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Abstract

Encoding information on single photons of light is an important part of many quantum

information applications. There are many photonic degrees of freedom which can be used

for encoding quantum information, and we refer to these diverse states as structured light.

Structured light is used for many quantum information such as quantum key distribution,

entanglement distribution, sensing, and quantum walks. One advantage of structured light

is that we can encode more than 1 bit of information on a single photon. This has obvious

benefits for quantum communication in allowing one to increase the information density

of the communication channel. However another benefit which comes out of the security

proofs of quantum communication protocols is an increased tolerance to errors. This can

be useful if one want to communicate in a noisy environment. In this thesis we focus on

the transverse spatial modes of light, in particular the Laguerre-Gaussian modes and how

these can be used for high-dimensional quantum protocols. This culminates in three works

detailing new quantum protocols and the implementation of an adaptive optics system to

improve key rates in free-space channels. We present a new protocol for quantum key dis-

tribution which is a high-dimensional extension of the round-robin di↵erential-phase-shift

protocol and experimentally demonstrate the protocol using Laguerre-Gaussian modes with

an azimuthal index up to ` = 15. We also describe a high-dimensional extension to quan-

tum certified deletion. First however, we discuss the liquid crystal devices that are used

to generate these states and show the kinds of interesting light that can be produced. We

detail an experimental demonstration of magic windows using liquid crystal devices, and

show a new and optimal method for di↵ractive focussing which is confirmed experimentally
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with liquid crystal devices. We also present 2 works on photon pair sources which are a

fundamental piece of quantum communication systems. We describe a method for tailoring

the symmetry of momentum entangled states and show the full Laguerre-Gaussian mode

correlations from an SPDC source. Many di↵erent technological steps are required for

the implementation of quantum information protocols, and here we demonstrate advances

across many of these steps from states preparation to source characterization to protocol

implementation.
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Chapter 1

Introduction

Quantum theory developed throughout the 20th century and provided the solution to many

fundamental problems in physics including black-body radiation, Compton scattering, and

the photoelectric e↵ect. It also enabled forward thinking ideas from physicists and mathe-

maticians such as Richard Feynmann about how the properties of quantum systems could

be used in the future for technological applications in computing. Furthermore, in combin-

ing ideas from quantum theory with the 20th century development of classical information

theory by Claude Shannon, the field of quantum information was developed. Quantum

information makes use of the properties of quantum systems to develop new technologies

for applications in computing, communication, and sensing. These technologies may use

single, photons, atoms, or larger systems which obey some quantum properties, and will

take advantage of the inherently quantum properties of these systems to overcome some

challenge which we can not solve with classical tools. An important example of this is the

computing challenge of finding the prime factors of a large number. It remains an open

problem in computer science and mathematics to find an e�cient classical algorithm for

prime factorization. This algorithmic di�culty has been used as a critical piece of modern

secure communication with public key encryption protocols such as RSA. However, it was

shown in 1994 by Peter Shore that a quantum computer would be capable of solving the

1



CHAPTER 1. INTRODUCTION 2

factoring problem in polynomial time [1]. The eventual realization of Shore’s algorithm on

a quantum computer will introduce a security vulnerability for much of our modern com-

munication and thus the field of quantum key distribution (QKD) has received significant

attention as a potential solution to this problem.

There are some distinctly quantum phenomena we should identify which we will try

to exploit to create interesting quantum technologies. First we may consider the notion

of uncertainty. In macroscopic systems we may have some experimental situation where

we have some uncertainty about the state of a classical system due to precision limits

in our measurement devices. However, in the classical case we would not consider this

a fundamental property of the system, but rather a need for improved equipment and a

reason for a new funding proposal. For example, our ability to identify details in a picture

taken with an old camera may be overcome by increasing the size of the sensor or the lens

systems being used in an upgraded device. In contrast, with quantum systems we have

a fundamental limit on the information that we are able to access about some quantum

state. This is famously described by the Heisenberg uncertainty principle with respect to

the position and momentum of a particle by,

�x�p � ~/2 (1.1)

where �x and �p are the individual uncertainties for the position and momentum. Here x

and p are conjugate variables, and we can see that in the limit as we reduce the uncertainty

�x, i.e., as we have more precise information about x, we reduce the information that can

be obtained about p. This inequality can also be applied to any conjugate variables such

as energy and time, or angular momentum and angular position.

Second we have the phenomenon of entanglement, which describes non-classical cor-

relations between quantum particles. These correlations are specifically defined as being

non-classical as there does not exist a classical description which can replicate the correla-

tions we find in the case of entangled particles. The defining property of a pair of entangled

particles is that they have correlations which violate the Bell inequality. Before going into

depth on the formalism of the Bell inequality and how this can be used to provide evi-



CHAPTER 1. INTRODUCTION 3

dence of entanglement, we will introduce some of the mathematical concepts necessary for

studying quantum mechanics.

In the quantum information topics discussed here, we will rely heavily on the “bra-ket”

notation introduced by Paul Dirac in 1939 [2]. We start by introducing a quantum state,

which we will represent using the “ket” symbol, |·i, which represents a vector. This ket has

a hermitian conjugate denoted by the “bra”, h·| which acts as a linear functional on the

kets. We define this hermitian conjugate using the dagger notation, i.e., h·| = |·i†. We have

an inner product between the bras and kets, h�| i, which gives a complex number that

represents the overlap or the similarity between two quantum states. In another way, we

can think of h�| i representing the probability amplitude of finding the quantum state | i
to transition to the state |�i. To get a measurable, real-valued probability we multiply the

amplitude by its complex conjugate giving P = h�| i h |�i = |h�| i|2, giving the square

modulus. In a finite Hilbert space these bra and ket vectors will represent row and column

vectors and the overlap h�| i is the inner product given by matrix multiplication. As an

explicit example lets consider a 2 dimensional Hilbert space given by the polarization of

a photon. We can choose the horizontal and vertical polarization states as an orthogonal

basis, where we write the states as |Hi = (1, 0) and |V i = (0, 1). Now the inner product,

or projection, gives us the orthogonality condition for these 2 states: hH|V i = hV |Hi = 0

and hH|Hi = hV |V i = 1. We can also have quantum states which are some arbitrary

superposition of these orthogonal basis vectors. Continuing with the polarization states,

we can have a superposition state given by | i = c0 |Hi + c1 |V i where c0 and c1 are

complex numbers such that |c0|2 and |c1|2 are the probabilities of measuring the state | i
in the states |Hi and |V i. Specifically can write the diagonal and anti-diagonal polarization

states as |Di = (|Hi+ |V i)/
p
2 and |Ai = (|Hi � |V i)/

p
2, and the right and left circular

polarizations are given by |Ri = (|Hi + i |V i)/
p
2 and |Li = (|Hi � i |V i)/

p
2. The

diagonal/anti-diagonal and right/left polarizations provide two additional orthogonal bases

for the photonic polarization.

While polarization is one example of a photonic quantum state, we can write the quan-

tum state for any degree of freedom such as the frequency, position, momentum, or number
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of photons. We can also use the bra-ket notation for a continuous variable to represent the

wave function  (x) which is the probability amplitude of finding the quantum state | i in
the position |xi. This is again written as the inner product  (x) = hx| i. Again in the lab

what we are often going to measure the real-valued probability density, P (x) which is the

more familiar concept of the probability of finding a quantum particle at position x. The

probability density is again given by multiplying the amplitude by its complex conjugate,

i.e., P (x) =  
⇤(x) ·  (x) = | (x)|2. We can then find the normalization of the wave func-

tion by requiring that the probability of finding the quantum particle anywhere in space

is equal to 1, thus integrating over all space we have
R
 

⇤(x) ·  (x)dx = 1. We also have

linear operators which act on the quantum states and transform them to another state. In

the discreet, d-dimensional Hilbert space, an operator Â is an d ⇥ d matrix and thus the

matrix multiplication Â | i results in another ket, | 0i. Finally, we do not always have so

called pure states which are easily represented by a single wave function. We can also have

mixed states which are statistical ensembles of pure states. These are constructed from a

ket-bra pair to give an d ⇥ d matrix and are typically denoted as ⇢̂ =
P

d

i,j=1 pij | ii h j|,
where pij are the statistical weights of each state. These will provide us with much more

versatility in talking about quantum states for the purpose of quantum information.

Returning now to the topic of entanglement, we can describe these entangled states by

considering a pair of anti-correlated particles A and B in a state

| i = 1p
2
(|"i

A
|#i

B
� |#i

A
|"i

B
) (1.2)

where |"i and |#i represent the spin up and spin down state of the particle. We can

see that a measurement of particle A, revealing its state to be in either state |"i or |#i,
tells us which state particle B is in. We can then rewrite this state in another basis,

which can be achieved by applying the �̂x rotation resulting in the orthogonal basis states

|±i = (|"i ± |#i) /
p
2. The original state in the rotated basis now becomes

| i = 1p
2
(|+i

A
|�i

B
� |�i

A
|+i

B
) . (1.3)

Now a measurement of particle A in state |+i results in particle B being in state |�i =
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(|"i � |#i) /
p
2. This is very strange, because we are changing the state of particle B

simply by changing the choice of measurement on particle A [3]. This apparent paradox

was outlined by Einstein, Podolsky, and Rosen in 1935 and is referred to as the EPR

paradox [4]. When considering that these particles could be separated by some vast amount

of space, we can understand why Albert Einstein referred to these strange predictions of

quantum theory as a “spooky action at a distance.”

We can change the formulation to more accurately represent the 2-particle state by

introducing density matrices to describe the state instead of the state vector ket. The two

particle entangled state is then given by ⇢̂AB = | i h | which in the spin up/down state is

written as

⇢̂AB =
1

2
(|"i

A
|#i

B
� |#i

A
|"i

B
) (h"|

A
h#|

B
� h#|

A
h"|

B
) (1.4)

We can then just look at the state of particle B by the partial trace over particle A, i.e.,

⇢̂B = TrA(| i h |) which gives

⇢̂B =
1

2
(|"i

B
h"| + |#i

B
h#|) = 1

2
ÎB, (1.5)

where ÎB is the 2-dimensional identity operator in the state space of particle B. Similarly,

the trace over particle A in the plus/minus basis gives ⇢̂B = 1/2ÎB. This form of density

matrix for particle B is referred to as the maximally mixed state, and we must reiterate

that this is when we do not consider the measurement outcome for particle A as those

have been traced over. So now particle B is in a completely mixed state, even though

it started in a pure state in combination with particle A. Thus the state of particle B

is fundamentally altered by erasing the information of particle A which we do when we

perform the trace.

This apparent inconsistency motivated physicists to introduce the idea of “hidden vari-

ables” as a physical mechanism to describe this behaviour. The idea being that these

unknown physical parameters are responsible for the quantum correlations that one mea-

sures experimentally. One such class of these theories considers local hidden variables

which are not a↵ected by spatially separated actions such as a measurement on the other
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particle. These theories are related to the idea of local realism, i.e., the assumption that a

physical property must be able to be predicted with certainty and is not dependent on the

choice of measurement settings. In 1964 John Bell showed that there is an upper bound

on measurement outcomes coming from any theory satisfying the properties of local re-

alism [5]. To show this, consider again the correlated particles A and B now with some

hidden variable � and measurement settings a and b. The outcomes for measurement on

A and B are independent of each other and we have A = A(�, a) and B = (�, b). The

correlations between the two measurements can then be defined as

P (a, b) =
X

�

⇢(�)A(�, a)B(�, b) (1.6)

where ⇢(�) is the probability distribution of the hidden variable. Bell’s theorem shows that

a local realism interpretation is not possible beyond a certain bound which is broken by the

expected results of a quantum experiment, thus verifying that the quantum correlations we

observe cannot be produced by a classical system. Again this shows that these quantum

phenomena are not a matter of our lack of understanding about these systems, but rather

a fundamental behaviour of quantum systems which runs counter to our intuition. This

can be demonstrated using photon pairs generated with perfect polarization correlations,

and three polarization measurements at angles 0,+2⇡/3 and �2⇡/3. If the outcomes of

these measurements are pre-determined by local hidden variables, it can be shown that

the probability of measuring the same result is at least 1/3. However, when we consider

the quantum scenario with the entangled state | i = (|Hi
A

|Hi
B
+ |V i

A
|VBi)/

p
2, we find

that the probability of getting the same measurement result is 0.125 in the case of the

2⇡/3 measurement setting, thus breaking the P � 1/3 bound given by the local hidden

variables.

Following the development of quantum mechanics, our understanding atoms and light-

matter interaction allowed for great technological leaps in the 20th century. These include

the transistor and the laser which have been fundamental to our rapid progress in nearly

every field of industry and technology. These devices, who’s discovery stemmed from a new

understanding of the physical systems, are often referred to as the first quantum revolu-
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tion. While the transistor and the laser rely on the laws of quantum mechanics, we do not

actually make use of quantum e↵ects such as superposition, uncertainty, and entanglement.

The quantum 2.0 revolution describes our current e↵ort to actively control single quantum

states such as atoms or photons to create new technologies whose applications are depen-

dent on these uniquely quantum phenomena. Quantum 2.0 has become realistic in recent

years as various technologies have improved such as single photon detectors, atomic traps,

milliKelvin refrigeration, ultra-stable lasers, nano-fabrication, and many others. Along

with technological improvements, theoretical work into entanglement sources, communi-

cation protocols, computing architectures, error correcting codes, and sensing protocols

has expanded as the feasibility of new quantum technologies has increased [6, 7]. Today

both academic and industrial parties are pushing the boundaries of quantum communica-

tion, computing, and sensing. As the ecosystem grows, the progress is able to accelerate

as di↵erent groups become more focussed on unique problems with more and more of the

necessary tools such as sensors and control systems being industrially produced specifically

for quantum tasks.

This thesis is primarily focussed on using spatial modes of light to establish secure,

high-dimensional quantum communication channels. In achieving this goal we will cover

a breadth of topics that are necessary to complete this task including liquid crystal de-

vice design for generating the spatial modes, characterization of quantum sources photon

pairs, and developing unique high-dimensional quantum communication protocols which

we implement experimentally. Finally, we also realize the implementation of a fast adap-

tive optics system for overcoming atmospheric turbulence with spatial modes of light for

quantum communication. Chapter 2 details the design of liquid crystal devices through 2

separate works in which novel optical fields are created. Chapter 3 discusses the characteri-

zation of single photon sources, specifically two works investigating spontaneous parametric

down conversion sources with position/momentum entanglement and full-mode Laguerre-

Gaussian states. Chapter 4 includes 2 new protocols for high-dimensional quantum com-

munication as well as my work on adaptive optics for quantum channels.



Chapter 2

Liquid Crystal Devices

2.1 Spatial Modes of Light

Light is the most e↵ective physical system for communication, as demonstrated through

all the 20th century development from radio communication(m), to cellular (mm) and fibre

optic telecom (1.5 µm). We will use light in the infrared and visible (400-800 nm) spectrum

for single photon quantum communication. It is important that we understand how the

light behaves and thus beginning with the Maxwell’s equations is a rather obvious place

to start. For the electric field, E, and magnetic field B in vacuum, we have the following

four equations completely describing their dynamics:

r · E =
⇢

✏0
, (2.1)

r ·B = 0, (2.2)

r⇥ E = �@B
@t

, (2.3)

r⇥B = µ0J+ µ0✏0
@E

@t
, (2.4)

where ✏0 and µ0 are the permittivity and permeability of vacuum, and J and ⇢ are the

current and charge densities, respectively. In a vacuum when we set ⇢ = 0, J = 0;

8
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Maxwell’s equations can be solved to give the Helmholtz’s wave equations for E and B,

✓
r2 � µ0✏0

@
2

@t2

◆(
E

B

)
= 0, (2.5)

where r2 is the Laplacian operator. We typically use light at optical wavelengths in the

400 � 800 nm range which we generate using a laser. At these wavelengths, we are able

to collimate the light, which means that it is propagating primarily in a one direction as

opposed to radiating outwards in every direction as one expects from an RF antenna. This

means that the deviation of the wave vector away from the optical axis is very small and

thus we can make use of the paraxial approximation, i.e., the slowly varying amplitude

approximation, to arrive at the paraxial wave equation,
✓

r2
? + 2ik

@

@z

◆
E(r) = 0, (2.6)

where r2
? = @

2

@x2 + @
2

@y2
is the transverse Laplacian operator and E(r) is the electric field

vector. We now have a wave-equation which describes the evolution of an optical field in

the z-direction, and we can consider what are the solutions to the transverse, x-y, modes

of this field. This will give di↵erent sets of orthogonal mode solutions depending on the

coordinates that we choose. We will mostly look at the cylindrical coordinates giving us

the Laguerre-Gaussian modes which are written as,

LG`,p(r,', z) =
C`,p

w(z)

 
r
p
2

w(z)

!|`|

exp

✓
�ik

r
2

2R(z)

◆
exp

✓
� r

2

w(z)2

◆
⇥

⇥ L
|`|
p

✓
2r2

w(z)2

◆
exp (i�`p(z)) exp (i`') .

(2.7)

where C`,p = (2p!/(⇡(p + |`|)!))1/2, L
|`|
p (·) is the generalized Laguerre polynomial, and

�`p(z) = (2p + |`| + 1)arctan(z/zR) is the mode-dependent Gouy phase. R(z) = z(1 +

(z/zr)2) is the radius of curvature where zr = ⇡!
2
0/� and !(z) = !0(1 + (z/zr)2)1/2 is the

beam radius at a propagation distance z for the beam waist !0. The exp
⇣
� r

2

w(z)2

⌘
term

is a Gaussian which scales on propagation. The e
i`� term defines the azimuthally varying
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Figure 2.1: Laguerre-Gaussian modes. Intensity and phase of the lowest order ` and p

modes are plotted with their intensity and phase. As the order increases the modes become

larger, taking up more of the cylindrical aperture.

phase which gives rise to `~ units of orbital angular momentum (OAM) and is of particular

interest for the works in this thesis.

The Laguerre-Gauss modes provide an orthogonal basis in ` and p and thus we can

use them in the same way as we use polarization to encode quantum information. The

advantage the spatial modes have over polarization is that we are not limited to a 2-

dimensional space but in fact have a theoretically infinite Hilbert space to work with.

Some of the lowest order LG modes are plotted with intensity and phase in Fig 2.1 We

describe a quantum state in the Laguerre-Gauss basis by |`, pi where

hr,�, z|`, pi = LG`,p(r,�, z) (2.8)
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gives the probability amplitude of finding the state |`, pi in the coordinate space state

|r,�, zi. The quantum states |`i are defined as the eigenstates of the OAM operator
ˆ̀ = �i~@�. This operator is conjugate to the azimuthal position operator, �̂, just as

transverse position and momentum are conjugate variables.

2.2 Generation and Characterization Methods

LG modes of di↵erent ` and p values do typically posses a di↵erent intensity pattern,

however they are not orthogonal in their intensity patterns, and thus a camera can not be

used to completely distinguish di↵erent modes and we must gain some phase information

about the beam. The dominant approach to LG mode characterization is using the phase-

flattening technique. However, there do exist compressed sensing protocols and phase

retrieval approaches that are able to determine the LG mode in certain scenarios where

some information is already known about the state being measured. Generally we want to

make a full-field measurement of the intensity and phase. The phase-flattening technique

is a projective measurement in which the conjugate phase of the mode profile which we

want to detect is applied to the incoming beam resulting in the phase being removed if the

input beam matches the applied conjugate phase. A spatial light modulator (SLM) is often

used to apply this phase as the pattern can easily be changed, however one can also use

q-plates, metasurfaces, or other devices to impart the desired phase. This now flattened

transverse phase results in a Gaussian-like profile in the far field which allows the light

to be coupled to a single mode optical fibre (SMF). If the incoming light still has some

azimuthal phase component then it will not couple to the single mode fibre. Thus we are

able to project onto desired modes and through changing the projected phase we can build

up a complete set of measurements. One of the di�culties with phase-flattening is that it

crucially depends on the use of a single mode optical fibre which means that the e�ciency

is bounded by the coupling e�ciency. Another di�culty is that the e�ciency is typically

mode dependent. This can be particularly bothersome in suboptimal environments such
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as a free-space quantum communication channel where beam deviations will impact the

ability to couple all of the incoming light to the SMF. This will be addressed in more detail

in the final chapter where we use adaptive optics to overcome atmospheric turbulence in

an OAM based QKD channel.

� = 0 � = 1 � = 2 � = � 2

2π

0

2π

0 0

0.2

0.4

0.6

0.8

1.0

SLM
Laser

ApertureLG�,p
b.

a.

Figure 2.2: SLM for LG generation. A di↵raction pattern is used on the SLM such that

the desired mode is produced in the first order of di↵raction. In this way, any ine�ciency

in the SLM does not result in unconverted light getting in the desired LG`,p mode.

The single measurement setting of the phase-flattening approach provides many limita-

tions in practical applications as many of the measurement results will give no information

when the photon is not coupled to the fibre, except that the photon is not the mode

displayed on the SLM. Thus there have been various developments toward “sorting” mea-
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surements for OAM and spatial modes in general. These sorting techniques are analogous

to a polarising beam splitter which give an output in the H and V polarisation mode as

opposed to a polariser which only transmitted a single polarisation. One method which

has seen many implementations makes use of multiple unitary optical transformations from

the azimuthal OAM modes to distinct spatial positions. The device consists of a phase

“unwrapper” and a phase correction component, which in combination translate the az-

imuthal phase gradient to a linear phase gradient. Then a Fourier lens is applied which

sends the linear phase to distinct spatial positions in the far field [8]. Recently the approach

of mulit-plane light conversion as these devices can be tailored to arbitrary specifications

not limited to just sorting OAM modes but also more complex modes or OAM superpo-

sition states [9, 10]. As the name implies, this approach involves applying di↵erent phases

to the incoming beam at multiple planes. The phases here are numerically determined

using iterative methods such as the genetic algorithm to come up with a unitary operation

between some input set of modes and some spatial output bins. One advantage of this

approach is that one can tailor the output modes such that they be optimally coupled to

a fibre or directly to some detector.

2.3 Liquid Crystal Devices

Liquid crystal devices are used in many technologies for manipulating the polarization

and phase of light. This includes the ubiquitous liquid crystal display screens which have

a layer of liquid crystals placed between two polarisers. For our applications, the liquid

crystal can be oriented on a certain axis and then imparts a geometric phase, also called

the Pancharatnam-Berry phase, onto incoming circularly polarized light. In the case of the

Pancharatnam-Berry optical element (PBOE) devices that we produce for the generation of

structured light, this geometric phase results in a space-varying phase dependence imparted

on the outgoing optical beam. This can be used to produce OAM beams, vector vortex

beams, or arbitrary optical states of light as in the magic window and optimal di↵ractive
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focusing papers below [11–14]. The so called q-plates have an azimuthally symmetric liquid

crystal orientation with topological charge of “q”. A q = 1/2 plate has liquid crystals which

go from an orientation of 0 degrees, to 90 degrees upon a half turn azimuthally, and then

back to 0 degrees (or equivalently 180 degrees). We can describe the action of a general

PBOE with liquid crystal orientation ↵(x, y) by

"
eL

eR

#
QP�! cos

✓
�

2

◆"
eL

eR

#
+ i sin

✓
�

2

◆"
eR e

+2i↵(x,y)

eL e�2i↵(x,y)

#
, (2.9)

where � is the tuning parameter which is modulated by applying an AC voltage across the

plate, and eR and eL are the right and left circularly polarized components of the electric

field. This allows for control over the phase and or the polarization of the output beam

depending on the polarization sent incident on the q-plate. If we go with a left polarized

Gaussian input, and tune the voltage of the q-plate such that � = ⇡, then the action of

the q-plate becomes eL QP�! eRe+2i↵(x,y). Now if the device is fabricated such that the

orientation of the liquid crystals is azimuthally symmetric, ↵(x, y) = `�/2 then we will

generate an output which has the opposite handed circular polarization and an i`� phase

dependence, corresponding to an OAM carrying beam with angular momentum of `~ per

photon. If instead of a circular polarization input we have some linear polarization, which

is a combination of eL and eR, an interesting polarization pattern will be produced which

is determined by the phase relationship of the output left and right-circular component.

In the case of a q = 1/2 plate, these output modes are called the azimuthally and radially

polarized states and the star and lemon states, and are generated by an incident horizontal,

vertical, diagonal, and anti-diagonal polarization. These polarization vector-vortex modes

are orthogonal and can be used for information encoding instead of the OAM as we have

demonstrated in underwater and free-space channels [15,16]. These structured polarization

states are also interesting for various applications in light-matter interaction for microscopy,

optical tweezers, and coherent control [17–19].

For the optimal focusing paper below, we want to produce a uniformly polarized output

with amplitude modulation. Because of the ability to tailor the output polarization using
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the q-plate, we can consider using these devices to modulate the amplitude of a beam by

placing a polariser after the output. Writing the action of the PBOE in a di↵erent form

for a horizontal or vertical polarised input, we can see the following e↵ect

Ûq ·
 
eH

eV

!
= cos

✓
�

2

◆ 
eH

eV

!

+ i sin

✓
�

2

◆ 
cos (2↵(x, y)) sin (2↵(x, y))

sin (2↵(x, y)) � cos (2↵(x, y))

! 
eH

eV

!
. (2.10)

Again as a particular example consider sending a single input polarisation such as eH with

a horizontal polariser placed after the plate, and tuning the voltage to give � = ⇡ we

see that the action becomes eH QP�! eH cos(2↵(x, y)). Thus we can determine the liquid

crystal orientation needed to give some normalized amplitude field A(x, y) for a horizontally

polarised beam by ↵(x, y) = 1/2 arccos(A(x, y)).

2.4 Device fabrication and characterization

The liquid crystal devices that we fabricate consist of a 4.8 µm thick liquid crystal cell

contained by 2 indium tin oxide (ITO) coated glass plates, which are spin-coated with

a thin photoalignment layer. This layer is used in the fabrication process to determine

the orientation of the liquid crystals in the device. The first step is to spin-coat the ITO

glasses with the photoalignment material PAAD-22 from BEAM Co. This substrate has

peak absorption at 366 nm which allows for use of the device at wavelengths above 500 nm

without a↵ecting the alignment of the substrate. Next the two glasses are glued together,

with care being taken to ensure that they are glued parallel to each other such that the

liquid crystal cell has a uniform thickness around the entire area of operation. The plate

now has the photoalignment coating but the liquid crystal has not yet been added. We

now illuminate the plate with a 405 nm laser source which first reflects o↵ a digital micro-

mirror device (DMD), and then passes through a half-wave plate. The 600 by 600 pixel

DMD allows us to illuminate the plate with single pixel precision and the HWP lets us
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control the polarization of the incoming light. The substrate aligns with the input UV

light and thus we are able to control the orientation of the molecules and consequently the

liquid crystal with single pixel precision. The face of the DMD is imaged onto the plate

and with either magnification or demagnification we can adjust the size or precision of the

device’s e↵ective area. The substrate is exposed to the polarized UV radiation for 30 or

more minutes at each polarization / pixel setting, and then the liquid crystal can be added

to the cell and the cell is sealed with epoxy [11].

