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Abstract

We propose a new method for analyzing longitudinal data which contain responses
that are missing at random. This method consists in solving the generalized estimat-
ing equation (GEE) of [7] in which the incomplete responses are replaced by values
adjusted using the inverse probability weights proposed in [14]. We show that the
root estimator is consistent and asymptotically normal, essentially under some con-
ditions on the marginal distribution and the surrogate correlation matrix as those
presented in [12] in the case of complete data, and under minimal assumptions on
the missingness probabilities. This method is applied to a real-life dataset taken from
[10], which examines the incidence of respiratory disease in a sample of 250 pre-school
age Indonesian children which were examined every 3 months for 18 months, using
as covariates the age, gender, and vitamin A deficiency.
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Chapter 1

Introduction

Longitudinal data are presented when following particular individuals over prolonged
periods of time, often years or even decades. A dataset is longitudinal if it tracks
the same type of information on the same subjects at multiple time points. For
instance, a longitudinal dataset can contain information about specific students, their
test results and other achievements in ten successive years. The primary advantage of
longitudinal data over cross-sectional data is that they can measure change. However,
the complexity of their analysis is a big challenge for statisticians. More details about
longitudinal data are provided in [6].

In statistical analysis, it is important to analyze the relationship between a re-
sponse variable (for instance, the presence of diabetes) and multiple continuous or
discrete predictor variables that may be more or less influential (for instance, weight,
height, race, blood pressure). A commonly used method introduced by Liang and
Zeger in [7] is to assume that the marginal distribution of each response follows a
Generalized Linear Model (GLM) with regression parameter 3, while the correlation
between the responses is modeled by a surrogate correlation matrix which depends
on another parameter a. More details on GLMs can be found in [8]. The goal of
this method is to solve the Generalized Estimating Equation (GEE) and obtain a
consistent estimator [3.

Building upon earlier work of [4] and [16] for estimating equations for classical
datasets, the article [12] contains a thorough analysis of the asymptotic properties of
the GEE estimator, including the case when the number of observations made on each
individual (called the cluster size) goes to infinity. Similar theoretical investigations
were pursed in [2] for fixed cluster size, for an estimator defined as the root of a
pseudo-likelihood equation, which contains an estimator of the correlation matrix
based on the data.

The complexity of longitudinal data analysis increases in the presence of incom-
plete observations. Several methods for dealing with longitudinal data which contain
missing responses (or missing covariates, or both) have been proposed by various
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authors. We refer the reader to [5], [11], [13], [14], [15] for a sample of relevant
references. Our goal is to adapt the GEE method of [7], [12] to the case when the
responses are missing at random (a term whose meaning will be explained in Chapter
2 below). For this, we will replace the incomplete responses by values adjusted using
the inverse probability weights proposed in [14]. Under minimal assumptions on the
missingness probabilities, we will show that the root estimator of  is consistent and
asymptotically normal, under the same conditions on the marginal distribution and
the surrogate correlation matrix as in [12].

In Chapter 2, we provide a new method for estimating the regression parameter
[ in the marginal GLM proposed by Liang and Zeger in [7] for longitudinal data
with missing responses. In Section 2.1, we introduce our framework with several
examples, as well as the GEE with an explanation of the MAR (Missing at Random
Assumption) mechanism, together with a discussion of its properties. In Section 2.2,
we show that the GEE has a solution under certain conditions, and the solution is
a consistent estimator of 5. The proofs are very similar to those in [12]. In Section
2.3, we show that the estimator introduced in the previous section is asymptotically
normal, under certain conditions. We introduce the condition (CC), which involves
the derivative of the GEE. We refer to [3] for the use of the Central Limit Theorem
for triangular arrays. In Section 2.4, we provide sufficient conditions which ensure
that Condition (CC) holds. We refer the reader to [12] and Appendix A for the used
results.

In Chapter 3, we give an application of our method on a real-life example, with
a dataset taken from the Indonesian Children’s Health Study (see [10]). We consider
a marginal logistic regression model and we introduce the predictor variables. The
missing values are created artificially, since the original data does not contain any
missing values. In Section 3.1, we apply our method to the dataset and obtain two
estimates (with their precisions) for 3, since we consider two cases of the conditional
correlation matrix when solving the GEE. In Section 3.2, we apply to the same dataset
the Generalized Method of Moments, and we come up with very small p-values for
all coefficients.

Appendix A contains some auxiliary results used in Chapter 2. Appendix A.1
contains some elementary properties of matrices, while Appendix A.2 contains several
asymptotic results, which are used in the proofs of several lemmas in Section 2.4.
Appendix B includes the R code used to obtain the results provided in Chapter 3.
Comments about certain parts of the code are also provided.

The results have been summarized and submitted for publication in the compan-
ion article [1].



Chapter 2

Theoretical Results

In this chapter, we develop a new method for estimating the regression parameter
in the marginal generalized linear model proposed by Liang and Zeger in [7] for
longitudinal data, in the presence of missing responses. Using this method, we identify
some sufficient conditions for the existence, consistency and asymptotic normality of
an estimator Bn of 5.

We denote by [, the true value of 8. We make the usual convention of omitting
to write By when it appears in the argument of a function; for instance, instead of

9n(Bo) we write simply g,,.
2.1 The Estimating Equation
We consider n individuals whose measurements are recorded on m occasions. For

eachi=1,...,nand j =1,...,m, we denote by Y;; the response of individual 7 at
time 7. Some of these responses may be missing. We let

I 1, if Y;; is observed
Y o0, if Y;; is missing
Moreover, for each i = 1,...,n,and j =1,...,m, we let X;; = (Xi(jl), . ,XZ-(;’))T

be the p-dimensional vector of covariates for individual ¢ at time 7. We assume that
X; is random. We consider the matrix

X% xP o xP
Xi=| =]+ o
X xW o xW
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Note that X; is an m x p matrix which contains all the covariates of the 7"
individual.

We let Y; = (Yi1,...,Yin)T be the vector of responses of the " individual,
I, = (Li1,..., Lim)" be the vector of missingness indicators for this individual.

We assume that {(Y;,X;,I;)},», are independent and identically distributed,
and there exists a one-to-one differentiable function ; on R such that

pii(8) = B(Yi1X;) = w(X];5),
02 (B) := Var(Y;|X;) = ;/(Xg;ﬂ)

ij

for a p-dimensional parameter 3. The inverse g of the function p is called the link
function. We denote p;(8) = (11:1(8), - - -, ttim(B8)T and

35+ (8)
g »
O
Qe (9)
Note that %(5) = X7/ (X];8) and hence D;(8) = A;(8)X;, where A;(f) is the

diagonal matrix with entries y/(X%40), ..., 1/ (X% B):

p(XLp) ... 0
Ai(B) = : :
0 .. W(XEH)

Example 2.1.1. (Normal Linear Regression for Quantitative Responses) When the
responses Y;; represent quantitative measurements, we may assume that Y;; has an
normal distribution with mean y;;(X};8) and known variance o7;(5) = ¢, for a nuis-
sance parameter ¢ which is estimated separately. We assume for simplicity that ¢ = 1.
In this case, u(x) = z and p/(z) = 1. The link function is g(z) = x.

Example 2.1.2. (Log-linear Regression for Count-type Responses) When the re-
sponses Y;; represent count-type measurements, we may assume that Y;; has a Poisson
distribution with mean p;(3) = exp(XJ55). In this case, u(x) = e* and p/(z) = €*.
The link function is g(z) = logx for x > 0.

Example 2.1.3. (Logistic Regression for Binary Responses) When the responses Y;;
represent binary measurements, we may assume that Y;; has a Bernoulli distribution

exp (X0 . Y o
1+exp()g£ﬂ)' In this case, p(z) = £ and p/(z) = et The

link function is g(z) = log %= =: logit(z) for z € (0, 1).

T

with mean p;;(8) =
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Let 3;(/) be the conditional covariance matrix of Y; given X;, i.e.

%i(B) = Cov(Yi|Xi) = B[(Y; — (8))(Yi — a(3))"1X4].

We denote by o, jx(8) the element of ¥;(5) situated on row j and column k, for
1 <j,kE<m. Then

0ijk(8) = Elei; (B)ein(8)|Xi]

where e4;(8) = Yi; — pi;(0), for all j = 1,...,m. In particular, o;;;(8) = 03;(8) =
1 (X5B). Note that

Si(8) = Ai(B)VPRA(B) Y2

where R, is the conditional correlation matrix of Y; given X;, i.e. R; = (Ti k) 1<) <m,
and
Tijh = Corr(Yy, Y| X) = el
Tijk OIT\ Yij, Yig| N 0i;(B)on(B) "
In this framework, it is assumed that R; does not depend on /.
The method proposed by Liang and Zeger in [7] consists in replacing the unknown
correlation matrix R; by a known correlation matrix R;(«) (possibly depending on

another parameter o which is estimated separately), and solving the Generalized
Estimated Equation (GEE):

2 DIV, ) (Yo = pu(6)) =0, (21.1)
where V;(8) = A;(8)?R;(a)A;(B)"/? is an approximation of the unknown covariance
matrix X;(5). The case R;(a) =T for alli =1,...,n is called working independence.
In this case, equation (2.1.1) becomes

> XYy — u(XEB) = 0. (2.1.2)
=1 j=1

In 2003, Xie and Yang proved rigorously in [12] that equation (2.1.1) has a root
Bn which is a consistent estimator of 3, and derived the asymptotic normality of this
estimator. The goal of this chapter is to develop a method similar to that of [12]
which can be applied when some of the responses are missing.

We assume that the following Missing at Random Assumption (MAR) holds: for
any ¢ = 1,...,n, Y; is conditionally independent of I; given X;. For any i =1,...,n
and j =1,...,m, we let
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and we consider the inverse probability weighted response

. Yyl
YT
ij
Note that I;; is a variable which takes only the values 0 and 1, and hence E(/;;|X;) =
P(]Z] = 1|Xz) = Tij. B/IOI"GOVGI‘7 E<1123|Xz) = P(IZ] = ]-|Xz) = Tij.
Let Y; = (Y;,..., Y )" be the vector of weighted responses for the i*" individ-
ual. Note that
. 1;;
Y- Y = (__1>Yij. (2.1.3)

7Tz'j

We denote £ (8) = (e4(8), .., (B))7, where &,(8) = Y5 — iy (8), j = 1,....,m.

Lemma 2.1.4. For eachi=1,...,n and j =1,...,m, E(Y;|X;) = p;;(B8). There-
fore
E(ef ()| Xi) =0 for all i > 1.

Proof:  Using (2.1.3) and double conditioning, we have:

BE(Y;1X;) = E(Y;; — Y51X3) + E(Yi;]X5)
I;;
= EK—J - )YU\XZ} + 13 (B)
7T2‘j
I;;
= E[VyB[ — 11X, Y 1Xi] + 15(8)
ij
= Mz’j(ﬂ);
where for the last line, we used the fact that, by the MAR assumption,
o] 1|Yi,XZ} - E[— - 1|X1} = —E(I;|X,) —1=0. (2.1.4)
T4 Tij T4
This concludes the proof. |
Foreachi=1,...,nand j,k=1,...,m, we let ¢; j; be the conditional probabil-

ity that the responses of the i*" individual are missing on both j** and k™ occasions,
given the covariate matrix X;:

i jk = P([z’j =1,I = UXz)

In the next lemma, we compute the conditional covariance matrix of £f(f3).



2. THEORETICAL RESULTS 7

Lemma 2.1.5. The conditional covariance matriz of €f(f) given X; is

51(B) = Ele; (B)e7 (8)T1X:] = (07 11 (8))1jh<m.
where
o7 ik(B) = oigi(B) + <T1quk - 1) (Ui,jk(ﬂ) + Mij(ﬁ)ﬂik(ﬁ))’
Proof: For any 5,k =1,...,m fixed,

0;i1(B) = Elei;(8)e5(8)1X4]

= E[(Y;; — 15 (8))(Yii, — 1w (8))1X]

(Yie = Yy +Yij — pae(B) (Vi — Yie + Yiw — pae(8))[X]

(Vi = Yiy) (Yir — Y| Xa] + E[(}/;; —Y3i) (Yie — na(8))|1X]

[(YJQ = Yi) (Yij — pis(8))1Xa] + E[(Yiy — 115 (8)) (Yie — Mik(ﬂ))lxé-l .

