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Abstract

An objective probability that a single nucleotide polymorphism (SNP) is associated
with a disease is its local false discovery rate (LFDR). The LFDR for each SNP is
relative to a reference class of SNPs. For example, the LFDR of an exonic SNP can
vary widely depending on whether it is considered relative to the separate reference
class of other exonic SNPs or relative to the combined reference class of all SNPs in
the data set. As a result, the analysis of the data based on the combined reference
class might indicate that a specific exonic SNP is associated with the disease, while
using the separate reference class indicates that it is not associated, or vice versa. To
solve this reference class problem, we introduce novel empirical Bayes methods that
simultaneously consider a combined reference class and a separate reference class.

Our simulation studies indicate that the proposed methods lead to improved perfor-
mance. The new maximum entropy method avoids choosing the worst reference class by
depending on the separate class when it has enough SNPs for reliable LFDR estimation
and depending solely on the combined class otherwise. The new game-theoretic rule
also performs well relative to previous approaches. Analyzing data from a genome-wide
association study of 2000 cases and 3000 controls, we find that the maximum entropy
method makes notably different identifications of disease-associated SNPs than the two

reference classes considered.

1 INTRODUCTION

Discovering single nucleotide polymorphisms (SNPs) associated with a specific disease such
as coronary artery disease (CAD) has been absorbing attention in recent years. In such a
large-scale simultaneous hypothesis testing problem, several thousands of SNPs in a case-
control study are tested together. For each SNP, the null hypothesis that the SNP is not
associated with the disease is tested against the alternative hypothesis that the SNP is
associated with it. Then, if the null hypothesis is rejected, the SNP is considered to be

associated with the disease.



A pioneering work in the multiple hypothesis testing scheme by Benjamini and Hochberg
(1995) introduces the concept of false discovery rate (FDR) and since then many devel-
opments have been conducted (Efron and Tibshirani 2002; Storey 2002, 2003; Efron 2010
among others). A quantity to discover if a specific SNP is associated with the disease is
to compute the posterior probability that the null hypothesis is true. But, the hypothesis
posterior probability which is sometimes referred to as the local false discovery rate (LFDR),
depends on some parameters that are usually unknown (Bickel, 2013; Efron et al., 2001).
Thus, in such cases, the LEFDR as a Bayesian posterior probability needs to be estimated.
A successful approach in this regard is the empirical Bayes approach of estimating LFDR
which replaces estimates of the parameters on which the LEDR depends by their estimated
values (Efron and Tibshirani, 2002; Efron et al., 2008). Then, SNPs which are associated
with the disease can be identified on the basis of values of estimated LFDRs.

LFDR estimation has been performed by different methods in the literature. Allison et al.
(2002), Pan et al. (2003) and Efron (2004, 2007) consider the estimation of LFDR based on
a discrete mixture model. Also Muralidharan (2010), Padilla and Bickel (2012) and Yang
et al. (2013) consider the LFDR estimation using the maximum likelihood (ML) approach.
Bickel (2013) provides a summary of strengths and weakness of four major approaches to
multiple hypothesis testing including two error-rate control approaches (family-wise error
rate and FDR control) and two posterior probability approaches (classical and empirical
Bayes). In addition, Bickel (2016) points out that, compared to FDR-controlling methods,
LFDR estimation leads to a lower bias.

As a motivating example, the CAD data includes information of 357,468 SNPs of which
10126 SNPs are ncRNA. Now, there are two directions to determine whether a specific
ncRNA SNP, rs7326878, is associated with the disease. One direction is to analyze only
the ncRNA SNPs together, and an alternative direction is to conduct the analysis over all
the available SNPs. While the analysis based on information of all the 357,468 SNPs leads

to a low estimate of the corresponding LFDR (0.1563), considering only the ncRNA SNPs



yields to a high estimate of the LFDR (0.8940). Analyzing all the SNPs together due to
the low estimated LFDR discovers that the SNP rs7326878 is associated with the disease
while limiting considering only the ncRNA SNPs together determines that this SNP is not
associated with the disease. Thus, there is an uncertainty regarding whether to reject the
null hypothesis that the SNP is not associated with the disease. To incorporate such prior
knowledge available in the form of biological annotations, we introduce novel approaches
of discovering SNPs associated with the disease based on robust Bayes and information-
theoretic approaches.

