a Lie group homomorphism

©:G— GL(V),

where GL(V') is the Lie group of linear automorphisms of V.
By Proposition 3.1.3 and the fact that T.(GL(V)) = gl(V'), we obtain a Lie algebra
representation
8=0":E — gl(V).

Definition 3.2.2: The invariant subspace of V' with respect to © is defined by R

VGE{vé V[G(a.)v:v,aeG}.
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We have seen in Chapter 1 that there is an invariant subspace associated to a Lie

algebra representation. If ©' = 8, then

Proposition 3.2.1(Cf. [7; p-40]): If G is a Lie group and E is its Lie algebra, we have
Ve cVE

Moreover, if G is connected, then V¢ = VE,

We will present a very important representation: the adjoint representation. Details

of the construction can be found in [7].

Each a € G defines an inner automorphism 7, of G by
Tc(g) = a'ga-17 g € Gv

i.e., Te = Ag 0 pp-1. Thus 7; is an automorphism of the Lie algebra E. We will denote 7/,

by Ade. So we have

Ada =L, o R;-1.

Proposition 3.2.2: The correspondence
Ad:a— Ada

defines a representation of G in E. It is the adjoint representation of G.

Recall from Chapter 1 that we had an adjoint representation of the Lie algebra E

on itself given by
adh(k) = [h,k}, h,k€E.

The following is natural:
Proposition 3.2.3: Ad' = ad.

Just as for the ad representation we can construct new representations from Ad. We
have included all the corresponding one from Chapter 1 for completene;s.
Definition 3.2.3:

(1) Contragredient: We get 2 representation on E* by letting

Ad e = ((Ada)™Y)", eeG.
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Clearly. we have that (Ad") = ad".
(2) Suspension: We get a representation on sE by considering the following corre-
spondence

a— soAdaos™}.

We still denote it by Ad. The context should make it clear. Proposition 3.2.3 is
clearly valid.

(3) Multilinear(exterior algebras): By extending respectively Ada and Ad"a to
homomorphisms on the algebras AE and AE" we get two new representations that
we still denote by Ad and Ad". Note that because of the product rule, Proposition
3.2.3 is still valid in these cases.

(4) Multilinear(polynomial algebras): Again by extending respectively Ade and
Ad”a to homomorphisms on the algebras AsE and AsE* we get two new represen-
tations that we still denote by Ad and Ad". Proposition 3.2.3 is still valid in these

cases.
The next result justifies our restriction to reductive Lie algebras.
Proposition 3.2.4: The Lie algebra of a compact Lie group is reductive.

Proof: Let G be a compact Lie group with Lie algebra E. Since G is compact there is an

Ad-invariant inner product® <, > on FE, i.e.,

< Ada(h),Ada(k) >=<h,k>, a€G,hkecE.

f .
Thus by differentiating we get
S ’ "', f -“;

" to
o
"

< adj(h),k > + < h,adj(k) >=0, h,k,j€E,

which shows that £'is a compact Lie algebra, and hence is reductive. .

Q.E.D.

* Cf. [7; p.54]
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3.3 Invariant Forms

In this section we will look at the dual notion to invariant vector fields: invaeriant

forms.

Definition 3.3.1: A left invariant form ® on G is a form such that
Ao2=9, a€l.

Since pullbacks commute with d and are homomorphisms, the set of left invariant
forms A} (G) on G is a subalgebra of A™(G) stable under d. We can thus consider its
cohomology algebra H . (G). Note that we could have done our analysis with right invariant
forms and get AR(G) and Hgr(G).

Another application of the fact that a Lie group G is parallelizable is the result dual
to x,(G) = E, ie,

Proposition 3.3.1: The correspondence & — ®(e) defines an isomorphism
0: A7 (G) = AE",

of c.g.a’s. In particular, the left invariant functions are constaat, and A} (G) is generated
by the vector space Al (G) as an exterior algebra.

Proof: Here is p~1: Given a skew-symmetric k-linear map w on E we associate to it the
following left invariant form

(a; X1, X5 = w(Lom1 X2, ooy L2 X5),

where a € G and XZ € To(G), 7 =1, .., k.

' QED.

Using this isomorphism we can define a unique operator on AE" by

§=podop™.

i

/
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By construction, é satisfies
(1) 62 =0, and
(2) & is a derivation of degree +1.
Thus (AE".$) is a c.g.d.c and indeed™ it is isomorphic to the c.g.d.c (AE",6g) of
- Chapter 1, i.e.,
< k", hAk>=—<h",[h,k]> hke€E,h"€E".
Definition 3.3.2: A differential form $ € A°(G) is called bi-invariant if
A2=9, and p;P=9%, aeG
Again, the set of bi-invariant forms A7(G) on G is a subalgebra of A*(G) which is stable
under d. To see that they are closed, we prove
Lemma 3.3.2: v*® = (-1)*®, & ¢ A%(G).
Proof: Using Lemma 3.1.1 weget fora € G, hy,....,hx €E
(V‘Q) (G.; Rahl, eney Rahk) = ‘I’(a—l; —Lg—l hlv -y '—Lc-lhk)
= (=1)*(A3-: ®)(e; A1, -.m Bic)
= (~1)*®(e; b1, oy b))
= (~1)"®(a; Rohy, -, Roha).

Q.E.D.

Proposition 3.3.3: The. bi-invariant forms on G are closed, and so the inclusion
A;(G) — A3(G)

induces a bomomorphism of graded algebras A} (G) — H(G).
Proof: By the preceding lemma and the fact that -A} (G) is stable under d, we have

(-1)*Hd® = v"dd = dv"® = (-1)*d®, & € A}(G).

' Thus d& = 0.
' Q.E.D.

¥ CE [7; p.156)
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Lemma 3.3.4: If ® € A} (G). then p;® € A3 (G) and
o(po®) = Ad"a(p®). e €G.

Proot: A} (G) is stable under p since p; 0 A7 = A\; 0 p;. If @ € A3 (G). then
0(P2®) = (PaAz-1®)(e) = (T2-1®)(e).
where 7,-1 is conjugation by a~!. So for ® € A% (G) and hy, .., hx € E we have
(r2=:®)(e; Ray ooy hi) = e Tom1 Ry, ooy Tom1 B
= ®(e; Ada~ (Ry),..., Ada™ ! (hi))

= (Ad"a(@(e))(h1, - h).
Q.E.D.
By the preceding lemma, p restricts to an isomorphism between the invariant sub-

algebras. Thus the diagram

Al(G) — ALG)

(AE*)6 ——— AFE

commutes, where the horizontal maps are inclusions and (AE*)C is the invariant subalgebra

with respect to the Ad” representation.
Note that by Proposition 3.2.1 and the Koszul formula we have (AE*)¢ € (AE*)E ¢

ker 65. Thus we obtain the following commutative diagram

41(G) Hy(G)

GJJ'E 3]'0‘

(AB)e —— WE).
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3.4 Cohomology of Lie Groups

In this section we will compute the cohomology of compact connected Lie groups.

