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Abstract

Abstract

The present thesis investigates the dynamic performance of steel members under the effect of
pedestrian induced dynamic forces. Towards this objective, the study adopts two main
methodologies: (a) controlling the member natural frequencies to mitigate possible resonance
phenomena under human-induced dynamic forces and (b) controlling acceleration levels induced

in members to ensure they fall below acceptable perception levels.

While present design Canadian and American structural steel design provisions do not offer
explicit natural frequency requirements, they limit member slenderness to 200 for compression
members and 300 for tension members. These limits partly control the natural frequency but omit
the influence of axial load level, and neither fully capture the effect to cross-sectional asymmetry,
as may be the case in angle members, nor fully account for member end-connection details. Within
this context, the present research presents four contributions towards advancing the state of the art

related to the analysis and design of steel members under human activities.

The first contribution examines the natural vibration response of axially loaded members with
wide-flange sections. A parametric study is conducted using closed-form analytical solutions and
shell finite element modelling. The study characterizes the effect of axial loads on the member
natural frequencies and proposes slenderness limit thresholds based on target natural frequencies
that capture the axial load level. In this respect, this part of the study develops an improved
serviceability criterion than simply satisfying member slenderness requirements in the present

standards.
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The second contribution extends the investigation to members with angle cross-sections, which
are prone to torsional-flexural coupling owing to cross-sectional asymmetry, an aspect not
addressed in the first contribution. A closed-form solution is developed to determine the torsional
flexural natural frequency of pin-ended members with equal leg angles. The analytical model is
complemented with shell finite element modelling to tackle more general cases involving unequal
leg angles and members with gusset plate end connections. A subsequent parametric investigates
the effect of axial force, cross-sectional geometry, member span, and boundary conditions on the
natural frequency of angle members. The findings show that satisfying present slenderness criteria
does not guarantee consistent natural frequencies across members with angle cross-sections and

flags the need to develop more elaborate criteria to control excessive vibrations.

The third contribution formulates a general thin-walled beam finite element formulation for the
natural vibration analysis of steel members. The solution captures torsional-flexural coupling
induced by cross-sectional asymmetry, and the effects of axial loading, warping, and rotary inertia.
The formulation is equipped with a feature that enables the seamless modelling of the boundary
conditions of gusset-plate ended connections, in which the member is considered fixed about the
axis normal to the gusset but nearly pinned about the gusset axis, both axes being non-principal.
The findings reveal that gusset plate end connections significantly elevate the natural frequency of
the member, when compared to pinned-ended members. A simplified energy-based solution is also
developed to estimate the natural frequency of members with gusset-end connections, and a
dimensionless design chart is provided to streamline the calculation procedure in a design

environment.

While the previous three contributions centre around quantifying the natural frequency of steel

members, the final contribution transitions to the full transient response evaluation under the time-
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dependent loading is induced by human walking. Towards this objective, a general purpose thin-
walled beam finite element formulation is developed for the fully dynamic analysis of thin-walled
beams. In addition to capturing the effects of coupling induced by cross-sectional asymmetry, axial
loading, warping, and rotary inertia, the formulation incorporates the effect of damping and
develops the energy equivalent force vector that characterizes the temporal and spatial distributions
of forces induced by human walking. The discretized equations of motion are then solved using
the Newmark time integration scheme, and the predictions of the model are validated against
benchmark solutions. A parametric study explores the effects of axial force magnitude, damping
model, damping ratio, boundary conditions, and characteristics of the walking function on the
member acceleration response. The results are benchmarked against established human comfort
thresholds. The model thus provides a basis to assess the dynamic performance of steel members

against established acceleration thresholds.

In summary, the present thesis advances methods of dynamic analysis of steel members. By
integrating analytical solutions, energy-based approximate methods, and finite element modelling
techniques, the study offers a possible framework for the analysis and design of steel members

under the effect of dynamic loads induced by pedestrian-induced loads.
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Chapter 1: Introduction

1.1. General

The present thesis investigates the dynamic behavior of thin-walled steel members subjected to
human-induced excitations, with particular focus on the dynamic effects generated by walking
activities. This topic has gained relevance in modern structural design in buildings and facilities
where human activity (such as walking, dancing, or aerobics) can lead to serviceability concerns

due to excessive vibrations.

While conventional dynamic analyses of steel structures often center around seismic and wind-
induced effects, the dynamic loads generated by human actions remain less investigated and often
overlooked in design. However, in slender structural components such as thin-walled members,
the risk of resonance and amplified transient responses becomes non-negligible, especially when
such members are subjected to compressive loads. Such conditions can lead to discomfort for

occupants, potential serviceability issues, and in extreme cases, structural damage.

The primary objective of this research is to establish slenderness criteria for controlling resonance
and unacceptable acceleration levels caused by human activities. Towards this goal, the current
chapter provides a literature-based foundation for understanding and tackling the problem.

Specifically, it includes:

(a) An overview of the various types of dynamic excitations encountered in steel buildings due to
human activities, including a discussion of time-dependent forcing functions proposed by previous

researchers,
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(b) An investigation into the influence of excitation frequencies associated with human-induced
activities on the dynamic response of thin-walled members, along with the limitations and

frequency separation requirements needed to prevent resonance phenomena.

(c) an examination of comfort criteria related to displacement and acceleration thresholds for

human-occupied spaces, and

(d) An overview of formulations for the dynamic analysis of thin-walled structures.
1.2. Forcing functions induced by human activity

Dynamic effects in steel buildings are most associated with external actions such as earthquakes
and wind. These phenomena have been extensively studied, and comprehensive design provisions
are provided in structural codes and standards to address their influence, whether treated as quasi-
static or dynamic loads. However, additional dynamic effects may arise from human-induced
actions, which are particularly relevant in office floors, stadiums, and pedestrian bridges. As
reported by Allen [1] and Smith et al. [2], human activities can produce various forms of dynamic
excitation, categorized as: (1) harmonic loads generated by equipment or rhythmic bodily
movements (e.g., dancing or aerobics); (2) periodic loads due to consistent actions such as
walking; (3) transient loads resulting from sudden changes in motion, like starting or stopping
during walking or running; and (4) impulsive loads caused by high-impact actions such as jumping

or heel-drop exercises.

Bachmann and Ammann [3] reported that a walking pedestrian generates dynamic forces in three
directions: (a) vertical (transverse), (b) horizontal (lateral), and (c) longitudinal, primarily due to
the periodic acceleration and deceleration of body mass (e.g., Zivanovié et al. [4]). Among these

components, the vertical force has the highest magnitude and has therefore received the most
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attention in literature. Most previous studies have focused on this component, as it predominantly
governs the structural response. The horizontal component, while generally smaller, has been
investigated in a limited number of studies—particularly in the context of footbridges, where it
may induce resonance under certain conditions. Nevertheless, its overall influence is often
considered minor. The longitudinal component, having the lowest magnitude, is typically deemed

negligible and is commonly excluded from detailed dynamic analysis.

1.2.1. Characterization of Human-Walking induced Forces

Human-induced excitations, particularly those resulting from walking, can be categorized based
on the duration and characteristics of the applied forces. Several modelling strategies have been
introduced in the literature to represent these excitations, ranging from force waveform
representations to frequency-domain descriptions that capture the spectral content of walking-
induced loads (e.g., Galbraith and Barton [5]; Ellis and Ji [6]). Although these approaches aim to
reflect the complexity of human motion, they often face limitations in practical applications
(especially in structural vibration analysis) due to the absence of closed-form solutions and the

challenges of integrating variable waveforms into time-history simulations (e.g., Murray [7]).

A more precise approach involves modelling the walking-induced load as a time-dependent
concentrated force, typically expressed through a Fourier series. This method, originally devised
by Ellingwood and Tallin [8] and Rainer et al. [9], has gained widespread adoption. Modern design
guidelines and standards, such as those presented in Murray et al. [10] and ISO-10137 [11],
commonly use this framework to characterize the vertical component of dynamic forces due to
walking. The horizontal component is often derived by adapting the expression used for the

vertical force, as adopted in the work of Bachmann and Ammann [3] and Ingélfsson et al. [12].
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The vertical and horizontal components F (t), G(t) of human-walking induced forces are given

as

N
F(t)=0+0) a,sin(27ift—¢)
7 1.1(a-b)
G(1)=0)_ B sin(2zift—2)
i=1
where O denotes the static weight of the individual, typically taken as 746 N based on a nominal

mass of 74.6 kg, N is the total number of harmonics needed to represent the human activity. Most

references recommend using four harmonics (i.e., N =4) to capture the dynamic characteristics

of walking-induced loads (e.g., [7], [11]), the term f; is the human step frequency, ¢ is the time,
a., . are dynamic load factors of the vertical and horizontal components of the forcing function

and are defined as the ratio of the force associated with the i harmonic to the body weight, and
@,/ are the phase angles of the vertical and horizontal components corresponding to the i”

harmonic. For instance, if the human step frequency is taken as 2.5 Hz, the fourth harmonic
component results in an exciting frequency of 10 Hz. An illustration of the use of Eq. 1.1a is

graphically provided in Figure 1.1.

Human activities that induce dynamic loading on structures are generally categorized into two
types: (a) footfall-dependent activities, such as walking and running, and (b) rhythmic activities,

including dancing, aerobic exercises, and live concerts. The corresponding dynamic load factors
o, and phase angles ¢ have been widely reported in the literature for both categories. Notable

studies include those by Allen et al. [13], Pernica [14], Ebrahimpour and Sack [15], and Pavic and

Willford [16] for walking-related activities, and Ellis and Ji [17] for rhythmic excitation.
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Table 1.1 summarizes the dynamic load factors and associated phase angles provided by these

researchers. Furthermore, Allen et al. [13] reported that higher harmonic components play a more

significant role in rhythmic activities, with larger dynamic load factors observed at higher

frequencies. In contrast, for walking and jogging, the influence of higher harmonics diminishes

(particularly in group settings) due to phase dispersion among individuals. This trend is consistent

with the findings of Ebrahimpour and Sack [15], who conducted experimental studies on rhythmic

jumping and highlighted the increased prominence of higher-order harmonics under synchronized

group motion.
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Figure 1.1 First four harmonics and the vertical component of total walking force (sum of harmonics),
modelled by the Fourier series, with a walking frequency of 2.5 Hz. Person’s weight = 746 N, phase angles

ﬂ =0; ¢2 = ¢3 = ¢4 = 72'/ 2. (a) static component, (b) first harmonic, (c) second harmonic, (d) third
harmonic, (e) fourth harmonic, and (f) total force
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Table 1.1 Parameters related to the vertical component of forcing function induced by human walking

Author Dynamic load factor &; Phase angle ¢, Comments
Bachmann _ _ _ ¢1 =0 Exciting frequency of first
[18] % =040 =0=01 ¢, =¢, =12 harmonic is 2.0- 2.4 Hz
a,=0.37(f.~1)
1SO-10137 -01
[11] a, =0.
a,=a,=0.06
a,=037(f,-0.95)<0.5
- 1 a, = 0'0044(]2 + 12'27) Exciting frequency of first
oung [19] a, = O.OOS(fS + 5_2) harmonic is 2.0 Hz
a, =0.0051( f, +1.96)
a, =0.41( f,-0.95)
liif‘i’lilcf::dd a, =0.0056 (fs +12.3 ) ¢ =0 Exciting frequency of first
[16] a, = 0.0064(]05 + 5'2) ¢2 — ¢3 — ¢4 — 7[/2 harmonic is 1.8 Hz
a, =0.0065( f, +2.0)
a, =0.436(f, - 0.95) =0 1.8<if <22 , i=1
Smith etal. @2 =0.006(f,+12.3) ¢, =—1/2 3.6<if <44 , i=2
21 a, =0.007(f, +5.2) ¢, =0 54<if.<6.6 , i=3
a, =0.007(f. +2.0) ¢, =7/2 72<if, <88 , i=4

Table 1.2 presents the approximate values of dynamic load factors &, and phase angles ¢ proposed

by Ellis and Ji [17], related to the vertical component of forcing function, which vary depending

on the nature of the activity.

Table 1.2 Dynamic load factors (; and phase angles ¢l for different rhythmic activities (Ellis and Ji [17])

Type of Dynamic load factor

activity and phase angle =1 =2 i=3 i=4 =5 i=6
Low impact Q; 9/7 9/55 2/15  9/247 9/391 2/36
acrobics é —x/6 -5z/6 -x/6 -z/6 —5x/6  —-xz/2
aerobics ¢l 0 —x)2 0 —z/2 0 —z/2
jumping ¢ z/6  -z/6 -x/2 -5z/6 -x/6  -x/2
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Bachmann and Ammann [3] and Ingo6lfsson et al. [12] proposed a specific modification to the

forcing function expression to account for the horizontal component of human-induced loading
(Eq. 1.1b). Table 1.3 presents a summary of dynamic load factors S, associated with horizontal

excitation, along with the corresponding step frequencies as reported by various researchers.

Table 1.3 Parameters related to the horizontal component of forcing function induced by human walking

Author Dynamic load factor 3, Comments
Bachmann and B, =0.039, B, =0.01, 5, =0.043 Step frequency of
first harmonic is
Ammann [3] B, =0.012, 5, =0.015 2 OHz
Step frequency of
Bachmann [18] B =p=0.1 first harmonic is
2.0Hz
f;lst harmonic — 05](;
Ingolfsson et al. [12] B, =0.05, 5, =0.04, B, =0.01 S harmonie — 15 f.

3rd h i
f; rd harmonic _ 25f;

1.2.2. Alternative Forcing Functions
1.2.2.1. Zhang and Xu [20]

Zhang and Xu [20] simplified of the vertical component of forcing function defined in (Eq. 1.1a)

to
F(t)= Q+iaiQsin(O.767rifst) 1.2

in which the dynamic load factors corresponding to the first five Fourier coefficients were given

by
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-0.06981 +1.211
0.1784 f, +1.463

0.1052f, —0.1284
—0.4716f, +1.210

ol
:
o
oo

—0. 0118f +0.5703

.0416 f, —0.0288
0.2600f, +0.6711

—0.0275f, +0.0608
0.0906 f, —0.2132

1.2.2.2. Gongalves et al. [21]

1.6Hz < f. <2.32Hz
232Hz< f. <24Hz

1.6Hz< f, <2.32Hz
232Hz< f, <2.4Hz
1.6Hz< f, <2.32Hz
232Hz< f <2.4Hz
1.6Hz< f <2.32Hz
232Hz< f, <2.4Hz
1.6Hz< f, <2.32Hz
232Hz< f, <2.4Hz

1.3

An alternative group of expressions were proposed by Gongalves et al. [21] for the vertical forcing

function F (t) to account for the heel impact effect associated with the third and fourth Fourier

terms, i.€.,

1

—(f . F -0)t+ 0<r<0.04¢

0.04T(f"” " Q) Q *

foiE G (t—0.04T)+l 0.04¢, <t <0.06¢,
0.02T

F, 0.06¢, <t <0.15¢, 1.4

N
Q{1+Zal. sin| 27if, (t+0.1T)+¢l.]} 0.15¢, <t < 090,
i=l1

lO(Q—CZ)(%—1j+Q

0.90r, <t<t,

where f, . is the heel-impact factor (defined as the ratio of the peak magnitude of the heel-impact

force and the maximum force generated by the Fourier series), 7 is the period of the step, f, is the
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duration of the step, and F, = Q(l + Zai j is the maximum magnitude of the force Fourier series
i=1

induced by walking. In Eq. 1.4, constants C, and C, are numerical coefficients defined by

A1 ‘ ~ 0(1-a,) i=3
CI—Q{f 1] : CZ_{Q(I—az—%) Iy 1.5(a-b)

and one recalls that parameters @,c;,0, f. have been previously defined as the phase angle,
dynamic load factor, human body weight, and step frequency

1.2.2.3. Kappos [22]

Kappos [22] presented expression for the dynamic load factor ¢; and the phase angle ¢, associated

with vertical component of forcing function induced by human rhythmic activities in terms of the

contact ratio y .

a,=+a’ +b’ ¢ =tan”' [%j 1.6

i

in which a and b, are defined by

0‘5{005(217/—1)7[—1 _cos(2l7+l)ﬂ—l} 2iy #1(i=1,2,3...)

a, = 2iy -1 2iy +1 L7
0 2iy =1(i=1,2,3...)
O.{sm(z‘zy—l)ﬁ_Sm(%lﬂl)”} 2y £1(i=1,2,3...
b= 2iy -1 2iy +1 1.8

0 2iy =1(i=1,2,3..

Eq. 1.6-1.8 enable the application of Eq. 1.1a for rhythmic activities.
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In addition, Kappos [22] proposed a specific expression for vertical component of forcing function

induced by human rhythmic activities, as an alternative to Eq. 1.1a as follows

K,Osin(zt/t,) 0<t<t
F(t)=4 * b b 1.9
(1) { 0 t,<t<T,

where K, is an impact factor defined by K, =F,,,. /O in which F, is the peak dynamic load, 7,
is the contact duration and 7}, is the period of dancing load or time between successive ‘toe off’.

The contact ratio defined as y =1, / T, depends on the nature of the dance and meet the condition

y<1.0.

Kappos [22] observed that the mean value of dynamic human induced loading to the structure is
equivalent to the static weight of the individual (or individuals) involved in the activity.

Accordingly, integrating Eq. 1.9 over the contact period yields:

1 ¢ . | mt _
ijo Kstm(Zjdt—Q 1.10

from which the impact factor can be evaluated as

The impact factor K, corresponding to various rhythmic human activities are provided in Table

1.4. It is noted that the values of y and K, provided in Table 1.4 have been adopted in the UK

loading code BS-6399 [23].

10
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Table 1.4 Values of contact ratio 7 and Impact factor K » for various human rhythmic activities (Kappos

[22])
Activity Contactratioy  Impact factor K,
Pedestrian movements, low impact aerobics 2/3 24
Rhythmic exercises, high impact aerobics 1/2 3.1
Normal jumping 1/3 4.7
High jumping 1/4 6.3

1.2.2.4. Ellis and Ji [6]

An analytical solution was developed to evaluate floor vibrations caused by dancing-type loads
and was subsequently validated through comparison with experimental measurements. The
findings revealed that dancing induces relatively high dynamic forces, exhibiting characteristics
similar to the “toe-off” phase observed when running upstairs. This is typically followed by a brief
airborne phase during which the feet lose contact with the floor, resulting in a temporary drop of

the applied load to zero. The individual then returns to the floor, and the loading cycle repeats.

To quantify this behavior, Ellis and Ji [6] introduced the concept of a contact ratio y , which

represents the portion of the motion cycle during which the feet remain in contact with the floor.
Table 1.5 summarizes the contact ratio values associated with various human rhythmic activities

as proposed by Ellis and Ji [6].

Table 1.5 Values of contact ratio } for various human rhythmic activities (Ellis and Ji [6])

Type of activity Contact ratio
Low impact aerobics 2/3
High impact aerobics 1/2
Normal jumping 1/3

11
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1.3. Natural Frequency Criteria

Researchers reported typical step frequency ranges associated with different human activities. For
walking, step frequencies are commonly cited within the range of 1.5 to 2.5 Hz (e.g., Ebrahimpour
[24]; Allen and Murray [25]; Hechler et al. [26]; Willford et al. [27]). For running, a slightly
broader range of values has been observed (1.6 and 4.0 Hz) (e.g., [9]; [18]). In the case of rhythmic
activities, such as dancing or live concerts, a range of 1.5 to 3.0 Hz has been suggested, while
aerobic exercises tend to produce excitation frequencies between 2.0 and 4.0 Hz (e.g., Murray et

al. [10]; NBC-2015 [28]; Aalami [29]).

To capture the essential dynamic characteristics of human-induced loads, most studies and design
guidelines recommend considering up to four harmonics (N=4) (e.g., [7]; [11]). For example, if
the fundamental step frequency is taken as 2.5 Hz, the resulting harmonic components will have
exciting frequencies of 2.5 Hz, 5.0 Hz, 7.5 Hz, and 10.0 Hz. In such a case, if a structural member
has a fundamental natural frequency close to one of these harmonic frequencies (especially the
highest exciting frequency of 10 Hz) it may be prone to resonance with this component, potentially

leading to perceptible and uncomfortable vibrations.

To minimize the risk of resonance and discomfort, the natural frequency of the structure is often
recommended to be well-separated from the excitation frequencies. In particular, when the floor
natural frequency is lower than the fourth harmonic induced by walking (e.g., below 10 Hz), there
is a risk of resonance with that component. This concept is reflected in building code provisions:
the NBC-1990 [30] originally stipulated a minimum floor natural frequency of 5 Hz to avoid
resonance under rhythmic activities. However, this threshold was increased to 10 Hz in NBC-2015

[28], recognizing that human rhythmic activities (such as dancing, foot stamping, jumping, and

12
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even walking) produce periodic forces with dominant frequencies in the 1-4 Hz range, which can

induce resonance if the harmonics align with the system's natural frequencies.
1.4. Displacement and Acceleration Criteria

In the context of human-induced dynamic loading, structural displacement is typically not the
governing concern when evaluating comfort or serviceability. The deflections caused by such
forces are generally small and remain below perceptible levels for occupants, especially in the case
of walking or rhythmic activities. As a result, displacement criteria are insufficient for assessing

discomfort due to human-induced vibrations.

Instead, peak acceleration ratio (defined as the ratio of peak structural acceleration to gravitational

acceleration g) is widely recognized as the most relevant measure of human perception to

vibration. Human sensitivity to motion is closely tied to this ratio, with the threshold for discomfort
varying based on the type of activity and the functional use of space. Various guidelines and

standards have established recommended limits to ensure acceptable levels of comfort.

The NBC-1990 [30] prescribes peak acceleration ratio limits in the range of 0.4% to 0.7% for
typical office and residential buildings. These limits increase to 1.5%-2.5% for indoor public
spaces, and further to 4%-7% for outdoor environments where higher excitation is more
acceptable. Similarly, recommendations by Allen and Murray [25] and ISO-2631-2 [31] suggest
thresholds of 0.5% for office and residential settings, 1.5% for indoor public areas, and up to 5%

for outdoor venues hosting rhythmic activities.

To facilitate practical assessment, Murray et al. [10] developed a comfort criterion chart (Figure
1.2), which relates the peak acceleration ratio to the excitation frequency. This graphical tool helps

evaluate vibration acceptability across various usage scenarios. Notably, the most critical

13



Chapter 1: Introduction

frequency range for human sensitivity lies between 4 to 8 Hz, aligning with the natural resonance
frequencies of internal organs. Outside this range, human tolerance increases, and higher

accelerations may be considered acceptable.

25

—— Offices & residences, quiet areas

Indoor pedestrian bridges, shopping malls
—— OQutdoor pedestrian bridges

154
10+

2.5

1.5+

Peak acceleration ratio a/g (%)

0.5+

0.25

152 3 45 810 15 2025 40
Exciting frequency (Hz)

= =

Figure 1.2 Peak acceleration a / g versus exciting frequency fs (Adopted from [25])

1.5. Overview of Dynamic Solutions for Thin-Walled Members

Previous research on the transient dynamic analysis of thin-walled members has predominantly
employed two numerical approaches: mode superposition methods and direct time integration
techniques. Mode superposition, which is computationally efficient for systems with a few
dominant modes, has been used in studies addressing cross-section symmetry, warping, shear
deformation, and damping effects (e.g., Chen [32], Abrate [33], Bebiano et al. [34], Bebiano et al.
[35], Pagani et al. [36]). Some of these studies also adopted Generalized Beam Theory (GBT) to
capture advanced deformation modes (e.g., [34], [35]). Direct integration methods, particularly the

Newmark method, have been widely used for analyzing asymmetric and shear-deformable thin-

14
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walled members, capturing effects such as axial load, damping, and high-frequency dynamics (e.g.,

Xiang et al. [37], Carrera and Varello [38], Sahraei et al. [39], Yu et al. [40]).

An aspect common to the previous studies is the adoption of the principal directions to characterize
the motion of the cross-section. While this approach simplifies the formulation, it has limitations
related to the modelling of members with different boundary conditions along non-principal
directions. Specifically, the ends of an angle member connected to a gusset plates can be
considered as fixed about the axis normal to the gusset and nearly pinned about the axis of the
gusset. Conventional solutions based on principal directions do not lend themselves to the direct
modelling of such boundary conditions. In this respect, the present study develops a variational
principle and finite element formulation that adopts non-principal directions to enable the seamless
modelling of gusset-ended members. The analysis also captures coupling effects due to cross-
sectional asymmetry, the destabilizing effect due to axial loads, warping effects, as well as rotatory

effect within the framework of natural vibration and dynamic transient analyses.

Furthermore, as none of the previous studies have attempted to investigate the dynamic behavior
of thin-walled steel members under pedestrian-induced moving loads, the present study adopts the
models developed in the study to investigate to quantify the accelerations resulting from pedestrian

induced load and assessing them against acceptable threshold accelerations.
1.6. Objectives

This research aims to develop an understanding of the dynamic response of thin-walled steel
members subjected to human-induced excitations. The study addresses both the natural vibration
and transient analysis for members with doubly symmetric, monosymmetric, and asymmetric

angle sections under realistic boundary conditions. By employing a combination of analytical
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methods and finite element formulations, the research investigates the influence of axial force
magnitude, member slenderness, cross-sectional asymmetry, and connection details on the flexural
and torsional vibration characteristics. The study further simulates realistic human-induced loading
scenarios, including stationary and moving pedestrians, to evaluate displacement and acceleration
responses against comfort thresholds. The ultimate objective is to establish reliable design criteria
and vibration control strategies that can be applied to ensure the serviceability and acceptable

dynamic performance of structural members in structures.

1.7. Thesis Overview

The thesis consists of six chapters

After the present introductory chapter, Chapter 2 develops criteria to control human-induced
vibrations in steel members with doubly symmetric cross-sections. The study provides a
description of typical time-dependent forcing functions induced by human walking as proposed by
past researchers. Analytical solutions are then used to investigate the effect of axial force
magnitude and type (i.e., compression or tension), member slenderness, and cross-sectional
geometry on the pure flexural and pure torsional natural frequencies of the member. By postulating
a natural frequency threshold aiming to avoid/control resonance phenomena under anticipated
human-induced excitations, the study shows that consistent dynamic criteria depend not only on

member slenderness, but also on the axial force level, and cross-sectional geometry.

Chapter 3 develops natural frequency criteria to control human-induced vibrations of axially
loaded steel members with angle cross-sections. An analytical solution is developed for coupled
flexural—torsional free vibration of pin-ended members with equal and unequal leg cross-sections.

The natural vibration analysis is also extended to angle members with end gusset plate connections
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though shell finite element modelling. The study investigates the effects of axial load in the
member, load eccentricity, and cross-sectional dimensions on the natural frequency of the member.
The results show the importance of considering axial load effects and end details on the natural

frequency of the member.

Chapter 4 formulates a variational principle, a thin-walled beam finite element, and an energy-
based approximate solution for the natural vibration analysis of thin-walled steel members with
asymmetric cross-sections. A novel feature of the formulation is that it adopts non-principal
directions for the displacements cross-section displacement, a feature that enables the seamless
modelling angle members with end gusset plate connections. The solution is then used to conduct
a systematic parametric study that investigates the effects of axial load, member slenderness ratio,
cross-sectional geometry on the torsional flexural natural vibration analysis of angle members. A
design-oriented dimensionless design chart is then developed to estimate the natural frequency of

angle members.

While chapters 2-4 focus on the natural vibration analysis of thin-walled members, chapter 5
develops a finite element formulation for the transient dynamic analysis of thin-walled members
subjected to time dependent forces. The solution incorporates the effects of axial loading, flexural-
torsional coupling, warping, rotary inertia, and damping. The model is employed to characterize
member accelerations generated by the vertical and horizontal components of dynamic forces
induced by human walking. Parameters investigated include member span, axial load level, and
walking speed. Member cross-sections investigated are doubly symmetric I-sections and Gusset-
ended members with angle cross-sections. Scenarios investigated include walking on a treadmill

and walking along the span at constant speed.
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Chapter 6 concludes the study by presenting a summary of the main contributions, main

conclusions and key findings, and recommendations for further research.

Apart from the present introductory chapter and the conclusion chapter, the thesis is written in a
paper format. Where appropriate, supporting mathematical derivations and supplementary results

are presented in Appendices A-N which are provided at the end of the thesis.

Figure 1.3 illustrates the methodological framework adopted in this thesis. All proposed solutions
originate from the Hamiltonian principle. From this foundation, three types of approaches are
developed: (a) the equations of motion and associated boundary conditions are derived through
integration by parts (Chapters 4); (b) approximate solutions for characterizing natural frequencies
are obtained by assuming suitable displacement functions (Chapters 4); and (c) finite element
formulations are constructed for natural vibration analysis (Chapter 4) and transient vibration

analysis (Chapter 5).

