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Abstract

One of the major tasks in electronic circuit design is the ability to predict the performance of

general circuits in the presence of uncertainty in key design parameters. In the mathematical

literature, such a task is referred to as uncertainty quantification. Uncertainty about the key

design parameters arises mainly from the difficulty of controlling the physical or geometrical

features of the underlying design, especially at the nanometer level. With the constant trend to

scale down the process feature size, uncertainty quantification becomes crucial in shortening the

design time.

To achieve the uncertainty quantification, this thesis presents a new approach based on the

concept of generalized Polynomial Chaos (gPC) to perform variability analysis of general non-

linear circuits. The proposed approach is built upon a decoupling formulation of the Galerkin

projection (GP) technique, where the large matrix is transformed into a block-diagonal whose

diagonal blocks can be factorized independently. The proposed methodology provides a general

framework for decoupling the GP formulation based on a general system of orthogonal polyno-

mials. Moreover, it provides a new insight into the error level that is caused by the decoupling

procedure, enabling an assessment of the performance of a wide variety of orthogonal polynomi-

als. For example, it is shown that, for the same order, the Chebyshev polynomials outperforms

other commonly used gPC polynomials.
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Chapter 1

Introduction

1.1 Background

In today’s world, electronics, such as computers and cell-phones, are already becoming an in-

divisible part of our life. The one main fact that enabled the greater integration of electronics

into society and daily consumer’s life is the rapid progress in process technology which allowed

reducing feature size of the transistor quite dramatically. Yet, this reduction in feature size to

the nanometer level has not come without tremendous challenges to the Computer-Aided Design

(CAD) community. The challenges for CAD research community stem from the fact that at the

nanometer scale, process variability becomes too significant to ignore. This fact meant that CAD

tools now need to treat circuits and system not as deterministic design, but rather consider them

as the stochastic process, whose performance is fraught with uncertainty due to the uncertainty

of variability in the fabrication process.

Thus, one of the main challenges in nano-scale designs is predicting the effect of the inher-
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ent process variability of geometrical and physical parameters on the general performance of

integrated circuits. The lack of predictability arises mainly from the difficulty of controlling the

physical and geometrical parameters during the fabrication process. This effectively makes the

numerical values for those parameters subject to significant uncertainty, which, in turn, produces

uncertainty in the electrical performance of the circuit.

Traditionally, Monte Carlo (MC)[1] simulations have been used in the commercial circuit

and Electromagnetic (EM) simulations for predicting the statistical distribution of the circuit

and system performance. However, the slow convergence for MC has become a computational

burden, especially in simulating large circuits. This fact has prompted wide interest in exploring

alternative approaches to the problem of statistical analysis of the performance of electronic

circuits.

A recent approach based on the notion of generalized polynomial chaos (gPC) was developed

and showed a great computational advantage over the standard MC-based analysis [2]. This ap-

proach has been used in estimating the statistical properties of different types of circuits. Earlier

polynomial chaos (PC) approaches focused on characterizing the variability analysis of inter-

connects [3] and multi-conductor transmission lines in the presence of process variations [4].

Further work addressed the problem of variability in generic multiport linear circuits [5]. It was

also expanded to nonlinear circuits in [6] and to transmission line circuits terminated by nonlin-

ear loads in [7]. The basic idea in the gPC approach is to expand the circuit response in a series

of the Askey-Wiener type of orthogonal polynomials, e.g, Hermite polynomials, and then use a

numerical method to compute the coefficients of the series. Typically, those coefficients are used

to extract statistical information about the circuit response, e.g. mean and variance.
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Several techniques have been available or recently proposed to compute the PC series numer-

ically. The widest classification scheme in which those techniques may be classified is intrusive

versus non-intrusive approaches.

The intrusive approach works by expanding the circuit equations into a larger system of

equations whose solution directly yields the values for those PC coefficients. The non-intrusive

approach approaches the task of computing the coefficients in a two-phase process. In the first

phase, the circuit response is computed (typically, by a commercial simulator) at a grid points

in the space spanned by the random parameters. In the second phase, the solutions found at

those grid points are assembled to compute the PC series coefficients for few selected states

of the circuit response. The stochastic technique based on the Galerkin projection (GP) is the

best-known example of the intrusive approach, whereas the stochastic collocation-based (SC) is

clearly a non-intrusive approach.

The major drawback in the SG is the requirement to solve a larger system of equations with

dense Jacobian matrix. This drawback limits the applicability of this technique to problems with

few random variables. By contrast, the first phase in the SC requires solving the original circuit

equations at independent grid points in random space. This fact represents an advantage since it

can be efficiently implemented on parallel platforms, and involves factorizing a sparse Jacobian

matrix that typically from the sparse circuit connectivity. Recent development also proposed

using sparse grid in the random space to increase the efficiency of the collocation approach [8].

Nevertheless, the intrusive approach presents an important and a rather subtle advantage over

the collocation-based non-intrusive approach, when the task at hand is the statistical characteriza-

tion of a time-domain response of the circuit variables, where PC coefficients are time-dependent
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and, therefore, can only be computed at the discrete set of time points. That fact poses a unique

challenge for the collocation approach that is a non-sequitur in the intrusive one. This is because

the length of the time step is adaptively adjusted (by the commercial simulator in the first phase)

with each new time point. This means that the discrete time-domain points chosen for a particu-

lar grid point in the random space will, more likely than not, be different from other grid points,

and the challenge then becomes which set of discrete time points to use in the second phase for

computing the coefficients. While interpolation may be used to reach a common discrete set of

time-domain points, it can be a source of errors for the high-order PC coefficients [9].1

Combining the advantages in both approaches appears to have been first proposed in the

formulation of the collocation method presented in [11]. While this formulation results in a

larger system of equations, the resulting Jacobian matrix can be transformed into a (decoupled)

block diagonal form, where the diagonal blocks can be factorized independently, effectively

matching the desirable computational complexity of the collocation approach while alleviating

its main problem of finding a common set of discrete time points. However, this formulation

remained limited by the fact that it required the PC coefficients to be truncated in the tensor order,

which grows exponentially with the number of random variables. Overcoming this problem was

then proposed in the idea of Stochastic Testing (ST) [9], which is collocation-based intrusive

method aiming at constructing a PC truncation scheme based on the total order, thereby, reducing

significantly the number of diagonal blocks that need to be factorized.

A more recent approach [12], [13] considered the Galerkin based intrusive method and pro-

posed a method to decouple its Jacobian matrix. This approach relies on developing a new
1In addition to the above advantage, a recent independent study comparing SC to GP indicated that GP “gives

higher accuracy per stochastic degree of freedom” [10]
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general formula that characterizes the structure of the augmented Jacobian matrix and shows

that this structure can be decoupled into smaller matrices that can be factorized independently.

That approach, however, still remains limited to PC problems described by Hermite polynomials,

which limit the simulation only if the uncertain parameters has a Gaussian distribution.

1.2 Motivation

The main motivation of this work stems from the basic observation that uncertain parameters

are not always Gaussian. This fact has limited the domain of applications of the decoupling

approach presented in [12]. The basic objective of this thesis, has, therefore, been to seek a gen-

eralization methodology for the diagonalization and decoupling approach within a more general

framework of non-Gaussian types of uncertainty. Achieving this goal would not only benefit the

particular area of circuit simulation, but should also make it possible to be applied for uncertainty

quantification in other fields.

1.3 Contribution

The main contribution of this work is to generalize the decoupling approach so that it can handle

any type or system of orthogonal polynomials. The proposed methodology provides a general

framework for decoupling the GP formulation based on a general system of orthogonal polyno-

mials. Moreover, it provides a new insight into the error level that is caused by the decoupling

procedure, enabling an assessment of the performance of a wide variety of orthogonal polyno-

mials. For example, it is shown that, for the same order, the Chebyshev polynomials outperform
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other commonly used gPC polynomials.

The preliminary idea of the generalized decoupling approach related to the special case of a

single random parameter has been presented in [14]. This work presents the details for the case

of multi-random parameters and provides the necessary proofs. Part of this work has also been

submitted to a journal publication [15].

1.4 Organization of the Thesis

The rest of the thesis is organized as follows: Chapter 2 provide the mathematical framework for

this thesis as well as the necessary notation. In chapter 3, the background of uncertainty quantifi-

cation is provided, including the background of probability theory and random variable (RV) in

section 3.1 and background on statistical analysis methods in section 3.3. The principle of pro-

posed decoupled approach can be found in Chapter 4. The numerical examples and the summary

of this thesis plus the future research options are in Chapter 5 and Chapter 6 respectively.
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Chapter 2

Notations and Mathematical Formulation

In this chapter, the first section will present the basic notations used in this thesis. This will

be followed by a brief review of mathematical formulation for circuit simulation for both the

situations with and without uncertainty parameters.

2.1 Notation

A key part of the notation in this thesis is the concept of a multi-index which is a vector, e.g.

α ∈ Nd of d non-negative integers. In the following treatment, a multi-index written in non-bold

font with subscript i, αi is used to denote the ith component of the multi-index α.

A common task often associated with the notion of multi-index is defining a finite set of

multi-indices. One such idea is based on the notion of tensor order which defines a set of multi-

indices by only allowing all multi-indices α ∈ Nd whose components satisfy αi ≤ Mi (for a set

of positive integers Mi) to be included in the set. A set of indices defined in this manner will
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haveQmulti-index elements, whereQ =
∏d

i=1(Mi+1). In this thesis, a set formed based on the

tensor order will be denoted by ΥQ. To simplify the discussion, we assume M1 = M2 = · · · =

Md = M for the rest of the thesis.

Another task that is typically important in the presentation of the following results is the

ordering of the multi-indices under tensor order truncation scheme. This task is accomplished

by using the rank of α, which is denoted by |α| and defined by

|α| =
d∑
i=1

αi(M + 1)d−i (2.1)

to order elements in ΥQ.

The mathematical manipulation in this thesis will also treat matrices. For this purpose, we

will use the notation [A]p,q to denote the scalar entry in a matrix A ∈ Nm×m located at the pth

row and qth column. Furthermore, {A}np,q is used to identify a block of size n× n in the matrix

A ∈ Nm×m that occupies rows p through p+ n− 1 and columns q through q + n− 1.

2.2 Mathematical Formulation

This section presents the basic ideas used to represent general circuits in the mathematical do-

main. We start first by considering the mathematical formulation of linear circuits, then follow

that by the mathematical formulation of nonlinear circuits.

2.2.1 Mathematical Formulation of Linear Circuits

Linear circuits can be described either in the frequency-domain (FD) or in the time-domain

(TD). The general approach used to provide the mathematical formulation is based on the idea

8



of Modified Nodal Analysis (MNA) which was first presented in [16].

The MNA formulation for a linear circuit in the frequency-domain takes the following form:

(G+ sC)X(s) = U(s) (2.2)

where G and C ∈ RN×N are matrices describing the memoryless and memory elements in

the circuit, respectively, X(s) ∈ CN is a vector of circuit response (e.g., nodes voltages and

inductors currents), and U(s) ∈ CN is a vector representing the independent stimulus of the

circuit, all given in the Laplace-domain, with N representing the number of the variables in the

circuit response and s = jω representing the frequency variable.

Example

E

Vout1 2

0

is

i1

i2

i3

Figure 2.1: A simple linear circuit example.

Figure 2.1 shows a simple linear circuit that is used as an example to illustrate the MNA
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formulation for linear circuits. The matricesG and C in this example take the following form:

G =


1
R1

− 1
R1

1

− 1
R1

1
R1

+ 1
R2

0

1 0 0



C =


0 0 0

0 C1 0

0 0 0


which the vector of circuit responses and independent stimulus take the form:

X(s) = [v1(s), v2(s), is(s)]
T

U (s) = [0, 0, E(s)]T

2.2.2 Mathematical Formulation of Nonlinear Circuits

While linear circuits allow both time-domain and frequency-domain formulations, nonlinear cir-

cuits allow only the time-domain formulation. This is because the Laplace transform is defined

for only linear circuits.

The time-domain representation for nonlinear circuits takes the following form:

C
dx(t)

dt
+Gx(t) + f(x(t)) = b(t) (2.3)

whereG andC are matrices that have already been defined in (2.2) for the linear circuits. b(t) ∈

RN and x(t) ∈ RN in the above formulation represents the time-domain vector of independent

sources and circuit responds. f(x(t)) is the vector of nonlinear algebraic function that capture

the nonlinear elements in the circuit.
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The following example illustrate the mathematical formulation of nonlinear circuits.

Example

E

Vout1 2

0

is

i1

i2

i3

)1( /
0  TVveIi

Figure 2.2: A simple nonlinear circuit example.

