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Abstract 10 

Simply-supported wooden beams nailed to deck boards subjected to wind uplift forces 11 

are subjected to compressive stresses at their bottom fibers. Because the restraining 12 

action provided by decking is at the top fibers, it is unclear to what extent such restraints 13 

are effective in controlling lateral torsional buckling as a possible mode of failure under 14 

wind uplift. Present design standards do not have provisions for such cases. Thus, the 15 

present study aims to quantify the effect of restraints provided by the deck boards on 16 

the lateral torsional buckling capacity of twin-beam-deck systems under wind uplift. 17 

Towards this goal, a series of analytical and numerical models were formulated. All 18 

models capture the continuous rigid lateral restraint and partial twisting restraint 19 

provided by the deck boards. The effects of load type and load position were 20 

investigated. The bending stiffness of deck boards was observed to have a significant 21 

influence on the lateral torsional buckling capacity of twin-beam-deck systems.  22 
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 37 

Introduction and Literature Review 38 

A typical timber roof system consists of a set of parallel beams with continuous lateral 39 

bracing at the top by tongue-and-groove wood decking. When subjected to wind uplift, 40 

and given the typically low self-weight of such systems, the net bending moments may 41 

induce compression at the bottom fibers of the beams which are laterally unrestrained. 42 

Such beams have a tendency to undergo a lateral torsional buckling mode of failure.  43 

Depending on the configuration of the decking, lateral displacements may be either 44 

fully or partially restrained at the beam top. Also, the deck boards typically placed 45 

perpendicular to the beams are expected to partially restrain the beams’ twisting, thus 46 

contributing to its lateral torsional buckling resistance. However, it is unclear to what 47 

extent these restraints are effective in increasing the lateral torsional buckling capacity 48 

of such systems. Current standard provisions CAN/CSA O86 (2014) and NDS (2015) 49 

ignore such contributions. Within this context, the present study develops a family of 50 

solutions for predicting the lateral torsional buckling capacity of twin-beam-deck 51 

systems. A finite element model is also developed under ABAQUS 6.12-3 to assess the 52 

validity of the solutions.  53 

Overview of the stability research on wood members 54 

The lateral torsional buckling of wood beams has been experimentally investigated by 55 

Hooley and Madsen (1964), Hindman et al. (2005a), Hindman et al. (2005b), Burow et 56 

al. (2006), and Xiao (2014) with emphasis on comparing experimental results with 57 

design codes. Buchanan (1986), Zahn (1986), Koka (1987), Zahn (1988), Bell and 58 

Eggen (2001), Steiger and Fontana (2005), Song and Lam (2006), Song and Lam (2009), 59 

and Song and Lam (2010) investigated the buckling behavior of beam-columns. Zahn 60 

(1965), Zahn (1973), and Zahn (1984) developed analytical solutions for the lateral 61 
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torsional buckling of wood beam-deck systems. Most studies on lateral torsional 62 

buckling of beam-deck systems involve steel beams. A review of such studies is 63 

provided in the following subsections. 64 

Sway models for gravity loads 65 

Timoshenko and Gere (1961) developed a buckling solution for columns continuously 66 

braced by eccentric elastic lateral and twisting restraints. Vlasov (1961) formulated the 67 

general differential equations for a beam embedded in an elastic medium. The critical 68 

moment was determined for a beam braced by continuous elastic lateral and twisting 69 

restraints and subjected to uniform moment. Taylor and Ojalvo (1966) formulated a 70 

buckling solution for doubly-symmetric I-section beams with continuous or discrete 71 

elastic twisting restraint. Pincus and Fisher (1966) developed an energy-based solution 72 

for two simply-supported I-section beams braced by the deck subjected to uniform 73 

moments. The solution accounted for the shear and twisting actions of the deck. Errera 74 

et al. (1967) extended the solutions of Pincus and Fisher (1966) to accommodate other 75 

bracing scenarios. Apparao (1968) investigated floor assemblies consisting of two 76 

beams of channel, zed and I-sections laterally braced at their compression flanges by 77 

the shear action of the deck. Two types of solutions were developed: (1) A load-78 

deformation solution, in which initial imperfections were considered, and (2) a lateral 79 

torsional buckling eigen-value solution. Zahn (1965) formulated equilibrium equations 80 

for wooden rectangular beams that are laterally restrained by the shear action of deck 81 

boards. The buckling capacity was estimated for various loading and boundary 82 

conditions. Jenkinson and Zahn (1972) experimentally verified the validity of the 83 

solutions of Zahn (1965). In another study, Zahn (1972) conducted a series of 84 

experiments to quantify the shear stiffness of wooden deck boards, to be used as input 85 

in the analytical solutions. An energy solution was also developed (Zahn 1973) by 86 
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expressing the total potential energy for a beam within a floor system and that of its 87 

tributary strip of decking. The stationarity conditions of the total potential energy were 88 

evoked to recover the governing differential equations of neutral stability. Solutions 89 

were provided for simply-supported beams under uniform moments, concentrated load, 90 

uniformly distributed load and cantilevers. Zahn (1984) further analyzed the effects of 91 

additional discrete lateral and twisting restraints on the buckling capacity of the floor 92 

system. Trahair (1979) formulated a closed-form buckling solution for beam-columns 93 

of mono-symmetric cross-sections with continuous elastic restraints restraining lateral 94 

displacement, angle of twist, weak-axis rotation and warping. For the case of doubly-95 

symmetric I-beams, the author investigated the effects of the height of lateral and 96 

twisting restraints on the critical moments.  97 

Sway models for uplift loads 98 

A non-exhaustive review of sway models under uplift loads includes the work of Pekoz 99 

and Soroushian (1982) who developed a solution for critical uplift load of purlin-100 

sheeting system, by modelling the system as a beam on elastic foundation. Lucas et al. 101 

(1997a) formulated a non-linear elasto-plastic finite element model with geometric 102 

nonlinearity for purlin-sheeting systems. The model captured purlin-sheeting 103 

interaction and successfully modelled cross-sectional distortion and local buckling. 104 

Lucas et al. (1997b) also developed a simplified model where the effects of sheeting 105 

were idealized as elastic springs. The lateral torsional buckling capacity of channel 106 

purlins laterally braced by sheeting was investigated by Chu et al. (2004). Li (2004) 107 

and Chu et al. (2005) expanded the study for zed sections. Ye et al. (2002) adopted a 108 

finite strip method to investigate the local, distortional and lateral torsional buckling of 109 

zed-purlins restrained by steel sheeting. Basaglia et al. (2013) developed a Generalized 110 

Beam Theory (GBT) solution for the local, distortional and lateral torsional buckling 111 
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of channel and zed purlins restrained by sheeting and subjected to uplift loading. Apart 112 

from the studies of Chu et al. (2004), Li (2004) and Chu et al. (2005), the above studies 113 

have focused on the distortional buckling of thin cold-formed sections. 114 

Non-sway models  115 

In the above studies, the beams were assumed to be free to sway laterally. Only a few 116 

studies have considered the case where the beams are restrained from lateral sway. This 117 

includes the work of Vlasov (1961) who formulated a buckling solution for a simply-118 

supported beam under uniform moments with a continuous rigid later restraint offset 119 

from the shear center and a continuous elastic twisting restraint. Roeder and Assadi 120 