Hamiltonian

principle

Integration by parts Assume shape functions

f_l_\ I
Equatt'm]ff’;: of Ap%ﬁ?gate Discretized Equation of motion
motio;
oy ot (IKI+P[K, ) {u}+[ C]{U}+[M]{U} {F (1)}
Separation of variables | Assume displacement functions Separation of variables [ ] Direct integration
Natural vibration
VI:E’TIE?)L \'Ii\{;ggiln s . Forced vibration
(IK]+P[K,] -0 [M]){T} = {0}
. ] 1 —— .
Doubly Asymmetric Asymmetric Asymmetric Asymmetric Doubly Asymmetric Asymmemc
symmetric (Pinned) (Gusset) (Pinned) (Gusset) symmetric (Pinned) (Gusset)
Chapter 2 Chapter 3 Chapter 4 Chapter 5

Figure 1.3 Overall methodological framework of the thesis
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1.8.Notation

C , C,: Numerical coefficients (Eq. 1.4)

/,: : Heel-impact factor

/. : Human step frequency

F (t) : Dynamic forcing function induced by human activity (Vertical component)
F : Maximum magnitude of the force Fourier series induced by walking

G (t) : Dynamic forcing function induced by human activity (Horizontal component)
K, : Impact factor

N : Number of harmonics

QO : Human body weight

t: Time

¢, : Time duration of the step

T : Time period of the step

T, : Time period of dancing load

a;, B, : Dynamic load factors

@,/ : Phase angles
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y . Contact ratio
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Chapter 2: Natural frequency criteria for controlling human-induced

vibrations in doubly symmetric Members

2.1. Abstract

Present Canadian design standards for steel members prescribe a member slenderness limit of 200
for compression members and 300 for tension members to guard, in part, against excessive
vibrations. The different threshold limits in both types of members reflect the fact that compressive
forces tend to lower the natural frequency of members while tensile forces tend to increase it. The
stepwise threshold slenderness limits presently provided in standards, while recognizing the
influence of the type of axial force on the natural frequency of the member, do not reflect the effect

of axial force magnitude within the member.

Within this context, the present study aims to present slenderness limits for axially loaded members
associated with a more consistent serviceability criterion based on the natural vibration, which
reflects the level of axial loading. Towards this goal, a parametric study is conducted on
compressive and tensile members with doubly symmetric cross-sections by (a) developing a shell
finite element model in ABAQUS based on stressed eigenvalue natural vibration analysis, and (b)

closed-form analytical solutions.

The study examines the effect of cross-sectional geometry, axial load level, and connection details
on the natural frequencies of axially loaded members and proposes slenderness limits aimed to

control excessive vibrations under human activity.

! This chapter has been published as Tahmasebi, and H. Sahraei, A. and Mohareb, M. Slenderness limits to control vibrations in
axially loaded members with doubly symmetric cross-sections. Proceedings of the Canadian Society of Civil Engineering
Annual Conference CSCE, Niagara, 2024.
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Keywords:

Wide flange sections, compression members, tension members, slenderness ratio, natural

vibration, human activity, dynamic effects,

2.2. Introduction & literature review

Dynamic effects in steel buildings are principally induced by earthquakes and wind effects. Both
effects have received significant attention in past research and correspondingly elaborate
provisions have been provided in various codes and standards to tackle their effect either as quasi-

static loads or as dynamic loads.

Additional dynamic effects can arise in steel buildings from human activities (e.g., Allen [1] and
Smith et al. [2]) such as (1) Periodic loads induced by rhythmic human activities such as dancing
and aerobics, (2) Transient loads arising from the movement of people, including walking, and
running, and (3) Impulsive loads due to, for example, single jumps and heel-drop impacts. In this
context, the present research explores the possibility of developing design criteria for limiting
vibrations in axially loaded steel members subjected to human-induced activities, by controlling
their fundamental natural frequency. The natural frequency of a member in turn depends on the
cross-sectional properties of the member, its boundary conditions, and the level of axial loading in

the member, in addition to the member's slenderness.

In this respect, Section E.2 of the Murray et al. [3] and Clause 10.4.2.1 for CAN/CSA-S16 [4] set
a threshold effective slenderness ratio of 200 for compression members. For tension members,
Section D.1 of Murray et al. [3] and Clause 10.4.2.2 CAN/CSA-S16 [4] set a recommended
slenderness ratio of 300 with the permission to waive this limit under specific conditions. The

slenderness limit is intended to facilitate the handling of members during construction and control
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excessive vibrations under harmonic loads such as those induced in wind bracing designed for
tension loads. Limiting the slenderness of a member indirectly controls its natural frequency and

consequently influences its susceptibility to undergo vibrations induced by human activities.

Bachmann and Ammann [5] reported that the walking of a single pedestrian produces dynamic
forces in all three directions (a) vertical (b) lateral and (c) longitudinal, induced by accelerating
and decelerating of the mass of their body (e.g., Zivanovié et al. [6]). The vertical component of
the force has the highest magnitude, and its effects have thus been investigated more than the

lateral and longitudinal components.

A common approach is to express excitation due to human walking as a time-dependent
concentrated force (e.g., Ellingwood and Tallin [7] and Rainer et al. [8]) in the form of a Fourier

series. In this respect, design standards (e.g., Murray et al. [3] and ISO-10137 [9]) characterize

the transverse force F, (¢) induced by human-induced activities as
N
F,(1)=0+0> a,sin(2zift—¢) 2.1
i=1

where Q is the static weight of the human, normally taken as 76Kgx9.81m /s> = 746N , index

i=1,2...N denotes harmonic terms and N is the total number of harmonics needed to represent
human activity and is normally taken as three or four (e.g., Murray et al. [3], [SO-10137 [9]), f.
is the human step frequency, ¢ is the time, ¢, is a dynamic load factor associated with the mode i

and is defined as the ratio of the transverse force associated with the i” harmonic to the body

weight, and @, is the phase lag for the i” harmonic. Thus, if, for example, the human step frequency

/. is 2.5 Hz, and the number of harmonics is taken as N =4, it induces four harmonic forces with
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frequencies if, =2.5,5.0,7.5,&10 . Hence a floor with a fundamental natural frequency of around
10 Hz can exhibit resonance with the highest harmonic i=4of F,, (t) Historically, NBC-1990

[10] stipulated that floors with fundamental natural frequencies less than 5 Hz are prone to
resonance due to human rhythmic activities. This threshold was increased to 10 Hz in NBC-2015
[11] which also recognized that rhythmic activities such as dancing, foot stamping, jumping

exercises, and walking induce periodic forces with exciting frequencies in the range of 1 to 4 Hz.

In addition to the vertical force component, a lateral force component is induced by human

activities (Ingolfsson et al. [12]) which can take the form
N
F,(1)=0> B sin(2zift—¢) 22
i=1

where [, is a dynamic load factor defined as the ratio of the lateral force associated with the i”

harmonic to the body weight. Bachmann and Ammann [5] reported the first five harmonics for the
lateral forcing function induced by human walking. The authors reported that the first and third

harmonics of the lateral forcing function are the dominant ones.

Table 2.1 provides the range of exciting frequencies induced by human activities including (a)
footfall-dependent activities which include walking and running, and (b) rhythmic activities which

include dancing, lively concerts, and aerobics. For footfall-dependent activities, most researchers

recommend a step frequency f, ranging from 1.5 to 2.5 Hz for walking, and a step frequency

ranging from 1.6 to 4.0 Hz for running. For rhythmic activities, a step frequency ranging from 1.5

to 3 Hz has been recommended for dancing and lively concerts, and 2 to 4 Hz for aerobics.
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(a) (b)

Figure 2.1 (a) Components of force induced by human walking, (b) Axes definition.

Table 2.1 Range of frequencies induced by human activities
Step frequency

Activity Source range (Hz)
Ebrahimpour [13]
Bachmann [14] 1.5-2.5
Rainer et al. [8]
Walking Allen and Murray [15] 1.6-2.2
Hechler et al. [16] 1.6-2.5
Footfall Willford et al. [17] 1622
dependent Smith et al. [2] T
activities Aalami [18] 1.8-2.1
Rainer et al. [8] 1.6 -4.0
Bachmann et al. [14] 2.0-3.0
Running ISO-10137 [9] 2.0-4.0
Murray et al. [3] 1.6-4.0
Huang et al. [19] 3.5
Aalami [18] 1.5-3.0
Dancing NBC-2015 [11] 1527
Murray et al. [3] T
Rhythmic Lively Aalami [18] 1.5-3.0
activities concert NBC-2015 [11] 1.5-2.7
Murray et al. [3] T
Aalami [18] 2.0-4.0
Aerobics NBC-2015[11] 2.0-2.75

Murray et al. [3]
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Table 2.2 provides a summary of dynamic load factors ¢, . and the corresponding phase angles

¢ reported by different authors. In addition, Allen et al. [20] reported that dynamic load factors

for higher harmonics become substantial in the case of rhythmic activities. Conversely, the

dynamic load factors induced by walking and jogging associated with higher harmonics are less

significant, especially as the number of people in the crowd increases. Similar findings were

reported by Ebrahimpour and Sack [21] who conducted experiments on rhythmic jumping

activities.

Table 2.2 Parameters related to the vertical and lateral components of forcing function induced by human

walking.
Dynamic Dynamic Phase
Author load factor Load factor angle Comments
2 B, Z
B, =0.039,5,=0.010
Bachmann _ — o P —
et al. [5] B, =0.043,5,=0.012 if, =2.0Hz (i=1)
B, =0.015
=04 #=0
Bachmann 1 ©h _ o _ .
et al. [14] az—a3:O 1 ¢2—7Z'/2 l]i—20 2.4Hz (l 1)
¢, = 7[/2
Bachmann _n o .
et al. [14] p =5 =01 if. =2.0Hz (i=1)
a, =037(f 1)
ISO _
10137[9] a,=0.1
a,=a, =0.06
a,=0.37(f,-0.95)<0.5
a, =0.0044( f, +12.27)
Young [22] if. =2.0Hz (i =1)
a, =0.005( f, +5.2) ‘
a, =0.0051( £, +1.96)
a, =0.41(f, —0.95) $ =0
l;;\iflilcf::dd a, =0.0056( 1, +12.3) ¢ =7/2 18 (oD
23] a, =0.0064( f. +5.2) ¢, =7x/2 o
a, =0.0065(f. +2.0) ¢, =n/2
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a, =0.436(f, —0.95) 4,=0
. a,=0.006(f +12.3 =—r/2
Smith 2 (/. ) #. =7l 1.8i<if, <2.2i(i=1.4)
2] a, =0.007(f +5.2) ¢, =0 ‘
a, =0.007(f. +2.0) 4, =72
B, =0.05
Ingolf : : ,
;g:l. ?iwz);l B, =0.04 if,=(2i-1) f. (i=1t03)
B, =0.01

2.3. Analytical Solution

The natural vibration response of an axially loaded member with a doubly symmetric cross-section

subjected to a compressive force P is governed by the differential equation of motion (e.g., Vlasov

[24])

4 2 2
EL 0 ff+Pa VZ"+ma -0
ox ox ot
4 2 2
El a—f+Pa—Z+ma—f=0
7 ox Ox ot

4 2
g 20 (GJ—Pijae+p I
A ) ox

© ~ 4 2

o0'o
0 A2 —Iw 2A,2
ot Ox~ot

2.3(a-c)

which £ is the young modulus, G is the shear modulus, J is the Saint-Venant torsional constant,

m 1is the mass of the member per unit length, v, w are the displacements in the plane of the cross-

section, @ is the angle of twist, / y,lz are the moment of inertia about the weak and strong axes,

1,is the polar moment of inertia, and /, is the warping constant. The equations of motion

presented are based on the Vlasov thin-walled beam theory, postulating that the cross-section

moves as a rigid in its own plane and that the shear strains within the mid-surface are deemed

negligible. The equations omit the effect of damping. For natural vibration, the displacement field
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can be assumed to take the form v(x,z)=V(x)sinwt,w(x,t)=W(x)sinw,z, and
O(x,t) =p(x)sinwt. in which @,®, and @, respectively represent the flexural natural

frequencies about the weak axis, the strong axis, and the torsional natural frequency. By

substituting into Eq. 2.3(a-c) one obtains

d‘w a’w

El,—+P———maW =0
dx dx’*
4 2
EI d V+Pd r —ma’V =0 2.4(a-c)
Y d? dx’ !

2
EIl, 79 (GJ plo_ —pl @ j—¢—ploa)3¢20
7 o’ A “

The corresponding solution takes the form

W (x) = B sin(a,x)+ B, cos(a,x)+ B, sinh (a,x) + B, cosh (,x)
V(x) = A4 sin(Bx)+ A4, cos(Bx)+ 4, sinh(B,x)+ 4, cosh( B,x) 2.5(a-c)
#(x)=C;sind x+C, cos 4x+C;sinh 4, x+C, cosh 4,x

in which 4 — A4, , B,—B,and C,—C, are integration constants to be obtained from the boundary

conditions, and &, ,, 3, 3,, 4, A, are given by

P P Y ma?
a =,—+,|— | + a, =
2EI. 2EI 2FEI.
2 2
P P mao.
+—= 5
2EI 2FE] ) 2EI 2EI
A= 1 GJ - PI—— [ @ GJ - P—— +4 El, Ia)
2EI A Plo Pl p

——(GJ—PQ pl o’ ( —0 a)Z] +4pEl 1,0’

2.6(a-f)

[

2E1,
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For a simply supported member, W ,W",V.V" ¢,¢" vanish at both ends. By substituting into Eq.
2.5, placing the resulting equations into a matrix form, and setting to zero the determinant of the

matrix of coefficients, one obtains «,, B,,4, =nz/l, which leads to the solution?

\/ﬂJ P/P

—_— l/r
. 7,72\/EA+ﬂ2(GJAZZ/1w)\/ 1-P/P,_,

* m(AVo4/[w) ;;2][0/(,4;»04)-1-(1/1”0)2

2.7 (a-c)

in which (PP, P,.,)= {(;z/z)2 EL, (z/iy Bl [EL, (/1) +GJ] /1’02} are the elastic
buckling loads corresponding to flexure about the weak and strong axes and the torsional buckling
load, respectively, 7.,r, are the radii of gyration about weak and strong axes, 7, =, Ir. + r, . Eq.2.7

, shows the dependency of the natural frequency on the axial load ratio as well as the slenderness
ratio. As expected, when the axial load approaches the elastic buckling load, Eq. 2.7 predicts a

natural frequency of zero.

2.4. Reference Case

A 5m span axially loaded member with W200x52 cross-section (A =6650mm’,
1,=527x10"m", 1, =1.78x10" m",r, =89mm,r, = 51.8mm,m = 52.1kg / m) is considered as a
reference case. The maximum slenderness ratio of the member is 0<//7, =96.5<200 , i.e., the

chosen member has an intermediate length. Steel properties are

(Fy =350MPa, E =2x10° MPa,G =17.7x10* MPa). The member is assumed to be simply

2 Calculations related to the analytical solution are provided in Appendix A and Appendix B
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supported in all three directions. The member is assumed to be subjected to an axial force P which

is the percentage of elastic buckling loads.

2.5. Finite Element Models

The natural frequency of the member is determined based on the closed-form solution in Eq. 2.7,
a model based on the thin-walled beam B310S element as well as a model based on the shell finite

element S4, both in the ABAQUS library.

The B310S? element in ABAQUS is a two-node thin-walled beam element with seven degrees of
freedom (DOFs) per node; three displacements, three rotations, and a warping deformation. The
element captures global warping effects. A mesh study has shown that convergence is achieved
with less than 100 elements along the span. The displacements along the lateral, transverse, and
longitudinal directions were restrained at one end and along the lateral and transverse directions at
the other end. The analysis involves two steps: In the first step, the element is axially loaded by a
force P. In the second step, the stressed natural frequency of the member is computed by evoking

the geometric nonlinear feature of ABAQUS.

3 The B310S element in ABAQUS/Standard is a two-node thin-walled beam element that captures warping effects.
Hence, it is particularly suited for modeling members such as I-, channel-, and angle-sections, where cross-sectional
warping plays a significant role. The element uses linear interpolation for the displacement and rotation and warping
fields and predicts the axial force, bending moments, shearing forces, twisting moment, and bimoments.
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The S4 element # is a four-node quadrilateral element with six degrees of freedom per node, three
translations, and three rotations. To simulate the boundary conditions in the shell model, the
displacements in the lateral, transverse, and longitudinal directions were restrained at the bottom
flange-to-web junction at one end of the beam, while restraining the lateral and transverse
directions displacements of the bottom flange-to-web junction along the other end. Also, the lateral

displacements were restrained at the top flange-to-web junctions at both ends of the beam.

The EQUATION feature in ABAQUS was utilized to suppress cross-sectional distortion across all
sections on the span and to enforce the first Vlasov assumption regarding the rigidity of the cross-

section within its own plane.

Again, the analysis was done in Two steps. The axial loading is initially lumped at the four flange
tips at both ends. Subsequently, the natural frequency of the member is determined through a
natural vibration analysis. Nonlinear geometric effects are evoked to capture second-order effects
of the axial load effect on the computed natural frequency. A mesh study was conducted for the S4
model. Two meshes were attempted for the unloaded reference member. The first one had two
elements along the flange width, two elements along the web height, and 100 elements along the
longitudinal axis of the member, totaling 600 elements. A finer mesh was attempted with four
elements per flange, four elements along the web height, and 200 along the longitudinal axis of

the member, totaling 2400 elements. The predicted fundamental natural frequency based on the

4 The S4 element in ABAQUS/Standard is a four-node, quadrilateral, general-purpose shell element featuring finite
membrane strain. The element uses a full integration, thus eliminating the possibility of spurious zero-energy modes
and avoiding the need for hourglass control. To prevent shear locking, an assumed-strain approach is applied to the
membrane strain field, while transverse shear strains are assumed constant through the thickness, providing accurate
out-of-plane bending response. Owing to its robust formulation, the S4 element offers high accuracy in modeling both
bending and membrane actions, making it particularly suitable for problems involving large deflections, finite
membrane strains, and thin- to moderately thick shell structures.
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first mesh was found to be 16.36 Hz while that based on the second mesh was 16.28 Hz, a
difference of less than 0.5 percent. Comparatively, the fundamental natural frequency based on the

closed-form solution was found to be 16.44 Hz.

2.6. Slenderness limits

Solving Egs. 2.7 for the slenderness ratios l/rz,l/ry, and I/r, corresponding to the target

frequencies @,,®,, and @, yields

)<= AT ) (o)
(i)r)< ﬂT\/E;A—W/P) ~(yr), (7)) 28

(l/ro) < Z\/ﬂZA[E[w ’ GJ(Z/”)Z] (1 _ P/PE—X)

ml ’ Lo/l
0

X

Y

in which the slenderness ratios of the unloaded member are associated with target natural

frequencies w,0,, and @, are respectively (1r),, = (7[2 J1\JEA/m ) / o,

(1/1,),., = (7 1EAIm) Jo, and (1/1,),., < 5\/(7z2A[E1w + GJ(I//[)Z}) /mloa)j /1, .

o

2.7. Comparison with Finite Element Model

Eq. 2.7a-b can be expressed in a dimensionless form by dividing both sides by ﬂz/l\/EA/ m.

Also, Eq. 2.7c can be expressed in a dimensionless form by dividing both sides by

7/l \/(EA +1°GJAI I, )/(mAr04/[w) yielding
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) :—Vl_(P/PE*Z) » :—Vl_(P/PE"y) Z)X:\/ 1-P/F, 2.9(a-c)
: (1/r.) C (/r,) ’ 71, [(Ant)+ (1)’

in which (T)Z,a_)y,CT)X are the normalized natural frequencies, and P is taken as positive when in

compression.

Figure 2.2(a-c) depicts the interaction between the natural frequency and axial load magnitude for
the three natural vibration modes. Close agreement is observed between the predictions of the
closed-form solutions, the B310S thin-walled beam model, and the S4 shell model. Increasing the
compressive axial load is observed to reduce the natural frequency, making the member more
prone to vibrate under dynamic loads. When the applied load approaches the elastic buckling load,

the natural frequency is observed to tend toward zero.
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2.8. Framework for controlling the natural frequency

Present slenderness thresholds in design standards provide an indirect means to control the natural
frequency of the axially loaded member. While they stipulate different slenderness threshold
values that depend on the type of axial loading (tension versus compression), they do not capture

the influence of the magnitude of the applied axial load.

An improved means of controlling the natural frequency of an axially loaded member would need

to account for the level of axial loading acting on the member. For a tension member, the applied

force cannot exceed the member's tensile resistance 1., ie., -7 <P<0in which
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T = Min(¢A F ¢uAnF;t’¢uAneF;4)’ where ¢ is resistance factor, ¢, is the resistance factor for

gy

fracture, 4, is the gross area, 4, is the equivalent net area, 4, is the effective net area for shear
lag, £ is the yield strength of the steel, and F;is its tensile strength. Also, for a compression

member, the applied force cannot exceed the compressive resistance C. of the member i.e.,

0<P<C.inwhich C, = gdF, (1+2™") ", A =(KL/r)\[F,/7°E ,and n=134.

The natural frequency computations were conducted for all sections in the W150, W200, W250,

W310, W360, W410, and W460 series of the Handbook of the Steel Construction, and the natural

frequencies @,,®,,®, versus the smaller radius of gyration 7, is reported in Figure 2.3 in the

presence and the absence of the maximum axial loading as predicted by the relevant resistance

equations. In all cases, member spans were taken to correspond to the slenderness threshold (i.e.,

I/r,.. =300 for tension members and k//r; =I/r.; =200 for compression members). Adopting

the threshold maximum slenderness values of 200 and 300 is intended to tackle the longest
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members that are the most prone to vibration.
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Figure 2.3 Natural frequencies versus minimum radius of gyration for (a) compression members, and (b)
tensile members.

Figure 2.3a shows that compressive forces reduce the natural frequency of the member, as
expected. The reduction in the natural frequency @, corresponding to the flexural mode about the
weak axis is considerable. For example, the most pronounced reduction in natural frequency is
observed to correspond to 7, = 19.5 mm, in which case, the natural frequency @, drops from 10.14
Hz when the member is unloaded to 4.03 Hz when the member is subjected to an axial compressive

force C. .

Figure 2.3a shows that the weak axis flexural mode of vibration @, corresponds to the lowest
natural frequency for all cross-sections. The magnitude of the torsional natural frequency @, and
flexural frequency about the strong axis @, highly depend on the radius of gyration, with @, > @,

in some cases and @, <@, with no discernable trend.

Figure 2.3b shows that the presence of tensile axial forces increases the natural frequency of the

member. The increase in natural frequency @, corresponding to the weak axis flexural mode is
significant. For instance, for 7, = 19.5 mm, the natural frequency @, increases from 4.5 Hz when

the member is unloaded to 17.63 Hz when the member is subjected to the peak tension load 7.

For the W150, W200, W250, W310, W360, W410, and W460 series, the compressive axial load

is set to the member axial resistance C, . By adopting a target natural frequency value of 12 Hz for
,,0,,0, (ie., 1.2 x the highest exciting frequency induced by a human step of 2.5 Hz), the

corresponding threshold lengths are determined from Eqgs. 8(a-c), which are then normalized

relative to 7, . The predicted slenderness limits l/ 1, are depicted in Figure 2.4 which shows the
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minimum, average, and maximum values obtained for each series. As a general trend, the threshold

slenderness l/ 7, is observed to decrease with member size, i.e., the W150 series corresponds to

the highest l/ 7. values and the W460 series corresponds to the lowest values. Similar plots are

provided in Figure 2.5 for tension members with similar trends.
2.9. Summary and conclusion

The present research focused on the natural vibration analysis of axially loaded steel members with
doubly symmetric sections in relation to dynamic effects associated with human activities, with a
primary objective goal to develop criteria for mitigating excessive transient dynamic effects under

human activities.

While present standards stipulate slenderness limits for compression members that are lower than
those for tension members, and hence implicitly recognize the comparatively detrimental effect of
compressive forces on the member's natural frequency, it was shown that more consistent dynamic
criteria require accounting for the magnitude axial force within the member, as well as its cross-

sectional properties.
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Figure 2.4 Required slenderness limits for compression members corresponding to @ =12Hz based on (a)
weak axis flexural mode, (b) strong axis flexural mode, and (c) torsional mode.
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Figure 2.5 Required slenderness limits for tensile members corresponding to @ =12 Hz based on (a) weak
axis flexural mode, (b) strong axis flexural mode, and (c) torsional mode.
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2.10. Notation
A: Area

A, : Gross area

A : Equivalent net area

A ,: Effective net area for shear lag

A —A4,, B —B,,C, —C,: Integration constants
C. : Compressive resistance

E': Elasticity modulus

F, : Yield strength

F, (t) : Lateral component of forcing function induced by human activities

F, (t) : Transverse component of forcing function induced by human activities
F : Tensile strength

/., : Human step frequency
G : Shear modulus

1,,1.: Moments of inertia about y and Z axis

I ,: Warping constant
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1,: Polar moment of inertia

J : Saint-Venant torsional constant
/: Length

m : Mass per unit length

N : Number of harmonics

P : Axial load

b

29

_,» B : Elastic buckling loads corresponding to flexure about the weak and strong axes

and the torsional buckling load

Q : Human body weight

1,1, Radii of gyration about weak and strong axes

t: Time

T’ : Tensile resistance

v, W, 0 : In-plane displacements and angle of twist

@, : Dynamic load factors for harmonic 7 related to transverse component of forcing function

[, Dynamic load factors for harmonic i related to lateral component of forcing function

@, : Phase angle for harmonic i related to transverse component of forcing function

¢, : Resistance factor for fracture
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,,0,,0,: Flexural natural frequencies about the weak axis, the strong axis, and the torsional

natural frequency

@,,0,,0, : Normalized natural frequencies
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Chapter 3: Natural frequency criteria for controlling human-induced

vibrations in angle Members s

3.1. Abstract

The susceptibility of axially loaded steel members with angle cross-sections to vibrations depends
on their fundamental natural frequency. Design steel standards guard against excessive vibrations
by enforcing slenderness limits of 200 for compression members and 300 for tension members.
This approach indirectly controls the member's natural vibration but does not reflect the effect of
axial force level within the member, nor the type of connection at the member ends on its

susceptibility to excessive vibrations.

For members with angle cross-sections, in which the shear centre is offset from the section
centroid, the fundamental vibration mode involves a combination of flexure and torsional
deformations. The corresponding natural frequency depends on the cross-section geometry,
member span, level of axial loading with the member, end connection details, and the eccentricity
of the axial relative to gusset plates at both ends of the member. Within this context, the present
study presents the results of a parametric study that investigates such effects by conducting a series
of natural vibration analyses based on a stressed eigen-value type of solution, for a spectrum of
compressive and tensile members with angle cross-sections. The analyses are based on closed-
form solutions and shell finite element models developed in ABAQUS. The study presents a step

towards proposing refined slenderness limits for axially loaded members.

3 This chapter has been published as Tahmasebi, and H. Sahraei, A. and Mohareb, M. Natural vibration analysis for axially loaded
steel members with angle cross-sections. Proceedings of the Canadian Society of Civil Engineering Annual Conference CSCE,
Niagara, 2024.
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human activity
3.2. Introduction and literature review

Past research on the dynamic analysis of buildings has heavily focused on their dynamic response
to earthquakes and wind effects. Comparatively, dynamic effects due to human activities have
received less attention. Relevant studies include the work of Bachmann and Ammann [1], Allen
[2], and Smith et al. [3]. In these studies, dynamic effects on structural members due to human
activity such as walking, running, aerobics, etc. have been reported to manifest in three directions:
transversely, laterally, and longitudinally. Zivanovié et al. [4] compiled the forcing functions
induced by human activities as measured by previous researchers. For a given member, given that
the magnitudes of the transverse components of the dynamic forces induced by human activities
tend to be larger than that of the lateral and longitudinal components, the transverse response of
members received the most attention from researchers. Within this context, the present study
focuses on the dynamic response of axially loaded members with angle cross-sections, both

transversely and laterally.

The Murray et al. [5] and CAN/CSA-S16 [6] limit the slenderness ratio for compression members
to a threshold of 200 and that of tension members to a threshold of 300. Limiting member
slenderness provides an indirect means of controlling their vibration, as the natural frequency of

members depends, among other factors, on the member's slenderness.

Ellingwood and Tallin [7] characterized the transverse force induced by human activities as a

Fourier series in the form
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Fw(t)=Q+Qiaisin(2m'fst—¢i) 3.1

which Q is the static weight of a human (commonly assumed as 76 kg), i is the harmonic terms
ranging from 1 to N, where N represents the total number of harmonics needed to represent

human activity, typically taken as three or four, f, denotes the frequency of human steps, ¢ is the

time, ¢, is a dynamic load factor associated with the mode 7, and ¢, is the corresponding phase

lag. For instance, if the human step frequency is 3Hz and the number of harmonics taken as four,
the forcing function will have four exciting frequencies of 3, 6, 9, and 12 Hz. In this case, a floor
(or a member) with a fundamental natural frequency of 12 Hz may resonate with the highest

harmonic. Eq. 3.1 has been adopted in standards such as Murray et al. [5] and ISO-10137 [8].

Additionally, the lateral force component induced by human activities, as given by Ingélfsson et

al. [9], can be expressed as
N
F,(1)=0) B sin(2zif,t— 1) 32
i=1

where [, and A are dynamic load factor and phase angle defined as the ratio of the lateral force

associated with the i harmonic to the human body weight. A summary of dynamic load factors
a., 3 and phase angle ¢, A for various types of human activity, as proposed by various studies

provided by Tahmasebi-Orimi et al. [10]. The step frequency associated with walking ranges from

1.5 to 2.5 Hz, from 1.6 to 4.0 Hz for running, and from 1.5 to 3 and 2 to 4 Hz for aerobics.

