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Abstract

Autonomous robotic path planning in partially known environments,
such as warehouse robotics, deals with static and dynamic constraints.
Static constraints include stationary obstacles, robotic and environ-
mental limitations. Dynamic constraints include humans, robots and
dis/appearance of anticipated dangers, such as spills. Path planning
consists of two steps: First, a path between the source and target is
generated. Second, path segments are evaluated for constraint violation.
Sampling algorithms trade memory for maximal map representation.
Optimization algorithms stagnate at non-optimal solutions. Alterna-
tively, detailed grid-maps view terrain/structure as expensive memory
costs. The open problem is thus to represent only constraint-free, nav-
igable regions and generating anticipatory/reactive paths to combat
new constraints. To solve this problem, a Constraint-Free Discretized
Manifolds-based Path Planner (CFDMPP) is proposed in this paper.
The algorithm’s first step focuses on maximizing map knowledge using
manifolds. The second uses homology and homotopy classes to compute
paths. The former constructs a representation of the navigable space as
a manifold, which is free of apriori known constraints. Paths on this
manifold are constraint-free and do not have to be explicitly evaluated
for constraint violation. The latter handles new constraint knowledge
that invalidate the original path. Using homology and homotopy, path
classes can be recognized and avoided by tuning a design parameter,
resulting in an alternative constraint-free path. Path classes on the dis-
cretized constraint-free manifold characterize numerical uniqueness of
paths around constraints. This designation is what allows path class
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2 Abbreviations

characterization, avoidance, and querying of a new path class (multiple
classes with tuning), even when constraints are simply anticipatory.

Keywords: Path planning, Robotics, Manifolds, Topology

Abbreviations

CFDM Constraint-Free Discretized Manifold 5, 24, 47, 48, 50, 51, 53, 54, 57,
58, 63

CFDMPP Constraint-Free Discretized Manifolds-based Path Planner 5, 11,
24, 30, 31, 48, 49, 51, 53, 54, 57–64

CFM Constraint-Free Manifold 5, 24, 25, 27, 31, 32, 34, 47, 53, 63
CS Constraint Set 27–31, 33
DC Dynamic Constraint 11, 24, 25, 30, 31, 33, 47, 48, 50, 53, 54, 56, 64
DCS Disjoint Constraint Set 27, 28, 30–34, 36–39, 41, 43, 46–48, 52
EA Evolutionary Algorithm 4
EF Evaluative Factor 32, 33
HBM Homotopy Based Method 4
ICE Inner Constraint Edge 46, 53
IFTM Inverse Function Theorem for Manifolds 10
MBM Model Based Methods 4
MPC Model Predictive Control 4
NF Navigation Function 4
OA Optimization Algorithm 4
OCE Outer Constraint Edge 46, 53
PPM Path Planning Manifold 7, 11, 23, 32
PPP Path Planning Problem 5, 10–16, 24, 26, 27, 29, 32, 34, 48, 62
PPS Path Planning Space 4–7, 10–12, 15, 16, 23–40, 46, 47, 51, 52, 57, 62, 63
PPPS Primary Path Planning Space 25–27, 30, 32, 52
PRM Probabilistic Road Map 59, 61–63
PSM Product Smooth Manifold 9
RRT Rapidly exploring Random Tree 59, 61–63
SA Sampling Algorithm 4, 59, 61, 62
SC Static Constraint 24, 26–31, 47, 48, 51, 52
SM Smooth Manifold 9, 10
SPPS Secondary Path Planning Space 25–27, 30, 32
TM Topological Manifold 6–11
UGV Unmanned Ground Vehicle 53, 54, 57

List of Latin Symbols

C Configuration space 5, 9, 23
CO Convex obstacle region in configuration space 30
CSr Constraint set r 28, 29
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DCSr Disjoint constraint set r 30, 31, 34
DCSs Set of all disjoint constraint sets of all path planning spaces 30
DCSs(·) Set of all disjoint constraint sets of space (·) 30–32, 34
nML Number of SCs classified as mechanical limits (ML) 27
nNG Number of SCs classified as no-go zones (NG) 27, 52
nOB Number of SCs classified as obstacles (OB) 27
nSG Number of SCs classified as singularities (SG) 27
nSC Total number of SCs 27, 52
nodestart Starting point in CFDM 48–50
curr Current node in CFDM 48–50
nbr Neighbour node in CFDM 48–50
P Path planning space 5, 6, 12, 26
Pmechanical limits ⊆ P Space corresponding to the mechanical limits of the

robot (e.g., joint limits) 6
Pno-go zones ⊆ P Space corresponding to the no-go zones 6
Pobstacles ⊆ P Space corresponding to the obstacles 6
Psingularities ⊆ P Space corresponding to the singularities of the robot 6
Pconstraint ≡ Pmechanical limits ∪ Pno-go-zones ∪ Pobstacles ∪ Psingularities Space

corresponding to all constraints 6, 23
P free ≡ P \ Pconstraint Constraint-free Space 6, 12
p ∈ P A point in P 5, 36, 39–43, 46, 52, 53
pstart ∈ P Starting point in P 12–14, 23–25, 48, 50
pgoal ∈ P Destination point in P 12–14, 23–25, 48, 50
ppath ∈ P Path connecting pstart to pgoal in P 50, 51
Ssurface A Surface 10, 11
SCk Static constraint k 28–31
TpS Tangent Space at a point p on a surface 11
T S Topological space of set S and topology T 11, 35–41
W Workspace 5, 9, 52

List of Greek Symbols

∆CS Global proximity threshold between constraints 28–31, 34, 52
∆ij

CS Measured proximity between constraints i and j 28–30
δ Boundary. For instance, δx denotes the boundary of x 29

1 Introduction

Typical autonomous robots can be used either for exploring unknown environ-
ments or navigating known environments. In exploration, autonomy occurs in
the form of Simultaneous Localization and Mapping (SLAM) [1, 2]. In known
environments, the space is comprised of constraint-space and constraint-free
navigable space. Static constraints include stationary limitations, whereas,
dynamic constraints imply the sudden presence/absence of constraints. Path
planning in an environment with a known map and potential to encounter
unknown constraints is the main focus of this article. The motivation stems
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from path planning needs in a warehouse/factory floor setting. A solution to
such a path planning problem needs to have the ability to: query the same map
multiple times, produce the shortest path and an alternative path, should the
original path become unsuitable.

Path planning algorithms can be distinguished by whether the space is
represented as a set of points, or by imposing a mathematical structure,
such as topological properties. Both point-set and topology based methods
generally consist of two steps. First, a path between the source and target
locations is generated. Second, path segments are evaluated for constraint
violation. Point-set methods that tackle static constraints consist of Sam-
pling Algorithms (SAs) [1, 3–43], Optimization Algorithms (OAs) [44–55],
Model Predictive Controls (MPCs) [47, 56–63] and Evolutionary Algorithms
(EAs) [64–67] and Navigation Functions (NFs) [17, 68–73]. Point-set methods
that tackle dynamic constraints consist of Model Based Methods (MBM) [74–
100]. These methods combine adaptations of OAs, SAs and MPCs to reactively
avoid constraints. SAs require periodic evaluation and discard of constraint-
free samples. OAs and EAs are minimization procedures that risk stagnating
at non-optimal local minima, while MPCs are robot specific. So with OAs, EAs
and MPCs, changes in robot model, the environment or start-goal locations
requires a re-creation of the map, and the solution. Since MBM use adapta-
tions of SAs, EAs and MPCs, they inherit the same basic pitfalls of wasted
samples, local minima and model specificity.

Topology based methods that avoid static constraints may be divided into
approaches that parametrize the path planning surface and those that incre-
mentally chart the surface. Parametrizing the Path Planning Space (PPS) or
its subsets can be done analytically [69, 101–107], geometrically [43, 108–110],
numerically [106, 111–116] or graphically [110, 111, 117–123]. Then, adapta-
tions of SAs, OAs, EAs, MPCs and topological tools such as geodesics are
used to plan paths. Charting manifolds involves incremental construction of
the PPS or its subset, while simultaneously planning paths on it. Goal biased
charting [42, 124–128] charts towards the goal, as opposed to unbiased chart-
ing of the PPS [128–132]. Topology based approaches for dynamic constraints
typically rely on homotopy theory and are called Homotopy Based Methods
(HBMs). These algorithms use the mathematical structure afforded by topol-
ogy and sometimes manifold theory to impose structure to the PPS. Then,
HBMs as originally seen in computational geometry [133], are used to deter-
mine potential alternative paths with some variant of graphs [134–137], SAs
and OAs [138–143], numerical solutions [144–151], MPCs [152–154] and other
analytical variants [155–157]. Topology based methods are more complex than
point-set based methods, since imposing the desired mathematical structure
confines the number of possible solutions available. Therefore, the path plan-
ning problem remains open, with the aim of developing a path planner that can
avoid the aforementioned pitfalls, while also generating a path in the navigable
constraint-free region.
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As a solution, we propose the topology based Constraint-Free Discretized
Manifolds-based Path Planner (CFDMPP) that achieves the following. The
first goal deals with the formulation of all or a subset of the navigable
constraint-free space as a Constraint-Free Manifold (CFM). Path planning on
the Constraint-Free Discretized Manifold (CFDM) is always constraint-free,
without any explicit constraint-evaluation or minimization. Second, the use
of homology and homotopy classes on the constructed CFDM helps to gener-
ate alternative paths. This allows the constraint-free manifold/map to remain
unmodified while an alternative path is queried. The knowledge of the map thus
remains intact, leaving only the path to be changed. The rest of this paper is
divided as follows. Section 2 handles the methodology of the CFDMPP by pro-
viding definitions in Section 2.1, declaring the problem statement in Section 3
and formulating the algorithm in Section 3.2. Details pertaining to simula-
tions are seen in Section 4, where the setup is described in Section 4.1 and
the results are analyzed in Section 4.2. Finally, Section 5 provides concluding
remarks about the CFDMPP with notes on its merits and challenges.

2 Methodology

2.1 Notations and definitions

This section introduces concepts used in topology and elementary differen-
tial geometry that will be used to detail the proposed solution CFDMPP,
in Section 3.2. CFDMPP uses the manifold approach to solve the Path Plan-
ning Problem (PPP). In general, the PPS can take several forms, such as:
configuration space C, workspace W, joint velocity space, force space, and so
forth. To that end, we denote the set of all points in the PPS by P. A point p
in l-dimensional P is denoted by an l-tuple

p =
[
p1 p2 · · · pl

]T
pi ∈ [pmin

i , pmax
i ] = pspani (1)

Therefore, any PPS P can be expressed as

P = pall =

l∏
i=1

pspani (2)

Notation (2) is used to express any other region associated with path plan-
ning. The relationship between tuples in space is observed by applying rules of
compatibility, such as those in a topological space. Topology aids in defining
a topological manifold, which will be used later to define the PPS.

Definition 1 (Topological space). A topology on a set S is a collection T of
subsets containing both the empty set ∅ and the set S such that T is closed
under arbitrary unions and finite intersections. In other words, if Uα ∈ T
for all α in an index set A, then

⋃
α∈A Uα ∈ T ; and if U1, ..,Un ∈ T , then
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i=1 Ui ∈ T . The elements of T are called open sets and the pair (S, T ) is

called a topological space [158].

Definition 1 imposes general compatibility rules such that any union and
intersection of subsets still lies in the original space. Specifically, consider the
standard topology, where, a set U is open in Rn iff ∀p ∈ U , there is an open
ball B(p, ϵ), with centre p and radius ϵ, that is contained in U . Such point-set
topology is concerned with properties that are invariant under homeomor-
phisms This invariance in the PPS is what helps in planning constraint-free
paths in a space whose constraint-free nature remains invariant, when trans-
formed to another,similarly equipped topological space. Define PPS P as a
topological space, which as a union of constrained and constraint-free subsets:
P = P free ∪ Pconstraint.

Definition 2 (Constraints). A constraint can be defined as a set of all points
in the topological PPS P that have to be avoided by the robot during path
planning. The different categories of constraints are the robot’s mechanical
limits, singularities, no-go zones and obstacles. The constraints of a robotic
system may be defined as the union of the above categories: Pconstraint =
Pmechanical limits ∪ Psingularities ∪ Pno-go zones ∪ Pobstacles.

Then P free = P \ Pconstraint, as illustrated in Fig. 1. Topology defines
inter-subset (implicit) relationships, which in turn may be developed to cre-
ate explicit (global) representations of the space. Consider a sphere, which
is a Topological Manifold (TM), whose explicit (viewed from ambient space)
expression is the equation for a sphere. Whereas, implicitly, it can be viewed as
the stitching of the Northern and Southern hemispheres/subsets using topol-
ogy. While topological spaces can be globally Euclidean in nature, like Rn,

Pconstraint

 
(singularity)

Pconstraint

(obstacle)

Pconstraint

 
(no-go zone)

Pfree= P - Pconstraint

P

Fig. 1: Breakdown of the general Path Planning Space (PPS) P into Pconstraint

and P free

most topological spaces are not so, as seen with the sphere. Therefore, what
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allows globally Euclidean and non-Euclidean topological spaces to be locally
and globally defined, is their locally Euclidean nature. TMs describe such
topological spaces either globally or locally. Since the PPS will eventually be
defined as a Path Planning Manifold (PPM), a TM is defined.

Definition 3 (Topological Manifold). A topological manifold is a topological
spaceM that is locally Euclidean of dimension m if every point p inM has a
neighborhood U such that there exists a homeomorphism ϕ from U to an open
subset of Rm. The pair (U , ϕ : U → Rm) is a chart, U is a coordinate neigh-
borhood or a coordinate open set, and ϕ is a coordinate map or a coordinate
system on U .[158]

A homeomorphic map f is bijective, continuous and has a continuous
inverse [158]. n-manifold implies that the manifold is locally homeomorphic to
Rn; 1- and 2-manifolds are seen in Figs. 2 and 3. Definition 3 shows that the
TM is indeed locally mapped to and from Rm, by using a homeomorphism.

R1

-∞ ∞

Locally 
homeomorphic 
to R1

a.

b.

curve
circle

Fig. 2: Example of a 1-manifold: a. The Euclidean space R1 is covered by a
single chart (R1, IR1), where IR1 : R1 → R1 is the identity map. b. A curve
and a circle are examples of a 1-manifold.

(a) An ellipsoid (b) A torus

Fig. 3: Examples of 2-manifolds

Implicitly, the TM is defined by the chart, which imposes two qualities on the
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subsets. The first property imposes that the subsets lie on a TM, i.e., they are
locally Euclidean. The second imposes that the subsets lie on the “same” TM.
That is, the subsets of the TM share locally Euclidean points via an inter-
section. Establishing that the subsets indeed neighbour each other requires a
diffeomorphism. Maps that are n-times continuously differentiable maps are
denoted by Cn. C∞ maps are infinitely continuously differentiable. A diffeo-
morphic map f is a homeomorphism, whose inverse f−1 is at least C1. Smooth
diffeomorphisms have inverses that are C∞.

Proposition 1 (Composition of diffeomorphisms). Every composition of
diffeomorphisms is a diffeomorphism. [159, Proposition 2.15(a)].

That is, diffeomorphisms are reversible and can arrive at the first pre-
image of the map. This determines if neighbouring subsets lie on the same TM.
Adjacency relationships shared by subsets of a TM are defined by respective
charts of each subset pair, called compatible charts. Compatible charts must
satisfy the underlying topology of the TM by using Definition 1.

Definition 4 (Compatible Charts). Two charts (U , ϕ : U → Rn), (V, ψ : V →
Rn) of a topological manifold are C∞-compatible if the two maps

ϕ ◦ ψ−1 : ψ(U ∩ V)→ ϕ(U ∩ V)

ψ ◦ ϕ−1 : ϕ(U ∩ V)→ ψ(U ∩ V)

are C∞. These two maps are called the transition functions between the
charts [158].

Fig. 4 shows that Definition 4 is twofold- actions of charts on set-
intersections to indicate adjacency and their quantization using a transition
map. Since only C∞-compatible charts are focused on, in an abuse of
notation,C∞-compatible charts will be referred to simply as charts. These
charts identify and relate subsets of the TM. The union of compatible charts
as an atlas, implicitly pave the TM.

U V

ɸ Ψ

ɸ(U ∩ V) Ψ(U ∩ V)

Fig. 4: Illustration of Definition 4 shows that the transition function ψ ◦ ϕ−1

is defined on ϕ(U ∩ V).
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Definition 5 (Atlas). A C∞ atlas, or simply an atlas, on a locally Euclidean
spaceM is a collection U = {(Uα, ϕα)} of pairwise C∞-compatible charts that
coverM. That is,M =

⋃
α Uα [158].

Definition 6 (Maximal Atlas). An atlas M on a locally Euclidean space is
said to be maximal if it is not contained in a larger atlas. In other words, if
M is maximal and U is an atlas containingM, then U =M [158].

