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Abstract

Polydisperse multiphase �ows are characterized as particle-laden �ows, for which the �ows of in-
terest are comprised of small particles of di�erent sizes. These �ows are computationally di�cult
to model as the number of particles increases. As such, many methods have been developed over
the years in order to build simpli�ed models. One such technique, higher-order moment closure
methods, provide an expanded set of partial di�erential equations (PDEs) describing the evolution
of statistical properties of the particle phase. Moment-based methods rely on modelling the sta-
tistical moments of the studied �ow, such as the average particle velocity and provides equations
describing the evolution of these moments. This thesis introduces the fundamentals of kinetic
theory and moment methods, provides an extension to a previously proposed three-dimensional
polydisperse Gaussian-moment model (PGM). The previous PGM, while showing promising pre-
liminary results, has been improved by the implementation of surface-weighted particle statistics.
Namely this new model exactly recovers the steady-state solution for particles settling in Stokes
�ow. Finally, this thesis describes the numerical methods used in obtaining one-dimensional and
three-dimensional results of the PGM. Several simple �ow problems are solved and analysed to
demonstrate the predictive capabilities of the new model.
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Chapter 1

Introduction

Polydisperse multiphase �ows are characterized as a specialized type of multiphase �ow. These
�ows are comprised of numerous small particles suspended in a background �uid. Such �ows
appear ubiquitously and are present in myriad practical engineering applications, such as in �u-
idization applications or in the use of aerosol sprays. Theses �ows contain very small particles
that play a role in the development of the �ow. Modelling the evolution of these particles and their
e�ect on the �ow during these events remains computationally di�cult. Applying a Lagrangian
approach is often computationally unfeasible as the number of particles increase, making a La-
grangian approaches for physical simulations for many practical situations extremely expensive.
Eulerian formulations have been proposed as an alternative modelling technique. While these
formulations are often less computationally expensive to preform than traditional Lagrangian
models, they come with their own set of issues. Namely, Eulerian models often produce math-
ematical artifacts, such as the inability to model a stream of particles crossing, or other issues
that occur when dealing with �uid boundary problems [20]. One family of Eulerian models is the
moment-based methods [5, 17, 6, 31]. In these models, the evolution of the statistical moments
of the �uid are tracked in order to develop an understanding of the �ow. These moments are
typically related to observable �eld properties of the studied �uid and are also referred to as the
macroscopic properties of the �uid. The evolution of the macroscopic properties, such as the
average velocity of the particles contains useful information in building an understanding of the
development of the �uid.

1.1 Motivation and Objectives

Recently, Forgues et al. [5] have proposed a �fteen-moment polydisperse Gaussian-momentmodel
(PGM) formodelling polydispersemultiphase �ows. The �fteen-moment PGMprovides an attrac-
tive treatment for polydisperse �ows, as a set of �rst-order hyperbolic balance laws are obtained
that provide useful statistical properties of the �ow that are not normally captured in traditional
Eulerian models. Information obtained from the model, such as the local variance of the parti-
cles velocity with respect to its size can be very useful in developing an understanding of the
development of the �ow and the impact polydisperse particles can have on such �ows. Though
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CHAPTER 1. INTRODUCTION 2

the model proved to be accurate in many regimes, the �fteen-moment PGM fails to recover the
exact steady-state solution for particles settling in a Stokes �ow [5]. Being able to recover the ex-
act steady-state solution is of signi�cant interest when studying polydisperse �ows such as those
present in aerosol sprays or atmospherics pollutants, as knowing the settling particle velocity and
location is normally what these models are trying to predict. For instance, since the start of the
COVID-19 pandemic in 2019, a recent interest has been placed into the research and development
of models attempting to model particle dispersion present in coughs in order to accurately predict
the dispersion of viral droplets in the atmosphere. Advanced polydisperse models would provide
researchers with the tools to develop adequate personal protective equipment and test various
methods such as ventilation systems in order to contain or reduce the viral load circulating in the
atmosphere. Such computer models, if proven to be su�ciently reliable, would be able to elim-
inate or at the very least reduce the need to preform costly and time extensive laboratory tests.
In addition, another advantage of reliable models is that they can be con�gured to account for
various environments such that these models can be used to obtain results for dynamic and ever
changing situations. The continued development of polydisperse models will reduce the work
load placed on such research �elds and increase the capabilities to quickly respond to dynamic
and changing situations.

The newly-proposed surface-based PGM in this work is an extended version of the previous
PGM that allows one to capture the exact steady-state solution for settling �ows. Furthermore,
the �fteen-moment PGM has also been extended to account for particle evaporation by provid-
ing additional �exibility into the treatment of �ows with additional external e�ects. Capturing
particle evaporation in the PGM extends the range of application to include polydisperse �ows
present in various applications such as the dispersion of aerosol droplets generated by sprays or
violent respiratory events (e.g., coughing). In these situations, not only is there a need to track
the location of the particles during the evolution and at steady state but evaporation, namely in
the case of violent respiratory events where evaporation plays a signi�cant role in the dispersion
of the particles. In addition to the surface-based PGM, an exact kinetic solver was developed in
order to compare the results obtained from the PGM to the known kinetic solution. This exact
kinetic solver is designed to be e�cient and highly-scalable on distributed computing systems,
such that moments of any provided set of kinetic equations can be easily computed.

1.2 Research Outline

The content of this thesis is structured as follows. Chapter 2 provides a background to multi-
phase �ows and various approaches one can take in order to develop an e�ective treatment of
multiphase �ows. Chapter 3 introduces the fundamental ideas of kinetic theory of gases and how
the basic ideas of kinetic theory can be applied to polydisperse multiphase �ows. This section
sets forth the fundamentals of kinetic theory from which the PGM is built upon. In Chapter 4,
the new polydisperse Gaussian model is derived along with the source term that is considered
for the model. Chapter 5 outlines the mathematical principles used in the implementation of the
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exact moment solver. Finally, in Chapter 7, numerical results of the PGM are shown. These re-
sults are used to demonstrate the capabilities of the new polydisperse Gaussian model by �rst
presenting a space-homogeneous case and recovery of the steady-state solution. Furthermore,
a space-homogeneous case with evaporation in addition to a three-dimensional simulations are
shown in order to showcase the capabilities of the PGM in handling more complex polydisperse
multiphase problems.

1.2.1 Scope of Work

While the �eld ofmultiphase �ows is diverse, such that there aremany approaches one can take to
build models in order to accurately predict polydisperse multiphase �ows, this thesis main focus
is in the development and expansion of the family of PGM based models. As such this thesis takes
on a theoretical approach in the treatment ofmulitphase �ows. Many assumptions, that onemight
deem incorrect in any treatment of multiphase �ows for any practical engineering applications
are taken in this thesis. Many of theses assumptions that stem from the fundamentals of kinetic
theory of gases (outlined in Chapter 3) and speci�c assumptions to the development of the PGM
in Chapter 4 might be deemed inappropriate for any practical treatment of multiphase �ows.
One such assumption is neglecting particle collisions. As is outlined in the following sections
particle collisions are not considered for the scope of this thesis. In any practical engineering
applications for modelling multiphase �ows, namely situations such as sprays, particle collisions
play a signi�cant role in the development of the �ow. It can be argued that neglecting particle
collisions in the PGM invalidate the model for any practical engineering applications. But as
previouslymentioned this thesis serves to lay the foundational work for the expansion of the PGM
family of models. As such the scope of this thesis is limited to the treatment of the moments in
their simpli�ed form with a simpli�ed source term in order to validate the model. As the addition
of particle collisions or the treatment of particles in various �ow regimes come with additional
complexity to the model that present additional modelling and numerical di�culties the scope of
this thesis was limited to the treatment of the moments of the PGM family of models.

As the PGM family of models is still in its early stages of development it is important to
build the foundational work and the appropriate approach for treatment of multiphase �ows with
moment-based methods. It is to be noted that the derivation and expansion of the PGM family
of models in this work was done in such a way such that future work can build upon the funda-
mentals presented in this thesis. Most notably the inclusion of treatment of various �ow regimes,
or consideration of particle collisions can be integrated into the model via modi�cation of the
initial assumptions presented in Chapter 4. Modi�cations of these assumptions will most-likely
lead to alternative source terms than the ones present in this thesis yet treatment of moments
will remain very similar to the ones derived in this thesis.



Chapter 2

Multiphase Flows

Depending of the situation onemight �nd themselves in, di�erent approaches to model the multi-
phase �ows might be better suited than others. For instance, traditional Eulerian models fair very
well when the particle phase is tightly coupled to the �uid phase. In these situations the particle
phase treatment can be performed in a similar fashion the �uid phase with the traditional Euler
or Navier-Stokes equations. By comparison, at higher Stokes number, particles become detached
from the carrier �uid and their behaviour can not be adequately described with traditional �eld
based methods that assume the particle phase is tightly coupled to the �uid phase.

2.1 Description of Particles in Multiphase Flows

In order to adequately model particles present in multiphase �ows it is important to develop
an appropriate model for the particles and the forces present in the system. To begin, particles
present in multiphase �ows are often modelled as spheres composed of a uniform substance and
expressed with a constant density. While this is not entirely true, this approximation greatly
simpli�es the models and, as such, is often used in treatments of multiphase �ows. The mass of
the particles can be easily equated to the radius of such particles as

𝑚𝑝 = 𝜌𝑝
4
3
𝜋𝑟3 , (2.1)

where𝑚𝑝 is the mass of the particle in question, 𝜌𝑝 its density and 𝑟 the radius. Particle collisions
in multiphase �ows can be modelled with varying levels of �delity and complexity, for this work,
the �ows in question are assumed to be dispersed enough such that particle collisions do not have
a signi�cant e�ect on the development of the �ow, collisions are therefore ignored.

Particle-laden �ows, such as those studied in this work, can be characterized by their Stokes
number. The Stokes number, St, is de�ned as

St =
𝜏 |𝑉𝑖 |
𝑙

, (2.2)

where 𝑉𝑖 is the speed of the background �uid, 𝑙 is the characteristic length of the particles in the
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CHAPTER 2. MULTIPHASE FLOWS 5

�ow and 𝜏 is a relaxation parameter of the particles in the system. The Stokes number of the
�ow helps to describe how strongly the particles in the system are a�ected by drag forces caused
by the background �uid. In a system with a small Stokes number, such that St � 1, particles
in the system are strongly coupled to the background �ow. This means particles in such �ows
closely follow the background �ow and are strongly and quickly a�ected by any changes in the
background �ow. Additionally, particles in the system are within a similar range of velocities,
that of the background �ow. When the Stokes number is very large, St � 1, the e�ect of the
background �ow on the particles velocities plays only a very small or negligible role in their
overall velocity. When the Stokes number of the system in near one, particles are still a�ected
by the background �ow but the particles in the system can still admit a wide range of possible
velocities. It is this intermediate regime that is often most di�cult to model.

The �ows studied in this work are assumed to follow a Stokes-�ow approximation. The
Stokes-�ow approximation is valid for low Reynolds number, speci�cally Re < 1, and can be
useful to model drag forces on spherical particles in a background �ow due to its direct relation-
ship to the relaxation of particles. Acceleration of the particles due to drag, gravity, and buoyancy
in the system can be described as

𝑎𝑖 =
𝑉𝑖 − 𝑣𝑖

𝜏
+ 𝜙𝑖 . (2.3)

In Eq. (2.3), 𝑣𝑖 is velocity of the particles, 𝜏 is the corresponding relaxation rate of the particles
due to drag forces and 𝜙𝑖 is the acceleration felt by the particles as a result of the gravitational
and buoyancy forces in the system with respect to the �uid medium. For low Reynolds numbers,
the relaxation felt by spherical particles can be expressed in terms of the particles surface area 𝑠,
its density, 𝜌𝑝 , and the �uids dynamic viscosity, 𝜇 𝑓 , as

𝜏 =
𝜌𝑝𝑠

18𝜋𝜇 𝑓

. (2.4)

Additionally, the buoyancy of the particles, 𝜙𝑖 , can be expressed as a relationship between the
particles density, 𝜌𝑝 , and the �uids density, 𝜌 𝑓 , with the acceleration due to gravity 𝑔𝑖 ,

𝜙𝑖 =
𝜌𝑝 − 𝜌 𝑓

𝜌𝑝
𝑔𝑖 . (2.5)

In addition to the drag forces acting on the particles in the system, another major component
to be considered in multiphase �ows is the possible evaporation of the particles contained within
the �ow. This evaporation plays a signi�cant role in the outcome of the �ow as the e�ect of
particles evaporating in the system alters to total number density of the particles in the system.
Furthermore, as the particle size changes over time due to evaporation, this has a compounding
e�ect on the drag of the particles in the system as it is directly proportional to the surface area of
the particles. For this work, a simple steady-state linear evaporation rate for spherical particles
is used such that Υ, the rate of change of the particle surface area, given by

Υ = −𝛼𝜋 , (2.6)
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where 𝛼 is often tabulated for various fuels [3, 9, 14] . There exist many di�erent models for
particle evaporation, Eq. (2.6) will be used for the scope of this thesis as it provides a simple
linear model that is commonly used in spray modelling.

2.2 Lagrangian Multiphase Models

Traditional Lagrangianmodels track the trajectories of the individual particles in the �ow through
the solution of ordinary di�erential equations (ODEs). These ODEs are often presented in the
form

𝑚𝑝

d𝑣𝑖
d𝑡

=
∑︁

𝑓𝛼 . (2.7)

In Eq. (2.7), the mass and velocity vector of the particles, 𝑚𝑝 and 𝑣𝑖 , are equated to summation
of all the forces present in the model. These forces often take on models for simple spherical
particles, depending on the situation. The common forces considered in these models are often
the ones that have the greatest impact on the development of the �ow. These forces are often
taken as buoyancy and drag. In these Lagrangian models the position vector, 𝑥𝑖 , of the particles
is obtained by integration of the velocity vector,

𝑥𝑖 =

∫
𝑣𝑖 d𝑡 . (2.8)

As previously stated, obtaining the position of each particle, with an increasing number of par-
ticles in the domain or consideration of additional external forces becomes increasingly di�cult
to preform numerically. In order to avoid having to numerically obtain the position of each in-
dividual particle in the �ow, �eld-based models describing the evolution of the entire population
of particles are often proposed.

2.2.1 Eulerian Multiphase Models

Another commonway to handle multiphase �ows is to take an Eulerian approach. As it is di�cult
to track individual particles one can �nd a way to describe groups of particles. The groups of
particles, or �elds can then be described using well known PDEs in order to model their evolution
over time. One of the simplest �eld equations that can be used to describe particles in a �owwould
be a convection equation

𝜕𝜌

𝜕𝑡
+𝑉𝑖

𝜕𝜌

𝜕𝑥𝑖
= 0. (2.9)

In this simpli�ed convection model, the particle density, 𝜌, is modelled over time as it follows the
carrier phase of the convection model in space, 𝑥𝑖 . The speed of the carrier phase in Eq. (2.9) is
then described by 𝑉𝑖 .

An extension to this model would be to allow the particles in the �eld to have a di�erent veloc-
ity from the background carrier phase [24]. Theses models, while computationally less intensive
than tracking individual particles in the system, are signi�cantly hindered by the assumption that
at a single point in space particles can only admit a single velocity. Namely, when �ows contain
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a wide range of particle size such is the case in polydisperse �ows and by consequence a wide
range of velocities many modelling artifacts appear due to the nature of �eld assumptions being
unable to describe particles containing varying velocities at a single point in space.

2.2.2 Moment-Based Multiphase Models

The model in this work presents a Eularian moment-based model for treatment of multiphase
�ows. These moment-based models are a natural extension to the Eularian �eld-based methods.
Moment-based models are formed on the basic ideas brought forth in the kinetic theory of gases
and provide a useful treatment of multiphase �ows. In these models an Eularian formulation of
the statistical properties (moments) of the �ow is used in order to obtain a treatment of these
particle-laden �ows. In order to understand how moment-based models are used to describe
multiphase �ows, it is useful to have an understanding of the fundamentals of kinetic theory, of
which moment-based models are build upon. This is the subject of the next chapter.



Chapter 3

Kinetic Theory

Gas �ows can be thought of as a collection of particles interacting with each other. In order to
properly model these type of situations, Newton’s law of motion and classical mechanics can
be used in order to model the inter-particle interactions. However, constructing a model based
on tracking every single particle in the system, as previously mentioned, becomes prohibitively
expensive as the number of particles increase. The kinetic theory of gases, on the other hand,
takes the approach of modelling the particles contained in the gas using statistical properties and
builds models based on the evolution of theses statistical properties. Classical kinetic theory for
monoatomic gases is based upon the following assumptions:

• All matter is composed of discrete particles.

• All particles of a given species are identical.

• Particles are simply points, with no internal structure.

• Particles only exert forces over distances much smaller than the mean-free path.

• Only binary collisions occur between particles, meaning that at most two particles interact
in a given collision.

• Quantum e�ects are neglected.

• Colliding particles are statistically uncorrelated.

Recent advancements in kinetic theory forgoes some of these approximations under certain con-
ditions, but they are currently out of scope for this work.

As classical models of kinetic theory considers gases as a collection of particles, one can see
how the techniques applied in kinetic theory can be extended to multiphase �ows. This chapter
outlines the fundamentals of kinetic theory in order to then apply the principles to a multiphase
�ow model in Chapter 4.

