uOttawa

L’Université canadienne
Canada’s university



P

FACULTE DES ETUDES SUPERIEURES gl; FACULTY OF GRADUATE AND

ET POSTOCTORALES uOttawa POSDOCTORAL STUDIES

1.’Université canadienne
Canada’s university

Mabha Elsabrouty

AUTEUR DE LA THESE / AUTHOR OF THESIS

Ph.D. (Electrical Engineering)

GRADE / DEGREE

School of Information Technology and Engineering
FACULTE, ECOLE, DEPARTEMENT / FACULTY, SCHOOL, DEPARTMENT

Riemannian Geometry Based Blind Signal Separation Using Independent Component Analysis

TITRE DE LA THESE / TITLE OF THESIS

Martin Bouchard
DIRECTEUR (DIRECTRICE) DE LA THESE / THESIS SUPERVISOR

Tyseer Aboulnasr
CO-DIRECTEUR (CO-DIRECTRICE) DE LA THESE / THESIS CO-SUPERVISOR

EXAMINATEURS (EXAMINATRICES) DE LA THESE / THESIS EXAMINERS

Miodrag Bolic Paul Fortier

Ratik Goubran Wail Gueaieb

Gary W. Slater

LE DOYEN DE LA FACULTE DES ETUDES SUPERIEURES ET POSTDOCTORALES /
DEAN OF THE FACULTY OF GRADUATE AND POSTDOCORAL STUDIES




RIEMANNIAN GEOMETRY BASED BLIND SIGNAL
SEPARATION
USING INDEPENDENT COMPONENT ANALYSIS

By
Maha Elsabrouty

SUBMITTED IN PARTIAL FULFILLMENT OF THE
REQUIREMENTS FOR THE DEGREE OF
DOCTOR OF PHILOSOPHY
AT
SCHOOL OF INFORMATION TECHNOLOGY AND ENGINEERING
UNIVERSITY OF OTTAWA
OTTAWA, ONTARIO
OCTOBER 2005



Library and
Archives Canada

Bibliothéque et
* Archives Canada
Direction du
Patrimoine de I'édition

Published Heritage
Branch

395 Wellington Street

395, rue Wellington
Ottawa ON K1A ON4

Ottawa ON K1A ON4

Canada Canada
Your file Votre référence
ISBN: 978-0-494-15019-1
Our file  Notre référence
ISBN: 978-0-494-15019-1
NOTICE: AVIS:

L'auteur a accordé une licence non exclusive
permettant a la Bibliotheque et Archives
Canada de reproduire, publier, archiver,
sauvegarder, conserver, transmettre au public
par télécommunication ou par I'Internet, préter,
distribuer et vendre des theses partout dans

le monde, a des fins commerciales ou autres,
sur support microforme, papier, électronique
et/ou autres formats.

The author has granted a non-
exclusive license allowing Library
and Archives Canada to reproduce,
publish, archive, preserve, conserve,
communicate to the public by
telecommunication or on the Internet,
loan, distribute and sell theses
worldwide, for commercial or non-
commercial purposes, in microform,
paper, electronic and/or any other
formats.

L'auteur conserve la propriété du droit d'auteur
et des droits moraux qui protége cette these.
Ni la thése ni des extraits substantiels de
celle-ci ne doivent étre imprimés ou autrement
reproduits sans son autorisation.

The author retains copyright
ownership and moral rights in
this thesis. Neither the thesis
nor substantial extracts from it
may be printed or otherwise
reproduced without the author's
permission.

In compliance with the Canadian
Privacy Act some supporting
forms may have been removed
from this thesis.

While these forms may be included
in the document page count,

their removal does not represent
any loss of content from the

thesis.

Canada

Conformément a la loi canadienne
sur la protection de la vie privée,
guelques formulaires secondaires
ont été enlevés de cette these.

Bien que ces formulaires
aient inclus dans la pagination,
il n'y aura aucun contenu manquant.



© Maha Elsabrouty, Ottawa, Canada, 2006



To My mother



Table of Contents

Table of Contents
List of Tables

List of Figures
Abstract
Acknowledgements
Abbreviations

1 Introduction

2 Unsupervised Adaptive Filtering: Theory and Algorithms
2.1 Introduction . . . . .. ...
2.2 Blind Source Separation (BSS): Problem Definition and Dimensions . . . . .
2.3 Approaches to Blind Signal Separation . . . .. ... ... ... .. .....
2.3.1 Higher Order Statistics (HOS): A Quick Look . . ... ... ... ..
2.4 Preprocessing of Data: Principal Component Analysis (PCA), Why? .
2.5 Independent Component Analysis(ICA): Identifiability and Key Concepts . .
2.6 Classification of Contrast Functions and Optimization Algorithms for ICA .
2.7 Contrast Functions for ICA . . . . . .. .. ... ... ... ... .....
2.7.1 Information Theoretic-Based Contrast Functions . . . . . ... .. ..
2.7.2 Extensions of Second-Order Methods . . . . .. . ... ... .....
2.8 Noisy ICA . . . . . . e
2.8.1 Noisy ICA-Models . . .. ... ... .. . ... . ... .. ...
2.8.2 Modified-Algorithms for Noisy ICA . . . . . .. ... ... ... ...
283 Bias-Removal . . .. .. ... ..
2.9 ICA with Over-Complete Bases . . . . . . .. .. ... ... ... ......
2.9.1 Estimation of the Independent Components . . . . . .. .. ... ..
2.9.2 Estimation of the Mixing Matrix for Over-complete Basis BSS . . . .

i

ii

vi

viii

xiii

xiv

Xv

RO =

[0 i« e N ]

11
13
14
14
21
25
25
25
26
26
27
27



2.10 BSS for Nonlinear Mixing Systems . . . . . .. ... ... ... ....... 28

2.10.1 Special Case: Post Nonlinear Mixtures . . . . . ... .. ... . ... 28
2.10.2 Nonlinear BSS Algorithms: Brief Review . . . . . . ... ... ... . 28
2.11 Signal Separation Using Time-Structure . . . . . . ... ... ... ... .. 30
2.12 Convolutive Blind Signal Separation. . . . . . . . ... ... ... ...... 30
2.12.1 Approaches to Multi-Channel Convolutive Blind Signal Separation . . 31
2.13 Conclusion . . . . . . . ... 33
Understanding the Background of the Riemannian Geometry 34
3.1 Introduction . . . . . . . ... . 34
3.2 Motivation . . . . . . .. 34
3.3 ldentifying the Riemannian Optimization Problem . . . . . . . . ... .. .. 35
3.4 Riemannian Manifold: Definition and Properties . . . . . . .. .. ... ... 37
3.5 Tangent and Normal Spaces . . . . . .. . ... . ... ... .. ....... 37
3.6 The Concept of a Connection . . . . . . .. ... ... . ... ....... 38
3.7 Geodesic: Definition and Properties . . . . . . . .. ... ... ... ... .. 41
3.8 Lie Group and Lie Algebra . . . . . . ... . ... ... ... . .. 43
3.9 From Tangent Space to Geodesics: the Exponential Mapping . . . . . . . .. 46
3.10 Differentiation on Riemannian Manifold . . ... ... ... ... ... ... 47
3.11 Natural Gradient Derivation for Maximum-Likelihood Principle . . . . . . . 49
3.12 Optimization along Geodesics . . . . . . . ... .. ... ... 50
3.13 Optimization along a Stiefel Manifold . . . ... .. ... ... .. ... .. 51
3.14 Newton Method along the Stiefel Manifold [31]. . . . . .. .. ... .. ... 53
3.15 Conjugate-Gradient Method along Stiefel Manifold [31] . . . . ... ... .. 54
3.16 Conclusion . . . . . . . . . e 56
Improvements to Instantaneous Blind Signal Separation Algorithms: Pre-
Whitened Case 58
4.1 Introduction . . . . . . .. L 58
4.2  Existing Maximum-Likelihood Based Algorithms. . . . . . . .. .. ... .. 59
4.3 Existing Negentropy Based Algorithms and Relationship to Maximum-likelihood
Based Update . . . . . . . . . . . . 60
4.4 Nonlinear PCA and its Relationship With Maximum-Likelihood Principle and
Negentropy Principle . . . . . . . . . . ... ... 62
4.5 Bussgang Based Cost Function and its Stiefel Manifold Gradient . . . . . . . 63
4.6 RLS1-BSE-Stiefel Algorithm Based on Nonlinear PCA Principle . . . . . . . 64
4.7 The RLS2-BSE-Stiefel Algorithm Based on Negentropy . . . . . .. ... .. 68
4.7.1 The RLS2-BSE-Stiefel Algorithm (1) . . . . ... ... ... ... .. 68
4.7.2 The RLS2-BSE-Stiefel Algorithm (2) . . .. ... ... ... ..... 69
4.7.3 Simulation Results . . . . ... .. ... ... ... ... ...... 70
4.8 Modified RLS2-BSE Algorithm . . .. ... ... .. ... ... ....... 71
4.9 The RLS-BSS-Stiefel Algorithm Based on Maximum-Likelihood . . . .. .. 73

49.1 Simulation Results . . . . . . . . . . . . . 76

iii



4.10 Conclusion . . . . . . . . e e e 77

Improvements to Instantaneous Blind Signal Separation Algorithms: Non-

Prewhitened Case 79
5.1 Introduction . . . . . . .. . ... 79
5.2 Nonholonomic Natural Gradient Update . . . . . ... ... ... .. .... 80
5.3 A Proposed More General Update for Maximum-Likelihood Cost-Function . 81
5.4 Review of Iterative Inversion Approach . . . . . . ... .. ... ... .. .. 84
5.5 New Generalized Iterative Inversion of Blind Signal Separation Problem . . . 86
5.5.1 First LMS- based Algorithm: LMS-1 . . . ... ... ... ...... 86
5.5.2 Second LMS-based Algorithm: LMS-2 . . ... ... .. ..... .. 89
5.5.3 Third LMS-based Algorithm: LMS-RLS . . ... ... ........ 90
5.6 RLS-Iterative Inversion Approach . . . . . . . ... ... ... ... ..... 91
5.7 Simulation and Results . . . . . . .. ... ... o000 92
5.8 Non-Linear RLS Update for Natural Gradient . . . . . ... ... ... ... 94
5.9 Second-Order Riemannian Algorithms for Maximum-Likelihood Blind Signal
Separation . . . . . . . ..o 97
5.10 Reduced-Hessian Online Algorithm . . . . . ... ... ... ... ... ... 106
5.11 Diagonal-Hessian Online Algorithm . . . . . ... ... .. ... ... ... .. 112
5.12 Simulation Results for Second Order Algorithms . . . . . . .. ... .. ... 116
5.13 Application of Hessian-Based Algorithms to The Pre-Whitened Case . . .. 117
5.14 Revisiting the Natural Gradient Form on the Riemannian Space . . . . . . . 120
515 Conclusion . . . . . . . .. e 121

Verification of the Proposed Algorithms: Simulation Results and Analysis125

6.1 Introduction . . . . . . . . . . . e 125
6.2 Performance Evaluation of Instantaneous BSS Methods . . . . . ... .. .. 126
6.3 Simulation Environment . . . . . ... .o oo 127
6.4 Simulation Data . . . . . . . ... . 129
6.5 Simulation Scenarios . . . . . . . .. ... 130
6.6 Benchmark Algorithms . . . . . .. .. ... .o 131
6.7 Simulation Results for Prewhitened Mixtures Case (Stiefel Manifold) . . . . 132
6.7.1 Simulation Results for RLS1-BSE Algorithm . . . . . .. ... .. .. 133
6.7.2 Simulation Results for Modified RLS2-BSE Algorithm . . . . . . . .. 136
6.7.3 Simulation Results for RLS-BSS Algorithm . . . . . .. ... ... .. 144
6.8 Simulation Results for Non Prewhitened Mixtures Case . . . . . . . ... .. 149
6.8.1 Simulation Results for Generalized Natural Gradient Iterative Inver-
sion Algorithms . . . . . . ... ... .. o oo 149
6.8.2 Simulation Results for Nonlinear-RLS Algorithm . . . ... ... .. 154
6.8.3 Simulation Results for Hessian-based Algorithms. . . . . .. . .. .. 161
6.8.4 Simulation Results for Hessian-Stiefel Algorithms . . . . . . . . . .. 168
6.9 Comparison Between Nonlinear-RLS and the Hessian-based Algorithms for
the General Riemannian Manifold . . . . . . ... ... ... ... ...... 172

v



6.10 Comparison Between Nonlinear-RLS and the Hessian-based Algorithms for

the Stiefel Manifold . . . . . . . . . .. ... ... 175

6.11 Conclusion . . . . . . . . . 177

7 Conclusion and Future Work 178
7.1 Conclusion . . . . . . . .. 178
7.2 Future Work . . . . . .. 180
Bibliography 181



List of Tables

2.1
2.2

2.3

3.1
3.2

4.1
4.2
4.3
4.4
4.5

5.1

5.2
5.3

6.1
6.2
6.3
6.4
6.5
6.6
6.7

The Fast ICA algorithm for maximum likelihood estimation. ... 18
The Fast ICA algorithm for finding one maximally nongaussian di-
rection. [56] . . . . . .. 20

Modifications to the algorithms of the basic ICA to incorporate noise 26

Newton method for minimizing J(W) on Stiefel manifold [31]. . .. 54
Conjugate-gradient method for minimizing J(W) on Stiefel manifold

[B1] . . e 56
RLS1-BSE algorithm . . ... ... ... ... ... ............ 65
RLS1-BSE algorithm : 2" implementation. . . . ... ... ... ... 66
Modified RLS2-BSE algorithm . . . ... ... ... .. ......... 72
RLS-BSS-Stiefel algorithm . . . . . . .. ... ... ... .. ....... 75

Summary of algorithms developed for BSS on the Stiefel manifold 78

Summary of algorithms developed for BSS on the Riemannian man-

ifold . . . . . . 122
Diagonal Hessian-Stiefel on-line algorithm for Stiefel manifold . . . 123
Reduced Hessian-Stiefel on-line algorithm for Stiefel manifold . . . 124
RLS1-BSE algorithm : 2" implementation. . . . . ... .. ... ... 134
Parameters for RLS1-BSE simulations . . . ... ............ 134
Modified RLS2-BSE algorithm . . . .. ... ... ... .. ... .... 137
Parameters for modified RLS2-BSE simulations . . ... ... .. .. 137
Parameters for RLS-BSS-Stiefel . . . . ... ... .. ... ....... 144
Parameters of the Generalized Iterative Inversion family . . . . . . . 150

Parameters of the General Riemannian Nonlinear-RLS algorithm . 155

vi



6.8 Parameters of Hessian-based algorithms

6.9 Parameters of Hessian-Stiefel algorithms

vil



List of Figures

2.1

2.2

2.3
24

2.5

3.1

3.2
3.3
34
3.5
3.6
3.7

4.1

4.2

4.3
4.4
4.5

Block diagram of unknown environment resulting in mixing the
sources s(n) into the mixtures x(n) [44] . . . . . . . ... ... ... ..
Block diagram of system configured to recover the original sources
from the mixtures [44] . . . . . ... .. ... L.
Block diagram of a multi-channel blind deconvolution system [22] .
Summary of the basic approaches to blind signal separation along
with the principal algorithms in each approach . . . . . . . ... . ..

A real room source separation scenario [77] . ... ... ... ... ..

Example of tangent and normal spaces at a point on a Riemannian
manifold [31] . . ... ... .
Parallel transposing a parallel vector [31] .. ... ... .. ... ...
Geodesic on a plane: every straight line is a geodesic [32] . . . . . .
Geodesic on a sphere: geodesics on spheres are great circles [32]

Exponential mapping: from tangent to geodesic [15] . . . . .. . ..
Illustrating conjugate gradients [32] . . ... ... ... ........

Conjugate gradients in a curved space. [31]. .. . ... ... ... ..

Average performance of the RLS1-BSE-Stiefel compared to the Nat-
ural Gradient on Stiefel Manifold, RLS-NPCA, Negentropy and
FAST-ICA . . . . e
Average Performance of RLS2-BSE-Stiefel compared to the Natural
Gradient on Stiefel manifold, Negentropy and FAST-ICA . .. . ..
RLS2-BSE-Stiefel vs. modified RLS2-BSE-Stiefel . .. .. ... ...
Average results for RLS-BSS-Stiefel algorithm: N=4. ... ... ..
Average results for RLS-BSS-Stiefel algorithm: N =10 . . . . . . ..

Vviil



5.1
5.2
5.3

5.4
9.9

6.1
6.2

6.3

6.4

6.5

6.6

6.7

6.8

6.9

6.10

6.11

6.12

6.13

6.14

Generalized Iterative Inversion Natural Gradient Family . . . . . . .
Results for a sample run of the Natural-gradient family algorithms
Results for a sample run of the General Riemannian Nonlinear-RLS
Algorithm . . . . . . . .. ..
Results for a sample run of the Hessian-based algorithms . . . . . .
Results for a sample run of the Hessian-based algorithms for Stiefel

manifold . . . . . . e e

Block diagram of instantaneous mixing/demixing situation . .. . .
Block diagram of instantaneous mixing/demixing situation with pre-
whitening . . . . . ...
RLS1-BSE simulation results for easy mixing scene . . . . . ... ..
RLS1-BSE simulation results for difficult mixing scene . . . . . . ..
RLS1-BSE average results for 100 different mixing situations . . . .
Modified RLS2-BSE simulation results for easy mixing scene: 1%
benchmark data . . ... ... .. ... ... ... .. .. .
Modified RLS2-BSE simulation results for difficult mixing scene: 1
benchmark data . . . ... ... ... ... oo
Modified RLS2-BSE average results for 100 different mixing situa-
tions: 1¥ benchmark data . . . ... ... ... ..............
Modified RLS2-BSE simulation results for easy mixing scene: 2"
benchmark data . . . . . ... . ... .o Lo
Modified RLS2-BSE simulation results for difficult mixing scene:
™ benchmark data . . ... ... ... ... .. ... ... . ... ...
Modified RLS2-BSE average results for 100 different mixing situa-
tions: 2" benchmark data . . . ... ... ... ... ... .. ......
Modified RLS2-BSE simulation results for easy mixing scene: 3
benchmark data . . . .. .. ... .. ... ... L.
Modified RLS2-BSE simulation results for difficult mixing scene: 37
benchmark data . . . . ... ... ... ... oo
Modified RLS2-BSE average results for 100 different mixing situa-

tions: 3" benchmark data . . . . . . . . . . .. ...

1X



6.15

6.16

6.17

6.18

6.19

6.20

6.21

6.22

6.23
6.24

6.25

6.26

6.27

6.28

6.29

6.30

6.31

RLS-BSS-Stiefel simulation results for easy mixing scene: 1¥ bench-
mark data . . . . . ... 145
RLS-BSS-Stiefel simulation results for difficult mixing scene: 1%
benchmark data . . . ... ... . ... ... ... ... .. ... 145
RLS-BSS-Stiefel average results for 100 different mixing situations:
1% benchmark data . . .. ... ... ... ... .. ... . ... ... 146
RLS-BSS-Stiefel simulation results for easy mixing scene: 2"¢ bench-
mark data . . .. ... L 147
RLS-BSS-Stiefel simulation results for difficult mixing scene: 2™
benchmark data . . . . . . ... ... .. oo 147
RLS-BSS-Stiefel average results for 100 different mixing situations:
2" benchmark data . . . .. .. ... ... ... ... ... 148
RLS-BSS-Stiefel simulation results for difficult mixing scene: 3
benchmark data . . . ... ... ... ... oL 148
RLS-BSS-Stiefel average results for 100 different mixing situations:
39benchmark data . . ... .. ... ... ... . ... .. .. ... . 149
Results for Generalized Iterative Inversion family: easy mixing scenel5l
Results for Generalized Iterative Inversion family: difficult mixing
SCEINE . . . . v i e e e e e 152
Generalized Iterative Inversion Family, simulation results for 100
random mixing scenes . . . . . . .. ... 152
Generalized-Iterative Inversion Family simulation results for 100
random mixing scenes, N <M . .. ... ... .. L 153
General Riemannian Nonlinear-RLS simulation results for easy mix-
ing situation: 1 benchmark data . . . . ... ... ... ... ... .. 155
General Riemannian Nonlinear RLS simulation results for difficult
mixing situation: 1 benchmark data . . . . . ... ... ... ... .. 156
General Riemannian Nonlinear RLS average simulation results for
100 different mixing situations: 1°** benchmark data . . . . . . .. .. 156
General Riemannian Nonlinear RLS simulation results for easy mix-
ing situation: 2" benchmark data . . . ... ... ... ... ...... 157
General Riemannian Nonlinear RLS simulation results for difficult

mixing situation: 2" benchmark data . . . . . .. ... ... ... .. 158



6.32

6.33

6.34

6.35

6.36

6.37

6.38

6.39

6.40

6.41

6.42

6.43

6.44

6.45

6.46

6.47

General Riemannian Nonlinear RLS average simulation results for
100 different mixing situations: 2" benchmark data . . . . . . .. . .
General Riemannian Nonlinear RLS simulation results for easy mix-
ing situation: 3" benchmark data . ... ... ........... ...
General Riemannian Nonlinear RLS simulation results for difficult
mixing situation: 3™ benchmark data . . . . . ... .. ... ..... .
General Riemannian Nonlinear RLS average simulation results for
100 different mixing situations: 3¢ benchmark data . . . . . . . . ..
Hessian-based algorithms simulation results for easy mixing situa-
tion: 1% benchmark data . . . .. .. ... ... ... ... .. .....
Hessian-based algorithms simulation results for difficult mixing sit-
uation: 1* benchmark data . ... ... ... ...............
Hessian-based algorithms average simulation results for 100 differ-
ent mixing situations: 1* benchmark data . . ... ... ... ... ..
Hessian-based algorithms simulation results for easy mixing situa-
tion: 2" benchmark data . . . . ... ... ... ..............
Hessian-based algorithms simulation results for difficult mixing sit-
uation: 2"¢ benchmark data . . . .. ... ... .. .. ........ ..
Hessian-based algorithms average simulation results for 100 differ-
ent mixing situations: 2" benchmark data . . . . ... ... ... ...
Hessian-based algorithms simulation results for easy mixing situa-
tion: 3¢ benchmark data . . . . ... ... .. ...............
Hessian-based algorithms simulation results for difficult mixing sit-
uation: 3’¢ benchmark data . . . . ... ... ... ... .........
Hessian-based algorithms average simulation results for 100 differ-
ent mixing situations: 3¢ benchmark data . . . . ... ... ... ....
Hessian-Stiefel algorithms simulation results for easy mixing situa-
tion: 1*% benchmark data . . . . . ... .. ... ... ..... . .....
Hessian-Stiefel algorithms simulation results for difficult mixing
situation: 1¥ benchmark . . . . ... ... ... ... ... ...... ..
Hessian-Stiefel algorithms average simulation results for 100 differ-

ent mixing situations: 1 benchmark data . . . . . ... ... ... ..

x1



6.48

6.49

6.50

6.51

6.52

6.53

6.54

6.95

Hessian-Stiefel algorithms simulation results for easy mixing situa-
tion: 2 benchmark data . . . . . ... ... ... ... ... .......

Hessian-Stiefel algorithms simulation results for difficult mixing
situation: 2"¢ benchmark data. . . . .. ... ... .. ... . ... ...
Hessian-Stiefel algorithms average simulation results for 100 differ-
ent mixing situations: 2" benchmark data . . . . . ... ... ... ..
Hessian-based algorithms vs. General Riemannian Nonlinear-RLS
algorithm: 1% benchmark data . . . ... ... ...... .. ... ...
Hessian-based algorithms vs. General Riemannian Nonlinear-RLS
algorithm: 2"¢ benchmark data . . . . . ... ... .. ... ..., ...
Hessian-based algorithms vs. General Riemannian Nonlinear-RLS
algorithm: 3"¢ benchmark data . . . . ... ... ... ..........
Hessian-based algorithms vs. RLS-BSS algorithm for Stiefel mani-
fold: 1* benchmark data . . . . ... ... ... ..............
Hessian-based algorithms vs. RLS-BSS algorithm for Stiefel mani-
fold: 2" benchmark data . . . . .. ... ... ... . ...........

xii



Abstract

Blind Source Separation is one of the newest and most active research areas in adaptive
filtering. It represents the solution for many real situations in the audio, speech processing
and telecommunication fields. The word “blind” reflects the fact that neither the source
nor the mixing channel is known. This is, clearly, a more difficult situation compared to
conventional adaptive filtering problems. Algorithms developed for blind separation reflect
this difficulty. They possess a higher degree of sophistication compared with algorithms in
other adaptive filtering approaches. The cost functions employed for blind separation are
mostly based, implicitly or explicitly, on higher order statistics, while some of the adaptive
algorithms developed for blind signal separation witnessed the introduction of the powerful
principle of differential geometry to modify the LMS-based algorithms to what is known as

the natural-gradient update.

The aim of this work is to generalize differential geometry algorithms for different cost
functions of blind signal separation and provide new faster converging RLS-based and Newton-
based algorithms using the natural gradient update. The thesis starts by providing a thor-
ough review of the existing solutions developed in the literature for blind separation. This
is followed by a study of the mathematical basis of Riemannian geometry and providing an
engineering insight into the intrinsic geometry of curved spaces and its relation to optimiza-
tion in adaptive filtering. Several new update algorithms are then developed throughout the
thesis. They are structured to perform at faster convergence rates even in difficult mixing
situations. These algorithms provide significantly improved performance in comparison with

existing algorithms and are suitable for on-line applications.
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Chapter 1

Introduction

1.1 Motivation

For a long time, the signal processing and communication fields have relied on the classical
model of adaptive filtering. The data received from a channel is processed by filters whose
coefficients adaptation depends on the received data and a presumably known sequence of
desired output. However, this classical setup started to face more obstacles recently. In
many real life situations, it is difficult to access the sequence of desired output needed for
the adaptation. In recent years, a new field in adaptive filtering has emerged to deal with the
double challenge of filter adaptation and the absence of the supervision of a reference output.
This new field is known as “unsupervised adaptive filtering” or “Blind Signal Processing”.
“Blind” reflects the fact that neither the source nor the channel is known. This interesting
and rather new branch in signal processing can be traced to the early work of Jutten in 1987
[62]. However, the prosperity epoch for the field of blind processing has been the 90’s till
these days.

Considerable attention has been focused on this new trend in signal processing. It has a
variety of potential applications and can be a real-life candidate replacement for the classical
filtering if more research focus finds more accurate and simpler ways to approach the blind
algorithms. The possible application domains of blind signal processing cover biomedical
engineering, speech separation and enhancement, mobile communications, etc. Some of the
current applications are listed below:

1. Brain Imaging: One of the new trends in studying the human brain is to use com-
puterized X-ray tomography and Magnetic Resonance Imaging (MRI) to study the
structure of the brain without surgery. Electroencephalograms (EEG) and magnetoen-
cephalograms (MEG) study the functionality of the human brain and the activation
of neurons. Blind Signal Separation (BSS) is the most eligible method to separate the
other signals interfering with the pure brain signals (like muscle movement and other
activations) that are not produced by the brain. BSS can also help identifying and
localizing the signals to tell which parts of the brain have produced them. This area of
applications for BSS is considered one of the most important. Many research centers
are completely dedicated to the study of brain imaging applications of BSS [75], [22],




87).

2. Biomedical applications: The same procedure used for brain imaging can be ex-
tended to other fields of biomedical signal processing. Studying the functionality of
the muscles of the arms and determining which muscle is triggered for a certain func-
tion is an example of possible application. Separating signals generated by the fetus
and the mother for better processing of the fetus condition is also an application
[23]. Generally, better de-noising of the heart signals received on the instruments from
other non-important signals can be achieved by BSS. Many of the external-anatomy
(anatomy without surgical procedure) and separation of different biological mixed sig-
nals are future applications for BSS [22].

3. Image Processing applications: Blind techniques, especially Independent Compo-
nents Analysis (ICA), which uses higher order statistics, can be used to enhance images.
Applications like de-noising of images can perform better if the independent features
(most basic features) of the image are known. Better coding is also feasible when re-

dundancy is removed and only the most basic unique features are the ones to be coded
[56].

4. Acoustic applications: Many of the acoustic set-ups require or function better when
using blind techniques. Consider the cocktail-party problem, when several talkers talk
at the same time and different sounds existing on the auditory scene are mixed together.
In such cases, to recover the original speech and sound signals produced independently
we must use blind models in which both the inputs and the filter coeflicients are
unknown. Speech enhancement and echo-cancellation are examples of the acoustic
problems that can be better resolved when using the more appropriate model to the
real scene, namely blind model [77].

5. Telecommunications: Recently, blind and semi-blind techniques have received spe-
cial attention in the telecommunication area. Many of the classical models existing for
problems like Inter-symbol Interference (ISI) and Co-Channel Interference (CCI) are
based on the assumption that the channel is known or can be identified. Blind Signal
Processing (BSP) offers a new way of dealing with such problems without explicitly
defining the channel. The target of optimally designing equalizers and filters seems
to be theoretically closer to this blind procedure. Along with the new advances in
BSP, the introduction of convolutive blind techniques opens a new horizon of faithfully
representing more difficult situations like dispersive channels [35]. This is also true for
highly fading channels commonly encountered in the cellular communication domain.

1.2 Contributions and the Organization of the Thesis

The thesis aims at providing improvements to the existing techniques in the BSS domain.
To start, we consider the two most reliable cost functions in the domain, namely Negentropy
and Maximum-likelihood. These two techniques are based on solid theoretical background
and are quite successful in the area of BSS. The target is to improve the performance of the
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existing methods by introducing faster converging on-line algorithms with acceptable steady
state error and a good robustness to difficult mixing conditions. The scientific contributions
of the thesis include:

e The Bussgang criterion is applied to the instantaneous mixing case to provide a new
cost function. This cost function is then examined along with other different cost
functions on the pre-whitened optimization space, i.e. Stiefel manifold. A new insight
on the equivalence of the first order gradients on the Stiefel manifold for all the cost
functions examined is established.

e The problem of on-line instantaneous blind source extraction is considered in Chapter 4.
The first algorithm developed employs pre-whitening of the data and a RLS-like update
to perform the extraction. The RLS1-BSE-Stiefel algorithm, can achieve improved
performance along with smaller steady state error.

e Another blind signal extraction algorithm is proposed that is capable of working with
speech and audio signals, which are nonstationary signals that form mixtures difficult to
separate. The proposed on-line algorithm, named the RLS2-BSE-Stiefel, also employs
pre-whitening. This contribution is presented in publication [33]. The RLS2-BSE-
Stiefel algorithm can be developed as the solution to the constrained optimization
problem of the Negentropy cost function. This optimization problem can be solved
using two different approaches. The first approach is through the Lagrange multiplier
and the second approach is using the geometry of the Stiefel manifold. Both approaches
lead to the same algorithm as presented in Chapter 4.

e Another contribution is the RLS-BSS-Stiefel on-line algorithm. This algorithm, pre-
sented also in chapter 4, is the third algorithm that employs pre-whitening. However,
this algorithm is developed for blind signal separation, i.e. separating all the signals
at once. It has been tested and proven to provide substantial improvement when
compared with other on-line algorithms.

e Chapter 5 included numerous contributions mainly developed for the general mixing
case that does not require pre-whitening. First, the iterative inversion approach to
blind signal separation is generalized to provide a more flexible set of updates. The
first algorithm based on the generalized iterative inversion approach is given the name
LMS-1. The LMS-1 is particularly valuable thanks to its improved performance and
robustness in the under-determined mixing case, i.e. when the number of sources is
less than the number of mixtures. Two other algorithms are developed based on the
generalization of the iterative inversion BSS approach. They are the LMS-2 and LMS-
RLS algorithms and they provide fast convergence speed at affordable complexity.

e Another contribution in Chapter 5 is the RLS-Iterative algorithm. This proposed
algorithm provides considerably improved performance both in speed of convergence
and smaller steady state error compared to the other existing on-line algorithms at a
low computational cost.
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e The idea of nonlinear-RLS is successfully implemented for the general Riemannian
manifold separation. The “General-Riemannian nonlinear-RLS” algorithm provides
improved performance when tested with speech/audio benchmarks in various mix-
ing/demixing situations.

e Another contribution presented in Chapter 5 is the derivation of the second order
derivative for the Riemannian manifold. The Hessian matrix over the Lie-algebra of
the Riemannian space is calculated along with approximations that can help reduce
the computational load of the Hessian matrix.

e Based on the derivation of the Hessian matrix and using realistic approximations, a new
2md_order based algorithm is implemented. The algorithm, given the name “Reduced-
Hessian” algorithm, proves to be of improved performance and efficient complexity.

e Another approximation of the Hessian matrix for the Riemannian manifold yields a
new, more computationally optimized algorithm named “Diagonal-Hessian” algorithm.
The algorithm is developed and tested in different mixing scenarios.

e Extensions of both the “Diagonal- Hessian” algorithm and the “Reduced-Hessian”
algorithm to the pre-whitened mixtures case have also been developed.

e Validation and comparison of the proposed algorithms in this dissertation are estab-
lished through simulations with different benchmarks in different mixing situation.

o Along with the above developed algorithms, the thesis also includes a literature survey
on the topic of blind signal separation in Chapter2.

e Another literature summary on Riemannian optimization is presented in Chapter 3.
The presentation of this rather challenging mathematical domain is intended to provide
a simple overview of the differential optimization.

The organization of the thesis is as follows:

Chapter 2: Unsupervised Adaptive Filtering: Basic Principles

This chapter presents the basic mixing-demixing model of instantaneous mixtures along
with the necessary conditions required for successful separation, based upon those sep-
aration criteria (conditions). The chapter begins with a review of the basic and most
important cost functions developed for BSS. Then for each of the cost functions devel-
oped, a review of the associated suitable optimization algorithms that have reported
success in the literature is presented.

This review is then extended from the basic mixing linear-instantaneous noise free case
to more difficult mixing situations. The cost functions and algorithms developed for
noisy-ICA, nonlinear-ICA and blind signal separation based on the time-structure of
the mixtures are briefly discussed. Some practical considerations, mainly about pre-
processing of data, are also considered.

The basic problem of instantaneous blind signal separation is then extended to the
challenging scenario of convolutive mixtures. The setup of the problem is formed
along with solutions that have been developed so far in the available literature. A
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discussion of the advantages and problems associated with the current approaches is
then presented.

Chapter 3: Understanding the Riemannian Geometry

The difficult nature of the blind signal separation problem has inspired active research
for more mathematically efficient methods of optimization, with the hope of delivering
improved accuracy of adaptation to compensate for the limited information provided
to solve the problem. Embedding the information about the geometry of the optimiza-
tion space in the optimization procedure has proved to be of paramount importance in
improving the performance of the blind signal separation algorithms. The third chap-
ter serves as a concise presentation of the most important concepts of the Riemannian
geometry. The chapter also presents a derivation of a first order Riemannian-based
algorithm that has successfully been used in BSS and also of new second order algo-
rithms.

Chapter 4: Improvements to BSS Algorithms on the Stiefel Manifold

This chapter includes the proposed algorithms that have been developed for the pre-
whitened mixtures case. The main goal is to improve the performance of selected
algorithms that already exhibit some favorable characteristics i.e. being reliable and
immune to noise. The improvement intended is to be produced by using the underlying
Stiefel-manifold Riemannian-geometry nature previously presented in Chapter 3.

The work developed is compared to the original algorithms, with the improved perfor-
mance demonstrated via simulations.

Chapter 5: Improvements to BSS Algorithms on the Riemannian Manifold
This chapter includes the proposed algorithms that have been developed for the non
pre-whitened mixtures case. The aim of the work in this chapter is to provide algo-
rithms with improved performance based on the maximum-likelihood cost function.
The algorithms are based on three different approaches, namely iterative inversion,
nonlinear RLS and second order Hessian-based approach on the Riemannian manifold.
The work developed is compared to the natural gradient algorithm, with the improved
performance demonstrated via simulations.

Chapter 6: Verification of the Proposed Algorithms
This chapter includes a complete collection of the simulations carried out for each
of the algorithms. It starts by illustrating the simulation environment, conditions,
performance index and benchmark data used in the simulation. Results for each of
the algorithms developed in the thesis are presented for different mixing scenarios.

Discussions of the results and comparisons of the performances of different algorithms
are also presented.

Chapter 7: Conclusion and Future Work
This chapter provides a summary of the work completed in the thesis. The chapter
also includes a presentation of possible future extensions of the developed algorithms
and ideas that can add enhancements to the blind separation model.




Chapter 2

Unsupervised Adaptive Filtering:
Theory and Algorithms

2.1 Introduction

This chapter presents a constructive review of the Blind Source Separation (BSS) prob-
lem and its extension to Blind Signal Extraction (BSE) and Blind deconvolution. This
fundamental problem has many applications in signal processing and telecommunications.
It has received considerable attention and developed a well-established platform of eligible
solutions. One of the most powerful mathematical approaches for BSS is Independent Com-
ponent Analysis (ICA). It is very common in literature to use both terms interchangeably.
Actually, ICA is the main focus of this chapter. The review is then extended from the basic
model to the more extendable complicated ones.

Adaptive filtering is a signal processing operation that applies a self-adjusting, usually iter-
ative, algorithm to a set of noisy data in order to extract a prescribed quantity of interest.
Typically, adaptive filters use a training sequence to adjust its parameters to the desired
response. The filter in this case is provided with both the input and the output and the
task is to optimize the proper coefficients of the filter. In such a case the filter is referred to
as “Supervised Adaptive Filter”. However, in signal processing, communications and control
systems, there arise some applications that demand an adaptation algorithm that is capable
of functioning without the need for knowledge of the input. The decision in such a scenario
is based solely on the observable received data. This challenging adaptation structure is
referred to in the literature as “Unsupervised Adaptive Filter”.

2.2 Blind Source Separation (BSS): Problem Defini-
tion and Dimensions

Blind Source Separation (BSS) is intended to separate or recover a set of unobservable sources
from another set of mixtures without having access to the mixing matrix coefficients.

Assuming a Multi-Input Multi-Output (MIMO) system with sources denoted by s(n)=
[s1(n)sa(n)...sm(n)]T. At the output end of the mixer is a set of sensors with a set of
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observations x(n)= [z1(n)z2(n) ... zn(n)]T. The requirement is to estimate a demixer that
produces a set of outputs y(n)= [y1(n)y2(n) . .. yu(n)]T that are equal to the input sources.
In matrix form, this could be shown to be:

x(n) = As(n) (2.1)

y(n) = Wx(n) = WAs(n) — DPs(n) (2.2)

where A is the N x M mixing matrix and W is the M x N weight matrix of the demixer.
Acknowledging the fact that the sources can be recovered with inevitable ambiguity in both
scale and order then the product (A x W) may not be the identity matrix but rather PD,
where D is a diagonal matrix, and P is a permutation matrix. Figures 2.1 and 2.2 [44] show
block diagrams of the mixer and the demixer.
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Figure 2.1: Block diagram of unknown environment resulting in mixing the sources
s(n) into the mixtures x(n) [44]

. 3

Oy 5 Vi
x2(n) » Demixer

> ya(n)

> ym(n)

xN(ng:

Learning &
algorithm

Figure 2.2: Block diagram of system configured to recover the original sources
from the mixtures [44]

The design of the ultimate separator depends, principally, on the following criteria:

(i) whether the mixer is linear or nonlinear.
(ii) whether the mixer is stationary or time varying.

(iii) whether the sensors are noiseless or noisy.



(iv) whether the mixing operation is non-convolutive (memoryless) or convolutive.

(v) how the number of the sources, M, and the number of sensors, N, are related. (i.e. if
M <NorM > N)

Clearly, the first assumptions in the above list are the easier ones to deal with. Accordingly,
the simplest scenario would be: a linear stationary memoryless mixture, received by noiseless
sensors and N > M. Another important criterion for the separation is whether the input
mixtures are pre-whitened. Pre-whitening and its importance in BSS will follow in discussion
in the next sections.

Blind Signal Extraction (BSE) is a special case of BSS, where only one source or group of
sources are of interest to the separation process. In this case, the separation is performed
sequentially in a deflationary manner in an order decided upon by the cost function used.
Blind deconvolution is an extension of BSS for the instantaneous case to the convolutive case
where the entries of the mixing matrix are not scalar but rather are filters. This introduces
components related to the past values of the original sources in the present mixtures formed
at the output of the mixing matrix. The following figure [22] presents the idea of multi
channel blind deconvolution. The mixing matrix in this case is a group of filters and is
denoted in the z-domain as H(z).

Figure 2.3: Block diagram of a multi-channel blind deconvolution system [22]

2.3 Approaches to Blind Signal Separation

Looking at the problem of signal separation it may seem impossible to determine the un-
known inputs and the unknown channel or environment only from the output of the mixing
process. It is clearly a “one estimates two” under-determined problem. However, as many
of the signal processing approaches try to mimic the human behavior (Neural Networks for
example), researchers tried to do the same when considering the blind separation solution.
A classical example is the cocktail party problem. Clearly, the human brain manages to
perform the “concentrate on one speaker” task. The key point is the ability of the brain
to extract the most independent features of the oral scene. This is the same way the brain
perceives the data from a visual scene, it tries to remove as many redundancy as possible
and extract the most independent components.

