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Abstract

For many patients suffering from heart valve diseases, heart valve replacement surgery is

the primary treatment option. Currently, there are two types of artificial valves clinically

available for the replacement surgery, the mechanical valve and the bioprosthetic valve.

The former is typically made from durable materials and can last for a long time. However,

lifelong medical treatment with blood thinner is required to reduce the clot risk. The lat-

ter is generally made from animal valves and could avoid the long-term use of medication.

However, it suffers from biocompatibility issues and relatively short service life due to

calcification. With the recent advancement in tissue engineering, tissue-engineered heart

valves provide a promising potential to overcome the limitations of the existing artificial

heart valves. Among various fabrication methods, the electrospinning technology offers

an effective approach to fabricate scaffold materials needed in the artificial heart valve. In

order to ensure that the fabricated scaffold material mimics the mechanical properties of

native valve tissues, solely relying on experimental trial-and-error is labor-intensive, time-

consuming, and financially expensive. On the other hand, numerical methods, especially

finite element simulations, provide an efficient approach to investigate the mechanical

properties of fabricated scaffold materials. In this thesis, a computational framework

based on the finite element method is developed to model the mechanical responses of

the bioinspired tri-layer scaffold used for heart valve constructs. This scaffold material is

composed of a top layer and a bottom layer containing mutually orthogonal fiber align-

ments as well as a middle layer possessing a honeycomb pattern. A hyperelastic material

constitutive model is developed as the material constitutive model, and a three-field mixed

finite element approach is adopted to enforce the material incompressibility. The details

of the developed numerical technique are presented, including the material constitutive

formulation and the finite element approach in the framework of the nonlinear solid me-

chanics. The obtained numerical results are compared with the experimental observations,

and the detailed stress distributions among various scaffold layers are revealed. The force-

displacement relationship confirms that the fabricated tri-layer scaffold exhibits similar

mechanical properties as native heart valve tissues.
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Chapter 1

Introduction

Cardiovascular disorders, especially valve heart diseases, are a principal cause of mor-

bidity and mortality in the world. The requirement for durable, biocompatible heart

valve prostheses has generated enormous interests in new materials, innovative designs,

and computational simulation techniques. The finite element analysis is a general-purpose

tool for simulating and analyzing heart valve biomechanics, enabling researchers to investi-

gate detailed stress distributions and deformation modes under various loading conditions.

Convergence of advanced computational methods and novel biomaterials design has signifi-

cantly empowered the discipline, leading to the development of next-generation heart valve

prostheses with improved performance and longevity. In this chapter, the motivation of

this research is firstly described. Then, a literature review is provided to highlight several

recent progresses in the field of tissue-engineered heart valves as well as the corresponding

constitutive modeling and finite element simulations. Lastly, the research objectives of

this thesis are summarized.

1.1 Research motivation

According to a study published in 2005, annually around 300,000 valve replacement surg-

eries are performed worldwide, and this number is predicted to triple in the next three

decades due to the increase of the aging population [1]. Traditionally, the most widely

adopted artificial heart valves are the mechanical valve and the bioprosthetic valve. The

former has the advantage with respect to durability, since it uses materials like pyrolytic

carbon and titanium with excellent mechanical strength. However, the mechanical valve

has the tendency to cause the formation of a blood clot, and therefore, requires lifetime
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anti-coagulation (blood thinning) therapy [2]. The bioprosthetic heart valve is made of

bovine or porcine pericardium and has better biocompatibility as well as blood flow dy-

namics. But it tends to calcify and structurally deteriorate, shortening the service time [3].

Polymeric heart valves are designed to combine the biocompatibility of the biopros-

thetic valve and the durability of the mechanical valve. Early researches of polymeric

valves mainly use materials like polyurethane. However, due to the absence of bio-stability,

mechanical failures tend to happen during cyclic loading conditions [4]. More recent ad-

vances in polymeric heart valves introduce high-performance polymers like polyether ether

ketone (PEEK), which possess improved blood flow dynamics and the material mechanical

properties [5]. Despite the above advances, the adoption of polymeric heart valves is con-

strained by a number of limitations, such as long-term durability issues and susceptibility

to thrombosis and calcification. Current research is focused on improving polymer for-

mulations and processing techniques to develop valves that closely resemble native valve

mechanics with improved durability and biocompatibility [6].

With the advancement in tissue engineering, tissue-engineered heart valve (TEHV)

provides a promising potential to overcome the drawbacks of existing artificial heart

valves [7,8]. With the potential for self-repair, growth, and reduction of long-term compli-

cations. TEHVs are designed to integrate into the body’s own tissue, gradually adapting

to changes in hemodynamic (blood flow) loads over time [9]. However, one of the most

significant challenges is to design the scaffold material used in TEHV that closely mim-

ics the mechanical properties of native heart valve tissues. Among various fabrication

methods, the electrospinning technology offers an effective approach to fabricate scaffold

materials needed in the artificial heart valve. In order to ensure that the fabricated scaf-

fold material mimics the mechanical properties of native valve tissues, solely relying on

experimental trial-and-error is labor-intensive, time-consuming, and financially expensive.

On the other hand, numerical methods, especially finite element simulations, provide an

efficient approach to investigate the mechanical properties of fabricated scaffold materials.

1.2 Literature review

In this section, a brief literature review is provided to highlight several works related to the

tissue-engineered heart valves (TEHVs) as well as the corresponding constitutive modeling

and finite element simulations. Due to the large amount of research work and publications

in these fields, the literature review is by no means exhaustive, but only highlights several

recent progresses.
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1.2.1 Tissue-engineered heart valves

Aortic Valve

Mitral Valve

Tricuspid Valve

Pulmonary Valve

Figure 1.1: Schematics of the four valves of heart, including aortic, pulmonary, tricus-

pid, and mitral valves (source: http://www.webmd.com/heart-disease/guide/heart-valve-

disease).

Valvular heart diseases typically involve the malfunction of one or more of the aortic,

pulmonary, tricuspid, and mitral valves, as shown in Fig. 1.1. Intrinsically, the aortic and

pulmonary valves show anisotropic mechanical properties due to the unique tri-layered

structure, including fibrosa, spongiosa, and ventricularis. The try-layered structure signif-

icantly impacts the resistance, elasticity, and resiliency of each valve. The fibrosa layer pro-

vides tensile resistance, and the spongiosa layer function as a compressive shock absorber,

whereas the ventricularis optimizes leaflet extensibility over the cardiac cycle [10, 11].

Studies of the mechanical properties of natural valves reveal that they can withstand

cyclic tensile, shear, and bending stresses during millions of heartbeats annually. Physical

properties such as uniaxial and biaxial tensile properties, flexural rigidity, viscoelasticity,

and fatigue life have been comprehensively described in native valves but are less well

understood in TEHVs. TEHVs must replicate these biomechanical properties in order to

withstand physiological loading conditions shortly after implantation as well as long-term

usage [12].

Past researches have explored various strategies for enhancing the mechanical function

of TEHVs. Early models considered in-vitro tissue remodeling and growth. For instance,

several studies emphasized the importance of collagen fiber alignment and extracellular

matrix (ECM) deposition for valve durability, see [13,14]. More recent investigations have

applied computational modeling techniques to simulate tissue maturation and mechanical

behavior. For example, Humphrey and Rajagopal [15] introduced the constrained mixture
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models to describe tissue growth, while Gasser et al. [16] used the structural tensor tech-

niques to represent anisotropic tissue responses. Recent advances have been made toward

the integration of computational modeling into the TEHV design process to guide the tis-

sue remodeling and improve the valve function. Emmert et al. [17] demonstrated the utility

of a computational modeling by creating improved long-term function in a large-animal

(sheep) model. This study employed a computationally generated valve geometry to op-

timize the mechanical performance by reducing non-physiological stress and facilitating

the adaptive remodeling. The TEHVs subjected to testing for one year showed sustained

function and remodeling comparable to that of natural valves. The adopted computa-

tional modeling correctly predicted the tissue remodeling outcomes so that the impact of

the mechanical stimuli on cellular behaviors could be well understood. This study allowed

the valve geometry and material properties to be optimized for better predictability and

safety of TEHVs [17]. The research by Sesa et al. [3] presented a novel mechanical model-

ing approach to the maturation process of TEHVs, which focused on the bio-hybrid heart

valves with the textile scaffold reinforcement. They incorporated an energy-based model

to predict the collagen fiber growth during in-vitro maturation, accounting for biologi-

cal and mechanical growth factors. A finite element method approach was applied using

a solid-shell element with the reduced integration, enabling efficient computation of the

deformation and stress distribution in the heart valve. Major conclusions indicated that

their model can predict the anisotropic tissue behavior with collagen density development

influenced by the boundary conditions. This study also highlighted the importance of

scaffold design in promoting extracellular matrix (ECM) growth, demonstrating that the

textile-reinforced scaffolds provided mechanical supports while allowing progressive tissue

remodeling [3].

1.2.2 Constitutive formulation of biological tissues

Constitutive formulation of soft biological tissues is an important research area not only

for the design of tissue-engineered heart valves (TEHVs), but also for the general field of

biomechanics. Traditional models based on the Green-Lagrange strain tensors and their

principal tensor invariants are the foundation for the modeling of tissue mechanics. Tong

and Fung [18] pioneered the work of using the Green-Lagrange strain-based models for

skin tissue modeling, which were subsequently developed by Fung and Patitucci for arte-

rial mechanics [19]. Chuong and Fung further extended the above work to investigate the

stress distribution in arteries [20]. These works are successful in quantifying the nonlinear

behaviors of biological tissues. However, they are based on the ideal assumption of perfect
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alignment of fibers and hence have limited modeling applicability for biomaterials contain-

ing dispersed fiber orientations. Furthermore, they need to satisfy certain mathematical

properties such as frame-invariance, incompressibility, and polyconvexity [21].

The significance of fiber dispersion in the mechanics of soft tissues was eventually rec-

ognized, which led to the development of more advanced models. Lanir [22] introduced the

angular integration approach to account for fiber dispersion in collagenous tissues, which

was further enhanced in the work by Gasser et al. with the generalized structure tensor

model [16]. These models considered the statistical descriptions of fiber orientations such

that tissue microstructure and mechanics could be described more realistically. Motiwale

and Sacks [23] further extended these efforts by using meso-structural models for my-

ocardium and electrospun biomaterials and observed the need for mechanical interactions

to model tissue behavior with high fidelity in multiple modes of deformation.

On a different front, Jin and Ilinca [24] developed a multiscale modeling approach to

simulate the mechanical responses of biological tissues. This method adopted the random

walk algorithm to generate the microscopic fiber network structure and then incorporated

this network structure into the nonlinear finite element simulations. Moreover, comprehen-

sive mesh convergence analysis and Monte-Carlo simulations were performed to obtain the

material mean responses. This approach is further extended to 3D [25] and is successfully

used to model the nonlinear behavior of hydrogels [26, 27] and arterial walls [28].