Definition 7 (Smooth Manifold). A C∞ manifold, or simply Smooth Manifold
(SM), M is a TM together with a maximal atlas. The maximal atlas is also
called a differentiable structure on M . A manifold is said to have dimension
n if all of its connected components have dimension n [158].

Thus, a TM is a SM if all transition maps in the atlas are C∞ diffeomor-
phisms i.e, the atlas is a smooth atlas [160–162]. For more details, refer to [158,
Proposition 5.10]. Now, we define interactions between manifolds. This aids in
defining the relationship between the TMs in C and W.

Definition 8 (Product Manifold). Suppose M1, . . . ,Mk are TMs of dimen-
sions n1, . . . , nk, respectively. The product space M1 × · · ·×Mk is a TM of
dimension n1 + · · ·+ nk. [159]

The n-torus is an example of Definition 8. For n > 0, the n-torus is Tn =
S1 × · · ·× S1 =

∏n
i=1 S1 [159]; see Fig. 3(b).

Definition 9 (Smooth Product Manifold). If M1, . . . ,Mk are SMs of dimen-
sions n1, . . . , nk, respectively, then the product space M1 × · · ·×Mk is a TM
of dimension n1 + · · · + nk, with charts of the form (U1 × · · · × Uk, ϕ1 ×
· · ·×ϕk). Any two such charts are smoothly compatible. This defines a natural
smooth manifold on the product, called the Product Smooth Manifold (PSM)
structure. [159]

This implies that if {Uα, ϕα} and {Vi, ψi} are C∞ atlases for the manifolds
M and N of dimensions m and n, respectively, then the collection of charts

{(Uα × Vi, ϕα × ψi : Uα × Vi → Rm × Rn)}

is a C∞ atlas on M × N . Therefore, M × N is a C∞ manifold of dimension
m+ n [158], for example, the n-torus.

Definition 10 (Smooth Maps between Manifolds). Let M and N be SMs.
Then, the map F : M → N is a smooth map, if for every p ∈ M , there
exist smooth charts (U , ϕ) containing p and (V, ψ) containing F (p), such that
F (U) ⊆ V and the composite map ψ◦F◦ϕ−1 is smooth from ϕ(U) to ψ(V) [159].
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M
NF

U
V

p
F(p)

ɸ(U) Ψ(V)
Ψ ० F ० ɸ-1 

ɸ Ψ

Fig. 5: Illustration of a smooth map between manifolds as seen in Definition 10

Having defined a smooth map between two manifolds using charts
(see Fig. 5), a diffeomorphic map between two manifolds can be understood. If
M and N are SMs, a diffeomorphism from M to N is a smooth bijective map
F : M → N that has a smooth inverse. Then, M and N are diffeomorphic,
symbolized by M ≈ N . Theorem 1 helps determine when a local, chart-wise
diffeomorphism exists between two manifolds.

Theorem 1 (Inverse Function Theorem for Manifolds (IFTM)). Let F : M →
N be a C∞ map between two manifolds of the same dimension, and p ∈ M .
Suppose for some charts (U , ϕ) = (U , x1, . . . , xn) about p ∈ M and (V, ψ) =
(V, y1, . . . , yn) about F (p) ∈ N , F (U) ⊂ V . Set F i = yi ◦ F . Then, F is
locally invertible at p if and only if its Jacobian determinant det

(
δF i/δxj(p)

)
is nonzero [158].

Theorem 2 (Invariance of Dimension). A nonempty SM of dimension m
cannot be diffeomorphic to an n-dimensional SM unless m = n [159].

This dimensional invariance imposed using diffeomorphisms allows for map-
ping to and from constraint-free TMs. TMs can be represented implicitly and
explicitly. Global representations are possible only if the dimension of the
ambient space hosting the TM is greater than the dimension of the TM. So,
an n-manifold lives in an (n + 1) or higher-dimensional space. Hence, only
manifolds of dimensions 0, 1 and 2 can be visualized, and thus perceived for
the PPP. Here, the PPS will be defined as a 2-manifold whenever possible
and the path generated will be defined as a 1-manifold. Thus, the explicit
representation will be defined for a 2-manifold, from the perspective of a sur-
face (Definition 11 and Figs. 3 and 6), followed by the parametrization of a
1-manifold ( Definition 12).

Definition 11 (Surface). A subset Ssurface of R3 is a surface if, for every point
p ∈ Ssurface, there is an open set U in R2 and an open set W in R3 containing
p, such that Ssurface ∩W is homeomorphic to U . A subset of surface Ssurface
of the form Ssurface ∩Wsubset, where Wsubset is an open subset of R3, is called
an open subset of Ssurface. A homeomorphism ρ : U → Ssurface ∩Wsubset as in
this definition, is called a surface patch or parametrization of the open subset
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Ssurface∩Wsubset of Ssurface. A collection of such surface patches whose images
cover the whole of Ssurface is called an atlas of Ssurface [163].

DiscPlane

Cylinder Annulus

(a) (b) (c)

Fig. 6: Examples of surfaces. (a): common surfaces; (b): hyperbolic paraboloid;
(c) elliptic paraboloid.

Definition 12 (Parametrized curve). A parametrized curve in Rn is a map
γ : (α, β)→ Rn, for some α, β, such that −∞ ≤ α ≤ β ≤ ∞ [163].

The open interval (α, β) = {t ∈ R | α < t < β}. The goal of the proposed
CFDMPP is to generate the shortest constraint-free path on the PPM. The
shortest path on a manifold is called a geodesic. To understand a geodesics,
tangent spaces are introduced.

Definition 13 (Tangent Space). A tangent vector to a surface Ssurface at a
point p ∈ Ssurface is the tangent vector at p of a curve in Ssurface passing
through p. The tangent space TpS of Ssurface at p is the set of all tangent
vectors to Ssurface at p [163].

Definition 14 (Geodesic). A curve γ(t) on a surface Ssurface is called a
geodesic if for every value t0 of the parameter t, γ̈(t0) is zero or perpendicular
to the tangent plane of the surface at that point γ(t0), i.e, parallel to its unit
normal [163].

The proposed CFDMPP is based on generating geodesics as constraint-free
paths on the PPS, while considering its underlying curvature. Some examples
of geodesics are shown in Fig. 7. However, modifications to these paths may
be necessary to overcome Dynamic Constraints (DCs). To this end, concepts
known as homotopy and homology, are applied. Before providing definitions,
an intuitive relationship between these concepts and the PPP is provided.
Topological spaces lay the foundation for defining metrics, which formalize
notions of continuity and differentiability. A surface, TM or T S helps define
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the PPS. A path between pstart and pgoal in the PPS is the image of a map,
whose pre-image lies in some space, for example, the control input space. In
a PPS devoid of constraints, i.e. P = P free, the desired path between pstart

and pgoal is typically the shortest path. This evaluates path quality based
on path length. Then, geodesics allow us to generate the shortest path on a
surface, as defined by the metric on that surface. So, minimizing path length
can be held as a reliable measure across the PPSs. If the PPS is no longer

Source 1

Target 1 Source 2

Target 2

Geodesic

Geodesic

Globally 
non-Euclidean
Space

Fig. 7: A globally Non-Euclidean space such as a Genus-1 Torus (donut) where
the shortest path between any two points is a geodesic.

pristine, that is, P ̸= P free, then a mathematical element has upset the PPS.
An exclusion of a region (point) from the PPS has occurred, invalidating its
original definition. This exclusion of free space now reflects a missing region,
which eventually forms the basis of homotopy and homology. This causes a
change in the topological property of connectedness of the space. Roughly
speaking, a space is simply connected if every closed curve in the space can
be shrunk to a point [164]. So in the PPP, the original shortest path may
no longer be mathematically correct, if it appears to cut across the missing
region. Then, a new shortest path must be planned. But, there may now exist
alternative paths, each satisfying the path length measure.

This occurs as the path diverts around the missing region, while remain-
ing on the PPS and reaching pgoal. Recognizing the number of alternative
paths is non-trivial for more than one constraint or missing region. Fig. 8
illustrates trivial and non-trivial cases. The differently coloured lines represent
unique path types between their respective pstart and pgoal pairs. The num-
ber of possible paths in a space with several missing regions, depends on two
attributes: (i) the locations of pstart and pgoal, and (ii) the number of missing
regions, as seen in Fig. 8. So, path planning in a P free which is littered with
missing regions, can now present multiple constraint-free paths between the
requested pstart and pgoal. In order to evaluate each path for its optimality,
a list of possible paths needs to be created. The list requires distinguishing
paths that are different from one another (diverting differently) and grouping
together longer/shorter variants of a path type. This requirement of grouping
and separating paths, is what leads to homotopy and homology.
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p1 
start
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start
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Fig. 8: Paths for different pstart-pgoal pairs. Trivial case with one and non-
trivial case with three missing regions on the left and right sides respectively.

2.2 Homotopy and Homology

Homotopy and homology give us a tool to uniquely characterize a path, by
determining how many missing regions the path encloses. Consequentially,
paths of different lengths that still enclose the same missing regions can be
characterized as the same path-type. Inversely, paths of the same path lengths
that enclose different missing regions will be classified as being different. The
combined use of homology and homotopy endows us the capability of mak-
ing the same judgements on paths, even when they do not fully enclose the
missing region. This is typical of paths in PPP, when the shortest paths are
contours located between missing regions, but not necessarily winding around
the entirety of the missing region.

In such a case, homology equips us with another trait that further aids
in uniquely characterizing the path. This trait marks the direction of path
as it encloses some or all of the missing region. The direction of enclosure,
in conjunction with the number of missing regions enclosed, now provides a
complete measure of the uniqueness of a path kind. Using this as an indicator
of path type, a generated path may now be classified as belonging to or being
different from, a path type. Paths belonging to the same type may be evaluated
for a metric so that the best path can be used as an ideal representative for
that path type. Such paths across different path types may then finally be
evaluated for a metric, so that the best path type may be chosen as the ideal
path type. This process then returns the best path across path types, and
within the chosen path type.

2.2.1 Homotopy

Definition 15 (Homotopy). If f and f ′ are continuous maps: X → Y , f
is homotopic to f ′ if there is a continuous map F : X × I → Y , such that
F (x, 0) = f(x) and F (x, 1) = f ′(x), where I = [0, 1] is the unit interval. The
map F is called a homotopy between f and f ′ and the relationship between the
two maps is denoted by f ≃ f ′ [164].
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A path from x0 to x1 in space X is a continuous map f : I → X, such that
f(0) = x0 and f(1) = x1, where I = [0, 1] is the unit interval [165].

Definition 16 (Path Homotopy). Two paths f and f ′ from I → X, where
I = [0, 1], are said to be path homotopic, if they have the same initial and final
points x0 and x1, respectively, and there exists a continuous map F : I×I → X,
such that ∀(s, t) ∈ I2,

F (s, 0) = f(s) F (s, 1) = f ′(s)

F (0, t) = x0 F (1, t) = x1

Then, F is called the path homotopy between f and f ′ and the homotopic paths
are expressed as f ≃p f

′. [164].

Fig. 9 path homotopy; specifically, that in the event of a constraint, pstart

and pgoal still remain the same, but an alteration of the path is necessary.

t

s
x0

x1
F

x
Fig. 9: Path homotopy with the unit plane on the left hand side and the
resulting homotopic paths on the right hand side. The divisions of the unit
plane are mapped to X as homotopic paths, with the same initial and final
points.

Lemma 1. The relations ≃ (homotopy) and ≃p (path homotopy) are equiva-
lence relations. [164].

Lemma 1 aids in categorizing different paths as equivalent, if they are
homotopic. The proof of Lemma 1 is seen formally in [164], and informally
here, for PPP contexts. If f is a path, denote its path-homotopy class by
[f ]. First, f ≃p f is essential and trivial. Second, f ≃p f ′ implies f ′ ≃p

f , shows that path homotopy is sequence independent. Third, f ≃p f
′ and

f ′ ≃p f ′′ implying f ≃p f ′′, shows that path homotopy is path-quantity
independent. Fig. 10 shows that irrespective of how many paths are computed,
one can show their equivalence by relating all paths to one representative path.
Such a situation can occur when path planning algorithms produce numerous
tentative paths based on their current point of exploration. Fig. 11 illustrates
straight line homotopy, where the homotopy between paths is carried across
through straight line segments. The illustration on the right hand side has a
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missing region at the origin, shows three different paths. Paths g and t are
(straight line) path homotopic, but h is not homotopic to t. It is intuitively
clear that there exists no homotopy in that case, as one cannot deform h past
the missing region at the origin. Thus, path homotopy and different homotopic
classes relate to paths around missing regions in the PPP. The subsequent
definitions are of use for a discretized PPS.

t

s

x0

x1

x

FI

F

Fig. 10: If F : f ≃p f
′ and F ′ : f ′ ≃p f

′′, then G : f ≃p f
′′.

x0

x1
f(x)

g(x)

g

t

h

Fig. 11: Straight line homotopy. Left hand side: path homotopy between f
and g. Right hand side: path homotopy between g and t, but not between t
and h.

Definition 17 (Product of paths). If f is a path in X from x0 to x1, and g is
a path in X from x1 to x2, then the product of f and g, denoted as h = f ∗ g,
is defined by [164]

h(s) =

{
f(2s) for s ∈ [0, 1/2]

g(2s− 1) for s ∈ [1/2, 1]

When a path is planned, it is typically generated incrementally, i.e, as a
composition of path segments. Even as segments, they are used in the induced
product operation on path-homotopy classes as

[f ] ∗ [g] = [f ∗ g] (3)
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t
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Fig. 12: The product operation of two path-homotopy classes.

Fig. 12 shows the significance of the product operation on path-homotopy
classes. It illustrates that the product of two path-homotopy classes is the
path-homotopy class of the product of paths. The associativity of the prod-
uct operation on path-homotopy classes holds for any finite product of classes.
That is, the path-homotopy class of the final path remains the same irrespec-
tive of the number of intermediate path segments to which the product is
applied. Stated formally as a theorem [164]:

Theorem 3. Let f be a path in X and a0, ..., an be real scalars, such that
0 = a0 < a1 < ..., an = 1. Let fi : I → X be the path that equals the positive
linear map of I = [0, 1] onto [ai−1, ai] followed by f . Then, [f ] = [f1]∗· · ·∗ [fn].

Theorem 3 is of prime significance for the discretized PPP. This work pro-
poses discretizing the PPS and then commencing path planning. That is, path
segments are generated incrementally and their composition needs to be eval-
uated for the path-homotopy class. The number of path segments generated
is proportional to the map resolution. So with the help of Theorem 3, one is
confident that theoretically, discretized path segments and the map resolution
have no detrimental effect on the path-homotopy class. Therefore, generated
path segments can be evaluated to see if they belong to the same or different
classes. One now understands the significance of homotopy classes with respect
to possible paths navigating an environment with constraints. It is easy to
see that the constraints are what give rise to the different homotopy classes
in the first place. That is, the number and placement of constraints/missing
regions have an impact on the number of type of homotopy classes. With this
in consideration, one now approaches homology.

2.2.2 Homology

Homology theory is quite detailed, and beyond the scope of this work. How-
ever, the important take away from homology is that the use of a specific kind
of homology group (singular homology group) uses singular chains to detect
holes [165]. Any chain that closes up on itself (like a closed path) but is not
equal to the “boundary value” of a chain of one higher dimension must sur-
round a hole in the PPS X. These homology groups are topological invariants
and are also homotopy invariants [165]. Intuitively speaking, homology allows



737
738
739
740
741
742
743
744
745
746
747
748
749
750
751
752
753
754
755
756
757
758
759
760
761
762
763
764
765
766
767
768
769
770
771
772
773
774
775
776
777
778
779
780
781
782

Springer Nature 2021 LATEX template

List of Greek Symbols 17

the detection of holes/missing regions in a topological space. This is observed
with the help of cycles or closed contours on that space. The cycles are shrunk
to see if they can be collapsed to a point, or their inability to be shrunk beyond
a certain point. In the latter case, it implies that the shrunk cycle has reached
the boundary of a missing region. In a manner similar to homotopy classes,
cycles can be deformed within the same homology class. Homology has com-
putation tools that make it easier to first compute homology classes, and then
use them to determine homotopic classes. As the authors of [136] (on whose
work the homotopy implementation of this article is based) state, homology
serves as a fair analog of homotopy in most robotics problems. We will now
explain why that is so.

