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Abstract 

 

Future wireless networks will have applications that require many devices to be 

connected to the network. Non-orthogonal multiple access (NOMA) is a promising multiple 

access scheme that allows more users to simultaneously transmit in a common channel than 

orthogonal signaling techniques. This overloading allows for high spectral efficiencies which 

can support the high demand for wireless access. One notable NOMA scheme is low-density 

spreading (LDS), which is a code domain multiple access scheme. Low density spreading 

operates like code division multiple access (CDMA) in the sense that users use a spreading 

sequence to spread their data, but the spreading sequences have a low number of nonzero chips, 

hence the term low-density. The message passing algorithm (MPA) is typically used for multi-

user detection (MUD) of LDS systems. The MPA detector has complexity that is exponential 

to the number of users contributing to each chip. LDS systems suffer from two inherent 

problems: high computational complexity, and vulnerability to multipath channels. In this 

thesis, these two problems are addressed. A lower complexity MUD technique is presented, 

which offers complexity that is proportional to the number of users squared. The proposed 

detector is based on minimum mean square error (MMSE) and parallel interference 

cancellation (PIC) detectors. Simulation results show the proposed MUD technique achieves 

reductions in multiplications and additions by 81.84% and 67.87% with a loss of about 0.25 

dB with overloading at 150%. In addition, a precoding scheme designed to mitigate the effects 

of the multipath channel is also presented. This precoding scheme applies an inverse channel 

response to the input signal before transmission. This allows for the received signal to eliminate 

the multipath effects that destroy the low-density structure.
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Chapter 1  

Introduction 

 

1.1 Motivation and Background 

The evolution from Fourth Generation (4G) to Fifth Generation (5G) cellular mobile 

communication systems is not incremental. The goal for 5G systems is to increase the aggregate 

data rate in a network 1000 times and increase cell edge rates 100 times compared to current 

4G systems [1]. In addition, roundtrip latencies should be reduced by a factor of 15 to meet the 

demands of low latency applications such as two-way gaming, and cloud-based technologies 

[1]. To meet these high demands for increased data rates, 5G developers will have to find new 

technologies and methodologies for mobile networks. Some of these new technologies include 

device-centric architectures, millimeter waves (mmWave), massive multiple input multiple 

output (MIMO), smarter devices, and native support for machine-to-machine (M2M) 

communication [2].  

Typical cellular systems have relied upon cell-centric models, where devices would 

enter and leave cells depending on their location. Devices would establish a connection to 

centralized base stations and would send data via uplink and receive data via downlink. The 

introduction of more devices, and increased spectrum with 5G will make it difficult to continue 

this cell-centric structure. Device-centric architectures will look to tackle these issues [3]. 

There is an enormous amount of unused spectrum in the mm wave bands (30-300 GHz) that 

can potentially be used for 5G [4]. MmWaves have not been considered for previous cellular 

networks due to their high propagation losses in outdoor conditions. But, new signal processing 

techniques and technologies are changing that notion [5]. Massive MIMO will use large 

amounts of antennas at base stations to allow for more advanced beamforming, spatial 

multiplexing, and spatial modulations [6].  

The number of connected devices to a network could be in the tens or hundreds of 

billions due to applications such as Internet of Things (IoT), smart cities and devices, vehicle 
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to everything (V2X) and M2M communications that will need to be supported in 5G [1], [7]. 

The massive increase in devices on a network will require improvements to previous multiple 

access methods. 

Determining how to allocate resources to users and how to allow users to access these 

resources is the core of cellular network design. Users access shared resources depending on 

the multiple access method implemented. In first-generation (1G) cellular networks, frequency 

domain multiple access (FDMA) was used. In this method, non-overlapping frequency 

channels were assigned to each user to separate them. Analog frequency modulation was used 

to transmit users’ voice conversations on their respective channel. Second generation (2G) 

networks mainly used time domain multiple access (TDMA) to separate users. TDMA assigned 

time slots for different users, and each user could only transmit during its own time slot. This 

enhancement allowed for digital signaling and the introduction of mobile internet applications.  

Advances in internet applications created the need for even higher data rates, and that 

is when third generation (3G) networks were introduced. 3G networks used code division 

multiple access (CDMA), which assigned users unique codes to spread their information. These 

unique codes have rates much higher than the signal bandwidth. These codes have good cross-

correlation and autocorrelation properties which allowed users signals to be separable in the 

code domain. The development of 4G allowed for applications with high bandwidth 

requirements such as streaming and gaming applications. 4G systems make use of an advanced 

form of FDMA, orthogonal frequency domain multiple access (OFDMA). OFDMA allowed 

users to transmit their data on overlapping orthogonal subcarriers, in the frequency domain.  

The multiple access methods described do not utilize any overloading, and in some 

cases, take advantage of orthogonality in the resources in which they use. The multiple access 

schemes that do take advantage of orthogonality between resources are referred to as 

orthogonal multiple access (OMA). OMA methods are attractive as they, when implemented 

correctly, can perfectly separate users without any multiple access interference (MAI). The 

downside to OMA schemes is that the maximum capacity is limited to the number of 

orthogonal resources. When the number of users exceeds this limit, MAI is inevitable. 

To meet the data rate and capacity requirements for 5G systems, techniques beyond 

OMA will need to be explored. Non-orthogonal multiple access (NOMA) is a promising 

alternative that will be able to meet these demands [8]. NOMA allows for more users than 

orthogonal resources, and thus, each user’s data will overlap over these resources, and they can 

no longer be orthogonal to one another. NOMA schemes are uniquely designed to limit the 
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MAI in a multiple access system. NOMA offers key features over OMA such as high spectral 

efficiency, ultra-high connectivity, and low transmission latency [9]. 

NOMA schemes can be broken down into 3 categories: power-domain NOMA, NOMA 

multiplexing in multiple domains and code-domain NOMA [9]. Power-domain NOMA is 

novel compared to other multiple access schemes due to how it separates users in the power 

domain instead of separation done typically in the time, frequency or space domains. Power-

domain NOMA assigns users different power levels, based on each user’s channel conditions, 

and will separate them through successive interference cancelation (SIC) [10]. SIC will 

estimate the transmitted information of the strongest user first, and then subtract that user’s 

contribution to the total received signal. With the strongest user’s signal eliminated, the second 

strongest user will be estimated next and so forth until each user’s symbols have been 

estimated. NOMA multiplexing in multiple domains brings subcategories such as pattern 

division multiple access (PDMA) and lattice partition multiple access (LPMA). Pattern 

division multiple access uses nonorthogonal patterns in the code, power and space domains to 

use SIC [11]. The various domains used allow for the receiver to use a mix of different detection 

schemes. LPMA uses the power domain and code domain to multiplex users [12]. The 

difference between PDMA and LPMA is that LPMA assigns users multilevel lattice codes and 

power levels based on their channel state information. 

Code-domain NOMA is similar to CDMA, in the sense that users share the same time-

frequency resources but are assigned different codes to separate them [13]. Low-density 

spreading CDMA (LDS-CDMA) uses time domain resources for spreading, while low density 

spreading orthogonal frequency domain multiplexing (LDS-OFDM) spreads the symbols from 

each user on orthogonal subcarriers. 

LDS was first introduced in [14] in a downlink scenario, but the primary advantages of 

LDS lie capability in uplink scenarios. Conventional CDMA systems have spreading sequences 

which consist of chips that are all nonzero. At the receiver, each sampled chip will then have a 

contribution from every user that is transmitting. LDS-CDMA differs in the sense that majority 

of the spreading chips are zero, with a few being nonzero [15]. Hence why it is termed low 

density. At the receiver of an LDS-CDMA scheme, each sampled chip will now only have 

contribution from a few users, instead of every user.  

LDS-CDMA or LDS-OFDM is extended further to another code-domain NOMA 

scheme called sparse code multiple access (SCMA). SCMA still uses low density spreading 

sequences to spread each user’s information, like LDS-CDMA, but combines modulation and 
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spreading into one functional unit, as shown in Figure 1.1 [16]. The combined symbol mapping 

and spreading block will take 𝑚 bits and assign them to a spreading signature from a given 

codebook. Each user is given a unique codebook which contains 2𝑚 codewords, one for each 

possible sequence of 𝑚 message bits. Figure 1.1 shows an example of an SCMA system that 

has 6 users and 4 chips. 2 bits are mapped to a low density codeword which in this case, has 2 

nonzero chips. 

 

Figure 1.1: SCMA transmission [13] 

The codebooks are designed such that each position of non-zero chips in a signature is 

fixed for every codeword in a codebook. This allows the receiver in a multiuser system to 

always know which users are contributing to each chip, like the LDS-CDMA structure. One of 

the advantages of SCMA in comparison to LDS-CDMA is that the codebooks can be designed 

to achieve a coding/shaping gain that the LDS-structure cannot achieve. The maximum 

achievable shaping gain with an optimized codebook is 1.53 dB [16]. Design of optimal 

codebooks is still an open problem, and some suboptimal design methods have been studied in 

[16], [17], [18]. A main focus of some suboptimal methods involve the design of a mother 

constellation, and performing operations on the mother constellation, such as phase rotation, 

complex conjugate, or vector permutations to derive the constellations used for the different 

codebooks [17], [18]. Other methods include designing codebooks based on permutation and 

have different nonzero positions for each codeword in a given codebook [19]. 
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1.2 Thesis Objectives 

LDS systems are being considered for 5G networks because of their high spectral 

efficiency. The overloading capability of LDS systems allow them to use less resources than 

current multiple access schemes. With the massive increase in connected devices on the 

network expected with 5G, this efficient spectrum usage is crucial. In addition, they offer near 

optimal MUD with reduced complexity, compared to the MAP detector. These benefits make 

LDS systems very attractive for 5G and other future networks. With these great benefits to 

LDS systems, there are still limiting factors to LDS-CDMA implementation. The two biggest 

limitations LDS systems face are: 

• The high complexity involved with the detection of LDS systems using the message 

passing algorithm (MPA) 

• Multipath fading channels 

In this thesis, both of these problems with LDS systems will be addressed. The 

objectives of this thesis are: 

• To find an alternative to the current MPA detection scheme that offers a reduction in 

computational complexity while keeping near bit error rate (BER) performance. 

• To develop a scheme to allow for LDS systems to operate in multipath channels with 

acceptable BER performance.      

 

1.3 Contribution of Thesis 

The following are the main contributions of this thesis: 

• An alternative MUD for LDS systems that doesn’t involve MPA is proposed. This 

MUD is based on the joint linear minimum mean square error (MMSE) and parallel 

interference cancellation (PIC) detectors. The received signal is despread, and then 

separated into real and imaginary parts. From here, the PIC-MMSE detector operates 

on each user’s decision variables after despreading. This detector has much lower 

complexity compared to the exponential complexity of MPA. 

• An approximate BER is derived for the proposed PIC-MMSE detector. 
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• Simulations and complexity analysis are presented for the proposed PIC-MMSE and 

MPA detectors. 

• A precoding scheme to combat LDS-CDMA signals in multipath environments based 

on frequency domain equalization (FDE) is introduced. Each user’s signal is precoded 

such that the effects of the multipath channel are suppressed.  

• Simulation results for the precoding scheme are presented to test its BER performance 

using the PIC-MMSE and MPA detectors. Errors in channel state information are also 

included in the simulation results. 

In addition, the work in this thesis has led to a publication to the Canadian Conference 

on Electrical and Computer Engineering (CCECE) 2019. 

1.4 Thesis Organization 

The remainder of this thesis is organized as follows: 

Chapter 2 gives an overview of LDS systems. This overview includes the motivation 

behind the low-density structure, and the various factors that play into the performance of LDS 

systems. The design of spreading and the derivation of the MPA algorithm is also given. The 

BER performance is given through simulations for various system models and channel types.  

Chapter 3 introduces the proposed PIC-MSE detector. In addition, other conventional 

detectors such as the MMSE, zero forcing (ZF) and PIC detectors are applied to LDS systems. 

An approximate expression for the BER is derived and verified through simulation results. 

Other simulation results for the BER performance in the AWGN and frequency-nonselective 

fading channels of the conventional detectors are given for various numbers of users and 

spreading factors. 

Chapter 4 introduces a proposed precoding scheme designed for multipath channels. 

The precoding scheme introduced removes the effects of the multipath channel by applying an 

inverse channel frequency response to the transmitted signal. The BER performance of the 

precoding scheme is tested for the MPA and proposed PIC-MMSE detector through simulation 

results. 

Chapter 5 gives conclusions and future work.   



7 

 

Chapter 2  

Message Passing Algorithm for the 

Detection of Low Density Spread Signals 

 

2.1 Introduction  

Low density signatures offer advantages compared to their dense counterparts. LDS 

systems are a NOMA scheme which allows for overloading of orthogonal resources. The 

overloaded LDS systems are attractive for 5G due to the high spectral efficiency they offer, 

with relatively low complexity detection using MPA. The MPA algorithm, although less 

complex than maximum likelihood detection, still has complexity that is exponential. 

The optimal MUD scheme is to find the joint maximum a posteriori probability (MAP) 

density function of all the transmitted symbols. The MAP detector must search every possible 

combination of symbols for each user. This search algorithm has complexity 𝑂(𝑀𝐾), where 𝑀 

is the constellation size and 𝐾 is the total number of users. The complexity of the optimal MUD 

scheme is unfeasible and is too high for practical systems. Therefore, a suboptimal MUD 

scheme known as the message passing algorithm (MPA) is typically used [15].  

This chapter provides a detailed description of LDS systems. This includes the system 

model for both the additive white Gaussian noise (AWGN) and frequency-nonselective fading 

channels, spreading code design, MPA detection and simulation results. 

 

2.2 System Model 

In this section, the general system model will be given for both the AWGN and 

frequency-nonselective fading channels. 
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2.2.1 AWGN Channel 

Consider a fully synchronous CDMA system with 𝐾 users and the spreading sequences 

are complex with a length of 𝑁 chips. The discrete time system model for an LDS system is 

modelled as shown in (2.1), where 𝐫 = [𝑟1, 𝑟2, … 𝑟𝑁]
𝑇 ∈ ℂ𝑁 is the received signal, 𝐬𝑘 =

[s1,𝑘, s2,𝑘…s𝑁,𝑘]
𝑇
∈ ℂ𝑁 is user 𝑘’s spreading code, x𝑘 ∈ 𝒳𝑘 is the symbol user 𝑘 is 

transmitting and 𝐧 = [𝑛1, 𝑛2…𝑛𝑁]
𝑇 ∈ ℂ𝑁 is the complex additive white Gaussian noise with 

covariance matrix 𝜎2𝐈, where 𝐈N is the identity matrix with size 𝑁 by 𝑁. The amplitude for 

user 𝑘 is 𝐴𝑘.  

𝐫 = ∑𝐬𝑘𝐴𝑘𝑥𝑘

𝐾

𝑘=1

+ 𝐧 (2.1) 

Each user’s symbols are taken from the same constellation, such that 𝒳𝑘 = 𝒳, 𝑘 =

1,2, …𝐾 and the constellation size is given as 𝑀 = |𝒳|. This thesis will deal with overloaded 

systems, in other words, systems with a load factor 𝜂 =
𝐾

𝑁
> 1. The signal model can be written 

in a compact vector/matrix notation as: 

𝐫 = 𝐒𝐀𝐱 + 𝐧 (2.2) 

 

where 𝐒 = [𝐬1, 𝐬2, … 𝐬𝐾]
𝑇 ∈ ℂ𝑁×𝐾 is the sparse spreading matrix, 𝐱 = [𝑥1, 𝑥2, … 𝑥𝐾]

𝑇 ∈ 𝓧𝐾 is 

the vector of each user’s symbols, and 𝐀 is a diagonal matrix with each user’s amplitude and 

is given as: 

𝐀 = [

𝐴1 0 ⋯ 0
0 𝐴2 0 ⋮
⋮ 0 ⋱ 0
0 ⋯ 0 𝐴𝐾

] 

(2.3) 

The block diagram for the transmitter model for an LDS system is shown in Figure 2.1. 
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Figure 2.1: Transmitter diagram for an LDS-CDMA system in the AWGN channel 

 

2.2.2 Frequency-Nonselective Fading Channel 

The system model in (2.1) and (2.2) is altered by including the channel gains. The 

transmitter model is given in Figure 2.2. These channel gains are complex Gaussian random 

variables with zero mean and unit variance. The magnitude of the channel gains are Rayleigh 

distributed, and their phase is uniformly distributed on [0,2𝜋]. The system model in the 

frequency-nonselective fading channel is: 

𝐫 = ∑𝐬𝑘ℎ𝑘𝐴𝑘𝑥𝑘

𝐾

𝑘=1

+ 𝐧 (2.4) 

where ℎ𝑘 is the channel gain for user 𝑘. The received signal can be written in a compact 

vector/matrix notation as: 

𝐫 = 𝐒𝐇𝐀𝐱 + 𝐧 (2.5) 
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where 𝐇 is a diagonal matrix containing the channel gains from each user, and is given 

as: 

𝐇 = [

ℎ1 0 ⋯ 0
0 ℎ2 0 ⋮
⋮ 0 ⋱ 0
0 ⋯ 0 ℎ𝐾

] (2.6) 

 

 

Figure 2.2: Transmitter diagram for an LDS-CDMA system in the frequency-nonselective 

fading channel 

 

 

2.3 Spreading Sequence Design 

The spreading sequences set used for an LDS system is crucial to its BER performance. 

There are important factors that go into designing spreading sequence set. These are: 

1. The location and number of nonzero chips in each spreading code 

2. Unique decodability 

3. Minimum distance between possible received signals 
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To indicate the location and positions of nonzero chips, an indicator matrix is used. 

This indicator matrix shows the location of nonzero chips for different users. For example, 

(2.7) shows an indicator matrix 𝐆4×6, for a 6 user, 4 chip overloaded LDS system. The columns 

represent each user’s spreading code, and the rows show which users are contributing to that 

chip. For example, with the indicator matrix in (2.7), chip 2 (row 2) has contributions from 

users 2, 3 and 6 (columns 2, 3 and 6). The set of users that contribute to chip 𝑛 is given by 𝜉𝑛 

and the set of nonzero chips in user 𝑘’s spreading code is given by 𝜁𝑘. When examining the 

indicator matrix, 𝜉𝑛 is the number of 1s in row 𝑛, and 𝜁𝑘 is the number of 1s in column 1. In 

this example, 𝜉1 = {1,3,5} and 𝜁3 = {1,3}. 

