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Abstract

A high-order theory is developed for the analysis of beams with general mono-symmetric cross-sections. The theory
represents the nonlinear distribution of the longitudinal normal stress across the section depth by a polynomial series
expansion up to any order as specified by the analyst. The corresponding shear and transverse normal stresses are
obtained by satisfying the 2D infinitesimal stress-flow equilibrium conditions. The resulting statically admissible
stress fields are then used in conjunction with the principle of stationary complementary strain energy to formulate
the governing compatibility equations and boundary conditions. Closed form solutions are then developed for general
loading and boundary conditions. Comparisons with the theory of elasticity and 3D finite element analysis predictions
showcase the ability of the present theory to naturally capture shear deformation effects, transverse normal stress
effects, nonlinear longitudinal normal stress distributions in deep beams, as well as the effect of support height. Unlike
conventional beam solutions that are based on postulated kinematic assumptions, which tend to converge to the
displacement response from below, the present theory avoids introducing any kinematic assumptions and is shown to
converge to the solution from above. The theory is applicable to beams with doubly symmetric or mono-symmetric
cross-sections, with isotropic or orthotropic materials, and subjected to general loading and boundary conditions. The
theory is shown to offer advantages compared to other theories when modelling deep beams and/or beams with

supports that are offset from the centroidal axis.
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List of Symbols

The following notation has been used in the paper

{ai }mxl

Vectors of displacement multipliers defined in Equation (17).

Ay Ay,

parts of the cross-section Z, = 0 where the longitudinal stresses and shear stresses

are respectively prescribed.

parts of the cross-section Z, = L where the longitudinal stresses and shear stresses

are respectively prescribed.

parts of the cross-section zZ, = 0 where the longitudinal and transverse stresses are

respectively prescribed.

parts of the cross-section Z, = L where the longitudinal and transverse stresses are

respectively prescribed.

Vector of integration constants arising from integrating the compatibility equations
(defined in Equation 27)

Matrices depending solely on the mechanical properties and beam cross-section,
introduced in Equations. (39-45) and defined in Appendix 2

width of the beam cross-section as a function of the y-coordinate

Eigen value I of the quartic eigen-value problem defined in Section 4.3:

4 - 3T 7 =Ty > 2 T
G sz —(LCH +C1211 +11C3311 G +11C1111 =0

Cll > C12 > C22 > C33

compliance matrices defined in Equation (8)

d, (Z), d, (z) ,d, (z)

traction-dependent displacement vectors defined in Equation (9a-c)

[e(2) e

Matrix of exponential functions based on eigenvalues C; (defined in Eq. 27)

Ey ’EZ > longitudinal and transverse moduli of elasticity, respectively

{f}mX im Matrix of eigenvectors (defined in Equation 27)

F(Z ) F (z) ﬁ(z ) Vectors of unknown stress functions ', (Z) introduced in Equation 3a-c.

F (Z) A-priori unknown stress functions i =1,2...,# appearing in the definition of the
i

longitudinal normal stress field in Eq. (1).

Homogeneous solution of the compatibly equations, provided in Equation 26

Particular solution of the compatibility equations corresponding to vector Rpl (Z) s

provided in Equation 28.

{Fu (2)
{Fra (2)]

Particular solution of the compatibility equations corresponding to vector sz ( z ) s

provided in Equation 32

G

Shear modulus

i1 —is, il —is

Matrices defined in terms of the identity matrix I introduced in Equation 12 and used
to extract the relevant terms from compliance, displacement, and stress function

vectors/matrices in Equation 11

{Li }mxl

Load vectors introduced in Eqgs. (39-45), and defined in Appendix 2




distances from the origin to the top and bottom fibres, respectively (Fig.1)

Number of compatibility equations 72 = 1 — 2 and defining the size of vector

m
F ( z )mx . introduced in Equation (2a-c)

n Number of functions £/ (Z ) used to define the longitudinal stress field in Equation
@).

M (Zi ) bending moment at coordinate Z; as defined in Equation (4)

N (Zi ) Normal force at coordinate Z; as defined in Equation (4)

transverse and longitudinal body forces, respectively (Figure 1)

Q(z,.),

Shearing force at coordinate Z; as defined in Equation (4)

R ( Z) R ( Z) Deformation vector functions appearing at the right hand sides of compatibility
pIA™ > p2 equations (Equations 18)

U* complementary internal strain energy

V" load potential energy

17(28) Specified transverse displacement at (Ze =0, L) (defined in Figure 2).

W(Ze) Specified longitudinal displacement at (Z . = 0, L) (defined in Figure 2).

Q; (y) , ,Bl (y) functions of the y- coordinate appearing in Egs. 5b-c, 55-59 and defined in Eq. 53

Constants defined in Eq. 55 appearing in the definitions of constants
G11,612552195226315 5325415 G 42> A Gy315653:5G3315 643 8 defined in Eq. 56.

Si1 > 621

Constants appearing in the definition of © : (y,Z ),G ; (y,Z ) that depend on the

applied loads, defined in Equation (56)

v ()/),7713 ()/),7714 (y),ﬂzz (J’)

Distribution functions of the y- coordinate defined in Eq. (59) used to define vectors

%(v)and 2(»)

0(z.)

specified rotation at beam-ends (Z .= 0, L) a defined in Fig. 2

ey

functions defined in Equation 58 appearing in the definitions of

fli(y)ﬂfﬁ(y)’g}i(y)

Myl

Poisson’s ratios

& (J/)véz (y),§3 (J/)

Vectors of functions of y that depend upon the cross-section geometry and applied
tractions as defined in Equation (61).

& ()

Distribution functions of the y- coordinate defined in Equation (59) used to define the

vectors &, (y),ﬁz ()’)ags (y)

*

T total complementary energy
( ) ( ) Functions appearing in the definition of O': (y, Z) ,O'; (y, Z) s a (y, Z) that depend
Pi\Z), P\ 2
on the applied loads, defined in Equation (58)
0.,0,,T Longitudinal, transverse, and shear stress fields

0. (1.2).0,(5:2):7 (»:2)

Load dependent terms defined in Equations (5a-c)

7(y,z)

transverse shear stress

{¢i}T=<1 ¢2,i ¢ml>

Eigen vector I of the quartic eigen-value problem defined in Section 4.3;

4 2 T3l = T\ 5 2 2T
c;C,, —(Ilcu +C,I +LiCI | +LiIC I ||=0

~ ~

x2(). 2(»).

functions of y that depend upon the cross-section geometry and applied tractions and
are defined in Equation (61)
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v (y) functions of the y- coordinate, as defined in Equation (59)

v, (y), v, (y),\v3 (y) Vectors of functions v (y) that appear in the definition of )A((y) and ;((y)

1. Introduction and Literature Review

The conventional Euler Bernoulli beam is based on the assumption that plane sections remain plane after deformation
and normal to the beam axis. The normality condition implies the omission of shear deformation. Thus, the theory is
able to reliably predict the response of long-span beams where shear deformations are negligible, but underestimates
deflections for short-span beams where shear deformation are known to be influential. The Timoshenko beam theory,
where the plane section assumption is retained but the normality to the beam axis is relaxed, is an improvement over
the Euler-Bernoulli beam theory in that it accounts for shear deformation effects. However, the plane section
assumption creates a non-zero shear strain, and hence a non-zero shear stress, at the outermost fibers, which violates
the traction boundary conditions as the externally applied shear traction typically vanishes at the outermost fibers of
the beam. As a result, the Timoshenko theory tends to overestimate the stiffness of the beam (Mucichescu 1984).
Other variations of the Timoshenko beam theory involve shear modification factors that depend on the cross-section
shape (e. g., Timoshenko 1921, Cowper 1966, Stephen 1980) and the type of analysis, whether static or dynamic,
(Mindlin 1953, Heyliger and Reddy 1988). Another limitation of the Timoshenko beam theory is the fact that it omits
the normal stresses in the transverse direction. As a result, while it satisfies the vertical equilibrium condition for the
whole cross-section in a global integral sense, it violates the vertical equilibrium requirement in an infinitesimal sense.
Also, both the Euler Bernoulli and Timoshenko beam theories predict linear stress profiles, which are appropriate
approximations for long-span beams but are inconsistent with elasticity solutions for deep beams (e.g., Timoshenko
and Goodier 1970) and advanced beam theories (e.g., Carrera and Guinta 2010). Also, conventional beam theories
adopt the centroidal axis as a reference. By default, such solutions locate transverse restraints at the section centroid.
As such, the modelling of supports that are offset from the centroid requires special considerations (e.g., Wight and
Parra (2002), Erkmen and Mohareb (2006a,b), Wu and Mohareb (2011)).