Independence must be distinguished from uncorrelatedness. Indeed, if the y; observations
are independent then the nonlinear-cross correlation E{g; (4:)g2(y;)} fulfills:

E{9:(%:)92(¥;)} — E{q1(yi)} E{ga(y;)} = O,for i #J. (2.3)
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for any function g; and go. This is clearly a stricter condition than the condition of uncor-
relatedness which requires only that:

E{yy;} — E{yi}E{y;} = 0,1 # J. (2.4)

Remark 2.3.1. The two conditions are equivalent for Gaussian data, which carries all its
information in the 1%t and 2™ order statistics. However, for other types of data, Higher Order
Statistics (HOS) should be used. This gives rise to the first and most popular approach of
BSS which is Independent Component Analysis(ICA).

2.3.1 Higher Order Statistics (HOS): A Quick Look

A natural question before jumping into the details of the ICA algorithm is: Why should a
Higher-Order Statistics (HOS) based method like ICA perform better than a second order-
based method like the Principle Component Analysis (PCA)? The basis for the second order-
based PCA is to find the basic components s;,% = 1....N on the direction that maximizes the
variance of the linear N- transform applied to input signals z;,¢ = 1....N, i.e. the direction
yielding least redundant new values. More details on PCA will follow in the next sections.
For Qaussian data, all the information is contained in the covariance matrix. Thus, the
second-order methods are sufficient. However, if the data is non-Gaussian, the PCA neglects
other aspects such as clustering and independence (which is different from uncorrelatedness)
as has been indicated earlier. In such a case, it is always useful to move the problem to the
HOS domain where there exists more degrees of freedom. HOS can be used explicitly in the
cost functions to provide more aspects about data (skewness, symmetry etc.) or implicitly
as approximation to a certain measure of meaningful projection used for separation. The
value of using HOS is inversely proportional to the gaussianity. Thus, it is important to
evaluate the desired probability density distribution, in a solid form, as a cost function that
can be calculated. For example, a natural choice to determine how different the distribution
is from a Gaussian distribution is the differential entropy. The differential entropy H(s) for
a random variable s with pdf as p(s) is given by:

H(s) = - / pa(€) log p(€) (2.5)

However, such information-theoretic quantities are difficult to calculate in practice. Implicit
use of higher order statistics serves as approximation in this example. The probability density
function p(s) can be approximated using 4th order statistics (cumulant and kurtosis). The
exact form of the approximation will be presented later in the chapter along with its use in
cost functions. In light of the use of the HOS in BSS, the following definition of ICA can be
introduced.

Definition 2.3.1. (General definition) “ICA of the random vector x consists of finding
a transform y = Wx so that the components y; are as independent as possible. This is
achieved by some function F(yi,...,yum) that measures statistical independence, sparseness
or non-Gaussianity [57]”.
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The ICA transform can be linear or nonlinear, but the scope of this thesis is limited to
the linear case. From the above definition, it is clear that the sole assumption is statistical
independence which is a feasible and logical condition. It employs higher order statistics
either implicitly or explicitly in the cost function. The system allows the existence of no
more than one Gaussian source, otherwise the additional Gaussian source will not be distin-
guished as the HOS does not provide any information for those types of sources. In real life
situations, this non-gaussianity ambiguity does not pose a real problem as most sources in
signal processing and communication system are nongaussian by nature, i.e super-gaussian
or sub-gaussian!.

In the case that the mixtures x are composed of time series, the autocorrelation of these mix-
tures can be used for separating them. In this case, a new category based on Second Order
Statistics (SOS) can be used in the cost function [92], 78], [12]. However, these methods fail
to separate sources with identical power spectral shape [22]. For non-stationary data, two
other approaches have been exploited. A combination of SOS and variance nonstationarity
has been presented in [74]. Another approach is to perform joint frequency-time analysis
(STF).

The above discussion reveals that the ICA is the most general approach (requires only the
statistical independence as a condition and is not based on special cases, i.e. being time
series or non-stationary). Thus, it is the most popular approach in BSS and is chosen to
be the main focus of the thesis. In fact, ICA can be extended to the other special cases of
BSS. For example, a new algorithm combining both ICA and SOS for time series has been
presented in [58].

2.4 Preprocessing of Data: Principal Component Anal-
ysis (PCA), Why?

Considering the mixing model:
x=AXxs (2.6)

An important feature used in ICA stems from the ambiguities of the separation process.

1. The independent components can be estimated with ambiguity in sign and multiplica-
tive scalar.

9. The order of the independent components can not be recovered by the separation
process.

Civen that the exact amplitude of the independent components cannot be recovered, a
natural choice employed in all relevant cost functions of ICA is to assume that the original
sources s;,i = 1... M are of zero mean and unit variance, i.e. ||s;| =1 and the output of
the separation process y;,¢ = 1...M are also to have unit variance and zero-mean. It is
also common before considering ICA to apply whitening (sphering) on the input mixtures.

1Signals with positive kurtosis are referred to as supergaussian or (“leptokurtic” in statistics). They have
sharp peaky pdf and heavy tails (like Laplacian function). On the contrary, negative kurtosis signals are
called subgaussian (platykurtic). Subgaussian signals have a more uniform distribution.
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This operation exhausts the second-order information and thus speeds the convergence. The
whitened version of the mixtures x is given by:

z=V Xx (2.7)

Such that E{zz”} = I, where I is the identity matrix. This constrains the de-mixing matrix
W to lie in the group of orthogonal matrices, an important step that usually helps to tighten
the scope of search. Whitening can be done by many methods. The most commonly used is
classical Principal Component Analysis (PCA).
Principal Component Analysis, and other concepts like Karhunen-Loéve or the Hotelling
transform aims at reducing the redundancy of a certain group of measurements x. Redun-
dancy here is considered in the second order statistics sense. The target is to produce a
smaller group of variables as uncorrelated as possible. A famous approach to PCA is the
minimization of the mean square error. Define the direction of the first principal component
as the vector wy, by [56]

wy = arg max E(wTx)? (2.8)

lwll=1

where wy is the weight vector w that maximizes the above expectation. Having deter-
mined the first k-1 principal components, the k-th principal component is determined as the
principal component of the residual [56]:

W = arg ||r£ﬁji{1 E{[w"(x - i(wiw?x)]Q} (2.9)

i=1

The principal components are then given by y; = wlx. In practice, the computation is much
easier if we use the eigen value de-composition principle.

EDE™! = (xx7) — (x)(x)T (2.10)

where D is a diagonal matrix with the eigen values on the diagonal, E is an orthogonal
matrix whose columns are the eigen vectors. Then W, (PCA decorrelation matrix) is given
by:

W, = DY/2ET (2.11)
W, in such case is orthogonal.
The PCA operation is particularly important when the number of independent components
n is smaller than the number of mixtures m. In such case the mixing and separating matrices
are not square which may cause a problem. The main ICA algorithms were developed for
square mixing/demixing models. Using PCA helps reducing the dimension of the mixtures
N to the dimension of the sources M in case N > M.

2.5 Independent Component Analysis(ICA): Identifia-
bility and Key Concepts
It is useful to have a quick look at the necessary condition for the identifiability of the

ICA model. These conditions (beside the basic assumption that the sources are originally
statistically independent) assure the identifiability for the noise-free ICA model.
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1. The mixing matrix A must be of full rank.

2. The number of observed linear mixture Nmust be at least as large as the number of
independent components M.

3. At most one source has Gaussian distribution.
4. Sources are stationary and of zero mean.

The first condition is easily deduced from the fact that W = A~!. The second assumption
N > M is in fact not necessary for the identifiability of the mixing matrix A, it may be
identifiable even in the case N < M. However, the algorithms developed in the later sections
are no longer valid in such a case. This scenario is often treated with the so called “ICA
with over-complete bases”. This method is discussed briefly later in this chapter. The third
condition can be interpreted in the light of the fact that the uncorrelatedness condition for
Caussian sources implies independence and so any decorrelation matrix would be valid. This
has been previously pointed out in 1.3.

Without loss of generality, the estimation of the data model of the ICA is usually done
by formulating an objective/contrast function and then either maximizing or minimizing it.
Based on the objective function, different mathematical approaches can be used for opti-
mization. Thus the review is based on presenting the most important functions used along
with the most popular optimization algorithms associated with each function. Independence
implies that for the m-dimensional probability density function (pdf) of the sources s, the
joint probability density factorizes as:

m

p(s) = [ plsi(t)) (2.12)

i=1

Yellen and Weinstein [99] introduced the use of this factorization as a necessary and sufficient
condition for the independence and consequently separation of the outputs of BSS filters. In
addition, Comon et al. [26] showed that if the mixing process is linear, then it is sufficient
for independence of the output that they be pairwise mutually independent.

A good measure of the successful factorization of the pdfs is the Kullback-Leibler divergence
[57] . The Kullback-Leibler divergence between two probability densities p.(z) and g-(x) is

given by:
Px()
K(p,q) = /pz 1)log(——)dz 2.13
( (@)oo (253 (213)
The Kullback-Leibler divergence measures the divergence (difference) between the probabil-
ity distribution p,(z) and g,(z). Maximizing such an expression gives a faithful minimum
of the mutual information between the two sources and addresses the factorization goal dis-
cussed above. The pdf, clearly, plays a key role in the BSS algorithms. However, when
formulating contrast function the log derivatives of the source densities appear more fre-
quently. They are given the name, the score function or the “squashing” function @(p;):

_(P)
(pe)

¢(pi) = —log(p:)’ = o(p:) = (2.14)
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where (.)' refers to the derivative and log(.) is the natural logarithm.

A lot of literature has focused on the proper choice of the score function. It was Girolami
[40] who introduced the idea of using different score functions for super- and sub-Gaussian
sources. Douglas et al. [29] introduced switching between nonlinearities by analyzing the
statistics of the separated sources. The choice of the correct score function is crucial for the
separation process. Inadequate choice can destroy the convergence of the whole separation
process.

2.6 Classification of Contrast Functions and Optimiza-
tion Algorithms for ICA

The choice of the suitable contrast function affects the statistical properties of the ICA model.
Properties such as consistency, asymptotic variance and robustness are mainly controlled by
the contrast function. On the other hand, the algorithmic properties (e.g., convergence speed,
memory requirements, numerical stability) depend mainly on the optimization algorithm [57].
Mainly, contrast functions can be classified according to:

(A)The Theoretical basis:

Information Theoretic-based functions : The contrast functions in this group stem
from information theory. They usually utilize the pdf distribution and entropy ex-
pressions. They give faithful and theoretically optimal global solutions and thus are
usually robust and immune to outliers [56]. However, they are difficult to estimate

. in practice and their efficiency relies to a large extent on the approximation used to
calculate the distributions used in the cost functions.

Extension of Second order cost functions : These functions were inspired by exam-
ining equation(2.3) versus equation (2.4). In these equations, we can capture the
resemblance between the uncorrelatedness condition and its extension to the targeted
independence condition. The contrast functions in this group are based on contrast
functions used to minimize the joint correlation where the expectation of the second
order is replaced by the expectation of a higher order function g(.). This rather heuris-
tic extension of Second Order (SO) methods has proven to work in practice. However,
there is no theoretical guarantee that it provides sufficient conditions for independence.
The reason is clear as independence implies that equation(2.4) applies for all functions
g(.) while in practice the contrast functions optimizes a chosen function and does not
guarantee global optimization.

Another categorization of the cost functions can be based on:
(B) The number of sources estimated [57]:

Multi-unit contrast functions : Functions of this type estimate all the independent com-
ponents, or the whole data model, at the same time.

One-unit contrast functions : These functions are intended mainly for blind signal ex-
traction. They have the ability to sequentially extract the sources one by one and thus
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estimate only as many sources as needed. The order of the estimated sources depends
on the cost function criteria ( i.e. if it targets minimizing the entropy then the sources
with the furthest distributions from Gaussian are to come out first).

The optimization algorithms can also be classified into two main classes based on the actual
processing as:

e On-line or Iterative algorithms: These algorithms employ update equations that
can be modified from one time sample to another and thus are prefered in the case of
changing (nonstationary) systems.

e Batch (block) algorithms: They provide the optimum solution for the case of sta-
tionary environments. Their convergence properties are usually better than adaptive
algorithms and they are better match for data arriving in bursts, like the Global Sys-
tem for Mobile communications (GSM). Even in the presence of time-varying channels,
they are considered invariant in their burst period [35). This invariant model can even
hold in the case of slow fading channels. However, in the case of fast fading the inher-
ent non-recursive nature of the batch mode hinders its ability to track this obviously
non-stationary case and thus there are always applications that require on-line mode
of operation.

2.7 Contrast Functions for ICA

In the following section the major contrast functions for the ICA model are briefly presented.
We follow the first categorization based on the theoretical approach. Each function is given a
rating of multi-unit/one-unit functions along with its presentation. Generally, any one-unit
contrast can be developed to produce a multi-unit result.

It should be noted that all the formulae presented here are based on the assumption that
the number of mixtures and the number of original sources are equal i.e. square matrices for
mixing and de-mixing.

2.7.1 Information Theoretic-Based Contrast Functions
1. Minimization of Mutual Information

Minimization of mutual information is one fundamental approach to separation based on the
information theory. Mutual information can be seen as a measure of dependence between

components. The mutual information between scalar random outputs y;,7 = 1...m is given
by:

m

Iy, 92,98, Ym) = 2 H(y:) = H() (2.15)

i=1

where H(y) is the differential entropy of the sources y.

H(y) = - / p(y) log ply)dy = H(x) — log(det(W)) (2.16)
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The above mutual information expression can be re-written in terms of x, the mixed inputs
as:

Iy1,92,93, - - Um) = Z H(y;) — H(x) — log(det(W)) (2.17)

where W is the demixing matrix to estimate.

The mutual information is thus always non-negative and zero if and only if the components
are independent. Minimizing mutual information can thus achieve sufficient and necessary
requirements for statistical independence.

However, mutual information depends on the entropy calculation and thus is difficult to esti-
mate in practice. Approximations using higher order statistics have been used to provide an

expression for the probability density function of a zero-mean unit-variance random variable
¢ as following [64],[53]:

p(¢) = ©({)(1 + ka(C)hs/6 + Ka(Q)ha/24 + . ..) (2.18)

where h;(.),% = 3,4 are Hermite polynomials, «; are the cumulants of order i, and ¢(.) is the
density function of a standardized Gaussian variable. The above polynomial approximation
is used to calculate the entropy expression and as such the mutual information in equation
(2.17) [2],[61], [53] is given by:

m

I9) % C + g S ks + mai)? + Traw) = O (u)ia(w)] (219
i=1
where C' is a constant.
However, the approximation in equation (2.18) works only if the data distribution is close
to Gaussian distribution [53]. Better approximations have been developed in [51] based on
a more accurate approximation of the probability densities. The presentation of these ap-
proximations for the probability density functions is postponed to be introduced with the
closely related concept of Negentropy.
The concept of mutual information works as the basis for all the information theory based
approaches. Research does not provide much of explicit algorithms for mutual information
calculation. However, all other contrast functions can be considered to be simplified approx-
imations targeting mutual information minimization of the approximated output signals.
Generally, all the algorithms that will be developed in the following subsections are mutual
information minimizing algorithms.

2. Likelihood and Information Maximization (Infomax)

Maximum-Likelihood (ML) estimation is a popular fundamental method in statistical es-
timation. It possesses desirable optimal properties that makes it appealing in the case of
ICA especially when a large number of sources is required to be separated. It is a multi-unit
approach. Meaning that it estimates both the complete separating matrix and the estimated
sources all at once.

In the noise-free case of ICA, we consider the following model [56]:

x = As (2.20)



16

where x , A and s are as defined in section 2.2.1. Accordingly the probability densities of
the mixtures x can be formulated as:

p=(x) = |det(A7)|ps(s) = | det(W)|ps(s) (2.21)

Using the assumption of statistical independence in equation (2.12), the above equation can
be re-written as:

P29 = det(W) [T o) = | et(W)] T (T (222)

where W = A~! = (wy,Wa,...,W,). Assuming a series of T observations, then the
maximum-likelihood L(W) expression is given as:

T n
= [T I »:(wix(t)l det(W) (2.23)

t=1 i=1

In the log sense, maximum-likelihood is given by:

log(L ZZlog pi(wTx(t))) + T log | det(W)| (2.24)

t=1 i=1

memm=m2ﬁmmﬁm+mwmwn (2.25)

i=1

An interesting case to point out here is when the input mixtures x are already pre-whitened
[7]. In this case, based on the assumption that the outputs are of unit variance, the matrix
W is orthogonal and thus has a unit determinant which means that equation (2.25) becomes:

1o8(L(W) = E(Y pi(wlx) (2:20

We can see that maximizing L depends on the densities of the independent components and
on the matrix W,

e On-line Maximum Likelihood Algorithms: The pioneer algorithm in this domain
can be traced to Bell and Sejnowski paper [10]. They were the first to present the idea
of maximum-likelihood and they developed an adaptive algorithm by differentiating
the expression in equation (2.25):

10logL

oW (W77 + E{g(Wx)}x” (2.27)

1t follows that:
AW o [WT)™! + E{g(Wx)}x" (2.28)
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Here g(y) = (91(%1) - - -, 9n(yn)), Where gi(y;) is the score function of the variable y;
defined following equation (2.5.3). A good choice for the score functions is:

— (i)Super-Gaussian data: g¥(y;) = — tanh(y;) corresponding to G (y:) = logpi(yi) =
— log cosh(y;).

— (ii)Sub-Gaussian data: g~ (y;) = tanh(y;)—y; corresponding to G; (yi) = logpi(y:) =
2
—[% — logcosh(y:)]

However, the Bell-Sejwenski algorithm as described in equation (2.28) converges very
slowly. An elegant way to improve the convergence speed of the algorithm came from
exploring the geometric properties of the optimization domain and used the mathe-
matical set of the Lie-group to follow the special nature of this geometry to adjust the
gradient in the direction that points to the global minima. This is realized by both
the separate works of Amari [6] as the natural gradient and Cardoso and Laheld as the
relevant gradient which was deduced from a different route [19].

The complete derivation of the algorithm is postponed to the next chapter where the
whole concept of geometrical approaches to adapt the gradient is presented. Briefly,
in the current case the natural gradient modifies the gradient of the cost function by
a right multiplication of WTW. The natural gradient equation (2.28) is:

AW  [I + E{g(Wx)}y"|W (2.29)

This algorithm converges much faster than the original one. It is actually the main
algorithm in the on-line category while the original gradient algorithm is obsolete.

Batch Algorithms: In [56], the Fast-ICA for maximum-likelihood batch algorithm
has been presented. The algorithm requires the data to be pre-whitened. This algo-
rithm is not provided by an elaborate mathematical derivation. Instead, it is considered
as extension to earlier work of the author who has developed a successful batch algo-
rithm for a different category of cost functions referred to as Negentropy (will follow
in discussion). Table(2.1) summarizes the algorithm [56]
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Table 2.1: The Fast ICA algorithm for maximum likelihood estimation.

1. Center the data to make its mean zero. Apply a whitening process to the data

2. Choose an initial (e.g. random) separating matrix W.

3. Compute
y=Wx (2.30a)
ﬁi = —E{ylg(yl)}, fOT' 1= 1, 7.]V (230b)
o =—1/(8:+ E{g(y:)}), for i=1,..,N (2.30c)

where g(y; is g* (y;) = — tanh(y;) for supergaussian data and ¢~ (y:) = tanh(y;) — y; for
subgaussian data.

4. Update the separating matrix by:
W «— W + Diag(c:)[Diag(6; + E{g(y)y" }W (2.31)

where Diag(c;) forms an N x N diagonal matrix whose diagonal elements are the
elements of the N x 1 vector a;,1=1...N.

5. If not converged, go back to step 3.

Now that the concept and the main algorithms for maximum-likelihood have been pointed
out, it is possible to discuss the relationship between the maximum-likelihood concept and
the other concepts in the information theory domain.

Relationship with Information maximization (Infomax):
A different view to the maximum-likelihood got its roots from neural networks. The
idea is simply to try to maximize the amount of information delivered from the mixtures
x to the outputs of the separating network y. Following this rather different view leads
to the same set of equations provided for maximum-likelihood adaptation.

Relationship with mutual information concept equation (2.17) reveals the symmetry
between mutual information minimization and the maximum-likelihood maximization.
In fact, approximating the densities of y; and modifying the entropy accordingly will
result in the following approximation for mutual information:

Iyr, - yn) = — Z E{Gi(y:)} — log | det(W)| — H(x) (2.32)

where, G;(y;) is the approximation for log pi(y:). Choosing Gi(y:) to be of the same
value used in maximum-likelihood section (with the choice for either super-gaussian
or sub-gaussian) provides identical approximation for the expression of minimizing
mutual information and maximizing maximum-likelihood (the difference in the signs of
expressions is justified as one is maximized and the other is minimized while the entropy
H(x) is constant that has no influence on the derivative used in the adaptation).
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3. Maximization of Negentropy

The legitimate justification for this approach comes from the fact that the ICA seeks non-
Gaussian projections for the outputs. Principally, the goal is to achieve non-gaussianity. It
has previously been mentioned that Gaussian variables have the largest entropy. Unfortu-
nately, differential entropy is not invariant to scale transforms. Hence, modifications have
to be made to obtain a linear-affine invariant version of entropy ®. This is achieved by the
quantity named “Negentropy”. Negentropy actually means the negative of entropy. It is
well-known that for variables with the same covariance matrices the Gaussian distribution
has the largest entropy. Negentropy of a certain variable is then defined as:

J(y) = H(v) — H(y) (2.33)

where v is a Gaussian random vector of the same variance as y. This quantity is always pos-
itive and invariant to transforms. Maximizing Negentropy is then equivalent to maximizing
non-gaussianity.

As most blind signal separation algorithms, Negentropy-based algorithms require the input
mixtures to be whitened either before or during the separation process (on-line whitening)
[45]. This information theoretic approach has the advantage of being a one-unit contrast
function approach. Thus, it is able to extend its application to cover both blind signal sep-
aration and blind signal extraction. Another advantage of Negentropy is that it does not
assume prior distribution of the sources. Unfortunately, as all statistical quantities depend-
ing on entropy in definition, Negentropy is difficult to estimate. One approximation is given
by the Edgeworth expansion [54]:

J(9) ~ S ka(y?) + -kaly?) (2.34)

T2 48
If y has a skewed distribution then J(y) = %kg(yz). If y has a symmetric disribution
then J(y) = Zlgkurt(yQ)‘ In this case, the maximization of Negentropy is more or less the
maximization of the absolute value of the kurtosis. In particular, this approximation suffers
from the same robustness problem. However, more sophisticated approximations also exist.
If generalized to non-quadratic functions the Edgeworth approximation can be written as:

J(y) = al(B{Gi(y)})? + c2( E{Ga2(y)})? — E{Ga2(v)}? (2.35)

where ¢; and c; are positive contrasts . In the case we use only one non-quadratic function,
the approximation becomes:

J(y) o< [B{G(y)} = E{G(»)}}? (2.36)

The following choices of G, the integral of the score function, have provided very efficient
algorithms:

2The linear affine invariant quantities are invariant to scale transforms meaning that assumptions made
about the sources s will not be affected by the linear transforms A and W respectively and thus are faithfully
preserved for the recovered signals y. Such invariant characteristics can thus be used as objective measures
in the optimization algorithms.
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G = logcosh(y)

G = —exp(-y*/2)

This approximation is fast to compute and has appealing statistical properties, especially
robustness to outliers.

e Iterative Negentropy update[57): Using equation (2.36) for Negentropy and choos-

ing G(y) = log(cosh(y)) gives g(y) = G'(y) = tanh(y); and ¢'(:) = 1 — tanh’(y,).
The tanh function is the most suitable to use among all non-quadratic functions and
produces good results for both super and sub-gaussian sources. A stochastic on-line
update of equation (2.36):

wy =W+ pyzg(w'z) (2.37)

Wnew = W/ || W]

where W, is the new updated version of w. The choice of v = [E{G(wTz)}} —
E{G(v)}] can be set to +1 for subgaussian data and —1 for supergausian data to en-
sure stability. z is the vector of pre-whitened mixtures. However this simple update in
equation (2.37) does not work well in case of highly correlated sources.

Batch Negentropy-based Algorithm: This batch FAST-ICA algorithm depends
on a Newton-type update of equation (2.36) and thus works in batch mode. The
complete derivation of the algorithm is provided in [54]. Briefly, the algorithm depends
on the following equation as an update role:

w, = B{zg(w'2)} — E{g (wz)}w (2.39)

Woew = W+/HW+”

where g(.)" is the derivative of the score function g(.). The following table summarizes
the main steps of the algorithm provided as matlab package in [46].

Table 2.2: The Fast ICA algorithm for finding one maximally nongaussian direc-
tion. [56]

1.

Center the data to make its mean zero.

2. Whiten the data to give z.

3. Choose an initial (e.g. random) vector w of unit norm.
4.
)
6

Let w, «— E{zg(w'2)} - E{g/(w"z)}w.

. Normalize Wpew «— W4/ || w4 ||

. If not converged, go back to step 4.

The Fast-ICA works efficiently in Blind Signal Extraction (BSE) and is considered
by far the most successful algorithm based on Negentropy. However, the fact that
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the algorithm only works off-line presents a disadvantage, especially in tracking non-
stationary mixtures. Thus, it is valuable to present an on-line algorithm that combines
the advantages of the Negentropy principle (especially the ability to extract as many
sources as needed) with a fast convergent on-line operation that is comparable to other
existing on-line algorithms in other categories of blind signal separation.

The relationship between Negentropy and the concept of mutual information minimization is
clear. It has been pointed out that the mutual information I(y) is closely tied to Negentropy
J(y). In fact, mutual information can be defined in terms of Negentropy as follows:

I, v, 9) = J(¥) = 3 J(0) (2.39)

Thus, finding the maximum Negentropy directions, i.e. directions where the sum of the
elements J(y;) is maximized, turns out to be equivalent to finding a representation where
the mutual information is minimized.

2.7.2 Extensions of Second-Order Methods
1. Higher-order Tensor algorithms

Generally, tensors are higher order matrices. A 4*" order cumulant tensor is thus a linear
operator or a 4-indices matrix and can be expressed by the function cum(z;, z;, Ty, 1) for
any set of 4-inputs x. Cumulant tensors are symmetric and thus ordering of data samples is
irrelevant. A 4th order cumulant contains all 4% order information about the data. This is
similar to the auto-correlation which contains all second order information about the data.
In another analogy to autocorrelation, independence implies that all cross cumulants, i.e.
cumulants with at least two different indices, are equal to zero. Just like ucorrelatedness
implies that the cross-correlation terms vanish.

The goal of all the algorithms developed in this domain is forcing the cross-cumulants to
zero. The algorithms developed under this concept are mostly multi-unit contrast functions
aiming at separating all the data at once. Typically batch algorithms dominate this category
of cost functions. The input mixtures are required to be pre-whitened to make the separating
matrix orthogonal and thus:

WWT =1, A=WT (2.40)

In [18] the concept of Joint Approximate Diagonalization of Eigenmatrices (JADE) was
presented. The JADE algorithm is considered the most prominent algorithm in this family.
The contrast function of the JADE algorithm can be defined to be:

Jrapp(w) = > cum(ys,y; Yk, Y1) (2.41)
ijklAiikl

which is exactly forcing the cross cumulants to be zero. However, what the JADE adds is
the idea of breaking the tensor down to small matrices and trying to diagonalize each instead
of working on a big tensor.



22

Remark 2.7.1. Looking at the cost function of the JADE algorithms reveals the fact that
they break the symmetry of the structure of the matrices (by working on sub-matrices
individually). This limits the use of JADE algorithms. They also inherit the same problems
of methods using an explicit tensor EVD. They cannot be used in high-dimensional space.

More details on the Higher-order tensor methods can be found in {79}, [17]

2. Higher-order Cumulants

Another method that applies HOS explicitly uses higher-order cumulants. The function
to optimize in this case is a one-unit contrast function that is effectively equivalent to the
Negentropy cost function J(y) when direct approximations of the nonlinearities performed
with HOS polynomials are used for both cost functions as in equation (2.42):

T(y) ~ Tsksly?) + geka(s?) (242

The mathematical simplicity of determining the cumulants, especially the possibility of
achieving global convergence, has contributed largely to the popularity of the high-order
cumulants approach.

However, kurtosis provides a rather poor objective function. This is because of the two
following reasons:

1. Higher-order cumulants measure mainly the tails of the distribution. They are largely
unaffected by the structure in the middle.

9. Estimators of higher-order cumulants are highly sensitive to outliers (not robust)

So, even in the case of no noise, neither the independent components nor the mixing matrix
can be computed accurately.

3. Nonlinear Cross-correlation

In the above subsection an example was presented on extending the second order statistics
directly to higher order ones. This section presents a different approach to generalization
from second order to higher order. Nonlinear cross correlation can be defined as:

E{g1(yi)ga(y;) }, for it # J. (2.43)

Clearly, it is a modification of the original equation of cross-correlation to the nonlinear case.
It implicitly integrates higher order concepts in the definition of the function g(.) used as
nonlinearities. These nonlinearities (implicit HOS functions) replace the second order quan-
tities in the cost functions originally developed for second-order algorithm (de-correlation
algorithm)to generalize decorrelation to independence.

This principle of canceling nonlinear cross-correlation was first introduced by Jutten and
Herault [63]. Justification can be seen from the definition of independence and uncorrelat-
edness. Recalling the equations, equation (2.3) and equation (2.4)

E{g1(v:)92(y;)} — E{o1(v:)} E{ga(y;)} = 0, for i#j.
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E{ywy;} — E{yi} E{y;} = 0,1 # J.

It is clear that it is possible to generalize the concept of uncorrelatedness to any nonlinear
transformation given by the set of function g;. It was pointed out in [56] that a sufficient
but not necessary condition for the nonlinear uncorrelatedness is that y;, 1 < i < M, are
independent and the nonlinearities are odd functions. This makes it credible that nonlinear
correlations could be useful as possible general criterion for independence. The choice of the
nonlinearities depends on the pdf’s of the independent components.

Generally speaking, the contrast functions in this domain serve as multi-unit ones. What is
really appealing in them is that they are very suitable for on-line adaptation algorithms.

e On-line Algorithms: It is remarkable that although the principle of blind signal

separation based on cancelation of nonlinear cross-correlation is rather heuristic, the
algorithm developed turned out to be of the same form as natural gradient algorithms
developed by the well-justified maximum-likelihood principle [9]. In the following some
highlights are presented on the most prominent algorithms used.
Jutten-Héralut Algorithm: This algorithm was inspired by neural networks. The
principle is to cancel the nonlinear cross-correlation i.e. forcing the diagonal terms
of the correlation matrix to be zeros. The complete derivation is presented in [45].
Briefly, a new off-diagonal matrix M is defined with updates according to:

AM;; < g (yi)gz(yj), for i#] (2-44)

where ¢; and gy are some odd-symmetric nonlinearities. y is computed after each
iteration according to:

y=(I+M)x=Wx (2.45)

In the numerical computation of the matrix W the term (I + M)™" must be updated
at each step. This is computationally heavy, especially if the approach is extended to

more than two sources. One way to circumvent this approach was provided by Cichoki
and Unbehaun [24].

y=I+M)x=~ (I-M)x (2.46)
This algorithm was the cornerstone for developing a more sophisticated algorithm
employing feedforward network with higher dimensionality that lead to the update
(24]:

AW o (I - gi(y)ge(y" )W (247)

which is similar to the natural gradient update. Another alternative was introduced as

a separate algorithm referred to a Equivariant Adaptive Separation via Independence
(EASI)[19}:
AW o« (I —yy" —gy)y” +ygly" )W (2.48)

This algorithm is identical to the natural-gradient with added on-line whitening.

4. Nonlinear PCA

The trend of generalization from second order to higher order or linear to nonlinear inspired
several authors to apply the same concept to PCA. Following the same route as nonlinear
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correlation cancelation, nonlinear PCA can be obtained by applying a nonlinearity g(.) to
the classical PCA formula:
W = arg max E{g(wTx)%} (2.49)
wli=

The algorithms in this category mainly depend on nonlinear extensions to the neural-network
approach for the classical PCA. The hierarchical learning rules is:

Aw; o g(y)x — g(y:) Y 9(w:)W; (2.50)

j=1

A simplification to this algorithm is the bi-gradient algorithm. The bi-gradient algorithm
replaces the feedback term by a simpler one. The learning rule is given by:

Wit + 1) = W(t) + u(g(W(Ex®)x" (1) + ol - WEWT ()W (1) (2.51)

where 1 is the learning rate and « is a constant such that 0.5 < o < 1. Another Recursive
Least Square (RLS)-based algorithm was also developed for the same concept in [84].

Summary of ICA Basic Methods

The previous sections presented a review of the basic techniques and contrast functions used
in ICA. When considering real-life applications, the JADE algorithm complexity increases
with the number of sources and thus its use is limited to small dimension problems. However,
the most widely acclaimed techniques are those of the natural gradient and the Fast-ICA
Negentropy algorithm that provides the option of extracting as many sources as needed. The
domain of ICA keeps evolving and some interesting extensions to the natural gradient have
been provided in [9], [39]. The above section presented only the most famous techniques.

BSS Methods

I
h 4 h 4

Extension of Second Order | Information Theory Based

[:l One-unit algorithms [:] On-line algorithms O Does not require pre-whitening
- Multi-unit algorithms N Batch algorithm [: Requires pre-whitening

Figure 2.4: Summary of the basic approaches to blind signal separation along with
the principal algorithms in each approach
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2.8 Noisy ICA

In real life, noise always exists. This is an unfortunate situation because it introduces a new
problem. The noisy model is not invertible and therefore the estimation of the noise-free
components requires new methods.

2.8.1 Noisy ICA-Models

Here, the basic ICA model is extended to the situation where the noise is present. However,
the new mode! depends on the type of the noise. “Sensor” noise is represented by the noise
variables added separately to the mixtures x.

x=As+n (2.52)

«“Source” noise on the other hand represents the case when the noise vector is added to the
independent components s.
x=A(s+n)=As+ An (2.53)

The source noise model clearly reduces to the basic ICA model with extra independent
components. The following realistic assumptions about the vector n = (n4, ..., ny) are made
in order to facilitate the calculations:

1. The noise is additive.
2. The noise is independent from the independent components.

3. The noise is Gaussian.

2.8.2 Modified-Algorithms for Noisy ICA

The following table summarizes how to modify the above mentioned algorithms, if needed,
to deal with the noisy environment. The key to noise treatment comes from the assumption
that the noise is Gaussian.
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Table 2.3: Modifications to the algorithms of the basic ICA to incorporate noise

ethod

Modification

1. Whitening:

The ordinary whitening should be replaced by the
operation:
£=(C-%)"Vx (2.54)

where C = E{xxT} and £ = o?I is the covariance
of the noise [57].

2. Kurtosis-based:

The kurtosis based algorithms are immune to
Gaussian noise, their lack of robustness may be
very problematic in a noisy environment though.

3. Higher-order cumulant:

The previously mentioned higher-order cumulants
used both second order and fourth order cumu-
lants. The second order cumulant is not immune
to noise. Some modified algorithms introduced
the sixth-order cumulant. However, 6t* order cu-
mulant is very sensitive to outliers. Despite that,
the modified pre-whitening in step 1 could be very
useful in removing noise.

4. Maximum Likelihood:

Maximum likelihood can be modified in the noisy
situation by approximating the densities of the
independent components as Gaussian mixtures.
This can be done by maximizing the marginal
densities of the components and the covariance
of the noise, if possible. However, the compu-
tational complexity grows exponentially with the
dimension of the data.

5. General Nongaussianity measures:

For these general (non-kurtosis) measures of non-
gaussianity the best modification is introduced by
bias removal techniques.

2.8.3 Bias-Removal

Bias removal is concerned with modifying the ordinary (noise-free) ICA methods so that the

bias due to noise is removed or at least minimized. The modified whitening technique in
Table 2.3 can be considered as a bias-removal. Several sophisticated approaches of this most
prominent technique are presented in [56] for general non-gaussianity measures.

2.9 ICA with Over-Complete Bases

Another situation that is more challenging than the basic ICA model is when the number
of independent components N is larger than the number of mixtures M. This missing data
situation results in two complicated problems:

1. The mixing matrix is very difficult to estimate. Even if the matrix is known it is not
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invertible.
9 How to estimate the independent components if the mixing matrix is not invertible.

It may be more useful in this situation to use the basic ICA model as an approximation to the
over-complete bases model. At least, efficient and reliable algorithms have been developed
for the ordinary case. Such algorithms can serve as a starting point for further modifications.

2.9.1 Estimation of the Independent Components

A natural choice to solve the problem of non-invertibility of the mixing matrix is to apply
pseudo-inverse:
s=AT(AAT) x (2.55)

In some situations this simple pseudo-inverse is sufficient. However, in many cases the need
arises for a more sophisticated procedure. This is achieved through Maximum Likelihood
(ML) in a manner similar to the Maximum A Posteriori (MAP) estimate.

S =arg max Z log pi(s:) (2.56)

where p; are the prior probability densities of the independent components. At first glance
the algorithm seems difficult to compute. However, it exhibits a very interesting sparse
nature when the independent components are supergaussian. In this case, the ML estimator
gives coefficients s; of which only M (equal to the number of mixtures) are non-zero. Thus,
the system can be invertible for those components.

2.9.2 Estimation of the Mixing Matrix for Over-complete Basis
BSS

It is important to recognize the aspects of similarity between the over-complete bases problem
and the noisy case. They both have the same problem in the difficulty to estimate the
mixing matrix and the independent component. One is, thus, tempted to try to apply the
mathematical tools used for the noisy model to the present problem. Maximum-likelihood
is then a perfect candidate. This can be done by formulating the joint likelihood of the
mixing matrix A and the realization of the components s;. Then, maximizing this joint
likelihood with respect to all these variables. Another approach is to view the problem
through Bayesian estimation and to try to maximize the marginal probability of the mixing
matrix. Several approaches in this framework have been developed:

1. Laplacian approximation: It has been successfully used in separation of image and
audio sources with over-complete bases, but the computational complexity is high [68].

9. Monte-Carlo methods: It typically gives estimators with good statistical properties
but is also computationally expensive [82].

3. Competitive neural-learning: It works with supergaussian data and assumes the
extreme case of sparsity (one component is non-zero at a time). It is very computa-
tionally efficient but unrealistic and works with limited group of components [52].
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The conclusion that can be drawn here is that, due to the difficulty of the problem, ML
seems rather inefficient. New techniques based on modifying the basic ICA algorithm and
finding quasi-decorrelating sparse decomposition were introduced in [56]. These techniques
might be the most promising ones. They proved to be both very efficient in estimation and
more computationally relaxed.

2.10 BSS for Nonlinear Mixing Systems

In some situations, the linear ICA model is too simple to describe the real mixing operation.
It would be more realistic to introduce the following nonlinear model:

x = f(s) (2.57)

where x is the N-dimensional observed vector and f(.) is an unknown N-dimensional non-
linear mixing function. For simplicity, we will assume that the number of sources M = N.
In such a case, the problem is to find a mapping function h(.) such that:

y=h(x)=s (2.58)

However, this problem is completely different from the linear ICA model. In the nonlinear
domain two components y; and y, could be statistically independent but still mixed. In this
case the ICA problem is ill-posed. The solution is non-unique and extra information should
be provided to the model. The ICA basic definition of making the components of the output
vector y as independent as possible no longer holds.

2.10.1 Special Case: Post Nonlinear Mixtures

One important special case of the nonlinear mixtures is given by the following model:
zi=fi(Y ays), i=1,..,M (2.59)
j=1

The sources in this case are mixed linearly first then applied to a nonlinear function f. An
intuitive solution to this model is to try to remove this nonlinearity and then apply the
basic ICA algorithm to the roughly linear mixture. The sources can be separated or the
independent components can be estimated up to scaling, permutation and sign ambiguities
under weak conditions on the mixing matrix A (the same case with basic ICA). This model
could be very useful in real life for nonlinear sensor distortion. However, it cannot be applied
to other situations successfully.

2.10.2 Nonlinear BSS Algorithms: Brief Review

The algorithms developed for the nonlinear BSS problem can be generally categorized in the
following two classes:

1. Signal Transformation Approach: The goal is to estimate the sources directly
using inverse transformation.
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9. Generative Approach: The goal is to model the nonlinear mapping. It is concerned
with a more thorough understanding of how the mixture is formed.

Clearly, the generative models are expected to be more complicated yet more accurate than
the signal transformation models.

1. Self-Organizing Maps

One example of the signal transformation algorithms is the Self Organizing- Maps (SOM)
[66]. SOM depend on unsupervised learned mapping from a high dimensional to a two-
dimensional rectangular grid. The objective is to conserve the data structure as well as
possible while uniformly distributing it over the grid. Uniform distribution choice for the
mapped data emerged from the following theoretical fact: “if the joint probability of two ran-
dom variables is uniformly distributed inside a rectangle, then clearly the marginal densities
along the sides of the rectangle are statistically independent” [57]. However, this implied uni-
form distribution is not suitable for some types of data (it implies a subgaussian nature and
does not suit supergaussian data). Another problem is the high-computational complexity
of the algorithm [83].

2. Generative Topographic Mapping (GTM)

An example of the generative approaches is the Generative Topographic Mapping (GTM).
This generative approach starts with assuming a model for the latent variables (indepen-
dent components in our case). The model is formed of mutually similar delta functions
equally distributed over the rectangular grid. The unsupervised mapping from the mixture
high-dimensional space to the grid is modeled by a combination of Gaussian functions. The
coefficients (weights) of those functions are estimated by maximum-likelihood. A modifi-
cation to this approach is to add weights to the delta functions modeling the components
S.