The advent of data-driven approaches has significantly enhanced the research in consti-

tutive modeling. Distance-minimization techniques, introduced by Kirchdoerfer and Or-

tiz [29], reformulate the boundary value problems in terms of experimental data without

the need of using explicit constitutive equations. Alternatively, model-based approaches,

i.e., neural networks [30, 31], and spline-based approaches [32], use experimental datasets

to construct the adaptive constitutive models. Artificial neural networks, first applied

in material modeling by Ghaboussi et al. [30], present an effective approach of model-

ing sophisticated behavior. But they typically require large data sets for training and

computational power. Holzapfel and Ogden [33] included the neural networks within the

constitutive modeling frameworks resulting a significant reduction in computational ex-

penses while at the same time maintaining the high fidelity for simulating complex tissue

behaviors. Açan et al. [34] developed a novel data-driven constitutive model based on

the B-spline approximations integrated with the generalized structure tensor formulation.

This approach allows the strain energy function to be decomposed into the volumetric,

isotropic, and anisotropic components, where the partial derivatives of the energy function

are replaced with B-splines. Their model is flexible, thermodynamically consistent, and

provides good fits to several biological tissues .

5



1.2.3 Finite element modeling of heart valves

Finite element analysis (FEA) has been widely applied to the analysis of heart valve me-

chanical performance. The early simulations of the heart valve employed generic models

based on the hyperelastic material properties [35,36]. These models were improved using

the generalized structure tensor approach in order to more accurately simulate the actual

tissue response [16]. Even though these early models provided informative results, they

oversimplified complex physiological relationships and required extensive parameter cali-

bration as well as high computational expense, which limited their applications in clinic.

In order to eliminate these disadvantages, more realistic geometries began to be incorpo-

rated into the finite element (FE) simulations. Inverse finite element analysis techniques

allow the estimation of in vivo material properties and strains based on the image-derived

geometries. For example, Abbasi et al. [37] used the inverse finite element analysis to

determine the 3D anisotropic mechanical properties of bovine pericardial leaflets within a

surgical bioprosthetic valve. Their technique combines the experimental in-vitro testing

with numerical simulations to estimate the material parameters, which are then optimized

through the inverse parameter estimation. The study confirms the validity of the applica-

tion of the 3D anisotropic model for simulating the dynamics of heart valve leaflets under

physiological loads, demonstrating the superiority of such a model in more accurately sim-

ulating leaflet deformation and stress distributions compared to the simpler isotropic or

orthotropic representations.

Other advanced FEA techniques have also aimed at improving the reliability of el-

ement formulations used in heart valve analysis. The research by Gilmanov et al. [38]

proposed the adoption of a rotation-free shell finite element approach to simulate aor-

tic heart valves. Their approach integrates a nonlinear, anisotropic hyperelastic material

model with a shell-based FEA framework to provide a more realistic and efficient for-

mulation of leaflet mechanics. This research uses the rotation-free shell formulation to

accommodate complex material responses, thereby enabling high-fidelity simulations of

native and bioprosthetic heart valves. Among the major contributions of this work is

the comparative study of two constitutive models: the Saint-Venant model, which is an

isotropic and simpler formulation, and the May-Newmann–Yin model, which accounts for

the anisotropy and fiber reinforcement. Their findings show that the latter more accu-

rately represents the physiological leaflet behavior of heart valves. Their implementation

also provided a contact algorithm to model the closure of the valve more realistically while

avoiding non-physiological deformations.

On a different front, Balu et al. [39] introduced a novel deep learning framework for the
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bioprosthetic valve design and analysis using machine learning to accelerate the simulation-

based predictions. Their approach, referred as the Deep Learning-based Finite Element

Analysis (DLFEA), replaces the computationally costly FEA simulations with a deep

learning surrogate model. The model uses a convolutional autoencoder trained on a large

dataset of FEA simulations to predict valve deformation and the coaptation area, which

is a key performance measure. The authors also applied a non-uniform rational B-splines

(NURBS) informed convolution to accelerate the processing of heart valve geometries

without compromising the shape attributes. Experimental results demonstrated that the

DLFEA provided good valve deformation predictions with highly accurate coaptation

area obtained from the simulation. The framework successfully accounted for the intricate

leaflet interactions, such as contact mechanics, without directly including penalty-based

contact models. In addition, the methodology generalizes well with various valve geome-

tries and material properties, allowing for fast optimization of bioprosthetic valve designs.

With advancements in medical imaging technologies, patient-specific heart valve mod-

eling has become increasingly realistic. Recently, Laurence et al. [40] developed the FEBio

FINESSE, which is an open-source FEA framework used for patient-specific heart valve

modeling. It implements a novel approach through the application of a two-stage process

under the open-source software FEBio. The FE forward simulations estimate the valve

behavior through assumed material properties and approximate the chordae (heart string)

representations. Then, a shape constraint algorithm positions the simulated valve shape on

3D echocardiography-based geometries, allowing the accurate estimation of in vivo leaflet

strains with no need for thorough material characterization. The procedure is validated

by synthetic test cases and real patient data, demonstrating its ability to estimate in vivo

heart valve mechanics with high accuracy.

Mechanical behavior of aortic valve (AV) tissue remains the subject of ongoing research

over years due to its complex composition and critical physiological implications. AV tissue

is composed predominantly of collagen fibers in a viscid glycosaminoglycan (GAG) matrix,

and therefore, is highly anisotropic and viscoelastic. Directional mechanical behavior in

the tissue results from the circumferential orientation of collagen fibers and necessitates

sophisticated constitutive models that are able to effectively model the similar behaviors.

Traditional hyperelastic models are widely employed in simulating AV mechanics. Nev-

ertheless, their inability to incorporate rate-dependent behaviors limits their application,

particularly in view of the very high deformation rates in vivo. This limitation has led to

the development of viscoelastic models that can accommodate time-dependent phenomena

such as stress relaxation and creep, which are significant in modeling the full spectrum of

AV mechanical responses [41].
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For instance, Anssari-Benam et al. [41] developed a transversely isotropic viscoelastic

constitutive model specific for AV tissue. The model incorporates the anisotropic response

from collagen fiber directions and viscoelastic responses from the tissue’s viscous matrix.

The model includes both an elastic and a viscous energy function, using the invariants

of the right Cauchy-Green deformation tensor and their rates to describe the stress re-

sponse. Of special interest is that the model can simulate the ”shear-thinning” effect

observed in AV tissue, for which viscosity decreases with increasing strain rate. Experi-

mental validation was done by conducting uniaxial tensile tests on porcine AV tissue in

circumferential and radial directions at a range of strain rates. The model demonstrated

excellent agreement with the experimental results and accurately reproduced the stress-

deformation response in physiological conditions. Its ability to handle both anisotropic

and rate-dependent behavior makes it a significant step forward comparing with standard

hyperelastic theories.

The mitral valve (MV) also plays a central role in the proper functioning of the heart.

The need for accurate computational models of the MV has spurred research focusing on

its complex multi-layered structure and mechanical properties. One of the significant con-

tributions is the development of a meso-scale layer-specific structural constitutive model

of the MV leaflets from Zhang et al. [42]. Traditional models of the MV do not account

for the complexity of its structure in terms of how each of the four layers functions me-

chanically: the ventricularis, fibrosa, spongiosa, and atrialis. The proposed meso-scale

layer-specific model improves this limitation with the added layer-specific structure infor-

mation in terms of collagen and elastin fiber networks that govern the mechanical responses

of the leaflets. Measuring the orientation and distribution of fibers in each of the layers

was achieved through the use of second harmonic generation (SHG) microscopy and histol-

ogy. A key improvement of the above model is its inclusion of the orientation-dependent

recruitment of collagen fibers, which deviates from previous models assuming orientation-

invariant recruitment. This enhancement enables the model to more accurately describe

the anisotropic, nonlinear mechanical properties of the MV leaflets, particularly under the

surgically induced extra-physiological loading regimes present after surgery. The model

was further validated by large amounts of biaxial mechanical testing data, in addition to

small-angle X-ray scattering studies, which demonstrated its predictive accuracy at both

the tissue and fibril levels. The meso-scale layer-specific model can correctly estimate the

mean effective collagen fiber modulus and exhibited good agreement with experimental

results, which again confirmed its validity for simulating MV mechanics [42].
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1.3 Research objectives

Figure 1.2: Schematic of the fabrication process of the biomimetic tri-layer scaffold for

surgical heart valve (courtesy of Dr. Xing Zhang, Chinese Academy of Sciences): (a)

heart valve with the tri-layer structure, including fibrosa, spongiosa, and ventricularis;

(b) reparation of the upper, middle, and lower layers with different fiber morphology

by electrostatic spinning with different collectors; (c) the assembled biomimetic tri-layer

scaffold; and (d) the surgical heart valve using the fabricated tri-layer scaffold.

Among various fabrication methods, the electrospinning technology offers an effective

approach to fabricate scaffold materials needed in the artificial heart valve. Figure 1.2

illustrates the fabrication process of the biomimetic tri-layer scaffold for surgical heart

valve, developed by the research team of Dr. Xing Zhang from the Chinese Academy

of Sciences. They discovered that the electrostatic spinning technique could be used to

fabricate various layers that mimic the fiber alignments inside the layers of native valve

tissues, including the fibrosa, spongiosa, and ventricularis layer. In this tri-layer structure,

the top layer and the bottom layer contain two sets of orthogonal fibers, while the middle

layer contains a series of honeycomb patterns. In this process, the crucial step is to

design the tri-layer scaffold that closely mimic the mechanical properties of native valve
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tissues. Particularly, the geometric arrangement of the honeycomb patterns contained in

the middle layer, as shown in Fig. 1.3, can significantly impact the nonlinear behavior of

the tri-layer scaffold and its anisotropy.

Figure 1.3: The honeycomb pattern contained in the middle layer of the tri-layer scaffold

(courtesy of Dr. Xing Zhang, Chinese Academy of Sciences), the geometry of which can

significantly impact the material nonlinear behavior and anisotropy.

In order to ensure that the fabricated tri-layer scaffold material mimics the mechan-

ical properties of native valve tissues, solely relying on experimental trial-and-error is

labor-intensive, time-consuming, and financially expensive. On the other hand, numerical

methods, especially finite element simulations, provide an efficient approach to investigate

the mechanical properties of fabricated scaffold and guide the sample design. The focus

of this thesis is to develop a computational framework based on the finite element method

to model the mechanical responses of the bioinspired tri-layer scaffold used for heart valve

constructs. Specifically, the following tasks are accomplished:

• A hyperelastic constitutive model is adopted for the tri-layer scaffold. The total

strain energy function involves the classical impressible neo-Hookean model and a

polynomial-form anisotropic model [25]. This material model uses the structural

tensors to describe the material anisotropy and can accurately describe the material

nonlinear behavior.

• A three-field mixed finite element procedure is adopted to enforce the material in-

compressibility and avoid the volumetric locking, which is typically encountered in

the numerical modeling of biomaterials.
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• The finite element model is created for the tri-layer scaffold material sample. Par-

ticularly, the geometry and composition of the honeycomb patterns contained in

the middle layer are properly considered, which significantly impact the material

anisotropy.

• The numerical results are compared with the experimental observations to demon-

strate the effectiveness and accuracy of the developed computational framework.

The remaining part of the thesis is organized as follows. In Chapter 2, the major results

of the nonlinear solid mechanics are presented, which provide the theoretical foundation of

the general hyperelastic constitutive modeling. Particularly, various constitutive formula-

tion techniques for incompressible materials are discussed. In Chapter 3, the constitutive

model for the biomimetic tri-layer scaffold is developed, and the three-field mixed finite

element formulation is presented to enforce the material incompressibility. In Chapter 4,

the numerical results obtained from the proposed computational framework are presented,

which are then compared with the experimental observations of the mechanical test of the

tri-layer scaffold. Chapter 5 summarizes the conclusions of this research and discusses sev-

eral avenues to further improve the developed numerical technique. All the source codes

developed in this thesis are hosted on GitHub1 to support the movement of open science.