We treat separately the four terms. First we show that the second term is equal to 0:

BI(Y; — Y)Yk — (8] = B (22 = 1) 75,0 — g (8)X]
— B3 (Ya - “”(B»E[% 11X, Y31
=0,

where we used (2.1.4) for the last equality. Similarly, it can be shown that the third
term in (2.1.5) is also equal to 0. Note that the fourth term in (2.1.5) is

E[(Yij — 1ij(8))(Yir — pae(8))1Xs] = Eleij (B)ein(8)1Xi] = 0ix(8)-

We infer from here that

i k(B) = E[(Y; = Yi) (Vi — Yin)[X5] + 05, (8). (2.1.6)
Note that
BI(Y; — Vo) = Vil = B[ (22 - 1) (3% - 1)y, 7ux)
- E[Y YkE[<7[T—J - ) (i—i - 1>\Xi,YZ} |X} (2.1.7)

We compute separately the inner conditional expectation. By the MAR assumption,

Fl( ) (2]
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1 1 1
= E(1; ;x| X, Y;) — —E(1;X;,Y;) — —E(Li]| X, Y:) + 1

T Tk 5 U

1 1 1
= —B(llpXi) — —E([;|Xi) — —E(alXy) + 1,
— (L 13| Xs) - (11X:) — — Bl Xs) +

using the fact that m; = E([;|X;) = h;(X;) is a function of X;. Since I;;[;; is a
variable which takes values 0 and 1, we have

E(L; Lk | Xs) = P(Lij i = 11X;) = P(Lij = 1, Iy = 1|Xi) = q; ji-
As we noticed before,
W—iJE([”|Xz) =1 and %E(Im\Xz) =1.
Therefore,
E[(fr—ﬂ - 1) (i—J - 1) |XZ-,YZ-] = L gL

Coming back to (2.1.7), we obtain

1
E[(Y; = Yi)) (Vi = Ya) I Xi] = B ¥iYae (——aun — 1) 1]

ij
ij ik

1
( Qi jk — 1)E(Kj}/:£k|Xi)

T Tk

(Lq@jk B 1) (@i gk + 1 (B)par(8)), (2.1.8)

T35 Tk
where for the last equality, we used the fact that

E(Y;Yi|Xi) = E[(Yyy — pij (B) + pii (8)) (Yie — pax(8) + pan(8))[Xi]
= E[(Yy; — 1i;(8)) (Yir — pa(8))|Xi]
+ wik(B)E(Yij — i (8)1X3) + pig (B)E(Yie — par(8)1X5)
+ wij (B)Bir(B) = 05(8)) + i (8) par (),

since E(Y;; — pi;(8)|1X;) = 0, and E(Yix — pir(8)|X;) = 0. The result follows from
relations (2.1.6) and (2.1.8). i

Note that ¢; j; = P(l;; = 1|X;) = m;, so the conditional marginal variance of Y}
given X is
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1

= W (XED) + (— = 1) (W(XEB) + u* (X)), (2.1.9)
ij

Let Aj(8) = diag|o}1,(8),...,0;mm(B)], i.e. Aj(B) is the diagonal matrix with

elements o7 1,(8), - . ., 0} m(8). Welet Ri(a) be an arbitrary correlation matrix which

depends on a parameter . Typical examples of such matrices are

1 « o'
a 1 o'
Rz‘(Oé) = 1. . .
a 1
and
1 o a™
« 1 am!
Rz‘(Oé) = . .
a™ amfl 1
We define
Vi(8,a) = A7(8)/*Ri(a) AS (). (2.1.10)
We are interested in solving the equation
ZDT BIVi(B,a) (Y] — w(B)) = 0. (2.1.11)

Note that equation (2.1.11) is the analogue of equation (3) of [12] for the case of
missing responses which are adjusted using the inverse probability weights.
We have:

ZXTF a) AL (B) e (B), (2.1.12)

where F;(8) = A;(B)AI(B)~ 1/2 is the diagonal matrix with entries f;;(5),1 < j < m,
given by:

& (ﬁ) //(Xf;ﬂ)
NERORNIES — D/ (XEB) + u2 (X))
The following result gives the mean and the covariance matrix of the estimating

function g, (/). Note that the expected value of a matrix A = (Ajx)1<jk<m Whose
elements are random variables A,y is, by definition, the matrix E(A) = E(A;;)

fi;(B) = (2.1.13)

1<j,k<m’
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Lemma 2.1.6. g,(5) is an unbiased estimating function, i.e. E[g,(8)] =0 for all 5.
The covariance matriz of g, () is

M, (B) = Elg,(8)g.(8)"] = E[M,,(8)],

where
Z D} (8) V;(8,0) "X (8) Vi(8.0) " Di(#).
Proof: The first statement follows by Lemma 2.1.4 since
= zn: E[D; (8)V;(8,a)'E[e; (8)1Xi]] = 0. (2.1.14)
i=1

We proceed now with the calculation of the covariance matrix of g, (/). Note that

=3 S DBV (8,a) e (B)el (8) Vi (B ) Dy(B).

=1 =1
Since m;; = P(1;; = 1|X;) = h;(X;) for a function h,
e (B) = Yy — p(XEB) = 222 — u(XTB) = (Y, X, L)

for a certain function ®;. Since {(Y;,X;,1;)},5, are independent, it follows that

{e7(8)};>, are independent. The same argument shows that {DI(p)V(B, )i (8)}is
are independent. Note that

E[E[D] (8)V; (8, @) ~"e; (B)|Xi]]
= E[D} (8)V;(8,a)'E[&; (8)1X4]]
=0,

E[D] (B)V; (8, ) 'e; (8)]

where for the last equality we used Lemma 2.1.4. Therefore if 7 #£ [,
E[D{ (B)Vi(8,a) i (B)e; (B)V7 (B, ) ' Dy(B)] = 0.
Coming back to the calculation of E[g,(3)g,(8)*], we obtain using conditioning again

Elgn ZE E[D; (B)Vi(B,0)'ef(B)e; (8) Vi (B, 0)'Dy(B)|X]]

= ZE[DZT(E)VZ“(B, ) Bl (B)ei (B)" IXi] V(B ) ' Dy(B)]
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_ Z E[D (B)V;(8,a) 'S (B)V; (8, a) ' Di(B)]

= E[M,(8)].

This finishes the proof. |

Remark 2.1.7. Using the fact that D;(8) = A;(8)X;, Vi (8, a) = A (B)Y?Ri(a) AL (B)Y?,

and the fact that the covariance matrix of € () can be expressed as

SH(B) = AL(B) PRIAL(B)?, (2.1.15)

7

where R is the correlation matrix of €}(3), we obtain the following alternative for-
mula for M (5):

M, (8) = Z XTA(B)A;(B)V*Ri(a) "RiRi(a) T AL (B) 2 Ay(B) X

We denote 7,, = m<ax{)\maX(Ri(a)*1/2RfRi(a)*l/Q)} = m<ax{)\maX(R;1(a)Rf)}.

By Theorem A.1.5, M (5) < 7,,H} (), where

n

H () = > XTA(B)A; ()" Ra(a) ' AJ(8) /2 A4(B) X (2.1.16)

i=1
By taking the expectation on both sides of this inequality, we infer that
M, (8) < 7 H,.(8),

where H,,(8) = E[H.(5)].

2.2 Existence and Consistency

In this section, we show that under certain conditions, equation (2.1.11) has a solution
En which is a consistent estimator of 5. The proofs are very similar to the proofs of
Theorems 1 and 2 of [12]. We include the details for the sake of completeness.

We consider the negative derivative of our estimating function g, (3):

Do) = — 5 8.(8)
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Let F, = H,M_'H, and B,(r) = {3 ; ||M;1/2Hn(6 — Bo)|l < r}. Asin [12], we
consider the following conditions:

(1) Amin(Fn) = 00

(L) There exists a constant ¢y > 0 such that for any r > 0
P(DI(B)M,,'D,.(B) > ¢,F, for all 8 € B,(r)) — 1

(Dy) For any r > 0, P(D,(p) is non — singular, for any 5 € B,(r)) — 1

We denote by Apin(A) the minimum eigenvalue of a symmetric matrix A (see Ap-
pendix A).

Theorem 2.2.1. Under conditions (1), (L) and (D,,) we have:
a) lim P(there exist r > 0 and 3, € B,(r) such that g,(8,) =0) =1

n—oo

The proof of this theorem relies on the following result:

Lemma 2.2.2. [Lemma A of [4]] Let H : RP — RP be a one-to-one continuously
differentiable function, and xq € RP. If
)l < | int (@) = Hao)]|

x—x0||=0
then there exists T with ||T — xo|| < 0 such that H(Z) = 0.

Proof:  Let T,,(8) = M, 2¢, (). Let Q,(r) be the event where DX (3)M'D,,(3) >
¢, F, for all g € B,(r), and D,(f) is non-singular for all 5 € B, (r). By conditions
(Ly) and (Dy,), P(Q,(r)) — 1 for any » > 0. On the event Q,(r) the function 7, is
one-to-one since its derivative is non-singular. We let

Ba(r) = (Il <t I5) — TulGol]

By Lemma 2.2.2, _
E.(r)NQ,(r) C Q,(r), (2.2.1)

where Q,(r) is the event for which there exists 8, € B,(r) such that gn(gn) = 0.
(Note that on the event Q,(r), B, = 3,(r) depends on r. But since g, is one-to-one,
if 71 < 1y, then gn(rl) = Bn('rg). So the definition of Bn is correct.)
We will prove that for any € > 0 there exists r = r. > 0 and an integer N, > 1
such that
P(E,(r)NQu(r) >1—¢ (2.2.2)
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r>0
n > N.. This will conclude the proof of part a) since |J Q,(r) is exactly the event
r>0

for which there exists 7 > 0 and 3, € B,(r) such that g,(3,) = 0.
Now let ¢ > 0 be arbitrary and take r = r. = /22, For any 3 € 0B,(r), by

co€

for all n > N.. Using (2.2.1), it follows that P(|J Q,.(r)) > P(Q.(r)) > 1 — ¢ for all
)

Taylor’s formula, there exists 3,, € B,(r) such that

IT(8) = Tu(Bo)lI* = 1M, (90(8) — 9 (B0))II?
= |IM,, " Du(B.) (8 — Bo)l?

= (1M 2D, (B, HL "ML M 2L (5 = o) |1
We use the fact that for any p X p matrix A and p-dimensional vector v,
|Av||* = vTATAv > A (AT A0, (2.2.3)

(see  Theorem A.1.5 in Appendix A). Applying this inequality with
A =MD, (3,)H;"MY? and v = M;Y2H,,(8 — f3,), we obtain

||Tn(5> - Tn(ﬁ())HQ > Amin(M:z/QHrjlpg(Bn)Mglpn(Bn)Hrle%zﬂ) ’ HU||2
By condition (L), on the event €, (r),

Awain (ML H, Dy (B,)ML, Do (B,) H, ML) 2 codnin (M2 H FLHL MY?)
= CO)\min(I) = Cg.

Moreover, ||v|| = r since § € 0B,(r). This shows that on the event €,(r),
| T (B) — Tr(Bo)|| > cor? for any B € OB, (r). Hence

BEDB (r

1 — 01/27“ .
m(r)g{ () - Tl 2 }

On the other hand,

Bulr) 2 Il < &b {dr < int | I00) - Tl

BEIBy(r

and hence

Ea(r) N 2(r) 2 {ITu(Bo) | < ci/r} 1 20(r).

By Bonferroni’s inequality,

P(Ep(r) N Q(r) > P(IT0(B0)| < ¢*r) + P(Qu(r)) — 1 (2.2.4)
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By condition (L), P(,(r)) — 1 as n — oco. Hence there exists an N, > 1 such that

P(Q,(r) >1

>1- g (2.2.5)

for all n > N.. By the Markov inequality,
P(|Tu(Bo)|| < cy/*r) =1 = P(|Tu(Bo)|| > c5/*r)
1
>1— —ET.(8)]%).
> 1= —B(T.6)I°)

We compute separately E(||7;,(8,)]|?). Using the fact that ||z||*> = tr(zz”) for any
x € RP, we have:

E(IT.(8:)1%) = E(IM; 29, (50)l1*) = Eltr (M, 2 ga(80) g (80) "M, /)]
= tr(E(M,"2g.(50)ga(50) "M, /%))
= (M, 29 (50) g 50) ;)
= tr(/)
=p.
Therefore,
PAIT (B0}l < ) 2 1= —zp= - (226)

for all n > 1, where the last equality follows from the definition of r. Relation (2.2.2)
follows from (2.2.4), (2.2.5) and (2.2.6).

b) Let 6 > 0 be arbitrary. We have to show that P(Hgn =Bl £6§) — 1, ie. for any
e > 0 there exists N.s > 1 such that P(||5, — 5| <0) >1—¢c for all n > N.5. Let
e > 0 be arbitrary and r = r. from part a). On the event Q,(r) N E,(r), we have:

180 = Boll < [[HL, "ML/ - [V, P H (B = Bo)| < (52%) %

mlnFn
since 3, € B, (r) and
1
Amin(Fn) .
Here, we used the fact that |A||% = tr(AAT). By condition (1,,), there exists N} > 1
such that A\pin(F,) > C“’T for all n > Nj. Hence, for any n > Ny,
Q. (r) N E,(r) C {Hﬂn — Boll <0}
Let N.s = max(N;, Nj). By (2.2.2), it follows that for any n > N,

1L, PV < eplHL M2 = eate(F, 1) < ephanax(F, 1) = cp

P(||Bn = Boll < 8) > P(Qu(r) N Eu(r)) > 1 —ec.
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Note that conditions (1,,) and (L) rely on the covariance matrix M,,, which in
turn depends on the unknown correlation matrix R;. In the next set of conditions,
we eliminate the matrix M,,, using the fact that M,, < 7,H,, (see Remark 2.1.7).
Note that 7,, also depends on R}, but by Lemma A.1.4 (Appendix A), we have

Tn < an,

-1
%

where A, = max Amax(R; " (a)). Note that R is a correlation matrix, and hence all

its entries are bounded in modulus by 1. Let B(r) = {8; |[HY2(8 — By)|| < 7',1/27“}.

The new conditions are:

(1) Amin(H,) /7 — 00 as n — 0.

(L) There exists a constant ¢y > 0 such that for any r > 0,
P(x"H,'*D,(8)H,*x > ¢ for any 8 € BX(r) and x € R? with ||x|| = 1) — 1.

(D) For any r > 0, P(D, () is non-singular for any g € B} (r)) — 1.

Under condition (D7), with probability converging to 1, D,,(f) is non-singular. Ob-
serve that we cannot say that D, (8) > 0, since D, (f) may not be a symmetric
matrix.