Since homology depends on a closed contour or a cycle, we relate the latter
to paths, and express homology as a function of paths. Given a path f : I → X
with x0 and x1 as the initial and final points, one defines the reverse path
from x1 to x0 as f̄(s) = f(1 − s), where s ∈ I [165]. Fig. 13 shows both such
paths around a missing region. Recall that the product of paths is also a path,
and such is the case for f and f̄ , resulting in a contour that surrounds the
missing region. Thus, this cycle or closed contour will define the homology
class surrounding the missing region. The next step is to imbue meaning to
this contour in the context of path planning, so that computations of paths in
different classes have a physical meaning. In the process, we will use tools from
complex analysis; therefore, definitions will be introduced for clarification.

x0

x1

f

f(1-s)

Fig. 13: Connection between homology and homotopy

One way to characterize a contour around a missing region is by looking
at the number of its windings around that missing region. Consider a contour
L(z) ∈ C, to define the winding number. Assume that L(z) encloses a point
p ∈ C, which can be considered as the missing region. Then, the winding
number v(L, p) of a closed loop or contour L about the point p ∈ C is the net
number of revolutions of the direction of z as it traces out L once in its given
manner [166]. A simple loop does not self intersect. For loops that are not
simple, the winding number is determined by the number of partitions into
which the sub-loops of the loop break the space as seen in Fig. 14. Partitions
that have a non-zero winding number vi are defined as the inside of the loop,
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and those with a zero-winding number, are defined as being outside of the
loop. This is helpful to understand because of our interest in the presence of
constraints/missing regions, which will later be defined as poles of functions
in C. The computation of winding numbers depend on where the poles are
located with respect to the contour- inside or outside. The demonstration of
this requires the introduction of a few definitions.

D1

D2

D3

D4

v1 = 2
v2 = 0
v3 = 1
v4 = 0

L

Fig. 14: Non-simple loop: winding number of its partitions

The following definitions deal with functions on the complex plane denoted
by C.

Definition 18 (Holomorphic Function). Let Ω be an open set in C and f a
complex-valued function on Ω. The function f is holomorphic at the point z0 ∈
Ω if its derivative at z0 is continuous and finite, i.e., f ′(z0) = limh→0[f(z0 +
h)− f(z0)]/h is unique and finite, for h ∈ C.

Holomorphic functions are smooth (infinitely complex differentiable) and
are analytic (power series expansion at every point). Holomorphic functions
are of significance to path planning because their properties allow for the
computation of integrals involving contours that enclose poles.

Theorem 4 (Cauchy’s theorem for a disc [167]). If f is a holomorphic function
in an open disc, then ∫

γ

f(z) = 0 (4)

for any closed curve γ on that disc given by Dr(z0) = {z ∈ C : |z − z0| < r}.

Cauchy’s theorem states that if a holomorphic mapping has no singularities
inside a loop, its integral around the loop vanishes [166]. To illustrate this,
consider Fig. 15, which has a loop K and a singularity. Using partitions as
defined above, one can see that loop K does not encircle the singularity, and
thus its integral around the loop must vanish.
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K

singularity

Fig. 15: Singularity located ”outside” the loop; so integral vanishes

The disc in Theorem 4 can be generalized to other spaces via open sets
as follows. Cauchy’s theorem states that if f is holomorphic in an open set Ω
and Γ ⊂ Ω is a closed curve whose interior is also contained in Ω, then (4)
holds true. Theorem 4 establishes the conditions under which the value of the
integral is independent of the contour. The integrals of two mappings between
x0 and x1 agree, provided that the mapping is analytic (holomorphic in C)
everywhere in the region lying between the two contours [166]. This agreement
of integral values can be used to determine equivalence of paths in homology
and homotopy classes. That is, if two contours γ1 and γ2 acted on by the same
holomorphic function have the same integrals along the contours, then they
represent the same kind of contour. For our purposes, they represent the same
kind of path. The theorem as seen above, sets a baseline for when there are no
missing regions or poles on the inside of a contour. Subsequent explanations
handle the situation when poles are on the inside of the contour.

Theorem 5 (Cauchy’s Integral Formula [167]). Let f be holomorphic in an
open set that contains the closure of a disc D. If C denotes the boundary circle
of this disc with positive orientation, then

f(z0) =
1

2πi

∫
C

f(z)

z − z0
dz (5)

for any point z0 ∈ D.

Of course, this can be extended to f being holomorphic everywhere inside
a contour or loop γ, with z0 being a point inside γ [166]. With theorem 5,
one obtains an expression for the integral of a holomorphic mapping on a
contour that surrounds a pole. The interpretation is as follows: Since f(z) is
holomorphic inside γ, the function f(z)/(z − z0) is also holomorphic there,
except that it has a singularity at z = z0. One such example is that of f(z) =
1/z applied on the unit circle eiθ. Since f(z) has a pole at z0 = 0, according
to (5)

f(0) =
1

2πi

∫ 2π

0

ieiθ

eiθ
dθ = 1

That is, the net revolution of the circle around the point at the origin is 1. This
is so, since the value of the integral or net direction of revolution is positive
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for the length of the contour C, i.e. 2πi. Since we know that the circle encloses
the pole at the origin, the integral can now be interpreted as a function of the
winding number. This can be done with the help of the complex Riemann Sum,
whose result is the integral of any curve K in C, as as f acts on it; see Fig. 16.
Since the result of the integral is the connecting arrow, it is irrespective of
the type or length of contour. The contour length increases the detours taken,
while undergoing the same final net revolutions around the pole.

Fig. 16: Riemann Sum and winding number

Theorem 6. If a contour sweeps only through analytic points as it is deformed,
the value of the integral does not change [166].

Hence, (5) shows that, the value of the integral will not change if the contour
γ is deformed into its interior, without crossing the pole at z0. Similarly, two
loops may be continuously deformed into one another without ever crossing the
point p, if and only if the two loops have the same winding number around p.
Imaginably, this characteristic is what we aim to recreate for homology classes.

We now give some insight on how to numerically compute the integral
in (5).

Definition 19 (Residue). If a holomorphic function f has a pole of order n
at z0, then the residue of f at z0 is defined as [167]

Res[f(z), z0] ≡ resz0f =

lim
z→z0

1

(n− 1)!

( d
dz

)n−1

(z − z0)nf(z)

Theorem 7 (Residue Formula). Suppose that f is holomorphic in an open
set containing a closed contour γ and its interior, except for poles at z1, ..zn
inside C. Then, ∫

γ

f(z)dz = 2πi

n∑
k=1

Res[f(z), zk] (6)
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for any point z ∈ D [167].

Recall that Theorems 4, 5 and 7 are being examined for their relation-
ships to winding numbers around poles. Ultimately, we would like to use some
function of the winding number as the unique marker for a homology class.
So, we will now show that winding numbers in conjunction with the poles,
are related to the contour that encloses them via the value of the integral in
Theorem 4. This is explained for an example with one pole, and then with
several poles. This progression shows that homology classes are applicable to
the path planning problem with several constraints/obstacles.

Generally, if a closed loop does not encircle a pole, then the complex inver-
sion mapping is holomorphic everywhere inside it. Thus, according to Cauchy’s
theorem, the integral vanishes. This makes sense because there is nothing to
wind around. However, if the pole is encircled, then according to Cauchy’s
theorem, the integral no longer needs to vanish. This is because the map-
ping is holomorphic everywhere except at the pole, so there is something to
wind around. Now, consider a contour K, which is acted on by a holomorphic
function f(z) = 1/(z − z0). That is, the contour encloses the pole z0 of the
holomorphic function, as seen in Fig. 17. Applying the Residue Formula to
this contour via f gives∮

K

1

(z − z0)
=

∮
K

f(z) = 2πiRes[f(z), z0]. (7)

Fig. 17: Contours surrounding one pole

The value of the integral in (8) is determined by two factors. The first is
the winding number of the loop itself and the second is the contribution to
the winding number by the pole. This correctly assumes, that the loop winds
around the pole only once, which is correct as per Fig. 17. That is:∮

K

1

(z − z0)
= 2πi v(K, z0) Res[f(z), z0] (8)

where v(K, z0) = 1.
From (8), the second factor is seen to be a function of the residue of f

at z0 or the amount of complex inversion contained in the decomposition of
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the mapping. The term residue is owed to the fact that it is the only part
of the function that remains after the integration via the Cauchy Integral
Formula [166]. We have now established a connection between the pole in the
Cauchy’s Integral formula and the residue in the Residue Formula. Clearly,
the residue occurs because of the presence of a pole and is unique to that pole
(for a given holomorphic function). Different residues are thus indicative of
the contour enclosing different poles. Therefore, one can now deduce that the
value of the integral of f acting on K which encloses a pole at z0 is a function
of the contour’s winding number (net revolution) around the pole z0 and the
residue of f at z0. This combination provides a unique marker that identifies
whether a contour encloses a pole on its inside.

This understanding holds for any contour such as loop L in Fig. 17, as it
simply means that a longer contour takes more detours before arriving at its
destination. Since the winding number accounts for the net revolution around
the pole, detours do not impact it. Therefore, a longer contour simply means
that it meanders about its journey to its net revolution around the pole. There-
fore, as seen in Theorem 6, what really matters is not the shape of the loop,
but rather the location of the pole and the winding around it. So in light of
path planning, we can now represent a constraint as a pole, and determine a
marker for a class of contours around it. To generalize to several poles, the
General Residue Theorem states:∮

K

f(z)dz = 2πi
∑
j

v(K, sj) Res[f(z), sj ] (9)

The General Residue Theorem provides a comprehensive relationship between
the integral of a non-simple contour enclosing several poles, and the winding
numbers and residues of the poles. The Residue formula in Theorem 7 rep-
resents a special case of the General Residue Theorem represented by (9),
when every pole is wound around once. In the context of this article, we do
not produce self-intersecting contours as paths. Therefore, our use of the Gen-
eral Residue Theorem is the visualization of how several poles contribute to
the integral of one simple contour acted on by f . Fig. 18 illustrates the Gen-
eral Residue Theorem for two poles. This is synonymous with determining the
markers of path types around constraints, which was the main motivation to
delve into homology.

The summary therefore, is that a contour on whose inside lies several poles,
can be marked with a characteristic value as obtained via the Cauchy’s Integral
Formula. Alternatively, an equivalent numerical computation of the marker
is obtained via the General Residue Theorem. By the deformation theorem,
only those contours with the same value obtained via the Cauchy’s Integral
Formula/General Residue Theorem may be deformed continuously. That is
the deformation presumes holomorphicity in the area of a deformation, which
means the deformation can never cross poles. Therefore, we can use this as
a measure of homology. Since homology classes are homotopy invariants, we
can use it for line segments. In light of this connection between contours and
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a. b.

c. d.

L

J

K

Fig. 18: Decomposition of a contour enclosing two singularities

homology class markers, we shall borrow the definition of homologous paths
from [119] to indicate a relationship between contours in a homotopic class and
those in the homology class (see Fig. 19) around a constraint/pole or obstacle.
It is important to note that the use of Complex Analysis is simply as a tool
that is specifically convenient for 2-dimensional planar surfaces or 2-manifolds.
Other tools may be explored on a per-application basis, but is not the focus
of the article.

Obstacle 

Obstacle 

Obstacle 

𝛕1

𝛕2

𝛕3

pstart

pgoal

pstart

pgoal
Obstacle 

Obstacle 

Obstacle 

𝛕1

𝛕2

𝛕3

-𝛕2

Fig. 19: Left: Homotopic paths τ1 and τ2, but not τ3, with either of the other
paths. Right: Homologous paths τ1 and −τ2 enclose shaded area while τ3 is
not homologous with τ1 or τ2.

Definition 20 (Homologous Paths). Two paths τ1 and τ2 connecting the same
start and end coordinates, pstart and pgoal, respectively, are homologous if and
only if τ1 together with τ2 (the latter with opposite orientation) forms the com-
plete boundary of a 2-dimensional manifold embedded in C and not containing
or intersecting the constraint space Pconstraint.

Geodesics, homotopic, and homologous paths are directly reliant on the
nature of the underlying topology. That is, the nature of the PPM influ-
ences the kind of geodesics produced and whether paths can be transformed
using homotopy and homology. This section defined the fundamental concepts
required to characterize the PPS and its associated sub-spaces, along with
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tools to transform between different spaces. These definitions enable formulat-
ing the shortest path on a non-Euclidean PPS, called a geodesic. Concepts of
homology and homotopy further aid in analyzing an existing path and finding
equivalent paths in the same PPS. Together, the aforementioned concepts are
applied to propose the CFDMPP as a novel algorithm to solve the PPP in
hand.

3 Methodology

3.1 Problem Statement

Consider a robotic system with at least one PPS, pstart and pgoal, an ini-
tial knowledge of constraints, and a sensing mechanism to relay information
about new constraints as it becomes available. Then, the goal is to develop
a path planning algorithm which generates at least one constraint-free path
from pstart to pgoal in a reactive manner without having to explicitly check
for constraint violation on each generated path. To this end, we propose the
Constraint-Free Discretized Manifolds-based Path Planner (CFDMPP), which
is a path planner with the following characteristics:
• It formulates a CFM on the PPS.
• It produces a path in the shortest path class and at least one other

alternative path class on the CFDM.
• It generates a one-time cost map which maybe reused based on some

algorithm tuning parameters.

3.2 Algorithm Formulation

A high level view of the CFDMPP is revealed in Algorithm 1. The algorithm’s
four main steps are as follows:
• Line 1 constructs a CFM on the map of the PPS, by accounting for loca-

tions and bounds of the Static Constraints (SCs). The PPSs associated with
robotic systems are usually not purely Euclidean spaces. Thus, to represent
the connectivity of the space as accurately as possible, a manifold represen-
tation of the PPS is formulated. The manifold is constructed such that it is
free of SCs, which guarantees that the paths generated on it are constraint-
free without having to explicitly validate the path against any constriant
violations.

• Line 2 discretizes the CFM from Line 1 to produce a graph-based represen-
tation of the manifold. A graph traversal algorithm can then be applied to
compute the shortest constraint-free path from pstart and pgoal.

• Line 3 allows the generated path from Line 2 to be transformed to an
alternative PPS, if necessary.

• At Line 6, the algorithm goes into path re-planning mode to circumvent
DCs, should any prevent the robot from following the global path computed
earlier (in the offline stage). Two kinds of situations can render an existing
path invalid. The first is the presence of DCs through moving obstacles,
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the sudden appearance or dislocation of an object (i.e., falling object in a
warehouse) or human beings. The second situation involves the requirement
of an alternative path, based on a human decision after assessing the current
conditions of the path. For example, a fluid spill on the floor that renders the
original path invalid or the anticipation of human activity along the planned
path. These situations constitute valid triggers for path re-planning.

Algorithm 1 CFDMPP

Require:
Initial (approximate) map of the environment
Bounds of the static constraints
Source and target locations in PPS: pstart and pgoal

Ensure:
Shortest constraint-free path between pstart and pgoal

1: Formulate a CFM on the path planning environment ▷ Section 3.2.1

2: Discretize the CFM and generate a path from pstart to pgoal▷ Section 3.2.2
3: Transform the obtained path to another space, if necessary▷ Section 3.2.3
4: Robot starts following the computed path

5: while existing path is rendered inaccessible do ▷ Reactive (online) mode
begins

6: Modify path to avoid the DC responsible for path blockage ▷
Section 3.2.2

7: end while

8: return followed path

The rest of the section is broken down into four parts. Each part reflects the
same sequence of steps seen in Algorithm 1. Thus, CFM formulation is detailed
in Section 3.2.1, discretized path planning is described in Section 3.2.2, path
transformation is seen in Section 3.2.3, and path modification due to DCs is
seen covered Section 3.2.2.