For a single genetic variant such as a SNP, which other variants should be used when
estimating the LFDR? They will be the variants in some reference class of which the genetic
variant of interest is also a member. All reference classes include the genetic variant of
interest. The problem is that the LFDR estimate strongly depends on the class. In the
above example, the separate reference class is ncRNA, and the combined reference class is
all the SNPs. We propose and compare several candidate solutions of this reference class
problem; Aghababazadeh et al. (2016) review previous solutions.

In Section 2 we introduce notation and briefly review previous empirical Bayes methods
and the use of classical Bayesian decision theory with the estimated posterior distributions.
We consider inference based on simultaneously considering the combined reference class
and the separate reference class. Since two reference classes lead to two different posterior
distributions, special methods are needed. The approach of Section 3 is to pool the two
posterior distributions into a single posterior distribution for use with the classical Bayesian
decision theory. The approach of Section 4 is to instead apply robust Bayes decision theory
without first pooling the posterior distributions. Section 5 reports our simulation results as
well as results from the CAD data analysis. We end up the paper with some conclusions and

discussions in Section 7.



2 PREVIOUS EMPIRICAL BAYES METHODS

2.1 Notation

The procedure of discovering SNPs that are associated with the disease is as follows: For
an ith SNP, ¢ = 1,2,..., N, the test statistic t; is used to either accept or reject the null
hypothesis in the hypothesis set Hy; : A; =0vs Hy; : A; =1,i=1,2,..., N, where A; is an
indicator variable indicating whether Hy; (the ith alternative hypothesis) is true. Under the
alternative hypothesis, i.e. A; = 1, the ith SNP is deemed to be associated with (affected by)
the underlying disease or treatment. Alternatively under the null hypothesis, i.e. A; = 0,
the ith SNP is supposed not to be associated with (affected by) the underlying disease or
treatment. To test the hypothesis, a critical region is defined and if the test statistic ¢; falls
within the critical region, the corresponding null hypothesis is decided to be rejected. A
common quantity to measure strength of the ¢th SNP association with the disease is the
odds ratio OR; or its log transform, i.e., §; = log(OR;), which compares the odds between
individuals with different genotype or allele. In terms of #;, the null hypothesis stating that
the 7th SNP is not associated with the disease corresponds to 6; = 0, otherwise 6; # 0.
The OR is usually estimated using the logistic regression and a regression coefficient [;
corresponding to the ¢th SNP is estimated by the maximum likelihood estimator Bz Then,
to test the hypothesis Hy; : 5; = 0 vs Hy; @ 5; # 0, a Wald test statistic is defined through

~2

a function T' on Ei, ile., t; = T(EZ) = ‘7(7[:23), where 17&»(3

variance of Bl This test statistic under the null hypothesis has approximately a chi-squared

;) is the standard estimate of the
distribution with one degree of freedom (Yang et al., 2013).

Consider there are some biological information leading to possibility of conducting both
separate and combined analyses, as provided in the above ncRNA example. This information
automatically defines separate and combined reference classes. We shall refer to the small
reference class by S. We also refer to the combined reference class by C. In correspondence

with the separate and combined analyses, let ¢;,%s,.. ., tng, tNg+1,- - -, TN, denote test statis-



tic values in which ¢; is a realization of the test statistic 7; having the probability density
functions (pdfs) go(.) and ga,,(.), conditional on the null and non-null hypotheses, respec-
tively. Let S = {1,2,...,Ng}, C ={1,2,...,N¢} and M = {Ng;1, Nsya,...,Nc} be the
set of indices. Then, our goal is to test the following hypotheses Hy; : A; =0 vs Hy; 1 A; =1,
i € R={S,C}. For instance, in our motivating example S stands for the ncRNA reference
class and then, M will refer to all the SNPs in the combined reference class C' after excluding

the ncRNA SNPs.

