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ABSTRACT

In the past years there has been a growing
Interest 1n the field of synchronization of binary
codes and in particular binary cyclic codes. This was
initiated as a result of an increase in demand for
large data telecommunication and space satellite
communication networks. This thesis critically reviews
the different existing synchronization technlques now
avallable. It describes the encoding and decoding
procedures of each technique while discussing their
respective advantages and disadvantages. The primary
aim of this thesis 1s to provide a guide to the selection
of the most suitable synchronization technique for a

given system.
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INTRODUCTION

The basic concern of a communication system 1is
the efficient and reliable transmission of data from one
point to another. This demand has been accelerated during
the past few years by the increasing use of digital data
processors, by the extensive use of telephone and
satellite communication networks, il.e. by the rising need
for long range communications. The communication engineer
1s therefore faced with two major problems when designing
a communication system. First, the rate of transmission
should be as high as posslble; second, the system should
be abievto handle errors occurring during the transmission
of information. Since the enginéer is wprking wlth a
communication system which is composed of discrete components
(1.e. integrated circuits (IC's), transistors, ete.) it
is very likely that errors may occur during the transmission

of data,

A Communication System’

In digital data communication systems and digital

computers the coding of information is done in binary digits




"0" or "1". A communication system can be very complex, -

but nevertheless can be described using the block diagram

shown in Fig. 1.1.1.

+ | Encoder N Encoder N
Source > (Source) > (Channel) > Modulator
Y
I Noise ——>— Storage
Y i
» Decodef » Decoder .
User ¢ (Source) 0 (Channel) < Demodulator
af L

Fig. 1.1.1 Block Diagram of a Typical
Communication System




The elements of this system will now be described
briefly:

Source This element could be a digital computer or simply
a person talking through a telephone. The output of the
source could be discrete symbols (or letters) or a continuous

waveform,

Channel This is a medium over which signals containing
useful information are transmitted. Some examples of
transmission channels are space communication links, tele-

phone lines.

Encoder (Source) This element takes the source output and

assoclates to each of these outputs a sequence of binary
digits, 1.e., a sequence of 0's and 1's. It should be
noted that for efficiency reasons the output of the source
encoder (i1.e., the number of binary digits per unit of time
necessary to represent the source output) be small, Also,
one should be able to reconstruct the source symbol from

the sequence generated by the source encoder.

Channel Encoder From the sequence generated by the source

encoder a longer binary sequence 1s generated by the channel

encoder and this sequence is called the code word.
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Modulator Since the binary digits are not suitable for
transmission over a physical channel, they are encoded
by the modulator into one of two (in the binary case) |

physical waveforms.

Demodulator This element determines whether a "1" or a
"0" was transmitted upon receiving the waveforms initially
generated by the modulator. The output of the demodulator

1s a sequence of bits of length equel to the input sequence

of the modulator.

Channel Decoder The purpose of this element is to correct

errors which have occurred in the transmitted sequence.
This may be done by using the rules of channel encoding
and the channel characteristics. The different types of

errors will be deseribed later in the introduction.

Source Decoder Assuming that the channel decoder has

corrected all the errors, then this element simply transforms
the input sequence into the sent sequence symbol and

delivers 1t to the user.

Types of Errors

There are basically two types of errors that can

occur in a channel and which the decoder must be able to




detect and correct. They are the additive and synchroni-

zation errors.

Definition 1.1.1 - Additive Errors

In an ideal binary transmission system the
occurrence of a "1" or a "0" at the transmitted end should
be accompanied by an occurrence of a "1" or a "0" at the
receiving end. If due to noise in the channel, a transmitted
"1" is incorrectly interpreted (or decoded) as a "0" or a .
"0" is incorrectly interpreted as a "1", then we say that E
an additive error has occurred during which the data was
transmitted. For example, suppose the sequence 1001110

1s transmitted and the seduence 1000110 1s received. It

can be seen that an additlve error has occurred in the

fourth position of the transmitted sequence.

In the. above example we considered the bihary
case where only two elements were used (i.e., "O", "1").
Unless specified, all the definitions, theorems, and
results described in this thesis are conéidered in the
binary case only. Nevertheless, it should be sald here
that these results can be also extended to the nonbinary

case,
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One of the best known classes of additive error-
correcting codes is the class of cyclic codes., Since
most of the codes described in this thesis are cycllic,

1t would be advantageous to discuss them at this point.

Definition 1.1.2 - Cyellc Codes

If V is a binary code of length n with elements
Vis Vo V3....V“; we say that V is cyclic if for any V, =
(aO{""an-l) pelonging to V, (an-l ao....an_z) also belongs
to V. We say that (ah_1 ao....an_a) 15 a right eyclic
shift of V, and similarly (838,008, _18,) 15 a left

cyclic shift of V,. For example, suppose V; = (100111 0);

i.
then (001110 1) and (0100111) belongs to V.
The class of BOSE - CHAUDHURI - HOCQUENGHEN or BCH

codes, is one of the best known classes of additive

error-correcting codes. Though very well suited for the
correction of additive errors, cyglic codes are particularly

vulnerable to synchronization errors.

Definition 1.1.3 - Synchronization Errors

In a coded system not all possible combinations
of symbols ("Oﬁ and "1" for the binary case) can be trans- |
mitted; rather a family of code words is developed and only
these words are transmitted through the charnel. These

words have a determined length which we will denote as 1.




Generally these words are transmitted end to end in a
continuous sequence. To maintain synchronism, the
decoder counts off n bits at a time and frames them to
obtain a single word. Now suppose that for‘some reason
bits are lost or galned in a sequence or the receiver
counts incorrectly, then the receiver misframes the
incoming sequence and we say that a synchronization error
(slip) has occurred. Therefore, the receiver must know
when each new symbol, when each new word, and when each
new frame begins, To explain this, consider three words,

A, B, C, which belong to our dictionary,

where A= (ao, 81seeeedp q)

B = (bo, bl""'b )

n-1
C = (cps Cyaueescy ;)
all of length n.

In the binary case, 8y bi’ ¢, for 1, J, k =0,

i
n-1 will be "0" or "1". Suppose these sequences are

transmitted end to end, we obtain

e AR T s

a byevab

0 810+ +8p_1s Pg PpeveePpgs Cg CpeeeCpy

Now suppose that the decoder misframes the correct sequence

(b0 bl"”bn-l) by 1 bit; we will obtain

3.0 alotooan_2 [an_l’ bo bloloobn_z]bn-l, CO Clocoocn_2 cn-‘l
<+received sequence=




It can be seen that the receiver is framing part of

the word A and part of the word B. Generally, if s

bits are framed from A, then we say that a left slip of

s bité has occurred. Similarly if the receiver had framed
r blt of the word C, then we would say that a right slip

of r bits has occurred.

For the purpose of this thesis it is convenient
to define two types of channels, namely Type I, and Type
II. In a Type I channel, it 1s assumed that additive and
synchronization errors do not occur simultaneously. In a
Type II channel, additive and synchronization errors occur

simultaneously.

Synchronization Technigues

Many techniques have been developed to correct
synchronization errors in both Type I and Type II channels.
These techniques may be divided into two classes, namely,
those that alter the word length and those that do not.

Among the latter techniques we find the Subset[zg], Coset[lo]
[14]

and Mandelbaum techniques. Among the former are the

"extended cyclic codes" developed by Bose and Caldwe11[8]

and later generalized by Weldon[g] (called the BCW technique).

[5] [15]

Tong

and Shiva and Seguin have also examined

techniques that change the word length.




In this thesis we introduce a different
technique for the correction of synchronization errors.
This technique can be applied to all eyclic additive-error
correcting codes (BCH), and can simultaneously correct the
occurrence of both additive and synchronization errors.
This technique is based on the BCW technique since the
encoding procedure for both techniques are almost 1éentical.
It will be shown that under certain conditions we succeed
in obtaining a better rate than the BCW technique. This

technlque is also similar to the Mandelbaum technique.

In Chapter I we introduce some necessary basic
definitions regarding cyclic error-correcting codes. The
problem of synchronization 1s introduced and a mathematical

_rormulation i1s given.

In Chapter II a survey is madé of existing
techniques. Thg techniques described are the BCW, Coset,
Subset (&evelopéd by Tavares and Fukada), Mandelbaum,
(also Mandelbaum; hybrid technique), Tong, and Shiva and

Seguin techniques.

In Chapter III we introduce & different technique.
The detecting and correcting capabilities of this new
technique are proven. A comparison is made between this

technique and those deseribed in Chapter II - i.e.,
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specifically the rates are compared.

In Chapter IV some conclusions are made.




CHAPTER I

CYCLIC CODES AND SYNCHRONIZATION

1.1 Properties of Binary Cyelic Codes

It is a well known fact that the transmission
of data through a communication system is done more
efficiently by transmitting the information as a binary
bit pattern. This sequence could represent a command to
which a satellite will respond. Using some form of data
modulation one can achieve a probability of error as
small as 10'7. Sometimes, especially in a satellite
communication system the power needed to achieve this
rellability 1s too expensive and demands a transponder
(receiver-transmitter) of too great a size and weight.
Under these conditions one must go to some form of error-
correcting codes. It:is known that one can achieve,

by properly encoding the information bits)probability of

10

errors in the order of 107~ as compared to 10'7 when

the information is not encoded. This is a factor of 10'3.

For the purpose of this thesis we will consider

a very lmportant class of error-correcting codes called the




- binary cyclic codes, The term binary indicates that all words

are represented by only two symbols "0" and a "1". The
properties of binary cyciic codes have been extensively

studied‘[l, 2, 3] and only a brief review will be given
in this section.

To begin with, we will introduce a special
format to represent a binary sequence, called the poly-

nomial form, For exgmple, the sequence
.1109190'
can be represented by the polynomigl
PO = 1.1+ 1x #7028 4 0.3 4 1 4 0.0 4 0.0

giving

P(x) =1 + x + xu

where the components of thé sequence are treated as co-
efficlents of a.polynomial. It will become evident that
such a representation is very‘useful}when working with
binary eyclie éodes énd also makes the implementation of

encodinq and decoding techniques possible.

Binary'cyclic codes are said to be linear block

codes with one additional property. Linear block codes are
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characterized by the fact that all the code words have

the same number of symbols (i.e. same hlock length) and
‘constitute a linear vector space. This simply'means that
the addition (i.e. using the polynomial form) of one code
word with another gives a third code word belonging to the

same dictionary or code.

The additiqnai property which makes binary
ceyelie codes so attractive 1s that a cyclic shift of any.
code word is agaln a code word in the same dictionary.
For ekample; suppose a code word is represented by the

| following sequence

8, al.a2 Bgecenp o (1.1.1)

where a,20,1, =0, n-1)and n is the length of the code.
The polynomial form can be written as
0 2 3., n=-1
X" + 8iX + ayx + a4% tooeo o oX : (1.1.2)
where the degree of the polynomial is (n-1). A eyelic

shift of one symbol to the left in (1.1.1) can be represented
by '
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or

2 3 4 n-1
a,_1 + 8yX + 2, X + a,X + a3x LR a,_oX

which can be obtained from (1.1.2) by multiplying by x

and assuming that x"=1, This means that the powers of a

polynomial representing a code word are to be taken module

n which is the remainder of a division by n. -

A binary cyclic code of length n can be written
as the product of a polynomial g(x) which divides 1 + x"
and an information polynomial I(x). The polynomial g(x)

1s called the generator polynomial. If we assume that

V(x) 1s a code word (in the polynomial form) then we can

say that
V(x) = g(x) I(x) (1.1.3)
where V(x) 1is the code word and has degree <(n-1)
I(x) is the information polynomial and has
degree <(k-1)
g(x) 1s the generator polynomial and has
degree (n-k)
and k is the number of information bits in

every code word.
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The generator polynomial is found from the

factors of 1+x" such that

143" = g(x) h(x) (1.1.4)

where h(x) 1s called the parity check polynomial.
Therefore 1f we want to generate a code of length n capable
of transmitting k information bits we choose a polynomial
g(x) of degree (n-k) which 1s a factor of 1+x". For example

1

the polynomial 1l+x éan be factored as

.