3. Ensemble Learning Approach

This is a new generative approach that uses the Multi-Layer Perceptron (MLP) network
structure. Bayesian ensemble learning rule is used for the unsupervised learning of the
algorithm. The idea is to offer a flexible algorithm that is capable of treating both mild
and strong nonlinearity ( overcome the problem of under- and over-fitting). The idea is
to offer several models. Each of these models is given a weight based on the a posteriori
pdf’s of the sources [14]. Although this a posteriori pdf is difficult to estimate, ensemble
learning also known as variational learning is capable of providing good approximation (50].
The cost-function in this algorithm penalizes the misfit between the exact a posteriori of the
independent components p(s, theta/x) and their parametric estimates (g(s, §/x))measured
by the Kullback-Leiber (KL) divergence:

JkL = /q(s,é/x) logg——i’—%j—({% df ds (2.60)
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2.11 Signal Separation Using Time-Structure

In all the previous models of ICA, the Independent Components (ICs) were assumed to
be random variables. However, in many cases this is not the case. In many situations
the ICs are time series, s;(t), t = 1..T, i = l..n. The question now is: Is this extra
information useful for the separation? The answer is definitely yes. It opens the door for
a new set of approaches to the separation problem. These approaches are based on the
time structure of the ICs rather than the nongaussianity concept [8]. This is useful in both
providing simpler algorithms for the ordinary separable mixtures and providing possible
solutions for the inseparable mixtures (for example the Gaussian ones). One of the most
powerful tools in the time-structure based methods is the auto-covariance. The idea is to
find a separating matrix W such that the instantaneous and lagged covariances between the
different components in the output vector y is zero:

E{yi(t)y;(t = 1)} =0, for all 3,5,7 (2.61)

The motivation is that for the ICs s; the lagged covariances are zero due to independence.
Thus, auto-covariance can be used instead of the nongaussianity criterion. Several other
proposals for the time-structure based algorithms depending on the non-stationarity of the
covariance, autocorrelation and higher order cumulants were provided in the literature. How-
ever, they are beyond the scope of the thesis.

2.12 Convolutive Blind Signal Separation

In many real life situations, the mixing process does not only include the instantaneous mix-
ture values but delayed and convolved samples. One good example of that is the intersymbol
interference in fading communication channels. Another good example in acoustics is when
considering the effect of the echo and reverberation on the audio scene. This is clear in the
following figure [77].

Figure 2.5: A real room source separation scenario [77]
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Consider a multi-microphone system equipped to capture different audio mixtures in a
room. Due to the echo and reverbation effect, each microphone will receive delayed versions
of the intended signal and other fading delayed copies of the other signals. Simply, the
mixing model does not hold as a simple matrix multiplication:

x(n) = A x s(n) (2.62)
It is rather expressed as a convolution between the mixing matrix (filter H) and the sources:
x(n) = Hxs(n) (2.63)

where the elements of H are actually FIR filters. Thus, the algorithms already implemented
for the simple instantaneous mixing case should be modified for the above case of Multi-
Channel Convolution (MCC).

2.12.1 Approaches to Multi-Channel Convolutive Blind Signal Sep-
aration

In the convolutive mixtures case two main approaches have been considered, either solving
the problem in the time domain or moving to the frequency domain. The main reason
for which frequency domain approaches emerged is that by transforming the above mixing
equation to the frequency domain it is possible to get rid of the convolution operation and
transform the problem back to the instantaneous mixtures case.

x(f) =H(f) xs(f) (2.64)

Clearly, by doing so all the previously mentioned adaptive algorithms in the preceding chap-
ters can still hold with the modification that the mathematical operations are always consid-
ered for frequency bins instead of time samples, and that data are considered to be complex
data not just real data. An example of how straightforward working in the frequency domain
could be is the natural gradient algorithm in the frequency domain. In this case for every
frequency bin f considered in the Short Time Fourier Transform (STFT) there is a demixing
matrix Wy given by:

W (k) = Wk — 1) + p( - g(u(f) * u")We(k - 1) (2.65)

where k is the block index and () refers to the Hermitian transpose. Clearly this equation is
very similar to the basic natural gradient equation for instantaneous mixtures, with the main
difference being the use of the Hermitian transpose instead of the simple transposition of the
matrices. Another potential for the frequency-domain is that data are better represented
statistically in this domain, meaning that sparse data (i.e. super-gaussian data) have more
spiky distributions and are easier to distinguish from Gaussian distributions compared to
their counterpart representation in the time domain [77). However, one disadvantage is that
we would be forced to work on frame by frame basis and the adaptation would be applied
on the frequency bins. Solving the problem independently for each frequency bin introduces
a permutation problem. The permutation problem stems from the fact that the de-mixing
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process involves an unresolved order ambiguity, i.e. the sources are restored but the ordering
might not match the ordering of the original sources. This has not been a problem for the
time-domain instantaneous approaches. However, for the frequency case the order of the
sources must remain the same along the frequency axis. Otherwise, separation might be
achieved but, due to permutation, the mixtures cannot be restored when returning to the
time-domain. Several approaches have been presented in the literature to provide frequency
coupling between neighboring frequency bins and thus impose restrictions that result in the
same order of de-mixing along the frequency axis. Other approaches are focused on the use
of beam-forming to achieve the same objective.

Time domain approaches, however, try to deal with the new mixing model including the
convolution operation. Several attempts can be traced to the pioneer work of Lambert
[67). He introduced a de-mixing model for Finite Impulse Response (FIR) filters that are
minimum phase. Several other researchers have worked in the time domain motivated by
the fact that although time domain can be more complicated due to the convolutive nature
it possesses the advantage that no permutation problem exists. In [45], [22] Amari et al.
have implemented a convolutive version of the natural gradient approach by modifying the
gradient. If the mixing model is:

y(k) = > Wy(k)x(k —p) (2.66)

p=—00

where y(k) = [y1(k) ... yn(k)] is the N-dimensional vector of outputs at time k and x(k) =
[z1(k)...2zn(k)] is the N-dimensional vector of input mixtures while W, is a sequence of
matrices of dimensions N x N containing the mixing coefficients at time k. For the above
model the natural gradient algorithm has been developed to be [29]:

W,(k + 1) = W,(k) + p[W,(k) — gy (k))ug ()] (2.67)
where u,(k) is given by:
(k)= Y, Wilk)y(k=p+0) (2.68)

For practical implementation, the doubly infinite filter model used in the de-mixing model
is replaced by an FIR filter of L taps:

L
y(k) = W(k)x(k - p) (2:69)
p=0
The natural gradient update rule can then be modified to be:
W, (k +1) = W, (k) + 1[W,(k) = g(y(k — L)u" (k - p)] (2.70)
where u in such case is expressed as:

L
uk) =Y WI_(kK)y(k-p+aq) (2.71)

=0
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This algorithm has been tested and proven to be able to provide reasonable source separation
performance. However, a closer look at the update equation reveals that it actually uses an
L delayed version of the nonlinearity g(y(k — L)). The main assumption here is that the
data is slowly changing so that the following approximation is valid:

g(y(k — L)) = g(y(k)) (2.72)

In the case of using large order filter L, like the case of echo-cancelation, this approximation
might not be a valid one. It might actually worsen the results compared to using less filter
taps. This approximation thus might eliminate any potential improvement that the natural
gradient modification presents. Another general problem related to the large number of
filter taps is that time-domain algorithms (involving convolution) tend to perform poorly
and costly as the number of taps increase even if the above approximation is not performed
[44). One approach to solve problems of long FIR filters is to use shorter Infinite Impulse
Response (IIR) filters instead. However, the drawbacks of such approach are clear as IIR-
filters have stability problems, especially if the system is non-minimum phase.

2.13 Conclusion

This chapter presents the problem of blind signal mixing/demixing along with the most
successful algorithms developed in the literature to perform the separation. The problem
of instantaneous blind source separation was considered first. It has been shown that sev-
eral categories of cost functions exist to deal with this mixing situation, among which the
information-theoretic based approaches, namely maximum-likelihood and Negentropy, are
favored due to their robustness to outliers. Other approaches based on generalizing the
second-order decorrelation solution and using higher order statistics were also discussed.
The review of the separation problem was afterwards extended to more difficult scenarios
where noise exists and/or the mixing operation cannot be linear. The more advanced solu-
tions for these situations were briefly reviewed. This review concluded with the discussion
of the case where the sources mixed are time series. In such a case, one can make use of the
time structure to form other types of cost functions that can address the special nature of
the mixing situation.

Finally, the extension of the instantaneous mixtures case to the more realistic convolutive
mixtures is introduced along with a review of the methods employed in the literature to
target this problem. Mainly, frequency domain approaches are considered favorites when
dealing with convolutive mixtures situation as they present a window to map the problem
back to instantaneous filter multiplication between different frequency bins. By reviewing
the advantages and disadvantages of the convolutive mixtures approaches, the chapter can
be considered as a concise review of the work done in the blind signal separation domain.
It should be noted that the approaches to blind separation presented in this chapter (with
the exception of the natural gradient algorithm) are based on optimization on the Euclidean
space. The breakthrough that was achieved in the natural gradient principle was mainly
the introduction of the idea of optimization on more general spaces, i.e. curved spaces that
better represent the optimization problem at hand. In the following chapter, a presentation
of the mathematical concepts of optimization on curved spaces is presented along with a
geometrical derivation of the natural gradient principle and other related extensions.



Chapter 3

’Understanding the Background of the
Riemannian Geometry

3.1 Introduction

This chapter is intended to be an intuitive guide to the Riemannian geometry from an engi-
neering point of view. This constructive understanding of the mathematical background is
then extended to a logical derivation of the concept of natural gradient (first order derivative
in Riemannian geometry) and the less famous second derivatives in Riemannian geometry
methods such as Newton and the conjugate gradient.

3.2 Motivation

Optimization is the core task of many engineering problems. Most approaches to practical
solutions depend on a mathematical formulation of the problem and determining the best
values using the proper optimization technique. The question then arises: How to determine
the appropriate optimization technique?

When reviewing the methods used in optimization and adaptive filtering, one can easily
notice that they are almost all based on the assumption that the space in which the problem
is posed is Euclidean. For years, this facilitated the derivation of most of the optimization
methods. Methods like the steepest descent and the Newton algorithm that appeared a long
time ago up to modern optimization techniques developed in the mid 20** century, like the
conjugate gradient by Stiefel and Hestenes [49] in 1952, were all based on this assumption.
All these methods have been long enough on the optimization scene and have developed a
solid background of properties and performance. However, it has long been admitted by
the optimization community that the optimization procedure to be chosen depends on many
factors, most important of which is the nature and geometry of the problem posed. Many
problems arise with special constraints on the Euclidean manifold. The most common are
the equality constraints, especially the orthogonality ones. These problems belong in fact
to another manifold, the Riemannian manifold. Respecting the geometry and the natural
curvature of such a manifold was proven to be important. It was Fletcher [36] who raised
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taking the special nature of the manifolds into account. He proposed an ideal steepest de-
scent on the constraint surface with steps along the geodesic !. However, the algorithm was
not feasible and Fletcher followed the concept of constrained optimization instead.

All the classical constrained optimization methods (like projective methods, Lagrange mul-
tipliers methods, etc) are extrinsic methods that do not make use of the intrinsic geometry
of the optimization domain. This appeared to penalize the performance of the developed
algorithms based on constrained optimization. Fuhrmann and Liu [37] recognized that the
improved performance of the second order methods are no longer guaranteed when the cur-
vature terms are not taken into account in the optimization algorithms. They developed a
conjugate gradient algorithm taking the curvature of the manifold into consideration and
proved to be superior to the constrained optimization counterpart. It thus appeared very
appealing to go a step further in the mathematics fundamentals, and explore intrinsic ap-
proaches to develop an unconstrained optimization to take over the classical constrained
optimization and develop more efficient 2, more robust, and faster convergent algorithms.
Researchers in signal processing, BSS and independent component analysis were not far
from these new developments in the optimization field. Amari et al. have proposed that
taking the actual geometry of the optimization space into account will provide an improved
performance [45], [5], [4]. The so-called natural gradient algorithm is a direct application
of taking the Riemannian structure of the adaptation problem into account in the case of
the maximume-likelihood cost function. This adaptive algorithm exhibits a dramatic supe-
rior performance to the stochastic gradient algorithm and yet it is simpler. Meanwhile,
in [38], the proportionate LMS technique was linked to the Riemannian geometry concept,
specifically to the natural gradient. Taking the natural gradient as a starting point to our
improved performance algorithms, this motivates us to present this comprehensive review of
the Riemannian geometry as an introduction to the new methods in the thesis.

3.3 Identifying the Riemannian Optimization Problem

After the previous section that pointed out the benefits of exploring the actual structure of
the optimization domain, it would be interesting to point out which type of problems one
should identify as Riemannian optimization problem.

Consider the problem of optimizing a certain cost function J(W) of a matrix W. The goal
is to find the optimal value of W : W,,;. Conventionally, using the steepest descent method,
the following update is developed:

Wk+1 = Wk - ,LLVwJ (31)

and works well if the function J is quadratic. i.e. unimodal. The gradient will be linear and
consequently isotropic ® at any point in any direction away from the minimum.

However, if this is not the case, the steepest descent and consequently the gradient should
be modified to provide a homogeneous isotropic update emanating from different points in
the space. This will give the first case where Riemannian optimization should be recognized:

LGeodesics are curves of special nature on the Riemannian space that will be explained later
2Tt is worth noting that projective methods widely used in constrained optimization are costly algorithms
3Istropic tensors have the same components in all rotated coordinate systems [95]
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(1) Cost function that is not quadratically isotropic.

The second obvious case is the case:

(2) When constraints are imposed on the adaptation: This is previously mentioned
in the above section with an example of constraint as the orthogonality constraint.
Actually the two cases (1) and (2) are correlated to each other. If constraints are imposed
on the adaptation of the parameter W then the gradient of the function VwJ does not
represent the actual update of the parameter as another step, i.e. orthogonalization or
another gradient, Lagrange gradient, should be included. Overall the update step in the end
will not be isotropic.

On the other hand, if it is the cost function that is not isotropic , i.e. case (1), then one can
always find the constraints of the motion on the optimization space 4.

After identifying the optimization on the Riemannian space, a natural question is how to
change the steepest descent or for that matter any other optimization technique to the new
geometry.

There exist two main approaches which are actually correlated mathematically and lead to
very similar update results. However, the explanation in the chapter is chosen to identify
the two approaches separately to emphasize each of them.

The first approach comes as an immediate answer to the first case where the Riemannian
space is identified, i.e. “Cost function that is not quadratically isotropic”. The
solution consists of identifying a mapping function g between the notion of the distance in
the chosen Riemannian space and the conventional notion of distance in the Euclidean space.
By defining this mapping function, the gradient of the function J can be modified to express
the real distance in the Riemannian space. The new gradient VwJ will be:

VwJ =g 'VwJ (3.2)

The new gradient will be isotropic from any point away from the minima.

Note that the mapping function g is called the Riemannian metric tensor. It will be ex-
plained in more details throughout the chapter.

The other approach stems from the second definition of the problem, i.e. “When con-
straints are imposed on the adaptation”. Quite briefly, by defining these constraints
one could identify an algebraic constrained formulation for the manifold. This algebraic
formulation is denoted as “Lie Groups”. Every Lie group has an associated derivative-like
space called Lie-Algebra . The solution of the optimization problem will be to perform the
conventional optimization technique on the Lie-algebra space and then mapping it back to
the Lie group. Detailed explanation of this process will be presented later in the chapter
along with definitions of Lie group and Lie algebra.

The important point to establish here is that Lie group is the intrinsic means to apply the
constraint on the space. By constituting the space as Lie group and obtaining the gradient
on a well defined Lie algebra, more control can be imposed on the coefficient of the parameter
we want to optimize to “lock” it on the optimization space.

The above discussion can by no means be considered complete. One could just think of it as
preparing the stage and having a global vision to justify the following more mathematically

4Admittedly this could be difficult in some cases. However, as the true manifold of optimization is
Riemannian such constraints and conditions always exist
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related sections. More understanding of the structure of the Riemannian manifold is needed
along with the introduction of the terms like Lie- group, tangent space, etc. The following
sections provide what is thought to be the required mathematical tools for Riemannian op-
timization. Later in the chapter, these tools are applied upon the problem of BSS using the
maximum-likelihood principle.

3.4 Riemannian Manifold: Definition and Properties

Before talking specifically about Riemannian manifold, it would be useful to define the
meaning of a “Manifold” in a simple way. A manifold is simply a topological space that is
locally Euclidean. A good example of a manifold is earth. Earth is proven to be of spherical
shape, however for long time it was considered flat (Euclidean). This discrepancy arises
essentially from the fact that on the small scales that we see, the Earth does indeed look
flat. An exact mathematical definition of a manifold is the following [28].

Definition 3.4.1. A topological space M is called a topological manifold of dimension
m if each point p € M has a connected continuous neighborhood U that posses a home-
omorphic® map z on the Euclidean space R™ of the same dimension m. This pair of the
neighborhood and its map constitutes what is known as a chart (local co-ordinates).

A continuous transformation that preserves distance between points is particularly in-
teresting and is given the name ‘isometry’. A Riemannian manifold is a manifold that
posses a metric tensor g that is both symmetric and positive definite. This metric tensor
is a function used to calculate the actual distance on the curved surface of the Riemannian
manifold. Being symmetric means that the distance between two points (a,b) is the same
no matter which one is the starting point of the displacement and having the metric to be
positive definite implies that the distance is always positive. More highlights on the metric
tensor will follow in the discussion.

3.5 Tangent and Normal Spaces

The rest of the Riemannian geometry explanation part draws on the main characteristic of
this manifold, namely “curvature”. In order to proceed with the equations governing this
constrained manifold new definitions, concepts and equations revealing the special nature of
motion over such curved or twisted manifolds should be considered. Most of these ideas are
trivial or non-existing when considering the Euclidean flat space.

As a beginning, consider Figure 3.1 [31] showing a point on a Riemannian manifold. At each
point p on the manifold we can find tangent vectors in all directions. This set of vectors form
a tangent plane T,, which is a space containing the set of tangent vectors at this point p.
This tangent plane acts as a first order differentiation of the manifold at the point p.

5Homeomorphism: A one-to-one equivalence mapping between points from one topological space to an-
other and vice versa (i.e. continuous in both directions) [95]
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Manifold

Figure 3.1: Example of tangent and normal spaces at a point on a Riemannian
manifold [31]

In some sense the tangent plane is the Euclidean approximation of Riemannian manifold
at the point. The collection of the tangent planes on the manifold is given the name tangent
space Ty, and is of dimension M, the same dimension as the manifold. The normal space is
the orthogonal complement of the tangent space. The tangent space should contain all the
tangent vectors of all points along all possible curves of motion along the manifold. Clearly,
due to curvature Tangent spaces are not naturally connected.

In order to collect all the tangent spaces together a certain “connection” function is needed
to guarantee a smooth directed translation from one tangent plane (subspace) at one point
to another tangent plane at another point. We can conclude from the above that the actual
Riemannian first derivative is different from the form that results from direct differentiation
in the Euclidean space. The next section presents a more in depth look at the connection
connecting the tangent spaces and the translation by which the tangents are translated along
a certain path.

Another quantity that is unique to the curvature property of the Riemannian manifold is
the“curvature vector”. It indicates the direction in which a certain curve under inspection
is turning. In equation form, if we define a parameterized curve as y with a tangent vector
¥ then the unit tangent is defined as:

,'y
Y]
Then the unit curvature vector is:
k= 9T (3.4)
T ot '

It indicates the rate of change of the unit tangent to the curve studied.

3.6 The Concept of a Connection

Figure 3.1 helps visualizing the tangent plane T, of a Manifold M at a certain point p. There
exists an infinite number of tangential vectors connected to a manifold. There is, however,
a fundamental difference between the tangent vectors at a certain point on a Riemannian
manifold and those of Euclidean spaces. In Euclidean spaces, the tangents are naturally iso-
morphic, meaning that there is a natural isomorphism (connection) between the tangents.
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Moving one tangent vector from a point to another is an operation that does not require
more than the start and the end point along with the original vector.

However, on the Riemannian manifold, due to curvature such isomorphism should be im-
posed. There are several choices of relations to establish between tangent spaces at different
points depending on the motion curve connecting them. However, when talking about gen-
eral vector fields, defined pointwise in the manifold then the derivatives will generally have
components in the normal space along with the desired component in the tangent space. The
projection of the derivative on the normal space is referred to as “the covariant deriva-
tive” or what is referred to sometimes as a “connection”. The covariant derivative of a
certain vector can be re-phrased to be the rate of change of a vector along a certain path. If
the rate of change of the vector is zero, then the vector is being “parallel transported” along
the path. Thinking of the arc distance as displacement, the tangent vector would be the first
order differentiation (velocity). Then, the rate of change of the vector is the acceleration.
To have the acceleration equal to zero means to have it orthogonal to the manifold i.e. a
vector in the orthogonal space.

Considering the parallel transpose of a tangent vector visually, the goal is to move the vector
infinitesimally in parallel to its original orientation and then remove the normal component
from the new vector to obtain the parallel transposed one. Every Riemannian manifold has

Parallel Transposed
Vector

Y(0)

Figure 3.2: Parallel transposing a parallel vector [31]

a canonical connection, the Levi-Civita connection, that is used to determine the 'natural’
parallel transport of vectors. This connection is intrinsic and metric, defined by the metric
tensor coefficients g;;. This connection is unique to the manifold. The fundamental theorem
of the Riemannian manifold implies that for any x, y and z vector fields, the Levi-Civita
connection satisfies :

(i) Viy — Vyx = [x,y]. The connection is symmetric or torsion-free. The indication of
torsion free is that this connection does not change unnecessarily the direction of the
vectors transposed.

(ii) x(y,z) = (VxY,2z) + (¥, Vxz) the connection is metric (contains the information of the
curvature of the manifold). This also implies that parallel translation is an isometry.
Meaning that the vector length is preserved.
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The above notation Vxy denotes a directional derivative, that is the rate of change of the
vector y in the direction of the other vector x. [x,y] is the commutator:

[x,y] =xy - yx (3.5)

Define the Christoffel coeflicients as Ffj:

1 Ogi  0Ogiy; = Og;
% = §ngl(axlj ~ 8xi + &E’i’) (3.6)
l

where ¢/ are the elements of the inverse of the tensor g. Two important observations can
be noticed from the above equation. The first is that the Christoffel coefficients are defined
solely by the metric tensor coefficients g;; and that the coefficients I‘fj span all the metric
coefficients in the direction x* and x’. Thus, the set of Christoffel coefficients are both
intrinsic (defined uniquely by the geometry of the space) and complete. There exists a 1-to-
1 relationship between the manifold and its Christoffel coefficients. The second observation
that can be drawn is that each element in the above equation is formed by differentiating
a coefficient g,s, where x®,x# are any two co-ordinates on the manifold, with respect to a
third co-ordinate x¢. These elements will solely have a value due to the curvature nature of
the manifold. Imagining a flat local plane where %‘E = 0 then the Christoffel coefficients
will reduce to zero too. Such locally flat planes are called “Inertial frames”.

Definition 3.6.1. (Existence of a Local Inertial Frame) If p is any point in the Riemannian
manifold M, then there exists a local coordinate system z* at p such that:
Lj=1
@) ={ 0151
(b) %%"7" = 0 for every k.
We call such a coordinate system a local inertial frame or a normal frame.

It follows that Ffj(p) = 0 in an inertial frame. Inside the inertial frames, certain curves
exhibit a very nice nature of having zero curvature. These curves will seem as straight
lines (locally) in the inertial frame. This type of curves are called geodesic. In terms of
Christoffel coefficients, I‘fj, one can define the Levi-Civita connection using the canonical
basis (8/8zt),...,(8/0z™) of the patch chart (U,z!,...,z™) defined on the manifold M™
and 1,7,k < m as: 5 5

Va/aziézg =2 fjéz,;

1,7,k

The significance of such operation is the use of the whole set of Christoffel coefficients
carrying all the information about the curvature of the manifold. Such coefficients optimize
the path along which the connection works. Optimization comes in terms of minimizing its
length along with preserving the relations distinguishing the Levi-Civita connection. In other
words the optimized curve is carried along successive interial frames, being a straight line
(locally) in each frame. It follows from the above discussion that optimization in Riemannian
manifold is carried along “geodesic”. The structure of geodesics is of paramount importance
in the optimization on the Riemannian manifold and will be presented in more details in the
following sections.

(3.7)
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3.7 Geodesic: Definition and Properties

This section presents geodesics, their characteristics and points out their importance in
Riemannian optimization. Thus, some other definitions and formulae are needed to set the
stage for the different equations associated with geodesics.

Definition 3.7.1. Let M be a Riemannian manifold, then there exists a unique intrinsic
tensor called the metric tensor g. The tensor g is composed of m? functions, where m is the
dimension of the manifold, defined as follows. For ¢ = 1...m and j = 1...m are the span
of the co-ordinate chart:

g = Z gijd:ci ® dz’ (3.8)

2Y]

for the above equation the Kronecker multiplication ® results in an element by element
multiplication spanning all possible combination of %, j. The resulting tensor has the square
dimension of the dimension of the manifold M and the above summation in equation (3.8)
will reduce to a span of all elements ¢, j.

g = SPAN, g:dxt ® da’ (3.9
3] O

As g, is non-degenerate ©, then it will have the inverse with elements denoted by g
The metric tensor g satisfies the following properties for every point p € M and x,y vector
fields defined on the manifold, i.e.. x,y € T}:

g(x,y) = g(y,x) (3.10)
g, : Tp x T, — R is positive definite.

The bilinear symmetric form g, defines the inner product on the tangent space T, at a

point p:
g (x,y) = (x,¥) (3.11)

The brackets (.,.), define the metric, i.e. the inner product of two vectors defined on the
tangent space at the point p.
Clearly, this metric is different on the Riemannian manifold than on the Euclidean space. In
order to distinguish between the two spaces, the above inner product (., .),, which is actually
defined on the Riemannian manifold, will be from now on given the subscript R as opposed
to the inner product on the Euclidean space, which will be given the subscript E. In the
same context the actual length of a vector x € T}, is defined as the following:

| x ||= g,,(x,x)l/2 (3.12)

Thus, the actual distance between two points on a Riemannian manifold, which is determined
by the Riemannian metric, is calculated along the shortest arc connecting the two points.
Let t — 7(t) be the curve connecting between a and b, then its length L is given by:

1
L= [ gt i) (3.13)

to

6Non-degenerate: a bilinear symmetric transform that is 1-1, i.e. completely and uniquley defines a
manifold M. The object manifold M is both continuous and smooth. Thus the tensor defining the bilinear
transform is invertible



42

where ¥ is the first order derivative of the curve . This shortest curve on a Riemannian
manifold is referred to as a “Riemannian metric distance” and has to lie on a geodesic
between the two points g, ;. The shortest arc between any general two point is then an arc
located at one of the geodesics of the Riemannian space. In other words, the old concept of
“the shortest distance between two point is a straight line”, which applies to Euclidean space
is mapped into “the shortest distance between two points is an arc of a geodesic”, for the
Riemannian space. Although all the shortest arcs connected between points are geodesics
the inverse is not true. There exists other geodesics that are not shortest distance. However,
the ones the optimization algorithms are interested in are those that optimize the distances
between points on the Riemannian manifold.

Recall the discussion in section 3.4 about the local inertial frames. The shortest distance
geodesic is locally a geodesic that is a straight line in the subject inertial frame existing on
the curved surface of the examined manifold. A set of examples of different geodesics on
different spaces is presented in the following figures.

Figure 3.3: Geodesic on a plane: every straight line is a geodesic [32]

Figure 3.4: Geodesic on a sphere: geodesics on spheres are great circles [32]

One can actually see that the above simple definition of a geodesic as straightest curve on the
manifold is the closest to imagination and the more general that covers all types of geodesic,
and not only the shortest distance one. Looking at any of the curves assigned to be geodesics,
one can see that they will indeed look as straight lines in a 2-dimension space. For example,
in the case of the sphere, geodesics are great circles (like equator for earth). From the above
explanation, the following interesting properties about geodesics can be stated:

1. Geodesics have no tangential curvature: Curvature definition has been discussed
in the previous sections. Let us define the tangential curvature, or what is sometimes
referred to as the “geodesic curvature” k,, as the covariant derivative of the unit tangent
vector or in other words as the projection of the curvature x on tangential space.
Geodesics are the curvature where «, are equal to zero.

2. Geodesic curvature depends entirely on the surface of the manifold: The
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geodesics contain the set of points satisfying the following non-linear equation:

d*z* dz' dz?
" (3.14)

Remark 3.7.1. Tt is clear from the above equation that the term containing the Christof-
fel coefficients clearly contains information of the normal space. This follows from the
fact that the second derivative of x does not contain information in the tangent space.

3. From each point on the manifold there is a geodesic in every direction

4. Geodesics are homogeneous, every sub segment on a geodesic carries all the
geodesic characteristics :
Every point on the geodesic satisfies the geodesic equation.

5. A Geodesic parallel transposes its own tangent vector to itself:
This follows directly from the fact that geodesics are the curves forming the Levi-Civita
connection path. This is why the covariant derivative of the tangential vectors are zero.
In fact some mathematical books and dissertations [90] use this property as a definition
of geodesics. In mathematical notation:
If v(t) is a geodesic with tangential vector x such that x(t) = () then:

Vxx =0 (3.15)
Any other vector y(t) in the tangential space is said to be parallel-transposed if:
Vx}’(t) =0 (316)

for all t. The connection Vy is it self the Levi-Civita connection defined along the path
~(t)

Now, a preliminary idea why geodesics are important can be presented. When performing
optimization along the Riemannian space, geodesics are the only curve that are able to carry
the derivative vectors pointing to the minima on the curve without rotating their directions
and through the shortest possible path. The logical question that follows is how to move
along geodesics given the tangent vector at a certain point. This is the topic of the next
section.

3.8 Lie Group and Lie Algebra

Here, a basic sufficient information on Lie groups and Lie algebra is presented. First, one
might need to refresh the mathematical definition of a group.

Definition 3.8.1. A group (G, *) is a non-empty set, together with a binary operation, called
the group operation, such as multiplication or addition, satisfying the following axioms:

1. Closure: The group G is Closed under the defined mathematical operation *: (G*xG —
G) i.e. for any two values a,b € G (axb) =c€ G.
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2. Associativity: For all a,b and cin G, (a*b)xc=ax (b*c).

3. Existence of identity element: There exists an element e in G such that for all a in G,
exa=aXe=a.

4. Existence of inverse element: For every a in G, there is an element b in G such that
a X b=>bxa=e, where e is the identity element from the previous axiom.

The branch of mathematics which studies groups is called group theory, which can be
traced back to the works of Evariste Galois (1830). Previous to his work, groups were mainly
studied concretely, in other branches of mathematics without being explicitly defined.

In 1870, Sophus Lie introduced a new type of groups called the Lie groups. Lie groups are
groups where operations like multiplication and inversion are given by analytical mapping T
This actually means that these operations are smooth. Translating the algebraic definition of
Lie groups into geometry by reviewing the definition of “Manifolds” reveals that Lie groups
are actually the algebraic counterparts to the geometry representation of the manifold. They
define the constrained spaces in a compact mathematical forms. This link will facilitate our
study of the examples that follow.

It is the valuable property of closure that promotes Lie groups to play the role of intrinsically
constrained manifold. Defining the right type of the Lie group and then moving along the
group from one old point to another will guarantee the new point to lie on the manifold. The
method by which moving from one point to another will be explained later in the section
but first examples of different types of Lie groups are presented. Lie groups actually cover
a wide range of existing groups. For example, the General Linear group GL(n, R), which
is the set of all real n-by-n invertible matrices. GL(n) is easily verified to be a Lie group of
dimension n2. Another example of Lie groups is the Orthogonal group. This is a subgroup
of GL(n) given by:

O(n) = {© € GL(n) : 676 = I}

O(n) is a Lie group of dimension n(n—1)/2. What is meant by dimension here is the degrees
of freedom found in the equations.

A special case of the orthogonal group is the identity component of O(n) , which is called
the Special Orthogonal group SO(n), which is defined by:

SO(n) = {0 € GL(n) : ©TO = I,det © = 1}

Another important example of Lie groups is the Stiefel Manifold V;, ;. This is the set of all
real matrices (n-by-k), k < n, with orthonormal columns, i.e.,

Vor={U € R™>* . UTU = I}

Another new notation related to Lie Group is the Lie algebra. To every Lie-group, there
exists a Lie algebra which completely captures the local structure of the group.

Definition 3.8.2. A Lie algebra g over R is a flat vector space over R with a closed bilinear
operation [,: g x g — g (called the bracket) such that for all z,y, z € g,

1. [z,z] = 0 (implies anticommutivity),

7An analytic function is a function that is locally given by a convergent power series
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2. [z, [y, 2] + [y, 2, @] + [2, [z, 9] = 0 (Jacobi identity)

The mathematical expression, (g X g — g) means that for any two values a,b € g
[a,b) =ce g.
A Lie algebra g is a logarithm of a Lie group, and a Lie group is an exponential of a Lie
algebra. The Lie algebra must transform by exponentiation into a Lie group. It is important
to note that the formula exp(A)exp(B) = exp(A + B) holds only for a commutative Lie
algebra - U(1)
Optimization on Lie-groups then consists of performing the differentiation of the subject
function J(p) at the point p on the space of the Lie-algebra to obtain the directional derivative
and then mapping the directional derivative back to the Lie-group via exponential mapping.
The derivative calculation will follow in more details in next section.

Theorem 3.8.1. [90] For every element x in g there is a unique map R — G called the
one-parameter subgroup of G, such that $(0) = x.

The exponential mapping g — G is controlled by a single parameter t € R such that the one
parameter subgroup, defined ast — ¢(t), generated by x is denoted by t — exp(tx). This
one parameter subgroup emanates from the identity point on the Lie group ¢(0) = e.

Now, as a practical application on the concept of Lie- algebra and its connection to
one parameter subgroups, consider SO(n), the special orthogonal group. The unique one
parameter subgroup in O(n) emanating from the identity I in the direction X € so(n) (where
so(n) is the corresponding lie algebra of the Special orthogonal group SO(n)) 8 is given by
the formula:

tHeXt

The matrices X are characterized by a skew-symmetric structure. We thus can say that both
the geodesics in O(n) and parallel translations along geodesics in O(n) may be computed
via matrix exponentiation of skew-symmetric matrices [91].

The orthogonal group which can be considered as a special case of a Stiefel manifold is
of paramount importance in applications such as blind signal separation. As previously
discussed in the preceding chapter, data are preprocessed by whitening. This operation
transforms the mixing and demixing matrices to lie in the orthogonal group. It follows that
the geometry and optimization techniques developed for the Stiefel manifold can thus elimi-
nate the need for projective and Lagrange multiplier methods and improve the performance
of the separation. More details on the optimization techniques and their application to blind
signal separation will follow in the next section.

Another sort of invariance on Lie groups is that moving the inner product from one point
in the space to another point (by mapping the elements) does not change the value of the
output. This is very much the same as the invariance principle under the change of basis
vectors on which the matrix acts. As a matter of fact the domain of Lie group and Lie al-
gebra is quite broad. What is presented here is the minimum necessary information related
to our problem at hand.

8Having the Lie algebra as a group of matrices instead of vectors does not violate the assumption of the
Lie algebra as vector space as each matrix can be considered as a collection of vectors
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3.9 From Tangent Space to Geodesics: the Exponen-
tial Mapping

This section presents the mapping between tangent spaces and geodesics. This mapping as
expected is directly connected to the concepts of Lie groups and Lie algebra. The target
here is to perform this mapping along the geodesic we are interested in, namely the shortest
distance geodesic.

Theorem 3.9.1. [42] Let M be a connected differential manifold, then there exists a single
geodesic giving the shortest distance between any two points on the manifold.

Interestingly, the one parameter subgroup emanating for the identity element e and
developed by exponential mapping of the Lie algebra to the Lie group is actually this shortest
distance geodesic on the corresponding manifold. This is proven using the following theorem.

Theorem 3.9.2. [{2] Let M be a connected differential manifold, then there exists around
any point p on the manifold a set of local co-ordinates (1, ...,Tm) called “normal neigh-
borhood” (i.e. inertial frames).

A neighborhood N, around a point p is a normal neighborhood if and only if N, = No, where
Ny is the neighborhood around the identity element or the origin in the tangent space at the
oTigin.

The above theorem indicates that inertial frames travel along the manifold by exponen-
tial mapping of the inertial frame at the origin. Recalling the important property of inertial
frames of having zero Christoffel coefficients, then exponential mapping guarantees better
tracking of the derivatives and ensures that the search direction (when done on Lie algebra
space) will lead to points on the surface of the intended manifold. The importance of the
above two theorems ensure that the exponential moves the gradient along the shortest dis-
tance geodesic on the Riemannian manifold (both unique and traveling along the inertial
frames).

To summarize the process of exponential mapping, one can say that exponential mapping
Ezp, maps the tangent space T, to M. It sends a vector v on T, to a point g on the manifold

at a distance |v| along the geodesic in the direction of v. The exponent of a matrix X can
be defined as:

ExpX)=T+X+ —+.... (3.17)
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Figure 3.5: Exponential mapping: from tangent to geodesic [15]

3.10 Differentiation on Riemannian Manifold

The discussion in section 3.2 concluded that the Euclidean gradient of a function J with
respect to a variable w does not represent the actual gradient for the Riemannian manifold.
To calculate the natural gradient one could follow the following derivation [6]:
Consider:

dw = €a (3.18)

where € is a small value, then search for a that minimizes:
Jw+dw)=J(w)+eVyJ(w)-a (3.19)

under the constraint of having a with a unit norm i.e.

lal® = Zgijaiaj =1 (3.20)
ij
This constrained optimization can be re-written in the Lagrange multiplier form as:
ali{VwJ(w)Ta —a’ga} =0 (3.21)
The solution is given as:
a= El—xg*leJ(w) (3.22)

where ) is determined from the constraint. From the above equation we can actually re-
define the natural gradient on the Riemannian space as in the following Theorem.

Theorem 3.10.1. The steepest descent direction of a function J(w) on the Riemannian
manifold is given by the following modified natural gradient:

Vw(J(w)) = g7 Vu(J(w)) = Zgijvwij(‘](w)) (3.23)
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However, when performing the optimization on the Riemannian manifold using Lie group
methods, the gradient that should be calculated is the gradient along the Lie algebra space,
i.e. directional derivative. Assuming the Lie algebra space to be h, one can write this
Lie-algebra derivative as follows:

Definition 3.10.1. [90] For a Riemannian manifold M with Riemannian structure g and
a given function J, the gradient of J at a certain point, denoted as Vj,J |, where h is Lie
algebra, is the unique vector in the tangent space such that:

dJ|p/dx = (Vnd|p, Xx) (3.24)
for all x € Tp,.

The above definition means that the derivative of the function J in the direction a tangent
vector x in the tangent space is equal to the inner product of the VyJ|, and that tangent
vector.

This directional derivative is directly related to the derivative with respect to the original
variable w on the corresponding Lie-group as:

w(t) = exp(h)wy (3.25)

then taking the derivative with respect to ¢ yields:

Ei_"z‘;i_t) = i%gi)- exp(h)wg = C—llld—iﬁw(t) (3.26)
From the discussion in section 3.2:
dw/dt = —puVyJ (3.27)
Similarly, on the flat Lie-algebra space
dh/dt = —uVnJ (3.28)
Applying this equation to equation (3.26):
Vwd = VpJ X w (3.29)

Moving along the Riemannian space using the above gradient as the search direction will
guarantee moving along geodesics in the plane. In most cases, the motion will be globally
along several geodesics, depending on the inertial frame shortest distance geodesic.

Having provided all the basic information needed to work on Riemannian space, the following
sections will present a practical application of these concept to the problem the thesis is
dedicated for, namely blind signal separation. The following is a derivation of the natural
gradient and other higher order optimization algorithms for BSS based on the maximum-
likelihood principle.
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3.11 Natural Gradient Derivation for Maximum-Likelihood
Principle

In [6], [97], the natural gradient for maximums-likelihood blind signal separation was defined
by the Riemannian metric. The natural gradient is a first order gradient calculated along the
actual steepest descent direction of the Riemannian manifold and thus follows the equation:

Va(J(w)) = 87 Vul(J(W) = > g7 Vais(J(W)) (3.30)

The main contribution of Amari, was to calculate the metric g or as referred to in his
publications G on the most general space of lie groups , the general linear group GL(n).
The reason for choosing this most general Lie group is that it contains all n x n real matrices
with the property of being invertible, which is the only constraint that can be imposed on
the general blind signal separation problem.

Remark 3.11.1. The target of the blind signal separation is to find the de-mixing matrix W
which is the inverse of the matrix A and thus the target matrix W is always invertible °
from the definition of the problem.

Before beginning the derivation, one must note that the space on which the optimization
is carried out consists of different points p which are in fact matrices Wy, k = 0.... not
just general points as in the previous discussion of the Riemannian mathematics. Thus, the
metric tensor g will have double the co-ordinates that were previously assumed for vectors
in the previous general derivation. The vector fields constituting the tangent space will be
matrices and the same goes for the vector fields of the Lie algebra.