Let T : G x M — M be an action of G on 2 smooth manifold M. Then, for each
a € G, T determines a diffeomorphism T, : M — M by

To(z) = T(a, z).
If we let A% (M) represent the set of forms & € A (M) such that
T:3=%, forallaeG,

then A% (M) is a subalgebra of .A*(M) stable under d. Again we can consider its coho-
mology algebra, Hr(M).

The cornerstone of the computation is the following theorem and we will refer the
reader to [7; p.151] for its proof.

Theorem 3.4.1: Let i : A7(M) — A" (M) denote the inclusion. If G is a compact Lie

group then ¥ s injective. Moreover, if G is connected, then i induces an isomorphism

#  Hr (M) = H(M).

Note that it is independent of the nature of the action.

Theorem 3.4.2: If G is a compact connected Lie group then the diagram

Ar(G) HL(G) H(G)
er J = El " :
(AE)E —— H(E)

commutes and all maps are isomorphisms.
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Proof: Note that since G is connected we have (AE*)¢ = (AE")® where the invariant

subspaces are taken with respect to the Ad" and ad” representations respectively.

By Section 3.3, we thus have to show that the inclusions
A3(G) — A°(G). and A3(G) — A°(G)

induce isomorphisms 43(G) — H(G), and H.(G) — H(G). By Theorem 3.4.1
H1(G) — H(G) is an isomorphism, where the action of G on itself is left translation.
Now, define an action T of the compact connected Lie group G x G on G by

Tenlg) =a'gb, a,b,g€G.

Then A;(G) is exactly the algebra of differential forms on G which are invariant
under this action. Since the forms in A;(G) are closed, then by Theorem 3.4.1
A} (G) — H(G) is an isomorphism.

Q.E.D.

Corollary 3.4.3: H(G) = APsg.

Proof: By Theorem 3.4.2, H(G) = (AE")Z; and by Corollary 1.3.14, (AE*)® = APs.

Q.E.D.

5]



Chapter IV

Models, Formality,
and Homogeneous Spaces

In this chapter we will make precise the idea of real homotopy type of ¢ manifold M.
This will lead us to the question of formality, i.e., when does the cohomology of a manifold
M determine its real homotopy type?

Our aim is to determine when the homogeneous space G/T? is formal, where G is
a compact connected Lie group of rank three and T is an imbedded 2-torus. To begin,
we will need to construct 2 model for this homogeneous space. We describe a general
procedure to construct such a model.

The exposition comes essentially from [8] and {3].

4.1 Real Homotopy Type

Definition 4.1.1: Let (A4,84) and (B,6g) be two c.g.d.a’s. A gquasi-isomorphism ¢ :
(A.64) — (B,dp) is a c.g.d.a homomorphism such that the induced map ¢* is an isomor-
phism.

Definition 4.1.2: Let (4,64) be a c.g.d.a. A model for A is 2 c.g.d.c (B,6p) together
with a quasi-isomorphism .
| | é: (B,65) — (A,64).

A model for a manifold M is a model of its de Rham complex (A" (M), d).
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Definition 4.1.3: Two c.g.d.a’s {A,64) and (B.dg) are said to have the same real ho-
motopy type if there exists a sequence of c.g.d.a’s {{Ds,6x)}i~, and a chain of quasi-
isomorphisms

(A,64) — (D1,8:1) — ... — (Dn,6n) — (B.ép).
Moreover, the real homotopy type of a manifold M is the real homotopy type of its de

Rham complex.

Recall that two smooth maps ¢,% : M — N are said to be homotopic, ¢ ~ ¥, if
there exists a smooth map H : I x M — N such that

H(0,z) = ¢(x), and H(1,z)=¢(z).
In this case, one can show® in general that
¢* =¥ : H(M) — H(N).
The relation ~ gives rise to the usual homotopy relation between rhanifolds, ie.,

Definition 4.1.4: We say that two manifolds M and N have the same homotopy type if
there exists two smooth maps f : M — N and g : N — M such that go f ~ ¢ and
fog~in. Wecall f and g homotopy equivalences.

By the preceding remarks it is clear that two manifolds with the same homotopy
type must have the same rea! homotopy type.(The homotopy equivalences induce quasi-
isomorphisms between the de Rham complexes.) The converse is false. For example let
7 : S — RP3 be the canonical projection onto the real projective 3-space RP3. One can
show"* that

HO(S3) = HP(RP3) =R, HP(S®)=HP(RP?)=0, 1<p<2,
and H3(S%) = H}(RP®) R,
and that 7* is a quasi-isomorphism, i.e., S% and RP® have the same real homotopy type.

On the other hand, two spaces with the same homotopy type must ‘have isomorphic fun-
damental groups [13; p.371]. In this case we have z

m(S%) =0, but m(RPY)™Z,.

* Cf. [6;p-179)
** Cf. [6;p-187]
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For the rest of this exposition we will concern ourselves only with the real homotopy tvpe
of 2 manifold M.

It is clear that two manifolds which have the same real homotopy type must have
isomorphic cohomology. The converse is false. So, when does the cohomology of a manifold
M determine its real homotopy type?

Definition 4.1.5: A c.g.d.a A is said to be formal if its cohomology H(A) considered as
a c.g.d.a with O differential is a representative of its real homotopy class.

A differentiable manifold M is said to be formal if its de Rham complex is formal.
Remark: if (4,d4) and (B,dp) are two formal c.g.d.a’s, then their product (A® B, §) is
also formal. ‘

Here are some examples of formal manifolds.

(1) One knows that
n odd

ny ar Az,
W)=\ nomn 721

where degz, = n. Let w € A*(S™) be an orientation form for S™.

Suppose n is odd and consider the following map
¢ : (Azn,0) — (A°(S"),4d)
1—1
T > W,

Then, since ¢*(z,) = 0 and dw = 0, ¢ is clearly a model for S*. Thus the odd

spheres are formal.

o

Now suppose n is even and consider
(A(nbancs),8), with 6en=0, and Sbyn—y = a.
One can easily see that H(A{an,bon—1)) = H(S™), and that the following map
@ : (Alen,b2n1), ) = (4*(S"),d)
11
Gn — W
bon—1—0 |
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is a model for S®. In the same way, we can construct the following model 3 :
(A(an.ban=1).8) — (Azn/(x2),0) of H(S") by letting

l1—1, ap—2z,, and bs,_;—0.
Putting « and 3 together, we get a chain
(A°(S™),d) — (A(an,bon—1),8) — (Azn/(z2).0)

of quasi-isomorphisms between (A*(S™),d) and (H(S™"),0). So even spheres are

formal.

