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Abstract

The Transmission Line Matrix (TLM) numerical algorithm, based on the discrete Huygens’
principle, has been extensively used to solve electromagnetic structure problems. The ma-
jor advantage of this method is its simplicity and flexibility as the vectorial Maxwell’s
Equations are transformed into a simple numerical model of digital signal processing sys-
tem.

In this thesis, new and efficient numerical modeling concepts and procedures have been

developed for the analysis of electromagnetic structures with the TLM method:

e Wiih the introduction of the equivalent field quantities defined between nodes, the
TLM Method has been shown to be exactly equivalent to a finite-difference time-
domain (FD-TD) formulation. Therefore, the numerical foundation of the TLM ap-
proach has been fully demonstrated and the basis for mathematically understanding
the TLM method has been provided. As a result, the conventional TLM boundary
conditions has been verified theoretically, and hence a systematic way for construct-
ing the TLM boundary conditions has been developed. In addition, a new boundary
description for the TLM method has been proposed, which renders TLM method

more flexibility in its boundary treatments.

e Based on the equivalence between the TLM method and the FD-TD method, an ab-
sorbing and a connecting boundary formulations have been developed for TLM sim-
ulations. With these formulations, the TLM method can be applied for solving more
realistic scattering and radiation problems with open structures. The computation
examples given in this thesis are with the structures of waveguides, two-dimensional
and three-dimensional obstacles illuminated by plane waves. The numerical results
show good agreement with those obtained with the Method of Moment, and thus

validate the boundary conditions. developed.



e By using the discrete Fourier Transform, a new algorithm has been developed for
interfacing the TLM method with the frequency-domain solutiens. The technique
employ the priorknowledge of frequency-domain solutions at boundaries and combine
them with TLM simulations, leading to considerable decrease in memory and CPU
time. It also allows the TLM method to be used with highly conductive materials for

solving shielding problems. The good results were obtained with significant reduction

of the computation expenditure.
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Chapter 1

Introduction

Numerical models for electromagnetic structures consisting of transmission media and their
boundaries are needed for computer simulation of wave prof;agation. In the past, various
analytical methods such as Green’s function technique, conformal mapping, variational
methods, Fourier transform method, Fourier integral approach, spectral domain method,
and mode matching technique have been used to solve electromagnetic problems. However,
these methods can not be applied to the problems with arbitrary geometry. Furthermore,
the realistic features such as finite metallization thickness, mounting groove, and irregulari-
ties caused during manufacturing, cannot be easily accounted for. Therefore, very accurate
characterization numerical techniques are essential to model the problems.

Numerical techniques such as the Finite Element Method (FEM), the Method of Mo-
ment (MoM), the Boundary Element Method (BEM), the Finite-Difference Frequency-
Domain (FD-FD) Method, the Transmission Line Matrix (TLM) Method, and the Finite-
Difference Time-Domain (FD-TD) Method have evolved in the last two decades. Recent
advances in modeling concepts and technology have expanded the scope, accuracy and
speed of these methods thanks to the development of powerful computers. Programs based
on these techniques can be applied to solve problems with structures which the analytical
approaches can not deal with. Two very uselul reviews and extensive lists of references in
this area can be found in {1} and 2].

As one of the numerical techniques, the TLM method has received growing interna-
tional attention and found wide range of applications since P. B. Johns introduced it for
solving electromagnetic structure problems in 1971 [3]. The reasons are that, firstly, the
solution is solved in a sequential manner, and therefore, is very appropriate for éomputer

operations and programming; secondly, it can be applied easily to problems with com-
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plex structures which would be very difficult to solve with either analytical approaches or
the other numerical techniques (the electromagnetic problem need not to be reformulated
for every new structure; its parameters are simply entered in a general-purposed program
in the form of codes for boundaries, permeabilities, permittivities, and excitation of the
fields); Thirdly, it provides direct time-domain solutions for transient problems (as a result,
to obtain the frequency-domain results over a wide range of spectrum, only one simulation
or a single shot of computation are needed). Fourthly, it can account, without changing the
basic algorithm sigfliﬁcantly, for inhomogeneous, lossy, anisotropic, nonlinear, time-varying
and even dispersive media. The main disadvantage of the method is its requirement for
large computer memory space and long computation time for three-dimensional and large
scale two dimensional problems. Overcoming of the difficulty rests on two aspects: the

development of super computers and improvement on the method itself.

1.1 State of the Art

As early as in the forth decade of this century, several researchers made use of electrical net-
works to simulate electromagnetic wave propagation in two-dimensional (2D) waveguides
[4]-[6]. The principle involved in these methods was based on the similarity between the
behavior of electromagnetic fields and voltages and currents in spatial electrical networks.
Inspired by these techniques, P.B. Johns and his co-workers proposed, in 1971, a novel
numerical procedure [3] to solve the 2D electromagnetic problems, in which both space
and time are discretized. Later on in his paper [7], P.B. Johns showed that the method
is actually the time-domain model embodying the Huygens’ principle in discretized form.
It uses an equivalent network, or matrix, of either shunt or series interconnecting two-
wire transmission lines (the method is then called the Transmission-Line-Matrix (TLM)
method). At the interconnecting points (or nodes) of the transmission lines, a number
of stubs, whose electrical properties are used to represent the electrical characteristics of
propagation space, are attached. Analysis of the transmission line matrix leads to a system
of equations. These equations can be identified with the 2D Maxwell’s equations by draw-
ing equivalences between circuit quantities in the 2D TLM network (such as node voltages,
currents, line constants, and stub parameters), and the field quantities in the media (such

as electric fields, magnetic fields, permittivity and permeability). The numerical procedure
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entails by exciting the network, or mesh, at specific points with impulses. Then, at each
subsequent time step, these impulses propagate through the transmission lines connecting
two neighbor nodes, scatter at the nodes and bounce back at the boundaries. The output,
which is taken from a chosen node, consists of a series of impulses separated by a constant
time interval. The Fourier transform of this output function can be performed to obtain
the spectral domain solution.

By the end of 1974, Johns and Akhtarzad [8, 9] had extended the 2D TLM scheme
to three dimensions (3D) by alternatively shunt and series interconnecting the two-wire
transmission lines in 3D space. The voltages and currents at the interconnecting points
(or nodes) are equivalent to electric and magnetic fields, respectively. In this way, the
equivalent six E and H field components are defined in space alternatively and separately
with each other. The model is called the 3D TLM expanded or distributed node .

In 1982, Saguet and Pic [10] developed the 3D asymmetrical condensed node structure
by modifying the 3D expanded node model. The network topology is simply a three-
dimensional Cartesian mesh with two pairs of two-wire transmission lines, corresponding
to two polarizations, in each branch. It {ollows that all of the field components are defined
at one point (condensed), and boundary conditions can be applied halfway between nodes.
However, this node model is asymmetrical in the sense that the first connection in the node
is either shunt or series depending upon the direction of view. Although the errors caused
by the asymmetry are insignificant for most problems [12], it does mean that boundaries
viewed in one direction have slightly different properties when viewed in another. In
1986, P.B. Johns {13, 14] took yet another step and described the development of a 3D
symmetrical condensed node for TLM modeling with lossless media. This node eliminates
the disadvantages of asymmetry while preserving the advantages of the condensed node
working. Based on this, Naylor and Desai [15] (1990) have added the loss feature to the
3D TLM symmetrical condensed node to account for lossy media. At this stage, basic
formulations for the 2D and 3D TLM models have been fully developed.

Building upon the work of these authors, other researchers added other kinds of features
and improvements. For example, variable mesh size [16, 17, 18] allows the propagation
space to be irregularly graded for discretization according to the nature of problems under
investigation. Simplified nodes [L9] uses a scalar TLM network to simulate a singie field

component or a Hertzian potential rather than all the field components. Error correction



techniques [20] employs extrapolation techniques to obtain good accuracy. Time-domain
diakoptics [22] apply substructuring techniques to store information for substructures and
to form the solution by later on reconnecting the substructures. And stub techniques
_change stub parameters in the TLM models to solve anisotropic media 23] and non-linear
problems [24]. A very useful review of the TLM method of analysis was presented in [25] by
Hoefer in 1985. Ever since then, a number of new developments for the TLM method were
achieved. Among them are the use of discrete time-domain Green’s function (Johns matrix)
[26, 27, 28], application of wide-band absorbing boundaries [29, 30], combination of fine-
coarse mesh [31], computation time reduction technique with Prony-Pisarenko method (32],
modeling of nonlinear active regions [33, 34], simulation of dispersive media[35], Hexagonal

TLM model with less numerical dispersion [36] and numerical synthesis by reversing TLM

algorithm [37].

1.2 The Motivation and the Original Contributions

In spite of many successful applications and developments of the TLM method [3]-[54],
the theoretical foundation of TLM, especially for the 3D symmetrical condensed node
model, has not been fully demonstrated, although some work was done by P.B. Johns for
the expanded node [61, 62]. In other words, the physical relationships between the field
quantities and voltage impulses in the TLM network have not been fully explained, at least
mathematically. This had lead to some confusions of understanding the TLM modeling as
indicated in [7].

Meanwhile, over the past decades, another numerical time-domain technique, the finite-
difference time-domain (FD-TD) method, has been widely used for solving electromagnetic
problems. This FD-TD method, introduced by Yee [55], is an approximate discrete math-
ematical model and is formulated by directly differencing Maxwell’s equations under Yee’s
grid arrangements. The applications of this method have been ranging from solutions of
scattering fields [56, 57] to determination of characteristics of planar circuits [58]. A useful
introduction and review of this technique was presented by Taflove in [59] and [60].

While the origins of the TLM method and the FD-TD method are different, both of
them present the same kind of numerical time-stepping technique and yield practically

identical results. Therefore, they would be equivalent in a certain way. Indeed, an equiva-



lence under certain conditions was shown between the 3D TLM expanded node model and
the 3D FD-TD method based on Yee’s scheme [62]. However, for the TLM symmetrical
condensed node, no equivalence has been reported so far. The issue is addressed in this
thesis and the equivalence between the TLM method and a new FD-TD formulation has
been demonstrated in general. In other words, any TLM algorithm can be rewritten in an
equivalent FD-TD form (Chapter 2). Therefore, the theoretical foundation of the TLM
has been explored. Based on this, new concepts and procedures for the TLM simulations

have been developed in this thesis:

e The conventional boundary conditions of TLM method have been verified theoreti-
cally for the first time; a systematic way to construct the boundary conditions for the
TLM method is developed; and the conversion of the TLM solutions is presented. In
addition, a new boundary description for the TLM method has been proposed where
boundaries are placed at nodes instead of half-way between nodes. It renders the

TLM method more flexibility in treating, or positioning, its boundaries (Chapter 3).

e As a consequence of the equivalence between the FD-TD approach and the TLM
method, numerical techniques employed in the FD-TD method and the TLM method
can be trans-implemented into each other after appropriate modifications. Hence, the
absorbing boundary conditions and connecting boundary conditions developed for
the FD-TD method have been modified and reformulated for TLM modeling. The
instabilities resulting from the spurious modes in the TLM model were discussed
and additional factors were introduced into the absorbing boundary conditions to
suppress the spurious effects. Validations of these boundary conditions were obtained
with conducting obstacles illuminated by plane waves in two and three dimensions

(Chapter-4).

¢ A new procedure for interfacing the TLM method with frequency-domain solutions
is proposed. It employs the prior knowledge of frequency-domain solutions at bound-
aries and incorporated them with the TLM simulations. Consequently, it achieves
considerable reduction of memory and computation time. This implies that the dif-
ficulties in some applications of the TLM method can be circumvented by taking
advantage of the other techniques. or example, practically impossible implémenta—

tion of TLM network in a highly conductive sheet (which would require too many
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nodes and iterations) can now be accomplished by incorporating a lossy transsimis-
sion line section with the TLM mesh. The simulation results have demonstrated the

efficiency of the proposed procedure (Chapter 5).

1.3 Organization of This Thesis

This thesis is divided into six chapters, where Chapter II, III, IV and V contain the main
original contributions of my work.

In Chapter II, the equivalence between the TLM method and a finite-difference time-
domain formulation is explored. It is concluded that the TLM method can be generally
formulated in a finite-difference form. Therefore, the quantities, such as impulses, in the
TLM modeling are directly related to field quantities. Additionally, the conversion of the
TLM solutions to its supposed simulation solutions is derived theoretically.

In chapter III, general boundary treatments for the TLM method have been presented
as result of Chapter II. The conventional boundary conditions of the TLM method are
verified theoretically. A new boundary description for the TLM simulation, where the
boundaries are placed at nodes rather than half-way between nodes, is proposed.

In Chapter 1V, the general absorbing boundary conditions and connecting boundary
conditions for the TLM method are formulated based on the corresponding FD-TD scheme.
Since spurious modes exist in the 3D SCN model, unstable solutions may occur if the ab-
sorbing boundary conditions for FD-TD method are directly implemented. Consequently,
additional conditions have been introduced in order to suppress the spurious effects. Vali-
dations are shown with scattering problems of obstacles illuminated by plane waves in two
dimensions and three dimensions.

In Chapter V, a new procedure for interfacing the TLM method with frequency-
domain solutions is described. It can be used with problems where boundary conditions
in frequency-domain are known. A complete set of the formulations and some numerical
results have been given. It is found that in certain situations, memory and CPU time are
significantly reduced with this approach.

Finally, Chapter VI contains the overall review, conclusions and future work.



Chapter 2

Numerical Modeling: The TLM
Method And The Equivalent New
Finite-Difference Time-Domain
(FD-TD) Formulations

2.1 Introduction

The TLM method is one of the most appropriate techniques for digital computer simulation
of wave motion and has found many applications in microwave and millimeter-wave circuits,
such as resonators [42], dielectric-loaded waveguides [20}, microstrip lines on isotropic and
anisotropic substrates [23, 41]. As mentioned before, due to different techniques used,
different TLM models, such as 2D shunt and series node [3], 3D expanded node 8, 9], 3D
asymmetric condensed node [10] and more recently 3D symmetrical condensed node (SCN)
[14, 15], have been developed. Each model retains its own advantages and disadvantages.

In 1987, Johns [61, 62] showed that under certain conditions, the TLM expanded-node
model is equivalent to the FD-TD algorithm of Yee’s scheme [55]. In 1990, Voelker and
Lomax [63] actually formulated the 3D expanded-node TLM model in a FD-TD form and
successfully applied it to solve a nonlinear device problem. However, to the best of author’s
knowledge, the direct relationships between quantities of the TLM algorithm and the field
components have not been fully demonstrated so far, especially for the 3D symmetrical
condensed node.

This chapter shows the numerical equivalence between the symmetrical condensgd code

used in the TLM method and a new FD-TD formulation which is different from the FD-



TD approach of Yee’s scheme [35]. That is, the TLM method can be shown to be exactly
correspondent to a finite-difference formulation. Hence, the numerical foundation of the
TLM is fully demonstrated and the work presented by P.B. Johns for showing equivalence
between the expanded TLM-node model and the FD-TD formulations is complemented. It
is concluded that due to computation of more field components and fulfillment of continuity
conditions, the TLM symmetrical condensed node achieves more accurate modelling and
less 3D numerical dispersion than the FD-TD method presently used. In the last section,

conversion of the TLM solutions to their corresponding field solutions has been studied.

2.2 The New FD-TD Formulation for Maxwell’s -
Equations |

2.2.1 The two-dimensional (2D) case

First consider the 2D Maxwell’s equations for transverse magnetic (TM-to-y) waves in a

stationary, lossless and sourceless medium.

E. = E.=0, H,=0, (2.1)
0H.  OE,
—p % 2.9
"o oz’ (2:2)
OH, JE,
= 2.
t ot oz’ (2.3)

Jo0B, _ 0o
T ot Jz dz

where z and ¢ are the permittivity and permeability of the medium to be modeled.

(2.4)

Following Yee's notation [55], one can denote a Cartesian grid of points on the x-z plane

(2z,2:) = (i; bz,2. 82) (2.5)
and any function of discrete space and time as
F(i; 0z, 6z, n 8t) =, F(is, i2) (2.6)
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where 8z = 6z = § = ¢o At are the space discretization units (taken to be the same for
simplicity), 6% is the time increment, p = . pt,, € can be chosen to be equal to either ¢, ¢, or
2¢, ¢, (o and ¢, are the permeability and permittivity of the vacuum media, respectively),
and i, i, n are integers.