In this study, our focus lies in investigating the natural frequency analysis of axially loaded
members of angle cross-sections. Owing to the asymmetry of these cross-sections, their natural

vibration response is coupled torsional-flexural. Relevant studies include the work of Friberg [11]
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who investigated the natural vibration of simply supported members subjected to axial loads.
Banerjee and Fisher [12] investigated the influence of axial load on the natural frequency. Using
finite element, Tanaka and Bercin [13] investigated the effect of boundary conditions for members
with no axial loads. Hashemi and Richard [14] expanded the study to axially loaded members and
boundary conditions. Ambrosini [ 15] experimentally investigated the natural vibration of members

with asymmetric cross-sections.

While the above solutions provide solutions for the natural frequency of axially loaded members,
no attempts were made to develop design criteria for limiting the vibration of such members in the
context of structural steel construction. Within this context, the present pilot study presents a step
towards developing criteria for controlling the vibrations of axially loaded members of angle cross-

sections by limiting their natural frequency.

Two sets of boundary conditions are examined: (a) members with ends that are pinned in all
directions (Figure 3.1a) and (b) members with ends that are connected to gusset plates (Figure

3.1b).

Gusset plate connections would result in a near-pin condition of the member end about the fixation
parallel to the gusset plate (Figure 3.1b) but results in a fixation of the member end about the Z

axis normal to the gusset plate. It is noted here that both axes J , Z do not align with the principal
directions y, Z of the member. Hence the classical equations of natural vibration for asymmetric

members are not applicable in this situation.

Since Case B is representative of the end connections expected in practice and in the absence of
closed-form solutions for it, designers may conservatively opt to treat the problem as pinned in all

directions (Case A). The present study investigates the difference between both treatments.
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As the study does not attempt to model any slip that may occur between the angle and the gusset
plate, the findings are primarily applicable to welded connections or slip-critical bolted

connections.

The paper first presents available analytical solutions in Sections 3 and 4, defines a typical
reference case in Section 5, presents the specifics of the shell-based finite element model in Section
6, a verification of the model in Section 7, and then conducts a parametric to study the effect of
axial force on the natural frequency in Section 8, and then illustrates the boundary effects for gusset

plate members in Section 9.

i 4

>

)

/

(a) (b)

Rotationally pinned —3»- Rotationally fixed —“»—

Figure 3.1 (a) Pinned-Pinned boundary conditions, (b) Typical gusset plate connection for angle member with
angle cross-section.

3.3. Analytical Solution

Ghandi and Shiri [16] developed the equations of motion of governing the dynamic response of
axially loaded members with asymmetric cross-sections as
EIV" + PV —Pz,0"+mi—mz,0 =0

ELW" + Pw"+ Py, 0+ mw+my,0 =0 3.3(a-c)

EI 0" —GJO"+ Pr;0" — Pz V" + Py W' —mz ¥ +my,w+mr 6 =0
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in which £ is the Young modulus, G is Shear modulus, J is the Saint-Venant torsional constant,
m is the mass of the member per unit length, Pis the axial force (taken as positive when

compressive), v, w are the displacements in the plane of the cross-section, @ is the angle of twist,
1,1, are the moment of inertia, r02 is the polar radius of gyration about the shear centre moment
of inertia, /,, is the warping constant, and (y,,z,) are the coordinates of the shear centre relative
to the centroid. In Eq. 3.3(a-c), £/, El, represent the flexural stiffness of the member, GJ is its

Saint Venant torsional rigidity, £/, is its warping stiffness, and all terms constraining the axial

compressive force P represent the destabilizing effect, and all terms containing the mass m of

the member per unit length represents the inertial terms. When the section is asymmetric, ( Vo z,,)

do not vanish, and the equations of motion are coupled.
3.4. Analytical solutions for members pinned in all directions.

3.4.1. Asymmetric sections

For natural vibration, the solution can be assumed to take the form:

v(x,t) V(x)
w(x, ) ¢ =1 W (x) psin(or) 3.4
0(x,1) 0.(x)

From Eq. 3.4, by substituting into Eq. 3.3, one obtains

ELV"+PV"=Pz 0" —mo’V +ma’z,0, =0
EIW" + PW"+ Py,0! —ma’W —ma’y,0, =0 3.5 (a-c)
EL0" -GJO'+ Pr;0"—PzV"+ Py W'+ mw’z,V —mw’y W —ma’r}0. =0
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For a member that is simply supported relative to both displacements and the angle of twist, the

displacement function can be assumed to take the form

V(x) A
W(x)b=1B, sin(%j 3.6
ex(x) Ci

From Eq. 3.6 by substituting into Eq. 3.5, one recovers the eigenvalue problem
(K+PK,-o’M)U=0 3.7

in which, the following matrices have been defined

ElL (=/1)’ 0 0
K= 0 EI (=1}’ 0
0 0 ElL, (%)) +GJ (x/l)’
(0 ()
K,=| 0 ~(zf1) -y, (xf1)’ 3.8
(7Y v (=) ()
m 0 -mz A
M=| O m my, | ; U=3iB,
—-mz, my, mr C

For an axial load P, the natural frequency @ is obtained by setting the determinant of the matrix

of coefficients to zero, i.e., K+ PK, - @’M| =0, leading to the bi-cubic equation

Aw® + Bo' +Co* + D=0 3.9

in which
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A=-m’ry +m’y > +m’z’
B=m?(x/I) {Ez/g (/1) —ELy? (%/1) + ELi? (x/l)’ - ELz? (/1)
+EL (2/1) +GJ + P(1; =3y, =32 )}
C=-m(=/l)’ {E21y12r02 (z/1)' + E* 11, (/1) + E*L I, (x]1)' + ELGJ (x]l)’
+ELGJ (x/1) + P(2GJ 2ELy, (x/1)’ =2ELz (/1) +2EL, (/1)) o)
-P° (r02 +3y 2 +3z° )} .
D=(z/l)’ {E31y121w (z/1)° +E*1,1,GJ (z/1)' + P(=/1) (EI,GJ + EI.GJ

B Ly (1) + E*L L, (7)) + E'LL,(x/1)' )+ P*(EL, (/1)

—ELr} (n)l) —ELr} (n/1) —ELz? (x/l) —ELy,(z/1) +GJ)

-pP (roz +yr2 + zr2 )}

The smallest positive root for @ as obtained from Eq. 3.9 corresponds to the fundamental natural

frequency of the system.
3.4.2. Monosymmetric Sections

For a monosymmetric section the z axis is an axis of symmetry, as may be the case for an equal

leg angle, one has z, =0. By substituting into Eq. 3.10, one obtains

4 2
(40" + Bey? +E)(E12 (%) +PG] —ma)2]:0 3.11

in which
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2.2 2.2
A=m’ry —m”y,

4 4 2 2 2 2
B= —mEIer2 (%) —-mEI (%J -mGJ (%j — Pmr} (%) — Pmry; ( j +2Pmy,’ (%)

8 6 6 6 4 4
c=r11 |2 vErGi| 2| vPEr 2| 2| vPEL | 2| +PGs| Z| + P2 | B P2y 2| 2
y o l y l y' 0 l 0] l l 0 r

/ [
3.12

which yields the natural frequency corresponding to pure flexure about the z axis

EI(7/1)' +P(x/1)’
a)=a)z=\/( /1) ( )) 3.13
m
and that corresponding to the torsional flexural vibration
. J_ﬁﬂ/ﬁz_aa .
24 '

3.5. Reference Case

A 4m span axially loaded member with L152x102x16 is considered. Cross-sectional properties are

A=3790mm*,1, =1.005x10"mm*,I, =1.789x10°mm", r, =51.5mm, v, =21.7mm,
m=52.1kg/m. Steel properties are n=1.34,F =350MPa,F, =450MPa, E = 2x10° MPa,

G =7.7x10" MPa . 1t is required to determine the natural frequency of the member for the case

where both ends are pinned, both the analytical solution in Eq. 3.9 and using shell finite element

modelling.
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3.6. Finite Element Model

The finite element model is primarily intended to model axially loaded members with end gusset

plate connections since no closed-form solutions exist for such boundary conditions.

3.6.1. Model Description

The finite element model is based on the shell finite element S4 in the ABAQUS library. The S4
element is a four-node quadrilateral shell element with six degrees of freedom per node, three
translations, and three rotations. To simulate pin end conditions, the angle of twist and

displacements along the y and z directions were restrained for all nodes along the member ends.

Two master nodes were defined at the section centroids at both ends. The displacements of the

master nodes along the y and z directions were coupled to those of the shear centre at the corner

node. Longitudinal displacements of end nodes were related to the longitudinal displacement of
the corresponding master node to allow the member ends to pivot about the centroidal axes of the
cross-section. The longitudinal displacement of the master node at one end of the member was
restrained while the master node at the other end was subjected to an axial force. A linearly elastic

isotropic material characterization with £ =200,000MPa and G =77,000MPa is adopted for the

sought natural vibration analysis.

The analysis was conducted in two steps. Initially, the axial load was applied to the master node at
the member end which is free to move longitudinally. Next, the natural frequency of the axially
loaded member was determined through a natural frequency eigenvalue analysis. In this step,
nonlinear geometric effects were introduced to capture second-order effects due to the axial load

when computing the natural frequency. A mesh study was conducted for the S4 model.
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3.6.2. Mesh Study and Verification

Two meshes were attempted for the unloaded reference member. The first one had five elements
along the short leg, eight elements along the long leg, and 200 elements along the longitudinal axis
of the member, totaling 2600 elements. A finer mesh was also attempted with 10 elements along
the short leg, 16 elements along the long leg, and 400 along the longitudinal axis of the member,
totaling 10400 elements. The predicted fundamental natural frequency based on the first mesh
was found to be 10.71 Hz while that based on the second mesh was 10.67 Hz, a difference of less
than 0.2 percent. Comparatively, the fundamental natural frequency based on the analytical

solution was found to be 10.74 Hz.
3.7. Verification for a Member Pinned in all directions.

The reference case is used to assess the validity of the finite element model against the predictions
of the closed-form solution for the case of a member pinned in all directions. Toward this goal, the
natural frequency of the reference case is examined for various levels of axial force, both in tension

(negative) and compression (positive). The natural frequency is normalized by dividing it by the

natural frequency @, of the member in the absence of axial loading, while the applied axial force

is normalized by dividing it by the torsional flexural elastic critical load P, of the member. Figure

3.2 presents a comparison of the predictions of the closed-form solution and that predicted by the

ABAQUS model.

Close agreement is observed between the predictions of the analytical and shell model solutions.
As the applied compressive load increases, the natural frequency is observed to decrease.

Conversely, the natural frequency increases with the increase of the applied tensile force. As the
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compressive force approaches the torsional flexural elastic critical load P, of the member, the

cr

natural frequency is found to tend to zero.
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Figure 3.2 Interaction diagram of normalized natural frequency versus normalized axial load

3.8.Effect of axial force on natural frequency in slender members

The natural frequency was computed for all equal leg angles for the L76x76, L102x102, and

L152x152 series in the handbook of steel construction, totaling 17 sections. The member length

was taken to comply with the maximum slenderness ratio (KL/V)max :(L/r)max =200 for

compression members (Figure 3.3a) and (L / r)max =300 for tension members. For compression
members, the axial load level was taken to equal the maximum compression resistance

C, = pAF, (1 +AY )71/" as given by the Canadian Standard which, F| is the yield strength of the
steel, A = (KL/ r) N F, / 7*E ,and n =1.34 . While tension members were subjected to an axial load

equal to its tensile resistance as given by 7. = min (¢Ang PAF .0 AF ) , where ¢ is resistance
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factor, @

u

is resistance factor for fracture, 4, is the gross area, 4, is the equivalent net area, 4,
is the effective net area(which is taken as A, in the absence of information about the specifics of

the connection), and F, is its tensile strength. The minimum, average, and maximum predicted

natural frequencies are provided for each series (Figure 3.3(a,b)). As a general observation, the
natural frequencies for compression members are significantly lower than those of tension
members, indicating their proneness to vibrations. For compression members, Figure 3.3a shows
that the natural frequencies vary within a narrow range for each series, but they are observed to
decrease with the angle size while the range of natural frequencies is wider for tension members

(Figure 3.3b).

Figure 3.4(a,b) provide the natural frequency of 79 unequal leg angles for the L51x38, L64x38,
L64x51, L76x51, L76x64, L89x64, L89x76, L102x76, L.102x89, L127x76, L127x89, L152x89,
L152x102, L178x102, L.203x102, and L203x152 series. Figure 3.4a depicts the fundamental

natural frequencies for unloaded members with lengths corresponding to the slenderness
requirement (KL / r)max = (L / r)max =200 for compression members and for members with lengths
corresponding to the maximum slenderness ratio for tension members (L / r)max =300. The figure

shows that present slenderness limits yield inconsistent natural frequencies owing to the difference

in member spans allowed in both cases. When accounting for the axial load level in both cases i.e.,
compression members subject to an axial load equal to the maximum resistance C, and tension
members subject to the maximum resistance 7, the discrepancy between the predicted natural

frequency becomes more pronounced (Figure 3.4b). The results suggest that developing design

criteria associated with more consistent natural frequencies (and hence more consistent vibration
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levels under human activities) would be achieved by incorporating the axial load level as a

parameter.
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Figure 3.4 Natural frequency (NF) for unequal legs for (a) unloaded members, (b) axially loaded members

with a force equal compression resistance Cr or tensile resistance 1
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3.9. Natural Frequency of Members with Gusset Plate Connections

Eq. 3.13 and Eq. 3.14 are applicable to members with pinned-end conditions about the principal

axes (¥ and Z in Figure 3.1a). Yet for end gusset connections (Figure 3.1b), the member is fixed
about the Z axis and pinned about the J non-principal directions. The fixity end condition about

the principal directions is unknown. Thus, the natural frequency for members with end gusset
connections is conducted based on the shell model in the present section. The specifics of the
model are similar to those described in Section 5 while restraining the rotation of the two master

nodes at both ends about the Zz axis.

Figure 3.5 compares the interaction diagrams for the reference member between the natural
frequency of the member and the axial force for the case of pin end condition and gusset end plate
connection. For the latter case, the axial load at a natural frequency of zero was found equal to the

elastic buckling load for the member as reported by Alenezi and Mohareb [17].

Another aspect of the gusset plate connection is that the axial force within the gusset plate is
eccentric relative to the member centroidal axis. This eccentricity induces bending moments about

the y axis of the member in the member in addition to the axial force. It is of interest to investigate

the effect of this eccentricity on the natural frequency of the member. Towards this goal, the
additional bending moments induced by the eccentric axial force are applied to both master nodes

at the end of the member and the corresponding interaction diagram is overlaid on Figure 3.5.

When the member is subjected to a high compressive force, the presence of additional bending
moments is shown to have a detrimental effect on the predicted natural frequency for the member
when compared to the case of concentric loading. The difference in natural frequencies in both

cases tends to decrease as the magnitude of the applied compressive force reduces. The difference

63



Chapter 3: Natural frequency criteria for controlling human-induced vibrations in angle Members

between both natural frequencies in both cases tends to essentially disappear when the member is

subjected to a tensile force.
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Figure 3.5 Interaction diagrams for natural frequency vs axial load for (a) pined member, (b) gusset plate
connection with eccentricity neglected, and (c) gusset plate connection with eccentricity.

Figure 3.6 shows the natural frequency of three compression members with the nearly equal cross-
sectional area examined, (1) L152x102x16 with the short leg parallel to the gusset plate, (2)

L127x127x16 and (3) L152x102x16 with the long leg parallel to the gusset plate. Member lengths

are taken as the maximum value corresponding to slenderness (KL/ r=L/r=200). The
corresponding member lengths are 4.35, 4.96, and 4.35m respectively. The axial load is taken equal
to the compression resistance C, = gAF, (1+12” )71/". The corresponding axial force levels are

156.7, 159.7, and 156.7kN, respectively. Three types of connections at member ends are
considered for each section; a pinned connection in all three directions, a gusset plate connection

in which the load eccentricity is omitted, and a gusset plate connection in which the load
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eccentricity is captured. The analysis reveals that the natural frequencies for members with pin
connections are significantly lower than those of gusset plate connections. The difference is
observed to increase as the outstanding leg dimension increases. The results show that adopting
closed-form solutions available for members with pin-end connections to the members with end-
gusset plate connections would grossly overestimate the natural frequency of the members. Also,
it is shown that the effect of eccentricity on the natural frequency is pronounced for members with
high compressive load levels and reduces with the compressive force magnitude and has

essentially no effect on tension members.

A comparison between the gusset plate connection with and without eccentricity reveals that the
detrimental effect of axial force eccentricity on the natural frequency is reduced as the length of

the outstanding leg increases. This is attributed to the fact that the moment of inertia about the y

axis (Figure 3.1) (which resists that the larger moment induced by the eccentricity) also increases.

e e e e
S N A, O

Natural frequency (Hz)

N A~ O

152 127 102I

102 127 32

o

= Pin connection ® Gusset connection with eccentricity
® Gusset connection without eccentricity

Figure 3.6 Effect of end boundary conditions, load eccentricity, and leg ratio on natural frequency.
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3.10. Conclusions

Axially loaded compression members were shown to have a lower natural frequency than unloaded
compression members while axially loaded tension members have a higher natural frequency than
unloaded tension members. Thus, developing criteria for controlling vibrations due to human

activity, must account for member slenderness, and axial force level.

The natural frequency of angle members with gusset plate connections is significantly larger than
that of the hypothetical case of a pin-end connection. The adoption of available closed-form
solutions for the latter case for members with end-gusset plate connections leads to overly

conservative predictions for the natural frequency of the members.

In gusset plate connections, the eccentricity of the axial force provided by the gusset is detrimental
to the natural frequency of compression members (in comparison to the hypothetical case of
concentric loading). The effect of eccentricity is pronounced for high axial force levels and reduces

as the compressive force reduces and has essentially no effect on tension members.

For angle members with unequal legs connected to gusset plates through the longer leg, the effect
of compressive force eccentricity is found to be more pronounced than those connected to the

shorter leg.
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3.11. Notation
A: Area

A, : Gross area

A : Equivalent net area

A ,: Effective net area for shear lag

A —A4,, B —B,,C, —C,: Integration constants
C. : Compressive resistance

E': Elasticity modulus

F, : Yield strength

F, (t) : Lateral component of forcing function induced by human activities

F, (t) : Transverse component of forcing function induced by human activities
F : Tensile strength

/., : Human step frequency
G : Shear modulus

1,,1.: Moments of inertia about y and Z axis

I ,: Warping constant
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1,: Polar moment of inertia

J : Saint-Venant torsional constant

K : Stiffness matrix

K, : Geometric matrix

/: Length

m : Mass per unit length

M : Mass matrix

N : Number of harmonics

P : Axial load

P : Torsional flexural elastic critical load

QO : Human body weight

1,1, Radii of gyration about weak and strong axes

r02 : Polar radius of gyration
t: Time

1, : Tensile resistance

U : Displacement vector

v, W, 0 : In-plane displacements and angle of twist
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».,z, : Coordinates of the shear centre relative to the centroid

@, : Dynamic load factors for harmonic 7 related to transverse component of forcing function

S, Dynamic load factors for harmonic i related to lateral component of forcing function

@, : Phase angle for harmonic i related to transverse component of forcing function

A, : Phase angle for harmonic 7 related to lateral component of forcing function

¢, : Resistance factor for fracture
o : Coupled torsional flexural natural frequency

@, : Natural frequency in absence of axial loading
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Chapter 4 Finite element formulation for the free vibration analysis of

axially loaded angle members with gusset end connections ¢

4.1. Abstract

The present study focuses on quantifying the natural frequency of axially loaded members with
angle cross-sections. Such members are commonly connected to adjacent ones through gusset
plates that provide a nearly pinned end condition about the axis parallel to the gusset and full fixity
about the orthogonal direction. Since both axes are non-principal, classical natural frequency
solutions, based on displacements along principal directions, become inapplicable. The present
study thus develops a family of solutions that characterize the natural frequency of angle members
with gusset plate end connections, including a finite element formulation, an energy-based
approximate solution, and a dimensionless design chart. The formulation incorporates the effects
of axial loading, torsional-flexural coupling induced by cross-sectional asymmetry, rotary inertia,
and warping, while enabling the analyst to define different boundary conditions along non-
principal directions. The validity of the solution is established through comparisons with shell
finite element solutions. The findings reveal that the natural frequency of angle compression
members with gusset plate end-connections is significantly higher than that of pin-ended members.
A systematic parametric study documents the effects of rotary inertia, axial load ratio, leg width to
thickness ratio, connected to unconnected leg ratio, and member slenderness, on the natural

frequency of the member. A design example is provided to illustrate the utility of the proposed

¢ This chapter has been published as Tahmasebi-Orimi, H., A. Sahraei, and M. Mohareb, Natural vibration of axially loaded angle
members with gusset plate end connections. Journal of Constructional Steel Research, 2025. 235: p. 109824.
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simplified energy-based approximate solution in the design of vibration-resistant axially loaded

angle members.
Keywords

Axially loaded members, angle cross-sections, end gusset plate connections, natural vibration,

finite element analysis, energy based approximate solution.
4.2. Introduction and Scope

Axially loaded members in steel construction are commonly made of monosymmetric or
asymmetric angle cross-sections. Such members are commonly connected to adjoining beams
and/or columns through gusset plate connections (Figure 4.1a). When such members possess high
slenderness, they become prone to excessive vibrations under human activity. A possible means to
control the members propensity to undergo excessive vibrations is to ensure that their fundamental
natural frequency exceeds the expected exciting frequencies induced by human activities by an

acceptable margin.

Yet, owing to the complex nature of the boundary conditions of axially loaded angle members with
gusset plate end connections, no closed-form solutions are available to estimate their fundamental
natural frequency. Specifically, gusset plate connections (Figure 4.1a) would result in a near-pin

end condition with respect to flexure about the y axis (parallel to the gusset plate), and a fixation
with respect to flexure about the Z axis (perpendicular to the gusset plate), both ( y,z) axes being

non-principal. Since the classical equations of motion, and resulting closed form natural frequency

solutions for members with asymmetric cross-sections are formulated in terms of the

displacements along the principal directions ( 7, 2) rather than the geometric axes ( v, z) , applying
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the boundary conditions associated with gusset plate end connections presents a challenge in

formulating simple closed-form solutions for the problem.

Yet, available natural frequency expressions are expressed in terms of displacements that are
defined along the principal directions rather than along the geometric axes and hence do not
provide a direct means to quantify the natural frequency of angle members with gusset plate end
connections. Under existing solutions, the designer can idealize the angle member either (a) as
pinned in both directions, thus underestimating its natural frequency, (b) as fixed in both directions
leading to an unconservative estimate, or (c) fixing the member about a principal direction and
pinning it about the orthogonal direction, which would be inconsistent with the directions of pin
and fixity in gusset connections. Within this context, the present study develops a more general
solution in which the displacements are defined along non-principal directions that enables the
analyst to define a fixity condition along an axis normal to the gusset and a pin condition along the
orthogonal direction to more accurately characterize the natural frequency of angle member with
gusset connections. Towards this goal, the present study develops a variational principle, a finite
element, and an approximate energy-based solution for the natural vibration analysis of axially
loaded asymmetric members. The formulation adopts non-principal coordinates to seamlessly
model the boundary conditions associated with gusset plate end connections, while capturing the
effects of coupling due to cross-sectional asymmetry, axial loading, global and warping, and rotary

Inertia.

4.3. Literature review

The classical thin-walled beam theory developed by Vlasov [1] is widely used in the analysis of

thin-walled members. The Vlasov beam is predicated on two kinematic assumptions; (1) The
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cross-section remains rigid (undistorted) in its own plane throughout deformation, and (2) The
transverse shear deformation within the middle surface of the cross-section is negligible. The
theory of Gjelsvik [2] adopts the Vlasov kinematic assumptions while incorporating the through-
thickness warping effect by adopting the Kirchhoff plate bending assumption postulating the

normality of a line normal to the cross-section middle surface throughout deformation.

Natural vibration analysis solutions for thin-walled members involve several methodologies: (a)
Analytical solutions (e.g., Kim et al. [3], Tanaka et al. [4], Proki¢ et al. [5]), (b) Dynamic stiffness
matrix solutions (e.g., Friberg [6], Banerjee et al. [7], Banerjee et al. [8], Eisenberger et al. [9],
Kimetal. [10],and Lietal. [11]), and (c) Finite element formulations (e.g., Kim et al. [12], Tanaka
et al. [13], Duan [14], (Vo et al. [15],Vo et al. [16]), De Borbon et al. [17], Jrad et al. [18], and

Sahraei et al. [19]).

The primary motivation of the present study is to develop a family of natural vibration solutions
for members with angle cross-sections that capture the effects of warping, rotary inertia, axial
loading and flexural torsional coupling owing to the cross-sectional asymmetry, with the ability to
characterize boundary conditions along non-principal directions. A survey of studies related to
natural vibration analysis of members with asymmetric cross-sections is summarized in Table 4.1

and the key features of these studies are discussed in the following.

Torsional flexural coupling effects due to cross-sectional asymmetry were captured in the
analytical and finite element solutions of Mei [20] and the dynamic stiffness matrix solution of
Friberg [6]. Global warping effects were captured in the analytical solution of Tanaka and Bercin
[4], the finite element solution of Duan [14] and the closed-form solution of Prokic” et al. [5].
Local and global warping effects include the finite element solutions of Vo et al. ([15], [16]) and

the closed form and finite element solutions of Sahraei et al. [19]. Eisenberger et al. [9] formulated
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a solution that captures rotary inertial effects. Also, the studies of [12], [15], [16], and [17] capture
rotary inertia and shear deformation effects. Sahraei et al. [19] developed a finite element that
captures rotary inertial and coupling effects arising due to shear deformation. The effect of axial
loading on the natural vibration analysis was incorporated in the analytical solutions of Kim [3]
and Prokic” et al. [5], the finite element formulations of Vo et al. ([15], [16]) and De Borbon et al.
[17], and the dynamic stiffness solutions of Banerjee and Fisher [7], Kim et al. [10], Li et al. [11],
and Ghandi et al. [21]. In the previous studies, the displacements were defined along the principal
directions. This restriction makes them inapplicable to members with angle cross-sections with
end gusset plate connections, in which the end conditions along a non-principal direction (parallel
to gusset) differs from that along the orthogonal direction. Such boundary conditions were tackled
only recently in (Alenezi et al. [22]) in the context of buckling analysis of compression members.
Yet, the authors are unaware of any treatment for this type of problem in the context of natural
vibration. In order to fill this gap, the present study formulates a family of solutions for the natural
vibration analysis of axially loaded asymmetric members, capturing warping and rotary inertia
effects by (a) formulating the governing equations of motion and boundary conditions, (b)
developing characteristic equations for members with boundary conditions defined along non-
principal directions (e.g., members with end gusset plate connections), (c) formulating a finite

element solution, and (d) developing an energy-based approximate solution.
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Table 4.1 Features of Natural Vibration Analyses for Members with Asymmetric Cross-sections

. Boundary
Solution Type conditions* Effects captured
. Finite Dynamic Axial Local Global Shear Rotatory ~ Additional
Reference Analytical element stiffness e Crr LFE G load warping warping deformation inertial features
Friberg [6] v v v
Bar}erjee and v v v v v
Fisher [7]
Kim et al. v v v v v v v Eccentric
[12] axial load
Eisenberger v v v v v
et al. [9]
Tana}(a and v v v v
Bercin [13]
Tanalfa and v v v v v
Bercin [4]
Kim et al. v v v v v v v
[10]
Lietal. [11] v v v v v v
Eccentric
Duan [14] v Y 7 7 v axial load
Composite
Vo and Lee v v v v v v open cross
[15] sections
Bending
Vo et al. [16] v v v v v v v v moments
De Borbon et v v v v v v v v
al. [17]
Cross-
sz sectional
Prokic¢ et al. v v v v v point
[S] symmetric,
CP BC
Ghil'll.dl and v v v v
Shiri [21]
Jrad et al. v v v v v v
[18]
Sahraei et al. v v v v v v
[19]
Present study v v v v v v

*CC: Clamped-Clamped, CF: Clamped-Free, PP: Pinned-Pinned, CP: Clamped-Pinned, GP: Gusset plate connection

4.4. Assumptions and Modelling Idealizations

The finite element formulation is based on the following assumptions.

The member response follows Vlasov/Gjelsvik (e.g., Vlasov [1], Gjelsvik [2]) kinematic
assumptions:
i.  The member cross-section does not deform in its plane throughout deformation (i.e., it

undergoes no cross-sectional distortion).
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ii.  Shear strains within the mid-surface of the cross-section are negligible.

iii. A line normal to the middle surface of the cross-section prior to deformation remains
normal to the middle surface after deformation.
Material is homogenous linearly elastic isotropic, i.e., it obeys Hooke’s law.
The member is subjected to a static axial force. i.e., variations in the axial load magnitudes
which could trigger parametric excitations are outside the scope of the present analysis.
Infinitesimal longitudinal strains are assumed throughout vibration.
In addition, the following modelling idealizations were made when analyzing angle
members with end gusset plate connections
a. The flexural stiffness of the gusset plate is conservatively omitted, i.e., the angle member
is idealized as a pin-ended member about the axis parallel to the gusset.
b. The effect of the eccentricity of the axial load line of relative to the section centroidal

axis is considered negligible.