1https://github.com/taojinllnl/
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Chapter 2

Preliminaries

Biomaterials typically go through finite (large) deformation under physiological loading

conditions. Therefore, nonlinear solid mechanics should be used for the theoretical anal-

ysis and numerical modeling of biomaterials such as heart valve tissues. In this chapter,

the major conclusions derived from the theory of nonlinear solid mechanics are presented,

which form the foundation of the subsequent finite element modeling. Moreover, bioma-

terials are typically incompressible. Several techniques, such as the Lagrange multiplier

method and the penalty method, are briefly discussed to consider the material incom-

pressibility constraint. This thesis adopts the following conventions. Lowercase regular

letters (e.g., α, β) represent scalars. Uppercase bold letters (e.g., C, S) denote vectors

and tensors in the reference (undeformed) configuration. Lowercase bold letters (e.g., b,

σ) represent vectors and tensors in the current (deformed) configuration.

2.1 Brief review of nonlinear solid mechanics

The theory of nonlinear solid mechanics forms the foundation of the constitutive modeling

and the finite element simulation in the finite (large) deformation regime. Therefore,

for the sake of the completeness of the thesis, several important conclusions about the

kinematics, the stress and force equilibrium, as well as the framework of hyperelasticity

are briefly reviewed in this section. These conclusions are mainly selected from the classical

text book by Bonet and Wood [43].
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2.1.1 Kinematics

A continuum in the reference configuration, denoted as Ω0 ⊂ R3, undergoes a deformation

ϕ under static loading conditions. Each particle X in the reference configuration Ω0 is

mapped to a corresponding point x in the deformed configuration Ω ⊂ R3 according to

the following relationship:

x = ϕ(X)

The deformation gradient is defined as:

F =
∂ϕ

∂X
=

∂x

∂X
. (2.1)

The above definition can also be expressed in the index form as:

F = FiJ ei ⊗EJ , FiJ =
∂xi

∂XJ

, i, J = 1, 2, 3, (2.2)

Where Ei denotes the Cartesian basis vectors in the reference (undeformed) configuration,

and ei denotes the basis vectors in the deformed configuration. Consider dL, dA, and

dV as the line element, area element, and volume element in the reference configuration,

respectively. Their counterparts in the deformed configuration dl, da, and dv are obtained

via the following relationships:

dl = F dL, da = (adjF)T dA, dv = J dV

where J = detF and adj(F) = JF−1 denote the determinant and the adjugate of the

deformation gradient, respectively.

Consider the element vectors dX1 and dX2 in the reference configuration, which deform

to dx1 and dx2 in the deformed configuration. The inner product dx1·dx2 can be expressed

in terms of the material vectors dX1 and dX2 as:

dx1 · dx2 = dX1 ·C dX2. (2.3)

In the above equation, C is the right Cauchy-Green deformation tensor, which is expressed

in terms of the deformation gradient F as:

C = FTF. (2.4)

Similarly, the material inner product dX1 · dX2 can be obtained in terms of the spatial

vectors dx1 and dx2 as:

dX1 · dX2 = dx1 · b−1dx2, (2.5)
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where b is the left Cauchy-Green deformation tensor defined as:

b = FFT. (2.6)

The change in the scalar product can be expressed in terms of the material vectors dX1

and dX2 and the the spatial vectors dx1 and dx2 as:

1

2

(
dx1 · dx2 − dX1 · dX2

)
= dX1 · E dX2 = dx1 · e dx2, (2.7)

where the Lagrangian-Green strain tensor E and the Eulerian (Almansi) strain tensor e

are expressed as:

E =
1

2
(C− I) (2.8)

and

e =
1

2

(
I− b−1

)
. (2.9)

The deformation gradient F can be further split into the stretch and rotation compo-

nents as:

F = RU, (2.10)

where R is the rotation tensor, and U is the stretch tensor. As the rotation tensor is

orthogonal, the right Cauchy-Green tensor C can be expressed as

C = FTF = UTRTRU = U2. (2.11)

The above equation reveals that the right Cauchy-Green tensor C is rotation-free and only

contains the stretch information. Similarly, the deformation gradient F is decomposed in

the spatial configuration by the spatial stretch tensor V and the rotation tensor R as:

F = VR. (2.12)

Then, the left Cauchy-Green tensor can be expressed as:

b = FFT = (VR)(RTV) = V2. (2.13)

The above equation indicates that b is also rotation-free and only contains the stretch

information.

For incompressible and nearly incompressible materials, it is typical to separate the

volumetric component and the distortional component from the deformation gradient, that

is

F = J1/3F̄. (2.14)
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It can be verified that

det F̄ = 1. (2.15)

Therefore,

F̄ = J−1/3F (2.16)

only represents the shape change and is free from the volumetric change. As a result, the

distortional part of the right Cauchy-Green tensor C and the left Cauchy-Green tensor

are defined as:

C̄ = F̄TF̄ = J−2/3C (2.17)

and

b̄ = F̄F̄T = J−2/3b. (2.18)

2.1.2 Stress and force equilibrium

In the framework of nonlinear solid mechanics, there are various stress measures, such as

the Cauchy stress σ, the 1st Piola-Kirchhoff (1st P-K) stress P, the 2nd Piola-Kirchhoff

(2nd P-K) stress S, and the Kirchhoff stress tensor τ , depending on either the refer-

ence (undeformed) configuration or current (deformed) configuration is under discussion.

These stress measures are connected through the deformation gradient F. Here are some

commonly used relationships among the above stress measures:

σ = J−1FSFT = J−1PFT, P = FS, τ = Jσ. (2.19)

For the above relationships, it can be seen that the Cauchy stress σ and the Kirchhoff

stress τ are measures with respect to the deformed configuration Ω. The 2nd P-K stress

S is a stress measure with respect to the reference configuration Ω0. The 1st P-K stress P

is a particular case, which functions as a so-called two-point tensor between the reference

configuration and the deformed configuration.

Depending on which stress measure is adopted, the internal virtual work δWint can be

expressed in different but equivalent forms:

δWint =

∫
Ω

σ : δe dv =

∫
Ω0

P : δF dV =

∫
Ω0

S : δE dV. (2.20)

In the above equation, δe is the virtual Almansi strain tensor, δE is the virtual Lagrange-

Green strain tensor, while δF is the virtual deformation gradient. The double contraction

operation is defined as:

A : B = AijBij, (2.21)
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in which the Einstein summation is adopted. Therefore, σ and e, P and F, as well as S

and E form three work-conjugate pairs. Notice that the first integration is with respect

to the deformed configuration Ω, while the other two are with respect to the reference

configuration Ω0.

In solid mechanics, the governing equations of the deformation body are the balances of

the linear momentum and the angular momentum. The balance of the angular momentum

is expressed by the symmetry of the Cauchy stress tensor, that is, σ = σT. The balance

of the linear momentum, which acts as the governing partial differential equation (PDE)

for the finite element simulation of the deformed body, can be written either with re-

spect to the deformed (spatial) configuration or the undeformed (reference) configuration.

Assuming the problem is static, in the deformed configuration,

divσ + f = 0 in Ω. (2.22)

In the reference configuration, the same balance of linear momentum equation can be

rewritten as

DivP+ f0 = 0 in Ω0. (2.23)

In the above two equations, f and f0 represent the body force in the deformed configura-

tion and the reference configuration, respectively. One of the above governing equations,

combined with the appropriate boundary conditions and the material constitutive model,

form the strong form of the deformed body under external loading conditions.

2.1.3 Hyperelasticity

As mentioned before, a material constitutive model that establishes the stress-strain rela-

tionship is needed for nonlinear finite element simulation of solid mechanics problems. A

material is classified as hyperelastic if the work done by the stresses during a deformation

process is path-independent. That is, the work only depends on the initial configuration

and the final configuration. As shown in Eq. (2.20), the 1st P-K stress P is work conjugate

with respect to the deformation gradient F, therefor, the 1st P-K stress can be derived

from the elastic strain energy Ψ as

P(F(X),X) =
∂Ψ(F(X),X)

∂F
, (2.24)

where X represents the material location. Note that as shown in Eq. (2.10), the defor-

mation gradient F contains rotation information. However, the strain energy function Ψ

should remain invariant under a rigid body rotation, which is called frame-indifference.
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This requirement implies that Ψ should depend on F only through the stretch component

U and is independent from the rotational component R. As a result, Ψ is expressed as a

function of C as:

Ψ(F,X) = Ψ(C,X), (2.25)

where C = U2 = FTF. The 2nd Piola-Kirchhoff (P-K) stress S is expressed as:

S(C,X) = 2
∂Ψ

∂C
=

∂Ψ

∂E
, (2.26)

Where E is the Green-Lagrange strain tensor defined in Eq. (2.8).

By linearizing with respect to an increment u, the directional derivative of the 2nd

P-K stress S with respect to the Green-Lagrange strain tensor E is expressed as:

DS[u] = C : DE[u] (2.27)

where the material elasticity tensor C is a symmetric fourth-order tensor expressed as:

C =
∂S

∂E
= 4

∂2Ψ

∂C∂C
= 4

∂2Ψ

∂CIJ∂CKL

EI ⊗EJ ⊗EK ⊗EL. (2.28)

The above stress-strain relationship can also be expressed in the deformed configura-

tion. The Cauchy stress tensor σ is defined as

σ(b,x) = 2J−1∂Ψ

∂b
b = 2J−1b

∂Ψ

∂b
. (2.29)

Similar, the spatial elasticity tensor c is defined as

c = 4J−1b
∂2Ψ

∂b2
b

= 4J−1bim
∂2Ψ

∂bmj∂bkn
bnl ei ⊗ ej ⊗ ek ⊗ el.

(2.30)

The relationship between the 2nd P-K stress tensor S and the Cauchy stress tensor σ is

expressed in Eq. (2.19). The relationship between the spatial elasticity tensor c and the

material elasticity tensor is is expressed as

c = J−1FiIFjJFkKFlLCIJKLei ⊗ ej ⊗ ek ⊗ el. (2.31)

For isotropic materials, since the constitutive behavior is identical in all material di-

rections, the strain energy function Ψ can be expressed solely by the principal invariants

of C or b, that is:

Ψ(C,X) = Ψ(I1, I2, I3,X) (2.32)
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Where the three principal tensor invariants are defined as:

I1 = tr(C) = tr(b), (2.33)

I2 =
1

2
[tr2(C)− tr(C2)] =

1

2
[tr2(b)− tr(b2)], (2.34)

I3 = detC = detb = (detF)2 = J2. (2.35)

As shown previously, the derivation of the 2nd P-K stress or the Cauchy stress involves

partial derivatives. The corresponding derivatives of the principal tensor invariants can

be expressed as:

∂I1
∂C

= I,
∂I1
∂b

= I, (2.36)

∂I2
∂C

= I1I−C,
∂I2
∂b

= I1I− b, (2.37)

∂I3
∂C

= I3C
−1,

∂I3
∂b

= I3b
−1, (2.38)

where I represents the second-order identity tensor. Recall that J = detF, therefore,

∂J

∂C
=

∂J

∂J2

∂J2

∂C
=

1

2
J−1∂I3

∂C
=

J

2
C−1. (2.39)

Similarly,
∂J

∂b
=

∂J

∂J2

∂J2

∂b
=

1

2
J−1∂I3

∂b
=

J

2
b−1. (2.40)

2.2 Material incompressibility

Biomaterials are typically incompressible, that is, the deformation gradient F should sat-

isfy the following incompressibility constraint:

detF = J = 1.