(2) Let G be a compact connected Lie group. Using Theorem 3.4.2 to show that i :

((AE*)E,0) — (A*(G),d) is a quasi-iscmorphism, makes (H(G). 0) a representative
of the real homotopy type of G. Thus G is formal. Recall from Corollary 3.4.3
that #(G) is an exterior algebra over an oddly graded vector space, the primitive
subspace Pg associated to the Hopf algebra (AE*)%.

(3) Other examples of formal spaces are the projective spaces, symmetric spaces®, simply

connected Kahler manifolds**, and some homogeneous spaces; eg. G/T where G is

a compact connected Lie group and T is a maximal torus (see Section 5.1).

4.2 Minimal Models

From the above examples we see that some representatives of the real homotopy

type of a2 manifold are “simpler” in the sense that they are free as c.g.d’s (eg. a). In 1970,
Sullivan made the following

Definition 4.2.1: A c.g.d.a (A,d) is said to be minimal if

(1) Ais free as a c.g.c¢ on a graded vector space V, ie., A= AV, and
(2) .V admits a homogeneous basis {z%} ¢ indexed by a well ordered set J such that

a < = degz™ < degz®, and dz° € A2%(28)g,.
A minimal model of 2 c.g.d.a (A,da) is 2 model ¢ : (AV,d) — (A,d,) where (AV,d)

is minimal

= Cf. [3; p41]
** Cf. [3; p.172]
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Sullivan showed in {16] that minimal c.g.d.a’s are unique in the following sense.

Proposition 4.2.1: A quasi-isomorphism between minimal c.g.d.a’s is an isomorphism.

Remark: If V = ;.. V*, then
(AV,d) is minimal <= d(V) C AZ?V.
The converse is false. Here is an example. Consider A(z;,¥;,2;) and define
dr; =y1z1, dy1 =2z1z), and dz) =z

Now consider the minimal ¢.g.d.a (Aa3,0) and the following model
(Aas, 0) — (A{z1, 31, 21),d)
l—=1
Q3 — I1y12]1.

It is clearly not an isomorphism, but it is 2 quasi-isomorphism. Note that by Corollary
1.3.7 (A(zy,y1.21).d) = (Aso(3)", 8).

If (A,da) is such that H%(A) = R and that H*(A) = 0, then it is said to be
1-connected. If dim HP(A) < oc for all p, then H(A) is said to be of finite type.

Sullivan also showed that

Proposition 4.2.2: Ifa c.g.d.a (4,dy) is 1-connected and its cohomology is of finite type,

then it has a minimal model.

4.3 Pure Models

We introduce next a particular class of models: pure models. Their importance lie
in the fact that they arise as models of homogeneous spaces in a natural way (Section 4.6).

Let (AV.d) be a c.g.d.a where V = Q @ P is a graded vector space with Q = Viyen
and P = Vy44.

Definition 4.3.1: (AV,d) is said to be a pure c.g.d.c if

d(Q) =0, and d(P)c AQ.
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A pure modelof a c.g.d.a (A.d4) is a model ¢ : (AV.d) — (A4.d4) such that {AV.d)

is a pure c.g.d.a.

Remark: Given a linear map 6 : Q © P — AQ ® AP homogeneous of degree +1 together
with 6(Q) = 0 and 6(P) C AQ, one can extend § to a derivation such that (AQ ® AP, §)
becomes a c.g.d.a. It is called the Koszul compler. Clearly it is a pure c.g.d.a On the
other hand, it is easy to see that if §|p = d|p, then

(AV.d) = (AQ ® AP, §).

Next we introduce the Semelson subspace. Its dimension will determine when a
given homogeneous space is formal or not. Consider the map & : (AQ ® AP, d) — (AP,0)
givea by

f(l1@w+PQ@v)=w, w,rveEAP, ®cATQ.
It is 2 c.g.d.e homomorphism.

Definition 4.3.2: The homomorphism x# induced by x is called the Samelson projection,
and the graded subspace
P = PnImx#

is called the Samelson subspace of P.
We will call a graded subspace P¢ C P a Samelson complement if
"P=PgP-.
Lemma 4.3.1: Let w € P. Then

weEP < dweA*Q-d(P).

Proot: It follows from the observation that P = x(2*(AQ ® AP} N (AQ @ P)).
- Q.E.D.

Proposition 4.3.2(Reduction Theorem): Let (AQ ® AP,d) be a pure c.g.d.c with
Samelson subspace P and Samelson complement P¢. Then there is 2 c.g.d.a isomorphism

F:(AQOAP)QAP,d® L) — (AQ® AP,d).
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Proof: Choose 2 linear map p: P — Z°(A)NAQ®@ P homogeneous of degree 0 such that

k0 p =1 Since P is oddly graded we must have
p(z)>=0, zeP.

Thus we can extend p to a c.g.c homomorphism p : AP — Z~(A). Define f by

setting
F(2@r)®w)=(2®v)-pw), DcAQ,veAP weAP.

Clearly f is a c.g.a homomorphism. Moreover, since d o p = 9, we have
(do N(2®v)@w) =d((®®v)- p(w))
=d(®®v)- p(w)
=(fo(d®)(2®r)®w).

Thus f is a ¢.g.d.a homomorphism. Now consider the isomorphism

F:AQQAPT®@AP S AQ® AP

given by 8@ v ®w — P ® v - w (see Proposition 1.3.10). Since k0 p = ¢, we must

have p(w) =1®w + ¥ for w € P and ¥ € A*Q ® P, which implies that

f-T:AQ®AP'®AP — (DAQ®AP. (1)
i>k
Now filter the algebras AQ ® AP°® AP and AQ ® AP by the ideals D> NQ®
AP*®AP and @D;>+ A’Q® AP respectively. Thea, since T is a filtration preserving
isomorphism, it induces an isomorphism T between the associated algebras. More-
over, because of (1), f is a filtration preserving homomorphism and F — I = 0. Thus
[ is an isomorphism. It implies” that § is an isomorphism.

Q.E.D.

* Cf. [8; p.40)
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Corollary 4.3.3: The pure c.g.d.a (AQ ® AP).d) has the same real homotopy type as

(AQ ® AP°.d) ® (AP.0).

Let (AQ ® AP,d) be a pure c.g.d.a. If Q and P are finite dimensional then we can
define the following integer

I =dimP - dimP - dimQ.
Remark: There is another gradation on AQ & AP, called the lower gradation, given by

AQ®AP = EDAQOA*P.
k

" Evidently d is homogeneous of degree —1 with respect to the lower gradation. Thus a
lower gradation is induced on H(AV) and is denoted by

H(AV) = @ Hi(AV), where Hi(AV) = Zi(AV)/Bi(AV).
k

Note that Ho(AV) = AQ/(dP).
The next theorem is a technical result and we refer the reader to {8; p.78] for its

proof.