𝐆4×6 = [

1 0 1 0 1 0
1 0 0 1 0 1
0 1 1 0 0 1
0 1 0 1 1 0

] (2.7) 

Indicator matrices can also be grouped depending on the number of nonzero values in 

each row and column. A regular indicator matrix has the same number of 1’s in each row (each 

chip has the same number of users contributing to it) and each column has the same number of 

1’s (each spreading code contains the same number of nonzero chips). Otherwise, the indicator 

matrix is irregular. For regular indicator matrices, let 𝑑𝑣 represent the number of nonzero chips 

per spreading code and 𝑑𝑓 represent the number of users contributing to each chip. Using the 

example indicator matrix in (2.7), 𝑑𝑣 = 2 and 𝑑𝑓 = 3. In addition, a regular indicator matrix 

must also satisfy that the ratio between the number of nonzero chips per code, and number of 

interfering users per chip must be equal to the overloading factor: 

𝜂 =
𝐾

𝑁
=
𝑑𝑓

𝑑𝑣
 (2.8) 

Desirable properties of an indicator matrix are very similar to the requirements of low-

density parity check codes (LDPC) [15]. LDPC codes were first introduced by Gallager in [20], 

and are widely used today. The design of LDPC matrices has been extensively researched since 

its conception [21]. In most cases, these LDPC matrices can be used as indicator matrices for 

LDS systems.  
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Choosing the positions of the nonzero chips in LDS systems highly depends on the 

decoding algorithm being used. A desirable property of an LDPC matrix is the girth of the 

matrix. The girth measures the minimum number of cycles in the Tanner graph representation 

of the LDPC matrix. The larger the girth, the better the performance. The MPA detector which 

is typically used in LDS systems, is based on the sum product algorithm which is also used in 

the decoding of LDPC codes. The similar decoding/detection scheme between LDS systems 

and LDPC codes means the girth is also a desirable quality for indicator matrices in LDS 

systems [22]. We will further discuss the impact that the girth plays in the detection of LDS 

systems later in this chapter. When other detectors besides the typical MPA detector are used, 

better performance can be obtained by using different designs. 

The sequences chosen must be uniquely decodable. Uniquely decodable codes ensure 

that in a noiseless transmission, no two combinations of input symbols yield the same received 

signal [23]. That is ∀𝐱1, 𝐱2 ∈ 𝒳 and (𝐱1 ≠ 𝐱2), then (𝐒𝐱1 ≠ 𝐒𝐱2). No matter the decoding 

scheme used, uniquely decodable codes are necessary to separate users’ symbols. It is proven 

in that [24] that uniquely decodable systems exist for highly overloaded systems.  

However, uniquely decodable codes does not ensure desirable performance. A set of 

codes may be uniquely decodable, but the distance between two possible received signals may 

be small. In a noisy channel, it will be harder to distinguish between possible sets of symbols 

if the distance between their received noiseless signal is small. The values of the nonzero chips 

in the codes helps maximize the distance between two possible codes. While the value of the 

nonzero chips should be chosen to maximize the distance between possible received signals, 

these values may also affect the unique decodability. A tradeoff for chip values was presented 

in [23], where the nonzero values in each row are chosen to be:  

𝑎𝑖 = exp (𝑗
2𝜋

𝑃
𝑖) , 𝑖 = 0,1, …𝑑𝑓 − 1 (2.9) 

with 𝑃 chosen such that: 

𝑃 = 𝑀𝑑𝑓 (2.10) 

The spreading matrix for the example indicator in (2.7) that uses these values for the 

nonzero chips matrix would become: 
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𝐒4×6 = [

𝑎0 0 𝑎1 0 𝑎2 0
𝑎0 0 0 𝑎1 0 𝑎2
0 𝑎0 𝑎1 0 0 𝑎2
0 𝑎0 0 𝑎1 𝑎2 0

] 

=

[
 
 
 
 
 1 0 𝑒

𝑗𝜋
3 0 𝑒

𝑗2𝜋
3 0

1 0 0 𝑒
𝑗𝜋
3 0 𝑒

𝑗2𝜋
3

0 1 𝑒
𝑗𝜋
3 0 0 𝑒

𝑗2𝜋
3

0 1 0 𝑒
𝑗𝜋
3 𝑒

𝑗2𝜋
3 0 ]

 
 
 
 
 

 

(2.11) 

 

2.4 MUD Detection of LDS Systems using Message 

Passing Algorithm 

2.4.1 AWGN Channel 

The block diagram for the receiver model is shown in Figure 2.3. The received signal 

that is received at the base station is decoded using the iterative message passing algorithm. 

This suboptimal MPA MUD scheme is very similar to the sum product algorithm described in 

[25]. MPA detection is derived from the optimal MAP detector.  

 

Figure 2.3: MPA detection diagram for an LDS-CDMA system 
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MAP detection maximizes the joint a posteriori probability mass function. This is done 

by exhaustive search, shown in (2.12), where 𝐱̂ is the estimated symbol vector, and 𝑝(∙) is the 

probability mass function. 

𝐱̂ = argmax

𝐱 ∈ 𝓧𝐾

(𝑝(𝐱|𝐫)) (2.12) 

Using Bayes rule, the probability mass function in (2.12) can be rewritten as:  

𝑝(𝐱|𝐫)  =
𝑝(𝐫|𝐱)𝑃(𝐱)

𝑃(𝐫)
  (2.13) 

where 𝑃(∙) is the probability function. In addition, 𝑃(𝐫) = ∑ 𝑝(𝐫|𝐱)𝑥∈𝑋𝐾 𝑃(𝐱). Because 

the noise vector is uncorrelated and identically independently distributed (i.i.d.), the total 

channel observation function can be rewritten as:  

𝑝(𝐫|𝐱)  =∏𝑝(𝑟𝑛|𝐱)

𝑁

𝑛=1

 (2.14) 

where 𝑝(𝑟𝑛|𝐱) is the observation at chip 𝑛 and is: 

𝑝(𝑟𝑛|𝐱)  =
1

√2𝜋𝜎2
exp(−

1

2σ2
|𝑟𝑛 − ∑𝑠𝑛,𝑘ℎ𝑘𝐴𝑘𝑥𝑘

𝐾

𝑘=1

|

2

)  (2.15) 

By assuming the signals sent from each user are equiprobable, that is 𝑃(𝐱) =
1

𝑀𝐾, and 

dropping redundant terms, the MAP detector in (2.12) simplifies to: 

𝐱̂ = argmax

𝐱 ∈ 𝓧𝐾

{∏𝑝(𝑟𝑛|𝐱)

𝑁

𝑛=1

}  (2.16) 

This allows for the MAP detection done in (2.12) to be rewritten as a marginalized 

product of functions. Due to the signatures spreading the user symbols being low density, the 

number of users contributing to chip 𝑛 decreases from 𝑁 to 𝑑𝑓, and (2.15) can be rewritten as: 

𝑝(𝑟𝑛|𝐱)  =
1

√2𝜋𝜎2
exp(−

1

2σ2
|𝑟𝑛 − ∑ 𝑠𝑛,𝑘𝐴𝑘𝑥𝑘

𝑘∈𝜉𝑛

|

2

)  (2.17) 
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This allows for the number of unique metrics to be decreased from 𝑀𝐾 to 𝑀𝑑𝑓. This 

reduction of metrics does simplify the MAP detection, but the exhaustive search of 𝑀𝐾 possible 

combinations of user’s symbols is still highly complex in practical implementations.  

MPA uses belief propagation to approximate the marginalized product of functions in 

(2.16). MPA is broken down into function nodes and variable nodes. There are 𝑁 function 

nodes, representing each received chip, and 𝐾 variable nodes, representing each user’s symbol. 

A factor graph is a bipartite graph in which function nodes and variable nodes are connected 

by edges, and pass messages to each other through these edges. A variable and function node 

are connected by an edge if the symbol represented by that variable node contributes to the 

chip represented by that function node. This can also be seen by examining the indicator matrix. 

A visual example of a factor graph is shown in Figure 2.4, where 6 users spread their data onto 

spreading sequences which have a length of 4 chips. As can be seen, each variable node is 

connected to 𝑑𝑣 = 2 function nodes, and each function node is connected to 𝑑𝑓 = 3 variable 

nodes. 

 

Figure 2.4: Factor graph representation of an LDS system with 6 users and 4 chips 

The MPA detector works iteratively where the function and variable nodes send 

messages to each other along the edges that connect them. These messages represent the 

inference of a user’s symbol and measure the reliability of this inference with soft-values. In 

the general case, the message sent from function node 𝑛 to variable node 𝑘 at iteration 𝑡 is 

ℒ𝑓𝑛→𝑢𝑘
𝑡 , and is represented by a vector, of length 𝑀, for each possible symbol value. The 

message 𝐿𝑓𝑛→𝑢𝑘
𝑡  includes the local inference made at node 𝑛, 𝑀𝑛(𝐱), as well as the product 

from the messages received from the other connected variable nodes, ℒ𝑢𝑘 → 𝑓𝑛
𝑡−1 (𝑥), which are 
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from the previous iteration. During the first iteration, when 𝑡 = 1,  ℒ𝑢𝑘 → 𝑓𝑛
0 (𝑥) =

1

𝑀
. The local 

inference made at node 𝑛 is simply 𝑝(𝑟𝑛|𝐱). At each variable node, an estimate of that user’s 

symbol can be made based on the product of all the received messages from the connected 

function nodes. After an estimate has been made at each variable node, the variable nodes send 

messages back to the function nodes. This ends one iteration. The message equations are shown 

in (2.19) and (2.20). The iterative algorithm is repeated until a fixed number of iterations has 

been reached, or all the messages exchanged have saturated. 

𝑀𝑛(𝐱) =  exp(−
1

2𝜎2
|𝑟𝑛 − ∑ 𝑠𝑛,𝑘𝐴𝑘𝑥𝑘

𝑘∈𝜉𝑛

|

2

)  (2.18) 

ℒ𝑓𝑛→𝑢𝑘
𝑡 (𝑥) = ∑ (𝑀𝑛(𝐱̃) ∏ ℒ𝑢𝑘 → 𝑓𝑛

𝑡−1 (𝑥̃𝑘̃)

𝑘̃∈𝜉𝑛\𝑘

)

𝐱̃:𝑥̃𝑘= 𝑥

  (2.19) 

ℒ𝑢𝑘 → 𝑓𝑛
𝑡 (𝑥) = ∏ ℒ𝑓𝑛→𝑢𝑘

𝑡 (𝑥)

𝑛̃∈𝜁𝑘

  (2.20) 

𝑥̂𝑘 =
argmax

𝑥̃
{ ∏ ℒ𝑓𝑛→𝑢𝑘

𝑡 (𝑥)

𝑛∈𝜁𝑘

}  (2.21) 

 

2.4.2 Frequency-Nonselective Fading Channel 

The messages sent from function nodes to variable nodes ℒ𝑓𝑛→𝑢𝑘
𝑡 (𝑥), and from variable 

nodes to function nodes ℒ𝑢𝑘 → 𝑓𝑛
𝑡 (𝑥) are the same as shown in (2.19) and (2.20) respectively for 

the AWGN channel, with a slight change to how the initial metrics in (2.18) are computed. 

This alteration is to include the channel gains:  

𝑀𝑛(𝐱) =  exp(−
1

2𝜎2
|𝑟𝑛 − ∑ ℎ𝑘𝐴𝑘𝑠𝑛,𝑘𝑥𝑘

𝑘∈𝜉𝑛

|

2

)  (2.22) 
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2.5 Complexity of the MPA Detector 

The sparse structure of LDS allows for each function node to only be connected to a 

few variable nodes, and hence, reduces the number of possible combinations of symbols 

interfering at that given chip. With conventional structure, every user would have contributed 

to that chip, and this increases the complexity of the algorithm exponentially. If each chip 

contains 𝑑𝑓 number of contributing users, the MPA MUD scheme has complexity 𝑂(𝑀𝑑𝑓) 

compared to 𝑂(𝑀𝐾) that optimal MAP detection uses. For very sparse signatures, 𝑑𝑐 ≪ 𝐾 the 

reduction in complexity is significantly reduced [15]. In fact, the suboptimal MPA after a 

certain number of iterations will asymptotically approach the optimal MAP detection scheme 

[26]. 

Although the receiver complexity of LDS-CDMA/OFDM or SCMA systems is reduced 

drastically with the use of MPA rather than MAP detection, the complexity is still exponential 

to the number of interfering users at each chip. For very large systems, this still may be 

impractical. Even if 𝑑𝑓 is kept low while number of user’s increases, the girth of the factor 

graph increases. While this increase in girth results in better performance, it requires more 

iterations, and therefore more computations. Various adjustments to the MPA MUD have been 

made to either reduce the number of iterations or reduce the number of computations required 

per iteration. Channel coding is one means of reducing computational complexity [27]. By 

feeding the soft outputs from each user’s channel decoder back into the factor graph, less MPA 

iterations are needed. Depending on how the channel coding is implemented, higher latencies 

may occur. Grouping users based on their signatures, or other properties, is another means of 

reducing computational complexity [28], [29]. In addition to grouping and channel coding, 

improvements can be made by applying weight factors to codewords with higher probability 

and smaller factors to codewords with lower probability [30]. An author of [31] proposes using 

an irregular indicator matrix, which can allow for MPA to act as a SIC detector. The irregular 

structure allows for some users to use fewer active chips in their spreading codes, which means 

those active chips have more energy, assuming each spreading code is normalized to have the 

same energy. This difference in energy per chip between users means some messages from 

stronger users being passed will be more reliable than the messages being passed by weaker 

users. These stronger users will have their messages trickle down to assist in the interference 

removal of weaker users, like SIC detection. The problem with this is that errors can propagate 

to weaker users if strong users have unreliable messages. 
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2.6 Simulation Results 

In this section the performance of the MPA detector is discussed. MATLAB was used 

for simulations, and the following assumptions are made: 

• Each user transmits with unit energy per bit 

• For the frequency nonelective fading channel simulations: 

o All channel gains are independent complex Gaussian random variables with 

zero mean and unit variance that are constant during each signaling interval 

o The channel gains are known perfectly at the receiver 

o BPSK modulation is used 

In the performance analysis, 2 different spreading matrices were considered. The first 

is a 9 user 6 chip system (150% loading) from [23] shown in (2.23) and the second is a 16 user 

12 chip (133% loading) system in (2.24) whose indicator matrix is from [10], but the values 

for each chip in the spreading sequence are chosen following the methodology described in 

[23]. 

𝐒6×9 =

(

 
 
 

0 0 𝑎2 0 0 0 𝑎1 0 𝑎0
0 𝑎2 0 𝑎1 0 0 𝑎0 0 0
0 0 𝑎1 𝑎0 0 𝑎2 0 0 0
𝑎0 0 0 0 𝑎1 0 0 0 𝑎2
𝑎2 0 0 0 0 𝑎0 0 𝑎1 0
0 𝑎2 0 0 𝑎0 0 0 𝑎2 0 )

 
 
 

 
 

(2.23) 

where 𝑎0  = 1, 𝑎1  =  exp (𝑗
𝜋

3
), 𝑎2  =  exp (𝑗

2𝜋

3
). 
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𝐒12×16 =

(

 
 
 
 
 
 
 
 
 
 

0 0 𝑏0 0 0 0 0 𝑏1 0 𝑏2 0 0 𝑏3 0 0 0
0 0 0 𝑏0 0 0 𝑏1 0 0 0 0 0 𝑏2 0 𝑏3 0
0 𝑏0 0 0 𝑏1 0 𝑏1 0 0 𝑏3 0 0 0 0 0 0
0 0 0 𝑏0 0 𝑏1 0 0 0 0 𝑏2 0 0 𝑏3 0 0
0 0 𝑏0 0 0 0 0 0 𝑏1 0 0 0 0 0 𝑏2 𝑏3
𝑏0 0 0 0 0 𝑏1 0 0 0 𝑏2 0 0 0 0 𝑏3 0
0 0 0 𝑏0 0 0 0 𝑏1 𝑏2 0 0 𝑏3 0 0 0 0
0 𝑏0 0 0 0 𝑏1 0 0 0 0 0 𝑏2 0 0 0 𝑏3
𝑏0 0 0 0 0 𝑏1 0 0 0 0 0 0 0 𝑏2 0 𝑏3
0 0 𝑏0 0 𝑏1 0 0 0 0 0 0 𝑏2 0 𝑏3 0 0
0 𝑏0 0 0 0 0 0 0 𝑎1 0 𝑏2 0 𝑏3 0 0 0
𝑏0 0 0 0 𝑏1 0 0 𝑏2 0 0 𝑏3 0 0 0 0 0 )

 
 
 
 
 
 
 
 
 
 

 

 (2.24) 

where 𝑏0  = 1, 𝑏1  =  exp (𝑗
𝜋

4
), 𝑏2  =  exp (𝑗

𝜋

2
), and 𝑏3  =  exp (𝑗

3𝜋

4
).  

Figure 2.5 and Figure 2.6 show the BER for both the 6x9 and the 12x16 systems over 

the AWGN channel while varying the number of iterations used by the MPA detector. It is 

evident how important the number of iterations is to the BER of MPA detection. At least 2 

iterations are required for both the 6x9 and 12x16 systems to achieve acceptable performance. 

In fact, both the 6x9 and 12x16 systems converge to the single user bound. Both the 6x9 system 

and the 12x16 systems converge after 3 iterations.  

Figure 2.7, and Figure 2.8 show the BER of the 6x9 and the 12x16 systems over the 

slow, frequency-nonselective fading channel as well as the single user bound for both cases. 