4.5. Formulation

Figure 4.1c depicts the global Cartesian coordinate system (x, y,z) adopted and a right-handed

curvilinear coordinate system (x,s, n), in which sis a tangential coordinate and —e/2<n<e/2
is a normal coordinate. Figure 4.1d depicts a member subjected to a time-independent compressive
force P. Under load P, the member deforms axially from the un-deformed Configuration 1 to

Configuration 2. The corresponding longitudinal displacement is u, (x) At Configuration 2, the

member is considered to be at the onset of natural vibration, about which it tends to vibrate into a
coupled flexural-torsional mode in the presence of the constant axial load P . Throughout vibration

(i.e., in going from Configuration 2 to 3), an arbitrary point offset from the cross-section mid-
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surface undergoes displacementsu(x,s,n,,t), v(x,s,n,t)andw(x,s,t) along the (x,s,n)

directions.

d
( ) ‘ }:/ 1. Undeformed

. ;
; configuration

up(.\') P -

( —;—);4— 2. Deformed

ug(x.s.n.t P T o

B 4 configuration under P

' \ 3. Final vibrated

configuration

Figure 4.1(a) Gusset plate end connections for members with angle cross-section, (b) Stress-strain schematic
associated with stages of deformation, (c) Coordinate system and notation for member with asymmetrical
angle cross-section, (d) Stages of deformation in the X — ) plane

4.5.1. Overview of Kinematics of Thin-Walled Beam Theory
4.5.1.1. Displacement of a point on the middle surface

Based on the first Vlasov assumption (Vlasov [1], Gjelsvik [2]), the in-plane displacements

V,(x,5,t),W,(x,s,t) for an arbitrary point A[ x,¥(s),Z(s) ] located on the middle surface are

related to displacements v(x, t) , w(x, l) of the pole R ( Y.z, ) through

v, (x,s,t) = v(x,t)—()_/—y,,)ﬁx (x,t)

WA(X,S,l)=W(x,t)+(2_zr)gx(x,t) 4.1(a-b)

in which 6. (x,t)is the angle of twist of the cross section. The in-plane displacements

v, (x,s,t),wA (x,s,t) along the tangent and normal directions are defined by projecting the

displacements in Eq. 4.1 along the tangential and normal directions, yielding
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v, (x,5,t)=cosa(s)v(x,t)+sina(s)w(x,t)—r(s)6,(x,¢)

w,(x,s,t)=—sina(s)v(x,t)+cosa(s)w(x,t)+q(s)0,(x,1)

4.2(a-b)

in which o (s) represents the angle between the tangent to contour at the point of interest and the
y axis and is taken as positive in the clockwise direction. The normal and tangential distances

r(s) andq(s) (Figure 4.1c¢) from the pole to point A are given by

s cosa sina ||(V-—
a(s)] _| o (7=3,) 43(a-b)
r(s)] |-sina cosa||(Z-z)
Owing to Assumption (1.i1) stipulating zero shear strain within the middle surface, the longitudinal

displacement u, (x,s,¢) for point A[x,y(s),Z(s)]is obtained (e.g, Vlasov [1])” by
u, (x,s,t) = u, (x)=7(s)V'(x,0)=Z (s)W (x,2)+ @ (s5) 6! (x.t) 4.4

in which CT)(S) = r h (s)ds is the global sectorial coordinate.

4.5.1.2. Displacement for a point offset from the middle surface

The displacements a point B[x, y(s,n),z(s,n)] offset by a distance 7 from the mid-surface

(Figure 4.1c), are related to displacements v(x,t),w(x,z) of pole R(y,,z,) by evoking the

Kirchhoff plate assumption (1.ii1) yielding

wy (x,8,m,0) =u, (x)=y(8,7)v'(x,0) =2 (5,m) W' (x,0) + @(s,1) 0, (x.1)
vy (x,8,n,6)=C(s,n)v(x,0)+S(s,n)w(x,t)—w(s,n)6,(x,1) 4.5 (a-c)
wy (x,8,1)=—sina(s)v(x,t)+cosa(s)w(x,t)+q(s)6, (x1)

7 The procedure for expressing Eq.4.4 is recovered in Appendix C
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in which coordinates y(s,n)=7(s)+¥(s.n), z(s,n)=Z(s)+Z(s,n) and
w(s,n)=a@(s)+a(s,n) , and coordinates y(s,n),z(s,n)and @(s,n) of point B are the sum of
coordinates [y(s),f(s),ﬁ(s)] of the projection A of point B on the mid-surface and the

coordinates ():;, zZ, 5) of point B relative to A as given by
y=-nsina(s),Z =ncosa(s),o=-nq(s) 4.6 (a-c)

In Eq. 4.5(b), functionsC(s,n)=cosa(s)[1+n6a(s)/8s],S(s,n)=sina(s)[l+n6a(s)/6s]
andl//(s,n)=r(s)+n[l—()7—yr)sina(s)ﬁa(s)/as+(Z—z,,)cosa(s)6a(s)/8s] have been

defined. For a section consisting of straight segments, one has da ( s) / Os =0, yielding
C=cosa(s),S=sina(s),y =r(s)+n 4.7 (a-c)

4.5.2. Strain-displacement relationships

The Green Lagrange strain-displacement relationships are given by

2 2 2 2
ngzaup +l ou, gf:auB +l (équ J{a‘}Bj _I_(GWB)
Pox 2\ ox ] ox 2|\ ox Ox ox
yP—2gh = Ouy, N 0V, N Ouy Ouy N 0V, OV N oW, 0wy 48 (a-d)
Os Ox Ox Os Ox Os ox Os
P = 2gP = Ou, N oWy N Ouy Ouy N 0V, Ovy +8wB oWy
o " on ox oOx om Ox On Ox Onm

in which 5;1 is the longitudinal strain due to the static axial load, and &”,&", &> are the total normal

xs 2

and shear strains at configuration 3. From Eqgs. 4.5-4.7, substituting into Eq. 4.8(b-d) yields
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g =u,— ' —zw'"+ w@f+%[(u; — ' —zw" + 609!)2 +(CV + 8w -yl )2 +(—=SV'+Cw' + 40! )2}

ye (—y,xv' —z W+ 0 +CV'+Sw'+yl, ) + (u; — ' —zw" + a)HL') (_J’,s‘/ —z W+ a)ﬂ;)

+(Cv’+SW'—l//9;)(C,SV‘*’S,SW_W,SGX)_'_(_SV'_'_ Cw' + q@;)(—a,SCv—a,sSw+ q,sex)

2 (—y,nv' -z W+w,0,—-S'+Cw' + qH;)

+ (u; — ' —zw"+ a)QA',') (—y’nv' -z W+w,0, ) + (Cv' +Sw' -yl ) (C,nv +S,w-w 0, )

4.9 (a-c)
in which all (0) ’ (0) _ denote differentiation with respect to coordinates s, 7.
4.5.3. Variational principle
The variational form of Hamilton’s principle (e.g., Meirovitch [23]) takes the form
t ty
SLdt=|"(6T-06U)dt =0 4.10
4 b

in which L, is the Hamiltonian functional, 7 is the kinetic energy, U is the internal strain energy,
o denotes the variation of the argument functional, and all integrations are performed between
arbitrary time limits 7 =7 and ?, . Figure 4.1b schematically depicts the longitudinal stress-strain
relationship. The strain from Configuration 1 to 2 characterizes the member shortening under static
axial load P and strain from Configuration 2 and 3 represents the additional time dependent strain
induced by flexural-torsional vibrations. The internal strain energy U stored in the member
throughout its deformation from Configuration 2 to 3 is represented by the hatched area and
expressed as

U:J‘V[O-px ((95—Efx)+%(0'x_0'px)(8f—Sﬁx)-i'%Tm 7’§+%Tm yfn:|dV 4.11
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For a linearly elastic isotropic material behavior (Assumptions 2), stresses o,,7 and 7 are

related to the corresponding strains through o, =Ee’,z =Gyl v =Gy’ in which E is

Young’s modulus and G is the shear modulus. By substituting into Eq. 4.11, one obtains
1 B B B( .B B 3 \2 5 \2
U =5jy[opx (eF el )+ Eel (sf —68 )+ G(y2) +G(r2) } av 412

From Eq. 4.12, by noting that IV( v = L L( )dAdz , evaluating the area integrals, adopting
centroidal axes i.e.,L ydA = J.A zdA =0, taking the pole to coincide with the shear centre, i.e.,
L yodA = L zwdA =0, choosing a principal sectorial origin, i.e., L wdA =0and using the

identities in Eq. 4.3 and Eq. 4.9, one obtains *

_ 1 ! "2 "2 " 12 n..n
U==| ELV"+ELw" +EL 0" +GJO. +2EI,v'w'dx
21 4.13
! 2 12 12 0’ 1)
_EIOP(V +w +(Ip/A)0x +2zrv49x—2y,wl9x)dz

zotystyzo

in which the sectional properties (A,I 1,,1..1,.1, ) = IA [l,yz,zz,yz,a)z,qz +(r+ n)z}dA have
been defined and 7, = L yzdA # 0 since ( y,z) are non-principal directions. The kinetic energy

T is given by °

T=%jolep(u; £3,2 + 0, WAdy 4.14

8 The details for developing Eq.4.13 is provided in Appendix D
9 The expression of [ p is defined in Appendix E
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in which p is the density and all dots denote time derivatives of the argument functions. From Eq.

4.5(a-c) and Eq. 4.7 (a-c), by substituting into Eq. 4.14 one obtains '°
P! g N2 (- . 2 )2 o 2 \2
T _EJ‘O.[A[(MP -y —zw +a)t9x) +(vC+wS—(r+n)6’x) +(—vS+wC+ql9x) }dAdx4.15
From Eq. 4.13 and Eq. 4.15, by substituting into Eq. 4.10, one obtains

“ordi=-["] (Elzv”5v" + EIwW'SW' + EI0'50! + GJO.50. + EI_v'Sw"+ I, w"§v")

—P[v'av' s wow +(1,/4)0.00, + 2,06V +2,/50! - y,0.5W - yrw'ﬁﬁ;}

4.16

+p[(—Ai}' —eréx)aw(—Am yrAéx)§w+(—eri)+ yrAv'{/—Ipéx)ﬁex}

—p (zsz L SW + 1,080, + 1 ow +1 . ww) dxdt =0

in which the first integral represents the contribution of the internal strain energy, the second
integral represents the destabilizing/stabilizing effect due to the axial compressive/tensile force P
, the third integral represents the translational inertial effect, and the last integral represents the
rotary inertial effect. The terms with a single underline represent the coupling effect arising from
adopting non-principal directions, while those with a double underline represent the coupling

arising from the asymmetry of the cross-section.
4.5.4. Equations of motion and boundary conditions
From Eq. 4.16, by conducting integration by parts, grouping like terms, noting that ov,ow, 56, are

arbitrary functions, and that for natural vibration, one has

<v(x,t),w(x,t),0x (x,t)> = <V(x),W(x),9x (x)> sin (@t ), one recovers the equations of motion

19 The procedure for obtaining Eq.4.15 is provided in Appendix F
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EIV" —PV"=Pz,0!+El W" + pa’1 V" + pa’l W' — pA0’V — pAw’z,0, =0
EIW" —PW'"+Py,0!+El V" + p’I W'+ p’l V" - pAc*W + pAa’y,0, =0
EL 0" —GJO'—(1,/]A)PO!— Pz V"+ Py W"+ p&’l 0" — pAw’zV + pAw’y W — pl &°0, =0

[

4.17

and the possible boundary conditions for the problem, i.e.,

(ELV"(0)+EI_W"(0))5V'(0)=0 (ELV"(1)+ELW"(1))oV'(1)=0

(EIyW"(O) +EI_V"(0))oW'(0)=0 (E1w"(1)+ELy"(1))sW'(1)=0

£1,07(0)60! (0)=0 £1,0/(1) 60, (1)=0

V'(0)+ Pz,8,(0)— ELV"(0)— EI_W"(0)+ po’LV"(0)+ &’1, W' (0)) 5V (0) =0
PV'(1)+Pz,0, (1)~ ELV" (1)~ EI W" (1) + po’ LV' (1) + &1 W'(1)) 6V (1) =0 4.18(a-1)
'(0)=Py,0,(0)— ELW" (0)— EI_V"(0)+ pa’I W' (0)+ @1 V'(0)) 5 (0) =0
"(1)=Py,0.(1)-ELW" (1)~ EL_V"(1)+ pa’ LW (1)+ &1 V' (1)) W (1) =0

(P
(
(Pw(0)
(Pw(1)
(G0, (0)+(1,/4) PO, (0)+ Pz,V"(0)— Py, 7" (0) - EL0(0) + peo’1, 6. (0)) 56, (0) = 0
(

GJO.(1)+(1,/A) PO, (1)+ Pz, (1)~ Py W' (1)~ EL0(1) + peo’l, 0. (1)) 56, (0) =0

4.5.5. Analytical Solution — Members Pinned in all directions

For a member pinned in all three directions, the displacement fields

<V(x) w(x) o (x)>:<A B C)sin(nx/l) satisfy all the essential and natural boundary

X

conditions of the problem. By substituting into Eq. 4.16, expressing the result in matrix form, and

setting to zero the determinant of the resulting matrix of coefficients, one obtains
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‘K—PKG +a)21\7[‘ =0

EI, EI, 0 1 0z
K=(z/1)'| EI, EI, 0 Ke=(z/IY|0 1 -y, 4.19
0 0 EI+GJ/(x/I} z -y /4
A+(z)Iy' 1, (/1) 1, Az,
M=p| (z/I)1, A+(z/I)I, ~ Ay,
Az, ~dy,  L+(x/l) 1,

When the axial load vanishes ( i.e., P=0), the natural frequency @ is obtained by setting the

determinant of the matrix of coefficients to zero, i.e,

K- a)ZM‘ =0. For the special case where

principal axes are adopted, i.e. /. =0, one recovers the bi-cubic equation

Ao’ + Bo* +Caw* +D =0 4.20
in which

A=p* (2,41, +y L1, - A1,- AL L) (z/l) - p’11,(n/1)’
+p’ (9, 42+ 2, 4 = L1,) = p’ AL (1, +1.)(z]l) = p’L LI, (/1) - p'L LI, (x/l)’

A,
B=-p’AE(2,1,+ " 1)(x/1) +3p°EL I1,(x/1)’ +2p°El LI, (x/l)’
+p°AEL, (1, +1,)(z/1) + p* AEL, (1, +1,)(z/1)' + p* AEL, (1, +1,) (=)’ ia
+p’AG (I, +1,)(x/l)' + p* AL (/1) + p* 4GJ (z]1) + p’1,1.GJ (/1)
C==3EpI,11,(x/l)" —E*pl,I I (/1) -2pEI I1.GJ (/1) - pAE’L, (I, +1,)(z/l)

—pAEGJ (1, +1,)(=/1)’
D=E111, (7)) +E*1 1.GJ(x1)"

yizte
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4.5.6. Energy Solution — Member with end Gusset Plate Connections

For a member fixed about a non-principal direction and pinned about the orthogonal direction and

relative to twist, the displacement fields <V (x). W (x),6 (x)> =

<A (1-cos(27zx/1)),Bsin(7x/I),Csin(7x/I )> satisfy all the essential and natural boundary

conditions. By substituting into Eq. 4.16, performing all integrals, expressing the result in a matrix

form, and setting to zero the determinant of the matrix of coefficients, one obtains

KPR, +0'M| -

\ 161, (16/37)1, 0

~ Ex
K:—( 3j (16/37)1, I8 0 ,

2/

0 0 1,+(GJr)/(=E)
4 0 =z (16/3x

o (16/37) 4.22
K,==—| © 1 -,

z,(16/3z) -y, (1,/4)
34+4x*(1/17) (167/3)(1./1")  (16/37) 4z,
M = pzl (162/3)(1,./17) A+ (1)) ~Ay,
(16/37) Az, —Ay, 1,+7°(1,/1)

4.5.7. Finite Element formulation

The displacement functions are related to the nodal vectors v, =<v(0) v'(0) v(7) v’(l)>,

wy =(w(0) w(0) w(l) w(l))and 0, =(6,(0) 6.(0) 6,(I) 6.(1))through

v(x)=H](x)v, ; w(x)=Hy(x)w, ; 6.(x)=H](x)6, 4.23

in which
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HI=<(1—3§2+2;3) L(¢-207+7) (362 -247) L(g3—;2)>

C=x/L 424
HL=((1-3¢+20) ~L(¢-20+0) (367-2¢) -L(0-¢))

are the vectors of Hermitian polynomials. From Eq. 4.23, by substituting into Eq. 4.17, noting that

t,,t, are arbitrary times and OV,,0W,, 00 arbitrary functions, one obtains

(K+PKg)Uy(£)+(M,+M,)Uy(£)=0 4.25

in which Kis the stiffness matrix, K is a geometric matrix that accounts for the effect of the axial

force P, M, is the mass matrix that accounts for the translational inertial effects, M, is the mass

matrix that accounts for the rotatory inertial effects, Uy = <V: w) 9:> and

n

(K.K¢. M, M, )=

K, K, 0[[G, 0 G,|[M, 0 M,]|[I, I, 0 Y
K' K, 0[]0 G, G, | 0 M M, I I, 0

0 0 K, |LGw Gu Gy M, M{, My||[0 0 I,

in which the following submatrices have been defined
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K, =EL[H(x)H)" (x)dx ; K,, =EI | H(x)H}" (x)dx
K, =EL [ H, (x)H]" (x)dc+GJ [ H, (x)H]' (x)dx ; K, =EIL [ H](x)H}" (x)dx
K, =K, =E, jH x)H" (x)dx
J-H’ JH (x —jH’ JHY (x ; Gee——IH' JHY' (x)dx
G, _va_sz' HT'( Jdx ; G,, =Gy, = jH
M,, = pdA| H,(x)H] (x)dx ; M, =,0ALHW X)HL (x)dx 5 Mg, = ple JH! (x)dx
M,, =M, = pz, A| H, (x)H] (x)dr 5 M, =M, =—py,A[ H, (x)H] (x)dx
I, _ple’ JHY (x)dx 1, _ple' JHY (x)dx 5 Ty =pl, [ H, (x)H]' (x)dx
w =l =pl [ H (x)H] (x

4.27

When y and z coincide with the principal directions, matrices K and I will vanish. Also, for

doubly symmetric sections, the coupling matrices G 4,G,4,M 4,M,, will vanish, while for

vo> —wo? vo w0

monosymmetric sections either G ,M 4, or G, 4, M ,will vanish, depending on the axis of

symmetry. For free vibrations, one has Uy (t) =Dy sin wf and Eq. 4.25 yields
[K+PK -’ (M, +M,) Dy =0 4.28

in which Dy is the mode shape.
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4.6. Verification

4.6.1. Reference Case A

4.6.1.1. Description

A 4m axially loaded member has a L152x102x16 cross-section (Figure 4.1a). Cross-sectional
properties are A =3790mm*,1; =1.01x10"mm" 1, =1.79%x10°mm*, r, =51.5mm, 1. =21.Tmm,
m =52.1kg / m . The slenderness ratio about the non-principal minor axis is //7. =138.4, and that
about the principal major and minor axes is [ / r=T717,1 /r; =184.1. Steel properties are
E =2x10> MPa, G=7.7x10" MPa. The member is pinned at both ends relative to lateral and
transverse displacements and twist, and axially restrained at its centroid at one end, and subjected

to axial load —2P, < P< P _( positive when in compression) at the other end, P, being the elastic

flexural-torsional buckling load as determined from (e.g., AISC Design [24], CSA [25]) as

(P.-P)(P. R)(P-—R) (B =R) (3, /n) ~2 (B =P /) =0
P=(x/1) El; . P=(aft) EL. , P.=[(x/I)El,+GJ|[i

4.29(a-d)

where /;, I, are the principal moments of inertia, and 7, = \/ P} +2]+r] +r is the polar radius of
gyration about the shear centre. The smallest critical load as predicted by Eqs. 4.29 is found to
correspond to P, and equal to 221 kN.

4.6.1.2. Present model

In the present model, the displacements along the principal directions and angle of twist were

restrained at both ends. The longitudinal displacement is restrained at one end and the axially
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loaded at the other end. Two meshes were attempted for the case P =0 ; consisting of eight and
16 elements. The corresponding fundamental natural frequencies predicted were 10.78 Hz and
10.77 Hz, respectively, a difference of 0.01 percent indicating that eight elements are enough to
attain convergence. Comparatively, the analytical solution in Eq. 4.20 predicted a fundamental

natural frequency of 10.74 Hz, in close agreement with the present model prediction.

4.6.1.3. Shell model

A finite element model is developed based on the S4 element in the ABAQUS library. The S4
element is a four-node quadrilateral shell element with six degrees of freedom per node, three
translations, and three rotations. To simulate pin end conditions, the angle of twist and

displacements along the y and z directions were restrained for all nodes along the member ends.

Two master nodes were defined at the section centroid at both ends. The longitudinal displacement
of the master nodes was restrained while at the other end was subjected to the axial force. The
analysis was conducted in two steps. Initially, the axial load was applied at the longitudinally
unrestrained end master node. Next, the natural frequency of the axially loaded member was
determined through a natural frequency eigenvalue analysis step, in which geometric nonlinear
effects were evoked to capture second-order effects due to axial loading. Two meshes were
attempted for the unloaded reference member. The first one had five elements along the short leg,
eight elements along the long leg, and 200 elements along the span, totaling 2600 elements. In the
second mesh the number of elements were doubled in all three directions. The corresponding
fundamental natural frequencies predicted were 10.71 Hz and 10.67 Hz, respectively, a difference
of less than 0.2 percent indicating convergence was achieved by the coarser mesh. Both values are

in close agreement with the fundamental natural frequency predicted by the present model.

91



Chapter 4 Finite element formulation for the free vibration analysis of axially loaded angle members with
gusset end connections

4.6.2. Reference Case B
4.6.2.1. Description

Reference case B has the same geometry as Case A while assuming gusset plate connections at
both ends entailing a full rotational restraint about the z axis and a near-pin condition at member
ends about the y axis (Figure 4.2b), i.e., the partial rotational restraint about the y axis offered

by the gusset plates to the member ends is conservatively neglected. The critical load P, based on

the analytical solution of Alenezi and Mohareb [22] is 339.7 kN. This value compares closely to
338.6 kN to that predicted by a shell model based on the S4 element of ABAQUS in the same

study.

Rotationally pinned —3»-

Rotationally fixed +»

Figure 4.2(a) Pinned boundary conditions versus (b) gusset plate fixity conditions

4.6.2.2. Modelling considerations
The specifics of the present finite model are similar to those previously described for Reference
Case A with two differences; (1) cross-sectional properties {I solss s Iy )7,,,2,.} were adopted

instead of {1 YAy 0,7/ o yr,zr} , and (2) the rotation about Z axis was restrained at both ends

(as opposed to being released). Again, the specifics of the shell model are similar to those of the

shell model for Reference Case A, while restraining the rotation about the z axis at both ends.
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4.6.2.3. Shell Model

The specifics of the shell model are similar to those described for reference case “A”. To simulate
the rotational restraint provided by the gusset plate connection, and additional rotational restraint
about the z-axis (Figure 4.2) was introduced at the master node. Two mesh configurations were
tested for the unloaded reference member. The first mesh consisted of four elements along the
short leg, five along the long leg, and 100 along the span, resulting in a total of 900 elements. In
the second mesh, the resolution was increased to five elements along the short leg, eight along the
long leg, and the number of elements along the span was doubled. The fundamental natural
frequencies predicted by both meshes were 13.41 Hz and 13.39 Hz, respectively, differing by less
than 0.2%, indicating that convergence was achieved with the coarser mesh. Both values closely

match the fundamental natural frequency predicted by the present model.
4.6.3. Comparison

Figure 4.3 provides a comparison of the interaction relationships between natural frequency and

axial force for the pin connected member in Case A and that of gusset plate connection in Case B.

In both cases, the applied axial force is normalized relative to the elastic buckling force Pcfm for

in

Case A. Also, the natural frequency is normalized relative to the natural frequency @by in the

absence of axial load (i.e., P=0) for Case A. The predictions of the analytical solutions are

observed to closely match those of the ABAQUS shell model.

In general, the normalized interaction diagram for Case B is larger than that of Case A with a
natural frequency ratio of 1.24 at zero axial load and a critical load ratio of 1.56 at zero natural
frequency. Very close agreement is observed between the predictions of the present model

(involving only 56 DOFs) and those of the shell model (involving 16,800DOFs). The larger natural
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frequency for Case B is attributed to the rotational restraints at both ends about the z axis. As the
compressive axial force increases, the difference in natural frequencies between cases A and B
becomes more pronounced. Figure 4.4 depicts the corresponding fundamental mode shapes. In the
S4 model, the angle of twist at a given cross-section was calculated by averaging the angles of
twist at the shear centre and the tip points of the angles. The mode shapes were normalized with
respect to the peak transverse displacement. A close agreement is observed between the mode
shapes predicted by both models. For the pin ended connection, the ratio of peak lateral to
transverse displacement is found to be larger than that for the gusset end connection. Conversely,
the twist angle for the case of the gusset end connection is found to be larger relative to that of the

pinned end connection.

25
—Pimed - S4
O Pinned - Present FEA
i 2.0 © Pinned - Analytical solution
It - - - -Gusset - $4
B
= 15 O Gusset - Present FEA
© Gusset - Energy FEA

Normalized natural frequency

6-0 - o
2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0
Normalized axial load (P/Per)

Figure 4.3 Normalized natural frequency a)/ a)ff:o vs Normalized Axial Force P, / Pcfm
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Figure 4.4 Normalized fundamental vibration mode shapes for P/ Pcfin =0 (shear centre displacements and

angle of twist) for members with (a) Pin end connections and (b) Gusset plate end connections

Figure 4.5 presents the normalized natural frequency versus the normalized axial load for angle
cross-sections with different aspect ratios for pinned end and gusset plate end connections. Two
spans were investigated: L = 4 m and 6 m. The results indicate that the member span, cross-
sectional aspect ratio, and thickness do not affect the normalized interaction diagrams when the
axial force is normalized relative to the classical buckling load in the case of pin end connection
(or relative to the buckling load reported in Alenezi and Mohareb [22] in the case of gusset plate
connection), and the natural frequency is normalized relative to the natural frequency of the
member under zero load as predicted by Eq. 4.20 in the case of pin end connection, and Eq. 4.22

in the case of gusset plate connection.

Figure 4.6 depicts the normalized interaction diagram for a 4m span pin-ended member with a
L203x102%16 cross-section (Figure 4.6a) and gusset plate connections (Figure 4.6b). The close
agreement between the predictions of the present finite element solution and the analytical solution
in Eq. 4.19 for the pin-ended member, and with the energy-based solution in Eq. 4.22 in the case

of gusset plate connection suggests the validity of the present formulation and implementation.
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Figure 4.5 Normalized natural frequency vs Normalized Axial Force - Comparison of present FEA, analytical
and energy solutions for various cross-sections and spans - (a) Pin end connections and (b) Gusset plate end

connections
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Figure 4.6 Comparison of FEA solution and analytical and present energy solution - Normalized natural
frequency vs Normalized Axial Force for members with (a) Pin end connections and (b) Gusset plate end
connections

4.6.4. Effect of rotary inertia

One recalls that Egs. 4.28, which provides the basis to characterize the natural frequency, account

for the rotary inertia effect. To assess the validity and implementation of the rotary inertia aspect

of the formulation, the predictions of the present model are compared to those of Sahraei et al.