Now, the 2-D region is discretized into a mesh shown in Fig.2.1. Unlike Yee’s scheme
[55], all three nonzero field components, E,, H; and H,, are defined at a node located at
the center of the 2D cell, while at the points in between two neighboring nodes (on the
boundary contour S), only the magnetic field components tangential to the contour and
the electric field normal to the mesh area are considered. As a result, the E and H-field
components are not separated in space but are all defined at the same grid points. This grid
arrangement ensures that both the tangential E and H field components are continuous
across the interface of two adjacent cells.

The finite-difference formulations of the 2D Maxwell’s equations at node (i.,1.), (2.1)

o (2.4), are, therefore, as follows:

n H:(ir 7:'.') n -H:(ini:) n+:',-Ey(il‘ !z ) n+1 E 2’2.-’)
_ +1 1 _ 2 2
a 5t bz @)
+‘u n+1Hx(Zx,‘lz)6t—n .[II(Z_-L», 'l:) _ n+;-Ey(l.1:, 1;+ 5) ‘;;n-l-;— Ey(z:n iy — %) (2.8)

+En+1Ey(i::a 2:) “n Ey(irv "z) -
ot

n+—-H (i + 3 ) Tntl Hy iz — %) n+:}H2(i3 + %aiz*) Tntd H(iz — %7i2)

Sz éz

From the above equation, the updated values of 41 E,(¢2,2.), ns1 H.(iz,1,) and py1 Ho(3z,1)
at nodes can be obtained from the values of E and H-fields at the previous time step.

In order to update the E and H-field components at the boundary contour of each
cell, additional operations are needed. Here, the following averaging process over time and

space, which will be shown to be equivalent to the averaging process in the TLM models,

is taken:



g
i 9 Z
(ix+-12-, 1z) y
RN .
(i«x, iz'%‘) (ix, iz+"12')#/ Node
. ¢
# p (ixiz) f Point at halfway
between nodes
? L ._ i ,— 4\#
(x-712) \ Boundary

o

o
—@-
Q

contour S

Field components defined (for TM-to-y wave):

at (ix,i,) : ]:“g
at (ixt.iy) E,

at (i, izi-%») .

9H7<.3H2
, Hz

s Hx

Figure 2.1: Grid Positions for the 2D FD-TD Formulation
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nEy(i:niz) - Zo n}Ix('ix, Z:)

[n+%Ey(Z‘;,i: + %) ~ 2, n+%Hz(ixaiz + ’;’)] + [n—-;-Ey(iﬁiZ - %) — Zo

Ho(izyi: — 3)]

1
n=3

2

-

nEy(i::a iz + 1) + Zo nHr(iz) 2.:. + 1) =
[n+%Ey(ix:iz + %) +Z, n«}-:}f‘{i'(il" - + %)] + [n-%Ey(ira iz + %) + 2,

(2.10)

n_%Hx(ir’ i: + %)]

2
(2.11)
nEy(i:x:viz) + Zo nH:('iJn l:) =
sy Byl i) & Zo et Holie + 5 i) 4 [ Bylic = 3,0+ Zo oy Halic — 1)
2
(212)

nEy(i:r: + l,i:) -7, nH:(i:r: + l,i:) =
[n+%Ey(i-‘L' + %’i-'-) - ZO n+%}-[z(iz‘ + %72:)1 + [n_% y(ir '{" %1 2:) - Zo

n_%Hz(ia: + %7 Zz)]

2

(2.13)

Consequently, the field components between nodes (or on the boundary contour of the

2D cell) can be obtained:

.. 1
n+;—Ey(21"Z: + ._2') =

nEy(i::yi:) - Za nHz(irs t:) +n Ey('iz:viz + 1) + Zo nHz(ir,i: + 1)

1 . |
- 'é[n-.%Ey(ZJ;,'L: - 5) - ZO n—%—HI(Z.rﬂz - 5)

R .. 3
+n-—%- Ey("::ylz + ,T)") + Zo n_%flz:(z:c: i + ';;)]

P4

11

(2.14)



1
Zo n-{-lf[:c(i:miz + ._) =
n E (2.7:,7' ) + Zo n.][ (2.7:7 -) +n. (Zx,lz + l) + Zo nH (Z:z:a . + 1)
1
1 E (2_«,,2—» -~ l) + Z, n_l}I (zzyiz - 5)

- :[—n__

et Bylinic 4 3) 4 Z oy Holicr s+ ) (2.15)

. 1.
n+%Ey(7'r + 3)13) =

r4

Ey(izi:) + Z, nH-(z‘x,z' ) +n Ey(iz + 1,8:) — Z, o Hz(22 + 1,i2)

L E(zx— i)+ Zy 1H.(zx—l i)

.4

SETAR
+ne %E (2 + §-, 2) — Zo n_%ff:(i,-i- 5,2}_)] (2.16)

: 1 .
Za n+%Hz(z:: + 5 z:) =

nBy(izits) + 2o nH:(in,0:) —n Ey(é: + 1,82) + Z, oH.(i; + 1,1;)

1 . 1 1
- 5[11.—%Ey(lr ) ) + Zo n_l[{-(zx -, _)
—n-t Byliz 4+ 5,8) + Z, et H: (i r),zz)] (2.17)

where Z, = \/;% if € = ¢,2, is chosen, or, Z, = \/:-%_ if € = 2¢,¢, is chosen. It is
recommended that Z, = \/:—“E and € = 2¢,¢, be chosen (and henceforth applied in this
thesis) since (2.10) to (2.17) would be independent of permittivity. Note in this case, the
FD-TD scheme virtually simulates 2 medium of relative permittivity 2¢, rather than Er-
The above averaging process over time and space for (2.10) to (2.13) observes a certain
rule: if the cross product of unit vector of E-component and unit vector of H-component
points to the directions at which the averaging takes place, averaging of E — Zy H is
considered; otherwise, £ + Zy H, is considered. For example, one may consider E, and
H at the boundary point (i,%. + }) of two cells centered at nodes (i;,7,) and (iz,2. +1)
as shown in Fig.2.2, respectively. Then take E, & Zo H; as the quantities to be averaged.
When the averaging is taken with the quantities at point (iz,%;) and (iz,2, — %) (thus,
the direction of averaging is —a,), £, — Z; H, is considered noting that (ay x ax) poiﬁts

to the direction of the averaging process (—a;). When the averaging is taken with the

12



quantities at point (ip +1,4:) and (i, + 2} (the direction of averaging is ay), £, + Zy H,
is considered noting that ay x ay (=—a,) points to Lthe opposite direction of the averaging
process . The resultant are (2.10) and (2.11)

For the transverse electric waves (TE-to-y), similar equations can be obtained.

2.2.2 The three-dimensional (3D) case

For three-dimensional cases, Maxwell’s curl equations in a stationary, lossless and sourceless

medium in the time-domain are

IH
Laai[ = —y xE, (2.18)
‘;—f v xH (2.19)

In a rectangular coordinate system, (2.18) and (2.19) become the following system of

scalar equations:

O, OE, OFL,

. = - — 2.20
Y 0= dy ( . )

dH, oL, OF,
= = = 2.21
Y dx Oz (2:21)

OH. oL, 9K,
= = - 2,22
“au gy oz (2:22)
c_@}s} - O.H: _OH, (2.23)

al Ay dz
C_H-E,, _ (?'Hz _ é?.Hz | (2.24)

9l 0z dx
L oy 2, (225)

ot dx dy

Just like in the 2D case, a Cartesian grid of points is denoted as

(ias 8y, 22) = (iz b2,3y 6y, ¢, 62) (2.26)

13
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Figure 2.2: Averaging Process for the FD-TD Formulation
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and any function of discrete space and time as
Fltz 82,1y 6y,1. 82,1 6t) =, F(iz, iy,1.) (2.27)

bz = by = 6z = bt are the space discretization units (taken to be the same for
simplicity), 6t is the time increment, € and g can be chosen as either & = Er €, and
B=fir o OF € =26, ¢, and p = 2y, p, and ¢, 1y, 2z, 1 are integers.

In contrast to Yee’s scheme [55] (see Fig.2.3), the six field components of E and H are
defined at a node located at the center of the 3D cell, while at the points on the boundary
surface of the 3D cell, only the field components tangential to the surface are considered
(Fig.2.4). Asin the 2D case, the E-field and H-field components are not separated in space,
and both the tangential E and H field components are continuous across the interface of
two adjacent cells.

By differencing 3D Maxwell’s equation, (2.20) to (2.25), one can easily obtain a finite-
difference formulation for Maxwell’s equations.

For example, considering (2.23), one has

n+1Er(ira iy’ Z::) —n E.z:(i.ra iyv ’:)
: 5
n+%}[2(iz7i!] + %’il’) _n+% }‘[Z(i«!'! iy - %72.:) n+%Hy(z’z,iy,iz + %) _n+% Hy(iz,iy,iz - %)

oy 0z

(2.28)

Thus, n41E:(i5,4,,1:) at the cell center can be updated from the values of E and H-field
components at the previous time step.

The remaining finite difference equations corresponding to (2.20), (2.21), (2.22),(2.24)
and (2.25) can be similarly constructed.

Again, in order to update both E and H on the boundary of a 3D cell, the averaging

process over space and time is applied just as in the 2D situation. As a result, one has:

nEr(iryiya l:) - Zo n}]:(iry iyaiz) =
1
5t

.1, '
+n—-‘- Ex(i.m iy - %,iz) - Zo n_%Hz(izy ly — 57 Zz)] (229)

. 1. .o 1 .
n+%E.r(zryzy + 5’23) - ZO n+§-H2(7'2‘12y + ;122)

r

2
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Figure 2.3: Positions of the Field Components about a Unit Cell of the Yee
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nEz:(i:miy + 17 2:) + Zo'nsz(i:miy + 11 zz) =

1 .o 1. .. 1.
§[u+%E:r(zJ:: ty + :'2") 1:) + Zo n+%Hz(z:y Ty + 5, z-.-)

n—.s

A . 3.
+..1 Bty 1, + ;,z:) + Z, n_;H.(z,,zy + ;,zz)] (2.30)

From above, £, and H, on the boundary surface of the 3D cell can be obtained as

follows:

.. 1 .
n+§Ex(zm7’y + §’2:) =
nEz(teytyytz) — Zo nH:(3z,1y,12) +a Er(iz iy +1,02)+ Zy o H. (4,1, + 1,42)

1 .. 1. . 1.
_;[n_%Ex(zmzy - ;,Z:) -2, "_lH.(z;.,?,y - ;,2;)

oy Baliniy + 2,12) + Zo oy Helinsiy + 3] (2.31)

4

L. 1.
ZO n.+3-H=(Z.’z:, ty + 3, ‘l-_-) =
[ E (Z,_-, 2y,l )+ Z" nH'(l"" ly’z )+n (zz’zy +1 iy )+Zo nHz(i.z:yiy + 1,2:)]

1 .1 1.
_3[ n.—-E (l;p,'ly 30 )+Zo n__l_f[-(l:,ly 572:)

51:) + Zo "_lH.(L,,zy 3 i2)] (2.32)

- -

.. 3
+n_%Er(za:a ty T

where Z, = \/’E if ¢ = ¢, e, and p = p, pu, are chosen, or, Z, = \/i‘-_g if € = 2¢,¢, and
4 = 2pu, u, are chosen. Again, it is recommended that Z, = \/ﬁ:‘{ and € = 2¢,.¢, and
¢ = 2p, i, be chosen (and henceforth applied in this thesis) since (2.29) to (2.32) would be
independent of the medium permeability and permittivity. Note in this case, the FD-TD
scheme virtually simulates a medium of relative permittivity 2¢, and permeability 2 p,
rather thén e- and y,.

The equations pertaining to updated values of other tangential E and H field compo-
nents on the other boundary surfaces of a 3D cell can be constructed in a similar way or
can be obtained by simply permuting subscripts (z,y, z) and coordinates (i, iy,:.) in the
above equations.

As one can see, equations (2.7) to (2.17) and (2.28) to (2.32) constitute a recursive
finite-difference formulation for time-dependent Maxwell’s equations based on a new grid

arrangement and the averaging process. When boundaries are placed half-way between
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two neighboring cells (ie. at the boundary surface of a 3D cell), the boundary conditions
can be fulfilled by simply enforcing them in (2.10), (2.12) for two dimensions, or (2.29)
for three dimensions. Generally speaking, this finite-difference formulation ensures the
continuity of both tangential electric and magnetic field components across the interfaces
of cubic cells. Therefore, the energy flowing in the whole network will be conserved and
a stable non-dissipative solution will be generated. For a more general Finite-Difference

Time-Domain formulations including loss and variable mesh size, see Appendix A.

2.3 Theory and Application of the TLM method

The Transmission-Line-Matrix method is a time-domain numerical technique for solving
network and field problems. The theory of the method and its applications to electromag-
netic problems have been well established [64] since its first formulation by P. B. Johns
and his co-workers [3]. In principle, the electromagnetic problem is modeled by filling the
field space with a network of interconnecting two-wire transmission lines (Fig.2.5). The
voltage and current impulses at all intersection points, or nodes, are made equivalent to the
electric and magnetic fields in the discretized space. Thus, the behavior of electromagnetic
fields can be easily modeled quantitatively by the voltages and currents in the network of
transmission lines or TLM models. Any inhomogeneity in the form of dielectric or mag-
netic materials can be accounted for by introducing further lengths of transmission lines
as shunt or series stubs to the network. The numerical calculations start with exciting the
network, or mesh, at specific points in terms of voltage or current impulses. Then, at each
subsequent time step, these impulses propagate through the transmission lines connecting
two neighbor nodes, scatter at the nodes and bounce back at the boundaries. The output,
which is taken from a chosen node, consists of a series of impulses separated by a constant
time interval. The Fourier transform of this output function can be performed and useful
information about the frequency behavior of the structure extracted. The details of the

TLM method and an extensive list of references on this subject can be found in [67].
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2.4 Voltage and Current Relations in the TLM Sym-
metrical Condensed Node and Its Equivalence to
the Finite-Difference Approach

Various types of nodes have been proposed for the TLM model. For 2D problems, the shunt
node and the series node model [7] can be used, and for 3D problems, the expanded-node
[9], the asymmetrical condensed node [10, 11] and the more recently developed symmetrical

condensed node model [14] exist.

2.4.1 The 2D TLM node

Consider a 2D TLM shunt node model [3] without inductive, capacitive and loss stubs
(Fig.2.6). For simplicity, suppose that each link line has the same length, Al/2 (regular
mesh), and that all the assumptions made by Johns are valid here. In addition, similarly
to the denotation used in the FD-TD formulation, function of voltage V' (i, Al, 1. Al,n At)
is denoted as ,V(i.,%.). Note that the total voltages and currents at mid points between
two adjacent nodes are the sum or diflerence of the incident and reflected voltages on the
link line, according to transmission line theory. For instance, if on link line 2, at time
(n + 3)At and position (ix,7: — 3), n+%‘~"2‘(ir,i: — 1) is the voltage impulse going toward
the node with position (¢.,2.) and n+%V{(ir, i; —3) is the voltage impulse going away from
the same node, then the total voltage at (iz,¢. — 3) is:

| P | S |
u_,_%Vy(z,,,z: — —2-) =nil Voliz, 2. — 5) +nst V2 (22,22 — -9—) (2.33)

-

and the total current at position (7,7 — ) flowing along the z direction (in link line 2) is,

| e o1 rre o1 .
n+§]=("ra": - 5) = [n+%"2(z‘rvzz - F)') Tr+l Vy (e i — }2)]/20 (2.34)

-~

where Zy is the characteristic impedance of the link line.

