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Abstract

The free vibration analysis of rectangular plates has been of interest to many scholars and
practitioners over the years due to their wide range of applications. However, most of the studies
involve the typical case of isotropy.

A study has been done in the analysis of free vibration of orthotropic cantilever plates
with internal point supports. The analysis makes use of the Superposition Method which, by
superimposing appropriate building blocks, can provide "exact” analytical solution to this problem
of orthotropy. In each case of symmetric and antisymmetric vibration modes under study, three
different plate problems whose Lévy-type solutions can be obtained, are superimposed. The
constants in each solution, created during their boundary condition formulations, are adjusted in
such a way so their combination would provide boundary conditions the same to those required
for the cantilever plate. Upon superimposing, an eigenvalue matrix is created which allows the
eigenvalues to be determined. Accuracy of the resultant eigenvalues is verified by recognising
that the governing differential equation is satisfied exactly and that the required plate boundary
conditions are satisfied to certain desired degree of exactitude.

The objective of this thesis is to describe the necessary modifications to adapt the
superposition method to orthotropic plate problems, and to show the mathematical procedures
employed in the analysis. In addition, the results of some representative frequency and mode
shape studies will be presented which include a wide range of plate geometries and various levels

of orthotropy.



i

Acknowledgements

First and foremost I would like to express my sincere gratitude to Professor D.J. Gorman
for his continuous guidance, patience, financial support, and supervision during the course of this
work.

Sincere thanks to the staff of the Department of Mechanical Engineering and fellow
graduate students D. Michelussi, S. Fulford, N. Li for their support and cooperation.

Special thanks to my father and mother for having me. Last but not least I wish to thank

alt those of the past, present, and future.



CONTENTS

ABSTRACT
ACKNOWLEDGEMENTS
TABLE OF CONTENTS
LIST OF FIGURES
LIST OF TABLES

NOMENCLATURE

1.0 INTRODUCTION

.1 Governing Differential Equation . .............. ... ... ...,
1.2 Formulation of the Classical Boundary Ceonditions . .. ..............
121 Clamped Edge ... ... it it
122  Simply Supported Edge .. ........ ..o
123  Free Edge ... . i e e
1.24  Concentrated Force . ....... ... .. i,
1.3 The Lévy-Type Solution .. ........ . it
1.4 Literature Survey . .. ............. e

2.0 THE ORTHOTROPIC CANTILEVER PLATE

2.1 SymmetricModes .....................
2.1.1  Solution of the First Building Block . .

2.1.2  Solution of the Second Building Block

------------------

------------------

------------------

ti

i

iii

17
18

20
25



2.1.3  Solution of the Third Building Block
2.1.4  Generation of Eigenv=lue Matrix

2.2 Antisymmetric Modes

2.2.1 Solution of the First Building Block
2.2.2  Solution of the Second Building Block
2.2.3  Solution of the Third Building Block

2.2.4  Generation of Eigenvalue Matrix

2.3 Results and Discussion

...........

...................

......................

.........................

--------------------

..................

----------------------

-------------------------

3.0 THE ORTHOTROPIC CANTILEVER PLATE WITH LATERAL POINT SUPPORTS

3.1 Symmetric Modes

--------------

3.2  Antisymmetric Modes

3.3  Results and Discussion

4.() CONCLUSIONS

REFERENCES

APPENDIX A

Development of Equations for the Symmetric Modes
Development of Equations for the Antisymmetric Modes

APPENDIX B

Associated Mode Shapes and Contour Plots - Symmetric Case
Associated Mode Shapes and Contour Plots - Antisymmetric Case
Associated Mode Shapes and Contour Plots - Point Supports Case

Computed Eigenvalues - Symmetric Case
Computed Eigenvalues - Antisymmetric Case
Computed Eigenvalues - Point Supports Case

------------

............

.........................

------------------------

........................

-------------------

................

-------------

..........

..........

------------------------

------------------------

------------------------

55
56
66
72

74

Al

A2
Al4

Bl

B2
Bl2
B22
B34
B45
B56



List of Figures

1.1
2.1
2.2

2.3
24
2.5
2.6

2.7

2.8
2.9
2.10
3.1
3.2

33
34
3.5

3.6
3.7

Forces and Moments acting on anelement .. ............
The Cantilever Plate . ... ... .. i

Building Blocks utilized in analysing the free vibration
symmetric modes of the orthotropic cantilever plate . ......

Building Block #1 .. ... .o
Intermediate block used in the solution of block #2 ... ... ..
Intermediate blocks used in the solution of block #3 .. .....

Eigenvalue Matrix used in the analysis of the symmetric modes
of the orthotropic cantileverplate . ...................

Building Blocks utilized in analysing the free vibration
symmetric modes of the orthotropic cantilever plate .......

Intermediate blocks used in the solution of block #3 .......
Convergence test (antisymmetric DHY=0.5,DHX=0.5,¢=0.25)

Convergence test (antisymmetric DHY=0.5,DHX=0.5,6=1.5) .
The Cantilever Plate with point supports ...............

Building Blocks utilized in analysing the free vibration
symmetric modes of cantilever plate with point supports .. ..

Fourth building block divided into two segments . . ........
Alternative representation of the fourth building block ... ...

Building Blocks utilized in analysing the free vibration
antisymmetric modes of cantilever plate with point supports . .

Fourth building block divided into two segments . . ........
Alternative representation of the fourth building block .. ... .

........

........

--------

........

........

........

........

........

--------

--------

........

........

........

18

19
20
25
27

37

40
41
52
52
56

57
58
62

67
68
69



vi

B1.1-2  First four mode shapes & contour plots - Symmetric

(DHY=0.5, DHX=0.5,4=0.5) ... ..., B2
B1.3-4  First four mode shapes & contour plots - Symmetric

(DHY=0.5, DHX=2.0,¢=0.5) ....... . iy B4
B1.5-6  First four mode shapes & contour plots - Symmetric

(DHY=1.0, DHX=1.0, ¢=0.5 isotropiccase) .......... ... ... B6
B1.7-8  First four mode shapes & contour plots - Symmetric

{DHY=2.0, DHX=0.5, 8=0.5) .. ... i BS
B1.9-1G First four mode shapes & contour plots - Symmetric

(DHY=2.0, DHX=2.0,3=0.5) ...... .o, Bl
B2.1-2  First four mode shapes & contour plots - Antisymmetric

(DHY=0.5, DHX=0.5, ¢=0.5) . ... ... i B2
B2.3-4  First four mode shapes & contour plots - Antisymmetric

(DHY=0.5, DHX=2.0, 3=0.5) . ... .00ttty B14

B2.5-6  First four mode shapes & contour plots - Antisymmetric
(DHY=1.0, DHX=1.0, ¢=0.5 isotropiccase) ........... ... ... .. Bl6

B2.7-8  First four mode shapes & contour plots - Antisymmetric

(DHY=2.0, DHX=0.5, ¢=0.5) ..... ..o ii it BIR
B29-10 First four mode shapes & contour plots - Antisymmetric

(DHY=2.0, DHX=2.0,¢=0.5) ...... . i, B20
B3.1-2  First four mode shapes & contour plots - Symmetric with

point supports (DHY=0.5, DHX=2.0, ¢=0.5, u=v=0.5) ........... B22
B3.3-4  First four mode shapes & contour plots - Symmetric with point

supports(DHY=1.0,DHX=1.0,8=0.5,u=v=0.5 isotropic case) B24
B3.5-6  First four mode shapes & contour plots - Symmetric with

point supports (DHY=2.0, DHX=0.5, =0.5, u=v=0.5) ........... B26
B3.7-8  First four mode shapes & contour plots - Antisymmetric with

point supports (DHY=0.5, DHX=2.0, ¢=0.5, u=v=0.5) ........... B2¥
B3.9-10 First four mode shapes & contour plots-Antisymmetric with point

supports(DHY=1.0,DHX=1.0,8=0.5,u=v=0.5 isotropic case) B30

B3.11-12First four mode shapes & contour plots - Antisymmetric with
point supports (DHY=2.0, DHX=0.5, #=0.5, u=v=0.5} ........... B32



vii

List of Tables

B1.1-5

B1.6-10

B1.11-15

B1.16-20

B1.21-25

B2.1.5

B2.6-10

B2.11-15

B2.16-20

B2.21-25

B3.1-5

B4.1-5

Computed Eigenvalues A? for the first four symmetric modes

(DHY = 0.5,DHX =05-075-1.0-15-20) ........ .. .. ..... B35
Computed Eigenvalues A? for the first four symmetric modes

(DHY =075, DHX =05-075-1.0-1L5-20) ................ B37
Computed Eigenvalues A? for the first four symmetric modes

(DHY = 1.0, DX =05-075-1.0-15-20) ...l t. B39
Computed Figenvalues A* for the first four symmetric modes

(DHY = 1.5, DHX =05-075-10-15-20) ................. B4]
Computed Eigenvalues A* for the first four symmetric modes

(DHY =2.0,DHX =05-075-1.0-15-20) ....... .ot B43
Computed Eigenvalues A? for the first four antisymmetric modes

(DHY =0.5,DHX =05-075-10-15-20) ................. B46
Computed Eigenvalues A? for the first four antisymmetric modes

(DHY =0.75,DHX =05-075-10-15-2.0) ........ .. .o, .. B4§
Computed Eigenvalues A? for the first four antisymmetric modes

(DHY = 1.0, DHX =05-075-1.0-15-20) ........... ... ... B50
Computed Eigenvalues A? for the first four antisymmetric modes

(DHY = 1.5,DHX =05-075-1.0-15-20) ................. B52
Computed Eigenvalues A* for the first four antisymmetric modes

(DHY =2.0,DHX =05-075-10-15-20) ....... ..ot B43

Computed Eigenvalues A* for the first four symmetric modes with
point supports (DHY=0.5 DHX=0.5), (DHY=2.0 DHX=2.0}
(DHY=0.5 DHX=2.0),(DHY=DHX=1.0)},(DHY=2.0DHX=0.5} . . . ... .. B57

Computed Eigenvalues A? for the first four antisymmetric modes
with point supports (DHY=0.5 DHX=0.5), (DHY=2.0 DHX=2.0)
(DHY=0.5DHX=2.0),(DHY=DHX=1.0),(DHY=2.0DHX=0.5) ........ B60



Nomenclature

a, b
D,, D,
DHX
DHY
E.. E,
G
H
k
M,, M,
M,o/D,
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Ve Y,
V,a%/D,
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plate dimensions in the x and y directions, respectively
orthotropic plate flexural rigidities

H/D,

H[DY

Young’s moduli of orthotropic material
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number of terms in Lévy-type series solution
bending moments in plate

dimensionless M,
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harmonic concentrated driving force
=-2Pb*/D,a’ dimensionless concentrated driving force
lateral loading on plate surface

shear force in plate

plate vertical edge reactions
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=x/a, y/b respectively dimensionless plate coordinates
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circular frequency of vibration
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Poisson ratios of orthotropic material

=2H/D, - v,

=2H/D, - v,

plate solution parameters defined in text
plate solution parameters defined in text
plate solution parameters defined in text
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Chapter 1

Introduction

Free vibration analyses of rectangular plates have been of special interest to scholars and
practitioners over the years due to their wide range of applications. Most of the studies involve
the typical case of isotropy. The use of plates has been found most notably in electronic circuit
boards, space platforms, and aircraft wings; these products are being used in new and
increasingly demanding physical environments, hence exposing them to greater mechanical and
thermal stresses. The design/development engineers must then be more concerned with the
natural vibration frequencies of the components to ensure that the driving forces do not excite
the associated natural modes to the point of failure. Upon facing a greater task, the designers
not only need effective mathematical models to minimize the number of prototypes required for
trial and error solutions, hut also must scope with the use of new high strength materials in the
form of orthotropy.

The study of rectangular plates has employed various techniques including the energy
method, finite element analysis, experimental, and analytical solutions. It has been noted that the
methods described can pravide solutions of plate vibration problems adequately but do not satisfy
exactly the governing differential equation, the prescribed boundary conditions, or both. It is to
D.J. Gorman's credit [1] that an "exact” analytical technique called the superposition method was

developed. Gorman solves the vibration problems of plates by means of the series-type Lévy
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solution combined with the method of superposition. This technique allows an original plate
problem to break into "building blocks", the solutions of these blocks are superimposed and the
constants are then adjusted such that the superimposed set of blocks satisfy the boundary
conditions of the original plate. This method has been employed with considerable success in
treating vibration problems of isotropic plates with various boundary conditions and point
supports. Saliba [2], using this technique fully analysed the free vibration of isotropic cantilever
plates with symmetrical edge and internal point supports, This thesis carries the analysis further
by analysing the orthotropic cantilever plates.

The objective of the thesis is to provide an analytical "exact” solution to the free vibration
problem of orthotropic cantilever plate with internal point supports. The underlying theory of
plate vibration as applied to orthotropy is discussed in this chapter, followed in the next by the
mathematical procedures used upon arriving towards the final solution. In addition, a
comprehensive set of resuits for the frequencies and associated mode shapes is included, which

covers certain plate geometries and different levels of orthotropy.

1.1 GOVERNING DIFFERENTIAL EQUATION

The analysis of rectangular plates discussed in this report has the following assumptions applied
[3]:

« Plate thickness is small compared to its side dimensions, and lateral displacement
is small compared to the plate thickness.

« There is no deformation in the mid-plane of the plate ie. this plane does not stretch
during bending. Points of the plate normal to the mid-plane remain normal after
bending.

« Normal stresses in the direction transverse to the plate are disregarded.

« The effects of rotary inertia are negligible and the tensile and compressive forces in
plates are insignificant. |

Even though the differential equation governing the bending of plates can be found in

numerous books on the subject of theory of plates, its development is presented here in detail to
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illustrate the important details regarding orthotropic material. Inspection of Figure 1.1 (Ref. {3])
shows the moment and forces acting on the middle plane of a cut-out element, the static loading

intensity distributed over the upper surface of the plate is denoted by g.

I My
M
M, " ¥, oM,

fl'\ éM;*‘de
May” . oM,
xy -' \Mly.'____y,d‘
My A Dy *
My + 3y dy Myx+ 3y dy
{e)
Qy
Qn T
J/l x
1
|
)
l Q.+%Q-5dx
30 :
Qy"‘ dy dy
y z

Figure 1.1 Forces and Moments acting on an element

Project all the forces acting on the element in the z axis and divide by the unit area dydx,

the following equation of force equilibrium is obtained:

an aQy _
i

Taking moments of all the forces acting on the element with respect to the x axis and

divide by dydx, another equation of equilibrium arises:

oM oM
5o y =0
= %

Similarly, with respect to y-axis
aM oM



Substitution of Q, and Q, into the force equilibrium equation yields

M, FM, M,

X ¥

-2 = - (L.1)
ax® ' a% dxdy ?

For isotropic material, the elastic properties are the same in all directions. For Orthotropic
material or sometimes called anisotropic, the homogeneous material has three mutually
perpendicular planes of symmetry [4]. All plates studied in this analysis possess what is
sometimes called "special orthotropy”, ie. the principal directions of orthotropy coincide with the
rectangular plate coordinates. Taking these planes as coordinate planes, the relationship between
the stress and strain components are represented by the following equations:

o, =Eg +E'
:)' _= (E;;’J’EY * E“e-"
Xy xy

it is recognised that in the case of plane stress, four constants, E;, E/\E’, and G are

needed to characterize the elastic property of an orthotropic material instead of two (E, v) for

isotropic. With W denoting lateral displacement, the components of strain and stress can be

written as
3w ;W IW
g =~ g = = -27——
e e A AT
2
o, =-z|E %Y g2V
dx? dy*
2 2
G, = -2z E'ya_“; E"iﬂz
. dy ox
t = -26.3Y
L4 X y

The normal stresses o, O, and shearing stress T,, produce bending and twisting moments,

respectively as



hi2 2 2
M = [ozdz=-|p 2% + DY
I ox dy?

h2
W o'W
M fcyzdz —[ 5T + D‘W}

*W
M = |t,zdz =2D
¥ -wa UW
in which £ p 2 K3
; "yl 3
p =22 p-Z2 p=Ei p -GN
12 ¥ 12 12 W 12

D,, D, are the flexural rigidities of the orthotropic plate and D,, D,, represent its torsional
rigidities. The substitution of the moment expressions into the equilibrium Equation 1.1 yields

the governing differential equation for orthotropic plates

Da‘w+2H aw +Da‘w

G M+ Dy ) 02

where H = D, + 2D

For free vibration analysis, the applied static load q(x,y) is replaced b, nn inertia force,

«y is called the effective torsional rigidity

this inertia force opposes acceleration of the plate undergoing oscillatory motion [1]:

PW
dal
P ot

The form of the free vibration equation, with the introduction of the time variable t is

p IWayd) | y@Wayy | p IWayD | FWyD _ g (1.3)
o oaxt axZayz Y ayd a2



¢!

By separating the displacement function W(x,y,t) into W(x,y)T(t), it can be shown that
T(t)=Asin(wt+0). To further simplify the analysis the dimensionless space variables € and n are
introduced, where & = x/a, 11 = y/b, a and b are the plate dimensions in the x and y directivn
respectively. Equation 1.4 then becomes what is known as the governing differential equation

(G.D.E.) for free vibration of orthotropic plates

FWEN) | o H 28WEN) . Doy |PWEN 4 ) 1.4
ot +2D,¢—8528'q2 + Dyd: L - MWE ) = 0 (1.4)

Where
¢ = bla plate aspect ratio

A =wa? T)E_ defined as the eigenvalue
For a specific orthotropic plate, the objective of the analysis is to solve for Equation 1.4
such that the plate’s boundary conditions are satisfied. The solution process involves determining
the dimensionless eigenvalue A% from which the natural circular frequency w is obtained, then
the associated displacement W(E,n) for the entire plate could be found. Having determined the

governing equation, the boundary conditions need to be formulated.

1.2 FORMULATION OF CLASSICAL BOUNDARY CONDITIONS

For all plates, boundary conditions are required in solving for the G.D.E. A full description of
the classical boundary conditions is presented in this section for reference throughout the thesis
work. A more detailed description of the development of the boundary conditions can be found
in Ref. {11, [3). First of all, general expressions for the vertical edge reactions and bending
moments of orthotropic plates must be developed.

It has been shown that for rectangular orthotropic plates, there are four material-geometry

constants D,, D,, v,, v, Since the matrix of elastic coefficients must be symmetric, there exists



the further relation called the Betti reciprocal theorem as follows [4],
x X (1.5)

With the constants D,, D,, and H already introduced in section 1.1, the individual Poisson
ratios are then available directly from Eql.5. In terms of the basic coordinates x and y, another

form of the bending and torsional moment expressions described in section 1.1 is

Mx = _DK(GZW(x,)’) . a!w(x,v)) (1.6)
axz ¥ ayz
My = _Dy( az W(X,Y) " Ux BZW(JC,)’) ) (l _7)
dy? ox?
o' W(x.y)
M_=-2D___ " (1.8)
o " oxoy

Where, as compared to those in 1.1:
D, =D, Dy, =Dyu, =D,

The Shear Force Q, is expressed as,

Q - aMx _ aMn (19)
* Tox oy

Substitution of the moment expressions Eg. 1.6 and 1.8 into the above yields

Q. =-D J FWay) , | 2D, ]a3wcx,y)
1 oox? D, ¥ | 9xdy?

The vertical edge reaction V, is



oM
V=0 - =~ (1.10)
x Q.r Ty'
LV = ‘Dxl Fweey) | P, [ EWEw
| ox* D, Y| dxdy?
but 2H =, D +v, Dy+4D, (1.1

Therefore, by introducing variable Dy' the bracketed term of Equation 1.11 can be

expressed as

v=_t+uy =" -9 (1.12)

U, == -V (1.13)

The vertical edge reactions and bending moments, in non-dimensionless form are

val _ _laﬂvv(a,n) LY FWEM (1.14)
D, | o8 ¢*  akon’

Vp? _lmw@.n) . VI BPWEM) (1.15)
aDy [ on’ ® anoE?
Ma _ i*wEn) , v, 3*WEN) (1.16)

D, o ¢ o
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Mp® JEPW(&.n) .

