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v . ABSTRACT

e R &
Two Pmnt Boundary Value Problems (TPBV P) are [requently

encountered in almost overy branch’of engmce;cmg and physxca.l sc1en’ces

Thc conventlonal nu:nencal solution. of TPBVP is-based on a trial and
S ’ v /_r" : ! .
e¢rror procedure,.in order that tho misging initial condrtlons be obtamed

'I‘hls procedure not only has a reLatwe y slow convergencc rate but,
N

_moreover, Lhe starting-or guessed rmi.sJ mg 1n1t;a.l condltlons must be
.;‘ -

.very close to the’ corr(.ct pnes before the proced‘ure will converge k .

:

.
Im eddlng Technlques, such as Invariant Imboddmg and the Contmuatlon
method have the major E\ltIv;mtagc of. reducmg TPBVP into initial-value
problems In this thesis the two 11‘nbedd1ng methods will be pt‘esentcd S

"and discussed as to their absolute and relative merits a.nd dlsadvantages

Ly

AppllCitlons of thesc techniques to thc solution’ (numerlcal) of optu‘nal

control problems will Pe—f)re\s

ed w1th ewcamples In ‘addition a

'\r



t

(11) e e
j|‘ - o . ; ( .
- ACKNOWLEDGEMENTS . . e
[ ) X . ot . _"
. ’I’he author c'cpresscs his decp gratitude to His supervxsor

DT N. D Gporganas for 1n1t1at1ng the problem and- for hlS .encou-

.o

ragement u_nderstandmg, smccre @nd continued guidance through—

~ out thls work wit out which this thes1s would not have been’ pos 51blc

The autho 1561150 grateful toDr N.U. Ahmed a% Mr K.L.

“Teo for useful d1scus tons and constant cour’&’dmnts during the
§:2 e,n ge g

\ | o

pro;ect Special [note of thanks‘ goes to Mr\;'.jS,_H. Yeog 'Mr. F.
Garc1a,' Mr. H.W. Wong and Mr H.B. Nguyen for their ‘con_struc‘t,ivea
.critic:iscmffo'r the modilﬁga‘tion of 'the computer programming.

Thanks are also due to Madime L LeBlanc for typmg N

L]
thls the51s K S R

The ﬁnancia‘l assistance bi’the"National Research Cofineil of
Canada, through N. R.C. 'E;r,aht, is gratefully ackn_o{vledged_. .

20 T S . _

Kol




.
r
-

-

o
. _ ey
) . < "//
'
N
. -
'
%
r

o \
e

L] ' /
3

Y

A ; i
,‘,"/\
i L
i 4
~ C
[ Q‘ .
.
A .




A

-,_dynamrc D

=

“the maximum -principle may be i

A 3

. . .~INTRODUCT orf’"“_* N

ud

’

mh_l-

Recent advances in Engmee ing and Scxence have\ sttmulated ‘

much. mtere st in determmmg opti mal solutions for the c0ntrol ‘

o T .

.and the tra_]ectory in any control problem where m1mmum ‘cost’

criteria are de sired, There is nL doubt that the a.\s‘aftlablllty of

modern h1gh;speed general purpose computers makes Lt feas1b1e

to consider Lhe jctual computatmn of the se optrinal tra_;ectorxes '

~ .
and optnn:ﬂ ontrols -Several computatronal methods for obtammg

the tra_]ectory and the ccmtrol. for systems whose motions can be

*

de scribed by a se ot Tordinary 11near or nonlmear d1fferent1al-

Equanons are now available. [ -\/
Y ; , .
Slnce the ¥ rly fifties much work has’ b/en done in the fleld

of Opt1ma1 Control TJIEOI‘Y by mathemat1c1ans and engineers in the
Umt,ed[ States and the ‘Sowviet Union. The outstandmg w0rks of
. ";V/ — k] . L3

Beilhmarr and Pontryagin T 15, 35 ] during the time 1955 1960

created a new era in this t_’ield. Classical - vartatlonal ‘theory could

, hot readi/&r handle the typg,eal constramts usually encourite‘red in

opt;pﬁQ‘control problems. Th1s d1ff1cu1ty was completely removed v

after the enunciation of Pontryagm s celebrated maximum

" principle [ 157 in 1956. This pioneering wo/r){ of Porxtry:‘agm,

actually has established the basis of m dérn confrol theory. While -

wed as an outgrowth of the

Ham11toman appro o var1at1ona1 problems, the method of

grammmg, wh1ch was developed by Bellman | 351

e vzewed as an outgrowth of the Hamrlton Jacobl approach.
. v

The necesmty of ‘actual ,computation of\thholutrons of control—
problems of physu:al systems ga.ve rise to0 a variety of computa’t-mnal

f ! : '
e N -
3 .

‘
-— .

Lo




of the large storage capacxty and long computamon tlmes, the :

'means of solving TPBVP need some arbitrary startmg "t-,ue ss".

L]

.global, in most problejns, Lomrergence

f’,‘ \.l ' -
v r, N
. : - 2 - ,L - _ . {
i . ,

’—) ﬂi Y - W

. ! - . n .' . . r.

: ‘ : . . PR
teqhniques The basiye methods employed in the se procedures I /

vary wxdely.,. ]‘hey include,’ for ewcample non- lmear and dynam1c ' .
j ; ,

prOgrammmg,fg,radmnt methods in functwn sp'\ce " solutwn of T s

4 .

funcnon - mlfmmwatlon methods 1nd uuhal value solutmns of

the lmbeddlng equatlo,ns [ ;3,8, 11-‘ 26,27,28 29,35} . 1 .l o

«+ . The Dynamu: Programlﬁmg mcthod and the steepest descent
techmques have apphcatlons in muny control problems. " Because B e
a)phcat:on of dynamic prOgrammmg is l1m1ted to control problems | S

_of low dimension. The. gf_a_c}lggt/methods in functlon spaces )

{iStéepe st Descent techmques) have ‘many excellent apphcauens to=

optxmal control problems. But there is also limitation of the se

“

: me,thods because of restricted com;ergence‘ o C ‘ ' n

Solution of the' asé’ociaﬁed T PBVP"‘seems to be more prdmi.slina;/ - ‘
L . . e e T . . et

for rmany optimization problems, as compar‘ed-tal’other techniques e

-

- : W 4 . ’ :
‘ Sls_c)/_ssed above. It has to be. mentioned, however, that not a11 '

control problems can be &onverted to TPBVP and the usual 1tera.t1ve -

For some Mguess'" the TPBVP might not be solved at all, because,'

in general, the "convergence-degion" of the itefative proceduires is.
. R _ [ ~n o L] - - ) ) A . ;
NETTOW, ST : X : : T

In this thesis the-applicatio‘n .'of-imbeddin'jg techrﬁ_guee, such
as invarian{ imbedding and the Lontmuatmn method, to 'the'vhumerical
solut'ibri'df BVP w111 be e‘camlhed - The majo* advantage of the ﬁe,

J““

techniques’ is reductlon of TPBVP to Imtlal v&hpe problems with -

B

- . v w



o "

. In Chépter _2,“,’an introduction to TI‘:’.B.T'\/P of Ordin‘a:‘y. |

..~—Differential e.quation-a is given. The application of itérativ-‘e - -
. b ’ B ' ' L , .

; .
| / .
]
Ry
_ /
if.
;
.’I
%

R R TR EE A B0 T e TR R AT AT P eI T ST e e e -

"mtroduces a system of ordinary d1fferent131 and algebrzuc equatmhs -

. mvanant 1mbeci§i1g tedhmqu , but it does_not require prior

fOrmulatmn of a TPBVP. An apphcatmn ‘of this approach to. the .

demonstrates the approach, - .

methods to their solution is discussed, Invariant Tmbedding

— B Pl

and the’ Coutinug{tion Method as 'applied to the “'solution of P "
TPBVP are introduced, with some historical review also-given. ' Y
] ) - oo . *
fi . / '

In Chapter 3, an introduction to the Opt1ma1 Céntrol
problem and Pontryagm S, Mammum Pr1nc1pfb: is given. 'I'he
Optimal Control problem is reduced there toaa TPBVP . r?/'. .
” ! ] e d,:;J N _.- , .J..
In Chapter 4, the* numencal solution of TPBVP by the L

two 1mbedd1ng methods is e‘:ammed The mva.r1ant 1mbedd1 g
[ o Iz )

approach reqmres solution of a system of qua51 lmear, hyp r—: ' T,
. 1 .
bohc, part1al -differential equatmns The’ Coutmuatmn method ! L

LRSI -

’Iwo F:\amples are’ e\p11c1tly solved by each of ‘the two methods. -7 : J‘x‘
i Lo
In Chapter 5 the Kalaba—Shridhar‘ approach: to’ the solution -

of optimal control problems is. mtroduced his is also an o .

L N

" derivation of opt:.mal nonhnearl feedback cpnt ollers is pre sented

'A schﬁme for efficient storagelof the data re u1red for the

oller is 1ntroduced - An e:xample
CL o >

syathesis of the‘jredback“‘_dnt

f‘ LRV N (g
In Fhe Conclq;smn of the thes1s, the numer1ca1 re sults

.

obta1nedJare compared and dlscussed —

"
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*

s ‘ T‘ne 'Ri@ Point BOundary Value Problcms obtained in

" many. opt1m1zat10n problems reduces to e1ther Two Point br :

* o Y : :
BOUNDARY VALUE\ {OBLEMS AND SOLUTION METHODS
L N ) T . . . , . .
“_ In math‘ematu:al physu:s and engmeermg the solut1o ) of}‘

-9 : o

'\/Iblltl Po1n‘t Boundary Value P}obltems -~ We wrll be\dhscuss-mg

T :only, tho(ugh there is no basic differenge betweeh the methods

_the solution of Two Pomt Boundary Value Probl\ims (TPBVP)

el‘hplo‘,red to solve either- TPBVP or Mufti Pomt Boundary 7

Value Problems LT "_ T ""9 PR con
I\. -_ 2 . . ‘ N . . ..> ‘)‘ . . ° @ . l

2. 1 TWO POINT BOUNDARY VALUE PRO"BhEMS (TPBVP)
", OF ORDINARY DIFFERENTIAI/EQUAV{IONS

' p )
v PR -
K

engmeermg and phySmal sciences are‘?ostly non- 11near and -thus . -

o

- assocmted w1th vanou nalytlcal and numencal dlfflculhes o
' Ana.lytlcally, ‘it is very difft alt to ivk any general proof for the - )
(s. Num\z_.mcally the e \

existerce arrd umquene §s 0@611‘ so‘l
is no wxdely accepted convement technique for obtammg the ,

numemcal solumsns on modern d;gltal computers Whereas, e

if the COmplete 1n1tlaL COl’ldlflOt‘lS are glve,ﬁ modern digital computex;s
an

\Qe efficient tools to solving d1fferent1a1 equatwns de 5cr1b1ng

dynarmcal systems \Iow let s cons1der the system of n f1r st
L .
order non—lmea.r ordmary d1fferent1al equahons :

g

d,’&,)a' £ .('x“)-,vx(z,.)a N T SO (2.1, 1)
at - -, T ' " > .
. Whtf-re. f( ) RTe sufﬁgently s.moot functfons In add1t1on to
satt-sfx.mg | (2 1, 1) the solutlon (t must sa"hsfy the two po1nt i
_boundary conditions ' o - o -




toxiia) E et e a2, g . (212

7 (1) W EE ' '

X Oby = ML J+1 \ o : (2 1. 3)

Equat1ons (2 {.1) - (2 1 3) define a Two  Point Boundary Vglue

Problem where the initigl state at t = a as well as the fma.l state 31

at t=b are partly rgiven, @sua.lly one cannot fmd a closed form -

solutmn of th1s.prob1em fd has to resort to d1g1ta1 or analog
echmques Toget the solution by d1g1ta1 techniques we ‘can use

rither one of the followmg methods .