Similar voltage and current definitions and relations with their corresponding equations
can be derived on the other link lines at mid-points between the nodes. Together with the
relations between voltages, currents at nodes and incidents impulses on link lines [67], it

is not difficult to verify that the following relations exist in the 2D TLM shunt node (see

Appendix B):
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n-{-lIr(i:l:; tz) ~n I.x:(iz:aiz) _ ll+%v.;l(i1' + %’i") —71+% I/y(‘l,_- - %’i"’)

- 9

L At Al (2:35)

.. N Dy 1 K 1
_Ln.*.]_.[:(zx,'l:) —a I:(‘lr, i:) _ n+.;_ Vy(lz:, [ + §) —n+—;- I/.'J(va 2z — -2') (2,36)
At Al
9 On+1%(ix7 Zz) ~n ‘/y(irai:) =
- At
iy Bl + 1) mupg Llizyis = 1) ey Jelint §iz) ey Loliz — 31i2)
Al Al
(2.37)

and

nVy(iz, Zz) + Zo nI:(iz‘y l:) =
[n+%‘/y(irvi: + %) + Zo nel Itz 2: + %)] + [n-;—Vz'/(imiz - %) + % n—-;-Iz(ir’iz - %]

3
2

(2.38)

n%(irai: + 1) - Z, n]:('ixv'i: + ]-) =
[ﬂ-+%Vy(iJ”iz + %) - ZO n-i-%I:(il"i: + %)] + [n—%%(im iz + %) - Zo n—%Iz(im i:: + %)]
2

4

(2.39)

Vilizyiz) + Zo nlaliziz) =
L1 Voo + 3002) + Zo npnlolie + 3,8 + a1 Vile = 1080) + Zo oy Loz — §,12)]
9

4

ﬂV.V(iI + ].,i-_-) - Zo n-[z'(t.r. + 1,7::) =
L1 Yalis + 38:) = Zo i alin + 3,80+ LaoaVille + 3102) = Zo i Loliz + §,82)]
2

(2.41)

or,



A 1
11-{»l %(23,22 + _) =

Volizy i) + Zy al:(igy2:) +n Vy(iz,t: +1) — Z, o1.(iz,%: + 1)

- ‘];[n..LV (ll"i' - l) + Z, n-l.Iz(z:z:ai: - %)

. 3.
+oot Vy(iay2: + ) Z, n—lIZ(zrazz + F)')] (2.42)

2

T ¢
—Zo n+%fz(2:r:72: + “) =

[_n‘/y(irai Za nI (l;,l ) +n (11.,1, + 1) Zo nI:(i_r,iz + 1)]

1 reeooo 1 |
- 3[_71—;-‘/5/(7-1‘72: - T)') - Zo n_l_I:(t;,_., 2, — -§)

< -

b1 Vlinie + 3) Zy oy Lelinyic + g)] (2.43)

nVy(ixvi=) + 2, ndz(iz, iz) +0 V, (Zz +1, 3z) ~Zy ol (2,; -+ 1,2_)

1 ) 1 1 .
- i)-[n_%Vy(a, ~ 3 1.) + Z, "__[ (i — 9,2.)
+n_;_ V(i + g,i:) -7, "_1_1 iz + ,z )] (2.44)

R
Z, n+lfr(zz + :'-)'a l:) =
[ y(zl, i:)+2Z, ,J( t:) —n Vy(iz + 1,2:) + Z, oL.(3: + 1,2.)]
. . 1.
- 72‘[71-;"':/(1: - 5, i)+ Zo oy Lalic — 5%

et Vil 212+ Z i+ oi0)] (2.45)

-

where Z, = \/g, —ﬁ—: = \/ﬁ’ L is the inductance per unit length of the link line and C is
the capacitance per unit length of the link line. Note that in fact, (2.38) to (2.41) can be
considered as the result of an averaging process over time and space for the voltages and
currents in the TLM model.

Assume that at any tinie and grid point, one has the following correspondences:



V, = E,, (2.46)
I, = H., (2.47)
I = -, (2.48)
2C = ¢, (2.49)
L = g, (2.50)
Al = éz=6z2=9§ (2.51)
At = 6t (2.52)

Then, (2.35) to (2.45), which were derived from the 2D TLM shunt node formulation,
are exactly the same as (2.7) to (2.17) pertaining to the new FD-TD scheme for the two-
dimensional case. That is, the 2D TLM shunt node model is equivalent to the FD-TD
formulation.

In the case of a series node model, or if stubs are added for simulation of materials, it
is not difficult to prove, by following a similar procedure, that the same conclusions can
be drawn.

1t should be pointed out here that the achievement of the equivalence between the 2D
TLM nodes and the FD-TD approach is attributed to the introduction of the total voltage

and current definitions as represented by (2.33) and (2.34).

2.4.2 The 3D TLM symmetrical condensed node

Consider a symmetrical condensed node without inductive, capacitive and loss stubs [14].
Each link line has the same length, Al/2 (regular mesh) (Fig.2.7). Also, denote
V(i AL 1, AL Al nAt) as ,V(iz,4y,7.). Then, similar to the 2D case, the total volt-
ages and currents at mid points between two adjacent nodes are expressed as the sum or

difference of the incident and reflected voltages on the link line. For instance, -the total

voltage at (iz,iy — 3,¢:) on link line 1 is:

A oo 1 A
ntl e1(Tey Ty — 3,23) =4l Vi(igsty — 5’23) +ntl Vl’(zx,zy—g,zz) (2.53)

and the total current at position (i,¢, — 1,7.) flowing along the y direction (in link line

1) is
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Figure 2.7: A Three-Dimensional Symmetrical Condensed Node
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1i:)1/ Zo (2.54)

| ==

. 1. L 1. ..
nt i iz iy — 5’12) = [n+;-V1'("m ty — 5,22) Tat+i Vi (izy iy —

where Z, is the characteristic impedance of the link line.

Again, with Zo = \/g and f\‘—: = _fz—_c" one can easily verify the following relations (see

Appendix C):

n+1Vz(ir’iyvi=) —n Vr(izaiywiz) _
At -
n+ i ylZ(irviy + %ai:) “nt+i yl(iraiy - %ﬂ-z)
Al
ntt I Q(l.x:a Lyal + ) n+3 1'2(7'1:1 Zy,l - %)
N (2.55)

2C

and

V (2;, zya + Zo nIzy(lrv lyv ) =
AU ¢ 1.
:2-[71-{-,.;-\"2:12(22:3 yt+ 3 )7 i) =+ Z, n+i yl2(l:z:,zy + T)':?'z) +

... 1. .
n-%"rl(z‘rs ty — ;a’:) + Zo n-- yl(zx, 1y — 7,1;)]

Valig, iy + 1,i:) = Z, ,er(i,,,iy +1,i,) =

1 ..o 1.
)[n.i.l"rl?(Lral + ) Z, nti y12(zmzy + ;)',Zz)‘l'

n_%",:x:l'l(zr, 2, + 5’ z:) - Ze n-t y12(zz7 ty + };,'l:)]

-

or,

. 1.
n+!- r12(2r72y + 3’1:) =
V (lxazya + Zo nIJ:y(zm Ly ':) +n ‘Vz(imiy + l’iz) - Zo nI.ry(ira iy + 117:2)
. 1. 1 .
_§[n-%vxl(zr’3y - ':'2'722) + Z, n- yl(z:azy 9’12)

A 3 .
+n—]— ::12(7'1:7 2y + ;)-,l:) - Zo "-i yl?(zts Z'y + 31 7'z)] (258)

2 2 L
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A S
—Za n+%- ym(‘l_,;,'ly + ;,‘L:) =

n x('ir’iya l:) - Zo nla:y('i;r,iy’i:) +n ‘/z(irs iy + 1 z:) - Zo nIzy(ira iy + lai:)
1

.. | . .o .
—'2'[—71_% ::1(7':::1 ty — }2,1:) - Za n—-;- yl(zzgzy - 5,22)

- T A
+n—§ w12(tzs ty + Sﬂz) -2, n-1 y12(izy 3y + 5,32)] (2.59)

-

If one assumes that voltages and currents defined above are associated with the appro-

priate field components as indicated in {14]:

Vo = BEe at (insigsis) and (isyiy & 5,60) (2.60)
Ly = H.  al (inyiyyis) “ (2.61)
L= Hy at (isipis£3) (2.62)
Sl o= He o dl (it 5,i) (2.63)
20 = ¢ ) (2.64)
Al = $o=62=4 (2.65)
At = &t (2.66)

at any time step, then (2.55) to (2.59) are exactly the same as (2.28) to (2.32), one of the
new finite-difference formulae for Maxwell's equations.

The remaining equations can be derived in a similar manner by assuming V, = E,,
V. = E., p = 2L and permutation of subscripts (z,y, z) and coordinates (i, z,,1.) in (2.60)
to (2.63) for current and H-field components (L and C are the inductance and capacitance
per unit length of the link lines, respectively). Thus, it has been shown that the 3D
symmetrical condensed node TLM model is numerically equivalent to the finite-difference
equations for Maxwell’s equations. One can easily verify that the same conclusion will
be reached by following a similar procedure for a condensed node with stubs, including
loss stubs. Again, the achievement of the equivalence is very much attributed to the

introduction of the total voltage and curreut definitions as represented by (2.53) and (2.54).
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So far it has been shown that the 2D .TLM node and the 3D symmetrical condensed
TLM node are each numerically equivalent to a finite-difference formulation. On the other
hand, the 3D expanded node TLM model was shown to be correspondent to Yee’s finite-
difference method [61, 62, 63]. For the 3D asymmetrical condensed node model, the equiv-
alent FD-TD scheme can be found in a similar way since the 3D asymmetrical condensed
node is a reduction of the 3D expanded node model. As a result, the equivalence between
TLM and FD-TD formulations is now fully demonstrated in general . This suggests that

any TLM algorithm can be formulated exactly in a finite-difference form and vice versa.

2.5 Conversion of the TLM Solutions

2.5.1 Conversion of the standard TLM solutions

Two-dimensional case Consider the 2D shunt node model in Fig.2.6 (which is most
used for the 2D problems). Usually, L = i and C = g ¢, (g, is the relative permittivity of
the medium to be modeled) are chosen for TLM simulations. According to (2.46) to (2.52)

and (2.7) to (2.9), the equivalent FD-TD formulations associated with the permittivity

would be:

__yn-}-lH:(iryi:) ~n [[:(luz:) — 71+:17Ey(i~"" + %,2.:) _ﬂ-+%‘ Ey(ir - %’ z")

57 52 (2.67)

it He (i 8:) —n Hilin,is)  as3Bylienic +3) =it Bylin,ic — 3) ,
6t = 62 ("'68)

n L (izai:) n E (l Z:)
+1&~y ASE A
26,60 )
- n+.‘i.flr(iza i: + %) _n+%— sz(ia:yi: - ';') _ n+%}12(iz + %, zz) _'n.g..;. H:(ix - é—a 2z)
bz bz

(2.69)

with éz = 6z = Al. Note (2.10) to (2.17) are independent of permittivity as indicated
before.
It can be seen that the 2D TLM shunt node is virtually simulating the medium of 2¢,

instead of the actual medium of ¢,. Therefore, the TLM solutions need to be converted to

those with the actual medium of ¢,.



In fact, (2.67) to (2.69) can be rewritten as:

n+1H:(i::ai:) n }]:(imi:) \/— 1E (Zz ’ )_“/-ﬂ+1E ( 2’ ) 9=
—I % = 5z (--(0)
2
n+lH::(i.z:1i:) —n flx(ixa Z:) — \/§n+%Ey(i"" i-' + %) - \/gﬂ-*-%Ey(iI’i: - %) (9 71)
% 5z -
\/_n.+1E (7'1:,22) \/— E (’I,_-,,,Z
6,-50
72'
e Holiny i D) my Halienis = 1) g Holis + $is) mny Bue = L)
- oz bz
(2.72)

On the other hand, the 2D Maxwell’s equations for medium of €, can be expressed in

difference form as follows:

o2 Y= (1. 1. nlE ‘l.x+'1",iz ~n lE z.:c—l-;iz
_ ittty is) —n Helinis) _ nsd y(iz + 3 8) —asg Byliz — 3,12 (2.73)
5t bz
n+l}:-[r(i:t:ai:) —n f-[z-(i::s L:) _ IHJ'E (l'-l"i-’ + —21-) _n+:} Ey(ir’i-’ - %) (9 74)
# ot - 5z -
&0 nt1Ey (22,22 )(St Ey(i.rsi:)
n+%.Ha:(zz:aZ: + %) —n-{»:} }-[J.'(i.l'r i: - %) _ n..}.,i_,Hz(i:c + %,i.’,) _n+;— Hz(ir - %,i;)

= 5= bz
(2.75)

Consequently, by comparing the above equations with (2.70)-(2.72), one can easily

obtain the solutions for the medium of ¢, from the correspondent TLM solutions in the

following way:

E of actual medium = V2(E of TLM solutions) (2.76)
H of actual medium = Hof TLM solutions (2.77)
5t of actual medium = (A of TLM solutions)/v/2 (2.78)
o of actual medium = (o of TLM solutions)//2 (if applicable)  (2.79)
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For the 2D TLM series node, a similar. conclusion can be obtained.

Three-dimensional case Still consider the 3D TLM symmetrical condensed node as
shown in Fig.2.7. Usually, L = po ptr and C = gg &, are chosen (g, and &, are the relative
permeability and permittivity of the medium to be modeled). Then, according to (2.60) to
(2.66) and (2.28), one of the equivalent FD-TD formulations associated of g, and e, would

be:

%ene n+1Ex(iz,iyai:) ~n Ex(":miyaiz) —
o<r 6t
i Hulizyiy + 502) =y Holieiy = 36wy Hylioy s + 1) —ng Hylinr iy — 3)

8y 6z

(2.80)

with §z = éy = 6z = Al. Note (2.29) to (2.30) are independent of y. and ¢, as indicated

before.

It is not difficult to derive the other equivalent accompanying FD-TD equations as
described 1n Section 2.3.2.

For example, one may obtain:

n+1}Ix(ir7iys Z;) —n f[.z,(z:n iya 2::) _

—2pioftr 5 =
‘. . 1 0 . - 1 '. . - . 1 B . a 1
n+%Ez(l:m ty + 3, iz) T+l E.(ixy2y — 3, i:) n+%Ey(z,,zy,z: + 5) Tntl Ey(izyiy, 1z — E)
by 6z
(2.81)
The above two equations can be rewritten as:
. n+1Er(ixa iyu 'L:) _ nEz:(i.z:a iy) zz)
cocr 5t =
2
. . 1 . . . 1 .
n+%f-[:(zz, 1y + Eaz:) - n+%f[;(lz,ly - 5723)
by
K . . 1 . . . I
et Hy(ie,2y,1: + ) — ,H_%Hy(zx,zy,zz -3)
oz
(2.82)
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and

n+11:-[r(ixaiy7i:) - nlq:v(ix,iyai:) .

—ftofts 5 =
2 .
n+%E:(i,;,iy + %,iz) - n+%E:(2.z1iy - ‘;'11.:)
oy
71+%Ey(7:,_-,2.y,2‘; + %) - n.{.%—Ey(iza 2.y)iz - %)
- 6z

(2.83)

By comparing these two equations with Maxwell’s equations in difference form for the
actual medium of g, and ¢,, one can obtain the solutions for the actual medium of e, and

4» from the corresponding TLM solutions as follows:

E of actual medium = E of TLM solutions (2.84)
H of actual medium = H of TLM solutions (2.85)
6t of actual medium = (At of TLM solutions)/2 (2.86)
o of actual medium = o of TLM solutions (if applicable) (2.87)

For the 3D TLNM expanded node and 3D TLM asymmetrical condensed node, the same

conclusions can be drawn.

2.5.2 Conversion of the TLM solutions for dual modes

Sometimes it is necessary to make an H-field equivalent to the voltage in the 2D TLM
shunt node model to simulate TE waves (TE-to-y). In this case, the variable capacitance
is equivalent to a variable permeability instead of a variable permittivity as indicated in
[39]. Therefore, for a dielectric-loaded structure, conversion of the simulation solutions is
indispensable.

Still consider a 2D TLM shunt node model shown in Fig.2.6. The corresponding FD-TD
formulations for the voltages and currents are (2.35) to (2.45).

On the other hand, TE waves can be expressed by the following equations:

H, = H.=0, E, =0, (2.88)



of, _ ., 0F.

By 2 a2 (2.89)
Bffy - —EOer%%-, (2.90)
aa.i,,_aa% _ _#rﬂo%f% (2.91)
or,
H. = H.=0, E, =0, (2.92)
a(gf’y) _ _#095%, (2.93)
a(gfy) _ +#0_Q(%, (2.94)
%1%3—00% = ﬂrere:oa(_atBy) (2-95)_

where D, = ¢, €9 £, D, = ¢, 59 £. and B, = po H,.
By finite-differencing the above equations and doing the similar averaging process as

in Section 2.3, one can easily derive the FD-TD formulations for the TE waves which are

exactly the same as (2.35) to (2.43) under the following correspondence:

B, of actual medium = —V2V,, (2.96)

D; of actual medium = I, (2.97)

D, of actual medium = -1I,, (2.98)

bx =6z =6 of actual medium = Al (2.99)
po = L (2.100)

Urereg = C (2.101)

6t actual medium = AtfV2. (2.102)
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That is, the above equations have to be applied to compute the field components when
the 2D TLM shunt node is used for TE waves with a H-field equivalent to the voltage in
the TLM mesh. Note that C in the TLM model is now corresponding to the product of e,
and p,. This implies that adding stubs to increase C in the TLM dual mode simulations

corresponds to changing either permittivity or permeability of the medium to be modeled.