8
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3.1 An Introduction to the Kinetic Theory of Gases

In a traditional-kinetic theory model, the �uid of interest is assumed to be comprised of discrete
particles. These particles are treated in a statistical manner, such that, for a given position in
phase space (position and velocity), the number density of particles is given by the distribution
function,

F = (𝑥𝑖, 𝑣𝑖, 𝑡) . (3.1)

The number density of particles in physical space can be obtained by integrating the distribution
over the velocity domain,

𝑛(𝑥𝑖, 𝑡) =
∞∭

−∞

F (𝑥𝑖, 𝑣𝑖, 𝑡) d𝑣𝑖 . (3.2)

This is what is typically referred to as taking a moment of the distribution function. Taking mo-
ments of the distribution creates a relationship between the distribution function and its macro-
scopic, or observable properties. The moment obtained in Eq. (3.2) is also often referred to as
the zeroth-order moment of the distribution. Higher-order moments of the distribution can be
obtained in order to relate other macroscopic properties of the �ow to the distribution. These
higher-order moments are obtained by multiplying the distribution function by weights corre-
sponding to themonomials of the particle velocities and integrating over velocity space. As taking
moments of the distribution function is quite common, it becomes useful to de�ne a short-hand
angle-bracket notation in order to represent taking the integral over all velocity space,

∞∭
−∞

𝑤 F (𝑥𝑖, 𝑣𝑖, 𝑡) d𝑣𝑖 = 〈𝑤 F 〉 . (3.3)

Here, 𝑤 is a velocity dependant weight (typically a monomial). The compact notation, 〈·〉, indi-
cates integration over all possible velocities. The lowest-order moment, the local number density
of a gas, can be obtained by choosing 𝑤 = 1, as presented in Eq. (3.2). As the particle velocity
appears zero times in the weight, this is denoted as a zeroth-order moment. Another zeroth-order
moment, the mass density, is found by taking 𝑤 = 𝑚, where 𝑚 is the mass of an individual gas
particle,

𝜌 = 〈𝑚 F 〉 . (3.4)

Taking the �rst-order moment, 𝑤 = 𝑚𝑣𝑖 , results in the corresponding momentum density of the
particles,

𝜌𝜇𝑖 = 〈𝑚𝑣𝑖 F 〉 . (3.5)

The average particle velocity of the distribution can thus be obtained as

𝜇𝑖 =
〈𝑚𝑣𝑖 F 〉
〈𝑚 F 〉 . (3.6)
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Additionally, it becomes useful to de�ne the random, or deviatoric, velocity of the particles as the
di�erence between the particle’s velocity, and the local average velocity of the gas, 𝑐𝑖 = 𝑣𝑖 − 𝜇𝑖 .
The deviatoric velocity can be used to de�ne velocity moments. For example, the moment

𝑛Θ𝑖 𝑗 =
〈
𝑐𝑖𝑐 𝑗F

〉
, (3.7)

de�nes the second-order variance-covariance tensor, Θ𝑖 𝑗 . This symmetric tensor contains the
variance of each component of the particle velocity on the diagonal and covariance between
components o� the diagonal. It is related to the so-called pressure tensor as

𝑃𝑖 𝑗 = 𝜌Θ𝑖 𝑗 . (3.8)

This pressure tensor is the negative of the traditional �uid stress tensor and is related to the
hydrostatic pressure through the contraction, 𝑝 = 1

3𝑃𝑖𝑖 . Higher-order moments can also be taken
for any given distribution, and while they do have an impact on the distribution function it can
prove to be di�cult to relate them to physical macroscopic properties that one might observe in
the �ow. Namely, a third-order moment is used and is referred to as the skewness. This moment
related to the skewness is de�ned as

𝑛𝑄𝑖 𝑗 𝑘 =
〈
𝑐𝑖𝑐 𝑗𝑐𝑘F

〉
. (3.9)

3.2 Moments Methods

As the distribution of particles, in most useful situations, does not remain constant, a need to
model how the distribution evolves over time becomes necessary. This evolution is described by
a kinetic equation,

𝜕F
𝜕𝑡

+ 𝑣𝛼
𝜕F
𝜕𝑥𝛼

+ 𝜕

𝜕𝑣𝛼
(𝑎𝛼F ) =

(
𝛿F
𝛿𝑡

)
collision

. (3.10)

In Eq. (3.10), the �rst term captures how the distribution changes with time, the second term
describes the �ux of particles in space, or how the movement of the particles in the system a�ect
the shape of distribution. Next, 𝑎𝛼 is the acceleration of the particles due to external forces present
on the particles in the distribution. On the right-hand side of Eq. (3.10) is the term representing the
collision operator. This collision operator is used to indicate the impact inter-particle collisions
have on the distribution. The current �ows of interest for this work are assumed dilute and, as
such, the impact of collisions on the distribution are ignored,

𝛿F
𝛿𝑡

= 0 . (3.11)

The kinetic equation described in Eq. (3.10) describes how the distribution function evolves over
time. Evaluating this kinetic equation directly can be rather di�cult due to the equation being
very high-dimensional. In a three-dimensional case, Eq. (3.10) is dependent on three spacial di-
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mensions, three velocity dimensions and time, making computation of a direct numerical solution
to Eq. (3.10) di�cult and expensive to obtain. Rather than trying to evaluate the kinetic equation
directly, the use of moments of the distribution can be leveraged in order to model the evolution
of the macroscopic properties of the distribution. By taking moments of the kinetic equation,
Eq. (3.10), one can obtain a description of how theses moments evolve over time. This gives〈

W

(
𝜕F
𝜕𝑡

+ 𝑣𝛼
𝜕F
𝜕𝑥𝛼

+ 𝜕

𝜕𝑣𝛼
(𝑎𝛼F )

)〉
= 0 , (3.12)〈

W
𝜕F
𝜕𝑡

〉
+

〈
W𝑣𝛼

𝜕F
𝜕𝑥𝛼

〉
+

〈
W

𝜕

𝜕𝑣𝛼
(𝑎𝛼F )

〉
= 0 . (3.13)

where the vector W is used to represent the vector of all the weights that are to be taken of
the distribution function in order to build a set of balance laws. Because velocity and time are
independent and position and velocity are independent the expression can be simpli�ed into the
following balance law form,

𝜕

𝜕𝑡
〈WF 〉 + 𝜕

𝜕𝑥𝛼
〈𝑣𝛼WF 〉 +

〈
W

𝜕

𝜕𝑣𝛼
(𝑎𝛼F )

〉
= 0 . (3.14)

The acceleration term present in Eq. (3.14) can be expressed as the following using the product
rule, 〈

𝜕

𝜕𝑣𝛼
(𝑎𝛼WF )

〉
=

〈
W

𝜕

𝜕𝑣𝛼
(𝑎𝛼F )

〉
+

〈
𝑎𝛼F

𝜕

𝜕𝑣𝛼
(W)

〉
. (3.15)

Applying the divergence theorem to the �rst term of Eq. (3.15), one obtains,〈
𝜕

𝜕𝑣𝛼
(𝑎𝛼WF )

〉
=

∞∭
−∞

𝜕

𝜕𝑣𝛼
(𝑎𝛼WF ) d𝑣𝛼 = lim

𝑆→∞

∯
𝑆

(𝑎𝛼WF ) 𝑛̂𝛼d𝑠 . (3.16)

In its limit, as one evaluates the surface integral of Eq. (3.16), evaluation of F tends to zero. As
such the following holds true 〈

𝜕

𝜕𝑣𝛼
(𝑎𝛼WF )

〉
= 0 . (3.17)

Eq. (3.14) can thus be simpli�ed to

𝜕

𝜕𝑡
〈WF 〉 + 𝜕

𝜕𝑥𝛼
〈𝑣𝛼WF 〉 =

〈
𝑎𝛼F

𝜕

𝜕𝑣𝛼
(W)

〉
. (3.18)

It becomes useful to present the kinetic equation in its more common balance law form,

𝜕

𝜕𝑡
U + 𝜕

𝜕𝑥𝛼
𝑭𝜶 = S , (3.19)

where U = 〈WF 〉 is the solution vector for the moments of interest and 𝑭𝜶 = 〈𝑣𝛼WF 〉 is the
�ux dyad corresponding to the conserved moment in U . The vector of weights, W is used to
generate the solution vector, U . Finally, S is the source term vector resulting from to the forces
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present in the system. One can observe that all moments present in the solution vector,U always
depend on knowledge of a higher-order moment in the �ux term, F𝜶. This dependency makes it
di�cult to obtain a closed set of PDEs describing the evolution of the distribution over time as
the addition of a moment in the solution vector, U always require knowledge of a higher-order
moment in the �ux term. In order to close the set of PDEs, the form of the distribution function,
F , is often assumed. Assuming the form of the distribution means that one can directly evaluate
the moments present in the �ux term. The process of obtaining a closed set of PDEs are often
called moment-closure techniques and are explored in the following sections.

3.3 The Maximum-Entropy Hierarchy

The maximum-entropy hierarchy of moment models, the moment-closure technique used in this
work, attempts to close the distribution function by �rst prescribing the form of the distribution
function [15, 19]. By assuming the form of the distribution function the higher-order moments
present in the �ux term can be obtained as a function of the lower-order moments by directly
evaluating the moments of the distribution function. Once the form of the distribution has been
assumed and an appropriate set of weights,W, selected, a coupled set of PDEs in closed form can
be obtained to describe the evolution of themoments in the system. Themaximum-entropymodel
aims to close the distribution function by selecting a distribution function, F , that is consistent
with the known moments, such that the solution vector is recovered

U = 〈WF 〉 , (3.20)

and that maximizes entropy. The entropy of a system in the �eld of kinetic theory takes the form

〈F lnF 〉 . (3.21)

By this de�nition it is the negative of the traditional thermodynamic entropy of the system [10,
15, 16]. This is an assumption, that the distribution, F , takes on the maximum-entropy form but
it can be argued that given an incomplete knowledge of the system the distribution tends to the
maximum-entropy form [19]. In other words, as the only information known from the system is
the solution vector, U , the distribution function takes a form that is the most likely-state such
that it recovers the solution vector, U .

This entropy maximization problem can be expressed with the use of Lagrangian multipliers.
Eq. (3.21), can be expressed as an unconstrained problem such that the LagrangianH is expressed
as

H = 〈F lnF 〉 + λ𝑇 (〈WF 〉 −U ) , (3.22)

where λ is the vector of Lagrangian multipliers corresponding to the constraints in Eq. (3.20).
This function is maximal when

𝜕H

𝜕F = 0 , (3.23)
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such that,
𝜕H

𝜕F =

〈
lnF − F

F

〉
+ λ𝑇 〈W〉 . (3.24)

Eq. (3.24) can then be expressed in the form,

0 =
〈
lnF − 1 + λ𝑇

W
〉
, (3.25)

where an expression for F that maximizes entropy can be obtained,

F = exp
[
1 − λ𝑇

W
]
. (3.26)

For this maximum-entropy moment closure technique the Lagrange multipliers are often ex-
pressed as a �nite number of free parameters, α, often called the closure coe�cients,

F = exp
[
α𝑻

W
]
. (3.27)

The number of free parameters, α, must therefore be equal to the size of the solution vector, U ,
and by extension the vector of generating weights,W. Selection of the free parameters such that
they respect the solution vector, Eq. (3.20), Eq. (3.21), results in a maximum-entropy model for
the distribution function [15].

3.4 The Hyperbolicity of The Maximum-Entropy Model

It is possible that the resulting set of PDEs obtained in Eq. (3.19) can result in a set of ill-posed
non-hyperbolic PDEs. For this reason, a certain amount of care needs to be put into the selection
of the distribution function and the selected vector of weights, W in order to guarantee a set of
hyperbolic PDEs. Therefore, it is important to show that for the given system, Eq. (3.19), the set
of PDEs are hyperbolic. With adequate selection of the free parameters, α in Eq. (3.27) and of
the generating weights, W it can be shown that the hyperbolicity of the system is guaranteed.
To begin, one can observe that for any given set of real vectors,W, and the selection of any real
closure coe�cients, α, the distribution function always admits a positive distribution due to the
assumed form of the distribution containing an exponential. Furthermore, the hyperbolicity of
the moment equation can be con�rmed by �rstly de�ning the density and �ux potentials as

ℎ(α) = 〈F〉 =
〈
𝑒α

𝑻W
〉
, (3.28)

𝑓𝑖 (α) = 〈𝑣𝑖F〉 =
〈
𝑣𝑖𝑒

α𝑻W
〉
. (3.29)

The derivative of the density and �ux potentials with respect to the closure coe�cients, α, can
then be taken in order to obtain the solution vector, U , and �ux dyad, F𝑖 , that are present in the
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balance-law,

U =
𝜕ℎ(α)
𝜕α

=

〈
W𝑒α

𝑻W
〉
, (3.30)

F𝑖 =
𝜕 𝑓𝑖 (α)
𝜕α

=

〈
𝑣𝑖W𝑒α

𝑻W
〉
. (3.31)

The balance law, Eq. (3.19), can then be expressed in terms of the partial derivatives with respect
to the free parameters such that the balance law takes the form

𝜕

𝜕𝑡

𝜕ℎ(α)
𝜕α

+ 𝜕

𝜕𝑥𝛼

𝜕 𝑓𝑖 (α)
𝜕α

= S . (3.32)

Both the solution vector and the �ux vector can be di�erentiated by the closure coe�cients again
in order to obtain the �ux Jacobian of the balance law in an alternative form

ℎ(α),α,α =
𝜕2ℎ(α)
𝜕α𝜕α

=

〈
WW

𝑇𝑒α
𝑻W

〉
, (3.33)

𝑓𝑖 (α),α,α =
𝜕2 𝑓𝑖 (α)
𝜕α𝜕α

=

〈
𝑣𝑖WW

𝑇𝑒α
𝑻W

〉
, (3.34)

where one can then de�ne the �ux Jacobian of the balance law as

𝜕F

𝜕U
=

(
𝜕U

𝜕𝛼

)−1
𝜕F

𝜕α
= ℎ(α)−1,α,α 𝑓𝑖 (α),α,α . (3.35)

The balance law can now be expressed in terms of the second derivatives of the closure coe�-
cients, such that the original balance equation,

𝜕

𝜕𝑡
U + 𝜕

𝜕𝑥𝛼
𝑭𝜶 = S , (3.36)

can be written as
𝜕2ℎ(α)
𝜕α𝜕α

𝜕α

𝜕𝑡
+ 𝜕2 𝑓𝑖 (α)

𝜕α𝜕α

𝜕α

𝜕𝑥𝛼
= S , (3.37)

ℎ(α),α,α
𝜕α

𝜕𝑡
+ 𝑓𝑖 (α),α,α

𝜕α

𝜕𝑥𝛼
= S . (3.38)

Eq. (3.38) describes the variation of the free parameters, α, for a maximum-entropy distribution.
In order to guaranteed a hyperbolic system, one has to prove that the �ux Jacobian, only has
real eigenvalues and is diagonalizable. It follows that the �ux Jacobian of the system, only has
real eigenvalues and is diagonalizable if and only if ℎ(α),α,α is non-singular and symmetric.
Analyzing the density potential,

ℎ(α),α,α =
𝜕2ℎ(α)
𝜕α𝜕α

=
〈
WW

𝑇F
〉
, (3.39)
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one can notice that for any given vector, W, the resulting product WW
𝑇 is always symmetric

and semi-positive de�nite. Such that it can be shown that for any given vector, w,

w𝑇ℎ(α),α,αw =
〈
w𝑇

WW
𝑇Fw

〉
=

〈(
w𝑇

W

)2
F

〉
≥ 0 , (3.40)

as F has to admit positive real values andw is assumed to be a non-zero vector such that the ex-
pression

(
w𝑇W

)2 will always be positive, one can guaranteed that ℎ(α),α,α is a strictly convex
function and is positive-de�nite.

3.5 A Simple Maximum Entropy Model

The lowest-order member of the maximum-entropy hierarchy is obtained by choosing a vector
of generating weights, W5 = [𝑚, 𝑚𝑣𝑖,

1
2𝑚𝑣𝑖𝑣𝑖]T. This gives an assumed form of the distribution

function given by

F5 = 𝑛

(
𝜌

2𝜋𝑝

) 3
2

exp
(
− 𝜌

2𝑝
𝑐𝑖𝑐𝑖

)
, (3.41)

which is the Maxwell-Boltzmann distribution that describes a gas in local thermodynamic equi-
librium, and leads to the familiar Euler equations for a compressible monatomic gas,

𝜕𝜌

𝜕𝑡
+ 𝜕

𝜕𝑥𝑘
𝜌𝜇𝑘 = 0 , (3.42)

𝜕

𝜕𝑡
𝜌𝜇𝑖 +

𝜕

𝜕𝑥𝑘
(𝜌𝜇𝑖𝜇𝑘 ) = 0 . (3.43)

The next member of the maximum-entropy family of closures uses the ten moments that
correspond to velocity weights, W10 = [𝑚, 𝑚𝑣𝑖, 𝑚𝑣𝑖𝑣 𝑗 ]T. This leads to a distribution function
given by

F10 = G =
𝑛

(2𝜋)
3
2
(
detΘ𝑖 𝑗

) 1
2

exp
(
−1
2
Θ−1
𝑖 𝑗 𝑐𝑖𝑐 𝑗

)
. (3.44)

This so-called Gaussian distribution resembles the Maxwell-Boltzmann distribution, but has a
di�erent velocity variance in di�erent directions. A relationship from the moment variables in
Eq. (3.44), to the closure coe�cients, 𝛼 can be derived such that,

α =

[
log

(
𝜌(

𝑑𝑒𝑡Θ𝑖 𝑗

) 1/2 ) − 1
2
Θ−1
𝑖 𝑗 𝜇𝑖𝜇 𝑗 , Θ

−1
𝑖 𝑗 𝜇𝑖, −

1
2
Θ−1
𝑖 𝑗

]𝑇
. (3.45)

In the absence of acceleration �elds, it leads to a collection of ten �rst-order hyperbolic balance
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laws,

𝜕𝜌

𝜕𝑡
+ 𝜕

𝜕𝑥𝑘
𝜌𝜇𝑘 = 0 , (3.46)

𝜕

𝜕𝑡
𝜌𝜇𝑖 +

𝜕

𝜕𝑥𝑘
(𝜌𝜇𝑖𝜇𝑘 + 𝑃𝑖𝑘 ) = 0 , (3.47)

𝜕

𝜕𝑡
(𝜌𝜇𝑖𝜇𝑘 + 𝑃𝑖𝑘 ) +

𝜕

𝜕𝑥𝑘

(
𝜌𝜇𝑖𝜇 𝑗𝜇𝑘 + 𝜇𝑖𝑃 𝑗 𝑘 + 𝜇 𝑗𝑃𝑖𝑘 + 𝜇𝑘𝑃𝑖 𝑗

)
= Δ(𝑃𝑖 𝑗 ) . (3.48)

Here, Δ(𝑃𝑖 𝑗 ) describes how inter-particle collisions attenuate anisotropy in the pressure tensor.
This term depends of the particular collision operator chosen. This closure provides a �rst-order
hyperbolic treatment for viscous compressible gases. It obtains its closure because the heat trans-
fer is zero through the choice of the distribution function. However, this model has been used to
successfully model many viscous �ows in situations when heat-transfer can be neglected [2, 13,
16, 18, 27] This model has also previously been applied to the prediction of monodisperse �ows
with good results [30]. It is this Gaussian model that forms the basis of the treatments for poly-
disperse multiphase proposed in the present work. Having the distribution function expressed
as lower-order moments proves to be vital as this is what is used to obtain the higher-order �ux
term in Eq. (3.19).