Theorem 4.3.4: Let (AQ ® AP, d) be a pure ¢.g.d.a with finite dimensional cohomology.
Then I 20, ie., |
dimP > dim P + dimQ.
Moreover, given a Samelson complement P¢, the following conditions are eqm'vélent
(1) dimP = dimP + dimQ,
(2) Hi(AQ® AP} =0.

Remark: dimH(AQ ® AP) < o if and only if dim AQ/(dP) < co. This can be seen by
noting that since ker d is a AQ-submodule of the finitely generated AQ-module AQ ® AP
and AQ is Noetherian, then ker d is also finitely generated. Thus H(AQ®AP) is 2 finitely
generated AQ-module. Hence it is also a finitely generated AQ/(dP}-module.



43 Pure Models 43

The following theorem is key in that it gives us a criterion to determine if 2 given
pure c.g.d.a is formal.
Theorem 4.3.5: Let (AQ ® AP,d) be a pure c.g.d.¢ with finite dimensional cohomology.
IfdimP = dim P + dim Q. then (AQ @ AP,d) is formal.

Proof: Assume dim P = dim P + dimQ and let P° be a Samelson complement. Clearly
(AP,0) is formal. Thus, using Corollary 4.3.3, we just have to show that

(AQ ® AP, d)
is formal. Define ¢ : (AQ ® AP<,d) — (AQ/(dP€),0) by
(PR1+¥Qv)=[d] $, 0 e AQ, vre ATPC

Applying Theorem 4.3.4 we get H., (AQ ® AP°) = 0. Thus (AQ ® AP*,d) is formal
since H (AQ @ AP®) = Ho(AQ ® AP®) = AQ/(dP¢) and ¥ is a quasi-isomorphism.
QE.D.

Remark: The converse is also true”.

To conclude, we include here the notion of formal dimension. It will be crucial in
Section 5.4.

Definition 4.3.3: A finite dimensional c.g.a A is said to be of formal dimension n if
A" £0and A* =0 for k > n.

Halperin gave the following formula to determine the formal dimension of the co-
homology algebra of a pure minimal ¢.g.d.e.[9] It is also known as the degree of the top
cohomology class.

Theorem 4.3.6(Halperin’s formula): Let (AQ® AP, d) be a pure minimal c.g.d.e with
finite dimensional cohomology. Given a2 homogeneous basis {z,} of Q & P, the degree m
of the top cohomology class is given by

- m = dimQ - Z(—l)d‘g""degz,. -

" Cf [§;p152] <

.
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4.4 The Weil Algebra

Our next step is to construct a model for a homogeneous space G/H. We present

here the Weil algebra. It is a key step in constructing the Carten map which in turn is a

keyv ingredient in the construction of the differential of our model.

Let E be 2 finite dimensional Lie algebra with basis {e, } and dual basis {¢**}. and
consider the following free c.g.a generated by sE™ @ E* (again we consider E* as a graded

vector space concentrated in degree 1)

W(E) = AsE" @ AE",

I

together with the following derivations on W(E)
d=1®%ég + d, + h,

ds = ) ad'e, ® u(e™),
4

h= 3 ase) ®ile).

v

k= Z i(se,) ® ul(e™), and

14

bw(z) = ad’z®1+1®ad’z, z€E,

(recall the operators z,%, and g from Section 1.3). Ore easily shows that d, d,, and h are

derivations of degree +1, that k is a derivation of degree —1, and that 6w is a derivation

of degree 0. Note that 8y is a Lie algebra representation of E in W(E). The invariant

subspace W(E)E will always be taken with respect to 6yw.. The next proposition” is similar

to Theorem 1.3.6, i.e.,
Proposition 4.4.1: Let = € E. Then
1®i(zr)od+dol®@i(z) =6w(z), Ow(z) od = d o Bw(x),

and d?>=0.

= Cf. [8; p.226]
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Definition 4.4.1: The c.g.d.a (W(E),d) is called the Weil algebra of the Lie algebra E.

Remark: Combining the Koszul formula with the definition of d, one gets
20@8e) + ds = 3 1@ p(e™) o bw(e.).

Thus d restricts to 1d, + h on W(E)~.

Theorem 4.4.2: H(W(E)) = H(W(E)F) =R.

Proof: If we consider the derivation B = d o k + k o d of degree 0 one can show" that
it restricts to linear isomorphisms on W7(E), 7 > 1. Fix an r > 1. Then the
minimal polynomial of the restriction must have 2 nonzero constant term. Thus for
2 € W™(E) we have

Q=3 ¢BQ ceR

izl
Combining this fact with k*> = 0 and kfy- () = 6 ()&, one obtains the result.
QED.

4.5 Cartan map and Transgressions

Throughout this section F and F will denote finite dimensional reductive Lie algebras.‘

Let ¢ : F — E be a Lie algebra homomorphism. Then its dual can be extended to
homomorphisms of algebras '

¢1:AF* — AE", and ¢ : AsF" «— AsE".

i,

The relation ¢ o (ady) = (ad¢y) o ¢ for y € F, yields
(ad'y)o i = ¢io0(ad"dy), i=1,2,

by dualizing and noting that both sides are ¢;-derivations. Thus they both restrict to the
invariant subspaces and we will denote their restrictions by -

#. : (AF")F = (AE")E, and ¢':(AsF-)F;(AsE')E.

. CL [8; p229]
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The Cartan map

We need two maps in the construction of the differential for the model of G/H: the

Carten map and a transgression. We now build the first one.
Consider the projection =g : W(E) — AE‘_V given by
fe(l@uw+d®v) =w, w,uEAE‘.QEA+sE'.
Clearly 7z is a c.g.a homomorphism. Moreover we have
dpomg=sgod and wgobw(z)=ad zoxwg, r € E.
In particular, =g restricts to 2 homomorphism on the inv?ﬁan£subalgebras, ie.,
=g : W(E)® — (AE™)E.
| Now, since d = 1d, + k on W(E)®, on this subalgebra
| wgod=10.
And finally, if ¢ : F — E is a Lie algebra hqmomorphism, then

¢10TE = TFO (¢2®¢1)-:—

Proposition 4.5.1: For all & € (A¥sE")E, there is a unique element w € (A*E*)E such
that for some Q € W*(E)E

75(Q) =w, and d2=FQ1.
Proof: Clearly d(® ® 1) = 0 since & is invariant. Thus, by Theorem 4.4.2, there exists an
element Q € W+(E)F such that '
iN1=201.

We claim that w = 7£(Q) is unique. If Q' € W+(E)E is another such element with
dV =%®1, then = 7
dQ-Q)=0.