Theorem 2.2.3. Under conditions (I7), (L%) and (D), the conclusion of Theorem
2.2.1 remains valid, with B, (r) replaced by B} (r).

Proof: We use an argument similar to the proof of Theorem 2 of [12]. Let
1) = B () and Bx(r) = (TG0 < inf | IT209) - i@ Lot

2 (r) be the event where x”H,, "D, (8)H,*x > ¢, for any 3 € B:(r) and for any
x € RP with ||x|| = 1, and D,(p) is non-singular for any § € B(r). By conditions
(L) and (D), P((r)) — 1 for any r > 0.

By Lemma 2.2.2 we know that

EX(r) N (r) C Qu(r), (2.2.7)

where ,,(r) is the event that there exists B, € B (r) such that gn(gn) = 0.
It suffices to prove that for any € > 0, there exist r = r. > 0 and an integer N, > 1
such that for all n > N,

PE;(r)NQ(r) >1—e. (2.2.8)
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Let € > 0 be arbitrary and r = r. = 62(2)—]”8. For any 8 € 0B;(r), by Taylor’s
formula, there exists 3, € B*(r) such that

IT:(8) = T (Bo) I* = I, (9 (8) — gu(Bo)II* = |H, > D (B,)(8 — Bo)I”
=[], 2D, (5,)H, P H2 (8 — Bo)l?
> Nnin(H, 2D (B,)H, ' Du(B,)H,2) - [H/2(8 — Bo) 1%,

using (2.2.3).

Let 25 = Apin(H, VD, (6,)H,,'D,(5,)H,'/?). We claim that 2z} > ¢ on the event

Q*(r). To see this, let A = H;Y?*D,(5,)H;?. By Lemma 1 of [12], if = is a
corresponding eigenvector of Apin (AT A), then by (L)
= Amin(ATA) = 2TAT Az
(«TAx)® = ("H,V*D,(5,)H, " *x)?
(corTH,VPH,H, 22)? = (coaTx)? = 2.

(A\VARAY

Hence () < {8 € 98,(r); IT:(8) = T (B0)| = coma*r }.
On the other hand,

Bx0) > (Il < amtry n {artr < int | 1729) - T2

and therefore by
Ey(r) 0 S25(r) D 1T (Bo) | < coma/?r 02 (r).
So, by Bonferroni’s inequality,
P(E;(r) n5,(r)) = P(IT;(Bo)l| < cory/*r) + P(2;(r)) — 1. (2.2.9)
By condition (L), there exists N > 1 such that

P, (r) =21 -

(2.2.10)

DO | ™

for all n > NZ. By Chebyshev’s inequality,
1
P(||T;(Bo)ll < cory*r) = 1= P(|IT; (Bo)l| > comy/*r) > 1 = — —SEIIT: (Bo)l[
0Tn

We compute E||T(5y)||* separately:

BT (60)]* = BIIEL, 2g,? = Eltr(H, g, g7 H, /2)
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= wE[H, 2 g,gs H, /%] = tr(H,,*E(gng; )H, '/?)
= tr(H, M, H"/?) < 1,tr(I) = 7.p,

n

where for the last line we used the fact that M,, < 7,,H,,. Therefore,

1 €
* 1/2 .
P(||T;(Bo)l| < cor/r) > 1 — i ] (2.2.11)
From (2.2.9), (2.2.10), (2.2.11), it follows that
P(EL(r)N(r) =21 —¢ (2.2.12)

for all n > N?.
b) Let 6 > 0 be arbitrary. We will prove that P(||3, — 5| < ) — 1. For this,
let € > 0 be arbitrary, and r = r. as in part a). On the event Q0 (r.) N EX(r.),

1B~ Boll < 1772 - (BB, — o)l < [ ]
" ol = n " " 0 B )\min(Hn)
. —~1/2 —1/2yy-1/2 —1
since ||[H, 2|12 = Apax (H,PH, V?) = Apax(H,1) = )\minl(Hn)'

By condition (I}), there exists N§ > 1 such that

)\min<Hn) > 5_2

Tn T

for all n > Nj.
Hence, for all n > Nf, Qf(r.) N EX(re) C {[|Bn — Boll < d}. We take Ns. =
max(N,, Nj), where N is the same as in part a). Hence, by (2.2.12),

P(I[B, — ol < 6) = P(Q(r) N EL(r)) > 1 —«

for all n > N¢. |

2.3 Asymptotic normality

In this section, we show that the estimator Bn (defined in the previous section) is
asymptotically normal, under some conditions. We consider the following condition:

(CC) For any r > 0 and § > 0,

P(sup sup sup |x7H,Y?*D,(3)H,Y*y —xTy| <§) = 1.
llz||=11lyl|=1 BeB;(r)
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Lemma 2.3.1. Condition (CC) implies condition (L,).

Proof: We denote by €,(d,r) the event in condition (C'C'). Choose § € (0,1)
arbitrary. In particular, on the event 2,(d,r), for any 8 € B’ (r) and for any x € RP
with ||x|| =1,

x"H,'*D,(8)H,"*x — 1] < §,

and hence, XTH;1/2Dn(5)H;1/2X >1— 6 =: ¢y. Therefore

Q,(0,7) C Q- (r), (2.3.1)
where Q7 (r) = {x"H,,"*D,,(8)H, "*x > ¢, for all 8 € B*(r) and x € R? with ||x|| = 1}.
Since P(Q,(0,7)) — 1 it follows that P(Q(r)) — 1. i
Let ¢, = Amax(M,, 1Hn). We consider the following boundedness condition:

(B) There exists ¢ > 0 such that 7,¢, < ¢ for all n.
Theorem 2.3.2. Under conditions (I7%), (Df), (CC) and (B),
M,%g, = M;''*H, (B, — Bo) + 0,(1).

Proof: We want to prove that M_I/an M_1/2H (En Bo) &0, ie. for any
n >0 and € > 0, there exists N, . > 1 such that for alln > N, .,

P(|[M, g, — M VP H, (B, — Bo)l| <m) > 1 —«.

Let n > 0 and € > 0 be arbitrary. Let § = 1—cq and r = % 2 where ¢ € (0,1)

is a constant which we will chose later. Let E*(r) and Q(r) be the same events as
in the proof of Theorem 2.2.3. By (2.3.1) and (2.2.7),

EX(r)NQL(6,7) C EX(r) N (r) € Qa(r).

Using Taylor’s formula, on the event E’(r) N Q¥ (6, 7), there exists 3 € BX(r) such
that

~ og, — .~
8 (5n) — 8, = 57 (B.) (B — o).

Since gn(B\n) = 0, using the definition of D,,, we obtain

g, =Dy (B )(5 — Bo).
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We multiply this identity by the matrix M, /2. We denote U, (3) = H, /*D,(3)H, */*—
I. We obtain

M, g, = M;Y*D,,(3,) (B, — o) = M, V*HY*H, /D, (3, H, *HY* (B, — f)
= M '2HPHY?U, (8)HY?(3, — Bo) + M, ?H, (5, — fo).

Note that
1
—1/2771/2)12 _ 120 A—-1171/2\ _
||Mn Hn || _)\maX(Hn Mn Hn )_ )\min(HT—Ll/2MnHT—Ll/2>
1
N P )\max M_lHn = Cnp-
)\min<Hr_Lan> ( " ) ‘

On the event EX(r)NQ,(6,7), [[Un(B)] < c1pd for all § € B (r), and so by condition
(B)
IM;V2g, — M;l/QHn(gn — B)|| < (enmn)2erpor < 2eipor

C/2 1—co 2p
c1p

<,
Co 9

if we choose ¢y € (0,1) (depending on 1 and ¢) such that —- - <1+ c1/2 %. This

means that
Ej(r) N Q(8,r) C {IM; g, = M *Ho (B, — o) < 0}
Similarly to (2.2.12), it can be shown that there exists NV, . > 1 such that
P(E:(r)NQ,(0,1) >1—¢

for all n > N, .. The conclusion follows.

n,g

We define Y; = (A7)"1/2¢* and 7\ = max B where
Tt = Amax(H, 2] (V)™ DH ).

We assume that % D) < Ky ) where K is not random. We consider the condition

(Ns) There exist § > 0 and K > 0 such that E(Y 2+2/6|X ) < K for all
i=1,...,n, 7=1,...,m, and (cn/\n)1+‘5K7(lD) — 0.

The following result is the analogue of Lemma 2 in [12] in our case.
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Theorem 2.3.3. Under condition (Ns), we have
M,'?g, — N(0, ).

Proof: By the Cramer-Wold theorem, it suffices to show that for any A € R? with
Al = 1, we have:
ATM Vg, — N(0,1). (2.3.2)

Note that "M, '/?g, = > Z,; where Z,; = ATM,'/*DI'(V;)~'c;. The variables
=1

(Zn.i)i<n are independent. By Lemma 2.1.4,
E[Z,.] = EIN"M,V2(V;) 7' E(e][Xs)] = 0.

Let s2 = Var(A\TM,*/2g ). Then, by Lemma 2.1.6,

n

sn= 2 B(Z00) = D _BIB(ZL,1X0)] = 3 BIE(Z0iZ,, %)

i=1
=Y EN'M, DIV Bl () 1(VE) T DM, A
i=1
= > EDNTM VDT (V) ISV DM 2N

i=1

= EXTM, Y2 (3O DI (Vi) (V) D) M 2N
=1

= ETM, AME M, 2
= \I'M V2E[ME M Y/2 A
— )\TM;1/2MnM;1/2>\

= 1.

By the Central Limit Theorem for triangular arrays (Theorem 27.2 of [3]), relation
(2.3.2) will follow, once we prove that the following Lindeberg condition holds:

i 2 > e) =
Tim ;Ewmlnzn,zn_e) 0 (2.3.3)

for any € > 0. We prove that (2.3.3) holds. Let ¢ > 0 be arbitrary. Using the
Cauchy-Schwartz inequality x’y < ||x|| - |ly|| for any p-dimensional vectors x and y,

Zni < [NTMED(V T (V)T e

)
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= (NIM DT (V) DM ) - ()7 (V) )
= )T (AD VR () (AD) Ve

17

where 5,; = AM,,'/?D] (V{)™'D,M,,'/*\. Using Theorem A.1.5, (Appendix A.1),

for any i < n

(1) (AD) RN (@) (A7) e < Amax( R (@) [Y5]1” < XY

)

We obtain
22, <7, MY, (2.3.4)

for any i < n. We also need another upper bound for Z?2 ., which is obtained as

TLZ’

follows. Again, by the same Theorem A.1.5 (Appendix A.1),
Tnq = ATM,PH2(H, 2D (V) TIDH, YV HYPM 2
| < A (H,* DI (V) ™'D,DH, V2) - ATM, 2H, M, V2N
< A A (M, VP H, M 1),

Recalling that ¢, = Apax(M,'H,) = )\max(l\/[;lﬂHnM;l/Q) (using Theorem A.1.3),
we obtain that 7, ; < ”y(D)

i Cny and hence

Z2; < ey IYGIP, (2.3.5)

for any ¢ < n. Coming back to (2.3.3), and using (2.3.4) and (2.3.5), we obtain:

n . n - . . 52
Z;E[Zz,z-l{zn,i > e} < X0 B[, B[ IV {HYin? > W} xi|

i=1 nYn

2 Y m)1/9 2o g2
Z [ [ |Y H (52/(?56!}\'17() )))1/5 {H ill* > —c X }\XH

n n’)/n

~ mcn)\nKn 1/6 ||Y [|2 1+1/(9)
<R S, () .
< Am = Zl Vn,i - |

1=

Since the function ¢(t) = t'+1/9 is convex,
1 ~ 14+1/8 1 & ~N1H18 1 I 5
~ Y, 2) :(_Z ) <_Z 242/
(m” | m = m ey

and hence, by condition (Ns),

1Y, ]|\ 1178 1 = o o2e)s
E[( ) Xz} < “STEYHYX) < K.
)] s D3R
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Therefore

n _ ’)‘\“ quD) 1/6 n
ZE[ZZJ{ZM' > e}l < )\nm(mcn+) KE[ZWn z] (2.3.6)
i=1 7 < i

Note that, by the definition of 7, ;,
S5, =AMV 3 DY (V) DT
i=1 i=1
= \TMVPHE M2
Taking expectation on both sides of the previous equality, we obtain:
B[ D7) = XM EEH;)M; 2
i=1
— )\TM—I/QHnM—l/Q)\
< Amax(M,,/2H, M, 1/?)

= Cy.
Introducing this in (2.3.6), we obtain:

WA ISP\ 176
mc_) Ke,

N EIZ2,0Z, > < Xnm< d
’ £
i=1

ma1/6
—m(55) ek R 0,

by condition (Ng). This finishes the proof. i

Corollary 2.3.4. Under conditions (IY), (DL), (CC), (C) and (Nj),
M, ?H,(B, — 8) — N(0, ).