14x! = (1+x+x3) ‘('1'+x2.+x3) (1+x)

from which we can choose the generator polynomial as

i
h‘,‘

g(x) = 14x4x3 to generate the code. We call this a (7,4)
binary cyclic code.

The code is generated by the product g(x)I(x).
Since I(x) must have degree at most equal to 3 it can form
2u=16 distinct polynomials and hence the code will contain

16 words.

Error Detection and Correction

' One important class of binary cyclic codes are
the (n,k,t) BCH codes where t denotes the number of additive
errors that the code can correct. For the purpose of this

thesis we will consider only BCH codes. Error-correcting
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techniques for BCH codes have been studied and explained

by many authors[l’2] and will not be described in this

1.2 Synchronization

In this section we analyze the different ways
gﬁsﬂﬂE'tO':represent a recelved sequence which eontains

synchronization errors and give a mathematical description.

To begin,}we will analyze mathematically what
happens to a transmitted code word which has suffered
synchronization loss during transmission in the case where

the length is not alteréd before transmission, in the case

. where the length of the code word is Increased,and finally

in the case where the length 1s shortened. Also described
1s the case where we restrict certain information bits.
In Chapter 1ywe will see that the different techniques now

existing use at least one of these configurations.

Case 1. The length is not changed

It was shown in section 1.1 that a binary (n,k)

cyclic code V(x) can be expressed as

V(x) = g(x) I(x)
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where g(x) is the generator polynomial of dégree
(n-k)

and I(x) is the information polynomial of degree
<(k-1).

Assume that three code words Vl(x), v2(x), V3(x) are
transmitted end to end through the channel. The transmitted

sequence will be

v, (x) v, (x) V3(X)

where each code word have length equal to n.

Now suppose the decoder miscounts while receiving
VE(X) and slips to the left by s bits. The.recelved sequence
will be

B(x)| A(x) c(x) V3(x)

Trec'd sequence T

It can be seen that the recelved sequence contains part

of Vl(x) and part of V2(x). If we assume that Vg(x) =

2 2 n-1 Chos
o tagxt a,%" + agx toota X and B(x) by

2 s=-1
x + b x +ll..+ bs-l

a

b

1 2

where B(x) is an arbitrary polynomial of degree <s-l1.




£
PSRN

18
The reciived polynanial’dencted by R(x) can be written as
= s=1 s+l ' n-1
R(x) by ¥ byx *ou. by_1X + anx ...t a X

This can be written as

pe o
——
E
~
n

' | S-1 s
bo + blx +l!l.+ bs-lx + x ao + alx +Oll.

n=s-lly %% |2 ™5 4., 4 a,

-+
o

which becomes

, 5 )
R(x) = x7 |a; + 8q% t...ta, X +

- -4

r -

b0 + blx L bs-lx

L. -

»

n s-1
XU lag g tag o (X toota X . (1.2.1)

Since x" = 1, we can treat the above expression as being
R(x) = x° Vz(x) + Us(x) (1.2.1) where Us(x) is an

arbitrary polynomial of degree <s-l1.

Similarly for a right slip of magnitude r, the

recelved sequence will be

Cerarrrrm T I mRAIIES

T A A T e e
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R(x) = 7 Vy(x) + "7 g _(x) (1.2.2)

where br(x) 1s an arbitrary polynomial of degree <r-1,
It can be seen from 1.2.1 and 1.2.2 that the received
vector can be treated as the sum of a code word (cyclic
shift of the transmitted code word) and an error with a
maximum welght equal to s for a left slip and r for a
right slip. 1In the remainder of this section we will

assume that r=s,

If during transmission the word was corrupted
with some additive error polynomial E(x) of weight e,

then the received sequence will be from 1.2.1
R(x) = X°V,(x) + U (x) + Ey(x) (1.2.3)

for a left slip. For a right slip the sequence will be
from 1.2.2

R(x) = x'sv2<x) + xn'sUs(x) + E,y(x) (1.2.4)

where El(x) and‘Ez(x) have the same weight as E(x).
Since we can assume that Us(x) is also an additive
error, then the total welght of the error in 1.2.3 and

1.2.4 is equal maximally to s+e.
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Case 2. The Length is Increased

In Case 1 1t was shown that the received sequence
was not cyclic but contalned an extra term which we can
treat as an additive error. A technique [8] can be used
which will ensure that even if a synchronization error has
occurred, the received sequence will be a cyelic shift
of fhe transmitted sequence. The technique increases the
length of the sequence by 2s bits (where s is the maximum
slip) before transmission by annexing in a fixed manner
bits at the beginning and at the end of the sequence. That
is, the first s bits of the sequence are placed at the end
and the last s bits are placed at the beginning. For
example, consider a cyclic code V(x) of lengths n=7 which

can be represented by the sequence

U0 U1 U2 U3 UH U5 U6

If we increase the length (assume slip s=1) using the
technique described above, we obtain the sequence (of length

2 =9)
Ug Up Uy Uy Uy Uy Uy U T

Suppose that during transmission of this sequence a slip

has occurred. The received sequence will be

T, TN I SRR IS
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] v. v ' '
x Ug Uy Uy Uy Ug Uy Ug Ug
where X 1s arbitrarily 0 or 1 from another word.

We decrease the length (equal to 9) to its original size
(n=7) by removing the first and last s bits (in this

example s=1). The truncated sequence will be

U6 U0 Ul U2 U3 Uu U5

which is simply a eyclic shift of the original code word.

Similarly for a right slip (s=1) the truncated sequence

would have been

U1 U2 U3 UM_US U6 UO

which is also a eyclic shift of V(x).

Case 3. The Length of the Code 1s Shortened

Assume that every code word is shortened by
2stl digits where s 1s the maximum allowable slip. If
we consider three code words A(x), B(x), and C(x) each

of length n, = n-2s-1 then we have that
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2 nl-l
A(x) = ap + a;x + ax” +....4 anl_lx
2 nl-l
. B(x) = Dby + byx + byx° 4.4 bnl-lx
Dyl 5 nl-l
- and C(x) = Co T ogx teox” Hut ¢y 1%

------

Suppose A(x), B(x), and C(x) are transmitted end to end,
and a left slip of magnitude i<s=1 occurs as shown in the

following sequence

a0a1a2....[;nl_l, b0b1b2"°‘bnl-2 bnl_l, c001°2""°n1-1

t received sequence 1

The received sequence 1s

Ty TR I M AAN YD

a bab.b,....b
nl-l 0172 nl-2

which can be written as

n.-1

2 3 1 (1.2.5)
anl_1 + box + blx + b2x +,...F bnl-2x

The polynomial (1.2.5) can be written as

X
n1-2

n.= n,-1
+xlb, xt | +xb. .x (1.2.6)
nl-l nI-l ,

a + xlb, + b.x + Db x2 + + D nl-
nlél 0 1 2 e




[gi]
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In (1.2.6) the first term represents a polynomial

of welght equal to .1  occurring in the first position
and the last term is a polynomial of weight equal to 1
occurring in the last position. The second and third
terms describes a cyclic shift of B(x). This means thét
(1.2.6) can be written as

Aj(x) + x B(x) + xn'Bl(x) (1.2.7)

More generally for a slip of maximum magnitude s

the received polynomial will be

xh
Ay (x) + 2°B(x) + (&8, (x) (1.2.8)

where Al(x) and Bl(x) are arbitrary polynomials of
welght <s.
Similarly it can be shown that when a right slip of

magnitude s occurs the received sequence will be

x50 + () +x L G0 (1.2.9)

where Bl(x) and Cl(x) are polynomials of welght <s.
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Case 4. Restriction of Information Bits

In this case we will show that in the presence
of slip error it is possible to ensure that the received
sequence is a cyclic shift of the transmitted sequence
w;thout altering the length of the code word. This can
be done by assuming that every transmitted code word
starts and terminates with s or more zeros. For example,
if we transmit two code words, A(x), B(x), each of length

n=7, and suppose the slip s=1, the transmitted sequence

will be
0a1a2a3aua50, Oblb2b3bub50, .
where A(x) =0 +a,x+a x2 + 3 x3 + a3 xu + 3 x5 +0 x6
1 2 3 4 5 *
and B{x) =0+Db.x+Db x2 +b x3 + b xu +b x5 +0 x6
1 2 3 4 5 '

If a slip s=1 to the left had occurred when the decoder

was receiving B(x), the sequence would be
00 b1 b2 b3 b4 b5

which is a cyclic shift of B(x). Similarly for a right

slip the received sequence would be

b1 b2 b3 bu b5 00

AT T IMO AN LT
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which is also a cyclic shift,

It will be shown in ChapterII that to detect and
correct a synchronization error one must restrict one
more information bit. Thls means that 2s+1 information
bits would be reserved so that synchronization errors
can be corrected. Since the received sequence is simply
a cycllic shift of the original sequence, then the decoder
can correct any additive errors that occurred during

transmission.

In summary, Cases 2 and 4 do not necessitate
that the error-correcting capability of the code be
increased in order to correct synchronization errors.

On the other hand, in Cases 1‘and 3, some additive-errors
may be created when slip errors occur and must be taken

into account when chopsing the code to be used.

A AATVT TRTIMINES WA LIED




CHAPTER II

EXISTING TECHNIQUES

2.1 Bose-Caldwell Technique

This technique was discovered by Bose and

Caldwell[s] and applied only to BCH codes. Later Weldontg]

et

generalized this technique to apply to any (n,k) binary
cyclic codes where n 1s the length and k is the number of

information bits in the code word.

The philosophy behind the BCW technique can
be described using Figure 2.1.1.

g(x)

g (x)hx)

Fig. 2.1.1

The larger circle represents all code words generated by

g(x) and the inner circle represents all code words generated

by g(x) hl(x) where hl(x) is a factor of the parity check
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polynomial h(x) and has exponent u. This means that

1

hl(x) divides 1+x" but not l+x* for i<u. If we choose

only those code words which are generated by g(x) but not

by g(x) hl(x)'then this code (following a special encoding

procedure) can be used to correct slip errors. This can
be achieved by adding to the code words generated by
g(x) hl(x) a polynomial c¢(x). For example, let c¢(x) =
g(x). Therefore, a particular code word V(x) will look
like the following:

V(x) = g(x) hy{x) I(x) + g(x) (2.1.1)

where I(x) is an information polynomial of degree <(k-m)
given that m is the degree of hl(x). The encoding is

compléted by increasing the length of (2.1.1) as described

~GAITDy TTITICWIMNLC WA LIO

in (Chapter I, Case'2). This will assume that the cyeclic
property of the code word will be retained even if slip

errors occur during transmission.

Next we will show how the slip correcting capability

of the code is dependent on the exponent u of the auxilliary
polynomial hl(x). Suppose that when V(x) is transmitted

a left slip error of magnitude 1 occurs. After truncation

the result is simply a cyclic shift of V(x) given by

2v(x) = xlg(x) [I(x)hl(x) + 1} (2.1.2)
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For the moment we assume the absence of additive errors.

From (2.1.2), after dividing by g(x),we obtain that

xy [T(x)hy (x) + 1| mod hy(x) = x} mod h(X)  (2.1.3)

The expression x1

mod hl(x) 1s called the slip syndrome.
We must prove that the slip syndrome 1s distinct for all
values of slip given by -ff;ﬁ; where f and s are the
maximum right and left slip that the code can correct.