..?

(1) Iteranve Methods for the Numer1cal solufion of TPBVP

- W - , .
(2) Imual Valﬁe Methods for the Numa r1ca1 solutmn of TPBVP ‘

. a l
t - v

'.The In.iti”a'.l value ry} Fds to be considered herA are the followmé

! (1) ‘Invar:.ant Imbeddmg

£

"\ {(ii} The Connnuet;on Method . .

e - ‘ Lo

' 2.2 ITERATIVE METHODS FOR THE NUMERICAL SOLUTION
OF TPBVP. T R

¢

These are so named beca.use the solutwn is started w1th ‘some
gue ss and after some 1tera.t10ns it converges to the actua.l solution.
There are numbersof ways of approachmg thé solunon f om thi,s

/B\ue ss. One such way is to defme a multi- dlmen510na1 error -
3.

functlon M1n1m1zat10n of this funcuorx is equ1va1ent to the solutlon

- of boundary value proBlerns T 2 71 . There are many methods of

rmmrmzmg a mult1d1men51on'al“funct1on "Most of them are based On ,

ant 1nforrnat1on One such method is due to Daw.don [ 28 ']

-
" r . . 2 ]

PR

§ / - “ _ ' | e
T a . ' ° - @ .
'-' . . ] . i . ", .
.
‘
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- and th:.s Wwas refmed by Fletcher and Powell {'291

-6 - S | g

!
L E]

] ’ o . o : e . . o, - - —

as DEP algonthm and has been'w1dely aceepted as one of the most
powerful tools in n d1mensmna1 m1n1m1zat10n problems. It.h:as
been shown [27] that the DFP algorlthm can find the minimum

of ‘a quadrahc function of n ‘ﬁ"vanables, in atmost n steps The
1mp1ementat10n of the DFP techmque requ1res the soluuon of a one
d1mens1ona1 m1r1‘1'm1zat1on problem at each stage of the iterative

Process. This can. be achieved eithe'r by Cubquad or Fibonacci,

search techmque . . _ ¢ - b

]
I

\To show the initiation of the problem let us consider the *
I

system of equatlons (2. I 1)y - (2. 1. 3) with an error funct;op defined“a—e:

E = [z {xTpy - Tll_(?) }]2' , (2.2, 1)
i=J+1 : : A

"where x( )(b) is the fmal value of the state obtained by. solvmg

the system of differential equatmns with some initigl gue s5 such as

L

PR JH, oo / / - (21'2'.‘2)

fo:i the m1t1a1 conditmns that are not g:.ven

Let Q. represent that set of n- va/ect Ts «, for which the .

.d1ffe,rent1a1 wtem (2 1. 1) ’(/ 3} has a umque solutmn in the

mterva),a’"b} Then, for each o €9 there correspouds

'/m/ue non- negahve value for the scalar funct1on E; that is the

functmn E {the terrnma.l error)t.a.n be netﬁed a@y’a functmn of the

initi ai gue ss

iy ‘Tlﬁ(gf 1 0 .(é.'2.3)/

i

Th1s is now known - E




%.

,(.t-

Am ",

Now, if one c!\ould find o E Q. ‘siich that E(m ) 0, then the |

‘resultant solut}on would be the requmed solut:.on ‘It may here be

noted tHat « renders E 1ts rn1n1murn and so the problem of

HS

: findmg w (and hence of §01vmg (TPBVP,)) is equivalent to the

problem of minimizing the terminal errer function, £ = E(w).
But this minimization is quite complex, bccaus'e at each étagé of
iteration the g_rad‘ient' of the furiction has to be found along with one

dimensional minimization. The analytical method of obtammg

" the gradient is qu1te involved and thus the gradient- of E () may bc

obf:a.mecl by a finite d;,f.ference method havmg pcrl]urbatmn 5120 of

-0
10 “ - 10 .O,- usually.

k)

4 M i

2.3 INVARIANT IMBEDDING

Invanant Imb ddmg, prev‘ously known as irrvariance

prmc1p1es has been first mtroduced by Ambarzumlan in the study

of transport phenomena (13 . La.ter on these prmc1p1es hav-m.heen

. f
~studied extensivelylby Chandrashekhar Bellman, Kalaba ng and

co-workers @3 14} in the study ol‘neutrontransport theory,

radiative trar‘}l-:fei' random walk, scattering etc. - In this work _We

é‘r

“will consider the use of this principle .for the solution of TPBV P.

L\et'u's consid.er-th‘e-s'cz’}la.l;_ TPBVP

(2.3.1)

\. ' % :-'f(t,,x','.)"., x(6) = x :
_i.w.'{ : \ L ° '

Etixy), g(T)

it wi

for 0< t<T, T given.

where the fuhctlox? L and g are continuous and contmuously

T

dlffcrentlablc - o o ‘ -



- 8-
. ,‘ ., ‘ ' _’:‘- . . . - )
."\' ) . ' J ‘ . .‘ 7 - ;__ . .: '
Ny : o ' |
-\._ .--. Fhis problem 7 is imbedded mto the family of 'I'PBVP w1th ’\
,I’"f ~"" more general initial condltlons ‘ C S e T
y " . § . ' Wl ‘ : ‘ . ' i /
&“ . - XTT= f(t,xjﬁ;-) o, x(a) ‘= c . ) I N
T ta, ):'.{ L L s T (2.3.2)
. pﬂ" | 11; ‘—= g(t’ x‘, "lr) , w(T) = wl . L
" —Now let o o L
— [ \ ' - (2.-3.3-) |
. . . . .' . . rlfl <
' be.the mis smg initial condition of m. To find an expressmn for
: M. :
r(a,c) let x(t) and ¥ (1) be the solutlon traJectones 4 shown in Fig. 1.
A S .
x, ¥ - - o
~Gtven = ¢
~ R
¢(a) = r(a,c) -,
T) = Ul* Given
et ol
a (at+h} - Tt
j I - . Fig. 1 .
l\ . Attt = (a+h), the va.lues of r(a c) can be expressed in two dlfferent
f{ \ ways. o Equatmg these two, i.e., ﬁndmg the relationship between
L3 '

the ne1ghbormg values of the process, we get
-r(a+h, c:{-f (a,c, r(a, c)h+0 (h))

= r(a,c) +gla,c,ra,chh +0(h) . v (2.3.4)

Lo . .
] . . -



'Iorwa.rd .l'rorn 0 to T for the rec‘Lulred trajectory..

* X ._ . s \

_ Exp:zlnding in Taylor's series on both su:ies of the equauon we gef.‘

the followmg Part1a1 D1ﬂ'erént1a1 léqiug\tlon (P D.E) .
T a) tr (a, cxr(a,\c (a)e))-= gla, c, r(a,c)).  (2.3.5)

"FQ‘I'_OCa.'s T and’ -‘c,', <c.<<m ‘
Thc 1n1£1a1 CODdlthn of thls P D E may be obtalned from the consi-

derallon that when a = 'I‘ we han C -

WT) =ox(Toe) =y . -

-(2..‘3. 5) sho;x?d now be solved‘back_vi;a‘rd "from- a=Ttoa =0.

- + Then for ¢ =X and a=o we get y (o} = r(0,x )wh1ch
: o

is the requlred initial con.dxtlon of m . Now ™ can be 1ntc(grated

AR L

/

* It has been shown in [. 1] ‘hy Lee that){:ead of finding the m1551ng

: xmtlal condltlon v (a) we could find the m1ssmg final condxtmn

x®(T), T bemg fixed. The mlssmg ﬁnal condition x(’I‘) for the Iarmly

of problems with different startmg tn’ne values a, depends on the .

gwen 1n1t1a1 cond1t10n c, anc! the startmg time a . Let
4
) ‘.. " The missing final cohdit_ion for the
s(a,c) = x(T) = . system w (a,c) : starting at c
- ' t =a with x(a) = c. ' . (2.3.6)'

4

By finding the‘relatio'nship between s(a ckand 1ts nexghbormg process

- with Taylorts series and makmg use of the semi-~ grc@p_roperty,

the followmg P, D E is obtamed for s(c a)!

R

CEEICTS aaa. c) + Ha, r(a,g:),c) _{_Bsa:.a): 0 ‘ ‘(2..3.7').":

w1th 1331t1a1 c,ondltlon s(c T) R L

-
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' Thxs meaz-xs that ‘the m1351ng fmal cond1t10n would be equal to the

given 1n1t1a1 condition if the duratlon of the proces s,’ls zero or

a=T. A.ﬂ:ef‘ ﬁndmg x('I’) the ongmal system T, may be integrated

. backwaTds. Ifnow instead of consxdermg the scala.r case we take '

the: system of equations (2. 1. 1) - (2.1.3) the followxng System of

-

P. D E. is obtamcd for the\mxssmg initial cond1t1ons o

ri'La.,D) z K0 )(a) “For =Tt 1n . (2.3.8)

_whe;jj D is the initial vg‘ctor‘ with components ,-6(_1)- yi=1,2 ...T.

yr, ‘ 3r{a,D) - - -,
1 (a,D) + f(I-{)(a,R(a.,D), D) 1 LN .
ea v RRNGD P

= ) ('%,R_( _X\D{)/,D) (2 3. 9)

. __ag
Fori=J+1, L. n. §

[ e

k

<

with R{a, D) = [ r“_1 a, D),. -7 (a, D)l" the rmssmg initial vector.

It has been shown by Balley and Wlng [14] that if the original system -
S of ord,,nal:y dlfferentm.l equations becomes 11near then the P.D. E
obtamed either in (2.3.5), (2 3.7) or (2.3.9) can be reduced to a

__system of orduﬁbary Rlcath d1fferent1a1 equations and the solutlon

!

‘becomes very easy ) . R
Indeed, let us COHSldeI‘ the case 3 - -
- . ) '
fix,y,t) = q“(t‘)x +q12(t) U a {(2.3.10) |
‘ t) - t +.q. (t | (- 23 1 1)

)

Becayse of this linearity the missing injtial cbnditi_on will be

C o,



Vs

'proportional to the starting state'c. Thus =~ =~ . . T
‘ Lo : ‘ S o ’ . . -
r{a,c)~= R(a)c : cL (2.3.12)
Substituting into (2. 3.5) we get
' dR(a ‘
i fla) + [qzz (2)-q,(a)] R(=2)- q am (a)
' : - {2.3.13)
with boundary condition - - L | R A
. nT,c) = R(T)e = ¢, °  (2:3.14)
Equatlon (2.3, 13) is of the Riccatti type Not only can the missing
" initial or m1551ng ﬁnal conditions be obtamed from the invariant e

u'nbeddmg equatmns and the -orlgma.l‘ boundary -value problem thusl
bccome an initial va‘lué\problem but also the” solution of the ongmal
equatxons x and ¢, can be obtained in terms of the‘ﬁ.mctlons T and 5.
The rélationships betw_e_en‘. r"‘and s, and x and y Bave»bééx;l shown -
[t] to be °_“‘__-‘° o o L W -

Vi = exe) 23t

s (t, x(t)) = d ST ” o (2.3.16)

Q

where d = ‘missing final condition of the original problem (2.3.1).