To remedy the limitations of the conventional beam theories, higher order theories for beams with rectangular cross-
sections were developed based on the principle of stationary potential strain energy. This includes the work of Stephen
and Levinson (1979), Levinson (1981), Reddy (1984), Heyliger and Reddy (1988), Shu and Sun (1994), and Jha et al
(2013), all assumed a cubic distribution of the longitudinal displacement along the height. Further advancements were
proposed in the work of Carrera and Guinta (2010), Carrera et al (2015), and Groh and Weaver (2015) where the
longitudinal displacement field was assumed to follow higher order polynomials.

Numerous researchers developed and investigated high order beam theories. A non-exhaustive review includes the
work of Bhimaraddi and Chandrashekhara (1993) who conducted a comparative study on high order beam theories
with sinusoidal, cubic, quartic, quintic, and sixth-order polynomial displacement profiles, and Karama et al. (2003)
who developed a shear deformation beam theory based on an exponential displacement profile. Ding et al. (2005)
developed an analytical solution for fixed beams under uniform load based the Airy stress function approach. Reddy
(2007) reformulated the Euler-Bernoulli, Timoshenko, Reddy, and Levinson theories using nonlocal differential
constitutive relations. Mechab et al. (2008) conducted a comparative study on high-order flexural theories as applied
to deep beams. Challamel (2011) adopted a variationally consistent approach to conduct a comparative study of shear
deformable beam theories. Guangyu and Voyiadjis (2011) developed a sixth-order theory for shear deformable beams.
Sun et al. (2015) investigated the effect of boundary conditions on the Reddy higher-order shear beam theory. Geng

etal. (2017) formulated a variationally consistent high-order beam theory. Nolde et al. (2018) developed an asymptotic
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higher-order theory for a beam with the rectangular cross section. Core et al. (2018) used the asymptotic expansion

method to formulate higher order beam models.

The majority of the above solutions omit transverse stresses, are restricted to rectangular cross-sections, and/or
consider supports located at the centroid. In this respect, the present study aims at overcoming these limitations by
developing a family of solutions that capture transverse stresses, model beams with general monosymmetric cross-
sections with the capability of seamlessly modelling supports that are offset from the centroid. Also, a common theme
in the above high-order theories is that they postulate kinematic assumptions satisfying compatibility in an exact point-
wise sense, and then use the principle of stationary potential energy to formulate approximate equilibrium equations.
The approach contrasts with that based on the principle of stationary complementary strain energy, adopted in the
present study, whereby stress fields that exactly satisfy the infinitesimal stress equilibrium conditions are postulated
and then used within the stationary complementary energy principle to formulate approximate compatibility equations.
Examples of such developments include the work of Chen and Cheng (1983) on adhesive bonded shear laps, Erkmen
and Mohareb (2006¢) on torsional analysis of thin-walled members, Erkmen and Mohareb (2008a,b) on the lateral
torsional buckling of beams, Zhao et al. (2014) for lap joints, and most recently Pham et al. (2018) on the analysis of
multilayered beams. Within the above context, the present study aims at formulating the governing field equations
and boundary conditions, for a high-order beam theory based on the principle of stationary complementary strain
energy. The treatment avoids adopting kinematic assumptions made in conventional and high order beams. Instead, it
is based on a polynomial series expansion of the longitudinal normal stress field as a function of the transverse
coordinate across the depth of the section, up to a polynomial order specified by the analyst. A general solution
technique is then developed to provide a closed form solution for the resulting coupled compatibility equations. Unlike
the study in Pham et al. (2018) which developed a complementary energy based finite element formulation, the present
study explicitly formulates the compatibility equations and boundary conditions of the problem.

2. Statement of the Problem

A prismatic beam of span L and an arbitrary mono-symmetric cross-sectional area 4, made of an orthotropic material,
is loaded by transverse and longitudinal body forces p, ( y,z) and p, ( y,z) and surface tractions
o, (hl,z),f(hl,z),ay (hz,z),z'(h2,z) (Figure l.a-b). Ends z, =0,L are assumed are subjected to specified
longitudinal traction o, (ze, y) and transverse shear traction T(Ze, y) on the parts of the cross-section 4,_,A4,, at
z,=0,and 4, ,A4,, atz, =L while longitudinal displacement w(ze, y) and transverse displacement v(ze, y) are

specified on the remaining parts of the cross-section (i.e., 4,,,,4,,, 4,,,4,, ). It is required to develop a high-order

w?

beam theory that captures the effect of normal longitudinal stresses 0, , normal transverse stresses 0, and shearing

stresses 7 (Figure 1.c). The theory is intended to capture the nonlinear stress distribution along the beam height, as
may be the case, for example, in deep beams. The solution sought is based on the principle of stationary

complementary energy.

Figure 1 Beam tractions and body forces

3. Overview of past solution for statically admissible stress fields

The longitudinal normal stresses field is assumed to take the form

o.(y.2)=2. Y F(z2) (1)
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where F, (z) are unknown functions of longitudinal coordinate z, ) is the transverse coordinate and # is a positive

integer. For the stress field postulated in Eq. (1) to be statically admissible, it needs to satisfy two shear-flow
equilibrium conditions (Figure 1c):

L6, (12)]+ Z[p(0)e(r2)] =00, (0:2)
é;y (2a-b)
5[1’( (.2 ]+—[b -(1,2)]=b(¥) p.(3.2)

From Eq. (1), by substituting into Eq. (2b), and integrating from —/, to ), one recovers the expression of shear
stresses T( ¥, z) . Also, starting with the expression for T( v, Z) , by substituting into Eq. (2a) and integrating from —/,
to ), the transversal normal stresses o, ( y,z) is obtained. Then, by equating the stress fields T( ¥, z) ando, ( y,z)
to 7(%,,z)and o, (h,,z)at the bottom face y =, , to satisfy the traction boundary conditions, functions F,_,(z)

and F, (z) are related to the remaining functions F;(z) wherei=1,...,n — 2. Finally, functions F, (z) and F,(z)

are eliminated in the expression of the three stress fields. A similar procedure has been employed in (Pham et al. 2018)
for multilayer beams. The statically admissible stress expressions sought for the present homogeneous beam can be

recovered by setting to 1 the number of layers ( p =1) in the expression in (Pham et al. 2018) to yield the following

expressions:

z) +7 (y,z) (3a-c)

in which the unknown vectors F(Z),IAT (z),lN?(Z) are defined as

F(z),, =(F(z) F(z) .. F,(2)), m=n-2
F(z).  =(F(2), [FO), =F(0), |N(0) z0(0) M(0))

(Drmy =(F G, [F(O), 1 0(0))

and stress resultants at z, (Figure 2.a) are defined as

ol

N(zl.)szo-Z(y,zl.)dA; Q(zl.)z‘[ t(y,z,)d4; M (z j yo. (v,2,)dA4 4)

In Egs. (3a-c), vectors X( y), ;(( y), &, ( y) are known functions of y that depend upon the cross-section geometry

and applied tractions and are defined in Appendix 1. Also, in (3a-c), the load dependent terms are

fj[y p(z)+)" pz( ) |dzdz +2(y" 6, + "6y ):

4 ( .[ [, (¥)p(2)+a,(¥)p,(2) |dz—a, (V)51 —a, (V)6 (5a-c)
o, (1.2 )= y(yv 2)+ B, (¥) 1( ) B.(¥)p:(2):
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in which p, (z), p,(z).and ¢, andg,, depend on the applied loads, and ,_, (), B, () B,.(») .and B,(»)

are functions of the transverse coordinate and are defined in Appendix 1.
4. Formulating the governing equations and closed form solution

4.1. Total complementary energy functional

The total complementary energy 7" =U" +V is the sum of the complementary internal strain energy U "and the
load potential energy v gained by the end forces. For an orthotropic material, the complementary strain energy is

contributed by three stress fields 0,,0,,7 (Pham 2018) is

U*=(1/2)[ [ (07 /E. +0}JE, ~2p,06.0, [E. +7[G)dAd: (6)

zy-zoy

where E, ,Ey are the longitudinal and transverse elasticity moduli, G is the shear modulus, and 4., and 1 are

Poisson’s ratios which satisfy the condition £z, / E L, =M, / E_. From Egs. (3), by substituting into Eq. (6), one

obtains
. T 0][EE)] 4
U*=Ig<F(Z) F'(z) F(2)) |-CL € 0 [{F'(2){+(F(z) F'(z) F(2)) {d,(2)pez+D,0)
’ 0 0 G, INT(Z) d3(z)

in which the following compliance matrices have been defined

[Co Ly = (VE) [ ()0 2 )L(M)dA;
] (VE)],& ()08 (), d4

ety = (1 /E2) [ 2 (5 mﬂxlég(y)imdfl;
(1/G)

T
1 J. ( ) 2m+1)x1 x( )1><(2m+1) dA:

In Eq. (7), the term D, = IL L(Uzz /2EZ + 0;2 /2Ey - ,uyzofa; /EZ +T*2/2G)dAdZ will vanish after taking the

®)