The slip syndromes are distinct if
x> mod hy (x) $ x* mod hy(x) (2.1.1)

where p + s. Expression (2.1.4) can be written as

AU AWy TPITATWISICT W AA Lty

(x5-x%) mod hy(x) $ 0

.or (1 + x"%) mod h, (%) $0 (2.1.5)

Since hl(x) does not divide x°, (2.1.5) is true only
if p+s<u where u is the exponent of hl(x). Suppose that
r=g: then the restriction on hl(x) 1s that its exponent

u be greater than 2s.

It can be seen that x°V(x) in (2.1.1) is a

code word generated by g(x) and hence has the same error

——e
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correctingcapabllity as the parent code. This can be
shown by assuming that an error E(x) of weight e has
occurred during transmission in (2.1.1) giving after
truncation

xi Vi(x) + E(x)

giving an error syndrome
(x! V(x) + E(x)) mod g(x) = E(x) mod g(x)
which can be corrected using some known procedure.

The decoding procedure can be summarized in the

following steps: VE% .
1. Recelve the incoming sequence and truncate. )
2. Correct all additive errors using g(x).
3. Find the slip syndrome using hl(x) and if necessary

correct for slip errors.
4, Remove c(x) (c(x) = g(x) for example).
Step three i1s possible because all slip syndromes are
distinct, even for the case of no slip errors. The results

obtalned from the BCW technique can be summarized in the

following theorem,




Theorem 2.1.1

Given an (n,k) cyclic code with a parity check
polynomial of degree m and exponent u, this code can be
extended to form a (n+2s, k-m) code that can correct the
simultaneous occurrence of a slip of g digits and any

additive error pattern that the parent code can correct,

‘where 2s<u. The rate obtained using the BCW technique

k~m "
is a;g; where m 1s.the degree of hl(x) and s is the

maximin allovable slip,

For exanple consider the (7,4) cyclic code generated by

3

_'g(ﬁ) el 4 x4+X

where 1+ x! w (14 x+ x3) (1 +x) (1 R x° + x3)

and h(x) = (1 +x) (1+ 2%+ x5)

2

Suppose we choose hl(x) =1+ x°+ x3. It can

be shown that 1 + x2 + x3 has exponent 7. Therefore, if

all code words have the form
V(x) = g(x) [I(x) hy(x) + 1]

then this code has 28<7 and can correct .a slip error

-less;than:or jequak.t0ug3s - Also 1t can simultaneously correct

up to 1 additive-error.




Modified BCW Technique

The BCW technique can be modified so that the
length need not be increased. It was shown that the
reason for increasing the length was to preserve the
additive error correcting capabllity of the code even
during synchronization errors. This can‘élsO"be achieved
by assuring that all code words end and start with g

zeros, The transmitted code word will be of the form

V(x) = g(x) hy(x) I(x) + g(x)

and will look 1like the following

| 4—S—»| le—5—m|
,00....0xxxxxxxxx00....0, 00....0xxxxxxxxx00....0,
[ n -

where "x" denotes an arbitrary "1" or "QO".

It can be seen that a slip to the left or to the
right will result in a cyclic shift of the code word. Hence,
any additive errors that occur during transmission can be
corrected, Also the same BCW decoder can be used to find

the slip error. The rate now becomes

R-m-25
n

1y
1
i
0
3
g,.
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Modified BCW Technique

The BCW technique can be modified so that the
length need not be increased. It was shown that the
reason for increasing the length was to preserve the
additive error correcting capability of the code even
during synchronization errors. This can'alSO“be>achieved
by assuring that all code words end and start with s

zeros. The transmitted code word will be of the form
V(x) = g(x) hy(x) I(x) + g(x)

and willl look like the following

sy e WER A AY X
Fos it

WIS TORTYING T e aded

| e Smpp | le—S—m
,00....0xxxxxxxxx00.,...0, 00....0xxxxxxxxx00....0,
(L 5 n s

where "x" denotes an arbitrary "1" or "0".

It can be seen that a slip to the left or to the
right will result in a cyclic shift of the code word. Hence,
any additive erfors that occur during transmission can be
corrected, Also the same BCW decoder can be used to find

the slip error. The rate now becomes

R-m-2s
n
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which 1s always slightly lower than the rate of the BCW

technique given as

k-m
n+2s

Conclusions .

The interestiné thing about the BCW technique
is that the amount of slip that the code can correct is
solely dependent on the exponent and-not on the degree of .
hy(x). The BCW technique would be particularly attractive 1

for the cases where hi(x) can be chosen among the factors

%

of h(x) for minimal degree and suitable value of exponent

n depending on the maximum slip value, The BCW technique

WaWITW D> T

- would be best suited for codes of large ;ength and cases

of large slip errors. .For example, for n-31,hl(x) has

~ exponent 31 (capable of corrécting up to s=15) and has

. a degrees5. But on the other hand, the increase in
length does have a predominant influence on the rate as

the magnitude of the slip to be corrected increases.

2.2 Subset Codes

The subset codes are very similar to the BCW

codes in the way in which the information bits are restrained. 1




This means that the parity check polynomial hl(x) has

degree m and exponent u and the exponent must be such

that u>2s where s 1s the magnitude of the slip.

The technique of the subset code consists in
choosing a subset of an (n,k) cyclic code which will be
generated by g(x) but not by g(x) hl(x) where hl(x) is
the parity check polynomial. In Flg. 2.2.1 all code words
belonging to the subset code belong to the subset V2.

This can be achleved by adding to any code word generated

by g(x) hl(x) another code word generated by g(x) but not

Fig. 2.2.1

by g(x) hl(x). For example, suppose V(x), generated by

g(x) hl(x), has the form Vi(x) = g(x) hl(x) I(x) where I(x)

is an information polynomial of degree <k-m. _If we add

g(x) to V(x) we ebtaln V;(x) + g(x) = V{x) ="g(x)[n;(x)1(x)+1].
We can see that V(x) can be treated as a code word not
belonging to the subclass generated by g(x) hl(x). Also

1t should be noted that unlike the BCW procedure no redundant

blts are added to the subset code before transmission.




Suppose V(x) = g(x) (hl(x) I(x) + 1) is sent

through the channel and a left slip of magnitude s
occurs. The received vector will have the following

representation

x> V(x) + u (x) + E(x) (2.2.1)

where us(x) 1s an auxilliary polynomial of weight
s or less

E(x) is an additive error with weight e.

If we assume that the parent code has a t- additive error
correcting capability where t > s + e, then (us(x) + E(x))
can be treated and corrected as if they were a Simple

additive-error. After correction (2.2.1) becomes xSV(x)

' vV (x)
g(x)

We can determine the magnitude and direction of s if the

which has a slip error syndrome equal to modulo hl(x).

slip syndromes are distinet for all -r<i, j<s where r
and s are the maximum right and left slip respectively.
This means that for any -r<il, J<s we have that

x* modulo hy (x) F % modulo h, (x)

(xi(l + xj'i)] modulo hy(x) $ 0
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; Since hl(x) has exponent u, 2.2.2 1s true of u>2s

| (assuming s=r=s). This simply means that for any -s<i<s
1 of Fig, 2.2.1
e f and therefore,the7slip*canfbé-detéetednand'corrected.

Do j any cyclic code xiv(x) will not belong to V

The following theorems are concerned with the
ability of the subset codes to detect and correct slip in

noiseless,Type I,and Type' II channels.

,: Theorem 2.2.1

Given an (n,k) cyclic code whose parity check l*

L

foe 3 polynomial has degree m and exponent u, then there exists
an (n,k-m) subset code with u>s that can detect s or less

digits of slip in a noiseless channel provided s<n-k.

Theorem 2,2.2

_ G@lven an (n,k) cyclic code whose parity check
polynomial has degree m and exponent u, then there exists
an (n,k-m) subset code with u>2s that can correct s or less

digits of slip in a nolseless channel provided s<[(n-k)/2]%.

Theorem 2.2.3

Given an (n,k) cyeclic code whose parity check

* (2] means the integral part of .
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polynomial has degree m and exponent u, then there exists
an (n,k-m) subset code having u>d that can detect any

combination of s diglits of slip and e additive errors

provided et+s<d-l.

Theorem 2.2.14

Given an (n,k) cyclic code whose parity check
polynomial has degree m and exponent u, and a Type I
channel, then there exlsts an (nsk-m) subset code that
can correct s or less diglts of slip and any additive error
pattern that the parent cyclic code can correct, provided

that s<[(d-1)/2].

Theorem 2.2.5

Given a t-error-correcting (n{k) eyclic code
whose parity chéck pélynomiallhas a factor of degree m
and exponent u, then there exists an (n,k-m) subset code
with u>t that can correct any additive error pattern that
the parent can correct in the absence of slip and in
addition can detect the presence of a slip of s digits

in the presence of e additive errors if ets<t.

Theorem 2,2.6

Given an (n,k) cyclic code with an error-correcting




i
e

capabllity of t errors or less, with a parity check

"~ polynomial of degree m and exponent u, and a Type II

channel, then there exists an (n,k-m) subset code with
u>2s that can correct any combination of e additive errors

and s digits of slip if e#s<t,

The proof of these theorems -are based on the fact
that the parity check polynomial is chosen among the factors

of h(x) where h(x) = 1 4 xn/g(x) and has an exponent u

i

which means that it divides 1 + x" but no 1 + x~ for i<u.

.Also the auxilliary polynomial ué(x) or xn'rur(x) from

(2.2.1) and (2.2.2) are treated as additive errors and are

corrected accordingly.

The decoding procedure can be described in the
following steps:

Step 1 Recelve the 1ncbming,sequences and cofrect for any

n-ru (

r x)

additive error pattern (us(x) + E(x) or (x
+ B(x)). _

Step 2 Find the slip syndrome using the parity check
matrix.

Step 3 From the slip syndrome find the magnitude and

direction of the slip and shift accordingly.




Conclusion

This decoding procedure is simple and requires
little computer memory storage if the slip is small. When
the slip is'large the decoder must retrieve the slip
syndrome using a search process which could be time
consuming and expensive in storage devices. A decoding

- procedure would be needed therefore which would find tﬁe

maénitude and direction of the slip with minimum storage.

| The proof for the SQbset code technique 15 very
similar toﬂ\eu?e( presented by Weldon[g:'. The only difference
in the subset code techniqué is that the polynomial us(xX
k‘which is a result of the slip error, is corrected using
| the additive error-cprrecting capability.Of the code.
After the correction is made the resultant vector 1s the
 same és if we had used the BCW technique. We also pay the
price of reduced rate because the subset code must correct

more errors than it really has to.

- Rate of Subset Codes - In Type II Channelg

The rate of an (n,k,t) subset code is given by
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where m 1s the degree of the auxilliary polynomial
hl(x). Also the parent code is t error-
correcting such that t>x+e where s is the

maximum slip.

Because the subset code must correct an additional

number of additive errors (i.e. s) to be able to determine kf

the slip error, the rate will decrease rapidly as the slip bé
or the number of additive errors increases. lf

In Table 2.2.1, 1t can be seen that for n=3l, fé
s=3, e=1 the rate 1s only equal to .129 as compared to | lﬁg
the BCW rate of ,514., Even if the subset code can correct EE
5 additive errors when the no slip error occurs the rate is %gé
much too small to recommend its use. For n=127 the rate g?%
is reasonably high for small values of slip but does not 5 é
achieve better rates than the BCW technique.