The performance improves compared to the AWGN channel, and both systems converge to the 

single user bound in less iterations compared to the AWGN channel. This is because the fading 

applied to each user gives diversity at the receiver. Different users will have different signal 

strengths, and this helps separate them.  
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Figure 2.5: BER performance of the MPA detector of a system with 9 users and 6 chips in the 

AWGN channel with varying numbers of iterations 

 

Figure 2.6: BER performance of the MPA detector of a system with 16 users and 12 chips in 

the AWGN channel with varying numbers of iterations 
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Figure 2.7: BER performance of the MPA detector of a system with 9 users and 6 chips in the 

frequency-nonselective fading channel with varying numbers of iterations 

 

Figure 2.8: BER performance of the MPA detector of a system with 16 users and 12 chips in 

the frequency-nonselective fading channel with varying numbers of iterations 
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2.7 Summary 

This chapter discussed the present work done with LDS systems. The system model, 

spreading sequence design, MPA detector, complexity analysis and simulation results were 

discussed. LDS systems use spreading sequences that have a small number of nonzero chips. 

This small number of chips allows for effective MUD in overloaded systems with the MPA 

detector.  

The MPA detector is a well performing detection scheme, that uses belief propagation 

to estimate the optimum MAP detector. The complexity of the MPA detector is reduced from 

𝑂(𝑀𝐾) to 𝑂(𝑀𝑑𝑓) compared to the MAP detector. The MPA detector provides great 

performance, as with system loads of 133% and 150% it approaches the single user bound in 

both the AWGN and frequency-nonselective fading channels.  
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Chapter 3  

PIC-MMSE Detector for Low Density 

Spread Signals 

 

3.1 Introduction 

Multiuser detection in CDMA systems has been widely researched for the past few 

decades [32]. Conventional MUD methods start by despreading the received signal with each 

user’s spreading code. This despreading creates decision variables for each user which contain 

the desired symbol from that respective user, as well as MAI and noise. The goal of a MUD is 

to take these decision variables and manipulate them to mitigate the MAI and noise and achieve 

better performance.  

These detectors can be separated into linear and nonlinear detectors. Linear detectors 

will take the decision variables and apply a linear function, typically matrix multiplication. 

Some linear detectors include the decorrelating and MMSE detectors. Linear detectors offer 

good performance compared to optimum detectors with lower complexity. The problem with 

using linear detectors is that they give poor performance in overloaded conditions. Decision 

driven detection schemes such as PIC or SIC are examples of nonlinear detectors. The 

performance of these detectors rely heavily on the quality of the initial estimates being used 

for interference cancellation.  

In this chapter, an alternative MUD technique for LDS systems is proposed. This 

proposed detector is based off the MMSE and PIC detectors. It combines them in a multistage 

manor, where the MMSE detection is done first, and the PIC detector uses the decision 

variables from the MMSE detector to cancel out the interference. This proposed detector has 

complexity that is much less than the MPA detector, and provides the same spectral efficiency. 
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3.2 Preprocessing: Despreading and Separation of Real 

and Imaginary Parts 

3.2.1 AWGN Channel  

The received signal is despread for the conventional detectors as well as the proposed 

PIC-MMSE detector. This despreading is done by correlating the received signal with each 

user’s spreading code to get a decision variable for each user. Also, the detectors described in 

this chapter are for BPSK modulation. In this chapter, the transmitted symbol for user 𝑘, 𝑥𝑘will 

be changed to 𝑏𝑘, where 𝑏𝑘 ∈ {−1,+1} is the bit to be transmitted from user 𝑘. The decision 

variable for user 𝑘 is: 

𝑈𝑘 = 𝐬𝑘
𝐻𝐫  

= 𝐴𝑘𝑏𝑘 +∑𝑅𝑘,𝑖𝐴𝑖𝑏𝑖

𝐾

𝑖=1
𝑖≠𝑘

+ 𝐬𝑘
𝐻𝐧  

(3.1) 

where (∙)𝐻 is the Hermitian transpose operator and the term 𝑅𝑘,𝑖 is the correlation 

between user 𝑘’s spreading code and user 𝑖’s spreading code. The vector notation for all 𝐾 

decision variables is: 

𝐔 = 𝐒𝐻𝐫  

= 𝐒𝐻𝐒𝐀𝐛 + 𝐒𝐻𝐧 
(3.2) 

where 𝐔 is a 𝐾 × 1 vector of the decision variables. The correlation matrix 𝐑 contains 

the cross correlations between the spreading codes from all the users and is defined as:  

𝐑 = 𝐒𝐻𝐒 (3.3) 

The despreading applied has less terms than conventional CDMA systems because 

those spreading sequences contain all nonzero values and LDS systems contain only a few 

chips that are nonzero. 
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 The ZF, MMSE and PIC detectors in the next sections are altered from their original 

counterparts and are intended for BPSK modulation. The major difference is to separate the 

real and imaginary parts of 𝐔, such that: 

𝐔̃ = [
ℜ(𝐔)

ℑ(𝐔)
]  

= [
ℜ(𝐑) −ℑ(𝐑)

ℑ(𝐑) ℜ(𝐑)
] [
ℜ(𝐀𝐛)

ℑ(𝐀𝐛)
] + [

ℜ(𝐒𝐻) −ℑ(𝐒𝐻)

ℑ(𝐒𝐻) ℜ(𝐒𝐻)
] [
ℜ(𝐧)

ℑ(𝐧)
] 

(3.4) 

where ℜ(∙) and ℑ(∙) denote the real and imaginary parts respectively. (3.4) can be 

rewritten in a more compact form: 

𝐔̃ = [
ℜ(𝐑)

ℑ(𝐑)
]𝐀𝐛 + 𝐒̃ [

ℜ(𝐧)

ℑ(𝐧)
] 

= 𝐑̃𝐀𝐛 + 𝐒̃𝐧̃ 

(3.5) 

where: 

𝐑̃ = [
ℜ(𝐑)

ℑ(𝐑)
] (3.6) 

𝐒̃ =  [
ℜ(𝐒𝐻) −ℑ(𝐒𝐻)

ℑ(𝐒𝐻) ℜ(𝐒𝐻)
] = [

ℜ(𝐒𝑇) ℑ(𝐒𝑇)

−ℑ(𝐒𝑇) ℜ(𝐒𝑇)
] 

(3.7) 

𝐧̃ = [
ℜ(𝐧)

ℑ(𝐧)
] 

(3.8) 

The separation of real and imaginary parts gives an extra dimension for the detectors to 

use to get a better estimate on each user’s symbol. In addition, the correlation matrix 𝐑 will 

rank, that is at most, equal to 𝑁. This is because the spreading matrix 𝐒 will have at most, 𝑁 

independent spreading codes due to the system being overloaded. In general, when the rank of 

𝐑 is less than 𝐾, the BER performance using linear detectors is reduced. The separation of real 

and imaginary parts produces the updated correlation matrix 𝐑̃ which will have at most, a rank 

of 2𝑁. If there are 𝑁 spreading codes that are orthogonal, and the overloading factor is less 

than 200%, the rank of 𝐑̃ will be greater than 𝐾, and the system will be separable.  
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3.2.2 Frequency-Nonselective Fading Channel 

The adjustment for the frequency-nonselective fading channel is shown in this 

subsection. The notation (∙)′ throughout this chapter identifies this variable is for the 

frequency-nonselective channel. In addition to despreadng, the decision variables are 

multiplied by the conjugate of the channel gains. After despreading, the decision variable for 

user 𝑘 is: 

𝑈′𝑘 = ℎ𝑘
∗𝐬𝑘

𝐻𝐫  

= |ℎ𝑘|𝐴𝑘𝑏𝑘 +∑𝑅𝑘,𝑖ℎ𝑘
∗ℎ𝑖𝐴𝑖𝑏𝑖

𝐾

𝑖=1
𝑖≠𝑘

+ ℎ𝑘
∗𝐬𝑘

𝐻𝐧  
(3.9) 

where (∙)∗ is the conjugation operator. The vector of decision variables is: 

𝐔′ = 𝐇𝐻𝐒𝐻𝐫  

= 𝐇𝐻𝐒𝐻𝐒𝐇𝐀𝐛 + 𝐇𝐻𝐒𝐻𝐧 

= 𝐇𝐻𝐑𝐇𝐀𝐛 + 𝐇𝐻𝐒𝐻𝐧 

(3.10) 

After the separation of real and imaginary parts of 𝐔′: 

𝐔̃′ = [
ℜ(𝐔)

ℑ(𝐔)
]  

= [
ℜ(𝐇𝐻𝐑𝐇) −ℑ(𝐇𝐻𝐑𝐇)

ℑ(𝐇𝐻𝐑𝐇) ℜ(𝐇𝐻𝐑𝐇)
] [
ℜ(𝐀𝐛)

ℑ(𝐀𝐛)
] + [

ℜ(𝐇𝐻𝐒𝐻) −ℑ(𝐇𝐻𝐒𝐻)

ℑ(𝐇𝐻𝐒𝐻) ℜ(𝐇𝐻𝐒𝐻)
] [
ℜ(𝐧)

ℑ(𝐧)
] 

(3.11) 

(3.11) can be rewritten in a more compact form: 

𝐔̃′ = [
ℜ(𝐇𝐻𝐑𝐇)

ℑ(𝐇𝐻𝐑𝐇)
]𝐀𝐛 + 𝐒̃′ [

ℜ(𝐧)

ℑ(𝐧)
] 

= 𝐑̃′𝐀𝐛 + 𝐒̃′𝐧̃ 

(3.12) 

where: 

𝐑̃′ = [
ℜ(𝐇𝐻𝐑𝐇)

ℑ(𝐇𝐻𝐑𝐇)
] (3.13) 

𝐒̃′ =  [
ℜ(𝐇𝐻𝐒𝐻) −ℑ(𝐇𝐻𝐒𝐻)

ℑ(𝐇𝐻𝐒𝐻) ℜ(𝐇𝐻𝐒𝐻)
] 

(3.14) 
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3.3 Conventional Multiuser Detectors  

In this section, some conventional multiuser detectors are presented. The first 

subsection describes linear detectors such as the ZF, or decorrelating detector, and the MMSE 

detector. The second subsection describes a nonlinear detector known as the PIC detector. 

3.3.1 Zero Forcing and Minimum Mean Square Error Detectors 

This section describes the ZF and MMSE filters to apply to the decision variables in 

(3.2). Both detectors are linear and apply a matrix multiplication as filtering. The forms of these 

detectors are: 

𝐔ZF = 𝐖ZF𝐔̃  (3.15) 

𝐔MMSE = 𝐖MMSE𝐔̃  (3.16) 

The ZF was first described in [33]. The ZF detector linearly transforms the decision 

variables by applying the inverse of the correlation matrix, if it is invertible. When the 

correlation matrix is invertible, the ZF detector completely removes the MAI, and decorrelates 

each user from each other. In the case of overloaded systems, the correlation matrix will be 

rank deficient, and won’t be invertible. The separation of real and imaginary parts adds another 

dimension to the correlation matrix that will increase its rank. The ZF detector has the form: 

𝐖ZF = (𝐑̃)
+
  (3.17) 

where (∙)+ is the Moore-Penrose pseudoinverse. The ZF decision variables are: 

𝐔ZF = 𝐀𝐛 + (𝐑̃)
+
𝐧̃  (3.18) 

With the ZF detector, the MAI is eliminated. At first glance, this appears to be ideal, 

but the multiplication of the inverse correlation matrix with the noise vector increases the noise 

variance.  

The MMSE detector on the other hand looks to minimize the minimum mean square 

error between the transmitted bits and the filtered signal, like the MMSE equalizer used to 

suppress inter-symbol interference (ISI) in fading channels [34]. The MMSE detector has been 

proven to show that in the case of overloaded systems, the detector is unable to achieve an 

acceptable BER [35]. The minimum mean square error is achieved by minimizing: 
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𝐖MMSE = arg min
𝐖

{𝐸 [|𝐛 −𝐖𝐔̃|
2
]}  (3.19) 

where 𝐸[∙] is the expectation operator. It is shown in [36] the minimization required in 

(3.19) can be found by forcing the error vector (𝐛 −𝐖MMSE𝐔̃) to be orthogonal to the vector 

of split decision variables 𝐔̃: 

𝟎 = 𝐸[(𝐀𝐛 −𝐖MMSE𝐔̃)𝐔̃
𝑇] 

= 𝐸 [𝐀𝐛(𝐑̃𝐀𝐛 + 𝐒̃𝐧̃)
𝑇
−𝐖MMSE(𝐑̃𝐀𝐛 + 𝐒̃𝐧̃)(𝐑̃𝐀𝐛 + 𝐒̃𝐧̃)

𝑇
] 

= 𝐸[𝐀𝐛𝐛𝑇𝐀𝑇𝐑̃𝑇 + 𝐀𝐛𝐧̃𝑇𝐒̃𝑇

−𝐖MMSE(𝐑̃𝐀𝐛𝐛
𝑇𝐀𝑇𝐑̃𝑇 + 𝐑̃𝐀𝐛𝐧̃𝑇𝐒̃𝑇 + 𝐒̃𝐧̃𝐛𝑇𝐀𝑇𝐑̃𝑇 + 𝐒̃𝐧̃𝐧̃𝑇𝐒̃𝑇)] 

= 𝐏𝐑̃𝑇 −𝐖MMSE (𝐑̃𝐏𝐑̃
𝑇 +

𝜎2

2
𝐒̃𝐒̃𝑇) 

(3.20) 

The MMSE filter has the result: 

𝐖MMSE =  𝐏𝐑̃
𝑇 (𝐑̃𝐏𝐑̃𝑇 +

𝜎2

2
𝐒̃𝐒̃𝑇)

+

 (3.21) 

where 𝐏 is: 

𝐏 =  𝐀𝐀𝑇 

=

[
 
 
 
𝐴1
2 0 ⋯ 0

0 𝐴2
2 0 ⋮

⋮ 0 ⋱ 0
0 ⋯ 0 𝐴𝐾

2 ]
 
 
 

 
(3.22) 

The MMSE filter for user 𝑘, is the 𝑘th row in 𝐖MMSE: 

𝐰𝑘 = 𝑃𝑘𝐑̃𝑘
𝑇 (𝐑̃𝐏𝐑̃𝑇 +

𝜎2

2
𝐒̃𝐒̃𝑇)

+

 (3.23) 

where 𝐑̃𝑘
𝑇  is row 𝑘 in 𝐑̃𝑇. 

 

3.3.2 Parallel Interference Cancellation 

Subtractive interference cancellation is a nonlinear detection scheme that uses bit 

estimates to subtract out the MAI [37]. Interference cancellation can be broken down into two 
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categories, successive interference cancelation, and parallel interference cancellation [38]. SIC 

will subtract out each user’s MAI sequentially, starting with the user with the highest power 

level. After the user with the highest power has had its interference removed, then the user with 

the next highest power level will have its interference removed. This continues until every user 

has had their interference removed. PIC detection on the other hand subtracts each user’s 

interference all at once in parallel. The decision variables after the parallel removal can be fed 

back into the detector, allowing for PIC in multiple stages. In general, the PIC detector takes 

the initial estimates of the decision variables after despreading and uses these estimates to 

subtract each user’s interference from each other. The PIC detector has the form: 

𝑈PIC𝑘 = 𝑈𝑘 −∑𝑅𝑘,𝑖𝐴𝑖𝑏̂𝑖

𝐾

𝑖=1
𝑖≠𝑘

  (3.24) 

where 𝑏̂𝑖 is the estimated bit from user 𝑖 to be used for interference cancellation. The 

estimated bits used for interference cancellation can either be hard or soft bits. Soft bits allow 

for the PIC detector to cancel only partial amounts of the MAI in the case that the estimated 

bits are not reliable. This is found to perform better than hard bits, as hard bits can increase 

MAI when the estimated hard bits are incorrect [38].  

Figure 1.1 shows the different decision methods used for PIC detection. These are hard, 

soft linear or soft nonlinear [39].  



30 

 

 

Figure 3.1: Various decision functions used for bit cancellation in PIC detectors. (a) is the 

linear function, (b) is the hard decision and (c) is the nonlinear hyperbolic tangent function 

 

3.4 Proposed PIC-MMSE Detector  

The proposed detector combines the MMSE detector described in (3.21) and the PIC 

detector in (3.24). The block diagram for the complete detection process is shown in Figure 

3.2.  

The block that computes the soft bits takes the decision variables from the MMSE filter, 

𝐔MMSE and converts them to the soft bits 𝐛soft. The values of 𝐛soft are normalized such that 

𝑏soft𝑘 ∈ [−1, 1]. In fact, 𝐛soft approximates the probability of each bit. 

The following subsections will describe the PIC-MMSE detector in the AWGN and 

frequency-nonselective fading channels. 

 



31 

 

 

Figure 3.2: Block diagram of the proposed PIC-MMSE detector. 