Laser (405 nm)DMD

q-plate
HWP

Aperture

DMD Patterns

Figure 2.3: Generation of liquid crystal devices. A 405 nm laser is used along with a

digital micromirror device (DMD) and a half-wave plate to give pixel-by-pixel precision in

determining the liquid crystal orientation.

The challenges in fabricating the liquid crystal devices is primarily in achieving perfect

imaging of the DMD onto the device, glueing the plates together with uniform thickness,

and in choosing the patterns for the fabrication process. In principle we are limited only by

the precision of our wave-plate rotation and the number of pixels. However, we also need

to consider the e↵ect of having patterns with regions of single pixels which may lead to an

overlapping e↵ect if there is imperfection in imaging the DMD. In both the magic window

and focusing papers we go with a pattern set consisting of around 20 di↵erent polarization
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settings and thus 20 phase/amplitude steps.

Once the device has been created, we must determine the desired tuning voltage to give

� = ⇡ resulting in the device being “perfectly tuned” giving full conversion from left- to

right-circular polarization and thus imparting the entire beam with the desired phase. The

tuning voltage is wavelength dependent, as it alters the total birefringence of the liquid

crystal cell. This allows a single device to be useful at di↵erent optical wavelengths. To

find the optimal tuning voltage we can place the device between cross polarisers along with

quarter-wave plates to measure circular polarisation and maximize the transmission, i.e.,

maximizing the conversion from left- to right-circular polarization. Then depending on the

application we can either characterize the intensity of the output beam using a camera, or

we can make phase measurements by interfering the output beam with a Gaussian beam

and observing the interference pattern. For an OAM beam if we interfere with a Gaussian

beam at some non-zero angle this will result in the pitchfork hologram which we are familiar

with as they are used to generate these OAM modes on an SLM. If the interfering beam

is co-linear then we will see a spiral pattern with opposite handedness depending on the

OAM having a positive or negative charge.

The rest of this chapter presents 2 articles on liquid crystal device fabrication. The first

paper shows the implementation of liquid crystal devices to produce magic windows which

can form arbitrary intensity images which remain visible upon propagation. The second

work outlines a new formulation for optimal di↵ractive focusing, and includes an experi-

mental demonstration using liquid crystal devices. The di↵ractive focusing abilities of an

aperture or the Fresnel zone plate have been studied extensively including investigations

into continuous zone plates with a variable amplitude following a sine or cosine function

instead of discreet amplitude jumps between opaque and transparent zones [20–22]. The

result presented below improves on these classic di↵ractive focusing methods.
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Magic windows (or mirrors) consist of optical devices with a surface deformation or thickness distribution devised in
such a way to form a desired image. The associated image intensity distribution has been shown in previous works to be
related to the Laplacian of the height of the surface relief. Exploiting the Laplacian theory to calculate the needed phase
pattern, we experimentally realize such devices with flat optics employing optical polarization-wavefront coupling,
which represent a new paradigm for light manipulation. The desired pattern and experimental specifications for design-
ing the flat optics was implemented with a reconfigurable spatial light modulator, which acted as the magic mirror. The
flat plate, an optical polarization-wavefront coupler, is then fabricated by spatially structuring nematic liquid crystals.
The plate is used to demonstrate the concept of a polarization-switchable magic window, where, depending on the input
circular polarization handedness, one can display either the desired image or the image resulting from the negative of the
window’s phase. ©2022Optica PublishingGroup under the terms of theOpticaOpen Access Publishing Agreement

https://doi.org/10.1364/OPTICA.454293

1. INTRODUCTION

The mechanism behind ancient magic mirrors from China and
Japan was not understood until the 20th century, despite the
earliest creations of these artistic pieces dating back to 2000 BC
[1]. The cast bronze mirrors presented as normal mirrors while
viewing one’s reflection. However, when sunlight was shone
directly on the mirror, it acted as a subtly parabolic mirror forming
an image—corresponding to patterning on the back side of the
mirror—presented on the floor or a screen [2]. A similar phenome-
non can be observed in the reflection of the sun off large windows
and onto a street below. Though the window appears flat and does
not significantly distort an image while we look through it, the
slight deformations from tension around the edges result in a non-
uniform reflection onto the ground in the shape of an “X ”-pattern.
Despite deriving from a millennia old tradition, magic mirrors
inspired a measurement technique (called Makyoh topography
after the Japanese word for “wonder mirror”) for detecting sur-
face deformities in silicon wafers in the late 20th century [3,4].
This approach has the advantage of being very simple and prac-
tical for industry-based applications, in comparison with other
measurement techniques such as interferometry or atomic force
microscopy [5].

The magic mirror effect can be quantitatively explained
through standard diffraction theory [3]. However, the final under-
standing of how images are formed from the magic mirrors was
derived in 2005 by Sir Michael Berry [1]. Here, it was shown that
the intensity of the image is given to the first-order approximation
by the Laplacian of the height of surface reliefs on the mirror. The

principle of the magic mirror can be applied to devices working in
transmission, the so-called “magic windows,” which can produce
a similar effect forming the Laplacian image through very slight
thickness deformations [6]. Specifically, the surface should be
“smooth” enough, with gentle variations, such that caustics are
not formed before the image appears. It is shown that the intensity
of the Laplacian image is given in terms of the height of the sur-
face relief, h , by ILaplacian Mirror(r, Z) ' 1 + Zr2h(r) [1]. Here,
Z = 2D/M and r = R/M are the rescaled distance along the
propagation direction and transverse position from the center of
the mirror, respectively, normalized to the magnification of the
convex mirror M. D and R are the distances from the mirror and
transverse position of the image, respectively. The Laplacian image
produced from a magic window, however, depends on the relative
refractive index of the window, n, in addition to the height of the
surface relief, h , which is given by [6]

ILaplacian Window(R, z) ' 1 � z(n � 1)r2h(R). (1)

Here z is the distance of the image plane from that of the
window, and R is the transverse distance from the center of the
window. Given any image, we can, thus, find the necessary surface
of the magic window or mirror by solving the Poisson equation in
the transverse plane. A remarkable property of magic mirrors or
windows is that, in contrast with conventional windows and lenses,
the image can be observed in several observational planes without a
substantial change in sharpness.

There has been recent interest in the problem of shaping light
intensity often referred to as freeform optics [7]. In this work, we

2334-2536/22/050479-06 Journal © 2022Optica PublishingGroup 18



Research Article Vol. 9, No. 5 / May 2022 / Optica 480

show how magic mirrors/windows can be implemented with flat
optical devices. We use liquid crystal (LC) based devices, a reflec-
tive spatial light modulator (SLM), and a Pancharatnam–Berry
optical phase element (PBOE) [8] to construct our magic mirror
and magic window, respectively. We also exploit the Laplacian the-
ory, which gives a simpler and more direct approach to calculate the
desired phase patterns in contrast with more elaborate techniques,
e.g., caustic design [9]. Figure 1(a) illustrates how these two types of
LC devices can be programmed or fabricated to act as the reflective
or transmissive surfaces shown in Fig. 1(b). Both types of devices
rely on the uniaxial birefringence of its constituent nematic LCs to
implement the magic mirror/window effect. On one hand, stand-
ard LC on silicon SLMs rely on a reflective back-plane that rotates
LCs about an axis perpendicular to the direction of propagation of
an incident optical beam. The resulting optical medium is, thus,
defined by two linear polarization eigenstates. The first is along
the rotation axis and is defined by a refractive index of no , the ordi-
nary refractive index of the LCs. The second is orthogonal to the
propagation direction of the beam and to the rotation axis, and it
has a refractive index of n(�) = ((cos2 �)/n2

o + (sin2 �)/n2
e )

�1/2,
where ne and � are the extraordinary index and the rotation angle
of the LCs, respectively. Therefore, by exposing an SLM to an
optical beam polarized along this second direction, we can impart
a transverse phase profile onto the beam controlled by the relative
angle of the LC in the display. An SLM can, thus, operate like a
magic mirror if its programmed transverse phase profile replicates
that attributed to the height profile of the mirror. On the other
hand, LCs in PBOEs are rotated about an axis parallel to the direc-
tion of propagation of an optical beam. The resulting polarization
eigenstates are, thus, either aligned or orthogonal to the orientation
axis of the LCs and have indices of ne and no , respectively. When
the thickness of this system imparts a ⇡ phase shift between these
two linear polarizations, then, as prescribed by Jones calculus, an
incident circularly polarized beam experience a phase shift of ±2�
accompanied by a flip in handedness upon propagating such a LC

(a)

(b)

SLM PBOE

Magic Mirror Magic Window

Fig. 1. Magic optics with liquid crystal displays. (a) Operation prin-
ciple of SLMs and liquid crystal PBOEs. Both types of displays rely on
rotated liquid crystals to impart a transverse phase profile onto an inci-
dent light beam. The SLM relies on out-of-plane rotations to impart a
phase onto linearly polarized light whereas the PBOE relies on in-plane
rotations to add a phase onto circularly polarization light at the expense
of flipping its handedness. (b) Corresponding surfaces that are classically
considered in magic optics.

cell, where � is the rotation angle of the LCs. PBOEs leverage this
phenomenon by rotating the orientation angle of the LCs across
a transmissive optical display such as to impart a desired phase
profile onto a circularly polarized beam. Thus, a LC PBOE acts like
a magic window if it has a LC orientation pattern that produces
the same phase profile as that induced by the thickness variations
of the window. PBOEs, through an effect known as light’s spin-
to-orbital angular momentum coupling [10], also allow us to
implement a polarization dependent phase distribution. Thus,
one can observe the image resulting from the phase or its negative
by switching the input polarization from left to right circular. In
addition, the introduced topic of spin-to-orbit coupling allows one
to explore the complex patterns of polarization singularities when
the LC magic plate is illuminated with a linear superposition of
left- and right-handed circular polarization. There have been many
investigations into singular optics, arising from such polarization
singularities, introduced in polarization system such as Stokes
singularities, polarization knots, and links [11–14]. It is, thus,
interesting to reconstruct the polarization topology of the images
formed by a LC magic plate. In particular, we track the trajectory
in the three-dimensional space of C-point singularities, i.e., loci of
circular polarization. We show that C-points accumulate in points
of the transverse plane where the image is forming.

2. LIQUID CRYSTAL MAGIC MIRROR

The magic mirror is realized using a Hamamatsu SLM with a
screen resolution of 800 by 600 pixels. Figure 2(b) shows the detail
of the experimental setup for both magic mirror and magic plate.
Given the desired image, the required phase pattern for the mirror
is computed. There is a freedom to increase the steepness of the
pattern, i.e., increasing the number of times the phase pattern goes
from 0 to 2⇡ . This can be seen as altering the concavity of the mir-
ror, which results in changing how quickly the image is formed. In
practical settings, care must be taken in choosing the window size
and phase steepness. Due to beam divergence, an image that forms
too slowly will lose its sharpness. At the same time, the pattern must
be smooth enough such that caustics are not formed before the
image plane [6]. The phase pattern was uploaded to the SLM with
the addition of a vertical grating. The SLM is shined with a laser
beam with an enlarged Gaussian beam shape to mimic an input,
coherent, plane wave. The first order of diffraction is selected,
filtering out the rest using an iris in the center of a 4 � f lens system,
to remove unconverted light resulting from inefficiencies in the
SLM. In addition to selecting the first order of diffraction, the
4 � f lens system is also used to image the SLM plane and probe
the intensity at different propagation distances. The evolution of
the intensity distribution is recorded on a CMOS camera from the
plane of the SLM down to the image formation planes. Additional
planes were also imaged beyond the latter to capture the formation
of caustics. The implementation of three SLM magic mirrors is
shown in Fig. 3, where the intensity distribution smoothly evolves
from the input beam profile to the desired image pattern.

The goal of the experiment is to show a magic mirror and magic
plate, encoded using the Laplacian theory, using LC technology in
an SLM and PBOE. To achieve this, we must generate the phase
pattern corresponding to the chosen intensity image. This phase
pattern is then displayed on the SLM and PBOE. The image
patterns that we use are converted to a bitmap form such that the
pixels contain only a 1 or 0 for the intensity [see Fig. 2(a)]. Based
on Eq. (1), the discretized intensity function I (R, z) is then used
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Fig. 2. Calculation principle of phase patterns and experimental setup. In (a) we illustrate the steps used to calculate the phase pattern needed for gener-
ating a desired image. The BMP image of the desired intensity is used to calculate the mirror height using the discrete sine transform to solve Eq. (1). The
maximum height for the window corresponding to the Gee-Gees logo is 6 µm as shown. The mirror height is then used to calculate the mirror phase by
taking the modulus for the specific wavelength, i.e., Phase = Mod(Height/(2⇡�), 2⇡). In (b) we show the experimental setup. A 633 nm He–Ne laser was
used for characterizing the magic mirror and magic plate. The setup for the magic mirror b consists of a SLM with a resolution of 600 by 800 pixels. After the
SLM, a 4 � f system is used to image the pattern displayed on the SLM, allowing for us to both make measurements starting precisely from the SLM plane
and also filter out the first diffraction order using a pinhole placed at the focus of the 4 � f system. Following the 4 � f lens system, two mirrors are placed
on a translation stage to construct a trombone, which is followed by a CMOS camera. In the magic window setup, the PBOE is placed in the same plane as
the SLM. The addition of a QWP before and a QWP, HWP, and PBS after is required to perform polarization tomography on the output beam of the magic
window. The phase pattern used for the University of Ottawa logo is shown for the magic window and mirror.

to find the height of the surface relief h(r), where r = r(R) at the
image plane. The inverse of the Laplacian is solved numerically
with Dirichlet boundary conditions using the two-dimensional
discrete sine transform [1]. In the case of flat optics, we are not
varying the height of the window, but rather the index of refraction
n(r). Thus, Eq. (1) becomes IMagic Plate(R, z) = 1 + hzr2n(R),
where n(r) is the transverse spatially dependent index of refraction
of the plate, h is again the height of the plate though it is now a
constant, and z is the distance from the image plane to the win-
dow. The resulting window phase pattern, as shown in Fig. 2(a), is
plotted in radians.

3. LIQUID CRYSTAL MAGIC PLATE

As the next step, we bring together the concepts of magic window
imaging and photonic polarization-wavefront coupling. Such
a device, which we call the spin–orbit magic plate, is based on

PBOEs, i.e., slabs of uniaxial anisotropic materials (LCs, in our
case) with an extraordinary axis orientation that is spatially varying
in the plate’s plane. The action of a PBOE element with extraordi-
nary axis orientation �(r)/2 and (spatially uniform) retardation �
is given by

e±MP
�!

cos
✓

�

2

◆
e± + i sin

✓
�

2

◆
e⌥e±i�(r), (2)

where e+ and e� stand for the left and right circular polarization
unit vectors, respectively. The sample optical retardation, �, can
be tuned by applying an AC voltage to the plate. Here, we can
see that a perfectly tuned PBOE with � = ⇡ results into the com-
plete conversion of the input circular polarization to the opposite
handedness with the addition of the desired phase ±�(r), where
�(r) is the inverse Laplacian of the image. Therefore, by flipping
the incident polarization state from left- to right-handed, one can
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9.2 mm

19.76 mm

32.72 mm

48.56 mm

0 mm

z z z

Fig. 3. Intensity images recorded at different propagation distances after reflection from an SLM-based magic mirror. The first image at the back shows
the SLM plane, where there is a uniform intensity pattern. The propagation shows the contrast of the image improving upon propagation away from the
SLM. The insets show the phase distributions, for the three different examples, encoded on the SLM in hue colors, which encode a phase range from 0 to
2⇡ . Videos showing the free space evolution of the above images can be found in Visualization 1, Visualization 2, and Visualization 3.

gain a +�(r) and ��(r) phase at the output, respectively. Due
to the different signs in the phase, the two circular polarization
components propagate in different ways, as dictated by the Fresnel
diffraction integral, E±(r, z) =

R
K (r, r0, z)E±(r0, 0)d2r0, where

K (r, r0, z) = exp[ik|r � r0|2/2z]e ikz/i�z. From K (r, r0, z) =
K ⇤(r, r0, �z), one can see that E+(r, z) = E ⇤

�(r, z). As a con-
sequence, if one circular polarization experiences the formation
of an image, which is being focused due to the radial variation in
�(r), the opposite circular polarization will be defocused, and the
image [from Eq. (1)] will be the negative. The University of Ottawa
logo was chosen to be used for the spin–orbit magic plate. The
phase pattern written on the plate for the magic window is shown
in Fig. 2 with the experimental setup. The plate is fabricated in our
own LC facility [8]. A pair of ITO glass plates are spin-coated with
a polyamide. The ITO plates then are kept at 4 µm distance using
spacers and are glued to each other with epoxy glue. The chosen
polyamide can be photoaligned through illumination from linearly
polarized UV light. We are able to control the orientation of the
polyamide by changing the polarization of an incident UV-beam
on a pixel-by-pixel basis by using a digital micromirror device
(DMD). The pattern written on the polyamide dictates the ori-
entation of the LC molecules, which are added between the plates
in the successive stage. The pattern was written with 32 phase
steps, thus 32 polarization settings illuminating different parts
of the plate. We characterized the action of the fabricated plate
illuminating it with both spatially incoherent and coherent light.
The magic plate optical retardation was set to � = ⇡ by applying
an AC voltage. As a source with low transverse spatial coherence,
we used a LED, followed by a polarizing beam splitter, to illumi-
nate the magic plate. The light was filtered with a bandpass filter
centered at 633 nm (which increases the longitudinal coherence
but does not affect the transverse spatial coherence). We choose
the input polarization to be either linear or right/left circular by
using a quarter-wave plate before illuminating the magic plate. The
transmitted intensity was recorded on the CMOS camera. With
the linear polarized input, we observe the simultaneous formation
of the University of Ottawa logo and its negative image (with an
imperfect overlap due to polarization dependent lensing), as shown
in Fig. 4(a). The appearance of the negative image is due to the
input right circular polarization component, which gains the phase

��(r) [this has the effect of flipping the relative sign in Eq. (1)]. It
is possible to isolate the image or its negative by choosing input left
or right circular polarization, respectively [Fig. 4(a)]. In Fig. 4(b),
we show theoretical simulation of the intensity evolution from a
source with low transverse coherence. The source was simulated
by sampling the transverse plane in regions where all the pixels are
in phase and imposing random phase noise between the different
regions. The transverse coherence length was, thus, proportional
to the region width, which we fixed at 15 pixels. The simulations
show the results averaging over 200 realizations of the random
noise (uniformly distributed between 0 and 2⇡ ). Similar effects
are observed in the case of illumination with a coherent laser beam.
We used a He–Ne laser (� = 633 nm) prepared with left/right
circular or linear polarization. The resulting intensity in the case of
input left circular polarization corresponds to the desired pattern
[Figs. 4(c) and 4(d)]. We also observe fringes due to the transverse
coherence of the source. As in the incoherent illumination case, an
input right circular polarization gives rise, within the magic win-
dow theory approximations, to the negative of the desired image.
When a beam with linear polarization is sent onto the magic plate,
as opposed to one of the circular polarizations, the resultant image
is a coherent linear combination of the images one would achieve
from a left and right circular input. Moreover, the magic plate opti-
cal retardation � can be altered to not be ⇡ , but any other values.
In Figs. 4(e) and 4(f ), we show how, by tuning the optical retar-
dation �, we can switch, at a given plane, between the input beam
intensity distribution and the image encoded in the plate. The
interplay between source coherence and polarization-conditioned
action of the device leads to the formation of polarization singu-
larities during the beam propagation. When an electric field has
a non-uniform polarization pattern, an interesting phenomenon
can arise whereby the polarization azimuth is undefined [15–17].
These singularities of the complex scalar field are called C-points.
C-points are loci of exactly circular polarization; thus, the orienta-
tion of the major axis of the polarization ellipse cannot be defined.
When the magic plate is illuminated by linearly polarized light,
the outgoing beam has both the right and left circular component,
whose propagation is dictated by, respectively, the plate phase and
the negative of the plate phase. The intensity patterns of these
two components evolve differently: if one of them experiences
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Left Circular Right Circular Linear
(a) LED input Experiment

Left Circular Right Circular Linear
(b) LED input Theory

Left Circular Right Circular Linear
(d) Coherent Input Theory

Left Circular Right Circular Linear
(c) Coherent Input Experiment

 = 0  = /4  = /2  =  = 3 /4
(e) Tuning Voltage Experiment

 = 0  = /4  = /2  =  = 3 /4
(f) Tuning Voltage Theory

Fig. 4. Working principle of a flat spin–orbit magic plate. In (a) and
(b) we show the intensity distributions of light transmitted by the plate
with different polarization inputs from a LED source with low transverse
coherence. The resulting image from the linear input is the sum of the
left and right circular contributions. The image resulting from the right
circular input is not an exact negative of the left circular because it expe-
riences a slight defocusing from the window while the left component is
slightly focused. In (c) and (d) we show the intensity distributions of light
transmitted by the plate with different polarization inputs: left circular,
right circular, and linear polarization from and a 633 nm He–Ne laser. See
also Visualization 4 for the free space evolution. Panels (e) and (f ) show the
images resulting from different � across the plate as given by Eq. (2), with
the left circular polarization input. When � = 0, there is no conversion
from left- to right-handed polarization; thus, the beam does not acquire
the phase of the magic window. When � = ⇡ , the input polarization
is fully converted; thus, we see the desired image. Tuning parameters
between 0 and ⇡ result in partial conversion, and we see interference
between the intensity profile of the converted beam and the input beam.

a focusing effect, the other circular component has a divergent
intensity pattern. As a consequence of the different propagations,
in particular the formation of diffraction fringes with different
distributions for the two circular polarizations, C-points will
arise in regions where only one of the two components has a zero
intensity. This is a general feature that can be observed in PBOE
elements with a radially varying phase. The interaction of these two
co-propagating beams gives rise to C-points with different topo-
logical charges. In the plane of the LC magic plate, the polarization
remains uniformly linear, since we still have a uniform intensity

Fig. 5. In (a), we show simulation of the propagation of C-points
from the spin–orbit magic plate. The red points in the three-dimensional
graphics show the C-point trajectory along the propagation of the beam.
The intensity profiles are shown at different propagation planes. The
two-dimensional plot above represents the polarization azimuth, where
C-points are labeled with black circles. The inset shows a magnified image
of the polarization azimuth where the singularities are clearly visible at the
location where the polarization azimuth is undefined. Upon close obser-
vation, we can see that these singularities have opposite charge. The hue
color coding corresponds to polarization azimuth values ranging from 0 to
⇡ . In (b), we show the experimentally reconstructed polarization azimuth
obtained through polarization tomography. The tracking of C-points
here is very sensitive to the camera resolution as well as the exposure time,
particularly in the regions of low intensity. We are, however, still able to see
singularities form in the predicted areas, particularly along the bottom of
the logo.

distribution, albeit with a different phase for the left and right
components, i.e., (e+i�(r)e� + e�i�(r)e+)/

p
2. Here �(r) is the

spatially dependent phase imparted on the beam by the magic
plate. The phase given to the right component is, thus, the negative
of that gained by the left component. It is not until propagation to
the image plane where differences in the diffraction pattern of the
right and left components result in the appearance of the polariza-
tion C-points, as shown in Figs. 5(a) and 5(b). Due to conservation
of total topological charge, C-points appear at given planes in
pairs with opposite topological charges. The free-space dynam-
ics of the C-points generated here is rich and requires individual
investigation.

4. CONCLUSION

In summary, we have realized a LC-based magic plate exploiting
the principle of light manipulation with flat optics, where the
impinging light wavefront is modulated by an inhomogeneous
refractive index distribution. By exploiting the physics of patterned
anisotropic media, we fabricated a flat spin–orbit magic plate. This
device, depending on whether the input polarization is circularly
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left- or right-handed, creates a desired pattern or its negative,
respectively. The flat magic plate can be tuned for operation at
different wavelengths since its optical retardation can be adjusted
by applying an external electric field to the plate. While we used
this device under monochromatic illumination, in principle it can
work as well under broadband illumination, if one carefully selects
only the converted contribution by means of achromatic wave
plates and polarizing beam splitters, even though the conversion
efficiency will not be uniform at the different wavelengths. The
working principle was demonstrated for both incoherent and
coherent sources. In the latter case, interference effects lead to the
formation of polarization singularities (C-points). Our experi-
ment was based on the use of LC devices with thickness of several
wavelengths. However, as it has been shown in [18,19], PBOEs can
also be realized with dielectric metasurfaces with thickness smaller
than the wavelength. Furthermore, one could consider using
achromatic and polarization-insensitive metasurfaces to form
magic windows and further reduce the wavelength dependence
of the devices [20]. Hence, our results also introduce the possibil-
ity of scaling down the thickness of these flat magic windows to
sub-wavelength scales.
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Following the familiar analogy between the optical paraxial wave equation and the Schrödinger
equation, we derive the optimal, real-valued wave function for focusing in one and two space dimen-
sions without the use of any phase component. We compare and contrast the focusing parameters
of the optimal waves with those of other di↵ractive focusing approaches, such as Fresnel zones.
Moreover, we experimentally demonstrate these focusing properties on optical beams using both
reflective and transmissive liquid crystal devices. Our results provide an alternative direction for fo-
cusing waves where phase elements are challenging to implement, such as for X-rays, THz radiation,
and electron beams.

Introduction
Fresnel zone plates [1] are optical elements that focus
an incident beam due to binary variations in its ampli-
tude and phase. They o↵er precise control over di↵rac-
tive propagation and enable e�cient beam focusing in
systems, where traditional lensing elements are not im-
mediately available. In this article, we address the fun-
damental question whether any other approach to wave
shaping can surpass the limit set by a Fresnel zone plate.
In particular, we show for the case of matter waves that
the answer to this question is a clear ”Yes!”, by deriv-
ing analytical solutions of the corresponding variational
problem. Moreover, we demonstrate the supremacy of
our approach compared to Fresnel zone plates by an ex-
periment with light.

A scalar wave, such as a matter wave or an unpolarized
electromagnetic field, comprises two components: an am-
plitude and a phase. The common way to focus an elec-
tromagnetic wave is to modulate its phase using a lens
by applying a parabolic phase variation in space. How-
ever, there are waves for which a phase-modulating lens
does not exist due to technological limitations in imple-
menting phase-altering components in such systems. For
instance, implementing such components for X-rays and
matter waves often requires subnanometer manufactur-
ing.