Remark 2.3.5. In practice, we replace the matrices M,, and H,, by
M, = > Dy(B)"Vi(Bns )5 (Ba) Vi (B ) ' Dy(5,)
i=1

H, =Y Di(5,)"V; (B, 0) "' Di(By),

i=1
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where if (8) = (Y7 — wi(B))(Y; — na(B))". Note that the weighted response Y} de-
pends on the missingness probability m;;, which is unknown. Moreover, the matrix
Vf(gn, «) depends on A7(f) (see (2.1.10)), which in turn depends on the probabil-
ities (7ij), < <,,, Which are unknown (see (2.1.9)). To circumvent this problem, we
will use the method suggested by Yi, Ma, Carroll in [14]. This consists in fitting a
logistic regression model to the data consisting of (I;, X;) for i = 1,...,n, with a new
regression parameter y. That is, we assume that [;; is a Bernoulli random variable
with mean

exp (Xz; )
T3 = T44 = 2.3.7
(as in Example 2.1.3). To estimate -, we solve the classical GEE with working
independence matrices R;(a) =1 forall i =1,...,n:

o exp (Xi;7)
Y x, <yij - ;{T > —0 (2.3.8)
i=1 j=1 + exp ( iﬂ)

(see equation (2.1.2)). In the calculation of the matrix A7 (), we replace m;; by 7;;(%),
where 7 is the solution of the equation (2.3.8).

2.4 Verification of condition (CC)

In this section, we give some sufficient conditions which ensure that condition (CC)
holds. Proceeding as in Remark 1 of [12] (see also Appendix A of [12]), we write the
derivative of g, () as the sum of three terms:

D, (p) = a%gnm — H(8) + Bu(8) + £.(6).

where H;(8) is given by (2.1.16), B,.(8) = Bi(8)+ B (8), £.(8) = &7 (8)+£1(8)

and

B{(8) = 3 X[ diag [Ra(a) " AT(5) (s — u(5))] G (8) X,

BY(5) = 3 X Fi(B)Ril)diag s — 1u(5)] G ()X

n

EW(B) =Y XTdiag[Ri(a) A (8) %] G (B)X,
=1

ED(B) =Y XIFi()Ri(a) 'diag[e]] G (8)X..

=1
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Here F;(3) is the diagonal matrix with entries f;;,1 < j <m, given by (2.1.13), and
ng) (B) = diag(ggf)(ﬁ), . ,gfg (8)) for k = 1,2, where

0 0
g u(8) = 9 (BXG and oz lol (A2 = 6] (9XE,

with functions gfjl )(B) and gz(f )(6) given by:

wixt) 2 (L 1) nXEB) (W (XEB)? + L (X5 ) (XE5)

(1) _ _
95 P) = for ) 2o, (BYP7
(2.4.1)
2 2 (% - 1) n(XEB) (XEB) + Ly (XEB)
92(B) = ——2 d (24.2)

2[07;;(B)]?
We treat separately the three terms. For this, we introduce the same constants

and smoothness assumption as on pages 330-331 of [12]:

maxlgign /\maX(Ri(a)_l)
Ming <j<n Amin(Ri(a)™1)

%(10) = max maX(X?jHrlez‘j): Yo = Tn’Yr(LO)a Tn =
i<n j<m

Assumption (AH). EY = O,(1) for i = 1,2,3 where

XEB) W(XTH)
KO = sup max——7 = kD = sup max - ——2 =
seny o XGH) peir) i 1(XG0)

We impose the following assumption on the missingness probabilities:
Assumption (M). p, = O,(1), where
1

Pn = Maxmax —.
i<n j<m T
Assumption M says that for any € > 0, there exists a constant C. > 0 and
an integer N, > 1 such that for any n > N., with probability greater than 1 — ¢,
mi; > Ce foralli < nand j < m. Intuitively speaking, this means that the missingness
probabilities 7;; are bounded away from 0. Note that the case when all probabilities
m;; are equal to 0 corresponds to the case when all the data is missing.
The following three lemmas are the counterparts of Lemmas A.1.(ii), A.2.(ii)
and A.3.(ii) of [12], when the covariates are random and the responses are missing at
random.
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Lemma 2.4.1. Suppose Assumptions (AH) and (M) hold. If 7, 50 then

sup sup sup |xTH;YZH:(B)H Y%y —xTy]| 5o
%=1 [lyll=1 BBy (r)

Lemma 2.4.2. Suppose Assumptions (AH) and (M) hold. If w2~ L0 then

sup sup sup |xTH;Y’B,(3)H;%y| Zo.

lIx||=1 [lyll=1 BEB;;(r)
Lemma 2.4.3. Suppose Assumptions (AH) and (M) hold. If ~ Lo, nw%m&o) =
0,(1) and nw2~\ E(7,) 5 0 then

sup sup sup |xTH, Y2, (8)H, 2y 5 0.
Ix]|=1 |ly||=1 B€B;; (r)

Proof of Lemma 2.4.1: Writing F;(5) = F; + (F;(8) — F;) , we obtain that

3
x"H,VPH (B)H, Py — xTy = Ty(x,y) + Y _Ti(B,x.y),

i=1

where Ty(x,y) = XTH;1/2H;‘LH51/2y —xTy and
Ty(8,%,y) = > _x"H,'’X] (Fi(8) — Fi)Ri(a) " (Fy(8) — F)X;H, Py (2.4.3)
i=1

(8, x,y) = Y_x"H,'’X] (F;(8) — F))R,(a) 'FX;H, 2y
i=1
T3(8,x,y) = ZXTHgl/QX?FiRi(a)_l(Fi(ﬁ) - Fi)Xngl/ZY-
i=1
To treat Tp(x,y), note that HY = > U;, where U; = DI (V;)™'D;,i =
1,...,n are i.i.d. random matrices. By the strong law of large numbers, %HZ —
E(Uy) as. (component-wise), and hence |[+H;, — E(Uy)|| — 0 a.s. Since H, =

nE(U;), we obtain:
]V, Y2 T —» 0 as. (2.4.4)

Therefore, sup |Ty(x,y)| — 0 a.s. Using inequality (A.1.1), we have:
X,y

sup |T1(8,%x,y)| < m, sup max 22 (F;lFi(ﬂ) —1I)-sup |XTH;1/2H;“LH;1/2y|
ﬁ = X,y

max
x,y,53

= 1,0,(15)0,(1) = T 7:0,(1) = 0,(1), (2.4.5)
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where the first equality above is due to Lemma A.2.4 (Appendix A.2) and relation
(2.4.4).

To treat T5(8,%,y), we use Cauchy-Schwatz inequality: for any p-dimensional
vectors (a;)i=1,.., and (b;)i=1,. n,

Salby| < (Yara) (b)) 246
=1 =1

i=1
Letting a; = XTHT_Ll/QX,z’TFiRi(Of)il/Q and

.....

by’ = Ri(a)2(F['Fi(8) — DRi(a)'F,XH, Py,
we obtain [T3(8,x,y)| < T4(x)/2TY(8,y)"?, with T4(x) = xH, /*H*H, *x and

max

T3(8,y) < 7 max Ao (F7'F3(5) — I)yH, *H: H, ' %y.

Arguing as above, we get supg .  [T2(8,%,y)| = 0p(1). The term T3(3,x,y) is similar.
]

Proof of Lemma 2.4.2: We begin by treating Bg)(ﬁ). Note that for any p x p
diagonal matrix A and for any p-dimensional vectors v and w,

diag(v)Aw = Adiag(w)v. (2.4.7)

We use this with v = R;(a) P A7(8) "2 (1~ pui(8)), A = GI(8) and w = X,H, .
We obtain that XTHJI/QBS)(B)HT_LI/Qy is equal to

i x"H; 2XT GV () diag(XH;, Y2y ) Ra(@) L AL(B) 2 (s — 11(B)).

i=1
Using Cauchy-Schwarz inequality (2.4.6), it follows that
x"H,*BY(8)H,y| < 51(8,%,¥)"*52(8)", (2.4.8)

where

Si1(8,x,y) = > x"H;*XT G (8)diag(X,H, /2y )Ri(a) " diag(XH, /2y)
=1

(2.4.9)
GV(8)X;H, " *x

n

Sa(8) =) (i — pa(8) A (B) "V Ri() AT (B) P (s — pa(B)). (2.4.10)

=1
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Using (A.1.1) and the fact that

A2 o (diag (XH, 2y )) < 40, (2.4.11)
it follows that
Si(B.x.y) < A XTHVAXT (G (8)PXH,  x (2.4.12)
=1

< Ay max A (Ri(0) *F; 1[GV (8)°F; 'Ri(0)'7?) - x"H, PHHL

. max
7

< m) max AL, (Fr'GLY(6)) - xH/PHH, .

By relations (A.2.5) and (A.2.6) (given in Appendix A.2), max A2 (F;ngl)(ﬁ)) =

max

O,(1). By Lemma 2.4.1, sup—; (xH;”zH;;H;l/Qx) = O,(1). From this, we infer
that
sup sup sup Si(6,x,y) < ﬁn’yﬁO)Op(l). (2.4.13)
Ix[[=1[lyll=1 B€B;(r)

~ We now treat So(8). By Taylor’s formula, for any 8 € B, (r), there exists
Bij € Byy(r) such that p;;(8) — pi;(Bo) = 1/ (X58,;)X5(8 — o). Then p1;(8) — pi =
A X;(B — fo), where A, is the diagonal matrix with entries p/(X78;;),7 =1,...,m.
Note that A;A%(3)7Y/2 = A#(B)~Y/2A, since A; and A*(S)~'/? are diagonal matrices.
Using inequality (A.1.1), we get:

Sa(B) = Z(ﬁ — Bo)"XT AL (B)PAR (o) TAAL(B)TPXi(B — o)
= Z(ﬁ — Bo) " X]Fi(B)A(B) AR () T AA(B)TF(B)Xi(B — o)
< Namax A2, (AiA(8) ™) (8 — Bo) " XT[Fi(B)PXi(8 — Bo)

i<n -
=1

<7, max A (A A ()71 - (B — Bo) " H(8)(8 — Bo)
(AsA(B)7h) - ], VPH (B)H, 2 - [|H Y2 (8 = Bo) |

< 7, max \?

. max
i<n

< max A (AGAG(B) ) - |[HG2HG (B)H V2| - 7

By Lemma 2.4.1, sup ||H;1/2H:‘L(6)H;1/2H = O,(1). Note that A;A;(B)7! is a
BEB;(r)
diagonal matrix with entries p/(X7;8;;)/1/(X};8),j = 1,...,m. By relation (A.2.5)
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(given in Appendix A.2), it follows that sup max A2, (A;A;(8)7!) = O,(1). Hence,

BeBy(r) S0

sup S2(8) < 1,1, 0p(1). (2.4.14)
BeB;(r)

Using relations (2.4.8), (2.4.13) and (2.4.14), we infer that

sup sup sup [x"H, V2B (B)H,y| < 7m0 (7;)!70p(1) = 0,(1).
==t ll=1 BeB; ()

We continue with the treatment of B (3). Using relation (2.4.7), we see that

x"H, "B (8)H, ' *y

= xTH, 2XTF,(8)Ri(a) ' diag(XH, V2y) G (8) (1 — ().
i1
We use Cauchy-Schwarz inequality (2.4.6) with a7 = x7H, "*X7F;(8)Ri(a)"!
diag(X;H, '*y) G (8)A;(8)/*R;(a)V/? and b; = R(a)"2A7(8)"Y2 (i — 11:())-
We obtain:
x"H, "B (8)H,y| < S3(8,x,y)"?S:(8)"/?, (2.4.15)

where Sy(/3) is given by (2.4.10) and

Ss(8,%,y) = Y x"H,"’X]Fi(8)Ri(e) ' diag(X;H,,/*y) G{? (3) A] (8)*R(a)
=1

(2.4.16)
A (8)*G Y (8)diag(XH, y)Ry() ' Fi(5)XH, x.

Using inequalities (A.1.1) and (2.4.11), we obtain that:

S3(8.x,y) < mr ! max XL (AT (9)2G (9)) - xTHLVAH (), ox

Note that A%(3)1/2G!?(8) is a diagonal matrix with elements /o7 o (ﬁ)gfj)(ﬁ),j =

1,...,m. By Lemma A.2.3 (Appendix A.2), Supse g () MaXi<y A2 (A7 (8)V2G () =
O,(1). Using Lemma 2.4.1, we obtain:

sup sup sup S3(8,x,y) §7rnfy,(L0)Op(1). (2.4.17)
lzll=1 llyll=1 Be B (r)

Using relations (2.4.15), (2.4.17) and (2.4.14), we infer that:

sup sup sup \XTH;IMB?(?)(B)H 1/2y| < (v )1/20 (1) = 0,(1).
llzl|=1 llyll=1 BB (r)
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0

Proof of Lemma 2.4.3: We first treat the term Eél)(ﬁ). Using relation (2.4.7), we
see that

HPED (B, Py = Y X H X G (8)diag(XH, Py )Ra() AL (8) e
=1

= Ui(x,y) + Us(B,x,y) + Us(8,x,y),

where

Uy (x, ZXTH 12XT G diag(XH, V2y)R;() 7 (AF) /2%

i=1
Us(8,%,y) = >_x"H,'?XT G (8)diag(X;H,, ' /y)Ri(a) ' (A7 (B) 72 — (A]) )¢}
i=1
Us(B.xy) = 3 XTH, 2XT(GO(5) — GO ) diag (K H, 2y Ri(0) (A7) ;.
i=1
We first treat U;(x,y). By the Cauchy-Schwarz inequality (2.4.6),
Ui(x,y)| < Si(Bo, x,y)/?UY?, (24.18)

where Sy (8,x,y) is given by (2.4.9) and U = Y1 | Wi, with W; = (&1)T(A7)"V/?R;(a) !
(A¥)~/2¢*. Using the fact that x”x = tr(xx") for any p-dimensional vector x, we
obtain:

E(W;) = BIE[tr{Rq(a)/(A]) "2} ()T (A]) 7 *Ri(a) V?}X ]

= Bltr{Ri(a) (A V2Bl () X (A]) P Ri(a) Y

= Eltr{Ri(a) /*RiRi(a) 2] < mBAnax(Ri(@) ’R{Ri(a)/2)] < mE(7,),
for any ¢ = 1,...,n, using (2.1.15) for the last equality. Hence, Y !, E(W;) <
mnE(r,). Since {(Y;, X, I;) }iz1,.n are iid., (W;)=1, , are independent. Therefore,
by Chebyshev’s weak law of large numbers, > " (W; — E(W;)) = o,(n). Hence,

U < o,(n) + mnE(r,). (2.4.19)
Using (2.4.18), (2.4.13), (2.4.19) and the hypotheses of the lemma, it follows that

Sup. ||Slﬁ£1|U1(X7Y)| < {(mr0,(n)"* + (marOnE(r))*10,(1) = 0,(1).