Considering Figure 2.2, the mathematical formulation for this circuit involves the matrices

G and C which are given by:

G =


1
R1

− 1
R1

1

− 1
R1

1
R1

0

1 0 0



C =


0 0 0

0 C1 0

0 0 0


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The additional nonlinear element added to this circuit is the diode. Representing this nonlin-

earity requires adding a vector of nonlinear functions f(x(t)), which in this example would be

given by:

f(x(t)) = [0, I0(ev2(t)/VT − 1), 0]T

The set of circuit sources is represented by the vector b(t), which is given by

b(t) = [0, 0, E(t)]T

2.3 Mathematical Formulation with Uncertainty

This section describes a more general circuit formulation, one in which one or more value of

circuit components, e.g. the capacitance of a given capacitor or the geometrical dimensions

of a given transistor, is subject to manufacturing uncertainty due to process or environmental

variability.

To capture this uncertainty, we use a vector of random variables and denoted by:

ξ = [ξ1, ξ2, · · · , ξd]T

Here, the RVs ξ1,ξ2,· · · , ξd are taken to be of the standard types, e.g. Gaussian or Uniform, RV.

More on the exact definition of RVs will be given in the next chapter.

The presence of the design uncertainty is captured by making the matrices describing the

circuit formulation (G and C) as well as the vector of nonlinear function of f(x(t)) dependent

12



on the RVs ξ as well. Thus (2.2) and (2.3) are modified as follows:

Y (ξ, s)X(ξ, s) = U(s) (2.4)

where Y (ξ, s) = G(ξ) + sC(ξ), and

C(ξ)
dx(ξ, t)

dt
+G(ξ)x(ξ, t) + f(x(ξ, t), ξ) = b(t) (2.5)

respectively. The response we are looking for, X(ξ, s) and x(ξ, t), is a random variable at each

frequency or time points.

2.4 Statistical Analysis of Circuit Performance

The set of RVs ξ1,ξ2,· · · ,ξd in the circuit formulation acts as a source of uncertainty in the circuit

performance, which in represented by the response of the circuit, whether it is a frequency-

domain, i.e., X(ξ, s) or in the time-domain, i.e., x(ξ, t). In both cases, X(ξ, s) and x(ξ, t)

are functions of RVs that can have one of the standard distributions, e.g. Gaussian or Uniform

distribution. This fact of having the circuit response dependent on RVs makes the response itself

a random entity that needs to be regarded as a stochastic process, whose characterization should

be best carried out through characterizing its so-called probability density function (pdf).

The next chapter presents a basic background on the subject of statistical analysis highlight-

ing the main aspects that are relevant to the proposed approach.
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Chapter 3

Background on Statistical Analysis

The goal of this chapter is to summarize the fundamental ideas in statistical analysis which are

relevant to the proposed approach in this thesis. Section 3.1 and Section 3.2 outline the foun-

dational concepts of probability theory, such as the notion of random variables, the Probability

Density Function (pdf) and the concept of the function of RVs. Following this presentation, Sec-

tion 3.3 describes the main approaches used in the statistical analysis. Particular emphasis in this

section is placed on the common or traditional approaches used in the circuit domains, such as

the Monte Carlo (MC) approach. Another approach for statistical analysis, and perhaps a more

recent one than the MC, is the approach based on the concept of generalized Polynomial Chaos

(gPC) is also highlighted in this section. It should be stressed that the gPC approach serves as

the foundational basis upon which the proposed approach is developed.
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3.1 Background on Probability Theory and Random Variable

In discussing a certain random phenomenon, one typically speaks of a set of all possible ex-

periment outcomes, which is termed the sample space typically denoted by S. An event space,

denoted by F̃ , is a set of events, where each event is a subset in S. The probability of an event

is then a value (a real number) assigned to the event by a probability measure (a mapping from

the event space to the real line with certain properties) denoted by P . The three entities of the

sample space, the event space and the probability measure together constitute what is known as

the probability space (S,F̃ ,P )[17].

The case of tossing a fair coin can serve as an example to illustrate the idea of probability

space. In this example, the possible outcomes include heads (H) and tails (T), thus, the sample

space for this is S = {H,T}. The event space is F̃ = {Ø, H, T, S}, where Ø is the null event

and in this case means neither heads nor tails, and S = {H,T}means either heads or tails. Here,

the probability measure would be P (Ø) = 0, P (H) = P (T ) = 1
2

and P (S) = 1.

Next, quantifying a random phenomenon is typically handled through the notion of random

variable (RV). A real random variable X over a probability space (S,F̃ ,P ) is a function mapping

S to R so that the inverse image of any interval (−∞, y] is an event, i.e., for all y ∈ R, {s|X(s) ≤

y, s ∈ S} ∈ F̃ [17].

Furthermore, probabilistic characterization of an RV is carried out using the concept of the

probability distribution, probability distribution function (PDF) and the probability density func-

tion (pdf). The probability distribution refers to the relationship between all the potential values
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of an RV with its probability of occurrence, i.e.,

PXi = P (X = Xi),∀i, (3.1)

while the probability distribution function (FX(x)) and the probability density function (fX(x))

are defined as:

FX(x) = P (X ≤ x), x ∈ R (3.2)

fX(x) =
d

dx
FX(x), x ∈ R (3.3)

respectively.

Using the pervious example of tossing a fair coin, if we define an RV X by assuming

X(T ) = −1 and X(H) = 1, then the probability distribution, probability distribution func-

tion and probability density function will be,

P (X = −1) = P (X = 1) =
1

2
(3.4)

FX(x) = P (X ≤ x) =


0 , x < −1

1
2

, −1 ≤ x < 1

1 , x ≥ 1

(3.5)

and

fX(x) =
d

dx
FX(x) =

1

2
δ(x+ 1) +

1

2
δ(x− 1) (3.6)

respectively, where δ(x) is the Dirac delta function.

Characterizing an RV is often done through two parameters, which are the expectation (or

mean value) and variance (in many situations, however, the latter parameter is replaced by its
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square root which is known as the standard derivation donated by σ.). Expectation refers, gen-

erally speaking, to the average value of an RV and the variance provides the information of how

far the values will spread out around its expectation. Both of the expectation and the variance

can be computed using a specific formula that depends on the type of RVs. Two types of RVs

are distinguished in the following text along with the formulas used to compute their expectation

and variances.

Discrete Random Variables

A discrete RV is an RV whose potential values can only be chosen from a finite or countable

infinite set of discrete values. Let X be a discrete RV with a selection from possible values

X1, X2, · · · and its probability distribution is given by

Pi = P (X = Xi) (3.7)

The expectation and variance of X are defined as,

E{X} =
∑
i

PiXi = µX (3.8)

σ2
X = var(X) =

∑
i

Pi(Xi − µX)2 = E{X2} − E2{X} (3.9)

respectively.

Some classical discrete RVs are Binomial RV, Hypergeometric RV and Poisson RV [17]

where each of them has a unique probability distribution. For example, the Binomial distribution

with the positive integer indices n and p describes the probability of the number of successes k

(0 ≤ k ≤ n) from n independent experiments, where each experiment is either considered to be
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success with a probability of p, or failure with a probability of 1−p. The probability distribution

of the Binomial distribution is given by:

P (X = k) =

(
n

k

)
pk(1− p)n−k (3.10)

where
(
n

k

)
= n !

k !(n−k) !
. In fact, tossing a fair coin once is a special case of Binomial distribution

with n = 1 and p = 0.5.

The probability distribution of the Hypergeometric distribution and Poisson distribution take

the form of:

P (X = k) =

(
A

k

)(
A−B
n− k

)
(
B

n

) (3.11)

and

P (X = k) =
µk

k !
e−µ (3.12)

respectively, where A, B and n are positive integer indices for Hypergeometric distribution and

µ is the parameter for Poisson distribution. (3.11) holds when k is positive integer and satisfies

max(0, n+A−B) ≤ k ≤ min(A, n), being zero otherwise, where the function of max(·) and

min(·) are used to pick out the maximum and minimum value. On the other hand, (3.12) holds

when k is a non-negative integer, otherwise, the probability is zero.

Continuous Random Variables

A continuous RV, on the other hand, can assume any value in its range. In other words, if the

probability distribution function of a given RV is continuous everywhere, and differentiable ev-

erywhere except possibly at some set of points with a finite number of points in every finite

interval, then the RV is a continuous RV. It should be stressed that for a continuous RV, Y , it
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follows that P (Y = a) = 0 for all a, due to the fact that its probability distribution function

FY (y) is continuous at a. A continuous RV then describes situations where only events includ-

ing intervals of real numbers can have non-zero probability; in these situations, the probability

density function is the rate at which the probability accumulates and therefore can be interpreted

as describing the relative likelihood of the outcomes [17].

Assuming the range of Y on the real line is limited between two values Y1 and Y2. The

expressions of expectation and variance have the form of:

E{Y } =

∫ ∞
−∞

yfY (y)dy =

∫ Y2

Y1

yfY (y)dy = µY , y ∈ R (3.13)

σ2
Y = var(Y ) = E

{
(Y − E{Y })2

}
= E{Y 2} − E2{Y } (3.14)

Some well-known continuous distribution are Uniform, Gaussian, Gamma and Beta Distribu-

tions and their pdf are as follows:

• The Uniform Distribution: The pdf of an RV Y with an Uniform distribution on the interval

[a, b], denoted as U(a, b), is given by:

fY (y) =


1
b−a , a ≤ y ≤ b

0 , otherwise
(3.15)

• The Gaussian Distribution: The pdf of an RV Y with a Gaussian distribution, denoted as

N(µ, σ2), is given by:

fY (y) =
1√
2πσ

e−
(y−µ)2

2σ2 (3.16)

where the mean µ and variance σ2 of Gaussian distribution can be obtained directly from

its pdf.
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• The Gamma Distribution: An RV Y is said to be a Gamma distribution if its pdf satisfy the

form of:

fY (y) =


βα

Γ(α)
yα−1e−yβ , y ≥ 0 and α, β > 0

0 , otherwise
(3.17)

where α and β here are the indices for Gamma distribution and Γ(·) is the Gamma function

with the definition below:

Γ(α) =

∫ ∞
0

xα−1e−xdx (3.18)

An example of Gamma distributions is shown in Fig. 3.1.

Figure 3.1: Examples of the pdf of Gamma Distribution.

• The Beta Distribution: An RV Y is said to have a beta distribution if its pdf satisfy the
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form of:

fY (y) =


1

B(α,β)
yα−1(1− y)β−1 , 0 ≤ y ≤ 1 and α, β > 0

0 , otherwise
(3.19)

where α and β here are the indices of Beta distribution and B(·, ·) is the Beta function

defined as B(α, β) = Γ(α)Γ(β)
Γα+β

An example of Beta distributions is shown in Fig. 3.2.

Figure 3.2: Examples of the pdf of Beta Distribution.

3.2 Functions of Random Variables

In the context of this work, one often deals with the function of RVs. For example, the frequency-

domain response of a linear circuit in the presence of uncertainty is given by (2.4) which can be
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rewritten in the following form:

X(ξ, s) = (G(ξ) + sC(ξ))−1U(s) (3.20)

It is obvious here that the response, for a given frequency value, e.g. s = jw, is a function of the

random variable.

Although, it is often the case that the pdf of any random variable is known by being a standard

one, e.g. Gaussian, the pdf of the function of RV is unknown and needs to be computed. For

example, one need to compute the pdf ofX(ξ, s) at a given value for s.

To address this need, we letW = g(ξ) stand for a set of functions of the RVs ξ. Here,W is

a vector of m functions, that is:

W1 = g1(ξ1, ξ2, · · · , ξd)

W2 = g2(ξ1, ξ2, · · · , ξd)

...

Wm = gm(ξ1, ξ2, · · · , ξd)

The probability density function for the RVs W , in the case of m = d, at given vector of value,

w, is given by:

fW (w) =
fξ(ξ̌1)

(|J(ξ̌1)|)
+

fξ(ξ̌2)

(|J(ξ̌2)|)
+ · · ·+ fξ(ξ̌l)

(|J(ξ̌l)|)
(3.21)

where ξ̌1,ξ̌2,· · · ,ξ̌l are the vector-valued solutions for the vector equation

w = g(ξ)
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and where J(ξ) is the Jacobian determinant of g(·) with respects to ξ, i.e.,

J(ξ) = det



∂g1
∂ξ1

∂g1
∂ξ2

· · · ∂g1
∂ξd

∂g2
∂ξ1

∂g2
∂ξ2

· · · ∂g2
∂ξd

...
... . . . ...

∂gd
∂ξ1

∂gd
∂ξ2

· · · ∂gd
∂ξd


Of course, we assume J(ξ̌i) 6= 0 for all i. [17]

Although the above formula appears to be charting a simple way to calculate the pdf of the

circuit response, it remains highly unpractical due to the fact that it is not possible to obtain

analytical expressions for g(ξ) or for its inverse in the domain of circuit simulations. The fol-

lowing section presents the common alternative approaches that enable performing the statistical

analysis on circuit response to identifying its pdf.