TABLE 2.2.1

4o

Rate Rate
s e Subset eo “BCW €0
n=31

1 1 452 2 576 1

1 2 .290 3 Lol 2

1 3 .129 5 273 3

b 2 1 .290 3 543 1
‘ 2 2 .129 5 400 2
vl e 2 3 129 5 257 3
3 1 .129 5 .51l 1

3 2 .129 5 .378 2

- 3 3 - 7 .2U3 3

. n=127

. 1 1 .835 2 .876 1
3 1 2 .780 3 .822 2
2 1 .780 3 .863 1

2 2 JT24 b .809 2

3 1 124 4 .850 1

3 2 .669 5 797 2

4 1 .669 5 .837 1

4 2 614 6 .785 2

5 1 .614 6 .825 1

5 2 559 7 JTTh 2

st slip

e: additive errors

eo: errors that code can correct when s=0
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2.3 Coset Code Technigues

The coset codes have been the subject of many
authors for their use in correcting slip errors in noise-
less, Type I and Type II channels. Even if the ccset
code technique is very well understood, only recently has
a simple and efficient decoding technique been introduced[ 7]
Before this, one had to calculate the syndrome of the
received word using the generator'polynomial g(x)‘and
conpare it to all pcséible stored syndromee to determine

the sllp error, Needless to say that this decoding scheme

required a computer for storage and computation which is

in itself very expeneive and time consuming. Because of
the importance of thls new decoding technique introduced
by Lewis andéﬁm¢§ﬁ;17] we will first of all descfibe |
briefly the old decoding scheme with its limitations and

" then describe the new decoding technique in detall.

Definition 2.3.1 - Coset Code

Basically, & coset code 1s formed by adding a
fixed poiynomial to avgiven (n,k) binary cyclic code
pefore transmission. As a result a word V(x) belonging

to the coset code can be written as

v(x) = [I(x)g(x) + C(x)] (2.3.1)




where V(x) is the word belonging to the coset
g(x) {s the generator polynomial of the cyclic
code
I(x) 1s an arbitrary polynomial of degree
<k-1 |

and C(x) is the polynomial used to form the coset.

The sequence represented by (2.3.1) is transmitted

through the channel. .At the receiver end the decoder
1mmédiately subtracts (or adds in the binary case) the
polynomial C(x) from the recelved word; This will result
- in a sequence which will be used to identify a right or
left slip or no-siip errors at all. Once the slip error
has been corrected the information can be retrieved. For
the case of "no-slip" error, adding the polynomial C(x)
simply gives back the original generated code word I(x)
g(x)., Now suppose a left slip has occurred of magnitude

S. From Chapter I the received polynomial will be
R(x) = x°V(x) + US(X)
or ®[I(x)g(x) + C(x)] + U (x)

Adding C(x) glves

R(x) + C(x) = x®I(x)g(x) + C(x)(1 + x°) + Ug (%) (2.3.2)

et

B e
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Similarly for a right slip of magnitude r we have that
R(x) + C(x) = x""I{x)g(x) + C(x)(1 + x"™7) + x"y (x) (2.3.3)

The problem now consists in choosing a suitable C(x) such
that the slip error in (2.3.2) or (2.3.3) can be detected

and corrected.

For the noiseless case a suitable choice for o
C(x) 1s (1 + xn'l). This can be interpreted as introducing: %f
errors in the first and last position of the code word.
Using this C(x) will guarantee that not both terms will
be cancelled by-Us(x) in (2.3.2) or xn'rU}(x) in (2.3.2)

PRt & v At NI S SR PSS

for some left or right slip of magnitude s and g respectively.

This means that (2.3.2) or (2.3.3) will never be a code
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word, If all slip errors are to be 1ldentified using syndromes,

then these syndromes must be distinet. This means that
[x5V(x) + c(x) (1 + x°) + Us(x)] mod g(x) #

[xTV(x) + C(x) (1 + x77) + X" U ()] (2.3.4)

n=-1

Substituting for C(x) = 1 + x and bring all terms to

the left hand side we obtain for s=r=s

[x5 + x25-1 4 U (x) + xn's“ﬁs<x>] mod g(x) ¥ 0 (2.3.5)
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where Uls(x) = Ur(x)

The weight of [x° + xh-s=1 4 Ué(x) + xn'%uls(x)] is

equal to 2s + 2 and hence the expression (2.3.5) is true

only if

2s + 2 <n-k

or [% < 9:%:%] (2.3.6)

since no burst of length <n-k is a code word. The decoder
must also distinguish between two left slips and two right
slips. The proof is not glven since the bound on s is

larger than (n-k-2)/2 and hence need not be considered.

For a Type I channel a suitable choice for C(x)

is
[e/2] -
C(x) = } (541 (e - 2[e/2]) ¥
i=0
where e 1s the number of additive errors the code can
correct in the absence of slip
and s is the maximum slip (right or left) the code

can correct in the absence of additive errors.

The bound on s is given by

S = Min [Max(sl,s2), s3]
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where
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d-2(e+1) , d=2t+1

)}
§—
n

[(3d - s)/2] - 3e - [e/2]

R
53 [(n-R-e + [e/2] - 1) / ([e/2] + 2)]

where [¥] still denotes- the integral part of y.

Finally for a Type II channel a suitable choice

of C(x) is
e ,(2stl)
o(x) = &1 4 ) xt
i=0
where e and s are the additive and slip errors the

decoder can correct simultaneously.

The bound on s 1is
s = min [(d-le-s)/2, (n-e-2)/2(e+l)]

It is not felt necessary to give a complete
proof of the boundslfor s in Type I and II channels. The

interested reader can consult Tavares[27].

We are mainly concerned in this section with the

new decoding procedure for the coset codes[17]. It should

be noted that the decoding procedure applies only to noise-

less and Type I channels. For the sake of completness a
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ke, Bl 3 U e S s T s D e R

T AR R

PREEINNRRR L A




46

simple decoding procedure will also be described for

the Type II channel.

Decoding Procedure

This decoding procedure was introduced by Lewls
and Fukada[l7].' It consists in computing the product
‘h(x)R(x), modulo 1 + x® where h(x) is the parity polynomial

glven by h(x) = 1 + x%/g(x) and R(x) is the received word.

For the sake of simplicity the noiseless case
is considered where we have shown that a suitable choice

for C(x) is 1 + -1

and the bound on s is [(n-k-2)/2].
In the presence of a left slip of magnitude s the recelved

pclynomial R(x) can be written from (2.3.5) as

R(x) = T(x)gx) + 2 + ™14 0 (x) (2.3.7)
where U;s(x) has been defined earlier in this sectlon.
The expression (2.3.7) can be treated as a cyclic code word
I(x)g(x) with an error x>+ {51y Us(x). Since Us(x)
has degree <s-1 we can also treat x5 + 5Ly U (x) as
a burst error of length <s-1 occurring in the first s+l
positions. Similarly, for a right slip the error x'R +

-R-L oy o=k Up(x) assumes the form of a burst of length

<(R+1) and occurring in the last (R+1) positions.

NIt By RRITWIATIEET
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" the first non-zero coefficient of the burst error (x
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If we take the case of a left slip it can

" be seen from (2.3.7) that the magnitude of s must be found

s s=1

and also the presumed burst error x~ + X° "+ Us(x) must

be corrected.

. (1) Burst Error Correction

If we multiply R(x) by the parity check polynomial
h(x) and take modulo 1 + x" we obtain
s-1

R0B(x), mod 1+ X" = {x*T(x)g00n(0) + (4ot

'+,Us(x))h(x)},Amodulo I+ x" (2.3.8)

Since g(x)n(x) = 1 + x", the first term vanishes, We

therefore obtain

R(x)h(x), mod 1 + x™ = (x*71 + x® + U (x))h(x), mod 1 + X"
Since s<[(n-k-2)/2] < deg g(x), the degree of (x5 + 58

+ Ug(x))h(x) is always smaller than n and therefore we do
not have to take modﬁlo'l + 10, Suppose 1 is the power of

s-1l

+ x5 +fus(x)). 'This_canibe shown in the following way:

00 ¢ves OJU U U.0a U0 0 0,40
1 4+ 1==|

g+ 1-—--"
— n .

873
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' Also we assume ‘that”

s~-1

xiB(x) = (x X0+ US(XH

where B(x) has degree (s-1). The product B(x)h(x)

“will have the following form:

00.0..0 JUU U Ususott 10....00

i + 14| |§n-k-s-1v]

e (4§ $ ] e

res 4

where k is the degree of h(x). It can be seen that

AT

the position of the first 1 from the left denotes the

2o

start of the burst error'xiB(x); the position of last 1

e AT

1tolthe right followed by n-k-s-l zeros)giving the end of

the burst x*B(x), can be determined since the position of
the last 1 is k+s+l, The start and end of the burst error

" 15 removes and then the procedure 13 restarted until xiB(x)

. has been removed from R(x).

(2)  We must also find the magnitude s of the slip.

This 1is easily done -since the sum k+s+l can be determined

from the position of the last 1, from which s can be
determined. |

Example Consider the (15,11,1) BCH cyclic code generated

4 and with parity check polynomial

h(x) =1 + xn/g(x) - 1'+ X + x2 + x3 + x5 + x7 + x8 + xll. ;

by g(x) =1+ x +x

.
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We also choose C(x) =1 + xlu.

Suppose we transmit two code words Al(x) and

Bl(x). The coset code words are then

1+x+ xu + C(x) =x + xlI + xlll

.Al(x)

2 2

+ x5 +C0(x) =1+x+x" ¢+ x5 + xlu

Bl(x) X+ x
Assuming Al(x) and Bl(x) are transmitted end to end, the

transmitted sequence will be
010010000000000[1,11100100000000]1

Suppose a left slip has occurred and the sequence in bracket

1s received such that

R(x) =1+x+ x2 + x3 + x6

The product R(x)h(x), mod 1 + 1 gives

4 6 11 12

l+x + x5 +x + x7 + x9 + X7 +x
which will be represented as

100011110101100 (2.3.9)
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The last 1 in (2.3.9) occurs in the 13th position and is

followed by two zeros. Therefore, the magnitude of the

- slip s is 13-k-1 = 1. The burst error can be corrected

by noting that the first position is a 1 and hence

denotes the start of the burst error. Since s=1 we have

that xiB(x) =1+ x. R(x) becomes x2 + x3 + x6 and

shifting one position to the right we obtain x'lR(x) =
x + x° + x° which is the transmitted code word. Since the

burst length was equal to 2 the procedure did not have to

be repeated.

This technique can be easily implemented using
shift registers, nor gates, and adders. It can be seen

from the product representation

0....0 0 luuuse..u10....00
el + 1—»

¢—————k+tstl——>n~k-s-1+

b n I
< Lad

that one must simply look for the sequence 1 0....0 0
occurring in the last (n-k) positions to find the slip
error. The correction of the presumed burst error 1s done

very easily.

If no slip error has occurred then the product

sequence has in its last (n-k) position the sequence




Jurtud
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10....0 1. This could be used to check if correct

~ synchronization exists. For example

(1 + xlu) (L+x+ x2 + x3 + x5 + x7 + x8 + xll) mod 1 + xl’

«(000111101011001)

~We can see that in the last n-k = 4 position we have the

sequence 1 0 0 1 which means that proper synchronizatienm

existed.

The same procedure can be used for correcting

a right slip of magnitude r. The only difference is that

one looks for a sequence which looks like 0 0 0....1 in
the last (n-k) position. The number of 0's 18 equal to

(n-k-r=-1) from which r can be found. Also the presumed

burst error can be corrected.