Next, we treat Us(f,x,y). By the Cauchy-Schwartz inequality (2.4.6), it follows
that

Us(B,x,y)| < Us(8,%x,y)/2U"?, (2.4.20)
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where U is the same as above and

Us(B,xy) = 3 x H PG (B)diag(XH 2y )Ry(0) ™ (A7 (5)4(AD) — T)Ri(0)

(AZ(8)V2(A)Y? = T)Ry(a)  diag(X:H, V2y) G (8)H, /x.

n

Using inequalities (A.1.1) and (2.4.11), we see that

U3(B,%, ) <mudnn'?) max AL (AZ(8)"2(ADY ~ ).

> XTHEXTGE (8)PXGH, 2
i=1
Proceeding as in (2.4.12) and using Lemma A.2.2 (Appendix A.2), we get:

sup sup sup Uj(B,x,y) < 72400, (1). (2.4.21)
[z]|=1[lyll=1 BeB;(r)

Using (2.4.20), (2.4.21) and (2.4.19), we obtain by the hypotheses of the lemma that

1/2 1/2
SUp sup  sup )|U3(57X7Y)| < (7290 0,(n))* + (12O nE(r,)) *}0,(1) = 0,(1).
z||=1||y||=1 BeB;}; (r

We now treat Us(3,x,y). By the Cauchy-Schwartz inequality (2.4.6), it follows
that
Us(8,x,y)| < U(B,%,y) /2U'?, (2.4.22)

where U is the same as above and
UL(B,x,y) ZXTH 12(GM(8) — G diag(XH,, V2y)Ri(o) ' diag(X,H,, V2y)
(G (B) - GI")X,H; x.
Using inequalities (A.1.1) and (2.4.11), it follows that

Us(8,%.y) < manl? max A (B NGV (8) - G7)) - xTHPHGH ox

The matrix F; (GZ( )(B) — G(I)) has j-th element given by
95 (8) =9 (B) _ 9 (B)  £,(B)  9i) (Bo)
fi3(Bo) fi(B) fii(Bo)  fij(Bo) -
By relation (A.2.6) (Appendix A.2), max )\?nax(FZ_l(GO)(ﬁ) — G(l))) = 0,(1). By

Lemma 2.4.1,

sup sup sup UL(B,x,y) < my D0, (1). (2.4.23)
lzll=1 llyll=1 B€B};(r)
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Using (2.4.22), (2.4.23) and (2.4.19), we obtain by the hypotheses of the lemma that

1/2 1/2
Sup sup sup )\Us(ﬁ,x W < { (@ P0,(n)"? + (1A OnE(7,)) *30,(1) = 0,(1).
z||=1||y||=1 BeB}; (r

We now treat &(LQ)(ﬂ). Using (2.4.7), we see that

xTH,2EP (B)H, 2y = 37 xTH, XTI (5)R, (o)~ diag(XH, V2y) G (B)e;
=1

= UQ(X, y) + U4<5,X7 Y) + UG(ﬁ>X7 y)?

where

Uz(x,y) = ZXTH:LI/QX?FiRz‘(04)_ldiag(XiHZI/QY)GZ(‘Q)g:
=1

Us(B,x,y) = Zn:XTHnl/2X¢T(Fi(5) — Fy)Ri(a) ' diag(X;H, %y)G? (8)e]

=1

Us(8,x,y) = > x"H,"?XTFR;(a) ' diag(X;H, /2y) (G (8) — GIV)e}.

% %
=1

By the Cauchy-Schwarz inequality (2.4.6), |Ux(x,y)| < Ss(Bo,x,y)2U"2, where
S3(B,x,y) is given by (2.4.16) and U is the same as above. Using (2.4.17) and
(2.4.19), it follows that

sup sup |Uz(x,y)| = o0p(1).
lzll=1 [lyl=1

Similarly, |Us(8,x,y)| < Ui(Bo, x,y)2U"/?, where

Ui(B.x,y) =Y _x"H,"*X](F;(B) - Fi)R; (o) diag(X;H, 2y)G{? (8)(A]) /R, ()
i=1
(A:)l/QGz@) (B)diag(X:H, ?y)Ri(a) " (Fi(8) — F;) X,;H, " *x
Using inequalities (A.1.1) and (2.4.11), it follows that

n

UAIL (ﬁ? X, y) S any(()) I£1<anX )\?nax(Gz('z) (5) (A;‘k)lm)Tl (67 X, X)’

where T(8,x,y) is given by (2.4.3). The matrix G\”(8)(A)Y2 has j-th element

given by:
o o 6) = ZLD) (for,,5) o2 5)).

4,45
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By Lemmas A.2.2 and A.2.3 (Appendix A.2),

sup max A2, (G (B)(ANY?) = 0,(1). (2.4.24)

BeBy(r) 1<n
Using (2.4.5) and the fact that v} = 0,(1), it follows that

sup sup sup Uj(8,x,y) < m290420,(1) = 7240, (1).
BeB3 (r) [xl|=1 [lyl|=1

Using (2.4.19) and the hypotheses of the lemma it follows that

sup sup sup |U4(67X7 Y)| - Op(l)'
BeB;(r) [Ix|I=1 [lyll=1

It remains to treat Us(S3,x,y). By Cauchy-Schwarz inequality (2.4.6),
Us(B,x,y)| < U(B,x,y)"/*U"?,

where U is the same as above and

Ui(8,%,y) = > xTH,2XTF;Ri() " diag(X;H, 2y) (G (8) — GP)(A])*R; ()

i=1
(A)VA(GP(8) — GP)diag(XH,, 2y)R;(0) T F,XH, V.
Using inequalities (A.1.1) and (2.4.11), it follows that Uj(/3,x,y) is less than or equal
to
T max A (G (ADY?) max AL, (G (8)(GE) ' = 1) - x"H,V/HH, .

max . max 1
i<

By (2.4.24), max;<, A2, (G\P(A7)1/2) = O,(1). By Lemma 2.4.1,

max (

supx! H, V2PH H, Y/?x = O,(1).

In can be shown that max max A2 (G?(8)(G®)~1 —I) = 0,(1). Arguing as above,

i<n  i<n max
we infer that

sup sup sup |Us(8,x,y)| = o,(1).
BB (1) [x|=1 vl =1



Chapter 3

Real-life Example

In this section, we discuss an application of our method to a subset of the real-life
dataset taken from [10]. This data consists of n = 250 preschool age rural Indonesian
children which were examined every 3 months for 18 months for the presence of a
respiratory disease. So each child was observed on m = 6 occasions. The response Y
is a binary variable which takes value 1 if the respiratory disease is present and value 0
if the disease is absent. We consider a marginal logistic regression model (see Example
2.1.3) with intercept parameter 3, and 3 covariates: XY is a binary variable with
values 0 and 1 giving the gender, X® is another binary variable with values 0 and 1
giving the vitamin A deficiency, and X® is the child’s age in years at the beginning
of the study, with possible values 1,2,...,7. In this case, pu(x) = e*/(1 + €®). The
model is

logit(V;)) = Bo + 51X + B XS + s X

g, t=L1L...mn g=1...,m

Here 8 = (Bo, B1, 5. B3), s0 p = 4. We let X;; = (X0, X, X7, X)) where
xP =1

Since this data does not contain missing values, we generated missingness indica-
tor variables [;; using a Bernoulli distribution with probability 0.95 of success. This
gives 3.33% missing responses.

We fit a logistic regression model with parameter v to the complete data set con-
sisting of (I;, X;) for ¢ = 1,...,250, and we solved equation (2.3.8). The root of this
equation is 7 = (3.514,0.025,0.391, —0.076). The estimates 7;; for the missingness
probabilities m;; are calcualted using the formula 7;; = m;;(7), where m;;(7) is given
by (2.3.7). We compute the inverse probability weighted responses

Yiilij

7Tij

;=
and we solve the working independence GEE with weighted responses, which in this

33
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case is a system of 4 equations:

n

n exp(XZR)
E E X(l.) Y — Y =0, [=0,1,2,3
: K ( Yol —i—exp(X;fgﬂ) ’ T

i=1 j=1

yielding the root fm4eP = (—0.444, —0.552,0.258, —0.066).

3.1 Our method

In this subsection, we apply our method to the dataset described above. We start by
computing the standardized values Y;; = Y;;(8"9P), where

_ Y —
() = 1)
77 53(P)

and o7 ;;() was calculated using (2.1.9) with 7;; replaced by 7;;.
Recall that the conditional correlation matrix R} of Y; given X; has elements:

« E[(Yzj — i (B) (Vi — pae(B))| X

Tk = = E[i;(ﬁ)ik(ﬁﬂxz]
\/O-;:jj(ﬂ) : \/O-z*,kk;</6)

To estimate the matrix R}, we use the same matrix R;(a) = R = (Tjk)jk=1,..m for
all 4, with 7;; = 1 for all j =1,...,m, and for j # k, 'j; are as in Examples 2 and 3

of [7]:
Case 1: (1-dependent) 7, = 0 if |j — k| > 2 and 7 j41 = Tj+1,; = &; where

" 1 oo .
aj:n_pz}/;jm,j—i-h j:17am_1
i=1

This produces the values a; = 0.534, a; = 0.559, a3 = 0.562, o, = 0.443, a5 = 0.521.
Case 2: (exhangeable) 7j, = & for all j,k =1,...,m with j # k, where

. I v v—oo . m(m — 1)
a= N E g Y;;Yi, with N:nT
=1 k=2 7=1

<

This produces the value a = 0.492.
Using these two cases, we solve equation (2.1.11), taking into account that in the

calculation of o jj(ﬂ), m;; is replaced by 7;;. This consists of a system of 4 equations:

S a0l Vi n ) o g1,

i=1 j=1 \/Ui,jj(ﬁ) ’ U:kk(ﬁ)
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1-dependent | estimate | s.e. | p-value || exchangeable | estimate | s.e. | p-value
intercept -0.448 | 0.268 | 0.095 intercept -0.447 |1 0.272 | 0.101

gender -0.487 1 0.219 | 0.026 gender -0.550 | 0.220 | 0.012
vitamin A 0.243 | 0.224 | 0.279 vitamin A 0.256 | 0.226 | 0.256
age -0.068 | 0.056 | 0.220 age -0.065 | 0.056 | 0.241

Table 3.1: Parameter estimates, standard errors (s.e.) and p-values for Case
1 (1-dependent) and Case 2 (exchangeable) correlation matrices

where W = R~!

B(l) = (—0.448, —0.487,0.243, —0.068)
3(2) = (—0.447,—-0.550,0.256, —0.065) for the exchangeable case.

= (Wjg)jk=1,..m- We obtained the following estimates:

for the 1-dependent case

To evaluate the precision of these estimates, we compute the standard error of
these estimates and the p-value of the two-sided test for 8 = 0, using the asymptotic
normality of 5 given by Corollary 2.3.4:

B (5 - p) ~
where B = H'M,H!. We estimate the matrix B by B = H M Hnl, with

matrices ﬁ and H,, computed as in Remark 2.3.5. From (3.1.1), we deduce that

B p has approximately a p-variate normal dlstrlbutlon with mean vector 0 and
covariance matrix B. Hence, for [ = 0,1, 2,3, B — B = N(0,b), where b, is the
I-th element on the diagonal of B. It follows that the standard error (s.e.) of BO
is s{g(l)} = /b, and the p-value of the test of Hy : B = 0 versus H; : 3, # 0 is
2P(Z > |§(l)/\/b_l|) In Table 1, we report the estimates, their standard errors and
p-values for the two examples of correlation matrices considered above (1-dependent
and exchangeable).

N,(0,1), (3.1.1)

Finally, for the sake of comparison, we conclude this section with a quick analysis
of the results obtained for the complete data. More precisely, we solve the Generalized
Estimating Equation (2.1.1), which can be written as:

X Y — p(X3.5)
xW kPR g 1=0,1,2,3,
i=1 j=1 ! VI (X5)

Solving this system of equations is very similar to the previous case with missing
data. Once again we considered two cases (1-dependent and exchangeable) for the
correlation matrix R;(«). The results are summarized in the following table:
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1-dependent | estimate | s.e. | p-value || exchangeable | estimate | s.e. | p-value
intercept -0.456 | 0.267 | 0.087 intercept -0.430 | 0.270 | 0.112
gender -0.467 | 0.215 | 0.030 gender -0.557 | 0.216 | 0.010
vitamin A 0.282 | 0.221 | 0.202 vitamin A 0.223 | 0.226 | 0.198
age -0.072 ] 0.054 | 0.182 age -0.071 | 0.054 | 0.188

Table 3.2: Classical GEE with no missing data: Parameter estimates, stan-
dard errors (s.e.) and p-values for Case 1 (1-dependent) and Case 2 (ex-
changeable) correlation matrices

We conclude that at a 5% significance level, we reject the hypothesis 5; = 0, but
we do not have enough evidence to reject the hypothesis S5 = 0 or the hypothesis
B3 = 0. This means that the gender seems to have a significant effect on the presence
of respiratory disease, but vitamin A deficiency and age do not influence the presence
of this disease.