(1982) provided an experimental study which verified the Vlasov Model. Park and 121 

Kang (2003) developed a shell based finite element model under MSC/NASTRAN for 122 

the lateral torsional buckling analysis of I-section beams with continuous lateral bracing 123 

at the top flange subjected to mid-height loading and end moments. They developed 124 

simplified design equations based on their model. In a subsequent study (Park et al. 125 

2004), they extended the previous work to account for top flange loading. Using a 126 

trigonometric series solution, Larue et al. (2007) further generalized the buckling 127 

solution of Vlasov (1961) for linear and parabolic bending moment distributions with 128 

moment reversal.  129 

For relatively light wooden beams under wind uplift, the net vertical load may be 130 

upwards. In such cases, decking mounted on the top face of the beam would provide 131 

restraint to the tension flange of the simply-supported beam. Within this context, the 132 

present study aims at developing solutions for examining the critical moment capacity 133 

for twin-beam-deck systems under wind uplift. Focus is on wood material. In this 134 

respect, only the studies by Zahn (1965), Zahn (1973) and Zahn (1984) were focused 135 

on wood members. The present study targets cases where the decking details provide 136 
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continuous rigid lateral restraint preventing the system from swaying laterally, and 137 

elastic twisting restraint (in a manner similar to Vlasov 1961). However, the field 138 

equations, boundary conditions and the finite element formulation developed as part of 139 

the present study go beyond the Vlasov solution in that they can accommodate the 140 

general load distributions and boundary conditions by formulating a series of general 141 

analytical and numerical solutions. 142 

Assumptions 143 

The following assumptions are adopted: 144 

1. The deck boards are assumed to provide rigid lateral restraint, i.e., the system is prevented 145 

from swaying laterally, in line with the studies of Vlasov (1961) and Laure et al. (2007). 146 

2. Elastic twisting restraint is provided by the deck bending action, in a manner consistent 147 

with the Vlasov (1961). 148 

3. The in-plane elastic shear provided by the deck boards is neglected. 149 

4. Throughout deformation, beam cross-sections remain rigid in their own plane, i.e., 150 

distortional effects are neglected. 151 

5. Shear deformation effects within the beams are negligible. 152 

6. Beam and decking materials are linearly elastic.  153 

7. Pre-buckling deformation effects are neglected, and 154 

8. Both beams are subjected to general loading (unlike the Vlasov solution which is 155 

confined to uniform moments). 156 

Formulation 157 

Problem description and notation 158 

The model considered in the present study consists of two identical parallel beams with 159 

doubly-symmetric sections (either rectangular or I-shaped) braced by individual deck 160 

boards. For the twin-beam-deck system, each of the twin beams is assumed to be 161 



7 

subjected to transverse load  q z   applied at a distance  h z   below the deck 162 

centerline (Fig. 1). Under such external loads, the system is assumed to deform from 163 

Configuration 1 to 2 where both beams undergo vertical displacements  pv z  . As a 164 

convention, subscript p represents pre-buckling displacements. The applied loads are 165 

then assumed to increase by a factor   and attain the value of  q z  at the onset 166 

of buckling (Configuration 3). Under the load increase, it is assumed that pre-buckling 167 

deformation linearly increases to  pv z . The system then undergoes lateral torsional 168 

buckling (Configuration 4) manifested by beam lateral displacements  1u z ,  2u z  and 169 

angles of twist  1 z  ,  2 z  , where subscripts 1 and 2 denote the generalized 170 

displacements for the first and second beam, respectively. A left-hand coordinate 171 

system is used, with z axis being along the longitudinal direction of the beam, and x and 172 

y axes taken in the plane of the cross-section. The positive sign convention adopted is 173 

consistent with that in Trahair (1993) where the angle of twist is clockwise. Since the 174 

lateral displacement along the deck centerline is assumed to be rigidly restrained, the 175 

lateral displacements  iu z   1, 2i   can be related to the angles of twist  i z  as 176 

 i iu a    (1) 177 

where a  is the vertical distance between beam shear center and deck centerline.  178 

Total potential energy 179 

The total potential energy of the twin-beam-deck system  is the summation of the 180 

internal strain energy U  and the load potential energy V  181 

 U V              (2)                                            182 

where the internal strain energy has three contributions 1 2b b dU U U U   , and biU   183 
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are the internal strain energies stored in beam i   ( 1,2)i    and dU   is the internal 184 

strain energy stored in the deck boards as they undergo transverse bending. The load 185 

potential energy has two components 1 2b bV V V   , one for external loads applied at 186 

each beam. For beam i, the internal strain energy is given by Trahair (1993) as 187 

 2 2 2

0 0 0

1 1 1

2 2 2

b b bL L L

bi b y i b b i b w iU E I u dz G J dz E C dz         (3) 188 

where, for a solid beam, bE  is the beam modulus of elasticity, yI  is the moment of 189 

inertia about beam weak-axis, bG  is the beam shear modulus, bJ  is the Saint-Venant 190 

torsional constant, wC  is the warping constant, and bL  is the beam span. All primes 191 

denote differentiation with respect to coordinate z  along the beam longitudinal axis. 192 

For I-section members where the web and flanges have different materials, bE  and 193 

bG   become the properties of the flanges, and the properties yI  , wC  , bJ   are the 194 

corresponding transformed section properties. Expressions of the transformed section 195 

properties have been provided in Du (2016) and a summary is provided in Appendix A. 196 

The load potential energy for beam i  is  197 

 2

0 0

1

2

b bL L

bi i i iV M u dz qh dz  
 

   





   (4) 198 

where  M z  is the reference strong-axis moment induced by the reference transverse 199 

load  q z  along the beam longitudinal axis (taken positive when acting downwards), 200 

and one recalls that   is the load multiplier to be solved and  h z  is the distance 201 

between the loading point and deck centerline (taken positive when the loading point is 202 

below deck centerline). The first term in Eq. (4) is the destabilizing term due to strong-203 
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axis flexure while the second term accounts for the load potential energy gain induced 204 

by the load height effect relative to the deck centerline. From Eq. (1), by substituting 205 

into Eqs. (3) and (4), one obtains 206 

 2 2

0 0

1 1

2 2

b bL L

bi b i b b iU E C dz G J dz        (5)  207 

  
0

2
2

bL

bi i i iV hq aM dz
            (6) 208 

where the property 2
y wC I a C   has been introduced. For a deck board at a distance 209 

0z  from beam end support, the end moments 1eM  and 2eM  are expressed in terms of 210 

angles of twist 1 2,   as 211 

 
 
 

 
 

1 0 1 0

2 0 2 0

2 12

1 2
e d d

e d

M z zE I

M z zL




           
       