The same procedure can be applied to Type I

channels, Slnce additive and burst errors do not

" occur simultaneously one must jdentify which error is

present. If a slip error has occurred, then one can use

the same decoding pmxn&mm'» as for the noiseless case.
. This differentiation can be done by using
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s+l x2(-s+1) '

C(x) =1+x + [e/2] (s+1)

0000x x

+ (e - 2[e/2]) X (2.3.9)
where s 1s the maximum slip
and e 1s the number of additive errors the cyclic

code can correct.
The first step in the decoding procedure is to add c(x) to
the received word and computé the syndrome using g(x).
If V(x) is a code word of the form I(x)g(x) it is transmitted
as V(x) + C(x). If an additive error E(x) of welght smaller

or equal to e occurs the received word will be
R(x) = V(x) + E(x) + C(x)
Remov;ng ¢(x) and taking modulo g(x) we obtain
(R(x) + C(x)) modulo g(x) = E(x), mod g(x)
where E(x) has a welght at most e.
On the other hand, if a slip i<s occurs then the received

word after removing C(x) will be

R(x) + 0(x) = XV(x) + 0(x) (1 + x1) + Uy(x)
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The syndrome is (C(x) (1 + xi) + Us(x)), mod g(x).
From (2.3.9) it can be seen that C(x) will always have ¢
or e+l terms depending on if e 1s odd or even. This means
that C(x) (1 + xi) + Us(x) will have at least a weight
of e+l and at most a weight of e+s+l., Since the code is
e error-correcting the decoder will detect '~ errors
greater than e and less than (n-k), and hence assume that
a slip error has occurred. If additive errors did occur
the decoder determines the errors using some.error-correcting
procedure. On the other hand, if a slip error 1s present

the decoder adds C(x) again to the word giving
R(x) = xiV(s) +.xic(x) + Us(x)
As for the noiseless case the product R(x)h(x) is
R(x)h(x), mod 1 + O =

(do(x) + U (x)) h(x), med 1+ 2" (2.3.10)

where C(x) =1+ xS+1 + x2

+ (e - 2(e/2)) 71 (2.3.11)

(s+1) + " x[e/2](s+l)

When e is odd the degree of C(x) is n-1 and when e is
even the degree of C(x) 1is [e/2] (s+l). When a left slip

oceurs of magnitude s;<s, the degree of x°C(x) 1s

vaswvLLD 4O XIISHIAINRT
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[e/2] (s+1) + 8, and hence the degree of (2.3.10) is
[e/2] (s+1) + 89 + k which would look like the following

sequence (o is a "0" or "1")

x[e/2](s+1 +s+k

0 n-1

)
X X
00 Oeeesd 10.,..000
characterized by a "1" in the {[e/2](s+1)+s+k+l} position

followed by (n-l) zeros where 1= [(e/2)](s+l) + s + k + 1.

Similarly for a right slip of magnitude r we have
that

R(x) = 2 TI(x)g(x) + OTo(x) + xn_rVr(x)

Ne=l

n
If we analyse the product R(x)h(s), 1+x, the term X 'V (x)

will affect at most the terms in the first k positions and

the last r positions. The term xn'r(e-2[e/‘2])xn'1 or

xn'r'l(e-z[e/2]) will affect terms in the first k positions

and terms in the last r positions. We are therefore interested

in the product

x'r{l + xS+1 + x2<s+l) S x[e/2](s+l)} h(x), mod 1 + o

It can be seen that the degree of this expression 1s [e/2]
(s+1)+k-r, Since only the last r terms are affected, a 1

in the [e/2](s+1)+k-r+l position is present. It should also
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be noted that for a right slip a 1 does exist 1n the
position n-r+l or n-r depending on if ¢ is even or odd.

If the [e/2](s+l) +k+s+l position denoting a left slip and
the [e/2](s+1)+k-r+l position denoting a right slip never
coincides with positions n-r+l or n-r then slip errors

can be detected and corrected. The bound on the slip

error is
s < n-k-1-e + [e/2]
- 2 + [e/2]
or - [e/2]s + 25 < n-k-1l-e + [e/2]
or le/2]s - [e/2] + e + 8 + k < n-s-1
or [e/2](s+1) + k + s < n-s=1 when e 1s even
and [e/2](s+1) + k + s < n-s-2 vwhen e 1s odd

Since s,<s we have that

I

[e/2](s+l) + k + 59 [e/2](s+l) + k + s

n-s-1

A

< n-r when e is even

and [e/2](s+1) + k + 5, < [e/2](stl) + k + 5
< n-r-2
< n-r when e is odd
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For the case of a'right slip the condition.is
always satisfied since -s < r < 0. This means that for some
slip 0 < |s;| ¢ s, s; can be determined by findiﬂg the
highest non-zero term x* after the first k bits and before
the last s+l positions. This non-zero term «* where |
o = [e/2](s+l) + k + 81 determines the slip s, = ¢ -
[e/2]1(s+l) - k.

Example: Consider the (15,7,2) BCH code and assume e=2.

The bound on s is

15-7-1-2+¢1 , 6 _
5 T ty=e
and e(x) =1+ x3. It can be shown that
g(x) =1+ NPy x0
and h(x) =1+ xu + x6 + x7
Suppose we transmit
Vl(x) = g(x) + C(x) = 2 + xu + x6.+ x| + x8
vV, (x) = Sltxt it b x4 -
5 x) =g(x) +C(x) =1+x+txX X X X X
end to end:

1110010111000[00,001010111
0000]00,

4
i
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Suppose we receive the sequence in bracket where

y 6, .8

R(x) =x +x +x + x9 + xlo

Adding C(x) to R(x) we obtain

2, 4. 6,.8, .9

R(x) +C(x) =1+x"+x +x +x +2X 10

The error syndrome (R(x) + C(x)) mod g(x) is 1 + x2 + x3 + x°

which can be shown not to be a syndrome defining an error
E(x) of weight 2. This means that a slip error has occurred,
We add C¢x) to obtain R(x) again. The product R(x) h(x)

is

6 8 11 | 12

R(x) h(x), mod 1 + ¥ = Prr b0+ x° x4

or 001001101001100

1 !

From the above sequence the high power term is x12 in

the interval. Hence

51 11 - [e/2](s+l) - k

or Sl 12 - 10 = 2

s
Soiy

e
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Hence, the magnitude of the slip is 2. Shifting R(x)
two'places to the right and removing C(x) glves 1 + xLI

+ x6 + x7 + x8 = g(x) which is the correct code word.

Rate of Coset Code in Type 1  Channels

The rate depends on the number of additive
errors e to be corrected from which the maximum slip s
can be determined. Table 2.3.1 shows the rates for different

values of n, e, and s.

Type II channels

In Type II channels, the additive and slip errors

occur simultaneously. Because of this and due to the

as L ri> SO XELSHIAINLT

nature of a coset code, the decoder cannot differentiate
immediately between an addltive and a slip error. A

suitable cholce for C(x) is

o(x) = 1+ x2$+1 + x2(2s+1) I xe(23+1) + v -1 (2.3.11)

where e is the maximum number-of- additive errors

and s 1s the maximum slip.

Suppose V(x) + C(x) 1s transmitted where V(x) 1s a code

word. If a slip of magnitude 1£s occurs ,the received word

after adding C(x) is
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R(x) + C(x) = x}V(x) + C(x) (1 +x}) + U, (x) + E(x) (2.3.12)

Now (2.3.11) has always e+l terms, E(x) has at most e
terms, and Ui(x) has at most s terms. Therefore, the
maximum weight of C(x)(1 + xi) + ﬁi(x) + E(x) is 2e + s + 1.
This means that the term can be reconstructed using a

t = 2e + s + 1 error-correcting code. From the reconstructed
term the slip i<s can be determined. This will not be
shown here since it is felt that the rate of this technique
(because it must correct at least 2e + s + 1 errors)
decreases very rapldly as the slip s increases. This can
be seen in Table 2.3.2 where the rate is calculated for
different values of n, e, and s. It can therefore be
concluded that the coset code technique 1s inefficient in

Type II channels.
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Rate
Coset

n=31

o Ll el ot

LW w

W= w

N =

n=127

CCRCICICY U I el

LW LW ww

Ul =W Ul =

Ul =

.780
669
559
504
.39u

724
614

559
k9

394

.669
559
504
394
339
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. 2.4(a) Mandelbaum Technique

Among all the present synchronlzatlon error-

_correcting techniques, the Mandelbaum's ' . technidque 1i the

/ one that achleves the highest rate (for a certaln range ol

slip). 3Jheh-encoding and decoding procedures are very

. simple and straightforward.

Encoding Technique

Suppose we consider the case where the magnitude

~ of the right slip is equal to the magnitude of the left

slip and suppose the slip is equal to s. The encoding

technique consists in generating a subset of the parent

_ code such that all ¢ode words in that subset start with

. the following bit pattern

l*—-——s+1-—-o|: s

000.,...0 111....11
The prefix consists of (s+1l) 0's and s 1's. For example,
suppose we have two code words A(x) and B(x) transmitted

end to end; we would have the sequence

0 0.--.0 1 1 l.-ucl an-21-2--uoa 0’ O 0.--.0 1 1 1.--01
bn-21‘2|onob 0

Considering the fact that the codes are cyclic, each code

0

R
E
5
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word can be redefined as

e—s5—s e
1110-.-1 an-ai 2-.00&, a0000ol0000 (2.“.1)

Phepefore a code word can be identified as being at the

point between s+l zeros on the left and s ones on the right.

Tt was said [14] that the first and last code
"words in the sequence will not have the appearance of
(2.4.1) and aré assumed to be in synchronism. We can remove
‘this restriction‘by modifying Mandelbaum's technique |
slightly. It will also simplify the decoding technique.

‘We modify the Mandelbaum technique by assuming that every

code word starts with s+l ones and terminate with s zeros.

VAVLLO SO XLISUIATNG

A code word will look like

|e—stl—s] L*—-S-'A
1111....1 xX. X XXXXXX

ivhere g s "1" or no",

To show that we can detect and correct a slip to
the right or to the left we consider three code words trans-

mitted end to end

{0000, 1111[1 xxxx....xxx} 0000 111171 xxx....xxxxoooo
s s+l g+l

where "x" again denotes a ("0" or "1").
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A right slip of magnitude s has occurred and

the received sequence in brackets 1s

lxx%x....xXx%x 0000 1111 (2.4,2)
s s

Case 2

A left slip of magnitude s has occurred and the

recelved sequence in brackets is

0000 11111 XXZXeusoXXX C(2.4.3)

AT St

Case 3

PRARER LIPSO SR

No slip has occurred. The received sequence

vy e e
R At a g et sttt

is

VAAILO JO XIISHAAITNIE

11111 XxXXXxZX....XxXX%x 000 (2.4.4)

It can be seen that a right slip can be 1ldentified

simply by noting that the received sequence starts with a
one and terminates with a one. This 1s also true for all
right slips of magnitude smaller than s. A left slip of
magnitude s can be identified by noting that the sequence
(2.4.3) starts with a zero. This is also true for all left
slip smaller than s. Finally a "no slip" conditlon can be
{dentified by noting that the sequence (4) starts with a

one and terminates with a zero. Therefore, the decoding
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procedure is very simple, and also the first and last code

- words do not necessarily have to be in synchronism.

The. received sequence which oontaing a slip error
(right or'left) ~ 1s again a code word and any additive errors

can be corrected prior to checking for a synchronization

' error.

Given an (n,k,t) cyclic binary code, the rate

~ obtained using the Mandelbaum technique is

k=25-1
n

_Figure 2.4.1 shows the block diagram of a-possible decoding

scheme.,
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Receive
n-Tuple

Shift to the
right by one
bit

Shift to the
left by one
bit

Fig, 2.4.1 Possible Decoding Scheme

Correct Frame
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2.4(b) Hybrid Synchronization Codes

It was shown in Sections 2.1 and 2.2 that some
synchronization error-correcting capablillty can be
incorporated in a code by adding some redundant bits before
transmission and by adding additional bits in the information
stream. It was also shown that the exponent of the auxilllary
polynomial used gave the range of slip which can be corrected.
Mandelbaum[l3] has proposed a hybrid technique which can
increase the slip connecting capability of the BCW and

the subset code techniques.