2.6 Numerical Results

The new FD-TD formulation (or TLM method) and Yee’s FD-TD method have been
compared for the 2D case by computing the normalized cutoff frequency of the finned
waveguide shown in Fig.2.8. Normal Impulse excitations are chosen for the new FD-TD
(or TLM) simulations while the Yee’s FD-TD simulations are excited by updating the field
quantities at source points as described in [56].

Table 2.1 shows that both numerical solutions converge to the result given by transverse
resonance method [46] as the number of mesh points is increased while the number of
iterations remains the same for both methods. It can be seen that the new formulation
has slightly better accuracy than Yee's finite-difference method. The reason is believed to
be that in the new model, more ficld components, including both tangential electric and
magnetic field components at points between nodes, are computed or taken into a.ccount..
Furthermore, the field components are not separated in space, and they are all defined at a
single location in the new formulation. As a consequence, the TLM method renders more
accurate modelling than Yee’s FD-TD scheme, especially at source points and boundaries.

Fig.2.9 shows the convergence of the numerical solutions with increasing number of
iterations for b/ Al = 4. It can be seen that the new FD-TD formulation converges more
rapidly than Yee’s FD-TD method in term of number of iterations. This is achieved at
the expense of increased computational expenditure since each iteration with the new FD-
TD formulation takes slightly more time due to the fact that more field components of
each cell are calculated. It was found that the total CPU time required for both methods
was almost the same for the similar accuracy . Even in this case, the new formulation
provides better field resolution due to the fact that the field components are evaluated in
a larger number of positions in space. In addition, as the number of iterations increases,

the new algorithm converges smoothly to its stable solution while Yee’s scheme displays
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(a) Cross-section of a finned rectangular waveguide

------ Magnetic Wall

Electric Wall

——t
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(b) Two-dimensional mesh arrangement for the
waveguide shown in (a). Through Introduction
of symmetry conditions, only one half of the
cross section is required for the analysis of the
TE; ¢ mode. Note that the boundaries are dual to
thoses in the real structure.

Figure 2.8: Geometry of the Finned Waveguide
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TABLE I

The normalized cutoff frequency of the finned
waveguide obtained with the new FD-TD or TLM

method and the TD-FD on Yee's scheme

Resultsof | Resultsof | Resultof the | Efrors compared with the
New FD-TD |the FD-TD of | Transverse | lransverse Resonance (%)
b/AL|{ orTLM  |Yee's scheme| Resonance %e Net;VOdFD. The ED-TD on
method or '
b/Ac b/Ac b/?\c TIM Yee's scheme
4 0.2051 0.2050 8.80 8.85
8 0.2155 0.2155 4.18 4.18
12 6.2189 0.2174 2.67 3.33
0.2249
16 0.2206 0.2196 1.91 2.36
20
0.2217 0.2184 1.42 2.13
24 0.2224 0.2221 1.11 1.24

Table 2.1: Numerical Results for the Normalized Cutoff Frequencies of the

~ Finned Waveguide
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Figure 2.9: The Convergence of the Numerical Solutions with Increasing Number

of Iterations
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some oscillatory convergence in this case. This can be explained again by the fact already
mentioned that in the new FD-TD formulation (or the TLM model), more field components
are computed. It would lead to different ways of excitations and boundary treatments from

the Yee's FD-TD scheme, generating different solution path for convergence.

2.7 Conclusion

In this chapter, a new FD-TD formulation for Maxwell’s equation, which is different from
that of Yee's scheme presently used, has been proposed. The new finite-difference scheme,
formulated by the finite-difference Maxwell’s equations and an averaging process, forms a
kind of ‘condensed’ model in which both electric and magnetic field components are defined
at nodes and between nodes. As a result, more accurate modeling than Yee’s scheme for
solving electromagnetic problems are obtained. This has been verified by comparing the
two finite-difference formulations for the 2D cases in computing the normalized cutoff
frequency of a finned waveguide. For 3D case, the 3D TLM symmetrical condensed node
has been proven to have less numerical dispersion than the 3D FD-TD method of Yee's
scheme [G6].

While the origins of the FD-TD method and the TLM Symmetrical Condensed Node
(SCN) algorithm are different, their equivalence has been demonstrated. In other words,
the TLM (SCN) algorithm can be exactly rewritten in finite difference recursive forms, and
vice versa. Generally speaking, any TLM scheme, for instance, the Hexagonal TLM node
[36], could or can find their equivalent FD-TD formulation since both schemes resemble
the same kind of time-stepping approach. The equivalence between the FD-TD and TLM
method actually implies a mapping between field quantities and circuit parameters. For the
TLM method, the field quantities in Maxwell’s equations are mapped to the correspondent
circuit parameters such as voltages, currents, capacitance, inductance and so on.

On the other hand, in spite of the equivalence, both the TLM algorithm and FD-TD
scheme are believed to be the two parallel numerical techniques for solving transierit electro-
magnetic problems. Both methods retain their respective advantages when implementing
boundaries, dispersive constitutive parameters, and nonlinear devices. The finite-difference
formulation has a simpler algorithm in the sense that constitutive parameters are directly

introduced while the TLM model has certain advantages in the modeling of boundaries
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and the partitioning of the computational domain using Johns Matrix techniques. The
choice between TLM or FD-TD is based more on personal preferences and familiarity with

one or the other method rather than on objective criteria.
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Chapter 3

Boundary Treatments Of The TLM
Method Based On Its FD-TD

Formulations

3.1 Introduction

Boundary treatments play a very important role in both the 2D and 3D TLM simulations.
The conventional boundary counditions deal with electric wall, magnetic wall, non-reflecting
wall for plane waves and interface between two dielectric media. They have been applied
for many years without explicit theoretical verifications. By employing the equivalence
between the FD-TD scheme and the TLM method, this problem has been resolved as
shown in the following sections. Consequently, a much more systematic way to derive the
boundary conditions for the TLM method has been developed. As a by-product, a new
boundary description for the TLM method has been proposed where boundaries are placed
at nodes rather than halfway between nodes. This renders the TLM scheme more flexibility

in positioning its boundaries.

3.2 Theoretical Verification of the Conventional TLM
Boundary Conditions

Various types of boundary conditions have been proposed and applied for many problems.

. These boundary conditions can be verified theoretically as shown in the following sections.
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3.2.1 Boundary conditions for perfect reflecting walls

Denote E; and H, as the tangential electric and magnetic field components at the boundary,

respectively. Then, for the perfect reflecting wall (Fig.3.1a), one has:

E. =0 if C s an electric wall (3.1)
H, = 0 if Cis a magnetic wall (3.2)

As mentioned in Section 2.4, the total voltages and currents halfway between nodes
are the sum and difference of incident and reflected impulses; hence, the voltage and
current at the boundary (Fig.3.1b) are V=V + V™ and I = (V' - V")/Z,. According
to the equivalence equations, (2.46) to (2.48) and (2.60) to (2.63), B, =V = Vi + V*
and H; = £I = £(V' — V")/Z,. Consequently, the boundary conditions in TLM models

corresponding to (3.1) and (3.2) are:

Veo= =V if Cis an electric wall (3.3)
Vo= if C is a magnetic wall (3.4)

which are indeed the conventional boundary conditions [3] already used for many applica-
tions. V* is the impulse incident on the boundary while V™ is the impulse reflected by the

boundary and determined by the boundary condition.

3.2.2 Non-reflecting boundary conditions for plane waves

For a uniform plane wave shown in Fig.3.2, non-global reflection condition requires that

E Z
Itf = im - (3.3)
where 0 is the incident angle of the plane wave (angle between the wave propagation
direction and the inward normal vector of the boundary) and Z is the intrinsic wave
‘impedance of the medium virtually being modeled by the TLM mesh. Again, since E; =
V=V +Vrand H, = £ = +(Vi - V7)/2Z, (Z, is the characteristic impedance of link

lines of the TLM network),
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1% Vit vr Z
1~ £(Vi-VY]zZ, icos(O) (3.6)

Then

_1- cos(0)(Z/Zo)
1 + cos(0)(Z/2o)

which is exactly the conventional boundary condition for the uniform plane wave. For

1% Ve (3.7)

example, consider a 2D TLM shunt node simulating a plane wave normally incident on
the boundary (0 = 0). Then, Z = Z,/ V2 for free space. Consequently, V™ = ﬁ:% Vi

Numerical simulations have shown the good absorption of this condition.

3.2.3 Interfacing conditions between two different media

For the interface of two media modeled by two TLM networks with link line characteristic

impedances Zo; and Zg, (Fig.3.3), respectively, the continuity conditions require that

Elt = EQ; (38)
Hy, = Hy (3-9)

Once again,
Eyw = W=W4+W (3.10)
Hy = +I = (Vi = V)] 2 (3.11)
Ey = VW=V +V] (3.12)
Hy = x5 = F(Vf = V])/ 2 (3.13)

Then

W+yW = v+ (3.14)
(VW =V)20 = —(Va = V5)/Z0 (3.15)

where V} is the impulse incident on the interface from region k and V[ is the impulse

scattered into region % [rom the interface, k = 1,2.
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As a result, one can have the following TLM interface conditions:

Vi = F11WE+T12V2‘.
Vi = TaVi+TnV;

With
l1—7r
r =
1 1+7r
T 2
21 = 147
r—1
T =
2 r+1
2r
Tz = 147

(3.16)
(3.17)

(3.18)
(3.19)
(3.20)

(3.21)

where r = Zy;/Zg2, T'ji and T; are the voltage reflection and transmission coefficients of a

pulse incident on medium j from medium ¢, and ¢,j = 1,2,.

If Zc,] = Zoz, r = 1, [\11 - 0, T’_)l = 1, Fzz B 0, and T12 = 1. This means that the

impulses are simply transmitted through the interface without any reflections and losses.

Note that the TLM networks mentioned above are either the 3D TLM node models or 2D

TLM node models for non-dual mode simulations.

In the case of dual modes for the 2D TLM simulations, the situation is different since the

H-field is made equivalent to the voltage as discussed in Section 2.5.2. Suppose that there

exist two media with different permittivities and permeabilities (€oer1, pftr1), (€0&r2, pir2),

respectively.

Still, the boundary conditions at the interface require:

Ey = Ey
iy, = Hy

However, according to the equivalence equations, (2.96) to (2.98),




D, _E _ Vli + W

H, = —= (3.25)
Ho Mo Ho
- I Vi-Vs
Ey = D = =F2—2 (3.26)
Er2fo Er2%0 Zog €280
o, = B2 Y _YitVy (3.27)
Ho Ho Ho
Therefore, one has:
1—1r
= 2
'y 157 (3.28)
2]
= — 2
Ty = —— (3.29)
r—1
Iy = g (3.30)
T 2r
12 = 7oy (3.31)

with r = ff_—z%g-: For instance, assume that Zogy = Zo2, ptr1 = 1, €11 = 1, pty2 = 1 and
gro = 2.45. Then r = 1/2.45. f p,y =1, 5, =1 and pyp = V245, €, = \/2.45. Then
r = 1/v/2.45. These results are exactly the same as in [39]

At this point, the most often used conventional boundary conditions for the TLM
method has been verified theoretically. It should be pointed out that any boundary condi- -
tions, which are expressed in terms of field quantities, can be transformed into the corre-
sponding conditions for the TLM simulations by following a stmilar procedure of derivations

as shown above. Therefore, a systematic way to construct boundary conditions for TLM

simulations has been developed.

3.3 The New Boundary Description for the TLM
Models

Unlike the conventional TLM treatments where the boundaries are placed halfway between
nodes, the new boundary conditions are formulated by enforcing the boundary conditions
across nodes. In a TLM model, the voltages and currents at nodes are equivalent to
the electric and magnetic fields in the real structures. Therefore, by imposing the field
boundary conditions upon voltages and currents on the boundary or interface nodes of the

TLM model, the new boundary representation can be easily obtained. In the followings,
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this procedure will be discussed for the case of a 2D TLM shunt-connected network for

simplicity although it can be expanded to the 3D TLM simulations in a similar way.

3.3.1 Representation of perfect electric walls

Consider the empty half-space bounded by a perfect electric wall to the y-z plane, as shown
in Fig.3.4a . Assuming that §/dy = 0, one can model this half-space by a shunt-connected
9D TLM mesh in which the node voltage V; simulates the y-component of the electric
field E, (See Fig.3.4b). Unlike the conventional arrangement, the mesh position is such
that a row of nodes coincides with the electric wall. The boundary condition, £y = 0, is
now simulated by numerically forcing V, to vanish at each iteration at all boundary nodes.

Referring to Fig.3.4c, the value of ¥, at the kth iteration is [67]

vEy =1V, = (0 4. V3 4.V V) =0  (at the boundary nodes) (3.32)

o) —

where iji is the incident voltage on the jth branch of the node on the boundary at the
kth iteration. Since in this case, (V, (14, and V¥ have been computed at the previous

iteration, the impulse .V to be injected via the ‘outside branch’ is
W = () V5 V) (3.33)

Once V5 is determined, the impulse voltage scattered from the node on the four
branches are obtained in the same way as at all the other nodes of the mesh. The impulse
x+1V5 leaving the boundary node via ‘outside branch’ is simply absorbed by a matched
load. Note that this boundary description is a purely numerical procedure, performed
only at discrete node locations along the boundary. The TLM mesh lines that lie in the
boundary plane (boundary branches) are not physically short-circuited by the wall (except
at the nodes). To the contrary, they form an integral part of the TLM network and carry
the tangential fractions of the discretized [luygens waves emanating from the boundary
nodes.

It can be easily shown that this boundary algorithm conserves the energy in the system.

The reflected impulse voltage 1415 absorbed in the outside branch at each iteration is

-

J I ri ; i i
eaVy = S+ Vg Fe Vg Fe V) = Vs (3.34)
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Replacing V4 in the bracket by (3.33), one obtains

w1Va = =V (3.35)

Since the energy content of each impulse is proportional to the square of the voltage,
the energy lost at each iteration at a boundary node is equal to the energy injected, thus
ensuring conservation. The boundary treatment can be generalized for a 2D TLM mesh
which is equipped with permittivity and lossy stubs. A boundary node in such a mesh is

shown in Fig.3.5. Again, the node voltage V, must vanish at each iteration:

9 -
Wy = g(ka +e Vo +i Ve F Vi + v V5 (3.36)

which yields the impulse voltage to be injected via the ‘outside’ branch as
V3 = —(] +1 V2 V5 + o V5) (3.37)

where ;V; is the incident voltage on the jth branch of the node on the boundary at the
kth iteration (j = 1,...3), ¥ = 1 + ¥o + gu Vo is the normalized characteristic admittance of
the permittivity stub, and g, is the normalized characteristic admittance of loss stub. In
both case, the normalizing admittance is the characteristic admittance of the link lines.
Since there exists a dual two-dimensional TLM model in which the currents correspond

to the electric fields, we have [67]:
kB =i L= Vi =V =0 (3.38)

which leads to
WV = VY (3.39)

(3.37) and (3.39) are the new boundary descriptions for a perfect electric wall in which
the unknown incident voltage V4 injected via an ‘outside’ branch is determined in terms of
the incident voltages on the other branches, rather than in terms of reflection coefficients.

3.3.2 Representation of perfect magnetic walls

A similar arrangement can be made for perfect magnetic walls where the normal component

of the electric field or the tangential component of the magnetic field must vanish. If the

50



Outside

z
V3
Y
V2 Vi Boundary C
vi
8o/ i Inside
7 V5
3
2 + 4
1

Figure 3.5: A TLM Boundary Node with Stubs

51



X i

boundary C in Fig.3.4a is a perfect magnetic wall, one can set:
Wi = VY (3.40)
where the currents in the TLM mesh correspond to magnetic fields, and
Vi = = V3 eV yo Y5) (3.41)

where the voltages in the TLM mesh correspond to the magnetic fields. It is obvious that
(3.40) and (3.41) are similar in the form to(3.39) and (3.37), given the dual properties
of electric and magnetic walls. Thus, only two formulas are needed in the new boundary

representation to describe both electric and magnetic walls.