 

 

3.4.1 AWGN Channel 

The computation of 𝐛soft starts with first finding the likelihood and probability of each 

bit. The decision variables after the MMSE detector are: 

𝐔MMSE = 𝐖MMSE𝐔̃ 

= 𝐏𝐑̃𝑇 (𝐑̃𝐏𝐑̃𝑇 +
𝜎2

2
𝐒̃𝐒̃𝑇)

+

𝐔̃  

= 𝐏𝐑̃𝑇 (𝐑̃𝐏𝐑̃𝑇 +
𝜎2

2
𝐒̃𝐒̃𝑇)

+

(𝐑̃𝐀𝐛 + 𝐒̃𝐧̃) 

= 𝐏𝐑̃𝑇 (𝐑̃𝐏𝐑̃𝑇 +
𝜎2

2
𝐒̃𝐒̃𝑇)

+

𝐑̃𝐀𝐛 + 𝐏𝐑̃𝑇 (𝐑̃𝐏𝐑̃𝑇 +
𝜎2

2
𝐒̃𝐒̃𝑇)

+

𝐒̃𝐧̃ 

(3.25) 
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The decision variable for user 𝑘 can be written as: 

𝑈MMSE𝑘 = 𝐰𝑘𝐔̃ 

= 𝐰𝑘(𝐑̃𝑘
𝑇)

𝑇
𝐴𝑘𝑏𝑘 +∑𝐰𝑘(𝐑̃𝑖

𝑇)
𝑇
𝐴𝑖𝑏𝑖

𝐾

𝑖=1
𝑖≠𝑘

+𝐰𝑘𝐒̃𝐧̃ 

= 𝛽𝑘,𝑘𝑏𝑘 +∑𝛽𝑘,𝑖𝑏𝑖

𝐾

𝑖=1
𝑖≠𝑘

+𝐰𝑘𝐒̃𝐧̃ 

= 𝛽𝑘,𝑘𝑏𝑘 + 𝐼MMSE𝑘 + 𝑁MMSE𝑘   

(3.26) 

The term (𝐑̃𝑘
𝑇)

𝑇
 is column 𝑘 of 𝐑̃. The definition of the other terms in (3.26): 

𝛽𝑘,𝑖 = 𝐰𝑘(𝐑̃𝑖
𝑇)
𝑇
𝐴𝑖 

= 𝑃𝑘𝐑̃𝑘
𝑇 (𝑃𝑘𝐑̃𝐑̃

𝑇 +
𝜎2

2
𝐒̃𝐒̃𝑇)

+

(𝐑̃𝑖
𝑇)
𝑇
𝐴𝑖 

(3.27) 

𝐼MMSE𝑘 =∑𝛽𝑘,𝑖𝑏𝑖

𝐾

𝑖=1
𝑖≠𝑘

 (3.28) 

𝑁MMSE𝑘 = 𝐰𝑘𝐒̃𝐧̃  (3.29) 

The log likelihood ratio can then be computed and from there, the probabilities of each 

bit to be used by the PIC detector. Unfortunately, the noise between each user’s decision 

variables are correlated, and MAI also remains in the MMSE decision variables. To simplify 

the probabilities, it is assumed the residual MAI after the MMSE detector is modelled as a 

Gaussian random variable that is independent of the noise. This leads to the estimated mean 

and variance of each decision variable conditioned on 𝑏𝑘 to be: 

𝜇MMSE𝑘 = 𝛽𝑘,𝑘𝑏𝑘 (3.30) 

𝜎MMSE𝑘
2 = 𝐸 [(𝐼MMSE𝑘 + 𝑁MMSE𝑘)

2
]  

= 𝐸[𝐼MMSE𝑘
2 ] + 2𝐸[𝐼MMSE𝑘𝑁MMSE𝑘] + 𝐸[𝑁MMSE𝑘

2 ] 

(3.31) 
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The cross correlation between the interference and the noise is 0 as they are 

independent: 

𝜎MMSE𝑘
2 = 𝐸[𝐼MMSE𝑘

2 ] + 𝐸[𝑁MMSE𝑘
2 ] 

= 𝐸

[
 
 
 

(∑𝛽𝑘,𝑖𝑏𝑖

𝐾

𝑖=1
𝑖≠𝑘

)

2

]
 
 
 

+ 𝐸 [(𝐰𝑘𝐒̃𝐧̃)
2
] 

(3.32) 

Each users bit is independent of one other, and to the noise, that is 𝐸[𝑏𝑖𝑏𝑗] = 0, 𝑖 ≠ 𝑗 

and 𝐸[𝑏𝑖𝐧̃] = 0. Utilizing the fact that 𝐸[𝑏𝑖
2] = 1 and  𝐸[𝐧̃𝐧̃𝑇] =

𝜎2

2
𝐈, the variance becomes: 

𝜎MMSE𝑘
2 =∑𝛽𝑘,𝑖

2 𝐸[𝑏𝑖
2]

𝐾

𝑖=1
𝑖≠𝑘

+𝐰𝑘𝐒̃𝐸[𝐧̃𝐧̃
𝑇]𝐒̃𝑇𝐰𝑘

𝑇 

=∑|𝛽𝑘,𝑖|
2

𝐾

𝑖=1
𝑖≠𝑘

+
𝜎2

2
𝐰𝑘𝐒̃𝐒̃

𝑇𝐰𝑘
𝑇 

(3.33) 

This assumption is valid as can be seen by the simulation results. This leads to the log 

likelihood ratio of 𝑈MMSE𝑘 to be: 

𝐿𝐿𝑅(𝑈MMSE𝑘) = log (
𝑝(𝑈MMSE𝑘|𝑏𝑘 = +1)

𝑝(𝑈MMSE𝑘|𝑏𝑘 = −1)
)  

= log

(

 
 
 
 

1

√2𝜋𝜎MMSE𝑘
2

exp [−
(𝑈𝑀𝑀𝑆𝐸𝑘 − 𝜇MMSE𝑘)

2

2𝜎MMSE𝑘
2 ]

1

√2𝜋𝜎MMSE𝑘
2

exp [−
(𝑈𝑀𝑀𝑆𝐸𝑘 + 𝜇MMSE𝑘)

2

2𝜎MMSE𝑘
2 ]

)

 
 
 
 

 

= −
(𝑈𝑀𝑀𝑆𝐸𝑘 − 𝛽𝑘,𝑘)

2

2𝜎MMSE𝑘
2 +

(𝑈𝑀𝑀𝑆𝐸𝑘 + 𝛽𝑘,𝑘)
2

2𝜎MMSE𝑘
2  

=
2𝛽𝑘,𝑘𝑈𝑀𝑀𝑆𝐸𝑘
𝜎MMSE𝑘
2  

= 𝛼𝑘𝑈MMSE𝑘 

(3.34) 
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where: 

𝛼𝑘 =
2𝛽𝑘,𝑘

𝜎̂𝑘
2  

=
4𝛽𝑘,𝑘

2∑ |𝛽𝑘,𝑖|
2𝐾

𝑖=1
𝑖≠𝑘

+ 𝜎2𝐰𝑘𝐒̃𝐒̃𝑇𝐰𝑘
𝑇
 

(3.35) 

The probability that 𝑏𝑘 = +1 is: 

𝑝𝑘 =
exp (𝐿𝐿𝑅(𝑈MMSE𝑘))

1 +  exp (𝐿𝐿𝑅(𝑈MMSE𝑘))
 

=
exp(𝛼𝑘𝑈MMSE𝑘)

1 +  exp(𝛼𝑘𝑈MMSE𝑘)
 

(3.36) 

With the probabilities computed, the soft bits are given by: 

𝑏soft𝑘 = 2𝑝𝑘 − 1 (3.37) 

Or in vector notation: 

𝐛soft = 2𝐩 − 𝟏 (3.38) 

where 𝐩 = [𝑝1, 𝑝2, … 𝑝𝐾]
𝑇 and 𝟏 is a column vector that is all ones with size 𝐾 × 1. The 

soft bits in (3.38) can be rewritten as: 

𝑏soft𝑘 = 2(
exp(𝛼𝑘𝑈MMSE𝑘)

1 +  exp(𝛼𝑘𝑈MMSE𝑘)
) − 1 

=
exp(𝛼𝑘𝑈MMSE𝑘) − 1

exp(𝛼𝑘𝑈MMSE𝑘) + 1
 

= tanh (
𝛼𝑘𝑈𝑀𝑀𝑆𝐸𝑘

2
) 

(3.39) 

This result can be seen as taking the decision variables from the MMSE detector and 

applying a scaled sigmoid function, which in this case, is the hyperbolic tangent operator. The 

nonlinearity of the hyperbolic tangent operator offers partial interference cancellation 

depending how accurate the outputs of the MMSE detector are. When the decision variables 

after the MMSE detector are strong, the hyperbolic tangent operator will approach ±1 and most 

of the MAI is cancelled. On the other hand, if the decision variables after the MMSE detector 
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are weak, then only partial amounts of MAI are cancelled. This is beneficial compared to hard 

PIC detectors. When the decision variables are weak for hard PIC detection, poor performance 

arises as likelihood of a wrong decision increases. Higher chances of wrong decisions results 

in the higher chances of doubling the MAI after the PIC detector.  

The performance of this transformation also relies heavily on the values of 𝛼𝑘. The 

value of 𝛼𝑘 shows how reliable the MMSE decision variables should be, relative to the channel 

conditions and multiple access interference. As 𝛼𝑘 increases, the hyperbolic tangent operator 

approaches a sgn function, meaning the MMSE decision variables are expected to be accurate 

and will almost fully cancel the MAI for that respective user. On the other hand, if 𝛼𝑘 is low, 

the decision variables from the MMSE detector are not expected to be accurate. This causes 

the hyperbolic tangent operator to have a lower slope at the origin and it requires the magnitude 

of the decision variables to be high to cancel more of the MAI for that user. To illustrate this, 

consider Figure 3.3 which shows the hyperbolic tangent operator for various values of SNR in 

an AWGN channel. As the SNR decreases, hyperbolic tangent operator’s rate of change gets 

lower around the origin. On the other hand, as the SNR increases, the rate of change at the 

origin gets higher, and the detector starts to approach the hard decision detector. This means 

the decision variables after the MMSE detector are most likely to be correct and can be used to 

cancel more interference. 

The PIC detector produces the final decision variables: 

𝑈PIC𝑘 = 𝑈𝑘 −∑𝑅𝑖,𝑘𝐴𝑖𝑏soft𝑖

𝐾

𝑖=1
𝑖≠𝑘

 (3.40) 

Finally, a final hard estimate of the bits is made. This is shown for user 𝑘 and in vector 

noatation: 

𝑏̂𝑘 = sgn (ℜ(𝑈PIC𝑘)) 
(3.41) 

𝐛̂ = sgn(ℜ(𝐔𝑃𝐼𝐶)) (3.42) 
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Figure 3.3: Plot of the nonlinear decision device used after the MMSE detector for various 

SNR 

 

 

3.4.2 Frequency-Nonselective Fading Channel 

The PIC-MMSE detector for the frequency-nonselective fading channel is very similar 

to that of the AWGN channel, except the received signals now have complex gains associated 

with them, which alters the derivation slightly. The major difference is the frequency-

nonselective fading channel uses the correlation matrix 𝐑̃′ defined in (3.13) as opposed to the 

𝐑̃ correlation matrix used for the AWGN channel. The MMSE filter for the frequency-

nonselective fading channel is derived following the same procedure as before and is given as: 

𝐖′MMSE =  𝐏𝐑̃′
𝑇 (𝐑̃′𝐏𝐑̃′𝑇 +

𝜎2

2
𝐒′̃𝐒̃′𝑇)

+

 (3.43) 

and the MMSE filter for user 𝑘 is: 

𝐰′𝑘 = 𝑃𝑘𝐑̃′𝑘
𝑇 (𝐑̃′𝐏𝐑̃′𝑇 +

𝜎2

2
𝐒′̃𝐒̃′𝑇)

+

 (3.44) 
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The decision variables after the MMSE detector are: 

𝐔′MMSE = 𝐖′MMSE𝐔̃′  

= 𝐏𝐑̃′𝑇 (𝐑̃′𝐏𝐑̃′𝑇 +
𝜎2

2
𝐒′̃𝐒̃′𝑇)

+

𝐔̃′ 

= 𝐏𝐑̃′𝑇 (𝐑̃′𝐏𝐑̃′𝑇 +
𝜎2

2
𝐒′̃𝐒̃′𝑇)

+

(𝐑̃′𝐀𝐛 + 𝐒̃′𝐧̃) 

= 𝐏𝐑̃′𝑇 (𝐑̃′𝐏𝐑̃′𝑇 +
𝜎2

2
𝐒′̃𝐒̃′𝑇)

+

𝐑̃′𝐀𝐛 + 𝐏𝐑̃′𝑇 (𝐑̃′𝐏𝐑̃′𝑇 +
𝜎2

2
𝐒̃′𝐒̃′𝑇)

+

𝐒̃′𝐧̃ 

(3.45) 

The MMSE decision variable for user 𝑘 can be written as: 

𝑈′MMSE𝑘 = 𝐰′𝑘𝐔̃′ 

= 𝐰′
𝑘(𝐑̃′𝑘

𝑇)
𝑇
𝐴𝑘𝑏𝑘 +∑𝐰′𝑘(𝐑̃′𝒊

𝑇)
𝑇
𝐴𝑖𝑏𝑖

𝐾

𝑖=1
𝑖≠𝑘

+𝐰𝑘𝐒̃′𝐧̃ 

= 𝛽′𝑘,𝑘𝑏𝑘 +∑𝛽′𝑘,𝑖𝑏𝑖

𝐾

𝑖=1
𝑖≠𝑘

+𝐰′𝑘𝐒̃′𝐧̃ 

= 𝛽′𝑘,𝑘𝑏𝑘 + 𝐼′MMSE𝑘 + 𝑁′MMSE𝑘     

(3.46) 

where: 

𝛽′
𝑘,𝑖
= 𝐰′𝑘(𝐑̃′𝒊

𝑇)
𝑇
𝐴𝑖 

= 𝑃𝑘𝐑̃′𝑘
𝑇 (𝐑̃′𝐏𝐑̃′𝑇 +

𝜎2

2
𝐒̃′𝐒̃′𝑇)

+

(𝐑̃′𝒊
𝑇)
𝑇
𝐴𝑖 

(3.47) 

𝐼′MMSE𝑘 =∑𝛽′𝑘,𝑖𝑏𝑖

𝐾

𝑖=1
𝑖≠𝑘

 (3.48) 

𝑁′MMSE𝑘 = 𝐰′𝑘𝐒̃′𝐧̃  (3.49) 

After the MMSE detector, the soft bits are computed and are of the form: 

𝑏′soft𝑘 = tanh (
𝛼′𝑘𝑈′MMSE𝑘

2
) (3.50) 
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where 

𝛼′𝑘 =
4𝛽′𝑘,𝑘

2∑ |𝛽′𝑘,𝑖|
2𝐾

𝑖=1
𝑖≠𝑘

+ 𝜎2𝐰′𝑘𝐒̃′𝐒̃′𝑇𝐰′𝑘
𝑇
 (3.51) 

The PIC detector produces the final decision variables using the soft bits: 

𝑈′PIC𝑘 = 𝑈′𝑘 −∑𝑅𝑘,𝑖ℎ𝑘
∗ℎ𝑖𝐴𝑖𝑏′soft𝑖

𝐾

𝑖=1
𝑖≠𝑘

 (3.52) 

Finally, a final hard estimate of the bits is made: 

𝑏̂′𝑘 = sgn (ℜ(𝑈′PIC𝑘)) 
(3.53) 

𝐛̂′ = sgn(ℜ(𝐔′𝑃𝐼𝐶)) (3.54) 

 

3.5 Approximate Bit Error Rate 

In this section, the theoretical BER is presented. The exact BER of the proposed PIC-

MMSE detector is very difficult to obtain because of the nonlinearity of the computations of 

the soft bits before the PIC detection from the hyperbolic tangent operator. In addition, the 

residual MAI is not Gaussian like the added noise. This combination of added Gaussian noise 

and MAI makes the exact BER expression difficult to obtain. Instead, various assumptions and 

approximations throughout the derivation are made to simplify some calculations. The biggest 

of which is assuming the residual MAI after the PIC detector is Gaussian distributed. This 

assumption is done by others for  PIC detectors [40], [41], and the simulation results prove it 

to be accurate under certain conditions [42].  

The analysis will be conducted under the AWGN channel, and with all users received 

power levels equal such that 𝐴𝑘 = 𝐴, 𝑘 = 1, 2, …𝐾 . The decision variables after the PIC 

detector are: 
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𝑈PIC𝑘 = ℜ(𝐴𝑏𝑘 +∑𝐴𝑅𝑘,𝑖(𝑏𝑖 − 𝑏soft𝑖)

𝐾

𝑖=1
𝑖≠𝑘

+ 𝐬𝑘
𝐻𝐧) 

= ℜ(𝐴𝑏𝑘 +∑𝐴𝑅𝑘,𝑖 [𝑏𝑖 − tanh (
𝛼𝑘𝑈MMSE𝑘

2
)]

𝐾

𝑖=1
𝑖≠𝑘

+ 𝐬𝑘
𝐻𝐧) 

= 𝐴𝑏𝑘 +∑𝜆𝑘,𝑖 [𝑏𝑖 − tanh (
𝛼𝑘𝑈MMSE𝑘

2
)]

𝐾

𝑖=1
𝑖≠𝑘

+ 𝑁PIC𝑘 

= 𝐴𝑏𝑘 + 𝐼PIC𝑘 + 𝑁PIC𝑘 

(3.55) 

where: 

𝜆𝑘,𝑖 = ℜ(𝐴𝑅𝑘,𝑖) (3.56) 

𝐼PIC𝑘 =∑𝜆𝑘,𝑖

𝐾

𝑖=1
𝑖≠𝑘

[𝑏𝑖 − tanh (
𝛼𝑘𝑈MMSE𝑘

2
)] (3.57) 

𝑁PIC𝑘 = ℜ(𝐬𝑘
𝐻𝐧) (3.58) 

𝐼PIC𝑘 is the residual MAI after cancellation and 𝑁PIC𝑘 is the noise seen by user 𝑘. The 

estimated bits after the PIC detector are: 

𝑏̂𝑘 = sgn (ℜ(𝑈PIC𝑘)) 

= sgn [ℜ(𝑈𝑘 −∑𝑅𝑘,𝑖𝐴𝑏soft𝑖

𝐾

𝑖=1
𝑖≠𝑘

)] 

= sgn(𝐴𝑏𝑘 + 𝐼PIC𝑘 + 𝑁PIC𝑘) 

(3.59) 

The probability of error assumes that the residual MAI is Gaussian distributed. The 

probability of error for user 𝑘 is: 

𝑃𝑒,𝑘 = 𝑃(𝑏𝑘 = −1)𝑃(𝑏̂𝑘 > 0|𝑏𝑘 = −1 ) + 𝑃(𝑏𝑘 = 1)𝑃(𝑏̂𝑘 < 0|𝑏𝑘 = 1 ) (3.60) 
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𝑃𝑒,𝑘 =
1

2
𝑃(𝐼PIC𝑘 + 𝑁PIC𝑘 > 𝐴 ) +

1

2
𝑃(𝐼PIC𝑘 + 𝑁PIC𝑘 < −𝐴 ) 

= 𝑄 (
𝐴 − 𝐸[𝐼PIC𝑘]

𝜎PIC𝑘
) 

(3.61) 

where 𝑄(∙) is the Q function defined as: 

𝑄(𝑥) =
1

√2𝜋
∫ exp (−

𝑢2

2
)𝑑𝑢 

∞

𝑥

 (3.62) 

The effective variance 𝜎PIC𝑘
2  is: 

𝜎PIC𝑘
2 = Var(𝐼PIC𝑘 + 𝑁PIC𝑘) 

= Var(𝐼PIC𝑘) + Var(𝑁PIC𝑘) + 2Cov(𝐼PIC𝑘 , 𝑁PIC𝑘) 

= 𝐸 [(𝐼PIC𝑘 − 𝐸[𝐼PIC𝑘])(𝐼PIC𝑘 − 𝐸[𝐼PIC𝑘])
𝑇
] + 𝐸[𝑁PIC𝑘𝑁PIC𝑘

𝑇 ]

+ 2𝐸[(𝐼PIC𝑘 − 𝐸[𝐼PIC𝑘])𝑁PIC𝑘
𝑇 ] 

= 𝐸[𝐼PIC𝑘
2 ] + 𝐸[𝑁PIC𝑘𝑁PIC𝑘

𝑇 ] + 2𝐸[𝐼PIC𝑘𝑁PIC𝑘
𝑇 ] − 𝐸[𝐼PIC𝑘]

2
 

(3.63) 

As can be seen from (3.63), the variance seen by user 𝑘 depends on the MAI, the noise 

and the cross correlation between the noise and the MAI, as the noise affects decision variables 

from the MMSE detector. The following subsections go into detail determining the various 

expectations in (3.63). It is important to note that the expectations required in (3.63), are all 

computed with the condition 𝑏𝑘 = −1, that is 𝐸[∙] = 𝐸[∙ |𝑏𝑘 = −1].  