2 FWEN) (L17)
v0
ab, | on? ' o&?
1.2.1 Clamped Edge
W(ﬁﬂ’l)'g-l =0
WEN, g (L.18)
5l

Along the clamped edge E=1, Equation 1.18 states that the lateral displacement and the

slope normal to the boundary must be equal to zero.

1.2.2 Simply Supported Edge

wem, g (119)
—_— |
ag?

Equation 1.19 states that, along the simply supported edge £=1, the lateral displacement

and bending moment must be zero.

1.2.3 Free Edge

The boundary conditions for a completely free edge are of a more complicated nature than those
for the clamped and simply supported edges, especially for the case of rectangular orthotropy.
Theoretical development of the free edge conditions are given in details in Ref. [3],[5],[6]. The
following two sets of equations state that the bending moment and the vertical edge reaction
equal zero.

Along edge £ = 1

Ma _ _|@WEn) | v, PWED

D, BT I b
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Val __|@wEm % PWEN T L, (1.20)
o0&’ o' otan’ i,

Along edgen =1

]

MpE_ _|FWED e FWEND g
aD an? f o&’

¥

Jgm

VP L _IEWEN | e PWEN | g (121)
abh on’ anog? |

¥ n=l

1.24 Concentrated Force

In the analysis of plates with intemal point supports, the solution includes the effects of
concentrated forces generated by the point supports. For vibration analysis, this force may be
described as Psinot, where P is the amplitude and o is the circular frequency. For reasons to
be made obvious in the latter chapters, the force is expanded as a Fourier sine series of the Dirac
Delta function. This method has been used with considerable success in previous studies {1], [2],
[71, [8]. Detailed description of the Dirac Delta function is found in Ref.[1], but the final form

is given here as

g(€) = 2Pi: sinmmy sinmng (1.22)

Eq. 1.22 presents q(£) having units of force per unit length. The force distribution is
highly peaked at a distance u from the origin along the &-axis and exerts virtually no net force
of moment elsewhere. Now with sufficient information about the boundaries and concentrated

force, attention is turned back to solving the governing equation using the Lévy technique.



1.3 THE LEVY - TYPE SOLUTION

In the eurly I8th century, scientist Navier presented to the French Academy of Sciences a
technique in solving the bending of simply supported rectangular plates by double trigonometric
series. Later on, a solution using a single Fourier series was introduced by another scientist M.
Lévy. This powerful method, still in use in the present day, expresses the solution of the

governing differential equation in the form

W(Em) = i Y, (n) sinmné (1.23)

m=12

This equation represents the plate displacement function of a plate with two opposite
edges simply supported in the n-direction along £=0 and &=1. Further inspection shows that each
term in the series satisfies the boundary conditions, zero displacement and zero bending moment

at E=0 and E=1. Substitution of (1.23) into the G.D.E. (1.4) yields

d*Y, (n)
+ 0
an?

2
d ;’,,,En) oY) =0 (1.24)

1

For each value of m: o, = -2H/D, ¢* (mn)*
o, = D/D, ¢* { (mm)* - A}
can also introduce DHY = H/D,
DXY = D,/D,
Being in the quadratic form, the roots of Eql.24 can take on three possible formulations

depending on the values of the parameters o, and a, as follows
3 112
-0/ 4o,
Ripse =% N m—

let z = of - 4,

It is at this stage that the analysis differs from that for the isotropic plates. It should be
noted that the relationship holds for the special case of orthotropy: isotropic when DHY=DXY=],
The solutions of Equation 1.24 are (Ref. [6],[9]):



Case 1 -Forz>0and (Vz+0o,) 20

Y (m) = A, sinhf n + B_ coshp n + C,siny,n + D cosy, n

Case 2-Forz>0and z +a,) <0

Ym(n) = AmSinh an + Bmmhpmn + CmSinhYmn + DmmShvmn

where

Brzrr: (\/Z__U‘l)
Yi,=%<\/z"+al) or vf,.=—%(\/z'+a;)

] —

Case 3 - for z<0, this is the only case encountered in orthotropic analysis,

to be introduced.

Let 2= -112 o, 2,=1/2 -z,
z,= tan’'( z,/z,) z,= (z,2 +2,)"
R= z, sin (z,/2) S= z, cos (24/2)

Y, (n)= A, sin Ry sinh §n + B, sin Rn cosh Sn
+ C, cos Rn sinh Sn+ D, cos Rn cosh Sn

(1.25)

(1.20)

whichever is positive

more parameters have

(1.27)

A, B,, C,, and D, are constants to be determined by enforcing the appropriate boundary

constrains. It should be pointed out once again that the solution presented in Eq. 1.23 is only

applicable only to rectangular plates whose two opposite edges are simply supported. However,

it has been shown that by making use of the superposition method [1], the Lévy-type solution

can be used to solve plate vibration proble:s of all possible combinations of classical boundary

conditions and even with concentrated-force type of loading. One such example is the cantilever

plate, one clamped edge and the other three edges being free. What follows is a review of

methods used in past research and specifically in the case of cantilever plates,
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1.4 LITERATURE REVIEW

In the publication "History of the Theory of Elasticity" by Todhunter and Pearson, it was noted
that the development of structural mechanics started with the investigation of static problems.
Euler was the first to have examined dynamic plate problems, specifically vibration using
mathematical membrane theory [2]. The theory was further extended by noted scientists such
as J. Bernoulli and Lagrange. The correct governing differential equation was credited to Navier
(1785-1836) a civil engineer who, by using the Fourier trigonometry series, was able to provide
an exact solution to this type of boundary value problems. The method was further applied and

modified by Poisson and Lévy.

In the early 20th century, the mathematical theories were made practical by Russian
scientists in the field of naval architecture. One noted researcher was Timoshenko [3] who
presented to the engineers with an excellent classic text on the theory of plates and shells. This
book covers most topics in plate vibration problems from the plates with classical-type edges to
those with various types of loading; certain special and approximate methods used in plate

analysis were also reviewed.

However, it was not till the 1950’s that new methods of solution were made possible with
the introduction of high-speed computers. Large memory capacity and fast computational rates
allowed demanding and powerful methods to be used in plate vibration analysis such as finite
element, finite difference, and the unique superposition method. Although considerable amounts
of literature dealt with the problems of plate vibration, it was to the credit of Leissa of the Ohio
State University that one single popular reference was published [5]. [In this reference,
information is available covering a wide range of studies from circular, elliptical, triangular, to
rectangular plates. These plates can either be isotropic or orthotropic, or with inplane forces or
variable thickness; the results include valuable lists of natural frequencies and mode shapes.
However, it was noted in this reference that not all plate vibration solutions satistied "exactly”
the governing differential equation and prescribed boundary condiiions. This difficulty lead D.

Gorman to further refine the accuracy of vibration solution with the new method called
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superposition. In Gorman’s book, Ref.[1] an orderly collection of plate vibration unulysis
employing the superposition principle was presented. This technique is ideal because it breaks
down complicated boundary conditions of an original problem into building blocks whuse
conditions are easier to cbtain. Superposition requires that the summation of individual building
blocks is the same as the original, for example W(EN)=W (E, )+ W, (EN)+W(EN) if 3 building
blocks were used. In his book and numerous other publications, Gorman solved for plates with
different type of boundary conditions and with various types of loading, the cantilever plate is
one of the problems. Saliba [2] further analysed the cantilever plate with symmetrically
distributed point supports along the free edges and also internally in the plate. In doing so, he
used different building blocks than those used by Gorman, this demonstrated the treedom in
choosing the appropriate building blocks without altering the final results, even though the
formulation of the problem might look different. In the case of point supports, Ohman [§]
provided a detailed description in the analysis of plates with multiple point supposts for six
possible combination of classical boundary conditions; unfortunately, none dealt specifically with
the cantilever plate. The cantilever plate problem dealt in [1] and [2] is the isotropic case, to the
author’s knowledge, the orthotropic cantilever platss have not been published or approached by
any other researchers. Hence the purpose of this thesis is to completely solve this problem.
Since the problem has not been solved before, the results of this study could not be compared

or verified against any other sets of data except for the special case of orthotropy: isotropic.

The problem of vibration of orthotropic plates has received less attention than that given
to isotropic plates. Since numerous engineering materials are orthotropic by nature or design ie.
wood, plastic, stiffeners, reinforced concrete slabs etc.; vibration of orthotropic plates is of
considerable importance. Notable contributions in this field have been made by Huffington and
Hoppmann [13] who in the published paper, discussed the flexural vibration of rectangular
orthotropic plates for a class of boundary value problems for which the classical Lévy-type
solutions could be easily obtained. This lead to six particular cases being examined involving
a combination of clamped, free, and simply supported edges; none of which remotely resembles
the cantilever plate. The method of analysis is of the energy type, in which orthogonality

properties and energy functions were fully discussed. In addition, formal aspects of forced
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vibration were also presented.

Iyengar and Jagadish [14] solved the clamped-square-plate problem using the
characteristics functions acquired from the vibrating beam problem. Their results were compared
with those of previous researcher Kanazawa and Kawai, and the agreement has been found to be
very good and more complete in the sense that more function approximations were included.
Hearmon [15] also worked out a similar problem using the Rayleigh method, assuming that the
deflections of the plates could be represented by suitable characteristic functions. It was noted
in the article that the characteristic functions only satisfy the boundary conditions approximately
for a free edge and inclusion of free edges would somewhat complicate the derivation and
presentation of results. Later on, Hearmon did apply the Ritz modification to the Rayleigh
method and found slight improvement in the estimates of the frequencies but noted that the

Rayleigh-Ritz procedure would not yield simple closed formulas.

Dickinson [16] investigated the vibration of orthotropic plates using the sine series
solution for isotropic plates developed by Dill and Pister [17]. A note of interest is that the roots
of the determinants of the dynamic matrix converge more rapidly for simple-supported plates than
thase with free edges. Dickinson’s first three natural frequencies are lower that Hearmon’s upper
bounds. Marangoni [18] employed the Rayleigh-Ritz technique, using clamped beam
eigenfunctions to determine the upper and lower bounds of the natural frequencies for clamped
orthotropic plates. The upper-bound estimates were evaluated for all modes by not imposing any
restriction on the symmetry conditions, while the lower bounds were based on decomposition
technique by Bazely and Fox [19] in which the governing differential equation got decomposed
into two or more equations that are individually solvable. The results of Marangoni and
Dickinson were further validated by Gorman’s recent work - clamped orthotropic plate free
vibration using the superposition technique [9]. All three sets of results agree remarkably well,
almost to fourth significant digit accuracy, the agreement is quite impressive considering the great
differences in the techniques employed - the sine-series, Rayleigh-Ritz, and the superposition
methods. Confidence in the use of superposition method as applied to orthotropic plates lead to

another investigation - "analysis of completely free orthotropic plates” [6], it is this reference that
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provided great assistance to the present thesis work since the building biocks used in [6] are very

similar to what would be required for cantilever plate.

Many other references also contribute good insight to studies in orthotropy. References
[20], [21] studied vibration of plates under inplane forces and those which possess rotational
flexibility edges. Medwadowski [22] gave a refined theory of elastic, orthotropic plates.
Laminated orthotropic plates are of related interest, these studies are found in [23], [24], [25].

[26] which covered many topics from general theories to buckling effects.



Chapter 2
The Orthotropic Cantilever Plate

In Chapter one the general theory as applicable to orthotropic plates was discussed and the
method of superposition was introduced. The application of this powerful method is further
demonstrated here in details by solving the problem of orthotropic cantilever plates. The
cantilever plate has received little attention by researchers in the vibration field except by
Gorman [1] and Saliba [2]; this is due to difficulties encountered in trying to satisfy its free edge
conditions. Solution for this particular problem is presented in this chapter.

Figure 2.1 shows the cantilever plate with dimensions 2b x a. The length of the clamped
edge is 2b, and the other length is designated as a. The x, or non-dimensionalised & axis runs
along the centerline of the plate starting from the clamped side, while the y or 1 axis originates
from the midpoint. All free vibration modes of this plate are either symmetric or antisymmetric
with respect to the £ axis. Hence only half of the plate needs to be analysed since the other half
either take on the same or opposite displacement. The method of analysing the vibration modes
is the superposition technique which involves using the Lévy-type solution developed in section
1.3 for each required building block and combine the solutions in such a way that an eigenvalue

matrix could be created and solved. The symmetric family of modes is investigated first.
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Figure 2-1 The Cantilever Plate

2.1 SYMMETRIC MODES

The half plate under consideration is shown in Figure 2.2. The superpasition principle allows
this plate to be the equivalent of three building blocks whose combination has the same
characteristic conditions as the original. Each building block has its own intrinsic boundary
conditions. Series of small semicircles with arrows along the edge of a building block refer to
the enforcing slope dw/om normal to that edge. The prescribed slope varies cyclicly with time
at the same frequency as the plate vibration. It should be pointed out that bending moment could
be enforced in place of the prescribed slope but the solution would take on different form and
could lead to rejection modes [1]. A small pair of circles attached to an edge indicates that along
that edge, the plate has zero vertical edge reaction and its normal slope is also zero; this
condition is referred to as slip shear, correspond to the centreline reaction of the full plate 2b x
a undergoing symmetric mode vibrations. Symbol s.s. means simple support. The symmetric
mode solution can be obtained by superimposing the three building blocks. Attention is now

turned to formulating the Lévy-type solution for the first block.
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Figure 2.2  Building Blocks utilized in analyzing the free vibration symmetric modes of the
orthotropic cantilever plate
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2.1.1 Solution of the first building block
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Figure 2.3  Building Block #1

The first building block, Figure 2.3 has slip shear conditions imposed along the edges
n=0, E=1 and simple support conditions on edge £=0. Edge n=1 has zero vertical edge reactions
and is enforced by a prescribed slope 9W,/an. Equation 2.1 constitutes a Lévy type solution for
this biock. It should be noted that this series satisfy the boundary conditions at £=0,1; another
feature is that only odd terms were used in the summation because if Fourier expansion is taken,

Y, (n) would be zero for all even values of m (Ref.[1]).

WEm = 3 Y m)sin ”';‘E @
m=1,3

Substitute (2.1) into the governing differential equation (1.4) of Chapter 1.1, solutions are
obtained in the form of Equations 1.25, 1.26, and 1.27 depending on values of o, and o,
where: o, = -2DHY ¢* (mn/2)*
o, = Dxy ¢* { (mn/2)* - &%)
B.» Yu R, and S are defined as in Chapter 1.3
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For symmetric mode analysis, antisymmetric terms are deleted due to slip shear condition

along edge n=0. Therefore, the complete solution for the three possible cases is (A, and B,
were previously denoted as B, and D,

E

Y. {4, cosh B,n + B, cos y,n} sin T8

m=1,3 2
+
Wi(En) = 2 {4, cosh p,n + B, cosh y,n} Sinm;E (22)
k*4+2
or
{4 sinRnsinhSn + B, cosRn coshSn} sin mzt

2

The first summation relates to case 1 -z > 0 and (z + ;) 2 0. The second refers to case
2-2>0and Wz + &) $0. The third term involves case 3 where z< 0 which is not a
summation but can enter into the solution depending on values of m ie. some values in the range
| - oo are of this type. Even though the boundary conditions at edges E= 0,1 and =0 are |
satisfied, the two boundary conditions along edge n=1 remained to be enforced. This would lead

to unique expressions for A, and B,

Solutions for A, and B, coefficients
On edge m=1, the vertical edge reaction V, is zero. This condition is used in conjunction with
the imposing distributed harmonic rotation (slope) at n=1 in developing the final expressions for

the displacement W,(E,n). Respectively,

VP [PWEn | g EWED) (23)
aD, a* T amag?
aW . mnk (2.4)
an - M_IEME sm ==
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For Case | - Forz>0and (Vz+0,) 20

The first summation of Equation 2.2 is substituted into the shear force Eq.(2.3) and

enforcing the vertical edge reaction to 0 at j=1. This will result in an expression of B, in terms

of A,

Wl(ﬁm) (A,, cosh [31] + B, cos y,M) “nm;tﬁ 2.5
% —_ (A, Pisinh B, + B,¥ sin ¥,) sinm;t&‘ (a)
a3w = 2A h B . N mné b
Wln —(——) (4,8, sinh B, - By, sin v,] sin— b)

(a) + (b) = 0, cancel out the common sin(mn&/2) term and solve for B, in terms of A,

B, (B - Vi )] sinhf,
B =A | }

v + ¢2c-——) ] siny,

Let ZZ1 = B, [B; - x¢2(——)]
222 = ([, + Vi Ty
, ZZ1 sinhp_
With B =9, A, where 0, = ————o
Z72 siny,
Equation 2.5 is now,
 W(En) = A, [cosh B.n + 86, cosvy,n) sin_"ig (2.6)

Next step is to impose distributed harmonic rotation (slope) at n=I, represented by the
sine series. Substitute Eq. (2.6) into (2.4).



oW K
=y =Y E, sin e
aﬂ m=135 2

LHS = A_[B, sinhB, - 8,,7,siny,] sin ”’T"g

RHS = E, sin ”’_’2‘5-'

Once again, cancel out the common sin(mn&/2) term and solve for A, in terms of Ey

Em
A = 7
2z .
- = sinh
[Bm ZZZ Tm] Bm
E
Amelm = ZZ I"'
z 2Z .
{B, - —=v,] siny,
B 5 Wl sy,
Let 8, = __‘1___
b4
[Bm E’Ym]
0 = zzl E, _ ozl

13m 1im

2 _ud =z
B - 1]

Now that the A, and B,, coefficients are solved in terms of the imposing rotational variable E,
8, and 6, the final form of W, (case 1) is:

cosh B, COS Yplly o mE

W(Em) = Em{ellm _SITB— + B3 siny

2.7



For Case 2 and 3 - [z > 0 and (Vz + ;) < 0], and [z < 0] respectively

The procedures in solving for A, and B, are the same as those applied in case 1. Firstly.
the zero shear force condition at n=1 (Eq. 2.3) is enforced to get B, in terms of A B, = 6,,
A,. Secondly, by enforcing the prescribed slope (Eq. 2.4) A, is replaced by the rotational
variable E_ ie. A,, = Oun E, Detailed derivations of the expressions for case 2 and 3 are
provided in Appendix A. All 8y, coefficient are in terms of By, ¥, R, and S.