[ 33]2n1+1 (2m+1)

variation of the expression, and the traction-dependent displacement vectors are defined as

d, ( )3(m+1)><1 ( /E )J. ( )3(m+l)><1 I:O-* (y,z) - /uzyo-; (y’Z):| dA;
(2), .= l/E I & (v mxl[ y,z)— U0, (y,z)]dA; (9a-c)
d, (Z)(2m+1 = (I/G)J. x(y )(2m+1)><1 7' (v.z)d4;

The load potential energy is the surface integral of the tractions and line loads by the corresponding displacements
and is given by

V= [ w(y,o)Ez(y,o dA+j Ww(1,0)0 (1,0 dA+J‘ ,0)7(,0)d4
+j 7(,0)dA - j w(y,L)o:(y,L)dA~ j (v,L)o. (v,L)dA (10)

—J. dA J. )(y, dA j )dz—qu(z)w(z)dz
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where all bars denote specified quantities. For example, atend z, =0 , ;z ( y,O) is the specified longitudinal traction
acting on area 4, (Figure 1) and v_v( y,O) is the specified longitudinal displacement acting on area 4,, =A4— 4,
. Also, ;( ¥, O) is the specified shear traction acting on area 4, and \_/( ¥, O) is the specified transverse displacement
acting on 4, = A— 4,,, and a similar notation is adopted for end z, = L. In the last two terms of Eq. (10), g, (Z)
and ¢, (z) are line loads in the transverse and longitudinal directions acting at height y =a (Figure 2). They can be
expressed as  body forces p, ( ¥, Z) and p, ( ¥, Z) through the Dirac delta function as
q, (z) =A4p, (y,z)Dirac(y — a) and ¢, (Z) =Ap. (y,z)Dirac(y—a) where A is the cross-section area of the
beam.

4.2. Variation of total complementary strain energy

From Egs. (8) and (9), by substituting into Eq. (7), taking the variation of the total complementary internal strain
energy 7' =U +V", and integrating by parts (Pham 2018), one obtains

oU =

_ L5F(2)T{il [CuF(2)-CuF"(z )+dl(z)}—c,gﬁ"(z)+an~"(z)+d;'(z)—ilcnﬁ’(z)—hd;(z)}dz
+5F(0)T{Li2[q F(2)- CaF"(2) +d, (2) b ~CLF (0)+ CF"(0) +, (0) - €, F(0) - T, (0)
+0F/(0)" {21 € F(2)-CoF () + 4, (2) |dz— [ ~CLF(0) + CoF"(0) + 4, (0) ]+ ILiz[C33l~7(z)+d3(Z)sz}(ll)
—JF(L)T{-CLﬁ'(L)+CnF’”(L)—ilcssﬁ(L)Mz'(L)—ilds(L)}+5F’(L)T{-szf(L)+CnF”(L)+dz(L)}
+ON(0)[ s €, F(2)-CoF"(2)+ 4, (2) [dz+ M (0) [ 16 €, F(2)- C,F"(2) + d, (2) |d= +

+60(0)[ [ 215C, F(2)- 215C, F (2) + TiCyy F (2) + 2o, (2) + Tod (2) [tz
In Eq.(11), the following matrices have been introduced

(] =0 10 100 00 (0, 0, [

|: :| ):[0”’ xm | 0 [ ]mxm I 0, : 0,0 : 0"’ g |: :|1><3(m+l)

|:i5:|1x3(m+1) :[lem :lem lem 0] 1 O |: :|1 3(m+1) [lem b b Iolxm :0 : 0 : 1];
(1]

:[I”’X"‘ 0 ’”Xl ; |:2:| (2m+1) I"‘X”’ 0"‘X1]; |:i3:|1><(2m+1):[01><m 01*”‘ 1]

| [ ] | | .
2:|m><3 1) m><m I mxm | 0m><m | 0m><1 | 0m><1 | Omxl

[l><m|01m|01><m| OIO]

(12)

The terms [I] appearing in Eq. (12) denote the identity matrices. By taking the variation of Eq. (10) and noting that

the variation of specified tractions and loads vanish, one obtains

oV’ .[ w(y, Yoo (1,0 dA+J v(y, )67(,0)dA - .[ w(y,L)o. (y,L)dA- I v(y, Yot (y,L)dA(13)
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Specified displacements 7v(y, Ze) and ;(y,ze) at member ends z, =0, L, are assumed to follow the distributions
_( g,y) ( )+ 49( )y and \_/(Zg,y) =I7(Ze) in which W(Ze),ﬁ(ze) are the specified longitudinal and

transverse displacements and 9( ) is the specified rotation (Figure 2) at both beam ends (Z =0 L) By substitution

into Eq. (13), one obtains
V" =W (0)5N(0)+7(0)50(0)+0(0)5M (0)~W (L)SN(L) =V (L)5Q(L) - 0(L)5M (L) (14)
in which stress resultants N (Ze ) , Q(Ze ),M (Ze) have been defined in Eq. (4).

Figure 2 Sign convention for (a) Resultant line loads and stress resultants and (b) End displacements

From Egs. (3a-b), by substituting into Eq.(4), and setting Z= L , one has

N(L)=|:J.ALWX(y)1TX3(mH)dA:|F(L)3(m +)x + 4, o, (J/aL)dA
M(L)= |:J.ALW u(y )lsz(mH) dA}F(L)a(mH)xl + LLW yo(y.L)dA (15)

~ T

Q(L) B |:'[Alr X(y)lx(zmﬂ) dAi|ﬁ(L)(2m+l)xl + '[ALr T* (y’L)dA

By taking the variation of Eq.(15), substituting into Eq.(14) and noting that the variations of the specified tractions
and loads vanish (Pham 2018), one obtains

V" ==5F(0)" [{a},, W (L)+{a,},, 0(L)|-0F(0)'|{a.}, W() {a }1 v (L)+{as},, 0(L)]
~SF(L)'[{ag},, 7 (L)+{a,},,0(L)|-0F' (L) {a }Wl V(L)=N(0)[ - (0)+a,W (L) +a,0(L)]
~50(0)[ -V (0)+ a, (LYW (L)+a,, (L)V (L) +ay (L)0(L)]-5M (0)[ -6 0)+a14 (L)+a0(L)]

(16)
in which
=], (w.00),, ), =], v (), a4
{2}, = LI (\vl( )>T dA; =], (w0),,
s}, =Lf, y(\lu(y)>T d; (. =], &), d4
. =], v e 35 . =], GO, d4 an

_j o (v)dA=1; am:jALwynu(y)dAzo; a“(L)szL“_LnB(y)dA=0;

a, (L) = IAL,”” (y,L)dA=1;  a,= LLwnM(y)dA:O; alsszLw v (v)da =1

a(L)=[L/ b(hz)]{[fh; b(y)y“dyT - [h ey [ b(y)y“dy}}
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4.3. Compatibility equations and boundary conditions

From Egs. (11) and (16), by substituting into the stationarity condition 57" =8U" + 6V =0, one obtains m

compatibility equations:

an'"'(z)_[ilcu L +i‘1c33if}p" (2)+1iC, i F(2) =R, (2) + R, (2) (18)

in  which R, (z)=-hC,LF(0)-zLC,LF(0)-T.C, 1N (0)- z1:C, 150 (0) - 1.C, T M (0) and

R, (z)= _ildl (z)- d,” (z)+ i1d3, (z)=0. The corresponding 4m +3 boundary conditions are obtained as

SF(0)"

jol[izcnif (2)-1.CL,F"(z :|dz+J. [IzCnIz (0)+izCni3TzF'(O)}dZ

+C,F"(0)-CLT F/(0) - CL T F'(0) - TiC, T F(0) - TC, T F'(0)
R . (19)
+j I.C, I: N 0)dz+UOL12CHIszdz (oHR ¢ —11C33I3} (0)+ IOLIzCIII:M(O)dz

0+ 01, (0)~[fn 1) (2] -0

SF'(0)"

jj[zncnifp(z)+i2c33iTF'(z)_zi3cup"(z)}dz_an"(o)+ [ 2, 1R (0)dz

+CLITF(0)+ CLI2F(0) + jOL[ZZisc“iIF'(o)+izcn ﬁr«'(o)}zﬁ [z, iV (0)dz
(20)
+Ch 14N (0) +.[OL[2213C1115T +LC, T } 0(0)dz + [ 21:C,, To b (0)dz + Cly 11 (0)

+j0in3d1 (z)dz—d,(0)+ j:izd3 (z)dz—[{a,} W (L)+{a,}V(L)+ {aS}H(L)]} =0

SF(L)" {—cfziITF’ (L)-LiCL L F/(L)+ C,F" (L) - CLIF (0)-T:C,, LF'(0)
. L , ) 1)
~C1150(0)-TiC,, . 0(0) +d, (L) -Tudy (L) +[ fa}, , W (L) +far}, . H(L)]} =0

SF(L)" {—CszilTF(L) +C,F"(L)~CL L F(0)— LCLIsF(0)— CLii N (0)
R R (22)
~LChi50(0)~ChisM (0)+d, (L) ~{a,}, V(L)} =0