At the constitutive model level, there are two commonly adopted approaches to model the

material incompressibility, the penalty method and the Lagrange multiplier method.

2.2.1 Penalty method

The basic idea of the penalty method to enforce the material incompressibility constraint

is to make the material slightly compressible (or nearly incompressible), that is,

detF = J ≈ 1.

18



The total strain energy function is usually decomposed into two terms:

Ψ = U(J) + Ψdev(C̄), (2.41)

where U(J) is the volumetric term representing the strain energy caused by the material

volumetric change, and Ψdev(C̄) is the distortional term representing the strain energy

caused by the material shape change. The volumetric term U(J) contains the bulk mod-

ulus parameter K, which serves as the penalty parameter to penalize any volumetric

deformation. For instance, one example of the typically adopted U(J) form is

U(J) =
K

2
(J − 1)2.

Then, the 2nd P-K stress can be derived as:

S = 2
∂U(J)

∂J

∂J

∂C
+ 2

∂Ψdev(C̄)

∂C
, (2.42)

In this approach, the penalty parameter (bulk modulus) K should be a large number

to effectively enforce the material incompressibility constraint. However, when K is too

large, the condition number of the finite element stiffness matrix will significantly increase,

causing convergence difficulties during the nonlinear iterations. Therefore, it is important

to balance between the above two considerations and choose a proper value of the penalty

parameter K.

2.2.2 Lagrange multiplier method

Using the Lagrange multiplier method to enforce the material incompressibility constraint,

the material is treated as strictly incompressible, that is,

detF = J = 1.

Based on the above constraint,

C = C̄.

Therefore, the hyperelastic strain energy becomes

Ψ = Ψ(C) = Ψ(C̄). (2.43)

The corresponding 2nd P-K stress is expressed as:

S = pJC−1 + 2
∂Ψ(C̄)

∂C
, (2.44)
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where the pressure term p acts as the Lagrange multiplier to enforce the material incom-

pressibility. Even though this approach does not require to select the penalty parameter as

needed in the penalty method, extra fields such as the Lagrange multiplier p and the volu-

metric change J are introduced into the constitutive formulation, which typically requires

a mixed finite element formulation.

2.3 Summary

In this section, several important results related to the nonlinear solid mechanics are

presented, including the kinematics, various stress measures, material hyperelasticity,

and two constitutive modeling techniques to enforce the material incompressibility con-

straint. These results form the foundation for the nonlinear finite element modeling of the

biomimetic tri-layer scaffold material.
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Chapter 3

Constitutive modeling and mixed

formulation

In this chapter, the computational framework to model the mechanical behavior of the

biomimetic tri-layer scaffold material is presented. This computational framework includes

two major components, the hyperelastic constitutive model and the three-field mixed

finite element formulation. The former is designed to reflect the impact of the material

microscopic structure such as fiber orientation on the material stress-strain relationship,

while the latter is necessary to enforce the material incompressibility without causing the

volumetric locking. The computational framework is programmed in deal.II [44], which is

an open-source C++ finite element library. All the source codes developed in this thesis

are hosted on GitHub1 to support the movement of open science.

3.1 Constitutive modeling

Finite element modeling is an effective approach to investigate the structure-function re-

lationship of various biological tissues and bio-inspired materials [26,28]. Most biomateri-

als are incompressible and typically go through large (finite) deformation under external

loading conditions. Therefore, the finite element techniques capable of considering finite

deformation and material incompressibility are needed for the modeling of the biomimetic

tri-layer scaffolds. In this work, the following hyperelastic strain energy function is adopted

as:

Ψ = U(J) + Ψiso(C̄) + Ψaniso(C), (3.1)

1https://github.com/taojinllnl/
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where U represents the strain energy associated with the material volume change, Ψiso

represents the isotropic part of the total strain energy caused by the shape change, and

Ψaniso represents the anisotropic part of the total strain energy contributed by the fiber

components. Notice that the anisotropic part of the strain energy should depend on the full

right Cauchy-Green tensor C, instead of its distortional part C̄. For a detailed discussion,

see [21, 45–47].

In this work, the incompressible neo-Hookean model is adopted, that is,

U(J) =
1

2
K(J − 1)2 (3.2)

and

Ψiso(C̄) =
1

2
G(Ī1 − 3), (3.3)

where K is the material bulk modulus, G is the material shear modulus, J = detF is

the determinant of the deformation gradient F reflecting the material volume change,

C̄ = J−2/3C is the distortional part of the right Cauchy-Green tensor, and Ī1 = trC̄ is its

first principal invariant. In the above equation, the volumetric strain energy U(J) serves as

a penalty term, and the bulk modulus K can be considered as a penalty parameter. Then,

the 2nd P-K (Piola-Kirchhoff) stress tensor for the volumetric term can be expressed as:

Svol = 2
∂U(J)

∂C
= 2

∂U(J)

∂J

∂J

∂C
= pJC−1, (3.4)

where the pressure term

p =
∂U(J)

∂J
= K(J − 1).

The 2nd P-K stress tensor for the isotropic term is

Siso = 2
∂Ψiso(C̄)

∂C
= GJ− 2

3 (I− 1

3
I1C

−1). (3.5)

In the deformed configuration, the corresponding Cauchy stress tensors are

σvol = J−1FSvolF
T = pI (3.6)

and

σiso = J−1FSisoF
T = GJ−1(b̄− 1

3
Ī1I). (3.7)

The corresponding material elasticity tensors in the reference configuration are

Cvol = 4
∂2U(J)

∂C2
= 2pJ

∂C−1

∂C
+ J(p+KJ)C−1 ⊗C−1 (3.8)
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and

Ciso = 4
∂2Ψiso(C̄)

∂C2

= −2

3
GJ−2/3(I⊗C−1 +C−1 ⊗ I) +

2

3
GJ−2/3I1

(
1

3
C−1 ⊗C−1 − ∂C−1

∂C

)
.

(3.9)

The corresponding spatial elasticity tensors are

cvol = 4J−1b
∂2U(J)

∂b2
b = −p(I+ Ī) + (p+KJ)I⊗ I (3.10)

and

ciso = 4J−1b
∂2Ψiso

∂b2
b

= −2

3
GJ−5/3(b⊗ I+ I⊗ b) +

2

3
GJ−5/3I1

(
1

3
I⊗ I+

I+ Ī
2

)
.

(3.11)

The above equations involve several fourth-order tensors that are defined as below:

∂C−1

∂C
= −1

2
(C−1

IKC
−1
JL + C−1

ILC
−1
JK)EI ⊗EJ ⊗EK ⊗EL, (3.12)

I = δikδjlei ⊗ ej ⊗ ek ⊗ el = ei ⊗ ej ⊗ ei ⊗ ej, (3.13)

Ī = δilδjkei ⊗ ej ⊗ ek ⊗ el = ei ⊗ ej ⊗ ej ⊗ ei. (3.14)

For an arbitrary second-order tensor A, it can be verified that

I : A = A, Ī : A = AT.

The above quantities are needed for the nonlinear finite element formulations to form the

element stiffness matrix during the nonlinear iterations.

The anisotropic part of the strain energy function reflects the impact of the fiber

orientations on the material behavior. In this work, the following anisotropic strain energy

form is adopted:

Ψaniso(C) = Ψaniso(I4) =
k1
2

(I4 − 1)2

Ik24
, (3.15)

where k1 > 0 is a modulus-like parameter, and k2 ∈ R is a dimensionless parameter

that influences the non-linearity of the stress-strain relationship. Particularly, the pseudo-

invariant I4 is defined as

I4 = C : A = C : N ⊗N ,

where A = N⊗N is called the structural tensor [35], and N is the unit directional vector

reflecting the fiber orientation in the reference configuration. The corresponding 2nd P-K

(Piola-Kirchhoff) stress is derived as

Saniso = 2
∂Ψaniso(I4)

∂C
= 2

∂Ψaniso(I4)

I4

I4
∂C

= k1

(
2(I4 − 1)

Ik24
− k2

(I4 − 1)2

Ik2+1
4

)
N ⊗N , (3.16)
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and the corresponding Cauchy stress is

σaniso = J−1FSanisoF
T = k1J

−1

(
2(I4 − 1)

Ik24
− k2

(I4 − 1)2

Ik2+1
4

)
n⊗ n, (3.17)

where n = FN represents the fiber orientation in the deformed configuration. It is

a widely adopted assumption that fiber can only support tension but not compression.

Therefore, the contributions from the anisotropic part can be switched off when I4 < 1,

indicating that fiber is under compression [35]. The material elasticity tensor related to

the anisotropic part of the strain energy function is derived as:

Caniso = αN ⊗N ⊗N ⊗N , (3.18)

where the scalar coefficient α is defined as

α = 2k1

(
2

Ik24
− 4k2

I4 − 1

Ik2+1
4

+ k2(k2 + 1)
(I4 − 1)2

Ik2+2
4

)
. (3.19)

The corresponding spatial elasticity tensor related to the anisotropic part of the strain

energy function is derived as:

caniso = αJ−1n⊗ n⊗ n⊗ n. (3.20)

It can be verified that when F = I, representing the undeformed state, I4 = 1, and the

anisotropic part of the stress tensor is

Saniso

∣∣∣
F=I

= 0.

The material elasticity tensor is positive definite since

α
∣∣∣
F=I

= 4
k1

Ik24
> 0.

In the context of the finite element formulation, the above quantities derived from the

hyperelastic constitutive model, including the 2nd-order stress tensor and the 4th-order

elasticity tensor, are calculated at each integration point inside each finite element.

3.2 Mixed finite element formulation

In order to effectively enforce the material incompressibility condition, the finite element

formulation needs to be carefully designed to avoid the so-called volumetric lock, which

causes the material deformation to be overly stiff. In this work, a three-field variational
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principle, also known as the mixed u-J-p formulation [48,49], is adopted. This variational

principle originates from the Hu-Washizu principle [50, 51] and is well documented in

several textbooks [43,52]. In this work, according to the three-field variational principle, let

Ξ = {u, p̂, Ĵ} be the set of the primary unknowns, in which u represents the displacement

field, Ĵ is a kinematic variable entering the formulation as a constraint on J = detF, and

p̂ is the corresponding Lagrange multiplier or pressure. The total potential energy Π of

the material is composed of the internal energy Πint and the external energy Πext,

Π(Ξ) = Πint(Ξ)− Πext(u). (3.21)

The internal energy Πint can be expressed as

Πint(Ξ) =

∫
Ω0

[
U(Ĵ) + Ψiso(C̄) + Ψaniso(C) + p̂(J(u)− Ĵ)

]
dV, (3.22)

where the volumetric strain energy U(Ĵ) takes the form shown in Eq. (3.2), the isotropic

strain energy caused by the shape change Ψiso(C̄) takes the form shown in Eq. (3.3), and

the anisotropic strain energy Ψaniso(C) takes the form shown in Eq. (3.15). The external

energy Πext can be expressed as

Πext(u) =

∫
Ω0

f0 · u dV +

∫
∂Ω0t

T̄ · u dA, (3.23)

where the integral domain Ω0 represents the space occupied by the material in the reference

configuration, f0 is the body force in the reference configuration, and T̄ denotes the

prescribed first Piola-Kirchhoff traction acting on an infinitesimal area dA in the reference

configuration.