N
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And so, again by Theorem 4.4.2,
Q- =d)., forsome Qe W*(E)E.
It follows that
7gQ — 7gQ = =gd({l) = 0.

Thus w is independent of the choice of 2.

QED.
Definition 4.5.1: The correspondence $ — w defines 2 linear map

og : (AYsE")E — (ATE)E
homogeneous of degree —1 called the Certan map for E.
The Cartan map is canonical in the following sense:

Lemma 4.5.2: If ¢ : F — E is 2 homomorphism of Lie algebras, then

0P = QF O Q.

Proof: We will use the fact® that (¢ ® ¢1) od = d o (62 ® ¢y). Let & € (A+sE")F with
Q € W+(E)E such that
d=d®1.

Then 622 ® 1 = 62 ® 1 (8 ® 1) = ¢ ® 6, (d0) = d o (¢ ® $1)(Q), and hence
or$2® = 7 0 ($2 ® 31)(Q) = $17EQ = ¢1059.

QED.

Using the isomorphism between A9sE* and the symmetric g-linear forms on E, and
the isomorphism between A%¢~1E" and the skew-symmetric.(2g — 1)-linear forms on E,
one can give™ an explicit description of the Cartan map:

* Cf. [8; p.228] =
** Cf. [8; p.234] ' '
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Proposition 4.5.3: The Cartan map for a Lie algebra E is given by

(QE@)(:C]_. - .‘rgq_l)

_ (=g -1)!
T 29-1(2¢ - 1)!

Z Ga‘i’(Ia(x), [ff-'a(:.’)- Ia(s)], [Io(2q—2)-xa(2q—1)])s
oES2e~1

where §29-1 is the symmetric group, € is the signature, and ® € (AYsE")E, 1, € E.

The following properties of the Cartan map will be needed in Chapter 5 to show
that in some cases G/T? is formal by exhibiting a basis of Pg: the subspace of primitives
of the associated Lie algebra E of G.

Proposition 4.5.4: If E is a semisimple Lie algebra, then the restriction of the Cartan
map to (A2sE")¥ is injective.
Proof: If we restrict ourselves to g = 2, since ® € (A%2sE*)¥ is invariant, we have

(jz.9), 2) = ®([v. 2], x) = ®([z,=z].%), T.¥,z€E.

Thus, using Proposition 4.5.3, we have pg(®)(z,y,z) = —1®(|z, ), ). Now suppose
that & € ker pg. Then, we must have

&([z,y}.z) =0, forallz,y,z€ E.

But, since E is semisimple, E' = FE thus $ = 0.
QE.D.

Corollary 4.5.5: If E is a semisimple Lie algebra, then

eg(K) # G,
where K is the Killing form of E.
Proot: Recall from Section 1.3 that X is a symmetric bilinear form and satisfies
K([z.y],z) + K(3,[z,2]) =0, z,y,2€E

Thus K € (A2sE~)E. Moreover, since E is semisimple, K is nondegenerate. In
particular K # 0. The result follows from Proposition 4.5.4.

Q.E.D.
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Transgressions

Next we introduce a transgression. It is the heart of the differential of the model

for G/H. Recall the Definition 1.3.12 of the primitive subspace Pg of E.
Definition 4.5.2: A linear map 7 : Pg — (AsE")E homogeneous of degree +1 is a
transgression if for every w € Pg, there is an element Q € W+(E)f with

dQ) = 7w®l, and 1Q@uw-0€kerwg.

A simple application of the definition of the Cartan map gives

Lemma 4.5.6: Let 7 : Pr — (AsE*)E be a linear map homogeneous of degree -+1. Then

T iS a transgression <> pgpoT =1L.

Using spectral sequences and Theorem 4.4.2, Koszul proved the next result, which
is known as the Symmetric Hopf Theorem. We refer the reader to [8; p.242] for its proof.

Theorem 4.5.7: Let E be a reductive Lie algebra. Then there exists a transgression

7: Pe — (AsE™)E. Moreover, we can extend T to 2 c.g.a isomorphism
T:AsPg = (AsE")E.

Thus (AsE")E is a polynomial algebra.

Corollary 4.5.8: Let E be a reductive Lie algebra. Then

kerpg = (A*sE")E . (A*sE*)®, and Impg = P:.

Proot: Let &), 2 € (A+sE")F with Q@ € W+*(E)F such that dQ = &, ®1. Since d(®;®1) =
0, we have ?
 $12:01=($181)($201) =d- ($:®1) = d(Q - (3, 1)).

And so .
z ’ ~ - ee($190) = WE(QI (D2 ® 1)) =7gQl-7e(P2@1)=0.
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We thus have (A*sE*)E - (AtsE")E C ker pg. By Theorem 4.5.7, there is a trans-

gression 7, and, by Lemma 4.5.6, it satisfies pg o 7 = t. Clearly we have
A*sPg = sPe @ A*sPg-AtsPg.
and applying the extension of T to A*sPg leaves us with
(A*sE")E = 7(sPg) ® (AtsE")E . (A*sE")E.

Q.E'...».‘;
Important for our later work is the next result.

Corollary 4.5.9: If E is a semisimple Lie algebra, then

# pe(K) € Pg.

4.6 Homogeneous Spaces

Let G be a compact connected Lie group and H a connected closed Lie subgroup.
There is a well defined smooth manifold structure® on the homogeneous space G/H. We
can thus ask ourselves:“When is G/H formal™ We will tackle the problem by first con-
structing a pure model for G/H, then use the characterisation of formality given in The-
orem 4.3.5.

We will now indicate a ﬁray of constructing such 2 model. Note that, by Proposition
2.4.2, we must have

dimM(G/H) < .
Denote the imbedding of H into G by
J:H—G.

Let E and F denote the Lie algebras of G and H respectively. Then, by Proposition
3.2.4, they are both reductive. By Proposition 3.1.3, we have a Lie algebra homomorphism

i=J:F—E

~ Cf. [7; p.77]
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which is simply the inclusion of F into E. Choose a transgression 7 : Pp — (AsE")F and

let Qr = sPr. Then, using the Hopf Symmetric Theorem, we get 2 linear map
P - (AsE")® L= AQF
homogeneous of degree +1. Thus, we can form the Koszul complex, i.e.,
(AQr ® APg, ).

The cornerstone of this thesis is the following result. We refer the reader to {8;
p.462] for the proof.

Theorem 4.6.1: There is a quasi-isomorphism

é: (AQr ® APg,6) — (A" (G/H),d).

Corollary 4.6.2: dim M (AQFr ® APg) < oo.
Corollary 4.6.3: If dim Pg = dim Pg + dimQpr, then G/H is formal.

