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Abstract

The thesis addresses the influence of compressible effects on the stability of deflagra-
tion waves. Due to the quasi-isobaric nature of slow flames, compressible effects in
laminar flames are usually neglected. Nevertheless, turbulent deflagrations may prop-
agate at substantially higher speeds, suggesting that compressible effects may play a
role in their dynamics. In the present thesis, the stability of diffusion-dominated high-
speed deflagrations is addressed. The deflagration is studied in the thickened regime,
hence addressing the long wavelength limit of these deflagrations. The deflagrations
are modelled by the compressible reactive Navier-Stokes equations with a single-step
Arrhenius reaction model. The 2D stability of the steady traveling-wave solution is
studied by direct simulation. It is found that, as the flame compressibility becomes
significant, not only does the growth rates of the cellular profile of the deflagration
waves increase, but the traditional correlation of the burning velocity and the flame
surface area become far less strong. Significant compression regions form in front
of the nonlinear flames. These compression regions have been found to increase the
growth rates by increasing the temperature of the unburned gas in front of the flames,
as well as convecting the flame forward. The results show that the flame propagation
velocity in references to the unburned gas was significantly faster than the burning ve-
locity. The vorticity was given consideration, as the compressibility of flame increase
one can expect the baroclinic source to be of greater significance. The vorticity was
show to, in effect, increase as compressibility increases while unexpectedly having a

stabilizing direction of rotation on the cellular structure of the flames.
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Chapter 1

Introduction

The process in which flames transition from deflagration to detonation (DDT) is
not fully understood. Avoiding these transition in industrial disaster is extremely
important, since over-pressures created by detonation waves can have disastrous con-
sequences. Example of such a disaster are the 2005 Hertfordshire oil storage terminal
fire [I] and the 1970 propane vapour cloud explosion in Port Hudson [2]. The cur-
rent level of understanding of deflagration to detonation transition is summarized by
Ciccarelli and Dorofeev [3] and Oran and Gamezo [4]. The transition problem corre-
sponds to a change in fundamental propagation mechanism, from diffusion dominated
ignition mechanism to a gas dynamic auto-ignition dominated transport. Very recent
developments have suggested that a sufficient criterion for DDT is the turbulent ve-
locity reaching the Chapman-Jouguet (CJ) value, signifying that the burned gases
reaches the sonic velocity in the flame frame of reference [5 [6]. At these speeds,
compressibility effects are expected to play an important role. The development of
a significant pressure wave increasing the temperature in front of the flames suggests
that the propagation mechanism of such fast flames is not only via turbulent trans-
port, but auto-ignition phenomena may begin to play a role. The present work focuses
on clarifying the dynamics of diffusively controlled fast flame, where compressible ef-
fects may start influencing the dynamics.

Turbulent flames generate a pressure wave propagating ahead of the flame, the
intensity of the pressure wave varies depending on the propagation velocity of the
flame [7, 5]. Figure [1.1(a)| shows a turbulent flame propagating to the right with
a precompression region ahead of the reaction region. Experimental flames can be
seen to be susceptible to the turbulence in the upstream flow. The different scales
of turbulence modify the propagation of these flames in different ways. The smaller

scales, or scales on the order of the flame thickness, increase the flame velocity by



(A) Experimental turbulent flame[8].  (B) Thickened reaction region.

FIGURE 1.1. Experimental turbulent flame and "Thickened-flame" representation

turbulent mixing of the burned and unburned gases. Larger scales on the other hand
modify the general shape of the flame.

The Darrieus-Landau instability predicts the unconditional increase in the cellular
structure of flames based purely on gas-dynamic arguments. One of the main goals of
this thesis is to investigate to what degree this is true when some of the complexities
of real flames are considered. The computational costs associated with fully resolving
the smallest scales of a turbulent flow through a flame are prohibitive. In order make
such a study more feasible, a thickened-flame approach is adopted that models the
effects of small-scale turbulent structures on the flame. This thickened flame struc-
ture, illustrated in Figure has artificially increased reaction rate that is meant to
model the effect of turbulent mixing. The larger scales of turbulence are neglected,
no forcing terms for turbulence are included in the model. Figure relates an
approximate zone in which the proposed model is correlated in experimental flames

using a thick orange line. These one-dimensional thickened flame profile are modeled

\99\9

. -
Thickened flame area——=/9 Pressure wave

FiGURE 1.2. Comparitive turbulence length scales.

as laminar flames satisfying the Navier-Stokes equations, their reaction rate is modi-

fied to propagate at turbulent flame velocities. With the exception to the significant



pressure decrease through the flame, these one-dimensional profiles resemble flames
in the laminar non-turbulent isobaric regime that numerous studies have analyzed
[9, 10, 11, 12]. These flames are often assumed to travel with Mach numbers on
the order of 107® and that the pressure in the flame is nearly constant through the
flame. The effect of the Lewis number, Prandtl number, heat release of reaction and
energy of activation on the propagation of these flames has been thoroughly studied
previously. These studies have shown that incompressible flames travel in cellular
structures with cusps-like structure between them. The growth rates of the cells are
shown to be primarily dependent on the heat release of reaction, the energy of ac-
tivation and the Lewis Number (Le). The effect of compressibility has been studied
numerically in the linear regime by assuming that the flame can be represented as
a laminar profile, as is done in this thesis, with a higher Arrhenius pre-exponential
factor by [13, 12}, 14} 15, 16] and briefly in the nonlinear regime [12]. It was found
that the instability in compressible flames increases dramatically as they approach
the CJ velocities. Bychkov [17] and He [18] have studied the stability of linear flames
at the CJ velocity, their analysis shows that these flames are stable to all wavelengths.
One of the goals of this thesis is to numerically verify the stability of these perturbed
quasi-planar flame at the CJ velocities.

This thesis studies the evolution of two-dimensional flame profiles ranging from
their quasi-isobaric velocities to their CJ deflagration velocity. The Navier-Stokes
equations coupled with a single Arrhenius kinetic step is used. The initial conditions
are chosen so as to minimize their effect on the initial growth rates of a laminar
flame, a quasi-laminar extrapolation of the steady-state one-dimensional flame profile
is used. An initial sinusoidal perturbation of the laminar profile is imposed so as to
excite any instabilities.

It has often been shown that, in isobaric flames or even turbulent flames, the
reaction rate is proportional to the surface area of the flame [19, [6]. This paradigm
is tested for a range of flow velocities, where, in some flows, the compressibility is
significant. The cellular instability of fast flames in the linear profile has also been

shown to increase with respect to the flame velocity [13] 12]. This thesis extends the



evaluation of the growth rate of the cellular perturbation from the quasi-linear flame
profile into non-linear configurations.

It has been theorized that vorticity induced by a compressible flame has a desta-
bilizing effect [I9]. One goal of this thesis is to quantify the relative importance of
the different physical processes that are important for vorticity evolution near com-
pressible flames. The overall importance of the resulting vorticity field on the flame
stability is investigated for a range of flows. Vorticity has also been predicted to
occur in the region between the concave and convex section of the flame [19], it is
not inconceivable that the magnitude of vorticity depends on the amplitude of the

cellular profile. Further analyses are done to quantify this ratio.

1.1 Structure of the Thesis

First, Chapter |2 explains the combustion process, including a literature review of
the work that is relevant to the topics in this thesis. The problem of interest and
relevant information as to why they were selected is shown in Chapter [3] The chosen
model equations and non-dimesionalization scheme is explained in Section [3.1] This
is followed by Chapter |4 in which possible methods for solving the one-dimensional
flame profile are shown. The weaknesses and strengths of the Runge-Kutta 4 shooting
method are analyzed in Section [£.1] Then, the derivation of the chosen implicit finite-
volume method is shown in Section 4.2l Results of the one-dimensional solution are
shown in Section then validation of the numerical code and the one-dimensional
resolution are done in Section [£.4] A review of a linear stability analysis of the linear
isobaric deflagration is shown in Chapter o] This linear stability analysis is useful for
determining the wave number at which the flame instability is expected to appear in
the two-dimensional simulations. The two-dimensional simulation is then presented
in Chapter [0 starting with the explanation of the initial condition. Resolution and
domain size choice are explained in Section This is followed by a resolution study
in Section showing the effect of the cell resolution on the flame. Chapter [7] then
analyses the results of the two-dimensional simulations. The results of the simulation

are shown and explained as density profiles in Section Section analyses the



flame propagation velocity as a result of the cellular profile of the flames as well as
the growth rates of these studied problems. Then, Section discusses the identified
potential causes for the increases of propagation and growth rates of compressible
flames. Finally, Section analyses the vorticity, its evolution, and its effect on the

two-dimensional flames.



Chapter 2

Combustion Phenomena

For numerical modelling, it is convenient to categorize flames in a binary system of
premixed and non-premixed combustion to root out fundamental processes of flames.
In non-premixed combustion an interface separates the fuel and oxidizer, where, only
through diffusion of species, can the combustion process occur. A premixed combus-
tion defines a reaction happening in a medium where the oxidizer and fuel are already
in a hydrodynamic equilibrium. In such a medium, species diffusivity and thermal
diffusivity play an important role in the propagation of flames. While these cate-
gories are useful to gain insight into the underlying mechanisms of the combustion
processes, often real-world practical applications utilize partially premixed flames. In

this thesis, only premixed combustion is selected for study.

2.1 Flame Propagation in Premixed Medium

Premixed flames can propagate in two distinct modes, detonation or deflagration. A
detonation is a compression wave and is supersonic, usually traveling on the order
of kilometers per second. The structure of a detonation consists of the coupling of
a shock and runaway thermal combustion following an ignition delay. This ignition
delay is decreased by the increase of temperature induced by the shock, while the
thermal runaway expansion of the gas sustains the shock. Experimentally detonation
propagate at the Chapman-Jouguet (CJ) detonation velocity where the flow velocity
behind the shock propagates at the speed of sound in the direction of the detonation
or in a over-driven detonation where the velocity and pressure exceed the CJ criteria.
The derivation for the CJ jump condition for ideal gases is shown in Section
Deflagration is an expansion wave and propagates at subsonic velocities, usually
on the order of meters per second. In this mode, convection and diffusion are the

primary mode of propagation [20]. Unlike detonations, there is a range of velocities



at which deflagrations are stable, from the flame front propagating at very low speeds
to the CJ deflagration velocity, where the Mach number of the burned flow is equal to
unity. Within these flames, the pressure drops and the gas accelerates in the direction
of the products of reaction. The size of the pressure drop in the flame depends on the
burning velocity of the flame front, where slow moving flames are said to be isobaric.
Fast flames can have a pressure drop of more than 50% in reference to the unburned
gas.