 

3.5.1 Computing 𝑬[𝑵𝐏𝐈𝐂𝒌𝑵𝐏𝐈𝐂𝒌
𝑻 ] 

Before computing𝐸[𝑁PIC𝑘𝑁PIC𝑘
𝑇 ], 𝑁PIC𝑘 is reformatted: 

𝑁PIC𝑘 = ℜ(𝐬𝑘
𝐻𝐧) 

=  ℜ([ℜ(𝐬𝑘
𝑇)ℜ(𝐧) +  ℑ(𝐬𝑘

𝑇)ℑ(𝐧)] + 𝑗[−ℑ(𝐬𝑘
𝑇)ℜ(𝐧) +  ℜ(𝐬𝑘

𝑇)ℑ(𝐧)]) 

=  ℜ(𝐬𝑘
𝑇)ℜ(𝐧) +  ℑ(𝐬𝑘

𝑇)ℑ(𝐧) 

(3.64) 

This result is just row 𝑘 in 𝐒̃ multiplied by the noise vector 𝐧̃.  

𝑁PIC𝑘 = 𝐒̃𝑘𝐧̃ (3.65) 
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And the expectation is: 

𝐸[𝑁PIC𝑘𝑁PIC𝑘
𝑇 ] = 𝐸 [(𝐒̃𝑘𝐧̃)(𝐒̃𝑘𝐧̃)

𝑇
] 

= 𝐸[𝐒̃𝑘𝐧̃𝐧̃
𝑇𝐒̃𝑘

𝑇] 

=
𝜎2

2
𝐒̃𝑘𝐒̃𝑘

𝑇 

=
𝜎2

2
 

(3.66) 

The multiplication of 𝐒̃𝑘 and its transpose is just the energy of user 𝑘’s spreading code 

which is normalized to be 1. 

 

3.5.2 Computing 𝑬[𝑰𝐏𝐈𝐂𝒌] 

Next the mean of the residual MAI, 𝐸[𝐼PIC𝑘] is computed. 

𝐸[𝐼PIC𝑘] = 𝐸 {∑𝜆𝑘,𝑖

𝐾

𝑖=1
𝑖≠𝑘

[𝑏𝑖 − tanh (
𝛼𝑖𝑈MMSE𝑖

2
)]} 

=∑𝜆𝑘,𝑖

𝐾

𝑖=1
𝑖≠𝑘

{(𝐸[𝑏𝑖] − 𝐸 [tanh (
𝛼𝑖𝑈MMSE𝑖

2
)]) } 

(3.67) 

The expected value of 𝑏𝑖 is zero due to it taking equal possible values of +/- 1 with 

equal probability.  

𝐸[𝐼PIC𝑘] = −∑𝜆𝑘,𝑖

𝐾

𝑖=1
𝑖≠𝑘

𝐸 [tanh (
𝛼𝑖𝑈MMSE𝑖

2
)]  

= −∑𝜆𝑘,𝑖

𝐾

𝑖=1
𝑖≠𝑘

𝐸 {tanh [
𝛼𝑖
2
(−𝛽𝑖,𝑘 +∑𝛽𝑖,𝑙𝑏𝑙

𝐾

𝑙=1
𝑙≠𝑘

+ 𝑁MMSE𝑖)]} 

(3.68) 

Note that the −𝛽𝑖,𝑘 term is present due to the conditional expectation including 

𝑏𝑘 = −1. The expectation required in (3.68) is taking the expectation of a Gaussian random 

variable transformed by the hyperbolic tangent operator. (3.68) can be rewritten as: 
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𝐸[𝐼PIC𝑘] = −∑𝜆𝑘,𝑖

𝐾

𝑖=1
𝑖≠𝑘

𝐸 [tanh (−
𝛼𝑖
2
𝛽𝑖,𝑘 +Φ)]  (3.69) 

where Φ is a Gaussian random variable with zero mean and variance: 

𝜎Φ
2 =

𝛼𝑖
2

4
(∑|𝛽𝑖,𝑙|

2
𝐾

𝑙=1
𝑙≠𝑘

+
𝜎2

2
𝐰𝑖𝐒̃𝐒̃

𝑇𝐰𝑖
𝑇) (3.70) 

The expectation in (3.69) can be written as: 

𝐸 [tanh (−
𝛼𝑖
2
𝛽𝑖,𝑘 +Φ)] = ∫ tanh (−

𝛼𝑖
2
𝛽𝑖,𝑘 + 𝜙)

∞

−∞

𝑓Φ(𝜙)𝑑𝜙   (3.71) 

where 𝑓Φ(𝜙) is the Gaussian probability density function which is: 

𝑓Φ(𝜙)𝑑𝑥 =
1

√2𝜋𝜎Φ
2
exp(−

𝜙2

2𝜎Φ
2)𝑑𝜙 (3.72) 

The tanh(∙) part of the integral makes it difficult to compute. To estimate the integral, 

the hyperbolic tangent operator with a scaled error function is substituted: 

tanh(𝑥) ≈ erf (
√𝜋

2
𝑥) (3.73) 

where the error function is defined as: 

erf(𝑥) =
2

√𝜋
∫𝑒−𝑡

2
𝑑𝑡

𝑥

0

 (3.74) 

This approximation is valid given the plot of both functions shown in Figure 3.4.  
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Figure 3.4: Plot of the hyperbolic tangent and scaled error function used for approximations 

 

The expectation in (3.71) can be approximated as: 

𝐸 [tanh (−
𝛼𝑖
2
𝛽𝑖,𝑘 +Φ)]

≈ ∫ erf [
√𝜋

2
(−

𝛼𝑖
2
𝛽𝑖,𝑘 + 𝜙)]

∞

−∞

1

√2𝜋𝜎Φ
2
exp(−

𝜙2

2𝜎Φ
2)𝑑𝜙 

(3.75) 

By using the following result from [43]:  

∫ erf[𝑐1𝑥 + 𝑐2]
∞

−∞

exp(−(𝑐3𝑥 + 𝑐4)
2) 𝑑𝑥 =

√𝜋

𝑐3
erf [

[𝑐3𝑐2 − 𝑐4𝑐1)

√𝑐32 + 𝑐12
] (3.76) 

In this case: 

𝑐1 =
√𝜋

2
                  𝑐2 = −

√𝜋𝛼𝑖
4

𝛽𝑖,𝑘 

𝑐3 =
1

√2𝜎Φ
2
            𝑐4 = 0 

 

Using this result, the integral in (3.75) is: 
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∫ erf [
√𝜋

2
(−

𝛼𝑖
2
𝛽𝑖,𝑘 + 𝜙)]

1

√2𝜋𝜎Φ
2
exp(−

𝜙2

2𝜎Φ
2)𝑑𝜙

∞

−∞

 

=
√2𝜎Φ

2𝜋

√2𝜋𝜎Φ
2
erf

[
 
 
 
 
 
−
√𝜋𝛼𝑖
4√2𝜎Φ

2
𝛽𝑖,𝑘

√
1
2𝜎Φ

2 +
𝜋
4
]
 
 
 
 
 

 

= erf

[
 
 
 
−√𝜋𝛼𝑖𝛽𝑖,𝑘

4√1 +
𝜋𝜎Φ

2

2 ]
 
 
 

 

(3.77) 

With this result, and the fact that erf(−𝑎) = −erf(𝑎), 𝐸[𝐼𝑘] is: 

𝐸[𝐼PIC𝑘] = −∑𝜆𝑘,𝑖

𝐾

𝑖=1
𝑖≠𝑘

erf

[
 
 
 
−√𝜋𝛼𝑖𝛽𝑖,𝑘

4√1 +
𝜋𝜎Φ

2

2 ]
 
 
 

 

=∑𝜆𝑘,𝑖

𝐾

𝑖=1
𝑖≠𝑘

erf

[
 
 
 
√𝜋𝛼𝑖𝛽𝑖,𝑘

4√1 +
𝜋𝜎Φ

2

2 ]
 
 
 

 

(3.78) 

As can be seen from this result, there is importance on the value of 𝛽𝑖,𝑘. When the 

MMSE detector does a good job mitigating the MAI, 𝛽𝑖,𝑘 will be relatively small. When 𝛽𝑖,𝑘 is 

small, the error function will approach 0, and so will 𝐸[𝐼𝑃𝐼𝐶𝑘]. 

 

3.5.3 Computing 𝑬[𝑰𝐏𝐈𝐂𝒌
𝟐 ]: 

Next, 𝐸[𝐼PIC𝑘
2 ] is computed, which is a bulk of the MAI variance added to the noise: 
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𝐸[𝐼PIC𝑘
2 ] = 𝐸

[
 
 
 
 

(

 
 
∑𝛼𝑘,𝑖

𝐾

𝑖=1
𝑖≠𝑘

(𝑏𝑖 − tanh (
𝛼𝑖𝑈MMSE𝑖

2
))

)

 
 

2

]
 
 
 
 

  

=∑𝜆𝑘,𝑖
2

𝐾

𝑖=1
𝑖≠𝑘

𝐸 [(𝑏𝑖 − tanh (
𝛼𝑖𝑈MMSE𝑖

2
))

2

]

+ 2∑∑𝜆𝑘,𝑖𝜆𝑘,𝑗𝐸 [(𝑏𝑖 − tanh (
𝛼𝑖𝑈MMSE𝑖

2
))(𝑏𝑗 − tanh(

𝛼𝑗𝑈MMSE𝑗
2

))]

𝑖−1

𝑗=1
𝑗≠𝑘

𝐾

𝑖=2
𝑖≠𝑘

 

 (3.79) 

The variance of the MAI is broken down into 2 parts, the squared residual MAI and the 

cross correlation between residual MAI. Starting with the expectation in the first term: 

𝐸 [(𝑏𝑖 − tanh (
𝛼𝑖𝑈MMSE𝑖

2
))

2

] = 𝐸[𝑏𝑖
2 − 2𝑏𝑖tanh (

𝛼𝑖𝑈MMSE𝑖
2

) + tanh2 (
𝛼𝑖𝑈MMSE𝑖

2
) 

= 1 − 2𝐸 [𝑏𝑖tanh (
𝛼𝑖𝑈MMSE𝑖

2
)] + 𝐸 [tanh2 (

𝛼𝑖𝑈MMSE𝑖
2

)] 

 (3.80) 

Finding 𝐸 [𝑏𝑖tanh (
𝛼𝑖𝑈MMSE𝑖

2
)] first by expanding the expectation into conditional 

expectations: 
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𝐸 [𝑏𝑖tanh (
𝛼𝑖𝑈MMSE𝑖

2
)]

= 𝑃(𝑏𝑖 = 1)𝐸 [tanh (
𝛼𝑖𝑈MMSE𝑖

2
) |𝑏𝑖 = 1]

−  𝑃(𝑏𝑖 = −1)𝐸 [tanh (
𝛼𝑖𝑈MMSE𝑖

2
) |𝑏𝑖 = −1] 

=
1

2
𝐸 [tanh (

𝛼𝑖𝑈MMSE𝑖
2

) |𝑏𝑖 = 1] −
1

2
𝐸 [tanh (

𝛼𝑖𝑈MMSE𝑖
2

) |𝑏𝑖 = −1] 

=
1

2
𝐸

{
 
 

 
 

tanh

[
 
 
 
 
𝛼𝑖
2

(

 
 
−𝛽𝑖,𝑘 + 𝛽𝑖,𝑖 +∑𝛽𝑘,𝑙𝑏𝑙

𝐾

𝑙=1
𝑙≠𝑘
𝑙≠𝑖

+ 𝑁MMSE𝑖

)

 
 

]
 
 
 
 

}
 
 

 
 

−
1

2
𝐸

{
 
 

 
 

tanh

[
 
 
 
 
𝛼𝑖
2

(

 
 
−𝛽𝑖,𝑘 − 𝛽𝑖,𝑖 +∑𝛽𝑘,𝑙𝑏𝑙

𝐾

𝑙=1
𝑙≠𝑘
𝑙≠𝑖

+ 𝑁MMSE𝑖

)

 
 

]
 
 
 
 

}
 
 

 
 

 

 (3.81) 

In both terms of (3.81), the residual MAI and the noise can be grouped together and be 

approximated as Gaussian noise. This results in: 

𝐸 [𝑏𝑖tanh (
𝛼𝑖𝑈MMSE𝑖

2
)]

=
1

2
𝐸 [tanh (

𝛼𝑖
2
(−𝛽𝑖,𝑘 + 𝛽𝑖,𝑖) + Φ)]

−
1

2
𝐸 [tanh (

𝛼𝑖
2
(−𝛽𝑖,𝑘 − 𝛽𝑖,𝑖) + Φ)] 

(3.82) 

where Φ is a Gaussian random variable with zero mean and variance: 

𝜎Φ
2 =

𝛼𝑖
2

4

(

 
 
∑|𝛽𝑖,𝑙|

2
𝐾

𝑙=1
𝑙≠𝑖
𝑙≠𝑘

+
𝜎2

2
𝐰𝒊𝐒̃𝐒̃

𝑇𝐰𝒊
𝑇

)

 
 

 (3.83) 

The expectation 𝐸 [𝑏𝑖tanh (
𝛼𝑖𝑈MMSE𝑖

2
)]can be written in integral notation: 
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𝐸 [𝑏𝑖tanh (
𝛼𝑖𝑈MMSE𝑖

2
)]

=
1

2
∫ tanh (

𝛼𝑖
2
(−𝛽𝑖,𝑘 + 𝛽𝑖,𝑖) + 𝜙)

∞

−∞

𝑓Φ(𝜙)𝑑𝜙

−
1

2
∫ tanh (

𝛼𝑖
2
(−𝛽𝑖,𝑘 − 𝛽𝑖,𝑖)  + 𝜙)

∞

−∞

𝑓Φ(𝜙)𝑑𝜙 

(3.84) 

By taking the error function approximation as done when computing 𝐸[𝐼𝑘] in (3.73):  

𝐸 [𝑏𝑖tanh (
𝛼𝑖𝑈MMSE𝑖

2
)]

≈
1

2
∫ erf [

√𝜋

2
(
𝛼𝑖
2
(−𝛽𝑖,𝑘 + 𝛽𝑖,𝑖) + 𝜙)]

∞

−∞

1

√2𝜋𝜎Φ
2
exp(−

𝜙2

2𝜎Φ
2)𝑑𝜙  

−
1

2
∫ erf [

√𝜋

2
(
𝛼𝑖
2
(−𝛽𝑖,𝑘 − 𝛽𝑖,𝑖) + 𝜙)]

∞

−∞

1

√2𝜋𝜎Φ
2
exp (−

𝜙2

2𝜎Φ
2)𝑑𝜙   

 (3.85) 

And following the result from (3.76), the integral 𝐸 [𝑏𝑖tanh (
𝛼𝑖𝑈MMSE𝑖

2
)] results in: 

𝐸 [𝑏𝑖tanh (
𝛼𝑖𝑈MMSE𝑖

2
)]

≈
1

2
erf

[
 
 
 
√𝜋𝛼𝑘(−𝛽𝑖,𝑘 + 𝛽𝑖,𝑖)

4√1 +
𝜋𝜎Φ

2

2 ]
 
 
 

−
1

2
erf

[
 
 
 
√𝜋𝛼𝑘(−𝛽𝑖,𝑘 − 𝛽𝑖,𝑖)

4√1 +
𝜋𝜎Φ

2

2 ]
 
 
 

 

(3.86) 

Now for the second expectation in (3.80), 𝐸 [tanh2 (
𝛼𝑖𝑈MMSE𝑖

2
)]: 

 𝐸 [tanh2 (
𝛼𝑖𝑈MMSE𝑖

2
)] = 𝐸 [tanh2 (

𝛼𝑖

2
(−𝛽𝑖,𝑘 +∑ 𝛽𝑖,𝑙𝑏𝑙

𝐾
𝑙=1
𝑙≠𝑘

+ 𝑁MMSE𝑖))] 
(3.87) 

Again, by taking the residual MAI and noise and grouping it together as Gaussian noise: 

𝐸 [tanh2 (
𝛼𝑖𝑈MMSE𝑖

2
)] = 𝐸 [tanh2 (−

𝛼𝑖
2
𝛽𝑖,𝑘 +Φ)] (3.88) 

The variance of Φ is: 
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𝜎Φ
2 =

𝛼𝑖
2

4
(∑|𝛽𝑖,𝑙|

2
𝐾

𝑙=1
𝑙≠𝑘

+
𝜎2

2
𝐰𝑖𝐒̃𝐒̃

𝑇𝐰𝑖
𝑇) (3.89) 

The expectation in integral form: 

𝐸 [tanh2 (
𝛼𝑖𝑈MMSE𝑖

2
)] = ∫ tanh2 (−

𝛼𝑖
2
𝛽𝑖,𝑘 + 𝜙)