[19] who investigated the influence of rotary inertia on the natural frequencies of cantilever

members with 4m and 6m spans witha W250x58 doubly symmetric cross-section. Cross sectional

dimensions are b= 203 mm,d = 238.5 mm,t, = 8.0 mm, and t,= 13.5 mm . The mass density
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per unit volume is taken as p= 7800 kg/ nt’ and the cross-sectional properties are 4 =7389mm’,
1,=8.707x10"mm", I, =1.883x 10°mm®, I, =2.68x10" mm’ . The present solution and that of

Sahraei et al. [19] can predict the natural frequency in the presence or absence of rotary inertial
effects (by omitting the relevant rotary inertia terms). While the present solution captures the effect
of axial loading but omits shear deformation effects, the solution in Sahraei et al. [19] captures
shear deformation effects but omits the effect of axial loading. Natural frequency predictions of
both solutions are expected to agree, for long span members in which shear deformation effects
are negligible, with no axial loading. As expected, very close natural frequencies are predicted by
both models for minor and major axis flexural vibration modes and for torsional modes (Table
4.2). This is the case irrespective of whether rotary inertia effects are accounted for or omitted.
The comparison reveals that the impact of rotary inertia becomes noticeable in higher modes. The
differences observed between the predictions of the present study and that of Sahraei et al. [19]
arise primarily due to shear deformation effects considered in Sahraei et al. [19] but neglected in

the current study.
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Table 4.2 Effect of rotary inertia for cantilever member with W250x58 doubly symmetric I cross-section

Minor axis Flexural mode (Cycle/sec), L=6m

Major axis Flexural mode (Cycle/sec), L=6m

Torsional mode (Cycle/sec), L=4m

1 2 3 4 5 6 7 8 9 10 11 12 13 14* 15 16 17 18 19 20 2*1

Without Rotary inertia With rotary inertia Without rotary inertia With rotary inertia Without Rotary inertia With rotary inertia
> > > > ° o > o > o o
= g < = T e e = % < = oz = = = =) = = 7 = =
* — 2 b — 2 b S — 2 b — 2 N = — 2 o — 2 ) 9
) s @ x s @ D Q S @ > S @ c = s 2] < s @ c c
T B = = 8 ¢ XX £ ® = £ B8 = X X 3 = = B8 5 X =
= = § T 3§ § I & 3 § § =¥ g =z @ 3 § =2 3z 3z = 3
=1 = v = = { J =1 : = > :
£ £ ¢ £ f o9 £ g ¢ = F 43 E E 2 0 2 8

n n 1% 9] n n

1 3.97 3.97 0.1 3.97 3.97 0.1 0.0 848 854 0.8 8.47  8.54 0.8 0.1 17.2 17.3 0.5 172 173 0.3 0.3
2 24.8 24.9 0.4 248 249 04 01 509 535 4.9 50.7 533 4.9 0.5 69.1 69.2 0.2 689  69.1 0.2 0.2
3 69.1 69.7 0.9 68.9 69.5 09 03 134 150 10.6 133 148 103 1.2 166 169 1.8 165 168 1.8 0.6
4 134 137 1.7 134 136 1.7 05 243 294 17.3 240 287 16.5 23 307 318 3.6 304 315 35 1.1
5 220 226 2.7 218 224 26 0.8 369 471 21.7 364 464 216 1.6 489 518 5.7 482 509 53 1.8
6 325 337 3.8 321 334 3.7 1.2 506 726 30.3 498 689 277 5.0 707 768 7.9 694 749 7.4 2.5
7 447 481 7.0 441 469 58 26 650 1007 355 639 945 324 6.2 957 1093 12.4 934 1031 9.4 5.6
8 587 628 6.5 577 615 6.1 2.1 798 1231 352 785 1184 337 39 1234 1418 13.0 1200 1355 115 44
9 742 806 8.0 728 785 73 26 950 1477  35.7 934 1410 337 45 1536 1819 15.6 1487 1718 134 5.6
10 912 1013 10.0 891 975 86 3.8 1104 1746 36.8 1087 1654 343 53 1857 2280 18.5 1793 2116 153 7.2

Note: * Represents the effect of rotary inertia
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4.6.5. Members with Z cross-section

The present finite element model is used to generate axial force-natural frequency interaction plots

for two axially loaded members with Z cross-sections. Both members have a span of 4m, and a

thickness 7,=159 mm. Two sets of web height and flange width are taken:
(b,.b,)=(406,102)mm which corresponds to b, /b= 0.25, and (b,.b,)=(203,203)mm
corresponding to b, / b,=1.00. When the web of a Z cross-sections is connected to a gusset plate

it can be considered fixed about the y axis and nearly pinned about the x axis (Figure 4.7), both

directions being non-principal. In Figure 4.7, the natural frequency and axial load are normalized
relative to those of a member with end pin connections in all directions. The buckling loads for
both members were reported in [22] and serve as a basis to assess the validity of the present

solution for the limiting case where the natural frequency vanishes. In this respect, the present

solution predicts normalized axial force ratios of 1.58 for b, / b,=0.25 and 3.22 for b, / b, =0.50

. These ratios exactly match the axial force ratios reported in [22]. For comparison, a shell finite
element model was developed in ABAQUS to evaluate the natural frequency axial load ratios of
0.5, 1.0, and -1.5. As depicted in Figure 4.7, shell model predictions are in close proximity to those
of the present solution, showcasing the ability of the present formulation to tackle sections with a

comparatively large global warping constant.
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Figure 4.7 Normalized natural frequency versus axial force ratio for Z sections

4.7. Parametric Study

4.7.1. Effect of rotary inertia
The effect of rotary inertia in members is investigated for both reference cases. Span was taken as
2m (P, =845kN for pin members and P, =2579 kN for gusset end members) and the compressive

axial load level was taken as P/P, =0.5in both cases. Table 4.3 shows that the rotary inertia effect

has a negligible effect on lower modes and a minor effect on higher modes. The rotary inertia effect

is found to be more pronounced for the case of gusset plate end connections.
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Table 4.3 Effect of rotary inertia for L152x102x16 cross-section

Natural frequency (Cycle/sec)

Pinned end connection Gusset plate end connection
1 2 3* 4 5 6*
Mode # Wi.th ro.tary Witl?out .rotary @-1)/2) % Wi'th ro.tary Witl?out .rotary (5-4)(5) %
inertia inertia inertia inertia
1 29.77 29.79 0.05 54.54 54.56 0.05
2 79.35 79.46 0.13 82.04 82.18 0.18
3 138.6 138.8 0.11 143.1 143.2 0.04
4 148.4 148.9 0.34 150.3 150.7 0.32
5 222.8 2233 0.21 238.8 238.9 0.04
6 255.8 256.0 0.07 273.4 2743 0.32
7 369.8 370.0 0.07 3435 343.8 0.10
8 445.1 447.8 0.59 440.8 441.3 0.10
9 490.3 490.7 0.08 492.9 501.5 1.71
10 492.8 501.6 1.75 569.4 570.0 0.11
11 622.5 623.1 0.10 570.1 574.0 0.68
12 769.0 771.2 0.28 712.8 713.8 0.15
13 770.1 771.5 0.95 893.5 896.1 0.28
14 962.2 963.8 0.17 9523 963.0 1.11
15 1062 1105 3.87 1058 1072 1.31
16 1137 1139 0.22 1070 1100 2.76
17 1190 1211 1.72 1297 1300 0.28
18 1365 1368 0.27 1418 1444 1.84
19 1637 1642 0.33 1571 1577 0.38
20 1709 1752 2.45 1811 1895 4.43

Note: *Represents the effect of rotary inertia

4.7.2. Effect of member slenderness and leg ratio

Figure 4.8a illustrates the influence of the angle aspect ratio /b and slenderness ratio L/ 7, on

the natural frequency axial force interaction diagram for members with gusset end connections.

Towards this objective three aspect ratios were investigated; (1) a/b = 2/3 (corresponding to an

L152x102x16 with the longer leg connected to the gusset), (2) a/b=1 (corresponding to
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L152x152%16), and (3) a/b=3/2 (corresponding to an L152x102x16 with the shorter leg
connected to the gusset). For each case, three slenderness ratios; L/ ... =100, 150, and 200 were

investigated. The natural frequencies were normalized with respect to that of an identical pin-
ended member with no axial force, while the axial loads were normalized with respect to the

torsional flexural buckling load of an identical pin-ended member and were varied within the range

-3 < P/ Pf" < 1. The normalized natural frequency is observed to increase with the aspect

ratio. In the absence of axial loading, the normalized natural frequencies @/’ are found to be

1.24, 1.47, and 1.94, respectively while member slenderness is observed to generally have a
negligible effect. As the compressive force increases, the aspect ratio has a more pronounced effect

on natural frequency. In the limiting case where the natural frequency is zero, the corresponding
normalized critical load ratio P = P/ P”™ corresponds to the buckling load of the member and is
found to range from 1.43 to 1.55 for a/b=2/3, from 1.98 to 2.12 for a/b =1, and from 3.11 to

3.40 for a/b=3/2, depending on the slenderness ratio. The observed narrow bands for

P= P/ P indicate that the member slenderness plays a rather minor role.

The investigation is extended to members with pin end connections for comparison. The natural

frequency-axial force interaction diagrams in Figure 4.8b shows that, within the normalized axial

pin

force range —2 < P/ 13;1:"" < 1 investigated, the normalized natural frequency @ = @/w?}", is

independent of the slenderness ratio L/r,; and the aspect ratio a /b .
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Figure 4.8 Normalized natural frequency @ = a)/ a)ﬁifo versus Axial Force P = P/ Pcfm for members with

angle cross-sections (a/ b= 2/ 3,1, and 1.5) with (a) gusset plates connections, and (b) pin-ended members

4.7.3. Effect of leg ratio

Figure 4.9 provides the natural frequency for five angle members with no axial loads. Angle
thicknesses are taken as 16mm. The width for one of the legs is kept constant at 152 mm while the
width of the other leg is varied to correspond to aspect ratios ofa/b=1/2,2/3,1.0,3/2,2.0.

Member spans were varied to keep the slenderness ratio constant at KL/r,_, =184 . The smallest

natural frequency is found to correspond to the equal leg angle (Case 3). This is because this case

corresponds to the largest 7, ,

and hence the longest span L and hence the most flexible member.

This in turn corresponds to the lowest natural frequency. The natural frequency is observed to have

a minimum value for angles with equal leg and increases as the leg ratio a/b deviates from unity.

The results highlight the influence of both the ratio and connection type on the natural frequency.
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. ] Guss Gusset
Case Connection a Span @, @ )
3 pin
number configuration b (m) (Hz) (Hz) b

1 7% 12 2.92 14.8 17.6 1.19
2 102| 152 2/3 4.00 10.7 13.4 1.25

3 152| 152 1 5.40 7.96 11.7 1.47
4 152|102 32 4.00 10.7 20.6 1.92

5 ]52L76. 2 2.84 15.7 34.8 222

Figure 4.9 Effect of leg ratio on the natural frequency of angles of gusset plate connection

4.7.4. Effect of leg slenderness

Three 4m span members with L152x102 cross-sections are considered so as to keep the aspect
ratio constant at /b = 2/3 . The slenderness ratio is kept constant at KL/, =184, while varying
the angle thickness such that a/r . Figure 4.10 shows that the normalized natural frequency versus

axial force diagrams essentially coincide in all three cases, suggesting that the leg slenderness ratio

a/t has a negligible influence on the normalized natural frequency.

104



Chapter 4 Finite element formulation for the free vibration analysis of axially loaded angle members with
gusset end connections

[§5]
oun

O at=9.27
o at=17.85

—_ a/t=6.37

Lrin=184

Normalized natural frequecy

00
-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0
Normalized axial load (P/Pcr)
Figure 4.10 Effect of leg slenderness on natural frequency (a / b= 2/ 3, KL / Voin = 184 ).

4.7.5. Comparison of Mode Shapes

Figure 4.11 depicts the fundamental vibration mode shapes for a 4m span member with
L152x102%16 cross-section, connected to gusset plates at both ends, as characterized by the lateral
and transverse displacements of the shear centre and the angle of twist. The mode shapes are
normalized by dividing all displacements by the peak transverse displacement. For both axial
loading scenarios considered P/P, =0 and P/P,=0.5, the mode shapes predicted by the
analytical solution, shell model (S4), and present finite element analysis (FEA) are in close

agreement.
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Figure 4.11 Normalized fundamental vibration mode shapes (shear centre displacements and angle of twist)
for members with Gusset plate end connections for (a) P/Pcfm =0, and (b) P/Pcfm =0.5

4.8. Design Aid

The energy-based eigenvalue solution in Eq. 4.22 is used to generate dimensionless interaction
diagrams for the normalized natural frequency a)/ @b, versus the normalized axial force P/ P
in which 2" = z?\JEL./mL* is the fundamental natural frequency about the minor axis for a

member pinned at both ends in the absence of axial force, and P?" =7Z'2E]2 / I’ is the flexural

buckling load about the minor axis of a member pinned at both ends. Plots have been provided for

leg ratios of a/b=(1/2),(2/3),1,(3/2),2. A comparison against the predictions of shell-based

models (Figure 4.12 a) shows that the energy solution provides accurate predictions for

a/b=(1/2),(2/3),1,(3/2) but over-predicts the natural frequency for a/b=2. This is
attributed to the fact that in this case, the assumed displacement functions <V (x).W(x),6 (x)> =

<A (1-cos(27zx/1)),Bsin(7x/I),Csin(7x/I )> do not accurately characterize the mode shapes

of the angle. Towards developing design charts, we recall that the natural frequency @ for a
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structural steel angle member(E =200GPa,G = 77GPa) with specified boundary conditions,

solely depends on its geometric parameters and axial force level, i.e., @w= f (a,b,t,l ,P) . Using
the Buckingham Pi theorem, the number of independent parameters is reduced from five to four,
e.g., ool = g[(a/b),(a/t),(l/a),(P/Pcf"” )] . In addition, the present study has numerically
shown that a)/ a)f,’fo is practically independent on (1) the member slenderness //a (Figure 4.8)
and (2) the leg slenderness a/r  (Figure 4.10), i.e., for practical purposes, one has
ool ~ g [(a/ b),(P/ P )} . This outcome enables developing the design charts in Figure 4.12
b for axially loaded members with gusset end connections with angle members with aspect ratios

a/b=(1/2),(2/3),1,(3/2) The use of Figure 4.12 b in a design context will be illustrated in

design example in Section 4.9.
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Figure 4.12 (a) Comparison of energy-based and FEA solutions for various aspect ratios a / b (b) Design-Aid:
Normalized natural frequency versus Normalized axial force

4.9. Design example

A steel compression member ( £, =350MPa) with an L.203x102x13 cross-cross-section has a 4

m span and is connected to gusset plates at both ends through its longer leg. The elastic torsional
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flexural buckling load for such a member is P, =289kN (Alenezi and Mohareb [22]). The member
is subjected to a service axial load P. =0.45P =130kN which corresponds to a factored load of

P, =1.3P, =169kN . To guard against excessive vibrations induced by human walking with a step

frequency ( f,, =3Hz), the designer is to target a fundamental frequency for the member exceeding

12Hz , in accordance with NBC [26] requirements.

The chosen section satisfies sub-compactness requirements according to ANSI-AISC 360 [24] as

well as the slenderness requirement (i.e., KI/r_ . =181<200). The compressive resistance of the

member is found to be P, =0.9x0.877| 7°E/(Kl/r,,) |4, =176kN > P, =1.3P, =169kN , i..,

the member satisfies the static strength requirement. The natural frequency as predicted by Eq.
4.22 is found to be 9.50 Hz , which falls below the target value of 12Hz , i.e., the member is found

prone to excessive vibration. A second attempt is made with an L203x152x13 section

(Kl/r_. =121<200) which has a critical load P, =800kN. The given service load becomes

F, =0.16F, and the corresponding factored load is P, = 0.21F,,. The compressive resistance of the

member is found to be @P, :0.9><0.877[7Z2E/(Kl/rmin )] A, =461kN > P,. The fundamental

frequency as computed by the energy based approximate solution in Eq. 4.22 is 18.38 Hz, which
exceeds the target natural frequency of 12Hz, i.e., the chosen section meets the dynamic design
criterion stipulated by NBC-2015 [26]. The natural frequency of 18.38 Hz predicted by Eq. 4.22
compares with 17.73Hz as predicted by the present finite element model, a 3.5%, difference, and
17.65 Hz as predicted by the shell finite element a 4.0% difference, showcasing that proposed

energy solution closely predicts the natural frequency.
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The buckling load for a member pinned at both ends is P, = 7°EI, / I> =579.2kN . For an applied
load of 169 kN, the normalized axial load is P/P, =0.29. Given this ratio, from the plot for
a/b =3/4 on Figure 4.12 b, one obtains a normalized natural frequency ratio a)/ a);’i”o =1.10in
which the natural frequency of a pin ended member with no axial force is
a);’i”o = ﬂzm =16.3Hz . The natural frequency of the chosen axially loaded member with

gusset end connections is 16.3x1.10=17.9Hz, i.e., the design chart solution thus overestimates

the natural frequency by 0.9% in this case.

It is noted that treating both ends as pinned in all directions while including the detrimental effect
of the compressive axial force effect would yield a natural frequency of 13.9Hz which would

underestimate the natural frequency by 22% compared to the shell finite element analysis.
4.10. Summary and Conclusions

The present study formulates a finite element and an energy-based solution to determine the natural
frequency and mode shape of axially loaded members with asymmetric cross-sections. The
formulation is intended for members with angle cross-sections connected to gusset plates in which
the axis of fixity does not coincide with one of the principal directions. The solutions capture the
effects of torsional flexural coupling induced by cross-sectional asymmetry, axial loading, rotary
inertia, local warping, while enabling different fixity end conditions along non-principal
directions. The present finite element and energy-based solutions were shown to agree well with
shell-based finite element models, thus providing a suitable design-oriented equation to
characterize the fundamental natural frequency of axially loaded members with angle cross-

sections with end gusset connections. The main conclusions of the study are:
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1.

The natural frequency of members with gusset end connections is significantly higher than
those with pin end connections. The differences between both cases become more pronounced
as the compressive axial force in the member increases.

Rotary inertia has a negligible impact on the natural frequency of lower modes of members
with unequal leg angles. For higher modes, rotary inertia is found to reduce the natural
frequency by less than 5%.

As the ratio of the outstanding leg to the connected leg increases, the natural frequency of
gusset-connected member is found to become significantly higher relative to that of a pin-
ended member with the same geometry.

For angle members with gusset plate end connections, the natural frequency increases as leg
ratio deviates from unity. In contrast, the member slenderness ratio has a minimal impact on
the natural frequency.

The leg width to thickness ratio has no observable effect on the natural frequency of angle

members with gusset plate end connections.

The following recommendations are made to extend the scope of the present study:

1. The present study has conservatively omitted the beneficial effect of partial rotational fixity

provided by gusset plates to the member ends about the axis parallel to the gusset. It is

recommended to model this effect for typical gusset plate geometries to quantify the increase in

natural frequency of the member.

2. The present study has assumed that the axial force in the member remains constant throughout

the vibration of the member. In some applications, the axial force may have a time dependent

harmonic component, which would lead to parametric excitation. It is recommended to explore the

stability of such systems by including geometric nonlinear effects in the dynamic analysis.
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3. While the validity of the present formulation was assessed through comparisons with shell finite
element predictions, it is recommended to further check the validity of the present solution against

benchmark experimental results.

4. The present study was primarily motivated by developing design solutions for sizing axially
loaded angle members by tuning them out of resonance. The present approach is suitable when the
exciting frequency is known but the magnitudes of the forces are unknown at the design stage.
When the magnitudes of the anticipated loads are additionally known, it becomes possible to
conduct a full transient analysis. In this respect, it is recommended to extend the present work to

perform a transient dynamic analysis.
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4.11. Notation

A : Arbitrary point on the section contour
B : Arbitrary point offset from the section contour
E : Elasticity modulus

G : Shear modulus

1,1, : Moments of inertia about y and z axis

I : Polar moment of inertia

I : Warping constant
J : Saint-Venant torsional constant

L : Hamiltonian functional

m : Mass
P : Axial load

P, : Factored axial load

~

P : Axial compression resistance

n

P : Serviceability axial load

N

r(s),4(s): Distances from the pole along the normal and tangent axis at point 4

R : Shear centre (Pole)

112



Chapter 4 Finite element formulation for the free vibration analysis of axially loaded angle members with
gusset end connections

S, : Sectorial origin

t: Time

T : Kinetic energy

U : Internal strain energy

V' : Volume

u,,v,,w,: Displacements of arbitrary point on contour in the tangential direction
Uy, vy, Wy : Displacements of arbitrary point offset from contour in the tangential direction

u,: Axial displacement under static compressive load

v,.,w, : Displacements of pole R

y (s),E(s) : Local coordinates of point 4 on the middle surface

; (s), z (s): Global coordinates
V,(x,s,t),W,(x,s,t) : Displacement of point 4 along y and z directions

a (S) : Angle between the tangential direction and the y axis

&2,&” - Shear strain components of arbitrary point offset from contour in the tangential and normal

xs 2~ xn

directions

Ef : Total longitudinal strain (Figure 4.1b)
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8;1: Longitudinal strain under axial load (Figure 4.1b)
0,,0,.,0,,: Stress tensor (Figure 4.1b)
p : Density

w : Sectorial coordinate

@ : Global sectorial coordinate

: Local sectorial coordinate

Q|

6. : Angle of twist
C(s,n),S(s,n),y (s,n): Functions of s andn included in Eq. 4.5b

7 4: Shear strain for point 4 on the middle surface
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Chapter 5 Dynamic Response of Steel Members due to Walking-Induced

Forces

5.1. Abstract

The present study investigates the acceleration response of structural steel members subjected to
dynamic loads induced by walking. Towards this goal, a finite element formulation is developed
for the analysis of thin-walled members under time-dependent loads. The solution captures the
destabilizing effect induced by axial forces, torsional-flexural coupling due to cross-sectional
asymmetry, rotary inertia, and warping effects. In contrast to conventional solutions, the
formulation employs non-principal coordinates to enable the seamless modelling of non-
conventional boundary conditions, as may be the case in angle members with gusset-end
connections. The discretized equations of motion are solved using the Newmark time integration
scheme. The validity of the solution is verified against published benchmark problems, and the
formulation is subsequently applied to characterize the response of [-shaped and angle-shaped steel
members subject to forces induced by walking. The study quantifies the effects of axial force level,
cross-section asymmetry, and boundary conditions on the acceleration response of members.
Comparative analyses are conducted against established acceleration thresholds based on human

perception in various occupancy scenarios.

Keywords: Pedestrian-induced vibration, acceleration, thin-walled members, finite element.
5.2. Introduction and Literature review

5.2.1. Forces induced by Human Activity

118



Chapter 5 Dynamic Response of Steel Members due to Walking-Induced Forces

Human activity—induced vibrations result from periodic loads induced by rhythmic human
activities such as dancing and aerobics (e.g., [1], [2]), and transient loads arising from the
movement of people (e.g., walking, running, jumping, impulsive loads induced by heel-drop
impacts). While such vibrations rarely threaten structural safety, they can seriously affect human
comfort, functionality and serviceability of the structure. Walking pedestrians generate dynamic
forces in vertical, horizontal, and longitudinal directions [3] due to body mass acceleration and
deceleration. The vertical force is the strongest and most studied. Several approaches have been
proposed to characterize the forcing functions induced by human activities. Human-induced forces
are characterized using force waveform diagrams and frequency spectra to capture loading patterns
(e.g., [5], [6]). Although this method reflects human activity complexity, it is often impractical for
structural vibration analysis due to the lack of closed-form solutions and owing to challenges in
modeling waveform variations in time-history simulations (e.g., [7]). A more widely accepted and
practical approach is to express forcing functions induced by human walking as a time-dependent

force using a Fourier series representation [8]-[10]. Under this approach the vertical and horizontal
components F (t), G (t) of the forcing function induced by human walking (e.g., [3], [11]), are
N
F(t)=0+0) a,sin(27ift—¢)
7 5.1(a-b)
G(1)=0)_ B sin(2zift—2)
i=1
where Q is the static human weight, i =1,2...N represents each harmonic term, N being the total
number of harmonics required to model the human activity and is normally taken as three or four
(e.g., [9], [10]), f.is the human step frequency, ¢ is the time, &, and S, are dynamic load

amplification factors for the vertical and horizontal force components defined as the ratio of the
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force associated with the i harmonic to the static human body-weight, and ¢ , A are phase
Y g (I p

angles.

Human activities are generally classified into: (a) Footfall-dependent activities (e.g., walking,

running), and (b) Rhythmic activities (e.g., dancing, aerobic exercises, live concerts). The values

of the dynamic load factor &, and the phase angle @ have been reported in the literature for walking

activities ([12]-[15]), and rhythmic activities (e.g., [16]). A step frequency f, ranging from 1.5 to

2.5 Hz has been recommended for walking, ([17]-[20]), while values between 1.6 and 4.0 Hz have
been proposed for running, ([8], [21]). Step frequencies ranging from 1.5 to 3 Hz have been
recommended for dancing and lively concerts, and 2.0 to 4.0 Hz for aerobics ([9], [22], [23]).
Variations of Eq. 5.1 have been proposed the vertical force ([24] and [25]) and special equations
were proposed for rhythmic activities ([3], [8], [26], [27]) while reference [11] proposed an

expression to characterize the horizontal component of human-induced loading.

The peak acceleration ratio a/g , in which a is the peak acceleration and g is the gravitational

acceleration, is widely used to quantify human perception to vibration. The perception threshold
ratio is dependent upon the type of occupancy. The NBC-1990 [28] stipulates a threshold peak
acceleration ratio between 0.4 - 0.7% for office and residential environments, which increases to
1.5 - 2.5% for indoor public spaces, and 4-7% for outdoor places. [ISO-2631-2 [29] and Allen et
al. [ 18] specify thresholds of 0.5% for residential and office environments, 1.5% for indoor public
areas, and up to 5% for outdoor areas with rhythmic activities. Human comfort also depends on

the exciting frequency (e.g., [9]) the a/g threshold is relatively low for excitation frequencies

within the 4-8 Hz range, as they align with resonant frequencies of human internal organs. Outside

this, accelerations are more tolerable and the corresponding a/g are higher.
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5.2.2. Dynamic analysis of thin-walled members

Transient dynamic solutions for thin-walled members are based either on mode superposition
techniques or direct time integration methods. Mode superposition proves especially effective in
scenarios where only a few dominant modes govern the system's behavior, offering significant
computational efficiency. In contrast, time integration techniques are more adept at capturing
intricate, time-dependent dynamics—particularly in systems characterized by high-frequency
components or localized phenomena. A survey of the features of related studies is provided in

Table 5.1 and their various features are discussed in the following sections.

Thin-walled beam transient analyses employing mode superposition include the work of Chen [30]
Abrate [31], Bebiano et al. [32], Bebiano et al. [33], Ding et al. [34], and Pagani et al. [35]. The
above studies captured the effect of cross-section symmetry ([31],[35]), warping effects ([30], [32],
[35]), shear deformation effects ([30],[31],[35]), rotational inertia effects ([30], [31], [32]), and
damping effects ([32], [34], [35]). Mode superposition has also been used within the Generalized

Beam Theory (GBT) context ([32], [33]) which captured damping and warping effects.

Direct integration techniques involve explicit and implicit methods. Explicit techniques, like the
central finite difference method, necessitate extremely short time steps and have been adopted in
analyzing wave propagation and impact phenomena in thin-walled structural elements. [36]. In
contrast, implicit methods involve solving the system of equilibrium equations at each time step,
enabling the use of larger time steps, and offering better solution stability. Within implicit methods,
the Newmark method has been the most commonly used [36]-[45]. Some of these studies captured
the effects of cross-section asymmetry [41], [43], warping [38], [39], [42], shear deformation [41],

[43], rotational inertia [37], [38], damping [37], [42], and axial forces [39], [45].
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Past studies focused on the member responses under dynamic uniformly distributed loads [30],
[32], harmonic forces [41], [43], impulsive loads [31], [42], transient point loads [36], [34], and
moving loads induced by vehicles [33], [38], [44]. None of the previously reviewed studies have
addressed the dynamic response of thin-walled members subjected to moving loads induced by

pedestrian walking, an aspect that the present study aims to explore.

Another common feature of the above solutions is their definition of shear centre displacements
along the principal directions, which in turn facilitates the specification of boundary conditions
along these directions. While this approach allows for modeling conventional boundary conditions,
such as simply supported, cantilevered, or fixed configurations aligned with principal directions,
it becomes unsuitable in cases where restraints are applied along non-principal directions. For
example, this limitation arises when a member end is clamped about a non-principal axis and
pinned along the normal direction, as is the case when an angle section is connected to a gusset
plate. Such boundary conditions have been treated in buckling analysis [46] and natural vibration
analysis [47] but not in the context of transient analysis. Thus, the present formulation departs
from the principal axis convention by defining shear centre displacements along non-principal

axes, allowing for seamless modeling of gusset plate end connections.

122



Chapter 5 Dynamic Response of Steel Members due to Walking-Induced Forces

Table 5.1 Summary of literature review for Transient Analysis of Thin-Walled Members

Effects Captured

Typeof — Cross- Additional
analysis section Type of Load Warpin Rotary Shear Damping Non-linear features
* wE PINE  inertia  deformation effect geometry
Macro spline
Yuen etal. N D v interpolation finite
[37] .
element technique
Combined of
Xiang et al. . v v v Newmark-f3 and
[38] N A Moving Load the Transfer Matrix
Method
Hsiao et al. N D UDL dynamic v v v Include Axial force
[39] load effect
Point Step
Tiso [40] N D load and v
harmonic load
Carrera et N D, M, Harmonic v v v
al. [41] A load
Zhang et al. Point load v v v
[36] CED,N b & UDL
Bourihane et Impulse & v v v
al. [42] N DM harmonic load
Sahraei et al. N D, M, Harmonic v v v
[43] A load
Moving
Yal}% 4e]t al. N M Harmonic v
load
Yu et al. [45] N A v v v v Include Axial force
effect
Chen [30] MS D UDL v v v
Abrate [31] MS A Impulse load v v v
Bebiano et Periodic UDL
al. [32] MS M and impulsive v v v GBT
) UDL loads
Ding et al. Transient v
[34] MS D point load
Pagani et al. Impulsive v v v
[35] MS D. A UDL load
Bebiano et Combines GBT
al. [33] MS M Moving load v v mode with member

vibration modes

* N = Newmark method, CFD = Central finite difference method, MS = Mode superposition method
**D =Doubly symmetric, M = Mono symmetric, A = Asymmetric

5.3. Statement of the problem

A finite element formulation is developed for the analysis of asymmetric thin-walled members

subjected to a constant axial force and time dependent vertical and horizontal forces.

5.4. Assumptions

The formulation adopts the kinematic assumptions of the Gjelsvik theory [48], i.e., (a) the cross-

section is considered to behave as a rigid disk in its own plane, (b) the shear strain along the mid-
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surface is assumed to vanish, and (c) a generator normal to the mid-surface is assumed to remain
normal to the mid-surface throughout deformation. Material is assumed to be linearly elastic
isotropic. The member is considered to be subjected to a time-independent axial force in addition
dynamic vertical and horizontal loads, and possibly, twisting moments to model human activity.

Under the dynamic loads, the member is assumed to undergo small strains. The formulation adopts

centroidal coordinates ( y,z) such that L ydA = I ) zdA = 0. A principal sectorial origin is adopted

so that the warping function @ satisfies the condition L wdA =0 . The displacements in the plane

of the cross-section are defined at the shear centre so as to satisfy the orthogonality conditions

L wydA = L wzd4A =0 . In contrast to other formulations, the formulation adopts non-principal

axes, i.e., cross-product of inertia /= L vzdA # 0 does not vanish.