3.3 Background on Statistical Analysis methods

With the circuit response , either in the frequency-domain or in the time-domain, being dependent

on a set of random parameters, represented by a vector ξ of d random parameters, it becomes

imperative that one should treat it as a function of random variables. Similar to the character-

ization of a given RVs, where a probability density function is typically and ideally to provide

a picture of its statistical variability, the characterization of the function of RVs can be ideally

accomplished through computing its pdf.

The goal in this section is to provide a background on the methods most commonly used to

achieve this goal.
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The emphasis in the presented background in this section is placed on two main approaches,

namely, the Monte-Carlo approach and the generalized Polynomial Chaos.

3.3.1 The Monte Carlo Methods

The Monte Carlo Method is one of the oldest and most commonly used techniques in commercial

circuit simulators to carry out statistical analysis for general circuits. In addition to the statistical

analysis, MC methods are also used in optimization and numerical integration [1].

Typically, MC-based methods are attractive in large part due to the simplicity in implemen-

tation. In the MC framework, one generates, say K, random independent realizations of the

random parameters ξi, i = 1, 2, · · · , K. At each value of the random parameter, the problem is

considered a deterministic problem. For example, considering the frequency-domain response

X(ξ, s), the problem of computingX(ξ, s) is by solving the system of equations

X(ξi, s) = (G(ξi) + sC(ξi))
−1U (s)

at a given value ξi of ξ.

Upon solving the above problem for i = 1, 2, · · · , K, the solutions are collected in an en-

semble of solutions. From this ensemble of solutions, statistical information such as mean and

variance can be extracted by the following estimators

µX = E{X} ≈ µ̂X =
1

K

K∑
i=1

X i (3.22)

σ2
X = var(X) ≈ σ̂2

X =
1

K − 1

K∑
i=1

(X i − µ̂X)2 (3.23)
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respectively. One can also construct the pdf from the ensemble of solutions by using some

commonly used software, for example, the Distribution fitting tools of MATLAB.

As can be observed from the above description, MC-based methods require only repetitive

solutions for the circuit equations. Moreover, the accuracy of the result can be increased by sim-

ply increasing the number of realizations, i.e., K, as the Law of Large Number [18] guarantees

that the Monte-Carlo simulation result, for example, mean value µ̂X , converges almost surely to

the exact mean value µX with the increasing of K, that is,

P ( lim
K→∞

µ̂X = µX) = 1

In fact, this simplicity is the main reason for its popularity in the commercial circuit simulations.

However, the main drawback in the MC-methods is the slow convergence rate, which means

they require a large number of those solutions to converge. For example, the mean value typically

converges as 1√
K

) [19],[20], whereK is the number of realizations, that is the number of solutions

of the system. For large systems, with a large computational cost at each realization point, this

slow convergence of MC becomes a significant drawback that is hard to ignore.

3.3.2 The Generalized Polynomial Chaos

The generalized Polynomial Chaos (gPC) forms the basis of the proposed approach presented in

the next chapter. This method is a generalize to the pervious approach call Polynomial Chaos,

which is first forward by N. Wiener in 1938 [21], using Hermite polynomial to model statistical

problem with RV of Gaussian distribution. However, for the problem with non-Gaussian distri-

bution, the standard PC start to face several problems, especially in terms of convergence and
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probability approximation[22][23]. The generalization of PC is down by D.Xiu in his work [2]

in 2002 to alleviate the difficulty of standard PC.

The basic idea in the gPC starts by expandingX(ξ, s) in a set of orthogonal polynomials. To

facilitate presenting the core idea of the gPC, we assume first that the underlying random space is

uni-dimensional, i.e., that d = 1, where ξ, the vector of random variable is replaced by the scalar

RV, ξ. In this case, the expansion of X(ξ, s) in the orthogonal polynomial takes the following

form

X(ξ, s) =
∞∑
i=0

X̂ i(s)φi(ξ) (3.24)

where φi(ξ) is an i-th degree polynomial in ξ, and X̂ i(s) is an s-dependent coefficients vectors

with dimension N that need to be computed.

The set of polynomials φi(ξ) are orthogonal polynomials with respect to a certain weighting

function, w(ξ), over the domain of the RV, ξ, i.e.

< φi(ξ), φj(ξ) >=

∫
Ω

φi(ξ)φj(ξ)w(ξ)dξ = δi,jθi (3.25)

where Ω is the support of the polynomial, θi is the so-called inter-product, which is a constant

whose value depends on the degree i and type of the polynomials and δi,j is the Kronecker delta

function defined by:

δi,j =


1 , i = j

0 , otherwise
(3.26)

The key principle in the gPC is that basic statistical information ofX(ξ, s) can be extracted from

the coefficients, X̂ i(ξ, s), directly.

To explain this principle, assume that ξ is standard Gaussian RV, where its probability density
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function is given by

p(ξ) =
1√
2π
e−

ξ2

2 (3.27)

and let φi(ξ) be given by the probabilistic Hermite polynomial of the ith degree, i.e.

φi(ξ) ≡ Hi(ξ) = (−1)ie
ξ2

2
di

dξi
e−

ξ2

2 (3.28)

It is well-known [24] that the Hermite polynomials are orthogonal with respect to the weighting

function w(ξ) that is given by

w(ξ) = e−
ξ2

2 =
√

2πp(ξ) (3.29)

As probability theory states, the mean value ofX(ξ, s) is obtained from

E{X(ξ, s)} =

∫
Ω

X(ξ, s)p(ξ)d(ξ) (3.30)

Now substituting from the expansion in (3.24) and (3.29) into (3.30) and manipulating, using the

fact that H0(ξ) ≡ 1, shows that the mean value is given by

E{X(ξ, s)} =

∫
Ω

∞∑
i=0

X̂ i(s)φi(ξ)
1√
2π
w(ξ)dξ

=
1√
2π

∞∑
i=0

X̂ i(s) < φi(ξ), φ0(ξ) >

=
θ0√
2π

∞∑
i=0

X̂ i(s)δ0,i

=
θ0√
2π
X̂0(s)

(3.31)

where the orthogonality of the Hermite polynomial, with respect to the weigh e−
ξ2

2 has been

used to obtain the last equality. In a similar manner, the variance ofX(ξ, s) is extracted from the
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coefficients X̂ i(s) as can be seen from the following manipulation

var{X(ξ, s)} = E{X2(ξ, s)} − E2{X(ξ, s)}

= E


(
∞∑
i=0

X̂(s)φi(ξ)

)2
− µ2

=
1√
2π

∫
Ω

(
∞∑
i=0

∞∑
j=0

X̂ i(s)X̂j(s)φi(ξ)φj(ξ)w(ξ)dξ

)
− µ2

=
1√
2π

∞∑
i=0

∞∑
j=0

X̂ i(s)X̂j(s) < φi(ξ), φj(ξ) > −µ2

=
1√
2π

∞∑
i=0

∞∑
j=0

X̂ i(s)X̂j(s)δi,jθi − µ2

=
1√
2π

∞∑
i=0

X̂
2

i (s)θi − µ2

≈ 1√
2π

k∑
i=0

X̂
2

i (s)θi − µ2

(3.32)

The main point to take out from the above discussion is that the coefficients X̂(s) are the key to

computing the statistical properties ofX(ξ, s).

There are three main questions that need to be answered to fully describe the gPC approach.

• How can one deal with other standard RVs which are not Gaussian in their pdf?

• How can the gPC be generalized to multi-random parameter, i.e., for the case where d > 1?

• How can we compute the coefficients X̂(s) in a computationally efficient manner?

The remainder of this section addresses the above questions.

Generalization to other types of RVs

It should be stressed that the key that enabled extracting the statistical information from the co-

efficients of the expansion was the fact the weight of the orthogonal polynomial takes the same
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form of the pdf of the RV except a constant scale. This important point is easily seen from e-

quation (3.29). This fact suggests that in order to carry the same principle beyond the Gaussian

distribution to other standard RVs with other distributions, one has to search for orthogonal poly-

nomials whose weight is identical to the pdf of those RVs. Fortunately, orthogonal polynomials

whose weighting functions are identical to many standard distributions do exist. To illustrate

further this idea, table 3.1 lists the distribution of common discrete and continuous RVs in the

second column, indicating in the third column the polynomial to the distribution. The fourth

column in table 3.1 shows the support of the polynomial, that is the domain of its orthogonality.

Also, from (3.31) and (3.32), one also need to know the inner-product of the polynomial base

used for gPC in order to calculate the statistical information. Some commonly used polynomial

base for gPC as well as their weighting function and inner-product are provided in table 3.2.

Treatment of multi-random parameters d > 1

Handling of the multi-random parameters is done by adopting the multi-dimensional version

of the orthogonal polynomials of the Askey-Wiener type. A multi-dimensional Askey-Wiener

polynomial for d independent RVs, ξi i = 1, 2, · · · , d is expressed in the following form

φα(ξ) =
d∏
i=1

φαi(ξi) (3.33)

where φαi(ξi) is a single-dimensional polynomial in ξi and of a degree αi. The single-dimensional

expansion is also generalized to the multi-dimensional expansion, as follows

X(ξ, s) =
∑
α∈ΥQ

X̂α(s)φα(ξ) (3.34)

1Chenyshev is not a gPC basis, however, it has less decoupling error which means a better result can be achieved

when proposed algorithm applied, detail information can be found in next chapter.
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Table 3.1: gPC polynomial basis for different probability distribution

Distribution
gPC basis

Support

polynomial

Continuous

Gaussian Hermitee (−∞,∞)

Uniform Legendre [a, b]

Gamma Laguerre [0,∞)

Beta Jacobi [a, b]

Discrete

Poisson Charlier {0, 1, 2, · · ·}

Binomial Krawtchouk {0, 1, · · · , N}

Negative Binomial Merxner {0, 1, 2, · · ·}

Hypergeometric Hahn {0, 1, · · · , N}

The coefficients in the above expansion, similar to the expansion in (3.24), are vectors of size

N whereas the subscripts α are integer-valued vectors of dimension d, whose components, αi,

represent the various degrees of the polynomials φαi(ξi). The subscriptα in the above expansion

many be thought of as an integer-vector-valued label that generalizes the single-integer value

label of the uni-dimensional expansion in (3.24).

Similar to (3.25), the orthogonality and corresponding inner-product of a multi-dimensional

30



Table 3.2: Orthogonality of commonly used gPC polynomial basis

Polynomial Basis Notation Weighting Function Inner-Product

Hermite Polynomial Hn(ξ) e−
ξ2

2

√
2πn!

Legendre Polynomial Pn(ξ) 1 2
2n+1

Generalized Laguerre Polynomial L
(α)
n (ξ) ξαe−ξ

Γ(α+1)

(
n+ α

n

)
Jacobi Polynomial Jα,βn (ξ) (1− ξ)α(1 + ξ)β 2α+β+1

2n+α+β+1
Γ(n+α+1)Γ(n+β+1)

Γ(n+α+β+1)n!

Chebyshev1 Tn(ξ) 1√
1−ξ2

π
2

+ π
2
δ0,n

polynomial is given by

〈φα(ξ), φβ(ξ)〉 =

∫
Ω

φα(ξ)φβ(ξ)w(ξ)dξ =
d∏
i=1

∫
Ωi

φαi(ξi)φβi(ξi)wi(ξi)dξi = Θαδα,β (3.35)

where δα,β =
∏d

i=1 δαiβi and Θα =
∏d

i=1 θαi with θαi =
∫

Ωi
φαi(ξi)φαi(ξi)w(ξi)dξi.

The main attractive feature in the gPC based on the Askey-Wiener polynomials is that it

allows performing statistical analysis of the system with multiple RVs, which may have different

pdfs. For example, assume that a given circuit has a random space with dimensionality d = 2,

where the first RV, ξ1 is Gaussian RV, whereas the second RV ξ2 is uniform RV with pdf given

by

p(ξ2) =


1
2

, −1 ≤ ξ2 ≤ 1

0 , otherwise
(3.36)

In a situation like that, the orthogonal polynomial basis function φξ(ξ) would be in the following

form

φα(ξ) = Hα1(ξ1)Pα2(ξ2) (3.37)
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Table 3.3 lists the exact form for each polynomial for different values of α1 and α2.