More e↵ective approaches to focus waves can be
achieved via amplitude modulation in space. For exam-
ple, blocking part of the wave by a circular aperture or
annular rings known as Fresnel zones will focus it to the
Arago-Poisson spot [1]. In these examples, the incom-
ing waves are spatially selected without being modified
by the materials. These di↵ractive focusing techniques
are crucially determined by a non-Gaussian initial wave
function, as well as by the underlying dimensionality of
the problem [2–4], and have been employed for surface

gravity water waves and plasmonic waves [5, 6].
We emphasize that while Fresnel zones provide one

approach to focusing the waves by amplitude modula-
tion, one may question whether other approaches, e.g.
nonbinary amplitude modulations, provide even better
focusing. In the present article, we obtain the optimal
initial wave function for focusing a free particle, i.e.
matter waves, in one and two dimensions, and compare
and contrast the focusing parameters of the optimal
two-dimensional wave function to those of the Fresnel
zone approach. The analogy between the Schrödinger
equation and the paraxial Helmholtz equation allows us
to extend our results to electromagnetic waves. Finally,
we experimentally verify the focusing properties of the
two-dimensional pattern at optical wavelengths using
a reflective spatial light modulator and a fabricated
transmissive liquid crystal device.

Results
Theory of optimal focusing: Our goal is to determine
the optimal initial real-valued, aperture-constrained, and
normalized wave function  0 in two spatial dimensions
that maximizes the intensity | |2 of the field on the sym-
metry axis at a prescribed focusing time. Our choice of
the number of dimensions results from the fact that in
one dimension the focusing is weaker, as shown in the
Methods section.

Hence, we assume that  0 is radially symmetric, as it
provides the best di↵ractive focusing [3], and write the
solution as

 (⇢, ⌧) = 2⇡

1Z

0

⇢0d⇢0 G(2)(⇢, ⌧ |⇢0, 0) 0(⇢
0) (1)

of the time-dependent two-dimensional Schödinger equa-
tion of a free particle in terms of the corresponding Green
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function

G(2)(⇢, ⌧ |⇢0, 0) =
1

2⇡i⌧
exp

✓
i
⇢2 + ⇢02

2⌧

◆
J0

✓
⇢⇢0

⌧

◆
(2)

with the Bessel function J0 of the first kind [7]. Here
⇢ ⌘ r/R and ⌧ ⌘ ~t/(MR2) are the dimensionless radial
coordinate and time, respectively, wherein M and R de-
note the mass of the particle and the radius of the circu-
lar aperture. In the case of the two-dimensional paraxial
Helmholtz equation, ⌧ is equivalent to the longitudinal
distance z ⌘ (kR2)⌧ from the screen, where k denotes
the wave number.

We consider only wave functions  0 that are truncated
by the aperture ⇢  1 and vanish elsewhere,  0(⇢ �
1) = 0. As a result, for a prescribed focusing time ⌧f , or
focal distance zf ⌘ kR2⌧f , the intensity I[ 0] along the
symmetry axis, ⇢ = 0, takes the form

I[ 0] =
1

⌧2f

1Z

0

udu

1Z

0

vdv cos

✓
u2 � v2

2⌧f

◆
 0(u) 0(v), (3)

where we have used that  0 is real.
In order to solve the optimization problem, we first

construct the Lagrange function

L[ 0] ⌘ I[ 0] � �

2

42⇡

1Z

0

udu 2
0(u) � 1

3

5 , (4)

where the Lagrange multiplier � takes into account the
normalization condition for  0, and then perform the
variation of L[ 0] with respect to  0, to arrive at the
eigenvalue problem

1

2⇡⌧2f

1Z

0

vdv cos

✓
u2 � v2

2⌧f

◆
 0(v) = � 0(u) (5)

for the optimal wave function  0 corresponding to the
eigenvalue �.

Since Eq. (5) is a linear integral equation with a de-
generate kernel, its solution can be found analytically, as
shown in the Methods section. Indeed, for a fixed value
of ⌧f , we obtain the maximum eigenvalue

�+(⌧f) =
1

8⇡⌧2f


1 + 2⌧f

����sin
✓

1

2⌧f

◆����

�
(6)

and the normalized optimal initial wave function

 (opt)
0 (⇢) = N

p
1 + a cos

✓
⇢2

2⌧f

◆
+

p
1 � a sin

✓
⇢2

2⌧f

◆�
.

(7)
Here, a ⌘ cos[1/(2⌧f)]sign {sin[1/(2⌧f)]} and N ⌘
1/

p
8⇡2⌧2f �+(⌧f) are the amplitude parameter and the

normalization constant, respectively, with sign(x) being
the sign function.

Substituting  (opt)
0 given by Eq. (7) into the expres-

sion, Eq. (3), for the intensity at ⇢ = 0, we prove
that the intensity, indeed, achieves its maximum value

I(opt)max (⌧f) ⌘ I[ (opt)
0 ] = �+(⌧f) for any given focusing

time ⌧f , or the dimensionless distance zf from the screen
(within the paraxial approximation). In particular, for

⌧n0 ⌘ 1

2⇡n0
, (8)

where the integer n0 counts the number of Fresnel zones
that fit in the circular aperture 0  ⇢  1, Eq. (6) yields

I(opt)max (⌧n0) =
⇡

2
n2
0. (9)

Fresnel zones: Next we compare the maximum fo-

cusing intensity, Eq. (9), of the optimal state  (opt)
0 with

the Fresnel zones approach. For this purpose, we consider
two di↵erent designs.

An amplitude Fresnel zone (AFZ) plate alters the am-
plitude, while the phase Fresnel zone (PFZ) plate modi-
fies the phase of the incoming wave. In the AFZ, only odd
(n = 1, 3, 5, . . .) annular zones are transparent, whereas
even (n = 2, 4, 6, . . .) zones are opaque, that is absorb-
ing the incoming waves, with n = 1 being the innermost
zone containing the origin. The AFZ plate is a nonuni-
tary object, i.e. the input intensity is not conserved. In
the PFZ, we keep even and odd zones fully transparent;
however, the phase in the even zones is shifted by ⇡.

For the focusing time ⌧n0 , we derive in the Methods
section the maximal intensities

I(AFZ)
max (⌧n0) =

2

⇡

(
n0(n0 + 1), n0 = 1, 3, 5, . . .

n2
0, n0 = 2, 4, 6, . . .

(10)

and

I(PFZ)
max (⌧n0) =

4

⇡
n2
0 (11)

at the symmetry axis ⇢ = 0.
A comparison of Eqs. (9), (10) and (11) reveals that

the optimal state  (opt)
0 defined by Eq. (7) gives rise to

focusing improved by the factor ⇡2/8 compared to the
best Fresnel method.
Experiments: Now we demonstrate experimentally op-
timal di↵ractive focusing for the two-dimensional case
using optical light. For this purpose we have fabricated
a transmissive, liquid crystal optical element, that is
a Pancharatnam-Berry optical element (PBOE) [8], de-
scribed in the Methods section, which can be operated
at many di↵erent wavelengths. It generates the optimal

state  (opt)
0 given by Eq. (7). The space-varying ampli-

tude for the focusing time ⌧n0 defined by Eq. (8) with
n0 = 14 is shown in Fig. 1(a) together with the expected
and measured intensities, Figs. 1(b) and (c), respectively.

The complete experimental apparatus used to generate
the optimal state is displayed in Fig. 1(d). The PBOE
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Figure 1. Implementation of Optimal Di↵ractive Focusing. We show the theoretical amplitude (a) and intensity (b)
of the n0 = 14 optimal wave together with the measured optical transmission through the fabricated focusing element (c) for
the focusing time ⌧n0 = 1/(2⇡n0). (d) Experimental apparatus used to generate the optimal state with a PBOE. A linearly
polarized 633 nm Gaussian beam passes a half-wave plate (�/2) which rotates it to the horizontal polarization. The beam is then
expanded by a factor of five by two lenses (L) to obtain a relatively flat profile before it goes through the PBOE followed by a
polarizer. The latter is then imaged by a 4f-system in order to examine its propagation dynamics by a CCD camera. Numerically
simulated (e) and experimentally observed (f) intensity distributions for a cross section of the beam as it propagates from
the plane of the device to the focus for the optimal state. Numerical simulation taking into account contributions (g) from
both the horizontal (Cosine) and vertical (Sine) polarization components of the modulated beam. Experimental setup (h) for
focusing with Fresnel zone patterns using the SLM. The 633 nm laser source is expanded to cover the SLM. The 4f-lens system
then images the SLM onto the CCD camera with an iris (I) placed at the focus to select the first order of di↵raction.

placed between a half-wave plate and a polarizer is il-
luminated by a 633 nm He-Ne laser with an expanded
Gaussian profile. A 4-f lens system is used to image the
device on a 1920 ⇥ 1080 pixel CCD camera placed on a
translation stage, which allows us to measure the inten-
sity of the modulated beam along its propagation to the
focus. We have obtained this intensity profile in 50 µm
steps for 25.0 mm.

Whereas Fig. 1(e) shows the exact evolution of the

beam originating from the optimal state  (opt)
0 given by

Eq. (7), Figs. 1(f) and (g) display the experimentally
measured and expected intensity along the propagation.
As further elaborated in the Discussion section, we ex-
pect imperfections in our optical system to a↵ect the
propagation profile.

To compare the propagation of  (opt)
0 with the ones

created by the Fresnel zone plates, Eqs. (M9) and (M10)
in the Methods section, we replace our PBOE by a re-
flective spatial light modulator (SLM), as depicted in
Fig. 1(h). We used a Hamamatsu liquid crystal on sili-
con (LCOS) SLM with 1272⇥1024 resolution and a pixel
size of 12.5 µm. Moreover, we are able to encode both
the intensity and the phase of the pattern on the inci-
dent beam using an amplitude masking technique [9]. A
phase di↵raction grating is added to the pattern on the
SLM which produces the desired field in the first order
of di↵raction. We then select this first order with a 4f
lens system and an iris, thereby allowing us to remove
all other di↵raction orders while imaging the SLM plane

onto our moveable CCD camera. Although SLMs do
not reach the spatial resolution of our PBOE, their pro-
grammability can more readily streamline experiments
comparing various focusing approaches.

In Fig. 2, we display the maximal focusing intensity
Imax(⌧n0) for nine di↵erent patterns corresponding
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Figure 2. Comparison of the three methods for two-
dimensional di↵ractive focusing. For a fixed focusing
time ⌧n0 = 1/(2⇡n0), with n0 = 2, 3, . . . , 10, we display

the theoretical optimal maximum intensities, I(opt)max (⌧n0) (blue

line), given by Eq. (9), as well as I(AFZ)

max (⌧n0) (red and green),

and I(PFZ)

max (⌧n0) (orange), associated with the Fresnel zone
plates, Eqs. (10) and (11). The points represent the corre-
sponding measurements.
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to focusing times ⌧n0 , as defined in Eq. (8), with
n0 = 2, 3, . . . , 10. The results of these experiments
involving the optimal wave function as well as both
forms of the Fresnel zones are depicted in Fig. 2.

Discussion
The propagation of the beam, shown in Fig. 1(f), features
an artificial peat at ⌧ = ⌧f/2 arising from the modulation
by our PBOE. Indeed, an imperfect polarization align-
ment in our generation apparatus leads to contributions
of the sin(2↵)-term in Eq. (M19). The angular orienta-
tion of the liquid crystals, ↵ = ↵(x, y), ranges from 0 to
⇡/2 such that the horizontally polarized component of
the field oscillates from +1 to �1 according to cos(2↵),
while the term sin(2↵) oscillates from 0 to +1 and back to
0. As a consequence, the contribution from the sin(2↵)-
component, which does not have negative amplitudes,
behaves like the Fresnel zones, giving rise to a focus at
⌧f/2. In Fig. 1(g), we show the expected propagation in-
cluding the contribution from the sin(2↵)-term, which is
in good agreement with our experimental results shown
in Fig. 1(f).

The scalings of the peak intensities of the focusing
methods, considered in our article, with n0 are shown
in Fig. 2 by solid lines together with the experimental
results depicted by the di↵erently coloured data points.
The peak focal intensity increases with increasing n0, cor-
responding to a tighter focusing time ⌧n0 , or equivalently,
to a shorter focal length. Furthermore, the optimal wave
function consistently outperforms both methods relying
on Fresnel zone plates.

We conclude this discussion by emphasizing that with
our PBOE we were able to achieve a better resolution in
our pattern creation, allowing for a tighter focusing time
⌧n0 with n0 = 14, than with the SLM. This advantage
is primarily due to the fact that a di↵raction grating is
necessary when the SLM is used to form an arbitrary
wave function, which thus limits the maximum spatial
frequency of the phase oscillations corresponding to the
desired pattern. In addition, the SLM has limited control
over both phase and spatial modulation, as prescribed
by its bit depth and pixel pitch, respectively. As n0 is

increased, the number of oscillations in  (opt)
0 from +1

to �1 increases and in particular, the outer rings of the
pattern become ever thinner.

Summary. We have derived the optimal real-valued

matter wave  (opt)
0 for focusing in both one- and two-

dimensions. The analogy between the Schrödinger equa-
tion and the paraxial wave equation allows us to transfer
our treatment to light. In our optical experiment, we
have realized the two-dimensional optimal wave function

 (opt)
0 using liquid crystal devices, verifying the superior

focusing properties of  (opt)
0 compared to di↵ractive fo-

cusing from Fresnel zone patterns.

The optimal di↵ractive patterns derived here may be of

interest to many di↵erent communities where phase mod-
ulation, due to technological limitations, is not directly
possible. We can also envision extending this technique
to vector fields, such as spinors in both optical and mat-
ter waves, where combinations of amplitude masks and
specially polarized vector modes bring highly structured
variations in focused beams [10–12]. The application of

 (opt)
0 to these tight focusing problems remains to be ex-

plored.

METHODS

Optimal state in two dimensions

To obtain the analytical solution of the integral equation (5), we
cast it in the form

 0(u) =
1

2⇡⌧2
f
�


A cos

✓
u
2

2⌧f

◆
+B sin

✓
u
2

2⌧f

◆�
, (M1)

where
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1Z

0

v dv cos

✓
v
2

2⌧f

◆
 0(v) (M2)

and

B ⌘
1Z

0

v dv sin

✓
v
2

2⌧f

◆
 0(v) (M3)

are functions solely of ⌧f .
Next, we insert  0 given by Eq. (M1) into Eqs. (M2) and (M3),

and obtain the system
"
��

1 + ⌧f sin(1/⌧f)

8⇡⌧2
f

#
A�

sin2[1/(2⌧f)]
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#
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of algebraic equations for A and B, which has non-trivial solutions,
only when its determinant is zero, that is
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This elementary quadratic equation has the two solutions

�± =
1

8⇡⌧2
f


1± 2⌧f

����sin
✓

1

2⌧f

◆����

�
. (M7)

By inserting the maximal eigenvalue �+ into Eq. (M4), we find
the relation between A and B, and thus the normalized optimal

initial wave function  
(opt)

0
given by Eq. (7).

Amplitude and phase Fresnel zones:
Maximal intensity

For a given value of ⌧f the radii

⇢n ⌘
p

2⇡⌧fn (M8)

of the Fresnel zones, with n = 1, 2, 3, . . . , n0, extend to the max-
imum number n0 of zones fitting within the circular aperture

0  ⇢  1 [1]. Therefore, the initial wave functions  
(AFZ)

0
and

 
(PFZ)

0
for the amplitude and phase Fresnel zone patterns read

 
(AFZ)

0
(⇢) = N1

"
U(⇢; 0, ⇢1) +

1X

n=1

U(⇢; ⇢2n, ⇢2n+1)

#
(M9)
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and

 
(PFZ)

0
(⇢) =

1
p
⇡

"
U(⇢; 0, ⇢1) +

1X

n=1

(�1)nU(⇢; ⇢n, ⇢n+1)

#
(M10)

with U(⇢; a, b) ⌘ ⇥(b � ⇢) � ⇥(a � ⇢) and a < b. Here, ⇥(⇢)
denotes the Heaviside function and N1 is a normalization constant
depending on ⌧f .

To derive an analytical formula for the maximal intensity, we
choose the focusing times ⌧f ⌘ ⌧n0 ⌘ 1/(2⇡n0). In this case, Eq.

(M8) reduces to ⇢n =
p

n/n0, and the normalization condition
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for  
(AFZ)

0
, Eq. (M9), defines the constant
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r

2

⇡

(q
n0

n0+1
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1, n0 = 2, 4, 6, . . .
(M12)

as a function of n0.

Next, we insert the initial profile  
(AFZ)

0
given by Eq. (M9) into

Eq. (3), and obtain the expression
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that is
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n
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0
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where we have used the fact that ⇢2n/(2⌧n0 ) = n⇡.
As a result, Eq. (M13) combined with Eq. (M12) gives rise

to the maximum intensity I
(AFZ)

max (⌧n0 ), Eq. (10), produced by the
amplitude Fresnel zones. Analogously, we derive the corresponding

maximum intensity I
(PFZ)

max (⌧n0 ), Eq. (11), for the Fresnel phase
zones.

Optimal state in one dimension

In this section we determine the optimal initial real-valued and
normalized wave function '0 ⌘ '0(x) that maximizes the intensity
|'(0)|2 of the field at x = 0, at the focusing time tf .

In this case we use the one-dimensional Green function

G(1)(⇠, ⌧ |⇠0, 0) =
1

p
2⇡i⌧

exp


i
(⇠ � ⇠

0)2

2⌧

�
(M14)

for the time-dependent one-dimensional Schrödinger equation of a
free particle. Here, ⇠ ⌘ x/L and ⌧ ⌘ ~t/(ML

2) are the dimension-
less position and time, respectively, and M and L denote the mass
of the particle and the slit width.

We again apply the method of the Lagrange multipliers and
arrive at the eigenvalue problem

1

2⇡⌧f

1Z

�1

d⇠0 cos

✓
⇠
2 � ⇠

02

2⌧f

◆
'0(⇠

0) = µ'0(⇠) (M15)

for the optimal initial wave function '0 with the eigenvalue µ, that
determines the maximum intensity achieved at ⌧f . Here, we have
assumed that '0(⇠) = 0 for |⇠| > 1.

Since we are interested in the maximum of the intensity, we solve
the integral equation (M15) only for the largest eigenvalue µ+(⌧f).
As a result, for a given ⌧f , we find the optimal initial wave function

'
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for |⇠|  1, with '
(opt)

0
(⇠) = 0 for |⇠| > 1, and the corresponding

maximal eigenvalue

µ+(⌧f) = I
(1D)

max (⌧f) = I
hp

2/(⇡⌧f)
i
. (M17)

Here we have expressed the intensity
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in terms of the Fresnel integrals C and S [7].

Pancharatnam-Berry optical element

Our device consists of a patterned layer of birefringent nematic
liquid crystals whose orientation locally determines that of the
medium’s optical axis. This feature causes the element to have
the action

Ûq ·
✓
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�

2
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◆
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◆✓
eH
eV

◆

(M19)

on the horizontal eH and vertical eV polarization components of an
optical beam. Here � is the optical retardation of the liquid crys-
tal molecules and ↵ ⌘ ↵(x, y) is the device’s spatially dependent
liquid crystal axis orientation expressed in terms of the transverse
Cartesian coordinates x and y.

When the device is perfectly tuned, that is for � = ⇡, and fol-
lowed by a horizontally oriented polarizer, it can e↵ectively be used
to mask the amplitude profile of incoming horizontally polarized
light by a factor of cos [2↵(x, y)]. This procedure was employed

to generate our real-valued optimal state  
(opt)

0
⌘  

(opt)

0
(x, y)

by means of a device defined by an optical axis of ↵(x, y) =

(1/2) arccos
h
 
(opt)

0
(x, y)/ 

(opt)

max

i
, where  

(opt)

max is the maximum

value of the optimal state.
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Chapter 3

Entanglement Sources

QKD protocols and many other applications in quantum information are heavily reliant on

the ability to produce single photons. The ideal goal of deterministic sources has been stud-

ied with many di↵erent physical systems including the atomic transitions of single atoms,

solid-state silicon and diamond defects, and quantum dots [23]. However, many quantum

optics demonstrations have used non-deterministic sources which employ the emission of

photon pairs in non-linear optical processes. We primarily rely on non-deterministic single

photon sources for quantum communication experiments. These sources use non-linear

optical e↵ects including spontaneous parametric down conversion (SPDC) and sponta-

neous four-wave mixing (FWM), to produce pairs of photons which allow us to herald the

presence of 1 photon based on a coincidence measurement made with the other photon.

SPDC has been used to demonstrate many quantum e↵ects including 2 photon interfer-

ence [24], quantum teleportation [25], polarization entanglement [26], and quantum key

distribution [27].

SPDC is a second order non-linear e↵ect in which a single input photon is converted to 2

photons of lower energy, being sure to maintain the conservation of energy and momentum.

In non-linear processes, the di↵erent optical frequencies generated will typically have a

di↵erent index of refraction in the material. The problem of conserving the energy and

30
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momentum in these materials is referred to as phase matching. In SPDC we annihilate 1

photon and generate 2 photons. This process must follow the conservation of energy and

momentum which gives the following requirements,

~!p = ~!s + ~!i, (3.1)

~kp = ~ks + ~ks, (3.2)

where ~!p, ~!s and ~!i are the pump, signal, and idler photon energies and similarly ~kp, ~kp,

and ~ki are the wave vectors. These are the equations defining the phase-matching conditions

for the non-linear interaction [28]. The non-linear material can be chosen in such a way

to allow for phase matching at the desired wavelengths of operation. Phase matching in

bulk optics is typically achieved using a birefringent crystals which gives us a few di↵erent

types of SPDC: Type-0 when signal, idler, and pump all share the same polarization;

Type-I when the signal and idler have the same polarization and are orthogonal to the

pump; and Type-II when the signal and idler have orthogonal polarizations. In Type-

II phase matching, the signal and idler photons form 2 cones of orthogonally polarized

pairs which yield the polarization entangled state | i = (|H1, V2i + e
i↵ |V1, H2i)/

p
2 at

the points where the cones intersect. Here ↵ is a relative phase arising from the crystal

birefringence and it can be set to any value by introducing an additional birefringent phase

shift [26]. One can also produce the polarization entangled state using 2 thin Type-I

crystals “sandwiched” together with their optic axis oriented at 90°with respect to each

other. In this case a 45°polarized pump beam will create photons in either crystal with

equal likelihood, resulting in the entangled state | i = (|H1, H2i + e
i↵ |V1, V2i)/

p
2 which

can be used to create any of the Bell states again applying a birefringent phase shift or a

half-wave plate [29].

It has been known for many years that the SPDC process conserves OAM and in fact

that one can generate high-dimensional correlations and entanglement in the OAM degree

of freedom. However, when considering the Laguerre-Gaussian basis this is only half-of

the picture consisting of the azimuthal degree of freedom but not the radial component.

If we can also take advantage of the radial component, denoted as the p-modes, then
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we can more e�ciently generate high-dimensional quantum states for use in quantum

information tasks. In this chapter 2 articles are presented discussing SPDC sources. The

first article demonstrates for the first time the characterization of the OAM and radial

mode correlations from an SPDC source. The second shows an experimental approach to

manipulate the symmetry of momentum entangled photons.
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Spontaneous parametric downconversion is the primary

source to generate entangled photon pairs in quantum

photonics laboratories. Depending on the experimental

design, the generated photon pairs can be correlated in the

frequency spectrum, polarization, position-momentum,

and spatial modes. Exploring the spatial modes’ correla-

tion has hitherto been limited to the polar coordinates’

azimuthal angle, and a few attempts to study Walsh mode’s

radial states. Here, we study the full-mode correlation, on a

Laguerre–Gauss basis, between photon pairs generated in a

type-I crystal. Furthermore, we explore the effect of a struc-

tured pump beam possessing different spatial modes onto

bi-photon spatial correlation. Finally, we use the capability

to project over arbitrary spatial mode superpositions to

perform the bi-photon state’s full quantum tomography in a

16-dimensional subspace. ©2021Optical Society of America

https://doi.org/10.1364/OL.424619

Photon pair correlations in spontaneous parametric down-
conversion (SPDC) processes are ubiquitous in all photonic
degrees of freedom, thus providing a powerful tool for quantum
information and computation technologies [1,2]. SPDC can
also be exploited to generate high-dimensional quantum states,
i.e., qudits, which may be advantageous with respect to qubits
in quantum information processing [1,3,4]. Orbital angular
momentum (OAM) is among the most promising degrees of
freedom for high-dimensional quantum technologies [4,5].
However, there have been arguments as to whether photonic’s
OAM is the optimal degree of freedom to increase communi-
cation capacity [6]. Most of the optics used possess cylindrical
symmetry, and therefore, the description in terms of circular
beams [7], including the so-called Laguerre–Gauss (LG) modes,
provides a convenient complete basis. There has been a growing
interest in exploiting single photons’ radial mode [8–13], which
(together with OAM) would provide access to full capacity for a
given optical system. Experimentally, exploring the modal struc-
ture of the SPDC state has been intensely focused on its OAM
content [1,3]. On the contrary, the radial mode decomposition
is considered mainly theoretically [14] with a few experimental
studies [15–18]. In the first attempts to investigate the LG mode
radial index spectrum of SPDC experimentally [15,16], state

projections were not rigorously performed on the LG basis,
but only on the radial phase jump, i.e., the Walsh mode radial
index [15]. Indeed, full-mode characterization on an arbitrary
basis, including LG modes, requires precise determination of
both amplitude and phase structure of spatial modes, which
has recently been demonstrated for an attenuated laser beam
[19]. The filtering effect of single-mode fibers (SMFs) was
shown to alter the detected correlations [17]. In an attempt to
reconstruct radial mode correlations generated by a Gaussian
pump [18], the detection holograms employed in the projection
performed poorly in tomographic measurements [20]. In this
Letter, we surpass the above challenges and perform the rigorous
measurement of radial and OAM state, i.e., full-mode, corre-
lations hidden in the SPDC generated from a type-I nonlinear
crystal, analyzing the results for different pump modes, and
characterizing the bi-photon correlations using full quantum
state tomography in a 16-dimensional Hilbert space.