 (7) 212 

where dE  and dI  are the deck modulus of elasticity and the moment of inertia about 213 

deck strong-axis, respectively, and dL   is the deck board span. The internal strain 214 

energy dU   stored in this deck board is  215 

 
       1 0 02 20 01

1 1

2 2d e ez zU M M z z         (8)                                                                                216 

From Eq. (7), by substituting into Eq. (8), one rewrites the internal strain energy as 217 

      
 

1
2

0
0

0
1 0

2

2 1

1 2
d d

d
d

zE I
z z

zL
U


 


  

 


    
  

 (9) 218 

The internal strain energy dU  in the whole decking is the summation of energy stored 219 

in each deck board, which can be approximately written in an integration form as 220 
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3

1
1 2

20

2 1

1 212

bL

d d
d d

d

E h
U U dz

L


 


   

    
   

   (10) 221 

in which dh  is the deck board thickness. The total potential energy of the twin-beam-222 

deck assembly is obtained by summation of the internal strain energies for the twin 223 

beams, deck boards, and the load potential energy gains, i.e., 224 

 

 

   

2 2 2
1 1 1 1 1 2

0 0 0 0

3
2 2 2

2 2 2 2 1 1 2 2

0 0 0

1 1 1
2

2 2 2 2

1
2

2 2 6

b b b b

b b b

L L L L

b b b b

L L L

d d
b b

d

E C dz G J dz hq aM dz E C dz

E h
G J dz hq aM dz dz

L

     

       

        

      

   

  
 225 

  (11) 226 

where the fields        1 2, , ,z z q z M z   are dependent on the z coordinate. 227 

General conditions of neutral stability and boundary conditions 228 

The conditions of neutral stability are obtained by setting the variation of the total 229 

potential energy to zero, i.e. 0  . By performing integration by parts (Du 2016), 230 

one recovers the field equations  231 

 
     

     

1

2

3

1 1 1 1 1 2

3

2 2 2 2 1 2

2 0
6

2 0
6

b b

b b

d d
b

d

d d
b

d

E h
E C a M hq aM

L

E h
E

G J

C a M hq aM
L

G J

       

      



 

       

      



 



 (12) 232 

and the corresponding boundary conditions 233 

 

   

   

1 1 1 1 1 1 1
0

0

2 2 2 2 2 2 2
0

0

0, 0

0, 0

b
b

b
b

L
L

b b b b

L
L

b b b b

G J E C a M E C a M

G J E C a M E C a M

        

        

                    

                    

 234 
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  (13) 235 

Closed-form Solutions for Uniform Moments 236 

Solution for general boundary conditions 237 

For the twin beams with general boundary conditions under uniform moments, the 238 

angles of twist are assumed as exponentials, i.e., 1
jm z

jA e    and 2
jm z

jB e   239 

( 1,2, ,8)j   . By substituting into Eq. (12), one obtains 240 

 

 

3 3
4 2

3 3
4 2

2
3 6 0

0
2

6 3

d d d d
b j b b j

jd d

jd d d d
b j b b j

d d

E h E h
E Cm a M G J m

AL L

BE h E h
E Cm a M G J m

L L





 
                   

  

241 

  (14)
 

242 

For a non-trivial solution, the determinant of the matrix of coefficients should vanish, 243 

which leads to 244 

 

   

   

3
2

3
2

2
2 2

3

2

2
2 2

2

d d b
b b b b

d
j

b

d d b
b b b b

d
j

b

E h E C
a M G J a M G J

L
m

E C

E h E C
a M G J a M G J

L
m

E C

 

 

    
 

    
 

 (15) 245 

Since all eight roots are distinct, the angles of twist 1  and 2  can be expressed as   246 

     
 

8
1

2 1
12

jj m z

j j

Az
z e

Bz







        
    

  (16) 247 

From Eq. (14), one express jB  in terms of jA  as 248 

    jj jB A A     (17) 249 
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where   34 2 36 2 3j d b j b b j d d d d dA L E Cm a M G J m E h L E h       . From Eq. (17), 250 

by substituting into Eq. (16), one obtains 251 

         
8

8 12 82 1 8 8
1

1
jm z

j m
j j

z A e H E z D
A


 



        
  

    (18) 252 

where 253 

 

 

   
 

81 2

2 8
1 2 8

8 8

1 2 88 1

1 1 1
,

, , ,

.

m zm z m z
m

T

H
A A A

E z Diag e e e

D A A A







 
  
  

  










  254 

The angles of twist as given in Eq. (18) and their derivatives can then be used to express 255 

the eight boundary conditions of the problem. The resulting system of equations is then 256 

placed in a matrix form and the smallest root M  which vanishes the determinant of 257 

the matrix of coefficient is extracted to yield the critical moment of the system.  258 

Solution for simply-supported boundary conditions 259 

For the case where the twin beams are simply-supported relative to the angle of twist 260 

and free to warp at the supports, the applicable boundary conditions as extracted from 261 

Eq. (13) are 262 

 
       
       

1 2 1 2

1 2 1 2

0 0 0

0 0 0

b b

b b

L L

L L

   

   

   

      
  (19) 263 

Assuming the angles of twist as sinusoidal functions, i.e.,    sin 1,2i i bA n z L i  264 

 1,2,3,n   , which satisfy all the boundary conditions in Eq. (19) Substituting into 265 

Eq. (12), one obtains  266 
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 

 

3
4 2

1

3
24 2

3

3

2
3 0

0
2

3

6

6

d d
b b b

d

d d
b b b

d

n n d d d

n
d d d n n

E h
E Cl G J a M

L A

AE h
E Cl G J a M

L

l E h L

E h L l





  



  

 
 

            
 
  

 267 

  (20) 268 

where bnl n L  .
 
For a non-trivial solution, the determinant of the matrix should 269 

vanish, leading to the following roots (Du 2016)   270 

 

 

 

2

2

1

2 3

2

23

,
2 2 12

2 2 4

n

n

b b b d d b

b d

b b b d d b

b d

E C G J E h Ln

a L a aL n

E C G J E h Ln

a L a a n

M

M
L











           
    

           
    

 (21a,b) 271 

It is noted that both roots are negative, signifying that, under the proposed assumptions, 272 

only negative moments (moments that create compression at beam bottom fibers) can 273 

induce lateral torsional buckling of the system. For the two roots obtained, the first one 274 

corresponds to a symmetric buckling mode and the second one corresponds to an 275 

antisymmetric buckling mode. Among the two roots, it is clear    1 2n n
M M   , 276 

which means the symmetric buckling mode governs the capacity of the system. The 277 

critical moment  1cr n
M M  coincides with that in Vlasov (1961). Introducing the 278 

notation 2b bM G J a  , one can rewrite the critical moment in a dimensionless form as 279 

   2
2

1rm n n
n

     
 

  (22) 280 

where  r crm n M M  , 2 2
b b b bE C G J L    and    3 2 26d d d b b bE h L L G J   . 281 

Setting the first derivative of Eq. (22) to zero yields 4n    , which provides an 282 

indication of the mode number corresponding to the smallest critical moment rm . Since 283 
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n  is an integer value, one should consider the roots based on  int n  and  int 1n . 284 