Flames are intrinsically unstable and can propagate in non-planar fronts. In defla-
gration such deformation of the flame front modifies the unburned and burned gas by
propagating pressure waves. In the unburned gas, these pressure waves can coalesce
to form a significant pressure wave propagating in front of the flame. This means
that the evolution of deflagration not only depends on the initial condition and the
profile of the flame, but the perturbed fresh gas condition after these pressure waves

[20].

2.2  Flame-Front Instabilities

It is well-known that, in experimental and numerical premixed flames, the flame front
is rarely planar. The flame quickly forms a cellular structure with cusp-like sections
between the cells, this region is indicated in the Figure 2.1 These instabilities in
the flame front have the effects of increasing the flame velocity. A lot of research in
the past has studied these instabilities in the flame front |23, 24] 26], 27, 9] 13|, 10|
1], and three distinct modes have been identified as the primary modes of growth
for the instabilities in isobaric flames: the Darrieus-Landau instability, the thermo-
diffusive instability, and the instability caused by body forces. There are inherent
difficulties when analyzing such disturbances in flames, the nonlinearity between the
unburned perturbed flow and the three primary modes of instabilities complicate the
investigation of any instability independently.

Under the isobaric, near-equidiffusional or respectively a Lewis number (Le) tend-
ing to unity (Le — 1) and infinite activation energy (E, — o0) approximation,

Darrieus [23] and Landau [24] have predicted independently that, in a premixed com-



Convex Section—— <—Pressure wave
Concave Section
Cusp—>

FIGURE 2.1. Flame configuration and naming convention

bustion, the cellular flame front would be unconditionally unstable with a growth rate

proportional to the wave number as,

o, 1\ /2
o= 1 - — —1 2.1
s ((1ve-g) -1), 21

where & is the growth rate of the perturbances, ©, = 1+ Q, Q =

is the non-

Cp T1

dimensional heat release of reaction, c, is the specify heat capacity, Sy, is the velocity
of the flame and k is the wave number of the perturbation. Variables denoted with
an overbar represent dimensional values, while, unless indicated otherwise, all other
variables are expressed using the non-dimensionalization scheme shown in Section
3.1.41 Darrieus and Landau have shown that the flow profile created by curved flames
create a converging-diverging nozzle effect in the concave-convex section of the flames
in the unburned gas. Assuming that the velocity of the flame is not affected by its
shape and propagates perpendicularly to the flame front, the concave section of the
flame propagating in the unburned flow accelerate due to the flow being decelerated
and the flame front in the convex section decelerates due to the flow acceleration
[29]. This effect is visualized in Figure where the thicker dark vertical line is
the reaction zone and the horizontal lines are the stream lines. In this situation the
unburned flow is incoming from the left and the flame is stationary. In Figure
it can be seen that the unburned streamlines diverge in the convex section of the
flames, this indicates a flow that is decelerating. In the concave section of the flame,
the streamlines are converging closer together, this indicates an acceleration of the
flow.

Moreover, Clavin and Williams [26] and Peke and Clavin [27] accounted for the

first-order correction to the isobaric flames from the effect of the flame thickness or



FIGURE 2.2. Stream lines in a deflagration flame.

thermal-diffusive ratios and showed that the flame thickness has a stabilizing effect.
The thermo-diffusive instability is a competition between the stabilizing effect of mass
diffusion and the destabilizing effects of thermal diffusion. The Lewis number (Le),
defined as the ratio between the thermal diffusivity and the mass diffusivity, it is the
non-dimensional number that embodies this effect. As one can see in Figure[2.3] if the
thermal diffusivity (red arrows) is greater than the mass diffusivity (white arrows),
the concave parts of the flame tend to accelerate due to the thermal convergence
increasing the temperature of the flame. This has a stabilizing effect on the flame.
Alternatively, when the Lewis number is smaller than one, this stabilizing effect is
reduced due to the concentration of mass flux driving into the flame convex part
increasing its velocity [29]. Even if these analyses have limitations, further analytical
work [9, 13, 10, 11| and numerically studies [12, 10, 11}, 14], 15 [16] have reaffirmed
that the non-linear effect of flame stretching and concentration of heat flux have a
stabilizing effect on the flame. These studies have also shown that a reduction of the
Lewis number increases the instability and the sensitivity to the energy of activation
and that the Prandtl number and ratio of specific heats does not have a significant
effect on the flame stability.

The effect of compressibility on the instability of premixed flames have been stud-
ied analytically in the linear regime by Travnikov et al. [I3]. They showed that,
not only does the growth rate of a fast flame increase with the flame velocity, but
the range of unstable wavelengths is also increased. Further numerical investigation
by Travnikov et al. [12] confirmed the growth rates in the linear region that was

found in their previous paper were correct. They also demonstrated that, in the
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F1GURE 2.3. Thermo-diffusive instabilities in a deflagration flame.

compressible regime, the growth rate is affected by the precompression region in the
unburned gases. Further analytical studies done by He [18] and Bychkov [17] have
shown the instability in the linear domain rapidly disappears when approaching the
CJ deflagration velocity.

To enhance the understanding of the effect of the compressibility on fast flames,
this thesis systematically examines the effects of compressibility on the growth rate
and propagation velocities of cellular flames by increasing the flame Mach number
from the quasi-isobaric flame velocity to the CJ deflagration velocity. Body-force
instabilities are due to external forces like gravity and electromagnetic fields. These
effects are not considered in the chosen simulations, this is just to note that these

forces can exert changes in the stability of the flames.



Chapter 3

Problem Definition

Recent experiments have shown that, prior to DDT, flames propagate at velocities
close and above the CJ deflagration velocity [5]. In order to better understand these
transitions, an understanding of the effects of compressibility in fast flames is impor-
tant. In order to simulate the hydrodynamics of a deflagration flame, a thickened
flame approach is utilized. This approach assumes that the flame acceleration from
the effects of turbulence scales on the order and smaller than the flame thickness can
be replaced by a laminar flame profile propagating at turbulent burning velocities.
These laminar flame profile is assumed to satisfy the one-dimensional solutions to
the Navier-Stokes equations. Turbulence scales larger than the flame thickness will
be neglected. The non-equilibrium hydrodynamics of the system is chosen to be a
one-step reaction model utilizing the Arrhenius equation.

Flame velocities from their quasi-isobaric to their CJ deflagration velocity are
evaluated in a restricted domain width. The proposed reaction model is not repre-
sentative of any specific real gas mixture due to its simplicity. These equations are,
rather, a tool to investigate the effects of instabilities in flames and their sensitivity
to macro-properties of reactions such as the energy of activation of a mixture and the
heat release of reaction. In addition, fast flames are inherently turbulent, the model
that is proposed uses laminar profiles with no turbulence model to simulate these
flames. To achieve turbulent velocities using laminar flames, the pre-exponential fac-
tor of the Arrhenius reaction term can be increased. This increase in the rate constant
of the reaction is analogous to the increase of diffusion due to turbulence and not a
change in chemical kinetics [33]. A Lewis number of unity was also chosen to simulate
that, in the fast-flame regime, where propagation is strongly affected by turbulence,
one can expect reduced significance in the effect of the thermodiffusive instability.
Travnikov et al. [I3] have shown that the effect of 7 and the Prandtl number did not

affect the stability of the linear solution significantly. Travnikov et al. [13] have also
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shown that the heat release of reaction and the energy of activation or the Zel’dovich
number modified the instability of the cellular evolution of the flames. The four sets
of numerical problems chosen for this study in this thesis are all possible combination
of heat release () = 6,9 and Zel’dovich number 8 = 5,10 where

QE,

o

(3.1)

Here ) = 9 and E, = £+« The problems of interest in this thesis are summarized

RoT1-
in Table

TABLE 3.1. Problems of interest in the present work.

Name v Pr Le @Q p
Problem1 14 0.75 1 6 5
Problem 2 14 0.75 1 6 10
Problem 3 14 0.75 1 9 5
Problem4 1.4 0.75 1 9 10

Varying the heat release of the reaction and the activation energy allows the
effects of these parameters on compressible flows to be investigated independently.
Each problem is then evaluated at different flame Mach numbers, ranging from the
quasi-isobaric (M; = 0.03) to their respective Chapman-Jouguet deflagration velocity
(Problem 1 & 2: M; = 0.148777) and (Problem 3 & 4: My = 0.18028). While
increasing the Mach number of the flame, the significance of the pressure drop within
the flame also increases. With these four problems, the effect of compressibility on

the flame can be evaluated.

3.1 The Model
3.1.1 The Navier-Stokes Equations

In order to simulate the hydrodynamics of a deflagration flame, the compressible
Navier-Stokes equations are used, coupled with a 1-step model to simulate the non-

equilibrium hydrodynamics of the system. The governing equations are the conser-
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vation of mass,

op  Opu
— — =), (3.2)
875 al’j
conservation of momentum,
opu;  Opui; op  Om; -
= = — i 3.3
oF "oz, — om om (3:3)
conservation of energy,
ope  opwe Opu;  Oqf 5 (W) | 2
— - __9 N R Ik T 3.4
oF " om, " om, ~ om "Wt Ton, Tl (3:4)
and species conservation,
opa; Opuja; O , ~0a;, _
— = A — W 3.5
ot 0z; a@(p 8@) “ (3:5)

Here, t is the time, Z; is the position vector, p is the density, @; is the flow velocity
vector, p is the pressure, 7;; is the viscous stress tensor, fgj is the body forces vector,
e is the kinetic and thermal internal energy, q;j” is the heat transfer by conduction
and radiation, qT;' is the heat generated by the exothermic reaction of the gas, a; is
the molar fraction of the i*" species, ) is the diffusion coefficient and w; is the rate of
change of the concentration of the species i. Overbars denote dimensional properties,

unless otherwise indicated.