3.2 The generalized method of moments

In this subsection, we apply to the same dataset the generalized method of moments
of [14], assuming that all covariates are observed exactly, i.e. without measurement
error.

We recall briefly this method below. For eachi=1,...,nand j =1,...,m, let
Opij (B) _
Gij(Yij, Xij, B) = aéT (07,(8) (Vi — 145 (8)) = X5 (Yij — 13;(8))

,uw(ﬁ)) Note that agT@ (B) =

XX, (X55). Let D = D(3) where

__ZX

and ;(8) = G(V;:, Xy, B) = Xy (V3
and tr(aﬁTCID (B)) =

:<——ZX Xl (X7 3)

T
X ngl’[’ (XZ_] )

’Lm/l’

X5.4)).

Let ®;(8) = (P4 (), ,@3;,1(6))71 Note that ®;(f) is an m X p matrix. Let
V(B) = E[®;(8)®;(3)7] which is estimated by V = V(B"4P) where V(8) =
FEL AN B

Let W;(8) = K®;(8) = >0, K;®[,(8), where K = DV~ = (Kj,..., Ky). In

Section 3.4 of [14], the authors suggested solving the equation

Z‘I’z(ﬁ) =
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estimate | s.e. | p-value
intercept 1.345 | 0.271 0
gender 1.675 | 0.218 0

vitamin A | -0.833 | 0.224 | 0.0002

age 0.201 | 0.055 | 0.0002

Table 3.3: Parameter estimates, standard errors (s.e.) and p-values using the
generalized method of moments of [14], in the absence of measurement error

which is equivalent to >, > ", | K;®;(8) = 0. In our case, this becomes a system
of 4 equations:

ZZKX”Y* wXrp) =0, 1=0,1,2,3

=1 j5=1

whose solution is 3 = (1.345,1.657,—0.833,0.201). From Section 3.5 of [14], we know
that

Vil - B) = N,(0,5) (32.1)
where ¥ = Iy 'Sy (T 1), Ty = E[aﬁT UT(B)] and Sy = E[¥,;(8)70,(3)]. We estimate
the matrices I'y and Xy by Ty = [o(Bm4eP) respectively Sy = i\p(ﬁmdep), where

n m

1 1
X UCED T LICE B L B!

=1 =1 j=1

~
Il

-
[

and
n

1 T 1 T T

Bu(6) = SO () = 3 ) KK ()

From (3.2.1), we deduce that B\ — [ has approximately a p-variate normal distribution
with mean vector 0 and covariance matrix &/n, where & = I'; 'S4 (Ty")7. Hence,
for [ =0,1,2,3, BI — B = N(0,0;/n), where o; is the [-th element on the diagonal
of &. Hence, the standard error (s.e.) of B is s{ﬁl} = y/o;/n and the p-value of the
test of Hy : 8, = 0 versus Hy : B # 0 is 2P(Z > |B,//o./n|). These values are given
in Table 2. Using this method, we conclude that all three covariates seem to have a
significant effect on the presence of the respiratory disease.



Appendix A

Some Auxiliary results

A.1 Matrix analysis results

If A is a symmetric p X p matrix, all its eigenvalues are real and we denote by Ay (A)
and Apax(A) its minimum, respectively maximum, eigenvalues.

For any p x p matrix A = (a;j)1<; j<p We define the Euclidean norm of A by

Al = (ZZa%)m — (tr(ATA))2 = (tz(AAT))V2,

i=1 j=1

and its spectral norm by

Ax
A = (A4 = sp A = sup L

A p x p matrix A is non-negative definite if x? Ax > 0 for any x € R?. In this
case, we write A > 0. We write A < B for p x p matrices A and Bif B— A > 0.

Lemma A.1.1. The Euclidean norm and spectral norm are equivalent:
o) Alle < Al < a)|Alle,
for some constants c¢1(p) > 0, co(p) > 0 depending on p.

Theorem A.1.2. Let A be a symmetric p X p matriz with eigenvalues Ay < --- <\,

Then ) .
= Z)‘i and det(A) = H)‘i'
i=1 i=1

If A , then the eigenvalues of A* are \2 < --- < )\2 and in particular Apax(A?) =
[Am X( )]2 If A >0, then \y >0, A is invertible cmd the eigenvalues of A™" are
AMNEP>> A, s in particular, Apax(A ™) = 1/Amin(A).

38
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Theorem A.1.3. Matrices A~'B and A~ BA™Y? have the same eigenvalues.
Lemma A.1.4. If A = (ai)1<jk<m ond |ajx| <1 forall j,k=1,...,m, then
Amaz(BA) < Moz (B).
Theorem A.1.5. If A >0, then for any € RP
Amin(A)z2' 2 < 2" Az < M\pax (A) 2" . (A.1.1)
Lemma A.1.6. If A and B are symmetric p X p matrices with respective eigenvalues

M(A) < < XN(A) and M\ (B) < --- < \y(B),and A < B, then \;(A) < \i(B) for
alli=1,...,p. In particular, tr(A) < tr(B) and det(A) < det(B).
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A.2 Asymptotic Results

In this appendix, we gather some auxiliary results which were used in the proofs of
Lemmas 2.4.1, 2.4.2 and 2.4.3. Recall that Assumption (AH) is given on page 24.

Lemma A.2.1. Suppose Assumption (AH) holds. If ~ ER 0, then

M/(Xg;' ) 1/2
sup maxmax | ——2- — 1| = O,((y)" A21
ﬂEB*() i<n j<m /(Xgﬁo) (( ) ) ( )
2(~T
% (Xij ) 1/2
sSup maxmax — 1| =O,((n, A22
BeB:(r) i<n j<m 2(X550) ((’Y ) ) ( )

Proof: This follows by Taylor’s formula, using the fact that Y = O,(1), respectively
Y = O,(1). See also Lemma B.1 of [12].

Lemma A.2.2. Suppose Assumption (AH) holds. If ~;: 20 then

05558
;(Bo)

Sup maxmax
BEB*() ’L<n j<m

~1| = 0,00

ofi;(B)
o7 ;5(Bo)

W (XEB) — 1/ (XEBo) + (,% — 1) (1 (XEB8) — p'(XTB0) + 1> (XE;8) — (X o))
KB Bo) + (7 = 1) (wOKEo) + (X o) |

Proof: Note that

— 1 is equal to

Since 4 is non-negative and m;; <1,

L) < HXE) — W (XE5)| | iA(XEB) — kA(XE )
U;k,jj(ﬁo) N M/(XgﬂO) N2(X5ﬁ0) '

The conclusion follows by Lemma A.2.1. [J

Lemma A.2.3. Suppose Assumptions (AH) and (M) hold. Then

ﬁes;pr)rglglxggg(\/ 5(B) 195 (8 ) Op(1).
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Proof: Recalling definition (2.4.2) of gg)(ﬂ), we see that:

2 (L= — 1) u(XLB) W (XEB) + =p (XL
\orii(8) g (B) = — <7r“ >M( WD)+ 7yt K >, (A.2.3)

20;]']'(6)
and hence
; ) L XSS (X811 1" (XEA)]
V@ ons () ST L

In the first term on the right-hand side of this inequality, we use the fact that o7 ,,(3) >

(= - 1) (W (XEB) + pA(XEB)) > (% — 1) p*(X];3), whereas for the second term we

use the fact that o7 ;;(6) > p/(X;3). We obtain that
: YXEB)| 1 |axEs) |
Vo @1 8)] < | == XD o L, g,
2 Uﬁ) 2mij | W(X50) 2

The conclusion follows by Assumptions (AH) and (M). OJ.

Lemma A.2.4. Suppose Assumptions (AH) and (M) hold. If ~ 50 then

sup maxmax
BEBy(r) 1S Jsm

fw(ﬁ) ‘ 1/2
— 1] = O0,((v:)V?).
fii(Bo) P(())

Proof: Recall that (u%fij(ﬂ) = gg)(ﬁ)XiTj. By Taylor’s formula, for any 8 € B(r),

there exists ;; € Bj(r) such that f;;(8) — fi;(6o) = gg)(ﬁij)Xg; (8 — o). Since
X558 = Bo)ll < IXGH (|- L8 = Bo)ll < (32 (1) 2r = ()2,

it follows that

flj(/ﬁ) . ‘< gz(jl)(ﬁl]) flj(ﬁzy)
~ | fii(Bij)

fij(ﬁO) fl](/BO)

iti g F(B) _ WXGB) A/ ()
By definition (2.1.13) of f;;(5), we have fz‘jJ(BO) = M'(ijﬁo) NGO By Lemmas
A.2.1 and A.2.2

fi(B)
fii(Bo)
A direct calculation based on definition (2.4.1) of gfjl )(ﬁ) and relation (A.2.3) shows

that " .
9 (B)  w"(X5;08) .
f;(ﬂ) - N/(ij ) + O-i,jj(/g)gi(?)(ﬁ)'

(7;)1/27“. (A.2.4)

sup maxmax
BeBy(r) sn Jsm

= 0,(1). (A.2.5)
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By Assumption (AH) and Lemma A.2.3, it follows that
S ()
Sup max max | —2 = 0,(1) (A.2.6)
i5(P)

BeB;(r) TS Jsm

The conclusion follows from relations (A.2.4), (A.2.5) and (A.2.6). O



Appendix B

R Programs

#Installing the necessary packages
install.packages("DPpackage")
library (DPpackage)

install.packages("rootSolve")
library(rootSolve)

install.packages("tibble")
library(tibble)

#The dataset is located in the working directory
dataset = read.csv("ICHS.csv", header = TRUE)
attach(dataset)

head(dataset)

n 250
m=6
p=4

cov2 = Gender
cov3 VitaminA
covd = Age

y = Response
#We also need to introduce the intercept parameter beta_0

intercept = c(rep(l,len = n*m))
covl = intercept

43
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dataset = add_column(dataset, covl, .after = "Time")

set.seed(31417)
r = rbinom(n*m,1,0.95)

#Computing the missingness percentage

rl = r[r<i]

missing = length(r1l)/(n*m)

paste("missingness percentage: ",round(missing*100, digits=2),"%")

#Introduce missing responses
for (1 in (1:n*m)){
if(r[il<1) yl[i] = NA

+

#Replace by O the missing responses
for (i in (1:n*m)){

if (r[i]<1) y[il = 0

b

mu = function(x){
return(1/(1+exp(-x)))
}

mu_prime = function(x){
return(exp(x)/((1+exp(x))~2))
}

#Finding gamma_hat
logisticfunction_gamma = function(gamma){

prod = covli*gammal[l] + cov2*gamma[2] + cov3*gamma[3] + cov4*gammal[4];

mean = 1/(1+exp(-prod));

residual = r-mean;

c(F1 = sum(covl*residual), F2 = sum(cov2*residual),
F3 = sum(cov3*residual), F4 = sum(cov4d*residual)) }

gamma_hat = multiroot(f = logisticfunction_gamma,
start = ¢(0,0,0,0))$root
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#Computing estimated pi_{ij} using logit(pi_{ij})=gamma_hat~T X_{ij}
pi_hat = 1/(1+exp(-(gamma_hat[1]*covl +
gamma_hat [2] *cov2 + gamma_hat [3]*cov3 + gamma_hat [4]*cov4)))

#Computing y_{ij}"* (inverse probability weighted responses)
w = y*r/pi_hat

#Computing estimated beta in the case of working indepedence
logisticfunction0 = function(b){

prod = covix*b[1] + cov2xb[2] + cov3*b[3] + covéxb[4];
mean = mu(prod);

residual = w-mean;

c(F1 = sum(covl*residual), F2 = sum(cov2*residual),
F3 = sum(cov3*residual), F4 = sum(cov4d*residual)) }

beta_indep = multiroot(f = logisticfunction0O, start = ¢(0,0,0,0))$root

logisticfunction00 = function(b){

covlxb[1] + cov2*b[2] + cov3*b[3] + covidxb[4];
mu (prod) ;

residual = y-mean;

c(F1 = sum(covl*residual), F2 = sum(cov2*residual),
F3 = sum(cov3*residual), F4 = sum(covéd*residual)) }

prod
mean

beta_indep2 = multiroot(f = logisticfunction00, start = ¢(0,0,0,0))$root
beta_indep2

#Creating a list of 1500 matrices of dimension 6x3; only matrices
#List1[[k]] with k(mod6)=1 are defined

Listl = 1list()

for (k in 1:(n*m)) {

if (e %h m) == 1) {

List1[[k]] = data.matrix(dataset[k: (k+m-1),4:7])
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el

#Extracting matrices X_1,...,X_250 from Listl by mapping the indices
#from 1-250 to 1-1500

X = 1list()

for (i in 1:n){

X[[il] = List1[[m*i-m+1]]

b

#Creating a list of 1500 6x1 matrices from y: only matrices y_list1[[k]]
with k(mod6)=1 are defined

y_list <- list()

for (k in 1:(n*m)){

if (k%% m) == 1) {

y_list[[k]] = data.matrix(y[k: (k+m-1)])

}

}

#Creating a list of 1500 6x1 matrices from r: only matrices r_list1[[k]]
#with k(mod6)=1 are defined

r_list = 1list()

for (k in 1:(n*m)) {

if ((k %% m) == 1) {

r_list[[k]] = data.matrix(rl[k: (k+m-1)])