5.5. Formulation

The variational form of the extended Hamilton principle for a damped system takes the form

["(or,)dt=["(-6U+6T +5W, -6V )dt=0 5.2

| h

in which L, is the Hamiltonian functional, U is the internal strain energy, 7 denotes the kinetic
energy, W is the energy dissipated by damping, and V' is the potential energy due to external

loads, all integrations are performed between arbitrary time limits #=¢ and #, , and J denotes

the variation of the argument functional. Under assumptions of Section 0, the variation of internal

strain energy oU [47] for a member of span / takes the form
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2 2 /
" sUdt = [ ‘ [ (ELY'8V'+ EI W'ow' + E1,0/60] + GJ 0,60, + EI V8w + EIw'Sv" Jdxdt
4 1,
1 1 5 3

+P[" Ioz VOV +wow +(1,/4)0.60, +2,0.6V + 2,550, — y,0.5W — y,w' 50, |dxdt

in Eq. 5.3, E is Young’s modulus, G is the shear modulus, P is axial load, and the sectional

properties (A,IZ,I},,]yZ,Im,[p): L [l,yz,zz,yz,wz,(yz +20+yi+z? )] dA have been defined.

Coordinates (,,z,) are those of shear centre R relative to the centroid (Figure 5.1), v(x), w(x)

are the displacements of the shear centre along the y,z axes, and 6, (x) is angle of twist. Also, the

variation of kinetic energy is

" 5Tdt=—p|" J‘;[(—Ai} ~2,40,)8v+(~ v+ y, A, ) Sw+ =z, 4 + y, i~ 1,6,) 56, | ddr
| : 5.4
+p sz J’()l [ LoV +1Wow' + 1,056 + I Vow+1 yzv'&’év’}dxdt

in which all dots represent time derivatives of the argument functions, and o is the beam density.

The variation of energy oW, dissipated by damping is given by

X

25<v w 6 v w (9x'>IX6{FD}6X1dt 5.5

in which £}, is the vector of damping forces. For body forces P, P,, P, acting along the (x, y,z)
directions on a generic point B [x, y(s,n),z(s,n),a)(s,n)] within the member, the variation of

the load potential energy term takes the form

oV = I:z Lj L Lé'[Psz (S,n,x,t) + Py, (s,n,x,t) +Pu, (s,n,x,t)] dsdndxdt 5.6
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in which, u,,v,,w, are the displacements of point B . For a thin-walled cross-section consisting

of straight segments, displacements u,,v,,w, are expressed in terms of the displacement

u, (x),v(x,t),w(x,t),@x (x,t)
=u, (x)—y(s,n)v’(x,t) (s n) (x, ) (s,n)@'(x t)

=cosa/(s)v(x,t)+sina(s)w(x,t)—(r(s)+n)6,(x, 5.7

w (x,5,1) = —sina(s)v(x,t)+cosa(s)w(x,t)+q(s) 0. (x,1)

in which o (S) represents the angle between the tangent to contour at the projection B’ of the point
B on the middle surface, the y axis and is taken as positive in the clockwise direction and r(s)

and g (s) are the normal and tangential distances from the shear centre to point B'on the middle

surface (

5.1). From Eq. 5.7, by substituting into Eq. 5.6 , preforming the area integrals, integrating by parts,

and grouping like terms , one obtains '
5 t, !
: ovdt = —J-tl IO [qxup (x)+ qy5v(x,t) +q.6w(x,t)+mdb, (x,t)} dxdt 5.8

in which the following line loads have been defined

I The steps in recovering the line loads from the body forces are provided in Appendix G.
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q. x,t =IJP s,n,x)dsdn

0, (x0=] [ [—_ su1.x) y(s.m)) + P (sum.x.0)cosa(s)— P (s,n,x,t)sina(s)}dsdn
(1) H{-— (5.1,3)=(s ,n))+Py(s,n,x,t)sina(s)+PZ(S,n,x,t)cosa(s)}dsdn
(1) jj[—% o) o(s.n))— B, (s.mxat) (+(s) 1) P.(s.m.x.0) (s )}a’sdn

5.9(a-d)

From Eq. 5.3, 5.4, 5.5, and 5.8, by substituting into Eq. 5.2, one recovers the variational principle

5L dt—j (—=8U + 68T +6W, — 6V ) dt =
J. EI V'oV" + EI w'ow" + EI ,0.00; + GJ 0,60, + EI V"'6w" + EI _w"5V" )dxdt

e j j VOV - wow + (1, /4) 050, + 2,007 + 2,056, — y, 05w — y, W50, |dxdt
+pjtzj [ AV~ z,40,) §v+(—Av'{/+yrA65x)5w+(—erii+yrAW—1p9x)50x]dxdt
I [v’5v +I wow' +1, 6’59'+[ Vow' +1 WV )dxdt

I q.u p +qy5v+q ow+mob }dxdt—O
5.10

°
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Figure 5.1 Coordinate system and displacements  Figure 5.2 Human position during walking relative to
for asymmetrical cross-section finite elements
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5.5.1. Human-induced dynamic load

When a walking individual moves along a span with a constant velocity vstarting at (x, t) = (O, O)

, the horizontal and vertical components ¢, (x,t) s 9 ( x,t) of the force induced by walking is
te[0,L/v], X (t)=wt 5.11(a-b)

in which §”is Dirac delta function, ¥, (t) is the position of the human at time ¢ measured from

theend x=0,and 7 € [O, L/ v] in which L/v is the duration of the human to reach the end x = L

5.5.2. Finite element formulation

A two-node thin-walled beam element is developed. The element sought has seven degrees of
freedom (DOFs) per node; three translational DOFs, three rotational DOFs, and warping DOF. The

displacement functions are related to the nodal displacement vectors, i.e.,

v(x)=H; (x)v, ; w(x)=H,(x)w, ; 6(x)=H;(x)0, 5.12(a-c)

n

in which H_,H_ are the vectors of the Hermitian polynomials defined by

HY =((1-3¢7+2¢) L(¢-2¢7+¢) (3°-2¢°) L(¢7-¢7)) i
=X
H3v=<(1—3§2+2g3) ~L(¢-207+87) (3¢ -247) —L(§3—§2)>

5.13(a-b)
and the nodal displacement vectors VT=<V(O) v'(0) v(/) v’(l)> ,

wy =(w(0) w(0) w(l) w(l)) and 0;=(0(0) €'(0) 6(I) 6'(l)) have been defined.
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From Eq. 4.23, by substituting into Eq. 5.10 and noting that f,#, are arbitrary times and

ov,,0w,,00, arbitrary functions, one obtains

(K+PK)U,+CU+(M, +M,) U, =F()) 5.14

in which K is the stiffness matrix, K is a geometric matrix accounting for the effect of the axial

force P, C is the Rayleigh damping matrix, M, and M, is the mass matrices accounting for

the translational and rotatory inertial effects, inertial effects, F(t) is exciting force,

Uy={v, w, 6, . and
KVV KVW 0 E[ZHZH3” EI_))ZH::H'\I‘;” O
K=K' K, | 0 |=[E HH" EIHH 0 dx
0 1 0 K, 0 0 EI H'H! + G/H H
ry T/ PR— 7}
va 0 (}v0 HvHv 0 ZrHvHv
Ke=| 0 G, G, |=]| 0 HH, | -y HH! |l
Gl | Gy | Gy, ZH AT |~y HHY | (1,/4)HH]
_Mvv 0 Mv() AHVHF\l/- 0 ZrAHVHI
M,=| 0 M, M, [=[p] 0 AH H,, | -y, AH H) |dx
M, M, M, z,AHH, | -y AH H| | [ HH]
_IVV va 0 IZHLH’\E" IyZH:/H:‘V' 0
M,=|T), I, |0 |=[pl/ HH [HH 0 dx
00 I, 0 0 ILHH 5.15(a-d)
The Raleigh damping matrix [C] is given by
[C]=¢,[M,]+¢ K] 5.16
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as a linear combination of the mass matrix [M,]=[M,]+[M,], and the stiffness matrix

[Ks] = [K]+P[KG] . Constants ¢,,¢, are given by

20,0 2
G = — , G=¢
o, + @, o, + w,

5.17(a-b)

in which ¢ is the damping ratio, @ and @, are the first and second natural frequencies. For a given
set of line loads ¢, (X,t ) .4, (x,t ) ,m (x,t) acting on an element, one obtains the energy equivalent

force vector from Eq. 5.12, by substituting into Eq. 5.8, yielding 2
Covdr=—["5(v,(t) w,(1) 0,()),,{F(r)},, 5.18

in which the energy equivalent force vector

F (1) = [/, (v M () | 0, (o) HE () | (e 1) (1)) 5.19

When a beam span is discretized into 7 equal elements of lengths / = L/n subjected to a pedestrian
walking along the span at constant velocity v (Figure 5.2) starting at (x,t:0,0), the time-

dependent horizontal and vertical force components of elements e=1,2...n are given by

12 The steps for obtaining Eq. 5.19 are provided in Appendix H
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Dy (X:2) = :szi:ﬂism(zmﬂt_&)}é* [x—(vt—(e—l)l)} 2 tel:(e—l)l/v,el/v]
0 ; otherwise
NEDE _Q+Q§“"Sm(zmt—"”f)}&*[x—(vt—(e—l)l)] e[(e-1)ifv.elpy]
0 : otherwise

5.20(a-b)
in which the time interval [(e—l)l / v,el/ v] denotes the duration during which the individual is

positioned over element e, From Eq. 5.20, by substituting for (qy, qz,m) = (qym, q. o> 0) into Eq.

5.19, and performing integrals, one obtains

[Qiﬁ, sin (27zif 1 — li)}Hv I:xo (t)] i
0+ 0% asin(2aiti—4) [0, ()] | e [(e- ot

5.21

04><1

otherwise

in which x,(¢)=vt—(e—1)/ is the instantaneous location of the moving load measured from the

end x =0 of element e(Figure 5.2).

5.6. Time Integration

Direct time integration was performed based on the Newmark integration scheme (e.g., [49]) as

described in the following:

I.  Initialization
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1. Compute matrices K, M, and C.

2. Initialize vectors U(t = O),ﬁ(r = 0),ﬁ(t = 0) .

3. Setatime step As and parameters & and & such that §>0.5 and « >0.25(0.5+ 5)2
. In the present implementation, the values 6 =1/2 and « =1/4 are chosen, which are
based on the unconditionally stable constant average acceleration method.

4. Form the effective stiffness matrix K=K+ a,M+a,Cin which a, = 1/ (aAtz) and
a, =5/(aAtr).

5. Conduct the matrix decomposition K =LDL".

II.  For each time step:
1. Compute the effective load vector R at time 7 + At
R(1+Af)=R(t+At)+ M| a,U(t)+a,U(t)+a,U(t) |+ C[ 0 U() +a,0(t) +a;U(¢) ].
R(t+At) being the applied force vector at t+At, a,=1/(aAr), a;=(1/2a)-1,
a, =(5/e)-1, a, =(At)2)(5]a~2).
2. Given ﬁ([+ At), solve the system LDLTU(t+At) = ﬁ(t +AZ) for the displacement

vector U(7+At)

3. Compute the acceleration and velocity vectors U(¢+Ar), U(t+A¢):

U(t+At)=a,[U(t+A1)-U(t)]-a,0(t) - a,0(2)

U(t+At)=U(t)+a,U(1)+a,U(t+At)

in which a; = At(1-6) and a, =Ar.
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5.7. Reference Case A and Mesh Study

Reference case A consists of a 5m span simply supported beam has a W250x45 cross-section.

Cross-sectional properties are A4 = 5700mm2,(1y,12,J) = (7.11><107,7.03><10",2.61><105)mm4,

I, =1.13x 10" mm°®, and m = 45 kg /m . Steel properties in the present and following examples are
(E , G) = (2 x10°,7.7 x 104) MPa . The beam is subjected to a mid-span vertical force induced by a

human walking at a speed of 1.5m/s. The forcing function caused by walking is characterized by

(Eq. 5.1(a)) with Q=746N, f. =2.5Hz (i.e., T/ =0.4s). The force is applied for 10 cycles for a
total duration of 10x 0.4 = 4s . The response is evaluated from # =0 to #, =4s in time increments
of Ar=T7/100=0.004s. The dynamic load factors are ¢« =0.41(f —0.95),

a, =0.0056( f, +12.3), a, =0.0064( f,+5.2), o, =0.0065( f, +2.0) and the phase angles are
$=0,8,=¢ =@, =7x/2 [15]. The damping ratio ¢ is taken as 0.05. The Euler buckling loads

about minor and major axes are P, _is 555kN and P,  is 5614kN . The first natural frequency

o,z o,y
of the member was computed as 11.17 Hz and corresponds to vibration about the minor axis, while
the third natural frequency, computed as 35.45 Hz, corresponds to vibration about the major axis.
The beam is analyzed using two meshes consisting of 8 and 50 elements. Figure 5.3(c,d) shows
that the displacements and accelerations predicted by both meshes are in close agreement. Thus,

an eight-element mesh is used in the remainder of this study. '

13 Appendix J provides the specifics of simulating the forcing function along with a verification against past solutions.
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Figure 5.3 History response for Reference Case A based 8 and 50 finite elements: (a) applied force, (b)
midspan vertical displacement, and (c) normalized vertical acceleration.

5.8. Asymmetric Member under Harmonic Force

5.8.1. Verification

The validity of the predictions of the present formulation is assessed for a benchmark problem and

solution in [43]: A 6m span cantilever has an asymmetric C shaped cross-section (Figure 5.5b-c)

with non-principal directions (y,z) and principal directions (J,Z). Cross-sectional properties

about non-principal directions are (A,Iw):(2000mm2,8.61x108mm6),(]y,l I J):

z? yz?

(3.47><10'(’,1.12><106,—8.OO><105,5.71><104)mm4 and m =15.7 kg /m . All DOFs are restrained at

the cantilever root and free at the tip. The damping ratio is taken as 3%. The member tip is

subjected to a sinusoidal force F(7)=F sin(a)ft)= 100sin(9.33¢) N (Figure 5a), where the

exciting @, =9.33rad /s is taken as 90% of the fundamental natural frequency @, =10.37rad/s

[47] . Time increments are taken as A7 =0.0303s . The free end horizontal displacement of point

A at the tip of the bottom leg (Figure 5¢) is sought as the primary output. Figure 5d shows close

134



Chapter 5 Dynamic Response of Steel Members due to Walking-Induced Forces

agreement between the predictions of the present solution and that reported in [43], suggesting the

validity of the present solution. '

5.8.2. Spatiotemporal Distribution of vertical Accelerations induced by walking

Figure 5.4 depicts the distribution along the span xe[O,l =5m] of the normalized vertical

acceleration a/g for Reference Case A under the action of a pedestrian walking, as characterized

by the forcing functions in Egs. 5.1 and 5.11a. The walking speed is taken as v =1.5m/s .and the

acceleration response is traced in the domain 7 € [O,I [v= 3.335] ,

The contour plots (Figure 5.4a-b) show that the accelerations alternate in time between positive
and negative peaks. For a walking frequency of 2.5Hz, the frequency of the fourth harmonic is
10Hz, which corresponds 0.1s. This value nearly matches the period between two consecutive
acceleration peaks, i.e., the acceleration oscillation periods correlate heavily with the period of the
fourth harmonic characterizing pedestrian walking. Also, irrespective of the location of the
pedestrian along the span, the peak accelerations at a given time ¢ are observed to occur in the
neighbourhood of the mid-span. For example, at  =0.75s , the pedestrian is located at x =1.12m

. Yet, the maximum vertical acceleration is found to be at x//=0.45. As such, in subsequent

sections, accelerations under human walking will be monitored at midspan.

14 Additional verification for is provided in Appendix J for a doubly symmetric member.
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Figure 5.4 Spatiotemporal distribution of normalized vertical acceleration of Reference Case A under
pedestrian walking: (a) View from above showing positive accelerations (b) View from below showing
negative accelerations

5.8.3. Effect of Axial Load

An axial load is added to the problem defined in Section 5.8.1 (Figure 5.5¢) and five scenarios of
axial load magnitudes are investigated; P/PC, € {—0.2, —0.1,0,+0.1, +O.2} , in which a positive
P/P,. denotes compression, and P, is the torsional flexural critical load for the member. The
corresponding fundamental natural frequencies are 2.13, 1.91, 1.64, 1.31, and 0.82 Hz,
respectively. Compared to the zero axial load baseline case P/ P =0, compressive axial forces

are observed to amplify the displacement response, as observed for P/Pcr =0.1 and 0.2.

Conversely, tensile forces reduce the displacement response, as shown for P/ P =-0.1 and -0.2
. The acceleration amplification in the presence of compressive loads is attributed to submatrices

G,,,G,,,Gy on the diagonal of the geometric stiffness matrix, which reduce the flexural and

torsional stiffnesses of the member and amplify the displacement and acceleration responses. !°

15 The effect of various damping representations is investigated in Appendix K
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Figure 5.5 (a) Exciting force, (b) Cross-section dimensions (mm), (¢) Principal directions and applied loads,
(d) Major-axis displacement response at point A (along ) direction). (e) Effect of axial load P (positive when
compressive) on major axis displacement

5.9. Response to Walking on a Treadmill

5.9.1. Member with I Cross-Section ¢

The beam defined under Reference Case A is re-considered, while taking the damping ratio ¢ as
0.03. The member is subjected to a mid-span vertical force induced by a human walking on a

treadmill located at the member midspan (Figure 5.6a). The dynamic load factors «; and phase

angles @, are characterized by the forcing function described in Section 5.7.

Figure 5.6b shows that the peaks of the vertical midspan displacement are nearly synchronized
with the peaks of the forcing function (Figure 5.6a). Also, Figure 5.6¢ suggests that the initial peak
is caused by the abrupt application of the static human body weight. Overlaid on Figure 5.6¢ for

comparison are the threshold accelerations for various occupancy usages as provided in [18]. The

16 The dynamic response for members with angle cross-section due to walking on a treadmill is investigated in Appendix M.
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acceleration response is observed to exceed the comfort threshold for residential use but lies within
comfort limits for indoor and outdoor spaces. The initially high vertical acceleration amplitudes
gradually stabilize over time owing to damping, as the member response transitions towards a
steady state. Thus, while initial transients may exceed comfort limits for residential use, the long-

term response is more controlled and tolerable, in this case.
5.9.1.1. Effect of Axial Force

The effect of axial load on the dynamic response is shown in Figure 5.6¢c. Three axial loading

levels are considered: no force, a compressive force 0.1P, , and a tensile force —0.1P, . The

T,y cr,y”

natural frequencies corresponding to flexure about the major axis are 33.8, 35.5, and 37.0 Hz,
respectively. Again, the presence of a compression is found to amplify the vertical displacement
response. In contrast to the acceleration which was shown to exceed acceptable thresholds for
residential occupancy (Figure 5.6d), Figure 5.6c shows that the magnitudes of the displacements
are in all three cases are well below typical span to deflection ratios of L /360 . Across all three
axial loading conditions considered, the member exhibits a sustained periodic response that is

synchronized with the dynamic forces induced by walking.
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5.9.1.2. Effect of Span

Beam spans of L =3,5,and 6.5m were taken for comparison. The major axis flexural natural

frequencies corresponded to the third natural frequency and to take the values 98.0, 35.5, and 21.0
Hz respectively. Figure 5.7(b-e) shows that the amplitudes of mid-span displacements grow
significantly as the span increases. The increased amplitudes are partly due to the greater static

deflection observed in longer spans under identical human static loads. Specifically, the static

deflections for spans L =3m,5m,and 6.5m as determined from the expression &, = PI’ / 48E1,

are 0.029, 0.14, and 0.30mm , respectively, and are depicted by the horizontal lines on Figure 5.7b
for comparison. The static displacements are observed to be close to the average displacements
determined by the dynamic analysis. Another reason for the increase in displacements is dynamic
amplification. The dynamic amplification factor is defined as the ratio of the dynamic response to

the deflection under a static vertical force equal to the human weight Q and is depicted in Figure
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5.7(c-e) for the sudden load application term (termed as HO) in the figures and for the combined
effect of impulsive plus the four harmonic terms (denoted as HO-4). The number preceding both
designations denotes the span. For example, 3.0HO denotes the amplification of the sudden load
application term for the 3m span, 3.0HO-3 refers to a 3m span member under sudden application
of human body weight plus the first three harmonics, and 5.0STD is the static deflection for Sm
span member. Owing to the fact that major axis flexural natural frequencies of all three members
01 98.0, 35.5, and 21.0 Hz are significantly higher than the highest exciting frequency due to human
walking of 10 Hz, dynamic amplifications due to the harmonic components are relatively
controlled, while that related to the sudden load application component becomes more pronounced

as the span increases.
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Figure 5.7 Dynamic forcing function induced by stationary walking, (b) Vertical displacements at midspan
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L=6.5m (f) Corresponding acceleration (g) Forcing function (c-g) Separate acceleration response for each of
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5.9.1.3. Individual Contributions of Harmonics

Figure 5.7(f-1) show the acceleration response for each of the contributions of the human walking
force for the three spans considered. Initial acceleration peaks are primarily induced by the sudden
application of human body weight, while the fourth harmonic plays the most significant role in
maintaining sustained dynamic acceleration levels. For L =3m, the response to the body weight
Q and the first harmonic components remain well below all residential occupancy thresholds,
shopping malls, and footbridges/outdoor structures. In contrast, the accelerations of the longest
span L =6.5m , approach or exceed the thresholds for residential structures and indoor spaces,
owing primarily to the sudden application of the body weight O and the first harmonic
components. The second harmonic is observed to contribute to acceleration levels that may exceed
acceptable thresholds for footbridges or outdoor structures for a longer span, though its effect is
less pronounced relative to the first harmonic. The second and third harmonics generally have

negligible contributions, with acceleration values staying well within acceptable limits for all
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occupancy types. When all forcing function components are superimposed, the total acceleration

response increases significantly, exceeding acceleration thresholds for all structure occupancies. !’
5.10. Response to Walking at constant speed

5.10.1. Member with I Cross-Section

The acceleration response of the member in Reference Case A is analyzed under the vertical

component of the forcing function (Eq. 5.11a) by a human walking at a speed Vv from the end

X, =0 at =0 to the end X, =L . The walking speed v=L_f, is the product of step length L and

N

the step frequency f, . The step frequency £, is held constant at 2.5 Hz while varying the walking

A

speed v to 1.0, 1.5and 2.0m/s which correspond to step lengths of L =0.4,0.6 and 0.8m,

respectively. Figure 5.8b shows that, for a given step frequency, the step length does not
significantly alter the peak amplitude of the acceleration. In this case, an increased walking speed
is associated with a shorter duration of the excitation as the load traverses the span more rapidly,

leading to an earlier decay of the acceleration response.

In a second scenario, the step length is maintained constant at L, =0.6m, while varying the
walking speed to 1.0,1.5and 2.0m/s by altering the step frequencies respectively to
f.=1.67,2.50, and 3.33Hz. Figure 5.8(c-d) illustrates the corresponding vertical displacement

and acceleration responses. An increase in the step frequency induces an increase in the dynamic

displacement response and a more noticeable increase in the acceleration response.

17 Results for the cumulative effect of all harmonics for the 5m span are provided in Appendix L

142



Chapter 5 Dynamic Response of Steel Members due to Walking-Induced Forces

0.30

0.30
— v=10ms. L, =04m — v—LOmfs, [ - L6TH:
_ 025 — v=15mfs . L =0.6m 025 | — v=15mfs , [, =250Hz
g ) f\ v=2.0mfs, L =0.8m E v=2.0m/s , f =3.33Hz
E 0.20 “ () =020 (1)
2 A . g — R
§ 015 I\ §0.15
E n W I
8010 1 50.10 —x
=~ wAal = |
§ 005 | \; \ Soo0s \/
= 0.00 L N =000 U ! 1 P N
00 05 1.0 1.5 2.0 25 30 35 40 45 50 55 60 0|0 0.5 1.0 1.5 2.0 25 3.0 3.5 40 45 50 55 60
-0.05 . 0,05 | :
Time (s) Time (s)
(a) (c)
2 2.0
s — v=10mfs , I, =04m — v=10m/s ., f, = 1671z
& — v=15mfs, L =0.6m 0 L3 — v=15m/s, f, =2.50Hz
i v=2.0mfs . L, =0.8m f'%n 1.0 v=2.0m/s, f.=3.33H:z
g | i g
£ 05 ﬁ v 'i 2 05
] | =
% 0 by f If'&‘ lnl !Hn\!‘. ﬁfl RA 4 RA ' A i ks 0.0 ¢
AT I Y 5 0.0
S 0o 5@0”,'!1 I"JEME als. 550 5560 9 0
205 1 t =-05
- 1
E -1 ‘—Rcsidcncc—lndoor| E: 1.0 ‘—Residence —— Indoor
-1.5 -1.5 T
=) = -2.0 .
Time (s) Time (s)
(b) (d)

Figure 5.8 Dynamic response of the member with I section under vertical human-induced moving loads for

two velocity variation scenarios: (a, b) step frequency fs =2.5Hz with varying step length LS 5 (¢, d) fixed

step length LS =0.6mand varying step frequencies fs .

5.10.1.1. Effect of span

In addition to 5m span of the beam in reference case A, a longer span of 7m is considered. The
corresponding flexural natural frequencies about strong axis are 35.5 and 18.1 Hz, respectively.
Both members are subjected to the vertical component of the force induced by human walking as
characterized in Section 5.5.1. Figure 5.9b shows that the longer member exhibits substantially
greater vertical accelerations at midspan, that that exceed the comfort thresholds for residential
and indoor usage. In contrast, the shorter member exhibits more controlled accelerations that lie

within acceptable limits throughout the loading period.
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5.10.1.2. Effect of axial force

The influence of axial load on the vertical acceleration response of the member in reference case
A is examined in Figure 5.9c. Three axial load levels are considered, a compressive force

PP

ey

=0.25, no axial force P/ P, ,=0,and atensile force P/ P, =-0.25, which correspond

ry
to major axis flexural natural frequencies of 27.4, 35.5, and 39.6 Hz, respectively. Again, the
presence of a compressive axial load results in accelerations increase compared to the unloaded

member. Conversely, axial tension causes a slight reduction in the accelerations.

The beam in reference case A is re-analyzed under the effect of the horizontal component the of

human walking force at a constant speed v=1.5m/s from the end X,=0 at =0 to the end

X, =L . The beam is assumed to be laterally and torsionally unbraced between both ends. Both the

vertical and horizontal components of human-induced walking forces as characterized by Egs. 5.1
are assumed to act at the top flange (Point A on Figure 5.9¢). In this case, the horizontal force
acting at the top flange induces a twisting moment. Figure 5.9¢ shows that the peak horizontal
acceleration at Point A on the top flange is nearly three times larger than that of Point B on the
bottom flange, in a manner consistent with the low torsional stiffness of members with open

sections. In this case, the horizontal accelerations exceed all acceptable thresholds.

Figure 5.9f depicts the effect of axial load on the horizontal acceleration of the member at Point

A under three axial loads; a compressive force P/ P _=0.5, no axial force P/ P..=0,and a

tensile force P/ P, .=-0.5. The fundamental natural frequencies corresponding to weak axis

flexure are 7.89, 11.2, and 13.7Hz, respectively. Given the proximity of these values to those of
the exciting frequencies in the 2.5-10 Hz range, the horizontal accelerations in this case are

considerably larger under compression when compared to those of the vertical acceleration in
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Figure 5.9¢c in the absence of axial force. Also, the amplified accelerations under the compressive

force are observed to be more pronounced than in the case of tensile force.
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Figure 5.9 (a) Vertical component of force (b) Effect of span on vertical acceleration (c) Effect of axial load
levels on vertical acceleration (d) Horizontal component of force, (e) Effect of span on horizontal acceleration
of both flanges (span=5m), and (f) effect of axial load on top flange horizontal acceleration (span=5m).

(P[P,

., is buckling load about the major axis and P/ P

T,z

is the buckling load about minor axis)

5.10.1. Effect of lag time between pedestrians

Consider two pedestrians walking in tandem along the span of the beam of Reference Case A at a
walking frequency of 2.5 Hz and the walking speed is 1.5 m/s. The time lag is assumed to vary

from 0.75 to 0.80s. As discussed in Section 5.9.1.3, while the displacement response is dominated
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by the first harmonic of the walking forcing function, the acceleration response is dominated by
fourth harmonic. For a step frequency of 2.5Hz, the first harmonic corresponds to a period of 0.4s,
which aligns with the time observed between consecutive displacement peaks in Figure 5.10(a).
Also, the fourth harmonic corresponds to 10 Hz, which corresponds to a period of 0.1s. As such,
Figure 5.10b, depicts a period of 0.1 seconds between acceleration peaks. The acceleration peaks
are synchronized when the time-lag between both pedestrians is a multiple of 0.1s. This is reflected
by the highest peak accelerations observed when the lag time is 0.80s. Conversely, the acceleration
peaks tend to be least synchronized when the lag time is a multiple of 0.1s plus 0.5. This is reflected
by the lowest acceleration peaks observed for a lag time of 0.75s. In between these two extreme
cases, the magnitude of acceleration peaks are observed to increase gradually from a time lag of
0.75s up to 0.80s. Figure 5.11a shows the number of acceleration crossings of the bounds (both
positive and negative) of the comfort domain while Figure 5.11b presents the proportion of the
total walking duration during which acceleration exceeded the specified thresholds while both
individuals were simultaneously on the beam. The results in Figure 5.11(a-b) are provided based
on acceleration thresholds of a/g=0.5% and a/g=1.0% as a function of the time lag. Both metrics
show peak correlation of human-induced accelerations at time lags of 0.70 s and 0.80 s a minimal

correlation at 0.75s.