2.2 Inference from single posterior distribution

In this subsection, first we consider inference based on a single reference class, either the
combined reference class or the separate reference class. Since each reference class leads
to a single posterior distribution, classical Bayesian decision theory applies. To provide
the prerequisite material, for a given reference class R, suppose P(A; = 0) = myr and

P(A; =1) =1 — mog. Thus, the LFDR w.r.t. the reference class R is

Torgo(t:)
morgo(ti) + (1 — Tor)Jdu.r (ti)’

ViR =

where ¢; is a realization of the test statistic 7; having the pdf go(.) conditional on the null
hypothesis and pdf g4, ,.(.) conditional on the alternative hypothesis (Efron, 2010; Bickel,
2013). In practice, go is usually known (it can be pdf of standard normal, student or a

chi-square distribution with some degrees of freedom) but my and g, ., have to be estimated

AltR
(Padilla and Bickel, 2012; Yang et al., 2013).

The hypothesis indicator A; conditional on the test statistic ¢; follows a Bernoulli distribu-
tion with probability of success 1 —1; g, i.e., P(A; = 0|t;) = ¢ r and P(A; = 1|t;) = 1 —; g.
We shall refer to this posterior distribution by Pj. We refer to an estimated LFDR for ith
SNP by 1@-73 and in this case, we replace P} by ]3}% We shall denote estimates of myr and

daitr by Tor and daig.



Let 9; = 6(t;) be a decision rule based on the test statistic value ¢;. For ith SNP consider

the following loss functions

.

0 ifd;=A; €{0,1},

Lzo(Ai6i) =1, ifs; =1,A4;, =0, (1)

l;p ifo; =04, =1,

\

LSE(Azaéz) = (51 — A,‘)Q, —00 < ; < +00, A; € {O, 1}, (2)

and

LOR(eiaéi) = ((5z — Gi)2, —00 < 91,(51 < —+o0. (3)

The Lyo loss is useful in hypothesis testing terminology, in which I;,1;;(> 0) are the loss
due to making type I and type II errors, respectively. The squared error loss (SEL) function
Log in (3) is measuring penalties in estimating the ith log OR, i.e., 6; by the estimator 0;.
It will be apparent that results of estimating A; under the SEL function Lgsg in (2) can be
derived from results of estimating #; under the SEL function Log in (3). To take readers in
track, we will concentrate on estimating 6;.

Let p <ﬁ}%, 5Z-> = E[L(n;,6;)|T; = t;] denote the posterior risk of §; € D associated with
the prior 7z where D is a set of possible actions and FE[.] stands for expectation w.r.t. the
conditional density of n;|T; = t;, n; € {A;,0;}. It is well-known that a Bayes estimate w.r.t.
a given prior under a specific loss function would be obtained by minimizing the posterior

loss

p <13}§7 5¢> = Lz0(0,8,) 05 r + Lzo(1, ;) (1 - ZZLR)

w.r.t. ;. Taking this fact in mind, it can be verified that the Bayes estimate of each



hypothesis indicator A;, i € Ir, under the Lyo loss (1) is given by

1 if {/;i,R <
058 (1) = (4)

e lrr
0 if @ZJ%R > L+l

In the same procedure, the posterior risk under the SEL function (3) corresponding to the

1th hypothesis can be written as

p (Pio6) = 2+ (50— 00> (1 - i) (5)
which leads to the following Bayes estimator

-~

don(t) = @(1 — i R). (6)

It is easy to verify that the posterior risk under the SEL function (2) is

p (Pind) = 2+ (00— 17 (1= din)

which is in fact the same the posterior risk in (5) when considering #; = 1. Thus the Bayes
estimate of the hypothesis indicator A; under the SEL function (2) is the same as the Bayes

estimator in (6) except that we replace 0; by 1.

3 INFERENCE VIA POOLING POSTERIOR DISTRI-

BUTIONS

The following information-theoretic methods pool posterior distributions corresponding to
different reference classes into a single distribution for use with the Bayes rule described in

subsection 2.2.