For specific values of   and  , the relationship between    and the governing 285 

mode number n  is determined (Du 2016). The results are summarized in Table 1. 286 

Approximate Energy-based Solutions  287 

Simply-supported boundary conditions 288 

Two loading types are considered: (1) A uniformly distributed load q  along beams 289 

span, and (2) a mid-span concentrated load P  for both beams. The angles of twist are 290 

assumed as    sin 1,2i i nA l z i    . Substituting the assumed functions into Eq. 291 

(11), one obtains 292 

   

     

     

2 4 2 2 2 2
1 1

0 0

2 2 2 2 2 2 4 2
1 1 2

0 0 0

2 2 2 2 2 2 2 2
2 2 2

0 0 0

1 1
sin cos

2 2

1 1
sin sin sin

2 2

1 1
cos sin sin

2 2

b b

b b b

b b b

L L

b n n b b n n

L L L

n n n b n n

L L L

b b n n n n n

E CA l l z dz G J A l l z dz

a A l M l z dz hA q l z dz E CA l l z dz

G J A l l z dz a A l M l z dz hA q l z dz

 

 

   

    

    

 

  

 

   
3

2 2 2
1 1 2 2

0

sin
6

bL

d d
n

d

E h
A A A A l z dz

L
     





 293 

  (23) 294 

Case 1: Uniformly Distributed Load (UDL) 295 

The strong-axis moment distribution induced by the reference UDL q  along beams 296 

span is    2 2bM z q L z z  . By applying the principle of stationary total potential 297 

energy 1 2 0A A        , one recovers two algebraic equations. The determinant 298 

of the resulting matrix of coefficients is set to zero to recover the critical loads (Du 299 

2016), yielding 300 
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   

   

4 4 2 2 2 3 4

1 4 2 2

4 4 2 2 2 3 4

2 4 2 2

6 6

6 3

6 6 3

6 3

b d b b b d d d b
n

b d

b d b b b d d d b
n

b d

n E CL n G J L L E H L
q

L L h n a a

n E CL n G J L L E H L
q

L L h n a a

 


 




 
 

 

 
 

 

  (24a,b) 301 

Both roots are negative, i.e., only uplift loads can buckle the twin-beam-deck assembly. 302 

It is evident that    1 2n n
q q  , signifying that the governing buckling mode is 303 

always symmetric.  304 

Case 2: Mid-span concentrated loads  305 

For a reference concentrated load P  applied at the beams mid-span, the strong-axis 306 

moment is    2 0 2bM z Pz z L    and      2 2b b bM z P L z L z L     . 307 

Substituting  M z into Eq. (23) and applying the principle of stationary total potential 308 

energy, one obtains the following roots (Du 2016) 309 

 

   

   

4 4 2 2 2 3 4

1 3 2 2

4 4 2 2 2 3 4

2 3 2 2

12 12 2

3 4 8

4 4

4 8

b d b b b d d d b
n

b d

b d b b b d d d b
n

b d

n E CL n G J L L E h L
P

L L a h an

n E CL n G J L L E h L
P

L L a h an

 


 




 
 

 

 
 

 

 (25a,b) 310 

Similarly, only upward loads can buckle the system and    1 2n n
P P  , signifying 311 

that the governing buckling mode is always symmetric.  312 

Fixed boundary conditions 313 

For the twin-beam-deck systems where both beams are fixed against the twist angle, 314 

assume the angles of twist as      1 cos , 2,4,6, 1,2i i nD l z n i        , which 315 

satisfy all the boundary conditions in Eq. (13). Substituting the assumed angles of twist 316 

functions into the total potential energy, one obtains 317 
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   

      

   

      

2 4 2 2 2 2
1 1

0 0

2 2
1

0

2 4 2 2 2 2
2 2

0 0

2 2
2

1 1
cos sin

2 2

1 cos 2 cos 1 cos
2

1 1
cos sin

2 2

1 cos 2 cos 1 cos
2

b b

b

b b

L L

b n n b b n n

L

n n n n

L L

b n n b b n n

n n n n

D E Cl l z dz D G J l l z dz

D hq l z aMl l z l z dz

D E Cl l z dz D G J l l z dz

D hq l z aMl l z l z d





  

         

 

         

 



 

   

0

3
22 2

1 1 2 2

0

1 cos
6

b

b

L

L

d d
n

d

z

E h
D D D D l z dz

L
     





 (26) 318 

Case 1: UDL 319 

From the strong-axis moment  M z  induced by UDL, by substituting into Eq. (26) 320 

and applying the principle of stationary total potential energy 1 2 0D D       , 321 

one obtains the following critical loads (Du 2016) 322 

 

   
 

   
 

4 3 2 2 2 4 4

3 4 2 2

4 3 2 2 2 4 4

4 4 2 2

3 2 2

21 18

3 3 2 2

21 18

2, 4,6,

d b d b b b d b d

n
b d

d b d b b b d b d

n
b d

E L h n G J L L n E CL
q

L L a h an

E L h n G J L L n E CL
q

L L a h an

n

 




 




  


 

  


 

 

 (27a,b) 323 

Case 2: Mid-span concentrated loads  324 

Substituting the moment distribution  M z  for mid-span concentrated loads into Eq. 325 

(26) and applying the principle of stationary total potential energy, one obtains the 326 

following critical loads (Du 2016) 327 

  328 
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   
 

   
 

   

 

4 4 2 2 2 4 3

3 3 2 2

4 4 2 2 2 4 3

4 3 2 2

4 4 2 2 2 4 3

2 2 35

4 4

6

2 2 2

32 32

2 2 2 3

32 32

2 2 2

2

2,6,10

2

,

2

b d b b b d d b d

n
b d

b d b b b d d b d

n
b d

b d b b b d d b d

n
b d

b d

n

n E CL n G J L L E L h
P

L L h a an

n E CL n G J L L E L h
P

L L h a an

n E CL n G J L L E L h
P

n aL L

n E C

n

L n
P

 




 




 







 
 

 

 
 

 

 
 


 

 

 2 2 2 4 3

2 2 3

3

4,8,12,

b b b d d b d

b d

G J L L E L h

n

n

aL L










 (28a,b,c,d) 329 

Finite element formulation 330 

The angles of twist  i z  are related to the generalized nodal displacements as 331 

        4 11 4
1,2

T

i iz L z i 


   (29) 332 

where 0 01 4

T

i l l
i

    


    is the generalized nodal angle of twist vector, 333 

subscripts 0 and l denote the nodal points, and 334 

         2 2 3 3 2 3 2 2 2 3 3 3 2 2

1 4
1 3 2 2 3 2

T
L z z l z l z z l z l z l z l z l z l


      335 

is the vector of Hermitian interpolation functions and l  is the element length. From 336 

Eq. (29), by substituting into the total potential energy expression in Eq. (11), one 337 

obtains 338 

     
 

4 1

4 1

1

1 21 4 1 4 8 8 8 8
2

1

2

T T

e gK K


  






   

        
    

(30) 339 

in which the elastic stiffness matrix is 340 
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  
     

     
8 8

2

2

b d d

e T

d b d

K K K
K

K K K


 
  