3.2.1 CFM Formulation

The following steps systematically formulate the CFM.
i. Primary and Secondary Path Planning Spaces (PPSs): Robotic systems

may have multiple PPSs, depending on what aspects of the system can
be controlled to produce a desired output. When more than one potential
PPS exists, one of them is designated as the Primary Path Planning
Space (PPPS). The remaining alternative PPSs are understood to be the
secondary equivalents of the PPPS, referred to as the Secondary Path
Planning Space (SPPS). Let |PPSs| and |SPPSs| denote the numbers of
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PPSs and SPPSs, respectively. Then, |PPSs| = |SPPSs| + 1 (the one is
for the PPPS). SPPSs are indexed as SPPS1, SPPS2, . . . , SPPS|SPPSs|.

ii. Dimensions of Path Planning Spaces (PPSs): As noted in Definition 1,
the PPSs can be defined as topological spaces, and their dimensions play
an essential role in the kind of maps that can be applied to them. There-
fore, the dimensions of all associated PPSs need to be determined. The
dimensions of the PPPS and the SPPS vary with the kind of robot and
application at hand.

iii. Bounds of Path Planning Spaces (PPSs): The operational limits of all
PPSs are accounted for in this step to define the extent of each PPS avail-
able. Understanding the bounds of operable space in every PPS will later
enable defining either the PPS or a subset of it as a manifold. Using (2),
one can define the bounds of any PPS P. Generally however, the bounds
may take a different form than simply satisfying an upper and lower
bounds, and can require satisfying a set of constraints. This is especially
so when the bounds of a PPS are determined with the help of a map-
ping from another PPS. The mapping may cause the resulting bounds
to be no longer Euclidean, and thus bounds, as defined by (2), may hold
insufficient information about the the bounds of the PPS. When there
exist multiple PPSs, one can typically define the limits of at least one of
them based on operational limits. Nonetheless, to define the bounds of
the remaining PPSs, a mapping is required. This is discussed in step (iv).

iv. Mapping Between Path Planning Spaces (PPSs): When a PPP has multi-
ple equivalent PPSs, it implies that the PPPS can be transformed to any
of the other SPPSs, and vice versa, under the condition that such transfor-
mation mappings exist. This transformation is what enables transforming
the bounds of the PPPS to those of a SPPS. We will denote the continu-
ous mapping (if it exists) from PPSi to PPSj , i, j ∈ {1, 2, . . . , |PPSs|}, as

f
PPSj

PPSi
: PPSi → PPSj . Obviously, the existence of such a mapping does

not guarantee the existence of its inverse,
(
f
PPSj

PPSi

)−1

. It is also worth

specifying that the mapping of a point on the boundary of a PPS may
not be on the boundary of the mapped space. Consequently, the mapping
of an Euclidean PPS (in the form of (2)) may not be Euclidean.

v. Information About Static Constraints (SCs): The environment may con-
tain constraints, as defined in Definition 2, which have to be avoided by
the path planner. Thus, their information must be accounted for in the
algorithm. This step deals with SCs, i.e., constraints whose presence is
known apriori. Five parameters are used to process SCs and they are:
classification of SCs, their total number, the PPSs native to each SC, the
span of the SCs, and finally how several SCs can be grouped together
into one set. These five parameters defining the constraints are derived
through the following five pre-processing steps, which are performed by
the user, unless otherwise indicated by a proposed algorithm.



1197
1198
1199
1200
1201
1202
1203
1204
1205
1206
1207
1208
1209
1210
1211
1212
1213
1214
1215
1216
1217
1218
1219
1220
1221
1222
1223
1224
1225
1226
1227
1228
1229
1230
1231
1232
1233
1234
1235
1236
1237
1238
1239
1240
1241
1242

Springer Nature 2021 LATEX template

List of Greek Symbols 27

(a) Classification of SCs present in the PPP: The SCs are classified
into the categories specified in Definition 2, i.e., the robot’s mechan-
ical limits (ML), singularities (SG), no-go zones (NG) and obstacles
(OB). All possible static constraints are accounted for, irrespective
of which of the multiple PPSs they may lie in. The classification of
constraints enables a better understanding of the kind of inoperable
regions that the PPP is dealing with.

(b) The total number of SCs: After classifying the SCs into their
respective categories, the total number of SCs in each category is
determined. This is the cardinality of each category set, which are
denoted by nML, nSG, nNG, and nOB. We will also denote the total
number of SCs by nSC.

(c) Identifying the native PPS of each SC: This step explicitly recognizes
the PPS in which every SC is defined. Each SC is only originally
defined in one particular PPS (i.e., either the PPPS or any of the
SPPSs), which is known as the native space of that constraint (see
Fig. 20). By default, such a constraint may have no equivalence in
another PPS. For it to have one, a bidirectional mapping is required,
as shown in Fig. 21, and as shall be formally defined in step (iv).
The mapping is bidirectional in the sense that it is invertible at
least locally, on a restriction of the space. Determining the native
PPS of each SC helps defining the required maps to correlate the
different PPSs. Let nPPSi

SC be the number of SCs in PPSi, where

i ∈ {1, 2, |PPSs|}. Likewise, let nPPSi

ML , nPPSi

SG , nPPSi

NG , nPPSi

OB , be the
(non-negative) number of SCs of their respective category in PPSi.
Therefore,

nSC =

|PPSs|∑
i=1

nPPSi

SC = nPPPS
SC +

|SPPSs|∑
i=1

nSPPSi

SC (10)

nPPSi

SC = nPPSi

ML + nPPSi

SG + nPPSi

NG + nPPSi

OB (11)

(d) Bounds of SCs: The expanse of every constraint is determined in the
native PPS. The SCs may be defined by the bounds of the PPSs
using (2), as an equation or simply as a point. This step is essential
for two reasons. First, if there exist multiple PPSs, then to map the
constraint space to the alternative PPS, the bounds of the original
definition of the constraints are required. Second, even if there exists
only one PPS, then defining the bounds of the static constraints
enables defining the CFM in the subsequent steps.

(e) Constructing the disjoint constraint sets: Once the bounds for all
nSC SCs have been established, one computes the Disjoint Constraint
Sets (DCSs). The term Constraint Set (CS) is explained first, follow-
ing which the term DCS is explained. After the explanation of how
and why the computation is performed, the algorithm to determine
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Fig. 20: Each uniquely defined static constraint may lie in any of the PPSs
identified for a robotic system; therefore, that PPS becomes the native space
of the constraint, and the constraint has no meaning in another PPS.

Fig. 21: In order for the original constraint to have an equivalence in another
PPS, a mapping is required. Only after mapping the original constraints in
their native space to the alternative PPS, their equivalence of constraints in
both spaces are established.

the DCSs is detailed. A CS associated to a specific PPSi, denoted
by CSr

PPSi , is a union of constraints satisfying two requirements.
First, all constraints in the set must belong to PPSi. Second, each
constraint of the set must be located within a certain (user-defined)
distance/proximity ∆CS from all the other constraints in the set. To
that end, one needs to define a function f(SCi,SCj) to measure the

proximity ∆ij
CS between two SCs, SCi and SCj , in the same constraint
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Fig. 22: The 2LPM example as seen in Step (v)(v)c. The native PPS for static
constraints present in the PPP is seen here. Note that the constraints in their
originally defined form do not have an equivalence in the alternative PPS.

set.

∆ij
CS = f(SCj ,SCj) (12)

where i, j ∈ {1, . . . , nPPSi

SC }. There are several ways to define such a
function depending on the user preference. Here, we use the minimum
Euclidean distance between the boundaries of the two SCs. The dis-
tance is considered zero if the two SCs are touching or overlapping.
Such a choice of proximity measure is quite modular. It is tailored to
suit every PPP, its associated spaces and the bounds of the SCs. For
example, should SCj be a point, then it employs a point-set differ-
ence instead of computing the proximity from the boundary of both
sets. In summary, a constraint set CSr

PPSi can be formally defined
as

CSr
PPSi = {SCj | SCj ∈ PPSi and ∆jk

CS ≤ ∆CS,

∀ SCj ,SCk ∈ CSr
PPSi}

Let lmin
uk and lmax

uk be the respective lower and upper limits of the
kth dimension of SCu ∈ CSr

PPSi for an n-dimensional PPSi. If
CSr

PPSi = {SC1,SC2, . . . ,SCm}, then CSr
PPSi is an n-dimensional

Cartesian space in PPSi; its lower and upper limits of the kth dimen-
sion are min

(
lmin
1k , lmin

2k , . . . , lmin
mk

)
and max (lmax

1k , lmax
2k , . . . , lmax

mk ),
respectively. Such limits, for k = 1, . . . , n, define the boundary
δCSr

PPSi of CSr
PPSi . The set CSr

PPSi may contain SCs of differ-
ent categories as per Definition 2. A CS can be viewed as a union of
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constraints that involves the least amount of inclusion of constraint-
free PPS. It is a building component of the CO-space. Let the
constraint-free region that is included by virtue of the union of SCs
be denoted by ∆CS. Ideally, the value of ∆CS is 0, to signify no inclu-
sion of constraint-free space as part of the CS. However, non-zero
user defined values can be used to permit the inclusion of narrow
constraint-free passages within the CS. This flexibility allows users
to decide whether narrow areas that lie in between SCs are truly
navigable.

While such passages are constraint-free, they may fail to allow the
robot to physically traverse the passage. In that case, it is counter
effective to account that space as a navigable constraint-free space by
the path planning algorithm. Additionally, different ∆CS values may
be adopted for different PPSs. Hence, to account for this possibility
of varying needs, the user-defined ∆CS is introduced as part of the
definition of the CS. A DCS, DCSr

PPSi , associated with PPSi, is
a complete CS in PPSi, in the sense that it includes all the SCs
of PPSi which satisfy the proximity requirement. In other words, if
SCk ∈ DCSr

PPSi , then ∄SCj ∈ PPSi, such that ∆jk
CS > ∆CS. Let

DCSsPPSi be the set of all DCSs corresponding to PPSi and DCSs
be the set of all DCSs of all PPSs. Then,

DCSs =

|PPSs|⋃
i=1

DCSsPPSi (13)

|DCSs| =
∣∣DCSsPPPS

∣∣+

|SPPSs|∑
i=1

∣∣DCSsPPSi
∣∣ (14)

Algorithm 2 outlines the iterative procedure to compute DCSsPPSi ,
where the notation α(j) denotes the jth element of the set α.

vi. Potential Dynamic Constraints: The DCs are defined to be constraints
whose presence or absence in the environment is not known apriori. Exam-
ples of such DCs include falling objects or a sudden encounter with an
unknown agent, such as a human or another robot. Naturally, information
about potential DCs is not known apriori and is obtained on the fly using
an appropriate sensing mechanism. The sensing algorithm is not part of
the CFDMPP, so some basic assumptions about it is mentioned here. The
sensors mounted to the robot typically have a limited sensing range and
the processing algorithm can perform object recognition and depth esti-
mation, producing a bounding box around the object. This provides an
estimate of the size of the DC to avoid and its location with respect to
the robot. The limited sensing range allows this stage of the path plan-
ning to be reactive, i.e., the original path is re-planned as a reaction to a
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Algorithm 2 Computing DCSsPPSi

Require:
α = {SC1,SC2, . . .} ▷ Set of all SCs in PPSi

∆CS ▷ User-defined proximity threshold for PPSi

Ensure:
DCSsPPSi ▷ Set of all DCSs in PPSi

1: DCSsPPSi ← ∅
2: k ← 0 ▷ Number of DCSs
3: while α ̸= ∅ do
4: k ← k + 1
5: DCSk ← α(1) ▷ DCS gets first SC available
6: α← α \ α(1)
7: SCremove ← ∅
8: for j = 1 to |α| do ▷ Compare with remaining CSs
9: Compute the proximity ∆ between SCj and DCSk using (12)

10: if ∆ ≤ ∆CS then
11: DCSk ← DCSk ∪ α(j)
12: SCremove ← SCremove ∪ α(j)
13: end if
14: end for
15: α← α \ SCremove

16: DCSsPPSi ← DCSsPPSi ∪DCSk

17: end while
18: return DCSsPPSi ▷ Eventually, DCSsPPSi = {DCS1,DCS2, . . . ,DCSk}

DC. Obtaining any additional attributes about potential DCs is depen-
dent on the sensing algorithm used. Now, we view potential DCs in the
context of triggering path re-planning.

DCs can be grouped into two kinds for the purposes of the CFDMPP.
The first group may take the form of SCs whose numbers and/or locations
are unknown during CFM construction or are subject to change until
before path planning commences. Examples include the presence of DCs
through moving obstacles, the sudden appearance or disappearance of
objects or human beings. Other examples include movable shelving units
and crates, whose locations can change. Therefore, they are not accounted
for as constant SCs during the construction of the CFM. The second group
of DCs involves anticipatory DCs, with the intention of triggering path
re-planning. Examples include situations that necessitate an alternative
path, such as a fluid spill on the floor that renders the original path
invalid or the anticipation of human activity along the planned path. This
section thus far aids in completing the definition of the PPS in step (vii),
by anticipating the PPS in which potential DCs may be located. DCs will
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be re-introduced after the construction of the CFM before path planning
commences.

vii. Choosing the PPS for Path Planning: Step (i) shows that a PPP can have
several PPSs. Subsequently, steps (iii), (iv), (v) and (vi) obtain infor-
mation about the PPSs and of constraints that lie in them. With such
information at hand, one has the ability to choose the appropriate PPS
where to commence path planning. The PPSs will later be constructed
as PPMs, thus allowing for transformation of paths amongst the mani-
folds. Therefore, the choice of the PPS to work in, may seem unnecessary.
However, it is essential and advantageous, because of three reasons. But
before that, further notation is defined. We previously divided the PPSs
into a PPPS and none or more SPPSs, where the former refers to the most
commonly used PPS, without any previous evaluation of the PPS with
respect to formulating a PPM for it. This segment provides Evaluative
Factors (EFs) to choose the appropriate PPS for manifold formulation.
By doing so, only one PPS is adopted as the ideal choice. To that end,
we denote the PPS chosen for path planning as PPSchosen and any of
the rest of PPSs as PPSalt (alternative PPS). The set containing all the
alternative PPSs is denoted by PPSsalt. Now, we discuss the EFs and the
reasons for their use and order of application.
(a) First EF: The first EF involves the choice of the PPS based on the

PPS in which the robot’s physical tasks require to be accomplished.
In a PPP with multiple PPSs, the robotic system typically requires
to perform tasks in only one PPS, say PPStasks. Then, PPStasks

is a natural choice to commence path planning, since the resulting
path may directly affect the performance of the robotic application
at hand. Should one choose the PPS where the control inputs of
the robot lie, the justification is that the path in the control space
may be directly applied to the robot. This factor is application- and
user-dependent.

(b) Second EF: The second EF evaluates a PPS based on the number
of DCSs it contains. This factor favors choosing the PPS containing
the maximum number of DCSs. This is so because of the process
used to formulate the PPM. Once a PPS is chosen as the PPSchosen,
it is formulated into a constraint-free PPM. The latter requires the
PPSchosen to be completely defined, as will be seen in step (viii).
The complete definition of the PPSchosen involves transforming the
DCSs present in PPSalt to PPSchosen. The transformation is accom-
plished by applying the mapping between PPSchosen to PPSalt, to
the DCSs in PPSchosen. Assume that DCSsPPSchosen and DCSsPPSalt

are the sets of DCSs in PPSchosen and PPSalt, respectively, and∣∣DCSsPPSchosen
∣∣ > ∣∣DCSsPPSalt

∣∣. Then, it is computationally less
intensive to transform the DCSs in PPSalt to PPSchosen, rather than
the other way around. It is thus, advantageous to choose the PPS
that requires the least transformations of DCSs from other PPSs.
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(c) Third EF: The third EF evaluates a PPS based on its potential to
house DCs. For the same reason as the second factor, transformations
of potential DCs from their PPS of origin to the PPS of choice,
now need to be accounted for. The aim is to minimize the number
of transformations of DCs while still accounting for their presence.
Choosing a PPS is heavily dependent on where the DCs may be
located. Thus, it is advantageous to choose the PPS which is most
likely to encounter DCs.

In summary, one chooses the PPS on which to commence path planning
by evaluating the three factors described above. But used individually,
they produce conflicting results and additionally may result in multiple
PPSs. To resolve that conflict, the factors are ranked in the following
order of precedence (strongest to weakest):

Second EF > Third EF > First EF (15)

That is, the Second EF is the primary influencing factor of the decision
and ideally, is the only factor necessary. However, should it fail to pro-
duce a unique PPS, then the next, weaker factor is necessary to resolve
the conflict. So, only when there is a tie of results in the Second EF,
will the Third EF be necessary. Similarly, unless there is a tie using the
Third EF, the First EF is not necessary. Should the First EF also yield
a tie, any PPS may be chosen from the last set of results.

viii. Complete Definition of Chosen Path Planning Space (PPS): Once the
appropriate PPSchosen is selected as the space on which to commence
path planning, one must ensure that it is completely defined. This is
accomplished by the following two tasks, each of which can be performed
by a dedicated algorithm.
(a) First, all unmapped DCSs from all the alternative spaces in the set

PPSsalt are mapped to PPSchosen. This can be done systematically
using Algorithm 3.

Depending on the application, Algorithm 3 may result in native
or/and mapped DCSs. It was noted earlier, that additional struc-
ture would be imposed on PPSchosen to describe it as a manifold.
The same topological representation can be applied to also represent
any DCS mapped to the PPSchosen. Even if the DCS is Euclidean
while the PPS is not, one can accommodate for that. As long as
the dimension of the DCS is less than or equal to the dimension of
the PPS, the topological representation can be chosen to allow for
compatibility. This is detailed later in step (ix).

(b) Second, re-evaluate the mapped DCSs in PPSchosen to see if they can
be merged with the old/new DCSs. In the case of any mapped DCSs,
Algorithm 2 is applied on all the native and mapped DCSs to ensure
that all CSs are actually disjoint. This gives the user yet another
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chance to define a new value for the previously defined proximity
measure ∆CS.