Chapter 4

A Polydisperse Gaussian Model

This current work is based on a treatment of multiphase �ows based on a kinetic-theory ap-
proach. There exist many ways to treat polydisperse �ows with kinetic theory. One can notice
that the fundamental assumptions of kinetic theory, that a gas is composed of small particles and
models are constructed based on tracking statistical moments of these particles and not every
single particle in the �ow, lends itself nicely for applications of polydisperse mulitphase �ows.
Moment-based methods also have other nice properties, such as being able to be represented in
a balance-law form. Having the equations derived in their balance-law form enables the simple
implementation into a Godunov-type or discontinuous-Galerkin scheme for computational simu-
lations. There are many ways multiphase polydisperse �ows can be treated with a kinetic theory
approach and are explored in the following sections.

4.0.1 Single-Velocity Model

In this single velocity model, the solution vector contains the mass and momentum density,

U = [𝜌, 𝜌𝜇𝑖]𝑇 . (4.1)

In this simple model, the distribution function is selected such that all the particles at a given
location have the same velocity. While the single-velocity model might be useful in modelling
multiphase �ows for very low Stokes numbers, such that particles in the �ow have a tightly
coupled velocity, in many situations where drag plays a less signi�cant role in the velocity of the
particles, a simple single-velocity model is insu�cient. In the case of polydisperse �ows where
these �ows contain a wide range of particle sizes, and by extension a wide range of particle
velocities due to the e�ects of drag, the single velocity model is unable to capture the range of
velocities present is such �ows. Most notability, the use of the single velocity model in problems
containing streams of particles crossing result in signi�cant mathematical artifacts [28] .

4.0.2 Quadrature-Based Methods

Quadrature-based moment-methods (QBM) have been developed in order to overcome the lim-
itations in the single velocity-models. The main issue with the single velocity model is that it

17
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is unable to admit, at a given point in space a varying velocities of particles. While the single-
velocity model admits various particle velocities at di�erent locations in space, at a given point
in space all particles must have the same velocity. It can be augured that this the main cause of
mathematical artifacts and modelling inaccuracies present in certain problems such as particle
stream crossing. In a QBM treatment for polydisperse multiphase �ows, the model relies on the
principle of "binning". Such that for a given position in space, the particles can admit a �nite
set of velocities [17, 6]. While these models have been shown to be successful they still remain
di�cult to implement. As QBM rely on this principle of "binning" for the particles velocities an
algorithm must be implemented in order to numerically divide the distribution function in to the
velocity bins.

4.0.3 Gaussian-based Maximum-Entropy Models

Gaussian moment-methods, and the method used in the implementation of the PGM rely on
an extension of the initial distribution function derived from kinetic theory. In order to extend
the traditional kinetic theory model to polydisperse �ows, one must �rst rede�ne the original
distribution function. The standard distribution in a traditional kinetic theory model de�nes the
distribution as, F (𝑥𝑖, 𝑣𝑖, 𝑡) where F , is the number of particles found with a certain position,
𝑥𝑖 , with a chosen velocity, 𝑣𝑖 , and at a given time, 𝑡. This distribution can then be extended to
any number of distinguishing internal variables that one might use in order to di�erentiate the
particles in the system,

F = F (𝑥𝑖, 𝑣𝑖, 𝜁𝑖, 𝑡) , (4.2)

such that, 𝜁 , is a variable representing some property of the studied particles and the index,
𝑖 represents the internal index of the studied variable. These internal variables can take any
physical properties of the particles that might be of interest such as size, temperature, or electric
charge. In this new distribution, the number density is obtained for particles given a position in
phase-space and a value for the selected internal variables. Eq. (4.2), can be interpreted as asking,
"at any given time, 𝑡 how many particles in the current system have a given position, velocity,
and set value of internal variables?". The evolution of the distribution can then be described with
a kinetic equation,

𝜕F
𝜕𝑡

+ 𝑣𝛼
𝜕F
𝜕𝑥𝛼

+ 𝜕

𝜕𝑣𝛼
(𝑎𝛼F ) +

∑̆︁
𝑖=0

𝜕

𝜕𝜁𝑖

(
Υ𝑖F

)
=

(
𝛿F
𝛿𝑡

)
collision

. (4.3)

Eq. (4.3), is an extension of the previous kinetic equation and represents the change of the new
distribution, F over time. Eq. (4.3), still captures the e�ect the �ux of particles in the system has
on the shape of the distribution, and 𝑎𝛼 is still the acceleration of the particles due to external
forces acting on the particles but now there is the added term corresponding to rate of change
of the particles di�erentiating variables. The additional term, Υ𝑖 is the rate of change of the 𝑖th
internal variable. On the right-hand side of Eq. (4.3) is still the term representing the collision
operator. As previously mentioned the impact collisions have on the distribution function are not



CHAPTER 4. A POLYDISPERSE GAUSSIAN MODEL 19

considered in the scope of this work.
De�ning the distribution with internal properties is critical as the �ows studied in this work

are polydisperse and being able to capture particle size into the kinetic equation is critical to the
development of a polydisperse multiphase kinetic model.

4.1 Moments of a Multivariate Gaussian Moment Model

In Gaussian moment-models, the distribution function is altered in order to capture other infor-
mation that might be important in the studied �ows. Due to this alteration of the distribution
function, the moments obtained from the distribution might be di�erent than those in a tradi-
tional gas-kinetic model. In order to relate the distribution function to the macroscopic properties
of the �ow, moments of F can be taken similarly to those in a traditional kinetic model. The mo-
ments that are taken not only cover velocity space but also over the internal variables of the
distribution, such that the notation of a moment for a given weight, 𝑤 is as follows

〈𝑤F 〉 =
∭
∞

· · ·
∫

𝑤F d𝜁𝑖 d𝑣𝑖 . (4.4)

Again the number density and average velocity of the distribution can be obtained by selecting
a weight of 𝑤 = 1 and 𝑤 = 𝑣𝑖 respectively,

𝑛(𝑥𝑖, 𝑡) = 〈 F 〉 , (4.5)

𝑛𝜇𝑖 = 〈𝑣𝑖 F 〉 . (4.6)

In addition to themoments de�ned above, the distinguishing variables can also be used asmoment
weights. For example, the average value of a distinguishing variable, 𝜁𝑖 , can be found as

𝑛𝜁𝑖 =
〈
𝜁𝑖 F

〉
. (4.7)

This allows the deviatoric velocity, 𝑐𝑖 , to be extended with the deviations of other variables from
their average,

𝑐𝑖 =
[
𝑣𝑥 − 𝜇𝑥 , 𝑣𝑦 − 𝜇𝑦, 𝑣𝑧 − 𝜇𝑧, 𝜁0 − 𝜁0, 𝜁1 − 𝜁1, 𝜁2 − 𝜁2, . . .

]T
, (4.8)

where indices decorated with a tilde, 𝑐𝑖 , indicate an expanded index comprising the traditional
spacial directions and added distinguishing variables1. This allows an expanded variance-covariance
tensor to be de�ned as

𝑛Ψ𝑖 𝑗 = 𝑛

[
Θ𝑖 𝑗 Ψ𝑖 𝑗

Ψ 𝑗𝑖 Ψ𝑖 𝑗

]
=

〈
𝑐𝑖𝑐 𝑗F

〉
. (4.9)

The o�-diagonal entries, Ψ𝑖 𝑗 , contain the covariances between components of the particle veloc-
ity and particular distinguishing variables, whileΨ𝑖 𝑗 contains variances and covariances between

1 It should be noted that the Einstein summation convention is also applied to indices decorated with tildes.
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the distinguishing variables themselves. Much like the traditional kinetic model, higher-order
moments of the new distribution function can be taken. These moments would result in higher-
order tensors such as the skewness that would be related to not only the skewness of the particle
velocity but the their relationship to the selected internal variables of the distribution. By tak-
ing moments of the kinetic equation, Eq. (4.3), Maxwell’s equation of change is obtained for a
distribution function with any number of internal distinguishing variables,

𝜕

𝜕𝑡
〈WF 〉 + 𝜕

𝜕𝑥𝛼
〈𝑣𝛼WF 〉 =

〈
𝑎𝛼F

𝜕

𝜕𝑣𝛼
W

〉
−

∑̆︁
𝑖=0

〈
𝜕

𝜕𝜁𝑖

(
WΥ𝑖F

)〉
+

∑̆︁
𝑖=0

〈
Υ𝑖F

𝜕

𝜕𝜁𝑖
W

〉
.

(4.10)

Eq. (4.10) provides the model with the evolution of the macroscopic properties of the distribution.
One should note that, unlike in Eq. (3.15), the second-last term on the right-hand side of Eq. (4.10)
is not necessarily zero, if the domain of one ormore of the distinguishing variables is not (−∞,∞).
Practically, it is more useful to model a set of moments rather than a single moment andmuch like
previously shown, the kinetic equation can also be expressed in a simpli�ed balance-law form,

𝜕

𝜕𝑡
U + 𝜕

𝜕𝑥𝛼
𝑭𝜶 = S . (4.11)

The contents of the conserved vector of moments, U , �ux dyad, 𝑭𝜶, and source term, S, are
obviously going to be di�erent than the ones shown in the previous, traditional gas-kinetic model
and so are the selected vector of weights, W, but their representation in the balance equation
remains the same. The inclusion of distinguishing variables, 𝜁𝑖 , enables the kinetic model to
capture polydisperse �ows, as having the internal variable related to the particles size means that
the distribution function is able to capture how moments related to the size of the particles in
the �ow evolves in time. Additionally, moments that are obtained from the Gaussian model can
provide useful statistical information not normally captured in other models such as the evolution
over time of the covariance between a set of two internal distinguishing variables.

4.2 Moments of a Polydisperse Gaussian Distribution

This section outlines the method of which one can use to obtain moments of the previous PGM
model using diameter-based statistics in addition to the new surface-based PGM.

4.2.1 Log-Normal Diameter Based Statistics

In the previous PGM, [5], the natural logarithm of the particle diameter was selected as the in-
ternal variable of interest for the PGM. Thus, the distribution function had the form,

F𝐷 = F (𝑥𝑖, 𝑣𝑖, 𝑙𝑛(𝑑), 𝑡) . (4.12)
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This gives a kinetic description for a polydisperse �ow, as information about the particles size
is captured into the distribution function [5]. The natural logarithm of the particle diameter
was originally selected as the internal variable as it was reasoned that experimental data for
aerosol particle diameters often displays a log-normal distribution [5, 12], thus capturing the log-
normal distribution into the distribution function was a logical choice. The previous PGM was
constructed using the following set of weights,

W𝐷 =
[
1, 𝑣𝑖, 𝑣𝑖𝑣 𝑗 , ln(𝑑), 𝑣𝑖 ln(𝑑), ln(𝑑)2

]𝑇
. (4.13)

Applying the principles of maximum entropy moment-closure techniques the distribution func-
tion can be obtained in closed form as a function of all the lower-ordermoments. Thesesmoments
are outlined as follows. The number density of the particles is given by

𝑛 = 〈F𝐷〉 , (4.14)

whereas the particles average velocity and log-average diameter are given by,

𝑛𝜇𝑖 = 〈𝑣𝑖F𝐷〉 , (4.15)

𝑛𝜇𝑑 = 〈ln 𝑑F𝐷〉 . (4.16)

The variance tensor for the particles velocities and their covariance relationship to the log-normal
average diameter is given by,

𝑛Θ𝑖 𝑗 =
〈
(𝑣𝑖 − 𝜇𝑖) (𝑣 𝑗 − 𝜇 𝑗 )F𝐷

〉
, (4.17)

𝑛Ψ𝑖𝑑 = 〈(𝑣𝑖 − 𝜇𝑖) (ln 𝑑 − 𝜇𝑑)F𝐷〉 , (4.18)

𝑛Ψ𝑑𝑑 =
〈
(ln 𝑑 − 𝜇𝑑)2F𝐷

〉
. (4.19)

With the moments of F𝐷 properly de�ned the assumed from of the distribution function can be
obtained in order to close the set of obtained PDEs as

F𝐷 =
𝑛

(2𝜋) 3+𝑁
2 (detΨ𝑖 𝑗 )

1
2

exp
[
−1
2
Ψ−1
𝑖 𝑗
𝑐𝑖𝑐 𝑗

]
. (4.20)

In this form, the diameter-based PGM the 𝑐𝑖 vector is expressed as the following for a three-
dimensional case

𝑐𝑖 =


𝑣𝑥 − 𝜇𝑥

𝑣𝑦 − 𝜇𝑦

𝑣𝑧 − 𝜇𝑧

ln 𝑑 − 𝜇𝑑


, (4.21)
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and the Ψ𝑖 𝑗 tensor takes on the form

Ψ𝑖 𝑗 =


Θ𝑥𝑥 Θ𝑥𝑦 Θ𝑥𝑧 Ψ𝑧𝑑

Θ𝑥𝑦 Θ𝑦𝑦 Θ𝑦𝑧 Ψ𝑧𝑑

Θ𝑥𝑧 Θ𝑧𝑦 Θ𝑧𝑧 Ψ𝑧𝑑

Ψ𝑥𝑑 Ψ𝑧𝑑 Ψ𝑧𝑑 Ψ𝑑𝑑


. (4.22)

While the previous PGM showed very promising results, it failed to capture the exact steady-state
solution of particles settling in a �ow [5] . In order to more closely follow the results obtained
by directly solving for the kinetic equation the relaxation parameter in the source term had to
be tuned to the problem. To reduce this issue the particle surface can instead be used as the
internal variable of choice. The reasoning is that, particles settling in a Stokes �ow reach a steady-
state distribution depending on the particles surface area due to drag under Stokes �ow being
proportional to the diameter squared. Thus, capturing the particle surface in the distribution
function enables the distribution to recover the steady-state solution. This recovery of the steady-
state solution is shown in further detail in Section 4.4. The distribution, F , for the PGM presented
in this work becomes a function of position in phase-space and the particles surface area,

F = F (𝑥𝑖, 𝑣𝑖, 𝑠, 𝑡) . (4.23)

In Eq. (4.23), as the particles surface area can only take on strictly positive values moments of the
distribution function are taken as,

〈𝑤F 〉 =
∭
∞

∞∫
0

𝑤F d𝑠 d𝑣𝑖 . (4.24)

4.2.2 Surface-Based Statistics

The moments for the surface-weighted PGM are de�ned as the following for the temainder of
this work. As previously shown the distribution takes on the following form,

F = F (𝑥𝑖, 𝑣𝑖, 𝑠, 𝑡) . (4.25)

The moments are similar to those previously derived in Section 4.2.1. For the construction of the
surface-based PGM the corresponding moments are such that the number density is given by,

𝑛 = 〈F 〉 . (4.26)

The average particle velocity and surface are given by the two moments equations,

𝑛𝜇𝑖 = 〈𝑣𝑖 F 〉 , (4.27)

𝑛𝜎 = 〈𝑠 F 〉 . (4.28)
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Where, 𝑠 corresponds to the particles particular surface area and the average surface is given by
𝜎. For the surface-based PGM the particles random velocity and random surface area are de�ned
respectively as the di�erence between their particular variable and their local average,

𝑐𝑖 = 𝑣𝑖 − 𝜇𝑖 , (4.29)

𝑐𝑠 = 𝑠 − 𝜎 . (4.30)

The variance-covariance tensor corresponding to the particle velocity, takes the following form,

𝑛Θ𝑖 𝑗 =
〈
(𝑣𝑖 − 𝜇𝑖) (𝑣 𝑗 − 𝜇 𝑗 )F

〉
, (4.31)

𝑛Θ𝑖 𝑗 =
〈
𝑐𝑖𝑐 𝑗F

〉
. (4.32)

In addition to the variance-covariance tensor, a covariance vector relating a particle’s velocity
with its respective surface is de�ned as

𝑛Ψ𝑖𝑠 = 〈𝑐𝑖𝑐𝑠F 〉 . (4.33)

Finally, a scalar representing the variance of the particles surface area in the system is given by
the following moment,

𝑛Ψ𝑠𝑠 =
〈
𝑐2𝑠F

〉
. (4.34)

As previously mentioned, in addition to the de�nition of the second-order moments of the PGM,
due to the presence of a high-order moment in the �ux term, it is also necessary to de�ne a third-
order moment in order to obtain the full set of PDEs. The third-order moment, or often called the
skewness in the �eld of statics is de�ned as 𝑄𝑖 𝑗 𝑘 . The skewness of the particle velocity is thus
de�ned as the following,

𝑛𝑄𝑖 𝑗 𝑘 =
〈
𝑐𝑖𝑐 𝑗𝑐𝑘F

〉
. (4.35)

In addition to the �ux term for the particle velocity, a moment for the �ux of covariance of the
particle velocity with respect to its surface and a moment for the �ux with the variance of particle
velocity must also be de�ned,

𝑛𝑄𝑖 𝑗 𝑠 =
〈
𝑐𝑖𝑐 𝑗𝑐𝑠F

〉
, (4.36)

𝑛𝑄𝑖𝑠𝑠 =
〈
𝑐𝑖𝑐

2
𝑠F

〉
. (4.37)

While it might be di�cult to relate the multivariate skewness, namely 𝑄𝑖 𝑗 𝑠 and 𝑄𝑖𝑠𝑠 to physical
and observable properties of the �ow, such as the average velocity or pressure tensor of the �uid,
they are nonetheless critical to discribe the evolution of the lower-order moments. With all the
moments properly de�ned one can begin to construct the set of balance laws for the PGM.
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4.2.3 The PGM in Balance-Law Form