In cylindrical coordinates r , �, z, one can define the
complete set of LG modes labeled by two indices |p, `i,
determining, respectively, the radial and azimuthal pho-
ton’s state. State |`i is defined as the eigenstate of the OAM
operator ˆ̀ = �i~@� , where ~ is the reduced Planck con-
stant, which is conjugate to the azimuthal operator �̂; hence,
1�̂1 ˆ̀� 1/4 [21]. Similarly, one can define an operator
p̂ = �(⇢�1@⇢(⇢@⇢) � ⇢2 + ⇢�2@2

� � 2i@� + 2)/4 that is
diagonal in the set of |pi states. However, this observable
does not generate any continuous symmetry, i.e., it prevents
one from finding a proper conjugate quantity 4̂ := 4̂(⇢̂)
[22,23]. Nevertheless, the quantum nature of |pi states is
well established [8–13]; moreover, an uncertainty relation
still holds 1 p̂14̂ � 1/4, and quantum states saturating the
uncertainty relation can be engineered [23,24]. The explicit
expression for LG modes in the position representation
LGp,`(r , �, z) := hr , �, z|p, `i, where the beam radius is
minimized, i.e., at z = 0, is given by

LGp,`(r , �, 0) = C (p)
|`|

⇣ r
w

⌘|`|

L |`|
p

✓
2
⇣ r
w

⌘2
◆

e�( r
w )2

�i`�,

(1)
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Fig. 1. Experimental setup and OAM correlations. (a) Schematic of the experimental setup. A 400 nm laser beam is converted in an LG mode
exploiting an ultraviolet (UV) spatial light modulator (SLM) implementing an intensity masking technique. The beam is then focused on a type-I
beta barium borate (BBO) crystal, and the residual transmitted UV is filtered with a long-pass filter. The SPDC signal is collimated by a lens (L4) and
then sent to the detection stage through a beam splitter (BS). The individual photons are thus projected on the desired spatial modes by means of
SLMs A and B and single-mode optical fibers through the mode detection technique described in the text. L, lenses; Ph, pinhole; D1 and D2, couplers
(with 10X objective) to single-mode fibers and detectors. (b) Amplitude and phase distribution of the lowest order LG modes with p 2 {0, 1, 2} and
` 2 {�1, 0, +1}. (c) Example of hologram applying intensity masking as displayed on the SLMs. The intensity masking effect can be understood by
noticing that a blazed grating appears only in those regions where we wish to have a nonzero intensity. Indeed, the region with constant phase (black)
will not deflect the light through the pinholes. The hologram generates LG2,+1(x ) mode. (d) Experimental OAM correlation matrices (normalized
w.r.t the maximum) for different OAM values of the pump `p . These results have been obtained without applying intensity masking; hence, both the
pump and the projected modes are described as Hypergeometric-Gaussian modes.

where C (p)
|`| is a constant, and L |`|

p (x ) is the associated Laguerre
polynomial [25]. Let us consider a type-I nonlinear crystal
pumped by an ultraviolet laser beam whose complex amplitude
is described by Eq. (1), i.e., LGp p ,`p (r , �, 0). Assuming a fre-
quency degenerate case, probabilistically, the crystal creates two
identical photons, namely, signal (s) and idler (i), from one of
the pump photons [1,2]. Following the conservation of energy
and linear momentum, which dictates the correlation in posi-
tion and anti-correlation in momentum space, the bi-photon
state can be expressed in the spatial mode basis as [1,14]

|9iSPDC /

X

`i ,pi ,`s ,ps

c pi ,`i
ps ,`s

|ps , `s i ⌦ |pi , `i i, (2)

where |ps , `s i and |ps , `s i are the signal and idler photons’
states in the LG basis, respectively, and c pi ,`i

ps ,`s
is the bi-photon

correlation amplitude. For a collinear phase matching, the
bi-photon correlation amplitude is

c pi ,`i
ps ,`s

=

Z
dx LGp p ,`p(x)LG⇤

pi ,`i
(x)LG⇤

ps ,`s
(x), (3)

where * stands for complex conjugate. This equation shows
the effect of field continuity, i.e., that the amplitude (and
phase) of the bi-photon wavefunction on the crystal plane
is determined by the amplitude (and phase) of the pump,
which we verified experimentally, as shown in the inset
of Fig. 1(a). An explicit expression for the bi-photon cor-
relation amplitude can be found in terms of Lauricella’s
hypergeometric function (see Supplement 1 for more

details). The amplitude
���c pi ,`i

ps ,`s

���
2

can be measured experi-
mentally by implementing projection operators on LG modes,
P̂ pi `i

ps `s
= (|ps , `s i ⌦ |pi , `i i)(hps , `s | ⌦ hpi , `i |), applied

on each photon in the downconverted pair, i.e., Tr(R̂9 P̂ pi `i
ps `s

),

where R̂9 and Tr(.) stand for the bi-photon density matrix and
the trace, respectively. The measurement of the OAM content
of a single photon is well established [3], and is typically based
on the use of phase holograms (implementing a shift in the
OAM space) coupled to SMFs—the phase flattening technique.
However, projecting over spatial modes with an arbitrary ampli-
tude shape has been for a long time a challenging task. Here, we
adopt a recently introduced approach that allows, at the expense
of losses, detection of LG modes (or any arbitrary set of paraxial
beams) with arbitrary accuracy [19] (see Supplement 1 for more
details).

Figure 1 shows the sketch of the experimental setup (a more
detailed setup is shown in Supplement 1). A liquid crystal spatial
light modulator (SLM) is used to shape a 400 nm pump into
LG modes [20]. Shaping the pump amplitude has been recently
used to generate OAM maximally entangled states [26,27].
Idler and signal photons emitted by a type-I beta barium borate
(BBO) crystal are analyzed by means of SLMs coupled to SMFs
through a de-magnifying system (de-magnification factor is 1/4)
and 10X objectives, thus implementing the spatial mode projec-
tion technique [19]. We stress that SMFs are necessary, instead
of, e.g., multimode fibers, to correctly implement the projection
operator (see Supplement 1). To take into account mode-
dependent detection efficiencies, i.e., the fact that detection
efficiency is not constant for all spatial modes, we performed
calibration measurements for each state (see Supplement 1 for
more details on the calibration process). We select downcon-
verted photons at the same frequency with 10 nm bandwidth
filters centered around 800 nm in front of the fiber couplers.
To check the alignment of the setup, we first measured the
correlations between signal and idler OAM states, i.e., |`s i

and |`i i, determined by the OAM of the pump, |`pi. Due to
OAM conservation [1,3,14], we detect coincidences only if
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Fig. 2. Radial mode correlations with LGp,0 pump beam. (a), (b)
Respectively, experimental and theoretical OAM correlations for the
case of a LG0,0 pump. (c) Experimental pump beam intensities on the
crystal plane. For each beam, we show, along the same row, (d) exper-
imental and (e) theoretical p-mode correlations of the SPDC beam.
Different columns correspond to different OAM subspaces, uniquely
identified by the signal OAM index `s . For the lowest order modes
(and `s values), we observe strong diagonal correlations.

`s + `i = `p [see Fig. 1(c) and Supplement 1 for a discussion
about the correlation shapes]. After setting `s and `i , we explore
the correlation matrices for the p-index of the LG mode, i.e., we

measured the quantities P pi ,`i
ps ,`s

=

���c pi ,`i
ps ,`s

���
2

with `s + `i = `p .
The experimental results (Figs. 2 and 3), are compared with
theoretical estimates based on Eq. (3), where the LG modes of
signal and idler are considered with a waist parameter 0.2 times
the waist of the pump. This value has been chosen as the one that
gives the best agreement with the experimental data correspond-
ing to the case `p = 0, p p = 0. We performed the experiments
for `p = 0, 1, 2 varying the pump radial index p p from p p = 0
to p p = 3. Figure 2 shows the results relative to the case `p = 0
for some fixed values of signal and idler OAM subspaces. For
low radial pump modes p p = 0, 1, we observe diagonal corre-
lations between the radial indices of signal ps and idler photon
pi , with small variations in the different subspaces. In general,
off-diagonal correlations become more relevant by increasing
either the pump radial index or the OAM subspace—it should
be noted that these contributions change for different choices
of the projection waists. Similar results for nonzero values of
the pump OAM `p = 1, 2 are shown in Fig. 3. In this case, we
see that the different OAM absolute values of signal and idler
photons are associated with an asymmetry in the correlation
matrices.

Finally, we exploit our possibility to project the SPDC state
onto arbitrary superposition states to perform the quantum
tomography of a state defined in a 16-dimensional subspace of
spatial modes. We fix the OAM state as |`i , `p � `i i and span
the radial index of the bi-photon to pi , ps = 0, 1, 2, 3. Such
a state can be reconstructed using the procedure reported in
[28,29]. The results of quantum state tomography for differ-
ent pump states of `p = 0 and p p = 0, 1 are shown in Fig. 4.

Fig. 3. Radial mode correlations with LGp,` pump beam. (a), (b)
Respectively, experimental and theoretical radial mode correlations for
pump LGp,` modes for `p = 1 and `p = 2. The corresponding inten-
sities of the pump, measured on the crystal plane, are shown above
the plots. In (a), we show the correlations for the subspace `s = 2 and
`i = �1, while in (b), the results correspond to the subspace `s = 4
and `i = �2.

The experimental results have a fidelity with theoretical pre-
diction F = 0.71 ± 0.01 for p p = 0 and F = 0.67 ± 0.01 for
p p = 1. The relatively low values of the fidelity can be ascribed
to experimental issues such as dark counts as well as cross talk
effects due to low count rates, which can be reduced employ-
ing detectors with better quantum efficiency and lower dark
counts. Notwithstanding, d = 16 states with fidelity reported
here would violate generalized Bell inequalities [29], and thus
can be employed in high-dimensional quantum information
processing such as high-dimensional quantum teleportation
and communication.

We conclude by remarking that our analysis applies to any
set of paraxial modes that can be reliably produced using a
phase-only SLM, including transverse momentum modes, as
recently shown in [30]. Our approach allows one to characterize
the full spatial mode of bi-photon states, employing quantum
state tomography beyond the OAM space. Introducing and
employing radial modes, together with OAM, significantly
increases the Hilbert space at the disposal of photonic quantum
information processing without the need to reach mode orders
with a large divergence.
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Fig. 4. State tomography for the OAM subspace. Experimental and theoretical plots of the bi-photon density matrix in an OAM subspace
(`i = �`s = 1) for the LG pump beam with `p = 0 and (a) p p = 1 and (b) p p = 0. We considered the subspace spanned by values of ps and pi going
from zero to 3.
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Abstract: Bell states are a fundamental resource in photonic quantum information processing.
These states have been generated successfully in many photonic degrees of freedom. Their
manipulation, however, in the momentum space remains challenging. Here, we present a scheme
for engineering the symmetry of two-photon states entangled in the transverse momentum
degree of freedom through the use of a spatially variable phase object. We demonstrate how
a Hong-Ou-Mandel interferometer must be constructed to verify the symmetry in momentum
entanglement via photon “bunching/anti-bunching” observation. We also show how this approach
allows generating states that acquire an arbitrary phase under the exchange operation.

© 2022 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Quantum entanglement, considered one of the most counterintuitive features of quantum
mechanics [1], is now one of the most important resources for quantum information tasks. In
quantum optics it has been used as a fundamental tool in quantum cryptography [2], quantum
dense coding [3], quantum teleportation [4], and quantum computation [5]. A great number of
experiments have investigated the production of photonic entangled states, which have played
a critical role in many important applications in quantum information processing. Photon
pair generation through Spontaneous Parametric Down Conversion (SPDC) has been used to
demonstrate entanglement in polarization [6], path [7], spatial modes (e.g., Hermite-Gauss
modes [8,9], Laguerre-Gauss modes [10,11]), energy-time [12] and time-bin [13] degrees of
freedom, and some of them simultaneously [14–17]. The SPDC state can also provide a good
approximation of a momentum-position Einstein-Podolsky-Rosen (EPR) state when looking at
the transverse momentum decomposition [15].

Momentum entanglement, as a continuous degree of freedom, can allow, in principle, to
reach the ultimate limits of high-dimensional entanglement [15]. In addition, high-dimensional
quantum systems can allow entanglement to have high complexity and can be exploited for various
quantum information tasks [18–20]. The momentum entangled state that naturally arises from
SPDC is symmetric [21], i.e., the same state is obtained under the exchange of idler and signal
photon. However, it is more challenging to generate antisymmetric momentum entanglement.
One possible approach that exploits the pump symmetry has been explored in Ref. [8]. The
competition between the symmetry of polarization entanglement and pump shaping was shown
to a�ect the two-photon interference behavior.

Here, we demonstrate an approach to freely manipulate the relative phase defining the two-
photon entangled state by introducing a spatially dependent phase distribution on one of the
photons in the pair (namely, the idler) path. A phase jump applied between opposite values
of the idler photon’s transverse momentum a�ects the exchange symmetry. A �-phase jump

#458776 https://doi.org/10.1364/OE.458776
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allows conversion of the symmetric SPDC state into an antisymmetric one. Intermediate phase
jumps will generate antisymmetric states, which gain a general phase factor under exchange
operation. We also demonstrate how a two-photon interference setup needs to be constructed in
order to verify the symmetry of such a momentum entangled state. This work provides a new
method for quantum state engineering and entanglement verification in the momentum degree
of freedom, which may be exploited in quantum imaging protocols, high-dimensional quantum
communications, quantum information processing, and quantum simulations.

2. Scheme

The scheme we propose is based on a Type-II SPDC source of photon pairs. Exploiting the
fact that idler and signal photons are orthogonally polarized, we can spatially separate the two
photons with a polarizing beamsplitter (PBS). The vertically polarized photons are then converted
to horizontally polarized by a half-wave-plate, therefore the resulting two-photon state (in the
transverse momentum degree of freedom) can be written as |�� = 1�

2

�
d2k(|k�s |�k�i+ |�k�s |k�i).

Note that we have assumed here a perfectly collimated pump in the thin-crystal limit. A phase
object in the far-field of the crystal, placed in the idler path, implements the transformation
|k�i � e�(k) |k�i. When post-selecting on correlated pairs of momentum values (i.e., k0 and
�k0), we obtain the state:

|��� =
1�
2
(|k0�s |�k0�i + ei�(k0) |�k0�s |k0�i), (1)

where �(k0) = �(k0) � �(�k0), and we ignore a global phase factor.
The state symmetry can be analyzed through Hong-Ou-Mandel (HOM) interference. When

the two photons are incident on a beamsplitter (BS), with the important requirement that the
number of reflections up to the exit port of the BS has the same parity for both photons, they
exit from the same output port if the relative phase is � = 0 (bunching), while they always exit
from di�erent ports if � = � (anti-bunching). This can be immediately seen when measuring the
coincidence counts between the two output paths a and b of the BS. More generally, for arbitrary
phases �, the (normalized) coincidence count rate is

C(�) = 1 � cos(�), (2)

which can be inverted to obtain � (modulo �) that characterizes the state completely.

3. Results

To experimentally test our scheme, we generated momentum entangled photon pairs in SPDC
using a 5mm thick type-II PPKTP crystal pumped by a 405 nm continuous wave laser (the
detailed experimental setup is illustrated in Fig. 1). The frequency-degenerate photon pairs are
split in idler and signal path by a polarizing beamsplitter (PBS). A reconfigurable liquid crystal
spatial light modulator (SLM) allows us to apply di�erent phase patterns on the idler path. In
particular, we implemented phase jumps along a vertical line centered on the SPDC cone. Idler
and signal photons are then made to interfere at a 50:50 BS (after the signal polarization has
been rotated to horizontal). The number of mirrors in the two paths was chosen in order to keep
momentum anti-correlation at the BS output ports, i.e., ensuring that both photons are subject to
the same number of reflections. The two output modes (paths a and b) were then coupled to
single-mode fibers in such a way that, on each path, opposite values of the transverse momentum
were selected.

One thing to note is that this scheme requires photons with momentum k and �k to be
present in both arms of the interferometer. Therefore, one cannot use a knife-edge prism or
a D-shaped mirror to split the photons into two paths. This makes momentum entanglement
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Fig. 1. Experimental setup for generating momentum entanglement by quantum
interference. A horizontally polarized continuous-wave pump beam (405 nm, waist diameter
3.8 mm) induces polarization-based SPDC in a Type-II periodically poled potassium titanyl
phosphate (ppKTP) crystal (5 mm thick). A lens is used to map the collinear SPDC state in the
transverse momentum degree of freedom. Correlated photons with orthogonal polarizations
are then separated into di�erent optical paths with a polarizing beamsplitter (PBS) after a
longpass filter and 3 nm bandpass filter. A half-wave plate (HWP) oriented at 45� rotates
the vertically-linear polarization (V) of the signal photon to horizontal polarization (H).
The two photons are then made to interfere at a 50:50 beamsplitter (BS). A delay line on
the idler path allows for adjustments of the optical path di�erence �L between the two
photons. A spatial light modulator (SLM) is placed in the idler photon path before the BS to
allow manipulation of the phase between the momentum entangled state. The number of
mirror reflections at the BS exit must have the same parity to have the two photons maintain
momentum anti-correlated. Photons from opposite sides of the SPDC beam are collected
by two single-mode fibers (SMFs) connected to avalanche photodiodes. Hong-Ou-Mandel
interference can be observed after a coincidence measurement. The insets show the beam
projections (beam coming out of the page) at the plane before the PBS (1) and the four
numbered planes surrounding the 50:50 BS. (2,3) Before the BS with a phase applied in
half of the beam (blue color) in (3). (4,5) After the BS showing how the two beams are
overlapped and the region collected by the SMFs. Locations that are momentum correlated
are marked with the same symbol (+ and �).
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manipulation using Type-I or Type-0 SPDC, where the photon pairs have the same polarization,
much more di�cult. The same technique can also be used for manipulating the transverse
position entanglement between SPDC photons. This will require the parity of the number of
reflections to be unequal in order to convert from a symmetric to an anti-symmetric position
entangled state.

We recorded coincidence counts as a function of the path length di�erence �L between the
two paths in the interferometer and for di�erent phase jumps. The results are shown in Fig. 2,
illustrating how applying a phase jump allows one to switch from two-photon bunching to
two-photon anti-bunching, a clear indicator that the momentum entanglement has been converted
from symmetric to anti-symmetric. The visibilities v of the HOM dip in photon bunching and of
the coalescence peak are defined as vpeak = (Cmax � C)/C and vdip = (C � Cmin)/C, where Cmax
and Cmin are the maximum and minimum coincidence counts at the peak and dip, respectively.
C is the coincidence count outside the dip/peak where the di�erence in the two path lengths is
much larger than the coherence length of the SPDC photons.

Fig. 2. Two-fold normalized coincidence counts for di�erent phase jumps. The di�erent
colored data points and Gaussian fits correspond to phase (�) changes every �/6 from 0 to 2�.
�L is the path length di�erence between the two photons before the BS. The coincidences
are normalized by dividing the coincidence rate at �L = 0 by that when �L is outside the
HOM dip/peak. Error bars are smaller than the point markers and therefore not visible in the
plot.

In Fig. 3, we verify that the coincidences at �L = 0 follow Eq. (2). The visibilities for
� = 0 and � give a direct estimate of the fidelity between the realized state and the expected
symmetric/antisymmetric entangled state. We obtained v � 88% and v � 97%, for � = 0 and
�, respectively. Intermediate cases correspond to the creation of entangled states which mimic
two-particle states obeying anyonic statistics [22].

The visibilities do not quite reach 1 at � = 0 and �, which is due to the imperfections in the
alignment and the BS not being exactly 50:50. We have found the alignment which gave the
highest visibility in the peak often deviated slightly from the alignment which gave the highest
visibility in the HOM dip; this can be a result of small imperfections in the alignment and SLM
calibration. We have aligned the setup by maximizing the HOM peak, thus resulting in the
visibility at � = � being higher than � = 0. Non-uniformity in the SLM will have only a small
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Fig. 3. Coincidence counts as a function �. Plot showing the variation of coincidence
counts as a function of the applied phase � when the path length di�erence �L between
the two photons is 0. The equation of the fitted curve is C(�) = � (1 � cos(�)) + �, where
� = 0.89 ± 0.02 and � = 0.12 ± 0.03. The coincidences are normalized by dividing the
coincidence rate at �L = 0 by that when �L is outside the HOM dip/peak. Error bars are not
visible, being smaller than the size of the data point circle.

a�ect in our experiment as we are collecting photons from two small regions on the SLM. If
photons were collected from larger regions by using multi-mode fibers or camera, then the SLM
uniformity would need to be considered.

4. Conclusions and outlook

Measurement of state symmetry using HOM interference has been demonstrated in various
degrees of freedom, such as polarization [23], frequency [24–26], and Orbital Angular Momentum
[11]. Here, we introduced and demonstrated a new method that allows, for the first time, the
manipulation of transverse momentum entanglement between SPDC photon pairs through the
use of a reconfigurable phase object (SLM), which allows to locally tune the state symmetry.
We also demonstrated how a HOM interferometer must be constructed in order to verify the
momentum entanglement symmetry. Simultaneously generating a state with spatially variable
symmetry with thousands of momentum entangled modes can be performed in the near future
and directly observed with recently developed time-tagging camera technologies [27,28]. This
ability to manipulate and measure thousands of entangled modes would be greatly beneficial in
quantum imaging protocols as well as in high-dimensional quantum communications, quantum
information processing, and quantum simulations. However, this will require a high visibility
multimode HOM interference in the spatial domain, a task that necessitates a careful engineering
of SPDC spatial correlations, which requires the generation of a SPDC state with very high spatial
correlation and compensation for the di�erent SPDC cone sizes associated to the orthogonal
polarizations.
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Chapter 4

Quantum Key Distribution

Quantum communication is one of the most widely studied areas of quantum information

and is one of the primary focuses of this thesis. The seminal work in quantum communi-

cation describing a protocol for quantum key distribution came in 1984 by Bennett and

Brassard, thus creating the famous protocol BB84 [30]. QKD aims to provide information

theoretic security, meaning that the security of the protocol does not rely on assumptions

about the computational power of a an adversary. This initial proposal uses the polar-

ization of single photons to encode information. We can encode a bit value “0” with a

horizontally polarized photon, i.e., the quantum state |Hi, and a bit value of “1” with a

vertically polarized photon, |V i. These polarization states {|Hi , |V i} form an orthogonal

basis for the polarization degree of freedom of the photon. This means that a projective

measurement onto this basis can perfectly distinguish between incoming states. This pro-

jective measurement can be achieved by passing the photons through a polarizing beam

splitter. The orthogonality of our polarization basis means that the projective measure-

ment gives a definite outcome, i.e., the probabilities are “0” and “1” for our beam splitter

projection as shown by

|hH|Hi|2 = 1

|hV |Hi|2 = 0.
(4.1)
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In addition to the {|Hi , |V i} basis, there exist other orthognal bases for photonic polariza-

tion, namely the diagonal and antidiagonal polarizations which can be written in terms of

the vertical and horizontal states as |Di = (|Hi + |V i) /
p
2 and |Ai = (|Hi � |V i) /

p
2 re-

spectively, as well as the left-and right-circularly polarized states, |Li = (|Hi + i |V i) /
p
2

and |Ri = (|Hi � i |V i) /
p
2. These states form what we will refer to as mutually unbi-

ased bases (MUBs). What this means is that a measurement of some state in the wrong

basis results in an uncertain outcome with probability 1/2 for each outcome. For exam-

ple, projecting the state |Di onto state |Hi or state |V i gives the measurement outcome

|hH|Di|2 = 1/2 and |hV |Di|2 = 1/2. This equivalent probability of 1/2 for a measurement

in the H/V basis means that we do not gain any information about the state when we

measure in the incorrect basis and is the defining property of the MUBs. What this means

from a communication perspective is that if a sender, “Alice”, prepares a state in the H/V

basis and a receiver “Bob” measures in that same H/V basis, they will be able to determine

which state was sent by Alice. If however Bob measures in the incorrect basis, he gains no

information about Alice’s state.

4.1 BB84

We now have a good foundation to describe the BB84 protocol, and how it can achieve

information theoretic security from eavesdropping attacks. We should first say that the

role of quantum key distribution in secure communication is not to communicate the secret

message, but to share a secure key, a random list of 1s and 0s, to be used by Alice and Bob

for one-time-pad encryption. The one-time-pad is a proven secure method of encryption

where Alice and Bob each have an encryption key of 1s and 0s that is the same length

as their message. Alice can bit-wise add the one-time-pad to her message and send the

encrypted message across a channel to Bob who can bit-wise add his matching key to the

message to regain the original message. Though this encryption protocol is proven to be

secure, the limiting factor is that this one-time-pad must be the length of the message
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and can only be used once. This is where quantum key distribution comes into play as

a method to enable the sharing of these one-time-pads or keys in a secure way. Now lets

outline the steps involved in BB84:

1. Alice randomly chooses a basis H/V or A/D and randomly chooses a state in that

basis to prepare as single photon state, i.e., {|Hi = 0, |V i = 1} or {|Di = 0, |Ai = 1}.
This random choice of basis and state should be done using 2 quantum random

number generators to ensure the randomness of the choices. Alice then sends the

single photon states across the quantum channel to Bob.

2. Bob then randomly chooses which basis to make a measurement in, H/V or A/D,

and performs the projective measurement on the incoming single photon state. This

single photon measurement will give a “click” at only 1 detector and Bob records the

result.

3. Next Alice and Bob communicate across a classical channel which must be authenti-

cated but not necessarily private, where they share the preparation and measurement

basis used for each photon. They do not reveal the state that was sent or measured,

which is the information that will become the key.

4. Alice and Bob now perform the sifting operation where they remove all of the bins

where the prepariation and measurement was not completed in the same basis. This

leaves them with 50% of the original states.

5. Next Alice and Bob take a subset of the remaining key and reveal which states were

prepared and measured. These states will be thrown out as the information is being

broadcast to the world, but this allows them to determine the error rate between the

sent and received states. This error rate allows Alice and Bob to determine if an

eavesdropper has been intercepting the signal and gaining some information about

the quantum states. The maximumm tollerable error rate for the BB84 protocol is

11%.
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6. Finally based on the measured error rate between Alice and Bob, classical error

correction protocols are used, and privacy amplification protocols are implemented

to remove any of Eve’s information.

At this point Alice and Bob have a secret key which can be used for one-time-pad en-

cryption. There are many other QKD protocols that have been developed over the last 40

years, some of which will be discussed later on in this thesis. For example, we can replace

this prepare and measure approach with an entanglement based QKD scheme. Instead

of Alice choosing which state and basis to prepare, she will have an entanglement source

which produces photons in a state similar to those introduced in Chapter 2. In this form,

our intuition from the no-cloning theorem is very useful for proving the security, and it

has been shown that entanglement basis protocols can be translated back to a prepare

and measure approach for QKD applications [31]. Here Alice and Bob perform a Bell test

to confirm that they have entangled photon states and with this information they can

guarantee that no other system is correlated with ⇢AB.

4.2 Security Proofs

We have stated that the BB84 protocol described above is a secure protocol but still need

to provide some basis for this security. There are a few di↵erent physical principles that we

can use to demonstrate the security of QKD. As mentioned in Chapter 1, the uncertainty

principle makes it impossible for us to precisely know conjugate variables in quantum

systems. This is closely related to the measurement problem in quantum mechanics which

dictates that any measurement by Eve on unknown quantum states will introduce some

disturbance in the system. These disturbances can then be detected by Alice and Bob.