In the derivation, the following two fact are considered:

1. The Lie group invariance implies that the metric is the same on all the points of the
manifold:

(dW,dW)w = (dWY,dWY )wy

2. The identity matrix I on the manifold is the 0-diffeomorphic point (identity point)
at which the Riemannian manifold holds the normal co-ordinates and is equal to the
Euclidean. i.e. the metric tensor g = L.

Let dW be a small deviation of the demixing matrix from W to W 4+ dW then the tangent
space Tw (the Lie algebra of GL(n)) contains all such small deviations dW;.
Then gw(dW,dW) to be the metric at the point W is:

gw(dW,dW) = (dW,dW) = [|dW]* (3.31)

Now mapping the matrix W to the identity matrix I requires to right multiply W by w-!
then the tangent dX = dWW ! at the identity corresponds to dW at W and has the same
length (refer to the first fact listed above).

(AW, dW)w = (dX, dX)1

9 Assuming that the number of sources is equal to the number of sensors and that thus the mixing matrix
A is not singular
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(AW ,dW)w = (dWW ™! dWW ™) (3.32)

Using the second fact, the metric of dX as in the Euclidean space can simply be calculated
as:
(dX,dX)1 =Y _(dXy;)* = tr(dXTdX) (3.33)
1,J
Thus,the Riemannian metric structure at W is:

(dW,dW)w = tr(W 1) TdWTgWwW! (3.34)
Then, one can extract the metric g;;x from the above equation:
[dW|[* = Zgij,kldwijdwkl (3.35)

g:;,x are thus given by the following formula;
8ijkl = Z 5iij_,,11W1—n1 (3~36)

It is actually the inverse of g that is needed to calculate the derivative on the Riemannian
manifold. This inverse is go which is given in closed form as WTW.
The true gradient on the Riemannian manifold (known as the natural gradient) is given as:

VwJ = VJWITW (3.37)

where V(.) denotes the natural gradient.

3.12 Optimization along Geodesics

The previous sections presented the main basic items needed in the Riemannian geometry
understanding and how the natural gradient relates to the differential geometry of the Rie-
mannian manifold. However, it is still not clear what the relation of geodesics and parallel
translations is, and what a more in depth use of the Riemannian manifold could be. The
question still arises: How to make use of such geometric properties in our optimization?
The derivation of the natural gradient presented a first step in the optimization in the Rie-
mannian manifolds. It provided an accurate steepest descent flow in the Riemannian space.
However, it did not perform the search along the geodesic.

While the gradient flow methods have only linear convergence rate, one can make use of
the search direction obtained with generalized Newton methods or Conjugate gradient algo-
rithms.

From this point, our derivation goes one step further to calculate the gradient on the Lie-
algebra space VgJ(W), i.e. the optimal search direction along geodesic. Equation 3.38
presented a direct link between the Lie algebra gradient VuJ(W) and the gradient of
VwJ(W), where H is the Lie algebra associated with the Lie group. For the general
maximum-likelihood this is the general linear algebra H € gl.

Vwd = VaJ x w (3.38)
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Applying the above equation tn the expression (3.37), then :

VuJ = VJWT (3.39)
the new value of the matrix W is given by:
Wiyt = exp(uVuaJ) Wy (3.40)

where k is the iteration number. It is easily verified that the above expression can be
approximated to the original expression of the natural gradient update using VwJ:

Wit = exp(uVuJ)Wi = (I + pVy + (uVa)?/2 + .....) (3.41)

By ignoring the higher order terms the expression reduces to the steepest descent update
using Vw.J. This indicates that this expression is the generalized update and also suggests
that if the search is carried out using higher order methods, where the possibility of divergence
increases, the search should be carried out along the Lie algebra, i.e. along the geodesic in the
corresponding Lie group to have a better opportunity to track the surface of the optimization
manifold.

The parallel translation can also be calculated along the tangent vector space, i.e. Lie
algebra. Recall that the main property of the parallel transpose is to have the new vector
field parallel to the new point on the manifold and to maintain the length. This can be done
by the following equation for a general vector field X(k) in the tangent space of W (k):

X(k+1) = X(k)W HE)W(k + 1) (3.42)

These sets of derivatives and operations will be particularly useful when performing line
search for certain methods like Newton-based or Conjugate gradient methods.

3.13 Optimization along a Stiefel Manifold

One of the constrained manifold that exhibits special importance for blind signal separation
is the Stiefel manifold. The reason for this is that after the whitening operation the de-mixing
matrix W follows the following equation:

WWT =1 (3.43)

Along with the above orthogonality constraint, for any cost function involving pre-whitened
mixtures, J(W):
J(W) # J(QW) (3.44)

for any Hermitian matrix Q. This extra property places the de-mixing matrix W in a sub-
manifold of the orthogonal group known as the Stiefel manifold.

In order to derive the first order derivative of the Stiefel-manifold, the equations previously
derived for the natural gradient of the GL-group are needed. These equations still apply for
the Stiefel manifold as it is a subset in to the GL-group. What should be added to these
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equations is the use of the new constraint of orthogonality.
Recalling that the natural gradient is given by:

VuJ = VwJ x WT = %;—VWT (3.45)
and differentiating equation 5.179, yields:
dW __ dW .
A WwW(—\T = .
o W+ + W( o ) 0 (3.46)
which can be written as: 3 )
VuJ +VEJ =0 (3.47)

meaning that the Lie algebra is skew-symmetric. This has been mentioned for the examples
of so Lie-algebra.
Thus, the Lie-algebra H can be written as:

VuJ = skew(VgJ) = 1/2(VuJ + VEJ) (3.48)

Meaning that: 5 3 3
Vwd = (VwJ)WTW + W(VL )W (3.49)

This is the form of the natural gradient for pre-whitened blind signal separation algorithms.
In [91] and [31], second order methods including Newton’s method and conjugate gradient
algorithms have been developed. These methods rely on exploring the special geometry of
the Stiefel manifold and optimizing the search direction along the geodesic.
After a rather lengthy derivation [31], the geodesic on the Stiefel manifold in the special case
of orthogonal group (i.e. the matrix W is of square of dimension N-by-N ) is given by the
following equation , define :

W(t) = WM(t) + QN(¢) (3.50)
where W (t) is the new location along the geodesic at time ¢ and W is the original location

W(0). For H being the direction of the derivative at W(0) and matrix A such that: A =
WTH is skew-symmetric then using the compact () R-decomposition:

QR: K = (I- WWT)H (3.51)

where both Q and R are N-by N matrices. The matrices M(¢) and N(t) used in equation

(3.50) are given by:
(o)== (2 3)()
=expt (3.52)
N(?) R O 0

where I is the identity matrix of size N-by N.

Now, having defined the geodesic equation and the first order derivative over the Stiefel
manifold, it is possible to move forward to the main two second order update algorithms on
the Stiefel manifold. The next two sections present the Newton-algorithm and the conjugate
gradient algorithm developed in [31]. The presentations of such algorithms are rather brief.
More details about the derivation of the algorithms and justifications of the update equations
are presented in [31].
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3.14 Newton Method along the Stiefel Manifold [31]

In the Newton method, the aim is focused on finding the update A which satisfies:
A = —Hess 'VyJ (3.53)
where the Hessian, Hess, is defined by the quadratic form:

d2
— =0 J(W(2)) (3.54)

HessJ(A,A) = e

where W(t) is the geodesic and A is the tangent at time t =0 .

A key equation to calculating the Hessian is the second covariant tensor equation for the Rie-
mannian manifold [90]. For the function J : M — R and the co-ordinate chart (U, z',...,2z"),
the tensor takes the form [91]

2
Hess(J) = 8:? BJ:EJ Z ¥ ))dz' @ dx? (3.55)

This same equation is more conveniently presented in [31] in terms of the tangents As and
the geodesic curve instead of abstract chart components as:

HessJ(Al, Az) = vaJ(W)(AI, Az) - trV%VJ(W)F(Al, Ag) (356)

where VwwJ(W)(A1, Aq) represents the tensor whose scalar components are
(VWWJ)ij,kl(Al)ij(Az)kli

02J
OW,;0Wy,
Following the derivation in [31] the solution of the equation (3.56) along with the geodesic
equation (3.14) to get A reduces to solving the linear equation:

(VwwJ(W))ijm = (3.57)

VWWJ(A)—Wskew(VwJ(W)TA)—skew(AVwJ(W)T)W~%(I—WWT)AWTVWJ(W) = -G

where:

G = VwJ(W) , (3.59)

The following table summarizes the Newton method on the Stiefel manifold:
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Table 3.1: Newton method for minimizing J(W) on Stiefel manifold [31]

1. Compute G = VwJ = VwJ(W) - WYL J(W)W

2. Compute A = —Hess 'V, J(W) such that WP A = skew symmetric

VwwJ(A) — Wskew(Vw J(W)TA) ~ skew(AVwJ(W)T)W - (3.60)
%(1 —~WWHAWTVw J(W) = —VwJ(W)

3. Update along the geodesic W (t) in the direction A using the formula:

W(t) = WM(t) + QN(z) (3.61)
where:
M(t) \ _ A -RT I
( N(t) )-expt(R 0 > <0> (3.61)
and:
A=WTH, is skew-symmetric

QR: K =(I-WWT)H

3.15 Conjugate-Gradient Method along Stiefel Mani-
fold [31]

Another popular optimization algorithm is the conjugate gradient. The conjugate gradient
belongs to a family of optimization algorithms collectively known as “Conjugate-direction
methods”. This family of optimization techniques was developed to achieve better than linear
convergence without requiring the calculation and the inversion of the Hessian matrix. It
would be useful to begin with a review of the basic idea behind the conjugate gradient in its
basic form, (i.e. linear conjugate gradient on Euclidean flat space). The conjugate gradient
tries to improve over the steepest descent by modifying the search direction. Optimizing a
cost function J(z), steepest descent method naturally begins with calculating the update
from the initial point po in the direction of the first gradient VJ(po) at the initial point po.
The idea with the conjugate gradient is that when calculating the update is performed not
in the gradient direction but in a direction that is perpendicular to the previous gradient
VJso)- The following figure illustrates the idea [32].

In Figure(3.6), the direction of steepest descent at point pg is go = VJyo and hy is the
direction of the gradient conjugate to go at the point p;. However, the perpendicular direction
to the gradient cannot be developed immediately [43], [71]. Alternatively, a new search
direction is formed as a combination of the old search direction and the new gradient. Naming
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)
h,

Figure 3.6: Illustrating conjugate gradients [32]

the search direction at step k as Hj the search update equation translates to:
Hy, =VJi +vwHi-1 (3.60)

One crucial enhancement to the computational efficiency of the conjugate gradient method is
to relate the step size y; to the Hessian. The trick is to approximate the Hessian as the finite
difference between the gradients. This leads to different sub-algorithms in the conjugate
gradient method. The exact formula for conjugacy, known as Polak-Ribiere update equation
can be written as: _ _ _
(Vwi — VwJdk—1, VwJi)
(VwJk, Vw Ji)

However, if the cost function J(W) is well approximated in the quadratic form, the higher
order term in the above equation can be ignored and this results in the most widely used
Fletcher-Reeves update:

Tk = (3.61)

VI, Vi)
"= Vi1, V)
The above conventional conjugate gradient, used for unconstrained optimization, can be
carried over to the Stiefel manifold. The main changes include updating along geodesics

and the definitions of inner products. Figure (3.7) demonstrates the principle of conjugate
gradient algorithm on a curved surface.

(3.62)

Figure 3.7: Conjugate gradients in a curved space. [31]

The first observation from the above figure is that the old search direction Hy_; in the update
equation on the flat space equation(3.60) should be replaced by a parallel translated vector
TH,_;. The update equation can thus be:

H, = 6ka + ’ykTHk_l (3.63)
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However, the calculation of 7Hy_; is not complicated. Essentially the parallel translation
is performed along the geodesic of the space, which has already been identified. Following
the same guide-lines as for the general conjugate-gradient (Fletcher-Reeves), the “Stiefel-
constrained” conjugate-gradient algorithm can be written as in Table 3.2 [31]:

Table 3.2: Conjugate-gradient method for minimizing J(W) on Stiefel manifold
[31]

1. Compute Go = @WJ() = VWOJ(W) - W()VWOJ(W)TW() and set H() = —Go
2. Fork=0,1,...

e Minimize J(W(t)) over ¢ where W(t) is the geodesic described by the equations:

W(t) = WM(t) + QN(t) (3.64)
where:
M(t) \ _ A -RT I
< N(t) ) —expt( R 0 ) ( 0) (3.65)
and:
A =WTH, is skew-symmetric

QR:K=(1-WW"H

e Compute Gry1 = Vwdky1 — Wk(t)(Vka+1)TWk(t)
e Parallel transpose Hy to the point Wy,.

e Compute the new search direction:
H; = Gy + vw7Hy_, where:
Vi = i((%:—‘(% and the inner product is defined as:
<A1, A2> = tI‘AT(I - %WWT)AQ

3.16 Conclusion

This chapter includes the mathematical background for the Riemannian manifold that will
be used along the thesis. The chapter begins with explaining the need for studying the
Riemannian geometry in order to develop a more efficient optimization algorithm for sev-
eral mathematical problems including the blind signal separation problem. The geometry
review started with explaining the concept of a manifold, tangent and normal spaces. These
definitions were used to introduce the concept of curvature which is the main property of
the Riemannian manifold. The parallel transposition was then introduced followed by the
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definition of geodesics which is pivotal in the motion along Riemannian spaces. The math-
ematical representation of manifolds as Lie groups was introduced along with examples of
different manifolds like the general linear group and the Stiefel manifold. In the later sections,
the application of Riemannian geometry to the maximum-likelihood blind source separation
was introduced, along with the introduction of the idea of using higher order optimization
algorithms for Riemannian space. The chapter concluded with presenting two of these al-
gorithms, namely the Newton and Conjugate-gradient, which were already developed in the
literature for the case of the Stiefel-manifold.



Chapter 4

Improvements to Instantaneous Blind

Signal Separation Algorithms:
Pre-Whitened Case

4.1 Introduction

This chapter explores blind signal separation algorithms on the Stiefel manifold. The Stiefel
manifold, which is a special sub-manifold on the Riemannian space, is the geometrically
optimum optimization space for the orthogonal separating matrices of the pre-whitened
mixtures.

As has been presented in Chapter 2, major attention in the literature has been focused on
different criteria to be used as objective functions for BSS. However, most of the existing on-
line methods can be categorized as stochastic gradient or LMS-based algorithms. The need
for second-order based algorithms for BSS can be easily revealed. The fast convergence rate
of the RLS-based family can be advantageous for many applications. Fast converging on-line
algorithms are especially convenient when dealing with non-stationary mixture cases. Among
the many existing objective functions for blind signal separation, Maximum Likelihood and
Negentropy stand as strong criteria well justified as minimizers of the mutual information
between the original independent components [57]. They are especially suitable for heavy
tailed distribution signals, e.g. audio data [65] because they are less sensitive to outliers.

In Chapter 3, it was shown that applying the constraints of the Stiefel manifold to the
optimization leads to a modified gradient rather than the ordinary gradient of the objective
function. The new constrained gradient is referred to as the natural gradient on the Stiefel
manifold. A natural question would be how to extend and combine the performance of the
natural gradient with an RLS-like or Newton-like algorithms. The work presented in this
chapter targets this question and proposes a collection of algorithms that combine the fast
converging RLS-family and the use of the natural gradient.

In the following sections a review of the natural gradient for the maximum-likelihood blind
source separation and its form in the Stiefel manifold is presented. This is followed by a
review of the Negentropy principle that actually works only in the case of Pre-whitened
mixtures (i.e. Stiefel manifold condition). Another cost function considered is the nonlinear
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PCA cost function. In addition, a new cost function is developed for the purpose of blind
signal separation.

4.2 Existing Maximum-Likelihood Based Algorithms

Let si(t), i = 1,2,..., N be scalar inputs to the blind signal separation model at time ¢. For
simplicity, we assume that the mixing is linear and that the mixing matrix is square, i.e. the
number of inputs N is equal to the number of mixtures z;, i = 1,2,..., N. Therefore, the
mixing matrix A is a square matrix of size N x N. The mixing model can be expressed as:

x(t) = A x s(t) (4.1)

The mixture x is then applied to the whitening matrix V. The resulting whitened mixtures’
vector z is expressed as:

z(t) =V x x(t) =V x A xs(t) = B xs(t) (4.2)

where B is the resulting mixing matrix after the whitening stage. The purpose of the blind
signal separation algorithms is to estimate a matrix W such that W x B = Iyxy, where I
is the identity matrix ! .

Maximum Likelihood targets separation via increasing the likelihood between the outputs
yi(n), i = 1,2,..., N and the inputs z(n), ¢ = 1,2,..., N. The concept has been originally
introduced in [22]. The cost function of the log-likelihood L(W) of the demixing matrix W
can be expressed as:

N
L(W) = log | det(W)| + E{}_logpi(wiz)} (43)

i=1

where E{.} refers to the expected value, w; is the i row of the matrix W and p;(.) is the
probability density function. In the case of pre-whitened inputs, det(W) is constant and
thus log | det(W)]| is constant and will not have an impact on the derivative. Therefore, the
above cost function can be reduced to:

N
L(W) = B{) _logpi(wiz)} (4.4)

which has the gradient VL(W) as:

VL(W) = —FE{g(Wz)z"} (4.5)
= ~E{g(y)z"}
where g(y;) = —f;—i} and is usually set to tanh(y;) for super-gaussian data.

Pre-whitening also constrains the matrix W to be an orthogonal matrix, meaning that

1Permutation identity matrix is also accepted as a separation result. However, for simplicity the equation
is written for the identity matrix
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WWT7 = oIy, n. This constraint places the optimization of the cost function on the Stiefel
manifold, where we can employ the knowledge of the differential geometry to adjust the
original gradient VL(W) to the natural gradient VL(W) that follows the geometry of the
manifold as following [30},[31]:

VL(W) = VL(W) - WYL(W)TW (4.6)

= —(g(y)y" —yg(y)" )W

The natural gradient LMS algorithm is based on taking the instantaneous value of the update
of the above gradient so the update equation would be:

W, =W, +u(yg(y)” —gly)y" ) Wi (4.7)

where 4 is the step size that should be small enough to prevent divergence.

4.3 Existing Negentropy Based Algorithms and Rela-
tionship to Maximum-likelihood Based Update

Negentropy is one of the principal techniques for independent component analysis. As most
blind signal separation algorithms, Negentropy based algorithms require the input mixtures
to be whitened either before or during the separation process (on-line whitening). Using the
same notation for the mixing/demixing operation as the previous section and noting that
the Negentropy requires the data to be whitened as a condition for proper operation, an
output y; of the separation can be expressed as :

Yi = (Wz')T Xz= (%’)T X8 (4.8)

where w; is the de-mixing vector used to estimate the output y; from the mixtures set and
q; = ATVTw, . Here, it is important to point out that the separation using Negentropy
principle is capable of restoring the sources sequentially and thus is suitable for blind ex-
traction of desired signals while being able to discard the rest of the mixtures. Recalling
that for any separation procedure, the separated sources can be recovered with inevitable
ambiguity in the sign and magnitude. Thus, a natural choice then is to assume that the
input sources s; are of unit variance. Thus the output y; will also have unit variance meaning
that | q; 2= 1: || @ = (WF x V x A) x (AT x VT x w;) =|| w; [|°= 1.

Hence, the separation algorithm tries to find the vector w; such that wl is one of the rows
of the inverse of V x A and has unit norm. As mentioned in Chapter 2, the Negentropy
function is difficult to calculate in practice. Several approximations are thus used to provide
accurate estimation. Kurtosis, a Higher Order Statistic (HOS), has been extensively used to
provide a rather simple approximation. However, it is not very accurate and has several ro-
bustness problems. Another approximation is a generalized HOS using other non-quadratic
functions to approximate Negentropy. The most convenient approximation of Negentropy is
to consider one non-quadratic function to build a cost function of form [57] :

J(wTz) = [B{G(w"2)} - E{G(v)}] (4.9)



61

where v is a standardized-Gaussian variable [57). Choosing G(y;) = log cosh(y:) gives g(y:) =
G'(y;) = tanh(y;); and ¢'(y:) = 1 — tanh®(y;). The tanh function is the most suitable to
use among all non-quadratic functions and gives the best results for both super- and sub-
Gaussian sources [57],[6], [29].

Differentiating the above equation (4.9) results in the following expression for Aw:

O[E{G(wT2)} — B{G(v)}]?
ow

A stochastic on-line version of equation 4.10 is (as previously presented):
Wi = Wit + fr720g(Wi_12t) (4.11)

AW

= 2[E{G(wTz)} — E{G(v)}] x z x g(w'z)  (4.10)

wy =wi/|lwyll

where v = [E{G(wTz)}} — E{G(v)}] can be set to —1, which is very suitable for super-
gaussian sources like speech [57]. However this gradient algorithm does not work well in
practice and another algorithm was derived in [6] that depends on a Newton-type update of
equation (4.10) and thus works in batch mode. This algorithm, referred to in the literature
as the Fast-ICA, has been summarized in Table 2.2. The algorithm depends on the following
main equation as an update :

wy = E{zg(w]_12)} — E{¢'(Wi_12)}W:1 (4.12)

Wi = W+/HW+||

The Fast-ICA works efficiently in Blind Signal Extraction (BSE) and is considered by far the
most successful algorithm based on Negentropy. However, the fact that the algorithm only
works off-line presents a disadvantage, especially in tracking non-stationary mixtures. Thus,
it would be valuable to present an on-line algorithm that combines the advantages of the
Negentropy principle (especially the ability to extract as many sources as needed) with a fast
convergent on-line operation that should be comparable to other existing on-line algorithms
in other categories of blind signal separation. One way to extend the Negentropy algorithm
to perform blind signal separation in one step (not sequential) is to modify the same cost
function (4.9) for the vector of all outputs y as:

F(y) = [E{G(y)} - BE{GW)}I’ (4.13)
F(y) = [E{G(Wz2)} - E{G(")})"

where W is the demixing matrix applied to all the mixtures. The gradient of the above cost
function can be simplified to be:

VF(y) = vE{g(Wz)z"} = vE{g(y)z"} (4.14)

Comparing the gradient form of equation (4.5) to the one in equation (4.14), we can see
that they are identical. Thus the natural gradient for the Negentropy algorithm when we
estimate the whole de-mixing matrix is given by the following equation:

W, = W,_1 + u(yg(y)” - ey )W, (4.15)
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while the update equation for the natural gradient in the case of blind signal extraction , i.e.
estimating each source separately, can be given by:

wi(t) = wi(t — 1) + p(y:(t)g(y: (8))wa(t — 1) — g(yi(t))2()) (4.16)

where w; is the transpose of the i*" row of the de-mixing matrix W. Negentropy and
Maximum-likelihood have been both separately linked to mutual information [56]. However,
laying their direct equivalence, in the pre-whitened case, in this identical equation form
illuminates the strong relation between these two main information- theoretic based criteria
and puts emphasis on the resulting gradient in the two cases as a theoretically justified
separation rule driven from two different roads of Blind Signal Separation.

4.4 Nonlinear PCA and its Relationship With Maximum-
Likelihood Principle and Negentropy Principle

In Chapter 2, nonlinear PCA has been introduced as a nonlinear extension to the linear
PCA criterion. The nonlinear PCA is defined as the optimum least squares problem:

F(W¢) = E{llze — W f(y2)II’} (4.17)

where f(y) is the tanh function for the subgaussian data and the cubic f(y) = y® for the
supergaussian data. In [100] a Stiefel-manifold LMS-based algorithm was introduced for the
above nonlinear PCA cost function with the form:

W = Wi+ plf(ve)yl — yef (ye) T IW, (4.18)

The symmetry between this algorithm and (4.15) is clear. They are identical except for
the difference in sign and the nonlinear function in the update. However, a more thorough
look through the stability analysis indicates that these two differences cancel each other.
According to the stability analysis [89], [22], [30], and defining g;(y:) as the derivative of the
score function of the i** element y;, the update equation (4.15) is stable if:

E{gi(y:)} — E{gi(yi)yi} >0 (4.19)

which is achieved by the choice of the g(y) = tanh(y) for supergaussian data and g(y) = y3

for the subgaussian data. For the above nonlinear PCA-algorithm the stability condition is
given by:

E{fi(y:)vi} — E{fi(y)} >0 (4.20)
which is achieved by the forth mentioned reversed choices of the score function relative to
(4.15), i.e. f(y) = tanh(y) for subgaussian data and f(y) = y® for the supergaussian data.
Thus, the two algorithms are equivalent. This gives more credibility to equation (4.15) as
the generalized on-line update rule for blind signal separation in the case of pre-whitened

mixtures while equation (4.16) can be considered as the generalized on-line update rule for
blind signal extraction.
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4.5 Bussgang Based Cost Function and its Stiefel Man-
ifold Gradient

Another cost function that can be formulated to give the same Stiefel manifold gradient is
based on the Bussgang-property [67]. This cost function proposed mainly for blind equal-
ization, and usually used for blind-deconvolution, can be manipulated to be a penalty for
the instantaneous mixing scenario. According to the Bussgang-property, the independence
condition of the separated output implies that the auto-correlation of the separated sources
y must be equal to the cross-correlation between y and its nonlinear version v,

E{3y"} = E{yy"} (4.21)

where:
y=9y) (4.22)

and g(.) still follows the same stability conditions as in the previous sections, meaning that
g(.) = tanh(.) for super-gaussian data and g(.) = (.)? for sub-gaussian data. The Bussgang-
cost function can thus be written with a Minimum-Mean Square Error (MMSE)-form:

C(W) = E{lly — g()|I*} (4.23)

At convergence, s & § ~ g(y). Thus, ther term g(y) acts as the refrence signal and is
not taken into account in the derivative of the above cost function. The derivative can be
approximated to be:

8C(W)

~ T
aw ~ Ellly) -y)x'} (4.24)
The LMS-update for the above equation can be given as:
W(t) = W(t— 1)+ p(y(t) - g(y(t))x" (4.25)

This LMS-form can be easily translated into the natural-gradient form on the GL-group by
post-multiplying by wWwT:

W(t) = W(t—1) +p(y(t) - gy®))y" W(t - 1) (4.26)

which is a very similar update equation to Amari’s natural gradient based on maximum-
likelihood. However, when applying the natural gradient formula for the Stiefel manifold,
namely:

AW = AWWTW - WAWTW
the equation (4.25), will yield the following update:

W(t) = W(t—1) + u(y()g(y(®)) — gly()yYW(t - 1) (4.27)

which is identical to the forms deduced for the maximum-likelihood cost function, the Ne-
gentropy cost function and the Nonlinear PCA cost functions.

It is worth noting that prior equivalence between these cost function has been presented
in paper [69]. In this publication [69] the concepts of ML, Negentropy were linked to the
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Information Theory cost function and re-defined through the Kullback-Leibler divergence,
previously introduced in Chapter 2. However, the equivalence relationship developed in this
chapter for the derivatives of the different cost functions on the Stiefel manifold was based
directly on the original cost functions for each of the maximum-likelihood as defined by [6],
Negentropy as defined in [57], NPCA as defined in [86] and the newly extended Bussgang
cost function. Clearly, these cost function yield different update in the general Riemannian
manifold. The aim of the discussion in the previous sections, section 4.2 to 4.5 is to state
that these different cost functions all have the same update on the Stiefel manifold. The
proposed algorithms to be introduced in the following sections can thus be considered as
applicable RLS-extensions for any of the three concepts: Maximum-likelihood, Nonlinear
PCA, Bussgang-nonlinearity cost function and Negentropy. They are thus named with a
prefix Stiefel to highlight the fact that they stem solely from optimizing the cost functions
on the Stiefel manifold.

4.6 RLS1-BSE-Stiefel Algorithm Based on Nonlinear
PCA Principle

As has been previously mentioned in this chapter, providing fast converging on-line algo-
rithms can be advantageous in many situations. In the following discussion, a new algorithm
is developed for blind signal extraction. The algorithm is RLS-based and builds on the Stiefel-
manifold update form of (4.16) and thus makes full use of the orthogonality constraints. The
proven equivalence between Maximum-likelihood, Negentropy and NPCA under orthogonal-
ity condition places the RLS1-BSE-Stiefel algorithm as a solution for pre-whitened mixtures
extraction. In order to derive the algorithm, we begin with the natural gradient BSE equa-
tion (4.16):

wi(t) = wi(t — 1) + p(y:(t)g(m(®)wi(t — 1) — g(w:(£))2(2)) (4.28)
or equivalently in terms of f(y;):
wi(t) = wi(t — 1) = p(yi(t) f(m()wit — 1) — f(vi(t))2(?)) (4.29)

where the definitions of g(y;) and f(y;) are the same as in the preceding section. g¢(y:) =
tanh(y;) for the supergaussian data and g(y;) = 7 for the subgaussian data. On the other
hand, f(y;) = 33 for the supergaussian data and f(y;) = tanh(y;) for the subgaussian data.
The natural cost function J;{(w;) can actually be re-written in the least-squares sense as:

Ji(w:) = E{|l2(t) — Fy(@®))wi(®)II*} (4.30)
A modified version of the above cost function can be obtained by replacing the mean-square
error by an exponentially weighted sum of errors as [84]:

Ji(wi) = B |l2(m) — f(y(m))wi(t)|? (4.31)

where the forgetting factor 8 < 1 is close to 1. The gradient VJ(w;) = Qﬁv_wl is given by

the equation:
t

VI(wi) =Y 8= fy(m))z(m) + f(y(m)*)wi(t)) (4.32)

m=1
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The natural gradient VJ(w;) on the Stiefel manifold is related to the regular gradient VJ(w;)
by the relation [31}:

VJ(w;) = VJ(w;) = w; VI (w)Tw; (4.33)
J(wi) =) B f(i(m))z(m) — yi(m) f (yi(m))wi(m)) (4.34)

At the optimum weight vector w; 4, the gradient is equal to zero, thus:

Yt B f(yi(m)z(m) _ G
S Bmy(m) f(yi(m) R

where R(t) = 3¢ _, 87 ™vyi(m) f(y:(m)) and C(t) = mel 8™ f(y;(m))z(m). Given that
R(t) = BR(t — 1) +y:(t) f(y:(t)) and using the matrix inversion lemma [22], the following set
of equations can be developed to describe the RLS1-BSE-Stiefel system for Fi(t) = R™'(t):

(4.35)

Wiopt(t) =

Table 4.1: RLS1-BSE algorithm

W(t) = wilt—1)7a() (4.36)
o Pt - 1)

Q) = T TR = D) (4.37)
RO = 3IP(-1) - QOWOFE)R(E 1) (4.38)

wi(t) = Cit)Ri(t) = wi(t — 1) + [P(t) f (:(8))2(t) — Qu(t)ys(t) f () w(t — 1)](4.39)

for each w;,i = 1... N. Each row w? is filtered separately from other rows.

As such, re-orthogonalization is needed to be performed to ensure the independence of each
pair of rows w;, w;. This can be done via projection followed by dividing each vector by its
norm.

The RLS1-BSE-Stiefel algorithm can be re-written in terms of g(y) instead of f(y). However
in such a case, the update equation corresponding to equation (4.39) will be of the from:

wi(t) = wi(t = 1) — [P(t)g(y:(1))zi(t) — Qi(®)wi()g(wi(t)) Wit — 1)] (4.40)

instead of:

wi(t) = wi(t - 1)+ [Pi(t)f(yi(t))zi(t) - Qi(t)yi(t)f(yi(t))wi(t - 1)]
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Table 4.2: RLS1-BSE algorithm : 2"¢ implementation

y(t) = wi(t—1)Tz(2) (4.41)
o B(t-1)

Al = ARG = 1w (4:42)
() = %mw1>—@(t)yi(t)g(yz-(t)m(t—1)1 (4.43)

wi(t) = wi(t—1) - [P(t)g(w:(t)z(t) — Qi(t)y:(t)g(y:(t))wi(t — 1)) (4.44)

The above set of equations (i.e. the second implementation) has been tested with a set
of 4 subgaussian sources [98], [97]:

s; = [sign(cos(2r155t), sin(27800t), sin (27300t + 6 cos(2760t)), sin(2790¢)]”

The mixed signals are sampled at the rate of 10 kHz. In [100] a similar approach was
introduced to achieve faster convergence than conventional nonlinear PCA algorithms for
the purpose of blind signal separation. This algorithm is included in the comparison under
the name “RLS-NPCA” . Thus, the RLS1-BSE algorithm has been compared to:

1. Conventional Negentropy stochastic gradient descent algorithm [57]: As de-
scribed by equation (4.11).

2. Natural gradient based on Nonlinear PCA (NAG) [97], [5]:
W(t) = W(t — 1)+ ply(t) x g(y(t))" - g(y(t)) x y ()]W(t — 1) (4.45)

3. RLS algorithm for Blind Separation (BSS) based on the NPCA (RLS-NPCA)
[100].

As has been pointed out in the previous sections, the natural gradient update (NAG) is the
same natural gradient update for Maximum-Likelihood and Negentropy principles on the
Stiefel manifold.

The performance index used is [97], [98]:

N N

R 16:51 161
1220 o] 1)+-Z(21 o~V (4.46)

i=1 j=1 j=1 i=

where 6;; is one element of the matrix ® = WVA which is supposed to be a permutation
of the identity matrix at W,,. The permutation comes as a result of the ambiguity of the
order. The scaling ambiguity is solved by the division by the maximum element in each row
in the performance index equation. The above cost function thus penalizes the deviation
of © from the permutation structure. More explaination on the significance of the perfor-
mance index is presented in section 6.2. Figure (4.1) shows the average for the results of 100
different randomly generated mixing situations. The figure shows that the new algorithm
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converges much faster than the natural gradient update. The RLS1-BSE algorithm is also
not far behind the improved performance of its BSS counterpart (RLS-NPCA). More simu-
lation results are presented in Chapter 6.

However, one advantage with the RLS1-BSE-Stiefel algorithm is that it can perform both
blind signal extraction or sequential blind signal separation. Blind extraction also provides
more stable separation when the number of sources is not correctly estimated. If the number
of sources is larger than the number of sensors, Blind Signal Extraction (BSE) algorithms
usually extract the most dominant sources sequentially and thus provides a better separation
in such a case.
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Figure 4.1: Average performance of the RLS1-BSE-Stiefel compared to the Nat-
ural Gradient on Stiefel Manifold, RLS-NPCA, Negentropy and FAST-ICA

Another advantage of the RLS1-BSE-Stiefel algorithm over The RLS-NPCA developed in
[100] is its low computational load. Reviewing the summary of the RLS1-BSE-Stiefel algo-
rithm, either in Table 4.1 or Table 4.2, it can be seen that the main difference from its natural
gradient counterpart (4.16) is the division steps in equations (4.37) and (4.38). However,
these divisions are scalar divisions as opposed to matrix inversions as in the BSS algorithm in
[100]. Scalar division are in the same complexity order as additions and multiplications [85],
and usually require 10 times the computations of a regular add or multiply operations [60].
These two scalar division steps will add roughly 20 additional operations to each extraction
step. If all the N sources are extracted sequentially, the total complexity will still be in the
range of N2, which is the same range as the BSS natural gradient algorithm. On the other
hand, the algorithm in [100], which involves matrix inversions will require at least the order
of N3 operations to perform the matrix inversions [85].
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While the RLS1-BSE-Stiefel algorithm exhibits an improved performance, one problem with
both the RLS1-BSE-Stiefel and the RLS-NPCA in [100} is that they do not produce good
results when applied to highly correlated nonstationary speech like mixtures. The next sec-
tion presents another RLS algorithm for this type of data. This algorithm can be considered
as a BSE algorithm for either of the three cost function ML, Negentropy and nonlinear PCA.

4.7 The RLS2-BSE-Stiefel Algorithm Based on Negen-
tropy

This section presents a new Negentropy based algorithm, that is capable of handling speech
signals. The key to the derivation of the algorithm is an update that incorporates a step size
instead of a direct RLS-evaluation of the rows of the de-mixing matrix W. The algorithm is
presented in publication [33]. The following are two different routes to derive the algorithm.
The first is directly from the stochastic gradient and the second is done via exploring Stiefel-
manifold optimization.

4.7.1 The RLS2-BSE-Stiefel Algorithm (1)

The derivation begins with modifying the cost function in equation (4.9) to include a penalty
term due to the normalization of ||w||*> = 1 [56] to be:

J(wTz) = [E{G(w"2)} = E{G)}]* - Au(llwl*) (4.47)

The penalty term can actually be evaluated by finding the maxima of the above cost function
through solving the equation [56] :

2vE{zg(wTz)} — 26w =0 (4.48)

where v = [E{G(wTz)} — E{G(v)}] and can be set to —1 for supergaussian data. Setting
B = /7, then the above equation is satisfied by 8 = E{w’,zg(w.,2z)}.

The optimal value W, can be approximated by the current value w, thus: 8 = E{wTzg(w”"z)}.
From the above set of equations the following rate of change of w can be calculated :

gv% = 2yE{zg(wT2z)} — 261w (4.49)

= 27E{zg(w"2)} — 270w

The update equations can then be set as:

wa (t) = w(t = 1) — u[E{2()g(w(t — 1)7a())} — fw(t — 1)] (4.50)
w(t) =w/lwi]
As long as w(t) is normalized, one can actually manipulate the expression in (4.50) as follows:
wi(t) = (1+ B)w(t — 1) — nE{z(t)g(w (t - 1)Ta(1)}
w(8)/(1+ ) = w(t = 1) — uE{2(t)g(w(t - 1)z(t)}/ (1 + 6)
w.(t) = w(t — 1) — pE{z(t)g(w(t - 1)7=(t))}/(1+ 8)
~ w(t—1)—p E{z(t) g(w(t - 1)"2(t)}/8



69

where the division w(t)/(1 + 3) is made equal to w,(t) because of the normalization step
w(t) = w,/|jw,| that should follow.
From the above derivation the following new update rule is used for our proposed algorithm:

wo(t) = wit - 1) - E{zg(w(t — 1)7(t))}/8 (4.51)
w(t) = wi/llw]
A stochastic gradient version of the algorithm is:
W (t) = w(t — 1) — p, x 2(t)g(w(t — 1)72())/5 (4.52)
w(t) = wy/[wll
while 8 is kept as E{w(t — 1)Tz(t)g(w(t — 1)7z(t))}. This expected value of 3 is replaced
by an exponentially weighted window estimate given as:
Bt) = A x B(t — 1) + w(t — 1)Tz(t)g(w(t — 1)Tz(¢)) (4.53)

A look at the structure of the update equation (4.60) given an indication why the algorithm
was actually considered as RLS type algorithm. The term:

B = E{wTzg(w"z)} = E{y(t)g(y(t))} (4.54)

can be considered as a correlation term between the signal y and its nonlinear counterpart
g(y). At the optimal separation point, no non-linear cross-correlation exists among the
output signals y.

4.7.2 The RLS2-BSE-Stiefel Algorithm (2)

The above algorithm can be derived using a totally different approach and yet yield the same
results. The fact that the data are pre-whitened prior to the application of Negentropy-
algorithms moves the constrained problem of estimating the demixing matrix W to the
Stiefel manifold.

Starting with the Negentropy cost function:

J(w) = [B{G(w"2)} - B{G@)}] - Bi(Iwl?)
and recalling that the equation of the natural gradient in the Stiefel manifold is:
VJ(w) = VJ(w) - wVJ(w)Tw (4.55)
The Stiefel-gradient of the Negentropy algorithm was derived in section 4.3, and is given as:
VJ(w) o E{zg(w"2)} - wE{(w"z)g(w )} (4.56)
At the optimal separating vector wp:
VJ(w)=0 (4.57)
Applying equation (4.57) to (4.56) gives:
Wop = E{z9(w"2)}/(E{(w"2)g(w"2)}) (4.58)

which is the same update obtained by the Lagrange multiplier method in the previous deriva-
tion.
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To obtain an on-line version of the above equation we can simply replace:
o E{zg(wTz)} by its instantaneous value zg(w(t — 1)7z(t)).
o E{(wTz)g(wTz)} by an exponential window estimate with a forgetting factor A.

This will yield the same equations (4.51) to (4.53), which describe the new algorithm devel-
oped in the previous section without using the Stiefel-manifold principle. Having derived the
algorithm by two different routes, it might be noticed that both the unconstrained Lagrange
multiplier method, i.e. the first derivation, and the second Stiefel-based derivation lead to
the same optimal solution.

Another note is that because the above algorithm uses a step size and has the same struc-
ture like LMS-based algorithm, it is possible to develop a natural gradient version of the
RLS2-BSE algorithm by re-projecting the update on the Stiefel manifold. This modification
will be presented in the next section following the simulation results.

4.7.3 Simulation Results

The proposed algorithm is compared with the following algorithms:
1. Conventional Negentropy stochastic gradient descent algorithm.
2. Fast-ICA.
3. Natural gradient based on the Negentropy principle for Stiefel manifold

The simulated test was performed on audio data files obtained from [46] which are 4 sources:
two males, one female and soft music. These files are sampled at 8 kHz and are of duration
6.5 sec The step size of the algorithm p, is set to 0.025. The forgetting factor A can be either
set to a default value of 0.99 or made variable from 0.98 at sample n = 0 to 0.99 at sample
n = 10000 which gives a smoother convergence rate. The performance of the algorithms is
judged based on the same cross-talk error used in the preceding section. The following figure
shows the result of the algorithm.