The final combined form of W, covering all three cases for the first building block is:

osh
T £ 6, TP g 0 Yaly g m
2

m=13 mh[im B SinYm
+
K cosh B n cosh v 1 mnE
W.(E.n) = E LI’ my n (2.8)
(E n) k;z m “2m- .+ sinth 23m SinhYm 2
+

Y E_ (8, sinRnsinhSn + By, c0sRn coshSn] smm;E
k..+2
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2.1.2 Solution of the second building block
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Figure 2.4  Intermediate block used in the solution of the second building block

Inspection of Figure 2.4 shows that the trigonometric part of the solution runs in the 1
axis direction, Solution for this building block could be obtained easier if one can take advantage
of the forms of solutions already developed previously. One can begin by solving for the
intermediate building block., Then an interchange of the £ and 1 coordinates will result in the
solution of the original second building block. In order to avoid repetitions in showing
derivations, only final forms of certain expressions are written.

The Lévy type solution for the intermediate block is:

W, (Em) = Y Y. (n) cosmni (2.9)
m+0,1,2

Following the same procedures as before to obtain the solutions for Y,,(n), they are given
as Equations 2.5, 2.6, and 2.7. Due to the simple support conditions along edge 1), only odd

functions are considered. Hence W,” becomes



o
Y {4, sinhB,n + B, sinyn} cosmnf

nt=0.1,2

+
Wy (En) = i (2.10)

kt+l

{4, sinhB n + B, sinhyn} cosmng

{4, sinRmcoshSn + Bm+cosR'r| sinhST} cosmn

Once again B, Y., R, and S are defined as in Chapter {. The first summation applies to
Case | -Forz>0and (Vz + o,) = 0. The second relates to Case 2 - forvz>0and Wz + o)
< 0. The third is to Case 3 - z<0.

The steps used to solve for the A, and B,, coefficients are similar to those carried out for
the first building block. Firstly, the shear force along edge n=1 is enforced to be zero (Ey2.3),
secondly the prescribed slope is expanded in a cosine series. The process eliminates the two
unknowns A_ and B,,. Detailed derivations and expressions are found in Appendix A.

The solution of the original second building block is then extracted from that of the
intermediate block. The coordinates £ and 7 are interchanged. In addition, since the eigenvalue
A2 was dimensionalised with respect to side length a, it is necessary to replace the aspect ratio
by its inverse and to multiply A? by the square of the aspect ratio. For clarity, subscript m is
replaced with n to distinguish the solution from that of the first building block. Accordingly, the

solution is

K sinhf§, € siny,§
E — =+ 0 27} cos
ng,z u{elln COSh p" + 13n COSYH AN
+
gn) = sinh sinh @1h
R E E ®,, coshBBE 0,,, b—cos—g—;'e-} cosnT T
K"+l n
+

E (B,, sinRE coshSE + B, cosRE sinhSE} cosann



And the enforcing rotation along edge E=! is

oW, >
—_— = 2 E_ cos nnk (2.12)

2
-1
a ¢ ne0.12

2.1.3 Solution of the third building block
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Figure 2.5 Intermediate blocks used in the solution of building block #3

The building block (a) of Figure 2.5 is noted to have the Lévy-type solution as shown in Eq.
2.13. This solution is selected to satisfy the slip shear conditions along edges € = 0, L.

Wy (E.n) = i Y (n) cosmnE (2.13)

m=0,12

Substitute (2.13) into the equilibrivm GDE, this results in Equations 1.25, 1.26, 1.27 and
delete the antisymmetric terms to satisfy the additional boundary condition on edge n=0. In
order to obtain expressions for the A, and B, coefficients in the solution of this building block,
it is necessary to enforce the zero - displacement condition at =1 and enforcing harmonic slope.

Respectively, they are



W1 =0 (2.14)
oWy = 2.15
R -

The solution of building block (b) is then extracted from the solution tor block (a) by
replacing 1 with 1-n. The prescribed slope will also change sign. Finally, to arrive at the
solution of block (¢) or original third building block, variables & and 1 have to be interchanged.
Following the same logic in variable transformation as before, the aspect ratio is now the its

inverse and A? is multiplied by ¢%. The final solution for the third building block is:

k.
Y E, ,,c0shB,(1-E) + 0,,, cosy,(1 ~E) cospmn
p=0,1.2
+
k‘.
2
WEn) =} E, 0,,coshf,(1 - £) + Oy, coshy (1 - £)} cospmn (2.16)
k®+l
or
B,5,8inR(1 - £)sinhS(1 - §) ~+
E, | B9, COSR(1 - E)coshS(1 - gy cosPmn
The prescribed slope will be:
oW, -
— g = - E_ cos mnn 2.17)
% A

With the solutions for all three building blocks available, the next step is to create an

eigenvalue matrix for vibration mode study.
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2.1.4 Generation of Eigenvalue Matrix for the Symmetric Modes
The Lévy-type solutions of the first, second, and third building blocks of Figure 2.2 are Equations
2.8, 2.11, 2.16 respectively. These solutions have to be superimposed so the combined effects
of the building blocks will satisfy the boundary conditions of the cantilevered plate. The
conditions are: bending moments along edges &=1 and n=1 must be set to zero, slope in the &
direction along edge E=0 must also be zero. Since the solutions W, (En), W,(EM), Wi(Em)
satisfy the governing differential equation, their summation will also be satisfied. Firstly, one

has to determine the individual contributions of each block to these bending moments and slope.

1 Contribution of the first building block, W,(E,n) to bending moment along edge n=1
of the cantilever plate. By using Equation 2.18, differentiations were carried out and terms were

collected resulting in Equations 2.19, 2.20, 2.21 for each mth term

2
MpE L [FWEN) | 0 FWE) 2.18)
aD n=1 n2 x a£2
y n
cuse |
W =
2 cosh
[qu’z(an) - B} 9;1m~—.—h—E'f'- (2.19)
E 9 sin ﬁm >sin mTCE_,
m 2 Q 5
T O g R s W
2 siny,, |
cuse 2
1
2 cosh
) [U,tb’(-—"-;ﬁ) - B2 Bzmq.b—hB”’ (2.20)
E sinhf, [ sin mmg
" 5 MU 0 coshy, 2
+ =) Y] o |




a0

case 3

- [(8,,,(S*-R? - 2RS8,,) - v,¢° (l’E) 8,,,] sinRsinh§ 2.21)

E in."ﬂt..E"_

"1 - [(0,,2RS + 8, (ST-R? - v ¢2(’"") 0,.,] cosRcashS 2

12 Contribution of W,(€,n) to bending moment along edge £=1 of the cantilever plate.
By using Equation 2.22, The following are obtained:

Ma o= - FW(En) | b FWEN) (2.22)
D, ™ ag* $?  an’
case 1
' ]
P} cosh
[(ﬂt-) - —yB::] eum-—-_—-—B—"-{]- (2.23)
. 2 0 %th . mn
y sin——
v . 08 — |2
siny,
ccise_z
ml Va2 coshP n
My B e _ 2.24
. L 2 ) ¢2]3] 2 sinhf,_ ! i (2:24)
) sin———
ooy - Sy g ST |2
L 2 »* sinhy,,
case 3
mm .2 v . .
) [(_2_.) 6., - _é (8,, (S*~R?* - 2RS9,,, ) ] sinRnsinhsn e (225)
sin——

m mn 2
+ [(—2—)9

WIm

U
CT; (8,,,2RS + 0,,,,(S2-R%)] cosRncoshSn




31

13 Contribution of W (€,1) to the slope along edge E=0 of the cantilever plate.

cuse |

9
F)W[l = £ (/7 cosh B, eg. SOS%T (2.26)
—’f £=0) m —2“ Im —m;— ISMW
case 2
an] = E (" cosh f,n N cosh y,M (2.27)
g 0 "B | Do g, T sy,
case 3
oW : . (2.28)
-a—El|g.n = Em(_’_"zﬂ) { 8;,, SinR7sinhSn + O, cosRncoshSh }

! Contribution of the second building block, W,(&,n) to bending moment along edge n=1

of the cantilever plate.

respectively

[ty - v, 9°Bu]

Efl
+
[(nm)* - v,47B.]

Eﬂ
+

\

Using Eq. 2.18, for each nth term of the three cases of solution

o sinhf £
1a costh | oo {2.29)
s siny £ s
[(nﬂ) + D.rq)lY:] el3n
cosy, |
0 sinhB,§
2 Soshp, LCUW (230)
sinh -
(rm)? = o g2] 8, S
coshy, ‘




5 [(mn) - v (8, (S2-R?) - 2RS0,,,) ] sinREcashSE N (2.31)
" 4 [(m) - vo* (0,,2RS + @, (S2-R?) ) | cosREsinhsg |
22 Contribution of W,(E,1) to bending moment along edge E=1 for case [,2.3 respectively,
v sinhf3
. _*(nm 2 0 n
1 [ ﬁn q)z(n )] 1ln COShB“ , (2.32)
E o COSAT
n v siny
[ 2oy 8y, —
$? cosy,
)
v sinhp
_n? y 2 n
J [-B. + E?(mt)] 0,.. CoshB | (2.33)
E, " sinhy cOsSnTN
[ 2R 6, ——
L ? coshy,
v
[ - (8,,(S*-R? - 2R§6,,,) + —(nm)* ] sinRcoshS
E - 0 v COSATY (2.34)
+ [ -(8,,2RS + 6,, (S*-R? ) + 2(nw)* ] cosRsinhS
¢2
23 Contribution of W,(E) to the slope along edge £=0 for three cases,
oW, B , (2.35)
—|, = E s +0 i cosn
Fl3 50 = £1 | Ou coshB, ™" cosy, ™
W, B y (2.36)
—leg = 0 T _+0 i cosn
13 g0 = B | Oz cosh, " coshy, i



)
LS8

oW,
"")Eilﬁ-" = E, { 853, + 8y, 5} cosnmn (2.37)
¢

1 Contribution of the third building block, W,(€,1) to bending moment along edge n=1.

Using Eq. 2.18, for each pth term of this solution the results of case 1,2,3 are respectively

I [(m)* - v9°B;] 6,,,coshB (1 - &) (2.38)
Er" 2 COspT
+ [Em? + v o™l 8, cosy(l - &)
z _ 22 ~(Q -

E | [pm)* - v 9°B] Bzzpcc;shﬁp(l &) cospm (2.39)

"1 +  [(pm)y - qu)"f,,] 8,;,coshy (1 - &)
g | [0m8y, - 00 @ (S7-R?) - 2RSB,,) ] sink(l ~£)sinhS(1 -£) (2.40)

P |+ [y, - 09 (B,,2RS +6,,, (S2~R?)] cosR(1 ~E)coshS(1 ~E) cospR

32 Contribution of W,(E,N) to bending moment along edge &=1.

v v (2.41)

E, |1-B; + E;.(,mc)zl 8y, * (7 + T‘p_;()m:)Z] 8., [ cospmn
v v (2.42)

E, < [-B; + -(p—;(ﬁﬂ)z] 8, + I -’Yl,, + F:(pﬂ:)z] 8, | cospmm
(2.43)

v
E, 1[ ~(8,,2RS + 8,,, (S*-R?) ) + F;(pﬂ?)zea”p 1 { cospmn
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33 Contribution of W,(E,n) to the slope along edge &=0.

aw. _ _

—a_E-F'g:U = EF { -e“!’BPSlnhB!‘ + ellp 'Ypﬁln'\fp } COSPTN (244)
W, ... = E_{ -8,, BsinhB - 8, ysinhy 1} cos (2.43)

_“a? g=0 T { 22p Fp” r 23;?711”\ Yp } "’Obpm g
ow, -(8,,R + §8,;, JcosRsinhS (2.46)
ot oo = B, + (=80, + 0, R)sinRcoshS cospTN

[t should be noted that the bracketed terms in three above expressions equal to -1 since
the slope must be equal to the enforcing slope.
I. Along edge n=1 of the cantilever plate, the net contributions of the three building

blocks to the bending moment must be zero in order to satisfy the free edge condition. One can

write,
2.19 2.29 2.38

Equation 2.20 +  Eguation 2.30 +  Equation 239( = 0 (247)
2.21 2.31 40

Since the net effect must satisfy the boundary condition of zero net moment along the
plate edge =1, the Fourier coefficients in all of the moment expressions of Eg. 2.47 must be
constrained. Reexamination of Eq. 2.47 shows that its first term (Eq. 2.19 - 2.21) involves
trigonometric functions sin(mn&/2). Now once the second and third term of Eq. 2.47 are
expanded in the same type of series, then the constraint that the sum of the coetficients equalling

zero is readily imposed. For each term, the expansion is carried out as follows:

f& =Y A, sin"%5
mwl3 2

(2.48)

A =2 f AE) sin ”‘;"3 d
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For better insight into the idea of constraint under study, consider the moment along edge

N=1 as a series of analytical functions of Eq. 2.47; for any mth term

M b? mmk,

= {Emcm‘“i“-—j—} HE @) + Efy(B) 4t + {E 1 f,u(B) + EfyE)+.....}

aDy

Where C,,, £,(E), f(E) are coefficients of the three terms of Equation 2.47 respectively.

Expand the above equation using Eq. 2.48 and set moment equal zero, resulting in

1 1
(E,C,) 2B, [fu @sinZ2)d + 2E, [£,@sin("T)E + ...
0 i+

! 1
+ {2E ffm (ﬁ)sin(m;'&')dé, + 2E, f fz(g)sin(m;t&)dﬁ .1 =0
0 0

This is a homogeneous algebraic equation relating E, E,, and E, together. If k terms are
used in the moment expansion, then this equation would allow k linear homogeneous equations

to be written.

[I. Focusing on the edge E=1 of the plate, the combined bending moment contributions

must be set to zero to satisfy the free edge condition.

2.23 32 41

Equation 2.24( + Equation 2.33( + Eguation 2.42{ = 0 (2.49)

2.25 34 43

Equations 2.32-2.34 and 2.41-2.43 involve cosine functions cos(nzn) and cos(pnn), note
that the two functions are identical since n = p =0, I, 2.... Equations 2.23-2.25 then have to be
expanded in the same type of cosine series. The coefficients are obtained by multiplying the

expressions by 2cos(nwn) and integrating from 0 to 1.



a6

fm) = ¥ A, cos(amn)

=01

1
fﬂﬂ) dn forn =0 (2.50)
0

A =

n

1
2fﬂn) cos(nm) dn n#0
[+

[11. The contributions to the slope along the clamp edge of the plate £=0 must also be set

to zero
2.26 35 5 44

Equation 2.27( + Equation 236 + Equation 245 = 0 (2.51)
28 2.37 46

Following the same reasoning as before, the first term of Eq. 2.51 involve cosing function.
Eq. 2.26-2.28 expressions are multiplied by 2cos(nmm) and integrated from O to L.

If k terms are used in each series, Equations 2.47, 2.49, and 2.51 in their properly
expanded form produce 3k homogeneous algebraic equations relating 3k unknown coefficients
E,’s, E’s, and E;’s. A matrix is then generated by the computer. Figure 2.6 is a simple
representation of an eigenvalue matrix of 3 terms. As indicated in the figure, the first three rows
of this matrix result from enforcing the requirement of zero net bending moment along edge n=1,
the second three rows from the zero moment condition at the edge £=1, and the last three arise
from the condition of zero net slope on edge £=0. By trial and error, a value of A% is entered into
the coefficient matrix and its determinant is established, a determinant of zero indicates that a

nontrivial solution exists for E’s, E;’s, and E,’s and hence the associated A? is an eigenvalue.
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Figure 2.6  Eigenvalue Matrix used in the analysis of the Symmetric Modes of the Orthotropic
Cantilever Plate

The segments of the matrix are referred to by pairs of numbers (x,y), the elements within

each are as follows:

Segment (1,1)

A (MH'l m2+l) = Eguation 2.19 or 220 or 22|
form =1, 3,5 ... , 2k-1

Segment (1,2)

A (""21 Jktn+l) = 2J.{Equanon 2.29 or 2.30 or 2.31} smmmi dt,
forn=20,1,2, ... , k-1




Rh

Segment (1,3)

A (”‘2*‘ 2kwp+1) = 2 [{Equation 238 or 239 or 240} sin "'fﬁ dE
for p =0, 1, 2, i, k-1

Segment (2,1)

A (kens1, ]
7]

forn =0, 1,2,......... k=1 7 m=1,3,5,.,2k-1

) = 2J'{Equation 2.23 or 2.24 or 2.25} cosarndn

Segment (2,2)

A (k+n+l,k+n+1) = Equation 2.32 or 233 or 234
forn = 0,1,2, ..k

Segment (2,3)

A (k+p+1,k+p+1) = Equation2.41 or 242 or 243
ﬂ)r p = 0;1,2, --------- ,k"'l

Segment (3,1)

A (2k+n+l,m2+1) = 2I{Equaticm 226 or 227 or 228} cosnmn dn

ﬁ)r h = 0,[,2, ......... ,k"l , m= lg315;---v2k-l

Segment (3,2)
A Qk+n+l,k+n+l) = Equation 235 or 236 or 2.37
for n = 0,1,2,........ k-1
Segment (3,3)

A (2k+p+12k+p+l) = -l
Jor p = 0,1,2,...k -1

The above information is fed into the computer program | of Appendix A to generate
eigenvalues for the first four modes and their appropriate mode shapes. The results are tabulated

and discussed in the section 2.3. The antisymmetric modes are next examined.



2.2 ANTISYMMETRIC MODES

The procedures followed in the analysis of antisymmetric modes are the same as those carried
out in the case of symmetric modes. Only half of the full plate needs to be considered as shown
in Figure 2.7. Three building blocks are required with their appropriate boundary conditions.
The main difference between these blocks and those in symmetric analysis is that along edge n=0
simple supports are enforced instead of slip shear conditions due to antisymmetric with respect
to the E-axis.