Alternatively, we can think of Eve’s intent as being to create a perfect copy of the states

sent from Alice to Bob to then be used for her own measurements. This however is

forbidden for quantum systems by the no-cloning theorem [32,33]. The quantum no cloning

theorem states that we cannot create an identical copy of an unknown quantum state.
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If we have no knowledge of some quantum state |�i, and we have some ancillary state

|ei then there is no unitary operator U that can act on the composite system to give

U (|�i
A

⌦ |ei
B
) ! |�i

A
⌦ |�i

B
. In the context of QKD and in particular BB84, this

no cloning theorem tells us that when a single photon is sent in a random basis, some

eavesdropper can not create any device to perfectly replicate this state. We can also use

entangled pairs which have quantum correlations satisfying the violation of Bell’s inequality

to demonstrate that there could be no outside (Eve’s) knowledge about that entangled

state. In other words, if Alice and Bob can violate Bell’s inequality with some entangled

photon pairs, then Eve can not have any information about the quantum state. From

these physical principles which provide the underlying basis of our security, we will be

in a position to evaluate the security of specific protocols from an information theory

perspective [34].

Security proofs can be formulated for specific quantum protocols from the basis of the

physical principles of quantum mechanics. These proofs will assume that an eavesdropper

is very powerful and has access to any technologies allowed by quantum theory, whether

such technologies exist yet or not. We can begin with a simple example of a basic attack

that an eavesdropper can perform called the intercept-resend attack. In the polarization

BB84 protocol described above, Eve will intercept the photons sent from Alice and make

a measurement in some basis. The measurement is the same as Bob’s measurement and

a single click will be recorded at the output of a polarizing beam splitter, lets say in the

H/V basis. Eve then records this information and prepares a photon in the measured state

to resend on to Bob. Now the problem with Eve’s attack is that she does not know which

basis to measure in, and thus she will measure in the wrong basis 50% of the time. Let’s say

Alice sent the state |Di and Eve measured this in the H/V basis giving the measurement

result |Hi with probability 1/2. She then sends this state to Bob where a measurement in

the D/A basis and will give |Di with probability 1/2 and |Ai with probability 1/2. When

Eve measures in the correct basis, no errors are introduced. Thus in total Eve introduces

a quantum bit error rate of 25%, i.e., 50% chance of measuring in the incorrect basis

multiplied by a 50% chance of Bob’s measurement yielding the correct state.
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If Alice and Bob now considered this the only attack that Eve could perform then

they would set 25% as the error threshold for this protocol. However, there are more

sophisticated attacks which Eve can perform to gain more information about the quantum

states which result in the 11% threshold. The Lo-Chau security proofs were developed first

for a scheme in which Alice and Bob share entangled pairs and then perform quantum error

correction to distil entanglement from a joint state ⇢ABE which is correlated to a quantum

state ⇢E held by Eve, to an entangled state ⇢AB which is not correlated to Eve [35]. The

quantum error correction in the entanglement approach requires 2 steps, one for the bit

errors and one for the phase errors. There is a cost associated with each error correction

step which is associated to the Shannon entropy, H(e) = �e log2 (e) � (1 � e) log2(1 � e).

This results in an entanglement pair generation rate of

G = 1 � H(eb) � H(ep), (4.2)

where eb and ep are the bit and phase error rates. This proof was shown to be equivalent to

a prepare and measure QKD scheme by Shor and Preskill who translated the quantum error

correction to a classical error correction step and a privacy amplification step, both per-

formed after measurement of the photons and thus not requiring a quantum memory [36].

The classical error correction and privacy amplification also have a cost associated to the

Shannon entropy and the bit error rate eb which gives us the similar key rate formula for

the prepare and measure scheme G = 1 � 2H(e). The key rate crosses zero at 11% thus

giving the 11% bound the BB84 protocol.

This assumes, as in the original BB84 protocol, that Alice and Bob send optimal single

photon states such as those resulting from heralded pairs from a spontaneous parametric

down conversion (SPDC) single photon source. However, it is di�cult to create ideal single

photons, and even those from SPDC have some likelihood of 2 pairs being created at once.

The security proofs become significantly more involved when we depart from the optimal

world envisioned by Bennet and Brassard and introduce real devices with imperfections.

There exist numerous “side-channel” attacks which exploit imperfections in the physical

devices used to establish the quantum channel. There are 3 di↵erent classes of attacks
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which Eve can perform to gain information about the channel. When we consider the

security of the channel we must consider each of these attacks and decide to which level of

attack we want to secure against. In increasing levels of strength these are the individual,

collective, and coherent attacks. An individual attack is the simplest type of attack Eve can

perform which involves interacting with each qubit sent between Alice and Bob separately.

The prepare and measure attack is an example of this type of attack. Next there are

collective attacks in which an ancilla interacts with each qubit independently, but then

Eve performs a joint measurement on the ancilla. Finally a coherent attack is the most

powerful where Eve prepares a joint entangled state as an ancilla which interacts on qubits

in the channel before a joint measurement is performed by Eve. This final class of attacks

are not necessarily technologically realizable yet, but do represent the upper bound on

Eve’s power from the limits of the laws of physics. This is the level that we consider with

the security proofs considering the shared entanglement between Alice and Bob.

One example is the photon number splitting attack which allows Eve to gain information

when Alice sends more than 1 photon per pulse. If 2 photons are present in the same state

sent from Alice to Bob, then Eve can break o↵ 1 photon and make any desired measurement

without introducing any disturbance to the quantum signal. The di�culty here is that

creating single photon states on demand is a very di�cult technological problem, though

work on single photon emitters is ongoing [23]. One can use SPDC which allows us to

guarantee that there is only 1 photon per pulse by heralding. However, as evident by the

name, this is a spontaneous process and usually with robust technology we do not want

to wait for a random event to occur. So one may consider using a regular laser pulse but

attenuating the source down to the level of 1 photon per pulse. This results in the well

known coherent state which has a photon number distribution described by

|↵i = e
� |↵|2

2

1X

n=0

↵
n

p
n!

|ni (4.3)

where |ni denotes an “n” photon state. Now we can have a photon number state which

is a distribution centred at the mean photon number N = |↵|2. For QKD we want just
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a single photon, i.e., |1i, and we never want more than 1 photon. The problem is if we

prepare a coherent state with |↵|2 = 1 then we will also get the |2i state with significant

probability around 18%. If we instead go with a much weaker signal such as |↵|2 = 0.1, we

will get the |2i state with much lower probability of 0.45%. However now we only have a

signal |1i state around 10% of the time, resulting in a reduction in the maximum key rate

we can achieve. This remaining non-zero probability of a 2-photon state also allows for

some small amount of information to be leaked to Eve which must be accounted for in the

security analysis and gives a reduction in the achievable key rate. The problem of imperfect

sources was addressed with the decoy state protocol where decoy states with a di↵erent

average photon number are sent through the channel randomly with the signal [37, 38].

The di↵erences in quantum bit error rates between the decoy and signal states can then be

compared to detect a photon number splitting attack. We will not go through the many

di↵erent attacks that have been conceived for taking advantage of device imperfections and

the layers of security and new security proofs that have been developed to overcome these

weaknesses.

4.3 High-Dimensional QKD

For many applications in quantum information science, we are only concerned with 2-

dimensional quantum systems. In quantum computing, while there have been proposals of

using high-dimensional qudits, 2-d states vastly dominate the research and industry e↵orts.

In the original BB84 protocol for quantum communication, the 2-d polarization degree of

freedom of photons is used. We can however consider extending to high-dimensions partic-

ularly for quantum communication where we can hope to achieve greater informational ca-

pacity per single photon. We can extend protocols such as BB84 to high-dimension Hilbert

spaces which can provide certain beneficial properties in terms of information density, key

rates, and tolerance to errors [39]. As a first example we can consider the high-dimensional

BB84 protocol. Here we will still use two MUBs, but the dimensionality of each basis will
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be d > 2. The first basis will still be the logical basis in whatever degree of freedom is being

used, i.e., | i
j
= {|0i , |1i , . . . , |d � 1i}. One of the mutually unbiased bases in dimension

“d” when d is prime is given by the quantum Fourier transform,

|�i
j
=

1p
d

d�1X

k=0

!
jk

d
|ki (4.4)

where !d = e
i2⇡/d. The projection of a state on the wrong MUB now gives |h |�i|2 = 1/d

instead of 1/2 as in the d = 2 case.

In dimensions that are prime or the power of a prime number, i.e., 2,3,4,5,7,8 . . . , it

has been proven that we can produce d+1 di↵erent MUB and for prime dimensions we can

use the formula
����(↵)

j

E
=

1p
d

d�1X

k=0

(!j

d
)d�k(!�(↵�1)

d
)sk |ki , (4.5)

for the ↵ � 1 basis, and the jth state in the basis. Here sj = j + . . .+ (d � 1).

Security proofs have been extended from the BB84 protocol to show the security of

high-dimensional BB84 style protocols [40]. The secret key rate for a high-dimensional

BB84 protocol is given by,

G = log2(d) � 2h(d)(e), (4.6)

where h(d)(e) = �xlog2(x/(d�1))�(1�x)log2(1�x) is the d -dimensional Shannon entropy.

Furthermore, high-dimensional states have allowed for the development of unique new

protocols such as the Round-Robin Di↵erential-Phase-Shift, Chau-15, and tomographic

quantum cryptography protocols [41–43]

An important piece of quantum information is quantum tomography. As illustrated

by the Heisenberg uncertainty principle, we can not learn all of the information about a

quantum system with a single measurement. With quantum state tomography, we attempt

to reconstruct the density matrix, ⇢, by making many measurements on an ensemble of

many copies of the state. By making various di↵erent measurements on these copies we

can reconstruct all of the information about the state. To illustrate this, consider the
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Quantum Bit Error Rate
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Figure 4.1: BB84 Key Rates. The error threshold for BB84 and other QKD protocols

increases with the dimensionality of the encoding space. This allows for a higher error

tolerance in noisy channels.

polarization of a photon. We can measure polarization by placing single photon detectors

at the output ports of a polarizing beam splitter. This however will only give us a conclusive

result if we have a vertical or horizontally polarized photon. If we then choose to place a

half-wave plate before the polarizing beam splitter, we can measure the diagonal and anti-

diagonal component of the copies of the quantum system. Finally with the introduction of

a quarter-wave plate, we can measure the left and right circular component. We now have

6 experimentally determined probabilities, PH , PV , PD, PA, PR, and PL. With these six

measurements, we can now precisely determine the density matrix of the quantum state.

Quantum state tomography is an extensive area of study as the number of measurements

required to characterize a state scales with the square of the dimensionality of the state,
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specifically using the approach presented for polarization it scales as d(d+ 1). This is the

MUB approach to state tomography, though as we will discuss, there may be a more optimal

set of measurements. Each of these measurements can be represented by a projection

operator Êi. We call a complete set of these measurement operators comprises a positive

operator-valued measure (POVM). One approach to reconstructing the density matrix is

using linear inversion and relying on the Born rule which states that the probability of

getting a certain measurement outcome from the measurement operator Êi for a quantum

state ⇢ is given by Pi = Trace(Êi⇢̂). Note that for a pure state | i, we can rewrite the

trace as Trace(Êi | i h |) = h | Êi | i. In 2 dimensions we use the familiar Pauli matrices

�̂x, �̂y, �̂z to determine the density matrix as ⇢̂ = I + s1�̂1 + s2�̂2 + s3�̂3 where si are the

Stokes parameters composed of the expectation values of the Pauli matrices, i.e., si = �̂i.

For the polarization of a photon, the Stokes parameters are determined by the probabilities

discussed above by: s1 = PH � PV ; s2 = PA � PD; and s3 = PL � PR.

We can extend to high-dimensional quantum state tomography using the MUBs defined

in Equation 4.5. The MUB projectors are given by ⇧̂(↵)
j

= | (↵)
j

ih (↵)
j

|. The MUBs form

an overcomplete set of d+ 1 bases and the orthonormality and completeness relations are

given by

dX

↵=0

d�1X

j=0

⇧̂(↵)
j

d+ 1
= I (4.7)

Tr[⇧̂(↵)
j

⇧̂(�)
i

] = �ij�↵� +
(1 � �↵�)

d
. (4.8)

Now similar to the 2-dimensional case, we can obtain measurement probabilities for each

state given by P
(↵)
j

= Tr[⇢̂ ⇧̂(↵)
j

] and the density matrix can be reconstructed by

⇢̂ =
dX

↵=0

d�1X

j=0

P
(↵)
j

⇧̂(↵)
j

� I. (4.9)

This approach requires d(d+1) measurements and is often a convenient approach to state

reconstruction [44]. There are also more optimal approach such as using states that are

optimally spread out on the Hilbert space to have minimal overlap. This has been achieved
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with symmetric informationally complete (SIC) POVMs, and state reconstruction can be

reduced to requiring only d
2 measurements [45, 46].

4.4 Adaptive Optics

Adaptive optics systems were proposed for correcting imaging aberrations in astronomical

applications in 1953, and early experimental implementations began in the 1960’s and

1970’s led by military applications to track satellites and eventually reaching the academic

astronomy community [47,48]. In free-space quantum communication, adaptive optics has

Deformable Mirror

Wavefront Sensor

BS

Signal

Dichroic Mirror
Turbulent Input

Figure 4.2: Adaptive Optics. The input beam is sent to a deformable mirror and then

onto a wavefront sensor which measures the phase. A dichroic mirror is used to separate

the guide beam from the signal to be used for QKD.

a very important role in improving key rates and allowing for the use of spatial modes.

Free-space optical channels have non-uniform temperature and pressure cells along the
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propagation which results in a spatially varying index of refraction. This introduces a

non-uniform transverse phase to the beam, which results in distortions or deflections at

the receiver. The lowest order of these distortions are the tip-tilt deviations which describe

beam wandering in the x and y direction. The higher orders of distortions are described

by the Zernike polynomials which are a set of orthogonal modes on the unit disk.

An adaptive optics system is made up of a Shack-Hartmann wavefront sensor and a

deformable mirror. The wavefront sensor is used to measure the phase of the incoming

optical beam. It consists of an array of microlenses followed by an EMCCD camera which

measures the transverse position of the focus from the mircolens array. The position of the

focus allows us to determine the wavefront tip and tilt at each microlens. The wavefront

sensor in our work contains a 16 by 16 microlens array giving 256 points for estimating the

wavefront. When a Gaussian mode is sent across the channel, any deviations from a flat

phase can be attributed to the atmospheric turbulence. The inverse of the phase measured

at the wavefront sensor is then applied to the incident beam using the deformable mirror.

The deformable mirror has a soft surface with a number of actuator pistons which are able

to extend or retract at each point of the mirror to dynamically correct the phase. The

deformable mirror used in our work has a 22.5 mm diameter and 97 actuators.

In the rest of the chapter, 3 articles on high-dimensional quantum communication

are presented. The first presents a new form of the Round Robin QKD protocol which

allows Alice and Bob to place an upper bound on the information leaked to Eve without

monitoring the error rate in the channel. The second outlines the use of high-dimensional

states for quantum certified deletion, and includes an experimental demonstration using

OAM. The third is an experimental demonstration of a full-functioning, fast adaptive optics

system for the correction of atmospheric turbulence on high-dimensional OAM states.
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In quantum key distribution (QKD), protocols are tailored to adopt desir-
able experimental attributes, including high key rates, operation in high noise
levels, and practical security considerations. The round-robin differential phase
shift protocol (RRDPS), falling in the family of differential phase shift proto-
cols, was introduced to remove restrictions on the security analysis, such as
the requirement to monitor signal disturbances, improving its practicality in
implementations. While the RRDPS protocol requires the encoding of single
photons in high-dimensional quantum states, at most, only one bit of secret key
is distributed per sifted photon. However, another family of protocols, namely
high-dimensional (HD) QKD, enlarges the encoding alphabet, allowing single
photons to carry more than one bit of secret key each. The high-dimensional
BB84 protocol exemplifies the potential benefits of such an encoding scheme,
such as larger key rates and higher noise tolerance. Here, we devise an ap-
proach to extend the RRDPS QKD to an arbitrarily large encoding alphabet
and explore the security consequences. We demonstrate our new framework
with a proof-of-concept experiment and show that it can adapt to various ex-
perimental conditions by optimizing the protocol parameters. Our approach
offers insight into bridging the gap between seemingly incompatible quantum
communication schemes by leveraging the unique approaches to information
encoding of both HD and DPS QKD.

1 Introduction
The advent of quantum key distribution demonstrated the ability to use quantum physics
in public key cryptography and established one of the most studied aspects of quantum
technologies. Bennet and Brassard, with the BB84 protocol, showed that encoding in
two mutually unbiased bases (MUB) and randomly alternating between these encodings
enables the generation of a secure random key between two parties [1]. Any intervention
to gain access to the random key results in detectable noise at the receiver and allows for
the removal of unsecure key generation attempts [2, 3]. Monitoring noise has become the
key element in developing a variety of quantum key distribution approaches [4, 5, 6, 7, 8].
Recently, Sasaki et al. [9] showed a different approach to encoding random binaries in a
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quantum state for quantum key distribution which did not require monitoring the signal
disturbance. Utilizing a quantum state in a large Hilbert space of dimension L, mapping
random phases (therefore random phase differences) between basis vectors of the state, and
a randomized interferometric measurement at the receiver lead to a fundamental bound on
the mutual information between the sender and a potential eavesdropper. This introduced
an entirely different approach to enforcing security in quantum key distribution [10, 11,
12, 13]. Subsequently, several experiments used temporal [14, 15, 16, 17, 18, ?, 19] and
spatial [20] structures of photons to implement this protocol, also known as the Round-
Robin Differential Phase Shift (RRDPS) protocol.

Advances in the preparation and measurement of high-dimensional quantum states of
photons using the temporal and spatial degree of freedom motivated implementations of
quantum key distribution protocols where photons carried more than one bit each. This
proved beneficial at increasing secret key rates and noise tolerance [21, 22, 23, 24, 25, 26,
27, 28, 29, 30]. Notably, the issue of noise tolerance is of particular interest in the context
of satellite-based QKD [31, 32, 33, 34, 35]. In this work, we explore the possibility of
increasing the encoding space of the secret keys in the RRDPS setting. We show that a
high-dimensional quantum key distribution with and without monitoring signal disturbance
is possible. Our approach both exploits the previously untapped potential of the original
RRDPS encoding scheme and offers an avenue to explore the connection between the
RRDPS and BB84 protocols. We structure the paper as follows. We first introduce
the high-dimensional RRDPS (HD-RRDPS) protocol. A simple sketch of the security
analysis is presented. We then carry out a proof-of-principle experiment to investigate
the performance and limitations of our scheme in a practical setting. Our experiment
exploits the orbital angular momentum (OAM) degree of freedom of single photons, which
has been demonstrated as an invaluable testbed to investigate quantum communication
schemes. However, we note that our protocol can also be implemented in other degrees of
freedom, such as time-bins, given appropriate measurements [36]. Finally, in the discussion,
we discuss adaptations to protocol parameters that enable better performance of the HD-
RRDPS protocol for varying amounts of channel loss and characterize the circumstances
under which the fundamental gap between the RRDPS and BB84 protocols can be closed.
This conceptual gap can be seen both in the encoding scheme and in the security analysis
for each protocol.

2 Protocol
We introduce the HD-RRDPS protocol as an extension of the established RRDPS proto-
col to a larger alphabet. In the original protocol, a superposition of pulses with randomly
assigned phases of 0 or � resulted in constructive or destructive interferences at the mea-
surement stage. The natural extension of this encoding scheme is achieved by considering
a MUB in larger dimensions. The formal key generation of the HD-RRDPS protocol is
presented below.

(1) Alice prepares a state |�� consisting of a superposition of L modes which determines
the dimension of the Hilbert space. In the time domain, this corresponds to a packet of L
pulses. Each mode is modulated by a phase 2�kj/d, where kj � {0, 1, 2, ..., (d � 1)}, and
the parameter d is called the encoding dimension and satisfies 2 � d < L, i.e.,

|�� = 1�
L

L�

j=1
ei

2�kj
d |j�. (1)

(2) Upon receiving the signal state from Alice, Bob randomly selects a subset of d
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Alice
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SLM-A

SLM-B

Coincidence

APD

APD

Laser

BBOIF

KE

Figure 1: Experimental Setup. Alice generates heralded single photons at a center wavelength of
810 nm coupled to a single-mode fiber (SMF) via spontaneous parametric downconversion (SPDC) by
pumping a barium borate (BBO) crystal with a diode laser at a center wavelength of 405 nm. The
signal and idler photons are then spatially separated using a knife-edge (KE) mirror. We note that
the pump laser is filtered using an interference filter (IF). The idler photon is subsequently used to
gate Bob’s measurement using coincidence measurement. Upon exiting the SMF, the signal photon
is sent to a sequence of 4-f lens systems and a spatial light modulator (SLM). Alice’s prepared state,
|��, is encoded by imprinting the appropriate phase and intensity profile onto the signal photon using a
holographic technique with SLM-A. The encoded photons are then sent to Bob’s stage, where a second
SLM (SLM-B) is used to measure the MUB elements, i.e. |�(d)

m �. Finally, the signal and idler photons
are measured using single-photon avalanche photodiode (APD) detectors and coincidence measurement.

modes out of the L total modes, i.e. {|j0�, |j1�, ..., |j(d�1)�} � {|1�, |2�, ..., |L�}, where we
also have that j0 < j1 < ... < jd�1. After selecting the d-dimensional subset, Bob performs
a measurement in the MUB given by {|�(d)

m �;m � {0, 1, ..., d� 1}}, where

|�(d)
m � = 1�

d

d�1�

n=0
ei

2�mn
d |jn�. (2)

The outcome of the MUB measurement is used to generate the raw key, m, which is
attributed to a measurement of the state |�m�. Moreover, Alice and Bob only keep the
measurement outcomes where the state received by Bob is an element of the MUB that is
being measured, i.e. 1�

d

�d�1
n=0 e

i
2�kjn
d |jn� � {|�(d)

m }.
(3) Finally, Bob shares the values of J = {j0, j1, ..., j(d�1)} with Alice. They can then

form their final shared secure key by performing the standard classical post-processing
consisting of error reconciliation and privacy amplification.

3 Results
A sketch of the security proof of the HD-RRDPS is presented here in the single-photon
case. We follow the procedure presented in [11]. A detailed calculation can be found in
Appendix A.

We consider the strategy adopted by the eavesdropper, Eve, where she implements a
general collective attack given by UEve|j�|e00� = �L

�=1 cj�|��|ej��. The Holevo bound on
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Figure 2: Experimental characterization of mode mismatch. Experimental averages for the mode
mismatch, emis are shown for di�erent values of the dimension, d, and the size of the encoding Hilbert
space, L.

Eve’s reduced density matrix can be used to estimate the leaked information to Eve. For
the protocol parameters L and d, the bound on Alice and Eve’s mutual information is
given by

IAE(x1, x2) �
�(d)

��L�1
d�1

�
x1,

�L�2
d�2

�
x2, ...,

�L�2
d�2

�
x2
�

�L�1
d�1

�
(x1 + x2)

, (3)

where we have defined x1 and x2 as non-negative parameters satisfying x1 + x2 = 1,�n
k

�
= n!/(k!(n� k)!) is the binomial coefficient, and

�(d) (x2
0, x

2
1, ..., x

2
(d�1)) (4)

= �
d�1�

i=0
x2
i log2 x

2
i +

�
d�1�

i=0
x2
i

�

log2

�
d�1�

i=0
x2
i

�

.

This bound arises from considering all of the paths and probabilities for Eve to ob-
tain each of a variety of possible density matrices through a collective attack on Alice’s
transmitted state. We note that the expression for IAE does not depend on the error rate,
thus removing the requirement for monitoring signal disturbance. Nevertheless, it is pos-
sible to find a tighter bound on Alice and Eve’s mutual information by determining the
lower bound on the error rate of Bob’s measurement in terms of x1 and x2. The detailed
calculation is also shown in Appendix A. The secret key rate is then given by,

R(E) = log2(d)� h(d)(E)�max
x1,x2

IAE(x1, x2), (5)

where h(d)(E):= � E logd(E/(d � 1)) � (1 � E) log2(1 � E) is the d-dimensional Shan-
non entropy. This expression of the secret key rate does not require monitoring signal
disturbance. However, we can obtain the lower bound on the error rate given by

E � (d� 1)
d

�
L� d

L� 1

��
x2

x1 + x2

�
. (6)

This inequality can be used to find a lower bound on x1, i.e. x(L)
1 (E) = 1� E(d/(d�

1))(L� 1)/(L� d). By monitoring signal disturbance and experimentally determining the
error rate E, an improved secret key rate is achieved, i.e.,

R(E) = log2(d) � h(d)(E) (7)
� IAE

�
x(L)

1 (E), 1� x(L)
1 (E)

�
.
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Figure 3: Error threshold of the HD-RRDPS protocol. Error threshold as a function of protocol
parameters L and d (a) without and (b) with monitoring signal disturbance.

4 Experiment
We perform a proof-of-principle experimental demonstration of our protocol using the OAM
degree of freedom of photons, see Fig. 1. In particular, we used the Laguerre-Gaussian
(LG) modes as a basis for our OAM states. LG modes have a cylindrical symmetry and
are composed of orthogonal states with a radial index, p, and an azimuthal index, �.
In our experiment, we only use the azimuthal index, creating single photon states which
carry angular momentum with a magnitude �h̄ per photon along the propagation direction.
These states have the characteristic azimuthally dependent phase ei��. The OAM degree
of freedom is a popular approach in the application of high-dimensional QKD protocols,
where their robustness has been repeatedly demonstrated in a wide range of quantum
channels [37, 38, 39, 40, 41, 42].

Single photon pairs are produced through spontaneous parametric down-conversion
(SPDC). A 360 mW Cobalt UV diode laser at a center wavelength of 405 nm is used
to pump a type-I barium borate (BBO) crystal, which spontaneously produces pairs of
photons, called the signal and idler, whose wavelengths are centered at 810 nm. We use
a knife-edge mirror placed at the center of the beam to separate the photon pairs. The
signal and idler photons are each coupled to a single-mode fiber (SMF), which selects only
the Gaussian optical mode from the SPDC process. Our heralded single-photon source
has a coincidence rate of 22 kHz with a 5 ns coincidence time window. The detectors
each have a dark count rate of 50 Hz. The idler photon is sent directly to Bob to make a
coincidence measurement jointly with the measurement of the signal photon, thus reducing
the background noise in the measured data. The signal photon is used by Alice to encode
the information. After exiting a fiber coupling stage, the beam is expanded using a 4-f
lens system with focal lengths of 50 mm and 200 mm. The photons are sent to Alice’s
spatial light modulator (SLM), which imprints the desired phase to the incoming Gaussian
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Figure 4: Null error rate secret key rate of the HD-RRDPS protocol. Null error rate secret key rate
as a function of protocol parameters L and d (a) without and (b) with monitoring signal disturbance.

photon to produce an OAM state. We use a phase and intensity masking technique as
well as a diffraction grating to produce high-quality optical modes [43]. The diffraction
grating is used to send the desired phase to the first order of diffraction, which ensures
that inefficient phase conversion inherent in the SLM does not result in the degradation of
the mode quality. This comes at the cost of the overall efficiency of the process, as some
photons will go into the other orders of diffraction. After Alice’s SLM, a 4-f lens system
is used to remove all other diffraction orders. We also use this 4-f system to image Alice’s
SLM onto Bob’s SLM. The beam waist used on the SLMs was 640 µm and 650 µm for
Alice and Bob, respectively.