Algorithm 3 Mapping all unmapped DCSs to PPSchosen

Require:
PPSchosen

PPSsalt =
{

PPS1, . . . ,PPS|PPSs|−1

}
DCSsPPSi and fPPSchosen

PPSi
, ∀ PPSi ∈ PPSsalt ▷ DCSs and mapping

information

Ensure:
PPSchosen containing the native DCSs and those mapped from PPSsalt

1: α← PPSsalt ▷ All alternative PPSs whose DCSs need processing
2: DCSmapped ← ∅
3: while α ̸= ∅ do
4: PPScurr ← α(1)▷ Alternative PPS whose DCSs are currently processed

5: for i = 1 to
∣∣DCSsPPScurr

∣∣ do ▷ Transform every DCS in the
alternative PPScurr

6: DCSa ← DCSsPPScurr (i)
7: DCSm ← fPPSchosen

PPScurr
(DCSa)

8: DCSmapped ← DCSmapped ∪DCSm ▷ Store transformed DCS
9: end for

10: α← α \ PPScurr ▷ Remove the PPS whose DCSs have been processed
11: end while
12: return PPSchosen

ix. Constructing a Constraint-Free Manifold (CFM) in the Chosen Path
Planning Space (PPS)
This section focuses on defining the PPSchosen and PPSsalt of the PPP
as topological spaces. So far, all PPSs involved have accounted for the
bounds of DCSs. In the process of defining the PPS as a topological
space, the regions corresponding to DCSs are considered as part of the
topological space. The removal of such regions from the topological
space results in a constraint-free topological representation of the PPS.
Therefore, the final topological PPS on which any further structure may
be imposed, is automatically constraint-free. With this basic structure
in place, one can now define/construct a manifold on this space, to allow
for path planning. Following the construction of a CFM on PPSchosen,
it is then discretized, as explained in Section 3.2.2. The three main
steps required to construct a CFM are as follows. First, a topological
representation of the PPSchosen is formulated. Second, using information
about the DCSs, an equivalent constraint-free topological representation
of the PPSchosen is constructed. Third, a constraint-free manifold on the
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PPSchosen is constructed, such that it is suitable for discretized path
planning. Equivalence between the constraint-free PPSs are also shown
with the help of the concepts introduced earlier in Section 2.1.

First, the topological representation of the PPS is obtained using
Definition 1. While one can start with any PPS, it is recommended to
start with PPSchosen for the subsequent steps. The following explanation
uses the general notation of PPS, not to compromise generality. Basic
information about the PPS is given in (1) and (2). The topology assigned
to the PPS, as defined by (2), is that of the metric topology. Generally
speaking, for a metric space (M , d), d is the metric defined on M , such
that d : M ×M → R. One can define an open ball B of radius r > 0 and
r ∈ R around any point m in M , i.e., B(m, r) = {n ∈ M : d(m,n) < r}.
The set of all such open balls are subsets of M , and are open in the sense
of the metric space. Therefore, this is a topology and is called the metric
topology on M , or the topology generated by d [165]. A topological space
is said to be metrizable if its topology happens to be the metric topol-
ogy generated by some metric on the space. If the space is metrizable,
then the metric that generates its topology is not uniquely determined,
because many different metrics can give rise to the same topology (mean-
ing that the same sets are open with respect to several metrics)[165].
Therefore, choosing the metric topology allows the usage of any metric
and multiple metrics. One may begin by considering the PPS as a subset
of Rn when appropriate, since subsets of Rn are always considered T Ss
with this topology[165]. If not a subset of Rn, the metric topology may
still be defined on the PPS. Both options are now explained.

Formally, the set of tuples in PPS is denoted by its span, i.e., SPPS =∏l
i=1 p

span
i . Each of the l dimensions is treated as a separate topological

space. The set of points in ith dimension is denoted by Si = pspani and is
assigned the metric topology Ti, induced by d = ∥.∥∞ and for some small
r > 0. Then, Ti = {∪B(p, r)} where, B(p, r) is defined ∀p ∈ Si, such that
∃q ∈ Si satisfying d(p, q) = ∥p, q∥∞ < r. Similarly, all l dimensions are
equipped with the same topology. Then, the Cartesian product of all l
topological spaces results in the product topological space representing
PPS. That is, SPPS = S1 × · · · Si × · · · Sl =

∏l
i=1 p

span
i , on which the

product topology is thus induced [165]. The product topology is given
by TPPS = {T1 × · · · Ti × · · · Tl}. In the above deduction, if each of the l
dimensions is a subset of R, then the SPPS is a subset of Rl with the metric
topology as defined. Then, the topology defined consists of l-dimensional
open balls of radius < r. Alternatively, one may directly define SPPS as a
subset of Rl, and define a preferred metric on it. The ℓp-norm is used to
represent the metric in a general form and is defined for an l-dimensional



1611
1612
1613
1614
1615
1616
1617
1618
1619
1620
1621
1622
1623
1624
1625
1626
1627
1628
1629
1630
1631
1632
1633
1634
1635
1636
1637
1638
1639
1640
1641
1642
1643
1644
1645
1646
1647
1648
1649
1650
1651
1652
1653
1654
1655
1656

Springer Nature 2021 LATEX template

36 List of Greek Symbols

vector p as

∥p∥p =

(
l∑

i=1

|pi|p
)1/p

In either case, we choose to define additional metrics on SPPS. Metrics,
such as d = ∥.∥1, d = ∥.∥2 and d = ∥.∥∞ are useful tools to demonstrate
homeomorphisms. Defining topologies induced by different metrics helps
to view the topological space as a breakdown of smaller, open subsets
(finer) as opposed to that of a few, bigger open subsets (coarse). Given
two topologies T1 and T2 on a set X, T1 is finer than T2 if T1 ⊇ T2,
and coarser than T2 if T1 ⊆ T2[165]. Then, the topology induced by the
different metrics ∥.∥1, ∥.∥2 and ∥.∥∞ on SPPS may be compared and
referred to as the finest, coarse and coarsest of the three topologies.
Using the above, every PPS whose bounds are available in the form of
(2), can be defined as a topological space. For PPSs whose information

is unavailable, the mapping f
PPSj

PPSi
is used to determine the span of such

spaces. As such, their topology is also deduced in the same manner as
specified above. The topological space for PPSi is denoted by the pair
(SPPSi

, TPPSi
) = T SPPSi

. This step describes the PPS as a topological
space using its span, but without removing the DCSs from it. Removing
the DCSs is explained in the next step.

In this second step, the equivalent constraint-free topological represen-
tation of the PPSs is now extracted. The PPSchosen is the first PPS that
requires this step. Item (viii) showed that PPSchosen now contains mapped
and native (unmapped) DCSs in DCSPPSchosen , i.e., all possible regions to
avoid during path planning. In the following discussion, the superscript
“PPSchosen” is dropped, since only the DCSs lying in PPSchosen are tack-
led. The native DCSs are considered first, before passing on to the mapped
DCSs. Every native DCS has bounds as defined in (1) and (2) with
respect to PPSchosen. That is, it is a subset of T SPPSchosen

. Removing it
from T SPPSchosen

results in a set of points that are free of constraints.
Every subset of a topological space is a topological space, by virtue of
the subspace topology [165]. That is, the subset can still be expressed
using the topology of the original topological space. In such a case, the
subset is called a subspace of T SPPSchosen

. Therefore, the constraint-
free set of points is represented as a subspace of T SPPSchosen

, as follows.
The DCS can be described as a Cartesian product, union of Cartesian
products, or by using any other mechanism of defining a set of points.
For simplicity and the sake of illustration, assume that the DCS’s gen-

eral form is
∏l

i=1 p
DCSspan

i where p
DCSspan

i ∈ (pDCSmin
i , pDCSmax

i ). Thus,
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SDCS =
∏l

i=1 p
DCSspan

i . The constraint-free set of points is given by:

SfreePPSchosen
= SPPSchosen

\ SDCS =

l∏
i=1

pspani \
l∏

i=1

p
DCSspan

i

SfreePPSchosen
=

l∏
i=1

p
freespan

i ; p
freespan

i ∈ (pfreemin

i , pfreemax

i )

The subspace topology T free
PPSchosen

is now that subset of TPPSchosen
, that is

applicable to SfreePPSchosen
, which is a subset of SPPSchosen

. The constraint-

free topological space of PPSchosen is thus denoted as T SfreePPSchosen
.

Therefore, every native DCS may be defined and removed this way to
produce a constraint-free topological space. Any remaining DCS is a
mapped DCS, which has been mapped to PPSchosen from PPSalt. Note
that, should the DCS’s bounds in its native PPS be non-invertible by
virtue of singularities, the bounds must be slightly modified to ensure
consistent, invertible mapping to PPSchosen. That is, any or all l-
dimensions may be modified by ϵmin

i and ϵmax
i , for i = 1, . . . , l, such that

the new bounds become (pDCSmin
i − ϵmin

i , pDCSmax
i + ϵmax

i ). In fact, every
DCS can be modified as such, giving the user ample flexibility to define
the PPS as necessary for the application, while still retaining topological
properties. This gives the user freedom in defining the clearance from
the DCS, while planning a path.

Naturally then, the mapped DCS is a subspace of T SPPSchosen
. Thus, it

can be removed from T SPPSchosen
in the same manner as the unmapped

DCSs. A topological representation of the PPS is completely constraint-
free, if and only if all DCSs have been removed from it. A similar process
can be undertaken to construct equivalent topological spaces for the
PPSalt, denoted by T SfreePPSalt

. At this juncture, the topological repre-
sentations of all PPSs are equivalent. That is, all topological spaces are
free of exactly the same number of constraints and constraints have been
mapped to each space, when needed. It can be noted that the original
map fPPSalt

PPSchosen
, relating PPSchosen and PPSalt, may not be invertible at

singular points. But, such non-invertible points in the form of DCS, con-
taining singularities, mechanical-limits, no-go zones and obstacles, have
been removed from every space. Therefore, the map fPPSalt

PPSchosen
restricted

to the now constraint-free topological space, is invertible. If this invert-
ibility is continuous everywhere on the constraint-free topological space,
the map is a homeomorphism. Continuity of maps between topological
spaces is ensured by the topology chosen, whereby pre-images of maps
are open in the topology [165, Proposition 2.19]. Thus, all constraint-free
topological spaces are topologically equivalent, by virtue of homeomor-
phisms that relate the spaces.
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In the third and final step, a manifold is constructed on the constraint-
free topological space. By virtue of lying in the constraint-free space,
the manifold is also be constraint-free. As usual, one commences with
PPSchosen, specifically T SPPSchosen

. Using Definition 3, a manifold can
be constructed on a subset of T SPPSchosen

, where the manifold needs to
satisfy two requirements. First, its shape must be such that the region
representing a DCS is absent; and second, only the constraint-free region
is navigable on the manifold. Utilizing Definition 11, one could use a
torus or an annulus as a possible choice. A torus is a closed surface with-
out a boundary, and has one genus, which is suitable to represent one
DCS. The issue with the torus however, is that it is not well suited for
planar navigation. In such cases, an annulus is a better solution. It can
be open or closed, i.e., one can choose to include points on the boundary.
Additionally, by definition, it has an absence of region that can represent
the DCS, while representing the navigable region around the DCS. Most
importantly, the annulus is a planar, 2-dimensional surface and manifold
in R3. This makes it the ideal choice as a constraint-free manifold to be
constructed on T SPPSchosen

.

Choosing the manifold to construct is an essential evaluation, since
a path needs to be computed on it. Section 3.2.2 computes a path by
first discretizing the manifold, i.e., by creating a polygonal mesh. Every
compact surface admits a polygonal presentation [165], therefore, it is
preferred that the chosen manifold be compact. It can be seen that the
closed annulus (i.e., with boundary) is compact and an open annulus can
be made compact. To create a representation of the environment with all
its DCSs, one annulus is constructed for one DCS and the local region
around it. Then, an environment with several DCSs can be constructed
using the concept of connected sums of manifolds. In order to use con-
nected sums, the manifolds must themselves be connected. The annulus
can be shown to be connected. Therefore, the annulus is the manifold of
choice on T SPPSchosen

. Now, the construction of an annulus correspond-
ing to one DCS and its surrounding area is shown. Connectedness and
compactness of the annulus are also shown along the way.
The construction of an annulus on T SfreePPSchosen

can be accomplished
through homeomorphisms. We show that the topological space of finite
dimensions with the DCS removed is homeomorphic to the punctured
unit plane. This punctured unit plane is shown to be homeomorphic to
a punctured unit disk. The punctured unit open disc is then homeo-
morphic to the annulus of finite radii. Using this sequence of steps, a
sequence of homeomorphisms is established. Since every composition of a
homeomorphism is also a homeomorphism, one can show that the either
all or a subset of T SPPSchosen

can be mathematically deformed into an
annulus. This annulus then, still adheres to the original topology that
was attributed to T SPPSchosen

. This is so, since every homeomorphism is
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a local homeomorphism [165, Proposition 2.31(a)] and every local home-
omorphism is continuous and open. So, every open set in the original
topological space is mapped to an open set by virtue of the open map,
i.e., the homeomorphism. Thus, the topological properties remain intact.

To demonstrate the steps, a few assumptions are made about the
T SPPSchosen

, without loss of generality. T SPPSchosen
is 2-dimensional

whose span is (−r2, r2) × (−r2, r2), where (r2, r2) ∈ SPPSchosen
. The

resulting region is an open square (boundary not included) centered at
the origin of T SPPSchosen

, and whose sides are of length ≊ 2r2. This
T SPPSchosen

is assumed to contain one DCS, also centered at the ori-
gin, whose span is [−r1, r1] × [−r1, r1], where [r1, r1] ∈ SPPSchosen

and
r2 > r1 > 0. The DCS is then a closed square (boundary included) cen-

tered at the origin, whose sides are of length 2r1. To create T SfreePPSchosen
,

when the DCS is removed from T SPPSchosen
, one is left with a square

from whose interior, another square has been removed. This topological
space can be defined with the help of previously induced metrics for the
space, as such: SfreePPSchosen

= {p ∈ SPPSchosen
: r1 < ∥p∥∞ < r2}. The

resulting space is devoid of internal and external boundaries by virtue of
how a DCS was defined. Boundaries may be factored in, but have been
left out for simplicity. Since it is known that the same metric topology
is inherited by virtue of the subspace topology, an abuse of notation will
now be used. The notation T S will be used inter-changeably with S and
T . Since all homeomorphisms are operated on T SfreePPSchosen

, the reference

to T SfreePPSchosen
will no longer be made. Only the deformation of shapes

describing the space will be referred to. The shape as defined so far, is
referred to as representation-1 or R-1 and is given by:

R-1 ≡ {p ∈ SPPSchosen
: r1 < ∥p∥∞ < r2}

In Fig. 23, R-1 is the area shown in gray, with dashed edges to show
that boundaries are excluded. The first homeomorphism shows that R-
1 is homeomorphic to the punctured unit-plane in R2. The punctured
unit-plane denoted by R-2 is defined as

R-2 ≡ {p ∈ R2 \ {0, 0} : 0 < ∥p∥∞ < 1}

Define the homeomorphism from R-1 to R-2 as

hR-2
R-1(pR-1) = pR-1(∥pR-1∥∞−r1)/(r2−r1)∥pR-1∥∞ = pR-2

where pR-1 ∈ R-1 and pR-2 ∈ R-2. Note that the homeomorphism is
taking place in the same topological space; the notation pR-1 and pR-2

are simply indicative of the domain and image of the map. The same
distinguishing notation will be used for the remaining homeomorphisms
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as well. The inverse map, i.e., from R-2 to R-1 is:

hR-1
R-2(pR-2) = pR-2(∥pR-2∥∞(r2−r1)+r1)/∥pR-2∥∞ = pR-1

Recalling that a homeomorphism is a continuous and bijective map with
a continuous inverse, one can view the homeomorphism between R-1 and
R-2 in exactly the same way. Now, we show that hR-2

R-1(pR-1) does satisfy
the definition of a homeomorphism. hR-2

R-1(pR-1) is continuous, i.e., pre-

images of open sets are open in the defined topology of T SfreePPSchosen
,

and is also bijective. One can verify, that hR-2
R-1(pR-1) does indeed map

R-1 to R-2 by mapping representative points within R-1. Denote the
representative point as (r1 + ϵ, r1 + ϵ). Then, hR-2

R-1(r1 + ϵ, r1 + ϵ) = (r1 +
ϵ, r1 + ϵ)(r1+ϵ)−r1/(r2−r1)(r1+ϵ) takes the following values:

hR-2
R-1(r1 + ϵ, r1 + ϵ)


→ (0, 0) as ϵ→ 0

= (pR-2
1 , pR-2

2 ) = (a, a) for a ∈ (0, 1)

as ϵ = c where 0 < c < r2 − r1
→ (1, 1) as ϵ→ r2 − r1

The above verification shows a subset of the upper right half quadrant
of R-1 being mapped to the equivalent quadrant of R-2. Similar checks
performed on representative points for the remaining quadrants of R-1,
such as (−r1 − ϵ, r1 + ϵ), (−r1 − ϵ,−r1 − ϵ) and (r1 + ϵ,−r1 − ϵ), show
that R-1 is successfully mapped onto R-2. The effect that hR-2

R-1 on a point
pR-1 can be seen in Fig. 23, where the gray region or R-1 is deformed to
the green region, that is the punctured unit-plane, R-2. Next, one checks
if the inverse mapping from R-2 to R-1 exists. Through hR-1

R-2(pR-2), the
existence of the inverse is also established. To check that R-2 does indeed
get mapped to R-1, use a representative point denoted as (ϵ, ϵ) and check

R-1

R-2

hR-2
R-1

r1r2

1

Fig. 23: Homeomorphism hR-2
R-1 from R-1 to R-2
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that hR-1
R-2(ϵ, ϵ) = (ϵ, ϵ)ϵ(r2−r1)+r1/ϵ becomes

hR-1
R-2(ϵ, ϵ)


→ (r1, r1) as ϵ→ 0

= (pR-1
1 , pR-1

2 ) = (b, b) for b ∈ (r1, r2)

as ϵ→ c where 0 < c < 1

→ (r2, r2) as ϵ→ 1

Clearly, the above exercise shows the inverse of a subset of the upper
right quadrant of R-2 being mapped to its equivalent area in R-1. This
is the same region whose inverse was checked using hR-2

R-1(r1 + ϵ, r1 + ϵ).
Other quadrants can be verified in a similar manner as well. It can be
seen that this inverse is also continuous. Therefore, hR-2

R-1(pR-1) is indeed
a homeomorphism, and consequently, R-1 and R-2 are homeomorphic
or topologically equivalent. Showing that R-1 is homeomorphic to the
punctured unit plane aids in achieving two goals. First, it is the first map
that is required to construct the final homeomorphism to the annulus.
Second, and more importantly, by showing that R-1 is topologically the
same as the punctured-unit plane, properties of the latter can now be
utilized. A topology (and thus its associated properties) is precisely the
information preserved by homeomorphisms [165], of which connectedness
is one such property. Recall that, to create a representation of the envi-
ronment with multiple DCSs, connected sums of manifolds is proposed.
Since the manifold used needs to be connected, connectedness is a topo-
logical property of interest. An intuitive explanation of connectedness is
as follows: a space is connected, if and only if it is not homeomorphic to
a disjoint union of two or more nonempty spaces. A stronger variant of
connectedness, called path-connectedness, is defined since it is easier to
verify and is equivalent to connectedness for manifolds [165].