It was shown in (Chapter IT, Section 1, 2) that to

correct the slip error one simply finds
s
x° mod Hl(x)
where s is the slip.

Assuming that the exponent of the auxilliary

polynomial 1s u then
(xs+mu) mod H(x) = x> mod H(x)

Since x°[x™ - 1] mod H(x) = 0 this is true since H(x)

does not divide x° but divides (xmu-l). This means that if
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we choose a constant pattern of the form 0%

. -

4

where each bit is separated by u-1 information bits .

then the slip error-correcting capability of the code

will be increased. For example, assumé that there exists

the following pattern within the information digits of

a code word

, 0 XxxXxxxx 0 XXXXXX 0 XXXXXX l'xxxxxx 1 XXXXXX 1 XXXXXX,

!

and assume that a polnter indicates the position of the

firgt "1" (before transmission). Here we assume that u=7

(hence each pattern is separated by u-1=6 information bits).

We can form the following pattern of constants

| - PATTERN
LEFT  NO SLIP 000 J1]11xx
P<y xx000]1]11xx

Ll

u<P<2u xxx00|0j111
2u<P<3u x xx x0 (0f 0111

RIGHT ‘Peu xx000 1] 1.1 xx

u<P<2u - x0001 |1 lxxx

2u<P<3u 00011 jlfxXxXxX

VAMVLLO JO XIISHININIL
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For example, if s=3u-4 = 17 it can be seen that
17 mod H(x) = x3 mod H(x)
frdm which we would obtain the pattern

xxxx 000 111
which immediately indicates that the sequence should be
shifted to the right by 2u = 14 bits to obtain the correct

sequence. The following theorem is due to Mandelbaum.
Theorem

An (nsk) cyclic code can be converted to an
(n,k-Rg) subset code or an (m+2s, k-Rs) extended cyclic
code if there exists a polynomial having degree m and
exponent u that divides h(x). This code will correct a

slippage of s or less digits where

uz=1

wm
n

j=v]
fl

m+ 2%

for any positive integer z.

The rate of the hybrid technique will be greater
only if
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k-m-2z > k-m1

where mt >m

or mt2z < n!
1

or z < (m™-m)/2

This means that the hybrid technique can be
used only in cases where the length n 1s large and the
factors of 1 + %" are far apart in value, For example, if
n = 127, we have that m = mt = 7. Hence z must be smaller
than ml-m/2 = 0 showing that'the hybrid technique cannot

be used or gives the same rate as the BCW or the subset

code technique.

It can also be said that the hybrid technique

cannot be used for codes with prime lengths., This is obvious

since all the factors of h(x), where n(x) =1+ xn/g(x)

have degree m.
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2.5 Tong's Shortened Codes

This technique differs from the other known
synchronization error-correcting codes in that the length
of the code is shortened depending on the maximum value

of the slip that the code must correct.

Tong's technique consists in adding a polynomial
F(x) to every code word before transmission and transmitting
a shortened code. Suppose the length of the shortened code
is n and the length of the parent code 1s equal to gi.
The polynomial F(x) is chosen such that

(F(x)] mod g(x) = (%) mod g(x) (2.5.1)
where g(x) 1is the generator polynomial.

From (2.5.1) we see that adding F(x) to the
code word is the same as if we added the error-syndrome
of an error equal to . Suppose Vz(x) = g(x)Iz(x) + F(x)
is a transmitted word of length n, and a slip of magnitude
s occurs. The received word R(x) is (from Chapter 1,

Section 2 - Case 3)

R(x) = xs[é(x)lz(x) + F(x)] + A(x) + x"B(x) (2.5.2)
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where A(x) and B(x) are polynomials of degreejjs-l.

' If we add F(x) to (2.5.2) and calculate the syndrome with

is(x).we obtain
s(x) = [R(i) + F(x)},>mod é(x) = F(x) (1 + x°), mod g(x)

+ (A(x) + xnlB(x)], mod g(x) (2.5.3)

“Since we choose F(x) such that F(x), mod g(x) = X", mod g(x)

we have that

F(x) (1 + %%}, mod g(x) = (x4 x), mod g(x) (2.5.4)
Substituting (2.5.4) in (2.5.2) we see that the maximum
'weight that {( s4n xn), mod g(x) + A(x) + X B(x)} can
"have 1s 2341, If the code word can correct at least 2s+l
%errors or more. then ebrofa in positions from 1 to s,
:rrom n+1 to n+s and at the position nts+l will be corrected
or shown to ocecur. Since the bit in the. (n+s+l) position
was never transmitted it identifies a slip error. Similarly

for a right slip of magnitude r the received word will be

. ' 4 1
R(x) = xF[(x) I(x) + F(x)] + x"Tc(x) + x" 'D(x) (2.5.5)
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Adding F(x) and taking modulo g(x) we obtain
(R(x) ' F(x)] nod g(x) = {F(x) (14277) + TC(x)
nl-p
+ X D(x)} mod g(x)
where C(x) and D(x) are of degree <s-1l.
Since (F(x)) mod g(x) = (x) mod g(x) we have that
F(x) (1+x7) = (x" + x") mod g(x) (2.5.6)
This means that if the decoder can correct up to 2r+l

errors it will show that errors occurred at positions from

n-r+l to n, from nl-r+l to QE, and at position (ntl). Since

only n bits were transmitted it identifles the occurrence
of a slip error. Assuming that r=s we must have that the

position of the error xn+s indicating a left slip should

be such that

n+s<n+s+tlc« n1 -s+1

and the position of the error x" indicating a right slip

should be such that

n+s<nc« n1 -5 +1

1

3
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‘from which we obtain the following condition

n* - n >28+1 - (2.5.7)

This means that to correct a slip error of magnitude s

the code must correct at least (2s+1) additive errors

and must be shortened by at least (2s+l1) bits. The

rules for a decoding are shown ih the following steps:

Step 1 If the decoder 1nd1catés an error in location

n+l but no errors in positions greater than ntl and

smaller or equal to nl-r+1 then the decoder concludes that

;a right slip has oceurred. One can correct for slippage

by simply shifting to the left until synchronization 1s

restored.

Step 2 If the decoder indicates an error in position
ntB+1l where 1<B<s then the decoder concludes that a left

slip has occurred and corrects it accordingly.

=

Rate of Shortened Codes

Suppose we choose an (n,k) binary cyclic code

with a t-additive error-correcting capability. Assume that

‘the maximum slip (right or left) that the decoder must

WALV AND AALDCaas s




correct is s. Also assume that t = 2s+l+e where e is

the number of additive errors that the code can correct

in the presence of a slip. The length of the shortened

code will be I

n-n1-23-1 o ;

'Therefore the rate 1s

‘k-2s-1 : “ F
nte2s-l

It is clear that this technique can be used only when the

slip is small. As the siip increases the rate decreases

drastically as shown in Table 2.5.1.

BN P AA WAS MLl Seamat
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Conelusions

It was shown that the Tong's shortened codes
can be used only when the chosen (n,k) code has an error-
correcting capability of at least 2s+1. It was also

Shown that the rate decreases rapidly as the slip Increases.

The main reason why the rate decreases so rapidly
s that the code must correct up to 2s bits only because the
received Word 1s not cyclie after a slip has occurred. We
can modify this techaique by assuming that all shortened

code words start and terminate with at least s zeros.




75

TABLE 2.5.1

s e _ Rate ey

=31
1 1 .286 5
1 2 .286 5
1 3 .107 T
2 1
2 2

=12 B ¢
1 1 JTT4 " ;
1 2 .18 5
1 3 661 6
1 4 .605 7
1 5 548 9
2 1 .656 6
2 2 598 7
2 3 541 9
2 4 541 9
2 5 484 10
3 1 .533 9
3 2 533 9
y 1 66 10 |
l 2 407 11 s
5 1 .336 13
5 2 .336 13
6 1 .263 14
6 2 .202
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This will guarantee that the received word which has

suffered slip error (right or left) 'will again be

cyclice.

~ We ave faced with one major prbblem. That 1s,

how can we guarantee that all transmitted code words start
' '_iand-rtnish with at least s zeros, given that F(x) is
.added before tranemiaaion. .To solve this problem we
.propose the following. To begin with. choose all code
fworda oP length n (lensth of parent code) which terminate
. with s zeroa. Delete the last 23+l geros and then

add the vector F(x) to the code word. Berore tpansmission

shift the sequence 8 bits to the left. This will guarantee
that the transmitted word starts and ends with s zeros. .
For example, conaider the (15 11,1) BCH code. and let the
maximum slip s = 1. Suppoae V(x) belongs to the pavent -

‘code and terminates with Us+l = 5 zeros, We have, therefqre,

that V(x) can'be;repneaented by the sequence
ao‘al az 33-&u 35 a6 87 88 39 00000
Adding F(x) we obtain

V(x) +%F(X) s 00 cl C2 °3 au.as,as a7 aé ag 09000
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where CO’ C., C C3 depend on the error syndrome

1° V2
(F(x)) mod g(x).

Deleting the last 3 zeros and shifting to the left by
1 bit we obtain

x[V(x) + F(x)]1 =0 C0 C1 02 03 2, a5 ag g 2g a9 0

1 1 _
or V-(x) + F'(x) =0 by by by b3 by b5 be b7 bg b9 0
where Vl(x) = x V(x)
Fl(x) = x F(x)
Generally for a slip s we have
L—S—* +—35—»

x[V(x) + F(x)] = 0 0....0 by by by baeruidy 5 00 0....0

and let
Vl(x) = x°V(x)
Fl(x) = xSF(x)

Now suppose we transmit Vl(x) + Fl(x). Since the words
start and terminate with s zeros‘we have that, for a left

slip of magnitude i<s, the received vector will be

R(x) = x0vH(x) + FL(0))
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and for a right slip of magnitude i<s the received vector

will be

Fofed R(x) = x~rvi(x) +‘F1(x)]
Jhed [
and lastly for no slip errors the received vector will
TS R(x) = [V'(x) + F(x)]
SRS Substituting Vl(x) = x°V(x)
and Fl(x) = xsFl(x)
SCHEH we obtain
X (1)  For Left Slip R(x) = *Hy(x) + H5(x)
(2)  Por Right Slip R(x) = x*"1(x) + X7 1R(x)
nl Gua (3) For No Slip  R(x) = x°V(x) + x°F(x)
1 E
e %
)i The error syndromes of the above equations are ;
i ' st+i %
I (1)  For Left Slip (x° ~F(x)) mod g(x) ;
(2)  For Right Slip (x5~1P(x)) mod g(x) ;
0 qiin (3)  For No Slip  (x°F(x)) mod g(x)
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Given - F(x) = [x"] mod g(x),we obtain the following
error syndromes

!

(1) For Left S1ip [xn+3+i]mod g(x)

(2)  For Right Siip [x""51Imod g(x)

[thSJ mod g(x)

(3) For No Slip

Therefore, Lf the decoder finds an error in pdsition
(n+s+i+1) we conclude that a left slip of magnitude 1
has occurred and correct it by shifting to the right by
i bits. |

'If the degdder finds an error in poéition
nts-1 we conclude that a right slip of magnitude i has

cocurred and we cbfréct.it accordingly.

If the decoder finds an error in position

nts+l we conclude thét no 8lip error has occurred.

After shifting right or left depending on the
slip error, we add F(x) to recover the originai transmitted

code word.