Bob measures the state of the incoming photon using the intensity flattening tech-
nique [44]. Bob displays the conjugate phase of the mode that he would like to measure
on the SLM. When the incoming mode corresponds to Bob’s measurement, this effectively
removes the transverse phase of the incoming beam resulting in a flattened wavefront which
can then be made to couple to a SMF. Before coupling the beam to the single mode fiber,
Bob demagnifies the beam using a 4-f system with focal lengths 100 mm and 250 mm,
respectively. Finally, the photon is sent to a single-photon avalanche photodiode (APD)
detector. The coincidence measurement of the signal photon is performed with the idler
photon. After the state preparation and detection, the coincidence rate is 1250 Hz for the
case of Alice and Bob projecting on a Gaussian state. We note that since the idler photon
is not sent to the SLM, where Alice’s bits are encoded, it does not contain any information
about the key sent from Alice to Bob. The resulting raw counts are converted to a mode
mismatch, emis, for a given dimension, d, and size of the encoding Hilbert space, L, see
Fig. 2. In the QKD protocol, the mode mismatch will result in a fixed amount of error
that is independent of the channel loss. We expect that the mode mismatch will be one
limiting factor in the scaling of our protocol to larger values of d and L. Nevertheless,
other degrees of freedom may result in lower mode mismatch and improved performance
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Figure 5: Performance of the HD-RRDPS protocol. The secret key rates as a function channel
loss are shown in (a-b) without and in (c-d) with monitoring signal disturbance. The performance
of the HD-RRDPS protocol is simulated using a fix value of the mode mismatch, emis = 0.05, for
various values of the dimension, d, and the size of the encoding Hilbert space, L. In the simulation, we
considered a dark count rate of pd = 10�4.

of the protocol [45, 46]. Other types of measurements may also be considered to overcome
limitations from mode mismatch [47, 48, 49].

5 Discussion and Outlook
We now discuss the performance of our HD-RRDPS protocol for various protocol parame-
ters, i.e. L and d, at two extreme conditions. In the first case, it is instructive to consider
the case where the error rate is increased to the point where the secret key rate goes to
zero. In this regime, the channel condition is noisy and we are interested in the error
threshold of our protocol. In Fig. 3, we show the error threshold with and without signal
disturbance for various values of L and d. At the other extreme, we consider a condition
where the level of noise is low enough to result in an null error rate secret key rate. In this
scenario, we are interested in the largest achievable secret key rate. For a short quantum
communication link, the key rate is limited by the single photon detectors, e.g. saturation
or dead time, and when limited by the number of detected photons per second, a promising
strategy involves increasing the number of secret key bits carried per photon. By doing so,
it is possible to increase the overall secret key rate for the same photon detection rate. In
Fig. 4, we show the null error rate (E = 0) secret key rate with and without monitoring
signal disturbance for various protocol parameters.

In practice, QKD protocols are operated at some point between the two extreme cases
considered above. Imperfections in the generation and measurement devices, and noise
in the channel or the detectors will result in a non-zero error rate. We will evaluate the
performance of our QKD protocol with respect to the error and secret key rates through
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Figure 6: Performance of the HD-RRDPS protocol from experimentally measured mode mis-
match. The secret key rates as a function channel loss are shown (a-b) without and (c-e) with
monitoring signal disturbance. The performance of the HD-RRDPS protocol is simulated using the
measured experimental values of the mode mismatch, emis, for various values of the dimension, d,
and the size of the encoding Hilbert space, L. In the simulation, we considered a dark count rate of
pd = 10�4.

numerical simulations. In the simulations, an overall transmission of �(l) = 10�l/10, where
l is the total loss in dB, is assigned to the communication channel. Bob detects the single-
photon states using d single photon detectors (SPD) with dark count rates pd. For the case
where Bob successfully projects the incoming state onto a d-dimensional MUB subspace,
the single-photon yield is given by,

Y = (1� pd)d�1
�
d

L
� +

�
1� d

L
�
�
d pd

�
, (8)

where the terms (d/L)� and (1 � (d/L)�)d pd respectively correspond to the case where
the signal photon is not absorbed by the channel and the case where the signal photon is
absorbed by the channel and a dark count occurs. Similarly, the error rate is given by,

EY = (1� pd)d�1
�
d

L
� emis +

�
1� d

L
�
�
d pd

�
, (9)

where emis is the probability that an error occurs due to a mismatch between the generation
and the measurement bases. In practice, this may be the result of misalignment between
the sender and the receiver, or imperfection in generation and detection devices. As a first
step, we consider the performance of our protocol for a fixed value of emis = 0.05 that
is independent of the protocol parameters d and L. Figure 5 demonstrates that at a low
loss level, the performance of the HD-RRDPS protocol can be improved by increasing the
encoding dimension, d, with and without monitoring signal disturbance. This advantage
can persist for larger values of the size of the Hilbert space, L.

From our experimental measurements, we note that the mode mismatch can be depen-
dent on the protocol parameters d and L. This is particularly true for the case of OAM
states of photons. In this case, we evaluate the performance of our protocol for varying
values of the mode mismatch, emis. In our proof-of-principle experiment, we characterize
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the value of emis for various protocol parameters such as L and d. From these parame-
ters, we can simulate the performance of our HD-RRDPS protocol versus channel loss, see
Fig. 6.

By extending the RRDPS protocol to allow for multiple bits of raw key per photon, we
gradually close the conceptual gap between differential phase-shift and high-dimensional
QKD protocols. We note that our protocol can be straightforwardly extended to consider
two MUB measurements rather than just one. When implementing two MUB measure-
ments and the limiting case of d = L, we retrieve the high-dimensional BB84 protocol.
But interestingly, in the case where d �= L, we obtain a hybrid high-dimensional protocol
that is a combination of the two cornerstone QKD protocols, i.e. differential phase shift
and BB84. By tuning the protocol parameter d, one can optimize the performance of a
quantum communication system under varying experimental conditions by employing the
two unique information encoding schemes of HD and DPS QKD.
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High-Dimensional Quantum Certified Deletion
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Certified deletion is a protocol which allows two parties to share information, from Alice to Bob, in such a
way that if Bob chooses to delete the information, he can prove to Alice that the deletion has taken place by
providing a verification key. It is not possible for Bob to both provide this verification, and gain information
about the message that was sent. This type of protocol is unique to quantum information and cannot be done
with classical approaches. Here, we expand on previous work to outline a high-dimensional version of certified
deletion that can be used to incorporate multiple parties. We also experimentally verify the feasibility of these
protocols for the first time, demonstrating the original 2-dimensional proposal, as well as the high-dimensional
scenario up to dimension 8.

Introduction – In the current climate of remote services and
mass data storage, the ability to know if someone has deleted
information that you have sent to them or asked them to hold
onto for some period of time may be as important as com-
munication security. Going forward, a verifiable proof that
a company has deleted personal data may be integral to our
continued faith in cloud storage and data-collecting compa-
nies. The inability to make copies of a general quantum state,
described by the no-cloning theorem [1, 2], is a fundamen-
tal aspect of many proposed quantum technologies, includ-
ing quantum key distribution (QKD) [3] and blind quantum
computing [4]. Such technological solutions use the physical
properties of quantum mechanical systems to gain a security
advantage over the previously used digital approaches. QKD
has become a frontrunning solution to secure communication
in a future where access to quantum computing resources will
render current security protocols useless. This field has re-
ceived significant attention both from the theoretical physics
and mathematics community which has developed new pro-
tocols and security proofs to optimise the original communi-
cation protocol proposed in 1984 [3], and from experimental
physics which has pushed the bounds of what can actually be
achieved with fibre channels [5–7], underwater channels [8],
and free-space channels [9, 10] linking line of sight stations
within cities and from ground to satellite [11]. Furthermore,
this technology is beginning to enter the commercially avail-
able phase of development with a few pioneering companies
such as ID Quantique, Toshiba, and MagiQ Technologies Inc.,
to name a few, producing specific-use products. Eventually it
is expected that a large infrastructure of quantum communi-
cation channels will be used to allow secure communication
around the world. On the back of this infrastructure one can
begin to consider other applications for the quantum channels
such as blind quantum computation, quantum money, and the
quantum internet etc.

A more recent proposal, again resting on the no-cloning
theorem for quantum states, has defined a protocol for cer-
tified deletion [12]. The certified deletion protocol allows for
a receiving party to guarantee that information sent to them
has in fact been deleted and that no copy has been held by the
receiving party. Such a protocol is not possible in the world
of digital communication where a person can always hold on

to the raw bits that have been sent, and recreate a copy. This
has motivated protocols using certified deletion for data secu-
rity and privacy, software licensing, and new public encryp-
tion schemes using quantum resources [13–15]. There have
also been similar ideas around proving erasure of quantum
data stored at some remote location [16]. This allows for one
party to store a backup of their data at some location while
being able to request a proof that this data is deleted at a later
date. Here, we experimentally demonstrate the certified dele-
tion protocol proposed in [12], using the orbital angular mo-
mentum degree of freedom of photons. In addition, we extend
the protocol beyond the qubit, aiming to develop the certified
deletion protocol to utilise high-dimensional quantum com-
munications systems.

BS

PBS

PBS

Alice Eve Bob

Alice Malicious Bob Honest Bob

MUB I

MUB II

BB84

Certified Deletion

FIG. 1. Here we describe the relationship between BB84 and cer-
tified deletion. In the certified deletion protocol the malicious Bob,
who is trying to determine both the deletion key and the secret mes-
sage, maps onto Eve in the BB84 protocol. For the security proof,
we can describe the certified deletion protocol as Alice sending the
quantum state to Malicious Bob and then on to the Honest Bob.

Protocol – A fundamental aspect of certified deletion is shared
with QKD, that of conjugate coding using mutually unbiased
bases (MUBs). By encoding information into conjugate bases,
we are able to take advantage of the quantum no-cloning prin-
ciple, leading to mathematical limits on the eavesdropper’s
abilities in QKD or to Bob’s ability to both convince Alice of
deletion and extract information about the message in certi-
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fied deletion. These limits provide us with a guideline of ex-
perimental error thresholds which we must keep our quantum
system below to allow for secure communication, and conse-
quently certified deletion. The specifications of a particular
protocol will dictate the form of the security proofs and thus
will change the error thresholds for di�erent protocols. These
specifications include the types of states used, the dimension-
ality of those states, as well as the choice of measurements that
will be performed. Di�erent protocols will have advantages in
terms of improved message rates or improved tolerance to er-
rors, but will also ultimately depend on the practical ability
to create certain quantum states and perform complex mea-
surements. Let us now extend the certified deletion protocol
to the high-dimensional vector space. We will begin by us-
ing concepts from high-dimensional QKD schemes that have
been developed as extensions to the original BB84 [17].

A generalised quantum measurement can be given as set
of linear operators on a quantum system A denoted by

�
�Mx

A

�
,

satisfying
�

x

�
�Mx

A

�† � �Mx
A

�
= 1A, where, x � {1, 2, . . .}, and †

stands for the conjugate transpose. When
�

x �Mx
A = 1A, these

operators are known as a positive-operator valued measure
(POVM). MUBs are a particular class of POVMs whose defin-
ing feature is that the overlap of two di�erent bases, denoted

by �Mx
A and �Ny

A, gives c = maxx,y

�����
�
�Mx

A

�
�Ny

A

�����
2

�
= 1/d, where

x, y � {1, . . . , d}, d is the dimension of the vector space, and
||�O||� = max

i
|oi| is the infinity norm.

For certified deletion, the string of bits composing the
message from Alice are encoded in the computational basis,
�1 =

�
�Mx

A = |�x� ��x|
�
, and the deletion key is encoded in

the Hadamard basis, �2 =
�
�Ny

A =
����y
� �
�y
���
�
. The choice of

ordering for sending in the computational and Hadamard ba-
sis is randomised, determined by a random number generator.
Thus due to the use of the mutually unbiased bases, Bob can
only get information either about the message, by measuring
in the computational basis, or the deletion key, by measur-
ing in the Hadamard basis. We show that an attempt from
Bob to obtain information about both the key and message is
equivalent to an eavesdropper attack on a QKD scheme, and
thus, our security proof can use proofs developed for quantum
communication. We can draw a picture here relating certified
deletion to BB84, Fig. 1. In the certified deletion case we
must consider as an adversary a malicious Bob who is trying
to determine both the deletion key and secret message, and an
honest Bob. The malicious Bob here maps onto Eve in BB84,
where Eve is trying to find out information without introduc-
ing error, which can be generallized to Eve trying to find out
information about one basis without introducing errors into
the conjugate basis. To frame it in another way, Bob must
provide Alice with the deletion key, meaning he makes each
measurement in the Hadamard basis. While Eve tries to de-
termine Alice’s states in the computational basis only to gain
information on the secret message.

As in QKD protocols, a certain upper bound is established

for the number of errors allowable, here in the proof of dele-
tion Bob provides to Alice.

The mutual information between Alice and Bob is given by

IAB =
�

i j

P(xi, y j) log2

�
P(xi, y j)

P(xi)P(y j)

�
, (1)

where the P(xi, y j) are the probabilities of the outcome xi for
Alice and yi for Bob, and P(xi) and P(yi) are the indepen-
dent probabilities of each outcome for Alice and Bob. Thus in
the high dimensional case, i.e., qudits, we consider a uniform
probability of detection errors in Bob’s measurement, and can
give the mutual information for Alice and Bob in terms of
Bob’s state fidelity F by,

IAB = log2(d) + F log2 (F) + (1 � F) log2

�
1 � F
d � 1

�
. (2)

Bob’s state fidelity is given by F = ��i|��B |�i� in the compu-
tational basis and by F = ��i|��B |�i� in the Hadamard basis
where ��B is the quantum state received by Bob via the quan-
tum channel. This fidelity also corresponds to the trace of
the probability of detection matrix that will be measured in
the experimental section to characterise the quantum chan-
nel and yields the quantum bit error rate (QBER) through
QBER = 1 � F.

It has been shown that a limit on Eve’s, i.e., malicious
Bob’s, information can be derived from an uncertainty princi-
ple approach which limits the information that can be gained
by Eve and Bob from making measurements �EA and �BA re-
spectively on a quantum system A [18]. Using the eigenstates���e j
�

and |bi� for �EA and �BA respectively, this limit is given by,

IAB + IAE � 2 log2

�
d max

i, j

����
�
bi
���e j
�����
�
. (3)

From here, we know that a measurement by Eve in the com-

plementary MUB to Bob will give
����
�
bi
���e j
�����

2
= 1/d and thus

IAB + IAE � log2(d). Finally, the proposition R � max{IAB �
IAE , IAB � IBE}, detailing the necessary restriction on the mu-
tual information for generating a message, gives the result that
we can establish a non-zero message rate for IAB > IAE . Here,
Ii j defines the mutual information between i and j, where A,
B, and E represent Alice, Bob, and Eve, respectively [19]. We
then can determine that we must have IAB > log2(d)/2 to guar-
antee a positive message rate. Combining this with Eq. (2), we
reach a lower bound on the fidelity required to give a positive
message rate:

F log2

�
1
F

�
+ (1 � F) log2

�
d � 1
1 � F

�
<

log2d
2
. (4)

Once it is established that Alice and Bob have a su�ciently
high mutual information (fidelity, corresponding to a limit on
Eve’s information), it has been shown that hash functions can
be used to further reduce Eve’s information all the way to zero.
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Though this privacy amplification comes at the expense of re-
ducing Alice and Bob’s message length. Equation 4 allows
us to determine the maximum tolerable QBER, beyond which
point a secret message cannot be established. For example,
the error thresholds for dimensions 2, 4, and 8 are 11.00%,
18.93%, and 24.70% respectively[18].

High-dimensional photonic states – In our protocol, we will
use orbital angular momentum (OAM) states to encode our
quantum information. OAM of photons is defined by its

O
ut
[
]=

O
ut
[
]=

O
ut
[
]=

� = � 4

� = � 3

� = � 2

� = � 1

� = 1

� = 2

� = 3

� = 4

d = 2

d = 4

d = 8

Hadamard Basis
O
ut
[
]=

O
ut
[
]=

Logical Basis

0

2

4

6

0

�

2�

FIG. 2. The logical and Hadamard bases for dimensions 2, 4 and 8
are shown. The pure OAM states are shown on the left where � =
{�1,+1} make up the logical basis for d = 2; � = {�2,�1,+1,+2}
for d = 4; � = {�4,�3,�2,�1,+1,+2,+3,+4} for d = 8. The
Hadamard basis states for dimensions 2, 4, and 8, are shown on the
right side. The states are plotted with intensity and phase, where the
colour ranging from red through the colors and back to red represents
a phase of 0 to 2�.

characteristic property of having an azimuthally depen-
dent phase �r|�� := ei��/

�
2�, where � is an integer

from �� to +�, and � is the azimuthal angle in the
polar coordinates r. Such photonic states carry angu-
lar momentum of magnitude �� per photon along prop-
agation direction. These photonic quantum states form
complete and orthogonal bases, which we represent with
|��. The OAM states for � = {�4,�3, . . . , 3, 4}, with
the computational and the corresponding Hadamard states,
are shown in Fig. 2. In two dimensions the protocol is
similar to that used in BB84 QKD. One takes first the
computational basis given by {|�0� := |�1� ; |�1� := |+1�}.

The conjugate basis is then taken as the Hadamard,�
|�1� := (|�1� + i |+1�)/

�
2; |�2� := (|�1� � i |+1�)/

�
2
�
. As

these states form a pair of MUBs, a projective measurement
of a state in the correct basis gives a certain result, due to
the orthogonality of the states in each basis, while measure-
ment in the wrong basis gives no information, or a 50% prob-
ability of detection for each state in the 2-dimensional case.
When we move to higher dimensions we again will use two
MUBs. However, each MUB will now have d di�erent states.
In the higher dimensions, the states for the Hadamard basis are
given by |�i� =

�d
j=1 ei j �/d

���� j
�
. For dimension 4, the states

would be � = {�2,�1,+1,+2} and for dimension 8, the states
would be � = {�4,�3,�2,�1,+1,+2,+3,+4}. More gen-
erally, the computational basis will be the pure OAM states
from � � {�d/2, ...0, ..., d/2} for the odd dimensions, and
� � {�(d � 1)/2, . . . ,�1, 1, . . . , (d � 1)/2} excluding � = 0 for
even d.

Experiment – The experimental setup consists of a single pho-
ton source and OAM state preparation for Alice, and an OAM
measurement system for Bob. Single photons are produced by
pumping a BBO crystal with a 405 nm UV laser. Degenerate
photon pairs are selected using a 10 nm bandpass filter centred
at 810 nm wavelength. A knife edge mirror is placed after the
filter to separate the photon pairs which are anti-correlated in
momentum. Each of these halves of the beam are then cou-
pled to a single mode fibre where the signal photon is sent to
Alice’s state preparation system and the idler photon is sent to
a detector. When coupled to the single mode fibres, the source
has a rate of approximately 22 KHz, which reduces to 1 KHz
after propagation through the experimental setup. The losses
are mostly due to the spatial light modulators (SLMs) used for
state preparation and detection. Alice uses a SLM to generate
her desired OAM states. SLMs are not 100% e�cient, thus
a holography approach is used, adding a di�raction grating to
the phase mask which results in the desired OAM mode be-
ing formed in the 1st order of di�raction with very high state
purity. After the SLM a 4-f lens system with a pinhole at the
focus is used to filter out all di�raction orders except for the
first order.

Bob also has an SLM and uses the phase flattening tech-
nique to measure the states sent by Alice. This technique in-
volves applying the conjugate phase of the OAM mode that is
to be measured and can be seen as removing any transverse
phase from the incoming OAM carrying photon. This allows
the photon to be coupled to a single mode fibre upon propaga-
tion, as the flat phase corresponds to a Gaussian mode in the
far field. It must be stated that this is a projective measure-
ment in which Bob must choose which state he will measure
and only measures a single state at a time, thus limiting the
e�ciency of this particular measurement technique. There
do however exist di�erent approaches which can sort OAM
modes upon choosing the basis in which one wants to mea-
sure. At present, many of these approaches su�er from e�-
ciency problems which limit the eventual transmission rates.
The idler photon is sent to Bob to perform a coincidence mea-
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FIG. 3. Experimental Setup: Alice and Bob’s measurement and detection setups are shown. Alice pumps a BBO crystal with a UV diode
laser at 405 nm resulting in 810 nm pairs of single photons through SPDC, and the pump is filtered out using a 10 nm width bandpass filter
centred at 810 nm. The entangled pairs are separated using a knife edge mirror as shown in inlay a. Entangled pairs are anti-correlated in their
momentum and thus one photon from each pair falls on each side of the knife edge, as shown in the inlay. The single photons are coupled
to a single mode fibre (SMF). The idler photon is then sent directly to Bob and the signal photon is sent to Alice’s state preparation stage
which uses a spatial light modulator (SLM) to prepare the OAM carrying beams. A di�raction grating is applied to the phase hologram which
results in the formation of the desired mode in the first order of di�raction. A 4-f lens system with a pinhole at the focus then removes all the
di�raction orders other than the first order. The holograms used for the dimension 4 states along with the corresponding modes is shown in
inlay b. Bob measures the incoming photon’s state using an SLM and SMF, again using a 4-f system to remove all of the di�raction orders
other than the first. The collected photons and idler photons are detected using single-photon avalanche diode (SPAD) detectors which then
trigger a coincidence box to measure the coincidences.

surement with the signal photon, reducing noise from back-
ground light and detector dark counts. Both photons are
detected using single-photon avalanche diode (SPAD) detec-
tors. Bob makes all measurements, in the computational and
Hadamard basis, using the SLM with di�erent phase patterns.

The experimental probability of detection matrices for the
d = 2, 4 and 8 QKD setup are shown in Fig. 4. The columns
correspond to the di�erent states sent by Alice, while the rows
correspond to the choice of measurement made by Bob. Thus
we expect to find 100% detection probability on the diagonal
elements where Bob’s measurement setting is the same state
as that sent by Alice. When Bob measures Alice’s states in
the incorrect basis, he can gain no information and we expect
to see a uniform probability of 1/d for all measurements in
the wrong basis. When Bob reads the message, he performs
all measurements in the logical basis, giving the measurement
results shown on the left. This results in no information being
gained about the deletion key, which can be seen by the inco-
herence of Alice’s deletion key states. When Bob chooses to

delete the message, he will instead choose to measure every
state using the Hadamard basis, giving the results shown on
the right. In this case we can see that the message states sent
by Alice do not give any information. The error rates obtained
are QBER = 0.96%, 2.4%, and 7.2% for dimension 2, 4, and
8, respectively. We can calculate the achievable message
rate from our QBER (Q) using K(d)(Q) = log2(d) � 2 h(d)(Q)
where the d-dimensional Shannon entropy is given by
h(d)(x) = �x log2(x/(d � 1)) � (1 � x) log2(1 � x). We have
obtained message rates of 0.84, 1.60, and 1.85 per message
photon for dimension 2, 4, and 8, respectively. Here, we
see the advantage that can be achieved by moving to higher
dimensional protocols, as the message rates here increase as
the dimension of the protocol increases.

Discussion – A practical quantum information processing
hardware called quantum memory, capable of arbitrary
storing/releasing quantum states, has not yet been fully
realised. Though the deletion concept may seem incomplete
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FIG. 4. Probability of detection for dimension d = 2, 4, and 8: Bob’s choice of measurement is shown in the rows of the detection matrix
while the columns correspond to Alice’s prepared state. On the left, Bob chooses to measure in the logical basis and thus reads the message
sent by Alice. The states sent by Alice in the Hadamard basis are projected onto the logical basis and thus give no information, resulting in the
uniform 1/d probability of detection. On the right, Bob measures in the Hadamard basis, thus erasing any information sent in the logical basis.
The error rates observed are QBER = 0.96%, 2.4%, and 7.2% for dimension 2, 4, and 8 respectively, which correspond to a key rate per sifted
photon of 0.84, 1.60, and 1.85.

without a quantum memory, we can still conceive of other
near-term applications in which Bob decides when the
information is transmitted and whether he will keep or delete
the information. For instance, Alice may continually send
out an encryption key or software license, for which Bob
must continue verifying that he has deleted until the time
he would like to use it. Therefore, providing schemes to
confirm a message has not been read will be vital for a
quantum communication network. In this work, we have
experimentally demonstrated the certified deletion protocol
for a qubit QKD system as proposed by Broadbent and
Islam [12]. We have also extended the protocol to include
high-dimensional quantum states and have demonstrated
this high-dimensional protocol, gaining an advantage in the
message rate per sifted photon. The increase in message
rate at higher dimensions also comes with a higher tolerance
for errors (and therefore noise), which can be valuable for
establishing communication in certain noisy environments.
Another property of high dimensional states is that there are
more than two MUBs that can be used to encode information.
In fact, in dimensions where d is a power of a prime number,
i.e., d = 2, 3, 4, 5, 8, . . ., there exists (d + 1)-MUBs. Unique
QKD protocols, e.g. six-state [20], using these extra MUB
have been created that have additional key rate and security
benefits over BB84. For certified deletion, one could come up
with interesting new protocols involving multiple parties with
messages or deletion keys encoded in the di�erent bases.

This work was supported by Canada Research Chairs; Canada
First Research Excellence Fund (CFREF); National Research
Council of Canada High-Throughput and Secure Networks
(HTSN) Challenge Program; and Natural Sciences and En-
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Fast Adaptive Optics for High-Dimensional Quantum Communications in Turbulent Channels
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Quantum Key Distribution (QKD) promises a provably secure method to transmit information from one party
to another. Free-space QKD allows for this information to be sent over great distances and in places where
fibre-based communications cannot be implemented, such as ground-satellite. The primary limiting factor for
free-space links is the e�ect of atmospheric turbulence, which can result in significant error rates and increased
losses in QKD channels. Here, we employ the use of a high-speed Adaptive Optics (AO) system to make real-
time corrections to the wavefront distortions on spatial modes that are used for high-dimensional QKD in our
turbulent channel. First, we demonstrate the e�ectiveness of the AO system in improving the coupling e�ciency
of a Gaussian mode that has propagated through turbulence. Through process tomography, we show that our
system is capable of significantly reducing the crosstalk of spatial modes in the channel. Finally, we show that
employing AO reduces the quantum dit error rate for a high-dimensional orbital angular momentum-based QKD
protocol, allowing for secure communication in a channel where it would otherwise be impossible. These results
are promising for establishing long-distance free-space QKD systems.