Path-connectedness of a T S X, where p, q ∈ X, is defined as follows.
Recall that a path in X from p to q is a continuous map f : I → X such
that f(0) = p and f(1) = q, where I = [0, 1] is the unit interval. Then,
X is path-connected if for every p, q ∈ X , there is a path in X from p to
q. Path connectedness implies connectedness [165, Theorem 4.15]. Also,
every continuous image of a path-connected space is path-connected [165,
Proposition 4.13]. The space Rn \ {0}, for n ≥ 2, can be shown to be
path-connected, and thus connected (out of the scope of this thesis).
The notation “0” denotes a vector of zeros. We showed that R-1 is
homeomorphic to R2 \{0}, which is known to be connected. Since hR-1

R-2 is
continuous, it implies that R-1, which is the image of a continuous map,
is also connected. Therefore, by showing that R-1 is homeomorphic to a
path-connected space, we have shown that R-1 is also path-connected.
Further, homeomorphisms also preserve this property, which is known as
the Topological Invariance of Connectedness, where every space that is
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homeomorphic to a connected space is connected.

The second homeomorphism shows that R-2 is topologically equivalent
to the punctured open unit disc. Denoted by R-3, it is defined as

R-3 ≡ {p ∈ R2 \ {0, 0} : 0 < ∥p∥2 < 1}

It can be seen in Fig. 24 as the area within the dashed green perimeter.
The homeomorphism from R-2 to R-3 is seen as

hR-3
R-2(pR-2) = pR-2∥pR-2∥∞/∥pR-2∥

2
= pR-3

The inverse map, i.e., from R-3 to R-2 is defined by

hR-2
R-3(pR-3) = pR-3∥pR-3∥

2/∥pR-3∥∞ = pR-2

Once again, hR-3
R-2 can be seen to be continuous and bijective, with a

R-2

R-3

hR-3
R-2

1

Fig. 24: Homeomorphism hR-3
R-2 from R-2 to R-3

continuous inverse in the form of hR-2
R-3. One can confirm that R-2 is

indeed mapped to R-3 using a representative point (ϵ, ϵ), i.e., hR-3
R-2(ϵ, ϵ) =

(ϵ, ϵ)ϵ/
√
2ϵ2 becomes

hR-3
R-2(ϵ, ϵ)


→ (0, 0) as ϵ→ 0

= (pR-3
1 , pR-3

2 ) ∈ (0, 1) × (0, 1) such that

∥.∥2 < 1 as ϵ = c where 0 < c < 1

→ (1/
√
2, 1/

√
2) as ϵ→ 1

This homeomorphism can be seen with the help of arrows in Fig. 24. Other
quadrants yield the respective regions in R-3. A check of the inverse may
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also be seen using hR-2
R-3(ϵ, ϵ) = (ϵ, ϵ)

√
2ϵ/ϵ, such that

hR-2
R-3(ϵ, ϵ)


→ (0, 0) as ϵ→ 0

= (pR-3
1 , pR-3

2 ) ∈ (0, 1) × (0, 1) such that

∥.∥∞ < 1 as ϵ = c where 0 < c < 1/
√
2

→ (1, 1) as ϵ→ 1/
√
2

The third and final homeomorphism maps R-3 to the desired annulus.
Denoted by R-4, this annulus with desired inner radius ri and outer radius
ro, is defined as

R-4 ≡ {p ∈ R2 \ {0, 0} : ri < ∥p∥2 < ro} (16)

The inner radius defines the expanse of the DCS that needs to be avoided.
The difference between the inner and outer radii defines the expanse of
the constraint-free region. R-4 can be seen in Fig. 25 as the gray region.
The homeomorphism from R-3 to R-4 is seen as

hR-4
R-3(pR-3) = pR-3(∥pR-3∥

2
(ro−ri)+ri/∥pR-3∥

2
) = pR-4

The inverse map, i.e., from R-3 to R-2 is defined as

hR-3
R-4(pR-4) = pR-4(∥pR-4∥

2
−ri)/(ro−ri)∥pR-4∥

2
= pR-3

One can verify that hR-4
R-3 is continuous and bijective, with a continuous

11

ro

ri

R-3

R-4

hR-4R-3

Fig. 25: Homeomorphism hR-4
R-3 from R-3 to R-4

inverse in the form of hR-3
R-4. Using the representative point (ϵ, ϵ), R-3 is
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seen to map to R-4 by checking that hR-4
R-3(ϵ, ϵ) = (ϵ, ϵ)

√
2ϵ(ro−ri)+ri/

√
2ϵ

obeys the following:

hR-4
R-3(ϵ, ϵ)


→ (ri/

√
2, ri/

√
2) as ϵ→ 0

= (pR-3
1 , pR-3

2 ) ∈ (ri, ro) × (ri, ro) such that

∥.∥2 < 1 as ϵ = c where 0 < c < 1/
√
2

→ (ro/
√
2, ro/

√
2) as ϵ→ 1/

√
2

Other representative points, such as (ϵ, 0), may be checked by expecting
that as ϵ tends to 0, the image tends to (ri/

√
2, 0), and so on. The inverse

may be checked similarly by hR-3
R-4(ϵ, ϵ) = (ϵ, ϵ)

√
2ϵ−ri/

√
2ϵ(ro−ri).

hR-3
R-4(ϵ, ϵ)


→ (0, 0) as ϵ→ ri/

√
2

= (pR-3
1 , pR-3

2 ) ∈ (0, 1) × (0, 1) such that

∥.∥2 < 1 as ϵ = c where ri/
√
2 < c < ro/

√
2

→ (1/
√
2, 1/

√
2) as ϵ→ ro/

√
2

Naturally, other regions can be shown to be mapped as well. The com-
position of the three homeomorphisms, hR-4

R-3 ◦ hR-3
R-2 ◦ hR-2

R-1 = hR-4
R-1 shows

that R-1 is topologically equivalent to R-4, which is an annulus defining
the constraint-free navigable space. We have shown that an annulus
is constructed from the given path planning space with the original
topology, by using homeomorphisms. Now, showing that this annulus
is a topological manifold requires showing that the annulus is locally
homeomorphic to R2. Recall that a homeomorphism on a restriction of
the R2 was used to arrive at the annulus, namely hR-4

R-1. Then, one can use
this to show that every small open ball of the annulus is homeomorphic
to some open ball in R2. This is because every homeomorphism is also a
local homeomorphism [165, Proposition 2.31]. Formally, one can define
charts and an atlas And in fact, since R-4 as defined is already an open
subset of R2, we simply show this using one chart. The chart is given by
{Uα, ϕα} = {R-4, Id} is simply the identity map. That is, Id : R-4→ R2

such that p = (x, y). It is clearly continuous, bijective and continuously
invertible. Thus, it is a homeomorphism. Since ϕα = Id, covers the entire
annulus given by R-4, one may want to conclude that the atlas on R-4
contains exactly one chart, which is ϕα = Id. However, before such a
conclusion is reached, two factors must be considered. First, not every
surface can be covered with just one chart. If one was to choose other
variants of R-4, such as a torus, sphere or cylinder, as the constraint-free
manifold depending on the application, then more than one chart would
be required. Second, it is desirable to show that the manifold is smooth
for the purpose of generating geodesics later on.
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Then, defining it as a surface aids in defining the atlas of the manifold.
If the manifold admits a smooth structure, then concepts of derivatives
are possible on the surface. It is because of this, that shortest paths
or geodesics that respect the underlying curvature can be defined. Even
though this work discretizes the manifold before path planning, the man-
ifold to be discretized is shown to be smooth. We do so to show that
a constraint-free space can indeed be represented by a smooth mani-
fold of choice. Additionally, a manifold equipped with the tools to house
geodesics will be guaranteed to produce discretized shortest paths (equiv-
alents of geodesics in the discrete representation). Generally speaking, if
there exists a chart for an open subset of a manifold, then the inverse
of the chart is a parametrization of that subset [160]. Therefore, we can
now check if the atlas of patches forms a smooth structure. If it does,
it implies that one has a smooth atlas of charts on the manifold. So,
we now show that R-4 as an annulus, from the perspective of a sur-
face and then, show that it admits a smooth structure. The annulus can
be shown to be a surface using Definition 11 by choosing the following
parametrizations/patches. To define a surface patch, one recalls the def-
inition of parametrization from Definition 12. The first patch is defined
by γα(u, v) : R × R → R2 = (γ1(u) × γ2(v)) for −ro < u < ro and
−ro < v < ro.

γ1(u) = u (17)

γ2(v) = v (18)

This patch covers all of R-4. Therefore, a second patch is not needed.
One now proceeds to check that the homeomorphic parametrization is
C∞ by verifying that it has partial derivatives of all orders. In this case,
γα is C∞, and thus is a smooth patch. Next, one checks if the patch is
indeed diffeomorphic, i.e., whether the inverse is at least C1. In order to
do so, we invoke Definition 4 locally on the patches. However, it can be
quite tedious if there exist several patches. So, one invokes the following
corollary from [159]:

Corollary 1. Suppose U ⊆ Rn is an open subset, and F : U → Rn is a
smooth function whose Jacobian determinant is non-zero at every point
in U . Then,
(a) F is an open map.
(b) If F is injective, then F : U → F (U) is a diffeomorphism.

Using this corollary then, one can check that the determinant of the
Jacobian of γα is 1. This determinant value is non-zero for all values
of (u, v), as defined above. Therefore the patch is a diffeomorphism.
Additionally, the inverse of the patch is also C∞. Therefore, the inverse
is also smooth. Now, one can formally say that the atlas containing the
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patch, or equivalently its smooth inverse (chart), is a smooth structure
on R-4, i.e., a smooth manifold, as defined in Definition 7. If there were
more charts, then, one would check that the transition maps were indeed
smooth. Thus far, we showed that a PPS with one DCS can be repre-
sented as an annulus. The circumference marked by the inner radius ri
represents the expanse of the DCS to be avoided. Similarly, the circum-
ference of the outer radius ro can also be used to represent the bound
beyond which there exist constraints as well. For this reason, the former
and the latter will be referred to as the Inner Constraint Edge (ICE) and
Outer Constraint Edge (OCE), respectively.

The discretization of the constructed manifold as a step towards the
path planning process is described in Section 3.2.2. Compact mani-
folds admit polygonal representations or discretization. Discretization
algorithms may be complex enough to handle variants of compact and
non-compact manifolds. However, for completeness, a brief introduction
to compactness is provided here. Therefore, the compactness of T free

PPSchosen

in the form of R-4, the annulus, will now be briefly discussed. Compact-
ness can be thought of as the finite-ness of open sets used to represent the
topological space. Formally, it may be explained with the help of open
covers of a topological space, as seen in [165]. The open cover of a space
X is a collection U whose union is X, and a subcover of U is a sub-
collection of elements of U that still covers X. A topological space X is
said to be compact if every open cover of X has a finite subcover; or in
other words, if given any open cover U of X , there are finitely many sets
U1, · · ·Uk ∈ U such that X = U1 ∪ · · · ∪ Uk. In other words, if a space
contains its supremum and infimum, the space can be understood to be
compact. To do so, one invokes the Heine-Borel theorem.

Theorem 8 (Heine-Borel). The compact subsets of Rn are exactly the
closed and bounded ones. [159].

R-4, as defined thus far in (16), is not closed, by definition. That is,
it does not contain its boundary points. Then by Theorem 8, R-4 is not
compact. In order to use R-4 as a compact space, one can choose a closed
subset of R-4, such as the following:

{p : ri + ϵ ≤ ∥p∥2 ≤ ro − ϵ}

Now, by Theorem 8, R-4 is closed and contains its boundary points.
Therefore, it is compact. An alternative solution is to use the one-point
compactification method, which populates an open set with a boundary
point at ∞, thus making the set compact. However, this technique will
not be covered here.
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3.2.2 Discretizing the CFM and Planning Paths on the CFM

Item (ix) demonstrates the construction of a CFM in PPSchosen and shows that
operating in PPSchosen is equivalent to operating in PPSalt, if and only if there
exists a diffeomorphism between them. This section uses existing algorithms
and tools for discretizing the manifold constructed in PPSchosen, resulting in
the CFDM. The discretization process applies mesh generation procedures
to create a polygonal mesh of the CFM in PPSchosen. Then, graph traversal
algorithms are used to perform path planning on the CFDM. The implemen-
tation of the discretization process using a mesh generator is not elaborated
in this work for two reasons. First, existing mesh generating algorithms that
can be used to discretize a CFM are readily available in the literature. The
differences in such algorithms are due to the construction methods, efficiency,
memory, resolution and other attribute-related computational geometry. Anal-
ysis of such details are out of the scope of this work. Second, the choice of
a mesh generator, in general, is user-dependent. Specifically in this work, the
mesh generator chosen is simply to demonstrate a proof of concept for path
planning on the CFDM.

Therefore, no other justification is attributed to the choice and details
of the mesh generator. One may also note, that the same flexibility is true
for the path planning algorithm used on the CFDM. Since mesh generators
store information about the CFDM using graph theory, any graph-based path
planner can be used to compute the paths. For the purposes of this work, the
shortest path on the CFDM is desired, therefore A* is used. Once discretized,
the polygonal mesh representation of the CFDM is analogous to a graph. Each
graph node is an n-tuple of the CFM in PPSchosen, which was shown to be
constraint-free. Therefore, a path on the CFDM is analogous to a path on the
original CFM. Note that this analogy is possible due to the choice of a compact,
connected 2-manifold, such as an annulus, in conjunction with Proposition 2.

Proposition 2. Every compact surface admits a polygonal presentation. [165,
Proposition 6.14].