2.2.1 Solution of the first building block

The first building block employs simple support boundaries along the edges £=0, and n=0; and
slip shear condition imposed on edge €=1. The prescribed slope which varies cyclicly with time
at the sume frequency as the plate vibration is enforced along the free edge n=1. The Lévy type

solution for this block can be written as

W) = ¥ y(n)sm""‘“‘E (2.52)
m=1,35

Substitute (2.52) into the GDE in order to obtain expressions for Y,(n) (Eq. 1.25 - 27), the
symmetric terms are deleted so simple support condition @ M=0 is satisfied. By enforcing the
condition of zero vertical edge reaction along the edge 1=l (Equation 1.15) and the harmonic

slope, the solution can therefore be expressed as (derivation is found in Appendix A):

e
E Em {allmﬁnh an + Blgmsin Y,,,TI} Sin'mjz'r'g
m=13
+
W(En) = 2 E, 8,,sioh B, n + 0, sinh y_n) sinm;E (2.53)
k®42
or

mnt

E, [9;;,sinRncoshSn + 6,,, cosRnsinhSn] sin—— >



o
AR

Figure 2.7

5.8
5| WEn) o
[atatalalalatAnalalale
NN
* aw/an
n
+
3.8
E x
al  Wy(Em) C‘)%
qy
<h
Qo [4p]
'
+
3.8.
5
&
41 Wa(E!TI) °°
b
(g P g
n

40

Building Blocks utilized in analyzing the free vibration antisymmetric modes of
the orthotropic cantilever plate
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2.2.2 Solution of the second building block
Examination of building block #2 reveals that it is exactly identical to the first building block
with the coordinates & and 1 interchanged. Therefore, the solution for this building block is
derived from the solution of section 2.2.1 by following the transformation rules - multiply
eigenvalue A? by ¢? and change @ into 1/g. Subscript m is replaced with n to distinguish the
salution from that of the first building block. In addition, the moment imposed along edge =1
is expanded with respect to 1. Accordingly, the solution is

£

n§3 E, 0,,sinh B,§ + By,sin v,8) Sml‘l;ﬂ

+

WZ(E,TI) = E En {GZZ“Sinh ﬂnE + ezsnsinh YHE} Sin-’—l-;—n (254)
k*+2

or
E, [8,,sinREcoshSE + 8,,, cosREsinhSE] sinﬂgﬂ

2.2.3 Solution of the third building block

E E 3.5, E

e e 33333339%%— 4 —
(9 p]
(e

block (8)  °° block (&) °[° B W, (Em) op

“ (8) = 4 —— &P CASL

(alatalalslatalatalala [«] |2 =]

I pv RV IV RV FURV RV E U Y 5 5

| / ]

" - n

Figure 2.8 Intermediate blocks used in the solution of building block #3
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The task of finding the third building block solution is made easier by using intermediate

blocks which resemble those used previously. Firstly, building block (a) of Figure 2.8 is solved,
then by changing variable 7 into (1-n) leads to solution for block (b). Finally, the required third
block solution is obtained by interchanging the & and 1 coordinates and tollowing all the
transformation rules. Appendix A contains all solutions of these blocks, only the final solution

is given here

.
Y E, 8,,coshp,(1-E) + By, cosy,(l -~ E)} smi’_"_‘zﬂ

p=135
+
WyEn) = Y E, ©,,coshP,(1 - E) + 8,5, coshy,(1 - D)} sin-p%:]— (2.55)
k*4+2
or
eSSpSinR(l - E)SiﬂhS(]. - E) + . pTn
E,{ 8435, CosR(L - E)ooshS(L - gy SN

2.2.4 GENERATION OF EIGENVALUE MATRIX FOR ANTISYMMETRIC MODES
Now that the solutions for each building biock of Figure 2.7, Equations 2.53, 2.54, and 2.55 are
found, the next step is to superimpose these solutions and adjust their unknown coefficients so
the prescribed boundary conditions of the orthotropic cantilever plate are satisfied so an
eigenvalue matrix could be generated. This section will describe such procedures. Examination
of the contributions of individual block to the final constrained boundary conditions must first

be done.

11 Contribution of the first building block, W,(€,n) to bending moment along edge 1=
of the cantilever plate. By using Equation 2.56, performing the necessary differentiations and

collecting terms yields Equations 2.57, 2.58, 2.59 for each mth term
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2
M,b = - FWEN) |, | g2 FWE ) (2.56)
aD, " 3n? ¥ 9E?
y |
cuse |
(w0} E) - B2] 6, sinhp 2
X "'"2_ m 11m m }nn& ( .57)

E e sin
+ [Uzq)z(_z') + ﬁ'] el‘l'hrl"‘;in‘ynn

case 2
2
[0 oA 2E) - Bi) 8,,,sinhp, (2.58)
£ 2 ] sin mn,
+ [uxqf(’"T") - ] 8,, sinhy,
mr.* .
- (B, (82-R? - 2RS8,,) - 0.4 ZT) B,,] sinRooshS - 2.59)

E sin

m

- 1(6,,,2RS + @

333m

Z
(S2-R?) - uxtbz(an) 0,,, ] cosRsinhS

12 Contribution of W (E,1) to bending moment along edge =1 of the cantilever plate.

Using Equation 2.60, The followings are obtained for the three cases respectively:

M o= - FWE) | Y FWEN) (2.60)
p, *! L Ak

2 Q]
(55 - =2B7) ©,,5inhB,n
¢ mm (2.61)

E sin——

m

mre?2 .
+ [(—2—) + E—;-Y:.] 9,,,sinY,Mn



MR
Se—

: v
[(ﬂ) - F;Bfﬂ] ellaIISinhBrnn

: v
+ [(L"ZE) - ?;an] 0,,, Sinhy, M

mn 29 _Y 6. (S:-R? 0 i “e
[(==) 8y, = = (85, (S*=R?) - 2R58,,, ) | sinkn coshSn
E ? ¢ sin1T

e 2 v
+ [(-’—?) 9333m B E% (933m2RS * 9333,"(5'2—R"))] cosRn sinhSn

13 Contribution of W (E,n) to the slope along edge £=0 of cantilever plate.

oW mr : .
_§§—1|§=° = E,,,(—-z—) {0, sinh B0 + 8, sinyn}

oW mi
"_a?llﬁﬂl = Em(_"')

5 [ 8, sinh BN + 8, sinh vn }

ow
agl leso = E,,,(’—n;-) { 0y, sinRn coshSn + B,,, cosRn sinhST| }
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{2.62)

{2.63)

(2.64)

(2.65)

(2.66)

1 Contribution of the second building block, W,(E,n) to bending moment along edge n=1

of the cantilever plate. Using Eq. 2.56, for each nth term of this solution,

[(n—n')z - .qu)ZB:] ellnSinhBﬂé
2 . NN
E,t y . sm_2
R v 0% 8, siny,§

(2.67)



E

”n

En

<
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AT .2 _ 2n? o .
(5= = 'R 6y, sinhBE o (2.68)
, sin—
" [(”_2") - v,0%]] 8, sinhyE 2
nm .t _ 2 2_p2y _ o
[ (__2_) v4? (0,,(S-R% - 2RS6,,,) ] sinREcoshSE o (2.69)

2
[(-’gi) B U-‘q}z (8;,2RS + 93.3,3“(S2—R %) ) ] cosREsinhSE

22 Contribution of W,(E1) to bending moment along edge £=1. Equation 2.60 provides

2 Uy nm : ]
B —) 1 6,,,sinhf},
(6, + )] Bysinp o (2.70)
V. pnr.t .
+ [ ’an + F;(T) ] eanSlnYn
_a? Uy nt 2 e sinh
[-B} + (=) Oy, sinhB, G T 2.71)

+ [+ %(.’;E)z] 8,,, sinhy,

0. (S?-R?) - 2RS6..) + (™)’ | sinRcoshS 11
_ 2 py . g .
[ - (8, 333n 02 L n 2.72)

YV, nm.? .
+ [ -(6,,2RS + 9333H(SZ-R By o+ é(T) ] cosRsinh$
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23 Contribution of W,(E,n) to the slope along edge &=0.

oW, .
gl = En { Bun B+ B Y, ) sin 2.73)
ow, . |
Tﬁilz}ﬂ] = En { 622:1 Bn + 923" ‘Yn } sin 7‘;‘] (2.74)
ow. .

_é'f;i'&w =E {6,R +0,,5 } Sln_TTm. (2.75)

31 Contribution of the third building block, W,(E,n) to bending moment along edge n=1.

Equation 2.56 provides, for each pth term of this solution

Py 2 -
[(_i-)2 v 9*3;] 6, coshB (L - E) pm (2.76)
EP . 5 SI—

o vl 00 -

TC
[(%_ P - U.JPZB:] 8,,,coshB (1 - &) . pm 277
E 2 sins .
+ [(pT) - ugq;‘yf,] 8y, coshy (1 - E)

[(5’21)29”,, - v0? (0,,,(S2-R? - 2RS6,,,) ] sinR(1-B)sinhS(1-8) |
E sin—
g [(%‘.)293 - 047 (B,,2RS +8,,, (S -R )] cosR(1 ~E)coshS(] &)

A3p 333p

(2.78}
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42 Contribution of W,(&,n) to bending moment along edge =1, Using Eq. 2.60

¢ v 2
E -8 + o ( )2] + [+ _q_);.(.%f)} G sm%’l
E, 1B+ hergd )2] N et )19 sin 2T
" q) r ¢2 23p 5
(
¢
E, | -(6,,2RS +8,,(S*-R?) ) + "qT( mp] qm%‘l
33 Contribution of W,(E.n) to the slope along edge E=0.
ow.
- a'EB |§10 =- E;:Slnpm
oW.
__3|E’=0 =-E smpm]
d§
oW,
_3|5,U =-E \mﬂn_
3 2

(2.79)

(2.80)

(2.81)

(2.82)

(2.83)

(2.84)

I. Along edge n=1 of the cantilever plate, the net contributions of the three building

blocks to the bending moment must be zero in order to satisfy the free edge condition. One can

write,

57 2.67 76

Equation 2.58 +  Equation 12,68 +  Egquation 2.77( =

.59 .69 78

(2.85)

The second and third term of Eq. 2.85 must be expanded in the series sin(mn&/2).
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I1. Focusing on the edge E=1 of the plate, the combined bending moment contributions

must be set to zero to satisfy the tree edge condition.

2.61 2.70 2.79
, . . . {2.86)
Equation 12.62 +  Eguation .71 +  Equation 2807 = 0

2.63 2.72 2.81

The first term of Eq. 2.86 has to be expanded in the series sin(nmn/2).

[TI. The contributions to the slope along the clamp edge of the plate £=0 is

.64 73 2.82
. . . " (2.87}
Equation 2.65 +  Equation .74 +  Equation .83 = 0
2.66 2.75 .84

The first term of Eq. 2.87 is multiplied by 2sin(nmt/2) and integrated from 0 to 1.

The matrix relating unknown coefficients E;’s, E’s, and E,’s is similar to that in Figure
2.6 for the symmetric mode analysis except that m = 1,3,5. A matrix is then generated by the

computer.

The segments of the matrix are as follows:

Segment (1,1)

A (m;l,mgl) = Equation2.57 or 2.58 or 2.59
form=1,3,5, ...... , 2k-1

Segment (1,2)
A (’"*‘ ”*1 k) = 2quuauon 2.67 or 2.68 or 2.69) smmn& dE

farmandn=l 3,5 e , 2k-1
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Segment (1,3)

|
A (”’2’" ,”;‘ +2k) =2 f { Equation 2.76 or 2.77 or 278} sin "’;‘g dE
U

for m and p =1,3, 5, ... , 2k-1

Segment (2,1)

1
A (";' +k, ”’2’”) =2 f ( Equation 2.61 or 2.62 or 2.63} sin@.cm
Q

for m and n = 1,3,5,........2k -1

Segment (2,2)

A (n+l +k,"+l
2

+k) = Equation 270 or 271 or 272
for n = 1,3,5,........ J2k-1

Segment (2,3)

A (p;l +k,p;1 +2k) = Equation 2.79 or 2.80 or 2.8l
for p = 1,3,5,......... ,2k-1

Segment (3,1)

1
A
=

1
+2k,”‘T*1) = 2 [(Bquation 2.64 or 2.65 or 2.66) sin.."_z_n an
[1}

for m and n = 1,3,5,...,2k-1

Segment (3,2)

A (n+l +2k,n*-l
2 2

+k) = Equation 2.73 or 274 or 275
Jor n = 1,3,5,........ ,2k=1
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Segment (3,3}

A (
forp = 1,3,5, ... 2k-1

PHL ook Py = -1
3 3

The above information is fed into a specially written computer program to generate
eigenvalues for the first four modes and their appropriate mode shapes. The results are tabulated

and discussed in the next section,
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2.3 RESULTS AND DISCUSSION

In summary, as a result of the prescribed boundary conditions, the superposition allows a set of
3k homogeneous algebraic equations relating the 3k unknown coefficients E.’s, E,’s, and E's.
The eigenvalues for the orthotrapic cantilever piates are determined by the following procedure.,

I. A trial value is selected for the parameter A2, this must be small enough so the first
mode eigenvalue could be found.

2. By substituting this value into the expressions developed, the matrix is generated.

3. The determinant of the matrix is evaluated and stored.

4, The trial value is increased by a specified increment (typically 0.1) and steps
| to 3 are repeated until the determinant undergoes a sign change ie. zero crossing.
The eigenvalue is then obtained by reducing the increment to make the determinant
vanish, the associated A? is the eigenvalue. The procedure can be repeated for higher
eigenvalues.

5. Coefficients E,’s, E;'s, and E’s are then solved by arbitrarily setting one of them to
unity; it is customary to set the last coefficient of the matrix to unity. Then the
remaining 3k-1 non-homogeneous equations are solved using the standard elimination
technique.

6. W, (En), W,(Em), Wo(En) are determined using the computed E.’s, E;’s, and E's
values. Hence the mode shape, W(E,n)= W, + W, +W,, associated with the A?
eigenvalue is found.

An eigenvalue search was conducted for the orthotropic cantilever plate using a specially
designed computer program. The results are tabulated in Appendix B. The eigenvalues were
computed to four significant digit accuracy. In order to achieve this kind of accuracy, the
number of terms k, used in each of the Fourier series involved in the solution, must be
determined. Convergence tests were conducted as shown in Figure 2.9 and 2.10. Inspection of
these figures show that four digit accuracy in the eigenvalues is achieved with 8 or more terms;
computation of eigenvalues was carried out with 15 terms to insure the required accuracy. In
order to save computer running time , the preliminary computer runs (steps 1-3 in the procedure)

were performed with 8 terms and the final passes (step 4) utilized 15 terms.
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Figure 2.9 Convergence test (antisymmetric mode DHY=0.5, DHX=0.5)
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Figure 2.10 Convergence test (antisymmetric mode DHY=0.5, DHX=(.5)
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Tables Bl.l - BI.25 contains eigenvalues for the first four symmetric modes of the
orthotropic cantilever plates. These eigenvalue tables covered a wide range of aspect ratios,
#(bfa)=0.25 to 1.5 (full plate @=2b/a), the material constants DHY and DHX ranges from 0.5 to
2.0. Tables B2.1 - B2.25 includes eigenvalues for the first four antisymmetric modes with the
same plate geometry range and material constants.

Even though the analysis is valid for any combination of plate geometries and material
properties, it is impossible to cover all orthotropic materials so it was decided to restrict
eigenvalue compilation to a particular subset of these problems. Timoshenko [3] and Szilard [4)
point out that H can be approximated to be v D,D,, this approximation is most closely applied
to thin reinforced concrete, and the product v,v, is defined as v v,0,=0.333. It should be pointed
out that the accuracy of the analysis of orthotropic plates depends, to a large extent, on the
expressions used for the sectional properties, direct tests if possible, should be applied to

determine the actval flexural and torsional rigidities.

Since the analysis of orthotropic cantilever plates, to the author’s knowledge, has never
been performed by other researchers, no published data are available for comparisen in the
accuracy of results, However, for a special case of orthotropy DHY=1.0 and DHX=1.0 -
isotropic case, the problem was solved by Gorman [1] and Saliba {2]. The results were found
to be identical with those in [!] and [2], insignificant differences in some of the higher modes
are due to computational errors and/or difference in the number of terms used. The agreement
increases confidence in the method of analysis.

Researchers and designers not only appreciate the vast number of eigenvalue tables
included but also how the results could be envisioned. Pictorial representation can provide an
intuitive understanding of data and points out specific behavioural patterns which are almost
impossible to discover in numerical information. Figures B1.1 - B1.10 in Appendix B include
the first four mode shapes and associated contour plots for symmetric case. The plots associate
with square plates with full aspect ratio of one (2¢=1} and various levels of orthotropy (DHY and
DHX=0.5, 1.0, and 2.0). Similarly, Figure B2.1 - B2.10 are plots of the antisymmetric case. It
is observed that the lower the directional rigidity (high values of DHY or DHX, note that

DHY=H/D,) is, the more the plate tends to "curve” in that direction. For instance, a low value
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of DHY (0.5) and a high value of DHX (2.0) - Figure B1.3 shows that the cantilever plate acts
almost as a cantilever beam ie. very little deflection in the y-direction; this can be compared with
Figure B1.7 for the opposite case of DHY=2.0 and DHX=0.5, These figures confirm the validity
of results, in other words the 3-D plots disclose that the boundary & continuity conditions are
satisfied and whether symmetry or antisymmetry are revealed. These mode shapes and contour
pictures also enable the analysts to locate the areas of a plate, when vibrating in a specitic mode,
that most likely to undergo high displacement and bending stresses.

The analysis of orthotropic cantilever plates using the method of superposition is now

completed. Attention is next turned to analysing the plates with internal point supposts.



Chapter 3

Orthotropic Cantilever Plate
With Lateral Point Supports

Free vibration analysis of orthotropic cantilever plate was fully carried out in Chapter 2. In this
chapter, internal supports are introduced to the plate as shown in Figure 3.1. The point supports
are symmetric with respect to the £ axis and take on coordinates of u and v where lateral
movement of the plate is forbidden. There now exists two conditions that must be satisfied to
ensure solutions of the Lévy type are obtainable and also that the method of superposition is
applicable:

* The governing differential equation for orthotropic plates is satisfied.

o The lateral loadings - due to point supports and imposed boundary conditions do nat

present any nonlinearities into the analysis.

When the plate is assumed to vibrate in one of its vibration modes with circular frequency
. then the lateral movion at the fixed point support (u,v) must be restrained by an opposing time
varying force, represented as Psinwt where P is the amplitude of the harmonic force. Solution
of this type of lateral loading is presented in Ref. [1]. As before, the examination of vibration
modes will be divided into two families - Symmetric and Antisymmetric. Due to symmetry of

the puint supports only half of the plate is analysed.

55
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Figure 3.1 Cantilever Plate with Point Supports

3.1 SYMMETRIC MODES

The building blocks used in the analysis of symmetric family of modes are shown in Figure 3.2.
The first three blocks are identical to those employed in Chapter 2.1 whose solutions are already
developed. The fourth building block is the additional one to represent the forcing condition.
This block is divided into two segments 1 and I, division line between segments is parallel to
the & axis at 1) = v as shown in Figure 3-3; in addition, it should be noted that each segment has

its own coordinate system.

SOLUTION OF THE FOURTH BUILDING Bi.OCK:

This building block was used by Saliba [Ref.2] in his analysis of isotropic cantilever plate with
point supports. A similar bloek was also used by Gorman [Ref.1] in the analysis of symmetric
E - antisymmetric 1 axis for rectangular plate with symmetrically distributed point supports.
Although parts of the solution are readily available, it is necessary to develop a complete solution

for the orthotropic case.
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With respect to the boundary conditions, the Lévy-type solution may be written for each

segment as follows (subscripts 1,2 refer to solutions applicable to segment I and II respectively):

Segment I y
{a,, cosh + B, cos Yn sinfmE
m-zl,l lm an 1m ’Y T] T
3+
Wy (&M = Y {a,, cosh B,n ~ B,, cosh 1,0 sin%é (3.1
kT2
or
{4, sinRmsinhsn + B,, cosRn coshsnl sin.fm_z_e’
and for segment I: "
{c, cosh p.n + D, cos vnl sin M5
m-El.':‘ Lm B A lm Tad ——2—
o+
Wip (E,M) = Y {c,, cosh Bn + D,, cosh ¥,n sin_“_”zté (3.2)
kte2
or
{c,, sinRmsinhsn = D,, cosRn cosh s} sinimz.é

Where B, Yo, R, and S are defined as in Chapter I. The concentrated force is represented as

P(E) =ZP‘sinImzm'ls:’.nm;:g (3.3)
1,3
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The four unknowns A_, B, C,. and D,, can be determined by enforcing the conditions

of continuity and force equilibrium along the segment division line. The continuvity conditions
ure:

{. The plate displacement must be continuous across the boundary between

the two segments.

v, (M)

v = Y2 (M) e (3.4)

2. The slope of the plate taken in the direction normal to the boundary must

be continuous.

dy, (n) o dy,(n) (3.5)
—g— e = T ‘
3. The bending moment M, across the boundary must also be continuous.
d¥y, (m) . dfy,(m) (3.6)
T Nav d_n n=v

4. There must be an equilibrium force balance between the applied force
P'sinet and the vertical edge reactions taken along the edges of the plate
segments along the boundary.

d*y, (m) d’y,(n)

T N=v + -—"—&—n—r— -n.vl = P‘Slnmﬁu

(3.7)
where v'=2-v and P* = -2Pb¥/D,a’

The right hand side of the fourth condition constitutes the series expansion for the Dirac
function representing the driving force amplitude imparted by the point support. A detailed
description of the development of these condition can be found in Ref.[1].