3.1 A maximum entropy method of pooling distributions

To discover SNPs associated with a specific disease, we propose a new maximum entropy
(ME) approach, which compares two likelihood functions constructed based on two given
models. In practice, there is a lack of knowledge that specifies whether the separate reference
class S or the combined reference class C' should be used, to get more reliable estimates of
LFDRs for the SNPs. This approach provides a selected reference class using both separate
and combined analyses in favor of a given data set. Then, giving credit to the selected
reference class, an estimate of LFDR is computed for each SNP. We refer to the ME estimate
of LFDR by BME, the Bayes estimator relevant to the selected reference class.

The procedure is as follows: for all SNPs associated with the separate reference class S,

consider the likelihood function

L(r) = | | (mogo(t:) + (1 = m0)gu, (t:)) ,

i€S

where 7 = (7, dai;). Based on a model checking approach and following Bickel (2015), define

the following likelihood set

B - L(7) 1
LS{T. ) 22—a,7'€[0,1]><[d1,d2]}, (7)

where a is a predetermined threshold, d; and ds are prespecified limits of the non-centrality

-~

parameter dy;, and Ts = (Tos, dais) is obtained through maximizing the joint mixture density
Hiisl (morgo(ti) + (1 — ToRr)Gdy., (ti)) over (mor, daitr)-

Different positive values can be chosen for a indicating grades of evidence against the
separate reference class S and in favor of its alternative. We choose a = 3, considering
strong evidence against the separate reference class and in favor of its alternative, see Bickel
(2015) for more details. We choose d; = 0.1 and dy = 50 to ensure that our procedure

considers a rich interval for estimating the parameter d,g.



Let 1; be the LFDR for sth SNP computed based on values of 7y and d,; belonging to
the likelihood set (7), and suppose P! is the corresponding conditional distribution for the
indicator variable A;. Since each pair (7, day) in the likelihood set leads to an estimate of
LFDR ¢, changing values of (7o, day) leads to an interval of LFDR, say []g,1{s]. Now,

for each 1;, consider the following relative entropy function

D <P1Hﬁé> = 1;log ({;\ﬁz ) + (1 — ;) log (%) . (8)

i,C i,C

Then '(ZLMEv the ME estimate, is the value of v; that minimizes D <P1| \ﬁé) over the interval
[@ng, wg&]. Once it is computed, we calculate estimates of the parameters A; and v; using
the equations (4) and (6), respectively.

To clarify the above procedure, suppose 7 = (Toc, c?altc) € Lg. Then, it is obvious that
’(Z)\i,ME = {Z)\i,C minimizes the relative entropy D (P’| |ﬁé> in (8). Hence this procedure selects
the combined reference class as the appropriate reference class. In fact, in this case, the
interval [1hf, s ] is too wide and the separate reference class does not have enough SNPs
for reliable estimates of LFDRs. But if 7o ¢ Lg, then in correspondence with any P’ that
minimizes the relative entropy in (8), a reference class will be determined by the mentioned
procedure. In this case the interval [1)"g, 1)g ] is sufficiently narrow and the separate reference
class has enough SNPs for reliable estimates of LEDRs. If QZZ-,C € [¥ls, v, then QZzME =
1@70. Otherwise, if QZZ"C < 1plg, then @ME = s and if ?Zi,c > 1hg, then JLME = 7s.

The ME estimate of LFDR has the following interesting properties:

e if a tends to 0, the likelihood set contains only one point which is 75 and thus, {ZJ\LME =
(R
e if a tends to oo, the likelihood set is equal to the whole area [0, 1] x [0, +00) and thus,

wi,ME = wi,c;

o for any other value of a, the interval [¢)/g, ¥g] will be constructed. If 1@-,0 € [Wfs, vY),

10



then QZZME = @/Z)\,C Otherwise, if @Zz‘,c < wfs, then @EzME = @bZLS and if 7@7@ > 1[)55, then

z/}i,ME = gs-

3.2 A game-theoretic method of pooling distributions

The problem of deriving an optimal rule can be considered as a game-theoretic approach
introduced by Bickel (2012). The theory is based on three players that establish a set of
density functions to be combined and the result is a linear combination of distributions with
optimized weights, the values of which are based on information theory.