∞

−∞

𝑓Φ(𝜙)𝑑𝜙 (3.90) 

The integral required does not have a closed form solution. Even if the error function 

approximation as done in (3.73), the result still does not have a closed form solution. For the 

sake of this approximation, (3.90) is computed numerically. The result of this 

integral/expectation is left as: 

𝐸 [tanh2 (
𝛼𝑖𝑈MMSE𝑖

2
)] = Λ1(𝑘, 𝑖) (3.91) 

 

The result for 𝐸 [(𝑏𝑖 − tanh (
𝛼𝑖𝑈MMSE𝑖

2
))

2

] is: 

𝐸 [(𝑏𝑖 − tanh (
𝛼𝑖𝑈MMSE𝑖

2
))

2

]

= 1 −

(

 erf

[
 
 
 
√𝜋𝛼𝑘(−𝛽𝑖,𝑘 + 𝛽𝑖,𝑖)

4√1 +
𝜋𝜎Φ

2

2 ]
 
 
 

− erf

[
 
 
 
√𝜋𝛼𝑘(−𝛽𝑖,𝑘 − 𝛽𝑖,𝑖)

4√1 +
𝜋𝜎Φ

2

2 ]
 
 
 

)

 + Λ1(𝑘, 𝑖) 

 (3.92) 
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Next is to compute the cross terms in (3.79): 

𝐸 [(𝑏𝑖 − tanh (
𝛼𝑖𝑈MMSE𝑖

2
))(𝑏𝑗 − tanh(

𝛼𝑗𝑈MMSE𝑗
2

))]

= 𝐸 [tanh (
𝛼𝑖𝑈MMSE𝑖

2
) tanh (

𝛼𝑗𝑈MMSE𝑗
2

)] − 𝐸 [𝑏𝑖tanh(
𝛼𝑗𝑈MMSE𝑗

2
)]

− 𝐸 [𝑏𝑗tanh (
𝛼𝑖𝑈MMSE𝑖

2
)] 

 (3.93) 

Computing 𝐸 [tanh(𝑈MMSE𝑖)tanh (
𝛼𝑗𝑈MMSE𝑗

2
)] first, and assuming the interference in 

the MMSE decision variables is Gaussian: 

𝐸 [tanh (
𝛼𝑖𝑈MMSE𝑖

2
) tanh(

𝛼𝑗𝑈MMSE𝑗
2

)]

= 𝐸 [tanh (−
𝛼𝑖
2
𝛽𝑖,𝑘 +Φ𝑖) tanh (−

𝛼𝑗

2
𝛽𝑗,𝑘 +Φ𝑗)] 

(3.94) 

where the variance of Φ𝑖 and Φ𝑗 and correlation coefficient 𝜌Φ𝑖,Φ𝑖are: 

𝜎Φ𝑖
2 =

𝛼𝑖
2

4
(∑|𝛽𝑖,𝑙|

2
𝐾

𝑙=1
𝑙≠𝑘

+
𝜎2

2
𝐰𝑖𝐒̃𝐒̃

𝑇𝐰𝑖
𝑇) (3.95) 

𝜎Φ𝑗
2 =

𝛼𝑗
2

4
(∑|𝛽𝑗,𝑙|

2
𝐾

𝑙=1
𝑙≠𝑘

+
𝜎2

2
𝐰𝑗𝐒̃𝐒̃

𝑇𝐰𝑗
𝑇) 

(3.96) 

𝜌Φ𝑖,Φ𝑖 =
Cov(Φ𝑖, Φ𝑗)

𝜎Φ𝑖𝜎Φ𝑗
 

=
𝛼𝑖𝛼𝑗

4𝜎Φ𝑖𝜎Φ𝑗
(∑𝛽𝑖,𝑙𝛽𝑗,𝑙

𝐾

𝑙=1
𝑙≠𝑘

+
𝜎2

2
𝐰𝑖𝐒̃𝐒̃

𝑇𝐰𝑗
𝑇) 

(3.97) 

 

This integral form of 𝐸 [tanh (−
𝛼𝑖

2
𝛽𝑖,𝑘 +Φ𝑖) tanh (−

𝛼𝑗

2
𝛽𝑗,𝑘 +Φ𝑗)] is: 
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𝐸 [tanh (−
𝛼𝑖
2
𝛽𝑖,𝑘 +Φ𝑖) tanh (−

𝛼𝑗

2
𝛽𝑗,𝑘 +Φ𝑗)]

= ∬tanh (−
𝛼𝑖
2
𝛽𝑖,𝑘 +Φ𝑖) tanh (−

𝛼𝑗

2
𝛽𝑗,𝑘 +Φ𝑗) 𝑓Φ𝑖,Φ𝑗(𝜙𝑖 , 𝜙𝑗)𝑑𝜙𝑖𝑑𝜙𝑗

∞

−∞

 

 (3.98) 

where the joint distribution 𝑓Φ𝑖,Φ𝑗(𝜙𝑖 , 𝜙𝑗) is: 

𝑓Φ𝑖,Φ𝑗(𝜙𝑖, 𝜙𝑗) =
1

2𝜋𝜎Φ𝑖𝜎Φ𝑗√1 − 𝜌Φ𝑖,Φ𝑖
2

exp(−
1

2(1 − 𝜌Φ𝑖,Φ𝑖
2 )

[
𝜙𝑖
2

2𝜎Φ𝑖
2 +

𝜙𝑗
2

2𝜎Φ𝑗
2

−
2𝜌Φ𝑖,Φ𝑖𝜙𝑖𝜙𝑗

𝜎Φ𝑖𝜎Φ𝑗
 ]) 

 (3.99) 

The double integral in (3.98) does not have a closed form solution and is computed 

numerically. It is given the notation: 

𝐸 [tanh (−
𝛼𝑖
2
𝛽𝑖,𝑘 +Φ𝑖) tanh (−

𝛼𝑗

2
𝛽𝑗,𝑘 +Φ𝑗)] = Λ2(𝑘, 𝑖) (3.100) 

The 2 cross terms in (3.93)  involving 𝑏𝑖 and tanh (
𝛼𝑗𝑈MMSE𝑗

2
) or 𝑏𝑗 and tanh (

𝛼𝑖𝑈MMSE𝑖

2
) 

can be derived from the same result from (3.73), except adjusting which 𝛽s are in the 

numerator.  

𝐸 [𝑏𝑖tanh(
𝛼𝑗𝑈MMSE𝑗

2
)]

=
1

2
erf

[
 
 
 
 
 

√𝜋𝛼𝑗(−𝛽𝑗,𝑘 + 𝛽𝑗,𝑖)

4√1 +
𝜋𝜎Φ𝑗

2

2 ]
 
 
 
 
 

−
1

2
erf

[
 
 
 
 
 

√𝜋𝛼𝑗(−𝛽𝑗,𝑘 − 𝛽𝑗,𝑖)

4√1 +
𝜋𝜎Φ𝑗

2

2 ]
 
 
 
 
 

 

(3.101) 
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𝐸 [𝑏𝑗tanh (
𝛼𝑖𝑈MMSE𝑖

2
)]

=
1

2
erf

[
 
 
 
 
 

√𝜋𝛼𝑖(−𝛽𝑖,𝑘 + 𝛽𝑖,𝑗)

4√1 +
𝜋𝜎Φ𝑖

2

2 ]
 
 
 
 
 

−
1

2
erf

[
 
 
 
 
 

√𝜋𝛼𝑖(−𝛽𝑖,𝑘 − 𝛽𝑖,𝑗)

4√1 +
𝜋𝜎Φ𝑖

2

2 ]
 
 
 
 
 

 

(3.102) 

 

3.5.4 Computing 𝑬[𝑰𝐏𝐈𝐂𝒌𝑵𝐏𝐈𝐂𝒌]: 

Lastly, the cross correlation between the residual MAI and the noise are computed. 

𝐸[𝑁PIC𝑘𝐼PIC𝑘] = 𝐸 {𝑁PIC𝑘 [∑𝜆𝑘,𝑖

𝐾

𝑖=1
𝑖≠𝑘

(𝑏𝑖 − tanh (
𝛼𝑖𝑈MMSE𝑖

2
))]} 

=∑𝛼𝑘,𝑖

𝐾

𝑖=1
𝑖≠𝑘

{𝐸[𝑁PIC𝑘𝑏𝑖] − 𝐸 [𝑁PIC𝑘tanh (
𝛼𝑖𝑈MMSE𝑖

2
)]} 

(3.103) 

The noise and 𝑏𝑖 are uncorrelated, and (3.103) simplifies to: 

𝐸[𝑁PIC𝑘𝐼PIC𝑘] = −∑𝜆𝑘,𝑖

𝐾

𝑖=1
𝑖≠𝑘

𝐸 [𝑁PIC𝑘tanh (
𝛼𝑖𝑈MMSE𝑖

2
)] (3.104) 

Taking the expectation: 

𝐸 [𝑁PIC𝑘tanh (
𝛼𝑖𝑈MMSE𝑖

2
)]

= 𝐸 {𝑁PIC𝑘tanh [
𝛼𝑖
2
(−𝛽𝑖,𝑘 +∑𝛽𝑖,𝑙𝑏𝑙

𝐾

𝑙=1
𝑙≠𝑘

+ 𝑁MMSE𝑖)]} 

(3.105) 

By grouping the interference and noise inside the hyperbolic tangent: 

𝐸 [𝑁PIC𝑘tanh (
𝛼𝑖𝑈MMSE𝑖

2
)] = 𝐸 [𝑁PIC𝑘tanh (−

𝛼𝑖
2
𝛽𝑖,𝑘 +Φ)] (3.106) 

where the variance of Φ is: 
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𝜎Φ
2 =

𝛼𝑖
2
(∑|𝛽𝑖,𝑙|

2
𝐾

𝑙=1
𝑙≠𝑘

+
𝜎2

2
𝐰𝑖𝐒̃𝐒̃

𝑇𝐰𝑖
𝑇) (3.107) 

The noise 𝑁PIC𝑘, and Φ are correlated, as Φ contains the noise term 𝑁MMSE𝑖 = 𝐰𝑖𝐒̃𝐧̃ and 

 𝑁PIC𝑘 = 𝐒̃𝑘𝐧̃. Their cross-correlation coefficient is: 

𝜌𝑁PIC𝑘 ,Φ
=
Cov(𝑁PIC𝑘 , Φ)

𝜎𝑁PIC𝑘
𝜎Φ

 

=
𝐒̃𝑘𝐒̃

𝑇𝐰𝑖
𝑇𝜎

√2𝜎Φ
2

 

(3.108) 

The joint distribution between 𝑁PIC𝑘 and Φ is: 

𝑓𝑁PIC𝑘 ,Φ
(𝑛PIC𝑘 , 𝜙)

=  
1

2𝜋𝜎𝑁PIC𝑘
𝜎Φ√1 − 𝜌𝑁PIC𝑘 ,Φ

2

exp(−
1

2 (1 − 𝜌𝑁PIC𝑘 ,Φ
2)
[

𝑛𝑘
2

2𝜎𝑁PIC𝑘
2 +

𝜙2

2𝜎Φ
2

−
2𝜌𝑁PIC𝑘 ,Φ

𝑛𝑘𝜙

𝜎Φ𝜎𝑁PIC𝑘
 ]) 

 (3.109) 

Therefore, 𝐸 [𝑁PIC𝑘tanh (−
𝛼𝑖

2
𝛽𝑖,𝑘 +Φ)] can be written in integral notation as: 

𝐸 [𝑁PIC𝑘tanh (
𝛼𝑖𝑈MMSE𝑖

2
)]

= ∬𝑛PIC𝑘 tanh (−
𝛼𝑘
2
𝛽𝑖,𝑘 + 𝜙)

∞

−∞

𝑓𝑁PIC𝑘 ,Φ
(𝑛PIC𝑘 , 𝜙)𝑑𝑛PIC𝑘𝑑𝜙 

(3.110) 

Again, this integral does not have a closed form solution and will be computed 

numerically. It is represented by: 

𝐸 [𝑁PIC𝑘tanh (
𝛼𝑖𝑈MMSE𝑖

2
)] = Λ3(𝑘, 𝑖) (3.111) 
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3.6 Complexity Analysis 

Table 3.1 highlights the computational complexity of the proposed PIC-MMSE 

detector as well as the MPA detector. The complexity analysis for the MPA detector was taken 

from the work done in [44]. In addition, the complexity analysis for the PIC-MMSE and the 

MPA detectors are done in the AWGN channel and with equal received power from each user. 

It is assumed in the computational analysis that each complex multiplication requires 4 real 

multiplications and 2 real additions, while a complex addition requires 2 real additions.  

The complexity of the PIC-MMSE detector can be broken down into each stage of 

processing: 

1. The first stage involves the received chips being despread to the initial decision 

variables in (3.2). This despreading is a matrix multiplication between the spreading 

codes and the received signal. The spreading codes used to despread only contain 𝑑𝑣 

nonzero chips, and thus each dot product in the matrix multiplication will only contain 

𝑑𝑣 terms. This results in  𝐾𝑑𝑣 complex multiplications and 𝐾(𝑑𝑣 − 1) complex 

additions, or 4𝐾𝑑𝑣 real multiplications and 2𝐾𝑑𝑣 + 2𝐾(𝑑𝑣 − 1) real additions. 

2. The second stage is the splitting of the real and complex parts, which is does not use 

any computations. 

3. The third stage is applying the MMSE filter. Note, the PIC-MMSE detector does not 

need to compute 𝐖MMSE every signaling interval, as it can be computed beforehand 

with prior knowledge of the spreading sequences of each user and the SNR. The MMSE 

filter is simply a matrix multiplication to the split decision variables. The size of 𝐖MMSE 

is 𝐾 × 2𝐾 and 𝐔̃ is 2𝐾 × 1. This results in 2𝐾2 real multiplications and 𝐾(2𝐾 − 1) 

real additions. 

4. The fourth stage is computing the probabilities of the MMSE decision variables as is 

done in (3.36). The quantity 𝛼𝑘 in the exponential terms again can be precomputed for 

the same reasons as the MMSE filter in stage 3. There is a multiplication between 𝛼𝑘 

and 𝑈MMSE𝑘, and the division of exponentials is counted as another multiplication. 

There is a single addition that occurs in the denominator. Thus, the total number of real 

multiplications is equal to 2𝐾, the total number of real additions is 𝐾 and the number 

of exponentials is also 𝐾. 
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5. The fifth stage is the conversion of probabilities to soft bits as is done in (3.38). This 

requires 𝐾 real multiplications and 𝐾 real additions. 

6. The sixth and final stage is the PIC detector as is done in (3.40). For each user, the sum 

contains 𝐾 − 1 complex terms, each with one complex multiplication. The sum is then 

subtracted from the initial decision variable, which is counted as a single complex 

addition. In total, there are 4𝐾(𝐾 − 1) real multiplications, and 2𝐾(𝐾 − 1) + 2𝐾2 real 

additions. 

 

Table 3.1: Complexity Analysis between the proposed PIC-MMSE and MPA detectors 

 PIC-MMSE MPA 

Real 

Multiplications 
6𝐾2 + 4𝐾𝑑𝑣 − 𝐾 

𝑡𝑚𝑎𝑥𝑁𝑑𝑓𝑀
𝑑𝑓(2𝑑𝑓 + 1)

+ 𝑡𝑚𝑎𝑥𝐾𝑑𝑣𝑀(𝑑𝑣 − 2) 

Real Additions 6𝐾2 + 4𝐾𝑑𝑣 − 4𝐾 𝑡𝑚𝑎𝑥𝑁𝑑𝑓[(𝑑𝑓 + 1)𝑀
𝑑𝑓 −𝑀] 

Exponentials 𝐾 𝑡𝑚𝑎𝑥𝑁𝑑𝑓𝑀
𝑑𝑓  

 

The total number of multiplications, additions and exponentials for both MPA and the 

proposed PIC-MMSE detectors are listed in Table 3.1. As can be seen, the complexity of the 

proposed algorithm is 𝒪(𝐾2), compared to the complexity of 𝒪(𝑀𝑑𝑓) with the MPA detector. 

The PIC-MMSE detector limits its complexity to the fact that it only performs linear filtering 

on the received signal. It does not require any search computations like MPA detection, which 

brings exponential complexity. 

It may appear that as 𝐾 increases, the computational complexity of the PIC-MMSE 

detector becomes greater than that of the MPA detector. But, as 𝐾 increases, the number of 

required iterations also increases, as well as 𝑑𝑓 which in turn, increases the number of 

computations required per iteration. Even if 𝑑𝑓 is kept relatively low, such that the number of 

computations per iteration are relatively low, more iterations will have to be performed to share 

the inferences of each user’s symbol with every function and variable node. The proposed PIC-

MMSE detector does not have this trade-off between the number of iterations and 𝑑𝑓. 
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When dealing with the frequency-nonselective fading channel, the analysis gets a little 

more complicated due to the updated correlation matrix 𝐑̃′ which contains the complex channel 

gains. With the AWGN channel, the pseudoinverse required for the MMSE filter was needed 

to be computed once, due to no changes in the channel conditions. In the frequency-

nonselective fading channel, this inverse will need to be recomputed as the channel gains 

change, which depends how often the channel is changing. One alternative to this is to use an 

adaptive algorithm to obtain the pseudoinverse. If the channel is not changing drastically, a 

method such as recursive least squares, or least means squares can be used to update the inverse. 

In addition, the MPA will also require some additional processing to adjust for the changing 

channel conditions. 

 

3.7 Simulation Results 

In this section, the performance of the PIC-MMSE detector is presented. BER plots as 

well as tables indicating the number of computations required are included. The assumptions 

made for the simulations are the same assumptions in Chapter 2. In addition, both the 6x9 and 

12x16 spreading matrices given in (2.23) and (2.24) respectively are used. 