-

2 4 THE CONTINUA.TION METHOD A : -

Let w be the problem to be solved. The e principle of the

continuation, method is to imbed this problem into the one-parameter

family of- problems
fTr(S):O«:S‘gl‘} - ; .. (2.4.‘1)‘

. . — N . .
. . . L
- - < —_
. ‘. - ’

"




‘o

having the property that |

-

. " i) -"\t_("-’) is.a problem which-can be e
E /_/i ub-aseu problem)
N i) W) = % ;
. N {’ . ) EE A g
. Symbollically it canibe represented as shown in Fig. 2.
T .
.lé |
i
— . | ‘ . . “ J. " !
| \ Fig. 2 S 0 f
L The solution of m is obtained as thg"continua:)tion/"-

of the solution of the "base® problem = (0) as s varies. from

s=0 to s =1. - 7 -

il

. Continuation methods havé:been fruitful over the last

century in . , the "proof -of existénce and uniqueness of various

i)robl'enﬁs (22,30] . However the application o‘f. these methods to

numerical calculations became practical only with the advances in the

’
’
;




. .. ' . . . ) * - . ~ : .
. i ) . 1 ' . ) .
. . . r a *
- ' '
, :
.

technology of digital and analogue computers.

- These ‘rne_thods have i

' successfully been apphed to dlfferent problems, such as : .

ﬁndmg

the roots ofa polynémial, solvmg eigenvalue problems TPBVP., :

etc. - There are d1fferent variants of t@ cortinuation method [24]

We are gomg to descnbe here a va.rlant of thls method

[23] for the Evumenca.l solutron of the TPBVP (2.1.11), - (2. 1. 3)

The ment of the method -of continuation is that is na'r:urally1en€1s

itself tp the reformulatlon of such problems as initial value problems

Now we have -

‘n

B [TPBVP (2 t1) -‘(z 1. 3)}

We 1mbed T into the one-parameter famxly of problems T {s) [23] .

i . | S o

ax o= ghl) (1) (n) . i . N
| Bt (,Sl.t)-f(' (s, % 7y e, x ey | | al
TI‘(S) :‘ . . _,_ . l:l,Z,... n -' ' (24f2) . :,l
T Y ear = oWheis s R AR T3 O D 5
-x(i)'(s,'ﬁ)‘:-.ﬁ f=l -('i)(s),i =3 +1,..n 2.434) .
o | - o

for 0 § < 1. The boundary-value prablem (2 4.2) - (2.4.4) will be

denoted by -rr(s) The Fanctionals f( 1) and the functlons o'( )(s) and 'n( )( }
are chosen so that they are contmuously differemtiable with respect to 8
and that a) at s = = 0 the base problem w(o) can be solved and its

\ . ~ ED
e

known solution is :

< ey - _x-(;)'-(-tf) i'=14,2,...m 0 (2.4.5) T
w (o) :\. x(i)(o,a) N = 'O-(i)(o) = U.('i) i= 1,2,...__1‘){ (2.4.6)°
}é(i)(.o,.b) _' = n( )(o) n( H 1: 1,2,...n - - (2.4.7) '
b) at s: .1 the problem w(1) COlDCldeS w_,itH'the‘origina_.l p;oblem T,
e, - ' |



~and 51m11ar1y for Lhc b0unda-py—conﬂlt10ns

S f(l)(_i, TR t~)--,f(~2 {1)@) ), (2.4.8)

-

- -

. IIere we 1deni.1fy at 5 i

and the functions 71.

.-théy pass thrbugmthg base (2.4,7) and at s = 1 L,hey c01nc1de

N

) (1,t)' ac”"l(tf | /(> '(2.4.9)-5.,'

Condltloh b) is - satisfied by choosmg
(i) (i)

(i) —_— o o v : .
(s) y 1 =J +1,..'n, sothatat s-O

with (i) (i) ; o ,;“ tr ‘
no) = o i=T41, .. o ._(_2-.4.1‘1)."
A simple choice is . ._ , ) | .
\n(l)(é)_, = 11)(1)4(111(“— T]éi))s;: fo= I+, .0 .n (2._4.‘12)‘
Let the functlons ( +1.)._( s}, (,]'-}-2,)_(5)" . .g(’n) {s) be the ux':kn.owr.:'
;nltlal'condl.tlons of TI"(S), i.e., - )
:é(-i)(s,a) = g(i_).(S'),'_"i =J+1, .. .n‘- ' ', o (2.‘{}.: 13) -

"The.initial values, at s =0, 0of these functions are known from (2.4.6)

. {(an arbitrary selection) : We shall now deri\:'e an ordinary initial T

: AT
value problem that describes the behavmur of ol ) {s), (2.4. 13) as

s wvaries from s = o fo:s =1, By d1fferent1a.t1ng 74 4) w1th respect '

. {
ox + T Z do

k=J+1 T

to s.- wﬁt: - ', o - . s \ '
; (i) n ' k) -l L '

a's

where we have defined

-

-

(s): =6 ' ,i=1,2,...7 forall s = (2.4.10)



¢ .
P . : ,
/ i _fhf—\ﬂj .
. ‘ : \
- 15 - N
" ) fi) o
(1) ax’ (s t) : B , .
)y, = AT . T ] .
2 (s,t) ) L (2.4:15) |
: 3 : o L .
and | ‘ (1) o ‘ | | S )
| Sl = ome BB g
| . ' /

Thé right-hand side of (2.4. 14) is known; for example, if we .

& . .
choose the linear variation (2.4.12) then ’
“J = (1) . (1), . - T .
1s T]1 gl ;1 —;I-H, w..on » (2.4.17)

o
« . ' .
For 51mp11c:1ty we shall restrict ourselves to the Ease where the

(i) .

' I'unctlonals b

in (2 4.2) do not depend e;phcxtly on s. .’I‘hexjef re,’

W

. —

: thc ﬁrst term in (2. 4. 14) a xli i) vénishe
. -7 as.: ..
% ) !

-

=

We shall show below how to compute the J::1ernent5\ of the matxe

~

(2.4. 14y, It the matnx is not smgular thxs lullear syste

éolVed togive @ o : . I
(k) n g () ‘
dg -1 dn o .
—_— = e = 3 = T 1’
ds i=§'+1 R e e
. S O (2.4.18)
\ ‘Since th_e'ini.tial valges of these equatione are known [ see (2.4.8)] ,

they can be integrated from s = o until's = 1. Because of our choice .’

‘of(2.4.8) - (2."4.:-1-6) we will have :

A I E TR S FIPO S (a9
It rermains to show how to compﬁte t:he elements of the matrix Z (s).
‘ Diffe'rentiating (2. 4.6) (2.4.7) with respect to o'( ) yielqs :
- . . (1) ) . . .oon?
: 3z ' (s,t) n (1) '
e ks oy 2L (2.4.20)
a . ‘ . a_t ' r=1. 32 x(l).'

A




o, ' ) ’ -
. '- - ' | =16 - J '_; ' )
L. . . R e .
: L . : . -ﬁra‘ 1.‘ =k . .
z.( )(s,a) = 6, = [ : ‘ \-(2.4.'21_).
k Bl . . o .
- - Lo 0 ifk o
’ | Pl e &
where i = 1,2, 7% n, 'k =z J+1 n “

P

- . - p ' et

3 )e mtcgratlon of this 1n1t1a.1 \ﬂa,l,ue problem from t =atot=bhb .
SRR
' P

roduces the des1red matri’x [ see (2. ‘4 16)] In general, this

(i)

11near 1n1t1a1 - value problem for the Zk c&nnot be solved inde - .

Ll
pendently since ‘the co-efficients in (31 i4.20) depend on ¢he unknown

(l) Therefore ‘the solution of (2.4. 20) a.nd (2.4.21) ha._s to be -

carrled out together w1th (2 4.2) a.nd (2 4 3;) Ho'wever the iriitia.];_'

i . values (2—-"5?' 3) are known for 0 < s < 1 on}y for i=1,2, J
fsee (2. 10)] The remammg g(l.c) (s) )Lnust be obta.med from the
solutlon of the m}.tlal—vﬁ:e problem (2 4. 18), (21 4.6) . ‘

__We see fthat two xmtlal j.ralue problems ar couPIEd. The first one, E G

consu;hnigJ o; (2.4.2), 2 4.3), t2.4.20),- a.rgi (2. 4 21) cannot be
integrated’ W1thout knowmg 0'( )(s) and thé second one (2. 4. 18) and[

am o T(2.476) cannot be mtegrated w1thbut knor vmg the matrlx z which is

N
obtamed from the solution of the first prcblem. The solutlon of

‘this problem can be carried out on a hy' and computer with a rcpet1twe

¥

mode as YTollows. At s =0 we know [ ‘rom (2.4. 6)] all the initial
- Y values. g( i) (o) and therefore we tan mtcgrate (2. 4. 2-)~, .(2 4.20) and )
7 (2.4.21) from t.= atot =b. Th15 can be done by fast analog mtegrators,
(o,b),

.. see Box A in the flow chart in F1g 3 At t=b the tluantltles Zo

i,k = .I .+1,‘ .n, are delwered to the dlgxtal part of 'the computer. o
‘ T (K} . - - N
‘The derivatives, ES— ~ ats =0 are eva-luabed in th«{‘ﬁigital computer

2 <

by solvmg the 11nea.r system (2 4. 18) in' Box B of the flow chart We :

now take a small 1ncrease ' As and compute (1n Box:, C)

KN (ps) = o®No) + s G o) k=J+li...n (2.4.22)"

- *
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CONTINUE CONTINUE
. ?\ )
) © 'q: - .’
G' | . ’ ‘ ¥
- & e Box(A) .
_ o INTEGRATION . \
SR OF. 7w (0). “w.r.t. t |
.} NO . L
. >— 7
| -
Y :
- ¢ )
. ,j ‘l “ "
I COMPUTA@ION OF dg  * - -
. ’ Al FROMEQ(Z-‘L&} ds. - o~
o | e ’ Y —
) ® » o T Igowc (C)
. INTEGRATION OF (2. m‘
(2 46‘ v r. b, s o
N 2
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w
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, THE DOUBLE LOOP SCHEME OF THE CONTINUATION METHOD
. L - : R . R A ‘ . . Il




- Lo ‘ o , o
. Now the whole cycle is repeafed for ws, 2 4s . . . . .

. . \.k AS, until k ns =.1.0 L

;m our context is ‘that they can substantlally speed up the contmuatlon

method,. which make it useful for real tt"me sblxﬁ\lons.' The vamant of

"here. A N L .’.' o
. [~ "

I
£
Lt
-

‘.