Following Corollary 2 of Bickel (2012), we compute the wights w; ¢ and w; ¢ associated
with the separate and combined reference classes, respectively, and derive the combined
game-theoretic (GT) estimate of LFDR as zZi,GT = wi,gzzi,g + wi,czzi,c. Then, for an ith
SNP, we compute estimates of the parameters A; and 6; using the equations (4) and (6),

respectively. To do so, we replace 1@ r by 1@,(}1

4 INFERENCE VIA ROBUST BAYES METHODS

As observed in Sections 2 and 3, the Bayes solution depends on the choice of prior wz which
stems either from a chosen reference class R or from a distribution pooled over all reference
classes. Robust Bayes analysis deals with the problem of uncertainty propagation in terms
of the distribution and while giving credit to all models provided in a given distribution, is
aimed at global prevention against bad choices. Excellent discussions are provided in Berger
(1985, 1990) and Berger et al. (1994). Also, Karimnezhad et al. (2014) and Karimnezhad
and Parsian (2014) provide developments in different contexts.

In this section, we provide novel approaches to discover SNPs associated with a specific
disease. To do so, we assume the reference class R varies over the set {S,C}. Obviously,
for a chosen reference class R, the corresponding prior 7w varies over the set of priors

g = {ws, mc}. We shall refer to the robust Bayes analyses by average analysis.
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4.1 Caution-type estimators

Decision-theoretic rules can be chosen by caution or without any caution given a viable set
of prior distributions (Hurwicz, 1951, Jaffray, 1989, Bickel, 2012). In this regard, we apply
an extended version of the criterion introduced by Hurwicz (1951) and followed later by
Jaffray (1989) and Bickel (2015) for the hypothesis testing problem. For an ith hypothesis
indicator, this criterion specifies an optimal action satisfying

opt (i) = arg. inf {x PN p(Pg,0;) + (1 = k) Rin p(Pr,0i)},

where p(P%, ;) is the posterior risk of a decision d; w.r.t. the prior 75, and & € [0,1] is the
parameter encoding the caution.
Define 9; = minge(s,cy 12, rand 1; = MaxRre(s,C} zZZ r- The caution-type estimate of each

hypothesis indicator A;, i € R, under the Lyo loss function (1) is derived by

1 if I (1 — 4 — ;) > hi(R),
fongy = {1 T T = )

" 0 if 1y (1— b — ) < hi(k),
where h;(k) = (I — lr) (ki + (1 — K)y).

Caution-type actions for some specific values of x are interesting. The most cautious
attitude (k = 1), corresponds to the conditional gamma minimax strategy (Betro and Rug-
geri, 1992; Watson, 1974) and the least cautious attitude (xr = 0), might be referred to as
conditional gamma minimin. Another caution-type action with caution parameter xk = 0.5,
which in fact provides a balance between the conditional gamma minimax and conditional
gamma minimin can be considered. We refer to these three interesting cases by CGM1,
CGMO0.5 and CGMO, respectively.

Now, considering the SEL loss function (3), after some algebraic manipulations it can be
proved that the CGM1, CGMO0.5 and CGMO estimates of ;, © € R, are respectively given
by

12



Ot () = 19; if oy < 1 <y, (10)

)
61<1_%) 1fwz<¢z_27
dope (1) = 8 (1= I =) ity < < (11)
0;(1 — ) if 1 < <,
\ i

where for subset U of the real line,

0 ifyi+ei€el,

1 if+¢; ¢ U,

and

ﬁ?ﬂu):@(l—%ﬁg+ih). (12)

4.2 Posterior regret gamma minimax estimator

Another common approach to overcome with the prior uncertainty in the Bayesian frame-
work is called posterior regret gamma minimax (PRGM) approach which has been used
and appreciated for a very long time. The context of conditional Gamma minimax regret
rules are developed by Zen et al. (1990), and excellent developments can be found in Berger
(1985), Insua et al. (1992) and Berger et al. (1994).