Remark: When it comes to actually computing the Koszul complex, one chooses a ho-
mogeneous linearly independent set {Q;} C (A*sE")* such that {w; = 93(9,-)} is a basis
for Pg (recall that I'm gz = Pg). Then, we define

1'(:..:,-) = Qi,

and extend linearly. By Lemma 4.5.6, T is 2 transgression. It remains to compute {5°}.
But this is done by computing the restriction of the symmetric form €2; to . These kinds
of calculations were first studied by Koszul. We present an example in Section 5.5.

L
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Chapter V

Formal and Non-Formal
Homogeneous Spaces

Let G be a compact connected Lie group and J : T2 — G a Lie group imbedding of
a 2-torus T2 in G. |

The aim of this chapter is to classify all homogeneous spaces of the type G/T®,
where G is of rank 3, according to whether or not they are formal. We will denote the Lie
algebras of G and T by E and F respectively and J' = j : F — E the natura! inclusion.
Note that since F is abelian we have |

(AsF*)F = AsF*, and Pp=F".

Thus (AsF*)F is a polynomial algebra in two variables(of degree 2). We will denote this
algebra by =
AQF = A(y2, z2).

5.1 Maximal Tori

Let T be a closed connected abelian subgroup of G. Then T is compact and a Lie
subgroup®. it follows that T is a torus™*: Note that the Lie algebra of a torus is abelian.
Definition 5.1.1: We will say that T is 2 mazimal torus in G if it is not properly contained
in another torus.

* Cf. [7; p-63]
* Cf. [7; p-45]
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Clearly the automorphisms 7,{z) = gzg™!, g € G, carry 2 maximal torus onto a

maximal torus. Recall that an element ¢ in G is called a generator of G if
{e* ke Z} = G.

Lie group theory tells us that ({7; p.46 and p.92])
Proposition 5.1.1: Let G be a compact connected Lie group and T a torus. Tken
(1) T has a generator,
(2) every element in G is contained in a maximal torus, and
(3) any two maximal tori are conjugate.
This result permits us to define
Definition 5.1.2: Let T be 2 maximal torus in G. Then the rank of G is

kG = dimT.
Given a Lie algebra E, recall that the normalizer of a Lie subalgebra F is given by
N(F) = {x € E|adz(F) C F}.

Definition 5.1.3: A Cartan subalgebra b of 2 Lie algebra E is a nilpotent subalgebra such
that

~—

N() =h. o

In particular, when E is compact, one can show the existence of Cartan subalgebras,
and that they are in fact the maximal abelian Lie subalgebras of E. Note that they always
coriain the center Zg of E. Moreover, one can show that they are in fact conjugate. Thus

we can define the renk of a compact Lie algebra F by

rk E = dimb.

————

Given a compact conm;(:ted Lie grovp G, we see that the Lie subalgebra of a maximal
torus is in fact a Cartan subalgebra (since E is compact). Thus, we have

e rkG = tkE.
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For E compact, this is another way of seeihg that rk E is independent of the chosen
Cartan subalgebra since all maximal abelian Lie subalgebras have the same dimension
(being the Lie algebras of the maximal tori in G).

Remark: Since E is reductive, we have E = Zg & E’. Thus
rhkE = dimZg + Tk E'.
We have shown that (Theorem 3.4.2 and Corollary 3.4.3)
APg = (AE")E =H(G).
Moreover, one can show” that
dim Pg = 1k G.
Thus we obtan

" Theorem 5.1.2: If G is a compact connected Lie group and T is 2 maximal torus in G,
then G/T is formal.
Proof: We have that
dimPg = dimT = dimQr.
Hence, by Theorem 4.3.4 and 4.3.5, G/T is formal.

Q.E.D.

5.2 The primitive elements

We are interested here in the case of a compact connected Lie group G of rank
3 and an imbedded 2-torus T2. Notice that the model of G/T? described in Chapter 4
dependents only on the nature of the corresponding Lie algebras and the imbedding. We
will see that in most cases the knowledge of the primitive elements solves the problem of

determining when is G/T? formal.

Recall from Chapter 3 that if G is compact, its Lie algebra is reductive, and thus
can be written as E = Zg © E' with E' semisimple. Hence, E" = (Zg)* @ (E'5* with -

dim (E')* = dim Zg.

* Cf. [7; p.167]

;./"/\;
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Lemma 5.2.1: If E is a reductive Lie algebra, then (E’)* = P§. Moreover

dimZg = dim Pé

Proof: We first show that (E’)* C PL. Let z* € (E’')* and z € E. Then forall z € E we

have
<ad’z(z"),z> = — < z°,adz(z) >

= - <z [z,z] >=0.
Thus z* is invariant. On the other hand recall that the comultiplication A on
(AE")F from Theorem 1.3.13 is 2 c.g.c homomorphism. In particular it is homoge-

neous of degree 0. Now, since degz* = 1, we must have
Alz") =z"@1+19z".

Hence z° € Pg. Next we show Pg C (E')L. Let 2° € PL. We have ad*z(z") = 0
for all = € E since P C (AE")E. In other words we have

0=<ad'z(z"),y> = - <z°,adz(y) >

= -<z°[z,9] >, z,y € E.
Thus z° € (E')*.
Q.E.D.

When Zg = {0} we have E = E' and E a compact, semisimple Lie algebra. And so,
by app]yi:.{g Theorem 1.3.9 we get b3(E) = dim P2, which is the number of simple ideals
in E. We still have some grip on P when E is a nonabelian reductive Lie algebra.
Lemn;a'5;_2.2:' If E is a reductive Lie algebra such that E # Zg, then dimPg >1.
Proot: Fisst, suppose E = E'. Then E is semisimple. Thus, by Theorem 1.3.3, the Killing

for’x_p K g is nondegenerate. Using the Cartan map and Corollary 4.5.9 we have

—al

P£ 5 es(Kg) #0.
“‘Recall that the Cartan map is homogeneous of degree —1. Now consider the general
~ case E # E', and consider the inclusior i : E' < E. Then, by Lemma, 1.3.1, we
~.have '
| Ker = Kgy,,, .. =i (Kg).
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Now combining the first result with Lemma 4.5.2. i.e..

1,00 = 0grO1 .
shows that P2 3 pg(Kg) # 0.
Q.E.D.
Using Lemmas 5.2.1 and 5.2.2 we can now enumerate all the possible primitive
subspaces associated to a rank 3 compact connected Lie group’s Lie algebra. We have
divided the possible Pg’s into six cases. We will show in Section 5.4 that the first five
cases are always formal. On the other hand, we will see in Section 5.5 that the last case

depends on the imbedding whether it is formal or not.