Figure 3.5 and Figure 3.6 show the BER performance of the MPA detector using 3 

iterations, and other conventional detectors, including the proposed PIC-MMSE detector. The 

conventional detectors include the single user detector, MMSE, ZF and PIC detectors. The PIC 

detector uses the decision variables after the single user detector. The MPA and PIC-MMSE 

detectors perform best, as expected. The other conventional detectors are not enough to handle 

the overloading that is present in these systems. 
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Figure 3.5: BER plot of the various conventional detection schemes for a system load of 9 

users and 6 chips  

 

 

Figure 3.6: BER plot of the various conventional detection schemes for a system load of 16 

users and 12 chips  



57 

 

Figure 3.7 and Figure 3.8 show the PIC-MMSE detector BER performance with various 

decision functions after the MMSE detector. This includes the linear, hard, and hyperbolic 

tangent decision devices that were presented in Figure 3.1. The nonlinear hyperbolic tangent 

operator proposed outperforms both the linear and hard decision devices which are used in 

typical PIC detectors. But as the SNR increases, the gap between the hard decision function 

and the hyperbolic tangent function, especially for the 9 user 6 chip system, decreases. This 

can be attributed to the hyperbolic tangent function approaching the hard detector as the SNR 

increases, due to the scaling factor 𝛼𝑘 also increasing, as can be seen in Figure 3.3.  

 

Figure 3.7: BER performance for different decision functions after the MMSE detector with 

the proposed PIC-MMSE detector for the 6 chips 9 user system 
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Figure 3.8: BER performance for different decision functions after the MMSE detector with 

the proposed PIC-MMSE detector for the 12 chips 16 user system 

 

Figure 3.9 and Figure 3.10 show the approximate BER derived in the previous section 

with the simulation results for the 6 chip 9 user and 12 chip 16 user systems, respectively. The 

approximation is not perfect, as can be seen by the overshooting in the low SNR region. The 

various Gaussian assumptions made during the derivation are the main cause of this overshoot 

with both systems. But, the approximation gets tighter as the SNR increases. This is because 

of the multiple access interference decreasing, and the approximation is having less effect on 

the BER performance.  
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Figure 3.9: Approximate BER performance for the 6 chips 9 user system 

 

 

Figure 3.10: Approximate BER performance for the 12 chips 16 user system 
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Figure 3.11 and Figure 3.12 compare the number of computations used by both 

detectors. Table 3.2 and Table 3.3 give the complexity analysis as well as required SNR to 

achieve a BER of 10-3. The number of multiplications, additions and exponentials are computed 

by substituting the system parameters into the expressions given in Table 3.1. The reduction in 

computations is drastically reduced compared to the MPA detector. The difference in 

computational complexity between both LDS systems shows how heavily the MPA detector 

relies on the number of interfering users per chip,  𝑑𝑓. The 9 user 6 chip system has 𝑑𝑓 = 3 and 

the 16 user 12 chip system has 𝑑𝑓 = 4. Due to the MPA detector having complexity that is 

exponential to 𝑑𝑓, even slight increases in 𝑑𝑓 cause the number of computations required 

increase quickly, as can be seen in these simulations.  

 

Figure 3.11: Computational complexity of the PIC-MMSE and MPA detectors for the 9 users 

6 chips system. 
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Table 3.2: Required SNR to achieve BER of 10-3 and the number of computations required 

for the 6 chip 9 user system 

 PIC-MMSE MPA (3 iterations) Difference 

SNR  7.25 dB 6.97 dB -0.28 dB 

Real Multiplications 549 3024 -81.84% 

Real Additions 522 1620 -67.87% 

Exponentials 9 432 -97.92% 

 

 

Figure 3.12: Computational complexity of the PIC-MMSE and MPA detectors for the 16 user 

12 chips system 

 

Table 3.3: Required SNR to achieve BER of 10-3 and the number of computations required 

for the 12 chip 16 user system 

 PIC-MMSE MPA (3 iterations) Difference 

SNR (dB) 7.63  7.07 dB -0.56 dB 

Real Multiplications 1712 21024 -91.86% 

Real Additions 1664 11232 -85.19% 

Exponentials 16 2304 -99.31% 



62 

 

 

Figure 3.13: BER plot of the PIC-MMSE and MPA detectors for a system load of 9 users and 

6 chips 

 

Figure 3.14: BER plot of the PIC-MMSE and MPA detectors for a system load of 16 users 

and 12 chips 
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Figure 3.13 and Figure 3.14 show the BER performance of both the PIC-MMSE and 

MPA detectors in the frequency-nonselective fading channel. As can be seen, both detectors 

perform well in the frequency-nonselective fading channel and approach the single user bound. 

The independent channel gains create additional diversity, and this helps separate the symbols 

with the PIC detector. 

 

3.8 Summary 

This chapter presented the proposed PIC-MMSE detector as well as analyzed other 

conventional detectors that are typically used in CDMA systems and applied them to LDS 

systems. An approximate expression for the BER of the PIC-MMSE detector was also 

presented. The approximate BER expression was compared to simulation results, and was 

shown to be valid, especially at high SNR. In addition, the complexity analysis of the proposed 

PIC-MMSE detector was presented and compared to the complexity of the MPA detector. It 

was shown that the proposed detector has complexity of 𝑂(𝐾2) compared to 𝑂(𝑀𝑑𝑓) of the 

MPA detector. 

Simulation results of the BER performance were presented between conventional 

detection techniques, the proposed PIC-MMSE and MPA detectors for various system loads 

and sizes. It was shown the PIC-MMSE detector had massive reductions in computations 

compared to the MPA detector, with losses of about a fraction of a dB.  
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Chapter 4  

Precoding Scheme for LDS Systems in 

Frequency-Selective Channels 

 

4.1 Introduction 

Most of the research on LDS or SCMA systems has been done under the simple 

AWGN channel, or the frequency-nonselective fading channel. This is important especially 

for channels using mmWaves. When research is extended to the frequency selective channel, 

the spreading sequences are implemented on orthogonal subcarriers, like OFDM or 

multicarrier CDMA (MC-CDMA) [45]. OFDM or MC-CDMA systems can handle the 

frequency-selectivity due to their subcarriers having bandwidth that is smaller than the 

coherence bandwidth [46]. This allows for each subcarrier to experience flat fading, which 

makes detection easier. The downside to using OFDM over CDMA is OFDM has a relatively 

high peak to average power ratio (PAPR) which may cause saturation in the power amplifiers 

[47]. Unfortunately, LDS-CDMA is unable, without the help of external processing, to 

overcome the multipath channel. Due to the requirement of synchronous chip level processing, 

multipath channels will spread the chips across each other, destroying the low-density 

structure. Standard CDMA can overcome multipath channels with the use of a RAKE receiver, 

which uses diversity combining to sum the delayed components produced from the multipath 

channel coherently [48]. Other equalization methods that were applied to standard CDMA that 

can be extended to LDS systems include FDE [49], and blind equalization methods [50].  

In this chapter, a precoding scheme for LDS systems that is designed to overcome the 

multipath channel is proposed. This precoding applies the inverse channel frequency response 

to the transmitted signal before transmission, such that the multipath degradation is reduced. 

The precoding scheme can be applied to mmWave channels as well. Simulation results show 

this precoding scheme results in better performance for both the MPA and the proposed PIC-
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MMSE detector in the multipath channel. Simulations where channel errors are present are 

also included. 

4.2 System Model 

The system model for LDS systems in the presence of frequency-selective fading is 

introduced in this section. The system model assumes a CDMA system with 𝐾 users and the 

spreading sequences are complex with a length of 𝑁 chips. The discrete time system model for 

the system is shown in (4.1), where 𝐫 = [𝑟1, 𝑟2, … 𝑟𝑁]
𝑇 ∈ ℂ𝑁 is the received signal,  

𝐬𝑘 = [s1,𝑘, s2,𝑘…s𝑁,𝑘]
𝑇
∈ ℂ𝑁 is user 𝑘’s spreading code, x𝑘 ∈ 𝒳 is the symbol user 𝑘 is 

transmitting and 𝐧 = [𝑛1, 𝑛2…𝑛𝑁]
𝑇 ∈ ℂ𝑁 is the complex additive white Gaussian noise with 

covariance matrix 𝜎2𝐈.  

The multipath channel is modelled by a tap delay line finite impulse response (FIR) 

filter of length 𝐿 chips. The signal generated from each user is convolved through the multipath 

channel, where 𝐡𝑘 =
1

√𝐿
 [ℎ1,𝑘, ℎ2,𝑘, … ℎ𝐿,𝑘]

𝑇
 is the impulse response of the multipath channel 

for user 𝑘. Each element in 𝐡𝑘 is a Gaussian random variable with zero mean and unit variance. 

The 
1

√𝐿
 factor is added to keep the energy the channel applies to the transmitted signal on 

average at unity. The channel impulse responses between users are assumed to be independent 

from one another. The system model is: 

𝐫 = ∑𝐡𝑘 ∗ (𝐬𝑘𝑥𝑘)

𝐾

𝑘=1

+ 𝐧 (4.1) 

where ∗ is the convolution operator. 

 

4.3 Precoding Scheme 

The block diagram for the proposed precoding scheme is given in Figure 4.1. Initially, 

each user spreads 𝑁syms symbols with their spreading code, which results in 𝑁𝑁syms chips. 

The 𝑁𝑁syms chips are passed to a serial to parallel converter and a Discrete Fourier Transform 

(DFT) is applied. After the DFT, the inverse channel frequency response is applied, and this 

frequency response is normalized such that the power transmitted from each user is constant 
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and does not fluctuate. Fluctuating transmit power is undesirable as it reduces amplifier 

efficiency. This is a common problem with OFDM, and applying a normalized channel 

frequency response keeps the transmit power constant. Next, an Inverse Discrete Fourier 

Transform (IDFT) is applied to get the sequence back to the time domain. A cyclic prefix (CP) 

is added such that the convolution between the transmitted signal and the channel impulse 

response appears as circular convolution after the removal of the cyclic prefix, similar to 

OFDM transmission. 

 

 

Figure 4.1: Block diagram of the proposed precoding scheme for LDS systems in multipath 

channels 

 

The precoding for user 𝑘 begins with spreading 𝑁syms bits and running them through a 

serial to parallel converter. This signal is represented by 𝐲𝑘 and is: 
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𝑧𝑘,𝑖 
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𝐲𝑘 = [𝑠1,𝑘𝑥𝑘
(1), 𝑠2,𝑘𝑥𝑘

(1), … 𝑠𝑁,𝑘𝑥𝑘
(1), 𝑠1,𝑘𝑥𝑘

(2), 𝑠2,𝑘𝑥𝑘
(2), … 𝑠𝑁,𝑘𝑥𝑘

(𝑁syms)]
𝑇

 (4.2) 

where 𝑥𝑘
(𝑖)

 represents the 𝑖th symbol for user 𝑘. Next, a DFT is applied to 𝐲𝑘 where 

DFT𝑁DFT{∙} is the DFT operation with length 𝑁DFT = 𝑁𝑁syms. The result after taking the DFT 

of the spread bits is: 

𝐘𝑘 = DFT𝑁DFT{𝐲𝑘} 

= 𝐅(𝑁DFT)𝐲𝑘 

(4.3) 

where 𝐘𝑘 is of size 𝑁𝑁syms and is the frequency domain signal of the spread symbols. 

𝐅𝑁DFT is the DFT matrix which is defined as: 

𝐅(𝑁DFT) =
1

√𝑁DFT
[
 
 
 
 
1 1 1 ⋯ 1
1 𝜔 𝜔2 ⋯ 𝜔(𝑁DFT−1)

1 𝜔2 𝜔4 ⋯ 𝜔2(𝑁DFT−1)

⋮ ⋮ ⋮ ⋱ ⋮
1 𝜔(𝑁DFT−1) 𝜔2(𝑁DFT−1) ⋯ 𝜔(𝑁DFT−1)(𝑁DFT−1)]

 
 
 
 

 (4.4) 

where 𝜔 = exp (−
𝑗2𝜋

𝑁𝐷𝐹𝑇
). The 𝑖th frequency bin of 𝐘𝑘 is row 𝑖 in 𝐅𝑁DFT multiplied by 

the time domain signal 𝐲𝑘.  

𝑌𝑘,𝑖 = 𝐅𝑖
(𝑁DFT)𝐲𝑘 (4.5) 

At frequency bin 𝑖, the normalized channel impulse response frequency bin is 

multiplied to 𝑌𝑘,𝑖 

𝑍𝑘,𝑖 = 𝐻̃inv𝑘,𝑖 𝑌𝑘,𝑖 (4.6) 

where the normalized channel frequency response at bin 𝑖 is: 

𝐻̃inv𝑘,𝑖 =
𝐻inv𝑘,𝑖

√𝐸𝐇inv𝑘

 

=
1

√𝐸𝐇inv𝑘
𝐻𝑘,𝑖

 

(4.7) 

where 𝐻𝑘,𝑖 is the 𝑖th frequency bin of 𝐇𝑘 which is the DFT of the channel impulse 

response: 



68 

 

𝐇𝑘 = DFT𝑁DFT{𝐡𝑘} (4.8) 

and 𝐸𝐇inv𝑘
is the energy of the inverse channel frequency response and is given by: 

𝐸𝐇inv𝑘
=

1

𝑁DFT
∑

1

|𝐻𝑘,𝑖 |
2

𝑁DFT

𝑖=1

 (4.9) 

The vector notation of (4.6) can be represented by: 

𝐙𝑘 = 𝐇̃inv𝑘 ⊙𝐘𝑘 (4.10) 

where ⊙ represents element-wise multiplication. After applying the inverse channel 

response, the IDFT is applied to get the signal back to the time domain: 

𝐳𝑘 = IDFT{𝐙𝑘} 

= 𝐅(𝑁DFT)
−1
𝐙𝑘 

(4.11) 

where IDFT{∙} is the inverse DFT operation, 𝒛𝑘 is the precoded signal in the time 

domain, and 𝐅(𝑁DFT)
−1

 is the inverse DFT matrix which is also the Hermitian transpose of 

𝐅(𝑁DFT): 

𝐅(𝑁DFT)
−1
= 𝐅(𝑁DFT)

𝐻
 (4.12) 

The last step of the precoding procedure is to add a cyclic prefix like in OFDM and SC-

FDMA systems. This is to ensure that the output of the convolution with the channel impulse 

response results in circular convolution. The transmitted symbol for user 𝑘 becomes: 

𝐳̃𝑘 = [𝑧𝑘,𝑁DFT−𝑁CP+1, 𝑧𝑘,𝑁DFT−𝑁CP , … 𝑧𝑘,𝑁DFT , 𝑧𝑘,1, 𝑧𝑘,2, … 𝑧𝑘,𝑁DFT]
𝑇
 (4.13) 

where 𝑁CP is the length of the cyclic prefix, which must be larger than 𝐿 − 1. The 

following transmission precoding and reception after the channel can now be represented by 

circular convolution: 

𝐫 = ∑𝐡𝑘 ∗ 𝐳̃𝑘

𝐾

𝑘=1

 
(4.14) 
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=∑𝐡𝑘⊛ 𝐳𝑘

𝐾

𝑘=1

 

where ⊛ is the circular convolution operator. Circular convolution results in 

multiplication in the discrete frequency domain., and (4.14) can be rewritten as: 

𝐫 = ∑𝐡𝑘⊛ 𝐳𝑘

𝐾

𝑘=1

 

=∑𝐅(𝑁DFT)
−1
(𝐇𝑘⊙𝐙𝑘)

𝐾

𝑘=1

 

=∑𝐅(𝑁DFT)
−1
(𝐇𝑘⊙ 𝐇̃inv𝑘 ⊙𝐘𝑘)

𝐾

𝑘=1

 

=∑𝐅(𝑁DFT)
−1
[(𝐇𝑘⊙ 𝐇̃inv𝑘 )⊙ (𝐅𝑖

(𝑁DFT)𝐲𝑘)]

𝐾

𝑘=1

 

=∑
1

√𝐸𝐇inv𝑘

𝐲𝑘

𝐾

𝑘=1

 

=∑𝛾𝑘𝐲𝑘

𝐾

𝑘=1

 

(4.15) 

The transmitter precoding has transformed the multipath channel into a single path 

channel. The equivalent single path channel for user 𝑘 has a gain 𝛾𝑘 =
1

√𝐸𝐇inv𝑘

 which is a 

random variable that is dependent on the tapped delay line channel, 𝐡𝑘. The exact distribution 

of 𝛾𝑘 is very difficult to determine theoretically due to the various operations performed. For 

this thesis, 𝐡𝑘 is a tapped delay line where each tap is a complex Gaussian random variable, 

but other channel models could be used, such as each channel tap having exponentially 

decaying amplitudes. 

 𝐲𝑘 is a block of 𝑁syms of spread symbols for user 𝑘. The complete received signal for 

just one symbol in this block is: 

𝐫 = ∑𝛾𝑘𝐬𝑘x𝑘

𝐾

𝑘=1

+ 𝐧 (4.16) 
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𝐫 = 𝐒𝚪𝐱 + 𝐧 (4.17) 

where 𝚪 is a diagonal matrix with elements: 

𝚪 = [

𝛾1 0 ⋯ 0
0 𝛾2 0 ⋮
⋮ 0 ⋱ 0
0 ⋯ 0 𝛾𝐾

] (4.18) 

  To view the properties of 𝛾𝑘, simulations with 100,000 random generations of a 

channel vector with length 𝐿 taps and a single Rayleigh random variable are done. Histograms 

of 𝛾𝑘 with varying 𝐿, and a Rayleigh random variable as a refeence are plotted to see their 

approximate distributions. These results are shown in Figure 4.2, Figure 4.3 and Figure 4.4. As 

the channel length increases, the mean and variance of the distribution of  𝛾𝑘 both decreases. 

This is due to the precoding essentially averaging the channel taps. This causes the randomness 

of 𝛾𝑘 to decrease. The downfall of this is that 𝛾𝑘 has a mean that is approximately 0.5. 