-

-

a

'I‘hd whple prDCGbS can He cxecuted either on'a pure analog tomputer

or d1g1ta1,'!§omputer. Two txme scalmg is needed if the whole process

is to be d}mc on an analog computer '

- The rnal.h advantage of the contmuatlon method is is

SuchlOE. convcrgence prbpertl.,e,s even from a dlstant base - The k)

I

0
short commgs ol the contmuahbn method are 1ts rclatwe complexlty

and its sl.owness. The mam attractlon of a.na.log and hybrx;i cqmputers

" 1

the conQnuation method descnbed herd.is dtfferent frpm the one . s o )

' [ o )
dcscrlbed in £24] but this varlant is b{e\tter for 1ts fast (repetltlvt) _‘ ﬂ,‘

' modc. In the otherwariant, the rtumbet of equatlons is greater tha.n s -

v o, . . (a'
L . .

¢ - v - o G- L

. i N
A In this work we shall carry oui the contmuatmn method on S
< N - .

ad1g1ta1 computer - C o IR e ' /1 4

&~
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variations and Pontyyagin's maximum principle in obtaj
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> . - ® OPTIMAL CONTROL AND TPBVE

‘The difficulties afsing in the solution of two-point
the use of both the calculus of -

the

Dynamj prdgr m-
rhing, though, seems to avoid these dlfﬁculhes by emplo ing -
ompletely different concepts, _ has d:.mensmnallty problems

The cla.sswa]. va.ma.tmnal approach to optimal cont.rol problems !

" cdn not handle several such problems because of certain types of
_control'cbhséraints The use of the maximum principle is 2 very

'advantageous tool for the solutmn of many 0pt1ma1 control problems

if we can solve the problem of handlmg the as soc1ated TPBVP

Before proceedmg further in convertmg the opt1ma1 control probleng

" to a TPBVP, we sha.ll give a brlef review .of Pontryagm's Mammum :

Principle tiS] =
' . . -~

3.1. THE OPTIMAL CONTROL PROBLEM AND
PONTRYAGIN'S MAXIMUM PRINCIPLE.

Basic Assumptions ; o . o o =

Assume that the controlied bbjectls law-ol motion can be
described by a system of differential equations :

x(l)= f(l) (x(i). . x(n), 11(1). .. u(r)) ‘

g;
o

il

£ (x, u) _ S & P P Y

For, i = 1,2,... n.

or, in the vector form




TSP RV i T

©-20-

0 o - | .
R w) : (3.1.2)

where f(x.u) = [f() x u)}, i=1,2, e n.l xz,(x“) (2),._” x-(n)) )

1 i
is the state vector and u = (u{ ). ) ( ) }is the control vector.

The functlons of f( ) are defined for x € X and foru €|y where |
U is the control tegion, an bounded subset of E'. 1tis also

A i) (D m)

ax(i) (x ' u)"l i‘!j‘ = .112'1"". n

“ assumed that

'is continuous on the direct product- X x j .

Fl

In tcc.hmcal problems the control reglon y is not arbitrary but a

closed and bounded set in E T o e

-

I‘ormulahon of the Opt1ma1 Problem Let Mo dénb’te the set tﬁf

all bounded measurable functions defined on I = [a b] to 'E" such

- that "u(t) €y a.e.- This set wxll be ca ed he class of adm1551b1e
<ontrols. The fanctional tQ be mi imized is

b oL,
Jiu) = f/f (x u) dt, o L (3.1 2(a)

where it is assumed that f (3, u) satxsﬂes the same conditions as

the functions f(I)A(x,u),' i=1,2,...n
| . L (o o n
Definé a new.state. coordinate x . (t) A J' I (x(s),ufs))ds.
‘\' . ) o . a -’
. By’ ad*jo‘t.‘ning’ this new poordinate, we obtain the (n+1) dimensional state

slsace X . Then the equation (3.1.2) takes the form

4E L Tom), ee. o (3.1.3)

i dat _ | ]
where x = (o) - (1) k(_p)).
and T (x,u) = (T (x,u), A w) Mk, )
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- The ‘I';roblem may then be posed as follows :

0

.
/
I

,/'1

~

Statement of the Fundamental Problem H

—_— )

In the’ {n+1) dimeﬁ.élicnax state space X the point Eo =
(0, x ) and the line .7 are given, -"i‘he line = is.assu.me;:l‘to be
parallel to the x( )_ axis, and to pass through the pomt 0,x ),
Among the admlsSLble. controls u = u(t), havmg the property that the
corresPOndmg solution x (t) of equahon (3« 1.3) with Initial cond1t10ns
x{a) = E-o intersects w find one whose point of. mtersectlon with

w has the'smallést' coordinate .x(o).

Fundamental Thecorems of Pontr;a'.gin etal:
Before presenting the theorem that solves the fundamental

problém, we consider the following : The Hamiltonian function H is

written as

= - = no (v)
H = <4, [ix,u) > = ¢ TR § x, W)
' . ) L= o v
where ¢, i = 0,1,:.., n are auxiliary variables (called adjoint

or co-sfate variables). satisfying the di‘f_ferential equations

dy.
1

g.

|

dt - V=0 a‘c
. .

1t can be seen that the equations (3.1.3) and (3. 1. 4') may be rewritten

. with.the help of the function H in the form of the Hamiltonian -

5ysfém: _ : . “
L ba_w-i N € P 5.1}
. ) 1 b hd
d ., = - H. (3.1.6)
dt i ‘a,.{(l)

2 v xcu)'wv,‘i;b,_f,.._.,ﬁ (3.1.4)
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Theorem 3.1.1 (Pontfyag\i}i"s._.‘-ﬁl}_r[akimum Prihc‘iple [15]

Let uft), ast = b, be an admissible contral sﬁch'that |
the correspondmg traJectory x (t) ‘(see 3.1. é) which begins at the
.pomt }—{.O ‘at the tu‘ne t = a is deﬁned on the":Jihtcfarrvalka <t <. b, |
and passes, at the time b thréugh a_point .on the line =.

. In order that wu{t}) and x {t) be opti a..l"rt is necessary that there
‘exist a non- ~Zero a.bsolutely continuoiis vector fu?ictmns —' (E)"‘T’:' (¢0(t), .

U 1(t) e n (t)) correspondmg to the functions u{ t) and x (t)
'..(see 3. 1.6) such that : | - )

. 1) .Thé function H ( E (i:'), :E(f), u) of the variable u £ i}

attains its maximum at the point u = u(t) almost everywﬁere‘ in the

interval a gt b, | . : L L 9\‘
| - | - - _ A
. A

(3 (1)35(0), 0(0) - mak H (y ( (), x(0),v) = T (et x)) (31T
v GU g . :

' 2) At the terminal time b the ‘rela}@ion‘s
» s 0 IEGEL kBN =0 (3:1.8)

are satisfied. '~ Furthermore, ‘it turns. out that if q, (t), t), an\lh

u(t) satisfy sy"stem.s\ (3.1.5) and (3. 1. 6). and condition {1}, ‘the time
ru.ncigions ..‘;, O(t) and E(Ty(t), t)) are constant. |

Thus (3 1.8) may bé-ver_'iﬁ'ed at any time t, 2 ¢ t < b and not Just at b.

(o] .
For the time optlmal case, f(x,u) =1, and we consider

the Hamlltoman funct1on
o . n .
H = 'J; + . Z ¥ % (x u), where V is an in? d1mensxona1
: v

1 ’ Y~
vector i.e ¢ = { R \32 % ). Herc we éonsxder the b



n dlmensmn_al state spa

','23-_'-

¢e only. Since -wo is constant, the *

Harmltoman system becomes '

dy,

dt

o H » = ' P * ‘

au'r-l 1,=1,2, ' n (3.1.9)
L 3

9. H

The theorem for time optimality is given below :

"Theorem 3 1.2 (Pont

Let u(t),

transfers the state point

ry'agin et al {157 )

a <t «<b, be an'admi'ssiblé contrdl which

from xo' to xl, and let x{t) be: the’ corres-

pondmg tra_]ectory (see 3 1.9) so that x(a) =x , x(b) = " x

In order that u(t) and x(t

o . ’ 1

) be time- optlmal it is necessary that there

exist a nonzero, continuocus ucetor ﬁmctmn 4 (t) = (q, (t), wz(t), e

\%(t)) correspondlng to u(t) and x(t) (see 3.{. 10) such that

1) l"or all

t, a gt .= b, the'functloh Fi t) x(t),u)

“of the varlable u € attalns its maximum a.t the pomt u = u(t)

¥ (£), x(t

)y u{t)) = M(sl; (t), =(t)) . . (3.1.11)

L

- 2) At the terminak time b, the relation

is sati sfied. Furthe rmo

M(ﬁ-(b)',-x(bi)' =0 T ey

re lt turns out that il g (t), x(t), and u(t)

. satisfy system (3.1.9, 3 1 10) and condition (1), the time function

f

- Mg (t), x(t)) is con'st-ant

itime t, a gt < b an

B

Thus (3.1.12) may be venﬁed at -any
q not Just at b. ' ‘ /

. H -, i=12...n (3.1.10)
ach(1‘) : . : /

Ty fM |
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Let us now pass to the formulatlon of the control problem with. '& | gy

be smooth mamfolds in X
‘of arbxtrary (but less the.n n) dlmensmn 'r " and p.
_ )

varlable endpomts Let S - and S

Let us ' !

pose the problem find an admlss1b1e control y(t) which tr};nsfers the

state pomt from some (not prevrously g1ven)

which in so doing imparts & TMinimuem value to the ﬁnéti.onai

'end—,points. Ifboth S and S degenerate into points, the pz‘olglem

with varlable end pomts becomes the problem wrth fixed end -points.

It is clear that 1f the points! x .and X were k}nown we would have a . \

_ problem with ﬁxed end—pomts. Therefore the control uft), opt1ma.l

in the sense of the problem w1th variable endpoitnts is also eJapfuma.].

in the sense of free- end i. e. » the maxlmum pr1nc1p1e (Theorems C s

»1 and 3.172) remams vahd for problem wrth free end pomts

However in thxs case 1t is also neces sary to have additional relations

1

from whu:h one can determine the pos1t1ons ofx and x1 on S and
o 0o -

SI' As a matter of fact, the transversallty conditions are such s

conditions. ’I'hese ondltlons allow us to write fﬁ + r1 relations
. Fa ]

involving the cootdinates of the: end-—pomts x and Xy On the other g -
o N

° hand, since the number 0f unknown parameters (in comparlson Wlth
the problem with ﬁxed end —pornts) is also mcreased by ot I o ><

(since the 'position of-xo on the r0 dlmensmnal mamrold J is -

characterized by ’r parameters, and the pos;.tmn of X, € S . N .
- characten.«:ed by’ r1 parameters), the maxlmurn pr1ne1p1e -togefher
with the transversallty condltlons form a sufficient system of

rela.t:.ons for solving the glven 0pt1ma1 problem with vartable end -points.