Now it is necessary to enforce the above four conditions. Three sets of equations can
then be obtained so the four unknowns could be solved simultaneously. Due to the complexity

of the equations involved, it is best not to solve for A, By, Cp, and D, symbolically but rather
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solving them numerically whenever required using the usual Gaussian-elimination computer

subroutine. By substituting Equations 3.1 and 3.2 into each of the continuity conditions, the
results are:

Casc | - for z>0 and (Vz+0,)20

ALmCOSthV“'- BLITICOSYIIIV_ ClmCOSthxv. - DmCOS'YmV' = 0
A, B,sinhB,v-B,Y,siny,v-C B,sinhB,v*-D,Yy,siny,v* = O

2 2 2 2
A, BacoshP,v-B,,Y.cosY,v— C,BicoshP,v* +D,,YscosY,v"*

= 0
A Bisinhp,v+ B, Yasiny,v+ ¢, BisinhP,v* =D Yasiny, vt = P's inimzﬁ
Case 2 - for z>0 and (Vz+a,,)<0
A, coshf,v+ B, coshy,v-C,,coshf v - D, coshy,v’ = 0
A, B8,sinhp,v+B,,Y,sinhy,v-CyB,sinhf v* - D, ¥,sinhy,v* = 0
A, BicoshP,v+ B, yicoshy,v-C,Bicoshp,v* - D, Yacoshy,v' = 0
A, BisinhP,v« B, Yasinhy,v+C,Basinhp, v* + D, Yasinhy, v = P's in.’%ﬂ

Case 3 - for z<0

Ay, = By, = Cpxy = Dyx, = 0

AyXs + By, + CyXq + Dy, =0
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A’!mx‘i - B‘!mxio - C’!mxll - D]mxlz = O

. mnu
A, = Byxyy ~ G

— L] 3
wXis © PyX,, = P'sin

]

Where x; = x,, ure defined as:

x, = sinRv sinhSv
x, = cosRv coshSv
%, = sinRv*sinhSv’

x, = cosRv*coshsv'

x, = RcosRv sinhSv + SsinRv coshSv

x, = ~RsinRv coshSv + ScosRv sinhSv

X, = RcosRv*® sinhSv* + SsinRv* coshsSv*

x, = -RsinRv* coshSv*® = ScosRv*® sinhSv*

x, = [(S?*-R?) sinRv sinhSv + 2RScosRv coshsSv]

x,, = [{S*-R*) cosRv coshSv - 2RSsinRv sinhsSv)

x,, = [{5°-R?) sinRv* sinhSv* + 2RScosRv*® coshsv’]
x,, = [ (§*-R?) cosRv* coshSv*' - 2RSsinRv* sinhSv*]

X, = [R(35%*=R?) cosRv sinhSv + S($?-3R?) sinRv coshsv]
X, = [ $(5?~3R?) cosRv sinhSv - R(35%-R?) sinRv coshSv]
x,; = [R{38%-R?) cosRv* sinhSv* + S{§*-3R*) sinRv"® coshsv’]
X, = [ §{5°-3R?) cosRv* sinhSv* - R{38?-R?) sinRv" coshSv®]

The solution for the fourth building block is now complete. However, the contributions
of this block to the bending moment along edge £=1, and the slope along £=0, could be obtained
much easier by having another solution with intersegment line running parallel to the 1 axis, as
shown in Figure 3.4. This approach is not necessary but has been found to provide more rapid
convergence.

Solutions for the two segments of Figure 3.4 can be easily inferred from existing solutions
(Eq. 3.1 and 3.2) by interchanging & and 7 variables and following the already established

transformation rules. Furthermore, the quantities u and v are changed to u’ and v', the A, B,,
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Figure 3.4 Alternative representation of the fourth building block

C,. and D, coefficients must be divided by g¢* to leave unchanged the definition for P". The

solutions are represented in Equations 3.8 and 3.9.

for segment L:

k.
Y {a, sinh B,§ = B,, sin v, cosnmn

nud, 1
-+
i (Em) = = (3.8)
i (é Tl) Z {A2n Sinh BnEJ + BZn Sinh Yna} COSHT[T]
k4l

or
{a, sinREcoshsE + B,, cosRE sinhSE} cosnmn

and for segment II:

kl
3 {c,, cosh B,& = D, cos v,§} cosnmn
n=0, 1
L.
W . = & (2.9}
2 (5.1 Y {c,, cosh B,& = D,, cosh v,E} cosnmn

k*+l

oz
{c,, sinREsinhsE + D,, cosRE coshSE) cosnmn
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Where B,, ¥, R, and S are defined as in Chapter | with transformation rules applied to

each variable, The concentrated force is represented as

-] P‘
P(g) = COSMMUCOSIN
P PR :

Where &, = ]2_ 1f m=0

(3.10})

Now that the solutions of the final building block are fully developed, the next step is to

derive expressions for the contribution to the boundary conditions of the cantilever plate.

Contributions of the first three blocks are already in Chapter 2.1.4, only the contribution of the

fourth block is needed here.

1! Contribution of the fourth building block, W ,,(E,n) to bending moment along edge n=1

of the cantilever plate. By substituting Eq3.2 into the moment expression,

ab

¥ dn?

casel

0,02 (ZE)° - B2y - (0,07 (28
casel

2, I 2 _ A2 - 3, T
%bz [qu) (T) Bm] C'.!m [qu) (T

£
—ab. l'l'i casel

Using the following moment equation and Eq. 3.9,
M2 _ | ew(E, )

+

Enb_z. = BZW(E,H) + 2 aZW(E,II)
ln'l ux¢ BEZ

2
)+ ¥al Dy,

)© - 2] Dy,

2
- [(C,,(S%-R?) - 2RSD, ) - uxcp?(imf) c,,] sinRsinhs

v, FwE,n)

D, lem de? o }

2
- [(C,2RS + D, (§?-R?) - ux¢2(£”‘f) D,,] cosRcoshsS

' sin

(3.11)
12 Contribution of W,(E.n) to bending moment along edge &=1 of the cantilever plate.



64

casel .
[v,47(nm)? = B3] C,, + [v,03(nm)* = Vil Dy,
casel
Ma? (V.03 (nr)? - P2) C,, + (VM) - ¥;] D,
Ex‘iﬂ =Wcase3 y¢: il G 0,01t vl Ba cosnm
- [(C,,(S*-R?*) - 2RSD,,) =~ v,07(nn)3C,,] sinRsinhs
L - [(C,,2RS + D,,(5?=R?) - v07(nn)?D,,] cosRcoshs

(3.12)
13 Contribution of Equation 3.8, W,,(En) to the slope along edge £=0 of the plate.

,
casel
[Alan - BluTn]
oW, o = fcase? ’
Nl Es0 (4,8, + By,Ya) COSnIR
casel
[A'BHR * B'ins]
(3.13)
14 Contribution of Equation 3.1, W,,(£,1) to the displacement at E=u and 1=v
- mru
m;} {a, cosh B,v + B, cos y,v} sin——
+
Wy (.M =¥ {a, cosh B,v - B, cosh ¥, sinﬂnsz
k42
or
: . . miu
{4, sinRvsinhSv + B,, cosRv coshSi sin——
(3.14)

With the contribution expressions established, the eigenvalue matrix can be generated in
the same manner as described in Chapter 2.1.4. The same boundary conditions apply; that the

superimposed solutions should have zero net bending moment along edges E=1 and =1 and zero
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slope along the clamped edge. For the analysis of point supports, the coefficient matrix must
include one extra column to the right for the contribution of the fourth block, the matrix now
refates together quantities EEE and P" In addition, the matrix also has one added-on row
which satisfies the condition that there be zero net displacement of the superimposed blocks at

the point support location. Hence the size of the matrix is (3K+1,3K+1) if K terms are used.

The above information is fed into a specially written computer program. The eigenvalues
are obtained, as before by searching for those values of A* for which the determinant of the
coefficient matrix is zero. The corresponding mode shape data for each eigenvalue are obtained
by setting one of the unknowns equal to unity and solving for others. The results are discussed

in section 3.3.



GA
3.2 ANTISYMMETRIC MODES

The building blocks used in the analysis of antisymmetric family of modes are shown in Figure
3.5. The solutions for the first three blocks are already available in Chapter 2.2 and do not
require any further consideration here. The fourth building biock is the required additional one
to represent the forcing condition. This block is divided into two segments 1 and 11, division line

between segments is paralle! to the € axis at ) = v as shown in Figure 3.6; in addition, it should

be noted that each segment has its own cocrdinate system.

SOLUTION OF THE FOURTH BUILDING BLOCK:

This building block was used by Gorman {Ref.l] & Saliba [Ref.2] in their analysis of plates
with internal point supports. Although parts of the solution are readily available, it is necessary
to develop a complete solution for the orthotropic case.

With respect to the boundary conditions, the Lévy-type solution may be written for each
segment as follows (subscripts 1,2 refer to solutions applicable to segment 1 and [I respectively):

k
Y {a, sinh BN + B, sin yn} sin mn&

m=1,3 2
+
e . . . mm (3.15)
Wy, (€. m) kEQ {a,, sinh B,n - B,, sinh ymn! 51n_.2.§.
or
{a,, sinRncoshsn + B, cosRn sinhsm} sinim,{.r'i
and for segment II:
K* i mg
m§;3 {c,, cosh Bn + Dy, cos YN sin—2
+
- . IME (3.16)
Wea (8, M) kz’z {c,, cosh B,n + D,, cosh y,n} s:.n_z.é
or
{c,, sinRNsinhsn + D;, cosRn coshsnt sin_”%té

Where B, Y, R, and S are defined as in Chapter 1. The concentrated force is represented
as in Equation 3.3.
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Figure 3.6 Fourth building block divided into two segments

The four unknowns A, B,, C,. and D,, can be determined by enforcing the conditions
of continuity and force equilibrium along the segment division line. The continuity conditions
are the same as those described in the analysis of the symmetric modes. The continuity equations
can be obtained by substituting Equations 3.15 and 3.16 into Eq. 3.4 - 3.7, the resultant equations
are apparent therefore are not included here to avoid unnecessary repetition. Three sets of
equations allow the constants A, B, C,, and D,, to be solved numerically whenever required
using the usual Gaussian-elimination computer subroutine.

The solution for the fourth building block is now availabie. However, as in the analysis
for the symmetric modes, another solution of the fourth block is required with the partition line
running parallel to the n axis as shown in Figure 3.7.

Solutions for the two segments of Figure 3.7 can be derived from the solution of the black
in Figure 3.6 (Eq. 3.15 and 3.16) by interchanging £ and 7 variables and following the alreudy
established transformation rules, Furthermore, the subscript m is replaced by n, the quantities
u and v are changed to u” and v', the A_, B, C,, and D, coefficients must be divided by ¢ to
leave unchanged the definition for P'. The new solutions are represented in Equations 3.17 und
3.18.
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Figure 3.7 Alternative representation of the fourth building block

for segment I

B
E {Aln Slnh Bna * Bln Sin ’Yng} Sin nnn

e, L 2
e
. . . . nm (3.17)
Wy (5. M) ::Eu {a,, sinh B,& + B,, sinh 7} s:l.n_rTl
or
{a,, sinREcoshst + B,, cosRE sinhSE sinsztﬂ
and for segment I
= { nnmn
h D } si
n-ZD.I Cln cos Bng - In cos Yné Sln'T
+
=% . nm 1
Wiy (8,1 kzn {c,, cosh B,& + D,, cosh ¥, &} 51n_zﬂ (3.18)
or
{c,, sinREsinhsE + D, cosRE coshsSE) sinf_nfn.

Where B,. ¥, R, and S have the same definitions as in Chapter | with transformation rules

applied to each variable. The concentrated force as usual is expanded in the Dirac function form.
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As before, one can proceed to determine expressions for the contribution to the boundary

conditions of the cantilever plate. Contributions of the first three blocks are already in Chapter

2.1.4, only the contribution of the fourth block is needed here.

11 Contribution of the fourth building block, W,(§.1) to bending moment along edge n=1

of the cantilever plate. By substituting Eq3.16 into the moment expression,

M,b*
aD,

et =

¢

M l = - {M + U ¢2 azW(Er )
ab, =1 3n? x gE2
casel 1
2 2 \
(w02 (Z0)" - Bi) € + (0,07 (50) = ¥l D,
case?
g, m,? _ p2 L, I 2
[qu) (T) ﬁm] CEm + [qu) (—2—) Ym] Dgﬂ, LSin nmg
casel -
- [(C, (S*-R?) - 2RSD,,) - uxqﬂ(%"_)zcm] sinRsinhs
- [(C,2RS + D,,{5*~R?) - qu)z(_n;t_)sz] cosRcoshS
(3.19)

12 Contribution of W,,(£1) to bending moment along edge &=! of the cantilever plate.

Using the following moment equation and Eq3.18,

M.ad

4

D, s =

Ma | . {BZW(E.B) Yy i“!_(i'_lll}
D, 3> ¢* o’
casel :
[Uyq)zr(nn)z - Bi] Cln * [D}"bz‘r(nn)z * ‘Yj] Dl”
case?l ] z
(v, (an) ¢ = Bl G, + (V93 (nm)? - il Dy,
casel

- [ (G, (S*=-R*) - 2RS8D,,) - Uy¢2,(nn)2Cm] sinRsinhS

- {(C,,2RS - D,,(S*-R?) - v,7(nn)*D,,] cosRcoshs

’sinnnn

|

(3.20)

13 Contribution of Equation 3.17, W,,(E.n) to the slope along edge E=0 of the plate.
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casel
a [AlnBu - BIUYH}
W, _ fcase’ (o N
r]E4l | E;-“ - [AEHB” - Bz”’YH] Sln ._.n
casel
[A"MR - B?ns]
(3.21)
14 Contribution of Equation 3.15, W,,(€,1) to the displacement at £=u and n=v
. mv
{a,, sinh B,u = B, sin y,u sin
m;} 1 lm n "‘T
+
Wy (§.ml = S {a . sinh B,u + B,, sinh y,ul sin TV
F:Z:'Z 2 m 2 m T
or
{a,, sinRusinhSu + B,, cosRu coshSul sin_m_gl’
(3.22)

With the contribution expressions established, the eigenvalue matrix can be generated in
the same manner as described in Chapter 2.2.4. The same boundary conditions of a cantilever
plate apply. As in section 3.1, the size of coefficient matrix must contains one extra column and
one row to account for the contribution of the fourth block. The method to obtain the
eigenvalues and their corresponding mode shapes are the same, the procedures were implemented

into an in-house computer program.

Having carried out the necessary analysis using the method of superpasition, the results

produced from the computer programs are then examined in the next section.



3.3 RESULTS AND DISCUSSIONS

The eigenvalues for the orthotropic cantilever piates with point supports are determined using the
same procedure as that for plates without supports Chapter 2.3. A comprehensive set of results
is included in Appendix B. Tables B3.! - B3.5 contain eigenvalues of the symmetric case.
Convergence tests have shown that in order to achieve four significant digit accuracy, 25 or more
terms in the Fourier expansions must be used. The flexural rigidities DHY and DHX range from
0.5 to 2.0, the point supports are located at u=v=0.5 or u=v=0.75. Eigenvaiue Tables B4.1 - B4.5
are of the antisymmetric case for the same ranges of parameters. Overally, it was observed that
the eigenvalues (hence natural frequencies) increase for plates with point supports than of those
without, This was expected since the point supports act as additional constraints to the plates.
This effect is most noticeable for the first modes because the natural frequencies tend to small
and the displacements are the highest compared to other modes. The eigenvalues for the cases
of u=v=0.5 and u=v=0.75 only differ slightly, more significantly for the first mudcs.. Hence only
the cases of extreme ends in the rigidity range (For example, DHY=0.5 DHX=2.0) were
considered for both support positions. It would seem that the stiffening effects of point supports
are more pronounced as the supports move away from the clamped edge (u=v=0.75), however
the results do not verify this claim ie. the suspected trend in eigenvalues was undetectable. This
is probably due to overlapping effects of all the variables involved, especially the directional
rigidities or because the distance difference is small.

The associated mode shapes have been represented as three-dimensional plots of the
vibrating piates at their natural frequencies. Figures B3.1-12 of Appendix B show the first four
associated mode shapes and contour plots for the symmetric and antisymmetric cases. From
these pictorial representations, information is available on the areas of high displacements and
nodal lines of the plate. The mode shapes also confirm that the plate boundary and continuity
conditions are satisfied: the clamped edge is noted to have zero displacement, zero slope, and the
point supports locations have zero displacement. As observed earlier, the displucements for
plates with the presence of point supports are less significant because the natural frequencies are

higher.
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Conclusions

The free vibration analysis of orthotropic cantilever plates with internal point supports has been
solved using the method of superpostion. The solution was obtained by superimposing a number
of building blocks whose individual Lévy-type solutions are known, With the solutions made
available by enforcing necessary boundary conditions, an eigenvalue matrix could be generated.
The plate eigenvalues and mode shapes could then be determined using standard computer
techniques.

Eigenvalues, mode shapes and contour plots have been documented for both the
symmetric and antisymmetric modes of vibration. The plates studied cover a wide range of
aspect ratios and various degrees of flexural rigidities. All the computed eigenvalues are accurate
to four significant digits. In order to achieve this level of accuracy, fifteen terms were used in
the Fourier expansion in the solutions for plates without point supports; and for plates with point
supports, thirty terms were required. The mode shapes and contour plots showed that the
boundary and continuity conditions were satisfied to any desired degree of exactitude.

Review of literature revealed that highly accurate solutions for many plate vibration
problems were available but none has dealt directly with the problem of orthotropic cantilever
plates. Consequently no comparisons of results were made. However, for a special case of
orthotropy: isotropic, this specific problem has been solved by Gorman [1] and Saliba {2). The
results are in excellent agreement with those in Ref.[1] & [2], but this was expected since both
used the same superposition method. The analytical solution presented in this thesis may be
considered as an extension of the use of superposition method into the area of analysis of
orthotropic plates.

The results from this study are hoped to be of help to future researchers for comparison
of results whether they use the same technique or other analysis methods. In addition, the data
presented could enable design engincers to optimize their products in order to minimize the

dynamic excitation and hence extending the operating life of industrial structures.
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Appendix A

Development of Equations

This appendix contains full description of the steps used in

deriving expressions for the solutions in Chapter 2.