3.1.2 Assumptions

The study presented in this thesis assumes that the gas follows the ideal gas law of

the form p = pR,T where R, is the specific gas constant and T is the temperature.

p

The internal energy density of the gas is represented by e = %ﬂiﬁi + ﬁﬁ, where

v is the ratio of the specific heats. The energy release is taken to be q;’ = Q,wi,

where Q; is the heat release of the i*" reaction, the rate of reaction is taken in the
. . —(Ea); . .
form of the Arrhenius equation, w; = K;pa;e T , where K; is the pre-exponential

factor and F, is the activation energy, the body forces and radiation heat transfer is

neglected, while the heat conduction is modelled using the Fourier Law qZ’j = —l%(%f

J
and the viscous stress tensor has the form 7;; = ﬂ((ggf + g?) — %(ng%:) where p is
J 7

the viscosity. Constant values through the combustion is assumed for the viscosity

(u), specify heat capacity (¢,), thermal conductivity (k) and diffusion coefficient (\).
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3.1.3 The 1-Step Model

The simplest model for a chemical reaction involves a single step from reactants to

products,

R— P. (3.6)

Using such an approximation allows one to define a progress variable, Y, such that
Y is equal to the mass fraction of the reactants. For the present model, the rate
of reaction is simplified by assuming it is only temperature dependent. This model

neglects all intermediary steps in the reaction. Equations B.3 3.4} can then

be simplified. The conservation of mass remains,

ap | opu

ot = 0z

= 0. (3.7)

The conservation of momentum is now

opu;  Opu;i;  Op N 07

ot or;  0r 01 (3.8)
The conservation of energy is
Finally, the species transport becomes,
% agf = aii (px\gi) — KpYeTt. (3.10)

3.1.4 The Non-Dimensional Model

Extracting global relationships and tendencies from complex laws in often easier when
they are presented in non-dimensional form. To make comparisons with previous
works easier, the same non-dimensionalization used by Sharpe and Falle [I1] is selected
in this work. The non-dimensionalized equations are:

the conservation of mass,
Op  Opu,
8t ij

=0, (3.11)
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conservation of momentum,

Opu;  Opusu; op 07

__9% , 3.12
ot 0z dz; - Ox; 412
conservation of energy,
Ope | puje | Opu; _ v PT | Oumy oy (3.13)
ot Ox;  Ox; vy —10x;0x; O
and species transport,
opY  Opu;Y 1 0%V
pY | OpwY 1 _ (3.14)
ot Oz, Le 0x ;0
Here, the non-dimensional stress tensor is given by 7;; = Pr (% + % — 503 3%:) and
7 K2

the reaction rate is W = ApYe*Ea/ T, Variable denoted by a subscript 1 and 2 are
chosen to be the unburned and burned condition respectively. The non-dimensional

variables are scaled using the following scheme:

[L‘i:@, t:@7 ui:@7 P:£7 6227
k Uy p1 Uy
) R,T e i’ [y
b= 7222 ) T= 792 ’ PI‘:@, Le= — 3 A= ~ =2

puy uy k PepA pP1UiCp
. E : %
B=te o =9 y=l

v M (7 - 1)M1 Y;

Now that the non-dimensional scheme has been chosen, it is important to point
out a few of the intrinsic effects of this scheme on the simulations. The first is that

the space domain has been non-dimensionalized using the approximate length of the

flame derived from the asymptotic treatment of the isobaric flame [42] (0 ~ = fie,,)
and that the time domain is now relative to 7y, the time it takes the fluid to cross
the flame. This means that, while comparing any properties that have a time or
space unit, one has to realize that they are correlated with these new timescales and

spacescales, relative to their lame Mach number.

3.1.5 Isobaric Equations

When flames propagate at very low velocities, they are often assumed to be isobaric.

With this assumption, a simplified model can be developed from Equation [3.11H3.14
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The isobaric relation can be derived from the equation of state for pressure, p = pT,
where p is assumed to be constant. This means that, throughout the domain, the
density is inversely proportional to the temperature. A new, specific non-dimensional
scheme for the isobaric equation can be derived with this relation in mind. The
governing equations can be simplified, as shown by Sharpe [10]. Again, the continuity

equation remains
Op  Opu,
8t 8l’j

the conservation of momentum is,

opu;  Opuu;  OP N 0T

=0, (3.15)

= 3.16
8t 8xj 81’Z al’j ’ ( )
the conservation of energy is,
oT or 0T
il — = w, 3.17
O TRILLF PRl o (3:17)
and the species transport is,
opY  Opu;Y 1 0%
P ke L (3.18)

325 8xj N Ef)x]@xj B
Here, the viscous terms in the energy equations and the pressure terms in Equation
are on the order of O(M?) and are neglected. The pressure term P is the

deviation of the pressure from the upstream pressure value. The non-dimensional

: : _ du; an 2 Ouy,
stress tensor is given by 7;; = Pr (% + 52— 5045

o, T 3 ij%) and the reaction rate is

W = ApYe Fa/T The non-dimensional variables in this setting are scaled using the

following scheme:

(L’Z:m s t:ﬁlﬂ_lépt s uz—i s p:g s T:z s PI‘:@ s
/{7 k’ Ui P1 T1 /C
k kA E, ) Y
Le=——o A=—rs—,  E,= . Q= ¢ . Y=—1 pI=1
PCpA P1UTCy R, Ty cpTh Yi

3.2 Steady-State Compressible Solution and One-Dimensional Burning Ve-
locity

The unsteady multi-dimension system of equations presented in Section [3.1.4] can

be simplified with the one-dimensional steady-state assumption, this means that all



17

time dependent derivatives are zero, the conservation of mass reduces to u = %. The

governing equations are reduced to the conservation of linear momentum

du @ N dr;

— =— 3.19
dx de  dz’ (3.19)
the conservation of energy,
de dpu vy T  dur; A
— = w, 3.20
dz dr vy —1da? dx W, (3:20)
and the species transport,
dy 1 d?Y
- - 3.21
dxr  Le dz? ( )

4 duy

Here, the non-dimensional stress tensor is given by 7;; = Pr(gdx,) and the reaction
J

rateis W = ApYe*EA“/ T, The non-dimensional variables are scaled using the following

scheme:
it @ P e
TrT= T ) U=—, pP=—, 6_72 )
k Uy P1 Uy
b R,T [c k
]):7£72 s T: 792 s PI‘:@ s Le: —,
puy uy k PCpA
EA . B, R Y
A=— 5 Ea:—g ) Q: Q 2 Y=
p1uiCp Y M; (v — DM Y

To fully constrain a set of three ODE’s as shown above, three independent variables
can be set. Also, for a steady-state solution to exist, the flame frame of reference must
be chosen. Due to the non-dimensionalization chosen, one can fully constrain these
equations by choosing the Mach number of the flame. Knowing the Mach number
of the unburned flow and that the velocity and progress variable at the unburned
conditions must be one, the pressure can be found using the Equation and the

temperature can be isolated from the equation of state for pressure.

u

[~ P
’7/7

The CJ jump conditions shows that, for a fully constrained initial condition, there is

M =

(3.22)

only one possible jump condition through the flame. It was just shown that both the
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upstream and downstream conditions are fully defined by choosing the Mach number
of the flame. This also means that, between these two states, a constant rate of
reaction of ffooo Wdz = 1 must be exhibited across the flame since the reaction must

burn all reactants across the flame.

3.3 Rankine-Hugoniot Flame Jump Conditions

The Rankine-Hugoniot jump conditions describe the flow conditions on either side
of a discontinuity using the conservation of mass, momentum and energy across the

discontinuity. These conditions lead to the relations

— == 3.23
S-2 (3.23)
w? u?
L4+ pr =2+ Do, (3.24)
U1 (%)
-1 |
hy + 5&% +Q = hy + 5@3. (3.25)

Here, © is the specific volume.

3.3.1 Rayleigh Line

The Rayleigh line indicates the available states of pressure and specific volume through
a discontinuity that conserves mass and momentum. One can obtain this relationship

using Equation and [3.24] The Rayleigh line is often represented as follows,
Pryy Mgy (3.26)
3.3.2 Hugoniot Curve

The Hugoniot curve is similar to the Rayleigh line but instead is a curve that indicates

the available states that conserve mass, momentum and energy across a discontinuity.

Equation [3.23] [3.24] [3.25| and the thermodynamic relation h = €+ po can be reduced

to

€y — & = %(pl + P2) (01 — D2) + Q. (3.27)
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3.3.3 Rayleigh-Hugoniot plot

Figure [3.1] plots the Rayleigh line and Hugoniot curve on a plot of specific volume
versus pressure. The Hugoniot curve is plotted on the plot in its entirety, while the
Rayleigh line can change angle depending on the states chosen. The points of interest
have been pointed out on the diagram, in both the deflagration and detonation do-
mains, there are two solution for a given unburned flow velocity, except for the special
case where the Rayleigh line is tangent to the Hugoniot curve. These intersections
are commonly called the Chapman-Jouguet (CJ) conditions. These points occur in
the fastest possible velocity for deflagration while in detonation this is the slowest

possible velocity. The burned flow velocity at each CJ points is the speed of sound.

Hugoniot Curve
Overdriven - - - - Rayleigh Lines
Detonation CJ Rayleigh Lines

CJ Detonation

\

Weak Detonation

Weak Deflagration

Detonation

CJ Deflagration

Strong
Deflagration

Deflagration T 7

FIGURE 3.1. Hugoniot-Rayleigh curve

3.3.4 Flame Jump Conditions

Using the polytropic gas equation of state, & = ¢,T = % , & = ”’y%, and the

[SSEEERSTEIS]

Hugoniot curve, Equation the final relation for the jump across a flame can be

found, -
Py y-hyt Aol 2lp, 2071
;oo A+l y+1 y+1 pony +1
Equation [3.26] can then be utilized to replace the pressure terms in the equations
giving, -,
V2 _ —A%El]\ilz) A (3.28)



where

2MPQ + (=1 + M7)*pyvy 7 2M7QY?

¢= oL+ )

The density jump condition is

vy 14+ My :I:\/E
v ME1+7) ’

the velocity jump condition is
iy 1+ My L \/E—
u ME(1+7) ’
and the pressure jump condition is

5, 1+ M2 -
B_ 120 ﬂiva\/E.
o (1+7)

3.3.5 Determining the CJ Point

20

(3.29)

(3.30)

(3.31)

Analyzing the jump equations, one can see that /¢ must be positive. The point at

which ¢ = 0 correspond to the CJ solution. We can determine the Mach number at

which the CJ solution is found using,

Ml_\/l__{? L VOE1+7°)(=Q +2pt1y + Q7).
p1U

Y P1U1 P11y

(3.32)



Chapter 4

Numerical Methods to Obtain One-Dimensional Steady-State
Flame Structures

To be able to set adequate initial conditions for the proposed problems with two
space dimensions, a one-dimension steady-state flame structure needs to be resolved.
Unfortunately, for a given (Le, Pr, v, Q, T ) the value of A needed to correspond
to a flame with a desired Mach number cannot be easily found. Since the time-
steps are limited by the stiffness of the second derivatives at the scales required to
resolve the flame structure and that the flame structure must be solved by iteration
to find the appropriate A in a reasonable time, a time efficient method must be
used to solve these profiles. Traditionally, one-dimensional solutions have been found
using a shooting method, but it was found that, when using the method described in
Travnikov [13] that, for flow approaching the CJ velocity, the shooting method does
not always converge to the correct solution through its temperature diffusion zone

due to numerical errors. To handle this problem, a one-dimensional finite-volume

solver with implicit time marching is used.