  
 341 

and      1 2b b b bK E C B G J B    is the beam stiffness matrix and  342 

    3
36d d d dK E h L B  is the deck stiffness matrix. Also, in Eq. (30), the geometric 343 

stiffness matrix gK    is 344 

 
     

     
4 5

4 5 8 8

2 0

0 2g

a B h B
K

a B h B


 
       

 345 

and submatrices  1B  ,  2B  ,  3B  ,  4B  ,  5B   have been defined in Appendix B. By 346 

evoking the stationarity conditions for the total potential energy 0    to the 347 

discretized system, one obtains 348 

     
   1 4 1

8 18 8 8 8
2 4 1

0e gK K






 



         
 (31) 349 

Verification 350 

A finite element model based on the commercial software ABAQUS is adopted to 351 

verify the validity of present solutions for a selected reference case. Both beams are 352 

simply supported. The beam and deck spans are 6 m and 2 m, respectively. Beam 353 

material is taken to be glu-laminated Spruce-Lodgepole Pine-Jack Pine 20f-EX. Cross-354 

section depth is 570 mm and its width is 80 mm. The modulus of elasticity and shear 355 

modulus are 10,300 MPa and 474 MPa, respectively (CAN/CSA O86-14 and FPL 2010). 356 

The nominal bending resistance for the beam due to material failure is 270 kNm. The 357 

Spruce-Pine-Fir No. 2 grade deck boards are assumed to be 38 mm thick with a modulus 358 

of elasticity of 10,000 MPa. 359 
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Details of the ABAQUS model 360 

The finite element program ABAQUS 6.12-3 was used to perform an eigen-value 361 

lateral torsional buckling analysis of the twin-beam-deck. The two-node B31OS 362 

element within the ABAQUS library was selected to model the twin beams. Each node 363 

has seven degrees of freedom (i.e., three translations, three rotations, and a warping 364 

deformation). The element accounts for transverse shear deformation. Also, the element 365 

does not capture the distortional effects. The B31 elements were chosen to model the 366 

deck boards. The B31 element has two nodes with six degrees of freedom per node (i.e., 367 

three translations, and three rotations). Fig. 2 shows the twin-beam-deck model 368 

developed in ABAQUS with B31OS elements located at the height of beam shear center 369 

and B31 elements at the height of deck centerline. The number of B31OS elements used 370 

in each beam was chosen so that the number of nodes forming these elements matches 371 

the number of deck boards. For each pair of beam and deck nodes, the following 372 

kinematic relationships were enforced:  373 

(1) The vertical displacement of a beam node   b i
v  was equated to the corresponding 374 

vertical displacement of the deck node  d i
v , i.e.,    b di i

v v ;  375 

(2) the angle of twist of a beam node was equated to that of the corresponding deck 376 

node, i.e.,    b di i
  ; and 377 

(3) the lateral displacement of a beam node  b i
u  was related to the twist angle  b i

  378 

through    b bi i
u a   , where a  was previously defined as the distance between 379 

beam shear center and deck centerline. Also, the lateral degree of freedom for each of 380 

the deck nodes was restrained, i.e.,   0d i
u   . The above constraints were enforced 381 

through the *EQUATION keyword in ABAQUS. The above kinematic constraints 382 
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enforced the rigid lateral restraint condition while accounting for the partial twisting 383 

restraint provided by the deck bending action. 384 

Mesh sensitivity analysis of present FEA and ABAQUS models 385 

In addition to uniform moments, two types of transverse loading were considered in the 386 

mesh study: (1) A UDL applied along the beams span, and (2) a mid-span concentrated 387 

load in both beams. For the three loading cases, the critical moments as determined by 388 

present FEA and ABAQUS are shown in Fig. 3(a,c,e). For uniform moments (Fig. 3a), 389 

the present FEA requires less than 8 beam elements to converge. The ABAQUS solution 390 

exhibits an oscillating behavior as the number of beam elements is increased and 391 

achieves convergence at 160 beam elements per beam. For the other two loading cases 392 

(Fig. 3c,e), 10 to 12 elements are shown to achieve convergence for the present FEA 393 

and ABAQUS. Under all three loading types, the present FEA converges from above 394 

and a coarser mesh tends to overestimate the buckling capacity. To ensure convergence, 395 

30 elements per beam were used under the present FEA and 160 elements per beam 396 

under the ABAQUS model in all subsequent runs. Under both solutions, a single 397 

element per deck board is found to be enough to achieve convergence. For example, 398 

under uniform moments, the present FEA corresponding to two elements per deck 399 

yields the same critical moment of 192 kNm as that corresponding to one element per 400 

deck. 401 

Verification of results 402 

To validate the present solutions, comparisons between the closed-form solution in 403 

Eq.(21a,b), energy-based formulations in Eqs. (24a,b),(25a,b), the present FEA, and 404 

ABAQUS are presented for the reference twin-beam-deck assembly. As discussed, only 405 

negative moments and uplift loads can induce lateral torsional buckling of the simply-406 
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supported single-span twin-beam-deck system. For clarity, the absolute values of 407 

critical moments are presented below.  408 

For uniform moments (Fig. 3a), the closed-form formulation and present FEA yield an 409 

identical critical moment of 192 kNm while the ABAQUS model predicts a slightly 410 

lower value of 190 kNm. All three solutions predict an identical buckling mode shape 411 

(Fig. 3b). For UDL (Fig. 3c), the approximate energy-based formulation predicts a 412 

capacity of 267 kNm, compared with 247 kNm as predicted by present FEA and 237 413 

kNm by ABAQUS. This difference is attributed to the fact that the assumed sinusoidal 414 

displacement function in the energy-based formulation does not exactly represent the 415 

actual mode shape (Fig. 3d) and thus provides a stiffer representation of the system, and 416 

hence overestimates the critical moment. The difference between the present FEA and 417 

ABAQUS is possibly due to the fact that the ABAQUS B31OS elements capture the 418 

shear deformation effects due to flexure while the present FEA neglects such effects, 419 

resulting in a slightly stiffer representation. For mid-span concentrated loads (Fig. 3e), 420 

the critical moments based on the energy-based solution are 508 kNm for 1n   and 421 

348 kNm for 2n  . In both cases, the energy solution over-predicts the critical moment 422 

as expected. Although the mode shape corresponding to 1n   is somewhat closer to 423 

those predicted by the FEA and ABAQUS (Fig. 3f), the critical moment corresponding 424 

to 2n   is closer to the critical moment than that based on 1n  . The difference in 425 

results is attributed to the fact that the assumed sinusoidal functions represent the actual 426 

mode shape for non-uniform moment loading only in an approximate manner. In such 427 

a case, the energy-based solution is expected to provide an upper bound prediction of 428 

the critical moments. Indeed, Fig. 3(g,h) confirm that under the cases of UDL and mid-429 

span concentrated loads, the approximate energy-based solutions consistently predict 430 

higher critical moments than those based on the present FEA and ABAQUS model for 431 
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various beam spans. Also evident is the fact that the approximate solutions are more 432 

accurate for shorter beam spans. The present FEA model, thus validated, is 433 

subsequently used to investigate the effects of various parameters on critical moments.  434 