As can be seen in the Figure (4.2), the RLS-BSE-Stiefel algorithm works well and converges
faster than the natural gradient algorithm. It can, on average, reach the same steady state
error achieved by the FAST-ICA off-line algorithm.
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Figure 4.2: Average Performance of RLS2-BSE-Stiefel compared to the Natural
Gradient on Stiefel manifold, Negentropy and FAST-ICA

4.8 Modified RLS2-BSE Algorithm

The previous algorithm (RLS2-BSE) can be further enhanced by projecting the update
A = p, x zg(wTz)/B on the Stiefel manifold using the Stiefel-gradient equation (4.55) to

be:

A=A-wxAT xw

(4.59)

This modification improves the performance as can be seen in the following figure.
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More results of this modified algorithm are presented in Chapter 6. Another advantage of
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this projection is that it helps further stabilizing the algorithm so that the normalization
step:

w(t) =w./[[w.]|
can be done less frequently. The projection is performed every 1000 samples. This helps

reducing the complexity of the algorithm. The following table summarizes the “modified
RLS2-BSE” algorithm.

Table 4.3: Modified RLS2-BSE algorithm

yilt) = wi(t — 1)72(t) (4.60)
Bi(t) = ABi(t — 1) + g{ui(t))wi(t) (4.61)
A = pg(y:(t))z(t)/ B (4.62)
wy=wi(t—1) — (A -w(t—1) x AT x w(t - 1)) (4.63)

e if t/1000=n,n=1,2,--+:
wi(t) = wy/|lwil (4.64)

e clse:

wi(t) = wy (4.65)

The complexity of this algorithm can be calculated following the rules used to calculate the
complexity of the RLS1-BSE algorithm. The main differences in complexity, compared to
conventional Negentropy or natural gradient BSE on-line algorithms, come from 3 sources:

1. The division by the scalar 3, which can be thought of as requiring roughly 10 operations
for each w;,7 = 1--- N and the exponential window moving average used to calculate
3, which also require an order of N operations for each w;, i =1---N.

2. The projection step implemented in equation (4.59), which involves the multiplication

of vectors of size N. This projection roughly requires an order of N? for each w;,7 =
1---N.

3. The normalization step, which contributes another N-order operations for each w;, 72 =
1---N. However, implementing the normalization less frequently in the case of the
“modified RLS2-BSE” algorithm helps to reduce the complexity of this step.

The algorithm can thus be estimated to be roughly in the order of N2 operations for each
w;,i =1--- N as compared to N-order operations for each w;,i = 1--- N in the case of on-
line Negentropy. If all the N sources are extracted sequentially then the overall complexity
of the algorithm becomes in the order of N* as opposed to the less complex natural gradient
algorithm or on-line Negentropy BSE-algorithm (when all the N-sources are extracted), both
estimated in the order of N? operations.
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4.9 The RLS-BSS-Stiefel Algorithm Based on Maximum-
Likelihood

The RLS-BSS-Stiefel algorithm to be proposed is developed for the purpose of blind signal
separation, i.e. estimating all the signals at once, as opposed to the new algorithms previously
introduced, which were structured to perform blind extraction. Although this might seem as
a limitation, it is widely recognized that if sequential extraction of the signals is not required,
simultaneous blind separation is favored to blind extraction, which permits accumulation
of errors from one signal extraction step to the next signal extraction. Thus, in general
BSS algorithms converge faster with smaller errors than BSE- algorithms [56]. One way
to implement an RLS-type algorithm for the above situation is served from the adaptive
filter theory. In [16], a non-linear RLS-like implementation was presented. It depends on
using the chain rule to define an “equivalent error” signal and an “equivalent input” signal
in the derivative of a certain non-linear cost function J(W), as an analogy to the classical
stochastic gradient update equation for linear adaptive filters:

J(W) = f1(¢), ¢ = fol¥),¥ = fa(y),y = fo(W)

0J oJ B¢ oY oY . oy
oW 8¢ oy~ By 8W
The update rule for W can be written as:

(4.66)

W(t) =W(t—1) - “gviv
aJ aJ _ 94 aw

W(it)=W(E-1) - =W(t-1)-

Fow Hos 5y " By aw
W(t) = W(t — 1) — p equivalent error X equivalent input

The terms equlvalent error and equivalent input are analogous to the classical adaptive
filtering where J is the negative of error signal and o7 is the input signal x. After forming
the gradient in thls chain formula, one can decide on takmg as many terms as suitable to
form an “equivalent input signal” and then multiply this input by the inverse of a correlation
matrix as in classical RLS filtering. The above equation can be seen as:

8J 0] 08 0w
_ 9 4.
oW 56 0y 0y By aw (4.67)
~
equivalent—error equwalent input

Since is no clear distinction between the “input” and the “error” signal it was chosen to take
the gradient of the cost function as a whole as the equivalent input and to apply the RLS
algorithm to speed the convergence. Defining R as:

R = E{VJ(W)uo } E{VI(W)L} (4.68)

where V.J (W),ec is a re-arrangement of the N X N matrix vJ (W) as a vector of size N? x 1
via column stacking. The resulting R. is thus a matrix of size N? x N2.
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Another interpretation for this choice can be brought up from a different perspective. Near
the optimal solution the Hessian matrix Hess can be approximated as [13], [27]:

Hess ~ 2 x VJ(VJ)T (4.69)

However, the approach of the non-linear RLS will prove relevant when considering later the
non-prewhitened natural gradient algorithm as the choice of the “non-linear” input will be
optimized to a slightly different expression than the whole gradient. It is only in the case
of pre-whitened data that the algorithm, proposed in this section, can be viewed as either
a non-linear RLS algorithm or a Gauss-Newton algorithm. It can be called non-linear RLS
if we follow the steps of [16] and consider the gradient as the nonlinear input signal to be
multiplied by the inverse correlation matrix. It can also be called relative-Newton if we
consider R to be an approximation to the Hessian matrix as given by (4.69). Back to the
derivation of the algorithm one can replace the expected value by the following exponentially
weighted, on line update:

R(t) = AR(t — 1) + VJ(W),e. VJ(W)Z,

where )\ is the forgetting factor close to 1. From the above estimate of R(t), the following
update algorithm can be developed:

Start at time £ = 0 with an initial matrix W; = Inxy and R = Iz, n2.

Calculate the estimate output y;:y; = W,z
Calculate the gradient VL(W):VL(W), = (g(y)y” — ye(y)T)W

-~ W D=

Vectorize the gradient @L(Wt):\?L(Wt)vec = Vec(\~7L(Wt))
5. Compute the estimate:R; = AR;_{ + @L(W)UQC@L(W)T

vece

6. Compute the current update, AW ee: AW oo = (R¢)‘1Y~7L(Wt)vec

7. Transform the update AW, to the matrix form of size N x N by rearranging the
columns: AW = mat(AW,)

8. Update the current estimate of the matrix W as ‘W, ; = W, + uprs AW

where mat(.) transforms a vector of size N? x 1 into a matrix of size N x N via column
stacking.

The above algorithm proved to have a fast initial convergence. However, it diverges with
time. The reason for that is that the new step update AW diverges from the constraint of
the Stiefel manifold. To troubleshot this problem, a projection of the new update AW on
the Stiefel manifold should be added between step (7) and (8). The resulting projected step

= AW = WWTAW - WAWTW (4.70)

This added step does not affect the initial fast convergence speed of the algorithm while
it provides the required robustness against divergence. It is also performed in the N x N

matrix domain and thus it is not computationally demanding. The inverse of the matrix
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R in step (6) can be computed using the matrix inversion lemma, referring to R as P and
V L(W{)yee as m:

1 P(- D~'mm!P(t —1)7!
A+ mtTP(t — 1)‘1mt

P(t) = %[P(t ~1) ] (4.71)

Therefore, the complete RLS-BSS-Stiefel algorithm can be stated as in Table 4.4.:

Table 4.4: RLS-BSS-Stiefel algorithm

e

10.

. Start at time ¢t = 0 with an initial matrix W,, equal to the identity matrix Iy, ny and

R = INZXNZ.

. Calculate the estimate output y,

Ye = W,z,

Calculate the gradient @~L(W)t:
VL(W), = (g(y)y" ~y&(y)" )W

. Vectorize the gradient VL(W,):

6L(‘Aft)vec = Vec(ﬁL(Wt))

. Compute the estimate:

R, = AR,_; + VL(W),.VL(W)ZI

vec

Compute the inverse of R as in equation (4.71).
Compute the current update:

vaec = (Rt)_lﬁL(Wt)vec

Transform the update AW, to the matrix form of size N x N by rearranging the
columns AW = mat(AW )

. Calculate the projection of AW on the Stiefel manifold as:

AW = WWTAW - WAWTW

Update the current estimate of the matrix W as :
Wi = Wi+ pprsAW

The complexity of the “RLS-BSS-Stiefel” algorithm is mainly governed by the inversion step
implemented in step (6). This inversion involves a correlation matrix R of size N> x N 2,
The inversion of a matrix of size N x N can be optimized to N3 operations [85]. The
inversion of R will thus be roughly in the order of N®. This complexity is much larger than
the complexity required for the blind extraction algorithms. However, the algorithm works
with both faster convergence and smaller steady state error than BSE algorithms. In the
following subsection, an example of results of the RLS-BSS-Stiefel algorithm are presented.
More results are provided in Chapter 6.
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4.9.1 Simulation Results
Using the cross talking error measure provided by equation (4.72)

N

N N
maxy |91k} maxj |9k]|

i=1 _7=1

i=

The new RLS-algorithm has been compared to the natural gradient on the Stiefel-manifold
(7], given by the equation (5.11).

The step size of the natural gradient algorithm is adequately set to 0.0005. The data sets
used are presented in more details in Chapter 6. They are namely:

(a) 4 sources two male, one female and soft music.

(b) 10 sources two males, two females, two orchestra music, one opera , one soft music, a
street noise and a siren.

Figures (4.4) and (4.5) present the results of the average of 100 randomly generated mixing
situations.
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Figure 4.4: Average results for RLS-BSS-Stiefel algorithm: N =4



7

50 T T T T T T

Error in (dB)

L 1 1

0 ! i 1
1 2 3 4 5 6
Time (seconds)

Figure 4.5: Average results for RLS-BSS-Stiefel algorithm: N =10

From the above figures, one can see clearly the excellent convergence speed of the proposed
algorithm when compared to the natural gradient algorithm. Clearly, the algorithm can
robustly handle difficult mixing situations where several types of signals exist, i.e. speech
and music and even other types of coloured noise like street noise.

4.10 Conclusion

This chapter presented a collection of new algorithms. The algorithms were developed for
the important case where pre-whitening is applied to the data or the case where the data
is assumed to be white mixtures. Before the algorithms were introduced, the equivalence
of three of the main cost functions, namely Maximum-likelihood, Negentropy, nonlinear
PCA and a newly developed Bussgang cost function on the Stiefel manifold, is discussed.
Although these functions have different first gradients, these gradients reduce to the same
natural gradient on the Stiefel manifold. This provides a sense of generality for any algorithm
that builds on the natural gradient-concept of orthogonal matrix group. Afterwards, the
discussion in the chapter focused on the new proposed algorithms. The first algorithm (RLS1-
BSE-Stiefel) was built especially for the blind signal extraction purpose. It was developed
by constructing the least squares version of the Negentropy blind signal extraction cost
function and evaluating the value of the optimal de-mixing matrix in an RLS-manner. The
algorithm proved very efficient and superior for most of the test data. However, the RLS1-
BSE-Stiefel algorithm did not match this improved performance when applied to highly
correlated nonstationary signals like speech. To combat this problem, another algorithm
“RLS2-BSE-Stiefel” was presented to work well with highly correlated mixtures as well as
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with other type of mixtures. The algorithm is again Stiefel based. It is derived in two
different ways. The first derivation uses the Lagrange multiplier method, while the second
one is obtained from the first order derivative on the Stiefel manifold.

The last algorithm presented was the “RLS-BSS-Stiefel” algorithm. The developed algorithm
can be viewed as non-linear RLS-based algorithm. The performance of the algorithm is
verified to be of improved convergence speed via simulations. In the following table, a
summary of the algorithms developed in this chapter is presented highlighting their basic
properties and their estimated approximate complexities.

Table 4.5: Summary of algorithms developed for BSS on the Stiefel manifold

Algorithm Type Application Data Complexity
RLS1-BSE-Stiefel BSE slow varying data O(N) for each source
modified RLS2-BSE-Stiefel BSE audio data O(N?) for each source

RLS-BSS-Stiefel BSS audio data O(N°®)




Chapter 5

Improvements to Instantaneous Blind
Signal Separation Algorithms:
Non-Prewhitened Case

5.1 Introduction

Chapter 4 presented a collection of algorithms to provide improved convergence to blind
signal separation cost functions on the Stiefel-manifold (i.e. the constrained orthogonal
de-mixing matrices space of optimization when mixtures are pre-whitened). As has been
presented in Chapter 2, the pre-whitening process must be performed for some of the algo-
rithms, including the information-theoretic based Negentropy algorithm. Pre-whitening is
also still recommended for the maximum-likelihood cost function. It helps to get rid of the
noise and constrains the algorithm to the Stiefel-manifold where the natural gradient form
spans a smaller set of matrices and thus produces faster convergence, even compared to the
natural gradient on the general-linear GL-group, which is the equivalent general Riemannian
manifold of invertible matrices. However, the orthogonality of the demixing matrices is not
a necessary condition of operation for the maximum-likelihood cost function.

It would thus be useful to extend the idea of developing algorithms with improved perfor-
mance for the general Riemannian case, i.e. GL-group, to account for systems which may
not be able to afford performing pre-whitening prior to separation, while requiring fast con-
vergence rates.

This chapter begins with a more broad look at the structure of the natural gradient update
equation. The nonholonomic natural gradient is introduced as a variant form of the natural
gradient. The introduction of the nonholonomic natural gradient update stimulates a more
general view of the maximum-likelihood cost function and its derivative in the case where
the output separated sources are not assumed to be of unit variance. Not assuming the
sources to be of unit variance provides a new degree of freedom, that is of paramount use
when combined with another promising algorithm of BSS, namely the “Iterative Inversion”
approach.

This promising approach for maximum-likelihood was presented in [1] based on iterative
inversion (II) of the mixing matrix A. Interestingly, the closed form of the algorithms ema-
nating from this approach has the same form of the natural gradient update and were linked

79
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to the work done by Cardoso [20] and Oja [86]. A new proposed family of algorithms is
introduced, combining the magnitude-relieved ML-cost function, i.e. ML-update that does
not require the sources to be of unit variance, and the iterative inversion approach. This
proposed family of natural-gradient updates provides a collection of algorithms with different
convergence rates and steady state errors. The particular value of this family of algorithms
is their flexibility and the ability to deduce various forms of already existing algorithms hy
substituting different choices for the parameters developed in each algorithm. Among these
algorithms is a promising RLS-based algorithm that proves to be very efficient in the sense
of both fast convergence and lower steady state error.

The first half of the chapter concludes with the extension of the BSS-RLS-Stiefel algorithm,
developed in Chapter 4, to the general mixing scenario where mixtures are not pre-whitened.
The goal is to produce algorithms that are capable of working under more difficult situations
e.g. highly correlated nonstationary audio mixtures. The idea of nonlinear RLS imple-
mented through this algorithm for the GL-manifold produces improved performance and
showed suitability with the maximum-likelihood cost function.

This chapter, then, concentrates on a different route for developing new algorithms, namely,
the Riemannian structure of the maximum-likelihood BSS problem. The geometric proper-
ties of the separation problem are investigated to produce new algorithms with well-justified
better performance, combining second-order techniques well known fast convergence and
geometric (Riemannian) optimization with assurance of better stability and better directed
gradients. The Hessian matrix, is then calculated and a new on-line algorithm is developed.
Another form of reduced order second-derivative is calculated and the update is developed
in an RLS-like update with improved convergence behavior. This reduced algorithm is then
incorporated with the concept of median-gradient, developed in [41], to develop an even
faster convergence and smaller error.

The last section in the chapter proposes an application of some second-order algorithms
to the Stiefel-manifold, i.e. the pre-whitened mixtures case, to develop higher order faster
converging algorithms at affordable computational cost.

5.2 Nonholonomic Natural Gradient Update

In this section, a review of an important variant of the natural gradient, namely, the no-
holonomic natural gradient is presented. The importance of the nonholonomic version of the
natural gradient is that it lifts the unity constraint E{y?} = 1 from the maximum-likelihood
cost function. This removal of the unnecessary and sometimes untrue constraint ! gives
more insight in how the maximum-likelihood cost function update is formed and is valuable
in deriving new more general updates of natural gradient, which, when combined with the
concept of iterative inversion, provide a new spectrum or family of natural-gradient-based
updates. The nonholonomic update is based on the special structure of the demixing matrix
W. Defining a mathematical group Cw of all diagonally scaled versions of W:

Cw = AW (5.1)

IThis unnecessary limitation of the amplitude of the outputs causes problems for sources that have
nonstationary nature and whose amplitude could go suddenly to zero. Constraining the output to have unit
variance would cause the de-mixing matrix to diverge [9]
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where A is a general diagonal matrix:

T
A= (5.2)

YN

One can easily see that the effect of the diagonal matrix is adding a scale factor to each row
of the matrix W, transforming it to:

g ( Wi - Win )
: (5.3)
’YN( Wn1 -+ Wan )

which translates into a scaling factor in the output y; formed by the i*" row of the de-mixing
matrix W. The group Cw for a certain matrix W is given the name the “equivalence
class”. The equivalence class can be incorporated in the natural gradient update equation
to produce the form [9]:

W(t) = W(t—1)+ plA - g(y)y TW(t - 1) (5.4)

The nonholonomic natural gradient assigns a specific value for the diagonal matrix A. A is
chosen to be equivalent to the diagonal elements of the term g(y)y” such that the matrix
[A—g(y)yT] will have no diagonal elements. This provides automatic scaling for y. Reference
[9] provides more details about the reason for such a choice and how it is suitable in the
case where the number of sensors M is larger than the number of sources N. However,
what is important here is the ability or more exactly the flexibility of the matrix A and the
introduction of the idea that it might be useful to lift the unitary constraint condition on
the output, which is classically imposed by researchers working in the BSS domain.

In the following section, more insight is provided on how this more general update, 1.e.
equation (5.4), is formed using the stability conditions of the ML-cost function derivative
and what is its link to the autocorrelation of the output signal y. This understanding will
help in choosing alternative suitable values for the diagonal matrix A and eventually, when
combined with the concept of iterative inversion, will provide a very interesting form of
update that is very similar to the Wiener filter update.

5.3 A Proposed More General Update for Maximum-
Likelihood Cost-Function

Let s;(n), i = 1,2,..., N be scalar inputs to the blind signal separation model at a time n.
For simplicity, it is assumed that the mixing is linear and that the mixing matrix is square,
i.e. the number of inputs N is equal to the number of mixtures z;, i = 1,2,..., N. Therefore,
the mixing matrix A is a square matrix of size N x N. The mixing model can be expressed
as:

x(n) = A x s(n) (5.5)
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The purpose of the blind signal separation algorithms is to estimate a matrix W such that
W x A = In.n, where I is the identity matrix. If this condition is met then the output
of the separation process referred to as yi(n), ¢ = 1,2,..., N is identical to the independent
sources s;(n), i =1,2,..., N except for order and scale.

Maximum Likelihood targets separation via increasing the likelihood between the outputs
yi(n), i = 1,2,..., N and the inputs z;(n), i = 1,2,..., N. The concept has been originally
introduced in [10]. The cost function of the log-likelihood L(W) of the demixing matrix W
can be expressed as:

N
L(W) = log | det(W)| + E{D _ log p:(w:x)} (5.6)

i=1

where E{.} refers to the expected value, w; is the it* row of the matrix W and p;(.) is the
probability density function.
L(W) has the gradient VL(W) as:

VL(W) = (W)T — BE{g(Wx)x"} (5.7)

= (W) - E{g(y)x"}

where g(y;) = —%(;;’Tf)l.

Up to this point in the derivation of the cost function, no special assumptions or constraints
are imposed on the update. However, researchers who investigated the suitable choices of
the nonlinear functions g(.) to ensure stability provided the choices based on requiring the

output y to be zero mean and of unit variance [56].

Theorem 5.3.1. [56], [1] “Denote by p; the assumed densities of the independent components

~—

g(y:) = —log(p(w:))’ = g(y:) = —%/(% (5.8)

and constrain the estimate of the independent components y; to be uncorrelated and to have
unit variance. Then the ML estimator is locally consistent, if the assumed densities p; fulfill

E{5i9:(5) — g'(5:)} > 0 (5.9)
where §; is the i source assumed to have unit variance for alli=1---N 7

Applying the condition in the above theorem yields the already known choices for g(.)
as used in this thesis , namely, g(.) = tanh(.) for supergaussian data and g(.) = (.)* for
subgaussian data.

The gradient in this case is chosen to follow the constrained update and yields the well-known
natural gradient VL(W) that follows the geometry of the Riemannian manifold as follows:

VL(W) = VL(W)WTW (5.10)

= (Inxnv — gy)y" )W
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The natural gradient LMS algorithm is based on taking the instantaneous value of the update
of the above gradient [56] so the update equation would be:

W(t) = W(t— 1)+ puIyxy — gy)y)W(t~1) (5.11)

However, one may desire to implement a more general update that does not impose un-
necessary and sometimes unrealistic constraints of having unit outputs y; while keeping the
stability condition intact. This can be achieved by the following proposed update to com-
pensate for lifting the unit variance constraint.

Denote the source signals that are not required to be of unit variance as s; then the rela-
tionship between s; and §;, its unit variance counterpart, is:

1
N
where Ry, is the covariance matrix of the sources s , which is equal to the autocorrelation
matrix in this case as the sources are still assumed to be of zero mean.

The outputs y will consequently follow the same route and are no longer constrained to
have unit variance. To have the nonlinearity g(y) following the same stability conditions
in the above theorem and maintain the same choices for super- and sub-gaussian data, the
nonlinearities can be replaced by R !g(y), where y now are not constrained to unit variance.
This variant form can be easily proven mathematically. Considering the sources s to be the

real unconstrained output and y to be its constrained counterpart, then the relationship
between y and s can be written in the same manner as equation (5.12):

R.'s (5.12)

S =

y=R]!s (5.13)
and consequently:

Oy -1

2 =R 1

2~ R, (5.14)

g(s) = —log(p(s))' = — log(p(y))'g—z = -R;!log(p(y)) = Ry g(y) (5.15)

Using the above unconstrained modifications, a new form of update for the ML-function is:
VL(W) = (W) - E{R;/'g(y)x"} (5.16)

The instantaneous natural gradient update form of the above Euclidean gradient is:
W(t) = W(t— 1) + p(Inxy — R g(y)y")W(t - 1) (5.17)

The above form can be considered a generalized form of natural gradient update. It easily
reduces back to the form in equation 5.11 if the constraint of unit variance is re-imposed.
The discussion in this section along with the above generalized equation serve as a first
step in the direction of a generalized form of the natural gradient algorithm. Other forms
will follow in the next few sections. However, another concept used to develop the natural
gradient, i.e. “Iterative inversion”, which was developed in [1] needs to be revisited first.
The following section is dedicated to present a summary of this concept and the algorithms
developed in [1].
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5.4 Review of Iterative Inversion Approach

In [1], an iterative inversion approach was implemented to provide a robust de-mixing system
that led to a unified interpretation of various natural gradient approaches without explicitly
using the Riemannian geometry.

The derivation starts by the maximum-likelihood cost function:

N
L(W) = log | det(W)| + E{Z log p;(w;x)} (5.18)
i=1
At the optimal value W, the necessary condition for a correct estimate of the separation
is:
OL(W) _
8W lwzwopt = (Rd)x - W T)|W=Wopt = O (519)
where Ryx = E[¥(y)xT] and 9(.) = —log(p(y:))’, which is substituted, as in the above
section and other researchers’ work, as the nonlinearity g(y). However, the derivation in (1]
chose to place the nonlinearity as a general (.) which can be given various different values.
The above condition (5.19) can be re-written by taking the conjugate of both sides as:

W, =Ry lw. (5.20)

Or in terms of the mixing matrix A:
A = Ryylw, (5.21)

The above equation was then used to implement a recursive estimate of W as follows.
An iterative correction of the current estimate of the mixing system A in the direction of
the robust estimate Ryy|w, can be implemented as:

A(t)=A(t-1)+n(Rxy — A(t)) (5.22)
or in terms of W:
W) = Wit = 1) + n(Rxy — WTH(2)) (5.23)
Defining p = n/(1 + n), the above equation can be re-written as:
W(t) = (1 - p)W™Ht — 1) + pRuy (5.24)
Wit) = (1 - )Wt — 1) + pWH{t = 1)W(t — 1)Ryy (5.25)
W) = Wit — 1) + w(W(t — 1)Rxy — I)) (5.26)
Then the above system can be inverted:
W(t) = (T4 p(W(t — 1)Ryy — I))'W(t - 1) (5.27)

The term W (t — 1)Ryy, = Ry, is expressed in [1] as Rgr where f(y) is a second nonlinear
function of y?2.

W(t) = (I+ u(Rg — ) "W(t - 1) (5.28)

2This definition helps in providing a general solution that was afterwards compared to several existing
blind signal separation algorithms, which were then presented as special cases of the final solution provided
by the iterative inversion.
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The first form of inversion of equation (5.27) can be obtained by the approximation:
(I+ p(Rge — 1) 7' = T — u(Rgr — I)) (5.29)
For small y, the update equation can thus be expressed as:
W(t)=W(t—1)+puI—Rge)W(t—1) (5.30)
The stability analysis of the above update can be obtained under the following conditions:
1. The step size p is small enough.

2. The source signals s as well as the vector of separated outputs y are real zero mean
signals.

3. The functions f(.) and g(.) are element-wise differentiable.

If the above three conditions are met, then the stability conditions can be summarized as

[1]:

Elgi]E[s; f;] + Elg;]Els:fi] > 0 (5.31)
Elg;sifi] + Elgisifi] > 0 (5.32)
Elg)E[g;]E[s; f;]Els: fi] > E[f)E[f;]E[s;9;)E{sigi] (5.33)

for all ¢, jlix;. In the case where f(y) =y, the stability conditions reduce to:

Elg] >0 (5.34)
Elgis}] >0 (5.35)
Elg]Elg;)E[s}1E[s}] > 1 (5.36)

It can be proven that these reduced conditions can be met for the choice of g(y) = tanh(y)
for the supergaussian data and g(y) = y* for subgaussian data.
Substituting Ry = g(y)y”, equation (5.30) reduces to:

W(t) =W(t—1)+uI-gly)y )W(t-1) (5.37)

which is the natural gradient algorithm. However, if the following inequality holds, then an
interchange between f(y) and g(y) insures stability:

Elg]|Elg;]Els; fi)Elsi fi] < E[fi]E[f;]Els;9] E[s:9] (5.38)

Thus, an alternative choice for the nonlinearity f(y) is the tanh function for the subgaussian
data and the cubic function for the supergaussian data. This leads to g(y) = y. These
choices will guarantee the stability condition in (5.31).

After pointing out the stability conditions, another form of iterative inversion can be obtained
by applying the Sherman-Morrison inversion formula [22] to (I + p(Rge — I))™! in equation
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(5.28).
The Sherman -Morrison inversion formula states:
T+ p(Ree — 1) = (1 — I+ pg(¥)fFy)™ (5.39)
_ Tron-1_ 1 _p 9(y)f(y)
((1 /J‘)I + /‘Lg(y)f (y)) - (1 _ /1') (I (1 _ ,U,) 1 + ’('l‘_L#)fT(yg(y))) (540)

Substituting n = (—lém, the above equation can be used along with equation (5.28) to produce

the following update [1]:

W(t) = (14 )1 - n 2w - 1) (5.41)

which can be approximated, for n < 1, to produce:

W(t)=W(t—1)— n(f; 5}53’25 )g((yy)))W(t ~1) (5.42)

which is the normalized Equivariant algorithm presented by Cardoso in [19].

5.5 New Generalized Iterative Inversion of Blind Sig-
nal Separation Problem

In this section, the iterative inversion approach is extended to the general case where the
variance of the sources is not constrained to the unit matrix.

This formulation will allow providing a general framework from which several algorithms
follow as special cases. This framework also leads to new algorithms with new convergence
and stability behaviors.

OL(W)
W

In terms of the mixing system A:

|W=W0pt = (Rss_lwa - W_T)|W=Wo,,, =0 (5.43)

A, =R R} (5.44)

The above equation can also be considered as the Wiener solution for the mixing filter A.
Considering s as the input to the Wiener filter, which is the matrix A in this case, and having
x as the output, the cross-correlation Rgx = E{sx”} and the autocorrelation Rss = E{ss”},
then the Wiener filter will give an identical form to the above equation.

With the choice of Rxs = Rxy and Rgs = I, the Wiener solution reduces immediately to the
iterative forms developed in the previous sections.

In the following development of new algorithms Ry, is kept explicit for generalization. Dif-
ferent iterative algorithms will result from different choices of this correlation matrix.

5.5.1 First LMS- based Algorithm: LMS-1

To calculate the update we can use the iterative equation [93]:

A(t) = A(t — 1)(] — pRes) + 1Roxy (5.45)
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It is easy to check that the above iterative update will converge to the optimal solution [93].

After k iterations: ol

A(t) = uRuy[Y_ (I — tRss)] (5.46)

m=1

The power series for a scalar constant « that has a magnitude less than 1, la) < 1is:

k-1
1
i a|™ = 5.47
kLI&;JI | 1-|af (5.47)
Similarly, the matrix (I —uRss) is less than the identity matrix such that a similar summation
can be implemented and applied to equation (5.45). At iteration k, the summation will be

of the following form:

A(k) = pRy {[I — (T - ,“RSS)k]-[I —(I- ,“RSS)]‘l} (5.48)
with the assumption:
Jim (I~ pRss)* — Oy (5.49)

where Oy, v is the zero matrix of the same size as the identity matrix I. Applying the above
assumption to the summation equation in (5.48), then the matrix A will indeed converge
eventually to the optimal solution:

lim A(k) = RysRoy (5.50)

k—o0

More details about this update form is presented in [93]. After proving the convergence of
the update form (5.45), the update equation can now be re-written in terms of W as:

W(t) = W (t — 1)(I — pRas) + #WH(t = 1)Rye (5.51)
W(t) = (I + u(Rer — Res)) "W (t — 1) (5.52)

using the approximation: (I + u(Rg — Res))™! &= (I — #(Rgs — Rss)), the above equation
becomes:
W(t) = W(t - 1) + u(Res — Ree)W(t — 1) (5.53)

choosing f(y) =y:
W(t) = W(t — 1) + p(Res — Rgy )W(t = 1) (5.54)

Several choices can be made for the value of the explicit matrix Rss.
1. For Ry = I, the above equation reduces to the natural gradient algorithm:
W(t)=W(t—1)+ul—Rgy))W(t - 1) (5.55)
2. Another valid choice is to choose to replace s by its estimated value y. Then, Rss =
E{yyT}, which can be approximated on-line at a given time instant ¢ as
Ras(t) = ARas(t — 1) + (1 = Nyy” (5.56)

which can be implemented with the forgetting factor A < 1 chosen close to 1 and the
initial matrix Res(0) = L
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3. Same as the above choice 2, Rss can still be assumed to be Ry,. However, one can
choose to replace the expectation Ry, = E{yy”} by the instantaneous value yy?. The

update in this case can be estimated using the approximation (I + u(Rge — Res)) ™! =

T+ uw(g(y)yT —yyD) ' = X - u(g(y) - y)yT).

W(t) = W(t—1) + u(yy” — g(y)y"))W(t—1) (5.57)

This update form is exactly the same update form obtained from the newly developed
Bussgang cost function in Chapter 4. The equations (5.58) and (4.27) are identical,
which gives this generalized form of iterative inversion extra credibility as a family of
separation algorithms.

4. Another choice comes from a closer look at the autocorrelation matrix Rs. The
sources must be independent to be considered for separation. Independent sources
are also uncorrelated by definition. Thus, the autocorrelation matrix can be assumed
diagonal. When the unknown sources s are replaced by their estimates y, the above two
assumptions for the value of the autocorrelation matrix eventually lead to a diagonal
matrix Ry,. However, another valid choice is to substitute for Rgs = A where A is a
diagonal matrix without constraining its elements to be one, providing the generalized
natural gradient algorithm [6}:

W(t) = W(t — 1) + (A — Rgy))W(t — 1) (5.58)

This diagonal matrix can be chosen to be of diagonal elements diag(Rs,) 3, meaning
that the update constrains the choice of the sources to be always de-correlated. The
above diagonal form for R was validated through simulations and they proved in most
cases to work with better convergence and exhibit more robustness than the original
natural gradient algorithm, where the autocorrelation of the sources is fixed to unity.

Another advantage of this LMS-1 form for natural gradient is that it is very suitable for
separation when the number of sources is not correctly estimated, i.e. where the number of
sensors M is larger than the number of sources N. This case leads to ill-conditioned matrices.
The nonholonomic natural gradient [9] is developed especially for such cases. However, the
nonholonomic natural gradient is it performs poorly in the normal mixing case, i.e. when
N = M [76].

This is not the case with the LMS-1 algorithm. It performs well in the conventional mixing
case, i.e. N = M and also is stable when the number of sources is unknown. This important
property of the algorithm is proved via simulations in Chapter 6.

Considering the computational complexity of this algorithm, one can see that it is the same
as the calculation of the natural gradient algorithm except for the term Rgs which replaces
the fixed identity matrix in the natural gradient algorithm. For the different cases of R,
different complexities will result. Considering that a multiplication, an addition or a multipli-
cation and addition require the same computational load, which is true for many processors:

3diag(.) is a dual function. When applied to a matrix it produces a vector containing the diagonal elements
of the matrix. While when applied to a vector it produces a diagonal matrix with diagonal elements equal
to the elements in the vector.



89

1. If a correlation-like matrix, i.e. Ryy or Ry,y) is used, an additional computational
load of the order N? is added.

2. If the identity matrix is replaced with a diagonal matrix, then a mere addition of order
N calculations is required. This is negligible considering that the natural gradient
update, in general, requires computations in the order of N2,

5.5.2 Second LMS-based Algorithm: LMS-2

Another way to implement recursion is to use recursive corrections of the direction of the
mixing matrix A as a different starting point, i.e. update equation. The LMS-2 algorithm
uses the update equation (5.22), which is a different update equation than (5.45) used to
develop LMS-1. This will result in a different form for a different algorithm. The algorithm
starts with the update equations (5.22) and (5.23), with the only difference being the re-
placement of the robust estimate Ry in (5.22) by Ry, Rz!. Here, the choice of the function
t is limited to the nonlinearity g(y) with the stability condition derived in section 5.4. Thus,

A(t) = Alt— 1)+ n(ReRzl — A() (5.59)
In terms of W the above equation can be re-written as:
W (t) = Wit — 1) + n(Rege Ry, — W(t)™) (5.60)
Defining u = /(1 + n), the above equation can be re-written as:
W (t) = (1 — p)WH{t — 1) + uRex R (5.61)
Inverting the above system:
W(t) = I+ p(W(t — DRguRY —1))7'W(t - 1) (5.62)

The inversion (I+u(W (t—1)RgR'—1)) ™! can be approximated as (I-u(W(t—1)Rgx Ry —
I)). This approximation yields the form LMS-2:

W(t) = W(t — 1) + u(I - Rgy RZ))W(t — 1) (5.63)

Again as in the previous section, i.e. LMS-1 section, several choices can be introduced for
the matrix Rgs = I, leading to variant forms of the LMS-2 algorithm.

1. For the choice of Rgs = I, the algorithm reduces to the natural gradient algorithm.

W(t) = W(t — 1) + p(I - Rgy)W(t — 1) (5.64)

2. Choosing Rgs = A, where A is a diagonal matrix, leads to a different set of normalized
algorithms. Choosing A = diag(E{g(y)y”}) or A = diag(E{yy”}) leads to a form
that is very similar to Hyvarinen is fixed point (off-line) update implemented for the
maximum-likelihood [56].

W = W + diag(a)[diag(8) — E{g(y)y" HW (5.65)
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Here the use of the sample by sample update based on ¢ was omitted because the
algorithms works mainly in batch-mode. 3 is a vector containing the diagonal elements

of yg(y)": .
B = diag(yg(y)") (5.66)
On the other hand, the diagonal matrix diag(a) contains the a;,2 =1... N:
a;i = 1/(6: — E{q'(y:)}) (5.67)

Here if the second term in «; containing the gradient of g(y;), i.e. if E{g'(y;)} is small
enough then the update (5.65) can be approximated to be:

W =W + E{[I - E{g(y)y” }(diag(8)"']}W (5.68)
which can be implemented on-line by choosing to incorporate a step size u < 1 as:
W(t) = W(t = 1)+ ull - B{g(y)y" }diag(8))"'|W(t — 1) (5.69)
which is a similar form of update to the LMS-2 introduced in equation (5.63)

3. Another valid choice is to set Res = E{yyT}. Again, the expected value E{.} can be
calculated on-line as in (5.56)

Res(t) = ARes(t — 1) + (1 = Nyy” (5.70)

The results, to be shown in the simulation section, show that the algorithm is valid and
that separation can be reached. The algorithm performance is discussed along with a
comparison with other developed algorithms.

When considering the computations required for such an update, it can be seen that the main
complexity addition will stem from the calculation of the inverse matrix R_!. The inverse
of the matrix can be calculated by the matrix inversion lemma to reduce the complexity.
However, the computation of the matrix inverse by the lemma will still require computations
at least in the order N3 [85]. However, if the matrix Rss is substituted as a diagonal matrix,
then the calculation of the inverse will be in the order of N, usually 10N [60].

5.5.3 Third LMS-based Algorithm: LMS-RLS

Another form of update can be obtained by re-writing equation (5.62) as:
W(t) = I+ u(Rey — Ree)RZ)TIW(E - 1) (5.71)

Using the approximation (I + u(Rg, — Re)RZH ™! & (I — u(Rgy — Rae)RZ!) leads to the
following update:
W(t) = W(t — 1) + u(Rgs — Rgy)RIW(t — 1) (5.72)

This update is similar in form to the classical filtering RLS-update and thus is given the
name “LMS-RLS”. Although being a minor modification of the “LMS-2” algorithm, with the
choice of alternative windowing update for the correlation term Rss, the algorithm results
in different convergence behavior.
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1. Again, the choice of Rgs = I reduces the update to the natural gradient update.
2. Another valid choice is Rgs = Ryy = E{yyT}.

3. The choice of Ry = diag(g(y)y?T) leads to an update that is computationally simple
and can produce good results as will be seen in the simulations.

The computations required for such an RLS-update is still governed by the calculation of
the inverse matrix RZ!. In the same manner used to calculate the additional complexity
of the LMS-2 algorithm, this algorithm should also require N* order computations for the
choice Rgs = Ryy and the order of N for the choice Rss = diag(g(y)y?).

5.6 RLS-Iterative Inversion Approach

In this section, a new RLS approach to blind signal separation that does not require pre-
whitening is developed. The algorithm is based on iterative inversion and the use of the
matrix inversion lemma [22].

For the following derivation, the choice of the autocorrelation matrix Rss is limited to the
identity matrix I. Thus, the solution for the optimal value of W is:

W, = R w. (5.73)

g

or as can be written in an iterative formula:
W(t) = R;;W(t -1) (5.74)

W(t) can be updated iteratively as follows:
Consider:
Aty = At -1)+ (1 - ANA(t - 1Rgy (5.75)

Substituting for A by W™, the above equation can be re-written as:
W) = AWt = 1)+ (1 = WW (¢t - 1)Rgy (5.76)
In terms of W, the above equation can be re-written as:
W(t) = [MI+ (1 - MR 7' W(t - 1) (5.77)
Replacing Rgy by its instantaneous value, g(y)yT, the above equation will be:

WD) = L+ (1= Ngly)y Wi - 1) = 111+ gy wie - 6

Using the Sherman-Morrisson inversion lemma will give the following recursive update:

1 gly@®)y(®)"
W) = JI - S e WD (5.79)

where a = (1_17\'5 The last equation represents the RLS-update for the algorithm. The
algorithm works very well and exhibits a good stability and a small steady state error.
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Other forms of this RLS-update can be developed based on the choice of Rgs (excluding
Rgs = I, which was covered in this section).

Moving to the additional computations required for this algorithm, it is easily seen that
the main addition is in the division step, i.e. dividing each element in the N x N matrix
gly(®)y(t)T by (a + g(y(t))Ty(t)) which will add the order of N additional computations
to each of the N? elements in the dividend matrix. The computational cost will be thus in
the order of N3.

The following is a diagram summarizing the “Generalized-Iterative inversion family”.