Given the following set of weights, W =
[
1, 𝑣𝑖, 𝑣𝑖𝑣 𝑗 , 𝑠, 𝑣𝑖𝑠, 𝑠

2
]
, the PGM can be presented in its

balance law form as

𝜕𝑛

𝜕𝑡
+ 𝜕

𝜕𝑥𝛼
𝑛𝜇𝛼 = 𝑆(1) , (4.38)

𝜕

𝜕𝑡
𝑛𝜇𝑖 +

𝜕

𝜕𝑥𝛼
𝑛(Θ𝑖𝛼 + 𝜇𝑖𝜇𝛼) = 𝑆

(2)
𝑖

, (4.39)

𝜕

𝜕𝑡
𝑛
(
Θ𝑖 𝑗 + 𝜇𝑖𝜇 𝑗

)
+ 𝜕

𝜕𝑥𝛼
𝑛
(
𝑄𝑖 𝑗𝛼 + 𝜇𝑖Θ 𝑗𝛼 + 𝜇 𝑗Θ𝑖𝛼 + 𝜇𝛼Θ𝑖 𝑗 + 𝜇𝑖𝜇 𝑗𝜇𝛼

)
= 𝑆

(3)
𝑖 𝑗

, (4.40)

𝜕

𝜕𝑡
𝑛𝜎 + 𝜕

𝜕𝑥𝛼
𝑛 (Ψ𝛼𝑠 + 𝜇𝛼𝜎) = 𝑆

(4)
𝑠 , (4.41)

𝜕

𝜕𝑡
𝑛(Ψ𝑖𝑠 + 𝜇𝑖𝜎) +

𝜕

𝜕𝑥𝛼
𝑛 (𝑄𝑖𝛼𝑠 + 𝜇𝑖Ψ𝛼𝑠 + 𝜇𝛼Ψ𝑖𝑠 + 𝜎Θ𝑖𝛼 + 𝜇𝑖𝜇𝛼𝜎) = 𝑆

(5)
𝑖𝑠

, (4.42)

𝜕

𝜕𝑡
𝑛(Ψ𝑠𝑠 + 𝜎2) + 𝜕

𝜕𝑥𝛼
𝑛
(
𝑄𝑖𝑠𝑠 + 2𝜎Ψ𝛼𝑠 + 𝜇𝛼Ψ𝑠𝑠 + 𝜇𝛼𝜎

2) = 𝑆
(6)
𝑠𝑠 . (4.43)

In this form, the source term subscripts correspond to the sources respective moment weights.
Whereas the superscript is used to indicate the row of the source term in the solution vector U .
In this balance-law form, one can explore the information obtained in the solution vector,

U = 𝑛



1

𝜇𝑖

Θ𝑖 𝑗 + 𝜇𝑖𝜇 𝑗

𝜎

Ψ𝑖𝑠 + 𝜇𝑖𝜎

Ψ𝑠𝑠 + 𝜎2


. (4.44)

Starting from the top of the solution vector, U , the �rst equation obtained is pretty self explana-
tory and provides a description on how the number density of the particles in the system changes
with time. Next, 𝜇𝑖 is a vector that captures the average velocity of the particles at a location. The
tensor, Θ𝑖 𝑗 , is the velocity variance tensor indicating the spread of particle velocity. As shown in
Eq. (4.44), not only does this tensor capture the variance of particle velocities in a given direction,
e.g. Θ𝑥𝑥 , but also captures the covariance between two di�erent velocities, Θ𝑥𝑦 . This variance
provides information as to the spread of velocities from the mean velocity of the distribution
in a given direction. A large variance in the 𝑥 direction, Θ𝑥𝑥 , would indicate that the particles
velocities are rather spread out from the average, 𝜇𝑥 . A smaller Θ𝑥𝑥 direction variance would
indicate that the particle velocities are more tightly coupled to the their local average, 𝜇𝑥 . In the
cross-term of velocities for instance Θ𝑥𝑦 , is the covariance relationship between the particles 𝑥
and 𝑦 velocities. Zero velocity covariance would indicate that there is no relationship between
the particles 𝑥 velocity and 𝑦 velocity. A positive covariance in Θ𝑥𝑦 would indicate a positive
coupling between the two velocities, such that particles that have a large positive 𝑥 velocity are
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also more likely to have a large positive 𝑦 velocity. A negative covariance, Θ𝑥𝑦 would indicate
an inverse of the coupling relationship, such that a large positive velocity in a given direction
more-likely relates to a large negative velocity in the other. The scalar, 𝜎, captures the evolution
of the average particle surface area over time. This is critical to the development of a polydisperse
model, as information relating to the size of the particles can be obtained as a function of time
and space. The next term, Ψ𝑖𝑠, is a vector of the covariance between the particle velocity and size
for each spacial dimension. This term is rather interesting as it contains information that would
typically not be captured in traditional multiphase models. This vector provides information as
to the coupling between the particle velocity and surface area, i.e. particle size. A large positive
covariance indicates a strong correlation between the particle size and velocity, such that larger
particles are more likely to have a larger velocity and smaller particles are more likely to be trav-
elling at a slower velocity. This information is very useful when developing an understanding as
to the movement of particles in a polydisperse multiphase �ow as the covariance term provides
information as to how the range of particle size in the system can a�ect the outcome of the �ow.
Finally, the scalar, Ψ𝑠𝑠, is the variance of the particle size such that the PGM also captures the
rate of change of the variance of particle surface area at a given location. Again, much like the
velocity variance, a large variance of the surface would indicate that the particles at a given lo-
cation admit a wide range of sizes spread apart from its average, 𝜎. A smaller variance would
mean that the particles are very close to the average particle size, 𝜎.

4.2.4 The PGM in Closed Form

The maximum entropy form of the distribution function, Eq. (3.27) as previously shown takes
the form of exponential raised to the power of a polynomial of the closure coe�cients, α. It can
be shown that the maximum entropy form of the distribution can be written in the form of a
multivariate Gaussian distribution,

F = exp
[
−1
2
c𝑇M−1c + 𝑘

]
, (4.45)

with

M =

[
𝑝𝑖 𝑗 𝑞𝑖𝑠

𝑞 𝑗 𝑠 𝑟𝑠𝑠

]
c =

[
𝑣𝑖 − 𝑢𝑖

𝑠 − 𝑠

]
. (4.46)

For the distribution function presented in Eq. (4.45), a relation can be build between the vari-
ables in the multivariate Gaussian, 𝑝𝑖 𝑗 , 𝑞𝑖𝑠 , 𝑟𝑠𝑠 , 𝑢𝑖 , 𝑠 , 𝑘 and the maximum-entropy vector, α.
This proves to be rather useful as many integrable properties of a multivariate Gaussian can be
leveraged in order to simplify the obtained expression. Such that for this work the variables used
in Eq. (4.45), are also referred to as the closure coe�cients of the distribution. As F takes the
form of a multivariate Gaussian it can be shown that both 𝑢𝑖 , and 𝑠 are the most-likely particle
velocity and surface, or the peeks of the distribution. It is important to note that the peeks of
the distribution do not represent the average velocity, 𝜇𝑖 and average surface, 𝜎. Furthermore,
while the tensor 𝑝𝑖 𝑗 , vector 𝑞𝑖𝑠, and scalar 𝑟𝑠𝑠, have an analogous representation to the variance-
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covariance moments of the distribution, Θ𝑖 𝑗 , Ψ𝑖𝑠, Ψ𝑠𝑠, it is important not to interchange these
variables. While the variance of particle velocity is given by the momentΘ𝑖 𝑗 , and its value be can
directly related to the closure coe�cient corresponding to the particles variance of velocity, 𝑝𝑖 𝑗
an important distinction needs to be made. The closure coe�cient, 𝑝𝑖 𝑗 , does not represent any
moment or statistical property of the �ow but rather dictates the shape of the distribution func-
tion, F , of which can be integrated with appropriate weights in order to obtain its moments. By
taking moments of the distribution function the closure coe�cient can be related to the known
macroscopic properties of the distribution that were derived in the previous section. By taking
the moment, 𝑤 = 1, of the distribution, F , the number density can be expressed in terms of the
closure coe�cients,

〈F 〉 = 𝑛 = 2𝜋2 det(M ) 1
2 𝑒𝑘

(
1 + erf

(
𝑠

√
2𝑟𝑠𝑠

))
. (4.47)

The average velocity, 𝜇𝑖 , and average surface, 𝜎 are given by

〈𝑣𝑖 F 〉 = 𝑛𝜇𝑖 = 𝑛

(
𝑢𝑖 +

𝑞𝑖𝑠√
𝑟𝑠𝑠

H
)
, (4.48)

〈𝑠 F 〉 = 𝑛𝜎 = 𝑛
(
𝑠 + √

𝑟𝑠𝑠H
)
. (4.49)

In Eqs. (4.48)–(4.49), H is a common function found in the �eld of statics known as the hazard
rate. The hazard rate, sometimes also called the inverse of the Mills ratio, is expressed as the ratio
of the probability density function over its respective cumulative distribution function. For the
PGM the H function can be expressed in terms of a ratio of two closure coe�cients,

H(𝜉) =

√︃
2
𝜋
exp

[
−1

2𝜉
2
]

1 + erf
(

1√
2
𝜉

) , (4.50)

where 𝜉 is the ratio of closure coe�cients related to the particles surface, 𝑠 and 𝑟𝑠𝑠,

𝜉 =
𝑠

√
𝑟𝑠𝑠

. (4.51)

In order to simplify the expressions of the obtained PDEs from the kinetic equation, it becomes
useful to derive surface-weighted moments of the distribution function. These surface-weighted
moments are taken by multiplying the original vector of weights by the surface, 𝑠 such that the
new vector of weights ¤W, is de�ned as the following,

¤W = 𝑠W . (4.52)

For these moments, the same symbols from the classical moments are maintained and decorated
with dots in order to distinguish the surface-weighted moment variables. Such that, the surface-
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Table 4.1: Table of Traditional Moments

Name Weight Moment Closure Coe�cient

Number Density 1 𝑛 2𝜋2 det(M ) 1
2 𝑒𝑘

(
1 + erf

(
𝑠√
2𝑟𝑠𝑠

))
Average Velocity 𝑣𝑖

𝑛
𝜇𝑖 𝑢𝑖 + 𝑞𝑖𝑠√

𝑟𝑠𝑠
H

Average Surface 𝑠
𝑛

𝜎 𝑠 + √
𝑟𝑠𝑠H

Velocity Variance 1
𝑛
(𝑣𝑖 − 𝜇𝑖) (𝑣 𝑗 − 𝜇 𝑗) Θ𝑖 𝑗 𝑝𝑖 𝑗 − 𝑞𝑖𝑠𝑞 𝑗𝑠

H
𝑟
3/2
𝑠𝑠

𝜎

Covariance 1
𝑛
(𝑣𝑖 − 𝜇𝑖) (𝑠 − 𝜎) Ψ𝑖𝑠 𝑞𝑖𝑠 − 𝑞𝑖𝑠

H√
𝑟𝑠𝑠

𝜎

Surface Variance 1
𝑛
(𝑠 − 𝜎)2 Ψ𝑠𝑠 𝑟𝑠𝑠 −

√
𝑟𝑠𝑠H𝜎

Table 4.2: Table of Surface-Weighted (S-W) Moments

Name Weight Moment Closure Coe�cient

Surface Density 𝑠 ¤𝑛 𝑛𝜎

S-W Average Velocity 𝑠𝑣𝑖
¤𝑛 ¤𝜇𝑖 𝑢 + 𝑞𝑖𝑠

𝜎

S-W Average Surface 𝑠2

¤𝑛 ¤𝜎 𝑠 + 𝑟𝑠𝑠
𝜎

S-W Velocity Variance 𝑠
¤𝑛 (𝑣𝑖 − ¤𝜇𝑖) (𝑣 𝑗 − ¤𝜇 𝑗) ¤Θ𝑖 𝑗 𝑝𝑖 𝑗 +

𝑞𝑖𝑠𝑞 𝑗𝑠

𝜎2

(
H√
𝑟𝑠𝑠

𝜎 − 1
)

S-W Covariance 𝑠
¤𝑛 (𝑣𝑖 − ¤𝜇𝑖) (𝑠 − ¤𝜎) ¤Ψ𝑖𝑠 𝑞𝑖𝑠 + 𝑞𝑖𝑠𝑟𝑠𝑠

𝜎2

(
H√
𝑟𝑠𝑠

𝜎 − 1
)

S-W Surface Variance 𝑠
¤𝑛 (𝑠 − ¤𝜎)2 ¤Ψ𝑠𝑠 𝑟𝑠𝑠 + 𝑟2𝑠𝑠

𝜎2

(
H√
𝑟𝑠𝑠

𝜎 − 1
)

weighted number density of the distribution function can be expressed as

¤𝑛 = 𝑛𝜎 = 〈𝑠F 〉 . (4.53)

Much like the moment variables, the surface-weighted average velocity, ¤𝜇𝑖 and surface-weighted
average surface, ¤𝜎 can also be expressed in terms of the closure coe�cients

〈𝑠 𝑣𝑖 F 〉 = ¤𝑛 ¤𝜇𝑖 = ¤𝑛
(
𝑢𝑖 +

𝑞𝑖𝑠

𝜎

)
, (4.54)〈

𝑠2 F
〉
= ¤𝑛 ¤𝜎 = ¤𝑛

(
𝑠 + 𝑟𝑠𝑠

𝜎

)
. (4.55)

The higher-order moments and surface-weighted moments of the distribution function and their
relationship to the closure coe�cients can also be obtained by integrating over the distribution
function, Eq. (4.45), while applying the correct weights. The obtained moments, with respect to
the closure coe�cients of F are outlined in Tables 4.1–4.3. Tables 4.1–4.3 present a guide to relate
the name of the moment used in this paper to its respective weight and variable, along with their
relationship to the closure-coe�cient of F . These tables prove to be quite useful in representing
the PGM in closed form as the moment variables can be used in order to simplify the expressions
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Table 4.3: Table of Skewness Moments

Name Weight Moment Closure Coe�cients

𝑖 𝑗 𝑘 Skewness 1
𝑛
𝑐𝑖𝑐 𝑗𝑐𝑘 𝑄𝑖 𝑗𝑘 𝑞𝑖𝑠𝑞 𝑗𝑠𝑞𝑘𝑠

H
𝑟
5/2
𝑠𝑠

( (
2H 2 − 1

)
𝑟𝑠𝑠 + 3𝑠

√
𝑟𝑠𝑠H + 𝑠2

)
𝑖 𝑗 𝑘 S-W Skewness 𝑠

¤𝑛 ¤𝑐𝑖 ¤𝑐 𝑗 ¤𝑐𝑘 ¤𝑄𝑖 𝑗𝑘
𝑞𝑖𝑠𝑞 𝑗𝑠𝑞𝑘𝑠

𝜎

(
2
𝜎2 − 3H√

𝑟𝑠𝑠𝜎
− 𝑠

𝑟
3/2
𝑠𝑠

H
)

𝑖 𝑗 𝑠 Skewness 1
𝑛
𝑐𝑖𝑐 𝑗𝑐𝑠 𝑄𝑖 𝑗𝑠 𝑞𝑖𝑠𝑞 𝑗𝑠𝑟𝑠𝑠

H
𝑟
5/2
𝑠𝑠

( (
2H 2 − 1

)
𝑟𝑠𝑠 + 3𝑠

√
𝑟𝑠𝑠H + 𝑠2

)
𝑖 𝑗 𝑠 S-W Skewness 𝑠

¤𝑛 ¤𝑐𝑖 ¤𝑐 𝑗 ¤𝑐𝑠 ¤𝑄𝑖 𝑗𝑠
𝑞𝑖𝑠𝑞 𝑗𝑠𝑟𝑠𝑠

𝜎

(
2
𝜎2 − 3H√

𝑟𝑠𝑠𝜎
− 𝑠

𝑟
3/2
𝑠𝑠

H
)

𝑖𝑠𝑠 Skewness 1
𝑛
𝑐𝑖𝑐

2
𝑠 𝑄𝑖𝑠𝑠 𝑞𝑖𝑠𝑟

2
𝑠𝑠

H
𝑟
5/2
𝑠𝑠

( (
2H 2 − 1

)
𝑟𝑠𝑠 + 3𝑠

√
𝑟𝑠𝑠H + 𝑠2

)
𝑖𝑠𝑠 S-W Skewness 𝑠

¤𝑛 ¤𝑐𝑖 ¤𝑐
2
𝑠

¤𝑄𝑖𝑠𝑠
𝑞𝑖𝑠𝑟

2
𝑠𝑠

𝜎

(
2
𝜎2 − 3H√

𝑟𝑠𝑠𝜎
− 𝑠

𝑟
3/2
𝑠𝑠

H
)

obtained in the set of PDEs yet they can still be related to the shape of the distribution function,
F by relating the moments to the closure-coe�cient of the system. The previously shown PGM
in balance law form, Eqs. (4.38)–(4.43), can also be expressed for the set of surface-weighted
moments, ¤W. Using the same assumed form of the distribution, Eq. (4.45), the obtained PGM in
balance law form takes on the identical form to the equation for the regular vector of weights,W
with the caveat that all the moments in Eqs. (4.38)–(4.43) are to be replaced with their respective
surface-weighted moments. In other words, the number density, 𝑛 is to be replaced with the
surface-density, ¤𝑛 the average velocity, 𝜇𝑖 with the surface-weighted average velocity, ¤𝜇𝑖 , etc. .