Introduction– Quantum Key Distribution (QKD) allows two
parties to generate a shared secret key between themselves by
taking advantage of the properties of quantum systems [1].
Since the introduction of the first protocol by Bennett and
Brassard [2], many QKD protocols have been explored the-
oretically [3] and experimentally [4]. The original imple-
mentations relied on encoding schemes using light’s polari-
sation degree of freedom, constraining the quantum states to a
two-dimensional vector space. However, higher-dimensional
QKD protocols, employing unbounded photonics degrees of
freedom, were suggested to increase information density per
carrier [5, 6]. There are many photonic degrees of freedom in
addition to polarisation, which can be used for encoding infor-
mation, including frequency, vector modes, and time bins [7–
10]. Here, we employ spatial structure of the lights trans-
verse mode through the orbital angular momentum (OAM)
which has been studied in diverse settings including free-
space [11, 12], fibre [13, 14], and underwater [15–18]. Opti-
cal beams carrying OAM are characterized by an azimuthal-
dependent phase of ei�� where � is the azimuthal coordinate
and � is an integer. Because the OAM modes comprise a com-
plete orthonormal basis, they can be used to implement high-
dimensional QKD protocols [19].

The channels most often used to transmit quantum informa-
tion are fibre and free-space. Optical fibre has the advantage
of being a well-developed optical technology with infrastruc-
ture that has been built up alongside the increasing reliance on
high-speed internet connection. However, in the case of quan-
tum communication, the significant attenuation losses that
come with optical fibres creates a fundamental limit on the
distance achievable by QKD protocols. This is because quan-
tum signals cannot be amplified in the same way as classical
signals; a consequence of quantum no-cloning theorem [21].
In addition, fibre-based solutions rely on an established net-
work, increasing the implementation costs of near-term quan-
tum systems. Despite the significance of fibre-based net-
works for QKD, it is critical to develop and improve on free-
space links for ground-to-ground and ground-to-space quan-

tum communication [22–24]. Space-based quantum commu-
nication can help circumvent the distance-rate tradeo� due to
exponential loss in fibre-based networks. The successful im-
plementation of QKD over free-space channels depends on
the accurate transmission and detection of single photons af-
ter propagation through the atmosphere. Rapid changes in the
temperature and pressure of the atmosphere result in varia-
tions of the refractive index of the air, creating atmospheric
turbulence which distorts the beam upon propagation [25].
This spatially distributed non-uniform propagation medium
induces continuously varying phase aberrations along the op-
tical path of the communication link. It has been shown in
previous works that a turbulent environment has a consider-
able impact, substantially degrading the quantum state, which
results in significant errors within the communication chan-
nel [26–30]. Consequently, the information encoded within
the structure of the photons is likely to be lost due to unin-
tended changes in that structure introduced in propagation.
In order to implement a realistic high-dimensional free-space
QKD system, the system will require compensation for atmo-
spheric turbulence in the channel. One method of correcting
distortions in the atmosphere, which is of particular interest,
is adaptive optics (AO). While AO has been employed suc-
cessfully to correct real-time astronomical observations for
decades [31–33], its potential application for free-space com-
munications has only recently been explored [34–36].

In this article, we demonstrate the use of a fast AO system to
correct atmospheric disturbances in a free-space quantum key
distribution channel when the information is encoded in the
photon spatial modes, namely structured photons. First, we
show the improved detector coupling e�ciency that our AO
system is capable of when used to correct the e�ects of turbu-
lence on a simple Gaussian beam. We then perform quantum
process tomography for dimensions two through five under
turbulent conditions, both with and without AO active. We
calculate the quantum dit error rate (QDER) of the system
for even dimensions from 2 through 10 under turbulent con-
ditions, with both AO on and o�. We demonstrate a signif-
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FIG. 1. High-dimensional quantum communication with adaptive optics through a turbulent channel. a Experimental setup used to
investigate the corrective action of a fast adaptive optics (AO) system (from ALPAO [20]) on structured optical beams after propagation
through a turbulent channel. A 633 nm laser impinges on a spatial light modulator (SLM), tailoring the complex field (both amplitude and
phase) of the input beam. Additionally, a second laser source of the same wavelength emits vertically polarized light, which is expanded to
approximate a plane wave for use as a reference beam. These beams are combined at a polarizing beam splitter (PBS) and sent through a
turbulent cell. Here, the turbulence is generated by employing a controllable hotplate placed inside a glass tank with a width of 30 cm. The
composite beam is split using a 50:50 beam splitter; one part goes to a wavefront sensor (WFS) to record the output wavefront, while the
second part is fed to the AO section of the experiment. Our AO apparatus consists of a deformable mirror (DM), and a WFS connected in
a closed-loop control system. As the WFS measures the structure of the wavefront, the DM changes shape to compensate for the distortions
introduced by the turbulence. In our particular experiment, the reference and signal beam are split using a PBS following the corrections
applied by DM. Finally, the signal component is sent to a second SLM that performs a projective measurement of spatial modes to determine
the probability of detection. b Illustration of the e�ects on the phase of a plane wave after propagating through a turbulent medium. The
colours on the output represent the leading and lagging deformations on the wavefront due to the non-uniform refractive index of the medium.
c Normalized optical power coupled into a single mode fibre, as measured by a power meter during the application of turbulence on a Gaussian
input beam. The wavefront correction component is activated ten seconds after the beginning of the measurement. A measurement over a
longer time interval is depicted in Fig. S2 of the Supplementary materials.

icant improvement in the error rate of the quantum protocol
for all dimensions, even in a robust turbulence regime, which
results in high crosstalk (high error rates) among the OAM
states without AO.

Results
Adaptive Optics in the detection stage.– Let us consider that a
free-space channel between Alice and Bob has been deployed,
allowing them to exchange information encoded using struc-
tured light beams. While propagating, the wavefront is dis-
torted due to its interaction with the atmosphere. To com-

pensate for the e�ects of the optical turbulence, Bob imple-
ments a wavefront-correction stage before decoding the mes-
sage sent by Alice. A scheme of the proposed experimen-
tal setup, which uses an adaptive optics system, is depicted
in Fig. 1a. To take full advantage of the AO system, Al-
ice and Bob use two co-linear (co-propagating) light beams at
the same frequency with orthogonal polarisation states. The
first component, referred to as the reference beam, possesses
a Gaussian profile, which has been expanded to approximate
a flat wavefront that completely covers our deformable mir-
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FIG. 2. Channel Process Tomography for d = 3, 5. The real part of the process matrix of the channel transmission is shown for dimension
3 with the AO system as (a) non-active and (b) active when going through the turbulence cell. We perform the process tomography using
mutually unbiased bases measurements following the methods outlined in [5] (see the Supplemental Material for more information). Fidelity
is maintained over 99% in all cases except for that of turbulence active without adaptive optics (upper right process matrix), where the fidelity
falls to 27%. Here, we see that the e�ect of the turbulence on the channel is a complete “channel depolarizing” of the OAM states, i.e., the
existence of huge crosstalk, which is successfully undone with the adaptive optics enabled. The process matrices for dimensions 2, and 4 are
provided in the Supplementary Material.

ror, and also completely overlaps spatially with the second
beam, i.e. signal beam. This allows us to measure and cor-
rect the phase distortions within the channel, either from the
optical elements or the environment. The second light beam,
the signal beam, serves as our information carrier, where the
message is encoded by tailoring its complex amplitude using a

spatial light modulator (SLM). It must be noted that since both
beams share the optical path, they are subjected to the same at-
mospheric variations and, therefore, both experience the same
distortions. Bob is then capable of correcting the distortion
on the signal beam using the phase information obtained from
the reference beam. For further details of our experimental
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implementation, refer to the Supplementary Materials.
As a first step, our signal takes the form of a Gaussian

beam. In the presence of optical turbulence and the absence
of a correction mechanism, the coupling of the signal to
a single-mode fibre at the receiver fluctuates with respect
to time due to the wavefront distortion (See Fig. 1b). As
shown in Fig. 1c, when the AO system is inactive, the
measured power presents strong fluctuations due to the
influence of the introduced turbulence. These e�ects lead to
an average coupling power into the single mode fibre around
36.6% of the value expected without any turbulence applied.
Ten seconds after the beginning of the measurement, the
AO system is activated, increasing the average measured
power to 87.1% and stabilizing the coupling e�ciency. If
this channel were to be used for free-space polarisation
QKD, implementing AO improves the coupling e�ciency
and thus would have resulted in a doubling of the secret
key rate. From these results, it is possible to observe
the promising benefits of including a fast AO system in the
detection stage for many kinds of free-space communications.

Process Tomography.– We perform quantum process tomog-
raphy to determine the e�ect of the turbulent channel on the
OAM states up to d = 5, i.e., � = {�2,�1, 0, 1, 2 }. The re-
sults show that the channel fidelity deteriorates significantly
under the presence of turbulence. Quantum process tomogra-
phy is used to determine the e�ect of a process on quantum
states [38]. A quantum process E can be represented using the
process matrix �mn to describe how input states �in are trans-
formed to output states �out by

�out = E (�in) =
�

m,n

�mn�̂m��̂
†
n, (1)

with the Gell-Mann matrices, �̂m being the high-dimensional
extension of the Pauli matrices and satisfying

�
m �̂

†
m�̂m = 1̂.

We seek to determine the process matrix �mn by making pro-
jective measurements in the high-dimensional mutually un-
biased bases (MUB). These projection measurements are de-
scribed by the operators �(�)

m where the index � denotes the
basis and m denotes the state in that basis. It has been proven
that for dimensions d that are prime or the power of a prime
number, there exists d + 1 MUBs [39]. Thus, in the dimen-
sions explored here, d = {2, 3, 4, 5}, it is convenient to use the
MUB approach to perform process tomography. For an arbi-
trary dimension, symmetric, informationally complete, posi-
tive operator-valued measures (SIC-POVMs) can be used to
perform process tomography. The MUB measurement opera-
tors in dimension d satisfy

Tr[�(�)
m �

(�)
n ] = �mn,

Tr[�(�)
m �

(�)
n ] =

1
d
,

(2)

respectively for the operators of the same basis and di�erent
basis, i.e., � � �. Quantum process tomography using MUBs
is described in detail in [5].

FIG. 3. Channel Fidelity for OAM-based QKD system. The pro-
cess fidelity between the tomographically measured turbulent chan-
nel with AO o� (blue) and AO on (green) are measured for a QKD
channel of d = 2, d = 3, d = 4 and d = 5. Turbulence ‘depolarizes’
the channel significantly, i.e. introduces huge crosstalk, while acti-
vating a fast AO system compensates for the turbulence e�ects and
recovers the encoded states. Due to the long time required to per-
form these measurements in higher dimensions, the data for d = 5
was taken on a di�erent day with minor changes to the alignment.
This is the main reason why the fidelity for d = 5 is higher than for
d = 3, 4, which were taken one after the other.

The channel fidelity for OAM-based QKD without applied
turbulence remains high. As the next step, turbulence is
applied, and the state tomography is repeated for each
dimension. Without any applied turbulence in the channel, in
all dimensions, the channel fidelity remains above Fp � 0.95.
After applying turbulence to the channel and repeating the
tomography, the fidelity of the channel is reduced as low as
Fp � 0.45, indicating a high crosstalk among the modes.
The state tomography is repeated with AO enabled in both a
turbulent and still environment. The results for the process
tomography for d = 3 are shown in Fig. 2. In the case of
d = 3, we find that the fidelity of the state is maintained such
that Fp � 0.98 both with and without turbulence when using
adaptive optics. The fidelities of the turbulent channel for all
measured dimensions are shown in Fig. 3. Further process
matrices can be found in the Supplementary Material.

Quantum Dit Error Rate and Crosstalk Matrices.– To success-
fully generate a secure key using QKD, it is essential for Bob
to accurately detect the state generated by Alice when they
choose to operate on the same basis. Any incorrectly detected
states will result in a discrepancy between Alice’s and Bob’s
keys, which is quantified as the quantum dit error rate (QDER)
Q. It must be noted that the maximum value for QDER that
is tolerable increases with the dimensionality of the key dis-
tribution protocol [5, 6]. In the case of d-dimensional BB84
protocol, the number of bits of secret key established per sifted
photon R is given by [40],

R(Q) = log2(d) � 2h(Q), (3)

where Q is the quantum dit error rate and h(x) =
�xlog2(x/(d � 1))� (1� x)log2(1� x) is the Shannon entropy.
From Eq. (3), it is possible to find the QDER threshold when
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FIG. 4. Crosstalk and quantum dit error rate. The probability of detection on each basis for both bases when going through a turbulent
channel for a d = 4, b d = 6, and c d = 10. d Plot of the QDER as calculated from the probability of detection matrices for the cases of
adaptive optics on and o� with turbulence active. The dashed gray boundary line separates the region for which the theoretical threshold value
for QDER allows for a secure key to be established between Alice and Bob. While the turbulent channel prevents communication for any
dimension greater than d = 2 when the correction system is not considered, Bob’s use of AO allows for secure keys to be established for all
cases less than d = 10.

R = 0.
Here, the quantum communication channel makes use of

two MUB based on two sets of structured beams. The first
one, which we consider the logical basis {|���}, is given by the
family of OAM states with topological charge �, where � is an
integer number. To reduce crosstalk, we consider all values of
� = �d/2 . . . d/2, excluding the value of � = 0. Meanwhile,
the second MUB, known as the angular mode basis (ANG),
consists of a set of beams that are a balanced superposition of
such OAM modes given by a quantum Fourier transform of

the OAM modes.

|�k� =
1�
d

d�1�

j=0

e2�i jk
d | j� , (4)

where j = d/2 + (� � 1)�(�) + ��(��), and �(x) is the Heav-
iside function.

In order to obtain the QDER of a turbulent free-space chan-
nel, we need to calculate the crosstalk matrix. A crosstalk ma-
trix is determined by sending each of the states in both bases
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{|�i�} and
����� j
��

, and performing projective measurements of
the same states. Based on the properties of MUB, it must be
noted that a measurement of a projection made on the incor-

rect basis, i.e.
����
�
�i
���� j
�����

2
, is equally likely to result in any of

the states of the projection basis with a probability of 1/d. We
perform the projective measurements for all even dimensions
up to 10, i.e., d = {2, 4, 6, 8, 10}. The experimental crosstalk
matrices in dimensions d = 4, d = 6, and d = 10 for both
MUBs in our turbulent channel are shown in panels a, b, and
c of Fig. 4, respectively.

Following these results, we proceed to calculate the QDER
of our turbulent channel. Fig. 4d depicts the QDER as calcu-
lated in each dimension d. The results show that the QDER
exceeds the security boundary given by equation (3) in all di-
mensions where d > 2, measured when no compensation is
applied in Bob’s detection stage. Therefore, it is not possible
to establish a secure communication channel in the presence
of applied turbulence. Nevertheless, when the AO system is
active, the QDER is reduced to values below the theoretical
threshold for positive key rates in all tested cases except for
that of the 10-dimensional ANG basis, while. We find that
the average decrease in QDER over all tested cases is 32.5%.
This is a promising result, indicating that the use of an AO
system can allow for significant improvements in the detec-
tion of high-dimensional spatial modes for use in free-space
communication.

Our measurements of QDER for di�erent QKD dimensions
are shown in Fig. 4d. Interestingly, our results show that the
logical basis is more influenced by the introduced turbulence
than the ANG basis and the AO performs better on reducing
the crosstalk in the logical basis rather than in the ANG ba-
sis (this is particularly evident for d = 10). These e�ects can
be qualitatively understood when considering that both (mild)
turbulence and adaptive optics mainly a�ect the phase of the
beam. The orthogonality of OAM modes depends on their
azimuthal phase structure, so is extremely sensitive to phase
distortions while ANG modes have a smooth phase depen-
dence but di�erent intensity distributions. The AO performs
less well on ANG modes in higher dimensional basis since
these modes are increasingly localised in the azimuthal coor-
dinate, thus a higher resolution is needed to compensate for
the aberrations induced by turbulence.

Our experiment demonstrates that the use of a su�-
ciently advanced adaptive optics system can allow for
high-dimensional quantum communications in channels
where turbulence would otherwise prevent it.

Turbulence Measurement – In our experiment, a second WFS
is used in our setup in such a way to monitor the reference
beam before the correction of the DM was applied (see Fig.
1 a). From the collected data, it is possible to extract instan-
taneous wavefronts and the corresponding decomposition in
terms of Zernike polynomials as functions of time. In Fig.
5, we show standard deviations of the first nine Zernike co-
e�cients, excluding the first one, a global phase shift, over

a period of 195 seconds with active turbulence. The strength
of the fluctuations in our experiment is in the range of those
measured in a previous experiment, where a 3m underwater
channel was characterized [41]. In this experiment, a secure
key could not be generated when d = 4 due to the e�ects of
the underwater turbulence. In our experiment, we also find
that a secure key cannot be generated for d = 4 unless wave-
front correction using a fast AO is implemented in the chan-
nel. Thus, our results are promising not only for free-space
applications but also for other turbulent environments, i.e. un-
derwater channels.

In addition to measuring the Zernike coe�cients, we
calculate the Fried parameter r0 [42–44]. This parameter
represents the average diameter of the theoretical circular
air pockets across which the wavefront phase experiences
one radian of variation. From the Fried parameter, we can
quantify the strength of the turbulence introduced in our
system with the parameter D/r0, where D represents the
diameter of the e�ective aperture used to estimate r0. In
our experiment, we obtained r0 by measuring the beam
wander of a Gaussian state sent through the channel over
time [42]. Here, D is given by the waist of the Gaussian beam
considered. Following this, we find that the turbulence used
in our experiments has a value of D/r0 = 1.70. This value
indicates that our turbulent cell generates moderate-strong
turbulence [45]. This allows us to compare with previous
attempts to use active compensation to increase the key
rate. Previous studies showed that under similar turbulence
conditions, the improvement in QDER when using AO was
not enough to establish a secure channel when d = 5 [45].
This impossibility may result from utilizing an AO system
with lower resolution.

Conclusion – In this work, we have tested the capabilities
of a fast and high-resolution adaptive optics system in the con-
text of free-space communication channels. We have shown
that AO can significantly improve the coupling of a Gaussian
beam propagating through a non-uniform, changing medium.
Then, we proved the advantage of the use of AO in perform-
ing high-dimensional quantum key distribution using spatial
modes of photons. Through process tomography, it is shown
that the inclusion of the compensation increases fidelity with
the identity matrix from under 50% to over 95% in dimensions
up to d = 5. Finally, we demonstrate that by utilizing AO, it
is possible to implement a high-dimensional BB84 QKD pro-
tocol through a turbulent channel, where it would otherwise
not have been possible. We note that the observed turbulence
is similar to previously performed experiments both indoors
and underwater, as confirmed by Zernike decomposition and
the estimation of the Fried parameter. We foresee using an
AO system in practical free-space links for classical and quan-
tum communications, in particular, in QKD networks utilizing
satellites.
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FIG. 5. Decomposition of the turbulence on the Zernike basis.
Standard deviation of the first nine coe�cients aj of the Zernike de-
composition after propagation through the turbulent cell. The WFS
reports the turbulence decomposition in the Zernike polynomials ba-
sis as a function of time. The inset depicts an aberrated wavefront
at a particular time t0, where w0 is the beam waist of the Gaussian
mode that would be included in the protocol if using odd dimensions
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Chapter 5

Conclusion

In this thesis many di↵erent aspects of high-dimensional quantum optics have been dis-

cussed. In Chapter 2 we have shown new results in liquid crystal fabrication through

magic windows and optimal focusing. Using liquid crystal devices we are able to push

the limits of what type of spatial modes we can produce. Improving these tools allows

us to encode more information on light for communication, or extend our sensitivity for

detection and sensing applications. In Chapter 3 we have also demonstrated the possi-

bilities for spatial mode entanglement through the characterization of SPDC sources in

the Laguerre-Gaussian modes and in momentum correlations. These sources are a critical

piece of high-dimensional quantum applications. In Chapter 4 we demonstrated two new

protocols in high-dimensional quantum communications. The round robin protocol funda-

mentally relies on high-dimensional states to allow for quantum key distribution without

monitoring for signal disturbances introduced by an eavesdropper. Finally, we put all

of these di↵erent pieces together and introduce an adaptive optics system to explore the

real-world feasibility of a high-dimensional quantum communication protocol with spatial

modes. This is a subset of my work in the field which also includes quantum communi-

cation in underwater channels, using liquid crystal devices for chiral sensing and coherent

control on semiconductors, compressed sensing with spatial modes, and quantum tomog-
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raphy. There is still future research that is required in using spatial modes for quantum

communication. Adaptive optics systems need to be tested with spatial modes in longer

channels, and the implementation of these systems in remote sensing and super-resolution

still needs to be explored. There is also still work to be done in exploring the optimal

choice for information encoding in real-world, turbulent environments. Comparisons be-

tween various states such as spatial modes, polarization, time-bins, or temporal modes will

reveal whether one is optimal in free-space channels.

High-dimensional states have many attractive qualities for applications in quantum in-

formation. Beyond orbital angular momentum which we focused on here, one can find

many other useful degrees of freedom such as time-bins, frequency combs, and temporal

modes. Each of these degrees of freedom has its own challenges and benefits. In particular,

many of these states su↵er in free-space channels from atmospheric turbulence. Time bin

states typically require very high interference visibilities which can be reduced when the

phase becomes distorted. OAM of course su↵ers from mode cross-talk when there are phase

distortions across the beam. While it remains to be seen whether high-dimensional states

will prove technologically viable for the implementation of robust and low cost quantum

communication networks, the ability to work with these various degrees of freedom will

certainly find use in other applications such as sensing. It has been shown in this thesis

and in many other works that there is still significant progress to be made in the tech-

nologies around structured light. New devices and protocols for sensing will continue to

develop which increase the viability of various photonic degrees of freedom for commercial

applications and for studying fundamental science.
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1. SOLUTION OF EQUATION (3)

Eq. (3), after solving the azimuthal integration, which gives OAM conservation, can be put in the
form

cpi ,�i
ps ,�s

=N
Z �

0
dr r|�i |+|�s |+|�p|+1e�r2(/1w2

i +1/w2
s +1/w2

p)

⇥ L|�i |
pi (2(r/wi)

2)L|�s |
ps (2(r/ws)

2)L|�p|
pp (2(r/wp)

2), (S1)

which can be solved analytically in terms of the first Lauricella hypergeometric function F(3)
A

as we show below. In general the function F(3)
A has to be evaluated numerically, for example

exploiting its integral representation, hence this result has no particular advantage with respect
to the simple numerical evaluation of Eq. S1. However a more numerically accessible analytical

formula can be given in the case pp = 0, using L|�p|
0 (x) = 1. From the results in Ref. [1] one can

easily obtain:

cpi ,�i
ps ,�s

(pp = 0, �p) = N
✓

pi +|�i|
pi

◆✓
ps +|�s|

ps

◆
�(�T + 1)

��T+1

⇥ F2[�t + 1, �pi, �ps;|�i| + 1,
|�s| + 1; �i/�, �s/�] (S2)

where F2[a, b, b�, ; c, c�; x, y] is the second Appell function (which can be computationally imple-
mented easily in MAPLE), �t = (

����p

��� +|�i| +|�s|)/2, � = (1/w2
p + 1/w2

i + 1/w2
s ) and �i,s = 2/w2

i,s.
N is a normalization constant given below for the general case of arbitrary pp.

For the general case, We start from Eq. S1 which, with r2 ⌘ x, can be rewritten as:

cpi ,�i
ps ,�s

= N
Z �

0
x�T e��x L|�p|

pp (�px)L|�i |
pi (�ix)L|�s |

ps (�sx)dx (S3)

where �p = 2/w2
p and

N = 2�

����
2 pp!pi!ps!
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���)!(pi +|�i|)!(ps +|�s|)!

p
2
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i w|�s |+1
s

.

Eq. S3 can be immediately solved using Eq. 4 in Ref. [1]. We obtain
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F(3)
A is the first Lauricella’s hypergeometric function, defined by the series:

F(3)
A [�T + 1, �pp, �pi, �ps;

����p

��� + 1,|�i| + 1,|�s| + 1;
�p

�
,

�i
�

,
�s
�

] :=
�

�
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(�T + 1)k1+k2+k3 (�pp)k1 (�pi)k2 (�ps)k3

(1 +
����p

���)k1 (1 +|�i|)k2 (1 +|�s|)k3

⇥
(�p/�)k1 (�i/�)k2 (�s/�)k3

k1!k2!k3!
(S5)

where (�)k := �(� + k)/�(�) is the Pochhammer symbol.