Generalized lterative Inversion Family

A \ 4
LMS-1 LMS-2 LMS-RLS
Wity =W -1+ 4Ry - Ry, W(E-1) Wy = Wi -1+ sl ~RR, W -1 W= Wie-1+ a(R =R R W -
Reduces to: Reduces to:
° Reduces to:
® NAG. NAG
® NAG
[ ] .
®  Generalized NAG. Generalized o
normalized NAG. New algorithm.
®  Nonholonomic- °
update. Fast-ICA. A 4
° ) . RLS-Iterative
New algorithm. New algorithm. wm:l(l— YOG ]W(I—l)
AL e+ ¥

Figure 5.1: Generalized Iterative Inversion Natural Gradient Family

5.7 Simulation and Results

The above algorithms were compared by considering the separation of the following four
signals. These signals have been proposed by Amari. et al. and they have been used in
the following journal papers: [2], [97], [100] and [76]. More detailed simulation results are
presented in Chapter 6 :

s; = [sign(cos(2m155t), sin(27800t), sin(27w300¢t + 6 cos(2760¢)), sin(2790¢)]¥
with the sampling rate of 10 kHz. The algorithms compared are:
e LMS-1 with the update equation:
W(t) = W(t — 1) + prms—1(Res

- ng))W(t - 1) (5-80)
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prms—1 is chosen to be 0.005, and Rgs = diag(yy”). The diag(.) function transforms
a square matrix to diagonal matrix by setting the off-diagonal values to zeros.

e LMS-2 This algorithm has the update equation as:
W(t) = W(t — 1) + prms—a(l - Ry R W (t — 1) (5.81)

irms—2 is chosen to be 0.0005.
R..(t) = E{diag(yyT)} = ARss(t — 1) + (1 — M)diag(yyT)(t), and A = 0.99.

e LMS-RLS This algorithm is represented by the update equation:
W(t) = W(t — 1) + prams—rrs(Res — Rgy) Ry W(t — 1) (5.82)

HLMS—RLS is chosen to be 0.01.
Res(t) = E{diag(yy")} = MRss(t — 1) + diag(yy”)(t), and X = 0.99.

e RLS-Iterative algorithm: This algorithm introduced in section 5.6, is considered
the best performing algorithm presented in the family of NAG-based algorithms. It
has an RLS-update following the equation 5.79:

T
W) = 11— gy (®)y(t) [W(t— 1)
AT a+gly(®)Ty(t)

The forgetting factor A can be set to two different values with a different steady state
error resulting for each case . In “RLS-Iterative 1”7 the forgetting factor starts at 0.99
at t = 0 and increases to 0.9995 at ¢t = 6000. In the second version “RLS-Iterative 27,
) starts at 0.99 at t = 0 and it increases to 0.99995 at ¢t = 6000. The use of a larger
forgetting factor permitted the algorithm to converge to smaller steady state error.

For the first three above algorithms R, = diag(yy?). The algorithms are compared to:
NAG: the natural gradient algorithm which can be seen as a special case of any of the
above algorithms with the choice of Rgs to be equal to the identity matrix. The choice for
the nonlinear function g(y) is chosen according to [98], [97] as:

9(y:) = v} (5.83)

The following is a figure presenting a sample run of the above algorithms for the arbitrary
mixing matrix A:

0.5620 0.3302 0.9791 0.8699

0.8628 0.5317 0.6344 0.6985

0.2021 0.5995 0.3742 0.6742

0.5013 0.3323 0.7566 0.0418

As can be seen in the figure, the RLS-Iterative inversion algorithm provides the best perfor-
mance, i.e. the fastest convergence speed and the smallest steady state error. All the other
algorithms converge to the same steady state error with different convergence speed. The
second best algorithm is the LMS-RLS algorithm followed by the LMS-2 algorithm. The
LMS-1 algorithm converges faster than the natural gradient algorithm.
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Figure 5.2: Results for a sample run of the Natural-gradient family algorithms

This sample result can be considered a faithful representation of the average performance of
the algorithms. More simulations are presented in Chapter 6. The LMS-1 algorithm might
seem inferior to the other proposed algorithms. However, the LMS-1 exhibits a very robust
performance in the case of under-determined BSS, i.e. when the number of sources N is
less than the number of sensors M. Simulations on this specific case are also presented in
Chapter 6.

Despite having excellent results when tested with the above set of data, these algorithms did
not perform very well when applied to speech signals. This type of behavior and difficulty
when considering speech signals has been encountered before in the last chapter. Several
new algorithms were developed in Chapter 4 and specifically tested with speech signals. This
stimulates the idea of trying to extend the work done in the last chapter, more specifically
the idea of non-linear RLS, which successfully managed to separate pre-whitened speech
signals, to the general case of natural gradient, where pre-whitening is not applied. In the
following section, such an extension is considered and proves to be successful.

5.8 Non-Linear RLS Update for Natural Gradient

This section presents another fast converging algorithm based on the concept of nonlinear-
RLS update. One way to implement an RLS-type algorithm for the above situation can be
achieved in a similar manner to the RLS-BSS-Stiefel update, a non-linear RLS implementa-
tion that was presented in Chapter 4, section 4.9. It is possible to apply the chain rule to
define an “equivalent-error” signal and an “equivalent-input” signal in the derivative of any
non-linear cost function L:

L= fi(¢),¢ = fa(¥), ¥ = fa(y),y = f(W) as follows:
oL _oL o o oy

OW 8¢ Oy 8y  OW (5:84)
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The update rule for W can then be written as:

oL
Wnew - Wold - MW"
oL oL 0 0 0
Wnew:Wold_ﬂW:Wold‘*‘,ua—(p X —8—3 X a—w X %

Wiew = Wog + 10 equivalent error X equivalent input

The terms equlvalent error and equivalent input are analogous to the classical adaptive
filtering where 2 a_ is the negative of the error signal and aw is the input signal x. After
forming the gradlent in this chain formula, one can split it into an “equivalent input signal”
and an “equivalent error signal”. Then, it is possible to multiply this input by the inverse
of a correlation matrix as in classical RLS filtering. For example the above equation can be

seen as: 5L 5L 8¢ 87,/)
oW 94 a¢ aw (5.85)
~— —~
equivalent—error equivalent—input

For the maximum-likelihood cost function L{W), since there is no clear distinction between
the “input” and the “error” signal, it was chosen to take the gradient of the cost function
with respect to the Lie-algebra matrix, X, as a whole and try to apply the RLS algorithm
to speed its convergence.

The algorithm is based on a variant of the natural gradient, namely, the nonholonomic-
natural gradient:

A = diag(g(y)y") (5.86)
Denoting the update matrix on the lie algebra space by AX:
AX = AWW™! (5.87)
Then the case of the nonhlonomic natural gradient, AX has the form:
AX = A - g(y)y" = diag(g(y)y”) — 9(y)y” (5.88)
Defining R as:
R = E{diag(g(y)y”) — 9(¥)y" }ecE{diag(g(v)y") — 9(y)y" }1ec (5.89)

where (diag(g(y)yT) — g(y)¥ 7 )vec is a re-arrangement of the N x N matrix (diag(g(y)yT) —
g(y)yT) as a vector of size N2 x 1 via column stacking. The resulting R is thus a matrix of
size N2 x N2

The update equation of the nonlinear RLS-algorithm can then be developed by the following
series of equations:

R = E{diag(g(y)y") = 9)y" bvecE{diag(g(y)y") = 9)y" }oee  (5.90)

R(t) = R(t — 1) + (diag(g(y)y") — 9(¥)y" )vec(diag(g(y)y”) — g(y)y T)vec (5.91)
(AX)pee = R7(diag(g(y)y”") = 9(y)y" )vee (5.92)

AX = mat(AX)yee (5.93)

W = exp(pAX)W = W + uAXW (5.94)
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where the function mat(.) is the same as defined in section 4.9. mat(.) transforms a vector of
size N2 x 1 into a matrix of size N x N via column stacking. The following figure represents
a sample simulation run of the algorithm with comparison to the natural gradient algorithm:

W =W + punac(I - gy)y" )W (5.95)
The test data are 4 audio files sampled at 8 kHz and of duration 6.5 sec.:

1. 1 female: known as female-1 in Chapter 6 audio benchmarks. This file is obtained from
[48]. The speaker is a female reading a sentence in English.

2. 2 males: known as Male-1 and Male-2 in Chapter 6 audio benchmarks. Male-1 is
obtained from [48]. This file is a male speaker reading a sentence in English. Male-2
is obtained from [73]. It is also for a male speaker with similar voice properties to the
above speaker and reading a different sentence in English, with similar style and speed
of reading.

3. one soft music: known as music-1 in the same benchmarks group.

The above choice of audio data is to test the algorithm with general mixing cases, where the
audio scene consists of various audio data of different types. This general mixing situation is
the most likely scenario in practice and ensures that the compared algorithms are not biased
towards a certain type of audio or speech data. More information about the benchmark
data is presented in Chapter 6 along with more extensive simulations. The mixing matrix is
randomly generated. For the following results the matrix A has the value:

09 09 08 05
09 12 13 099
06 08 08 084
0.25 032 0.5 041

A=

The step size for the natural gradient algorithm pnac is set to 0.0005 and the step size for
the nonlinear RLS-nonholonomic is set to 1 to produce a comparable steady state error. The
following figure shows the results for the above mixing scenario.

From the figure, it can be seen that the idea of nonlinear-RLS update can be successfully ex-
tended to the General Riemannian case (i.e. non-prewhitened case). The proposed algorithm
converges slightly faster than the conventional natural gradient algorithm while achieving
better steady state error. Clearly, the additional computational load for this algorithm is
governed by the calculation of the inverse matrix. Although the matrix has a rather sparse
nature, due to the fact that (diag(g(y)y?) — g(y)y”) has zero diagonal elements, the update
should still requiring (N?)® = N®-order of computations.

In all of the algorithms developed so far, the special geometric nature of the Riemannian
space was limited to the calculation of the first-order gradient, i.e. natural gradient. As has
been discussed in Chapter 3, extensive use of the geometry of the optimization space can be
crucial in achieving improved performance without compromising simplicity or being obliged
to massively invest in computations. In the rest of this chapter, a comprehensive consider-
ation of second order-updates for the maximum-likelihood cost function is considered using
the differential geometry.
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Figure 5.3: Results for a sample run of the General Riemannian Nonlinear-RLS
Algorithm

5.9 Second-Order Riemannian Algorithms for Maximum-
Likelihood Blind Signal Separation

In this section a group of algorithms that use the concept of second order optimization are
presented. This second order optimization is carried with consideration to the Riemannian
nature of the optimization space of the blind signal separation and thus is different from
regular Newton-based algorithms which have been proven by Amari et al. to be inferior to
the first order natural gradient algorithm [5].

In order to derive the second order derivative on the Riemannian manifold for invertible
matrices (general linear (GL- group)), it is necessary to determine the actual gradient used
for update on this specific manifold.

Through the study of Riemannian geometry [90], it was shown that the Riemannian gradient
should be calculated on the Lie algebra flat space and then the update can be calculated
through exponential mapping to the corresponding new point on the Lie group as explained
in Chapter 3. The new point W, should then be represented in the form:

W oew = exp#* X Wy (5.96)

where AX is the gradient calculated on the Lie-algebra space. Recall the form of the natural
gradient presented in [16]: ;
Wnew = Wold + MAW (597)

where AW = aﬁv%WTW is what is referred to as the natural gradient and is calculated
directly on the Riemannian manifold using the cost function L(W) which is the maximum-
likelihood cost function in this case.
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A comparison of the above form and the form of the natural gradient in (5.96) can be done
by recalling that the exponential of any general matrix A is given by the form:

exp® =T+ A+ A?/2!... (5.98)
for det|A| < 1. Thus:
Wew = exp®2O Wy & Wog + pAXW 14 (5.99)

which is valid as long as u < 1. This approximation would provide a relationship between
AW and AX.

AX = AWW™! = (I - g(y)y") (5.100)

It should be mentioned here that equation (5.96) is considered the general form of the natural
gradient update on the Riemannian manifold (geodesic search update). Thus, using more
sophisticated approximations to calculate the matrix exponentiation can yield more accurate
updates that are less prone to divergence updates compared to the update in equation (5.97).
A relationship between dX and dy can be constructed as well:

dy = dWx = d(WW ™'y = dXy (5.101)

and thus:

dy1
aX
dy2
dy | o
~=| ° (5.102)

ayn
dX

can be calculated as follows:

e Each element in the differentiation 2% i = 1... N is a matrix of size N x N and has

X’
the following structure:
Ay dys _dys \
dX1.y dXiz2 7 dXaw
Wi _ | ey dw dy (5.103)
dX dXa dXio 7 dXin ’
dy; dy; _dy;i
dX N1 dXn2 0 dXnNN

Keeping in mind that the output y; is given by the following equation:
W
T Y2
'!/i=Xiy=(Xi Xz ... Xi ) . (5.104)

Y~
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Then all the rows in the differentiation matrix will vanish except for the row 7 which
contains a row equal to y¥. Equation 5.103 reduces to:

00 0 0Y [0)

dyi . . . :
Xo| B oo | = yT (5.105)

S

0 0 0 O

This sparse matrix of size N x N can be re-arranged in a vector form by stacking the
rows to form a vector of size N? x 1. For example:

hn

d .
vec(d—yil) - » (5.106)
Nx1

(¢)
(N2=N)x1

and for a general y; the row-stacked differentiation has the following form:

()i

n
= : (5.107)

Yn Nx1

(¢)
(N-i)Nx1

where the function vec(.) transforms a square matrix into a vector by row-stacking.
This vector form of the gradient is identical to differentiating the terms y;, i =1--- N
with respect to the vector vec(X) or equivalently X,.., which is a re-arrangement of
the matrix X in a vector by row stacking such that:

X1 \
X12

Xin
Xpee=| (5.108)
Xn1
XnN2

\ XNN
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This vector-form is much easier to use and is considered as a standard mathematical
version for second-order differentiation given that for those higher order differentiation,
the resulting matrix size grows exponentially.

Another quantity of interest is the differentiation, E;i—(y»fi—, which can be equivalently
calculated using the fact that:

dy; dus du i "
reaad € TIC I T 5109

with:
Xpo= ( XI X] - X% ) (5.110)

which is a row of size 1 x N2 as X; is the column vector transpose of the i*" row in the
matrix X.
The quantity d—f(yf'r— thus has the following form:

d;lgT = ( (o )lx(i_w (v )lxN (o )MN_,.)N ) (5.111)

which is a row of size 1 x N2.

At the steady state point (when separation is reached), the following two conditions
hold:

1. The output signals y are independent and thus are uncorrelated, meaning:
E{yy"} =1 (5.112)

If one decides to relax the unit variance condition imposed on the outputs, the
above autocorrelation matrix can be more accurately considered as:

E{y}? 0 e 0
E{yy"} = (.) E{-W}Q N 9 (5.113)
E{yn}?
2. The decorrelation also means that E{yg(y)"} is also a diagonal matrix:
E{y1g(y)"} 0 e 0
E{yg(y)'} = (:) E{yg_g.(yg)T} B (_) (5.114)
E{yng(yn)"}

or approximately (when assuming the outputs are of unit variance):

E{yg(y)"} =1 (5.115)
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These two conditions will have special importance in simplifying the gradients of the
cost function L(W).

e Knowing that the first derivative A—Z = VL(W) = (I-g(y)y7T) the second derivative
can be estimated by diﬁerentlatmg thls expression with respect to X7,

e The differentiation will involve the second term g(y)y”. Before proceeding with the
derivation of the second derivative, it would be useful to verify how this first differen-
tial, g(y)y7, is constructed.

The penalty term in the cost function L(W) responsible for this term is 3", E{log |p;(v:)|},
where L(W) is again:

N
L(W) = log|det W| + ) | E{log Ipi(y:)]} (5.116)

i=1
~ v
~

The differentiation of Zf\_’__l E{log |p:(y:)|} has the following form:

0L E{log|pi(y:)|} _ OE{loglpi(y1)}  0E{log|pa(ye)l}

X - x X
= B{gl) g + o(ua) oot + -+ glun) T
yi o YN 0 -~ 0 0 - 0
= E{g(y) 0 0 + 9(32) yl yN + -+ g(yn) 0 0 }
0 . 0 0 - 0 mo N

= E{g(y)y"}

The above differentiation is easier when cons1der1ng the second differentiation applied to
each element in the matrix g(y)y?. It is important to note the form of this first gradient at
the optimal value of separation. Recalling the conditions of perfect separation, i.e. equations
(5.113), (5.115), equation (5.9) at the optimal value of W reduces to the following form:

gly)y -+ 0 0o -~ 0 0
O, E{log |pi(y:)|} o -0 0 9(y2)y2 :
- i= Wopt = E + et
X | ¢ : Lo 0 - 0 0
0 0 0 g(yn)yn
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gly)y 0
0 e 0
= E{ . . } (5.118)
: 9(y:)yi :
0 o glyn)yn

which is a diagonal matrix.

The meaning of this reduced form at the optimal value is that the update along the Lie
algebra should be a diagonal matrix. Diagonal updates reduce to scalar multiplication when
exponential mapping is considered. For example, for a 2 x 2 mixing matrix W, at the optimal
point of separation the update becomes:

0\ [/ wn w o Wy w
W(t+1) = exp(AX)W(t) = ( “ > ( no ) = Ty e (5.119)
0 s Wa Wa ay| Wy W

which obviously reduces to a scaling factor when calculating the output y = Wx.
The above diagonal form can also be viewed in terms of the relationship between the outputs
y and the Lie-algebra matrix X. The differentiation -g% at the optimal separation point

follows the form:

0 oo e 0
o Do Do
8_Xlw°”‘ = v 0 (5.120)
0 0 --- 0
or in vector form:
0 )
Ay .
6X |Wapt = y‘L (5121)
0
or when considered with respect to X7, :
Oy
o |wo,,t=(0 o 0 ) (5.122)

vec

implies that the output y; at the optimal separation point is totally uncorrelated from the
other output signals and depends solely on y;. Equations (5.120), (5.121) will help in simpli-
fying the Hessian of the maximum-likelihood cost function as will follow in the discussion.

After obtaining the form of the gradient on the Riemannian space for the GL— group, i.e.
AX, its relationship with AW and Ay and the condition of optimal separation, it is now
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possible to extend this first-order optimization method to second order optlmlzamon by es-
timating the second gradient (Hessian) along the Lie-algebra space, i.e. %)—(Iié—,vgy)r VIL(W)
as follows:

The differentiation will result in two terms:

1.
dg(y) Oy
6(y ) aXTyT (5.123)
which will be referred to as “Hessian-1".
2. By
%IV (5.124)

which will be given the name “Hessian-2”.

e The first term in the differentiation, i.e. “Hessian-1" has the following form:

og(y1) &
o axé'1 Y \ (
Sl 3?(!:; Yo Onxn2
) 8
39(511 axy:ecyN
) 8
\ ?)(y?) T O(nv2_nyx N2
9g(y2)
oy 6xv’ﬁcy2
Hessian-1 = E{ + Ao
(y2)
gayy: ax!TmyN
O(nz2_nyx N2 \
(un) @
O(n2-2Nyx N2 %)'a)z(ﬁcyl
Og(yn) Oyn
“oyn OXL. YN
(5.125)

substituting m—,z = 1.-- N from equation (5.111) and denoting g(y’) as ¢'(y;), the

above equation turns out to have a special structure that is block dlagonal with diagonal
blocks ¢ = 1..N of size N x N:
g (y)yy" (5.126)




Hessian-1 = E{

g y)yy”

QNxN

QNxN
9 (2)yyT Onyn

QNxN

J(yn)yy

104

(5.127)

e The second term in the differentiation, i.e. “Hessian-2” has the following form:

Hessian-2 = F{

9(y1) ot

g(yl)a—?é’%—

vec

9(y1) 538~

ec

O(Nz2-nyx N2

/

(

QNXN2

9(?/2)%’(%:

g(yz)a—aﬁ“

vee

9(yo)

vee

(

O(nz_an)xN?

\

/

(

/

QU”—NVNZ

9(yn) 54—

vec

9(yn) 533~

(5.128)

substituting a—f(%i—,i =1--- N from equation (5.111), the above equation turns out to



105

have a very sparse structure to add to Hessian-1:

( g(y1) ( yT 054 (N2—n) )

g(y1) ( Oinv Y7 Oixve_any

9(y1) ( 01 (N2-ny yT )
9(y2) ( yT 015 (n2-ny
O,n ¥T One(ve
Hessian-2 = E{ 9(y2) ( ZixN Y ‘ Ix(N?-2N) } (5.129)
9(y2) ( 01 (N2-n) yT )
9(yn) ( y' O1x(v2-n) )
g9(yn) ( 0% (v2-ny y’ )
Thus:
Hessian = Hessian-1 + Hessian-2 (5.130)

This second order gradient, i.e. Hessian, can be used to implement a Newton-like update.
However, the computational cost will be high. Roughly, the computational cost for calcu-
lating a Newton update step can be estimated as follows for a general N x N de-mixing
system:

1. The term Hessian-1 will require N3-order operations, i.e. multiplications. This com-
putational load is estimated as follows:

e The repeated diagonal blocks will require N? operations.

e The multiplication of each of these blocks by ¢'(y;) will require another N oper-
ations for each block.

e The overall computation will thus be N x N? = N3
2. Equivalently, the term Hessian-2 computational load can be calculated as follows:

e For the N x N matrix g(y)y” the required computation is N? computation, which
is basically multiplying each element in g(y) by an 1 x N row y’.

e for the term Hessian-2, however, each element in g(y) is multiplied by y7, repeat-
edly N-times. This will make the computational load N3.

e However if the repeated operations are calculated once and then repeated in their
respective locations in the Hessian-2 matrix, the operations will reduce to NZ2.
However, memory consumption will still be higher for the Hessian-2 matrix rather
than the calculation of g(y)y7.
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3. The main source of computational load is to calculate the inverse of the Hessian ma-
trix. The least expensive approach is to make use of the sparse nature of the Hessian
matrix and to apply one of the Cholessky-family sparse decomposition techniques [70].
However, the inverse estimation will still be in the order of N for an N? x N? matrix

[85).

Thus the overall Newton step will be in the order or higher than than N® operations. Thisis a
high computational load considering that the first gradient requires only N2-order operations.
One way to reduce the computational load is to apply realistic simplifications to the Hessian
expression using equations (5.117), (5.118), (5.120), (5.121). In the following sections two
types of reductions are applied, resulting in significant reduction in the computational cost
while maintaining the performance that is noticeably better compared to the natural gradient
algorithm.

5.10 Reduced-Hessian Online Algorithm

The first approximate algorithm that can be implemented instead of the Hessian-based al-
gorithm replaces the first gradient g(y)y” or equivalently vec(g(y)y”) by its value at the
optimal separation point, which is a diagonal matrix with diagonal elements equivalent to
diag(g(y)y”). The new approximate second gradient, i.e. Hessian, will be:

g(y)n
0

9(y2)y2
0

9(vi)vi
0

g(yn)yn
oXT

vec

Hessian,pproz = (5.131)
This approximate form of the Hessian can also be decomposed into two terms, Hessianapproz —
1 and Hessian,pproc — 2 in analogy to Hessian-1 and Hessian-2 in the last section, where:

N
0g(ys
Hessiangpproe — 1 = agég)y,-
i=1

vec

(5.132)

1=

meaning, the differentiation is applied to the nonlinearity term. The second term Hessianpproz —
2 is basically the result of differentiating y;:

N
Hessianpproz — 2 = Z g(yi)% (5.133)
i=1

veC
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The above two terms can be calculated as Hessian-1 and Hessian-2 in the previous sections.
The final form of each will reduce to the same structure of Hessian-1 and Hessian-2 with the
cancelation of terms that are already known to decay to zero in Hessian-1 and Hessian-2 as
the update moves closer and closer to the separation point. Hessian,ypro; — 1 matrix is also a
block diagonal matrix. However, it will become very sparse with only one row in each block
to have a non-zero value. Comparing to the form (5.123), Hessian,,pror — 1 reduces to:

3
o) ag’cv’ic 9
0 Onx N2
0 , Oa O(n2_Nyx N2
e £ oz
HeSSianappro:r ~-1= + 0 +---+ (5.134)
O(N2_NyxN?
0
Onz2_an)x N2 :
, :
By ) agc‘gT‘Zc Yn
The diagonal blocks will thus be of the form:
9'(w)yy" (5.135)
or equivalently:
yT
leN
gy | . Onxn
leN
Ql x N
yT
0 g (y2)ve 0
Hessiangpproz — 1 = E{ NxN (32) Onxn DN }
Ql x N
OnxnN o g (yN)yn
-leN
yT

(5.136)
The second differentiation term, i.e. Hessian,ppror — 2 will also result in a reduced form of the
same structure as Hessian-2. However, the important conclusion here is that the new rows in
Hessiangppror — 2 are all aligned along the diagonal, which is the case in Hessian-2, and fill the
same positions filled by the rows of the corresponding Hessian,,pro. — 1, such that the final
Hessian,gpror will have the same structure as Hessiangpyror — 2 and Hessiangppror — 1, which
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is rows aligned along the diagonal of the IV 2 x N? matrix. The form of Hessianpproz — 2 is
as follows:

yT
Oixn
g(v1) ) ONxN
leN
leN
yT
0 9(y2 Q e
Hessiangpproz — 2 = E{ Nl (v2) Oixn NV } o (5.137)
leN
ONnxN % o glyn) :
.Ql xN
yT
Such that:
Hessianppror = Hessianppror — 1 + Hessiangpproe — 2 (5.138)
and has the following structure:
( ) 0
1xN
0
Hessiangpproz . ( )lxN e (5.139)
0
( ) 1xN

It can be seen that the matrix Hessian,,pro; is very sparse. It can actually be re-arranged in
a compact N x N matrix without any loss of information as it contains only N 2 elements
and the non-zero elements in Hessian,pror — 1 and Hessiangppror — 2 are aligned in the same
locations. In the same way a vector N? x 1 is formed from an N x N matrix, the non-zero
rows of Hessian,p,.. can be re-arranged along the columns of a new N x N matrix. The new
reduced size matrix will be called Hess,.q, which is composed of the two terms Hess;.q—1 and
Hess,eq — 2. The term Hess,.q — 1 is the reduced matrix N x N of the term Hessiangppror — 1
written in compact form as:

Hess,eq — 1 = E{yyTdiag(¢'(y))} (5.140)

where diag(¢'(y)) is the diagonal matrix of size N x N whose diagonal elements are g'(y;),t =
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gy) 0
diag(g'(y)) = 0 g/,(?/Q) 0 o (5.141)
0 e dyw)

while the term Hess,e¢q — 2 is the reduced matrix N x N of the term Hessian,,,ror — 2 written
in compact form as:

Hess ey — 2 = E{yg(y)T} (5.142)
Thus, the final form for Hess,eq is an N x N matrix following the expression:
Hess,es = E{yy”diag(g'(y))} + E{ya(y)"} (5.143)

At the optimal separation point W, or equivalently X,,, reviewing equation (5.113), it is
clear that the expected value E{yg(y)" = I}|w,,, and thus the first term Hesscq — 1 will
reduce to the diagonal term ¢'(y). Similarly, for the second-term, equation (5.114) can be
used to reduce Hess,.q — 2 to another diagonal matrix of the form:

E{g(y1)}E{n1} 0 0
Hotsras - 2w, = 0 E{g(y%)'}E{yz} 0 (5.144)
E{g(yn)}E{yn}

Thus, the matrix Hess,eq will reduce to a diagonal matrix which is necessary so that the
optimal de-mixing point does not change at convergence as has been previously discussed.
The above reduced form is then used to provide the following update:

AX = Hess,yE{(1 - g(y)y")} (5.145)
Wnew = exp(AX)Wold (5146)

The above update can be performed on-line by replacing the expected value of the first
gradient E{(I — g(y)yT)} by its instantaneous value replacing the expected value of the
reduced Hessian, Hess,.q, by a running estimate of the expected value updated from time
instant (¢ — 1) to time instant ¢ using an exponential window with a forgetting factor A as:

Hess,eq(t) = AHesseq(t — 1) + yy” diag(¢'(y)) + yg(y)" (5.147)

An extra simplification can be achieved by applying the matrix inversion lemma to the
above sequential update of the expected value of the Hessian to calculate the inverse of this
expected value at each time instant based on the previous inverse calculated at the past
instant.
After obtaining the inverse of the reduced Hessian an update of the demixing matrix can be
carried out as follows:

AX = Hess ), I - g(y)y7) (5.148)
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W =exp(pAX)W = W + pAXW (5.149)

Thus the update can be written as:

W (t) = W(t — 1) + pHess 4 (1)(I - g(y (8))y” (1)) W (t — 1) (5.150)
This reduced Hessian algorithm works very well in practice and provides the best convergence
speed when applied to test data. It can successfully handle the difficult situation of acoustic
mixtures characterized with heavy tail distributions and inherent high autocorrelation (i.e.
speech and music data). This will be confirmed by simulations shown afterwards in this
Chapter and in Chapter 6. Several forms of the above algorithm can be obtained by applying
the ideas of the iterative inversion Wiener approach developed in section 5.4.3 . These
iterative approaches yielded variant algorithms that still belong in form to the natural-
gradient family.

Some of these algorithms have the form:

W =W +u(I-g(y)y")R'W (5.151)

Several forms for the matrix R have been presented and the simulation results presented
along with the algorithms proved that this form of algorithms exhibit RLS-like, i.e. second
order, fast convergence speed.

[39] provided ideas about various forms of natural gradients. Among those concepts the fol-
lowing theorem mathematically proves that the above form of the natural gradient converges
to the same solution as the original natural gradient.

Theorem 5.10.1. Consider a dynamic system described by the following differential equa-
tion:

dW OL(W)

& = " aw
where W € RV*N 45 ¢ square matriz function of t, defined on the space RNV L : RN*N —
R is a differentiable function with matriz argument, F : RNV — RN*N 45 an arbitrary
matriz-valued function with matriz arguments and nonsingular values, and n € RV*N s q
symmetric positive definite matriz (possibly a function of t). Then L is a Lyapunov function
4 (in a wide sense) for the dynamic system.

YF(W)TF(W) (5.152)

What the above theorem means is that a more broad family of natural gradients can be
generalized by replacing the term WTW by a general function F7(W)F(W). This function
can be another linear transformation applied on W, like a multiplication by another matrix
D2 which is positive definite, the form of the resulting natural-gradient family is then:

W(t) = exp(u(I - g(y)y" ) D)W(t—1) or W=W+uI-g(y)y")DW (5.153)

4 A Lyapunov function is a scalar function V (y) defined on a region D that is continuous, positive definite,
and has continuous first-order partial derivatives at every point of D. Defining a cost function to be Lyapunov
guarantees the stability of the zero solution ,i.e optimum solution obtained by adapting the search direction
based on the derivative of the cost function.



111

The above form, equation (5.153), will be called from henceforth as the “Generalized Median
Gradient” (GMG) algorithm. The choice to call the above type of gradient “median” is
based on the location of the transform function D which is placed between W and W7
while “General” is chosen to indicate that this algorithm is employing a general positive
definite matrix D with a general form compared to a more specific median gradient algorithm
presented in [41] under the name “Stochastic Median Gradient” (SMG), where the transform
matrix D is a diagonal matrix of the form:

D = diag(|y| ™, lwel - - lywl ™) (5.154)

which transforms the natural update rule to:
W =W + u(D — g(y)Wsign(y)") (5.155)

This SMG update rule is reported to have a more robust performance compared to the
natural gradient in the presence of noise [41], {39].

The proposed general median gradient algorithm can thus provide a bigger family of natural
gradient algorithms that extends beyond the SMG algorithm and can provide a new variant
to the reduced-Hessian on-line update rule by choosing HessT‘eE as the transform matrix
D. The resulting algorithm is referred to as the Median-Relative Hessian algorithm and is
identical to the Relative Hessian algorithm except for the final update equation applied on

the de-mixing matrix W, i.e. equation (5.150) which takes the form:
AX = (I - g(y)yT)Hess} (5.156)

W =exp(pAX)W = W+ pAXW = W+ (I - g(y)yT)Hess ;W (5.157)

The median version of the Reduced Hessian algorithm provides a slightly faster convergence
and more robust performance than the Reduced-Hessian algorithm.

Considering the computational load, it is easy to see that the reduction of the size of the
Hessian form used has a significant effect on the computational load. Most notably in the
calculation of the inverse, where the required computation will be of the order N 3 instead
of N®. This change alone will make the whole algorithm significantly simpler. Roughly the
computations required are :

1. For the first term Hess,.q — 1, the calculation yyT will be of N 2 /2 operations due to
symmetry and the multiplication of the diagonal matrix diag(g'(y)) will add another
N operations.

9. For the first term Hess,eq — 1, the calculation yy7 will be of N?/2 operations.

3. The addition of the two terms is in the order of N2 operations, assuming that the
addition operation has the same load as the multiplication, which is a reasonable
assumption for recent processors.

4. The inversion process is in the order of N* operations, [85].
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Mainly, the inversion of the Hessian matrix controls the computational order of the second-
order based algorithm. Thus, the whole algorithm is in the order of N* operation, which is
a significant improvement over the use of the actual Hessian N 6_based algorithm.

In the following section, more simplifications of the Hessian matrix are considered to develop
an even simpler algorithm than the approximate-Hessian developed in this section. The key
to the simplicity of the following algorithm, the “Diagonal-Hessian”, is that it does not
require matrix inversion and it employs fewer terms.

5.11 Diagonal-Hessian Online Algorithm

Consider the form of the first term in the original Hessian matrix, Hessian-1:

Jy)yyT  Onyw

0 g (w)yy" 0 -
Hessian — 1 = X (v2) NN _ (5.158)
: Onxn ' :
g (yn)yy”
In order to produce an algorithm that is capable of working on-line with good stability, a
valid approximation that can be applied to the above form is applying equations (5.113) or
(5.114), with assumptions which are valid at the convergence point:

v ... ... 0
0 2 ... 0
yyl = Y2 . (5.159)
0 y
0 0 ... v}

Substituting equation(5.159) in the first term of the Hessian matrix given by equation (5.126)
results in:

y% - 0
0 v 0
ANl P 0

g w)yy" ... 0 o o y y’lgv
0 ... gdmyy” @2 0
0 2 ... 0
0 g (yn) .
0 y:
0 0 ... yjzV

(5.160)

The above approximation clearly reduces the first term in the Hessian from a block diagonal
matrix to a diagonal matrix, which is given the name Hess-diagl to emphasize the fact that
the approximation is a diagonal matrix.
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The second term, Hessian-2, can also be approximated at the separation point in two steps.

1. First, the term 5%%’;— can be substituted with its value at the optimal point of separation

ec

as expressed in equation (5.122):

Bfé’;; =(0 ey 0 ) (5.161)

vee

Thus the term Hessian-2 will reduce to:

g(yl)(yl 0 - ) \
g(y1)<0 y2 0 )
g(yl)(O yN)
g(yz)(y1 0 --- )
9(y2)(0 ya O )

Hessian-2 ~ _ (5.162
0w (0 - )
o) ( 1 - )
atom) (0 )

which is a very sparse matrix with only one non-zero element in each row. However,
these elements are not aligned along the diagonal of the matrix.

2. Another equation that will help further reduce the term Hessian-2 is the fact that at the
separation only E{g(v:)y:} exists while all E{g(v:)y;},7 # 7 decay to zero. Applying
this fact to the above equation, the matrix becomes even more sparse containing only
N elements aligned along the diagonal:

gly)yr O
0 ... 0

o

Hessian-2-diag = (5.163)

[}

9(yn)yn
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which will be called Hess-diag2 in analogy to the first term Hess-diagl. The above approx-
imation, which reduces the second term in the Hessian matrix from a mere sparse matrix
to a sparse diagonal matrix is a crucial simplification, especially knowing that the first term
reduces to diagonal form as well. This means that the whole Hessian matrix is reduced to a
sparse diagonal of N? x N? which opens the door for a variety of simplified algorithms for
the update.

The diagonal Hessian term, named Hess-diag can thus be written as:

Hess-diag = Hess-diagl + Hess-diag2 (5.164)

The next step is to make use of the diagonal nature of the approximation Hess-diag to
implement a simpler inversion and update.

It is well known that the inverse of any general diagonal matrix Dyxn is given by the
following equation:

-1

d 0 0 L0 0
0 d 0 0 L 0
D= 2 - % (5.165)
0 0
0 0 ... dy 0 0 s

This property facilitates the calculation of the inverse of the matrix. This inverse of the
Hess-diag matrix is then multiplied by the vector (I — g(y)y? )uec of size N2 x 1. Thus the
basic Newton step can be described by the following set of equations:

AX = (Hess-diag) " (I — g(y)y7 )vec (5.166)
m 0 e 0
0 yirrer Rl 0 T
AX = g22 . (I — g(y)y )vec (5167)
0 e - 0
1
0 . - Tediega
W = exp(pAX)W =~ W+ uAXW (5.168)

Another simplification to the above algorithm is to re-write the inverse of the N? x N? sparse
diagonal matrix Hess-diag in a more compact form by row stacking the diagonal elements
to an N x N matrix H. The new update AX can then be calculated by element-by-element
multiplication between the matrix H and the first gradient (I — g(y)y”) using the operator

O:
ayy ... QN bu e blN a11b11 - alelN
ol + .+ |= S (5.169)
aNiy ... GNN byt ... bnn anibyt ... anibyn

This reduction in the size of Hess-diag™" of size N? x N? — H of size N x N will allow the
algorithm to get rid of the vec operator applied to the first gradient (I—g(y)y”) and work in
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the domain IV x IV of the separating matrix W. The resulting Newton-step based algorithm
that uses this reduced space is given the name “Diagonal Hessian Online” algorithm and can
be summarized in the following steps:

1. Calculate the diagonal elements of the matrix Hess-diag as given by equations (5.160),
(5.163), (5.164).

2. The inverse of the diagonal matrix is given by the inverse of each element along the

diagonal:
1
Hessi 0
0 — 0
Hessz (5.170)
0 0
1
0 Y PR H_esm;
3. The inverse of the Hessian is stacked row-wise in a matrix H of size N x N:
1 1
Hessyy  Hessag
H= : (5.171)
1
HessNzNz
4. The new update AX is calculated as:
AX =Ho (I-g(y)y?h) (5.172)

5. The new value of the de-mixing matrix can be evaluated by projecting the update AX
to the space of W as follows:

W = exp(pAX)W ~ W+ uAXW (5.173)

The algorithm works very well in practice and is capable of separating highly correlated
speech signals with a faster convergence speed and a smaller steady state error compared to
the first order-based natural gradient.

Another advantage of the algorithm is that it requires only the inversion of the elements of
the Hess-diag matrix, which are N2 elements and thus the computational load of the matrix
inversion is much less than the inversion of the actual Hessian of size N? x N? or even the
approximate Hessian, Hess,.q, used in the previous section to implement the approximate-
Hessian update algorithm.

One other simplification is that the multiplication of the inverse of the Hessian matrix by
the first gradient is reduced to element by element multiplication. This reduces the order of
the computational load of the update step to the order of N2, which is the same order of
computations required to calculate the natural gradient.
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5.12 Simulation Results for Second Order Algorithms

This section presents a sample result of the second-order algorithms developed in sections
5.10 and 5.11, namely:

1.

Diagonal Hessian algorithm: Employs a reduced N x N H matrix representing the
inverse of an approximated diagonal N? x N? Hessian matrix Hess. The matrix H,
formed by row stacking of the diagonal elements of Hess, presents a compact, easy to
apply inverse that can help estimate the Newton step with reduced memory and cost
by following the update equations, (5.172),(5.173):

AX =Ho(I-g(y)y") (5.174)

W = exp(pAX)W ~ W+ pAXW (5.175)

. Reduced Hessian algorithm: The approximated Hessian Hess,q4 is a reduced N x N

expression of the Hessian matrix. The Newton step in this algorithm is estimated by
the multiplication of Hess)} by the first gradient as in equations (5.150):

W(t) = W(t — 1) + uHess; 4 (8)(I - g(y (1)) y" () W(t ~ 1) (5.176)

. The Median-Reduced Hessian algorithm: This algorithm employs both the Rela-

tive Hessian update rule and the General Median Gradient rule, which is theoretically
valid, to provide a variant algorithm with slightly different performance than the Rel-
ative gradient. The calculations and procedure of the algorithm are identical to that
of the Relative Hessian except for the update step, which is represented as:

W(t) = W(t— 1)+ p(l - g(y(t))y" (t))Hess G ()W (t — 1) (5.177)

red

The performances of the above algorithms are compared to the reference natural gradient
algorithm given by the equation:

W =W + uyac(I - g(y)y" )W (5.178)

The test data are the same 4 audio files sampled at 8 kHz and of duration 6.5 sec, that have
been used in the simulations of the nonlinear RLS algorithm in section 5.8 and are presented
in more details in Chapter 6:

1.

2.

Male-1:{48]. This file is a male speaker reading a sentence in English.

Male-2: [73]. It is also for a male speaker with similar voice properties to the above
speaker.

Female-1: This file is obtained from [48]. However, the speaker is a female reading a
third sentence in English.

. Music-1: This file contains symphony music. It is obtained from [48].
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The mixing matrix for the following figure is:

09 09 08 05
09 12 13 099
06 08 08 0.84
0.25 032 0.5 041

A=

More simulations are presented in Chapter 6. However, one can consider this sample simula-

30 T T T T

- Reduced Hessian

20

Errorin (dB)
w

________ A

Median: Reduced Hessian

20 1 i L
1 2 3 4 5 6

Time (seconds)

Figure 5.4: Results for a sample run of the Hessian-based algorithms

tion as a valid example reflecting the majority of the simulations in the sense of comparing the
three algorithms. The Median-Reduced Hessian algorithm can be considered the fastest con-
verging algorithm. The Median-Reduced Hessian algorithm achieves this convergence with a
complexity comparable to the Reduced-Hessian algorithm, which is not very far behind when
convergence speed is considered. Having the Diagonal-Hessian algorithm convergence speed
slightly slower than the two previous algorithms is compensated by a smaller computational
load. On the other hand, the natural gradient algorithm is shown to provide a significantly
slower convergence speed to reach the same (slightly worse) steady state error.