Table 3.3: Example of multi-index and multi-dimensional OP when d = 2, M1 = M2 = 2 (the

distribution of two random variables are Gaussian and Uniform respectively

α1 α2 |α| φα Polynomials

0 0 0 H0(ξ1)P0(ξ2) 1

0 1 1 H0(ξ1)P1(ξ2) ξ2

0 2 2 H0(ξ1)P2(ξ2) 1
2
(3ξ2

2 − 1)

1 0 3 H1(ξ1)P0(ξ2) ξ1

1 1 4 H1(ξ1)P1(ξ2) ξ1ξ2

1 2 5 H1(ξ1)P2(ξ2) ξ1
1
2
(3ξ2

2 − 1)

2 0 6 H2(ξ1)P0(ξ2) ξ2
1 − 1

2 1 7 H2(ξ1)P1(ξ2) (ξ2
1 − 1)ξ2

2 2 8 H2(ξ1)P2(ξ2) (ξ2
1 − 1)1

2
(3ξ2

2 − 1)

Computing the expansion coefficients

The last question that still needs to be addressed is the methodology of computing the coefficients

of the expansion, or X̂α(s). To this end, the available literature shows that there are several

methods that could be used to obtain the expansion coefficients, which will be illustrated next.

• Numerical integration via quadrature
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The mathematical expression of the expansion coefficients can be obtained by simply using

the projection theorem, i.e.

X̂α(s) =
〈X(ξ, s), φα(ξ)〉
〈φα(ξ), φα(ξ)〉

=

∫
Ω
X(ξ, s)φα(ξ)w(ξ)dξ

Θα

(3.38)

Although the above integral can not be solved analytically as it involves the unknown

response X(ξ, s), it could be approximated through some numerical integral methods

such as Gaussian Quadratures. The Gaussian Quadrature provides an approximation of

a weighted integral of a function f(ξ) and is tightly related to orthogonal polynomials

[25]. The Gaussian Quadrature can be classified into different types with respect to the

weighting function involved in the integral. For example, if the weighting function hap-

pened to be the weight of Hermite polynomial, the Quadrature is named Gauss-Hermite

quadrature. Some other types of quadratures are Gauss-Legendre, Gauss-Laguerre, etc.

The Gaussian Quadratures approximate the integral in terms of a weighted summation of

the function values computed at specific points (nodes) within the domain of integration.

The general form is ∫
Ω

f(ξ)w(ξ)dξ ≈
k∑
i=0

f(ξi)wi (3.39)

where w(ξ) is the weighting function and wi are corresponding discrete weights. With a

direct analogy to the Askey-Wiener scheme, the nodes ξi are the roots of the (k + 1)th

polynomial corresponding to the weighting function w(ξ)[26]. For example, if w(ξ) is

chosen to be the weighting function of Hermite polynomials, the nodes are the roots of

the equation Hk+1(ξ) = 0. The weights, on the other hand, are available through many

literatures, for example, the weights for Gauss-Legendre Quadrature is given by [27]

wi =
1

(1− ξ2
i )(P

′
k+1(ξi))2
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where P ′k+1 is the derivative of the (k + 1)th Legendre polynomial.

For the case of multi-RVs, i.e. d > 1, the Gaussian quadrature can be generalized via

tensor product summations along each dimension[28], i.e.∫
Ω

f(ξ)w(ξ)dξ ≈
k1∑
i1=0

· · ·
kd∑
id=0

f(ξ1,i1 , · · · , ξd,id)
d∏
j=1

wj,ij (3.40)

• Stochastic collocation

The stochastic collocation manage to find an approximation, Z(ξ), to approximate the

actual response, X(ξ), of the circuit, where the approximation is exactly the same as

X(ξ) at a discrete set of P nodes (collocation points) ξi i = 1, 2, · · · , P , i.e.,

Z(ξi) ≡X(ξi) (3.41)

The Z(ξ) can be constructed either using Lagrange interpolation approach [29],[30] or a

matrix inversion approach [31], and the second approach can be used to approximate the

expansion coefficient X̂α.

The matrix inversion approach start by prescribing a polynomial interpolating basis, such

as,

Z(ξ) =
∑
α∈ΥQ

Ẑαφα(ξ), (3.42)

which the expansion coefficients Ẑα can be used to approximate the coefficients X̂α one

is looking for. Next, by substituting (3.42) into (3.41), one can obtain a set of P equations,

∑
α∈ΥQ

Ẑαφα(ξi) = X(ξi), (3.43)

which can be written into a matrix form of,

(A⊗ IN)Z̄ = X̌, (3.44)
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where Z̄ is a vector constructed from the vector coefficients Ẑα ordered by the rank of α,

|α|, andA is a P ×Q matrix with the following form,

[A]i,j = φα(ξi), |α| = j − 1, (3.45)

and X̌ is a vector with the form of

X̌ = [X(ξ1),X(ξ1), · · · ,X(ξP )]T (3.46)

To prevent the problem from becoming underdetermined, we require the number of collo-

cation points not to be smaller than the number of gPC expansion terms, i.e.,P ≤ Q.

The section of nodes is the key ingredient in all stochastic collocation methods [19]. Prac-

tically there are several rules available in the literature, such as the tensor product and

sparse grids [32]. The detailed information of the points selection rule can be found in

[31].

The advantage of the matrix inversion approach is that the interpolating polynomials are

prescribed and well defined. Once the nodal set is given, the existence of the interpolation

can always be determined in the spirit of determining whether the determinant ofA is zero.

However, an important and very practical concern is the accuracy of the interpolation. Even

though the interpolation has no error at the nodal points, error can become wild between

the nodes. This is particularly true in high-dimensional spaces[31].

• Galerkin projection

Unlike the above two methods, where calculating the expansion coefficients by first com-

puting several deterministic results at certain nodes in the random space, followed by a
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weighted summation to obtain the expansion coefficients, the Galerkin projection com-

putes the expansion coefficients by expanding the circuit equations into a larger but de-

terministic system of equations whose solution directly yields the values for those PC

coefficients. As the proposed approach is based on this stream, the detail about Galerkin

projection will be provided next.

Generalized Polynomial Chaos approach based on Galerkin Projection

The GP process proceeds by substituting from (3.34) into (2.4), multiplying both sides by φγ(ξ)w(ξ)

and integrating over Ω, dividing by the inner product Θγ and finally repeating this process for

all multi-indices γ ∈ ΥQ. This process results in a larger (augmented) system of equations,

Ȳ (s)X̄(s) = Ū(s) (3.47)

where X̄(s) ∈ RNQ is a vector constructed from the vector coefficients of X̂α(s) ordered by

the rank of α, |α|, and Ū (s) = [U(s)T , 0, · · · , 0]T . The matrix Ȳ (s) is a matrix of size QN ×

QN . This matrix can be described as a block structured matrix, where each block has a unique

relationship with multi-indices α and γ and is given by

{
Ȳ (s)

}N
|γ|N+1,|α|N+1

=

∫
Ω
Y (ξ, s)φα(ξ, s)φγ(ξ, s)w(ξ)dξ

Θγ

(3.48)

and Ȳ (s) is constructed by populating it with the above blocks for α,γ ∈ ΥQ. In order to

calculate the block in (3.48), we need to expand Y (ξ, s) by the corresponding gPC basis, which

yields:

Y (ξ, s) =
∑
β∈ΥQ

Ŷ β(s)φβ(ξ) (3.49)
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Substituting (3.34) back into (3.48), provides,

{
Ȳ (s)

}N
|γ|N+1,|α|N+1

=

∫
Ω

∑
β∈ΥQ

Ŷ β(s)φβ(ξ)φα(ξ, s)φγ(ξ, s)w(ξ)dξ

Θγ

(3.50)

We use Ψβ,α,γ as the notation of the triple product integral,

Ψβ,α,γ =

∫
Ω

φβ(ξ)φα(ξ)φγ(ξ)w(ξ)dξ =
d∏
i=1

Ψβi,αi,γi (3.51)

where the Ψβi,αi,γi =
∫

Ωi
φβi(ξi)φαi(ξi)φγi(ξi)wi(ξi)dξi represents the triple product integral for

each RV. The above equation can be simplified as:

{
Ȳ (s)

}N
|γ|N+1,|α|N+1

=

∑
β∈ΥQ

Ŷ β(s)Ψβ,α,γ

Θγ

(3.52)

To facilitate describing the structure of Ȳ , a single RV is first considered. In a single RV setting

the structure of the block is given by,

{
Ȳ
}N
γN+1,αN+1

=

∑M
β=0 Ŷ β(s)Ψβ,α,γ

θγ
(3.53)

where γ = 0, 1, 2, · · · ,M . Now using the above expression for the block, (3.47) can be rewritten

in the following block matrix format,

∑M
β=0 Ŷ β

Ψβ00
θ0

∑M
β=0 Ŷ β

Ψβ10
θ0

· · ·
∑M

β=0 Ŷ β
ΨβM0

θ0∑M
β=0 Ŷ β

Ψβ01
θ1

∑M
β=0 Ŷ β

Ψβ11
θ1

· · ·
∑M

β=0 Ŷ β
ΨβM1

θ1

...
... . . . ...∑M

β=0 Ŷ β
Ψβ0M
θM

∑M
β=0 Ŷ β

Ψβ1M
θM

· · ·
∑M

β=0 Ŷ β
ΨβMM

θM


×



X̂0

X̂1

...

X̂M


=



U

0

...

0


The dependence of each block on the frequency variable, s, has been suppressed. By factorizing

the above matrix, the system in (3.47) is solved for the desired coefficients of expansion, i.e.,

X̂α(s), at a given frequency s = jw. As the expansion coefficients of Ŷ (ξ, s) should be known

37



to us, the only problem left is how to calculate the triple product Φβ,α,γ . Luckily, there are closed

form expressions for this if the expansion basis is Hermite or Legendre polynomials, which are

presented next.

• Triple product for Hermite polynomials. [33]

∫ ∞
−∞

Hβ(ξ)Hα(ξ)Hγ(ξ)w(ξ)dξ =
β!α!γ!

(m− β)!(m− α)!(m− γ)!
, (3.54)

where m = α+β+γ
2

; the above equation holds when m and all the arguments of factorial

are non-negative integers, otherwise, the results of triple products are typically zero.

• Triple product for Legendre polynomials, [34]∫ 1

−1

Pβ(ξ)Pα(ξ)Pγ(ξ)w(ξ)dξ

= (−1)m−α
γ!(2m− 2γ)!m!

(m− β)!(m− α)!(m− γ)!(2m+ 1)!

q∑
t=p

(−1)t
(β + t)!(α + γ − t)!

t!(β − t)!(α− γ + t)!(γ − t)!
(3.55)

where m = α+β+γ
2

, p = max(0, γ − α) and q = min(α + γ, β, γ). The above equation

holds when m and and all the arguments of factorials are non-negative integers, otherwise,

the result of triple products are zero.

Drawbacks of the Galerkin Projection

While the main advantage of gPC approach based on the Galerkin Projection is that only one

factorization (LU factorization in this case) of the matrix Ȳ is needed to compute the coefficients

X̂α(s) and deduce the statistical properties of X(ξ, s), this advantage quickly disappears if the

number of RVs is more than few random variables (for example 4 RVs). The reason for that is the

size of this matrix grows quickly with the number of RVs. To illustrate the growth in size of the
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augmented matrix Ȳ , first note that the size of this matrix is QN ×QN , where Q is the number

of coefficients in the expansion, which depends on the way of defining the set of multi-indices

included in the expansion. For example, for a set of multi-indices truncated according to tensor

order, then Q is given by,

Q =
d∏
i=1

(Mi + 1)

where Mi is the truncation order for random parameter ξi.

Moreover, it is not only the growth in size that presents the most challenging problem, but

also the structure of this matrix makes factorization a cumbersome task that easily overwhelms

any computing platform. Far from being the sparse structure of the block Ŷ , which rises from

the sparsity of the circuit connection, the structure of Ȳ is significantly dense, which makes the

utilization of sparse matrix factorization largely ineffective.

3.4 Discussion

The goal of the proposed approach in the next chapter is to allow replacing the matrix Ȳ with a

sparse matrix of the block diagonal form. In fact, this idea was developed earlier for the special

case where the orthogonal polynomials were of the Hermite type. The core contribution of this

thesis is to generalize this idea to arbitrary polynomials.
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Chapter 4

Proposed Decoupling Approach

4.1 Introduction

From the discussion of the gPC method based on the Galerkin projection, it was demonstrated

that the main drawback of this approach is having to factorize a huge matrix with non-sparse

structure. This drawback effectively limits the number of design parameters d to a very few

(below 3) RVs.

The main objective of this chapter is to introduce a new approach that aims to address this

drawback and allow the gPC method based on the Galerkin projection to handle problems with

higher multi-dimensional random space d. This basic idea in the proposed approach relies on

developing an alternative formulation for the Galerkin projection that enables replacing the ma-

trix Ȳ with another matrix, which will be denoted by Ỹ , that has a block-diagonal structure. It

is well known that factorization of block diagonal matrix can be performed by factorizing the

diagonal blocks individually and independently of each other. This means that the alternative

40



formulation of the Galerkin projection method can be viewed as some kind of decoupling the

original matrix into the individual blocks that appear on the diagonal of the alternative matrix Ỹ .