With a CFDM at hand, one can now focus on factoring the presence of DC
as described in Item (vi). Recall that the first group of DC includes SCs whose
locations and/or numbers are unknown up until after the CFDM has been
constructed. Thus at this stage, it is assumed that the locations and number of
such constraints is available. From here, the constraints in the first group will
be processed to extract representative points. These points will then be defined
as the poles of the chosen holomorphic function that acts on contours in the
CFDM. Let there be n SCs defined and grouped into m DCSs using Item (v).
Each DCS is now assigned a representative point, to represent it as a pole.
The representative point may be computed as the centroid of the DCS. Thus,
representative points for all DCSs located in the first group are as follows:

poles =
[
p1 · · · pi · · · pm

]
(19)
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Recall, that by virtue of using complex analysis to determine homology classes,
the poles are now denoted as complex numbers. At this stage, any further
processing such as transformation of the poles and their associated DCSs to the
CFDM is performed, need be. Note that one is free to depict these constraints
in either space, since they can be transformed between R-1 and the discretized
R-4. After transformation to R-4, the poles take the same form as in (19),
simply transformed to lie on the CFDM. So far, the PPP has the CFDM that
is free of SCs and other DCSs now represented as poles. So, in order to be fully
equipped to determine homology classes, one needs a holomorphic function f .
Note that any holomorphic function may be chosen, provided that the function
is holomorphic everywhere on the CFDM. This means that the only poles of
the holomorphic function chosen, should be the poles specified by the PPP
seen in (19). That is f takes the following form:

f(z) = f1(z)/(z−p1)..(z−pi)..(z−pm) (20)

where f1(z) is simply a placeholder for the numerator of the function. Then
for a straight lined contour between points z1 and z2 represented as z = (1−
λ)z1 + λz2, one can compute the following:

Le =

∫
e

f(z)dz =

∫ 1

0

f((1− λ)z1 + z2)(z2 − z1)dλ (21)

where e denotes an edge of the graph. The above expression has borrowed
notation from [134], and denotes the value of the integral of the holomorphic
function acting on a contour segment as L(e). In this work, L(e) referred to
as the class marker value. Thus, for a path consisting of n edges, the class
marker value of the path is the sum of the class marker values of the edges,
i.e.

∑n
i=1 L(ei).

Consider Fig. 26 which provides the operational workflow of the CFDMPP
during the computation of the class marker value. The inputs to this stage of
the algorithm (and thus the flowchart) are CFDM, pstart, pgoal and the poles
representing the DC in the first group. The point cloud representation that
describes the expanse of the latter are also passed in as inputs to the CFDMPP
originally. However, for the purpose of computing class marker values and
determining classes, they are not of consequence; the poles are. Thus, the
poles are significant inputs for this stage. The flowchart aims to exhibit four
important sections of this stage of the algorithm.

The first section involves computing the class marker value of the path from
nodestart (discretized pstart) to a node that is currently being encountered via
the graph traversal algorithm. The aforementioned node is encountered via its
parent node, referred to as the current node and denoted by curr. Thus, the
encountered node is the neighbour node, denoted by nbr. Now, the path from
nodestart to nbr is the contour being subject to evaluation. But this contour
whose class marker value is being computed, has materialized by virtue of nbr.
So, it is nbr’s presence that is being evaluated in different homotopy classes.
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Start CFDM,pstart,
pgoal,Poles

Is curr = 
pgoal?

Is i<= 
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nbrs of 
curr?

Return 
Shortest Path 

in shortest 
path class

yes

yes

yes

yes

no

no

no

no

End

Explore 
every nbri of 

curr.
Compute temp L(nbri)

Does 
L(nbri) 
exist?

yes

nbri still lies in 
same path

class as before; 
update L(nbri ) 
for consistency.

|L(nbri)-
temp 

L(nbri )| < 
𝟄1 ?

nbri still in diff path 
class; store this 

observation and temp 
L(nbri ) for step B.

L(nbri ) = Temp L(nbri )Find nbrs of curr 
s.t. |L(nbri )- 
L(nbrj )| < 𝟄2

no

Similar
L(nbr)

values?

no

noyes

nbri and nbrj lie in diff.
classes.

Based on curr, update:
# Classes += 1

nbrj class <- new class # 
nbrj <- nbrj in class nbrj

 nbri & nbrj in same class.
nbrj class <- nbri class.
nbrj <- nbrj in class nbrj

Is i <= #
Updated 
nbrs of 
curr?

Is |L(nbri) -
Lblkd | < 𝟄3 ?

Remove nbri from
updated nbrs of curr

Update map as per
chosen graph traversal

algorithm. Heuristic values
are updated for each class.

Choose next suitable curr
based on heuristic of

graph traversal algorithm.

yes S

S

Curr = pstart ,
# Classes = 1
Curr Class = 1

Fig. 26: Flowchart of the CFDMPP during the class marker value computation

To mark the via-point node of the contour and to avoid tedious notation,
denote the class marker value of a path by virtue of nbri as L(nbri). A node
can be in several classes at once, since paths in different classes may share
a node. That is, several contours may share a physical location. In order to
differentiate which class this specific encounter of the node happens in, we
compare the L(nbri) to what was computed before. Recall that class marker
values are different for different classes. In Fig. 26, this stage’s blocks are
represented in blue. If the computed L(nbri) and its previously stored values
differ by a user defined threshold ϵ1, then it is understood that this encounter
of the node is via a different homotopy class. If the difference is below ϵ1, then
nbri is encountered in one of the previously encountered classes. A weighted
update between the previous and current values of L(nbri) may be performed
to maintain consistency of the class marker value of a class. Once this stage is
complete for all n nbrs of curr, the processing moves to the second section.

The second section involves the different possibilities of paths that occur by
virtue of curr having multiple nbrs. The edge connecting nodestart and nbri
augments the existing contour from nodestart to curr. However, since curr
may have several nbrs, the existing contour may now experience n detours,
caused by the respective n nbrs. Then, each of the n detoured contours must
now be evaluated to check if they are simply deformations of each other, or if
they lie in different classes. Recall that the Deformation theorem states that
contours may be continuously deformed only if they are holomorphic in the
region of deformation. If the detour is indeed a deformation, then it will be
holomorphic. If it fails to be holomorphic, then a pole is being encountered.
In Fig. 26, this stage’s associated blocks are represented in green. Similar to
the first stage, the class marker value of paths via nbri is denoted as L(nbri).
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Now, all such n class marker values corresponding to n nbrs are evaluated
against a user-defined threshold ϵ2. If the values lie within the threshold, then
they are simply deformations of each other. Such nbrs are now updated so
that their class numbers are the same. Their node numbers are updated to
reflect their presence in the class. Should the values exceed the threshold, it is
understood that these nbrs lie on distinct, new classes. Their class and node
numbers are also updated. With this, the path and its detours via curr and
its nbrs are fully explored.

The third section involves the second group of DC as explained in item (vi),
which trigger path re-planning. It involves the deliberate avoidance of certain
path classes, while retaining all other path planning parameters such as pstart,
pgoal, CFDM and the poles. So this stage aims to reject path classes con-
structed on the CFDM without augmenting the existing constraint data. Since
a certain path class is deliberately rejected, it is referred to as blocking [134].
In Fig. 26, this stage is depicted in yellow. The path class to be blocked is
represented by its class marker value and denoted by Lblkd and is provided
by the user. Lblkd is obtained by running the algorithm and keeping track of
the class marker values. Then, every nbr’s corresponding L(nbri) is compared
with Lblkd. If the difference lies within a user-defined threshold of ϵ3, then the
contour from nodestart to nbri belongs to the blocked path class. Therefore,
it must be terminated from being explored further. Once all nbrs are checked
to see if they are homotopically blocked, the algorithm moves to section four.

The fourth section comprises of updating the map based on the most recent
encounter of nbrs via curr. In Fig. 26, this stage is depicted in orange. All cor-
responding class increments and respective node number changes are recorded.
This section stores different path classes, i.e. different versions of the same map
of CFDM. Here, nodes in path classes share the same physical coordinates, but
different class and node numbers. One can imagine it as a multi-layered map,
where every layer carries node and path information solely corresponding to
that path class. This representation therefore enables different path variants of
the same path class to be stored, and eventually evaluated against a metric for
the best path. After this multi-class map has been updated, the graph traver-
sal algorithm (A* in this work) of choice chooses the next curr according to
its heuristic.

The algorithm progresses until the final section in red is arrived at. The
graph traversal algorithm, which in this case is A* returns the shortest path
denoted by ppath :

ppath =
[
pstart · · · pi · · · pgoal

]
(22)

where pi is the ith point in the path. By virtue of using A*, this path is the
shortest constraint-free path on the CFDM. Since the metric that we optimize
for is path length, the representative path of every class is the shortest path in
its class. Homotopically speaking, this path belongs to a class with the least
residues or smallest number of detours. Therefore, the final path returned is
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the shortest path within the shortest path class. The path seen in (22) is
guaranteed to be constraint-free since it lies in CFDM, thus inherently staying
clear of all constraints.

Before we conclude, a few notes are mentioned about the thresholds used in
Fig. 26 and the above explanation. The three thresholds i.e. ϵ1, ϵ2 and ϵ3, aid
in determining classes and deformations. Ideally, these values are tuned such
that they produce ideal results based on the input map and poles. That is, one
aims to tune these values such that the number of path classes and the allowed
deformations appear visually correct. However, tuning these thresholds is effort
intensive, as they are related to each other conceptually. The thresholds are also
dependent on the map resolution, number of poles and proximity to poles in a
discretized map, and thus is a subject for future research. For the moment, it
must be noted that the final number of path classes is dependent on these tuned
parameters. Therefore, the final number of path classes generated are usually
less than expected. In cases when the tuning parameters are tight, too many
classes are generated, i.e. the existence of false positives in terms of a path
class. In either case, the desired shortest path is still returned; it is the blocking
that is affected positively or adversely. Therefore, the tuning parameters have
a significant impact on the number of alternative paths generated.

3.2.3 Path transformation

We now describe the transformation of paths between PPSs. The notation
of ppath with respect to its PPS of origin must be defined. A path located

in PPSchosen is represented as ppath
PPSchosen . Paths in other PPSs follow the

same notation pattern. The path formulated in (22) is located in PPSchosen.
The transformation of the path to any PPSalt, can be done by using the map
defined by fPPSalt

PPSchosen
. That is, ppath

PPSalt = fPPSalt

PPSchosen
(ppath

PPSchosen). The

mappings fPPSalt

PPSchosen
were defined to avoid problems caused by SCs, especially

that of invertibility. The maps must at least be homeomorphic, although dif-
feomorphisms are preferred, since they imply dimensional invariance of the
manifolds, as seen in Theorem 2. Therefore, the path obtained in any PPS can
be transformed to another PPS without any loss of information.

4 Simulations

4.1 Setup

The performance of the proposed CFDMPP is demonstrated in a typical large
warehouse environment replete with movable, multi-level shelving units and/or
crates. A Costco warehouse is chosen for this purpose, since most of its aisle
based shelving units are movable. The aisle space allows the operation of vehi-
cles, for merchandise loading and offloading, in addition to human activities.
Such a warehouse is the closest replica of the intended target environment
to demonstrate the functionality of the CFDMPP. The robot environment is
shown in Fig. 27 (not drawn to scale). Its dimensions are based on the average
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Non navigable 
area: Billing, 
Self-Checkout,
Membership 
queries.

Entrance to 
warehouse.

Vertical 
shelving:
2.54m x 
19.5m

Horizontal 
shelving:
19.5m x
2.54m

Vertical 
shelving:
2.54m x 
19.5m

Non navigable 
area: Dairy/
Produce

OCEICE

Minimum aisle 
width: 3.048m

Wall shelving: 
107.1m x 3.2m

Wall shelving: 
106.8m x 2.8m

Fig. 27: Simulation environment based on the area of an average Costco Ware-
house

Costco warehouse, which spans an area of 146, 000 square foot (equivalent to
13,564 m2)1. The singular PPS = W = PPPS has a dimension of dPPPS = 2.
The PPPS is approximated as

PPSchosen = {(x, y) | (x, y) ∈
(−62.23 m, 58.23 m)× (−58.23 m, 58.23 m)}

Devoid of mappings to alternative PPSs, the SCs are considered to be non-
movable shelving units and areas inaccessible/undesirable for warehouse robot
traversal, such as the areas with no shelving units. Therefore, as seen in Fig. 27,
the two non-navigable areas are that of billing/checkout passage and the
dairy/produce section, and will be modelled as no-go zones, with no additional
clearance. As such, nNG = 1 + 1, nSC = 2, and

NG1 = {(x, y) | (x, y) ∈
[−3.536 m, 3.536 m]× [−3.536 m, 3.536 m]}
NG2 = {(x, y) | (x, y) ∈
[−62.23 m,−58.23 m]× [−58.23 m, 58.23 m]}

Applying Algorithm 2 with a ∆CS= 0.5 m leads to two DCSs in PPSchosen

which are the same as the actual constraints, i.e., DCS1 = NG1 and
DCS2 = NG2. The PPPS becomes the PPSchosen. Since PPSchosen is already
completely defined, no further processing is necessary. The topological repre-
sentation of PPSchosen is defined using the same sequence of steps as seen in
Section 3.2. The constraint-free topological space is obtained as

SfreePPSchosen
= {p = (x, y) | r1 < ∥p∥∞ < r2} (23)

1https://investor.costco.com/corporate-profile-2

https://investor.costco.com/corporate-profile-2
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for r1 = 3.5361 m and r2 = 58.23 m. Using the same metrics and set of
homeomorphisms, as seen in Section 3.2, the CFM is obtained. The R-1 repre-
sentation of the constraint-free region obtained in (23) may be transformed to
a CFM as R-4. The radii used in the homeomorphisms are ri = r1×∥(1, 1)∥2 =
1.414r1 = 5 m, and ro = 58.23 m. The resulting CFM is then

R-4 = {p = (x, y) | ri < ∥p∥2 < ro}

The CFDMPP is implemented using Matlab R2017b. The CFDM is pro-
duced from the CFM with the help of DistMesh (Matlab) [168, 169]. The
discretization resolution of the environment (and other tuning parameters) are
chosen with the following understanding. The fundamental layout of the ware-
house remains constant. These are the locations of walls, structural columns,
and pillars. Therefore, the discretization of the CFM representing it should be
generated only once. That being considered, the knowledge of the CFM must
be maximized. So every part of the CFM must be equally represented and the
resolution should ideally be as high as possible. So we choose meshing param-
eters in DistMesh that produces a uniform mesh with 48,831 nodes, resulting
in a resolution of approximately 0.1092 m2 per triangle in the CFDM.

The locations of aisle based shelving units are taken into account after the
construction of the CFDM, because they may be subject to change before then.
Therefore, they are treated as the first group of DCs, represented as poles. In
this example, there is a total of 81 aisle shelving units as seen in Fig. 27. Their
dimensions and aisle widths are based on actual Costco warehouse crate, shelf
and aisle widths; with some minor modifications to allow for clearance and
placement in the simulation environment. Assuming a centralized sensor sys-
tem, as mentioned in Section 3.2, the 81 units are represented using point cloud
(x,y locations) data set and a representative location on each data set as a pole.
In this case, the centroid of the point cloud is chosen as the pole. To accom-
modate the Unmanned Ground Vehicle (UGV), a clearance of approximately
0.67 m is added to the point cloud representations of the 81 shelving units. In
Fig. 27, the point cloud representation is depicted in cyan, the poles as orange
crosses, and the ICE and OCE using dark blue lines. The parameters per-

Table 1: CFDMPP Parameters

Mesh generation time Mean = 77.7134 s, Std = 0.3046 s

Inter-node computation time Mean = 30.6849 s, Std = 1.3863 s

Mesh resolution in nodes 48831

ϵ1 1.95

ϵ2 1.95

taining to mesh generation, inter-node computation and tuning are provided
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in Table 1. Note that ϵ3 is not part of the table since it is not a fixed one-time
value. It can be modified to signify how different a path needs to be from its
blocked counterpart. Thus, it is set by the user after at least one path is found.
These parameters are discussed in Section 4.2. Note that parameters, such as
mesh generation times and inter-node computation times, are a one-time cost
associated with a specific discretized map. This is because the CFDMPP capi-
talizes on known information as a one-time initialization cost. Therefore, these
times are treated as overheads. To this end, the same discretized map is used for
all cases in this section. The inter-node computation times involve the deter-
mination of neighbour nodes, distance between neighbouring nodes and the
class marker value of line segments between neighbouring nodes. Parameters
ϵ1 and ϵ2 maybe referenced from Fig. 26.

4.2 Results and Analysis

Five test cases are simulated. They depict typical situations encountered in
real-world warehouse environments, where UGVs are required to traverse the
CFDM for stocking, retrieving and surveillance purposes. They involve trav-
elling between aisles in close proximity and across the span of the warehouse.
Each test case shows the efficiency of using poles to depict the first group
of DCs. Additionally, it also shows the utilization of homotopic blocking to
account for the second group of DCs. The results display the path in R-4 along
with the equivalent path in R-1. The start and goal locations are marked with
blue and red squares, respectively, while the path is marked in green.

The results are summarized in Figs. 28 to 32. Cases 2, 4 and 5 depict dif-
ferent variants under the stocking and/or retrieving category; whereas case 3
is a clear example of a surveillance route across the length of the warehouse.
Case 1 may be considered as a short range surveillance route and/or stock-
ing/retrieval task route. In all cases, the path initially generated is seen first,
followed by alternative paths. Figs. 28(a), 29(a), 30(a), 31(a) and 32(a) show
paths as initially generated by the CFDMPP prior to blocking.