3.3.3 Representation of interfaces between dielectric regions

In the case of two dielectric regions Fig.3.6, two separate TLM networks for modeling region
1 and region 2 are nceded. The connection of the two TLM networks on the interface should
be done in consistency with the field boundary conditions. Also, one must account for the

dual TLM models. When the electric ficlds are equivalent to the voltages in the TLM mesh

[67], one has

2 : . . . .
sEre = Wy = y—l( WEALVE +LV iV e Vs ) (3.42)
Wy = phe= WV (3.43)
Lo = Wy = (O HVE HLVE HLV Fabe W) (3.44)
e = ploy = MRV : (3.45)

where ;V; is the incident voltage on branch j in the TLM network for region n (n=1,2,
and j = 1,...5) at the kth iteration. yp =4 +u¥o *nfor o is the normalized characteristic
admittance of the permittivity stub for region n, and g, is the normalized characteristic
admittance of the lossy stub of the TLM network for region n. In order to satisfy the

continuity conditions for the tangential electric and magnetic fields on the interface,

$Vay =k Vay (3.46)

ot
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which leads to the following boundary representations:

11/t
V1

28
kV3

where s = y2/11

(p+9)/(s+1)
(sq—p)/(s+1)

(3.47)

(3.48)
(3.49)

p= (3Vi42 Vi 42 Vi4ayo V8 ) — s (AVE +2 V4 +1 Vi hawo 1V5) and ¢ = }V§ + V.

When the magnetic ficlds are equivalent to the voltage on the TLM mesh as shown in

(2.96) to (2.98). Then,

WHie =
Ho
_ k[lr I
I:Elt = T =
cQSrt Sr1 U
-9
— ; kv?y
kffgt = —\/E =
Ko
. kI?.J: 1
L-E21 = T/ =T
Q&2 Sr2 <0

Vi
_v3 N _

_Q\/-j(

Wi LV AL VE LV e VS

Y1 Mo

-

/3

(5 =)

V5 42V5 +3VE +1V] 42w V5 )

Ya Ho

(Vs —i%)

Then, the field boundary conditions of the interface require that

. kVIy =k ‘/Zy
kjl:z:/srl =k I2z/€r2
which leads to the following:
I.Vi = 4 + q
kY1 5L+ 52
3 $1 + s2

o4

(3.50)

(3.51)

(3.54)

(3.55)

(3.56)

(3.57)



where s1 = y2/y1, S2 = €2/€n,
p=(2VF 43V 42V +ago V4 ) — 01 (JVF H0 V5 R0V Hawe V5 ),

and q = so }V& +L VY.

Equations (3.48),(3.49),(3.56) and (3.57) are the new interface conditions formulated
for two adjacent dielectric regions. (3.48) and (3.49) is the special case of (3.56) and (3.57)
with s, = 1. Therefore, only two formulas are needed to describe the interface conditions
between two dielectric regions.

So far, the new TLM boundary representations have been derived for dielectric inter-
faces and for ideal electric and magnetic walls. By following the similar procedure, it is
not difficult to obtain the new houndary formulas for the series node network and for other
kinds of boundary conditions, for example the interface conditions between two regions
with two different permeabilities. In addition, the new boundary conditions can be applied
to lossy boundaries, 3D TLM analysis and to TLM models used in other areas such as

thermodynamics, optics, and acoustics.

3.3.4 Numerical results

The new boundary description has been verified by applying it to three typical 2D problems
and comparing the results with values obtained from the conventional TLM method using
the same mesh size and number of iterations.

Fig.3.7(b) gives the normalized cutoff frequencies for TM modes in a square waveguide
with sizes 10A/ shown in I'ig.3.7a.

The slow-wave properties of the transmission-line matrix gives automatically the solu-
tions for a medium of relative permittivity of 2 within the guide. The calculations have
been performed for 500 iterations.

Fig.3.8(b) shows the normalized cutolF {requencies of the dominant mode of the simple
inhomogeneously filled waveguide in 3.8(a) computed with 100 iterations. The results are
compared with the reference values used by Johns [39]. The width of the guide ranges from
5Al to 20Al with a dielectric permittivity of 2.45. The interface conditions described in
section 2.3 above have been applied.

Fig.3.9(b) shows the normalized dominant mode cutoff frequency of the finned waveg-
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vide in Fig.3.9(a) obtained with three different-methods: the analytical approach using the
transverse resonance technique, the TLM method with the conventional boundary condi-
tions and with the new boundary descriptions. It can be seen that the TLM with the
new boundary representation gives a more accurate solution than the conventional TLM.
This may be explained by the fact that one node placed on the conductor edge produces
large (but not infinite) field values. This certainly contributes to a better field description
around the fin, hence yielding a better accuracy for parameter evaluations.

The above results show that TLM with the new and traditional boundary represen-
tations give results of similar accuracy in general. Furthermore, it has been verified by
calculations that the solutions with the new boundary representation converge to the exact
solutions when the number of iteration is increased. This indicates that the new boundary
description does not introduce convergence problems, instability or spurious solutions and

thus is not inferior to the traditional boundary formulation.

3.4 Conclusion

The equivalent field compouents in the TLM model are defined not only at the nodes (cell
centers) but also between the nodes (boundaries of the cells). As a result, the conven-
tional boundary conditions for the TLM simulations has been verified theoretically for the
first time, and a systematic way for constructing boundary conditions has been developed.
Moreover, a new boundary condition has been described, where the boundaries can be
placed just across the nodes. Hence, the TLM schemes become more flexible in positioning
its boundaries and all the values ol field components at the boundaries would be available
directly from the simulations. For this reason, solutions with better accuracy could be
obtained for some cases (for example, computation of cutoff {frequencies of a finned waveg-
uide). Recently, a moving boundary algorithm, where the boundaries are moved along any
points between two neighboring nodes [68], has been achieved. The conventional boundary
treatment with boundaries half-way hetween nodes and the new boundary description with
boundaries across nodes are simply the two limit cases of this moving boundary scheme.
Finally, it should be pointed that the results and conclusions from this chapter for
developing the TLM boundary conditions can be extended to 3D cases although numerical

simulations were done only for the 2D cases.

59



Chapter 4

Absorbing And Connecting
Boundary Conditions In The TLM

Simulations

4.1 Introduction

In this chapter, another development for the TLM method, the implementation of ab-
sorbing and connecting boundary conditions, is presented. Connecting boundaries are the
boundaries which separate scattered field [rom total fields (of incident and scattered fields)
while absorbing boundaries are the boundaries which can simulate the truncated infinite
region and allow the waves to propagate through it with minimum reflections. These two
conditions are badly needed to limit the computational domain in computer simulation of
scattering and radiation problems involving open structures.

To the best of the author’s knowledge, not very much has been reported on the im-
plementation of absorbing and connecting boundary conditions in the TLM simulations,
except for the work of Eswarappa et. al [30] and Simons [69, 70]. Eswarappa et. al have de-
veloped a widebaud absorbing boundary scheme by using a dissipation region to gradually
damp the wave striking the boundary. However, to get substantial absorption over a wide
range of incident angles and wavelengths of striking waves, the dissipation must occupy a
region which is several of the largest wavelengths in width. Therefore, it would take much
of memory and is not practical for solving the general problems. Simon has employed
two other techniques to have absorbing conditions for 2D problems: one is to change the
reflection coefficients, at each simulation time step, with the wave incident angles which

are predicted by a special ficld extrapolation routine. The quality of absorption depends
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very much on the extrapolation algorithm used: Also, it may not work very well if several
plane waves with different incident angles strike the boundary simultaneously; another is
to directly apply Higdon’s absorbing conditions for the FD-TD method into the 2D TLM
simulations. However, this approach doesn’t work with 3D TLM symmetrical condensed
node due to quickly generated unstable solutions.

On the other hand, various approaches have been developed to implement absorbing
boundaries in the FD-TD method in many publications [71]-[88]. Some claimed good
absorptions. Among them are Engquist and Majda's [76], Liao’s [79], Higdon’s [82] and
Lindman’s [73] absorbing boundary conditions where extrapolation techniques over space
and time are employed by approximating the so-called one-way equation. The performance
of these conditions in the I'D-TD simulation has been studied thoroughly by Blaschak,
Kriegsmann [83] and [Fang [37], where Lindman’s and Higdon’s conditions have been shown
to have smaller reflections than the others. Recently, a much more simpler absorbing
boundary condition has been proposed by Saguet [88], where Taylor’s expansion technique
is used.

Since each TLA scheme is equivalent to a FD-TD formulation as studied in Chap-
ter I, the absorbing conditions for the FD-TD method can be trans-implemented in the
TLM simulations. In this chapter, [ligdon’s conditions and Taylor’s expansion approach
are modified and implemented into the 2D and 3D TLM simulations due to their good
absorption and simplicity. Validation has been shown with structures of waveguides and

two and three dimensional scattering problems.

4.2 One-Way Equation and Its FD-TD Formulations

Numerical modeling and simulations need so called absorbing boundaries, either in the
time-domain or frequency-domain, to truncate the volumetric computational domain while
keeping the electromagnetic properties of the corresponding original unbounded problems
unchanged. They are essential in computer simulations of unbounded problems. One of
the efficient techniques used so far is by extrapolation, where filed quantities at boundaries
are predicted by a function of field quantities inside the boundaries. A very useful paper
for reviewing the developments in this area was presented in the paper by Moore [89]. As

described in the paper, two types of absorbing boundary operators exist basically: mode
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annihilating and one-way equation technique: Each of these operators possesses differ-
ent characteristics and forms. Because its easy implementation in Cartesian coordinates
(which is more suitable for TLM rectangular mesh models), one-way equation technique is
henceforth employed.

One-way equation is a partial differential equation which permits wave propagation only
in certain directions. It can be derived analytically. The basic principle is the following:

The wave equation in three dimensions can be compactly written as
LU=0 (4.1)

where L is the wave operator and U = U(=,y, z,t) is the wave function.

The wave operator L can be factored in the following manner:
LU=LY L U=0 (4.2)

While LTU = 0 at the boundary allows the wave traveling inward, the application of
one-wave operator L~ to the wave [unction U on the boundary, L=U = 0 at the boundary,
exactly absorbs the wave traveling outward the boundary surface. Generally speaking, the
one-wave operator L~ is nonlocal in both the space and time variables and requires a lot
of memory and computation time. To overcome this, localized and simplified approximat-
ing formulations for L™, were proposed. Diflerent ways of constructing the approximation
have lead to different absorbing boundary formulations and quality of absorption. As men-
tioned in the introduction of this chapter, the absorbing condition by Taylor’s expansion
and Higdon’s absorbing boundary conditions are chosen to be implemented into the TLM
simulations.

Consider the wave equation

oatl) + g*u + *U 1 9*U
oz? = Qy? 0z ¢ o2 A
for ¢ > 0 on the spatial domain = (2,y,2),z < 0, where ¢ = 1/,/ue with that p

and ¢ are the permeability and permittivity of the medium being modeled. The goal is to

=0 (4.3)

find boundary conditions that cause wave motions.from the interior of Q to pass through
the boundary at 2 = 0 with zero or at least minimum reflection (as shown in Fig.4.1).
Mathematically, it means to update (or predict) the values of the wave function at the

boundary in such a way that the reflectjons would be minimum.
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Taylor’s expansions Assuming that the wave propagates along the positive X direction,
one can have = — ct = constant, or Az/At = ¢ (Az and At are the space and time incre-
ments, respectively) for the wave function U = U(z,y, z,t). Then, U = U(z,y, z,1) can be
expanded by Taylor’s series (Taylor’s expansion) along the plane of z — ¢t = constant. As

a result, one has:

P 1oU0-A t — At :
UO,y,2,1) = U(0 - Az,g,2t =AY+ Y = ( ;zyz AY (Azy (4.4)
=1 *

where integer P is the order of expansion.
By replacing U(z,y, =, t) with ,U(iz,4y,2:) (= Uiz Az,i, Ay, i, Az,n At)) and the dif-
ferential with backward dilference, one can easily have the updated value of the wave

function at the boundary:

. . Pl aaU(0=1,4,,i. .
wU(0,3g0c) pmy U(0 = Liiyyis) + 3 i—,v 1 (éx)i frt) gy (4.5)
i=1 -

The backward differences are computable since they are evaluated inside the spatial

domain €. Therefore, the above condition is feasible as the absorbing boundary and can

be rewritten as:

P
YIL"(O, iy’ z_._) = Z a;: n-,’U(O - l.,‘i.y, l:) (4.6)
=1
or,
P 3 .
(3 @i DIE ™) aU(0,igin) =0 agg= ~1 (47)
=0 .

P

where a;;, i=g,._p, is the constant, (Z ¢i; D7*K™") can be considered as the approxima-
1=0

tion of the one-way operator L™, and D' and N~ are the space and time shifting operator

defined as follow:

D;i nU(iryiy!i:) =n Cf(il‘—i’iy’il) (4'8)
K™ Uiz, iy”.:) =n-i U(irviy’ iZ) (4-9)
Table 4.1 shows the different set of a;; with different orders of the boundaries.

The quality of the above absorbing boundary can be evaluated by examining the re-

flection coefficients of the boundary. Since the general propagating waves can usually be
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Order of the

Absorbing Boundary P Coefficients
3 a , =1.0000
2 an= 2.0000

an =-1.0000
an= 2.5000
3 axn =-2.0000
axn = 0.5000
an= 2.6667
arn =-2.5000
4 a33 = 1.0000
a,, =0.1667
a = 2.7083
ay =-2.6667
3 A3 = 1.2500
a44 =-0.3333
dsg = 0.0417
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expanded as sum of plane waves with different propagation constants, an arbitrary plane
wave striking on the boundary can be chosen for this evaluation.

Without loss of generality, suppose that a plane wave U near the boundary at z = 0
consists of the wave incident on the boundary with unity amplitude and the wave reflected

by the boundary with amplitude of R. That is,

nU(ir, iy i ) — ej(wnAt—k; iz Arthy iy Ay+k:z iz Az) + R ej(wn Attkz iz Azxtky iy Aythz iz Az) (4 10)
38z .

where k, = k cos(9) (0 is the incident angle and k is the wave number). By substituting
(4.10) into (4.7), one can easily obtain the reflection coefficients R of the Taylor’s expansion
boundary conditions. Fig.4.2 shows the reflection coeflicients of Taylor’s expansions at
Az/) = Al/X = 0.025) for a medium ol z, = 1 and &, = 2. As one can see, a zero reflection
is achieved at 45° incident angle while only a small amount of reflection is generated
for incident angles below 55°. Besides, the reflection coefficients do not improve for the
boundaries with order beyond three. For this reason, the second or third order boundary

condition are recommended and applied for the applications henceforth.

Higdon’s absorbing boundary conditions R. L. Higdon [82] and R. G. Keys [30]

proposed the following form of absorbing conditions:

r ) () 5 0; d
(5 + C”“i ) U@y, 2,1) = 0 (4.11)

i=1

where 6;, =1, p is the incident angle at which the wave is supposed to be exactly absorbed.
The above condition has been claimed to provide a general and optimal representation
among those absorbing boundary conditions based on a systematic rational approximation
to the portion of the dispersion relation corresponding to outgoing waves [82]. In other
words, (4.11) is the optimized boundary conditions for wide-angle absorptions. In this
sense, 0; can be chosen the same as those obtained in [84] with the different optimization
criteria for wide-angle absorption. However, in general, the choice of §; depends on the
configuration of the problem in order to have best absorption. For example, ¢; may be cho-
sen to take advantage of a prior information about the directions from which the particular
wave motions approach the boundary.

Now, take difference approximations to both £ and Z; the difference equation of (4.11)
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is:
B l=D' (14 K™Y cos(0) 1-K7' 14 D7t .
H[( Al-r )( +.)\ )+coc( )( At\ ) +2 )] 2U(0,7,,i:) =0 (4.12)

i=1 ~

The above equation can also expressed in another way:

P P
nU(Oyiyy i:) = Z Z ai1,i2 n-i2U (0 — il,2,,4;) aop =0 (4.13)
i1=0i2=0
or,
P P _ _

(30 3" anaD;? K72) U(0,4y,1.)  aop = —1 (4.14)

i1=0i2=0 P P
where a;; 42 is the constant independent of different problems, (X Y eawD;K —*2)

i1=0i2=0
can be considered as the approximation of the one-way operator L™, and ,U(0,%,,:.) is

the updated value of the wave function.

Table 4.2 gives some values of a;; ;> for a medium of €, = 2 and g, = 1 as references.

Similarly to the computation for Taylor's expansion, the reflection coefficients of Hig-
don’s absorbing conditions can be evaluated. The results are shown in Fig.4.3 and Fig.4.4.
It can be seen from Fig.4.1 that the Higdon's conditions has slightly smaller reflections
than Taylor’s expansion.