§N(O){J.OL{{i4CIIi1TF(z)—i4CuF"(z)}+i4CnﬁF(0)+i4Cni§zF’(0)+i4CHi4TN(0)+
(23)
+1C,, 1520(0) + 1€, T M (0) + 1.d, (2) }dz [7(0 +W(L)]}=o
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217

5Q(0){ IOL|:Zi5CHi1TF(Z) LG, F (2) = 215C,F"(2) + 215C, L F (0) + 215C,, 1 F (0) + 1, 12 F'(0)
+205C, 1 N(0) + 2215C,, 150(0) + T:Cy 1 0(0) + 215C,, s M (0) + zsd, (2) + Tnd,, (z)}dz 24)

[V (0)+¥(L)+ an@(L):l} =0

oM (0){j:[i6cu 11 F(2)-1eC,F" (2) + 16C, 1 F(0) + 21,C,, T F'(0) + 16C,, 1: N (0)
(25)
+216C,, 15 0(0) + 16C, 16 M (0) + Tod, (z)}dz —[-6(0)+ e(L)]} =0

The m compatibility equations in Eq. (18) are of the fourth order and their integration leads to 4m unknown
integration constants. The boundary conditions(19)-(25) involve nine end variables W(O),V(O),H(O),W(L),
V(L),H (L),N (0),Q(0),M (0) of which six will be known a-priori in a given problem. Thus, the total number

T T T T
of unknown constants is 4m + 3 . In Egs. (19)-(25), either the variations §F(0) , 5F'(0) , 5F(L) and 5F'(L) or
the corresponding bracketed terms will vanish, leading to 4m boundary equations. It is always possible to select the
z orientation so that either SN (0) ,00 (0) or OM (O) or the corresponding bracketed terms vanish, leading to

three additional equations and bringing the total number of boundary equations to 4m + 3 . Explicit expressions of

the stresses, field equations, boundary conditions, and solutions for simple beams are provided in Example 1.

4.3. Closed form solution

The homogeneous solution of the system is obtained by setting Rpl (Z) + sz (Z) =0 in Egs. (18) and is assumed

to take the form {FH (Z)}mxl =Z{FHi (Z)}mxl where{FHi (Z)}mXl = {¢i}mX1 e 4, {¢l} =<1 ¢2’i ¢ml> ,in

which 4, are unknown constants and C; depends on the eigen-solution of the compatibility equations.
By substituting {FHl (Z )}mxl into Eq. (18), one obtains

[c;‘Cn - (inCn + CszilT + i1C33 I )C,Z + ilClli;r:| {¢i }mxl A, = 0. For anon-trivial solution, the determinant of

mxm

the matrix of coefficients vanishes. Given that the resulting eigenvalue problem is quartic in constantc,, one obtains

4m eigen-pairs and the resulting solution takes the form

{Fa(2)},, =) [e(2)], 0 1A (26)

in which
b o1 0 ... 0 4
by b - D 0 € ... 0 4,
{f}mx4m = 2 1 2 ’ . . 254 ’ [e(z)j|4m><4m - . : . : ; {A}4m><1 = (27)
¢m,1 ¢m,2 tee ¢m,4m 0 O e 864'”2 A4m

The particular solution {Fm (Z)}mXl corresponding to Rpl (Z) as given in Eq. (18) is assumed to take the form

11
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239

P (€] PO, [P+ (O], )+ £(E]_00)- (&) (0) e
From Eq. (28), by substituting into Eq. (18), matrices and vectors Ci — Cs are determined as

— ~ AT\ A AT — A AT\ A AT

c] = —(LCUIl ) LC, I; c.] =—(11C1111 ) LC,Is;

— A AT\ 7! A AT — A AT\ A AT — A AT\ 7! A AT
(G} = —(LCHL ) LC, 1.; (€ = —(IICHII ) L.C,Is; (s} = —(LCHL ) I.C,, I

Vector R, (Z) in Eq. (18) depends upon the applied tractions o, (hl,z) ,T(hl,z) .0, (hz,z) ,T(hz,z) . The

tractions are assumed as a power series with #+1 terms, i.e.,

(0, (1,2, 2(,2), 0, (1r2). 77 2) :<zazzgzzgzzgz> o

where u is the highest power of the series, and @,,b,,C,,d; are known constants.

1

Vector sz (Z ) can be evaluated from the tractions as given in Eq. (29) through the following four-step procedure:
(1) Substitute the tractions expressions in Eq. (29) into Eq.(54) to obtain ;( y,z) and gy ( y,z) .

(2) Given the traction expression in Eq. (29) and the expressions for;( Y,z ) and gy ( Y,z ) , substitute into Egs.
(58) to obtain p, (z) and p,(z) .

(3) Given ¢, and ¢,, as determined from Eq. Eq. (56) and p, (Z ) o (Z ) as determined from step 2, determine the
load dependent terms 6: ( y,z), T ( y,z) and O'; ( y,Z) from Egs.(5)a-c. If the power series in Eq. (29) consists of

u+1 terms, the double integration with respect to z of Eq. (5)a, increases the power series of 0': ( y,z) to u+3

terms, and
(4) The expressions for O': ( y,Z), T ( y,z) and O'; ( Y,z ) as provided in Appendix 1 are substituted into Eq. (9) to

determined, (z),d2 (z) ,dy (Z) , and hence vector {sz (Z)} can be expressed as

{RPZ (Z)}mxl = [g]mx(u+3) {Z(Z)}(u+3)><l (30)
In Eq. (30), matrix [g]mx(m) is known and Vector<Z>1Tx(u+3) = <1 z ... Z“+2> has been defined. The particular

solution {FP2 (Z)}mxl corresponding to R, (Z) can be assumed to take the form

{FPZ (Z)}mxl = I:E:Imx(u+3) {Z (Z)}(u+3)><l (31)

where [C } is an unknown matrix. From Egs. (30), (31), by substituting into Eq. (18), one obtains
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241

242

243
244

245

246

247

248

249

250
251

252

253

254

255

256

CZZ |:E:|m><(u+3) {Zl (Z)},m(u+3)x1 B |:ilC12 i ClTZilT " ilc33ilTi||:E:|mX(u+3) {Zl (Z)}”(w})xl +

~ AT F— —
+IIC11L [CJW(H” {Zl (Z)}(u+3)><1 = |:A:|m><(u+3) {Z(Z)}(u+3)><l

From Eq.(32), by equating the coefficients of z' on both sides, one recovers the mx(u +3) equations that relate the

(32)

coefficients of matrix [g] to those of the of unknown matrix [C :| .

The general solution of Egs. (18) is obtained by substituting Eq. (27) into Eq. (26), and then summing Eq. (26), (28)
and (31) yielding

{F(Z)}mxl = {f}mx4m [e(z)]4,nx4m {A}4mx1 + [El ]Wm {F(O)}mxl + Z[Ez]mxm {F’(O)}mn +

+ {63 }mxl N(O) tz {64}mxl Q(O) + {ES }mxl M (O) + I:E:Imx(1¢+3) {Z(Z)}(“+3)X1
By setting z=0 in Eq. (33), and noting that [e(O)] = [I] , one obtains
(PO, =) (AL +[C ], (FO),, +{C], N(0)+{C M(0)+[€] {2(0)},, 9
By solving Eq. (34) for {F(O)} , one obtains
(RO, =[1-C]" (16}, [e0)],.. (A} +NO[C] +m()fc] +[c]  ((0) W)XI} (35)
Also, from Eq.(33), by taking the first derivative of both sides with respect toz , settingz=0 and solving for
{F'(O)}mxl , one obtains

PO, 18] {10 O] W r00fe)_+[€], (Z0) ] e

(33)

The expressions of {F(O)}mxl and {F'(O)}mxl in Egs. (35) and (36) are then substituted into Eq. (33) yielding

{F(Z)}mxl = I:Hl (Z)],,Mm {A}4m><l + {HZ}mxl N(O) + Z{H3}m><l Q(O) + {H4}m><l M(O) + {HS (Z)}mxl (37)

in which the following matrices have been defined.