By observing the original paths produced across all five cases, one can see
an emerging pattern that differentiate cases 1 and 3 from cases 2, 4 and 5.
The former two cases are required to produce paths between start and goal
locations that are placed farther apart than those in the latter three cases.
Observing Figs. 28(a), 29(a), 30(a), 31(a) and 32(a), in the context of path
length or visually directness of paths, it can be seen that the original unblocked
paths resulting in cases 2, 4 and 5 appear to be more direct than those in
cases 1 and 3. That is, there exist more deviations from the ideal shortest path
in cases 1 and 3. Note that these two cases require path planning over a longer
range, whereas the remaining cases are for shorter distances. This behaviour
visually depicts the inherent relationship between the kinds of paths produced
and the tuning parameters chosen. The meshing resolution impacts the number
of possible directions of paths to explore for a given point or node in the
discretized case. Naturally, with a higher resolution, it is a more exhaustive
search; so it leads to a better solution. Parameters ϵ1 and ϵ2 impose a restriction
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that curbs the amount of detours that a path is allowed to take. However,
note that the restriction is imposed incrementally for every addition of a newly
encountered node to a path (sequence of nodes). That is, the restrictions are
acting on incrementally built paths, before finally reaching the goal. As users,
we set the tuning values in anticipation of some poles/detours, but not all. Over
long range distances, more poles may be encountered, for which the tuning
values may no longer be ideal to produce intuitively short paths with fewer
detours. This is what is noticed in the paths of cases 1 and 3, and cases 2,
4 and 5. The tuning parameters are ideally suited for the latter, and thus
the paths are produced with minimal detours, barring those caused by the
discretization resolution.

Arguably, different tuning parameters may be chosen. But, recall from
Section 4.1, that the choice of tuning parameters justifies three important
requirements. First, the parameters require to be a one-time procedure corre-
sponding to the map, such that even with a change in poles, at least one path
class is produced. Second, for a given number of poles, they must allow differ-
ent scenarios (long and short range) to produce one fundamental path class.
Finally and most importantly, the tuning parameters must allow the gener-
ation of at least one alternative path class. Clearly, all five cases produce a
path in the shortest path class and additional path classes. Cases 1 and 3 can
be seen to produce two alternative path classes: Fig. 28(e) and Fig. 28(c) for
case 1, and Fig. 30(e) and Fig. 30(c) for case 3. On the other hand, cases 2 , 4
and 5 are seen to produce one alternative path class each, in Figs. 29(c), 31(c)
and 32(c) for cases 2, 4 and 5, respectively. So clearly, the tuning parame-
ters chosen achieve the requirements, but there exists a trade-off. By allowing
the parameters to work well for the above requirements, there exists less of a
restriction for extraneous detours as part of longer paths. That is, the param-
eters are not sensitive to detours that are small with respect to overall path
lengths, if the paths are long. Contrarily, for shorter path segments as seen in
cases 2, 4 and 5, the tuning values are well suited to produce paths with min-
imal detours. While cases 1 and 3 produce paths with an increased number of
detours, it is interesting to note that they more easily produced two alterna-
tive path classes, as opposed to just one, as seen in cases 2, 4 and 5. So, the
number of alternative path classes is also affected in the trade-off.

The number of path classes produced via homotopic blocking now needs to
be viewed in light of yet another parameter, ϵ3. Parameters ϵ1 and ϵ2 together
give rise to path classes and the separation amongst them, but ϵ3 sets how
a users chooses an alternative path class. For example, in case 1, an ϵ3 value
of 0.475 induces the next physically available path class as compared to the
original path, as seen in Fig. 28(c). When the value of ϵ3 is increased to 0.5,
a more drastic change in the path is sought, which is what is obtained in
Fig. 28(e). For the given start and goal locations, i.e., long range path planning,
ϵ3 was more easily tunable to obtain alternative path classes. A similar analogy
can be seen for case 3 in Figs. 30(c) and 30(e), where an increase in ϵ3 results
in path classes that are increasingly different from the original class. However,
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(a) Original path in R-4 (b) Original path in R-1

(c) First alternative path
in R-4; ϵ3 = 0.475

(d) First alternative path
in R-1

(e) Second alternative
path in R-4; ϵ3 = 0.5

(f) Second alternative
path in R-1

Fig. 28: Case 1: CFDMPP with and without blocking in Costco style ware-
house

for cases 2, 4 and 5, while it was easy to tune ϵ3 to produce at least one
alternative path class, tuning for additional path classes proved challenging.

The take-away from this analysis can be summarized as follows. Tuning
of parameters for realistic path planning situations must be versatile to allow
the generation of path classes for long and short range paths, as many poles
as possible and at least one additional path class via homotopic blocking.
Such versatility comes with trade-offs that have a low tolerance for extrane-
ous detours over short range paths. Contrarily, they have a high tolerance for
extraneous detours over long range paths, but are more easily tuned for alter-
native path classes. In the context of warehouse robotics, for instance, it is
recommended that parameters be tuned for versatility, since alternative path
classes is an effective method of avoiding the second group of DCs.

Several situations can trigger a need to generate an alternative path
between the same start and goal locations. In cases 2 and 4, the trigger may be
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(a) Original path in R-4 (b) Original path in R-1

(c) First alternative path
in R-4 ϵ3 = 0.45

(d) First alternative path
in R-1

Fig. 29: Case 2: CFDMPP with and without blocking in Costco style ware-
house

that of fallen merchandise or fluid leaks that now obstruct the originally gen-
erated path or render it unsafe for the UGV. In cases 1, 3 and 5, the user may
require an alternative view of the same area for surveillance, stock monitoring
or anticipation of human activity or danger. These situations are such that the
data suggesting obstruction may only be available in some cases; anticipatory
situations and cases such as water/fluid leaks on the floor may not be easily
quantified as sensed data for path planning. Homotopic blocking is a helpful
tool in such a case, because it does not rely on a change in the map to trig-
ger a path re-planning. It only relies on path classes based on the CFDM and
tuning parameters chosen.

One can notice in the figures corresponding to all five cases, that no explicit
obstacles are placed in lieu of the original blocked paths. In other (tradi-
tional) algorithms, only the explicit presence of data suggesting the presence
of constraints can trigger path re-planning. In the CFDMPP however, path
re-planning is still triggered because of the use of homotopy classes. Since each
path class is now succinctly represented by the class marker value, a complex
number, path re-planning is triggered simply by specifying a threshold to stay
away from that path class. And thus, the essence of avoiding certain regions
of the navigable PPS is now reduced to choosing the proximity to this path
class. So, instead of re-constructing the map with constraints on the blocked
path region, one simply specifies a value. Real time information can still be
processed to indicate the presence of constraints, however, in situations when
it is not explicitly possible to describe it, one should not have to forcefully
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(a) Original path in R-4 (b) Original path in R-1

(c) First alternative path
in R-4 ϵ3 = 0.8

(d) First alternative path
in R-1

(e) Second alternative
path in R-4 ϵ3 = 1

(f) Second alternative
path in R-1

Fig. 30: Case 3: CFDMPP with and without blocking in Costco style ware-
house

augment the environment with data for that purpose. With the CFDMPP,
no such augmentation is necessary in those cases, and the fundamental map,
i.e., the CFDM, always remains the same. This is very beneficial to the over-
all cost of the path planning strategy. Fig. 33 shows a pictorial analysis of
the 5 cases discussed thus far. This figure shows the following information,
in a related fashion: the original path lengths (without blocking) all normal-
ized with respect to the minimum path length of all cases shown in green,
the values of ϵ3 used to query an alternative path class shown in magenta,
the path lengths obtained via blocking normalized with respect to the origi-
nal unblocked path length shown in blue and the number of alternative path
classes produced shown in black. One can observe that the cases with the
longest unblocked path lengths, lead to the highest number of alternative path
classes. Correspondingly, those cases show that the change in ϵ3 values also
reflect in the change in path lengths of the resulting alternative paths. That
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(a) Original path in R-4 (b) Original path in R-1

(c) First alternative path
in R-4 ϵ3 = 1.4

(d) First alternative path
in R-1

Fig. 31: Case 4: CFDMPP with and without blocking in Costco style ware-
house

is, as the change in ϵ3 values is greater, so is the change in the path lengths
of the resulting paths. This is congruent with the theory, as higher ϵ3 values
indicate a further deviation from the chosen path class, and thus allowing for
more windings around additional constraints. The number of alternative path
classes is in addition to the original, unblocked path class.

SAs cannot handle such cases. As two of the most popular algorithms in the
SA family, we now demonstrate how the Probabilistic Road Map (PRM) and
Rapidly exploring Random Tree (RRT) algorithms fare in simulated blocking
situations. In order to simulate that, both algorithms need to be run to produce
initial paths. The PRM uses an open source Matlab implementation2. The
maximum number of samples permitted to construct the tree is 1500. This
implementation of the PRM uses an occupancy grid to represent constraints as
well as the entire map. Due to this indexed representation, while the dimension
of the grid is the same as what is used in CFDMPP, the annulus is centered
at a non-zero coordinate. The RRT is implemented using Matlab R2017b and
uses point-based representation for the map and constraints. No maximum
limit on the number of samples is imposed to denote the completion of the
tree. The difference in the parameters between the PRM and RRT allow for
a display of the best and worst case scenarios of the SAs, when compared
with the CFDMPP. In the case of the PRM, since the map is represented
by an occupancy grid, adding clearance from shelving units prohibited the
availability of free space in between shelving units. This relates to an entire

2https://github.com/petercorke/robotics-toolbox-matlab
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(a) Original path in R-4 (b) Original path in R-1

(c) First alternative path
in R-4 ϵ3 = 0.45

(d) First alternative path
in R-1

Fig. 32: Case 5: CFDMPP with and without blocking in Costco style ware-
house
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Fig. 33: Summary of the CFDMPP viewed through alternative path classes
and thresholds

grid cell being available for navigation and is a function of grid resolution.
Therefore, the map was modified to no longer carry the same clearance from
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shelving units, to allow the algorithm to function. The simulated situation is
the same as case 2, described earlier (see Fig. 29). The first path produced by
the PRM in R-4 is seen in Fig. 34(a), and its equivalent path in R-1 (zoomed
in) is depicted in Fig. 34(b). The cyan coloured shelving units appear skewed
because of the transformation of their equivalent occupancy grid indices from
R-4 to R-1.

Now, we attempt to simulate blocking. One cannot simulate blocking in
SAs as we did in CFDMPP because of the following reasons. SAs regenerate
their map for every run, via sampling. So, given a specific start and goal pair,
if the algorithm is queried multiple times, different paths may be obtained.
The difference may be in length and its winding around certain constraints.
Blocking is used to avoid a specific kind of path, i.e., a path with a certain
winding characteristic. So when the the map is augmented with a simulated
constraint data set in place of the original path obtained, the SAs recreate
the map with additional constraints, and then return a path, which we will
consider as an alternative path. Fig. 34(c) shows the effect of adding constraints
in place of the original path, and the resulting path. The R-1 equivalent of the
newly generated path is shown (magnified) in Fig. 34(d).

A similar exercise is attempted with the RRT, where the original path
generated in R-4 is seen in Fig. 35(a) and a magnified equivalent of the path
is shown in Fig. 35(b). The path produced via simulated blocking and its
(magnified) equivalent R-1 version are demonstrated in Figs. 35(c) and 35(d),
respectively. Observing the final paths in R-1 for both PRM and RRT shows
that the former experiences less deviations as compared to the latter. However,
the CFDMPP produces a comparatively less abrupt path and with less detours.

One may notice that the paths appear to overlap constraint regions in R-
4 but not in R-1. The reasons are as follows: The use of homeomorphisms
between R-1 and R-4 allows the transformation of constraint-free spaces. So,
if one were to experience constraint violation of a path in one space, it is
applicable to the transformed space as well. This concept was successfully
demonstrated thus far in the results of the CFDMPP, because the path was
formulated on a discretized map. That is the path was a composition of a
sequence of non-random points that reflected the nature of the underlying
space. So when the transformation was applied, the lines connecting the points
also obeyed the transformation, and in turn satisfied any constraint-avoidance
conditions from the original space. With RRT and PRM, the path transforma-
tion between two spaces is more challenging, since the generated points may be
so far apart that the line segment connecting the points may be constraint-free
in one space but fail in the transformed space. Ideally of course, the transfor-
mation between spaces should hold, but that can occur only if the line segments
connecting the points are adequately small. For that to occur, SAs need to
be tuned to generate samples that are spaced at a certain minimum distance
from each other and uniformly around each other. In other words, the ideal
solution requires that the map be discretized, which is what the CFDMPP
makes use of. The final observation is related to the long term response of the
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algorithm to different querying needs, specifically for the warehouse robotics
context. For example, with the CFDMPP the same map may be used to query
a path between a given start-goal pair multiple times and expect to yield the
same result. Naturally, with the PRM and RRT, their probabilistic nature
yields different paths for the same query. While SAs are useful in unknown
environments, they do not effectively capture and retain information about
a known environment, since with every query, old information is discarded.
This however is crucial for an application where the fundamental map remains
unchanged and yet needs to account for anticipatory changes in paths. With
the CFDMPP, the discretized map in conjunction with the homeomorphic
transformations and homotopic classes, allows for consistent definition of path
classes. It is this combination that maximizes the knowledge of the PPS and
provides consistent responses to the same query multiple times or multiple
different queries.

(a) Original path in R-4 (b) Original path in R-1

(c) Original path in R-4 (d) Original path in R-1

Fig. 34: Case 2: PRM with and without blocking in Costco style warehouse

5 Conclusion

The paper presents a novel PPP with three main objectives, which are typ-
ically lacking in most other path planners: The first is avoiding the periodic
explicit check up for violating the constraints which are a priori known during
the map construction process. Second, guaranteeing that the resultant paths
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(a) Original path in R-4 (b) Original path in R-1

(c) Original path in R-4 (d) Original path in R-1

Fig. 35: Case 2: RRT with and without blocking in Costco style warehouse

are free of misinterpretations, such as those caused by local minima. Finally,
should a path be rendered invalid due to unforeseen constraints or deliberate
choice, an alternative path must be returned with a minimal modification of
the map. To that end, the CFDMPP is proposed and evaluated on a realis-
tic warehouse environment. It was also benchmarked against other common
algorithms, namely the PRM and RRT, to clearly highlight its superiority and
ability to satisfy the aforementioned objectives.

The CFDMPP is proven to be advantageous thanks to the following char-
acteristics. First, it maximizes knowledge of the constant regions of the map.
So, when no further change in the map/constraints is encountered, the CFM is
a complete representation of the constraint-free navigable PPS. Creating the
CFM is a one-time cost, as opposed to other path planning algorithms that
recreate the map every time a path planning query is made. Consequently, the
second advantage is that the CFDMPP avoids the explicit verification for vio-
lating the constraints that are modelled out of the CFM. This allows paths to
be formed on constraint edges without resource allocation for constraint vio-
lation. By modelling the PPS as a manifold and discretizing it, properties of
continuity, transformations and discretization resolutions are combined to form
the third advantage. This offers the much desired flexibility for the application
dependant mesh resolution, which directly impacts the quality and number of
paths produced. The prime advantage of the CFDMPP pertains to the paths
produced on the CFDM. Apart from returning the shortest constraint-free
paths on the CFDM, the CFDMPP uses homology and homotopic class-based
path classification, avoidance and regeneration. The use of path classes ensures
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that certain paths, or DCs on a path, can be avoided by generating an alter-
native path, without modifying the map. New constraint information is of
consequence only when they render paths invalid. And it is only this path
validity related information that the CFDMPP stores and utilizes for path
re-planning. The final advantage is the tunable nature of parameters in the
CFDMPP. The parameters may be tuned for different path planning out-
comes, such as the number of alternative path classes and tolerance to detours
in paths. Naturally, such flexibility is of use for large environments, where out-
come flexibility is preferred. Even with such variance in tuning parameters,
the resulting paths do not suffer from local minima. All paths produced are
viable constraint-free paths.

Despite the wealth of advantages, CFDMPP does come with a few chal-
lenges. They relate to a few aspects that are essential and inherent for the
functioning of the algorithm. The CFDMPP has three tunable parameters.
The first is pertaining to the path classes, while the second is the choice of
meshing resolution. These two parameters are essential to initiate path plan-
ning. The third parameter is used to control the generation of alternative path
classes. So at a minimum, two parameters must be tuned as part of the one-
time cost of the algorithm. The third parameter that triggers the querying of
an alternative path class also has a sensitivity that depends on the map at
hand. As seen in Section 4.2, the implications of the tuning parameters on the
final results are multifaceted. The parameters present a unique intertwine of
attributes for path classes that require deliberation. Therefore, while tuning
allows for a higher flexibility, it may be viewed as a disadvantage, as it usu-
ally requires knowledge and/or experience with the algorithm to determine the
appropriate parameter values.
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