. L]
4 .
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points.. The planes T and T1 are in X

"continuous vector functlon q, (t) which satisfies the (‘_ondltlons

‘Let ws riow give the fgnﬁ#ulatlon of the transver allty condltlons

 Let xo c S and x, € S1 ‘be certain pth let T— and

_'1‘1 be the tangent planes of S and S wh1ch pass through these
and have dimensiong

1-0 ‘and ri, respectlvely ! Furthermore let u(t), x (t)y a st < b,
be the solutmn of the optimal problem thh fixed end—pomts X “and X
JFinally let ¢ (t) be a vector whose ex1stence is' asserted m '
Theorem 3.1.1, . We shall say that the vectoi* q, (t) sa.tlsfy the .
transvcrsahty condition at the right -hand end -point of the traJeotory

?\(t) [i.e., at the pomt X b)] if the vector ¢ {b) (¢ {b), q,z( )

w‘ (b)) is orthogoral to . . Makmg use oftransversahty conditions,

the following theor‘m may be stated for the solution of control problem

w1th variable end pomts - -

Theor,etn 3. 1.3 (Pontrya.gm et al [15] )

Let u(t) ag t g b be an a.drmssxble control which
transfers the sj:ate pomt from some p051t10n x ¢ S , and let x (t) .
o :

be the correspondmg tra_]ectory startmg at the point X = (0,x )
0

‘In order_tha.t u(t) and x (t) yteld the solutlon of the optimal problem

with variable end -points, 1t is necessary that tp.ere exist a nonzero

ofTheorem 3. 1 {1, and in addltlon -the transv sallty cond1t10n at ~

both end-points of the trajectory x (t). 01 course, . ‘il either ,

5. or S de'generates‘ into . apomt the transversahty condltlon

O

“at the correspondlng end —pomt of the trajectory J~. (t) is r%ced by’

‘the condition that the trajectory (t) pass through thlS point

For the case of time optimality, we replace x (t) by. x(t) in . the

L ‘ L]

> B

%
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' statement Theorem 3. 1 3, and the reference to Theorem 3 S -

is repla.ced by a reference to Theorem 3., 1.2

The above theorems

are, in gen‘eral, -applicable to both linear and,nonl‘inear processes

‘with any linear or non-linear c\’ost function.

3.2. REDUCTION OF THE OPTIMAL CONTROL
PROBLEM TO A TPBVP.

If we now take any control. problefn satisfying ‘all the

conditions in the previous sectlon we can define the Hamlltoman

i et T T A TS

function and optimize it \"V.lth resPect to the control to find an
- expression for the optimal control in terms of .stdtes and co-states.
After that the Hamlltoman function may be d:.fferentlated with respect
" .fo'the states first and then with respect to the co-states to obtam a

g
: A
. .,
TPBVP. In1t1a1 condltlons of the states arc given and the fina]l o : ‘

‘conditions of the co~sta.te5'may be obtained from Theorem 3. 1.3,
13

- To have a clear picture let us consider an example in the next

sectlon

Ll

- <& - )

__;_::-‘3.'2.1. EXAMPLE BRACHISTOCHRONE PROBLEM)

' In 1696 Johann Bernoulh% pubhshed a paper, in which

. he suggesteci to mathematrcxans the problem of determmmg the path
of qulckestdescent - the braclustochrone This problem consists
in finding which. curve _]01n1ng two given points A and B, not lying
~ on the same vert1cal L;,ne has the property that a masswe particle -
sliding down along.thxs curve from A to B reaches\B in the sho.rtest\ @ - {

p0551b1e t1me (Fig. 4). It is easy to see that a path oI' quxckest

slide down is not 2 straight line joining the pomts A-and B even

though the stra.1ght line is the shortest line joining the se pomts

v




T T

b T

- speecf"'mxfﬁematxcally the time functmn may be expressed as [31 j

being the horlzontal and the y- axls vertical dlrected downwards)

When movmg down a stralght hne a particle pleS up speed compara-
tively slowly If bhe line is steeper near the start point A then its

length will increase, but greater part oflit will be done W1th more

(if the origin of the coordmate system is at the pomt A, the x axis

(3.2.1.1)

| J'EB-. 1/ 1+ . L
= —-Yf , v(0) = 0
t(y(x)) \[2? L“ ;) dx }'( )

Y =y,
a(
We shall con51der a vanant of the brachlstochrone ' S

problem where the pomt B - "Is not. fixed, but 1t lies on a gwen vert1ca1

line x = b.'

k]

~ ’ Let y(o) = 43 -and b =7, -(We can solve the vanatmnal

problem ‘as the follow i mg Iree- endpomt Optl. control problem :



Minimize the ' fﬁnciiohal :

Qq

¥

dy'
dx

. subject to the constraint

The Hamiltonian Function is

. ﬁ -

For optimal u,

or

. BH _
2f

The adjoint sl;}ste-m

TPBVP

dy
dx L

Thus the Brachwtochrone problem reduces to the ~follow1ng ‘

dy
o
dy  _
d=x

- 28 -
|
2
1+u ;
I ;
.-u(:\c);"._ y(o) = 43,0
0 - 1 )
f
-'bo + £y )
T
','Iol. Y +, u ¥
0- {; )
.ov 1= FA
_ (I=y ™)
is —
A

_RH
: Ay

QX (_%—)-’-.-Y(

y\/ y(l-y ¢2)

T TTwith, (

):0.0_

'.

Q) = 3.00

(3.2.1.2)

(3.2.1.2)

(3.2:1.5)

(3.2:1.6)

B /
(3.2.1.7)

(3.2.1.8)

(3.2.1.9)
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.. kw-'.__ ) umencal solutxlon of thlS TPBVP by the Davu:lon Fletchcr—

L Powell Iteratwe method W1th one dlmensmnal FlbOﬂ/B.CCl seargh ar : .

4

gwes the optlmal trajectory tabula.ted below

. N
.
. . B X . - " .
- . . . . . . . o
. . PR '

“TABLE‘S.-Z.l : A T

x| 0 f.314 1.628  Logz. |1.257) 1577 1.885.[2.198 | 2.512 [2.826 |3. 14

T2

y +§.'o. +3.143 143,267 [43.375 43.466 | +3.542 +3.603 43.65]43.686 37704 8.1

. . -~

Initial Condition- -y (o) = 0.25—2/6128 .

 Terminat Error = 10“17 . . e
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~are converted to T{PBVP . SOlt‘ltIOn methods for 'I‘F'BVP h ve been :i e

" initial value type. . There are’ mSQ; poWer,fplq, u:‘lc0nd1tlonally stable

PROBL MS BY PMBEDDING TECHNIQUES
. | . " N . -.,( “v , . :' . ‘-e e o )2

L

o In Chapter 3 we have shown how optlmal control problems .

desc:nbed in Chapter 2, 'As we have seen thelfe the solut’ cﬁ of the -;9

TPB VP by invariant 1mbeddmg techmques requires the solutmn e 7

of 2 system of - ;:oupled Quamlmear I—Iyperbolic parual D1fferent1al

: Equatléns A brlef d1ecu351on on'the soluuon of these partial d1ffe-

rentlal equatlons (PDE) . W1ll be presented m [hlS Chépter together
“with _some comments on numer:.cal sta.blltty of. the msolutmn and the' "

chou:e of the step size and grld size of the scherde.

. . -

- NUMERICAL SOLUTIC‘SN OF TI—IE QUASI LINEAR e

i HYPEJ{BOLIc,t PARTIAL. DIFFEI%\TIAL EQUATIONS 4
L - OF rNVARLANIKIMBEDDI}mG . e o !
. - " - -0
H - v . . ) 5
. The pe cuﬁ%)ﬁy of the PDE'S w>face is: that they are/c)nly of the R

deference schemés ‘for- the solutmn of 1mt1.al b'ounclary value " type

PDE r18 19 34] Those unconiﬂltlonally stable schemes for 1n1t1a1-— . _ L_ B

-]

o boundary value problems cah not.be employed in the squtlon of ":':_r_' e o)

1n1t1a1 value type problems There are_ howeVer nany condxtlonally e
stable schemes [ 13 337 for the solutmn of ‘the [initial -value type I B ‘

problem ‘ One such’ scheme used for the . solut1on .of ouxr pro@lems r13fi,

’ .' o
‘can be e\plzﬁtiedfoy the followmg mesa*for the oue d1men§10na1 case :, e LJ
' ‘ .o o L LN |
-7, Lo _ ) V/’\“ ]
: ) ; 2 a, : A _ - A
o , G FYN
- t
. v ) . - 4
’ w - N
/" N '
o ot . Q. F o7 \
- . . . b
. 2 . . N I . .
. b N : L "o -
v . . -
. ' 5 e L]
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¢ L ] o -] 5 [ - Aa‘/A < - i Bl
¢ ® e 0 '
a 6 s 3 :
1 a \ » v
o ¢ L] -
> L‘.
o i Sl
0,0 C o —— c / .
LI -
- /,"f
“Fig. 5
' ! . : . N l‘ ..' ' - “‘
Suppose we have the following scalar equation to be solved : =~
e ' . . | . :/_, . - .
af . ] . . Af . , /’.;_ ;1_‘-“' . ) __-_\‘
3o ‘Q(E},c)‘+ F(a,cj,) -g-e : . | | i ‘I _(f.l:‘l'.!)
B . . " N ‘»4 } N l g" {
with initial condition ‘ | » \ y -
R o s Nl

f£(T,c) =0.0 for all ¢

s

- Our aim is to solve (4.1. 1}, (4.1.2) for the value of f(a,c)
corresponding to the particuléf values ¢ = c® and a = 0.0,
‘Here no Sounda.ry'conditibn i5 prescribed. We first note. that
. T . , i * .

lf("I‘,c:} is Known to be zero -at the: points ¢ = ,k'"fﬂ for the final

time T, where k=0,1,2,.,. K.. In addition f(T,c) is ZeTo at

. the se points. Next, we evaluate the given function F{a, ¢},

Gla, ¢) at the points' c =+ ks and a = T. These resulfs are .
‘used to determine approximations to the.function f(a,c) ;

a = T - A .a. by u;sing the 'formu]:a [ 134,

£(T- Aal,'c). = f{T,c) - Aa fa('r',c)_, ) ' (4.1.3)

<
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10 steps, we calculate the values of the function for all grld

In this way an approxlmate eolutlon is obtamed atf points (T~ da, (k- I) 6)
In the lower level we always get the value of the functmn at gr1d pomts
less ~ one than in the previous level, becauee we use the followmg

relat10nssh1p for the derwatwe approx1mat1on of the function : .