It should be stressed that a similar objective underlies the work proposed in[35]. However,

that work was only limited to the special case where the orthogonal polynomials used in the ex-

pansion are the Hermite probabilistic polynomials, i.e., φα(ξ) =
∏d

i=1Hαi(ξi). The goal of the

approach presented in this chapter is to carry this technique to a general system of orthogonal

polynomials. One also needs to highlight one important fact that enabled the success of the ap-

proach present in [35] for the Hermite polynomials, namely that the triple product integral of the

Hermite polynomials has a closed-form analytical expression as shown by (3.54). Unfortunately,

such a closed-form expression does not necessarily exist in the literature for other systems of

polynomials. This lack of closed-form expressions adds another level of difficulty in seeking a

generalization of the approach in [35] to a general system of orthogonal polynomials.

In order to overcome such problems, the generalized decoupling approach is developed. Ba-

sically, the decoupling approach manages to decouple the augmented matrix, i.e. Ȳ , into block

diagonal form which can be factorized in parallel. Each block has the same size and sparse pat-

tern as the original circuit. Thus, its computational cost is linearly increasing with the number

of expansion coefficients. The proposed approach does not require a closed-form expression for

the integral of triple product. It rather uses the three three-term recurrence relation, which is sat-

isfied by all orthogonal polynomials, to derive the alternative formulation leading the decoupling

paradigm. This chapter will provide the details of the theoretical basis of generalized decoupling

approach in the first section, which includes the closed-form formula for the augmented matrix

Ȳ (s). This will be followed by three more detailed discussions (first two is for FD analysis for s-
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ingle RV and multi-random variables cases and the third one is an TD analysis for multi-random

variables problem) to show how the augmented matrices can be decoupled into blocks of size

N ×N .

One additional advantage of the proposed approach, which arises from being applicable to

any system of orthogonal polynomials, is that allows considering orthogonal polynomials of the

non-Askey-Wiener. This study of non-Askey-Wiener polynomials is presented in section 4.3.

Finally, section 4.4 presents a characterization of the error arising from the decoupling procedure.

4.2 The Generalized Decoupling Approach

4.2.1 Theoretical Basis

The underlying theory of the proposed approach requires first expanding the matrix Y (ξ, s) in a

multi-dimensional Taylor series expansion in ξ as follows,

Y (ξ, s) =
∑
β

Y̆ β(s)
d∏
i=1

ξi
βi (4.1)

It is important to stress here that the proposed algorithm does not require a Taylor series

expansion, and the Taylor expansion is only used in providing the theoretical foundation. The

proposed approach is based on a fundamental theoretical result that is described by the following

theorems.

Theorem 1. LetKi,βi ∈ R(M+1)×(M+1) be defined from

[Ki,βi ]γi+1,αi+1 = Φβi,αi,γi (4.2)
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where

Φβi,αi,γi =

∫
Ωi
ξβii φαi(ξi)φγi(ξi)w(ξi)dξi

Θγi

(4.3)

Then the augmented matrix Ȳ (s) is given by the following closed-form expression,

Ȳ (s) =
∑
β

K1,β1 ⊗K2,β2 ⊗ · · · ⊗Kd,βd ⊗ Y̆ β(s) (4.4)

where ⊗ is the Kronecker product operator.

The proof of theorem 1 is based on the following lemma 1.

Lemma 1. Let p, q ∈ Nd be a multi-indices with d components pi, qi, respectively, with pi, qi =

0, · · · ,M and i = 1, · · · , d, and assume that there is a sequence of d matrices denoted by

Ai ∈ R(M+1)×(M+1). Furthermore, let B be a matrix in CN×N and define the matrix D such

that

D = A1 ⊗ · · · ⊗Ad (4.5)

It then follows that,

[D]|p|+1,|q|+1 =
d∏
i=1

[Ai]pi+1,qi+1 (4.6)

{D ⊗B}N|p|N+1,|q|N+1 =
d∏
i=1

[Ai]pi+1,qi+1B (4.7)

Proof. The proof of the above lemma follows directly from the properties of the Kronecker

product and can be verified by considering a simple case such as d = 2.

With the above lemma, the proof of theorem 1 is as follows:
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Proof. The proof of theorem 1 is given by first substituting (4.1) into (3.50), which yields

{
Ȳ }N|γ|N+1,|α|N+1

=

∫
Ω

(
∑
β Ŷ β

∏d
i=1 ξ

βi
i )φα(ξ, s)φγ(ξ, s)w(ξ)dξ

Θγ

=
∑
β

Ŷ β

d∏
i=1

∫
Ωi
ξβii φαi(ξi, s)φγi(ξi, s)w(ξi)dξi

Θγi

=
∑
β

Ŷ β(s)
d∏
i=1

Φβi,αi,γi

(4.8)

Using (4.2) simplifies the above to,

{
Ȳ
}N
|γ|N+1,|α|N+1

=
∑
β

Ŷ β(s)
d∏
i=1

[Ki,βi ]γi+1,αi+1 (4.9)

It is easy to see that, using Lemma 1 in (4.9) yields (4.4), thereby proving theorem 1.

Theorem 2. The matrixKi,βi defined in (4.2) can be also represented as:

Ki,βi = K̃i,βi + ∆i,βi (4.10)

with

K̃i,βi = T βi
i (4.11)

where T i is a tridiagonal matrix of the form

T i =



ei,0 di,1

ci,0 ei,1 di,2

ci,1 ei,2
. . .

ci,2
. . . di,M−1

. . . ei,M−1 di,M

ci,M−1 ei,M



(4.12)

44



and ∆i,βi

∆i,βi =


0 (βi = 0)∑βi−1

j=0 Γi,βi−jT
j
i (βi ≥ 1)

(4.13)

with Γi,βi ∈ R(M+1)×(M+1) (βi ≥ 1) being a matrix whose (p, q) entry is represent through:

[Γi,βi ]p,q =


0 (q < M + 1)

ci,MΦβi−1,q,p−1 (q = M + 1)

(4.14)

The proof of the theorem 2 is based on a fundamental property of any orthogonal polynomials

system, the three term recurrence relationship, summarized by Lemma 2 as follows:

Lemma 2. Given any sequence of orthogonal polynomials φn(ξ), there exists a sequence of

constants an, bn and gn such that

φ0(ξ) = 1 (4.15)

φ1(ξ) = (a0ξ − g0)φ0(ξ) (4.16)

φn+1(ξ) = (anξ − gn)φn(ξ)− bnφn−1(ξ) (n ≥ 1)

(4.17)

Proof. A proof of the above lemma can be found in many standard texts on the subject of or-

thogonal polynomials [36]

With this lemma, the results of Theorem 2 are developed as follows.

Proof. Recall the three term recurrence relationship given by Lemma 2: the relationship can be

rewritten in another form by separating the term with and without ξ. In addition, a subscript iwill
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be added to highlight the fact that different RVs ξi may be represented by different polynomials.

Thus, (4.15)-(4.17) take the following form,

ξiφi,0(ξi) = ci,0φi,1(ξi) + di,0φi,0(ξi) (4.18)

ξiφi,n(ξi) = ci,nφi,n+1(ξi) + di,nφi,n(ξi) + ei,nφi,n−1(ξi) (n ≥ 1) (4.19)

where ci,n = 1
ai,n

, di,n =
gi,n
ai,n

and en =
bi,n
ai,n

.

We remark that when βi = 0, we have Ki,0 is just an identity matrix since by the orthogo-

nality of φi(ξi), we have

[Ki,0]γi+1,αi+1 =

∫
Ωi
φαi(ξi)φγi(ξi)w(ξi)dξi

Θγi

= δαi,γi

so the statements in theorem 2 are satisfied automatically when βi = 0.

For βi ≥ 1, the entries in the first column inKi,βi can be obtained by setting αi = 0 in (4.2),

yielding

[Ki,βi ]γi+1,1 =

∫
Ωi
ξβii φ0(ξi)φγi(ξi)w(ξi)dξi

Θγi

and (4.18) can be applied onto above equation , which is

[Ki,βi ]γi+1,1

=

∫
Ωi
ξβi−1
i [ξiφ0(ξi)]φγi(ξi)w(ξi)dξi

Θγi

=

∫
Ωi
ξβi−1
i (c0φ1(ξi) + d0φ0(ξi))φγi(ξi)w(ξi)dξi

Θγi

= c0[Ki,βi−1]γi+1,2 + d0[Ki,βi−1]γi+1,1

(4.20)
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[Ki,βi−1T i]γi+1,αi+1

=


ci,0[Ki,βi−1]γi+1,2 + di,0[Ki,βi−1]γi+1,1 (αi = 0)

ci,αi [Ki,βi−1]γi+1,αi+2 + di,αi [Ki,βi−1]γi+1,αi+1 + ei,αi [Ki,βi−1]γi+1,αi (0 < αi < M)

di,M [Ki,βi−1]γi+1,M+1 + ei,M [Ki,βi−1]γi+1,M (αi = M)

(4.22)

Entries in other columns inKi,βi are given by αi ≥ 1, which are given by

[Ki,βi ]γi+1,αi+1

=

∫
Ωi
ξβii φαi(ξi)φγi(ξi)w(ξi)dξi

Θγi

= cαi [Ki,βi−1]γi+1,αi+2 + dαi [Ki,βi−1]γi+1,αi+1

+ eαi [Ki,βi−1]γi+1,αi

(4.21)

for αi ≥ 1.

On the other hand, due to the tridiagonal structure of matrix T i, it is easy to show that the

entries in the matrix product Ki,βi−1T i satisfy the expression in (4.22), shown at the top of the

next page.

Comparing (4.20), (4.21) and (4.22), reveals that the two matrices Ki,βi and Ki,βi−1T i are

equivalent except for the last column, i.e. for αi = M . Thus if we use Γi,βi , given by (4.14), to

represent this difference betweenKi,βi andKi,βi−1T i, we may be able to write

Ki,βi = Ki,βi−1T i + Γi,βi (βi ≥ 1) (4.23)
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Then by recursively substituting (4.23) into itself for βi times, one obtains

Ki,βi = Ki,0T
βi
i +

βi−1∑
j=0

Γβi−jT
j
i (4.24)

SinceKi,0 is an identity matrix, then (4.10) follows from (4.24) proving Theorem 2.

Some examples of the three term recurrence relationship and matrix T for different polyno-

mials:

• Hermite Polynomials

H0(ξ) = 1 H1(ξ) = ξ Hn+1(ξ) = ξHn(ξ)− nHn−1(ξ)

⇒ c0 = 1 e0 = 0 cn = 1 en = 0 dn = n

T =



0 1 0 · · · 0 0

1 0 2 · · · 0 0

0 1 0 · · · 0 0

...
...

... . . . ...
...

0 0 0 · · · 0 M

0 0 0 · · · 1 0


• Legendre Polynomials

P0(ξ) = 1 P1(ξ) = ξ

Pn+1(ξ) =
2n+ 1

n+ 1
ξTn(ξ)− n

n+ 1
Tn−1(ξ)

⇒ c0 = 1 e0 = 0 cn =
n+ 1

2n+ 1
en = 0 dn =

n

n+ 1

48



T =



0 1
3

0 · · · 0 0

1 0 2
5
· · · 0 0

0 2
3

0 · · · 0 0

...
...

... . . . ...
...

0 0 0 · · · 0 M
2M+1

0 0 0 · · · M
2M−1

0


• Generalized Laguerre polynomials

Lα0 (ξ) = 1 Lα1 (ξ) = 1 + α− ξ

Lαn+1(ξ) =
(2n+ 1 + α− ξ)Lαn(ξ)− (n+ α)Lαn−1(ξ)

n+ 1

⇒ c0 = −1 e0 = 1 + α

⇒ cn = −(n+ 1) en = 2n+ 1 + α dn = −(n+ α)

T =



1 + α −(1 + α) 0 · · · 0 0

−1 3 + α −(2 + α) · · · 0 0

0 −2 5 + α · · · 0 0

...
...

... . . . ...
...

0 0 0 · · · 2M − 1 + α −(M + α)

0 0 0 · · · −M 2M + 1 + α


The basic idea of the decoupling approach is based on developing an alternative formula-

tion for the augmented matrix that enables transforming it into a block-diagonal matrix whose

diagonal blocks can be factorized independently. To simplify the presentation, this idea will
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be first explained for the frequency-domain analysis of linear circuits from the perspective of a

single-dimensional random space in section 4.2.2, followed by the general case of multi-random

parameters in 4.2.3 and a time-domain analysis of nonlinear circuits in section 4.2.4.