Suppose the realization ¢; is an observation of a random variable 7; and ;% = §™%(t;) is
the Bayes rule w.r.t. the prior 7, R € {S, C'}. Each reference class corresponds to a different
prior distribution and thus to a different posterior distribution. The posterior regret of a
rule 8; is defined by r(8;, 67%) = p(P%, 8;) — p(Pk, 67). Informally, for each fixed i, r(d;, 67%)

measures the loss of optimality due to choosing the decision §; instead of the Bayes rule §;%.

13



We say dpram(ti) is a PRGM rule if it minimizes maxpe(gcy r(6;,9; ), i.e.,

B t)) = arg inf 5;, 67 R).
praM(ti) = arg jnf Rgg;é}r( i)

It can be verified that the PRGM estimate of each 0;, 7« € R, under the SEL loss function
(3) is equal to the caution-type action 5%%%’0(25@-) in (12). Once again, it would be easy to
verify that caution-type estimates of the hypothesis indicator A; under the SEL function (2)

will be obtained by replacing 6; in (9)-(12) by 1.

5 SIMULATION STUDIES

5.1 Simulation settings

To illustrate behavior of the proposed estimators of LFDR, we conduct a simulation study
as summarized in Algorithm 1. In our simulation study we consider one separate reference
class (5) and one combined reference class (C') in which S consists of 2000 SNPs with some
proportion of disease affection mps € {0,0.1,...,1} and C consists of 4000 SNPs (S C C).
For the 2000 SNPs in the complement of separate reference class, denoted by M, we suppose
proportion of disease affection is moy, € {0,1}. Using the fact the log of OR follows a
normal distribution, we generate a sequence of z; values which under null hypothesis that
there is no association between SNPs and a specific disease, follow a normal distribution
with mean 0 and variance 0? = 0.02, and under the alternative hypothesis follow normal
distribution with mean log(1.25) and variance o? = 0.02. We then transform the z; values
to chi-squared values through the transformation t; = (%)2 By this transformation, under
the null hypothesis t; follows a central chi-squared distribution with one degree of freedom
and under the alternative hypothesis it follows a non-central chi-squared distribution with
one degree of freedom and non-centrality parameter d.s = dainr (M>2. Once the test

o

statistics are generated, we apply the ML approach to estimate the corresponding LFDRs

14



based on the methods developed in Sections 3 and 4. Finally, we define average of risks

(AMSE and AR, in Step 9 of the Algorithm 1) to measure performance of the methods.

Algorithm 1 Summary of simulation methodology.

1.

2.

Take 5 = 1.

Generate 2z, 22,...,2N,g, ZNog+1,- - - s 2Ng such that for ¢ = 1,2,... Nog, 2z ~
N(log(1.25),0?) and for i = Nysy1, Nosio,---, Ng, z; ~ N(0,0%), where o = 0.02,
Nos = 0(200)2000 and Ng = 2000. By this setting, a separate reference class, say S,
with mos = 0(0.1)1 is constructed.

Generate 2ng41, 2Ng+2, -« -5 ZNoass ENoas+15 - - - s 2N such that for ¢ = Ng + 1, Ng +
2, sy N0M7 Zp N(lOg(125), 0'2) and for ¢ = NOM+17 N0M+2, ooy Nc, Zp ~ N(O, 0'2),
where 02 = 0.02, Ny = 2000,4000 and N = 4000. This way, the reference class M
with mopr = 0, 1 is constructed. Obviously, the combined reference class C' is the union

of S and M.

Compute t; = (2)? to construct the chi-squared test statistics.

Estimate the corresponding LFDRs by {/)\,-73, R e {S,C}.

. Using the estimated LFDR computed in Step 5, compute 678 (¢;) with R € {S,C},

6295 (t;) and (5SEL”( t;) with k = 0,0.5, 1, the game-theoretic and the ME LFDR esti-

opt opt
mators. Replace 91 by corresponding z; generated in Steps 2 and 3, wherever needed.