Parametric Study  435 

A parametric study has been conducted by varying one parameter at a time from the 436 

reference case defined in the verification study and observing the critical moments and 437 

buckling mode shapes as predicted by the present solutions. Nine sets of parametric 438 

studies are considered by varying loading types, beam and deck span, lateral restraint 439 

height, load position, number of spans and whether the deck lateral or twisting restraint 440 

is included in the analysis (Table 2).  441 

Effects of beam and deck span  442 

Fig. 4a shows the critical moments for both beams under uniform moments. The beam 443 

span was varied from 2 m to 12 m, all in the elastic or inelastic buckling range. The 444 

critical moments corresponding to modes 1 to 4 are shown in the figure. It is observed 445 

that mode 1 provides the lowest critical moment for spans ranging from 2 m to 4 m. 446 

From 4 m to 7 m, mode 2 corresponds to the lowest critical moment while mode 3 447 

provides the lowest critical moment from 7 m to 10 m and mode 4 is the governing 448 

mode of buckling for spans larger than 10 m. As the beam span increases, the critical 449 

moments are observed to be nearly constant while the governing mode number n  450 

changes with the beam span. For the cases of UDL and mid-span concentrated loads 451 

(Fig. 3g,h), the critical moments from all three solutions show an oscillating behavior 452 

as the beam span is increased.  In contrast, as the deck span increases from 1 m to 5 453 

m, the buckling capacity is observed to decrease (Fig. 4b) for all three loading types 454 

investigated.  455 
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Effects of deck lateral and twisting restraints  456 

For uniform moments, Fig. 4c shows three solutions: (1) The classical solution, which 457 

is based on laterally unrestrained beam, gives the lowest buckling capacity; (2) the 458 

solution by Roeder and Assadi (1982), which recognizes the rigid lateral restraint 459 

provided by decking but neglects its partial twisting restraint, thus gives a higher critical 460 

moment prediction than that based on the classical solution; and (3) the present solution, 461 

i.e., Eq. (21a,b), which assumes the deck boards to provide rigid lateral restraint and 462 

partial twisting restraint, gives the highest buckling predictions among the three 463 

solutions. Fig. 4c shows that the effects of both types of restraints are small for short 464 

beam span but becomes more substantial in long beam span. Also, the critical moments 465 

obtained from the present study can be several folds higher than values of unrestrained 466 

beams. For deck span increasing from 1m to 5 m (Fig. 4d), the contribution of elastic 467 

twisting restraint declines. This reflects on the observed critical moments which reduce 468 

with deck span. By comparing the lower solid line and the dashed line, the rigid lateral 469 

restraint contributes a constant 68.3 kNm towards the total capacity. 470 

Effect of lateral restraint height  471 

Fig. 4e shows the critical moments as predicted by the present FEA for the twin-beam-472 

deck system under UDL with rigid lateral restraint height varying from the beam shear 473 

center to deck centerline. Three beam spans were investigated (i.e., 4, 6, 8 m). The 474 

results suggest that for each beam span, there is an optimal lateral bracing height which 475 

corresponds to a peak moment.  476 

Effect of load position  477 

To assess the effect of load position, a UDL was applied at three different heights (i.e., 478 

deck centerline, beam shear center and beam bottom). The critical moments as 479 
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predicted by the approximate energy-based solution and the present FEA are 480 

summarized in Table 3 for three beam spans (i.e., 4, 6, 8 m). No ABAQUS results were 481 

provided since the B31OS solution does not support the feature for load position effect. 482 

For all three spans investigated, both the energy-based solution and the present FEA 483 

predict a decrease in critical moments as the point of load application moves 484 

downwards. Also, it is observed that the load position effect is particularly significant 485 

for the shorter beam span of 4 m. Compared with the case of beam shear center loading, 486 

both solutions predict a more than 40% capacity increase for the case of deck centerline 487 

loading and more than a 20% capacity decrease for the case of beam bottom loading. 488 

In contrast, for the case of longer beam spans, the load position effect is observed to be 489 

less substantial. It is of interest to note that the percentage increase or decrease of critical 490 

moments due to load position effect based on the energy solution reasonably agree well 491 

with those based on the finite element solution. 492 

The load position effect is also investigated under three deck spans (i.e., 1, 3, 5 m) and 493 

is summarized in Table 4. The load position effect is observed to be more substantial 494 

for longer deck span. 495 

Effect of beam span on a two-span twin-beam-deck system 496 

The buckling capacity obtained from the present FEA for a two-span twin-beam-deck 497 

system under UDL and a mid-span concentrated load are shown in Fig. 5(a,b). Contrary 498 

to the case of single-span beams where lateral torsional buckling is associated solely 499 

with negative moments or upward loading, the buckling resistance of continuous beams 500 

is found possible under upward and downward acting loadings. For downward acting 501 

loading, the critical moments observed at mid-spans decrease significantly as the beam 502 

span increases from 4 m to 12 m. In contrast, for upward acting loading, the critical 503 
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moments remain essentially constant and are insensitive of the span. 504 

Summary and Conclusions  505 

1. Five solutions were developed, formulated, and implemented for investigating the 506 

lateral torsional buckling capacity of wooden twin-beam-deck assembles: (1) An 507 

analytical solution for generic boundary conditions under uniform moments, (2) a 508 

closed-form solution for simply-supported beams under uniform moments, (3) an 509 

energy-based approximate solution for simply-supported beams under non-uniform 510 

moments, (4) an energy-based approximate solution for beams with fixed ends under 511 

non-uniform moments, and (5) a FEA solution. 512 

2. The validity of the solutions was assessed by comparison to the results based on 513 

ABAQUS, and to a close-form solution available in the literature for the special case 514 

involving uniform moments. 515 

3. The verified solutions were then used to provide a comprehensive parametric study 516 

to investigate the effects of load types, beam and deck spans, height of lateral restraint, 517 

load height, number of spans and whether the deck lateral or twisting restraint is 518 

included in the analysis. 519 

For single-span simply-supported twin-beam-deck system, the key engineering 520 

observations are: 521 

1. Only net uplift loads are found to be able to induce lateral torsional buckling. 522 

2. The approximate energy-based solutions provide predictions in excellent 523 

agreement with the present FEA and ABAQUS for short beams span. For long 524 

span, the solution slightly overestimates the critical moments. 525 
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3. Unlike laterally unsupported beams which has clear downward trend between 526 

critical moment and beam span, the present solutions indicate that, in general, 527 

there is no clear trend for the buckling capacity and the beam span.  528 

4. The lateral torsional buckling capacity for laterally and rotationally restrained 529 

twin beams can be much higher than unrestrained beams. The presence of lateral 530 

and twisting restrains is strongly influential in increasing the lateral torsional 531 

buckling capacity of the system, especially for long beams span. 532 

5. The height of lateral restraint has a significant influence on the buckling capacity 533 

of the system. For a given beam span, there is an optimal lateral restraint height 534 

that maximizes the buckling capacity. 535 

6. The buckling capacity was observed to decrease as the point of application of the 536 

applied upward load moves downwards and such effect is particularly significant 537 

for short beam span or long deck span. 538 

For two-span twin-beam-deck systems, both upward and downward loading are 539 

observed to be able to induce lateral torsion buckling. For upward loading, the buckling 540 

capacity remains nearly constant irrespective of the beam span. For downward loading, 541 

the buckling capacity is observed to significantly decrease as the beam span increases. 542 
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Appendix A Transformed section properties for composed I-section 543 