4.2.5 Hyperbolicity of the PGM

As stated in Section 3.4, it is important that the set of PDEs that are generated from PGM remains
hyperbolic. To begin, it can be evident to see that selecting a set of surface-base generating
weights,W =

[
1, 𝑣𝑖, 𝑣𝑖𝑣 𝑗 , 𝑠, 𝑣𝑖𝑠, 𝑠

2
]
, admits a set of hyperbolic PDEs. As selection of the particle

surface as an internal variable does not change the fact that the density potential remains a strictly
convex positive-de�nite Hessian and the �ux potential remains a Hessian matrix. The proof
shown in the previous section remains identical for the current set of weights and as such the
system of PDEs using the following set of the weights, W =

[
1, 𝑣𝑖, 𝑣𝑖𝑣 𝑗 , 𝑠, 𝑣𝑖𝑠, 𝑠

2
]
, remains hy-

perbolic. In order to simplify the PDEs obtained in closed form a set of surface-weighted weights
was used to generate the PDEs. Therefore, one must show that the set of surface-weighted PDEs,
that are generated with the set of surface-weighted weights, ¤W = 𝑠

[
1, 𝑣𝑖, 𝑣𝑖𝑣 𝑗 , 𝑠, 𝑣𝑖𝑠, 𝑠

2
]
, must

also lead to a set of hyperbolic PDEs. To begin the balance law for the set of PDEs is written as

𝜕

𝜕𝑡

〈 ¤WF
〉
+ 𝜕

𝜕𝑥𝛼

〈
𝑣𝛼 ¤WF

〉
=

〈
𝑎𝛼F

𝜕

𝜕𝑣𝛼
¤W

〉
−

∑̆︁
𝑖=0

〈
𝜕

𝜕𝜁𝑖

( ¤WΥ𝑖F
)〉

+
∑̆︁
𝑖=0

〈
Υ𝑖F

𝜕

𝜕𝜁𝑖

¤W
〉
. (4.56)
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As the vector of surface-weighted weights can be expressed as, ¤W = 𝑠W, Eq. (4.56) can be
written as

𝜕

𝜕𝑡
〈𝑠WF 〉 + 𝜕

𝜕𝑥𝛼
〈𝑣𝛼𝑠WF 〉 =

〈
𝑎𝛼F

𝜕

𝜕𝑣𝛼
𝑠W

〉
−

∑̆︁
𝑖=0

〈
𝜕

𝜕𝜁𝑖

(
𝑠WΥ𝑖F

)〉
+

∑̆︁
𝑖=0

〈
Υ𝑖F

𝜕

𝜕𝜁𝑖
𝑠W

〉
.

(4.57)
One can derive the new surface-weighted balance law in order to obtain the density and �ux
potential,

ℎ(α),α,α
𝜕α

𝜕𝑡
+ 𝑓𝑖 (α),α,α

𝜕α

𝜕𝑥𝛼
= S . (4.58)

where the de�nition of the density and �ux potential now have a surface-weighted value,

ℎ(α),α,α =
〈
𝑠WW

𝑇F
〉
, (4.59)

𝑓𝑖 (α),α,α =
〈
𝑠𝑣𝑖WW

𝑇F
〉
. (4.60)

One can notice that no matter the values in W the product of the vector of weights with it
self always admits a positive semi-de�nite matrix. Therefore, since the distribution function,
F still takes the same form as the previous exponential, and that the de�ned surface area of a
particle must be positive, the density potential, ℎ(α),𝛼,𝛼, must be a convex and positive-de�nite.
Additionally, the �ux potential, 𝑓𝑖 (α),α,α, due to the inner product of the vector of weights, is a
Hermitianmatrix. Thus due to the positive de�niteness of the density potential and the symmetry
of the �ux potential the system of PDEs is guaranteed to be hyperbolic.

4.3 Source Term

The source term present in the balance equation for the PGM is de�ned as

S =

〈
𝑎𝛼F

𝜕

𝜕𝑣𝛼
W

〉
−

〈
𝜕

𝜕𝜁𝑖
WΥ𝑖F

〉
+

〈
Υ𝑖F

𝜕

𝜕𝜁𝑖
W

〉
. (4.61)

For the scope of this work, a simple model is considered with particles taking on the form of a
uniform sphere and the �uid is assumed to follow the Stokes-�ow approximation, such that the
acceleration felt by the particles in the system will follow Eq. (2.3). The source term also captures
the rate of change of the studied internal variable, 𝜁𝑖 . As the selected internal variable is the
particles surface area the rate of change of the surface, Υ𝑖 , can be described from the steady-state
linear evaporation rate for spherical particles, Eq. (2.6).

4.3.1 Source Term for the Log-Normal PGM

For the originally proposed PGM model, the logarithm of particle diameter is chosen as the sole
distinguishing variable. Leading to preivously shown set of weights,W𝐷 . This choice leads to a
very nice model described by simple, closed-form balance laws with𝑄𝑖 𝑗 𝑘 = 0, clean known wave
speeds, and a simple entropy [5]. The resulting right-hand side for the moment equations, S, is
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given by

Sd =



𝑆
(1)
𝑑

𝑆
(2)
𝑑

𝑆
(3)
𝑑

𝑆
(4)
𝑑

𝑆
(5)
𝑑

𝑆
(6)
𝑑


, (4.62)

𝑆
(1)
𝑑

= 0 , (4.63)

𝑆
(2)
𝑑

=
𝑛

𝜏G
(𝑉𝑖 − (𝜇𝑖 − 2Ψ𝑖𝑑)) + 𝑛𝜙𝑖 , (4.64)

𝑆
(3)
𝑑

=
𝑛

𝜏G

(
𝑉𝑖 (𝜇 𝑗 − 2Ψ 𝑗 𝑑) +𝑉 𝑗 (𝜇𝑖 − 2Ψ𝑖𝑑)

)
−2 𝑛

𝜏G

(
𝜇𝑖𝜇 𝑗 − 2𝜇𝑖Ψ 𝑗 𝑑 − 2𝜇 𝑗Ψ𝑖𝑑 + 4Ψ𝑖𝑑Ψ 𝑗 𝑑 + Θ𝑖 𝑗

)
+ 𝑛

(
𝜇 𝑗𝜙𝑖 + 𝜇𝑖𝜙 𝑗

)
, (4.65)

𝑆
(4)
𝑑

= 0 , (4.66)

𝑆
(5)
𝑑

=
𝑛

𝜏G
(𝑉𝑖 (𝜇𝑑 − 2Ψ𝑑𝑑) − (𝜇𝑑𝜇𝑖 − 2𝜇𝑑Ψ𝑖𝑑 − 2𝜇𝑖Ψ𝑑𝑑 + 4Ψ𝑑𝑑Ψ𝑖𝑑 + Ψ𝑖𝑑)) + 𝑛𝜇𝑑𝜙𝑖 , (4.67)

𝑆
(6)
𝑑

= 0 . (4.68)

In these expressions,

𝜏G =
𝜌𝑝

18𝜇 𝑓
𝑒(2𝜇𝑑−2Ψ𝑑𝑑) , (4.69)

and the “𝑑” subscript is used to denote moments related to the logarithm of the particle diameter.

4.3.2 Source Term for the Surface-Based PGM

For the surface-weighted moments, ¤W, with a consideration for particle evaporation the right-
hand side of the moment equation, ¤S, is given in closed-form as

¤S =



¤𝑆(1)
¤𝑆(2)
𝑖

¤𝑆(3)
𝑖 𝑗

¤𝑆(4)𝑠

¤𝑆(5)
𝑠𝑖

¤𝑆(6)𝑠𝑠


, (4.70)
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¤𝑆(1) = −𝑛𝛼𝜋 , (4.71)

¤𝑆(2)
𝑖

=
𝑛

𝛾
(𝑉𝑖 − 𝜇𝑖) + ¤𝑛𝜙𝑖 − 𝑛𝛼𝜋𝜇𝑖 , (4.72)

¤𝑆(3)
𝑖 𝑗

=
𝑛

𝛾

(
𝑉𝑖𝜇 𝑗 +𝑉 𝑗𝜇𝑖 − 2

(
Θ𝑖 𝑗 + 𝜇𝑖𝜇 𝑗

) )
+ ¤𝑛

(
𝜙𝑖𝜇 𝑗 + 𝜙 𝑗𝜇𝑖

)
− 𝑛𝛼𝜋

(
Θ𝑖 𝑗 + 𝜇𝑖𝜇 𝑗

)
, (4.73)

¤𝑆(4)𝑠 = −2 ¤𝑛𝛼𝜋 , (4.74)

¤𝑆(5)
𝑠𝑖

=
¤𝑛
𝛾
(𝑉𝑖 − ¤𝜇𝑖) + ¤𝑛 ¤𝜎𝜙𝑖 − 2 ¤𝑛𝛼𝜋 ¤𝜇𝑖 , (4.75)

¤𝑆(6)𝑠𝑠 = −3 ¤𝑛𝛼𝜋 ¤𝜎 . (4.76)

In Eq. (4.70), 𝛾 is de�ned as the relaxation parameter due to drag and contains all the constant
properties of the particles in the �ow and is given by

𝛾 =
𝜌𝑝

18𝜋𝜇 𝑓

. (4.77)

It is important to note that, in order to simplify the PDEs, the source term is given as a mix of both
moment and surface-weighted moment variables. Both can be related to the closure coe�cients
presented in Tables 4.1–4.3. Additionally the source term can also be presented in its primitive
form,

𝜕 ¤𝑛
𝜕𝑡

= ¤𝑆(1) , (4.78)

𝜕 ¤𝜇𝑖
𝜕𝑡

=
1
¤𝑛

(
¤𝑆(2)
𝑖

− ¤𝜇𝑖 ¤𝑆(1)
)
, (4.79)

𝜕 ¤Θ𝑖 𝑗

𝜕𝑡
=
1
¤𝑛

(
¤𝑆(3)
𝑖 𝑗

−
( ¤Θ𝑖 𝑗 + ¤𝜇𝑖 ¤𝜇 𝑗

) ¤𝑆(1) − ¤𝜇𝑖 ¤𝑆(2)𝑗
− ¤𝜇 𝑗

¤𝑆(2)
𝑖

+ 2 ¤𝜇𝑖 ¤𝜇 𝑗
¤𝑆(1)

)
, (4.80)

𝜕 ¤𝜎
𝜕𝑡

=
1
¤𝑛

(
¤𝑆(4)𝑠 − ¤𝜎 ¤𝑆(1)

)
, (4.81)

𝜕 ¤Ψ𝑖𝑠

𝜕𝑡
=
1
¤𝑛

(
¤𝑆(5)
𝑖𝑠

−
( ¤Ψ𝑖𝑠 + ¤𝜇𝑖 ¤𝜎

) ¤𝑆(1) − ¤𝜎 ¤𝑆(2)
𝑖

− ¤𝜇𝑖 ¤𝑆(4)𝑠 + 2 ¤𝜇𝑖 ¤𝜎 ¤𝑆(1)
)
, (4.82)

𝜕 ¤Ψ𝑠𝑠

𝜕𝑡
=
1
¤𝑛

(
¤𝑆(6)𝑠𝑠 −

( ¤Ψ𝑠𝑠 + ¤𝜎2) ¤𝑆(1) − 2 ¤𝜎 ¤𝑆(4)𝑠 + 2 ¤𝜎2 ¤𝑆(1)
)
, (4.83)

(4.84)

4.4 Space-Homogeneous Steady-State Solution for Particles Settling in
Stokes Flow

One of the main focus of the thesis was to capture particle settling exactly and as such a sim-
pli�ed space-homogeneous case is considered. In a simpli�ed space-homogeneous case, without
evaporation, the governing PDEs of the surface based PGM can be expressed as a set of ordinary
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di�erential equations (ODEs) in their primitive form Eq. (4.70) as

¤𝑛d ¤𝜇𝑖
d𝑡

= ¤𝑆(2)
𝑖

, (4.85)

¤𝑛
d ¤Θ𝑖 𝑗

d𝑡
= ¤𝑆(3)

𝑖 𝑗
− ¤𝜇𝑖 ¤𝑆(2)𝑗

− ¤𝜇 𝑗
¤𝑆(2)
𝑖

, (4.86)

¤𝑛d
¤Ψ𝑖𝑠

d𝑡
= ¤𝑆(5)

𝑖𝑠
− ¤𝜎 ¤𝑆(2)

𝑖
. (4.87)

Without evaporation the source terms 𝑆(1) , 𝑆(4)𝑠 , 𝑆(6)𝑠𝑠 , are zero, making the moment variables, ¤𝑛,
¤𝜎 and ¤Ψ𝑠𝑠 time invariant,

d ¤𝑛
d𝑡

= 0 , (4.88)

d ¤𝜎
d𝑡

= 0 , (4.89)

d ¤Ψ𝑠𝑠

d𝑡
= 0 . (4.90)

These ODEs, Eqs. (4.85)–(4.87) can be expressed in terms of the moments of the distribution
function,

d ¤𝜇𝑖
d𝑡

=
1
𝛾𝜎

(𝑉𝑖 − 𝜇𝑖) + 𝜙𝑖 , (4.91)

d ¤Θ𝑖 𝑗

d𝑡
=

1
𝛾𝜎

(
𝑉𝑖𝜇 𝑗 +𝑉 𝑗𝜇𝑖 − 2

(
Θ𝑖 𝑗 + 𝜇𝑖𝜇 𝑗

)
− ¤𝜇𝑖

(
𝑉 𝑗 − 𝜇 𝑗

)
− ¤𝜇 𝑗 (𝑉𝑖 − 𝜇𝑖)

)
, (4.92)

d ¤Ψ𝑖𝑠

d𝑡
=

1
𝛾

(
(𝑉𝑖 − ¤𝜇𝑖) −

¤𝜎
𝜎

(𝑉𝑖 − 𝜇𝑖)
)
. (4.93)

It is important to note that Eqs. (4.91)–(4.93) are presented as a mix of weighted and non-weighted
moment variables of the PGM. As previously mentioned, these moment variables can be related
to the closure coe�cients of the distribution in order to describe the evolution of the distribution,
F , over time.

For spherical particles settling in a Stokes �ow it is known that the terminal velocity of a
particle can be described with

𝑣𝑖 =
𝑠

18𝜋𝜇 𝑓

(𝜌𝑝 − 𝜌 𝑓 )𝑔𝑖 = 𝛾𝜙𝑖𝑠 , (4.94)

where 𝑣𝑖 is the terminal velocity of a particle with given surface area, 𝑠, particle density, 𝜌𝑝 ,
in a given �uid with density, 𝜌 𝑓 , and dynamic viscosity, 𝜇 𝑓 , and subject to gravity 𝑔𝑖 . For a
space-homogeneous situation of particles settling in a quiescent background, the moments of the
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original PGM reach a steady, terminal state described by

𝜇𝑖 = 𝜙𝑖𝜏G (1 + 4Ψ𝑑𝑑) , (4.95)

Θ𝑖 𝑗 = 4𝜙𝑖𝜙 𝑗𝜏
2
GΨ𝑑𝑑 , (4.96)

Ψ𝑖𝑑 = 2𝜙𝑖𝜏GΨ𝑑𝑑 . (4.97)

However, without the moment approximation imposed by the assumed distribution function, a
collection of particles with a log-normal distribution of diameters would actually reach a terminal
steady state of

𝜇𝑖 = 𝜙𝑖 𝜏G 𝑒4Ψ𝑑𝑑 , (4.98)

Θ𝑖 𝑗 = 𝜙𝑖𝜙 𝑗 𝜏G
2 𝑒8Ψ𝑑𝑑

(
𝑒4Ψ𝑑𝑑 − 1

)
, (4.99)

Ψ𝑖𝑑 = 2𝜙𝑖 𝜏G Ψ𝑑𝑑𝑒
4Ψ𝑑𝑑 . (4.100)

Through a Taylor-series expansion, one case see that, for small values ofΨ𝑑𝑑 , the correct solution
agrees with the moment approximation. However, as this variance increases, deviations grow.
It is this inability of the original PGM to correctly predict the particle settling rate that initially
motivated the development of the new closure based on the particle surface area.

As Eq. (4.94) contains the particles surface, 𝑠, and Stokes �ow reaches a steady-state dis-
tribution that is inversely proportional the surface area of a particle one can infer that taking
the surface-based moments the distribution function should recover the exact solution. In order
to con�rm that the steady-state solution is indeed recovered the weighted-moment variables at
steady state can be evaluated then compared with the known steady-state velocity. The moments

¤𝑛 ¤𝜇𝑖 = 〈𝑠𝑣𝑖F 〉 , (4.101)

¤𝑛 ¤Θ𝑖 𝑗 = 〈𝑠(𝑣𝑖 − ¤𝜇𝑖) (𝑣 𝑗 − ¤𝜇 𝑗 )F 〉 , (4.102)

¤𝑛 ¤Ψ𝑖𝑠 = 〈𝑠(𝑣𝑖 − ¤𝜇𝑖) (𝑠 − ¤𝜎)F 〉 , (4.103)

with 𝑣𝑖 set to the known settling terminal velocity, Eq. (4.94) can then be compared to themoments
obtained at local equilibrium from the set of ODEs in Eqs. (4.91)–(4.93). It can be shown that the
set of ODEs from the model recover the exact steady-state solution obtained from the kinetic
equations,

¤𝜇𝑖 = 𝜙𝑖𝛾 ¤𝜎 , (4.104)
¤Θ𝑖 𝑗 = 𝜙𝑖𝜙 𝑗𝛾

2 ¤Ψ𝑠𝑠 , (4.105)
¤Ψ𝑖𝑠 = 𝜙𝑖𝛾 ¤Ψ𝑠𝑠 . (4.106)

One can observe that the moment corresponding to the terminal velocity, Eq. (4.104) states that
particles settle at an average terminal velocity for a given initial average surface, ¤𝜎. Furthermore,
the spread of that settling terminal velocity, Eq. (4.105), is governed by the initial spread of par-
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ticle surface, ¤Ψ𝑠𝑠. The same can also be said about Eq. (4.106), this equation refers to the settling
covariance of the particles velocity and surface and is directly related to the parameters of the
�uid, 𝜙𝑖 and 𝛾 and the initial spread of particle size, ¤Ψ𝑠𝑠. These are in perfect agreement with
the exact solution of the kinetic equation with a distribution function for particles that have nor-
mally distributed surface areas. This agreement between the surface-based PGM and the kinetic
equation for settling particles is further demonstrated in Section 7.1.