5.13 Application of Hessian-Based Algorithms to The
Pre-Whitened Case

As can be seen in the above sections, moving to the second order-based algorithms and
combining them with the use of Riemannian geometry payed off in developing faster con-
verging algorithms, that, with some reasonable approximations, were not computationally
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expensive to implement. Simulation results showed that these Hessian-based algorithms
work well even with the nonstationary data, i.e. audio data like speech, that constituted
a challenging mixing scenario to separate. For all of the above reasons, it would thus be
both logical and interesting to investigate the possibility of applying these algorithms to the
pre-whitened case. In section 5.8, the idea of nonlinear decorrelation was extended from
the Stiefel-manifold pre-whitened mixtures case to the general Riemannian case, where pre-
whitening is not considered. Here, the approach is quite the opposite, the extension is from
the Riemannian space to the Stiefel-manifold space.
It would be interesting if one could do such an application without requiring the calculation
of the Hessian of the Stiefel-manifold case, i.e investing most of the effort in establishing a
more broad general relationship between the Riemannian-update and the Stiefel-manifold
update that might even work for other update equations, not only the Newton-based. In the
following, an investigation of such a relationship is considered.
It has been shown and proved in the literature [97], that in the case where pre-whitening is
applied to the mixtures prior to the de-mixing process, the de-mixing matrix is optimized
on a reduced subspace of the general linear group, i.e. Stiefel manifold.
In other words, the de-mixing matrix is constrained to be an orthogonal matrix such that
[31]:

W = exp(uAX.)W = exp(u(yg(y)” — 9(y)y"))W (5.179)

Thus the derivative AX,, along the Lie-algebra space so of the special orthogonal group SO
5 is given as a skew symmetric matrix. This property of the update AX,, is the key for
extending the two algorithms:

e Reduced Hessian algorithm
e Diagonal Hessian algorithm
from the formula for the natural gradient in the general case (G L-group):
W = exp(uAXaL)W = exp(p(I - g(y)y" )W (5.180)
It is easily seen that the two updates AX;, and AXgy, are related by the relation:
AX, = AXyac — AX % 4 (5.181)

This relationship is the basis for the extension of the above mentioned algorithms to the
pre-whitened case, basically the extension is composed of the two steps:

1. Replace the first gradient in the update equation of the subject algorithm:
- g)y™) = (yg(»)" = 9()y") (5.182)

2. Project the update step AX calculated as in equation (5.172)(in the case of the Reduced
Hessian algorithm) or equation (5.150)(in the case of the Relative Hessian algorithm)
on the lie-algebra of the Stiefel manifold as follows:

AX,, = AX — AXT (5.183)

Sa special case of the Stiefel manifold, i.e. when the orthogonal vectors are matrices of sizes N x N.
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Simulations applying the above two intuitive but rather heuristic steps proved these step to
be successful in extending the fast converging algorithms to the pre-whitened mixtures case.
Tables (5.2) and (5.3) provide summaries of the Stiefel extended algorithms. This section
presents a sample result of the second-order algorithms extended to the pre-whitened case
in the last section, namely:

1. Diagonal Hessian-Stiefel Algorithm: Which employs an N x N H matrix repre-
senting the inverse of an approximated diagonal N% x N2 Hessian matrix Hess according
to the set of equations in Table 5.2.

2. Reduced Hessian-Stiefel Algorithm: The approximated Hessian Hess,.q is a re-
duced N x N expression attaining the properties of the Hessian matrix. The algorithm
is summarized in Table 5.3.

The algorithms are compared to the reference natural gradient algorithm on the Stiefel
manifold given by the equation:

W =W + pnvaclys(y)” — gly)y" )W (5.184)

The test data are the same 4 audio files sampled at 8 kHz and of duration 6.5 sec. that have
been used in section 5.10 and 5.12:

1. Male-1: Obtained from [48]. This file is a male speaker reading a sentence in English.

2. Male-2: Obtained from [73]. It is for a different male speaker with voice properties
similar to the 1% speaker.

3. Female-1: This file is obtained from [48], for a female reading a third sentence in
English.

4. Music-1: This file contains symphony music. It is obtained from [48].

For the results shown in the following figure, the mixing matrix is:

09 09 08 05
09 12 13 099
06 08 08 0.84
025 032 05 041

More simulations using this benchmark data and other benchmarks are presented in Chapter
6. However, figure (5.5) reflects the success of the application of the two algorithms to the
pre-whitened case. Despite being rather intuitive, the newly developed algorithms provide,
in most cases, noticeable improved convergence speed.

On the other hand, when reviewing the developed algorithms in Tables 5.1 and 5.2, it is
easily seen that the approximated Hessian-matrices used in the algorithms are still the same
ones previously developed for their respective general Riemannian counterpart. These Hes-
sian matrices are the main computational load. Thus, it can be stated that these algorithms
are of the same computational order than their general Riemannian counterparts, which are:
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Figure 5.5: Results for a sample run of the Hessian-based algorithms for Stiefel
manifold

¢ Relative Hessian Stiefel: is of order N3

e Diagonal Hessian Stiefel: is of order N?

5.14 Revisiting the Natural Gradient Form on the Rie-
mannian Space

Throughout this chapter several variant forms were presented for natural-gradient like al-
gorithms. Some of the variant forms were collectively presented in the iterative inversion
family. Another variant form came from the Lyapunov theorem. The Nonholonomic form
also provides another variant for natural gradient update equations.

It would be useful to present a global form for all variant forms with each variant presented
as a special case of equation (5.152):

gﬁV_ _ (8L(W)
it oW
The above equation is the most general update form for LMS- Riemannian , i.e. natural

gradient. The stability is insured by requiring F(.) to be nonsingular. Considering the
following general form of update:

W = exp(u(© — g(y)y")D)W or W =W + (0 —g(y)y")DW (5.186)

YF(W)TF(W) (5.185)

Depending on the values of D and © a lot of the algorithms presented in this presentation
can be related:

1. When D = © =1, the resulting algorithm is the natural gradient:
W(t) = W(t— 1)+ pu(I—Rgy))W(t - 1) (5.187)
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2. When D =1 and © = Ry, the update produces the LMS-1 natural gradient update
form:

W(t) = W(t) + u[Rss — g(y)y W (t - 1) (5.188)

Depending on the choice of Rgs, many update equations can be developed for the
LMS-1 algorithm.

3. A special case of the LMS-1 algorithm is when D = I and © = diag(g(y)y?), the
update produces the nonholonomic- natural gradient:

W(t) = W(t) + p[diag(g(y)y”) — g(y)y"IW(t — 1) (5.189)
4. When D = Rs; ! and © = R, then the LMS-RLS algorithm is obtained:
W(t) = W(t— 1) + u(Rss — Rgy )R/ W(t — 1) (5.190)

Many update forms can be developed under the LMS-RLS form depending on the
choice of Rgs, as has been presented in section 5.5.3

5. The same conditions used in the previous LMS-RLS form, i.e. D = Rs™! and © = Ry
can apply to the LMS-2 update:

W(t) = W(t - 1)+ uI-RgRHW(t ~ 1) (5.191)

Many special cases can be developed under the LMS-2 form depending on the choice
of Rgs as has been presented in section 5.5.2.

6. When © =1 and D = Hess, .y then the Median-Relative Hessian is obtained:

7. When © =T and D = diag(|y1]™, |y2| 7, - - -, lyn|™!) then the update is transformed
to Stochastic Median-Gradient (SMG) :

W =W + u(D — g(y)sign(y)”) (5.192)

5.15 Conclusion

This chapter presents a collection of new algorithms dedicated for the general mixing prob-
lem, which may be applicable if the separation system cannot afford or chooses not to
perform pre-whitening. The cost function selected for developing these algorithms is the
information-theoretic based maximume-likelihood, as the other information-theoretic based
cost function, namely Negentropy, is inherently based on the assumption that the mixtures
are pre-whitened.

The research in the chapter begins with investigating a more general formula for natural gra-
dient. This general formula is then proven to be of direct relation to the autocorrelation of
the estimated sources. Using this observation and combining it with the recently introduced
concept of iterative inversion, the first group of algorithms is a family of extensions to the
natural gradient approach, based on iterative inversion. The basis for this family has a very
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similar form to the Wiener filtering. This family of algorithms can be viewed as a general-
ization of the natural gradient algorithm and can branch into many special cases of natural
gradient, like the nonholonomic natural gradient update for example. These algorithms are
developed without explicit use of Riemannian geometry, yet they provide the same structure
of natural gradient update. Among these algorithm, the RLS-Iterative inversion algorithm
exhibits improved performance both in the convergence speed and in the steady state error.
Another algorithm is developed based on extending the successful concept of nonlinear-RLS,
previously used on the Stiefel manifold in Chapter 4, to the general Riemannian space. This
algorithm was able to deal with speech sources and successfully separate them with a rel-
atively faster convergence than the natural gradient and thus proving the validity of the
extension. However, the algorithm is high in complexity. This fact stimulated the search for
improved algorithms in another direction, i.e. optimization over Riemannian geometry.
The second category of new algorithms is thus fundamentally based on the use of Rie-
mannian geometry. These second-order Hessian based algorithms are based mainly on the
identification of the first-order and second-order gradients along the Lie-algebra space of the
general-linear group (the Riemannian manifold associated with invertible matrices). The
identified Hessian is then simplified by using approximations to yield a diagonal matrix form
that is easy to invert. The inverse of the Hessian is used to form a Newton-like update
step that is capable, with adequate step size, of performing on-line updates. The resulting
algorithm is named as “Reduced Hessian algorithm”. Another variant of the algorithm is
calculated and called “Diagonal Hessian algorithm”. The improved performance of these
two algorithms was validated through simulation.

These two algorithms were further extended to the Stiefel manifold. The extension was based
on linking the type of update on the general linear group to the update on its constrained
orthogonal subgroup (the Stiefel manifold group).

In the following table, a summary of the algorithms developed in this chapter is presented,
highlighting their basic properties and their estimated approximate complexities.

Table 5.1: Summary of algorithms developed for BSS on the Riemannian manifold

Algorithm Classification Application Data Complexity
LMS-1 Iterative Inversion slow varying data  O(N?)
LMS-2 Iterative Inversion slow varying data  O(N?)/O(N?)
LMS-RLS Iterative Inversion slow varying data  O(N?)/O(N?)
RLS-Iterative Iterative Inversion slow varying data  O(N?)
Nonlinear-RLS-Riemannian Nonlinear-RLS Audio data O(N®)
Reduced-Hessian 2"%order Riemannian Audio data O(N?)
optimization
Median-Reduced-Hessian ~ 2"%-order Riemannian Audio data O(N3)
optimization
Diagonal-Hessian 2" order Riemannian Audio data O(N?)

optimization
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Table 5.2: Diagonal Hessian-Stiefel on-line algorithm for Stiefel manifold

1. Compute the first gradient of the ML- function on the Stiefel manifold [90}:

G = (yg(y)" —g(y)y") (5.193)

2. Calculate the Hess-diag matrix given by the two terms:

LQ\
—
<
—
~—
o

Hess-diagl= E{ : . : } (5.194)

Yu

E{.} can be replaced by a time-average, weighted sum through the use of the expo-
nential window, with A < 1 chosen close to 1

3.
1 0 ...
0 0 0
0 0
Hess-diag2 = : B 3 (5.195)
0 . 0
g - o
\ 0 ... 1
Hess-diag = Hess-diagl + Hess-diag2 (5.196)

4. Re-arrange the inverse of the Hessian row-wise in a matrix H of size N x N:

1 1
Hessy1  Hessya

H= : (5.197)

1
HessNzNz
5. The new update AX is calculated as:
AX =HO (yg(y)" - g(y)y") (5.198)
6. The update AX is projected to the lie algebra so(n) by projecting the update AX to
th f W as follows:
e space o as follows AX. = AX — AXT (5.199)

7. The above update is then applied to the matrix W via exponential mapping to obtain
the new W

W = exp(pldAX,,)W ~ W+ puAX, W (5.200)
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Table 5.3: Reduced Hessian-Stiefel on-line algorithm for Stiefel manifold

1. Compute the first gradient of the maximum-likelihood on the Stiefel manifold:
G = (yg(y)" = 9(y)¥y") (5.201)

2. Calculate the Reduced Hessian Hess,oq matrix of size N x N,which may also be de-
composed into two terms Hess,.q — 1 and Hess, .y — 2 as:

Hess,eq — 1 = E{yyTdiag(g(y))} (5.202)

where diag(.) transforms a vector of size N x 1 to a diagonal matrix of size N x N
by stacking the elements of the vector along the diagonal of the output matrix.

Hess2,.q = E{yg(y)"} (5.203)

e The reduced Hessian Hess,.q is thus approximated by the N x N superposition
matrix:
Hess,eq = Hesspeq — 1 + Hesspeg — 2 (5.204)

3. In order to perform the algorithm on-line the update step:

AX = (Hess,ea) ' E{(yg(y)" — 9(y)y")} (5.205)

can be performed on-line by replacing the expected value of the first gradient
E{(yg(y)T — g(y)yT)} by its instantaneous value and by replacing the expected value
of the reduced Hessian by a running estimate of the expected value updated from in-
stant (t — 1) to time instant ¢ using an exponential window with a forgetting factor X
as:

Hess,eq(t) = A X Hess,eq(t — 1) + Hess,eq (5.206)
An extra simplification can be achieved by applying the matrix inversion lemma on the

above sequential update of the expected value of the Hessian to calculate the inverse
of this expected value at each time instant based on the previous inverse.

4. After obtaining the inverse of the reduced Hessian, an update of the demixing matrix
can be carried out as follows:

AX = (Hessrea) " (yg(y)" — 9(y)y")y") (5.207)
AX,, = AX — AXT (5.208)
W = exp(pAX,) W= W+ uAX, W (5.209)




Chapter 6

Verification of the Proposed
Algorithms: Simulation Results and
Analysis

6.1 Introduction

This chapter presents a more complete collection of simulations for each of the new algorithms
presented in the preceding chapters. The chapter starts with discussing the performance
measure used to evaluate the simulation results. The second section presents the simulation
environment and the assumptions made about the mixing/dimixing process. These assump-
tions may differ depending on the type of mixing category as previously discussed in Chapter
2. The basic mixing environment is noise-free, reverbation-free, which is the basic instanta-
neous mixing scenario. Other more difficult situations would require essentially more special
treatment, i.e. more sophisticated extensions and additional processing like bias-removal
for noise. All the extensions of the basic mixing/demixing model have been summarized in
Chapter 2. Section 6.4 introduces the set of data, i.e. the sources used in the simulation
tests. These data are typically standard data that have been in use for BSS-algorithms and
were introduced by the pioneer researchers in this domain. Each set of data is listed with
its type and a brief comment on its statistical properties. The data is all referenced to the
location where it was obtained from along with the publications where it was used as test
data to produce simulation results.

Following the above set up for the simulation results, each of the following sections presents a
collection of results for each of the algorithms developed in this dissertation. The simulation
sections include different mixing situations of varying separation difficulty. The proposed al-
gorithms are compared to standard algorithms. The results are accompanied with comments
on the performance.

125
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6.2 Performance Evaluation of Instantaneous BSS Meth-
ods

In order to evaluate the performance of the instantaneous BSS methods one needs to recall
that the purpose of separation is to estimate, blindly, a separation matrix W that is able to
undo the mixing effect of the mixing environment, i.e. matrix A. In mathematical form the
optimal separation is guaranteed when:

W=A"! (6.1)
or AW =P

where P is a permuted scaled version of the identity matrix. This matrix can be the key
to measure the performance of the separation. It is given the name “Performance matriz”.
The performance index or measure of separation depends primarily on the ability to identify
the permutation nature of the matrix P. This can be explained by the following example.
Assume 4 sources and 4 sensors (the number of 4 is completely arbitrary) and a mixing
matrix A given by:

021 1 046 1.1

14 14 13 14

A=1 08 o057 11 018 (63)
1.1 092 12 041

During the simulation of any successful instantaneous BSS algorithm at a specific run of the
algorithm, assume the resulting demixing matrix W to be of the following form:

-1 175 =23 2
3 -23 —-69 3.66

W=1 _o5 —018 42 -—41 (6.4)
-25 06 52 —-1.93
The performance matrix P in this case is equal to:

021 1 046 1.1 -1 1.75 =23 2 ~0.19 =135 0.2 0.07
P= 14 14 13 14 3 -23 -69 366 | | =135 -0.16 -0.14 -0.1
~ 108 057 1.1 0.18 -05 —0.18 42 —41 | | —0.09 0 -02 -12

1.1 092 12 041 -2.5 0.6 52 -1.93 0.04 -016 -—-1.7 -0.14

(6.5)

Clearly, the matrix P is not an identity matrix but a scaled permutation of the identity
matrix with small values in place of zeros. The scaling is due to the ambiguity of scale and
sign of the sources while the permutation reveals that the order of the output signals is not
necessarily the same as the original independent sources. There is a dominant value in every
column corresponding to the separated independent component signal, the position of this
value corresponds to the original source it estimates. Optimally, the rest of the values in the
same row or column in the matrix should decay to zero. However, if the separation is not
perfect there remains cross-talking, i.e residual components from other signals contributing
to the dominant output.

The performance index measures the difference of the final performance matrix P from a
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scaled permutation of the identity matrix. This implies that for an N x N performance
matrix, only N elements are not zeros and do not overlap in a row or a column. Secondly,
the other elements should be zero. The cross-talking performance index is given by the
following equation:

N N N
— 201og(3 (3 ——4L Pyl N+> 0 _ Pyl 1)) (6.6)
maxg, |Pik| ‘— maxy | P

i=1 j=1

6.3 Simulation Environment

The scope of the thesis concentrates mainly on the instantaneous BSS algorithms. All the
algorithms developed or compared with are instantaneous algorithms covering the basic con-
cepts of separation. The main intention throughout the dissertation is to provide improved
and enhanced algorithms based on the basic cost functions, upon which researchers have
built the wide domain of BSS. The mixing environment is thus the basic BSS model, pre-
viously discussed in Chapter 2. It is reproduced in the following figure. In this model the
sources are mixed linearly by a scalar square matrix A to produce a mixture x, this mixture
is then applied to the demixer, which is basically the unit where the intended BSS algorithms
is applied. When separation is achieved, the resulting output y is assumed to be equal to
the independent components s except for sign, scalar and order ambiguity.
The assumptions made about the mixing environment can thus be summarized as:

Unknown Environment
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1 1
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Figure 6.1: Block diagram of instantaneous mixing/demixing situation

1. The sources s are nongaussian.
2. The sources s are independent from each other.

3. The mixing matrix A is a scalar matrix: the mixing process is not time-dependent, i.e.
the environment is echo-free or reverbation free in case of acoustic signals.

4. The number of sensors M is equal or greater than the number of sources N, i.e. M > N.

5. The mixing matrix A is linear.

6. The environment is noise-free.



128

Following these assumptions, the task at hand is dedicated to developing new algorithms
without complicating the situation with other problems that are not fundamentally related
to the separation target and are not related to the core scope of the thesis. Admittedly, the
consideration of noise and reverbation would be useful in real-life applications. However, the
solutions considered in the literature, as reviewed in Chapter 2, provide extensions that do
not invalidate the developed algorithms but are more likely to extend them. For example
adding bias-removal in the case of noise or transforming them to work in complex-domain
for convolutive mixtures separation (i.e. the case where reverbation or echo exist). It would
definitely be a good future work point to consider these cases.

Another important case to consider is the case where pre-whitening is applied, which is ba-
sically the environment of simulation for the algorithms developed in Chapter 4, i.e. Stiefel-
manifold algorithms. The mixing conditions are the same as the above general instantaneous
BSS scenario, the only addition is that the separation block is preceded by a whitening stage.
The purpose of this stage is to produce a new mixture z that is zero mean, unit variance
and uncorrelated. The visualization of the cascade whitening/demixing is presented in the
next figure.
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Figure 6.2: Block diagram of instantaneous mixing/demixing situation with pre-
whitening

Here, one may define a new matrix A,.., to represent the new mixing relationship between
the sources s and the whitened mixtures z.

Anew = VA (6.7)

The separation block acts on the system after whitening, i.e. employs the mixtures z in the
separation. Thus, the new mixing matrix A, is the matrix that the separation block tries
to invert in the BSS process and thus:

P = WA = WVA (6.8)

This is the new performance matrix. The actual implementation of the whitening uses
Principle Components Analysis (PCA) as in all the algorithms developed for Negentropy
[57), [56], [53], [51], [55], [54]-



129
6.4 Simulation Data

In the beginning of our research related to the BSS problem, several web sites dedicated to
the BSS problem were consulted, [47], [21], [72]. Among the data provided at these web-
sites, the following are the suitable test data for instantaneous mixing tests. The data are
categorized according to their type , i.e. super-gaussian or subgaussian.

1. Subgaussian data
These signals have been proposed by Amari. et al. and they have been used in the
following journal papers: [2], [97], [100] and [76]:

(a) si: Sign signal
s51(t) = sign(cos(27155t)) (6.9)

(b) sy: High-frequency sinusoid signal:
s9(t) = sin(27800t) (6.10)
(c) s3: Low-frequency sinusoid signal:
s3(t) = sin(2790¢) (6.11)
(d) s4: Amplitude-modulated signal
54(t) = sin(279t) sin(27300t) (6.12)
(e) ss: Phase-modulated signal

s5(t) = sin(27300t + 6 cos(2760t)) (6.13)
(f) se: Noise signal: n(t) is uniformly distributed in [-1,+1],

ss(t) = n(t) (6.14)

2. Super-Gaussian dataThe following speech and audio files where obtained
from [73] and [48]. They are sampled at 8 kHz and have a duration of 6.5 sec. They
have the following description:

(a) Male-1 [48]: This file is a male speaker reading a sentence in English.

(b) Male-2 [73]: This file has the name “mike” in the reference web site. It is also for
a male speaker with similar voice properties to the above speaker and reading a
different sentence in English, with similar style and speed of reading.

(c) Female-1 [48]: This file has a female speaker reading a third sentence in English.
(d) Male-3 [48): This file is a male speaker reading a sentence in Finnish.

(¢) Male-4 [48]: This file is the same male speaker “male-3”. However, in “male-4”
file, he reads a sentence in English.
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(f) Siren [48]: This file contains police siren as an example for audio data with fast
changing amplitude.
(g) Music-1 [48]: This file contains symphony music.

(h) Music-2 [73}: Another symphony music. However, this file is called “beet.wav” at
the reference site.

(i) Music-3 [73]: A third symphony music.

(j) Opera-1: Opera group vocal accompanied with orchestra music. This file has the
original name “beet9.wav” at the reference [73].

(k) Opera-2 [48]: A soprano leading an opera piece with quiet music in the back.
(1) Street noise [73]: A recording of regular noise in outdoors environment.
3. Correlated Speech|59]: 10halo.mat:
This matlab workspace file contains 10 speech signals that are highly correlated (all 10

speakers say the same word in Japanese). However, they are of very short duration,
i.e. 0.6 sec.

6.5 Simulation Scenarios
The mixing scenarios are categorized in the following situations:
1 Simple mixing situation: In these cases the mixing matrix is close to a scaled
permutation of the identity matrix. This means that a mixture signal is constructed

with a high percentage of (mostly consisting of) one source with a residual of the other
sources. An example of a 4 x 4 mixing matrix is:

0.9 0.09 0.18 0.25
029 12 03 029

A= (6.15)
0.46 0.28 0.98 0.05

0.15 0.32 0.15 0381

The mixtures have the form:

x; = 0.9s, +0.09s; + 0.18s5 + 0.25s, (6.16)
xg = 0.29s; + 1.2s5 + 0.3s3 + 0.29s4 (6.17)
x3 = 0.46s; + 0.28s9 + 0.98s3 + 0.05s4 (6.18)
x4 = 0.1581 + 0.32s5 + 0.15s3 + 0.81s4 (6.19)

(6.20)

in which each mixture is dominated by one source.
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2 Difficult mixing situation: In such a case the mixing matrix row coefficients are
not biased towards a specific source. i.e. are quite similar in magnitude. The mixing
matrix A in such a case is chosen to have the following value:

09 09 08 05

09 12 1.3 0.99
A= (6.21)
06 08 08 0.84

0.25 0.32 0.5 041

3 Average mixing: In this type of tests, the mixing matrix is generated randomly for
each run, the mixing and de-mixing is performed by the algorithms at hand, and then
the performance of these multiple runs are averaged. The parameters of the algorithms,
(i.e. step size or the nonlinear score function used) are kept the same from one run
to the other. The randomness of this test provides a true measure of the algorithm in
practice. An ideal algorithm will perform well under any mixing situation and is not
limited to a specific scenario or special case application.

6.6 Benchmark Algorithms

In Chapter 2, different algorithms developed in the literature were reviewed. In order to
choose benchmark algorithms to compare the newly developed algorithms with, one has to
consider the nature of the separation process, pre-whitened or non-prewhitened. Another
consideration is that the algorithms developed are sample by sample based algorithms which
can be implemented on-line. In [56], a very good discussion and comparison between most
existing algorithms revealed that both the FAST-ICA algorithm, as summarized in Table
(2.2), and the natural gradient provide the best performance. The best performance is
based on immunity to outliers and convergence speed. Several other researchers concluded
the same superiority of these two algorithms [88]. These two algorithms are thus used as the
benchmark to compare the algorithms developed in the thesis.

However, it is important to note that the FAST-ICA algorithm requires that the input
mixtures’ z;,i = 1--- N are pre-whitened prior to the separation step. Thus, the benchmark
comparison is divided into 2 subcategories based on whether pre-whitening is applied or not:

e Pre-whitened mixtures algorithms: Basically the algorithms developed in Chapter
4. These algorithms work on the assumption that the mixtures are spatially pre-
whitened and consequently the mixing matrix A and the de-mixing matrix W are
orthogonal or orthonormal ! matrices :

WwWT =1 (6.22)

where I is the identity matrix.
These algorithms are, mainly, compared to:

1Blind separating matrices can be assumed to be orthonormal as the separated sources variances are
unknown and can be assumed to be unity
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1. The natural gradient (NAG) algorithm on the Stiefel manifold: This algorithms
works on-line and has the following update equation:

W(t) = W(t - 1) + plyg(y)” — g(y)y"IW(t 1) (6.23)

where g(y) is the element by element nonlinearity defined throughout the thesis
to be:

(6.24)

y?, for subgaussian y;
9(yi) =

tanh(y;), for supergaussian y;

and ¢ = 1--- N, where N is the number of the recovered sources.

2. The second benchmark is the FAST-ICA algorithm: The algorithm works off-
line (in batch mode) and requires several iterations (runs) to reach a convergence
point. It is used in the simulations as an indication of the ultimate performance
that the algorithms can reach. The point of the comparison with the FAST-

ICA is to test how far the on-line single run algorithms performance is from the
FAST-ICA performance.

¢ Non-whitened mixtures algorithms: These are basically the algorithms developed
in Chapter 5. These algorithms work on the sole assumption that the mixing matrix
A is real and invertible, i.e A € GL, where the General linear group GL — group
is the general group in the Riemannian manifold. The algorithms developed under
this category are all based on the maximum-likelihood cost function and build on the
natural gradient update equation. Consequently, the benchmark they are compared to
is the natural gradient algorithm for the general Riemannian space, i.e. GL — group,
given by the update equation:

W(t) = W(t — 1)+ ull - g(y)y |W(t - 1) (6.25)

The step size p is usually set to 0.0005 which is a good choice to achieve stability, small
steady state error and acceptable convergence speed for all the cases considered.

The FAST-ICA algorithm is not applicable in this case as it requires pre-whitening as
a necessary condition for implementation.

The following sections present a more complete collection of results of the algorithms devel-
oped in the thesis. The results are displayed according to the order of the presentation of the
algorithms in the thesis. The results are presented for the pre-whitened mixtures first, i.e.
Stiefel-manifold BSS. The algorithms included in the results are those developed in Chapter
4. Afterwards, the algorithms developed in Chapter 5 are tested and presented along with
their results collectively as “Non-prewhitend mixtures BSS” algorithms.

6.7 Simulation Results for Prewhitened Mixtures Case
(Stiefel Manifold)

The algorithms developed in Chapter 4 to deal with the Stiefel manifold BSS problem are
based on four cost functions, namely, maximum-likelihood, Negentropy, Nonlinear Principle
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Component analysis (NPCA) and the newly developed Bussgang cost-function. The algo-
rithms developed in this chapter can be categorized into two main categories based on the
number of sources estimated.

e One-unit algorithms: These algorithms extract sources sequentially. Blind Signal
Extraction (BSE) algorithms provide the system with the flexibility to extract the most
dominant sources instead of having to separate all sources at once. BSE-algorithms
are inherently more stable than their BSS counterparts when the number of sources is
not known prior to the separation process. One-unit algorithms are also less compu-
tationally demanding and are suitable choices for de-noising and signal enhancement
applications. The list of algorithms developed for blind extraction in Chapter 4 include:

1. RLS1-BSE: This algorithm is developed based on the NPCA cost function and
exhibits fast convergence speed and suitability for blind extraction of sources that
are not highly non-stationary.

2. RLS2-BSE: This algorithm, presented in [33] is developed based on the Negen-
tropy cost function and exhibits fast convergence speed and suitability for non-
stationary signals like speech signals.

3. modified RLS2-BSE: This algorithm adds a projection step to the RLS2-BSE.
This projection enhances both the robustness and the convergence speed of the
algorithm.

The following section presents the results for the algorithms “RLS1-BSE” and “modi-
fied RLS2-BSE”. The performance of “modified RLS2-BSE” is an enhanced version of
“RLS2-BSE”, which is presented in Chapter 4 along with simulation results averaged
for different number of sources V.

e Multi-unit algorithms: The algorithm developed in this domain is intended to sep-
arate all sources at once, i.e. BSS algorithm. The RLS-BSS algorithm is based on the
maximum-likelihood cost function. It is presented along with its results following the
BSE algorithms.

6.7.1 Simulation Results for RLS1-BSE Algorithm

The RLS1-BSE algorithm has been presented in section 4.6 along with a sample test of a
randomly generated mixing situation. The following figures present simulation results for
the RLS1-BSE with an instantaneous mixing situation, where the number of sources N is
equal to the number of sensors M and both are equal to 4. The algorithm is summarized in
Tables 4.1 and 4.2. The simulations presented in this chapter are following Table 4.2, which
is reproduced in the following table:
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Table 6.1: RLS1-BSE algorithm : 2"¢ implementation

y(t) = wi(t —1)Tz(t) (6.26)
o P{t=1)

Al = T m@)BE - Du) (627)
R) = 5lP(t= 1)~ QOB At~ 1) (6.28)

wi(t) = wi(t —1) = [B()g(m(1))z(t) — Qit)y(D)g(w:())wi(t = 1)] (6.29)

The algorithm is compared to:
1. Negentropy on-line algorithm: As presented by equation (4.11).
2. Natural gradient based on Nonlinear PCA (NAG) [97], [5]:

W(t) = W(t— 1)+ uly(t) x g(y(1) - g(y(1)) x y" ()] W(t - 1) (6.30)

3. RLS algorithm for Blind Separation (BSS) based on the NPCA (RLS-NPCA)
[100]: This BSS counterpart of the “RLS1-BSE” algorithm has the inherent advantage
that the error does not accumulate from one source to the source as in BSE algorithms.

4. FAST-ICA batch algorithm: The steps of the FAST-ICA algorithm are summarized in
Table 2.1.

The numerical choices for parameters of the algorithms are presented in the following table.
The initial values for each of the vectors w;,i = 1...N is given by :

Table 6.2: Parameters for RLS1-BSE simulations

Parameter Value
9(y) y?
UNAG 0.0001
HNegentropy 0.0005
8 0.999
0i—1
On_;

The test data is the subgaussian benchmark data presented in 6.4, which is the same data
set used to produce the results in section 4.6.
s(t) = [sign(cos(27155t)), sin(27800¢), sin(2790t), sin(29t) sin(27300¢)]”. The following are
results for different mixing/demixing scenario.
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e Easy Mixing Scene: Using the same easy mixing matrix presented in section 6.5,

the following figure shows the results for the easy mixing scenario.
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Figure 6.3: RLS1-BSE simulation results for easy mixing scene

¢ Difficult Mixing Scene: Using the same difficult mixing matrix presented in section

6.5, the following figure shows the results for the difficult mixing scenario.
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Figure 6.4: RLS1-BSE simulation results for difficult mixing scene

e Average of 100 Random Mixing Situations:
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Figure 6.5: RLS1-BSE average results for 100 different mixing situations

One can see from the above figures that the RLS-NPCA is consistently the better on-line
algorithm. However, the RLS1-BSE algorithm still provides comparable performance and is
noticeably better than the natural gradient algorithm. The RLS1-BSE performs well in the
different mixing/demixing scenarios considered. This is despite the fact that RLS1-BSE is
an extraction algorithm, which means that error accumulates from one source to the source
that follows in the extraction. However, the proposed algorithm works well and is shown
to produce both improved performance, i.e. small steady state error and faster converging
separation than the natural gradient algorithm.

Despite working well with the above set of benchmarks, the RLS1-BSE algorithm did not
produce the same improvement when tested with non-stationary speech benchmarks. This
remark, stated in Chapter 4, stimulated the development of the RLS2-BSE algorithm, whose
results are presented in the next section.

6.7.2 Simulation Results for Modified RLS2-BSE Algorithm

The modified RLS2-BSE algorithm has been presented in section 4.8 along with a sample
test of a randomly generated mixing situation to illustrate its improved performance over
the RLS2-BSE. The following figures present simulation results for the RLS2-BSE algorithm
with instantaneous mixing situation, where the number of sources N is equal to the number
of sensors M and both are equal to 4. The algorithm is summarized in Table 4.3, which is
reproduced in the following table:
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Table 6.3: Modified RLS2-BSE algorithm

Bi(t) = ABi(t — 1) + g(u:(t))wi(t) (6.33)
A = pg(yi(t))=(t)/8 (6.34)
wi=wit—1)—(A-—w(t—-1) x AT xw(t -1)) (6.35)
e if /1000 =n,n=1,2,---:
wilt) = wy /I | (6.36)
e else:
wi(t) = wy (6.37)

Similar to RLS1-BSE algorithm, the RLS2-BSE algorithm is compared to:
1. Negentropy on-line algorithm: As presented by equation (4.11).
2. Natural gradient based on Nonlinear PCA (NAG) [97], [5]:

W(t) = W(t—1)+uly(t) x gy()" - g(y(1)) x y ()IW(t - 1) (6.38)

3. FAST-ICA batch algorithm: this off-line algorithm presents a reference performance for
Negentropy based algorithms. The steps of the FAST-ICA algorithm are summarized
in Table 2.1.

The numerical choices for the parameters of the algorithms are the following.

Table 6.4: Parameters for modified RLS2-BSE simulations
Parameter Value

9(y) tanh(y)
UNAG 0.001

I Negentropy 0.0005
B 0.999

HmodifedrLS2—BSE 0.015

The initial values for each of the vectors w;,i = 1...N is given by :

wi=| 1 (6.39)

The test data is the supergaussian benchmark data presented in 6.4. The test has been
performed on three different data sets.



138

e The first set of benchmarks consists of different acoustic signals, showing a general,
more realistic situation of mixing scenarios where various sound signals are mixed:

1. Male-1.
2. Male-2.
3. Female-1.
4. Music-1.

The following are the results of this first group of benchmarks for different mixing/demixing
scenario:

e Easy Mixing Scene: The following figure shows the results for the easy mixing
scenario.
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Figure 6.6: Modified RLS2-BSE simulation results for easy mixing scene: 1°
benchmark data

¢ Difficult Mixing Scene: The following figure shows the results for the above difficult
mixing scenario.
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Figure 6.7: Modified RLS2-BSE simulation results for difficult mixing scene: 1%
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e Average of 100 Random Mixing Situations:
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Figure 6.8: Modified RLS2-BSE average results for 100 different mixing situations:
1** benchmark data
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One can easily see from the above figures that the modified RLS2-BSE is consistently
the better on-line algorithm. It performs well in the different mixing/demixing scenarios
considered. This is despite the fact that the modified RLS2-BSE is a BSE algorithm and
is inherently prone to more error accumulation than BSS algorithms. It works well with
nonstationary signals like speech signals, while other Negentropy-based algorithms degrade
in such case. A quick look at the above figures shows that the performance of the on-line
Negentropy algorithm is significantly worse than its acceptable performance, previously seen
with the subgaussian-data test performed along with the RLS1-BSE algorithm. The FAST-
ICA algorithm also degrades in steady state error and requires more iterations to converge
when speech and other acoustic signals are considered.

e A second set of benchmarks consists of speech signals that are very similar in charac-
teristics. All of the signals are male speech. Two of the four male speakers are the
same speaker saying two different sentences.

1. Male-1.
2. Male-2.
3. Male-3.
4. Male-4.

The following are the results of this group of benchmarks for different mixing/demixing
scenario:

e Easy Mixing Scene: The following figure shows the results for the easy mixing
scenario.

0 T T L

" / ‘\ /\,/
: \/\\/_ / V\

PN \
moditied ALS2-BSE ey

\A

ST wﬂj\”u““vu/m/vm

FAST-ICA

Negentropy

Error (dB}

20t

1 s L L . L
1 2 3 4 5 8
Time (seconds)

Figure 6.9: Modified RLS2-BSE simulation results for easy mixing scene: 2m¢
benchmark data

e Difficult Mixing Scene:



The following figure shows the results for the above difficult mixing scenario.
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Figure 6.10: Modified RLS2-BSE simulation results for difficult mixing scene: 2"

benchmark data

o Average of 100 Random Mixing Situations:
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Figure 6.11: Modified RLS2-BSE average results for 100 different mixing situa-

tions: 2"¢ benchmark

data

Again, with the second group of benchmark files, the modified RLS2-BSE algorithm provides
better convergence speed and can reach the steady state error achieved by the off-line FAST-
ICA while working on a sample by sample basis.

e The last test is performed using four signals of the benchmark package 10halo.mat,
which contains 10 speech signals that are highly correlated (all 10 speakers say the
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same sentence). However, they are of very short duration and thus were repeated 14
times.

Again the same mixing/demixing scenarios were considered. The following are the results of
the first four signals of this correlated group of benchmarks:

¢ Easy Mixing Scene: The following figure shows the results for the easy mixing
scenario.
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Figure 6.12: Modified RLS2-BSE simulation results for easy mixing scene: 3¢
benchmark data

e Difficult Mixing Scene: The following figure shows the results for the difficult mixing
scenario.
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Figure 6.13: Modified RLS2-BSE simulation results for difficult mixing scene: 3™
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e Average of 100 Random Mixing Situations:
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Figure 6.14: Modified RLS2-BSE average results for 100 different mixing situa-
tions: 3"¢ benchmark data

Here one could recognize a significant deterioration in the performance of the FAST-ICA
algorithm. It cannot achieve less than 10 dB. Another algorithm that is prone to deterioration
is the on-line Negentropy algorithm, which, on average, has difficulty to converge. On
the other hand, the proposed algorithm, “modified RLS2-BSE” is steadily proving good
performance even under difficult mixing conditions.
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6.7.3 Simulation Results for RLS-BSS Algorithm

The RLS-BSS algorithm is the blind signal separation algorithm presented in Chapter 4. It is
based on the maximum-likelihood natural gradient and implements an RLS-like update using
the matrix inversion lemma. In order to assess the performance of the RLS-BSS algorithm
it is compared to the following algorithms:

1. Natural gradient on the Stiefel manifold as described by the update equation:
W(t) = W(t ~ 1) + uvaclyg(y)” — 9(»)y W (t - 1) (6.40)

2. FAST-ICA batch algorithm as summarized in Table 2.1.

3. modified RLS2-BSE algorithm: this extraction algorithm presented in the thesis has
proven to produce good results. It has been summarized in Table 4.3 and reproduced
in Table 6.3.
The modified RLS2-BSE is expected to be inferior to the performance provided by the
RLS-BSS-Stiefel algorithm due to the fact that it is an extraction algorithm and the
error accumulates from one source to the following. It is shown here because it is the
fastest converging algorithm that produces the same or a smaller steady state error
when compared to existing on-line separation algorithms, namely, the natural gradient
and Negentropy.

The numerical choices for the parameters of the algorithms are the following. The test data

Table 6.5: Parameters for RLS-BSS-Stiefel

Parameter Value
9(y) tanh(y)
UNAG 0.0005
K Negentropy 0.0005
B 0.99
MmodifedrLS2—BsE  0.015

A 0.9994
HRLS—BSS 0.12

is the supergaussian benchmark data presented in 6.6. The test has been performed using
the three different acoustic data sets. These are the same benchmarks used for the modified
RLS2-BSE algorithm presented in the previous section.

e The first set of benchmarks consists of various sound signals:

1. Male-1.
2. Male-2.
3. Female-1.
4. Music-1.
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Using the same mixing/demixing scenarios, the following are the results of this first group

of benchmarks:

e Easy Mixing Scene:

The following figure shows the results for the easy mixing scenario.