T,k 6) = (T, (k+) a.) - £(T, k &

.li.
. (4. 1. 4)

4

Then by repeatirig this operation. the solution' for a =T -2 Aa

can be obtamed for c.ertam set of ¢ values If we are 1nterested

the value of £ at c= ¢® and a = 0 and divide the time 1eve1 in

—

p01nt5 as‘shown in Fig. 5, in the \ direction as we pr0ceed solw.ng

the equation fromas=T to a=0. It can be easily shown that this

scheme?an be employed for solving the system of PDE obtained in
(2. 3.9) {33, 347 . But as the dimension of the-system increases, the

-4

.solutmn also becomes a more and more d1ff1cu1t with regards to

selecting appropnate gnd size and step size. Because there isan

critical ratio of ba /Ac: and’also of Ac /ﬁ\c » 1,3 =1,2,...n, but

l_1 # ._]. A shght dewat‘icm from this cr1t1ca1 rzﬁtros may cause error propagatwn

trouble for the numerical stab111ty of the solutwn “In general Aa//.\.c < 1.
In add1t10n to that, individual problems may pre sen.t their own spec1a1-_
difficulties v.uth regards to the F and G func:txons of (4.1, 1)

There have been several studies for such’ cases I3z, 34 18']

~
A flow chart for the. general solutxon of the Quasx linear

I—Iyperboh&ngDE, is presented in Appenchx A . T - g

| =~

4.1.1 SOLUTION OF THE BRACHISTOCHRONE PROBLEM.

The solution of .l‘the_ 'Bra;r:histochrone problem, formulated in 7
section 3. 2.1, can be obtained by sglving the TPBVP of equations T

B
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(3.2.1.8) and (3.2.1.9). For this, we ‘have to obtain the initial -

-condition of (3. 2.1.9). . This can be obtamed by solvmg the asso-—
c1ated Invar1ant Imbeddmg Equation (as di scussed in secfmn 2. 3 }

whu:h is as follows

or (a,c) . l i e - o
33 =, = a0 | —= . a—5-(::1 c)
: B c
I ~ecr”{a,c) -
1 8
- > : . \ (4. 1 1.1},
2 ¢ \/c:(l-r {a,c) - _ C
For, © S_a.. €1 = 3.14 and 3.0 £ ¢ < 40
We are interested fOtU\'{‘E) = 1(0, 3). Soiution of (4. 1. 1 1)
gives ¥{o) = O 25464. Now solving (3. 2. 1.8) and (3.2. 1. 8) by w
. RUNGE KUTTA method, the followmg trajectory was obtamed 3 ‘
o X ——— 3.2 ¥
3 —
&
i ’
3. 27 | c S g
3.4
3.6
3.8 . . : ; .
| 0.5 -t 15 2 25

3.0
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" TABLE 4.1.1.
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4.1.2 SOLUTION OF THE'SECOND ORDER VAN -

0. 25464 ,

DER POL SYSTEM

<&

Minimize the functional

Treating thls

J(u)

]

2-

_rl (x2

o

2 )
xi-‘(l-xz) - }.{?f‘u’ xl(o) =

.'x

1

1s

1-{-}:

. Subject to the constraint

{ 1
X

following TPBVP 1s\obta1ned

x(l“{f/‘)ﬂ-x '-.-—~ 1,x(o)

P
1l 1 1]

)
It

. 2
-2 x - ul_(t-_xz) -

=2 x.+2V x x

2

!

N

2
+u _)

dt

0

, X (b)=‘1.0

172

= 0,0
. xz(o) = 1.0
= 0.0
57 11;1(1)- 0
’T W 1}y =
v, o, liz( )

“ (4.1.2.1)

(4.1,

{4.1.

prob’lem thh Pontryagm s Max1mum Prmc1p1e the :

(4. 1:
(4. 1.

(4. 1.

. l_3")

-
.
x|lo |.314 1628 |942 1.257 |1:570 | 11885 [2.198 [2.512 |2.826 '3.1_42
Cy|[+3.0] +3.143 113.267)43.374143.46 46| +3.539| +3.6002(+3.6464|+3.6787]43.6975| +3.7029]
 Initial Condition t({o) =




. . =35
3t L
\ : O :
|Now to get the 1n1t1al condltmn of (4 1.2, 5) and (4.1.2.6), the follow1ng
oupled PDE's "are derlved

. 2 e - ]
-ZC1 ) - r —_— -—
| T t 2 ac, ac,
- ) - _ ' x
‘ ar or '
-2cé'+ Zr c +r T ——2 !
- 2 1 acz 7 a’c 2
fr:u.-c"'z) e t ]
g % B 2 27 7 Ty
. : ' ' (4.1.2.8).
<:-1 *-
-whére 0 < {_s 1, x, (a) = ci.ogz(ar = c, and ul(q =r, (0,0,1) '
o0 = T, (0,0,)
The solution of {(4.1.2.8) . gives the following values : /
' L, (o) = -0.04978 o | .
. o ' . ‘ : - (4.1.2.9) -
!lvz(o) = 1.92852 R
W1th the se m1t1a.1 conditions equatmns {4 1.2.1) - (4 1, 2. 7) were
solved for x, and x5 and the followm_g tra_}ecto;qeﬁ wetre obtamed’.’

oy

4

o
—— -
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TABLE 4.{.2. 1

{n'variant Imbedding Solution

v

-, o | .t] .2 3 4| s el cq 8l g £, 0

% (0t 0 0 |- 09289 -.1775 |-. 25561~.3294 . 4012 |-.4734|-,5488 }.63004 -. 70025(-.8219

) . o o

Al

D0l 170099431 .9817) 1959909307 | .8942| .8505| .7994|.7405| . 6731 | L5961

“Initial Conditions : ¢ (o) = -0.04974, v{0) =.1.92852

. For comparison, the solution.of this problem by the Davidon- Fletcher~

‘Powell method with one -dirlnen"sional Fibo_na;cc@ search is given in Table 4.1.2.2 .

| ) TABLE 4.1,2.2
\' Ite_rat{ve Me thod Sblution
N N / } . /)
t || o S T - T X N T T B O R R

Xt} 0.0 1. 0927 (1775 |-. 2563 -. 3313 -, 4047|-. 4791 |-. 5571 |- 6417

1357 |-.8422

xAt | 1.0 | .9953 L9817 .96 | .9301] .8938| .8496|.7979] .7380] .6692|.5904)

J Initial Conditions : (o) = - 0.05881676., Y,(o0) = 1. 836459

Initial "guess" : Y (0)= [0.5875 _ °, ¢,(0) = 5.8119

Terminal error = 1|0"19 . ’ '
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4. z.'.- NUMERICAL SOLUTION OF THE SYSTEM OF DIFFERENTIAL

AND ALGEBRAIC EQUATIONS OF THE. CO‘A«TINUATION
ME THOD. :

) _ /‘
' By usmg the contmua.tmn method we can avgid the. laborious

process of solvmg part1al differential equat10ns jhe only disadvan-.

tage of this method is that we have to solve n-J (J < n), algebralc

and n + (n+1)(n J) Ordlnary differential equations,'if the omgmal

‘system nf equat1Qns is 'n and the 1n1t1a1 COndIthnS of {n-7) equatmns

are missing. The prOgrammmg of thecontmuatmn method on a
digital computer is very sxmple All the example's we have conmdered

have been solved by CSMP and the results are vﬁ'y comparable.

_ / . N
472" 1. SOLUTION OF THE BRACHISTOCHRONE PROBLEM,

. As this problem has-only two 'e‘quatio‘ns', (3. 2.1.8), {(3.2.1.9)
to be solved, the problem will confsist of 2 +{2+1) {2-1) = 5 ordinary

differ-ential_ gquations and (2-1) = 1 alpebraic équation. -

We have now

A ¥y (0,0 =30 - (4.2.1:1)
dt , 2 ,
-yt ) , o
| ‘ %,;’-”— = -%. 1_ ——— , 4{3.14)=0. (4.2.1.2)
M(i.-y.wz_)

This problem is imvedded into the one-parameter farpdy of problems:

ey = W,y \[ iSO 2‘ — ; y(s,0)23.00 (4.2.1.3)
ot \ t-yls, 0¢%(s, t) S
m{ s) | s L
X oy L
Slen) <y ———

r

at 2 ' ;
o . . (s t)V(s t)ri -y(s, t)u 5, T;)] ) .-
| - N i se) = "(s)(4214>-




- 39 .

('.41 2. 1. 5)"
N

. By selecting §(0,0) = ,0(2)(0) =0.23 " 4.2 .

The problém w(o) can be solved by a forward integration and let

i (2) - 'I " ‘ . } .- o BN ' .-
M = w041 S . - (4.2.1.6)
By taking R a . " T
' 2 1) . 1y - (1 : ' ' y
L O e L R (4.2.1.7)
. ‘ o
\ L 4 : .
(and dlfferentlatmg (4.2.1. 7) Wlth respect to s ‘we obta.m ‘
o (2) S o . N -
ad® o | (4.2.1.8
‘ T TS T : L2018
dr ?‘22(5’ 1)
- : . o 3y (s,t) L2, ) 2 %{s-;-t)
where z, {s,t) é\__ (2] " ,&2 {s,t) L Zy
T . Az
By -Qifferentiating {4.2.1. 3),_' (‘4. 2. 1.4) with respect to 7. '-wwe obtain:
3z 1(-5 ti “(s t) =z ! {s,t) B
- 2 ? _ .- . 2 » .
2{1-y(s,t)u(s,t)) vis, t) (1-y{s,t) v(s,t) ) -

1-y(s, t) \3 (s,t) 2

o o2 - y(s,t) = o L.
<' T2 (s, t) \/ oz lfs,o) =)

(1 yls,ty 6 2 (e 1) )

L : (4.2..!.
z‘ (s:1) (344 y(5,1) ¢ Z(s,t))'

o
=

h

{s, t)

/ {s t) (1 y(s t) q (s t))\/l-y’(s t)".' {s,t)

a ro '

2 (s, t) g(S t)

: ' . 2 ,
2(1 - yis,1) -;‘Z(s,m\/ y(s,0) (1-yts,0) +° (s, 1)

-

zg (s,0) = 1 ' (4.2.1.1i0)
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Now we can solve the initial value problem (4.2.1. 3), (4.2.1.4),
(4.2.1,8),

.

(4.2.1.9) and (4 2.1.10) by the double loop integration -
scheme, shown in Fig 3 (sectmn 2.4y, Integratmn with res_pect to t.
is done forward from t = 0 to ¢ = 3. 14, for e"achl S, s va'z"ying' from
Y s=0tos =

1. The trajectory obtained is J'Ho.wn'bélow - ’

3,14

0.5 - 1.5 2 2.5, 3.0
o FIG. 8 \

TABLE . 4.2.1 =

Solution by the Continuati.on Method

x| 0 314 | 628 |..942] 1.257 | 1.570 | 1.885 | 2-198| 2.512 |2.82613.142}
' - . . ' ’ :
K\ ) ' : e ’ _ ' . - :
yix) )| #3.0] +3.15 1 43.2812] +3.395/+3.4926{ +3.574943.6425] +3.696+3.7361 13 7 26 43776
’“--._/ e : - || .
ks, . . .\
Initial eondition : w({o) = .26199 i
Initial guess . 1 V(o) .= ,.0.22
o SN ’

.. N . -
- - . .
s - * - . - . - .
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4.2.2. SOLUTION OF THE SECOND ORDER VAN DER POL . . - -
" SYSTEM. y . S o
’ ‘ - e ) -
/ ‘ : ' - ' ’
As this problem has four” equat,zons, (4 1 2. 4) - (4. 1 2. 7y
to be solved for obtammg the tragectory xl and Xy the« problem X
.wﬂll LODFI st of ‘14 ordinary d1fferent1a1 equations and 2 algebraic - <
equations for each .s starting'from g8=0 to' s = 1. Then we have
: . . q.‘{ ‘. ,
L S ' - . | - S *ei.
e e d 1
ey Xy xz) X, " 3 (0} (4.2.2.1) .
’ /'//{ -
dxz A ) . . ? L .
E-{-- - x1 ) ! l : ; XZ(O) = 1.0 . . .‘ (4.- .“ .
S :
™ c’tL!r1 " Lo . . .
—_— L  fy- i- o . ! =
qr - Caxg L ElagT) e b(1) = 0.0 (:{;
-dwa .‘.‘ . | - “ . -A . . - “ Y . ' n.
= : 1 boe - . .
' ar zx?_ +2¢'1x1‘ x5+ s UZU), 0.0 - ‘ (4.2.‘2...4)

This p,roblern.is imbedded into the one parameter farﬁily of problems :

—'

o

. Co. . : " .
..) . ) . tTr{s’._t)‘ . -
—xl(s 9 (1 "%, (s, t) - ¥plet) - 5y x(s,0) = 0.0
, (4:2.2.5) .
, . \ . ‘
ax o s . ) . ' \:. . : . v, .. “
‘.2.(5.tg)é XI(S,” ) : .3'{2(5'0)_ =1.0 T (4.2.2.6)

”,

——y

(315 ¥ (s,0) = b2e) -

(s,t)= _ax.(s,t) - ¢ (s, t)(1-x, (s t))- *2 .
IR AR (4.2.2.7)

2 -2 x; (s, 1) + 2-_*i(s,t)-.xl(s,t'ég(é,t)'+ g(sit) o

His,00 =0 Pe) © (a2.2.8
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By selecting % g {o)=.0.3 i ! . .

o \ n o T -

. and .‘ S ’ .(4) " "’-' . ‘ - .. i : (_4.2..2.9) r

s

rward integration and let -
. :

e I.' - : - L ‘- _.‘ ) . -
. . ." _ \' »q (3) = ‘«':'1 (0'_1) ).'- | , .