1

(i€ (0)],,..0,

xXm

G
o =[i—52]_lm (i} (38)
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From Egs. (37), by substituting into the 47 + 3 boundary condition in Eq. (19)-(25), one obtains

5F(0)T{[bu]mx4m{A}amx] { }mxl (0)+{byj,, 0(0)+ by}, M(0)+[L,] |
Lo}, 7 (L) +{au),,, 0(2)]} =0
5F'(0)T{[b21]mx4m A}4m><1 { }mxl (0) { }mxl ( )+{b24}m><1M(0)

HLab,, [}, (L) +{a), L, V(D) +ag), L, 0() ] =0
SF(L)" {[bn]mxm (A}, + b}, 0(0)+{Ly}, +[{a) L, W (L)+{a}, ,, E(L)]} =0 (41)
5F'(L)T {[b41]mx4m 1A}, T ibe ), N(0)+{bys)  0(0)+{by}  M(0)

(39)

(40)

—_ 42)
+{L4}mxl - {aS}n—Z,l V(L)} =0
( ){[ 51]m><4m{ }4m><l {b52}m><1 N( ) { 53}mx1Q(0)+{b54}mle(0)+{Ls}mxl
(43)
oo

50(0 ){[[bsl]mx4,,,{ Fama * 02}, N (0)+ {3}, 0(0)+{bgy}, M (0)+{L},, | s

[V(0)+V(L)+a,0(L)]} =0
5M(O){|:[ 71 ]m><4m {A}4m><l { }mxl N(O) + {b73}m><1 Q(O) + {b74}m><l M(O) + {L7}m><l:| 45)

-0(0)+6(1)]}-0

o(
in which matrices [ J, (i=1,...,7and j=1,2,...,4) depend solely on mechanical properties and beam cross-
section, load vectors {Ll} g are defined in Appendix 2, and one recalls that vectors {ai}mxl have been defined in
Egs. (17).
5. Examples
5.1. Illustrative examples
5.1.1. Beam under uniform traction - number of terms =3

This section illustrates the applicability of the present theory for a beam with a rectangular cross-section bx /4 and

subjected to a uniform traction O'(hl,z) = 0, acting at the top surface while other tractions vanish, i.e., T(hl,Z) =

G(hz, z) = T(h2 R z) =0. Two solutions are provided for a cantilever and for a simply supported beam. The number

of stress terms taken is n =3.

Stress fields and governing equations: From Egs. (4) and (5), by substituting into Eq. (3), the expressions for the

stress fields are given as
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278
279

280

281
282

283

284
285

286

287

288

289

: 12 612>
o.(n.2)=|1-=3 JFl(Z)+bhf[yN(0)+zQ(0)+M(o)]+—zSZ o,
4y3 ’ 1 y2 1 y2
Tyz(y,Z)Z —y+—h2 jE(Z)+60'Z(E—? +6Q(O) m_ﬁ (46)
hZ y2 y4 ) 1 3y 4)}3
o, (0)| A 2 (24 1=+ 2

In this case, the number of compatibility equations is m=#n—2 =1 and the corresponding differential equation of

compatibility as given by Eq.(18) takes the form

bh’ dubh* 26k 4bh 4
FI”I zy _ F” _F __N 0 0
630E, ' (Z)J{ 10SE 105GJ ()5 i) -5 VO 47

The integration of Eq. (47) gives four unknown constants. Also, equations(19)-(25) give 4m+ 3 =7 boundary

conditions, which take the form

bh’ u, bl 260,
F (0 E"(0)+| —=2—- E'(0)|=0
| ){63OE, " ){ 105E, IOSGJ ' ( )]

; E 2u,bi b’ :

{ o 0= SER (0)- SN (0)+ }

630E, 105G 70E, 60E,

2 bh’ : ’
[ 2u,bK"  2bh JFI 1)+ 2 Fl"'(L)}o

105E, 105G 630E,

2/,[ bh3 th N( ) :u)z ( )_CTObh3 —

Al 630Ey 1 70E, 60E, (48a-g)

h2
E(L) ik o ) ONO) 000y ()b <o
J 70E SE.hb  2E,

36
1223 Q(0)+122M (30)+6ooz3 _Su.002 604z |
Ebh 5Ghb Ebh | EKX  SEh  5Gh
(L)-LO(L)}=0
2
M (0) IL 12ZQ(O)+12]‘4(0)+6O-°Z +6yy20'0 z+60(0)—6(L) =0
0

E.bi’ E.bh*  ER  5Eh

In Eq.(48), depending on the boundary conditions, either the bracketed expression or its variational coefficient will
vanish. It is emphasized that Egs. (48) are applicable for general boundary conditions.
Case 1: Cantilever

For a cantilever fixed at z=0 and free atz=L , one has V(O) = W(O) = 49(0) =0 . Since the cantilever is not

subjected to axial forces, one has N (0) =0. By substituting N (0) =0into Eq.(47), enforcing the boundary
conditions SF, (0)#0, 6F (0)=0, 6F,(L)=0,6F (L)=0,5N(0)#0,50(0)#0,5M (0)+0 in Egs. (48
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a,g) and solving for the four integration constants and the three unknown displacements W(L),V(L),H (L) , one
obtains [ (z) which contributes to a nonlinear distribution of the longitudinal normal stresses across the section
depth as evidenced in Eq. (46). Boundary equations (48f-g) are found independent of F| (Z) Thus, the angle of
rotation H(L) and deflection V(L) at the free end can then be evaluated by setting Q(O):—GObL and
M(O) = O'ObL2/2 leading to

3 6o u L 4 > 9o,u I’
Q(L)—UObL n Oluyz : V(L)Z—(GObL +3G()L n Oluyz J (49)a,b

" 6E.I  ShE, 8EI  5hG ~ ShE,

The first term of the right hand side of Eq. (49a) and the first two terms of Eq. (49b) coincide with those of the
Timoshenko beam solution. Thus, the present study is found to provide higher predictions of beam deflections than

does the Timoshenko beam theory.
Case 2: Simply supported beam

If the beam is simply supported at both ends, the normal force vanishes within the member given that there are no

axial forces applied. By substituting N (0) =0into Eq. (47) and applying the boundary conditions OF, (0) #0,
5F1' (0) =0, OF (L) #0, 5F1' (L) 0, 5N(0) #0, 5Q(0) # 0 and solving, the four unknown constants of the
closed form solution and the two displacements W(L) , Q(L) can be determined. Also, by setting Q(O) =—0,bL/2
and M (O) =0, the mid-span deflection V(L/ 2) can be obtained by integrating Eq. (48f) over half of the span while

the end rotation H(L) can be obtained by integrating Eq. (48f) over the whole span to yield

_ ol 3u.0l So,L'  3o,* 3u,0,L

- v(L/2)=
(1)=2p SEh )= 20nG * 20, (0

From Eq.(50)b, by noting that z, / Ey =M, / E_ and assuming that G = E_ / 2(1 + yzy), the deflection becomes
V(L/2) = 50'0L4/32Ezh3 +30, /IOEZh +9,uZyO'OL2/20EZh. This deflection is higher than that based on the
theory  of elasticity (e.g., Timoshenko and Goodier 1970), which is ¥ (L/2)=50,L’ / 32E.K ,+30,L / 10E.h
+3 ,uZ,O'OLz / 16E &, indicating that the present solution converges from above.

5.1.2. Stress Fields and Compatibility Equations - number of stress terms = 4

The expressions for the stress fields are given from Egs. (4) and (5), by substituting into Eq. (3) yielding

80y’
bh’®

80y°’z 40y°z*

bh’

o (.2)= 1_%]5(z)+[y_M]FZ(Z)+%N(o)+ 0(0)+ 22 ar(0)+

3n° bh’
4y, 5y v R L 5 20y 5 20y*
T(y,Z)Z —y+7jﬂ (Z)+(W—7+4—8 }72 (Z)+ E— th Q(O)+ 4—h—7 ZOo, (51)

4 2 2 5 3 2 5
yooy ok y .y h " 4y° 5y 1
% 3)= _ﬁ+?_ﬁjFl (Z)+(_W+Z‘4_gy)F2 (Z“[ W ‘E*E}"O
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The highest order of ) in the longitudinal normal stress field is 3, which is higher than that whenn =3. Also, the

compatibility equations as obtained from Eq.(18) take the form

5 3906 0 31108 0|2 " 252 0
_ |0 D ()4 2 g/ P L R (2)
249480Ey 0 h 11340| 0O h E G 3 15Ez 0 5h

z

1 0 0 > ou ko h 2 (0
4 N(0)- 4z Q(o)—i M(O)+aob Bl ph 36z o
5E. |0 21E, |1 21E, |1 378G E, E. E |1

z z

(52)

In this case, the two compatibility equations (Z ) and F| (Z) are uncoupled (as the off-diagonal terms vanish).

This will generally not be the case. For instance for 7> 5, all compatibility equations happen to be coupled. Also, for

a T-section, the equations are coupled forn >4 .
5.2. Example 2: Simply supported wooden beam under uniform traction

A simply supported rectangular wooden beam is considered (Figure 3). Cross-section dimensions are bxh =

100 x 200mm . Wood is assumed to have a longitudinal modulus of elasticity £_ = 11.4 GPa, a transverse modulus
of elasticity E , =1.48 GPa, a shear modulus G =1.24 GPa, and a Poisson’s ratio My, = 0.35 . The span L is taken as

3h and 10/ to investigate the cases of deep and shallow beams. The uniform traction ¢ applied to span L =3 is
4.0 MPa while that applied to span L =10/ is 0.4 MPa. Load magnitudes were selected to induce longitudinal stress
levels at the extreme fiber that are comparable for both cases as predicted by the Euler-Bernoulli theory. The stress

fields obtained from the present solution are compared to those based on the Euler-Bernoulli beam, the Timoshenko
beam and the 3D FEA under ABAQUS.