For a composite I-section beam with both flanges having different material from that 544 

of the web, the transformed section can be shown to take the form (Du 2016) 545 
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  (A.1) 546 

in which fJ  and wJ  are the Saint-Venant torsional constants for both flanges and the 547 

web, respectively, 1 w bn G G  is the ratio of shear modulus, wG  for the web to that 548 

of the flange, 2 w bn E E  is the ratio of Young modulus, wE  of the web to that of 549 

the flange, and the following sectional properties have been defined  550 
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where fA   is the area of both flanges, wA   is the area of the web, and    is the 552 

sectorial coordinate based on a fixed radius taken from the shear center to the sectorial 553 

origin. 554 

Appendix B Expressions for elastic and geometric stiffness matrices 555 

This appendix provides the expressions for submatrices  1B  ,  2B  ,  3B  ,  4B  ,  5B  556 

introduced after Eq. (30). 557 



28 

 

      

      

      

2 2

1 34 1 1 40

2 2

2 2

2 4 1 1 40

2 2

3 4 1 1 40

12 6 12 6

6 4 6 21
,

12 6 12 6

6 2 6 4

36 3 36 3

3 4 31
,

36 3 36 330

3 3 4

156 22 54 13

2

420

l T

l T

l T

l l

l l L l
B L z L z dz

l ll

l l l l

l l

l l l l
B L z L z dz

l ll

l l l l

l l

l
B L z L z dz

 

 

 

 
    
   
  

 
     
   
   



 







                 

2 2

5 4 1 1 40

2 2

4 4 1 1 40

2 4 13 3
,

54 13 156 22

13 3 22 4

,
l Tl T

l l l l

l l

l l l l

B M z L z L z dz B q z L z L z dz
   

 
  
 
   

 



 

 558 

  (B.1) 559 

For a beam element where the moment distribution along the element span  M z  is 560 

linearly interpolated, i.e., 561 
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where 0M  and lM  are the nodal moments, obtained from the pre-buckling analysis 563 

(Du 2016), matrix  4B  can be shown to take the form 564 
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Notation 569 

The following symbols are used in this paper:570 

,f wA A  areas for both flanges and the web, respectively;  571 

, , ,i i j jA A A B  amplitudes in the assumed angle of twist functions; 572 

a   distance between beam shear center and deck centerline; 573 

         1 2 3 4 5, , , ,B B B B B  submatrices for elastic and geometric stiffness matrices; 574 

C  constant; 575 

wC   warping constant;  576 

1 2,D D   amplitudes in the assumed angle of twist functions; 577 

, wbE E   modulus of elasticity of the flanges and web, respectively; 578 

dE   modulus of elasticity of the deck boards;  579 

 mE z     diagonal matrix of exponential functions; 580 

,b wG G  shear modulus of the flanges and web, respectively; 581 

 h z   distance between load point and deck centerline; 582 

dh   deck boards thickness; 583 

dI     moment of inertia about deck strong-axis; 584 

yI   moment of inertia about beam weak-axis;  585 

bJ   beam Saint-Venant torsional constant; 586 

,f wJ J  Saint-Venant torsional constants for the flanges and web, respectively; 587 

 bK  beam stiffness matrix;  588 

 dK  deck stiffness matrix;  589 

 eK  elastic stiffness matrix; 590 

gK    geometric stiffness matrix; 591 
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,b dL L   beam and deck span, respectively; 592 

 L z  Hermitian polynomials; 593 

l  beam element length; 594 

crM  critical moment for uniform moments loading; 595 

1 2,e eM M  deck board end moments; 596 

 M z  reference strong-axis moment; 597 

0 , lM M  strong-axis moments at element ends; 598 

jm   constants in the angle of twist functions;  599 

 rm n  dimensionless critical moment; 600 

n   integer in angles of twist functions; 601 

1n  ratio of shear moduli; 602 

2n   ratio of modulus of elasticity; 603 

 P z  reference concentrated load; 604 

 q z  reference transverse load; 605 

q  reference uniformly distributed load; 606 

U    internal strain energy; 607 

biU   internal strain energy in beam i ; 608 

dU    internal strain energy in deck boards; 609 

dU     internal strain energy in one deck board; 610 

iu   lateral displacement of beam i ; 611 

 b i
u   lateral displacement of beam node i ; 612 

V  load potential energy;  613 

biV  load potential energy in beam i ; 614 
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   ,b di i
v v   vertical displacements of the beam and deck nodes, respectively; 615 

 pv z  pre-buckling vertical displacement; 616 

, ,x y z  Cartesian coordinates; 617 

0z   distance from a deck board to the beam end-support along z axis; 618 

i  angle of twist of beam i ; 619 

0, l    angle of twist at element ends; 620 

i   generalized nodal angle of twist vector; 621 

   ,b di i
    angles of twist of the beam and deck nodes, respectively; 622 

  load multiplier;623 

    total potential energy; 624 

  sectorial coordinate. 625 



32 

Acknowledgments 626 

The authors gratefully acknowledge funding from the Natural Sciences and 627 

Engineering Research Council (NSERC) of Canada to the second and third authors. 628 

References 629 

ABAQUS 6.12-3 [Computer software]. Providence, RI, Dassault Systèmes Simulia. 630 

American Wood Council. (2015). “National design specification for wood construction.” ANSI/AWC 631 

NDS-2015, Virginia, U.S. 632 

Apparao, T. V. S. R. (1968). “Problems in structural diaphragm bracing.” Report No. 331, Dept. of Struct. 633 

Engrg., Cornell Univ., Ithaca, N.Y. 634 

Basaglia, C., Camotim, D., Gonçalves, R., and Graça, A. (2013). “GBT-based assessment of the buckling 635 

behaviour of cold-formed steel purlins restrained by sheeting.” Thin-Walled Struct., 72, 217-229. 636 

Bell., K., and Eggen., T. E. (2001). “Stability of timber beams and columns.” IABSE Symposium Report, 637 

International Association for Bridge and Structural Engineering, 85(9), 30-36. 638 

Buchanan, A. (1986). "Combined bending and axial loading in lumber." J. Struct. Eng., 639 

10.1061/(ASCE)0733-9445(1986)112:12(2592), 2592-2609. 640 

Burow, J. R., Manbeck, H. B. and Janowiak, J. J. (2006). “Lateral stability of composite wood I-joists 641 

under concentrated-load bending.” Transactions of the ASABE, 49(6), 1867-1880.  642 

Canadian Standard Association (CSA). (2014). “Engineering design in wood.” O86-14, Mississauga, 643 