4.1 Compressible Shooting Method

Traditionally, shooting methods are used to find the steady one-dimensional solution
to the set of equations describing isobaric flames[I3]. Starting from the governing
equations presented in Section with the one-dimensional steady-state assump-
tion, this means that all time dependent derivatives are zero, the conservation of mass

reduces to u = %. The governing equations are reduced to,

4 v T
—PryM?— = — — 1 +~M*(U — 1 4.1
3 r’y 1 dx U _’_’Y l(U )7 ( )

dT dy —1 NVE;
Rl PP S ] § N B el

D)+ T—14+Y - Y, 4.2

21
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d?y dy Y

8 AL BT 4.3
‘@ A U" ’ (4:3)
Here the system of equation has been non-dimensionalized using,
inet . T % E, Ja o
Z‘_pl 161)1:7 T:?’ A:__, ECL:__7 Y:Q—?) Uv:/)—_lz_g
k T U1 RT, CpTl 1% Uy

The solution to these equations can be estimated by posing the boundary conditions
at either end of the solution, then marching in space while estimating the derivative
of the solution from the previous solution in space to advance the solution forward.

The boundary conditions for both the upstream and downstream state are,

R dy 1 .
r— -0, U=1, T=1, —=0, Y:§M12(7—1)(U22—1)+T2—1,
i
.. dy
T — 00, U=U,, T=T15, d—ZO, Y =0.
i

Here, U and T are one in the upstream state due to the non-dimensional scheme
while Y is determined by the conservation of energy equation. The values of U; and
Ty are calculated from the Rankine-Hugoniot jump condition described in Section
The solution can be integrated in space using a fourth-order Runge-Kutta integration
scheme,

1
ol = o 4 é(kh + 2ko; + 2ks; + kyy),

kli =Ax- fl(lﬂl?gpgb%

Ax k

Ax ]{?2-

CAg g 20 o M2
k3z z fz(x + 92 7‘;0]‘{' 9 )7

where ¢; is an column vector of the primitive variables and the first derivative of Y,

f(x",¢}) is defined by isolating the derivative of Equation 4.3, doing so gives,

g,lngw,n
S PryM?
T A B e U R R
z Y 92Y
o + A'CCW A
£ - ape )
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Typically the boundary conditions using a shooting method on non-reactive disconti-
nuities are initialized in the post disturbed state and the solution is integrated from
downstream to upstream. In the reactive model proposed above an additional equa-
tion to the shooting method is added for the progress variable, and due to the solution
of this equations tending to zero before the temperature and pressure diffusive zone
are solved, appropriate boundary conditions for the burned state were not able to
be set to get the correct evolution to the problem. Using the unburned state as the
initial conditions is the only option. To initialize a reaction, a small perturbation of
%—’; = —107% is used in the numerical solver while the other derivatives are set to zero.

The Arrhenius pre-exponential factor is initially unknown for any given flame state
(Le, Pr, 7, Q, ©). The value of the Arrhenius pre-exponential factor that is consistent
with a steady flame must be found iteratively. In this method, the Arrhenius pre-
exponential factor is found to be below its correct value if the progress variable never
reaches zero, while the values is above the correct value if the progress variable be-
comes negative. A convergence problem arises in fast flames when the compressibility
of the flame creates a peak in the temperature profile. The temperature diffusion zone
then becomes difficult to resolve correctly due to a minor errors in any previous steps
and the error due to the iteration of the Arrhenius pre-exponential factor. These er-
rors make the solution diverge from the correct path to the downstream state. Figure
[4.T]shows the solutions to the shooting method that were attained using double preci-
sion in both the space discretization and Arrhenius pre-exponential factor before the
solutions diverge to infinity. The solution was stopped during the shooting method
if 7> Ty and Tn-l—l — T, 4 <0 or Y11 — Y1 > 0. The solutions of this method
are compared with the solution found using the in-house implicit solver described in
Section One can notice that, when the one-dimensional solution does not have
a temperature overshoot, the solution for the shooting method tangents the implicit
solution before the end of the solution. In the fast flame, when a temperature over-
shoot become significant, to solve the flame profile requires the shooting method to
stay on the solution path for a longer period after the reaction is complete to resolve

the temperature relaxation zone. In these flames one can notice that, after the flame
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starts to reduce in temperature, the shooting method diverges from the solution path.
Even when the resolution of A and the space discretization are correct to machine pre-
cision, this divergence from the solution cannot be avoided. Due to this problem, this
technique is used to find an approximate solution to warm start the implicit solver,
the solution was also matched with the Navier-Stokes solution marching backwards

from the unburned side to get a almost continuous initial condition throughout the

domain.

10 ‘ ‘ ‘ ‘ ‘ 10
9.8 9.8

Q ()
S59.61 59.6f

® ®

@ @

o o
0819.4’ 59.4’

[ [
9.2 . 9.2}
%0 1 2 3 4 5 6 %0

X
(A) M, =0.1 (B) M, =0.14

FIGURE 4.1. Shooting method solution for Problem 3: Shooting Method(—),
Implicit Method ( )

4.2 Implicit Numerical Scheme

As a traditional shooting method was found to be inadequate for the present study,
an alternative method is needed. An implicit finite-volume scheme is chosen due
to its stability at very large time-steps. Implicit methods are very useful when a
steady-state solution is required, since the scheme is more diffusive in the transient
domain but retains good accuracy when steady-state solution are converged. The
scheme defined by Beam and Warming [22] is chosen for its flexibility to reproduce
different schemes by changing run-time constants. The governing equations for the

one-dimensional equations can be summarized using the form,

oU OF Qv

E“_%—%‘*’S, (4.4)
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where U, F,V and S for the set of equations proposed are defined by

p pu 0 0
2
_ | pu _ | pumtp _ | Taz | 0
U= pe |’ F= peu + pu |’ V= Teall | 5= QW
19y
pY pYu Te oz W

The numerical scheme is posed as follows, where the notation was chosen as AP™ =
dntl — ®" where ® is an arbitrary variable. In this section, a superscipt indicates the
discrete time index, and a subscript indicates the index of a spatial cell.

OAt (0 At (0 \" €
AU" = —A = AU
v 1—1—6(815 U) +1+6(8tU> +1—i—e vt

o((e — % L OAZ 1 AF). (45)

Where © and e are constants used to determine the specific numerical scheme to be
used. A first-order explicit Euler solver can be recovered by setting © and € both to 0.
If © is one, first-order implicit Euler can be recovered. A second-order time-accurate
trapezoidal method can be found when © and € are 0.5 and 0 respectively. Finally,
the 3-point-backward method is recovered with © = 1 and € = 0.5.

The time dependent derivatives can then be replaced in Equation using the
relation given in Equation
_ ?fi%(mw LAV £ AS™) ¢ %%(P" F VST

€ 1 ;
AU ! — — — AP + AP 4.
T e Ur—+0((©e 5 €)At* + At), (4.6)

AU"

Using a Taylor series expansion, the fluxes can be linearized at time n + 1 as,

AF™ = A"AU" + O(At?), (4.7)

OR" OR"AU™
AV™ = [ P" — AU™ + ———— At? 4.
Vv ( &E) Uu"+ 9 + O(At), (4.8)
AS™ = K"AU™ + O(At?), (4.9)

_OF p_ 9V p_ oV _ s _9R _ -
where A = 79, P = 55, R = o and K = 22 and P = (, assuming constant

fluid properties. These Jacobians have the form,

0 1 0 0

4 (=3 +7)u? 3(3—7)u -1+ 0
—E (v Du’ T =3y - Dutyl? Tu 0’

—uY Y 0 u
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0 0 0 0
4Pru 4Pr
— % 7 0 0
R = (3y—4Pr)pu’—3vye (4Pr—37)u o/ 0 )
3p? 3p g
. 0 0 1
Lep Lep
0 0 0 0 ]
0 0 0 0
_ e (v=1)(pu®—2e ?
K=klg(w-2) -@u @ @ik
. (-1 2)°
4)\®Yp2 exp ( (7_1)??52 _26) ) . . . .
Here, k. = D (2] . Using the linearized relations (4.7} 4.8/ and |4.9
Equation becomes
OAt OA"AU™  O*RMAU™
IAU" + (- K"AU"™ + — ) =
+e€ Ox Ox?
At €
S+ —(—F"+V" AU
1—|—€[ +8:B( * )}+1+e *

O“@—%—QA&A#)(4w)

Here, [ is the identity tensor.

Choosing the space discretization with care, it is possible to limit the pre-AU™
left-hand side (LHS) matrix to be tridiagonal. Doing so will allow the utilization of
the Taylor algorithm to accelerate the inversion of this matrix. The first step is to

separate the derivatives using the product rule Mf(‘r) =g(z )%Ef) + f(x)a%—gf) and

—QQféa;)Qg(w) g(x) a{y + 89;) of( +f( ) . This leads to
. OAt | [0A™ O*R" . " . JOR,\ OAU™ COPAU™
1aU +1+e (&r - Ox? _K)AU +(A a 837) oz —H 0x?
At 0 . "
1—}-6[5 +£( F+V)}+1—I—e

0«@—%—QAﬁAﬁ)(4n)

The derivatives of A, R and K can be found algebraically, while aA—xU is approxi-

mated using centered differences or the HLLE flux function, as discussed in the next

section, and 88A2U is evaluated using centered differences
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Boundary conditions considered for this implicit scheme are the Dirichlet and
zero gradients boundary conditions. The tridiagonal matrix multiplying AU on the

left-hand side has the form,

-1 + ag bo 0 : 0 0 0 ]
aq l4+a b f 0 0 0
0 Co 1+ay . 0 0 0
: : (4.12)
0 0 0 o1+ an o bn_o 0
0 0 0 : Crn1 1+an—1 by
0 0 0 i 0 . 1+ay)

Dirichet boundary conditions do not affect the LHS matrix. The zero gradient bound-
ary condition can be achieved by adding the values of ¢y and b,, to the first and last

entry in the diagonal of the matrix as follows,

_co+1+ao bo 0 : 0 0 0 - [ RHS, ]
1 l4+a by : 0 0 0 RHS,
0 e l4a .0 0 0 gg%
' ’ AU = :
0 0 0 oo ldap—e by 0 RHSn_g
0 0 0 : Cho1 14 an bo_1 RHS, 1
i 0 0 0 : 0 Cn 1+ an + by | RHS, |

Two different methods have been compared when calculating the first-order deriva-
tives fluxes between the cells while keeping a second-order centered difference scheme.