Al



A.1 Symmetric Modes

A.1.1 Solution of the first building block - Section 2.1.1

For Case | - Forz>0and Wz +o,) 20

Full development of solution for this case was already done as an example in Chapter
2.1.1

For Case 2 - forvz>0and Wz + o) €0

Using the shear force condition at n=1, Substitute the second summation of Eq.(2.2) into
Eqg. (2.3)

W,(En) = (A cosh B n + B_ cosh yn) sin_m;':_é

i‘;’ o = (A Busioh B+ B ¥ sinh 7)) sin "‘;‘5 (a)
W | o _(MPyia B sigh B - By, sinh y] sin/ ®)
m‘i‘in-l - (—i") [ am 51 m mim SI Y Sln_'z-"

(a) + (b) = 0, solve for B, in terms of A,

-B.(B- - ¢’( "] sinhp,
B =4 { )

Y0 - VNI )2] sinfry,

Ler ZZ1 = -B,[P% - ,¢2(_) )

zz2 =YY, - ¢’(_ )]



A3
Now B = 0, A,

ZZ] sinh@,

where 9, = W

o W(EN = A [cosh B,n + 0, coshyn) sinf_;fé

Next step is to impose distributed harmonic rotation (slope) at n=1, represented by the sine
series, substitute the above equation into the following

aw o . mnk
T = B

mwl 3,5

LHS = A_ [B,siahB, - 6,,7,sinhy,] sin mrs

RHS = E, sianng

Solve for A, in terms of E

Eﬂl
A =

" (B, + zz_"'ym] sinhf_
222

Ap, =% En

@, ﬂ.vm] sinhy,
zz2

1
Let 0, = o
[Bm + E.Ym]
z2z2
1 E zzl
923m=zz_—_:—_=_622m
w2 e Eyy &

EZ
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Now that the A, and B_ coefficients are solved in terms of the imposing rotational variable
E,.,0,, and 8,5, the final form of W, (case 2) is:

cosh B, n . cos 'Y,..ﬂ} sin"mE

W(n) = E0 —_—
W&m) = E,0p, sinhf O23m sinhy,, 2

Case 3 - z<0

Using the shear force condition at n=1, Substitute the third summation of Eq.(2.2) into
Eg. (2.3)

W,(En)= (A, sin Rn sinh $n + B_ cos Rn cosh S1 ) sinf%ﬁ

s A, [R, cosR sinh§ + R, sinR coshsS)
] w| _ . sin mné,

o7 ™ | B[R, cosk sinhS - R, sinR coshS]

Where
R, = R(3S? - RY)
R, = §(§7 - 3R%)
3 A, (RcosRsinh§ + SsinRcoshS) -
__w_2|“_] = -(Z%y + sin——=
anok 2" B (-RsinRcoshS + ScosRsinhS) 2

Therefore, the shear force expression is

val _{R, cosRsinhS + R, sinRcoshS}
= + - 0
bD, | B {R, cosRsinhS + R, sinRcoshs}



Where
R, =1[R - (I)z(_) K] R, =
Ry = IR, - u;qﬁ(ﬂ) Ky R, =
Now B,=8, A,
- R,cosRsinh§ - R, sinRcoshS
where 6,, =

R; cosRsinhS + R, sinRcoshsS

¢2(-—) S

R, -v ¢2(——-) R]

» W(EM) = A [sinRsinhS + 8, cosR coshS] sin—— 1:&

A5

Next step is to impose distributed harmonic rotation (slope) at 1=1, represented by the sine

series, substitute the above equation into this slope series

'|,,|_1 = E E_sin m;:z‘;

an m=l.3,5

(RcosRsinhS + SsinRcoshS)

LHS = A, * sinV15

g,, (ScosRsinh$ - RsinRcoshS)

RHS = E_ qm..m_;cé

Solve for A,, in terms of E,

A, =0, E,
where

1
4] =

Vim

Let O

13m = O3 O

Now that the A, and B, coefficients are solved in terms of the imposing rotational variable E

the final form of W, (case 3) is:

{(RcosRsinhS + §sinRcosh§)+8, (ScosRsinhS - RsinRcoshsS) }



AbH

W(E) = E,, [8y,sinRsinhS + 0, cosR coshS] m"'T“E

A.1.2 Solution of the second building block

o
Y, A, sinhBn + B, siny,n cosmng

m=0,1,2

+
W,En) = Y {4, silhBn + B, sinhy,n} cosmnt,

k42

or
{4 sinRncosSn + B, coskn sinhSn} cosmug

For this case o, = -2DHy ¢* (Mn)
o, = Dxy ¢* { Mm)* - A%
B Yo R, and S are defined as in Chapter 1

Solutions for Am and Bm coefficients
The steps used upon arriving at the solutions are similar to those carried out for the first building
block. Firstly, the shear force along edge m=1 is enforced to be zero (Eq. 2.3}, secondly the

prescribed slope is expanded in a cosine series as follows. The process eliminates the two

unknowns A, and B,

oW, o
— . = E_ cos mnE
aT\ =t m-‘z:.l,z "

where

o _ BuB: - vlgony]

1m

o - B, iBn - VO (mn)’]
V1Y + vidi(mmy) " ~y, [, - v (mm)]
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O = O =
[Bm * .ymelm] [Bm * Ymelm]
913m = ellmo B;m e‘.‘.}m = ellm. e;.m
And

R, = R(3S* - RY
R, = (5% - 3RY)

Where
= [R, = v¢*(mn)'R] R, = [R, - v} (mn)*S)
= [R, - V0 (mn)’S] Ry = - [R, = vj¢*(mmyR]
o - R,cosRcoshS + R, sinRsinh§
im R, cosRcoshS + R, sinRsinhS
8, = !
Fam {(RcosRcoshS + SsinRsinh8)+, (ScoskcoshS - RsinRsinhS) }
Bi33m = B3’ Oim

The solution of the original second building block is then extracted from the newly
developed equation. The subscript m is changed to n to avoid confusion with the first building

block solution. Transformation of coordinates & and 1 gives the final solution as

sichB,t siny &

£
E En{elln

27}
n=0,12 coshf, an cOSsY cosnm
+
W& = sinhf, 2 sinhy ,E
2 E, {0, coshﬂ + 0, coshyn}oosuun

aor
E, (8, SinRE coshSE + 8,y cosRE sinhSE} cosnmn




A8

where
o = 1/
o o B,IB: - v *0i(nm)] o - BB - vJ0Hnm?
n " n -
" R+ vy LT - vty
| 1
9, = —_— 0y = —_—
[B,, + Tneln] [Bn + ’YmGZrn]
013 = Oy, 0l 6,,, = By, 65,

And o, = -2DHx ¢ (nm)?
o, = 1/Dxy ¢ {(nm)* - Lo}

R, = R3S* - RY)
R, = S(S* - 3RY)

And

R, = [R, = v;i(nm)R] R, = [R, - v,b7(n)’S]
R = [R, - v}0;(nm)2S) R, = - [R, - V;0i(nm)'R]

0., B4 By, are the same as 0, 0, , 9,5,

The enforcing rotation along edge E=1 is

ow, >
__2_|E-1 = E E_ cos nmi
3 a=0,12



AY

A.1.3 Solution of the third building block
The building block (a) of Figure 2.5 is noted to have the Lévy-type solution as

Wi(En) = Y, Y,(n) cosmng
m=,1,2

-
Y {4, coshBn + B, cosy,n cosmng

m=0,1,2
4

Wu ; - ™
Y& E {A, coshp m + B, coshy ) cosmng

k+1

or
{A_ sinRmsinhSn + B_ cosRr coshSn} cosmng

B Yor K, and S are defined as in Chapter 1.
For this building block, it is necessary to enforce the zero - displacement condition at n=1. For

all three cases, respectively

Wn,1) =0

A coshf, + B cosy, =0
A, coshB_ + B, coshy, =0

A,_ sinRsinh§ + B, cosR cosh§ =0

Solve each equation for B,, in terms of A, as before

coshB, _ _ coshB, _ _ sinRsinh§
cosy, coshy,, o cosR coshs

Im
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Enfarce harmonic slope at edge =1

ows -
———-3—-| . = 3, E, cos mnk
a’ﬂ " m=0,1,2

Equate the LHS to the RHS, cancel the common terms cos(mng), and finally solve for A in

terms of E_. This results in solutions of building block (a) as follows

.
Y E_18,,coshpn + 8, cosy,n} cosmng

m=0,1,2
+
W i F:" - oo
s (1) Y. E,19,,coshf,n + 6, coshymn) cosmak
k*+l

or
E, {8, sinRnsinhSn + 6,,, cosRncoshSM} cosmng
Where

1 1
0. =
(B, sinhf, - ¥,9,,sinY,] Zm B, coshB, + 7,0, coshy,]

1m

1
0
#Bm  T(RcosRsinhS + SsinRcoshS) + 8, (ScosRsinh§ - RsinRcoshS)}

And

23m eZZm. eZm e‘é'j'ﬂm = eﬂ'ﬂm' 63m

The solution of building block (b) is then extracted from solution of block (a) by

replacing i with 1-1. The prescribed slope will also change sign.
oWy i £ ‘
—_— = - COS mmw
an "™ W52 "



All

Building block (b) has solutions as:

k* .
Y E, {8,,coshB (1-1) + 8, cosy (1-n) cosmn

m=0,12

+

WSEn) =Y E, 1, coshB (1 -m) + 0, coshy,(I - n)) cosmnt

k*el

or
sinR(l - m)sinhS(! - n) +
0,... cosR(l - n)coshS(1 - 1n)

333m

0
33m .
E { } cosmmE

To arrive at the solution of block (c) or original third building block, variables & and n
have to be interchanged. Following the same logic in variable transformation as before, the
aspect ratio is now the its inverse and A? is multiplied by ¢*. Subscript m is changed to p to

avoid confusion with previous solutions. The final solution for the third building block is:

pg‘;’z E, {8,,,coshp (1-E) + 8y, cosy,(1 - E)} cospnn
+
Wy(Em) = ki E, {8,,,coshP,(1 - E) + B, coshy,(l - E)} cospmn
o
or
E, {Bsspst(l _BE)Si:losl:s;gzl_—Eg)c;shS(l _ gy cospTn

333p

Where

o =179

o, = -2DHY ¢, (pr)?

o, = Dxy ¢ {(pr)* - A"}
And



_ _ coshp, _ _ coshp, o o . SinRsinhS
7 cosY, o coshy, ’ cosR coshs
9, = : o, = :
tp [B,sinh [3,, - ¥,9, i, 22 [choshﬁp +4,8,,coshy,]
0, = :
¥ {(RcosRsinhS + SsinRcosh§) + 93P (ScosRsinh§ - RsinRcoshS§)}
i3 = Oy 9, 0,3, = 95, eZp 0.5, = 933;:' 0,
The prescribed slope will be:
6W3| d E
v = - E_cos mn
& VE, 7 "

Al2
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A.2 Antisymmetric Modes
A.2.1 Solution of the first building block

8.5, E'
e
% W1(E!T|) o|°
n
AVAYAYATATATAYATATAYS
JJJJIJJJIJT SIS

The Lévy type solution for this block can be written as

kl
¥ {4, sinh B0 + B, sin v} sinm_;té.

m=13

=+

W(EW =Y {4, sinh 8,1 + B, sinh v,1) sin"’T"ﬁ
k*+2
or

{4, sinRmcoshSn + B, cosRy sinhSn} sianﬂ

The condition of zero vertical edge reaction along the edge n=1 must be satisfied

bD an’ T onoE?

¥

2 {G’W(E,n) . v ?W(E,n)}

Substitute W, into the above and set equal to zero. After carrying out the differentiations and




Al4

solving B, in terms of A, the results are

B =6, A

m #m" "m

BB, - ¢=< T)] coshB,

eIm=
Y0 + ¢’(—)] cosY,
-B,iB% - v M ad )] coshp,,
8, =
'ym[ﬁ, v ¢2(_) 1 coshy,
0 =- R,cosRcoshS + R, sinRsinh$

A R, cosRcoshS + R, sinRsinh§

Now the slope along n=1 is expanded in the series

aW £

- %, By sin 228

"1 m=13,5 2

Substitute W, (with 8,,A,, in place of B,)) into the slope equation, solve for A, in terms of E,.

|

Bim = —
[B,coshB, + 7v,.9,,c08Y,]
0, = !
2 IB_coshB, + 7,8,,coshy ]
0. = !

33im

{(RcosRcoshS + §8inRsinh8§)+8, (ScosRcoshS - RsinRsinhS) }
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where
R, = R(3§? - R?)
R, = S5(S? - 3RY
2
R, = [R, - v ¢=(__) R] R, =R, - u;¢‘(_"l’5) i
2
R, = IR, - ¢2(,'_’31"'.) s] R, = - R, - u;q)z(ﬂf) R]
Let
91an - elmf elm
923171 = 922m. 92m
6 0 0

After the boundary conditions of the first building block is enforced, variables Ay, and B, are

solved in terms of E_ and the newly introduced variable 6,, . The final solution can therefore

be expressed as:

.
Y E, 8,,sioh B, + 8,,sin y,n! sm-TE
m=13

+

WiEn) = ¥ E_1{8,,sinh B, + 0,,sinh Yl Sin!_n;_a

k*+2
or

E_ [0,,sinRncoshSn + 6,,, cosRnsinhSn] sinm;E
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A.2.2 Solution of the second building block

5.5. E
S oo
C?
. R
4 WoEm) oo §
P &
g3

Second building block

Examination of building block #2 reveals that it is exactly identical to the first building
block with the coordinates & and 71 interchanged. By following the transformation rules the

solution is

.
Y. E, ®,,sinh BE + B,,,sin v,E) smfi’;l
n=l,3

+

Wi&m) = ¥ E, @psinh B,E + 8,,sinh v,E} sin=2
k*+2
or
E, [0,; sinREcoshSE + B,,, cosRE sinhSE] sinﬁ";—"'

BB - u;¢?<"_2“’)21 coshp,
o, =
n 2
Y[ + '0;¢f("—2“)] cosY,
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..Bn[pi - U;¢?(%J.t_)2] coshf3,

8, =
=N 2
YL, - VSR 1 coshy,
5 = R,cosRcosh§ + R, sinRsinh§
o R, cosRcoshS + R, sinRsinhS
Where: o, = -2DHy 67 (nw/2)?
o, = Dxy ¢ { (nm/2)* - Aig’)
z = 0,% - 40,
2 _ 1 _
B = ) Wz - whichever is
ositive
ﬁ=%(\fz—+al) or Y,’,,=-%(\/z_+a1) P
And
z=-12 o 2,=1/2 -z,
z,= tan’'( z/z,) z,= (z}2 +z,)"™
R= z, sin (z,/2) S= 2z, cos (z,/2)
R, = R(3S* - RY)
R, = S(§? - 3RY)
. 2 .2, N2
R, = [R, - nyqﬁ(.’.’zi) R] R, = [R, - uyqﬁ(_z_) S
2 L]
R, =R, - u;qﬁ(.’.‘i’.‘.) 5] R, = - [R, - v0i(nm)R]

_ l
[B,coshB, + v 8, cosy]

[in
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l
[B,coshB, + 7,6, coshy,]

1
" T{(RcosRcosh§ + SsinRsinhS)+8,, (ScosRcosh§ - RsinRsinhS) }

330 Y3n

The enforcing rotation along edge &=l is

oW,

2 . . NTT

n=135

A.2.3 Solution of the third building block

13 E ss &
0 - FHoe 3 -
(g»)
lqp] w
il block@ 9 4 bk o 2 (Em) o
— — ?3 3
[2
[aYalalalalatatalalala ] o
VIV IS IVEVEC RV IVEY ) o

——

Building Block #3

The task of finding the third building block solution is made easier by using intermediate

blocks which resemble those used previously. Firstly, building block (a) of Figure 2.11is solved,
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then by changing variable 1 into (1-17) leads to solution for block (b). Finally, the required third
block solution is obtained by interchanging the £ and n coodinates and following all the
transformation rules.

Focusing on block (a), the Lévy-type solution is

WEEM) = 3 E

m=1,35

Substituting this equation into the equilibrium GDE results in expressions for Y, (n). B, .. R
and S are defined as in Chapter 1. Due to the slip shear condition along edge 7, antisymmetric

terms in Y, (M) are deleted. The solution is

2 {4 coshBm + B, cosym} sin> é

m=135

+

Wy'EM) =Y {4, coshB,n + B, coshy,n) sin_"_lzig_

k*+2

or
{A_ sinRnsinhSn + B, cosRn coshSn} sin m;cﬁ

For this building block, it is necessary to enforce the zero - displacement condition at n=1.
WD =
For all three cases, respectively

A, coshp + B, cosy, =0
A, coshPB_+ B, coshy, =

A_ sinRsinhS + B cosR coshS = 0

Solve each for B, in terms of A as before
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Bm = B#m' Am
coshf o =- coshf,, o =- sinR sinh§
o cosY, 2 coshy, n cos R coshs

Next step is to enforce harmonic slope at edge n=1.

Wt had
2 ln=1 = 2 Enl sin mna
on me13,5 2

Equate the first derivative= uf Eq. W,* (with 8,,A,, in place of B,,) to the RHS of Eq. 2.76 cancel
the common terms sin(mn&/2), and finally solve for A, in terms of E,. This results in solution

of building block (a) as follows

"
Y E, {8,,coshBn + 8, cosyn} sin mn
m=13,5 2
+
W'En) =Y E_ 0, coshBn + 8, coshy,n} sin m;t&
k*+2
or
E_{8,, sinRnsinhSn + 6,5, cosRncoshSn) sinf;_E‘
Where
| 1
9llm = en’"

{B, sinhB, - v 6, siny,] ) [B,coshf, + v, 6, coshy,]

l
6
»m - {{RcosRsinh§ + SsinRcoshS) + 6, (ScosRsinh§ - RsinRcoshS)}




8y, = 611 O 0,0, = 0, 0, Q0 = Oran’ 6,

The solution of building block (b) is then extracted from that of block (a) by replacing
7 byl-n. The prescribed slope will also change sign.

aw? -
3 I - E - Em SiantE
61] m=135 2

Building block (b) has solutions as:

i
Y E, 18,,coshB,(1-1) + 0, cosy,(l -m qmm;E"
m=13,5

+

WyEN) = Y E, 18, coshB (I - n) + 8y, coshy, (1 - M)} sin—= “5

k42
. or
{GmsnnR(l - M)sinhS(1 - n) + ) sin mmt,

0 cosR(l - n)coshS(1 - M) 7

I¥Im
To arrive at the solution of block (c) or original third building block, variables E and 1

have to be interchanged. Following the same logic in variable transformation as before, the

aspect ratio is now the its inverse and A% is multiplied by ¢*. The final solution for the third

building block is:

-
Y E, 8,,00s1p,(1-8) + By, cosy,(1-E)) sinPZL
p135
+

W,Em) = ¥ E, 8,,coshp(1 - £) + 8, coshy (1 - &)} sinl’lz‘l
k*+2
or
{633,311112(1 E)sinhS(1 - §) + } sin p1:1-|
P 8333, cOSR(1 ~ E)coshS(1 - £)




Where
o = 19
o, = -2DHx ¢ (pr)®
a, = 1/Dxy ¢ {(pr)* - A%}
z =0’ - 40,

Bi=—;-(\/—-a1)
7 =

| —

And
z,=-112 oy
z,= tan’'( z,/z,)

R= z, sin (z,/2)

R = R(3S* - RY
R, = 8(S? - 3R

2
R, =R, - v;qﬁ(%) Rl R, =
2
R, = [R, - u,,qﬁ(f.zﬁ) 5] R, =
o coshBP o =- costh
' cosy, ¥ coshy,

(\/z_-{-al) or -Y'zu:_

A22

whichever is

I positive
> Wz + )

z,=1/2 -z,

2= (2 +2)"

S= z, cos (z,/2)

R, - v;q:?(fi’.‘.)zS]

- [R, - 0,0;(nm)’R]