2. INTENSITY MASKING TECHNIQUE FOR GENERATING AND MEASURING OPTI-
CAL MODES

An exact method for generating arbitrary paraxial beams from an input plane wave was devised
in [2]. The desired beam can be obtained by selecting the first diffraction order of a phase mask
described by the function,

g(x, y) = M(x, y) Mod
✓

2�

�
x + F(x, y), 2�

◆
, (S6)

with,

M(x, y) = 1 � 1
�

sinc�1(A(x, y)) (S7)

F(x, y) = �(x, y) � �M(x, y), (S8)

where A(x, y) and �(x, y) are, respectively, the amplitude and phase of the beam that one wants
to generate, i.e. A(x, y) ei�(x,y).
Now we discuss how this technique can be used "in reverse", i.e. to measure instead of generating
a desired mode. Assume the input field has a complex amplitude X(r). To project on a mode
�(r), the intensity masking system is set to display ��(r). The resulting field will be X(r)��(r).
When this field is focused on the single mode fiber tip, it will be given by its 2D Fourier transform:
F (X��) = F (X) � F (��) (where � is the convolution operation). The detected intensity (or
count rate) is proportional to

R �
����
Z Z

d2r [F (X) � F (��)](r) e� r2

�2

����
2

, (S9)

where � is the waist of the fiber mode (approximated with a Gaussian). In the limit � ! 0 the
count rate becomes proportional to the absolute square of the Hermitian product between the two
modes: R �

��hF (�)|F (X)i
��2 =

��h�|Xi
��2. This condition can be achieved by making the mode of

the fiber, on the phase mask plane, much larger than the mode �. This is experimentally achieved by
a magnification system mentioned in point 2). In practice, a finite � will lead to cross-talk effects
that have to be quantified either theoretically, or from calibration measurements. Employing the
same approach on photon pairs, is straightforward to see that coincidence measurements will be
proportional to the projection on biphoton states |�1i ⌦ |�2i, with �1,2 arbitrary spatial modes.
Indeed we can show that the coincidence count rate is:

C �

������
�

ps ,�s ,pi ,�i

cpi ,�i
ps ,�s

h�1|�i, piih�2|�s, psi

������

2

(S10)

which is equal to
���cpi ,�i

ps ,�s

���
2

when one projects on the states |�1,2i = |�1,2, p1,2i.
In the following we give a detailed derivation of Eq. S10. To calculate the expected coincidence

rate C we start from the SPDC state at the nonlinear crystal plane:

|�iSPDC �
Z

dx Ẽ(x)|xii ⌦ |xis, (S11)

2
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which can be decomposed in any orthogonal set of modes {| f̃ai}a�I , where I is a set of indices
(a = (p, �) in the case of LG modes):

|�iSPDC � �
a,b

Z
dx Ẽ(x) f̃ �

a (x) f̃ �
b (x)| f̃aii ⌦ | f̃bis := �

a,b
ca,b| f̃aii ⌦ | f̃bis. (S12)

The effect of the propagation through the setup is described by operations on the vectors | f̃aii,s.
Since these operation are spatial transformations of optical modes it is convenient to writhe
|�iSPDC in the L2 ⌦ L2 space, (i.e. considering the biphoton wavefunction �SPDC(x1, x2) :=
hx1, x2|�SPDCi) where the action of free space propagation and optical elements can be explicitly
written:

�SPDC(xi, xs) � �
a,b

ca,b f̃a(xi) f̃b(xs). (S13)

In particular, the evolution from the crystal plane to the two SLMs planes, which are placed in the
Fourier plane of the crystal, is given by the 2D Fourier transform:

F [ f̃a(xi) f̃b(xs)] =
Z

dxeix·Xi f̃a(x)
Z

dx�eix� ·Xs f̃b(x�)

:= fa(Xi) fb(Xs) (S14)

where Xi,s are coordinates on the SLMs planes (with dimensional factors included).
The remaining part of the setup before the fiber couplers (SLMs plus filtering pinholes) imple-
ments the transformation: fa(Xi) fb(Xs) ! g�

1(Xi) fa(Xi)g�
2(Xs) fb(Xs), where g1,2 are the optical

modes displayed on the SLMs A and B, respectively. The coupling with the single mode fibers,
with the properly designed demagnification system, is equivalent to integrating the above trans-
formation over the whole transverse space. In conclusion we obtain:

C �

������
�
a,b

ca,b

Z
g�

1(Xi) fa(Xi)dXi

Z
g�

2(Xs) fb(Xs)dXs

������

2

(S15)

which, if g1 = fa and g2 = fb, yields C �
��ca,b

��2.

3. DETAILED SETUP

In Fig. S1 we report a sketch of the full experimental setup. We measured a back-propagating
beam waist on the SLM planes of � = 1.5 mm, while using waist parameters on the projected
modes of the order of 0.6 mm.

4. SIMULATION OF OAM CORRELATIONS DETECTED WITHOUT AMPLITUDE MASK-
ING

In Figures (1)-d and (2)-a,b of the main article we have shown how OAM correlations are
nonzero only if �p = �i + �s, i.e. one observes nonzero values along one diagonal (principal or
secondary, depending on the pump OAM). It is interesting to observe the shape of the OAM
correlations along these diagonals: in previous works, see e.g. [3], one always observes that
the highest coincidence rate occurs in correspondence of the lowest order modes, and this
behavior is expected for any �p. On the contrary, in our experiment we observe that, for �p �= 0
the correlations along the diagonals exhibit a dip in the lowest order modes. This is due to a
fundamental difference between our detection system and the one used in previous works. In
the latter case the detected photons where always postselected on a gaussian mode by the use of
single mode fibers. In our experiment, due to the applied demagnification, we instead measure a
different radial mode. If no masking is applied on the detection SLMs, then we are projecting
on Hypergeometric-Gaussian modes, HyGG�|�|,�(r, z�) [4]. More specifically we may write the
function g displayed on the SLM as g(r, �) � e�r2 ei�i,s� , where � is the azimuthal coordinate in
the SLM plane, and r an adimensional radial coordinate that takes into account the finite size
of the optical system (which is of the order of the backalignment beam size). The coefficients
determining the coincidence rate are given by (we recall that the fields must be considered on the
crystal plane):

c�i ,�s =
Z

d2x LGpp ,�p (x)F (g�i )
�(x)F (g�s )

�(x) (S16)
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Fig. S1. Detailed experimental setup a) Sketch of the experimental setup. b) Legend

where:

F (g�)(x) =
Z �

0
e�r2

rdr
Z 2�

0
ei��e�rsin(���)d�

= (�1)�ei��
Z �

0
e�r2

rJ�(�r)dr

= (�1)�ei��p
�

�

8
e��2/8

⇣
I(��1)/2(�2/8) � I(�+1)/2(�2/8)

⌘
, (S17)

where In(z) are modified Bessel function of the first kind, � the radial coordinate on the crystal
plane, � the azimuthal coordinate. Using this expression in Eq. S16 we obtained results in nice
agreement with the observed experimental correlations (see Fig. S2).

5. MEASUREMENT OF CROSS-TALK MATRICES AND DETECTION EFFICIENCIES

In order to estimate the detection efficiencies we used the setup in Fig. S1 replacing the BBO
crystal with a mirror and sending an 810 nm diode laser through the output coupler DA. The main
idea is to use SLMA to generate the desired mode and SLMB to measure it, without modifying the
parameters employed in the experiment. For each generated mode (labelled as pi) we measure
all the radial modes ps = 0, . . . , 3, for a fixed OAM � = 0, . . . , 5, thus retrieving the cross talk
matrices in Fig. S3. The (normalized) diagonal values of these matrices are proportional to the
inverse of the detection efficiencies.

6. DETAILS ON QUANTUM TOMOGRAPHY MEASUREMENT AND DENSITY MATRIX
RECONSTRUCTION

Full quantum tomography in a d-dimensional Hilbert space requires projection on d2 states. In
our case, choosing pi, ps = 0 . . . , 3 we have d = 16, hence 256 measurements are required for
full tomography. The density matrix can be then reconstructed through a maximum likelihood
algorithm. The measurement states for performing quantum tomography on a 16-dimensional
Hilbert space are given by the tensor products |�ii ⌦ |�is, where |�i and |�i can be chosen among
the sets: {|pi}3

p=0 and {|p1i + ei�|p2i}p1<p2 , with � = 0, �/2. The experimental density matrix
was obtained by minimizing the quantity L(S) := �i[ni � pri(S)]2, where the index i runs over
all the measured states, ni are the (normalized) count rates and Pri the expected measurement
probabilities for a target density matrix,

�exp =
3

�
i,j,l,k=0

Si,j,k,l �i ⌦ �j ⌦ �k ⌦ �l , (S18)
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Fig. S2. OAM correlations: theory and experiment. We compare experimentally measured
OAM correlations with theoretical simulations obtained evaluating S16 by assuming a waist of
the HyGG modes on the crystal plane � 0.1wp.

Fig. S3. detection efficiencies and cross-talk matrices Experimentally reconstructed crosstalk
matrices. The diagonal elements are proportional to the detection efficiencies used to correct
the data of the main experiment.

5
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where {�0, �1, �2, �3} are Pauli matrices (with �0 = I) and Si,j,k,l are the free parameters defining
the vector S to be found through the minimization procedure. Since the outcome of SPDC is a
pure state we imposed the condition Tr[�2

exp] = 1.
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Supplementary Information for:
Fast Adaptive Optics for High-Dimensional Quantum

Communications in Turbulent Channels

S1- TURBULENCE ANALYSIS

Optical wavefronts and Zernike polynomials

The Zernike Polynomials are a set of orthogonal functions that are defined on a unit circle. Given that the majority of optical
systems feature circular apertures, they serve as valuable tools for wavefront analysis and are therefore significant within the
field of optics [1]. Thus, it is possible to express an arbitrary wavefront �(R�, �) over a circular aperture of radius R in terms of
the Zernike polynomials Zj. Explicitly, we can write

�(R�, �) =
�

j

a jZ j(�, �), (S1)

where a j � R are the coe�cients of the expansion and (�, �) are the cylindrical coordinate system. It must be noted that in this
manuscript, we follow the normalized single-index Zernike polynomials according to the ANSI standard [2]. Table S1 contains
some information regarding the correspondence between the indexes and the Zernike Polynomials. Figure S1 illustrates the first
ten Zernike polynomials – the hue colour shows the function value in the interval of [�1,+1].

Calculation of the Fried Parameter

Let us define the Fried parameter r0 as a fundamental spatial coherence length measure that quantifies the spatial resolution
of the e�ect of the atmospheric turbulence that our beam experiences. In general, the Fried parameter is given by [3]

r0 = 0.98
�

�
, (S2)

Figure S1. The First 10 Zernike polynomials, ordered vertically by values of n and horizontally by the values of m.
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ANSI index Standard indeces Polynomial Name
Index Normalization Factor n m

1 1 0 0 1 Piston
2 2 1 -1 � sin� Tip Y
3 2 1 1 � cos� TipX
4

�
6 2 -2 �2 sin(2�) Astigmatism +45d

5
�

3 2 0 2�2 � 1 Defocus
6

�
6 2 2 �2 cos(2�) Astigmatism 0/90d

7
�

8 3 -3 �3 sin(3�) Trefoil Y
8

�
8 3 -1 3�3 sin� � 2� sin� Coma X

9
�

8 3 1 3�3 cos� � 2� cos� Coma Y
10

�
8 3 -3 �3 cos(3�) Trefoil X

TABLE S1. Zernike polynomials are ordered according to their ANSI index, a common alternative indexing scheme, as well as the polynomial
in cylindrical coordinates.

where � corresponds to the beam’s wavelength while � is the average deflection angle experienced by the beam. In our case, the
latter is obtained by measuring the position of the centroid of a Gaussian beam after going through the turbulence cell over short
intervals of time. Then, it is possible to calculate the average displacement s̄ of the beam’s centroid from its original position in
the absence of turbulence. Finally, the average deflection angle is then given by,

� = tan
� s̄

L

�
, (S3)

where L is the length of the turbulent cell.

Figure S2. Extended figure showing 60 seconds of a Gaussian beam coupling into a single mode fibre through the active turbulent cell. After
30 seconds without any corrections, the AO system is activated.

Adaptive optics system

The AO system used in our experiment is manufactured by ALPAO and consists of three main components: a deformable
mirror (DM) a Shack-Hartmann wavefront sensor (WFS), as well as a feedback-control system. The DM in our configuration
(DM9725) has a diameter of 22.5 mm, and utilizes 97 electromagnetic pistons behind the reflective surface in order to modify
its profile. These pistons are organized in an 11 � 11 grid pattern with cut corners to conform to the circular shape of the mirror.
It has a settling time of 1.5 ms, and can therefore operate optimally up to and even slightly above 600 Hz. On the other hand,
the Shack-Hartmannn WFS (SH-EMCCD) has an array of 16� 16 microlenses in order to correctly measure the reference beam
wavefront. It operates at a frequency of 1kHz. The correction calculations are performed by ALPAO Real Time Computer (RTC)
and the interface with the whole system is given by using ALPAO Core Engine (ACE) in MATLAB version R2019a Update 3.
The system is dependent on the operating frequency to be faster than that of the Greenwood frequency, fG. This frequency is

94



11

the rate at which the turbulence structure within the optical path changes form [4]. We can then consider 1/ fG = �G to be the
Greenwood time constant which is the amount of time that the turbulence structure is constant. During the experiments, the AO
system was operating at 200 Hz. While we do not measure the Greenwood frequency of the turbulence generated in the lab, we
can be sure that it is less than 200 Hz as the AO system operated without issue.

Extended Gaussian coupling

Turbulent cell

In our experiment, the turbulence cell consists of a hotplate contained within a glass-walled water tank. In it, the variations
of the refractive index are produced by the temperature gradient generated by the hotplate. As the layer of air close to the
plate gets hotter, it rises and displaces the colder layers of air, allowing to generate isolated turbulence inside the tank. The
strength of the e�ective turbulence can be controlled by setting the hotplate at di�erent temperatures. As shown in Fig. S3,
as the temperature of the hotplate is increased, the standard deviation of the coe�cients a j of the Zernike decomposition also
increases. All experiments were performed with the hotplate setting 1 shown in Fig. S3.

Figure S3. Standard deviations of the first nine coe�cients aj of the Zernike decomposition upon propagation through the turbulent cell as
a function of the temperature of the hotplate. Here, the value of 0 corresponds to the hotplate completely o�, while 3 stands for the highest
temperature possible.

S2- PROCESS TOMOGRAPHY

The process matrices for d = {2, 3, 4, 5} are shown in Fig. S4. The process tomography was obtained by sending through the
turbulent channel and then measuring all the states belonging to the mutually unbiased basis sets for dimension d. If d = p,
where p is a prime numbers, then one can find p + 1 MUBs. Starting from the canonical basis B0 := {| j�} j=0...p�1, one can
generate the basis B� := {

�����0
�
, . . . ,

������p�1

�
}, with 0 � � � p � 1 whose p elements are given by

�����t
�

:=
1�
d

p�1�

j=0

(�t)p� j(���)s j | j� (S4)
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Figure S4. Process matrices for all dimensions. a d = 2, b d = 3, c d = 4, d d = 5
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where s j = j + . . . + (p � 1) and � = e2�i/p. The process tomography is performed by preparing all the elements of the set
S := {B0, . . . ,Bp} and performing projective measurements on the same set. Let ��t :=

�����t
� �
��t
���, the state resulting from the

action of the turbulent channel on a basis element is

E(�k
t ) =
�

m,n

�mn�m�
k
t�
†
n (S5)

where �m are Gell-Mann matrices. A measurement in any of the MUBs yields the detection probabilities

p�,�m,n = Tr(��mE(��n)) =
�

a,b

�abTr(��m�a�
�
n�
†
b). (S6)

Through the steps detailed in Ref. [5] the above equation was inverted to find the process matrix �mn. The Fidelity between the
experimentally reconstructed process matrix �exp and a theoretical one �th is

F := Tr
���

�exp�th
�
�exp

�2
. (S7)

In our case �th was considered to be the d-dimensional identity matrix, corresponding to an ideal channel).
Note that Eq. S4 gives a complete set of MUBs for dimensions which are a prime number. For d equal to the power of a

prime, complete sets of MUBs can be still found. For d = 4 one has:

B0 = {(1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1)}
B1 = {(1/2, 1/2, 1/2, 1/2), (1/2,�1/2,�1/2, 1/2), (1/2, 1/2,�1/2,�1/2), (1/2,�1/2, 1/2,�1/2)}
B2 = {(1/2, i/2, i/2,�1/2), (1/2,�i/2,�i/2,�1/2), (1/2, i/2,�i/2, 1/2), (1/2,�i/2, i/2, 1/2)}
B3 = {(1/2, 1/2,�i/2, i/2), (1/2,�1/2, i/2, i/2), (1/2, 1/2, i/2,�i/2), (1/2,�1/2,�i/2,�i/2)}
B4 = {(1/2,�i/2, 1/2, i/2), (1/2, i/2,�1/2, i/2), (1/2, i/2, 1/2,�i/2), (1/2,�i/2,�1/2,�i/2)}.

(S8)

S3- CROSSTALK & QDER

Bases

As mentioned in the manuscript, we utilize the logical basis, corresponding to OAM modes as out first basis. Our second basis
consists of a balanced superposition of the OAM modes corresponding to a quantum Fourier transform known as the angular
basis (ANG). The modes for both bases in all dimensions are shown in Fig. S5. The phase structure in the ANG basis is made
up of flat two regions, with sharp jumps between them. The power in the ANG basis consists of d lobes and becomes more
concentrated a single lobe in higher dimensions.

This localization e�ectively constrains the mode to fewer corrective elements of the adaptive optics system as d increases, not
allowing for adequate compensation. This same localization of the ANG states likely allows the state to have a smaller e�ective
diameter, D, meaning that the experienced turbulence will be lesser as there is a decrease in D/r0. We believe this is what causes
the ANG states to be more robust to turbulence without AO, while also not being as easily corrected when using the AO system.

Crosstalk measurement

For a given basis, the crosstalk matrix is determined through the projective measurement of all states in the basis on the
incoming state. After the projective measurement, the light is coupled into a single mode fibre and a power is measured by an

optical power meter (Thorlabs PM100D). Each projective measurement
����
�
� j
����i
�����

2
is normalized by the total power measured

from one incoming state,

Ci j =

����
�
� j
����i
�����

2

�d�1
j=0

����
�
� j
����i
�����

2 , (S9)
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Figure S5. All modes utilized in the crosstalk measurements. The logical basis consisting of OAM modes is shown on the left, while the
angular basis is shown on the right for the same dimension. a d = 2, b d = 4, c d = 6, d d = 8, e d = 10
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Figure S6. Crosstalk matrices for both bases in all dimensions. a d = 2, b d = 4, c d = 6, d d = 8, e d = 10

99



16

to ensure that the sum of the power measured on an input state (the sum of any row in the matrix) is unitary. This gives the
likelihood of detection for any one output state given an input state. These elements are arranged such that Alice’s input states
are given by the row number, i, while Bob’s projective measurement state is given by the column number, j.

Figure S6 shows the corresponding crosstalk matrices for all dimensions. We see that the OAM modes are likely to spread to
neighboring modes up to the midpoint of the dimension. This shows that the induced turbulence is unlikely to result in power
spreading from modes where � > 0 to modes where � < 0 and vice-versa.

QDER calculation

With the crosstalk matrix measurement performed, the average of the diagonal elements is used to determine the fidelity of
the basis. To determine the quantum dit error rate, we subtract the fidelity from the theoretical best performance of 1. This gives
a QDER for the basis in a dimension d.

QDER = 1 �
d�1�

j=i=0

Cii/d = 1 � 1
d

Tr[C] (S10)

We calculate the QDER for each of the bases, in each dimension. We find that our AO system is capable of correcting the
e�ects of turbulence in the logical basis for al dimensions. As mentioned in the manuscript, the QDER in the ANG basis is
brought below the threshold for secure communications in all cases, save for d = 10. The exact values for the calculated QDER
in all cases are listed in Tables S2 and S3.

Dimension QDER OAM AO o� QDER OAM AO on Security Boundary
2 13.6 ± 8.1 1.2 ± 0.1 11.0
4 47.3 ± 2.3 5.4 ± 4.1 18.9
6 54.6 ± 13.1 7.1 ± 3.4 22.5
8 66.9 ± 10.8 16.4 ± 6.6 24.7
10 71.6 ± 12.9 15.1 ± 4.9 26.2

TABLE S2. Calculated QDER for the logical basis.

Dimension QDER ANG AO o� QDER ANG AO on Security Boundary
2 9.9 ± 3.6 0.6 ± 0.2 11.0
4 35.5 ± 2.3 8.3 ± 2.9 18.9
6 45.5 ± 8.6 17.2 ± 2.0 22.5
8 53.4 ± 5.5 24.3 ± 3.3 24.7

10 59.7 ± 6.6 37.3 ± 6.0 26.2

TABLE S3. Calculated QDER for the angular basis.
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[5] A. Fernández-Pérez, A. Klimov, and C. Saavedra, Quantum process reconstruction based on mutually unbiased basis, Physical Review A

83, 052332 (2011).

100



Appendix C

Supplementary material:

High-dimensional Encoding in the

Round-Robin-Di↵erential-Phase-Shift

Protocol

101



A Security proof calculation
We present the detailed calculation of the HD-RRDPS protocol based on the procedure
introduced in [11]. As mentioned in the main text, Alice prepares a state |�� given by

|�� = 1�
L

L�

j=1
ei

2�kj
d |j�. (10)

The strategy adopted by the eavesdropper, Eve, is a general collective attack given by
the unitary transformation UEve, where

UEve|j�|e00� =
L�

�=1
cj�|��|ej��, (11)

and |ej�� is Eve’s ancilla state. Moreover, without loss of generality we assume that cj� � 0
and �eim|ejn� = �ij�mn. Upon receiving the signal state, Bob then selects a subset of
modes indexed by J = {j0, j1, ..., j(d�1)} and performs a measurement in the MUB given
by {|�(d)

m �}, where

|�(d)
m � = 1�

d

d�1�

n=0
ei

2�mn
d |jn�. (12)

We can now write the evolution of the signal state considering Eve’s general collective
attack and Bob’s measurement, i.e.,

UEve|��|e00� �� exp
�
i
2�kj0
d

� d�1�

n=0
c̃j0jn |jn�+ exp

�
i
2�kj1
d

� d�1�

n=0
c̃j1jn |jn�+ ...

+ exp
�

i
2�kj(d�1)

d

�
d�1�

n=0
c̃j(d�1)jn |jn�+

�

�/�J
exp

�
i
2�k�
d

� d�1�

n=0
c̃�jn |jn�,(13)

where we have defined c̃ij = cij |eij�. Eve’s non-normalized reduced density matrix is then
given by

�E =
d�1�

n=0
P{

L�

�=1
exp

�
i
2�k�
d

�
c̃�jn}, (14)

where we have defined P{|x�} = |x��x|. Eve does not have any knowledge about the phases
exp(2�ik�/d) for |�� not in Bob’s MUB, so averaging over all of those possible phases is
equivalent to randomizing the phase of the terms |e�jn� for � �� J , i.e.,

�E =
d�1�

n=0
P{

d�1�

p=0
exp

�
i
2�kjp
d

�
c̃jpjn} +

d�1�

n=0

�

�/�J
c2�jnP{|e�jn�}. (15)

In the event of Alice preparing a state |��, where we have a phase modulation with
kjn = mn, for n � {0, 1, ..., (d� 1)}, Eve’s ancilla states are given by
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�(J )
m =

d�1�

n=0
P{

d�1�

p=0
exp

�
i
2�mp

d

�
c̃jpjn} +

d�1�

n=0

�

�/�J
c2�jnP{|e�jn�}. (16)

The mutual information between Alice and Eve is then estimated using the Holevo
bound,

Q(J )I(J )
AE � S

�
1
d

d�1�

m=0
�(J )
m

�

� 1
d

d�1�

m=0
S
�
�(J )
m

�

=
d�1�

m=0
�(d)

�
c2j0jm , c

2
j1jm , ..., c

2
j(d�1)jm

�
, (17)

where S is the von Neumann entropy, we have defined �(d)(x2
0, x

2
1, ..., x

2
(d�1)) = �

�d�1
i=0 x

2
i log2 x

2
i+��d�1

i=0 x
2
i

�
log2

��d�1
i=0 x

2
i

�
, and Q(J ) = �L

�=1
�d�1

n=0 c
2
�jn is the yield of Bob projecting the

signal state in the subset indexed by J and takes care of the normalization constants for
Eve’s reduced density matrix. Finally, Eve’s information on the raw key is given by,

IAE =
�

j0<j1<...<j(d�1)
Q(J )I(J )

AE
�

j0<j1<...<j(d�1)
Q(J ) �

�
j0<j1<...<j(d�1)

�d�1
m=0 �

(d)
�
c2j0jm , c

2
j1jm , ..., c

2
j(d�1)jm

�

�L�1
d�1

��L
i=1

�L
j=1 c

2
ij

,(18)

where
�L�1
d�1

�
= (L�1)!

(d�1)!(L�d)! is a binomial coefficient. We note that �(d)(x2
0, x

2
1, ..., x

2
(d�1)) is

a concave function and we can thus use Jensen’s inequality and that �(d)(ax) = a�(d)(x)
to simplify further Eve’s information by counting all of the terms where each coefficient
c2ij appears,

IAE �
�(d)

��L�1
d�1

�
x1,

�L�2
d�2

�
x2, ...,

�L�2
d�2

�
x2
�

�L�1
d�1

�
(x1 + x2)

, (19)

where we have defined x1 = �
i c

2
ii and x2 = �

i�=j c
2
ij . We note that x1 and x2 are non-

negative parameters satisfying x1 + x2 = 1 once appropriate normalization is reinstated.
We can now relate the parameters x1 and x2 to the error rate.

We now try to further tightly bound the mutual information IAE by finding a rela-
tionship between the error rate E and the non-negative parameters x1 and x2. Bob’s
probability of measuring anything other than the mth state after Eve’s measurement is,

p(J )
m =

�

p�=m

������
��p|

�

�
d�1�

r=0
exp

�
i
2�mr

d

� d�1�

n=0
c̃jrjn |jn�+

�

�/�J
exp

�
i
2�m�

d

� d�1�

n=0
c̃�jn |jn�

�

�

������

2

, (20)

p(J )
m = 1

d

�

p�=m

�

�
�����

d�1�

n=0

d�1�

r=0
exp

�
i
2�(mr � pn)

d

�
c̃jrjn

�����

2

+
�

�/�J

�����

d�1�

n=0
exp

�
i
2�(m�� pn)

d

�
c̃�jn

�����

2�

� ,(21)

p(J )
m = d� 1

d

�

�
d�1�

n=0

d�1�

r=0
c2jrjn +

�

�/�J

d�1�

n=0
c2�jn

�

� . (22)
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The error rate E(J ) is then given by,

E(J ) = 1
Q(J )

1
d

d�1�

m=0
p(J )
m , (23)

E(J ) = (d� 1)
d

��d�1
n=0

�d�1
r=0 c

2
jrjn +�

�/�J
�d�1

n=0 c
2
�jn

�

�L
�=1

�d�1
n=0 c

2
�jn

, (24)

The overall error is then given by,

E =
�

j0<j1<...<j(d�1)
Q(J )E(J )

�
j0<j1<...<j(d�1)

Q(J ) , (25)

E = (d� 1)
d

�
j0<j1<...<j(d�1)

��d�1
n=0

�d�1
r=0 c

2
jrjn +�

�/�J
�d�1

n=0 c
2
�jn

�

�
j0<j1<...<j(d�1)

�L
�=1

�d�1
n=0 c

2
�jn

, (26)

E = (d� 1)
d

��L�1
d�1

��L
i=1 c

2
ii +

�L�2
d�2

��L
i�=j c

2
ij +

�L�2
d�1

��
i�=j c

2
ij�L�1

d�1
��L

i=1
�L

j=1 c
2
ij

�

� (d� 1)
� �L�2

d�1
��

i�=j c
2
ij�L�1

d�1
��L

i=1
�L

j=1 c
2
ij

�

,(27)

E � (d� 1)
d

� �L�2
d�1

�
x2

�L�1
d�1

�
(x1 + x2)

�

, (28)

E � (d� 1)
d

�
L� d

L� 1

��
x2

x1 + x2

�
. (29)

We note that for the case of d = 2, we recover the results from [11].
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