}

}

#Creating a list of 1500 6x1 matrices from w: only matrices w_list1[[k]]
#with k(mod6)=1 are defined

w_list = list()

for (k in 1:(n*m)) {

if ((k %% m) == 1) {

w_list[[k]] = data.matrix(wlk: (k+m-1)])

+

b

#Extracting matrices y_starl,...,y_star250 from w_list by mapping the
#indices from 1-250 to 1-1500

#y_star[[i]] is a 6X1 matrix with values y_{ij}"*,j=1,...,6

y_star = list()
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for (i in 1:n) {
y_star[[i]] = w_list[[m*i-m+1]]
}

y_new = list()

for (i in 1:n) {

y_new[[i]] = y_list[[m*i-m+1]]
}

#Creating a list of 1500 6x1 matrices from pi_hat: only matrices
#pi_list1[[k]] with k(mod6)=1 are defined

pi_list = 1list()

for (k in 1:(n*m)) {

if ((k %k m) == 1) {

pi_list[[k]] = data.matrix(pi_hat[k:(k+m-1)])

+

+

#Extracting matrices pil,...,pi250 from pi_list by mapping the
#indices from 1-250 to 1-1500

#pili]] is a 6x1 matrix with values pi_{ij}, j=1,...,6

pi = 1list(Q)

for (i in 1:n) {
pil[i]] = pi_list[[6*i-5]]
}

#Computing inverse probabilities

#ql[i]] is a 6x1 matrix with values 1/pi_{ij}, j=1,...,6
q = listQ)

for (i in 1:n) {

qllil] = 1/pillil]l-1

}

#Creating a list of 250 6x1 matrices containing centered values when
#beta = beta_indep

#y_star_c[[i]] is a 6x1 matrix with values

#Y_{ij} " *-mu(X_{ij}°T beta_indep), j=1,...,6

y_star_c = list()

for (i in 1:n){

y_star_c[[i]] = matrix(rep(0,len=m) ,nrow=m)

+
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for (i in 1:n){

for (j in 1:m){

y_star_c[[i]l][j,] = y_star[[i]]l[j,] -
mu(t(X[[i1][j,]) %*% beta_indep)

}

}

#in case of no missingness, we will use the following:
y_c = list()

for (i in 1:m){

y_c[[i]] = matrix(rep(0,len=m),nrow=m)

}

for (i in 1:n){

for (j in 1:m){

y_cl[i]1[j,] = y_new[[i]][j,] - muCt(X[[i]](j,]) %*% beta_indep2)
}

}

#Creating a list of 250 6x1 matrices containing the variance of
#Y_{ij}"* when beta = beta_indep

#sigma[[i]]] is a 6x1 matrix with values
#sigma_{ij} " *(beta_indep), j=1,...,6

sigma = list()

for (i in 1:n){

sigmal[[i]] = matrix(rep(0,len = m),nrow = m)

b

for (i in 1:n){

for (j in 1:m){

sigmal[i]J][j,] = mu_prime(t(X[[i]J]1[j,]) %*) beta_indep) +
(1/pi_list[[6*i-5]11[j,]1-1)*(mu_prime (¢t (X[[1]1]1[j,])

%x% beta_indep) + (mu(t(X[[i]J1[j,]) %*% beta_indep))"2)

}

}
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#Creating a list of 250 6x1 matrices containing standardized
#Y_{ij}"* when beta = beta_indep

#y_tilde[[i]]] is a 6x1 matrix with values

#(Y_{ij} " *-mu(X_{ij}"T beta_indep))/sqrt{sigma_{ij} " *(beta_indep)},
j=1,...,6

y_tilde = list()

for (i in 1:n){

y_tilde[[i]] = matrix(rep(0,len=m),nrow=m)

b

for (i in 1:n){

for (j in 1:m){

y_tilde[[i]] [j,] = y_star_c[[il]l[j,] / sqrt( sigmal[ill[j,] )
}

}

g S
#in case of no missingness, we will use the following:
y_std = 1list()

for (i in 1:m){

y_std[[i]] = matrix(rep(0,len=m),nrow=m)

}

for (i in 1:n){

for (j in 1:m){

y_std[[11][j,] = y_c[[il1(j,] / sqrt(mu_prime(t(X[[1]1][(j,]1) %x*%
beta_indep2))

}

}

#Computing the estimated correlation matrix
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#Case 1: 1-dependent

R_hatl = matrix(0,m,m)
R_hati[m,m] = 1

for (j in 1:(m-1)){

R_hat1[j,j] = 1

for (i in 1:n){

R_hat1[j,j+1] = R_hatl[j,j+1] +
(1/(n-p))*y_tilde[[i]] [jl*y_tilde[[i]l] [j+1]
R_hat1[j+1,j] = R_hatl[j,j+1]
}

}

#Finding the inverse of R_hatl
R_hatl_inv = solve(R_hatl)

#Case 2: exchangeable
N = n*m*(m-1)/2

alpha = 0

for (i in 1:m){

for (k in 2:m){

for (j in 1:(k-1)){

alpha = alpha + (1/(N-p))*y_tilde[[i]] [jI*y_tilde[[i]] [k]
+

}

}

R_hat2 = matrix(0,m,m)
for (j in 1:m){
R_hat2[j,j] = 1

}

for (j in 1:(m-1)){
for (k in (j+1):m){
R_hat2[j,k] = alpha
}

}

for (j in 2:m){

for (k in 1:(j-1)){
R_hat2[j,k] = alpha
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+
+

#Finding the inverse of R_hat2
R_hat2_inv = solve(R_hat?2)

#### OUR METHOD #####

#Case 1: 1-dependent (R = R_hatl)
logisticfunctionl = function(b){
F = ¢(0,0,0,0)

b = c(b[1],b[2],b[3],b[4])

for (¢t in 1:p) {
for (i in 1:n){
for (k in 1:m){
for (j in 1:m){

F[t] = F[t] + X[[i11[j,t]*mu_prime(t (X[[il1][j,1) %*% b)/
sqrt (mu_prime (t (X[[i]1][j,]1) %*% b) +

(1/pi_list [[m*i-m+1]1] [j,]-1)*(mu_prime (t (X[[i11[j,]) %*% b)
+(mu (e (XLLiTI 05,10 %k ©))"2))*
R_hatl_inv[j,k]*(y_star[[i]] [k]-mu(t(X[[i]1](j,1) %% b))/
sqrt (mu_prime (t (X[[i]1][j,]) %*% b) +

(1/pi_list[[m*i-m+1]] [k,]-1)*(mu_prime (t (X[[1]1][j,]1) %*% b)
+(muCt (XLLi1T05,1) %%k ©))72 D)

s

c(F[1],F[2],F[3],F[4])

} #end of logisticfunctionl

bhatl = multiroot(f = logisticfunctionl, start =
c(beta_indep[1],beta_indep[2],beta_indep[3],beta_indep[4]))$root
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#exchangeable case: R = R_hat2
logisticfunction2 = function(b){
F = ¢(0,0,0,0)

b = c(b[1],b[2],b[3],b[4])

for (t in 1:p) {
for (i in 1:n){
for (k in 1:m){
for (j in 1:m){

F[t] = F[t] + X[[111[j,t])*mu_prime(t(X[[i1]1(j,]) %*% b)/

sqrt (mu_prime (t (X[[i]1][j,]) %*% b) +

(1/pi_list[[m*i-m+1]] [j,]-1)*(mu_prime (t (X[[111[j,]) %x*% b) +
(mu(t (XL[i11[3,1) %=*% b)) ~2))*

R_hat2_inv[j,k]*(y_star[[i]] [k]-mu(t(X[[i]1]1[j,]1) %*% b))/
sqrt (mu_prime (t (X[[1]]1[j,]) %*% b) +

(1/pi_list[[m*i-m+1]] [k,]-1)*(mu_prime (t (X[[i]][j,1) %*% b)
+(muCt (XLLTD[3,1) %% B))"2 ))

s ]

c(F[1],F[2],F[3],F[4])

} #end of logisticfunction2

bhat2 = multiroot(f = logisticfunction2, start =

c(beta_indep[1] ,beta_indep[2],beta_indep[3],beta_indep[4]))$root
#solving the classical GEE without missing data

#finding the new correlation matrices R_hatl2 and R_hat22

#case 1: 1-dependent
R_hat12 = matrix(0,m,m)
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R_hat12[m,m] = 1
for (j in 1:(m-1)){
R_hat12[j,j] = 1
for (i in 1:n){
R_hat12[j, j+1]
R_hat12[j+1,]]
}

}

R_hat12[j,j+1] + (1/(n-p))*y_std[[1]] [j1*y_std[[1i]1] [j+1]
R_hat12[j,j+1]

#Find the inverse of R_hatl
R_hat12_inv = solve(R_hat12)
R_hatl12_inv

#Case 2: exhangeable
N = n*m*(m-1)/2

alpha = 0

for (i in 1:n){

for (k in 2:m){

for (j in 1:(k-1)){

alpha = alpha + (1/(N-p))*y_c[[i]] [jl*y_c[[i]] [k]
}

}

}

R_hat22 = matrix(0,m,m)
for (j in 1:m){
R_hat22[j,j] = 1

}

for (j in 1:(m-1)){
for (k in (j+1):m){
R_hat22[j,k] = alpha
}

}

for (j in 2:m){

for (k in 1:(j-1)){
R_hat22[j,k] = alpha
}

}
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#Find the inverse of R_hat2
R_hat22_inv = solve(R_hat22)
R_hat22_inv

#Case 1: 1-dependent (R = R_hat12)
logisticfunction4 = function(b){
F = ¢(0,0,0,0)

b = c(b[1],b[2],b[3],b[4])

for (¢t in 1:p) {
for (i in 1:n){
for (k in 1:m){
for (j in 1:m){

F[t] = F[t] + X[[i]11[j,tl*sqrt(mu_prime(t(X[[i]][j,1) %*% b))*
R_hat12_inv[j,k]l*(y_new[[i]] [k]-mu(t(X[[i]1][k,]1) %% b))
/sqrt (mu_prime (t (X[[1]1] [k,]) %*% b))

b

+
+
}

c(F[1],F[2],F[3],F[4])

} #end of logisticfunction4

bhat4 = multiroot(f = logisticfunction4, start = c(beta_indep2[1],
beta_indep2[2], beta_indep2[3],beta_indep2[4]))$root

bhat4

#Case 2: exchangeable (R = R_hat22)
logisticfunctionb = function(b){
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F = ¢(0,0,0,0)
b = c(b[1],b[2],b[3],b[4])

for (¢t in 1:p) {
for (i in 1:n){
for (k in 1:m){
for (j in 1:m){

F[t] = F[t] + X[[i]11[j,tl*sqrt(mu_prime(t(X[[i]][j,1) %*% b))*
R_hat22_inv[j,kl*(y_new[[il] [k]-mu(t(X[[il1[k,1) %*% b))/
sqrt (mu_prime (t(X[[i]1]1[k,1) %*% b))

}

+
+
}

c(F[1],F[2],F[3],F[4])

} #end of logisticfunctionb

bhat5 = multiroot(f = logisticfunctionb, start = c(beta_indep2[1],
beta_indep2[2], beta_indep2[3],beta_indep2[4]))$root

bhatb

Al_list = list()

for (i in 1:n){

A1 list[[i]] = matrix(rep(0,len=m*m) ,nrow=m)

for (j in 1:m){

A1 _1ist[[i11(j,j] = mu_prime(t(X[[il]1[j,]) %*% Dbhatl )
}

+

A2_list = 1istQ

for (i in 1:n){

A2 1ist[[i]] = matrix(rep(0,len=m*m) ,nrow=m)

for (j in 1:m){

A2_1ist([[i]][j,j] = mu_prime(t(X[[il][j,]) %*% Dbhat2 )
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el

D1_list = list()

for (i in 1:n){

for (j in 1:m){

D1_list[[i]] = A1_1list[[i]]1%*%X[[i]]
}

}

D2_list = list()

for (i in 1:n){

for (j in 1:m){

D2_list[[i]] = A2_1list[[i]1%*%X[[i]]
}

}

prodl_list = list()
for (i in 1:m){
prodl_list[[i]] = matrix(rep(0,len=m),nrow=m)

for (j in 1:m){
prodl_list[[i]l]1[j,]
prodi_list[[il]1[j,]
}

}

0
t(X[[i11[3,1) %*% Dbhatl

prod2_list = list()
for (i in 1:m){
prod2_list[[i]] = matrix(rep(0,len=m),nrow=m)

for (j in 1:m){
prod2_list[[i]][j,]
prod2_list[[i]]1[j,]
}

}

0
t(X[[i11[3,1) %*% Dbhat2

mul_list = list()
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for (i in 1:n){
mul_list[[i]] = mu(prodl_list[[i]])
}

mu2_list = 1list()

for (i in 1:n){

mu2_list[[i]] = mu(prod2_list[[i]])
}

mul_prime_list = list()
for (i in 1:m){
mul_prime_list[[i]]
mul_prime_list[[i]]
}

matrix(rep(0,len=m*m) ,nrow=m)
mu_prime(prodl_list[[i]])

mu2_prime_list = list()
for (i in 1:m){
mu2_prime_list[[i]]
mu2_prime_list[[i]]
}

matrix(rep(0,len=m*m) ,nrow=m)
mu_prime(prod2_list[[i]])