The stationary of the total potential energy can be written as

DδΞΠ(Ξ) = DδuΠ(Ξ) +Dδp̂Π(Ξ) +DδĴΠ(Ξ) = 0, (3.24)

for all virtual displacements δu ∈ H(1)(Ω) satisfying the Dirichlet boundary condition

δu = 0 on ∂Ωu, and all virtual pressure δp̂ ∈ L2(Ω) and virtual dilatation δĴ ∈ L2(Ω). In

the above equation, Dδ(•)Π(Ξ) represents the directional derivative of the energy functional

Π(Ξ) with respect to the unknown fields. For instance,

DδuΠ(Ξ) =
d

dϵ

∣∣∣∣
ϵ=0

[
Π(u+ ϵδu, p̂, Ĵ)

]
.

Specifically,

DδuΠ(Ξ) = DδuΠint(Ξ)−DδuΠext(u)

=

∫
Ω0

[DδuΨiso(C̄) +DδuΨaniso(C) +DδuJ(u)p̂] dV

−
∫
Ω0

f0 · δu dV −
∫
∂Ω0t

T̄ · δu dA,

(3.25)
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Dδp̂Π(Ξ) = Dδp̂Πint(Ξ) =

∫
Ω0

δp̂(J(u)− Ĵ) dV, (3.26)

and

DδĴΠ(Ξ) = DδĴΠint(Ξ) =

∫
Ω0

δĴ

(
dU(Ĵ)

dĴ
− p̂

)
dV. (3.27)

In the first variation of the internal energy with respect to the displacement field

DδuΠint(Ξ) shown in Eq. (3.25),

DδuΨiso(C̄) = δΨiso(C̄) =
∂Ψiso(C̄)

∂C
: δC = Siso : δE = Jgradδu : σiso,

DδuΨaniso(C) = δΨaniso(C) =
∂Ψaniso(C)

∂C
: δC = Saniso : δE = Jgradδu : σaniso,

and

DδuJ(u)p̂ = δJ(u)p̂ = p̂Jdivδu = gradδu : (p̂JI),

where σiso and σaniso are defined in Eqs. (3.7) and (3.17).

From the three-field variational principle shown in Eqs. (3.24) to (3.25), the following

Euler-Lagrange equations can be recovered:

divσ + f = 0 in Ω,

J(u) = Ĵ in Ω,

dU(Ĵ)

dĴ
= p̂ in Ω,

σn = t̄ on ∂Ωt,

where f = J−1f0 is the body force in the deformed configuration Ω, and the last equation

σn = t̄ represents the Neumann boundary condition. Notice that the Cauchy stress

σ in the above Euler-Lagrange equations represents the total stress, which includes the

contribute from the Lagrange multiplier (pressure) , that is,

σ = p̂I+ σiso + σaniso.

In order to achieve the stationary of the total potential energy shown in Eq. (3.24),

the following nonlinear system needs to be solved:
DδuΠ(Ξ) = DδuΠ(u, p̂, Ĵ) = 0,

Dδp̂Π(Ξ) = Dδp̂Π(u, p̂, Ĵ) = 0,

DδĴΠ(Ξ) = DδĴΠ(u, p̂, Ĵ) = 0.
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For this purpose, the Newton-Raphson iterations are adopted. During a typical loading

step, assume that the solution at the beginning of the i-th iteration Ξ(i) =
{
u(i), p̂(i), Ĵ (i)

}
is known, the goal is to solve the solution increment dΞ(i) =

{
du(i), dp̂(i), dĴ (i)

}
so that

at the end of the current iteration, Ξ(i+1) = Ξ(i) + dΞ(i). During the i-th iteration, the

linearized system can be expressed as

DδuΠ(Ξ
(i+1)) = DδuΠ(Ξ

(i)) +D2
δu,∆uΠ(Ξ

(i)) · du(i)

+D2
δu,∆p̂Π(Ξ

(i))dp̂(i) +D2
δu,∆Ĵ

Π(Ξ(i))dĴ (i) = 0,

Dδp̂Π(Ξ
(i+1)) = Dδp̂Π(Ξ

(i)) +D2
δp̂,∆uΠ(Ξ

(i)) · du(i)

+D2
δp̂,∆p̂Π(Ξ

(i))dp̂(i) +D2
δp̂,∆Ĵ

Π(Ξ(i))dĴ (i) = 0,

DδĴΠ(Ξ
(i+1)) = DδĴΠ(Ξ

(i)) +D2
δĴ,∆u

Π(Ξ(i)) · du(i)

+D2
δĴ,∆p̂

Π(Ξ(i))dp̂(i) +D2
δĴ,∆Ĵ

Π(Ξ(i))dĴ (i) = 0,

(3.28)

or the equivalent matrix form
D2

δu,∆uΠ(Ξ
(i)) D2

δu,∆p̂Π(Ξ
(i)) D2

δu,∆Ĵ
Π(Ξ(i))

D2
δp̂,∆uΠ(Ξ

(i)) D2
δp̂,∆p̂Π(Ξ

(i)) D2
δp̂,∆Ĵ

Π(Ξ(i))

D2
δĴ,∆u

Π(Ξ(i)) D2
δĴ,∆p̂

Π(Ξ(i)) D2
δĴ,∆Ĵ

Π(Ξ(i))


du(i)

dp̂(i)

dĴ (i)

 =

−DδuΠ(Ξ
(i))

−Dδp̂Π(Ξ
(i))

−DδĴΠ(Ξ
(i))

 . (3.29)

In the above linear system, each entry in the tangent matrix can be expressed as follows:

D2
δu,∆p̂Π(Ξ) =

∫
Ω0

Jdivδu∆p̂ dV,

D2
δp̂,∆uΠ(Ξ) =

∫
Ω0

Jdiv∆uδp̂ dV,

D2
δp̂,∆Ĵ

Π(Ξ) = −
∫
Ω0

δp̂∆Ĵ dV,

D2
δĴ,∆p̂

Π(Ξ) = −
∫
Ω0

∆p̂δĴ dV,

D2
δĴ,∆Ĵ

Π(Ξ) =

∫
Ω0

d2U(Ĵ)

dĴ2
∆ĴδĴ dV,

D2
δu,∆Ĵ

Π(Ξ) = 0, D2
δĴ,∆u

Π(Ξ) = 0, D2
δp̂,∆p̂Π(Ξ) = 0,
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and

D2
δu,∆uΠ(Ξ) =

∫
Ω0

[
D2

δu,∆uΨiso(C̄) +D2
δu,∆uΨaniso(C) +D2

δu,∆uJ(u)p̂
]
dV

=

∫
Ω0

D∆u [gradδu : (p̂JI+ Jσiso + Jσaniso)] dV

=

∫
Ω0

gradδu : [grad∆u(p̂JI+ Jσiso + Jσaniso)] dV

+

∫
Ω0

gradδu :
[
p̂JI⊗ I− p̂J(I+ Ī) + Jciso + Jcaniso

]
: grad∆u dV,

where the spatial elasticity tensors ciso and caniso are shown in Eqs. (3.11) and (3.20).

The above finite element approach based on the so-called u-J-p formulation is flexible

since it can adopt different combinations of the finite element spaces for the primary un-

known fields, including the displacement field u, the kinematic field Ĵ for the constraint

J = detF, and the corresponding Lagrange multiplier field p̂. In order to avoid the so-

called volumetric locking, which is manifested as overly stiff material responses, the finite

element spaces for the above three fields have to be carefully selected. In the mixed finite

element formulation, the finite element spaces should satisfy the famous Ladyzhenskaya-

Babus̆ka-Brezzi (LBB) condition [53,54], which is also known as the inf-sup condition. It

has been widely demonstrated that the following combination of the finite element spaces,

Qn × DGPn−1 × DGPn−1, could circumvent the volumetric locking issue for incompress-

ible materials. In this combination of the finite element spaces, Qn represents the finite

elements of continuous piece-wise Lagrange polynomials of degree n, therefore, ensuring

the continuity of the displacement field across element boundaries. On the other hand,

DGPn−1 represents the finite elements of discontinuous Legendre polynomials of degree

n − 1, which implements the complete polynomial spaces. It is worth pointing out that

when n = 1, Q1 × DGP0 × DGP0 does not actually satisfy the LBB (inf-sup) condition.

However, in practice, this element is still widely used due to its good convergence behavior.

For more detailed discussions about discontinuous pressure elements, see [55].

LetNuA
represent the vector-valued shape function for the displacement field u at node

A, NĴA
represent the scalar-valued shape function for the kinematic field Ĵ at node A,

and Np̂A represent the scalar-valued shape function for the Lagrange multiplier p̂ at node

A. Based on the shape functions {NuA
, NĴA

, Np̂A} and the nodal values {uA, ĴA, p̂A}, the
displacement field, the kinematic field, and the Lagrange multiplier field can be expressed

as

u = NuA
uA, and Ĵ = NĴA

ĴA, and p̂ = Np̂A p̂A.

Correspondingly, the displacement variation, the kinematic field variation, and the La-
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grange multiplier variation can be expressed as

δu = NuA
δuA, and δĴ = NĴA

δĴA, and δp̂ = Np̂Aδp̂A,

where the Einstein summation is used.

Replacing the first-order and second-order directional derivatives shown in Eq. (3.29)

with the corresponding block matrices, the following linear system is obtained during the

i-th Newton-Raphson iteration:Kuu Kup̂ 0

Kp̂u 0 Kp̂Ĵ

0 KĴ p̂ KĴ Ĵ


du(i)

dp̂(i)

dĴ (i)

 =

−Fu(Ξ
(i))

−Fp̂(Ξ
(i))

−FĴ(Ξ
(i))

 .

KuAp̂B =

∫
Ω0

JdivNuA
Np̂B dV,

Kp̂AuB
=

∫
Ω0

JdivNuB
Np̂A dV,

Kp̂AĴB
= −

∫
Ω0

Np̂ANĴB
dV,

KĴAp̂B
= −

∫
Ω0

NĴA
Np̂B dV,

KĴAĴB
=

∫
Ω0

d2U(Ĵ)

dĴ2
NĴA

NĴB
dV,

KuĴ = 0, KĴu = 0, Kp̂p̂ = 0,

and

KuAuB
=

∫
Ω0

gradNuA
: [gradNuB

(p̂JI+ Jσiso + Jσaniso)] dV

+

∫
Ω0

gradNuA
:
[
p̂JI⊗ I− p̂J(I+ Ī) + Jciso + Jcaniso

]
: gradNuB

dV.

For the right-hand side in the above linear system,

FuA
=

∫
Ω0

JgradNuA
: [σiso + σaniso + p̂I] dV

−
∫
Ω0

f0 ·NuA
dV −

∫
∂Ω0t

T̄ ·NuA
dA,

Fp̂A =

∫
Ω0

δNp̂A(J(u)− Ĵ) dV,
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and

FĴA
=

∫
Ω0

NĴA

(
dU(Ĵ)

dĴ
− p̂

)
dV.