Ervor (d8)

RLS-BSS-Stiefel

modified RLS2-BSE

3
Time (seconds)

Figure 6.15: RLS-BSS-Stiefel simulation results for easy mixing scene: 1 bench-

mark data

e Difficult Mixing Scene:

The following figure shows the results for the difficult mixing scenario.

Figure 6.16: RLS-BSS-Stiefel simulation results for difficult mixing scene:

benchmark data

Error (dB)

RLS-BSS-stiefel

modified RLS2-BSE

FAST-ICA | |

e Average of 100 Random Mixing Situations:

lst
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Figure 6.17: RLS-BSS-Stiefel average results for 100 different mixing situations:
1** benchmark data

One can easily see from the above figures that the modified RLS-BSS is consistently the better
on-line algorithm. It performs well in the different mixing/demixing scenarios considered.

e The second set of benchmarks consists of four male speech signals:

1. Male-1.
2. Male-2.
3. Male-3.
4. Male-4.

The following are the results of this group of benchmarks for different mixing/demixing
scenario:

e Easy Mixing Scene:
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Figure 6.18: RLS-BSS-Stiefel simulation results for easy mixing scene: 2"¢ bench-

mark data

¢ Difficult Mixing Scene:

The following figure shows the results for the difficult mixing scenario.
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Figure 6.19: RLS-BSS-Stiefel simulation results for difficult mixing scene:

benchmark data

e Average of 100 Random Mixing Situations:

Qnd
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Figure 6.20: RLS-BSS-Stiefel average results for 100 different mixing situations:

2" henchmark data

o The last test is performed using four signals of the benchmark package 10halo.mat

¢ Difficult Mixing Scene:

The following figure shows the results for the difficult mixing scenario.
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Figure 6.21: RLS-BSS-Stiefel simulation results for difficult mixing scene: 3rd

benchmark data

e Average of 100 Random Mixing Situations:
The following figure shows the results for the average of the 100 different mixing sce-

narios.
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Figure 6.22: RLS-BSS-Stiefel average results for 100 different mixing situations:
3"¢ benchmark data

As can be seen from all the above figures, the RLS-BSS-Stiefel algorithm provides the fastest
convergence compared to all the other on-line algorithms. It consistently provides a robust
and fast convergence in all mixing scenarios and all the benchmarks considered, followed in
performance by the extraction algorithm, i.e. modified RLS2-BSE algorithm.

6.8 Simulation Results for Non Prewhitened Mixtures
Case

The algorithms developed in Chapter 5 to deal with the general Riemannian manifold BSS
problem are based on the maximum-likelihood cost function. These general Riemannian
domain algorithms can be categorized into three categories based on the approach of deriva-
tion.

e Generalized Natural Gradient based on Iterative Inversion Approach
¢ Generalized Riemannian Nonlinear-RLS Approach

e Hessian-based Algorithms

6.8.1 Simulation Results for Generalized Natural Gradient Itera-
tive Inversion Algorithms

The algorithms developed in this category were developed in details in section 5.5. The list
of algorithms developed under this family includes:

1. LMS-1: This algorithm has the following update equation (5.58):
W(t) = W(t — 1) + prms-1(Res — Rgy)W(t — 1) (6.41)
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2. LMS-2: This algorithm has the following update equation (5.63):

W(t) = W(t — 1) + urms—2(I — Rgy R)IW(t - 1) (6.42)
3. LMS-RLS: This algorithm has the following update equation (5.71):

W(t) = (L+ pryms-rrs(Rgy — Res)RG) T W(t = 1) (6.43)

4. RLS-Iterative algorithm: This algorithm has the following update equation:

! gly(t)y(®)"
W) = 3l - Z2 W= D) (6.44)

with Rgy = g(y)y”. For all the above algorithms, the choice for Rss is limited to a diagonal
matrix, which is the least computationally expensive choice.

These algorithms work well with data whose statistics do not change very fast. The following
section presents the collective results for the above mentioned algorithms. The test data is
the subgaussian benchmark data presented in 6.4, which is the same data set used to produce
the results in section 4.6. The benchmark is:

s(t) = [sign(cos(2m155t)), sin(2r800t), sin(2790t), sin(279t) sin(27300t)]7.

The algorithms are compared to the natural gradient on the General Riemannian manifold:

W(t) = W(t — 1) + piwacll - gy TW (& = 1) (6.46)

The numerical choices for parameters of the algorithms are as follows.

Table 6.6: Parameters of the Generalized Iterative Inversion family

arameter Value
9(y) y*?
UNAG 0.0005
HLMS—1 0.005
HLMS—2 0.0005
HLMS—RLS 0.01
I} starts at value 0.99 at ¢t = 0 and increases to
0.99995 at t = 6000

Using the same mixing/demixing scenarios developed in section 6.5, the following are the
simulation results:

e Easy Mixing Scene: The following figure presents the results for this situation.
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Figure 6.23: Results for Generalized Iterative Inversion family: easy mixing scene

In the above easy mixing situation the LMS-2 and LMS-RLS algorithms provide the
fastest initial convergence speed. All the LMS-based algorithms, i.e. the natural
gradient algorithm, the LMS-1 algorithm, the LMS-2 algorithm and the LMS-RLS
algorithm converge to the same steady state error, while the RLS-iterative algorithm
converges to a much smaller steady state error.

The conclusion that can be drawn from the above situation is that the LMS-2 and the
RLS-iterative algorithm perform well in easy mixing situation. On the other hand, the
LMS-1 algorithm can be considered slightly better than the natural gradient algorithm
as it converges faster to the same steady state error. The RLS-iterative algorithm
produces a fast convergence and a smaller steady state error than other algorithms.
The average of the 100 random runs that will follow will provide a more decisive ranking
of the performance of the algorithms. Such a ranking will be based on an average of
different runs and will not be affected by a special case scenario.

e Difficult Mixing Scene:
The following figure presents the results for the difficult mixing case.
For the difficult mixing situations in Figure (6.24), the RLS-Iterative algorithm pro-
vides the best performance among all algorithms for this difficult mixing case, both
in convergence speed and for steady state error. The LMS-RLS algorithm comes sec-
ond in performance, while both the LMS-1 and LMS-2 algorithms provide a similar
performance that is slightly better than the natural gradient algorithm.
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Figure 6.24: Results for Generalized Iterative Inversion family: difficult mixing
scene

e Average of 100 Random Mixing Situations:
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Figure 6.25: Generalized Iterative Inversion Family, simulation results for 100
random mixing scenes
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It can be easily seen that the RLS-Iterative algorithm produces a consistently better per-
formance than the whole family of the LMS-algorithms and the natural gradient algorithm.
The RLS-Iterative inversion algorithm produces both a faster convergence and a smaller
steady state error than the rest of the algorithms considered in the comparison. It has the
same degree of complexity as the LMS-RLS or the LMS-2. Another advantage of the RLS
algorithm over the LMS-RLS or the LMS-2 algorithm will become clear when considering
the over-determined mixing situation N < M in the next section.

On the other hand, the above figures show that the LMS-RLS algorithm is consistently
the better on-line algorithm in the LMS- family. It performs well in the different mix-
ing/demixing scenarios considered. The LMS-2 algorithm, which has the same complexity
requirement as the LMS-RLS algorithm comes next in performance, achieving a slower con-
vergence speed and a slightly higher steady state error. The natural gradient algorithm
and the LMS-1 algorithm are comparable as the LMS-1 algorithm converges faster initially
and then slows down. Both, the natural gradient algorithm and the LMS-1 achieve the same
steady state error as the LMS-2, which is slightly higher than the LMS-RLS algorithm. How-
ever, the natural gradient and the LMS-1 algorithm are simpler in implementation compared
to both the LMS-RLS and LMS-2. Along with the above N = M conventional mixing case
another special scenario is also considered. This special case is when the number of sources
is not estimated correctly, i.e. the number of sources N is less than the number of sensors
M. In such a case the mixing matrix A is ill-conditioned. Results of the average mixing
scenario are presented in Figure (6.26).

In this test the mixing matrix A is of size 4 X 3 meaning that the number of sources is N=3
and the number of mixtures is M = 4. The mixing matrix A is generated 100 different
times, randomly, to produce different mixing situation. The 100 different results of each
performances for each algorithm are averaged to provide a general idea of how well each
algorithm performs.

Error in (dB)

i : ' L ' i ! i L 1 .
1 2 3 4 5 6 7 8 ] 10 1"
Time (seconds)

Figure 6.26: Generalized-Iterative Inversion Family simulation results for 100 ran-
dom mixing scenes, N < M

As can be seen, the LMS-1 algorithm exhibits the most robust performance and does not
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diverge as in the case for the rest of the LMS-based algorithms including the natural gradient
algorithm. This robust performance can be justified by the special structure of the update
equation of the LMS-1 algorithm as has been discussed in Chapter 5. Another algorithm
that exhibits an acceptable performance is the RLS-Iterative inversion algorithm. However,
the RLS-Iterative steady state performance deteriorates when compared to its remarkably
superior performance in the case N = M. The steady state error of the RLS-iterative inver-
sion algorithm is larger than the steady state error produced by the LMS-1 algorithm which
requires less computations.

Collectively, the iterative inversion family of algorithms performs well with the subgaussian
test data. However, the algorithms do not provide dramatically noticeable improvements
over the natural gradient algorithm when tested with speech benchmarks. The following
section provides the results for the Nonlinear RLS- algorithm, which can achieve better
results with audio type data.

6.8.2 Simulation Results for Nonlinear-RLS Algorithm

The algorithm developed in section 5.6 can be considered as an extension of the idea of
nonlinear RLS previously developed in Chapter 4 for the algorithm RLS-BSS-Stiefel. In this
case the concept of nonlinear RLS is applied to the non prewhitened mixtures case using the
following update, which was discussed in more details in section 5.6:

R = E{diag(g(y)y”) - 9(y)y” }recE{diag(g(y)y™) — 9¥)¥" }ec

(

R(t) = R(t — 1) + (diag(g(y)yT) = 93y uec(diag(g(y)y™) = 9(¥)y Niee (648
(AX)yee = R (diag(g(y)y") = 9(¥)¥ vec (
AX = mat(AX)yec (

W = exp(pAX)W = W + pAXW (6.51

This algorithm works well with nonstationary speech signals and thus it was tested with the
speech and music benchmarks. The algorithm is compared to the natural gradient on the
General Riemannian manifold:

W(t) = W(t - 1)+ pnacll - o(y)y IW(t — 1) (6.52)

The numerical choices for the parameters of the algorithms are presented in the following
table.
where:

+1,y; is positive
Sign(y):{ bi 15 POSTIV (6.53)

~1,y; Is negative

The test data is the supergaussian benchmark data presented in 6.6. The test has been
performed on three different data sets.

e The first set of benchmarks consists of different acoustic signals:

1. Male-1.
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Table 6.7: Parameters of the General Riemannian Nonlinear-RLS algorithm

arameter Value
o(y) tanh(y)
g(y) sign(y)
HNAG 0.0005
8 0.99
Hnonlinear RLS 1

2. Male-2.
3. Female-1.
4. Music-1.

The following are the results of this first group of benchmarks for different mixing/demixing
scenario:

e Easy Mixing Scene: The following figure shows the simulation results for the above
easy mixing situation.

k... General Rlemannian nonlinear-ALS .

Error in dB

Time (seconds)

Figure 6.27: General Riemannian Nonlinear-RLS simulation results for easy mix-
ing situation: 1** benchmark data

In this easy mixing situation the natural gradient algorithm works better than the
nonlinear RLS algorithm.

¢ Difficult Mixing Scene:
The following figure shows the results for the difficult mixing scenario. In the difficult

mixing case, the general Riemannian nonlinear RLS algorithm provides better steady
state error and converges initially faster compared to the natural gradient algorithm.
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Figure 6.28: General Riemannian Nonlinear RLS simulation results for difficult
mixing situation: 1°* benchmark data

e Average of 100 Random Mixing Situations:

The following figure shows the average of the results for 100 different random mixing

scenarios.

Errorin dB

Time (seconds)

Figure 6.29: General Riemannian Nonlinear RLS average simulation results for

100 different mixing situations: 1% benchmark data

On average, the general Riemannian nonlinear-RLS algorithm provides faster conver-
gence compared to the natural gradient algorithm while achieving the same steady

state error.
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e The second set of benchmarks consists of speech signals that are very similar in char-
acteristics.
1. Male-1.
2. Male-2.
3. Male-3.
4. Male-4.

The following are the results of this first group of benchmarks for different mixing/demixing
scenario:

¢ Easy Mixing Scene:
The following figure presents the results for this mixing situation.

Error (dB)

Time (seconds)

Figure 6.30: General Riemannian Nonlinear RLS simulation results for easy mix-
ing situation: 2"¢ benchmark data

Again, in an easy mixing scenario, the natural gradient algorithm performs slightly
better than the General-Riemannian nonlinear RLS algorithm.

¢ Difficult Mixing Scene:
The following figure shows the results for the difficult mixing scenario. In this difficult
mixing case, the general Riemannian nonlinear RLS performs slightly better than the
natural gradient algorithm.
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Figure 6.31: General Riemannian Nonlinear RLS simulation results for difficult
mixing situation: 2" benchmark data

e Average of 100 Random Mixing Situations:

The following figure shows the average of the results for 100 different randomly gener-
ated mixing scenarios.
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Figure 6.32: General Riemannian Nonlinear RLS average simulation results for
100 different mixing situations: 2"¢ benchmark data

On average, the general Riemannian nonlinear RLS algorithm provides a faster con-

vergence compared to the natural gradient algorithm while achieving the same steady
state error.

e The last test is performed using four signals of the benchmark package 10halo.mat,
which contains 10 speech signals that are highly correlated.
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The following are the results of this third group of benchmarks for different mixing/demixing
scenario:

e Easy Mixing Scene: The following figure shows the average of the above easy mixing
scene.
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Figure 6.33: General Riemannian Nonlinear RLS simulation results for easy mix-
ing situation: 3"¢ benchmark data

Again, as with the other easy mixing scenarios of the two previous benchmarks, the
natural gradient tends to produce a slightly faster convergence. However, the general
Riemannian nonlinear RLS provides a slightly better steady state error.

¢ Difficult Mixing Scene:
The following figure shows the results for the difficult mixing scenario.
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Figure 6.34: General Riemannian Nonlinear RLS simulation results for difficult
mixing situation: 3"¢ benchmark data

Clearly, the general Riemannian nonlinear RLS algorithm performs better than the
natural gradient algorithm in the above difficult mixing situation.

e Average of 100 Random Mixing Situations:
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Figure 6.35: General Riemannian Nonlinear RLS average simulation results for
100 different mixing situations: 3"¢ benchmark data

As can be seen in the above figure, the developed nonlinear RLS algorithm works well in
the audio/speech mixing environment. It provides a better average performance than the
natural gradient algorithm. However, one disadvantage of this algorithm is its computational
requirement, which is considerably large, in the order of N® computations, where N is the
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number of sources.

The following section provides the results for 2"¢-order Riemannian algorithms, which have
been developed in Chapter 5 along with effective simplifications that lead to considerable
reductions in the computational load.

6.8.3 Simulation Results for Hessian-based Algorithms

These algorithms have the unique advantage of using simplified and approximated updates
of the Hessian matrix for the maximum-likelihood cost function on the Riemannian man-
ifold. Due to the simplification implemented, the developed algorithms in this section are
not computationally expensive yet they provide the improved performance expected from
algorithms using second order derivatives. The list of algorithms developed in this category
includes:

e Reduced Hessian Algorithm: This algorithm is presented in section 5.10.

e Median Reduced Hessian Algorithm: This algorithm is a variant of the Reduced Hes-
sian algorithm. It is presented in details in section 5.11.

e Diagonal Hessian Algorithm: The most computationally optimized algorithm in this
collection of algorithms is derived in details in section 5.12.

These algorithms provide very good performance both in convergence speed and stability.
They have been tested with supergaussian data. The three algorithms developed in this
family are compared to:

e The natural gradient algorithm on the General Riemannian manifold:

W(t) = W(t— 1) + pnacll — g(y)yTIW(t — 1) (6.54)
The numerical choices for parameters of the algorithms are presented in the following
table.
Table 6.8: Parameters of Hessian-based algorithms
Parameter Value
9(y) tanh(y)
UNAG 0.0005
HMedian— ReducedHessian 0.09
HReduced—Hessian 0.1
Hdiagonal— Hessian 0.1
/BMedian—ReducedHessian 0.997
BReduced— Hessian starts at value 0.992 at ¢ = 0 and increases to
0.995 at t = 25000
BDiagonal—Hessian starts at value 0.994 at ¢ = 0 and increases to
0.995 at t = 25000
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The test data is the supergaussian benchmark data presented in 6.6. The test has been
performed using the three different acoustic data sets. These are the same benchmarks used
for the modified RLS2-BSE, RLS-BSS-Stiefel and the General Riemannian nonlinear-RLS

algorithms presented in the previous sections.

e The first set of benchmarks consists of various sound signals:

1. Male-1.
2. Male-2.
3. Female-1.
4. Music-1.

The following are the results of this first group of benchmarks for different mixing/demixing
scenario:

e Easy Mixing Scene:
The following figure shows the results for the above easy mixing scenario.

Error
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Figure 6.36: Hessian-based algorithms simulation results for easy mixing situa-
tion: 1% benchmark data

In the above case, the Diagonal-Hessian algorithm performs slightly better than the
rest of the on-line algorithms. However, it can be easily seen that all the algorithms,
including the natural gradient, perform well in this case.

¢ Difficult Mixing Scene:
The following figure shows the results for the difficult mixing scenario.
In this case, the Median-Reduced-Hessian algorithm performs better than the rest
of the on-line algorithms followed by the Reduced-Hessian. The Diagonal-Hessian
algorithm comes third in convergence speed and steady state error achieved.
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Figure 6.37: Hessian-based algorithms simulation results for difficult mixing situ-
ation: 1** benchmark data

e Average of 100 Random Mixing Situations:
The following figure shows the average of results for 100 different mixing scenarios.
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Figure 6.38: Hessian-based algorithms average simulation results for 100 different
mixing situations: 1¥ benchmark data

One can easily see from the above figures that the Hessian based algorithms are consistently
the better on-line algorithms. They perform well in the different mixing/demixing scenarios
considered.

e The second set of benchmarks consists of speech signals that are very similar in char-
acteristics. All of the signals are male speech:

1. Male-1.
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2. Male-2.
3. Male-3.
4. Male-4.

The following are the results for this group of benchmarks

e Easy Mixing Scene:
The following figure shows the results for the above easy mixing scenario.
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Figure 6.39: Hessian-based algorithms simulation results for easy mixing situation:
2"¢ benchmark data

As can be seen in the figure, all algorithms perform well in the above easy mixing case.
However, the Median-Reduced Hessian has a slightly better performance followed by
the Reduced Hessian. The Diagonal Hessian comes third in convergence speed. All the
Hessian based algorithms converge faster and with a smaller steady state error than
the natural gradient algorithm.

e Difficult Mixing Scene:

The following figure shows the results for the difficult mixing scenario.

The figure shows that the performance of the natural gradient deteriorates in the diffi-
cult mixing case. On the other hand the Hessian-based algorithms produce consistently
improved results. These improved convergence speeds for each of the algorithms are
in accordance with their complexity meaning that the most complex algorithm, the
Median-Reduced Hessian, produces the best convergence speed followed by the Re-
duced Hessian, while the Diagonal-Hessian algorithm produces a slower convergence
while being very simple, computation wise.
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Figure 6.40: Hessian-based algorithms simulation results for difficult mixing situ-
ation: 2"¢ benchmark data

e Average of 100 Random Mixing Situations:

The same procedure of random test setup is performed in this case. 100 different
mixing situations are evaluated and averaged to present an idea of how well each of
the algorithms under inspection perform. The following figure shows the results.
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Figure 6.41: Hessian-based algorithms average simulation results for 100 different
mixing situations: 2"¢ benchmark data

Again, with the second group of benchmark files, the proposed algorithms provide a better
convergence speed and can reach the same steady state error as the natural gradient.

e The last test is performed using four signals of the benchmark package 10halo.mat.
Again the same mixing/demixing scenarios were considered.
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¢ Easy Mixing Scene:
The following figure shows the results for the above easy mixing scenario. In this
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Figure 6.42: Hessian-based algorithms simulation results for easy mixing situation:
3"? benchmark data

situation the Reduced-Hessian algorithm converges the fastest among all the on-line
algorithms inspected. However, the steady state error of the reduced-Hessian algorithm
is the highest. The Median-Reduced Hessian converges faster than both the Diagonal-
Hessian and the natural gradient while providing the smallest steady state error.

e Difficult Mixing Scene:
The following figure shows the results for the difficult mixing scenario.
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Figure 6.43: Hessian-based algorithms simulation results for difficult mixing situ-
ation: 3" benchmark data

In the above difficult mixing situation, the Diagonal-Hessian algorithm provides the



167

fastest convergence rate with a small steady state error. The Median Reduced Hessian
algorithm provides the smallest steady state error among all the algorithms inspected
while converging at a similar rate to the Reduced-Hessian algorithm. The following
test provides a more decisive ranking of the algorithms based on the average of 100
different mixing scenarios.

e Average of 100 Random Mixing Situations:

The following figure shows the average of the results for 100 different mixing scenarios,
randomly generated.
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Figure 6.44: Hessian-based algorithms average simulation results for 100 different
mixing situations: 3"¢ benchmark data

As can be seen from the above figure, the performance of the Hessian-based algo-
rithms in the case of highly correlated benchmark data is consistently better than the
natural gradient. The Median-Reduced Hessian algorithm still provides the best con-
vergence speed along with the smallest steady state error. With this type of test data
the Diagonal-Hessian algorithm performs very well, better than the Reduced Hessian
algorithm, providing a smaller steady state error.

As can be seen from all the above cases and benchmarks, in general, the Median-Reduced-
Hessian algorithm provide the fastest convergence compared to all other on-line algorithms.
This improved performance is slightly better than the Reduced-Hessian algorithm, which
comes as second in performance for the Hessian-based algorithms. Both the Median-Reduced
Hessian and the Reduced Hessian are very similar in implementation and have the same
order of computational complexity. The Diagonal-Hessian algorithm performs slightly worse
compared to to these two algorithms. However, the Diagonal-Hessian algorithm has the
advantage of having a very simple computational load and is in the same order of the natural
gradient.
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6.8.4 Simulation Results for Hessian-Stiefel Algorithms

The concept of Hessian-based algorithms was applied to the pre-whitened mixtures case, i.e.
the Stiefel manifold in section 5.13. This rather heuristic method helped develop algorithms
that are not computationally expensive, yet providing noticeably improved performance.
The list of algorithms developed in this category includes:

¢ Reduced Hessian-Stiefel Algorithm: This algorithm is presented in section 5.10.

e Diagonal Hessian-Stiefel Algorithm: The most computationally optimized algo-
rithm in this collection of algorithms is derived in details in section 5.12.

The algorithms have been tested with supergaussian data. Sample results of the simulation
tests were presented in Chapter 5. The two algorithms developed in this family are compared
to the natural gradient algorithm on the Stiefel manifold:

W(t) = W(t — 1) + punvaclyg(y)’ — g(y)y IW(t - 1) (6.55)

The numerical choices for parameters of the algorithms are presented in the following table.
The test data is the supergaussian benchmark data presented in 6.4. The test has been

Table 6.9: Parameters of Hessian-Stiefel algorithms
Parameter Value

9(y) tanh(y)
ENAG 0.001
HReduced— Hessian 0.08

Hdiagonal—Hessian 0.06
BReduced—Hessian ~ Starts at value 0.992 at £ = 0 and increases to

0.999 at t = 15000
BDiagonal—Hessian  Starts at value 0.995 at t = 0 and increases to
0.999 at ¢t = 25000

performed using the three different acoustic data sets.
e The first set of benchmarks consists of various sound signals:

1. Male-1.
2. Male-2.
3. Female-1.
4. Music-1.

The following are the results for this first group of benchmarks and different mixing/demixing
scenarios:

¢ Easy Mixing Scene:
The following figure shows the results for the above easy mixing scenario.
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Figure 6.45: Hessian-Stiefel algorithms simulation results for easy mixing situa-
tion: 1** benchmark data

In the above easy mixing situation the Reduced-Hessian-Stiefel algorithm provides a
faster convergence than both the Diagonal-Hessian-Stiefel algorithm and the natural
gradient algorithm. On the other hand, the Diagonal-Hessian-Stiefel algorithm pro-
vides the smallest steady state error.

¢ Difficult Mixing Scene:
The following figure shows the results for the difficult mixing scenario.
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Figure 6.46: Hessian-Stiefel algorithms simulation results for difficult mixing
situation: 1 benchmark

In the difficult case, the Reduced Hessian-Stiefel algorithm still converges faster than
the two other algorithms. However, it provides a higher steady state error. The
Diagonal-Hessian-Stiefel algorithm converges slightly better than the natural gradient
to the same steady state error.
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e Average of 100 Random Mixing Situations:
The following figure shows the average of the results for 100 random mixing scenarios.
On average, the Reduced Hessian-Stiefel algorithm can achieve a faster convergence
speed than the rest of the algorithms while converging to similar steady state error.
The Diagonal-Hessian-Stiefel algorithm comes second in convergence speed but still
much faster to converge compared to the natural gradient algorithm.

Error in (dB)

Time (seconds)

Figure 6.47: Hessian-Stiefel algorithms average simulation results for 100 different
mixing situations: 1¥ benchmark data

One can easily see from the above figures that the Hessian based algorithms on the Stiefel
manifold are consistently the better on-line algorithms. They perform well in the different
mixing/demixing scenarios considered.

e The second set of benchmarks consists of the male speech signals:

1. Male-1.
2. Male-2.
3. Male-3.
4. Male-4.

The following are the results of this group of benchmarks.

e Easy Mixing Scene:
The following figure shows the results for the above easy mixing scenario.
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Figure 6.48: Hessian-Stiefel algorithms simulation results for easy mixing situa-
tion: 2" benchmark data

In the above easy mixing situation, the Reduced-Hessian Stiefel algorithm works well
providing both the fastest convergence speed and a slightly smaller steady state error
than the natural gradient. The Diagonal-Hessian Stiefel algorithm converges slower
than the Reduced-Hessian Stiefel algorithm, with the same steady state error.

¢ Difficult Mixing Scene:
The following figure shows the results for the difficult mixing scenario.
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Figure 6.49: Hessian-Stiefel algorithms simulation results for difficult mixing
situation: 2" benchmark data

In the above difficult mixing situation, the Diagonal-Hessian Stiefel algorithm converges
slower than the natural gradient algorithm, to the same steady state error. On the
other hand, the Reduced-Hessian Stiefel algorithm works well, providing both a fast
convergence speed and the same steady state error as the natural gradient.
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e Average of 100 Random Mixing Situations:
The following figure shows the average results for the 100 different mixing scenarios.
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Figure 6.50: Hessian-Stiefel algorithms average simulation results for 100 different
mixing situations: 2"¢ benchmark data

Again, with the second group of benchmark files, the proposed algorithms provide, on aver-
age, better convergence speed and can reach the steady state error achieved by the natural
gradient algorithm.

6.9 Comparison Between Nonlinear-RLS and the Hessian-

based Algorithms for the General Riemannian Man-
ifold

In the previous section (with the exception of Subsection 6.8.4) the simulation results of
several algorithms for the non-prewhitened mixtures BSS, i.e. general Riemannian manifold,
were presented. Among those algorithms two different approaches that worked successfully
with speech/audio data have been presented, namely the general Riemannian nonlinear RLS
algorithm and the Hessian-based algorithms. It would be useful to provide a practical com-
parison between the performance of the two approaches. In the following, both algorithms
are tested with the three benchmarks considered for the speech/audio data. The test per-
formed is the average of 100 different runs with 100 different mixing matrices A that were
generated randomly for each of the 100 runs.

e The first set of benchmarks consists of various sound signals:

1. Male-1.
2. Male-2.
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3. Female-1.
4. Female-2.
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Figure 6.51: Hessian-based algorithms vs. General Riemannian Nonlinear-RLS
algorithm: 1* benchmark data

For the first benchmark data the nonlinear-RLS algorithm provides a slower convergence
speed compared to the Median-Reduced Hessian algorithm. Adding this inferior convergence
behavior to the fact that the nonlinear-RLS algorithm requires more computations, it can
be easily seen that Hessian-based algorithms are more suitable for this type of benchmarks.

e The second set of benchmarks consists of speech signals that are very similar in char-
acteristics. All of the signals are male speech:

1. Male-1.
2. Male-2.
3. Male-3.
4. Male-4.

The following figure shows the average result for 100 different random runs.
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Figure 6.52: Hessian-based algorithms vs. General Riemannian Nonlinear-RLS
algorithm: 2"¢ benchmark data

As can be seen in the above figure, representing the average mixing scenario, the Median-
Reduced Hessian algorithm produces the best performance both in convergence speed and
steady state error. The general-Riemannian nonlinear RLS algorithm converges fast ini-
tially, at faster speed than the Median-Reduced Hessian algorithm, however it slows down
and comes third in overall performance, following the Reduced Hessian algorithm.

o The last test is performed using four signals of the benchmark package 10halo.mat.

The following figure shows the average result for 100 different random runs.

For the third benchmark data the nonlinear-RLS algorithm provides a similar convergence
speed as the Median-Reduced Hessian algorithm. The nonlinear-RLS algorithm converges
to a sliglty smaller steady state error than the Median-Reduced Hessian algrithm. However,
this slightly improved peroformance comes at the cost of a considerably higher computa-
tional load.

One can easily see from the figures that the Hessian based algorithms provide similar or
better convergence speed compared to the Nonlinear-RLS algorithm. The improved perfor-
mance of the Hessian-based algorithms combined with their smaller complexity requirements
compared with the Nonlinear-RLS algorithm gives the Hessian-based family of algorithms
the advantage over the Nonlinear-RLS algorithm. However, both families stem from two
different concepts that are not correlated and thus it is possible that in a particular mixing
situation or for another type of data, the nonlinear-RLS algorithm might perform better
than the Hessian-based algorithm.
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Figure 6.53: Hessian-based algorithms vs. General Riemannian Nonlinear-RLS
algorithm: 3¢ benchmark data

6.10 Comparison Between Nonlinear-RLS and the Hessian-
based Algorithms for the Stiefel Manifold

Section 6.7 and 6.8.4 present the simulation results of several algorithms for prewhitened
mixtures BSS, i.e. Stiefel manifold. Among those algortihms two different approaches that
worked successfully with speech/audio data have been presented, namely the RLS-BSS-
Stiefel algorithm, with results presented in section 6.7.3 and the Hessian-based algorithms
presented in section 6.8.4. It would be useful to provide a practical comparison between
the performance of the two approaches. In the following, both families of algorithms are
tested with two benchmarks considered for the speech/audio data. The test performed is
the average of 100 different runs with 100 different mixing matrices A that are generated
randomly for each of the 100 runs. The paramters used for each algorithm are the same
values used to simulate the results in section 6.7.3 and 6.8.4.

e The first set of benchmarks consists of various sound signals:

1. Male-1.
2. Male-2.
3. Female-1.
4. Music-1.

The following figure shows the average of the results for the 100 different random mixing
scenarios.
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Figure 6.54: Hessian-based algorithms vs. RLS-BSS algorithm for Stiefel manifold:
1** benchmark data

e The second test is performed using the male speech benchmark.

1. Male-1.
2. Male-2.
3. Male-3.
4. Male-4.

The following figure shows the average of the results for the 100 different random mixing
scenarios.
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Figure 6.55: Hessian-based algorithms vs. RLS-BSS algorithm for Stiefel manifold:
2" benchmark data
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One can see from Figures (6.54) and (6.55) that the nonlinear RLS based algorithm for the
Stiefel manifold, i.e. RLS-BSS-Stiefel, always produces the smallest steady state error while
maintaining the fastest convergence speed. However, its slight improved performance over
the Hessian-based algorithms may not justify its considerably larger computational load. It
should also be noted that the RLS-BSS-Stiefel algorithm provides a consistent behavior over
different mixing situations and is not biased towards certain numerical values of the mixing
matrices or the type of data involved in the mixing situation.

6.11 Conclusion

This chapter presented a more complete set of simulation results for the algorithms devel-
oped in the thesis. The chapter started with presenting the test environment, the required
assumptions about the mixing process and the mixing/demixing models for both the pre-
whitened and the non pre-whitened mixtures cases. The benchmark data sets used in the
simulations were also presented and categorized into sub-gaussian data and super-gaussian
data. Each of the algorithms was tested in three different mixing scenarios, easy mixing,
difficult mixing and the average of 100 different randomly generated mixing situations.
Results for the algorithms developed for the Stiefel manifold were first presented. These
RLS-like algorithms have been presented in Chapter 4. They consists of two algorithms for
blind extraction, the RLS1-BSE and the modified RLS2-BSE. The third algorithm in this
category is the RLS-BSS-Stiefel, which is a blind signal separation algorithm developed for
extracting all the sources at once.

The results of the algorithms developed for the general Riemannian manifold were then
presented. These algorithms were developed in Chapter 5 and are based on three different
approaches. First, the natural gradient-iterative inversion family are the algorithms devel-
oped based on the iterative inversion approach and consist of the LMS-1, LMS-2, LMS-RLS
algorithms and the RLS-iterative inversion algorithm. The LMS-1 algorithm and the RLS-
iterative algorithms have shown to be working well in the case of ill conditioned mixing ma-
trices A, when the number of sources N is less than the number of sensors M. The other two
approaches developed for the general Riemannian manifold BSS work well with speech/audio
highly nonstationary data, unlike the iterative inversion family of algorithms. The general
Riemannian nonlinear-RLS algorithm extends the concept of nonlinear-RLS developed in
the prewhitened case, i.e. the RLS-BSS-Stiefel algorithm, to the general Riemannian case.
The general Riemannian nonlinear-RLS algorithm has been tested with different benchmarks
and proved to be converging fast and producing a small steady state error. However, the
algorithm is costly in computations. The last family of algorithms tested in this chapter are
the Hessian-based algorithms. This family of algorithms require a smaller computational
load than the nonlinear-RLS algorithm and provide a fast convergence speed. This family
of algorithms has also been applied successfully to the Stiefel-manifold. The results of those
algorithms have shown that they can provide a good performance at smaller computational
costs compared to the RLS-BSS-Stiefel algorithm.



Chapter 7

Conclusion and Future Work

7.1 Conclusion

This thesis explored the problem of blind signal separation in general. It started by the in-
stantaneous mixture separation where several algorithms were presented and a general con-
clusion was that the information-theoretic based algorithms are the most reliable approaches
to achieve separation. Chapter 2 briefly reviewed some more complex mixing situations like
the noisy-ICA and the nonlinear mixing model and special mixing situations when the data
are of special nature (time-series).

Chapter 2 then explored the case of convolved mixtures, where the auditory scene is captured
in a real room and the signals get mixed with other instantaneous signals, scaled delayed
versions of themselves along with scaled and delayed versions of other signals. The discus-
sion then moved to the two approaches to solve the convolutive mixtures problem, namely
time-domain and frequency-domain. The review concluded that frequency domain is the
more suitable framework based on the possibility of extending instantaneous-algorithms to
work in the frequency domain.

Chapter 3 then explored one of the most powerful mathematical tools employed in blind
signal separation, namely, optimization on the Riemannian manifold. The idea of intrinsic
optimization has helped Amari et al. [6] to modify the gradient descent algorithm devel-
oped for blind separation based on maximum-likelihood to the dramatically more efficient
natural gradient algorithm. Through our journey with the Riemannian manifold, the no-
tions of geodesics, parallel translations and tangential spaces were explored along with a
justification of the improved performance of the natural gradient, as it faithfully represents
the steepest-descent direction better than the regular stochastic gradient. One of the most
important cases of the Riemannian manifold was also investigated, namely the Stiefel mani-
fold. The Stiefel-manifold represents the actual manifold for optimization in the case where
pre-whitening has been applied to the mixtures.

After presenting the mathematical fundamentals for Riemannian space optimization, Chap-
ter 4 addressed the next target which was to implement algorithms with improved perfor-
mance based on the idea of intrinsic optimization (optimization along the actual manifold,
Riemannian or Stiefel, instead of the Euclidean optimization). Next, a collection of algo-
rithms was proposed to speed up the framework, with good results, both in separation quality
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and convergence speed. A new cost function based on the Bussgang criterion is developed.
An equivalence relationship between the gradient on the Stiefel manifold of most important
on-line algorithms, namely Maximum-likelihood, Negentropy and nonlinear PCA along with
the new cost function was derived under the orthogonality constraints. This equivalence
relationship insured that whatever algorithm developed or to be developed using the natural
gradient on the Stiefel-manifold will be a general solution to any of the previously mentioned
cost functions.

Starting in section 4.5, the first algorithm was proposed to perform sequential separation of
mixtures, i.e. blind extraction, producing both a fast convergence speed and a small steady
state error. Simulation results showed the potential of this algorithm. The second algo-
rithm, presented in section 4.6, is intended also for BSE but is implemented with a different
structure that permits the use of a step size parameter and thus it handles the situation of
nonstationary mixtures better. This algorithm was derived in two different ways, the first
path to the derivation used an extrensic orthogonalization condition and evaluated the ma-
trix at the optimal value, while the second way to derive the algorithm was structured based
on the intrinsic properties of the Stiefel-manifold, yet it lead, at the optimal point, to the
same algorithm. The algorithm and its successful results are summarized in the publication
[33] by the author.

Another algorithm, derived in section 4.7, was presented. It can be described as a non-linear
RLS extension to the natural gradient in the pre-whitened case. The performance of this
algorithm is clearly superior to the original natural gradient algorithm. The algorithm was
presented in publication {34] by the author.

Chapter 5 presents a collection of approaches to implement algorithms with improved per-
formances for the general mixing situation, i.e. the general Riemannian manifold. Sections
5.3, 5.4 and 5.5 were devoted to the first approach based on generalizing the concept of
iterative inversion successfully used for BSS in [1]. A family of algorithms was derived based
on this generalization with the flexibility to adjust the choices of the autocorrelation matrix
Rss to either match already existing algorithms or provide new updates with advantageous
qualities such as the LMS-1 algorithm, which provides robust performance in the case of
under-determined mixing situations.

Another approach considered in Chapter 5 is the nonlinear RLS algorithm. The algorithm
is successfully implemented in section 5.7 under the name “General Riemannian nonlinear
RLS” algorithm. It is shown to provide faster convergence when tested with speech and
audio signals.

The rest of Chapter 5 was devoted to second order algorithms on Riemannian manifolds.
First, the form of the Hessian matrix on the Lie algebra space of the general Riemannian
manifold was calculated. Realistic approximations were then applied to the Hessian ma-
trix to develop two different approximated formulas for the Hessian matrix with different
computational loads. Section 5.10 presented the “Reduced Hessian” and the “Median Re-
duced Hessian” algorithms. Section 5.11 presented the “Diagonal Hessian matrix” algorithm.
Sample results showing the improved performance of the algorithm were presented in section
5.12. Section 5.13 introduced a rather heuristic extension of the “Diagonal Hessian” and the
“Reduced Hessian” algorithms to the Stiefel manifold along with sample results showing,
empirically, the success of this extension.

Lastly, Chapter 6 was dedicated to the presentation of a complete set of results for the
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algorithms developed in the thesis. The chapter started with laying out the test setup en-
vironment, conditions and the benchmark data used. Results for each algorithm were then
presented in different mixing situations along with comparisons with other algorithms.

7.2 Future Work

This study in the field of blind signal separation and Riemannian-based optimization has
stimulated a diversity of new ideas that will potentially provide substantial additions to the
research done in this thesis. In the following, a collection of possible objectives are considered
for future work by other researchers.

1. One objective that might be considered, or be of interest to other researchers, is to

investigate the extension of the new algorithms already developed to the convolutive
multi-channel blind signal separation.
A brief review of the convolutive mixtures has been presented in Chapter 2 where blind
signal separation in the frequency domain faces the challenges of permutation along
with separately adapting a de-mixing matrix Wy for different frequency bins, which
may result in different convergence speed for different bands. Although this exten-
sion is possible, it requires a more in depth study of circulant matrices and projective
methods of circular convolution into the frequency domain. Special attention should be
paid to the filter sizes of the inputs, the demixing matrices and the output. A powerful
permutation algorithm should also be selected with extensive care of its effect on the
quality of the resulting mixtures (in the case of acoustic mixtures). These problems
would require some additional study that is not directly related to the blind signal
separation domain.

2. It would be interesting to explore the possible benefits of performing the de-mixing
of instantaneous or convolutive mixtures in another domain such as the perceptual
Bark-domain or combining the frequency with perceptual loudness and masking ef-
fects instead of the pure time or frequency domain. One advantage could be to elim-
inate unnecessary frequency bins and focusing on the frequency bands that affect the
perceptual evaluation the most.

3. Speech enhancement or de-noising schemes could also be an idea to explore. They could

be performed as a pre-processing step in order to remove noise from the mixtures. This
could possibly speed up or help the de-mixing operation.
Speech enhancement could also be considered as a post-processing step to eliminate the
cross-talk of other audio sources in each of the recovered signals, while the separation
algorithm has not yet reached full convergence. This post-processing step may be
challenging as both the coloured noise to suppress and the source signals to recover
would be speech signals that may have similar statistics. This would require a powerful
speech enhancement algorithm that can successfully remove the cross talk without
deteriorating the resulting quality of the source signal.
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