Description of the 3D FEA: The C3D8R element in the ABAQUS library is adopted for the 3D FEA solution. The
element is an 8-node brick element with 3 translational degrees of freedom per node with reduced integration. For

L =3/, amesh sensitivity study was conducted to obtain the number of elements necessary to achieve convergence
and the final mesh selected comprised of 40 elements along the width, 80 elements along the height, and 100 elements

along the span. For L =10/ , the number of elements taken along span was 300 elements.
Figure 3 Simply supported beam under a uniform traction

Mid-span deflection: For a span L=10h, the mid-span deflection predicted by the 3D FEA solution is 11.80mm and is

taken as a reference solution for comparison. The deflections predicted by the Euler-Bernoulli is 10.44 mm and that
based of the Timoshenko beam theory is 11.28mm, which are 11.2% and 4.4% lower than the 3D FEA. The present
study with n=3 is predicts a deflection of 11.89mm, and thus overestimates the deflection by 0.8%. For n=4 or 5, and
11.85mm, the present theory overestimates the deflection by 0.4%. Similar observations were observed for L=3h. In
all cases, deflections are found to converge asymptotically from above to those predicted by the 3D FEA solution as
the number of stress terms # increases.

Longitudinal normal stresses: Figures 4a-b depict the mid-span longitudinal normal stress profiles for spans L=3h and
L=10h as predicted by the present study with n=3 and 4, the Timoshenko beam solution, and the 3D FEA. For the
short span L=3h, the stress profile predicted by the present solution with n=4 shows a slightly nonlinear distribution

in a manner consistent with the 3D FEA solution. In slight contrast, the solutions based on the Timoshenko and present
solution with n=3 show a linear stress profile. The peak stress at the top and bottom fibers predicted by the present

solution with n=4 and the 3D FEA solution is 30.4 MPa, while that predicted by the Timoshenko and present solution
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with n=3 is 27.0 MPa, a 12.6% difference from the 3D FEA. For the longer span L=10h, the stress profiles predicted

by all solutions are linear and essentially coincide.

Transverse shear stress profile: Figures 5a-b provide a comparison of the transverse shear stress profiles at end cross-

sections for L=3h and L=10h. As observed, the present solutions with n=3, 4 predict identical stress profiles for both
spans. The 3D FEA solution predicts a slightly smaller peak shear stress at mid-height fibers and non-zero stresses at
the top and bottom fibers, especially for the span L=3h. Because no external shear tractions are applied to the top and
bottom faces, the 3D FEA violates the traction boundary condition at both faces. This finding is characteristic of
displacement based finite element formulations which interpolate displacement fields. In contrast, the present solution,
which is based on statically admissible stress fields, is able to satisfy in an exact sense the horizontal traction boundary
conditions at the top and bottom faces. A Comparison with the parabolic shear stress distribution based on the Euler-
Bernoulli solution show that the present solution and FEA predict slightly higher peak shear stresses. Also, shown on
the Figures 5a-b are the uniform shear stress distribution consistent with the Timoshenko beam hypothesis, which

leads to a violation of the shear traction boundary conditions at the top and bottom faces.

Transverse normal stress profiles at mid-span: Figures 6a-b present the transverse normal stress profiles at mid-span
section obtained from the present solution with n=3, 4 and the 3D FEA solution for L=3h and L=10h. As observed,

all solutions are in excellent agreement. Both solutions contrast with conventional Euler-Bernoulli and Timoshenko

beam solutions which cannot capture the transverse normal stresses.

Transverse normal stress profiles at supports: Figure 7a depicts the transverse normal stress profile at the support

section as obtained from the present study with n=3-13 and the 3D FEA solution. The present solution is observed to
converge when n=9 as further increase in n does not cause a change in the stress profile. The 3D FEA predicted stress
profile has a similar trend but different values from those of the present solution. Unlike the present solution which
exactly satisfies the vertical traction boundary conditions at the top and bottom faces, the 3D FEA solution violates
the vertical traction conditions at both faces.

Transverse normal stress profiles along the span: Figure 7b depicts the transverse normal stress profiles based on the

present solution with n=9 for sections at z= 0, 0.1L-0.5L. Except for the stresses at z= 0 where significant localizations
occur at the support, all stress profiles are nearly identical.

Figure 4 Longitudinal stress profiles at mid-span cross-section for spans (a) L=3h and (b) L=10h
Figure 5 Transverse shear stress profiles at support cross-sections for spans (a) L=3h, (b) L=10h

Figure 6 Transverse normal stress profiles at mid-span cross-sections for spans (a) L=3h, (b) L=10h (positive

stresses denote tension)

Figure 7 Transverse normal stress profiles for L=3h (a) Effect of the number of terms n (z=0), and (b) Effect of

cross-section location Z (n=9)

Effect of shear and transverse normal stresses: In order to investigate the effect of shear deformation and transverse

stresses on the mid-span deflection, the beam depth is kept constant and the span is changed so that the span-to-depth
ratio is varied from 2 to 14. The ratio PS/EB of the peak deflection based present solution (PS) to that based on the
Euler-Bernoulli beam solution (EB) is plotted as a function of the L/h ratio (Figure 8). Overlaid on the figure is the
ratio PS/TB of the peak deflection based on present solution (PS) to that based on the Timoshenko beam (TB) solution.
Also shown are the ratios of deflections predicted by the 3D FEA to those predicted by the EB solution. The results
show excellent agreement between the predictions present solution and the 3D FEA. Since the Timoshenko and
present solutions capture the effects of longitudinal normal and shear stresses, but only the present solution captures
the effect of normal transverse stress, the PS/TB ratio is indicative of transverse deformation effect on the deflection.
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Also, since the shear and the transverse stress effects are captured by the present theory but not in the Euler-Bernoulli
beam, the ratio PS/EB can be considered to reflect the combined effect of shear and transverse normal stresses. Finally,
the vertical distance in Figure 8 between both curves reflect the effect of shear stresses alone. As expected, shear
deformation effects are significant for short spans (e.g., PS/EB-PS/TB=3.17-1.12=2.05 at L/h=2) and reduces with
higher L/h. The effect of transverse deformation is also observed to gain significance for shorter spans, albeit it is less
influential than shear stresses. The PS/TB ratio is 1.12 at L/h=2 and reduces to 1.007 when L/h=14, suggesting it is
negligible for long span beams.

Figure 8 Effect of the shear deformation on the prediction of the peak deflection

5.3. Example 3. Effect of support height

In the present formulation, origin O in Figure 1 does not necessarily need to coincide with the cross-sectional
centroid. This feature is used in the present example to model supports that are offset from the centroid. In Example
2, the end supports were located at the section mid-height by locating origin O at the mid-height. We deviate from
this convention in the present example, where origin O is moved to the bottom face of the beam (Figure 9). Figures
1.a-b provide a comparison of the longitudinal normal stress distribution at the top and bottom fibers against the
longitudinal coordinate for a span L=3h. Unlike the Timoshenko beam theory whereby the longitudinal stresses at the
extreme fibers have a parabolic distribution along the span, those predicted by the 3D FEA solution exhibit a more
complex shape. In comparison to the 3D FEA, the present solution with =3 underestimates the stress distributions
along both top and bottom faces. As the number of terms 7 increases to 5 and 7, the stress distributions along the top
fiber predicted by the present solution approach that of the of the 3D FEA solution (Figure 10.a). More terms are
found necessary to attain convergence for the stresses on the bottom (Figure 10.b), where convergence is attained for
n =9 in excellent agreement with the 3D FEA predictions and no further change is observed for » =10. Similar findings
are observed for L=10h (Figures 10.c-d), where the solution with 7 =9 is observed to successfully capture the stress
localization near the bottom supports. The longitudinal stress distribution for the case of mid-height support (as
obtained from Example 2) based on the present solution with n =9 is overlaid on (Figures 10.a-d). Stress distributions
at the top fibers for mid-height and bottom supports are comparable for the short-span beam (Figure 10.a), and nearly
identical for the long-span beam, but considerable difference is observed between the stress distributions at bottom
fiber between the bottom and mid-height support cases (Figures 10.b,d).

Figures 11.a-b depicts the stress profiles at the mid-span cross-section predicted for L=3h and L=10h, respectively.
For the short span L=3h, the linear stress profile predicted by the present solution with n=3 is in close agreement with
the Euler-Bernoulli and Timoshenko beam solutions, but slightly differs from the slightly nonlinear stress profile
predicted by the present study with n=5, which is observed to nearly coincide with the 3D FEA. It of interest to note
that the neutral axis in the latter two solutions is slightly shifted downwards from the section mid-height since the high
transverse stresses provided by the end supports at the bottom slightly enlarge the section width based on the Poisson’s
ratio effect, which causes a downward shift of the deformed section centroid. This phenomenon has not been observed
in Example 2 where the end supports were located at mid-height. For L/h=10 (Figure 11.b) the solutions based the
present theory, the FEA, the Euler-Bernoulli beam, and the Timoshenko beam are in very close agreement. For the
longer L/h ratio, the downward shift of the neutral axis becomes negligible since the width enlargement is localized

at the supports and is far from mid-span.