Generally speaking, there are two approaches to solve the above linear system con-

taining the block structure. The first approach is to solve the full system monolithically.

This approach is easy to implement. However, it does not take advantage of the intrinsic

block structure of the linear system. The second approach is to convert the three-field for-

mulation into a modified displacement formulation via the so-called static condensation.

Since the unknown fields p̂ and Ĵ are discontinuous across element boundaries, the static

condensation can be performed at the element level. That is,

dĴ (i) = K−1

p̂Ĵ

[
Fp̂(Ξ

(i))−Kp̂udu
(i)
]

dp̂(i) = K−1

Ĵ p̂

[
FĴ(Ξ

(i))−KĴ ĴdĴ
(i)
]

= K−1

Ĵ p̂
FĴ(Ξ

(i))−K−1

Ĵ p̂
KĴ ĴK

−1

p̂Ĵ

[
Fp̂(Ξ

(i))−Kp̂udu
(i)
]

Therefore,

Kuudu
(i) = Fu(Ξ

(i))−Kup̂dp̂
(i)

⇒
[
Kuu +Kup̂K

−1

Ĵ p̂
KĴ ĴK

−1

p̂Ĵ
Kp̂u

]
du(i)

= Fu(Ξ
(i))−Kup̂K

−1

Ĵ p̂
FĴ(Ξ

(i)) +Kup̂K
−1

Ĵ p̂
KĴ ĴK

−1

p̂Ĵ
Fp̂(Ξ

(i)).

Notice that due to the choices of the finite element spaces for the fields p̂ and Ĵ , which

are the discontinuous Legendre polynomials, the block matrices Kp̂Ĵ and KĴ p̂ can both be

inverted at the element level.

3.3 Summary

In this chapter, the following two tasks are accomplished. First, the hyperelastic material

constitutive model is presented for the modeling of the biomimetic tri-layer scaffold ma-

terial. Detailed expressions are provided for the 2nd P-K stress tensor and the Cauchy

stress tensor as well as the material elasticity tensor and the spatial elasticity tensor. Sec-

ond, the three-field mixed finite element formulation is presented to enforce the material

incompressibility. Detailed element-level expressions, including the element stiffness ma-

trix and the right-hand side vector, are provided. The computational framework based on

the above expressions can be implemented in any finite element package or software. In
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this work, the numerical implementation is programmed in deal.II [44], which is an open-

source C++ finite element library. The proposed computational framework, including the

constitutive model and the three-field mixed finite element formulation, will be used in

the next chapter to model the mechanical responses of the fabricated tri-layer biomimetic

scaffold samples.

31



Chapter 4

Computational simulations

In this chapter, the mixed finite element formulation is firstly applied to demonstrate its ef-

fectiveness in overcoming the volumetric locking of nearly incompressible materials. Then,

the proposed computational framework is applied to model the mechanical behavior of the

fabricated tri-layer biomimetic scaffold samples. In order to provide more background in-

formation, the material fabrication process, microstructure, and experimental tests are

briefly described. Even though the material fabrication and experiments are not the focus

of this work, these information is important to help readers better understand the tri-layer

scaffold material system under investigation. Moreover, the material macroscopic and mi-

croscopic structure need to be properly incorporated in the numerical simulations. After

that, detailed numerical results using the proposed computational framework are reported

and compared with the experimental observations.

4.1 Volumetric locking

In this section, a numerical example is provided to demonstrate the effectiveness of the

mixed finite element formulation in overcoming the volumetric locking of nearly incom-

pressible materials. The material is assumed to be isotropic, the strain energy function

of which includes the volumetric part shown in Eq. (3.2) and the isotropic part shown in

Eq. (3.3). The material parameters include the bulk modulus K and the shear modulus G.

Based on the above material parameters, the material Poisson’s ratio ν can be expressed

as

ν =
3K − 2G

2(3K +G)
=

3K/G− 2

2(3K/G+ 1)
. (4.1)
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Obviously, when the ratio between K and G approaches infinity, the material becomes

incompressible. That is,

lim
K/G→∞

ν = lim
K/G→∞

3K/G− 2

2(3K/G+ 1)
= 0.5. (4.2)

In this numerical example, a unit cube deforms under the impact of gravity (the down-

ward body force). The top surface of the unit cube is fixed in all the three directions

as the adopted Dirichlet boundary condition. All the material parameters and geometric

dimensions are assumed to be dimensionless, so that the focus is to investigate the impact

of the ratio K/G on the numerical results. Two different finite element formulations are

used. The first approach uses the common displacement-based Q1 element (piece-wise

linear Lagrange polynomial), also known as the tri-linear element. The second approach

uses the mixed finite element formulation of Q1 ×DGP0 ×DGP0 element as described in

Chapter 3.

When the ratio between the bulk modulus K and the shear modulus G is K/G = 10.0,

Fig. 4.1 compares the downward deformation of the unit cube obtained from the regular

displacement-based Q1 element and the mixed finite element formulation of Q1×DGP0×
DGP0 element. In this case, since the material is compressible with the Poisson’s ratio

of 0.4516, both finite element processes obtain similar results. When the ratio between

the bulk modulus K and the shear modulus G increases to K/G = 1000.0, the material

approaches to be incompressible as the Poisson’s ratio is ν = 0.4985. In this case, as shown

in Fig. 4.2, the numerical result obtained from the regular displacement-based tri-linear

Q1 element exhibits severely volumetric locking, which is manifested as the overly stiff

material response. On the other hand, the mixed finite element formulation using the

Q1 × DGP0 × DGP0 element can still generate correct results even the material becomes

nearly incompressible.

Moreover, the mixed finite element formulation can easily accommodate higher-order

elements. For instance, Fig. 4.3 reports the kinematic field entering the formulation as a

constraint on J = detF obtained by using the mixed Q1 × DGP0 × DGP0 element and

the mixed Q2 × DGP1 × DGP1. Both elements can effectively enforce the material near

incompressibility (J = detF ≈ 1.0). However, the kinematic field obtained by using the

latter is more smooth since the first-order Legendre polynomial is adopted.
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(a) Adaptively refined mesh using Q1

element

(b) Adaptively refined mesh using

mixed Q1 ×DGP0 ×DGP0 element

(c) Displacement-based Q1 element (d) Mixed Q1 ×DGP0 ×DGP0 element

Figure 4.1: A unit cube deforms under the downward applied body force (gravity). The

ratio between the bulk modulus and the shear modulus is K/G = 10.0, such that the

material Poisson’s ratio ν is 0.4516. In this case, the material is compressible. Therefore,

both (a) the tri-linear Q1 element and (b) the mixed Q1×DGP0×DGP0 element generate

similar deformation in the downward direction.

4.2 Tri-layer scaffold fabrication and experiment

The material fabrication and mechanical tests of the tri-layer biomimetic scaffold samples

are mainly preformed by the research team of Dr. Xing Zhang at the Chinese Academy of
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(a) Adaptively refined mesh using Q1

element

(b) Adaptively refined mesh using

mixed Q1 ×DGP0 ×DGP0 element

(c) Displacement-based Q1 element (d) Mixed Q1 ×DGP0 ×DGP0 element

Figure 4.2: A unit cube deforms under the downward applied body force (gravity). The

ratio between the bulk modulus and the shear modulus is K/G = 1000.0, such that the

material approaches to be incompressible as the Poisson’s ratio ν is 0.4985. In this case, the

numerical result obtained from (a) the tri-linear Q1 element exhibits severely volumetric

locking, while (b) the mixed Q1 × DGP0 × DGP0 element can still generate the correct

deformation in the downward direction.

Sciences. This section provides a high-level overview about the experimental work. The

material macroscopic and microscopic structures observed during various imaging process

will be incorporated into the subsequent numerical simulations. Figure 4.4 shows the
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(a) Mixed Q1 ×DGP0 ×DGP0 element (b) Mixed Q2 ×DGP1 ×DGP1 element

Figure 4.3: A unit cube deforms under the downward applied body force (gravity). The

ratio between the bulk modulus and the shear modulus is K/G = 1000.0, such that the

material approaches to be incompressible as the Poisson’s ratio ν is 0.4985. In this case,

both (a) the mixed Q1 × DGP0 × DGP0 element and (b) the mixed Q2 × DGP1 × DGP1

element can effectively overcome the volumetric locking. Meanwhile, the latter generates

a more smooth kinematic field distribution due to the adopted higher-order Legendre

polynomial.

schematic of the fabrication process of the biomimetic tri-layer scaffold sample using the

electrospinning technology. The scaffold sample includes three layers containing different

microstructures. The top layer has a thickness of 60 mm, and the bottom layer has a

thickness of 40 mm. Each of these two layers contain a set of highly aligned fibers. The

set of fibers inside the top layer is perpendicular to the counterpart contained in the

bottom layer. Between the top layer and the bottom layer, these exists a middle layer of

100 mm thickness, which contains a series of honeycomb patterns.

Using the technique of the scanning electron microscope (SEM) imaging, the mi-

crostructure of the top layer and the bottom layer is shown in Fig. 4.5. As intended, the

fibers in these two layers are highly aligned. Similarly, Fig. 4.6 shows the SEM imaging

of the middle layer contained in the tri-layer scaffold material sample. Inside the middle

layer, each unit of honeycomb pattern can be approximately divided into three regions, in-

cluding the center region, the surrounding region, and the hexagon edge region. Figure 4.7

further shows the thickness of different regions in the middle layer of the tri-layer scaffold

sample using the confocal laser microscope imaging. This image reveals the dimensions of
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Figure 4.4: Schematic of the fabrication process of the biomimetic tri-layer scaffold sample,

which includes the top layer, the bottom layer, and the middle layer. The top layer (60 mm

thickness) and the bottom layer (40 mm thickness) contain two sets of mutually orthogonal

fibers, while the middle layer (100 mm thickness) contains a set of honeycomb patterns.

(Image courtesy of Dr. Xing Zhang, Chinese Academy of Sciences.)

individual region contained in a unit honeycomb cell. Inside a unit honeycomb cell, the

diameter of the center region is around 700 µm, the diameter of the region around the

center is around 1007 µm, and the width of the hexagon edge is around 208 µm. These

geometric dimensions are extremely important for the subsequent numerical simulations.

Figure 4.5: Scanning electron microscope (SEM) imaging of the top and bottom layers

in the tri-layer scaffold sample. Fibers in these two layers are highly aligned in a fixed

direction. (Image courtesy of Dr. Xing Zhang, Chinese Academy of Sciences)

Several mechanical tests are further performed on the fabricated tri-layer scaffold ma-

terial samples to evaluate the material mechanical properties. First, the mechanical prop-

erties of individual layers, including the top layer, the bottom layer, and the middle layer,

are tested separately. For instance, Fig. 4.8 shows the mechanical test setup of the mid-

dle layer containing the honeycomb patterns. The fabricated middle layer samples are

stretched in two orthogonal directions, respectively. The X-direction refers to the direc-

tion connecting the two opposite vertices of the hexagon shape. The Y-direction refers to

the direction that is perpendicular to the two opposite edges of the hexagon shape. As

shown in Fig. 4.8, the middle layer sample exhibits the anisotropic responses and behaves
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Figure 4.6: Scanning electron microscope (SEM) imaging of the middle layer in the tri-

layer scaffold sample. The middle layer contains a series of honeycomb patterns. Each

honeycomb unit area can be divided into three regions: the region in the center (1# ), the

region around the center (2# ), and the hexagon edge region (3# ). (Image courtesy of

Dr. Xing Zhang, Chinese Academy of Sciences)

Figure 4.7: Confocal laser microscope imaging that shows the thickness of different regions

in the middle layer of the tri-layer scaffold sample. Inside a unit honeycomb area, the

diameter of the center region is around 700 µm, the diameter of the region around the

center is around 1007 µm, and the width of the hexagon edge is around 208 µm. (Image

courtesy of Dr. Xing Zhang, Chinese Academy of Sciences)

differently, depending on the direction of the applied load. When the sample is stretched

in the X-direction, the material sample exhibits a more significant transverse deformation

than when the sample is stretched in the Y-direction.