. . . . ’ '..: 'T . '
. The problem w (0) can be solved by a fo

Q

-

-

_ . g e SFS MRV R

\ - P . .
- - . [} R

(4.2.2.11)
.] -

(3)

By taking - : i
+ (0 -
y * - . ’ . . . “"{.L "no" . ' ?

-\ 1Py L O, o,

L. : S) = 'n

.. ” o
; o) / v e
Wl D _T?}'ol) t {0~ “_éq) )s B {4.\'5.2. 13) R

i

) s.\ | - (4.2:2.12)

-and differentiating (4. 2.2.12); (4.2.2.13) with réspect' to s we abtain

Y . .

. € I BOE
. -3 d . v 3 ' .

S mteh g B e G e,
' s (3) - (9 ‘
o

- lf . Ay : d fof -_'_ e (4)
2‘3 (S’_” ds 55) * 24, (s,},l) : s (s) = - .qol"'

(3 422714

_(4.'2.2. 15)

-

o

y : .

- . ' : T Lol ) : . . o - 1
where by differentiating (4.2.2.5) - (4.2.2.\8) with _ "
. respectto o (s} , j, =3, 4.)... we obthin-: e
. 5 | B N . 5' ) 1 R ?
- r - v - )
. /
2.
il
B
. . ' ]
3- N "n - q
b o .
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. ~ n . R

. - 43') - , . '. . . . e l . - ,‘ . .o. ) . rif .
‘ L . ' | .“ ) -' ?; i .
32 e Sy L e 3

It ':‘=.(’1--x‘;__(”s',t-)‘)§3 (S\.“t_)_+(’-2_x14(8.t)_xz(s.f):'l). z;{’s,”t)- ':3(§%t) SR

ald
>|'- , -

. L2 (s,8). = 0.0 (4.2.2. 16
- . . - . ' ' . ! o ]

Az (s,t) i ‘ . : . . 2 ,
4 . ‘ 2 . 1 o —
= (1= x5, )z, He2x (5 (5,012, (s, 0 5o 501)

Y - _- :
—_— ) P T . o
. 24_(5,0)‘: o (4.;.2.1_’?)

— ‘ : Zq (s',t) “ o & 2, (8,0} = o - . (4202 f‘S) '_ -(\.

. ) . . o
Z . . . . . ) ° ‘ . . - _‘ . i’\o“"'-h’l
Az (S,t) St - ‘ .

—

T

: . - _ 2 B ' -~
a t - 24 (‘s’t) . : (H] ; A4 (S,O) - Q v , {"(4.&.2. 19)

, .
< : ‘ .

5ag (5,00 = 2255, 04 20,05, ¥, (5,025(s, 9L (5,02 (s,

-

[ Ot ‘ ' " A ) " *

l . . = - R . . '; -
- o= 4 {s,t) s z 3('5,0') = | (4.2.2.20)
6744 (S!t) 1 ? .
—3o— -:.-224(5,”—{-2;};

| 2. z, . 3
2(,S’t?."j’i‘(ls’t) 754 (S,t)-"(l"?(z (“53t?)z4

Qs
-

- ]

. : . -z 4‘(s,t) ) 3(5,0) =0 . . (4.2.2.21) -
. b4 B 4 - n s ! .
4 e, ' - . . . ! / . . _' ".I = . S “
P Azg (s,t) T S AR ©ooLE
— = 2x_{s,t) @ s,t) z. (s,t). - (2+2x (s,t) ¥ (s;t)) 2, (s,t) S
27 1 > _ 1 | 3 :

. > S . ' - oo
. ‘l B 3 . - 4 - ) ‘j'.
+-(2x2(sl,t) xl(s,t)H\ 24 (s,t) 7y (s,‘o) = 0 — (4.2.2,22)‘

o, : ) . o .
u . .

4 e A .o . o a2
- , - \ 1y} 22 “(s,t) .
St " = ax,(8,t) q;i!s‘!'t) z, (8,1) +{ .2+2x1(s,§) .bi (s, 1)} =z (s )_b

N - 4 i =] Lo : S o o
\ oz, (5.1) e e

. " '4 s . . . . 'Zr‘
+ (in(s,t) xz('s,t) +i._) z43(s,t); Zy .(s,o) = 1 . ~(4.2.2.23)

-

. o
~ ]
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Now, we can solve the m1t1a1 value problem (4.2. 2 5) - (4 2,2, 8),

a. M'L‘
4. 2.2.14), (4.2.2.15) and (4.2.2.16) - (4.2.2.23) by the doubte . |
loop mtegratwn scheme as shown in F1g 3, Section 2.4, o o ‘-.l! .
Integration with.respect to t is done forward fromt=0 tot= '1" | .
fof eaEh é,ﬁ)__“ 5 y'a.rying from.s = 0 to. 8 ‘:‘1. ) ‘ . | g
*  The t'rajectories’-for' xll. x5 and ‘:1 6btained b'y this arel__showﬁ ‘ o -
below - '
o o
1.0
\ 172 - :
| 61 - )
.4 ' . 13
\ -
..2. - )I
. { |
[ + i ¥ t' v ¥ T ' t .
"0 +T1.Q- 0.1 0.2 0.3 0% 0.5 0.6 0.7 0.8" 0.9 1.0 . 5
Fig. 9
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) 7\' 4 - .
'~-.45 & (-
) ' 'T‘
s Y
’ s TABLE 4.2.2 -
' Solution by the Continuation Method .
t |0 1 L2 3 4 .5 6 7 .8 1.9 1.0
«(t) {[0.0|-.09203]-.1768 ~.256° |-.33196 |-.40689 |-.48339|-. 5642|6521 }.7502 |-.8618
1 v 1 - : N ) . . .
pejollt ol 9953 | . 9818| . %02 9307 | .'8938 | .8493 [.79696| . 7362| b662| 5857
. I/ - . . ' .
ol // -
Tnitial conditions : v,(0) = -0.077013
L'.z(o)-' = 1, 7285,
‘ Initial guess- < b (o) = .0.3 A\ | '
;' (o) = A.O
- UZ(O) |
[ ' X y
‘ )
. ‘






The approach is agam an 1mbeddmg a—pproach This approjch of

‘discuss below,

- 46 - I
r KALABA - SRIDHAR'B A\PPROACH AND OPTINIAL
NONLINEAR FEEDBACK CONTROL
o ~

o

o

Kalaba and Srldhar ha.ve showu r4,9, 10"I how optirval control

problems can be solved as 1mt1a1 value problerrs ‘thhout usmg

Pontryagm s Maxlmum Pr1nc1p1e a.nd the assomated TPBVP.

treating the control problems has some advantages which w
] . . v

L]

5.1 THE KALABA-SRIDHAR INVARIANT IMBEDDING EQUATIONS.

Consider the free end-point control problem of minimizing

w

v NS | e
J(n) = I".ifol(t,x(t)’,y;u(t)‘) dt o | (5.1.1)
, t _ / , .

subject to the constraint VoL

the functional ‘ . . Voot

-

() of (t,x(h), u(n) wote et (512
with ‘ _ _ - ' o . .
() = ox_, x(t) € E®, f(t,,-) € p1(5“+r,E”), u(t) £ E, £20t-,)
- Cl(ErH-r’ EN ,

Assume that (t —-b} is fuced and f1n1te but t za and X, =€ are free

- with x({a) = ¢. Letu =u(t,a, c) be the optlmal control and x = x(t, a, c)

the c'orr'esponding optima'l.trajectory.
Kalaba and Srtdhar (4,9, 10] derwed the invgfiant imbedding
equations for this problem, u_.rhlc}} in the n- d1mens1o al case considered

here, become :

—~

U




r TS S s .
w (t2,¢) ='. -u (t,a,¢) p(p, ) ,oas tr © (5. 1.3)
S (ta,e) = . x {tya, <) pla, ¢) ,a<t - . T (5. 1.4) ;-
X '(t,t)c) = Cc 'E- . . a_g t < b " . (5.1.5)
u (t,t,¢) = qfite)’ ', astsb . (5.1.6) |
. i ) - ’ . . ' " \\‘ .. ‘
- .where the-auxiliary functions p{a,c} , q(a,c) satisfy the partial
- .differentiail equation, a‘lgebraic.equ.ations and trainsver sality c'o_ndition:
. ’ .. " . : T . . u
Y, fa,c) - + yc(a,-c) pla,c) + @ "(a,c,qla,c)) v {a,c)
4 bla,c,qla,c)) = 0 S DB T
plaje) = fla,c,ala,c)” . o (5.1.8)
a (a,c..gqla,e) + ¢ (a,c,qla,c)) yla,q = 0 - ~(5.1.9)
vy (b, c) = 0 for all c. - & (5.1.10) \
. where _ . o . .' ., . ;
— o altxw s £0(Lxu) "
. i — . )
A o, ‘
. bit,x,u) - 4 ~ f {t,xu) o
a T . | (5.1.11)
‘h'(tax: U—)_..\ .._A—_. fu (tsxr U.)- . '
g,“(t,x,u) __Q fx (tsxlu)‘
R - '(

T};e soluﬁ.on'. of th;yiﬁ/z;.l—value'problem (5.1.3) - (5.1.10) evaluated~_ X
at a = tol énd =X '\..?Ji.ll"gi\'.e the O'Pt‘i-m;ll control U(t)F-U(t_» to’,xo) _ }/

By



Cag L

J

and the correep'onding optimal trajectory x(t) z x(t,t ',% ).
. . .‘ . ) o fo)

4

’

-

5 2 THE OPTIMAL FEEDBACK CONTROLLER

. It can be' easily seen that one. does not ha\:e‘""ﬂto solve both
partial differential equations (5.1.3) -{5.1.4). ‘I"ndee'd', the solution's‘
of (5 i 3) and (5. 1. 4) have the following relatwn

i ‘ , - S

ult, 2, c) = 7 q(t X (t,a,c)) . (5.1.12)
where gla,c) is the auxiliary functlon obtamed by solvmg (5 1.7) - K \
-~ Y i
(5 1.10). “This observanon does not/only reduce the computat1ona1

reqmrements of the open loop control problem (5.1.3) - (5. 1. 4), but,
what is more 1mportant, it helps in determmmg the optlmal feedback

controller F 6']

a9

Assurnmg that there exxsts a urnique soluﬁon qld, c) of the
system of equatmns (5 1.7y - ¢ 5 i, 9) th boundary Londxnon ( 51 10), = ¢ "
the problem of deterrmm.ng q(a, c) reduces to the one of solvmg a ' ,%

vector part1a1 dtfferentlal equation, Whlch mo reover, 'is non- hnear

Stormg the solutlon of thls equatlon in terms -of gI'I.d pomts
" in the (n+1) dlmensxonal Euchdean space, partxcularly when n is'
large , demands very large com‘puter stOrage For example if k

pomts i each d1mens1on are consxdered the number of gnd points

Becomes rxk H : Moreover this is very 1nef£1c1ent way of stormg '

‘.