Second derivative are approximated using

82(1) . q)i—l—l — 2(1)1 + (I)i—l

0z? 2Ax? (4.13)

For the first derivatives, a centered-difference scheme with artificial dissipation, as
described in Beam and Warming [22], as well as the HLLE flux calculator [28] are
implemented. The components of the above matrix a,, b, and ¢, can be separated
as:

an(K, A, R) = a,(A) + a,(R) + a,(K),
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bu(K, A, R) = by(A) + bu(R) + ba(K),

cn(K, A, R) = cp(A) + cn(R) + cn(K),

where,
. © R,i1 —2R,+ R, R,
an(R) = m&f(— Ar? + 2Ax2)’
o © Rn+1 - Rn—l Rn
bn(R) = mAt( Ag2 A
. @ Rn+1 - Rnfl Rn
CH(R) - 1 +CAt( AxQ - A.IQ)’
and,
©
W(K) = ——At(—K),
() = e M- K)
b,(K) =0,
cn(K) =10

421 The Centered Difference Scheme

The first-order derivative centered-difference scheme is a finite-difference method for
calculating the effect of fluxes between cells. These schemes have very little dissipation
when compared to the Godunov-type discretization, on the other hand without an
added artificial diffusion term, the finite-difference scheme is unstable. The first-order

derivative centered-difference scheme has the form
a_<I> D =Dy
ox 20

When the first-order derivative centered-difference is discretized to follow the form of

the implicit LHS matrix the hyperbolic terms are

O Au— A,

(4.14)

() = oAy EE o,
o A,
b”(A):Tg Hoas)
o A,
en(d) = T =55,)

The artificial dissipation is added as a source term on the RHS and is modelled using

a fourth-order term,

84
ACLA@U == UZ‘+2 — 4Ui+1 + 6Uz - 4Ui—1 + Ui_g.
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422 The HLLE Scheme

The HLLE scheme is a Godunov-type finite-volume scheme [37] in which inter-cellular
fluxes are computed through the approximate solution of a Riemann problem. The
linearized Riemann solver HLLE [28] B38|, 39] is used to compute the flux on each cell
interface, then the change in conserved variables is due to the flux entering from the

left minus the flux exiting from the right.

3 = A (et 1t) (1)
(F.1, if Apy1 <0
fusr =1 Fu. if A, > 0 (4.16)
\ /\”f\lf_";\\:ﬁ“ + /\iil—/\; (Upy1 — Uy,), otherwise
(F,., if A, <0
foor = an_l_, L . if A\,_1 >0 (4.17)
2 )\*;711_"/\: ol s wa ! otherwise

pn 1

A1 = max s U+ (4.18)
2 pn+1
Pn-1

Aot = max( — | ) (4.19)
pn——

Here a overtilde ¢ indicates the variable evaluated at the Roe-averaged state

_1/n,l@ 1+ /PnJrj n+§ . . . . _
On = _n_lJr ey with the exception density itself to be p = /—pn+%pn_%,

One can also notice, since this solver will only be solving subsonic flows, the first

two cases in Equation and are never encountered. Reforming this into the

template laid out in this section leads to,

@ 1 >\n71 )\n>\n71 )\nJrl /\n+1/\n
w(A) = —At—(——F—FA, — 1 A, — ——m1
¢ ( ) 1 +C AZ'()\n - )\nfl )\n - )\nfl * )\n+1 - )\n )\nJrl - )\n )
) 1 An Ant1An
bo(A) = — At—(— A et g
WM S
(—) )\n )\n/\n—l
= T T

To attempt achieving second-order accuracy without paying for pentadiagonal
matrix inverse, the Van Albada flux limiter [4I] is only implemented on the RHS of

the equations.
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4.2.3 Numerical Configuration

As the estimation to the solution of an implicit method converges, the magnitude
of the stable time-step increases. Initial condition that are as close to the solution
should be set to accelerate convergence of the one-dimensional solutions. To do this,
the solution of the method detailed in Section is used as initial condition, since
the solution at higher flame Mach numbers is not fully defined by the above method,
the same shooting method for non-reactive set of equation is done using the burned
state as initial conditions and matched at some point in the burned region. This gives
a good approximation as well as setting a minimum of non-realistic discontinuities
for the initial conditions.

The stable time-step for an implicit method is unknown. The convergence of the
solution can be accelerated by taking time-steps as close as possible to the stable
time-step. In the in-house solver a maximum time-step is given by the user. This
timestep is used until the solution becomes nonphysical or a certain amount of time
in the simulation has passed. If the solution proves to be unstable, then the time-step
is reduced and the solution is reset to the previous stable solution.

The Dirichlet boundary conditions are used at both ends equal to the jump condi-
tions given by the Rankine-Hugoniot jump conditions. When the free stream bound-
ary conditions were imposed, the solution showed stability issues when the Arrhenius
pre-exponential factor was far from the solution. A domain width of £500 is used to

solve the one-dimensional flame profiles.

4.2.4 Determination of the Pre-exponential Factor

A given flame velocity can only be simulated if the correct value of the pre-exponential
factor is used. Until this value is found accurately, the solution of the flame that is
found is a flame profile not propagating at the wanted speed. For example, increasing
the value of this parameter increases the velocity of the flame profile. The goal is
to find the value at which the flame does not move in the domain since the frame

of reference of the flame was chosen. A simple check at some distance before the
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diffusion zone is significant is done to verify the velocity at that location. If the
velocity is below one, then the Arrhenius pre-exponential factor is increased while if
this value is above one the Arrhenius pre-exponential factor is reduced. A bisection

method is used for the convergence of the Arrhenius pre-exponential factor.

4.3 Results

In Figure|4.2(a)land |4.2(b)| a comparison of the results of Case 1 for re-dimentionalized

A P - o T . ;s .
pressure p = —ym and temperature 7" = ST 18 shown. The quasi-isobaric and

CJ deflagration flame profile are similar, but there are two significant differences. The
first is the pressure drop after the reaction zone in the CJ deflagration is more than
half of the unburned pressure while in the quasi-isobaric case the drop in pressure is
less than one percent. The second is that the increase in temperature is more signifi-

cant in the quasi-isobaric profile due to the lack of pressure drop. Both problem 1 and
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FIGURE 4.2. Flame structure: Density (——), Pressure (----), Temperature ( ),
Reaction Zone (—-—-).

3 have been found using a resolution of 64 cells/d, while problem 2 and 4 are com-
puted on a coarser mesh with 16 cells/d. Initially the goal was to compute all cases
with a resolution of 64 cells per unit length. Unfortunately, solving the flame profiles
of problem 2 and 4 at such high resolutions was not possible due to the decrease in
the size of the reaction region, as seen on Figure [4.3] and the increase in the magni-

tude of the A made it extremally difficult to get one-dimensional solutions. Iterating
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for the correct A became unfeasible. The pre-exponential factors of all 4 problems

6 4 2

X o
N
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o
)

4 2 0 2 4 6
X
(A) Progress variables profiles (B) Temperature profile

FIGURE 4.3. CJ flame structure: Problem 3 (——), Problem 4 (----).

are compared in Figure 4.4] as expected these values increase with increasing Mach

number.
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FIGURE 4.4. Pre-exponential values.

4.4  Verification of Accuracy

The order of accuracy of the solver was confirmed to be second-order using the meth-
ods of manufactured solutions. The necessary resolution for an accurate solution to

the iteration of the pre-exponential values is also demonstrated.
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441 Manufactured Solutions

The method of manufactured solution is a numerical technique to verify the order
of convergence of a numerical solver. Due to the sparsity of analytical solution of
the compressible Navier-Stokes equations, a solution to the equation is enforced as
function of x. Then a source term is derived from this enforced solution equal to
the residual of the Navier-Stokes equations with the enforced solution. This source
changes the PDE, such that the chosen functions are the exact solution. The spatial
accuracy of the numerical implementation can be verified. In this work, the solution
enforced for the manufactured solution is chosen to be p(z) = 53 tanh[4z — 10] + 2,
u = —p, e = 2 tanh[4z — 10] + 70000 and Y = —1% tanh[z — 2] 4+ ;. The derivatives
of this enforced solution can now be found and fitted into the governing equation of

the solver. When this is done for Equation - a source term of

where,

8Fq (11+9-tanh[10—4x])

Sn — %6(«/—1)(—11198669+-tanh[10—4:c](—769+81-tanh[10—4m]))A(11+9.tanh[10_4$](1 +tanh[2—x]))

is required to force consistency between the PDE and imposed solution. Figure [4.5
shows the logarithm of the L2 norm compared with the logarithm of number of cells,

the in-house implicit solver converges with second-order accuracy in space.

4.4.2 Convergence Study of the Arrhenius Pre-Exponential Factor

Iteration for the value of the Arrhenius pre-exponential factor is a significant goal
of finding the one-dimensional solution, finding a discretization where this value is
approximately converged is required. Figure demonstrates the Arrhenius pre-
exponential factor of the solutions of different cell density for both the HLLE scheme
and centered-difference scheme for the in-house implicit solver. Convergence of both

solutions to a similar pre-exponential factor as cell density increased is expected. The
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FIGURE 4.5. Spatial convergence plot of manufactured solution: Second-Order Slope
(—), Centered-Difference Scheme (----), HLLE Scheme ( ).

convergence of the centered difference scheme converges without oscillatory overshoot
of the solution and converges to the final solution at around 64 cells/0. The HLLE
scheme solution oscillates decreasingly to the solution and converges past 128 cells/J.
The centered difference scheme was chosen due to the convergence at a lower resolu-
tion, the non-oscillatory behavior of the solution while cell density is increased is also

an advantage.
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FIGURE 4.6. Space convergence plot of the Arrhenius pre-exponential factor: HLLE
(x), Centered-Difference (+).
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4.5 Numerical Solution of Isobaric Flames using a Shooting Method

The governing equations from Section [3.1.4] can be reduced to one equation under
three simplifications. The first is to neglect the viscosity (7;;), the second is shown in
Liberman et al. [9], under some physical assumptions one can consider the thermal
conduction and species diffusivity to have similar profile. Finally, to reduce these
equations to a one-dimensional spatial problem the steady-state assumption is made.

The system of equations is now reduced to

8T 82T TQ _Ea
= AM—=—-1 T, 4.20
8:1:j 8xj8xj + <T )e ( )

Then the boundary conditions can be defined as,

R dT
T — —00, T=1, — =0,
dx
R d7T
dx

The solution to Equation [{.20] can then be solved using a shooting method from
the downstream boundary conditions to the upstream boundary conditions. The

derivatives can be estimated using a fourth order Runge-Kutta shooting method,

1
90?+1 — SO? + 6<k12 —+ 2k21 + 2]€31 + k4i)7

kli =Ax- fz(xTL?gD;L)v

Ax k
k2i=A$'fi($n+—2 ,90?+51)»

AJJ ]{72-
0. — A . . n JEN— n _‘7
kdz T fz(m + 9 799]"' 9 )7

k4i =Ax- fl(ﬂln + ACU, QD;L + kgj),

where ¢; is a column vector of the primitive variables and the first derivative of T,

f(z", %) are then defined by isolating the derivatives of Equation doing so gives

us,
P T T
fa 7 Ty 2| e T AR
Ox 377; - A(% —1)e 7
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Once again the value of the Arrhenius pre-exponential factor has to be found through
iteration. In this method the solution is solved from the unburned solution to the
burned solution. Once the flame profile is solved, if the final temperature is above
T5 then the value of the Arrhenius pre-exponential factor is increased. If the final
temperature is below T, the value is decreased until the pre-exponential factor is

found to the desired accuracy.