After individual layers are tested, the mechanical responses of the entire tri-layer scaf-
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X-axis

Y-axis

Figure 4.8: Mechanical tests of the middle layer containing the honeycomb patterns. The

material sample is stretched along two directions, respectively. The X-direction refers to

the direction connecting the two opposite vertices of the hexagon shape. The Y-direction

refers to the direction that is perpendicular to the two opposite edges of the hexagon

shape. (Image courtesy of Dr. Xing Zhang, Chinese Academy of Sciences)

fold samples are tested, as shown in Fig. 4.9. The objective of these mechanical tests is to

verify the anisotropic and nonlinear behavior of the fabricated scaffold sample, with the

hope that it can mimic the mechanical behavior of native heart valve tissues, including

their anisotropy and nonlinear responses.

4.3 Numerical results

In this section, the computational framework developed in Chapter 3 is applied to model

the mechanical behavior of the fabricated tri-layer scaffold sample. The obtained numerical

results are further compared with the experimental data and observations.

4.3.1 Top and bottom layers

As shown in Fig. 4.4, the top layer and the bottom layer of the tri-layer biomimetic scaffold

sample contain highly aligned fibers that are mutually orthogonal. Their mechanical

responses under the uni-axis tension tests are simulated via the proposed computational

framework detailed in Chapter 3. Table 4.1 lists the material parameters used for the
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Figure 4.9: Mechanical tests of the tri-layer scaffold sample. The material sample is

stretched along two directions, respectively. The X-direction refers to the direction con-

necting the two opposite vertices of the hexagon shape. The Y-direction refers to the

direction that is perpendicular to the two opposite edges of the hexagon shape. (Image

courtesy of Dr. Xing Zhang, Chinese Academy of Sciences)

numerical simulation. The meaning of these parameters are explained in Section 3.1.

Notice that the ratio between the material bulk modulusK and the shear modulusG is 105.

This ratio could effectively enforce the material incompressibility condition. Moreover,

the only difference between the top layer and the bottom layer regarding the material

parameters is the unit directional vector N . For the top layer, the fiber orientation is

aligned with the loading direction such that the unit direction vector is N = (1, 0, 0). On

the other hand, since the fibers inside the bottom layer are perpendicular to the loading

direction, the unit directional vector is N = (0, 1, 0).

Table 4.1: Material parameters used for the simulations of the top and bottom layers (K

is the bulk modulus, G is the shear modulus, k1 is the fiber stiffness parameter, k2 is the

fiber nonlinearity parameter, and N is the fiber directional vector).

Test case K (MPa) G (MPa) k1 (MPa) k2 N

Top layer 3000.0 0.3 8.5 1.05 (1, 0, 0)

Bottom layer 3000.0 0.3 8.5 1.05 (0, 1, 0)
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(a) Top layer mesh (1250 elements) (b) Top layer (Disp. Y)

(c) Bottom layer mesh (1250 elements) (d) Bottom layer (Disp. Y)

Figure 4.10: Numerical results of the transverse deformation of (a) the top layer sample

and (b) the bottom layer sample under the tension test at the stretch ratio λ = 1.5 (50%

strain). The top layer sample contains fibers that are aligned along the loading direction,

and the bottom layer sample contains fibers that are aligned perpendicular to the loading

direction.

1.0 1.1 1.2 1.3 1.4 1.5
Stretch ratio

0

2

4

6

8

10

12

No
m
in
al
 st

re
ss

 (M
Pa

) Test-X
FEM-X
Test-Y
FEM-Y

Figure 4.11: Comparisons of the force-displacement relationships of the top layer sample

and the bottom layer sample obtained from the numerical simulation (FEM) and the

experiment (Test). Since the top layer contains fibers aligned along the loading direction,

it is much stiffer than the bottom layer containing fibers perpendicular to the loading

direction.

Figure 4.10 show the transverse displacement (disp-y) of the top layer and the bottom

layer under the uni-axial loading obtained from the finite element simulations. Figure 4.11
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compares the load-displacement relationships of the top and bottom layers obtained from

the experimental tests and the finite element simulations. The proposed constitutive model

and the three-field mixed finite element method can accurately model the anisotropic

behavior of the top and bottom layers.

4.3.2 Honeycomb layer

In the tri-layer biomimetic scaffold sample, these exists a middle layer between the top

and bottom layers. The middle layer contains a series of honeycomb patterns, as shown in

Figs. 4.4 and 4.6. The proposed finite element modeling technique is used to simulate the

mechanical responses of the honeycomb layer in two mutually orthogonal directions. The

”X-axis” represents the direction aligned with the diagonal of the hexagon shape in the

sample, while the ”Y-axis” represents the direction perpendicular to the two opposite edges

of the hexagon shape in the sample. Figure 4.12 shows the finite element meshes used for

the honeycomb layer, in which different colors represent the fiber orientation angle of the

corresponding hexagon edge. For instance, when the honeycomb sample is stretched along

the X-axis (diagonal of the hexagon), the corresponding fiber orientation angles are 30◦,

90◦, and 150◦, respectively, for the three pairs of the hexagon edges. Consequently, the unit

directional vectors used in the material constitutive model shown in Eq. (3.16) are N =

(cos 30◦, sin 30◦, 0), (cos 90◦, sin 90◦, 0), and (cos 150◦, sin 150◦, 0), respectively. When

the honeycomb sample is stretched along the ”Y-axis” (opposite edges of the hexagon),

the corresponding fiber orientation angles are 0◦, 60◦, and 120◦, respectively, for the three

pairs of the hexagon edges. Therefore, the unit directional vectors used in the material

constitutive model shown in Eq. (3.16) areN = (cos 0◦, sin 0◦, 0), (cos 60◦, sin 60◦, 0), and

(cos 120◦, sin 120◦, 0), respectively. These unit directional vectors reflect the preferred

direction of the fiber orientations inside the hexagon edges. Additionally, around the

hexagon edges, there is also a thin layer of fibers with no preferred direction in the finite

element model.

Figures 4.13 and 4.14 show the deformation of the honeycomb layer along the X-axis

and Y-axis under the uni-axial tension load at various strain levels. The honeycombe

sample along the X-axis (diagonal of the hexagon) has a larger transverse deformation

in the width direction than the counterpart of the sample along the Y-axis (opposite

edges of the hexagon). Figures 4.15 and 4.16 compare the numerical results and the

experimental observations related to the deformed shape of the honeycomb layer at various

strain levels. The deformed shapes of the samples between the strain level 0% to 50%

match the experimental observations.

42



(a) Honeycomb layer (X-axis, 22912 elements) (b) Honeycomb layer (Y-axis, 24208 elements)

(c) Honeycomb layer mesh (X-axis) (d) Honeycomb layer mesh (Y-axis)

Figure 4.12: Finite element meshes used for (a) the honeycomb middle layer along the

X-axis (diagonal of the hexagon) and (b) the honeycomb intermediate layer along the

Y-axis (opposite edges of the hexagon). In the sample along the X-axis (a), the fibers

forming the edges of the hexagon have the orientation angles of 30◦, 90◦, and 150◦ with

respect to the horizontal direction. In the sample along the Y-axis (b), the fibers forming

the edges of the hexagon have the orientation angles of 0◦, 60◦, and 120◦ with respect to

the horizontal direction. Inside each unit hexagon, a thin layer of isotropic material is

introduced to mimic the corresponding region observed in the SEM imaging.

Figures 4.17 and 4.18 further report the normal stresses σ11 and σ22 obtained from the

finite element simulations. The geometric pattern of the honeycomb layer has a significant
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(a) 0% (b) 10% (c) 20% (d) 30% (e) 40% (f) 50%

Figure 4.13: Displacement (unit: mm) along the loading direction for the honeycomb sam-

ple (X-axis) at various strain level (0% - 50%) obtained from the finite element simulation.

(a) 0% (b) 10% (c) 20% (d) 30% (e) 40% (f) 50%

Figure 4.14: Displacement (unit: mm) along the loading direction for the honeycomb sam-

ple (Y-axis) at various strain level (0% - 50%) obtained from the finite element simulation.

influence on the material nonlinear and anisotropic behaviors. When the honeycomb layer

is loaded along the diagonal direction (X-axis) of the hexagon pattern, all the hexagons are

gradually squeezed, causing a significant deformation in the transverse direction. On the

other hand, when the honeycomb layer is loaded perpendicular to the opposite hexagon

edges (Y-axis), the hexagon patterns are capable to provide resistance to the transverse

deformation, which is manifested as smaller shrinkage of the sample’s cross-section.

4.3.3 Tri-layer scaffold

After the top layer, the bottom layer, and the middle honeycomb layer of the tri-layer

scaffold material sample are modeled separately, a complete finite element model of the

entire tri-layer structure is created, as shown in Fig. 4.19. The top layer has a thickness of

60 mm, the bottom layer has a thickness of 40 mm, and the middle layer has a thickness
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Figure 4.15: Comparison of the middle (honeycomb) layer deformation obtained from the

experiment (bottom row) and the finite element simulation (top row) at various strain

levels along the X-axis (diagonal of the hexagon).

of 100 mm. These geometric dimensions are consistent with the actual material sample

dimensions. Particularly, Fig. 4.19b offers a view of the interior of the tri-layer scaffold

material by slicing the finite element model from the center. The honeycomb shape pat-

terns are obvious. During the process of creating the finite element mesh of the entire

tri-layer scaffold sample, it is important to ensure that the meshes for the top and bottom

layers conform to the middle honeycomb layer. This feature is achieved by creating the

three layers of the sample first and then remove the finite elements located inside each

hexagon region of the middle layer.

Figures 4.20 and 4.21 show the stress distributions of σ11 and σ22 when the tri-layer

scaffold sample is loaded along the X-axis and Y-axis, respectively. It is obvious that

the presence of the middle layer honeycomb shape could significantly impact the stress

distribution inside the tri-layer scaffold sample. Moreover, depending the direction along

which the external load is applied, the deformed shape and the stress distribution of the

tri-layer scaffold sample are significantly different, demonstrating the anisotropy of the

material sample.

In order to further validate the effectiveness of the proposed computational framework,
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Figure 4.16: Comparison of the middle (honeycomb) layer deformation obtained from the

experiment (bottom row) and the finite element simulation (top row) at various strain

levels along the Y-axis (opposite edges of the hexagon).