- the opﬁr’nal‘feedback COntroller q(t x) smce it gives no immediate

information about its structure. We are pr0posmg below a

" more effju:ienft scheme [32]. o z

- t
.
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5.3. AN EFFICIENT STORAGE SCHEME FOR THE DATA.OF -
THE OPTIMAL NONLINEAR FEEDBACK CONTROLLER.

We ;eusume that’ the region of 1ntere stin state space 13
\hyperparalleloplped L defmed by |

é - - . B -

L& ox g b, is1,2,...n _— © (5, 2.1):

We consider a family of multivariable orthouormal polynomials
P (X M : o
{ P 0] oo :(6 L. We shall seek an approximate
_ n=1 - L T e
golution for, the optimal feedback controller, of the form o .
qfa, <) L Q (a) P (c)
e nri n n

where the co-efficients Qi(a) ( F.‘Er}lare determined by 1'21"1:'

. ¥ . . R . -
Q(a) = [ dia,e) P (e)de R S -0
n . ‘ I . 1 . v
: L ,
Usmg an appropnate quadrature scheme for the- numemcal evaluation
of -a multiple. def1mte integral, we can. employ (5.2. 3) for stormg ‘the
function ga, c)g terms of the vector valued functlons Q. (a), i=1,2,
..M, 'm_stead'of the grid points. -Storing proceeds in parallel with-
the computational dolution of the Vector partialh differ_enti,Lal equation

-

mentioned in the previous section. v

Storage of ‘the functions Q(a} , = 1,2,. . M ac Tt ,t11
"requlres on rx Mxk mernory locations (Assufmmg that It ,tl'} _
is quantized usmg k pomts) . Moreover, thls techmque produces
' .an ‘approximate structure ‘for the 0pt1m 1 non-linear feedback

£
controller. To demonsstrate the appro _ch we pre sent the following

simple example [327 . . : o P
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5.3.1 EXAMPLE. . S

Consider the problem of minimizing thelfunctional

o

ST R \fx(1+u) a0 IR P WY PR )

a

subject to the system constraint
Cx (t) = oty , x(0) = 1. 5m . (5.3.1.2)

. - . . "’ . . . ‘ -
From (5.1.7) - {5.1.10) we obtain the quasilinear hyperbolic

‘equation : : )/7 I o o

2 o
vy . 1 +q (a,¢) - c
qa(_"’:"s C‘) + q(a,c) qc(ar c) = T’”_ . y. 8 F rO, 1] -{5. 3.
with boundary condition | . o T
qlt,e) = 0 for all ¢ . . (5. 3.

-Considering as region of interest the mterval Isx < 2, one has

to solve equation (5.3.1. 3} by a: "backward swgep" to obtain the |

'optrmal feedback controller _q(t,x) :  Then the optimal tra}ectory r -
may be found by%a "forward sweep" integration of the equation .
k(D) = q(t x(t)) " xlo) = 1.5, te ro,17. (5.3.1.5)

'and the Q;;txmal feedback control w111 be

<1

a(t) “q(t.r-()) S (5.3.1.6)

Ll

We LOns1der now the famlly of orthogonal Chebysher ponnormals

' CH (c)’, {1 < ¢ < 2, gederated by the expressmn .-
; - " ‘ '
. CHn(c) =. 2(2¢=~3) ,CI—In_i‘(c) - CHn-Z('C_); n 23- e .('5._ 3.1.7) |
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|
|
[
Tt

with ' o . | B : . | ' ‘..
' CH (c) = 2c -3, (c) = !2 (zc 3) |

By normalizing we obtain the orthonormal set - . oo

’

P . CHn'(C) B : - _
SRl s o se”
e freH (e)de BRI
, . - . 1 . Co . ] . A |
We rr_ow" obtain an approximate solution of (5. 3.'1. 3) of the form
. q(a‘,vc) = z Qn(a) Pn(c) ' ' | (5.3.1.9)
g ; 3 2 oo . . . . g . |
- whete Qn(a) = I q(a,c)Pn(c)dc, n=1,2,3,4.... (5.3.1.10)
: 1. : : .
land this mtegral is: eva.luated nurnerxcally usmg Slmpsonls rule
" The functlons Q (a), ae [0,1] » 0= 1,2,3,4. .are stored.
The Optlmal tra.Jecbory is then obtained frorn (5.3.1.5) and (5. 3. 1 9)
- '._r,md is given in Flg. 10 . For c0mpar1son, we also give the ' .
thepretical optimal trayectory. E - |
x({t}" = 1.30+0.2.0(t_-1)2 R : {5.3.1.11)

lobtamed from the analytu:al solutmn of the Euler - L.a?ngrange equation,

'The maxxgxum error. of the computed quasi=- opt1ma1 trajectory 15 less

than 1%, with ac = 0. 025: The optlmal trajectory was also

'ca.lculated from the mvanant equatzon (5.1. 4) Thus usmg 1nvar1ant s
x.rnbeddmg techmque ofid may obtain, as a solution of an mltlal

value problem, both the optimal trajectory and the feedback.gonr-roller

“for a class of optimal control problems. .
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The optimal‘ feedback cc_)ntz:oller is given by |

- uft, x)

S ————

4
= T
n=1

Q.1 P ()

T~ Theoretical

- Fg’édback. ‘

. _Invariant Imbead ihp

-
-

(5-._ 3.1.12),

where value of the functions Qn('t') are givén in the following table:

, b

TABLE 5. 3. 1 “ '
B ‘ fQN(t)“
0.0 |o0.20 [0.36 |0.44 .57 lo.60 |0.76 |o.84 Jo.92 [i.0"
0.2053.| 0.1271{0.09026| 0.0756] 0.0625| 0.0506 [ 0.0292 | 0.01940.0096 Io'.o
0.2557 | 0.1963/0.153910.1335 | 0.1134} 0.0941 0.0559. 0.03720.01660.0
10,0649 |-0.0450|0.0342 |0.0289 |-0.0240/-0,0961-0.01130.0075 }0.0037 _()"0\3%
0.0678| 0.0512| 00387 {0.0330] 0. 0277 0.0228] 0.0133 0.0088 0.0044 | 0. 0
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 coNcLusions . e

L In th1s thesis, two 1mbedd1ng methods,‘ 'Invar1ant Imbeddmg
‘ and the Cont1nuat1on Method as apphed to the soluhon qf optlmaii

control problems were studled . . -

-

The apphcatmn of Invamant Imbeddmg techmques resulted
in the solutxon of initial value problems involving quasx linear,
hyperbolic partlal d1fferent1a1 equations. For 'system‘mf large
dimension, solation of these equations requires large cofnputer
memory. Bellman's "curse of.dimensionality"c for the équations .
of dynamic programiming seems to apply also tt> the invariant |
imbeddiﬁg equations. The difference between dynamic programmmg !
and invariant 1mbedd1ng pa.rt1a1 -differential equatmns is that the

.

latter do not requlre the intérmediate function m1n1m1;at10ns ‘of the

" forrner  Itis hOped that recent advances in the'technblogy -of /
. hlgh speed 1arge computer memories, in Lonnectmn w1th eff1c1ent /

- storage schemes, will bypass the storage-problems. - In Chapter ?/

of the the sis such an efficient storage scheme was introdpced . '/

v o

The numerical results of the invariant imbedding equations as

compared to the ones of iterative methods are quitélsatisfactory
aswecanse‘efromTabIQSBZ1 411 412°1and4122_' -

© The higher c[omputer time required by the Invariant Imbeddmg/ .

approach 1s/the price pa.1d for the globa.l coavergence. Thls/tltne

is explainéd by the fact that a."family of problems has to be/-éolved E

before, in t:-rder that the solutiow"of the original probleng_fis determined.

/
The Contmuahcm method 13 a one-parameter xmbeddmg

me thod, \jts apphcatmn to TPBVP problems results i 1nt1a.1 value



'\ pﬁoblems‘ of ordinary. d1fferent1a1 and algebram equatmns The se ’
- igitial value problems, howaver, are of considerably higher

dimensionthan the or1g1na1 TPBVP.  The method is charactemzed

by a wide c}m\rergence regmn - The numer1ca1 re sults obtamed
by this method as exhibited in Tables 4.2, 1 4.2.2, are quite
satisfactory as. cornpa.::.;ed with the re sults obtamed by invariant
_1mbedd1ng and iterative methods Que suons of numerxcal stab111ty
and storage of the solutions of the parhal chfferenual equanons of
1nvar1ant 1mbedd1ng, do not arise here This method’ appears to the
author very appealmg for the numemca.l solutmn of 0pt1ma1 control

problems.” -
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APPENDIX A
n \

I"LOW CHART FOR SOLVING THE QUASIL.JINEAR

I—IYPERBOLIC P.D.E (2. 3 9).

ENTER
T “k
, Az, Acl.. M= 2 N
c1' cn( A ack
o L 2
1= el
¥
(T, D) = 0.0 .
- FOR ALL GRID POINTS AND FOR
ALL c.
A &
...... Y »
" NO

R NS
or (l 1) i 2
= 0.0 FOR ‘ALL GRID
ac .
POINTS AND FOR ALL ¢ -
\-
~ * - I
i=iw .
NO
. i
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| ‘ 41_ =J+.1 .
{ ¥ ‘ SR
H‘N CALCULATE . E -
' (T,R(T,D),D). AND
b ay

(T,R(T,D),D) FOR ALL GRID POINTS.
! | " :

”f’]‘-‘

k

1

&

CALCULATE‘

Br(T;D) :
! = rm_ (;

aa’
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1

r{T-43,D) = r/(T,D)-pax ST, D).

T a

pans

k

8Ty
k

.CALCULATE THE DERIVATIVE

g § (T-aa;D)BY d?NI.TE DIFF.’-SCHEME_.

‘i_:

b

. T
i+1

oo
' i =
-
) NO
‘

—

tar
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