4.2.2 Decoupling Approach: FD Analysis for Single Random Case

In the case of a problem with a single random variable, except all the multi-index, i.e. α, β and

γ, will be simplified as α, β and γ, some equations such as (4.1) and (3.48) would also take the

simplified form:

Y (ξ, s) =
∞∑
β=0

Y̆ β(s)ξβ (4.25)

{
Ȳ
}N
γN+1,αN+1

=

∫
Ω
Y (ξ, s)φα(ξ, s)φγ(ξ, s)w(ξ)dξ

Θγ

(4.26)

By substituting (4.25) into (4.26), the closed form expression of any blocks in Ȳ can be given

by:

{
Ȳ
}N
γN+1,αN+1

=

∫
Ω

∑∞
β=0 Y̆ β(s)ξβφα(ξ)φγ(ξ)w(ξ)dξ

Θγ

=
∞∑
β=0

Y̆ β(s)Φβ,α,γ (4.27)

Thus the augmented matrix equation will have the form of:

∑∞
β=0 Y̆ βΦβ00

∑∞
β=0 Y̆ βΦβ10 · · ·

∑∞
β=0 Y̆ βΦβM0∑∞

β=0 Y̆ βΦβ01

∑∞
β=0 Y̆ βΦβ11 · · ·

∑∞
β=0 Y̆ βΦβM1

...
... . . . ...∑∞

β=0 Y̆ βΦβ0M

∑∞
β=0 Y̆ βΦβ1M · · ·

∑∞
β=0 Y̆ βΦβMM


×



X̂0

X̂1

...

X̂M


=



U

0

...

0


and it is easy to find the following expression of augmented matrix Ȳ (s) just by observing the

above equation;

Ȳ (s) =
∞∑
β=0

Kβ ⊗ Y̆ β(s) (4.28)

50



which satisfy the expression in theorem 1.

The decoupling approach is based on using the matrix K̃β instead of Kβ in constructing

the augmented matrix. The augmented matrix obtained from this approach is denoted Ỹ (s) to

distinguish it from the original matrix Ȳ (s). Thus,

Ỹ (s) =
∞∑
β=0

K̃β ⊗ Y̆ β(s). (4.29)

In a similar manner, the solution obtained from factorizing this matrix is denoted X̃(s), i.e,

Ỹ (s)X̃(s) = Ū(s) (4.30)

to highlight that it is an approximation of the exact solution X̄(s).

In order to show the key advantage of using Ỹ (s) instead of Ȳ (s), we express K̃β by its

eigen-decomposition,

K̃β = V DβV −1 (4.31)

where V is the matrix of eigenvectors of the matrix T (obtained from (4.12)) andD is a diagonal

matrix whose diagonal elements are the eigenvalues of T . One needs to stress here that the matrix

of eigenvectors V is independent of the index β. This fact will come into focus in the decoupling

process presented next.

Substituting (4.31) into (4.29) and using basic properties of the Kronecker product operator

[37] which allows us to factor the matrix V out of the summation over β, enables casting Ỹ (s)

in the following form,

Ỹ (s) = (V ⊗ IN)

(
∞∑
β=0

Dβ ⊗ Y̆ β(s)

)(
V −1 ⊗ IN

)
(4.32)
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where IN is an identity matrix of size N . Note that the matrix in the middle
∑∞

β=0D
β ⊗ Y̆ β(s)

is block-diagonal,

∞∑
β=0

Dβ ⊗ Y β =



∑∞
β=0 Y̆ βλ

β
0 ∑∞

β=0 Y̆ βλ
β
1

. . . ∑∞
β=0 Y̆ βλ

β
M


(4.33)

where λk, k = 0, 1, · · · ,M are the eigenvalues of T . Comparing the diagonal blocks in (4.33)

with the Taylor expansions in (4.25) for a single random parameter (d = 1), leads to the following

conclusion,

∞∑
β=0

Dβ ⊗ Y β =



Y (λ0, s)

Y (λ1, s)

. . .

Y (λM , s)


(4.34)

Solving the system (4.30) proceeds by first factorizing the above matrix, via factorizing its

diagonal blocks Y (λi, s) independently or in parallel, then running a Forward/Backward substi-

tution with the vector V −1 ⊗ INŪ(s). X̃(s) is then obtained by mapping the result from those

steps using the transformation operator V ⊗ IN .

The key computational advantage in the above approach stems from having to factorize only

the individual blocks Y (ξ, s) at ξ = λi as opposed to factorizing the augmented matrix Ȳ (s).
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4.2.3 Decoupling Approach: FD Analysis for Multi-random Case

Generalizing the decoupling method to the general case of d-dimensional random space is per-

formed in analogous manner, whereKi,βi in (4.4) is replaced with K̃i,βi

Ỹ =
∑
β

K̃1,β1 ⊗ · · · ⊗ K̃d,βd ⊗ Y̆ β (4.35)

Similarly, by substituting K̃βi = V iD
βi
i V

−1
i into (4.35), where V i and Di are the eigenvector

and eigenvalue matrices of T i, we obtain

Ỹ (s) = (V 1 ⊗ V 2 ⊗ · · · ⊗ V d ⊗ IN)(∑
β

Dβ1
1 ⊗D

β2
2 ⊗ · · · ⊗D

βd
d ⊗ Y̆ β

)
(
V −1

1 ⊗ V −1
2 ⊗ · · · ⊗ V −1

d ⊗ IN
)

(4.36)

Examining the matrix in the middle of the above formulation reveals that it has a block

diagonal structure with Q blocks, and whose pth block is given by,{∑
β

Dβ1
1 ⊗D

β2
2 ⊗ · · · ⊗D

βd
d ⊗ Y̆ β(s)

}N

pN+1,pN+1

=
∑
β

(
d∏
j=1

λβjσi,j)Y̆ βj(s) (4.37)

where λσi,j is the ith eigenvalue of T j . Comparing (4.37) with (4.1) leads to{∑
β

Dβ1
1 ⊗D

β2
2 ⊗ · · · ⊗D

βd
d ⊗ Y̆ β(s)

}N

pN+1,pN+1

= Y (λ̄, s) (4.38)

where,

λ̄ =

[
λσi,1 λσi,2 · · · λσi,d

]T
(4.39)
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Here is an example of the diagonally block matrix for the case of d = 2 and M = 2,

Y (λσ1,1, λσ1,2, s)

Y (λσ1,1, λσ2,2, s)

Y (λσ1,1, λσ3,2, s)

Y (λσ2,1, λσ1,2, s)

. . .

Y (λσ3,1, λσ3,2, s)



4.2.4 Decoupling Approach: TD Analysis for Multi-random Case

The generalization of the above proposed decoupling procedure to time-domain analysis for non-

linear circuits is pursued by first stating the generalized MNA formulation of nonlinear circuits

in the time-domain, which is given by (2.5).

C(ξ)
dx(ξ, t)

dt
+G(ξ)x(ξ, t) + f(x(ξ, t), ξ) = b(t)

The development of the proposed approach proceeds by expanding bothx(ξ, t) and f(x(ξ, t), ξ)

in the gPC base,

f(x(ξ, t), ξ) =
∑
α∈ΥQ

f̂α(t)φα(ξ) (4.40)

x(ξ, t) =
∑
α∈ΥQ

x̂α(t)φα(ξ) (4.41)

Next, by a substitution from (4.41) and (4.40) into (2.5) and performing the GP, one obtains the

following,

C̄
dx̄(t)

dt
+ Ḡx̄(t) + f̄(t) = b̄(t) (4.42)
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where Ḡ and C̄ are constructed in an analogous manner to Ȳ , i.e., using their Taylor series,

Ḡ =
∑
β

K1,β1 ⊗K2,β2 ⊗ · · · ⊗Kd,βd ⊗ Ĝβ (4.43)

C̄ =
∑
β

K1,β1 ⊗K2,β2 ⊗ · · · ⊗Kd,βd ⊗ Ĉβ, (4.44)

while f̄(t) is a vector that is comprised of the coefficients f̂α(t), α ∈ ΥQ. In addition, b̄(t) is

given by [b(t), 0, · · · , 0]T .

The system of (4.42) is a set of deterministic nonlinear differential equations that can be

solved through any of the classical time-stepping methods. For simplicity, we adopt the Back-

ward Euler (BE). Discretization using BE at a set of discrete time points, tn n = 0, 1, 2, · · · ,

yields

(Ḡ+
1

h
C̄)x̄n + f̄n = b̄n +

1

h
C̄x̄n−1 (4.45)

where x̄n, f̄n, b̄n represent x̄(tn), f̄(x̄n), b̄(tn), respectively, and h is the step size. The above

equation is a nonlinear algebraic system that can be solved using iterative technique such as

Newton-Raphson method with an initial guess x̄(0)
n , as follows,

x̄(i)
n = x̄(i−1)

n − η(i)
x (4.46)

where

η(i)
x = −1(x̄(i−1)

n )Φ(x̄(i−1)
n ) (4.47)

Φ(x̄(i−1)
n ) = (Ḡ+

1

h
C̄)x̄(i−1)

n + f̄(x̄(i−1)
n )− b̄n −

1

h
C̄x̄n−1 (4.48)

(x̄(i−1)
n ) =

1

h
C̄ + Ḡ+

∂f̄(x̄n)

∂x̄n
|
x̄n=x̄

(i−1)
n

(4.49)

To present the main theoretical result needed in the decoupling procedure for nonlinear circuits,

we define first the Jacobian matrix J(ξ)

J(ξ) =
∂f(x(ξ, t), ξ)

∂x(ξ, t)
(4.50)
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and represent it by its Taylor series expansion in ξ,

J(ξ) =
∑
β

Ĵβ

d∏
i=1

ξi
βi (4.51)

Theorem 3. The nonlinear part of the augmented Jacobian matrix , i.e. ∂f̄(x̄)
∂x̄

, can be repre-

sented by

J̄(x̄) =
∂f̄(x̄)

∂x̄
=
∑
β

K1,β1 ⊗K2,β2 ⊗ · · · ⊗Kd,βd ⊗ Ĵβ (4.52)

The theorem 3 can be proven as follows:

Proof. Obviously J̄ is a matrix of sizeQN×QN , which can be represented in the block formats

with blocks

{J̄}N|γ|N+1,|α|N+1 =
∂fγ(t)

∂xα
(4.53)

where ∂fγ(t)

∂xα
is a N × N matrix. Next, recall the orthogonality property of the polynomials,

which results in the following:

fγ(t) =
1

Θγ

∫
Ω

f(x(ξ, t), ξ)φγ(ξ)w(ξ)dξ (4.54)

Substituting (4.54) into (4.53) one obtains,

∂fγ(t)

∂xα
= 1

Θγ

∫
Ω
∂f(x(ξ,t),ξ)

∂xα
φγ(ξ)w(ξ)dξ

= 1
Θγ

∫
Ω
∂f(x(ξ,t),ξ)
∂x(ξ,t)

∂x(ξ,t)
∂xα

φγ(ξ)w(ξ)dξ

(4.55)

From (4.41),(4.51), (4.50) and (4.3), (4.55) can be rewritten as:

∂fγ(t)

∂xα
= 1

Θγ

∫
Ω

∑
β Ĵβ

∏d
i=1 ξ

βi
i φα(ξ)φγ(ξ)w(ξ)dξ

=
∑
β Ĵβ

∏d
i=1 Φβi,αi,Nγi

(4.56)

A comparison between the above expression and (4.8) proves theorem 3.
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Substituting (4.43), (4.44) and (4.52) into (4.49) and using the corresponding K̃i,βi instead

ofKi,βi , the alternate augmented Jacobian matrix, ̃, is given by

̃ =
∑
β

K̃1,β1 ⊗ K̃2,β2 ⊗ · · · ⊗ K̃d,βd ⊗ (
1

h
Ĉβ + Ĝβ + Ĵβ) (4.57)

Again, by substituting K̃βi in above equation with their eigen-decomposition, we obtain

̃ = (V 1 ⊗ V 2 ⊗ · · · ⊗ V d ⊗ IN)(∑
β

Dβ1
1 ⊗D

β2
2 ⊗ · · · ⊗D

βd
d ⊗ (

1

h
Ĉβ + Ĝβ + Ĵβ)

)
(
V −1

1 ⊗ V −1
2 ⊗ · · · ⊗ V −1

d ⊗ IN
)

(4.58)

It is obviously that the middle of the above formulation has a block diagonal structure with Q

blocks, and whose pth diagonal block is given by,

{∑
β

Dβ1
1 ⊗D

β2
2 ⊗ · · · ⊗D

βd
d ⊗ Ŷ β(s)

}N

pN+1,pN+1

=
∑
β

(
d∏
j=1

λβjσi,j)(
1

h
Ĉβ + Ĝβ + Ĵβ)

=
1

h
C(λ̄) +G(λ̄) + J(λ̄) (4.59)

4.2.5 Summary

The derivations in the previous sections basically suggest that the augmented matrix Ȳ (s) be

replaced by Ỹ (s), with the latter being a similarity transformation of a block diagonal matrix,

whose diagonal blocks are matrices computed at the eigenvalues of the matrix T i, and where the

similarity transformation operator is given by V 1⊗ · · ·⊗V d⊗ IN that is problem-independent.
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Factorizing matrix Ỹ (s) can then be carried out by factorizing the diagonal blocks (indepen-

dently or in parallel) and using the similarity transformation to transform the solution from the

decoupled domain into the coupled domain. Moreover, it is easy to notice that the system that

decoupled approach need to solve is just the original system when random parameters equal to

some specific value (the eigenvalue of K matrices). Notice that the MC method is to repetitive

solving the system after assigning the random parameters to a certain value from the random

samples generated according to their distribution. So the program for MC methods can be used

directly for this methods. Also, for most of the situation, the number of coefficients is far less

than the times of MC simulation, which means this approach can be used as a more efficient way

of doing statistical analysis.