Vertical displacement at midspan (mm)
Vertical acceleration a/g%

0.8 1.3 1.8 23 2.8 33 -1.5 ¥
[ —ilag=080 —tlg=0.79  —tlag=078 — g 080 —ilag079  —(lig-0.78
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Time (s) Time (s)
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Figure 5.10 Vertical response at mid-span under two pedestrians with lag times (a) displacement and (b)
acceleration
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5.10.2. Member with Angle Cross-Section

5.10.2.1. Reference Case B

A member spanning 3m has an L152x102x%16 cross-section as a reference case. Cross-sectional

properties are  A=3784mm’,1, =3.14x10°mm", I, =8.67x10°mm", I, =4.55x10°mm",

J=2.92x10°mm*, and m =29.6kg/m . The damping ratio is taken as 0.05. The member is

subjected to dynamic loading due to walking is applied as defined under Section 5.7. Two types
of boundary conditions are considered at the member ends: pin-end connections and gusset-end

connections. For the pinned-end case, the slenderness ratio is 138, the buckling load is

P! =386kN and the fundamental natural frequency is 19.0Hz. For the gusset-ended member, the

buckling load is P =592kN [46] and the natural frequency is 23.5Hz.

5.10.2.2. Effect of Boundary Conditions and Force Direction

As shown in Figure 5.12a, the vertical component of the applied force results in higher vertical
than horizontal accelerations for the pin-ended member (Figure 5.12b). In comparison, the gusset-
ended member (Figure 5.12c¢) exhibits lower accelerations in both directions, reflecting the
increased flexural stiffness imparted by the end fixity about the axis perpendicular to the gusset.
In this case, the horizontal accelerations are markedly lower than those observed for the pin-ended
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member. The reduced accelerations observed in Figure 5.12c¢, are consistent with the higher natural
frequency of the gusset-ended member (23.5Hz) relative to that of the pin-ended member

(19.0Hz).

Under the horizontal force component (Figure 5.12d,e), the pin-ended member exhibits lower
horizontal and vertical accelerations compared to those induced by the vertical force. Yet, the
magnitudes of the horizontal and vertical accelerations are comparable. In Figure 5.12f, the lower
acceleration response of the gusset-ended member compared to the pin-ended case is attributed to

the additional flexural stiffness induced by rotational fixity about the axis normal to the gusset.

The horizontal component of the forcing function is observed to induce horizontal accelerations in
the angle that are generally smaller than the vertical accelerations (Figure 5.12(b, €)).This behavior
contrasts with that of the laterally and torsionally unbraced I-section member shown in Figure 5.9e,

which exhibited greater horizontal than vertical accelerations. '®

18 The effect of span on the on dynamic response of angle members is investigated in Appendix N
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5.10.3. Effect of Axial load on Pin-ended member

The member in Reference Case B is subjected to three axial load levels; P/ fzf =0.0,0.20,0.75,

which respectively correspond to fundamental natural frequencies of 19.0, 16.9, and 9.17 Hz.
Figure 5.13(a, c, e) depict the vertical accelerations under the effect of the vertical component of
the force at three points; Point 1 at the tip of the connected leg, Point 2 at the heel of the angle, and
Point 3 at the tip of the outstanding leg, while Figure 5.13(b, d, f) depict the horizontal

accelerations. As the axial load increases, the associated reduction in natural frequency leads to a
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pronounced increase in accelerations. This is observed in Figure 5.13(a, c, €), in which the peak
vertical accelerations for P/ P! =0.75 far exceed those of P/ P’ =0.20 or P/ P’ =0.0. A similar
observation is made for the horizontal acceleration in Figure 5.13(b, d, f). In Figure 5.13(a, c, e),
while the vertical accelerations at P/ P! =0.0 are nearly equal at all three points , as the load

increases, the vertical accelerations of Point 1 become higher than those of Points 2 and 3, owing

to twist. The behavior is attributed to the fact that, for the asymmetric angle cross-section, the oft-
diagonal sub-matrices M 4,M_ , of the inertia matrix M, in Eq. 5.15(b-c) induce coupling
between the translational displacements and the angle of twist. Also, the off-diagonal sub-matrices
G,.G,, of the geometric stiffness matrix K induce similar coupling. In the absence of axial

loading, the inertial coupling induced in the present problem is minimal as depicted by the nearly

equal acceleration at all three points, indicating nearly no twist. The degree of additional coupling
induced by sub-matrices G,,G,, is proportional to the magnitude of the applied axial force.

Thus, as the applied axial force increases, the translational-twist coupling effect increases,

inducing a more pronounced twist, as manifested by the uneven accelerations of points 1-3.
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Figure 5.13 Vertical accelerations of pin-ended member for (a) P/ Pcf =0,m) P/ Pcf =0.2, (o)
P/Bf =0.75 . Horizontal accelerations for (d) P/Bf =0, (e) P/Pcf =0.2,@ P/Pcf =0.75.

5.10.3.1. Effect of Axial load on Gusset-end member

The member in Reference Case B is subjected to three axial load levels; P/ Qf =0.0, 0.13, 0.65,

which respectively correspond to fundamental natural frequencies of 23.5, 21.9, and 16.6 Hz. Due

to the higher natural frequencies relative to the pin-ended members, all acceleration responses in
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Figure 5.14 are lower than those observed for the pin-ended configuration. As the axial load

increases, the resulting decrease in natural frequency leads to pronounced increases in acceleration

This trend is evident in Figure 5.14(a, c, ), where the peak vertical accelerations for P/ Ef =0.65

far exceed those of P/ PY=0.13 and P/ PY =0.0. A similar observation is made for horizontal

acceleration in Figure 5.14(b, d, f).

Figure 5.14(a, c, ) show that while vertical accelerations are equal at all three points when
P/ PY =0.0, increasing the axial load leads to higher accelerations at Point 1 relative to those of
Points 2 and 3. This behavior is attributed to coupling between the vertical displacement and twist,
which becomes more pronounced with increasing axial force. Similarly, Figure 5.14(b, d, f) show
that the horizontal accelerations at all three points increase noticeably with the increase in axial
force. Again, the variation of horizontal accelerations among the three points is attributed to the

torsional flexural coupling induced by axial load.
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Figure 5.14 Vertical accelerations of Gusset-ended Member connection for (a) P / PWG =0, (b)
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5.11. Conclusions

The following conclusions can be drawn from the present study:

1. Among the five force components induced by pedestrian walking, the sudden footfall impact
and the fourth harmonic component were identified as the most influential in determining the level

of induced accelerations.

2. While pedestrian-induced displacements remained within acceptable thresholds across all cases,

the resulting acceleration levels exceeded perceptibility limits in several instances.

3. Increasing step frequency while maintaining step length significantly amplifies the induced

acceleration levels, whereas increasing step length at a constant frequency has negligible impact.

4. Pinned-end angle members consistently exhibit larger displacements and accelerations than
gusset-ended members, particularly during the initial stages of response and under compressive

axial loads.

5. Pinned-end angle members consistently exhibit greater displacements and accelerations than
gusset-ended members, particularly during the initial response phase and under compressive axial

loading.

6. Angle-section members exhibit torsional—flexural coupling driven by both inertial and axial
force effects. In the absence of axial load, inertial-induced twisting is negligible. However, axial

compression significantly amplifies the coupling response, particularly at higher load levels.

7. In laterally and torsionally unbraced I-section members, the horizontal component of pedestrian-
induced force generates horizontal accelerations that exceed vertical accelerations. Conversely,

angle-section members exhibit lower horizontal accelerations relative to their vertical response.
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8. Horizontally and torsionally unbraced I-section members subjected to pedestrian-induced
horizontal forces exhibit excessive lateral and torsional deformations, leading to elevated
accelerations at the top flange. It is of interest to investigate the effectiveness of horizontal bracing
systems as a mitigation strategy for controlling excessive lateral and torsional responses in

unbraced members subjected to pedestrian-induced excitation.
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5.12. Notation

A : Arbitrary point on the section contour

B : Arbitrary point offset from the section contour
B': Picture of point B on middle surface

C : Rayleigh damping matrix

C,»¢, - Damping matrix constants

E': Elasticity modulus

F,: Damping forces vector

F(t) : Exciting force

/. : Human step frequency

G : Shear modulus

H,,H , : Hermitian polynomials vectors

1 y,]z : Moments of inertia about y and z axis

1. : Product of inertia

I, : Polar moment of inertia about the shear centre
I ,: Warping constant

J : Saint-Venant torsional constant
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K : Stiffness matrix

K, : Geometric matrix

[ : Span

L : Human step’s length
L, : Hamiltonian functional

M, : Mass Matrix that accounts for the translational effects

M, : Mass matrix which accounts for the rotatory effects

N : Number of harmonics
n : Number of elements
P : Axial load

P,P,P : Body forces
P : Euler buckling load about strong axis

ey

P, . : Euler buckling load about weak axis
P?: Buckling load of angle member with gusset end connection

Pcf : Buckling load of angle member with pinned end connection

9..4,,4.,m : Distributed axial load
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q,.(x1t), q., (xt) : Dynamic horizontal and vertical components of force induced by walking
Q : Human body weight
r(s) , q(s) : Distances from the shear centre along the normal and tangent axis at point B’

R : Shear centre

t: Time

T : Kinetic energy

T, : Fundamental natural period
U : Internal strain energy

U, : Nodal Displacement vector

V' : Potential energy loss due to external loads

v: Velocity of human walking
W .: Energy dissipated by damping

v,»W,,0, : Nodal displacement vectors associated with deformation along the y and z axes and

twist DOFs.

v(x),w(x): Displacements of the shear centre along the y, z . axes.
Uy, vy, Wy : Displacements of arbitrary point offset from contour in the tangential direction

u,: Axial displacement under static compressive load
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X, (t) : The position of the human at time ¢ measured from the end x =0

».,z,: Coordinates of shear centre relative to the section centroid
a (S) : Angle between the tangent to the contour and the y axis
@;: Dynamic amplification load factor for harmonic i

P Density

o : Variation function

& : Dirac delta function

¢ : Damping ratio

@ , @, : First and second natural frequencies
o : Sectorial coordinate

@, : Exciting angular frequency

0. : Angle of twist

¢, : Phase angle for harmonic i
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Chapter 6: Summary, Conclusions, and Recommendations

6.1. Summary

Human walking induces time dependent forcing functions in the vertical and horizontal
components. Such forces are represented as a combination of an impulse component due to sudden
application of human weight of the structure and a series of harmonic forces with frequencies
related to human walking step frequency. The present study presented an investigation of the
dynamic response of thin-walled steel members subjected to human-induced forcing functions.
The study focused firstly on natural frequency analysis, and subsequently on the transient dynamic
response as applied to members with doubly symmetric I-sections and asymmetric angle sections.
A variety of methodologies were employed; analytical solutions, energy-based approximate
approaches, thin-walled beam finite element formulations, and shell-based modelling to

characterize the natural frequency and acceleration responses.

The effect of span length, axial load level, and cross-sectional geometry on the natural frequencies
of member with I-sections and angle cross-sections. Beyond these effects, the transient analysis
also examined the effect of stationary and moving pedestrian load scenarios, highlighting the role
of load position, step frequency, cross-sectional asymmetry, and the effect of higher harmonics on

structural acceleration response.

Anovel aspect of the research lies in its treatment of boundary conditions for asymmetric members.
By formulating gusset end connections along non-principal axes, the study captured the additional
fixity effects that differentiate these connections from classical pin-ended assumptions. This
approach enabled a more realistic representation of the coupling between torsional and flexural

modes in angle members. In the transient analysis, acceleration responses were quantified and
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assessed against established human comfort thresholds. Collectively, these contributions advance
the current understanding of pedestrian-induced vibrations in thin-walled members and provide
design-oriented insights for establishing vibration control strategies to safeguard serviceability in

thin-walled structures.

6.2. Conclusions

The main conclusions of the present study are:

1. Compressive loads reduce the natural frequency of members, underscoring the need for
vibration control criteria in doubly symmetric I-sections to explicitly incorporate both
member slenderness and axial force magnitude. While current standards impose more strict
slenderness limits for compression members than for those in tension (implicitly
recognizing the adverse effect of compressive forces) the findings of this study demonstrate
that a more consistent dynamic criterion should explicitly account for both the magnitude
of axial load and the cross-sectional properties of the member.

2. The natural frequency of angle members with gusset plate connections is considerably
higher than that of the idealized pin-ended case. Consequently, treating gusset plate
connections as pin-ended leads to overly conservative predictions of the natural frequency.
The differences between both cases become more pronounced as the compressive axial
force in the member increases.

3. In gusset plate connections, the eccentricity of the axial force introduced by the gusset
reduces the natural frequency of compression members compared with the idealized case
of concentric loading. This effect becomes more significant at higher axial force levels,

diminishes as the compressive force decreases, and is negligible in tension members. For
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angle members with unequal legs connected through the longer leg, the influence of axial
force eccentricity is more pronounced than in members connected through the shorter leg.

4. Rotary inertia has a negligible effect on the lower natural frequencies of the member but
becomes more noticeable in higher natural frequencies

5. The natural frequency for angle members with gusset plate connections are observed to be
significantly higher than identical pin-ended members. Their natural frequency was shown
to increase as leg ratio deviates from. In contrast, the effect of member slenderness on the
natural frequency is minimal, and variations in the leg width-to-thickness ratio show no
observable influence.

6. From the transient dynamic analysis of the members, it was observed that while pedestrian-
induced forces produce displacements within typical serviceability thresholds, the
corresponding accelerations exceeded perceptible comfort limits in several cases.

7. Among the five force components induced by pedestrian walking, the sudden footfall
impact and the fourth harmonic component have the greatest influence on the induced
acceleration levels.

8. Consistent with the natural frequency analysis, transient analysis shows that angle
members with pinned-end connections exhibit larger displacements and accelerations than
those with gusset-ended connections, owing to the greater flexibility of the pinned support
condition. This effect is particularly evident in members under compressive forces and
becomes more pronounced in members with longer spans.

9. In angle members, the vertical component of forces induced by human walking induce
accelerations not only in the vertical direction but also in the horizontal direction due to

coupling between the non-principal axes. This torsional—flexural coupling arises from both
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10.

11.

inertial and axial force effects. While the inertial contribution is minor and produces
negligible twist in members without axial load, the coupling effect associated with
compressive axial forces becomes more pronounced, particularly at higher load levels.
The horizontal component of pedestrian-induced forces generates horizontal accelerations
that exceed the vertical response in horizontally and torsionally unbraced I-section
members. In contrast, angle members exhibit smaller horizontal accelerations relative to
their vertical counterparts.

An increase in step frequency, while keeping the step length constant, leads to a significant
rise in the induced acceleration levels. In contrast, variations in step length at a constant

step frequency have negligible influence on the acceleration response.

6.3. Recommendation for Future work

The present study has conservatively omitted the beneficial effect of partial rotational fixity
provided by gusset plates to the member ends about the axis parallel to the gusset. It is
recommended to model this effect for typical gusset plate geometries to quantify the
increase in natural frequency of gusset-ended members.

The present study has assumed that the axial force in the member remains constant
throughout the vibration of the member. In some applications, the axial force may have a
time dependent harmonic component, which would lead to parametric excitation. It is
recommended to explore the stability of such systems by including geometric nonlinear
effects in the dynamic analysis.

The effect of eccentric axial loads on the transient response of members with angle cross-
sections deserves further consideration. Due to the inherent asymmetry and torsional—

flexural coupling of these members, eccentric loading may amplify the dynamic response
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and modify acceleration patterns beyond those predicted under concentric loading.
Examining these effects would enhance the understanding of vibration behavior and
support the development of more refined design guidelines.

The structural response can be further examined under the presence of multiple individuals,
considering both synchronized activities and unsynchronized pedestrian walking on
pathways and bridges. Such scenarios would provide a clearer understanding of group-
induced vibrations and their impact on serviceability.

Beyond walking-induced forces, the structural response can also be assessed under other
dynamic activities, such as rhythmic activities, dancing etc., which can impose higher
forcing functions on structural members.

While the validity of the present formulation was assessed through comparisons with shell
finite element predictions, it is recommended to conduct benchmark experimental studies

to further assess the validity of the present solution.
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Appendix A Analytical Solution for Flexural Natural Frequency of Axially

loaded members with doubly symmetric cross-sections

The characteristic equation governing flexural vibration as presented in Eq. 2.4(b) is

4 2 2 5 . .
EI "+ PpB° —mae,” =0. The four roots of this equation are given by

2 2
p ~P+ [P’ +4El mo!

) 2EI,
B=%ip, b, Al

P P Y m P P mw
b= + +—=2 L= + +—
2E1, \|2EI,) 2EI 2E1, \\2EI, | 2EI

and the corresponding solution of the equation of motion takes the form

V(x)=C,sin(fx)+C,cos(px)+C,sinh(f,x)+C, cosh(S,x) A2
where C, —C, are integration constants to be obtained from the boundary conditions.
V'(x)==BC sin(Bx) - BC,cos(fx)+ C,8," sinh (Byx) + C, B, cosh(Bx) A3
By enforcing the boundary conditions V' (0) =V"(0)=0atx =0, one obtains

V(0)=C,+C,=0

A.4(a-b)
V'(0)= _ﬂ12C2 + C4ﬂ22 =0

enforcing boundary conditions at x =0 yields C, =C, =0. Subsequently, by substituting the

boundary conditions V' (/)=V"(l)=0 into Eq. A.3 leads to the matrix form, one obtains
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sin(B1)  sinh(£2) 1G] _, A5
_Iglzsin(ﬂll) ﬂzzsinh(ﬂzl) C, - .

By setting to zero the determinant of the matrix of coefficient in Eq. A.5, one obtains
(B +B? )sin(B1)sinh(B,1)=0 A6
The non-trivial solution is obtained from the condition sin ( Bl ) =0 yielding

B=— A7

By expanding the first partition of Eq. A.5 one obtains C3sinh( Bl ) =0 ie., (;=0 and the

corresponding mode shape is
V(x)=Csin(fx)=C, sm(m;x] A.8

From Eq. A.7, by substituting into Eq. 2.6(c) and considering the first mode ( # =1), the expression

for the flexural natural frequency about strong axis under axial load is given by
4 2
®, = = (E) —E[Ej A9
m \_ 1 m\ [

By regrouping Eq. A.9 and defining the Euler buckling load about strong axisas P, = 7r2EAry2 / r’

, the natural frequency can be rearranged in normalized form as

—\/a ' 1 P/P A.10
l/r
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By considering Euler buckling load about weak axis as P, _ =7 EAr’ / I’ and expressing same

procedure, the natural frequency about weak axis can be expressed as

\/a : 1 P/P A.ll
l/r
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Appendix B Analytical Solution for Torsional Natural Frequency of Axially

loaded members with doubly symmetric cross-sections

The characteristic equation for torsional vibration is given by

w"TX

Elw/i“—[GJ—PIj)—pI a)zjlz—plowj =0 B.1

The four roots of the equation are given by

2
I 1
ﬂ?=—i—{GJ—P4L4ﬂJﬁJi—l—J@H¥ff§—phmﬂ-Whﬂh%wf

2EI A 2E1,
A==%id, A,
2
1 I 1 I B.2
=,|——| GJ-PL—pl & |+ (H—Pi—lwq+41H1d
ﬂ'l \/2EI[H( A p(u x) [w\/( A pwx p o 0" x
—-"l—(ﬂFPé-p]# — (H—Pﬁ—p1d2+@ﬁ71d
2 E Iw o x [{U A 0 x 0" 0" x
and the corresponding solution of the equation of motion takes the form
@(x) = BsinA x + B, cos Ax+ B, sinh 4, x + B, cosh A,x B.3

where B, —B, are integration constants to be obtained from the boundary conditions.

¢"(x) =—B,A sin(A,x)— B,A’ cos(A,x)+ By, sinh (4,x)+ B,A,” cosh (4,x) B.4
By enforcing the boundary conditions ¢(0) = ¢"(0) =0atx =0, one obtains

#(0)=B,+B, =0

#'(0) =B, + B =0 PR
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enforcing boundary conditions at x =0 yields B, =B, =0. Subsequently, by substituting the

boundary conditions ¢(/) = ¢"(I) = 0 into Eq. B.5 leads to the matrix form, one obtains

sin(41)  sinh(4,1) MBI } o B.6

~A’sin(Al) A,’sinh(A4,0) || B,
By setting to zero the determinant of the matrix of coefficient in Eq. B.6, one obtains
(47 + 47 )sin(A1)sinh (4,1)=0 B.7
The non-trivial solution is obtained from sin (/111 ) = 0 one obtains

A =— B.8

By expanding the first partition of Eq. B.6 one obtains B3sinh(/111) =0 ie., B;,=0 and the

corresponding mode shape is
¢(x) = B;sin(Ax)=B, sin(nlﬂ] B.9

From Eq. B.9, by substituting into Eq. 2.6(e) and considering the first mode (7 =1), the expression

for the torsional natural frequency under axial load is given by

nr ? I
(| <(ar-rt)
W = 5 B.10
p([w+lo (lj ]
nr
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By regrouping Eq. B.10 and defining the torsional Euler buckling load as

P, = [ El,(nx/l )2 +GJ } / 17, the torsional natural frequency can be rearranged in normalized

form as

s EA+7° (GJAP/1,) 1-P/P, _ B.11
to m(Ar04/1w) ﬁzla,/(AVo4)+(l/ro)2
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Appendix C Recovering longitudinal displacement expression based on the

Vlasov kinematic Assumption

Under the Gjelsvik theory, the longitudinal displacement u, (x,s,t) for point A[x,)_/(s),E(s)]
located on contour is obtained from the zero-shear strain assumption at the mid-surface

(Assumption (1.i1))

ov, Ou,
=—4d4-_4_90 C.1
Va Oox Os

By rearranging Eq. C.1, substituting for v, from Eq. 4.2(a), and integrating both sides of the

equation from an arbitrarily selected origin s, on the contour to the point of interest one obtains

I aaL;ds | Sai[cosa(s)v(x,t)+sina(s)w(x,t)—r(s)9x(x,t)]ds

So x

== Leosa(s) () +sina(s)w ()= ()61 (5.0 s

C2
Yoy oy @
- —jyov (x,t)dy—J.ZO w (x,t)dz+jwo 0 (x,t)dw
:—v’(x,t)J.ydy—w’(x,t)J.zderH;(x,t) “do
Yo 20 [on
which yields
uA(x,s,t):up(x)—f(s)v'(x,t)—f(s)w’(x,t)+5(S)l9;(x,t) C3

in which u, (x,1)=V'(x,1) y, + W' (x,1) 2, - 0, (x,1) @,
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Appendix D Expressing Internal Strain Energy in terms of displacements

Starting with the internal strain energy expression in Eq. 4.12, this appendix details the steps to
express it in terms of the displacement fields. The internal strain energy U can be expressed as
U=U,-U,+U,-U,+U,+U,

(Ul,Uz,U3,U4,U5,U6)=%J.V[o- &0, %E(gf)z,—EngB G(;/f;)z,G(y/ﬁ,)z}dV

px7x 2 px> x U px?

From Eq. 4.9(a), and recalling the definitions C =cosa,S =sina andy =r + n, one obtains can

express the contribution U, as

pxx

U, =%J‘LLO' g’ dAdx :%LLO—P" {u; - w'—zw"+ 0l

+ [(u; — ' —zn" + a)H;')z +(v'cosa +w'sina —(r+n)0, )2 +(—v'sina +w cosa +¢0! )2}} dAdx

N | —

D.2
By expanding the bracketed terms and recalling Eqgs. 4.3(a-b), one obtains

l ! " " " 1 ! r_.n ! " ! 14 [/
U, ZEILIAGPX {(up - —zw"+ w@x)+§[up2 =2yuv"=2zu, W' +20u,0; + V"
+ 2yZV”W" _ 2)70)\/”9;4' Zzwn2 —2ZCOW"0;'+ a)zgjga:l_k Vrz + WIZ
—2(Z+ncosa—z, )vVO +2(y—nsina -y, )wo! +[q2 +(r+n)2}9;2}}dAdx

D3

and substituting into Eq. D.3 yields
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1 ! " " " 1 ’ r_n ! " ! "
U, =EILIAJPX {up - —zw"+ 00 +E[up2 = 2yu V' =2zu W'+ 20u,0;

+ "7+ 2y20"W" =2y 0" + 22w = 2zow'0! + 0’0"

+V2+w? =2(z—z, VO +2(y—y, )W0. +[q2 +(r+n)2}0;2}} dAdx
D.4
For small strains (1 +1/2 u}',) ~1 , performing the area integrals in Eq. D.4, and using the
orthogonality conditions J.A vdA = L zdA = J.A wdA = J.A yodA = L zwdA=0, and the relations

(¥-»,)=qcosa—rsinaand (Z—z,)=gsina+rcosain, one obtains

Ulzlj Pu' +1(0' LV"™ 421 v'W'+1 w"™ +1,07 + A"
24 P2

pxTz

D.5
+ AW +22 AV'O, -2y, AW, + 1,07 )] dx

in which the sectional properties (A 11,11 1 J.[l,yz,zz,yz,a)z,q2 +(r+n)2}dA have

yzotw
A
been defined. From Eq. 4.8(a), and evoking again the small strain approximation (1 +1/2 u;,) ~1,

the second term in Eq. D.1 yields

px© px

Uzzéj'o- £ dV——I LO'M( 'zjdAd ——I J o,u dAdx:%PILu;}dx D.6

From Eq. 4.9, by substituting into the third term of Eq. D.1, one obtains

T [ R e

+(~v'sina+w cosa+q6. )’ }} dAdx
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By expanding brackets and considering cross-sections consisting of with straight segments, i.e.,

C=cosa,S =sina and w =r+n, one obtains

1 1
U, = EL L E{u; — ' —zw"+ w@§'+5[u;2 —2yuw V' =2zu W'+ 200u’,0; + YV
2_n2

+2y2"W" =2y 0" + 2° W' = 2zow'0" + @° 0" +V'* + W'’

2
—2[gsina +(r+n)cos a]v’9’+2|:q cosa —(r+n)sin a]w'@; +[q2 +(r+n)2]9;2}} dAdx
D.8

From Eq. 4.3, recalling that (y—y,)=gcosa—rsinaand (zZ-z, )=gsina+rcosa, and

substituting into Eq. D.8 one obtains

2_n2

U, :%LLE{% —w'—zw"+ 0l + ;[ =2yu V' =2zus W'+ 2e0u, 07 + yV]

+2y2v'W' = 2yav' 0" + W = 2zow'0" + 0’0" +V'7 +w'?
V. y x x

2
—2(z+ncosa—z, V0. +2(y—nsina—y, )w'o. +[(]2 +(r+n)2}0;ﬂ} dAdx

D.9
Recalling the identities y =y —nsina, z =z +ncosa, and substituting into Eq. D.9, yields
= —J. J {u —w'—zw"+ w0 +— [ —2yu V' = 2zul W'+ 2e0u 0 + y*v"?
+2y2v"W = 2yav" 0" + 2* W = 2zow"0" + @’ 0" +V'* + W' D.10

2
2(z=z, VO +2(y-y, )W +[q2 +(r+n)2}0;2J} dAdx

By expanding, retaining only second order terms, considering the longitudinal strain (u,) to be

small, performing the area integrals, and employing the orthogonality conditions, Eq. D.10 yields
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:_«” { (3, +1) 02V + (30, +1) 22w + (3u), +1) 06+ 40w +2(3u, +1) y2v'n”
#2(u,2, )0, ~20,3,w0, 4, (g7 +(r )’ ) 0" | dda

I
;J.[Elv"2+E1w +EI,0" +2EI v”w”+P(v +w?+220'0 -2y WO + jefﬂdx

D.11

From Eq. 4.8(a) and Eq. 4.9, by substituting into the fourth term of Eq. D.1, one obtains

:—II {u — ' —zw +a)9") ;[(u;—yv”—zw"+a)0;')2+(Cv'+Sw’—l//<9;)2
) D.12
+(—V'sina +w cos +q9;)2}} (u; +Eu;2JdAdx

Expanding brackets in Eq. D.12, considering the section to consist of straight segments, i.e.,

C=cosa,S =sina and y =r+n, and adopting the small strain approximation u,, —i-u;2 / 2~u,

yields

2_n2 2_..m2

1 1
U, = EJ-I LE{u; —w'—zw"+ 0f! +5[u;2 =2y V' =2zu, W'+ 2000, 0] + yV' + 27w
+2yzv"W' =2y 0! = 2zow"0! + @’ 0 +v'"* + W —2[gsina +(r+n)cosa V0.