Ontario, Canada.  644 

Chu, X., Kettle, R., and Li, L. (2004). “Lateral-torsion buckling analysis of partial-laterally restrained 645 

thin-walled channel-section beams.” J. Constr. Steel Res., 60(8), 1159-1175  646 

Chu, X., Rickard, J., and Li, L. (2005). “Influence of lateral restraint on lateral-torsional buckling of cold-647 

formed steel purlins.” Thin-Walled Struct., 43(5), 800-810. 648 

Du, Y. (2016). “Lateral torsional buckling of wooden beam-deck systems.” M.A.Sc. thesis, Dept. of Civil 649 

Engineering, Uni. of Ottawa, Ontario, Canada. 650 

Errera, S. J., Pincus, G., and Fisher, G. P. (1967). “Columns and beams braced by diaphragms.” J. Struct. 651 

Div., 93(1), 295-318.  652 

Forest Products Laboratory (FPL). (2010). Wood handbook-Wood as an engineering material. Madison, 653 

U.S. 654 



33 

Hindman, D. P., Harvey, H. B., and Janowiak, J. J. (2005a). “Measurement and prediction of lateral 655 

torsional buckling loads of composite wood materials: Rectangular section.” Forest Products Journal, 656 

55(9), pp 42-47.  657 

Hindman, D. P., Harvey, H. B., and Janowiak, J. J. (2005b). “Measurement and prediction of lateral 658 

torsional buckling loads of composite wood materials: I-joist sections.” Forest Products Journal, 659 

55(10), 43-48.  660 

Hooley, R. F., and Madsen, B. (1964). “Lateral buckling of glued laminated beams.” J. Struct. Div., 661 

90(ST3), pp. 201-218 .  662 

Jenkinson, P. M., and Zahn, J. J. (1972). “Lateral stability of beam and deck structure.” J. Struct. Div., 663 

98(3), 599-609. 664 

Koka E. N. (1987). “Laterally loaded wood compression members finite element and reliability analysis.” 665 

M.A.Sc. thesis, Uni. of British Columbia, Canada. 666 

Larue, B., Khelil, A., and Gueury, M. (2007). “Elastic flexural–torsional buckling of steel beams with 667 

rigid and continuous lateral restraints.” J. Constr. Steel Res., 63(5), 692-708.  668 

Li, L. (2004). “Lateral–torsional buckling of cold-formed zed-purlins partial-laterally restrained by metal 669 

sheeting.” Thin-Walled Struct., 42(7), 995-1011.  670 

Lucas, R., Al-Bermani, F., and Kitipomchai, S. (1997a). “Modelling of cold-formed purlin-sheeting 671 

systems—Part 1: Full model.” Thin-Walled Struct., 27(3), 223-243.  672 

Lucas, R., Al-Bermani, F., and Kitipornchai, S. (1997b). “Modelling of cold-formed purlin-sheeting 673 

systems—Part 2. Simplified model.” Thin-Walled Struct., 27(4), 263-286. 674 

Park, J., and Kang, Y. (2003). “Lateral buckling of beams with top bracing.” Struct.Eng.Mech., 16(5), 675 

613-625. 676 

Park, J. S., Stallings, J. M., and Kang, Y. J. (2004). “Lateral–torsional buckling of prismatic beams with 677 

continuous top-flange bracing.” J. Constr. Steel Res., 60(2), 147-160. 678 

Peköz, T., and Soroushian, P. (1982). “Behaviour of C- and Z-purlins under wind uplift.” Proc., 6th Int. 679 

Specialty Conf. on Cold-Formed Steel Structures, 409–429. 680 

Pincus, G., and Fisher, G. P. (1966). “Behavior of diaphragm-braced columns and beams.” J. Struct. 681 

Div., 92(2), 323-370.  682 

Roeder, C. W., and Assadi, M. (1982). “Lateral stability of I-beams with partial support.” J. Struct. 683 

Div., 108(8), 1768-1780.  684 



34 

Song, X. and Lam, F. (2006). “Three dimensional stability analysis of wood beam-columns.” In 685 

Proceedings of the 9th WCTE, Portland, 1061-1067. 686 

Song, X. B., and Lam, F. (2009). “Stability analysis of laterally braced wood beam-columns subjected to 687 

biaxial eccentric loading.” Comput. Struct., 87(17), 1058–1066. 688 

Song, X. B., and Lam, F. (2010). “Stability capacity and lateral bracing requirements of wood beam-689 

columns.” J. Struct. Eng., 10.1061/(ASCE)ST.1943-541X.0000095, 211-218. 690 

Steiger, R., and Fontana, M. (2005). "Bending moment and axial force interacting on solid timber beams." 691 

Materials and structures, 38(5), 507-513. 692 

Taylor, A. C., and Ojalvo, M. (1966). “Torsional restraint of lateral buckling.” J. Struct. Div., 92(2), 115-693 

130.  694 

Timoshenko, S., and Gere, J. (1961). Theory of elastic stability, 2nd ed. New York: McGraw-Hill. 695 

Trahair, N. S. (1979). “Elastic lateral buckling of continuously restrained beam columns.” The profession 696 

of a civil engineer, D. Campbell-Allen and E. H. Davis, eds., Sydney University Press, Sydney, 61–73. 697 

Trahair, N.S. (1993). Flexural-torsional buckling of structures. E & FN Spon, London. 698 

Vlasov, V. Z. (1961). Thin-walled elastic beams. 2nd. ed., Israel Program for Scientific Translations, 699 

Jerusalem. 700 

Xiao, Q. (2014). “Lateral torsional buckling of wood beams.” M.A.Sc. thesis, Dept. of Civil Engineering, 701 

Uni. of Ottawa, Ontario, Canada  702 

Ye, Z., Kettle, R. J., Li, L., and Schafer, B. W. (2002). “Buckling behavior of cold-formed zed-purlins 703 

partially restrained by steel sheeting.” Thin-Walled Struct., 40(10), 853-864. 704 

Zahn, J. (1965). “Lateral stability of deep beams with shear-beam support.” U.S.D.A. Forest Service 705 

Research Paper FPL, 43. 706 

Zahn, J. (1972). "Shear stiffness of two-inch wood decks for roof systems." U.S.D.A. Forest Service 707 

Research Paper FPL ,155. 708 

Zahn, J. (1973). “Lateral stability of wood beam-and-deck systems.” J. Struct. Div., 99(7), 1391-1408. 709 

Zahn, J. (1984). “Bracing requirements for lateral stability.” J. Struct. Eng., 10.1061/(ASCE)0733-710 

9445(1984)110:8(1786), 1786–1802. 711 

Zahn, J. (1986). “Design of wood members under combined load.” J. Struct. Eng., 712 

10.1061/(ASCE)0733-9445(1986)112:9(2109), 2109-2126. 713 

Zahn, J. (1988). “Combined-load stability criterion for wood beam-columns.” J. Struct. Eng., 714 



35 

10.1061/(ASCE)0733-9445(1988)114:11(2612), 2612-2628. 715 

 716 