Compute the losses L1, (A;, 0;) and L, (6;,6;) introduced in (1) and (3), where §; is
any of the applicable estimators computed in Step 6. For the L; loss consider I; = 4
and { I = 1.

Increase j by 1 and repeat Steps 2 to 7 for N = 1000 times. Compute

A:_ZL Az,é MSE; = — ZLOR Vz; za

where the index 4 in Ry, refers to the choice [; = 4.

For each of the proposed methods, compute averages of Ry; and MSE; over all SNPs
in the separate reference class S, i.e.,

1 & 1 &
' Ng ; ’ Ns Z

15



5.2 Simulation results

We carried out different simulations with different parameters as shown by Figures 1-4. From
the results we observed that if there is a significant difference between mys and myc, there
is a difference between performance of the resulting separate and combined analyses. For
example look at the results associated with the point mpg = 1 in Figures 1 and 2 (or the
point mos = 0 in Figures 3 and 4) for which there is a 0.50 difference between and mys and
moc- In fact, from Figures 1 and 2 we observe that when mys > 0.4, the separate analysis
outperforms the combined analysis and when myg < 0.4, the combined analysis outperforms
the separate analysis. The converse behavior observed in Figures 3 and 4. But, if there is
no such significant difference, making a decision based on only the separate analysis or the
combined analysis could be a challenge.

From the Figures 1-4 we observe that performance of the proposed estimators in Sections
3 and 4 for all values of myg in different settings is satisfactory. They lead to a decrease in

AMSE or AR, values.
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Figure 1: Plots of AMSE when 7y, = 0 for different values of mgg.
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We observe that it is not possible to claim one of the methods always performs better the
other methods. However, based on different values of myg and mg;, Table 1 orders the top
three estimators of §; = log(OR;) and the hypothesis indicator A; in terms of their AMSE

and AR, defined in Step 9 of Algorithm 1.

6 CORONARY ARTERY DISEASE DATA ANALYSIS

To illustrate behavior of the LFDR estimates with incorporated information, we analyze
the CAD data from Wellcome Trust Case Control Consortium (2007)!. The data include
500,568 SNPs genotyped for 2000 cases and 3,000 combined controls. After the quality
control filters performed, 357,468 SNPs with minor allele frequencies greater then 0.05 are
retained on 22 autosomal chromosomes and 1926 cases and 2938 controls individuals. Our
interest concentrates on incorporating biological information in identifying the SNPs that
are associated with the disease.

Functional annotation was performed and different categories were assigned to the SNPs
as reference classes using the ANNOVAR software (Wang et al., 2010). Figure 5 shows SNPs
distribution regarding different reference classes. It is observed that some SNPs are assigned
to more than one reference class. For example, of 10126 ncRNA SNPs, 692 found to be exonic.
Now, if one is interested in analyzing exonic SNPs, there are different reference classes that
she/he might consider. To estimate the corresponding LFDRs, a separate analysis would
suggest using information of the exonic SNPs while a combined analysis would suggest using
information of either ncRNA or all of the SNPs. For these 692 SNPs, we treat the exonic
and the ncRNA reference classes as separate and combined reference classes.

Following the ML approach in LFDR estimation, we computed values of test statistic ¢;
which under the null hypothesis that there is no association between SNPs and CAD disease
follow a central chi-squared distribution with one degree of freedom. The test statistics under

the alternative hypothesis follow a non-central chi-squared distribution with one degree of

lwww.wtcee.org.uk
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Figure 5: SNPs distribution based on the functional annotation.