Chapter 5

E�cient Kinetic Solver

In order to validate the results obtained from the PGM, a numerical Kinetic solver was also de-
veloped. This numerical solver, while extremely slow when used to obtain the exact solution
to a high-dimensional problem, can be used to obtain solutions to moments of a wide range of
kinetic equations. In simple cases, such as a space-homogeneous case this solver can be used to
validate the accuracy of the PGM. Computation of the solutions becomes orders of magnitude
more expensive to obtain as the degrees of freedom of the system increases. In the case of the
full surface-weighted PGM, since this problem is in three spacial dimensions, three velocity di-
mensions, and a surface dimension obtaining the exact numerical solution becomes extremely
computationally expensive. As such this solver cannot be feasibly used to compute solutions to a
three-dimensional case, but rather used in order to validate numerical results of simpler problems.

5.1 Numerical Solution of the Kinetic Equation

To begin, the generic kinetic equation of interest is the previously shown kinetic equation with
no collisions and a set of distinct variables

𝜕F
𝜕𝑡

+ 𝑣𝛼
𝜕F
𝜕𝑥𝛼

+ 𝜕

𝜕𝑣𝛼
(𝑎𝛼F ) +

∑̆︁
𝑖=0

𝜕

𝜕𝜁𝑖

(
Υ𝑖F

)
= 0 . (5.1)

It is important to note that collisions are not considered for this kinetic equation, Eq. (5.1), as the
inclusion of the collision operator changes the properties of the kinetic equations such that it is
no longer reversible. The importance of having a reversible kinetic equation is explained in the
following section. The set of kinetic equations, of which this solver aims to solve, Eq. (5.1) can
be expressed in a Lagrangian form as

𝐷F
𝐷𝑡

= −F ©­« 𝜕

𝜕𝑣𝛼
(𝑎𝛼) +

∑̆︁
𝑖=0

𝜕

𝜕𝜁𝑖

(
Υ𝑖

)ª®¬ . (5.2)
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Eq. (5.2), described a particles trajectory through phase space. These trajectories are the solutions
to

d
d𝑡


𝑥𝑖

𝑣𝑖

𝜁𝑖

 =


𝑣𝑖

𝑎𝑖

Υ𝑖

 . (5.3)

In Eq. (5.3), 𝑎𝑖 , and Υ𝑖 , are prescribed functions of 𝑥𝑖 , 𝑣𝑖 , 𝜁𝑖 . In the implementation of the PGM
these functions take the form of those described in Chapter 2, Eqs. (2.3)–(2.3). Given a set of states
at time 𝑡,

Φ𝑡 =
[
𝑥𝑖, 𝑣𝑖, 𝜁𝑖 , 𝑡

]
, (5.4)

the phase-space density can be obtain via means of the distribution function F ,

𝑛𝑡 = F (Φ𝑡) . (5.5)

More notably the evolution of the state of these particles and their density can be described by
combining Eq. (5.2) with Eq. (5.3), such that one obtains

d
d𝑡


𝑥𝑖

𝑣𝑖

𝜁𝑖

F


=


𝑣𝑖

𝑎𝑖

Υ𝑖

−F
(

𝜕
𝜕𝑣𝛼

(𝑎𝛼) +
∑

𝑖=0
𝜕
𝜕𝜁𝑖

(
Υ𝑖

) )

. (5.6)

As the expressions for the prescribed functions of 𝑥𝑖 , 𝑣𝑖 , 𝜁𝑖 have already been determined for the
PGM, the derivatives in the �nal term, 𝜕𝑎𝛼

𝜕𝑣𝛼
and 𝜕Υ𝑖

𝜕𝜁𝑖
, can be easily computed using algorithmic

di�erentiation. Thus, in order to obtain the solution at a given time, one can use any standard
time-marching method for Eq. (5.6).

5.1.1 Kinetic Solver, Forward Mode

The solver in its forward mode simply functions by taking in a initial state of the distribution,
Φ0, and a set of governing equations describing how the states Φ evolves with time. At the �nal
state, one has to compute the moments from the given states, Φ𝑡 . To begin, the initial conditions
are selected such that a state vector, Φ0, can be used to represent the current state of the solver.
The initial state of F must thus be described by

F0 = F
(
𝑥𝑖0 , 𝑣𝑖0 , 𝜁𝑖0 , 0

)
= F (Φ0) . (5.7)

In addition to the initial state vector be recorded at the start of the time marching process the
initial phase-space density must also be recorded. This is because as time progresses it is very
likely that the density in space changes. This change is density can be interpreted as a "stretching"
of the distribution F . This change is density is already been described by Eq. (5.2). At the initial
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Figure 5.1: Evolution of the distribution function in phase space
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Figure 5.2: Moments of F𝑡 on a Cartesian mesh

conditions, in order to in order to satisfy Eq. (5.2), such that

F0 = F (Φ0) , (5.8)

the initial value of F is the following
F0 = 1 . (5.9)

The next step is to solve for the set of governing PDEs of the system, Eq. (5.6), using any standard
time-marching method. Figure 5.1 illustrates how an initial distribution might relax to a certain
state after a given time interval. One can notice how the phase-space density of F might change
after a given time interval. This can be interpreted visually as a "stretching" of the distribution. In
the presented �gure the initial sampling points for F0 are placed are a Cartesian mesh, moments
of F0 can be simply obtained from the initial conditions and the initial phase-space density that
is known. The issue arises when attempting to obtain the moments of the distribution at a given
future time. Figure 5.2 illustrates the initial distribution with and example of possible initial
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F0

F𝑡

(𝑥𝑖)𝑡

Figure 5.3: Quadrature points, backwards-mode

quadrature points used to evaluate the initial distribution function (shown in blue). One can
see how these initial quadrature points that will be time-marched to a desired �nal state might
relax on to the mesh, shown in orange. If one where to compute the moments of F𝑡 at a given
position (𝑥𝑖)𝑡 it is improbable that the initial quadrature points land exactly onto the desired
sampled location of the moments, (𝑥𝑖)𝑡 . In order to obtain those moments, sets of higher order
interpolations has to be preformed on the �nal quadrature points. It is for this reason that the
exact kinetic solver was implemented in a backwards mode.

5.1.2 Kinetic Solver, Backwards Mode

The kinetic solver, in order to obtain the exact solution to the moments of any given kinetic
equations, functions in a reverse fashion. For this implementation of the solver it is assumed
that the initial distribution, F0 is known and the �nal state of the distribution, F𝑡 along with its
moments is what the solver aims to determine. To being, �nal states are selected in the domain
as the starting condition of the solver. This initial domain correspond to the quadrature points
placed in blue on Figure 5.3. The previously shown PDEs, Eq. (5.6) can be solved in reverse in
order to determine the initial states of all the selected starting conditions, provided that all the
equations are reversible in nature. Such that using any time-marching technique,Φ0, and F0, can
be obtained from Φ𝑡 . The elegance of the backwards mode solver comes from the following, by
solving the set of PDEs in reverse order along the characteristics one obtains not only the initial
conditions of a each quadrature point that would have lead them to the state Φ𝑡 , but the �nal
state of the distribution can be obtained, F𝑡 at the initially placed quadrature points by solving
for

F𝑡 =
F0

F , (5.10)

where F is obtained by solving the Lagrangian as described in Eq. (5.6).
Furthermore, since the current state, Φ𝑡 , was used to obtain the distribution, F𝑡 , any set of

moments can be computed after obtaining the "stretching" factor of the distribution. This provides
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a simple yet elegant solution to obtaining all the needed moments of the system as the selection
of the initial states can be implemented quite trivially in a completely independent manner. This
means that the implementation of this exact solver can be easily parallelized such that it would
yield incredibly scalability on a distributed computing system.

The implementation of the exact moment solver does come with a catch due to its implemen-
tation. That is, the user must have an intuition as to the �nal state of the distribution. As sections
of the backwards mode initial conditions, Φ𝑡 requires knowledge of the shape of the �nal distri-
bution in order to yield a possible �nal state given the initial distribution, F0 one must be careful
in the selection of Φ𝑡 . If an inadequate selection of the initial state, Φ𝑡 is made it can results in
missed information in computing the moments of the system or one could in theory select a state,
Φ𝑡 that is impossible to reach given the initial distribution, F0.



Chapter 6

Numerical Methods

This chapter presents the numerical methods implemented and used in this thesis to �nd solutions
to the PGM. This section includes the complexity that one might encounter when implementing
the conversion of the closure-coe�cients to the to moment variables of the PGM or vice versa and
presents the numerical techniques implemented in computation of these moments. Additionally,
numerical techniques used in obtaining results for simple space-homogeneous cases, in addition
to more complex three-dimensional cases are discussed in this chapter.

6.1 Computation of the Mills Ratio

One of the crucial components of the PGM is being able translate between the closure coe�cient
and the moment variables. This is done with the use of the relation given in Tables 4.1–4.3. From
these tables, one can develop an understanding of the role H plays on the probability density
function. In order to illustrate these numerical dependencies it can be useful to represent the
H function in its more traditional form, often found in the �eld of statistics [1, 25]. The hazard
ratio or the inverse of the Mills ratio is often represented as the ratio of the probability density
function to its respective cumulative distribution,

H(𝜉) = 𝜙(𝜉)
Φ(𝜉) . (6.1)

For the presented work, 𝜙 is a normal Gaussian probability density function of 𝜉 , such that

𝜙(𝜉) = 1
√
2𝜋

𝑒−
1
2 𝜉

2
, (6.2)

and Φ is its respective cumulative distribution,

Φ(𝜉) = 1
2

(
1 + erf

(
𝜉
√
2

))
. (6.3)
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Figure 6.1: Computation of the Hazard function

In the case of the PGM, the random variable, 𝜉 , is given by a ratio of the closure coe�cients
corresponding to the particles surface area,

𝜉 =
𝑠

√
𝑟𝑠𝑠

. (6.4)

From the tables of computed moments (Tables 4.1–4.3) the relationship between the closure co-
e�cients and the moment variable corresponding to the particles average surface is given by,

𝜎 = 𝑠 + √
𝑟𝑠𝑠H(𝜉) . (6.5)

With the hazard function plotted in Figure 6.1, one can develop an understanding of the relation-
ship between the closure coe�cients and the moment variables of the distribution function. For
large positive values of 𝜉, such that the ratio of the peak of the distribution, 𝑠, is much larger than
the closure coe�cient 𝑟𝑠𝑠, the value of the hazard ratio approaches zero. From Eq. (6.5) this means
that the closure coe�cient, 𝑠, becomes equal to the moment variable 𝜎. In a more statistics based
representation, one could say the peak of the particle distribution corresponds to the average
particle surface. This only happens for large positive values of 𝑠 and when the closure coe�cient
𝑟𝑠𝑠 is very small resulting in a large value of 𝜉 . The system would be such that the particle sizes
are tightly coupled to a large positive value of 𝑠. When the value of 𝜉 approaches zero from the
positive direction the gap between the closure coe�cient 𝑠 and the moment 𝜎 widen. This is
due to the fact that a more signi�cant amount of the tail of the normal Gaussian distribution is
passing the location of truncation (𝜉 = 0). As the truncated Gaussian distribution cannot extend
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(c) 𝜉 = 0.5
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Figure 6.2: Truncated and Normal Gaussian PDF for various values of 𝜉

into the negative 𝜉 space, 𝜎 starts to take on values that are further away fromt he closure coef-
�cient, 𝑠. Figure 6.2, illustrates this transition by plotting the truncated normal distribution with
its respective normal Gaussian distributions for various values of 𝜉 . In the presented �gures the
total number density and the variance of the Gaussian distributions are maintained constant and
are set to 1 and 5 respectively. In Figure 6.2, one can notice that, once a signi�cant portion of the
normal distribution crosses zero, the gap between the closure coe�cient, 𝑠 and the moment 𝜎 be-
comes much more prevalent. It is important to note that it is possible that the closure coe�cient
of a given truncated moment admits a negative value, such as the case presented in in Figure 6.3.
In Figure 6.3, the total number density and the variance of the Gaussian distributions are the same
as presented Figure 6.2, and set to 1 and 5 respectively. In this case the closure coe�cient, 𝑠 is
set to a negative value. One can notice that even for negative values of the closure coe�cient, 𝑠,
the obtained moment of the truncated normal distribution, 𝜎, is a positive value. In a physical
sense this means that a solution of the PGM can admit a negative closure coe�cient, 𝑠, but it can
be shown that it always admits a positive average surface, 𝜎. Furthermore, the variance of the
particle surface, Ψ𝑠𝑠 in addition to the closure coe�cient 𝑟𝑠𝑠 it can be shown, due to the imposed
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Figure 6.3: Truncated and Normal Gaussian PDF for 𝜉 = −0.2

form of the distribution, F , remains positive for any realizable value of the distribution. As the
value of 𝜉 tends towards greater negative numbers the moment, 𝜎 asymptotically approaches
zero.

6.1.1 Numerical Di�culties with theH Function

The PGM, in the conserved form as presented in Eq. (3.19), is expressed using a mix of both
closure coe�cients and moment variables for both the surface and surface-weighted statistics.
This means that, in order to solve for the conserved vector, both the �ux and source term of
the PGM must be evaluated in terms of the conserved variables, U . As both the �ux term and
the source term are expressed in terms of the closure coe�cients one must be able to convert
reliably from the conserved moment variables to the closure coe�cients and back. Conversion
from the closure coe�cients to the moment variables can be done by the use of the Tables 4.1–
4.3. Going from the moment variables to the closure coe�cients is, unfortunately, not as simple.
Due to the non-linearity of the H function it is di�cult to obtain an expression in closed form
for the closure coe�cients in terms of the moment variables. Thankfully, one can notice that
there exists a coupling between the moments corresponding to the average and variance of the
particles surface, 𝜎 and Ψ𝑠𝑠. For instance, in the surface-weighted PGM the coupling is

¤𝜎 = 𝑠 + 𝑟𝑠𝑠

𝜎
, (6.6)

¤Ψ𝑠𝑠 = 𝑟𝑠𝑠 +
𝑟2𝑠𝑠

𝜎2

(
H
√
𝑟𝑠𝑠

𝜎 − 1
)
. (6.7)
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Figure 6.4: Error in Computation ofH(𝜉) using double precision

In Eqs. (6.6)–(6.7), both ¤𝜎 and ¤Ψ𝑠𝑠 (weighted average and weighted variance of the particles sur-
face area) are only a function of the closure coe�cients 𝑠 and 𝑟𝑠𝑠. Such that, provided with the
moment variables ¤𝜎 and ¤Ψ𝑠𝑠, one could use a non-linear solver in order to obtain the closure
coe�cients 𝑠 and 𝑟𝑠𝑠. Once the closure coe�cients related to the surface have been obtained, ex-
pressions for the remaining closure coe�cients of the PGM can be obtained in closed form from
the Tables 4.1–4.3. In practice this conversion from moment variables to the closure coe�cients
is very di�cult to preform, as this problem can be very ill-conditioned numerically.

To begin, using double precision to evaluate the hazard function for values 𝜉 / −6.0 results
in unacceptable numerical error. This makes even the forward evaluation, going from the closure
coe�cients to the moments of the PGM inaccurate for any situation where 𝜉 is less than −6.0.
Figure 6.4, illustrates that computing the hazard function for larger negative values becomes very
di�cult. This is because, while computing the probability density function does not generate
any error for large negative values of 𝜉, computing the cumulative density function, and more
precisely computing the error function for negative values of 𝜉 becomes very di�cult to preform
with �nite precision. In its limit the error function asymptotically reaches the value of −1,

lim
𝜉→−∞

erf (𝜉) = −1 . (6.8)
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Figure 6.5: Truncated and Normal Gaussian PDF for 𝜉 = −7.0

Such that the denominator in the hazard ratio,

H(𝜉) =

√︃
2
𝜋
𝑒−

1
2 𝜉

2

1 + erf
(
𝜉√
2

) ,
quickly approaches zero as 𝜉 → −∞. Due to this property of H , a certain amount of care needs
to be put into dealing with situations where a possibility of a division by zero can occur. A typical
way to deal with these types of situations is to check the value of the denominator prior to the
division. If its value is near or less than some tolerance, set it to some small tolerance level. This �x
works in simple situations where the value of the numerator is not a�ected by the input variables.
Unfortunately, the numerator of the hazard function changes quite signi�cantly. Taking again the
situation where 𝜉 → −∞, while the denominator tends to zero the numerator also tends towards
zero, such that is becomes sensitive to small changes in the denominator. Again it proves to be
useful to plot the probability distribution function in order to develop an understanding as to
the di�culties of the problem. Figure 6.5 illustrates the closure coe�cients and the moments of
the distribution for a case with a large negative ratio, 𝜉. In this case, the total number density
and the variance of the Gaussian distributions are still set to the same values as presented in
Figure 6.2 while the closure coe�cient 𝑠 is set to large negative value. The closure coe�cients, 𝑠
correspond to a normal Gaussian that is far to the left of the 𝜉 axis and barely visible. As such the
truncated distribution takes on the shape of a huge spike near zero. Additionally, the moment,
𝜎, corresponding to the average surface area is near zero. In the limit where 𝜉 tends towards
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greater negative values the truncated normal distribution approaches a very large jumpwhere the
corresponding moment, 𝜎 would approach to zero. For these types of situations, it can be rather
di�cult to evaluate to high-accuracy with �nite machine precision as in the case of the PGM the
average particle surface, 𝜎 would be zero. Having the moment, 𝜎 result in zero would disrupt the
stability of the PGM. In this situation, the denominator in the H function is extremely close to
zero but, due to �nite precision present in numerical computation, computation ofH in its limit
often returns a division by zero. The numerical error thus generated from computing H can be
interpreted as situations where the PGM, while having valid and realizable closure coe�cients,
results in moments that are near zero yet still play a signi�cant impact in the resulting statistics
of the system. This relationship can also be extended to the surface-weighted moments, ¤𝜎 and
¤Ψ𝑠𝑠 such that for a given set of valid closure coe�cients the weighted moments might be near
zero and numerically di�cult to evaluate without signi�cant numerical error.