(a) Cauchy stress σ11 (X-axis)

(b) Cauchy stress σ22 (X-axis)

Figure 4.17: Cauchy stress (a) σ11 and (b) σ22 distributions (unit: MPa) inside the honey-

comb layer stretched along the X-axis (diagonal of the hexagon) at the 50% strain level.
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(a) Cauchy stress σ11 (Y-axis)

(b) Cauchy stress σ22 (Y-axis)

Figure 4.18: Cauchy stress (a) σ11 and (b) σ22 distributions (unit: MPa) inside the honey-

comb layer stretched along the Y-axis (opposite edges of the hexagon) at the 50% strain

level.

(a) Top view (b) Side view

Figure 4.19: Finite element mesh of the tri-layer scaffold material sample, which contains

the top layer, the bottom layer, and the middle layer of the honeycomb patterns. There

are 107,568 elements in total.
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(a) σ11 (unit: MPa) (b) σ22 (unit: MPa)

Figure 4.20: Finite element simulation results of the stress distribution inside the tri-layer

scaffold sample stretched along the X-axis (diagonal of the hexagon).

(a) σ11 (unit: MPa) (b) σ22 (unit: MPa)

Figure 4.21: Finite element simulation results of the stress distribution inside the tri-layer

scaffold sample stretched along the Y-axis (opposite edges of the hexagon).

the stress-strain relationships of the entire tri-layer scaffold sample obtained from the

experimental tests and the finite element simulations are compared. As shown in Fig. 4.22,
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Figure 4.22: Comparisons of the force-displacement relationships of the tri-layer scaffold

sample obtained from the numerical simulation (FEM) and the experiment (Exp.). The

fabricated tri-layer scaffold sample exhibits anisotropic behavior similar to native heart

valve tissues.

the numerical results match the experimental observations in both load directions. More

importantly, as indicated in the stress-strain relationship, the fabricated tri-layer scaffold

sample has a similar mechanical response compared to native heart valve tissues. In

literature, native biological tissues are reported to have a stress-strain relationship that

can be divided into three distinctive regions [56–59]: a toe region, a heel region, and

a linear region. The toe region exhibits a relatively low elastic modulus, because most

collagen fibers are crimped and do not contribute to the material stiffness at small tensile

strains. As the strain begins to increase, collagen fibers are gradually straightened, leading

to the upward bend of the stress-strain curve in the heel region. The linear region has

a larger linear modulus because the majority of collagen fibers are completely straight

and contribute to the material stiffness. As shown in Fig. 4.22, the stress-strain of the

fabricated tri-layer biomimetic scaffold sample exhibits a similar toe-heel-linear response,

indicating that its mechanical properties are similar to the counterparts in native biological

tissues. Moreover, the tri-layer sample clearly demonstrates an anisotropic behavior. All

of these observations suggest that the fabricated tri-layer material can be used as the

scaffold for tissue-engineered heart valves.
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4.4 Summary

In this chapter, the proposed constitutive model and the three-field mixed finite element

formulation are applied to model the mechanical responses of the fabricated tri-layer

biomimetic scaffold samples. The top layer, the bottom layer, and the honeycomb middle

layer of the tri-layer sample are first modeled separately. Then, the mechanical response

of the entire tri-layer scaffold sample is simulated using the finite element method. The

numerical results are further compared with the corresponding experimental observations.

Moreover, the impacts of the honeycomb patterns contained in the middle layer of the

tri-layer scaffold sample on the material deformation and the stress distributions are quan-

tified in detail. It is demonstrated that the proposed numerical approach can accurately

simulate the nonlinear and anisotropic mechanical responses of the fabricated tri-layer

scaffold material sample. Particularly, the proposed constitutive model can flexibly reflect

the influences of the material microscopic structure via the introduced structural tensor.

The observed toe-heel-linear stress-strain relationships and the anisotropic behavior of the

tri-layer scaffold material sample demonstrate that it can be used as the scaffold material

to mimic the mechanical responses of native heart valve tissues.
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Chapter 5

Conclusions and future work

In this chapter, the major conclusions of this thesis are summarized. Then, several po-

tential avenues to further improve the modeling capability of the proposed computational

framework are discussed.

5.1 Summary

With the advancement in tissue engineering, tissue-engineered heart valve (TEHV) pro-

vides a promising potential to overcome the drawbacks of existing artificial heart valves.

With the potential for self-repair, growth, and reduction of long-term complications.

TEHVs are designed to integrate into the body’s own tissue, gradually adapting to changes

in hemodynamic (blood flow) loads over time. However, one of the most significant chal-

lenges is to design the scaffold material used in TEHV that closely mimics the mechanical

properties of native heart valve tissues. Among various fabrication methods, the electro-

spinning technology offers an effective approach to fabricate scaffold materials needed in

the artificial heart valve.

In order to ensure that the fabricated scaffold material mimics the mechanical proper-

ties of native valve tissues, solely relying on experimental trial-and-error is labor-intensive,

time-consuming, and financially expensive. On the other hand, numerical methods, espe-

cially finite element simulations, provide an efficient approach to investigate the mechanical

properties of fabricated scaffold materials. The main contribution of this thesis is that a

computational framework based on the finite element method was developed to model the

mechanical responses of the bioinspired tri-layer scaffold used for heart valve constructs.

Specifically, the following tasks were accomplished:
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• Based on the experimental observation of the tri-layer scaffold, a hyperelastic consti-

tutive model was appropriately chosen to model the material mechanical behavior.

The strain energy function of the constitutive model is composed of three terms,

including a volumetric term, an isotropic term, and an anisotropic term. The volu-

metric strain energy serves as a penalty term to enforce the material incompressibility

condition. The isotropic strain energy represents the contribution from the ground

matrix material. The anisotropic strain energy represents the contribution from

fibers aligned along certain orientations. Particularly, this material model uses the

structural tensors to describe the material anisotropy and can accurately describe

the material nonlinear behavior. To facilitate the numerical implementation, the

detailed expressions of various stress tensors such as the Cauchy stress tensor in the

deformed configuration and the 2nd Piola-Kirchhoff (P-K) stress tensor in the ref-

erence configuration are presented. The fourth-order material and spatial elasticity

tensors are also provided. These expressions can be used to implement the material

constitutive model in any finite element packages.

• A three-field mixed finite element procedure was adopted to enforce the material

incompressibility and avoid the volumetric locking, which is typically encountered

in the numerical modeling of biomaterials. Biomaterials are typically considered

as incompressible. At the constitutive model level, this incompressibility constraint

can be considered via either a penalty approach or a Lagrange multiplier approach.

According to the penalty approach, the material is treated as nearly incompress-

ible, and the volumetric strain energy can be viewed as a penalty term to penalize

any material volume change. According to the Lagrange multiplier approach, the

material is treated as strictly incompressible, and the pressure field serves as the

corresponding Lagrange multiplier to enforce the incompressibility constraint. How-

ever, in any finite element simulation of incompressible materials, just enforcing the

material incompressibility at the material constitutive model level is insufficient. The

finite element spaces need to be carefully selected. Otherwise, the material response

would become overly stiff, which is known as the so-called volumetric locking. In this

thesis, the well-known three-field mixed formulation is adopted as the finite element

approach. This mixed formulation has the advantages of accommodating different

combinations of the finite element spaces (or shape functions) for various fields. As a

result, the finite element spaces that satisfy the so-called LBB condition (or the inf-

sup condition) can be adopted to avoid the volumetric locking. Moreover, detailed

expressions of the finite element stiffness matrix and the right-hand side vector are

provided to facilitate the development of the finite element implementation.
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• The finite element model was created for the tri-layer scaffold material sample. Par-

ticularly, the geometry and composition of the honeycomb patterns contained in

the middle layer are properly considered, which significantly impact the material

anisotropy. The tri-layer biomimetic scaffold sample is composed of three layers

with distinctive microscopic structures. The top and bottom layers of the tri-layer

sample contain highly aligned fibers that are perpendicular with each other. The

middle layer in between contains a series of honeycomb patterns. The microscopic

arrangements of the fibers observed via various experimental techniques such as

the scanning electron microscope (SEM) imaging and the confocal laser microscope

imaging are properly considered in the material constitutive model and the finite el-

ement formulation. These fiber arrangements can significantly impact the material

nonlinear and anisotropic behaviors.

• The numerical results were compared with the experimental observations to demon-

strate the effectiveness and accuracy of the developed computational framework.

Each layer of the tri-layer biomimetic scaffold material sample is firstly modeled

separately. Then, the entire tri-layer scaffold is modeled as a whole. By comparing

with the experimental observations and test data, it is shown that the proposed

computational model can not only accurately model the mechanical responses of in-

dividual layers but also the nonlinear behavior of the whole scaffold sample. Through

these numerical results, it is shown that the geometric arrangement of the honeycomb

patterns contained in the middle layer of the scaffold sample can significantly impact

the deformation and the stress distributions inside the material. Moreover, from the

stress-strain relationships, it can be seen that the fabricated scaffold sample exhibits

anisotropic responses under different loading directions. The stress-strain curve can

be divided into three distinctive regions, including the toe region, the heel region,

and the linear region. These features are consistent with the mechanical response

of native biological tissues, demonstrating the validity of the fabricated tri-layer

biomimetic sample as the scaffold material for tissue-engineered heart valves.

• Additionally, the computational framework presented in this thesis can be easily

adapted to model the mechanical behavior of other biological tissues and bio-inspired

materials. At the constitutive model level, a different form of the strain energy func-

tion could be adopted, depending on the characteristics of the material system under

investigation. The derivation processes of various stress measures and elasticity ten-

sors are the same, involving the chain rules of the partial derivatives. On the other

hand, the presented three-field mixed finite element formulation is a general tech-

nique used to enforce the material incompressibility. The mixed formulation can be
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easily adapted to model the mechanical behavior of other incompressible biomateri-

als.

The work related to this thesis is published in a peer-reviewed journal paper [60].

5.2 Future work

There are at least three avenues to further improve the capability of the proposed compu-

tational framework:

• Currently, the fabricated tri-layer biomimetic scaffold material is considered within

the framework of hyperelasticity. Based on this assumption, the corresponding hy-

perelastic strain energy function is constructed, and the stress tensor and the elas-

ticity tensor are derived. However, in reality, the scaffold material might exhibit

viscoelastic responses under long-term loading conditions. Therefore, the proposed

computational framework needs to be expanded to consider the material viscoelas-

ticity.

• In this thesis, the developed material constitutive model only incorporates the global

impact of the fibers in a collective manner, that is, the mechanical responses of the

fibers are reflected via the directional vectors and several phenomenological param-

eters. This modeling approach can effectively capture the material macroscopic

responses, but is unable to reveal the impact of fiber-level stresses on the material

global behavior. One option is to adopt the multiscale modeling approach that incor-

porates the material microstructures into the finite element simulations. This option

could more comprehensively reveal the material structure-function relationship.

• The tri-layer material sample is designed as the scaffold material for tissue-engineered

heart valves. For this purpose, multiple cells need to be embedded into the scaffold

material for tissue growth and remodeling. Currently, the thesis mainly focuses on

the mechanical responses of the scaffold material sample. Eventually, the presence of

cells needs also to be incorporated into the finite element simulations to investigate

the cell alignment and proliferation behavior.

• Lastly, the developed computational framework for the tri-layer scaffold material

will be used in the full heart valve modeling, which typically involves the effect of

the fluid-structure interactions.

The above avenues will be further explored in the future research.
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