4.6 Summary of the One-Dimensional Solutions

In this chapter, an in-depth analysis of two distinct methods to resolve the one-
dimensional solution to flames is shown. The shooting method was found to be
inadequate to predict the structure of the flames at higher Mach numbers. An implicit
solver was necessary to resolve these flame profiles. Not only are the one-dimensional
solution tedious and expensive to resolve, the Arrhenius pre-exponential factor has
to be found by iteration for the given conditions. In Chapter [6] the one-dimensional
solutions that have been found using the implicit solver are used as initial conditions in
the two-dimensional cases. Smooth and reliable one-dimensional solution is important

to minimize the effect of the initial conditions on the flame profile evolution.



Chapter 5

Isobaric Linear Stability Analysis

As the goal of this thesis is the study of instabilities in flames, information predicting
the wavelengths to which the flame is most unstable is useful. This information is
used to choose appropriate domain sizes for the multi-dimensional computations. The
isobaric linear stability analysis proposed by Liberman et al. [9] is chosen, followed
by a brief overview of the effects of the extension of this model to the compressible
regime by Travnikov et al. [I3]. Under some approximation shown in Liberman et
al., one can consider the thermal conduction and species diffusivity to have similar
profiles, the viscosity (7;;) is also neglected. This relation allows the reduction of
one equation in the system posed in Section where the nondimensional scheme
follows Section the system then appears as

@ Opu;

= 1
Opu;  Opuu; op
=— 2
O + Opu, T _ O + pA(Ty — T)e™ 7. (5.3)

ot Or;  Ox;0r;

Assuming a quasi-one-dimensional planar flame in a two-dimensional domain, one
can predict the growth of small disturbances of a given wavelength by separating
perturbations in space with respect to the stable planar flame using the decomposi-
tion, p(t,z,y) = ¢(x) + §(t, x,y). Here, @ is the steady-state planar flame solution,
this steady-state solution of the flame is found using the method described in Section
and ¢ is an imposed two-dimensional disturbance. The dependence of the per-
turbation on ¢ and y is assumed to behave with the form @(t,z,y) = @(z)el ),
where ¢ represents any primitive variable, ¢ is the amplitude of the perturbation,

g

o is the nondimensional growth rate (¢ = %) and & is the nondimensional wave

number (k = %) of the perturbation where ¢ has been defined in Section as
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§ = —£ . The primitive variables in equations and can be replaced using

p1u1 Ep

their decomposition stated in this paragraph, the equations then have the form,

dj T 0
Y KkS— =KZ, (5.4)
dx T2 T
do 0 - 5
— =—-KS—+Kp—2KTj— KT 5.5
e 7 + Kp J : (5.5)
dp KSj — Ko (5.6)
—_— = — — v .
daj .] b
27T 4T T . E, . . . .dT T -
— A (Ty— 22Ty —T))e B/l = 5= 4 KS= + K°T. 5.7
dx?2 dx T2< 2 T< 2 e ]dx+ T+ (5:7)

The system of equation has been non-dimensionalized using,

_ B T ~ 3
K=F, S=—, T==, i=i=, j=

pii + i P+ pu? + 2pii, i,
kuy T’ uy P11 .

, b= —
pﬂﬁ

Equation describes the evolution of the perturbations of the flame. These
equations need information about the flame profile to numerically solve this set of
four PDEs. The solution to the background flow is found using the method described
by Sharpe [10], this method was described in Section [3.1.5]

The perturbations 7, @, , T must vanish at 2 — +o0, while numerically the bound-
ary has to be imposed at a finite location. Liberman et al. [9] proposed that the
inequality ]%] << min(1, K) is adequate to predict the location at which the flow
is far enough from the flame that the solution can be considered unperturbed. Fur-
ther investigations have shown that the solution to this method is not very sensitive
to distance of boundary conditions as long as they are far enough so the solution of
the flame can be assumed to be the burned and unburned state. In the perturbed
region, the perturbation is assumed to be the superposition of exponentials of the
form @¢(x) = @e*, where the growth rates in the burned region are restricted under
the assumption that they must decay (u > 0) and in the unburned flow the growth
rates must increase (u < 0). A solution of these perturbed can be found by using
the burned boundary conditions or the unburned boundary conditions. Notice that

90 __

the derivative of the perturbed variable have the form 72 = u, substituting this
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derivative into Equation [5.4] to [5.7] the system of equations simplifies to four linear

equations, R
- T 0
= KS— — K—, 5.8
p 7 K= (5.8)
i = —KS% v Kp—2KTj — KT, (5.9)
pup = —KSj — K0, (5.10)
. - T . € - A L dT T ~
2T —uT — A= (Ty — = (Ty = T))e /" = j— + KS— + KT 5.11
Pl — p == = (T =T)e Jqg THSS A+ (5.11)

The values of the growth rates p can be found algebraically by solving for the roots
of these four equations. Two roots satisfied the conditions in the unburned region
and three roots in the burned region, the roots are described in detail in Liberman et
al.]9]. These roots are significant as they are a solution of the set of PDEs at
which the perturbations T, 9, @, j grow proportionally to each other in areas where the
flow is at the burned or unburned state respectively to the roots locations. While the
background flow is in the partially burned region, the growth rate of each perturbation
vary from one-another.

The solution to Equation can then be solved using a shooting method
from their respective boundary conditions, found earlier by solving for the roots of
the linear system of equations, to the maximum reaction region. The derivatives can

be estimated using a fourth order Runge-Kutta shooting method,
n+1 n 1
i =t é(klz + 2k; + 2k3; + ku;),

kli = Az - fz(xn7§0?)7

Ax k

Al’ kg‘
k :A . . n — n _‘7
31 x fl(ﬂf + 9 7%0]+ 9 )7

k4i = A.T . fz(fﬂn + Ax, gO;Z + kgj),

where ¢; is an column vector of the primitive perturbed variables and the first deriva-

tive of T, f(z", ¢}) are defined by isolating the derivative of Equation gives
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us,

KSL - K%
~KS% + Kp—2KTj— KT
) = ~KSj— Kb
aT 92T
% + Axa—xf

|+ AL (T — Be(Ty — T))e Po/T + L 4 KST + KT

Once these equations are solved, two complete superimposed solution can be found
using the 3 sets of one-dimensional profiles found from the burned boundary condi-
tions and the 2 sets of one dimensional profile found using the unburned boundary
condition. The growth rate for a given wave number can be found when the two
superimposed solutions can be matched at some location in the flame, the location
of maximum reaction is chosen. There are two problems, the initial magnitude of the
perturbation at the boundaries for each root is not known, the solution given by the
shooting method at that point is just the information on the linear dependence on all
perturbed variables. Also, there are three solutions coming from the burned flow to
meet two solutions from the unburned flow. Since the magnitude of any perturbed
variable is arbitrary, a linear combination does not need to be found, only that there
is a possibility of any linear combination of the three solutions from burned side is
linearly dependent to the two solution from the unburned side. This can be attained
when the determinant of the 5 by 5 matrix composed of all 5 variable that have to
be integrated (T,f),ﬂ,j, %) is zero since the determinant of a matrix is zero if the
vector solutions is linearly dependent.

The solution to all problems of interest are shown in Figure this is useful to
gauge at which wavelengths the problem of interest are unstable. On the vertical axis
is the dimensional growth rate of the quasi-linear problem for a given wavenumber
and on the x-axis is the wavenumber. The analysis shows that for a isobaric flame, the
stability is not affected by the energy of activation significantly while it is affected by
the increase of heat release. It also shows that Problem 3 and 4 are unstable to more
wavelengths than Problem 1 and 2. For this reason, when considering the domain
width for the two-dimensional simulations, the wavelength of perturbation is chosen

to match the average if both most unstable wavelength (x ~ 0.19 or A =~ 33¢).
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FIGURE 5.1. Isobaric linear stability analysis: Problem 1 (——), Problem 2 (----),
Problem 3( ), Problem 4(—-—-).

Travnikov [I3] has extended this model to the compressible regime and has shown

that in this regime the growth rate as well as the domain of instability increase with

increased compressibility in flames. This means that as Mach number of the flame

is increased, it should remain unstable for the given wavelengh. It has also been

mentioned that waves tend to propagate at their most unstable mode available, this

means that as the flame Mach number is increased, the flame might propagate at a

smaller wavelength.



Chapter 6

2D Numerical Scheme and Problem Definition

To simulate and measure the growth rates, two-dimensional simulations have been
run. For the 2-D numerical simulation, MG [35], an explicit parallel Godunov-type

finite-volume solver written in C-+-+ is used.

6.1 Numerical Software for Two-Dimensional Simulations

MG uses the HLL flux function for the hyperbolic fluxes as well as a second-order
finite-difference rule to approximate the second derivatives. This solver utilized carte-
sian meshes with the ability for adaptive mesh refinement(AMR). The primary re-
finement criterion MG utilizes is a comparison of solution between mesh levels. The
solver compares the solution of a refined mesh to the solution on the above coarsened
mesh. If the residual between the meshes level is over a certain criterion, the mesh is

refined.

6.2 Initial Conditions

The prescribed initial conditions are a protrusion of the one-dimensional solution
across the y-dimension of the domain. In order to excite any instability, an initial
perturbation in the z-direction coordinate of the one-dimensional flame profile of the

form Ay cos(2my/A) where Ay = 0.01 as shown in Figure [6.1]

6.3 Boundary Conditions and Domain Size

The choice of boundary conditions is important for numerical accuracy and to min-
imize the error they cause in the solution. The numerical boundary has been set as
an inflow-outflow problem, the velocity was chosen to have a stationary planar flame

in the numerical domain. The isobaric case has been studied extensively by Sharpe
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FIGURE 6.1. Initial condition

and Falle [I1], the compression waves travel at speeds of approximately 200% in the
unburned region. The domain length for the boundary condition to be inconsequen-
tial would have to be far enough that, during the simulation, the pressure waves do
not reach the boundaries, this would be 80000 in the unburned side, since the simu-
lations in this thesis are ran for 407. The burned-side domain would have to be even
further away, due to the velocity increase through the flame. Even with AMR, these
domains in themselves consume a considerable amount of computation resources.
Sharpe and Falle have concluded with simulations that, for isobaric cases, the choice
of end boundary conditions does not affect the simulation significantly if a domain
of £20006 is chosen. A Dirichlet boundary condition is chosen for these boundary
conditions and are set to values given by the Rankine-Hugoniot jump conditions. In
flames propagating at 10% the velocity of sound, the pressure waves only travel at
10%. This means only a domain of 4000 is technically necessary for pressure waves
not to reach the boundaries in the unburned region and 8000 in the burned region.
To verify the effects of the location of the boundary conditions, a set of numerical
studies was conducted. Figure shows the observed growth rate for Problem 1 at
the CJ velocity for domain size of £5000 compared to the chosen domain of £20004.
The explanation of how this growth rate of the perturbations is calculated is detailed
in Section As expected this shows that the solution does not change significantly
with the choice of domain size bigger than £5000. For consistency, all domains have
been chosen to span £20000.