From practical experience, the di�culties of computing H occurs at around 𝜉 / −6.0. Fur-
thermore, while it does appear in Figure 6.4 that the hazard ratio reaches a linear function in its
limit as 𝜉 → −∞ this is not the case. It can be shown that the Mills ratio is strictly convex and
reaches an asymptotic expansion in its limit such that given the Mills ratio,

𝑚(𝜉) = 1 −Φ(𝜉)
𝜙(𝜉) , (6.9)

𝑚(𝜉) ≈ 1
𝜉
− 1
𝜉3

+ 1 · 3
𝜉5

− 1 · 3 · 5
𝜉7

+ . . . , for 𝜉 → ∞ , (6.10)

Eq. (6.10) hold true [21, 26, 7, 1, 4, 25]. As the Mils ratio, or the Hazard function, can be di�cult
to evaluate past 𝜉 = −6 this asymptotic limit could be used in order to approximate the hazard
function as 𝜉 → −∞. While the relative error between the computed hazard function and its
asymptotic expansion may prove to be quite low and in the range of 1 × 10−7 – 1 × 10−5 in many
cases, there is a region between 𝜉 ≈ [−3,−100] where the relative error produced between the
asymptotic expansion and its true value computed with a high degree of numerical precision
is signi�cant, such that it would cause unacceptable errors in the PGM. In other words during
the process of converting from the closure coe�cients to the moment variables, if one uses the
asymptotic expansion in order to circumvent the numerical error obtained in computingH , one
�nds situations where the computed moment variables admit non-physically possible values. For
instance the moments corresponding to the average particle surface, 𝜎 or ¤𝜎, return values that
are less than zero. Furthermore, the use of an approximation for H have other signi�cant cas-
cading e�ects on the numerics of the system. Since the PGM is constructed from a set of coupled
closure coe�cients, small errors in the evaluation of the moments from the closure coe�cients or
evaluation of the closure coe�cients from the moments has wide sweeping e�ects on the stability
of the PGM. For instance, a key feature of the PGM is the positive-de�niteness of the system and
while it has been shown in Section 4.2.5 that this can be guaranteed for our set of weights, numer-
ical rounding error in the approximation of H quickly results in the matrix shown in Eq. (4.46)
to have negative eigenvalues, disrupting the stability of the PGM. Many other numerical approx-
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imations and bounding functions of the Mills function exist and have been tried but still results
in signi�cant relative numerical error when computing moments of the PGM from the closure
coe�cients.

6.1.2 Scaled Complementary Error Function

As discussed above, the di�culties of converting the closure coe�cients to moment variables of
the PGM or vice versa has to do with the numerical error generated in the evaluation of H for
large negative values of 𝜉 . Again the function that is di�cult to compute is

H(𝜉) =

√︃
2
𝜋
𝑒−

1
2 𝜉

2

1 + erf
(
𝜉√
2

) .
This function can be rather di�cult to compute accurately using �nite precision arithmetic as
numerical error occurs in the denominator of H . Thankfully, this situation has already been
encountered and a function called the scaled complementary error function, erfcx, has been de-
veloped especially for this type of situation, situations where large values of a normal Gaussian
in conjunction to the error function are required. The scaled complementary error function, erfcx
is often expressed as,

erfcx 𝑥 = 𝑒𝜉
2
erfc 𝜉 , (6.11)

where erfc is the complimentary error function,

erfc(𝜉) = 1 − erf (𝜉) . (6.12)

As the error function is a odd function

erf 𝜉 = − erf (−𝜉) , (6.13)

H can be expressed with the use of the scaled complementary error function,

H(𝜉) =

√︃
2
𝜋

erfcx (− 𝜉√
2
)
. (6.14)

The numerical implementation for the evaluation of the scaled error function that has been used
in this work is the implementation by S. G. Jonson [23]. This implementation is based on the
computation of the Feddeyeva and Voigt functions along with a Chebyshev polynomial approx-
imation in order to accurately and with relatively low computational cost compute the comple-
mentary error function to su�cient accuracy with �nite machine precision [8, 22, 32, 23]. The
relative error from using erfcx when compared to a high-precision solver has been cited to be
better than 1 × 10−13 [23]. The scaled complementary error function has been implemented and
is called anytime evaluation of H is required. In practice it can be shown that conversion of the
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moments of the PGM remains stable for most values of 𝜉 ' −100. At this point one would assume
that the numerical error in computing the moments of the PGM are now due to the fact that the
resulting moments, such as the average surface, 𝜎 are near-zero. This numerical error can be
easily handled by developing a state that would e�ectively act as a near-zero state of the �ow.
The implementation and discussion of these near-zero states are explored in Section 7.3.

6.1.3 Conversion from Moments to Closure Coe�cients

As the PGM has been implement with surface-weighted statistics the conversion from the mo-
ment variables to the closure coe�cients is expressed as the following coupled set of equations,

¤𝜎 =
√
𝑟𝑠𝑠

(
𝜉 + 1

𝜉 + H

)
, (6.15)

¤Ψ𝑠𝑠 = 𝑟𝑠𝑠 +
𝑟𝑠𝑠

(
H

(
𝜉 + H

)
− 1

)
(
𝜉 + H

)2 , (6.16)

with again 𝜉 being the ratio of the closure coe�cients corresponding to the particle surface,
𝜉 = 𝑠/√𝑟𝑠𝑠. Lucky these coupled set of equations can be regrouped into a single expression,

¤𝜎2

Ψ𝑠𝑠

= 𝑓 (𝜉) =
(
1 + 𝜉2 + 𝜉H

)2
3𝜉H + 2H 2 + 𝜉2 − 1

. (6.17)

As the derivatives of the hazard ratio can be expressed in closed form,

dH
d𝜉

= −H (𝜉 + H) , (6.18)

and it is known that the Mills ratio is a strictly convex function [25] a simpli�ed Newton-Raphson
method can be used in order to e�ciently solve the non-linear system, Eq. (6.17), for a given ratio
of weighted moments, ¤𝜎 and ¤Ψ𝑠𝑠. As shown in Figure 6.6, this function is very well behaved such
that solving for any value with positive 𝑥 can be done in very few iteration. While solving for
values much less than −10 can be di�cult due to the “�atness” of the curve as this function is
convex using a Newton-Raphson method with adequate convergence criteria should be su�cient
for any practical and physically meaningful state of the PGM.

6.2 Numerical Methods, Space-Homogeneous Case

Numerical results of space-homogeneous cases for the PGM are signi�cantly less expensive to
obtain when compared to three-dimensional cases. This is because in a space-homogeneous case
the coupled set of governing PDEs of the PGM, Eqs. (4.38)–(4.43) as shown in Section 4.4 can be
simpli�ed in both the original log-diameter based PGM and the surface-based PGM. As such a
robust sti� ordinary di�erential equation solver was used to obtain solutions of the log-diameter
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and surface-based PGM [29]. The kinetic solution used to compare and validate the results are
obtained via the implementation of the E�cient Kinetic Solver as outlined in Section 5.

6.3 Numerical Methods, Three-Dimensional Case

Calculations are done using a simple �rst-order �nite-volume scheme using the Harten-Lax-van
Leer (HLL) �ux function [11]. A simple �rst order accurate point-implicit time-marching scheme
is used that treats the �uxes explicitly, while treating the local sources implicitly. This is neces-
sary, as the source terms can often be sti�. Fortunately, as the sources take on simple expressions,
this can be done quite easily. The previously shown balance law, Eq. (4.11) can be expressed in a
discrete form,

Ū 𝑛+1
𝑖 = Ū 𝑛 + Δ𝑡

𝑉𝑖

faces∑︁
𝑗=0

F 𝑗 · 𝑛̂ 𝑗 𝐴 𝑗 + Δ𝑡S̄𝑛+1 . (6.19)

In a three dimensional case, each cell in the domain has a volume such that in Eq. (6.19), 𝑉𝑖 , is
the volume of cell 𝑖. The bar notation is used for the solution vector, U , �ux vector, F , and
the source vector, S, in order to represent the cell average value. In this work an explicit-Euler
time-marching method is implemented such that in Eq. (6.19), Ū 𝑛

𝑖
, is the average cell solution

in cell 𝑖, at the current time step and, Ū 𝑛+1
𝑖

, is the average cell solution at the next time step.
Numerical �uxes, F 𝑗 , are computed between each cell surface, 𝐴 𝑗 , using the HLL �ux function.
Finally, as previously mentioned as the source term can be sti� the numerical evaluation of the
source vector is done implicitly. For lower-order moment-based methods, the wavespeeds of the
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systems are known. Unfortunately for the surface-based PGM these can be shown to be quite
di�cult to obtain in closed form. As such the �ux Jacobian is constructed analytically where its
eigenvalues are numerically computed via means of algorithmic di�erentiation.



Chapter 7

Numerical Results

This chapter demonstrates the capabilities of the PGM by �rst presenting a space-homogeneous
case and it’s agreement with the known steady-state solution. The presented space-homogeneous
case is �rst presented with a simpli�ed source term as presented in Section 4.3. A case without
evaporation is evaluated as to be compared with the exact kinetic solution in addition to the pre-
viously described log-diameter based PGM. Furthermore a space-homogeneous case with evapo-
ration is then considered in order to demonstrate the capabilities of the surface-base PGM. Finally
a three-dimensional case is presented for a "pu�" of particles in order to observe the settling of
particles in three-dimensional space.

7.1 Space-Homogeneous Case

In order to validate the model, a simple space-homogeneous case is used to compare the re-
sults obtained from the PGM with the known solution obtained by solving the kinetic equa-
tions, Eq. (4.3), directly using a forth-order Runge-Kutta method in addition to also comparing
the results obtained with the original log-diameter based PGM. For this case, the initial con-
ditions are chosen to be described by a surface-area-based distribution function with moments
given in Table 7.1a. A cloud of particles has an initial downward (positive 𝑥 in this case) ve-
locity that is far higher than the terminal velocity. The particle cloud therefore decelerates to
its steady state settling con�guration. The particles are modelled as being droplets of water in
the medium of air such that the density of the particles and of the background are given by
𝜌𝑝 = 1000 kgm−3, and 𝜌 𝑓 = 1.225 kgm−3, respectively. The dynamic viscosity of air is set as
𝜇 𝑓 = 1.82 × 10−5 kgm−1 s−1, which corresponds to ambient air at 20 °C. This leads to source-term
parameters, 𝛾 = 971 641 sm−2 and 𝜙𝑥 = 9.79m s−2, for a simpli�ed expressions in the source
term.

7.1.1 Space-Homogeneous Case Without Evaporation

Both the surface-weighted PGM and the original log-normal PGM are investigated. In order
to set initial conditions for the log-normal variant of the model, classical moments based on the

51
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Table 7.1: Initial conditions for space-homogeneous particle-settling case

(a) Surface-weighted moments

Moment Initial value

¤𝑛 1
¤𝜇𝑖 10m s−1

¤Θ𝑖 𝑗 (1m2 s−2)𝛿𝑖 𝑗
¤𝜎 5.6 × 10−7m2

¤Ψ𝑖𝑠 0m3 s−1

¤Ψ𝑠𝑠 8.58 × 10−14m4

(b) Traditional moments

Moment Initial value

𝑛 1
𝜇𝑖 10m s−1

Θ𝑖 𝑗 (1m2 s−2)𝛿𝑖 𝑗
𝜁 -8.11
Ψ𝑖𝑑 0m s−1

Ψ𝑑𝑑 0.113

Figure 7.1: Surface-weighted average particle velocity obtained from model and Lagrangian solver.

logarithm of particle diameter must be evaluated for the initial condition. The values obtained are
shown in Table 7.1b. These serve as the initial conditions for the log-normal PGM computation.

The results obtained from the simpli�ed ODEs are compared to an implementation of the ki-
netic solver, as presented in Section 5. In Figure 7.1, one can observe that the model closely
follows the Lagrangian solution, while the variance shown in Figure 7.2, and the covariance,
Figure 7.3, overshoots the solution. Despite overshooting the transient solution all quantities re-
cover the exact steady-state solution. Looking at Figure 7.3, one can observe a positive covariance
during the time scale, which implies that smaller particles are decelerating faster than the larger
particles. This is due to the fact that the particles start with a large initial velocity of 10m s−1, as
such the larger particles take much longer to reach their terminal velocity whereas the smaller
particles are slowed down much faster due to their lower initial momentum. The variance of the
particle velocity can also be observed in Figure 7.2. Here, the variance, ¤Ψ𝑥𝑥 quickly increases as
the smaller particles slow down, indicating a strong coupling with the velocity. Furthermore, the
initial large positive variance in velocity indicates a strong coupling of the particles velocity with
respect to the average velocity. The variance is originally over predicted but �nally relaxes to
the correct value. In addition the viewing the evolution of the moments, these moments can be
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Figure 7.2: Surface-weighted velocity variance obtained from model and Lagrangian solver.

Figure 7.3: Surface-weighted velocity covariance obtained from model and Lagrangian solver.
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translated to the closure coe�cients of the distribution function, this can in turn be mapped to
the predicted form of the distribution itself, Eq. (4.45).

Figure 7.4a illustrates the initial distribution, F , for the current space-homogeneous case. One
can observe the initial distribution presented in this �gure takes the form of a multivariate Gaus-
sian without covariance, as per the initial conditions of this space-homogeneous case. The exact
steady-state solution has also been included for the polydisperse �ow. The steady-state solution
takes the form of a line, such that each particle, depending on its surface, has a predetermined
terminal velocity. From the steady-state solution, Eq. (4.94), one can observe that particles with
a greater surface area arrive at a larger terminal velocity. Furthermore, at around 𝑡 ≈ 1.0 s, the
region where both the variance and covariance overshoot the solution the same e�ect can be
observed in the distribution function, Figure 7.4e. At this time the lower tail of the distribution
overshoots the steady-state solution but as time increases, the distribution fully collapse onto the
correct steady-state solution.

In addition to the evolution of the distribution function one can compare it to the previous
PGMmodel. Note that, in this case, it is di�cult to have an analogous comparison to both models
since the probability density function for the PGM using surfaced-based statistics cannot admit
the same shape as the probability density function for log-normal diameter-based statistics. For
this simple space-homogeneous case the properties of the particles and the �uid medium remain
the same. Furthermore, a translation between surfaced-based moments of the PGM to their cor-
responding log-diameter based statistics of the previous PGM can be derived. The moments can
be obtained by evaluation of the moments of the diameter-based distribution, F𝐷 with the appro-
priate surface-based weighted statistics such that,

𝑛𝜎 = 〈𝑠F𝐷〉 , (7.1)

𝜎 = 𝜋 exp [2𝜇𝑑 + 2Ψ𝑑𝑑] , (7.2)

and

𝑛Ψ𝑠𝑠 =
〈
(𝑠 − 𝜎)2F𝐷

〉
, (7.3)

Ψ𝑠𝑠 = 𝜋2𝜎2 (exp [4Ψ𝑑𝑑] − 1) . (7.4)

In Eqs. (7.1)–(7.3), the corresponding log-normal average particle diameter, 𝜇𝑑 can be related to
the average particle surface, 𝜎 and the log-normal variance of the particle diameter, Ψ𝑑𝑑 can be
related to the variance of the particle surface, Ψ𝑠𝑠. Figures 7.1–7.3 also show the evolution of
the PGM using diameter-based statistics for the same initial conditions to those presented in the
surface-weighted PGM. The illustrated correct steady-state solution, Eq. (4.94), for the particles
given their initial conditions is also presented. In Figure 7.4b, one can notice that the initial
distribution, much like the surface-weighted PGM model, takes on a form of a Gaussian without
any covariance. The Gaussian for this case is stretched in the surface space as the expression
for the probability density function, F𝐷 , is a function of the log-normal of the particle diameter.
As time progresses the distribution takes on a curve such that it is never able to rest onto the



CHAPTER 7. NUMERICAL RESULTS 55

(a) SW-PGM, 𝑡 = 0 s (b) Log-normal PGM, 𝑡 = 0 s

(c) SW-PGM, 𝑡 = 0.2 s (d) Log-normal PGM, 𝑡 = 0.2 s

(e) SW-PGM, 𝑡 = 1.0 s (f) Log-normal PGM, 𝑡 = 1.0 s

Figure 7.4: Distribution function for a settling cloud of particles subjected to gravity, buoyancy, and Stokes
drag as compared to the correct terminal velocity line: surface-weighted PGM and original log-normal
PGM.
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steady-state solution. In its limit the set of coupled ODEs for the space-homogeneous case, using
log-diameter-based statistics settles along the log-diameter of the particles, Eq. (4.95). In certain
cases, namely in a mono-disperse �ows or situations where the spread of particle size is relatively
small, the curved nature of the distribution, F𝐷 would only slightly impact the deviation from
the exact solution. Unfortunately, in more practical cases, as the log-diameter PGM is unable to
recover the settling of particles the relaxation parameter, 𝜏G has to be tuned in order to obtain
results that follow closer to the known exact solution to the kinetic equations [5].