_ _ sinRsinh§
» cosR coshs

1

6 = s =
1p [ﬂpsinh ]3F - Ypelpsin’yp] 2 [choshﬂp + ypezpcoshyp]
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1

8. =
“  "{(RcosRsinhS + SsinRcoshS) + 8,, (ScosRsinhS ~ RsinRcoshS))
e”” = e“!’. e‘!’ e23r= = 922:1' elp emp = Bw' e.w
The prescribed slope will be:
aw. = . mmy

3 —
—5E_|E=0 _E—Epm 2



Appendix B

Associated Mode Shapes & Contour Plots,
And Computed Eigenvalues

B-1



B-2

A? = 3.446 2?=20.45

A2 =24.34 22=39.61

FIGURE B.1.1 First Four Associated Mode Shapes - Symmetric (DHY=0.5, DHX=0.5,
2=0.5)
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A% = 3.446 - A%=20.45

ie]
0=\

AP =24.34 A?=39.61

FIGURE B.1.2 First Four Associated Contour Plots - Symmetric (DHY=0.5, DHX=0.5,
ﬂ=0.5)
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A% = 3.441 A2=21.32

A2 = 4813 2?=61.03

FIGURE B.1.3 First Four Associated Mode Shapes - Symmetric (DHY=0.5, DHX=2.0,
¢=0.5)
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A? = 3.459 A= 21.09
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A2 = 27.06 A’= 53.53

FIGURE B.1.5 First Four Associated Mode Shapes - Symmetric (DHY=1.0, DHX=1.0,
2=0.5, Special Case of Orthotropic: Isotropic)
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A% = 3.459 A2= 21.09

)OI

&]/A\ 7

M =27.06 A= 53.53

FIGURE B.1.6 First Four Associated Contour Plots - Symmetric (DHY=1.0, DHX=1.0,
2=0.5, Case of Isotropic)
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A?=3.475 2= 15.42

A?=21.93 2?=39.67

FiGURE B.1.7 First Four Associated Mode Shapes - Symmetric (DHY=2.0, DHX=0.5,
=0.5)
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A2 = 3472

A= 21.48

A = 31.42

Ficure B.1.9 First Four Associated Mode
2=0.5)

R,

Py =

-’,’"’I—,— -
o, ol
77 L
v,

=5
""

iy,
(1T
J;ié’!éf,’{{,’;llllffgl
=~ SRS 5L/

-
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Shapes - Symmetric (DHY=2.0, DHX=2.0,
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A2 = 3472 A’=21.48
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A2 = 31.42 A= 61.13

FIGURE B.1.10 First Four Associated Contour Plots - Symmetric (DHY=2.0, DHX=2.0,
2=0.5)
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A2 =5.348 2= 24.09

A?=64.84 A’= 75.52

FIGURE B.2.1 First Four Associated Mode Shapes - Antisymmetric (DHY=0.5, DHX=0.5, #=0.5)



...................
- - - -~ - - - - ] - - - - - 3 - - x = Ak r

llllllllllllllllll

...................
llllllllllllllllllllll




B-14

A2 =10.91 A= 37.27

3 =77.41 A%= 124.64

FIGURE B.2.3 First Four Associated Mode Shapes - Antisymmetric (DHY=0.5, DHX=2.0, 2=0.5)



A

UL
M =




B-16

A2 = 8.356 A?= 30.55

/3
A
7

A = 63.62 A= 70.64

FiGURE B.2.5 First Four Associated Mode Shapes - Antisymmetric (DHY=1.0, DHX=1.0,
2=0.5, Special case of Orthotropy: Isotropic)
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A% = 6.538 A%= 26.23

A% = 59,72 A\2= 65.84

FIGURE B.2.7 First Four Associated Mode Shapes - Antisymmetric (DHY=2.0, DHX=0.5, 2=0.5)
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A% = 11.82 A?=39.30

A? = 68.87 A= 80.79

FIGURE B.2.9 First Four Associated Mode Shapes - Antisymmetric (DHY=2.0, DHX=2.0, 2=0.5)
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A2 =9.611 A= 46.87
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A?=61.00 A*=76.10

FIGURE B.3.1 First Four Associated Mode Shapes - Symmetric with Point Supports at
coordinates (0.5,0.25) & (0.5,0.75), (DHY=0.5, DHX=2.0, =0.5, u=v=0.5)
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A% = 52,58 A*= 60.84

FiGURE B.3.3 First Four Associated Mode Shapes - Symmetric with Point Suppors at
coordinates (0.5,0.25) & (0.5,0.75), (DHY=1.0, DHX=1.0, 9=0.5, u=v=05,
Special case of Orthotropy: |sotropic)
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A2 = 52,58 2°= 60.84

FiGURe B.3.4 First Four Associated Contour Plots - Symmetric with Point Supports at
coordinates (0.5,0.25) & (0.5,0.75), (DHY=1.0, DHX=1.0, 8=0.5, u=v=0.5,
Special case of Orthotropy: Isotropic)



B-26

3= 9.8347 A%= 15.45
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A? = 38.62 A= 44.59

FIGURE B.3.5 First Four Associated Mode Shapes - Symmetric with Point Supports at
coordinates (0.5,0.25) & (0.5,0.75), (DHY=2.0, DHX=0.5, =0.5, u=v=0.5)
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A% = 38.62 A2= 44.59

FIGURE B.3.6 First Four Associated Contour Plots - Symmetric with Point Supports at
coordinates (0.5,0.25) & (0.5,0.75), (DHY=2.0, DHX=0.5, 8=0.5, u=v=0.5)
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AZ = 21.31 A?=70.28

2 =78.77 A’= 133.57

FicURE B.3.7 First Four Associated Mode Shapes - Antisymmetric with Point Supporis at
coordinates {0.5,0.25) & (0.5,0.75), (DHY=0.5, DHX=2.0, #=0.5, u=v=0.5)
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FiGUrRe B.3.8 First Four Associated Contour Plots - Antisymmetric with Point Supports at
coordinates (0.5,0.25) & (0.5,0.75), (DHY=0.5, DHX=2.0, 8=0.5, u=v=0.5
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A? = 15.93 A= 46.73

22 = 68.21 A= 78.72

FIGURE B.3.9 First Four Associated Mode Shapes - Antisymmetric with Point Supports at
(0.5,0.25) & (0.50.75), (DHY=1.0, DHX=1.0, ©=05, u=v=05, Special
case of Orthotropy: Isotropic)
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A% = 68.21 A= 78.72

FIGURE B.3.10 First Four Associated Contour Plots - Antisymmetric with Point Supports at
coordinates {0.5,0.25) & (0.5,0.75), (DHY=1.0, DHX=1.0, =0.5,
u=v=0.5, Special case of Orthotropy: Isotropic)
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FIGURE B.3.11 First Four Associated Mode Shapes - Antisymmetric with Point Supports at
coordinates (0.5,0.25) & (0.5,0.75), (DHY=2.0,DHX=0.5,0=0.5, u=v=0.5)
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FIGURE B.3.12 First Four Associated Contour Plots - Antisymmetric with Point Supports at
coordinates (0.5,0.25) & (0.5,0.75), (DHY=2.0,DHX=0.5,8=0.5, u=v=0.5)
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2 = z'.E.
A wa D,

Computed Eigenvalues for the First Four Symmetric Free Vibration Modes of the Crihotropic
Cantiiever Plate (Vu,v, = 0.333)

p=2b/a 1/2 11.5 1 1.5 2 25 3
g'=b/a 1/4 1/3 1/2 3/4 1 1.25 1.5
Mode 1 | 3.401 3.420 3.446 3.468 3.479 3.486 3.491
2 21.15 21.16 20.45 11.42 7.543 5.849 4.993
3 59.01 49.78 24.34 21.69 21.59 19.49 14,25
4 89.16 60.38 39.61 29.02 25.47 22,04 21.77

Table B1.1 DHY= 0.5 DHX=0.5

g=2b/a 1/2 11.5 1 1.5 2 25 3

p'=b/a 1/4 1/3 1/2 3/4 1 1.25 1.5

Mode 1 | 3.400 3.419 3.444 3.466 3.478 3.485 3.490
2 21.17 21.21 21.05 14.22 9.374 7.146 5.958
3 59.30 57.61 29.47 21.84 21.71 21.52 17.68
4 108.02  65.01 48.16 33.57 28.29 24.48 21.93

Table B1.2 DHY= 0.5 DHX=0.75

g=2b/a 12 11.5 1 1.5 2 2.5 3

@'=b/a 1/4 1/3 1/2 3/4 1 1.25 1.5

Mode 1 | 3.399 3.418 3.443 3.465 3.477 3.484 3.490
2 21.18 21.23 21.18 16.47 10.89 8.244 6.796
3 59.44 59.05 34.06 22.00 21.77 21.69 20.31
4 115.41 73.63 55.22 37.63 30.90 27.14 22.23

Table B1.3 DHY=0.5 DHX=1.0
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Computed Eigenvalues for the First Four Symmetric Free Vibration Modes of the Orthotropic
Cantilever Plate (Vv,v, = 0.333)

p=2b/a 172 1/1.5 1 1.5 2 25 3
g'=b/a 1/4 1/3 172 3/4 1 1.25 1.5
Mode 1 | 3.399 3.417 3.442 3.463 3.476 3.483 3.488
2 21.20 21.26 21.28 19.64 13.38 10.07 8.213
3 59.58 59.60 41.76 22.80 21.85 21.77 21.66
4 116.97 89.71 60.53 44.66 35.57 30.79 25.61

Table B1.4 DHY=0.5 DHX=1.5

g=2b/a 1/2 11.5 1 1.5 2 25 3

@'=b/a 1/4 1/3 1/2 3/4 1 1.25 1.5

Mode 1 | 3.398 3.416 3.441 3.462 3.475 3.483 3.488
2 21.21 21.27 21.32 20.85 15.42 11.59 9.402
3 59.65 59.77 48.13 24.91 21.93 21.81 21.76
4 117.34 103.11 61.03 50.65 39.67 33.85 29.21

Table B1.5 DHY= 0.5 DHX=2.0
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Computed Eigenvalues for the First Four Symmetric Free Vibration Modes of the Orthotropic
Cantilever Plate (V'v,u, = 0.333)

p=2b/a 1/2 1/1.5 1 15 2 2.5 3

@'=b/a 1/4 1/3 1/2 3/4 1 1.25 1.5

Mode 1 | 3.413 3.432 3.456 3.474 3.485 3.491 3.495
2 21.20 21.21 18.19 10.53 7.310 5.851 5.077
3 58,92 42.32 22.63 21.73 21.57 17.09 12.64
4 74.73 59.29 39.45 29.58 25.08 21.90 21.79

Table B1.6 DHY=0.75 DHX=0.5

@=2b/a 1/2 11.56 1 15 2 2.5 3

@'=bla 1/4 1/3 12 3/4 1 1.25 1.5

Mode 1 | 3.412 3.430 3.454 3.473 3.484 3.490 3.4%4
2 21.23 21.26 20.86 13.01 8.951 7.035 5.973
3 59.46 51.61 25.81 21.82 21.73 20.71 15.63
4 91.15 61.16 47.40 33.95 28.53 22.38 21.89

Table B1.7 DHY=0.75 DHX=0.75

g=2b/a 12 1Mn.5 1 1.5 2 2.5 3

g'=bfa 1/4 1/3 1/2 3/4 1 1.25 15

Mode 1 | 3.411 3.429 3.453 3.472 3.483 3.489 3.494
2 21.24 21.29 21.15 15.04 10.32 8.041 6.752
3 59.64 57.42 29.55 21.91 21.78 21.62 18.09
4 104.66 63.81 54.07 37.83 31.18 24.82 21.97

Table B1.8 DHY=0.75 DHX=1.0
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Computed Eigenvalues for the First Four Symmetric Free Vibration Modes of the Orthotropic
Cantilever Plate (Vv,u, = 0.333)

g=2b/a 112 11.5 1 1.5 2 2.5 3

@'=b/a 1/4 1/3 1/2 3/4 1 1.25 1.5

Mode 1 | 3.411 3.428 3.452 3.471 3.482 3.489 3.493
2 21.26 21.31 21.30 18.24 12.58 8.720 8.073
3 59.79 59.58 36.10 22.20 21.84 21.78 21.35
4 116.57 75.66 60.57 44,54 36.76 29.95 22.90

Table B1.9 DHY=0.75 DHX=1.5

g=2b/a 12 1/1.5 1 15 2 25 3
@'=b/a 1/4 1/3 12 3/4 1 1.25 1.5
Mode 1 | 3.410 3.428 3.451 3.470 3.481 3.488 3.493
2 21.27 21.33 21.37 20.28 14.45 11.12 9.183
3 59.87 59.90 41.64 23.09 21.88 21.82 21.74
4 116.60 87.03 60.94 50.28 39.75 33.67 26.01

Table B1.10 DHY=0.75 DHX=2.0
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Computed Eigenvalues for the First Four Symmetric Free Vibration Modes of the Orthofropic
Cantilever Plate (Vv,u, = 0.333)

o=2b/a 1/2 111.5 1 1.5 2 25 3

@'=b/a 1/4 1/3 1/2 3/4 1 1.25 1.5

Mode 1 | 3.421 3.440 3.462 3.479 3.488 3.494 3.497
2 21.24 21.22 17.93 10.08 7.208 5.867 5.131
3 58.30 37.79 39.48 21.75 21.37 15.64 11.76
4 66.71 58,40 60.74 29,88 23.33 21.89 21.76

Table B1.11 DHY= 1.0 DHX=0.5

g=2b/a 12 11.5 1 1.5 2 25 3

@'=bfa 1/4 1/3 12 3/4 1 1.25 1.5

Mode 1 | 3.420 3.438 3.460 3.478 3.487 3.493 3.496
2 21.27 21.28 20.52 12.37 8.747 6.992 5.991
3 58.50 46.29 23.99 21.82 21.73 19.20 14.47
4 80.51 60.81 47.10 34.20 27.85 22.03 21.88

Table B1.12 DHY= 1.0 DHX=0.75

g=2b/a 1/2 11.5 1 1.5 2 25 3

@'=b/a 1/4 1/3 1/2 3/4 1 1.25 1.5

Mode 1 | 3.402 3.437 3.459 3.477 3.487 3.492 3.496
2 21.28 21.32 21.08 14.26 10.03 7.497 6.738
3 59.75 53.06 27.06 21.88 21.78 21.36 16.73
4 92.70 61.55 53.53 37.95 31.07 22.96 21.93

Table B1.13 This is a special case of orthotropic: isotropic when DHY=DHX=1.0
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Computed Eigenvalues for the First Four Symmetric Free Vibration Modes of the Orthotropic
Cantilever Plate (Vv,v, = 0.333)

g=2b/a 1/2 1/1.5 1 1.5 2 2.5 3

@'=b/a 1/4 1/3 172 3/4 1 1.28 1.5

Mode 1 | 3.419 3.436 3.458 3.476 3.486 3.492 3.496
2 21.30 21.35 21.33 17.33 12.16 9.547 8.006
3 59.94 59.17 32.89 22.05 21.83 21.77 20,32
4 111.69 67.85 60.65 44,48 41.13 27.64 28,94

Table B1.14 DHY=1.0 DHX=15

g=2b/a 1/2 115 1 1.5 2 2.5 3
@'=b/a 1/4 113 112 3/4 1 125 1.5
Mode 1 | 3.419 3.436 3.458 3.476 3.486 3.492 3.496
2 21.31 21.37 21.40 18.61 13.94 10.88 9.074
3 60.01 59.90 37.90 2247 21.87 21.81 21.67
4 117.26 77.53 60.98 50.07 47.40 31.82 24.00

Tabl: B1.15 DHY= 1.0 DHX=2.0
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Computed Eigenvalues for the First Four Symmetric Free Vibration Modes of the Orthotropic
Cantilever Plate (Vuv, = 0.333)

p=2b/a 12 1/1.5 1 1.5 2 2.5 3
@'=bla 1/4 1/3 172 3/4 1 1.25 1.5
Mode 1 | 3.433 3.450 3.470 3.485 3.493 3.497 3.501
2 21.29 21.22 16.33 9.624 7.124 5.897 5.194

3 53.40 32.58 21.99 21.76 19.79 14.03 10.81

4 61.56 57.23 39.59 30.03 22.10 21.87 21.07

Table B1.16 DHY= 1.5 DHX=0.5

g=2b/a 12 115 1 1.5 2 2.5 3

2'=bfa 1/4 13 1/2 3/4 1 1.25 1.5

Mode 1 | 3.432 3.449 3.468 3.484 3.492 3.497 3.500
2 21.32 21.33 19.53 11.71 8.551 6.8956 6.016
3 59.10 39.87 22.62 21.82 21.66 17.20 13.21
4 68.47 60.75 46.84 34.35 24.84 21.95 21.86

Table B1.17 DHY= 1.5 DHX=0.75

g=2b/a 12 11.5 1 1.5 2 2.5 3

@'=b/a 1/4 1/3 112 3/4 1 1.25 1.5

Mode 1 | 3.431 3.448 3.468 3.483 3.492 3.486 3.500
2 21.34 21.37 20.88 13.45 9.748 7.859 6.729
3 59.79 45.97 24.47 21.85 21.78 19.77 156.22
4 78.32 61.06 52.99 38.05 28.55 28.67 26.64

Table B1.18 DHY=1.5 DHX=1.0
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Computed Eigenvalues for the First Four Symmetric Free Vibration Modes of the Orthotropic
Cantilever Plate (V'v,v, = 0.333)

g=2b/a 1/2 1/1.5 1 1.5 2 2.5 3
@'=bfa 1/4 1/3 1/2 3/4 1 1.25 1.5
Mode 1 | 3.431 3.447 3.467 3.483 3.491 3.496 3.499
2 21.36 21.41 21.35 16.30 11.74 9.370 7.939
3 60.08 56.47 29.34 21.95 21.83 21.72 18.53
4 95.46 62.14 60.78 58.07 34.70 24.61 21.98

Table B1.19 DHY=1.5 DHX=1.5

p=2bla 1/2 11.5 1 15 2 2.5 3
@'=b/a 1/4 1/3 1/2 3/4 1 1.25 15
Mode 1 | 3.431 3.447 3.467 3.482 3.491 3.496 3.499
2 21.37 21.43 21.45 18.60 13.39 10.64 8959
3 60.20 59.41 33.73 22,11 21.86 21.82 21.05
4 109.29  67.08 61.07 49.83 39.37 28.27 22.28

Table B1.20 DHY= 1.5 DHX=2.0



B-43

Az = maz,‘ £
DX

Computed Eigenvaiues for the First Four Symmetric Free Vibration Modes of the Orthotropic
Cantilever Plate (Vv,v, = 0.333)

g=2b/a 1/2 1.5 1 1.5 2 25 3
@'=bfa 1/4 1/3 12 3/4 1 1.25 1.5
Mode 1 | 3.441 3.456 3.475 3.488 3.495 3.499 3.502
2 21,32 21.21 15.42 9.402 7.080 5.918 5.233
3 48.13 20.64 21.93 21.76 18.29 13.15 10.31
4 61.03 56.60 38.67 29.21 21.98 21.86 19.43