Figure 12 depicts the transverse normal stress profiles at sections z=0.1L-0.5L as obtained from the present solution
with n=9 for a span L=3h. Overlaid on the figure is the stress profile at z=0.1L as obtained from the 3D FEA. Close
agreement is observed between the present solution and 3D FEA predictions. Unlike the case of mid-height support
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in Example 2, stresses near the bottom face are significant. The stress profiles at sections from z=0.3L-0.5L are found

almost identical. However, the stresses significantly increase as one approaches the support location.
Figure 9 Beams simply supported at the bottom fibers

Figure 10 Longitudinal normal stresses for (a) At top fiber L=3h (b) At bottom fiber L-3h, (c) at top fiber L=10h,
and b) at bottom fiber L=10h

Figure 11 Longitudinal stress profiles at mid-span cross-section for spans (a) L=3h, (b) L=10h

Figure 12 Transverse normal stress profiles at sections z=0.1L, 0.2L, 0.3L, and 0.5L

5.4. Example 4. Longitudinal stress profiles in deep beams:

Carrera and Guita (2010) and Patel et al. (2014) showed that the nonlinear distribution of the longitudinal normal
stress across the section depth is significant for beams with very short spans (e.g., L/h = 2 ). As observed in Example

3, the longitudinal normal stress profile at mid-span is slightly nonlinear for the span-to-depth ratio L=3/. The present
solution is thus conducted to investigate the nonlinear stress profiles for the beam given in Example 3 with span-to-

depth ratio L/h=1 and 2 and subjected to a downward traction o, = 10MPa on the top face. Figures 13.a-b depict

the stress profiles at the mid-span section obtained from the present solution with n=4, 5, 7, 8 and 9 for L/h=1 and 2,
respectively. When n =3 (not shown on the figure for clarity), the present solution coincides with Euler-Bernoulli
profile and as » increases, the predicted profiles become highly nonlinear and convergence is attained whenn =8§.
Further increase of 7 is shown not to influence the predicted stress profile. The converged stress profiles are clearly

nonlinear across the depth.

Figure 13 Longitudinal stress profiles at mid-span for spans (a) L=h and (b) L=2h

5.5. Example 5. Peak deflection of a cantilever beam with a monosymmetric cross-section

A cantilever steel beam with a WT250x200 cross-section (flange width 200mm, flange thickness 16mm, section depth
250mm and a web thickness 10mm) is subjected to a tip point load P=23.4 kN acting at the section centroid. The span-
to-depth ratio is taken as 4. Young Modulus is taken as 200 GPa and Poisson’s ratio is 0.3. The peak deflection
predicted by the 3D FEA solution is 1.33 mm and is taken as a reference solution for comparison. The peak deflection
predicted by the Euler-Bernoulli beam theory is 1.21mm, which is 9.0% less than that based on the 3D FEA. The
present study with n=3 4 or 5 predicts a deflection 1.33mm which essentially coincides with the 3D FEA prediction.
The example demonstrates the applicability of the present theory to monosymmetric sections.

6. Summary and Conclusions
The main contributions of the study are summarized in the following:

(1) A high-order beam theory was developed for the static analysis of beams. The longitudinal normal stress field was

assumed as a series of power functions in the transverse coordinate y[_l (i =1,2...,n) multiplied by unknown

functions F, (Z) of the longitudinal coordinate z . The corresponding shear and transverse normal stress fields were

1

then derived from the infinitesimal 2D equilibrium conditions and the traction boundary conditions were satisfied in
an infinitesimal exact sense. The resulting stress fields were used in conjunction with the principle of stationary

complementary strain energy to express the compatibility conditions in terms of the unknown functions F, (z) and

derive the possible essential and natural boundary conditions. The differential equations of compatibility were found
to be coupled and a general solution was developed for the system.
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(2) Novel features of the theory include capturing the transverse normal stresses, in addition to longitudinal and shear
stresses, material orthotropy, and nonlinear stress profiles. Unlike conventional solutions based on kinematic
assumptions, which satisfy compatibility in an exact sense, but satisfy equilibrium conditions in an approximate
integral sense, the present solution is based on postulated stress fields, and satisfies the 2D equilibrium condition in

an exact sense, but satisfies the compatibility conditions in an average integral sense.

(3) The theory is applicable to flexural beam problems involving isotropic and orthotropic materials, doubly symmetric
and monosymmetric cross-sections, as demonstrated through comparisons with classical beam and FEA solutions.
Compared to conventional theories, the present theory was shown to offer modelling advantages in applications

involving deep beams and/or with supports that are offset from the section centroid.

(4) Unlike conventional beam theories (e.g., Euler-Bernoulli, Timoshenko, etc.), the present solution avoids
postulating any kinematic assumptions. As a result, the solution was shown to consistently converge to the
displacements from above, in the sense that lower order stress polynomial solutions (i.e., small n) tend to
overestimate the predicted deformations (i.e., underestimate the stiffness). As the polynomial order increases, the
predicted displacements tend to reduce and approach those based on the 3D FEA in all cases examined.

(5) The assumed stress fields satisfy the traction boundary conditions at the top and bottom faces of the beam in an
exact sense, a feature that is un-attainable under displacement-based 3D FEA solutions (e.g., Example 2) where the

traction boundary conditions were shown to be satisfied only approximately.

(6) Within the family of solutions developed, when the number of stress terms is # =3, the resulting longitudinal
normal stress has a linear solution and the present theory provides results that are close, but not identical, to the
Timoshenko beam theory predictions. The slight difference observed is attributed to the fact that the present theory
captures the transverse stresses which are omitted in the Timoshenko beam theory. When the number of stress terms
isn >4 , the present theory is able to capture the nonlinear stress profiles that may arise in deep beams and/or beams
with supports that are offset from the section centroid. The number of stress terms required to attain convergence

depends on the beam span to depth ratio.

(7) The examples investigated showed that stress distribution near the end support highly depend on the support
location relative to the section centroid. While supports at the centroid were associated with little nonlinearity of the
stress profiles, bottom supports were associated with highly nonlinear stress distributions as predicted by the present
solution and the 3D FEA.

(8) For the case of bottom supports, the present theory and the 3D FEA predict significant transverse normal stresses
near the supports.

Appendix 1: Definition of terms appearing the stress expressions
This appendix provides the steps for characterizing the terms appearing in Egs. (3) and (8).

(1) Define the functions:
o (0)=[Yp)][, b(&)s ae AG)=[YeW)[, [ p(&)& dsan (53a-b)

where I ranges from 1to m=n—2.

(2) Determine the generated tractions:
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(/b)) [p(-h)e(-h2)+ [ B(E) . (6.2)d¢
2)=[1Yb () {e(-h)o, (hez)+ j ), (£.2)as (58
—ma[d—a,z) /az—fg,,l Ihlb(f)[apz@,z)/az]dfdn}
(3) Given @, () as defined in Eq. (53a), determine the constants:

ai= Lﬂw yidd, ai= LOI a,(y)dA (55)

where 4, and 4, are area parts of member cross-section at Z=0 where prescribed longitudinal and transverse

displacements, respectively are applied as boundary conditions.

(4) Given 04()/) in Eq. (44a), a;and ¢, in Egs. (55) and the applied tractions in Eqgs. (45), determine:

g __arz(hz)IA;(y’O)dA_&n[;(hz’o)_f(hz’o):l‘ g _ an(hZ)
! aa,,(h)-awa,(h) 7" aa, () -awa, (b))
o, ()] 7(3,0)dd- .| z(h,0)~7(h,,0)] a,,(h)
S = = = 36y == = 5
a”anfl (h2 ) - a"*lan (hZ) a”anfl (hZ ) - a”71a71 (h2)
En Enfl
Gy === - Gy === -
Onn-2 — An-1Cn-1 OnOn-2 —On-10n-1
P G (56)
Sy === - Cpp === -
Anpn-2 — Ap-1Ap-1 Anp-2 — Ap-1&p-1
a,(h)a: - awa,(h,) a, (h)ai—aa,(h,)
Ci3i =R = 5 G T TR = )

ana,  (h)—-ama,(h,) a.a,  (h)-ana,(h)
Enaz 1= En 151 . an 151 11— an 251 .