In fact, both Higdon's conditions and Taylor’s expansion can be generally expressed
mathematically by (4.14). That is, the wave at the boundary is predicted by a linear func-
tion of waves inside and on the boundary at the previous time steps. While the different
ways of deriving constants, «; 2, as a consequence of different types of approximations,
have lead to different types of absorbing conditions, they are essentially the method of
extrapolation. The wave function is expanded, under certain conditions, in space and
time domain and the unknown is then expressed by a function of known values. Higdon’s
conditions and Taylor’s expansion can be considered as the wave expansion along plane
z—ct = const. while some other approaches used the multidimensional expansion, in which
tangential components are also employed to obtain the unknown, for instance, Lindman’s
conditions {73]. An extensive list of different absorbing boundaries and their qualities can
be found in [83] and [87]. In the author’s point of view, Higdon’s absorbing boundary con-
dition and Taylor’s expansion pose two of the best absorbing conditions so far. The reasons
are that firstly, they are easy to be implemented in the numerical time-stepping modeling

and have generally good wave absorption; secondly, they do not encounter so called ‘corner
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problem’—tangential components, which are needed for some absorbing conditions, are
not available at edges or corners; thirdly, Higdon’s conditions allow the incident angles at
which the wave is exactly absorbed to be specified according to prior knowledge of the

users. Thus, the best absorption of the boundary conditions can be achieved.

4.3 Implementation of the Absorbing Boundary Con-
ditions in the TLM simulations

Consider a spatial domain @ = (2,y,2),2 < %Al (Fig.4.5), in which a TLM mesh is
positioned and an absorbing boundary is placed at z = %AI . The objective is to find the
impulse reflected by the boundary while maintaining reflections of the wave the impulse
represents minimum.

As shown in Chapter [I, the impulse in the TLM mesh is actually equivalent to the

linear combination of'electric and magnetic field components. For example, in Fig.4.5,

. 1. . , .. 1. .
l‘.h(()—*-;,'ly,'(:) = "_*_%"’(0-{-3,25/,2-_-)'*'Zon_*_%.[(o-*';,Zy,lz)

'n.+§-

1. . : 1. . -
= n_*_%Ey(U-i-g,ly,lz)iZa ,H_%H_.(O+§,zy,zz) (4.15)

Since F, and M. satisfy the wave equation (4.3), the absorbing boundary conditions can
be applied to either of them and to the linear combination of them (e.g. n+%V'(0+ 2 1yais)
in this case) such that waves propagate through the boundary with minimum reflections.
Therefore, the absorbing boundary conditions presented can be generally applied to the
impulses in the TLM network directly. That is, in the formulations of the absorbing
condition by Taylor’s expansion and Iigdon’s conditions as shown in the last section,
wave function U can be considered as impulses V on the link lines of the TLM meshes
including to be found at the absorbing boundary in the TLM network. This results in the

formulations of the absorbing boundary conditions for the TLM simulations.

4.3.1 Absorbing boundaries for the 2D TLM node

Implementation of the absorbing boundaries in the 2D TLM simulation is relatively easy
since the absorbing boundary conditions mentioned above can be directly applied to evalu-

ate the unknown impulses rellected by the boundaries. For instance, consider the 2D TLM

T2
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shunt node model as shown in Fig.1.6, an absorbing boundary is placed at =0+ 1 Az
(halfway between nodes). The impulse ,, +;_V_{(O + 3,1:), reflected by the absorbing bound-

ary and to be injected back to the TLM network, can be easily found according to (4.14):

o1 FE IS B
ntiV3(0+5,8) = nzﬂigo iz np1o2V3(0+ 5 —1L4:) =0 age=0 (4.16)
or,
P P ) . 1
Z Z ai1,:2 D;‘II\’”‘;’ n+%{/3r(0 + ;)',2'3) =0 agp = -1 (417)
1=0i2=0 =

where a;; ;; are pertinent to different types of absorbing boundaries used.

For the 2D TLM series node, a similar condition can be developed.

4.3.2 Absorbing boundaries for the 3D TLM expanded node
and asymmetrical condensed node

Since the 3D expanded node model and the 3D asymmetrical condensed model are evolved
from the 2D TLM shunt and series node models, the absorbing boundary conditions for
them can be constructed in a similar way to that in the 2D TLM simulation. That is,
the impulse, reflected by the boundaries and to be injected back into the TLM network,
can be found by the same equation as (4.17) with the only difference of superscripts and

subscripts for V. The superscripts and subscripts depend on which link lines are connected

to the boundaries.

4.3.3 Absorbing boundaries for the 3D TLM symmetrical con-
densed node (SCN)

For the 3D TLM SCN, the absorbing boundaries are still valid except that A ~*!' must be
replaced by K21, The replacement or modification is due to the slow-wave property of
the 3D TLM SCN model (the scattered impulse on the link line of a node, resulting from
an incident impulse with the same polarization on the link line at the other side of the
node , only appears alter two time steps 2 At). Consequently, the modified condition can

be expressed as the following (referring to Fig.4.7):

P P L 1 '
Z Z i, D;llj\’—-lz n+i ‘q:) or 11(0 + ;,i:) =0 ago = -1 (418)

i1=0i2=0 :
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The reflection coefficients of the above absorbing boundaries are very small (Fig.4.9)
when the incident angle is around the specified angles 6; at which the perfect absorption
is supposed to occur.

In spite of the above modifications, numerical experience has shown the uncontrollable
instability may occur in the simulations as the absorbing conditions are merely directly
implemented into the 3D SCN model. The main reason is that spurious modes exist in the

3D TLM SCN model.

Spurious modes and their effects at absorbing boundaries In his paper, Nielsen
has shown that due to periodic spatial samnpling and symmetry, spurious modes exist in
the 3D TLM symmetrical condensed node model [90]. The physical cause behind is that
the TLM models can not correctly simulate high spatial-frequency components due to the
finite discretization in space. Therefore, the spurious modes will be produced to substitute
the high spatial-frequency physical compouents wherever required.

The existence of the spurious modes can be described quantitively as follows; suppose
a physical mode, which is expressed by (1£.19) and presented by a sphere centered at origin

in the dispersion diagram (Iig.1.9). propagating in the 3D TLM SCN network:

[/(2_“ iys ' )_CJ(unAt krir Szdky iy Aytk:1i: Az) (419)

with propagation constants k_, ky and k, and temporal frequency w.
Then, the forward-propagating spurious mode, expressed by (4.20), backward-propagating

spurious mode, expressed by (4.21), can propagate, both with the same temporal frequency

w and propagation constants &, = g+ ks, A: _\ + k, and k, = az + k..
nU(Eerty,i;) = e/lon St-kais Aathy iy Ay+E: iz A7) (4.20)
(I('l.;,l-y,i-) - e_](u) n AL+, ix A.:.-i-ky iy Ay—i-kg zy Az) ' (421)

These spurious waves are represented by the spheres centered at (m,#,7) in the dis-
persion diagram (Fig.4.9) and their propagation constants k., &, and &, are large values

because Az, Ay and Az are small. Thus, the spurious modes are nonphysical and with high
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spatial frequency contents. They are geuerated with the spurious excitations and geometry
with discontinuities. They can propajga.te even with low temporal frequency contents.

When the absorbing boundary conditions are applied, the spurious modes can be am-
plified at the boundary and then reflected back into the computational domain. One
can follow the similar procedure for evaluating the reflection coefficients of the absorbing
boundaries as described belore and obtaiu reflection coefficients for the spurious modes as
shown in Fig.4.10. As can be seen, the reflection coefficients are larger than one. That is,
the spurious modes reflected by the absorbing boundaries and to be injected back into the
computational domain, contain more energy than the incident spurious modes, leading to
instability.

Form the dispersion diagram([Fig.4.9), if any of following equations is satisfied with

wave functions, the spurious modes will not be present.

kde < = (4.22)
Ay < 3 (4.23)
Ar < S (4.24)

A numerical experiment has proven the above and the instability related to the spurious
modes. A section of WR2S rectangular waveguide was chosen with both ends terminated
with the absorbing boundarics of either Taylor’s expansion or Higdon’s conditions described
by (4.18). When the lower order modes of T'Lnq, which satisfy (4.22) to (4.24), were
excited, very stable solutions has been obtained since the spurious modes do not exist.
However, when the high order modes of T'E,q, which do not satisfy (4.22) to (4.24) at all,

were excited, very unstable solutions has been observed shortly after the numerical wave

reached the boundary.

The modified absorbing boundary conditions for the 3D TLM symmetrical
condensed node Iu order to reduce the effects of spurious modes at the absorbing
boundaries, additional conditions may be introduced in the absorbing conditions. Suppose
that there exist a physical mode, expressed by (4.19), and its spurious mode, expressed by
(4.20). It is not difficult to sce the difference between the physical mode and the forward-

propagating spurious mode is in the phase shift with position. The phase shift between two
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neighboring node along z = const. for the physical mode is k; Az, while for the spurious
mode is &, Az = 7 + k; Az which corresponds change of polarity plus the phase shift of
the physical mode. Therefore, if au absorbing boundary condition exists for the physical

modes as indicated by (4.13):

P P

; i2 1. .
S 3 aape DFVRTE wttUT(0+ 5,05,02) =0 aoo=-1 (4.25)
11=012=0 -

then, the condition:
P P
i1 —il fr-2i2 r L. ;
Z Z (—1) 41,02 Dx K - ﬂ+%U (0 -+ 3,13,,2:) =0 ag,o = -1 (426)
i1=0 i2=0 <
would absorb the forward-propagating spurious mode (,H_;_U'(O + 1,4,,1.) is the impulse
needed to be injected back into the TLM network form the boundary).
By combining the above two conditions, one can easily obtain the absorbing boundary
conditions which can absorb both the physical modes and the spurious modes:
P E ; 22 FE 1 212 1
—il =22 1yil —il jr-2i r .
(Z Z apni DU K )('Z Z (=) an 2 D7V K ),H_;_U (0+ > iy,t.) =0 (4.27)
11=01:2=0 t§=01i2=y =
Fig.4.11, Fig.4.12 and Fig.4.13 show the reflection coelficients and their comparisons of
the above absorbing condition for the physical and spurious modes under the assumption
that k. = k cos0 where 0 is the incident angle to the absorbing boundaries. A quite good

absorption of the absorbing boundaries can be expected for the TLM simulations.

4.4 The Connecting Boundary Conditions for the
TLM Simulations

Since the absorbing boundary conditions are valid only for the scattered fields, a connecting
boundary, which separates the scattered fields from the total fields, needs to be used, as
shown in Fig.4.14 (Note that although there are other ways to deal with the scattering
problems [87], this technique can avoid the numerical noises in some situations [91, 92, 93)).

Consider the electromagnetic scattering by an object in I"ig.4.14a. For linear problems,

the total field can be decomposed into incident and scattered fields. That is,

E{at — Einc + Esca ' (4
Htat —= I_Iim: + Hsca (429)

oo
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where the incident field Ei" and H™¢ arc defined to be the fields which exist in the absence
of the scatters.
Based on the equivalence principle [95], solving the problem in Fig.4.14a can be switched

to solving the problem of Fig.1.14b or Fig.d.14c under the condition that a magnetic current

source

M, =E™ xn (4.30)

and an electric current source
Js=nx H™ (4.31)

are applied on the connecting surface (where n is the inward unit vector of the connecting
surface). As a result, an incident ficld will be produced only inside the connecting surface.
When scatterers are present, the field inside the connecting boundary is then the total field
and outside the connecting boundary is the scattered field. Note that in this way, absorbing
boundary conditions can be applied to the region outside the connecting boundary.

Now, suppose that a connecting boundary is placed between two regions filled with the
TLM networks as shown in I"ig.4.15.

Assume that

My = May+ M.a, (4.32)
Js = Jyay + J;az (4.33)

which are usually known analytically via (4.30) and (4.31).

Then, according to the equivalence shown in Chapter 2,

M, = Eq-—En=(VH+' Vi) - W+ (4.34)
—J. = Hy—Hp= (Vi ='Vi) /2 — (Vg =2 V)2 (4.35)
and
M, = Ejp—Egp=(Vy+' V)~ CVe +215) ' (4.36)
J, = Ha—Hao=(Vi-'Vi)/Zo— (V] =2 Vi)/Z0 . (437)

which lead to the connecting boundary conditions:

30
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v - —%(My+Zo J) 4+ VR (4.38)
Ny o= o (M, -0 J) + Vi (4.39)
ro= é(M,,—zo J)+2 Vs (4.40)
Wy = (Mt Zo J) + Vi (4.41)

where Vi, 1Vn, W4, VWY, 2VE, 2VY, V4, and 2V are the impulses incident and reflected
at the interface from Region 1 and 2 as shown in Fig.4.15.

The above equations accomplish arbitrary excitations (which are usually expressed ana-
Iytically) for TLM simulations of scattering problems while allowing absorbing boundaries
to be applied outside the connccting boundary. In practical numerical simulations, in or-
der to reduce numerical noises generated in the TLM model, it is necessary to use the
low-frequency band limited signals or excitations as the incident fields. The reason is that
the incident fields are usually computed and are imposed on the connecting boundary as
equivalent currents in an analytical way. lu consequence, they always travel at the constant
speed (speed of light) no matter what {requencies they carry with. However, the scattered
fields, which are generated with the TLM simulations, travel at lower speeds with higher
frequencies due to the numerical dispersion of the TLM model. Thus, if high frequency
incident wave is excited, the slower traveling speeds of scattered waves may cause time
delay for the scattered waves to reach some points; as a result, the numerical noises are
generated. For example, in the shadow regions, the scattered fields are supposed to reach
the regions at the same time as the incident waves. In this way, the scattered fields can
almost cancel the incident field, resulting in the almost zero field regions. However, this
may not happen in the practical numerical simulations due to the late arrivals of the scat-
tered wave, leading to nonzero fields in the shadow regions with quite amount of numerical

noises.

4.5 Validations of the Absorbing and Connecting -
Boundary Conditions for the TLM Simulations

Validations of the absorbing and connecting boundary conditions have been done with the

2D TLM shunt node and the 3D TLM symmnietrical condensed node.

39



To the author’s point of view, The best way to validate a numerical time-domain
technique is in frequency-domain rather than in time-time. The reason is that any numer-
ical model is not valid at high frequencies because of its finite discretization in space and
time. In addition, different numerical models exhibit different dispersions in high-frequency
range. Therefore, they may display different results for high-frequency components, which
are reflected by different solutions in time-domain. On the other hand, all the models
are constructed to be correct for low-frequency modeling. Therefore, validations of these
models had better be carried out in frequency-domain for low-frequency components rather
than in time-domain. The principle also applies to validations of interfacing of different
models which are all correct for low-frequency modeling. In this sense, the validations of
the absorbing boundary conditions, which are developed on the different bases from that

for the TLM models, should be done in {requency domain.

4.5.1 Numerical measurement of reflections of the absorbing
boundaries in rectangular waveguides

The best way to examine the quality of the absorbing boundaries is to numerically cal-
culate the reflection coelficients in the TLM simulations. A section of WR2S rectangular
waveguide was chosen for this purpose since the waves in a rectangular waveguide can be
considered as a superposition of many plane waves with different incident angles. There-
fore, behavior of the wide angle absorption ol the absorbing boundaries can be observed.
The simulation was performed with a TLM network of the 2D shunt node network and
a TLM network of the 3D symmetrical condensed nodes (Fig.4.16), respectively. Both
ends of the waveguide were terminated with the absorbing boundaries. The VSWR in the
waveguide is computed directly and numerically with the ratio of V.., over Vi (where
V is the amplitude of the dominant mode in the waveguide). Fig.4.17 and Fig.4.18 show
the return losses in the simulations.