The choice of boundary conditions bounding the y-direction, or width, of the do-
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FIGURE 6.2. Growth rate of Problem 1 at the CJ velocity for a domain size of 20000
in grey and 5000 in black: Flame surface area( ), Flame speed(----), Burning
rate( ).

main are even more complicated, as these flames tend to propagate in cellular-like
or cusp-like pattern. Taking into consideration zero gradient, reflective and periodic
boundary conditions, their potential effect on the flames is discussed. Now, consider-
ing periodic boundary conditions, knowing that flames tend to propagate in cusp-like
patterns that repeat in space, using the boundary condition would limit the possible
wavelengths in which the cusp-like shapes can evolve to a wavelength that is a mul-
tiple of the domain, or A = w/n where n is a natural number. This is due to locking
the states on both sides of a boundary to the same value. On the other hand, these
boundary conditions would allow for transverse propagation of the cells. However,
using reflective boundary conditions unlocks more modes that are half the domain
width or A = w/(2n). This allows a domain of half the width to be safely used. There
is still the problem that, for a chosen domain width, the propagation of the cellular
shape of the flame will change to match the most unstable mode of propagation. Even
if a simulation is started with a perturbation of a given wavelength, the evolution of

the flame will not explicitly keep that wavelength. The choice of the domain width
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is minimized in an attempt to minimize the chance of wavenumber doubling withing
the simulations. The most stable case will also be considered, which has been shown
by the isobaric linear stability analysis, shown in Chapter The stability analysis
has shown that for case 1, the most stable case, the most unstable wavelength to be
approximately 330 or a domain width of 16.56. The chosen domain for all simulation
is 20000 in length and 16.56 in width using the reflective boundary condition bound-
ing the y-direction and the Dirichlet boundary conditions at both other boundaries

conforming to the Rankine-Hugoniot jump conditions.

6.4 Resolution Study

Even with AMR, every time a level of refinement is added, the computational time
quadruples due to half of the computational cells being in the most refined state due
to the size of the refined region and the maximum time step for the equation is on
the order of Az? due to the second derivatives in the Navier-Stokes equations. The
final refinement criteria selected give a base cell density of 8 cells/d with 2 level of
refinement for a maximum cell density of 32 cells/d. This cell density is enforced
in the solution field when Y > 0.001 or Y < 0.99 to ascertain that the reaction
zone is fully refined. The solver also uses a multi-level mesh comparison to refine
in locations where more cell density is required. The mesh has been visualized for
Problem 1 at the CJ velocity at time 0, 10, 20, 30 and 40 respectively in Figure [6.3
These solutions can be compared with Figure to see the location of the cell
refinement in comparison the density profile. The effect of this limited resolution has
been studied, Figure [6.4] shows the growth rate predicted with 2 level of refinement
as compared with the solution of 3 level of refinement. The resolution study shows
that increasing the resolution causes the growth rates to be amplified. Sharpe and
Falle [IT] also showed a similar effect for isobaric flames, that cells in his most refined
solution had a higher peak temperature in the convex section of the flame. This has,

as an effect, a higher temperature dissipation and in return a faster growth rate.
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FIGURE 6.3. Level of refinement for Problem 1 at the CJ velocity at time 0, 10, 20,
30 and 40.

FIGURE 6.4. Growth rate of Problem 1 at the CJ velocity for 32 cells/§ in grey and 16
cells/o in black: Flame surface area( ), Flame speed(---- ), Burning rate( )




Chapter 7

Analysis of Results

Using the two-dimensional numerical framework described in the previous chapter,
numerical solution of the four problems of interest are examined. First, the flame
profiles are shown to familiarize the reader to the evolution pattern of a deflagration
as modelled in this thesis. It is often shown that, for isobaric flames, the velocity of the
flame is proportional to its surface area. This correlation is evaluated in compressible
flames and an analysis of the flame velocity in different frames of reference is compared
to its surface area. Then an analysis of the growth rate of the flame is done to illustrate
the compressible effects and their dependence on the heat release of reaction and
energy of activation. Finally, special consideration is given to vorticity. This will be

including an analysis of the vorticity equations and each term in the equation.

7.1 Flame Profiles

Figures [7.1H7.4] show the evolution of density of Problem 1-4 at time 0, 10, 20, 30
and 40 except for Problem 2 and 4 at the CJ deflagration velocity, where the plots
are at time 0, 1, 2, 3, 4. Some flames did not show any instability within the given
simulation time.

The typical evolution of the unstable flames is as follows: the flame is initialized
in the quasi-linear state as described in Section Then, in time, the flame evolves
into a quasi-steady state profile with the initial wavelength. Some flames, however,
especially at higher flame velocities or activation energy, evolve to a wavelength that is
equal to half of the initial wavelength. Before doing so, these flames seem to be locally
stable in time for a short period of time. The CJ case for Problem 2 and 4 quickly
transition to detonations. Since the domain is restricting wavelengths other than
w/2n, and as the flame velocity is increased the most unstable wavelength becomes

smaller [13]. The wavenumber doubling for the faster flames is to be expected as it
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was shown that the instability of smaller wavelength is increased as the velocity of

the flame is increased.
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FIGURE 7.1. Problem 1 density evolution
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7.2 Propagation of Flames in a Restricted Domain

The previous section demonstrates the evolution of all cases for the 4 problems of
interest. The goal now is to investigate and quantify the acceleration of the flame
through the domain as the amplitude of cellular flames become important. Figures
depict the flame speed at the inlet boundary condition for a flame frame of
reference (V) for each case. The flame burning rate is calculated from the reaction
rate Wy, = W, where W is the reaction rate and w is the width of the domain.
The plots also contain the flame surface area (A,) for comparison.

In both the simulation that exhibited DD'T, the reaction rate and the propagation
speed are the same since all reactants are burned almost instantly at the discontinuity.
This discontinuity also travels faster than the speed of sound so the detonation cannot
pre-compress upstream gas. Not much interest was paid to these detonations in
this thesis as the Arrhenius pre-exponential factor was calculated for deflagration
at the CJ velocity encapsulating turbulence on the length scale of the flame length,
extrapolation of these assumptions in a flame with a thinner thickness is uncertain.

An important correlation in flames that is often assumed is that the total burning
rate is proportional to the surface area of the flame. One can see in Figure [7.5
that in the quasi-isobaric cases, for the unstable problems (3 and 4), that the reaction
rate is indeed proportional to the surface area. While, as compressibility becomes
important in flames, the correlation between the flame surface area and the flame
reaction rate becomes weaker.

The surface area of the flame diverges from both the flame speed and the reaction
rate. Even at the quasi-isobaric flames, a significant accelerating of the gas in front
of the flame region is generated convecting the flame forward. This disparity in the
correlation between these flame characteristics increases as the compressibility of the
flame increases. The reaction rate of the flame, the flame speed and the flame burning
velocity with respect to the surface area of all 4 problem at time 407 is quantified
in Table . The flame burning velocity is defined as Vi, = M, where po

p2w

is the width averaged density in front of the reaction region. One can notice that
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the divergence of the flame surface area and reaction rate becomes significant in the
Problem 3 and 4 around 50 % of the CJ deflagration velocity. When the increase in
density of the precompression region is taken in consideration, the burning velocity
in respect to the flame surface area can be seen to propagate below the laminar flame
velocity. When comparing profiles from Problem 1 and 2 or Problem 3 and 4, the
effect of changing the energy of activation in the slow flames is apparent but not as
significant as in fast flames.

One can observe from the previous figures that the growth rate of the quasi-
isobaric case is much slower than the fast flame. Growth rates for all four problems
are shown in Figure The plots show the growth rate (00/uy) as defined in the
isobaric linear stability analysis, the growth rate of the linear stability analysis is
compared in time with the values found in the numerical results. The growth rate
was measured using a forward-difference scheme, while the amplitude was measured
using the difference between the maximum and minimum location of the reaction.
There is a significant increase of growth rate when the flame travels over 50% of its
CJ velocity especially once non-linear effects become significant. It is also clear that
increasing the energy of activation, when comparing Problem 1 and 2 or Problem 3
and 4, slightly increases the growth rate of the quasi-isobaric flames, but has a more
substantial effect on flames in the compressible regime. Increasing the activation
energy has shown to accelerate DDT in the simulations. As expected by the linear
stability analysis, increasing the heat release of reaction increase the instability of
small wavelengths. This is observed when comparing Problem 1 and 2 to Problem 3
and 4, where for low Mach numbers of the problems with the lower heat release of

reaction are stable for longer period of time.

7.3  Effect of Compressibility

Compressibility is one of the most significant changes that is apparent in these fast
flames, as is seen in Figures 7.4l The flame curvature quickly propagates pressure
waves in front of the flame, in the quasi-isobaric case these pressure wave do not

coalesce to the same extent as for the fast flames. This is due to the pressure waves
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propagating over 5 times faster in front of the flame than for the CJ cases due to the
non-dimensional scheme. As flames propagate faster, these precompression regions in
front of the flame intensify. These pre-compressed regions then preheat the reactants,

accelerate the velocity of the reactants away from the flame and increase the density of
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the gas. The interaction between these 3 effects and the Darrieus-Landau instability

is a very difficult problem to separate since they all affect the growth rate of these

cellular profiles simultaneously.
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7.3.1 Increase in Temperature

During the initial growth of the cellular structure, the acceleration of the flame creates
a precompressed region. This can be observed in Figure [7.10] in the convex section
of the flame. In Figure the pressure distribution around the reaction region
is shown with pressure contour lines overlaid to show the peak of the pressure. The
precompression region that is discussed is the darker region following the reaction zone
in the convex section of the flame, it is also notable that it has a peak of pressure at
that region shown by the pressure contour lines. This is where the cellular growth rate
is accelerating as this section of the flame is burning faster than the concave section.
This pressure increase in this region is stronger than the one that is to be expected by

the DL instability, this is reaffirmed when at later times a discontinuity of pressure
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appears in front of the flame created. This is caused by the forward traveling pressure
waves. This compression of the unburned reactants on the other hand increases
the temperature of the unburned gas allowing for slightly faster combustion, then
increasing the growth rate of the cellular flame front. Once the cellular structure
developed a stable profile the precompression zone in front of the flame stabilizes
but never fully disappears due to the reactant flow profile. One can pose that as
the cellular profile accelerates, the flame acts as a piston propagating pressure waves
in the reactants, these compression waves increase the temperature in the convex
part of the flame. Even if the growth rate increase from this temperature increase

is small, the accumulation between a faster growth rate that feeds back into more

precompression can eventually increase the reaction rate significantly compared to

the quasi-isobaric cases.
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TABLE 7.1. Ratio between flame burning rate and flame burning velocity and flame
speed over the reaction surface area for the four problems of interest.