4.3 Non-Askey-Wiener Polynomials

The theoretical basis for the decoupling approach presented in the previous chapter motivates

considering other types of orthogonal polynomials in the course of SG-based decoupled ap-

proach. Indeed, the basic theorem in this section provides the necessary tools to explore systems

of orthogonal polynomials other than the Askey-Wiener type polynomials commonly used in the

area of generalized polynomial chaos.

It should be emphasized that by adopting a non-Askey-Wiener type of polynomials in the

course of decoupled gPC, one would be merely seeking to construct a polynomial-based model

for the circuit performance in terms of the uncertain design parameters. This should be con-

trasted with classical gPC based on the Askey-Wiener type of polynomials where the computed

polynomial coefficients are sufficient to characterize the statistical moments (e.g., mean and s-
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tandard deviation) of the circuit performance. Nevertheless, it should be stressed that having a

polynomial-based model (even one based on non-Askey-Wiener type of polynomials) still serves

as a valuable and effective vehicle to carry out full statistical characterization of the circuit re-

sponse, where this is typically done by running a full MC-based evaluation on the polynomial-

based models. The pdf often provides a more comprehensive picture of the variability of a certain

RV or a function of RV; more than the mean or the variance.

A case is point here is two RVs both having zero mean and unity variance, yet with too

different pdf, as shown in Fig 4.1. This figure depicts the pdf of those two variables, namely,

Figure 4.1: Gaussian and Uniform distributions with same mean and variance

the uniform distribution U(−
√

3,
√

3) and the Gaussian distribution N(0, 1). As can be seen

from the figure, much can be gleaned from the pdf than the simple knowledge if the mean and

variance.

Nevertheless, there are situations where the mean and variance suffice to characterize the

variability, such as the case where the circuit designer is interested in getting the variance of the
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time-domain response as a function of time. For such situation, instead of running a full MC

on the generated polynomials to generate the pdf, one can also obtain the statistical moments

(e.g. mean and variance) from the coefficients of a Non-Askey-Wiener polynomials. This is

typically done by converting the coefficients of a Non-Askey-Wiener polynomials to one of the

Askey-Wiener types through a conversion matrix L. Appendix A shows how to construct this

matrix.

Another key factor that motivates exploring the notion of non-Askey-Wiener polynomials in

the context of decoupled gPC is that the decoupling approach proposed in the previous section

offers a quantifiable measure of the error that arises from the decoupling process. This aspect

of the proposed approach, which will be presented in the next section, enables examining the

behavior of the different systems of polynomials in the decoupling approach in terms of their

accuracy of the approximation.

The idea of using a non-Askey-Wiener stems from the observation that the core of the decou-

pling approach relies on the eigenvalues and eigenvectors of the tridiagonal matrix T i. As shown

in the appendix, this matrix results from the so-called three term recurrence relation which is sat-

isfied by any system of orthogonal polynomials. Indeed, as the proof presented in the appendix

demonstrates, the main difference between the various systems lies in the coefficients ci,k, di,k

and ei,k, k = 0, · · · ,Mi.

For example, when using the system of Chebyshev polynomials in the proposed decoupling
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approach, then the matrix T i takes the following form,

T i =



0 1
2

1 0 1
2

1
2

0
. . .

1
2

. . . 1
2

. . . 0 1
2

1
2

0



(4.60)

The next section investigates the impact of the polynomial system on the decoupling error.

4.4 Study of the Decoupling Error

Characterizing the error arising from the proposed decoupling procedure can be carried out by

considering the matrix E = Ȳ (s) − Ỹ (s), which represents the deviation of the decoupled

matrix from the original non-decoupled matrix. Taking the norm of E, ‖E‖, as a measure for

this deviation, it then follows (using properties of the Kronecker product ‖A⊗B‖ = ‖A‖·‖B‖)

that,

‖E‖ ≤
∑
β

d∏
i=1

‖∆i,βi‖ · ‖Ŷ (s)‖

The above expression shows that the deviation matrix E is influenced by ∆i,βi , which is prob-

lem independent, and only depends on the system of polynomials adopted in the approach. More

precisely, ∆i,βi depends on the constants ci,βi , di,βi and ei,βi for i = 0, · · · ,M which charac-

terize the system of orthogonal polynomials. In addition, those coefficients also depend on the

truncation index M and the ith mutli-index component βi
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To further illustrate this point, Table 4.1 compares the ratio of ‖∆i,βi‖/‖Ki,βi‖ for several

systems of polynomials, and for different values of βi and M . Where α here is an index for

Laguerre polynomials.

As can be seen in the table, the Chebyshev polynomials appear to produce deviation ma-

trices with smaller norms. This fact suggests that Chebyshev polynomials can provide better

approximation in the decoupling approach. In fact, this observation will also be highlighted in

the numerical simulation of the next section. Moreover, it also needs to be stressed here that the

decoupling error matrix ∆1 ≡ 0, which can be easily obtained from the (??). This means if the

system has a linear relationship with the random parameter, such as a random value capacitor or

inductor, the decoupling approach will provide the exact results as there is no decoupling error

anymore.
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Table 4.1: ratio between the Frobenius norm of ∆β andKβ for the case of single random variable

problem (d=1), β = 2, 3, 4 and M = 2, 3, 4 for different gPC basis

Hermite Legendre
Laguerre

Chebyshev

(α = 1)

β = 2 M = 2 0.4704 0.2340 0.1689 0.2132

β = 2 M = 3 0.3563 0.1972 0.1438 0.1890

β = 2 M = 4 0.2665 0.1756 0.1271 0.1715

β = 3 M = 2 0.4767 0.2176 0.3574 0.1612

β = 3 M = 3 0.3913 0.1620 0.3023 0.1414

β = 3 M = 4 0.3231 0.1402 0.2657 0.1291

β = 4 M = 2 0.7776 0.3792 0.5387 0.2881

β = 4 M = 3 0.6205 0.2714 0.4593 0.2327

β = 4 M = 4 0.4854 0.2298 0.4047 0.2117

β = 5 M = 2 0.7871 0.3978 0.6927 0.2847

β = 5 M = 3 0.6745 0.2706 0.6023 0.2080

β = 5 M = 4 0.5670 0.2142 0.5357 0.1843
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Chapter 5

Numerical Examples

In this chapter, numerical examples are provided to validate the proposed decoupling approach.

In all of the three examples presented in this section, the polynomial coefficients obtained through

the proposed approach are used to construct a polynomial-based model in the uncertain circuit

design parameters. Subsequently, MC-based evaluations of the polynomial-model using 30,000

values of the design parameters randomly selected in the random design space is carried out to

generate the Probability Density Function (pdf) of the circuit output. The pdf obtained in this

manner is also compared in each of the examples against the traditional MC simulations of the

original circuit and with the same number of simulation points.

In presenting the following simulations, the results obtained from the traditional MC are

referred to simply as “Monte-Carlo”, while those computed based the gPC are referred to by the

type of polynomials (e.g., Hermite) used in the gPC technique for single random problems and

gPC basis for multi-random problems. In addition, we adopted a truncation order of 3 for all the

example. And all the MC simulation adopt a 30000 realization except for those mentioned in the
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figures.

5.1 Examples for Decoupling approach

5.1.1 Example 1

This example provides mainly a proof of concept for the proposed approach and serves as a vehi-

cle to compare the performance of the different polynomials systems used under the decoupling

framework.

The circuit used in this example is the RLC circuit shown in Fig. 5.1, where the source is

sinusoidal with frequency 159.16MHz and 1V amplitude. The objective in this example is to

perform the statistical characterization of the voltage at the “output node” shown on the circuit.

Figure 5.1: Schematic of RLC circuit used in Example 1.

The design uncertainty in this circuit has been introduced by allowing that Rout in the circuit

be modeled by a random variable ξ. Three sets of experiments were conducted by assuming that
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ξ is an RV with three possible pdfs, namely the Gaussian (ξ ~N(0, 1)), Uniform (ξ ~U(−1, 1))

and the Gamma (ξ ~Γ(α+ 1, 1), α = 1) distributions, respectively. More specifically, Rout in the

three experiments will be respectively, given by,

experiment 1: Rout = 100× (1 + 0.15ξ) Ω

experiment 2: Rout = 100× (1 + 0.5ξ) Ω

experiment 3: Rout = 100× (1 + 0.15ξ) Ω

Figs. 5.2 through 5.4 show the pdf obtained in each of the three experiments using the

traditional MC and compare them against those obtained from the proposed decoupled gPC

approach through utilizing the so-called conventional polynomials, namely, Hermite, Legendre

and Laguerre polynomials, respectively. Figs. 5.2-5.4 also contrasts the accuracy of a decoupled

gPC using the conventional type of polynomials against the one based on the Chebyshev-based

polynomials. Worthy of note here is the fact that the decoupled-based Chebyshev polynomials

outperform the Legendre and Hermite polynomials in terms of the accuracy when compared to

the traditional MC. This observation is in line with the error characterization discussed in Section

4.4.

5.1.2 Example 2

This example considers the statistical analysis of an active low-pass filter is shown in Fig.5.5,

where the OpAmp equivalent circuit model is shown in Fig. 5.6. The design uncertainty in this

circuit was introduced by creating a d = 3 random space with RVs (ξ1, ξ2, ξ3) and letting the
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Figure 5.2: pdf Comparison between Hermite and Chebyshev expansion for Gaussian distribu-

tion.
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Figure 5.3: pdf Comparison between Legendre and Chebyshev expansion for Uniform distribu-

tion.
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Figure 5.4: pdf Comparison between Laguerre and Chebyshev expansion for Uniform distribu-

tion.
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Figure 5.5: Schematic of low-pass filter for example 2.
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Figure 5.6: OpAmp subsircuit model.
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circuit parameters R1, R21 and C9 be given in terms of those parameters as follow

R1 = R̄1(1 + 0.5× ξ1)

R21 = R̄21(1 + 0.15× ξ2)

C9 = C̄9(1 + 0.15× ξ3)

where R̄1, R̄21 and C̄9 are the nominal design values given in Fig.5.5. In this example the

RVs ξ1, ξ2 and ξ3 are assumed to be distributed as Uniform, Normal, and Gamma distributions,

respectively.

Fig.5.7 presents the pdf of the output voltage at node Vout at a frequency of 1600 MHz ob-

tained from three different approaches, as follows,

• traditional MC with 30,000 simulations,

• the proposed gPC decoupling technique using the a hybrid polynomial expansion from the

Legendre (in ξ1), Hermite (in ξ2) and Laguerre (in ξ3), and

• the proposed gPC decoupling technique using Chebyshev polynomial in ξ1, ξ2 and ξ3.

In the latter two approaches, the gPC polynomials ware implemented with degree 3 polynomials

in all of ξ1, ξ2 and ξ3.

To generate time-domain simulation for this example, the circuit was simulated with sinu-

soidal voltage source at the input, and the time-domain voltage response at the output node was

then considered for statistical analysis. Fig. 5.8 shows distribution of the time-domain response

indicating the mean value. Fig. 5.9 presents the variance in the time-domain response.
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Figure 5.7: pdf Comparison between multi-dimensional Chebyshev expansion and gPC basis

expansion.
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Figure 5.8: Distribution and the mean value of the output voltage.
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Figure 5.9: Variance of the output voltage.
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5.1.3 Example 3

Figure 5.10: Schematic of low-pass filter for example 3.