Now, since Pg is oddly graded and dim Pg = 3, we have

Generic format of the generators

of the possible Pg’s

Cases dimZg b3(E) Pg

a) 3 1 < 1,79,2) >

b) 2 1 < T,T%,Z3 >

c) 1 lor2 < T1,%3,T2541 >, F =1

d) 0 1 < T3,72541,Tokt1 >y J k> 2
e) 0 2 < zg,xf,,xg_j.,.l > 322

) 0 3 < T3,I5,15 >

Table 1

where the subscripts represent the degree of the generators and the occasional primes or

double primes distinguish two generators of the same degree.

5.3 The Killing form

The Killing form K plays a central role in our problem. As we will see, its importance
lies in the fact that it is 2 “well-behaved”, canonical element of (A2sE*)€ (Coroliary 4.5.9).
Every nonabelian reductive Lie algebra comes equipped naturally with this non-trivial
symmetric, bilinear form.

The next result is key. Recall that j*(X) is a2 homogeneous polynomial of degree
2(i.e. polynomial degree) in AsF*, where F is the 2-dimensional abelian Lie algebra of T?

and j denotes the usual inclusion of F' into E.
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Theorem 5.3.1: Let G be a compact connected semisimple Lie group of rank at least 2
and T? an imbedded 2-torus. Then " (K} is an irreducible polynomial in AsF~.
Froof: Since the Lie algebra E of G is compact, there exists a negative definite inner product

on E such that
< adal(z),y> + <z,ade(y) >= 0, a,z,y€ E.
That is (ad o)’ = —ada. Thus the Killing form has value
K(a,a)=tr(eda)® = —treda-(ada)' < 0.

But, since E is semiéimple and K is nondegenerate, K must be negative defi-
nite. Thus the signature of K is —dimE. Now j~(K) is the restriction of K to
a 2-dimensional subspace F' C E. It must still be negative definite, thus, by the
Principal-Axzis Theorem; there is an orthonormal basis for F such that

K|r = —{a(sz")* + b(sy")?), a,beRY,

where F' =< z,3.> and s is the suspension map (see Definition 1.1.1). Hence j*(X)
is irreducible in AsF™.

Q.E.D.
5.4 The formal cases

‘ In this section we will show that the first five cases of Table 1 are all formal. The
important result that we wili use is Theorem 4.3.5 that asserts that formality is implied
by

r
I

¥,
“r
r

dim Pg = dim F + dim Pg,

where Py is the Samelson subspace. Note that in our case, this means that we have to
construct a nonzero element in PE;. Thus, we willhapply the criterion of Lemma 4.3.1, i.e.,
for € Pg (recall from p.53 that AsF™ = A(y2, 22))

: o zePs < d@)eAt(yw,2)-dPE). :

LI
B . v . L4
e A R L ..
VT e R
" - . b H . L
T . ‘ .
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Finally we will need the following notion from commutative aigebra.

Definition 5.4.1: Let R be a commutative ring with unity. A sequence {r).7a.....7,} C R

is said to be reguler if r; is not a zero divisor in R and the class [r;] is not a zero divisor in
R/(r1.-eTimy), for2<i<n

Oné can then show"

Lemma 5.4.1: Consider the polynomial ring A(y2, 22) and two homogeneous polynomials
f1 and f». Then

dimp A(y2, 22)/(f1, f2) <o <= {f1, f2} is a regular sequence.

Theorem 5.4.2: The five cases, (2) through (e), of Table 1 are all formal.

Proof: A
(a): This is the abelian case. Being connected, G is generated by its abelian Lie a:lgebra
. through the exponential map™" and thus must be abelian™**. Now, since T2 is a
civsed normal subgroup of G, G/T? is a Lie group, and by Section 4.1 it must be
formal. Note that this result is true for any n-torus G with an imbedded k-torus
T*,1 < k < n. The resulting Lie group must be an (n — k)-torus. In our case G/T2

is a circle.

(b): Notice that any odd cocycle of Pg is in the Samelson subspace. Thus if dz; = 0 or |
dz), = 0 we are done. If dz) = adz} for & € R, then clearly z; — o} € Pg and we
are done. Now if they are linearly independent, then without lost of generality we

can assume that dz) = y2 and dz] = 25. Since the model is pure, we have

d$3 = ay% - ,By232 + 723! z aa‘ﬁ!'y € B"l
= oyedzy + Byedsi + yzodz; € At(ye,22) - d(PE),

~

and so 23 € PE.

* Cf. [17; Appendix 6]
=~ CE. [7; p.35]
T T Cf. [7; p.44]

e
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(2): If dx; = 0 we are done. Else, without lost of generality we can assume that dr; = y».

Again we have

d;:;—\\._""-‘ sz" -L‘Tz‘), anBv'TGR-v

and if v = £, then 3 € Pg and we are done. But, if v # 0, then 33, yo22, and =

can be written as
"
Ys = yodT;.

Yoo = 22d.’.'51, and

23 =77 (dz3 — ayedz; — B2adzy).

Now we know that dza;.) € A7 (ys, 20), 7 > 1. Thus it can be written as

drsjs1 = PY3 + qyeze + T 23,

__where p.q.7 € A’"}(ya,22). Clearly if r = 0 then we are done. Else , if j > 1,
_ " then Zoj41 € Pg. Andif j =1, denotmg T2j+1 by x5, then p, q,r € R and thus

y-lzy — r-1z5 € PE.

(d): This case arises when E is a simple Lie algebra. We know, by Theorem 5.3.1, that

dz3can be chosen as an irreducible polynomial in A%(ys, 22). Thus A(ys, 22)/(dz3)
has no zero divisors and so the class dzo;4) € A(y2, 22)/(dz3) is either zero or it is

not a zero divisor. In“the first case we must have

dZj41 = (2, 22) - dz3, P € N7y, 22),

i.e,, Zoj41 € Pr. In the other case {dz3,dz9;+1} is a regular sequence. Moreover,
applying Theorem 4.3.4 and its associated remark together with Lemma 5.4. 1 to the

model (A(y2, 22,23, Z2;41), d), one gets

dimH (A(yz, 22,ZI3, :I.‘gj.;,.]‘), d) =dim Ho (A(yg, 22,T3,T25+1), d)) < 0.

Now, since this model is minimal (every differential is quadratic and there are no
generators in degree 1), we can apply Halpenn s formula and find that the degree

of its top cohomology class is

S

= m=2--f4+;,3+25+1:=‘ 2j +2.
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So for k > j. dTax+1 must be a boundary in (A(ye. 22.T3.T2,+1).d). i.e.. there exists
an element u € (A(ys. za,23.T2,+,))> 7! such that du = drag4;- Notice that u must

be a linear combination or =onomials of the form

plys.z2) T3 or q(ya.22) - T2je1. With p,g € AT (¥, 22)

since we want u to be of odd degree. Thus we have Tar4, € Pg. Now, since E
is simple, using the classification of real compact simple Lie algebras, we can thus
enumerate* the possible Pg of dimension 3. There are only two cases
Pg =(z3.25.27) E = s0(6),su(4)
and P = (:1:3,:::7,zn) E = 50(7), sp(3).
And so we always have k > . '

(e): Using the same arguments as for case (d), we can construct a regular sequence

{d:za,'dzg}. The degree of the top cohomology class is given by
m=2~-4+3+3=4,

which is strictly less than 2j + 2 when j > 1. Thus Zaj41 € Pz.