7.1(A) Problem 1 7.1(B) Problem 2
Mf Wtot /Ar Vi)urn /Ar Vabs /Ar Mf Wtot /Ar Vi)urn /Ar Vabs /Ar
0.03 1.00 1.00 1.00 0.03 0.95 0.96 0.99
0.07 1.00 1.00 1.00 0.07 0.97 0.98 1.17
0.11 1.00 1.00 1.00 0.11 0.95 0.96 0.99
0.15 1.27 0.90 2.46 0.15 1.78 1.02 3.77
Mcy 2.26 0.97 4.52 Meoy  33.26 33.26 33.26

7.1(¢) Problem 3 7.1(p) Problem 4
Mf Wtat/Ar %urn/Ar ‘/abs /Ar Mf Wtat/Ar %urn/Ar ‘/abs /Ar
0.03 1.00 0.97 1.65 0.03 0.95 1.00 1.67
0.07 1.04 0.95 1.93 0.07 1.07 0.97 2.04
0.11 1.20 0.90 2.66 0.11 1.23 0.91 2.78
Me;  2.06 0.90 4.86 Mey, 4622 46.22  46.22

7.3.2 Convection of the Flame

The previous section demonstrates that there is a precompression region formed in
front of the reaction zone. It was also stipulated that these compression waves act
like a porous piston and push the reactants in the same direction of the flame. Then,
when the flame burns these reactants, the reaction zone also is convected forward by
the initial velocity of the flame. This can also be visualized in Figures [7.5|{7.8] where
the velocity of the flame speed propagates much more quickly than the reaction rate
of the flame. The growth rate can also be strengthened by the initial pressure waves
from the evolution of the flame profile. As the pressure waves compress the flow in
the convex section of the flame, this section of the flames is propagated forward with
the unburned gas. The convection has a similar effect as increasing the temperature,

it increases the growth rate of the cellular shapes of the flame.

7.3.3 Concentration of Reactants

Finally, due to the flow compression, the density of reactants is increased and the

flame has to pre-heat more fuel before combustion can occur. One might expect
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that the flame would take longer expanding in a denser region, so that the denser

pre-compressed area would slow down the growth rate of the cells.

7.4 Vorticity

Due to compressibility and density change, vorticity production is prominent in the
flame structure of cellular deflagrations. It is, therefore, expected that vorticity plays
a prominent role in flame stability for compressible flames. An analysis of the vorticity
as well as the relative magnitude of the terms in the vorticity equation is done for all
four problems stated.

Vorticity is an indication of the areas where turbulence is also expected to be
prominent [6]. Vorticity defines the local rotation of the fluid compared to the con-

tinuum and can be measured using,

8vk

(2 1] ax]

(7.1)

w
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Since vorticity is a manifestation of angular momentum, one can analyze the

evolution for vorticity by taking the curl of the momentum equation, this leads to

ow; ow; ov; ov; 1 dp Op 0 101
— = —U; + w; — W ]—i—ei'————kei-—— . 7.2
ot T Ox; T Ox; Oz, Jkpz Oz Oxy, 7k 0z <p 0T, ) (72)
—— ~~ 7N ~- 4 ~
Convection Deformation Baroclinicity Viscous

There are four processes that can lead to a change in the local vorticity. Firstly,

the vorticity can be convected by the background flow velocity. Deformation can

ov;
Ox;

be important in general, however, in a 2 dimensional flow, the w; is zero due to
vorticity only existing in the z-direction. One can also observe vorticity concentration
or dilution due to flow acceleration or deceleration. The baroclinicity is a source of
vorticity due to the misalighment of density and pressure gradients. One can imagine
that this effect will be more prominent in the compressible regime than the quasi-
isobaric regime. One can also have vorticity production due to the viscous stresses,
these effects are normally strongest in the boundary layers or shear layers.

Figure [7.11] shows the evolution of the vorticity for Problem 3 at the same times
as defined for Figures The vorticity in these plots are concentrated on the cusps
of the cellular profile, while the convex section of the flame do not have significant
vorticity.

Matalon [19] showed that the DL instability also predicts that the vorticity in
perturbed flames should have a destabilizing rotation. Figure visually depicts

this effect, where, on the left the positive rotation of vorticity in this section of the
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FIGURE 7.11. Vorticity evolution of fast flame for Problem 3

flame would have a stabilizing rotation, while a negative rotation (shown on the right)
is expected to have a destabilizing rotation. The solution to the chosen model shows
that the vorticity that is predicted, once the flame thickness is taken into considera-

tion, is expected to have a stabilizing rotation.

REFLECTIVE REFLECTIVE
REFLECTIVE REFLECTIVE

FIGURE 7.12. Vorticity rotation effects on the flame.

It is also interesting to see the effects of each individual term in the evolution

equation for the vorticity for the different flame velocities. Figure [7.13H7.16| shows

»+10 w
; / pdydx (7.3)
—10 0

the integral of space

where ¢ represents each term in the vorticity equation and ¢ is the location of the

flame. This means that the frame of reference is chosen such that the cellular flame is
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stationary. The flame position is chosen to be the average location on the maximum
reaction region in the flame. One can see the general effect of increasing the Mach
number of the flame is an increase in vorticity production, one also notice that the
convection and the viscous term in the equation are non-zero but have minimal effect

on the vorticity when compared to the baroclinic source and the deformation sink.
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7.4.1 Integral of Vorticity over Flame Amplitude

A strong correlation between the space integral of vorticity and the amplitude of the
flame cellular profile has been observed. Figure show this for all 4 problems,
neglecting any single simulation that became detonations, the total positive vorticity

in the domain in the frame of reference following the flame as described in Section
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[7.4 Problem 3 is the best example of this phenomena. This is due to the fact that 4
out of 5 flame evolution to a cellular wavelength of half the domain.

The previous section has shown that the vorticity exhibits a stabilizing direction
of rotation. While a steady cellular flame is not developed the vorticity is not pro-
portional to the amplitude. One can see in Figure that for a given problem and
wavelength, the flame can be seen to converge to a ratio between the flame ampli-
tude and the vorticity. This suggests that the vorticity required to stabilize these
cellular flames is proportional to the amplitude and constant for a given problem and
wavelength. Problem 4 shows a similar evolution of this ratio in the simulations, it
also converges to a similar value but slightly higher that Problem 3 where both cases

share the same heat release of reaction.
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7.5 Summary of the Two-Dimensional Solutions

In this chapter, the simulation results for all 4 problems are shown in the form of
density profile. Using these simulations, the correlation of burning flame velocity
and flame surface area was shown to be weakened as the compressible effects became
significant. The flame was also shown to be convected forward as the burning rate did
not match the velocity at which the flame propagated in respect to the unburned gas.
It was apparent in the density profiles that compressible flames had faster growth
rates that their quasi-isobaric counterpart, these growth rates are quantified in this
chapter. This section also discussed the effect that the heat release of reaction and
energy of activation has on the flames. As is found in most of the literature on the
topic, an increase of heat release of reaction has a significant impact on the stability
of the flame while an increase in activation energy has a lesser impact. On the
other hand, it was found that the higher activation energy were more susceptible to
detonation. The vorticity equation was analyzed and the baroclinic source term was
shown to be the dominant source of vorticity in the flames, while the deformation
acted as a sink of vorticity, usually on the same magnitude. The sense of rotation in
vorticity was opposite as it has been found to have a stabilizing rotation. An analysis
of vorticity in respect to the amplitude of the cellular profile then showed that for a
given problem and wavelength, this ratio was the same for all flame velocities. This
suggests that the vorticity might be a significant stabilizing source in flames. Once
the compressibility creates a constant precompression region in front of the flame
and the Darrieus-Landau instability is again the primary source of instability, the

vorticity in this region only has to negate this effect.



Chapter 8

Conclusion and Future Work

The two-dimensional evolution of fast flames using the Navier-Stokes equations with
a one-step chemistry model was investigated. It is found that, compared with the
quasi-isobaric flames, fast flames produce a significant precompression region affecting
the growth rate of the flames.

The relation between the surface area of the flame and the flame burning rate
was accurate for slow flames while it did not hold true in the compressible regime.
While the growth rate is always increasing with compressibility, significant change did
not occur before the flame were propagating at 50% of the CJ deflagration velocity.
The effect of heat release is significant, but similar to the isobaric cases where the
growth rate is increased with the increase in heat release. The energy of activation
on the other hand seem to have a more significant effect on fast flames. The results
also suggest that CJ flames do not stabilize as predicted by Bychkov [17] and He [18].
Three possible cause of the increase of instability due to compressibility are proposed.
The first is the increase of reaction rate in the convex section of the flame due to the
pre-heating, the second is the convection of the convex section of the flame due to
the unburned gas velocity and finally the increase density as a stabilizing effect is
proposed.

Further analysis of the vorticity shows that the baroclinic source term is the
prominent source of vorticity production in flames and that there is an increase of
vorticity as compressibility becomes significant. The vorticity in flames is located at
the cusps of the cellular flame profile and it is shown that direction of rotation has a
stabilizing rotation. Finally a correlation between the vorticity ratio with the flame
amplitude is shown for all four problems, it showed that this ratio at the quasi-steady
state of the cellular flames is the same for different flame velocities at some given

wavelength, heat release of reaction and energy of activation.
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8.1 Future Work

Further analysis could be done for the problems of interest that experienced DDT.
Also, the effects of enhancing the realism of the physics could be interesting, including
using more detailed chemistry models and turbulence modelling. Three dimensional
simulation could also be done, the growth rate in such models would be expected to
be higher. Effects of the precompression zone could be quantified in one-dimensional
simulation by finding steady-state solution using different inlet boundary conditions.
One can pose a one-dimensional solution at which all its properties are self similar
to those of the RH Jump conditions while varying the inlet density, velocity and
temperature to isolate the effect of such disturbances. A new steady state could be

found at a different velocity for this state.
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