Consider the (15,11,1) BCH cyclic code and assume

that the maximum slip is s=l. The generator polynomial is

B o e e bt
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g(x) =1+x+ xu

Suppose we want to transmit the code word s(x) =11001
000000000 O, Since s=1 we have that the shortened
code will have a length n=15-3=12. Since the code word
s(x) terminates with at least lUs+l=5 zeros, it is a valid
code word, We choose F(x) such that |

F(x) = (x") mod g(x)

(xlz) mod g(x)

111100000000

Adding F(x) to g(x) we have

F(x) +g(x)=001110000000

Shifting to the left by s=1 blt we obtain

000111000000

Now suppose the transmitted sequences are

[0,b,0001110000 0]o, 0

and a left slip occurs. The recelved sequenc will be

000011100000

L
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or in polynomial reépresentation

4

X +X5+X6

 The error syndrome (x“ + x5 + x6) mod g(x) 1is equal to

1+ x3 which 1s equal to the syndrome of an error occurring

' in the . first positions

Hence, an error has been found in the position
nts+i+l = 15 from which we conclude that a left slip of
- magnitude 1=1 has dccurred. Shifting by 1 bit we obtain

i

J B

000111000000
Shifting again by s=1 bit we obtaln
001110000000

ding "F(x) =1111 000000600

we obtain 110010000000

L or 1+x+ xu whichwas.. the transmitted code word.

Similarly for a right slip of magnitude s=1,

the received sequence will be

001110000000
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or in the polynomial representation

2

4+

The error syndrome'(x2'+ 3 + xu) ﬁod g(x) is equal to
l+x+ x2 + x3 which 1s the syndrome of an error occurring
in the 13th poéition. Hence anberror‘has been found in
position n + s = 1 + 1 = 13 from which we conclude that

a right slip of magnitude i=1 has occurred. Since the

word has been initially shifted by s=1 bits we need not

make any corrective action in the case (in general we
would simply have to shift the sequence to the right by
s-1 bits). Adding F(x) we obtain

110010000000

4

orl+ x + x which was the transmitted code word.

Finally for the case where no synchronization

error occurs the received sequence 1s
000111000000
or: x3 + xu.+ x5

The error syndrome (x3 + xu + x5) mod g(x) is equal to

1 + x° 4 x3 which indicates an error in the 1Mth position
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from which we conclude that no slip has occurred. We

to obtain

4

110010000000

shift the sequence to the right by s=1 bit and add F(x)

which 1s the desired code word.

The rate is equal to k-us-l/nl-ZS-l = ,500.

On the .other hénd, if we had used Tong's technique we

would have needed the (15,5,3) BCH code.

have been .167.

The rate would

Therefore, it can be seen that the

modified Tong's shortened code technique can achieve

better rates than the Tong technique.

As another example, suppose we choose the

(127,85,6) BCH code. Assume that the maximum slip is 2

and that e=1, n=127-5 = 122. If we used the Tong

shortened code technique, the rate will be

k-2s-
n=-2s-

1

=

(o]

\J1
1

\J1

l_l
-3

2

-5

+656.

and since nearly all the error-correcting capability

1s used to correct slip, the number of additive errors

e that the code'can correct is only 1.
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On the other hand, if we used the modified
éhortened code technique we can do with only a 2 error-
correcting code and not a 6 error-correcting code. We
could choose the (127,113,2) BCH code. The rate would
be

kebs=l | 113-9 204 | oo
n-2s-1 = 122 122 °

If we compare this result to the BCW and Mandelbaum

techniques we obtain

n=127 Modified BCW Mandelbaum
g=2 ~ Tong's Shortened Code
esl - 852 | l 856 | .900

'It can be seen'that the rates are about equal in. value.

22

i
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2.6 Shiva and Seguin Results

In this section we will analyse the Shiva and
Seguin resﬁqtfue. We will first discuss the case where
the length of the code is shortened before transmission
and then analyse a slight modification where the length

is unaltered.

Case 1 - Code is Shortened

In this first case we start with an (n,k) binary
cyclic code denoted by V that has the followlng error-
correcting capabilities: (assume s 1s the maximum slip)
(1) corrects a burst of length s or less in the

first 2s positions;
(2) corrects a purst of length s or less always
occurring in the last 2s positions;
(3) corrects errors occurring anywhere belonging
to the set of errors that the parent code
(n,k) can correct.
We shorten the code words by 2s and assume they all
start with a 1. For example, assume that the length of
the parent code n 1s equal to 15 and the maximum slip
is s=2. We will have that all transmitted code words

look like

1XXXXXXXXXX
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where ¢ ' "x" can be 0 or 1, and the length n; = n-2s = 1l.

1'é<?8upposefthree code words are transmitted end . ..

to éndi ‘We obtain

zzlzz, Lx{xxxxxxxlxx, Lylyyyyyyyvy .
where - "y" + ﬁz" can be'0.or 1.

For-a left:slip (sequence in brackets) we obtain

o gz lXXXXXXX o (2.6.1)
and for a right slip. of magnitude s=2-we obtain the

‘sequencesdn [ -]l as
XXXXXXXXXX1ly (2.6.2)

~“We'knBW* that when a left slip occurs we can
expect a burst error of length <s in the first s posifions
and another burst of length <s starting 'in position nyt+l
where nl=n=2s. Similarly for a right'slip we can expect

two burst errors in‘positions from nl-s+1 to n.

o -correct the slip error we must be able to

‘locate the start of the code word denoted by the "L".
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One way is to guarantee that this "1" is always in the

first 2s+l positions. We can do this by shifting (2.6.1)
and (2.6.2) by s bits to the left. We obtain for the case

of left and right slip respectively

XX2z22lXXXXXX (2.6.3)
~and l1yxXXXXXXXX (2.6.4)
where X,y,z are again 0 or 1.

This means that for a left slip we can now
expect burst errors of length <s in the first 2s positions
and in the last 2s positions. Similarly for a right slip

we can expect burst errors in the first 2s positions and

last 2s positions.

Now since the parent code can correct these

errors, (2.6.3) and (2.6.4) will look like
00001l XXXXXXXXZXX
and 1XxXXxxxxxxx0000

More generally, if we assume that a slip 1<s has occurred,

the first 2s+l positions of any received code word, after

—i
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shifting to the left by s bits, will be for the cases
of left and right slib:

|q———-s+i——a1
0000.,...01l xxx

|n————s-i-#| ‘
and 00001 XXX XX Xouuo

Therefore, to recover the correct code word we simply shift

to the right until the first bit is a e,

To summarize the decoding procedures, we simply
shift the received sequence (shortened sequence) by s
bits to the left, correct for any burst and additive
errors using the error-correcting capability of the parent
code and then shift to the right until the first bit is

a 'llll.

If we treat all burst errors resulting from a
sllp error as additive errors then the parent code must
correct t = 2s + e errors where s is the maximum slip and

e is the number of additive errors that can occur during

transmission.

The rate of this shortened code technique is

equal to
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‘occurring in the first 2s positions. In this case we do'
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(k-2s-1)
n=2s

SRS R

Case 2 - Modified Techﬁique

£

i

In this case we assume agailn that all code words

start with a "1" and terminate with at least 2s zeros,

and that the parent code can correct a burst of length s

P T e R L
b e e AL

St

not shorten the code word. The decoding procedure 1s along

the same lines as in Case 1. The only difference is that é

we now expect at most only one burst of length <s in

the first position resulting from a slip error and not
two burst-errors. This means that the parent code need

only correct (if we treat the burst error as additive

errors) t=s+e errors.

The rate of this modified technique is

k=251
n

Conclusion

In Section 2.5 of thls chapter we analysed

Tong's shortened code technique where the rate was glven as

k-2s5=1
n-2s-1
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asuming the parent code can correct at least L = Ds+i+oe

errors. The raté?dbtainéd using the Shiva and Sequin result is -

k=-28=-1
n-2s

but the parent code must correct at. least t = 2s+e errors.

Therefore, the Shiva and Seguin technique has a better
rate than the Tong technique. It should be noted that

both techniques have low rates when the slip is large.

The modified technique (Case 2) gives a better
rate than the shortened technique (Case 1). This is
bécause the parent code must correct only s additional
errors and not 2s additional errors as in Case 1.
Nevertheless, if we cbmpape this modified technique with
that of Mandelbaum '@ 1t can be seen that they are very
similar. In the modified technique we would simply have
to bring s ieros to the front of the code words to obtain
the same results as in Mandelbaum's technique. For
example, if n=15 and s=2, a code word would look like

F——?s-?ﬂ

1xx rix XXXxxxx000

If we bring's zeros to the frent we have

Sty
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Fs+}4 fes

001 xxxxxxxxx00

In Mandelbaum's technique the code word would look like
l’-s+1~*§ ~54 .
111 F’ j

XXXXXxXxxXxxx0

It can be seen that the two sequences are very similar.




CHAPTER III

A FURTHER DISCUSSION OF BCW TECHNIQUE

lp this chapter we prgsent a &ifferent'técﬁniqué
for the cofreciion of sysnchroniiation errors in the |
presence of additive errors. This technique is similar to the
BCH techninue in that we increase the‘1en§th of the code word be-
fore transmission. Thisproce@ure guarantees that thejrechived
word will be cyclic in nature even in the presence of.slip erfors.
The main difference between the two techniques is the form of the
auxiliary polynémial (i.e. P(x) in BCW technique). "Rlso unlike .
the BCW technique no coset is degd to the code word before trans-:
mission. To begin with we will analyse the- auxiliary polynomial

mmmummmuwm.wmﬁwWWWWMmme

auxiliary polynomial was conveniently a factor of the parity check .

~ polynomiai H(x) and therefore divided 14x" we assume in this dis-
cussion that C(x) and H(x) are relatively prime. fThis can be deno-

ted as

———
'y
w
e

(C{x) H(x)) =1

where HixS (14x")/g(x)
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Also instead of adding a coset to every code word
_ befofe{trahsmiésion.(as in BCW techhique) we assume that
. évery code word ends with a "1". This asgures us

‘that every-transmitted code word has degree (n-1).

e e ot e ek b e st b S b 4y sk 8 T

o Using the ébovevrestriction wé obtaih'the
" following results: .
Result 1
Consider an {n,k) cyclic code with generator

polynomial g(x). Suppose we consider -a subset generated by

g(x)C(x) where C(x) and the parity.polynomial H(x) (i.e. H(x)=
1 ¢+ x"/g(x)) are relatively prime and each code word ends with a

"1', we have that a received word will belong to the suset only

if it is in :synchnonization.

B 1Pf00f.' :

"pssume that a left slip of magnitude s has
6ceufred during'transmission. The received code word R(x)

. w1l look 1fke

RxY o+ #®(x) = k(x) (107) + B(x) (3.1.2).

- "c,,,u T, () S BRI + gk, (x)
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where R(x) is the received word
V(x) is the transmitted code word
A(x) 1s a polynomial of degree <s-l
B(x) is a polynomial of degree <n-l.

and I (x) and I (x) are’information: polynam.als of degree k.
smaﬂ‘ aibdis (. b) by g‘(x) i take SR
giving, . o
“Rix) ,iiod Cli) = A{)HX) ,hs‘a‘c-(xy’ + 1, (0) mod C(x)

.-rvﬁ

=x C(x)I (%) hed R ‘B3

since 'x%(k)m}it(x)(:ﬁas}'ﬁ_d(x):easfacfac.t:om:e‘the that,

aﬁﬂ"(xxs;ﬁx)mod C(x)

_—— ~iam RO R
Since C(x) and fl.n(g) are relatively prime, the expression
»* Alxylx) ,mod C(x) 1s different from zero only if the
degree of A(x) 1s smaller than the degree of C(x). If

this 1s true then

Iﬂ;@‘z,‘ mod C(x) % 0

which proves Result 1. It can be seen from (3.1.3) that

i R ot e SN A N A A A A i

1f A(x) 1s equal to zero then

Ii.—(x):‘,‘- rﬁod C(x) =0
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which means that the received word contained.no

* synchronization error. Also since each code word ends

with a "1", this guarantees that a left slip of

' magnitude s or less the degree of A(x) will always be

less than or equal to sg-1.