 

Figure 4.2: Histogram of 𝛾𝑘 and a Rayleigh random variable with 𝐿 = 3 channel taps 
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Figure 4.3: Histogram of 𝛾𝑘 and a Rayleigh random variable with 𝐿 = 5 channel taps 

 

Figure 4.4: Histogram of 𝛾𝑘 and a Rayleigh random variable with 𝐿 = 7 channel taps 
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4.3.1 The Example of a Single Tap Multipath Channel 

(Frequency-Nonselective Fading) 

When the channel is frequency-nonselective, the tapped delay line channel model 

simplifies to a single tap complex Gaussian random variable. The system model is now: 

𝐡𝑘 = ℎ𝑘 

= |ℎ𝑘| exp(𝑗𝜃𝑘) 
(4.19) 

where |ℎ𝑘| is the magnitude of ℎ𝑘 which has a Rayleigh distribution and 𝜃𝑘 is the phase 

of the single tap channel and has a uniform distribution between [0,2𝜋]. Assuming 𝑁syms = 1, 

the received signal becomes: 

𝐫 = ∑𝐡𝑘 ∗ (𝐬𝑘x𝑘)

𝐾

𝑘=1

+ 𝐧 

=∑𝐬𝑘ℎ𝑘x𝑘

𝐾

𝑘=1

+ 𝐧 

(4.20) 

When the precoding is applied to this type of channel, the discrete frequency spectrum 

will be flat with a gain that is Rayleigh distributed. The DFT of the channel response is:  

𝐇𝑘 = DFT𝑁DFT{𝐡𝑘} 

= ℎ𝑘𝟏𝑁DFT 
(4.21) 

where 𝟏𝑁DFT is a vector of all 1’s. The inverse of the channel at bin 𝑖 is: 

𝐻inv𝑘,𝑖 =
1

ℎ𝑘
 

(4.22) 

The energy of the inverse channel frequency response: 

𝐸𝐇inv𝑘
=

1

𝑁DFT
∑

1

|𝐻𝑘,𝑖 |
2

𝑁DFT

𝑖=1

 

=
1

|ℎ𝑘|2
 

(4.23) 

This leads to the normalized channel response at bin 𝑖 to be: 
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𝐻̃inv𝑘,𝑖 =
𝐻inv𝑘,𝑖

√𝐸𝐇inv𝑘

 

=
|ℎ𝑘|

ℎ𝑘
 

= exp(−𝑗𝜃𝑘) 

(4.24) 

What this result shows is that with a single tap channel, the precoder will just apply the 

phase correction to the spread bits. After applying this phase correction, the received signal 

will now be a sum of each user’s spread data with a varying real gain. As will be shown in the 

simulation results, this improves performance by giving some diversity between the users. 

More on the effects of the precoding scheme in the following section.  

 

4.4 The Effects of Precoding on Multiuser Detectors 

After each user transmits through the channel with precoding, the multipath fading is 

eliminated. The received signal is a sum of each user’s signal, except each user is now 

attenuated. This will affect the performance of the various LDS detectors. The MPA and PIC-

MMSE detectors are affected in a similar manner to how the frequency-nonselective fading 

channel affected the detectors. How the precoding affects these detectors is presented in this 

section. 

4.4.1 MPA Detector 

The alterations required for the MPA detector are minimal, and only change the metrics 

computed at the function nodes. The metrics in (2.18) are changed to include the effective 

channel gains: 

𝑀𝑛(𝐱) =  exp(−
1

2𝜎2
|𝑦𝑛 − ∑ 𝑠𝑛,𝑘𝐴𝑘𝛾𝑘𝑥𝑘

𝑘∈𝜉𝑛

|

2

)  (4.25) 

The messages passed between function nodes and variable nodes are the same, as 

shown in (2.19) and (2.20).  
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4.4.2 PIC-MMSE Detector 

The PIC-MMSE detector also has minimal changes compared to the AWGN channel. 

The notation (∙)′′ throughout this chapter identifies this variable is for the frequency-selective 

channel with precoding. The split decision variables after despreading become: 

𝑈′′𝑘 = 𝐬𝑘
𝐻𝐫  

= 𝛾𝑘𝐴𝑘𝑏𝑘 +∑𝑅𝑘,𝑖𝛾𝑖𝐴𝑖𝑏𝑖

𝐾

𝑖=1
𝑖≠𝑘

+ 𝐬𝑘
𝐻𝐧  

(4.26) 

And in vector notation: 

𝐔′′ = 𝐒𝐻𝐫  

= 𝐑𝐀𝚪𝐛 + 𝐒𝐻𝐧 
(4.27) 

Then splitting real and imaginary parts: 

𝐔̃′′ = [
ℜ(𝐔)

ℑ(𝐔)
]  

= [
ℜ(𝐑) −ℑ(𝐑)

ℑ(𝐑) ℜ(𝐑)
] [
ℜ(𝐀𝚪𝐛)

ℑ(𝐀𝚪𝐛)
] + [

ℜ(𝐒𝐻) −ℑ(𝐒𝐻)

ℑ(𝐒𝐻) ℜ(𝐒𝐻)
] [
ℜ(𝐧)

ℑ(𝐧)
] 

= 𝐑̃𝐀𝚪𝐛 + 𝐒̃𝐧̃ 

(4.28) 

 

The MMSE filter for the multipath channel with precoding is derived in a similar 

manner to that of the AWGN channel. The MMSE filter is: 

𝐖′′MMSE =  𝚼𝐑̃
𝑇 (𝐑̃𝚼𝐑̃𝑇 +

𝜎2

2
𝐒̃𝐒̃𝑇)

+

 (4.29) 

where the amplitudes and effective channel gains are grouped together to form: 

𝚼 =

[
 
 
 
𝛾1
2𝐴1

2 0 ⋯ 0

0 𝛾2
2𝐴2

2 0 ⋮
⋮ 0 ⋱ 0
0 ⋯ 0 𝛾𝐾

2𝐴𝐾
2 ]
 
 
 

 (4.30) 

 

The filter for user 𝑘 is: 
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𝐰′′𝑘 = 𝐴𝑘
2𝛾𝑘

2𝐑̃𝑘
𝑇 (𝐑̃𝚼𝐑̃𝑇 +

𝜎2

2
𝐒̃𝐒̃𝑇)

+

 (4.31) 

The decision variables in vector form after the MMSE detector are: 

𝐔′′MMSE = 𝐖′′MMSE𝐔̃′′ 

= 𝚼𝐑̃𝑇 (𝐑̃𝚼𝐑̃𝑇 +
𝜎2

2
𝐒̃𝐒̃𝑇)

+

𝐔̃′′ 

= 𝚼𝐑̃𝑇 (𝐑̃𝚼𝐑̃𝑇 +
𝜎2

2
𝐒̃𝐒̃𝑇)

+

(𝐑̃𝐀𝚪𝐛 + 𝐒̃𝐧̃) 

= 𝚼𝐑̃𝑇 (𝐑̃𝚼𝐑̃𝑇 +
𝜎2

2
𝐒̃𝐒̃𝑇)

+

𝐑̃𝐀𝚪𝐛 + 𝚼𝐑̃𝑇 (𝐑̃𝚼𝐑̃𝑇 +
𝜎2

2
𝐒̃𝐒̃𝑇)

+

𝐒̃𝐧̃ 

(4.32) 

The decision variable for user 𝑘 after the MMSE detector can be written as: 

𝑈′′MMSE𝑘 = 𝐰′′𝑘𝐔̃′′ 

= 𝐰′′𝑘(𝐑̃𝑘
𝑇)

𝑇
𝛾𝑘𝐴𝑘𝑏𝑘 +∑𝐰′′𝑘(𝐑̃𝑖

𝑇)
𝑇
𝛾𝑖𝐴𝑖𝑏𝑖

𝐾

𝑖=1
𝑖≠𝑘

+𝐰′′𝑘𝐒̃𝐧̃ 

= 𝛽′′𝑘,𝑘𝑏𝑘 +∑𝛽′′𝑘,𝑖𝑏𝑖

𝐾

𝑖=1
𝑖≠𝑘

+𝐰′′𝑘𝐒̃𝐧̃ 

= 𝛽′′𝑘,𝑘𝑏𝑘 + 𝐼′′MMSE𝑘 + 𝑁′′MMSE𝑘   

(4.33) 

where: 

𝛽′′𝑘,𝑖 = 𝐰′′𝑘(𝐑̃𝑖
𝑇)
𝑇
𝛾𝑖𝐴𝑖 

= 𝑃𝑘𝛾𝑘
2𝐑̃𝑘

𝑇 (𝐑̃𝚼𝐑̃𝑇 +
𝜎2

2
𝐒̃𝐒̃𝑇)

+

(𝐑̃𝑖
𝑇)
𝑇
𝛾𝑖𝐴𝑖 

(4.34) 

𝐼′′MMSE𝑘 =∑𝛽′′𝑘,𝑖𝑏𝑖

𝐾

𝑖=1
𝑖≠𝑘

 (4.35) 

𝑁′′MMSE𝑘 = 𝐰′′𝑘𝐒̃𝐧̃  (4.36) 

After the MMSE detector, the soft bits are computed and are of the form: 
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𝑏′′soft𝑘 = tanh (
𝛼′′𝑘𝑈′′MMSE𝑘

2
) (4.37) 

where 

𝛼′′𝑘 =
4𝛽′′𝑘,𝑘

2∑ |𝛽′′𝑘,𝑖|
2𝐾

𝑖=1
𝑖≠𝑘

+ 𝜎2𝐰′′𝑘𝐒̃𝐒̃𝑇𝐰′′𝑘
𝑇
 (4.38) 

The PIC detector produces the final decision variables using the soft bits: 

𝑈′′PIC𝑘 = 𝑈′′𝑘 −∑𝑅𝑖,𝑘𝐴𝑖𝛾𝑖𝑏′′soft𝑖

𝐾

𝑖=1
𝑖≠𝑘

 (4.39) 

Finally, a final hard estimate of the bits is made: 

𝑏̂′′𝑘 = sgn (ℜ(𝑈′′PIC𝑘)) 
(4.40) 

𝐛̂′′ = sgn(ℜ(𝐔′′𝑃𝐼𝐶)) (4.41) 

 

4.5 Channel Estimation Errors 

The performance of the proposed precoding scheme directly relies on the channel state 

information. Multipath fading channels are constantly changing and can vary depending on the 

environment and application of the communication link. Depending how often the channel 

state information is updated, the channel state information may not be accurate relative to the 

actual channel conditions. The proposed precoding scheme also relies on the receiver 

communicating the channel state information back to the transmitter. This backwards 

communication will have to be done over a reliable channel. This also causes delays to the 

accuracy of the channel state information used and the actual channel. In addition, how the 

channel state information is obtained varies depending on the estimation scheme used. With all 

these variables affecting the quality of the channel state information, it is beneficial to view the 

performance of the precoding scheme in the presence of channel estimation errors.  

The error added to the channel state information depends heavily on the method used 

to estimate the channel state information. In this thesis, the specific channel estimation methods 
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such as pilot insertion or blind schemes are not investigated. Instead, Gaussian noise is added 

to the channel state information to test this. In simulations, the variance of the noise will be 

varied to show the performance in the presence of inaccurate channel state information. The 

estimated channel vector at tap 𝑖 for user 𝑘 is: 

ℎ̂𝑖,𝑘 = ℎ𝑖,𝑘 + 𝜖𝑖,𝑘 (4.42) 

where 𝜖𝑖,𝑘 is a Gaussian random variable with zero mean and variance 𝜎𝜖𝑖,𝑘
2 .  

 

4.6 Simulation Results 

In this section, the BER performance of the precoding scheme will be examined. The 

performance of the precoding scheme is analyzed by varying different parameters which 

include the multipath channel length and decoding methods. In addition, the BER performance 

in the presence of estimation errors is examined. The simulation parameters are: 

• The 6 chip 9 user system in (2.24) is used for all simulations. 

• BPSK modulation is used.  

• Each user transmits with unit energy per bit 

• The number of symbols (bits) grouped together in parallel is 𝑁syms = 100 for all 

simulations. This leads to 𝑁syms𝑁 = (6)(100) = 600 chips used for the DFT and 

IDFT operation. 

• The multipath channel is assumed to remain constant during each precoding instance. 

• The multipath channel is zero padded to a length of 600 for the DFT operation. 

In Figure 4.5, Figure 4.6, Figure 4.7, and Figure 4.8, the precoding scheme is applied 

to a multipath channel with varying channel lengths of 𝐿 = 1,3,5,7. The MPA, and PIC-MMSE 

detector as well as the single user bound in the frequency-nonselective fading channel are 

presented. For the single tap channel, both the MPA and PIC-MMSE detectors approach the 

single user bound. As was shown in section 4.3.1, the precoding removes the phase of the 

complex channel gains. The effective channel gain for each user will be independent, which 

allows for additional diversity between them.  
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As the channel length increases, the performance of the precoding scheme starts to 

saturate for both the MPA and PIC-MMSE detectors. Longer channel vectors result in more 

multipath rich environments, which negatively impacts performance. But, the precoding 

scheme can handle these harsher channels which is very beneficial. 

 

Figure 4.5: The MPA and PIC-MMSE detectors with precoding for a multipath channel with 

𝐿 = 1 number of taps 
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Figure 4.6: The MPA and PIC-MMSE detectors with precoding for a multipath channel with 

𝐿 = 3 number of taps 

 

Figure 4.7: The MPA and PIC-MMSE detectors with precoding for a multipath channel with 

𝐿 = 5 number of taps 
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Figure 4.8: The MPA and PIC-MMSE detectors with precoding for a multipath channel with 

𝐿 = 7 number of taps 

Next, the performance of the precoding scheme in the presence of channel estimation 

errors is examined, as discussed in section 4.5. To simulate this, zero mean Gaussian noise is 

added to the channel vector with varying variance. Figure 4.9, Figure 4.10 and Figure 4.11 

show the BER performance with varying levels of noise added to the channel vector, and 

varying channel lengths. As the channel length increases, it is evident that the effect of the 

estimation errors becomes more severe, as expected.  
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Figure 4.9: BER performance in the presence of channel estimation errors to the MPA and 

PIC-MMSE detectors with a multipath channel of 𝐿 = 1 taps 

 

Figure 4.10: BER performance in the presence of channel estimation errors to the MPA and 

PIC-MMSE detectors with a multipath channel of 𝐿 = 3 taps 
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Figure 4.11: BER performance in the presence of channel estimation errors to the MPA and 

PIC-MMSE detectors with a multipath channel of 𝐿 = 5 taps 

 

4.7 Summary 

In this chapter, a precoding scheme designed for multipath channels was presented. The 

low-density structure of LDS systems makes them even more susceptible to the effects of 

multipath fading compared to regular spread spectrum systems. The proposed precoding 

scheme applies a normalized inverse channel frequency response to the spread chips. When 

this precoded signal passes through the multipath channel, the delayed components of the 

multipath channel are eliminated. This effectively transforms the multipath channel into a 

single path channel. 

In addition, the MPA and PIC-MMSE detectors were altered to improve their 

performance in the presence of precoding and multipath fading. Simulation results were 

presented to test the BER performance of the precoding scheme for both the MPA and PIC-

MMSE detectors. It was shown that as the number of channel taps increased, the BER 

performance saturated, which shows the precoding scheme to be effective even in harsh 

multipath conditions.  
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Chapter 5  

Conclusions and Potential Future Work 

 

5.1 Conclusion 

NOMA schemes have become a popular alternative for future wireless networks, 

including 5G, compared to typical OMA schemes due to the high spectral efficiencies they 

offer. Code-domain NOMA is among this popular group and include schemes like LDS and 

SCMA. LDS systems use MPA detection for MUD, which has complexity exponential to the 

number of interfering users per chip. In addition, LDS systems require full synchronization as 

MPA detection is a chip-level iterative algorithm. A multipath environment will destroy the 

LDS structure and MUD is difficult. These two inherent issues of high computational 

complexity and multipath channels are addressed in this thesis. 

In chapter 2, LDS systems were discussed and examined in detail. The system model 

for LDS systems was presented for both the AWGN and frequency and frequency-nonselective 

channels. The design of spreading sequences and their important properties as well as the 

derivation of the MPA were also discussed. Simulation results show the MPA detector 

approaches the single user bound after a few iterations. 

Chapter 3 introduced the proposed PIC-MMSE MUD technique. The PIC-MMSE 

detector combines the standard MMSE and PIC detectors, in a multistage manner. It is shown 

the PIC-MMSE detector offers a drastic reduction in computational complexity compared to 

the MPA detector and has computational complexity that is quadratic to the number of users in 

the systems. In addition, an approximate BER expression is derived and closely matches the 

simulated BER. Simulation results showed the PIC-MMSE detector is able to achieve 

reductions in multiplications and additions by over 65% while suffering a loss of a fraction of 

a dB. 

In chapter 4, the proposed precoding scheme for multipath channels was introduced. 

The precoding applies an inverse channel frequency response to a block of spread chips. The 

received signal with precoding appears at the receiver with no ISI, and the multipath channel 
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is transformed into a single tap channel. The PIC-MMSE and MPA detectors in this channel 

model have a similar structure to the frequency-nonselective channel. Simulation results show 

the precoding scheme is effective and reliable communication is possible, even in harsh 

multipath conditions.  

5.2 Potential Future Work 

While this thesis presented an alternative MUD and precoding scheme to combat 

multipath channels, there are further areas to explore. 

Error control coding was not studied in this thesis but is a necessity in all 

communication systems. It would be advantageous to explore how the PIC-MMSE and 

precoding impact the performance with error control coding. Typically, the channel decoding 

is done after the received signal is demodulated. A possibility would be to implement a soft 

decoder after the MMSE detector, just before the PIC detector. This way, the channel decoder 

and PIC detector could manipulate the bits, like a turbo decoder. 

Minimal work has been done for LDS systems employing multiple-input multiple-

output (MIMO) systems. MIMO has been researched with SCMA systems [51], to improve 

BER as well as spectral efficiency. Like the SCMA system proposed in [19], LDS can be used 

to employ permutation spreading, in which message bits are not spread to the same code, but 

instead are used to select a certain code from a group of codes of possible. While SCMA 

employs this same concept of selecting a codeword from a given codebook, what can be done 

instead is have this mapping extended to different spreading sequences chosen for each transmit 

antenna based on the message bits. 

The spreading codes used in simulations were from other external sources and were not 

designed. The MPA and PIC-MMSE detectors use very different detection techniques, and the 

spreading codes used may be optimal for one detector but not another. The design of spreading 

codes specifically for the PIC-MMSE detector should look to minimize the cross correlations 

between codes, as this will help separate them and decrease the MAI. In addition, irregular 

indicator matrix designs could be implemented which would help the performance of the PIC 

part of the PIC-MMSE detector.  
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