Q.E.D.

4

5.5 A non-formal example

- —_— . -

In this section we will show that, under certain ;ircumstanc&s, the case (f) of Table

1 exhibits non-formal homogeneous spaces. We will make precise those ciréumstances.

Let G be a Lie group of rank n and T an imbedded k-torus, 1 < k < n. Consider
the conjugation map 7,(z) = gz¢~*, Z,¢ € G, and define a; : G/T — G/gTg™! by |

[z] — [re(2)]:

Clearly,  is well defined and bijective. (Inverse: [z] — [9~'zg])
The next result shows that nof only are two conjugate tori diffeomorphic as Lie
groups butg that they produce diffeomorphic homogeneous spaces.
T CE (14 |

) ~
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Remark: By construction of a4, the diagram

£} ]

T G G/T
gTg™! G G/gTg™!

commutes, where 7 and 72 are the canonical projections. Since G/T is a quotient manifold
of G, and =2 and 7, are smooth so is a,. Moreover, all vertical maps are diffeomorphims.

Thus we get the following well-known result

Theorem 5.5.1: Let T and T* be respectively a maximal torus and a k-torus in G. Then
all homogeneous spaces G/T are diffeomorphic. Moreover, there is a k-torus S in T such
that G/S is diffeomorphic to G/T*.

Proof: The first stateruent is clear since all maximal tori are conjugate. For the second, let
a € G be a generator of T*. Then, there exists g € G such that the maximal torus
gTg™! contains a. Thus T* C gTg~1. Now let S= g~ T*gC T.

QED.
Thus, to determine which G/T? are formal it is sufficient to pick an arbitrary mﬁ-
imal torus T and consider the homogeneous spaces G/T? for all T2 C T.

Recall that in the last case of Table 1, the Lie algebra E of G is compact, semisimple
and contains three simple ideals. These ideals are necessarily compact ard of rank 1. By
[4; p.436], these ideals are isomorphic to so(3).

Thus E = I) @ I @ I3 where I; =< a;,b;,¢; >, i = 1,2, 3, together with

[eib]) =c, [bi,a]=a;, end [g,a] =b:
If we consider the I;’s as Lie algebras, then their Killing forms are given by K; = —2I.
The K;’s can be extended to elements of (A2sE")% by

(K, x1, = =21 - &;5 - b, :
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where §;; is the Kronecker delta.

Now choosing an abelian subalgebra of E of dimension three is equivalent to choosing

2 maximal torus in G since G is connected (use the exponential map). Let
W =< aj,as,a3>

which is such a subalgebra. Denote by T the maximal torus generated by W. Then any
2-torus T2 C T has its Lie algebra in W, so we only have to study the 2-dimensional
subspaces of W.
Let F C W be 2 2-dimensional subspace.

Remark: There are in general more 2-dimensional subspaces in W then there are 2-tori
in T because under some circumstances exp(F) = T (see example 1 below and use a or
B € Q). We will assume that indeed F generates a 2-torus. ;
Without lost of generality, we can assume that this plane, i.e. F, has a normal of

the following form:

n = ae; + Ba2 + a3, a,BeER
Thus a basis of F is given by {y = a) — aa3,z = a2 — Baz}, and so
QrF =sF" =<y =sy",22=s2" >,

where {y*,z"} is the dual basis for F*.
Now, the Killing forms {K;} are homogeneous linearly independent elements of
(A2sE*)E and since dim Pg = 3, by Proposition 4.5.4, we have that

{z3 = ee (K1), 25 = 0e(K2),z3 = pe(K3)}

. is a basis for P3 = Pg.

We are now in a position to build the Koszul complex associated to G/T2. Let
e
j : F «— E denote the natural inclusion and define a transgression 7: Pg — (AsE‘)E.by

1'(::3) = Kl, T(ﬂ:&) = Kz, and -r(:cg) = Ka.
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Since j°(K,) is just the restriction of K, to F, one can show easily that
JT(K) =3, J'(K2)=-2. and j'(K3)=—(ay2+Bz)
Thus the Koszul complex is given by (A{yz, 22, 3, 25,23 ). d) where
dr3 = —y3, dzy=—z3, a.nd dz§ = —(aye + Bz2)>.

Theorem 5.5.4: This minimal c.g.d.a is formal if and only if a = 0 or 8 = 0.
Proof: If @ = 0 or B = 0 then it is clearly formal since either a®z3 — z§ or fz5 — z¥ is
a cocycle. Conversely, suppose both are nonzero and let V =< y», 25, 23,25, 2§ >.
The cohomology of this minimal ¢.g.d.a is given by

H (AV) = A(Qg, b2) Cs, dS)/(agv bgy 0262, aaCs, b2d51 ¢sds, a'.’dS - bng).
Now, by Proposition 4.2.2, (H{AV),0) has a minimal model
&< (AW, 8) — (H(AV),0).

This model must have two generators 2, B2 € W2 such that §v2 = 682 = 0, ¢(2) =
az, and ¢(Bz) = by. Since AW is free, there must be three generators 73,73, 7 € W3
such that 673 = 73, ény = B3, 614 = 722, and ¢(m) = ¢(n}) = &(n%) = 0. Now, as
it stands, ¢((AW)®) = 0 since ¢ is 2 homomorphism of algebras. So there must be
two generators ®s, &5 € W* such that §&s = §2% = 0, and ¢(Ps) = cs, (D) = ds.
But then we see that (AW, §) is not isomorphic to (AV, d) contradicting Proposition
4.2.1. Thus (A(ye, 22, T3, 75,2%),d) is not formal.
Q.E.D.
Remark: This process of adding generators to represent cohomology classes of the original
c.g-d.a, and adding extra ones to kill other classes which are not present in the original
cohomology, is exactly the process of building the minimal model for a given c.g.d.a.

_Example 1: Let G = SU(2) x SU(2) x SU(2) and

et 0 e* 0 e—ilat+8s) 0
m = {[(7 ST B (T sd)]lsen)
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with a,8 € Q, and

6960 Dl
(EOG (e o))

By Theorem 5.5.4, G/T? is formal if and only if @ = 0 or 8 = 0. Thus we see, by
considering T2 = S* x §7, that if one of the circles of T2 is not intertwined in at least two

copies of SU(2), then the model is formal. All other cases are non-formal.
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