This example was carried out using the circuit shown in Fig. 5.10. The circuit consists of

3 segments of coupled Multi-conductor Transmission Lines (MTLs) with 24 conductors. Input

sources were attached to conductors 1, 7, 13, 19 of the first segment. Design uncertainty in this

circuit was introduced by modeling five discrete components connecting the MTLs networks

using five independent random variables. Four of the RVs are attached to the resistor in parallel

with the sources and have been assumed to be uniformly distributed with values given by 50 ×

(1 + 0.3ξi)Ω, i = 1, · · · , 4. The fifth RV is given by a Gaussian distribution and is attached

to the capacitor connected to the output node, at the far end of conductor 3 of the segment 2,

and modeled by 1 × (1 + 0.15 × ξ5)pF . The pdf is shown in Figs.5.11, 5.12 and 5.13 are for
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the output responses at 4GHz, 6GHz and 8GHz, respectively. Similar to the previous example,
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Figure 5.11: pdf Comparison between multi-dimensional Chebyshev expansion and gPC basis

expansion at 4 GHz.

the pdf has been obtained through the same three different approaches which are compared in

Fig. 5.11-5.13. One also needs to highlight in this figure that the Chebyshev-based decoupling

fares better than the ones based on the more conventional polynomials, which in this case are the

Legendre and Hermite polynomials. Also, a frequency sweep from DC to 10 GHz is shown in

Fig. 5.14 and Fig. 5.15.
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Figure 5.12: pdf Comparison between multi-dimensional Chebyshev expansion and gPC basis

expansion at 6 GHz.
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Figure 5.13: pdf Comparison between multi-dimensional Chebyshev expansion and gPC basis

expansion at 8 GHz.
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Figure 5.14: Distribution and mean value of the output voltage.
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Figure 5.15: Variance of the output voltage.
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5.2 CPU Time Comparison

This section provides the theoretical computational cost and CPU time comparison for all three

examples. The CPU time was measured using MATLAB R2013a. In the case of circuit sim-

ulation, the most time consuming part during the simulation should be the LU decomposition

as the computational cost is proportional to the cubic of the matrix size, which will dominate if

the system is large enough. From chapters 4, it shows that the computational cost of decoupling

gPC is directly related with the number of expansion coefficients, which related to the truncation

order and number of random parameters. If we use K to represent the number of simulations

needed for a Monte Carlo simulation, the computational cost can be summarized in Table 5.1.

where Noc means the number of coefficients. Due to the slow convergence rate of MC, a few

Table 5.1: Computational complexity comparison of three methods

matrix multiply with vector LU decomposition Forward/Backward substitution

∝ O(N2) ∝ O(N3) ∝ O(N2)

Monte Carlo 0 K 2K

Decoupled gPC Noc2 Noc 2Noc

thousands of simulation are normally required for an accurate result, which means the decoupled

gPC is more efficient than MC methods if the expansion coefficients are less than K. Especially

when N is large, as the time cost in LU decomposition will become more dominate than other

types of calculation. Table 5.2 shows the basic information as well as CPU time for all three

examples in this thesis, all the MC simulations adopt 30000 as the times of realization. From
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Table 5.1, notice that with the increasing of the problem size, the speed up is more and more

close to the ratio of K
Noc

because the time cost for LU decomposition will increasingly dominate,

the results of example 3 in Table 5.2 satisfy the theoretical prediction quite well as the ratio is

30000
1024

= 29.29, which is quite close to the real measured result.

Table 5.2: CPU time comparison

Example
Problem Size CPU (seconds)

Speed-up

N d Noc MC Decoupled gPC

Example 1 8 1 4 88.16 0.0281 3137

Example 2 67 3 64 202.05 0.3384 597

Example 3 4490 5 1024 28820 1050.3 27.4
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Chapter 6

Conclusion and Future Work

6.1 Conclusion

This paper presented a generalization of the decoupled gPC approach to the problem of statistical

analysis of high-speed interconnects. While previous decoupling approach has been limited to

GP-PC with only Hermite polynomials. The mathematical derivation in this paper shown the

decoupling method in a general way for all type of orthogonal polynomials with the analysis of

error mechanism. The study of decoupling error not only help us understand the approach better,

but also provide us a tool of considering non-Askey-Wiener polynomials with less decoupling

error.

Numerical examples have been presented to validate the proposed technique by comparing

the result from MC simulation with the decoupled approach and moment equations methods.

And the CPU time comparison at the end provides us how efficiency this two approach is when

compare with traditional Monte Carlo methods.
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6.2 Future Work

Several possible future work based on the results of this thesis are including but not limited to:

• Improvements of the decoupling approach: The decoupled gPC achieve a better efficiency

than traditional gPC by managing to decouple the augmented matrix into block diago-

nally form. However, there may still some potential ways for a faster simulation based

on decoupled gPC. The improvements of the decoupling approach could be achieved by

reducing the number of diagonal blocks that needs to be factorized after the decoupling

of the augmented matrix. Which may be carried out by either adopting a better trunca-

tion scheme or by finding and excluding the blocks which only make little contribution

to the results. For example, considering the case in 4.2.2, the response of the circuit, i.e.

X̃(s) = [X̃0(s), X̃1(s), · · · , X̃M(s)]T can be calculate through,

X̃0(s)

X̃1(s)

...

X̃M(s)


= (V −1⊗IN)



Y −1(λ0, s)

Y −1(λ1, s)

. . .

Y −1(λM , s)


(V ⊗IN)



U(s)

0

...

0


(6.1)

One can obtain the expression for a given block in X̃(s), i.e. X̃ i(s), with the expression,

X̃ i(s) =
M∑
j=0

[V ]i+1,j+1[V −1]j+1,1Y
−1(λj+1, s)U (s) (6.2)

In above equation, the inversion of matrixY (λj+1, s) can be excluded if [V −1]j+1,1 is small

enough, which could further reduce the computational cost of the decoupling approach.

• Sensitivity analysis: In the example part of this thesis, all the truncation scheme we adopt is
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the tensor order truncation scheme with the order of 3 for each random variables. However,

the uncertainty for different circuit components has a different effect on the circuit response

even with the same statistical property. So sensitivity analysis will allow us to obtain the

best simulation results with a minimum CPU time cost by adjusting the truncation order

due to the effect of corresponding components to the results.

• Applying the generalized decoupled approach to other problems: In this thesis, we use

the circuit as an example to demonstrate the idea of this approach. However, there are

not evidence limits this approach to other types of statistical problems. For example, the

polynomial chaos also applied to handle the problem of variability due to uncertainty in

physical parameters of Carbon Nanotube interconnects [38].

83



APPENDICES

84



Appendix A

Coefficients Conversion

The conversion of expansion coefficients of non-Askey-Wiener polynomials to the corresponding

gPC polynomials basis can be achieved by using a converting matrix L. The function of this

converting matrix is by multiplying L with corresponding expansion coefficients of a certain

type of orthogonal polynomials will yield the Taylor series coefficients. For example, assume

an arbitrary continues function g(ξ), its Hermite and Taylor series expansion coefficients with

respect to ξ are gξH = [ĝξH,0, ĝ
ξ
H,1, · · · , ĝ

ξ
H,M ] and gξT = [ĝξT,0, ĝ

ξ
T,1, · · · , ĝ

ξ
T,M ] respectively, we

will have the following relationship:

LξHg
ξ
H = gξT (A.1)

where the subscript H and T are used to distinguish for which expansion base, i.e. Hermite

polynomial and Taylor series, the convert matrix and/or coefficients are, and the superscript

indicates which parameters the convert matrix and/or coefficients are respected to. In order to

achieve L such function, its entries must satisfy:

[L]i+1,j+1 = φ̂j,i (A.2)
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where φ̂j,i is the Taylor expansion coefficients for ith moment of polynomial of order j, more

specific

φj(ξ) =
∑
i

φ̂j,iξ
i (A.3)

The relation in (A.2) can be verified easily by exam the principle of multiplication between a

matrix and a vector. As the coefficient φ̂j,i can be obtained by using the three term recurrence

relation, so this convert matrix can be generated easily with the computer program. The Pseudo-

code for obtaining matrix L with maximum order of M are as follows:

• L=zeros(M+1,M+1).

Generate a matrix L of size M + 1 by M + 1, with all its entries equals to 0.

• [L]1,1 = 1

φ0(ξ) = 1 =⇒ φ̂0,0 = 1, φ̂0,i = 0(i ≥ 1)

• [L]1,2 = −g0 and [L]2,2 = a0

φ1(ξ) = a0ξ − g0 =⇒ φ̂1,0 = −g0, φ̂1,1 = a0, φ̂1,i = 0(i ≥ 2)

• for i=2:M

• [L](:,i+1) = ai[L](:,i)

Copy all the values in ith column to the i + 1th column after multiply with ai, which is

equivalent to φn+1(ξ) = anφn(ξ)

• Shift all the entries in i+ 1th column one unit down.

Equivalent to φn+1(ξ) = anξφn(ξ)
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• [L](:,i+1) = [L](:,i+1) − gi[L](:,i)

Multiply ith column with−gi and add it to i+1th column, which is equivalent to φn+1(ξ) =

anξφn(ξ)− gnφn(ξ)

• [L](:,i+1) = [L](:,i+1) − bi[L](:,i−1)

Multiply i − 1th column with −bi and add it to i + 1th column , which is equivalent to

φn+1(ξ) = anξφn(ξ)− gnφn(ξ)− bnφn−1(ξ)

For better illustrating, consider an example of a Hermite expansion with the expansion coef-

ficientsXξ
H = [1, 2, 0, 1]T . The Taylor coefficients can be obtained by substitute the coefficients

back to the polynomials

1H0(ξ) + 2H1(ξ) + 0H2(ξ) + 1H3(ξ) = 1 + 2ξ + 1(ξ3 − 3ξ) = ξ3 − ξ + 1

which provide us the Taylor coefficients of Xξ
T = [1, 0,−1, 1]T . On the other hand, the three

term recurrence relationship of Hermite polynomial is given by:

H0(ξ) = 1

H1(ξ) = ξ

Hn+1(ξ) = ξHn(ξ)− nHn−1(ξ) (n ≥ 1)

Thus the convert matrix has the form of:

LξH =



1 0 −1 0

0 1 0 −3

0 0 1 0

0 0 0 1


(A.4)
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The Taylor expansion coefficientsXξ
T can be obtained by using the converting matrix:

Xξ
T = LξHX

ξ
H =



1 0 −1 0

0 1 0 −3

0 0 1 0

0 0 0 1


×



1

2

0

1


=



1

−1

0

1


which has the exact same result.

The above relationship provides an easy way to convert the expansion coefficient from non-

Askey-Wiener polynomials , i.e. Chebyshev expansion coefficients, to gPC basis expansion

coefficients :

XgPC = LξgPC
−1
LξnAWX

ξ
nAW (A.5)

whereXgPC represent the gPC basis expansion coefficients andXξ
nAW represent the expansion

coefficients of non-Askey-Wiener polynomials. Moreover, notice that the convert matrix L al-

ways has an upper triangular structure, which means the conversion can be down with only a

backward substitution.For the general multi-random variables problem, the convert matrix can

be described by the follow theorem:

Theorem 4.

L̄ = Lξ1 ⊗Lξ2 ⊗ · · · ⊗Lξd (A.6)

where Lξi is the convert matrix correspond to ith RV.

Proof. To fulfill its function, the entries in matrix L̄ ,similar to equation (A.2), must satisfy the

condition:

[L̄]|α|+1,|β|+1 = φ̂|β|,|α| (A.7)
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where |β| is the rank of multi-indices whose definition can be found in (2.1), |α| is the rank

of Taylor series which has the same way of ranking as |β|. And φ̂|β|,|α| is the Taylor series

coefficients of the moment
∏d

i=1 ξ
αi
i for the multi-dimensional polynomial φβ(ξ). Hence the

proof of theorem 4 can be carried out by proof all the entries obtained by (A.6) are equivalent to

(A.7).

Given two arbitrary multi-indices α = [α1, α2, · · · , αd] and β = [β1, β2, · · · , βd], the corre-

sponding entries obtained with (A.6) is given by:

[L̄]|α|+1,|β|+1 = [Lξ1 ⊗Lξ2 ⊗ · · · ⊗Lξd ]|α|+1,|β|+1 (A.8)

Applying the result of (4.6) in lemma 1 to the above equation results:

[L̄]|α|+1,|β|+1 =
d∏
i=1

[Lξi ]αi+1,βi+1 (A.9)

Next, by substituting (A.2) into (A.9) yields:

[L̄]|α|+1,|β|+1 =
d∏
i=1

[Lξi ]αi+1,βi+1 =
d∏
i=1

φ̂βi,αi (A.10)

On the other hand, the entries for the same index α and β obtained from (A.7) is φ̂|β|,|α|,

which its closed form expression can be obtain by first recall the expression of multi-dimensional

polynomial in (3.33):

φβ(ξ) =
d∏
i=1

φβi(ξi)

Followed by applying (A.3) on above equation, which is:

φβ(ξ) =
d∏
i=1

(∑
ji

φ̂βi,jiξ
ji
i

)
=
∑
j1

∑
j2

· · ·
∑
jd

d∏
i=1

φ̂βi,jiξ
ji
i (A.11)

It is obvious the Taylor series coefficients for the moment
∏d

i=1 ξ
αi
i in the above equation is∏d

i=1 φ̂βi,αi , which is exact the same as (A.10). This shows that the matrix L̄ in (A.6) satisfy the

condition as a convert matrix and here finish the proof of theorem 4.
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