7.1.2 Space-Homogeneous Case With Evaporation

The following space-homogeneous case with evaporation has almost similar initial conditions
to the the space-homogeneous case without evaporation. In this case, the key di�erence is the
addition of particle evaporation. The use of an evaporation constant has for e�ect of altering the
source term vector, S. The evaporation constant, 𝛼, was selected in order to properly capture the
e�ect the evaporation rate has on the moments of the model. Over the time range of

𝑡 = [0.0 s – 5.0 s] (7.5)

setting the evaporation as
𝛼 = 1 × 10−7m2 s−1, (7.6)

is such that particle evaporation is fast enough to be observed during the time interval, yet slow
enough that a signi�cant amount of particles remain at the end of the 5.0 s interval. Much like
the previously shown space-homogeneous case the evolution of the moments can be plotted over
time. In addition to the moments related to the particle velocity, ¤𝜇𝑥 , ¤Θ𝑥𝑥 , ¤Ψ𝑥𝑠, the time evo-
lution of the previously time-invariant moments of the case without evaporation can also be
plotted. As this case has the added evaporation in the source term there is not the presence
of any time-invariant moments. In addition to the weighted moments that were shown in the
space-homogeneous case without evaporation, the non-weighted moments along with their re-
spective closure coe�cients can also be plotted over time. Furthermore, the kinetic solver, as
presented in Section 5, can be leverage to compare the results obtained from PGM to the known
kinetic solution. To begin, Figure 7.5 very closely resemble the ones presented in the space-
homogeneous without evaporation. The main di�erence being that at approximately 𝑡 = 0.5 s
the exist a noticeable bump that is present in both the particles variance of velocity and covari-
ance with respect to size. In the case without evaporation, Figures 7.2–7.3, the results are a lot less
spread out when compared to the case with evaporation. As the particles are slowly evaporating
away, such that the average particle size is decreasing, this has for e�ect of altering their velocity
due to the drag forces being proportional to the size of the particles. As such, one can notice
that the obtained moments, namely those obtained from the variance of velocity and covariance
of velocity with surface area, follow much closer to the exact kinetic equation. Comparing the
space-homogeneous case with evaporation to the one without, the average particle velocity both
follow the exact solution over its evolution to signi�cant accuracy. What is gained in the case
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(a) Number density obtained from model and
Lagrangian solver

(b) Average particle velocity obtained from model and
Lagrangian solver

(c) Average particle surface obtained from model and
Lagrangian solver

(d) Variance of particle velocity density obtained from
model and Lagrangian solver

(e) Covariance of particle velocity and surface obtained
from model and Lagrangian solver

(f) Variance of particle surface obtained from model and
Lagrangian solver

Figure 7.5: Moments obtained from model and Lagrangian solver for a space-homogeneous case with
evaporation
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with evaporation are the moments, Θ𝑥𝑥 and Ψ𝑥𝑠 following more closely the exact kinetic solution
during their evolution. The remaining moments, 𝑛, 𝜎 and Ψ𝑠𝑠 are directly related to the number
of particles in the system and their size. As these two factors are continuously changing in the
system due to evaporation a�ecting the size of the particles and the total number of particles in
the system as particles are “evaporating away”. It can be useful, similar to the other moments
obtained by the PGM, to then compare them to the kinetic solution obtained by the Lagrangian
solver. To begin, the number density of the particles in the system, Figure 7.5a, is decreasing
over the time interval. This is expected as all the particles, due to evaporation, have a decreasing
surface area. For particles with a very small surface area, this means they become even smaller at
which point they eventually become so small that they e�ectively disappear in the system. This
would explain the total number density of the particles in the system decreasing over the time
interval. One would expect that over a longer time interval this total number density would even-
tually reach zero such that all the particles in the system have evaporated away. The governing
equation for the rate of particle evaporation, Eq. (2.6) is directly proportional to the current area
of the particles such that the larger particles are more signi�cantly a�ected by the rate of evapo-
ration than the smaller ones. This relationship explains the initial sharp decrease in the number
density of the particles in the system, then towards the end of the observed time interval when
only smaller particles are remaining in the system the particles in the system are evaporating at
a much slower rate. Additionally, as the particles surface area are constantly decreasing due to
evaporation it is expected that the average particle surface is also decreasing and can be shown to
very closely resemble the exact kinetic solution as shown in Figure 7.5c. What is more of interest
is the variance of the particles surface area, Ψ𝑠𝑠. This variance, representing the spread of the
particles surface area in the system is also decreasing. This property can also be explained by
the evaporation of the particles in the system. As per the initial conditions, the particles in the
system start with an initial range of surface area, Ψ𝑠𝑠. Such that the initial particle surface area is
a normal Gaussian distribution with average surface area, 𝜎 with a variance of Ψ𝑠𝑠. As particles
in the system are evaporating away at a rate that is proportional to their size it is expected that
the distribution of this size does not remain constant. Moreover, one can notice a decrease in
variance of the particles surface area, Figure 7.5f. This decrease in variance indicates that the
particles surface area is more tightly coupled to its average surface area, 𝜎. One can interpret
this decrease in variance of size in the following manner. During the evaporating process the
average surface area of all the particles in the system are decreasing but additionally the spread
of such particles becomes smaller, such that further along in the time interval the spread of par-
ticle surface area is much closer to the ever decreasing average area. These additional moments,
when compared to the exact kinetic solution follow very closely the evolution over the entire
time interval.
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Figure 7.6: Initial condition for a pu� of polydisperse particles with an initial 𝑥-direction bulk velocity with
a cross wind in the 𝑦 directions. Region where 𝑛 ≥ 1 × 103 particles/m3 is visualized.

7.2 A Three-Dimensional Case

As a �nal demonstration case to show how the direct tracking of higher-order particle statistics
yields information that is often invisible to traditional methods, a pu� of particles with initial ve-
locity moving and settling in a background cross wind is considered. The domain of this problem
is a cube with �ve-meter sides. The pu� is initially positioned at (𝑥, 𝑦, 𝑧) coordinates of (1m, 1m,
4m) and has a diameter of 0.5m. The particles for this case are assumed to follow a log-normal
distribution of diameters. The original log-normal version of the PGM is considered �rst. Within
the initial sphere of particles, the particle number density is 𝑛 = 29.6 × 106 particles/m3. The
mean surface area of the particles is 𝜎 = 4.04 × 10−6m2, with variance, Ψ𝑠𝑠 of 6.21 × 10−12m4.
The initial velocity is 3m s−1 in the 𝑥 direction with a variance of 0.1m s−2 in all directions. All
covariances are initially zero. The background wind is 1m s−1 in the positive 𝑦 direction. Particle
properties are chosen such that the initial value of 𝜏G = 0.1 s. This allows all relevant physical
processes to act on similar time scales. The initial condition is illustrated in Figure 7.6.

The domain is discretized using 4,096,000 cells, and time steps are limited by the maximum
wave speed within the domain at every step with a CFL number of 0.15.

For this case, results are visualized at 𝑡 = 0.5 s and 𝑡 = 1 s. Figure 7.7 shows the predicted
average particle diameter at these two times. Regions where the number density of particles is
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(a) 𝑡 = 0.5 s
(b) 𝑡 = 1 s

Figure 7.7: Particle size distribution. Region where 𝑛 ≥ 1 × 103 particles/m3 is visualized.

larger than 1 × 103 particles/m3 are visualized. One can clearly observe that the large particles
have kept their initial velocity for longer, as they are less a�ected by particle drag. They have
also been more heavily a�ected by gravity. This is why the larger particles have travelled farther
in the 𝑥 direction and fallen further. The smaller particles decelerated due to drag much more
quickly and have a lower terminal velocity. They are also more strongly a�ected by the drag of
the background wind. These e�ects cause a cloud of smaller particles to remain higher in the
domain while translating more in the 𝑦 direction due to the wind.

The importance of the covariance between particle sizes and velocities is shown in Figures 7.8
and 7.9. Figure 7.8 examines the bulk vertical velocity and its covariance with particle size. In the
left sub�gures, one can clearly see that the particles that have fallen furthest have the most nega-
tive vertical velocity, obviously. More importantly, the right sub�gures show that the covariance
between the vertical component of the velocity and the particle size is always negative and has
the highest magnitude in the particles that have fallen furthest. A negative covariance indicates
that particles with largest negative vertical velocities are more likely to be larger particles. Again,
this is entirely expected, however it is an e�ect that is not often directly considered by classical
models. It is expected that this information will lead to improved predictive capabilities for the
PGM models.

Figure 7.9 shows statistics related to the 𝑥-direction velocity. The left-hand sub�gures show
the 𝑥 component of the bulk velocity. One can see that, at 𝑡 = 0.5 s, the particles moving the
fastest in this direction have a velocity of about 3m s−1, which was the initial value. This is
because there is a group of larger particles that has not yet been signi�cantly slowed by drag and
has travelled the largest distance in this direction. This is con�rmed by examining the plots on
the right, which show the covariance between the 𝑥 component of velocity and the particle size.
The positive value of this moment indicates that larger particles are more likely to have larger
positive 𝑥-direction velocities. One can also observer that, by 𝑡 = 1 s, drag forces have begun to
have more of an e�ect on particles of all sizes. The average 𝑥-direction velocities are decreasing,
as is the covariance.
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(a) 𝜇𝑧 , 𝑡 = 0.5 s (b) Ψ𝑧𝑑 , 𝑡 = 0.5 s

(c) 𝜇𝑧 , 𝑡 = 1 s (d) Ψ𝑧𝑑 , 𝑡 = 1 s

Figure 7.8: 𝑧-direction bulk velocity and covariance with particle size. Region where 𝑛 ≥
1 × 103 particles/m3 is visualized.
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(a) 𝜇𝑥 , 𝑡 = 0.5 s (b) Ψ𝑥𝑑 , 𝑡 = 0.5 s

(c) 𝜇𝑥 , 𝑡 = 1 s (d) Ψ𝑥𝑑 , 𝑡 = 1 s

Figure 7.9: 𝑥-direction bulk velocity and covariance with particle size. Region where 𝑛 ≥
1 × 103 particles/m3 is visualized.
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(a) log-normal PGM, 𝑡 = 0.5 s (b) SW-PGM, 𝑡 = 0.5 s

(c) log-normal PGM, 𝑡 = 1.5 s (d) SW-PGM, 𝑡 = 1.5 s

Figure 7.10: Particle size distribution as predicted by the log-normal and surface weighted versions of the
PGM. Region where 𝑛 ≥ 1 × 103 particles/m3 is visualized.

7.2.1 Comparison with prediction of the surface-weighted PGM

As a �nal study, di�erences in the predicted solution for this problem provided by the original
log-normal PGM and the new surface-weighted PGM are explored. Figure 7.10 compares the
local particle-size distribution for this case as predicted by each model results are visualized at
𝑡 = 0.5 s and 𝑡 = 1.5 s. The left-hand sub�gures were obtained from the log-normal PGM, which
the right-hand �gures used the surface-weighted PGM. For this case, di�erences are surprisingly
minor. The exact shape of the region occupied by particles is slightly di�erent and the distribution
of particle sizes is not quite identical, however results are very close. The similarity of the two
predictions is probably due to the fact that the variance in particle size is not overly large in this
case. It is expected that larger di�erences in predictions should be expected for polydisperse �ows
that display a larger range of particle sizes.

7.3 Realizable States of the PGM and Numerical Di�culties

While the mathematics behind of the implementation of the PGM remains very similar from
the space-homogeneous case when compared to the three-dimensional case many numerically
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di�culties appear when the PGM is implemented in a higher-dimensional case. As previously
mentioned, one of themain di�culties in the PGM is the translation frommoment variables to the
closure coe�cients and vice versa. In the space-homogeneous case without evaporation this need
of translation is not a signi�cant issue as the time invariant variables, ¤𝑛, ¤𝜎 and ¤Ψ𝑠𝑠 are such that
a translation between the moment variables and closures coe�cients can be done trivially and to
high precision. Furthermore, numerical error that might appear during the computation of the
moment variables from the closure coe�cient does not become an issue as the H function only
needs to be computed once at the start of the simulation. This also has for an added bene�t that,
during the time interval, there are not any signi�cant compounding numerical error generated
during the translation ofmoment variables to closure coe�cients. On the other hand, in the three-
dimensional case this step, using the Newton-Raphsonmethod to solve for the closure coe�cients
then using the obtainedH function in conjunction with the scaled complementary error function
needs to be preformed at each time step for each cell in the domain. Evenwith the implementation
of the scaled complementary error function it is still possible that the computation predicts a non-
realizable state. As these calculations are preformed many times for situations with very re�ned
meshes, small numerical errors can propagate in the system and result in mathematical artifacts
or, more importantly, lead to a non-realizable state of the PGM. These non-realizable states often
result in numerical computation crashing and can be very di�cult to manage due to complexity
of initial states that might eventually lead to non-realizable states such as those created due to
numerical under�ow in computation of the moments. Some of these non-realizable states can be
obvious to spot but rather complex to �x. For instance, due to the physics of the problem and
the mathematical nature of the moments in the PGM it is mathematically impossible to obtain a
negative average surface and weighted average surface, 𝜎, ¤𝜎. Furthermore, the variance of the
particles surface area, Ψ𝑠𝑠, ¤Ψ𝑠𝑠 has to also always admit a positive value. Furthermore, it is also
self evident that the PGM cannot admit a negative number density, 𝑛 and ¤𝑛. While these values
can be very near zero and zero in its limit, it should be physically impossible to reach such states.
Unfortunately due to many compounding e�ects such as those previously mentioned, the PGM
without any check often arrives at these non-realizable states.

In order to improve the robustness of the implementation of the PGM in three-dimensions,
checks can be preformed to verify if the PGM has arrived at a non-realizable state. If a non-
realizable state has been detected in the domain that cell can be �agged and altered such that its
values are similar to the non-realizable values yet the cell would be now considered at a realizable
state of the PGM. A simple example of this would be if the number density is a small negative
number, as it is known the number density cannot be a negative number it is more-likely that
the “true value” of this state is either zero or near-zero. As such, altering the number density to
a small near-zero value would be a possible �x to this situation. While these states can be rather
trivial in most situations to check, correcting a non-realizable state can be signi�cantly more
di�cult to preform correctly without introducing additional error in evaulation of the moments.
The approach that was taken in this implementation works in the following manner. Initially at
each time step all the cells in the PGM are checked to see if they admit a non-realizable state. This
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check is preformed in two parts, the �rst part is used in-order to quickly check if the required
positive moments in the system are indeed positive. This is done rather simply by verifying if
the number density, and the surface related moments ( ¤𝑛, ¤𝜎, ¤Ψ𝑠𝑠) are above a set tolerance. If
such values are under a prede�ned tolerance its “true values” are assumed to be near-zero and
replaced with predetermined small value that is tuned to the problem. The second step of the
veri�cation of the realizable state is a little more complex. In this stage the check preformed is
done in order to validate the full reliability of the PGM as per the conditions derived Section 3.4.
For the PGM to admit a realizable state it is critical that the obtained closure coe�cients respect
the maximum-entropy state and as such the state of the PGM admit a set a hyperbolic PDEs. This
check is preformed in a expensive yet robust manner by verifying the eigenvalues of the PGM as
presented in Eq. (4.46). The eigenvalue decomposition is preformed on the closure coe�cients of
the PGM in the following manner,

A = LΛL−1 , (7.7)

where A is the tensor of closure coe�cients expressed as

A =


𝑝𝑥𝑥 𝑝𝑥𝑦 𝑝𝑥𝑧 𝑞𝑧𝑠

𝑞𝑥𝑦 𝑝𝑦𝑦 𝑝𝑦𝑧 𝑞𝑧𝑠

𝑞𝑥𝑧 𝑝𝑧𝑦 𝑝𝑧𝑧 𝑞𝑧𝑠

𝑞𝑥𝑠 𝑝𝑧𝑠 𝑝𝑧𝑠 𝑟𝑠𝑠


. (7.8)

The obtained eigenvalues are related to the principle stresses of the tensor in Eq. (4.46)

𝚲 =

[
𝑝𝑥𝑥 𝑝𝑦𝑦 𝑝𝑧𝑧 𝑟𝑠𝑠

]
, (7.9)

and must remain positive in order to ensure the hyperbolicity of the PGM. As such the eigen-
value decomposition, Eq. (7.7) is preformed on very cell and the obtained eigenvalues are then
compared to a set tolerance value that is again tuned to the problem in question. If a eigenvalue
is found to be less than the set tolerance is it replaced by a small, near zero value and the closure
coe�cients are then reconstructed with the new eigenvalues, Eq. (7.7). This act of preforming an
eigenvalue decomposition then a reconstruction of the A matrix ensures that the corrected clo-
sure coe�cients still closely resemble its state prior to the �x but now strictly contains positive
eigenvalues such that it respects the hyperbolicity of the PGM.
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Conclusions

8.1 Summary

This thesis presents the use of moment-based methods derived from kinetic theory of gases in
order to model polydisperse multiphase �ows. The derivation and analysis of a new, surface-
weighted model for the e�cient prediction of polydisperse multiphase �ows is presented and
is compared to a previously constructed moment-based model used in order to describe poly-
disperse multiphase �ows. These models belong to the family of Polydisperse Gaussian Models
(PGM). In the previous model, the logarithm of the particle diameter is used to di�erentiate par-
ticle sizes, while, in the currently proposed model, particle surface area is used. Regular and
surface-weighted velocity moments are presented and used. Both models lead to �rst-order bal-
ance laws and are shown to be robustly hyperbolic. The surface-weighted version of the PGM
is demonstrated to exactly recover the correct state for particles settling in a quiescent back-
ground. This is thought to be important for several practical problems, namely those present
in atmospheric dispersion of particles where the distance and location of the particles as they
settle in space is what these models are attempting to predict. However, the surface-weighted
version of the closure brings added complexity and numerical di�culties that are not present
in the original log-diameter version of the closure. Results obtained, in a space-homogeneous
case for both the previous diameter-based PGM and surface-weighted PGM are compared with
a kinetic solver. This case is used to illustrate the importance of using surface-based statistics in
order to accurately describe the recovery of the correct steady-state solution. Additionally, the
three-dimensional case of a settling pu� of particles in a cross wind is shown in order to compare
both PGM variants to each other in order to investigate their similarities and di�erences.

8.2 Future Work

While the surface-based PGM shows a promising avenue in the PGM family of models much
work still needs to be done in order to build a robust and usable model. Namely, investigation
into the surface-based PGM has shown the numerical di�culties one might encounter when im-
plementing a new PGM model using strictly positive distinguishing variables. Many numerical
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properties of the diameter-based PGM such as the wavespeeds being known in closed form, and
the simpicity of conversion from the moments to the closure-coe�cients do not carry over to the
surface-based PGM. This means many alternative techniques had to be applied to this new vari-
ant of the PGM. Theses techniques, such as using algorithmic di�erentiation in order to evaluate
the wavespeeds at each time step for each cell in the system becomes extremely costly as one
increases the number of cells in the simulation. Having to compute the wavespeeds, in addition
the Newton-Raphson method in order to convert from the moments to the closure-coe�cients
being preformed in each cell in the domain leaves much room for improvement.

This thesis only presented a narrow view into the possibility of the set of PGM type models
that can be constructed in order to be used for a wide range of various engineering applications.
As the need for new models grows the family of PGM can be expanded to cover a wide range
of problems. Most notability, the set distinguishing variables can be expanded to consider other
properties of the particles. These properties, can be altered to consider a range of di�erent ap-
plications such as the particle electric change, the internal temperature, its radioactive charge or
viral load. In conjunction with expanding the set of distinguishing variables the source term can
also be modi�ed in order to capture how these new distinguishing variables might change due to
physics that one might want to capture in the model. With all these factors combined the PGM
type of models becomes a strong modular modeling tool able to adjust to any new problem.
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