Sypi T T== = Sui == = = >
X nOn- 2_an 10 n-1 QO n- 2_an 1 n-1

(5) Starting from the definitions of & (y), ,Bl (y) as provided in Egs. Eq. (53a-b), determine the following constants

a,(h) B, (h) =B, (h)e (k) =
o, (h) B, (h)-a,.(h)B, () ™

o, (1) B (h)- B, (k) (h)
a, (hz)ﬂm (hZ)_an—l (hZ)ﬂn (hz),

Ay =

(57

(6) Also, starting from the definitions of C%(y),,Bl (y) as provided in Egs. (44a,b) and the applied traction (i.e.,

o, (hpz) , T(hl :Z) , O, (hpz) , T(}&,Z) ), determine the following constants

), (.2) 3. (0.2)] 6, () 7 (1)~ (02.2)|
p(2)= @, (1) By ()=, () B, ()
s (1), (:2) = (1) = 1 (02)| 7 (1) (1)
2, () B2 ()~ (1) B, ()

b

(58)

py(z)=-

)1
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(7) Given g‘,, as obtained in Eq. (56), ﬂ” ,/121- as given in Eq. (57) and & (y) in Egs. (44a), the following distribution

functions of the ) — coordinated are defined:

Ui (J’) ' g}l +)" §41, s (y): yn72g12 +yn71§22;
7714()’) V' V" G0 7722()’ = I:anl gn"‘“( )§22:|;
&)=y =" =y s Si(v) = (0) At a, (v) A - (9);

& ()= B(3)= B (9) A = B, (¥) Aass

V(1) =06 + V" oy Y A+ Y Ay

Vo ()= V" 263 + V" 6 + V" T A+ V" A

vy (v) ==, (¥)ss —a, (¥ —a, (¥) A —a, (¥) A i=1,...,m

(39)

(8) Given functions wl,-(y), wz,-(y) and %,-(y) from Egs. (59), the following vector functions of the ) —

coordinates are defined:
\yl(y)le:@/“(y) ‘/lli(y) Vllm(y)>a
V), =W () o v () v () (60)
‘I’s(y)lTxm:<‘//31(J’) V/si(y) ‘//3m(J’)>

(9) Given Egs. (59) and (60), determine the following vectors

Meatwen = (& O 102, WO, 172 (9) 2 () 7 ()
(Mo = (B2 0 LW () 72 ()
(), =G () &) ()
g ()., <cle(y) C &) e &) 68
& () (7)o &) o & ()

Ixm <§31 y
(10) Given the terms o, (Z), £, (Z) defined in Egs. (58), ¢, and &, in Eq. (56), ;(y,z), gy (y,Z)in Eq.
(54), and the vectors defined in Eq. (61), one can determine the stress field expressions

G: (y, Z) R T (y, Z) .O'; (y, Z) appearing in Eq. (5).

(v

g R R
Il

y

Appendix 2: Vectors and Matrices appearing in boundary equations
The boundary conditions Egs. (39)-(45) were expressed in terms of matrices bij defined as

- " z ~T "
11 Lyyxam x4m z 11 1 mx4dm 22 1
bl =] {IzCHIl [H,()],.,, ~BCa| B (5) | +ac, T2 [1,(0)] }+c )]

- =T 4T Tl = T = = '
+( [T, izdz - CL L~ CLE: e, -ThC, T [Hl (0)} :

mx4m

mx4m
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(b, = j(f{izcnif (1} +1.C,L: {H,} +i2CHi4T}dz,
30 {by) = '[OLizCnisz{Hz}Wldz+(IOL b, Ldz - CL 11 —~CLTs ~LC, I —i1c33i§){H3}mxl
L A AT ol - ~T
+( j zI,C, Isdz —CLIs —1,C,, T )
b}, = e, i (1) do+ [Te, b (B} do+ [ TC, iodz,
0o, =] {213(:1111 (H,(2)],, +BCu [/ ()] —zic,[n) (Z)l,xm} .

531 -C, [Hl" (0)}
mx4m

L A AT L~ ~ ’
+(j0 i, dz+ | 12C331§dz)[H1 (0)} :

mx4m

mx4m

n ( [[ e, fadz+ Chir + cfziz)[ﬂl (0)]

(b}, = [ HC, 1 (1), d +( [/ zic, Thdz + LI +cgi§){Hz}M + [z, Bz + ORI,

L ~ AT ~ ~T P AT~ ~T 2% AT~ ~T
{b23}mxl :Io ZI3C11112+12C3311 +z I3CHI3 +12C3312d2 {H3}nle+z I3C1115 +IzC33I3 dZ,

532
{b24}mxl=ILz{i3C11i1T{H4} +iaCni:}dz+(IOin3C11iszz+Cszi1T+C1Tzﬁ){H4}' +C" s,

[by] ., = (Cull—llcssll)[ J +C22[H1’”(L)} +(—cfzif—ilc33i2)[Hl'(o)} ,
mx4m mx4m mx4m
(b,} = ( Ch L —LC,, I ){ . ( el 1C3312){ ) —ChI T, T,

AT " AT ' ~T
[b41]m><4m = _C;FZII I:Hl L):|m><4m + C |:H1 (L):|mx4m - LCITZ 13 |:H1 (0)j| N CITZIZ |:H1 (O):|m><4m ’
}nxl

22
mx4m
b =—ChLi (B} ~CLL{H,} -CLi,

mx1

b4 }mxl CT Il {H }mxl _CsziZ {H4}m><l CT 16 ?

{b,

533 {b,} =-CLLL{H,} -ICLL{H,} —LCLi;,
{
[b

A " A AT A AT f
51]m><4m :I {I4C1111 |:H1 (Z):lmx4m B I4C12 |:H1 (Z):| * I4C1112 [Hl (O)me4m +I4C1113 Z|:Hl (O):|m><4m }JZ’

L A AT
mxl IO {I4C1111 2 +I4C1112 { 2} mx1 -’-14(jlll4 }dZ9

mx4m

L A AT A AT
mxl I { 4(jllIl z , +I4C1113Z{H3}mx1 +I4CIIIS Z}dZ,

0

L ~ AT
mxl jo {I4C1111 4 +I4C1112 { 4}’”1 +1.C,, Is ;dz,

. +I3C3311 |: i| ZIsC12|: (Z):| +
mx mx4m mx4m

+Zi5C11i§ [HI(O)] . (Z ISCHIB +I3C3312) } z,
mxam m><4m

534 [b61 ]mx4m = .[o {zi5C11i1 [Hl(
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(b} = r(ziscnif (H,} +:0C L {H,} + ziscnﬂ)dz,
~ ~T A AT~ ~T ~ AT~ ~T
bﬁ3 il —I (ZIsCHIl z +I3C3311 {H3}m><l +Z215C1115 +I3C33I3 +(2215CHI3 +I3C3312 ){H3}mx1 )dz,
35 {bu(z)) =] (ZISCHL ey (1) +zi5Cni:)dz,
b,] . = j {16CHL [H,(z)]. 4m—iécn[Hl”(z)Lm+i6Cni§[H1(o)]mx4m+zi6cni§[H1’(0)} }dz,

~ AT
IGCIIII 2 +I6C1112 { 2} il +I6CHI4 )dZ,

mx4m

mxl

mxl (I(,CHL z +Ziscni3 {H3}m><1 +Zi6C11i§)dZ,
536
thouf,. = jo (IoCnIl H,} +i6cni§ (H,) + i(,cniz)dz.

537 Also, Egs. (39)-(45) were expressed in terms of the following load vectors {Ll« }mxl

L' =[1bhe, b {H,(z)) -LC,H(z) +L.C,b{H,(0)} +1.C, 0z +1d, (2)|dz
mx1 0 mx1 i mx1

538 C,, {H5 (0)}le —(cszilT +CLLs +LC, I +1Cy, ﬂ){HS' (0)}W1 +d, (0)+1Ld, (0),
L, - j:{zigcnif (H,(2)},,, +BCu T 1) ()] -zhc, {my (z)}m} C.{H,(0)]
539 +(j()ingclli§arz+c}2if+C1T2if){H5(o)}mx1 (j 21C, didz+ [ IzC33Izdz){H (0)}m+
+[ 2hd, (2)dz - ,(0)+ [ Tod, (z)dz.
(L) =(—(:1T2i1T “Lc, ilT){HS’ (L)}W] rc, {HS (L)}W1 +(—C1Tz I —ilcnﬂ){Hs’ (0)}W1
+d, (L)-Tid, (L),
L = ()], G ()] oG (0] -GLE (. (0)], +,(2),
L, = {14(:1111 (H,(z )}—i4CIZ{H (z )}+I4C1112{ }m1+I4CHIzz{ (O)}+i4d1(z)}dz,
b —j {lecnh 5 z)}mxl+i3C33i1T{ S }mxl_ZISC”{HS z} +215C1112{ s(0))  +
541 +(zzi5CHi3 +i3C33ﬂ){H5'(0)}W1 +z15d, (z) + Isd, (z)}dz,

+1C, L (H,(0))  +2leC, I {H; (0)} +1ed, (z))dz
mx mx1

L) = j:(iﬁcnif (H,(2)},, ~1C, (B, (2)]
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