Result 1 does not hold for right slips since
there is no way of predicting the degfee of A(x) in the
presence of right slip. To resolve this difficulty, we

_ shift ‘the received sequence to the left by s bits where
"§.;s.sa1d to be the maximum allowable slip error. This

‘means that the received sequence will always be checked

for left slip since we have eliminated the case of

"-a.righffslip.

We now examine what happen$ when we shift to

the left (rultiply by x%) the received sequence.

| Case 1_ A right slip of' magnitude r'(r<s). The received

vector will be

R(x) = X V(x) A

Mulidpiying by x5 or shifting (3.1.4) to the left by s

~ bits we obtaln

T e

T o e AT AT v a2 e
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xSR(x) = x> V(x)

or x> v(x) = A(x) (14x7) + B(x)

- where A(x) has deéree <(s=r)-1.
. ‘ | & .

Case 2: A left slip of magnitude L(Lg¢s). The received

vector will Pe
n(#) - i)
§1m;1ar1y.1f we shift £o the ;efg;by s bits ve get
*R(x) = £
oo W) LA (D) + B L (3.05)

From (3.1.5) we see that the maximum degree
of A(x) is (2s-1). From Result 1 we must have that the

désrée of C(x) pe greater than (2s-1). Therefore if

(¢eg C(x) = 23) (2.1.6)

we can determine the magn&tude of the siip. It should be

noted that we do not have to determine the direction since

fRas = oo oo orata

-3

STk I AT
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©R(x) = xs'fV(x)

or S y(x) = A(x) (16" + B(x)

' !

- where A(x) has degree <(s=r)-1.

‘ ‘ : L :

| Case 2: A left slip of magnitude L(L¢s). The received

vector will be
R(x) = V(%)

Sinilarly if ve shift to the Jeft by 5 bits we get

st(x) = xs+LV(x)

or Sy(e) = AX) (140 + B (3.1

From (3.1.5) we see that the maximum degree

of A(x) is (2s-1). From Result 1 we must have that the

degree of C(x) be greater thén”(zs-i). Therefore if

(deg C(x) = 25) (2.1.63

termine the msgnitude of the slip. It shoulé be

noted that we do not have to determine the direction since

we can de




it 1s always to the Z_Le_f_t_._ 'Of.course, if the result
" from '(3.1.3) ‘13‘ equai to zerd, then it can be' assumed
that no slip errors: has occurred. In.the BCW - o ,
techniéue, all additive errors can be corrected prior to
- checking for slip errors. This is true since the resultant
" -code word, even urjdei' slip error, is still a cyclic shift |

of the tranémitted code word.

; _Rate of this Different Technigue

a

The rate of this different technique is

ka5l o
3 , . (3.1.7)

* comparatively to BCW's rate which is ‘equal’to (%]
‘(m 1= the degree of the .auxiliafy . polynomial). This
means that = result ] will yield a better rate as compared to T

the BCH technique.when .. U L oL L
k-2s=-1 > k-m
or 5 < m-1/2 ‘. (3.1.6)

For exawpic, 1f we consider the (31 ,26,1) BCH code, the

degree of the -auxiliary  polynomial is equal to0 5.
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. means that for

s < g=1/2 =2

result’l yeilds a better rate than-the BCW technique.

o aer ol “ et
VO, L REEEPERETYY | B + LKk BERYTURGS SRR AR
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One disadvantage in using the BCW or the subset
code techhique lies .in the fact that for prime lengths

different from those that can be expressed as npzq-l,

' which are called maximal lengths, the auxﬂ1ary polynomial

used often 1eads.to a trivial case, For example, suppose

_the encoder calls for a code of iength equal to 17.

--It can be shown that since 17 is a prime factor of

8_,

2 -1 = 3x5x17, the generator and auxiliary polynomial

must have order equal to 28-1 and have each degree of 8.

'This will result'in the code having only 2 words which is'
a triv;al‘case. On the other hand, if we use fesu1t1':
and if we assume that we want -to correct a left or right

slip (nual to 2, the number of words-in cur code will be

CmPdBe t T -h = |
2k 25 . 29‘5 16.

As another example if one wants a code of lenguh
151, we must use.a generator and an auxiliary polynomial
of Gegree 60 which leads again to a trivial case. Using

result 1 and assuming a maximum slip (right or left) of 2
K-28-1 _ 260:-5 L 258

bits the number of words is equal to 2 = =2

|
1
]
]
|
|
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It should be made clear that even if we
. Qanted to use the BCW technique for correction of Slip
errors.of very émall magnitude, e wduld stiil have to
use an. auxiliary polynomial which leads to some trivial
. cases. Table 3.1.i shows the result of a computer prbgram

which determined the non-repeated prime factoré of 21-1

-where 1 was varied from 2 to 65. For example, the distinct

prime factors that belong to 299_1 are 67, 83, 101, 107,
and 457. Because the table would be extremely'large we
discarded all prime factors greater than 500. From Table

3.1 it can be seen that for many cases one could not use

the BCW ﬁechnique or the Subset.technique. The "Max Slip"

(column 2) is the maximum slip value for which |
result']  1is better than the BCW technigue. The value -

n (éolumn 3) 1s the degree of the auxiliary - polynomial

"for the BCW or subset code.

O ,
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5 1 5
’ \ 3 !
" 4 10 i
il s 2 ;.
1 3 8 i
19 8 18
A} ) a
gg 13 28 .
J1 2 5 E
?3 17 36
i 9 20
43 6 %
47 A 23
. 93 2 52
59 28 58
61 28 58
67 29— 59
T 1 35
3 § 9
9 19 39
83 29 59
89 5 1"
97 23 8
101 29 59
T03 2 51
107 29 59
109 17 36
13 13 28
12T A) T
131 29 60
137 29 50
139 29 60
19 29 60
151 1 1
157 25 52
- 163 29 60
8T 29 50
173 29 60
79 29 60
181 44 56
191 29 60

Table 3.1.1(a)
| ——————




IENGTH  SLIP °

B TSR PR A D ST
r"'ﬂTF'* B B 50 |
- 199 29 60 :
—2M 29 60 %
. 223 18 37 i
r‘ 22t 29 60 i
- 229 29 €0 i
733 0 29 !
239 9 60 i
21 + 24 :
21 24 50
—25T T 16
- 263 30 61
269 30 61
2n 30 61
AL 36 61 :
281 30 61 i
—283 29 60 ?
293 30 61
307 30 61
3N 29 €0
—313 28 57
31T 30 61
331 H 30
- 337 10 21
34T 30 51
349, 30 61
353 30 61
. 359 28 57
367 30 61
313 30 61
379 30 61
383 30 61
389 -—30 61
397 21 Ly
404 30 &1
409 29 60
419 - o - 61
421 30 61
531 1 53
433 30 61
539 30 61
W 30 -6
Y —30 61
t N 59
=1 ¢t
Table 3.1.1(b)
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IENGTH ... .... SLIP.. e
PRERERR ol g
o4 30 6 -
6] 30 —%1 H
479 30 61 4
187 30 61 i
491 30 61 :
799 30 61
503 30 61
509 30 61 ]
521 30 62 i
523 30 Y4 3
541 29 60 |
ST 30 62 i
557 30 62 :'
563 30 62 '
569 30 62 ;
571 30 52 y
577 30 6 !

—587 30 82 |
593 29 59 |
599, 30 62 :
601 12 2

-~ 50T 30 74 :
613 28 58
51T 30 62 !
619 30 6
631 22 5 !
641 30 62 j

LN 30 51 :
647 30 6 1

—653 30 62 !

659 30 @
561 30 62 ;
673 23 48 :
BT7 30 4 !

. 683 10 22 ;
691 30 62 :
01 30 62 (
109 JU 0l ]
19 30 (% i

127 30 6 s
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139 30 62
™3 30 (¥
751 30— 62
B 30 62
61 30 62
169 30 e
A 28 58—
187 30 62
197 30 62
809 30 62
811 30 62
821 30 &
823 30 62
27 30 62
144 JU .74
839 30 6
853 30 62
857 30 62

— 859 30 61 "
863 30 61 1
8§77 30 62 g e
881 27 55 |
883 30 62 ’
887 28 58 !
907 30 62
911 30 (3 { ,
919 30 62 : [
929 30 6 ;
937 — 30 62 !
941 30 62
95T 30 62 {
%3 30 6 H
967 30 62
971 30 62 ; :
7T 30 62 4 :
983 30 62 3 ;
591 30 62
97 30 - 62 k

R

Table 3.1.1(d)




. CHAPTER IV
CONCLUSIONS
In this thesis we have described the ex1sting

techniques which can be used for the correction of

synchronization error. In.Chapter II, the encoding and

’decoding procedures ctf these techniques were described

and thelr rates deternined. In Chapter III‘a néw

: 'technique was introduced. 'l‘o-co.mparev the rate of this -

o new technique to those discussed in Chapter II we use

. Table 4. 1 1. It can be seen that the rate obtained using

the Mandelbaum technique will always be greater than the

; ~r"‘ate obtained- in the case of result 1. ‘This is because the

_extended length n+2s ~ dacreases the rate of result 1. On

the other hand, if we use result 1 then we can achieve -

better rates than the’ BCW technique for a certaln range
of'slip. The techniques in Table 4.1.1 which necessitates
- an increase in the error-correcting capability simply to
ﬁccrr'er:t siip error, achieves lower rates than those which <o

not. Tnis is shown in Table 4.1.2 which gives the rate

for a certain range of slip s and errors e in Type 11

~ channels. We assume in Table 4.1.2 that the length it

' n=127, I\ can be seen that by using result ] we.can . -

achieviy better rates than the Coset, Tong, Shiva 2nd

. Seguin, zm_d»'Subs'et techniques. On she other hand, it °s




]
]
;
i
;
A

never better than Mandelbaum, but greater than the BCW rate

-

up to a slip of 3.

It: was. thought at first that using the auxiliary
polynomial C(x) in result 1 could in some way increase the
error=correcting capability of the-code. Special intere;t was
placed upon the possibility of the code to correct burst errors.

Unfortunate]y it was discovered that at present no additional error

_ correcting could be included by choosing a particular auxiliary

poiynomial C(x). Nevertheless the subject should be analysed and

: studied thoroughly in the future.
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- TYPE II CHANNELS

i D :
% Maénitude gf Slip . & '
x Magnitude of Errors e
| .
E BoW - |- nees e | kn
3 Subset .- 1 n - ‘e+s " kem .
E Coset™ . n I ;2é+s+1 | k
% ,Méndelbaum n | i - e | k=2s-1 ¥
g .'-_Hybrid ;nfas‘.*' | - e k-m-2z**
é ‘Tong (shortenefl) n-2s-1 2stetl - k-2s-1
§ 'Tong (mod) | n=2s-1- . . e .. k-us-l
; | shiva & seguin| n ets k-25-1

“Shiva & Seguin| n-2s | 2s+e k-25-1

- (short). | _
- esult 1 nb2s . oe | k-2l

% Assume n the length of parent code

#% ;= g+l1/p (p s the exponent)

_ #%% p ¢epends on the number of error the parent
' code must be capable to correct

. Table 4.1.3
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