It can be seen that both Iligdon’s conditions and Taylor’s expansion -posses very good
absorption over operating [requency range of WR2S, with return loss better than -35dB

for both 2D and 3D cases.
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4.5.2 Validations of the absorbing and connecting boundary
conditions with scattering problems

Two-dimensions Fig.4.19 models a 0.1 wavelength thick conducting screen which ex-
tends 0.5 wavelength to each side of a straight slot having a gap of 0.025 wavelength.
Broadside TE illumination is assumed. Two types of predictive data are compared: (1)
the high-resolution (0.025 A,) TLM model treating the slot as a I-cell gap; the absorbing
boundaries are placed uniformly 15 cell away from the conducting sheet; (2) a very-high
resolution frequency-domain EFIE model, solved via MOM (having 0.0025 Ao sampling in
the slot), which treats the slotted screen as a pure scattering geometry [94]. From Fig.4.20
one can see that there is good agreement between the two sets of results in both magnitude
and phase. It shows that the absorbing and connecting boundary conditions work well for

the two-dimensional TLM simulations.

three-dimensions Consider a metal cube (Fig.4.21), with electrical size k,s = 2, subject
to plane-wave illumination at broadside incidence. s is the side width of the cube. Results
shown in Fig.4.22 are for the TLM (SCN) simulation and a frequency-domain surface EFIE
using a standard triangular surface-patching MOM code [93]. For the TLM model, each
face of the cube is spanned by 141 square cells (12x12), and the absorbing boundary is
again located at a uniform distance of 15 cells from the cube surface. For the MOM model,
each face of the cube is spanned by 32 triangular patches. Comparative results for the
surface current are graphed along a straight line loci along the cube: abed, which is the
plane of the incident electric field. The surface currents were obtained with n x H on the
metal surface, where H is cquivalent to the currents in the TLM models as indicated in
Chapter I and n is the outward normal unit vector. A very high degree of correspondence
exists between the two sets of results, which again shows the good performance of the

absorbing and connecting boundary conditions developed.

Instabilities of the absorbing boundaries Numerical experience has shown that the

unstable solutions may still occur due to the variable reasons as described in the following:

A. The absorbing boundaries too close to the source;

Since the most of absorbing conditions are derived under the assumption that the wave

are traveling or propagating, they may amplify, instead of ‘absorb’, the non-propagating
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waves which are usually present around the regions with sources and discontinuities. There-
fore, it is suggested that the absorbing boundaries be placed at 10 to 15 cells from sources
and discontinuities in both 2D and 3D TLM simulations.

B. The numerical noises;

Due to the roundoff and truncation errors of the computer simulations, the uncorre-
lated numerical noises will be present and become dominant components in computation
domains, after the major energy of electromagnetic waves pass through the absorbing
boundaries. Since most of absorbing boundary conditions are derived on the basis of
physical correlated wave propagation, the instability may occur when the numerical noises
become dominant and are processed at the boundaries. To overcome this problem or delay
the instability, two techniques has been employed in this thesis: 1) use a frequency-band
limited excitation, which reduce the high temporal frequency components in the simula-
tions; 2) terminate the simulations or switch to other boundary conditions such as lossy
boundary conditions after the main waves pass the absorbing boundaries.

C. The orders of the absorbing boundaries too high;

Since the TLM models ave usually accurate with second (or a bit higher) order finite-
difference, the high ovders of finite-diflerences, which are required with the high order
absorbing boundaries, may not be correctly computed in numerical simulations. Hence,
inaccurate calculations result, leading to unstable solutions. From numerical experience,
it is recommended that up to the filth order of absorbing boundaries be applied for the 2D

TLM simulations, and the third order for the 3D TLM simulations.

4.6 Conclusion

In this chapter, the absorbing boundary and connecting boundary conditions have been
studied and developed for the 2D and 3D TLM simulations. Qualities of the absorbing
boundaries has been examined and validations of both absorbing and connecting bound-
aries were obtained with the scattering problems of two-dimensions and tliree-dimensions.
A high degree of agrcements between the TLM simulation results and the MOM solutions

was presented.
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Chapter 5

A New Procedure For Interfacing
The TLM Method With

Frequency-Domain Solutions

5.1 Introduction

The Transmission Line Matrix method (TLM) has been extensively applied to solve elec-
tromagnetic wave propagation, diffusion and network problems in the time-domain. With
its flexibility and simplicity of the basic algorithm, TLM can handle arbitrary geometries
and account for realistic features that are often neglected with other methods. Most pub-
lished work on the application of TLM techniques has been devoted to the computation of
specific structures, modeling of various types of boundaries, material parameters, imple-
mentation of graded meshes and the development of improved nodes. Recently, two and
3D transmission line matrix microwave field simulators using new concepts and procedures
were presented [29].

In order to characterize structures with large dimensions, the TLM technique requires
large memory space and CPU time. More recently, a general partitioning technique based
on the Johns matrix concept [21, 22, 26, 27] was developed to overcome this problem, thus
considerably expanding the application range of the TLM.

In the following, a new procedure lor interfacing TLM techniques with frequency-
domain solutions is described: either scattering parameters or the relations between electric
and magnetic ficlds on a boundary or interface limiting regions, computed in the frequency
domain, are transformed into time-domain sequences. The sequences of impulses are equiv-

alent to the ones that would produce a corresponding Johns Matrix, describing subregions
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for TLM simulations [26]. The subsequent step is to convolve any impulse stream incident
upon such a boundary with the titne domain sequences or Johns Matrix hence generated. A

considerable reduction in computation time has been observed in generating Johns Matrix.

5.2 Basic Theory

Let X(f) be a frequency-domain solution, for example, a frequency dependent complex
reflection coefficient, and z(t) the corresponding time-domain solution. Then by sampling
or discretizing X(f), one can obtain the corresponding discrete z(¢) via various synthesis
techniques. For the sake of simplicity, the discrete Fourier Transform (DFT) technique is
employed in this paper.

The discrete and the inverse discrete Fourier transforms are [96]:

N-1

X = Y ¥ k=0,1,2,..,N -1 (5.1)
i=0
J. N1 sy 23

e = — % Xie/kS k=0,1,2,..,N -1 (5.2)
"\, t=0

where j is the complex operator (j = v/—1) , and

X, = X(kAf), (5.3)
1 N-~-1 o) 2m
ap=a(kAN)= <= > X iF (5.4)
‘/V =0

N is the total number of iterations of the time domain solution or the total number of

sampling points of the frequency domain solution, Af = ﬁl_—\-; is the sampling frequency

and At is the time step determined by the TLM model.
TLM simulations require that any time-domain solution be real. Therefore, in order

to make z; compatible with the TLM , x; must be real. As a result, X must satisfy the

following conditions [96]:

Re (-'\’N—k) = Re (XL) (55)
Im (Xyop) = —Im (Xi) _ (5.6)

where k=1,2,...,(N/2)-1 when N is even and k=1,2,...,(N-1)/2 when N is odd.
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Consequently, belore computing z(A¢) from X(EAS) via (5.45, one should modify
X(f) or X(k Af) so that (5.5) and (5.6) are fulfilled. As shown in Fig.5.1 and Fig.5.2,
the modified X (f) or X(k Af) are the same as the original X(f) or X(k Af) at least for
f < (% — 1) Af when N is even, or f < i‘{;—’ Af when N is odd. On the other hand, as
indicated in [67], the dispersion due to the space and time discretization of TLM networks
can be neglected only when the operating frequency f is below a certain value, say fq.-
For example, in 2-D shunt node TLM models, it is customary to select Al/X < 0.1 or
f < fmee = 0.1¢/Al (c is the speed of light) as the practically dispersionless frequency
range in free space. It means that the T LM solution can only be accurate for f < fmez.

Thus, N or Af should be chosen in such a way that

(%[— —1)Af = fauew when N is even (5.7)
N —-1
(—— -1DAf =2 faw when N is odd (5.8)

This ensures that the frequency at which the discrete spectrum is modified to fulfill
conditions (3.5) and (5.6) is beyond the lrequency limit up to which the TLM solution is
accurate. In addition, one can use a low-pass digital filter in order to reject the unwanted
high frequency components of the time-domain sequence z. before it can be convolved with
the incident sequence. This is simply achieved by doing the convolution of the z}s with

the non-causal discrete impulse response of the appropriate low-pass filter.

5.3 Johns Matrix Generation of a Microwave Net-
work

Consider a M-port network, as shown in Fig.5.3, with its given frequency domain scattering

parameters [S(f)]. Then, the Johns Matrix can be obtained from (5.3) and (5.4):

' 1 N-1 N ) ik '
G(n,m, k) = % > Sum (i Af)e™ I 8S (5.9)
where m,n = 1,2,.., M, N is the number of iterations, and Af = o is the sampling

frequency. In addition, according to (5.5) aud (5.6) , Sum(f) must be modified so that:
Re Sum((N =) Af) = Re Sam(i Af) (5.10)
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Figure 5.1: The Original and Modified X(f) or X(kAf) when N is odd
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Im Son((N =) Af) = —Im San(iAf) (5.11)
Finally, the output sequence of 17"{n,k) at port n is obtained by convolution of the
Johns Matrix, generated via (5.9), with the incident impulse, V¥(m, k'), at every port:

M N
Vi k)= Y. Y. Gn,m, k= k) Vi(m, k') (5.12)

=0 k'=0

Once the Johns matrices of several networks are known, the cascading of the networks
in time domain can be performed using Bewley diagram which is described in detail by
Hoefer [26].

The method described here saves considerable computation time and memory especially
when the frequency-domain scattering parameters of the network at the sampling points
can be expressed analytically or obtained by measurements. Tor instance, the application
of TLM to describe electromagnetic ficld diffusion through a highly conducting sheet with a
certain thickness is almost impossible, since the high conductivity requires the use of many
nodes exhausting the computer resource. However, if the frequency-domain scattering pa-
rameters of highly conducting materials can be determined easily for a given geometry,
then the corresponding Johns matrix can be obtained by using the above technique. More-
over, it is worth to mention that the procedure is not restricted to two-dimensional TLM
problems. The principle of the method is general and can be easily extended to a variety

of electromagnetic problems such as 3D inhomogeneously filled and unbounded structures.

5.4 Numerical Results

5.4.1 Application to wideband absorbing boundaries in waveg-
uides

Due to finite computer resources, the TLM mesh must be limited at some locations where
absorbing boundaries, matched loads or arbitrary boundary conditions are inserted in order
to simulate the properties of the truncated region. The methods for obtaining TLM wide-
band absorbing boundaries in waveguides were recently described in a paper by Eswarappa

et al., [29]. Two different approaches were employed:

a) modeling of a waveguide termination with gradually increasing loss sections,

b) modeling of a very long uniform waveguide section.
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In approach a), the absorbing boundary termination is realized by cascading a number of
sections of waveguide filled with homogeneous lossy material. The loss tangent is increased
in the direction of the propagation such that reflection is minimized over a wide frequency
range. For WR28 waveguide, a TLM network of 30A! x 180A! was used for simulating the
absorbing boundary termination, and less than -32dB return loss was obtained throughout
the dominant mode operating band.

In approach b), the absorbing boundary termination is represented by a waveguide
section long enough so that reflections from the far end cannot return to the input reference
plane before the computation is stopped. A section of 1000Al was used, yielding a Johns
Matrix of 2000 time samples. A return loss better than -35 dB for such a single boundary
was obtained over the WR28 dominant mode operating band.

By using the method presented here, the TLAM absorbing boundary termination or
matching load of the waveguide is modeled by a reflecting wall (one port network) with

the frequency-domain reflection coeflicient I'(f):

_ Z(f)/ﬁ*ﬁo ;
T Z(N)/V2 10 313

where Z(f) = no/\/€- — (f/Je)* is the wave impedance of the dominant mode in the waveg-

uide, f is the operating frequency, f; is the cutoff frequency, ¢, is the relative permittivity

S =F(f)

of the medium filling the guide, ng is the characteristic admittance of the link line of the
TLM network, and the correction factor V2 is inherent to the slow-wave property of the
2-D TLM network [67].

Now, the procedure outlined in this paper is applied to the case of a WR28 waveguide.
A section of it with 30A! width is terminated at each side by absorbing boundaries (or
matched load) for the dominant mode (see Fig.5.4). First, a time-domain sequence is gen-
erated by computing the inverse DI'T of (5.13), corresponding to both limiting absorbing
boundaries. The CPU time fequire(l for generating the sequences is only few seconds, which
is at least three orders of magnitude below that reported in [29]. Subsequently, a TEyg
mode field is injected in the TLM mesh with impulse time function, in order to simulate
a wide-band excitation. As the TLM-impulses propagate through the TLM network and
reach the absorbing boundaries, they are convolved at the boundary nodes with the stored

sequences simulating the absorbing boundaries. After a sufficient number of iterations (in
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this case 2000), the Fourier transform of the signal is performed at a few nodes (a min-
imum of two is required), from which the VSWR can be easily and rapidly determined
and, therefore, the return loss calculated. Fig.5.5 shows the return loss produced by both

terminations over a wide frequency range. One can see that a return loss better than -35dB

is achieved over the operating range.

5.4.2 Application to highly conductive shields

The method can also be applied to the case of electromagnetic field diffusion through
highly conducting materials. A typical application is the evaluation of shield effectiveness
of cavities against electromagnetic interferences (EMI). The excitation is most likely a
transient function for which a time-domain solution is the most appropriate. The TLM is
an ideal tool for that application, except that in order to avoid network space and frequency
dispersion, a very large number of nodes is necessary within highly conducting media [67],
making the computational effort beyond practical limit.

In order to circumvent this problem, Johns matrix can be used. Unfortunately, for the
same reasons just explained, the gencration of such a matrix also requires a large amount of
CPU time and memory core in most practical cases. However, with the method described
here the shielding wall can be replaced by a section of lossy transmission lines inserted
into the TLM network as shown in Fig.5.6. It is assumed that adjacent nodes on the
conducting surface do not interact, which is a realistic hypothesis if one considers that
fields are rapidly attenuated within the shield. The scattering parameters of such lossy

lines can be determined easily from a harmonic field analysis or transmission line theory:

Sy = ‘2: (5.14)
S = ﬁf—;%l;—z_m e™ (1+Su) (5.15)
o = S | (5.16)
Sp = Su (5.17)

where v = \/jwn (V2o + 2jwc), Zo= (26, + 3%5)7% Zv=Ze L el
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Figure 5.4: Geometry of the Rectangular Waveguide with the 2D Simulation
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27 f, € =¢ €, f is the [requency, € is the permittivity of the vacuum, ¢,, i, o and d are
the relative permittivity, permeability and thickness of the conducting shield, respectively.
And the correction factor 2 is inherent to the slow-wave property of the 2-D TLM network
[67).

The transient field that impinges on a plane conducting wall is modeled by the following

time function:

e™o(t) = A e~/ (5.18)

where A is the value of e™¢(0), t is the time and #; is a measure of the pulse width.
A plane wave with the above time dependence was incident onto the conducting wall (see
Fig.5.7). The time-function of 1000 iterations was observed at a node located behind the
wall . The signal is shown in Fig.5.8 and compared with an analytical approach whose
time-domain solution is found by the numerical inverse Fourier Transform calculation [97].

A good agreement between two methods can be observed.

5.5 Conclusion

A novel procedure based on time-frequency transformation for interfacing TLM algorithm
with frequency-domain solutions is presented. It uses the a priori knowledge of the.fre-
quency behavior of the parameters such as reflection coefficients, network parameters or
impedances which are known in many practical situations. The relationship between the
frequency-domain paramecters and the corresponding Johns Matrix of the network based
on a DF'T was presented in details. An example pertaining to modeling of the absorbing
waveguide termination shows the excellent return loss level obtained with this method.
Also the field penctration through highly conductive sheet demonstrates the efficiency of
the approach that allows the TLM to be used for problems involving highly conducting
media. It is important to mention that the procedure for finding the Johns matrix per-
taining to such a problem is with CPU time orders of magnitude below the one required
for the other methods. Finally, the method is not restricted to two-dimensional problems

and can be extended to 3D and more general geometry cases without great difficulties.
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Chapter 6

Conclusion

The equivalence between the Transmission Line Matrix (TLM) method and the Finite-
Difference Time-Domain (IFD-TD) approach has been explored. It provides the theoretical
basis for mathematically understanding the TLM algorithm, and the systematic ways for
developing boundary conditions. As a result, the conventional boundary conditions has
been verified theoretically and a new boundary conditions has been formulated. In addition,
the conversion of the TLM solutions has been presented.

Absorbing boundary conditions and the connecting boundary conditions play an im-
portant role in applying the TLM method to scattering, radiation and open structure prob-
lems. Based on the techniques employed in the present I'D-TD scheme, the formulations
of absorbing and connecting conditions for the TLM simulations have been developed, and
validations of these conditions have been obtained. This makes the TLM method applica-
ble to deal with more realistic problems. extensively broadening the application spectrum
of the TLM approach.

A new procedure for interfacing the TLM method with the frequency-domain solutions
has been presented. It reveals the relationship between the TLM method and the frequency-
domain solutions. By employing this relation, the memory and CPU time requirement can
be significantly reduced for certain practical problems.