Table B1.21 DHY=2.0 DHX=0.5

o=2b/a 1/2 1/1.5 1 1.5 2 25 3

g'=b/a 1/4 1/3 1/2 3/4 1 1.25 1.5

Mode 1 | 3.440 3.455 3.474 3.488 3.495 3.499 3.502
2 21.36 21.35 18.64 11.38 8.457 6.943 6.033
3 57.21 36.18 22.24 21.82 21.45 16.07 12.54
4 63.15 60.81 46.72 34.26 23.01 21.92 21.82

Table B1.22 DHY=2.0 DHX=0.75

g=2b/a 1/2 11.5 1 1.5 2 2.5 3

@'=b/a 174 113 12 3/4 1 1.25 1.5

Mode 1 | 3.439 3.455 3.474 3.491 3.494 3.499 3.502

2 21.38 21.40 20.55 13.02 9.604 7.816 6.727

3 59.57 41.71 23.27 21.85 21.76 18.47 14.40

4 70.16 61.03 52.71 38.04 26..1 21.98 21.90

Table B1.23 DHY=2.0 DHX=1.0
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Computed Eigenvalues for the First Four Symmetric Free Vibration Modes of the Orthotropic
Cantilever Plate (Vv,u, = 0,333)

p=2b/a 172 11.5 1 1.6 2 2.5 3

g'=b/a 1/4 1/3 172 3/4 1 1.28 15

Mode 1 | 3.439 3.454 3.473 3.487 3.494 3.495 3.501
2 21.40 21.45 21.36 15,75 11.51 9.278 7.905
3 60.16 50.82 27.41 21.91 21.94 21.57 17.48
4 856.20 61.44 60.88 44.32 32.00 23.00 21.95

Table B1.24 DHY=2.0 DHX=1.5

g=2b/a 1/2 11.5 1 15 2 25 3
@'=b/a 1/4 1/3 1/2 3/4 1 1,25 1.5
Mode 1 | 3.438 3.454 3.472 3.486 3.494 3.498 3.501
2 21.41 21.47 21.48 17.98 13.11 10.51 8.896
3 60.30 57.41 31.42 22.01 21.86 21.81 20.02
4 88.05 62.85 61.13 49.67 36.90 26.21 22.04

Table B1.25 DHY=2.0 DHX=2.0
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Computed Eigenvalues for the First Four Antisymmetric Free Vibration Modes of the
Orthotropic Cantilever Plate (V'v,v, = 0.333)

p=2b/a 1/2 115 1 1.5 2 2.5 3
o'=b/a 1/4 1/3 1/2 3/4 1 1.25 15
Mode 1 | 8.382 6.855 5.348 4.424 4,032 3.834 3.724
2 30.76 27.13 24,08 22,29 16.14 11.10 8.394
3 69.13 65.12 64.84 28.36 22.50 22.03 21.28
4 126.1 121.0 75.52 43.29 32.93 28.38 23.22

Table B2.1 DHY= 0.5 DHX=0.5

p=2b/a 1/2 11,5 1 1.5 2 25 3

g'=b/a 1/4 113 172 3/4 1 1.26 1.5

Mode 1 | 11.02 8.840 6.645 5.206 4.540 4.183 3.974
2 37.74 31.92 26.68 23.75 19.82 13.83 10.44
3 77.95 70.67 64.29 34.95 23.67 22.66 22.22
4 135.87 127.8 76.75 52.44 38.73 32.38 27.83

Table B2.2 DHY= 0.5 DHX=0.75

g=2b/a 1/2 11.5 1 15 2 2.5 3

@'=b/a 1/4 1/3 1/2 3/4 1 1.25 1.5

Mode 1 | 13.16 10.44 7.710 5.887 5.006 4516 4,220
2 43.66 36.13 29.09 25.05 22.26 18.07 12,13
3 86.07 76.92 67.30 40.50 25,35 23.24 22.67
4 145.1 133.7 88.48 59.93 43.80 35.98 31.27

Table B2.3 DHY= 0.5 DHX=1.0
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Computed Eigenvalues for the First Four Antisymmetric Free Vibration Modes of the

Orthotropic Cantilever Plate (V'v,v, = 0.333)

@=2b/a 12 11.5 1 1.5 2 25 3

g'=b/a 1/4 1/3 1/2 3/4 1 1.25 1.5

Mode 1 | 16.68 13.06 9.456 7.038 5.829 5.127 4.685
2 53.62 43.33 33.44 27.47 24.65 19.70 14.94
3 100.56 85.61 72.56 49.74 30.02 24.42 23.45
4 162.23 144.63 108.30 66.35 52.46 42,27 36.32

Table B2.4 DHY= 0.5 DHX=1.5

p=2b/a 172 1.5 1 1.5 2 2.5 3

g'=bfa 1/4 113 112 3/4 1 1.25 1.5

Mode 1 | 19.62 15,25 10.91 8.002 6.539 5.670 5.111
2 62.02 49.46 37.27 29.68 26.23 22,51 17.26
3 113.26 94.35 77.41 57.44 34.50 25.76 24.20
4 177.81 154.79 124.64 69.12 59.73 47.69 40.58

Table B2.5 DHY= 0.5 DHX=2.0
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Computed Eigenvalues for the First Four Antisymmetric Free Vibration Modes of the

Orthotropic Cantilever Plate (Vv,v, = 0.333)

g=2b/a

12

1.5 1 1.5 2 2.5 3
@'=b/a 1/4 1/3 112 3/4 i 1.25 15
Mode 1 | 9.419 7.632 5.844 4,710 4210 3.855 3.810
2 33.43 28.93 25.02 21.97 14.29 10.13 7.905
3 72,48 67.21 50.84 25.14 22,72 22.16 19.13
4 129.92 112.24 63.64 41,99 32.86 26.98 22.40
Table B2.6 DHY=0.75 DHX=0.5
p=2b/a 12 1.5 1 1.5 2 25 3
o'=b/a 1/4 173 1/2 3/4 1 1.25 1.5
Mode 1 | 11.94 9.502 7.091 5.479 4,719 4.308 4.066
2 40.24 33.66 27.63 24.04 17.63 12.51 9.705
3 81.35 72.84 61.69 30.04 23.63 22.81 22.11
4 139.78 128.12 67.86 50.38 38.29 32.07 24.42
Table B2.7 DHY=0.75 DHX=0.75
p=2b/a 172 11.5 1 15 2 2.5 3
g'=b/a 1/4 1/3 12 3/4 1 1.256 15
Mode 1 | 14.02 11.08 8.128 6.148 5.183 4.643 4.315
2 46.04 37.80 30.05 25.46 20.31 14.48 11.21
3 89.44 78.12 67.60 34.61 24.59 23.37 22.75
4 148.04 135.90 74.67 57.46 43.05 35.72 27.98

Table B2.8 DHY=0.75 DHX=1.0

Computed Eigenvalues for the First Four Antisymmetric Free Vibration Modes of the

Orthotropic Cantilever Plate (Vu,v, = 0.333)
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g=2bfa 12 1/1.5 1 1.5 2 25 3

o'=b/a 1/4 1/3 112 3/4 1 1.25 1.5

Mode 1 | 17.49 13.66 9.843 7.281 5.998 5.250 4780
2 55.85 44.91 34.36 27.94 24.13 17.76 13.70
3 103.81 87.77 73.56 42.38 27.03 24.44 23.55
4 166.14 147.07 90.53 66.57 51.17 41.79 34.22

Table B2.9 DHY= 0.75 DHX=1.5

g=2bfa 1/2 1/1.5 1 1.6 2 2.5 3

@'=b/a 1/4 1/3 12 3/4 1 1.25 1.5

Mode 1 | 20.41 15,83 11.28 8.233 6.699 5.78% 5.204
2 64.17 50.97 38.14 30.16 26.28 20.45 15.79
3 116.41 96.45 78.49 48.95 30.29 25.49 24.28
4 181.68 157.26 104.43 69.46 58.05 46.96 39.35

Table B2.10 DHY=0.75 DHX=2.0
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Computed Eigenvalues for the First Four Antisymmetric Free Vibration Modes of the
Orthotropic Cantilever Plate (Vv,v, = 0.333)

p=2bla 1/2 11.5 1 1.5 2 2.5 3

@'=b/a 1/4 1/3 1/2 3/4 1 1.25 1.5

Mcode 1 | 8.970 8.042 6.106 4.862 4.307 4.020 3.858
2 34.87 29.90 25,51 20.74 13.26 9.622 7.663
3 74.33 68.30 4512 24.31 22.84 22.07 17.42
4 131.88 98.92 63.20 41.41 32.78 24.55 22.36

Table B2.11 DHY= 1.0 DHX=0.5

g=2b/a 12 11.5 1 15 2 2.5 3

g'=b/a 1/4 1/3 112 3/4 1 1.25 1.5

Mode 1 | 12.44 9.894 7.332 5.625 4.816 4.377 4.118
2 41.89 34.60 28.14 23.91 16.32 11.81 9.329
3 83.20 74.01 55.35 27.50 23.70 22.88 21.19
4 141.89 120.73 67.36 49.38 38.08 29.85 23.12

Table B2.12 DHY=1.0 DHX=0.75

p=2b/a 1/2 11.5 1 1.5 2 25 3

g'=b/a 1/4 1/3 1/2 3/4 1 1.25 15

Mode 1 | 14.50 11.43 8.356 6.288 5.278 4.711 4,368
2 47.33 38.71 3055 - 25.59 18.84 13.63 10.73
3 91.25 79.29 63.62 31.30 24,55 23.45 22.69
4 1511 1356.3 70.64 56.14 42,66 34.37 2543

Table B2.13 This is a special case of orthotropic: isotropic when DHY=DHX=1.0
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Computed Eigenvalues for the First Four Antisymmetric Free Vibration Modes of the

Orthotropic Cantilever Plate (V'v,v, = 0.333)

p=2b/a 12 115 1 15 2 25 3

@'=b/a 1/4 1/3 172 3/4 1 1.25 1.5

Mode 1 | 17.95 13.99 10.06 7412 6.087 5317 4.832
2 57.07 45,75 34.84 28.17 22,88 16.65 13.04
3 105.54 88.92 73.58 38.14 26.32 24.50 23,61
4 168.21 148.16 80.51 66.41 50.48 41.26 30.99

Table B2.14 DHY= 1.0 DHX=1.5

p=2b/a 172 ins 1 15 2 2.5 3

g'=b/a 1/4 113 1/2 3/4 1 1.25 1.5

Mode 1 | 20.85 16.16 11.48 8.357 6.784 5.8582 5.254
2 65.33 51.77 38.60 30.41 25.80 19.16 14.98
3 118.03 97.54 78.93 43.99 28.44 25.50 24.34
4 183.62 158.46 92,30 69.74 57.13 46.48 35.78

Table B2.15 DHY= 1.0 DHX=2.0
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Computed Eigenvalues for the First Four Antisymmetric Free Vibration Modes of the
Orthotropic Cantilever Plate (Vu,v, = 0.333)

g=2b/a 1/2 1/1.5 1 1.5 2 2,5 3

g'=b/a 1/4 1/3 1/2 3/4 1 1.25 1.5

Mode 1 | 10.57 8.487 6.387 5.024 4.411 4.083 3.913
2 36.42 30.94 26.01 18.58 12.15 8,103 7.429
3 76.33 69.29 38.37 24.15 22.95 20.60 15.45
4 133.11 82.70 61.22 40.87 33.45 22,93 22,38

Table B2.16 DHY=1.5 DHX=0.5

g=2b/a 1/2 111.5 1 1.6 2 2.5 3

g'=b/a 1/4 1/3 1/2 3/4 1 1.25 1.5

Mode 1 | 13.00 10.31 7.593 5.781 4919 4.452 4176
2 43.06 35.60 28.67 22.53 14.87 11.07 8.948
3 85.19 75.21 47.05 25.87 23.80 22.87 18,94
4 143.99 101.06 67.68 48.37 37.33 26.03 22.85

Table B2.17 DHY= 1.5 DHX=0.75

g=2b/a 112 11.5 1 15 2 2.5 3
g'=b/a 1/4 1/3 1/2 3/4 1 1.25 15

Mode 1 | 15.04 11.83 8.604 6.437 5.379 4.786 4.426

2 48.74 39.67 31.08 25.23 17.13 12.71 10.22

3 93.20 80.53 54.36 28.08 24.61 23.52 21.66

4 153.37 116.62 70.58 54.75 42.10 29.95 23.48

Table B2.18 DHY=1.5 DHX=1.0
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Computed Eigenvalues for the First Four Antisymmetric Free Vibration Modes of the
Orthotropic Cantilever Plate (Vu,v, = 0.333)

p=2b/a 1/2 11.5 1 1.5 2 25 3

@'=bfa 1/4 1/3 1/2 3/4 1 1.25 1.5

Mode 1 | 18.47 14.37 10.29 7.548 6.181 5.388 4.890
2 58.36 46,63 356.35 28.32 20.88 15.44 12.35
3 107.33 90.11 66.50 33.43 26.17 24.58 23.63
4 170.35 142.11 75.92 65.32 49.72 36.66 27.21

Table B2.19 DHY= 1.5 DHX=1.5

@=2b/a 172 11.5 1 1.5 2 25 3

g'=b/a 1/4 1/3 1/2 3/4 1 1.25 1.5

Mode 1 | 21.36 16.52 11.70 8.484 6.870 5.919 5.310
2 66.54 52.57 39.07 30.64 23.98 17.73 14.12
3 119.68 98.64 76.27 38.38 27.89 25.56 24.41
4 185.61 158.60 81.31 70.08 56.11 42.34 31.30

Table B2.20 DHY= 1.5 DHX=2.0
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Computed Eigenvalues for the First Four Antisymmetric Free Vibration Modes of the

Orthotropic Cantilever Plate {(V'u,v, = 0.333)

g=2bla 12 11.5 1 15 2 25 3
a'=bla 1/4 13 1/2 3/4 1 1.95 15
Mode1 | 1081 8732 6538 5111 4468  4.134 3945
2 37.26 3150 2623 1726 1156 8840  7.316

3 7740  6€8.70  59.72 2420 2298 1897 1435

4 12454 7420 6584 4058  27.97  22.80 2237

Table B2.21 DHY=2.0 DHX=0.5

a=2bla 1/2 11.5 1 1.5 2 25 3
o'=bla 1/4 113 1/2 3/4 1 1.25 15
Mode1 | 1332 1054 7734 5863 4976 4494 4209
2 4384 3613  28.95  21.06 1408 1069 8753

3 8624 7571 4218 26567 2387 2254 1755

4 14433 89.23  67.93  47.83 8424 2442 2284

Table B2.22 DHY=2.0 DHX=0.75

g=2b/a 1/2 11.5 1 15 2 25 3
g'=bla 1/4 1/3 1/2 3/4 1 125 15
Mode 1 | 1535 1205 8737 6515 5433  4.827  4.460
2 4947 4016  31.36 2410 1619 1222  9.961
9420 8113 4870 2721 2467 2353 2019

15432 10285 70.86 5401 3954  27.30  23.29

Table B2.23 DHY=2.0 DHX=1.0
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Computed Eigenvalues for the First Four Antisymmetric Free Vibration Modes of the
Orthotropic Cantilever Plate (Vv,u, = 0.333)

p=2b/a 1/2 1/1.5 1 1.5 2 25 3

@'=b/a 1/4 1/3 172 3/4 1 1.25 1.5

Mode 1 | 18.76 14.59 10.41 7.618 6.229 5.426 4.923
2 59.02 47.07 35.61 28.17 19.69 14,79 11.97
3 108.22 80.71 59.65 31.02 26.19 24.63 23.51
4 171.37 125.90 76.01 64.35 48.31 33.31 25.21

Table B2.24 DHY=2.0 DHX=1.5

@=2b/a 1/2 1/1.5 1 1.5 2 25 3

@'=bfa 1/4 173 12 3/4 1 1.25 1.5

Mode 1 | 21.64 16.71 11.82 8.547 6.913 5.934 5.341
67.14 52.96 39.30 30.71 22.63 16.94 13.66

120.46  99.19 68.87 35.30 27.63 25.62 24.44
186.57 145,29 80.79 70,27 55.26 38.42 28.77

E N 7 I )

Table B2.25 DHY=2.0 DHX=2.0
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Computed Eigenvalues for the First Four Symmetric Free Vibration Modes of the Orthotropic
Cantilever Plate with Point Supports(¥v,v, = 0.333)

u=v=05 2=05 =10
Mode 1 9.564 7.444
2 22.96 8.501

3 38.51 24.19

4 60.10 28.05

Table B3.1 DHY=0.5 DHX=0.5

u=v=05 g=05 =10
Mode 1 9.650 8.761
2 30.72 13.13

3 61.06 30.04

4 67.71 40.07

Table B3.2 DHY=2.0 DHX=2.0

u=v=05 2 =05 g=1.0
Mode 1 9.611 9.348
2 46.87 15.45
3 61.00 38.63
4 76.10 44,63
u=v=075
Mode 1 20.10 11.30
2 31.51 21,92
3 57.60 39.40
4 78.36 45.43

Table B3.3 DHY=0.5 DHX=2.0
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Computed Eigenvalues for the First Four Symmetric Free Vibration Modes of the Orthotropic
Cantilever Plate with Point Supports{vV" v, = 0.333)

u=v=05 @ =05 g=10
Mode 1 9.602 8.494
2 26.07 10.11
3 52.58 27.42
4 60.84 32.12
u=v=075
Mode 1 17.15 7.640
2 23.24 21.70
3 49.10 29.77
4 54.84 32.17

Table B3.4 DHY=1.0 DHX=1.0

u=v=05 g =05 2=10
Mode 1 9.347 6.729
2 15.45 19.02
3 38.62 31.29
4 44.58 39.72
u=v=075
Mode 1 11.30 5.658
2 21.93 17.36
3 39.39 21.60
4 45.39 26.86

Table B3.5 DHY=2.0 DHX=0.5
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Computed Eigenvalues for the First Four Antisymmetric Free Vibration Modes of the

Orthotropic Cantilever Plate with Point Supports(y” v, = 0.333)

u=v=05 g=05 =10
Mode 1 11.59 7.571
2 40.60 17.11
3 60.29 26.83
4 67.47 48.88
Table B4.1 DHY=0.5 DHX=0.5
u=v=05 g =05 =10
Mode 1 21.38 11.40
2 54.33 23.67
3 78.83 43.48
4 127.10 56.56
Table B4.2 DHY=2.0 DHX=2.0
u=v=05 =05 2=1.0
Mode 1 21.31 12.01
2 70.28 29.47
3 78.77 48.60
4 133.57 65.71
u=v=075
Mode 1 37.11 26.04
2 57.14 45.30
3 110.53 6C.23
4 126.68 83.28

Table B4.3 DHY=0.5 DHX=2.0
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Computed Eigenvalues for the First Four Antisymmetric Free Vibration Modes of the
Qrthotropic Cantilever Plate with Point Supports(y- v,v, = 0.338)

u=v=05 =05 g=1.0
Mode 1 15.93 9.065
2 46.73 19.81
3 68.21 34.57
4 78.72 46.75
u=v=075
Mode 1 30.55 18.46
2 49.17 24.48
3 65.77 34.61
4 92.21 42.92

Table B4.4 DHY=1.0 DHX=1.0

u=v=05 @ =05 g=1.0

Mode 1 12.01 6.772

2 29.47 14.34

3 48.60 25.70

4 65.71 30.34
u=v=075

Mode 1 26.04 11.29

2 N 33.87 20.98

3 45.30 22.98

4 60.23 33.22

Table B4.5 DHY=2.0 DHX=0.5