Al_star_list = list()

for (i in 1:n){

A1l_star_list[[i]] = matrix(rep(0,len=m*m),nrow=m)
for (j in 1:m){

Al_star_list[[i]][j,j] = mul_prime_list[[i]][j,]
ql[i11[j,]*( mul_prime_list[[i]]1[j,] +
mul_list([[i]][j,]1"2 )

}

}

A2_star_list = list()

for (i in 1:n){

A2_star_list[[i]] = matrix(rep(0,len=m*m),nrow=m)
for (j in 1:m){

A2_star_list[[il][j,j] = mu2_prime_list[[i]][j,]
qllil] [j,]1*( mu2_prime_list[[il][j,] +
mu2_list[[i]][j,1°2 )
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el

Vi_star_list = list()

for (i in 1:n){

Vi_star_list[[i]] = Al_star_list[[i]]~(1/2) %x*% R_hatl %x*Y%
Al_star_list[[i]]1"(1/2)

}

V2_star_list = list()

for (i in 1:n){

V2_star_list[[i]] = A2_star_list[[i]]1°(1/2) %x*% R_hat2 %x*’
A2_star_list[[i]]1°(1/2)

}

Sigmal_star_list = list()

for (i in 1:n){

for (j in 1:m){

Sigmal_star_list[[i]] = (y_star[[i]l]-mul_list[[i]]) %=x%
t(y_star[[i]]-mul_list[[i]])

}

}

Sigma2_star_list = list()

for (i in 1:n){

for (j in 1:m){

Sigma2_star_list[[i]] = (y_star[[i]]l-mu2_list[[i]]) %x*%
t(y_star[[i]]-mu2_list[[i]])

}

}

M_hatl = matrix(rep(0,len=p*p) ,nrow=p)

for (i in 1:n){

M_hatl = M_hatl + t(D1_list[[i]]) %*% solve(Vi_star_list[[i]]) %x*%
Sigmal_star_list[[i]] %*% solve(Vi_star_list[[i]l]) %=% D1_list[[i]]
}

M_hat2 = matrix(rep(0,len=p*p) ,nrow=p)
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for (i in 1:n){

M_hat2 = M_hat2 + t(D2_list[[i]1]) %x*% solve(V2_star_list[[il]) Y%x*%
Sigma2_star_list[[i]] %*% solve(V2_star_list[[i]]) %x*’ D2_list[[i]]
}

H_hatl = matrix(rep(0,len=p*p) ,nrow=p)

for (i in 1:n){

H_hatl = H_hatl + t(D1_list[[i]]) %x*% solve(V1i_star_list[[i]]) %%
D1_list[[i]]

}

H_hat2 = matrix(rep(0,len=p*p),nrow=p)

for (i in 1:n){

H_hat2 = H_hat2 + t(D2_list[[i]]) %*% solve(V2_star_list[[i]]) %%
D2_list[[i]]

}
Bl = solve(H_hatl) %%*% M_hatl %x*% solve(H_hat1l)
B2 = solve(H_hat2) %x% M_hat2 %*’, solve(H_hat2)

### now all over again for bhat4 and bhatb

Al_1ist2 = 1list()

for (i in 1:n){

A1_1ist2[[i]] = matrix(rep(0,len=m*m) ,nrow=m)

for (j in 1:m){

A1 _1ist2[[i]1]1[j,j] = mu_prime(t(X[[i]]1[j,]) %*% bhat4d )
}

}

A2_1ist2 = 1list()

for (i in 1:n){

A2 1ist2[[i]] = matrix(rep(0,len=m#*m) ,nrow=m)

for (j in 1:m){

A2_1ist2[[i]][j,j] = mu_prime(t(X[[i]1[j,]) %*% Dbhat5 )
+

}

D1_list2 = 1list()
for (i in 1:n){
for (j in 1:m){
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D1_1ist2[[i]] = A1_1ist2[[i11%*%X[[i]]
}
}

D2_list2 = 1list()

for (i in 1:n){

for (j in 1:m){

D2_1ist2[[i]] = A2_1ist2[[i1]%*%X[[i]]
+

+

prodl_list2 = 1ist()
for (i in 1:n){
prodl_list2[[i]] = matrix(rep(0,len=m),nrow=m)

for (j in 1:m){
prodl_list2[[i]][j,]
prodl_list2[[i]][j,]
}

}

0
t(X[[1110],]) %*)% TDhatd

prod2_list2 = list()
for (i in 1:n){
prod2_list2[[i]] = matrix(rep(0,len=m),nrow=m)

for (j in 1:m){

prod2_list2[[i]][j,] = O

prod2_list2[[1]11[j,] = t(X[[1]11[j,]) %% Dhatb
}

}

mul_list2 = list()

for (i in 1:n){

mul_list2[[i]] = mu(prodl_list2[[il])
}

mu2_list2 = list()
for (i in 1:n){
mu2_list2[[i]] = mu(prod2_list2[[i]])
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}

mul_prime_list2 = list()
for (i in 1:n){
mul_prime_list2[[i]]
mul_prime_list2[[i]]
}

matrix(rep(0,len=m#*m) ,nrow=m)
mu_prime(prodl_list2[[i]])

mu2_prime_list2 = list()

for (i in 1:n){

mu2_prime_list2[[i]] = matrix(rep(0,len=m#*m) ,nrow=m)
mu2_prime_list2[[i]] = mu_prime(prod2_list2[[i]])

}

Al_star_list2 = list()

for (i in 1:n){

Al_star_1ist2[[i]] = matrix(rep(0,len=m*m) ,nrow=m)
for (j in 1:m){

Al_star_1ist2[[i]]1[j,j] = mul_prime_list2[[i]l][j,]
}
}

A2_star_list2 = list()

for (i in 1:n){

A2_star_1ist2[[i]] = matrix(rep(0,len=m*m) ,nrow=m)
for (j in 1:m){

A2_star_1ist2[[i]]1[j,j] = mu2_prime_list2[[i]l][j,]
}
}

Vi_star_list2 = list()
for (i in 1:n){

Vi_star_list2[[i]] = Al_star_1ist2[[i1]1°(1/2) %*% R_hat12 %x*Y%

Al_star_list2[[i]]"(1/2)
}
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V2_star_list2 = list()

for (i in 1:n){

V2_star_list2[[i]] = A2_star_list2[[i]]1°(1/2) %*% R_hat22 %x*J,
A2_star_list2[[i]]1°(1/2)

}

Sigmal_star_list2 = list()

for (i in 1:n){

for (j in 1:m){

Sigmal_star_list2[[i]] = (y_new[[i]l]-mul_1ist2[[i]]) %x*%
t(y_new[[i]]-mul_list2[[i]])

}

}

Sigma2_star_list2 = list()

for (i in 1:m){

for (j in 1:m){

Sigma2_star_list2[[i]] = (y_new[[i]]l-mu2_1ist2[[il]) %x%
t(y_new[[i]]-mu2_list2[[i]])

}

}

M_hat12 = matrix(rep(0,len=p*p),nrow=p)

for (i in 1:n){

M_hat12 = M_hatl12 + t(D1_1ist2[[i]]) %*) solve(V1_star_list2[[il]) %*%
Sigmal_star_list2[[i]] %*% solve(V1i_star_list2[[i]]) %*% D1_list2[[i]]
}

M_hat22 = matrix(rep(0,len=p*p) ,nrow=p)

for (i in 1:n){

M_hat22 = M_hat22 + t(D2_1ist2[[i]]) %*% solve(V2_star_list2[[i]]) %*%
Sigma2_star_list2[[i]] %*% solve(V2_star_list2[[i]]) %=% D2_list2[[i]]
}

H_hat12 = matrix(rep(0,len=p*p),nrow=p)

for (i in 1:n){

H_hat12 = H_hat12 + t(D1_list2[[i]l]) %*% solve(Vi_star_list2[[i]]) %x*%
D1_list2[[i]]

}
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H_hat22 = matrix(rep(0,len=p*p),nrow=p)

for (i in 1:n){

H_hat22 = H_hat22 + t(D2_1list2[[i]]) %*% solve(V2_star_list2[[i]]) %x*%
D2_list2[[i]]

}
B12 = solve(H_hat12) %x*% M_hatl12 %%*% solve(H_hat1?2)
B22 = solve(H_hat22) Y%x*x% M_hat22 %x*% solve(H_hat22)

#Computing standard error of estimator and p-value of two-sided
#test for beta=0
#1-dependent case

SE1 = c(O)

for (i in 1:p){

SE1[i] = sqrt(B1[i,il)
}

test_statl = abs(bhatl/SE1l)

c()
2% (1-pnorm(test_statl))

p_valuel
p_valuel

#exchangeable case

SE2 = c()

for (i in 1:p){

SE2[i] = sqrt(B2[i,il)
}

test_stat2 = abs(bhat2/SE2)

cO
2% (1-pnorm(test_stat2))

p_value2
p_value2

#Compute standard error of estimator and p-value of
#two-sided test for beta=0

#bhat4 and bhatb

#1-dependent case
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SE12 = c(Q)

for (i in 1:p){

SE12[i] = sqrt(B12[i,i])
}

SE12

test_statl2 = abs(bhat4/SE12)
p_valuel2 = c()

p_valuel2 = 2*(1-pnorm(test_statl2))
p_valuel2

#exchangeable case

SE22 = c()

for (i in 1:p){

SE22[i] = sqrt(B22[i,i])
}

SE22

test_stat22 = abs(bhat5/SE22)

p_value22 = c()
p_value22 = 2x(1-pnorm(test_stat22))
p_value22

######## METHOD of Yi-Ma-Carroll ###########

#Creating the 6x1 matrix D
# D_j is -(1/n)sum_{i=1}"{n} X_{ij}°T X_{ij} \mu’ (X_{ij} T beta_indep)

D = matrix(rep(0,len=m) ,nrow=1)

for (j in 1:m){

for (i in 1:n){

D[1,j1=D[1,j] + (-1/n)*t(X[[1]110,D)%*%tCe(XLI11] [5,1))%*%
mu_prime(t(X[[i]][j,]) %*% beta_indep)

}

}
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#Creating a list of 6x4 matrices Phi_1,...,Phi_250

#Phi[[i]]=Phi_i has j-th row X_{ij}"T (Y_{ij} "*- mu_{ij}(\beta_indep))
Phi = 1list()

PPhi = matrix(rep(0,len=m*p),nrow=m)

for (i in 1:n){
for (j in 1:m){

PPhi[j,] = y_star_c[[i]][j,]1%*%t(X[[i1]1(5,1)
}

Phi[[i]] = PPhi

}

#Computing the 6x6 matrix V
#V[j,k] is (1/n)sum_{i=1}"{250} \Phi_{ij}"T \Phi_{ik}
V = matrix(rep(0,len=m*m) ,nrow=m)

for (j in 1:m) {

for (k in 1:m){

for (i in 1:n){

VIj,k]l = V[j,k] + (1/n)xy_star_c[[i]l][j,]1%*%y_star_c[[il] [k,]%*%
t(XL01T 0, D %%t (e (XLL4i1] [x,1))

}

}

}

#Computing the inverse of V
V_inv = solve(V)

#Computing the 1 x m vector K

#K=D V- {-1}
K = DYx%V_inv
K

#Defining new variables T
#T_{ij}"1=K_j X_{ij}"1, for 1=1,2,3

ccovl = c()
ccov2 = c()
ccov3d = c()
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ccovd = c()

for (i in 1:n){

for (j in 1:m){

ccovl[m*i-m+j] = K[j]*covl[m*i-m+j]
ccov2[m*i-m+j] = K[j]*cov2[m*i-m+j]
ccov3[m*xi-m+j] = K[jl*cov3[m*i-m+j]
ccov4 [m*i-m+j] = K[jl*cov4[m*i-m+j]
}

}

#Computing the estimated beta using Yi-Ma-Carroll method
logisticfunction3 = function(b){

prod = ccovlx*b[1] + ccov2*b[2] + ccov3*b[3] + ccovéd*b[4];
mean = mu(prod) ;

residual = w-mean;

c(F1 = sum(ccovli*residual), F2 = sum(ccov2*residual),

F3 = sum(ccov3*residual), F4 = sum(ccovédx*xresidual)) }

bhat3 = multiroot(f = logisticfunction3, start =
c(beta_indep[1] ,beta_indep[2],beta_indep[3],beta_indep[4]))$root

#Computing matrices needed for the asymptotic variance of estimator

#Computing the p x p matrix Gamma_O
Gamma0 = matrix(rep(0,len=p*p) ,nrow=p)

for (i in 1:n){
for (j in 1:m){

Gamma0 = GammaO + (-1/n)*(K[,jl*GG&XI[i1105,1))
%% t(X[[111[5,1)))*mu_prime(t(X[[i]][j,]) %x*% beta_indep) [1,1]

b
+

#Computing the inverse of GammaO
GammaO_inv = solve(GammaO)
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#Computing the p x p matrix Sigma_psi

Sigma_psi = matrix(rep(0,len=p*p) ,nrow=p)

for (i in 1:n){

Sigma_psi = Sigma_psi + (1/n)* ( t(Phi[[i]]) %%t (K)%*%K%*%Phi[[1]1])

b

#Computing the p x p matrix Sigma_beta
Sigma_beta = GammaO_inv)*%Sigma_psi%*Jt(GammaO_inv)

#Computing standard error of estimator and p-value of two-sided
#test for beta=0

SE3 = c()

for (i in 1:p){

SE3[i] = sqrt(Sigma_betali,i]/n)
}

test_stat3 = abs(bhat3/SE3)

cQ
2% (1-pnorm(test_stat3))

p_value3d
p_value3d
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