In conclusions, the work presented in thesis has broadened the knowledge and appli-
cations of the TLM mecthod. However, it has been found that throughout the simulations
done for this thesis, CPU time and memory required to model realistic electromagnetic
structures have been very intensive, especially when it comes to model 3D structures.
Therefore, to the author’s knowledge, the future research efforts should still concentrate

on the ways to reduce the computation expenditure significantly and to adopt new compu-
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tation techniques into the TLM simulation with the recent development of more powerful

high-speed computers.
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Appendix A

The General Formulations of the

New FD-TD Method

Consider a 3D cell with the side widths of §z, dy and 6z as shown in Fig. A.1. At the center
of the 3D cell, all the six field components are defined while on the boundary surfaces of
the 3D cell, only the tangential field components are defined. Assume that 6! = ¢, &%,
where ¢, is equal to either l/\/';m or 2/ /ug (€ = 2¢&p&r, p = 2 poptr, €0 and po are
the permittivity and permeability of the vacuum medium) and 8t is the time step of the
FD-TD model.

Then, by finite-diflerencing Maxwell’s cquations, one can obtain the following equations

to update the six field components at the center of the cell:

_ n+1Hr(ixaiya‘i:) —n Ifr(i.mz.yyi:) _
K 5t =

n+%Ez(i.ﬂiy + %ai:) _n+;_ E:(i1-~iy - %, 5:) n+;—Ey(ix1iy’i: + %) "n.[.%- Ey(i:z:,z.y"i: - %)

by bz

1)

2)

(A.
_#nHHy(ir,iy,i:) —n H{iry 2y, 12) _
6t
1o (izytys s + 1) = ~ntl iz dy,1: — 3) n_*_%E:(iI—i—%,iy,i:) +1 E: (iz — 3,44,12)
6z - bz
(A2
___#n+1H:(ir’iyvi:) n f[:("‘rsiy:i:) =
&t
ni_%E'y(z'I-i' %,iy,i:) —ntl Ly, - z,zy,z -) n_,_%Ex(ix,iy + %,iz) —ntl E (iz,1y — %,iz)

da by

(A.3)
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Figure A.1: The Grid Position about a 3D Cell of the FD-TD formulation
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&_n+1Ea:(irs iy: l:) ~n E:c(im iy3 ’:) + O’u+1 E;(zu iyy 1:) +n Ex(ixa iys 2_,)

ot 2
n4i H.(is,8 + § 20 12) “nt+l Ho(izyty — %72.:) n+%—Hy(i:rviyviz + %) a4l Hy(iz,1y,1: ~ ';‘)
by 0z
(A.4)
n+lEy(ix7 iy; 2:) n Ey(l.r.a iya z:) 11+1Ey(ira iy, l:) +n Ey(i.m iya iz) _
¢ 5t te -
we i Holizs iz + ) s Holiminyiz =3)  up L Ho(in 4 Lyigis) — wit Heli — Ldy050)
bz bx
(A.5)
€ﬂ+1E3(i-7-'J iy_v iz)(st_'n E:(i;miyv L:) + a_n+1Ez(ix7 z.ya 2.'.-)r)'*"n Ez(ix, iyy ’l:) —
et Hy(is + Yigeis) mapn Hy(in = $oigis)  apa Helindy + 3,42) ~ap1 Haliz by — 5,i2)
ox - Sy
(A.6)

where o is the conductivity of the medium being modeled.

By taking the space and time averaging processes similar to those described in Chapter
2, one can obtain the [ollowing equations to update the field components on the surfaces
of the 3D cell: -

nEr(":::a iyvi:) - Za n[-[:('l:.z:,iy, ‘:) =

161 AR ..o 1
§E[H+%Er(zx’ 7-y + 57 l:) - ZO n+%-}'[:(21—'7 ty + 5’13)
A oL
oot E (i i, — 5 i) — 2, n_%Hz(z,;,ly - ;)-,Z;)] (A.T)

< o

Bt iy + i)+ 2o WH (0,2, + 1,i:) =

16! 1 .
2 6;’/[114—%[:1-(11.. I»!I + 577:) + Z +] 1] (23.‘:2 + )’ ~)

.. 3. . 3 .
+,._1 Ea:(zz:, iy + 3'-, 'l:) + Zo n—lH (Z;,;, iy + ";, z:)] (AS)

- -

w|

nE:(ir,iy»i:) -+ Zo n[-[r(irsiya zz) =

161 . 1. ) 1.
§E[n+%—E:(zn ty + 5: 'l_.) + Z, n+LH’ (zr,zy + '«5’2:)
. ) 1. :
+ __2_ E (I.L 1,, - 5,'1-;) -+ Zo n_.L}I (zmzy - 377‘::)] (Ag)

o &
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4

(A.16)

(A.17)

(A.18)

where Z, = ‘/f;’— if ey is chosen to equal to 1/, /Itecy, or, Z, = \/? if cp is chosen to be equal
to 2/ \/p. It is recommended that Z, = /%2 and ¢p = 1//foo be chosen since (A.7) to

(A.18) would be independent of the medium permeability and permittivity.

(A.1) to (A.18) form a recursive nwmerical algorithm for the new FD-TD method which

is equivalent to the 3D TLM symmetrical condensed node model.



Appendix B

Derivation of Volté.ge and Current
Relations in the 2D TLM Shunt

Node Model

Taking the same notation as in Chapter 2 and referring to Fig.2.6, one can note that
n+%V;(i,,, i:—3) arrives at the node (iz,7:) at time (n+1)At and is denoted as n41 V§(iz,%:),
and . V5 (iz,2:) arrives at the mid-point (i,,i: — }) at time (n + 3) At and is denoted as
n+%‘/2r(ir,i:—%)s that is: 'H-'—‘ ( tes ’*‘-:lf) “n+1 ‘/:_;'(Z_,_, Z.:)s and n+%"/2r(i.rs'i: - ';') =n Vz’(t,;,i:)

For this reason, one has:
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) 1. o 1 . e 1 .
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nrtViliztz = 5) = o1 Wit = 5) ayy V2 (i — 5)

- . - -

= n+lI"‘-_),i('irai:) +a Vzr(ia:a'i:) (BG)

. . 1 ] 1
n.*_%]r(za: - —,’l_-_) = [u.-l-—l‘ ( - 5”3) _n+—;- ‘/1 (zl‘ -3 )}/ZO

= [n.+1‘ 1 (i;z:a l:) ~n Vlr(iz:j i: )]/ZO

Co1 . o1
n+%Iz(lz + 3 i;) = [n-{- )7 i:) il Vi(iz + 3 i)l/Zo
= [n I.L) “n+1 V;(l:x:;z:)]/ZO (BT)
o ! e 1
n+%]-:(z.l‘v lz = 5) = [n+l W (‘J ir— :_2') Tntd ‘2 ('lx,'l: - 5)]/20
= [n+1 "'2 (tey2:) —n ‘/27'(2.::: z:)]/ZCJ (B.§)
1 . 1 o]
n+%1:(t:vaz: T 3) = [n+3-‘ ((1' t: + ) n.+-;- ‘4(32?"2 + fj)]/zo
= [n. Vilic i) —nsr Vli(ir’iz)]/ZO

n‘/y('(':r- z:) = 3(71“"1‘(7.1'3 l:) +n Vzt('l;r:s z:) +n ‘/3‘(1.1:5 'l:) +n V:;('l:x:,zz)) (Bg)

nlizyis) = Vilin i) = V3(i2,22))/ 2, (B.10)
Lolinis) = Vilinis) = Viliss i)Y/ 20 (B.11)
(B.12)

In addition, the TLM impulse scattering process is defined as follows[67]:

nvr(ira l:) = [S] nvi(i::;z-z) (B13)

Recalling that Zp = /% and &1 = 7#, one can easily shows from the above relations

that

Ln-{—lI (21‘,2 ) (L.Hi:) . "'*‘%‘/y(i'r + %’iz) "_n.+%- V;/(Z;c — %’i:) ' (B14)

At Al
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_Ln+11:(iryi:) —n I:(izai:) - N-+.f,-Vj'/(l.1’? i" + %) —n+-;- ‘/y('i_—,;,i: - %)

At . Al (B-15
n V' (7':1: 7':) “n ‘/ (I.Lyl:)
+1Vy ) ¥ —_
2C 7 =
_ n+%1:("i:r,i: + %’) “ntd Ic(ix:iz - %) _ n+%Ia:(ix + %’ i:) “ntd ]z(iz - %,z',_)
Al Al
(B.16)
(B.17)

and

V(z,,z )+Zo nls (3:1:77 ) =

[n+.1—,Vy(‘r"‘= + 2) + 2, n+::,-13(i-1-‘7 iz + %)] [n——V (2eri — ;) + Z, n—lIz(‘mZ' - ;]

[BV]

(B.18)

n‘/y(ir:iz + 1) - Za nj:('l:.ni + l)
[n+§Vy(":mi= + %) - Z, n+i['(’r" T35 )] + [

-1V (teris + 3) — Z, n-1la(ic, iz + 2]
B

(B.19)

nV(Z::y )+ Z, ufz(i.z:a" ) =
[,H,%.‘/y(z:c ':) + Z, n+lI (‘{J )1 : ] [

2

-

11—-1-", (zl‘_%?i:)'*'zo n—lI ( 27i2)]

(B.20)

nVyliz +1,8:) - Z, ol ('iz +1,i;) =
[7-,,+;_‘/y(i.r gal ) 0 n+1[ (ll '13)] + [n—.:—,‘/y(il‘

2

-

+ %,iz) - Zo n_%lz:(ix + %,2;)]

(B.21)

From above, one can have:
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1 1
= 5ot Vilizsic = 5) + Zo oy Lli i = —)

3

3
tat Vollzyis + 5) — Zo ponLe(ieyi: + )]

L
2z

.. 1
—Z, n+§-l:("m iz + ;) =
- Vil ) Zo wlalinis) +n Vilioyis + 1) = Zo nle(izyiz +1)]

) 1 1
— _[ n__ zl,z. - —)-) - Z, ,,_1_[;(23,1, - -—2-)

3
+aot Vyliz,t: + ) Z, ,1_11-(1:,2 + )]

z

n+,}%(ix + ;72':) =
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1 1
1 L Ze oy Lis = 3yi0)
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. 3. 3
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Appendix C

Derivation of the Voltage and
Current Relations in the 3D TLM
Symmetrical Condensed Node
Model

Again, similar to the 2D case (Appendix B), referred to [ig.2.7 n+lVi(z'z,iy 2, i.) arrives

i.) at time (n+1)At and is denoted as 41 V{i(is, 2y, i2), and V7 (4s, 2y, 12)

at the node (i, 1,,!

arrives at the mid-point (i,, i,—3,:) at time (n+1)At and is denoted as ,1+LV (22,2, 2,2:),
- N 1 - — . . R i . .
that is: n+1_l gty — 5182) Zngi Vi (ps iy, iz), and n+;—V1 (dzyty — 2,13) =, W (i, 1y,1:)-

Thus,

1 .
‘),'l:) = n+l"' (zlﬁzy’ 32) +a V (z,,,zy,z ) (Cl)

n+1§v:rl (‘ir» ‘iy :
L. i e . e .
50i2) = LtV (i i) —a W (izy 30820/ Z0 (C.2)

n+% yl(ll“ ty —

Consequently, one has:
oo L . 1. P

n+’51z12(2xazy + ?)‘v'L:) = atd Via(te, 1y + 3,'5:) +n+.:-, Via(iz, iy + Z;a":)

4 ]

= 1:.“'12(31"'1:3;7"":) +n+1 Vliz(imiysi:) ) (C3)
U 1. A O
n+-;- y12(z:r:> 1y + '_;,'L:) = [n,+-‘ 12(1“1_, + 3;1:) _n+é— Vm(zz:zy + 57 2::)]/ZO
= [n‘ 12 i.w:viy\i:) —n+l ‘/1"2(2.2:5 iy: z:)]/ZO (04)



n+%vxl(zz,zy—3,z:) = n_’_l_v‘(z__c,zy r), 1)+, " W (i iy — -,zz)

4

= n-H‘ (".:., yr :) +a V (lz:: y72 ) (05)
.. 1. Sigs 1. e . 1.
ntl yl(zzazy - ;aZ:) = [n-}-%‘l (L5 ty — ;,z:) Tn+td Vi (Zz‘vzy - ‘5:2:)]/20
= [u+lv (tzyiyris) — Vlr(i:r-'aiy:i-')]/zo (C.6)

.. 1 ire . 1 v . 1
n_*_%_I:g(Zx,Zy,Z; - 5) = [n-i-] 1/2(2.'!:121/12" - —) —n+-1- V (2.7:1 Ty, 2z — 5)]/20

= [11+1V2(‘a::zyv ) = V2 (iz, 2y, 2:)]/ Zo (C.7)

.. 1 e 1 1
n+%I:9(z:va"yv i+ 5) = {,H-l Vy (Toa 2y, 2= + ") n+i ‘9(2:5’%" + 2)]/20
= [V (fayigstz) —uma Vs(zrazyﬂ N/ Zo (C.8)

In the paper presented by Johns [14d], scattered voltages are related to the incident

voltages through a scattering matrix [S] at node (.,y,7:):

WV (ipby i) = [S] Vil iy,i:) (C.9)
with
i 11 1 ~1 1
1 1 -1 1
1 1 1 -1
1 1 -1 1
i 1 —1 1
1 1 1 1 —1
[S]=3 1 1 1 1
1 —1 1 1
1 —~1 1 1
-1 1 1 1
-1 1 1 1
i 1 -1 1 1 N

The total voltages and circular currents at the nodes are also related to the incident

voltages as follows:



n+1‘/:z('i1:7 iy’ L:) = i[n+1‘/1i(ia:s iya 2:) +n+1 Ifzi(ira iya Z,_)

+ n+1V9i(ir"£yv'iz) +n+1 sz(imiyviz)] (C.].O)

n‘/::(iry'l'yaz:) = Z[n"’?(zr:zyﬂz) +5 I/zt(lr,ly,l,_)

+ nVoliz iy iz) +n Vig(ic, iysis)] (C.11)
. 1 $rs e s R
nIxy("::v"y:“:) = 3[nV1(2=azy:2=) —n Va(zz,zy,zz)
4 oV (e iy is) —n V(o iy, 1]/ Zo (C.12)

where Ly (iz,1y,8:) is the circular current on x-y plane at node (iz,y,1.)-

Together with Z, = /L/C, it is not diflicult to show from the above equations:

9 Cn-f-l‘/.‘r(ir’iysi:) mn V.L(l:u‘y’l':) —
At
n+t y12(les iy + % :) Tn+d Ttz iy — %a'iz)
- Al
- n+;-]=9(i-"~" itz + 3) T+l 22(iz, 1y, 12 ~ %) (C.13)
Al o

and

an(ia‘a'iyai:) + Zo njxy(i:viy’i:) =
L Veralian by + 3.82) + Zo pyilina(is iy + 3,45)]

2
ot Vitlindy = 5020+ Zo s Tain iy = 1,i0)]
2
(C.14)
n"lz(iry iy + 1, 1-:) - Za n[ry(i.rsig + 1, Z::) =
[n+%— rl?(ir3iy + %11’:) - Zo ”'*"17 yl?(iraiy + ’%71:)]
2
[n—%vxl'-’(izaiy + %ai:) - Zo n-;- yl?(ir:iy + %1'1::)]
2
(C.15)
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From above, one can have:

.. 1.
n+%1fxl2(zx1zy + };’Z:) =

aVe(izytyt) + Zo ndoy(teity, 22) +u Veltanty +1,02) — Zy nlpy(iz, iy + 1,2;)
1 .o 1. .. 1.

"5[1:—;- 1(tey iy — 3"‘=) + 2, n—i ity — 552)
+ _% :1:12(7'1:31y + :'2'11:) - Zo n—% y12(z2:)2y + "2'a Z:)]

=

(C.16)
. 1.
"ZO n+%jy12(z$’2y + 3’2-:) =

= Ve(tarty,ts) — Zo ndoy(teyiy, b)) +u Valie, iy + 1,42) ~ Z, oLy (02,1, + 1,1,)
1 .. 1.
"'T)’ —n_%"rl(zrv ly — ,')'1 2:)

- .. 1,
- Ao n-1 yl('l.m ly — 3{’:)
ot Veralioniy + 5,i2) = Z (irriy + 20i2)] C.17
n—1 T12\¢y ¢y ,21 z o n.—%— 120tz Ty 2,23 ( . )
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