+2[qcosa —(r+n)sin a]w'ﬁ; +[q2 +(r+n)2}6;2J}u;dAdx
D.13

From Eq. 4.3, recalling that (y—y,)=gcosa—rsinaand (zZ-z, )=gsina+rcosa, and

substituting into Eq. D.13, one obtains
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2.n2

1 ! n " " 1 ! 14 ! 4 ! "
U :ELLE{uP—yv —zw +a)l9x+2[ =2yu V' =2zu, W'+ 20u,0]+ yv
+2y20"W = 2yan" 0" + W' = 2z0W'0" + 0" +v" + W'
- N’ - . (Yall 2 2 2 '
-2[z +ncosa—zr]w9x+2[y—nsma—yr]w0x+[q +(r+n) }Hx }updAdx
D.14
From y(s,n)=y(s)+y(s,n), z(s,n)=Z(s)+Z(s,n), and recalling that y=y—-nsina and
z=z+ncosa , and substituting into Eq. D.14 yields
U _1 E i " " H” 1 2 ron 2 roon 2 IHN 2_n2
_ELL u, —yv'—zw +a)x+2[ yu V" =2zul W'+ 20u, 07 + yv
+2yz2v"W =2y 0" + 2w = 2zaow"0" + @0 +v' + W' D.15

2(z-z, VO +2(y-y,)Wo. + [ +(r+n) }H;ZJ}{L{; +%u;2}d/1dx
By performing the area integrals in Eq. D.15, and employing the orthogonality conditions, one

obtains

:—I[ u yzv"2 +2u, yzv"n +u'zzw"2+u 0" +u;v'2 +u,w
+2u 2 V'O, = 2u, y WO, +u, (q +(r+n) )H;Z}dAdx D.16

I, 1 1
:—.[ Pi—= +2—v W+ =W 20" v W 42210 -2y WO +-L 67 tdx
A A .

in which I, = L [qz +(r+ n)2 }dA is the polar moment of inertia about the shear centre. From Eq.

4.9, by substituting into the fifth term of Eq. D.1 one obtains
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:—” v’ dAdx——HGK @ —§W'+6—”Q;+Cv'+5w'—y/a;j

Os Os Os

a—yv' & '+a—a)9j (Cv'—i—Sw’—l//H;)[a—Cv—i-@—Sw—@—Wﬁj

+u — " —zw" + 00" -
(p s V)( as o Os Os Os os

+(—v’sina+w'cosa+q9§)(—a—avcosa—a—awsina +a—q€x] dAdx
0s Os Os

D.17

From y(s,n)=¥(s)+¥(s,n), z(s,n)=2Z(s)+Z(s,n), and recalling that y =y -nsina and
z=z+ncosa, and the identities C =cosa,S =sina, y =r+n,dy/0s =cosa, 0z/0s =sina,

by substituting into Eq. D.17, one obtains

:_” {_( —n—jv'cosa—(1—naa—f]w'sina+(r—n(1—%—?()7—yr)sina

+(88a (z-z )cosajjﬁ; +v’cosa+w’sina—(r+n)6’;}
s

+[(u;, —yV"—zw"+a)t9;)(—(l—naa—aj Vv cosa —Kl—naa—aJ w'sin a

S S

+(r—n(1—aa—f()7—yr)sina+2—f(2—zr)cosant9_iﬂ

J{(V’cosa+w'sina—(r+n)t9;)(—a—avsina+a—awcosa

Os Os
_(_aa_f(y yr)cosa—%—f(z z)sinaj@xﬂ
+[(—v’sina+w'cosa+(()7—yr)cosa+(2—zr)sina)6’;)
2
(—Z—fvcosa—%—fwsma+(l—z—?(y yr)sma+aa—f(z z)cosaj@ ﬂ} dAdx

D.18

For a section consisting of straight segments, one has da/ds = 0 and Eq. D.18 simplifies to

181



Chapter 7: Appendices

J-J. G{ —v'cosa —w'sina +(r—n) 6’ +v'cosa+w’sina—(r+n)9;)

1
Y73
( ul, — " —zw" + b, )(—v'cosa—w’sina+(r—n)9;)
( Visinag +w cosa+(()7—y,)cosa+(E—zr)sina)0;)(t9x)}2dAdx

! r_r! ! r s ! ’ r.n " o.r_:
.” —2n6; —u,v'cosa —u,w sma+up(r—n)t9x+yvv cosa + yw'w'sina
I A

l\)l»—‘

—y(r—=n)v'0. +zv'w"cosa +zw'w"sina — z(r —n)w'6. — wv'0! cos @ — ww'd!'sin

+o(r—n)0.0!-v0, sina+w0, cosa+((¥-y,)cosa +(E—z,.)sina)t9)ﬁ;}2 dAdx
D.19

By retaining only second order terms and considering recalling the small strain assumption

(u, +1/2 u}',z ~u, ) performing the area integrals. and evoking the orthogonality conditions, Eq.

D.19 yields

Uy =5 [ [ [-200: =t cos(a) v/t sim ()’ (r = n)e ] dds

= gj.l L [4n2¢9X’2 +2nu', cos(a ) V'O, + 2nu, sin(a ) w0, — 2nu, (r —n)0.* + 2nu!, cos (e )v'0),
+u'lcos’ (ar)v'? +u'lcos(a)sin () v'w —u'(r—n)cos(a)v'0, +2nu sin (o) w6,
+u'’cos(a)sin(a)v'w' +u'lsin® (a)w'” —u’}(r—n)sin(a) w6, —2nu, (r—n) 0.

—u'?(r—n)cos(a)v'6, —u"}(r—n)sin(a)w'o, +u’’(r- n) Qf}dAdx

X

D.20

By omitting terms involving u;f are omitted under the assumption of infinitesimal pre-buckling

longitudinal strains, one obtains
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U = %J-l J.A {4n26?;2 + 4nu;, cos(a)v'ﬁ; + 4nu; sin(a) wo! —4””; (’” - ”)‘9;2 }dAdx

%J-l L 4 {(n2 - u;rn + u;nz ) 0 +ncos au;v'ﬁ; + nsin au;w'ﬁx' }dAdx
~ %L L 4 {nZH;Z _ u;rngx'2 +7ncos au;v'@; +nsin au;w'é?; }dAdx D21

N j j 420" dAdx +2G j u' j —rmB? +ncosav'@ + nsin aw'0'dAdx
2 Jid4 * 1 Pla * *

N %L H;dejl dsf,, 4n*dn = 4G%J-, 0 dx = %GJJ-, 0" dx

From Eq. 4.9(¢c), by substituting into the sixth term of Eq. D.1, one obtains

U :EIJ —é—yv'—%w#a—wﬁ’—v’sina+w’cosa+q0’
6 2 14 X X

on on on

+(u;—yv"—zw"+a)9;’)( 5 o +EHL

+(Cv’+Sw’—Wﬂ;)(a—cv+a—sw—a—wé’x] dAdx
on  On on

OO ANCLC j D22

From y(s,n)=y(s)+y(s,n), z(s,n)=2Z(s)+Z(s,n), and recalling that y =y —-nsina and

z=Zz+ncosa, and the identities C =cosa,S =sina, y =r+n,dy/ds =cosa, 0z/ds =sina,
by substituting into Eq. D.22, one obtains

U, =gIILI:(v’sina—w'cosa—qe; —v'sina+cosaw'+qt9;)
+ (u; e AT w@!)(v'sin a—-wcosa—qb.) D.23

+(v'cosa+w'sina —(r+n)6, ) (-6, )]2 dAdx

By grouping like terms, Eq. D.23 yields
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1 oo ’ ! ! ! . " [/ "N’
U, =5GJ.1L[qu sina —u,w'cosa —u,q0; — yv'v'sina + yv'w'cos a + ygv'6;
—zv'w"sina + zw'w" cos a + zqw"0' + wv'0” sin  — ww'6” cos D.24

—0q0.0"—V'0_cosa—w0 sina+(r+n)6.0. ]2 dAdx

Retaining only second order terms yields and considering that the longitudinal strain due to axial

2 J.l .[A 4 ( w )

In summary, the total internal strain energy is obtained by substituting Eq. D.5, D.6, D.11, D.16,

and Eq. D.21 into Eq. D.1 yielding

1 "2 "2 " 12 " .n 12 12 [p 12 N’ (Fali
U=EJ.1EIZV +ELW™ + ELOT +GJOT +2EL "W + P| v 4w +L.GIO +22,'0' =2y, w0, (i
D.26

By taking the variation of the internal strain as given in Eq. D.26, one obtains

" oUdt= [ [ [ ELV'SV"+ ELwW'SW" + ELOIS0! + GJ0,50, + ELv'SW" + EL w'v"

D.27
1
+ P(v’é‘v’ +wow' + f 0,00, +z.0.6V'+zV'60, —y 00w -y wob. ﬂ dxdt
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Appendix E Physical Significance of the Sectional Property /,

This appendix shows that the sectional property /7, = I [qz + (r + n)szA arising in Eq. 4.13 is the

A

polar moment of inertia about the shear centre. The polar moment of inertia 1; about the shear

centre is given by

* 2 2
I, :IZ+Iy+Ayr + Az:

(
L{[ )+ (s,n) +[ (s,n ] +yf+zr2}dA E.l
{[ —nsina S:I +[z )+ncosa( )]2+yr2+zf}dA

¥’ +n’sin’ a (zz+n2cosza)+yf+zf:|dA

I
 C— '—:
1
/—\

I(y +Z0 4y +z +n )dA
Y/
Now, consider the sectional property
I, :.[[q2+(r+n)2}dA E.2
From Eq. 4.3, by substituting into Eq. E.2, one obtains

I( y-y, cosa+(2—zr)sina]2+[—()7—yr)sina+(§—z,)cosa]2+2nr+n2)dnds
A
E.3

By expanding brackets and grouping like terms, one obtains

I[ V= yr __Zr)2+2ﬂ+n2}dnds E.4
A
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The area integral of the underlined term vanishes, i.e.,

J.[ y- yr (z -z, )2 +n2}dnds E.5

A

By expanding the brackets, one obtains

P

1 :J-()_/z —2y Y+ +7°-22Z7+z +n’ )dnds E.6
A

Again, the area integrals of the underlined term vanish, and one recovers the right-hand side of Eq.

E.1

L=[(3+y2+2 +2 +n Jdnds =1, E.7
A
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Appendix F Expressing Kinetic Energy in terms of Displacements

One recalls that the kinetic energy is given by

T=%T

1 o , , , F.1(a-d)
(1.1.5) =2 p], [ [ (@ug /o)’ (v, /o) (omw,for) lidax
From Eq. 4.5(a-c), by substituting into Egs. F.1(b-d) and expanding, one obtains

T = % P jo’ L( Y2 4+ 2y W + 29 + 06,7 JdAdx
T, :%pJ‘OIL[\}Z cos’ o +2veosasina —2(r+n)v0, cosa +W sin’

—2(r+n)w9.x sina +(r+ n)2 éxz]dAdx

! . . .
T, = %pj‘o L (\'}2 sin’ o — 2Wwsin a cosa —2¢vé, sin a + W’ cos” a +2qWwé. cosa +q°0. )dAdx

F.2(a-c)
By performing the area integrals in Eq. F.2(a), and using the orthogonality conditions

J.A vdA = L zdA = J.A wdA = J.A zwdA = L ywdA =0, one obtains

1 / .y .y =Y <l et
T = Epjo(lzvx2+ 1w +1.07+ 21 v'w )dx F.3

2 2 (! ot . . H . . .y Cp oy
j STdt = j [ p(LV6V + 1SV +1,0.80, + 1,V5W + 1,35V ) dde F.4

By performing integration by parts with respect to time, and noting that #, and 7, are arbitrary, one

obtains
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j STdt = [ jol p(LVSV + 1 WSW + 10,50, + 155w +1,W5v) dx] 2

2 (! .or ' .y ' ' ’ .of ’ Y '
- tJ-p(Ivé'v +1 Wow' +1 666 +I,v5w+l,w§v)dxdt F.5
4 J0 z y o x x yz vz

=- : I; p([zi/"&v' +1 wWow' + 1,060 + 1.V'ow' + lyzv'f/5v')dxdt

By performing integration by parts with respect to
153 n ol o . . . : . . ot . .
. oTdt = Ll IO p(] VOV +IWOW +1,0.00, +1 VoW +1 _Wov )dxdt , grouping like-terms,

one obtains

/
" 5Tidt = - U p(LVSv+106w+1,050,+1 VSw+1_iv/5v) dt}
tl tl ‘ F.6
4 [ (L Sv+ 13w+ 1,060, +1 55w+ 1" v

By taking the variation of Eq. F.2(b), with respect to the argument functions, one obtains

t t ! .
J‘ OT,dt = pj ’ IO L{\'ch\'zcosz a+woveosasina +véwcosasina —(r+n)d.6veosa
4 4
—(r+n)v30, cosa +wowsin® o —(r+n) 6, Swsina

—(r+n) W6, sina +(r+n)’ éﬁéx}dAdxdt

F.7
By performing integration by parts with respect to time and grouping like-terms, one obtains
2 2 l . . . -
J: OT,dt = pJ: IO L {(—v cos’ a —weosasina +(r+n)6, cos a)é'v
+(—i}'cosasina—v'i/sin2a+(r+n)9x sina)&w F.8

+((r+n)\'/'cosa+(r+n)v'{1$ina—(r+n)2 Hx)é'ﬁx}dAdxdt

By taking the first variation of Eq. F.2(d) with respect to the argument functions, one obtains
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2 2 ! . . . . . . . .. A . . . A .
J.: ol ,dt = pJ.: J.O L {v5v sin’ o —WoVsin a cos o — voWwsin a cos a — g5V sin a — qvol. sin a

+WoWwcos® a + gb.5wcos a + qwb, cos a + q*6.50). } dAdxdt
F.9
Performing integration by parts with respect to time yields
J:z ol dt = pJ:2 Lj L {(—\'} sin” ¢ + vsin o cos a + 6. sin a) ov
+ (\'/' sina cosa —1icos’ a — qéx cos a) ow+ (q\'/' sina —gwcosa — qzéx)é'@x} dAdxdt
F.10
From Eq. F.6 , F.8 and F.10, by substituting into Eq. F.1(a) and grouping like-terms one obtains
[ ], oTdvdt ==p" [ (1.56V + 1,506 + 1,850, +1 V6w +1,5v'6V s

J-'[ {[ ((r+n cosa+qsma)¢9]5v+[—w+((r+n)sina—qcosa)éjx]§w

+[((r+n)cosa+qsina)ii+((r+n)sina—qcosa)v'{/—((r+n)2+q2)éx}50x}dAdxdt
F.11
From the relations (y—y,)=gcosa—rsina, (Z-z,)=gsina+rcosa, by substituting into

Eq. F.11 one obtains

J-t I5dedt——pj.t J Iv'5v +1 wow' +1, 9549'+I VoW +1 w6V )dxdt
I I {[ z,)+ncosa)b, ]5v+[—v'{/+(—()7—yr)+nsina)éx]5w

+[((E—zr)+ncosa)i}+(—()7—yr)+nsina)v'{/—((r+n)2 +q2)éxJ5ﬁx}dAdxdt
F.12
From the relations, y =y —nsina, z=z +ncosa, by substituting into Eq. F.12, one obtains
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2 y ! . . " 1] of [ o f !
STdt = - j [ (LS + L WSW + 1,800, + 1w + 105V e

H ([=i+(z-2,)8, Jov+[—iv—(y=»,)0. ]ow F.13

+[(z—zr)\'/'—(y—yr)ﬁ/—((rwtn)z +q2>éxJ5ﬁx}dAdxdt

From Eq. F.13, by performing the area integrals and using the orthogonality conditions

J. ydA = J. zdA = 0 one obtains
A A

“ 6T = - j C [ (L6 + 1S + 1,060+ 15w +1 5V Yduds
1 F.14
j |(— A=z, 40, ) v+ (~dii+ y, 4, ) Sw+(~2, 47 + y, 4iv—1,6,) 50, | del

in which, 7, :J‘[qz +(r+n)2JdA is the polar moment of inertia about the shear centre. By
performing integration by parts of the first term with respect to the argument functions and

grouping like-terms, one obtains

[*[ o7dvdr = p[* [ (15" +1,.i5" = 45~ 2,6,) v +(1,i" + 15" - i+ 3,0, ) 5w
' ' F.15
(1,80 z,5+ y,iv-1,8,) 50, | dxdr
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Appendix G Recovering Line Load Expressions from Body Forces

This appendix expressing the line loads terms due to body forces which are provided in the Eq.

5.9. From Eq. 5.7, by substituting into Eq. 5.6, one obtains

v =" [ [ [ 2 (o), ()= P (s.m.x)y (s.m) (1)
=B, (s,1,%)(s,m) W (x,1)+ P, (s, %) @(5,) 8, (x.1) | dsdindix
~['[ | B (s.n.x.t)[ cosa(s)v(x.t) +sina(s)w(x.0)=(r(s) +n)8, (x.r) Jdsdndx
—LLLB [—sina<s>v<x,f>+cosa<s>w<x,r>+q<s>ex<x,f>]dsdndx}dt

F.16

By taking integration by parts with respect to x from underlined terms in Eq. F.16, one obtains

o[ 0| [ [ [[ 2 (s, ()= 2 (2 ) )l
=2 (P ()2 (sun)) ) (P (somx)o(5.1))0, () s

ox X

_,[I.L.LP S n,x, t)[Cosa(s)v(x t)+sina(s)w(x,t)—(r(s)+n)9x (x,t)]dsdndx F.17

_J' LLP S, X, [—sma Jt)+cosa(s)w (x,t)—i—q(s)&x(x,t)]dsdndx

LR Gn)y s,n>v<x,r>—a<s,n,x>z(s,n>w<x,t>

+P (s n x)co(s,n)@x (x,t)]dsdn]g}dt
From Eq. F.17, by regrouping like terms one obtains (Eq. 5.8)
:2 ovdt :—I j qxup +q §v(x t)+q §w(x t)+m§l9 (x t)]dxdt F.18

in which line loads are defined as
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q. x,t =IJP s,n,x)dsdn
q} X, t .[ J[—— S, 1, X y(s,n))+Py(s,n,x,t)cosa(s)—Pz(s,n,x,t)sina(s)}dsdn

(x,7) j J[—— (s,m,x)z(s ,n))+Py(s,n,x,t)sina(s)+PZ(s,n,x,t)cosa(s)}a’sdn
xt .[ J[—% S, 1, X a)(s,n))—Py(s,n,x,t)(r(s)+n)+P (S n,x, t) ( )}a’sdn

The above equation forms the basis of Eq. 5.9.
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Appendix H Derivation of Nodal Force Vector

To reach the formulation for nodal force vector due to walking provided in Eq. 5.19 the below

steps are taken. From Eq. 5.12, by substituting into Eq. 5.8 one obtains

“ovdr=-[" 5], (va(0), 4, (50 H (x)+(w, (1)), 4. (1) H, ()

#(0, (1)1, m(x.1) oM (v) |avas

From Eq. H.1, by separating terms and regrouping them one obtains

“ovr=—["(ov, (), [, [a, (o) B, () Jax+(ow, (1)), [ [ () H, () Jax
+(50, ()", [ [m(x.0)H, (x) Jddr

From Eq. H.2, by expanding in a vector format one obtains

T

, ([, (e (]
5th:—Jt]25<Vn(t) w, (1) 0,())],1[a. (x.0)H, (x)]}dxdi
I:m(x,t)Hv(x)]

5]

h

From Eq. H.3, the nodal force vector is the same as Eq. 5.19

B (0= (g, (e MT () [ g, (o) HE (3) | (e ) ()
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Appendix I Comparison of Forcing Function due to Walking against Nodal

Forces

This appendix aims to verify the accuracy of the implemented loading function representing a
human walking at a constant speed over a beam (Figure 1.2). As shown in Figure 1.1, the applied
forcing function is constructed by superimposing the equivalent nodal forces corresponding to

each time step and spatial location along the beam, reflecting the dynamic effect of the moving
pedestrian load. The plots for F| - F{ represent the equivalent nodal force time histories at nodes

1 to 9, while the solid black curve is summation of equivalent nodal forces for all elements and is

expected to represent the temporal and spatial distribution of the force.

As an illustrative example, consider the green dashed curve F, which corresponds to the nodal

force at node 2. Since node 2 is shared between element 1 and element 2, it receives force

contributions during the period when the walking load is located on either of these elements.
Consequently, the equivalent nodal force £, is active from approximately 0 to 0.84 seconds

(considering the human’s velocity, it takes 0.42 seconds to pass one element), after which the

walking load progresses beyond element 2, and node 2 no longer contributes to the applied force.

1400

1200 |4 F E,
4
5 F, -F,
QEE, 600 B, i
(=}
- £, Foa

200

o Ly WS NS NS N ML)

0 0.5 1 1.5 2 2.5 3 35 4 4.5 5
Time (s)

* F. is the nodal force at node i induced by human when he is at element € and e +1
*Black curve is total forcing function induced by human walking calculated by summation of each member force

* 1, is the time for passing element €

194



Chapter 7: Appendices

Figure 1.1 Magnitude of equivalent nodal vertical forces vs time

To validate the total forcing function derived from the finite element formulation, a comparison is
performed between the computed forcing function (obtained through the summation of equivalent
nodal forces) and the reference formulation recommended by design standards for human-induced
dynamic loading (e.g., Murray et al. [9]). Figure 1.2 presents this comparison, illustrating excellent
agreement between the finite element-based result and the loading function prescribed by Murray

et al. [9], thereby confirming the accuracy of the proposed numerical implementation.
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1000 J J
800
600

400

Force magnitude (N)

200

0

0.0 0.5 1.0 155 2.0 2.5 3.0 35 4.0 4.5 5.0
Time (s)

—FEA o Murray et. al (2016)

Figure 1.2 Verification of modelling forcing function in FE solution with proposed equation in Murray et al.
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Appendix J Additional Verification for Transient Analysis

To validate the results of the present time-history response analysis, two benchmark examples from

the study by Sahraei et al. [43] were reproduced. The selected example consists of a cantilever

beam with a 6 m span and a W250x58 cross-section, subjected to a horizontal force F (t) applied

at the tip. The damping ratio { was taken as 0.03. Two loading scenarios were considered:

Sinusoidal Force: A harmonic force with an amplitude of 1000 N and an exciting frequency equal
to half the fundamental natural frequency associated with the weak-axis flexural mode. The

loading was applied for 5 cycles. The corresponding forcing function is given by

F(¢)=1000sin(12.47¢) N . The fundamental natural frequency of the member @ is 24.95 rad/s.
The time step used in the analysis was taken A¢#=7;/20, where T, is the fundamental period of
vibration.

Impulse Load: A triangular pulse that ramps up linearly from 0 to 10 kN over 7 / 4 seconds, then
descends back to 0 over the next 7 /4seconds.

Figure J.1(a,b) present the forcing function and the corresponding horizontal displacement
response for the sinusoidal load case, while Figure J.1(c,d) illustrate the same for the triangular

load case. As observed, an excellent agreement was achieved between the results of the current

study and those reported in [43], thus validating the numerical model.
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Figure J.1 Horizontal force inputs and displacement responses for sinusoidal and impulse loading scenarios

Sahraei et al. [43].
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Appendix K Effect of Damping

A 6 m span cantilever beam has a W250x58 cross-section. The member is subjected to a sinusoidal

horizontal excitation force F (t) =1.0 sin(12.47t)kN applied at web mid-height at the cantilever
tip (Figure K.1a). A compressive axial load P=0.9P ~230kN is applied at the shear centre of
the free end in which P, =7’EI_ / 4’ =258.1kN is the minor axis critical load. Three damping
ratios are considered: £ = 0.03, 0.05, and 0.08. Three definitions of the damping matrix are
explored: (a) mass proportional damping, i.e., [C] =c, [Ms], (b) Raleigh damping, i.e.,
[C] =c, [Ms]-i-cl [Ks]and (c) Rayleigh damping including the destabilizing effect of the axial
force P [C]=c,[M,]+¢, ([Ks]+ P[K g]) The first two natural frequencies of the member are

@ =8.55 rad[s,and @, =48.54 rad/s. By substituting into Eq. 5.18, one obtains the

proportionality constants ¢,,¢, characterizing the damping matrix (Table K.1). Figure K.1(a-d)

shows that the amplitudes of the horizontal displacement, reduce as the damping ratio increases.
All three damping definitions are found to yield nearly identical responses. This is attributed to the
fact that, in the present example, the damping matrix is heavily dependent on the mass matrix
contribution and nearly independent of the stiffness contribution. Figure K.1d depicts only minor
differences between the responses corresponding to the three damping definitions examined for a
0.08 damping ratio. In subsequent analysis, the Raleigh damping representation, and a damping

ratio of 0.03 will be adopted in the remaining part of the study, unless noted otherwise.

Table K.1 Rayleigh damping coefficients for various damping ratios

¢ ¢, (1/5) ¢ (s)
0.03 0.436 0.00106
0.05 0.727 0.00175
0.08 1.16 0.00280
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Figure K.1 (a) Harmonic force and corresponding horizontal displacement histories for damping ratios of (b)
0.03, (c) 0.05, and (d) 0.08.

199



Chapter 7: Appendices

Appendix L Contribution of Individual Harmonics to Acceleration

Figure L.1 shows the mid-span vertical displacement response of the referenced doubly symmetric
member in Section 5.9.1. Figure L.1b depicts the vertical displacement response for a sudden
application of human body weight plus the first 0, 1, 2, 3, and 4 harmonics characterizing the
human induced forcing function characterizing acceleration response. From a displacement

perspective, the human bodyweight Q plus the first harmonic contribution are observed to have

the largest contribution to the displacement response. The inclusion of higher harmonics is
observed not to alter the displacement response appreciably. Thus, for displacement-based
serviceability assessments, considering only the first harmonic in combination with static body

weight leads to sufficiently accurate assessment.

In contrast, the acceleration response Figure L.1(c—g) is significantly more sensitive to the
inclusion of higher harmonics. While the human body weight accounts for the dominant part of
the acceleration response, the addition of first to fourth harmonics increases the peak accelerations
and alters the overall waveform, particularly after 1.5 seconds. This cumulative effect becomes
clear when comparing the responses in Figure L.Ic (no harmonics) with Figure L.1g (all
harmonics), highlighting the necessity of including all harmonics when evaluating vibration
comfort based on acceleration criteria. Also notable is that the influence of higher-order harmonics
becomes more prominent in the later stage of the time history (after approximately 1.5 seconds).
The effect of higher harmonics becomes more relevant in sustained dynamic events such as

rhythmic activities.
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Appendix M Response of Member with Angle Cross-Section to Forces induced

by Walking on a Treadmill

A 4m span member has an L203x152x13 angle cross-section considered as a reference case. Two
types of boundary conditions are investigated at member ends: gusset plate-ended connections and

pinned-ended connections. In both cases, the member is subjected to a compressive axial load of
169 kN which corresponds to P/ P¢ =0.21 for the gusset end-plate connection, P¢ =800kN being
the critical load of the gusset ended member as determined in [46]. For the pinned-ended
connection, the same compressive load corresponds to P/ Pl'=031, P’ =550kNbeing the

critical load for the pin-ended member. The corresponding fundamental natural frequencies are

17.7 Hz and13.20 Hz, respectively. The Damping ratio ¢ 1is taken as 0.03. A human on a treadmill

is located at midspan inducing the forcing function characterized under Section 5.7.

Figure M.1b depicts the midspan vertical, horizontal, and resultant displacements at the shear
centre. Given that the applied vertical load is oriented along a non-principal direction, the angle
exhibits horizontal and vertical displacements, albeit the horizontal components of the
displacements are significantly smaller than the vertical ones. The pin-ended member exhibits a
more flexible behavior compared to the gusset-ended member as reflected by the higher
displacements observed in the former case. Yet, in both cases, the overall displacement levels are
controlled and well below typical deflection serviceability limits. After the dynamic force ceases
to act (i.e., after four seconds), the displacement response gradually diminishes due to damping.
Figure M.1(c,d) depicts the vertical and horizontal acceleration response. While the gusset-ended

member exhibits lower accelerations than pinned-ended members, it still exceeds the acceleration
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thresholds for shopping malls and residential spaces, particularly throughout the initial part of the

excitation.
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Effect of axial load

The effect of axial force level on response of above reference case is investigated for members

with gusset end-connections and pinned end-connections. Three levels of axial loads are
investigated; P =200, 0, —200kN , which correspond to P/ Pf =0.25 (i.e., compressive), 0, and
—0.25 (tensile), in which we recall that P’ =800kN denotes the elastic buckling load for the

gusset-ended member. The corresponding natural frequencies are 13.5, 19.2, and 23.5 Hz,

respectively. For the pin-ended member, one has P! =550kN and the axial load ratios are

P/ Bf =0.36, 0, —0.36 which correspond to fundamental natural frequencies of 8.28, 15.9, and

20.9 Hz, respectively. As discussed in previous examples, the presence of a compressive axial
load results in a significant amplification of the acceleration responses while the presence of a

tensile force of the same magnitude corresponds in a reduction of the acceleration magnitude.
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Appendix N Effect of span on angle member response

Figure N.1 presents the vertical acceleration response under the vertical component of the force
induced by human walking acting at the shear centre. In addition to the reference span L = 3m,
two additional spans are considered: 4 and 5 m. The corresponding maximum slenderness ratios
are 138, 184, and 230, respectively. The fundamental natural frequencies for the pin-ended
members are 19.0, 10.71, and 6.87 Hz, respectively, and those of the gusset-ended members are
23.5,13.4, and 8.60 Hz. Figure N.1(a—d) show that as the span increases, the vertical acceleration
levels for pin-ended members increase in a manner consistent with the reduction in their
fundamental natural frequencies. Figure N.1(e—h) shows a similar trend for gusset-ended members.

Again, the acceleration levels for gusset-ended members are lower than pin-ended members.
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