freedom and non-centrality parameter d,z. Considering S and C' for the reference classes
including the exonic and ncRNA SNPs respectively, we get mog = 0.9759, C/l\alts = 12.2394,
Toc = 0.9978 and C/i\altC = 33.8456. Figure 6 provides estimated LFDR values based on
the different methods. The LFDR estimates w.r.t. exonic SNPs fall on the horizontal axis
and LFDR estimates of the same SNPs regarding the different approaches are shown on the

vertical axis.
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Figure 6: Estimated LFDRs for 692 exonic SNPs. The LFDR estimates w.r.t. exonic SNPs
fall on the horizontal axis and LFDR estimates of the same SNPs regarding the different
approaches are shown on the vertical axis.
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Significant difference and discrepancies in the LFDRs estimated values (and thus in de-
termining associated SNPs) is realized from Figure 6. Considering the 20 percent threshold,
we observe the separate analysis leads to identifying more SNPs associated with the CAD
disease than the combined analysis. For example, the separate analysis leads to identifying
two SNPs with estimates of LEFDR close to 0.15 (rs7186668, rs9926237) while the combined
and average analyses, and the BME suggest that these SNPs are not associated with the
CAD disease.

7 CONCLUSION AND DISCUSSION

We conducted some simulation studies with different settings and measured performance of
the estimates by the average of risks (AMSE and AR, in Step 9 of the Algorithm 1) and
observed that the proposed methods lead to improved performance.

We observe that the new ME method is the only method considered that is based on
comparing the likelihood functions and takes into account the reliability of the separate
reference class. We provide examples in which the new ME method depends on the separate
reference class when it has enough SNPs for reliable estimation relative 1 to the reliability
of the combined reference class and depends on the combined class otherwise.

For an example of the case when a separate reference class has enough SNPs, see behavior
of the ME estimator at the point mgs = 0 in Figures 3 and 4 for which moc = 0.5. The
AMSE and AR, of the ME estimates are very close to those of the estimated values based
on the separate reference class, rather than the combined reference class. This, as expected,
roots from a bias of zero (E[mos — mps]) in estimating the LFDRs based on the separate
reference class and a bias of 0.5 (E[Toc — mos]) when using the combined reference class
(E[moc] = moc = mos + 0.5). This leads to an increase in the MSE; in Step 8 of Algorithm 1
which can be expressed as the sum of variance and squared of the bias. Thus, at this point,

2000 SNPs in the separate reference class are enough to get reliable estimates and the ME
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estimate gives more weight to the separate reference class.

For an example of the case when 2000 SNPs in the separate reference are not enough
for deriving reliable estimates, relative to the reliability of the combined reference class, see
behavior of the ME estimator at the point mys = 1 in Figures 3 and 4 for which moc = 1 and
the ME estimator chooses the combined reference class for a reliable estimation.

Among our faster and simpler estimation methods that consider separate and combined
reference classes without depending on the reliability of estimation, the GT estimator per-
forms very well in the sense that it appears in almost all cells of Table 1.

In estimating #;, the GT estimator appears in all the corresponding 22 cells in Table 1.
The CGM1 and PRGM estimators perform well due to their appearance in 14 and 13 cells
of the 22 cells, respectively.

In estimating A;, we observe that the GT estimator performs very well due to its appear-
ance in 21 cells of the corresponding 22 cells in Table 1. The CGM1 and PRGM estimators
perform well due to their appearance in 17 and 14 cells of the 22 cells in Table 1, respectively.

We analyzed the CAD data set to estimate the LFDR of each of the exonic SNPs. We
considered the exonic and ncRNA SNPs to define a separate and a combined reference class
and observed a significance different in the results. While the data analysis using the separate
reference class identified 7 SNPs associated with the disease, the combined reference class
suggested that only one of these SNPs is associated with the disease. The ME method, as
the only method considered that takes into account the reliability of the separate reference
class, led to discovery of only two SNPs that are actually associated with the disease.

We emphasize that our theoretical developments are general and can be applied in some
problems that there are more than two reference classes. For example, given nested reference
classes, the ME method may be successively applied from the largest class to the smallest.
Also we emphasize that our theoretical results based on the Ly loss function are general
and one might choose different values for {; and [;;. Our interest was to choose I[; = 4 and

lrr = 1 which gives a 20 percent threshold in (4) which has been considered in Efron (2010)
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as a conventional threshold for reporting interesting cases in different real data sets. We

should add that the same results are observable under the Lgg loss function (2).
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